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ABSTRACT 

DC resistivity inversion is a method for determining underground geoelectrical 

structures from discrete measurements of electric potential made on the surface or within 

a borehole. In this dissertation, a fully three-dimensional (3-0) resistivity inversion 

algorithm has been developed. Based on a finite-element forward solution of Laplace's 

equation, the program estimates several thousand unknowns in a rectangular grid by the 

linearized least-squares method. 

In the first Chapter, the main 3-D forward modeling techniques were 

investigated. These techniques include boundary condition implementation, secondary 

field solution and matrix inversion. Among the various kinds of mixed boundary 

conditions, the terminal-impedance method is particularly well suited for 3-D resistivity 

modeling. Its implementation is simple, but eliminates the mesh-edge influence 

effectively. The advantage of calculating the secondary fields instead of the total fields 

is that a coarse mesh may be used to achieve the same accuracy, which turns out to be 

particularly beneficial for 3-D modeling. Compared with other relaxation methods to 

solve the linear system iteratively, the incomplete Cholesky conjugate gradient (lCCG) 

algorithm is superior in convergence rate. However, to guarantee a stable solution, this 

method also requires more regular elements. 

To make the program capable of overcoming non-uniqueness and handling large 

numbers of parameters, the sensitivity matrix construction and three constraining 

conditions are discussed in Chapter two. 
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In 3-D DC resistivity inversion, computing the sensitivity matrix is an enormous 

task even when using reciprocity. This is because the total number of forward 

calculations used to construct the sensitivity matrix for one iteration of the inversion is 

on the order of the number of observed data. By applying the conjugate-gradient 

method to solve the least-squares system, our program only needs to calculate the 

product of the sensitivity matrix, or its transpose, with an arbitrary vector, which 

requires only two forward runs for each source point. 

The different constraining conditions were tested by several synthetic models. 

Although each method can give a unique solution, we found that in our case, the 

smoothest solution method will reduce the data error better than the other two methods, 

the damped method and the stochastic method. 

A number of simple but geophysically significant structures are also modeled to 

test the program. These include a single isolated block anomaly, three connected blocks 

representing a dipping fault and a multi-layer model. Data were simulated by both 

integral-equation and finite-element approximations. The main features of most 

resistivity models were identifiable in the inversion result. 

As an example of a 3-D inversion program application, a field data set was 

processed in Chapter three. The effects of some important parameters used in the 

program were discussed. The results were compared with a 2-D solution and the known 

geological structures around that area. 



CHAPTER ONE 

THREE-DIMENSIONAL DC RESISTIVITY FORWARD 

MODELING BY FINITE-ELEMENT METHOD 

13 
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1.1. IN TROD U eTION 

DC resistivity methods in geophysics have been used for many years to 

determine subsurface electrical conductivity (resistivity) distribution (Snyder and Merkel, 

1973). The major application has been in the search for mineral deposits, with lesser 

application in ground water, petroleum exploration, and crustal studies (Telford et aI., 

1976). With the development of accurate, flexible, and reliable digital field instruments, 

electrical methods of geophysics now are limited mainly by a lack of interpretation 

capability. 

Forward solutions to resistivity problems are fundamental to understanding and 

interpreting the complex responses observed in the field. In most field data inversion 

and interpretation, they are also the only way to estimate the predicted data error and 

to construct the sensitivity matrices as discussed in Chapter Two. 

While the solutions for one-dimensional (I-D) or two-dimensional (2-D) earth 

models have been available for many years (Mundry, 1984) and provide useful 

information, many earth models cannot be approximated satisfaciorily by a I-D or 2-D 

conductivity distribution. Solutions of the 3-D resistivity problem are required to fully 

understand electrical responses of complex earth structure. 

However, calculating the response of a 3-D model analytically is difficult, except 

for certain simple geometries such as spheres or cylinders, where the conductivity 

boundaries correspond to coordinate surfaces. For more complicated models we must 

estimate the solution by numerical approximation algorithms. 

Numerical solutions are obtained by approximating the relevant differential 
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equation. For the resistivity problem the differential equation to be solved is Poisson's 

equation. As an alternative to solving the differential equation, the problem may be 

reformulated as an integral equation. 

Numerical methods using integral-equation formulations have been the most 

popular techniques in geoelectric modeling. Its development can be traced to Dieter et 

al. (I 969), Bakbak (1977), Hohmann (1975) and Meyer (1977) for bodies located in a 

half space or layered half space, for which a Green's function may be derived. Recently, 

this technique has found applications in the modeling of various conditions which 

complicate the interpretation of resistivity data, such as topography overlying the 

targeted heterogeneity (Spiegel et aI., 1980; Xu et aI., 1988) and the delineation of 

conductive bodies using buried current electrodes (Daniels, J 977; Poirmeur and Vasseur, 

1988). 

However integral-equation formulations involve more difficult mathematics and 

the computational effort is directly dependent on the anomalous volume of earth. Aside 

from the computational effort, it is usually more difficult to handle earth models with 

complex conductivity distributions with integral-equation methods than with a method 

that solves the differential equations directly. 

The finite-element, finite-difference and network-analysis methods solve the 

resistivity problem by approximating the solution to the differential equation (DE) 

describing the problem. Since the entire earth within the range of the DC resistivity 

system is modeled on a grid, DE methods are preferable for simulating complex 

geology, and they have been most successful in 1-0 and 2-D applications. Furthermore, 
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the computational effort is relatively insensitive to the complexity of the earth. This 

flexibility is achieved at the price of having to solve a large matrix-equation system. 

Two-dimensional finite-difference simulations have been developed by Mufti (1976), 

Dey and Morrison (1979) and M undry (1984). Coggon (1971) and Rijo (1977) have 

reported on the application of the finite-element method to the problem of a point source 

on a two-dimensional earth. 

Recently, more and more 3-D resistivity numerical modeling results have 

appeared in the literature. Dey and Morrison (1979) reported an actual three

dimensional finite-difference algorithm. Pridmore et al. (1981) also investigated the 3-D 

finite-element technique. 

Technically, there is little more difficulty in writing a 3-D finite-difference or 

finite-element computer programs than for a I-D or 2-D models, but the increased 

dimensions do require much more storage space and computational effort. For many 

computers this requirement not only means much longer computing time, but also 

largely restricts the fineness of volumetric discretization and, as a result, numerical 

errors will be large compared with I-D or 2-D case. 

Although the errors come from many sources, it was determined (Lowry et aI., 

1989) that much of the errors are due to singularities which arise from the discontinuity 

of the forcing function. This error is usually concentrated near the source. Other 

contributions to the error are: the boundary conditions at the edge of the mesh due to 

limited elements to simulate an infinite space; numerical approximation due to the 

discrete solution to describe a continuous quantity; and errors in the numerical solution 
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due to solving a very large system of linear equations. 

In this chapter, I present a three-dimensional finite-element forward modeling 

algorithm for DC resistivity problems. The improvement will focus on the boundary 

condition implementations, the secondary field calculation, and the matrix inversion. 

Since most of the techniques used to reduce the fore-mentioned numerical error and 

speed up the calculations are designed for I-D or 2-D case, their applicability to 3-D 

model will be tested, their effectiveness will be compared and their application condition 

will be discussed in detail. 



1.2. BOUNDARY CONDITIONS IN 3-D FINITE-ELEMENT 

MODELING 

1.2.1. Inh'Oduction 

18 

The traditional and simplest method of reducing the effect of the mesh boundary 

in I-D or 2-D modeling is to add more elements and/or increase the element size along 

all or part of the mesh edges to approach the infinite extent of a real earth model. 

Obviously, this is not an effective implementation in three-dimensional DC resistivity 

modeling. An alternate way of representing infinite space by limited elements is 

through the use of the mixed boundary conditions. Recently, people have discussed this 

problem and different treatments have been proposed (Poirmeur and Vasseur, 1988). 

However, most of the methods require additional computation, making the forward 

modeling technique more complicated. 

Since the finite-element method approximates the DC resistivity problem by both 

the governing differential-equation and boundary conditions, in this section, I will start 

by describing the 3-D finite-element techniques. Some successful implementation 

methods in mixed boundary conditions will be investigated and compared for the 3-D 

case. 

Among those methods, the terminal-impedance method is particularly interesting 

because it can effectively reduce the error associated with mesh boundaries without 

increasing mesh dimension and is easy to implement. To better understand this method 

and give a way to estimate the resistivity ratio at the boundary instead of finding it by 

trial and error, I use a physical model to describe how this method works. The 
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effectiveness of this method is presented through some examples. 

1.2.2. Finite-element method fOI' modeling 3-D resistivity pmblems 

The DC resistivity problems are uniquely defined by the governing differential 

equation (the domain equation) and the boundary conditions. The domain equation can 

be obtained from basic electromagnetic field equations (Lowry et aI., 1989). In a well

behaved (continuous and continuous derivatives of electric property) (Harrington, 1961), 

source-free medium, the steady-state current flow J obeys the equation of continuity 

v . J = o. (I.l ) 

Through Ohm's law the current density J can be related to the electric field E 

J = aE, ( 1.2) 

where E is in volts/meter and 0' is the conductivity of the medium in S/m. Since the 

electric field is stationary, it can be defined by the gradient of a scaler potential V 

E = -'IV. (lJ) 

Combining equation (1.1), (1.2) and (1.3) we have 

-v . a 'Iv = o. 
(I.4) 

If there is a source of current I, Equation (I.4) becomes 



-v . a '1v = I. 
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(1.5) 

The finite-element method subdivides the region of interest into suitable number of 

small portions, each having a homogeneous or well-behaved electrical properties. Those 

small regions are called finite-elements. 

Within each element, the distribution of the true potential V(I), which is 

governed by Equation (1.5), is approximated by a trial function <1>(1'). Each trial function 

has a simple spatial dependence form in one element and is zero outside. Thus the 

finite-element method approximates the true solution V(IJ of equation (1.5) by a series 

of trial functions <1>1(1'). 

In 3-D modeling a convenient element shape is a hexahedron (Pridmore et aI., 

1981). Its trial function can be expressed as 

cI> i = IXo + IX1X + IX 2Y + IX3Z + IX 4XY + IX5XZ + IX 6YZ + IX7XYZ I (1.6) 

where <1>1 is the potential distribution at element i. Taking the eight coefficients as 

unknowns, there are eight linear equations in terms of the potentials at the eight corners 

(or nodes in finite-element method terminology) of the hexahedron and their coordinates. 

Solving this linear system and replacing the coefficients by the node potentials and their 

coordinates, the trial function can be rewrite as 

(1.7) 

where <1>1 is still the trial function in element i. (V., V2, ••• V H) is a column vector which 
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denotes the potentials at the eight nodes and (N I' N2, ••• Ns) is the row vector of shape 

function in terms of coordinates of the eight nodes. 

We seek a vector (VI' V2 .... VH) which can give a satisfactory approximation of 

the true solution. According to the variational method (see Appendix), this can be 

achieved by minimizing a functional which represents the average potential energy over 

the region of element i (Norrie and Vries, 1973) 

( 1.8) 
v s v 

where ¢I is the trial function for element i. cr is the conductivity of the element (a 

constant), and the integration is over the volume or surface of that element. The first 

term of equation (1.8) represents the left side of domain equation (1.5), the third term 

is the source, and the rest is the boundary conditions. 

However, the surface integral term of equation (1.8) can be ignored if 

homogeneous Neumann or Dirichlet boundary conditions are imposed in the problem. 

At the boundaries between elements within the mesh, the contributions of this term from 

adjacent elements cancel over the surface (the normal component of current is 

continuous and ¢is continuous). At the surface of the mesh, for homogeneous Neumann 

boundary conditions in which case a<D/On = 0, this term vanishes. Thus the contribution 

to the functional FI(¢) from the i element can be simplified as 

Fi{<l>J == J[a{V<l>i)2 - 2<l>iV·JsJdv. 
v 

( 1.9) 
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To mInImIze this functional in terms of the potentials at each node, eight linear 

equations can be obtained from differentiating function (1.9) with respect to VI and 

setting to zero 

0 , (I.I 0) 

where VI' Vz, ••• Vs are the potentials at the eight nodes of the i element. Combining all 

the linear equations obtained from each element we can construct the global linear 

equation system. In the matrix-vector form it is 

,av = s. (I.Il) 

Solving equation (1.11) gives the potentials at each node. 

From the above discussion it can be seen that finite-element calculations using 

equation (1.9) without any boundary condition implementations results in homogeneous 

Neumann boundary conditions at all mesh surfaces. 

In practice, boundary conditions that apply at infinity are forced at a finite 

distance from the region of interest. While this approximation does introduce error into 

the two-dimensional solutions, the error can be minimized by using large meshes. 

However, in the three-dimensional case computer expense restricts the mesh to a very 

limited size. 

To demonstrate the error caused by boundary conditions, a two layer earth model 

which has an analytic solution was used, as shown on Figure 1.1. The source is a single 

electrode located in one borehole. Potentials at six receivers along another borehole four 
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., Receiver 
1 

o Transmitter 

Figure 1.1. A two-layer geoelectric earth model with cross-borehole 
measuring system for boundary condition test. The dimension is the 
number of elements for 20x20x20 mesh. The receivers are two 
elements apart. 
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units away from the source were calculated by both the analytic method and the finite-

element method. With homogeneous Dirichlet boundary conditions on the sides and 

bottom of the mesh, two different meshes (20x20x20 and 22x24x24) were used to 

demonstrate how the error was reduced by simply increasing boundary elements. The 

results are shown in Figure 1.2. 

For the first mesh, although all the sources and receivers are eight units away 

from boundaries, the error is large at every receiver location. With a larger mesh of ten 

units at each boundary, Figure 1.2 shows that the solution does not improve much. It 

is true that the error also contains errors due to the source singularity. However, since 

the singularity error is concentrated near the source, in this model, as the source is far 

from the receiver, most of the error should be due to the boundary conditions. 

Figure 1.2 also shows that the error caused by forcing zero potential boundaries 

IS not restricted to mesh-edge regions but is distributed evenly in the whole mesh. In 

fact, to achieve an accuracy of 1 % with homogeneous Dirichlet boundary conditions, we 

need at least 100 units to each boundary. 

Although there is no technique designed particularly for the three-dimensional 

case, many authors have tried a variety of approximations in two-dimensional cases in 

an attempt to find one which is easy to implement and give the best approximation to 

the solution. They air oelong to mixed boundary conditions in which a combination of 

both Neumann and Dirichlet boundary conditions are employed. In this section, these 

boundary implementation methods are discussed and tested for three-dimensional model. 
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Figure 1.2. The finite-element solutions of Figure 1.1 model with 
homogeneous Dirichlet boundary condition and compared with the 
analytic solution (top curve). Two different meshes were used in 
numerical modeling. The small mesh is 20x20x20. The large mesh is 
22x24x24. 
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1.2.3. Boundmy condition implementation methods 

Finite-element calculations using equation (I. 9) without any boundary condition 

implementations give the homogeneous Neumann boundary conditions. In the DC 

resistivity problem, this means the current flow at the surface is zero. Since all the 

currents are restricted within the mesh, the calculated potentials will be higher than the 

actual val ue. 

The homogeneous Dirichlet boundary condition assumes that the potentials are 

zero at the surface. In the finite-element method this can be approximated by adding 

a very large value to the corresponding diagonal terms of the stiffness matrix (Norrie 

and Vries, 1973). This kind of boundary condition usually causes the potentials at each 

node to be lower than the actual value. 

Based on the above discussion, Coggon (1971) proposed a mixed boundary 

condition implementation method. He calculated the potentials for both a homogeneous 

Dirichlet boundary and a no-flow Neumann boundary on his two-dimensional finite

element model and then averaged the results. 

Using the model shown in Figure I. I this method was tested for the three

dimensional case and Figure 1.3 gives the results. It is impossible for finite-element 

method to set all mesh surfaces to homogeneous Neumann boundary conditions because 

the resulting matrix will be singular. Therefore one alternate implementation of mixed 

boundary condition is to calculate the potentials twice, first set part of the boundary to 

Neumann, then set the rest of the boundary to Neumann conditions, and finally calculate 

the average value. 
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Figure 1.3. The finite-element solution of Figure 1.1 model with 
Coggon's mixed boundary condition method and compared with the 
analytic solution (top curve). The Coggon's method requires the 
average of two solutions: in solution 1 the bottom & two faces are 
Neumann B.C., in solution 2 the other two faces are Neumann B.C .. 
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Although this works effectively in the two-dimensional case, our test results 

show that both boundary types give much lower potentials; thus the average one does 

not improve the solution significantly. In addition, the double calculation also means that 

the computation time will increase considerably. 

In order to get more accurate solutions, Dey and Morrison (1979) proposed 

another mixed boundary condition implementation method and applied it to their finite-

difference model. Queralt et al. (1991) extended this technique to finite-element method 

and Lowry et al. (1989) have modified this method to incorporate a dipole current 

source. 

This method based on the physical asymptotic behavior of potential <b and 

potential gradient O<Dlan at large distances from the point source. The total potential at 

large distances from the source and anomalous region has a general form of 

4> (x, Y, z) A A -, 
r ( 1.12) 

where A is a constant. 

The potential gradient along the outward normal direction of the boundary 

surface thus can be expressed as 

a4> (x, Y, z) 
aT') 

A - ---2 e r ' T') 
r 

_ 4> (X, Y, z) case I 
r (1.13) 

where 8 is the angle between the radial direction and the outward normal direction of 
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the mesh surface. Rewriting equation (1.13) we get 

ail> (x I Y I z) + a '" ( ) 0 - '*' X, Y, Z =: I a" r (1.14) 

with a. = cos 9. 

Although equation (1.14) is independent of the primary conductivity structure 

and therefore does not require an a priori assumption of the nature of <D or o<Dlon at all 

the boundaries, this method needs extra calculations which are difficult. First, to 

implement this method, equation (1.8), which includes boundary terms, instead of 

equation (1.9) must be employed to form the functional for all elements located at 

boundaries. Also this method requires the calculation of two additional quantities, the 

angle 9, and the distance of each boundary element to the source. 

The third boundary condition implementation method was proposed by Swift 

(1971) and Stoyer et al. (1976), called the terminal-impedance mixed boundary 

implementation method. In this method, the boundaries of the model are grounded and 

the inward impedance are set to a fraction of the outward impedance. In the finite-

element calculation this is equivalent to a homogeneous Dirichlet boundary conditions 

with the conductivities of boundary elements set to a fraction of back ground 

conductivity. 

To implement this method, a single value was estimated as the conductivity ratio 

between the boundary element and the adjacent background. Although this ratio is 

independent of position, its optimal value is different from one model to another, and 
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must be determined by trial and error or from previous experience (James, 1985). 

To better understand how this method works and what factors will influence this 

conductivity ratio for a 3-D model, Figure 1.4 shows a simple physical model from 

which an analytic solution can be calculated easily. In this model, a point source was 

surrounded by a sphere of conductivity 0") and coded by a shell of conductivity O"~. The 

radii of the two spheres are R) and R~, and the outer-most surface was grounded 

(potential is zero, equal the homogeneous Dirichlet boundary condition). To get the 

same potentialswithin the small sphere which equal to those with material 0") extending 

to infinity, the ratio of conductivities should satisfy the followll1g equation 

( 1.15) 

In this spherical model, the ratio was solely determined by the radii of the spheres. 

Applying this principle to the 3-D finite-element modeling, the situation is more 

complicated. The source is seldom located at the center of the mesh. Also the mesh 

is usually constructed by plane surfaces which are not normal to the radius. The 

resistivity structure of the interesting region may be another difference from the 

spherical model. According to these factors, the ratio should be estimated more or less 

differently from equation (1.15). However, the following example shows that the ratio 

is not very sensitive to those factors and a rough estimation from the average distance 

still can improve the solution significantly. 

In Figure 1.5 the potentials of the two layer model shown in Figure 1.1 were 
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Figure 1.4. A point source electric model used for understanding the 
terminal-impedance boundary condition implementation method. 
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Figure 1.5. The finite-element solutions of Figure 1.1 model with 
terminal-impedance boundary condition and secondary field solution 
method, and compared with the analytic solution. In the terminal
impedance method the conductivity ratio is 0.035. In the secondary 
field solution method the B.C. is homogeneous Dirichlet B.C. 
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re-culated by implementing this method. The average distance from the source to all 

the boundary elements is about 20 (the estimated value therefore should be 0.05). The 

optimal value of the ratio (by trial and error) is 0.035. Although these two numbers are 

slightly different, the spherical model provides some idea about how to estimate the 

ratio. Comparing Figures 1.2 and 1.3 with 1.5, the advantage of this method is clear. 

By simply changing the conductivities of all the boundary elements, the error caused by 

mesh edges can be greatly reduced. 

1.2.4. Considemtion of boundmy conditions in 3-D modeling 

In the previous section, three boundary condition implementation methods were 

discussed to reduce the error caused by the limited number of elements used in the 

boundaries of three-dimensional DC resistivity models. For each method, 

extracalculation was required. However, in practice there are some situations in which 

a simple homogeneous Dirichlet boundary condition will give an accurate solution. 

The first situation is when the model is calculated by the secondary field solution 

method. As will be shown in the next section, the total potentials are calculated 

separately in this method, the primary field and the secondary field. Since an analytic 

solution can be obtained for the primary field, the boundary error will only appear in the 

secondary field. Like in most cases, if the model is not very complex and the 

conductivity contract is not very large, the primary field will dominate the solution. The 

error caused by mesh boundaries will be small in the secondary field. In Figure 1.5, the 

model in Figure 1.1 was re-calculated by the secondary field solution method using 



34 

homogeneous Dirichlet boundary conditions and compared with terminal-impedance 

method results. Both of them give almost the same accuracy. 

The other situation concerns the measurement system. If the solution of a DC 

resistivity problem is the potential difference between two electrodes which are close to 

each other, like in many resistivity field survey, the error caused by boundary conditions 

will have approximately the same magnitude at each electrode and tends to cancel. One 

example is the dipole-dipole configuration on surface or in borehole measurement. In 

such cases the error will be reduced for both transmitter and receiver pairs. 

In Figure 1.6 the same model was used to calculated the potential difference 

between the adjacent receivers using homogeneous Dirichlet boundary conditions. 

Although the source is a single electrode, the error reduced largely compared with 

corresponding analytic solution. Figure 1.7 summarizes the results from the methods 

discussed earlier. 
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Figure 1.6. The finite-element solution (Figure 1.1 model) of potential 
difference with homogeneous Dirichlet boundary condition and 
compared with the analytic solution. 
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A singularity anses III the solution of elliptic partial differential equations 

whenever the source function is not continuous (Fox, 1979). Large errors will occur 

near such singularities. To demonstrate this error, Figure 1.8 is a simple two-layer earth 

model with pole-pole survey on the surface and for which the analytic solution can be 

obtained easily. Since the conductivity distribution within the earth is symmetric about 

a vertical plane passing through the source point, only a half mesh needs to be 

constructed. The potentials are recorded at each node along an x-direction line from 

source to boundary. As shown in Figure 1.9, a comparison of the finite-element 

numerical solution with the analytic one over this model indicates a systematic error. 

In general, the relative error becomes very large near the source and will decrease 

rapidly beyond several elements. 

Grid refinement near the singularity point will reduce this error, but in three

dimensional environment this method does not work very well. First, the size of the 

finite-element matrix will increase dramatically. More importantly, the structure of this 

matrix is less convenient than that obtained with constant element size, making it 

difficult to find the solution of the linear equations. 

Since the singularity comes from the source discontinuity function in the right 

hand side of Poission's equation, one possible way to reduce such error without 

increasing computing expense is the secondary field solution method. This method 
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transmitter 
receivers 

Figure 1.8. A two-layer earth model with surface pole-pole 
measuring system for secondary field solution test. 
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calculates a primary field caused by the same sources in a half-space and a secondary 

field produced by the structure (actually is the structure difference between the model 

and the half-space) separately. For most DC resistivity problems, since the primary field 

dominates the total sol uti on and can be determined analytically, more accurate results 

should be expected by this method. 

Some successful examples were given by Lowry et al. (1989). They used a 3-D 

finite-difference algorithm to estimate the secondary fields of several simple models. 

When compared with available analytic solutions, the error due to the singularity was 

reduced significantly. However, the improvement is inconsistent and largely depends 

on the structure of the model. In Pridmore's investigation of 3-D finite-element 

modeling, he tried both secondary field solutions and total field solutions for some 

models. For his results, the improvement was not obviolls. 

Further study shows that due to the infinite potential value at the source point, 

the error associated with secondary field solution by finite-element method may still 

come from singularities. The difference is that this kind of singularity error will not be 

concentrated near the source point, but will be distributed randomly. As a result, the 

reciprocity of the predicted data is poor even when the receiver is far from the source. 

That is, if we exchange the source and receiver, the calculated potentials will not be the 

same. 

In this dissertation, I propose two alternate implementations of the secondary 

field calculation. The effectiveness of this method will be shown over some simple 

models which also have analytic solutions. 
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1.3.2. Secondmy field calculation in finite-element method 

For the potential VCr) due to a conductivity distribution 0' (r), we can divide the 

potential field into two parts: the primary field produced by the source in a 

homogeneous half-space and a secondary field due to the difference between the true 

geoelectric structure and the homogeneous half-space. From the linear property of 

electromagnetic fields, the desired solution is just the summation of the two fields 

( 1.16) 

where Vp(r) is the primary field and V.(r) is the secondary field. For a homogeneous 

half-space, the analytic or closed-form solution for the primary field is simply 

( 1.17) 

with r, = [(Xl - xr)~ + (Yl - yr)~ + (Zl - zy]'/~ is the distance between the source and the 

receiver, and r~ = [(Xl - xi + (Yl - yi + (~ + zi],,~ is the distance between the 

imaginary source (reflected from the surface) and the receiver, and 0' is the conductivity 

of the half-space. 

To calculate the secondary field by numerical approximation, the sources are 

distributed around all geoelectric anomaly region, and the delta functions as source terms 

are avoided. In the finite-element method, the DC resistivity domain equation (1.5) can 

be approximated by a system of linear equations. Expressed in matrix-vector form, it 

IS 
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Qv = 5, ( 1.18) 

where G is the stiffness matrix representing the geoelectric structure of the model, v is 

the solution vector of potentials at each node, and s is the source vector. Since the 

primary fields are produced by the same source, we can express it in the same way 

( 1.19) 

where the source vector is the same as in equation (1.18). Gp represents a new stiffness 

matrix constructed from the homogeneous half-space. Subtracting equation (1.19) from 

equation (1.18) gives the result 

Q(vp + vs) - QpVp = O. ( 1.20) 

Moving the known terms to the right-hand side we get 

(1.21 ) 

Equation (1.21) is a system of linear equations for the secondary field solution. 

G and Gp are defined in equation (1.18) and (1.19) respectively. The source vector at 

the right-hand side is the product of the primary potential vector V p and a matrix 

difference (Gp - G). From equation (1.18), matrix (Gp - G) represents the electric 

property differences between the real model and the homogeneous half-space. 

Equation (1.21) can also be solved by finite-element method without difficulty. 

In addition, the source term is no longer a delta function which will produce singularity 
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error. For those models in which the secondary field is only a fraction of the total field, 

a more accurate result should be obtained from equation (1.17) and (1.21). 

1.3.3. Improvement of secondmy field method 

Lowry et al. (I989) indicated that the improvement largely depends on the 

model. In fact, if the model is complex and/or with large conductivity contrast, the 

reciprocity of the solution calculated by secondary field method is usually poor. 

Although for such models there are seldom analytic solutions to compare with, the 

solution obtained by the total field solution method does not show poor reciprocities. 

This means that there must be non-trivial errors in the secondary field solution. 

Although the error may come from many sources, further study indicates that 

singularities still exist in the secondary field calculation and should be the main reason 

for the poor performance of this method. The fact is that at the source point the primary 

potential is infinite, as shown in Equation (1.17). So if the source is located at a node, 

as is usually the case in finite-element modeling, vector Yp will have an infinite value. 

In numerical modeling, we can only approximate it by a large number. 

Returning to Equation (1.21) for the secondary field calculation, the source vector 

is actually the product of Yp with Matrix (Gp - G). Usually if the model is complicated 

with large resistivity contrast, the matrix (Gp - G) will contain some non-zero, off

diagonal entries corresponding to the large value in Yp. The following equation shows 

that in such case the final product will have several large terms, each may be the source 

of singularity error. 
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s 0 s 000 s L 

0 s 0 s 0 0 s s 
s 0 s 0 s 0 L L (1.22) 
o s 0 s 0 s s s 
o 0 s 0 s 0 s L 

000 s 0 s s s 

In this equation, the matrix represents the (Gp - G) term and each non-zero entry can be 

small (represented by s). The vector multiplying this matrix is the primary potential Vr, 

which has a large term at the source point and is represented by L. Since this term is 

very large compared with those entries in the matrix, the resulting vector will contain 

many large terms, as indicated by the right hand side of Equation( 1. 22). 

In the secondary field calculation, the product is the source vector. With large 

terms distributed in that vector, we can understand why the errors of secondary field 

calculation do not concentrate near the source but are distributed randomly at many 

nodes. This is one reason that the reciprocity of secondary field solutions may be poor. 

For complicated models, the poor reciprocity may become so obvious that it prevents 

the extensive use of the secondary field method in DC resistivity modeling. 

We can change the way of constructing the flllite-element mesh or the calculation 

of the primary field to reduce or eliminate the error associated with the finite-element 

secondary field solution. Since the source vector S no longer appears in the finite-

element calculation, we can construct the mesh in a way that all the electrodes will be 

located away from any nodes. To avoid large numbers appearing in V p' the distance of 

electrode from nearest node can be estimated from Equation (1.17). From Vector Vs, 
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the potentials at any position can be easily interpolated accordillg to Equation (1.7). 

In cases that some electrodes must be put at a node point, there is another way 

to avoid singularity. Usually we take an average resistivity as the property of half

space. In this way the matrix (Gp - G) will have a smooth structure. But if we select 

the resistivity in another way so that all the corresponding entries in Matrix (Gp - G) 

which will be multiplied by the large value in Vp is zero, the product will be zero even 

if the vector Vp term is infinity. This can be achieved if we select the resistivity of the 

half-space as that where the source resides. 

In Figure l.l 0 the model of Figure 1.8 was re-calculated by the secondary field 

solution method with different half-space resistivity values and compared with the 

analytic solution. The bottom curve is the data error using an average resistivity of 31 

ohm-m suggested by Lowry et al. (1989) to calculate the primary field. Although this 

value gives a better solution near the source, the error beyond four element is large. In 

contrast, by using the upper layer resistivity (where all the sources are located) of 10 

ohm-m as the primary field calculation parameter, the solutions are good for most 

receiver points. 

However, taking Expression (1.9) as the functional to be minimized, we may 

have difficulties when the source is located at the boundary of a different resistivity 

region. In such cases the elements surrounding the node will have different resistivities. 

No matter what half-space resistivity is selected, those entries in (Gp - G) which will 

multiply the singularity value in V will not go to zero totally. This difficulty can be 

solved if we construct the mesh in a way that each node, instead of each element will 
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have a distinguishable resistivity value. Like the potential, the electric property within 

each element will be the interpolation from the eight nodes as expressed in Equation 

(1.7). Also the functional to be minimized will be slightly different from Equation (1.9). 

That is, the conductivity 6 will be a function instead of a constant. 

1.3.4. Discussion and conclusions 

The main difficulties faced with 3-D finite-element modeling of DC resistivity 

problems are the requirement of large storage space and calculation accuracy. With 

limited computer power, volume discretization can only be roughly made. 

Consequently, singularity error caused by discontinuous sources will be large compared 

with I-D or 2-D cases and dominate the numerical approximation uncertainty. By 

introducing the secondary field solution method, the singularity can be removed from 

the numerical calculation, the error around the source can be largely reduced, and the 

mesh can be kept to a moderate size. The implementation is simple. The additional 

computation time and storage space is small, but the solution is improved significantly. 

The secondary field calculation can also bring other benefits to the numerical 

modeling. If the conductivity contrast is not very large, the secondary field is only a 

small fraction of the total potential field. Since the major part of the solution, the 

primary field, is calculated by analytic methods, we may expect a more accurate solution 

not only near the source but everywhere else. That is, the error caused by mesh 

boundary conditions and numerical discretization can also be reduced or eliminated. 

Thus a simple homogenous Dirichlet boundary condition will give a satisfactory solution 

for moderate sized mesh. 
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1.4. MESH CONSTRUCTION AND MATRIX INVERSION 

1.4.1. Inhllduction 

In the first two sections of this chapter we have discussed the way to improve 

the accuracy of 3-D finite-element forward calculation while keeping the mesh size 

moderate. Since the matrices resulting from the finite-element discretization of three

dimensional models are typically large, storage management and computation efficiency 

in solving such linear systems of equations is equally important. 

In the past few years many iterative matrix solution techniques have been 

developed for this purpose, but most of them have been developed for two-dimensional 

models and their applicability depends on the particular structure of the matrix. For 

example, the alternating direction implicit (ADI) method converges much faster than 

simultaneous over-relaxation (SOR) method. But it is an operator splitting technique 

in which the partial differential operator \12 is able to be separated into the x direction, 

and the y direction (Press et aI., 1986). So it is designed partic.ularly for finite

difference method. 

Since the matrix structure is determined by the model and mesh construction, we 

must test these carefully before employing them to solve linear systems resulting from 

three-dimensional modeling. In general, a simpler mesh leads to a more regular matrix, 

which can be solved much faster. 

In this section, I will further discuss an optimum combination of mesh structure 

and matrix inversion technique which turn out to be able to calculate the 3-D resistivity 
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responses for most geophysical models with reasonable speed and accuracy. 

1.4.2 Mesh conshuction 

The finite-element method provides a global approximation based on a very 

simple local representation, thus the domain is partitioned into a large number of small 

sub- domains which are the elements. Like in the two-dimensional case, all finite

element constructions can be generalized to three dimensions. Figure 1.11 shows that 

triangular elements can be generalized to tetrahedral, rectangular elements lead to 

hexahedral or so called brick elements, and so do the isoparametric family of elements 

which have the flexibility of handling arbitrarily sloping boundaries. 

However, unlike the two-dimensional case, the tetrahedral element has serious 

shortcomings on a conceptual level. It is a complicated operation to partition an 

arbitrary three-dimensional body into tetrahedrons. Although there may be convenient 

way of assembling tetrahedral elements into bricks (Pridmore, 1981), the mesh 

constructed from these elements is not symmetric. This asymmetry in the mesh structure 

gives rise to asymmetrical results from a symmetric model. 

On the other hand, the isoparametric elements introduced by Zienkiewicz (1971) 

(Figure 1.11 c.) can generate curvilinear elements to represent planar-faced parent 

elements by mapping each point of the parent element into Cartesian space according 

to some selected mapping function, and therefore have the ability to handle curved 

surface. However, they will not be discussed or lIsed in this dissertation because the 

increased complexity of the algorithm. Hexahedral elements are sufficient for many 3-D 
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(a) Tri-angle and Tetrahedral elements 

(b) Rectangular and Hexahedral elements 

(c) mapping of isoparametric elements 

Figure 1.11. Finite elements commonly used in 2-D and 3-D DC 
resistivity modeling. 
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resistivity modeling applications. 

The element size along each direction of the hexahedra is still changeable. 

However, for most iterative matrix inversion methods there is a limitation of the length 

ratio between adjacent elements, beyond which the method fails. For example, Table 

1.6 (Page 59) shows that if that ratio reach four or larger the ICCG method will not 

converge. 

Even within the limitation, Table 1.6 also shows that for ICCG method this ratio 

can largely influence the computing time. On the other hand, the ICCG method is not 

very sensitive to the total number of elements used in mesh construction. Therefore, to 

minimize the computing time for ICCG method, there is a balance for each individual 

model to construct the mesh using more elements or using more irregularly sized 

element. 

1.4.3. TIle conjugate gradient method 

The matrices resulting from the finite-element discretization of a three

dimensional model are typically large, symmetric and positive definite. They are also 

very sparse. That is, almost all entries in anyone row are zero. For example, the mesh 

assembled from hexahedral elements will have, including the diagonal, fourteen non-zero 

elements to the right of the diagonal. If equal sized elements (cubes) are used, this is 

reduced to ten. 

Normally the system of linear equations can be solved by two kinds of methods, 

the direct method and the iterative method. In the direct method, an exact solution can 
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be obtained after a fixed number of arithmetic operations, where one operation is defined 

as a multiplication or division. Since this method can give exact inversion of the 

stiffness matrix which is independent of tile source, if the resistivity forward modeling 

has several current electrode positions, the computational effort to obtain the solution 

for different current electrode positions is quite large. 

However, this method seldom can be used for 3-D resistivity modeling for two 

reasons: first, this method requires storage of the band-width of the matrix, because 

during calculation most zero entries will turn to non-zero values, and second, in direct 

methods the round-off errors accumulate with operations and the number of operations 

is directly related to the dimension of resulting matrix. 

For 3-D resistivity modeling, a mesh with N = 20 X 20 X 30 elements is 

common to simulate real geoelectric structures. The resulting matrix of such mesh will 

have a dimension of N X N = 12000 X 12000 with a bandwidth of W = 600. The total 

number of operations by direct methods will reach N X W2 
/ 2 = 2.16 X 109 (Pridmore, 

1981). The round-off errors after so many operations are usually magnified to the extent 

that the matrix is close to singular and that the final solution is spoiled (Press et aI., 

1986). 

With the iterative method, an initial guess of the solution is given at the 

beginning. At each iteration, the solution is successively improved, until a satisfying 

solution is obtained. In most iterative methods, only those non-zero entries will be 

stored in the computer. those can be in the form of a vector and easy to implement in 

matrix manipulation. 
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In this dissertation, three iterative methods which are commonly used to solve 

boundary value problems are tested in solving 3-D resistivity modeling problems. They 

are the simultaneous over-relaxation (SOR) method, the alternating direction implicit 

(ADI) method, and the conjugate gradient (CG) method (Press et aI., 1986). 

Generally speaking, the ADI method requires much less operations than optimal 

SOR. Reductions in computing time of five to ten are normal in two-dimensional 

modeling. Unfortunately, the test result indicates that the ADI method does not 

converge for 3-D finite-element modeling of DC resistivity problems solved in this 

dissertation. 

Compared with CG method, the SOR algorithm is simple, easily programmed, 

and largely reduces the problems of round-off error. This simplicity also makes it 

possible to solve less regularly constructed matrices. However, SOR has the 

disadvantage that its convergence rate depends strongly on a set of iteration parameters 

whose optimal values are difficult to find. More importantly, the converge rate is 

relatively slow. For this reason, the CG method was used exclusively in our forward 

modeling program. 

The conjugate-gradient method was first devised by Hestenees and Stiefel (1952). 

Given a system 

Qx = E I ( 1.25) 

where G is a positive-definited N X N matrix, the algorithm proceeds as follows 

(Meijerink and van der Vorst, 1977): starting with a guess vector x(J, an initial residual 
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is defined as ro = b - Gxo, and initial search direction Po = roo For i = 0, I, 2, ... N-l, 

the step-length parameter is determined by 

(X. 
~ 

-<IiI Ii>-

-<Pi I {;Pi >- ( 1.26) 

from which the new estimated solution is obtained by 

(1.27) 

The new residual is 

( 1.28) 

The conjugate coefficient and direction vector are 

-<{;Pi I Ii+l>-

-<Pi I {;Pi >- ( 1.29) 

and 

(1.30) 

In theory, this method can be considered as a minimization method for the 

function 1/2xTGx - bTx, in which the sequence of residual r, are all mutually orthogonal, 

and the sequence of search direction Pi are mutually conjugate. In the absence of round-

off errors, XN will be the solution of the linear system. Often a good approximation is 

obtained by x, for some i < N, if the number of eigenvalues is much less than the matrix 

dimension (Press et aI., 1986). 
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While this method is insensitive to the dimension of the matrix G (Meijerink and 

van der Vorst, 1981), its convergence rate largely depends on the condition number of 

matrix G. For a symmetric, positive-definite matrix, the condition number is defined as 

lC (G) = Amax (G) 
Amin (G) I 

(1.31) 

where /.. are the eigenvalues of matrix G. When K (G) is large (G is ill-conditioned), 

the convergence is poor. Matrices arising from 3-D finite-element modeling tend to be 

ill-conditioned, so that the basic CG method is not ideal to their inversion. 

To enhance the convergence of the CG method, one effective way is to transform 

the G to a matrix G' which is close to the identity matrix. An example of such 

algorithm is the incomplete Cholesky conjugate gradient (ICCG) method (Meijerink and 

van der Vorst, 1981). In the ICCG method we transform the original linear equation set 

Gx = b to a new set My = c, such that M has small condition number, that is K (M) 

« K (G), but x can be easily recovered from y. 

To achieve this goal, G can be decomposed in this way 

G = LD-1U + E I (1.32) 

where Land U are the lower and upper triangle matrix, D is a diagonal matrix and E 

is the residual and should be as small as possible. 

By multiplying DL-1 to both side of Gx = b, that is 
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(1.33 ) 

we can see that 

M = DL- 1 GU-1 , Y = Ux, and c = DL- 1b . (1.34) 

Thus M = I + DL"EU". With small E, M will be close to the unit matrix and 

will have a small condition number. Although there are several ways to construct 

matrix L, D, U and E, in this program I choose to maintain the same sparse pattern in 

Land U as in G and restrict the off-diagonal elements of Land U to be identical to the 

corresponding lower and upper triangular parts of G respectively (Mikic and Morse, 

1985). Also we define diag (L) = diag (U) = D and diag (LD'lU) = diag (G). 

With the above definition it is easy to verify that each diagonal term of Matrix 

D can be recursively calculated from 

i-1 

Di Gii - L GinD;1Gni , 
n=1 (1.35) 

for i = I, 2, ... N. 

1.4.4. Convergence critelia 

Like every iterative method, after each iteration, the ICCG method will produce 

a solution which will approach but never reach the exact solution. We must interrupt 

the iterations on the basis of some error estimate. In matrix inversion calculation, the 

error is the square mean of the difference between GXj and b 

e = avg (Qxi - b)2, ( 1.36) 
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where XI is the solution after i iterations. 

In practice, there are difficulties when using this value as a program termination 

criterion. First, the limiting accuracy Eo. of an individual problem is usually not known 

a priori. If we happen to demand an accuracy E < Eo., then the termination criterion may 

never be satisfied. The calculation of error at each iteration is also time consuming 

since a matrix-vector product is involved. 

Instead of specifying a tolerance E, we can use another termination criterion 

based on the following observation. When the solution sequence {xn} converges to x, 

from some n onward the differences IXn - xn.11 decrease until IGxn - bl ::::: Eo.' Thereafter, 

rounding errors dominate and the differences vary irregularly (Dahlquist and Bjorck, 

1974 ). 

In the ICCG algorithm, this quantity can be easily obtained from equation (26) 

at each iteration without additional computation 

(1.37) 

According to this rule, the program should run until the condition 

(1.38) 

is no longer satisfied. 

However, sometimes we may encounter the situation that the convergence is not 

uniform at the beginning n iterations so that the program will be terminated before Xn 

has even come close to x. To prevent this, another termination condition should be 
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added which will guarantee that IXn - xn.d is already small. Thus the program should be 

terminated and accept Xn as the sol uti on when the following conditions are satisfied 

simultaneously 

( 1.39) 

here () is some coarse tolerance used to prevent early termination. 

From Table 1.6, we can get some ideas about actual iteration number and 

computing time with the ICCG method for a typical model shown in the next section. 

The model, as shown in Figure 1.1, is a simple two layer earth structure. The dimension 

of the matrix to be inverted is N = 12000. The termination criteria for such model is 

I.OE-6. Although the element shape and adjacent dimension ratio have influences on 

the running time and iteration number, it only took less than 15 iterations to converge 

to the desired solution. Compared with the SOR method used by Pridmore to solve 

similar problems (Pridmore et aI., 1981), his matrix is only N = 448. Approximately 

100 iterations were carried out for each solution and the computing time was about 20 

minutes on a Univac I 108 processor. 
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Table 1.6. Comparison of ICCG method converge-rate for different element size and 

dimensional ratio. 

Same Mesh I Mesh 2 Mesh 3 

element 

Running time 2.01 m 2.17 m 2.62 m diverged 

Iteration # 6 8 13 diverged 

Dim. ratio I 8 32 32 

Size ratio I 2 2 4 

Note: the mesh size is 30 X 20 X 20 with 12 source locations. Large elements are used 

only at boundaries. In mesh I they are 2, 4, 8 units in x, y and z direction. In mesh 

2 they are 2, 4, 8, 16, 32 units. In mesh 3 they are 2, 8, 32 units. The Dim. ratio 

means the maximum dimensional ratio for one element. The size ratio means the 

maximum dimensional ratio between adjacent elements. 
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1.5. NUMERICAL CHECKS 

Apparent resistivities measured by a surface dipole-dipole array were calculated 

over a simple earth model and compared with results from other methods. The model, 

as shown in Figure 1.12, is a three-dimensional cube of resistivity anomaly buried in a 

half-space background. The cube has a dimension of four units, buried one unit deep, 

with a resistivity contrast of 5. Since this model already has solutions calculated by the 

integral-equation method and the finite-element total-field-solution methods (Pridmore, 

1981), a comparison can be made among the total field solution, the secondary field 

solution and those published solutions. Figure 1.13 gives the pseudo-section results 

from those solutions. 

Although the reciprocity, or the equivalence of the results on interchanging the 

transmitter and receiver, does not necessarily imply that the results have converged to 

the true solution (Hohmann, 1975), it can be used as a quick check of the solution. The 

apparent resistivities calculated from the integral-equation method and the ICCG method 

for the total and secondary field methods satisfy the reciprocity to about the same level. 

Besides the pseudo-sections, the above mentioned calculation results are 

represented for three profiles with different source locations, as shown in Figures 1.14 

to 1.16. Taking the integral-equation solution as the correct answer (it should be for 

such simple models), those profiles give the apparent resistivity difference at each 

receiver position for the total field, secondary field and Pridmore's results. In Figure 

1.17, the average error (the difference between the integral-equation solution and those 
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R=100 ohm-m 

Figure 1.12. A three-dimensional model with surface dipole-dipole 
measurement for numerical check of forward modeling algorithm 
proposed in this chapter. 
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Figure 1.13. The numerical solutions (pseudo-section) of Figure 1.11 
model calculated by the total field and secondary field solution 
methods proposed in this chapter, and by Pridmore's total field and 
integral-equation methods. 
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Figure 1.15. The differences between the integral-equation solutions 
and the finite-element solutions for one dipole-dipole survey of 
Figure 1.11 with the transmitter six dipoles to the left of the target. 
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Figure 1.16. The differences between the integral-equation solutions 
and the finite-element solutions for one dipole-dipole survey of 
Figure 1.11 with the target six dipoles to the left of the transmitter 
dipole. 
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Figure 1.17. The average error (compared with the integral-equation 
solutions) calculated from Figure 1.13 for the total field, secondary 
field and Pridmore's solutions. 
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results) was computed for the whole pseudo-section. While the ICCG method gives a 

better solution, the secondary field method really improves the numerical forward 

modeling techniques. 
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1.6. CONCLUSIONS 

In this chapter the forward modeling of three-dimensional DC resistivity 

problems by the finite-element method was developed. The object of this research was 

to improve the numerical techniques to make the program fast and accurate. The 

terminal impedance boundary conditions and secondary field calculation will give 

accurate solution without increasing mesh size or additional calculation and the ICCG 

method can reduce the computational expense significantly over other iterative methods. 

The set of linear equations produced by the discretization of 3-D governing 

equations is characterized by a sparse, positive-definite matrix. An incomplete LU 

decomposition proved to be an effective preconditioning to this matrix and made the CG 

method favorable as compared with other iterative methods. However, the computing 

efficiency is achieved at the price of reduced flexibility in the finite-element method. 

The large dimensional ratio of elements will decrease the convergence rate and reduce 

the accuracy of the mesh. Since the ICCG method is relatively insensitive to the matrix 

size, an alternative mesh is preferred, if available. 

Based on the fast and accurate 3-D forward modeling algorithm described in this 

chapter, a 3-D least-squares inversion program will be able to be developed. 
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1.7. APPENDIX 

The principles of variational methods are based on potential and complementary 

energies. In simple words, if a geoelectric region is in equilibrium or in a stationary 

condition under a given current source and/or boundary condition, the electrical potential 

energy within the region assumes a stationary value. In the case of the linear relation 

between electrical field E and current density J (see equation (1.2», the equilibrium 

value is a minimum. 

The electrical potential energy within each element is composed of two parts, the 

static electric field energy U and potential Wp of the external load 

(AI) 

Mathematically, when we minimize 0p, we differentiate or take variations of Op with 

respect to the potential V. While doing this we assume that the force remains constant, 

and we can relate variation of work done W by the load and the potential of the load 

as 

oW = -o~, (A2) 

where 0 denotes arbitrary change, variation or perturbation. The negative sign III 

equation (A2) occurs because the potential Wp of external load is lost into work by these 

loads, W. Then the principle of minimum potential energy is expressed 
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(A3) 

In the static electric field, the unit volume energy is 1I26E2. But from equation 

(1.3) it can be replaced by 1/2cr(Y'<DY According to electromagnetic theory, the work 

done by electrical current is IV or VY'·J = <DiY'·J. For each element, there are two 

external loads, the sources in the right hand side of equation (1.5) and the current flow 

from boundary. The former is a volume integral of <DiY'·J. The latter is a surface 

integral of <Dicr -act>/8n, since cr -act>/on is the normal current flow at the boundary. 

Adding the three terms gives the functional (1.8). 
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2.1. INTRODUCTION 

The DC resistivity method (surface or borehole measurements) has long been 

used as a simple and effective geophysical exploration tool by engineering geologists 

/ geophysicists. Its application can be found in mineral resource detection, ground-water 

exploration, and civil engineering purposes. As in other geophysical methods where 

quantitative interpretation is possible, the assessment of DC resistivity survey should 

progress from rough preliminary estimates towards more sophisticated methods of 

interpretation. The successful interpretation of resistivity data depends on the 

uniqueness of the model as well as the robustness of the inversion algorithm. 

Contrary to forward modeling in which the observed data are calculated from a 

gIven earth model, geophysical inversion tries to fit the response of an idealized 

subsurface earth model to a set of observations. It was about thirty years ago that the 

inversion theory came into use in the geophysical field. At that time, Backus and 

Gilbert (1967, 1968, 1970) published a series of papers to show their attempts of 

translating surface seismometer readings into a seismic-section of the earth. By treating 

their data as linear, they were able to take advantage of the mathematical formalism 

developed for matrix operations. 

Applying inversion theory to DC resistivity problems has also been investigated 

extensively, but finding a reliable resistivity inversion technique is not an easy task. 

Many procedures for obtaining the solution of such inverse problems have been 

proposed. However, because the response of resistivity model is a nonlinear function 

of the model parameters, a common approach to solve the DC resistivity inverse 
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problem is the linearized least-squares inversion method (Lines and Treitel, 1984). The 

basic strategy of this method is to approximate the problem by a linear equation, then 

to minimize the sum of squares of the errors between the model response and the 

observations. Since the problem is linearized, the final solution is approached 

i terati vel y. 

The pioneer work of one-dimension,,1 DC resistivity least-squares inversion can 

be traced to 1973, when Marsden (1973) used fixed-thickness schemes to overcome the 

non-uniqueness and to increase the resolution. However, the majority of one

dimensional resistivity programs in use today allow both the layer resistivity and the 

thickness to vary (Simms and Morgan, 1992). Simms and Morgan (1992) compared the 

inversion schemes of fixed-layer thickness with variable parameter inversion where both 

layer thickness and resistivity are allowed to vary for I-D case. Their results showed 

that the variable parameter scheme is best at simultaneously minimizing the data r.m.s. 

and model r.m.s. errors. 

To interpret two-dimensional structures, Pelton et al. (1978) developed an 

algorithm to search stored responses for various classes of models in order to match the 

observed data. However, their algorithm cannot fit realistically complex models. Using 

a network analog forward solution and network sensitivity theorems, Tripp et al. (1984) 

carried out 2-D inversions of surface DC resistivity sounding data. Recent applications 

of 2-D resistivity inversion are not restricted to surface electrical potential data (Sasaki, 

1989; Shima, 1990), but allow 2-D automatic inversions of cross-borehole data to 

determine detailed resistivity images between boreholes (Shima and Sakyama, 1987; 
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Daily and Yorkey, 1988). 

However, few people have tested three-dimensional least-squares resistivity 

inversions. Petrick et a!. (1981) outlined a method using alpha centers which uses 

simplified nonlinear substitutions for media conductivity and electric potential, followed 

by a straightforward application of image theory. Although their algorithm is fast and 

simple, the most severe limitation inherent in their formulation is the inability to 

approximate resistive bodies. Another limitation is the difficulty in determining the 

actual conductivity of prismatic bodies (Petrick et a!., 1981). 

In this paper, I propose a three-dimensional linearized least-squares technique to 

invert DC resistivity data which uses the 3-D finite-element forward modeling technique 

developed in the previous chapter. To image subsurface structures, the region of interest 

was divided into many blocks each containing one finite element used in the forward 

modeling calculation. The dimension of each block is fixed and the logarithm of 

resistivity of those blocks are the parameters to be estimated. The acquisition of 

observed data IS also three-dimensional, including both surface and borehole 

measurements. 

A common problem associated with three-dimensional inversion techniques is the 

under-determined nature in which the number of model parameters largely exceed that 

of observed data. In such cases, an infinite number of best-fitting models may result 

from inversion. To overcome this difficulty, additional constraining conditions or 

regularization must be imposed to single out one best-fitting solution. In linearized 

least-squares inversion, the constraining condition has another function of stabilizing the 
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iteration to a final solution. Often when the initial guess model is far from best-fitting 

one, the least-squares iterative procedures may lead to unstable solutions which contain 

large oscillations (Lines and Treitel, 1984). 

The simplest method of imposing constraint conditions is the Marquardt

Levenberg (or damped) method in which a constant is added to every diagonal term of 

the least-squares system (Lines and Treitel, 1984). The effect of this constant is to 

prevent unbounded oscillations in the solution but it also singles out one solution which 

has minimum length (Menke, 1989). 

The second method of reducing non-uniqueness is to restrict the roughness of the 

model (DeGroot-Hedlin and Constable, 1990; Constable at aI., 1987). If the statistical 

distributions of the parameter and data errors are available, a third method called 

maximum likelihood inversion (or stochastic inversion) can be used in which constraints 

on the model parameters are imposed at the beginning of inversion (Menke, 1984). It 

guarantees a level of regularization independent of the interpreter's beliefs and thus 

avoids the choice of an arbitrary degree of damping (Pilkington and Todoeschuck, 

1991 ). 

Although these methods have been used extensively in I-D and 2-D resistivity 

inversion, comparison of these methods applied to 3-D resistivity inversion has seldom 

been performed. In this chapter, I will investigate the advantage and disadvantage of 

these different inversion schemes and to determine which, if any, is better for dealing 

with under-determined resistivity problems in 3-D inversion. 

Another difficulty associated with 3-D least-squares inversion is the construction 
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and manipulation of the sensitivity (Jacobian) matrix. This matrix contains partial 

derivative of each observed data with respect to the change of each parameter. Taking 

the resistivity of each finite element as the model parameter and all possible combination 

of cross-borehole observations as data, the size of this matrix is comparable to that of 

global stiffness matrix in forward modeling. 

Constructing this matrix depends on the forward modeling and turns out to be 

difficult in our case, because by convenient computing technique the number of forward 

modeling calculations will equal to that of the data or the parameters. Direct inversion 

of this matrix is also difficult because of its large dimension. 

Following Mackie's (1990) work for a three-dimensional magnetotelluric 

inversion algorithm, in this paper I described an iterative, relaxation approximation 

method, the conjugate-gradient method to approach the solution of linearized matrix 

system. 

By uS1l1g the conjugate-gradient relaxation method I can avoid having to 

explicitly construct the sensitivity matrix; all I need to know is the product of the 

sensitivity matrix, or its transpose, multiplied by a vector. Compared to a formal 

sensitivity matrix construction algorithm which requires the number offorward modeling 

calculations to be equal to that of the observed data, the multiplication can be done in 

only one forward modeling calculation if the sources are distributed at all the electrode 

positions or within the mesh. This technique not only eliminates the storage of the 

whole matrix in the computer, but also greatly reduces the computation time, making 

practical three-dimensional DC resistivity inversion possible. 
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2.2. THE LINEARfZED LEAST-SQUARES INVERSION WITH 

DIFFERENT CONSTRAINING TECHNIQUES 

2.2.1. TIle linemized least-squares inverse method 

To apply the linearized least-squares algorithm to DC resistivity inverse 

problems, we have to make the assumption that the errors between the observed data 

and the model predictions have Gaussian statistics. With this assumption, if an initial 

model parameter vector mo gives the model responses do = fo (mo), the responses d of 

a parameter vector III which is close to mo can be approximated by a truncated Taylor 

series: 

adl d :::: do + - llm am m=m o 
(2.1 ) 

and 

m = mo + llm, 
(2.2) 

where A is the sensitivity matrix. Its entries describe the perturbations in the data due 

to perturbations in the model parameters. 

Let vector y represent the observations for a set of field data, then the error 

vector e between the model responses and the observations is: 

e = y - d :::: y - do - /jllm. 
(2.3 ) 

The sum of squares of the prediction error is 
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s = e Te. 
(2.4) 

Now we are looking for the parameter change vector ~m which will minimize 

the sum of errors. That requires 

as 
aD.m 

o. 
(2.5) 

Carrying out the differentiation with respect to ~m, we obtain the simple, 

unconstrained least-squares algorithm which gives the parameter change vector, 

(2.6) 

where ~d = y - do, is the discrepancy vector which contains the differences between the 

initial model responses and the observed data. Since the model responses of Equation 

(2.1) is only approximated from an initial model, the final solution must be approached 

iteratively to update the parameter vector. 

It has been shown by many examples (Lines and Treitel, 1984) that the least-

squares approach can provide us with a powerful and versatile method to estimate model 

parameters. One of its advantages is the so called mathematical robustness when 

dealing with inaccurate and insufficient data. This method is particularly useful when 

the problem is over-determined and therefore has no exact solution. The least-squares 

algorithm can be used to estimate the solution by those values of the model parameters 

which give the best approximate solution. 

However, straightforward application of Equation (2.6) to many DC resistivity 
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inverse problems may lead to a solution which has some undesirable properties. From 

a mathematical point of view, an obvious problem is the manipulation of matrix AT A. 

When the inverse of this matrix does not exist (matrix AT A is singular), or when this 

matrix is nearly singular (some eigenvalues are very small), we may have difficulties in 

obtaining stable solutions from Equation (2.6). 

The singularity or near singularity of matrix AT A is more often encountered 

when solving nonlinear problems with least-squares algorithm. From Equations (2.1) 

through (2.6), we can see that the whole procedure depends on the assumption that m 

and mo are close enough that a linear approximation is valid. Whenever the initial 

estimate of the model is not close to the true model, the elements of the solution may 

tend to grow without bound, or oscillate from iteration to iteration without converging 

to the desired solution (Menke, 1984). 

In order to change the matrix from singularity or nearly singularity, we can 

impose some kind of constraint condition such that during the inverse calculation the 

energy of the elements of the parameter change vector is bounded by a finite quantity. 

Another difficulty encountered in 3-D resistivity inversion is the under

determined nature of the problem. In general, if the number of model parameters is 

larger than that of the observed data, the measurement will not provide enough 

information to give an unique solution. Therefore it may be possible to find more than 

one solution for which the prediction error is minimum. To obtain an optimal model 

to the inverse problem, we must have some means of singling out precisely one of the 

infinite number of solutions with minimum prediction error. The only way of doing this 
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is to add extra informations to the problem, or regularization, which are not contained 

in the data (Menke, 1984). 

In this chapter, the object of the three-dimensional DC resistivity inversion 

program is to recover subsurface electric structure with as little as possible a priori 

assumption. This was achieved by dividing the interesting region into blocks which 

should be small enough to reflect the real elements in the numerical approximation 

mesh. The problem is under-determined and we need some kind regularization to fulfill 

this object. 

Among many regularized inversion techniques, the Marquardt-Levenberg method, 

the smoothest solution method and the maximum likelihood method have been broadly 

used in one- or two-dimensional DC resistivity inverse problems. The difference of the 

three inversion methods is the technique used to solve the problem of non-uniqueness. 

In the first approach, the Marquardt-Levenberg method, the regularization 

operator is that the sum of the squares of the parameter change vector be bounded by 

a finite quantity. It selects a parameter change vector with minimum length (Menke, 

1984). A second approach, the smoothest model method, is to find models which 

minimize some function of parameters. One generally used strategy is to find a 

smoothest model. The third approach is the maximum likelihood inversion method in 

which we assume a prior knowledge of the distribution of likely earth models and to 

find which of these models can best fit the observed data. 

While the maximum likelihood method requires a priori information about the 

possible model parameter distribution, the smoothest model method takes some features 
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of general geoelectrical models (the electric properties of most subsurface structures do 

not change abruptly in space) as regularization operator. That information is balanced 

by a weighting factor during the minimization of the prediction error. Although, as will 

be shown later, the regularization operators should be taken away during the final stage 

of inversion when the solution is close to the true model and further reduction of 

prediction error is required, they really play an important role in least-squares inversion. 

The synthetic data inversion examples at the end of this chapter show that the three 

methods give different solutions. 

2.2.2. TIle I'egulmized inveniion methods 

To minimize the error between the observed data and the model responses, 

subject to some additional information or regularization operators, we use the Lagrange 

multiplier method to deal with the constraints in their implicit form. 

Suppose E is the function to be minimized with a constraint condition <I> = 0, by 

the Lagrange multiplier method we can form a functional E + A<I>, reinterpret the 

problem as one in which is minimized without any constraints. 

In the forementioned three methods, the value of the Lagrange multiplier is 

usually determined by experience or by convergence rate. In linearized least-squares 

inversion it may also vary from iteration to iteration. 

The Marquardt-Levenberg method 

This method was first introduced into inversion techniques by Levenberg (1944) 
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and later described in detail by Marquardt (1963). It is sometimes known as the method 

of damped least-squares. The Marquardt factor prevents unbounded oscillations in the 

parameter change vector. 

For Marquardt's method the regularization operator imposed is the sum of the 

squares of the elements of the parameter change vector Am 

02 tlm Ttlm. 
(2.7) 

Then the regularized inverse solution can be obtained by solving a Lagrange 

multiplier problem in which the prediction error is minimized subject to the constraint 

that AmT Am = C, where C is a constant. Thus we choose Am to minimize a functional 

for 

S(tlm, A) 
(2.8) 

where A is a Lagrange multiplier or weighting factor which determines the relative 

importance given to the prediction error or to the solution length. 

Minimizing functional S (Am, A) by differentiating it with respect to the model 

parameter change vector dm and setting it to zero, we get 

0, 
(2.9A) 

or 

2A T(y - do - Atlm) - 2Atlm O. (2.9B) 
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Moving .1m to right hand side yields a modified form of Equation (2.6) 

(2.9C) 

where I is an identity matrix and .1d == y - do, is the discrepancy vector. Comparison of 

this regularized sol ution with Equation (2.6) shows that by adding a constant A. to the 

main diagonal term of matrix ATA, we have actually added a constant to the eigenvalues 

of the matrix ATA so that none of the eigenvalues vanish (Menke, 1984). 

The function of weighting factor A. is important. If A. is made large enough, this 

procedure will approach to the so called "method of steepest descent" which will 

emphasize the regularization of the parameter change. As a result, the parameter change 

will be small during each iteration and therefore the inversion will be slow. But the 

solution is stable. Also by damping out the changes in the parameter vector we actually 

lose the resolution power of the least-squares inversion method. 

On the other hand, if A. is near zero, the algorithm will approach the 

unregularized least-squares method in which the prediction error will be minimized, but 

little a priori information will be provided to single out the under-determined model 

parameters (Lines and Treitel, 1984). 

Since DC resistivity problems are non-linear and the final solution is approached 

iteratively, the A. value should be adjusted during inversion to exploit the useful 

properties of both the steepest descent method and the pure least-squares method. In 

practice, it is possible during each iteration to find a compromise value for A. which will 

approximately minimize the least-squares residual while make the solution stable. 
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In most cases, we begin the inversion with a poor guess model which may be far 

from the desired one. To speed the convergence, initially "A. should be set to a large 

positive value, so that the good convergence properties of the steepest descent method 

can come into play. With the updated model closes to the solution, "A. should be reduced 

by multiplying it by a constant factor which is smaller than one so that the pure linear 

least-squares method may become more effective. If divergence occurs during a given 

iteration, "A. should be divided once more by this factor until the error drops and 

convergence resumes (Menke, 1984). 

In the following least-squares methods, the regularization operators will have 

different meaning. However, the Lagrange multiplier A has a similar function in 

balancing the data error and the constraints, and the reduction pattern during iteration 

is almost the same. 

The smoothest solution method 

In selecting one model from an infinite number of solutions which can minimize 

the prediction error, we usually follow the tenet of modern science: a simple solution 

is preferable (Constable et aI., 1987). The second approach of regularization is to find 

the smoothest model in a special sense so that its features depart from the simplest case 

only as far as is necessary to fit the data. 

This regularization has practical meaning when the model parameters represent 

discretized geophysical properties of small size units. Since the electrical property of 

subsurface structures is usually a continuous function of space, we may have the 
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expectation that these parameters vary only slowly with position. 

To obtain the smoothest solution, the model roughness must be minimized. The 

model roughness can be easily quantified by the norm of its first derivative or second 

derivative. Since the first derivative best matches the boundary conditions imposed by 

the finite-element forward code (DeGroot-Hedlin and Constable, 1990), only the first 

derivative roughness operator will be discussed and used in this paper. 

For discrete model parameters, one can further use the difference between 

adjacent model parameters as approximations of derivatives. Particularly, in our three-

dimensional case in which the model parameters are the logarithm of conductivity of 

finite elements, the roughness of the spatial variation is defined as three matrices, each 

represents one directional derivative (deGroot-Hedlin and Constable, 1990). 

For the simplest case in which the finite-element mesh has equal size elements 

of p, q and r in z, x, and y direction respectively, the three matrices will have a 

dimension of n x II, where n = p x q X 1'. Further more, if the parameter vector used in 

the inversion is arranged so, that the z direction is accounted first, then in the x 

direction, and finally in the y direction, the z direction roughness matrix Oz is given by 

-1 1 0 0 

0 -1 1 0 
(2.10) 

0 -z 0 0 0 0 0 0 0 

0 0 0 0 

Note since the bottom parameter usually does not have a smooth relation with 
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the next parameter which is at the top of another row, there will be a zero operator (all 

entries in that row are zero) at each pth row in this matrix. 

The x direction roughness matrix is given by 

(dX1 ) 0 0 0 

0 (dX2 ) 0 0 
Q = 

x (2.11 ) 

0 0 0 (dxr ) 

where each dxi is a sub-matrix and has a dimension of pxq 

-1 0 1 0 

0 -J. 0 0 

Qxi 

(2.11') 

0 0 -1 1 

0 0 0 0 

In this matrix the zeros between the derivative operator -I and I is p. Again for 

the boundary parameter conditions there will be p zero-rows at the bottom of each sub-

matrix d11• 

The y direction roughness matrix has a similar structure as the x direction 

roughness sub-matrix dxi 

-1 0 1 0 

0 -1 0 0 

0 -y 0 0 -1 1 
(2.12) 

0 0 0 0 
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where the zeros between the derivative operator -1 and 1 are p x q. Also the number 

of zero-rows at the bottom is p x q. 

The three matrices differenciate the model parameters vertically and laterally. 

Adding them together serves as a measure of the roughness of the continuous function 

m, 

(2.13 ) 

To solve the least-squares problem with the smoothest solution regularization, 

we have to minimize the norm of the roughness matrix operating on the parameter 

vector 

(2.14 ) 

together with the norm of the predicted error and balanced by the Lagrange multiplier, 

or to minimize the functional 

U(m) = A<P + e Te, (2.15) 

where f... is the Lagrange multiplier, <D is the norm of the model roughness expressed by 

equation (2.14) with m = Ill() + .1111, and e is the data error approximated by y - do -

A.1m (equation (2.3». 

Applying the Lagrange multiplier method, we can find a stationary point which 

minimizes the functional with respect to model parameter change vector .101 
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(2. I 6) 

Re-arranging this equation and letting .1d = y - do, the smoothest solution is 

given by 

(2. I 7) 

or 

(2.18) 

Comparing with equation (2.9) we can find that this equation is not simply given 

by replacing the identity matrix I by the banded matrix RTR, but the right hand side of 

equation (2.18) has an additional term of the previous model parameter multiplied by 

the roughness matrix RTR and A.. The reason is that the regularization is different. In 

the first method we minimize a function of parameter change vector .101, while in this 

method the roughness of the parameter 01 will be minimized. 

To implement this formula, we do not need to construct the matrix RTR 

explicitly. Using the conjugate gradient method as the least-squares system inverse 

solver, only the result of a known vector multiplied by this matrix is required. This 

result is also a vector. Furthermore, since matrix R consists of three matrices and each 

matrix has non-zero values only at diagonal entries and another off-diagonal row, the 

resulting vector can be easily constructed without actually performing matrix-vector 

multiplication. 
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Note the roughness matrix R given in equations 2.10, 2.11 and 2.12 is only 

applied to equal sized model parameters. If the dimension of the finite elements are 

different, we should modify the roughness matrix by changing the operator 1 and -I 

according to the ratio of the block size to a standard value (DeGroot-Hedlin and 

Constable, 1990). For example, if the standard element dimension is one but the 

elements at the bottom of the mesh have a dimension of two in z direction is two, then 

in matrix 8z of equation (2.10), for each (p-I )th row the operator should change from 

( 0 ... 1 -I ... 0) to (0 ... 1 -1/2 .. ,0) . 

The maximum likelihood method 

The third approach, the maximum likelihood inverse method, sometimes also 

known as the stochastic inverse (Pilkington and Todoeschuck, 1991), uses the probability 

distribution of the model parameters as the a priori information to constrain the solution. 

The mean of this distribution is then the value we expect the model parameter vector 

to have, and thE: shape of the distribution reflects the certainty of this expectation. 

Although a priori distributions for the model parameters can take a variety of 

forms, I assume that the errors between the model parameters and the a priori 

information have Gaussian statistics. The probability distributions for the data and 

parameters are 

e - [ (y-g(m) ) T(y-g(m) ) 1 
(2.19) 

and 
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- [ (m-m ) T(m-m )] e P P (2.20) 

respectively, where y is the observed data vector, g(m) the predicted data vector, m the 

updating model parameter vector and mIl is the priori model vector. Equation (2.19) 

represents the data residuals while equation (2.20) measures the deviation of the 

parameters from the a priori estimate mIl' Note that for simplicity, I do not include the 

data variance or model parameter variance matrix. It will be discussed later. 

Then if the data errors are uncorrelated with the model errors, their joint 

probability distribution also has Gaussian statistics and is proportional to 

-[(d-g(m))T(d-g(m)) +~(m-m )T(m-m)] e P P I (2.21) 

where "A is a weighting factor which determines how much more the data is trusted than 

the a priori information. The maximum likelihood solution is that solution which 

maximizes the joint probability function or equivalently minimizes the exponent in 

equation (2.21). 

From equation (2.3), the prediction error y - g(m) can be approximated by y -

(do + A L\m) where y is the observed data and A is the partial derivative matrix or 

sensitivity matrix. In the same way m - Ill" can be expressed as Illu + L\m - mIl' Taking 

the derivative with respect to L\m and setting the result to zero, we have 

(2.22) 

Solving equation (2.22) gives the iterative algorithm of the maximum likelihood solution 
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for the non-linear problem (Tarantola and Valette, 1982) 

(2.23) 

In this method, I also minimize a function of model parameters instead of the 

parameter change vector and therefore this formula has a similar structure to equation 

(2.16). The model changes calculated at each step represent a compromise between 

fitting the data and adhering to a priori model. The compromise is weighted by the 

weighting factor A. If the a priori distribution for the model parameters is much more 

certain than that of the observed data, then A should be large and the estimated model 

parameters tends to be close to the a priori model parameters. 

Although it is standard practice to incorporate measurement error statistics (the 

data covariance matrix) into DC resistivity inversions, the use of realistic model 

parameter covariance matrix is generally neglected because in general little or no 

information on parameter variability is available (Pilkington and Todoeschuck, 1991). 
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2.3. THE 3-D INVERSION PROGRAM AND THE CG METHOD 

The regularized least-squares inversion algorithms given in equations (2.9), (2.18) 

and (2.23) have similar structures. Applying these algorithms to three-dimensional 

resistivity inverse problems with discretisized model parameters, the normal procedure 

is to evaluate the predicted data from a given model, determine the sensitivity matrix 

A, compute AT A pI us some regularization matrix, and then invert the result matrix to 

finish one iteration of inversion. Figure 2.1 shows an example of flow chart of 

inversion program for the smoothest solution method. 

Like the forward model calculation, direct inversion of the least-squares system 

has many difficulties. In the three-dimensional case with the resistivity of each element 

as model parameters, the final matrix to be inverted will have a dimension comparable 

to that the global stiffness matrix in forward modeling. Unfortunately, this matrix is not 

a sparse matrix and direct invertion of such large matrix requires considerable memory 

and usually does not give a satisfactory solution because the build up of round-off error 

(see Chapter one). 

More important is the enormous computation required to construct the sensitivity 

matrix. Even using reciprocity to reduce the total number of forward modeling 

calculation (Sasaki, 1989), it is still of the order of observed data times the number of 

parameters. 

One way to reduce the computational complexity and magnitude is to use 

iterative relaxation techniques to solve the least-squares equations. Among the many 

relaxation methods, conjugate gradient (CG) techniques have the distinguished advantage 
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Figure 2.1. A flow chart of the 3-D DC resistivity inversion program. 
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of fast convergence rate for suitable systems. 

Another advantage of using CG relaxation methods to obtain least-squares 

solutions is the ability of handling ill-conditioned matrices. In three-dimensional 

resistivity inversion, we often encounter under-determined problems which will cause 

the final matrix to be singular. By employing CG relaxation method, directly inverting 

the final matrix will never be required. 

Therefore in Figure I there will be two levels of iteration involved in the 

linearized least-squares inversion by CG method: an outer loop for the iteration of the 

non-linear least-squares equations, and an inner loop for iteration of the conjugate 

gradient relaxation procedure. 

For the regularized least-squares inversion method, the system to be inverted at 

each iteration can be re-written as a linear system 

Gm=a - I (2.24) 

where G is the final matrix to be inverted (in the smoothest method G = (AT A + ARTR», 

m = L\m is the solution of parameter change vector, and d = (AT(d - g(m» + ARTR) is 

the source term for smoothest method. Since the G matrix is symmetric and positive 

definite, a standard conjugate gradient procedure can be used to solve this system. 

The standard conjugate gradient procedure is applied as follows: starting with a 

guess vector 11111' we define 10 = d - Gmu and Po = Ii,. For i = 0, I, 2, ... , we have 

0;. 
~ 

-<IiI Ii'>-

-<Pi I Q[Ji'>- I (2.25) 
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(2.26) 

I i+l (2.27) 

-<Ii+ll I i +1 >-

-<Iii Ii>- (2.28) 

and 

(2.29) 

In Figure 2.2 the flow chart of conjugate gradient procedure IS gIven which 

closely follows Mackie's (1990) algorithm. 

Applying these procedures to equation (2.24), we need to know the initial 

residual Ii, = d - GIIlIJ, from an initial guess solution 1110, which requires us to be able 

to compute what G times some vector yields at each iteration. 

In this case, we set mIl = .1m = 0 since, unlike the 3-D forward problem, we 

usually have no way of knowing what a good starting value for .1m would be. 

Therefore, in terms of the least-squares equation, we need to be able to compute the 

initial residual 11111 = (AT(d - g(m» + ARTR), and at each relaxation step the effect of 

(A TA + ARTR) on some vector. Since RTR is known, we only need to be able to 

compute quantities like Ap and ATq, where A is the sensitivity matrix, p and q are 

arbitrary vectors. 

In the next section I will show that these quantities can be computed using one 
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Figure 2.2. A flow chart of the conjugate-gradient relaxation method.· 
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forward model run each without ever constructing the actual sensitivity matrix. 

Although preconditioning has become popular in the CG method to accelerate 

the convergence rate in the forward modeling calculations, it will not be used in the 

least-squares inversion. In the forward problem, the matrix is sparse and regular, and 

the preconditioning is easy to implement. For I-D and 2-D magnetotelluric inversion, 

Mackie (I 990) also used preconditioners to speed up CG convergence. However, in the 

three-dimensional case, the matrix to be inverted is most likely singular. Simple 

preconditioners used in the forward calculations or in the 1-0 or 2-D inversion 

procedures will cause numerical instability (Mackie, 1990). 

In order to guarantee the positiveness of conductivity for every parameter and 

allow for larger changes of the model parameters as the inversion is iterated, logarithmic 

parameterization of the model parameters was used. Therefore, the solution obtained 

by CG method at each iteration of the inversion is the logarithm of an approximate 

parameter change vector, ~m. Usually only a few relaxation iterations are required, 

fewer than that used in the forward modeling calculation (see Section 2.2.5: 3-D 

inversion program testing with synthetic data). 

At each iteration of inversion, the convergence behavior and termination criteria 

were determined by the RMS error between the observed data and the predicted data. 

To speed up convergence and avoid unstable solutions, the weighting factor (Lagrange 

multiplier) A. plays an important role. Usually the optimal value of A. will be different 

from iteration to iteration and also from problem to problem. At any step, if the 

inversion does not converge, a larger value of A. should be tried. 
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The termination of CG iteration was controlled by the absolute solution change, 

as has been discussed in Chapter one for ICCG algorithm. However, since this number 

is usually small and only an approximating solution is required, a fixed number of 

iterations (determined by previous experience) will give a satisfactory result. 
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2.4. SENSITIVITY MATRIX CONSTRUCTiON 

2.4.1. Direct sensitivity mahix conshuction by the fOlward modeling calculation 

From previous section it can be seen that in all the least-squares inversion 

techniques described, they require the construction of sensitivity matrix (see equations 

(2.1), (2.6), (2.9), (2.18) and (2.23», which relates the change of predicted data to each 

parameter change. Since the forward modeling process is the only way of connecting 

the predicted data to the physical properties of the media, sensitivity matrix construction 

must depend on forward modeling calculations. 

In finite element or other numerical forward calculations, the relation between 

model parameters and the predicted data is approximated by a linear system of equations 

which can be expressed in matrix-vector form (see Chapter one) 

{iv := s, (2.30) 

where G is the stiffness matrix, reflecting the geoelectric structure of the media; s is the 

current source vector and v is the vector of electric potentials. Each component of v 

represents the potential at one node of the mesh. 

Although DC resistivity observations may measure different quantities, they are 

made up of potential differences and are easily determined from the potential vector v. 

In the following sections we will take the potentials at some nodes as predicted data. 

Since each term of the sensitivity matrix describes the effect of an observation 

datum to a small perturbation in a model parameter, we can get an approximate value 
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by taking derivatives at both sides of equation (2.30) with respect to one model 

parameter. Since sources do not change during differentiation, we have 

o. 

Moving the known part to the right hand side of equation (2.31), we get 

G av 
- ami 

(2.31 ) 

(2.32) 

which is also a forward modeling calculation. The solution will be one column of the 

sensitivity matrix representing all the observed potential change due to parameter i's 

change. 

Note that in equation (2.32) the source vector will be the negative of the product 

of the original potential vector with the partial derivative of global stiffness matrix used 

to model parameter i. However, if we take the conductivity of each element as our 

model parameter, all the derivatives in the right hand side will be zero except those 

constructed from one element stiffness matrix multiplied by the corresponding potentials. 

In the 3-D case, they are the potentials at the eight corners (nodes) of that element. 

So if one were actually constructing the sensitivity matrix by this method, one 

would construct each element stiffness matrix, multiplied by the original potential field, 

put them at the nodes of that element as current sources and compute the potentials at 

all observation points due to those current sources. 

In this direct sensitivity matrix construction, the number of forward calculation 
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equals that of the model parameters and the solution is in the data space. 

2.4.2. Sensitivity mahix constlllction using recipmcity 

In section 2.4.1 the sensitivity matrix was constructed column by column, each 

column requiring one forward modeling calculation. By employing the principle of 

reciprocity, the sensitivity matrix can also be constructed row by row, each row needing 

one forward model. 

The electromagnetic principle of reciprocity states that the potential recorded at 

location A due to a current source at location B can be equally obtained by putting the 

current source at location A and measuring the potential at B, provides that the 

geoelectric structure does not change. 

Suppose the magnitude of the sources at the eight nodes of element i in Equation 

(2.32) are sl, s2, ... , s8 and each will produce a potential vI, v2, ... , v8 at an observation 

point. According to the principle of superposition, the observed potential at the 

observation point will be vI + v2 + ... + v8. On the other hand, if we put a unit current 

source at the observation point and record the potentials at those nodes, we will get 

vl/sl, v2/s2, ... v8/s8 respectively. We calculate the potentials at the eight nodes of 

each element due to an unit current source at the observation point, then multiply each 

potential with the original current value and add them together. In this way, with one 

forward modeling calculation plus some additional mathematical operations, we can get 

a row of sensitivity matrix: one observed datum change due to each model parameter 

change. 
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In this sensitivity matrix construction method, the number of forward calculations 

equals that of the observed data. 

2.4.3. Evaluating of the effect of sensitivity mahix on a vector' 

The construction of the full sensitivity matrix for three-dimensional resistivity 

JIlverslon reqUIres large memolY and a high computation expense even using the 

reciprocity principle. However, if we use the relaxation method to solve the least-

squares system, we do not need to construct the sensitivity matrix explicitly. All we 

need to know is the product of the sensitivity matrix, or its transpose, with an arbitrary 

vector (see Section 2.4.1 about the relaxation method). In this section, the method of 

evaluating the sensitivity matrix A multiplied by an arbitrary vector p will be discussed. 

The next section will describe how to calculate A Tp. 

By definition, the resulting vector x = Ap will be in data space. Each component 

of vector x is simply a summation over all model parameters of one sensitivity matrix 

row multiplying vector p'S corresponding components 

(2.33) 

Since vector x has the same dimension as vector v, we can treat it in the same 

way as the solution of one forward modeling by left multiplying the global stiffness 

matrix 
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(2.34) 

However, the DC resistivity problem is a linear system, therefore we can use the 

principle of superposition to decompose the summation. In equation (2.34), the input 

and output are related by a linear transformation system. The linear transformation 

system is represented by the resistivity governing equation and approximated by the 

global stiffness matrix G. The inputs correspond to the current sources. Therefore, 

equation (2.34) can be equally expressed by moving matrix G into summation 

(2.35) 

or 

(2.36) 

According to equation (2.3), each term in the right hand side of equations (2.35) and 

(2.36) represents the current sources distributed at the nodes of one element. So 

equations (2.35) and (2.36) can be transformed to 

(2.37) 

or 
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- ~"BiT ) Qx = 4 --.Pi 
1 Bml (2.38) 

Equation (2.38) represents one forward modeling calculation, in which the 

sources are the products of the original potential vector v, the vector p and the partial 

derivative of sensitivity matrix to each parameter ml , 

By putting all the sources at every node of the media at the same time and 

computing one forward model to determine the effect at the observed points, the solution 

gives the desired result of the sensitivity matrix multiplying a vector at every 

measurement site, and this is done without ever actually computing the sensitivity 

matrix. 

In solving equation (2.38), reciprocity can be used agalll to reduce the 

computation burden. 

As has been discussed in prevIOus sections, by putting a unit source at 

observation point, the same result will be obtained by adding all the responses at every 

node. 

Equation (2.38) also shows that instead of storing the whole sensitivity matrix 

in the computer, only a vector which has the dimension of one row or one column of 

the sensitivity matrix is required to be stored in the computer. 

By using this approach, we also have gained tremendously III terms of 

computation time. Computing the sensitivity matrix by the traditional, non-reciprocal 

method requires doing one forward problem for each model parameter. Utilizing the 
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reciprocity relationships reduces the number of forward problems to the number of 

measurement sites. However, this approach for computing Ap requires only one forward 

modeling calculation. 

2.4.4. Evaluating of the effect of sensitivity mahix hmlspose on a vector 

To evaluate the product of the transpose of the sensitivity matrix AT with an 

arbitrary vector q, Y = A Tq, we can employ a similar procedure to the Ap operation. 

However, the difficulty is that the row space of the sensitivity matrix transpose AT and 

the vector q correspond to the data space, so the result vector y will have the dimension 

of model parameters. Note that the data are defined at each node and the parameters 

are defined in each element. Since the number of model parameters is different from 

that of nodes, we can not di rectly treat vector y as a sol ution of forward model ing 

calculation because the solution must in data space. 

In order to be able to employ forward calculations to evaluate A Tq, we must use 

the principle of reciprocity to transform the solution from model parameter space to data 

space (Madden and Mackie, 1989). 

By definition (note in equations (2.33) - (2.40) that the model and vector q has 

dimension II, vector p and v has dimension k) we have 

- _ T- _ V V T (a - a-)T 
Y - ll. q - am! I ••• am

n 
(% I ••• qk) 

( 

k avo 
== L qi-_1 

I 

i=! am! 

(2.39) 
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Since the system is linear, we can decompose the summation of the right hand side of 

equation (2.39) into I vectors adding together 

(2.40) 

where m represents the model parameter vector in column. From equation (2.32) and 

Section 2.4.2. we know that each Dv/Dm in the right hand side of equation (2.40) can 

be obtained by putting a unit current source at observation point i and summing up the 

potentials for each element. With qj multiplying that term, the current source should 

have a magnitude of ql. Using the principle of linear superposition, the computation of 

vector A Tq corresponds to one forward modeling run with all the sources distributed at 

all observation points simultaneously. Each component of vector y is the summation 

of the calculated potentials at eight nodes of one element. 

With the evaluation of Ap and A Tq, we can carry out one iteration of the 

conjugate gradient procedure without ever explicitly computing the sensitivity matrix. 

We merely need to compute two forward modeling runs with sources distributed 

throughout the volume of the mesh or cross the observation points. 
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2.5 3-D INVERSION PROGRAM TEST WITH SYNTHETIC DATA 

In this section, I present results uStng the relaxation inversion routine for 

inverting numerically-computed noise-free 3-D DC resistivity data. Although this 

algorithm was not tested extensively by a wide variety of models, its advantages and 

disadvantages can be partly demonstrated through these examples. 

2.5.1. TIle model :Uld the meaSUl~ment system 

The models and the synthetic data tested by the three-dimensional inversion 

program are divided into two groups. The purpose of the first group is to test the ability 

of recovering subsurface geoelectrical structures by the three constraint lIlverSlQn 

algorithms. In this group, the data were created by the same forward modeling 

technique used in the inversion and no noise was added to the data. In the second 

group, a different forward modeling technique, an integral equation program was used 

to calculate the model response, and the effect of the measurement system and the 

model complexity were tested. 

In Figure 2.3 the finite-element mesh used in both forward modeling and 

inversion calculation is shown. The two models tested in the first group are shown in 

Figure 2.4. They are a five-layer earth model and a single-block anomaly model. To 

simplify the computation, the mesh was constructed with one thousand elements, having 

ten elements in each direction. All the elements are cubic shaped and have the same 

dimensions. 
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Figure 2.3. The finite-element mesh and measuring system used in 
the synthetic data inversion tests. 
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(a) Five-layer earth model 

25,Q-m 

(b) Single-block anomaly model 

Figure 2.4. A five-layer earth model (a) and a single block anomaly 
model (b) used in the synthetic data inversion tests. 
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The layered earth model, as shown in Figure 2.4(a), has five layers. Each layer 

is two elements thick. The resistivity ranges from 50 D.-m to 10 D.-m, with the top layer 

most resistive. The second model is shown in Figure 2.4(b), which has a conductive 

block of 2 D.-m immersed in the center of a homogeneous half-space with resistivity of 

25 D.-m. The dimension of this block is 2 by 4 by 4 elements. 

The measurement system is a cross-borehole dipole-dipole configuration. As 

shown in Figure 2.3, there are four boreholes evenly distributed around the central axis. 

From the surface (x-y coordinate plane), if we take the front left corner as node (1, 1), 

then these boreholes are at nodes of (4,4), (4, 8), (8, 4) and (8,8) respectively. In each 

borehole, there are electrodes positions at depths of 2, 4, 6 and 8 m. Together there are 

sixteen electrodes used as transmitter and receiver positions in this experiment. 

For cross-borehole dipole-dipole measurements, the transmitter and receiver pair 

can be arranged in many ways. Figure 2.5 gives two examples of commonly used cross

borehole configurations. In general, the more observed data used in inversion, the better 

the results that should be expected. However, the increased data also requires increasing 

the computing expenses, and in synthetic data some information provided by the data 

are redundant. So in this group only one type of measurement system as shown in 

Figure 2.5(a) was used. In this kind of measurement, the two electrodes of the 

transmitter and receiver are put in the same depth of different boreholes. Taking all 

possible combinations of cross borehole measurement, the total number of data points 

used in this group of inversions is 72. 

In the second group, the same finite-element mesh and borehole arrangement was 
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used, except that the observed data were calculated by an integral-equation (IE) program. 

Since this IE program requires homogeneous half-space as background medium, two 

models of block anomaly style were tested in this group. They are shown in Figures 2.6 

and 2.7. In Figure 2.6 the model is similar to Figure 2.4(b)'s model except that this 

block is only 2 by 2 by 2 elements in dimension and does not touch any borehole. 

To see the effect of the measurement system on the inversion result, in this group 

two dipole-dipole systems as shown in Figure 2.5 (a) and (b) were tested separately for 

each model. For the sixteen electrodes distributed in four boreholes, system (a) gives 

72 data points while system (b) has 84 data points. 

2.5.2. TIle expcliment and invelsion n~sults 

Among the many inversion techniques, the linearized least-squares method has 

its advantage of automatically imaging multi-parameters and sophisticatedly processing 

inaccurate data. However, successful inversion of a particular model depends on many 

factors such as the choice of initial guess model and the Lagrange multiplier A. As to 

the three-dimensional DC resistivity inversion program described in this chapter, the 

regularization operator, the conjugate gradient method and the data acquisition system 

may also have great influence on the inversion results. At this time, fully understanding 

the whole inversion process and correctly using all those inversion parameters require 

more theoretical and experimental studies. The synthetic experiment presented here only 

serves as an example of how the relaxation inversion program performs. 

In this experiment the starting guess model I used is a homogeneous half space. 
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Figure 2.5. Two cross-borehole dipole-dipole measuring systems 
tested by the integral-equation calculated data. 
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(b). Surface view. 

Figure 2.6. A single-block anomaly model used to calculate the 
synthetic data by the integral-equation algorithm. 
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(b). Surface view. 

Figure 2.7. A dipping fault model used to calculate the synthetic data 
by the integral-equation algorithm. 
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In the first group, the resistivity of the half-spaces for each model is different. For the 

layered earth model shown in Figure 2.4 (a), an average resistivity of the five layers, 23 

O-m, was used as the initial model. The final solutions along profile 3 and 5 of the 

three constraint condition methods are presented in the form of black and white raster 

images with super-imposed contour lines, as shown in Figures 2.8 to 2.10. The data 

prediction error during each iteration of inversion is given by Figure 2.11. 

For the block anomaly model of Figure 2.4 (b), a half-space of resistivity 50 O

m was used as the starting model, which is far from both the block anomaly and the 

background resistivities. The final results and the data error reduction pattern are shown 

in Figures 2.12 - 2.14 and 2.15, respectively. 

In the maximum likelihood method, another model which represents the a priori 

information of subsurface geoelectric structures should be used in the inversion program. 

Although those structures are well-known in the synthetic test, an average half

spacemodel was used for both the layered earth model and the block anomaly model 

cases. 

In Table 2.1 the data errors of the two models during each iteration of inversion 

are given. Table 2.2 summarizes the model parameter errors between the true model the 

inversion results along profiles 3 and 5. 

Due to the different initial guess models, from Table 2.1 we can see that the data 

error before inversion is much larger for the block anomaly model (0.17) than that of 

the layered earth model (0.03). However, after ten to fifteen iterations the data errors 

have reached the same level. It is true that with different starting models, the linearized 
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Figure 2.8. The geoelectric structure of the five-layer earth model (b) 

and the inversion results by the damped method. (a). 
Along profile 3. (b) Along profile 5 (see Figure 2.3). 
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Figure 2.9. The geoelectric structure of the five-layer earth model (b) 
and the inversion results by the smoothest solution 

method. (a). Along profile 3. (b). Along profile 5 (see Figure 2.3). 
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Figure 2.10. The geoelectric structure of the five-layer earth model 
(b) and the inversion results by the maximum likelihood 
method. (a). Along profile 3. (b) Along profile 5 (see 
Figure 2.3). 
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Figure 2.11. The data error reduction pattern for the five-layer earth 
model. 
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Figure 2.12. The geoelectric structure of the single-block anomaly 
earlh model (b) and the inversion results by the damped 
method. (a). Along profile 3. (b) Along profile 5 (see 
Figure 2.3). 
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Figure 2.13. The geoelectric structure of the single-block anomaly 
earth model (b) and the inversion results by the 
smoothest solution method. (a). Along profile 3. (b) 
Along profile 5 (see Figure 2.3). 
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Figure 2.14. The geoelectric structure of the single-block anomaly 
earth model (b) and the inversion results by the 
maximum likelihood method. (a). Along profile 3. (b) 

Along proflle 5 (see Figure 2.3). 
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Figure 2.1S. The data error reduction pattern for the single-block 
anomaly model. 
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least-squares inversion may give different solutions. The question is which starting 

model can give a better solution. 

In processing field data, we don't even have an idea about which starting model 

is close to the true model or the background medium, and the initial data error may be 

the only indication of how the starting model will fit the regional geoelectric structure. 

Comparing Table 2.2 with Table 2. I, it is shown that the block anomaly model 

which has a larger initial data error recovers better (smaller model error) than the 

layered model. In fact, this is not a coincidence. From my experiences I found that 

although a large initial data error means more iterations of inversion, it usually can give 

a better result. 

Another factor of controlling the convergence and convergence rate is the 

Lagrange multiplier A.. By trying different values at each iteration of inversion, I found 

that a series of decreased A. values can be used on all the models. In this experiment 

I used an initial value of I and during each subsequent iteration divided by 3. After 

seven iterations, since A. has become very small, I simply set it to zero. In general, the 

A. value is independent of the model, but a larger finite element mesh usually requires 

a larger A. initial value. 

Although the above mentioned A. values may not be the best choice for our 

experiment, other selections of A. values must take care of the whole inversion process. 

My experiences shows that a particular A. value will not only control the 

convergencepace for that step of inversion, but may also influence later solutions. For 

example, sometimes a smaller value of A. can speed up the convergence rate, but if the 
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RMS DATA ERROR FOR EACH ITERATION DURING INVERSION 

Layer model Block model 
Iteration # Dam~ Smoothest Max. like. Damped Smoothest Max. like. 

1 0.03031 0.03031 0.03031 0.17109 0.17109 0.17109 
2 0.0166 0.02016 0.01622 0.09552 0.04901 0.0982 
3 0.00703 0.00514 0.00648 0.03414 0.01905 0.03495 
4 0.00355 0.00315 0.00328 0.01686 0.00478 0.01702 
5 0.00217 0.00103 0.00264 0.00543 0.00129 0.00534 
6 0.00132 0.00073 0.00141 0.00339 0.00117 0.00354 
7 0.0012 0.00057 0.00116 0.00275 0.00107 0.00324 
8 0.00096 0.00034 0.00198 0.00093 0.00299 
9 0.00074 0.0003 . 0.00182 0.00085 0.00267 

10 0.00066 0.00169 0.0008 0.00253 
11 0.00038 0.00149 0.00238 
12 0.00037 0.00102 0.00226 
13 0.00034 0.00098 0.00213 
14 0.00088 0.00204 
15 0.00086 0.00192 

Table 2.1. A summary of the data R.M.S. errors during each iteration 
of inversion of the three constraint condition methods. 
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RMS MODEL PARAMETER ERROR OF FINAL RESULT 

Layered model Block model 
Profile 3 Profile 5 Profile 3 Profile 5 

Damped method 0.0825 0.0715 0.025 0.0135 

Smoothest method 0.0377 0.0296 0.0199 0.0096 

Max. like. method 0.076 0.0779 0.0256 0.0124 

Table 2.2. A summary of the parameter R.M.S. errors between 
inversion results and the true model parameters along 
Profiles 3 and 5 for the three constraint condition 
methods. 
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data error is reduced too fast at the early stage of inversion, unstable solutions may 

appear later to prevent further reducing the data error. This means that the constraint 

condition must be eliminated slowly and smoothly to make sure that the solution is 

guided in the correct direction. 

In linearized least-squares II1verSlOns the starting model and the Lagrange 

multiplier A. values are the key factors in controlling the convergence rate of the program 

and the final solution. Although they can only be determined by experience, the general 

rule is that the initial data error should not be small and reduced too fast. 

In the first group, the solutions of each model were presented along profiles 3 

and 5 (see Figure 2.3). One confusing thing about the results is that every model is 

recovered differently along different profiles. For example, in Figures 2.8 - 2.10, the 

original model is a layered earth but profile 3 for each method can only give a blurred 

image of the layered pattern. 

Part of the reason for poor images perhaps comes from the fact that in the mesh 

some parameters are sensitive to the observed data but others may not be. This is 

particularly true in my case because the model is three-dimensional and has a large 

number of parameters, while the data are limited only to four boreholes. For those 

parameters (elements) which are not very sensitive to the observed data will be 

recovered slowly. From Tables 2.1 and 2.2 we can see those parameters may also make 

the program converge slowly. When the program was terminated, it looks like that the 

inversion process was still converging but with a very slow pace. This makes the 

solution not perfect even if the data were perfect. 
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Another possible reason for the poor solution of the image is the conjugate 

gradient relaxation method used to invert the least-squares system. Since this method 

approaches the solution iteratively, it has the ability of inverting singular or near singular 

matrix by ignoring small eigenvalues. This can be seen from the fact that after seven 

iterations all the constraint conditions have dropped off and the program is still able to 

solve the under-determined problems. However, by ignoring small eigenvalues those 

small parameter changes in the solution vector may also be ignored. This makes the 

approximated solution not very close to the true model. 

The iteration number of CG method I used in the program is 3. Other numbers 

have been tested and Figure 2.16 gives the data reduced pattern for the block anomaly 

model. Actually, after 3 iterations the solution can not be improved anymore. Similar 

behavior has been reported by Mackie (1990) and Madden and Mackie (1989) for 3-D 

and 1- and 2-D magnetotelluric inversion, respectively. In I-D and 2-D case, Madden 

and Mackie found that a one relaxation step solution for ,1111 was sufficient and 

increasing the number of relaxation steps did not help as much as one would like 

(Mackie, 1990). With preconditioning, this number can increase to 5, but for 3-D model 

the preconditioning causes solution unstability. 

From Figures 2.8 to 2.15, comparison can also be made among the three 

constraint condition methods. Although for each method the final solutions were 

calculated by a pure least-squares method (A.. has been dropped to zero after 7 iterations), 

different regularization operators really make the inversion result different. In Table 2.2, 

the parameter R.M.S. errors between the true model and the final solution along profiles 



g 
Q) 

cu 
Cij 
o 

0.1 

0.01 

0.001 

I~ 
.... , 
'. "'I 

~ 
'. . 
~\ j 

"'1 '. , 
'.\ .. ~ 

3 

129 

.. CG#1 

.. CG#2 
-A CG#3 

~ 
"'~~"'::1 ~::1:::~ 

.... 
~- .... - .... . "/ ~::::t-o; ~ ... :t.:~ ~-.. •••• j 

-I ,.····A 

5 7 9 1 1 13 

Iteration number 

Figure 2.16. The data error reduction pattern of Figure 2.4(a) model 
for different iteration numbers of the CG method used to invert the 
least-squares system. 



130 

3 and 5 are summarized. While the damped and the maximum likelihood method have 

almost the same level error, the solutions obtained by the smoothest solution method 

obviously has a smaller value (only 1/2 to 1/3 of other methods). Since for most 

geoelectric models the electric property does not change rapidly between adjacent 

elements, it is not a surprise that the smoothest solution method gives a better result. 

In Chapter One I have discussed some possible errors the finite element 

calculation may introduce into the forward modeling result. They include the boundary 

conditions, the singularity sources and the matrix inverting techniques (the ICCG 

method). To test the inversion program's ability of dealing with realistic data, in the 

second group, the observed data were created by an integral-equation program. For 

those models the integral-equation method should be able to give accurate solutions. 

On the other hand, since the limited number of elements used in the finite- element 

calculation (only ten elements used in each direction), considerable difference should be 

expected between the two methods. Although no further tests have been made by 

adding systematically or randomly distributed noises to the observed data, the initial data 

errors between the integral-equation method and the finite-element method should 

represent some degrees of noise level. In Figures 2.17 and 2.18 the inversion results of 

the two models showed that the inversion program is not very sensitive to the noise in 

the observed data. 

In this group, comparison was also made between two measurement systems 

(Figure 2.16) which are commonly used in electrical exploration. For sixteen electrodes 

distributed in four boreholes, the maximum number of independent information is 120. 
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Figure 2.17. The inversion results of a synthetic data set calculated 
by a integral-equation algorithm. The model is a single
block anomaly as shown in Figure 2.6. (a). Data were 
calculated by measuring system 1 (Figure 2.4 a). (b). 
Data were calculated by measuring system 2 (Figure 
2.4b). 
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Figure 2.18. The inversion results of a synthetic data set calculated 
by a integral-equation algorithm. The model is a dipping 
fault structure as shown in Figure 2.7. (a). D2ta were 
calculated by measuring system 1 (Figure 2.4 a). (b). 
Data were calculated by measuring system 2 (Figure 
2.4b) . 
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However, it will be less than that if the data were recorded in the dipole-dipole form. 

The inversion results showed in Figures 2.17 and 2.18 demonstrate that the data 

observation system is very important in obtaining qualified inversion results. 

2.5.3. Discussion and conclusions 

Based on the three-dimensional finite-element resistivity forward modeling 

technique described in Chapter One, in this chapter I proposed a least-squares inversion 

program to solve 3-D resistivity inversion problems. To make the program universal, 

the model parameters to be recovered are the electrical properties of every element used 

in the forward modeling. The data can be taken anywhere, on the sllrface and/or in 

boreholes. With sllch a large number of parameters, this program intends to overcome 

those difficulties: the non-uniqueness and the computing expenses used to solve the 

inversion system. 

The non-uniqueness was attacked by three inverse algorithms, the Marquardt

Levenberg method, the smoothest solution method and the maximum likelihood method. 

These methods are frequently used in geophysical data interpretation. Instead of 

introducing data and model parameter variance matrices, a single weighting factor, the 

Lagrange multiplier, was employed to control the balance between the prediction error 

and the constraint condition. 

By applying the inverse program to two synthetic resistivity data sets for which 

the models are well known, the three methods were tested and compared. The final 

results showed that although all these methods can guide the inversion procedure in the 
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correct direction and reduce the data error, the smoothest solution method is 

recommended in the case of three-dimensional discretized parameters. 

To reduce the storage space and the computation expense, the inversion program 

employs the conjugate-gradient-relaxation algorithm to solve the least-squares system. 

Normally the sensitivity matrix must be stored in the computer and its construction 

requires a lot of forward modeling which equal either the number of observed data or 

the number of parameters. However, by using the CG method, only the product result 

of the sensitivity matrix with a vector needs to be stored in the computer and during 

iteration of CG calculation only two forward model calculations are requires. This 

makes the 3-D least-squares inversion technique practicable. 

The examples I have shown in this chapter are for simple, small 3-D models. 

To make the program able to process real data and give more satisfactory solutions 

further research could be conducted in the following directions. The boundary elements 

and those not very sensitive to the data should be eliminated from the parameter vector 

to speed up the convergence rate. The CG method should be improved by alternate 

preconditioners or replaced by other relaxation methods. The optimal cross- borehole 

observation system for 3-D models should be explored to provide enough information 

and minimize inversion calculations. 
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3.1. INTRODUCTION 

At the end of Chapter Two, a three-dimensional least-squares DC resistivity 

inversion program was tested by synthetic cross-borehole data which were calculated for 

several simple models. To further test this program, in this chapter a DC resistivity 

cross-borehole field data set collected at Lawerence Livermore National Laboratory 

(LLNL) in 1992 will be inverted using the 3-D inversion program. The geoelectric 

structures of the surveying region will be interpreted from the inversion results. 

Since the background geoelectric structures around the recording region have 

been investigated before (LaBrecque et aI., 1995), as the first step of interpreting the 

field data, a synthetic data set is created from a finite-element model which is close to 

the background geoelectric structures. By inverting the synthetic data and comparing 

the results with the real model, the ability of recovering 3-D complex structures by the 

3-D inversion program will be tested first. 

However, the LLNL field records are different from the synthetic data for two 

reasons. First, in the synthetic case, the data are created by forward modeling. 

Although the synthetic data may contain some calculation errors, they are noise-free. 

Since the inversion program uses the same forward modeling technique to estimate the 

predicted data differences, those calculation errors will not affect the inversion result. 

Even if we add noise to the synthetic data, the field measurement environment will 

probably not be simulated perfectly. 

Second, the geoelectric structures are more complicated than those synthetic 
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models. More important. the geoelectric structures will not fit the finite-element mesh 

like in the synthetic model case. 

Therefore, in inverting field data we must design the finite-element mesh 

carefully and correctly so that a better resolution of subsurface structure can be 

achieved. 

To Image the subsurface structures in that regIon, a prevIous data set was 

processed and interpreted by a two-dimensional least-squares inversion program 

(LaBrecque et aI., 1995). Therefore further comparison can be made between the two 

results obtained by the different inversion programs. 

In two-dimensional resistivity data inversion, each 2-D line survey must be 

processed and inverted separately. Three-dimensional geoelectric structures can be 

obtained only by manual interpolation from profile to profile. In contrast, the three

dimensional inversion program presented in Chapter Two can handle multi cross

borehole DC resistivity data simultaneously. Another advantage of three-dimensional 

data inversion is that errors caused by two-dimensional modeling of three-dimensional 

structures can be largely avoided. 

However, as has been mentioned in Chapter Two, with dramatically increased 

parameters in 3-D inversion the detailed subsurface structures can not be recovered well 

due to the under-determined nature of the problem, even with increased number of data 

recorded from different cross-borehole pairs. This is particularly true in the Lawerence 

Livermore cross-borehole survey case, in which the data are still two-dimensional 

between wells, but the region enclosed by the four wells is three-dimensional. 
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In this chapter, efforts have been made to improve the 3-D inversion result with 

the limited field data, and the final interpretation are compared with 2-D inversion 

results (LaBrecque et aI., 1995) which has been proved to be close to the real structures. 
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The data were collected near Lawerence Livermore National Laboratories. As 

shown in Figure 3.1, the whole area is 36.56 m by 36.56 m and further divided into four 

equal size sub-regions. The wells are located at the corners of each sub-region with 

well #2 is positioned at the center of this area. The original purpose of the experiment 

was to detect the effect of injecting steam into an aquifer. 

Figure3.2 shows a conceptual model of the geoelectrical structure on the survey 

site. In that model, the background resistivity is about 20 ohm-m. At the top layer 

there is a horizontal discontinuity. In the middle portion there are two abnormal layers 

with high and low resistivity respectively. This model was used to calculate the 

synthetic data. 

Within each borehole there are eight electrodes which serve as both transmitter 

and receiver points. Figure 3 shows the vertical profile for wells I and 2. The depth 

of the first electrode is 11.4 Ill. The depth of the bottom electrode is 34.3 m. All the 

electrodes are equally spaced. 

The measurements inverted in this chapter to test the 3-D inversion program are 

taken from four boreholes and sub-divided into six data files as shown in Figure 3.1. 

In the six files four are taken from adjacent boreholes while the other two are taken 

from diagonal boreholes. 

The measurements at each data file use the same configuration. This 



N 

t ----- --- , /' , tep 24 data I e , /' 

I ~ , /' 

'0; tep2-4...data --.J L 
/' , 3 

/' 2 ,. d 
/' tep ~3~ata 

/' 
/' , 

Legend 

o 2 BOREHOLE AND # 
10 

Figure 3.1. Plan view of Lawrence Livennore test field. 

/' 4 

..... 
~ 
o 



2 

2 

8 

I 

I I 

R = 20lohfn-m 
I I 

R = 50 ohm-m 

I I R = 20 oh m-m 
o 8 

141 

Figure 3.2. Geological structure around Lawrence Livermore test 
field. 
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configuration consist of 294 observations and four different arrays. Figure 3.3 

demonstrates the different arrays used in LLNL field data. Most of the observations (207 

data) used the dipole-dipole array with adjacent pairs of electrodes as the transmitter and 

receiver. The transmitter and receiver are separated in two boreholes (Figure 3.3.a). 

Other arrays include 16 self-borehole measurements (the receiver and the transmitter in 

one borehole, Figure 3.3.b), 22 measurements in which the electrode pair for the 

transmitter is in one borehole but the electrodes of the receiver are separated in two 

boreholes (Figure 3.3.c), and 49 measurements in which the electrodes of both the 

transmitter and the receiver are separated in two wells (Figure 3.3.d). 

Although the LLNL field data inevitably contain noise, detailed information 

about the standard deviation of each individual datum is not available. In inverting 

these data, constant variance of noise is assumed and employed in the inversion 

program. 
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3.3. PROGRAM TESTING RESULTS 

3 . .3.1. Synthetic data test results 

A vital question when applying linearized least-squan::s il'Version is whether the 

solution is unique. Clearly, if there are more unknowns than linear equations, then there 

are an infinite number of solutions that can fit the data. One test method of uniqueness 

is to vary the initial guess model. If the solution is unique, it will be independent of the 

initial guess. 

As an alternative test method, synthetic data can be used to verify the 

uniqueness. In this method, a geoelectric model is established and the corresponding 

potentials are calculated. If a different solution than the model is obtained, the solution 

is not unique. The geoelectric model I used to calculate the synthetic data is shown in 

Figure 2. Basically, it is a layered earth with a horizontal discontinuity at the top layer 

and believed to closely represent the typical structures around the survey region .. 

Figure 3.4 shows a profile of the 3-D finite-element mesh used in both forward 

modeling and inversion. The number of elements used in the x, y, z directions are 20, 

20 and 28 respectively. They are equal sized cubes. To simplify the calculation, the 

boundary conditions used are simply the first kind homogeneous boundary conditions. 

The data used in the inversion are self- and cross-borehole dipole-dipole types 

among the four wells (Figure 3.3a and 3.3d). Together there are 474 data pairs. The 

data error reduction pattern during each iteration is shown in Figure 3.5, in which the 

data error is the R.M.S. error between the observed and the predicted data in the unit 
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Figure 4.a Figure 4.b 

Figure 4.c Figure 4.d 

Figure 3.4. Measurement configurations used in Lawrence Livermore 
field data. 
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of volt/Amp. 

Figure 3.6 gives the inversion result along a profile through the center of the 

mesh. Due to the resolution of the 3-D inversion, the layered structure in the middle 

of the model was not recovered in detail, but the top layer's discontinuity can be seen 

clearly from the image. 

3.3.2. Lawrence Livermore field data test results 

Although the linearized least-squares inversion program described in Chapter 

Two can automatically approach the final solution from an arbitrary starting model, the 

quality of the inversion results is controlled by many factors which must be carefully 

selected. 

Construction of finite-element meshes is a process in which grids are developed 

to represent the physical domain. For the 3-D forward modeling and inversion programs 

developed in this project, mesh construction mainly consists of two tasks, determining 

the total number of elements along each axis and the dimensions of each element. For 

the Lawrence-Livermore problem, since we have little prior knowledge about the 

dimension of any particular geoelectric structures, using equal sized cubic element will 

simplify the calculation considerably. 

The main consideration is the total number of elements used to describe the 

model. In forward modeling, we need enough elements to ensure accurate mathematical 

representation of the region and therefore accurate results. The only limitation is the 

computational expense. However, in 3-D real field data inversion, since each element 
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Iteration # L. M. Value 
1 1 
2 1 
3 0.3 
4 0.1 
5 0.03 
6 0.01 
7 0.003 
8 0.001 
9 0 

10 0 
11 0 
12 0 
13 0 
14 0 
15 0 
16 0 
17 0 
18 0 
19 0 

Table 3.1. Lagrange Multiplier values used in synthetic data 
inversion. 
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also represents a model parameter, simply increasing the number of model parameters 

does not guarantee the increase of inversion resolution, but may make the 

under-determined problem worse. 

Tests have been made by a DC resistivity inversion program which assumes 2-D 

structures (Figure 3.7). Since a 2-D mesh has much less parameters, the last two 

solutions in Figure 3.7 which employed two times model parameters showed that 

increasing the number of elements usually can improve the inversion results. 

Another factor which may have influence on the inversion result is the starting 

guess model. In inverting the LLNL field data, a homogeneous half-space with arbitrary 

conductivity was used as the starting model. Since this half-space mode! represents an 

average structure, the prediction data error can give a rough idea how far this model is 

from the average structures around the surveying region. 

Like the synthetic data inversion situation, the Lagrange multiplier plays an 

important role in fast convergence rate and stable solutions. Table 3.1 gives the actual 

value used in each iteration of inverting the L-L field data. This pattern was used 

extensively in this experiment. 

When running the 3-D inversion program, another execution control parameter 

which should be determined by experience is the iteration number of the CG relaxation 

method. As described in Chapter Two, at each iteration of inversion the solution of the 

least-squares system was approached iteratively by the CG method. So by increasing 

the iteration number of CG calculation, a better solution (indicated by the data error) 

should be expected with the same or even less inversion iterations. 



1 

2 4 

3 

a) Inversion result. b) Original model. 

Figure 3.6. Inversion result of synthetic data calculated from the 
model shown in Figure 2 (between wells 3 and 4) and inverted by 
the 3-D program (The unit is ohm-m). 

..... 
U1 
o 



151 

However, since the CG iteration number directly related to the number of 

forward modeling calculations, an optimum value should be selected to obtain the same 

solution with less computation. In Figure 3.8, the testing results of different CG 

iteration number are presented. From one up to seven iterations are given in the form 

of data error reduction pattern. It shows that three iterations should be enough for the 

LLNL field data and beyond it the solution is not improved significantly. 

In Figure 3.9, the joint inversion results of the six cross-borehole data sets are 

given along two profiles, one is in the north-west direction and runs between wells I 

and 2, the other is in the north-east direction and runs between wells I and 4. Although 

the 2-D inversion results of Figure 3.7 were given along different profiles (pass through 

wells 3 and 4), comparison still can be made between the two inversion results. 

In Figure 3.7 the middle portion of horizontal discontinuity, and in Figure 3.9 the 

bottom portion of multi-layered structures can be matched, while the later image has less 

resolution due to the rough mesh used in finite-element model. 



a) normal mesh b) 1.5 time mesh a) c) 2.0 time mesh a) d) 2.0 time mesh a) 

in a), b) and c) noise estimate: 1.0 m.ohm; in d) noise estimate: 0.5 m.ohm 

Figure 3.7. Inversion results between wells 3 and 4 by 2-D inversion 
program (LaBrecque et al., 1995). In a}, b} and c} noise estimate: 1.0 
ohm-m; in d} noise estimate: 0.5 ohm-me 

~ 
01 
r-J 



3.3 

2.8 

liL 

1.3 

0.8 

2 

• c9=1 
.. C9=2 
ll\. C9=3 
€I C9=5 ....., 

~ 
'<> C9=7 

,. 

~ ~ ~ , 
~'~ '" .~\\\ 
,\\' ~ , ,~ 

L ~~~ ~~ ~ .. , 
~.~"'" 

'~ ~ 

3 4 

Iteration 

5 6 7 

153 

Figure 3.8. The R. M. S. data error reduced during each inversion 
iteration with different CG relaxation iteration numbers. 
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b). Central profile in 
north-east direction. 

Figure 3.9. Six data sets joint inversion results (The unit is ohm-m). 
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3.4. DISCUSSION AND CONCLUSIONS 

In this chapter, the three-dimensional DC resistivity inversion program described 

In Chapter Two was further tested on Lawerence Livermore field data. Form two

dimensions to three-dimensions, the number of model parameters increases dramatically 

and the large number of parameters may make inversion unstable. However, with the 

smoothest solution regularization and the CG relaxation approximation, a stable and 

reasonable solution still can be obtained by the linearized least-squares algorithm. To 

improve the 3-D inversion results and increase the solution resolution, the finite-element 

mesh, the initial guess model and the Lagrange multipliers are important factors in 

controlling the quality of the inversion images. 
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