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ABSTRACT 

Kriging is a well known spatial interpolation technique widely used in earth 

science and environment sciences, the variogram plays a central role in the kriging 

predictor. In this dissertation, we will mainly study two problems which are closely 

related to the kriging predictor. The first one is how the variogram affects the 

kriging predictor and how this effect is qualified. The second one is how to approach 

kriging with an uncertain variogram, which includes both the functional form and 

the parameters in the variogram. For the first problem, some investigation of 

robustness of kriging predictor have been done by some authors. And for the 

second one, two frameworks have been used to approach the kriging with uncertain 

variogram in recent years. For the formal approach, the Bayesian framework is 

used to achieve the goal, and for the latter one, the fuzzy set theory is used, which 

mainly means that the kriging with an uncertain variogram is represented by the 

calculated membership function for each kriged value. 

The object of this dissertation is to extent the robustness results of kriging, 

to generalize the robustness concept to the cross-validation method, and to study 

the robustness of the cross-validation. We define the influence function of kriging 

and cross-validation technique and derive their influence functions in terms of 

perturbation of variogram and sample configuration. We will derive some different 

Bayesian kriging models under different assumptions and study their properties. 

We will also modify the fuzzy kriging model. Moreover we discuss the relationship 

between Bayesian kriging and fuzzy kriging and relate the fuzzy kriging to the 

robustness of kriging. 

Finally, in this work, we will show the power of Bayesian kriging and display 

its advantage as an interpolation technique for the analysis of spatial data. This 

is done through the presentation of a case study. 
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Chapter 1 Introduction 

There are numerous phenomena in the physical world for which a deterministic 

study is definitely not possible. In fact, in many the research fields such as physics, 

geology and environmental engineering, it is necessary to consider the presence of 

uncertainty. We note that the uncertainty is closely related to the location and the 

time. This leds us to define a function depending on the location, or on the time, 

or on both. Such a function is called random function which is a family of random 

variables over a sample space. If this function only depends on the location, it is 

called spatial random function. The precise definition of it is given as follows. 

Let x E Rd be a generic data location in d-dimensional Euclidean space and 

suppose the potential datum Z(x) at x is a random variable. Now let x vary over 

index set D C Rd so as to generate the multivariate random function (or random 

process): 

{Z(x): XED} (1.0.1) 

the spatial data is a sample from a realization of (1.0.1). This spatial data may be 

continues or discrete, they may be spatial aggregations or observation at points in 

space, the spatial location pattern may be regular or irregular, and the locations 

may be from a spatial continuum or a discrete set. 

For a spatial random function, one of the most interesting problems is to pre

dict some known functional g( {Z (x) : XED}) ( or, most simply, g( Z (.)) ) of 

the random functional Z(·) from data Z(Xl), Z(X2), ... , Z(Xn) observed as known 

spatial location Xl,X2, ... ,Xn. For example, point prediction assumes g(Z(.)) = 

Z(xo), where Xo is a known spatial location. We note that the minimum-mean

squared-error method is widely used in geoscience and environmental science, 

which depends on the second order properties of the random function Z(.). It is 

known that for mean-squared-error loss, the best predictor is E(Z(xo)/Z), where 
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Z = (Z(X1), Z(X2), ... , Z(xn)f. However E(Z(xo)IZ) is not always linear in Z = 
(Z(X1), Z(X2), ... , Z(xnf, rather than asking for the best predictor, one could 

ask for the best linear predictor, one of which is kriging predictor defined as 

g(Z(.)) = Ei=l AiZ(Xi), where Ai'S are determined by minimizing the estimation 

variance under the restriction of unbiasedness. 

We know that the covariance function of {Z (x) : XED} defined as 0 (Xl, X2) = 
OOV(Z(X1), Z(X2)), plays a critical role in kriging prediction. When one tries to 

calculate the kriged vales of g(Z(·)), one must assume the covariance function 

or at least the variogram function, defined as 1(X17 X2) = ~ Var(Z(x1), Z(X2)) 

which is a weaker form that reflects variation, is known. But in practice, the 

covariance function 0(X1' X2) or variogram 1(Xb X2) is not specified and it must 

be estimated from data. Therefore, the consequences of mis-estimation of the 

covariance or variogram are important for the kriging predictor as well as kriging 

variance. Hence, the question arise whether the kriging predictor is "robust" (or " 

insensitive") with respect to the covariance (or variogram) or not. In general term, 

if perturbation of the covariance model or variogram model only causes the small 

changes in the kriged value as well as the kriging variance, then the effect of not 

having correct covariance function in kriging predictor is considered. [11] and [26] 

Since the kriged value depends not only on the covariance or variogram model 

but also on the sample location configuration, the robustness of kriging with respect 

to the sample configurations is also important [30]. 

To evalute the robustness of kriging predictor, it is useful to define a function 

of perturbation of variogram model or sample configuration to characterize the 

effects of perturbation on kriging. We can use this function to approximate the 

new kriged value when variogram or sample configuration is perturbed. 

Note that kriging predictor assumes that the covariance or variogram model 

is known with certainty. In reality both the function form and the parameter 
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in covariance function or variogram are determined from the data. If both of 

them can be estimated exactly, that is, without uncertainties, the classical kriging 

can performed just by using the estimated covariance model or variogram model. 

however in practice, only a small amount of spatial measurement data are available, 

and thus this results in the difficulties in estimation of covariance or variogram. 

One can not speak of a "true" covariance or variogram model, even in the case of 

large data set, the experimental variogram can not be fitted easily with theoretical 

model. The "accuracy" of the fit is modeled with uncertain or imprecise covariance 

or variogram parameters. Therefore a deficiency of classical kriging methodology 

is that it fails to incorporate the uncertainty about those functions into their 

measures of interpolation error. Loss of "uncertainty" in covariance or variogram 

parameters may result in underestimated risks and false confidence in the results. 

Probabilistic formulation of spatial process is one approach to the problem of 

"uncertainty" in covariance function or variogram. One treatment of the "uncer

tainty" is to use the Bayesian framework to approach the kriging with "uncertain" 

covariance or variogram parameters. This procedure is called Bayesian kriging. 

" Bayesian" here means that the parameters themselves are viewed as random 

variables and Bayes' theorem is used to revise probabilities when new information 

becomes available. Bayesian analysis provides a general framework in which pa

rameter uncertainty is recognized and its effect on estimation can be evaluated. 

In Bayesian kriging procedure, prior probabilities for parameters are given, and 

Bayesian distribution of the recognized variable can also be calculated [22]. Since 

the kriging depends on the prior distribution only through their first and second 

moment, Bayesian kriging can be characterized by taking these moments as spec

ified [35]. This method was extented to include linear trend models with random 

coefficients [36]. 

In the Bayesian kriging model, data {Z(xI), Z(X2), ... , Z(xnH are restricted to 
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multivariate Gaussian process and the use of a specific type called the conjugate 

prior distribution. However it is necessary to relax this assumption to a general 

one about {Z(x) : XED}. We can see that under this general assumption of 

{Z(x) : XED}, another Bayesian kriging model can be derived. 

From the Bayesian analysis of kriging, it can be seen that by using Bayesian 

kriging framework to analyze the kriging procedure, one has to make strong as

sumptions on the underlying distribution, and without any further information, 

one has to make some other assumptions on dependence-independence of vari

ogram parameters. The adequacy of such assumptions for a particular data set is 

often doubtful. It is also clear that the Bayesian approach requires extensive calcu

lation, and its application is limited to the multivariate Gaussian case. Moreover 

in approach, only the uncertainty about the parameters in covariance function or 

variogram is considered by using Bayesian framework, it is hard to deal with the 

uncertainty about the functional form of the covariance or variogram. 

Because of these disadvantages for Bayesian kriging, another methodology to 

treat the uncertainty of covariance or variogram is introduced. This is a procedure 

using Fuzzy set theory to approach the kriging with uncertainty of covariance or 

variogram. That is, the uncertainty in variogram estimation is characterized by 

fuzzy set, and the kriging with uncertain variogram is represented by the calcu

lated membership function for each kriged value. This kriging procedure is called 

fuzzy kriging. In this approach, both uncertainty due to the choice of a particular 

analytical model and the uncertainty about the corresponding variogram param

eters are considered for a given analytic model. One such a fuzzy kriging model 

was derived by employing the fuzzy set theory [3]. In this model, the imprecise 

variogram parameters are described by a fuzzy set and the fuzzy variogram is rep

resented by an independent membership function for each of the parameters in the 

variogram. 
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An attractive feature of fuzzy kriging is that the probabilistic and fuzzy uncer

tainty are separated. Fuzzy uncertainty measures the uncertainty associated with 

actual measurement values and variogram parameter estimation, while the estima

tion variance indicates the probabilistic uncertainty of the interpolation, assuming 

that the variogram is exact. 

Both Bayesian kriging and fuzzy kriging are approaches for kriging with an 

uncertain covariance function or variogram. They are different ways to characterize 

the uncertainties in covariance function or variogram. Therefore it is worth while 

to study the relationship between these two methodologies and compare different 

kriged values theoretically and numerically. 

The main purpose of this dissertation is to extent robustness results of krig

ing, to generalize the robustness concept to cross-validation method, and to study 

the robustness of cross-validation. We define the influence function of kriging and 

cross-validation technique and derive their influence functions in terms of perturba

tion of variogram and sample configuration. We will derive some different Bayesian 

kriging models under different assumptions. And we also modify the fuzzy kriging 

model. Moreover we discuss the relationship between Bayesian kriging and fuzzy 

kriging and relate the fuzzy kriging to robustness of kriging. 

Furthermore, in this work, we will show the power of Bayesian kriging and 

display its advantages as an interpolation technique for the analysis of spatial 

data. This is done through the presentation of a case study. 

This dissertation is organized as follows. 

The second chapter is a review of the kriging technique. We discuss the kriging 

technique which is frequently used in geostatistiCs and present different kriging 

formulation. 

In chapter three, we modify the concept of robustness and the neighborhood 

of variogram, and generalize the robustness results of kriging under different def-
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initions of neighborhood of variogram. Based on the robustness of kriging, we 

introduce the concept of robustness to cross-validation and study the robustness 

of this method. We relate the robustness results of kriging to cross-validation 

and obtain the robustness results with respect to the the variogram model about 

the cross-validation. And also in this chapter, we introduce the influence curve 

concept to kriging predictor and cross-validation method and derive the influence 

curve of kriging and cross- validation. We show the role of influence curve in 

kriging predictor and cross-validation when variogram is perturbed. 

In chapter four, the uncertainty of parameters in covariance function, where 

its analytic form is known, is considered. With these uncertainties, we derive 

three different Bayesian kriging models, called model I, II, and III with different 

assumptions for the random process. In particular, for model I, we relax the 

multinormal assumption and only require that the first and the second moments 

function for given parameters be specified, and the prior distribution of parameters 

be known. We discuss the relations among these three models and compare them 

theoretically and numerically. Finally, we present several cases of prior information 

of parameters in variogram. 

The fifth chapter deals with the fuzzy kriging. In this chapter, we start with 

fuzzy set theory and present a methodology for utilizing imprecise information 

on variogram parameters in kriging predictor. A fuzzy model for kriging with 

imprecise variogram parameters is developed. 

Since fuzzy kriging model deals with the uncertainty of the variogram in dif

ferent way from Bayesian kriging model, we compare fuzzy kriging with Bayesian 

kriging. We also relate the fuzzy kriging results to robustness of kriging with re

spect to parameters in variogram model. Several examples are given to show the 

difference between fuzzy kriging and Bayesian kriging, and also to indicate the 

relationship between fuzzy kriging and robustness of kriging. 
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In chapter six, we deal with a detail case study of environmental data set from 

Netherlands. In this case study, we provide the application of Bayesian kriging 

and show the power of Bayesian kriging when there is no sufficient data in study 

area, and how to use prior information obtain from similar study area. 

All the computations in this dissertation are obtained with programs written 

for use on PC and unix station. And all the data set that used in this dissertation 

are collected in an appendix. 
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Chapter 2 Kriging System 

From the introduction, it is known that the kriging is a method of spatial 

prediction of random fields popular in geology, hydrology as well as environmental 

monitoring. This technique is described as follows ([8]). For given spatial data 

Z(XI), Z(X2), ... , Z(xn) which are observed at spatial locations Xl, X2, ... , Xn, one 

can predict g(Z(.)) such that 

E(g((Z(.)) - g·(Z(·))))2 = min, 

where g(Z(·)) is either the block average over a block V which is denoted by 

Z(V) = ~Iv Z(x) dx or the point value at Xo with g(Z(.),xo) = Z(xo). Since the 

kriging is a minimum mean-squared-error method of spatial predictor, it depends 

on the first and second-order properties of process Z(·). Based upon different 

assumptions about the first and second-order properties of process Z(·), we will 

have two different kriging forms which are called ordinary kriging and universal 

kriging. We now derive these two forms of kriging as follows. 

2.1 Ordinary Kriging 

Let Z*(V) be the predictor of Z(V), and Z·(xo) for Z(xo). 

Ordinary kriging refers to spatial predictor under the following assumption: 

Z(x) = m + Y(x), 

where XED, m is a real constant and 

E(Z(x)) = m. 

It is also assumed that the variogram, which is defined as 

1 
'Y(h) = 2Var(Z(x + h) - Z(x)), 

(2.1.1) 

(2.1.2) 

(2.1.3) 
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exists and depends only on the vector h. 

Under these assumptions of (2.1.2) and (2.1.3), we want to predict (or estimate) 

Z(V) or Z(xo) by using a linear the combination of the components of 

where Z(Xi), i = 1,2, ... , n are observations of Z(x). 

First, we discuss block kriging. 

Let Z*(V), the predictor of Z(V), be the form 
n 

Z*(V) = E AiZ(Xi) (2.1.4) 
1 

subject to 

(2.1.5) 
i=1 

This latter condition guarantees the unbiasedness E[Z*(V) - Z(V)] = o. 
Then the mean-squared prediction error is given by 

(2.1.6) 

the optimal Z*(V) will minimize the (2.1.6) over the class of linear predictors 

satisfying Ef=1 Ai = 1. For ordinary kriging the minimizati{Jn of (2.1.6) is carried 

out over A = (AI, A2, .. . , An), subjected to Ef=1 Ai = 1. That is, under assumptions 

(2.1.1), (2.1.2) and ( 2.1.3), to minimize 
n 2 n 

E(Z(V) - E AiZ(Xi)) - 2JL(E Ai - 1) 
i=1 i=1 

is equivalent to minimizing 
n n 1 m 

- E AiAj'1'(Xi - Xj) + 2 E -1 'Y(Xi - x) dx - 2JL(E Ai -1) 
i=1 i=1 V V i=1 

(2.1. 7) 

Therefore, the optimal A = (AI,···, An) obtained from linear system: 

n 1 
EAn(Xi - Xj) + JL = 21 '1'(Xj - x) dx, j = 1,2, ... ,n 
i=1 V 

n 

EAi = 1, (2.1.8) 
;=1 
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where J1. is a Lagrange multiplier. 

The equations in (2.1.8) is called a block kriging system. Using matrix notation, 

(2.1.8) can be written as 

(2.1.9) 

where 

K = (,(Xl ~ Xl) 
,(Xn - xI) 

(2.1.10) 

(2.1.11) 

(2.1.12) 

And from (2.1.9), A is given by 

AT = (K, + E. 1- ET K-I Ko)T K-1 
o ETK-IE (2.1.13) 

and 
(1 - ET K-l Ko) 

J1. = - ETK-IE . (2.1.14) 

Furthermore, the minimized mean-squared-error which is called the kriging 

variance is given by 

(2.1.15) 
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Similarly, if we consider the case of g(Z(.), xo) = Z(xo), we obtain the point 

kriging system as follows. 

Let the predictor Z*(xo) be 

n 

Z*(xo) = L AiZ(Xi). 
i=1 

In the same way as above the following point kriging system is derived: 

n 

I: Ai')'(Xi - Xj) + P = ')'(xo - Xj), 
i=1 

n 

LAi = 1 
i=1 

and the matrix form is 

j=1,2, ... ,n 

where K, E are defined as in (2.1.10) and (2.1.12), and 

The kriging variance is then 

n 

O'~k(xO) = I: Ai')'(Xi - xo) + p. 
i=1 

(2.1.16) 

(2.1.17) 

(2.1.18) 

(2.1.19) 

Now if we strength the assumption ')'(h) = ~ Var(Z(x + h) - Z(x)) to second

order stationary, i.e. we suppose that the model (2.1.1) holds with Z(x), the 

second-order stationary process, having mean m and covariance function 

C(h) = Cov(Z(x + h), Z(x)). 

Under this assumption, it can be observed that the following relationship holds: 
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and the (2.1.7) becomes 
n n n n 

(J'2 = C(O) + L L AiAjC(Xi - Xj) - 2 L AiC(Xi - xo) - 2p.(L Ai - 1). 
i=l j=l i=l i=l 

To minimize this expression with respect to {Ai: i = 1" 2 ... , n}, we obtain the 

following point kriging equation in terms of covariance function: 

n 

2: AiC(Xi - Xj) + p. = C(xo - Xj), 
i=l 

n 

2: Ai = 1. 
i=l 

It is clear the matrix form becomes 

and the kriging variance is 

n 

j = 1,2, ... ,n 

(]'~k(XO) - C(O) - (2: C(Xi - xo) - 1') 
i=l 

where 

_ (C(X1.- X1) :" 
C- . . . . 

C(Xn - Xl) ". 

_ (C(X1.- XO)) 
Co - . • 

C(xn - xo) 

From the system (2.1.21), A and p. are given by 

(2.1.20) 

(2.1.21) 

(2.1.22) 

(2.1.23) 

(2.1.24) 

(2.1.25) 

Finally, it should be noted that the second order stationarity is not necessary 

for kriging. This assumption is to allow the variogram or the covariance to be 
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estimated from data Z. Nonstationary version of ordinary kriging can be obtained 

as follows. 

Ordinary kriging is represented in terms of the variogram by 

Z*(Xo) = >? Z 

where A = (AI, A2, ... ,An)T satisfies the kriging system: 

(2.1.26) 

with Ko = (,(Xl, x), ,(X2, x), ... , ,(xn' x))T and the elements of the matrix K are 

,(Xi, Xi), where ,(Xi, Xi) = ~ Var(Z(xi) - Z(xi)). 

The kriging variance is 

(2.1.27) 

Equivalently, the ordinary kriging in terms of the covariance can be written as 

and AT satisfy 

( 0 E) (A) _ (00 ) ET 0 P. - 1 . (2.1.28) 

where 0 0 = (0(X1 - xo), 0(X2 - xo), ... , O(xn, xo))T and the elements of ma

trix 0 are (O(Xi,Xj)) with O(Xi,Xj) = Oov(Z(Xi,Xj)). 

2.2 Universal Kriging 

In ordinary kriging, the assumption for the random field Z(x) is that the expec

tation of Z(x) is a constant number, i.e, E(Z(x)) = m. However, this assumption 

may not be satisfied. That is, the expectation function of Z(x) is not a constant 
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but a function of location x. i.e, E(Z(x)) = m(x), which is an unknown linear 

combination of known functions {fo(x), fl(X), ... , fm(x n. Hence, the model 
m 

Z(x) = Ladi(X) + Y(x) (2.2.1) 
i=O 

is adopted, where a = (ao, aI, ... ,am)T E Rm+1 is an unknown vector of parameters 

and y(.) is a zero-mean intrinsically stationary random process with variogram 

')'( . ). Where 
m 

E(Z(x)) = Ladi(X), 
i=l 

Var(Z(x + h) - Z(x)) = 2')'(h) (2.2.2) 

exist. In an obvious notation, data Z can be written as 

where 

(2.2.3) 

Under assumptions (2.2.2), it is desired to predict (estimator) Z(xo) linearly from 

the data Z using a uniformly unbiased predictor. This predictor (estimate) is 

called universal kriging. By the definition of universal kriging, it is known that the 

predictor is of the form: 
n 

p(Z,xo) = Z*(xo) = LAiZ(Xi) 
i=l 

where A = (Al' A2, ... , An)T are obtained by minimizing the variance 

Var(Z(xo) - Z*(xo)) 

= - Ei=l Ej=l AiAj')'(Xi - Xj) + 2 Ei=l Ai')'(Xo - Xi) 

-2Er:l ,Bj{Ei=l Adj(Xi) - !;(Xon· 

(2.2.4) 

(2.2.5) 
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That is, A should satisfy the following universal kriging equations: 

n m 

:L A")'(Xi - Xj) + :L (Jdi(Xj) = ,(Xj - xo), j=I,2,···,n, 
i=l i=O 
n 

L Adj(Xi) = I;(xo), j = 0,1"" ,m. (2.2.6) 
i=l 

This is called the universal kriging system. 

If we use matrix notation, the equations (2.2.6) can be written as: 

(2.2.7) 

where J{ and J{o are defined as in (2.1.10), (2.1.18) and Fo, 0 are defined as 

0= : '. : (
0 ... 0) 
o .. ~ 0 (m+1)x(m+1)' 

(2.2.8) 

with lo(xo) = 1. And the {J = ({Jo,{Jl, .•• ,(Jmf are Lagrange multipliers that 

ensure Ei=l Adj(Xi) = I;(xo), j = 0,1, ... , m . 

Thus, the coefficients A'S are given by 

(2.2.9) 

and 

(2.2.10) 

Now, instead of assuming that Z(.) is intrinsically stationary, we strengthen 

the assumption to second-order stationary, i.e., the covariance function 

C(h) = Cov(Z(x + h), Z(x)) 

is well defined, and the equation analogous to (2.2.7) is 

(2.2.11) 



where C and Co are defined as (2.1.23). 

Note that it is no longer required that fo(x) = 1. 

Under this assumption the coefficients A and f3T are given by 

AT = (C + F(FTC-1 Fr1(Fo - FTC-1CO){ C-1, 

f3T = (Fo - FTC_1Cof(FTC_1Fr1. 
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(2.2.12) 

Furthermore, if we replace the A and f3 in (2.2.5) with expressions (2.2.12), we 

can get the kriging variance as follows: 

m m 

O'~k - L Ai'Y(Xi - xo) + Lf3i-1Fi-1(XO) 
i=l i=l 

- Kl K-1 Ko - (Fo - FT K-1F)T X 

(FT K-1Fr\Fo - F K-1 Ko). (2.2.13) 

And the kriging variance in terms of covariance is given by: 

n m 

O'~k(XO) - C(O) - L AiC(XO - Xi) + L f3i-1fi-1(XO) 
i=l i=l 

- C(O) - Clc-1c + (Fo - FTC-1Co)T x 

(FTC-1Fr\Fo - FTC-1Co). (2.2.14) 

2.3 Dual Formulation Of Kriging 

From the previous discussion, we know that the ordinary kriging predictor is 

n 

Z*(Xo) = L AiZ(Xi) = AT Z, 
i=l 

and A = (A1' ... , An)T satisfies kriging equation: 

( K E) (A) _ (Ko) 
ET 0 P. - 1 . (2.3.1) 
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Now, we will write this kriging system as another equivalent form which is 

called Dual kriging system. 

First we consider point kriging. 

Since Z"'(xo) = ATZ can be written as 

From the kriging equations (2.1.17), this can be further written as: 

( K E)-l (Z) Z"'(xo) = (K6' 1) ET 0 O· 

If we let 

where B = (bI, b2 , ••• , bnf, then we have 

(~ ~) (~) = (~). 
Therefore 

In other words, if we define the kriging predictor as 

Z"'(Xo) = (K6' 1) (~), (2.3.2) 

then, the kriging system should be 

(~ ~) (~) = (~). (2.3.3) 

Equation (2.3.3) is called Dual kriging system. In the same way we can obtain the 

Dual kriging formulation for universal kriging. 
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Chapter 3 Robustness of Kriging 

3.1 Introduction 

From the Chapter 2 we can see that the variogram or covariance function 

plays a central role in the kriging system. For example, for ordinary kriging, the 

weights attached to the individual measurement and the estimation variance are 

calculated from the theoretical variogram and the locations of data points. This 

means the variogram and the data location configuration are sufficient to determine 

the coefficients A~S. Therefore the kriging estimator Z*(V) will depend on the 

variogram model and sample location configuration. Similarly, for the block kriging 

system, we can also see that the block shape and the geometrical relationship of the 

block to the sample location configuration affect the kriging weights, and hence 

the kriged value and kriging variance. Hence, we mainly consider the following 

three parameters in kriging system: 

(i) the variogram model; 

(ii) the geometrical configuration of the sample locations; 

(iii) the block shape and the geometrical relationship of the block to the 

sample location configuration. 

Note that any change in these parameters will cause a change in the kriging 

weights, and hence in the kriging predictor value and kriging variance. The sen

sitivetyof the kriging predictor with respect to these three parameters should be 

investigated. Diamond and Armstrong [11], Armstrong and Myers [26] discussed 

the effects of small perturbation of variogram model on the predictor for a given 

fixed set of observations. They exam the more fundamental question of robustness 

of kriging and quantified the robustness. Myers [30] extented the previous work 

of Diamond and Armstrong in several respects, and gave some other definitions 

of variogram neighborhood in studying robustness of kriging with respect to the 
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variogram. He also gave the new quantities of its robustness. Brooker [7] studied 

the effect of parameter changes on the estimation of variance for spherical vari

ogram. He used a regular configuration of measurement points to give an estimate 

for a central block. Yakowitz and Szidarovzky [49], Stein [42] studied the behavior 

of kriging predictor based on an incorrect covariance function as the number of 

observations in some fixed region R increases. 

In this section, we will review some concepts of the robustness and the neigh

borhood of variogram, and generalize some results of robustness of kriging. We will 

also study the robustness of cross-validation with respect to the variogram. More

over, we will introduce the influence curves of kriging predictor and cross-validation 

method, and show that role the influence curve plays in the kriging predictor and 

in cross-validation. Finally, we will present some numerical examples. 

3.2 The Definition of Robustness 

The word "robustness" has many - sometimes inconsistent - connotations. Gen

erally, robustness can refer to : 

(i) resistance: Insensitivity to the presence of a small number of bad data 

value; 

(ii) smoothness: The technique should respond only gradually to the injec

tions of small number of gross error, to perturbations in data and to small changes 

in the model. 

In this dissertation, we use the robustness in a relatively narrow sense, i.e, "Ro

bustness" signifies insensitivity to small deviations from the assumptions. From the 

introduction we know that in a kriging system mainly there are three parameters 

considered, and hence the robustness of kriging is considered as the insensitivity 

to the small perturbation of these three parameters. Based on these features, we 

define the robustness of kriging as follows: 
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Definition 1. we say that the kriging estimator is robust with respect to the 

parameters, if the kriging estimator is insensitive with respect to one of the param

eters (i), (ii) and (iii) in §3.1, i.e., when the parameters have small changes the 

kriging estimate value should have a small change. 

If we consider three parameters separately, we can have following definitions. 

Definition 3.2.1 If the kriged value corresponding to g is close to that correspond

ing to 'Y when variogram model g is close to variogram model 'Y, we say that the 

kring predictor is robust with respect to the variogram model. 

Definition 3.2.2 Let x = (Xl, X2, ... ,xn)T be the original sample locations, and 

Y(Yl, Y2, ... ,Yn)T be the perturbed locations. If the kriged value corresponding to 

sample location y is close to that corresponding to sample locations x when y is 

close to x, we say that the kriging predictor is robust with respect to sampling 

configurations. 

Definition 3.2.3 Let V = {x} be the original block configuration, and W = 

{y/y = x + h, x E V} be the translate of V by h. If the kriged value corre

sponding to W is close to that corresponding to V when W is close to V, we say 

that the kriging predictor is robustness with respect to the block configurations. 

From the kriging predictor, it is clear that when data values 

Z = (Z(Xl), Z(X2),"" Z(xn)f are given, the kriging predictor depends on the 

weights A = (Al, A2,'''' An)T. From the kriging system (2.1.18), it can be seen 

that the kriging weights A depend on the variogram model, data configurations 

and the block configurations, but they do not depend on the data values Z. So 

when we consider the robustness of kriging we can restrict ourselves to the kriging 

weights A rather than kriged value. Also as kriging weights is a vector, we need 
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consider the norm of the weights vector A = ('\1, '\2, ... ,'\n)T. In the rest of this 

paper, the following three norm forms will be used: 

(1) 11 norm: IIAIII = Ei=I IA,I; 

(2) 12 norm: IIAII2 = VEi=I '\,2; 

(3) 100 norm: IIAlioo = max'=I,2, ... ,n(IA,I). 

If we use LlA to denote the change of the weights with the change of parameters, 

to say that the kriging is robust means that the IILl'\1I is small when the parameters 

have small perturbations, where 11.11 is one of the three norms defined above. In 

particular, if we specify one of the three norms, we have the following definitions 

which correspond to definitions (3.2.1), (3.2.2) and (3.2.3). 

Definition 3.2.4 Let A(g) denote the weight vector corresponding to variogram 

g I and A( 'Y) corresponding to 'Y. We say that kriging is robust with respect to 

variogram model if IILlAIl = 1I'\(g) - '\(-y)1I --t 0 as g --t 'Y. 

Here, "g --t 'Y" means that g is close to "'I, later we will define a neighorhood of a 

variogram to character this closeness. 

Definition 3.2.5 X and Yare defined as in definition (3.2.2). Let A(X) denote 

the weight vector corresponding to the sample configuration X, and A(Y) corre

sponding to Y. We say that kriging is robust with respect to the sample configura

tions if IILlAIl = IIA(X) - A(Y)II --t 0 when Y --t X. 

Here, "Y --t X" means that two sample confingurations are close each other. 

Definition 3.2.6 Wand V are defined as in definition (3.2.3). Let A(W) denote 

the weight vector corresponding to the block W, and '\(V) corresponding to V. 

We say that kriging is robust with respect to the block configuration if IILl'\1I = 

IIA(W) - A(V)II--t 0 when W --t V. 
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Here, "W ~ V" means that two block confingurations are close each other. 

Based on these definitions we will discuss the properties of robustness of the 

kriging. 

3.3 Robustness of Kriging 

Since the change of one in the parameters of the variogram can cause a change 

in the kriging weights, it is necessary to study the robustness according to each of 

the parameters. 

3.3.1 Robustness of Kriging for Variogram 

In definition (3.2.1), it is required that two variograms be close each other. 

Therefore the question is what it is meant by closeness of two variograms, and 

how we can characterize the "closeness" in a mathematical way. Diamond and 

Armstrong (1984) defined the neighborhood of a variogram. Myers (1985) extended 

their definitions, gave another two definitions of neigh borhood of a variogram and 

discussed the properties of these definition. We now state these definitions. 

3.3.1.1 Definitions of Neighborhood of Variogram 

Let A be the class of valid variograms ")'( h) in Rk, that is 

A = {")'(h)h(h)is a variogram, hE Rk} 

Definition 1 (Myers) For ")'(h) E A, the 8 neighborhood N6(")') of ")'(h) zs 

defined as: 

N6(")') = {gIg E A, sup Ig«hh» -11 < 8} 
O<h<oo ")' 

(3.3.1) 

We should note that this definition is not symmetric in ")' and g, that is,,), and 

9 have foll~wing relation: 

Properties 1 If 9 E N6(")'), then")' E N61(g), where 8' = 1~6' 
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Proof Since 9 E No( "() implies 

that is 
1 'Y(h) 1 

1 + 8 < g( h) < 1 - 8 

therefore 
8 "((h) 8 

-1+8 < g(h) -1 < 1-8 

since 
8 8 

-1 +8> -1- 8' 
then 

"(h) 8 
I g( h) - 11 < 1 _ 8 forO < h < 00 

Hence 
'Y(h) 8, 

sup I (h) - 11 < -1 c = 8 
O<h<oo 9 - u 

that is 9 E No,(g). 

If we require that 0 < 8' < 1, then 8 satisfies 0 < 8 < ~. 

By the definition of variogram, it is known that "(0) = g(O) = 0, and for 

h > O,while Ig(h) - 'Y(h)1 < 8h(h)1 for h > O. Therefore we have following 

property from Definition 1: 

Property 2 If 9 E Nob), then 9 and 'Y should be coincide at origin, and g(h) 

and "(h) are close for h > O. 

If we make use of the usual sup-norm, we can have following definition of 

neighborhood which is symmetric about 'Y and g: 

Definition 2 (Myers) Let"( E A, € > O. The € neighborhood Nfb) of "(h) is 

defined as: 

(3.3.2) 
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Actually, this is the usual sup-norm function neighorhood, and it is different 

from Definition 1. This definition is symmetric for, and g, i.e., if 9 E Nf(r), then 

,E Nf(g). 

If we consider the neighborhood in the direction, we can define the neighbor

hood of variogram as follows 

Definition 3 (Myers) Let" ,0 E A, f > O. The f neighborhood Nf (,) of ,( h) 

in the direction ,o( h) is defined as: 

(3.3.3) 

This definition is appropriate when we deal with the influnce curve of krig

ing. Since it allows us to pass from robustness as a form of continuity to that of 

differentiability. 

In practice in geostatistics, moving or local neighborhood is used for kriging. 

If we let r denotes the maximum intersample or inter block-sample distance, then 

the Definition 1 and Definition 2 can be modified as : 

Definition I-a (Myers) Let, E A, 0 < 8 < 1, 0 < r < +00, then 

Ns,r{,) = {g 9 E A, 
g(h) 

sup I (h) - 11 < 8}. 
O<h<r , 

(3.3.4) 

Definition 2-a (Myers) Let, E A, f> 0, then 

Nfr(r) = {gl 9 E A, sup Ig(h) - ,(h)1 < f}. 
O<h<r 

(3.3.5) 

Since A is the family of variograms, A is closed under adding and multiplying 

by a positive number, that is, if" ,0 E A, c > 0, d> 0, then Cf + d,o E A. Since 
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C"/ + d,,/o can be written as 

V 2 d2( cd) 
c + vc2 +d2"/+ vc2 +d2 

with 0 < \/c;2~d2 < 1, 0 < \/c;2d+d2 < 1. This suggests that Definition 3 can be 

modified as follows. 

Definition 3-a (Myers) Let ,,/, "/0 E A, 0 < € < 1, then 

(3.3.6) 

Between Definition 1, Definition 2 and Definition 3, there exist the following 

connections. 

(1). Definition 1 and Definition 2 are not equivalent to each other. 

To show this we have to find a variogram 9 such that 9 E Ns( h) under Definition 

1 but is not in Ns(h) under Definition 2. Similarly, we will find a g' E Nf(,,/(h)) 

under Definition 2, and show it is not in Nf{"t(h)) under Definition 1. 

Let g(h) = Co + ~Ihl, 
Also let 6 = Ic; -cII . 

and ,,/(h) = Co + cllhl, where h, Co, Cl, ~ > o. 

CI 

It is clear that 

Therefore 

g(h) 
sup I (h) - 11 < 6, 
/h/>O "/ 

where 6 = I~ - Cl < 1. 
Cl 

This means that 9 E Ns{"t) under Definition 1. 

However we note that 

Ig(h) - ,,/(h)1 = Ic~ - cllh, Vh>O, 

Vh> o. 



and if we let h -+ +00, we will have 

Ig(h) - ')'(h)l-+ +00, 

that is, 9 ~ N6( ')') under Definition 2. 

On the other hand, if we choose 

and 

where c, h and a > O. This means that 

That is to say 

However, 

Ig(h) - ')'(h) I = 0.01 = €, 

9 E N((,),). 

Ig(h) _ 11 = 0.01 
')'(h) c(l - e~)' 

If we let h -+ 0, we will have 

g(h) 
I')'(h) -11-+ +00, 

which implies that 9 ~ N6(')') under Definition 1. 
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h > 0, 

Vh> O. 

Vh>O. 

(2). For Gaussian, exponential or spherical models of 9 and ,)" if 9 E N6(')') 

under Definition 3, then 9 E N61(')') under Definition 2, where 8' = 8(eo + Cl). 

Proof Let 9 E N6( ')') under the Definition 3, i.e. 

9 = ')' + a,),o, 

where 0 < a < 8, and')' and ')'0 are fixed variograms which are either Gaussian or 

exponential or spherial model. 
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Obviously, 

Ig(h) -,),(h)1 = aho(h)l, \/h> o. 

Under the assumption on the model of ')'0, we have 

ho(h)1 < eo + Cl 

where eo > 0 is nugget, and Cl > 0 is sill. 

Thus, 

Ig(h) -,),(h)1 < 8(eo + cd = 8', for all h > o. 

That is, 

under Definition 2. 

(3). For any variogram g, if 9 E Nfb) under Definition 3 and ')'0 E Nsb) under 

Definition 1, then 9 E Ns'(')') under Definition 1 with 8' = 8(1 + f). 

Proof. Let 9 E Nfb) under the Definition 3, so 9 can be written as 

0< a < f. 

where ')'0 E Ns( ')') under Definition 1, i.e, 

Therefore 

Ig(h) -11 
')'(h) 

')'o(h) 
sup I-(h) - 11 < 8. 
Ihl ')' 

= I,),(h) + a')'o(h) -,),(h) 1= aho(h)11 
')'(h) I')'(h) 

= al')'o(h) -,),(h) + 11 
')'(h) 

< al')'o(h) -')'(h) I + a 
- ')'(h) 
:5 a8 + a = a(1 + 8) 

< €(1 + 8), \/ h. 
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Hence 
g(h) 

sup I (h) - 11 < f(1 + 8). 
Ihl 'Y 

We finish the proof by letting Let 8' = f(1 + 8). 

The properties (2) and (3) above suggest that we can define the neighborhood 

of variogram in the following way which we state as the Definition 4. 

Definition 4 Let 'Y, 'Yo E A be the fixed variograms, and assume that 'Yo satisfies 

sUPlhl1 ;;8:l - 11 < 8, where 0 < 8 < 1. Then the f neighborhood of variogram 'Y is 

defined as 

(3.3.7) 

Any variogram in the neighborhood of 'Y under Definition 4 will be in some 

neighborhood of'Y under Definition 1, Definition 2 and Definition 3. 

3.3.1.2 Robustness of Kriging for Variogram 

In this section we suppose that in the kriging system (2.1.9) the block V and 

the data configuration X are unchanged. 

The kriging system corresponding to variogram 'Y is 

( /( E) (A) _ (/(0) 
ETO p.- l' (3.3.8) 

where 

and 

(

1(Xl' V)) 
/(0 = : 

1(Xn , V) 

with 1(Xi, V) = fr Iv'Y(xi - x) dx. 
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The kriging system corresponding to the variogram 9 is 

(3.3.9) 

where 

and 

_ (g(X~' V)) 
Kog - : 

g(xn, V) 

with g(Xi' V) = ~ Iv g(Xi - x) dx. 

If we denote 

~A = Ag - A, ~I' = I'g - 1', ~K = Kg - K and ~Ko = Kog - Ko, 

then the system (3.3.9) can be written as 

( K +~K E) (A+~A) = (Ko +~Ko). 
ET 0 I' + ~p, 1 

Combining the system (3.3.8) and (3.3.10), we obtain 

(K + ~K)~A = ~Ko - ~K A - E~I', 

ET(A + ~A) = 1. 

(3.3.10) 

(3.3.11) 

The next theorem states that under certain hypotheses, we can solve for ~A 

and ~p, from the above systems. 

Theorem If K is invertible and IIK-l~KII < 1, then ~A and ~I' can be solved 

uniquelly from the system (9.9.11). The solutions can be expressed as follows. 

~p, = ~ET(K + 6Krl(~Ko - ~KA), 

~A = (K + ~KLl(I - !EET(K + ~Krl)(~Ko - ~KA) (3.3.12) 



40 

where k = ET(K + t1K)-l E. 

The proof of this Theorem follows from the following lemma. 

Lemma if K is invertible and /lK-1t1K/I < I, then (K + t1K)-l exists. 

It is obvious that to perturb 'Y to 9 will affect the kriging variance. If we denote 

the kriging variance of 'Y and 9 by O'~ and 0';, respectively, we will have 

0'; = KJ' A + Jl - ;y(v, V), 

0'; = (Ko + t1Kof(A + t1A) + (Jl + t1Jl) - g(V, V) 

= 0'; + (Ko + t1Kof t1A + t1KJ' A + t1Jl + ;Y(V, V) - g(V, V) (3.3.13) 

where: 

;y(v, V) = ~2 Iv Iv 'Y(x - y) dx dy, 

g(V, V) = ~ f f g(x-y) dx dy. v JvJv 

Therefore, we obtain 

= (Ko + t1Ko)T t1A + t1KJ' A + t1Jl + ;y(v, V) - g(V, V). (3.3.14) 

Substituting the version (3.3.13) of t1A, t1p. into (3.3.14), it can then be re-written 

as: 

0'2 = (Ko + t1Kof(K + t1Ktl(J - ~EET(K + t1K)-l)(t1KO - t1KA) 

+t1kTA + ~ET(K + t1Kl(t1Ko - t1A) - A0'2(V, V), (3.3.15) 

where 

A0'2(V, V) = ~2 Iv Iv(g(x - y) - 'Y(x - y» dxdy. 

Next, we will study the robustness of kriging under the previous three different 

definitions of the neighborhood of variogram, and give bounds on It1AI. 



Under Definition 1 

Note that 9 E Noh) means that 

g(h) 
sup I (h) - 11 < S, . for 0 < S < 1, 
Ihl>o "'( 

that is, 

Ig(h) - "'((h) I < S/"Y(h)l· 
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We now estimate IISAII, and show that the kriging is robust by Definition 2.2.4. 

First, we consider the 100 norm. By the notation of LlK and LlKo, we have the 

following estimate 

and 

n 

IILlKI/oo - ~i~?: Ig(Xi - Xj) - "'((Xi - xj)1 
- - 3=1 

n 

< m~x L:S/"Y(Xi - Xj)1 
1~1~n j=1 

< S/IK/loo, (3.3.16) 

(3.3.17) 

/I(K + LlI<)-1/100 = /IK-1/100/l1 - (K-1LlK) + (K-~~K)2 + ... /100 

:5 IIK-1/100(/1//I + /IK-1LlK/I + /IK-~~K/l2 + ... ) 

= IIK-
1

/1OO1 _ /IK~1LlKlloo. (3.3.18) 

Let k(K) denote the condition number of K. From (3.3.16), (3.3.18) can be 

re-written as 

II(K + LlK)-111 < I/K-
1

1l 00 
00 - I-Sk(K)" (3.3.19) 
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From (3.3.12), combining (3.3.16), (3.3.17) with (3.3.19), we obtain 

IIK-llioo II Ell 
II~Alloo =5 81 _ 8k(K)R(IIKolI(1 + Rok(K)) + Ikol k(K)) 

IIK-l li 1 IIEII 
I~JlI =5 81 _ 8k(K) Ikl (IIKolI(1 + Rok(K)) + Ikol k(K)), (3.3.20) 

where 

R = III _ EET(I( + ~Krlll 
k 

Ro = III _ EETK-l
li ko 

k = ET(K + ~Krl)E 
ko = ETK-lE. 

Since limR = TO and lim = ko, we can, theorefore, obtain 
0-+0 o-+k 

lim "~A" = 0, 0-+0 

lim II~JlII = o. 
0-+0 

That is, 

(3.3.21) 

By definition (3.2.4), it can be seen that the kriging estimate is robust with respect 

to the variogram model. 

Clearly, (3.3.20) gives a bound on ~A. 

For the bounded variogram model, i.e. It( h) I =5 C for all h, the relative bound 

of ~A can be obtained as 

II~A" < 8 k(K) R(CIIEETII 1) 
II All - 1 - 8k(K) IIKII + . (3.3.22) 

Also from (3.3.15), it follows that 
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Because 9 E Ns(-y), by the notation of g(V, V) and .;y(V, V), we have /.;y(v, V) -

g(V, V)/ < 8.;y(V, V). Therefore 

/~0"2/ < 8{PQ(IIKg'II(1 + 8) + l)(R + /!/) + IIKg'" . IIAII + .:y(V, V)}, (3.3.24) 

where 

P = //(I( + ~K)-l// < IIK-
1

1100 
00 - 1-8k(K)' 

Q = IIKoII(l + Rok(K)) + /I~:/ k(K). 

Similarly, for the h norm, we obtain 

IIK- 1 /h II Ell 
II~A/h < 81 _ 8k(K)R(IIKo II(1 + ~k(K)) + /ko/ k(K)), 

II K -111 1 II Ell 
/~Jlh ~ 81 _ 8k(K) /k/ (IIKoII(l + Rok(K)) + /ko/ k(I()), 

and 

II~A/h k(K) en 
IIA//! < 1 - k(K) R( IIKll1 + 1), 

where n is the sample size. 

Under Definition 2 

If 9 E Nf(-y) under Definition 2, then 

sup /g(h) - ,(h)/ < f. 
Ihl 

Therefore, for the 100 norm, we have: 

n 

II~Klloo = ~~~ /g(Xi - Xj) - ,(Xi - Xj)/ 
- - 3=1 

n 

< max2: f 
- l~i~n j=l 

n 

= fmax 2:1 
l~i~n j=l 

=nf, 

(3.3.25) 

(3.3.26) 



IIAKolioo - maxI::; i ::; nl ~ iv(g(x i - x) - 'Y(Xi - x)) dxl 

< m!lX(V
I r Ig(Xi - x) - 'Y(Xi - x)1) dx 

IS'Sn iv 
< e~~~(I,I, ... , 1) 

= e, 

and 
IIK-l 1100 

< 
1 -IIK-1 1100 11K +AKlloo 

< 111(-11100 
- 1-eIlK-111·IIEETIl00 
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_ IIK-l 1100 
- 1 - enIlK-1 1100' 

(3.3.27) 

And combining (3.3.12) and (3.3.27), we obtain: 

11K-I II 1 -1 
IAIlI < e 1_ enIlK-111'lkol(IIEIl00+IIK 1100 

(RoIlEETlloo . 'IiKolioo + "~~i k(K))) 

11K-I II 1 -1 1 
- e 1- en1lK-1 11 . Ikol(1 + 11K 1l00(nRoIIKo1i00 + Ikolk(K))), 

IIA'\lIoo < e IIK-
1

1100 R(IIEII + IIK-111(RoIlEETII'IIKoil + ~k(K))) 
1- en1lK-1 11 Ikol 

IIK-l 1 
- e 1 _ mllK-1 II R(1 + IIK-111(nRoIIKolI + Ikolk(K))), (3.3.28) 

where R, Ro, k, ko are defined as in (3.3.21). 

This shows that : 

lim IAIlI = 0, 
f-+O 

lim IIA'\II = o. 
f-+O 

By the definition of robustness, this means that the kriging estimate is robust 

with respect to the variogram model. 
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And also, for the variograms which satisfy h( h) / ::; C, the relative bound for 

//~"// is 

2//K-I// . R • IIEETII 
::; € 1 - €//K-III . IIEET// 

2nllK-I//R 
- €l-€.//K-I//· (3.3.29) 

For the kriging variance, since /g - 'Y/ < €, therfore /0 -1/ ::; €, hence it follows 

that: 
1 

/~0"2/ < €{PQ«IIKg'II + n€)R + /k
o
/) + nll"11 + I}. (3.3.30) 

For 11 norm, we have: 

//~"//I 
11K-I II -1 n 

< n· 1 _ €n. //K_1// R(1 + //K //(Ro + IIKoII + /ko/))' 

II~'\//I < 2n€· //K-I • R 
//"//1 1 - €n· IIK111 . 

(3.3.31) 

Under Definition 3 

First we consider the 100 norm. Under Definition 3 we have, 

/g(h) - 'Y(h)/ < €/'Yo(h)/ 'V h > 0, 

therefore, 

n 

II~K//oo - m!1X:L /g(x; - Xj) - 'Y(x; - Xj)/ 
, j=I 

n 

< m~:L €ho(x - i - Xj)/ 
, ;=1 

- €//K'I'ol/oo, 

I/~Kol/oo - mF /~ [(9(Xi - x) - 'Y(Xi - x)) dx/ 

< €mF ~ [ 'Yo(x; - x) dx 

- €//Ko,'I'o//oo. (3.3.32) 
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By replacing IIKII and IIKoII in (3.3.12) with these approximations we obtain: 

These two inequalities show that: 

lim I~/-tl = 0, lim II~AII = o. 
f-+O f-+O 

(3.3.34) 

This implies that kriging is robust with respect to the variogram under Definition 

3. 

If we assume that 'Yo(h) is bounded by a constant C, ie., l'Yo(h)1 < C, then we 

obtain: 

and hence 

II~Klloo < fllK-yo II :5 fCIIEETII, 

II~Kolloo :5 f IIKo.'YOII :5 fCIIEII, 

(3.3.35) 

Since IIEII < IIEETII· IIAII, therefore we get the relative bound for II~AII as follows: 

II~AII < 2nCRIIK-1 1I 
l1Xf - f 1 - fllK-l . IIK-yo II' (3.3.36) 



If /0 E N6( /) under Definition 1 then 

I/o (h) 1 < (1 + 8)f(h), V h > O. 

Using this inequality, we have: 

IIK-yo II ~ (1 + 8)IIKII, 

IIKo.-yoll :5 (1 + 8)IIKoII. 

Hence, if we use Definition 4, we obtain: 

11K-III 1 
l~fLl < € 1 _ €(1 + 8)k(K) Ikl (1 + 8), 

{IIKoII + k(K)(RoIII(oll + 1:01 n 
11K - I II 

II~Alloo < € 1 _ €(1 + 8)k(K) R(1 + 8) 

1 
{IIKoII + k(K)(RoIIKoII + Ikol n· 
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(3.3.37) 

(3.3.38) 

From the above discussions of different cases, we know that for all the definitions 

of neighborhood of variogram, the kriging estimator is robust with respect to the 

variogram. 

By the definition of robustness of kriging with respect to the variogram, it 

can be seen that the robustness of the kriging estimator is essentially the same 

as continuity. Actually, if we write the kriging weights as a functional of the 

variogram: 

then the continuity is implied, i.e., 

lim IIAoII = lim IIF(g) II = IIF('Y)II = II"-yll. 
0-)" o--Y 
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The continuity is a property of F where the neighborhood in the range is given 

by the norm (100, 11 or 12 ) and in the domain by Definition 1, 2 , 3 or 4. By the 

different definition of neighborhood of variogram, we obtained different bounds of 

IIdAIl and IIltl~l. From these we can see that each of these three definitions have 

their own advantages and disadvantage. 

From Definition 3 of the neighborhood of the variogram, we know that it define 

the neighborhood of "I in the direction "10. We will use this definition to study the 

differentiability of F along the direction "10. 

Since A = F("I) is a functional, the differentiability of F is defined as Frechet 

derivative. 

Definition (Frechet Derivative): 

If X, Yare topological vector spaces, X, Xo in X, and G a function from X 

into Y, the Frechet derivtive of G at X in the derection Xo is given by 

DxoG(X) = lim G(X + fXo) - G(X) , 
e-O f 

(3.3.39) 

where the limit is taken in an appropriate sense (eg. norm, weak topology). 

In this definition, if let X be Eucliean n-space and Xo is a unit vector corre

sponding to a coordinate axis, then the Frechet derivative DxoG(X) is simply the 

partial derivative with respect to the variable corresponding to that coordinate 

variable. 

Samilarly to the above definition the derivative of A = FC"I) along the direction 

"10 is defined as: 

Definition: Let A = {g 19 is variogram} and A = {A 1 A = (A!, A2, ... , An)T, E Ai = 

1} be topologial spaces. For "I, "10 E A, F( "I) = A is a functional from A into A, 

then the derivative of A = FC "I) in direction "10 is given by: 

D-yoFC"!) = lim FC"! + f"lo) - FC"!). 
Df e_O f 

(3.3.40) 



If we use Definition 3, then we know that 

and hence, by (3.3.12) we have: 

where 

( 

(-y + f''YO).(X1 - Xl) 
]( + tl]( = : 

("( + €"(O)(Xn - Xl) 

Therefore 

If we use Definition 4, we have: 

(-y + €"fO)iX1 - Xn)) • 

(-y + €"(O)(Xn - Xn) 

By an anaology with ordinary derivative, we obtain: 

49 

(3.3.41) 

(3.3.42) 

(3.3.43) 

Hence the estimate of tl'\ can be obtained from that of D-ya;} "(). Actually it 

follows immediately from (3.3.41) that 

EET(](-l 
tl,\ ~ €. ](-1(/ - ko )(](Ot'YO - ](-YO'\)· (3.3.44) 

Hence 

(3.3.45) 
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From the above discussion of definitions of the derivative and the robustness or 

continuity of functional F('Y), it can be concluded that these two properties have 

a different emphasis. The robustness deals with the insensitivity of the weights 

with respect to the variogram, and the derivative of weights characterizes the 

rate of change of the weights with respect to the variogram. It can also be seen 

from the previous discuss of the properties of neighborhood of variogram, the 

derivative of weights A is well defined. Therefore, in some sense, the robustness 

can be characterized by the derivative, i.e., when the variogram changes in a € 

neighborhood, the change of the weights can be expressed approximately by the 

quantity €D~"Y). 

3.3.2 Robustness of Kriging with respect to the Parame
ters in Variogram 

The change of variogram can be characterized by following two cases: 

(1) Given an analytical model, the change is corresponding to the parameters 

in variogram model. 

(2) The change is due to the analytical model of variogram. 

For the first case, the analytical model is fixed, the only change is in variogram 

the parameters, i.e., nugget, sill and range. In this case, some results can be derived 

for the robustness of kriging. 

Let the variogram be denoted by 

'Y(h) = Co + cIH(h, a) (3.3.46) 

where Co, Cl are real numbers with Co > 0 , Cl ~ 0 and H(h, a) is a given function 

of h with parameter a. 

Now, for the variogram with form (3.3.46), we will discuss the the robustness 

of kriging with respect to the parameters in variogram model. 
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3.3.2.1 The Definition of 8-neighborhood of parameter 

. First, we will give a definition of 8-neighborhood of parameter. 

Definition 3.3.1 For the parameter 00 = (cg, 4., aOV, the 8 -neighborhood of 00 is 

defined as : 

By using this definition, we will show that kriging is robust with respect to 

parameter in a 8-neighborhood, and give the bounds for the change of kriging 

weight A and kriged value. 

3.3.2.2 Robustness of Kriging for Parameters in the Variogram 

Basically, we will discuss the following two cases. 

(1). Nugget and sill are perturbed in a 8-neighborhood, and range is unchanged. 

In this case we have: 

'Y(h) = cg + c~H(h, a), 

g(h) = eo + cIH(h, a), 

where leo - cgl < 8, ICI - c~1 < 8. 

For these 9 and 'Y, tlK has components as follows: 

and tlKo has ones as 

~ J,(eo - cg) + (CI - c~)H(x - Xj, a) dx. 



Under II or 12 or 100 norm, we have: 

and 

IIdKoll ~ leo - cgl· IIEII + leI - e~I·IIHo(a)1I < SOIEIl + IIHo(a)II), 

where 

By (3.3.12), we have 

(IIEII + IIHo(a)1I + (IIEETII + IIH(a)IDIiAID, 

and 

(liE" + IIHo(a)1I + (IIEETII + IIH(a)IDIIAII). 

(2). Nugget, sill and range are perturbed in as-neighborhood 

We start with the following variograms 

'Y(h) = eg + e~H(h,ao), 
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(3.3.47) 

(3.3.48) 

(3.3.49) 



g(h) = eo + cIH(h, a) 

where leo - c81 < 8, ICI - c~1 < 8, la - aol < 8. 

Under these variograms, the matrix D..K has elements 

and 

I(eo - c8) + (cIH(Xi - Xj, a) - C~H(Xi - Xj, ao))1 

:::; leo - c8l + IcIH(Xi - Xj, a) - C~H(Xi - Xj, ao)1 

< 8 + IH(Xi - Xj, ao)l· ICI - c~1 + cIIH(Xi - xj, a) - H(Xi - Xj, aO)1 

< 8(1 + IH(Xi - xj, aO)/) + cIIH(Xi - Xj, a) - H(Xi - xj, aO)I. 

Similarly, for elements of D..Ko 

the bound is 

I ~ f)eo - c8) + (cIH(x - Xj, a) - c~H(x - Xj, ao)) dx/ 

< leo - cgl + ICI - c~1 ~ Iv H(x_xj, a) dx 

+c~ ~ Iv IH(x - Xj, a) - H(x - Xj, ao)/ dx 
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< 8(1 + ~ Iv H(x - xj,a) dx) + C~~ Iv IH(x - xj,a) - H(x - xj,ao)1 dx. 

Therefore, we obtain the following bound 

and 

where H(a) and Ho(a) are defined as (3.3.47). 
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For the three standard variograms, i.e., Spherical, Gaussian and Exponential, 

the estimates of IIH(a) - H(ao)1I and IIHo(a) - Ho(ao)1I are summarized as the 

following properties. 

Property 1 If H(a) is Spherical model with nugget 0, sill 1 and range a with 

la - aol < 0, then 

and 

o 
II Ho(a) - Ho(ao) II :5 J IIEII· 

3a~ + 02 + 30ao 
(3.3.50) 

Property 2 If H(a) is Gaussian model with nugget 0, sill 1 and range a with 

la - aol < 0, then 

(3.3.51) 

and 

(3.3.52) 

Property 3 If H(a) is Exponential model with nugget 0, sill 1 and range a with 

la - aol < 0, then 

(3.3.53) 

and 

(3.3.54) 



Using these properties, the upper bounds of 1/.6.1/ and I/.6.Kol/ become 

and 

II.6.KolI < 8((1 + c~B(8))I/EI/ + I/Ho(ao)II), 

where 

I 
I 

v'3a0 2 +52+3a06 ' 
200

2 

B(8) = (2ao+6)(.!!rl.[)-~ 
ao-6 ao ' 

(-.!!L)!'f-I I 
ao+6 ao-6' 

if H(ao) is Spherical model; 

if H(ao) is Gaussian model; 

if H(ao) is Exponential model. 

And it follows that 

1/1(-11/. R 
81 - 81/1(-11/((1 + c~B(8))I/EETI/ + I/H(ao)ID 
{(I + 4B(8))I/EI/ + I/Ho(ao)1I + 

((1 + c~B(8))I/EETIl + I/H(ao)IDI/..\II}, 

11K-III .IIEII. 
81 - 8I/K-1 11((1 + 4B(8))IIEETII + IIH(ao)ID k 
{(I + c~B(8))I/EI/ + I/Ho(ao)ID + 

55 

(3.3.55) 

(3.3.56) 

((1 + c~B(8))I/EETI/ + I/H(ao)IDI/..\II}. (3.3.57) 

This implies that 1/.6...\1/ goes to zero when 8 goes to zero. We conclude that 

kriging is robust with respect to the parameters in the variogram, and the upper 

bound of 1/.6...\11 is given by (3.3.56). Moreover, the upper bound of kriged value 

IZ;(xo) - Z;o(xo)1 is given by 

I/ZTII·IIK-111· R 
81 _ 8I1K-111((1 + c~B(8))IIEETI/ + IIH(ao)ID . 

{(I + c~B(8))IIEII + IIHo(ao)1I + 

((1 + c~B(8))I/EETII + IIH(ao)IDII..\II}. (3.3.58) 



The Proofs of the Properties 

(1). The proof of the Property 1 

Since 

where hij = IXi - xjl, 

We first approximate IH(a, hij) - H(aO
, hij)l. 

For a with la - aol < 8, we consider 

(i) ao8 < a < ao. 

We define a function I(h) as 

Clearly, 

if 0 < h < aj 

if a < h < aoj 
if h > ao. 

if 0 < h < aj 

if a < h < aoj 
if h > ao. 

By solving I'(h) = 0 we obtain 

Since 

{ 

-3h("!" _....L) 
a3 ao3

' I" = 3h2 _1 
ao3 , 

0, 
when 0 < h < a, we have 

if h < aj 

if h > a. 

if 0 < h < aj 

if a < h < aoj 
if h > ao. 

Hence f(h) has a maximum at ho =..; aao , i.e., 
a2+aao+ao2 
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(ii) ao < a < ao + 8 

It is easy to show that f(h) is negative 

{ 

2h(1.. _ 1) _ 1h3(_1 _.1.) 
2 ao a 2 ao3 a3 ' 

- f(h) = H(ao, h) - H(a, h) = 1 - ~h~ + h3 :3' 
0, 

Similarly as in (i), we obtain 

if 0 < h < aoj 
if ao ~ h < aj 
if h 2:: a. 

max(-f(h)) = a - ao < 8 
h va2 + aao + ao2 - V3ao2 + 82 + 3ao8 

Combining cases (i) and (ii), we have 

8 
IH(a, h) - H(ao, h)1 = If(h)1 < V3ao2 + 82 + 3ao8' for la - aol < 8. 

Therefore 

IIH(a) - H(ao) II 

Similarly, 

= mfLX L IH(a, hjj) - H(ao, hjj)1 , . 
3 

8 
< max L ~===i<=~;;;=::=~:::::;; 
- j j V3ao2 + 82 + 3ao15 

- V3ao2 + ~2 + 3aoSIIEETII. 

(2). The Proof of Property 2. 

Note that 
h2 

H(a, h) = 1 - exp( -2')' 
a 
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the terms of H( a) - H( ao) are 

where hij = Xi - Xj. 

Now we define a function f(h) as 

Clearly, 
h h2 h _ h2 

f'(h) = -e-Q7 - -e 'OQ7. 
a2 ao2 

By solving f'(h) = 0, we have ho = 0,+00 and ho = J:~~r2In(~). 
However, as 

f(O) = f( +00) = 0, 

f( !:::t22 In( ~ )) must be either a maximum or a minimum. 

(i) If ao - 8 < a < ao, it can be shown f(h) ~ 0, and hence 

f(ho) = max f(h). 
O<h<oo 

(ii) If ao < a < ao + 8, then f(h) 50, i.e., 

- f(h) > 0, therefore, 

- f(ho) = max (- f(h)). 
O<h<oo 

Combining (i) and (ii), we have 

If(ho)1 = max If(h), I 
O<h<oo 

where 

1 0to~ 02 1 2 2 2 
If(ho)1 = Ie -'0Q7(0 -00 )In(~) _ e--( a ao ) In(~)1 

a2 a2 - a2 a2 o 0 
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Therefore, 

IH(a, h) - H(ao, h)1 = 1!(h)1 

for 0 < h < 00. 

Hence 

IIH(a) - H(ao) II = m~x L IH(a, hi;) - H(ao, hi;)1 , . 
J 

2(00+6 2 

< m~ L 6( 2ao ;- 6) (ao + 6) - 20
0+ 

'; ao ao 
2~00+6~2 

= 6(2ao;- 6)(ao + 6) 620
0+) IIEETII. 

ao ao 

Similarly, 

(3). The Proof of Property 3. 

By the assumption, we have 

h 
H(a, h) = 1 - exp( --). 

a 

Similarly, we define the function f(h) by 

!(h) = H(a, h) - H(ao, h) = e-o~ - e-~, 

and clearly, 

! '(h) 1 _b. 1_.l!... = -e 0 - -e 00. 

a ao 

Solving for !'(h) = 0, we obtain 

ho = aao In(~). 
a - ao ao 
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Similarly as discussed in (2), we have 

where 

That is, 

Therefore 

Similarly, 

If{h)1 :5 If(ho)l, 

IH(a, h) - H{ao, h)1 = f(h) 

< 8(_1_)( ao ) '-\ 
a-8 ao+8 

IIH{a) - H{ao) II 

for 0 < h < 00. 

1 ao 'i-I 
II Ho{a) - Ho(ao)II < 8{-1:){ 8) IIEII· 

a-vao+ 
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We now finish the proof of the three properties concerning parameters in vari

ogram. 

3.3.3 Robustness of Kriging for Sampling Configurations 

As we stated in section 2.3, the sampling configuration is one of the param

eters in the kriging system. According to Definition 1.3, the robustness of krig

ing for sampling configuration is insensitivity with respect to the perturbation 
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of the sampling configuration. We denote the original configuration of locations 

Xi E Rk, i = 1,2, ... ,n as C, and suppose that the configuration C is perturbed 

to a configuration D with positions Xi + €hi' but the underlying variogram model 

remains unchanged. That is, let hI, h2 , ••• , hn be vectors, € > 0 be a scaler, then 

the perturbed location of Xl, X2, ••• , Xn becomes Yi, i = 1, ... , n, i.e., 

In this section, we will mainly discuss the following two cases. 

(i) € fixed. 

(ii) € ~ O. 

W denote the kriging system for unperturbed C by 

where 

Kc>' + Ep = Ko,c, 

ET>. = 1, 

and that for perturbed D by: 

where 

(Kc + ~K)(>' + ~>.) + E(p, + ~p,) = Ko,c + ~ko, 

ET(>. + ~>.) = 1, 

(3.3.59) 

(3.3.60) 

(

,((Xl - Xl) + €(hl - hI)) 
Kc+~K= : 

,((xn - Xl) + €(hn - Xl)) 

,((Xl - xn) + €(hl - hn)) ) 

,((xn - xn) ~ €,(hn - hI)) , 
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( 

f; Iv'Y(x1 + fh1 - x) dX) 
Ko c + fl.Ko = : . , . 

f; Iv 'Y( Xn + fhn - x) dx 
(3.3.61) 

Combine (3.3.59) and (3.3.60), we obtain: 

fl..,\ = (K + fl.K)-l(J - ~EET(K + fl.K)-l)(fl.Ko - fl.K.,\), 

fl.p = iET (K + fl.K) -1 (fl.Ko - fl.K .,\). (3.3.62) 

We next show that the perturbation of the configuration also affects the kriging 

variance. Note that the kriging variance of the configuration C can be written as: 

u't; = Kg'''\ + p. - i(V, V) 

and that of the perturbed configuration D : 

Hence: 

u'b - (Ko + fl.Kof("\ + fl..,\ + p. + fl.p. -i(V, V)) 

- u't; + (Ko + fl.Ko)T fl..,\ + fl.Kg'.,\ + fl.p. 

(i) Case 1: f fixed. 

(3.3.63) 

(3.3.64) 

In this case, as a fixed perturbation, the perturbed location can be represented 

by Yi = Xi + hi, where hi are small, vectors,i.e., II hi II is small. The robustness of 

kriging for the sampling configuration means that when m~ II hi II is small, 1Ifl..,\1I 

should be small, where 11·11 is one of It, /00 or /2 norms. 

From (3.3.61), we know that the offdiagonal elements of fl.K are 'Y«Xi - Xj) + 
(hi - hj)) - 'Y(Xi - Xj), and the diagonal elements of fl.K are zero. Furthermore, 
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if we assume that , is everywhere differentiable, except at the origin, the patial 

derivatives exist from the right and are upper continoius, then for i 1: j, 

(3.3.65) 

where Cij lies between Xi - Xj and its perturbation X - Xj + (hi - hj). In (3.3.65) 

the symbol,' denotes the n vector of the partial derivatives. 

If (hi - hj)' s are small, i.e., the perturbation is small, then the following ap

proximation can be used: 

It follows that, within the limits of this approximation: 

AK ~ (~ (hl - hnfot(Xl - Xn)) . 
(hn - hlf ,'(xn - Xl) 

And the elements of AK are: 

~ !vb(Xi + hi - x) -1(Xi - x)) dx 

~ ~ Iv hT,'(dj - x) dx 

where di lies between Xi and Xi + hi. 

For the small perturbation, it can be approximated by: 

~ Iv hT ,'(Xi - x) dx. 

If the 100 norm is used, then; 
n 

IIAKlloo < m!1X E II(hi - hjll·II,'(Xi - Xj)lI, 
I j=l 

and 
n 

< Il!ipC II hi - hjll· m!1X(E Ih'(Xi - Xj)1I 
I,) I j=l 

IIAKolioo < mF ~ Iv IIhill·lh'(Xi - x) dx 

< m!1X IIhill· m!1X VI f Ih'(Xi - X) II dx. 
I I Jv 



If we assume that with respect to the confinguration C and volume V, 

Ib'(Xi - xj)1I :5 L, i,j = 1,2, ... , n, 

1I'Y'(Xi - x)1I :5 L, i = 1,2, ... ,n, 

then 

n 

mltX(E Ib'(Xi - Xj)ID :5 L ·IIEETII, 
, j=l 

mrx ~ Iv 1I'Y'(Xi - X) II dx :5 L ·IIEII· 

Substituting Dma:c = mltX IIhili in the above inequalities, it follows that 
l~'~n 
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II~KII :5 2Dma:c . L ·IIEETII = 2nDma:cL , 

II~Koll :5 Dma:c • L . IIEII = Dma:cL. (3.3.66) 

If we chose hi such that Dma:c < 2n1lI: -lI1L' using (3.3.66) the estimate (3.3.62) 

can be approximated as: 

(3.3.67) 

The conclusion which can be drawn from (3.3.67) is that when the perturbation 

is small, the kriging weights do not change a lot. That means kriging is robust 

with respect to the sampling configuration. 

Also from (3.3.67) we obtain 

(ii) Case 2: € ~ o. 
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In this case, the perturbation is Vi = Xi + €hi where hi are fixed vectors. Under 

the same assumption as in (i) for variogram, the offdiagonal elements of ilK are: 

and the elements of IlKo are: 

where Cij lies between Xi - Xj and Xi - Xj + €(hi - hj), di between Xi - X and 

Xi + €hi - x. 

If we let € -+0 0, we obtain: 

ilK DK IlKo DKo 
--+0-

€ D€' 
---+0--

€ D€ 

where 

ilK ( 0 

-€- = (hn - hll~'(Xn - xt} 

Il~o = ( ~Iv hl'Y'(~l - x) dX) . 

~ Iv hn'Y'(xn - x) dx 

Therefore, from (3.3.62), we have: 

IlA -+0 DA = K-1(I _ EET K-l )(DKo _ DK A). 
€ D€ ko D€ D€ 

DA 
For € small, IlA !:::! €I/ D€ " . 

(3.3.69) 

Use the same notation as in case (i), 1/ DD~o 1/ and 1/ ~~ 1/ can be approximated 

by: 

and 
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U sing these we obtain: 

II~Alloo 
DA 

rv €II D€ 1100 

< € . IIK-l II RoDma:z;L(l + 2n1lAII), 

II~Alloo DA 
rv €·II D€ II/I1AII II A 1100 
< € . 3nIlK-1IlRoDma:z;L. (3.3.70) 

From the above discussion, we conclude that kriging is robust with respect to 

the sampling configuration, and the upper bounds for II~AII and "~~" are given 

by (3.3.70). 

3.3.4 Robustness of Kriging for Block Configuration 

Consider block configuration as a parameter in kriging system, in what follows 

we will discuss the perturbation of this parameter. 

Suppose that W is the perturbation of block V by the vector h, i.e., 

W = {y I y = x + €h, x E V}. 

From the kriging system(2.1.9), we see that the perturbation only affects Ko 

in the kriging equation. The kriging system for unperturbed block V is given by 

(2.1.9) and that of W by: 

K(A + ~A) + E(p. + ~p.) = Ko + ~Ko, 
ET(A + ~A) = 1, 

where the elements of Ko + ~Ko are of the form ~ fw 'Y(Xi - y) dy. 

Combining these two systems we obtain: 

~A = K-1(I - :0 EETK-l)~Ko, 
~p. = k~ EK-1 ~Ko, 

(3.3.71) 

(3.3.72) 
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where the elements of tlKo are 

If we make the same assumption as in §2.3.2 about the variogram -y, we have: 

Similarly as before, for the case (i): € = 1 - Fixed perturbation, we have: 

(3.3.73) 

Furthermore, we suppose that 

Ih'(Xi - x)1/ < L, for x E V and Xi E C, 

then 

and hence 

(3.3.74) 

If the perturbation of block is small, i.e., I/hTI/ is small, the above inequality 

shows that I/tlAI/ is small too. 

If we consider the case(ii): € --. 0, the elements of tlKo are of the form: 
€ 

VI fv hT -y'(Xi - X - d) dx, where - €h < d < o. 

Therefore 

lim tlKo = DKo. 
t:-tO € D€ 



DKo -1 f T I 
where the elements of D€ have the form V Jv h ,(Xi - X) dx. 

Hence 

lim ~,\ = D,\ = K-l (1 _ ~EET K-l) DKo . 
1';-+0 € D€ ko D€ 

And for small €, we have following approximation: 

Using this approximation we have: 

This implies that : 

I"V €. II D,\ II 
D€ 

< € • IIK-l liRa . LllhTII·IIEII. 
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(3.3.75) 

(3.3.76) 

which, in turn, means that kriging is robust with respect to the block configuration. 

3.3.5 Numerical Examples 

We will consider the following illustration of the robustness of kriging for a 

spherical model under perturbation of the sill and nugget. Suppose that sample 

configuration and block configuration are unchanged. Under these assumptions, 

we can extimate~'\ and its bound. 

Let the original variogram, be spherical with sill at 1.4, nugget 0.8 and range 

a = 3.2. Now we consider the following three perturbed variograms while 91 is 

spherical with sill 1.6, the nugget and range are the same as ,; 92 is spherical with 

sill 1.2 and nugget 1.0; 93 is spherical with sill at 1.8 and nugget = 1.0. The ranges 

of three variograms are the same as that of " that is a = 3.2. 

we denote these variograms as follows: 

, = 0.8 + 1.4Sph(3.2), 
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9 IlLiA I~tlll Liuk Blla,\11 BUMU /lZ; - Z;II 

91 0.0194 0.0623 0.1500 20.076 30.104 0.0120 
92 0.0506 0.1642 0.2102 24.881 34.822 0.0299 
93 0.0412 0.0782 0.1904 29.543 36.987 0.0247 

Table 3.1, Robustness of Kriging 

91 = 0.8 + 1.6Sph(3.2), 

92 = 1.0 + 1.2Sph(3.2), 

93 = 1.0 + 1.8Sph(3.2). 

Observe that 91 is in the 8 = 0.15 neighborhood of, under the Definition 1, 

while 92 is in the € = 0.2 neighborhood of, under the Definition 2, and 93 is in 

the 8 = 0.20 neighborhood under the Definition 3, where ,0 = 0.8 + 1.6Sph(3.2). 

Now the kriging weights LiA and the upper bound for /lLiAIl and /I~~II are 

computed. The results are shown in Table 3.1, the fifth column is a bound for LiA 

and the sixth column for IIlt~lI. From these results it can be seen that for 92, 93, 

the € are same, but the LiA and IIlt~/I for 92 are smaller than that for 93. All the 

upper bounds for /lLiAIl and 1I1~~11 are much larger than the actual error. 

3.4 Robustness of Cross-validation Method 

From §2.3 we know that to performe kriging, a variogram model must be spec

ified. For different variogram model, the kriged value is different. In practice, the 

variogram model is estimated from data, and therefore there is an error between 

the true model and the estimated one. The most important thing is to judge 

whether a selected variogram is a good one or not. The usual method to test the 
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variogram model is Cross-validation. 

The cross-validation method can be described as follows: 

For the data Z(Xl), Z(X2),"" Z(xn ), one at each time, the value at data point 

Xi is kriged using only other data. Then one can compare the true value Z(Xi) with 

its kriged estimate Z*(Xi) and decide which variogram model is better. Since the 

kriging estimator is exact, the kriged value should be close to the observed values, 

if the variogram model adequately reflect the spatial correlation implicit in data 

set. This "closedness" can be characterized in a number of the ways. Usually, the 

statistics used include: 
1 n 

(a) Mean error: - 'E(Z(Xi) - Z*(Xi))j 
n i=l 

1 n 
(b) Mean square error: - I: (Z(Xi) - Z*(Xi))2j 

n i=l 

(c) Standard error: .!. t ((Z(Xi) ( ~*(Xi))) 
2

, U~(Xi) is kriging variance for Z(Xi)j. 
n i=l Uk Xi 

(d) Sample correlation of Z(x) and Z*(x)j 

(e) Sample correlation of Z*(Xi), Z(Xi) - Z*(Xi). 
Uk 

Since kriging estimate Z* is unbiased, theoretically, the mean error (a) should 

be close to zero and the mean square error (b) should be small, while the standard 

error (c) and the sample correlation (d) should be close to one. Usually, one can 

choose the variogram model which gives the smallest mean error and mean square 

error. 

We know that kriging estimate Z*(Xi) depends on the variogram model and 

sampling configuration, the cross-validation statistics (a), (b), (c), (d) and (e) also 

depend on these parameters. It is natural to ask how these parameters affect the 

cross-valiation statisticses. In particular, is the cross-validation method robust 

with respect to these two parameters or not and what bounds can be obtained for 

the cross-validation statistics? 

In order to answer these questions, first we express the cross-validation statistics 
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using the dual kriging system in §1.3. 

3.4.1 Expression of Cross-validation Statistics 

From kriging system, we know that in a moving neighborhood each kriging 

point is estimated by a linear combination of the values at its nearest neighborhood. 

In a unique neighborhood, each point is estimated by a linear combination of all 

the other data. In order to get a useful expression for cross-validation statistics, 

we use a unique neighborhood. 

For the data Z(X1),Z(X2),""Z(xn ), if the dual kriging system is used, the 

kriging in a unique neighborhood can be interpreted as a function of kriging point 

x: 
n 

Z*(x) = L:ky(x - Xi) + p, 
i=1 

where the coefficients b~s and P being determined by dual kriging system: 

n 

L bn(Xi - Xj) + P = Z(Xj), 
i=1 

n 

L:bi = O. 
i=1 

If we suppose that the value at datum point Xi is unknown, the interpolating 

function will be 

with 

Z*(Xi) = L: bk")'(Xi - Xk) + Pi 
k::f;i 

L bk")'(Xk - Xj) + Pi = Z(Xj), j =f; k, j = 1, ... ,n, 
k::f;i 

L:bk = O. 
k# 

(3.4.1) 

(3.4.2) 
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This dual kriging system can be rewritten as another form by defining the 

following new vectors (Dubrule, 1983, [12]): 

bi-l 
b~i = 0 

bi+! 

then (3.4.2) can be written as 

Z(Xi-l) 
Z*(Xi) 
Z(Xi+l) 

(3.4.3) 

(3.4.4) 

If we denote the mean error by MER and the mean square error by MSE, then 

MER = '!'(ZTZ - tZ*(Xi)), 
n i=l 

MSE = "!:"(ZTZ - 2ZTZ* + Z*TZ*). 
n 

(3.4.5) 

Let ei be a vector where all the elements are zero except the i-th element which 

is one, that is: 

then 

And from eq (3.4.4) we have: 

It follows that 

i = 1,2, ... ,no 
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By using this expression MER and MSE can be written as : 

(3.4.6) 

3.4.2 The Robustness of Cross-validation 

From the expression (3.4.7), we know that the mean error MER and mean 

square error MSE depend on variogram and the sampling configuration. So we 

can write them as 

MER("(,C), MSE("(,C) 

where 'Y is variogram and C is samling configuration. 

If variogram or sampling configuration or both of them are·changed, the MER 

and MSE will change. Since the kriging is robust with respect to variogram and 

sampling configuration, it is natural to think that the cross-validation should be 

robust with these two parameters. 

For Perturbed variogram 9 and sampling configuration D MER and MSE are 

denoted by MER(g,D) MSE(g,D), therefore, the change of MER and MSE 

are: 

~MER = MER(g,D) - MER("(,C), 

~MSE = MSE(g,D) - MSE("(,D). 

Using this notation, the robustness of cross-validation can be considered as in 

following definition. 

Definition If MER or MSE is insensitive to small perturbation in variogram 

or in sampling configuration, that is, liITlg-+'Y ~M ER = 0, limD-+o ~M ER = 0 or 
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limg ..... ")' AM S E = 0, limD ..... o AM S E = 0, then the cross-validation is said to be 

robust. 

Now we will discuss the robustness separately and give the bounds for AM ER 

and AMSE. 

3.4.2.1 Robustness of Cross-validation for Variogram 

Now we assume that variogram '"'( is perturbed to g, where 9 E N6( '"'() under one 

of the three definitions of neighborhood of variogram, while sampling configuration 

is kept unchanged. In this case we denote the MER corresponding to '"'( by MER( '"'() 

and MSE by MSE(,",(). By (3.4.7), for variogram '"'( we have: 

(3.4.7) 

and for variogram g, the MER is: 

(3.4.8) 

... ... 
where b+i + Ab+il /-ti + A/-ti satisfy: 

with K + AK defined as before. 

From (3.4.8) and (3.4.9) we obtain: 

AMER - MER (g) -MER('"'() 

- .!. t{t[(K + AK)Ab+i + A/-ti + t[ AKbd· 
n i=l . 

(3.4.9) 

In the same way we have: 

AMSE = MSE(g) - MSE(,",() 



If we use one of the It, 100 or 12 norms, we obtain: 

1 n 

I~MERI ~ - L:{IIK + ~KII·II~b+ill + 1~llil + II~KII·llb+ill}, 
n i=l 

and 

I~MSEI 
1 n 

< - L: (11K + ~KII . lI~b+dl + 1~llil + II~KII . IIb+dD 
n i=l 

{11K + ~KII·II~b+ill + 1~llil + II~KII·llb+i1l 
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+2(IIKII·llb+ill + IlliD + 2I1ZII}· (3.4.11) 

If we denote 

then we can prove that bi and Ili are the solution of following system: 

where Ki is a matrix obtained by deleting the i-th colum and i-th row from K, 

and 

1 

Zn 1 (n-l)X(l) 

Since IIbili = IIb+ill, (3.4.11) can be written as : 

1 n 

I~MERI < - L:{IIK + ~KII·II~bili + 1~lld + II~KII·llbill},and 
n i=l 
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I~MSEI 
1 n 

< - I: (11K + ~KII . II~bill + 1~llil + II~KII . IIbi//) 
n i=l 
{11K + ~KII . "~bill + 1~lld + II~KII . II bill 
+2(IIK II . II bill + Illi/) + 211 Z ll}· (3.4.12) 

Now we consider three definitions separately for robustness of cross-validation 

with respect to the variogram. 

Under Definition 1 

Let 9 E Ns('Y) be a perturbed variogram from 'Y. The dual-kriging system for 

'Y is given by: 

(3.4.13) 

and that of 9 by: 

(3.4.14) 

where Ki + ~Ki is a matrix obtained by deleting the i-th row and i-th column 

from K +~K 

From (3.4.13) and (3.4.14), we have: 

where 

~ . __ ET(Ki + ~Ki)-l ~K';;' 
III - ET(K + ~Kir1 Ei I " 

~;;i = -(Ki + ~Kir1(I - EiET(Kik~ ~Kir1 )~KJi (3.4.15) 

Becauseg E NsC'Y), we have II~KII :5 allKII. Let k(Ki) be the condition number 

of Ki. If we assume that IIKi1 ~Kill < 1, we choose a such that a :s; mini k(ki)}, 
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then we obtain: 

(3.4.16) 

where 
~ = 1/1 _ EiEr(Ki + ilKitlll. 

ki 
Using these approximations, from (3.4.12), we obtain the following bounds: 

lilMERI 

and 

lilMSEI 

If we denote I/bdl· (1!i~2i)«1 + 6)~ + "~~" + 1» by Ai, then 

lilM ERI < 6· (IIKI/ t Ai), 
n i=l 

lilMSEI < 6· (I/KI/ tAi(Ai + 2l/KI/.l/bdl + Ipd) + 2I1ZI!). (3.4.17) 
n i=l 

Note that lilIl5--+o Ai is finite, (3.4.17) implies that 

lim lilM ERI = 0, lim lilM S EI = O. 
0--+0 0--+0 

These imply that the Cross-validation is robust with respect to the variogram. 

Under Definition 2 

For 9 E N(.b) under Definition 2, we assume that IIKi-1ilKil/ < 1, and we 

choose the € such that 



78 

Under these assumptions we obtain: 

Hence, I~MERI and I~MSEI can be approximated as follows: 

I~MERI 

and 

I~MSEI 
1 n ~ (n - 1) II Ki-

1 II . IIEII 
< f· n ~ II bi ll 1_ fen _ 1) II K

i
- 1 II ((IIKII + (n -1)f)Ri + Ikil + 1) 

{libill( (n - 1) II Ki-
1

II ((IIKII + (n _ l)f)R; liE II + 1) 
1- fen -1)IIKi 111 Ikil 

+2(IIKill'lIbili + l/-til) + 2I1 Z I!)}· 

Let Bi = IIbilll~:~~~~k:"ill(IIKIl + (n -1)f)R;, then: 

1 n 
I~MERI < f'-LBi, 

n i=1 

I~MSEI (3.4.18) 

From (3.3.18), we know that when f goes to zero, I~MERI and I~MSEI are 

close to zero,that is, when variogram 9 is close to ,,(, the cross-validation statistics 

corresponding to 9 are close to those corresponding to ,,(, this implies that cross

validation is robust with respect to the variogram. 

Under Definition 3 

By Definition 3, we know that 9 E Nf('Y) means: II~KII ::; fIlK-yoli. We choose 

f such that: 
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that is € < mindllKi III~IK",olill}' where K'Yo,i is a matrix obtained by deleting the 

i-th row and i-th column from K'Yo' 

Similarly as before, under these assumptions, we have: 

By these approximations we can estimate ILlMERI and ILlMSEI as: 

I LlMERI 

and 

ILlMSEI < 

H we let 

we have: 

ILlMERI ~ €.! ~ Ci((IIKIl + €IIK'Yoll)~ II~~" + 1), 

1 n 

< €. - :L CiCCi + 2(IIKill'lIbili + Ipi! + IIZII))· 
n i=l 

(3.4.19) ILlIMSEI 

From these expressions we conclude that the cross-validation is robust with 

respect to the variogram. 
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3.4.2.2 The Robustness of Cross-validation for the Sampling Configu

ration 

As in §2.3.2, suppose that the configuration C of sampling points Xi E R;I-, z = 

1, ... , N is perturbed to a configuration D with positions Xi+~Xi, but the underly

ing varioram model remains unchanged. Corresponding to sampling configuration 

C and D, we denote MER and MSE by MER(C), MER(D) and MSE(C), MSE(D) 

seperately. Therefore, from (3.4.7), 

(3.4.20) 

where b+i, J-ti satisfy (3.4.4). 

1 T T ........ 
MER(D) = -{E Z - L:(K + 6K)(b+i + ~b+i) + E(J-ti + ~J-ti)} (3.4.21) 

n i 

.... .... 
where b+i + 6b+i, J-ti + ~J-ti satisfy 

and K + ~K is a matrix with elements ,,/(Xi - Xj + (~Xi - ~Xj)). 

Combining (3.4.4) and (3.4.22), it follows that: 

where the elements of ~K are: 

{ 
,,/(Xi - Xj + (6Xi - ~Xj)), if: jj 
0, Z = J. 

(3.4.22) 

(3.4.23) 

(3.4.24) 

Under the same assumptions as in §2.3.2, that the variogram "/ is everywhere 

differentiable except at the origin, and for one of h, 12 and 100 norms, we have: 
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If we assume that for configuration C, 

then 

Using the notation of (3.4.12), and the definitions of Ki and tiKi, we have 

(3.4.25) 

For II Ki-
1 tiKi II < 1 we have 

II ( T( ti T/, )-111 III(i-1 II 
.l! i + .l~i < 1 _ 2Dmax . L . IIEiETII . II K

i
- 1 II . (3.4.26) 

Using these bounds and the dual-kriging system, we obtain: 

For It and 100 , IIEiETII = n - 1. If we denote 

. II Ki-
1 II 

Pi = 1 - 2Dmax . L . IIEiET" . "Ki1 II ' 
we have the following bound for tiMER: 

I tiMER I ~ 

Let 

then 

(3.4.28) 
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Similarly, for 6.MSE, we have: 

(3.4.28) and (3.4.29) show that 6.MER and 6.MSE are close to zero as Dma:r: = 

max1~i~n II hi II goes to zero. That is, MER and MSE are insensitive to the small 

perturbations of the sampling configuration. This implies that the cross-validation 

is robust with respect to the sampling configuration. 

3.4.3 Numerical Examples 

In the first example, we perturbate the variogram 'Y to 9 and keep the sampling 

configuration unchanged. 

The variogram 'Y is the same as one in §2.4. We perturbate the 'Y to gl, g2 

and g3, where'Y to g1, g2, g3 are the same as those in §2.4. Using three different 

definitions of the neighborhood of variogram, we have: 

gl E No.s("(), under the Definition 1; 

g2 E NO.2('Y), under the Definition 2; 

g3 E NO.2("(, 'Yo) under the Definition 3 

and 

'Yo(h) = 0.8+ 1.6Sph(3.2). 

Using the expressions (3.4.17), (3.4.18) and(3.4.19), MER and MSE are com

puted for all these variogram models. The results are shown in the Table 3.1. The 

third column is the upper bound for MER. 

From these results we can see that for g2 and g3, the €'s are the same( €=0.2), 

but IMERI corresponding to g3 is smaller than that corresponding to g2. And 

the upper bound for g3 is also smaller than that for g2. This shows that using 

Definition 3 may be better than Definition 2. From the results in Table 3.2 it can 
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9 MER BMER 

gl 0.0535 65.084 
g2 0.0864 72.985 
g3 0.0547 45.621 

Table 3.2, Robustness of Cross-validation 

be seen that the actual error is the number to 10-2 , but the upper bound for the 

error the number to 102 • This indicates that these bounds are not good enough, 

they should be improved. 

3.5 Influence Curve and Its Applications in Kriging Esti
mator and Cross-validation 

From §2.3.1.2, we can see that if we use Definition 3 of the neighborhood of 

variogram, when neighborhood is very small, we can use the derivative of vari

ogram to characterize the robustness of kriging. In the classical statistics, the first 

derivative of an estimator is viewed as functional and it is defined as "influence 

curve". This influence curve can be used to derive asymptotic variance as well as 

to study the local robustness properties. Analogy with the definition of influence 

curve of an estimator, we can define the influence curve for kriging estimator and 

cross-validation. And using these influence curves we approximate the change of 

kriged value and cross-validation statistics when variogram 'Y is perturbed to 9 in 

a neighborhood. 

Firstly, we will define the influence curve of kriging estimator and cross-validation. 
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3.5.1 Definition of Influence Curve 

From the definition of influence curve of an estimator (Hampel, F. P, [15]), we 

can see that the influence curve of an estimator T is essentially the first-derivative 

of T. That is, it is defined as a first derivative of a vector-valued mapping from 

a subset of probability measures on n (where n is a complete separable matric 

space) into the K-dimensional Euclidean space Rk. This definition is stated as 

follows: 

Definition 3.5.1 Let n be a complete separable metric space and T be a vector

valued mapping from a subset of probability measures on n into the K-dimensional 

Euclidean space Rk, and let F, G lie in the domain of T. Then the vector-valued 

"influence curve" ofT at F is defined by 

10 () - 1· {T(G) - T(F)} 
T,F W - 1m G F . 

G-+F -
(3.5.1) 

Analogy this definition, we define the influence curve of kriging as a "first 

derivative" of a vector-valued mapping from subset of positive definite function 

on ~ to the n-dimensional Euclidean space R!'. If let ,\ be kriging weight vector, 

the influence curve of kriging estimator can be defined as follows: 

Definition 3.5.2 Let 'Y, g be valid variograms, '\(g) be kriging-weight correspond

ing to g, ,\( 'Y) corresponding to 'Y. Then the influence curve of kriging-weight ,\ is 

defined point wise by 

10>. (x) = lim '\(g) - '\(-y) 
.'Y g-+'Y g - 'Y (3.5.2) 

if this limit is defined for every x E Rn. 

If we use Definition 3 of neighborhood of variogram, let g = 'Y + f.'Yo, then the 

influence curve can be written as: 

10 () - 1· ,\( 'Y + f.'Yo) - '\(-y) 
>''Y x - 1m 

• (-+0 f. 
(3.5.3) 
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This is the Frechet derivative of A at "( in direction "(0' From (3.3.41), we know 

That is, the influence curve of kriging-weight is 

for x ERn (3.5.4) 

Using the same idea, if we consider 

T(-y) = MER(-y) 

where MER defined as in (3.4.5) is statistics in cross-validation method, then we 

can define the influence curve of MER. 

Since MER("() is a functional on subset of positive definite functions on Rn, 

the influence curve of MER is defined as a "first derivative" of a functional on 

subset of positive definite functions on ~. It is defined by following definition. 

Definition 3.5.3 If 9 and"( are valid variograms on R!", then the influence curve 

of MER is defined pointwise by 

IG () I
· MER(g) - MER(-y) 

MER,-y x = 1m --....;....;~----'-'...;.. 
g-+'Y 9 - "( 

(3.5.5) 

if the limit exists for x E R!"'. 

For 9 = "( + €"(o the influence curve is given by 

IG () I· MER(-y + €"(o) - MER(-y) 
MER,'Y x = 1m 

f-+O € 
(3.5.6) 

Consider the Dual-kriging system (2.3.3), we have MER("() given by (3.4.7) and 

M ER(-y + €"(o) given by 

1 T ~ ...... 
MER(-y + €"(o) = -{E Z - LJ(K + ~K)(b+i + ~b+i) + E(p,i + ~p,i))} 

n i=1 



therefore 

where b+i is defined as (3.4.3). 

Since 

ef(K + LlK)b+i - L(-y(Xi - xi) + ey(xi - xJ)).6b+i 
#i 

- (ef(K + .6K))i.6bi 
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where (enK + .6K))i is a vector obtained by deleting the i-th element from eT(K + 

Llk) and 

Similarly, 

where 

satisfies (3.4.13). 

Therefore, (3.5.7) can be written as 

(3.5.7) 

... 
where .6bi and .6P.i satisfy (3.4.14). 

Since for I + f,O the .6K in (3.4.14) satisfies 

where K-Yo.i is a matrix obtained by deleting i-th column and i-th row from K-yo 

whose elements are lo(xi - Xi)' 
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... 
Using this relation, dbi and dPi can be obtained as 

(3.5.8) 

Therefore, (3.5.7) can be written as 

Because 

lim(K + dK) = K 
( .... 0 

where lim(K + dK) means taking limit by elements. 

If we consider the limit 

1
. MER(f + flo) - MER (f) 
Im--~-....;......:..---..;...;...:... 

( .... 0 € 

we obtain: 

(3.5.10) 

where 
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That is, the influence curve of MER is 

(3.5.11) 

where x ERn. 

Similarly, if we consider T({) = MSE({) which is defined as in(3.4.5) we can 

define the influence curve of MSE by 

IG () 1
· MSE(g) - MSE({) 

MSE-y x = 1m , g--y 9 -, for x E Rn (3.5.12) 

If we let, + f.'o, them the influence curve of M S E is 

IGMsE,-y(X) = 

3.5.2 The Role of Inftuence Curve 

Since the influence curve is "first derivative" of an estimator, how the influence 

curve behaves in the neighborhood and how the limit which defines influence curve 

is approached tells us a lot of behavior of estimator. By the definition of influence 

curve we know that if G is close to F, then 

T(G) ~ T(F) + f IGT,F(x) d(GF)(X) 

and 

T(G)(x) ~ T(F)(x) + IGT,F(x) 

For the kriging estimator, if variogram 9 is very close to variogram , then we 

can use the kriging weights A = A(,) and influence curve IG).,-y(x) to approximate 
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the kriging weights ..\+~..\ = ..\(g). Furthermore the kriged value corresponding to 

9 can be approximated by the kriged value corresponding to , and influence curve 

10),.,"'(. 

If 9 = , + f,o, we have 

(3.5.14) 

By (3.5.4), the following approximation is obtained: 

(3.5.15) 

for small f 

Furthermore, from (3.5.15) we have: 

(3.5.16) 

If we denote the kriged values ZT (A + fAO) and ZT A by Z; (x) and Z; (x), then 

we have 

(3.5.17) 

for small f. 

From (3.5.15) we can see that when the variogram 9 is in a small neighborhood 

of the variogram" if we use ..\(,) = A and influence curve 10),.,-Y(x) to approximate 

..\(g) = A+~A, the error IA(g)-~(g)l, where ~(g) is approximation of A(g) obtained 

by (3.5.15), is O(f2). That is, the error is higher order of f2. Here IA(g) - ~(g)1 

means the absolute value of each element of the vectors. 

Similarly, for cross-validation, consider the mean error MER and the mean 

square error M S E, if variogram 9 is close to , then ME R(g) can be approximated 

by MER(,) and influence curve 10MER,'Y(X), while MSE(g) can be approximated 
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by MSE(,) and ICMsE,-y(x). By (3.5.11) and (3.5.13), we have the following 

approximations: 

MER(g) ~ MER(,) + €. ICMER,-y(x) 

- MER(,) + €.!. E{(e;K)jK;1 RoJ(-Yo,j 
n j=1 

ET -1 T .... +-k K j K-Yo,j - (ej K-yo,j)j}bj (3.5.18) 
OJ 

MSE(g) ~ MSE(,) + €. ICMsE,-y(x) 

- MSE(,) + €. !. t {(e;K)jKj -
1 RojK-Yo,i - (e;K-YO)i 

n i=1 

ET -1 .... T -1 .... T .... 
+-k . K j K-Yo,j}bd(ej K)jKj RoiK-yo,jbj - (ej K-yo)jbj 

01 

ET -1 .... T.... .... 
+-k . K j K-Yo,jbj + 2((ej K)jbj + p.j - Zj)} (3.5.19) 

01 

And the errors of these approximations are O(€2), that is 

IMER(g) - MER(g) I = o(€2) 

IMSE(g) - MSE(g)1 = o(€2) 

where MER(g) is the approximation of MER(g) obtained from (3.5.18), while 

MSE(g) is the approximation of MSE(g) obtained from (3.5.19). 

3.5.3 Numerical Examples 

We consider the variogram , which is defined in §2.3.4, and g1, g2, g3 and g4 

are variograms perturbed from 'Y. They are spherical models with different nugget 

and sill but the same range. 

91 = 1.0 + 1.8Sph(3.2) 

g2 = 0.96 + 1.6Sph(3.2) 

g3 = 0.88 + 1.56Sph(3.2) 

g4 = 0.84 + 1.48Sph(3.2) 



And these gi's can be written as 

gl = , + 0.25/0 

g2 =, + 0.2,0 

g3 = / + 0.1,0 

g4 = / + 0.05/0 

where ,0 is spherical model with sill 1.6, nugget 0.8 and range 3.2. 
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9 € ApprMER MER(g) Error 
gl 0.25 11.0221 10.8102 0.2119 
g2 0.20 10.9892 10.8228 0.1654 
g3 0.10 10.9351 10.8472 0.0979 
g4 0.05 10.9214 10.8711 0.0504 

Table 3.4, Cross-validation Results by Using Influnce Curve 

By (3.5.4) we can compute the influence curve of the kriging-weight vector. 

By using this and ,.\(")'), we get the values of "\(gi) i = 1,2,3,4 which are shown 

in the Table 3.3. Also we compute the influence curves for MER by (3.5.11) 

and obtain the approximated values of MER(gi) by using this influence curves 

and MER(")'). The results are shown in the Table 3.4, where the third column is 

the approximated value of MER. From the results in Table 3.3 and Table 3.4 we 

can see that when the variogram gi is very close to ")', that is € very small, the 

approximated values of "\(g) are very close to ,.\(")'), and so is the value of MER. 

These show that if the variogram 9 is very close to the variogram ")', we can use 

the initial values (corresponding to ")') and the influence curve to approximate the 

values corresponding to 9 very well. 
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Chapter 4 Bayesian Kriging 

4.1 Introduction 

Kriging is a well-known method of spatial interpolation, in which the predic

tions are based on a random function model. This includes the assumptions about 

the drift and the covariance function. In classical kriging, it is required that the 

expected function and the covariance function are known with certainty. How

ever, in reality, one or both of them are unknown, and the function forms and 

the parameters are often determined from the data. Therefore, a deficiency of 

classical kriging methodology is that it fails to incorporate the uncertainty about 

these functions into the measures of interpolation error. Bayesian approaches to 

spatial interpolation avoid this deficiency, and such an approach is the subject of 

this chapter. 

If we restrict ourselves to the linear interpolation, Bayesian approach called 

Bayesian kriging depends on the prior distribution only through their first and 

second moments. Omer, Halvorson and Berteig characterized Bayesian kriging 

by considering the uncertainty of the expected function and the covariance func

tion. Omer [[35]] derived Bayesian kriging by taking first and second moments 

as specified. Orner and Halvorson [36] extended the method of Orner to include 

linear trend model with random coefficients. And Orner, Halvoson and Berteig 

[37] considered and illustrated two competing Bayesian models. 

In this chapter, the uncertainty of the covariance function is considered. Since 

in most cases, when we estimate the unknown covariance function from the data, it 

is hard to specify this function or the parameters of the function exactly. Therefore, 

from the practical point of view, the prior information can be assigned on the 

covariance function, and the Bayesian interpolation is one of several techniques to 

achieve the goal, that is, to approach the kriging. Here we consider the uncertainty 
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of parameters (nugget, sill and range) in covariance function, where the analytic 

form of covariance function is known. We suppose that the prior distribution of the 

parameters in covariance function is given. Under several different assumptions, 

for given prior distribution of parameter, we characterize three models. 

In the next section, we will give a definition of Bayesian kriging. In the following 

section, model I is derived by doing kriging interpolation directly using a prior 

distribution. This approach is called the direct method. Section four contains the 

procedure for deriving model II which is obtained by doing kriging interpolation 

indirectly. In this approach the Bayesian estimate of parameters are obtained. We 

call it the indirect method. In section five several cases of prior information of 

parameters are presented. We will discuss the relations among model I, model II 

and some other models in section six. In section seven, we derive another Bayesian 

kriging model, which is called model III, under the same assumptions as in model 

II. Finally, we will present some examples to compare the difference among these 

three models. 

4.2 Direct Method (Model I) 

4.2.1 Basic Notation and Assumptions. 

Let the variable under the study be denoted by {z( a: ) a: E A}, and the 

underlying random function be 

{Z(a:) : a: E A}. 

The distribution of Z(a:) is unknown, and the characteristics of Z(a:) will not 

be known. Suppose that for given parameter a = (Co, CI, a), the first two moments 

of {Z(a:)} are known. That is, for given ii = a, assume 

(1) E[Z(a:)la = a] = mj (4.2.1) 



(2) Cov[Z(x'), Z(x")la = a] = C(x', x", il) 

= eo8(x', x") + c1h(x', x", a) 

where h( x', x", a) is a known function. 
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(4.2.2) 

And also, it is assumed that the parameter a has a prior distribution. Suppose 

this distribution has density function p(il). Denote this by 

(3) a ("V p(il). (4.2.3) 

From linear Bayesian theory [17], the following expressions for the conditional 

expectation and the conditional covariance are known as 

(i) E[X] = Ez[Ex[XIZ]], 

(ii) Cov[X, Y] = E[Cov[X, YIZ] + Cov[E[XIZ], E[Y/Z]] 

with X, Y, Z being arbitrary random variables. 

From these facts and the assumptions (4.2.1), (4.2.2) and (4.2.3), we have 

Ez[Z(x)] = Ett[Ez[Z(x)la] = Ett[m] = m, 

C(x', x") = Covz[Z(x'), Z(x")] 

= Ett[Covz[Z(x') , Z(x")/a] + Covtt[Ez[Z(x')/a],Ez[Z(x")/a]] 

= Ett[C(x',x")/a] 

= J C(x', x", il)p(il) dil. 

Now we use above relations to derive the Bayesian kriging model. 

4.2.2 Bayesian Kriging Model 

(4.2.4) 

Assume that the following set of observations of random function Z(x) : x E A 

is available 



where the Z(Xi)'S satisfy conditions of (4.2.1), (4.2.2) and (4.2.3). 

Using Z(Xl), Z(X2), .. " Z(xn ), the Best Linear Unbiased Estimate of 

Z(xo), where Xo is an arbitrary location in A, can be obtained as follows. 

Consider a linear predictor for Z(xo), 

n 

Z*(xo) = L: AiZ(Xi). 
i=1 

Let 2:i=1 Ai = 1, then by (4.2.4) the mean prediction error is 

E[Z*(xo) - Z(xo)] 
n 

= E[L: AiZ(Xi) - Z(xo)] 
i=1 

n 

= L: AiE[Z(Xi)] - m 
i=1 

=0. 

And the variance of the prediction error is 

Varz[Z*(xo) - Z(xo)] 
n 

= Varz[L: AiZ(Xi) - Z(xo)] 
i=1 

n 

= EZ[L:AiZ(Xi) - Z(XO)]2 
i=1 

n 

= C(xo, xo) + L: AiAjC(Xi' Xj) - 2 L: AiC(Xi' xo) 
i=1 

n 
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(4.2.5) 

= Ea[C(xo, xola)] + L: AiAjEa[C(Xi, xjla)] - 2 L: AiEa[C(Xi' xola)X4.2.6) 
i=1 

The set of weights A~S will be determined by minimizing the variance under the 

unbiasedness constraint 

n 

min Var[Z*(xo) - Z(xo)], 
,xi 

with L: Ai = 1. 
i=l 
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Using the Lagrange procedure, the following Bayesian kriging system is ob

tained 
n 

:L A;Ea[G(x;, xjla)] + p. = Ea[(G(x;, xola)], j = 1,2, ... , n 
;=1 

n 

:L Ai = 1. ( 4.2.7) 
i=l 

The above version can also be written as a matrix form 

(4.2.8) 

where 

_ (Ea[G(X~' XI, a)] :.. Ea[G(x~, Xn, a)]) 
K- . . . . . . 

Ea[G(Xn, XI, a)] ... Ea[G(xn,xn,a)] 

= (J G(X1' Xl; a)p(a) da :: ~ J G(X1' Xn:, a)p(a) da) , 

J G(Xn' XI, a)p(a) da ... J G(Xn' Xn, a)p(a) da 

F = (1,1, ... , l)T. 

From (4.2.8), we obtain the Bayesian kriged value as 

Z*( ) = ZTK-1(T/ _ FFTK-1Ko - F) 
Xo .no FTK-1F . (4.2.9) 

And the variance of Bayesian kriging is given as 

uk = f G(xo, Xo, a)p(a) da - (p. + t Ai f G(Xi' Xo, a)p(a) da) 
1=1 
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- J C(xo, xo, a)p(a) da -

(
FT K-l Ko - 1 K-1(J(, _ F FT K-l Ko - 1 )KT) 

FTK-1F + ° FTK-1F ° (4.2.10) 

4.3 Indirect Method (Model II) 

4.3.1 Notation and Assumption 

Consider the interested variable which is represented by the following random 

function 

{Z(x) : x E A}. 

Assume that {Z(x) : x E A} is Gaussian random function, i.e., 

Z(.)la""' N({3, v(.,., a)). (4.3.1) 

Since Z(.) is a Gaussian process, conditional on parameter a = (eo, CI, a)T, its 

mean IS 

E[Z(x)li1J = (3 (4.3.2) 

and the covariance function is 

v(x', x", a) = Cov[Z(x'), Z(x")Ii1J (4.3.3) 

where (3 is known, and so is the function v(., ., .), but the parameter a is an unknown 

random vector. However we assume that the distribution of the parameter vector 

a is known. Moreover we suppose this distribution has density function p(a), i.e., 

(4.3.4) 
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4.3.2 Bayesian Kriging Model 

As same as in section (4.2.2), we try to predict Z(xo) by using N observations 

which are from {Z(x) : x E A} satisfying (4.3.1), (4.3.2) and (4.3.3). 

Since the distribution of {Z(x) : x E A} is known, we can predict Z(xo) by 

finding the Bayesian estimate a of parameter ii, that is, we will derive the Bayesian 

kriging by using covariance function v(.,., a). 

4.3.2.1 Bayesian Estimate of Parameter a 

From Bayesian statistics [24], it is known that for squared-error loss function, 

the Bayesian estimate of parameter is the conditional mean for given data. Hence, 

the Bayesian estimate of ii is 

a = Ea[iilZ] 

where Z = (Z(Xl), Z(X2), ... , Z(xn))T. 

If random sample Z = (Z(Xl), Z(X2), ... , Z(xn)f is from a Gaussian process 

Z(x) defined by (4.3.1) for given parameter ii, then the density function of condi

tional distribution of i for given ii, which is denoted by f(zlii), can be obtained 

as follows: 

(4.3.5) 

where 

(4.3.6) 

iff = ((3, (3, ... , (3f· (4.3.7) 
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Since it is assumed that il tv p(il), the density function of Z is given by the 

following expression: 

J(z) = J J(zlil)p(il) dil. (4.3.8) 

Hence, the posterior distribution of il is 

J(illz) 
J(z, a) 

-
J(z) 

J(zlz) . p(a) 
-

J(z) 
J(zlz) . p(a) 

- J J(zla)p(il) da' 
(4.3.9) 

Therefore, using this posterior distribution, the Bayesian estimate of a can be 

obtained. 

Result 4.3.1. IJ random sample Z = (Z(Xl), ... , Z(xn)f is Jrom 

Z(')lil tv N«(3, v(.,., a)), 

and il tv p(a), then for the squared-error loss (a - i1*)2, the Bayesian estimate oj 

a is given by 

~ J ilJ(zlil)p(a) do' 
a = J J(zla)p(a) do' (4.3.10) 

where J(zlil) is defined by (4.3.5). 

4.3.2.2 Bayesian Kriging Model 

For given data Z = (Z(xt), Z(X2), ... , Z(Xn))T, we consider a linear predictor 

for Z(xo) with Xo an arbitrary location in A 

n 

Z*(xo) = E AjZ(Xj) . 
i=l 

Under the assumption (4.3.1), the Bayesian estimate of parameter a in covariance 
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function V(.,., it) can be obtained as fi by Result 4.3.1. Therefore, the Bayesian 

predictor of Z(xo) is obtained by using v(.,., 11). 

Consider linear unbiased minimized variance estimation, the following system, 

called Bayesian kriging model II, can be derived: 

E A;AjV(X;, Xj, fi) + p, = v(xo, Xj, fi), 

(4.3.11) 
;=1 

The above version can be written in matrix form 

( 4.3.12) 

where 

V(Xb ~n' fi)) 
: , 

V(Xn' xn , fi) 

F = (1,1, ... , If . (4.3.13) 

The kriged value and the kriging variance are given by: 

Z*( ) = ZT K-1(J(, _ F FT K-l Ko - F) 
Xo ° FTK-IF ' (4.3.14) 

and 

n 

uk - V(Xo, Xo, fi)p(a) - (p, + E A;V(X;, Xo, fi)) 
;=1 

~... FTK-IKo-l 
- V(Xo, Xo, a)p(a) - ( FTK-1F + 

K-1(J(, _ F pT K-l Ko - 1 )KT) 
° FTK-IF o· ( 4.3.15) 
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4.4 Prior Information For a = (Co, c}, a)T 

From the Bayesian kriging system (4.2.8), (4.3.12), we note that the change of 

the prior information of a = (eo, Cl, ay will have an influence on the weights, and 

hence on the obtained kriged value . Several cases of prior information have to be 

discussed. 

4.4.1 Co, Cl Specified, a as Random Variable 

In this case, it is assumed that a has an exponential distribution, that is 

a'" (a) = {(3exp( -(3a) , if a > ~; 
p 0, otherwIse. 

(4.4.1) 

(1) Model I 

For Model I, we have 

O(x', x") = Ea[O(x', x", a)] 
roo 

= eoD(x', x") + cl(310 hex', x", a) exp( -(3a) da. (4.4.2) 

We now consider examples for particular covariance functions. In all these 

examples, we suppose that Z(x) is the second order stationary. 

Example 1 Suppose that O(x', x", a) is a spherical function, i.e 

O(x', x", a) = O(lIx' - x"lI,a) 

{

eo + Cl, 

= cl(l - (1.511~':~1I11 - 0.5 1I:z:':3" 11
3 

)), 

0, 

if IIx' - x"l1 = 0 ; 
if 0 < II x' - x"l1 < a 
if II x' - x" II > a . 

(4.4.3) 



Then 

if x, = x" ; 
if x, =1= x". 

Hence the matrix K in Bayesian kriging system (4.2.7) is given by 
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(

Co + Cl 

f3Cl ~t~-xll1 sph(x~ - Xl, a )e(-fJa
) da 

and 

(Jc, Iit~znIl8ph( "'; - "'n, a) e( -pal da ) 

Co + Cl 

where 

Example 2. Suppose that C(X/, x", a) is Gaussian function, that is 

C(x/,x",a) = C(llx' - x"ll,a) 

{
Co + Cl, if x' = x"; 

= cl(l - exp( IIx':(1I2 », if x, =1= x". 

Then 

CZ(X/, x") = COV[Z(X'), Z(x")] 

{
Co+Cl' 

= cl(l - f3 It)O exp( _/lx':tIl2 ) exp( -f3a) da), 

So, we have matrix K in (4.2.7) as 

if x, = x"; 
if x, =1= x". 

(4.4.5) 

C(l- (J r.~ ~(~"::-'!N'+"') da) 

cl(l - f3 floo e( """-"':t+pa3

) da») , 

Co +Cl 



and 

Example 3. Let C (x', x", a) be an exponential function 

C(x', x", a) = CO/x', -xliII, a) 

{
Co + Ct, if x' = x"; 

= Cl (1 - exp( _"x':xll

")), if x' =f:. x" . 

In this case, the covariance function of {Z ( x )} is 

Cz(x', x") = Cov[Z(x'), Z(x")] 

{ 
Co + Ct, 

= (1 f.l r+oo (lIx'-x'~II+Pa2 ) da), Cl - fJ JO exp 
if x' = XII; 

if x' =f:. x". 
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(4.4.6) 

Hence, the matrix K is given by 

( 

(1 f.l r+oo (_":l-:n l+Pa
2

) d )) Co + Cl • • • Cl - fJ JO e a a 

(1 
_ f.l r+oo (~ lI:n-:1 II+Pa2 ) d) . . . +: , 

Cl fJ JO e a a. . . Co Cl 

and 

(2) Model II 

In this model, we only need to find the Bayesian estimate of parameter a. From 

(4.3.5), it is known that this estimate is given by 

A _ I a(det(A(a))-~ exp( -(Z - jJ)T A-l(a)(Z - jJ)) exp( -(3a) da 
a - 1 ... ... (4.4.7) 

I (det(A(a))-2" exp( -(Z - (3)T A-l(a)(Z - (3)) exp( -(3a) da 
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where 

(

V(Xl,.Xba) : .. V(Xl,.xn,a)) 
A(a) = . . . . . . . 

V(Xn,Xl,a) ... v(xn,xn,a) 

For a given covariance function v( x', x", a), the Bayesian estimate of a can be 

obtained. 

Example 1. Suppose Z(x) is the second order stationary, and the covariance 

function vex', x", a) is a spherical function defined by (4.4.2), then 

(

Co + Cl 

A(a) = : 
c1Sph(xn - xl,a) 

ClSPh(X~ - xn,a)) 

Co + Cl 

where Sph(Xi - xj,a) is defined by (4.4.4). 

The Bayesian estimate of a is obtained by (4.4.7), therefore the matrix J( and 

Ko in Bayesian kriging system (4.3.12) are of the following forms 

ClSph(X~ - Xn, a)) , 
Co +Cl 

Example 2. Let the covariance function vex', x", a) be a Gaussian function de

fined as in (4.4.5), therefore A(a) is given as 

Using this A(a), the Bayesian estimate a can be calculated. Substituting this 
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a into the covariance function, K and Ko are then estimated as follows, 

Cl(1- exp(. IIXl~:nIl2))) 
: ' 

Co +Cl 

Example 3. In this example, we assume v(x', x", a) is an exponential function 

defined as in (4.4.6). For this covariance function, we have 

A J a(det(A(a))-~ exp( -(Z - iJf A-l(a)(Z - iJ)) exp( -(3a) da 
a = 1 .... .... J (det(A(a))-2 exp( -(Z - (3)T A-l(a)(Z - (3)) exp( -(3a) da 

where 

A( a) = ( Co ~ Cl 

. cl(l - exp( _lIxn:x111)) 

c,(1- exp~ 11<,:<.11))). 

Co+Cl 

So, K and Ko are 

Cl(1- exp~ IIX1-axnll))) 
: , 

Co + Cl 

4.4.2 Co Specified, Cl and a as Random Variables 

In this case, it is supposed that Cl has chi-inverse distribution, that is, 

(4.4.8) 
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and a has the exponential distribution (4.4.1) 

(1) Model I 

For Model I, from (4.2.4), it is known the covariance function of Z(x) is 

Cz(x', x") = E[C(x', x", a)] 

{
Co + Ci, if x' = x"; 

= Cif3Jh(x',x",a)exp(-f3a)da , ifx'::Jx"' (4.4.9) 

where 

For example, for C(X',x",it) = CoO(X',X") + clh(x', x", a) being a spherical 

function defined as in (4.4.2), we have 

Cz(x', x") = Ea[C(x', x", it)] 

{
Co+Ci, 

= Ci ~~~:Z:1I1/ (1 - (1.51/:z:'::z:1I1/ - 0.51/:Z:':~"1/3)f3 exp( -f3a) da, 
if x' = x"; 
if x' ::J x". 

For the case of C(x', x", it) = eoo(x', x") + c1h(x', x", a) being a Gaussian func

tion defined as in (4.4.5), then Cz(x', XII) = Ea[C(x', x", it)] can be expressed as 

C '" Co Cl, I X - X , { + - 'f '- II. 
Z x x = ,_ II 2 • 

( ,) cl(l - f3 It>o exp( 1I:z: S II ) exp( -f3a) da), If x' ::J x". 

If C(x', x", it) = eoO(x', XII) + c1h(x', x", a) is an exponential function defined as 

in (4.4.6), then CZ(X',X") = Ea[C(x', x", it)] is of the form 

C ( ' ") { Co + Ci, z x ,x = - (1 f.l r+oo (":z:'-:z:II I+pa2) d ) 
Cl - fJ JQ exp - a a , 

if x' = x"; 
if x' ::J x". 
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(2) Model II 

In this case, parameters Cl and a need to be estimated. From (4.3.5), we know 

that their estimates can be written as follows, 

(4.4.10) 

and 

,. fo+ oo fo+oo aD(cl, a)rT- l exp( -(-¥-r + (ja)) drda 
a = fo+oo fo+ooaD(cl,a)rT-lexp(-(!!fr+(ja))drda' 

(4.4.11) 

where 

with 

::~ clh(Xl ~ Xn,a)) . 

eo +Cl 

Hence, by substituting cl, a into A(cl' a), K and Ko can be obtained as 

C1h(Xl: ~n' &)) , 
eo + Cl 

(4.4.12) 

For example, in the case of C(x',x",ii) = eo8(x', XII) + c1h(x', x", a) being a 

Spherical function, the estimates of Cl and a are obtained by (4.4.10) and (4.4.11) 

where 
ClSPh(X~ - Xn,a)) 

eo + Cl 
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with Sph(., a) being defined as in (4.4.4). Then K and Ko are of the forms 

CiSph(x~ - xn , a)) , 
eo+Cl 

If C(x', x", 0,) = eo6(x', x") + c1h(x', x", a) is a Gaussian function, A(Cl' a) is of 

the form 

And hence, the cl and a are obtained by (4.3.5), and 

cl(1 - exp( lI:Z:l~:nW)), 

eo+Ci 

(4.4.13) 

4.4.3 The Ratio of Co and Cl, Cl and Co as Random Variables 

Let C = eo ,and assume the following prior distributions, 
eo +Cl 

{ 
r {1t+{h (1 c)Pl-1dh-1 

C '" p({31, (32) = 6,Pl r P2 . - , 

Cl '" 80X~2(0), 

a'" p(a) = {f3 exp(-{3a), if a > OJ 
0, otherwise. 

ifO < C < Ij 
others, 

(4.4.14) 
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(1) Model I 

Co C 
Note that from C = , hence eo = -I-cl' Therefore, from the above 

eo+Cl -c 
prior distributions, the covariance function in Bayesian kriging model I (4.2.7) is 

estimated as 

where 

Cz(x', x") = E[(x', x", a)] 

= E[eo8(x', x") + clh(x', x", a)] 
C 

= E[I _ c 8(x', X")Cl] + E[clh(x', x", a)] 

= Ci(co8(x',x") + (3 J h(x', x", a) exp(-(3a) da), (4.4.15) 

(4.4.16) 

For example, if C (x', x", a) = Co8( x', XII) -+ Cl h( x', x", a) is spherical, then the 

covariance function in (4.2.7) is 

IS 

if x' = x"; 
if x' ::/: x". 

If C(x', x", a) = eo8(x', X")+Clh(x', x", a) is a Gaussian function, then C(x', XII) 

C(x', x") 

{ 
Ci(I + CO), 

= Ci(I - (3 fo+ oo exp(_,,:r;':t,,2) exp( -(3a) da), 
if x' = x"; 
if x' ::/: x". 
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(2) Model II 

In this case, Bayesian estimates of c = ~, Cl and a are obtained by (4.3.5) 

as follows, 

c = Jo+oo Jdoo JJ cD( c, Ct, a)r:-1 (1 - C).BlcP2 exp( -(,r + ,Ba)) dcdr da ,4.4.17) 
Jo+oo Jo+oo JJ ~D(c, Cl, a)r2-1(1 - C).Bl c.B2 exp( -( ~r + ,Ba)) dcdr da 

Cl = Jo+
oo 

Jo+
oo JJ ~D(c, Ct, a)r:-1(1 - C).BlcP2 exp( -(~r + ,Ba)) dcdr da,4.4.18) 

Jo+oo Jo+oo JJ ~D(c, Ct, a)r2-1(1 - C).Bl c.B2 exp( -( ~r + ,Ba)) dcdr da 

a: = Jo+OO Jo+oo JJ aD(c, Cl, a)r:-1(1 - C).BlcP2 exp( -(,r + ,Ba)) dcdr da({!.4.19) 
Jo+oo Jo+oo JJ ~D(c, Cl, a)r2-1(1 - C).Blc.B2 exp( -(,r + ,Ba)) dcdr da 

where 

with 

( 

cl(1+1':'C) ... C1h(XI-X-n,a)) 
A(c, Ct, a) = : ". : . 

c1h(xn - xt,a) ... cl(1 + l.:.J 
By using these Bayesian estimates, K and Ko in (4.3.12), (4.3.14) and (4.3.15) can 

be obtained as: 

( 4.4.20) 

4.5 Comparison of Bayesian Kriging and EaZ*(xo, ii) 

In Bayesian kriging, it is assumed that the parameters in the covariance function 

are random variables. For given a = a, t.he kriged value can be estimated by using 
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kriging system (2.1.17), and we denote it by Z*(xo, (1). If we average these Z*(xo, (1) 

over all 11, we can get the mean of Z*(xo, (1), denoted as Ea[Z(xo, (1)] which we will 

call it the mean Bayesian kriging. We are interested in the difference between 

this mean kriging and the Bayesian kriging value, denoted by ZB(xO). We will 

prove that under some appropriate conditions, it is possible to use Z(xo, (1) to 

approxmate the Bayesian kriging value ZB(XO). 

First, we compare the Bayesian kriged value ZB(xO) (here, Model I is used) 

with the mean kriged value Ea[Z(xo, (1)]. 

For Bayesian Kriging value and mean kriging value Ea[Z(xo, (1)], we have the 

following properties. 

Property 4.5.1 ZB(xO) = Ea[Z(xo, (1)] if and only if AB = Ea[A(11)] is the 

weights vector for Bayesian kriging and Ea[A(11)] = (Ea[Al(11)], ... , Ea[An(11)])T where 

AB = (Af, Af, ... , A~)T and Ai( (1) 's are the kriging weight for g~ven a = 11 

Proof: Since from the Bayesian kriging system (4.2.7) and the definition of 

EaZ*(xo, (1) we know that 

n 

ZB(xO) = E Z(Xi)Af = ZTAB , 
i=l 

n 

Ea[Z*(xO' (1)] = E Z(xi)Ea[Ai(11)] = ZT Ea[A(11)] , 
i=l 

where ZT = (Z(Xl),Z(X2), ... ,Z(xn)) and AB = (Af,Af, ... ,A~)T are Bayesian 

kriging weights obtained from (4.2.8), and A(11) = (Al(11), ... , An(11))T are kriging 

weights for given 11. 

It follows easily that 

If AB = Ea[A(11)], we then ha.ve 

Z.a(xo) = Ea[Z(xo, (1)]. 
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On the other dand, if Z.a(xo) = Ect(Z(*(xo, a))), then 

therefore 

Note that ZZT> 0, hence 

Property 4.5.2 Both Bayesian kriging and mean kriging are unbiased. 

Proof: From the derivation of the Bayesian kriging system, we know that 

Ez[Z.a(xo)] = Ez[Z(xo)]. This means that Bayesian kriging is unbiased. So we 

only need to show this for Ect[Z*(xo, a)]. 

Note that 
n 

Ea[Z*(xO' a)] = L: E[Ai(a)Z(xi)], 

° and hence 

n 

Ez[Ect[Z*(xo, a)]] = Ez[L: Ai(a)Z(xi)] 
o 

n n 

= L:Ect[Ai(a)]Ez[Z(Xi)] = m L:Ect[Ai(a)]. 
° 0 

n 

Moreover for each a, we know that L: Ai(a) = 1. It follows that 

° 
n n 

L: Ect[Ai(a)] = Ect[L: Ai(a)]. 
° 0 

and therefore 

Ez[Ect[Z*(xo, a)]] = m = Ez[Z(xo)]. 

This shows that Ect[Z*(xo, a)] is unbiased. 
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If we denote the variance of Bayesian kriging by 0'11 and the variance of EaZ*( Xo, ii) 

by 0'2, then by considering the relation for 0'11 and 0'2, we will have the following 

property. 

Property 4.5.3 If AB = Ea[A(ii)] with AB = (Af,Af, ... ,A~)T and Ea[A(ii)] are 

defined as in property 4.5.1., then 0'11 = 0'2. 

Proof: From Bayesian kriging, we know that the variance of kriging is given by 

n 

0'1 = Ea[c(O, ii)] - (p, + L: Ai (ii)Ea[C(xo - Xi, ii)]). 
o 

And for Ea[Z*(xO, ii)] the variance can be estimated as 

0'2 = Varz[Ea[Z*(xo, ii)] - Z(xo)] 
n 

= ~ Ea[Ai(ii)]Ea[Aj(ii)]Ez[Z(Xi) - Z(xo)][Z(Xj) - Z(xo)] 
i,j 
n 

= L: Ea[Ai(ii)]Ea[Aj(ii)]Ea[C(Xi - Xj, ii)] 
i,j 

n 

-2 ~ Ea[Ai(ii)]Ea[C(xo - Xi, ii)] + Ea[C(O, ii)], 
o 

where 

If Ea[Ai(ii)] = AP, i = 1, ... ,n, then (4.5.2) becomes 

Note that 

n 

n 

(72 = ~ Af Af Ea[C(Xi - Xj, ii)] 
i,j 

n 

-2 ~ Af Ea[C(xo - Xi, ii)] + Ea[C(O, ii)]. 
i=l 

2: AP Ea[C(Xi - Xj, ii)] = Ea[C(xo - Xj, ii)] + p" 
i=l 

(4.5.1) 

(4.5.2) 

(4.5.3) 



and thus we will have 

n 

0'2 = Ea[C(O, a)] - (/1- + L >.f Ea[C(xo - Xi, a)]. 
i=1 

By comparing (4.5.1) with (4.5.4), we obtain 

0'2 - 0'2 B- . 
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(4.5.4) 

From the above discussion, we know that, in general, ZB(xo) =/: Ea[Z*(xo, a)] 

and 0'1 =/: Var(Ea[Z*(xO, a)] - Z(xo)), since >'B = Ea[>'i(a)] is not always true. 

These facts can be shown as follows. 

Note that 

\( ... ) = T/'-1("')( T/, ( ... ) _ FFT K-1(a)Ko(a) - 1) 
1\ a .n. a no a FT K-1(a)F ' 

where 

and hence 

For the Bayesian kriging system, we have 

>. = (E K)-1(E"]{, _ FFT(EaK)-1(EaKo) - 1) 
B a a 0 FT(EaK )-1 F 

-1 FT(EaK )-1 Ko - 1 
= (EaK ) Ea[Ko - F FT(EaK )-1F ], 

(4.5.5) 

(4.5.6) 



where 

( 

Ea[C(XI.- Xl, a)] : .. 
EaK = : .. 

Ea[C(xn - Xl, a)] ... 

( 

Ea[C(Xo.- Xl, a)]) 
EaKo = : . 

Ea[C(xo - Xn, a)] 

Ea[C(XI:- Xn, a)]) , 
Ea[C(xn - Xn, a)] 
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Comparing the above two expressions, we conclude that in general AB =/: Ea[Ai(a)]. 

However for the following special case, we will have Z.a(xo) = Ea[Z*(xO, a)]. 

Property 4.5.4 If Co = 0, a is specified, and CI '" p(CI), then Z.a(xo) = 
Ea[Z*(xO, a)] and O'b = 0'2. 

Proof: It is clear that under the assumptions, we have 

where 

Hence 

Therefore 

EaK = EcJ< = (EC1CdA, 

EaKo = EcJ<o = (Eact)Ao. 



I.e., 

From the Property 4.5.1 and Property 4.5.3, it follows that 

ZB(XO) = Ea[Z*(xo,it)], 

,..2 _ ,..2 
VB - v • 
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Based on the above discussion, it is known that in general the Bayesian kriged 

value Z.a(xo) is not the same as the mean kriged value Ea[Z*(xO' it)], except in the 

special cases. But if we use the mean kriged value Ea[Z*(xO' it)] to approxmate the 

Bayesian kriged value, how reliable is this approximation? 

Firstable we note that the kriging variance with respect to the parameter it can 

be obtained by the following simple calculation. 

n n 

Vara[Z*(XO' it)] = Ea[E Z(Xi)Ai(it) - E Z(xi)Ea[Ai(it)W 
° 0 n 

= E Z(xi)Z(xj)Ea[Ai(it) - EAi(it)][A;(it) - EAj(it)] 
i,j 
n 

= E Z(xi)2Vara[Ai(it)] + E Z(Xi)Z(Xj)COVa[Ai(it)Aj(it)]. 
o i¢j 

Using the Chebichev inequality, 

P(IY - EYI > €) < Var;Y), for any random variable y, 
€ 
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the following bound is obtained 

From this approximation, we see that if the variance of kriging with respect to the 

parameter is small, Ea[Z(xo, a)] can be approximated very well by kriging value 

Z*(xo, a) for a given parameter a. Furthermore, in this case, the Bayesian kriging 

Zi3(xo) can also be approximated by Z*(xo, a). 

4.6 Bayesian Kriging Model for a Gaussian Process (Model 
III) 

From the previous discussion of Bayesian Kriging, we know that for the direct 

method (Model I), the prior assumptions are made only on the first and second 

moments, but there is no any assumptions on the distribution of Z(x). This implies 

that it is impossible to find the Bayesian kriging by the predictive distribution. 

However for the indirect method (Model II), it is assumed that for given parameter 

a, the distribution of Z(x) is known. For this method, the Bayesian kriging is 

obtained through the Bayesian estimate of parameter a. In this section, we will 

derive another Bayesian kriging model under the same assumption as we did in 

discussing the indirect method. In this model, the predictive distribution (posterior 

distribution) will be used. 

4.6.1 Notation and Assumption 

The assumptions are the same as in Model II, and the only difference between 

these two models is in the parameter vector a = (c, Cl, a)T, here c is the ratio of 

nugget and sill, while in the Model II, it is only the nugget. Also Cl, a are the 

same for both Models, which are sill and range. Again as in Model II, we make 
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the following assumption on the prior model, 

Z(.)la IV N({3, 0(.,., a)). (4.6.1) 

i.e., Z(·) is a Gaussian process, conditional on the parameter a = (c,c1,a), with 

mean 

E[Z(x)laJ = (3, 

and covariance function 

where 

OOV[Z(x'), Z(x")laJ = O(x', x", a), 

O(x', x', it) = Cl( -1 C 8(x'.x") + VI(X', x", a)) 
-c 

- ('" ) - CI V X ,x ,C, a 

(4.6.2) 

(4.6.3) 

(4.6.4) 

with VI (x', x", a) a known function, and the prior distribution of it = (c, CI, a)T 

(4.6.5) 

where j(it) is the density function of the distribution. 

In the rest of this section, the distribution of Z(x) will be denoted by j(z(x)), 

and the conditional distribution by j(z(x)la) for given it . 

4.6.2 Bayesian Kriging Model 

For given data Z(XI), Z(X2), ... , Z(xn) which are from {Z(x) : x E A}, satisfying 

(4.6.1), (4.6.2) and (4.6.5), we derive the Bayesian kriging model as follows to 

predict Z(xo). 
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From Bayesian statistics, it is known that if the squared- error L(Z(xo), Z*(xo)) = 
(Z(xo) - Z*(XO))2 is used, the posterior expected loss for the estimate Z(xo) then 

IS 

(4.6.6) 

The value of Z*(xo) which minimizes (4.6.6) can be found by expanding the 

quadratic expression, differentiating with respect to Z*(xo) and setting equal to 

zero. By solving for Z*(xo) it yields the following result. 

Result 4.6.1 If L(Z(xo), Z*(xo)) = (Z(xo) - Z*(xo))2, the Bayesian predictor is 

given as 

(4.6.7) 

which is the mean of the posterior distribution of Z(xo) given Z(Xl), Z(X2), ... , Z(xn). 

T --If we denote (Z(XI), Z(X2), ... , Z(xn)) by Z, then 

Z*(xo) = E[Z(xo)/Z). (4.6.8) 

For the above representation, it is necessary to find the conditional distribution 

f(z(xo)IZ)· 

If Z(.) is a process satisfying (4.6.1), and the distribution of a is known as 

(4.6.5), then the posterior distribution of a particular Z(x) can be obtained by 

applying the following theorem. 

Theorem 4.6.1 If(Z(Xl), Z(X2), ... , Z(xn)f is a random sample from the Gaus

sian process Z(· )10. "'-J N((3, C(.,., a)), where C(.,., a) = CIV(.,., c, a), and the prior 

distribution of a is 1(0.), then the posterior distribution of any particular Z(X) is 

given by 

f( ( )1
;'\ = I f(z(x)la, Z)f(a) dO. 

z x z, I f(;la)f(a) dO. ' (4·6.9) 
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where f(z(x)la,Z) is the distribution/unction of N(m(x),w(x,x,c,a)) with 

m(x, c, a) = (3 + Kg'(x, c, a)K-I(c, a)(z - i(3), 

and 

w(x, x, c, a) = v(x, x, c, a) - Kg'(x, c, a)K-l(c, a)Ko(x, c, a), 

where 

V(Xl,~n'C,a)) , 

v(xn,xn,c,a) 

Proof: We know that 

Z ( .) I it tv N ((3, CI V ( ., ., c, a) ), 

where v(·,., c, a) is defined in (4.6.4), and hence 

( 
Z~')) it tv N((~) ,CI (K~~~::')a) vI[:~x~;,c;,a2) Ko(x",c,a) )) 

V(x',x",c,a) , 
Z(x") (3 ](0 (x", c, a) v(x', x", c, a) v(x" x" c a) , " 

where 

V(Xl, ~n' C, a)) , 

v(xn,xn,c,a) 

(

V(X1,x,c,a)) 
Ko(x,c,a) = : . 

v(xn,x,c,a) 
(4.6.10) 

From this joint distribution and by the properties of multinormal distribution, 

we obtain the posterior distribution of Z(·)la 

Z(· )Iit, Z IV N(m(·, c, a)), CIW(·, c, a)), (4.6.11) 
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where 

T -1 ........ m(x, c, a) = {3 + Ko (x, c, a)K (c, a)(Z - 1(3), 

w(x', x", c, a) = v(x', x", c, a) - Kg'(x', c, a)KT(c, a)Ko(x", c, a)(4.6.12) 

i.e., the distribution function of Z('la, Z) is 

f(z(')la, Z) = 1 exp( (z(·) - m(., c, a))2 ) 
. f2=",..fC1W( c a) C1W (.,., c, a) . v £'7ry .,., , 

(4.6.13) 

Note that for given a, Z = (Z(X1), Z(X2), ... , Z(xn))T is the multinormal 

and thus we have 

(4.6.14) 

It follows that the postirior distribution of a is given by 

.... 1 .... fV f( .... I;'\ = f(Z/a)f(a) = f(zla)f(a) 
a Z a Z) f(a) J f(Z/a)f(a) da' (4.6.15) 

Therefore from (4.6.13) and (4.6.15), the posterior (predictive) distribution can be 

calculated as 

Z(')lz fV f(z(')Iz) 

= J f(z(')la, Z)f(alz) da 

_ J f(z(')la, Z)f(Z/a)f(a) da 
- J f(Z/a)f(a) da 

(4.6.16) 

Hence we conclude that, for any particular Z(x), the posterior distrbution is 

f( ( )1
:1\ = J f(z(x)la, Z)f(Z/a)f(a) da 

z x z) J f(Z/a)f(a)da . (4.6.17) 
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Combining the Result 4.6.1 and Theorem 4.6.1, the Bayesian kriging predictor 

can be obtained by the following result. 

Result 4.6.2 Given sample Z = (Z(X1), Z(X2), ... , Z(Xn))T satisfiying (4.6.1) and 

(4.6.4), the Bayesian kriging for Z(xo) is given by: 

Z*( ) = J J z(xo)f(z(xo)la, Z)f(ZJa)f(a) da dz(xo) 
Xo J f(Zja)f(a) do' . (4.6.18) 

nugget 
Suppose that c = has a Beta distribution with parameter (31 

nugget + sill 
and (32, the sill C1 has a chi-inverse distribution with parameter So and degrees of 

freedom ko, and the range a has an exponential distribution with parameter (3. If 

we let C1 = *' then 

o < c < 1, r > 0, a > OJ 

others. 
(4.6.19) 

And so by the Result 4.6.2, the Bayesian Kriged value at Xo is 

Z*(xo) 

_ J:!:~ Jo+oo Jo+oo fJ zf(zlc, r, a, Z)f(ZJc, r, a)f(c, r, a) dcdr da dz 
- Jo+oo Jo+oo JJ f(Zjc,r,a)f(c,r,a)dcdrdc 

(4.6.20) 

where 

f( I ;'\ (( ))_1 1 (z-m(xo,c,a))2 
z c,r,a,z, = 21l'W xo,xo,c,a 2r2 exp(-r 2 ( ) ), 

W xo,xo,c,a 
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and m(x, c, a) and w(x', x", c, a) are defined as in (4.6.12), K(c, a) and !(o(c, a) are 

defined as in (4.6.10). 

From the Bayesian kriging model defined in (4.6.18), we can show that Bayesian 

kriging has the following properties. 

Property 4.6.1 The Bayesian kriging predictor defined in (4.6.18) is unbiased. 

Note that the Bayesian Kriging is given by 

Z*(xo) = E[Z(xo)IZ], 

and hence the mean of this estimate is 

E[Z*(xo)] = E[E[Z(xo))Z]] = E[Z(xo)] = (3. 

This shows that Bayesian Kriging is unbiased. 

Property 4.6.2 The variance of the Bayesian kriging defined in (4.6.18) is given 

by the following integral 

J J (J t2 f(tlz) dt - (J tf(tZ) dt) 2) f(ZJvea)f(ii) dz dii, 

where f(tlz) is the posterior distribution defined in (4.6.17). 

By the definition of the kriging variance 

Var[Z*(xo) - Z(xo)] 

= Var[Z(xo) - E[Z(xo)IZ]] 

= E[E[(Z(xo) - E[Z(XO)])2IZlJ 

= E[Var[Z(xo)IZ)]. 

That is, for Bayesian Kriging defined in (4.6.18), the variance is 

Var[Z*(xo) - Z(xo)] 

= J Var[Z(xo)lZ]f(Z) dz 

= J J (J t2 f(tlz) dt - (J tf(tlz) dt) 2) f(zlii)f(ii) dz, 

(4.6.21) 
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where f(t/Z) is the posterior distribution as defined in (4.6.17). 

4.6.3 Special Case 

In this section we consider the case where the ratio c as well as the range a 

are specified, but the sill Cl is random. Suppose that the sill Cl has the chi-inverse 

distribution with parameter So and degrees of freedom ko, i.e 

1 - = r f'V f(r) = soXko(O). 
Cl 

For this special case, the posterior (predictive) is t-distributed. This is shown by 

following theorem. 

Theorem 4.6.3 Suppose that Z(Xl), Z(X2)' ... , Z(xn) is a random sample from 

1 
Z(·)/r f'V N((3,-v(·,·,c,a)) 

r 

with a known mean (3, parameters c and a, but an unknown value of r. Suppose 

also that the prior distribution of r is a chi-square distribution with parameter 

So and degrees of freedom ko• Then the posterior (predictive) distribution of any 

particular Z(x) is a t-distribution with degrees of freedom n + ko, mean 

(4.6.22) 

and variance 

SlW(X, x)/(n + ko - 2), (4.6.23) 

where 

Sl = 80 + (z - l(3)T 1(-l(z - 1(3), 

w(x', x") = v(x', x") - 1(g'(x')k-11(0(x"))/(n + ko - 2). (4.6.24) 
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That is, 

(4.6.25) 

We will prove this theorem in the next section. 

For this special case, by Theorem 4.6.3, we have following result 

Result 4.6.3 In the special case of the ratio c as well as the range a being 

specified and the sill C1 being a random variable, the Bayesian kriging of Z(xo) is 

given by 

Z*(xo) = m(xo), (4·6.26) 

and the variance of Bayesian kriging is 

2 _ v(xo, xo) - KI(xo)K-1 Ko(xo) (1 + 1 " .. (. .)) 
Uk - k 2 So k 2 L..J a'3v x,, X3 . n+ 0- 0- .. '·3 

(4·6.27) 

Proof. Obviously, by Result 4.6.1 and theorem 4.6.3, we know that the Bayesian 

kriging for the special case is 

Z*(xo) = m(xo). 

Note that the Bayesian Kriging variance defined ill (4.6.18) is given by 

E[Var[Z(xo)IZ]]. Then by applying Theorem 4.6.3 we obtain that 

Var[Z(xo)IZ] = 81W(~0' x~ 
n+ 0-

where 81 and w(xo, xo) are defined in (4.6.24). 

Therefore, 

Var[Z*(xo) - Z(xo)] 

= E[Var[Z(xo)IZ] 



where aij is elements of K-l. 

Also note that 

GOV[Z(Xi).Z(Xj)] 

= E[GoV[Z(Xi), Z(xj)lr]] + Gov[E[Z(xi)lr], E[Z(xj)lr]] 

= E[GoV[Z(Xi)' Z(xj)lr]] 
1 = E[-V(Xi' Xj)] 
r 

1 
= V(Xi, xj)E[-] 

r 
80 

= V(Xi,Xj) ko - 2· 

Thus the Bayesian Kriging variance is obtained by 

4.6.4 The Proof of Theorem 4.6.3 

In order to prove Theorem 4.6.3, we first present two lemmas. 

128 
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Lemma 1. Under the same assumptions as in Theorem 4.6.3, the posterior 

distribution of T is a chi-square with parameter SI and degrees of freedom n + ko, 

where 

( ... ... R)T 1('" ... ) SI = So + z - 1,., K- z - 1/3 . (4.6.28) 

Proof: Since Z(Xi), Z(X2), ... , Z(xn) is a set of random sample from 

. 1 
Z(·) rv N((3, -v(·, .)), 

T 

therefore 
... ... 1 
ZIT rv N(I/3, -K), 

T 

where 

I.e., 

Note that 
~ 

f( ) - (so/2) 2 !a.-I (SOT) 
T - r( ~) T 2 exp -2 ' 

and hence we have 

f(z,T) = f(zIT)f(T) 

( ... ... f.l)T T/'-I('" ... f.l) 
(2 )-.!lIIKII-!. n+ko -1 ( So + z - 1,., .n. z - 1,., ) = 1r 2 2 T 2 exp -T-~-""":"":~2----!...-~ • 

It then follows that 



130 

where 

(4.6.29) 

Therefore, the posterior distribution of r is 

J( /
;'1 = J(Zjr)J(r) 

r z} J(Z) 
n+ko 

_ (sl/2) 2 n~ko -1 (_ SIr) 
- r(n-t;ko) r exp 2' 

This shows that the posterior distribution of r is chi-square with parameter Sl 

which is defined by (4.6.29) and degrees of freedom n + ko. 

Lemma 2. Under the same assumptions as in Theorem 4.6.3, the posterior 

distribution oj Z(·)/r is Gaussian with mean m(·) and covariance ~w(" .), i.e. 

-- 1 Z(')/r, Z ~ N(m(·), ;w(.,.)) 

where m(x) and w(x',x") are defined in (4.6.22) and (4.6.24). 

The proof of this lemma is the same as the Theorem 4.6.1 in section (4.6.2), 

and so we omit the proof. 

By using Lemma 1 and Lemma 2, we prove the Theorem as follows. 

The Proof of Theorem 4.6.3: 

Note that 

J(z(x), r/Z) = J(z(x)/r, Z)J(r/Z), 

and by Lemma 1 and Lemma 2, we have 

J(z(x), r/Z) 
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Therefore, 

f(z(x)/Z) = 10+
00 

f(z(x),r/Z)dr 
n+ko 

1 (sd2) 2 r(n+;O+1) 
= _ ~ n+ko+l 

V 1r r( ntko ) ( B1 +(z(x)-m~x))2w-l (x,:z:) ) -,--

n+ko+l 
r(n+kot1) ( (z(X) _ m(x))2)- 2 

= 2 1 + ..!....,..;.......:..---:--~.:...:.-
v'1rSlr(ny~) SlW(X, x) 

n+kO+l 
r(n+;o+1) 1 + (z(x) - m(x)? --2-

- J1r(n + kO)JBl:Jk~:z:)r(~) ( Clj.~~:Z:»)(n + ko)) • 

This implies, by the definition of noncentral t-distribution , that Z(x)/Z is 

t-distributed with n + ko degrees of freedom, local parameter m(x) and precision 

1/ B1w(:z:,:z:) 
n+ko • 

By the properties of t-distribution, the mean of Z(x)/Z is 

and the variance of Z (x) / z is 

where 

n + ko (81W(X,X)) = 81W(X,X) , 
n+ko-2 n+ko n+ko-2 

W(x', x") = v(x', x") - 1(l(X')1(-11(0(X") , 

81 = So + (z - f(3)T 1(-1(Z - 1(3). 

4.7 Numerical Examples 

Example 4.7.1 

Consider the data set "class1.dat". This data is about Tucson's water quality. 

The variable considered is Calcium. Three cases are considered. 
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Case 1. 

In this case, the covariance function used is the Spherical with ratio of nugget 

and sill being specified, which are c = 0.36, Cl =1.4, and the range being a random 

variable. Suppose that the range has an exponential distribution with parameter 

f3 = 0.5. i.e., 

and 

C(x', x", a) 

= 0.88(x' - x") + 1.4Shp(a) 

{ 

0.8 + 1.4, 
= 1.4(1 - (1.5I1:1:'~:l:1I1I - 0.5I1:1:'~~"ua)), 

0, 

if x' = X"j 

if 0 < IIx' - xII < aj 
if IIx' - xliII > 0, 

() { 
0.5 exp( -0.5a), if a ~ OJ 

a '" p a = 0, if a < O. 

Now, by using the Bayesian kriging model I (4.2.8) and model II (4.3.12), the 

results shown in the Table 4.1 are obtained. 

From Figure (4.1), which is the plot of the kriging variance at each point for 

Model I and Model II, the kriging variance by using Model II is smaller than that 

by using Model I for each point. And also from the Table 4.2, it can be seen that 

the mean error and the mean square error are nearly the same for the two Models. 

But the standard error for the model II is closer to one than that for the ModelL 

All of these show that the Model II is better than the Model I for this example. 

The mean kriging predictor is computed at each point. The fifth column in the 

Table 4.1 is mean kriging, the column eight is the difference. The third row in 

the Table 4.2 is the statistics for mean kriging . Comparing these results, we can 

see that there is little difference between Bayesian kriging ZB(xo) and the mean 

kriging Ea[Z*(xO, a)] for this example. 

If we use model III, we will have 

Z*(xo) = J~~ Jo+oo f(z/a)f(Z1a)f(a)dadz 
Jo+oo f(Z1a)f(a) da 

(4.7.1) 



where 

f(zla) = (211"· 1.4))-!(w(xo))-! exp( - 2.11.4 (z - m(xo))2) , 

f(Zla) = (211" • l.4t!IIK(a)II-! exp( - 2.11.4 (z - lp)T K-l(a)(z - lP)), 

f(a) = -O.5exp( -O.5a). 

--
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Using the same sample set Z as used in model I and model II, the Bayesian 

kriged value is obtained by (4.7.1). These results are shown in the Table 4.3. 
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Table 4.1: Bayesian Kriging Results (class1.dat) 
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Figure (4.1 ): Kriging Variance for Model I and Model II 
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Model I 0.115827 
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Table 4.2, Statistics for Bayesian Kriging 
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Comparing these results with those obtained in Model II, shown in Table 4.2, 

it is seen that both the mean square error and the mean errors for model III are 

almost the same as those for Model II. 

Case 2. 

The covariance function is the same as Case 1, but the only the ratio of nugget 

and the sill is specified, which is c = 0.36, sill and range are viewed as random 

variables. It is also assumed that the sill has a chi-inverse distribution with param

eter 80 = 14 and degrees of freedom ko = 10, while the range has an exponential 

distribution with parameter f3 = 0.5, i.e., 

where 

and 

where 

C( ' " ... ) (0.36 f:(''') (''')) x, x ,a = Cl 1 _ .36 u x, x + vI x, x ,a , 

if x' = x"j 
( ' " ) - 1 5":1:'-xlll _ 0 5"x'-:l:"13 

{

I, 
VI x, X ,a - . a • a3 , ifO < IIX' - X"II < aj 

ifllx' - X"II 2:: a, 0, 

1 
(-,a) = (r,a) tV f(r,a), 

Cl 

{ 

(.!! >,Y l!!.-1 (( 14 )) f(r, a) = rhO) 0.5r 2 exp - 0.5 + Tr , if r > O,a > OJ 
0, others. 

(4.7.2) 
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If we use Model III, Bayesian Kriging values in this case can be obtained by 

Z
*( ) _ f!'C: fo+ oo fo+ oo f(zlr,a,Z)f(Zlr,a,)f(r,a)drdadz 

Xo - + + ' fo 00 fo 00 f(zlr,a)f(r,a)drda 
(4.7.3) 

where 

and m(x), w(x',x"), J( are defined in (4.6.12) and (4.6.10). 

Now, by using (4.7.3) the kriged results are obtained, which are shown in Table 

4.4. 

From these results, it is seen that the mean errors are small, but the mean 

square errors are relatively larger. 

Case 3. 

In this case, it is assumed that c and a are specified, which are c = 0.36, a = 3.2, 

but the sill is random. We suppose that the sill has a chi-inverse distribution with 

parameter 80 = 14, and degrees of freedom ko = 10. The covariance function used 

here is the same as in Case 1., but a = 3.2 is fixed. Therefore, if we consider model 

III, Bayesian Kriging can be obtained by (4.6.26) 

(4.7.4) 

where 
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with VI (X', XII) being defined by (4.7.2), but a = 3.2. The Bayesian Kriged values 

are obtained by (4.7.4). The kriging variance are computed by using (4.6.27). The 

results are shown in Table 4.5. 

We also use Model II to compute the kriged values Z*(xo). The results are 

shown in Table 4.6. Comparing these results with those obtained for Model II 

(shown in Table 4.5), it shows that both the mean errors and the mean square 

errors are almost the same as those for Model II, but the standard errors for 

Model II are closer to 1 than those for Model III. 
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(aP) X(2») 
I , I Z(Xj) Z*(Xj) Z(Xj) - Z*(Xj) 

8.70 4.40 0.630000E+00 0.173601E+01 -0.110601E+01 
6.40 2.90 0.196000E+01 0.164035E+01 0.319647E+00 
6.20 3.30 0.172000E+01 0.169151E+01 0.284929E-01 
5.60 3.70 0.254000E+01 0.176973E+01 0.770265E+00 
4.60 3.80 0.200000E+01 0.188606E+01 0.113942E+00 
4.50 4.00 0.180000E+01 0.188902E+01 -0.890215E-01 
4.40 4.10 0.250000E+01 0.189385E+01 0.606150E+00 
2.10 4.60 0.132000E+01 0.191016E+01 -0.590157E+00 
4.30 3.20 0.168000E+01 0.196607E+01 -0.286067E+00 
4.20 3.00 0.177000E+01 0.200646E+01 -0.236464E+00 
3.30 2.90 0.181000E+01 0.209588E+01 -0.285877E+00 
4.90 3.00 0.221000E+01 0.184768E+01 0.362315E+00 
4.90 2.80 0.131000E+01 0.184158E+01 -0.531585E+00 
3.80 2.50 0.850000E+00 0.215600E+01 -0.130600E+01 
4.30 2.70 0.299000E+01 0.202225E+01 0.967748E+00 
6.20 2.80 0.369000E+01 0.163541E+01 0.205459E+01 
6.40 2.90 0.334000E+01 0.164035E+01 0.169965E+01 
4.30 4.60 0.255000E+01 0.188086E+01 0.669143E+00 
6.60 5.00 0.150000E+01 0.176979E+01 -0.269786E+00 
2.00 6.00 0.185000E+01 0.187227E+01 -0.222695E-0 1 

! E (Z(Xj) - Z*(Xj)) = 0.143435E + 00 

1 - E (Z(Xj) - Z*(Xj))2 = 0.678143E + 00 
n 

Table 4.3, Bayesian Kriging Results for "Class1.dat" 
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(X(l) X(2») 
I , I Z(Xi) Z*(Xi) Z(Xi) - Z*(Xi) 

8.70 4.40 0.630000E+00 0.175360E+01 -0.112360E+01 
6.40 2.90 0.196000E+01 0.166714E+01 0.292855E+00 
6.20 3.30 0.172000E+01 0.171141E+01 0.858740E-02 
5.60 3.70 0.254000E+01 0.177695E+01 0.763054E+00 
4.60 3.80 0.200000E+01 0.187352E+01 0.126480E+00 
4.50 4.00 0.180000E+01 0.187598E+01 -0. 759758E-0 1 
4.40 4.10 0.250000E+01 0.187993E+01 0.620071E+00 
2.10 4.60 0.132000E+01 0.189077E+01 -0.570774E+00 
4.30 3.20 0.168000E+01 0.194121E+01 -0.261207E+00 
4.20 3.00 0.177000E+01 0.197620E+01 -0.206197E+00 
3.30 2.90 0.181000E+Ol 0.204904E+01 -0.239036E+00 
4.90 3.00 0.221000E+01 0.183971E+Ol 0.370294E+00 
4.90 2.80 0.131000E+01 0.183347E+01 -0.523470E+00 
3.80 2.50 0.850000E+00 0.211247E+01 -0.126247E+01 
4.30 2.70 0.299000E+01 0.199149E+01 0.998506E+00 
6.20 2.80 0.369000E+01 0.166167E+01 0.202833E+01 
6.40 2.90 0.334000E+Ol 0.166714E+01 0.167286E+01 
4.30 4.60 0.255000E+01 0.186911E+Ol 0.680886E+00 
6.60 5.00 0.150000E+01 0.177995E+01 -0.279947E+00 

1 - E (Z(Xi) - Z*(Xi)) = -0.339629E + 00 
n 

.!. E (Z(Xi) - Z*(Xi))2 = 0.195600E + 00 
n 

Table 4.4, Bayesian Kriging Results for "Class1.dat" 
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(xN X(2») , , , Z(Xi) Z*(Xi) Z(Xi) - Z*(Xi) U~ , 

8.70 4.40 0.630000E+00 0.172033E+01 -0.109033E+01 0.250018E+0l 
6.40 2.90 0.196000E+Ol 0.160834E+01 0.351657E+00 0.184260E+01 
6.20 3.30 0.172000E+01 0.166396E+01 0.560429E-01 0.198182E+01 
5.60 3.70 0.254000E+01 0.175453E+01 0.785468E+00 0.207255E+01 
4.60 3.80 0.200000E+01 0.189079E+01 0.109209E+00 0.205492E+01 
4.50 4.00 0.180000E+Ol 0.189507E+01 -0.950696E-01 0.211844E+01 
4.40 4.10 0.250000E+01 0.190109E+01 0.598913E+00 0.214644E+01 
2.10 4.60 0.132000E+Ol 0.191144E+01 -0.591445E+00 0.214149E+01 
4.30 3.20 0.168000E+Ol 0.197782E+01 -0.297816E+00 0.180770E+01 
4.20 3.00 0.177000E+01 0.201983E+01 -0.249834E+00 0.171320E+01 
3.30 2.90 0.181000E+01 0.212490E+01 -0.314898E+00 0.171914E+01 
4.90 3.00 0.221000E+01 0.184471E+01 0.365290E+00 0.173616E+01 
4.90 2.80 0.131000E+01 0.183838E+01 -0.528384E+00 0.164019E+01 
3.80 2.50 0.850000E+00 0.216738E+01 -0.131738E+01 0.144795E+01 
4.30 2.70 0.299000E+Ol 0.203103E+01 0.958969E+00 0.158287E+01 
6.20 2.80 0.369000E+01 0.160485E+01 0.208515E+01 0.177568E+01 
6.40 2.90 0.334000E+01 0.160834E+01 0.173166E+01 0.184260E+01 
4.30 4.60 0.255000E+01 0.188698E+01 0.663022E+00 0.227777E+01 
6.60 5.00 0.150000E+01 0.175707E+01 -0.257068E+00 0.244938E+01 
2.00 6.00 0.185000E+Ol 0.186910E+01 -0.190984E-01 0.244751E+01 

1 - L (Z(Xi) - Z*(Xi)) = -0.147403E + 00 
n 

.!. L (Z(Xi) - Z*(Xi))2 = 0.691630E + 00 
n 

.!. L: (Z(Xi) - Z*(Xi))2 = 0.382415E + 00 
n Ui 

Table 4.5, Bayesian Kriging Results for "Class1.dat" 
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(X {I) X(2») , , , Z(Xi) Z*(Xi) Z(Xi) - Z*(Xi) O"~ , 

8.70 4.40 0.630000E+00 0.175078E+01 -0.112078E+01 0.258711E+01 
6.40 2.90 0.196000E+01 0.160890E+01 0.351099E+00 0.166966E+01 
6.20 3.30 0.172000E+01 0.166987E+01 0.501337E-01 0.182791E+01 
5.60 3.70 0.254000E+01 0.176661E+01 0.773386E+00 0.193215E+01 
4.60 3.80 0.200000E+01 0.190866E+01 0.913392E-01 0.190459E+01 
4.50 4.00 0.180000E+01 0.191431E+01 -0.114312E+00 0.198090E+01 
4.40 4.10 0.250000E+Ol 0.192106E+01 0.578943E+00 0.201496E+01 
2.10 4.60 0.132000E+01 0.192491E+01 -0.604912E+00 0.201893E+01 
4.30 3.20 0.168000E+01 0.199644E+01 -0.316444E+00 0.162015E+01 
4.20 3.00 0.177000E+01 0.204005E+01 -0.270045E+00 0.151610E+01 
3.30 2.90 0.181000E+Ol 0.214555E+Ol -0.335553E+00 0.151802E+01 
4.90 3.00 0.221000E+Ol 0.185481E+01 0.355190E+00 0.154435E+01 
4.90 2.80 0.131000E+01 0.184675E+01 -0.536755E+00 0.144025E+Ol 
3.80 2.50 0.850000E+00 0.219315E+01 -0.134315E+01 0.122841E+01 
4.30 2.70 0.299000E+01 0.205190E+01 0.938096E+00 0.137600E+Ol 
6.20 2.80 0.369000E+Ol 0.160297E+01 0.208703E+01 0.159385E+01 
6.40 2.90 0.334000E+Ol 0.160890E+01 0.173110E+01 0.166966E+01 
4.30 4.60 0.255000E+01 0.190962E+01 0.640384E+00 0.218590E+01 
6.60 5.00 0.150000E+Ol 0.178384E+Ol -0.283840E+00 0.246423E+01 
2.00 6.00 0.185000E+Ol 0.189599E+01 -0.459929E-01 0.247140E+01 

.!. L (Z(Xi) - Z*(Xi)) = 0.131245E + 00 
n 

1 - L (Z(Xi) - Z*(Xi))2 = 0.696586E + 01 
n 

.!. L (Z( Xi) - Z*( Xi)) 
2 
= 0.427581E + 00 

n O"i 

Table 4.6, Bayesian Kriging Results for "Class1.dat" 
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Example 4.7.2 

"celsius.dat" is used in this example. As in Example 4.7.1, three cases are consid

ered. 

Case 1. 

The covariance function used here is Gaussian. The parameters ratio c = 0.08, 

sill Cl = 4.5 are specified, only the range a is random. Suppose that a has an 

chi-inverse distribution with parameter (3 = 0.25. i.e., 

C(x', x", a) 

= 0.46(x' - x", a) + 4.5Gau(a) 

{ 
0.4 + 4.5, if x' = XIIi 

= 4.5(1 - exp( _lIx/:~"U2), if x' # x". 

Under these assumptions, using Model I and Model II, the Bayesian kriging are 

obtained by (4.2.8) and (4.3.12). The results are shown in Table 4.7 and Table 4.8. 

Comparing these results, as we did in example 4.7.1, we find that at each point the 

kriging variance is smaller for Model II than for Model I (figure(4.3)). From Table 

4.8, it is seen that the standard error is much closer to 1 for Model II than that 

for Model I. This also tell us that Model II is better than Model I in this example. 

If we use Model III, we obtain the kriged values by (4.7.3), where 

f(zla) = (271"' 4.5)t~(w(xo,xo)r~exp( - 2 .~.5 (z - m(xo)?) , 

f(ZJa) = (271" . 4.5)-i IIK(a)II-~ exp( - 2. ~.5 (z - l(3)T K-l(a)(z - 1(3)), 

f( a) = -0.25 exp( -0.25a). 

The Bayesian Kriged values are shown in Table 4.9. Comparing these results 

with those obtained by Model II, we see that the mean error for Model III is 4 

times larger than that for Model II, and the mean square error for Model III is 2 

times larger than that for Model II. 
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Z*(xi) Z(xi) - Z*(xi) 

xi Z(xi) 

Model I Model II Mean Krig Model I Model II Mean Krig 

a. ~o 4. 40 0.630000£~00 0.181701£+01 0.174639£ .. 01 0.1964323£•01 -o .11870 1£+01 -0.111639E+Ci -0 . 1334323£+01 

6. 40 2. 90 0.196000£+01 0.1694Jl£+01 0.161814£•01 0.1850791£+01 0. 265694£+00 0. 341856E+OC 0.1 092093£• 00 

6. 20 3.30 0.1720COI::+01 0.174668£+01 0.167543£+01 0.1898601£+01 -o. 2668nE-01 0.445730£-01 -0.1786007£+00 

5. 60 3. 70 0 .2 54000£+01 0.181508£+01 0.176696£+01 0.1960157£+01 0. 724924£+00 o. 773041£+uo 0.5798429£+00 

4. 60 J .so 0.200000E+C1 0 .190766£+01 0.190155£+01 0.2044379£+01 0.923359£;_01 0.984474£-01 -0.4437918£-01 

4. so 4. 00 0.180COOE+Oi 0.191231£+01 0.190737£+01 0 . 2047321£+01 -o .112314£+00 -o. io7 369£+oo -0.2473211£+00 

4. 40 4.10 0.250000£+01 0.191721£+01 0.191411£+01 0 ; 2050956Et-01 0. 582 791£ +00 0. 585887E+OO I o.4490443E•oo 

2 . 10 4. 60 0.132000£+01 0.194040£+01 0.192931£+01 0.2052312£+01 -0.620397£ +00 -0.609310£+00 -0. 7323117£+00 

4. 30 3. 20 0.168000£+01 0. 196775£+01 0.198247£+01 0.2104754£+01 -0 .287752£•00 -0.302467!:+00 .-0.4241538£+00 

4.20 3.00 0 .: 77000£+0 1 ~. 2001JSE>Ol 0. 202224£+01 0.2138996£+01 -0.231348£+00 -"o. 252236£+00 -o. 3689959E+oo 

3. 30 2.90 0.181000£+01 0.207495£+1)1 0.212724£+01 0.2197886£+01 -o. 264954£+00 -~.317239r.+OO -0.3878856£+00 

4. 90 3.00 0.221000£+01 0.1863501::•~1 0.185033£+01 0.2006672£+01 0. 346497£+00 0. 359669£+00 0.2033283£+00 

4.90 2. 80 0.131000£•01 0.185421E+C1 0 .184290£+01 0.1998197£+01 -o. S4H07E+OO -0. 532901£+00 -0.6881967£+00 

3 .80' 2. so 0. 850000£+00 0.213128£+01 0.216459£+01 0.2277458£+01 -0.128128£+01 -0.131459£+01 -o .14 274 see• 01 

4. 30 2. 70 0. 299000£+0 1 0.201380£+01 0.203094£+01 0.2157201£+01 0. 976204£+00 0. 959064£+00 0. 8 327990£+0(} 

6.20 2. 80 0. 369000£+0 1 0.168477£+01 0.161395£+01 0.1840238£+01 0.200523£+01 0.207605£+01 0.1849762£+01 

6. 40 2. 90 0. 334 000£+0 1 0.169431£+01 0.161814£+01 0.1850791£+01 0.164 569£+0 1 0.172186£+01 0.1489209£+01 

4. 30 4. 60 0.2550:l0E+01 0 .191192£+01· 0.190412£+01 0.2043565£+01 0 . 631083£+00 0. 64 5882£+00 0.5064345£•00 

6.60 5. 00 0.150000£+01 0.1 83670£+0 1 0.171021£+01 0 .1979416£• 01 t-0. 336696£+00 -0. 2110206£+00 -0 • 4794756£ I 00 

2.00 6.00 0 .l 15000£+0 1 0.191827£+01 0.11977111'!+01 0.2036223£•01 t-O. 612717£-01 '-0.47711011£-01 -0 .1862226£• 00 

-

Table 4.7: Bayesian Kriging Results (celsius.dat) 
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Figure (4.2): Kriging Variance for Modell and Model II 



Model I -0.120132 
Model II -0.081156 
MeanKrig -0.224025 

0.667736 
0.737093 
0.689432 

0.21999 
1.06542 
0.24737 

Table 4.8, Statistics for Bayesian Kriging 

Case 2. 
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In this case, the same covariance function is used as in Case 1., but the ratio 

of nugget and sill c = 0.08 is specified, and the sill and the range are random 

variables. Suppose that sill has a chi-inverse distribution with So = 38 and degrees 

of freedom ko = 10, the range has an exponential distribution with parameter 

(3 = 0.25, i.e, 

where 

and 

where 

C( ' "--) (0.08 ~(''') (''')) x ,x ,a = CI 1 _ 0.08 u x, x + VI x, X ,a , 

( ' " ) { 1, VI X ,x ,a = (_"x'-x""2
) exp a2 , 

ifx' = X"j 

if/lx' - x"/I > 0, 

1 
(-,a) = (r,a) "-J f(r, a), 
r 

{ 
(M.)'11 lll.-1 (( 38 )) f(r, a) = r~ln 0.25r 2 exp - 0.25a +"2r , if r > O,a > OJ 
0, otherwise. 

(4.7.5) 

(4.7.6) 

Using Model III, the Bayesian Kriged values are computed by (4.7.3) where 

f(r,a) is defined as in (4.7.6). From the kriged results (showed in Table 4.10), it 

can be seen that the mean square error is relatively larger. 
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Case 3. 

Here, we suppose that c, a are specified, but Cl is random. i.e, c = 0.08, a = 12, 

and Cl has a chi-inverse distribution with parameter So = 38, degrees of freedom 

ko = 10. Considering Model III, the Bayesian kriging Z*(xo) can be obtained by 

(4.7.4), where 

with Vl (x', XII) being defined as in (4.7.5), but a = 12. 

The results are shown in Table 4.11. 

And as in Example 4.7.1, Model II is used to compute the kriged values Z*(xo). 

Comparing these results which are shown in Table 4.12 with those in Table(4.11), 

we can see that the mean errors, the mean square errors and the standard errors 

in Model II are almost the same as those for Model III. 

Closing Remark 

From above two examples, it can be concluded that the Model II is better 

than Model I. The reason might be that for the Model II, the distribution of 

Z(x) is known (multinormal distribution), and the parameters in the distribution 

are unknown. However for the Model I, only first two moments are known with 

unknown parameters, and there is no information about the distribution. This 

means that there is more information about Z(x) for Model II than that for Model 

I. This can make the kriged values obtained by Model II better than the kriged 

values obtained by Model I. 
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Also from these examples, we see that in Case 2., where the ratio c and the sill 

Cl are specified and the range a is random, the kriged results obtained by Model 

III are not better than those obtained by Model II, and in the Case 3., where the 

ratio c, the range a are specified and the sill Cl is random, the results obtained by 

Model III are almost the same as those obtained by Model II, but it takes more 

time to compute the kriged results for Model II than for Model III. 
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(X(l) X(2») , , , Z(Xi) Z*(Xi) Z(Xi) - Z*(Xi) 

70.00 12.00 0.550000E+01 0.591726E+01 -Oo417256E+00 
71.00 9.00 0.553000E+01 0.671495E+01 -0.1l8495E+01 
72.00 4.00 0.186000E+01 0.324598E+01 -0.138598E+01 
73.00 9.00 0.664000E+01 0.602322E+01 0.616780E+00 
74.00 6.00 Oo436000E+01 0.340594E+01 0.954058E+00 
75.00 4.00 0.332000E+01 0.357379E+01 -0.253793E+00 
76.00 6.00 Oo479000E+01 0.540861E+01 -0.618613E+00 
76.00 9.00 0.682000E+01 0.329241E+01 0.352759E+01 
76.00 11.00 0.858000E+01 0.111111E+02 -0.253110E+01 
77.00 3.00 0.570000E+01 0.364137E+01 0.205863E+01 
78.00 5.00 0.513000E+01 Oo411938E+01 0.101062E+Ol 
79.00 9.00 0.578000E+01 0.381355E+Ol 0.196645E+Ol 
81.00 7.00 0.639000E+01 0.679015E+01 -0.400149E+00 
82.00 6.00 Oo434000E+0l 0.760856E+Ol -0.326856E+01 
82.00 12.00 0.623000E+0l 0.117579E+02 -0.552794E+01 
83.00 4.00 Oo493000E+0l 0.492959E+01 Oo409364E-03 
84.00 5.00 0.579000E+0l 0.711563E+Ol -0.132563E+01 
84.00 10.00 0.884000E+Ol 0.897275E+01 -0.132751E+00 
85.00 3.00 004 77000E+01 0.533969E+01 -0.569686E+00 
86.00 5.00 Oo420000E+0l 0.678249E+01 -0.258249E+01 

1 - L (Z(Xi) - Z*(Xi)) = -0.503218E + 00 
n 

.!. L (Z(Xj) - Z*(Xj))2 = 00416920E + 00 
n 

Table 4.9, Bayesian Kriging Results for "Celsius.dat" 
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(X(l) X(2») 
I , I Z(Xi) Z*(Xi) Z(Xi) - Z*(Xi) 

70.00 12.00 0.550000E+Ol 0.642312E+01 -0.923119E+00 
71.00 9.00 0.553000E+Ol 0.590649E+Ol -0.376495E+00 
72.00 4.00 0.186000E+Ol 0.309805E+Ol -0.123805E+Ol 
73.00 9.00 0.664000E+01 0.577778E+Ol 0.862218E+00 
74.00 6.00 Oo436000E+Ol Oo420359E+01 0.156408E+00 
75.00 4.00 0.332000E+Ol 0.352124E+Ol -0.201244E+00 
76.00 6.00 Oo479000E+Ol 0.526832E+01 -004 78319E+00 
76.00 9.00 0.682000E+Ol Oo483702E+Ol 0.198298E+Ol 
76.00 11.00 0.858000E+01 0.941524E+01 -0.835245E+00 
77.00 3.00 0.570000E+01 0.358867E+Ol 0.211133E+Ol 
78.00 5.00 0.513000E+Ol Oo467925E+01 Oo450746E+00 
79.00 9.00 0.578000E+Ol 0.533947E+Ol 0.440529E+00 
81.00 7.00 0.639000E+01 0.585638E+Ol 0.533619E+00 
82.00 6.00 Oo434000E+Ol 0.641297E+Ol -0.207297E+Ol 
82.00 12.00 0.623000E+01 0.104433E+02 -Oo421326E+Ol 
83.00 4.00 Oo493000E+Ol 0.530181E+Ol -0.371806E+00 
84.00 5.00 0.579000E+Ol 0.624511E+Ol -Oo455113E+00 
84.00 10.00 0.884000E+Ol 0.872522E+Ol 0.1l4779E+00 
85.00 3.00 004 77000E+Ol 0.528486E+01 -0.514862E+00 
86.00 5.00 Oo420000E+Ol 0.596470E+Ol -0.176470E+Ol 

1 
- ~ (Z(Xi) - Z*(Xi)) = -0.339629E + 00 
n 

.!. ~ (Z(Xi) - Z*(Xi))2 = 0.195600E + 00 
n 

Table 4.10, Bayesian Kriging Results for "Celsius.dat" 
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(X~l), X~2») Z(Xi) Z*(Xi) Z(Xi) - Z*(Xi) O'~ 
I 

70.00 12.00 0.550000E+Ol 0.671840E+Ol -0.121840E+Ol 0.108324E+Ol 
71.00 9.00 0.553000E+Ol 0.548621E+Ol 0.437949E-0l 0.624244E+00 
72.00 4.00 O.186000E+Ol 0.303173E+Ol -0.117173E+Ol 0.547278E+00 
73.00 9.00 0.664000E+Ol 0.599847E+Ol 0.641530E+00 0.510468E+00 
74.00 6.00 O.436000E+Ol 0.442681E+Ol -0.668074E-Ol 0.480515E+00 
75.00 4.00 0.332000E+Ol 0.361137E+Ol -0.291367E+00 0.542237E+00 
76.00 6.00 0.4 79000E+0l 0.482186E+0l -0.318625E-Ol 0.484635E+00 
76.00 9.00 0.682000E+Ol 0.662177E+Ol 0.198225E+00 0.484797E+00 
76.00 11.00 0.858000E+Ol 0.772403E+Ol 0.855973E+00 0.537668E+00 
77.00 3.00 O.570000E+Ol 0.360253E+Ol 0.209747E+Ol 0.605277E+00 
78.00 5.00 0.513000E+Ol 0.462559E+0l 0.504414E+00 0.498053E+00 
79.00 9.00 0.578000E+0l 0.697345E+Ol -0.119345E+Ol 0.500744E+00 
81.00 7.00 O.639000E+0l 0.602513E+Ol 0.364872E+00 0.484688E+00 
82.00 6.00 0.434000E+0l 0.561466E+Ol -0.127466E+Ol 0.481958E+00 
82.00 12.00 0.623000E+0l 0.838539E+Ol -0.215539E+Ol 0.620894E+00 
83.00 4.00 0.493000E+0l 0.490712E+Ol O.228795E-Ol 0.496939E+00 
84.00 5.00 O.579000E+0l 0.539667E+Ol 0.393328E+00 0.503771E+00 
84.00 10.00 0.884000E+0l 0.757661E+Ol O.126339E+Ol 0.506995E+00 
85.00 3.00 0.477000E+Ol 0.489308E+Ol -0.123076E+00 0.570588E+00 
86.00 5.00 O.420000E+Ol 0.561971E+Ol -0.141971E+Ol 0.599973E+00 

.!. 2: (Z(Xi) - Z*(Xi)) = 0.143435E + 00 
n 

.!. 2: (Z(Xi) - Z*(Xi))2 = O.678143E + 00 
n 

.!. 2:(Z(Xi) - Z*(Xi))2 = O.382415E + 00 
n O'i 

Table 4.11, Bayesian Kriging Results for "Celsius.dat" 
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(Xp> X(2» , , , Z(Xi) Z*(Xi) Z(Xi) - Z*(Xi) O'~ , 

70.00 12.00 0.550000E+Ol 0.672532E+Ol -0.122532E+Ol 0.112062E+Ol 
71.00 9.00 0.553000E+0l 0.548718E+Ol 0.428190E-Ol 0.610440E+00 
72.00 4.00 0.186000E+Ol 0.302631E+Ol -0.116631E+01 0.532077E+00 
73.00 9.00 0.664000E+01 0.600l73E+Ol 0.638275E+00 0.494901E+00 
74.00 6.00 0.436000E+Ol 0.442605E+01 -0.660536E-01 0.466343E+00 
75.00 4.00 0.332000E+01 0.361059E+Ol -0.290594E+00 0.526524E+00 
76.00 6.00 0.479000E+01 0.482185E+01 -0.318457E-01 0.4 70648E+00 
76.00 9.00 0.682000E+Ol 0.662502E+01 0.194978E+00 0.4 70285E+00 
76.00 11.00 0.858000E+Ol 0.773059E+01 0.849408E+00 0.522679E+00 
77.00 3.00 0.570000E+01 0.360352E+01 0.209648E+Ol 0.591058E+00 
78.00 5.00 0.513000E+01 0.462477E+01 0.505230E+00 0.482904E+00 
79.00 9.00 0.578000E+Ol 0.697369E+01 -0. 119369E+01 0.486416E+00 
81.00 7.00 0.639000E+Ol 0.602192E+01 0.368085E+00 0.471946E+00 
82.00 6.00 0.434000E+0l 0.561091E+01 -0.127091E+01 0.468786E+00 
82.00 12.00 0.623000E+01 0.838852E+0l -0.215852E+0 1 0.607437E+00 
83.00 4.00 0.493000E+01 0.490469E+01 0.253148E-0l 0.481542E+00 
84.00 5.00 0.579000E+0l 0.539357E+01 0.396431E+00 0.488763E+00 
84.00 10.00 0.884000E+01 0.757754E+01 0.126246E+01 0.491250E+00 
85.00 3.00 0.4 77000E+Ol 0.489263E+01 -0.122629E+00 0.555752E+00 
86.00 5.00 0.420000E+Ol 0.561855E+01 -0.141855E+Ol 0.583058E+00 

1 - E (Z(Xi) - Z*(Xi» = -0.128247E + 00 
n 

! E (Z(Xi) - Z*(Xi»2 = 0.101922E + 00 
n 

! E(Z(Xi) - Z*(Xi»2 = 0.178491E + 00 
n O'i 

Table 4.12, Bayesian Kriging Results for "Celsius.dat" 
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Chapter 5 Fuzzy Kriging 

5.1 Introduction 

It is known that the variogram model plays a key role in calculation of the relia

bility of the kriging predictor. However in most applications, only a small amount 

of spatial measurement data are available, and thus difficulties in estimation of 

the variogram arise. This implies that the numbers of available or realistically ob

tainable direct measurement data on the regionalized variable is often not enough 

for geostatistical analysis. Accordingly, various methods have been developed for 

handling these kinds of problems. The idea common to all these methods is to uti

lize all available information - both hard and soft information. Hard information 

refers to exact information at exact locations. The "soft" information corresponds 

to probabilistic ( uncertain) and fuzzy (imprecise) information. In chapter 4, we 

derived a method called Bayesian kriging in which uncertain information is defined 

as that to which probabilities are or can be attached. But in some cases, we find 

that it is hard to characterize these uncertainties by probabilities, whereas the 

uncertain information can be characterized by linguistic (qualitative) reasoning or 

other forms of inexactness, amenable to fuzzy formulation. 

The general goal for introducing fuzzy set method is to handle different types 

of uncertain information in geostatistical modeling. Because available information 

can be of different types and quality, the treatment of such information should 

reflect its diversity. For imprecise data, Bardossy [2] derived a methodology to deal 

with the use of imprecise data in kriging. For imprecision in variogram fitting, fuzzy 

sets are used to describe the imprecision of the variogram, and fuzzy set theory can 

be employed to solve the resulting system of kriging equation. A methodology for 

utilizing imprecise information on variogram parameters in the kriging predictor 

was developed by Bardossy [3]. 
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In this chapter, fuzzy kriging is discussed and modified. In the second section 

the fundamental fuzzy set theory is discussed and fuzzy kriging model is presented. 

The resulting variogram is represented by an independent membership function for 

each parameters including the nugget effect, sill and range. In the third section 

fuzzy kriging is compared with Bayesian kriging where the uncertainty of param

eters in variogram are characterized by probabilities. In section four, the relation 

between fuzzy kriging and robustness of kriging is discussed. Finally, the numerical 

examples are presented to show the relations and differences between fuzzy kriging 

, Bayesian kriging and robustness of kriging. 

5.2 Fuzzy Kriging 

Fuzzy kriging is based on the premise that observed data are crisp, but uncer

tainty in theoretical variogram model exists. Fuzzy set theory provides an attrac

tive framework for considering imprecision in subjective variogram parameters by 

allowing their characterization in terms of linguistic descriptors and membership 

functions. 

5.2.1 Elements of Fuzzy Set Theory 

We start this section by summarizing the basic definitions of fuzzy set theory, 

fuzzy numbers and fuzzy operations. 

Definition S.l Let X be a set (universe). A is called a fuzzy subset of X if A 

is a set of ordered pairs 

A = {[x,p(x)], x E X} 

where 0 < p( x) < 1 is the grade of membership of x in A. 

We remat:k that the closer p(x) is to 1, the more x belong to Aj whereas, the 

closer it is to 0, the less it belongs to A. 
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Definition 5.2 A fuzzy subset M is called normal if there exists at least one z 

such that p( z) = 1. 

Definition 5.3 The q level set of the fuzzy subset A is the set of those elements 

which have at least q membership: 

M = ([x,p(x)lIp(x) > q,x EX}. 

Definition 5.4 A fuzzy subset M of the set of real number is called convex if 

for each 0 < a < 1 and each x, y E M 

PM(ax + (1- a)y) ;:: min(PM(x),PM(y)). 

Definition 5.5 A fuzzy subset M is called a fuzzy ~umber if M is a normal 

convex fuzzy subset of real numbers. 

The membership value of a real number reflects the "likeliness" of the occur

rence of that number. Any real number can be regarded as a fuzzy number, and 

often is called a crisp number in fuzzy mathematics. 

Definition 5.6 Let X and Y be two sets. Let f be a point-to-point mapping 

from X to Y 

f : X -+ Y [for all x EX, f(x) = Y E Y] 

then f can be extended to act on fuzzy subset of X in the following way: Let A be 

a fuzzy subset of X with membership function p( x ), then 

f(A) = B 

where B is a fuzzy subset of Y with the membership function 

( ) _ {SUP~ex'!(~)=lI[PA (x)] j 
PB Y - 0, if no x E X, such thatfO = y. 
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This called the extension principle which is a method of extending point-to

point operations to fuzzy set. It is the basic tool for the development of fuzzy 

arithmetic. 

Definition 5.7 The mean of a fuzzy number is defined as 

Definition 5.8 The width of a fuzzy number is defied as 

W(A) = sup{x : JLA(X) > O} - infix; JLA(X) > O}. 

5.2.2 Fuzzy Variogram Parameters 

In many cases, even in the case of large data sets, the experimental variogram 

can not be easily fitted to a theoretical model. the fit could be even more imprecise 

in the case of small data sets. Imprecision in variogram estimation is related to 

two cases: 

(1) Uncertainty due to the choice of a particular analytical model; 

(2) Given an analytical model, the uncertainty about the corresponding var

iogram parameters. 

Due to those imprecision in variogram, a variogram cloud can be formed. This 

variogram cloud certainly displays an element of "fuzziness". A variogram mist 

may be used to define possible limit of the true theoretical variogram. These limits 

establish the basis for linguistic interpretation of variogram. The shape of mist 

prescribes the type of theoretic model to use. Fuzzy set descriptors in the form 

of membership functions can then be assigned to each of the parameters which 

consider the pattern of the variogram mist. 
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For given analytical model, the theoretical variogram selection depends on its 

parameters. This theoretical variogram can denoted as 

where (PI,P2, "',Pk) are parameters. 

The parameters (PbP2, ""Pk) can not be assessed as exact ( crisp) numbers due 

to the behavior of the experimental variogram or the small amount of available data 

to calculate the experimental variogram. The set of possible variogram parameters 

(PbP2, "',Pk) is assumed to be a fuzzy set ~ in Rk. Each parameter (PI,P2, "',Pk) 

is assigned a membership value in ~ showing how acceptable the parameter vector 

are. That is, 

(5.2.1) 

Levell membership values are assigned to the "most likely" variogram param

eters 

Example. Consider a spherical model with a nugget effect, with a sill approxi

mately 1, a range around 100, and a relative nugget constant of about 0.33. Denote 

the nugget by PI, sill by P2 and range by P3. Then 

h = OJ 
0< h < P3j 

h ~P3' 
Using the extension principle (Definition 5.6), the membership function of the 

fuzzy set corresponding to {(PbP2, "',Pk)} C ~ is defined as 

( ) { 
min(l - Ip1+p2-11 1 _ 1~-0.331 1 _ IP3-100I). 

J.tp P1,P2,P3 = 0.05' 0.33' 10' 
0, if above minimum is negative. 

The first term reflects the uncertainty in the sill with the tolerance in the sill 

of 0.05. The second term corresponds to the relative nugget, and the third one to 

. the range. 
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5.2.3 Fuzzy Kriging 

Note that the choice of the variogram parameters strongly influences the kriging 

result, i.e., the kriged value is a function of the parameters in variogram. The 

following fuzzy kriging model will be derived by using the extension principle of 

fuzzy set theory. 

The kriging estimate Z* (xo) depends on the variogram parameters (PI, P2, ... , Pk), 

data locations Xl, X2, ... , Xn and the data valuesZ(xI), Z(X2), ... , Z(xn). Therefore 

we denote Z*(xo) by 

(5.2.2) 

Suppose that the imprecise variogram parameters are defined, that is, the fuzzy 

set of parameters is given. By the Definition 5.6, the membership value for any 

real number 

is defined by 

( ) = {suP{JLp(P17P2' ... ,Pk)j Y = K[XO,P17 .. ·,Pk, Xl, ... , Xm Z(XI), ... , Z(Xn)]}j 
JLK Y 0, if the above set is empty, 

(5.2.3) 

where JLp is the membership function for fuzzy subset of variogram parameters. 

The fuzzy number corresponding to membership function (5.2.3) is called the 

result of fuzzy kriging. 

At each location Xo, fuzzy kriging results in a fuzzy number for the estimator. 

By the theory of fuzzy set, it is known that if the fuzzy set ~ is connected, then 

for given membership level 0 < t < 1, the fuzzy kriging value is an interval. The 

end points of the interval are given by 
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(5.2.4) 

We denote these endpoints by minK and maxK. Using these end points, the 

width of fuzzy kriging is given by 

max]( - min K. 

By the Definition 5.7, the fuzzy mean of kriging can also be obtained. The 

fuzzy kriging is characterized partly by its fuzzy mean and its width. The first 

gives information about location of the fuzzy number, the the second shows the 

fuzzy uncertainty involved in that number, resulting from fuzzy information. 

Similarly, if the kriging variance is denoted by 

(5.2.5) 

then the membership value of any real number 82 for kriging variance is defined as 

(5.2.6) 

For given membership level 0 < t < 1 the fuzzy kriging variance is an inter

val[minU, maxU] where 

minU = minU(xo,pl, ... ,Pk,XI, ... ,xn)i subject t0J.tp(PI, "',Pk) > t(5.2.7) 

maxU = maxU(xo,pl, ... ,Pk, Xl, ... , xn)i subject toJ.tp(pt, ".,Pk) > {5.2.8) 

5.3 The Comparison of Fuzzy Kriging and Bayesian Krig
ing 

Comparing the fuzzy kriging model with Bayesian kriging model, the uncer

tainty about the parameters in the variogram is characterized differently. In fuzzy 

kriging, the uncertainties of the parameters in variogram are measured by fuzzy 
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sets with membership functions assessed from the experimental variogram. How

ever in Bayesian kriging the uncertainties are characterized by prior distribution 

of parameters. Under different assumptions about the uncertainties of parameters 

in variogram, kriging is approached in different ways. 

In the fuzzy kriging procedure, it is assumed that variogram parameters eo, 

CI and a have membership function JL( eo, Cl, a). In the fuzzy kriging model, for 

given membership level a, we have kriging prediction at xo· which is the interval 

[minI<, max I<] , where 

minI< = min I< [eo, CI, a, Xl, ••• , Xn, Z(XI), ... , Z(xn)], 

maxI< = max I< [eo , CI, a, Xl, ••• , Xn, Z(XI), ... , Z(xn)], 

subject to JL(eo,cI,a) ~ a. 

(5.3.9) 

(5.3.10) 

Corresponding to the membership function for the variogram parameters, in 

Bayesian kriging, it is supposed that the parameters in variogram have prior dis

tribution 

(5.3.11) 

For the Bayesian modelIII, we know that for given data i = (Z(XI), ... , Z(Xn))T 

and the above prior distribution of parameters, Z(.) has posterior distribution 

Z(-)Ii rv g(.). 

Therefore the Bayesian kriging predictor of Z(xo) is given by 

Z*(Xo) = J zg(z(xo)) dz(xo). (5.3.12) 

Since the fuzzy kriging is an interval for given membership value, we can con

sider the fuzzy mean of kriging which is a number defined by Definition 5.8. There

fore we can compare this fuzzy mean of kriging with Bayesian kriging Z*(xo) given 

by (5.3.12). 
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Furthermore, corresponding to fuzzy kriging interval [minK, maxK], we con

sider 100(1 - a)% confidence interval of Z(xo) defined as 

(Z*(Xo) - Z(3, Z*(xo) + z-y), 

where (3 + "y = a. Z(3 and Z-y are determined by 

Pr(Z(xo) - E(Z(xo)IZ) < Z(3) = (3, 

Pr(Z(xo) - E(Z(xo)IZ) > z-y) = "y. 

(5.3.13) 

For the uncertain parameters characterized by the fuzzy membership function 

P.(Co, CI, a) and the prior distribution (5.3.11), we can compare the fuzzy kriging 

interval [minK, maxK] where minK and maxK given by (5.3.9) and (5.3.10) and 

the Bayesian kriging interval (5.3.13). 

In practice, it is not easy to find Z(3 and Z-y since the distribution of Z(x )IZ is 

not a standard distribution function. For the special case of Co and a being given 

while only CI being uncertain Z(3 and Z-y can be obtained. In this case it is assumed 

that the fuzzy membership function of Cl is p.( CI), then the fuzzy kriging value 

corresponding to level a is [minK, maxK], where 

Corresponding to p.( cd, the prior distribution of Cl is given as a chi-inverse 

distribution with parameter So and degrees of freedom ko 

Therefore, posterior distribution of Z(.) is a t-distribution with degrees of freedom 

n + ko, mean m(x) and variance SIW(x,x)/(n + ko - 2): 

Z(x)IZ ,..., tn+ko(m(x)) 



where 

. m(x) = [3 + ](f(X)]{-l(Z - 1(3), 

w(x,x) = v(x,x) - ](f(X)]{-l]{o(x), 

... ... T 1'" ... 
Sl = So + (Z -1(3) ]{- (Z - 1(3). 

Hence the Bayesian kriging predictor is 

and 100(1 - a)% confidence interval for Z(xo) is 

where ts. is determined by 
2 

160 

In this special case, it is possible to compare the fuzzy kriging [min]{,max]{] 

with the Bayesian kriging interval (5.3.13). 

5.4 The Relationship of Fuzzy Kriging and the Robustness 
of Kriging 

From the discussion of the robustness of kriging with respect to the variogram 

parameters (43.3.2), we can see that if the variogram parameters are in the a
neighborhood N6Ct), the kriged values are bounded, that is, they will fall in the 

interval (Z;(xo) - II~'\II . IIZII, Z;(xo) + II~'\II . IIZI!). This means that if the 

variogram is imprecise, but it falls in some neighborhood, the kriged value can be 

approximated by the interval (Z;(xo) - II~'\II·IIZII, Z;(xo) + II~'\II·IIZI!). If we 

use fuzzy kriging to describe this phenomenon, corresponding to a-neighborhood 

of variogram N6Ct) we define €-fuzzy variogram neighborhood. Based on this set, 

we can obtain the fuzzy kriging which is an interval corresponding to the interval 

(Z;(xo) - II~'\II ·IIZII, Z;(xo) + II~'\II·IIZI!)· 
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As discussed in chapter 3, if we consider the robustness of kriging with respect 

to the parameters in variogram, 

where H (.) is a given function. For any variogram g( h) which is in the €-neighborhood 

of,: 

we can calculate the kriged value corresponding to variogram g, which will be in 

the interval where its endpoints are determined by the kriged value corresponding 

to variogram , and the number €, that is, 

where 

b= __ ~~~~IIK~-~ll~I·~R~~~~~ 
1- €IIK-l lI«1 + c~B(€))IIEETIl + IIH(ao)ID 

{(I + c~B(€))IIEIl + IIHo(ao)1I + 
«1 + c~B(€))IIEETIl + IIH(ao)IDII"'11} 

with B(€) defined as (3.3.55). Corresponding to Nf(f), for fuzzy kriging, a mem

bership function p(eo, Cl, a) is assigned to (eo, Ct, a) and with membership value 1, 

eo = cg, Cl = 4, a = aO. Choosing membership value 1 - €, we define an €-fuzzy 

variogram neighborhood of , by 

(5.4.15) 

For variogram 9 E Mf(f), we have fuzzy kriging which is a interval [minK, 

maxK], where 

minK = minK[eo, Cl, a, Xl, ••• , Xn , Z(Xl), ... , Z(xn )], 

maxK = maxK[eo, Cll a, Xl, ••• , Xn , Z(Xl), ... , Z(xn )], 

subject to p(eo, Cl, a) ~ 1 - €. 



This kriging interval corresponds to 

If we consider following the membership function 

with 

( ) _ {min{Pl(eo),P2(cI),P3(a)}; 
P Co, Cll a - 0, if above minimum is negative; 

{
1-~ aO-aL' 

P3(a) = 1- a'k-~:o, 
0, 

if cfJ < eo < c8; 
if cg < eo < eft; 
if eo < cfJ or eo > c{f; 

if cf < Cl < c~; 
if c~ < Cl < cf; 
if Cl < cf or Cl > cf; 
if aL < a < aO; 

if aO < a < aH ; 

if a < aL or a > aH • - -, 
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where cfJ, c{f, cf, cF, 
property. 

aL and aH are given numbers, we then have the following 

Property 1 M f (;) ~ Ns(;), where 

€ = max(cff - c8, c8 - c{{, cF - c~, c~ - cr, aH - aO, aO - aL)· 

Proof. By the definition of M f (;), we know that 9 E M f (;) means 

and 



Therefore, for JLl(eo) > 1 - f, we have 

I.e." 

Hence, 

{ 
~(eo - cg) + 1 > 1 - €, if c8 < eo < cgj 
co-co 

~(eo - cg) + 1 > 1 - €, if cg < eo < cffj 
Co Co 

{ 
cg~ck (eo - cg) > -€, if c8 < eo < cgj 
cO~cH (eo - cg) > -€, if cg < eo < cff· 
o 0 

Similarly, for JL2(Cl) > 1 - € and JL3(a) > 1 - €, we have 

Let 

then we have 

-8 < eo - cg < 8, 

-8 < Cl - c~ < 8, 

-8 < a - aO < 8. 

This means that 9 E N6{t) for all 9 E Mf (,). Therefore, 

163 

If we choose variogram 9 which is in the fuzzy variogram neighborhood M f (,), 

by Property 1.,9 must be in variogram 8 neighborhood N6(,). For these 9'S, we can 

compare interval [minK, maxK] with interval [Z*'Y(xo)-8I1ZIl·b, Z*'Y(xo)-8I1ZII·b]. 
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5.5 Numerical Examples 

In all the following examples, we consider fuzzy membership function of x for 

fuzzy set m on the set of real numbers x, 

( ) _ {L[(A - x)/8], 
I'm X - R[x - A/7J], 

for x :::; A, 8 > 0; 
for x > A, ", > O. 

(5.5.16) 

Here L and R are continuous strictly decreasing functions 1 - x (in [0,1]) and 

{ 
L( x) = R( x) = 1, ~f x :::; OJ 
L(x) = R(x) = 0, If x ~ 1. 

In this representation, A is the "most likely" value of the parameter. Interval 

[A - 8, A +",] is the range in which the parameter value falls. 

1. Fuzzy Kriging 

Example 1. (Class1.dat) 

Consider the spherical variogram model with a nugget approximately 0.8, a sill 

around 1.6 and a range about 4.0. The variogram expression is 

{ 

0, if h = 0; 
,(Pl,P2,P3, h) = PI + P2(1.5 p: - 0.5*), if 0 < h < P3; 

PI + P2, if h ~ P3. 
The membership function of the fuzzy variogram parameters set ga correspond-

ing to the above verbal definition can be constructed by using the extension prin

ciple (Definition 5.6) 

where 

( ) _ {L[(0.8 - pI)/0.3], if PI :::; 0.8; 
1'1 PI - R[(PI - 0.8)/0.3], if PI > 0.3; 

( ) _ {L[(1.6 - P2)/0.3], if P2 :::; 1.6; 
1'2 P2 - R[(P2 - 1.6)/0.2], if P2 > 1.6; 

( ) _ {L[(4.0 - P3)/0.5], if P2 :::; 4.0; 
1'3 P3 - R[(P3 - 4.0)/0.5], if P2 > 4.0. 

(5.5.17) 

(5.5.18) 
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The membership value t = 1 corresponds to the crisp variogram 

i(h) = 0.8 + 1.6Sph(4.0, h) 

where 

{ 

0, if h = OJ 
Sph(a,h) = (1.5~ - 0.5::), if 0 < h < aj 

1. if h ;::: a 

By (5.2.4) and (5.2.4), the end points of the membership value 0.0, 0.25, 0.5, 

0.75 and 1 are obtained. Levell corresponds to crisp kriging. The widths of the 

kriged value are computed. All the results are shown in Table 5.1 and Table 5.2, 

where the third column is the crisp kriging (membership value 1) and last column 

is the fuzzy mean of the fuzzy kriging. 

Now the membership function of the kriged values can be determined. From 

these results it can be seen that the membership function for kriged values are more 

or less symmetric at some locations that at others. For example, the membership 

function is more symmetric at location (8.7, 4.4) (Fig. 5.1) and nonsymmetric at 

(2.0, 6.0) (Fig. 5.2). This shows that kriged values may differ from each other 

not only in width but also in shape. Nonsymmetric results indicate points where 

small deviations in variogram parameters have different effects depending on the 

direction of deviation. The results also show that at ]ocation (2.0, 6.0), the fuzzy 

mean of kriged value is not equal to the ordinary kriging result ith the variogram 

parameters of membership value 1. 

The widths of kriged values (Table 5.1 and Table 5.2) are an important uncer

tainty measures for prediction because they reflect local inhomogeneity and depend 

on the actual magnitudes of measurement values. 



.. 
0 

t ~ 
> 

L 
N 
0 

I - Fuzzy kriging ..... Fuzzy mean 

1.44 1.45 1.44 1.47 1.48 1.49 1.50 

KJtged Vlllue 
Cllsp kriging (1ewl 1); 1.475; Fuzzy,_,; 1.475 

Figure (5.1 ): Result of fuzzy kriging at point (8.7, 4.4) 

2.10 2.15 2.20 2.25 

Figure (5.2): Result of fuzzy kriging at point (2.0, 6.0) 

166 



167 

Example 2. 

For the same data set, we consider the fuzzy variogram 'Y(PllP2, h) = 0.8 + 
PISph(P2, h) with PI ~ 1.6 and P2 ~ 4.0. The corresponding membership function 

for these two parameters are 

( ) _ {L[(1.6 - PI)/O.4], 
ILl PI - R[(pi - 1.6)/0.2], 

() {L[(4.0 - P2)/0.5], 
IL2 P2 = R[(p2 - 4.0)/0.5], 

if PI ::; 1.6j 
if PI > 1.6j 

if P2 ::; 4.0j 
if P2 > 4.0. 

Therefore, the endpoints of level 0.0, 0.25, 0.50 and 0.75 for fuzzy kriging are 

obtained by (5.2.4) and (5.2.4). They are shown in Table 5.3 and Table 5.4. The 

membership function for any kriged values are determined. 

Similarly, if we consider the variogram with one imprecise parameter which is 

the range P ~ 4.0: 'Y(p, h) = 0.8 + 1.6Sph(p, h). The corresponding membership 

function of fuzzy parameter P is 

( ) _ {L[(4.0 - p)/2], if P < 2j 
IL P - R[(p - 4.0)/4], if P > 4. 

The endpoints of level 0.0, 0.25, 0.50, and 0.75 are shown in Table 5.5and 

Table 5.6. 

For a variogram with imprecise sill P ~ 1.6: 'Y(p, h) = 0.8 + pSph(4.0, h), the 

corresponding membership function of the fuzzy parameter set is 

( ) _ {L[(1.6 - p)/0.6], if P ::; 4.0j 
IL P - R[(p - 1.6)/0.4], if P > 4.0. 

The obtained kriged values are shown in Table 5.7 and Table 5.8). 

Example 3. 

Consider the data set "celsius.dat". First, it is supposed that the variogram is 

Gaussian with imprecise parameters 

{ 
0, if h = OJ 

'Y(PI,P2,P3, h) = (1 -g) 
PI + P2 - e P3 , if h > OJ 
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where nugget PI is approximately 0.45, the sill is about 4.0 and range is around 

12. 

The membership function for the parameters (PI,P2,P3) is 

where 

( ) _ {min(J.tI(PI), J.t2(P2), J.t3(P3)); 
J.tp PllP2,P3 - 0, if above minimum is negative; 

( ) _ {L[(0.45 - pt}/O.l], if PI < 0.45; 
J.t1 PI - R[(PI - 0.45)]/0.2], if PI > 0.45; 

( ) _ {L[(4.0 - P2)/0.5], if P2 ~ 4.0; 
J.t2 P2 - R[(p2 - 4.0)]/0.2], if P2 > 4.0; 

( ) _ {L[(12.0 - P3)/2.0], if P3 < 12.0; 
J.t3 P3 - R[(p3 - 12.0)]/2.0], if P3 > 12.0cr 

(5.5.19) 

(5.5.20) 

For this fuzzy variogram we obtained the fuzzy kriging at membership level 

0.0, 0.25, 0.50 and 0.75. The endpoints are shown in Table 5.9 and Table 5.10. 

The membership functions for any kriged values are determined. For example, 

Fig. (5.3) and Fig. (5.4) show the membership functions at location (86.2, 5.0) 

and (74.0, 6.0). 

Example 4. 

For the same data set as in Example 3., we also consider three other fuzzy 

variograms. The first one is the variogram with specified nugget effect 0.45 and 

imprecise sill as well as range: 

{ 
0, if h = OJ 

"Y(PI,P2, h) = 0.45 + PI(1- e -~h, if h > O. 

The membership functions for (PI,P2) are 

() {L[(4.0 - PI)/0.5], 
J.t1 PI = R[(pi - 4.0)/2.0], 

( ) {L[(12.0 - P2)/2.0], 
J.t2 P2 = R[(P2 - 12.0)/2.0], 

if PI ~ 4.0j 
if P2 > 4.0; 

if P2 ~ 12.0 ; 
if P2 > 12.0. 
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The second fuzzy variogram with only one imprecise parameter which is the 

sill p ~ 4.0 and the other two parameters nugget and range given: 

{ 
0, if h = OJ 

'Y(p, h) = 0.45 + p(l - e-~), if h > O. 

The fuzzy membership function for the sill is 

( ) _ {L[(4.0 - p)]/2.5, if p :5 4.0j 
Jl p - R[(p - 4.0)]/1.5, if p > 4.0. 

The third imprecise variogram with range p ~ 12 is 

{ 
0, if h = OJ 

'Y(p, h) = h2 

0.45 + 4.0(1 - e-p7)m if h > OJ 

the corresponding membership function of fuzzy parameter p is 

( ) _ {L[(12 - p)/3.5], if p :5 12j 
Jl p - R[(p - 12)/4.0], if p > 12. 

Corresponding to these three fuzzy variograms, we obtain endpoints for fuzzy 

kriging at fuzzy membership values 0.0, 0.25, 0.50 and 0.75. Those results are 

shown in Table 5.11 - Table 5.16. 

2. The Comparison of Fuzzy Kriging and Bayesian Kriging 

In this section, we will present some examples to show the difference between 

fuzzy kriging and Bayesian kriging. 

Example 5. 

For the data set "class 1. dat" , in fuzzy kriging we consider the fuzzy variogram 

{ 

0, h = OJ 
'Y(CI, h) = 0.8 + cI(1.54~O - 0.5f@-), 0 < h < 4.0 

0.8 + CI h ~ 4.0j 
(5.5.21) 

with the membership function of fuzzy parameter Cl 

() { 
L[(1.6 - cl)/0.6], Cl:5 1.6j 

Jl Cl = R[(CI -1.6)/0.4], Cl > 1.6. 
(5.5.22) 
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The plot of this fuzzy variogram with low 0.05 and high 0.05 and crisp variogram 

is shown in Fig. (5.5). 

Corresponding to this fuzzy variogram we consider the same variogram as 

(5.5.21), but where the sill Cl has prior distribution 

Cl rv ~Xko2(0). 
80 

Corresponding to Fig.(5.5) we plot this variogram model with sill in 100(1 -

0.05)% = 95% confidence interval (Fig.(5.6)). 

For the fuzzy variogram (5.5.21) we obtain the endpoints of fuzzy kriging cor

responding to level a = 0.25, 0.50 as well as the fuzzy means of the kriging. For 

those a levels, we compute the Bayesian kriging and the 100(1- a)% confidence in

terval for Bayesian kriging. All the results are shown in Table 5.17 and Table 5.18, 

where the third column is the fuzzy mean of kriging and fourth one is Bayesian 

kriging, the fifth one is the left end point and the sixth is the right endpoint of fuzzy 

kriging, the seventh column is the width of fuzzy kriging, the last three columns 

are the left endpoint, the right endpoint and width of the confidence interval for 

Bayesian kriging. 

Example 6. 

For the data set "celsius.dat", we consider the fuzzy variogram 

{ 
0, h = 0 ; 

,(Cl, h) = 0.45 + cl(l- e-1tr), h > OJ (5.5.23) 

with the membership function for fuzzy parameter Cl 

/l(Cl) = {L[(4.0 - C - 1)/2.5], Cl ~ 4.0; 
R[(Cl - 4.0)/1.5], c) > 4.0. 

(5.5.24) 

This fuzzy variogram with low 0.05 and high 0.05 level and crisp variogram are 

plotted (Fig.(5.7)). 

For Bayesian kriging, we have a Gaussian variogram with nugget 0.45, range 

12 and uncertain sill has chi-inverse distribution with parameter So = 38 and 
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degrees of freedom ko = 10: 

CI '" 3~xlci(O). 
This variogram model with CI in a 95% confidence interval is plotted (Fig.(5.8)). 

For the level a = 0.25, 0.50, the fuzzy kriging interval and confidence interval 

for Bayesian kriging are computed (Table 5.19 and Table 5.20). 

From example 5. and example 6., it is concluded that fuzzy mean of the kriging 

is consistent with Bayesian kriging (except at a few locations for "celsius.dat"), 

and the width of fuzzy kriging interval is smaller than that of confidence interval 

for Bayesian kriging. 

3. The Relationship of Fuzzy Kriging and Robustness of Kriging 

Example 7. (class1.dat) 

First, we consider a fuzzy spherical variogram with its three parameters (Co, Ct, a) 

{ 

0, h = OJ 
"Y(Co,ct,a,h) = Co+cI(1.5~-0.5::), O<h<aj 

Co +ct, h > aj 
= Co + cISph( a, h). 

The membership function of the fuzzy parameters is defined as in (5.5.17), 

(5.5.18). 

For given f, we consider an f-fuzzy variogram neighborhood 

(5.5.25) 

where "Y = 0.8 + 1.6Sph( 4.0) is the crisp variogram. 

Corresponding to M,(,),), we have an f-neighborhood of variogram "Y 

N,(,),) = {g I 9 = Co + cISph(a), with ICo - 0.81 < f, ICI -1.61 < f, la - 4.01 < fl. 

(5.5.26) 

Now, for f = 0.05, 0.1, we compute the fuzzy kriging interval [minK, maxK] 

and the interval for robustness of kriging [Z;(xo) - fllZII· b, Z;(xo) + fllZII· b] for 

gin Me(')') and 9 in Ne(')'). 
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Comparing those results (Table 5.21 and Table 5.22), it can be seen that the 

width of intervals for robustness of kriging are almost 104 times larger than that of 

fuzzy kriging interval, and the interval [Z;(xo) - €/IZ/I ·b, Z;(xo) +€/IZ/I· b] contains 

the fuzzy kriging interval [minK, maxK]. 

Example 8. (celsius.dat) 

In this example, a fuzzy Gaussian variogram is considered 

The fuzzy membership function is defined as in (5.5.19) and (5.5.20). Therefore 

for the variogram , = 0.45 + 4.0Gau(12) the €-fuzzy variogram neigherhood is 

obtained as 

(5.5.27) 

Corresponding to M(C/), the f-neigherhood of variogram , is 

N(C/) = {g I 9 = Co + cIGau(a) with leo - 0.451 < €, ICI - 4.01 < f, la - 121 < fl· 

(5.5.28) 

Similarly as in the example 8., for € = 0.05, 0.1, the fuzzy kriging interval 

[minK, maxK] and the interval for robustness of kriging [Z;(xo)-f//ZII ·b, Z;(xo)+ 
fllZII . b] are obtained (Table 5.23 and Table 5.24) for 9 in M((,) and N(C/). 

The results show that the widths of intervals for robustness of kriging are 103 

times larger than that of fuzzy kriging interval. When € increases, the interval for 

robustness of kriging increases much faster than that of fuzzy kriging. 

From above two examples, the conclusion can drawn that the width of interval 

for robustness kriging is much larger than that of fuzzy kriging interval, and the 

first interval contains the second one. 
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a = 0.00 a = 0.25 

(1) X(2) Z"'(Xi) Zl ZlI width Zl ZlI width mean x, , 

8.70 4.40 1.476 1.438 1.503 .065 1.450 1.497 .048 1.476 
6.40 2.90 1.492 1.462 1.520 .058 1.469 1.513 .043 1.492 
6.20 3.30 1.502 1.465 1.535 .070 1.475 1.527 .052 1.502 
5.60 3.70 1.795 1.768 1.811 .043 1.777 1.807 .030 1.795 
4.60 3.80 1.915 1.822 1.955 .132 1.854 1.946 .092 1.915 
4.50 4.00 1.922 1.826 1.965 .139 1.860 1.956 .096 1.922 
4.40 4.10 1.929 1.828 1.977 .149 1.862 1.966 .104 1.929 
2.10 4.60 2.028 1.973 2.089 .116 1.986 2.075 .089 2.030 
4.30 3.20 2.000 1.854 2.066 .213 1.903 2.053 .150 2.000 
4.20 3.00 2.038 1.867 2.118 .250 1.924 2.101 .177 2.038 
3.30 2.90 2.178 2.062 2.247 .186 2.094 2.234 .140 2.178 
4.90 3.00 1.862 1.797 1.891 .095 1.820 1.884 .064 1.862 
4.90 2.80 1.851 1.794 1.874 .080 1.816 1.869 .053 1.851 
3.80 2.50 2.228 2.079 2.306 .227 2.126 2.290 .163 2.228 
4.30 2.70 2.034 1.863 2.125 .261 1.919 2.104 .185 2.034 
6.20 2.80 1.489 1.462 1.514 .052 1.469 1.508 .039 1.489 
6.40 2.90 1.492 1.462 1.520 .058 1.469 1.513 .043 1.492 
4.30 4.60 1.997 1.936 2.028 .092 1.955 2.021 .066 1.997 
6.60 5.00 1.758 1.674 1.821 .147 1.697 1.809 .112 1.758 
2.00 6.00 2.128 2.084 2.269 .185 2.094 2.225 .130 2.150 

Table 5.1, Fuzzy kriging with Imprecise Nugget, Sill, Range 
(Class1.dat) 
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a = 0.50 a = 0.75 

x(l) 
I 

X(2) 
I Z*(Xi) Zi, Zk width Zi, Zk width mean 

8.70 4.40 1.476 1.460 1.491 .031 1.468 1.484 .016 1.476 
6.40 2.90 1.492 1.477 1.506 .029 1.484 1.499 .014 1.492 
6.20 3.30 1.502 1.484 1.518 .034 1.493 1.510 .017 1.502 
5.60 3.70 1.795 1.785 1.803 .019 1.790 1.800 .009 1.795 
4.60 3.80 1.915 1.879 1.937 .058 1.899 1.927 .028 1.915 
4.50 4.00 1.922 1.885 1.946 .061 1.905 1.935 .029 1.922 
4.40 4.10 1.929 1.889 1.955 .066 1.911 1.943 .032 1.929 
2.10 4.60 2.028 2.000 2.060 .060 2.014 2.044 .030 2.030 
4.30 3.20 2.000 1.942 2.037 .095 1.974 2.020 .046 2.000 
4.20 3.00 2.038 1.970 2.082 .113 2.007 2.061 .055 2.038 
3.30 2.90 2.178 2.124 2.217 .093 2.152 2.199 .047 2.178 
4.90 3.00 1.862 1.838 1.878 .040 1.852 1.870 .019 1.862 
4.90 2.80 1.851 1.831 1.863 .032 1.843 1.858 .015 1.851 
3.80 2.50 2.228 2.166 2.271 .105 2.199 2.251 .052 2.228 
4.30 2.70 2.034 1.964 2.083 .118 2.002 2.059 .057 2.034 
6.20 2.80 1.489 1.476 1.502 .026 1.483 1.495 .013 1.489 
6.40 2.90 1.492 1.477 1.506 .029 1.484 1.499 .014 1.492 
4.30 4.60 1.997 1.972 2.014 .042 1.986 2.006 .020 1.997 
6.60 5.00 1.758 1.718 1.793 .075 1.738 1.776 .037 1.758 
2.00 6.00 2.128 2.103 2.184 .081 2.112 2.151 .039 2.150 

Table 5.2, Fuzzy kriging with Imprecise Nugget, Sill, Range 
(Classl.dat) 
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a = 0.00 a = 0.25 

(1) X(2) Z*(Xi) Zi, Zh width Z* Zh width mean x, , L 

8.70 4.40 1.476 1.467 1.501 .034 1.470 1.494 .025 1.480 
6.40 2.90 1.492 1.465 1.498 .033 1.473 1.497 .024 1.492 
6.20 3.30 1.502 1.470 1.510 .040 1.480 1.508 .028 1.502 
5.60 3.70 1.795 1.772 1.799 .027 1.781 1.799 .017 1.795 
4.60 3.80 1.915 1.837 1.926 .089 1.868 1.924 .056 1.915 
4.50 4.00 1.922 1.842 1.934 .092 1.874 1.931 .058 1.922 
4.40 4.10 1.929 1.844 1.944 .100 1.877 1.941 .064 1.929 
2.10 4.60 2.028 2.006 2.084 .078 2.011 2.068 .057 2.036 
4.30 3.20 2.000· 1.876 2.020 .144 1.924 2.016 .092 2.000 
4.20 3.00 2.038 1.893 2.063 .170 1.949 2.058 .109 2.038 
3.30 2.90 2.178 2.075 2.207 .132 2.108 2.201 .092 2.178 
4.90 3.00 1.862 1.808 1.870 .063 1.830 1.869 .038 1.862 
4.90 2.80 1.851 1.804 1.857 .053 1.824· 1.856 .032 1.851 
3.80 2.50 2.228 2.101 2.257 .156 2.147 2.250 .103 2.228 
4.30 2.70 2.034 1.889 2.064 .175 1.943 2.057 .114 2.034 
6.20 2.80 1.489 1.465 1.495 .030 1.472 1.494 .021 1.489 
6.40 2.90 1.492 1.465 1.498 .033 1.473 1.497 .024 1.492 
4.30 4.60 1.997 1.945 2.005 .060 1.964 2.003 .039 1.997 
6.60 5.00 1.758 1.684 1.784 .100 1.707 1.779 .072 1.758 
2.00 6.00 2.128 2.085 2.205 .120 2.094 2.186 .091 2.135 

Table 5.3, Fuzzy kriging with Imprecise Sill and Range 
(Class1.dat) 
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a = 0.50 a = 0.75 

(1) X(2) Z*(Xi) ZL Zk width ZL Zk width mean x, I 

8.70 4.40 1.476 1.472 1.488 .016 1.474 1.482 .008 1.480 
6.40 2.90 1.492 1.480 1.495 .015 1.486 1.494 .007 1.492 
6.20 3.30 1.502 1.488 1.506 .018 1.496 1.504 .008 1.502 
5.60 3.70 1.795 1.787 1.798 .0lD 1.792 1.797 .005 1.795 
4.60 3.80 1.915 1.889 1.921 .032 1.904 1.918 .014 1.915 
4.50 4.00 1.922 1.895 1.929 .034 1.910 1.925 .015 1.922 
4.40 4.10 1.929 1.900 1.937 .038 1.916 1.934 .017 1.929 
2.10 4.60 2.028 2.016 2.054 .037 2.022 2.040 .018 2.036 
4.30 3.20 2.000 1.957 2.011 .054 1.981 2.006 .025 2.000 
4.20 3.00 2.038 1.987 2.052 .065 2.016 2.045 .029 2.038 
3.30 2.90 2.178 2.136 2.193 .057 2.159 2.186 .027 2.178 
4.90 3.00 1.862 1.845 1.867 .022 1.855 1.865 .0lD 1.862 
4.90 2.80 1.851 1.837 1.855 .018 1.845 1.853 .008 1.851 
3.80 2.50 2.228 2.181 2.243 .062 2.207 2.235 .028 2.228 
4.30 2.70 2.034 1.982 2.050 .068 2.011 2.042 .031 2.034 
6.20 2.80 1.489 1.479 1.493 .014 1.484 1.491 .007 1.489 
6.40 2.90 1.492 1.480 1.495 .015 1.486 1.494 .007 1.492 
4.30 4.60 1.997 1.978 2.001 .023 1.989 1.999 .0lD 1.997 
6.60 5.00 1.758 1.727 1.773 .046 1.743 1.765 .022 1.758 
2.00 6.00 2.128 2.103 2.164 .061 2.113 2.145 .032 2.135 

Table 5.4, Fuzzy kriging with Imprecise Sill and Range 
(Class1.dat) 



180 

0: = 0.00 0: = 0.25 

X(l) , X(2) , Z*(Xi) ZI Zh width ZI Zh width 

8.70 4.40 1.476 1.470 1.487 .017 1.470 1.484 .014 
6.40 2.90 1.492 1.480 1.493 .012 1.483 1.493 .010 
6.20 3.30 1.502 1.489 1.503 .013 1.493 1.503 .010 
5.60 3.70 1.795 1.788 1.796 .008 1.790 1.796 .006 
4.60 3.80 1.915 1.889 1.915 .026 1.896 1.915 .020 
4.50 4.00 1.922 1.846 1.922 .077 1.878 1.922 .044 
4.40 4.10 1.929 1.842 1.932 .090 1.875 1.932 .057 
2.10 4.60 2.028 2.011 2.231 .220 .2.011 2.178 .166 
4.30 3.20 2.000 1.952 2.003 .051 1.963 2.003 .040 
4.20 3.00 2.038 1.979 2.044 .064 1.992 2.044 .052 
3.30 2.90 2.178 2.105 2.207 .102 2.116 2.207 .091 
4.90 3.00 1.862 1.845 1.876 .030 1.850 1.872 .022 
4.90 2.80 1.851 1.838 1.868 .031 1.842 1.861 .019 
3.80 2.50 2.228 2.170 2.259 .089 2.181 2.259 .078 
4.30 2.70 2.034 1.970 2.053 .084 1.982 2.053 .071 
6.20 2.80 1.489 1.479 1.490 .011 1.481 1.490 .009 
6.40 2.90 1.492 1.480 1.493 .012 1.483 1.493 .010 
4.30 4.60 1.997 1.966 1.997 .031 1.969 1.997 .028 
6.60 5.00 1.758 1.709 1.772 .063 1.716 1.772 .056 
2.00 6.00 2.128 2.024 2.222 .198 2.026 2.214 .188 

Table 5.5, Fuzzy kriging with Imprecise Range 
(Class1.dat) 
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a = 0.50 a = 0.75 

x(l) , X(2) , Z*(Xi) Zl ZiI width Zl Z* H width 

8.70 4.40 1.476 1.472 1.481 .0lD 1.474 1.478 .004 
6.40 2.90 1.492 1.486 1.493 .007 1.489 1.493 .004 
6.20 3.30 1.502 1.496 1.503 .006 1.500 1.503 .003 
5.60 3.70 1.795 1.792 1.796 .004 1.794 1.796 .002 
4.60 3.80 1.915 1.902 1.915 .013 1.909 1.915 .006 
4.50 4.00 1.922 1.902 1.922 .020 1.917 1.922 .006 
4.40 4.10 1.929 1.900 1.932 .032 1.920 1.932 .012 
2.10 4.60 2.028 2.011 2.093 .082 2.013 2.050 .037 
4.30 3.20 2.000 1.975 2.003 .028 1.988 2.003 .016 
4.20 3.00 2.038 2.006 2.044 .038 2.021 2.043 .022 
3.30 2.90 2.178 2.130 2.203 .073 2.149 2.192 .042 
4.90 3.00 1.862 1.854 1.864 .0lD 1.859 1.863 .005 
4.90 2.80 1.851 1.845 1.852 .007 1.849 1.852 .003 
3.80 2.50 2.228 2.194 2.250 .055 2.210 2.238 .028 
4.30 2.70 2.034 1.997 2.051 .054 2.014 2.044 .029 
6.20 2.80 1.489 1.484 1.490 .006 1.487 1.490 .003 
6.40 2.90 1.492 1.486 1.493 .007 1.489 1.493 .004 
4.30 4.60 1.997 1.980 1.997 .017 1.991 1.997 .006 
6.60 5.00 1.758 1.725 1.772 .047 1.738 1.771 .033 
2.00 6.00 2.128 2.035 2.207 .172 2.060 2.190 .130 

Table 5.6, Fuzzy kriging with Imprecise Range 
(Class1.dat) 
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a = 0.00 a = 0.25 

x(l) , x(2) , Z*(Xi) Z1 Zil width Z1 Zil width 

8.70 4.40 1.476 1.462 1.500 .038 1.466 1.494 .028 
6.40 2.90 1.492 1.466 1.503 .037 1.474 1.501 .027 
6.20 3.30 1.502 1.470 1.516 .045 1.481 1.513 .032 
5.60 3.70 1.795 1.773 1.802 .029 1.782 1.801 .019 
4.60 3.80 1.915 1.840 1.934 .094 1.870 1.930 .060 
4.50 4.00 1.922 1.843 1.941 .098 1.875 1.937 .063 
4.40 4.10 1.929 1.847 1.949 .102 1.880 1.945 .065 
2.10 4.60 2.028 2.012 2.078 .066 2.016 2.061 .046 
4.30 3.20 2.000 1.882 2.031 .149 1.929 2.025 .096 
4.20 3.00 2.038 1.900 2.074 .174 1.954 2.066 .112 
3.30 2.90 2.178 2.084 2.206 .122 2.118 2.200 .082 
4.90 3.00 1.862 1.810 1.875 .065 1.832 1.872 .040 
4.90 2.80 1.851 1.806 1.861 .055 1.826 1.859 .033 
3.80 2.50 2.228 2.107 2.261 .153 2.154 2.254 .100 
4.30 2.70 2.034 1.897 2.071 .175 1.950 2.064 .113 
6.20 2.80 1.489 1.466 1.499 .034 1.473 1.497 .024 
6.40 2.90 1.492 1.466 1.503 .037 1.474 1.501 .027 
4.30 4.60 1.997 1.946 2.011 .065 1.966 2.008 .042 
6.60 5.00 1.758 1.689 1.781 .092 1.713 1.776 .063 
2.00 6.00 2.128 2.112 2.140 .028 2.116 2.137 .021 

Table 5.7, Fuzzy kriging with Imprecise Sill 
(Classl.dat) 
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a = 0.50 a = 0.75 

x(l) 
I 

X(2) 
I Z*(Xi) ZL Zh width ZL Zh width 

8.70 4.40 1.476 1.469 1.487 .019 1.472 1.481 .009 
6.40 2.90 1.492 1.481 1.498 .017 1.487 1.495 .008 
6.20 3.30 1.502 1.489 1.5lD .021 1.496 1.506 .0lD 
5.60 3.70 1.795 1.788 1.799 .011 1.792 1.797 .005 
4.60 3.80 1.915 1.890 1.926 .036 1.904 1.921 .017 
4.50 4.00 1.922 1.896 1.933 .037 1.911 1.928 .017 
4.40 4.10 1.929 1.902 1.941 .039 1.918 1.935 .018 
2.10 4.60 2.028 2.019 2.048 .029 2.023 2.037 .014 
4.30 3.20 2.000 1.960 2.017 .057 1.983 2.009 .027 
4.20 3.00 2.038 1.991 2.058 .067 2.018 2.049 .031 
3.30 2.90 2.178 2.143 2.194 .051 2.162 2.186 .024 
4.90 3.00 1.862 1.846 1.870 .024 1.855 1.866 .011 
4.90 2.80 1.851 1.838 1.857 .019 1.846 1.854 .009 
3.80 2.50 2.228 2.186 2.246 .061 2.2lD 2.238 .028 
4.30 2.70 2.034 1.987 2.055 .068 2.013 2.045 .032 
6.20 2.80 1.489 1.479 1.495 .015 1.485 1.492 .007 
6.40 2.90 1.492 1.481 1.498 .017 1.487 1.495 .008 
4.30 4.60 1.997 1.979 2.005 .025 1.989 2.001 .012 
6.60 5.00 1.758 1.732 1.771 .039 1.746 1.765 .019 
2.00 6.00 2.128 2.120 2.134 .014 2.124 2.131 .007 

Table 5.8, Fuzzy kriging with Imprecise Sill 
(Class1.dat) 
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a = 0.00 a = 0.25 

(1) (2) Z*(Xi) Zi Zir width Zi Z* width mean x, x, , H 

70.0 12.0 6.797 6.609 6.862 0.252 6.615 6.815 0.199 6.797 
71.0 9.0 4.542 4.435 4.597 0.162 4.456 4.567 0.111 4.542 
72.0 4.0 6.186 5.686 6.621 0.935 5.829 6.508 0.679 6.183 
73.0 9.0 6.378 6.016 6.579 0.563 6.077 6.499 0.422 6.286 
74.0 6.0 4.969 4.737 5.085 0.348 4.756 5.013 0.257 4.860 
75.0 4.0 3.832 3.221 3.875 0.654 3.275 3.763 0.488 3.832 
76.0 6.0 4.958 4.889 5.157 0.268 4.920 5.141 0.221 5.026 
76.0 9.0 5.781 5.672 5.908 0.235 5.687 5.857 0.171 5.781 
76.0 11.0 7.720 7.598 8.605 1.007 7.673 8.421 0.748 7.720 
77.0 3.0 3.430 3.060 4.093 1.033 3.164 3.921 0.758 3.430 
78.0 5.0 5.191 5.164 5.297 0.134 5.188 5.279 0.092 5.139 
79.0 9.0 4.670 4.173 5.624 1.452 4.395 5.496 1.101 4.670 
81.0 7.0 5.148 4.873 5.654 0.781 5.035 5.630 0.595 5.148 
82.0 6.0 6.421 6.218 7.562 1.344 6.396 7.432 1.036 6.980 
82.0 12.0 8.070 7.859 8.340 0.481 7.895 8.287 0.392 8.070 
83.0 4.0 6.226 5.697 6.891 1.194 5.840 6.760 0.920 6.335 
84.0 5.0 7.263 6.479 8.200 1.720 6.714 8.049 1.336 7.483 
84.0 10.0 7.437 7.413 7.963 0.550 7.529 7.919 0.390 7.437 
85.0 3.0 7.013 6.863 8.598 1.735 7.129 8.462 1.333 7.949 
86.0 5.0 6.749 6.620 7.241 0.621 6.722 7.194 0.472 7.014 

Table 5.9, Fuzzy kriging with Imprecise Nugget, Sill, Range 
(Celsius.dat) 
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a = 0.50 a = 0.75 

(1) X1 
(2) X1 Z*(Xi) Zl Zh width Z* L Zh width mean 

70.0 12.0 6.797 6.632 6.771 .139 6.659 6.731 .072 6.797 
71.0 9.0 4.542 4.475 4.544 .069 4.491 4.524 .032 4.542 
72.0 4.0 6.186 5.962 6.402 .441 6.088 6.304 .216 6.183 
73.0 9.0 6.378 6.143 6.424 .281 6.214 6.356 .141 6.286 
74.0 6.0 4.969 4.783 4.953 .170 4.818 4.903 .086 4.860 
75.0 4.0 3.832 3.325 3.651 .326 3.378 3.542 .164 3.832 
76.0 6.0 4.958 4.951 5.112 .161 4.987 5.072 .085 5.026 
76.0 9.0 5.781 5.700 5.814 .114 5.717 5.778 .060 5.781 
76.0 11.0 7.720 7.743 8.238 .496 7.815 8.063 .249 7.720 
77.0 3.0 3.430 3.259 3.748 .489 3.347 3.580 .233 3.430 
78.0 5.0 5.191 5.209 5.266 .057 5.228 5.255 .027 5.139 
79.0 9.0 4.670 4.602 5.344 .742 4.789 5.164 .375 4.670 
81.0 7.0 51648 5.176 5.580 .404 5.295 5.502 .207 5.148 
82.0 6.0 6.421 6.587 7.291 .704 6.790 7.146 .356 6.980 
82.0 12.0 8.070 7.949 8.228 .278 8.021 8.166 .145 8.070 
83.0 4.0 6.226 5.998 6.623 .625 6.170 6.486 .316 6.335 
84.0 5.0 7.263 6.967 7.879 .912 7.235 7.697 .462 7.483 
84.0 10.0 7.437 7.624 7.875 .251 7.701 7.825 .124 7.437 
85.0 3.0 57013 7.403 8.309 .906 7.682 8.139 .457 7.949 
86.0 5.0 6.749 6.824 7.142 .318 6.924 7.083 .159 7.014 

Table 5.10, Fuzzy kriging with Imprecise Nugget, Sill, Range 
(Celsius.dat) 
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a = 0.00 a = 0.25 

X(l) 
1 

X(2) 
1 Zl ZiI width Zl ZiI width 

70.0 12.0 6.612 6.785 0.173 6.624 6.763 .139 
71.0 9.0 4.444 4.574 0.129 4.463 4.553 .090 
72.0 4.0 5.803 6.475 0.671 5.916 6.404 .488 
73.0 9.0 6.067 6.445 0.378 6.121 6.407 .285 
74.0 6.0 4.751 4.993 0.242 4.772 4.954 .183 
75.0 4.0 3.356 3.777 0.421 3.370 3.682 .311 
76.0 6.0 4.966 5.144 0.178 4.974 5.122 .148 
76.0 9.0 5.687 5.813 0.126 5.698 5.796 .097 
76.0 11.0 7.786 8.445 0.658 7.806 8.289 .483 
77.0 3.0 3.318 3.936 0.618 3.345 3.788 .443 
78.0 5.0 5.184 5.278 0.094 5.203 5.267 .065 
79.0 9.0 4.524 5.519 0.995 4.638 5.396 .758 
81.0 7.0 5.116 5.636 0.520 5.195 5.600 .405 
82.0 6.0 6.370 7.283 0.913 6.529 7.224 .695 
82.0 12.0 7.891 8.210 0.319 7.933 8.191 .257 
83.0 4.0 5.817 6.642 0.825 5.947 6.576 .629 
84.0 5.0 6.680 7.856 1.176 6.890 7.788 .898 
84.0 10.0 7.546 7.931 0.386 7.611 7.895 .284 
85.0 3.0 7.094 8.261 1.168 7.323 8.208 .885 
86.0 5.0 6.708 7.129 0.421 6.794 7.109 .315 

Table 5.11, Fuzzy kriging with Imprecise Sill and Range 
(Celsius.dat) 
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a = 0.50 a = 0.75 

x (1) , X(2) , ZL Zh width ZL Zh width 

70.0 12.0 6.643 6.740 .097 6.667 6.718 .051 
71.0 9.0 4.479 4.536 .057 4.494 4.521 .027 
72.0 4.0 6.020 6.337 .317 6.118 6.273 .156 
73.0 9.0 6.177 6.368 .191 6.234 6.330 .096 
74.0 6.0 4.797 4.920 .123 4.827 4.889 .062 
75.0 4.0 3.386 3.593 .206 3.409 3.511 .102 
76.0 6.0 4.987 5.093 .106 5.004 5.059 .055 
76.0 9.0 5.708 5.779 .071 5.725 5.763 .038 
76.0 11.0 7.828 8.145 .317 7.860 8.016 .155 
77.0 3.0 3.373 3.651 .278 3.401 3.530 .129 
78.0 5.0 5.219 5.259 .040 5.233 5.251 .019 
79.0 9.0 4.749 5.261 .512 4.855 5.114 .259 
81.0 7.0 5.268 5.547 .279 5.334 5.478 .144 
82.0 6.0 6.688 7.156 .467 6.847 7.081 .234 
82.0 12.0 7.985 8.165 .180 7.043 8.136 .093 
83.0 4.0 6.081 6.505 .424 6.217 6.430 .213 
84.0 5.0 7.101 7.706 .605 7.309 7.612 .303 
84.0 10.0 7.669 7.857 .188 7.719 7.813 .094 
85.0 3.0 7.546 8.138 .592 7.759 8.054 .295 
86.0 5.0 6.876 7.084 .208 6.952 7.055 .103 

Table 5.12, Fuzzy kriging with Imprecise Sill and Range 
. (Celsius.dat) 
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a = 0.00 a = 0.25 

(1) X(2) Z* ZiI width Zi ZiI width x, , L 

70.0 12.0 6.633 6.778 0.145 6.646 6.757 .111 
71.0 9.0 4.498 4.539 0.041 4.499 4.526 .027 
72.0 4.0 5.949 6.384 0.435 6.030 6.346 .316 
73.0 9.0 6.127 6.440 0.313 6.172 6.405 .233 
74.0 6.0 4.783 4.942 0.159 4.803 4.922 .119 
75.0 4.0 3.254 3.694 0.439 3.296 3.620 .324 
76.0 6.0 4.918 5.124 0.206 4.943 5.101 .157 
76.0 9.0 5.691 5.836 0.145 5.700 5.813 .113 
76.0 11.0 7.639 8.304 0.665 7.696 8.186 .490 
77.0 3.0 3.130 3.841 0.711 3.197 3.724 .527 
78.0 5.0 5.204 5.262 0.058 5.218 5.259 .041 
79.0 9.0 4.572 5.375 0.803 4.665 5.267 .602 
81.0 7.0 5.166 5.590 0.424 5.223 5.547 .323 
82.0 6.0 6.529 7.382 0.853 6.659 7.293 .635 
82.0 12.0 7.924 8.281 0.357 7.967 8.239 .271 
83.0 4.0 5.957 6.679 0.722 6.065 6.603 .539 
84.0 5.0 6.887 8.005 1.118 7.059 7.891 .832 
84.0 10.0 7.660 7.864 0.204 7.686 7.837 .151 
85.0 3.0 7.310 8.453 1.143 7.493 8.340 .847 
86.0 5.0 6.791 7.190 0.399 6.857 7.152 .295 

Table 5.13, Fuzzy kriging with Imprecise Sill 
(Celsius.dat) 
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a = 0.50 a = 0.75 

X(l) , X(2) , Zi Zh width Zl Zh width 

70.0 12.0 6.662 6.737 .075 6.679 6.717 .038 
71.0 9.0 4.501 4.517 .017 4.503 4.511 .008 
72.0 4.0 6.098 6.305 .206 6.159 6.260 .102 
73.0 9.0 6.214 6.369 .155 6.255 6.332 .077 
74.0 6.0 4.822 4.902 .080 4.842 4.882 .040 
75.0 4.0 3.340 3.554 .214 3.388 3.494 .106 
76.0 6.0 4.969 5.076 .106 4.996 5.049 .054 
76.0 9.0 5.713 5.791 .077 5.730 5.769 .039 
76.0 11.0 7.759 8.081 .323 7.828 7.988 .160 
77.0 3.0 3.269 3.617 .348 3.346 3.519 .173 
78.0 5.0 5.228 5.255 .027 5.237 5.250 .013 
79.0 9.0 4.759 5.161 .401 4.856 5.057 .201 
81.0 7.0 5.281 5.499 .218 5.337 5.447 .110 
82.0 6.0 6.780 7.201 .421 6.893 7.103 .210 
82.0 12.0 8.013 8.195 .182 8.059 8.151 .092 
83.0 4.0 6.166 6.524 .358 6.263 6.441 .178 
84.0 5.0 7.219 7.771 .552 7.369 7.645 .275 
84.0 10.0 7.711 7.812 .100 7.737 7.787 .050 
85.0 3.0 7.660 8.221 .561 7.815 8.094 .279 
86.0 5.0 6.917 7.112 .195 6.972 7.068 .097 

Table 5.14, Fuzzy kriging with Imprecise Sill 
(Celsius.dat) 
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a = 0.00 a = 0.25 

X{l) 
I 

X(2) 
I ZL ZiI width ZL ZiI width 

70.0 12.0 6.621 6.793 .172 6.634 6.773 .138 
71.0 9.0 4.388 4.563 .175 4.427 4.552 .126 
72.0 4.0 5.932 6.589 .657 5.993 6.479 .486 
73.0 9.0 6.144 6.450 .305 6.176 6.417 .241 
74.0 6.0 4.769 5.059 .290 4.785 4.996 .211 
75.0 4.0 3.415 3.610 .196 3.415 3.563 .148 
76.0 6.0 4.997 5.103 .106 4.997 5.086 .089 
76.0 9.0 5.713 5.786 .073 5.718 5.783 .066 
76.0 11.0 7.869 8.177 .308 7.869 8.100 .231 
77.0 3.0 3.429 3.622 .193 3.429 3.554 .125 
78.0 5.0 5.211 5.307 .096 5.219 5.281 .062 
79.0 9.0 4.442 5.349 .906 4.577 5.270 .693 
81.0 7.0 5.048 5.586 .539 5.146 5.555 .409 
82.0 6.0 6.624 7.199 .576 6.713 7.186 .472 
82.0 12.0 7.976 8.155 .180 8.004 8.155 .151 
83.0 4.0 6.011 6.614 .603 6.088 6.573 .485 
84.0 5.0 7.020 7.735 .715 7.138 7.726 .589 
84.0 10.0 7.415 7.917 .501 7.528 7.891 .363 
85.0 3.0 7.476 8.117 .640 7.598 8.117 .519 
86.0 5.0 6.851 7.091 .240 6.895 7.086 .191 

Table 5.15, Fuzzy kriging with Imprecise Range 
(Celsi us.dat) 
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a = 0.50 a = 0.75 

X(l) 
I 

X(2) 
I ZL Zh width ZL Zh width 

70.0 12.0 6.651 6.748 .096 6.672 6.722 .050 
71.0 9.0 4.459 4.540 .081 4.485 4.525 .040 
72.0 4.0 6.059 6.380 .321 6.131 6.291 .160 
73.0 9.0 6.211 6.377 .166 6.251 6.335 .084 
74.0 6.0 4.805 4.942 .137 4.830 4.898 .068 
75.0 4.0 3.415 3.516 .101 3.419 3.473 .054 
76.0 6.0 4.998 5.066 .068 5.007 5.044 .038 
76.0 9.0 5.725 5.774 .048 5.736 5.761 .026 
76.0 11.0 7.869 8.025 .156 7.875 7.957 .082 
77.0 3.0 3.429 3.494 .065 3.429 3.449 .020 
78.0 5.0 5.228 5.265 .037 5.236 5.253 .018 
79.0 9.0 4.711 5.180 .468 4.839 5.075 .237 
81.0 7.0 5.239 5.513 .274 5.322 5.460 .138 
82.0 6.0 6.808 7.142 .334 6.905 7.078 .173 
82.0 12.0 8.036 8.150 .114 8.071 8.131 .061 
83.0 4.0 6.171 6.510 .339 6.261. 6.435 .174 
84.0 5.0 7.262 7.681 .420 7.389 7.606 .218 
84.0 10.0 7.622 7.859 .236 7.700 7.817 .117 
85.0 3.0 7.723 8.098 .375 7.846 8.042 .196 
86.0 5.0 6.940 7.072 .133 6.983 7.051 .068 

Table 5.16, Fuzzy kriging with Imprecise Range 
(Celsius.dat) 
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Fuzzy Bayesian 

(1) X(2) Z}(Xi) ZB(Xi) Z· Z· width Z· Z· width x· I I L H L H 

8.70 4.40 1.478 1.720 1.466 1.494 .028 0.502 2.897 2.394 
6.40 2.90 1.492 1.608 1.474 1.501 .027 0.590 2.623 2.033 
6.20 3.30 1.502 1.663 1.481 1.513 .032 0.605 2.712 2.107 
5.60 3.70 1.795 1.754 1.782 1.801 .019 0.670 2.826 2.155 
4.60 3.80 1.915 1.890 1.870 1.930 .060 0.809 2.956 2.146 
4.50 4.00 1.922 1.895 1.875 1.937 .063 0.798 2.977 2.179 
4.40 4.10 1.929 1.901 1.880 1.945 .065 0.796 2.991 2.194 
2.10 4.60 2.035 1.911 2.016 2.061 .046 0.821 3.012 2.191 
4.30 3.20 2.000 1.977 1.929 2.025 .096 0.958 2.975 2.017 
4.20 3.00 2.038 2.019 1.954 2.066 .112 1.022 2.991 1.968 
3.30 2.90 2.178 2.124 2.118 2.200 .082 1.129 3.099 1.970 
4.90 3.00 1.862 1.844 1.832 1.872 .040 0.849 2.828 1.979 
4.90 2.80 1.851 1.838 1.826 1.859 .033 0.869 2.798 1.929 
3.80 2.50 2.228 2.167 2.154 2.254 .100 1.231 3.064 1.833 
4.30 2.70 2.034 2.031 1.950 2.064 .113 1.066 2.966 1.900 
6.20 2.80 1.489 1.604 1.473 1.497 .024 0.606 2.605 1.998 
6.40 2.90 1.492 1.608 1.474 1.501 .027 0.590 2.623 2.033 
4.30 4.60 1.997 1.886 1.966 2.008 .042 0.748 3.013 2.264 
6.60 5.00 1.758 1.757 1.713 1.776 .063 0.561 2.924 2.362 
2.00 6.00 2.128 1.869 2.116 2.137 .021 0.691 3.054 2.362 

Table 5.17, Comparison of Fuzzy Kriging and Bayesian Kriging (Class1.dat) 
(0: = 0.25) 
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Fuzzy Bayesian 

(1) X(2) Z;'(X,) ZB(X,) Z* Z* width Z* Z* width x· , , L H L H 

8.70 4.40 1.478 1.720 1.469 1.487 .019 0.902 2.497 1.594 
6.40 2.90 1.492 1.608 1.481 1.498 .017 0.929 2.284 1.354 
6.20 3.30 1.502 1.663 1.489 1.510 .021 0.957 2.361 1.404 
5.60 3.70 1.795 1.754 1.788 1.799 .011 1.029 2.466 1.436 
4.60 3.80 1.915 1.890 1.890 1.926 .036 1.168 2.597 1.429 
4.50 4.00 1.922 1.895 1.896 1.933 .037 1.162 2.613 1.451 
4.40 4.10 1.929 1.901 1.902 1.941 .039 1.163 2.624 1.461 
2.10 4.60 2.035 1.911 2.019 2.048 .029 1.187 2.647 1.460 
4.30 3.20 2.000 1.977 1.960 2.017 .057 1.295 2.638 1.343 
4.20 3.00 2.038 2.019 1.991 2.058 .067 1.351 2.662 1.311 
3.30 2.90 2.178 2.124 2.143 2.194 .051 1.457 2.770 1.312 
4.90 3.00 1.862 1.844 1.846 1.870 .024 1.179 2.498 1.318 
4.90 2.80 1.851 1.838 1.838 1.857 .019 1.191 2.476 1.285 
3.80 2.50 2.228 2.167 2.186 2.246 .061 1.537 2.758 1.221 
4.30 2.70 2.034 2.031 1.987 2.055 .068 1.383 2.648 1.265 
6.20 2.80 1.489 1.604 1.479 1.495 .015 0.940 2.271 1.331 
6.40 2.90 1.492 1.608 1.481 1.498 .017 0.929 2.284 1.354 
4.30 4.60 1.997 1.886 1.979 2.005 .025 1.126 2.635 1.508 
6.60 5.00 1.758 1.757 1.732 1.771 .039 0.956 2.529 1.573 
2.00 6.00 2.128 1.869 2.120 2.134 .014 1.086 2.590 1.730 

Table 5.18, Comparison of Fuzzy Kriging and Bayesian Kriging (Class1.dat) 
(0: = 0.50) 
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Fuzzy Bayesian 

(1) X(2) Z;'(Xi) ZB(Xi) Z· Z· width Z· Z· width x· , , L H L H 

70.0 12.0 6.680 6.718 6.646 6.757 .111 5.374 6.865 1.490 
71.0 9.0 4.505 5.486 4.499 4.526 .027 4.795 5.940 1.145 
72.0 4.0 6.175 3.031 6.030 6.346 .316 2.565 3.597 1.031 
73.0 9.0 6.295 5.998 6.172 6.405 .233 5.504 6.483 0.979 
74.0 6.0 4.862 4.426 4.803 4.922 .119 4.110 5.043 0.933 
75.0 4.0 3.523 3.611 3.296 3.620 .324 3.624 4.671 1.047 
76.0 6.0 5.023 4.821 4.943 5.101 .157 4.523 5.464 0.940 
76.0 9.0 5.752 6.621 5.700 5.813 .113 6.213 7.248 1.035 
76.0 11.0 7.980 7.721 7.696 8.186 .490 7.358 8.287 0.929 
77.0 3.0 3.608 3.602 3.197 3.724 .527 3.498 4.689 1.191 
78.0 5.0 5.242 4.625 5.218 5.259 .041 4.232 5.237 1.005 
79.0 9.0 6.070 6.973 5.665 6.267 .602 6.359 7.472 1.113 
81.0 7.0 5.493 6.025 5.223 5.547 .323 5.286 6.311 1.024 
82.0 6.0 7.009 5.614 6.659 7.293 .635 4.830 5.751 0.920 
82.0 12.0 8.070 8.385 7.967 8.239 .271 7.043 8.122 1.078 
83.0 4.0 6.360 4.907 6.065 6.603 .539 4.315 5.320 1.005 
84.0 5.0 7.522 5.396 7.059 7.891 .832 4.826 5.859 1.032 
84.0 10.0 7.737 7.576 7.686 7.837 .151 7.354 8.321 0.966 
85.0 3.0 7.964 4.893 7.493 8.340 .847 4.441 5.439 0.998 
86.0 5.0 7.021 5.619 6.857 7.15 .295 4.992 6.151 1.159 

Table 5.19, Comparison of Fuzzy Kriging and Bayesian Kriging (Celsius.dat) 
(0: = 0.25) 
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Fuzzy Bayesian 

(1) X(2) ZF(Xi) ZB(Xi) Z* Z* width Z* Z* width x, 
t t L H L H 

70.0 12.0 6.680 6.718 6.662 5.737 .075 5.623 6.616 0.993 
71.0 9.0 4.505 5.486 4.501 4.517 .017 4.986 5.749 0.763 
72.0 4.0 6.175 3.031 6.098 6.305 .206 2.737 3.424 0.687 
73.0 9.0 6.295 5.998 6.214 6.369 .155 5.667 6.320 0.652 
74.0 6.0 4.862 4.426 4.822 4.902 .080 4.266 4.888 0.621 
75.0 4.0 3.532 3.611 3.340 3.554 .214 3.799 4.496 0.697 
76.0 6.0 5.023 4.821 4.969 5.076 .106 4.680 5.307 0.626 
76.0 9.0 5.752 6.621 5.713 5.791 .077 6.386 7.076 0.690 
76.0 11.0 7.980 7.721 7.759 8.081 .323 7.513 8.132 0.619 
77.0 3.0 3.608 3.602 3.269 3.617 .348 3.697 4.490 0.793 
78.0 5.0 5.242 4.625 5.228 5.255 .027 4.400 5.070 0.670 
79.0 9.0 6.070 6.973 5.759 6.161 .401 6.545 7.286 0.741 
81.0 7.0 5.493 6.025 5.281 5.499 .218 5.457 6.140 0.682 
82.0 6.0 7.009 5.614 6.780 7.201 .421 4.984 5.597 0.613 
82.0 12.0 8.070 8.385 8.013 8.195 .182 7.223 7.942 0.718 
83.0 4.0 6.360 4.907 6.166 6.524 .358 4.483 5.152 0.669 
84.0 5.0 7.522 5.396 7.219 7.771 .552 4.999 5.687 0.688 
84.0 10.0 7.737 7.576 7.711 7.812 .100 7.516 8.159 0.643 
85.0 3.0 7.964 4.893 7.660 8.221 .561 4.607 5.272 0.664 
86.0 5.0 7.021 5.619 6.917 7.112 .195 5.185 5.958 0.772 

Table 5.20, Comparison of Fuzzy Kriging and Bayesian Kriging (Celsius.dat) 
(a = 0.50) 
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Fuzzy Kriging Robustness 

(1) X(2) Zi ZlI width Zi ZlI width XI I 

8.70 4.40 1.474 1.477 .003 1.190 2.688 1.598 
6.40 2.90 1.490 1.493 .003 0.979 2.257 1.258 
5.60 3.70 1.795 1.796 .002 1.038 2.614 1.576 
4.50 4.00 1.919 1.925 .006 1.133 2.903 1.770 
2.10 4.60 2.025 2.031 .006 1.297 2.393 1.096 
4.90 3.00 1.860 1.864 .004 1.240 2.566 1.326 

Table 5.21, Relationship between Fuzzy kriging and Robustness of Kriging 
(a = 0.05) 

Fuzzy Kriging Robustness 

x{l) 
I 

x{2} 
I Zi ZlI width Zi ZlI width 

8.70 4.40 1.473 1.479 .006 0.981 2.895 1.916 
6.40 2.90 1.489 1.495 .006 0.549 2.687 2.138 
5.60 3.70 1.794 1.797 .004 0.656 2.996 2.340 
4.50 4.00 1.916 1.927 .012 0.754 3.282 2.528 
2.10 4.60 2.023 2.035 .012 0.936 2.754 1.838 
4.90 3.00 1.858 1.866 .007 0.863 2.943 2.080 

Table 5.22, Relationship between Fuzzy kriging and Robustness of Kriging 
(a = 0.10) 



197 

Fuzzy Kriging Robustness 

(1) :z;(2) Z! Zir width Z! Zir width :z;. 
I I 

70.0 12.0 6.689 6.704 .015 4.319 9.077 4.758 
72.0 4.0 6.187 6.230 .043 3.273 6.843 3.560 
73.0 9.0 6.277 6.306 .028 4.828 7.140 2.312 
76.0 11.0 7.885 7.934 .049 6.250 8.141 2.890 
84.0 10.0 7.751 7.776 .025 6.484 8.658 2.174 
85.0 3.0 7.904 7.996 .091 5.084 8.710 3.826 

Table 5.23, Relationship between Fuzzy kriging and Robustness of Kriging 
a = 0.05 

Fuzzy Kriging Robustness 

:z;(1) 
I 

:z;(2) 
I Z· L Zir width Z· L Z· H width 

70.0 12.0 6.681 6.710 .029 2.271 11.126 8.856 
72.0 4.0 6.163 6.248 .086 2.452 7.664 5.216 
73.0 9.0 6.261 6.318 .057 4.074 7.894 3.820 
76.0 11.0 7.866 7.965 .099 5.494 9.896 4.402 
84.0 10.0 7.739 7.789 .050 5.726 9.416 3.691 
85.0 3.0 7.849 8.032 .183 3.942 9.856 5.912 

Table 5.24, Relationship between Fuzzy kriging and Robustness of Kriging 
a = 0.10 
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Chapter 6 Case Study 

In chapter 4 the methodology for kriging with uncertain variogram parameters 

was developed. . The purpose of this chapter is to illustrate that methodology 

through an application to predict the Cadmium pollution in soil. The basic idea 

is to adopt the variogram from a comparably polluted area to krige the pollution. 

This leads to a considerable reduction in cost, without loss of information. 

6.1 Introduction 

Environmental decision making is increasingly based upon a qualitative and 

quantitative understanding of spatial variability. The most obvious reason is that 

national laws protecting the quality of the environment are defined in terms of 

quantitative norms. Observations on soil contaminants are usually available as 

point measurements. Interpolation from point observations to land is therefore an 

important activity, e.g. to determine the amount of a pollutant in an area or to 

calculate the probabilities that the norms are exceeded. For these purposes, geo

statistical procedures have been applied successfully in many studies (see examples 

Switzer [43]; [29] and [40]). 

Geostatistical methods use the variogram to quantity spatial correlation. De

termination of the model and estimation of its parameters requires at least 100-150 

observations [47]. Taking and analyzing samples can be a costly activity. Current 

laboratory price range from $10 for a cadmium measurement to more than $1500 

for a single dioxin measurement. In order to reduce the cost of taking samples 

it is therefore challenging to use variogram information from other sources. After 

a variogram is determined, it may be applied in other comparable areas, maybe 

after some modifications. Using information from one area in another area may 

save both effort and costs. 
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In this study, the starting -point is that the first area is sampled in sufficient 

detail to allow a geostatistical analysis. The spatial information thus obtained is to 

be transferred to a second area, the second area should be contaminated in similar 

way as first area, that is, with the same pollutant and with a similar deposition 

form. 

This study focuses on the following points: 

(i) Kriging the soil contamination in second area by using prior information 

about variogram obtained from the first area, and assessing the validation of the 

kriged values; 

(ii) Modification of the prior information, when data from the second area 

becomes available; 

(iii) Deciding upon the number of observations to be taken in the second area, 

using prior information from the first area. 

The study is illustrated with an actual soil contamination problem in the 

Netherlands. 

6.2 Description of the Study Area 

In the south-eastern part of the Netherlands, an area including the municipali

ties of Budel and Weert is polluted with cadmium and zine (Stein, 1993). Cadmium 

is usually not available in nature, except within certain fungi. Pollution level, the 

so-called A-, B- and C- levels are used to decide between successive stages in en

vironmental policies. If observations below the A- level are collected during the 

the first global inventory stage, the area is unpolluted. If parts of the area yield 

observations above the B- level, a detailed investigation takes place in these parts. 

If the observations are above the C- level the area has to be cleaned, by excavating 

the polluted soil, by cleaning it, by some site treatment. 

The pollution in this area has probably been caused by nearby zinc factories, 
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which have been under operation for decades. One factory is located in Budel, and 

is still under operation, other factories are located across the Belgian border. The 

production process has been improved, being considerably less polluting, during 

the past 10 years. Because cadmium has the highest risk for public health, it was 

taken as a leading indicator. 

The data cover an area of approximately 60 km2, of which approximately 18 

km2 is situated in the municipality of Budel and 42km2 in the municipality of the 

Weert, which is larger. During a survey carried out in 1990, 2020 observations 

were collected on the cadmium content of the topsoil (cd top). The sampling was 

carried out in allotment gardens. Samples consisted of a mixture of 8-10 individual 

samples from one garden. They were taken from the topsoil, that is 0-30 cm below 

the surface. Of these observations, 6 measurements were below the detection limit 

of 0.4 mg/kg dry matter. 

One of the major issuers concerned the extension of the investigation to other 

neighboring municipalities, and the question was whether so many observations 

were again necessary. Therefore it was assumed first that only the Budel data 

were available, being more heavily polluted because of the closeness of the factory, 

and that the data at Weert were to be predicted. In order to simulate the extension 

of spatial sampling, data sets were selected randomly of size 20, 40, 60, 80 and 

140 data points (fig. 1). Also, a test set of 350 points was reserved in advance to 

validate the quality of the predictions. This way, the extension of spatial sampling 

was simulated with actual measurements being available to validate the predictions. 

6.3 Summary Statistics and Spatial Variability 

In the Budel area, the observations ranged from 0.4 to 6.9 mg/kg dry mat

ter, with average cadmium value equal to 1.49 mg/kg and (individual) standard 

deviation to 0.79. The average value is well below the modified B- level, in this 
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area set equal to 2.5 mg/kg. However, exceedance of the B- level occurs at several 

locations, especially those close to the polluting source. A normal probability plot 

of the observations is given in fig 2. 

The variogram for Budel follows a Gaussian model with nugget Co = 0.3, sill 

C1 = 0.8 and range a= 3.0, denoted by () = (0.3,0.8, 3.of, which is the prior vari

ogram. The prior distribution of variogram parameters C1 and a for sill and range, 

respectively, to be applied in the Weert area are X-2 distribution with parameter 

4 and degrees of freedom 10, and exponential distribution with parameter ~, that 

IS, 

112 
-,...., -X10 
C1 4 

1 
a rv e( -) 

5 

therefore, the variogram on the basis of prior information is equal to 

h>O 

(6.3.1) 

(6.3.2) 

where for the bivariate distribution of vector () = (C:1' a)T it is assumed that 

(6.3.3) 

6.4 Bayesian Kriging in Weert 

Using Bayesian Kriging model I (4.2.9), and the prior information about the pa

rameters of variogram, we can krige cdtop in Weert area. In order to validate these 

kriging predictions, the following three statistics were used to quantify the vali

dation of the Bayesian kriging prediction: the Mean Error (e), the Mean Squared 

Error (MSE) and the variance of reduced error (17kE)' defined as: 
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(6.4.4) 

By using (4.2.9) and prior distribution (6.3.3), Bayesian kriging was applied 

to predict the observations in different locations in Weert area (Table 1). The 

statistics vector ~ = (€, MSE, O'REf was (0.00262,0.138, 0.425)T, emphaizing the 

unbiasedness of the predictor, although on the average the predictions are slightly 

too low, yielding a relatively low MSE value, compared to the mean value, but 

also a O'RE relatively far from 1, showing that a sunstantial part of the error is not 

measured by the prediction error variance. Ordinary kriging could be applied as 

well by substituting the prior variogram. The statistics vector obtained by ordinary 

kriging is ~ = (0.00882,0.1254, 0.334f. Upon comparison of two statistics vectors 

it is seen that the value of € for Bayesian kriging is closer to zero than that for 

ordinary kriging and that the O'RE for Bayesian kriging is closer 1 than that for 

ordinary kriging. This leads to the conclusion that Bayesian kriging is superior to 

ordinary kriging when applying prior variogram. Since Bayesian kriging uses the 

posterior variogram, conditional on a prior estimate of its parameters, this shows 

that the posterior variogram is more accurate than prior variogram. 

6.5 Updating Prior Information 

The motivation of this study was to determine the required number of observa

tions, preferably less than the number of observations needed to properly estimate 

the variogram. The question is to decide upon the number of observations to take 

in order to get reliable predictions, it has been dealt with in this study by ran

domly selecting n observations of N available observations in Weert area test set. 

Starting with observations at 20 locations, a number that is often used in practical 

soil pollution problems, randomly selected from N-n observations within this area 
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predictions are carried out towards the test set. Next, the number of observations 

in increased to 40, then 60, etc. 

The statistics given in (6.4.4) were used to measure the influence of the obser

vations on the quality of predictions. 

After taking some observations in Weert area it becomes evident that the prior 

information had to be updated. Upon taking 20 observations from Weert area, 

the sample variogram is computed. The variogram model estimated from the 

sample variogram follows a Gaussian model with parameter vector e = (C,Cl, af = 

(0.2,0.13,5.5f. Using this variogram, the value in the test location are estimated. 

The vector ~ = (€, MSE, O"RE)T is (-0.0772,0.1506, 1. 7348f. On the basis of 

the parameters vector for this variogram, the prior distribution of the parameter 

was modified by adjusting the degrees of freedom v and the parameter 80 of 8~ x; 
such that the expectation of Cl is closer to 0.13, and adjusting the parameter f3 of 

exponential model such that the mean of the range is closer to 5.0. That is, the 

modified prior distribution of (c~, a)T is equal to 

(~, a) f"V -2
1 X~5 x €(0.18) 

Cl 
(6.5.5) 

i.e, c~ following a X2 distribution with degrees of freedom v equal to 15 and pa

rameter 80 equal to 2 and the range a following an exponential distribution with 

parameter equal to 0.2. Using the modified prior distribution the vector ~ is ~ = 

(-0.0642,0.1414,0.4624f. Comparing this value with ~ = (-0.00626,0.138, 0.425f 

obtained by the prior distribution (6.3.3), it is noticed that only the value of O"RE 

is improved slightly. This shows that the information obtained from 20 observa

tions is not enough to substantially modify the prior distribution of parameters in 

variogram. 

Next, another 40 observations were added to the previous 20 observations. 

Using these 60 observations to estimate the variogram model, a Gaussian model 

was obtained with parameter vector 0 = (eo, Cl, af = (0.17,0.2, 5.0)T. The prior 
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distribution (6.3.3) we modified in a similar way a before, using these parameters, 

we obtained 

(6.5.6) 

Using this as the prior distribution, the statistics vector is ~ = 
( -0.00179,0.138, 0.575f. Comparison with the vector ~ = (-0.00626,0.138, 0.425)T 

obtained with the unmodified prior distribution (6.3.3) reveals that using the mod

ified prior distribution gives a ukE value closer 1, and an € value closer O. This 

shows that the predictions obtained with Bayesian kriging by using a modified prior 

distribution improves those obtained by using prior distribution without modifica

tion. 

Comparing ordinary kriging with Bayesian kriging, we notice that ordinary 

kriging, using the variogram following a Gaussian model with parameter vector 

o = (0.17,0.2, 5.of estimated from 60 observations in Weert area, yield 0 -

( -0.00734,0.139, 1.675f. Comparing this vector with the vector 

o = (-0.00019,0.138, 0.575)T obtained with Bayesian kriging we note a similar 

MSE value, but relatively large differences in € and ukE value. Bayesian kriging 

yields less biased predictions and an ukE value closer to 1 than that obtained with 

ordinary kriging. 

After adding another 80 observations in Weert area to the previous 60 ob

servations, the variogram should be estimated. it shows a Gaussian model with 

parameter vector 0 = (eo,cl,af = (0.17,0.17,4.of. Now the prior distribution 

(6.3.3) was modified in the same way as before, yielding as modified distribution: 

(6.5.7) 

Using this as a prior distribution for Bayesian kriging gives 

~ = (0.000302,0.134, 0.697)T. Comparing these values with those obtained with 

(6.3.3) it can be seen that Bayesian kriging shows much better results than those 
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obtained previously. This shows that the modified prior information of variogram 

parameters works well in the Weert area. 

Using the variogram obtained from the 140 observations in Weert, ordinary 

kriging gives as the vector ~ = (-0.00237,0.133, 0.133)T. comparing these values 

with ~ = (0.000302,0.134, 0.697f, obtained with Bayesian kriging, it can be 

seen that the f values are both close to 0, that the MSE values are practically 

the same but that the CTkE value is higher for ordinary kriging than for Bayesian 

kriging. This shows that ordinary kriging is superior to Bayesian kriging if sufficient 

observations are available to properly estimate the variogram. However, if the 

number of observations is too low to estimate the variogram, reliable predictions 

can be obtained only with Bayesian kriging. 

If we compare the statistics vector ~ = (0.000608,0.1354, .581f obtained with 

ordinary kriging in which the variogram in Weert area is used with ~ obtained by 

Bayesian kriging, it is noticed that the MSE value does not change substantially, 

that the change in the value for f is relatively larger, but not so important concern

ing the practical implications, and that the main change is obtained in the CTkE 
valies, which is now closer to 1. This shows that the predictions obtained with 

Bayesian kriging are acceptable, but slightly inferior, compared to those obtained 

with ordinary kriging. 

As concerns the optimal number of observations, we may conclude from table 1 

that the MSE value does not decrease substantially after having 60 observations at 

one's disposal. The mean error f and residual standard error CT~e show no trend. It 

is conclude therefore, that taking 60 observations is sufficient to predict the values 

in an unvisited area. 
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6.6 Discussion 

The main purpose of this study was to analyze the use of spatial information 

from one area into another. Bayesian kriging offers the opportunity to carry out 

kriging, even if the number of data is insufficient to properly estimate the vari

ogram. By contrast, ordinary kriging is possible only when sufficient data available 

to properly estimate the variogram. Actually the variogram in Weert was avail

able, and Bayesian kriging was compared with ordinary kriging. Bayesian kriging 

gives predictions of approximately the same as ordinary kriging. Therefore it is 

concluded that prior information from first area can be well applied in the second 

area. Of course, ordinary kriging should be superior to Bayesian kriging, because 

reliable data are used for estimating the variogram. However, if only 60 data were 

collected from second area, ordinary kriging is not better than Bayesian kriging, 

and hence Bayesian kriging is seen to give quite reliable results, especially if taking 

sufficient samples to estimate the variogram is too elaborate, allowing a reduction 

of necessary sampling with at lest 50 %. 

This study highlights sevral advantages and limitations of using prior variogram 

information for Bayesian kriging. We compared it with the use of ordinary kriging. 

We have applied one, rather simple, model to descripe the distribution of variogram 

paramters. Additional studies are needed to determine whether this model can 

further refined and extended. 

It was possible to use information from one area and apply it in another area. 

The most obvious gain is that within the second area, the number of observations 

of 100-150 proposed by Webster and Oliver can be reduced. This 'may hold for 

pollution studies that are similar with respect to pollutant and deposition, but not 

for completely differnt stydies. In this example shown in this study, cadmium was 

deposited in two areas under fairly similar conditions, the spread being mainly 

caused by wind deposition, yielding a diffuse contamination. One may expect 
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different conclusions for areas that are contaminated through groundwater, acidic 

deposition, or through wilful contamination at seveal isolated spots in an area, 

which is further spread through human activities. 
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Chapter 7 Summary 

The kriging procedure is often described as an optimization because it pro

duces an optimal predictions when the covariance or variogram structure of the 

random process is known. If the covariance or variogram function is not known 

and need to be estimated this primary motivation for kriging is then questioned. 

It is then necessary to asses the effect variogram in kriging and to study kriging 

with uncertain covariance or variogram function. 

It is the purpose of this dissertation to study the robustness of the kriging 

predictor as well as cross-validation, to derive the Bayesian kriging models and 

the fuzzy kriging model which deal with the kriging with uncertain variogram 

parameters. 

In chapter three, we have shown that the kriging predictor is robust with re

spect to the variogram model, which includes both the function form and the 

parameters in the variogram. We have also shown that the kriging is robust with 

respect to the sampling configuration as well as block configuration. We have 

estimated the upper bounds for the change of kriging weights and kriged value 

when the variogram is perturbed. Based on the robustness of kriging, we have 

generalized the concept of robustness to the cross-validation method and showed 

that the cross-validation is robust with respect to the variogram as well as the 

sampling configuration. And we have also given upper bounds for the change of 

cross-validation. We have introduced the influence curve concept to kriging pre

dictor and cross-validation method, and derived the influence curves of kriging and 

cross- validation, which are the functionals of the variogram. We have shown the 

role of influence curves in kriging and cross-validation, and concluded that when 

the perturbation of variogram is small the kriged value corresponding to the per

turbed variogram can be approximated by the influence curve and the kriged value 
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corresponding to original variogram, and so does the cross-validation. 

In chapter four, for kriging with uncertain variogram parameters we have de

rived three different Bayesian model. In particular in model I, we have relaxed the 

multinormal assumptions about the random precess and only required that the 

first and the second moments function for given parameters be specified, and the 

prior distribution of the parameters be known. And we have studied the proper

ties of these Bayesian kriging model (Property 4.5.2,4.5.3,4.5.4, for instance). We 

have also discussed the relationships among these models and concluded by numer

ical examples that model II is better than model I and there is no big difference 

between model II and model III. 

Furthermore, in chapter five, we have modified fuzzy kriging model. Since the 

fuzzy kriging model deals with the uncertainty of variogram in a different way from 

Bayesian kriging model, therefore, we compare the fuzzy kriging with Bayesian 

kriging. We presented some numerical examples and showed that the fuzzy mean 

of fuzzy kriging kriging is consistent with Bayesian kriging. We also related the 

fuzzy kriging results to the robustness of kriging with respect to the variogram 

parameters. And numerical examples showed that the interval for robustness of 

kriging is larger than that for the fuzzy kriging. 

Finally, in chapter six, we have dealt with a detail case study of environmental 

data set from Netherlands and shown the power of the Bayesian kriging, and 

displayed its advantage as an interpolation technique for analysis of spatial data. 

This case study provided an application of Bayesian kriging when there is no 

sufficient data in the study area, and how the prior information obtain from similar 

study area is used. It have been shown in this case study that Bayesian kriging is 

a technique in reducing the cost without loss of information. 

The major work of this dissertation is a study of methodology of kriging pro

cedure. Based on our results, we feel that there are some more problems need to 
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be studied further. For example, in Bayesian kriging models we have only dealt 

with the kriging with uncertain variogram parameters, in which the function form 

is given. For the case of uncertain analytical model of the variogram, it is worth to 

study how one can characterize this uncertainty by probabilistic formulation and 

approach the kriging. 

Moreover considering the robustness of kriging, theoretically and practically, 

the following problems are also worth to study. (1) How do the kriging and the 

kriging variance change when samples are added to or deleted from a given data set? 

(2) What is the relation between the kriged value as well as the kriging variance 

corresponding to the new data set and those corresponding to the original data 

set, and how can one use the original kriged value to approximate the new one? 

We hope that the results presented in this dissertation represent some small 

contributions toward the betterment of geostatistical analysis. 
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