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ABSTRACT 

Synthesis of electrostatic lenses was successfully achieved by using the cubic spline 

method or the a priori given multielectrode approach. In this dissertation, we propose 

synthesis of electrostatic deflectors with given source parameters, fIrst-order propelties, 

and minimum aberrations by using the cubic spline method or the a priori given 

multielectrode approach through a sequential optimization technique combined with 

the gradient method and the Hooke and Jeeves' method. Our calculations show that 

the third-order geometrical deflection aberrations can be reduced by 2-3 orders of 

magnitude using the electrodes of electrostatic spline deflectors reconstructed in tenns 

of the optimized fIrst hannonic fIeld distribution (FHFD) functions or a multielectrode 

deflector with 3 units or 5 units, each having short cylindrical segments with 

geometrically octupole symmetry. 

We also present synthesis of an ion beam column as a single entity, based on 

combined focusing and deflection (CFD). In a CFD system it is difficult to reconstruct 

the electrodes by using the cubic spline method because of the difference in the role 

of inflection points between axial potential distribution (APD) and FHFD functions. 

In this case, while the cubic spline method remains a valuable mathematical tool, the 

a priori given multielectrode approach is a better candidate for the synthesis of the 

CFD system. By using a sequential optimization technique for a multipurpose 

multipole system with 9 units, our calculations show that one can obtain a beam spot 
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radius less than 7 nm and current density of 614 Alcm2
, scanned over a 2 mm-square 

field for a field ionization source. A sensitivity analysis is given, and the optimum 

working distances of a given CFD system are presented for the minimum beam spot 

radius. 



1.1 General Survey 

CHAPTER 1 

INTRODUCTION 

14 

The properties of charged particle beams, released from a material source and 

propagating through a vacuum region in some devices, are of interest in many diverse 

fields of instrumentation and technology. The production, control, and utilization of 

charged particle beams are the subjects of electron and ion optics, a branch of physical 

electronics. The name expresses the close analogy between the transmission of light 

through refractive media and the motion of charged particles in electromagnetic fields. 

Electron and ion optics can be divided naturally into geometrical optics, when the 

wavelength is negligible, and wave optics, in which effects due to the finite 

wavelength are considered. In geometrical optics, i.e., nonquantum-mechanical 

description, electron and ion optics deals with the propagation of point-like charged 

particles forming beam in the presence of electromagnetic fields which accelerate, 

deflect, and/or focus the beam. Charged particles will be treated as point particles with 

mass, charge, precise location, and precise velocity. Their behavior in an 

electromagnetic field is sufficiently accurately described by Newton's laws for the 

acceleration of mass in a force field, where the force called Lorentz force is given and 

possibly induced by electromagnetic fields. The wave-like properties of charged 

particles, especially electrons, first described by de Broglie in connection with typical 
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quantum-mechanical phenomena such as the diffraction of electrons through slits, will 

not be needed in the great majority of applications. 

Electron and ion optics is a huge area with a relatively short history. Although the 

analogy between classical mechanics and geometrical optics was discovered by 

Hamilton in 1827, it took almost 100 years until H. Busch [I] proved the possibility 

of image formation by electrons in 1926. The list of applications is long. Cathode-ray 

tubes, electron microscopes, particle accelerators, mass spectrometers, microwave 

oscillator and amplifier tubes, and the tools of electron beam manufacturing (e.g., 

welding, drilling, melting, cutting, refining, and alloying) technologies, are well-known 

classical applications. 

Electron and ion beam lithography is the more recent practical application of the 

development of this rapidly growing area, since the current trend is towards increased 

circuit complexity and pattern density. Because of the diffraction limitation of 

processes using optical photons and the technological difficulties connected with x-ray 

processes, charged particle beams are becoming popular. With them it is possible to 

write directly on a wafer under computer control, without using a mask. Focused ion 

beams offer especially great possibilities in the submicron region. Therefore, electron 

and ion beam technologies will most probably playa very important role in the near 

future. Energy analyzers and electron spectrometers are also among the more recent 

practical applications. 

The above mentioned list is by no means complete but it already demonstrates the 
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great diversity of the possible applications of electron and ion optics [2-14]. 

1.2 Synthesis versus Analysis 

One of the most ambitious goals of electron and ion optics is to produce optical 

elements and systems with prescribed first-order properties and minimum aberrations. 

The aberrations are fundamental limitations to the performance of any beam optics. 

There has been a continuous struggle to overcome the aberrations of optical systems 

since the very beginning of electron and ion optics. 

There are two totally different approaches [12, 15] for obtaining such optical 

systems that would provide themselves the required optical properties with minimum 

aberrations without additional compensating elements such as discontinuities in the 

field distributions, space charge, high-frequency fields, or other types of symmetry 

[16]: analysis and synthesis. 

The method of analysis is based on trial and error. The designer starts with a given 

electrode or pole piece configuration and tries to improve it by analyzing the optical 

properties and then varying the geometrical and electric or magnetic parameters of the 

system. This approach is good for the improvement of existing designs, but it has two 

substantial disadvantages: (1) it is impossible to fmd any really new configurations this 

way because one is stuck at a predefined local optimum, and (2) geometrical 

dimensions like electrode spacings are not good parameters if they require the 

recalculation of the entire field distribution again and again for any new parameter 
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value, which is a waste of huge amounts of computing time. 

Our approach is synthesis using optimization techniques. We note that sometimes 

the word "synthesis" is used as an alternative for the so-called "inverse problem" of 

electron and ion optics, i.e., for rmding potential and field distributions that would 

produce given trajectories [17]. In most practical cases, however, we are interested 

only in the final beam spot size on the target or in the general shape of the beam, but 

not in individual trajectories. 

We are searching for such electrode or pole piece configurations whose APD and 

harmonic field distribution (HFD) functions satisfy all the constraints and 

simultaneously minimize the objective function. Our procedures search for these APD 

and HFD functions in the form of a set of specific parameters that are related to the 

corresponding APD and HFD functions in a simple way. One possibility is to express 

the APD and HFD functions in the form of cubic splines, in which case the 

parameters are the potential and harmonic field values or their derivatives at the 

boundaries of the spline intervals. An alternative solution is to use the a priori given 

multielectrode system, then the parameters are simply the electrode potentials of this 

system. In both cases only a very small amount of potential and field calculations is 

needed, and this approach makes it possible to find totally new optical systems by 

periodically leaving the local optima and searching for new and better ones [15]. 
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1.3 Goals of the Dissertation 

The main purpose of an optical column is to focus a charged particle beam emitted 

by a given source to a given target, simultaneously deflecting it in any direction 

perpendicular to the direction of the beam propagation. The geometrical arrangement 

of the optical column is shown in Figure 5.2. The fmal goal is to attain the highest 

possible resolution for the focused and deflected beam under given constraints. 

Multipole systems can stand alone as complete optical columns [15, 18]. Such systems 

are expected to have lower aberrations than conventional axially symmetric ones. 

However, their complexity requires overcoming of major design obstacles before being 

realized. We are interested in electrostatic optical systems because their focusing and 

deflecting properties are independent of the charge-to-mass ratio of the particles for 

the nonrelativistic case, and they are relatively easy to manufacture. 

In electron and ion optics, optimization is a useful tool for reducing aberrations [12, 

13, 19-21]. Automated optimum design of optical columns is possible by controlling 

three-dimensional potential and field distributions. About ten years ago (1984), 

Szilagyi developed a synthesis procedure for axially symmetric lenses by first 

searching for a locally optimized APD fimction and then attempting to reconstruct the 

shapes and potentials of the electrodes to reproduce the particular APD [19,22]. Using 

the simulated annealing scheme to search for an optimized APD in the form of cubic 

splines, it was shown that lenses with highly enhanced performance can be constructed 

by using just three such electrodes [23]. More recently, Szilagyi and Szep published 
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a novel synthesis approach based on the use of fixed axially symmetric multielectrode 

lenses to achieve variable first-order properties [24, 25]. After a particular system 

structure is chosen, various optimization techniques are then invoked to search for 

locally optimized sets of electrode potentials. Essential improvements of the optical 

properties have been demonstrated for multielectrode systems consisting of twelve 

rings for axially symmetric focusing. Besides these, more papers were published for 

synthesis of electrostatic lenses based on the cubic spline method [26-28] or the a 

priori given multielectrode approach [29, 30]. 

In this dissertation, expanding upon Szilagyi's synthesis method we present 

synthesis of electrostatic deflectors based on the cubic spline method or the a priori 

given multielectrode approach for minimizing the beam spot size. The postlens 

deflection system is considered since it allows the lens and deflection aberrations to 

be handled separately and it is easy to implement in electrostatic system [31]. 

Finally, we present synthesis of an ion beam column as a single entity based on 

combined focusing and deflection (CFD). In a CFD system it is difficult to reconstruct 

the electrodes by using the cubic spline method because of the difference in the role 

of inflection points between APD and FHFD functions. In this case, while the cubic 

spline method remains a valuable mathematical tool, the a priori given multielectrode 

approach is a better candidate for the synthesis of the CFD system. 
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1.4 Organization of the Dissertation 

In Chapter 2 we derive generalized expressions of the first-order properties and the 

third-order geometrical and first-order chromatic aberrations of electrostatic multipole 

focusing and deflection systems. Also an expression of the total beam spot size is 

given. 

In Chapter 3 we describe how to calculate APD and HFD functions for electrostatic 

multipole electrodes, eight electrodes with cylindrical segments which are used for 

stigmation, focusing, and deflection. We present two methods for potential and field 

calculation: an analytic method for long multipoles and a numerical one for short 

multipoles. 

In Chapter 4 we present optimization techniques such as the gradient method and 

the Hooke and Jeeves' method for minimum aberrations. We also present a sequential 

optimization method for a better final result. 

In Chapter 5 we present synthesis of electrostatic deflectors with given source 

parameters, first-order properties, and minimum aberrations by using the cubic spline 

method or the a priori given multielectrode approach. 

In Chapter 6 we present synthesis of an ion beam column as a single entity, based 

on CFD. We also present a sensitivity analysis as another application of the program 

for a CFD system. 

In Chapter 7 we present the conclusion of the dissertation. 

In Appendix we include a program package manual which contains a comprehensive 
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set of tools for developing electrostatic optical systems used to control the focusing 

and deflection of charged particle beams; in particular, designing electrostatic 

deflectors and CFD systems using a synthesis approach. 

1.5 Contributions 

The contributions of this dissertation are as follows: 

(1) I derive self-contained expressions of the third-order geometrical and fIrst-order 

chromatic aberrations in case of a CFD system. 

(2) Assuming that an arcsine function is used for the potential distribution between the 

electrodes at FR, I calculate the APD and HFD functions for a general multipole 

unit which consists of identical, equally placed long cylindrical concave electrodes 

with multiples of four (4M electrodes, M=I, 2, ... ). 

(3) By using geometrical symmetry of eight electrodes I derive expressions of the 

APD and HFD functions in closed form for the case of cylindrical sub-electrodes 

with a constant charge density. I also write a program for numerical calculation 

in FORTRAN 77. 

(4) I write or revise optimization pro grams for the use of the synthesis of electrostatic 

deflectors or CFD systems. 

(5) I propose a synthesis procedure of cubic spline deflectors based on the cubic spline 

method, i.e., reconstruction of the electrodes from optimized FHFD functions. 

(6) I realize synthesis of multielectrode deflectors or CFD systems based on the a 
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priori given multielectrode approach. 

(7) I perform a sensitivity analysis of a CFD system for determining the optimum 

. working distances to reduce the beam spot size. 



23 

CHAPTER 2 

OPTICAL PROPERTIES AND ABERRATIONS OF ELECTROSTATIC 

MULTIPOLE FOCUSING AND DEFLECTION SYSTEMS 

2.1 General Remarks 

In electron and ion optics, an accurate knowledge of the properties of a charged 

particle beam traced through electron and ion optical systems is essential to the design 

of optical columns. We generally approach this knowledge in two stages: flrst, we 

need to know the potential and fleld distributions in space and time, then we can trace 

the particle trajectories and calculate such quantities as aberration disks which are 

fundamental limitations to the performance of optical systems. 

In this dissertation, we shall deal with the calculation of electrostatic flelds, i.e., 

time-independent electric flelds and nonrelativistic trajectory equations. This major 

simpliflcation is justifled, since in the vast majority of practical optical devices the 

applied flelds are static or quasi-static and the usual energy range is 1-100 keY in 

which the relativistic effects can be neglected for ions [12, 13]. 

2.2 Calculation of Focusing and Deflection Potentials 

We assume that space charge does not influence the fleld distributions very strongly 

but has to be taken into account as a perturbation of the optical parameters. In such 

case, the fleld distributions are determined flrst without space charge and the space 
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charge effects are considered as a special type of aberration. 

In a source-free region, electrostatic field distributions produced by a system of 

electrodes held at suitably chosen voltages can, in theory, be fully described in terms 

of an electrostatic potential u(R), which everywhere satisfies Laplace's equation 

v2u(R) = 0 
(2-1) 

where ;. is the Laplacian of the electrostatic potential u and R is the position vector. 

In cylindrical coordinates (r, a., z) this Laplace's equation takes the form 

(2-2) 

Since the potential distribution u is a periodic function of the azimuth angle a. with 

period 2n, we suggest that we should introduce a Fourier series expansion for a 

general solution of Laplace's equation. 

Our fmal result of the potential distribution u can be written as [12] 

u(r, a, z) = E [Am(r, z)cos(ma)+Bm(r, z)sin(ma)]rm (2-3) 
m~O 

where 
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(2-4) 

and 

(2-5) 

Um(Z) and W m(z) are hannonic field distribution (HFD) functions. 

The arbitrary potential distribution is represented by an infmite number of HFD 

functions of the coordinate z only. If we know all of these functions and they are all 

differentiable an infinite number of times, we can detennine the potential distribution 

in the entire space. 

For our purpose we shall consider electrostatic multipole systems which are 

commonly used as focusing, deflecting, and image-correcting elements in electron and 

ion optics. This system has N equally placed planes of symmetry or antisymmetry. In 

our system of notation these planes are all perpendicular to the xy plane. 

For a multipole system with N equally placed symmetry planes (if the xz plane or 

the yz plane is one of them), we can obtain the potential distribution u by setting 

m=nN (n=O,1,2, ... ) and substituting this into Eqs. (2-3)-(2-5). We notice that the 

general series expansion for a multipole field contains the special case of the axially 

symmetric field (n=O case) since the axially symmetric field has a higher symmetry 
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(an infmite number of symmetry planes perpendicular to the xy plane) than the 

multipole field where the number of symmetry planes N is finite. 

Here we are only interested in multipole focusing and deflection systems containing 

the axial potential distribution (APD) fuction U(z) of an axially symmetric electrostatic 

field for focusing action and HFD functions with N= 1 for x and y deflection. This 

approach can be realized by the proper selection of the electrode potentials of 

multipole systems. For convenience Viz) was replaced with U(z). 

From Eqs. (2-3)-(2-5), the overall electrostatic focusing and deflection potentials can 

be expressed as 

u(r, a, z) = Ao(r, z) + E A2n+1(r, z)cos[(2n+ l)a]r2n+l 
ncO (2-6) 

+ E B2n+1(r, z)sin[(2n+ l)a]r2n+l 
n-O 

where 

(2-7) 

DO k 
A ( ) = " (-1) (2n+ 1)1 2ku. (2k)() 

2n+l r, Z L..J r 2n+l Z 
k=O 4kkl(2n+ 1 +k)1 

(2-8) 

and 
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.. k 
_ ~ (-1) (2n+l)1 2kw: (21:)() 

B2n+1(r, z) - LJ r 2n+l Z 
kmO 4kkl (2n + 1 +k) I 

(2-9) 

A2n+1 and B2n+1 are the coefficients related to x-deflection and y-deflection, 

respectively. 

We immediately see that A2n= B2n= 0 (n=l, 2, 3, ... ) since the potentials are symmetric 

in the xz plane and antisymmetric in the yz plane for x-deflection, and vice versa for 

y-deflection. 

In calculating optical parameters such as the first-order properties and the third~ 

order geometrical and first-order chromatic aberrations for a multipole system, we 

actually need a few terms of the APD and HFD functions instead of infmite terms. 

Therefore, the overall potential u can be rewritten as 

u(r, a, z) = U(z) - .!UI/(z)r2 + ...!.UW(z)r 4 - ... 
4 64 

(axially symmetric potential) 

+[U1(z)r - .!U/,(z)r3]cosa + U3(z)r
3cos3a + ••• 

8 
(HFD junctions for x-dejlection) 

+[W1 (z)r - .! W/,(z)r 3]sina + W
3
(z)r 3sin3a + ..• 

8 
(HFD junctions for y-dejlection) 

(2-10) 

Now we can transform Eq. (2-10) into a power series expansion in Cartesian 

coordinates by setting x=r '" cos a. and y=r '" sina. and using multiple-angle formulas of 
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circular functions such as sine and cosine, i.e., r2=x2+l, r3cos3cx.=x3_3xl, and 

r3sin3cx.=3x2y_y3. The resulting potential can be expressed as 

u(x, y, z) = U(z)-.!U"(Z)(X2+y2)+J..UIY(Z)(X2+y2)2_ ... 
4 64 

1 
+ U1(Z)x-g U1 "(Z)(X 3 +xy 2) + U3(Z)(x3-3xy2) + .. . 

(2-11) 

+ W1(z)y-.! W/'(Z)(x2y +y 3) + W3(z)(3xly_y3) + .. . 
S 

where the physical meaning of u(x, y, z) is the absolute value of the electrostatic 

potential measured relative to where the particles would be at rest. 

Now this electrostatic potential is used for calculating optical properties of the system. 

2.3 Equations of Motion 

Under the known potential distribution we can describe the motion of charged 

particles considered as classical objects. The paths of charged particles in electrostatic 

fields are given by the solution of the Euler-Lagrange -equations [32]: 

(2-12) 

and 

(2-13) 

in which K is the variational function, given by [33] 
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(2-14) 

where derivatives are with respect to z (the distance along the optical axis) and x and 

yare projections of the particle's trajectory to the xz plane and yz plane, respectively. 

We now substitute Eq. (2-11) for the electrostatic potential into the variational 

function (2-14). Replacing the square roots with their Taylor series expansions such 

as 

(2-15) 

and retaining only the tenns up to fourth-order in x, y. UI• and WI' we obtain the 

variational function in the fonn of 

K = K(O) + K(2) + K(4) + ... (2-16) 

where 

(2-17) 

K(2) = U(z) _I _X+_I _y ___ z_(X2+y2)+_(X2+y2) ~U(z) W(z) UI/() 1 1 
2U(z) 2l!(z) SUez) 2 

(2-18) 
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and 

U "( ) W, "( ) 
K(4) = JU(z)[ _..!._l _z (X3+xy2)_..!._1_Z_(x2y+y3) 

16 U(z) 16 U(z) 

+.! U3(z) (x3-3xy2)+.! W3(z) (3x2y_y 3) +_1_ U
W

(Z)(X2+y2)2 (2-19) 
2 U(z) 2 U(z) 128 U(z) 

_.!{.! U1(z\+.! W1(z) y_.! UII(z) (X 2+y2) -lex Il+y 1l)}2] 
2 2 U(z) 2 U(z) 8 U(z) 2 

K(O) represents the zero-order terms, K(2) the second-order terms, and K(4) the fourth-

order terms in the variational function. 

By using the obtained variational function K we can calculate optical properties of 

the multipole focusing and deflection system. The calculation may be performed in 

two very different methods- the trajectory method [33, 34] and the method of 

characteristic function (or the eikonal method) using a general perturbation [5, 35]. 

Here we shall utilize the trajectory method which is a rather straightforward approach. 

The procedures are as follows: 

First, the paraxial solution is obtained with just two terms K(o) and K(2) in the 

expression of the variational function K. Next, the more accurate three-term solution 

is obtained by substituting three terms in the expression ofK (Eqs. (2-16)-(2-19» into 

the Euler-Lagrange equation (Eqs. (2-12) and (2-13 ». Then, the third-order aberrations 

are determined by subtracting the paraxial solution from the accurate three-term 

solution, i.e., the difference is the aberration. 
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2.4 Paraxial Trajectory Equations (First-Order Properties) 

The paraxial theory is sometimes referred to as fIrst-order theory. As a fIrst 

approximation to the trajectories, we retain only terms K(o) and K(2). Since K(o) 

explicitly depends only on the coordinate z, it does not influence the Euler-Lagrange 

equations, i.e., 

aK(O) aK(O) aK(O) aK(O) 
--=-=-=-=0 

(2-20) 

ax ax' ay ay' 

Then the Euler-Lagrange equations (Eqs. (2-11) and (2-12» become simply 

d aK(2) aK(2) 
-(-) -- =0 
dz ax' ax 

(2-21) 

and 

(2-22) 

Inserting the expression for K(2) given by Eq. (2-18) into Eqs. (2-21) and (2-22), we 

obtain the two projections of the nonrelativistic paraxial trajectory in case of combined 

electrostatic focusing and deflection potentials as follows: 
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x" + [UI(Z)}I + [UII(Z)} = UI(Z) 
2U(z) 4U(z) 2U(z) 

in the xz plane (2-23) 

and 

yll + [UI(Z) l., + [UII(Z) l. = WI(z) 
2U(z)Y 4U(z)Y 2U(z) 

in the yz plane (2-24) 

where U(z) is the APD function of rotationally symmetric electrostatic field measured 

relative to where the particles would be at rest, U\(z) and W\(z) are the FHFD 

functions of the x and y detlection, respectively. 

Eqs. (2-23) and (2-24) are inhomogeneous linear second-order differential equations 

due to the presence of the deflection distributions U\(z) and W\(z). The general 

solutions of these inhomogeneous equations are each equal to the general solution of 

the corresponding homogeneous equation plus a particular solution of the given 

inhomogeneous equation. They can be written as 

X(Z) = X$(z) + xo'h(z) + xpan(z) (2-25) 

and 

y(z) = y $(z) + y o'h(z) + y pan(z) (2-26) 

where Xo and Yo are the initial ray coordinates, xo' and Yo' are the initial slope 
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components of the ray in the object plane zO' g(z) and h(z) are linearly independent 

solutions of the homogeneous equation with the initial conditions g(zo)=l, g(zo)=O, 

h(zo)=O, and h'(zo)=l in the absence of deflection (U,(z)=W ,(z)=O), "Part(z) and ypart(z) 

are particular solutions which depend on U,(z) and W,(z), respectively. 

By applying the method of variation of parameters [36] we find "Part(z) and 

ypart(z) with initial conditions, xpart(zo)=x'part(zo)=O and ypart(zo)=Ypart(zo)=O : 

x ort(z)= h(z) f~JU(')( UI(') )g(,)d, 
p yU(zo) ~. 2U(,) 

- g(z) f r.J U( ')( UI (') )h( ,)d, 
yU(Zo) ~. 2U(,) 

(2-27) 

and 

y (z)= h(z) f~JU(')( WI('»g(')d' 
part yU(zo> ~. 2U(,) (2-28) 

_ g(z) fr.JU(,)( WI('»h(')d' 
yU(Zo) %. 2U(,) 

The principal rays h(z), g(z), and "Part(z) (or Ypart(z» are shown in Figure 2.1. The 

rays h(z), g(z), x(z), and y(z) can be practically calculated by utilizing numerical 

methods such as the one-step method (Runge-Kutta method [37]) or the multistep 

method (predictor-corrector 'method [38] and Numerov's method [39]), since in 
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x ( z) (or Y (z) ) 

h(z) ~art (z) 

(or Ypart (z) ) 

a ~~--c====-~c-----------~~--~z 

Figure 2.1. The general solutions of the paraxial ray equation for the CFD system. 
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electron and ion optics the APD and FHFD (or HFD) functions of a practical electrode 

system can very seldom be expressed in closed form. We use the classic fourth-order 

Runge-Kutta formulas [40] for numerical ray tracing. 

Before going further, we consider a physical meaning of the first-order properties 

in case of CFD potentials. We assume that a point object is located on the optical axis 

(xo = Yo = 0). Since h(zj)=O in the image plane Zj by definition (see Figure 2.1), then 

from Eqs. (2-25) and (2-26) we obtain solutions at the image as 

(2-29) 

i.e., we still have a point image of the point object but it is not located on the axis any 

more because of beam deflection. This means that stigmatic imaging is preserved 

when small deflection fields are applied to the paraxial beam. Thus, we can assume 

that the paraxial beam is deflected as a whole and its first-order focusing properties 

are not disturbed. 

2.S Third-Order Geometrical Aberration 

To find the third-order geometrical aberrations, we retain all terms up to fourth

order in the variational function K given by Eqs. (2-16)-(2-19). For simplicity, we will 

show the procedures involved in calculating the third-order geometrical x-aberration 

in the image plane Zj' 
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Retaining tenns up to K(4) in the variational function, the Euler-Lagrange equations 

(Eqs. (2-11) and (2-12» can be written as 

d CJK(2) CJK(2) CJK(4) d CJK(4) 
-(-) - - = - - -(-) 
dz ax' ax ax dz ax' 

(2-30) 

First inserting the expression for K(2) given by Eq. (2-18) into Eq. (2-30), the 

differential equation for x(z) becomes 

x" + [ U'(z) 1., + [U"(Z) L _ U1(z) 
2U(Z) r 4U(z) r 2U(z) 

= -1-1 CJK(4) - !!..( CJK(4) )] 

JU(z) ax dz ax' 

(2-31) 

We can solve this equation by dealing with the third-order geometrical x-aberration 

as a perturbation to the paraxial ray solution. The solution x(z) of Eq. (2-31) can be 

written as 

(2-32) 

where "J,(z) is the paraxial ray solution and oX3(z) is the third-order geometrical x-

aberration. 

Substituting Eq. (2-32) into Eq. (2-31), we obtain a differential equation for oX3(z) as 

follows: 
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ax 1/ + [ U'(Z) lax ' + [UII(Z)]ax 
3 2U(Z) 3 4U(z) 3 

(2-33) 

= _1_[ aK(4) - .E..( aK(4»] 
JU(z) ax dz ax' 

The initial conditions for oX3(z) are oX3(zo)=oxi(zo)=O, since there is no initial 

aberration in the object plane ZOo Next we use the method of variation of parameters 

and the relation between linearly independent solutions h(z) and g(z) (or Wronskian 

of the linear homogeneous differential equation) such as 

J U(z)(gh' - hg') = constant (2-34) 

where the expression in bracket is known as the Wronskian. 

Then after integration by parts, the expression for oX3(z) in the image plane Zj 

becomes 

(2-35) 

By calculating 8K(4)/EJx and 8K(4)/EJx' and inserting these expressions into Eq. (2-35), 

the third-order geometrical x-aberration in the image plane Zj is obtained as follows: 
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1 (1. U "(Z) 3U (z) 
6r - ), VU(z).{ 1 (3x2+y2)h-_3_(x2_y2)h 

. Six VU(z/)h'(z/) 1.0 16U(z) 2U(z) 

+ W/,(z) h- 3W3(z) h- UW(z) (x2+ 2)xh 
8U(z) xy U(z) xy 32U(z) y (2-36) 

+( U1(z) x- U
II
(Z)X2_.!.xfl)( Ul(z~h_ UII(z)xh-x'h~ 

2U(z) SUez) 2 2U(z) 4U(z) 

+( W1(z) y_ U
II
(Z)y2_.!.yfl)( U1(z) h- UII(zJ.xh-x'h~}dz 

2U(z) 8U(z) 2 2U(z) 4U(z) 

where 8rgix (=8x3(zi» is the radius of the geometrical aberration disk in the image 

plane Zj in case of axially symmetric focusing and x-deflection, U3(z) and W 3(z) are 

the third harmonic field distribution (THFD) functions of the x and y deflection, 

respectively. 

The aberration integral given by Eq. (2-36) is relatively compact. Although the 

aberration disk can be calculated directly from Eq. (2-36), it is preferable to eliminate 

the higher derivatives as far as possible by a series of integrations by parts for 

numerical computations [8, 12, 33]. Since the numerical evaluation of the higher 

derivatives is very inaccurate, it is required to transform the aberration integrals in 

such a way that they would not contain any derivative of the APD function higher 

than the second and the FHFD functions higher than the zero so as to minimize errors 

caused by repeated numerical differentiation. Actually, integration by parts can be 

applied as many times and in as many combinations as we wish and the aberration 

integrals can be transformed to a huge number of different forms. 
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Before doing calculations on a full scale, for simplicity we defme some variables 

as follows: 

e1 = (X2+y2)xh 

e2 = x3h'+3x2x'h+2xyy'h+xy2h'+x'y2h 

e3 = 3x2x'h'+3xx!2h+xy!2h+2xyy'h'+2x'yy'h+x'y2h' 

e4 = (3x2+y2)h 

es = 3x2h'+6xx'h+2yy'h+y2h' 

e6 = 6xx'h'+3x{}.h+2yy'h'+y{}.h 

e7 = xyh 

ea = xyh'+xy'h+x'yh 

e9 = xy'h'+x'yh'+x'y'h 

We shall now show how this integral (Eq. (2-36» can be manipulated by using 

integration by parts. First, we start from UIV dz = dCU"'), then integrate by parts again 

using Ullldz = d(Ull
) together with the relations 

h" = -[ U'(Z)jh' - [UII(Z)jh 
2U(z) 4U(z) 

(2-38) 

x" = U1(z) _ [ U'(Z)}' _ [UII(Z)} 
2U(z) 2U(z) 4U(z) 

(2-39) 
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and 

II = W1(Z) _ [ U'(Z) 1., _ [UII(Z) 1. 
y 2U(z) 2U(z) r 4U(z) r (2-40) 

we have 

(2-41) 

Secondly, we start from U l"dz=d(U I'), then integrate by parts again using U l'dz=d(U I) 

with Eqs. (2-38)-(2-40). 

%, U "( ) %, U u12 U·U" 

f
JU(Z)_1 _z e

4
(z) dz = fJU(Z){~_1 -e

4 
- ~_1 -e

4 U(z) 4 u3 4 U2 
%0 %0 

3 U U' U U U W 
- __ 1 -e + 2_1e + 3(_1)2Xh + _1 _IYh}dz 

2 U2 S U 6 U U2 

(2-42) 

Thirdly, we start from W l"dz=d(W I'), then integrate by parts again using W l'dz=d(W I) 

with Eqs. (2-38)-(2-40). 
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(2-43) 

We note that in the process of the integration by parts we may have introduced some 

undesirable new terms. By repeated integration by parts we can get rid of them which 

are included in Eq. (2-41). The results are as follows: 

(2-44) 

and 

(2-45) 

Substituting Eqs. (2-37) and (2-41)-(2-45) into Eq. (2-36), we fmally obtain the third-

order geometrical x-aberration (orgix) in the image plane. 

Again we need to defme new parameters for convenience. The parameters are as 

follows: 



1', = U'(z) T. = U"{z) S = U1(Z) S = W1(Z) s = U3(Z) s == W3(Z) 
1 U(z) , 2 U(z) , x U(z) , y U(z) , 3x U(z) , 3y U(Z) 

u (Z) w: (Z) 
_I _y + _I -x = S;y + Sf = d 
U(Z) U(Z) 2 

U (Z) w: (Z) 
_1 -X' + _1 -y' = Sr' + SjY' = d 
U(Z) U(Z) 3 

{U1(Z)p + {W1(Z)p = S2 + S2 = d 
U(Z) U(Z) x y 4 

and 

where the primes represent differentiation with respect to z. 
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(2-46) 

(2-47) 

(2-48) 

(2-49) 

(2-50) 

(2-51) 

From Eqs. (2-47)-(2-51), we can find the important property that when we interchange 

x and y, x, and y, Sx (or U\(z» and Sy (or W\(z», and S3x (or U3(z» and -S3y (or -

W 3(z», these parameters remain unchanged. It is evident that these parameters have 

an apparent advantage of obtaining the corresponding y (or x)-aberration from already 

calculated x (or y)-aberration in the image plane Zj even though both aberrations can 



43 

be derived independently with the same procedure. 

Finally, in case of CFD ~ystems the third-order geometrical in the image plane Zi 

can be expressed as 

:t/ 

orglx = M [ ~~~) [ft(z)x + J,.(z)x' + ,h(z)Sx + ,4(z)y' 

• 
(2-52) 

+ fs(z)Sp' + J,,(Z)S3x(X 2 _y2) + 2J,,(Z)S3,fY]dz 

and 

(2-53) 

where 

(2-54) 

(2-55) 

J,.(z) = J:....T2(ah'-2ch) + ~T13ah- ~T12(ah'+2ch) 
16 64 64 

- ~Tldlh + ];.(2bh'+d3h-d1h') 
16 4 

(2-56) 



h(z) 

~(z) 

fs(z) = -1Th + 1.h' 
8 1 2 

3 
h,(z) = - -h 

2 

where M is the magnification of the system. 

44 

(2-57) 

(2-58) 

(2-59) 

(2-60) 

After all, we can get relatively compact fonns of the aberration integrals by using 

predefined parameters. This compactness gives a convenient tool for computer 

programming. 

2.6 First-Order Chromatic Aberrations 

The energy spread of the particles causes an aberration even in the paraxial 

approximation. Several reasons for the energy spread of the particles [8, 12, 41-42] 

are as follows: 

(i) No source can produce a monochromatic beam of particles. It means that the 

initial velocities of different particles of the beam are all different; 

(ii) The accelerating potential as provided by the regulated power supply changes; 
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(iii) The interactions of individual particles in the beam cause an additional energy 

spread (Boersch effect); 

(iv) The passage of the beam through a target results in an inelastic collision of the 

particles with the specimen, and thus the particles leave the specimen with 

different velocities. This is usually the case with the transmission electron 

microscope. 

If the particle's energy is spread by a relatively small amount 8U (electron volts), 

this is equivalent to changing the beam potential U(z) by 8U (volts). This change 

causes the corresponding deviation in the trajectory by oXc(z) and oy c(z), that is, 

(2-61) 

For simplicity, we will show the procedures involved in calculating the first-order 

chromatic x-aberration in the image plane Zj' Substituting Eq. (2-61) into the paraxial 

trajectory Eq. (2-23) and retaining only terms up to first-order in 8U and oXe' we 

obtain a differential equation for the first-order chromatic x-aberration oxe(z): 

ax "(z) + [ Uf(Z)jox fez) + [UII(Z)jox (z) = -xl/(z) 8U 
c 2U(z) c 4U(z) C U(z) 

(2-62) 

Using the method of variation of parameters described in section 2.4 and the initial 

conditions oxc(zo)=oreox=O and oxc'(zo)=oreox=O, we fmd that the first-order chromatic 

x-aberration in the image plane is as follows: 
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(2-63) 

Inserting Eq. (2-39) into Eq. (2-63) and integrating by parts using V"dz=d(U') for 

more accurate numerical evaluation, i.e., 

we can obtain orcix' The form of the first-order chromatic y-aberration in the image 

plane zi (orciy) is deduced from orcix by interchanging x and y and Sx (or VI) and Sy 

(or WI)' The final expressions are as follows: 

(2-65) 

and 

(2-66) 

where 



1 = --Th 4 1 

other parameters were defined previously in section 2.5. 

2.7 Total Beam Spot Size 
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(2-67) 

(2-68) 

(2-69) 

In sections 2.4-2.6 we derived generalized expressions for the first-order properties 

and the third-order geometrical and first-order chromatic aberrations in case of a CFD 

system. We notice that for a system containing any combination of axially symmetric 

electrostatic lenses and electrostatic deflectors the optical properties and aberrations 

are determined by the functions U(z), Ut(z), Wt(z), U3(z), W3(z), and their 

derivatives. 

Our goal is to determine U(z), Ut(z), Wt(z), U3(z), W3(z), h(z) (or M), x(z), and 

y(z) so that they minimize several aberration integrals simultaneously and at the same 

time these distribution functions must satisfy additional conditions in the form of 

differential Eqs. (2-23) and (2-24) under some practical constraints. Assuming that the 

contributions of different aberrations to the total beam spot size can be considered 

statistically independent of each other and to have uncorrelated Gaussian current 
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density distributions, we can calculate the total beam spot radius(r) [12, 43-44] as 

(2-70) 

and 

(2-71) 

where rOI is the radius of the Gaussian image and ro is the virtual source size. 

In the expression of Eq. (2-70) we seem to neglect other important sources of 

aberrations such as space-charge effects and diffraction. We can reasonably explain 

this in two ways: 

(i) Space-charge effects must be taken into account for charged-particle beams with 

high current densities and close to the source. Diffraction is important for low-

energy electrons, especially for very small beam apertures. Since these effects 

only give a minor contribution to our optical system, for convenience we can 

neglect these aberrations. 

(ii) It is possible to use the source parameters including these aberrations, i.e., energy 

spread including space-charge effect such as Boersch effect [45] and the virtual 

source size including diffraction (important for electrons) [46]. 

Therefore, we can say that Eq. (2-70) is in some measure a generalized expression of 

the total beam spot radius. 
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CHAPTER 3 

CALCULATION OF APD AND HFD FUNCTIONS FOR 

ELECTROSTATIC ELECTRODES WITH CYLINDRICAL SEGMENTS 

In Chapter 2 we have shown that the fIrst-order properties and aberrations for a 

CFD system are determined by the APD and HFD functions. In this chapter we 

describe how to calculate the APD and HFD functions for electrostatic multipole 

electrodes, especially eight electrodes with cylindrical segments which are used for 

stigmation, focusing, and deflection. We present two methods for potential and fIeld 

calculation: an analytical method for long multipoles and a numerical one for short 

multipoles. Then for comparison numerical and analytical values are presented in the 

case of long multipoles. 

3.1 Analytical Method for Long Multipoles 

3.1.1 Series Expansions of Potentials and Fields 

When the multipole system is considered planar, that is, its length is considerably 

greater than its transversal dimensions and its cross section is constant, analytical 

methods can be applied for potential and field calculation. In this case, we assume that 

the action of the real multipole is equal to that of a theoretical one with a constant 

potential or fIeld that has an effective length LefT (rectangular model) [12]. Thus, for 
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the rectangular model all dependence on z is eliminated and Eqs. (2-4) and (2-5) 

simplify to a constant, i.e., 

Am Um 
= am = constant 

R m 
(3-1) 

and 

Bm Wm = bm = constant 
R m 

(3-2) 

where R is some characteristic radius that should be specified by the actual 

construction of the multipole system and Ilm and bm are Fourier coefficients. 

For CFD Eq. (2-6) can be rewritten as a function of the point (r, ex), i.e., 

u(r, a) = ao + E a2n+1(!..)2n+lCOS[(2n+l)a] + E b2n+l(!..)2n+lSin[(2n+l)a] (3-3) 
n~ R n~ R 

where ao' a2n+l' and b2n+1 are Fourier coefficients related to axially symmetric 

focusing, x-deflection, and y-deflection, respectively. 

3.1.2 Calculation of APD and HFD functions 

In this section, for calculating the Fourier coefficients or the APD and HFD 

functions we will start from a general electrostatic multipole unit which consists of 

identical, equally placed long cylindrical concave electrodes with mUltiples of four 
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(4M electrodes, M=1,2, ... ), since an eight-electrode unit is only a special case of this 

generalization. The electrode potentials V f, V xM' and VyM are used for focusing, x-

deflection, and y-deflection, respectively. For simultaneous focusing and deflection 

these electrode potentials should be superimposed on the same electrode. The angular 

distances between any two adjacent electrodes are 2E (Figure 3.1). 

We assume that an arcsine function is used for the potential distribution between 

the electrodes (at r=R) as a more realistic distribution [47] instead of a linear potential 

distribution. We shall represent the potentials by the following functions: 

UjR,a) lj 

~l 
1t a-

~1+Vx2 Vx2 -Vx1 . 2M 
-=---'= + arcsm---

2 1t e 

(OScxS1t/2 ) 

1t 
(O~a~--e) 

2M 

(~-e~a~~+e) 
2M 2M 

. 1t 1t 
(-+e~a~--e) 
2M M 

(3-4) 

(3-5) 

a-2!.+~ 
V xM-l +V xM V xM-V xM-l • 2 2M 1t 1t 1t 1t 
-=~.-..;.;~+ arcsm (----e~a~---+e) 

2 1t e 22M 22M 

1t a--
-2V 2 xM • --arcsm--

1t e 

1t 1t 1t 
(---+e~a~--e) 

2 2M 2 

1t 1t 
(--e~a~-) 
2 2 



Vr- VxM + VyM --Vr-VxM- l +VyM- l/ 

V r - V x2 + Vy2 ! 
V f - VXl + VYl ( 

V r - VXl - VYl \ 

, 
, , , , 

y 

Vr+VxM+VYM 

---- ........... Vr+ VxM- l +VyM- 1 

"', , , , 

\
v f + V x2 + Vy2 

~)~ 2t: 
~ ~ ~ ~( 

~ ~ -:.~.::. :~:~~:~~~~~ ~ ~ ~ ~ ~\ v r + V
Xl 

+ V
yl 

-~~~ X 

, 
,," 

I , 

J v f + Vxl - VYl 

/ Vr + Vx2 -Vy2 

--, 
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Figure 3.1. A general electrostatic multipole unit which consists of identical, equally 

placed long cylindrical concave electrodes with multiples of four (4M electrodes, 

M=I,2, ... ). Vr, VxM, and VyM are the electrode potentials used for focusing, x-

deflection, and y-deflection, respectively and 28 are the angular distances between any 

two adjacent electrodes. 



and 

2VY1 • IX 
--arCSID-

'It e 

VY1 

(O~IX~e) 

'It 
(e~IX~--e) 

2M 

(~-e~IX~~+e) 
2M 2M 

(3-6) 

(2!.-~ +e ~IX ~2!. -.2:.. -e) 
2 M 2 2M 

'It 'It 'It 
(---+e~IX~-) 

2 2M 2 
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The potential is periodic with respect to the coordinate a. with the period 27t. Using 

the properties that UxCR,a.) is even and odd function with respect to a.=O and a.=7t/2, 

respectively and UyCR,a.) is odd and even function with respect to a.=O and a.=7t/2, 

respectively, we can only consider the first quadrant of the xy plane for calculating 

potential and field distributions. Now the Fourier coefficients can be detennined by 

the following fonnulas [48] 
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2 

Qo = ~ f Uj.R,IX)dIX 
7to 

(3-7) 



and 

It 

2 

02,,+1 = .± f U,t(R,ex)cos[(2n+ l)ex]dex 
1t O 

It 

"2 
= .± f Uy(R,ex)sin[(2n+ l)ex]dex 

1t O 
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(3-8) 

(3-9) 

Inserting Eqs. (3-4)-(3-6) into Eqs. (3-7)-(3-9), respectively, we have to carry out the 

integration. 

Here some important defmite integrals needed for calculating the Fourier 

coefficients are listed. Integraton by parts is a useful tool for this calculation. 

p+e 

f arcsin ex
e
- P cos(nex)dex = .!:.sin(np)[cos(ne)-Jo(ne)] 

p-e n 
(3-10) 

p+e 

f arcsin ex :P sin(nex)dex = .!:.cos(np)[Jo(ne)-cos(ne)] 
p-e n 

(3-11) 

P 1 1 f arcsin ex -p cos(nex)dex = cos(np) J(1-Z2) -2sin(nez)dz 
p-e e n 0 (3-12) 

+ ..2:.{sin(np)[cos(ne)-J.o(ne)]-cos(np)sin(ne)} 
2n . 



and 

p+e 1 1 

J arcsin ex-Psin(nex)dex = _sin(np) J(l-Z2)-2Sin(nez)dz 
pen 0 

+ 2:..{cos(np)[Jo(ne)-cos(ne)]+sin(np)sin(ne)} 
2n 

By using Eqs. (3-10)-(3-14) we can obtain the Fourier coefficients as 

a
2n

+
1 

= __ 0 ___ 1: V,d; in[(2n+l)-k]-sin[(2n+l)-(k-l)] 4.J. [(2n+l)e] M f 1t 1t} 

1t 2n+l kal 2M 2M 

4.J. [(2n+l)e] M t 1t 1t } o 1: ~k cos[(2n+l)-(k-l)]-cos[(2n+l)-k] 
1t 2n+ 1 kal 2M 2M 
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(3-13) 

(3-14) 

(3-15) 

(3-16) 

(3-17) 

where n is a positive integer (n=O,I,2, ... ), k is a dummy variable, and 10 is the Bessel 

function of the first kind of order O. 

Using Eqs. (3-1) and (3-2) for m=2n+l, we can fmally determine APD and HFD 

functions in case of long multipoles with 4M electrodes: 
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(3-18) 

U2n+1 
= a2n+1 

R2n+l 
(3-19) 

and 

W2n+1 
= b2n+1 

R2n+l 

(3-20) 

In the design of a CFD system we are interested in the optical column consisting 

of eight-electrode units, since this unit has a geometrically simpler multipole structure 

used for focusing and deflection with a common center in one single arrangement. The 

perspective view and cross section of this unit and the summed electrode potentials are 

illustrated in Figure 3.2. Inserting M=2, Vx1=Vx' Vx2=PVx' Vy1=pVy, and Vy2=Vy into 

the generalized expressions (3-15)-(3-17), we can obtain the Fourier coefficients for 

the eight-electrode unit: 

and 

4V 
a2n+

1 
= (-l)II_XF(n, p, e) 

1t 

(3-21) 

(3-22) 
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~z 

Figure 3.2. A typical electrostatic eight-electrode unit; (a) perspective view, (b) cross 

sectional view. The summed electrode potentials for CFD are shown. 



where 

4Vy 
b2n+1 = -F(n, p, e) 1t 

F(n, p, e) = +-(cos-n-sin-n) Jo[(2n+l)e]t I-p 1t 1t} 
2n+l .fi 2 2 
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(3-23) 

(3-24) 

p is the parameter that eventually determines the potential distribution in the xy plane 

(O~p~l). 

The APD and HFD functions are easily determined by Eqs. (3-18)-(3-20). 

3.1.3 Realization of an Ideal Deflector 

The potential distribution of an ideal deflector (or dipole) does not contain any 

higher harmonic components over n=O in Eqs. (2-6)-(2-9). Its potential distribution is, 

therefore, defined by 

... l)k 2k 
u(r, ~, z) = A (r, z) + ~ (- r [U (2k)(z) + W (2k)(z)] 

o ~ 4kkl(k+ 1)1 1 1 

(3-25) 

where Ao(r, z) is the axially symmetric component of the potential. 

For a planar dipole with no dependence on the coordinate z its potential distribution 

is directly obtained from Eq. (3-3) with n=O, i.e., 
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(3-26) 

The truly ideal deflector is produced by an infmitely extended parallel plane 

capacitor. Naturally, it is impossible to realize such surfaces. The realistic alternatives 

are to cancel any undesirable higher harmonic components as much as we can by 

using a multipole unit with fmite length, for example, an eight-electrode unit as 

discussed here. We show how to realize as an ideal deflector as possible by means of 

the eight-electrode unit. From Eqs. (3-22)-(3-24), we deduce that it can be realized by 

the proper choice of the angular displacement 2E and/or the control of the electrode 

potentials (or the parameter p). We know that in case of deflection there exist first (al 

or bl), third (a3 or b3), fifth (as or bs) harmonic components, and so on. Our goal is 

to cancel the third harmonic components, that is, a3= b3=O. This happens when 

2+.[i p; F(!, p, E) = (--)Jo(3E)[P-(y2-!)] = 0 
6 

(3-27) 

There are two possible ways for this cancellation. One is to make 

(3-28) 

The solution of this transcendental equation yields the optimized values 2Eopt for which 

the third harmonic components vanishes. Eq. (3-28) has an infmite number of 

solutions [49]: 



3eopt = 2.4048, 5.5201, 8.6537, etc. 

or 2eopt = 1.6032, 3.6801, 5.7691, etc. 
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(3-29) 

However, we can only use those solutions for which the angular gaps between the 

electrodes do not overlap. Therefore, for a unit with concave cylindrical eight 

electrodes, a maximum allowed angular distance is as follows: 

2Emnx = 1t/4 (3-30) 

We can evidently see that even the flrst solution 2Eopt is far greater than Emnx' It means 

that this approach adjusting the angular distance for cancellation of the third harmonic 

components is impossible to realize. For an eight-electrode unit used for deflection, 

(3-31) 

The other way is to choose 

P =1/2-1 (3-32) 

This is only an acceptable approach for cancellation of the third 

harmonic components. A more desirable thing is the fact that for p = -v2-1 we can 

cancel the flfth harmonic components (as=bs=O), i.e., 

J. (5e) 
as = bs oc F(2,p, e) = _O-{y2(y2-1)+[I-(y2-1)](cos1t-sin1t)} = 0 (3-33) 

5y2 

where cos 1t = -1 and sin 1t = 1. 

Generally speaking, for p = V2-1 we can cancel the harmonic components such 
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as aSn+3 = asn+s = bSn+3 = bSn+S = 0 (n=O, 1, 2, ... ). So we can obtain the most uniform 

deflection field (or similar ideal dipole). Using Eqs. (3-19), (3-20), and (3-22)-(3-24), 

the nonzero FHFD functions become 

8(12-1).1. (e) V~ 
'It 0 R 

(3-34) 

and 

(3-35) 

Now we assume that the potential varies linearly as a function of the azimuthal angle 

(l in the gaps between adjacent electrodes. For comparison the FHFD function for x-

deflection is presented, which can be shown [50, 51] as 

8(12-1) sine V~ (3-36) 
'It e R 

From Eqs. (3-34) and (3-36), the difference between two approximations is that a 

linear approximation uses the dependence of (sin fie) instead of JO(E). 

We deduce that in the design of a CFD system using an electrostatic eight-electrode 

unit with cylindrical segments we must select p =V2-1 and determine the minimum 

value of 2E from the requirement that in order to avoid breakdown the 

electric field should not exceed a certain maximum value 15 kV/mm. In 
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our design 28=10° is desirable for safety. Later we shall show that for p =Y2-1 we 

can reduce the third-order geometrical aberrations given by Eq. (2-36) or Eqs. (2-52) 

and (2-53). 

3.2 Numerical Method for Short Multipoles 

In a computer simulation of a CFD system the calculation of the electrostatic 

potential and field produced by a given configuration of electrodes is perhaps the most 

important and most difficult step. Short multipoles present a three dimensional 

problem. So a two dimensional method is no longer valid for calculating the APD and 

HFD functions. We must resort to a numerical method for computing the APD and 

HFD functions in charged particle optics. 

There are three methods in common use, namely the finite difference, fmite 

element, and charge density methods. For electrostatic systems the charge density 

method (CDM) has obvious advantages over the finite difference and fmite element 

methods [12, 52]: 

(i) It works for systems with open boundaries without any approximations about 

the potential distributions along those boundaries. 

(ii) Once the charge densities on the electrodes have been calculated, the potential 

and field at any desired point can be directly obtained. 

(iii) It considers elements only over the boundaries and so reduces the memory and 

computing time needed to a minimum, while simultaneously giving good 
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accuracy. 

3.2.1 Charge Density Method (CDM) 

The basic idea is to set up a matrix equation relating the known electrode potentials 

to the charge densities on the elements and then to solve for the unknown charge 

density distribution. Once this is known, the potential can then be calculated at any 

given point in space by simple superposition. 

If u(r) denotes the potential produced at a point r by a charge density distribution 

O'j on a set of surfaces Sj' then 

1 n 0 
u(r) = -EJ I dS, 

41teO/a l 8, Ir - r/l 
(3-37) 

where n is the total number of the discretized sub-electrodes and dSj denotes an 

element of area on the surface Sj of sub-electrode i. 

If the point r lies 011 one of the electrodes, with surface Sj' then 

(3-38) 

in which Uj denotes u(r) on Sj. 

We usually use the constant charge density approximation known as the first order 

COM since this approximation is much simpler both conceptually and computationally 
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than using higher orders [53] and analytical expressions can be derived for the APD 

and HFD functions for the cases of cylindrical, rectangular, and triangular sub-

electrodes with constant charge density. In this case Eq. (3-38) assumes a simpler 

form: 

(3-39) 

where 

(3-40) 

From Eq. (3-40), it can be seen that the value of Pjj depends only on the geometrical 

arrangement ofthe sub-electrodes. The coefficients Pij represent the contribution from 

a sub-electrode with unit charge density to the potential on each sub-electrode. We 

note that Eq. (3-39) can be written in matrix form as 

(i=I, ... ,n ;j=I, ... ,n) (3-41) 

Thus if we simply know the geometry of the problem, the various matrix coefficients 

Pij can be determined and if the potentials of the electrodes are given, then O'j can be 

determined by using a method such as the Gauss-Seidel iteration method for solving 

the matrix equation. Now we can calculate the potential at any given point in space, 



especially APD and lIFD functions on the optical axis of our concern. 

3.2.2 Calculation of Matrix Coefficients PIj and PI! for Eight Electrodes with 

Short Cylindrical Segments 
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For CFD we will consider eight electrodes with cylindrical segments. We subdivide 

each electrode into many small sub-electrodes (Figure 3.3). Each sub-electrode then 

has a general cylindrical or conical form shown in Figure 3.4. 

To calculate the matrix coefficients Pij given by Eq. (3-40), we fIrst defme some 

parameters. We only consider an equi-diameter cylinder ring. zl and z2 are the z-

coordinates of the ends of the i-th sub-electrode (z2>zl)' al and ~ are the range of 

values of the azimuthal angle a over which the i-th sub-electrode extends (a2>al)' 

and R is the common r-coordinate of all the sub-electrodes. Let the sub-electrode in 

Figure 3.4 be the i-th sub-electrode, and let the point P represent the center point of 

the j-th sub-electrode with cylindrical coordinates (R, a c' zc)' Let P' be a general point 

on the surface of the i-th sub-electrode with cylindrical coordinates (R, ai, z). Then 

an element of surface area in the neighborhood of P' is 

dS = R d«ldzl 
I 

and the distance I rrrj I from P' to P is 

(3-42) 
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Figure 3.3. The subdivision of eight electrodes with cylindrical segments into several 

small sub-electrodes. Each electrode is subdivided into 6x8 sub-electrodes. 
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Figure 3.4. Geometry of a general cylindrical or conical sub-electrode, illustrating the 

defmitions of the parameters used for applying the charge density method. 
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IrJ - r,l = V(RcOSCCc -RCoscc~2+(Rsinccc -Rsincc~2+(zc -1. ~2 (3-43) 

= V2R2_2R2cos(cc'-a)+(zc _Z~2 

Substituting Eqs. (3-42) and (3-43) into Eq. (3-40), the matrix coefficients Pij can be 

expressed as 

(3-44) 

Using an integral table [54] for integrating Eq. (3-44) with respect to z, Eq. (3-44) 

becomes 

For a simpler form we need to proceed further by letting 

Then we can obtain the following form: 

1 ", = -(cc -cc ) 
'f2 2 2 c 

(3-45) 

(3-46) 
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(3-47) 

where 

(3-48) 

The formula (3-47) can be only valid for calculating all the matrix coefficients Pij for 

which j * i. We note that Pij = Pji because of geometrical symmetry. 

Now we must check the property of Eqs. (3-47) and (3-48) in case of i = j. In 

physical terms, the coefficient Pii represents the potential generated at the center point 

of i-th sub-electrode by its own unit charge. In this case the field point P(R, a c' zc) 

lies at the center point of the i-th sub-electrode, so 

and 
(3-49) 

Substituting Eq. (3-49) into Eq. (3-48), feW) becomes 

for i = j (3-50) 

It is evident that the function feW) given by Eq. (3-50) approaches 
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j{tJr) .. 00 (3-51) 

It means that f(\jI) has a singularity at \jI = 0 (or a! = a c) and Eqs. (3-47) and (3-48) 

can no longer be valid for i = j. To avoid this singularity, we must derive a modified 

expression for calculating the coefficient Pjj' For i = j, 

(3-52) 

Using Eqs. (3-47), (3-50), and (3-52), we can obtain the coefficient Pjj as 

1j12 

P/I = ~ r In j{tJr) dtJr 
neo '0 

(3-53) 

where 

for i = j (3-54) 

and 

(3-55) 

We need extra steps for dealing with a singularity wisely. As a first step, the function 

f(\jI) should be rationalized and then it can be expressed as 
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(3-56) 

Inserting Eq. (3-56) into Eq. (3-53), the coefficient Pjj can be detennined as 

(3-57) 

The first integral in Eq. (3-57) does not have a singularity at \jI = 0 and can be 

evaluated by numerical integration techniques. The second integral still has a 

singularity at \jI = 0, but we can escape this dilemma by evaluating the integral using 

a power series expansion [55], that is, 

(3-58) 

Finally, we can calculate all the matrix coefficients Pij -and Pjj using Eqs. (3-47) and 

(3-48) and Eqs. (3-57) and (3-58), respectively. When we exploit the geometrically 

fourfold symmetry of eight electrodes, we can reduce the number of equations 

required for calculating the matrix coefficients by a factor of four. Now the matrix 

equation (3-41) is set up and is then solved by using the Gauss-Seidel iteration 

method, to obtain the charge density distribution on the electrode surfaces. 
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3.2.3 Calculation of APD and HFD functions for Eight Electrodes with Short 

Cylindrical Segments 

We suppose that each electrode has N sub-electrodes with geometrically identical 

shapes, i.e., same angle span and same length I. If we use geometrical symmetry of 

eight electrodes even in the case of arbitrarily applied potentials, we can obtain the 

APD and I-ll~D functions in closed form. First, we consider an individual set of eight 

sub-electrodes shown in Figure 3.5 for calculating the APD and HFD functions. Then 

we can compute the APD and HFD functions for the entire eight electrodes simply by 

summing the contribution from all the individual sets. 

The corresponding center coordinates and charge densities of the sub-electrodes in 

each quadrant are as follows: 

First quadrant: 

Second quadrant: 

Third quadrant: 

Fourth quadrant: 

where i = 1, 2, ... , N 

[ (R, ac' zc)' O'j ] 

[ (R, nI2-ac' zc), O'j+N ] 

[ (R, nI2+ac' zc)' O'j+2N ] 

[ (R, n-ac' zc)' O'j+3N ] 

[ (R, n+ac' zc), 0'i+4N ]. 

[ (R, 3nI2-ac' zc)' O'j+SN ] 

[ (R, 3nI2+ac' zc)' O'j+6N ] 

[ (R, 2n-ac' zc), O'j+7N ] 

We will now calculate the potential Uj generated by i-th individual set consisting of 

eight sub-electrodes at a general field point, P with cylindrical coordinates Cr, a, z), 

lying very close to the optical axis z. 
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Figure 3.5. The i-th individual set consisting of eight sub-electrodes in four quadrants 

for calculating the APD and HFD functions. 
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The potential at P, generated by the i-th sub-electrode in the first quadrant, can be 

calculated by using Eqs. (3-37) and (3-42): 

(3-59) 

where prime is related to the coordinates of the i-th sub-electrode and O'j is the 

constant charge density distribution. For convenience, we set 

1 

T = [ R2 + (Z-Z,)2 ]2 

which enables Eq. (3-59) to be written in the form 

a2 ~ [ ]1 a R r2 2rR --
ui = _1- J J- 1 + - - -cos(a'-a) 2 da'tk' 

4m: T T2 T2 o al <:1 

(3-60) 

(3-61) 

Since we are interested near the optical axis z, we can assume r to be very small, i.e., 

(3-62) 

The bracketed term in Eq. (3-61) can be expanded by the binomial theorem such as 

(1 + xr~ ~ 1 - (Yl)x + (Va)x2
: 
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(3-63) 

'+N '+2N '+3N '+4N '+SN '+6N '+7N In the same way, ul 
, ul 

, ul 
, ul 

, ul 
, ul 

, and ul can be written as 

integral forms by replacing angle a.'-a for nI2-a'-a, n/2+a'-a, n-a'-a, n+a'-a, 3n12-

0.'-0., 3nI2+a'-a, and 2n-a'-a, respectively and also charge density distribution O'j for 

O'j+N' O'j+2N' O'j+3N' O'j+4N, O'j+SN' O'j+6N' and O'j+7N' respectively, Now by simply adding 

these results together the total potential Uj at P generated by i-th individual set 

consisting of eight sub-electrodes is given as 

u - U I + U I+N + UI+2N + U I+3N + U I+4N + U I+SN + U I+6N + U I+7N 
I -

(3-64) 

Adding each term and using addition formulas and multiple-angle formulas of circular 

functions such as sine and cosine, i.e" 

sin(a l + a2) = sinalcosa2 + cosalsina2 

cos(a l + a2) = cosalcosa2 - sina lsina2 

cos 2a = 2cos2a - 1 = 1 - 2sin2a 
sin 3a = 3sina - 4sin3a 
cos 3a = 4cos3a - 3cosa 

We can get a very lengthy expression of Eq, (3-64) in closed form: 

(3-65) 
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(3-66) 

where 

(3-67) 

(3-68) 

(3-69) 

3R 3r2 

D = (--) [(OI-OI+N-OI+2N+OI+3N+OI+4N-OI+SN-OI+6N+OI+7N)coS2(f.'COS2(f. 
4Ts (3-70) 

(ol+ol+N-ol+2N-ol+3N+ol+4N+ol+5N-ol+6N-ol+7N)sin2(f.'sin2(f.] 

and 

_ 5R4r3 , • 
E- (--)([(OI-OI+3N-OI+4N+OI+7N)cos3(f. -(ol+N-ol+2N-ol+SN+ol+6N)sm3(f.,]cos3(f. 

8T7 

-[(OI+N+OI+2N-OI+SN-OI+6N)cos3(f.'-(OI+OI+3N-OI+4N-OI+7N)sin3(f.']sin3(f.) 

(3-71) 

Using Eqs. (2-3)-(2.5) in section 2.2, we can also express the potential uj(r, a., z) as 



o,er, u, .) = ["(.)], -~ [u /I(z)], +{ [", (.)], -~ lui' (.)], +,,-}reDSU 

+{ [w,(.)], - ~' [wi'(.)],+,,}rsinu +{ [.,(.)], -",}r'eos2. 

+{ [w2(z)]/- ... }r2sin2" +{ [u3(z)]/- .. ·},3cos3" +{ [w3(zn- .. ·},3sin3" 
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(3-72) 

Comparing Eqs. (3-66)-(3-71) with Eq. (3-72), we can determine the APD and HFD 

functions generated by i-th individual set consisting of eight sub-electrodes by using 

integral table [54] and integrating over a.' and Z. The results are as follows: 

(3-74) 
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(3-76) 

(3-77) 

(3-78) 

and 

(3-79) 

where 
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(3-80) 

and 

PI = 
ZI - Z 

P2 = 
~ - Z 

1 1 
[R2 + (ZI _Z)2] 2 [R2 + (~_Z)2]"2 

Yl = 
ZI - Z 

Y2 = 
~ - Z 

3 3 (3-81) 
[R2 + (ZI -z?] 2 [R2 + (~_Z)2]"2 

°1 = 
ZI - Z 

°2 = 
~ - Z 

S s" 
[R2 + (ZI-"Z)2] 2 [R2 + (~_Z)2]"2 

From Eqs. (3-73)-(3-81), we notice that using the determined charge density 

distributions, we can calculate the APD and lIFD functions analytically. Finally, for 

obtaining total values of the APD and HFD functions the contributions from all the 

individual sets are simply summed up, i.e., 
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N N N 

U(Z) = E [U(Z)]I ' U1(Z) = E [U1(Z)]1 ' W1(Z) = E [W1(Z)]/ ' '" , etc. (3-82) 
/=1 /a1 la1 

3.3. Computer Simulation Results 

We will investigate some properties of the eight-electrode long and short multipoles 

with cylindrical segments used for simultaneous focusing and deflection by exploiting 

a numerical technique derived in section 3.2.3. 

In case of long multipoles, by assuming the angular dependence on the potential 

distribution between the electrodes at r = R we present two models detennined from 

two approximations given by Eqs. (3-18), (3-25), and (3-26) for calculating the APD 

and FHFD functions. Model 1 and Model 2 are the results obtained by using an 

arcsine function and a linear function between them, respectively. Analytical 

calculations of two models and a numerical calculation using Eqs. (3-73)-(3-82) for 

maximum values of the APD and HFD functions are compared for p==V2-1 whose 

value is used for cancellation of the THFD functions. For simplicity, we consider only 

axially symmetric focusing and x-deflection case. Numerical input data (see Figure 

3.2) are as follows: 

R=lO mm, L=40 mm, 2E=1O°, Vr-l kV, V =1 kV V =0 kV and p=V2-1 x 'Y , 

The results are tabulated in Table 3.1. 



81 

Table 3.1. Comparison of two models with numerical calculation for p=V2-1 and 
2&=10°. 

Max. APD and Modell Model 2 Numerical 
HFD functions calculation 

Umnx [kV] 1.0 1.0 1.01 

U1mnx [kV/mm] 0.105 0.105 0.112 

2 U2mnx [kV/mm ] 0.0 0.0 2.08xl0-s 

U3mnx [kV/mm3] 0.0 0.0 5.35xlO-9 

From Table 3.1, we note that compared with a numerical calculation, Model 1 and 

Model 2 are valid within approximately 6.25% difference. We also obtain the ratios 

of U2mnx/Umnx = 2.06xl0-s [mm-2] and U3mnx/Ulmnx = 4.78xlO-s [mm-2] for a 

numerical calculation, while U2mnx/Umnx = U3mnx/Ulmnx = 0 [mm-2] for analytical 

calculations. These results show that in case of focusing action the second harmonic 

field (or quadrupole) component can be negligible by applying same potential V f on 

the eight electrodes and in case of deflection the third harmonic field component can 

be negligible or almost cancelled out for p=v'2-1 [56] as expected. Therefore, 

under these voltage excitations it is possible to deal with optical 

properties of a CFD system by simply considering the APD and FHFD 

functions. 

It is also very helpful to· investigate the dependence of the APD and FHFD 
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functions for two models in order to check their validities as a function of angular 

distances (Figure 3.6 and Figure 3.7) or as a function of eight-electrode length with 

cylindrical segments (Figure 3.8 and Figure 3.9) with keeping other parameters fixed. 

From Figures 3.6-3.9, we observe that the two models using an analytical method start 

to deviate from a numerical calculation approximately near 2&=20° and LIR=2, 

respectively. It means that a long multipole approximation can be no longer valid. We 

also observe that Model 1 shows a better approximation than Model 2 as increasing 

2&. 
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Figure 3.6. The dependence of a maximum APD function as a function of 

angular distance (2e) under R=lO mm, L=40 mm, VFVx=l kV, and p=v'2-1 in 

case of eight-electrode multipoles with cylindrical segments . 

....... : Analytical Calculation (Model 1 and Model 2) 

-e- :. Numerical Calculation 
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Figure 3.7. The dependence of a maximum FHFD function as a function of 

angular distance (28) under R=lO mm, L=40 mm, V FVx=l kV, and p=V'2-1 in 

case of eight-electrode multipoles with cylindrical segments . 

....... : Modell 

....... : Model 2 

-e- : Numerical Calculation 
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Figure 3.8. The dependence of a maximum APD function as a function of 

electrode length (L) under R=10 mm, 2e=100, Vr Vx=1 kV, and p=V2-1 in 

case of eight-electrode multipoles with cylindrical segments . 

....... : Analytical Calculation (Model 1 and Model 2) 

-e- : Numerical Calculation 
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Figure 3.9. The dependence of a maximum FHFD function as a function of 

electrode length (L) under R=10 mm, 2£=10°, V rVx=l kV, and p=v'2-1 in 

case of eight-electrode multipoles with cylindrical segments . 

....... : Analytical Calculation (Model 1 and Model 2) 

-. - : Numerical Calculation 
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CHAPTER 4 

OPTIMIZATION METHODS FOR MINIMUM ABERRATIONS 

4.1 General Remarl(S 

Optimization is a method of searching for such electron and ion optical elements 

that would provide the required optical properties with minimum aberrations. An 

optimal solution of a problem is not simply its "best" solution since in most cases it 

is even impossible to define the best solution for the given problem. Instead, we define 

a certain objective function and try to minimize (or maximize) it. However, it is 

generally impossible to find a global optimum. Therefore, an optimum solution can 

only be defined by its relationship with neighboring solutions (local optimum). Thus, 

the success of optimization is very much dependent on the proper selection of the 

initial conditions and/or how skillfully one can avoid shallow local optima. 

The design procedure must minimize the beam spot radius (r) expressed as Eq. (2-

70) while satisfying the constraints. It is done by utilizing the sequential unconstrained 

minimization technique (SUMT) [57]. For thejth constraint (j=1,2, ... ,k; where k is the 

number of constraints), we can calculate a number ej which expresses how much this 

constraint is exceeded (this number is zero if the constraint is satisfied). The target 

function (f) for optimization is the sum of r and the penalization [25]: 
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(4-1) 

where the coefficients Cj are set at the beginning to the input values, which are 

sequentially increased during the optimization procedure. Thus, the penalty for 

violating the constraints increases. That causes the procedure to fmd a minimum of 

r allowed by the constraints. 

For the purpose of fmding a local minimum of target functions there are many 

different nonlinear multidimensional optimization techniques which can be 

mathematically justified. Generally, two basic distinguishable groups of such methods 

can be utilized [57, 58]. 

4.2 Simple Gradient Methods 

Methods of the first group are the so-called gradient methods [59] which are based 

on the assumption that f is a two times partially differentiable function, and each step 

is determined by these derivatives and made in the direction of steepest descent. 

The basic procedures of gradient methods are discussed in the following: 

We define the gradient of a differential function of k variables, f(x), as the k-

dimensional vector 
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[ 
aj aj a.t ]T vj{x) = a; (x) , ~(x) , ... , a;(X) 
12k 

(4-2) 

This vector defines a direction called the gradient direction, which is the basis of all 

gradient algorithms. 

We now derive the path of steepest descent for minimizing the target function f(x). 

Choosing some arbitrary starting position xo' we wish to determine a neighboring 

position Xo +dx such that 

(4-3) 

In fact, we want to choose dx so that the difference f(xo)-f(xo +dx) is maximized. The 

vector dx describes an incremental distance ds along the path of steepest descent. The 

incremental path is defined by 

k 

(ds)2 = E (dx/ or 
ja1 

where dx/ds are the directional cosines. 

(4-4) 

We now choose dx/ds so that the rate of change df/ds, which is expressed as 

(4-5) 

is maximized. We solve this problem by using Lagrange multipliers(A), where 



Using the necessary conditions, i.e., 

aL 
dx 

a(--1.) 
ds 

we can obtain 

= 0 and aL = 0 
aA.. 

= - a.r (x), j=l, 2, ... ,k 
ax) 

where the superscript n means the normalized gradient. 

90 

(4-6) 

(4-7) 

(4-8) 

Since the denominator is simply a normalizing factor, we see that the path of steepest 

descent is described by a gradient vector. The negative gradient direction is chosen for 

minimization problems. 

As a practical matter, we need an iterative foml of Eq. (4-8) for a numerical 

calculation. This iterative foml is called the gradient algorithm. The gradient algorithm 

is obtained from Eq. (4-8) by writing 

(4-9) 
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where 8flfJx.j indicates the j-th component of the normalized gradient. 

Regarding ds as an arbitrary step length h to be chosen, the gradient algorithm can be 

written 

xp +1 = x P + hVj{xp) (4-10) 

where h < 0 for minimization and Vf(xP) is understood to be the normalized gradient 

evaluated at at xp
• 

If h is small, the discrete algorithm will closely approximate the gradient path, but 

convergence will be slow, since the gradient must be calculated many times. On the 

other hand, if h is large, convergence will initially be very fast, but the algorithm will 

oscillate about the optimum. So the choice of step length is a compromise between 

accuracy and efficiency. In general, we want to use large steps when we are far away 

from the optimum and decrease the step length when oscillations are about to occur. 

We employ a scheme such as reducing the step length by a fixed amount when the 

target function fails to decrease. 

4.3 Hooke and Jee\'es' Method 

Methods of the second group work without calculating the partial derivatives of f 

with respect to the variables. For our purpose we use the Hooke and Jeeves' method 

[60]. The basic algorithm of this method is the following. Search around the current 

position by varying the variables one after the other by a given step length, and move 
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in the direction where a smaller f value was found. The ordering of the variables can 

itself be a variable. We use a random sequence of variables. If the search is not 

successful, then take one-half of the step length until a given limit is reached and start 

the search again. After a successful step make another step in the same direction and 

search around the new position. If this search is not successful, then step back and 

continue with a search again. 

Fonnally speaking, this method proceeds by a sequence of exploratory and pattern 

moves. We will explain the purpose of this sequence in detail in the following section. 

4.3.1 Exploratory Moves 

The purpose of an exploratory move is to acquire infonnation about f(x) in the 

neighborhood of the current position. The procedure for an exploratory move about 

the current position PI is as follows: 

E(i) Evaluate f(p)+hlel)' where el is the unit coordinate vector and hI is the step 

length for the variable XI' If the move from p) to PI+hle) is a success, the 

current position PI by p)+hle). If it is failure, evaluate f(PI-hle). If this 

move is a success, replace PI by p.-hlel' If it is another failure, retain the 

original current position Pl' 

E(ii) Repeat E(i) for the variable x2 by considering variations ±h2e2 from the 

position which results from E(i). Apply this procedure to each variable in 

turn, finally arriving at a new current position P2 after (2n+ 1) function 



evaluations at most, including f(PI)' 

E(iii) If Pl= PI' halve each of the step lengths and return to E(i). The 

calculations terminate when the step lengths have been reduced s<;>me 

prescribed level. If P2';a!: PI' make a pattern move from Pl' 

4.3.2 Pattern Moves 
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The purpose of a pattern (or leap frog) move is to speed up the search by using 

information already acquired about f(x). It is invariably followed by a sequence of 

exploratory moves, with a view to fmding an improved direction of search in which 

to make another pattern move. We shall denote by ql' ql' '" the positions reached by 

successive pattern moves. It seems sensible to move from Pl in the direction Pr PI' 

since a move in this direction has already led to a decrease in the value of f(x). The 

procedure for a pattern move from Pl is therefore as follows: 

P(i) Move from Pl to ql= 2Pr Pt and continue with a new sequence of 

exploratory moves about qt. 

P(ii) If the lowest function value obtained during the pattern and exploratory 

moves of P(i) is less than f(P2)' then a new current position 'l3 has been 

reached. In this case, return to P(i) with all suffices increased by unity. 

Otherwise, abandon the pattern move from P2 and continue with a new 

sequence of exploratory moves about Pl' 
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4.4 Sequential Optimization Method 

The improved method is to use the program swapping between several optimization 

methods. We tried optimization methods of both types to minimize our target function. 

For the optimization the starting values of the variables must be given as input data. 

Our experience is that even if the constraints are the same, for different starting 

parameter sets different methods proved to be most effective. Thus, we cannot 

explicitly say that one method is always better than the other, but in most of the cases 

considered by us methods of the second group (e.g., the Hooke and Jeeves' method) 

were more effective than those of the first group (e.g., the gradient methods). The 

most promising approach is to use several optimization procedures after each other by 

starting the new optimization with the result of the previous one. It is called sequential 

optimization [61]. Thus, the optimization techniques are used consecutively and at the 

same time the constraints are tightened and loosened periodically until an acceptable 

result is achieved. The required computing time is longer, but this method has an 

important advantage. Due to the periodically loosened' constraints the values of the 

variables are shaken in every cycle. Consequently, the optimization does not terminate 

in a shallow local minimum. Hence the result depends much less on the initial values 

of the parameters, and the final result is definitely better. Thus, the problem of finding 

good initial values for the variables which always gives some trouble for a designer 

can be essentially solved. 
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CHAPTERS 

SYNTHESIS OF ELECTROSTATIC DEFLECTION SYSTEMSt 

5.1 Optical Properties and Aberrations of Postlens Deflectors 

In sections 2.4-2.6, we derived the generalized expressions of the first-order 

properties and the third-order geometrical and first-order chromatic aberrations for a 

system containing any combination of axially symmetric electrostatic lenses and 

electrostatic deflectors. In this case, the optical properties and aberrations are 

determined by the APD fuction U(z), the FHFD functions Ut(z) and Wt(z), and the 

THFD functions U3(z) and W 3(z). 

In the design of electrostatic deflection systems we consider postiens deflectors. In 

this case the axially symmetric potential is equal to the potential of the last electrode 

of the lens before the deflector. This means that U(z) must be equipotential, that is, 

U(z) = U = constant throughout the deflection system for pure deflection. 

We can reduce the aberrations of electrostatic deflectors by cancelling the THFD 

functions, U3(z) and W 3(z), of the aberration expressions given by Eqs. (2-52) and (2-

53) which are related to the symmetry of the deflector when it is rotated through 90° 

about the optical axis of the system [64]. For this purpose it is convenient to use the 

so-called electrostatic octupole deflector (or eight-electrode deflector) [56], which is 

tThe original results presented in this chapter can be found in Refs. [62-63]. 
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not really an octupole since it does not have four planes of symmetry. This deflecting 

element can produce the two mutually perpendicular dipole fields in one single 

arrangement. The cross section of the general electrostatic octupole deflector and the 

summed deflection voltages required for simultaneous x and y deflection are illustrated 

in Figure 5.1. V x and V y denote the potentials used for deflection in the x and y 

directions, respectively. The parameter p eventually determines the potential 

distribution in the xy plane. Its value which varies from p=O (corresponding to a 

quadrupole deflector) to p=1 (the split-cylinder case) influences the deflection 

sensitivity and the aberrations. For p=V2-1, the system is symmetrical about the x=O, 

y=0, and x=y directions. 

We notice that for p=v'2-1 the most uniform deflection field is obtained due to 

cancellation ofU3(z) and W 3(z) [56, 65] and even the fifth harmonic field distribution 

functions proven analytically and numerically in sections 3.1 and 3.3. In this case the 

first-order properties and the third-order geometrical and first-order chromatic 

aberrations are simply determined by the FHFD functions Ut(z) and Wt(z) and their 

derivatives. 

Taking p==v'2-1 and U(z) = U = constant into account, from Eqs. (2-23), (2-24), (2-

36), (2-46)-(2-60), and (2-65)-(2-69), we can obtain more simplified expressions of 

the first-order properties and the third-order geometrical and first-order chromatic 

aberrations as follows: 
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Figure 5.1. The cross section of an electrostatic octupole deflector. 
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(5-1) 

(5-2) 

(5-3) 

(5-4) 

(5-5) 

and 

(5-6) 

We have to detennine Ut(z), W.(z), x(z), and y(z) so that they minimize several 

aberration integIals simultaneously and at the same time these distribution functions 
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must satisfy additional conditions in the form of differential Eqs. (5-1) and (5-2) under 

some practical constraints. Then we can calculate the beam spot radius (r) [48,49] as 

(5-7) 

.:. 
In the expression ofEq. (5-7) for convenience we neglected other important sources 

of aberrations such as space-charge effects and diffraction. Space-charge effects must 

be taken into account for charged-particle beams with high current densities. 

Diffraction is important for low-energy electrons, especially for very small beam 

apertures. 

5.2 Cubic Spline Deflectors 

~. 

5.2.1 General Remarks 

Electrostatic deflection systems have been widely used in various electron beam 

devices and electron optical instruments. They have the advantages of high deflection 

speed, easy manufacturing, and independence of the charge-to-mass ratio of the 

particles [12]. Most of the published literature on this topic tends to be confmed to 

electrostatic multipole deflectors, especially octupole deflectors [50, 56, 65-71]. In 

most design work, discussion has related solely to the calculation of deflector 

performance after geometry. has ~een specified. In this section, we proceed in the 

reverse order, i.e., reconstruction of the electrodes from optimized field distributions. 
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For this purpose we utilize an optimization technique that has been successfully 

applied before to electrostatic lenses by using the cubic spline method [19, 26-28, 72-

73]. 

5.2.2 Cubic Spline Model 

Spline functions are piecewise polynomials with derivatives constrained for the 

purpose of making the resulting function smooth at the node points zk' As it is well 

known, cubic splines are the most common tool for the replacement of a discrete data 

set with a smooth function. Lower-degree splines do not disguise the data points well, 

and high-degree splines have the instabilities inherent in high-degree polynomials. 

Cubic splines appear to flow smoothly and indeed possess a minimum curvature 

property [74]. 

The cubic spline model consists of a set of cubic polynomials between each 

neighboring pair of nodal points with the property that adjacent polynomials join 

continuously with continuous fIrst and second derivatives. The third derivative is a 

constant different for each interval, therefore, it cannot be continuous. The higher 

derivatives are zero inside the intervals and they are undefIned at the nodes [27]. 

Let us divide the harmonic fIeld distribution (lIFD) function into n intervals. Then 

we have n+ 1 points where the values of the lIFD function H(z) are defmed. The 

spline will consist of n cubic expressions, one for each of the n intervals between the 

consecutive nodes. For the kth interval we have [19, 22] 
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(5-8) 

where zk-l is the coordinate of the kth interval's left end point (k=1,2, ... ,n). 

Of course, the coefficients Ak> Bk> Ck> and Dk are different for each interval. Thus, 

instead of seeking one function for the entire region we are now using n separate 

cubic functions, i.e., 4n coefficients. The coefficients can be found as follows: 

From the continuity of the spline itself as well as of its first and second derivatives 

at each of the n-l nodes where the cubic polynomials join each other, we obtain 3(n-

1) equations for the coefficients, and we have n+ 1 additional equations when we 

substitute the given values H(z0 for all nodes k=0,1,2, ... ,n into Eq. (5-8). Two of 

them are still free. The remaining two degrees of freedom can be used for prescribing 

zero slopes at the ends of the HFD function and thus ensuring the smooth transition 

to the field-free regions at both sides of the deflector. 

One of the reasons that we use the spline model is the ease with which the 

reconstruction of the actual electrodes that produce the given HFD function can be 

carried out [26]. There is some disagreement with the idea that such a model is useful 

to determine the shape of the electrodes forming the potential and field because of the 

discontinuities of the higher derivatives of spline functions [13, 75]. More recent 

investigations, however, clearly show the practical usefulness of cubic splines [28, 

76]. We note that discontinuity of the third derivative and undefmed higher derivatives 



102 

at the nodes does not cause any problems since we can calculate all optical properties, 

including the first-order properties and aberrations, by using the first and second 

derivatives only. 

Our goal is a systematic investigation of electrostatic deflectors by changing the 

basic parameters of their HFD functions U I (z), WI (z), U3(z), and W 3(z) in the process 

of construction of the spline model. This can be done quite simply according to either 

of the following two basic strategies: (1) considering a class of splines with a fixed 

number of intervals, or (2) considering a certain class of HFD functions (e.g., 

distributions with one maximum and two inflection points.) 

5.2.3 Design Procedures 

The properties of optical columns are determined by HFD functions. Each HFD 

function in our procedures is defmed by a number (5-30) of variables. The beam spot 

size at the target can be calculated numerically from these variables. There are two 

different possibilities [15] to describe the HFD function. One possibility is to express 

the HFD functions in the form of cubic splines, in which case the parameters are the 

HFD function's values or its derivatives at the boundaries of the spline intervals. The 

alternative possibility is to use a priori given multielectrode elements, then the 

parameters are simply the electrode potentials of these elements. In both cases the 

HFD function can easily be calculated from the variables. This approach makes it 

possible to find new optic at" systems by periodically leaving the local optima and 
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searching for new and better ones. Szilagyi and Szep have been very successful in 

fmding superior quality electrostatic lenses by using this approach [24-25, 29]. In this 

section optimization of electrostatic deflectors is investigated by using the cubic spline 

method, which is one of the two possibilities. 

The design procedure must consider the given parameters and other constraints on 

the ion or electron optical system, such as the parameters of the source [beam current, 

source extraction voltage (Vo)' energy spread (AU), virtual source radius (ro)] , 

acceptance half-angle of the lens system (Yo)' magnification of the optimized lens (M), 

fmal beam voltage of the lens system (Vi)' object-side working distance (W 0) and 

image-side working distance (Wi) of the deflection system, maximum allowable 

electrode potential, maximum absolute value of the allowable electric field, upper and 

lower limit values of HFD functions, the maximum absolute value of the first 

derivative of the HFD functions related to x and y deflection, etc. For a given set of 

parameters and variables the deflector is evaluated as follows: 

The object position is given by the object-side working -distance, that is, the distance 

between the exit of the lens system and the entrance of the deflection system in case 

ofa postlens deflector. The particle trajectory x(z) and y(z) [Eqs. (5-1) and (5-2)] can 

be calculated traditionally by using the fourth-order Runge-Kutta method. The third

order geometrical (orgix and Orgiy) and first-order chromatic (orcix and Orciy) aberrations 

referred to the image in case of x and y deflection can be obtained by numerical 

integration of Eqs. (5-3)-(5-6). 
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The design procedure must minimize the beam spot radius (r) expressed as Eq. (5-7) 

while satisfying the constraints. It is done by utilizing the sequential unconstrained 

minimization technique (SUMT). The target function (f) for optimization given by Eq. 

(4-1) is the sum of the beam spot size and the penalty. For the purpose of finding a 

local minimum of the target function we have used sequential optimization using two 

optimization procedures (gradient method and Hooke and Jeeves' method) after each 

other by starting the new optimization with the result of the previous one. In Chapter 

4, we have explained the optimization methods for minimum aberrations in detail. 

5.2.4 System Configuration 

A single-lens system such as the Orloff-Swanson lens and the Kurihara lens [46] 

is assumed as a focusing element with the image point being 50 mm from the end of 

the lens. This allows room for an octupole deflector and stigmator, so the deflector 

can be located within the image-side working distance of the lens. 

Our goal is to design improved octupole deflector systems. Some deflection 

aberrations can be eliminated by the use of variable axis lenses, e.g., the moving 

objective lens [77]. 

Our idea is to replace a conventional deflector with one found through cubic spline 

optimization. To investigate pure detlection only, we assume that it is possible for the 

beam in the exit plane of the lens system to have uniform axial speed. We also assume 

that a perfect lens system consisting of such an ideal axially symmetric lens gives the 
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particles an inward radial speed exactly proportional to their distance from the optical 

axis in the absence of space charge and diffraction effects. Then an infmitely small 

spot and an infinitely large image current density is achieved. In practice such a 

perfection cannot be realized due to our inability to design a perfect focusing lens and 

from three additional basic causes such as space charge in the beam, diffraction 

effects, and finite initial emission velocity of a random nature. The needed parameters 

for the deflector can be easily obtained from the result of an optimized lens designed 

previously by one of our methods [25]. 

The geometrical arrangement of the deflector is shown in Figure 5.2. W 0 is the 

object-side working distance, Wi is the image-side working distance, and L is the 

length of the deflector. 'Yo is the acceptance half angle of the beam and 'Yi is the angle 

between the marginal ray and the optical axis at the image in case of an ideal axially 

symmetric lens. 'Yi is also the acceptance half angle of the beam in case of a postlens 

deflector. It can be calculated from the optimized lens by using the Helmholtz-

Lagrange formula [12]. 

and 

tan Yt 
G=--

tan Yo 

GM = {U(z~} I 
U(z,) lens 

(5-9) 

(5-10) 
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Figure 5.2. The geometrical arrangement of the deflector. 
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where the ratio G is called the angular magnification, and M is the magnification. The 

values of Yo' [U(zo)], and [U(Zj)] are given and M can be found under given 

parameters of the lens. From here, we can easily calculate YI' 

5.2.5 Computer Simulation Results 

As we have seen, U)(z), U)"(z), W)(z), W)"(z), U3(z), and W3(z) are characteristic 

of the deflector system and by knowing them the paraxial trajectories, third-order 

geometrical and first-order chromatic aberrations can be calculated. 

At the start, conventional HFD functions are given as initial distributions. The 

choice of their distributions may be quite arbitrary and general. We assume that for 

our purposes their distributions are obtained in the case of electrostatic multielectrode 

octupole deflectors with short cylinders and are also symmetric about the center of the 

deflector. Now the beam spot size is calculated under the given parameters and 

constraints. Next, by changing these initial HFD functions through optimization 

techniques, the minimum beam spot size is obtained. . 

Two numerical examples are presented. Example 1 is the case where we evaluate 

the beam spot size by cancelling U3(z) and W 3(z) with the choice of the parameter 

p=v'2-1. Example 2 is the case where we evaluate the beam spot size in the more 

general and complicated way by including U3(z) and W 3(z). Conventional U3(z) and 

W 3(z) distributions are used as initial distributions. 

The charge density method is used for calculating 3-dimensional HFD functions 
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[78]. The HFD functions are strongly dependent on the geometry, excitation voltage, 

and parameter p. However, we can guess maximum allowable ratios (U3mru/U lmax and 

W 3maxIW 1 max) by investigating a practical short octupole deflector as a sample. 

After calculation the observations are as follows: 

1. Under fixed geometrical conditions, the conventional value of U3mru/U lmax 

depends on the parameter p. From p=O to p=V2-1 U3max/U lmax is decreasing, 

then its sign changes and the negative value is increasing, reaching a minimum at 

p=1. 

2. Under fixed geometry and fixed value of p, U3max/U lmax is independent of the 

deflection voltage. 

3. As the deflector becomes shorter, keeping the radius fixed, U3max/Ulmax becomes 

slightly smaller, but the change of U3max/Ulmax can be negligible. 

4. In case of a fixed value of p and a fixed ratio of radius to length, the smaller 

deflector has a larger value of U3max/Ulmax' 

5. The THFD function U3(z) has a more sharply decreasing bell-shaped curve than 

the FHFD function Ul(z). 

6. W3maxIWImax is varied the same way as U3max/Ulmax' 

From the above observations we know that the maximum allowable ratios U3max/U lmax 

and W3maxIWlmax depend on the geometry and the parameter p. The maximum 

allowable ratios are chosen 5xl0·3 [lImm2
] 8S upper limits in Example 2. 

The basic source parameters and numerical results are presented in Table 5.1. The 
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Table 5.1. Basic source parameters and performance of an optimized deflector 
compared with that of a conventional deflector 

Source extraction voltage 

Final beam voltage 

Energy spread 

Angular brightness 

Acceptance half-angle 

Length of deflector(L) 

Object-side working distance(Wo) 

Image-side working distance(Wj ) 

Total deflection 

Maximum conventional 
FHFD function(U Imnx) 

Maximum optimized 
FHFD function(UO Imnx) 

Conventional ratio 
of U3mnxIU Imnx 

Optimized ratio 
of UO 3mnxlUo Imnx 

Example 1 

0.450 kV/mm 

0.554 kV/mm 

Radii of deflection aberration disks: 
Conventional Optimized 

Geometrical 1.11 J.1m 1.65 nm 

Chromatic 56.6 nm 56.5 nm 

Total 1.11 J.1m 56.5 nm 

7.5 kV 

25 kV 

1 eV 

10 J.1A1sr 

5 mrad 

20mm 

25 mm 

5mm 

1.4 mm 

Example 2 

0.450 kV/mm 

0.593 kV/mm 

Conventional Optimized 

1.86 J.1m 4.37 nm 

56.6 nm 56.6 nm 

1.86 J.1m 56.8 nm 
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FHFD functions of both the conventional and the optimized deflectors for Example 

1 are given in Figure 5.3. The results show that after optimization Example 1 and 

Example 2 have almost the same beam spot size, since the fmal beam spot size is 

chromatic aberration limited. The third-order geometrical aberrations are almost totally 

eliminated (improved by two-three orders of magnitude), so they become negligible 

in comparison with the first-order chromatic aberration. 

Therefore, we suggest that instead of using both FHFD and THFD functions we use 

only the FHFD functions and their derivatives for calculating the optimized beam spot 

size. This procedure makes the reconstruction of the electrodes easier. 

Before going further, as a practical example of optimization, it is desirable to 

compare our results with some published ones [67-68]. The basic source parameters 

and numerical results are presented in Table 5.2. The results show that the two 

optimized beam spot sizes are almost the same and they are chromatic aberration 

limited (or at least dominated). But we have two important comments to make for 

clarity. First, the two results come from two entirely different approaches to 

optimization. The approach of Refs. 67-68 is optimization by analysis based on trial 

and error, while our approach is optimization by synthesis using the cubic spline 

method for the achievement of the desired design goals [12, 15]. Second, for 

simplicity, Refs. 67-68 used cosine distributed deflectors. This simplification made the 

deflection aberration disk smaller. In general, the deflection potentials are expressed 

as Fourier cosine and sine series expansions for deflection in the x and y direction. 
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Table 5.2. Basic source parameters and perfonnance comparison of an optimized 
deflector 

Source extraction voltage 6 kV 

Final beam voltage 30 kV 

Energy spread 1 eV 

Angular brightness 10 llA/sr 

Acceptance half-angle( Yo) 2.3 mrad 

Acceptance half-angle of the postlens deflector(Yi) 0.5 mrad 

Image-side working distance of the lens 30mm 

Length of deflector(L) 12 mm 

Beam deflection Comers of a 0.2 mm square field 

Diameters of deflection aberration disks (optimized): 

Szilagyi. Paik. and Siegel.{Ref. 68) Spline model 

Geometrical 4.36 nm 

Chromatic 9.42 nm 

Total around 10 nm 10.4 nm 
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We were able to arrive at the same spot size for this generalized method. 

5.2.6 Reconstruction of the Electrodes 

Once the optimized HFO functions with desirable optical properties have been 

found, the next task is to fmd the electrode configuration that would produce such a 

distribution. The reconstruction procedure is very straightforward. With the optimized 

FHFD functions and their second derivatives [UI(z), WI (z), UII/(z), WII/(z)] the 

reconstruction procedure is easily accomplished. Theoretically, the reconstruction can 

be accomplished by simple power series expansions. The overall deflection potential 

U(r,a.,z) is the superposition of Ux and Uy [12, 66]. 

(5-11) 

(5-12) 

and 

U(r, «, z) = U;x(r, «, z) + UyCr, «, z) (5-13) 

where the indices x and y mean that the given potential distribution is used for 

deflection in the x and y direction, respectively. The FHFD functions U I (z) and WI (z) 

alone determine the deflection properties under the assumption that the THFD 
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functions U3(z) and W 3(z) can be cancelled when p==V2-1. The reconstruction is 

described here for x deflection only. Exactly the same procedure is applied for y 

deflection. 

Our goal is to find U,,(r,z) with a constant value V" on the electrode and reconstruct 

the electrodes. Eq. (5-11) simplifies to 

[!u l/(z)]r 3 - U (z)r + [8(y'2-1)]V = 0 
8 1 1 1t ~ 

(5-14) 

The correction term [8(V2-1)/1t]-1.05 comes from the Fourier series 

expansion in the case of the octupole deflector with the assumption of a more realistic 

distribuon [47] between the electrodes, instead of assuming a linear potential 

distribution in the azimuthal direction. Eq. (5-14) is the cubic polynomial with respect 

to r(z) which is related to the shapes of the electrodes. 

The basic procedure for reconstructing the electrodes [or finding r(z)] is as follows. 

From the optimization program we already know not· only the distribution of the 

FI-IFD function U1(z) but also its continuous second derivative U1"(z). Next we have 

to find a constant V" which has different values depending on the sign of U I (z). For 

convenience we denote V"p (>0) in case ofU1(z»0 and Vxn «0) in case ofU1(z)<0. 

We examine the sign of U1(z) in the entire region and find U1max for U1(z»0 and/or 

U1min for U1(z)<0 under the optimized condition. Then we determine the size of the 

physical system by fixing the upper and lower limits of the radii of the reconstructed 
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electrodes. The fmite size of the physical system is a limitation to the accuracy of the 

reconstruction because the electrodes must be cut somewhere at a fmite distance from 

the axis to limit the maximum value of r to a realistic size, usually half of the total 

length of the deflecting element as is often the case for the focusing element. The 

minimum value of r and minimum distance between the electrodes are determined for 

avoiding electric breakdown. Now we can obtain V xp and V xn which are expressed as 

(5-15) 

and 

(5-16) 

where (rmin)p and (rmin)n are the minimum radii of the reconstructed electrodes for the 

cases where Ut(z»O and Ut(z)<O, respectively. 

Eq. (5-15) is applied when Ut(z»O and Eq. (5-16) when Ut(z)<O in the entire 

deflecting region, respectively. Practically speaking, ifUt//(z)<O in the neighborhood 

of U tmax' then we choose the electrode potential V xp slightly higher than the value of 

U Imax "'(rmin)p' If U t//(z»O in the neighborhood of U Imin' the electrode potential V xn 

must be slightly lower than the value of U tmin "'(rmin)n' The change of these values, 

however, can be negligible (within less than 1 %). When both U t (z»O and U I (z)<O 

exist in the deflecting region, we first compare Utmax with the absolute value ofUtmin. 

IfUlmax> I Utmin I , then Vxn=-Vxp and (rmin)p«rmin)n' IfUtmax< I U1min I, then Vxp=' 
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v xn and (rmin)p>(rmin)n' 

Knowing U1(z), U1//(z), Vxp' andlor Vxn we can fmd r=r(z) along the axis from Eq. 

(5-14) by using a combination of the bisection and the Newton-Raphson methods [79]. 

The longitudinal section of the reconstructed electrodes of the electrostatic spline 

deflector is shown in Figure 5.4 for the case of Example 1. The electrostatic spline 

deflectors consist of double octupole deflectors which are oppositely biased. In the 

first part of the deflectors Vx=-O.221kV and in the second part Vx=O.221kV. Knowing 

the parameter p=='\l'f.l and the obtained value of V x' from Figure 5.1 the excitation 

voltages of the octupole deflectors are easily determined. 

It is notable that Ohiwa et al. [67] previously utilized a pair of oppositely biased 

octupole deflectors with equi-diameter cylinders for reduction of deflection 

aberrations. We also suggest that there is a possibility of simplifying the electrode 

shapes during this procedure to make them more easily manufacturable. 

We note that there is a remarkable difference between the process of reconstruction 

of electrostatic spline deflectors compared to that of electrostatic spline lenses. The 

difference is in the role of inflection points. 

In case of the electrostatic lenses the number of inflection points which satisfy 

VI/(z)=O is strongly related to the number of spline electrodes. If the number of 

inflection points is K, the number of electrodes is equal to K+l [26]. 

In case of the electrostatic deflectors the number of inflection points which satisfies 

U1//(z)=O is not related to the number of electrodes. Only a change of sign of U1(z) 
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Figure 5.4. The longitudinal section of the reconstructed electrodes. 
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determines their number since the direction of the electric field or U 1 (z) can only be 

altered by reversing the electrode potential needed for deflection. 

5.3 Multielectrode Deflectors 

5.3.1 General Remarks 

The control of three-dimensional field distribution is essential to synthesis of 

electron and ion optical columns. In electron and ion optics, optimization is a useful 

tool for reducing aberrations [19-22]. Synthesis of electrostatic lenses was successfully 

achieved by using the cubic spline method [26-28] or the a priori given multielectrode 

approach [24-25, 29]. In section 5.2, synthesis of electrostatic deflectors based on the 

cubic spline method was presented and achieved for minimizing the beam spot size 

in a satisfactory way [15, 62]. 

In this section, we propose the a priori given multielectrode approach to synthesis 

based on the use of a fixed multielectrode postlens deflector. The postlens deflection 

system is considered since it allows the lens and deflection aberrations to be handled 

separately and is easy to implement in electrostatic system [31]. 

The multielectrode deflector system consists of a series of units arranged along the 

optical axis, and each having multiple electrodes whose shapes are very simple and 

easy to manufacture. The units can be cylindrical rings or disks cut into segments or 

can have any other geometrical form with multiple symmetry [15]. The number of 
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units and the number of segments in each unit are not strictly specified; they depend 

on the system one wants to produce, the number of available power supplies, and the 

required accuracy. Our multielectrode deflector system consists of three or five 8-

electrode short cylindrical units (Figure 5.5). 

5.3.2 Multielectrode Approach 

In general, there are two approaches [15] to the synthesis of electrostatic deflectors 

with minimized aberrations. 

One approach is using the expression of the FHFD functions in the form of cubic 

splines. In this case the parameters are the first harmonic field values at the boundaries 

of the spline intervals which are usually chosen equidistantly. After the FHFD 

functions have been determined, we should construct the electrodes that produce the 

given FHFD functions. 

Another approach is to utilize the a priori given multielectrode deflector system, in 

which case the parameters are the electrode potentials of this system. So we do not 

have to reconstruct the electrodes since they are already given. 

In this section we deal with a muItielectrode approach for synthesis of an 

electrostatic deflection system. For our purpose each unit of the multielectrode 

deflector system has geometrical octupole symmetry and the excitation of the electrode 

potentials has one plane of symmetry for each of the xz and the yz planes (see Figure 

5.1). 
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A multielectrode deflector system consists of 3 or 5 short octupoles with cylindrical 

segments placed equidistantly along the optical axis z over the length L inside a long 

cylinder. The role of this cylinder is to avoid any unwanted additional focusing effect 

due to the fluctuation of the APD function and to keep U(z) = constant for pure 

deflection. The initial and fmal apertures are smaller than the diameter of each unit 

to restrict the fringing fields. 

In our approach we utilize the appropriate potential set of each unit, i.e., the potential 

values generated by the 8-electrode (or octupole) deflector as initial excitation values, 

instead of the potential of each electrode. This method can reduce the calculation time. 

By solving Laplace's equation with the given boundary conditions we first 

determine the normalized FHFD functions [U\(zn and [W\(zn with U(z) = constant 

throughout a deflector system when the potentials [V"li and [Vyli of the ith unit 

(i=I,2, ... ,N; where N is the number of units) are set to unity, while those of all other 

units are set to zero. For an arbitrary set of the electrode potential parameters [V"li 

and [Vyli, the FHFD functions can be easily obtained by 

N 

U1(z) = :E [U1(z)]/,[VX]1 (5-17) 
1 .. \ 

and 

N 

W1(z) = L [W1(Z)]/,[VyJl (5-18) 
1 .. 1 
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These relations are satisfied on the basis of the superposition principle [80] which is 

valid for any linear system. 

Any constrained nonlinear optimization technique with the variables [V xli and [V y]i 

can be used to keep the prefixed optical parameters such as object-side and image-side 

working distances constant and minimize the aberrations. The beam spot radius (or 

radius of the total aberration disk) can serve as the target function to be minimized. 

For the purpose of finding a local minimum of the target function we have used 

sequential optimization using two optimization procedures (gradient method and 

Hooke-Jeeve's method) after each other by starting the new optimization with the 

result of the previous one. The disadvantage of this technique is that longer computing 

time is required, but this method has an important advantage. Due to the periodically 

loosened constraints the values of the variables are shaken in every cycle. 

Consequently, the optimization does not terminate in a shallow local minimum. Hence 

the result depends much less on the initial values of the parameters, and the fmal 

result is defmitely better. 

5.3.3 Computer Simulation Results 

A single lens system such as the Orloff-Swanson lens and the Kurihara lens [46] 

is assumed as a focusing element with the image point being 50 mm from the end of 

the lens. As we are interested in deflector design, we assume that the beam is focused 

by an ideal axially symmetric lens, and the multi electrode deflector system is located 
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within the image-side working distance of the lens. 

The geometrical arrangement of the deflector system was shown in Figure 5.2. Wo 

is the object-side working distance, Wi is the image-side working distance, and L is 

the length of the deflector. Yo is the acceptance half angle of the beam and Yi is the 

angle between the marginal ray and optical axis at the image in case of an ideal 

axially symmetric lens. Before going further, we note that there is a difference 

between physical length and actual length including the fringing field effect of the 

deflector. We can practically determine the actual length by using the change of the 

slope of the beam trajectory. 

As an example, we present two cases for the a priori given multielectrode deflector 

system. Case 1 and Case 2 are examples of the multielectrode deflector with 3 units 

and 5 units, respectively. The general longitudinal section of this system is shown in 

Figure 5.6. The common geometrical parameters are D1= 15 mm, D2= 6 mm, and D= 

10 mm. For Case 1, the geometrical parameters are S= 0.175D and G= O.3D, and for 

Case 2, S= O.1D and G= 0.2D. The angular distance 2e between any two adjacent 

electrodes is 100 in case of any units with geometrical octupole symmetry. The FHFD 

functions [U\(z)]i and [W\(z>li of each unit were calculated by the charge density 

method [50]. 

At the start, a conventional deflector is searched initially by a trial and error method 

with keeping W 0 and Wi fixed under some practical constraints for comparison. The 

choice of a conventional deflector may be quite general and arbitrary. We assume that 
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for our purpose it has a single unit of short cylindrical segments with geometrically 

octupole symmetry having the geometrical parameters D1= 15 mm, D2= 6 mm, D= 10 

mm, S= 0.65D, and G= 0.3D and it has symmetric FHFD functions about the center 

of the deflector system. The beam spot size is calculated under the given parameters 

and constraints. Next, by changing these initial FHFD functions through optimization 

techniques for the variables [V xli and [V yli' the minimum beam spot size is obtained. 

At the same time all the potentials of the multielectrode deflector system are also 

determined. 

The basic source parameters and numerical results are presented in Table 5.3. The 

results show that after optimization Case 1 and Case 2 have almost the same beam 

spot size, since the tinal beam spot size is chromatic-aberration limited. However, the 

third-order geometrical aberrations are improved by about 2-3 orders of magnitude. 

We obtained almost the same results by using the cubic spline method previously in 

section 5.2. 

We notice that a multielectrode deflector system with 5 units (Case 2) provides 

more reduction of the third-order geometrical aberrations than the one with 3 units 

(Case 1) because of its greater flexibility in varying the electrode potentials. However, 

a 3-unit deflector (Case 1) is sufficient because of good optical properties, less 

complexity, and easier manufacturing. In case of this deflector system the optimum 

values of the electrode potentials are determined in terms of the superposition of V x 

(or p V x) and V y (or p V y), with p=V2'-l. These potential values are tabulated in Table 
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Table 5.3. Basic source parameters and performance of an optimized multielectrode 
deflector compared with that of a conventional one 

Source extraction voltage 
Final beam voltage 
Energy spread 
Angular brightness 
Acceptance half-angle 
Length of deflector(L) 
Object-side working distance(Wo) 

Image-side working distance(Wi) 

Total deflection 

Conventional 

0.333 kV/mm 

Case I Case 2 

7.5 kV 
25 kV 
1 eV 

10 f.lAlsr 
5 mrad 
16mm 
20mm 
14 mm 

1.4 mm 

0.200 kV/mm 0.251 kV/mm 
Maximum FHFD 
function(U ImruJ 
Minimum FHFD 
function(U Imin) 
Maximum axial 
electric field 

3.7"'10-4 kV/mm 3.6*10-4 kV/mm 3:5*10-4 kV/mm 

3.51 kV/mm 

Radii of deflection aberrat ion disks: 

Geometrical 
Chromatic 
Total 

Conventional 

0.379 f.lm 
56.57 om 
0.383 f.lm 

1.60 kV/mm 

Case 1 

0.820 om 
56.57 om 
56.58 om 

2.86 kVlmm 

Case 2 

0.356 om 
56.57 om 
56.57 om 
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5.4, where the first subscript denotes the order of the unit and the second one denotes 

the segment number in each unit starting from the first quadrant in the 

counterclockwise direction. 

Table 5.4. Optimum values of the electrode potentials determined on the basis of the 
superposition principle as the result of the synthesis procedure. 

I 
Unit Number 

I 
Electrode Potentials 

I 
I V 11= 26.030kV V 12= 26.030kV VI3= 25.427kV V 14=24.573kV 

VIS= 23.970kV V16= 23.970kV V 17= 24.573kV V Is=25.427kV 

2 V21 = 26.687kV V 22= 26.687kV V23= 25.699kV V24=24.301kV 

V2S= 23.313kV V26= 23.313kV V27= 24.301kV V2s=25.699kV 

3 V31= 26.396kV V)2= 26.396kV V33= 25.578kV V 34=24.422kV 

V3S= 23.604kV V36= 23.604kV V37=: 24.422kV V 3s=25.578kV 
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For Case 1, the FHFD functions U1(z) of the conventional and optimized 

multielectrode deflector systems are shown in Figure 5.7. From this figure, we can 

approximately deduce that enhanced performance of the system for reducing the beam 

spot size (especially, third-order geometrical deflection aberrations) is achieved by 

spreading out the concentrated FHFD functions to lower their derivatives (see Eqs. (5-

3) and (5-4». We know that the slope of the beam trajectory is changed between the 

drift region and the deflection region. By using this fact, we can approximate the 

actual length of the deflector as Lactual:::: 22 mm. 
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CHAPTER 6 

SYNTHESIS OF ELECTROSTATIC 

FOCUSING AND DEFLECTION SYSTEMSt 

6.1 General Remarks 
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The main purpose of an optical column is to focus a charged particle beam emitted 

by a given source to a given target, simultaneously deflecting it in any direction 

perpendicular to the direction of the beam propagation. The fmal goal is to attain the 

highest possible resolution for the focused and deflected beam under given constraints 

[IS]. Multipole systems can stand alone as complete optical columns [18]. Such 

systems are expected to have lower aberrations than conventional axially symmetric 

ones. However, their complexity requires overcoming of major design obstacles before 

being realized. We are interested in electrostatic optical systems because their focusing 

and deflecting properties are independent of the charge-ta-mass ratio of the particles 

for the nonrelativistic case, and they are relatively easy to manufacture. 

In electron and ion optics, optimization is a useful tool for reducing aberrations. 

Automated optimum design of optical columns is possible by controlling three

dimensional potential and field distributions. Synthesis of electrostatic lenses has been 

successfully achieved by using the cubic spline method [26-28] or the a priori given 

tThe original results presented in this chapter can be found in Ref. [81]. 
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multielectrode approach [24-25, 29-30]. In chapter 5, synthesis of electrostatic 

deflectors based on the cubic spline method [62] or the a priori given multielectrode 

approach [63] was used for minimizing the beam spot size. Our previous approaches 

were based on optimizing the properties of the lens and the deflector separately, by 

using physically separated focusing and deflection fields. 

In this chapter, we present synthesis of the entire column as a single entity based 

on CFD. From section 5.2.6, we note that in a CFD system it is difficult to reconstruct 

the electrodes by using the cubic spline method because of the difference in the role 

of inflection points [62]. In this case, while the cubic spline method remains a 

valuable mathematical tool, the a priori given multielectrode approach is a better 

candidate for the synthesis of the CFD system. 

We also present a sensitivity analysis as another application of the program for a 

CFD system. The sensitivity of axially symmetric electrostatic spline or multielectrode 

lenses was previously investigated in detail [29, 82]. This analysis gives us tendencies 

how the optimized beam spot radius depends on the constraints, i.e., the sensitivity of 

the optimum related to the change of the constraints. The distinction of the constraints 

according to their different sensitivities may be of great importance for the designers 

of real electron and ion optical devices [83] to choose the relevant constraints that 

influence the performances of the optical systems significantly. 

Finally, by using the dependence of the optimized beam spot radius on the change 

of the object-side and image-side working distances for our CFD system, we 
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determine the optimum working distances to reduce the beam spot radius. 

6.2 Optical Properties and Aberrations of CFD systems 

In chapter 2, we have shown that the first-order properties, third-order geometrical 

and first-order chromatic aberrations for a system containing any combination of 

axially symmetric electrostatic lenses and electrostatic deflectors are determined by the 

fuctions U(z), Ut(z), Wt(z), U3(z), and W3(z). 

In the design of a CFD system, for simplicity, we only consider the APD function 

U(z) for focusing action and the FHFD functions U \ (z) and W \ (z) for x and y 

deflections. We note that in the case of focusing action we can obtain the APD 

function by applying a constant potential on each unit, and in the case of deflection 

we can obtain the FHFD functions by cancelling the THFD functions which are 

related to the symmetry of the deflecting element when it is rotated by 90° about the 

optical axis of the system [64]. We can reduce the aberrations of CFD systems by 

cancelling the THFD functions of the aberration expressions [84]. For this purpose it 

is convenient to use the electrostatic 8-electrode unit with geometrically octupole 

symmetry. The cross section of the general electrostatic 8-electrode element and the 

summed focusing and deflection voltages required for image formation and 

simultaneous x and y deflection are illustrated in Figure 6.1. V f denotes the potentials 

used for axially symmetric focusing, V x and V y denote the potentials used for 

deflection in the x and y directions, respectively. The parameter p eventually 
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Figure 6.1(a). The cross section of electrostatic 8-electrode unit with geometrically 

octupole symmetry - cylindrical ring type. 
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Figure 6.1(b). The cross section of electrostatic 8-electrode unit with geometrically 

octupole symmetry - circular disk type. 
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detennines the potential distribution in the xy plane. Its value varies from p=o to p=l; 

it influences the deflection sensitivity and the aberrations [12]. 

In chapter 3, we have shown that for p=V2-1 we can cancel the THFD functions 

and even the fifth hannonic field distribution functions. The first-order properties and 

the third-order geometrical and first-order chromatic aberrations are simply detennined 

by the FHFD functions and their derivatives for deflection. 

In the case ofCFD systems, by using Eqs. (2-23)-(2-24), (2-46)-(2-60), and (2-65)-

(2-69) derived in chapter 2 the simplified expressions of the first-order properties and 

the third-order geometrical and first-order chromatic aberrations in the image plane Zj 

can be obtained for p=V2-1 and voltages Vr, Vx' and Vy, which can be expressed as 

(6-1) 

x" + !Tx' + !T~r = !S 2 1 4 7:" 2 x 
(6-2) 

II IT' IT. I Y + - lY + - ~ v = -S 2 4;v 2 y 
(6-3) 

Zlre fir = M J U(z) r~ (z)x + ~ (z)x' 
six U(zo> VI J2 

z. . 
(6-4) 

+ ,h(z)Sx + ~(z)y' + fs(z)S;CX'Jdz 



136 

(6-5) 

(6-6) 

and 

(6-7) 

where 

(6-8) 

ft(z) = 2...ahT/ + _1 T2(bh-5d1h-2ch') + 2-T1
3(ah'+2ch) 

64 16 64 

- 2-T1
2(2bh+4ch'-3d1h) - 2-T1d1h' + ~d4h 

128 16 16 

(6-9) 

(6-10) 
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(6-11) 

(6-12) 

(6-13) 

(6-14) 

(6-15) 

(6-16) 

where M is the magnification of the system. 

We have to determine U(z), U.(z), W.(z), h(z) (or M), x(z), and y(z) so that they 

minimize several aberration integrals simultaneously, and at the same time these 

distribution functions must satisfy additional conditions in the form of differential Eqs. 

(6-1 )-(6-3) under some practical constraints. Assuming that the contributions of 

different aberrations to the beam spot size can be considered statistically independent 

of each other and having uncorrelated Gaussian current density distributions, we can 

calculate the beam spot radius (r) [12, 18, 43-44] as 
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(6-17) 

and 

(6-18) 

where rOI is the radius of the Gaussian image and ro is the virtual source size. 

In the expression ofEq. (32) we neglected other important source of aberrations such 

as space-charge effects. We note that in field-emission guns the virtual source forms 

behind a very sharp cold tip with a radius of less than 0.1 J.Ill1 [85] and its size is 

proportional to the radius of the tip and the square root of the relative energy spread 

[12]. As an example, for a 0.1 Ilm tip radius and the relative energy spread of 10-4 the 

virtual source size (or radius) is approximately 1 nm. In our optical system we use the 

virtual source size in which diffraction (important for electrons) is included [86]. 

6.3 A Practical Multipurpose Multipole System 

Automated optimum design of optical columns is a highly sophisticated problem. 

Two approaches such as the cubic spline method and the a priori given multielectrode 

approach have been successfully applied to the design of electrostatic lenses and 

deflectors[22-30]. A simple mUltipurpose multipole system can serve as a single unit 
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performing the functions of focusing and deflection simultaneously. 

The multielectrode CFD system consists of a series of units arranged along the 

optical axis, and each having multiple electrodes whose shapes are very simple and 

easy to manufacture. The units can be cylindrical rings or disks cut into segments or 

can have any other geometrical form with multiple symmetry [18]. Figure 6.2 shows 

the typical schematics of the three-dimensional mUltipurpose multipole structures. The 

number of units and the number of segments in each unit are not strictly specified; 

they depend on the system one wants to produce, the number of available power 

supplies, and the required accuracy. As an example, Szilagyi and Mui [87] utilize a 

geometrically simple system consisting of circular plates (or disks) for a CFD system. 

These circular plate electrodes are each partitioned into four or eight separate sectors 

with normally 4 units. In this chapter, our multielectrode CFD system consists of 5 

or 9 short eight-electrode units with cylindrical or circular segments placed 

equidistantly along the optical axis z. Each unit of the multielectrode CFD system has 

geometrically octupole symmetry. The initial and fmal apertures are smaller than the 

diameter of each unit to restrict the fringing fields. The cross section of each unit is 

shown in Figure 6.1, and the longitudinal sections are shown in Figure 6.3. 

For deflection, the excitations of the electrode potentials have one plane of 

symmetry for each of the xz and the yz planes. For axially symmetric focusing each 

unit is held at a constant potential but the potentials of different units are all different 

so that they provide the APD function determined by the goal of the design. 
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(a) 

(b) 

Figure 6.2. Three-dimensional view of our electrostatic multipurpose multielectrode 

CFD systems consisting of 8-electrode units with (a) cylindrical rings, (b) circular 

disks. 
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Figure 6.3(a). The longitudinal section of electrostatic multielectrode 

CFD systems with n units consisting of cylindrical rings. 



N 
'O::t -

CFD system 

1 2 3 n-2 n-l n 

10 -D, IG D --I sri I 11 Do 

----9-----1---------- ---------------~---B---------LJ 1- I 1 : -L-: 1 1 1 1 I\-T_a-----''-----4 

:--W 0 -="'~I ... e.------------- L .,. ""I '" 1 E \, i 

Figure 6.3 (b). The longitudinal section of electrostatic multielectrode 

CFD systems with n units consisting of circular disks. 
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Therefore, for simultaneous focusing and deflection the excitations of the above 

mentioned electrode potentials should be superimposed. 

In our approach we utilize the appropriate potential sets of each unit, i.e., the 

potential distributions generated by the 8-electrode units as initial excitation values, 

instead of the potentials of each electrode. This method is used to reduce the 

calculation time. 

By solving Laplace's equation with the given boundary conditions we first 

determine the normalized APD function [U(z)]i and FHFD functions [U1(z)]i and 

[W I(z)li throughout a CFD system when the superimposed potentials [Vdi' [Vx]i' and 

[Vyli of the ith unit (i=I,2, ... ,N; where N is the number of units) are set to unity, 

while those of all other units are set to zero. For an arbitrary set of the electrode 

potential parameters [V eli' [V xli' and [Vy]i. the APD and FHFD functions can be easily 

obtained by 

N 

U(z) = L [U(Z)]I,[V)I (6-19) 
/=1 

N 

U1(z) = L [U1(Z)]I'[V,x]/ 
(6-20) 

lal 

and 
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N 

W1(Z) = E [W1(Z)],.[Vyl, 
'-1 

(6-21) 

These relations are satisfied on the basis of the superposition principle [88] which is 

valid for any linear system. 

The design procedure must consider the given parameters and other constraints on 

the CFD system, such as the parameters of the source [angular brightness, beam 

current, source extraction voltage (Vo)' energy spread (L\U), virtual source radius (ro)], 

acceptance half-angle of the lens system (Yo)' final beam voltage (Vi)' object-side 

working distance (W 0)' image-side working distance (Wi)' maximum allowable 

electrode potential, maximum absolute value of the allowable electric field, upper and 

lower limit values of FHFD functions, the maximum value of the first derivative of 

the FHFD functions related to x and y deflection, etc. For example, we set the limit 

of the maximum electric field between the electrodes to 15 kV/mm. We note that the 

maximum electric field on the axis (used for the cubic spline method) is smaller than 

that between the electrodes. 

Any constrained nonlinear optimization technique with the variables [V rJi' [V xli' and 

[V yli can be used to keep the prefixed optical parameters such as object-side and 

image-side working distances constant and minimize the aberrations. The beam spot 

radius (or radius of the total aberration disk) can serve as the target function to be 

minimized. 
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As in the case of a postlens spline or multielectrode deflector, for the purpose of 

fmding a local minimum of the target function we have used sequential optimization 

[61] using two optimization procedures (gradient method and Hooke and Jeeves' 

method [57-60]), starting the new optimization with the result of the previous one. 

Thus, the optimization techniques are used consecutively and at the same time the 

constraints are tightened and loosened periodically until an acceptable result is 

achieved. The disadvantage of this technique is that longer computing time is required 

and the program will stop only if the user stops it, but this method has an important 

advantage. Due to the periodically loosened constraints the values of the variables are 

shaken in every cycle. Consequently, the optimization does not terminate in a shallow 

local minimum. Hence the result depends much less on the initial values of the 

parameters, and the final result is defmitely better. We note, however, that the 

computing time required to find the optimized minimum beam spot size for the CFD 

system is considerably longer than that for the postlens spline or multielectrode 

deflector. 

6.4 Computer Simulation Results 

The geometrical arrangement of the CFD system is shown in Figure 6.4. W 0 is the 

object-side working distance, Wi is the image-side working distance, and L is the 

physical length of the CFD system. Yo is the acceptance half angle of the beam, Yi is 

the angle between the marginal ray and the optical axis at the image in case of axially 
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Figure 6.4. The geometrical arrangement of the CFD system. 
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symmetric focusing, and P is the deflection half angle. We note that there is a 

difference between physical length and effective length; the latter includes the fringing 

field effect of the CFO system. We can determine the effective length by the change 

in the slope of the beam trajectory. 

In this section, we first present seven cases as examples of designing an optical 

column. Four cases are for the a priori given multielectrode CFO system. Case 1 and 

Case 2 (or Case 3) are examples of the multielectrode system with 5 units and 9lmits, 

respectively. The difference between Case 2 and Case 3 is in different object-side 

working distances. The longitudinal sections are illustrated in Figure 6.3(a). The 

common geometrical parameters are 0=15 mm, OJ=5 mm, Do=15 mm, and the 

physical length of the CFO system is L=5.60. For Case 1, the geometrical parameters 

are S=(7/15)0 and G=0.560, and for Case 2 and Case 3, S=0.20 and G=0.40. The 

angular distance 2e between any two adjacent electrodes is 100 (the length of the 

angular distance is Lnng=(1t/36)0) (see Fig. 2(a». 

Case 4 is an example of the multielectrode system with 9 units when each unit is 

a disk cut into eight segments. The cross and longitudinal sections are shown in Figure 

6.1(b) and Figure 6.3(b), respectively. The geometrical parameters are 0=00=27 mm, 

Dn=5 mm, Dj=15 mm, S=(14/45)0, G=(2/9)0, and the length of the CFO system is 

L=(28/9)D. The angular distance 2e between any two adjacent electrodes is 100 (the 

length of the angular distance varies from Lnng=(1t/36)Oj to Lnng=(1t/36)0). To avoid 

voltage breakdown, the angular distance 10° is the minimum desirable for our purpose. 
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The initialAPD function [U(zn and FHFD functions [Ut(z)]j and [Wt(zn of each 

unit were calculated by the charge density (integral) method [50]. The beam spot size 

is calculated under the given parameters and constraints. Next, by changing these 

initial APD and FHFD functions through optimization techniques for the variables 

[V rli' [V xli' and [V y]i' the minimum beam spot size is obtained. All the potentials of 

the multielectrode CFD system are determined automatically during this procedure. 

Case 5 is an example of the CFD system designed by using the cubic spline method. 

Although in this case it is very difficult to reconstruct the electrodes because of the 

difference in the role of inflection points between electrostatic spline lenses and 

deflectors, this method can provide some implicit suggestions. At the start, APD and 

FHFD functions of the CFD system are given as initial distributions. The choice of 

their distributions may be quite arbitrary and general. The beam spot size is then 

calculated under the given parameters and constraints. Next, by changing the APD and 

FHFD functions through optimization techniques, the minimum beam spot size is 

obtained. 

Case 6 and Case 7 are examples obtained from separate optimizations of 

electrostatic lenses [25] and postiens deflectors mentioned in chapter 6 [62-63]. Case 

6 is an example obtained by using the results of the optimized electrostatic 12-

electrode lens and a multielectrode deflector system with 3 units; Case 7 is obtained 

by using the results for an optimized electrostatic spline lens and deflector. In the case 

of postlens deflection, since the lens and deflection aberrations can be handled 
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separately [31], i.e., the two aberrations can be considered statistically independent and 

uncorrelated, they can be added in quadrature [18] to provide the beam spot size. 

The common basic parameters are presented in Table 6.1. The assumed source 

parameters are those for a field ionization source [25, 46, 67]. The numerical results 

are shown in Table 6.2. We note that Case 1, Case 3, and Case 4 have the same 

working distances Wo and Wi as those of the Orloff-Swanson lens [46] and the other 

cases have the same ones as those of the Kurihara lens [89]. The observations are as 

follows (Table 6.2): 

I. Case 3 which uses the multielectrode CFD system with 9 units having W 0=25 

mm and Wj=50 mm has the best perfomance among optimized lens and deflector 

systems. In this case, the total beam spot radius is r=6.81 nm and the current 

density is J=614 A/cm2
, scanned over a 2 mm-square field. 

2. The multielectrode CFD systems with 9 units (Case 2, Case 3, and Case 4) have 

a much smaller beam spot size than the one with 5 units (Case 1) because of their 

greater flexibility in varying the electrode potentials. 

3. The CFD systems (except for Case 1) are far more effective in reducing the 

aberrations, compared with separate lens and deflector systems (Case 6 and 

Case 7). 

4. Under the same working distances Wo and Wj as those of the Kurihara lens, i.e., 

Wo=lO mm and Wj=50 mm, the CFD system designed by using the cubic spline 

method (Case 5) is more effective in the reduction of the beam spot size. 



Table 6.1. The common basic parameters of our optical systems 

Source extraction voltage 

Angular brightness 

Energy spread 

Virtual source size(diameter) 

Beam current 

Final beam voltage 

Beam deflection 

7.5 kV 

10 J.1AIsr 

1 eV 

3 nm 

0.785 nA 

25 kV 

corners of a 2 mm square field 

150 



-Ir\ 
Table 6.2. Performance comparison of optimized electrostatic lens and deflector systems -

Case I Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 

Length of the system 84mm 84mm 84mm 84mm 134mm 85 mm(lens) 105 mm(lens) 
16 mm(deft.) 20 mm(deft.) 

Object-side working 25mm 10mm 25mm 25mm 10mm 10 mm(\ens) 10 mm(lens) 
distance 

Image-side working 50mm 50mm 50mm 50mm 50mm 50 mm(lens) 50 mm(lens) 
distance 

Maximum electrode 62.S kV 642kV 66.4 kV 65.9 kV 45.8 kV 65 kV(lens) 64 kV(lens) 
potential 26.7 kV(deft.) 25 kV(deft.) 

Maximum electrie 6.78 kV/mm 10.2 kV/mm 9.37 kV/mm 5.72 kV/mm 2.43 kV/mm 8.2 kV/mm 3.9 kV/mm 
field (axial) (lens) (axial, lens) 

1.6 kV/mm 0.0 kV/mm 

0.471.10-1 
(deft.) (axial, deft.) 

Maximum FHFD 0.141 0.186 0.151 0.154 0.200 0.554 
function [kV/mm] [kV/mm] [kV/mm] [kV/mm] [kV/mm] [kV/mm] [kV/mm] 

Minimum FHFD -0.816.10-1 -0.630.10-1 -0.412.10-1 -0.393.10-1 -0260.10-1 3.6·10-4 -0.154 
function [kV/mm] [kV/mm] [kV/mm] [kV/mm] [kV/mm] [kV/mm] [kV/mm] 

Magnification 1.04 122 0.915 0.748 1.13 1.93 1.80 
Radius of: 
Gaussian image 1.56 nm 1.83 nm 1.37 nm 1.12 nm 1.70 nm 2.90 nm 2.70 nm 

Geometrical aberration 10.5 nm 4.19 nm 2.59 nm 0.213 nm 0.129 nm 6.65 nm 4.79 nm 
disk 

Clrromaticaberration 141 nm 39.4 nm 5.67 nm 26.5 nm 12.0 nm 57.4 nm 57.4 nm 
disk 

Total target spot 141 nm 39.7 nm 6.38 nm 26.5 nm 12.1 nm 57.9 nm 57.7 nm 

Current density 126 Alcm2 15.9 Alem2 614 Alcm
2 

35.6 Alcm
2 171 Alcm2 7.45 Alem2 7.54 Alem2 
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5. The final optimized beam spot sizes in all cases are chromatic-aberration limited 

or dominated. 

In case of the CFD system with 9 units having W 0 =25 mm and Wj=50 mm (Case 

3), the optimum values of the electrode potentials are determined by the superposition 

of Vr, Vx (or pYx)' and Vy (or pVy), with p=V2-1. These potential values are 

tabulated in Table 6.3, where the first subscript denotes the order of the unit and the 

second one denotes the segment number in each unit starting from the first quadrant 

in the counterclockwise direction. 

For Case 3 (cylindrical ring type) and Case 4 (circular disk type), the optimized 

APD function U(z) and FHFD functions U1(z) (or W1(z» of the CFD system are 

shown in Figure 6.5 and Figure 6.6, respectively. From these figures, we can observe 

such common characteristics that in both cases, for the reduction of the beam spot 

size, the APD and FHFD functions have peak values near z::::: O. 75L, relatively 

close to the exit of the CFD systems, and the FHFD functions have negative values 

near the entrance and the exit of the systems. 

Next, let us now compare the performance of our optical system with that of 

another one which is proposed by Mui and Szilagyi [90] under two different optical 

parameters (See Table 6.4). For comparison we present four different multielectrode 

systems with different column structures. Two of those (System 1 and System 2) are 

designed by Mui an~ Szilagyi and the other two (System 3 and System 4) by us. 

System 1 and System 2 are examples of the multielectrode CFD system with 4 units 
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Table 6.3. Optimum values of t.'Ie electrode potentials detennined on the basis of the super-

position principle as the result of our synthesis procedure for Case 3 

Unit Number Electrode Potentials 

1 VlI=V12=5.774kV V I3=V Is=6.053kV VI4=V17=6.447kV V IS=V 16=6. 726kV 

2 V21=V 22=9.506kV V 23=V 2s=9·63SkV V24=V27=9·826kV V 2S=V 26=9.958kV 

3 V31=V32=4·045kV V33=V38=4·237kV V 34=V37=4.509kV V3s=V36=4·701kV 

4 V41=V42=13.894kV V43=V4s=13.815kV V 44=V47=13.704kV V4S=V46=13.625kV 

5 VS1=VS2=23.965kV VS3=Vss=23.536kV VS4=VS7=22.929kV Vss=Vs6=22.500kV 

6 V61=V62=38.26SkV V63=V6s=37.841kV V64=V67=37.237kV V6S=V66=36.809kV 

7 V71=V72=66.385kV V73=V7S=65.255kV V74=Vn=63.657kV V7S=V76=62.527kV 

S VS1=V82=46.265kV VS3=Vss=46.008kV V84=V87=45.644kV Vss=V86=45.387kV 

9 V91=V92=lS.221kV V93=V9s=18.61IkV V94=V97=19.163kV V9s=V96=19.554kV 

! 

I 

I 

, 

I 



154 

60 n-----~r_----_.------r_----~----__. 

.~ , 
". 

o ~------~------~------~------~----~ 
o 20 40 60 80 100 

Optical Axis(z) [mm] 

Figure 6.5. The APD function U(z) of the optimized CFD system. 

Solid line for Case 3 (cylindrical rings); 

dash-dot line for Case 4 (circular disks). 
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Figure 6.6. The FHFD function U 1 (z) (or WI (z» of the optimized CFD system. 

Solid line for Case 3 (cylindrical rings); dash-dot line for Case 4 (circular disks). 



\0 
to ..... 

Table 6.4. Performance comparison of optimized CFD systems obtained as the result of our synthesis procedures 

Common parameters: 

Length of the system (L) 
Source extraction voltage (Vo) 
Virtual source size (radius) 
Object-side working distance (W 0) 
Image-side working distance (Wi) 
Beam deflection 

60mm 
6 kV 

1.5 nm 
8mm 

29.5 mm 
over a circular area of 0.25 mm radius 

----------------------------------------------------------------------------------------------------------
Parameter 1 Parameter 2 

Final beam voltage (Ui) 30 kV 29 kV 
Energy spread (~U) 1 eV 3 eV 
Acceptance half-angle ('Y J 2.3 mrad 0.4 mrad 

System 1 System 2 System 3 System 4 System 1 System 2 System 3 System 4 

Radius of: 
Gaussian image (nm) N/A N/A 0.671 l.06 N/A N/A 0.683 1.06 
Geometrical aberration 

disk (nm) N/A N/A 0.0482 5.18 N/A N/A 0.563 8.31 
Chromatic Aberration 

disk (nm) N/A N/A l.50 3.28 N/A N/A 6.65 2.19 
Total target spot (nm) 17.3* 15.1 * 1.64 6.22 7* 6.5* 6.71 8.66 

* spot radius was defined differently. 
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when each unit is a disk cut into eight and twelve segments with negligible thickness, 

respectively. The former is the CFO system having only the additional octupole 

deflectors and the latter is the CFD system having both the deflectors and the 

correctors. From Figure 6.3(b), the common geometrical parameters are 0=150 mm, 

Dj=10 mm, S=(2/15)0, and G=(7/15)0. The angular distance 2e between any two 

adjacent electrodes is 30 (the length of the angular distance varies from L ang=(7t/120)Oj 

to L ang=(7t/120)0). 

System 3 is an example of the multielectrode CFD system with 5 units when each 

unit is a cylindrical ring cut into eight segments. From Figure 6.3(a), the geometrical 

parameters are 0=10 mm, Dj=5 mm, 0 0=10 mm, S=0.3D, G=0.840, and 2e=1O° (or 

L ang=(7t/36)0). 

System 4 is an example of the extreme case when System 1 and System 3 are 

shrunk in both the radial and the axial directions. For a numerically converging 

potential and field calculation, however, we assume that the difference between the 

inner and outer radii is very small but finite. From Figure 6.3(b), the geometrical 

parameters are OJ=Do=10 mm, 0 0=5 mm, S=Dj, G=0.5*1O"3Dj, and 2e=100 (or 

Lang =(7t/36)Oj)' 

The common and different basic parameters and numerical results are shown in 

Table 6.4. The assumed source parameters are those for a field ionization source. We 

note that in Ref. [90] the virtual source size is neglected. The comparison shows 

(Table 6.4,: 
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1. Under Parameter 1 (smaller AU and higher y~), our optical system is far more 

effective in the reduction of the beam spot size. Under Parameter 2 (higher AU 

and lower Yo), however, the two systems have almost the same performance (or 

Ref. [90] has a slightly better performance). These results imply that in case of 

a CFD system the APD and FHFD functions playa dominant role in attaining the 

minimum beam spot size, especially in eliminating the geometrical aberrations. 

For the reduction of the beam spot size limited by chromatic aberration the 

second harmonic field distribution (or quadrupole) function is a powerful factor. 

2. Although Ref. [90] includes the APD, FHFD, second-order even harmonics 

(quadrupole), and fourth-order even harmonics (octupole) for synthesis ofa CFD 

system, the role ofthe FHFD functions important for deflection is underestimated 

by utilizing only two units for deflection, while in our system all 5 units are fully 

used for CFD. This gives more reduction of the beam spot size because of its 

greater flexibility in varying the electrode potentials. 

3. Comparing our optical systems with each other, System 3 has always more 

enhanced performance than System 4 under the same flexibility in varying the 

electrode potentials. The reason comes from the different normalized APD and 

FHFD functions. System 4 has considerably lower normalized APD and FHFD 

functions than System 3, i.e., in our given column structures the APD and FHFD 

ratios of the two systems are 

[APD]systemi[ APDlsystem3 :: 0.28 and [FHFD]system4/[FHFD]System3 :: 0.18. 



159 

We usually set a limit of the maximum allowed potential applied on the 

electrodes. In this case, System 4 has approximately 5 times less flexibility in 

varying the APD and FHFD functions. This limitation makes System 4 a poorer 

performer than System 3 in the reduction of the beam spot size, especially in the 

reduction of the third-order geometrical aberrations. 

As a concluding remark, we can say that the best enhanced performance is expected 

when the two approaches are combined, i.e., all units are fully used for CFD by 

considering the APD, FHFD, quadrupoles, and octupoles without degrading any 

harmonic function terms. This task may be difficult but challenging for the future. 

6.5 Sensitivity Analysis of CFD Systems 

We shall now perform an analysis on the dependence of the beam spot radius (r) 

on the change of certain constraints. A sensitivity analysis of axially symmetric 

electrostatic lenses was presented in Refs. [29] and [82]. The sensitivity analysis of 

a CFD system is more complicated. 

Let us define the sensitivity to characterize the functional relation between the beam 

spot radius and certain constraints locally at the base value which is a given set of the 

constraints as [82] 

seX) = a(ln r) 
a(ln X) 

ar X (6-22) - --
aX'r 
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where r is the optimized beam spot radius and X is the examined constraint. 

It means that a change by 1 % in the value of the constraint causes a change by s% in 

the beam spot size. The logarithmic derivatives at the base value are calculated as the 

averages of the numerical logarithmic derivatives between the base value and the left 

and right side neighboring values. They are dependent on the base value in the 

nonlinear case. 

For a sensitivity analysis of our CFD systems, we used the beam spot radii obtained 

for Case 2 and Case 3 as base values (see Table 6.1 and Table 6.2). Then, by 

changing the value of one of our constraints, we run our optimization program again. 

We present the results for the cases when one of the values of certain constraints such 

as object-side working distance (W 0) and image-side working distance (W j) is varied. 

The results are shown in Table 6.5. The sensitivity calculation to the change of image

side working distance was done under fixed W 0 =25 mm. Under fixed Wj=50 mm we 

obtained a much smaller optimized beam spot radius at Wo=25 mm than that at 

Wo=lO mm, even though the beam spot radius is more sensitive at Wo=25 mm than 

at W 0=10 mm. We can see that in this case the beam spot radius is most sensitive to 

the image-side working distance. We emphasize that the numerical values are valid 

only for the case of Uo=7.5 kV, U j=25 kV,10=5 mrad, and beam deflection on the 

corners of a 2mm-square field. 

In general, our purpose is to obtain the smallest beam spot radius and the lowest 

sensitivity value at the base value to the change of certain constraints. From Table 6.5, 
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Table 6.5. Sensitivity of the optimized beam spot radius to the change of working 
distances for the case ofUo=7.5 kV, U1=25 kV,10=5 mrad, and beam deflection on 
the comers of a 2 mm-square field. 

Object-side working distance(W 0) Image-side working 
distance(Wl) 

Base value 10 mm 25 mm 50mm 

spot radius 39.8 nm 6.38 nm 6.38 nm 

Increased value 13 mm 27 mm 55 mm 

spot radius 58.9 nm 9.58 nm 25.5 nm 

Decreased value 7mm 23 mm 45 mm 

spot radius 43.2 nm 5.47 nm 4.03 nm 

Sensitivity (s) 0.66 4.03 16.8 
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we can see that at the base value of W j=50 mm, the sensitivity s= 16.8 of the beam 

spot radius is too high under fixed W 0=25 mm. In this case, we can say that Wj=50 

mm is not the optimum image-side working distance. 

For a more detailed discussion, we investigate changes of the beam spot radius 

under constraints by extending the examined ranges (global characterization). These 

changes are shown in Figure 6.7 and Figure 6.8. For the purpose of checking whether 

our program runs reasonably or not, the maximum electrode potentials and maximum 

electric fields are also illustrated as functions of constraints in Figure 6.7 and Figure 

6.8. We note that these values are well behaved within the initially given maximum 

allowed electrode potential(=75 kV) and electric field(=15.0 kV/mm) limits. 

From Figure 6.7 and Figure 6.8, our observations are as follows: 

1. Under fixed Wj=50 mm, the beam spot radius has local minima near Wo=10 

mm (same W 0 as that of the Kurihara lens) and W 0=25 mm (same W 0 as that of 

the Orloff-Swanson lens) in the examined ranges Wo=7-30 mm. At Wo=25 mm 

we obtain a much smaller beam spot radius than that at W 0=10 mm (see Table 

6.2). Therefore, we select Wo=25 mm in our optical system. 

2. In case of axially symmetric electrostatic lenses, one of the main purposes for Wi 

is to provide space for the postlens deflector. For this purpose, the Orloff

Swanson lens and the Kurihara lens use Wi=50 mm. In the case of a CFD system, 

however, we do not have to use the same Wi' since the deflection fields are 

inseparably combined with the focusing fields. Under chosen Wo=25 mm, the 
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Figure 6.7(a). The dependence of the optimized beam spot radius on the object-side 

working distance rw 0) at a fixed image-side working distance Wj=50 mm. 
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Figure 6.7(b). The dependence of the maximum electrode potential on the object-side 

working distance (W 0) at a fixed image-side working distance W j=50 mm. 
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Figure 6.7(c). The dependence of the maximum electric field on the object-side 
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166 

40 I I I I I I 

,......., 

§ 35 • - -
'--' 

"""' I-t 

'r;; 30 t- -
;:j • ..... 

'"C 
(1j 

p:: 25 l- • • -
...... 
0 
0.. 

Cf) 20 - -
S 
ro 
(1) 15 - -III 

'"C 
(1) • 
t-J 10 I- -·s • • • ..... ...... • 0.. 

0 5 - -• 
0 I I I I I I 

10 20 30 40 50 60 70 80 

Image-Side Working Dislance(W1) [mm] 

Figure 6.8(a). The dependence of the optimized beam spot radius on the image-side 

working distance (Wj) at a fixed object-side working distance W 0=25 mm. 



167 

100 

,--, 90 :> 
~ 
'--' 
.-< 
ro ..... 80 ~ 

~ 
Q) 
~ 
0 

P.. 70 

V Q) 
'1j 
0 
I-. 
~ 60 C) 
Q) -r:.::l 
S 50 
;:::I 

S 
.-0 

>< ro 40 
~ 

30 
10 20 30 40 50 60 70 80 

Image-Side Working Distance(W,) [mm] 
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beam spot size has a minimum value, 1-4.03 run at W j=45 mm instead of at 

W j=50 mm in the examined ranges Wj=15-70 mm. At the base value Wj=45 mm 

we obtain the sensitivity s=3.56. This value is much lower than that at the base 

value W j=50 mm. Therefore, we select W j=45 mm because of the minimum beam 

spot size and lower sensitivity. 

3. Under less restricted conditions, i.e., when we want to obtain the beam spot 

radius less than 10 run for our given system, we can reduce Wj to 30 mm. At the 

base value W j=35 mm, we obtain r=7.88 nm and s=0.53. 

In short, under given constraints, the optimum working distances of a CFD system are 

determined by examining the dependence of the beam spot radius to the change of the 

working distances in the examined ranges. For our CFD system, by keeping other 

constraints constant we can obtain the optimum values of W 0=25 mm and W j=45 

mm. In this case, we can obtain a beam spot radius of 4.03 run on the comers of a 2 

mm square field. 
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Synthesis of electrostatic deflectors is successfully achieved by using the cubic 

spline method or the a priori given multielectrode approach. The sequential 

optimization technique combined with gradient method and Hooke and Jeeves' method 

is used for minimizing the beam spot size. It results in a dramatic reduction of the 

beam spot size by practically eliminating geometrical deflection aberrations. 

Synthesis of electrostatic CFD systems can be achieved by using an a priori given 

multielectrode system. A multipurpose multipole system with 9 units whose units are 

cylindrical rings cut into eight segments each can be used for focusing and deflection 

simultaneously and for the reduction of the beam spot size (or attaining the highest 

possible resolution) under given constraints. Our sequential optimization technique 

gives satisfactory optimized values since the optimization does not terminate in a 

shallow minimum. We note that the computing time required to find the optimized 

minimum beam spot size for the CFD system is considerably longer than that for the 

postlens spline or multielectrode deflector. The results show that an electrostatic CFD 

system with 9 units can produce a beam spot size about an order of magnitude smaller 

than a system consisting of separated electrostatic lenses and deflectors. From the 

dependence of the beam spot radius on the change of working distances, the optimum 

working distances of CFD systems can also be determined. 



171 

As a concluding remark, we suggest that the best enhanced performance is expected 

when all units are fully used for CFD by considering the APD, FHFD, quadrupoles, 

and octupoles without degrading any harmonic function terms. This task may be 

difficult but challenging for the future. 
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APPENDIX 

PROGRAM PACKAGE MANUAL FOR SYNTHESIS OF 

ELECTROSTATIC ELECTRON AND ION OPTICAL SYSTEMS 

A.I General Remarks 

This program package contains a comprehensive set of tools for developing 

electrostatic optical systems used to control the focusing and deflection of charged 

particle beams; in particular designing electrostatic deflectors and combined focusing 

and deflection(CFD) systems using a synthesis approach. It can be used on an IBM 

(or compatible) PC system under the DOS operating system. The capabilities of this 

program package are: 

- optimum design of an axial potential distribution (APD) and harmonic field 

distribution (HFD) functions up to the third-order; 

- optimum design of a multi electrode deflector or CFD system; 

- construction of a spline deflector that has given first harmonic field 

distribution (FHFD) functions; 

- calculation of the FHFD functions of a deflector or the APD and FHFD 

functions of a CFD system given by its electrodes; 

- calculation of the optical properties of a deflector or a CFD system. 
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In the following chapters one can fmd a detailed explanation of how the program 

runs, specific instructions of its usage, and sample files that are the inputs and the 

corresponding outputs of the program. 

A.2 Installation 

Hardware requirements: 

- IBM (or compatible) AT 386 or better, 

- 1M-byte of RAM or greater. 

Recommended hardware: 

- Math coprocessor built-in, 

- EGA, VGA, or SVGA graphics for graphical display. 

Software requirements: 

- DOS 4.0 or later version, 

- A screen editor. 

Recommended software: 

- Turbo Pascal 4.0 or later version, 

- SigmaPlot 4.0 or later version for plotting, 

- FORTRAN 77 compiler and linker. 

To install the program on a PC system, users just copy all the files from the floppy 

diskette onto a hard disk. 

The programs FRAME, CYLINDER, and ELCON require a system with an 1M-byte 
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memory, but the others run well with just 512K-bytes. Due to the extensive use of 

double precision floating point calculations a math coprocessor is definitely needed for 

a significant increase in the speed of program execution. The use of programs FRAME 

and AUP for certain input data requires long running time because of the 

computational complexity, therefore fast computer systems such as 486 and Pentium 

are strongly advised for an impatient user. The inputs for the programs are provided 

in input files with extensions '" .inp and '" .dat. 

The source codes of the programs are written in FORTRAN 77 and are compiled 

with the RMFORT compiler of the Ryan-McFarland corporation or MS FORTRAN 

compiler. If a user wants to alter the original code in any way, then the user needs 

both an editor which does not put special control codes into the file and a FORTRAN 

compiler. 

A.3 Optimization Program 

One of the largest and most complex programs is an optimization program. The main 

purpose of this program is to design a spline or multielectrode deflector and a 

mUltipurpose multielectrode CFD system with given first-order properties for a 

specific ion or electron source. The aim of the optimization is to find the minimum 

beam spot size in the image plane. The source parameters must be provided as input 

data. The universal units of this program are [mm](length), [kV] (potential), 

[radian](angle), and [kV Imm](electric field). 
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The optical axis of the deflector or CFD system is named z axis conventionally. The 

object-side boundary of our optical system is located at the origin and the image is 

formed in the positive z-direction. Thus the coordinate of the source is a negative 

number. 

The name of the main program is FRAME and it includes lots of subroutines. The 

executable file is called frame.exe. One runs the program as follows: 

Before starting the program, the input files should be ready for execution. 

A.3.t Input Files 

The optimization program has eight input files: optim.inp, var.inp, spax.dat, multi.dat, 

xmulti.dat, ymulti.dat, maxis.dat, and mhf.dat. All files are not needed at once. In the 

simplest case, the first two files from this list are only used. These files are discussed 

in detail below. 

A.3.t.t optim.inp 

This file is a main input file. It consists of comment lines and data lines. The 

comment lines describe what data is to be placed into the next line. It is needless to 

say that they are very helpful for an unfamiliar user to run the program. The data 

between the comment lines c'an be changed easily by using a screen editor. A sample 



176 

of the optim.inp file is shown for the user's information. 

FI 7.5k 5mr 9unit multielectrode 
L~gth of the -CFD ;ystem, or any negative number if the length is variable (xL): 
84.0 
SplinelOI, nonequi. spline/l/, or multielectrode/21 (multi): 
2 
Method (method) grad/II, Hooke/2/, or for sequential search: minus sign, number 
of methods, list of methods: 
1 
Approximate maximum number of function calls (maxfn): 
150 
Number of digits of accuracy - convergence criterion (nsig): 
3 
Number of SUMT iterations (ipom): 
3 
Characteristic length of the range of parameters (range): 
3.0 
Coefficients of the penalty function (qfact): 
l.e-7, l.e-7, l.e-6, I.e-7, l.e-5, I.e-7, l.e-6, l.e-7 
Virtual source radius (ro): 
1.5e-6 
Acceptance half-angle (alfa): 
0.005 
Beam energy spread (du): 
0.001 
Object potential with respect to the emitter (uo): 
7.5 
Image potential with respect to the emitter (ui): 
25.0 
Object FHFD function of x-deflection (ulo) & y-deflection (wlo): 
0.0 0.0 
Image FHFD function of x-deflection (uli) & y-deflection (wli): 
0.0 0.0 
Object-side working distance (wo): 
25.0 
Allowed minimwnlrequired image-side working distance (wim): 
50.0 
The image-side working distance is fixed 11/ or has a lower limit only 101 (iwifix): 
1 
The x- and y-deflection points (xi) & (yi): 
1.0 1.0 



Allowed minimum potential (vmim): 
0.3 
Allowed maximum potential (vmam): 
75.0 
Allowed maximum electric field (svm): 
15.0 
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Allowed minimum FHFD functions of x-deflection (emim) and y-deflection 
(yemim): 
-10.0 -10.0 
Allowed maximum FHFD functions of x-deflection (emam) and y-deflection 
(yemam): 
10.0 10.0 
Conventional maximum FHFD functions of x-deflection (emal) and y-deflection 
(yema1): 
0.10183 0.10183 
Allowed maximum 1st derivative value of the FHFD functions of x-deflection 
(sem) and y-deflection (syem): 
0.5 0.5 

Now some additional instructions for a file optim.inp are given as follows: 

(i) If the length of the optical system is variable, then any negative number should be 

put in the line after the comment line. In this case, the initial value of the length 

should be given among the variables in a file var.inp. 

(ii) For a single optimization the user must put an intege~ from the set {1,2} to choose 

an optimization method. If the user wants to use a sequential optimization, the user 

should put a negative number here whose absolute value is the number of different 

optimization methods used in the sequence. In this case, the codes of the selected 

optimization methods should be given in the following lines. For a CFD system more 

complex than a separate lens or deflection system, the sequential optimization method 

is strongly recommended even if it requires a much longer converging time. In this 
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case, the program will stop only if the user stops it. During the run of the program, 

the latest results are always recorded in a file opt.res. 

(iii) The number of SUMT iterations given here (usually 1-3) determines how many 

times the SUMT iteration is used. If zero is given, then the program just evaluates the 

optical properties of a given system with the initial variable values without 

optimization, similarly to the program CHECK. 

(iv) The characteristic length ofthe range of variables is in strong correspondence with 

the maximum step length of the optimization. Usually the potential-type variables 

range between 0.3 and 10. 

(v) Eight real numbers for coefficients of the penalty function are given for our 

purpose. The content of them is as follows: penalty for violating the limits of 

minimum image-side working distance, maximum potential, minimum potential, 

maximum electric field, maximum FHFD function, minimum FHFD function, 

maximum first derivative value of the FHFD function, and extra penalty for having 

a virtual image. 

(vi) The potentials are always referred to the object, and are positive numbers for an 

electron optical system. In case of an positive ion optical system, negative values are 

used. 

(vii) There is an option if the user wants the image-side working distance to be fixed, 

or just a lower limit is given. If it is fixed, then this distance calculated in the output 

will be approximately equal to the given value, since fixing the image-side working 
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distance means only an additional constraint for the optimization. 

A.3.1.2 var.inp 

This is the other input file which is always needed. This file contains the initial 

values of the variables for the optimization. A sample of the var.inp file is given as 

follows: 

FC7.5k_5mr_9unit_multielectrode 
Number of parameters (m) : 

9 
Parameter values (x), (ex), and (ey) : 

1.2000 0.0500 0.0500 
1.5000 0.1500 0.1500 
2.5000 0.5000 0.5000 
2.7000 0.7500 0.7500 
3.5000 1.0000 1.0000 
6.5000 0.7500 0.7500 
4.5000 0.5000 0.5000 
4.0000 0.1500 0.1500 
2.8000 0.0500 0.0500 

Also some additional instructions are explained for a user's understanding. 

(i) The maximum number of variables is 30. 

(ii) Each initial variable value must be in a separate line, which is listed in object-side 

to image-side order. The sequence of each column is listed from the left-side to the 

right-side as follows: APD function, FHFD function in the x-deflection, and FHFD 

function in the y-deflection. 

(iii) It is important that the variables of potential type as input data are always related 

to the object-side potential and those of field type (or HFD functions) are always 
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related to the maximum value of the HFD functions in case of certain excitations. 

Consequently, they are dimensionless. 

(iv) If the length of the optical system is a variable, then the initial value for the 

length is the last variable. In the case of random search the values of variables have 

no meaning, so any number can be given, but the first variable must be a negative 

number. 

A.3.1.3 spax.dat 

This me is only supplied when the nonequidistant spline method is chosen in the me 

optim.inp. This me contains the list of the coordinates of the inner spline boundaries. 

Each coordinate is in a different line. The number of data is equal to the number of 

variables (without the length of the optical system if it is a variable) in the me var.inp. 

A sample of this me is given for reference. 

9.0000 
15.000 
25.000 
33.000 
48.000 
57.000 
63.000 
68.000 
75.000 

A.3.1.4 multi.dat, xmulti.dat, ymulti.dat, and maxis.dat 

In the case of a multielectrode deflector or CFD system, for the optimization the 
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program needs input files such as multi.dat, xmulti.dat, ymulti.dat, and maxis.dat. 

These files can be obtained at the same time when the superimposed focusing and 

deflection potentials are applied. The user should obtain the APD and FHFD functions 

in Nz points (usually ranging 300-700 points) on the optical axis by setting each 

focusing and deflection potential of the i-th unit (i=l, 2, ... ,N : where N is the 

number of units) to unity and those of all other units to zero. The multLdat file 

consists of the normalized APD function with N*Nz lines, starting with the APD 

function when the potential of the object-side electrode is set to unit. In the same 

order, the xmultLdat and ymultLdat files are made and consist of the normalized 

FHFD functions with N*Nz lines for x-deflection and y-deflection, respectively. In 

case of a multielectrode approach, the number of variables in the var.inp file must be 

N-2. The maxis.dat file is Nz lines long, and it contains the z coordinate values in 

which the APD and FHFD functions are calculated. 

A.3.t.S mhf.dat 

This files contains the maximum values of the normalized APD and FHFD functions 

generated by each unit. This file is only used for the optimization of a multielectrode 

deflector or CFD system. The number of variables is like the var.inp file. In the last 

line, the space between neighboring electrodes in the axial direction and the length of 

the angular distance are written for checking whether the maximum electric field 

between the electrodes is less than breakdown field limit, 15 kV/mm during the run 
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of the optimization program. A sample of this file is given for the user's information. 

0.55587 0.09798 0.09798 
0.61715 0.10183 0.10183 
0.61751 0.10183 0.10183 
0.61751 0.10183 0.10183 
0.61751 0.10183 0.10183 
0.61750 0.10183 0.10183 
0.61750 0.10183 0.10183 
0.61713 0.10183 0.10183 
0.55583 0.09798 0.09798 

3.0 1.309 

A.3.2 Output Files 

Together with the output files, the program also sends the status and result of the 

optimization and the optical properties of the optimized system to the standard output 

device, i.e., usually to the monitor. 

The opt. res file contains the main results of the optimization such as fmal variable 

values, maximum and minimum values of the APD and FHFD functions, maximum 

electric field, magnification, penalty, beam spot radius,. and so on. 

The ap&ed.dat file contains the APD and FHFD functions of the optimized system. 

This file can be used directly for programs CHECK and ELCON. 

The source.dat file contains information about the source such as the object-side 

working distance, the energy spread of the source, the virtual source radius, and the 

acceptance half-angle. This file is an input of program CHECK. 

The elcon.dat file is created for use in program ELCON to construct electrodes in 
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case of a spline deflector. This file can be explained in detail later in electrode 

construction program ELCON. 

The var.out file contains the fmal values of variables at the optimization. Instead of 

using a sequential optimization, a new optimization can be started with the fmal stage 

of the previous optimization simply by renaming var.out for var.inp. 

The deft.dat file contains the optimized electrode potentials of each unit required for 

focusing and deflection in case of a multielectrode deflector or CFD system. 

The volt.dat file contains the optimized every electrode potential of each unit in case 

of a multielectrode deflector or CFD system. The values of every electrode potential 

are obtained on the basis of the superposition principle. 

A.3.3 Source Code Files 

The source code files of program FRAME are explained briefly for reference. 

frame. for 

uevalu.for 

ugrad.for 

uhooke.for 

explor 

rand 

main file 

subroutine for calculating the target function 

for given input parameters 

optimization routine using a simple gradient method 

optimization routine using the Hooke-Jeeves method 

subroutine for making exploratory moves for the 

Hooke-Jeeves method 

subroutine for making a random sequence 



upart.for 

uoptic.for 

uinterp.for 

uspline.for 

usubint.for 

urandom.for 

utrajec.for 

uarea.for 

subroutine for calculating the necessary parameters 

for the evaluation of a deflector or CFD system 

subroutine for computing the optical properties 

subroutine for interpolating a function 

by using a cubic spline curve 
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subroutine for calculating the cubic spline coefficients 

subroutine for calculating the values of the function 

at the mid-points of each interval 

subroutine for random number generation 

subroutine for calculating paraxial ion trajectories in 

an electrostatic optical system by solving the paraxial 

ray equation numerically using a fourth-order 

Runge-Kutta formula 

function for calculating the definite integral of a function 

by using a Newton-Cotes formula 

A.4 Electrode Construction Program 

This program is only applied for reconstruction of an electrostatic spline deflector. 

This program is able to calculate the approximate electrode configuration that produce 

given FHFD functions. 

The name of the main program is ELCON. The executable file is called elcon.exe. 
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One runs the program simply as follows: 

I> ELCON 

Before starting the program, the user must be sure that necessary input files are in the 

current DOS directory. These files can be created either by program FRAME or 

manually. The running time of this program is few seconds only. 

A.4.1 Input Files 

When starting this program, two input files must be in the current directory: 

ap&ed.dat and elcon.dat. 

A.4.1.1 ap&ed.dat 

The necessary format of this file is as follows: 

1st line: name of the deflector (maximum SO characters) 

Next lines: (z, U(z), U.(z), W.(z)) pairs in real or double precision format. 
Maximum SOO lines are possible, but maximum lines can be 
extended if the user wants to. 

Last line : Two real zeros, i.e., ' 0.0 0.0 ' 

A.4.1.2 eleon.dat 

The format of this file can be written as follows: 
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1 st line : Comment line - name of the deflector 

2nd line : Allowed minimum radius of the electrodes (real). 

3rd line : Number of division points on the z-axis. 
Its suggested value is 200-350 (integer). 

4th line : Allowed maximum radius of the electrodes (real). 

A.4.2 Output File 

There is one output file elcon.res. This file contains the deflection potentials and the 

(z, r(z» coordinate pairs of electrode parts. An empty line separates the electrodes. 

The electrode shapes can be plotted by using graphic softwares such as SigmaPlot 4.0, 

Turbo Pascal 4.0, and so on. 

AA.3. Source code files 

Some of source code files used for program FRAME are utilized again for program 

ELCON: uinterp.for and uspline.for. The others are explained briefly. 

elcon.for main file 

uzbrak.for subroutine for searching for zero crossings 

of a given function 

electrod.for function for electrode construction by using a 

combination of Newton-Raphson and bisection method 

for fast convergence 
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A.S Check Program for Calculation of the Optical Properties 

This program calculates the optical properties of a deflector or CFD system when the 

APD and FHFD functions are given. Since the optical properties are calculated for 

specific parameters of the object, these parameters are also part of the input data. This 

program is usually used to check whether the result of the optimization is correct or 

not. 

The name of the main program is CHECK. The executable file is called check.exe. 

When a user wants to run this program, after the run of the program FRAME the user 

can run the program by simply typing as follows: 

I > CHECK 

The run of this program takes a few seconds only. 

A.S.I Input Files 

Two input files are required to start this program: ap&ed.dat and source.dat. The 

necessary format for the ap&ed.dat file is already mentioned in section A.4.1.1. The 

source.dat file must have the following format: 



1st line: Name of a deflector or CFO system (maximwn 50 characters) 

2nd line: The axial coordinate of the object times (-1). In case the object-side 
boundary of a CFO system is at the origin (as it is asswned usually) 
this nwnber is the distance between the source and the CFO system. 
In case of a deflector this nwnber is the distance between the exit of 
the lens and the entrance of the postlens deflector. (real) 

3rd line : Energy spread of the source. The value is written in the same unit as 
the potential in the ap&ed.dat file. (real) 

4th line : Virtual source radius. (real) 

5th line : Acceptance half-angle. (real) 

A.S.2 Output Files 
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Two output files are created after the run of program CHECK: check.res and trace. 

The checkores file contains information about a deflector or CFD system, including 

the optical properties. The format of this file is similar to that of the opt.res file 

mentioned in section A.3.2. 

The trace contains detailed listings of the APO and FHFO functions and their 

derivatives, the particle trajectory, and the aberrations. The user can choose needed 

listings for the user's purpose by editing program utracLfor. These data are presented 

in the output file for analyzing what is actually happening inside the optical system. 

A.S.3 Source Code Files 

Most source code files used for program FRAME are utilized again in this program 
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CHECK : upart.for, uoptic.for, uinterp.for, usubint.for, uspline.for, utrajec.for, and 

uarea.for. (please see section A.3.3.). The others are explained briefly. 

check. for 

utracLfor 

main file 

subroutine for creating the traceback data file "trace" 

A.6 Charge Density Program 

The main purpose of this program is to determine the APD and HFD functions up 

to the third-order in case of a single unit consisting of multipole electrode elements. 

The unit has a cylindrical ring cut into segments with geometrically octupole 

symmetry. For this calculation the charge density method (CDM) is exploited. The 

procedures are as follows: first, PIJ subroutine determines certain matrix elements. 

then the program solves for various charge densities by the Gauss-Seidel iteration 

method. finally, the program calculates the APD and HFD functions by resubstituting 

into the PIJ subroutine, using the z-axis (or optical axis) as a calculation point. 

The universal units used in this program are [mm](length), [degree](angle), and 

[kV](potential). The angle unit in degree is converted into that in radian within our 

program. 

The name of the main program is CYLINDER. The executable file is called cyl.exe. 

One can run the program as follows: 
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Before starting, the user must check whether a necessary input file is in the current 

DOS directory. 

A.6.1 Input File 

The parameters and defmitions of the electrode system are given as the input file 

deflect.dat. A brief summary of input variables and their acceptable input types are 

shown in the following table. 

Line # Line Description Input Variable Input Type 

1 Name of a deflector or CFO system name character 

2 A deflector or CFO system type(1-4) It integer 

3 Starting z-position of potential zstart real 

4 Ending z-position of potential zend real 

5 Number of electrode units nu integer 

6 Accuracy in decimal form acc real 

7 Number of electrodes ne integer 
Radius ir real 
Length of electrodes in the z direction zor real 
Length of spaces between units zs real 
Initial angle of first electrode ia real 
Final angle of the same electrode fa real 

8 Voltages on electrodes v real 



191 

A.6.2 Output File 

The output file harmonic.dat is created after the run of program CYLINDER. This 

file contains the APD and HFD functions up to the third-order as the function of z

axis. 

A.6.3 Source Code Files 

The source code files used for program CYLINDER are as follows: 

cyl.for main file 

PH subroutine for calculating Pij factor of 

the individual sub-electrodes 

switch & fill 

uarea.for 

subroutine for complete filling in the Pij matrix 

based on the geometrically symmetry 

function for calculating the definite integral of 

a function by using Simp~on's composite rule 

A.7 Advanced Charge Density Program 

The main purpose of this program is to determine the potential and field distribution 

functions in case of a mUltipurpose multipole system consisting of cylindrical rings, 

disks, or combined ones cut into segments with geometrically symmetry. It is 

guaranteed that the second-order field calculation can be done safely. Input units are 

[mm](length}, [degree](angle}, and [V](potential}. 
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A.7.1 Input and Output Files 

This program consists of three main files which have to be run in a row: the 

sequences are program AUG, program AUS, and program AUP. Their executable files 

are aug.exe, aus.exe, and aup.exe, respectively. 

A.7.1.1 aug.exe 

For the purpose of making an input file, first a user must run the program as follows: 

Then the questions will be asked for geometry of the system that the user wants to 

design as follows: 

1. File name of geometry : the input file name can be determined as the user 
wishes. 

2. Number of electrodes (M) 

3. Number of units in the z-direction (NE) 

4. Starting z coordinate of the first unit (ZI) 

If NE equals 1, 

5. Angular distance in degrl~e (DF) 

6. Type of the first unit (MT): 
" 1 " - cylindrical ring type 
" 2 " - disk type 

If it is a cylindrical ring type (MT=I), then 



7. Length of the cylindrical rings in the z-direction (AI) 

8. Radius of the cylindrical rings (A2) 

9. Order of the quadrature along the cylindrical rings (Nt) : it determines the 
order of Gaussian quadrature which will be used for the surface integral. 

10. Order of the quadrature along the azimuthal direction (NF) : 
even numbers are used for our purpose. 

If it is a disk type (MT=2), then 

7. Inner radius of the disk (AI) 

8. Outer radius of the disk (A2) 

9. Order of the quadrature along the radial direction (Nl) 

10. Order of the quadrature along the azimuthal direction (NF) 

If NE is not equal to 1, i.e., NE~ 

11. Starting z coordinate of the second unit (ZI) 

12. Is the geometry of the secon unit new? 

If "no", enter" N " 

13. Repeat step 11 and step 12 until NE reaches a given number of unit. 

If "yes", enter" Y " 

13. Repeat step 5 to step 10 until NE reaches a given number of unit. 

14. Position of the aperture at the entrance (Zl) 

15. Length of the cylinder with aperture (D) 

16. Radius of the cylinder with aperture (R2) 
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17. Radius of the aperture (R1) 

18. Order of the quadrature along the radial direction (NR) 

19. Order of the quadrature along the azimuthal direction (NF) 

20. Order of the quadrature along the axial direction (NZ) 

21. Position of the aperture at the exit (Zl) 

22. Repeat step 15 to step 20. 

This is the end of the input file for geometry. 

A.7.1.2 aus.exe 

The main purpose of program AUS is to find a solution of the integral equation by 

using the CDM. The user can run the program as follows: 

I >AUS 

Then two questions will be asked. 

1. Input file name : it was previously named by aup.exe. 

2. Output file name : its name will be given as the user wishes. 

A.7.1.3 aup.exe 

The main purpose of program AUP is to calculate the potential, field, and field tensor 

on the optical axis. The HFD functions can be obtained by handling the field and field 



tensor. The user can run the program as follows: 

Then the following questions will be asked. 

1. Output file name of program AUS 

2. Electrode potentials of the first unit : their values start from the first quadrant 
in the counterclockwise direction. 

3. Repeat step 2 until NE reaches a given number of unit. 

4. Potentials of each the entrance and the exit electrode 
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5. Starting z-position (ZO), step size (HZ), and number of steps along the optical 
axis for potential and field calculation 

6. Order difference 

7. Output file name of this result 

This is the end of this program. 

A. 7.2 Source Code Files 

There are three files in this pro gram : 

aug.for main file for geometry of the mUltipurpose multipole system 

aus.for main file for solution of the integral equation 

aup.for main file for potential, field, and field tensor calculation 

The output file of program AUP is used as the input file of our optimization program. 
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