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ABSTRACT 

The three main difficulties of the product development process are non-convexity, 

uncertainty, and multiobjectivity. Because of these problems, the product development 

process is characterized using two metaphors. The first metaphor is navigating in 

uncharted waters. The second is the development process as a competition among the 

various objectives that must be satisfied, including the need to minimize costs and 

maximize performance. Both of these metaphors lead to the concept of 'good 

directions' for guiding the development process. Methods of obtaining 'good 

directions' are described, and fuzziness is recruited to deal with the uncertainties in the 

direction-finding process. The two main approaches to product development are the 

optimizing approach and the combinative approach. Experimental designs and genetic 

algorithms are suggested for efficiently investigating the design space through the 

correct use of models and prototypes. Experimental designs can be used as part of 

either the optimizing or the combinative approaches, while the genetic algorithm is 

more effective for the combinative approach. An innovative approach to robust design 

is introduced; this approach emphasizes three-level factorial experimental designs. In 

addition, models of competition are examined as a means of understanding the concepts 

of competition which are applicable to system theory and systems engineering. Case 

studies describing the Manhattan Project and the Polaris Program help to illustrate the 

role of competition in product development. 
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Chapter 1: Introduction 

Systems engineering is the 

• management technology that controls a total system life-cycle process, which involves 

and which results in the definition, development and deployment of a system that is of 

high quality, trustworthy, and cost-effective in meeting user needs (Sage, 1994); 

• art and science of producing a product, based on phased efforts, that satisfies user 

needs (Sage, 1994); 

• intellectual, academic, and professional discipline, the principal concern of which is the 

responsibility to ensure that all requirements for bioware/hardware/software systems 

are satisfied throughout the life-cycles of the systems (Wymore, 1993); 

• iterative, structured process of requirements analysis and validation, functional analysis 

and verification, synthesis, physical verification, systems analysis, and control that 

"applies thoughout the system life-cycle to all activities associated with product 

development, verification/test, manufacturing, training, operation, support, 

distribution, and disposal" of all systems (IEEE P1220, 1994). 

There are many definitions of systems engineering (Bahill, 1995), but meeting user needs, 

and satisfying user requirements throughout the system life cycle, is the dominant theme in 

systems engineering literature. The focus of this dissertation is the translation of system 

objectives into a system design, including an investigation into why system design is 



difficult and the identification of approaches and tools that can be used to improve the 

chances of success. 
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Systems engineering has historically emphasized the top-down approach to system 

specification and design. The top-down approach was originally adopted because of the 

tendency of large-scale development projects to run away from the original requirements. 

In these runaway projects, the capability of the technology drove the design to the point 

that the resulting system did not accomplish many of its most important objectives. For 

example, the B-47 could not hit its target on a round-trip mission (Thompson and Jones, 

1994). This latter approach in which technology drives the design is called the bottom-up 

approach. The natural response of those paying for the system was to adopt the top-down 

procurement strategy that ensured that the development would be responsive to the top

level objectives. Although the development process is not completely controllable, it is 

often suffiently controllable to make use of available or nearly-available technology to 

form a system that acceptably satisfies its top-level objectives. Technology, the practical 

application of our understanding of the physical laws of nature, must drive the design, but 

the needs of the bill-payer must be able to dictate the general direction in which the design 

will be driven. 

The top-down approach also can be dangerous. A blind emphasis on the top

down, sequential approach can fail to recognize the technological realities of the 

development effort. The early models of systems engineering trivialized the development 

process as a sequential series of events or phases. As recognized by most modern systems 
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engineers, this concept of systems engineering bore little relation to the actual underlying 

problem, and this deficiency was corrected in the more modern conceptions of systems 

engineering (IEEE P1220, 1994; U.S. Department of Defense, 1992). The spiral model of 

product development (Boehm, 1988) represented the most distinct break from the 

sequential 'waterfall' models of systems engineering previously endorsed. With its explicit 

recognition of the iterations, and especially of the modeling and prototyping phases, the 

spiral model made clear the fatal weakness of the traditional top-down systems 

engineering approach. In Boehm's spiral model of product development, the product 

development process was composed of iterative cycles of prototyping, modeling, design, 

validation, planning, determining objectives, constraints, and alternatives, evaluating 

alternatives, and analyzing risks. 

Although the systems engineering profession, and associated research, exists 

because of the complexity of the product development process, only a relatively few 

researchers have considered v!hy the design and development problem is so difficult. 

Chapman (1994) demonstrated that the system design process is NP-complete, and 

correlated the solution of NP-complete problems and the solution of design problems. 

Chapter 2 extends this problem definition by identifying three specific characteristics of the 

design problem that makes it difficult: nonconvexity (including combinatorial difficulty), 

uncertainty, and the need to satisfy multiple objectives simultaneously. Chapter 2 

describes two main approaches to the design problem. The first, the combinative 

approach, uses nonlinear building-block methods to put the pieces together. The second, 
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the gradient approach, optimizes designs through an iterative process of parametric 

sensitivity analysis and parameter adjustment. Chapter 2 also demonstrates the similarity 

between competitive processes in which competitors drive the system to a steady state 

condition, and the design process in which objectives compete to form a balanced design 

(Figure 1.1). The analogy between the development process, in which the systems 

engineering must guide the development program through the difficulties of uncertainty, 

complexity, and multiobjectivity, and the navigation problems faced by the 

explorer/merchantman sailing ships. Finally, Chapter 2 introduces an approach to 

controlling the product development process. This approach is shown to provide a 

technical justification for the more heuristic requirements flowdown tool known as Quality 

Function Deployment (Akao, 1990, Bicknell and Bicknell, 1995). 

COST PERFORMANCE 

Figure 1.1: Product development is driven by the competition of objectives. 

Chapter 3 describes an augmentation to Yates algorithm to be used in determining 

quantitative estimates for 3-level full-factorial experimental designs. This chapter also 
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reviews the concept of sensitivity analysis. These structured experimental design 

techniques are extremely important as a way of minimizing the costs of obtaining 

information. These methods have obvious application to the parametric sensitivity analysis 

and parameter adjustment approaches to design. These methods can also be used for 

combinative exploration. 

Chapter 4 describes a method for the rapid construction of a fuzzy rule-base from 

numerical data. This technique is generally applicable to any empirical modeling problem, 

i.e., it can be used to create a black box that conforms with arbitrary accuracy to the 

input-output data set that is used to train it. This is a role normally associated with 

back propagation neural networks, but this fuzzy rule-based training method is much faster 

than conventional neural networks. 

Chapter 5 consists of two case studies dealing with the role of competition in 

systems engineering. These case studies extend the work of Bah ill and Chapman (1994) in 

compiling and categorizing design projects. The projects described here, the Polaris 

program and the Manhattan Project, are two of the largest technical projects ever 

attempted. These programs were similar in many ways. Both programs relied heavily on 

competition to maximize the chance of success. Both programs were extremely 

aggressive technologically. Most important, both programs were successful from a 

schedule, cost, and performance standpoint. 
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Another area of exploration is the role of competition in systems and systems 

engineering. Chapter 6 consists of 4 sections, each dealing with a general area of the 

modeling of competition. These four sections are: (1) game theory, with emphasis on the 

Cournot models of competition, (2) ecological models of competition, including the 

Lotka-Volterra and replicator equations, and evolutionary games, (3) differential games, 

and (4) evolutionary systems, emphasizing genetic algorithms. These models have 

previously been considered as completely separate research areas without regard for their 

underlying, unifying theme: the study of competition. 

Finally, Chapter 7 is the conclusion of this dissertation. 

Andrew Sage (1994) has noted the need for identifying systems engineering with 

technical direction "rather than exclusively with the methods of systems engineering" 

(emphasis added). This is an important distinction. There are many tools for doing 

systems engineering, but the development of complex and sophisticated products under 

cost and schedule constraints will not be accomplished satisfactorily by the application of 

tools; a superior approach is required. Such an approach must recognize the intrinsic 

difficulties of the development process. This dissertation considers an approach to 

systems engineering that is based on competitive processes. Although competitive 

processes have been used with great success in managing the development of highly 

complex products, the role of competition has not been emphasized in the systems 

engineering literature. This dissertation corrects this deficiency. 
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Chapter 2: Competitive Control in Systems Engineering 

Section 2.1: Introduction 

This chapter considers the nature of the product development process. In section 2.2 the 

nature of the design problem is considered, and the two main approaches to the design 

problem, combinative and optimizing, are described. The optimizing approach works well 

with sensitivity analysis tools such as the experimental design methodology of Chapter 3. 

In optimizing the design, a series of experiments are conducted either as static models, 

simulation models, or prototypes, and the information obtained is used to adjust the 

parameters of the design to achieve the desired objectives. The information can be 

relatively simple, as in the conventional experimentation, or sophisticated, as in the 

second-order model emphasized in Chapter 3. The optimizing approach is used for 

redesign, subsystem design, and when a large number of systems will be produced, since 

the cost savings and performance improvement per unit will be magnified by the number 

of units produced thus justifying the additional experimentation required for the optimizing 

approach. 

The second approach to design, the combinative approach, is described in more detail in 

section 2.3. In the combinative approach the design surface is so complex that gradient 

methods are not reliable. The combinative approach is a qualitative attempt to find the 
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best configuration of building blocks. Experimental design methods are also appropriate 

for combinative designs, with first-order effects corresponding to qualitative differences 

and interaction effects corresponding to the interactions among the building blocks. 

However, the full quadratic meta-model F ( x) = + x THx + Bx is not appropriate for 

combinative design since pure second-order effects such as a2F / &2 have no meaning in 

this context. The combinative approach is used in breakthrough design, original 

innovative design, overall system design, and when only a few systems will be produced. 

This chapter will also consider three of the aspects of the design problem that make it 

difficult: nonconvexity of the set of feasible alternatives, uncertainty, and multiobjectivity. 

Various examples of non convexity are considered in section 2.5. Nonconvexity is the 

umbrella under which combinatorial problems, as well as poorly-structured continuous 

problems, can be grouped. Nonconvexity is the main argument for the combinative 

approach to design. 

In faGt, the design and development process is principally concerned with reducing 

uncertainty. Models and prototypes are the tools for reducing uncertainty. Models, 

including simulations, introduce uncertainty either because of questions of applicability or 

because of the effects of system or environmental parameters that cannot be modeled 

accurately. Prototypes are actual components or systems built to ensure that the 

assumptions and models are still accurate. There is very little uncertainty associated with 
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an actual prototype-- it is a real product and its performance can be measured to the limits 

of the ability of the development organization to test the product. Prototypes therefore 

extend the set of technology. The cost ofa prototype includes its production, 

configuration management, and testing costs. The more sophisticated the system, the 

more complex and costly the prototypes for that system, hence the fewer prototypes that 

can be built and tested. 

Section 2.4 develops the theoretical foundation for the multi objective approach. 

Historically, multiobjective (or multi criterion) decision making is the area within the field 

of scientific decision making that concentrates on the means by which good decisions can 

be made with regard to more than one criterion. It may be desirable from the production 

standpoint that a robot react with great speed, for example, but the conflicting 

requirements of reliability and cost may necessarily increase the response time 

(performance) of the robot. Designers lacking an understanding of multi objective analysis 

techniques have traditionally treated the design/development problem as a sequential series 

of tasks; they worked the 'performance' issues first, then passed the data package to 

'support' engineers who were tasked with obtaining the required reliability, safety, cost, 

and quality specifications; finally, manufacturing experts were required to make this 

product producible, often with the result that the product going out the door was barely 

recognizable to the original designers. The predictable result of this methodology 

throughout industry has been a product that only marginally meets performance 
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requirements, and greatly exceeds all reasonable estimates of project and product cost. 

Soft methodologies such as Total Quality Management (TQM), concurrent engineering, 

design to cost (DTC), and so on, have been, to a large degree, attempts to deal with the 

multiobjective nature of the design/development problem. In general, large and important 

systems are required to satisfy more than one conflicting objective, and as this fact 

becomes more appreciated, multiobjective decision-making is becoming central to system 

engineering efforts. 

Section 2.5 considers the impact of non convexity, uncertainty, and multiobjectivity on 

systems engineering in the development process. This section introduces the navigation 

metaphor for the design process, in which the systems engineers are responsible for 

navigating in unknown (uncertain) waters. Peninsulas, isthmuses, and other 

nonconvexities tend to obscure the best paths. Meanwhile, the ship has multiple 

objectives that must be satisfied. Crucial to the success of the system engineers

navigators is the ability to find 'good directions' for the development process to proceed. 

This requires skills in combinative and optimizing design, evaluating the value of 

information and the cost of uncertainty, and the ability to translate the competing 

objectives into design decisions at a more detailed level. 

Later in section 2.5 the relationship between competitive equilibria and Pareto optimal 

solutions is noted, and the iterative process of development is interpreted as maintaining a 
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dynamic, competitive equilibria among the objectives. The direction of the development 

program is dictated by (1) the multiple objectives to be satisfied, (2) the tradeoff among 

objectives at the particular point of the development process, and (3) the relationships 

between the design decision variables and the objectives. This interpretation owes much 

to the geometric conceptualization of the Kuhn-Tucker conditions for Pareto optimality, 

as originated by Zadeh (1963). 

Section 2.2: The Nature of the System Design Process 

What is the system design process? 

Design is (Talukdar et ai., 1988): 

1. SatisfYing constraints and 7. An interactive process 

meeting objectives 8. A parallel process 

2. Problem solving 9. An evolutionary process 

3. Decision making 10. A mapping from a functional 

4. Reasoning under uncertainty space to a physical space 

5. Search 11. Like a game 

6. Planning 12. Creative and is inexplicable 

Engineering design problems have two essential characteristics-- they are usually open

ended, i.e., there is no 'right' answer, and they are ill-structured, i.e., they cannot be 
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solved by the routine application of optimization techniques in a structured way (Dym, 

1994, and Hubka and Eder, 1988). The design problem has been called a "wicked 

problem" by some researchers (Partridge, 1981) since it has no definitive formulation and 

no formal stopping rule (industrial practice is to stop when the money runs out). Every 

non-trivial problem is unique. Consequently, lacking definition and standards the study of 

design has lagged behind other disciplines. However, many of the tools of 

communication, optimization, modeling, and control (which make up the study of systems 

and systems engineering) can be used to make the design process more understandable, 

and hopefully more reliable by avoiding gross errors in resource allocation. 

One of the problems with defining design is that there is more than one kind of design. 

Pahl and Beitz (1984) identified three categories of design they called (1) original design, 

(2) adaptive design, and (3) variant design. Brown and Chandrasekaran (1985) referred to 

three discrete classes of design, defined as (1) major inventions or completely new 

products, (2) designs that involve substantial innovation, and (3) routine design that 

involves selecting among previously known, well understood sets of design alternatives. 

Chapman (1994) identified a continuum including (1) breakthrough, (2) original 

innovative, and (3) redesign. All these researchers seem to agree on the three useful 

categories. Of these three categories, the last (called 'variant,' 'routine,' or 'redesign) is 

trivial from the technical standpoint. For the first two categories, it is clear that the design 

wiII be difficult and often expensive. 
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A design is a plan for creating a product out of available materials and components. For 

the simplest products, no formal design is required because the maker can keep all the 

details in his or her head. However, the well known cognitive limitations of humans 

prevent us from keeping more than several objects in mind at one time. Also, when the 

abilities of more than one person are required, the need to communicate the design among 

them becomes apparent. Eventually, this necessitated the use of a medium- paper, or, 

more recently, workstations accessing electronic databases- on which the design could be 

recorded and updated. Indeed, the English word 'design' descends from the French word 

for drawing (French, 1988). In order to be complete, the plan must include detailed step

by-step instructions for converting what already exists into something new. 

An important aspect of design is that the design is created to satisfY a real or perceived 

demand. Demand is often described as the value per unit of the product. Demand is often 

conditional on when the product is available. Although this generally implies that a 

product should be brought to market as soon as possible, a product can be brought to 

market before sufficient demand exists (as, for example, with the NeXT computer). This 

demand is conditional upon the various parameters of the design that may be divided into 

two general categories, cost and performance (Wymore, 1993). There is a real relationship 

among these four characteristics-- cost, schedule, performance, and demand. A product's 

cost cannot exceed its demand as described by the combination of the customer's 



willingness and ability to pay for the product. The product's performance usually 

increases cost and demand, but usually at different rates. Successful products are those 

that exploit a particularly favorable combination of performance, cost, time and demand. 

Sophisticated products are internally complex and their design cannot be adequately 

undertaken by a small number of people. Systems engineering is concerned with 

managing the evolution of the design of complex systems. In order to accomplish this 

properly, systems engineering must also be concerned with the construction, operation, 

and eventual retirement of such products. 
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Although there may be other categories, most designers recognize at least two broad 

phases to the design and development process. These phases are usually called conceptual 

(or preliminary) design and detailed (or embodiment) design. Taguchi (1987) refers to 

these as system design and parameter/tolerance design. Rechtin (1991) prefers to call 

these phases system architecture and system engineering. French (1985) has described 

conceptual design as two phases, namely, a combinative phase and an optimizing phase. 

In the combinative phase, the technology is decided upon or narrowed down to a few 

contenders. The design at this point consists in the use of the proper technology for a 

given component with respect to the other components. The interactions and interfaces 

are primary consideration, but the behaviors of the design are still approximate. In the 

optimizing phase, there is an attempt to parametrically adjust the subsystems or 
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components to achieve near-optimal performance. It is then left to detailed design to 

continue this process except with more attention to the details of the manufacturing 

processes and with specific manifestations of the subsystems and components; models and 

simulations become more detailed and prototypes become more common. 

The distinction between combinative and optimizing design is actually not so clear cut. 

For example, embodiment design, the assignment of functions to specific hardware or 

software, is mainly qualitative and therefore combinative, but is usually associated with the 

later phases of design. Because of the overlap between optimizing and combinative 

design, it seems inappropriate to consider these to be phases of the design process. 

Instead they are different approaches to the design problem that may be applicable at 

various times in the design and development process. During optimizing design, the 

designers can use highly structured and efficient experimental design techniques (Chapter 

3) to maximize the information and minimize the uncertainty obtained from a given model 

or prototype. Although there may be local optima, these problems are relatively well

behaved. During combinative design, for reasons that will be discussed, 'good directions' 

are harder to find. This makes combinative design especially difficult and especially 

interesting. However, combinative design is also especially rewarding. Choosing the right 

technology, which is one type of combinative design, typically results in a 100-500% gain 

while improving production processes, usually an optimizing process, typically nets only 



10-15% gains; this phenomenon has been described by the theory of the 'S-Curve' 

(Foster, 1986). 
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Even when the design seems to indicate a combinative approach, a significant portion of 

the design task is often not truly combinatorial, i.e., designers are not always trying to find 

the best combination of parts subject to allowable constraints. This is because the 

understanding of 'first principles' allows designers to predict, with variable degrees of 

confidence, whether components never before created might fulfill the requirements. 

First-principles are rational, not empirical, models. First-principles models are generally 

preferred because they tend to be more valid for unobserved cases than empirical models. 

Even first principles models are valid over only a limited range, and even within the range 

of validity, they may have serious uncertainties associated with prediction. According to 

this viewpoint, the design process is intended primarily to (1) use engineering principles 

and judgement, previous experience, and prudent experimentation and simulation to 

reduce uncertainty, and (2) find the set of alternatives that is most compatible with the 

requirements (criteria). 

In many design problems either the combinative or the optimizing approach can be used. 

One of Chapman's design case studies was the series/parallel combination of resistors to 

obtain a desired overall resistance (Chapman, 1994). This can be a difficult combinatorial 

problem since resistors come only in certain denominations, and the combination methods, 
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i.e., in serial or in parallel, can result in a large number of alternatives. However, this 

problem can be changed into an optimizing problem. From the first-principles model for 

resistors, if the designer knows the resistance per length of the material then the designer 

has only to divide the desired resistance by the resistance-per-Iength, and then cut the 

material to this length to obtain the desired resistance. The accuracy is arbitrary, and the 

uncertainty comes from the measurement and cutting instruments. Clearly, the additional 

cost of customizing resistors must be weighed against the simplification of the design 

process. The point is that there is often a choice between a combinative approach and an 

optimizing approach. 

EXAMPLE (Perry, 1994): In deriving a new substitute for freon, developers must satisfy 

multiple objectives, including: minimize costs, minimize damage to the ozone, and 

minimize flammability. Traditionally, the choice of molecules has been a combinatorial 

problem. However, the developers know that increasing the number of hydrogen atoms in 

the molecule tends to increase flammability. They also know that increasing the number of 

chlorine atoms increases the damage to the ozone layer. These are general tendencies, but 

they allow the developers to rule out many possible combinations because they are not 

likely to satisfy the multiple objectives of the problem. Technical understanding of the 

behaviors of the component or system allows them to reduce uncertainty more effectively 

than would a combinatorial search. There is an another interesting multiobjective aspect 

to this design problem. Commercial developers are currently avoiding the use of certain 
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high-potential materials because they pose a fire risk. For example, butane is an effective 

refrigerant but the refrigeration industry has not seriously considered it because of the fire 

risk. Advocates point out that a household refrigerator would require only as much 

butane as is found in two Bic lighters, and that nobody is overly concerned about the 

disposition ofBic lighters. In this case, the industry is acting as though there is no 

compensation between the advantages of butane-low cost, high efficiency, low damage to 

the environment- and the disadvantage- a relatively small fire risk. 

EXAMPLE (Center for Medicines Research, 1992): 

The world drug industry devotes more of its resources to R&D, about 15% of total sales 

revenue, than any other industry. The old R&D paradigm was: find a market (such as an 

interesting disease), then find animals with a similar problem, then inject the animals with 

chemicals until good results are obtained. The old paradigm was completely 

combinatorial. In some cases, the development organization stumbled across a winner. In 

other cases, such as with LSD at Sandoz, the result was an embarrassment. This was a 

bottom-up approach, since available alternatives drove the design. 

Genetic engineering and improvements in biochemical modeling have given developers a 

new understanding of how drugs affect the body, i.e., the pharmakokinetic behaviors of 

the drug (Smith, 1992). Gene splicing and other techniques make each drug candidate 

more of a potential hit, rather than an off-hand shot. The market can be more specifically 
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targeted, and the desirable selling points (side-effect profile, price, effectiveness, dosage 

level and frequency, etc.) can be specified as design characteristics. The design is 

increasingly top-down as requirements drive the process instead of vice-versa. For 

various reasons including equipment costs, the new process is more expensive for each 

candidate. At the same time external testing requirements have been made more 

strenuous. Since the new techniques are more predictable, fewer candidates are needed 

with these new techniques. But the additional sophistication has made it clear that 

traditional R&D organizations within the major drug companies cannot cope: like all 

bureaucracies they are awkward and slow to react. The cost of development is hidden 

within layers of interacting corporate agencies that could previously be justified because 

the combinatorial search was so complex. In some cases the R&D talent pool becomes so 

dense that it interferes with itself. Because of this, pharmaceutical companies are relying 

increasingly on external R&D organizations (Lewis and Meng, 1994). 

The examples so far have been of design areas in which the approach is changing from 

combinative to optimizing. The final example relies on a purely combinative approach. 

An Example of the Combinative Approach: The Pinewood Derby 

Chapman demonstrated (1994) that the component allocation problem is essentially 

equivalent to the knapsack problem, i.e., it is an NP-complete optimization problem that 
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can only be solved with 100% confidence by exhausting all possibilities. He went through 

various case studies to demonstrate his point, and included a set of criteria for rating 

design activities. Although Chapman used the knapsack problem as his analog for design, 

he could just as well have compared design to scheduling. Consider the Pinewood Derby 

scheduling problem. The Pinewood Derby is a competition in which Cub Scouts race five

ounce wood cars. The most common means of running the race has been as a series of 

elimination rounds; if a Cub Scout loses a race then he does not race again. This is 

efficient from the point of view of the race organizers, but is not satisfying to the majority 

of Cub Scouts who can expect to race only once or twice. Furthermore, elimination 

tournaments may successfully detect the fastest car, but hey cannot produce an accurate 

ranking of all cars, because potential second and third place cars might be eliminated 

before they could show their capabilities, because they happen to race the fastest car in the 

first race. Bahill and Karnavas (1993) undertook to make their pack's Pinewood Derby 

more enjoyable for the principal customers (the Cub Scouts) by adopting a round-robin 

strategy. In a round-robin tournament, every player plays every other player. For many 

sophisticated games this is a more accurate way of determining prowess. In chess, for 

example, it is possible that player A can usually defeat player B, player B can usually 

defeat player C, and player C can usually defeat player A. This effect can also be 

demonstrated in the field of evolutionary games (Cressman, 1992), and occurs because a 

strategy that is good against one player may be susceptible to that of another without any 

preserving transitivity; see also Chapter 6, Section 2. This intransitivity means that in a 
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round-robin these players would be tied, while in an elimination tournament there would 

be a winner, and the winner would be determined solely by the order of play. Similarly, in 

a game in which some players are relatively evenly matched compared to the variability of 

results, the small number of challenges means that the winner is more random than 

anything else. Thus in an elimination tournament the order of play will often be the 

primary determinant of success, while in a round-robin that factor is reduced. 

The two problems with a round-robin tournament are the increased number of rounds and 

scheduling. For 15 Cub Scouts in a single elimination tournament with three cars racing at 

a time, three rounds of play will determine a winner by geometric reduction. Bahill and 

Karnavas faced a much more difficult task in designing a round-robin schedule. Their 

requirements were as follows: six rounds in which all cars race once, no car races any 

other car more than once, and each car races exactly twice in each of the three lanes in 

order to eliminate lane bias. An additional requirement can be added to make the schedule 

useful when only thirteen or fourteen Cub Scouts show up: the last two cars never race 

each other. 

Although children are the beneficiaries, this design problem is not childish. In fact, it is 

quite complex. Like the famous Traveling Salesman Problem, it is NP-complete; only 

complete enumeration can completely search the feasibility space. Unlike the two- or 

three-dimensional travelling salesman problem, it cannot be visualized so 'good directions' 
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are not intuitively obvious. The problem is too large to consider a complete enumerative 

search; there are (15!)5 = 3.82xl060 possible combinations, so even a super-computer 

checking 100 billion solutions per second would require the lifetimes of millions of 

universes. This problem is particularly interesting because it is so analogous to a real 

design problem. First, there is massive uncertainty; there is not evenprimafacie evidence 

that a solution meeting all requirements exists. Second, the prospect of improving a given 

solution while always remaining feasible is not a hopeful one. The designer must therefore 

work outside of the technology (in the infeasible region) to obtain solutions that may lead 

to feasible solutions. This is similar to using prototypes of increasing buildability and 

conformance to requirements to learn enough to make a good product. Third, the 

requirements specify a solution that is good enough, not an optimum. Fourth, there is no 

guarantee that any solution exists, but alternatively there may be many solutions that 

satisfy the requirements. As is the case for many complex systems, any adequate solution 

will be accepted because it costs too much to explore all possibilities. 

To solve their problem, Bahill and Karnavas developed an enumerative search method 

guided by an intelligent heuristic that solved the Pinewood Derby problem in three weeks. 

To check the power of their method they looked at similar problems in the literature, such 

as Kirkman's Schoolgirls Problem and the Magic Star. Montgomery (1992a, 1992b) had 

developed a heuristic algorithm to find 959 solutions to the Magic Star problem in about 2 

hours. Bahill and Karnavas were able to find 960 solutions in about 12 minutes. 
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Montgomery's algorithm found the solution to a more difficult problem in about 2 hours; 

Bahill and Karnavas solved it on a similar computer in 2 minutes (Bahill and Karnavas, 

1993). 

Bahill and Karnavas checked with their colleagues who did research in scheduling. The 

colleagues, who collectively have many years of experience in scheduling problems, 

determined that their own techniques could not be easily extended to this problem. A 

specialized algorithm for this problem which could obtain good results in short time 

periods could probably be formulated. However, such an algorithm would take a 

significant amount of time and money to produce. 

This section so far discusses the difficulties of combinative design, especially by means of 

enumerative techniques. Clearly, if design had to be accomplished in this fashion then 

even the simplest designs would be infeasible at the lower spectrum of civilization. Yet 

progress is made, somehow. Clearly, designers must have some cognitive ability that is 

able to overcome the odds against them. 

Section 2.3: Combinative Design and Building-Blocks 

Combinative design is the selection and combination of discrete alternatives to form a new 

product. Unlike the steady progress made during optimization in a convex space, 
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combinative design has been traditionally accomplished either by exhaustive enumeration, 

such as with Edison (Millard, 1990) trying to find the proper material for his light bulb 

elements or the Los Alamos scientists going through the entire periodic table trying to find 

a tamper for their bomb (Rhodes, 1986), or by arbitrarily limiting the alternative set. The 

Pinewood Derby scheduling problem is an example of a combinative design. It would be 

difficult to go through every one of the 3.82xl060 alternatives of the Pinewood Derby 

scheduling problem, and even with an intelligent search it would take a long time to find a 

solution (Bahill and Karnavas, 1993). 

The case of Admiral Sir Percy Scott and continuous-aim naval gunfire (Morison, 1966) 

vividly illustrates the combinative approach. Around the year 1898, it typically required 

25 minutes for a warship to score 2 hits on a target at a range of 1600 yards. In the 

Spanish-American War fought that year, 9500 shots were fired but only 121 hits were 

recorded. At that time the rifled guns of the Royal Navy were fitted with telescopic 

sights, but the sights were never used since they tended to hit the gunner's eye on firing 

and because the accuracy of the telescopic sight was far above the ability of the gunners. 

Elevating gear was used for static positioning of the gun, and the gunners would wait until 

the appropriate moment when experience indicated that wave motion would bring the gun 

into line, and then fire. Scott, at that time commanding a ship with the Royal Navy, 

observed that one of his gunners was slightly better than the others. After long 

observation, Scott realized that this gunner was using his telescopic sight, and was also 
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using his elevating gear to partially compensate for wave motion. Scott had the elevating 

gear of his ship adapted for easier movement and had the telescopic sights reworked so 

that they no longer posed a danger to his gunners. These changes were minimal compared 

to the cost of the original equipment. Scott's gunners could now continuously track their 

targets under most conditions. After Scott demonstrated the improvement, it was 

generally adopted within the Royal Navy. Within six years, a Royal Navy ship could score 

15 hits in 1 minute at 1600 yards, an improvement of 18000%! This improvement was a 

good example of the combinative approach because all the building blocks (the rifled guns, 

the telescopic sights, and the elevating gear) existed but had not been appropriately 

combined into an effective gunfire system. 

Combinative design problems are characterized by their unpredictability. Extending the 

building-block analogy, some blocks do not fit together. Two blocks that fit well together 

may not fit at all with a third, even though the third block fits well with blocks 1 and 2 

when tested separately. Ten blocks that apart were never particularly useful may 

suddenly, in the proper configuration, become the most valuable product yet built. The 

sheer number of blocks and their configurations is mind boggling. Only rarely do 'good 

directions' exist for such designs, so direction-based optimization is not useful. This can 

be illustrated in terms of gradients and interactions. Chapter 3 discusses the importance of 

interactions as the justification for structured experimentation, i.e., experimental design. 

Combinatorial design problems are those in which the interactions dominate the main 
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effects, i.e., the gradients. For example, suppose there are two blocks, block A and block 

B. Suppose block A has a single-objective gradient of 0.3, and block B has a single 

objective gradient of -0. 7. Suppose also that the interaction of blocks A and B is 1.0. 

Conventional experimentation uses only the main effects, not the interactions. Therefore 

putting blocks A and B together would have a predicted performance of 0.3+(-0.7) = -0.4. 

Actually, because of the positive interaction, the generally more accurate quadratic 

metamodel F(x) = -}x THx + Bx would predict a performance of+0.3+(-0.7)+l.0 = 0.6. 

Genetic algorithms (Chapter 6, Section 4) are one useful method for dealing with these 

problems. Like the problems they are meant to solve, genetic algorithms deal with the 

combination of building blocks represented by their genetic code. The smallest building 

block for most genetic algorithms is a single bit. However, the chromosome may be 

partitioned and the bit sequence in each partition may correspond to a different component 

or attachment of components. As demonstrated by Holland (1975), genetic algorithms 

have an enormous capability to evaluate schemata (hyperplanes, or configurations) 

through an effect he labeled implicit parallelism. As such, they are an important tool in 

combinative design. 

In order to test the power of the genetic algorithm concept, a genetic algorithm was 

designed to attempt solution of the Pinewood Derby problem. Each chromosome 

consisted of90 genes and represented a record of the tournament. Each gene represented 
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a separate racer. Each chromosome of 90 genes was partitioned into 6 rounds each of 

which contained 15 different racers (6 x 15 = 90). Crossover occurred only at the 

chromosome partition points so that every round would always be feasible by itself In 

combination, the six rounds were often not feasible because a single racer might not race 

twice on every lane, might never race a certain opponent, etc.; these deficiencies were 

evaluated and the chromosome's fitness was penalized accordingly. The mutation 

probability was adapted based on the recent success of the crossover operator. The 

algorithm was run three times for less than 45 minutes, and seemed to stall when close to a 

solution but without any obvious prospect of achieving the solution. These preliminary 

attempts were used to fine-tune the algorithm. For example, it was initially assumed that 

setting the first 15 genes to the sequence {O, 2, ... , 14} would be desirable since it limited 

the solution space from the order of 1072 to the order of 1060 solutions. In fact, this 

'simplification' reduced the flexibility of the technique and resulted in slower processing. 

Finally, the algorithm was run overnight. After 6 hours and 35 minutes on a 80486-based 

microcomputer running at 33MHz, having evaluated about 6 million (not necessarily 

distinct) alternatives, a solution was discovered (Table 2.1). 
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Table 2.1: The new solution to the Pinewood Derby scheduling problem for 15 racers in 6 

rounds. Racers are numbered 0-14. 

LANE 
1 2 3 

Round Race 1 6 2 8 
Race 2 4 13 11 
Race 3 7 0 12 
Race 4 9 3 1 
Race 5 14 5 10 

Round Race 6 0 3 6 
Race 7 11 10 1 
Race 8 12 8 14 
Race 9 2 9 13 

Race 10 7 5 4 
Round Race 11 10 12 9 

Race 12 3 14 2 
Race 13 8 11 5 
Race 14 1 4 0 
Race 15 6 13 7 

Round. Race 16 10 8 3 
Race 17 11 6 9 
Race 18 5 0 13 
Race 19 1 7 14 
Race 20 2 4 12 

Round ~ Race 21 14 11 0 
Race 22 13 12 3 
Race 23 8 9 7 
Race 24 5 1 2 
Race 25 4 10 6 

Round ( Race 26 0 2 10 
Race 27 13 1 8 
Race 28 9 14 4 
Race 29 3 7 11 
Race 30 12 6 5 

Recall that a solution to the Pinewood Derby with 15 racers had already been found. 

Could this new solution be the original solution in which the numbers of the racers had 

been remapped? When the solution is partitioned into three columns (corresponding to 

the tracks) the order of rounds and columns (tracks) of the solution can be changed 

without affecting the solution. VerifYing that the new solution was not a restatement of 
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the original solution was a problem in itself Eventually the new solution was determined 

to be unique by the following method. In both the solution obtained by Bahill and 

Karnavas and the new solution, each racer will fail to race exactly two other racers. For 

both solutions, these "don't race" relationships defined cycles. The don't-race cycles for 

the original solution and the new solution are given in Figure 2.1. In Figure 2.1 a, the fact 

that racer 3 is connected to racers 4 and 5 indicates that racer 3 does not race racer 4 or 

racer 5. Each solution has two such cycles, but the cycles are of differing lengths. 

Therefore, the two solutions cannot be homomorphic, hence the new solution is in fact not 

a restatement of the original (Bahill and Karnavas) solution. 

Figure 2.1a: Don't-Race Cycle for the new solution (derived with 6 hours, 35 minutes of 

computing time). 



Figure 2. Ib: Don't-Race Cycle for the original solution (derived with approximately 4 

weeks of computing time). 
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The genetic algorithm was successful in dealing with this combinatorial problem. This 

scheduling problem was similar to a design problem. For example, consider the design of 

each round to be a separate component, so that the performance of the overall system 

depended on the interactions among the components. Although the solution required the 

evaluation of 6,000,000 alternatives, this represented less than 10.5°% of the possible 

combinations. 

From the point of view of efficiency, the genetic algorithm was successful, but this success 

was not necessarily revealing about the general ability of the genetic algorithm. One 

difficult test of an optimizing algorithm is the control of a dynamic system. Genetic 

control in this case is accomplished by using a genetic algorithm to directly control, in real 

time, the linear control coefficients of a dynamic system about which nothing is known 
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except the input-output behavior. This situation corresponds to the need to evolve rapidly 

to meet the requirements of a rapidly changing environment. It serves to show the 

operating envelope and power of the technique. Of interest are those factors that seem to 

increase or reduce the effectiveness of the genetic algorithm in controlling the system. 

Although genetic algorithms are able to determine off-line the optimal controls for a 

known system (Porter and Mohamed, 1993) and even perform minor adjustments to 

slowly varying systems in real-time (Lansberry and Wozniak, 1994) their ability to perform 

the primary control for uncertain systems in real-time has not been documented. 

The most significant obstacle in this system control problem is determining an adequate 

fitness function. This problem can be considered in terms of Lyapunov functions. An 

obvious choice is V (x) = X T x. This means that V (x) = X T X + X T x. A linear dynamic 

system is defined by a relationship x = A,x (neglecting the input terms for the time being). 

This means that Vex) = x T A,x + (A,xY x = X T (A, + A/ )x. The matrix AI is actually 

produced by the combination of the underlying linear system described by a matrix A, the 

input coefficients B, and negative feedback terms K, so that V(x) = 

x T ( A - BK + ( A - BKY )x. The theory of systems as developed by Lyapunov tells us 

that Vex) is a valid Lyapunov function ifand only if(l) Vex) is positive definite, (2) Vex) 

= 0 only when x = 0, and (3) vex) is negative definite. V(x) = xTx clearly satisfies the 

first two requirements. From the preceding discussion the last requirement is equivalent 

to (A - BK) + ( A - BKY being negative definite. So the problem of finding K to 
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stabilize the system is equivalent to finding K such that Vex) = x TX + X TX is negative, 

which occurs only when (A - BK) + (A - BKY is negative definite; this result is 

attributed to Krasovskii (Brogan, 1991). Even if the system is controllable, it is not clear 

that this matrix sum can always be made negative definite. Therefore, define an alternative 

Lyapunov function in the standard way as Vex) = xTpx, where P is positive definite; this 

requires knowledge of the system but a solution generally exists if the system is 

controllable (Brocket, 1970). 

The test system in this case is a third-order linear system with three unstable eigenvalues, 

i.e., spec(A) = {+ 1, +2, and +3}. The system is defined by the linear dynamic equation 

i = Ax + Bu, where 

[ 

1.8333 

A = -0.6667 

-0.1667 

with full-state feedback u = - kx. 

-0.6667 

2.3333 

-0.6667 

-0.1667] 
-0.6667 

1.8333 

This problem was first solved with a linear quadratic regulator (Kirk, 1970) formulated 

with identity weighting matrices. The resulting control is shown in Figure 2.2. The 

control coefficient vector k is [397.3 -98.7 -IS0.9)T. 
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Figure 2.2: System controlled using a linear quadratic regulator. 

Next, the control was attempted using a genetic algorithm. Unless otherwise indicated, 

the genetic algorithm had a fixed population of 100 members, and a fixed chromosome 

size of90 bits corresponding to 30 bits per linear feedback coefficient. In other words, 

each member of the genetic algorithm's population corresponded to a complete feedback 

coefficient vector k. The fitness function to be maximized was taken to be 

f ( x) = - V (x) = -( x TPi + epx), where P was positive detinite. The initial conditions 

were Xo = [1 1 1]. Rank-ordered selection was used with an eliteness value offive 

(Section 6.4). The evaluation of each new child of the genetic algorithm defined the new 

control coefficients; the control could have been made much more robust by exploiting 

higher ranked solutions after they were discovered, but this would have reduced the 



exploration capability of the technique. During the population initialization, the control 

was essentially random since the population was initialized randomly. The extent of the 

algorithm's prior knowledge of the system was the matrix P. This scheme is depicted in 

Figure 2.3. 

x 

x=Ax+bu 

Select 

Population 

GENETIC ALGORITHM 

Figure 2.3: The genetic control scheme. 
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As shown in Figures 2.4a, 2.4b, and 2.4c, the genetic algorithm successfully controlled 

this system. During the initial population buildup, the control coefficients were essentially 

random as the genetic algorithm developed a 'feel' for the system. Since the system being 

controlled was unstable and the controls were random, the population buildup resulted in 

the system getting farther from the desired equilibrium point [0 0 o( Nonetheless, as the 



plots of the negative fitness function show, the system was soon driven to stability in the 

sense that the anti-fitness function (V(x) became consistently negative. An important 

characteristic of this genetic algorithm was the deterministic life-span of all population 

members. This was necessary since the best-possible fitness at one time in a dynamic 

system could later be unattainable and would actually prevent the legitimate solution 

hyperplane from growing. 
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Figures 2.4a, b, and c represented different versions of the genetic algorithm control. In 

Figure 2.4a, the maximum control coefficient magnitude was limited to 50, significantly 

less than the coefficient magnitudes of the linear quadratic regulator (max 397), and the 

period between evaluations was 0.0001 second, corresponding to a control bandwidth of 

10000 Hz. In Figure 2.4b, the maximum magnitude was increased to 500, but this did not 

improve the control. In Figure 2.4c, a much smaller chromosome (21 bits) was used. 

This reduced the resolution of the control but, more importantly, reduced the search space 

of the genetic algorithm. At the same time, the time between evaluations was increased 

from 0.0001 seconds to 0.001 seconds (1000 Hz), and the scaling was adjusted to allow a 

maximum control coefficient magnitude of about 70. The resulting control (Figure 2.4c) 

was able to avoid the low amplitude, low frequency (0.4 Hz) oscillation in X3 between 1.5 

and 5.0 seconds seen in Figures 2.4a and 2.4b. 
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Figure 2.4a: System controlled by genetic algorithm. The maximum control coefficient 
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Figure 2.4b: The maximum control coefficient magnitude is limited to 500. 
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Figure 2.4c: Reduced gene size and increased evaluation interval. 

Of course, an appropriate fitness function, in this case the Lyapunov function, is not 

generally known a priori. However, if the fitness of the system can be measured then the 

genetic algorithm can obtain an optimum and stabilize the system. 

So far the genetic algorithm has proved effective in both combinative and optimizing 

environments. The genetic algorithm has been demonstrated to be robust with respect to 

two tests-- control of a dynamic system and solution of a difficult combinatorial problem. 

The solution method of the genetic algorithm is always combinative, as opposed to 

gradient-based optimizing algorithms. Even so, the genetic algorithm was able, with the 

proper measurement of fitness, to solve the stability problem of a dynamic system. This 

demonstrates that combinative approaches can be used in lieu of gradient approaches even 

when a gradient exists. This is similar to constructing a resistor network out of 
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predetermined values, connected in parallel and serially, instead of making a resistor to the 

desired specifications. The caveat here is that combinative approaches may be inefficient 

compared to gradient approaches. 

A genetic algorithm was previously used to solve a reasonably difficult combinatorial 

problem of Pinewood Derby scheduling, and the genetic algorithm has enjoyed 

considerable success in other combinatorial problems (Whitley, et aI., 1991). The ability 

of genetic algorithms to solve combinatorial problems by the proper association of 

building blocks can be likened to the human cognitive ability of association. Holland, 

Holyoak, Nisbett, and Thagard (1989) have investigated the capabilities of genetic 

algorithms in building rule-based systems. This interesting work, a collaboration among a 

computer scientist, a philosopher, and two psychologists, concentrated on induction, the 

formation of new behaviors, rather than deduction, the following of rules to a desired 

conclusion. Induction was viewed as a process of competition and recombination among 

existing rules. This explained the important human ability to combine parts of apparently 

unrelated concepts to form new conceptual structures. In other words, the genetic 

algorithm is a model of human inductive thought processes. 
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Section 2.4: Decision-Making in a Multiobjective Environment 

A multiobjective problem is composed of a discrete or continuous set of alternatives, and 

more than one criterion. It is formulated as 

max-dominate z(x) = [ZI(X),Z2(X), ... , ZN(X)] 

subject to 

x E X 

where X is the n-dimensional feasible region of state variables, as determined by the 

constraints, and Z E Z, where Z is the N-dimensional 'payoff space' on which the outcome 

in terms of conflicting objectives is measured. In this formulation, every objective is 

being maximized simultaneously. Each alternative solution x may be mapped onto a point 

within Z. The term 'max-dominate' refers to the set N of efficient, or non-dominated, or 

Pareto optimal solutions of the problem, i.e., those satisfying the property 

N = {x: x E X, :3 no Y E X 3 Zi(Y) > Zi(X) for any 

objective i E {1,2,3, ... ,I} and ~(y) ~ ~(x) '-if k =F i}, 

(2.1) 

This means that every Pareto optimal solution is better than every other solution in at least 

one way. The significance of the Pareto optimal solution is that moving from one Pareto 

optimal solution to another will improve at least one objective and worsen at least one 

objective, i.e., there will be tradeoffs. The multiobjective problem focuses on these 

tradeoffs. 
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Graphically, in two dimensions corresponding to two criteria, the payoff space can be 

characterized as in Figure 2.5. The payoff space is defined in terms of the objectives or 

figures-of-merit, for example Z\ and Z2 in Figure 2.5, to be maximized. Each alternative is 

designated by an "X", and the relative value (or 'payoff) of each can be measured along 

the Z\ and Z2 axes. In this formulation 'more is better,' so each objective is to be 

maximized. All the alternatives except alternative 5 are Pareto optimal solutions. 

Figure 2.5: Evaluation of alternatives in payoff space. Alternatives 1, 2, 3, 4, and 6 are 

Pareto optimal. 

Usually decision measures that can be directly compared will be aggregated into one 

value, e.g., several kinds of costs will be summed to produce a single Cost (measured in 

$). This does not always work well. In the business world it is apparent that a cost is not 
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always the same as a negative benefit, since costs often come out of pocket and resources 

are limited, so not all objectives that have the same unit of measurement (in this case, 

dollars) can always be combined. The various dimensions of the multiobjective problem 

are those that constitute fundamentally differing value systems, apples and oranges if you 

will. This fundamental distinction between multi objective and single-objective approaches 

was recognized by the mathematician Vilfredo Pareto (1971) when he developed a 

methodology to explain rational behavior in the market place. 

Rating alternatives is a characteristic systems engineering task. Alternatives are usually 

compared through a trade study. Each trade study analyzes the pro's and con's of each 

alternative with regard to the intended use. The results of the trade study are typically 

summarized in a matrix that shows the rating of each alternative with respect to each 

criterion. 

Criteria 

en 
Q) 
;:> .-
~ 
E 
Q) 
+-' -<t: 

One common approach to the evaluation of alternatives is the use of additive value 

functions (Wymore, 1993). In this approach, each criterion has a particular weight. The 
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value function, also called a standard scoring function, for each criterion is established by 

the needs of the customers. Every alternative is rated by summing the weighted scores for 

each value function to obtain top level figures of merit. The top level figures of merit are 

themselves weighted to obtain an overall alternative score. This method meets two very 

important requirements: (1) it is consistent and rational, and (2) through the weights and 

scoring functions it can trace the alternative selection to the needs of the customer. 

However, this method also has two serious weaknesses. 

First, the tradeoff system is static in that the compensation among objectives does not 

change regardless of where the alternatives happen to be. This ignores the case in which a 

certain objective has an absolute minimum requirement, else the system fails-- that is, there 

is no way for improvements in any or all other objectives to compensate for deficiencies in 

a particular objective. An example of this would be range for the B-47 strategic bomber. 

The B-47 excelled in all performance measures except one: it could not possibly reach its 

target. Since the weapon system had already been procured, this system failure was 

covered up by making the bombing runs into one-way (suicide) missions, thus effectively 

doubling the range (Thompson and Jones, 1994). It is doubtful that the users were 

satisfied with the consequences of this fundamental oversight. Wymore recognizes this in 

his methodology by inserting an additional requirement, that the alternative be acceptable, 

but this does not address the more general issue that the tradeoff has a dynamic, not a 
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static, nature. In the weighting/scoring/summing methods the nature of the tradeoff never 

changes. 

Second, the weighting/scoring/summing methods evaluate the alternatives that are 

presented for evaluation, but do not provide insight into whether a better solution exists or 

where it might be. This is the concept of 'good directions' which the design team can 

follow to have the best chance of meeting the program objectives. This is important 

because in all non-trivial technology development efforts the overall system objectives 

cannot be met by any existing system-- otherwise, that system would be used and the 

development money would be saved for better purposes. Since the alternatives do not yet 

exist, the numbers used in the tradeoff matrix are uncertain and rely on numerous 

unverified assumptions. Nonetheless, most descriptions of systems engineering 

ofThandedly assume the pre-existence of the alternatives that will be evaluated. 

The multi objective nature of the design process, combined with the weaknesses of 

weighting, scoring, and summing methods, argue strongly for the use of more powerful 

multiobjective techniques as part of the systems engineering effort of the development 

process. Although the previous definition of Pareto optimality (Equation (2.1» is 

accurate and intuitive, there is another definition that is often more useful for the purposes 

of systems engineering, and particularly for providing direction to the development effort. 
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The argument follows Zadeh (1963) and most of the concepts and definitions are standard 

in nonlinear programming (Zangwill, 1969). 

Suppose there exists a convex feasible space X a subspace of mn, i.e., there is a region X 

such that for all XI E X and X2 E X, then for all a E [0,1] there will be a point X3 = 

aXI+(l-a) X2 such that X3 EX (Goicoechea et aI., 1982). Consider a set ofm objectives 

to be maximized {max Fj(x), i = 1,2, ... , m}, subject to the set ofp constraints {gj(x) ~ 0, 

j = 1, 2, ... , p}. In general, for any vector X E X, all other vectors (alternatives) belong to 

one of the following distinct sets belonging to mn: (1) S>(x), the set of all vectors 

preferred to x, (2) SO::(x), the set of all vectors to which X is preferred or equivalent, and 

(3) S-(x), the set of all vectors that cannot be compared to x. The vector Xo E X is Pareto 

optimal if X Il S>(xo) = 0. Define y as the vector normal to a hyperplane separating X 

and S/(xo), running through Xo (this is where X is required to be convex; a hyperplane can 

be used to separate a convex space from a half-space at any point on the convex set). If 

VFj is the gradient of objective i, then y makes nonobtuse angles with all vectors in S>( xo). 

Hence, y is within the polar cone of S>( xo), and therefore y is a non-negative combination 

of the gradients of the objective functions (y = L wSF,(x*), Wi ~ 0). Similarly, the 

vector -y, also normal to the separating hyperplane, is a non-negative linear combination 

of the gradients of the active constraints at Xo, i.e., could be defined as -y = - "" cY'g.(x ), 
~) ) 0 

j 
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where gj{xo) represents a binding constraint at Xo. The constraint can be ensured to be 

binding by adding the qualification cjg/x)=O. Then y + (-y) = 

This is a very important concept. It means that a Pareto optimum exists only when the 

sum of (negative) constraint vectors and objective vectors is zero. This requirement is 

always necessary, and is sufficient when the feasible space is convex. Note: The very 

useful relationship (1) was noted also by Kuhn and Tucker (1951) in their paper 

investigating conditions for optimality in nonlinear programming (necessary in all cases, 

and sufficient for a convex feasible space X). 

Zadeh incorrectly stated that y must be within the polar cone of the objective gradients 

VFJ x':'). In fact, the only real requirement is Wi ~ 0 Vi, i.e., y must be within the cone 

of the objective gradient, not within the polar cone. This can be demonstrated with an 

example: 

{ 
Fl = 2xI + Xo max -
F2 = -XI - 2x: 

subject to 

XI + x: ~ 5 

XI ~ 3 

x, ~ 0 
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which is graphically depicted in Figure 2.6. Obviously, y is not within the polar cone of 

the objective functions at Xo = (3,2). However, just as obviously, Xo is Pareto optimal 

since the only directions in which both objectives improve (defined by the polar cone) are 

out of the feasible set. 

\ 

Separating Hyperplane 
\ 

\ 
Constraint 2 

"\"::"',,""':::"·P;'I1ii"~of '\7F1 and '\7F2 

\ 

\ Constraint 1 
\ 

\ 
\ 

\ 

x1 

Figure 2.6: A multiobjective linear programming example in which the gamma-vector is 

not within the polar cone of the objectives. 

This error has been variously reiterated (Cohon, 1978, Goicoechea et aI, 1982), even 

when the re-derivation was complete. Despite the slight inaccuracy introduced by Zadeh, 

his contribution, that if the payoff set is convex then all Pareto optimal solutions can be 

obtained by optimizing the linear combination of objectives under various weightings, is 

still valid. Unfortunately, this requires (1) a large number of weighting combinations, and 
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(2) the portion of the feasibility space facing the good directions must be convex. Another 

approach is compromise programming, in which the distance to some ideal point is 

minimized. An example of this follows. 

A Description and Example of the Multiobjective Approach 

The multiobjective viewpoint considers the tradeoff among criteria to be part of the 

decision-making process, not necessarily made up-front but instead varied to some degree 

to adjust for: 

(1) Inaccuracies in relative weightings 

(2) The presence of compensation. Compensation between criteria refers to the ability 

to trade one weighted unit of that criteria with one weight unit of another. 

The chair positioning problem may make the multiobjective decision approach clearer. A 

designer is asked to position his chair in a friend's yard before an upcoming major event. 

Based on the night's schedule, the following considerations are important in ensuring a 

pleasant evening: 

( 1) proximity to the pool 

(2) proximity to the food 

(3) proximity to the bathroom 
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The designer goes to his friend's house early with the intention of setting up his chair in 

the best place with regard to easy access to the bathroom, pool, and food. Nine 

alternatives are considered, as shown in the diagram below. 

BATHROOM 

D 
POOL 

A E c H 

G 

F D 

B o FOOD 

One technique for analyzing muItiobjective problems is called compromise programming, 

in which the distance from a hypothetical ideal point is minimized. In this case, the ideal 

point is coincident with the food, pool, and bathroom. As in most problems, the ideal 

point is not feasible -- it does not correspond to any available alternative. The last 3 

columns of Table 2.2 are measures of each solution, using Lp norms. These are 

generalized distances, using the formula 

where Wi is the relative weight of each criterion. The weightings depend in general on the 

priorities of the decision makers. In this case, Wi = 1 for all i. When p = 1, the measure Lp 
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is just the sum of distances di. This is called the perfect compensation case because a unit 

reduction in one alternative can be perfectly compensated by a similar increase in another. 

The case p = 2 is the common Euclidean distance measure, used for example to obtain rms 

measurements (with Wi = lin). Compensation is less than perfect but still exists. The 

case p = 00 is equivalent to Lp = maXi { Wi di }. There is no compensation in this case 

since it does not matter how much the weighted distance (widi ) changes as long as it does 

not become the maximum weighted distance. The purpose of compromise programming 

is not just to minimize the distance to the ideal point, but also to check the sensitivity of 

the distance with respect to parameter p. Notice that this problem can be stated in terms 

of the general multiobjective formulation by restating the problem as maximizing -Lp. 

The Lp metrics for the chair positioning problem are listed in Table 2.2. 
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Table 2.2: Distances of alternatives from objectives. The best scores for each value ofp 

are indicated with an arrow. 

Lp 
Distance Distance Distance p = I p=2 p=oo 

From From From 
Pool Bathroom Food 

A 30 5 30 65 42.72 30 
B 30 30 5 65 42.72 30 
C 5 30 30 65 42.72 30 
D 15 25 15 55 +- 32.79~ 25 
E 15 15 25 55 +- 32.79~ 25 
F 25 15 15 55 +- 32.79~ 25 
G 20 20 20 60 34.64 20~ 

H 5 40 40 85 56.79 40 
I 50 70 60 180 104.88 70 

Alternative G seems to be the most centrally located. To me it seems like the 'common 

sense' optimum solution. Using compromise programming, however, G is not optimal for 

P =1 or p = 2. G minimizes the distance only for p = 00. 

In general, objective equations with full compensation (p = 1) will not reflect the 'common 

sense' optimum. Full compensation is typified by optimization techniques such as linear 

programming. Often, as in this case, even the middle-of-the-road p = 2 will not give 

'sensible' answers. The L2 metric corresponds to problems with quadratic objective 

functions as seen in most optimal control problems. The Loo metric is used for minimax 

problems in which the maximum error must be kept below a certain level as, for example, 

in the H, control problem. As this example implies, p = 00 solutions tend to be more 
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robust, that is, applicable over a wider range of parametric variation, but they are also 

conservative and sometimes impossible to achieve. Practical engineering applications of p 

=x include those in which the peak centerline temperature of a nuclear fuel cell, or the 

peak dynamic pressure of an airframe, must be limited. 
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Section 2.5: The Systems Engineering Problem 

For major systems, design is itselfa multiobjective problem. For instance, a properly 

designed transportation system should minimize implementation and operational costs, and 

at the same time maximize traffic flow and safety. The implemented system should fall on 

or close to the Pareto optimal surface of these objectives, and should be robust with 

respect to all criteria over the lifecycle of the system. Vital to the understanding of 

multi objective problems, including multiobjective control, is the concept that there is no 

optimal solution in the sense of a unique best solution. There are solutions that 

adequately achieve all minimum requirements- satisficing solutions, as obtained in goal 

programming- and there are solutions that are Pareto optimal, but there is no overall 

optimal solution unless the solution space is severely constrained, or when there is an 

alternative that is lowest cost and highest performance, i.e., best in every conceivable way 

including development cost, development time, and unit cost. That is indeed an optimal 

design! 

Product Development as a Competitive Process. 

Traditionally, the design process is mostly lexicographic, i.e., certain performance 

requirements are met first, then other considerations are dealt with in order. The problem 

with lexicographic solutions to multi objective problems is that they tend not to be very 
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robust. The lack of robustness can be traced to the inability of these methods to direct 

resources in proportion to the importance of the objectives. The concept of equitable 

distribution of resources began in the research area called welfare economics. The First 

Theorem of Welfare Economics states, in brief, that under conditions of 'more is better,' 

competitive equilibrium and Pareto optimality are equivalent (MukheIji, 1990). Also, the 

Nash-Harsanyi equilibrium of competitive games is a special case of the Pareto optimum 

(Harsanyi, 1982) in which, essentially, the relative improvement of each competitor is an 

objective and the objectives are equally weighted. See Chapter 6 for more details. The 

term 'competitive control' used in this chapter refers to this relationship. If the system 

design is to be balanced, then it must be a dynamic equilibrium of all system objectives. 

This implies that in order to make the development process more robust it could be 

controlled competitively, i.e., that each of the development characteristics including 

performance, reliability, safety, logistics & maintenance, testability, product cost, 

development cost, and development schedule, must compete with the others in a dynamic 

development environment. In Figure 2.7 each vector represents a design objective in 

design decision space. Each vector is positively weighted depending on its importance as 

described in section 2.4, Decision-Making in a Multiobjective Environment. A Pareto 

optimal solution is reached when all the objectives are in a state of dynamic balance. A 

single performance objective can determine the direction of the development process only 

if the remaining objectives are given essentially zero weight during development. This 

occurs in the lexicographic process. At the end of such a process there usually are not 
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enough slack resources (schedule, development costs, product cost) to make the solution 

very good with respect to other objectives such as reliability, maintainability, and 

producibility. Either the product does not satisfY these objectives well, or resources that 

were not allocated to this program must be used, i.e., cost and schedule overruns. 

COST PERFORMANCE 

Figure 2.7: Development as a Competitive Process. Each objective represents a direction 

in decision-variable space. Cost and Performance tend to pull the design in opposing 

directions. 

In system development work the same effect can be observed. Although many 

multi objective techniques assume the existence of a set of known alternatives, in fact that 

set may be very limited or nonexistent. The process of design and development is largely 

that of iteratively groping forward (Figure 2.8) using a combination of insight, knowledge, 

models, and prototypes, to improve the design by making changes that will improve the 

performance-to-cost tradeoff The technology frontier defines a boundary of the set of 

technically feasible designs. With the simplest of products, only two objectives need to be 
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considered: cost and performance. The design of a sophisticated product requires more 

coordination. The program that ventures to create a complex product needs to be able to 

find good directions despite the complexities and uncertainties. There are various 

methods for finding good directions. One is the Search Beam Method (Bogardi and 

Duckstein, 1992), which uses 'aspiration levels' to determine good directions. This search 

beam is essentially a weighted combination of directions, but it is a payoff space method 

that implies the pre-existence of known alternatives (Figure 2.9). Also, this is not helpful 

in determining how the decision (design) variables should be changed to bring about the 

desired direction. For these reasons, this technique is not well-suited for the iterative, 

uncertain environment typical in the development of complex products. 

Prototype 1 

/ 
/ 

/ 
/ 
~------------~~--~~ Z1 

Technology Frontier 
at Iteration 1 
(Best Guess) 

Figure 2.8: Product development as an iterative process within a multiobjective 

framework. 
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Figure 2.9: Representation of the Search Beam Method. 

Because of the iterative nature of the development process the search beam method as 
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described is not useful. However, the concept of 'good directions' is important in guiding 

the development process. This concept entails the direct and quantitative correlation of 

decision variables and objectives. Ideally, any method used could show good directions in 

terms of the decision variables to be influenced. Such a method cannot require an existing 

complete set of alternatives since these do not yet exist. It also should be robust to 

various weightings of the objectives. Two alternatives are explored here. Both make use 

of the Kuhn-Tucker conditions for Pareto optimality (1). 
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This formulation is appealing in the iterative environment. One reason is that the gradient 

can be determined at a particular point in the development process. Without loss of 

generality consider the case with no binding constraints, i.e., L w j Y'Fj (x*) = O. 

The first method considered here is a modification of the Geoffrion-Dyer-Feinberg (GDF) 

procedure (Geoffrion et aI., 1972; Steuer, 1986), also known as the Method of Geoffrion 

(Goicoechea et aI., 1982). The original GDF procedure was intended to solve 

multiobjective problems with linear constraints. The GDF procedure was not a true 

vector-optimization technique since it was based on multiattribute utility theory, and 

therefore assumed the existence of some utility function which depended on decision 

variables, i.e., U(x l ... xn ). The problem was thus reduced to a single objective, i.e., to 

maximize this utility function. The correct direction was found by finding the gradient 

cU / Ox. This can be related to the geometric interpretation of Zadeh by using the chain 

m 

rule, i.e., au/Ox = L ~~{ . Y'f,; each weight Wj is equivalent to some aU/Ofj • These 
,= 1 

weights w, are reevaluated at each iteration. The sum of the weighted objectives 

m 

L w, . Y'f, forms a single objective direction for the current iteration. The original 
'0·1 

formulation of the GDF procedure then conducted line-optimization in this direction and 

the resulting optimum was used as the starting point for the next iteration. 
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There are three weak points of this procedure. First, the weights must be determined in 

some way. The weights are generally computed with respect to some reference objective r 

such that w r = 1. Then the other weights are determined by the relative importance of a 

change in objective with respect to a change in objective r. Geoffrion et al. (1972) had a 

particular method for determining these weights, but the binary comparison method of 

Saaty (1980) would be an attractive alternative. Another question must be asked: who 

shall weight the objectives? The second weak point is that the directions are valid only in 

the vicinity of the point in design space where they were obtained. This is not a major 

problem in an iterative environment since the direction will probably not change 

significantly before the next iteration. The third difficulty is concerned with the stopping 

point: given the direction for the next iteration, how ambitious shall the next step be? 

Much of the difficulty with GDF is due to the difficulty is finding good weights. Ideally, 

the procedure for determining good directions would avoid using (and therefore 

obtaining) weights for the objectives. Consider the following argument. The gradients 

VF, (x'~) are vectors with the elements [f1
i, f2i , ... , foi f, where n is the number of decision 

variables. The Kuhn-Tucker conditions can be expressed as w . fj = 0 for every decision 

variable j, where f
J 

= [f
J 
I f

J 

2 
••• f

J 
m r, where m is the number of objectives. An 

interpretation of this is that the vector w is orthogonal to every vector f j . When the 

current solution x* is not Pareto optimal, such a vector w will not exist. However, there 
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will be a vector w that is as close to orthogonal as possible to all the vectors f j • This 

n 

vector w is found by solving the problem min L ( Wi fj Y . 
w>o . 

J=I 

A geometric interpretation follows. Consider the circle defined by fl(x) = X12+X22 -1 = 0, 

and the line defined by f2(x)= XI + X2 - 3 = 0, as shown in Figure 2.10. The gradients of 

these functions are [2Xl 2X2] and [1 1], respectively. A vector w = [WI W2] that is 

simultaneously orthogonal to both fleX) and f2(x) therefore satisfies 2xI WI + 2X2 W2 = 0 

and WI + W2 = O. This means WI = - W2, hence - XI W2 + X2 W2 = 0, which restricts the 

values ofx to XI = X2. Therefore the orthogonal vector W is as shown in Figure 2.10. 

-3 -2 

-2 

-3 

Figure 2.10: Finding the vector orthogonal to two functions. 
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Now consider the case when fl(x) = XI+X2 = 0, and f2(x)= -X2 = 0. The gradients of these 

functions are [1 1] and [0 -1], respectively, as shown in Figure 2.11. A vector w = [WI 

W2] that is simultaneously orthogonal to both fl(x) and f2(X) therefore satisfies WI + W2 = ° 
and - W2 = 0. These conditions necessarily require WI = W2 = 0. Instead, the most-nearly-

orthogonal vector w is found using the process previously described. The problem 

'1J!!( :L(w.f)Y can be reduced to min {(WI+W2)2+(-W2)2} = rnin {WI2+ 2w/+ 2WIW2}. 
I 

Setting the derivatives equal to zero gives us 2wI + 2W2 = 0, or WI = -W2, and 2WI+4w2 = 

0, or WI =-2W2. Arbitrarily setting W2 to I to prevent the equation frorn reaching [0 0], 

the minimurn is actually at WI = -W2, or w = [-1 1]. This is, indeed, the rnost orthogonal 

vector possible under these circumstances. 

-1 

-1 

Figure 2.11: Determining the nearly-orthogonal vector. 
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With the nearly-orthogonal w now in hand, this weighting scheme can be used in the 

Kuhn-Tucker equation to determine the 'good direction,' for further investigation during 

this design iteration. This direction tends to point toward the nearest point on the Pareto 

optimal surface. Of course, the direction obtained with w will be within the polar cone of 

the objectives if one exists. Notice that the condition W>O is required to ensure that the 

vector points toward the Pareto optimal surface, and not away from it. 

The problem was earlier assumed to be unconstrained. Since any constraint behaves 

exactly as does an objective whe11 it is active, the active constraints, or those that are close 

to being active in the next iteration, should be treated the same as the objectives and the 

remainder should be ignored. 

Up to this point, neither of the methods suggested deals with the uncertainties associated 

with the design process. At one level, the designer cannot be certain of the impact of a 

decision variable on a particular objective. Also, as seen in section 2.2, many 

combinatorial problems can be expressed as optimizing problems with a degree of 

uncertainty. At another level, the designer cannot be certain of the relative weighting of 

the objectives. Any method used should be able to accommodate the uncertainties 

involved. In order to deal with the various complications of the development process, a 

more thorough characterization is in order. 
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The Ill-Structured Problem 

So far, control and design problems have been characterized as multi objective. If this 

were the only difficulty, then it would be relatively straightforward to make and control 

complex systems since effective, though sometimes cumbersome, methods exist for 

identifYing Pareto optimal solutions (Cohon, 1978, , Goicoechea, et aI., 1982, Steuer, 

1986, and Haimes, 1990) and resolving conflicts. The other difficulties are non-convexity 

and uncertaim)!. 

Nonconvexity of the Problem Domain 

Convexity is a desirable property of the feasible domain. A region X is convex if and only 

if for all XI E X and X2 E X, for all a E [0,1] there exists XJ = aXI+(1-a) X2 such that XJ E 

X (Goicoechea et aI., 1982). This is equivalent to saying, "If X is convex and Xl is in the 

region X, then any other point in X can be seen from xt" for regions of two or three 

dimensions. Convexity in other words corresponds to visibility, or reachability via a 

straight line. There can be no obstacles if the feasible domain is to be convex (Figure 

2.12). Little imagination is required to understand that for most design problems the 

feasibility region is not convex. Unfortunately, this is a fatal blow to most multiobjective 

techniques. 
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D 

CONVEX NON-CONVEX 

Figure 2.12: Examples of Convexity and Non-Convexity 

In optimization, gradients can be expressed as the change in feasibility or optimality with 

respect to changes in decision variables. Easily soluble problems have recognizable 

gradients that the designer can follow to completion. Combinatorial problems represent a 

large subset of non-convex problems. Combinatorial problems have little in the way of 

recognizable gradients. A small perturbation in a decision variable can move a solution 

from infeasiblelbelow-optimal to feasible/optimal. The difficulty of combinatorial and 

related problems has provoked an entire area of research, complexity theory (Abu

Mostafa, 1988). A good example of a difficult combinatorial problem is scheduling for the 

Pinewood Derby (Bahill and Karnavas, 1993). 
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Another cause of non-convexity is the nature of technology. Wymore (1993) has 

described feasibility as the intersection of the technology set (what is available) and 

input/output requirements (what is needed) (Figure 2.13). Ifthere is a choice of more 

than one technology (say, composite materials vs. steel) then there may be significant 

overlap between the two, but the overall design technology space is the union of the 

technology spaces for composite materials and steel. Even if each technology set is 

convex, the technology space for distinct technologies, the union of two convex sets, will 

not be convex (Figure 2.14) except in the most trivial cases. 

Figure 2.13: Wymore's Tricotyledon Theory. Feasibility is the intersection of 

Technology and Input/Output Requirements. This depicts the ideal case in which the 

technology set is convex. 
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Figure 2.14: Various overlapping but distinct technologies may be used to accomplish an 

input/output specification. The high-performance frontier of the union of technologies is 

non-convex. 

Finally, the number of subsystems and alternatives for each subsystem tends to make the 

solution space nonconvex. Consider a system composed offour random subsystems. 

Suppose for each of these subsystems there are 5 alternatives, each of which is assigned a 

serial number ranging from 1 to 5. Then there are 54 = 625 possible system configurations 

that can result, from 1-1-1-1 to 5-5-5-5. Consider a given configuration. Changing just 

one component can result in any of 4 *(5-1) = 16 other configurations. Now suppose that 

each of the 625 possible configurations has a separate value under some performance 

figure of merit. Without any prior information, in the completely uncorrelated case the 

probability that a particular configuration is better than all its 16 neighbors is 1/17. This 

implies the existence of 625/17 or about 36 local optima. Even though only one of the 
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625 configurations is the best, there are 36 configurations from which any single 

component change in any dimension (subsystem) produces a worse result. This is massive 

multimodality, hence nonconvexity. The primary cause is the multidimensionality (number 

of components) of the system, but the uncorrelated nature of the alternatives does not 

help. 

Even if the technology set is convex, it is not always true that the payoff set will be 

convex. Consider the case of a system composed offive subsystems. This system is 

measured by two performance figures of merit, i.e., two objectives or figures of merit, in 

which more is better. Each subsystem is characterized by a single subsystem parameter. 

Each subsystem parameter affects the subsystem in different ways according to two 

continuous functions, so unlike the example of the preceding paragraph the relationships 

are not random. In other words, although the parameters of the function are determined 

randomly, they will remain fixed for the duration of the simulations. Specifically, two 

thousand systems consisting offive parameters each are simulated in the following 

manner. The random variable Xi corresponding to each subsystem i is distributed U(O, 1). 

These random variables Xi correspond to the feasible design space, which is convex since it 

is the hypercube [0,1 ]N, where N is the number of subsystems. The performance of each 

subsystem i for each objective j is calculated as Vi,i = t[ 1- sin(21t ~,iXi + <l>i,i)]' where ~.) 

and q>,,J are the frequency and phase component of the performance function for objective j 

and subsystem i; f,.) was distributed U(fL,fu) with fL = 0.0 and fu = 2.0 for this series of 
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simulations. The phase component <Pj,j is distributed U( -108°, + 1 08°). Interactions 

among the subsystems are determined in the following way: the interaction parameter for 

subsystems i and k, Ij,k' is distributed U(O, 1 )2/2 for i:;tk, Ij,k == 0 for i==k. Then the 

corrected value for objective j of each subsystem i after integration within the system is 

N 

V,:) = V,,) + ~)j,k Vj,j Vk,j' where N is, again, the number of subsystems. The overall 
k=l 

[

N ]!~ 
score of the system for objective j is calculated as V

J

s = D( V,:J This scheme uses 

sinusoidal functions to account for the various effects of subsystem design parameters (Xi) 

on the objectives. For example, low values of fj,j (fj,j < 0.25) result in an objective 

function j that is relatively insensitive to the subsystem parameter Xi so that <pj,j determines 

the sign and magnitude of the relationship, while larger values of fj,j result in highly 

complex (including muItimodal) relationships between the objective j and the subsystem 

parameter Xj. 

The results of the simulation are shown in Figure 2.15. In this case the set of alternatives 

is not convex because of the number of subsystems, and the complexity of the objective 

functions with respect to the subsystem design parameters Xi. Because the set of 

alternatives was not convex in payoff space, gradient techniques would not reliably lead to 

good solutions. From the alternative designated by the arrow, for example, the cone of 

good directions (quadrant 1) revealed no better solutions. To some degree, combinative 
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methods (for example, a genetic algorithm, integer programming, or simulated annealing) 

would be required to overcome the non-convexity of the objective functions. 

4 
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CI) ...... 
.c 
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Objective 1 

Figure 2.15: A system is constructed of five subsystems, each of which is characterized by 

a single parameter value. Two thousand prototypes of this system are simulated. The 

resulting payoff set is not convex. 

In the next example the same methodology is applied to simulate a system composed of 

two subsystems, but in this case there are two distinct technologies (non-overlapping in 

decision space). The same simulation scheme as described in the previous example is 

used, but this time the subsystem design parameters Xi are members of two non-

intersecting sets, i.e., (Xl, X2) E [O,O.5]x[O.5,1] or (Xl, X2) E [O.5,I]x[O,O.5]. The results 

in terms of the two objectives are shown in Figure 2.16. These simulated examples show 
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that it requires a very large number of prototypes to map out the possible system 

alternatives even for the very simplest of systems. 
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Figure 2.16: Two thousand simulated non-random systems with non-intersecting 

technologies. 

The last example was taken from the stock market for mutual funds offered by a single 

company, Fidelity Management and Research Company, that specializes in these financial 

instruments. The two objectives were (1) performance as measured by return during bull 

markets of a given period, and (2) performance as measured by return during bear markets 

of a given period. There was clearly a tendency for top-performing bull market funds to 
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fare badly during bear markets, and conversely. The overall objective was to obtain a 

balanced return during both bull and bear markets. The Pareto optimal portion of the 

convex hull (the smallest convex set enclosing the alternatives) was signified by the dashed 

line on Figure 2.17. Under the technology of purchasing a single fund, the set of 

alternatives was not convex in payoff space since there were regions that were convex 

combinations of alternatives that did not contain any alternatives. In this case, however, 

the designer was not restricted to a single alternative and so could create any alternative 

along the convex hull (dashed-line of Figure 2.17) by mixing the Pareto optimal funds 

(labelled A, B, and C). This strategy, diversification, constituted another technology that 

was superior to the single-fund strategy. 
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Figure 2.17: Returns for 131 Fidelity mutual funds as of August 1994. The alternative set 

is not convex. However, by purchasing the appropriate mix of the funds labelled A, B, 

and C, any return combination along the dashed line can be achieved. Squares indicate 

load funds, while circles indicate no-load funds. 

So far, the multiobjective and non-convex aspects of the design problem have been 

considered separately. The multiobjective optimization techniques introduced have been 

direction-based. Evidently, the systems engineers and designers must have tools capable 

of tackling even non-convex multi objective problems. 

One approach to this is the use of genetic algorithms to obtain Pareto optimal solutions. 

This has been an active research area since 1984, but initial attempts tended to squeeze 
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populations into optimizing one objective or another. Methods such as crowding and 

sharing were used (Goldberg, 1987) to reduce these effects. Recall that in a constant 

population whenever a child qualifies to enter the population, another member must leave 

to make room for it. Crowding ensures diversity in a population by using Hamming 

distances to ensure that the adult displaced by the child is the adult most similar to the 

child out of some arbitrary sample from the population. Sharing reduces the fitness of a 

member if it is too close to other members, in inverse proportion to the distances to those 

members. These methods serve to reduce the tendency for the population to clump. 

However, they also have a negative impact on the operating principle of the genetic 

algorithm, the ability of successful schemata to become more populous. Instead of many 

searchers looking in a good hyperplane, only a few can stay there unless the immediate 

gains are very good. Also, the fitness function is still typically an aggregate of the various 

objectives (Horn et aI., ]994, and Fonseca and Fleming, 1993). 

It is not necessary to aggregate the fitness function. Instead, each member of the 

population can be ranked for each objective. During reproduction, each parent is then 

drawn using rank-based techniques described in Section 6.4. The rank-order selection 

eliminates any incidental bias due to the fact that one objective is measured in microns and 

another in parsecs. Now, however, there exist two or more ranks for each member: the 

rank according to objective ], the rank according to objective 2, etc. Depending on which 

objective is truly more important, the probability of which rank will be used for selection 
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can be adjusted. Higher eliteness tends to produce more robust Pareto optimal solutions, 

whereas low eliteness tends to produce solutions along a single objective, because with a 

low eliteness, a solution can have a low value in one or more objectives and still have a 

reasonable probability of being selected for reproduction. In contrast, in the high eliteness 

regime, a solution must be near the top with respect to all objectives or it will not be 

selected for reproduction and will therefore die out. 

Changing the resolution of the decision variables can also change how much of the Pareto 

optimal surface is revealed. This is similar to the crowding concept described earlier, 

except that it is implemented within the chromosome and not as part of the selection 

procedure. 

Consider the following unconstrained multiobjective problem: Max {fl(X),f2(X)}, where 

f/x} = 20-[(X1 -2r +(x2 -6r] 
fix}=20-[(XI -6)2 +(x2 _2)2] 

These functions are downward-facing parabolas with maxima at (2,6) and (6,2), 

respectively. The rank-based genetic algorithm for determining the Pareto optimal surface 

was used, except that the criteria for inclusion in the population is that the average rank of 

the child must be higher than the average of the population. Another successful strategy 

was that the rank of the child in its worst attribute be better than any other member of the 



population in that attribute. Termination followed a deterministic pattern, i.e., fixed 

lifetime. 
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Figure 2.18 shows how a large part of the Pareto optimal surface can be revealed by 

limiting the resolution of the decision variables to 0.2. Figure 2.19 shows how the same 

process, with the higher resolution 0.02, can narrow the solution to that found by equal 

weighting of the objectives even though no weights are used. This simple demonstration 

shows that combinative techniques can be effective in obtaining Pareto optimal solutions. 

This demonstrates that non-convexity can be tackled in a multi objective framework. 
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Figure 2.18: By keeping the resolution of the decision variables relatively large, a large 

part of the Pareto optimal surface is revealed. 
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Figure 2.19: By reducing the resolution of the decision variables, most of the population 

converge to the vicinity of the Pareto optimal solution under equal weighting [12,12]. 
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Uncertainty in the Design Problem 

Four things can cause uncertainty to exist in the design problem. First, the design may be 

advanced beyond the capability of theory to predict. Second, a predictive first-principles 

model may exist but the designers may lack an adequate technical understanding. Third, 

first-principle models may exist, but the sheer volume of interactions due to a complex 

design may preclude a high-confidence estimate of the overall system behavior. Finally, 

every first-principles model has some degree of uncertainty associated with it, so that the 

longer development is continued based primarily on models and theories, the more 

uncertainty there will be concerning the product being formed. 

The following example is taken from my experiences as a submarine officer. Before the 

advent of the global positioning system, navigation at sea was difficult. The ship's 

navigator depended on observations called 'fixes' to determine the location of the ship. 

Because it was convenient, these observations were usually taken from a first-principles 

model such as an inertial navigation system. The inertial navigation system had an 

uncertainty associated with it. This uncertainty increased with time. When the navigator 

plotted fixes he would also draw a circle around the fix to show the uncertainty associated 

with that fix. As time went on and more fixes were taken from the first-principles model, 

the circles around the fixes became larger. At some point the navigator could not 

confidently predict that the ship would be able to navigate in restricted waterways without 
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hitting something. The first-principles model, the inertial navigation system, would then 

be reset by obtaining an accurate fix, for example by going to periscope depth, raising the 

transit mast, and obtaining own-ship's position via communication with a navigational 

satellite. 

In many ways, the research and development problem can be likened to the problem of 

navigating unknown waters back in the days of sailing ships. In this navigation problem, 

there were shoals, islands and peninsulas that prevented easy access, i.e., the decision 

space was not convex. The information concerning these waters was often vague and 

second-hand. There was in fact no set destination, the captain having been ordered to "be 

successful," and "take risks if necessary" but "under no circumstances lose the ship!" In 

fact, the owners wanted the captain to do well in a variety of categories some of which 

were not prioritized. To make matters more difficult, most of the time the ship was not 

even sure of its exact location. The most common method of self-location, dead

reckoning, relied on a variety of assumptions and could be notoriously inaccurate. Dead

reckoning was similar to engineering models that are not always reliable or that lose 

accuracy or reliability if they are not regularly verified with actual experimentation by 

means of prototypes. The most reliable navigational aids, the stars, were not always 

available since they required clear skies and delicate instruments-- for the research and 

development problem the best navigational aids are prototypes, which reduce uncertainty 

in their vicinity, but for sophisticated systems, these prototypes cost a lot of money. 



95 

At some point, the uncertainty of the design obtained by first-principles models must be 

reduced or the designers cannot effectively proceed. The primary means of dealing with 

uncertainty is to prototype a system or subsystem. In fact, the raison d'elre of the 

prototype is to reduce uncertainty, and therefore to reduce technical risk. There is a 

notable exception. In software engineering, the prototype is often intended to refine and 

verifY the user's needs (ATT and the Department of the Navy, 1993). These prototypes 

are commonly called beta test versions. Since a prototype costs money, there must be a 

decision that the value of reducing uncertainty by building the prototype is greater than the 

cost of the prototype. In large development efforts, the decision to build a prototype is 

not often justified quantitatively. Instead, prototypes are usually built as development 

milestones in accordance with a development schedule not dictated by technological 

realities. Or, prototypes may be built based on the gut-feeling of designers that further 

work is counter-productive until some of the uncertainties can be eliminated. Prototypes 

are even built to be used as deliverables. Quantitative methods for deciding when a 

prototype should be built will be discussed later. 

Two prototype strategies may be appropriate depending on the phase of development 

(ATT and the Department of the Navy, 1993). The first is the evolutionary prototype. An 

evolutionary prototype is the next logical step in a sequence of design events. Although 

the designer expects it to work, it is most valuable when it does not (Glegg, 1973). The 



96 

second is an exploratory prototype. The exploratory prototype is not intended to show 

continuity of design but instead to gather as much information as possible over a wide 

range of design possibilities. The exploratory prototype is a throwaway; it is not expected 

to function properly but instead to give insight. 

A particular design strategy calls for a corresponding prototyping strategy. If the design is 

new, for example during conceptual design or what Taguchi calls system design (Taguchi, 

1987), then an exploration strategy should be followed. These prototypes are intended to 

reduce uncertainty in a large design region, and the designer expects to throw them away 

after carefully analyzing what does and does not work with the design. This is roughly 

comparable to the genetic algorithm that 'remembers', via schemata, the good portions of 

a design. If a design is more mature, then a hill-climbing strategy might be used. This is 

what Taguchi calls parameter and tolerance design (Taguchi, 1987). The analogy to hill

climbing holds since in parameter design the objective is the flattest possible area (most 

robust to parameter changes) and then in tolerance design the designer ensures that the 

design stays in this flat area. At this point the technology and most other combinatorial 

decision variables have already been decided. Since combinatorial decision variables are 

the greatest contributors to non-convexity, the remaining design space is probably close to 

convex. 
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Frequently a prototype is not suitable for use as the end product. For example, submarine 

reactor prototypes are land-based. Usually the difference is a relaxation of end-product 

requirements. Such prototypes are often proof of design (POD) units. A POD may be 

used to demonstrate that a design is fundamentally sound while relaxing producibility 

requirements. A more advanced prototype is a proof of manufacturability (POM) unit. 

Such units must display satisfactory performance and producibility, although secondary 

requirements may be waived. PODs and POMs are usually contractual requirements 

intended to give the buyer a high degree of confidence in the status of the task. Because 

they are scheduled at the beginning of a program, they are more useful in validating the 

design than in obtaining design information. In general, a systems or component designer 

must be able to prototype the design when uncertainties begin to significantly impede the 

design effort rather than waiting for a particular milestone or date. 

The design process consists largely of work done to resolve uncertainties. According to 

Miles and Moore (1994), there are many sources of uncertainty, including: 

lack of data, 

incompleteness of data, 

imprecision of measurement, 

imprecision of concept, 

combination of information from multiple sources, and 

lack of fundamental or supporting theory, i.e., no first-principles model. 
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Well-known technologies are low in technological risk because they have been 

implemented many times in many ways. For these reasons, along with economies of scale 

in production, established technologies are often low in cost. However, for products that 

are competing on the basis of innovative advantages, established technologies are high in 

performance risk. If an innovation can be accomplished entirely with established 

technologies, then anybody could do it without any technological advantage. For 

example, the Polaris missile system of section 5.2 would have been much less impressive if 

it had relied on existing nuclear warhead technology; instead the Special Programs Office 

relied on the best available forecast of what technological capability would be seven years 

later (Sapolsky, 1972). Obviously, the ability to successfully integrate technologies is 

itself a technology, as demonstrated by Admiral Scott. Unproven technologies are high in 

technological risk but usually have a better, though perhaps only theoretical, chance of 

satisfYing long term performance requirements. In the most general case there is no single 

design solution (Miles and Moore, 1994), but the best design solutions are usually 

between these two extremes. 

The objective of design process events (prototypes, design reviews, analyses, trade 

studies, and so on) is to channel efforts into those areas where the risk/gain ratio seems to 

be most beneficial. The process is iterative, since design decisions must be periodically 

made that depend on reduced uncertainty; e.g., the harness design cannot be finalized until 
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the pin-out is relatively well-known. Even the list of questions that must be answered (or 

which uncertainties exist) is the product of an evolutionary process. In new designs the 

product characteristics are frequently not well-known, and must be established at the 

expense of time and money. Moreover, actual product requirements must evolve so as to 

be consistent with top-level objectives and available technology. These factors all make 

the design process a difficult sort of knapsack problem, and the chief reason why is the 

difference between perceived and actual cost and the value of information, the 

understanding of which changes as the designer learns more. 

Because of the uncertainties involved in the design and development process, it is often 

difficult to obtain a set of ' good directions' by which to guide the program. The 

technology frontier, including the Pareto optimal surface, is not generally known at any 

given time. In fact, the primary purpose of the development process is to extend the 

technology in the proper direction. Resource availability limits the progress that can 

reasonably be made. 

One early attempt to obtain 'good directions' was the method called quality function 

deployment, better known as QFD (Akao, 1990; Bahill and Chapman, 1993; Bicknell and 

Bicknell, 1995). In QFD the objectives are called 'Whats,' and the decision variables are 

called 'Hows.' The process is hierarchical, so that the 'Hows' of one level may be the 

'Whats' of the level beneath it. The participants, often a development or manufacturing 
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team, used the matrix format first to list the objectives ('Whats'), then to weight the 

objectives, then to list the ways in which the objectives could be accomplished (the 

'Hows'). Each row of the QFD matrix corresponds to a 'What', and each column 

corresponds to a 'How.' Relationships among the 'Whats' and 'Hows' are indicated on 

the matrix, usually symbolically. With these relationships and the weightings of the 

'Whats,' a number corresponding to the relative importance of each 'How' is obtained. 

The process is useful for flowing requirements down to lower levels and for focusing team 

members. However, users and facilitators have never satisfactorily answered the question, 

'What exactly do the resulting numbers mean?' There is additionally no provision for 

indicating negative relationships between a 'How' and 'What,' so no information 

concerning the direction of the project can be obtained, only which 'Hows' are more 

important than others. 

The methods for obtaining 'good directions' so far discussed can also be used in a similar 

fashion to flow down requirements. If the objectives are labelled F and the decision 

variables are x, then the Jacobian matrix relating them is, symbolically, of/Ox. As with 

QFD the decision process can be hierarchical, i.e., the decision variables at one level can 

be considered to be objectives at a lower level of the design process. The difference is 

that the numerical tools and concepts previously described still apply, and the concept of 

'good directions' can be extended indefinitely. 
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Figure 2.20 is a fragment from a QFD matrix example for the design of an automobile 

drivetrain by Akao (1990). The "0" symbols in the matrix correspond to a medium 

relationship. As this example shows, both 'Max RPM' and 'Disc Strength' will be 

important to the 'Reliability' and 'Power Transmittance' objectives for the design. 
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Figure 2.20: Part ofa QFD matrix, from Akao (1990). 

For comparison purposes, the direction-finding approach using fuzzy numbers (see 

Chapter 4) will be used on this same problem. The use of fuzzy numbers allows us to 

incorporate the uncertainty associated with the gradients. The first step is to determine 

the gradient of each objective with respect to all design decision variables (technical 

performance measures, or HOWs). To make this example compatible with the previous 

explanation of the direction-finding method, the three objectives, Fuel Consumption, 

Reliability, and Power Transmittance, will be called Fl , F2, and F3, respectively, while the 
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three design variables, Torque Converter Efficiency, Max RPM, and Disc Strength, will be 

called Xl, X2, and X3, respectively. The hypothetical fuzzy estimates of these gradients, 

representing the best information available to the designers, are given in Figure 2.21. 
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1.0 2.0 3.0 4.0 

V Fuel Conservation wilh respecl 10 Torque Converter Efficiency 

"t -U --AU .. 
MTBF {100hrs)11000 RPM - W- kW11000 RPM 

20 25 35 

V' Reliablily with resJEct to Max RPM V' Power Tr ansmittance wi th respect to Max RPM 

MTBF (100 hrs)IN kWlN 

V' Roliabilitywith respect to Disc Strength V' Power Transmittance with respect to Disc Strength 

Figure 2.21: Hypothetical fuzzy gradients of objectives with respect to design variables 

for the automobile design example. 
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All gradients not shown are assumed to be zero; these are the empty squares of the QFD 

matrix in Figure 2.20. For explanatory purposes, only the a-slice (section 4.2) for a = 1 

will be examined. At a = 1, the gradients for the three objectives are the crisp vectors 

[3 0 0 l. [0 6 4 r. and [0 25 10]'. Because F 1 does not depend on X2 and X3 and 

F2 and F3 do not depend on Xl, the gradients ofF2 and F3 with respect to X2 and X3 can be 

considered separately. In design variable space for X2 and X3, these directions are as 

shown in Figure 2.22. 

Disc Strength (N) 

.-------------~----------~~MaxRPM(1000RPM) 

Figure 2.22: The influences of the Reliability (F2) and Power Transmittance (F3) 

objectives in design variable space. 
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Figure 2.22 indicates that the Reliability and Power Transmittance objectives should 

influence the designer to increase both Max RPM and Disc Strength. Although neither of 

these objectives has been weighted to indicate their relative importance, their directions 

are so similar that the weighting is not important. But what if cost is introduced as 

objective F4? Suppose that the cost gradient for X2 and X3 at the a.-slice for a. = 1 is [-400 

-850] (these numbers are negative because one objective is to minimize costs). This is 

shown in the vector plot of Figure 2.23. 

Disc Strength (N) 

Figure 2.23: Influence of Reliability, Power Transmittance, and Cost on the design 

variables Max RPM and Disc Strength. Vector magnitudes are not to scale. 
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As shown in Figure 2.23, even though the Cost objective conflicts with the other 

objectives there is still a polar cone of 'good directions' which represents a compromise 

among the objectives. Such a compromise does not require any weighting. The existence 

of the polar cone means that any direction within it will not detract from any objectives. If 

a particular weighting scheme is chosen then the design can go in any direction from the 

Reliability gradient clockwise to the Cost gradient. The robust approach to this design is 

to increase the design parameter Max RPM, and reduce the design parameter Disc 

Strength. 

Table 2.3: Some weights from a QFD matrix. From Akao (I 990). 

Degree of 
Importance 

Ease of Living Iprivacy 6.9 
Structure internal staircase 17.3 
Entrance outer furnishings 76.4 

inner furnishings 18.4 
Foundation Components steel wire 8.9 

raw concrete 9.1 
metal connection 9.5 

Structure Material floor- cement slab 19.5 
wall- cement slab 35.4 
roof- cement slab 2l.1 

The literature on QFD is rather vague about the precise meaning of the 'relationships' 

among 'Whats' and 'Hows,' but there is some reason to believe that gradients were the 

original basis of the QFD techniques. Another example from Akao (1990), concerns the 

weighting of requirements ('Whats') for building a house. As shown in Table 2.3, the 
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total weight for the foundation components (26.5) is about one-third of the weight for 

outer furnishings of the entrance. The weight for privacy is less than one-tenth that of the 

outer furnishing of the entrance. Even accounting for differences due to culture and 

interpretation, these weights do not seem to denote the relative importance of these 

'Whats' to the house buyer. However, they may very well indicate the relative importance 

adjusted for the ability of the 'Hows' to accomplish them. From the preceding example of 

the direction-finding technique, it is clear that ifno design parameters can substantially 

affect an objective then that objective will not substantially affect the design. Unlike QFD 

weights from American facilitators (Bicknell and Bicknell, 1995) Akao's weighting seems 

to take into account the ability of the 'Hows' to accomplish the 'Whats.' In other words, 

if there is no way to accomplish a top-level objective than that objective cannot be very 

important. 

This simple example is meant to suggest the use of the direction-finding method to 

visualize tradeoffs in terms of their impacts on design variables. Like QFD, this method 

can be applied at various levels of the design, starting from the top-level issues. The 

'Whats' from QFD correspond closely to technical performance measures. Technical 

performance measures are measurable design parameters that are used to evaluate a design 

(Department of Defense, 1992, Hughes Aircraft Company, 1994). For example, in the 

above example Power Transmittance and Reliability are relevant technical performance 

measures. This method is superior to existing QFD methodologies because it explicitly, 
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quantifiably, and traceably incorporates design tradeoffs and indicates directions for design 

variables. The QFD process could be improved by the use of this methods. 

The aspect of competition in systems engineering that has been considered in this chapter 

is that competition among the project's requirements and objectives. The most obvious 

case of this is price vs. performance, but many examples of performance vs. performance 

can be cited. In a missile, for example, there is a complex interdependency among system 

weight, volume, fuel, acceleration, maneuverability, range, payload, and detectability that 

may not be sufficiently appreciated by all the development teams that may affect those 

characteristics. These are not peculiar to defense and aerospace; most of the same 

concerns will be present in a car development program. In fact, this competition is 

described using the multiobjective format that has been helpful in analyzing other 

competitive systems. The Nash equilibrium is, under reasonable assumptions, strictly 

equatable to the concept of Pareto optimality. The use of ' good directions' to guide the 

development process to a Pareto optimum is mathematically identical to the conflict of 

different players to establish a competitive equilibrium. 
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Section 2.6: Conclusions 

There are three principle obstacles to the process of designing new products. These 

obstacles are multiobjective requirements, uncertainty of various types, and the 

nonconvexity of the problem domain. The technical tools available to attack these 

problems exist but have been used only sporadically; the arsenal has never been focused or 

applied in an integrated fashion. This chapter has focused on tools specifically intended to 

combat these problems. Experimental design techniques, the subject of Chapter 3, can be 

used to reduce uncertainty by maximizing the amount of information obtained from each 

prototype, model, or simulation, and can be used in conjunction with multiobjective 

techniques to obtain 'good directions' for continued search. Experimental designs are 

effective for both the optimizing and the combinative approaches. Genetic algorithms are 

efficient in the combinative phase of design since they are vastly more efficient than 

enumerative techniques. This chapter has noted the similarity between genetic algorithms 

and human non-linear thought processes, i.e., the use of building blocks to construct 

sophisticated concepts. This chapter has also introduced a genetic algorithm that is able to 

find robust Pareto optimal or near-Pareto optimal solutions, which has been problematic in 

the past. The Kuhn-Tucker conditions for Pareto optimality have been used here as the 

basis of a method for finding good directions in an iterative development process in which 

the entire alternative set is not known a priori; this is in contrast to the majority of 
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multi objective techniques that are not appropriate for the iterative, uncertain environment 

typical in the development of complex products. 

Systems engineering is the only discipline concerned primarily with the problems of design 

and development of sophisticated products, but systems engineering has tended to evolve 

as a non-technical skill. Perhaps this is because of an overall lack of cohesiveness and 

focus among the practitioners. Some standardization is in order, as suggested by Wymore 

(1994) and Rechtin (1991,1994). Andrew Sage, in opening remarks at the 1995 IEEE 

International Symposium on the Systems Engineering of Computer-Based Systems, 

opined that too many systems engineering dissertations focus on the tools for engineering 

systems, and not enough on the approach toward engineering systems. This dissertation 

offers at least four tools that are applicable to systems engineering, including a method of 

creating fuzzy rule-based systems from raw data, an iterative multi objective technique, a 

new approach to sensitivity analysis via 3-level experimental design, and a genetic 

algorithm for finding Pareto optimal alternatives. More important, though, are the 

conceptual approaches descibed by two metaphors of the development process. The first 

is the navigation metaphor, in which the systems engineer must pilot the development 

through uncharted waters to reach unknown destinations. This metaphor illustrates the 

uncertainty aspect of development that is mainly ignored in systems engineering, although 

under the aegis of risk management the tools for dealing with uncertainty are slowly 

gaining ground. 
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One of the most promising tools for categorizing uncertainty is fuzzy sets and systems 

(Zadeh, 1965). For example, fuzzy numbers (Dubois and Prade, 1980) can be used to 

capture a designer's uncertainty with respect to performance in order to compute the 

gradients, as in the last example of section 2.5. Even the weights of the objectives can be 

fuzzy, hence the final 'good direction' may be a fuzzy convex combination of fuzzy 

directions, with the highest membership of this set accorded to the best single direction. 

There is currently in the product development area no attempt made to quantifY 

uncertainty; the only major exception is in the area of scheduling in which various Monte 

Carlo-based tools are used in conjunction with critical path methods. Usually the 'best,' 

i.e., most likely or most conservative, value is chosen whenever uncertainty occurs. There 

is a tradeoff between accuracy and precision and in this case the precision (a crisp 

estimate) is bought at the price of accuracy. This imprecision occurs because there can be 

tens of thousands of parts and activities associated with a major product development. 

Although the Central Limit Theorem of statistics tells us that uncertainties tend to zero 

each other out in large sums of numbers (Dudewicz and Mishra, 1988), this effect does 

not apply to the uncertainties of the development process since they do not add linearly. 

Order statistics provides an illustrative example. The expected value of the largest number 

of a set of one hundred random numbers will be significantly greater than the expected 

value of the hundred numbers~ see section 6.4. The element with the largest deviation 

from its mean often drives the process. For example, suppose there are one hundred 
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activities in parallel in a development schedule. Each activity has an expected duration of 

1 0 weeks, with a standard deviation of 1 week. The activity with the longest duration will 

drive the process, and under the assumption of normality this activity can be expected to 

take about 12.5 weeks to complete since the expected value of the largest of 100 normally 

distributed numbers is about 2.5 standard deviations higher than the mean of the 

distribution. If the entire schedule is a series often sets of parallel activities identical to 

this, then the expected time for completion will be 125 weeks rather than 100 weeks 

obtained by the simple-minded method of adding nominal values. Thus the aggregation of 

many uncertainties does not lead to an overall low degree of uncertainty, as in adding 

many random variates together, but instead results in an overall high degree of uncertainty. 

This suggests the need for tools allowing the measurement and manipulation of 

uncertainty, but which do not carry the computational and axiomatic burden commonly 

associated with probabilistic techniques. Fuzzy sets fit these requirements and are treated 

in more detail in Chapter 4. 

The second important metaphor is competition among objectives. As demonstrated here, 

the objectives of the development process can be characterized as competing for influence 

within the product. This competition serves to guide the development process through the 

tradeoffs that must be made to obtain a balanced product. 
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Chapter 3: Sensitivity Analysis By Experimental Design 

Section 3. 1: Introduction 

One purpose of sensitivity analysis is to evaluate the sensitivity of a system or a system 

model to changes in the system. For example, a sensitivity analysis of a system is often 

used to determine the expected variation in output and state variable trajectories, given 

some conjectured variation in system parameters. This variation may be due to variability 

introduced in manufacturing, life-cycle variability associated with normal wear, changes in 

environmental conditions, etc. The sensitivity analysis can reveal the relative effect of 

these influences. Frequently, sensitivity analyses are conducted iteratively as part of the 

design phase, to reveal where subsequent efforts can best be placed at each design 

iteration. Sensitivity analyses range in sophistication from a complex exploration of the 

multivariable trajectory response of a multiple-input multiple-output nonlinear system, to a 

simple 'what if analysis commonly performed on spreadsheets. Sensitivity analysis may 

also be applied to a model as part of the validation process. By showing that a model is 

insensitive to small parameter changes, the modeler reduces the chance that poorly 

estimated parameters significantly affect the usefulness of the model. The subsequent 

conclusions obtained from the model are thus more likely to be representative of the 

modeled system. On the other hand, sensitivity analysis can be used not only to validate a 

model but also to help construct the model. By applying sensitivity analysis to the model 
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of a physical system, the relative importance of adjustable parameters can be established; 

by excising parameters of low importance, the model can be made simpler and the 

parameters wil1likely be valid over a wider range of data. Finally, sensitivity analysis can 

be used to support system design by allowing the designer to choose those parameter 

values that improve system performance. 

The methodology of Design of Experiments, also known as experimental design and DoE, 

organizes experiments using orthogonal arrays so as to minimize the amount of 

information lost to covariance, and to make the sensitivity results statistically independent. 

DoE is increasingly used in industry as a cost-effective way of maximizing the value of 

information obtained from a minimal number of experiments. The potential of these 

methods in systems analysis, design, and control has yet to be realized. The general 

implications are clear: DoE can be applied to any system or system model in order to 

determine both the significance ofa parameter's effect and an estimate of that effect (Box, 

et aI., 1978, and Taguchi, 1987). 

This chapter investigates the use of experimental design techniques in system sensitivity 

analysis, with emphasis on robust design. Although orthogonal arrays have been used to 

simulate the trajectory and output sensitivity functions without recourse to matrix 

inversion (Paraskevopoulos et aI., 1990), and an orthogonal approach was used to develop 

a non-factorial response surface technique for optimization (Lewis and Zheng, 1993), 



experimental design per se has not been part of the mainstream sensitivity analysis 

literature. 
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This chapter offers the following contributions: it compares DoE to another sensitivity 

analysis technique, sinusoidal variation of parameters (SVP), and establishes the relative 

strengths and weaknesses of each approach. Where possible, DoE will also be compared 

to analytical sensitivity results. The focus will be on the use of3-level factorial designs. 

Although 3-level designs require more experiments or simulations than the more common 

2-level designs, they produce an estimate of second-order effects. Second-order effects 

can be used to verify that a relative optimum exists in a certain region or to guide a system 

toward a relative optimum, which is particularly valuable in robust sensitivity studies. By 

providing a simple means of using DoE to find second-order effects, this chapter extends 

the power and applicability of DoE-based sensitivity analysis to include robustness 

analysis. This chapter also considers the issue of robustness vs. differential sensitivity, and 

provides an example of the use of3-level factorial designs in the development of robust 

control. 

Much of this chapter will make use of Yates algorithm (Yates, 1937). Because Yates 

algorithm was developed to streamline calculations by-hand, it is simple, recursive, and 

easy to code. Important work has been done to streamline and generalize the algorithm 

(Good, 1958), and a general implementation in Fortran has been published (Howell, 
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1969). Due to its computational efficiency, Yates algorithm for 2k factorial experiments 

became the direct progenitor of the Fast Fourier Transform (FFT); Cooley and Tukey 

(1965) began their paper introducing their FFT with the words, "An efficient method for 

the calculation of the interactions ofa 2m factorial experiment was introduced by Yates 

and is widely known by his name." Although the traditional focus of Yates algorithm has 

been to provide statistical tests of significance, in this chapter a means of directly 

translating the Yates Algorithm tableau for 3k factorial experiments into accurate 

estimates of first- and second-order sensitivities will be developed. 

This rest of this chapter is divided into five sections, as follows. Section 3.2 is a review of 

sensitivity analysis, including terminology and concepts. Section 3.3 is a discussion of 

DoE and SVP methodologies, including the introduction of an augmentation to Yates 

Algorithm for estimating second-order effect estimates directly from the Yates tableau. 

Section 3.4 includes a comparison of the analytical, DoE, and SVP approaches in the 

sensitivity analysis of a first-order linear system. Section 3.5 is a comparison of the DoE 

and SVP approaches in the sensitivity analysis of a second order, non-linear system. 

Finally, Section 3.6 summarizes the conclusions and possible future research. 
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Section 3.2: Review of Sensitivity Analysis 

There is still a disagreement in the literature as to what, exactly, is the distinction between 

sensitivity and robustness. There are at least two conventions extant. In convention 1, 

sensitivity describes the response of a system to external disturbances, while robustness 

refers to the effects of internal disturbances on feedback system response (Weinmann, 

1991). In convention 2, differential sensitivity refers to the effects of small changes while 

robustness refers to the system's response to large changes (Lunze, 1989). Here the 

principal distinction between sensitivity and robustness is that sensitivity approximates the 

response in a small neighborhood about some nominal operating point, while robustness 

tends to refer to the response over a large subset of possible operating conditions. This 

chapter follows convention 2. Notice that the convention 1 notion of robustness, which is 

pleasing to many practitioners, can be considered a special case of convention 2 in which 

the parameters to be varied are internal to the system. 

The following terminology is adopted for use in this chapter: first, system sensitivity 

measurements are classified according to the kind of parameters that are varied. 

Structural parameter sensitivity is the sensitivity of the system to variation in parameters 

that affect the structure of the system. Non-structural parameter sensitivity is the 

sensitivity of the system to variation of parameters that do not affect the structure of the 

system. Initial condition sensitivity is the sensitivity of the system to variation of initial 
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conditions. 

System sensitivity is also classified according to what is measured. Three useful 

classifications are (l) output trajectory sensitivity, (2) state trajectory sensitivity, and (3) 

stability sensitivity as measured by dominant eigenvalues or singula!' values. The two 

classification systems and two sizes may be used together to form eighteen general 

categories of sensitivity analyses. One of these categories, for example, is the 

measurement of system stability with respect to small variations in non-structural 

parameters. 

The literature recognizes three types of sensitivity functions (Frank, 1978). 

(1) The absolute sensitivity function is defined as 

(3.1 ) 

which is the derivative of the response surface F with respect to the parameters of interest 

a. In the most general case, F and a are both vectors, so that the derivative is properly 

defined as the Jacobian ofF with respect to a. This sensitivity is measured with respect to 

the normal operating point aO. The variation of a around aO can be small, in which case 

the differential sensitivity of the system is measured, or large, in which case the robustness 

of the system is measured. The absolute sensitivity function is the change of the system 

with regard to a change in parameter aj. 
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(2) The relative sensitivity function is defined in terms of the absolute sensitivity function 

as 

(3.2) 

The relative sensitivity function evaluates the percentage change in the system with regard 

to a percentage change in parameter aj. The relative sensitivity was originally defined by 

Bode (1945) as 81n F(a)/ 81n ail but this is less generally useful since if the response 
ao 

surface or parameter space is negatively valued then the equation is meaningless. 

(3) The semi relative sensitivity function is defined as 

-F F S. (ao) = S. (ao) a· 
J J Jo 

(3.3) 

The semi relative sensitivity function is the relative change in the system with regard to a 

change in parameter aj. 

These three sensitivity functions are standardized ways of measuring response to 

parameter change. Which is best? It depends on the system being analyzed, and the 

purpose of the analysis. In many ways the absolute sensitivity function, a simple gradient, 

is desirable because it is easy to understand; unfortunately, it is difficult to compare the 

effect of parameters because the units will be different. The relative sensitivity function, 

being dimensionless and therefore comparable among dissimilar systems, may be more 

appropriate; however, if the system response starts at a low nominal value FO then the 

relative sensitivity function may exaggerate the sensitivity estimate. Overall, the 



semi relative sensitivity function is the most generally useful in sensitivity studies; the 

sensitivity estimates for different parameters are directly comparable since the units are 

those of the response variable (Bahill, 1981), 
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3.3.1 Design of Experiments 

3.3.1.1 Description of DoE 

Section 3.3: Methods 
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An experimental design is a mathematically rigorous blueprint that specifies a priori a 

series of experiments that will provide the best answers to a predetermined set of 

questions. An experimental design requires more forethought than traditional 

experimentation, but is much more efficient. In conventional experimentation the 

experimenter varies a single system parameter while all other parameters are held as 

constant as possible, but in experimental design (also known as design of experiments, or 

DoE) many or all relevant parameters are varied. By limiting the amount of information 

that can be obtained in anyone dimension, the DoE can look in many dimensions at once. 

Contrast this with conventional experimentation, which describes in great detail a small 

slice of the entire response hyperplane-- it follows the axes, as shown in Figure 3.1. Since 

they are subject to unexpected inputs, real systems do not generally confine themselves to 

a particular set of axes. Hence, experimental design is a better tool for determining system 

behavior, which is necessary for conducting a sensitivity analysis. 
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Figure 3.1: Comparison of conventional experimentation, left, and DoE, right. While 

conventional experimentation reveals intricate behavior close to nominal values, DoE 

gives us better overall system understanding. 

The experimenter using DoE must first specify the system parameters that can affect the 

results. These parameters are called thefactors of the experiment. In this chapter, only 

factorial experimental designs will be considered. Suppose a factorial experimental design 

consists of<l> factors. For the experimental design, each factor f E {1,2,3, ... , <l>} is varied 

a certain number of times L(f), the number of levels of that factor. Usually all factors are 

varied the same number of times, i.e., L(f) = L for all f. Any combination of factors 

corresponds to an effect. The mean effect is the average response for a set of 

experiments. With the exception of the mean effect, the effect estimates correspond 

directly to derivatives of the system response with respect to some combination of the 

factors of interest. Among these effects are measures of system response when more than 

one factor is considered; these nonlinear effects are called interactions, and the interaction 
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of linear terms is called a linear interaction. More than one repetition of an experimental 

design may be carried out for a particular analysis, to estimate and reduce the amount of 

noise, or variance, in the results. Even when the number of repetitions n = 1, overall 

variance can usually be estimated by pooling effect estimates that seem to be estimating 

only noise. 

The most common experimental design is the 2k factorial design, in which L = 2 and k is 

less than or equal to <1>. The name refers to the fact that 2k experiments are run for each 

repetition of the experiment. The case in which k = <I> is called afullfactorial design. In 

the full factorial design, 2<1> experiments must be run for each repetition of the design. If 

there are 5 factors, for example, a full factorial, two-level design would require 32 

experiments for each repetition. The advantage of the full factorial design is that the 

effects of all factors can be isolated. In general, Lk_l effects (including interactions) can 

be estimated, in addition to the mean effect. For example, if one factor is x, and another is 

y, then a 22 factorial design would typically find estimates of the three effects x, y, their 

interaction, represented by xy, and the mean effect that for purposes of consistency can be 

called xo/. 

The disadvantage offactorial designs is the large number of experiments required for even 

moderate <1>. Since most of this information goes into estimating interactions involving 

many linear or higher order terms, and since, as in a Taylor series, higher order terms are 



usually negligible, fractional factorial designs are usually used in order to reduce the 

required number of experiments. 
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A design in which k < <I> is called afractional factorial design. In a fractional factorial 

design the experimenter accepts the inability to isolate some direct effects from interaction 

effects; when the experiment cannot distinguish between two effects, which is inevitable at 

some point for fractional factorial designs, then those effects are confounded. In exchange 

for this uncertainty, the required number of experiments drops dramatically. Higher order 

interactions are typically of small magnitude and experiments are often costly, thus the 

fractional factorial design is the most common and cost-effective for many purposes. 

However, to avoid distractions resulting from confounding, the examples in this chapter all 

use full-factorial designs. 

When the number of repetitions n is greater than 1, the number of experiments becomes 

n2k. The advantage is a reduced variance estimate (in the presence of noise), and an 

improved estimate of overall variance. The disadvantage is the larger number of 

experiments. 

The factorial experimental design technique is based on the concept of orthogonal arrays. 

Because the covariance is zero among the effect estimates of an orthogonal experiment, an 

experiment based on an orthogonal array (1) does not gather redundant information, and 
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(2) allows an independent estimation of effects. For example, a 32 full-factorial 

experiment, for two factors of three levels each, is laid out as follows. Low levels are 

labeled -1, and high levels are labeled + 1. If factor B in the matrix below has a normal 

value of, say, 10 and a perturbation size of 10% will be used, then this factor would be set 

to 9 in the experiments one, four, and seven, lOin experiments two, five, and eight, and 

11 in experiments three, six, and nine. 

Factor Experiment 

A B Number 

-1 -1 1 

-1 0 2 

-1 3 

0 -1 4 

x= 0 0 5 

0 6 

-1 7 

0 8 

9 

If, as shown, X is the matrix describing this experiment and the factor arrays are contrasts 

(i.e., the sum of the array elements = 0 and the arrays are mutually orthogonal), then the 

covariance matrix for the two factors is proportional to the inverse of 

xTx = [~ ~] 
Because orthogonal arrays have been used to define the factors, this covariance matrix is 

diagonal which means that the covariance among different factors is zero. This is direct 

evidence that the effect estimates are independent. This is true for all factorial designs, 



125 

although when the sum of the array elements is not zero then the covariance calculation 

becomes more involved, hence we prefer to code factors as -1, 0, and + 1. 

The advantages of the DoE methodology have led to many practical applications 

including: cycle time analysis of a semiconductor manufacturing line (Hood and Welch, 

1990); robustness check of a simulation model (Damsieth et aI., 1992); improvement of a 

solder paste screen printing process (Molamphy et aI., 1991); and optimization of concrete 

mix proportions (Luciano et aI., 1991). As these examples indicate, DoE has enjoyed its 

greatest success in industrial environments. Although Taguchi (1987) suggested a 

complete methodology for system design and analysis, and Ramberg et al. (1991) 

established the potential of DoE in simulation, the implementation of DoE in the system 

analysis/design environment has been slow mainly due to cultural factors. 

By far the majority of the literature is concerned with the two level factorial designs, since 

they are easy to use and require the fewest experiments or simulations. However, two 

level designs lack the ability to estimate quadratic, or second-order, effects; they yield 

only linear effects and interactions. When only linear effects are considered, a system that 

is currently near a local maximum or minimum with respect to a parameter will appear to 

be insensitive to that parameter, which leads to erroneous sensitivity results. 

The most common ways to obtain second-order effects are through the use of central 
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composite designs and 3k factorial designs. The central composite design is an 

elaboration of the 2k factorial design that allows the experimenter to estimate second

order effects (Myers 1971, Tew 1992); however, the quality of the estimate suffers with 

respect to that of 3k factorial designs. Some authors (Barker, 1985) have incorrectly 

claimed that the central composite design gives the same information as the full factorial 

design but with fewer experiments. This is true only with respect to the expected value of 

the effect estimates. As shown by Box and Wilson (1951) in their introduction of the 

central composite design, and by Myers (1971), the variability of the estimate from the full 

factorial design and the central composite design are related by the equation 

ncccr~c == nfrcr~r' where the approximate equality refers to the slight efficiency advantage 

(typically less than 10% and often 0%) held by the central composite design. Consider the 

case in which four factors are being examined. Then nee = 25 and nfT = 34 = 81. The 

variability of the central composite effect estimate, cr~c' will be more than 3 times that of 

cr~., the variability of the full-factorial effect estimate! Using the Taguchi loss function 

(Taguchi, 1987), the expected value of the loss is proportional to (X_Il)2+cr2, implying that 

a 200% increase in the variance of the estimate is equivalent to an effect-estimate bias of 

141 % of the standard deviation of the full-factorial estimate. In general, the cost of the an 

experimental design should be weighed against the value of the decisions that will be made 

with the information obtained. Because many design and analysis environments rely on 

simulations or experiments that are relatively cheap with respect to the decisions to be 
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made with the resulting data, this chapter will emphasize the use of 3k factorial 

experimental designs. In robust design, where noise factors are deliberately introduced, 

the variability of the effect estimates can be extremely important. Only in situations in 

which the model including uncontrollable factors has low variability will central composite 

designs be generally preferred to 3k factorial designs. 

Although this is not the first use of the second-order effect in DoE-based analysis, it is 

apparently the first application of experimental design to sensitivity analysis. Experimental 

design has been used in the simulation of event-based systems (Ramberg, et aI., 1991; 

T ew, 1991) but this interest has not been paralleled in the field of dynamic systems and 

there has been no connection to the more general field of sensitivity analysis. 

Experimental designs have been used in related areas such as quadratic response surface 

modeling (Donohue et al. 1990), but again not in a sensitivity analysis context. This is 

especially unfortunate since although sensitivity analysis has traditionally been concerned 

with first-order effects, this is mainly due to (1) the lack of an adequate tool for 

determining second-order estimates, including interactions, and (2) the relatively recent 

emphasis on robust sensitivity. Because of the lack of application of experimental design 

techniques to sensitivity analysis, this chapter represents an innovative approach to 

sensitivity analysis. 

In this chapter the standard DoE naming convention is used except that the mean effect is 
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referred to as a zero-order effect estimate; for example, if there are three factors A, B, and 

C, then the mean effect estimate is called AOBoCo. This is a reminder that any effect 

estimate that has any factors missing from its name is averaged over all missing factors, 

e.g., A2B is actually A2B ICO, and represents an average of response values corresponding 

to the full range of variation offactor C. Table 3.1 summarizes the naming conventions 

and the relationships among effects, derivatives, and the operators of Yates algorithm. 

The column headed Yates Operators will be described in later in Section 3.3. 

Table 3.1: The interpretation of effects in sensitivity analysis. 

Effect Corresponding DoE Terminology Type of Yates Operators 
Name Derivative Estimate 

A OF Linear Effect Estimate First Order Slope (Yates S2) 
-
IJA 

A~ 8F Quadratic Effect Second Order Curvature (Yates S3) 

IJA~ Estimate 

AB 8F Linear Effect Interaction Second Order Slope-Slope (Yates S2 

IJA &1B operating on Yates S2) 

AfJBfJ N.A. Mean Effect Average Average (Yates S 1 ) 

3.3.1.2 Controllable and Uncontrollable Factors. 

DoE can be used to judge the effect of controllable system parameters in the presence of 

uncontrollable factors. This allows the experimenter to choose values of controllable 

parameters that are robust with respect to the uncontrollable life-cycle or environmental 

factors. For an engine design, for example, uncontrollable factors could include oil-
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change period and temperature, while controllable parameters would be those associated 

with the engine design, such as oil flow rate, radiator cooling capacity, engine 

displacement, and valve lift. System response would be engine performance and life 

expectancy. 

It is especially important to ensure robustness with regard to uncontrollable factors. For 

this reason, analyses that include uncontrollable factors should vary those factors over the 

entire expected range. 

3.3.1.3 Yates Algorithm. 

Yates algorithm for factorial designs was originally described by Yates (1937) as a simple 

means of processing the data from factorial experiments. Instead of explicitly using 

mutually orthogonal vectors, called contrasts, Yates developed a procedure to provide 

estimates of statistical importance. In section 3.3.1.4 this procedure is extended to 

provide numerical estimates of sensitivity. 

Yates Algorithm is based on the three operators 

SI(X) = [ 1 1] x Average 

S2(X) = [-1 0 1] x Slope (3.4) 

S3(X) = [ 1 -2 1] x Curvature 

that are used in Table 3.2. 

Yates algorithm is both simple and recursive. The system response column is by definition 
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column zero (see Tables 3.2 and 3.3). The response entries of column zero should be 

arranged in the order shown to allow easy interpretation of the results. For every factor in 

the experiment, another column is added to the tableau. Each column is formed by 

conducting a recursive operation on the preceding column. 

In general, for a 3k factorial experiment, there are 3k-l of the vector entries C~ in each 

column i, where C~ is defined as 

S C- I 
J I 

c = SC~-I 
J J. 

sc- I 
J 3 

where j = 1, 2, 3, and i = 0, 1, ... , k. Column zero consists of the system responses, 

arranged as shown in Table 3.2 and Table 3.3 for 31 and 32 factorial experiments, 

respectively. 
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Table 3.2: Yates Algorithm tableau for a 31 experiment with one factor, A. 

0 1 
System Response Yates Yates Algorithm 

Level of Factor A F(A) Column 1 Effect Being 
Estimated 

Low F(Low) S1 • C IO AO 

Medium CO 
I = F(Medium) S2. C IO A 

High F(High) S3 • C IO A2 



132 

Table 3.3: Yates Algorithm tableau for a 32 experiment. 

0 1 2 
Level of Level of System Response Yates Yates Effect 
Factor FactorB F(A,B) Column 1 Column 2 Being 

A Estimated 
Low Low F(LL) SIC~ SIC: AOBo 

Low Medium ct = F(LM) C l 
I = Sl~ q= slci B 

Low High F(LH) slq SIC1 B2 

I Medium Low F(M ,L) S2C~ S2C: A 

Medium Medium CO = F(M ,M) q= S2C~ C~ = S2C~ AB 
2 

Medium High F(M ,H) S2Q S2C~ AB2 

I 

! High Low F(H ,L) S3C~ S3C: A2 

! 

! CO F(H ,M) C l S3C~ C 2 = S3C; A2B 
High Medium = = 3 

3 3 

High High F(H ,H) S3C~ S3C~ A2B2 

3.3.1.4 The Augmented Yates Tableau 

In Yates algorithm, the SI operator, divided by three, yields an estimate of the average. 

The S2 operator corresponds to the slope, or the linear effect; however, because the slope 

is associated with ± ,1, or 2,1, this estimate must be divided by two to achieve an estimate 

of the slope. The S3 (or curvature) operator is an estimate of the quadratic effect, or 



second derivative, since R} + R3 - 2R2 = (R3-R2) - (R2-R}). No adjustments must be 

made for this estimate. 
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Because S}, S2, and S3 are linear operators, when these operators are used recursively the 

overall divisor can be computed by multiplying the divisor of each constituent operator 

without regard to the order in which the operators are used. This value of this divisor, 

D\'I3, associated with each operator is 

Operator DVB Dy 

S} 3 3 

S2 2 2 

S3 } 6 

These divisors are normally calculated at the conclusion of Yates algorithm. If the effect 

being estimated is known then DVI3 can be calculated in the followng way. Let 13 be the 

number offactors not included in this effect. Let L be the number oflinear factors in this 

effect. Then the divisor DVI3 = 3132 L, and the effect estimate is the kth column entry 

corresponding to the row for the desired effect, divided by DVB. Contrast this with the 

Yates divisor for finding the sum of squares: Dy = 2<1>-133<1>- L, and the sum of squares = 

(kth column entry)2 divided by Dy, where <1> = the number of factors in the analysis. 
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A numerical example is appropriate to describe this mechanism. Suppose a system is 

defined by the equation F (a, b) = a2 + 2b2 + ab + 7, where aO = 0, bO = 0, ~a = 1, and ~b 

= 1. This equation defines a shape depicted in Figure 3.2. Yates algorithm has been 

applied to this system, and results are summarized in Table 3.4. In this case the 

Augmented Tableau estimates agree exactly with analytical results. ~a = 1 and ao = ° for 

all factors. 

45 
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B 

A 

Figure 3.2: F(a,b) = a2 +2b2 +ab+ 7 

As can be seen in Table 3.4, the standard Yates tableau for 3-level experiments calculates 

the sum of squares, an estimate of contribution to total variance that is used to evaluate 

the statistical importance of the contributing effect. An example of the use of the sum of 



squares column will be shown later in section 3.5.2.4 and Table 3.14. The augmented 

Yates tableau, introduced in this chapter, provides a means of directly estimating each 

effect without recourse to multilinear regression or orthogonal polynomials. 
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The traditional purpose of Yates algorithm for three-level factorial experiments was to 

obtain estimates of the statistical significance of the effects. A quadratic factor multiplies 

the Yates divisor Dy by 6, while a linear factor multiplies the total by 2. To find the sum

of-squares, the final column entry corresponding to each effect is squared and then divided 

by its divisor Dy . The sum of squares is divided by its degrees of freedom to obtain the 

mean square error for that effect. The mean square error is used to calculate an F-statistic 

that compares the significance of the variation explained by the effect to that attributed to 

noise within the experiment. These tests of statistical significance are important. Because 

his experiments were qualitative, Yates focused on the statistical significance and never 

described how his three-level algorithm could be used to directly obtain the effect 

estimates described in section 3.3.1.4. 
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Table 3.4. Augmented Yates Tableau for a 3-level factorial experiments with 2 factors. 

AUGMENTATION 
(Section 3.1.4) 

(0) (I) (2) Effect Sum Augmented VB Actual 
Yates Yates Being Yates Of Tableau Effect Effect 

A B F(A,B) Coli Col 2 Estimated Divisor Squares Divisor Estimate Value 
Dy DVB (Analytic) 

(Col2i (Col 2) 
Dy DVB 

-I -I 11 28 81 AOBO 9 N.A. 9 9 N.A. 

-I 0 8 25 0 B 6 0 6 0 0 
-1 1 9 28 12 B2 18 8 3 4 4 

0 -I 9 -2 0 A 6 0 6 0 0 
0 0 7 0 4 AB 4 4 4 1 1 
0 1 9 2 0 AB2 12 0 2 0 0 

1 -I 9 4 6 A2 18 2 3 2 2 

I 0 8 4 0 A2B 12 0 2 0 0 

1 1 11 4 0 A2B2 36 0 1 0 0 

To illustrate the workings of the Yates operators Sl, S2, and S3, the 32 tableau from Table 

3.4 can be represented as in Table 3.5. 
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Table 3.5: Derivation of the divisor DVB for Table 3.4. 

Column 1 Column 2 DVB Effect Being 
Operator Operators Estimated 

SI S I(SI) 3*3 = 9 AOBo 

S1 SI(S2) 3*2 = 6 B 

S1 SI(S3) 3*1 = 3 B2 

S2 S2(S1) 2*3 = 6 A 

S2 S2(S2) 2*2=4 AB 

S2 S2(S3) 2*1 = 2 AB2 

S3 S3(S1) 1*3 = 3 A2 

S3 S3(S2) 1*2 = 2 A2B 

S3 S3(S3) 1 *1 = 1 A2B2 

3.3.1.5 Interpretation of DoE results 

The DoE sensitivity analysis technique results in two measures of the sensitivity of each of 

the measured variables. These measures are (l) the sum of squares estimate, which is a 

measure of the significance of each measured variable, and (2) the effects estimate, which 

is a measure of the sign and magnitude of each measured variable. In the full-factorial 

DoE, the estimated effects include all linear (first-order) terms and linear interaction terms, 

and, if the number of levels is greater than 2, the quadratic terms and associated 

interactions. For a system with 2 factors A and B, and 3 levels of each factor, the 

a (a) a (b) F(A B) 
A 0BO. In this nomenclature, A a Bb corresponds to ( ) (~) ,where F(A,B) is aA a 8B 

the response of the system with respect to A and B (see Table 3.1). Thus the effect 
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. 8 2 8 F(A B) 
labeled A2B IS a measure of 2 I 

8A aB 

Two-level factorial designs simultaneously find the statistical significance and numerical 

estimates of each effect. Effect estimates are obtained by taking the dot-product of the 

orthogonal array associated with the effect, and the response array, and dividing the 

answer by n2k, where n is the number of replicates. The sum of squares is obtained simply 

by squaring the dot-product already calculated. 

In three-level designs, the DoE methodology calls for using Yates algorithm or an 

equivalent method to obtain Sum of Squares estimates corresponding to the statistical 

significance of each effect, then decomposing the effects to obtain the desired effect 

estimates. Alternatively, orthogonal polynomials or a multilinear regression can be used to 

establish quantitative estimates (Bahill 1981, Box et al. 1978, Montgomery 1984, Taguchi 

1987). We have devised a means of obtaining sensitivity estimates directly from the DoE 

tableau. As can be easily verified, the resulting estimates are equivalent to those obtained 

from analytic sensitivity expressions. Even if the system is noisy or time-variant, these 

estimates will be adequate if sufficient experiments are made within a given time-period. 

The accuracy of the estimates can be statistically tested by using the sum of squares to 

provide variance estimates for each effect. 
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There is a clear translation between DoE and analytic sensitivity results. For example, 

from DoE we obtain .1F associated with a certain.1a. about a given a.O. Using these three 

pieces of information, any of the three sensitivity analysis functions as given in equations 

(3.1), (3.2), and (3.3), can be estimated. To compare these DoE estimates with any of the 

three sensitivity functions there are two choices: (1) make the DoE results comparable to 

the analytic results, for example by dividing each DoE effect estimate by .1a.; or (2), make 

the analytic results comparable to the DoE results, for example by multiplying each 

analytic effect estimate by .1a.. This chapter we have chosen option (2). 

3.3. 1 .6 Using DoE to Estimate Sensitivity 

It is obvious from the preceding remarks that DoE does not result in either absolute, 

relative, or semirelative sensitivity estimates. It should be kept in mind, however, that if 

the variation around each parameter of interest is the same proportion (of the nominal 

parameter value, then the DoE estimate can be considered to be equivalent to the 

semirelative sensitivity multiplied by (, i.e., 

(3.5) 

Hence, the semirelative sensitivity function is the convenient interpretation of DoE results. 

This is a natural result since, as in the semirelative sensitivity function, the units of 

parameter a. do not appear. 
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For linear interactions or pure quadratic terms, the correction factor is (2, etc. Ifwe 

keep in mind that the linear effect can be translated into an absolute sensitivity estimate 

simply by dividing by .1a, then we can use Equations (3.2) and (3.3) to obtain relative and 

semi relative sensitivities. 

To this point, we are limited to interpreting linear effects, since sensitivity analysis has 

traditionally eschewed the study of interactions and higher order effects. Ifwe confine 

ourselves strictly to the letter of the definitions in Eqns (3.1), (3.2), and (3.3) then we will 

be missing the greatest power of the DoE methodology, the ability to measure interactions 

and higher order effects. Therefore, before we use DoE to analyze systems, we want to 

establish a more general way in which we will interpret the numerical results of the 

analysis. First, we can generalize the sensitivity analysis Eqns (3.1), (3.2), and (3.3) to 

apply to higher order terms by dividing the augmented Yates effect estimate by .1a as 

appropriate to form the absolute sensitivity for higher order effects, then multiplying by ao 

as appropriate to form the semirelative sensitivity, etc. 

Three issues must be considered when interpreting the effect estimates of each factor and 

interaction. These issues are 

3.3. 1.6. 1) Distinguishing between controllable and uncontrollable factors. 

Uncontrollable factors should in general be varied over the expected range of variation. 

This allows the effect of this uncontrollable variation to be measured in the controllable 
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effect estimates. Uncontrollable factors may either be varied by ±1 standard deviation, 

or over the expected range of variation. Uncontrollable factors are rarely varied 

differentially because of the need to obtain valid estimates over a large range. 

3.3.1.6.2) Identifying major linear effects. Factors with large linear effects will affect 

system performance the most over the range of variation of the factors. 

3.3.1.6.3) Identifying major nonlinear (quadratic) effects. Relatively large quadratic 

effect estimates indicate a minimum (if the quadratic effect estimate is positive) or a 

maximum (if the quadratic effect estimate is negative) within the bounds of variation. 

If a quadratic effect is large compared to the linear effect, then it may be incorrect to 

optimize in the direction indicated by the linear effect estimate. For example, suppose we 

have the response surface shown in Figure 3.3. We have three values for the response: 

f(x1), f(x2), and f(x3). Suppose we use the first-order estimate, S2 of equation (3.4), to 

suggest the value ofx that will maximize f(x). The first-order estimate uses f(xl) and 

f(x3) and will suggest that x should be smaller. Ifwe are at x2 and we reduce x we will 

move away from the maximum, clearly an error. However, in this case the curvature term 

is large. This warns us not to listen to the first-order estimate. In this case, the quadratic 

effect dominates the linear effect. 
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F(x) 

~-------

x1 x2 x3 

Slope Estimator S2 

Curvature Estimator S3 

Figure 3.3: An example response surface, and how it is seen in an experimental design. 

A robust minimum is obtainable when all controllable quadratic effects, and their 

interaction effects (not including interactions with uncontrollable factors) are relatively 

large with respect to their linear effects. Ifuncontrollable factor estimates are the largest, 

then it may be that the system's controllable factors cannot be set to obtain robust 

operation. For example, if we are investigating system eigenvalue response and 

uncontrollable factors can always make the system unstable regardless of the value of 

controllable factors, the system cannot be robustly stabilized in the vicinity of a ± !:la. 

There is a simple way to tell whether a first-order effect estimate dominates the associated 

second-order effect estimate. If a linear effect estimate is less than half the magnitude of 

the corresponding quadratic effect estimate then the linear effect will dominate. This 

threshold is not arbitrary; as can be seen in Figure 3.4, if the left segment of ease (3) is 
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rotated about the origin some small angle (say 10
) clockwise about the origin then the 

positive second-order effect will slightly dominate the linear effect; conversely, if the left 

segment is rotated 10 counterclockwise about the origin, then the first-order effect will 

slightly dominate. This is demonstrated numerically in Table 3.6. 

0.8 

0.6 

0.4 

Case (3) 
x- I 

-1 -0.5 0.5 
~ 

~ 
~ -0.4 -, 

~ 
~ -0.6 ~ 

~ 
~ -0.8 ~ 

~ 
~ 

Case (1) x -1 

Figure 3.4: This figure compares a 31 factorial design conducted on three different 

underlying response surfaces: Case (I) pure first-order, F(x) = x, Case (2) pure second-

order, F(x) = x2
, and Case (3) the second-order and first-order terms have equal 

importance, F (x) = O. 5x2 + O. 5x. Straight lines are used to emphasize that the 31 factorial 

design sees only three points of the response surface. 
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Table 3.6: Numerical data corresponding to Figure 3.4. 

Case (1) Case (2) Case (3) Case (3) Case (3) 
1°cw 1° ccw 

First-Order Effect 1 0 0.5 0.4913 0.5087 
Estimate (52) 
Second-Order Effect 0 2 1 1.0175 0.9825 
Estimate (53) 

3.3.1.7 DoE for Robust and Differential Sensitivity 

A common criticism of experimental design methodology, or related response surface 

techniques, is that the results may suffer from lack of accuracy and limited range of 

validity (Karnavas et ai. 1993). In fact, the DoE methodology can estimate the sensitivity 

for any desired Ila. If Ila is small, then the sensitivity estimates will be accurate around a 

o. If Ila is larger, then the results will represent the sensitivity of the system over a wider 

range of variation; this makes the technique effective for use in verifying the robustness 

(large Ila) as well as the differential sensitivity (small Ila) of the response. For example, 

suppose the system represented by the function F( a) = (a + 1)( a -1)( a - 3) as 

depicted in Figure 3.5. 
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F(ex.) 
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Figure 3.5: F( a) = (a + 1)( a -1)( a - 3). The arrows indicate the operating points, ao, 

for the analysis results for Tables 3.7 and 3.8. 

Table 3.7: Absolute Sensitivity About ao = 1, for various.1a 

l1a First-Order Second-Order 
Sensitivity Sensitivity 

All1a A2/(l1a)2 

Analytic -4 0 
(l1a~ 0) 

0.01 -3.999 0 
0.1 -3.99 0 
0.5 -3.75 0 
1 -3 0 
5 21* 0 
10 96 0 

*Linear effect changes from negative to 
positive! 

Tables 3.7 and 3.8 are obtained by conducting separate experimental designs for varying 

levels of 11a.. From the augmented Yates tableau we obtain the effect term A that 
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represents ~F(l' Le., the variation in the function F(a) due to L\a, the change in a. Table 

3.7 is constructed with ao = 1, while in Table 3.8 ao = 2.155. Because these are 31 

factorial experiments, 31 - 1 effects can be estimated, namely, the linear estimate 

of(a) 0 2 F(a) 
corresponding to and the quadratic estimate corresponding to As 

oa oa 2 

Table 3.7 shows, the accuracy of the DoE estimate about the nominal valueao = 1 is high 

for small ~a , and shows a slope of about -4. As L\a increases, the DoE sensitivity 

mirrors the larger trend, which is a positive slope. The small L\a corresponds to 

differential sensitivity, while the large ~a corresponds to robustness. 

Table 3.8: Absolute Sensitivity About ao = 2.155, for various ~a 

~a First-Order Second-Order 
Sensitivity Sensitivity 
AI~a A2/~a2 

~a~O 0.002075 6.93 

0.01 0.002175 6.93 

0.1 0.01208 6.93 

0.5 0.2521 6.93 

1 1. 002 6.93 

5 25.00 6.93 

10 100.0 6.93 

In Table 3.8, we demonstrate that (1) the change in linear effect depends on the nominal 

point ao, and (2) the DoE technique accurately estimates effects over the range aO±L\a. 
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In this case ao was chosen near a relative minimum of the function F(a). We expected the 

linear effect to be smail in this neighborhood, and to increase (become more positive) with 

larger l1a. The DoE results behaved accordingly. We can use the method described in 

Section 3.3.1.6, but we must first calculate the raw effect estimates A and A2 by 

multiplying the first and second-order absolute sensitivity results by l1a and ( l1a/, 

respectively. In this way, we easily verify that the second-order effect dominates the first

order effect when l1a = 1, since 6.93> 2*1.002. Similarly, when l1a = 5, the first-order 

effect dominates since 6.93*25 < 2*25*5. By inspection of Figure 3.5, we can predict 

that the transition will occur at about l1a = 3.3. 

As we have seen, if we know l1a then we can translate DoE results into absolute 

sensitivity results. Using the knowledge of ao and FO we can use Equations (3.2) and 

(3.3) to evaluate the relative and semirelative sensitivities, that correspond to first-order 

derivatives; through the use of3-level factorial experiments, we can additionally obtain 

higher-order effect estimates. By an appropriate choice of l1a, DoE results can be chosen 

to approximate either analytic sensitivity, by using a smalll1a, or robustness of the system, 

by using a large l1a. Moreover, DoE factors can be chosen to include uncontrollable 

factors, including lifecycle and environmental considerations, as well as controllable design 

factors. Thus DoE is shown to be a powerful and broadly applicable system design and 

analysis tool. We proceed next to a discussion of the sensitivity analysis technique known 

as sinusoidal variation of parameters (SVP). 



3.3.2 Sinusoidal Variation of Parameters 

3.3.2.1 Description 
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The methodology of SVP (Schruben and Cogliano 1987, Morice and Schruben 1989) can 

be summarized as follows. Two experiments are run. In the first, the system is run with 

parameters at nominal levels, and the outputs are recorded. In the second, the identical 

experiment is conducted except that controllable parameters of the system are modulated 

sinusoidal1y, and the outputs of the system are recorded. We now have two sets of output 

data. Each output data set is processed, typically by the Fast Fourier Transform, then 

squaring and adding complex and real terms to obtain power spectrum density (the Fourier 

transform of the autocorrelation) information (Shiavi, 1991). The two spectra are ratioed, 

and the frequency spectrum of the power spectrum ratio are calculated to see the relative 

effect of each of the parameters that were varied. In order to be able to distinguish the 

effects of each parameter, the frequencies of variation must be sufficiently distinct, and 

their magnitudes must be sufficient to avoid being lost in the background. 

Consider a system with two variable parameters, 0. 1 and 0.2 ' Suppose we engage in a 

sensivity analysis using SVP. We vary 0. 1 sinusoidally at 10 Hz, Le., 0. 1 = sin(10*27tt). 

Note that 0. 1 = sin(10*27tt) implies 0. 1
2 = 0.5(I-cos(20*27tt», which will have a frequency 

spike at 20 Hz. If we vary 0.2 at 20 Hz then the choice of frequencies confounds the 
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results; we cannot distinguish the second-order effect of 0.1 (at 20 Hz) from the first-order 

effect of 0. 2 ' In general, the frequencies used should not share common divisors except at 

higher multiples of those divisors. 

SVP can be used on a variety of systems. Its most important advantage is that it requires 

only a single simulation or actual system trajectory. It also has the propensity to 

overcome significant system noise and non-stationary tendencies. 

SVP has some important weaknesses. Karnavas et al. correctly emphasize that the 

estimates are qualitative (Karnavas et aI., 1993). This is because even though the output 

is quantitative, the system itself may act to unevenly and unpredictably filter the strengths, 

or frequency smearing may reduce the power at frequencies of interest. SVP behaves 

differently according to the system, so analysis consists in large measure of second

guessing the technique. 

Finally, SVP requires the experimenter to vary the parameters significantly to ensure that 

the effects can be seen after the FFT, and to counter the effects of noise. In the extreme 

case in which the amplitude is 0, no frequency will carry over to the response, and thus the 

FFT will not discern this variation as a signal; conversely, if the amplitude of variation is 

large then that might be all that is seen. Ideally, the variation should be similar to what 

would be expected to occur within the system. We need to translate this variation through 
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the system and then through the FFT, which means that the change in the sine wave must 

be relatively large. Previous researchers used a sine wave that varied each parameter by 

50% of nominal value (Karnavas et aI., 1993). This problem with using large amplitudes 

of modulation is that the sensitivity results gained are not indicative of the sensitivity of 

the system for small changes in the parameters. Recall that frequencies are not guaranteed 

to be transmitted from input to output except in purely linear systems. In a system in 

which frequencies are not reliably conserved, the results of SVP are unreliable. 

Also, the system under analysis may have low-pass or high-pass characteristics, resonance 

peaks, or frequency notches, i.e., it may filter out frequencies of any applied sinusoids. 

This can be seen in both the linear and the non-linear examples to be discussed. 

Frequencies and amplitudes of applied sinusoids must be carefully considered. A non

linear system tends to smear the frequencies of applied sinusoids, so there is no guarantee 

that the applied sinusoids can be separated from noise at the output of the system. Since 

applying a sinusoid within, not to, a linear system makes that system non-linear, frequency 

smearing will be evident in most analysis cases; Karnavas et al. (1993) recognized this and 

pointed out that superposition does not apply in these cases. The application of sinusoids 

within a system may change its characteristics to the point that the analyzed system is only 

approximate to the original model. For example, we can substitute the sinusoids into the 

time domain solution for the non-varying case, but this will not be equivalent to the actual 

solution of the dynamic equations of the model. This difference must be carefully 
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evaluated. The resolution of the FFT must be high enough to differentiate different 

signals, yet low enough to filter out the smearing effects. This may require some trial and 

error experimentation. 

3.3.2.2 Quadratic Effects vs Second-order Effects 

A potential difficulty of SVP is that even though it shares the same nomenclature as in 

DoE, the quadratic estimates from SVP are not equivalent to second-order effects of the 

system. In SVP, the estimate ofa2 is not the second derivative of system response with 

respect to a; it is instead a measure of the change in system response with respect to alpha 

squared. This quantity has the same units as the second-order effect, but the two must not 

be confused. The difference is as follows. 

Define the artificial variable g such that 

Then 

of 
og(a) 

= 
of oa 

oa og(a) 

(3.6) 

of 1 

oa 2a 
(3.7) =--

Clearly, the sensitivity of the system with respect to a 2, 8F/8(a2), can be different from 

the second derivative with respect to a, 82F/8a2. For example, using the equation from 

Figure 3.5 



F( ex.) = (ex. + 1)( ex. - 1)( ex. - 3) 

we calculate 

and 

of 3a2 -6a-l 
=----

qa2
) 2a 

ifF 
-, = 6(a-l) oa-

(3.9) and (3.10) are depicted in Figure 3.6. 

W/m 2 
15 

(3.8) 

(3.9) 

(3.10) 

2 3 4 

a (m) 

Figure 3.6: Analytic comparison of 82F/8ex.2 (straight line) and 8F/8(ex.2) for F( ex.) = 

(ex. + 1)( ex. - 1)( ex. - 3) (see Figure 3.5) 

3.3.2.3 Sinusoidal Variation of Parameters Can Change the System Being Analyzed. 

We ran experiments on an open-loop system defined by the following transfer function 
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M (s) = Yes) = """'::, __ _ 
U(s) s· + As+ B 

with Ao = 1, BO = 100. This is an underdamped second-order system. We expect 

resonance at a critical frequency around 10/21t Hz. Accordingly, we conducted sensitivity 

analyses of this system under the following 3 conditions: (1) no variation of A or B, (2) A 

and B are varied sinusoidally but at frequencies not close to the critical frequency; and (3) 

A and B are varied sinusoidally, with A varied near the critical frequency. The sensitivity 

analyses were conducted lIsing DoE techniques per section 3.3.1, and the results are 

shown in Table 3.9. Ifsystem parameters are varied near some critical frequency of the 

system, the sensitivity results are erroneous. 

Table 3.9: SVP near resonant frequencies of the system causes erroneous sensitivity 

results. 

Effect Estimates 

Effect Being No Variation Variation Not At Variation At 
Measured Critical Frequency Critical Frequency 

A2B -4.626 x 10-8 -5.931 x 10-8 4.189 x 10-6 

AB 9.504 x 10-7 1.227 x 10-6 1.131 x 10-4 

B -4.865 x 10-6 -6.322 x 10-6 -2.809 x 10-4 

A2 3.219x1O-5 3.697 x 10-5 -5.231 x 10-5 

A -9.801 x 10-4 -1.129 x 10-3 -4.345 x 10-3 

This section demonstrated that the sinusoidal variation of system parameters can affect the 

system being measured, and thus result in inaccurate sensitivity estimates. Conceptually 

this is akin to the Heisenberg Uncertainty Principle, with regard to the famous "gamma-



ray microscope experiment" (Jammer, 1974). Heisenberg argued that reducing the 

wavelength of microscope illumination would increase the accuracy in determining the 

position of an electron, but that the illumination light quantum would change the 

momentum of the electron discontinuously thus affecting the results of the experiment. 
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Section 3.4: Analysis ofa First-Order Linear System by DoE and SVP Techniques 

3.4.1 System Description 

The first-order system consists of the first order system plant defined by 

V'(S) = 1 
U'(s) s+A 

to which we apply a controller gain K and negative feedback H to obtain 

V(s)= __ K __ 
U(s) s+A+HK 

(3.11) 

(3.12) 
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Nominal values of A, H, and K are AO = 0.1, HO = 50, and KO = 1, respectively. This is 

one of the examples used by Karnavas et al. (1993). 

3.4.2 Analytic Sensitivity 

The sensitivity of a first-order system with respect to the 3 parameters A, H, and K, was 

calculated analytically for a period of time from 0 to 1 seconds. The input was assumed to 

be a unit step function, i.e., u(t) = 1 for t>O. The result is plotted in Figure 3.7. 
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Figure 3.7: Semirelative sensitivities of the step response of the first-order system 

described by (11) (after Karnavas et aI., 1993). Closed-form sensitivity equations were 
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obtained by analytic means. Only the most significant effects are shown. The K2 and HI< 

effects are identical and overlap. 

3.4.3 DoE Sensitivity 

Eight 3k factorial experiments were conducted using the responses at each of8 times: Tf 

= O.OOOls, O.Ols, 0.025s, 0.05s, O.ls, 0.2s, 0.6s, and LOs. Note that although 27 

simulations are required for each point in time, the same 27 simulations can be used simply 

by extending the duration of each simulation and sampling appropriately. Note that the 

DoE results (Figure 3.8) are virtually identical to the analytic results (Figure 3.7). 
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Figure 3.8: Semirelative sensitivities of the step response of the first-order system 

described by Eqn (11). DoE-estimates of sensitivity used a 33 experimental design 

requiring 27 simulations. Note the high level of agreement between the DoE and the 

closed-form analytic solutions (Figure 3.7). 

3.4.4 Sensitivity Analysis by SVP 
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Finally, this system was analyzed using the SVP method. Although sinusoidal inputs such 

as u(t) = sin(21tt) have been favored in the literature because of the absence of potentially 

confusing harmonics, for purposes of comparison with the analytic and DoE estimates 

obtained above we will continue to use a unit step. The unit step potentially adds the 

frequencies associated with it, but since we are examining the spectral power ratio these 

are not visible in the output. In fact, the resulting spectrum is not markedly different than 

with the sinusoidal input except that we do not obtain a double spike for each effect due to 
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the 1 Hz heterodyning. As in Karnavas et aI., parameters were varied using the following 

equations: A(t) = AO[I-0.5sin(5·2nt)], H(t) = HO[I-0.5sin(30·2nt)], and K(t) = KO[l-

0.5sin(l70·2nt)] (Karnavas et aI., 1993); Parameters A, H, and K correspond to 5 Hz, 30 

Hz, and 170 Hz in the frequency domain. The typical output trajectory of one such 

simulation is shown in Figure 3.9. Fourth-order Runge-Kutta simulations of duration 0.1 

s, 1 s, 10 s, and 100 s were conducted, and their power spectra were calculated; in each 

case, the power spectra for the system without sinusoidal variation was calculated and the 

ratio of the spectrum with variations to that without variations was computed. The 

frequency domain resolution for each of these simulations is the inverse of its duration, 

e.g., a 10 second simulation has a frequency resolution ofO.1Hz. We are looking at the 

change in the baseline system spectrum due to variation of parameters. To enable this, we 

define the spectral power ratio as the ratio of the varied system's spectral power to the 

baseline system's spectral power at any given frequency. In Figure 3.10 we clearly see 

large spikes at 30 Hz, 60 Hz, 140 Hz and 200 Hz. Using standard trigonometric relations 

such as sin a sin f3 = t cos( a - f3) - t cos( a + f3), we recall that multiplication of signals 

tends to produce output signals corresponding to the sum and difference of their 

frequencies; the signal at 140Hz, for example, is attributable to 170Hz-30Hz, or a 

combination of signals Hand K. So the spikes in Figure 3.10 correspond to H, H2 and 

HK. This means that the system is most sensitive to the parameters H, the interaction of 

Hand H (H2), and the interaction ofH and K. The differences between these results and 
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the analytic/DoE results of Figure 3.7 and Figure 3.8 can be attributed to the following 

causes. (1) These are purely frequency domain results, while the analytic and DoE 

methods produce time-domain sensitivities; and (2) the system itself may act to accentuate 

or attenuate certain frequencies. 

Figure 3.11 shows that low resolution will obscure the sensitivity effects. 

Figure 3.12 shows that high resolution may introduce 'phantom' effects due to frequency 

smearing, such as the spike at 80 Hz. Although SVP works well for linear systems, it can 

be impractical in those nonlinear systems that do not reliably transfer frequencies from 

input to output. The sinusoidal variation of internal parameters will cause any linear 

system to become nonlinear. This produces the frequency smearing that is evident in 

Figure 3.12, where we see spikes at frequencies not related to the frequencies of variation 

of inputs or system parameters. 

Finally, we note that the additional harmonics added by using a step driving function are 

minor compared to the nonlinearities introduced by the sinusoidal variation of internal 

parameters, as can be seen by comparing Figure 3.12 and Figure 3. 13,. 
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Figure 3.9: System output trajectory resulting from SVP 
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Figure 3.10: Ratio of power spectrum for the system with varied parameters to that of the 

baseline system without varied parameters. 1 Hz resolution. Large peaks can be seen at 

30 Hz, 60 Hz, 140 Hz, and 200 Hz, corresponding to the effects H, H2, and HI< 
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Figure 3.11: Ratio of spectral power for the system with varied parameters to that of the 

baseline system without varied parameters. 10Hz resolution. This shows that a low 

resolution will tend to hide the existence of actual effects. Effects at 140 and 200 Hz 

seem to be hidden in the noise. 
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Figure 3.12: Ratio of spectral power for the varied system to that of the baseline system 

without varied parameters. Step input. Because the varied system is now nonlinear, 

frequency smearing is now evident as spikes at 40 Hz, 53 Hz, 80 Hz, and 100 Hz, and the 

0.1 Hz resolution suggests the existence of sensitivities that cannot be explained by the 

varied parameters. 
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Figure 3.13: Spectral power ratio for O.lHz resolution. This differs from Figure 3.12 

only in that a sinusoidal input is used instead of a unit step. This demonstrates that the 

phantom signals of Figure 3.12 are not due to the step input. The double spikes separated 

by 2 Hz are due to the 1 Hz sinusoidal input. 
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Section 3.5: Analysis of a Second-Order Nonlinear System by DoE and SVP 

3.5.1 Missile pitch control model 

The second example is the pitch control of a missile in flight. With slight adjustment, this 

model is also applicable to yaw control. This model was originally introduced for tutorial 

purposes (Reichert and Yost, 1990). 

where 

. cos:! a F 
a= +q m u Z 

. M). 
q=

f). 

a = Angle of Attack (AoA) 

q = Pitch Rate 

d = Tail Deflection 

(3.13) 

(3.14) 



Fz = CN(a,d)QS (lbs) 

M). =Cm(a,d)QDS (ft-Ibs) 

Q = dynamic pressure (lbs I ft2 ) 

S = reference area (0.44 ft2 ) 

D = diameter (0.75 ft2) 

m = mass (13.98 slugs) 

I). = pitch moment of inertia (182.5 slug- ft2) 
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u(a) = velocity component along missile centerline (3109.3(cosa) ftl sec) 

and 

CN(a,d) = O.000103a3 -O.00945a 2 -O.170a-O.034d 

Cm(a,d) = O.000215a3 -O.0195a2 +O.051a-O.206d 

We used the dynamic pressure model Q = O.00327v2 ,where v is in mph, and Q is in Ib/ft2. 

The missile pitch control model is depicted in Figure 3.14. 

d 

Figure 3.14: Missile Pitch Control Model (one plane only). 
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This missile is controlled by varying tail panel deflection angle d linearly with measured 

state variables AoA a and pitch rate q, i.e., d(x) = -(k1*a + k2*q) + dO, where dO is a 

value such that a system equilibrium is obtained for the given system parameters. The 

system is thus described by the familiar relationship i=f(x, u), where x= [a q]T, 

u=d(x), and the response variable (AoA) is defined by y=XJ = a. Linearize the system 

[
0] . [-0. 025 1. 000] [-0. 0051] around the x = to obtam A == and b == , where 
a 1.355 0.000 -5.4743 

i=Ax + bu. (3.15) 

The eigenvalues of A are {-1.1769, + 1.1516}, hence the system is not stable. 

3.5.2 The DoE Approach: Trajectory and Stability Sensitivity Analyses 

Next we present four analyses of the missile system using DoE techniques: (3.5.2.1) A 

state-space trajectory analysis of the open-loop missile system without an uncontrollable 

parameter, in which the factors of interest are mass, diameter, and velocity; (3.5.2.2) 

another state space trajectory analysis of the open-loop missile system, except this time 

with an uncontrollable factor (initial Angle of Attack) added; (3.5.2.3) a robust eigenvalue 

stability analysis of the closed loop system with an uncontrollable factor, AoA; and 

(3.5.2.4) a differential sensitivity eigenvalue stability analysis of the closed loop system 

with AoA as the uncontrollable factor. We also include a brief treatment of statistical 

significance of effects using Yates algorithm and mainstream DoE techniques (3.5.2.5). 
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The analyses of3.5.2.2 and 3.5.2.3 differ only in that one is for differential sensitivity and 

the other is for robust sensitivity. In both cases, the variation of the uncontrollable 

parameter, AoA, is over its entire expected range. This is because the differential 

sensitivity of a system with respect to an uncolltrollable parameter has only a small 

probability of being meaningful. For example, if the system was a radio receiver, with the 

tuning and volume as controllable parameters, and wind-speed, affecting reception by the 

antenna, is the uncontrollable parameter, then a differential sensitivity analysis in which 

wind speed is varied only slightly from its nominal value will produce results that do not 

reflect system performance over the entire range of wind-speed, and which are therefore 

of slight value. Oppositely, the differential sensitivity with respect to a controllable 

parameter may be helpful in system design, because it is our option to keep controllable 

parameters in the vicinity of their nominal values if that produces better results than larger 

variations. 

3.5.2.1 Trajectory Analysis Without An Uncontrollable Parameter 

The first DoE analysis considers the effects of mass, diameter, and velocity on the output 

trajectory of the open-loop system as described in 3.5.1. Initial conditions: Angle of 

Attack;;;;; 10°, pitch rate = OO/sec. The measured response is the Angle of Attack (AoA) 

after 1 second. 

3.5.2.1.1 Description. We looked at 3 levels of3 effects, so this DoE analysis required 

33 = 27 simulations to obtain linear, quadratic, and interaction estimates for the various 
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parameters. The factors were varied by ±10%. This analysis only looks at controllable 

effects, and therefore can be misleading if the system is subject to uncontrollable effects 

(such as variation in AoA). 

3.5.2.1.2 Results. The results of the series of simulations can be seen in Table 3.10. 

Effect estimates (in degrees) from the Augmented Yates Tableau are ranked by absolute 

magnitude. For example, the effect ranked number two corresponds to velocity, number 

ten corresponds to mass, etc. The first-order velocity and diameter effects dominate the 

system. All first-order effects (marked with arrows) dominate the corresponding second

order effects, which tells us we are not near a relative minimum or maximum with respect 

to these effects. 
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Table 3.10: Results of the DoE sensitivity analysis of the missile system trajectory with no 

uncontrollable parameters. 

Effect Effects 
Rank Estimates Mass Diameter Velocity 

1 4.123717 MEAN EFFECT 
2 0.809814 Vel ~ 

3 0.407303 Diam ~ 
4 0.076882 Diam Vel 
5 0.072370 Vel2 

6 0.004547 Diam Vel2 

7 -0.002170 Diam2 

8 -0.001580 Diam2 Vel 

9 -0.000900 Diam2 Vel2 
]0 0.000494 Mass ~ 

] 1 0.000484 Mass Vel 
]2 0.000223 Mass Diam 
13 0.000143 Mass Vel2 

14 -0.000100 Mass2 

3.5.2.2 Trajectory Analysis With An Uncontrollable Parameter 

3.5.2.2.1 Description. We now consider four factors, each with 3 levels, so this trajectory 

sensitivity analysis required 34 = 81 responses to obtain linear, quadratic, and interaction 

estimates for the various parameters as shown in Table 3.11. This analysis considers mass, 

diameter, and velocity as in 3.5.2.1, but in addition it considers the uncontrollable factor 

AoA. In this case, the uncontrollable factor dominates the system. 

3.5.2.2.2 Results. The most signicant first-order effect is AoA, which is not controllable 

(Table 3.11). The most important controllable first-order effect (velocity) ranked 8th of 
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the 81 effects estimated, and was only 10% the magnitude of the uncontrollable AoA. 

Note that this result is robust with respect to the uncontrollable parameter AoA which was 

varied over the range 10° ± 10°; controllable parameters were varied by ±10%. The 

conclusion is that Mass, Diameter, and Velocity will not be as important as AoA in 

determining the adequacy of the system control design. 
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Table 3.1 I: Missile System Trajectory Analysis With An Uncontrollable Parameter, from 

the augmented Yates tableau. 

Effects 
Rank Effect Estimate Angle of Mass Diameter Velocity 

Attack (AoA) 

1 7.959844 MEAN EFFECT 
2 -5.728647 AoA2 
3 2.881352 AoA 
4 -1.154643 AoA Vel 
5 -0.679727 AoA2 Vel 

6 -0.574168 AoA Diam 
7 -0.341067 AoA2 Diam 
8 -0.231541 Vel ~ 

9 -0.110021 Diam 
10 -0.07513 AoA Diam Vel 
II 0.073648 AoA2 Vel2 

12 0.035137 AoA2 Diam2 

13 -0.033348 AoA Vel2 

14 0.026747 Vel2 
IS 0.019671 AoA Diam2 
16 0.017817 AoA2 Diam Vel2 

17 0.011649 Diam2 
18 0.009845 Mass 
19 0.008785 AoA2 Diam2 Vel 
20 0.008185 AoA Mass 
21 -0.00699 AoA2 Mass 
22 0.00609 Diam Vel2 
23 0.005943 AoA Diam2 Vel 
24 0.004513 AoA Diam Vel2 
25 0.002897 Diam2 Vel 
26 -0.002221 AoA2 Mass Vel 
27 -0.001946 Mass2 
28 -0.001614 AoA Mass2 
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Comparison of Table 3.10 with Table 3.11 shows that the relative ordering of effects 

changes in the presence of an uncontrollable factor (in this case, the ordering changes from 

Velocity, Diameter, Diameter interacting with Velocity, Velocity2, etc., to Velocity, 

Diameter, Velocitl, Diameter2, etc.). Even if the relative ordering stays the same, the 

importance of parameters may change drastically. In general, a sensitivity analysis without 

regard to uncontrollable parameters, as in 3.5.2.1, cannot be expected to produce results 

indicative of system performance in the presence of uncontrollable parameters. 

3.5.2.3 Robust Stability Analysis of the Controlled System 

Subsequent analysis deals with the closed-loop missile system with a linear feedback 

controller. The AoA and pitch rate feedback coefficients, k\ and k2, are obtained as the 

steady-state values for the linear quadratic regulator with identity weighting matrices, and 

equal 1.246 and 1.205, respectively, when controlling at x = [0 0] T. 

A 34 factorial experiment is conducted with the dominant eigenvalue as the measured 

response variable. Though numerical results are not shown in the interest of brevity, we 

first determine that the stability effects of mass, diameter, and velocity are small compared 

to Angle of Attack. The three parameters of interest for further analysis are AoA and the 

two linear feedback coefficients k\ and k2 from the linear quadratic regulator. The results 

of the analysis can be used to develop a control that is robust to the parameterized 
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changes in the system. This represents an alternative means of designing robust controls 

that uses the same stability measurement as techniques such as Il-analysis, it keeps the 

maximum eigenvalue below a certain level for specified variations in the system 

(Weinmann, 1991, Green and Limebeer, 1995). 

3.5.2.3.1 Description. This analysis considered three parameters of the closed-loop 

system: (1) Angle of Attack (AoA), (2) AoA linear feedback coefficient kl' and (3) pitch 

rate linear feedback coefficient k2. The feedback coefficients were varied by 50%, i.e., flu 

la = 50%, to analyze the coefficients over a wide range. Angle of Attack was varied over 

the expected range of variation (specifically, lOO±lOO) to provide a sufficient estimate of 

how this control law responded over the design range of the uncontrollable parameter 

AoA. 

Sensitivity analysis can be used to select parameter values if you can specify a system 

characteristic to be minimized or maximized, e.g., eigenvalues. We now use this property 

to obtain a robust control for this system. Previously we used system trajectories to 

evaluate sensitivity. Trajectories are not adequate for evaluating system stability so we 

use Lyapunov's linearization method, i.e., the nonlinear equations are linearized around the 

new operating point, with some of the stability characteristics of this approximate system 

valid in a neighborhood of the original system (Lyapunov, 1892); although this assertion is 

fundamental to all linear systems theory, its justification is usually limited to works on 
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nonlinear systems such as Vidyasagar (1993). After solving for the zero of the nonlinear 

differential equations to verify that an equilibrium existed at that point, the Jacobian with 

respect to the state variables (A = a F I a x from (14» was calculated. The eigenvalues 

were evaluated at this new equilibrium point. For the experimental design, we selected the 

real part of the dominant eigenvalue of the system to be the response variable; the 

dominant eigenvalue is the most positive or least negative. The objective was to move 

the dominant pole(s) to the left in the complex plane. The DoE methodology was used to 

determine the best direction to move controllable parameters to obtain the best overall 

stability despite the uncontrollable parameters. 

3.5.2.3.2 Results. The results from this DoE sensitivity analysis for robustness can be 

seen in Table 3.12. We draw the following conclusions. 

(1) The magnitude of the effect of k22 (row 2) is more than double that of k2 (row 16). 

Combined with the fact that k22 is positive, we have reason to believe a minimum exists 

in the range of this analysis (k2 ± 50% k2), so k2.is near its optimum value. The second

order effect k12 (row 24) does not dominate its first-order effect (row 14), so a minimum 

probably does not exist in the given range and, therefore, k. should be increased. This is a 

reasonable finding since the solution of the linear quadratic regulator equation results in a 

tradeotTbetween control effort, as measured by the size of the input deflection, and 
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control effectiveness, as measured by the stability margin; the cost of the control balances 

the cost of a smaller stability margin. 

(2) The k\2 k22 (row 12) and k\ k2 (row 25) effects are both negative, but the k1
2 k22 

term is bigger. This implies varying these two terms together in either direction will tend 

to improve control, with variation in the positive direction (Le., more negative feedback) 

preferred. Recall that the interaction term must still be compared to other terms that 

dominate it, such as the first-order kl and k2 terms. 

The overall conclusion is that the k2 coefficient should not be changed to be outside the 

analysis range. But in order to make the system robust to uncontrollable parameters (in 

this case, AoA) k\ should be increased outside its current range. 
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The analysis so far has been qualitative, but the technique allows an exact quantitative 

interpretation. The effect estimates may be treated as the gradients of a function and as 

such are used to find the direction of greatest improvement, or steepest descent. This 

implies that system parameters can be adjusted in this direction, then the process can be 

repeated. This problem is well known in the field of optimization, where it is known that a 

solution can be obtained faster if second-derivative information, in the form of the Hessian 

matrix, is available; such information is available only through experimental designs that 

estimate second-order effects. When the Hessian matrix H is available then the adjustment 

of k\ and k2 should be considered as one procedure. By using a matrix quadratic form 

with H being the Hessian matrix and L the first-order effect vector, the two parameters 

can be optimized simultaneously, e.g., from Table 3.12, H = [k~ kl ~2] kl k2 k2 

= [ 1. 98x1 0.
2 

-1. 78 x1 0.
2

] and L = [kl] = [-1.12X1 0.
1 

], then after noting that H is positive 
-1.78x10·2 1. 64x1 0.0 k2 -8.27x10·2 

definite and therefore a minimum exists, we use the expression ki
+\ = ki 

- H'\ L = 

[
5.76X10+

0

]. Results are in units of ~k since that term has been left out of the equation, 
1.13x10·1 

and imply that k\ should be adjusted upward by 5.76 of the units of the analysis (5.76 x 

~kl = (5.76)(0.10)( l.246) == 0.7) and k2 should be adjusted upward by 0.113 units (i.e., 

0.113 X ~k2 = (0.113)(0.10)(1.205) == 0.01); this has the advantage of accounting for 

interactions between the adjusted parameters. When the interaction terms (e.g., k\ k2) are 

small then they may be ignored and the matrix calculation decomposes into simpler scalar 



operations. Note that these quantitative recommendations are fully consistent with the 

qualitative analysis earlier in this section. 
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This analysis seems to imply that the linear quadratic regulator steady-state solution does 

not result in a good controller. This is largely because this sensitivity analysis does not 

penalize excessive input magnitudes as does the linear quadratic regulator. On the other 

hand, this method tells us the true stability characteristics of the nonlinear system over this 

operating range of parameters, and the relative value of changing each feedback 

coefficient. 
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Table 3.12: Robust sensitivity effect estimates for missile system linear feedback variables 

Effect Effects 
Rank Estimate AoA kt ){z 

1 -3.77827 AoA2 kz2 

2 1.644764 kz2 

3 -1.37839 rv1EAN EFFECT 
4 1.377452 AoA2 
5 1.065244 AoA kz2 

6 -1.06075 AoA 
7 1.058996 AoA2 kt2 kz2 

8 -0.61316 AoA2 k t kz2 

9 -0.5729 AoA2 kz 

10 -0.21926 AoA kz 
11 -0.21649 AoA2 k t2 

12 -0.21475 kt2 kz2 

13 0.139475 AoA2 k t kz 

14 -0.1116 k t 

15 -0.10113 AoA kt kz 
16 -0.08269 kz 
17 -0.06451 AoA2 k t 

18 0.058217 AoA kt 

19 -0.0518 k t kz2 

20 -0.03739 AoA k t kz2 

21 0.031069 AoA2 kt2 kz 

22 -0.02166 AoA kt2 kz 

23 0.020658 AoA kt2 kz2 

24 0.019786 k t2 

25 -0.01781 k t kz 
26 0.010431 AoA kt2 

27 0.007682 kt 2 kz 
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Table 3.13: Differential sensitivity effect estimates for missile system linear feedback 

variables k\ and k2. 

Effect Effects 
Rank Estimate AoA k\ k2 

1 2.15782 AoA2 
2 -2.00634 AoA2 k22 
.., -1.84582 MEAN EFFECT .:> 

4 -1.41682 AoA 
5 -0.71080 AoA2 k2 

6 0.33393 k22 
7 0.15828 AoA2 k\ k22 
8 -0.14596 AoA k2 
9 0.08241 AoA2 k\ k2 
10 -0.02669 k\ k22 
11 0.02453 AoA2 k\ 

12 -0.02309 k2 
13 -0.01838 k\ 
14 0.01422 AoA k\ 
15 0.01255 AoA2 k\2 k22 
16 -0.01225 k\ k2 
17 0.00638 AoA2 k\2 k2 
18 0.00390 AoA2 k\2 
19 -0.00211 k\2 k22 
20 -0.00148 AoA k\ k2 
21 -0.00102 k\2 k2 
22 -0.00080 k\2 
23 0.00046 AoA k22 
24 0.00031 AoA k\ k22 
25 0.00015 AoA k\2 
26 -4.6E-05 AoA k\2 k2 
27 1.89E-05 AoA k\2 k22 



180 

3.5.2.4 Differential Sensitivity Analysis 

This analysis was conducted as 3.5.2.3, except that all parameters except AoA were varied 

by 10% of nominal values, i.e., /1a/a = 10%. This change allows us to compare a robust 

sensitivity analysis to a differential sensitivity analysis. The results of this DoE sensitivity 

analysis for differential sensitivity can be seen in Table 3.13. 

RESULTS 

( I) The kJ first-order effect (row 13) is relatively small and negative, but dominates its 

second-order effect (row 22). The k2 first-order effect (row 12) is also small and 

negative, but is greatly dominated by the large positive second-order effect (row 6). This 

indicates that there is room for improvement by increasing kJ, but k2 must stay where it is. 

These results are consistent with the robust sensitivity case. This implies that the 

sensitivity of the system to kJ and k2 does not differ greatly between the two ranges. 

(2) The uncontrollable effects of AoA dominate the stability effects ofkJ and k2. This 

implies that a single linear feedback controller is not sufficient in general. Indeed, this is 

the case, and gain scheduling (making the gains a function of measurable conditions) is 

necessary to obtain satisfactory performance while maintaining stability margins. 

The largest linear effect estimate is the uncontrollable term (AoA, row 4). Let us consider 

the two controllable effects one at a time. Because the controllable parameter k2 has a 
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positive second derivative term kl2 (row 6) that has a magnitude much larger than its 

negative linear effect (row 12), we can expect the nominal value of negative feedback 

coefficient k2 to be close to a robust optimum. Because the controllable parameter kl has 

a negative second derivative term kl2 (row 18) that is much smaller in magnitude than its 

negative linear effect kl (row 13), we can expect to improve robust stability by increasing 

k l . 

The observant reader will object that we are violating the previous recommendation to 

adjust kJ and kl together using the matrix quadratic relationship. We do this because (i) 

the linear effect ofkl is large compared to its second-order effect, and (ii) although the 

second-order model F(x) = 3xlHx+Lx is usually more accurate than the first-order model 

F(x) = Lx, it is nonetheless only an approximation. In this case, the matrix quadratic 

adjustment would cause kJ to be adjusted by -H-1L = [-15.4 -0.497]T. The adjustment for 

kJ is large, and is therefore not appropriate because the quadratic approximation is just 

that-- an approximation. In general, following normal optimization programming 

procedure, the adjustment should be limited. 

The differential and robust sensitivity results for kl and kl are graphically summarized in 

Figure 3 .ISa and Figure 3.ISb. 

Although the recommendations pertaining to the robust analysis should usually be 
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preferred to those of the differential sensitivity analysis, the designer should keep in mind 

that there is uncertainty even as the extent of variation of uncontrollable parameters; if this 

variation is exaggerated in the analysis then the design will become overly conservative if 

an adequate design can be/ound at all (as is the case in Ho design). 
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Figure 3.15a: Effect offeedback parameter kJ on the dominant eigenvalue of the cIosed-

loop missile control system. The first-order term dominates in both the robust and 

differential sensitivity cases, indicating that an increase in kJ will lower the dominant 

eigenvalue, thus increasing system stability. 
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Figure 3.15b: Incremental effect of feedback parameter k2 on the dominant eigenvalue of 

the controlled system. The second-order term dominates in both cases, but is more drastic 

in the differential sensitivity case. The curves do not coincide, which means that the 

differential sensitivity analysis will not accurately predict the effects under large parameter 

fluctuations. 

3.5.2.5 Statistical Significance of Effects 

In this chapter we have used Yates algorithm in a novel way. To best way to contrast this 

technique with the traditional DoE technique is to show the common way of using Yates 

algorithm in DoE. Yates algorithm for 3k factorial experiments is concerned solely with 

determining sum-of-squares (the statistical significance) of the effects. This provides a 

useful property, in that in the presence of noise we can use standard experimental design 

techniques to obtain precise estimates of statistical significance of the effect estimates 
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previously calculated. 

Consider Table 3.13. Suppose we determine a priori that we want to keep only those 

effects that we can accept with 1 % probability of accepting an effect that is actually part 

of the noise. Since we have only one replication of each experiment, we cannot obtain a 

direct estimate of the process noise. For this reason, we will use the pseudo standard 

error method (Lenth, 1989), which identifies those effect estimates that should be treated 

as noise. The sum-of-squares is calculated for each effect, as described in Section 3.3.1.3. 

We then lump the sum-of-squares of the noise estimates to obtain an estimate of overall 

process noise (more commonly called 'mean square. error' or MSE in the DoE literature), 

the standard deviation of which is found to be 3.43xlO-6
. The variability due to each effect 

will be ratioed with the MSE; this ratio itself can be viewed as a signal-to-noise ratio, but 

more importantly under reasonable assumptions is distributed statistically as the F

distribution. The details are standard in the experimental design literature (Box et ai., 

1978, and Montgomery, 1984) for the fixed-effect model with no replications. As a result 

of the I % cutoff, only the top 16 effect estimates can be considered valid. Results are 

summarized in Table 3.14. Notice in Table 3.14 that the most important of the effects are 

those associated with the uncontrollable factor AoA. This indicates that the control will 

be dominated by the flight conditions. This implies the need for many different control 

values for different flight conditions, which is indeed the case for modern missile controls. 
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Table 3.14: Standard statistical analysis techniques applied to the results contained in 

Table 3.13. 

Effects Sum-of-
Rank AoA kl k2 Squares 

1 AoA2 125.717 

2 AoA2 kz2 72.457 

3 MEAN EFFECT AoAO klO kzO 5.111 

4 AoA 36.133 
5 AoA2 kz 6.063 

6 kz2 0.112 

7 AoA2 kl kz2 3.76E-02 

8 AoA kz 2.13E-02 
9 AoA2 kl k2 5.66E-04 

10 kl k22 1. 28E-02 

11 AoA2 kl 7.22E-03 

12 k2 5.33E-04 
13 kJ 4.05E-03 
14 AoA kJ 1.62E-03 
15 AoA2 kJ 2 kz2 1.05E-04 

16 kJ kz 1.50E-04 

17 AoA2 kJ 2 kz 2.72E-05 

18 AoA2 kJ 2 8.45E-07 

19 kJ 2 k22 6.68E-06 

20 AoA kJ k2 2.20E-06 
21 kJ 2 kz 8.64E-08 

22 kJ 2 6.36E-07 

23 AoA kz2 1.38E-07 

24 AoA kJ kz2 5.39E-09 

25 AoA kJ 2 1.82E-09 

26 AoA kJ 2 k2 1.16E-10 

27 AoA kJ2 kz2 1. 65E-12 
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3.5.2.6 Conclusion 

We have presented a new, methodical approach to the robust stability analysis of systems. 

This approach has the following advantages over robust control methodologies such as 

H, and ~l-synthesis: (i) although the system must be linearized in order to evaluate 

stability in each experiment, this method does not assume that this highly nonlinear system 

must be treated as a linear system with plant uncertainties; (ii) uncertainties in parameters 

can be treated precisely within the system model; and (iii) unstable closed-loop systems are 

allowable, if they are required to achieve performance objectives. This approach has the 

following disadvantages: the robustness of the system with respect to frequency of the 

parameter variation or exogenous signal is not generally understood. Compare this with 

H J, which ensures that the control is acceptable for the worst case frequency (Lunze, 

1987, and Weinmann, 1991). 

Differential and robust sensitivity are distinct but complementary concepts. A knowledge 

of differential sensitivity without robust sensitivity can lead to a non-robust system design. 

An understanding of the robust stability aspects without differential sensitivity may ignore 

benefits to be obtained locally, i.e, a local optimum without additional cost. A complete 

sensitivity analysis will include robust and differential sensitivity results, which should be 

scrutinized to find areas of agreement and disagreement. 
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3.5.3 Sinusoidal Variation of Parameters Approach 

The system at Angle of Attack = 0 degrees is unstable, so as in 5.2.3 a linear quadratic 

regulator is used to stabilize the system at AoA = O. The system is then started from the 

out-of-equilibrium condition AoA = 10°, q = OO/s. Equations of variation are: 

Velocity v(t) = 3109.3(1 +0.5 sin(5 x 2nt)) ft/sec 

Mass m(t) = 13.98(1+0.5 sin(170 x 2nt)) slugs 

Diameter d(t) = 0.75(1+0.5 sin(30 x 27tt)) ft 



1.08-
i 

1.06 ~ ,I, 
I, ,,:\ , \ 

188 

.Q 1.04 TI' 'I / .. 

& 
102

1/' vi: /v"·V~· .. /l_, .... ,/v.~JJ"'-v-..r_~"""--'~.'_~~~""""--... _______ ~ 
E' il II 
.s 1 t 
lrl 11 
f); 0.98 'ji 
~ I 
~ 0.96 11 
o II 
a. 0.94 1 

0.92 " 

0.9 -------I---------'------+------t----------i 

o 50 100 150 200 250 

Frequency (Hz) 

Figure 3.16: Ratio of two power spectral densities, one with SVP at 5, 30, and 170Hz, 

and the other with fixed baseline parameters. The system was started from out-of-

equilibrium condition AoA = 10°, pitch rate = oo/s. No significant signals at relevant 

frequencies can be detected, inaccurately implying that the system is not sensitive to the 

parameters in question. 

No sensitivity effects of the system could be seen in this SVP analysis (Figure 3.16). 

Because the linearized system exhibits definite low-pass characteristics, with the 

breakpoint at about 1Hz, the simulation was conducted again, this time with frequencies 

that were less likely to be filtered out. 

Velocity vet) = 3109.3(1 +0.5 sin(0.05 x 27tt» ft/sec (3.16) 

Mass met) = 13.98(1+0.5 sin(l.OO x 2nt» slugs (3.17) 
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Figure 3. I 7: Ratio of two power spectral densities, one with SVP at 0.05, 1.00, and 

0.30Hz, and the other with fixed baseline parameters. Systems started from out-of-

equilibrium conditions as in Figure 3.16. No signals are apparent. 

Once again, with the SVP technique we were unable to make qualitative or quantitative 
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evaluations of the parameters of interest, despite relatively large amplitude fluctuations of 

50% of nominal (Figure 3. I 7). This can be attributed to the highly nonlinear 

characteristics of the system, the reduced sensitivity of the system due to feedback control, 

and to the fact that SVP is useful chiefly for the analysis of a system in a steady-state 

rather than transient condition. 
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Because of the strong tendency of feedback systems to be less sensitive to plant parameter 

variation, we had reason to believe that the analysis of the closed-loop system was not an 

adequate test of the SVP technique. Since the system can be stabilized at AoA = 10 

degrees (see Figure 3.18), we also analyzed it as an open-loop control. 
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Figure 3. 18: The missile system at Angle of Attack = 10 degrees is stable. Initial 
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Conditions: Angle of Attack = 0°, q == Oafs. Step input d == -5.933 corresponds to 10° 

equilibrium. 

Also, we used frequencies of variation within the low-pass region of the system. Again, 

the method yielded no useful results (Figure 3.19). 
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Figure 3.19: Spectral Power Ratio for open-loop system with SVP at frequencies within 

the linearized system's low-pass region, with respect to baseline system. Systems started 

at the out-of-equilibrium condition AoA = 0°, q = 0 rad/sec. SVP fails to reveal any 

system sensitivity even in this case when the system should be most sensitive. Frequencies 

of variation: Mass 1Hz, Diameter 0.3Hz, Velocity O.OSHz. Initial Angle of Attack 

(AoA) = 0 degrees 

The last attempt to obtain useful sensitivity information from SVP was successful. It 

recognized the following characteristics of SVP: (1) it is considered robust with regard to 

transients within the experiment, but the transients should not dominate (Schruben and 

Cogliano, 1987); if a transient condition cannot be avoided, it may be possible to obtain 

useful power spectrum density information by first removing the trend from the time-

domain signal (Shiavi, 1991). (2) A system brought to equilibrium reveals little frequency 
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domain sensitivity information; this is apparently a new result for SVP. The system cannot 

be in equilibrium, nor can it be dominated by transients. This difficulty can be resolved by 

placing a forcing function somewhere in the experiment to ensure that the system does not 

achieve equilibrium while at the same time avoiding transient conditions. A 0.02 Hz 

sinusoid was added as a disturbance to the control signal of the closed loop pitch control 

system. The results are depicted in Figure 3.20. Visible effects at 0.05 Hz and 1.00 Hz 

correspond to velocity and mass. These are not identical with the results obtained from 

the DoE analysis (diameter was more important than mass), but the SVP analysis cannot 

measure sensitivity during a transient, which is often of greatest interest for the controls 

designer. 
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Figure 3.20: SVP successfully reveals sensitivity information around the system's 

equilibrium. 
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Section 3.6: Conclusions on the Use ofSVP and DoE in Sensitivity Analysis 

Two sensitivity analysis techniques, SVP and DoE, have been examined in a variety of 

applications. Both techniques are well-suited to sensitivity analysis problems under the 

following conditions that make analytic study difficult: (1) the system is not well 

understood, or no adequate model exists, so that experiments must be conducted to 

establish system behaviors to aid in design. (2) The system is subject to influences that are 

difficult to measure, e.g., the system is noisy. (3) The system is too complex to be 

analytically tractable. (4) The measurement noise is large. 

SVP should be used when (1) the exact quantitative estimate (or even sign) is not 

absolutely necessary, (2) the system can be expected to conserve frequencies (for example, 

a linear system), and frequency aliasing will not be problematic, (3) the frequency response 

of the system, including notch-filtering, band-pass, etc., is known, (4) the experimenter is 

primarily concerned with effects around the equilibrium, (5) an appropriate forcing 

function is known to exist, which will stimulate the system enough to get response data 

without producing unwanted effects caused by excessive amplitude, and (6) only a few 

runs (experimental or simulation) are available. If an analysis of random signals is required 

then the experimenter must be prepared to compensate for power spectral density variance 

(which is equal to the mean at any particular frequency) (Shiavi, 1991). The principal 

weakness of this technique is that in the most general case all of these conditions are 
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necessary, and perhaps not sufficient. However, the relatively large amount of qualitative 

information from only two experiments is undeniably efficient. In particular, SVP should 

be considered as a screening tool (Schruben and Cogliano, 1987). The baseline simulation 

would have to be conducted for most other designs (3k, central composite, etc.), so the 

SVP procedure actually requires only one additional experiment. As shown in Sections 

3.4 and 3.5, a forcing function is recommended though not always necessary. 

Experimental design can give the experimenter robust quantitative estimates of the effects 

of parameter changes. It should be used when an exact quantitative estimate is worth the 

cost of additional experimentation or simulation. 

Although this chapter has drawn a careful distinction between experimental designs that 

are used to obtain linear and quadratic effects, there is some middle ground. For example, 

we could have a mixture of two and three level experiments. Such experiments are 

described in abbreviated form as 2\;13\;2 full factorial experiments, where k1+k2 = k, k1 is 

the number of two level factors, k2 is the number of three level factors, and 2\;13\;2 

experiments are required. This will reduce the number of experiments to be run, while 

simultaneously giving quadratic estimates where necessary. The issue of confounded 

effects, especially for fractional factorial experiments, remains a daunting, but not 

impassable obstacle. Although this chapter has focused on the full-factorial 3-level 

designs, the structure obtained by Yates algorithm can be used to obtain a mixed 
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experimental design. For example, consider the 32 experiment with factors A and B. 

Eight effects will be estimated, of which five will be used to construct the second-order 

metamodel using the Hessian, etc. The other three effects, A2B, AB2, and A2B2, can be 

put to good use. Simply assign a 2-level factor, C, to the contrast corresponding to A2B2. 

The interaction CA will be confounded with AB2, and the interaction BC will be 

confounded with A2B. Although for simplicity the noise factors of the examples in this 

paper have been assigned separate factors of the full-factorial design, this would be an 

excellent way to include noise factors which don't necessarily require a second-order 

model. 

Recall that two kinds of numerical results can be calculated for each factor and interaction 

offactors. The first is the statistical significance of the factors; this is adequately treated in 

the DoE literature (Box et al. 1978, Howell 1969, Montgomery 1984, Taguchi 1987), but 

is not covered here except in passing in section 3.5.2.4. It would be appropriate in the 

case of noisy systems to treat this subject more fully. 

Although the sensitivity measures have been extended here to include second-order terms 

and interactions, extensive use of those sensitivity measures, e.g., semi relative sensitivity, 

has not been made. There are two reasons for this. First, comparing absolute, relative, 

and semirelative sensitivities can be difficult for higher order effects, e.g., AoA2k12k22. 

For example, to obtain a semirelative sensitivity, an nth order derivative effect must be 
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multiplied by (a/~a)n, so higher order terms tend to become large. Moreover, in the 

general case in which structural parameters with ao = 0 are varied, it is impossible to use 

the semirelative or relative sensitivity functions. To avoid these complications, it can be 

helpful to use the effect estimates directly from the augmented Yates Algorithm tableau. 

These give us ~F instead of ao(~F/~a). As noted earlier, when the ratio ao/~a is the 

same for all parameters, the results are identical to the semi relative sensitivity function, so 

little is lost. 

This chapter is restricted to 3k designs when looking for estimates of second-order effects, 

but other experimental designs (such as central composite designs) may be more 

appropriate for particular investigations. As shown in section 3.3.1.1, a tradeoff exists 

between the gain from the reduction in the number of experiments in the central composite 

design the the increased variability of the effect estimates. 

The intention of this chapter is to show how an empirical analysis technique such as DoE 

can be extended to include the estimation of second-order effects, that may then be used 

to provide effective system analysis, leading to improved designs. The contributions of 

this chapter include an augmentation to Yates algorithm for 3k factorial experiments that 

allows direct estimation of first- and second-order effects. This augmentation removes the 

need for more cumbersome orthogonal polynomial or multilinear regression approaches to 

obtain these estimates. This chapter also illustrates interpretation of the results of the 
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factorial experiments, especially within the sensitivity analysis framework. We also show 

that as long the response variable(s) are measurable, a DoE-based sensitivity analysis can 

be used in iterative system design. Finally, we introduce an innovative approach to robust 

control problems, and note that the process can be completely mechanized to provide a 

highly credible alternative to existing technologies such as IL., especially with regard to 

highly structured uncertainty. 
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Chapter 4: A Fuzzy Rule-Based System 

Section 4.1: Introduction 

The purpose of this chapter is to present a new means of structuring data within a fuzzy 

rule-based system (FRBS), and to compare this implementation with the most popular 

implementation of artificial neural network (NN). Over the last several years, both neural 

networks and fuzzy systems have gained wider acceptance as valid modeling tools with 

numerous practical applications in control and other areas. For neural networks, this 

acceptance was made possible when Werbos (1974) introduced the gradient descent 

back propagation learning technique in his dissertation, but the technique had to be 

completely rediscovered more than ten years later by Rumelhart et al. (1986) before it 

became widely known. For fuzzy systems, this acceptance began soon after Zadeh's 

introductory paper (Zadeh, 1965), which for example inspired Bellman, founder of 

dynamic programming and pioneer of optimal control theory, to enter and expand the 

fuzzy system field (Bellman and Zadeh, 1970). Rarely, however, have the two techniques 

been compared head-on; Sudkamp and Hammell (1994), for example, accurately describe 

the relative difficulties of neural networks and FRBS, but avoid a numerical comparison. 

The most popular type of NN is the backpropagation (BP) feedforward net. Many other 

neural nets have also proven useful, notably the Kohonen Vector Quantization method 

utilizing competing nodes and bidirectional associative memories (BAM). Despite their 
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vast potential, however, Kosko notes that neural networks have rarely been applied 

outside of research (McNeill and Freiberger, 1993), while fuzzy systems are already built 

into hundreds of commercial applications. This is due in part to the nature of neural 

networks: they are black boxes in which humans find little intuitive meaning. 

Furthermore, even though they accept training, the results vary according to the 

complexity of the system to be emulated and even the initial (untrained) state of the NN. 

Fuzzy rule-based systems, also known as fuzzy associative memories (FAMs), are 

relatively transparent. Because they operate using the same logical constructs that are 

familiar to humans from social, legal, philosophical, and scientific applications, we find 

them easy to understand and troubleshoot; we can find the source of surprising results and 

verify whether or not they are substantiated. If a NN gives us a surprising result there are 

only a few alternatives: (1) accept the answer as-is, (2) train another NN with different 

characteristics (initial conditions, number of hidden layers, number of nodes, etc.) to see if 

similar results are obtained, or (3) refuse the result and rely on other means. In a FRBS 

the validator can make a consistency check on the rules; if the logical format is satisfactory 

then the fuzzy set definitions should be checked. Because of this fundamental advantage, 

recent research has focused on using NN to derive rules (Fu, 1994, Wang et aI., 1994). 

Another fundamental difficulty with neural nets is training time. Neural nets typically 

require lengthy exposure to the representative system data or some a priori knowledge of 
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the system dynamics in order to yield a reasonable approximation. One attempt to reduce 

training time involves the use of a conventional nonlinear optimizer to solve for the best 

weights given the data set (Hung and Denton, 1993). On the other hand, a hardware

implemented neural net can be used to solve nonlinear optimization problems (Lillo et aI., 

1993). Both investigations yield the desired results, but such neural net investigations do 

not emphasize the time required to solve the problem. 

NN and FRBS are similar in many respects. They both accept inputs, process them 

through nonlinear functions (the saturation functions in the NN, eg, the sigmoidal 

functions, and the fuzzy number membership functions in the FRBS), and produce an 

output after some arithmetic combination of previous results. Fuzzy rule-based systems 

typically have only two 'layers', one for input data encoding and one for output calculation, 

while NN almost always have three or more. Ultimately, the value of both NN and FRBS 

is in their ability to mimic the input/output characteristics of other systems; this can be 

either approximate (as required for decision boundaries) or pre~ise (as required for system 

control). A FRBS corresponding to 2 layers can approximate any function of its inputs to 

arbitrary accuracy (Buckley and Hayashi, 1993); a 2 layer NN cannot (demonstrated by 

Minsky and Papert, 1969), but with the addition of one or more hidden layers the NN 

becomes a universal approximator (Hecht-Nielsen, 1987). Because both approaches are 

universal approximators, they can conceivably 'learn' anything; the only limits to their 

accuracy are speed and complexity. 
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While the most common learning engine for NNs is backpropagation, FRBSs do not yet 

have an acknowledged standard. Two well-known approaches are those of Kosko and 

Sugeno. Kosko uses NNs to obtain input-output clustering of data (Kosko, 1992), while 

Sugeno uses a heuristic scheme for grid-partitioning the input data, and a weighted least 

squares regression to identify output coefficients (Sugeno and Kang, 1988). Another 

approach is to form a fuzzy system including membership functions and connectives, using 

the NNs; the FRBS learns because the component NNs learn (Wang, et aI., 1994). In this 

chapter, a nonlinear optimization engine is applied to grid-partition input data and estimate 

output sets; the learning time of this approach is compared to that of a standard 

backpropagation NN. 

In order to investigate the advantages and disadvantages of the two approaches, we use a 

test problem that is both reasonably demanding and simple to understand. A 

backpropagation NN and then a FRBS approximate the desired system. Finally, the NN 

and FRBS are compared on the basis of (1) speed, and (2) accuracy. Speed is measured in 

the number of seconds required to obtain a given model error, with all computations 

conducted on a 486-based PC running at 33 Mhz. This chapter differs from previous 

investigations in that it adapts a conventional nonlinear optimization algorithm for use as 

the learning engine of the FRBS; furthermore, in order to ensure convergence, 
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complementary grid-partitioning is used. The resulting FRBS is much faster than the 

equivalent back propagation NN for the demonstration problem. 
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Section 4.2: APPROACHES 

METHOD 1: FUZZY RULE-BASED SYSTEMS 

Fuzzy systems interpret numerical quantities in fuzzy terms. Although many-valued logic 

was introduced by Lukasiewicz (1920), Zadeh (1965) explicitly combined and extended 

these concepts to form modern fuzzy set theory. Membership in a fuzzy set, unlike 

membership in a classical set, is not binary. Some elements are certainly a member of the 

set, indicated by a membership of 1.0, while the membership of other elements is less 

certain. indicated by a membership between 0 and 1, exclusive. Elements that are 

detinitely not within a fuzzy set have a membership of O. Figures 4.1 and 4.2 depict two 

fuzzy sets. The set of possible elements over which a fuzzy set is defined is called its 

universe of discourse. 
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The fuzzy number is a special type of fuzzy set. Fuzzy numbers have a universe of 

discourse defined over the real number system (although this can be generalized to include 

complex numbers). A number that is not fuzzy is called crisp. As can be seen from 

Figures 4.3 and 4.4, crisp numbers are a specific case of fuzzy numbers in which only one 

value has non-zero membership, and that value has membership I. F or our purposes, 

fuzzy numbers are always normal, i.e., their maximum membership attains 1, and quasi

convex, meaning that they have one non-decreasing left branch and one non-increasing 

right one. A very useful property of such fuzzy numbers is the a-slice. The a-slice is an 

interval within the fuzzy number defined for every membership value a E [0,1]. The a-

slice of the fuzzy number 3 for a = I, as shown in Figure 4.4, is the interval (3, 3), but the 

a-slice of fuzzy number 3 for a = 0.5 is (2.5,3.5). At the a-slice for a = 1.0, the interval 

is very precise but the accuracy is very large. At the a-slice for a = 0.5, the interval is less 

precise but the accuracy is greater for the reason that it is more accurate to say that 

numbers about 3 are actually within the interval (2.5, 3.5) rather than exactly equal to 3. 

This tradeoff between accuracy and precision was previously observed by Heisenberg, 

e.g., "an accurate determination of energy can be obtained only by a corresponding 
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indeterminacy [imprecision] in time," and Heisenberg believed that this tradeoff was 

generally true (Jammer, 1974). 
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Figure 4.4: Fuzzy Numbers "About 3" and "About 7" 

The FRBS uses a combination of rule-based logic and fuzzy sets to receive inputs (in 

general, crisp or fuzzy), process them, and produce outputs (in general, crisp or fuzzy). 
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This chapter makes use of fuzzy numbers as defined by Dubois and Prade (1980). 

Partitioning a set of fuzzy numbers into subsets may be accomplished by using logical 

operators such as AND and OR to classify set elements by their attributes. With 

conventional sets, elements belong to only one subset. Thus a set element may correspond 

to the subset Medium A AND Medium B, but no other subset (Figure 4.5). Conceptually, 

this architecture can be extended to fuzzy sets. Typically this requires a partitioning of 

each input dimension and then mapping each possible input combination into the output 

space. For example, if there are 2 inputs, and each is partitioned into 3 fuzzy sets, then the 

resulting FRBS must include information on (1) the structure of the 6 fuzzy sets (2 inputs 

x 3 fuzzy sets/input) and (2) how the 3 x 3 = 9 possible input combinations will be mapped 

into the output space. Because grid partitioning schemes can become very complicated 

with additional inputs, a cluster partitioning scheme is often adopted, e.g., Nakamori and 

Ryoke ()994). A cluster partition can offer the same accuracy with reduced information, 

because it is potentially more efficient than a grid; the chief disadvantage of clustering 

schemes is that, unlike grid partitioning, they do not decompose the problem. With a grid 

partition, one dimension of the input space is considered at a time, but any clustering 

technique must consider n-dimensional space. Another consideration is that each 

dimension of a grid-partitioned system can be calculated in parallel; a clustered algorithm 

may require a separate processor for each output class in order to realize the speed 

advantages of parallel processing (although this may come free if the clustering is 

implemented with neural nets). Clustering algorithms such as the fuzzy c-means (FCM) 
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and fuzzy c-lines (FCL) methods of Bezdek (Bezdek and Pal, 1992) are probably the 

most important clustering schemes. Cluster partitions with NN adaptation are used 

effectively in Kosko (I992) and Sun (I994). Sun (1994) also provides a more detailed 

discussion of cluster partitioning and grid partitioning. Figure 4.5 (Grid-Partitioning) 

and Figure 4.6 (Cluster-Partitioning) further illustrate the differences between the two 

approaches. 

Low A Medium A High A 

Low A Medium A High A 
Low B and and and 

LowB LowB Low B 

Low A Medium A High A 
Medium B and and and 

Medium B Medium B Medium B 

Low A Medium A High A 

and and and 

High B High B High B 
High B 

Figure 4.5: Conventional Set Grid-Partitioning 
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Figure 4.6: An Example of Cluster-Partitioning. Note that Cluster 3 is not convex. 
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Unlike conventional partitioning, fuzzy partitioning provides for gray areas in which any 

set element can belong to more than one fuzzy subset (Figure 4.8). At one extreme of 
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fuzzy partitioning, the gray area is infinitely small (this corresponds to conventional set 

operations); at the other extreme, all elements are mapped into the gray area, i.e., all 

elements belong to more than one subset (Figure 4.9) 
X1 

X2 

Figure 4.8: A fully overlapping fuzzy partitioning of two inputs. This is a specific 

example offuzzy partitioning. 

When the partitioning is fully overlapping, only the points emphasized with heavy dots fall 

entirely within a single category (e.g., high-medium AND low-medium). In general, any 

input vector of dimension 2 will tend to fall within at least four classifications; for 

example, the point marked 'x' in Figure 4.8 has membership in the following fuzzy sets: 

Xl = low-medium, Xl = high-medium, X2 = low-medium, and X2 = high-medium. 

An input vector of dimension 3 will generally fall within at least eight classifications, and 

so on. 

Every combination of fuzzy numbers Xlj AND X2j constitutes a separate rule that 

corresponds to an output Yij that is also a fuzzy number, i.e., IfXl j AND X2j THEN Yij' 
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In general, if i E 1, ... I, and j E 1, .. J, then there are IJ rules, so there are IJ possible 

outputs that are defined as fuzzy numbers. In practice many of these rules can be 

combined using OR, XOR, etc., so that the AND rule-base can be reduced to a more 

manageable size. Another way of reducing the size of the rule-base is to ignore 

antecedents that are unlikely, impossible or without meaning in the physical realization of 

the system. Finally, each of the possible output fuzzy numbers is weighted by the summed 

membership of rules corresponding to that output, these fuzzy numbers are combined, and 

maximum (mode) defuzzification (Bardossy and Duckstein, 1995) is used to find a crisp 

output. 

Fuzzy Partitioning of a domain: Any domain may be partitioned using fuzzy sets. In 

particular, a real or complex space can be partitioned using fuzzy numbers. A partition is 

a subdivision of all elements to one or another set or number. For example, the set of real 

numbers ~H 1 can be partitioned into two crisp sets, ;::: 0 and::; o. In this case, the only 

overlap is the number O. In a fuzzy partitioning, significant overlap may occur even in 

relatively disjoint sets such as "Less Than About 0" and "Greater Than About 0". Such 

overlap is desirable, and in fact is the basis of many of the advantages of fuzzy systems. 

One consequence of this overlap is that as one moves from one point to another along a 

domain one is always located on the support of one or more fuzzy numbers, i.e., for each 

point the sum of membership over all fuzzy numbers is positive; this property is called 

'completeness' (Bardossy and Duckstein, 1995). 
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Figure 4.9: Complementary Partition 

Complementary partitioning of a domain: Complementary partitioning of a domain 

(Figure 4.9) ensures that the sum of membership of any particular point over all fuzzy 

numbers is 1. This is an extension of the property of completeness, which is 'One 

Completeness'. When the multiplicative t-norm is used to represent the logical operator 

AND. the property of complementarity can be achieved in all dimensions by achieving it 

separately in each dimension. This allows us to treat one dimension at a time, thus 

simplit),ing the problem of FRBS construction and learning. 

The overlaps are complementary; the sum of memberships for any particular element is 

always I: 
I; 

I p, (x) ) = 1 'V.f sf 
(4.1) 

,··1 

where J is the number of inputs, and Ij is the number of partitions of input j. Using the 

multiplicative t-norm for combining memberships in fuzzy sets (e.g., 

1'1: (x I'X :) = PI (x I )p~ (x ~) when J = 2) we obtain 
H R 

Ip;:.1 (XI,X~, ... ,xJ ) = III; (xl)p; (x~) ... JI~ (x J ) = (4.2) 
r .. I r =1 
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where R is the total number of rules corresponding to the partitioning of the input space in 
J 

a grid-partitioning scheme and R = IT!) is the number of rectangles of the grid. A 
i =1 

convex combination of numbers is a arithmetic weighted combination such that the 

weights are positive and sum to one. Equation 2 is always true because each of these 

summations over each input partitioning can be interpreted as a convex combination of 

elements, which are themselves a convex combination. As a consequence, no weighting 

normalization is required at the defuzzification stage, thus simplifying and possibly 

speeding up the learning process. In a complementary partitioning, most of the 

parameters that define the partition are shared by more than one fuzzy number. As a 

result, the number of variables required to define the partitions drops by approximately a 

factor of two, e.g., the middle of one partition is by definition the beginning of the next 

one. The FRBS is complete since all possible inputs faIl into a given subset. The FRBS is 

nonredundant to the extent that removing even a single rule of the form "If Xl AND X2 

... " will in general reduce the accuracy of the model. 
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Figure 4. 10: FRB S (4 x 4 partitioning) with complementary partitioning along both axes. 

The relative complexity ofa FRBS can be measured by the number of parameters required 

to define it. To optimize the FRBS depicted in Figure 4.10, eight partition parameters 

must be adjusted. At least 16 additional parameters must be adjusted for the fuzzy output. 

The total number of parameters required to define this FRBS is 24. One approach to 

lower the FRBS complexity is to predetermine the allowable output parameters and map 

each AND partition into an output FRBS cell defined by these output parameters (Kosko, 

1992). 

Triangular Fuzzy Numbers: Triangular fuzzy numbers x = (aLla~lIaU) are defined over a 

single dimension and always have a membership function of the form 
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(4.3) 

where I( a, b)( x) = ifa<x<b 

= 0 otherwise. 

The principal advantage of a TFN is that it can be defined by the 3 parameters 

corresponding to the minimum, peak, and maximum abscissa. TFNs are discussed in more 

detail in Sudkamp and Hammell (1994) and Dubois and Prade (1980). 

Partitioning using Complementary Triangular Fuzzy Numbers (CTFNl. When TFNs are 

used to obtain a complementary partitioning ofa space, the number of parameters required 

to define that space drops dramatically. This is because aLi = aMi-1 = aui.2, aMi = aui.b aLi< I, 

and a\ i = a~li -I = aLi•2 for i E {3, 4, ".,P-2}, where P is the number of partitions of that 

dimension. As a result, only P parameters are required to define any partitioning using 

CFTNs, since aLI == -00, and al == +00. Indeed, as pointed out by Sun (1994), only the 

midpoints of the CTFNs need to be defined which makes this structure quite efficient. 
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Xl 
y 

X2 

Hidden Hidden 

Layer Layer 

Figure 4.11: A 2 hidden-layer neural network with two inputs (Xl and X2), one output 

(Y), and 5 nodes per hidden layer. This is the architecture of the NN used in this 

comparison. 

METHOD 2: NEURAL NETWORKS 

Neural networks consist of a specified number of layers, each consisting of a certain 

number of nodes. Typically, a transmission path exists between every inner layer node and 

every node of adjacent layers; the signal flow path is usually unidirectional. Each signal 

can therefore be said to be going from an input node to an output node. Each 

transmission path to every node is defined by a weight. The output of a node is found by 

adding the weighted signals from each of the input nodes, and then transforming this 

weighted sum through a saturating nonlinear operator. The most common of these 

nonlinear operators (mainly because of its usefulness in the backpropagation learning 

process) is the sigmoid function, which maps [-00, 00] to [0,1]. This process is carried out 
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for each layer in sequence, from input layer to output layer. Figure 4.11 depicts the 

particular form of the NN used in this comparison. Learning, or adaptation, is achieved by 

modifYing the signal path weights in such a way as to cause the calculated outputs to 

match more closely the desired ones. The learning process requires examples, which 

usually take the form of a limited training set that is applied many times to train the 

network; each application is called an epoch. In order to facilitate learning, inputs and 

outputs are usually normalized, for example by substracting the mean and dividing by the 

standard deviation. Excellent discussions of NN theory, properties, and implementation 

can be found in several references (Kosko, 1992, Maren and Pap, I990). 

The System To Be Approximated. For the purposes of this chapter, the system to be 

approximated had to be reasonably complex, yet simple enough for observers to have an 

intuitive understanding of the nature of the problem. The 'Mexican Hat' function, defined 

as follows, seems appropriate: 

() 
sin(r) 

y r =--, 
r 

where, 

(4.4) 

The surface defined by this equation is depicted in Figure 4.12. Note that this is a 

complex surface; though Sudkamp and Hammell (1994) compare NN with a single-pass 

adaptive FRBS, the surfaces used there are less complex. For training purposes, the 

bounds are XI E [-5,5], x2 E [-5,5]. The two approximating systems (NN and FRBS) 

were trained using the following measure of error: A representative two-dimensional 
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hypercube consisting of the 121 points of the cartesian product 1[-5,5] x 1[-5,5] = {( -5,-

5),(-5,-4),(-5,-3), ... (5,5)}, was selected to represent the input domain. In order to 

determine the error of the approximating system, all 121 are applied and the squares of 

errors are summed. This sum is divided by 121 and then the square root yields the rms 

error of the system. 
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Training the Fuzzy Rule-Based System. The FRBS is defined by the number of partitions 

of the input space. Each partition is mapped onto an appropriate output. The number of 

parameters required to describe the input partitions is p2, where P is the number of 

partitions defined on each input variable. The best partition is found by adjusting the 

partition parameters to minimize the error. One approach is to use a clustering algorithm 

that matches predetermined fuzzy outputs to the most representative input space (Kosko, 

1992); this method has all of the advantages discussed above. Instead, this chapter uses 

numerical optimization to define the fuzzy output. Overall, 2P+p2 parameters are 
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adjusted, using the Fletcher-Reeves conjugate direction-based nonlinear optimization 

algorithm (Stoer and Bulirsch, 1980). As with the NN training by backpropagation, this is 

a simplified approach. Solving the same problem with a spreadsheet that uses a more 

efficient generalized reduced gradient algorithm incorporating heuristics (see Bazaraa et 

a\., 1993) approximately quadruples the learning speed. About one order of magnitude in 

speed performance could be obtained with more efficient coding and a more sophisticated 

optimization routine. 

Note that the FRBS of up to 36 regions was successfully trained using an example set of 

121 data. Sudkamp and Hammell (1994) approximated a similar but less complex 

function (z = x ~ + y: - 1), but difficulties were encountered in obtaining a complete rule-

base for a IS-region FRBS with as many as 62S (albeit randomly generated) examples; this 

is probably because every datum could influence only one rule. The increased 

performance of the optimizer-engine FRBS can be attributed in large part to the 

complementary partitions which in general allow 2n rules, where n is the size of the input 

vector. to learn from every datum. 

Training the Neural Network. The error e = y - Y is used to train the network using the 

common Werbos backpropagation method (Werbos, 1974). Our NN implementation was 

basic; there is no momentum term because the complexity of the function tended to make 

networks with momentum diverge, but the learning rate was adjusted interactively to 

produce better results. Improvements could be made in several areas (structure, 

processing dynamics, and learning rules) (Maren et a\., 1990) that may cumulatively 

provide an estimated order of magnitude improvement in learning speed. 
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Application to the NN Scheme. The NN used for comparison had 2 hidden layers of 5 

nodes each, 2 inputs (Xl and X2), and 1 output (Y). In this network, the 

backpropagation technique must adjust 40 different weights in order to 'train' the network. 

In addition, inputs and outputs must be scaled so that the sigmoidal nonlinearities are 

sufficiently sensitive to expedite the learning process. 

At first, a NN with only 1 hidden layer of 5 nodes was trained. Unfortunately, the weights 

diverged during training. This may have been because of initial conditions or insufficient 

number of hidden nodes. As proven by Hecht-Nielsen (1987), if the number of input 

nodes is N then only 2N+ 1 nodes are required in a single hidden layer to approximate any 

function, so the number of nodes was theoretically adequate. The weights were initialized 

at small random values, per standard practice. Alternatively, the weights could be 

systematically varied until a starting point from which the network would converge could 

be found; this was tantamount to having to solve two optimization problems instead of 

one, which raised the issue of poor robustness. Note that the same (1 hidden layer) NN 

performed satisfactorily when learning easier systems (such as purely linear systems) so 

the problem was probably due to the complexity of the function to be learned. Because it 

was clear that in the most general case two hidden layers are more flexible (though 

somewhat slower) than a single one, two hidden layers are used for comparison purposes. 

This forces a minimum level of robustness on both techniques; that is, although a smaller 

NN could perhaps be found, it could not compete with the FRBS on the issue of 

robustness. The evolution of the learned surfaces for both NN and FRBS is depicted in 

Figure 4.13. 
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Figure 4.13A: A 2-hidden-layer neural network learns the response surface. 
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Figure 4.13B: A 7x7 FRBS at various stages oflearning. 
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4 

4 

Multiobjective comparison of FRBS versus NN technologies. FRBS and NN are 

compared here using a multiobjective approach because such an approach (1) allows the 

evaluator to make a conscious tradeoff between objectives (in this case, Speed vs. Error), 

and (2) enables a fuller and more succinct representation of alternatives' strengths and 
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weaknesses than other methods. Because there are only two objectives, this is more 

precisely a bicriterion approach. 

In order to portray the alternatives in the objective function or payoff space, the following 

procedure is used: 

(1) Determine the criteria for comparison. In this case, time and rms error are used to 

compare alternatives. Because of the large time span required to obtain low rms error for 

the NN alternatives, log(time) is used as a proxy for the speed criterion. Similarly, 

because of the large range ofrms error, log(rms error) is used to measure accuracy. 

(2) Scale each alternative's score on each criterion. This is done by using the formula 

where 

( ) 
_ Z(c,a) - Z.(c) 

Sc a -. ( ) Z (c)-Z. c 
(4.5) 

Z. (c) = worst(Z( c, a)) 
a 

Z'(c) = best(Z(c,a)) 
a 

a => Alternative a 

c => Criterion c 

In this way, each of the final scores for each criterion ranges from 0.0 to 1.0; the best 

alternative has a score of 1.0, and the worst, a score of 0.0. After this adjustment, each 

experimental datum consists of a 2-tuple, (speed, error), with (0,0) indicating worst case 

and (1, 1) indicating ideal performance. In order to make the graph more understandable, 

discrete alternatives for each type ofFRBS (i.e., partitioned by 3 x 3, 4 x 4, or 5 x 5) are 

connected with straight lines. This comparison methodology is standard for multiobjective 
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decision making problems (Goicoechea et aI., 1982). Results are shown in Figures 4.14 

and 4.15. 
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Figure 4,14: Performance of FRBS vs NN. FRBSs (of either 3x3, 4){4, 5x5, or 6x6) 

uniformly dominate the NNs. 
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Figure 4.15: Neural Nets (NN) vs FRBS depicted in log-payoff space appropriate for 

multiobjective comparison. A smaller FRBS is better if less time is available, and a more 

complex FRBS is preferred when more time is available. In this multiobjective approach 

the alternatives are compared with a hypothetical Ideal Point at (1,1). In distance-based 

approaches, the distance to the Ideal Point (using various metrics) is used to compare 

alternatives. 

Application of this method of teaching the FRBS. Learning systems such as fuzzy rule-

based systems and neural networks have often been used to control other systems. In this 

case, a FRBS with an optimizer learning engine was used to learn the 16 control rules 

corresponding to a steady-state linear quadratic regulator (Kirk, 1970) that regulates the 
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angle and position of a cartpole (Geva and Sitte, 1993) by applying a force F; see Figure 

4.16. In this particular example, the cart has a mass of 15 kg, the pole has an evenly 

distributed mass of 5 kg, and the length of the pole is 1 meter. Inputs to the controller are 

angle e, angular velocity e, position x, and velocity x. The output is the force F applied 

to maintain equilibrium. The resulting rules all are composed of AND (conjunctive) logic. 

Because the learned control is linear, there are no interactions among the inputs and the 

system can be potentially reduced to only 4 rules. System error vs. learning time is 

depicted in Figure 4.17. Control system performance was indistinguishable from the linear 

quadratic regulator used to train the FRBS (Figure 4.18). 

F x 

Figure 4.16: The cartpole. 
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Figure 4.17: Learning Performance vs. Time, for the Fuzzy Rule-Based System modeling 

a linear quadratic regulator. 
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Figure 4.18: Cartpole controlled by the fuzzy controller which has learned the linear 

quadratic regulator control. The fuzzy controller can replicate any linear control, and can 

additionally provide nonlinear controls where appropriate. Initial conditions: position = 

0.5m, velocity = 0, 8 = 0 rad, and d8/dt = 0.524 rad/sec. This represents the ideal linear 

controller, but is only the starting point for the fuzzy control design. 

Section 4.3: Discussion and Conclusions 

This chapter has introduced a new method of teaching fuzzy rule-based systems. This 

method has been shown to compare favorably with artificial neural networks. This 

method makes use of two important strategies. The first is an advanced, but traditional, 

optimizing approach using a nonlinear optimizing engine. The second is the use of 

complementary partitioning of the fuzzy rule-base. 
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Probably the most important contribution of complementary partitioning is that it makes 

the learning process robust. For example, suppose that complementary partitioning is not 

used and a fuzzy partitioning along an input universe of discourse is as follows: 

LOW HIGH 

~~--------------~-4--~~------------------~4X 

Figure 4.19: Non-overlapping partitioning results in no learning gradient. 

In this example, an incremental change in the structure of the rule-base, i.e., the definitions 

of the fuzzy numbers LOW and HIGH, wiII not change the error of the model. As a 

result, no gradient method can improve the model with respect to this datum. This is 

because the learning engine depends on a direction of opportunity in which some 

performance measure E is optimized. In Figure 4.19, a differential change in the partition 

parameter p of LOW results in a zero gradient, i.e., 8E/8p = O. As a result, the nonlinear

optimization learning engine will never be able to adjust the partitioning to include the 

datum point indicated. This is a weakness of the above type of incomplete partitioning; 

the use of fuzzy numbers with infinite tails may alleviate this problem. Finally, another 

problem with non-complementary overlapping is that since the total membership of any 

certain datum does not always equal one, and since these memberships are used as weights 

to calculate the output, the resulting rule-structure may not make sense. 
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As can be seen in Figures 4.14 and 4.15, the FRBSs dominate the NN except at the 

extremes; in other words, unless the allowable training time is very large (many hours for 

our sample problem) or the accuracy requirement is very low (essentially no accuracy 

required) then the FRBS will be preferred to the NN under the conditions of this study. 

Although the same training set was used for each FRBS optimization iteration, this is not a 

strict requirement; convergence may otherwise be suboptimal and will probably take 

longer as it is for the NN. The principal advantage ofNN learning is that a single datum 

can be used to influence locally all the weights of the NN, while in the FRBS only those 

partitions of which the datum is a member can be affected; this may also account for the 

slower learning rate of the NN. 

As expected, the smallest FRBS (3 x 3) took the least time to reach the neighborhood of 

its best value (on the order of 3 magnitudes faster than the NN!); the largest FRBS (6 x 

6), meanwhile, obtained the best accuracy but the slowest response, and the 4 x 4 and 5 x 

5 FRBS fell somewhere in between (Figure 4.15). 

This chapter has focused only on one type of system-- multiple input, single output. Tests 

with two to four inputs indicate that the FRBS performs uniformly well on these systems, 

but the process does slow down as the number of inputs becomes large (above ten or so). 

More advanced optimization engines and memory management systems are available that 

could make this scheme useful up to perhaps 100 inputs. The very simplest techniques 

available were consistently used, so much improvement can be expected. The more 

serious difficulty is in learning multiple-input, multiple-output (MIMO) systems. Either a 

separate FRBS must be constructed for each output variable, or the FRBS must be 
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consolidated in some way. Notice that even with multiple output nodes, neural networks 

share these difficulties unless an effective method of training can be found. 

With regard to learning a multiple-input, single-output system, FRBS that learn via an 

optimization engine, as discussed in this chapter, are clearly superior to conventional 

backpropagation NN, both for speed and transparency. In most cases, there will be an 

initial data set with which to make a model and an optimizer-driven FRBS appears to be a 

good choice. Once a model is in use, however, it may require frequent modification to 

adapt to nonstationary phenomena. The nonlinear optimizer used here is a batch process, 

i.e., it cannot be used for incremental updates. At this point, NN could be used to ensure 

that the system adapts iteratively to new data. In summary, an optimizer-engine could be 

used to initialize the rule-base, and then a more suitable incremental-adaptive engine 

(perhaps a NN) could be used to compensate for smaller changes in system performance. 
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Chapter 5: Case Studies 

Section 5.1: The Manhattan Project 

During World War II, the United States government sponsored an unusual development 

effort known at the time by the code words S-1, Manhattan Engineering District, and 

litbe Alloy. This project was unprecedented in that it was conducted by the most 

qualified technical people available, using the best technical resources available, under 

conditions of absolute secrecy. The product of this development project was not the 

atomic bomb. It was the demonstrated capability to manufacture atomic weapons in high 

rate production. Although many of the scientists would have been satisfied with 2 or 3 

weapons --enough to end the war-- the government would not fund the project under 

these conditions. The system to be designed was not an atomic bomb, but a reliable 

process for making atomic bombs. 

RESOURCES 

The cost of the project was estimated at about $2 billion (about $14 billion in 1994 

dollars), making the project slightly more expensive than the Apollo project in terms of 

how much of the gross domestic product it consumed. The effort required 3 years once 

engineering-manufacturing development began. There were at least two occasions when 

the project, which amazingly was hidden within the War Department's budget as a series 
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of miscellaneous expenses, was threatened with exposure because the billpayers 

(congressmen) could not understand how anything could cost so much without tangible 

short-term results. Human resources included 200,000 American citizens in various 

capacities, among them large numbers of highly qualified scientists from Nazi-occupied 

Europe. 

OBJECTIVESIREQUlREMENTS 

In 1939 Albert Einstein wrote President Roosevelt to explain that the construction of the 

atomic bomb was theoretically possible, and that the Germans were probably working on 

it. Roosevelt comprehended the urgency, and soon several low-level scientific 

development efforts were initiated. By 1942, the American effort was approximately 

where the Germans had been in 1939. About this time, General Leslie Groves was put in 

charge of the project. General Groves was directed to procure a sustainable source of 

atomic weapons. 

Heisenberg, another Nobel laureate and the best theoretician of the time, led the German 

nuclear weapons program. In 1939 Heisenberg told Bohr that a Nazi bomb was 

technologically feasible. There is significant reason to believe that Heisenberg deliberately 

sabotaged the German bomb effort, but until 1944 the Allies had to believe that the 

Germans were significantly ahead in bomb technology. This made the Allied effort 

especially urgent. 
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DESCRIPTION 

Demonstration/Validation and Full-Scale Development began concurrently in 1942. There 

were two main technical issues: (1) Obtaining a reliable and adequate source of 

fissionable material, and (2) designing the atomic weapon itself. By this point, five 

alternative efforts were identified as potential sources for fissionable material. None of 

them appeared particularly likely to succeed. Usually for full-scale development (also 

known as engineering-manufacturing development) alternative selection has been 

completed. Based on their proven performance, none of the available alternatives would 

have been allowed to proceed to engineering-manufacturing development under ordinary 

circumstances. Because the need was urgent, and because no alternative seemed more 

promising than another, all of the alternatives were funded for further development. 

THE ALTERNATIVES 

None of the alternatives could initially demonstrate how they hoped to come to 

production, but the heads offour of the five were absolutely certain it would happen. 

Although most of the technical leadership within each project was exercised within 

academic institutions, all production facilities for separating U-235 from U-238, and for 

separating plutonium from uranium, were built at the Oak Ridge site in Tennessee. The 



production reactor for producing the uranium-plutonium blend was constructed at 

Hanford, Washington. 

Let us now examine each of the five alternatives. 
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(1) University of Chicago. Leaders: Nobel Laureates Arthur Holly Compton (Dean of 

the Division of Physical Sciences at Chicago) and Enrico Fermi. Principle: Plutonium 

production by means of uranium fission in a graphite moderated reactor. Technical 

Difficulties: No one had built a self-sustaining reactor before, and graphite of the required 

purity did not exist in industrial quantities. Although this is the most famous of the 

Manhattan Project teams, this was not a breakthrough project; it was original innovative 

design. 

Fermi built a series of very small prototype reactors to check his calculations. The first 

self-sustaining chain reaction was obtained 2 December 1942, underneath Staggs Field at 

the University of Chicago. The maximum power of this initial reactor was 200 Watts. It 

required about 109 W to get 1 kg of Plutonium per day, so the Chicago reactor could not 

have produced more than 200 micrograms of plutonium per day, and it would have taken 

about 100,000 years to get enough material for the Hiroshima bomb. The army wanted 1 

kg per day, with no intervening prototype; imagine scaling up any complex system by 6 

magnitudes! Nonetheless, construction on the full-scale production plant at Hanford, 
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Washington began in March 1943. On 27 September 1944, the Hanford reactor went 

critical for the first time. On the advice of industrial consultants, an additional 504 fuel 

elements had been added to the design to provide a 20% design margin; as it turned out, 

all of these were needed to overcome Xenon poisoning of the reactor; previous reactors 

had not been large enough to notice the effect of Xenon poisoning. In January 1945 the 

first batch of plutonium was available. This event is notable because the most experienced 

chemists of the day (represented by James Conant, the country's leading organic chemist 

and the President of Harvard) believed it would take years; however, under the direction 

of Glenn Seaborg, the 32 year old discoverer of plutonium, it took 2 months. Seaborg's 

progress must be described as a breakthrough. 

(2) University of Chicago. Leader: Arthur Holly Compton (Nobel laureate). Principle: 

Plutonium production by means of uranium fission in a heavy water reactor. This project 

was very similar to (1) except that it relied on heavy water. Although heavy water 

reactors were used for experimental purposes at Argonne National Laboratories, this 

project was never a serious contender in the US. The Germans and British invested 

heavily in heavy water research. Perhaps the beliefwas that if Fermi's graphite reactor did 

not work, the British scientists could provide adequate support to catch up on a large

scale heavy water reactor. 
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(3) Columbia University: Leader: Harold Urey (Nobel Laureate). Principle: Gaseous 

diffi.Ision process for separating U-235 and U-238. Uranium is converted to gas, then 

filtered through microscopic holes in a 'barrier'. Technical Difficulties: uranium is a heavy 

metal. Gaseous uranium is extremely corrosive. No barrier was known with sufficiently 

fine holes. Even with an adequate barrier, the process required many thousands of 

filtration sequences to obtain adequate concentrations. This cannot be viewed as a 

component allocation problem, since many of the necessary components did not exist. A 

breakthrough design was required. 

Two barrier alternatives were initially identified. Neither had adequate characteristics. 

One was high strength, but had poor separation characteristics and was not producible. 

The other was brittle and had marginal separation characteristics, but was producible. The 

final design \vas a breakthrough; characteristically, it occurred when many (including the 

team leader, Urey) had given up hope, and it surpassed all expectations in its design 

characteristics. 

Also. the process required an entirely new pump design, with no lubricants, supersonic 

speed in high vacuum, and no measurable leakage. The pump design depended on the 

barrier characteristics, which were not known. Eventually, the pump design was 

decomposed in such a way that the only unachievable part was the seal design; by 

allocating the most difficult functions to the seal, more flexibility was obtained for the rest 



of the design. A shotgun approach to seal design was started. At first, no adequate 

testing conditions/equipment existed, so development continued based on models and 

experience. In the Summer of 1943, the best designs were tested: all seals failed. The 

final seal design, which had been developed but not yet recognized, was a complete 

breakthrough, and is still classified! 
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The diffusion process required as much power as a major city. The frequency of the 

power depended on the pump design. So the world's largest power plant was built to 

support 5 different frequencies; to accommodate uncertainties the flexibility of the design 

was more important than the cost. Similarly, the diffusion plant had to be built before an 

adequate barrier design was found. Again, the design had to be flexible. 

By April 1945, the K-25 gas diffusion plant at Oak Ridge was producing uranium in very 

small quantities. K-25 had 2,000,000 square feet, and 6000 employees. It was the largest 

automated plant in the world at that time. 

(4) Westinghouse Research Laboratory, Pittsburgh. Leader: Eger Murphree, from 

Standard Oil Company. Principle: Use centripetal force to separate heavier U-238 from 

U-235 while in gas state. Technical Difficulties: No adequate centrifuge existed. This 

project was canceled in late 1942. 
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(5) University of California (Berkeley). Leader: Ernest Lawrence (Nobel Laureate). 

Principle: Electromagnetic separation ofU-235 and U-238 using a calutron. The calutron 

is a type of cyclotron (invented by Lawrence), named for 'California University' and 

'cyclotron.' Uranium particles were accelerated to uniform kinetic energy in a calutron, 

then magnetic fields were used to separate the particles which now had different momenta. 

Technical Difficulties: No equipment of suitable size existed, and the process showed 

inadequate separation characteristics. In 1942, after the initial 3 years of development, the 

project had obtained 3 samples totaling 75 micrograms of30% enriched uranium. 

Lawrence's method was eventually adopted at Oak Ridge, except on a larger scale. Ten 

122 foot by 77 foot 'racetracks' (calutrons) were built in the plant known as Y -12. The 

electromagnets in each unit were the largest the world had ever known; because of 

\vaJ1ime shortages of copper, 14000 tons of silver from the US Treasury were used in 

them. The calutrons were controlled by hundreds of local young women with minimal 

training-- they were taught to operate knobs to keep dial indications within specification. 

Neither these operators nor their immediate supervisors knew what was being controlled. 

Despite the careful planning, this process was just too slow-- by spring 1944, after about a 

year of operation, essentially no usable U-235 had been produced. Then the scientists 

discovered that if the raw material were slightly more enriched than the normal 0.7% of 

natural uranium (for example, the 7% obtained by the gaseous and thermal diffusion 
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plants) then the electromagnetic units could produce adequate amounts ofU-235. 

UNCERT AINTIES: 

Indications were that plutonium would be fissionable, but at the time they could not be 

certain. In fact, none of the material properties of plutonium, and few of uranium, were 

known. Some material properties were highly unusual. For example, a 2 inch uranium rod 

was demonstrated to permanently lengthen to 12 inches under a heating/cooling cycle. 

Plutonium underwent 5 phase transformations between room temperature and its melting 

point. 

The program had numerous problems even in starting development. One major hindrance: 

initial production quantities of uranium ore were not available. After scouring the free 

world, a sufficient supply was found in a warehouse in New York! The Belgian national 

who owned the ore would sell it to the US government only on the condition that it would 

be used for military purposes. 

LOS ALAMOS 

The other leg of the development process concerned the actual design and prototyping to 

manufacture an atomic weapon once the a supply of fissionable material had been 

obtained. The design and prototype facility at Los Alamos was established for several 

reasons: (1) the director, Robel1 Oppenheimer, liked the New Mexican desert area (he 
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owned a ranch there for some years previous), (2) it was desolate and likely to remain so, 

and (3) security requirements made communication difficult, so it was easiest to collocate 

the scientists in one place. Security was essential, since sabotage could easily damage the 

program. In the efforts to provide greater security, each inhabitant of the new city was 

issued a driver's license with no name (just a number), the same occupation (engineer), and 

no address (just the same P.O. Box for everyone). No one was allowed to go to court, so 

speeding tickets were ignored. We can only assume that the scientists took full advantage 

of this circumstance. 

Those working on the fissionable materials projects did not understand the fuss over the 

design effort. Ernest Lawrence, a project team leader, commented that the bomb could be 

designed by 30 scientists in 3 months. This belief that other parts of the development 

effort are trivial is typical in development environments; therefore when people who are 

competing for resources, regardless of their technical, personal, or administrative 

capability, express opinions about decisions concerning other aspects of the development 

process, the opinions should be evaluated accordingly. Despite Lawrence's claim, the 

heaviest concentration of talent was based at Los Alamos. This was because Robert 

Oppenheimer (age 39) possessed lavish quantities of charisma, administrative ability, and 

scientific genius, which together made him an exceptional recruiter and organizer. Despite 

his talents, Oppenheimer had at one time been sympathetic to communist groups and the 
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security bureaucracy routinely refused to grant Oppenheimer's security clearances; General 

Groves was required to directly override his own security apparatus. 

The difficulty of the design was due to several factors. (1) There was a scarcity of 

fissionable material. Subsequently, the final bomb design would be the smallest that would 

fission. Initial estimates by Fermi were 2 to 100 kilograms, the uncertainty of which 

caused great consternation with General Groves! This implied that no functioning 

prototype would be available during the design-- the Trinity explosion occurred too late to 

affect the design, we just did not want to drop a dud. (2) The state of explosives science 

was far too backward to analyze atomic explosions which occurred in microseconds. (3) 

Virtually all scientific instrumentation required upgrading to allow adequate testing and 

measurement of this device. (4) The nature of the weapon required a complete functional 

analysis. For example, the central development concept was the 'gun', in which two pieces 

of fissionable material are shot toward each other within a gun barrel; the bomb was 

prohibitively heavy for the aircraft of the day until one of the scientists realized that 

because the gun only had to work once it could be made much lighter. (5) Finally, the 

physical properties of the fissionable materials were not well known. It eventually became 

clear that the 'gun' concept would not function with plutonium because the reaction would 

not be sufficiently abrupt. Fortunately, there existed a successful design concept 

(implosion) that had been rejected by the military and scientific leadership, but which had 
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been kept alive by the dedication of several scientists on the staff, including Neils Bohr, 

John von Neumann and Robert F. Christy. 

Numerous scientists who worked on the project had or would eventually receive Nobel 

Prizes, including Glenn Seaborg (age 32), Enrico Fermi, Neils Bohr, Hans Bethe (age 40, 

head of the Theoretical Division), and Richard Feynman, who in 1/2 hour was able to 

solve a math problem that the entire Chicago project could not solve in months. Other 

notables included Leo SziIar, John von Neumann, the founder of game theory and a major 

influence in the evolution of cybernetics, Edward Teller, who went on to create the 

hydrogen bomb, and Joe Kennedy (age 26, head of the Chemical Division). 
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ANALYSIS 

The five efforts to obtain fissionable material were very definitely in competition with each 

other. General Groves made this clear when he canceled the Pittsburgh effort for not 

having the right attitude (they were not planning to work on Sundays and holidays). 

Although they had only limited formal lines of communication, they definitely possessed a 

strong yet secure informal network. This is to be expected since the leaders were all weIl

known in their fields. Although they shared the same objective, the competing efforts 

were chosen to be as different as possible in their means of accomplishment. Three 

projects investigated uranium production and two investigated plutonium production. The 

projects all concentrated on different concepts; this paid off generously at the end when 

the methods, each with different strengths and weaknesses, could be used in tandem to 

provide the adequate yield. 

Although industrial consultants made many valuable contributions to the project, the 

development strategy of industry at that time would never have been successful. 

Industry's method was to evaluate several alternatives, then choose only the best one for 

engineering-manufacturing development. The scientific development method advocated 

continued parallel development at least until a good prospect was found. The Manhattan 

Project would not have succeeded without the academic institutions of the United States. 
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The Manhattan Project was by any measure a breakthrough design effort. From the 

beginning, technical experts in academia and industry evaluated many technical 

requirements as simply impossible. If technical evaluations had been used as the basis for 

development (as at a design review, for example) then the program would never have been 

started. Because the bomb worked, we know it was feasible. However, nobody could 

have foreseen the design of the bomb and bomb-production system in 1942; it required 

numerous technological breakthroughs. The insistence and enthusiasm of a few scientific 

leaders, and the threat of the German bomb project, kept the project going in those 

periods when progress seemed slow. 

Because of the vast uncertainties and short schedule, the typical strategy was to explore all 

possibilities simultaneously. This exploration necessarily took the form of a combinatorial 

search. For example, in one case all elements of the periodic table were tested for 

properties as a tamper (reflector) for the bomb. 

In the end, none of the alternatives was adequate. At least two of the initial alternatives 

were duds (although eventually all of them were used effectively for other purposes). 

Near the end, an alternative that had been screened out initially and developed 

independently for the Navy's nuclear propUlsion program, thermal diffusion, was 

reinstated. The Navy had no Nobel Prize winners on their program, yet the thermal 

diffusion approach was technically sound. This demonstrates some of the uncertainties 
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associated with the development process. In the end, only by combining the products of 

gaseous diffusion and thermal diffusion processes could the project obtain the necessary 

quantities of. fissionable U-23S. 

Technical decision-making was concentrated in General Groves and Robert Oppenheimer, 

who worked well together despite their extremely different backgrounds and politics. 

However, each project had great latitude, as well as great responsibilities, within its stated 

task. There is no indication of any project being starved for resources. Groves and his 

very minimal staff concentrated on expediting the needs of the project teams, rather than 

managing them. They also provided a technical forum within which relevant issues might 

be discussed. Typically, when an individual had a defensible position for moving forward 

against the complaints of others, he was backed. There was by no means any attempt to 

gain a consensus on technical decisions. 

The Manhattan Project was protected from normal government channels and other 

interference by the unique need for its product. Once a strike threatened to shut down the 

Berkeley laboratory as the disgruntled workers negotiated to join a union. President 

Roosevelt interceded with the president of the union involved, and the laboratory workers 

were not even allowed to unionize! When congressional leaders got wind of the cost of 

the project, they wanted more information. Stimson, the Secretary of War, interceded 

directly to give congress confidence in the project without releasing details. There is no 
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doubt that Roosevelt would have interceded if necessary. Several industrial giants were 

asked to risk their companies by overextending themselves on the effort. Only the CEO 

and hand-picked lieutenants were allowed to know anything about the project, but a 

surprising number of companies involved themselves anyway, including Du Pont (which 

would only accept a cost plus $1 doIIar contract). This ability to act autonomously 

without recurring interference from external authorities, public and private, played an 

enormous part in the eventual success of the project. 

K-25 7% 
r---

Gas Diffusion 
(Columbia Univ) 

0.7% Y-12 90+% , , 
Electromagnetic 

S-50 
(Berkeley) 

'---
Thermal Diffusion 7% 

(Navy Labs) 

Figure 5.1: The final configuration at Oak Ridge successfully refined raw uranium ore 

into bomb grade U-235. 
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5 Teams Oppenheimer (Los Alamos) 

I I I I I 
Chicago-1 Chicago-2 Columbia Pittsburg Berkeley 

Figure 5.2 Chain of Command for the central parts of the Manhattan Project. In practice, 

Groves reported directly to Stimson. 

TYPE KNOWLEDGE STEPS QUALITY QUANTITY DESIGN 
COMPLEXITY DIFFICULTY 

TOTAL 
14 1 1 7 7 3 42 

COST THvIE INFRASTRUCTURE RESOURCES 
TOTAL 

14 5 8 27 

Note: Comments from independent evaluators indicated that knowledge complexity was 

higher than the rating given originally, and so that rating was upgraded from 10 to 11. A 

common thread in the comments was that the project seemed to have been more 

impressive technologically than Apollo, especially since it required significant technical 

breakthroughs. One evaluation team pointed out that the personnel worked on the project 
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with more determination and less cost than under normal circumstances because there was 

an ongoing war that even pacifists like Einstein agreed needed to be fought and won. This 

is a critical observation; using the Prisoner's Dilemma model of cooperative behavior, the 

war effectively changed the payoff to ensure cooperation by all rational players. 

Ultimately, the scale does not seem to incorporate the urgency of the project in the 

Resources column, e.g., the Manhattan Project required a higher rate of expenditure than 

Apollo, and was completed years earlier than any reasonable estimate would have placed 

it. Ifwe accept that the technical difficulty was higher, and was achieved at lower cost, 

the Manhattan Project was certainly a better value. However, ultimately we must consider 

the benefit to society. 
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Section 5.2: The Polaris System 

In 1956 a new weapon system development program was launched by the United States 

Navy. Its purpose was to provide an invulnerable capability for retaliation in the case of 

nuclear attack, by placing strategic nuclear missiles on submarines. This program, called 

the Polaris Program or the Fleet Ballistic Missile (FBM) program, eventually cost $10.78 

billion (about $51.0 billion in 1994 dollars), making it the most expensive development 

program up to that time. It was originally scheduled for completion in 1963, but 

development was advanced by 3 years after the Sputnik launch. Despite the aggressive 

schedule, the program came within 2% of original cost estimates; meanwhile, the defense 

industry at that time (c. 1962) averaged 220% cost overruns and 36% schedule overruns. 

Since it consisted of nuclear ballistic missile submarines, ballistic missile systems, as well 

as the deployment system to ensure proper operation and maintenance of all subsystems, 

this weapon system is one of the most complex ever deployed. The closest competitor 

(USSR) lagged at least 5 years behind, and even then could only copy the USA's system. 

In order to accomplish this feat, the program office (Special Programs Office, or SPO) 

created a policy of decentralization and competition within a strict framework. 

RESOURCES 

Each fleet ballistic missile (FBM) submarine cost $110 million in 1962. The missiles and 

spare parts for each submarine cost $40 million. This deliverable product accounts for 
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most of the cost of the program. In fact, research, development, test and evaluation 

consumed only twenty-four percent of the funding. Eight-five percent of the research and 

development, and seventy-five percent of the funding, went to the private sector, since the 

SPO did not trust government agencies to respond competitively. 

During development, the SPO took up 50% of the Navy's budget for guided missiles, and 

up to 10% of the Navy's entire budget. Money for Polaris came directly out of other naval 

agencies since Eisenhower set a flat cap for each service. In succession the Triton, 

Regulus II, and Seam aster programs were cancelled, and even operational units found 

their budgets reduced, to obtain funding for Polaris. This made Polaris very unpopular 

with the rest of the Navy, who had to pay for it. Also, the head of the SPO, Admiral 

Raborn, was given authority by the Chief of Naval Operations, Admiral Arleigh Burke, to 

take any naval officer that could help the program. However, these unusual strategies 

paid ofT. At the end of development, the SPO turned in a $700 million surplus to the 

Navy. 

OBJECTIVES 

The objective of the Polaris weapon system was to ensure that the United States, even 

after suffering a full-scale nuclear attack, would have the ability to destroy such a large 

percentage of both the urban population and the industrial capacity of any potential 

aggressor that no country would consider a first-strike against the United States to be a 
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credible alternative. Because all surface-based delivery systems were susceptable to a 

first-strike, the only feasible alternative was a launch platform that could not be detected 

or have its position given away. The only people who know the location of a FBM 

submarine are on the submarine, hence its advantage as a launch platform. 

THE SPECIAL PROGRAMS OFFICE 

The Special Programs Office, or SPO, was created to administer the Polaris program. 

Despite the amount of resources allocated to it, the SPO was always conscious of its 

precarious political position, and the need to manage its resources wisely. Its program 

office was limited to 45 naval officers and 45 civilians, and always operated at a tiny 

fraction of the number of any conventional program. Civil servants within the SPO were 

not eligible to bump personnel in other parts of the federal civil service, so if the SPO 

failed they would lose their civil service jobs. All of the civil service employees of the 

SPO were hired with this understanding, so it may be safely said that the SPO civil service 

employees were (a) confident in their abilities, (b) not entrenched in bureaucracy, and (c) 

somewhat risk-seeking. 

The SPO differed from other programs in other ways. It prepared its own budget, and 

submitted it separately to Congress as an attachment to the Navy budget. It had no Prime 

Contractor. It required that all Polaris contractors set up separate organizations to which 

all Polaris work would be assigned. To the SPO, organizational autonomy was the #1 
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objective. It recognized that it could not possibly accomplish its task ifit had to deal with 

bureaucratic interference from the government or its own contractors. In order to obtain 

autonomy, it had to ensure that the bill-payers (Congress) recognized (1) the unique need 

for the program, and (2) the unique management abilities of the SPO. To this end, the 

SPO originated the following management techniques: Project Management, Program 

Budgeting, Management and Control Centers (i.e., 'War Rooms'), PERT, Weekly Staff 

Meetings, Program Management Plans (Milestones, Tasks, etc.), and Line of Balance. 

These techniques are so standard in modern business that it seems strange that they should 

all have originated in a single program less than thirty-five years ago. 

Most performance requirements were set by the technical director of the Special Programs 

Office, in conjunction with technical experts, NOT directly by users. However, the user 

community was able to influence the requirements. For example, designers wanted to 

place at least 32 missile tubes on each of the new submarines. For the builders, this would 

be the best tradeoff of cost vs. performance. The minimum acceptable number by any 

cost-benefit analysis was 24 tubes per submarine. However, this conflicted directly with 

the desires and intuitions of the users, that is, the submariners who would operate the 

system. Considerations of the users in this decision were: (1) tactical requirements of 

submarine maneuverability, (2) the large number oflarge hull penetrations, and (3) the 

desire to minimize the effect of a loss of one submarine ('too many eggs in one basket'). In 

order to ensure acceptance by the submarine community, Admiral Raborn directed that the 
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design would be set at sixteen missile tubes. Every navy in the world with ballistic missile 

submarines would adopt this same requirement despite its lack of a technical foundation. 

Although adequate technology did not exist for any major subsystem, the SPO was careful 

not to let the necessary push for technology dominate the program. Tthe program 

objective was the construction of a deployable system, not the advancement of 

technology. Although certain technologies had to be advanced to make the system 

deployable, almost all advances were predictable. Unlike the Manhattan Project and 

Strategic Defense Initiative, no hard and fast physical limits had to be broken. It was 

comparable to the Apollo Program. 

Central program issues were: 

Fuel-- the objective of weapon range, which implied a liquid fueled rocket, conflicted with 

the objective of ship safety, which dictated a solid-fueled rocket. In 1955, Wernher von 

Braun, leader of the German rocket project during WWII and the American army rocket 

project thereafter, opined that the technical requirements of Polaris would be impossible to 

fulfill in the foreseeable future. However, this remark must be taken in context, since von 

Braun worked for the U.S. Army, which was in direct competition for funding with the 

U.S. Navy. 



Guidance and Navigation Accuracy-- the technical requirements were well beyond any 

components available at that time. This program produced enormous gains in inertial 

guidance and satellite navigation technology. 
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Warhead (Thermonuclear)-- eventually a fractional megaton warhead was used; this 

decision was supported by the eventual accuracy of the weapon, and made possible an 

extended range, and multiple warheads per missile. Such a warhead did not exist at 

program inception, but the Special Programs Office took Edward Teller's advice: "Why 

use a 1958 warhead in a 1965 weapon system?" Under current DoD guidance, such a 

technical decision would be unlikely, since it should increase the program risk. However, 

the implicit requirement for a sustainable advantage made this necessary. 

Crew Rotation Cycle-- because of the high cost of each operational submarine, the Joint 

Chiefs of Staff wanted to keep them at sea full-time. However, the Navy had learned that 

crews cannot be kept on station indefinitely without severely impinging on morale and 

effectiveness. Eventually, two crews were assigned to each submarine. 

Communication-- The Polaris system concept required the ability to order a strike at any 

time. However, in 1957 there was no effective way of maintaining communications with a 

submerged submarine, so technical advances were required in this area. 
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Launch-- eleven different launch alternatives were considered simultaneously. 

Naval laboratories were specifically excluded from all Polaris development work. This 

was for several reasons, including: (1) The laboratories had unpredictable capabilities 

since they were ultimately controlled by congressional funding, (2) the laboratories were 

historically not responsive to program priorities, and (3), most important, other 

government agencies exerted control and influence in the naval laboratories. Using such 

laboratories would violate the structured competition and autonomy on which this 

development program relied. 

ANALYSIS 

The program office focused on subsystem interrelationships, not components. A complete 

set of subsystem interfaces was defined very early in the program, but only those technical 

specifications associated with submarine physical constraints, and the program schedule, 

were fixed. The others were subject to negotiation with the SPO. The program office 

sought a disciplined flexibility with regard to interfaces, requirements, and specifications, 

but only the SPO had authority to change interface specifications. 

Contrary to the custom of the time, there was no weapon system contractor, which meant 

that no contractor held centralized systems engineering authority. Instead, the SPO 

retained complete control over all major interfaces and technical decisions. However, the 
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SPO was, as previously mentioned, a very small organization compared to the overall 

technical effort. At a lower level, design authority was delegated in its entirety to the 

technical branches. Each technical branch had authority to develop its subsystem as it saw 

fit, subject to the interfaces; and each field office approved subsystem design changes that 

did not affect these interfaces. This ensured that technical decisions would be made by 

those closest to the problem. The rigorous competition among contractors that was 

structured into the program, along with the judicious use of independent design agents 

such as the Massachusetts Institute of Technology and Johns Hopkins Applied Physics 

Laboratory, ensured that the technical branches and, when apspropriate, the SPO, would 

receive the information that would allow them to the best possible decisions. 

Another important design philosophy was the focus was on systems development, not 

technology. Once a design alternative was evaluated as adequate with respect to system 

requirements and the prevailing uncertainties, it was more or less locked in. This policy 

was aided by the planned series of improvements to the original design. Any further 

progress would be incorporated in future versions. Each version of the system was to be 

complete, i.e., deployable on its own. The ultimate measure of technical success was to be 

the operational reliability of the Polaris Fleet Ballistic Missile system. To ensure this 

reliability, the SPO instituted subsystem testing, integrated system testing, traceability of 

discrepancies to the source, independent technical evaluations, and design redundancy. 
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Although the customers provided a very view top-level requirements, for example the 

number of missile tubes per submarine, almost all others were subject to revision by the 

technical organizations. This allowed a dynamic process oftradeoffs in which subsystem 

performance could be tailored to conform with the required schedules and the best 

available information from models and prototypes. In fact, with the exception of the 

physical submarine interfaces and the development schedule, the Polaris program is 

notable for its technical flexibility which helped to avoid premature commitments to 

unrealistic or unnecessary performance goals. 

Perhaps the most important aspect of the spa and the Polaris Program was its unique 

structure, which included a technical branch for every major subsystem, i.e., fire control & 

guidance, launcher & handling, navigation, ship installation & design, test & operations, 

and missile. Within each technical branch, every contractor had at least one direct 

competitor. Every contractor was placed in the position of looking for the design 

problems of the competitor to weaken the competitor's position, while at the same time 

working to avoid or mitigate its own problems. This prevented any complacency or 

collusion problems which might otherwise have resulted. Figure 5.3 shows the 

organization of the technical branches and the principal competitors within each branch. 
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9 7 7 10 5 38 

COST TIME INFRASTRUCTURE RESOURCES 
TOTAL 

14 4 8 26 
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Chapter 6: Models of Competition 

The purpose of this chapter is to provide a framework for the study of competition, 

especially with regard to its place in the general study of systems, and in particular with 

regard to system design and development. Little of this material is original, although some 

of the methods previously introduced are used to investigate or obtain additional 

perspective. The contribution here is to provide a unifying framework for a great deal of 

work that is currently being done in mutual isolation, especially for use in systems 

engineering. This chapter is comprised of four sections describing four general categories 

of the modeling of competition. The first area describes the most important models of 

contlict in game theory, and then brietly consider the standard models of competition 

among firms. The second area will be dynamic systems as models of ecological 

competition; the best known of these equations-- the Lotka-Volterra equations-- will be 

used to introduce the field. However, the Lotka-Volterra equations themselves are not 

sufficiently general to describe ecological phenomena, so the generalized Lotka-Volterra 

equations will also be considered. The study of the proportions of competitors, instead of 

the actual numbers, has made popular the use of replicator equations, which are adapted 

from the Lotka-Volterra equations. Also, game theoretic concepts will be incorporated 

directly into the generalized Lotka-Volterra equation. The third area will be the 

application of game-theoretic concepts to dynamic systems; the study of dynamic systems 
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in which the inputs are controlled by competitors is known as differential games. The final 

area wiII be evolutionary systems, which attempt to model the effect of natural selection. 

Section 6.1: Game Theory and The Marketplace 

"An efficient equilibrium requires an appropriate combination of both cooperation and 

rivahy. Under the cost conditions typical of many industries in a modern free-enterprise 

economy, it is not possible to have efficient results unless there are areas of cooperation 

among firms and among customers as well as rivalry." (Telser, 1987) 

Following are several basic models of conflict, which can help to understand the 

competitive process and competition within the development process. These models also 

show how a simple payoff matrix can explain complex behaviors. 

THE AGENT 

This is the problem of the principal (for example, a casino owner or investment capitalist 

or buyer), and the agent (for example, the casino operator or company manager or 

supplier). The agent has the option to skim profits, or not. The principal has the option to 

inspect for profit skimming, or not. When the agent skims, and no inspection occurs, then 

the principa\\oses and the agent gains some amount D2. When the agent skims, and 
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inspection occurs, the principal regains his money and exacts a penalty D3 on the agent. 

When the principal inspects but the agent has not skimmed then the principal pays the cost 

of inspection, D 1. This is summarized in the Table 6.1. 

Table 6.1: Payoff Matrices for the Agent and the Principal 

AGENT'S PAYOFF 

PRINCIPAL'S 
PAYOFF 

I 
Agent's 
Strategies 

IDO NOT SKIM .... 
I SKIM 

·.···iI>O·NOT<i .•.• ) 
···INSPECti •..... 

o 
+D2 

o 
-D3 

······~9~9'pWs~tf~t~&i.~s .........•....••.... 

··Oo.NOT· .JNS,llEQT 
···:tNsPEcT ... ···1 <> ••.•.. 

o -D1 
-D2 D3-D1 

A necessary condition for mixed noncooperative equilibrium is that no strategy dominates 

the others (after any dominated strategies have been excised) (Telser, 1988). Since no 

single strategy always works best, in this case there is no dominant strategy for either 

player. Under reasonable assumptions, a nondeterministic (mixed) noncooperative 

equilibrium exists. This means there is always a non-zero probability that the agent will 

skim, and there is always a non-zero probability that the principal will inspect. There is no 

possibility for a self-enforcing agreement. 
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This example illustrates the concept of the mixed (probabilistic) strategy. It also sheds 

light on an important aspect of interaction in the development process-- the issues of trust 

and conflict-of-interests. As this simple model shows, any rational decision maker will 

always have a finite probability of trying to cheat when personal objectives conflict with 

professional objectives. To put this another way, any system that can be abused will be 

abused. Not always, but predictably and in accordance with the potential gains. 

Moreover, a significant cost of inspection ensures that cheating will not always be 

detected. 

THE FREE-LOAOER PROBLEM 

Suppose two competing countries have an interest in a technological improvement. Since 

improvements in general amount either to construction of production equipment or 

research in improvement of production, we will assume that research-- knowledge 

acquisition in a particular area with the ultimate objective oflowering production costs-- is 

the means of attaining the objective. However, it is not necessary for both countries to 

make the improvement; if one country makes the investment then both will benefit. Each 

country has the choice of doing R&O to lower its costs, or not. If one country does 

research, its return in 01-02, where 01 is the benefit of the research, 02 is the cost of the 

research, and 01>02. Ifa country does not do research and then copies the country that 

does, its return is 01. Ifboth countries do research then both countries gain DI-D2. This 

situation is called the freeloader or free rider problem. 



Table 6.2: Payoff Matrices for the Freeloader Problem. 

COUNTRY A's 
PAYOFF 

COUNTRYB's 
PAYOFF 

I 
Country A's 
Strategies 

'NORESEARCH 
RESEARCH 

I NO RESEARCH ...... . 
jRESEARCH/ .. ' : ...• 

<:'NO.·.· ··············RESEA.R.:CH 
RESEARCH>·· 

o +Dl 
+DI-D2 +DI-D2 

····:·····.·(}Qij~t&~;.s .•• Strat¢g~¢S:·:·:········ 
,'.' .... , ... ' ........ ;: .... :-..... "'" " ........ , ... ," ' ... . 

... : ...... :1iQ:...... :·R.ESEARCH • 
. RESEARCH 

o +DI-D2 
+Dl +DI-D2 
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There are three noncooperative equilibria, i.e., equilibria in which trust in the other player 

is not required. Two of these equilibria are deterministic: either one or the other country 

does research. The reward for each country is then either +Dl or +DI-D2. These 

equilibria are Pareto optimal with respect to the distributions to the two countries. The 

third equilibrium is mixed, with probabilities A2 = B2 = (DI-D2)/DI, where A2 is the 

probability that country A will conduct research, and B2 is the probability that country B 

will conduct research. This last equilibrium is inefficient when both countries 

coincidentally choose NO RESEARCH or when both countries choose RESEARCH. 

In this situation, the countries have incentive to an agreement. Suppose Country B pays 

Country A half the research cost (in advance) to do the research, which they then share. 

In Figure 6.1, R is the decision branch for research, P is the decision branch for payment, 
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and the two outcomes for each decision branch are the benefits to Country A and Country 

B, respectively. Country A has incentive to do the research regardless of whether Country 

B holds to its part of the agreement. However, Country B will gain more than Country A 

from Country A's labor. Since without any significant investment, Country B gains more 

than Country A, Country B has a distinct competitive advantage. 

01,01+02 

0,0 

COUNTRY B 

01 + 0212, 01 + 0212 

0212, -0212 

Figure 6.1: Decision structure for a cooperative relationship, payment in advance. 

In Figure 6.2, the case in which Country A does the research and then expects Country B 

to pay half the costs is examined. As we expect, Country B has no incentive to pay its 

share once the research is done. Hence this agreement will not work. 

01 + 0212, 01 + 0212 

01,01+02 

COUNTRY A 

Figure 6.2: Decision structure for a cooperative relationship, payment on delivery. 
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Now suppose that the countries decide to conduct an indefinite series of R&D 

investments, with the researching party alternating. In other words, Country A does the 

first set of research, Country B does the second, Country A does the third, etc. The non

researching party pays half the costs of the research. Then it pays for both countries to 

cooperate with the agreement; such an agreement is called 'self-enforcing', since it does 

not require a third party (e.g., the government) to intercede in the case of non-compliance. 

So why do countries decide to do research, especially in societies such as ours where 

dissemination of information is rapid and not easily controlled? First, the example 

considered here is symmetric with respect to payoffs. Often one country (or company) 

will be better able to capitalize on a particular improvement, and will have an incentive to 

make the improvement regardless of the cooperation of the free-loading competitors. 

Second, the minimax solution of the game is for each country to do research, i.e., in order 

for a country to minimize its maximum loss it will do the research itself regardless of what 

the other country does. Third, there is a general agreement that raising the society's 

technological level is in the long run good for almost everybody; this is obviously not true 

for some business segments, such as carriage-makers with respect to production 

improvements for automobiles, or for passenger train lines with respect to production 

improvements for airliners. Similarly, within a development and production environment it 
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will not always be in everybody's selfish interest to support a common good, which leads 

us to the Prisoner's Dilemma. 

THE PRISONER'S DILEMMA 

The Prisoner's Dilemma (Case, 1979) investigates the value of cooperation, and when 

cooperation is a good strategy. The payoff matrix is given in Table 6.3. 

Table 6.3: Payoff matrices for the Prisoner's Dilemma. 

Player 1's Payoff ,':'., " Player2,:sSfraiegies· i ,.'< 
COOPERATE < DEFECT' 

I Player l's I COOPERATE .'. +D1 -D2 
Strategies I DEFECT +D1+D3 0 

Player 2's Payoff , 

"Player2 ~sStrategies .... '... .:." 
COOPERATE DEFECT .' 

Player l's COOPERATE +D1 +D1+D3 
Strategies DEFECT -D2 0 

D I is the reward for cooperating (C) when the other player also cooperates (C), D2 is the 

penalty for cooperating (C) when the other player defects (D), and D3 is the incentive to 

defect (0) when the other player cooperates (C). Usually the problem is stated in such a 

way that 201>01+03-02 and D1>0, so that the total value of cooperation exceeds the 

total value of one or both parties not cooperating. Classical formulation deals with two 

prisoners who have been caught but against whom the authorities have little evidence. 

Under these circumstances, if one player thinks that the other player will defect, then the 
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first player's best option is to defect also, so D-D is the only noncooperative equilibrium. 

This point is also a minimax solution of the problem since D-D minimizes the maximum 

harm of both players. Finally, the C-C and C-D solutions all are Pareto optimal with 

respect to allocation of rewards. The lesson of the Prisoner's Dilemma is that the 

collective interest can be at odds with the self-interest of each party, and that the decision 

of the rational player will depend on his evaluation of the other players, i.e., whether they 

will cooperate or not. 

The Prisoner's Dilemma is important since ifit is extended to an n-period game it tells us 

much about the value oflong-term cooperation. Some of the most interesting research 

was conducted by Axelrod, who ran two Prisoner's Dilemma tournaments. The entrants 

were strategies supplied by game theory experts in fields such as economics, mathematics 

and political science. Many of the strategies were very sophisticated, based for example 

on Bayesian analysis or Markov processes. The simplest strategy was called Tit for Tat, in 

which the player cooperates on the first move and then simply mimics the last action of the 

other player. Titfor Tat won both tournaments (Axelrod, 1980a, and Axelrod, 1980b). 

Tilfor Tat is important because it seems to reinforce the dictum "Do unto others as you 

would have them do unto you," since under Tit for Tat that is exactly what will happen. 

Some of Axelrod's later work (Axelrod, 1987) used a genetic algorithm to develop 

strategies in tournaments similar to those described. The genetic algorithm was able to 

develop strategies generally superior to Titfor Tat. These superior strategies always 
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defected on the first move. If the opponent was weak (continued to cooperate in the face 

of defection) then the superior strategies continued to exploit the weakness. If the 

opponent was strong (refused to reward defection) then the superior strategies would 

attempt reconciliation by cooperating and if successful would thereafter play Tit for Tal. 

Note that Titfor Tat is a strong strategy that cannot be exploited after the first move. 

MALEVOLENT COMPETITION 

By one measure, the previous examples are somewhat naive. In practice, if there were 

only two competitors then it would be worthwhile for each competitor to try to maximize 

the ratio of its return to that of the other competitor or better yet, the ratio of return on 

investment; this implies no fair agreements, since it does not matter in the short term 

whether cheating on the agreement results in a smaller real return to the country as long as 

the other country is hurt more. This is the principle of malevolent competition. Under 

these assumptions, an agent will seek to remove resources from its competitors, even at 

cost to itself. In practice, this results in behaviors such as 'buying' contracts, i.e., 

negotiating contracts at prices lower than production costs (including the cost of money) 

just to keep the payments away from a competitor. Another example is 'dumping' the 

market with inexpensive products in order to gain market share. Strategies that hurt both 

parties but hurt the other competitor relatively more are clearly inefficient, and are feasible 

only in the short term. The justification in such malevolent competition is the relative 



269 

impact of the action, and the anticipation of a more favorable long-term division of 

resources. 

COURNOT -NASH THEORY 

More involved models of interactions among competitors began with the work ofCournot 

(1838). In Cournot's model, there are two sellers with identical cost functions and 

products, both with access to the same potential buyers. All the product made will be sold 

the day it is available as, for example, in a bakery where all day-old bread is thrown away 

(in Coumot's original model, the sellers were well-owners, and the product was mineral 

water). Sales are made on only one occasion, in order to avoid both (1) retaliation in the 

future for the actions of the present, and (2) implicit collusion using sales signals. Coumot 

also rules out explicit collusion. The sellers individually deal with the buyers. The sellers 

make their combined quantity of product available, then the price paid by the consumers 

depends on the amount offered. 

Each seller chooses a sales quantity that (he hopes) maximizes his net return, without 

knowledge of the other's choice. Aggregate demand is represented by a continuous 

decreasing function p( q}, where q is the total quantity to be sold, and p is the common 

price of these interchangeable goods. The total costs for each seller is a function of his 

sales, c, = g( q,J, and his revenue is rj = p( q}q, - g( q,). 
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Consider the following example, which is a Cournot model except that nonlinear price and 

cost functions are used. We have two firms producing indistinguishable goods. The price 

of this good varies with the quantity sold according to the relationship p( q) = Poe- P1q
, 

where q = ql + q~, the combined production of the two firms. Assume the production 

revenues of the two firms are therefore 

In this example, Firm 2 invests more in its production fixed costs (k2 > kl) but obtains 

more favorable costs at higher production quantities, as represented by the fractional 

exponent on q~ in the production cost equation. 

The Nash equilibrium is a non-cooperative equilibrium that ensures that players, in this 

case firms, individually maximize their revenue while assuming all other producers hold 

quantities constant. Because these conditions were discovered by Cournot (1838) over 

100 years previous to Nash (1950, 1953), they are sometimes referred to as Nash-Cournot 

conditions. The significance of the Nash equilibrium is that any player that departs from 

his Nash equilibrium strategy will lose revenue. Hence the Nash equilibrium tends to be a 

stable equilibrium. 
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The Nash-Cournot equilibrium can be determined by finding q II q~ such that 

can be solved to obtain q~ and q~ consistent with the Nash equilibrium conditions 

In this example, with Po = 150, the price decay exponent p) = 0.01, k) = 500,a) = 0.3, 

k: = 1500, and a: = 0.5, (q;J, q~)= (98.5485,99.8820), the product price po = $20.62, 

and the total revenues accruing to the firms is $1503 + $555 = $2058. Neither firm can 

change its production quantity without losing net revenue, which is a restatement of the 

Nash equilibrium condition. 

In general, the cost functions are assumed to be convex, i.e., increasing at an increasing 

rate as production quantities increase, and the price functions are assumed to be concave, 

i.e., the price decreases at an increasing rate as production quantities increase. A linear 

price-supply relationship follows directly from a quadratic utility function. Under the 

assumption of a linear price-supply relationship, the Coumot model, in which each firm 

assumes the other will hold prices constant while it optimizes, can be shown to be stable 

only for the duopoly case (Okuguchi and Szidarovszky, 1990). For more than two firms, 

the equilibrium will be reached only if a different rule, such as adaptive or extrapolative 

expectations, is used. Under the stronger assumption of differentiable price function with 

strictly negative derivative or strictly convex price functions, a unique equilibrium point 
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will exist. Under these conditions and without cooperation among firms, the entry of 

additional firms will cause production levels to increase and price to decrease. Iffirms 

cooperate (collude) then production levels will drop. However, this collusion will result in 

additional profits for those firms that do not collude (Szidarovszky and Yakowitz, 1982). 

COLLUSION 

Why do firms collude? They do so because by colluding they can increase their revenue. 

In this case, the firms share revenue and so define a new revenue function r = r1 + r2. By 

solving 

we obtain (q; ,q;J=(99.459,0.0), with p' = $55.48 and total revenues (to be shared 

equally) of $4988 + $0 = $4988. Net income has risen over 100%. Production costs 

decreased from $2035 to $530 (assuming that the fixed costs of Firm 2's plant do not 

have to be paid; this ignores the cost of owning or leasing the property and capital 

equipment). Is the 50% drop in production justified by the $1500 saved? To the 

customers, who pay nearly three times as much for the product and who value the lost 

production at about $5500, probably not. In this example, collusion results in a poor 

distribution of resources, as evidenced by the idle plant belonging to Firm 2, and results in 

a reduced standard of living. On the other hand, pollution levels are probably lower. 
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This example illustrates the danger of collusion among agents. These calculations were 

conducted both analytically and using the DoE technique of Chapter 3. Both were able to 

identifY the competitive equilibrium and two collusive equilibria (the best is described 

here). It is well-known (Case, 1979) that a robust solution often exists which allows one 

seller to minimize the effect of the other seller's choice. This robust solution is in general 

different from the optimizing cooperating choice. An example of this is explored in the 

following example in which 3-level DoE techniques are used to determine a robust 

operating level regardless of initial starting point. Because this example uses non-linear 

price and cost functions, it is significantly more complex than the standard Coumot model. 

Even so, the DoE technique determines a robust operating point easily. 

In this example the two firms have identical cost functions, 

K,( x) = 2( x, - 5)" + 2, and the price function is p( s) = lO[ 1 - e-o.Js ], where s = XI + x~. 

Again, the profit for each firm is p( s)x, - K, (Xi)' The Nash equilibrium occurs at Xl = X2 

= 7.7939, with profit = 43.93 for both parties. The experimental design looks at the 

robustness of this solution over the nominal point for xl±3, i.e., the three levels of output 

are Xl = 4.7939,7.7939, and 10.7939, to try to determine the best strategy for firm 2 if 

firm 1 does not conform to the Nash equilibrium solution. The fact that the cost functions 

have a minimum in the range for Xl is not significant since the experiment is centered far 

away from the minimum (Xl = 5). Each firm has control over its own output, so the 

variation for the output of firm 2 (0.3) is smaller than that for firm 1 (3.0), corresponding 

to differential sensitivity; the three levels of output for firm 2 are X2 = 7.4939,7.7939, and 
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8.0939. This analysis requires 32 = 9 experiments. Iffirm 2 looks at firm 1 as an 

uncontrollable factor, then the experiment recommends reducing output by the factor 

1.476(0.3) = 0.4429 units (see Figure 6.3). Notice that in this case, because the price 

function is not convex, reducing output results in a profitability advantage. 
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Figure 6.3: The open circles indicate relative profitability if firm 2 follows the optimal 

(Nash equilibrium) strategy, but firm 1 does not. Although both firms become less 

profitable, firm 1 is more profitable than firm 2, which is a strategic advantage. The black 

dots indicate relative profitability iffirm 2 follows a robust policy determined through 

experimental design techniques. In this case, firm 2 is more profitable than firm 1 if firm 1 

follows the Nash equilibrium strategy, and in fact there is only a small set of values ofx\ 

for which firm 1 is more profitable than firm 2. 
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An important variation of the Nash-Cournot model is the Stackelberg model in which 

Seller 2 has a spy who tells him what Seller 1 's choice will be. Seller 2 can make the 

optimum decision since he 'knows' what Seller 1 will do. When Seller 1 knows about the 

spy, and assuming linear price and cost functions, an interesting result occurs. Seller 1 

ends up better off than Se11er 2 by optimizing his strategy around Se11er 2's perfect 

foreknowl~dge! This is because SeHer 1 is now 'leading' the problem; effectively, he 

knows of the spy's existence and is using him to manipulate SeHer 2's actions, while Seller 

2 merely reacts. The correct response is again for Seller 2 to rely on a robust strategy 

which penalizes SeHer 1 's knowledge of the spy. This is described in more detail in Case 

( 1979). 

What happens when a robust non-cooperative strategy (mixed or deterministic) does not 

exist':' In other words, what if some information is required to determine which strategy 

should be used? This implies the use of a rule-base. If the decision space is a continuum, 

then a fuzzy rule-base may describe the strategy surface more efficiently. A fuzzy rule

base can be rapidly trained using historical data. This rule-base is therefore a multiple

input-single-output function, which can be operated upon by the DoE technique to obtain 

robust strategies. When a robust strategy cannot be determined that covers beyond a 

certain range, the strategy space can be partitioned. Alternatively, a robust strategy can be 



found for every partition of the original fuzzy rule-base. For example, the spy's report 

could be the basis of which robust strategy would be used. 
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Cooperative equilibria are not necessarily self-enforcing (especially if there exists a limited 

time frame of association), hence cheating may occur which is generally not efficient. 

Noncooperative equilibria are always self-enforcing. However, noncooperative 

('competitive' or Nash) equilibria are not always efficient. Also, when agents collaborate 

among themselves there is always the danger that the interests of the principals will be 

ignored. 

THE EDGEWORTH BOX 

Edgeworth (188 I) introduced the game-theory approach to market games with a model of 

two players trading two commodities. The two players trade until they reach an 

equilibrium allocation of goods. We assume the players are rational, i.e., neither will 

accept a bargain that has less utility than did the initial allocation; this is not always a good 

assumption, but it is far more valid than the assumption that every player knows every 

other player's utility function, which is what most analysis of this situation is based on (see 

below). The iso-utility functions (indifference curves) of both players are convex with 

respect to the tradeoffs between the goods. The trajectory of points where the tradeoff 

iso-utility functions meet (depending on the initial allocation) is called the contract curve. 

The point on the contract curve corresponding to the actual allocation is called the 
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competitive equilibrium, since that it where they should eventually end up. This point is 

significant, since the gradients of the indifference curves (direction of increasing utilities) 

are exactly balancing at all points on the contract curve, and under the assumption that 

more is better the initial allocation constraint forces the only feasible point on this curve. 

The Edgeworth box assumes some initial allocation of two products to the two 

participants. The analysis concerns how they will trade to achieve a mutually satisfactory 

outcome. Although this model is simpler than more involved models such as that of 

Walrasian equilibrium (Mukherji, 1990), it can be used to demonstrate the more realistic 

assumption that each player does not necessarily know the other's utility function. In 

Figure 6.4, the initial allocation is "a" units of product A to player 1, and "b" units of 

product B to player 2. Thus player 1 's distribution is (a,O), and player 2's distribution is 

(O,b), the lower right hand corner of the box. Any place within the box is feasible since it 

represents a complete distribution of both products to both players. The dotted line 

represents the iso-utility contour for player 1, the allocations that carry the same utility for 

player 1 as does the initial allocation of (a,O). The dashed line is that for player 2. The 

space between these two iso-utility contours is the possible improvement space since 

neither player will accept an arrangement with lower utility than the initial situation. 

This cannot be displayed as an Edgeworth box when there are more than 2 players, but 

with two players the Edgeworth box looks like this: 



Increasing allocation to 1, 
decreasin.g allocation to 2 

(a,O>2 
(O,bh 

GoodB 

(0,0)1 

2 

Good A 

(O,b) 2 
(a,O)1 

Increasing allocation to I, 
decreasing allocation to 2 

Figure 6.4: The Edgeworth Box 
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It is generally accepted that the equilibrium solution is the point where the two iso-utility 

contours touch and have the same slope, and their mutual tangent passes through the 

initial allocation; this is a competitive equilibrium (Case, 1979). Most analysis of this 

situation would assume that this Pareto optimal distribution must be made. However, this 

assumes that each player is aware of the other's marginal utility, and in the absence of 

information about the other player's utility function this will not generally occur. Suppose 

that player 2 can convince player I that he has very low regard for player I 's goods. Then 

player 1 will accept any allocation that has higher utility than his initial allocation. An 

example of this is the minimum wage situation, in which player 2 (an employer) convinces 

player 1 that the only reason he pays player 2 the minimum wage is that the law decrees it. 
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This was recognized by Nash (1953), who described the process of bargaining under 

uncertain information as "hagglers trying to propagandize each other into misconceptions 

of the utilities involved." Actually, of course, if the minimum wage exceeded player 1 's 

marginal worth then player 2 could 1101 aiford this practice. It would be by definition 

more profitable to replace player 1 by whatever means makes player 1 so marginally 

useful, e.g., an automated production line. It is essential to player 2's strategy that there 

should be a minimum wage, and that it should be low. Without the minimum wage fiction, 

the persuasiveness of player 2 would erode and a fair market value would prevail unless 

player 2 in large, i.e., employers in general, collude to ensure that a fair wage is not paid. 

In the competitive equilibrium obtained in the Edgeworth box, the objectives of player 1 

and player 2 exactly balance; competitive equilibrium is thus described by the 

multiobjective form of the Kuhn-Tucker optimality conditions. In other words, a 

competition is an engine for the multiobjective paradigm, and the resulting competitive 

equilibrium is a Pareto optimal solution under non-stringent assumptions. 

This corresponds to the First Theorem of Welfare Economics, which tells us (Mukherji, 

1990) that any competitive equilibrium defines a Pareto-optimal state. A competitive 

equilibrium is defined as a price p* and a feasible state x* (consumption), y* 

(production). Pareto (1971) observed that an allocation associated with an equilibrium 

price p* has no alternative allocation (XI, X2, X3, ... , xm) that is superior, i.e., it cannot be 



280 

m m 

both feasible (2: Xi ::;2: Wi' where Wi is the initial allocation for each agent i), and be 
i=1 i=1 

better in the sense of utility, u/x) ~ u/x) for i = 1,2, ... , m. Arrow (1951) 

demonstrated this mathematically, coincidentally in the same conference in which Kuhn 

and Tucker put forth the conditions for multiobjective optimization. Suppose that there is 

an allocation XI superior to the competitive allocation Xi' so that p. Xi ~ p. Xi = p. Wi; a 

m m 

strict inequality exists when uJx) > u/x). This means that 2: p X; > 2: p w;. From 
;=1 i=1 

m m m m 

the feasibility conditions, we have p 2: Xi::; p 2: W;, or 2: p XI ::; 2: p Wi' This is a 
;=1 1=1 ;=1 ;=1 

contradiction, hence the new allocation cannot be Pareto optimal. 

There is yet another way to consider the relationship between Pareto optimality and 

competitive (Nash) equilibrium. Following Harsanyi (1982) who shared the Nobel Prize 

in economics with Nash in 1994, the Nash equilibrium in the case of two players is 

determined by 

(ul - tl )(u~ - t~) = max (x - t)(y - t2 ). 
x,y~P 

X2tl,y~t: 

In this formulation, the decision variables are not considered explicitly. The variables u, x, 

and y correspond to objectives, in this case utilities to be maximized, and t\ and hare 

default values if the players cannot agree on a distribution. Harsanyi solves this 

maximization problem using Lagrange variables, but implicitly assumes that the solution 



must belong to the Pareto optimal surface defined by H(x,y) = O. The problem is 

equivalent to 

max (ex - t)(y - t) + AH(x, y)} 

A unrestricted 

which in the case of an interior solution reduces to 

Y
_t,+AeH(X,y)=O and X_tl+AoH(x,y)=o 

- ex By 
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Solving for A, A = 
(y - t) _ 
HJx,y) -

(x-t) 
( )' or, HJx,y)(y - t) = HJx,y)(x - t). 

Hy x,y . 

H \ (x - t 1 ) 8H ' By Ox By I1Z 
Now, - = = ,or, = . The value - is another way of 

H~ (y-t,) 8H ex (x-t) (y-t~) Z 

describing profit, i.e., the return I1Z on the assets Z (Rosenstein, 1991). In other words, 

the Nash equilibrium is a special case of the Pareto optimal solution in which all objectives 

receive the same amount of profit as a percentage of assets. 
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Section 6.2: Dynamic Models of Ecological Competition 

This section discusses ecological models, the best known of which are known as Lotka

Volterra equations, named for two researchers who first investigated their properties. 

Generalizations of the Lotka-Volterra equations have proven useful for describing 

ecological phenomena. 

Lotka-Volterra equations are of the form 

YI = G:'YI + Ly,GjJYJ, with Yj ~ Q/i = I. .. m. (6.1) 

There is a dynamic equation for each competitor i. Each term Gjjdescribes the interaction 

of competitor i with another species j, with a positive value indicating that j is food or in 

some other way helpful, and a negative value indicating that j preys on i. The G~ term is 

the usually positive natural growth rate of that competitor in the absence of all others. 

The interaction of a species with itself (y I G I.Y;) represents famine, war, etc., and so is 

usually negative with the result that even in the absence of any other competitors the 

population of a species will tend to reach an equilibrium level. The Lotka-Volterra 

equations exhibit a variety of interesting phenomena such as limit cycles. 



283 

Of more interest than the Lotka-Volterra equations themselves are their generalized 

versions. A simple two-species model (Svirezhev and Logofet, 1985) is described by the 

dynamical equations 

dx 
- = a(x)x - V(x)y 
dt 

dy = kV(x)y - my 
dt 

(6.2) 

where a( x) is the Malthus function of the prey, Vex) is the trophic function, k is the 

efficiency of the predator in using the prey, and m represents the predator's mortality rate. 

One of the principal differences between this model and the Lotka-Volterra model is that 

in Equation 6.2, V(x):;to AX. Vex) is a measure of predatory wisdom. The predator of 

the Lotka-Volterra model, Equation (6.1), is 'silly'; it cannot adapt and therefore cannot 

control prey population: no stable equilibrium or limit cycle exists. A 'clever' predator 

will have Vex) that is initially concave in x, i.e., the kill rate per predator will always 

increase, but at an increasing rate. This buffers the population of prey when it is small, 

otherwise continued predation will destroy it. 

The Lotka-Volterra model, Equation 6. I, can be written to emphasize how it differs from 

conventional linear systems, i.e., 

;f. ~ A,x + A, vice [~,] = Ax. 

cnl x" IX n 

(6.3) 
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This form is useful for the explanation of competitive systems because it describes the 

relative change Yx, corresponding to the competitive concept of profit, or return on 

capital. In higher dimension, Lotka-Volterra equations may demonstrate many complex 

behaviors. For example, the dynamic system 

XI = 1- bX I - XIX; - eXlx~ + X3 

x~ = a(xlx; +d -x~) 

X3 = c(exlx~ - x3 ) 

with a, b, c, d, e> 0, has been offered (Schulmeister and Meiske, 1985) as a model of an 

autocatalytic second-order product reaction with reversible deposition of substrate that 

demonstrates chaos effects. Similar models have been used to demonstrate limit cycles 

(Herzel, et aI., 1985). 

Lotka-Volterra equations are directly equatable to the replicator equations introduced for 

the analysis of population genetics (Fisher, 1929). Modern references for replicator 

equations include Peschel and Mende (1986), and Schuster and Sigmund (I983). 

Suppose we have the Lotka-Volterra equation YI = L GilYj YI ;::: 0. Then define new 
YI 1 

variables x such that XI = i ~ l' This means that LXi = I, and Xi ;::: 0. Define 

1 
xn = ~, so that XI = Ylxn' 

~Yl 
This means that Xi = ~ + xn = "'" G. y. + xn 

~ III . 
XI YI Xn 1 Xn 

It can 



285 

which affects the time scale but not the relative trajectories. Also, we define the quantity 

<D = L Xk G Jk X J' which, again, can be considered to be the total payoff in the non-zero 
k,J 

sum game. This gives us the replicator equation. 

X, =x,(LG,JxJ - II XkGJkX j) i = L.n 
k j 

This can be viewed as a non-zero sum game with the value of the game 

<D = L L XI;GI;JXJ = xTGx (Maynard Smith, 1982). 
k 

Note that <D is equivalent to the scalar x TGX. Hence, ifG is positive definite then the 

value of the game is always positive, and so on. Note also that I G,jX j = (GX)" This 

means that non-trivial equilibrium points for population i are characterized by the 

relationship xTGx = (GX)" Since we are dealing with population proportions, the phase 

space is the simplex I x, = I, x, ~ o. 

Voigt (1985) has suggested that we can insert a control by defining G = G + ~liag{ u j } • 
1=1...n 

Then. as u, ~ T.-, the vertices of the simplex become stable attractors. This means there 
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exists only one or no survivor, and corresponds to condition known as 'uniform 

competition.' As uj -+ -00, the only attracting point moves to the simplex face 

characterized by 2: x, -:;:. 0 "i/ i. This corresponds to a 'uniform cooperative' condition in 

which all species coexist. 

n 

Since <P is constant, the replicator equation can be stated as x, = x/2: ajjx j - <p). Ifwe 
j=1 

n-I 

set y, =~, we obtain y, = y,(b m + 2: bjly) for i = 1, ... , n-1, where b,) = a,) - an) This 
xn )=1 

translates us back to the Lotka-Volterra equations. 

Significance of the Generalized Lotka-Volterra equations. 

The Lotka-Volterra equations give us insight into how the relationships among variables, 

in this case population sizes, and population interactions, such as competition and 

cooperation, can influence the outcome. In particular, these models show that the 

environment can be structured to ensure a degree of cooperation or at least coexistence. 

The drawbacks of the model are its relative simplicity. However, it works at least as well 

as a linear approximation. The form of the basic Lotka-Volterra equation guarantees that 

population interactions (XjXk) will be captured. The transformation into the replicator form 

shows how the self-interaction results in cooperative (if negative) or competitive (if 

positive) behaviors. The interpretation of the replicator equation state variables as relative 



strengths (or probabilities, or membership values) is interesting and should be pursued. 

This approach may be of some use in analyzing neural or other physiological systems. 
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The replicator equation approach may also be modified to study the stability of 

populations under the threat of invasion by other strategies-- the field of evolutionary 

game theory (Maynard Smith, 1982, Cressman, 1992). This scheme assumes a finite 

strategy model and uses a payoff matrix A to describe the results of interaction among 

strategies. The matrix A need not be symmetric, A is square, and the dimension of A is 

the finite number of pure strategies of the environment. W(S, ~l) = S· A~ = fitness ofa 

single S-strategist in a population ~l. Each strategist chooses a strategy S that is a convex 

combination of the available pure strategies; this can be interpreted either probabalistically, 

where the payoff is the expected value over many interactions, or deterministically, where 

every possible strategy is a combination of the pure strategies. The population is 

considered to be a convex combination of the competing strategists, i.e., ~ = L PiS, , 

p, ;:: 0 'd i, and L p, = I. Then a dynamic relationship is assumed to exist, e.g., 

N,(t + 1) = N,(t)S;rAp, where A is a payoff matrix representing the outcome of 

encounters of Sj with the entire population. The original overall strategy is S *. The 

invading strategies are mutants and so are assumed to have very small initial proportion 

(g ---70) and the question is, 'Will the invaders be destroyed or will they obtain some non-
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zero equilibrium proportion?' A strategy that can successfully fend off invaders is called 

an evolutionarily stable strategy. 

What is of interest is the proportion Pi of each competitor. Since from the above 

relationship the overall population size is described by N (t + 1) = N (tht T (t)AIl( t), the 

, f h ' b d 'b db ( 1) NJt)SjAIl(t) proportion 0 eac competitor can e escn e y p t + = () T() () 
N tilt All t 

Strategies can be described on a strategy simplex R[O, 1 ]n, of as many dimensions as there 

are strategies. Then a pure strategy is a point on the vertex of this simplex, and mixed 

strategies are on an edge or the interior of the simplex. 

Like the replicator equations, this viewpoint consciously ignores the overall population 

size, so that a strategy that successfully repels the invader may devastate the original 

population, or a strategy that unsuccessfully repels the invader may lead to a higher 

population of original inhabitants. In other words, market share does not tell the whole 

story; we must also know the size of the market. 

Example: Battle-of-the-Sexes (Maynard Smith, 1982). Adult males and females can 

choose between two pure strategies. Females always care for their offspring but can be 
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either coy, i.e., insist on a long courtship before mating, orfas!, i.e., mate immediately. 

Males can be eitherfai/hflll, i.e., willing to commit to a long courtship and care for the 

young, or philandering, i.e., neither courtship nor care for the young. The game follows 

Dawkins (1976), with these assumptions: (1) Individual fitness is determined by 

behaviors, (2) Mating results in offspring with a 1: 1 sex ratio, (3) Offspring inherit the 

strategy of their parent of the same sex. 

In this game there are two payoff matrices, Tables 6.4 and 6.5, representing two distinct 

but interrelated sets of strategies. The dynamics in this case are described by the equation 

s· Au ~lTB· T 
pet + 1)= P(t)-T- and g(t + 1)=g(t) T ' where p and q are the relative 

~l Au ~l Bu 

proportions of men and women using strategies Sand T, respectively. Male strategies do 

not compete directly against other male strategies but interact only with female strategies, 

and conversely. 

Table 6.4: Male Payoff Matrix (A) 

..•. · .•. F emaleStrategies .•.•.... 
·.·COY .... ........ ..•... 

FAST·· 

I Male FAITHFUL 2 5 
Strategies PHILANDERING 0 15 
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Table 6.5: Female Payoff Matrix (B) 

······coy:·· ················<FASr···· 
FAITHFUL···· 2 5 
PHILANDERING' o -5 

The payoff matrices, A and B, reflect the following assumptions: the total cost of raising 

offspring is 20, the value of producing offspring is 15, the cost of courtship is 3, and there 

is no cost or value associated with not mating. The cost of raising offspring is shared by 

the parents that commit to raising the child. The value of producing offspring is obtained 

whether the parent remains or not. These assumptions reflect the belief the cost of raising 

offspring alone is greater than the value of the offspring. Otherwise, PHILANDERING 

would be a stable strategy which seems counterintuitive. 

The analysis is conducted as follows. Suppose the male strategy S is pure FAITHFUL, 

which is represented by the strategy vector S = [1 0]', and the female strategy T is pure 

COy, or T = [1 0]'. Suppose the society at this time is dominated by the strategy pair 

(PHILANDERfNG, FAST), i.e., (~l, u)= ([0 1]', [0 1]'). Under these conditions, the 

total population of females Q, which is defined by the dynamic equation Q = Q ~l TBu, 

will be decreasing since pTBu = -5, so the strategy pair (FAITHFUL,COY) (implying 

S'I Bu = and p TBT= ) can successfulIy invade. In fact, the dynamic equations show that 

any pure strategy set can be successfulIy invaded by at least one other, as shown in Figure 
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6.5. For the payoff matrices given, a mixed-strategy equilibrium occurs as shown at the 

strategy pair (~l *, u*) = ([5/8 3/8]' ,[5/6 1/6]'). Equilibrium in this case implies that 

invasion by mixed-strategy is unsuccessful. The conditions for this situation are (i) no 

pure strategy dominates so that the outcome of(~*, u*) is an interior point of the strategy 

set, and (ii) Au* = 1..1[11], and (~l*)TB = 1..2[1 1], for any 1..1,1..2. Any competing strategy 

(p, u*) or (p*, u) has the same payoff against this equilibrium strategy, hence the 

proportion of the competing strategy cannot grow. Note the similarity between this result 

and the general result for Nash equilibria. In fact, the equilibrium strategy can be found by 

solving a simultaneous dual optimization problem. In this case, there are two objectives-

to minimize the values ofST.Au*/(~l*)TAu*, where S is some invading male strategy, and 

to minimize (~l*)TB.T/(~l*)TBu*, where T is an invading female strategy. The decision 

variables ~l* and u* are the proportions of the strategies COY-FAST and FAITHFUL

PHILANDERING. 

Using this theory, we should be able to control the equilibrium point by changing the 

payoff matrix. According the relationships above, as long as no pure strategy dominates 

then the payoff matrix for males can be used to alter the equilibrium point for female 

strategies, and the payoff matrix for females can be used to alter the equilibrium point for 

male strategies. For example, changing the payoff matrix for females, so that the pure 

strategy (PHILANDERING,F AST) has a value of -15 instead of -5, will change the value 

of p * to [10111 1111]" so the proportion of philandering changes from 3/8 to 1111. This 
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is because PHILANDERING is no longer very successful in exploiting the female 

strategies. 

If'NADEDBY 

Equilibrium 

@ 
I f'NAD ED BY If'NADED BY 

If'NADEDBY 

Figure 6.5: There is no transitivity with regard to invasion by pure strategies, e.g., 

(F AITHFUL,F AST) can be successfully invaded by (PHILANDERING,F AST) which can 

be successfully invaded by (PHILANDERING, COY) which can be successfully invaded 

by (F AITHFUL, FAST). 
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Section 6.3: Differential Games 

Differential game theory was originated by Isaacs (I 965), who was involved at the RAND 

Corporation in the study of pursuit and evasion problems associated with military aircraft 

and missiles. Like the economic (firm) models of section 6.1, differential games rely 

heavily on the concepts of game theory, the main progenitor of which was John von 

Neumann. Differential games apply the game theory structure to dynamic systems defined 

by differential equations. As a result, the problems tend to involve trajectories, or decision 

sequences. The format is more difficult than the standard economic models, possibly 

because this field tends to make heavy use of control theory (Berkovitz, 1971) which 

increases the conceptual burden. The problem solutions are often less intuitively 

appealing, relying on functional analysis for solution rather than straightforward (but 

complex) logical arguments as in economic games. Although differential games may 

incorporate up to n players, the vast majority of the literature seems to focus on the two-

player, zero-sum situation. 

Differential games generally have a form as follows: 

J
1 

= fg(x(t),u(t),t)dt 

subject to 

x(t) = f(x(t),u(t),t) 

where both x(t) and u(t) are vectors comprised of the system states and inputs, 

respectively. Each player has partial control over the system. Each player i would like a 
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strategy <jJ,() such that the player can choose his play u/t) = <jJ/x(t)) to maximize J j • 

The difficulties are (1) all other players are attempting to make plays to maximize their 

own payoffs, (2) player i may not have perfect information concerning the state variables 

x(t), and (3) some differential games have termination conditions so that the game is not 

played to infinite duration. 

Player i's strategy will generally evolve as a function of system dynamics, other players' 

strategies, and the quality of his information. 

The field of differential games can be viewed as a generalization of control theory. One

player differential games are identical to optimal control problems. Two-player differential 

games can be generally solved after being formulated as an Hoo robust control problem 

(Green and Limebeer, 1995). The relationship between differential games and H",control 

is explored more fully in Glover and Doyle (1988) and Ball and Cohen (1987). 

A good example of a differential game is the pursuer-evader game (Berkovitz, 1971). The 

pursuer p and the evader e have constant speeds vp and ve ' respectively. Each has 

absolute control over its angle of movement (up and ue ) in the x-y plane. The position of 

the pursuer and evader in the x-y plane are (Px I Py ) and ( ex I ey)' The evader e seeks to 

maximize the time to capture, while the pursuer p seeks to minimize the time until capture. 

The dynamic system equations are 



1\ = vp cos up 

Py = vp sin up 

ex = Vc cosue 

ey = Ve sin U e 

We desire a strategy that is a linear function of the observable state (angle between the 

two) and a constant, i.e., up = apQ> + cpand Uc = acQ> + ce' 
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The conventional way of approaching this game is to simultaneously maximize the ending 

time with regard to ac and cc' while minimizing with regard to ap and cp. This requires 

functional analysis which is complicated by the performance measure (time) and the 

nonlinearities in the dynamic equations. Instead, we may use the DoE methodology 

explained earlier to obtain a solution. 

First, we note that under this formulation the ideal strategy depends on the initial 

positions, the relative speeds, and the definition of end-time. In this case we start the two 

at (0,0) (p) and (5,5) (e), vp = 20 and Vc = 4, and the end-time is the first time at which 

the range between the two players is less than e = 0.1. We know that one eventually 

successful solution is for the pursuer p to aim directly at the evader, and for the evader e 

to always aim directly away from the pursuer, which is equivalent to ap = ac = 1 and 

cp = Co = O. We will initialize our solution in this neighborhood, i.e., initial values of the 

constants are ap = 1. 1, cp = 0.1, ac = I, and Cc = 0.1. The DoE technique for robustness, 
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using !1a / a = 0.1, is applied by both parties at each iteration. After three iterations we 

obtain ap = 0.97, cp = 0.042, ae = 0.85, and ce = 0.16, which satisfies the requirements 

of a Nash equilibrium, i.e., any party that deviates from their strategy will suffer as long as 

the other party does not deviate. This solution is shown in Figure 6.6. One measure of 

robustness is the standard deviation of an entire set of experiments for an experimental 

design. In this case, the standard deviation of the ending time for each set of experiments 

is reduced from 0' = 0.0046 seconds to 0' = 0.0009 seconds, indicating a large 

improvement in robustness that is characteristic of the system and the DoE technique 

rather than Nash equilibria in general; the average ending time decreases slightly from 

0.444 seconds to 0.438 seconds, which is not significant since the equilibrium could have 

been at a later time depending on system characteristics. 

7 

6 

2 

o~--~---+----~--+---~---+--~ 

o 2 3 4 5 6 7 

x-coordinate 

Figure 6.6: The pursuer and evader in two dimensions. 
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If the circumstances for a controlled experiment (such as DoE) are not available, we can 

construct a mathematical model using the FRBS technique introduced earlier. The 

experiments can then be performed on the FRBS and a robust strategy (or set of 

strategies) can be obtained. 

Differential games represent an interesting area of investigation, but are limited to those 

systems that can be described by differential or difference equations. 
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Section 6.4: Evolutionary Systems 

With Darwin's Origin of Species, the concept of natural selection became the predominant 

theme of natural history. Because natural selection is itself a powerful paradigm for 

competition, and because of its practical usefulness, it will be considered in summary form 

here. 

Simulated evolutionary systems such as genetic algorithms attempt to solve problems 

through a series of random perturbations rather than hill-climbing. Each generation is 

screened to ensure only the fittest survive. A few characteristics of problems amenable to 

simulated evolution have been characterized (Davis and Steenstrup, 1987): Domains 

should be multimodal, exhibit a moderate degree of epistatis (in systems terms, inhibitive 

interactions or other nonlinearities), detectable regularity that can be encoded as 

chromosomes by using a binary or other numerically convenient representation. Simulated 

evolution often performs well in very complex problems that have mUltiple local optima or 

are so noisy or otherwise ill-structured that conventional gradient methods do not work 

well. The evolutionary programming paradigm can be specifically compared to the R&D 

problem for firms, since in each case a competitive advantage is sought through the 

improvement of a product; in one case, a genetic product that must survive in a rigorous, 

uncertain and constantly changing physical environment, and in the other case a 



manufactured product that must survive in the rigorous, uncertain, and constantly 

changing marketplace environment. 
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An important aspect of evolution is coevolution. In coevolution, organisms evolve not 

based on a fixed environment but based on the environment as acted upon by other 

organisms (Kauffman, 1993). Two organisms that can not survive independently may 

together exist successfully. Coevolution significantly expands the horizon of evolutionary 

processes. 

The noted geneticist and founder of experimental design, Sir Ronald A. Fisher, 

mathematically proved and wrote "An organism sexually reproduced can respond so much 

more rapidly to whatever selection is in action, that if placed in competition on equal terms 

with an asexual organism similar in all other respects, the latter would certainly be 

replaced by the former" (Fisher, 1929). Ifmore computer scientists and systems people 

had paid attention to this single comment, then the practical power of evolutionary 

algorithms might have been realized much earlier. In the early 1960s several researchers 

were interested in using evolution as an optimizing force. Most pursued blind alleys, and 

became discouraged. These early attempts (Fogel, Owens, and Walsh, 1966, 

Bremermann, 1962) faltered because they used non-binary coding, which required a long 

time to adapt, or relied on ineffective genetic operators such as mutation instead of 

crossover (Goldberg, 1987, Holland, 1992). The most significant breakthrough came in 
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1975 when Holland demonstrated mathematically with his theory of schemata that sexual 

reproduction of binary genetic sequences could be used to search large spaces much more 

efficiently than enumerative techniques (Holland, 1975). This situation is very similar to 

that of artificial neural networks, in which research came to a halt when it was proven that 

the neural network without a hidden layer could not learn certain fundamental logic 

relations (Minsky and Papert, 1969). Researchers came back to neural networks when 

Hopfield showed that by the inclusion of a hidden layer the network could learn the 

fundamental logic relations (Hopfield, 1982); later, Hecht-Nielsen showed that the 

artificial neural network with three layers could learn any function to arbitrary accuracy 

(Hecht-Nielsen, 1987). 

The first requirement of an evolutionary process is a means of encoding and therefore 

remembering information. Holland standardized this with the concept of schemata. A 

schema is a hyperplane defined by a string of binary symbols 0, 1, or *, where * implies 

'don't care'. Thus *0 can be 00 or 10. IfL is the length of the chromosome then 3L 

schema may be defined, representing i- distinct sequences. 

The second requirement of an evolutionary process is a popUlation. Each member of the 

population is defined by the chromosome, a linear sequence of information specified by 

genes. The third requirement of an evolutionary process is a set of robust genetic 

operators. Holland defined three general purpose genetic operators: crossover, inversion, 



301 

and mutation. These genetic operators are combined to make a genetic plan for modifying 

the population. 

The most important of the genetic operators is crossover, or sexual reproduction, depicted 

in Figure 6.7. In each crossover operation, two members of the population are chosen to 

be parents. The likelihood of being chosen for reproduction monotonically increases with 

fitness. The product of the crossover (i.e., the child) is described by a contiguous genetic 

sequence. The point p in the child's genetic sequence at which one parent's contribution 

ends and the other's begins is the crossover point, which is determined randomly. The 

main power of the genetic algorithm is in the correct use of this operator. 

PARENT 1 PARENT 2 

11 1 2 1 3 1 ••• 1 p b+11 

PARENT 2 

PARENT 1 PARENT 2 PARENT 2 PARENT 1 

11 I 2 1 3 I .. · 1 p Ip+11 l-2IL-1 1 L 1 

CHI LD 1 CHI LD 2 

Figure 6.7: How the crossover operator forms new chromosomes. 



302 

Mutation is the second genetic operator. Mutation acts to randomly perturb one or more 

genes in the genetic sequence of a member of the population. An gene p is randomly 

chosen from the sequence {I, 2, ... , L}, and this gene p is randomly changed. The effects 

are usually self-destructive, since a random step in n-dimensional space is likely to reduce 

the fitness when the rest of the population is well-adapted. However, mutation may be 

useful early in the evolution when overall fitness is low, and late in the evolution when it 

may be hard for crossover to make gains. Mutation is depicted in Figure 6.8. 

PARENT 

1 2 3 • • • I p • • • ~-2 ~-1 I L 

CHILD + 
11 12 1 3 1 p I IL-2IL-1 1 L 

Figure 6.8: How the mutation operator forms new chromosomes. 

The third general genetic operator is inversion. Inversion is intended to enhance the ability 

of crossover to explore and exploit schema. Because crossover has a built-in preference 

for shorter schema length, it necessarily has a bias against longer schema length. A 

schema with longer length is less likely to survive crossover intact. Inversion, by changing 

the relative position of a gene within a chromosome, can remedy the situation. Although 
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this operator is necessary to Holland's theory, this operator has not been found to be 

particularly useful in practice (Davis, 1991). 

The final requirement of an evolutionary process is an environment that prefers some 

members to others. In simulated evolution this function is performed by the function to be 

optimized, which is called the fitness function. Although a genetic plan may require that 

reproduction and culling be based on the fitness function, Holland's specific mathematical 

results depend on uniform culling so that each member has the same chance of being 

killed. 

One essential proof made by Holland involved the crossover equation (6.1) 

po;, t + I) ~ [I - Pc ~:~ (I - PO;, t)) ]FRO;, tyPO;, t) (6.1) 

where 

~ designates a particular hyperplane (schema) 

P(~, t) is the proportion of the population at time t within S 
FR(~, t) is the ratio of the average fitness of the members of ~ to the population average 

I(S) is the length of the string from the first to the last locus that is not # I from 0 to L - 1, 

i. e., the defining length of the string 

Pc is the crossover rate given the individual is selected for reproduction 

Equation (6.1) demonstrates that the proportion of the population that represents a 

particular part of the search space (a hyperplane or, as Holland prefers, a schema) will 

increase as long as its fitness is relatively high compared to that of the general population, 

the probability of crossover, and the length of the information set (chromosome) required 
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to define a member. Genes that are far apart on the chromosome (l(l;) ~ L-l) are more 

difficult to evolve to a particular coadaptation because it is more likely they will be 

separated by the crossover point (as Pc ~ 1). This creates a bias against the schema 

defined by these genes. In other words, reproduction will be likely to disrupt the required 

sequence and the valuable information will be lost. Interestingly, the bias is worse for 

higher fitness levels (i.e., the fitness ratio FR is greater than 1) than for lower fitness (FR< 

J), so that the process will discriminate relatively more against a member with high 

defining length I(l;) with a high fitness level than against one with a lower fitness level. 

Assume Pc = J and I(l;)~ L-l, i.e., the most disruptive case for the crossover operator. 

Then equation (6.1) simplifies to P(1;, t + 1) ~ FR(1;, t)P(1;, tP . For FR=2 the worst case 

market-share break-even point, at which the hyperplane is guaranteed to grow with each 

generation, is when 50% of the population are in the superior hyperplane. This means that 

when a hyperplane is represented in less than 50% of the population (i.e., less than 50% 

market share) a hyperplane with FR::; 2 can possibly get smaller with every generation if 

I(~)~ L- J and Pc ~ J. The best case is when the length of the defining sequence is 0, or 

the probability of crossover is 0, since either of these will prevent disruption of these 

members. 

These problems have led researchers to consider other formulations (Schaffer, J.D., 1987). 

For example, if we select both parents for fitness (instead of just one) then equation (6.1) 

becomes 
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P(~, t + 1) ~ [1- Pc I(~) ]FR(~, t)P(~, 1) + Pc I(~) FR(~, tY P(~, t? (2h) 
L-I L-I 

which is much more conducive to the growth of a particular hyperplane, but may prejudice 

the process. The minimum break-even point for a superior hyperplane (FR = 2) is now 

25% of the population. This is because both parents are chosen for high fitness, hence a 

superior structure has a smaller chance of being broken up during crossover. 

The power of the crossover equation (6.1) is contained in the fact that highly fit schema 

can be expected to grow independently of what is happening to other schemata in the 

population. Meanwhile, crossover itself continually introduces new schemata at a high 

rate. The rate of introduction is (2 X, - I)(2x
: _I)(2 L

-
x,

-
x

: ), where the loci Xl and X2 

identify the portions of the new chromosome that are not shared by the parents, e.g., (Xl = 

0, X2 = L) implies that one of the original parents has been cloned. The combination of 

effects is caIled implicit parallelism, which refers to the fact that a single member of the 

population tends to represent (implicitly) the fitness of all 2L schemata consistent with its 

structure; for example, the member 110 is consistent with 110, * 1 0, 1 *0, 11 *, * *0, * 1 *, 

1 **, and ***. The success of 110 therefore reflects (to a greater or lesser degree) on the 

fitness of all these schemata. Although implicit paraIlelism has been mathematicaIly 

proven in a relatively small subclass of genetic algorithms, a much wider variety exhibits 

this characteristic (Schaffer, J.D., 1987). 
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There is always a non-zero probability that a needed structure will be displaced before the 

desired coadaptation is reached. Because of this it is impossible to prove convergence 

with genetic algorithms. Instead, genetic algorithms can be shown to minimize the costs 

of exploration. In a decision game with fixed costs of trials and payoffs, and stationary 

probabilities, Holland demonstrated that in order to minimize expected costs of finding the 

solution the number of trials to be allocated to the observed best choice should be an 

exponential function of the number of trials allocated to all other choices. Enumerative 

methods uniformly allocate trials, so their expected loss (time to achieve a solution) is very 

high. On the other hand, because of implicit parallelism, genetic plans can be expected to 

give exponential trials to high performing schemata. The expected solution time is much 

lower, but there is no guarantee that a particular optimum will ever be reached. 

NOTE: There is an error in part of Holland's explanation of the crossover equation. 

From the crossover equation, if we want a schema to grow in any particular generation 

then it must satisfY [1 - Pc 1(~) (1- P(~, t))]FR ~ 1. Holland points out that for c < 1, 1-
L-1 

c :s: 1/( J +c), so he substitutes accordingly. Setting c = Pc I( ~) (1 - P(~ It)), we obtain 
L-1 

[
I - Pc 1(~) (1 - P(~, t))]:s: 1 1[1 + Pc I(~) (1- P(~, t))] or 

L-1 '/ L-1 

[ I + Pc J(~) (1- P(~, t))]:S: /[1 - Pc I(~) (1- P(~, t))] . Unfortunately, the condition 
L-1 '/ L-1 
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to be satisfied is equivalent to FRO;, t) 2: ([1- Pc ~~~ (1- PO;, t)) l so satisfying 

FR(~, t) 2: [1 + Pc I(~) (1- P(~, t))] 5, 1 1[1- Pc l(~) (1- pO;, t))] does not prove 
L-1 'j L-1 

anything. The erroneous argument from here is that as Pc ~ 1 and P ~ 0, FR 2: 1/(1-

1(1;)/(L-l» will be satisfied as long as FR 2: 2. The consequences are tremendous. In 

general, a schema must have a fitness ratio greater than 1/(1- l(~)/(L-l» in order to grow. 

This emphasizes the absolute importance of short defining lengths. Example: if there are 

1 00 genes in the chromosome and the defining length of an optimal schema I; is 90 genes 

long, then I; must begin with a FR of at least 11 in order to be reasonably assured of 

survival. This new result is actually more reasonable than Holland's original calculation. 

Holland's contention was that with a sufficiently high fitness, FR> 2, any schema would 

increase its market share (representation in the population). The reasoning of this 

paragraph is more reasonable: even a schema with very high fitness will have problems 

maintaining market share if the confluence of events required to bring it about (modeled 

here by the defining length of the schema) is exceptionally unlikely. For example, a 

development organization manned entirely by Nobel Prize winners might be expected to 

perform better than any of its counterparts. Unfortunately, there is no possibility of this 

schema dominating the markets simply because of the very finite supply of Nobel Prize 

laureates. 
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Of course, the genetic algorithms described by Holland do function, even when 

relationship between the defining lengths and fitness isn't ideal for growth of the best 

schema. This implies the existence of genetic algorithm mechanisms, or perhaps problem 

characteristics, that have not yet been adequately explored. This claim is reinforced by the 

findings of Ackley (1987) who discovered that uniform crossover, i.e., crossover 

occurring throughout the chromosome on a random basis during a single mating, was 

more efficient for many problems than the single-point crossover analyzed by Holland. 

In the genetic algorithms described by Holland, the probability of reproduction was 

proportional to fitness. This is often referred to as a 'roulette wheel'. The roulette wheel 

methods require various kinds of scaling to ensure adequate selection (Goldberg, 1987, 

and David, 1991). An alternative is to base the probability of reproduction on the rank in 

society. For various reasons including numerical convenience, rank-ordered fitness is 

appropriate for use in genetic algorithm reproductive selection, and has received some 

attention (Whitley and Starkweather, 1990). However, the literature contains few 

references as to the consequences of rank-ordered fitness. In light of the problems with 

fitness-based selection, it is appropriate to analyze the rank-order alternative. 

In rank-ordered selection the parents are chosen based on their rank in the population, 

rather than directly on their fitness. This means that members that are actually close 

together will be artificially scaled apart. It also means that a single highly fit member of 
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the population will not have an enormous reproductive advantage over the second-best 

member. At first glance this seems undesirable but when we recall that the principal 

advantages of the technique are due to combinations of good characteristics from various 

good parents, and that a single highly fit member has the effect of pushing everybody else 

down into an undifferentiated region wherein the second-best and the absolute-worst are 

not very different, this makes more sense. But what, exactly, are the consequences? 

First, we must define an aspect of rank-ordered selection called 'eliteness.' Eliteness is the 

degree to which the reproductive selection process screens against lower ranking 

members. Eliteness is the tendency of a genetic algorithm to allow only its best members 

to reproduce. This trades some of the exploration capability of the genetic algorithm for 

additional exploitation capability. Mathematically, this concept is implemented through 

I 

the use of the equation Y = LX" where Xi is distributed uniformly from -N to N, to 
,~ I 

obtain a value of Y that is approximately normally distributed. For I = 1, the distribution 

is simply U(l,N). A small additional advantage is automatically given to the rank 1 

member since the selection probability corresponding to the non-existent rank 0 member 

goes to rank 1. As I increases, the distribution rapidly approaches the normal distribution, 

with an acceptable approximation at I = 3 as shown in Figure 6.9. The slope of the curve 

at any rank indicates the probability that the member of that rank will be selected for 

reproduction. For the values of eliteness shown, the probability that the rank 1 member 



will be selected varies from 3.6% to 9.2%. This increased preference for high-ranking 

members results in a bias against low-ranking members. 

310 

How does this compare against the more traditional fitness-based selection? Experience 

has shown that for selection purposes the population fitnesses should be scaled so that the 

maximum fitness is a maximum of twice the average (Goldberg, 1987). In rank ordering 

with eliteness ;:: 3 the preference for the first-rank selection is at least 4 times that of the 

median-ranked member. To gain more insight we borrow from order statistics the formula 

fr (y ) = r( ~ )F( Y y-l [1 - F( y )rr f( y) (Dudewicz and Mishra, 1988). From this equation 

we find that for normal distributions the top-ranked member of a population of 100 will 

have a mean about 2.51 population standard deviations above the population mean. For 

larger populations the top-ranked member will be even higher. 

The effect of the rank-order selection with eliteness ;:: 3 is to improve the probability that 

higher-ranked members will reproduce. Rank-ordered selection avoids various 

complications requiring and accompanying rescaling of fitness. Additional control is 

offered by the eliteness measure which can be varied to suit the needs of the application. 
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Figure 6.9: For an eliteness of 15, there is a 0.8 probability that a member chosen for 

reproduction will be in the top 20 members. Assumes a population of 100. An eliteness 

of I corresponds to linearly increasing probability. 



312 

Section 6.5: Conclusions 

Four mathematical models of competition have been described in this chapter. The 

traditional areas of game theory, including Cournot-Nash theory, are useful in explaining 

the behavior of rational decision-makers under a variety of conditions. The field of 

ecological systems, exemplified by the Lotka-Volterra equations, adds insight into the 

nature of interactions of populations, or players. Evolutionary game theory, as developed 

by Maynard Smith (1982) specificany examines the requirements for a new strategy or 

behavior to gain 'market share,' i.e., representation in the population. Differential games 

are important for their application in the field of control theory-- as noted previously, the 

differential game with one player corresponds to optimal control theory, while the two

player, zero-sum game corresponds to a~ control (Doyle et aI., 1989, Green and 

Limebeer, 1995). The simulation of evolutionary systems, for example by genetic 

algorithms, has been especially fruitful in solving certain difficult computational problems 

(Whitley, 1991). 

With the exception of the evolutionary systems, all of the models of competition can be 

analyzed in terms of Nash equilibria. This is because rational players will always strive to 

optimize their positions with respect to their competitors. The existence of a Nash 

equilibrium implies that there is a point at which every player feels he can do not better 



with respect to every other player, as long as all other players continue to play their 

current strategy. 
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Each of these models represents a particular aspect of competition. Evolutionary systems 

model the adaptation of a population to its environment. The models of ecological 

competition reveal the effects of interactions among populations. Traditional game theory 

models fundamental situations of conflict, typically among a relatively few players. This 

was an especially rich and relevant area, and the models included were those that seemed 

most relevant to the development process, i.e., the free-loader problem which occurs in 

research and whenever anybody does something from which other people incidentally 

profit; the prisoner's dilemma which considers the price of non-cooperation and the 

conditions under which rational decision makers will cooperate; malevolent competition, 

which is self-explanatory to anybody in the aerospace business at this time; collusion, 

which describes the cost of not having competition; and the Edgeworth box, which is an 

important model of bargaining. Differential games are a generalization of conflicts to 

functional, or trajectory, situations. One of the reasons these models were included here is 

for the sake of completeness: no one has yet compiled any reasonably complete collection 

of the mathematical models of competition. This chapter therefore has general value to 

the field of systems theory. 



This chapter also serves to introduce another aspect of the competition metaphor of 

Chapter 2. The role of competition in systems engineering cannot be overstated. 

Ultimately it is the competition among nations and among firms that induces us to 

consider the development of sophisticated products. Kennedy (1987) notes that until 
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1500 AD the European civilization was not more advanced than the more unified 

civilizations of Ming China, Mogul India, or the Ottoman Empire, and it was only the 

constant competition, often in the form of warfare, that provoked the most abrupt 

technological jump-start in history. This is to be contrasted with China, which in 1100 AD 

produced more iron than Britain would until well into the Industrial Revolution seven 

hundred years later. By 1736, though, China's major iron production facilities were 

abandoned by a civilization that assumed that it was and would always be the greatest on 

earth. 

The role of competition in systems engineering has not been addressed in the systems 

engineering literature. This may be because the most recent trends in product 

development, such as Integrated Product Development (IPD), stress cooperation in the 

development environment. It is true that cooperation is important, but we must also 

consider other aspects of contemporary development: 

( 1 ) Limited resources. Few if any research and development organizations still have 

claim to the virtually unlimited resources that were available previously. In fact, any 



315 

organization that makes resources too freely available will probably not be cost

competitive. As resources available for a particular development project become limited, 

decisions must be made as to how the resources will be distributed. This requires some 

sort of prioritization of the various teams responsible for tasks. The use of historical data 

for resource allocation is generally interesting but not specifically practical unless the 

development project is similar to a previous project, because R&D projects deal with a 

product that is inherently new, and therefore uncertainties exist as to how they may be 

completed. A related issue is the dependability of scheduled resources. A particular 

funding profile that was planned years in advance may change drastically because of 

financial problems; the importance or cost-effectiveness of the project may be irrelevant 

when cash flow problems threaten the company's solvency. This is particularly the case 

when the company relies on a single customer, or a single product line. 

(2) Limited understanding of interrelationships by development teams. Due to lack of 

effective cross-training, a tendency for technical experts to continue doing exactly what 

they have always done, and a desire to begin work as soon as possible and proceed 

rapidly, many teams have a narrow focus. These relationships often come out only during 

design reviews when project management is willing to pay for having the representatives 

of the teams sit together for several hours at a time. 
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(3) Limited understanding of interrelationships by project coordinators. Recently 

development companies have begun to focus more on understanding their development 

processes. These efforts have not produced any tangible results. Consequently, project 

managers emphasize crisis management, or 'fire-fighting', so that the only issues that can 

obtain visibility are those that have already reached a minimum level of difficulty. 

(4) Limited incentive to innovate. The competitive models of collusion are important 

here. When everybody has tacitly agreed to minimize progress. Particularly dangerous is 

the trend toward mutual enterprises; naturally, competing companies would rather reduce 

the uncertainty associated with a competition. The best way to do this, from their point of 

view, is to remove the competition. Failing that, a joint enterprise is the next best. Both 

of these options result in an effective monopoly. The Cournot models of competition 

show, using assumptions that are generally applicable, that monopoly increases the profit 

of the producer, lowers the amount of product manufactured, and increases the cost per 

unit product. The sole beneficiary is the producer. 

(5) There inevitably arises a conflict of interest within components of the development 

team. As discussed in Chapter 5, Section 1, a rational decision maker will under 

reasonable circumstances have a small but non-zero probability of 'cheating.' This 

cheating can take many forms, but may be summarized as actions that do not help the 

development work as much as they help the agent. 
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Another major problem in organizations is the tendency for agents to collude. As the 

oligopoly models show clearly, the tendency for agents to collude is a major stumbling 

block to efficient market operation. The Cournot models are interesting because in a 

limited fashion they model all organisms, natural and artificial, that survive on the basis of 

profit, the difference between incoming and outgoing resources. This is relevant to the 

design organization. For example, middle management has been frequently blamed for 

'teaming' together to reject unwanted changes. The Polaris program discussed in Chapter 

5 strove to eliminate collusion in its development work by various novel steps, including 

separating its civil service employees from the rest of the civil service, and rejecting the 

official laboratories. The objective was open, 'fair' competition. 

Because increasing one development team's resources usually means taking from another, 

even development teams within a single organization are necessarily in competition with 

each other. Two case studies are included as Chapter 5 of this dissertation. There are 

two main purposes for these case studies. First, they are intended to augment the work 

begun by Chapman and Bahill (Bahill and Chapman, 1994, and Chapman, 1994) to 

categorize design problems in standardized ways. The case studies look at two of the 

largest projects attempted in the twentieth century-- the Manhattan Project and the Polaris 

program; only the Apollo program was larger. Significantly, these projects were both 

completed ahead Of schedule and 011 budget. These projects both used competing teams 
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representing competing design alternatives. These projects both maintained a minimal top 

level staff that held absolute authority over subsystem interfaces. Both projects had an 

extreme aversion to bureaucracy in any form. These policies adhere to generally 

recognized good system design practice, e.g.: define interfaces early, don't optimize each 

subsystem at the expense of the system, have one person in charge of all design work 

(ATT and the Department of the Navy, 1993). 

Michael Porter has demonstrated empirically that the economic advantages of competition 

among firms far outweigh the costs of rivalry (Porter, 1990). In fact, two of the most 

emcient automobile producers, Nissan and Toyota, are far more competitive against each 

other in their domestic markets than are American automobile companies in American 

markets (Cusumano, 1985). This competition serves as the crucible from which 

international competitive advantage is formed. It is only a small step to consider the value 

of competition within a particular development effort. Both the Polaris program and the 

Manhattan Project used intra-program competition to great advantage, as previously 

discussed. Competition within a firm seems to be the next logical step for maximizing a 

firm's responsiveness to its environment. 
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Chapter 7: Conclusions 

This dissertation has identified two particular approaches to the design process, 

combinative and optimizing, under a common decision framework of multiobjective

under-uncertainty. This theory goes further to give possible explanations of how these 

processes occur, e.g., via schema-processing similar to genetic algorithms, and via 

muItiobjective optimization procedures ('competition of objectives' and 'search beam'). 

The technical relationship between multiobjective 'good directions' and QFD has not to 

my knowledge been previously characterized. The multi objective aspect of design is 

almost entirely ignored in the design methodology and systems engineering literature, 

despite the acknowledged need for a balanced design (IEEE P1220, 1994, US Department 

of Defense, 1992). 

Chapman (1994) showed that the component allocation problem is NP-complete. The 

component allocation problem to which he alluded is similar to the combinatorial approach 

suggested here. Contained herein are several additional examples, including random and 

non-random simulated systems, to demonstrate the complexity levels involved. 

Specifically identified are three sources of design complexity: uncertainty, nonconvexity, 

and the need to satisfy multiple objectives. Combinatorial complexity is a specific case of 

nonconvexity. Work based on fuzzy sets and systems is in progress that will directly 

address some aspects of the uncertainty problem; it is safe to say, however, that there 
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already exists a vast amount of research concerning these areas (e.g., Berger, 1980, and 

Raiffa and Schlaifer, 1961) but development organizations have been slow to implement 

these techniques. 

Contributions of this dissertation include the identification of an error in the central 

theorem of genetic algorithm theory (Section 6.4). I subsequently discovered that Holland 

addresses this issue in a later revision of his book (Holland, 1992) as the most minor of 

three errata, but the implications- that there is no guaranteed growth for any schema that 

does not have a fitness ratio of at least 1I( 1- I(~)/(L-l »- are not discussed. Since most 

fitness scaling routines will not allow a maximum fitness greater than 1.2 to 2.0 times the 

average (Goldberg, 1987), schema defining lengths are effectively limited to half of the 

chromosome size. Since genetic algorithms have enjoyed notable success in difficult 

combinatorial problems such as the traveling salesman problem where 1(~)~(L-1) 

(Whitley et al. 1991), the theory behind genetic algorithms can no longer be said to 

adequately explain their success. Previous results still apply to those problems with short 

defining lengths, but the success of genetic algorithms with problems with long defining 

lengths can no longer be explained by Holland's theory. Along the same lines, a technical 

error in Zadeh's conceptualization of Pareto optimality (Zadeh, 1963) has been corrected. 

Also introduced is a method of training fuzzy rule-based systems that is extremely 

attractive compared to backpropagation neural networks. The improvement in training 
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time is on the order of three magnitudes. I have not addressed how the fuzzy rule-based 

system should be incrementally updated to account for system nonstationarity, which is a 

weakness of this approach. 

Another contribution is the development of 3-level experimental designs for use as 

systems analysis tools, particularly in the optimizing approach in which the Hessian matrix 

can be used to obtain a second-order approximation of the response surface. Also, I have 

demonstrated the use of experimental design techniques in obtaining robust strategies in 

differential games; this is an application of using experimental design to optimize 

trajectories (that is, functionals) as seen in Chapter 3. The correspondence between 

competitive equilibria and Pareto optimality is well-established, but the use of Kuhn

Tucker conditions for analyzing competitive equilibria is conspicuously absent from the 

literature. I note that Nash's first results (Nash, 1950) were published the year before the 

Kuhn-Tucker conditions, and I observe that Nash's results are a specific case of the Kuhn

Tucker conditions for vector maximization. Incidentally, in certain papers Nash gives 

credit to Kuhn and Tucker for their help in formulating certain aspects of his theory (Nash, 

1951 ). 

The title of this dissertation, 'Competitive Control in Systems Engineering,' refers to two 

aspects of competition. The first deals with the relationship between competitive 

equilibrium and Pareto optimality, and the concept that the competing objectives of the 



322 

product development process can drive the system to an equilibrium that represents a 

balanced product. This implies that a method for 'controlling' the development process 

using the concept of 'good directions' can effectively, methodically, and most important, 

traceably, flow the top-level objectives (customer requirements) down to the technical 

decisions. Chapter 2 shows how a popular method of requirements flowdown, Quality 

Function Deployment, can be considered a special case of the 'good directions' 

methodology in which, unfortunately, the 'good directions' are mostly obscured. 

The second aspect of competition in systems engineering concerns human nature. The 

spirit of concurrent engineering and integrated product development leads to the concept 

of cooperative development environments (Sohlenius, 1992). However, the models of 

competition described in Chapter 6, especially those of section 6.1, show that rational 

decision-makers will at least occasionally submit to the temptation to 'cheat' and to use 

resources in an inappropriate manner. The material on collusion shows, through a 

mathematical model, that industries that have little competition, i.e., that are effectively 

collusive, will be less efficient in their use of capital to produce goods. When structured 

competition exists, collusion does not pay; this can be easily demonstrated by example and 

was proven mathematically for oligopoly situations under relatively general conditions by 

Szidarovszky and Yakowitz (1982). The two case studies of Chapter 5 show that 

development programs in which structured competition is enforced perform far above the 

norms of their industry, coming in ahead of schedule and on budget when the 
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contemporary norm was 220% cost overruns and 36% schedule overruns (Sapolsky, 

1972). Furthermore, Michael Porter has demonstrated empirically that competition at 

every level examined, in his research by industry or by country, makes the industry more 

efficient (Porter, 1980, 1985, 1990): 

Among the strongest empirical findings from our research is the association 
between vigorous domestic rivalry and the creation and persistence of 
competitive advantage in an industry. It is often argued that domestic 
competition is wasteful, because it leads to duplication of effort and 
prevents firms from gaining economies of scale. The right solution is seen 
as nurturing one or two firms who become 'national champions,' with the 
scale and strength to compete against foreign rivals, or alternatively, to 
promote interfirm cooperation .... A look at the successful industries in the 
ten nations we studied casts grave doubts on this viewpoint.... In global 
competition, successful firms compete vigorously at home and pressure 
each other to improve and innovate. 

One of the responsibilities of the systems engineer is the maximize the probability of 

success of his project. Sage (1994) has pointed out that systems engineering is both a 

technical and a management discipline. As shown here, there exist both technical and 

management arguments for the use of structured competition in the development process. 

In addition, even the flowing down of conflicting requirements can be viewed as a process 

of competition among objectives. 
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