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ABSTRACT 

Nonperturbative bare quark mass and coupling renormalization is studied 

for two flavor quantum chromo dynamics (QeD). In particular, the (3 function 

for the case of Kogut-Susskind quarks is determined over the parameter space of 

existing lattice (spectrum) simulations from the existing spectrum data. This (3 

function is combined with a series of finite temperature lattice simulations (Nt = 4) 

to calculate the interaction measure, c-3p, which together with the pressure yields 

the thermal equation of state. 

A method of computing the asymmetry, or Karsch, coefficients, is also 

gIven. These coefficients give the parameter renormalizations for anisotropic lat

tices. However, for the three points in parameter space that we studied (one using 

Wilson fermions and two using Kogut-Susskind fermions), a clear determination 

of the asymmetry coefficients could not be made because of the remarkable fact 

that ratios of masses measured in different directions on lattices with anisotropic 

couplings were Euclidean invariant. 
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Chapter 1 

INTRODUCTION 

In this dissertation we report on recent work involving nonperturbative quark 

mass and coupling renormalization in two flavor quantum chromodynamics (QCD). 

Following a brief introduction to lattice QCD in this chapter, Chapter 2 establishes 

the nonperturbative f3 function, or renormalization group flow, for QCD with two 

flavors of Kogut-Susskind quarks. The range of applicability is essentially the entire 

parameter space spanned by simulations with Kogut-Susskind quarks. We will see 

that this is a crossover region in parameter space between the strong and weak 

coupling regimes. In chapter 3 we study a closely related topic, the asymmetry 

coefficients for two flavors of quarks, but this time we include Wilson quarks as well. 

The coefficients are derivatives of the couplings with respect to lattice spacings in 

different directions which are useful for thermodynamic calculations. At relatively 

strong coupling we find a surprising symmetry in ratios of observables measured 

from simulations with anisotropic couplings. In chapter 4 we use the f3 function 

to calculate the interaction measure of hot strongly interacting matter over a wide 

range of temperatures. Together with the pressure from the so called integral 

method, it yields the equation of state for two flavor QeD, including important 
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quantitative information on the thermal phase transition and high temperature 

phase. 

1.1 Lattice definitions 

Presently, the only nonperturbative regulator of quantum field theories is the lat

tice. Below we give some useful lattice definitions that are referred to throughout 

this report. 

To begin, the continuum SU(3) gauge action is replaced by the lattice 

regularized Wilson action, 

(1.1) 

where 6/ g2 is the lattice gauge coupling. The plaquette, 0"", is the real part of the 

trace of the path ordered product of SU(3) matrices around an elementary square 

of the lattice. The sum runs over all six such squares of the elementary hypercube 

in the Euclidean space-time lattice as well as all sites in the lattice. Explicitly, the 

plaquette is given by 

(1.2) 

where the U matrices are the lattice gluon fields defined on links between the 

lattice sites, 

(1.3) 

In the above a is the lattice spacing, 9 the gauge coupling, and A,,(x) the Lorentz 
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four-vector describing the continuum gluon field. The approximation assumes neg

ligible variation of AI' over the distance of the the lattice spacing. The U's are 

introduced to maintain exact gauge invariance on the lattice. In color space AI' 

is a sum over the eight generators of the group SU(3) of the product of a real 

field times the generator, so UI' is an element of the fundamental representation of 

SU(3). 

The classical continuum limit, a ~ 0, of Eq. 1.1 yields the continuum 

Euclidean gauge action for QCD plus an irrelevant constant and terms which vanish 

To simulate full QCD we add the quark action, 

(1.4) 

where 'ljJ contains a quark field for each site on the lattice, and M is the fermion 

matrix, a discretized version of the Dirac operator. Presently there are two popular 

versions of M, referred to as Wilson fermions and Kogut-Susskind fermions. 

For Wilson fermions, 

- 8ij + ~ {K(1 + "Y1')UI'(i)8i+a~,j + (1 - "Y1')UI'(i - aM8i-a~,j} (1.5) 
I' 

where K is the hopping parameter which comes from rescaling the quark fields by a 

factor that includes the quark mass, and "YI' is a Dirac matrix. The 1 's come from 

the so called Wilson term which is added to the naive discretization of the Dirac 

operator to eliminate extra (degenerate) quark flavors which result from the lattice 

regularization. The term gives the extra species a mass proportional to the cutoff, 
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a-I, so in the classical continuum limit these extra species become very massive 

and decouple from the theory. 

For Kogut-Susskind fermions, M takes the form 

- 2amq8ij + 'E 7JJj(UJj(i)8i+ajl,j - U!(i - ap,)8i_ajJ.,j), (1.6) 
Jj 

where amq is the bare quark mass in units of the lattice spacing and a factor of )1/2 
has been absorbed into the definition of 'ljJ. The Kogut-Susskind matrix is obtained 

from an exact transformation of the usual Dirac spinors which diagonalizes the 

quark action with respect to spin. The Dirac matrices disappear from the action, 

and the phases 7JJj are left. These are usually absorbed into the definition of the 

U's (they will be omitted from all discussion henceforth). On the lattice most of 

unwanted flavors are then eliminated by discarding three of the four transformed 

Dirac spinor components. Physical quark fields are recovered by forming four 

component spinors from the sixteen sites in an elementary hypercube of the lattice. 

In the continuum limit, MJ(s represents four flavors of degenerate quarks. However, 

this process entangles spin and flavor degrees of freedom, so on the lattice flavor 

symmetry, as well as Lorentz invariance, is broken. 

In quantum field theory expectation values of observables are calculated 

from path integrals, for instance the partition function, 

(1.7) 

The quark fields, ifi and 'ljJ, are actually anticommuting numbers, or Grassman 

variables, which are not suitable for computer simulation. However, it is well 
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known that the integrals can be done analytically, and a factor of det(M(U)), 

which depends on the gauge fields, appears in the result, 

z = J d[U](det(M(U))esw . (1.8) 

If det(M) is real and positive, the factor (det(M(U))eSw can be used as a prob

ability weight in the remaining integral over gauge fields which is done by Monte 

Carlo simulation. 

We wish to simulate QeD with two light flavors of quarks. For Wilson 

quarks det(Mw)(= det(M~)) corresponds to one flavor, so det(M~Mw) gives a 

positive probability weight that corresponds to two flavors of Wilson quarks. For 

lattice simulation purposes, it is standard to exponentiate the fermionic determi

nant by writing it as an integral over a complex scalar field ljJ, which yields the 

effective quark action, 

(1.9) 

The "pseudofermion" fields, ljJ* and ljJ, are readily simulated on the lattice [1]. 

For Kogut-Susskind quarks, det(MKs) corresponds to four equal mass fla

vors of dynamical quarks, so vdet(MKs) corresponds to two flavors. However, our 

simulation algorithm requires that the fermion matrix be positive definite, so we 

again take MlsMKS in the determinant which redoubles the number of flavors. 

But, MksMKS connects even(odd) to even(odd) sites, so it can be written in block 

diagonal form with an even block and an odd block. Thus to compensate for the 

doubling of flavors, we use only the even(odd) part of the determinant of MlsMKS 

since det((MlsMKs)even) = det((MlsMKs)odd) = Vdet(MksMKS). Finally, 
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since det(Mks) = det(MKs ), we have Jdet((MksMKs)even) = Jdet(MKs ), and 

our weight corresponds to two equal mass flavors of quarks. After exponentiat

ing the determinant, we find an effective action for two flavors of Kogut-Susskind 

quarks [1], 

(1.10) 

where the factor of 1/2 comes from the square root. 
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Chapter 2 

THE (3 FUNCTION 

2.1 Introduction 

The f3 function is an important property of any field theory for which we desire the 

continuum limit. Simply stated, it tells us how to adjust the bare couplings in our 

theory to change the cutoff while keeping physical observables unchanged. The f3 

function follows from the renormalization group (RG) ansatz that long distance 

physics does not depend on the (small distance) details of the (lattice) regular

ization. This is schematically represented in Fig. 2.1 where a physical correlation 

length described by a theory with a set of couplings {g} is measured on a certain 

lattice with microscopic scale a (the lattice spacing). The same physical correla

tion length can be measured on a second lattice with spacing a' if the couplings 

are changed to the new set {g/}. The f3 function tells us how to make the change 

{g} ~ {gl}. 

Knowledge of the f3 function is important for many reasons. Whether 

or not the theory has a nontrivial (i.e. , interacting) continuum limit is given 

by the f3 function. In the absence of a fundamental length scale, only nontrivial 
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Figure 2.1: The renormalization group (RG) ansatz. The same physical observable, 
e, can be measured on lattices with different lattice spacing if the couplings are 
adjusted properly. The proper adjustment, {g} -t {gl}, is given by the f3 function. 

theories can be fundamental. QCD is in a special class of nontrivial theories, called 

"asymptotically free", where the continuum limit a -t 0 is reached simultaneously 

with the limit where the coupling, g, goes to zero. It is in this weak coupling region 

where perturbation theory is useful. However, much of the interesting hadronic 

physics like confinement and the low energy bound states is described by long 

distance correlation functions which can not be calculated in perturbation theory. 

A nonperturbative method like lattice Monte Carlo simulation, must be used. But, 

technical difficulties limit the minimum lattice spacing of current simulations; thus 

we work in the so called strong coupling regime. Confinement, for example, has 

been demonstrated in this regime. It is important to connect the weak and strong 

coupling regions via the f3 function to ensure they are the same theory, i.e. that 

they are not separated by a phase transition. The f3 function is also important in 

nonzero temperature field theory since it appears in the definition of the interaction 
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measure which yields the energy density when the pressure is known. 

The perturbative QeD f3 function has been known for quite some time 

to two loop order, and strong coupling expansion results have been known since 

the early days of lattice gauge theory. There have also been nonperturbative 

lattice calculations of the pure (without quarks, or quenched) SU(3) gauge theory 

f3 function [2, 3, 4]. However, knowledge of the nonperturbative f3 function for 

QeD with two flavors of light quarks has been lacking. In fact, the only known 

nonperturbative calculations including dynamical fermions were done some time 

ago by Bitar, Kennedy, and Rossi [5]. These were done at relatively weak coupling 

on small lattices with Wilson fermions. They have recently included a new point at 

stronger coupling from larger lattices to their f3 function [6]. However, at couplings 

where nonperturbative thermodynamic simulations of full QeD are run there has 

been a complete lack of knowledge of the f3 function. 

In this chapter we outline a simple method for calculating the f3 function 

from existing data or new simulations and apply it to a region of coupling which 

encompasses virtually all known spectrum simulations of two flavor QeD with 

Kogut-Susskind fermions. The calculated f3 function is relevant to studies of the 

low temperature (100-200 MeV) QeD phase transition and, in chapter 4 we use it 

to calculate the Nt = 4 equation of state for two flavor QeD. We also discuss the 

resulting RG flow of the theory and its relation to analytic results. 

2.2 Theory 

In lattice QeD the lattice spacing is a useful concept in thinking about the physical 

dimensions of our system and for relating lattice expressions and results back to 

the continuum. However, the lattice action is dimensionless, so there is no explicit 
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lattice spacing in our theory to vary. Instead we vary the couplings. Thus we can 

set 6/92 and amq in Eqs. 1.1 and 1.6, but not a. Then dimensionless observables are 

measured on the lattice in units of a (or corresponding power of a). For example, 

hadron masses are given as amH where mH is the physical mass of the hadron. 

Thus in principle we can only measure ratios of physical observables on the lattice. 

To obtain physical observables themselves, we assign one lattice observable its 

physical value, and all the others are given from their ratio with that particular 

observable. For example, say we measure a part of the low energy hadron spectrum, 

am1r , amp, and amN on the lattice and form the ratios m1r/mp and mN/mp. We 

then fix the mass of the p meson at 770MeV, its physical value, and the pion and 

nucleon masses are given from the measured ratios. 

Unfortunately, the couplings used in state of the art simulations are far 

enough from the continuum limit that the measured mass ratios do not scale. If we 

hunted around in the accessible region of couplings for a point where m1rlmp was 

given by its physical value, ~ 0.18, we would find that mN Imp was not equal to its 

physical value, ~ 1.22. Aside from their continuum forms, the lattice observables 

depend on terms proportional to (or powers of) the lattice spacing which do not 

cancel in their ratios, so the masses do not scale in the same way with lattice 

spacing (couplings). As the continuum limit is approached, however, these terms 

have lessening effect, and eventually the masses will scale. 

It is in this context that we calculate the nonperturbative f3 function. 

Specifically, we choose one mass ratio to hold fixed as we vary the couplings to 

decrease the lattice spacing. This is easily done since we have two couplings, 

6192 and amq, the changes in which are given uniquely by changes in the two 

independent masses that keep their ratio fixed. Once we pick an initial value 

for the ratio, we have chosen a trajectory in parameter space to follow to the 
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continuum, along which this ratio is fixed. As we move along the line, other ratios 

in general will change since they do not scale in the same way. However, as we 

approach the continuum, trajectories corresponding to the same physical quark 

mass will begin converging until eventually all physical ratios are invariant along 

the line. This is pictured schematically in Fig. 2.2. 

6/g2 

Figure 2.2: Ratios of different observables corresponding to the same physical 
quark mass begin to scale as the continuum is approached. 

There is a more general approach to the renormalization of the couplings 

which employs the full machinery of the modern RG. It is still too complex and 

costly to use here. In fact, its application to lattice QeD is still very much a 

current research problem. Below we give a very brief description of the modern 

RG to set our method within its overall framework. For a detailed discussion, see, 

for example, Ref. [7]. 

The theory of the RG begins with a "critical point" in a multi-dimensional 
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coupling space where some correlation length described by the corresponding ac

tion is infinite. Physics at this point is scale invariant (changing the scale has 

no further effect on the couplings). As mentioned above, continuum QCD is an 

asymptotically free theory which means its critical point is at 6/ g2 = 00 and 

amq = O. Starting just off the critical point, we move away from it by performing 

an RG transformation that integrates out the short distance degrees of freedom 

from the theory. The transformation includes a change in scale. One repeats these 

transformations and generates a trajectory in parameter space called the RG tra

jectory. The transformations generate a series of effective actions that yield the 

same physics at long distance scales as the "true" theory at (or near) the critical 

point. Eq. 1.1 and either Eq. 1.9 or Eq. 1.10 can be thought of as effective actions; 

however, in the strong coupling regime they are not very close to the RG trajectory 

and thus do not describe purely continuum physics. As the scale is reduced, the 

action will (hopefully) approach the RG trajectory and the same critical point as 

continuum QCD. 

In our approach we do not perform the formal RG transformations to find 

a series of effective actions. Instead, the form of the action (taken from the clas

sical continuum action) is fixed with two couplings, and we assume it is near the 

RG trajectory. This assumption leads to the scaling violations in ratios of observ

abIes discussed above. However, it has the huge advantage of only adjusting two 

parameters to approach the continuum limit. This is not only advantageous from 

the RG flow standpoint, but also from the standpoint of doing thermodynamics as 

will be clear in chapter 4. 
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The method of calculating the f3 function begins with the RG ansatz: 

81:(a) (0) - 0 

(
8(6/92) 8 8(amq ) 8 ) (0) 

- 8In(a) 8(6/92) + 8In(a) 8(amq ) 
(2.1) 

where 0 is any physical observable. Since we require the changes in two couplings, 

we choose two independent observables, 0 = m7l' and mp where m7l' is the mass of 

the pion and mp is the mass of the rho meson. Plugging these into Eq. 2.1 and 

including the trivial dependence on a, we find 

1 -
8(6/92

) 8In(am7l') 8(amq) 8In(am7l') 
8In(a) 8(6/92) + 8In(a) 8(amq) , 

1 -
8(6/92

) 8In(amp) 8(amq) 8In(amp) 
8In(a) 8(6/92) + 8In(a) 8(amq) . 

(2.2) 

In matrix form, 

8In(am".)] (~) (1) 8(amq) 8 In(a) _ 

8«amp) 8(amq) - l' 
8 amq) 8 In(a) 

(2.3) 

The inverse of Eq. 2.3 gives the two components of the f3 function 

(~) (1) 8 In(a) = 1(-1 
8(amq) 1 ' 
8 In(a) l!!!lt 

mp 

(2.4) 

and we have emphasized that these derivatives keep m7l'/mp constant. 
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2.3 Results 

To calculate the nonperturbative f3 function, only the matrix of derivatives J( in 

Eq. 2.4 is needed. The derivatives of observables are obtained by forming finite 

differences from simulations with different couplings. In Table 2.1 we list spectrum 

calculations reported in the literature plus a new point at 6/ g2 = 5.35 and amq = 

0.1 used to calculate the asymmetry coefficients (see chapter 3). The simulations 

use two flavors of Kogut-Susskind quarks and cover a wide range of 6/ g2 and amq• 

Using the data in Table 2.1, we have calculated J( in two ways, by directly forming 

finite differences of the data and by first fitting the mass spectrum as a function of 

the couplings. Both methods have the same physical content; the second method 

simply allows a smooth interpolation of the results throughout the coupling region 

spanned by the data. We will show that the two methods give comparable results. 

2.3.1 direct method 

In the direct method the derivatives with respect to coupling are calculated from 

three or four points in coupling-quark mass space by solving a set of linearized 

equations giving the masses at nearby points in parameter space: 

In(amj) 

(2.5) 

We need at least three points to solve for the derivatives in Eq. 2.5. Four were 

commonly used. The f3 function calculated from the resulting matrix J( can be 

thought of as an average value for the coupling region covered by the masses. 

The nonperturbative f3 function is given in Table 2.2, and a plot of the 
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Table 2.1: Spectrum runs used to construct the nonperturbative QeD (3 function. 
We also tabulate the 7r, p, and 7r2 masses from each run. 

run ref. amq 6/g'l. SIze m1l" mp m1l"2 
1 [8] 0.1 5.35 8'1. X 24'1. 0.8019(1) 1.424(4) 1.405(5) 
2 [9] 0.1 5.375 8<S X 24 0.8088(7) 1.408(11) -
3 [10] 0.1 5.4 6a X 24 0.819(4) 1.38(1) -
4 [9] 0.1 5.525 83 X 24 0.8262(8) 1.210(16) 1.139(11) 
5 [9] 0.05 5.32 8a X 24 0.5827(7) 1.406(48) -
6 [11] 0.05 5.47 16<S X 24 0.6112(5) 1.023(2) -
7 [9] 0.025 5.2875 8a X 24 0.4184(9) 1.342( 46) -
8 [12] 0.025 5.445 16<S X 24 0.4488(4) 0.918(4) 0.759(4) 
9 [13] 0.025 5.6 16a X 32 0.4197(7) 0.6396(28) 0.5106(18) 

10 [14] 0.02 5.5 164 0.3901(17) 0.758(48) 0.656(33) 
11 [12] 0.0125 5.415 16a X 24 0.3239(5) 0.883(6) 0.699(7) 
12 [14] 0.01 5.5 164 0.2942(44) 0.636(37) 0.40(10) 
13 [13] 0.01 5.6 16a X 32 0.2667(8) 0.5133(22) 0.350 (3) 
14 [15] 0.004 5.48 16<S X 32 0.189(1) 0.62(4) 0.420(30) 
15 [16] 0.025 5.7 324 0.383(1) 0.530(2) 0.430(1) 
16 [14] 0.02 5.7 204 0.3402(17) 0.4916(30) 0.3857(28) 
17 [14] 0.01 5.7 204 0.2451(23) 0.4184(70) 0.2808(56) 
18 [14] 0.02 5.6 164 0.3696(31) 0.563(11) 0.446(14) 

coupling flow is shown in Fig. 2.3. The values of 6/ g2 and amq quoted in Table 2.2 

are averages of the points used in calculating the (3 function. In Table 2.2 we also 

give the value of the quark mass component of the (3 function minus the contri

bution from the classical dependence on the lattice spacing. The flow depicted 

in Fig. 2.3 was constructed by finding the change in the couplings (from the val

ues given by the circles) required by a ten percent change in scale. The lines are 

thus tangent slopes which give the magnitude and direction of change of curves of 

constant m1l"/mp' 
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Figure 2.3: Renormalization group flow in the gauge coupling-quark mass plane 
for two flavors of Kogut-Susskind fermions. The base of each line is indicated by 
a circle and is where the {3 function is evaluated. The end is indicated by a one 
standard deviation error ellipse. The inset shows this error ellipse for the (3 function 
at 6/92 = 5.65 and amq = 0.0175, the point indicated by the arrow. The length 
of each line and its error ellipse correspond to a scale change of d In(a) = 0.1, so 
this is actually 0.1 times the error on the {3 function. The two lines at 6/92 = 5.35 
correspond to the {3 function calculated using the VT p and PV p masses. (The 
larger line is for the VT p.) The differences are due to flavor symmetry breaking 
by the large lattice spacing at this point. 
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Table 2.2: Nonperturbative QeD f3 function. The upper section is for the f3 
function calculated by the direct method. The first two entries correspond to 
different flavors, the VT p and the PV p, respectively. In these simulations the 
couplings were varied asymmetrically in space and time around the cited values 
(see chapter 3. The other points are from the literature and correspond to the VT 
p. "runs" gives the runs from Table 2.1 used to construct the f3 function. "corr" 
is the scaled correlation between the two components of the f3 function. The lower 
sections of the table contain the f3 function obtained from the fits to the mass 
spectrum in Table 2.3 at a few selected points. Finally, we quote the perturbative 
value. 

6/92 amq runs 
8(6/g~) oamq oJnlamq ) _ 1 corr. 81n(a) 81n(a) 81n(a) 

Direct 
5.35 0.1 1 -1.201(342) 0.304(20) 2.04(20) -0.99 
5.35 0.1 1 -0.379(128) 0.253(8) 1.53(8) -0.97 
5.379 0.075 1 256 -0.333(11) 0.1774(9) 1.37(1) -0.50 
5.381 0.0375 5678 -0.243(15) 0.0886(8) 1.36(2) -0.77 
5.3825 0.0208 7811 -0.251(23) 0.0444(5) 1.13(2) -0.84 
5.465 0.0169 8 10 11 12 -0.176(53) 0.0351(15) 1.08(9) 0.40 
5.505 0.0333 6810 -0.338(58) 0.067(2) 1.01(6) 0.98 
5.55 0.01625 9 10 12 13 -0.249(88) 0.027(3) 0.64(18) 0.98 
5.65 0.0175 9131517 -0.325(29) 0.024(1) 0.37(7) 0.82 

FIT 1 
5.35 0.1 1-14 -0.590(25) 0.200(4) 1.00(4) 0.53 
5.35 0.025 1-14 -0.287(14) 0.082(2) 2.28(8) 0.06 
5.55 0.025 1-14 -0.225(3) 0.0446(2) 0.784(8) 0.48 
5.35 0.01 1-14 -0.336(17) 0.0336(10) 2.36(10) -0.21 
5.55 0.01 1-14 -0.261(3) 0.0148(1) 0.48(1) 0.05 
5.35 0.0 1-14 -0.379(20) - - -
5.45 0.0 1-14 -0.3238(11) - - -
5.53 0.0 1-14 -0.278(5) - - -
5.55 0.0 1-14 -0.267(4) - - -

FIT 2 
5.65 0.01 468-17 -0.318(15) 0.0122(3) 0.220(3) 0.38 
5.7 0.01 468-17 -0.374(33) 0.0117(4) 0.170(4) 0.08 
5.65 0.0 468-17 -0.323(18) - - -
5.7 0.0 468-17 -0.372(37) - - -

-. 00 0.0 - -0.734 - - -
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The errors shown in Fig. 2.3 were calculated by forming a singular co

variance matrix for the two components of the (3 function for each of the hadron 

masses amh used in the calculation: 

(2.6) 

These matrices were added together to obtain a nonsingular covariance matrix. 

The covariance matrices for the first two entries in Table 2.1 were calculated from 

a jackknife estimate. The covariance matrices are diagonalized, and the allowed 

variance is then given by an ellipse whose semimajor and semi minor axes are 

along the eigenvectors of the covariance matrix and whose lengths are given by 

the square roots of the corresponding eigenvalues. The ellipses shown in Fig. 2.3 

were calculated for one standard deviation. They are nearly straight lines, which 

indicates the two components of the (3 function are highly correlated. Correlations 

between the 7r and p masses from the same simulations were not included in our 

analysis except for the point at 6/ g2 = 5.35 where a jackknife method was used. 

There are two systematic errors in our calculation of the (3 function. The 

first comes from the linear approximation of the matrix of derivatives (Eq. 2.5). 

However, Fig. 2.3 shows that the (3 function is smooth over a wide range in 

coupling-quark mass space which indicates the first order approximation is good 

even for these large changes. The second and most apparent systematic error 

comes from scaling violations in the masses (see Fig. 2.3) as discussed above. The 

new point at 6/ g2 = 5.35 and amq = 0.1 was calculated using both the VT p (p) 

and the PV p (P2) masses, each giving a different answer for the (3 function (See 

Ref. [17] for a discussion of the meson operators.) The difference between the two 

values of the (3 function is attributable to the slopes of the masses as functions 
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of 6/g2 and amq • Since the VT p and PV p are not degenerate at this point but 

should be in the continuum limit, this is expected. At this coupling the slopes differ 

roughly by a factor of two, which leads to the large discrepancy in the f3 function. 

At larger 6/g2 and smaller amq (closer to the continuum) the problem is alleviated 

since the p masses become degenerate to good accuracy. This is discussed further 

in chapter 3. 

2.3.2 spectrum fits 

The f3 function calculated by the above method gives a good picture of the nonper

turbative coupling regime at a few representative points. But a more useful method 

is to fit the spectrum data as a function of 6/g2 and amq which yields a smooth 

function over the entire region. Such a fit is useful for more than determining 

the f3 function. It allows transformations of observables from functions of the bare 

parameters to functions of physical parameters like the temperature. This is neces

sary to compare lattice results with experiments or use them in phenomenological 

models. 

Using the spectrum data from Table 2.1, we have determined fits of m 1r /m p, 

amp, and am1r2 (another of the Kogut-Susskind pions). While we could not fit all 

the data simultaneously, we succeeded in fitting them to the same form with dif

ferent coefficients over two overlapping regions in parameter space. Using entries 

1-14 in Table 2.1, the first fit, hereafter referred to as FIT 1, is for stronger cou

pling while the second, named FIT 2, uses entries 4, 6, and 8-17 and is for weaker 

coupling. In the case of am1r2 , somewhat fewer data points were available than for 

m1r/mp and amp. The functions are given in Table 2.3 and displayed in Figs. 2.4 
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and 2.5, where we have used mp = 0.770 GeV to convert to inverse lattice spac

ing. FIT 1 and FIT 2 agree well where they overlap. The figures show clearly the 

present difficulty in simulating near the "real world" line, m1r/mp ~ 0.18; state 

of the art simulations with the smallest lattice spacings have m1r/mp ~ 0.6. In 

the continuum limit, Figs. 2.4 and 2.5 should converge, i.e., m 1r = m 1r2 . However, 

at the couplings used in current lattice simulations, a pronounced breaking of the 

continuum SU(2) x SU(2) chiral symmetry is evident. 

The form of the m1r/mp fit is taken from chiral perturbation theory with 

coefficients that are ad hoc polynomials in 6/92 • The fits to am1r2 and amp are also 

ad hoc polynomials in 6/92 and amq. These fitting forms do not have the correct 

asymptotic behavior for large 6/92 or large amq and should be used only over the 

coupling region where data are available, except the extrapolation amq ~ 0 which 

is justified by chiral perturbation theory. 

In Table 2.4 and Figs. 2.4 and 2.5 the fitting functions are compared to 

the simulation results. While the X2 values for FIT 1 are somewhat low, they still 

appear to be good interpolating functions for the masses. We fit m1r/mp because 

we could not obtain a fit with reasonable X2 for m1r alone, which has much smaller 

statistical errors than the other meson masses. The low X2 values in FIT 1 may 

be a result of underestimation of statistical errors and possible systematic errors. 

These include the use of point sources to measure meson propagators in some of the 

earlier simulations, which historically have produced masses that tend to be too 

high (this is indicated from the fits). Also, the older simulations may suffer from 

inadequate step sizes and conjugate gradient accuracies. Indeed, the X2 values for 

FIT 2 and am1r2 in FIT 1, which include only one of the earlier simulations, are 

much lower than the X2 for fits where they are included. We also excluded 
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Figure 2.4: Spectrum fits using the mass of the Goldstone pion of the exact U (1) x 
U(l) lattice chiral symmetry. The fitting functions are given in Table 2.3. The 
solid lines are from FIT 1 and the dashed lines are from FIT 2. The squares 
(FIT 1) and crosses (FIT 2) indicate the points where zero temperature spectrum 
calculations were done, and the diamonds are the corresponding values from the 
fits. The horizontal line is the physical value of m1r/mp. 
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Figure 2.5: Same as Fig.2.4 but with the mass of a non-Goldstone pion (am7l"2)' 
Note, the data corresponding to points (amq = 0.01, 6/g2 = 5.5) and (amq = 0.004, 
6/g2 = 5.48) have very large errors (see Table 2.1). 
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Table 2.3: Fits to spectrum data used to construct the nonperturbative QCD f3 
function. The numbers in parentheses are errors from the fits. 

FIT 1 
m1T/mp = y'amq(5.09(6) + 12.90(34)(6/g~ - 5.45) - 2.20(1.14)(6/g~ - 5.45)~) 

-amq(14.94(56) + 34.67(1.46)(6/g2 - 5.45)) + 16.28(1.34)(amq)3/2 
X2 with 8 degrees of freedom 24.8. 

Confidence level 0.002. 
Runs from Table 2.1 used in fit: 1-14. 

mp = 0.723(7) - 2.23(8)(6/g2 - 5.45) + 1.52(44)(6/g2 
- 5.45)2 + 7.64(28)amq 

+10.49(1.30)amq(6/g2 - 5.45) - 19.22(2.95)(amq)2 
X2 with 8 degrees of freedom 25.6. 

Confidence level 0.001. 
Runs from Table 2.1 used in fit: 1-14. 

m 1T2 = 0.492(7) - 2.03(16)(6/g~ - 5.45) + 2.02(88)(6/g2 - 5.45)2 + 11.25(41)amq 
+5.55(1.83)amq(6/ g2 - 5.45) - 37.98(3.41)(amq)2 

X2 with 3 degrees of freedom 6.8. 
Confidence level 0.07. 

Runs from Table 2.1 used in fit 1,4, 8-14. 
FIT 2 

m1T/mp = y'amq(7.92(12) + 10.79(63)(6/g~ - 5.65) -10.74(1.28)(6/g<: - 5.65)2) 
-amq(26.00(1.09) + 42.29(3.20)(6/g2 - 5.65)) + 23.07(1.99)(amq)3/2 

X2 = 2.12 with 8 degrees of freedom. 
Confidence level = 0.91. 

Runs from Table 2.1 used in fit: 4, 6, 8-17. 
amp = 0.366(5) - 1.14(5)(6/ g~ - 5.65) + 2.86(16)(6/ g2 - 5.65)2 
+8.91(29)amq + 3.77(1.5)(6/g2 - 5.65)amq - 20.14(3.38)(amq)2 

X2 = 16.48 for six degrees of freedom 
Confidence level = 0.01. 

Runs from Table 2.1 used in fit: 4, 6, 8-17. 
m 1T2 = 0.194(5) - 0.68(6)(6/ g~ - 5.65) + 3.31(13)(6/ g~ - 5.65)2 + l1.78(25)amq 

-4.24(2.46)amq(6/g2 - 5.65) - 42.32(3.61)(amq)2 
X2 = 10.06 with 5 degrees of freedom. 

Confidence level = 0.07. 
Runs from Table 2.1 used in fit 4, 8-17. 
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Table 2.4: Comparison of spectrum data used to construct the nonperturbative 
QCD f3 function with values from the interpolating expressions in Table 2.3. The 
first line for each run gives the value from FIT 1 and the second from FIT 2. Note, 
the point 6/ g2 = 5.6, amq = 0.02 (entry 18) was not used in the fitting as its 
inclusion yielded excessively large values of X2• 

run m1l' mp m1l'2 mJlt 
11' 

mJIt 'p m~lt 
11'? 

1 0.8019(1) 1.424(4) 1.405(5) 0.8038 1.429 1.405 
2 0.8088(7) 1.408(11) - 0.8092 1.393 -
3 0.819(4) 1.38(1) - 0.813 1.358 -
4 0.8262(8) 1.210(16) 1.139(11) 0.8177 1.215 1.138 

0.8166 1.195 1.138 
5 0.5827(7) 1.406(48) - 0.5422 1.305 -
6 0.6112(5) 1.023(2) - 0.6107 1.024 -

0.6120 1.0245 -
7 0.4184(9) 1.342(46) - 0.3737 1.262 -
8 0.4488(4) 0.918(4) 0.759(4) 0.4470 0.912 0.759 

0.4449 0.910 0.763 
9 0.4197(7) 0.6396(28) 0.5106(18) 0.4256 0.6407 0.5108 

0.4176 0.636 0.5094 
10 0.3901(17) 0.758(48) 0.656(33) 0.4034 0.7710 0.611 

0.402 0.760 0.602 
11 0.3239(5) 0.883(6) 0.699(7) 0.3294 0.891 0.698 

0.3259 0.888 0.690 
12 0.2942(44) 0.636(37) 0.40(10) 0.2938 0.695 0.51 

0.2949 0.682 0.49 
13 0.2667(8) 0.5133(22) 0.350(3) 0.2628 0.5125 0.350 

0.2677 0.5154 0.352 
14 0.189(1) 0.62(4) 0.420(30) 0.1975 0.689 0.478 

0.198 0.67 0.455 
15 0.383(1) 0.530(2) 0.430(1) 0.384 0.532 0.431 
16 0.3402(17) 0.4916(30) 0.3857(28) 0.3411 0.4906 0.382 
17 0.2451(23) 0.4184(70) 0.2808(56) 0.2373 0.4056 0.279 
18 0.3696(31) 0.563(11) 0.446(14) 0.377 0.599 0.459 

0.374 0.597 0.459 
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the point at 6/92 = 5.6, amq = 0.02 (entry 18 in Table 2.1) from all the fits because 

it gave X2 values that were unacceptably high. Perhaps the small temporal extent 

of the lattice did not allow for a suitable measurement in this case. 

The RG flow calculated from the fits is depicted in Fig. 2.6 where we 

have plotted contours of constant mrr/mp and inverse lattice spacing in the bare 

parameter plane, which is the inverse of Fig. 2.4. Trajectories of constant mrr/mp 

fall steeply at stronger coupling and large quark mass and level off at weaker 

coupling, similar to the direct method result, Fig. 2.3. The real world contour, 

mrr/mp ~ 0.18, is difficult to follow in lattice simulations since amq is quite sma.ll 

along this line, even for small values of 6/92 • A better plan is to simulate at larger 

values of amq along lines of 6/92 = const. and then extrapolate to the physical 

line. 

The f3 function is easily obtained from the function shown in Fig. 2.6 

by differentiating the bare parameters with respect to lattice spacing along the 

contours of constant mrr/mp. Fig. 2.7 shows the result evaluated at the same 

points as Fig. 2.3 for comparison. They agree well except at 6/92 = 5.35 and 

amq = 0.1. This is where the f3 function was calculated from new simulations. In 

chapter 3 we show that the p mass is a much weaker function of the bare quark 

mass in this region. As amq is reduced below 0.1, it steepens appreciably. Since 

there is no available spectrum data between amq = 0.1 and amq = 0.05, our fits 

can not resolve this behavior. Attempts to include the measured slopes into the 

fitting functions were unsuccessful. The f3 function from the fitted spectrum is 

also tabulated in Table 2.2 at a few selected points including (extrapolations to) 

amq = o. 
The errors on the f3 function from the fitted spectrum were calculated as 



46 

0.10 

0.05 
0.8 

0.2 

5.2 5.6 5.8 

Figure 2.6: The RG flow is depicted by plotting contours of constant m1r Imp and 
a-I in the bare parameter plane. The solid lines correspond to FIT 1 and the 
dashed lines correspond to FIT 2. 
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described above for the direct method. That is, we determined a singular covari

ance matrix for each mass used in the fit at each point where the f3 function was 

evaluated and proceeded as before. The singular covariance matrices were found 

by varying each mass used in the calculation independently by a small amount and 

refitting the data. 

2.3.3 analysis and discussion 

Now that we have the nonperturbative f3 function over the range of couplings used 

in lattice simulations, we can analyze its properties and compare it to analytic 

results in the strong and weak coupling limits. 

2.3.3.1 weak coupling 

In the weak coupling limit the f3 function is [18] 

8(6/92
) -8(ln(a)) 

12 ( 2) 36 ( 19) 1 
-(471")2 11-3n ! -71"(471")3 51- an! (6/92 ) 

1 
- -0.734579 - 0.294505 (6/92 ) (fornJ = 2). (2.7) 

This two loop result is universal since it does not depend on the regularization 

scheme and is thus directly comparable to the lattice results. Higher order terms 

are regularization dependent. The perturbative calculation assumes the quark 

mass is negligible compared to the cutoff, so the result is independent of the bare 

quark mass but does depend on the number of quark flavors. On the lattice this 

translates to amq « 1. The lowest order correction to the quark mass component 
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Figure 2.7: Comparison of QCD nonperturbative f3 function calculated directly 
from spectrum data (solid lines) and from the fit to the spectrum data (dashed 
lines). The methods agree well. 
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of the f3 function, or the anomalous dimension of the quark mass, is [19] 

8(ln(amq)) _ 1 _ 3 1 
8(ln(a)) 7r2 6/g2 ' 

(2.8) 

Comparison of Eqs. 2.7 and 2.8 with Table 2.2 indicates the lattice simulations 

discussed in the last section are far from the continuum limit. The gauge part 

of the f3 function is less than half the perturbative value, except the point at 

6/ g2 = 5.35. The difference from naive scaling of the bare quark mass is order one, 

much larger than the perturbative result (see Table 2.2). 

In Fig. 2.8 we show the f3 function for several values of mrr/mp• For larger 

mrr/mp the maximum is closer to zero and shifted to weaker coupling while the 

slope is steeper at stronger coupling. As mrr/mp increases, the curves seem to 

converge towards the mrr/mp = 0 result at successively higher values of 6/ g2. Such 

behavior is plausible since the f3 function is a short distance quantity which should 

become insensitive to the (physical) quark mass as the lattice spacing decreases. 

Fig. 2.6 shows the contours for larger mrr/mp reach the same lattice spacing as the 

contours with smaller mrr/mp at larger 6/g2 • A simple analytic expression for the 

zero quark mass f3 function is obtained by setting amq = 0 and using only the fit 

to amp. Differentiating with respect to the lattice spacing, we find for FIT 1 

8(6/g2) 0.72 - 2.23(6/g2 - 5.45) + 1.52(6/g2 - 5.45)2 
(2.9) 

8(ln(a)) -
(-2.23 + 3.04(6/ g2 - 5.45)) 

and 

8(6/g2) 0.366 -1.14(6/g2 - 5.65) + 2.86(6/g2 - 5.65)2 
(2.10) 

8(ln(a)) - (-1.14 + 5.72(6/ g2 - 5.65)) 

for FIT 2. 



............ ............ 
<tS 

-0.2 

~ -0.4 
........ ........... 
co 
"'-.. ............ 

N 

~ -0.6 
to ........... 
co 

-0.8 

50 

------------------------ --------------------------------------------

5.2 5.6 5.8 

Figure 2.8: Gauge coupling component of the nonperturbative f3 function cal
culated from the fits in Table 2.3 at several values of mrr/mp• The f3 function 
reaches a maximum in this region and turns back towards the perturbative re
sult (dashed line). Data for the two fits were in the ranges 5.29 :5 6/g2 < 5.6 
and 5.415 < 6/g2 < 5.7, respectively. Both of the fits contain data with mrr/mp 
roughly between 0.3 and 0.7 and have the chiral perturbation theory dependence 
on quark mass. 
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In Fig. 2.8 the f3 function at each value of m1r/mp reaches a maximum 

and then turns back toward the perturbative line. Had it instead continued on to 

zero, the strong and weak coupling regimes would be separated by a second order 

phase transition. Then the lattice action would not describe continuum QeD even 

at small lattice spacings, and confinement would no longer be a proven property 

of the continuum QeD action. This maximum, or "dip", in the nonperturbative 

f3 function has been observed in the pure SU(3) gauge theory and is likely caused 

by a nearby critical point off the fundamental coupling axis in the fundamental

adjoint coupling plane [2, 4, 21, 22]. A consistent picture emerges if we plot the 

f3 function from our fits with the quenched result [4] (Fig. 2.9). The quenched 

maximum is shifted to the right at about 6/ g2 = 5.8 - 5.9, in agreement with our 

result since the pure gauge theory is, in some sense, the limit m1r/mp --. 1. It also 

appears in Fig. 2.9 that the two results may converge towards the same (imagined) 

m1r/mp = 0 line at higher 6/g2 • Of course, they can not go to exactly the same line 

since the perturbative f3 function depends on n" the number of flavors, although 

the difference is small for n f = 0 and 2. It is also possible that the dynamical 

quark f3 function falls off faster to the perturbative line than the quenched result. 

Studies with two flavors of dynamical Wilson fermions find a maximum in the f3 

function between 6/92 = 5.5 and 5.8 for m1r/mp ~ 0.6 [5,6], also in agreement with 

our result. The maximum value of the f3 function in Refs. [5, 6] is also consistent 

with Fig. 2.8. 

Finally, we note that Patrascioiu and Seiler [23] have suggested that the 

"dip" in the f3 function at finite 6/ g2 does indeed reach zero in the infinite volume 

limit, but not in present lattice simulations because of finite volume effects. Thus, 

they predict a critical point for finite coupling. However, their arguments are 

based on quenched simulations which are more susceptible to these effects than 
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dynamical simulations. 

2.3.3.2 strong coupling 

To complete the picture of the {3 function and perhaps gain further insigh t on 

the nature of our nonperturbative result, we now turn to the strong coupling 

(6/92 --. 0) expansion where the Boltzmann weight in the partition function 

(Eq. 1.7) is approximated by a power series in 6/92 • For simplicity, we ignore 

the fermionic determinant in the action, so the resulting picture will be somewhat 

qualitative. However, it is well known that differences in observables measured 

in present dynamical quark and quenched simulations are largely accounted for 

by a simple shift in the gauge coupling due to an effective gauge action obtained 

by a hopping parameter expansion of the fermionic action [24]. Indeed, we have 

already seen similar behavior in the quenched and dynamical fermion (3 functions, 

especially if the quenched theory is considered as the heavy quark limit of the 

dynamical theory. 

The strong coupling expansion of the string tension, or coefficient of the 

linear potential between static quarks, has been calculated to twelfth order in 

2 () 4 5 6 7 391 8 a J( - -In a3 - 4a3 -12a3 + 10a3 + 36a3 - Ta3 

1131 9 2550837 10 5218287 11 273755099 12 ( ) 

- lOa3 - 5120 a3 + 2048 a3 - 61440 a3 · 2.11 

The parameter a3(6/92 ) comes from the the character expansion of the Boltzmann 

weight and corresponds to the fundamental representation of the gauge group. Its 
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Figure 2.9: Gauge coupling component of the nonperturbative (3 function for var
ious values of m'Tr/mp along with quenched results [4](6/92 > 5.8). The data show 
the presence of a "dip" which shifts toward weaker coupling as m'Tr/mp increases. 
The inclusion of dynamical quarks shifts the maximum closer to zero. The line at 
the bottom is the two loop result from Eq. 2.7. 
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dependence on the usual coupling is given by [26] 

a3 - I: det I'\j-Hi+n((6/ l)/3), (2.12) 
n 

where I is a modified Bessel function, and the sum runs from -00 to 00. The Aj are 

numbers that label the irreducible representations of the gauge group SU(N), and i 

and j run from 1 to N. For SU(3) {A} = {1, 0, o}. For small 6/ g2, a3(6/ g2) rv 6/g2. 

The (:J function is found by plugging Eq. 2.12 into Eq. 2.11 and differen

tiating with respect to the lattice spacing. The result is displayed in Fig. 2.10 

where we have included curves for each successive order in the expansion. The 

authors of reference [25] argue that their result is reliable up to 6/ g2 ~ 6, and 

that calculations should be done at even orders in the expansion which are more 

stable than the odd orders, both of which are more or less apparent in Fig. 2.10. 

One immediately sees from Fig. 2.10 that the strong coupling (:J function is very 

different from the results of the last section. At 6/g2 
R:: 3 it reaches a minimum 

one order of magnitude more negative than the perturbative result, after which 

it decreases rapidly towards zero. Around 6/g2 R:: 6.5 it becomes positive which 

in light of the previous quenched results is due to the breakdown of the strong 

coupling expansion. While the expansion breaks down before the crucial region 

to match onto the results of the last section, it clearly behaves as expected. It is 

rapidly decreasing toward zero near the dip region with a slope comparable to the 

large m7r/mp contours in Fig. 2.8. A final remark, the (:J function, as we defined it, 

goes to zero as 6/g2 ~ 0 which comes from the trivial factor g-3 resulting from 

differentiation of the usual coupling, 

8(6/g 2) 

8In(a) 
12 8g 

- - g3 81n(a)' (2.13) 
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At small 6/ g2, a3 '" 6/ g2, thus 8g/81n(a) ~ 00. 

2.4 Conclusion 

In this chapter we have outlined a simple method to calculate the f3 function from 

spectrum data as a function of the couplings. The method was applied to lattice 

data for two flavor QeD, yielding the {3 function over the entire region in parameter 

space spanned by two flavor Kogut-Susskind lattice simulations. This region was 

seen to be a crossover region between the strong and weak coupling regimes where 

the {3 function is known analytically. 

Qualitatively, in the large mass limit, the dynamical quark result appeared 

to match well with quenched results from simulation and the strong coupling ex

pansion. In particular, increasing the quark mass delays the crossover to weak 

coupling behavior. In addition, the {3 function appears to become independent of 

quark mass at successively larger 6/ g2 as the quark mass is increased. 
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Figure 2.10: The strong coupling expansion result for the f3 function. Curves are 
shown for the leading order logarithmic contribution (lowest curve) and successive 
orders in a3(6/92 ) from sixth up to twelfth. Dashed lines are odd orders. The even 
orders seem to converge toward the twelfth order result (second highest curve) 
while the odd orders are more unstable. 
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Chapter 3 

THE ASYMMETRY 

COEFFICIENTS 

3.1 Introduction 

In this chapter we introduce a separate coupling for each different Euclidean space

time term in the action. We then define the asymmetry coefficients as derivatives 

of the couplings with respect to lattice spacing in each direction while holding the 

other lattice spacings fixed. They are completely analogous to the f3 function of 

the previous chapter, except that they tell us how to change the couplings in the 

theory to vary the cutoff, or lattice spacing, asymmetrically while holding physics 

constant. Since physics must be invariant with respect to regularization scheme, we 

are free to have different lattice spacings in any or all of the space-time directions. 

In addition, even on a symmetric lattice, we can ask how the couplings depend on 

the different lattice spacings. 

As mentioned earlier, the asymmetry coefficients are important in QeD 

since they appear in the definitions of thermodynamic quantities like the energy 
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and pressure. While they have been calculated perturbativly [27, 28, 29, 30], only 

relatively strong couplings are accessible to present dynamical quark simulations, 

so the nonperturbative derivatives are required. The nonperturbative asymmetry 

coefficients in pure SU(3) gauge theory have been calculated for symmetric and 

asymmetric lattices and are quite different from their perturbative values [3]. 

Below we outline the basic theory of the asymmetry coefficients and a 

method for their calculation from lattice measurements, which is similar to the 

method we used to calculate the f3 function in the last chapter. We then proceed 

to discuss a series of lattice simulations that were run to measure the asymmetry 

coefficients. We find, with one exception, that the asymmetry coefficients can 

not be measured from these simulations because ratios of masses were Euclidean 

invariant, within errors, on lattices with anisotropic couplings. The exception is 

also cast into some doubt since it relies on simulations with very large anisotropic 

changes in the couplings and holds for the P2 but not the p. For this particular 

case we find the signs of the asymmetry coefficients are opposite of expectations 

from perturbation theory. 

3.2 Theory 

As in the previous chapter, the calculation of the asymmetry coefficients begins 

with the renormalization group ansatz that long distance observables do not de

pend on the underlying short distance scale (lattice spacing). If this is true, it must 

also be true that these observables do not depend on the shape of the underlying 

lattice. Thus, we are free to have an asymmetric lattice where the lattice spac

ings are different lengths as long as the couplings are adjusted to compensate for 

the varying lengths. As before, we can not vary the the lattice spacings directly, 
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only the couplings. Since varying 6/g2 and amq (or ,.;) changes all lattice spacings 

(symmetrically) simultaneously, to change them independently, we must introduce 

new couplings into the action. 

We start by generalizing Eqs. 1.1, 1.5, and 1.6 from chapter 1 which become 

Sg 1 L /-2 - 3' 6 g~vD~v, 
x,~>v 

Mw - 1 + L 'kJjJw,~, and 
~ 

MKS - 2amq + L 'kJjJKS,w (3.1 ) 
~ 

We have introduced a separate gauge coupling, 6/1J!v, for each plaquette term and 

a separate hopping parameter, 'k~, for each Dirac operator in the Wilson fermion 

matrix. For Kogut-Susskind fermions we have multiplied each Dirac operator by 

a new coefficient, 'k~, with the normalization 'k~ = 1 on a symmetric lattice. In 

the following the bare quark mass is fixed, and only the coefficients of the Dirac 

operators are varied since amq and the 'k~ are not independent; the Kogut-Susskind 

fermion matrix is only unique up to a multiplicative factor. Since In(MKs) appears 

in the action (Eq. 1.10), any arbitrary constant that multiplies MKS can not affect 

the physics. Thus changing the 'k~ is equivalent to varying the bare quark mass 

independently in different directions. Varying them together by the same amount 

is equivalent to rescaling amq : 

8 
8'k 

(3.2) 
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The tildes over the new couplings are to remind us that the lattice cou

plings also contain factors of the lattice spacings which result from the original 

discretization of the continuum action, 

(3.3) 

n,x a,x comes from the differential four-volume in Euclidean space, (a!a~)-l from the 

dimension of the gauge field, and l/aJ.' from the derivative operator. The arbitrary 

factor of a in the last line of Eq. 3.3 keeps the quark matrix dimensionless. On a 

symmetric lattice aJ.' = a, and all dependence on lattice spacings cancels. Thus, 

for the symmetric case we have 6/!J~v = 6/g2, ;'J.' = '" for Wilson fermions, and 

;'J.' = 1.0 for Kogut-Susskind fermions. Henceforth, the absence of a tilde over a 

coupling indicates a symmetric lattice. 

In practice the lattice spacings and bare parameters are not distinguishable 

as in Eq. 3.3. However, after the lattice measurements are made, the contributions 

to the asymmetry coefficients from the trivial dependence on lattice spacing can be 

removed, leaving only the nontrivial quantum renormalizations of the couplings. 

This is shown clearly below, after we define the asymmetry coefficients. 

With the new couplings the renormalization group equation becomes 

(3.4) 
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where, again, 0 is a physical observable. On a symmetric lattice Euclidean invari

ance gives four independent coefficients 

13r - 8K.jS ( ) 
8In(a

ll
) J.l = 11 , 

Bq - 8K.jS ( ) 
8In(a

ll
) J.l:/;1I, 

ar -
8(6/9;11) ( ) 
8In(a,\) .\ = J.l or 11 , 

aq 8(6/9;11) 
- 8In(a,\) (.\ # J.l,1I) , (3.5) 

which we call the asymmetry coefficients. Lattice observables can be measured in 

any of the Euclidean directions. For an observable measured in the 11 direction, 

011, Eq. 3.4 gives two unique equations, one where J.l = 11 and one where J.l # 11: 

(3.6) 

There is no summation implied by repeated indices and a and f3 # J.l and 11 in 

the first and second equations, respectively. To solve for all four coefficients, we 

vary at while holding the spatial a's fixed. Then we have four equations for the 



81n(mll'at) 
81n(at) 

81n(mll'az ) 

81n(at) 

81n(mpat) 
81n(at) 

81n(mpaz ) 

81n(at) 
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- 1 

o 

- 1 

- 0 

- Ap(OT + 20u) + Bp(20T + Ou) + CpBu + Dp(BT + 2Bu),(3.7) 

where we have used Euclidean invariance and the definitions 

AlI',p 
81n(mll',pa,\) (..\ _ ) - 86/ 2 - P, or v , 

gl-''' 

BlI',p - 81n(mll',pa,\) (..\ -:p ) 
86/ 2 p"v , 

gl-''' 

Crr,p 
8 In( mll',pall ) ( ) - 8 p,=v, 

K" 

DlI',p 
81n(mll',pall ) 

(p, # v) . (3.8) -
8K" 

In matrix form Eqs. 3.7 become, 

3 A 11' 3B7r ClI' 3DlI' aT 1 

AlI'+ 2BlI' 2AlI'+BlI' DlI' ClI'+ 2DlI' OU 0 
- (3.9) 

3Ap 3Bp Cp 3Dp BT 1 

Ap + 2Bp 2Ap + Bp Dp Cp +2Dp Bu 0 
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Once M is known, the asymmetry coefficients are found by inverting Eq. (3.9), 

a.,. 1 

au 0 
- M- 1 (3.10) 

B.,. 1 

Bu 0 

The whole procedure is analogous to the calculation of the f3 function, except here 

the lattice spacings are varied independently. 

The trivial dependence on lattice spacing is easily removed from the asym

metry coefficients by taking the logarithmic derivative of Eqs. 3.3 with respect to 

any of the lattice spacings. We find 

- a -B.,. - B.,. + -k = B.,. + 1, 
ajl 

Bu - Bu, 
2 2 

C.,. ajlaV - -2 - 2 - rr-C", + 6/9jlV = C.,. + 6/9 , 
,\ a,\ 
2 2 

Cu 
ajlaV - -2 - 2 - rr-Cu - 6/9jlv = Cu - 6/9 . 

,\ a,\ 
(3.11) 

The last equality in each line holds for the symmetric lattice. The 1 appearing in 

the definition of B.,. is somewhat arbitrary since we could move it to the definition 

of Bu by multiplying the fermion matrix by a different arbitrary factor. Either set 

of coefficients can be used to calculate observables as long as the observables are 

defined consistently. 

As first pointed out for pure SU(3) gauge theory by Karsch [28], the asym

metry coefficients satisfy a sum rule which yields the usual f3 function. Imagine a 



symmetric lattice where 6/!J~/I = 6/g2 and K.J.' = K.. Then 

8(6/!J~/I) 
8In(a) 

-

2C'T + 2Cu 

86/g2 

8In(a) , 
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(3.12) 

where the last line results from cancelation of the terms coming from the triv

ial dependence on lattice spacing (Eq. 3.3). Similarly, we have for the fermion 

couplings 

8~ 8~ 8~ 8~ 
- 81n(ax ) + 8In(ay) + 8In(az ) + 8In(at) 

- B'T + 3Bu 
8K. 

- 8In(a)-1. (3.13) 

Note, the trivial dependencies cancel in the sum of the gauge coefficients (for a 

symmetric lattice) but not in the fermion couplings. 

If M has a zero eigenvalue, the above equations can not be solved for the 

asymmetry coefficients. In fact, two of the eigenvalues of M have the form 

1 
A - 2(2(A1r - B1r ) + (Cp - Dp) 

±/(2(A1r - B1r ) - (Cp - Dp))2 + 8(Ap - Bp)(C1r - D1r )), (3.14) 

and the determinant of M is given by 



[(Ap - Bp)(C1r - D1r ) - (A1r - B1r )(Cp - Dp)] 

- 6[(Ap + Bp)(C1r + 3D1r ) - (A1r + B1r )(Cp + 3Dp)] x 

[o.o(C1r - D1r ) - o~(A1r - B1r)]' 
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(3.15) 

The second factor in brackets is the product of the two eigenvalues in Eq. 3.14, 

and we have defined the asymmetric changes in the mass ratios, 

0.0 - (Ap - Bp) - (A1r - B1r ) 

- 8 { I (m1r) 1 (m1r) } 
8(6/1/;z) n mp t - n mp z 

o~ - (Cp - Dp) - (C1r - D1r ) 

_~ {In (m.) _ In ( m.) }. 
8"'t mp t mp z 

(3.16) 

From Eq. 3.15, if 0.0 and o~ are zero, M is singular, and the asymmetry coefficients 

can not be determined. This will happen if changing the couplings anisotropically 

fails to break the Euclidean invariance of long distance observables. This singular 

nature of the equations is apparent from Eqs. 3.6 since if 0.0 = o~ = 0, they reduce 

to the same equation. 

In the case that 0.0 = o~ = 0, the singular nature of the equations can 

be eliminated by reducing the set of equations from four to two and solving for 

the linear combinations of the asymmetry coefficients that give the f3 function 

(Eqs. 3.12 and 3.13). Taking the first of Eqs. 3.7 plus three times the second and 

the third plus three times the fourth, we find 

(3.17) 
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The determinant of the matrix is easily seen to be 

(3.18) 

which is the factor in Eq. 3.15 that does not depend on 8{3 and 8~. Had we solved 

for the differences of the asymmetry coefficients, the singular factor would have 

remained instead. Thus, the f3 function may still be found in the case where the 

asymmetry coefficients are undetermined. 

The relationship between the asymmetry coefficients and the parameters 

8{3 and 8~ is most easily found from the difference of Eqs. 3.6. One finds 

(3.19) 

where again we have used Euclidean invariance. This equation emphasizes the 

fact that observables must not be Euclidean invariant under arbitrary anisotropic 

changes in the couplings. If they are, then it is not sensible to define the asymmetry 

coefficients which give the unique changes in the couplings to enforce Euclidean 

invariance. A similar formula for the ratio of the components of the f3 function 

results from the sum of Eqs. 3.6: 

ilr + 3BCT 

2(G1" + GCT ) 

8(67g~,,) (In (~) z + In (~) J 
- - 8~1 (In (~)t + 3ln (~) J 1. (In (~)) 

3 :~ (In (~)) 
(3.20) 

Finally, we show the 8 parameters can be calculated up to third order 
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in the couplings from two simulations where (6.6/1/;z) = -(6.6/g;t) = 6.(6/g2) 

and 6.ii:t = -6.ii:z = 6.ii:, respectively. We will need to know this in subsequent 

sections. Taylor expanding the mass ratios measured in the t and z directions, it 

is found that 

6. In (m~) C In(;';i"). I) In( ""'). ) 
- 8(6/giz) - 8(6/;it) 6.(6/g

2
) mp t 

+ 
1 C'ln ( "'" ). I)'ln (""'). ) 
2 8(6/g"i:)2 + 8(6/ii:)2 6.

2 
(6/g

2
) 

8 2 In ( !?!Jt ) 

- mp t 6. 2 ( / -2) 
8(6/g~z)8(6/g~t) 6 9 + ... , 

~ln(:J -
( I) lo( "'" ). I) lo( "'" ). ) 

8(6/;iz) - 8(6/~~t) 6.(6/g
2
) 

+ 
1 (I)'ln( ""'). I)'ln( ""'). ) 
2 8(6/g~:)2 + 8(6/9~:)2 6.

2
(6/g

2
) 

8 2 In(!!!:lt )z 
- 8(6/g~z)~6/g~t)6.2(6/g2) + ... , 

6. In (m~) (I) In(~). I)ln( ~).) _ 
- 8(ii:t) - 8(ii:z) 6.(K) mp t 

+ mp + mp 6.2(-) 1 (I)'ln ( "'" ). I)' In( "'" ). ) 
2 8(ii:t)2 8(ii:z)2 K 

8 2 In(!.!lzL )t 
- 8(Kt)8(~z)6.2(~) + ... , 

~ln(:J - mp mp 6.C) (I)ln(""')' I)lo(""'-).) 
8(~t) - 8(~z) K 

+ mp + mp 6.2(-) 1 C'ln( "'" ). I)'ln( "'" ). ) 
2 8(~t)2 8(ii:z)2 K 

82 1n( !.!lzL ) 
mp z 2() (3.21) - 8(~t)8(~z) 6. ~ + ... 

Subtracting the first two and last two equations in the above and using Euclidean 
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invariance, there results 

8{3 - -2
1 ~ln ((mrr)t/(mrr)z) /~(6/g2) + O((~6/g2)3), 

mp mp 

8K - ~~ln ((mrr)t/(mrr)z) /~(K,) + O((~K,?). 
2 mp mp 

(3.22) 

3.3 Simulations 

In this section we discuss the actual simulations done and the code used to calculate 

the asymmetry coefficients. We chose parameter values relevant to the the two 

flavor finite temperature phase transition, or crossover. Thus far we have performed 

simulations for one point in coupling space for Wilson fermions and two points for 

Kogut-Susskind fermions. The Wilson point corresponds to the Nt = 4 thermal 

phase transition and the two Kogut-Susskind points are near the Nt = 4 and 

Nt = 6 crossovers, respectively. 

After encountering difficulties in the Wilson quark simulation, we chose 

a rather large value of amq for the first Kogut-Susskind simulation so that any 

problems in the method could be worked out quickly and with little cost. The 

second Kogut-Susskind point was done at weaker coupling and smaller amq to 

alleviate some of the problems with scaling violations. 

3.3.1 computer code 

The computer program used to do the simulations was the MILe code [31], a 

general lattice QeD simulation program that runs on many machines, from parallel 

supercomputers to workstations. The code is based on two algorithms, the q> 

algorithm and the R algorithm [1]. The <I> algorithm is for two flavors of degenerate 
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Wilson quarks and four flavors of degenerate Kogut-Susskind quarks while the R 

algorithm works for any number of either type of quarks. Both algorithms employ 

molecular dynamics updating of the gauge fields which introduces a step size error 

from the numerical integration of the equations of motion in simulation time. 

However, the <P algorithm also employs pseudofermion fields that are heat bath 

updated, and thus a metropolis update step can also be included [32]. This step 

makes the modified algorithm (called hybrid Monte Carlo (HMC)) exact. Such a 

step is not possible with the R algorithm because the calculation of the fermionic 

piece of the action is too costly, so it suffers from finite step errors which must be 

handled carefully. Further discussion on step size errors will be given in chapter 4 

where they are important. 

To do anisotropic simulations various routines had to be modified. This 

basically entailed generalizing the code from one gauge coupling and quark mass to 

a gauge coupling for each plaquette and a fermion coupling for each Dirac operator. 

The equations of motion were changed to reflect these changes. 

To verify the anisotropic code, several tests were run on the workstation 

on very small lattices of 44 sites. Only short range observables were measured, so 

finite size effects were not considered a problem. First, the code was run in the 

pure gauge mode without fermions. The average plaquette, Oil'" was compared to 

the strong coupling expansion [33] where the lowest order contribution to the one 

by one loop is just proportional to 6/11;". The comparison is shown in Fig. 3.1. 

The couplings 6/11;z and 6/11;z were set to 0.13, and the rest to 0.1. The measured 

values agree with the strong coupling result. The code was then run without gauge 

fields but with anisotropic fermion couplings, and the free fermion propagator was 

measured and compared to the analytic (sum) result. They agreed. 

After the Wilson simulation, however, a bug was discovered which prompted 
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tests of the anisotropic fermion part of the code. The bug did not affect the results 

because it was "corrected" by the final Metropolis accept/reject update step of the 

HMC algorithm. The acceptance rate for the anisotropic fermion simulation was 

rather low, however. After fixing the bug, two more tests were run to check the full 

code. First, it was run with four flavors of Kogut-Susskind fermions (6/92 = 5.35, 

Kt = 1.1, and amq = 0.1) so that the HMC algorithm could be used. The ac

ceptance rate for fifty trajectories was 92% for a step size of 0.03. If there were 

inconsistencies in the code, the acceptance rate would have been low since only 

very small changes in the action are accepted. The second test was to measure 

a31f;'I/J, again with anisotropic fermion couplings, and compare it to data taken in 

separate simulations used to calculate the equation of state (see chapter 4 and 

Ref. [8] . 

In order to compare the anisotropic results with the usual a31f;'I/J which has 

K. = 1, a scale factor of K. must be taken into account (recall the fermion matrix is 

only unique up to a scale factor), 

(3.23) 

where the quark mass on the right hand side is amq = const/ K.. Thus, a31f;'I/J at 

neighboring values of amq is given by 

3.7..,,( ) const ( 3.7..,,( t) 8(a31f;'I/J(K., const)) A ) 
a 'f/'f/ amq = -- a 'f/'f/ K.o, cons + 8 uK. , 

amq K. 
(3.24) 

We measured a31f;'I/J on a symmetric lattice (K. = 1.0, const = 0.1) and one with 

Kt = 1.1, const = 0.1. Using the above formula and assuming 8(a31f;'I/J)/8K. = 

4 X 8(a31f;'I/J)/8Kt, we found a3 1f;'I/J = 0.435(2) at amq = 0.1/1.1 = 0.091, while from 
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the simulations described in chapter 4 an interpolation finds 0.437. One could as 

well convert the derivative of a3 i[J'I/J with respect to '" to one with respect to amq 

and then do the Taylor expansion in quark mass. However, care must be taken 

since there is an extra factor of '" multiplying a3 i[J'I/J: 

a( a3 i[J'I/J ( amq)) 
a(amq) 

a", a ( 3 - ( )) 
- a(amq) a", ",a 'I/J'I/J "', const , 

const (3.7..1,( t) a( a
3

i[J'I/J( "', const))) (3 25) 
( )

2 a 'f/'f/ "',cons + '" a . 
amq '" 

From these tests and comparison of data given below with results in the literature, 

the code has been well verified. 

3.3.2 Wilson simulation 

The Wilson case was run at 6/92 = 5.3 and", = 0.158. In principle, only one 

simulation is required to calculate the derivatives in M since they are given by 

correlation functions of propagators with various terms appearing in the action. 

However, these correlations are difficult to measure accurately [12]. Instead, we 

resort to numerical differences of observables to measure M. Using Euclidean 

invariance as described in the last section, three simulations are needed to measure 

the derivatives in Eq. 3.9 by finite difference: a symmetric simulation, a simulation 

where one of the plaquette couplings is varied, and a simulation where one of the 

fermion couplings is varied. For instance, by changing k t by a small amount 

and measuring m7rat and m 7r aZ ' we have C7r and D7r . Cp and Dp are measured 

similarly. To get the partial derivatives with respect to the gauge coupling, 6/9;z 

and 6/9;z were varied with the other couplings fixed to the value from the isotropic 

simulation. Again, measuring masses in both the t and z directions yields all the 
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Figure 3.1: Pure gauge simulation results for the plaquette compared to the leading 
order strong coupling expansion (solid line). The octagon is the average of Dxz and 
D yz , and the square is the average of the remaining plaquettes. The simulation 
was run with 6/1/;z = 6/g~z = 0.13. The other couplings were set to 0.1. 
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gauge derivatives in Eq. 3.9. Note, although we varied two of the gauge couplings, 

we used the fact that 
8In(mll',paJ.£) 8In(mll',paJ.£) 

-8(6/1I;z) 8(6/g~z) 
(3.26) 

for JL = t, z, and set 6/ g;z = 6/ !J;z to measure the individual changes in the 

masses. This effectively cut the statistical uncertainty in the derivatives in half 

since the total error comes from the sum of the squared errors on the symmetric 

and asymmetric lattices, which are independent of the change in coupling. 

Each simulation in the Wilson case was run with the HMC algorithm 

discussed above. The statistics for each are summarized in Table 3.1. Individually, 

the simulations contained over 1300 molecular dynamics trajectories. Propagator 

measurements were made every other trajectory. The acceptance rates were 85% 

for the symmetric and asymmetric gauge coupling simulations with step sizes of 

0.02 and 0.0167 respectively. For the asymmetric hopping parameter simulation a 

step size of 0.01 resulted in an acceptance rate of 55%. The lower rate, even for 

a smaller step, was due to the bug mentioned in the last section. However, the 

rate is not so low to be unacceptable. In all simulations, the trajectories were one 

simulation time unit long in the normalization of ref. [1]. 

In Table 3.1 the changes in the couplings are given for the anisotropic 

runs. These changes of one percent were rather arbitrary, but conservative. They 

will be discussed more fully in the results section. 

3.3.3 Kogut-Susskind simulations 

The Kogut-Susskind simulations were done with the molecular dynamics algo

rithm [1] described above. Simulations with two flavors of quarks were done at 

6/92 = 5.35, amq = 0.1 and 6/92 = 5.47, amq = 0.05. Throughout, trajectories 



74 

Table 3.1: Wilson run summary. The second column gives the change in couplings 
from the isotropic run, 6/92 = 5.3 and", = 0.158. The number in parentheses is 
the percent change. 

run parameter change lattice size trajectories acceptance 
1 - 82 X 202 1316 85% 
2 6.6/1i;% = 6.6/11:% = 0.0265(0.5%) 8:l x 20:l 1370 85% 
3 6.~t = -0.00158(1.0%) 8:l x 20~ 1740 55% 

were one simulation time unit long with a step size of 0.03. 

Since there is no accept-reject step in the two flavor Kogut-Susskind case, 

the step size in simulation time must be sufficiently small, so the error in the 

updated action is negligible. However, there is no way a priori to know what 

step size is sufficiently small. A rule of thumb suggests the step size should be less 

than or equal to the bare quark mass in units of the lattice spacing. Some step 

size tests have been run as well to detect errors in a3ifi.,p and the plaquette (see [8] 

and section 4.3.2). For amq > 0.025 differences in these observables for step sizes 

between 0.02 and 0.05 were within statistical errors for roughly the same number of 

configurations used in the present case. However, significant deviations were found 

at amq = 0.025. We assume step size errors in our mass measurements are within 

statistical errors. In any case, the main problem with the step size errors was a 

significant difference between hot and cold lattices; that is, step size errors did not 

cancel in vacuum subtractions. In contrast, only zero temperature operators were 

measured here, so there is good reason to hope that systematic step size errors 

cancel in differences of hadron masses at neighboring points in parameter space. 

To improve the signal of the derivatives, changes in the couplings were 

significantly increased over those of the Wilson simulations. To compensate for the 

possible introduction of systematic errors, we used tow-sided differences, which as 
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shown in section 3.2, eliminate second order errors. This requires four anisotropic 

simulations instead of two. The runs are summarized in Table 3.2. The changes 

in the couplings were not too large as will be seen in section 3.4.2. 

Further simulations were run to accurately measure D{3 and Dy; as defined in 

section 3.2. 8{3 was found by changing 6/11~z and 6/11;z by 1.0 and 6/11~t and 6/11;t by 

-1.0. These changes are large, but as shown at the end of section 3.2 second order 

errors in D{3 cancel exactly due to equal and opposite changes in the space-space 

and space-time planes. In section 3.4.2 it is shown that the first order effects tend 

to cancel, so that total changes in the masses were relatively small. Similarly, to 

measure Dy;, the fermion couplings were changed asymmetrically, .6.~t = -.6.~z = 

0.2, which cancels second order errors in Dy;. See Table (3.2) for a summary of 

these runs. 

Table 3.2: Kogut-Susskind run summary. The second column gives the change 
in couplings from the isotropic runs. Runs 1-7 correspond to 6/g2 = 5.35 and 
amq = 0.1 and run 8 to 6/g2 = 5.47 and amq = 0.05. 

run coupling change lattice size trajectories 
1 - 8;t X 24;t 1310 
2 .6.6/11;z = .6.6/11~z = 0.1 8;t X 24<1 2440 
3 .6.6/11;z = .6.6/11~z = -0.1 8;t X 24<1 2340 
4 .6.~t = 0.1 8<1 X 24<1 2350 
5 .6.~t = -0.1 82 X 24;t 2170 
6 .6.6/11;z = .6.6/11;z = -.6.6/11;t = -.6.6/11~t = 1.0 12<1 X 24<1 767 
7 .6.~t = -.6.~z = 0.2 122 X 242 1223 
8 .6.6/11;z = .6.6/11~z = 0.1 12<1 X 24<1 1968 

Finally, an anisotropic gauge coupling simulation was carried out at 6/ g2 = 

5.47 and amq = 0.05. This is also listed in Table 3.2. The isotropic simulation at 

this point was done elsewhere [34]. There it was shown that a spatial volume of 123 
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lattice sites was sufficient to neglect finite volume effects compared to statistical 

errors. Consequently, the number of lattice sites in the x and y directions was 

increased to twelve in this simulation. 

3.4 Results 

3.4.1 Wilson simulation 

3.4.1.1 masses 

As described in section 3.2, calculation of the asymmetry coefficients begins with 

measuring hadron masses in units of the lattice spacing. The masses are found 

from fits to Euclidean time correlation functions, or propagators, 

C(t) = A (e-amt + e-am(Nt-t») . (3.27) 

am is the hadron mass, t the time slice, and A is an unknown amplitude that 

depends on the quantum numbers of the corresponding state. The form in Eq. 3.27 

assumes all higher mass excitations have died away which is true only for large 

times, t. To fit shorter time behavior, additional exponential terms with larger 

masses are added to C(t). While this does not change the central value of am, it 

generally reduces statistical errors since more information is used in the fit. 

The elements of C(t) are correlated since they were measured on the same 

lattice, and the simulation algorithm introduces correlations among consecutive 

lattices. Therefore, the errors on the masses are given from fits using the full prop

agator covariance matrix [35]. The integrated autocorrelation time of the long dis

tance elements of the propagators was roughly 24 trajectories, so the propagators 
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were blocked over 24 trajectories in the covariance matrix. A block is an average of 

propagators over trajectories where the propagators are strongly correlated. The 

resulting block averages are then more or less independent measurements. The 

propagator elements at different Euclidean times are also highly correlated since 

they come from the same lattice. The off diagonal elements of the covariance ma

trix are given by these correlations. All of the fits for the Wilson case were for 

single particles at long distances, i.e. excited state contributions were neglected. 

The X2 for the fits shown in Table 3.3 confirm that this is a good assumption. 

The 7r and p masses measured in the anisotropic gauge coupling simulation 

are given in Table 3.3 and shown in Figs. 3.2a-b. The changes in the masses are 

in the expected direction. That is, a change toward weaker coupling decreases the 

lattice spacing, so masses in units of the lattice spacing should also decrease for 

weaker couplings. 

The surprising result is that the masses measured in the t and z directions 

on the anisotropic 6/g2 lattice are the same, within errors. Perhaps the changes 

in the couplings were too small to resolve the expected mass splitting; they were 

only one percent. However, if this were the case, one expects the change from 

the symmetric lattice to be small also. But, each of the four masses measured in 

the anisotropic gauge coupling simulation differs from the values measured on the 

symmetric lattice by many standard deviations. It is possible that the asymmetry 

is much smaller than the overall symmetric change and that the magnitude of 

statistical errors on masses just happens to be the same order of magnitude. At 

any rate, the smallness of the asymmetry has implications for the asymmetry 

coefficients, which will be discussed later. 

It is also instructive to look at the ratio m7r/mp which is a measure of 

the physical quark mass. The mass ratios are shown in Fig. 3.3 and tabulated in 
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Table 3.3: Wilson masses. The t direction propagators for the isotropic lattice 
were fit from time slices 6 - 8 and 7 - 9 for the 7r and p, respectively. All other 
fits were over the range 7-10. cl stands for confidence level. 

particle dir mass X"J. /dof cl 
isotropic 

11" t 1.2643(15) 1.5/1 0.22 
11" z 1.2649(16) 0.35/2 0.84 
p t 1.3342(16) 3.0/1 0.08 
p z 1.3344(21) 0.82/2 0.66 

anisotropic 6/ 9"J. 
11" t 1.2376(21) 1.6/2 0.44 
11" z 1.2394(18) 3.5/2 0.17 

P t 1.3081(24) 2.2/2 0.34 
p z 1.3087(19) 1.4/2 0.51 

anisotropic k 
11" t 1.2857(17) 0.79/2 0.79 
11" z 1.2772(19) 0.79/2 0.67 
p t 1.3544(17) 3.3/2 0.20 
p z 1.3449(22) 0.02/2 0.99 

Table 3.4. There is no statistically significant difference in the ratios. Changing 

6/9;% and 6/9;% did not produce an asymmetric quark mass, which was evident 

already since the masses changed symmetrically, but only produced a change in 

lattice spacing. However, m7r/mp ~ 1, so the dynamics may still be dominated by 

heavy quarks. Fig. 3.4 shows m7r/mp as a function of the couplings {the data are 

from the literature [36, 37]. If one imagines that the curves smoothly approach 

one as either I'\, ~ 0 or 6/g2 ~ 0, the slopes are indeed small at our coupling 

values. As the critical coupling line (the line in parameter space where m7r = 0) is 

approached, the curves begin to steepen rapidly. Thus, we expect small changes 

in m7r/mp at our coupling values. 
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Contrary to the above scenario, changing the hopping parameter anisotrop

ically did produce an asymmetry in the masses (see Figs. 3.2c-d and Table 3.3). 

The change in Kt away from the K.c line increased the masses as expected. The 

masses differ from the symmetric values and each other by several standard devi

ations. In fact, here the splitting is the same order of magnitude as the change 

from the symmetric value for both 7r and p masses. 

Unfortunately, Fig. 3.3b shows the mass ratios in the two directions changed 

symmetrically to high accuracy (see Table 3.4). The effect of the change in hopping 

parameter was a symmetric increase in the physical quark mass (m1r/mp increased). 

From Fig. 3.4 we again expect small changes with respect to K., and perhaps it is 

not surprising that the asymmetric changes are small as well. 

Table 3.4: Wilson mass ratios. The errors are from a jackknife estimate using ten 
blocks. 

lattice isotropic anisotropic 6/!i" anisotropic K 
m 1rat/mpat 0.9468(6) 0.9459(10) 0.9494(6) 
m 1ra z /mpa z 0.9475(5) 0.9466(10) 0.9495(8) 

3.4.1.2 derivatives 

Clearly M in Eq. 3.9 is singular since m1rat = m 1r aZ and mpat = mpaz , within 

errors, on the anisotropic 6/92 lattice. This means the first two columns of Mare 

the same. Nevertheless, some useful information may be obtained from M before 

inversion. The elements of M were calculated using the procedure described in 
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Figure 3.2: Wilson 11' and p masses as a function of anisotropic gauge coupling. 
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Figure 3.3: Wilson hadron mass ratios as a function of anisotropic couplings. (a) 
gauge coupling and (b) hopping parameter. The isotropic point is 6/92 = 5.3 and 
K, = 0.158. Mass ratios measured in the t and z directions are denoted by the 
octagons and squares, respectively. 
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section 3.2 with the result 

1.16(15) 1.18(15) 10.0(2.1) 17.9{5.5) 

M 
1.17(13) 1.17(13) 6.0(1.9) 22.0{4.9) 

(3.28) 
1.09(16) 1.04(13) 9.2(2.0) 14.2{5.1) 

1.06(12) 1.07(13) 4.7(1.7) 18. 7( 4.6) 

The sixteen elements of M are highly correlated since they are given by eight 

independent functions (see Eqs. (3.9)). Using 7r and p masses from the same simu

lation leads to further correlations. Thus, errors were estimated using a jackknife 

procedure. One tenth of the propagators were omitted from each fit which yielded 

one estimate of the propagator. This procedure is repeated nine times, omitting 

a different tenth of the data each time. The calculation of a given quantity from 

the data is completed on each block, and then an error estimate is made for that 

quantity using all ten blocks. For example, to compute one of the derivatives in 

M, each meson mass is blocked, and the derivative is estimated ten times. The 

jackknife procedure is useful because it avoids complicated propagation of error 

calculations and takes correlations into account. Sometimes a data set is unstable 

to this procedure, and this can be checked by repeating the entire procedure with 

a slightly different number of blocks. This was done in the present analysis which 

was found to be stable. Another check on the jackknife method is to compare the 

jackknife error estimates on the masses with those from the covariant fits. This 

was done also, and good agreement was found between the two methods. 

Using the elements of M, one can estimate the corresponding meson 

masses at nearby points in parameter space: 

am(6/l,~) = am(5.3, 0.158)exp ((3A + 3B)D.(6/g2
) + (C + 3D)D.(~)) (3.29) 
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where the coefficients in the exponential are the derivatives defined in Eq. 3.9. 

Their measured values are 

8(ln(am1\" )) 
3A1\" +3B1\" = -2.40(20), 

8(6/92 ) 
-

8(ln(amp )) 
3Ap + 3Bp = -2.21(21), 

8(6/92 ) 
-

8(ln(am1\" )) 
C1\" + 3D1\" = -28.7(5.3), 

8(1\:) -

8(ln(amp )) 
Cp +3Dp = -24.3(5.3). (3.30) 

8(1\:) -

Note, this is for an isotropic change of all couplings. The derivatives of am1\" and 

amp are the same within errors, so we are far from the chirallimit. As I\: approaches 

I\:c, am1\" goes rapidly to zero while mp decreases slowly and remains finite at I\:c. 

The 1r and p masses were measured at 6/92 = 5.28 and I\: = 0.16 in Ref. [36]. 

They found am1\" = 1.213(4) and amp = 1.287(5). The values from Eq. 3.29 are 

1.253(14) and 1.328(15) for the 1r and p, respectively, which are several standard 

deviations higher. This could mean that the spectrum is a nonlinear function in 

this region of parameter space. To check this, pion spectrum data [36, 37] are 

shown in Fig. 3.5. The current point is shown along with the measured derivatives 

(dashed lines). Fig. 3.5(a) clearly shows the measured slope is consistent with 

the pion data. Fig. 3.5(b) is less conclusive; however the data are convex in the 

region of interest which suggests a flatter slope with respect to hopping parameter. 

An overestimate of the slope can be made by connecting the points I\: = 0.158 

and I\: = 0.167. Using this value in Eq. 3.29, one obtains am1\" = 1.055. So, the 

derivatives with respect to I\: are consistent with the data as well. Similar findings 

hold for the p mass. Fig. 3.5 suggests that a one sided difference approximation is 

sufficient for the gauge derivatives, but may not be for the derivatives with respect 



85 

to hopping parameter. 

3.4.1.3 asymmetry coefficients 

From the above discussion, M evaluated at 6/92 = 5.3 and K, = 0.158 is highly 

singular which leaves the asymmetry coefficients undetermined. Since the change 

in mass ratios is symmetric, the renormalization conditions 3.4 reduce to a single 

equation which contains only the sums of the asymmetry coefficients, or the two 

components of the f3 function. In fact, since the mass ratios from the anisotropic 

gauge simulation were not different from the isotropic values (within errors), the 

gauge component of the f3 function is undetermined, and the fermion part is zero 

(within errors). 
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Figure 3.5: Wilson pion masses as a function of (a) gauge coupling and (b) hopping 
parameter. From left to right in figure (a) the curves are for K. = 0.18(crosses), 
0.17(diamonds), 0.160(octagons), and 0.158 (squares). and in figure (b) 6/92 = 
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the burst is the point at 6/92 = 5.28 and K. = 0.160 and the fancy square is 
the extrapolation using the slopes measured in the present study (6/92 = 5.3, 
K. = 0.158 (dashed lines)). 
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3.4.2 Kogut-Susskind simulations 

In this section the Kogut-Susskind results are analyzed and reviewed. Again, we 

find that ratios of observables vary symmetrically despite anisotropic couplings. In 

fact, symmetric changes of several standard deviations are found. Some evidence 

of asymmetric changes in the ratios of observables is obtained in two simulations 

with very large changes; however, the inclusion of this data yields asymmetry 

coefficients with opposite signs than expected from perturbation theory. Whether 

the asymmetries are real or induced by deviations from scaling is also considered. 

3.4.2.1 masses 

The masses measured in the Kogut-Susskind simulations are listed in Table (3.5). 

To obtain them pion propagators were fit to single particle correlators of the form 

(3.31) 

while an opposite parity state was usually included in fits to the p propagators: 

(3.32) 

Similar forms were used in the z direction fits. In runs six and seven one particle 

was sufficient to fit the p propagator in the t and z directions, respectively, and in 

run eight an excited state was included in the pion propagator fits. 
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Table 3.5: Kogut-Susskind masses. Runs 1-7 correspond to 6/ g2 = 5.35 and 
amq = 0.1 while run 8 corresponds to 6/g2 = 5.47 and amq = 0.05. dof is degrees 
of freedom in the fit, and cl is the confidence level of the fit. 

particle dir mass fit range X:.!/dof cl 
run 1, isotropic 

7C' tz 0.80193(9) 6-12 6.6/5 0.25 

P tz 1.4245(36) 5-12 7.4/6 0.28 

P2 tz 1.5254(42) 3-12 3.0/6 0.81 
N tz 2.255(12) 5-12 6.7/6 0.35 
N tz 2.240(23) 5-12 5.7/4 0.22 

run 2, 6.6/11;z = 6.6/g~z = 0.1 
7C' t 0.81140(9) 6-12 5.4/5 0.37 
7C' z 0.80734(9) 6-12 14.7/5 0.01 

P t 1.3961(25) 5-12 3.2/6 0.79 

P z 1.3865(25) 5-12 6.4/6 0.38 

P2 t 1.4806(27) 3-12 7.5/6 0.27 

P2 z 1.4724(28) 3-12 5.1/6 0.53 
N t 2.2232(87) 5-12 22.1/6 0.001 
N t 2.1816(85) 4-12 6.7/5 0.25 
N z 2.1835(74) 5-12 8.0/6 0.24 
N z 2.1682(132) 4-12 6.8/5 0.24 

run 3, 6.6/g;z = 6.6/g~z = -0.1 
7C' t 0.79284(7) 6-12 2.1/5 0.84 
7C' z 0.79675(7) 6-12 4.3/5 0.51 

P t 1.4440(42) 5-12 5.0/6 0.54 

P z 1.4469(44) 5-12 1.6/6 0.95 

P2 t 1.5657(51) 3-12 6.6/6 0.36 

P2 z 1.5768(50) 3-12 8.8/6 0.19 
N t 2.3051(187) 5-12 2.0/6 0.92 
N z 2.3068(204 ) 5-12 3.5/6 0.74 
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Table 3.5: Kogut-Susskind masses - continued. 

particle dir mass fit range X
2

/ dof cl 
run 4, fl.~t = 0.1 

11" t 0.73190(8) 6-12 6.4/5 0.27 
11" z 0.81518(8) 6-12 4.6/5 0.46 

P t 1.3013(26) 5-12 2.4/6 0.88 

P z 1.4508(40) 5-12 7.6/6 0.27 

P2 t 1.3931(28) 3-12 11.2/6 0.08 

P2 z 1.5606(43) 3-12 5.7/6 0.46 
N t 2.0061(184) 6-12 3.5/5 0.62 
N t 2.0352(74) 4-12 2.9/5 0.72 
N z 2.2993(143) 5-12 12.2/6 0.06 
N z 2.2914(259) 4-12 12.1/5 0.03 

run 5, fl.~t = -0.1 
11" t 0.88599(9) 6-11 5.9/4 0.20 
11" z 0.78751(8) 6-12 3.7/5 0.60 

P t 1.5532(15) 3-12 11.9/8 0.15 

P z 1.3761(40) 5-12 3.2/4 0.53 

P2 t 1.6810(60) 3-12 10.9/6 0.09 

P2 z 1.4909(28) 3-12 5.6/6 0.47 
N t 2.4131(105) 3-12 16.3/6 0.01 
N t 2.4212(200) 5-12 16.4 0.01 
N z 2.1522(30) 3-12 4.6/6 0.60 
N z 2.1604(100) 4-12 3.7/5 0.60 
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Table 3.5: Kogut-Susskind masses - continued. 

particle dir mass fit range X2
/ dof cl 

run 6, l::l.6/!J:z = l::l.6/!J~z = -l::l.6/!J:t = -l::l.6/!J~t = 1.0 
7r t 0.82927(7) 6-11 4.7/4 0.32 
7r z 0.75264(7) 6-11 4.2/4 0.52 
p t 1.5362(16) 3-12 5.4/8 0.71 
p z 1.3924(36) 5-12 12.0/6 0.06 

P2 t 1.7102(49) 3-12 7.8/8 0.45 

P2 z 1.4861( 43) 3-12 12.4/6 0.05 
run 7, l::l.kt = -l::l.kz = 0.2 

7r t 0.64554(7) 6-12 3.3/5 0.65 
7r z 1.01790(8) 6-12 6.7/5 0.24 

P t 1.1083(14) 6-12 2.1/5 0.84 

P z 1.7891(21) 3-12 3.8/8 0.88 

P2 t 1.2274(32) 4-12 5.7/5 0.33 

P2 z 1.9612(61) 3-12 11.1/8 0.20 
run 8, l::l.6/!J;z = l::l.6/!J~z = 0.1 

7r t 0.6114(1) 3-12 5.8/6 0.45 
7r z 0.6074(1) 3-12 5.5/6 0.48 

P t 0.9809(38) 9-12 0.5/2 0.78 

P z 0.9684(35) 9-12 1.0/2 0.62 

P2 t 0.9886(28) 7-12 4.6/2 0.10 

P2 z 0.9836(26) 7-12 0.9/2 0.64 



91 

As before, the full covariance matrix of the propagator was used in the fitting 

procedure. For the isotropic lattice, propagators from both t and z directions were 

fit together to get a single value for the mass. This improved statistics in this 

case. Of course, when fit separately, the two directions gave the same mass within 

errors. The fit ranges used and goodness of each fit are detailed in Table (3.5). 

In Figs. (3.6-3.8) the masses from the first five simulations and the last 

simulation in Table (3.5) are shown. In each run the masses measured in the 

different directions are statistically different, except the p mass at 6/9;% = 5.25 

(Fig. 3.7a) and the P2 mass at 6/9;% = 5.57 (Fig. 3.8c). The changes appear 

linear in the couplings, except for the p mass at 6/92 = 5.35 which shows some 

nonlinearity (see Fig. 3.7). This is contrasted with the P2 which behaves quite 

linearly. For the anisotropic 6/92 simulations at 6/92 = 5.35, the 7T' mass actually 
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Figure 3.6: The 7T' mass as a function of anisotropic couplings. The t direction 
mass is given by the octagon and the z direction by the square. The symmetric 
point, 6/9;% = 5.35, is denoted by the diamond. 
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nonlinear behavior in the p masses ((a) and (c)). 
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increases with decreasing 6/11;z' At first glance this may seem surprising, since 

increasing 6/92 is equivalent to decreasing the lattice spacing, so observables in 

units of the lattice spacing should decrease also. This effect is also visible in data 

from the literature (see Table 2.1 and Fig. 3.14). The reason the 7r mass increases 

is that it is very sensitive to the quark mass. Since amq was held fixed as 6/11;z 
was increased, which reduced the lattice spacing, the physical quark mass actually 

increased. This change overwhelmed the change due to lattice spacing. 

The mass ratios for the various simulations are given in Table (3.6). The 

fact that m7r/mp at 6/92 = 5.35 increased over the isotropic value when 6/11;z 

and 6/11;z were increased is convincing evidence that the quark mass increased. It 

is emphasized that this variation in the physical quark mass caused by changing 

the gauge coupling is exactly the reason the fermionic couplings (or bare quark 

mass) have to be varied as well to keep physics invariant. At the weaker coupling 

(6/92 = 5.47) the 7r mass measured in the z direction is decreasing and appears to 

be near a maximum in the t direction (Fig. 3.8a). 

The ratios m7r/mp and m7r /m p2 are shown in Figs. (3.9-3.11). The main 

conclusion is the ratios changed symmetrically within errors. Despite the earlier 

Wilson results, this is surprising since the individual masses changed asymmetri

cally. In particular, the changes in the t direction masses for the asymmetric K, 

runs were between 10 and 20 percent. The symmetry could be a strong coupling 

artifact that goes away at weaker coupling. This was the reasoning behind running 

an additional simulation at 6/92 = 5.47 and amq = 0.05. But, as Fig. 3.10 shows, 

the symmetry persists at weaker coupling and smaller quark mass. 

The anisotropic gauge coupling masses and their ratios are linear in 6/11;z 

at the stronger coupling (at weaker coupling there is only one asymmetric point, so 

we can only assume they are linear). As before, the mass ratios changed by many 
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Figure 3.8: Masses as a function of anisotropic gauge coupling at 6/92 = 5.47 and 
amq = 0.05. (a) 7r mass, (b) p mass, and (c) P2 mass. The t direction mass is 
given by the octagon and the z direction by the square. The symmetric point, 
6/1/;% = 5.47, is denoted by the diamond and is from Ref [34]. Note the z direction 
7r mass is a decreasing function of 6/9;%, and flavor symmetry of the P states is 
mostly restored. 
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standard deviations, showing that the changes in couplings had a large effect. 

In contrast, the changes in fermion couplings had little effect on physics 

(i. e. mass ratios) despite having changed the masses by 10 to 20 percent. Except 

for m7r/mp at F. t = 0.9 where the ratios in each direction changed by the same 

amount within errors, the mass ratios do not differ statistically from the symmetric 

values. 

Table 3.6: Mass ratios measured in the t and z directions. The first column 
refers to the simulation in Table 3.2. Runs 1-7 correspond to 6/92 = 5.35 and 
amq = 0.1. Run 8 corresponds to 6/92 = 5.47 and amq = 0.05. The fourth and 
seventh columns give the 8 parameters defined in Eqs. 3.16 using amp and amp2 , 
respectively. For the purposes of this table, for runs 2-5 they are defined as the 
change from the symmetric value, or 1, i.e. using a one sided difference. In the 
text values are calculated using both anisotropic simulations to form a two sided 
difference. The errors are from a jackknife estimate using ten blocks. 

run (m7r/m p)t (m7r/m p)z 8{3,~ (m 7r /m p2 )t (m7r /m p2 )z 8{3,~ 
1 0.5631(19) 0.5631(19) - 0.5259(19) 0.5259(19) -
2 0.5813(11) 0.5822(10) -0.007(12) 0.5481(13) 0.5483(12) -0.0015(14) 
3 0.5489(11) 0.5506(16) 0.015(17) 0.5066(12) 0.5052(16) -0.013(22) 
4 0.5624(6) 0.5621(21) -0.005(38) 0.5254(17) 0.5227(12) -0.050(34) 
5 0.5704(7) 0.5721(18) -0.030(39) 0.5273(17) 0.5284(10) -0.020(30) 
6 0.5399(8) 0.5406(15) -0.0003(8) 0.4848(14) 0.5065(20) -0.011(1) 
7 0.5826(7) 0.5690(6) -0.059(3) 0.5259(11) 0.5182(16) -0.037(9) 
8 0.6233(26) 0.6259(24) -0.021(29) 0.6166(25) 0.6153(25) 0.010(20) 

As mentioned in section 3.3, two additional simulations with very large 

asymmetric changes in the couplings were run to estimate 8{3 and 8~, or the asym

metries in the mass ratios. These are also given in Table 3.6. Except for amp 

from the anisotropic gauge simulation, there is evidence for an asymmetry in the 

mass ratios. If there were no such asymmetry, Eq. 3.21 states that the mass ratios 

in each direction should be equal and change quadratically at leading order. In 
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each case the asymmetries are consistent with the earlier runs. In Figs. 3.12 and 

3.13 the mass ratios measured in the t and z directions are plotted against the 

corresponding anisotropic coupling, i.e. the mass ratio measured in the z direc

tion is plotted versus 6/1i;zekz). Fig. 3.12a indicates the changes in m7r/mp with 

respect to 6/g2 are indeed symmetric. There are two terms in Eq. 3.21 of order 

0(/:::.(6/1/)2, and they have opposite signs, so one cannot say a priori if m7r/mp 

should increase or decrease. Figs. 3.12b, 3.13a , and 3.13b show that the changes in 

m7r/mp with respect to fermion coupling and in m 7r /m p2 with respect to both cou

plings are not symmetric. However, one can not say whether this is due to mainly 

first order terms (which we want to know) or higher order terms in Eq. 3.21. For 

the k derivatives, the third order terms are suppressed by a factor of (0.2)3/31. 

For the gauge derivatives there is only the factorial suppression since /:::.(6/92
) = 1. 

We also note that the gauge simulations in particular are susceptible to finite size 

effects since two of the couplings were increased to 6.35 while the number of lattice 

sites in the x and y directions was just 12. 

3.4.2.2 derivatives 

In this section the derivatives of the masses with respect to coupling are analyzed. 

The full matrix M of derivatives is calculated for 6/g2 = 5.35. At 6/g2 = 5.47, 

only the anisotropic gauge derivatives are given. 

The matrix M can be calculated using either the p or P2 masses. Using 
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simulations 2-5 in Table (3.2), the result with mp is 

0.0992(15) 0.1733(15) -0.9547(12) 0.5181(22) 

Mp= 
0.1486(13) 0.1239(13) 0.1727(7) -0.6094(24) 

-0.320(26) -0.258(18) -0.884(10) 0.783(75) 
(3.33) 

-0.278(16) -0.299(20) 0.261(25) -0.362(47) 

and for m p2 , 

0.0992(15) 0.1733(15) -0.9547(12) 0.5181(22) 

Mp2 = 
0.1486(13) 0.1239(13) 0.1727(7) -0.6094(24) 

-0.514(22) -0.418(33) -0.9,36(24) 0.680(44) 
(3.34) 

-0.450(21) -0.482(15) 0.227(15) -0.483(42) 

The errors are a jackknife estimate using ten blocks. An estimate using eight blocks 

gave essentially the same results. 

The elements of M can be used to extrapolate the various masses in pa

rameter space as before. For 6/92 = 5.35 and amq = 0.1 we find, 

8(In( am1r )) 

3A1r + 3B1r = 0.2725(26), 
8(6/92

) 
-

8(ln(amp)) 
3Ap + 3Bp = -0.577(35), 

8(6/92 ) 
-

8(ln( amp2 )) 
3Ap2 + 3Bp2 = -0.932(32), 

8(6/92 ) 
-

8(In( am1r )) 

C1r + 3D1r = -0.4367(31), 
8(11:) -

8(ln(amp)) 
Cp +3Dp = -0.101(72), 

8(11:) -
8(ln( amp2 )) 

CP2 + 3Dp2 = -0.256(55), (3.35) 
8(11:) -
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and for 6/92 = 5.47 and amq = 0.05, 

8(ln( am1r ) ) 

3A1r + 3B1r = -0.054(35), 
8(6/92 ) 

-

8(ln(amp» 
3Ap + 3Bp = -1.83(30), 

8(6/92 ) 
-

8(ln( amp2 » 
3Ap2 + 3Bp2 = -1.79(13) 

8(6/92
) 

- (3.36) 

where the derivatives at 6/92 = 5.47 and amq = 0.05 were calculated from the 

anisotropic simulation, run 8, and an isotropic simulation from Ref. [34]. The 

slopes with respect to gauge coupling are compared to the known Kogut-Susskind 

spectrum in Fig. 3.14 (dashed lines), showing good agreement. Note that the 

derivatives of mp and m p2 with respect to 6/92 are different by almost a factor of 

two at 6/92 = 5.35 while the derivatives with respect to K: are different by more 

than a factor of two, though not statistically. This is because of flavor symmetry 

breaking by lattice artifacts (see Fig. 3.14). If flavor symmetry is to be restored at 

weaker coupling and smaller bare quark mass, these derivatives must not be equal. 

At 6/92 = 5.47 flavor symmetry is mostly restored for the vector mesons and their 

derivatives are equal within errors. 

Since there are no available spectrum runs at 6/92 = 5.35 around amq = 

0.1, a similar comparison can not be made for the derivatives with respect to 

K:. However, we can once again make use of the cold lattices used in measuring 

the equation of state where a3 ifi1jJ was obtained at various quark masses with 

6/ g2 = 5.35. To compare the anisotropic results to the isotropic ones, we use 

the same procedure as described in section 3.3.1. The result is shown in Fig. 3.15. 

The slope in a3ifi1jJ from Eq. 3.25 (dashed line) agrees with the measured data. 

The matrices Mp and MP2 have small eigenvalues >'p = -0.008(19) and 
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Figure 3.14: Kogut-Susskind spectrum as a function of 6/g2
• The different curves 

correspond to values of amq = 0.1 (squares), 0.05 (circles), 0.025 (pluses), and 0.01 
(crosses). The upper curves are the p masses and the corresponding lower curves 
are the 7r masses. A diamond indicates a P2 mass value. Slopes measured in the 
present study are shown by dashed lines. 
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Figure 3.15: a3 i[J'I/J as a function of amq at 6/92 = 5.35. The points are from 
Ref. [8] (see also chapter 4) except the one at amq = 0.1 which was measured in 
the present study. The slope shown by the dashed line was measured from the 
anisotropic k simulations and transformed to amq using Eq. 3.25. 
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Ap2 = 0.012(27), respectively. Mp has 0(3 = 0.004(10) and o~ = -0.018(30) while 

Mp2 has 0(3 = -0.007(15) and o~ = -0.035(26). Since Ap = Ap2 = 0 within errors, 

kIp and Mp2 are essentially singular, and the asymmetry coefficients can not be 

determined. 

The uncertainty in A stems mainly from the uncertainty in o{3. Its coeffi

cient is of order one, and the coefficient of o~ is two orders of magnitude less while 

0(3 and o~ differ by less than an order of magnitude. This was the motivation be

hind simulation 6 in Table 3.2. Using the p mass, a new estimate of o{3, -0.0003(8), 

was even closer to zero. For the P2, however, a nonzero estimate, -0.011(1), was 

obtained which agrees with the previous value within errors. To include the new 

information in Mp2 , A1I' and Ap2 are rewritten in terms of the improved 0(3 and the 

old B1I' and B p2 : 

(3.37) 

where o{3+ + = (Ap2 - BpJ + (A1I' - B1I') is also taken from simulation six. The new 

value of Ap2 is 0.019(3), so Mp2 is no longer singular. However, it happens that CT 

and Cu strongly depend on o~ which was not known accurately from simulations 

four and five. Therefore, simulation seven was run to measure o~ accurately. Using 

m p2 , o~ = -0.037(9) which also agrees with the earlier value. The final estimate 

of Ap2 is 0.019(2). Of course, BT and Bu depend in a similar way on 0(3, so they 

were improved when Ap2 was improved initially. o~ is included in MP2 in a similar 

fashion by taking 

O~+ - o~ + D 
C1l' - 2 11" 
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(3.38) 

0.1005(14) 0.1733(15) -0.9657(7) 0.5181(22) 

Mp2 = 
0.1490(14) 0.1248(14) 0.1727(7) -0.6204(22) 

(3.39) 
-0.524(32) -0.418(33) -0.949(18) 0.680(44) 

-0.453(33) -0.488(32) 0.227(15) -0.496(47) 

The situation remains much less improved for the p case. Since the new 

value of 8{J decreased by an order of magnitude, Ap is now affected by 8" also. Using 

the improved values of both, Ap = -0.0017(14) which is an order of magnitude 

smaller than Ap2 and has the opposite sign. Conservatively, the error estimates 

could be off by as much as 20%, so Ap should still be considered zero within errors. 

The final result for Mp is 

0.1005(14) 0.1733(15) -0.9657(7) 0.5181(22) 

Mp= 
0.1490(14) 0.1248(14) 0.1727(7) -0.6204(22) 

(3.40) 
-0.331(17) -0.258(18) -0.936(25) 0.783(75) 

-0.282(18) -0.307(17) 0.261(25) -0.414(75) 

The improvements in 8{J and 8" do not change the symmetric derivatives 

discussed above outside of errors. 

3.4.3 asymmetry coefficients 

The asymmetry coefficients are obtained by inverting M. In light of the discussion 

in the previous section, the inversion of Mp will be problematic, so let us begin 
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with M p2 ' The result using the improved Mp2 is 

BT -1.323(24), 

Bq - -0.377(24), 

CT - 0.71(26), 

Cu - -0.89(24). (3.41) 

The errors are from a jackknife estimate using ten blocks. The above results contain 

naive dimensional scaling as well as quantum mechanical effects. The changes 

attributed to quantum corrections, or nontrivial renormalizations, are found by 

differentiating both sides of Eqs. 3.3 with respect to aJ1 and all: 

BT = BT + Kt = -0.323(24), 

Bu = Bu = -0.377(24), 

CT - 2 = CT + 6/9st = 6.06(26), 

Cq - 2 = Cq - 6/9ss = -6.24(24). (3.42) 

CT and Cu have been calculated to one loop order in perturbation theory for 

massless fermions [29, 30]: 

CTPert _ 0.838576, 

Cupert _ -1.2059. (3.43) 

To compare values, the factor of six coming from the normalization of the bare 

coupling in the lattice action and a minus sign coming from differentiation with 

respect to lattice spacing instead of the asymmetry factor, e = as/at, have been 
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included in c/ert and Cupert. The nonperturbative results are much larger. In fact, 

we see that aT and au have the opposite signs from naive expectations (c.J. the f3 

function), and to eventually match the perturbative values they would have to pass 

through zero which seems unlikely. In addition, a nonperturbative (6/g 2 :::::: 5.7) 

pure gauge measurement of the asymmetry coefficients found aT = -2.86 and 

au = 2.44 [3] which also have opposite signs. One possibility is that the value of of3 

measured in simulation 6 is not correct. This value is suspect because of finite size 

effects associated with the large values of 6/!/;z = 6/11;z = 6.35 and the relatively 

small spatial extent of the lattice in the x and y directions (N:z; = Ny = 12). Also 

of3 from this simulation is given by an expansion with expansion parameter equal 

to one. Switching only the sign of of3 changes the signs of aT and au' 

Bu-BT has also been calculated to one loop order for massless fermions [30], 

(3.44) 

Our value is Bu - BT = -0.054(21) which is almost zero compared to the pertur

bative result and has the opposite sign. 

The asymmetry coefficients using the p mass are essentially undetermined. 

Inverting Mp from Eq. 3.40 gives 

BT = BT + ~t = 0.65(1.46), 

Bu = Bu = -0.83(45), 

CT - 2 = CT + 6/gs! = -10.8(22.4), 

Cu - 2 = Cu - 6/gs8 = 10.3(22.4). (3.45) 

All of the coefficients except Bq are zero within very large errors. The 
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inversion of Mp is still unstable due to its small eigenvalue. 

Despite these difficulties, following the discussion in section 3.2, we can 

still calculate the f3 function from Eq. 3.17 since it does not depend on the 8 

parameters. Using only runs 2-5, we find 

8(6/g2
) 

-1.20(34), 
8In(a) -

8(amq) 
0.304(20) 

8In(a) 
- (3.46) 

for the p, and 

8(6/g2
) 

-0.38(25), 
8In(a) 

-

8(amq) 
0.253(8) 

8In(a) - (3.4 7) 

for the P2' We used Eq. 3.2 to convert the derivative of K, to amq. These are the 

values listed in Table 2.2 in chapter 2. As mentioned earlier, the large discrepancy 

between the gauge parts of the f3 function calculated using amp and amp2 is due 

to flavor symmetry breaking which is large at this coupling and quark mass (see 

Eqs. 3.35 and 3.36 and the following discussion). 

3.5 Conclusion 

In this chapter we have reviewed a series of anisotropic simulations used to com

pute the asymmetry coefficients. Both Wilson and Kogut-Susskind fermions were 

used, and both exhibited the remarkable property that ratios of masses measured 

in different directions were equal (within errors). For the Kogut-Susskind case, 

this happened despite large asymmetric changes in the masses themselves. This 
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persistence of symmetric ratios renders the asymmetry coefficients undetermined. 

After a set of simulations with very large changes in the couplings were run, we 

managed to compute values for the asymmetry coefficients using the mass of the 

P2, but not the p. However, the asymmetry coefficients calculated using these 

simulations had opposite signs than expected. Since the results strongly depend 

on particular observables and rely on simulations where finite size effects may be 

large, we can not make any firm conclusions. We are left with two possibilities. 

The splittings in the mass ratios on anisotropic lattices may be real but 

small. In this case they were overwhelmed by statistical noise and obscured by 

lattice artifacts. Recall, the important quantity for the asymmetry coefficients 

is the ratio of splittings corresponding to the gauge and fermion couplings. For 

the Wilson quark simulations the anisotropy in the couplings was quite small (~ 

1%), so the splitting could easily have been overwhelmed by statistical error. The 

difference in results for the p and p2 indicates lattice spacing effects are significant, 

making it difficult to disentangle physical results which rely on scaling. Thus we 

should push towards smaller lattice spacing where scaling is likely to alleviate these 

difficulties. We note, in this case the asymmetry coefficients will remain difficult 

to measure with the present computer resources. 

It may be that some as yet unknown symmetry mechanism is responsible 

for preserving the rotational invariance of long distance physical observables despite 

the underlying asymmetric lattice. At the smallest lattice spacing investigated here 

the p and P2 were essentially degenerate, yet the mass ratios measured in different 

directions on the anisotropic lattice were again equal within errors. 
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Chapter 4 

APPLICATIONS TO 

THERMODYNAMICS 

4.1 Introduction 

Lattice simulations have predicted a transition to a possible new state of matter 

at some finite critical temperature (and/or chemical potential). The new state, 

called the quark-gluon plasma (QGP), is characterized by deconfinement of quarks 

and gluons as well as the restoration of chiral symmetry. Thus, the equation 

of state for QeD is of great interest. These predictions have in turn prompted 

experimental and phenomenological investigations of strongly interacting matter at 

nonzero temperature. The equation of state is necessary to understand the possible 

formation of the QGP in the aftermath of heavy ion collision experiments. In 

particular, experimentalists need to know whether the energy density of the initial 

fireball is large enough to produce the QGP. The equation of state is required 

to model the hydrodynamical evolution of the hot, dense matter created in such 

collisions. Finally, presumably at some stage the early universe was above the 
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critical temperature and so may have been in the QGP phase. Thus cosmologists 

studying the evolution of the early universe need to know the equation of state for 

QeD, too. 

In previous chapters it was noted that thermodynamic quantities depend 

on derivatives of the couplings. We show this dependence by finding the operator 

forms of the equilibrium energy density and pressure which depend on the asym

metry coefficients. The energy density and pressure form the thermal equation 

of state. We also give the expression for the interaction measure which depends 

only on the f3 function. The interaction measure and either the pressure or energy 

density also give the equation of state. 

While lattice simulations have established the general character of the 

QeD phase diagram (although important aspects remain unknown), quantitative 

results for the equation of state have been lacking, in part, due to the absence of 

knowledge of the asymmetry coefficients and the f3 function. The calculation of the 

f3 function from chapter 2 along with the so called integral method [38,39] allows us 

to calculate from first principles the fully nonperturbative equation of state for two 

flavor QeD, albeit at large lattice spacing. We have recently simulated a large set 

of configurations corresponding to the thermal crossover region on Nt = 4 lattices. 

We use these configurations (along with the f3 function) to calculate the interaction 

measure and (from the integral method which does not require the derivatives of 

the couplings) the pressure. Much of this work was recently reported elsewhere [8]. 

Finally, we use the equation of state and the f3 function to compute the speed of 

sound. 
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4.2 Theory 

For a system in thermodynamic equilibrium, the energy density and pressure are 

defined by derivatives of the partition function Z, 

and 

1 8 log Z 
e = -V 8(1/T) 

_ T810gZ 
p- 8V 

(4.1) 

(4.2) 

where T is the temperature of the system and V the spatial volume. The inverse 

temperature is identified as the Euclidean time, T-l = atNt on the lattice, and V = 

(asNs)3 where at(as) is the temporal (spatial) lattice spacing, and Nt(Ns) is the 

number of lattice sites in the temporal (spatial) direction. Thus the temperature 

and volume change when the lattice spacings, number of lattice sites, or both are 

varied. The operator expressions for the energy density and pressure result from 

straightforward differentiation of the partition function with respect to at and as. 

Carrying out the differentiation for the action given by Eqs. 1.10 and 3.1, and 

using the purely quantum definitions of the asymmetry coefficients, for two flavors 

of Kogut-Susskind fermions we find, 

€ a4 
9 - ((6/ l) (ost - oss) - Cuoss - CTOst) , 

pg a4 - ~ ((6/92
) (ost - oss) + CT(ost + 2oss ) + Cu(2ost + oss)) , 

€Ja4 - - (Re Tre (!((BT -1)QJt + Bu ~QJi)))' 

pJa4 - H Re Tr, (!CCBd 2Ba -1) ~QJi + 3BaQJ,))) (4.3) 
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where Dst,ss is the average space-time or space-space plaquette. (Dst,ss) means 

average over sites and configurations as well. Similarly, (IfJJ.L) is the average Dirac 

operator. In our case, the trace is over even sites, but identical expressions re-

suIt if M is used in the action instead of (Mt M)even. Similar results which differ 

by factors of two hold for two flavors of Wilson fermions. For convenience, the 

energy and pressure are separated into "gauge" and "fermionic" contributions cor-

responding to derivatives of the first of Eqs. 3.1 and Eq. 1.10. The asymmetry 

coefficients naturally appear as a result of differentiating the action. In the above 

we have assumed Euclidean invariance after differentiating; thus, derivatives of the 

couplings are collected into the asymmetry coefficients as in Eq. 3.5, and we set 

6/g~v = 6/g2
, KJ.L = 1.0. 

The interaction measure, e - 3p, is given by 

I __ ~ 810gZ _ 3T810gZ 
V 8(I/T) 8V ' 

or explicitly for two flavors of Kogut-Susskind fermions, 

where 

1 8 8 1 8 In(Z) 
-NN3(at -8 +as -8 )logZ = -NN3-=-8~1 ~ 

t s at as t s og a 

_ (8(6/g2 ) () 8(amq ) ( 3.7..,.)) 
8ln(a) 0 + 8ln(a) a 'f''f' , 

1 8 In(Z) 
- NtNt 8(amq ) 

- 2 Re(Tre(M)-l) , 

(4.4) 

(4.5) 

(4.6) 

and 0 = Dst + Dss. Since the derivatives with respect to lattice spacing appear 
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symmetrically in Eq. 4.5, I depends only on the f3 function. Here we took ad

vantage of the fact that changing amq at fixed kll is equivalent to varying all the 

kJ.l symmetrically at fixed amq • Alternatively, the interaction measure is obtained 

from the expressions for the energy and pressure given in Eqs. 4.3, 

First note that the terms proportional to the plaquette in Eqs. 4.5 and 4.7 are the 

same since 2(o.T + CO') is just the gauge part of the f3 function (by Eq. 3.12). The 

fermionic pieces in the two expressions differ only by a temperature independent 

constant. To see this, add and subtract 2amq to the fermionic piece in Eq. 4.7 and 

set 

(H,. + 3BO' - 1) 
8k -1 8(amq ) 

- 8In(a) = amq 8In(a) , (4.8) 

where we have used Eqs. 3.13 and 3.2, respectively. For the fermionic part there 

results 

-Re\Tr, (a~q ~(~7;; ~(-2amq +M))) -
(

8(amq ) ( 3 - ) -1) 
- 8In(a) a 'l/J'l/J - amq , (4.9) 

which is the same as the fermionic contribution in Eq. 4.5 up to a temperature 

independent constant. 

The energy, pressure, and interaction measure are ultraviolet divergent 

and require vacuum subtractions. On the lattice this is done by subtracting the 

identical quantities measured on a symmetric lattice, Nt = N s , from the values 
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measured on the nonzero temperature lattice, Nt « Ns • Thus expressions that 

differ by a constant, as above, are equivalent for the observable, or vacuum sub

tracted, quantities. 

Generally, the speed of sound of a relativistic system in thermodynamic 

equilibrium is defined from the relation [41] 

2 _ Bp de dp 
Cs = Be = dTdT' (4.10) 

where e is the energy density and p the pressure. After some algebra, the derivatives 

with respect to temperature can be written as [42], 

( 4.11) 

Eq. 4.11 is readily applied to our data which is a function of the bare parameters. 

If the system obeys the Stephen-Boltzmann law, the derivative terms vanish, and 

Eq. 4.11 reduces to the result for a relativistic perfect fluid (or massless free field), 

Be / Bp = 3, as expected. 

4.3 Results 

In this section we give some details of our recent calculation of the equation of 

state of two flavor QeD on Nt = 4 lattices. Because of the difficulty encountered 

in determining the asymmetry coefficients, we resort to the interaction measure and 

pressure from the integral method. However, at the point 6/92 = 5.35, amq = 0.1, 

where the asymmetry coefficients were estimated, we also evaluate the operator 

expressions for the energy and pressure. As the calculation of pressure does not 
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involve the coupling derivatives, we simply restate those results from reference [8] 

and concentrate on the interaction measure. 

4.3.1 simulations 

We performed simulations with the parameter values displayed in Fig. 4.1 which 

correspond to the two flavor QeD thermal phase transition, or crossover, for Nt = 4 

lattices. The location of the crossover, determined previously [20, 40], is also 

displayed in the figure. At each point runs were made on both hot (Nt = 4) 

and cold (Nt = Ns) lattices. For 6/92 ~ 5.45 we used either Ns = 8 or 12. For 

5.45 < 6/92 < 5.69 we used Ns = 12, and for 6/92 = 5.77 we used Ns = 16. On the 

cold lattices we performed about 800 trajectories plus 100 warmup trajectories, on 

the hot runs about 1600 plus 100 warmup trajectories. 

The simulations were made using the R algorithm discussed in chapter 2, 

so they are subject to step size errors. We found that these are not the same for the 

hot and cold runs. In cold lattices the effect was much more pronounced. Thus it is 

not safe to subtract the results of cold and hot lattices without making sure that the 

step size errors are under control, which increases the workload considerably. For 

most of the simulations we used step size 6.t = 0.03, which was sufficiently small 

so that step size effects were overwhelmed by statistical errors. At amq = 0.025, 

however, the step size errors were noticeable, so we performed addi tional runs at 

Ilt = 0.02. Below we show the step size errors are linear in (Ilt? for these values of 

the step size; thus we were able to extrapolate the results to (Ilt? = 0, eliminating 

the step size errors. 
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Figure 4.1: The bare parameters of the nonzero temperature simulations used 
to calculate the Nt = 4 equation of state. The plot symbols indicate the step 
size used, where the cross is D..t = 0.01, the squares 0.02, the octagons 0.03, the 
diamonds 0.04 and the pluses 0.05. Some points have runs with several step sizes. 
The pluses connected by the solid line show estimates for the phase transition or 
crossover region for Nt = 4[20, 40]. 
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4.3.2 step size errors 

Since we found the step size errors in observables to be significant, the same order 

of magnitude as the difference in observables on hot and cold lattices in some cases, 

we devote a section to explaining their removal from physical quantities. 

It can be shown that the leading error in observables produced by the R 

algorithm is proportional to (~t)2 [1]. In Figs. 4.2 and 4.3 the average plaquette 

and a3i{J'l/; are displayed for various values of (~t)2 for amq = 0.1 and 0.025. There 

are several points to note. 

First, the dependence on (~t)2 is much more pronounced for the smaller 

quark mass, amq = 0.025. In fact, the only statistically significant point at amq = 

0.1 is the uppermost cold lattice ({3 = 5.39). In addition, the hot and cold lattices 

follow the same trend, so the difference in hot and cold plaquettes, which is the 

physically relevant observable, is not statistically different. Thus for amq = 0.1, 

we simply use the values of observables at ~t = 0.03 without any extrapolation, 

and henceforth we concern ourselves with amq = 0.025. 

Figs. 4.2b and 4.3b show the step size error in the cold observables is 

much larger than the corresponding hot observables. Had the errors been the 

same, they would have been eliminated in the final results by vacuum subtraction. 

Furthermore, running with a smaller step size eventually becomes too costly, thus 

we are left with the solution of elimination by extrapolation. Only two step size 

runs are needed to extrapolate if they are in the regime where the errors are 

linear in (~t)2. This can be checked by running with several different step sizes 

at a few representative points in parameter space. We ran several simulations at 

6/g2 = 5.27, 5.35, and 5.45. The onset of linear dependence on (~t)2 is clearly a 

function of 6/g2 (see Figs. 4.2b and 4.3b). As 6/g2 increases, the linear behavior 
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extends further in (.6.t)2. At 6/92 = 5.35 we find, for .6.t < 0.03, a linear fit to 

the hot plaquette gives X2 = 0.21 with one degree of freedom while for the cold 

lattice a linear fit gives X2 = 0.003. For a3ifi1f; we find X2 = 0.20 and X2 = 0.014 

for the hot and cold lattices, respectively. Similar findings hold at 6/92 = 5.45 for 

.6.t < 0.04. For 6/92 = 5.27 we simply assume linear behavior for the smallest two 

step sizes. 

With the exception of the hot observables very close to the transition, 

Figs. 4.2b and 4.3b show that the step size dependence varies gradually as a func

tion of 6/92 , so we make the following assumptions. First, for 5.35 < 6/92 < 5.45, 

linear behavior is valid for .6.t < 0.03, and for 6/92 > 5.45 linear behavior is valid 

for .6.t < 0.04. Furthermore, linear extrapolation using the slopes at 5.35 and 5.45 

leads to opposite sign slopes for the cold observables at 5.53, so we take these 

slopes to be zero at 6/92 = 5.53. Finally, we linearly interpolate the slopes for 

5.27 < 6/92 < 5.35 to calculate the zero step size observables on the cold lattices 

and use the values at .6.t = 0.02 and 0.03 to extrapolate the hot observables. 

The hot observables near the transition may suffer large step size effects. 

This is evident from Figs. 4.2b and 4.3b where the slope with respect to (.6.t)2 at 

6/92 = 5.29 increases dramatically. This is understood as the randomizing effect of 

the step size error: the error tends to randomize the lattice configurations and thus 

pushes the system towards the cold phase. At the crossover where observables are 

changing rapidly, this can be a large effect. In other words, the step size dependence 

at 6/92 = 5.29 is most likely not linear, the net effect being a slight smoothing of 

the transition. 

Finally, we remark that, in general, the relative step size effects are greater 

in the plaquette than in a3ifi1f; after vacuum subtraction. 
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Figure 4.2: The hot (octagons) and cold (squares) plaquette as a function of (Dot? 
and 6/92 (increasing from 5.25 at the bottom to 5.53 at the top) at amq = 0.1 (a) 
and amq = 0.025 (b). The results for amq = 0.1 are not statistically different and 
physical observables are calculated directly from the Dot = 0.02 (if available) or 
Dot = 0.03 results. Physical observables at amq = 0.025 are calculated from data 
that is linearly extrapolated to (Dot)2 = 0 (bursts). The points at 6/92 = 5.27, 
5.35, and 5.45 show that linear dependence on (Dot)2) sets in at successively larger 
Dot as 6/92 increases. The solid lines simply connect the points to aid the eye; they 
are not fits. 
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Figure 4.3: The same as Fig. 4.2, but for a3ifi'lj;. Here 6/ g2 increases from top to 
bottom. The same conclusions hold as in Fig. 4.2. 
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4.3.3 interaction measure 

The interaction measure was determined from the operator expression, Eq. 4.5, at 

points in Fig. 4.1 with amq < 0.1 and 6/g2 < 5.53, except the point at amq = 0.1 

and 6/g2 = 5.53 which was also excluded. The fits described in chapter 2 used 

to obtain the f3 function break down for points with heavy quark mass and weak 

coupling (see Fig. 2.4). The f3 function from FIT 1 was used at all points. 

The interaction measure is shown in Fig. 4.4 for lines of constant amq • In 

the figure we multiply the result from Eq. 4.5 by Nt, or normalize by a factor of 

T4. Due to vacuum subtraction, the interaction measure starts off near zero in the 

cold phase. It then shoots up rapidly in the crossover region and decreases as 6/g2 , 

hence temperature, increases. This is expected since the energy should rise rapidly 

(discontinuously for a first order transition) through the crossover region while the 

pressure must increase smoothly. Eventually, the pressure catches up with energy, 

and the interaction measure decreases. At high temperature the quarks and gluons 

are expected to behave as free particles, in which case I ~ O. The error bars in 

Fig. 4.4 include the correlated errors on the two components of the f3 function. 

To obtain the interaction measure at zero quark mass, which is closer to 

our physical world, we can use the simulations along lines of constant 6/ g2 to 

extrapolate the plaquette to amq = O. Recall that the bare quark mass component 

of the f3 function is zero at amq = 0, so there is no contribution to I from a3 i{J.,p 

at zero quark mass. The gauge coupling component of the f3 function was already 

extrapolated to amq = 0 in chapter 2. 

The hot and cold plaquettes as a function of amq are displayed in Fig. 4.5. 

The hot and cold curves merge at large amq, or in the cold phase. The quark mass is 

an explicit chiral symmetry breaking field. Since chiral symmetry is spontaneously 
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Figure 4.4: The interaction measure as a function of 6/92
• The diamonds are 

for amq = 0.025, the squares for amq = 0.095, and the octagons for amq = 0.1. 
Decreasing amq reduces the lattice spacing, or increases the temperature. Thus 
the transition shifts to the left as amq is reduced. 
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broken in the vacuum, we may expect discontinuous behavior at amq = O. At high 

temperature this symmetry is restored, and we expect smooth behavior as amq 

passes through zero. This is seen in Fig. 4.5. At 6/92 = 5.45, the cold plaquette was 

fit to a straight line for amq < 0.15 (X 2 = 2.1 with two degrees of freedom) while 

the hot plaquette was fit to a parabola centered at amq = 0 for amq < 0.2 (X2 = 4.3 

for three degrees of freedom). At 6/92 = 5.35 we performed similar fits, using only 

data at amq = 0.025 and 0.05, or with zero degrees of freedom. For the weakest 

coupling line, 6/92 = 5.53, the situation is less satisfactory. After extrapolation to 

zero step size, the hot plaquette at amq = 0.025 dips below the amq = 0.05 result, 

and the cold plaquette does not appear linear for small amq • We note that our 

step size extrapolations are somewhat uncertain here since only two (large) step 

size simulations were run on the hot lattice and only one on the cold. Following 

the same fitting procedure, we find X2 :::::: 10 on both lattices. Thus, while the zero 

quark mass extrapolations at 6/92 = 5.53 should be taken less confidently, happily 

the interaction measure here is small regardless of either step size or quark mass 

extrapolations. In Fig. 4.5 we show the amq = 0 extrapolations of the plaquette. 

Using the results and Table 2.2 for the f3 function, we find I/T4 = 3.14{1.77) at 

6/92 = 5.35, I/T4 = 1.46(35) at 6/92 = 5.45, and I/T4 = 1.06(11) at 6/92 = 5.53. 

Note, from Fig. 2.4 it is evident that extrapolating to amq = 0 at fixed 6/92 

increases the temperature. 

4.3.4 equation of state 

The energy density is found by combining the interaction measure and the pressure 

(from reference [8]). The result, together with the pressure, gives the thermal 

equation of state. The results are plotted as a function of 6/92 in Fig. 4.6 and 
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Figure 4.5: Quark mass dependence of the hot (octagons) and cold (squares) pla
quettes at (a) 6/92 = 5.35, (b) 6/92 = 5.45 and (c) 6/92 = 5.53. The points at 
amq = 0.025 are the extrapolations to (..6.t)2 = 0, and the bursts are extrapolations 
from linear (cold) and parabolic (hot) fits. Note, the parabolic fits are constrained 
to zero slope at amq = O. The fits to the 6/92 = 5.53 hot data have large X2
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then versus temperature in Fig. 4.7 by using FIT 1 to convert 6/g2 to temperature 

(divide a-I by Nt to get temperature). It is important to remember that the bare 

quark mass, amq , is fixed while the physical quark mass varies in these figures. We 

simply do not have enough data to extrapolate all the results to the physical value 

of the quark mass. However, below we do extrapolate to the (almost) physical line, 

amq = 0, at each of the three values of 6/g2 where we ran a series of quark mass 

simulations. The curves in Fig. 4.6 and 4.7 correspond to m7r/mp r::::: 0.3 - 0.6 

and m7r/mp r::::: 0.5 - 0.6 for amq = 0.025 and 0.1, respectively. They contain 

interesting features and quantitative data relevant to the physical thermal phase 

transition. In both cases the energy shoots up rapidly while the pressure rises 

much more slowly (p is multiplied by three in the figure). Just after the transition 

we find e/T4 ~ 20. For amq = 0.025 the energy dips after the transition and then 

more or less levels off. This leveling off can not be verified at amq = 0.1 since 

our f3 function (from both FIT 1 and FIT 2) breaks down at large 6/ g2 and amq• 

However, the downward part of the dip is evident. 

The extrapolations of the interaction measure to zero (almost physical) 

quark mass described in the last section are combined with corresponding extrap

olations of the pressure to yield the physical equation of state. This is also shown 

in Fig. 4.7. The energy is closer to three times the pressure than for either of 

the constant amq curves, as expected, since the extrapolated points correspond to 

higher temperatures. Furthermore, at high temperature they approach the Stefan

Boltzmann law for a finite lattice (see below). Overall, the zero quark mass results 

indicate a weakly interacting quark-gluon plasma. 

Finally, we remark on the location of the transition. As a function of amq , 

the transition for each curve is well separated in 6/g2 • However, as a function of 

the temperature, the two curves should roughly coincide since they correspond to 
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about the same range of m1r/mp. This is indeed born out in Fig. 4.7. In addition, 

neglecting the effect of the physical quark mass, the two curves give some indication 

of the finite lattice spacing effects for Nt = 4 since the amq = 0.1 data have a larger 

lattice spacing. From FIT 1 we see a-I is roughly l?etween 0.5 and 0.6 and 0.6 and 

1.0 for the amq = 0.1 and 0.025 curves, respectively. From Fig. 4.7, the transition 

temperature is roughly 0.14-0.15 GeV. 

In chapter 3, the asymmetry coefficients were found at 6/ g2 = 5.35 and 

amq = 0.1. While the strong flavor symmetry breaking observed there casts some 

suspicion on the uniqueness, and therefore validity, of the result, it is interesting to 

compute the energy and pressure from the operator expressions, Eqs. 4.3. Plugging 

in Eqs. 3.42, we find e/T4 = 7.65{1.28) and p/T4 = 1.37(21) compared to 3.48(78) 

and 0.31(4) from the previous method. To be consistent, the interaction measure 

was recomputed using the asymmetry coefficient sum rules to obtain the {3 function, 

so the discrepancy is really between the pressure values. It appears the scaling 

violations at these parameter values are too large to give consistent results. 

The largest systematic error in our thermodynamic calculations comes 

from the fact that Nt = 4 lattices contain only a few of the Matsubara frequencies 

(Fourier modes in the Euclidean time direction) in the partition function. One can 

estimate the effect of this by comparing the finite Nt free field theory results to 

continuum results. The Boltzmann law for massless quarks in the continuum gives 

e 7r2 

- = -(16 + 21) = 121725 T4 30 .. (4.12) 

For free Kogut-Susskind quarks on a 123 x 4 lattice at amq = 0.025, the energy is 

2 
egluon ( ). 7r ----r:t Nt = 4, Ns = 12 = 1.46 30 16 
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Figure 4.6: The equation of state for two flavor QeD as a function of 6/g2• The 
energy density is obtained from the interaction measure and the pressure. The 
pressure is multiplied by a factor of three for comparison. The octagons are for 
amq = 0.025 and the squares are for amq = 0.1. The errors contain the uncertainty 
in the {3 function. The energy at amq = 0.1 could not be computed at higher 6/92 

because of the lack of a reliable {3 function. 
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Figure 4.7: The equation of state for two flavor QeD as a function of temperature. 
The temperature is calculated from amp and assuming mp = 0.770 Ge V. The 
energy density is obtained from the interaction measure and the pressure. The 
lower curves are three times the pressure. The octagons are for amq = 0.025 
and the squares are for ama = 0.1. The errors contain the uncertainty in the (:J 
function. The amq = 0.1 energy could not be computed at higher 6/92 because 
of the lack of a reliable (:J function. The pressure curve for this case lies almost 
on top of the energy curve for amq = 0.025 and is easily overlooked. The bursts 
are extrapolations of the data along lines of constant 6/92 to amq = o. At high 
temperature they approach the Nt = 4 Stephen-Boltzmann law for noninteracting 
particles on a finite lattice, the solid line gives the continuum value). 
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(4.13) 

giving cjT4 = 18.1. This is close to the high temperature value we measured (see 

Fig. 4.7). 

4.3.5 speed of sound 

With the equation of state in hand, we can use Eq. 4.11 to obtain the inverse 

speed of sound squared, C;2. To compute the derivatives with respect to amq , we 

ran an additional line of simulations at amq = 0.095, along which the energy and 

pressure were calculated just as before. The result for C;2 is shown in Fig. 4.8 

where the error bars are from a jackknife estimate and do not include the error 

on the f3 function which is small compared to the errors in the derivatives of the 

energy. We find a sharply peaked function around the transition. At a first order 

phase transition, 8cj8p is undefined since the pressure is equal on either side of 

a phase transition, while the change in the energy is nonzero. Thus even for a 

crossover we expect the change in energy to be steeper than for the pressure. 

Below the transition the speed of sound is nonzero, but drops rapidly to zero at 

the transition. After the transition the speed of sound increases again. Our result 

eventually extends below the massless free field result, 8cj8p = 3, to zero (within 

errors). This point corresponds to the place where 8(ca4 )j8(6jg2) is negative, just 

after the transition (see Fig. 4.6). Both derivative terms in Eq. 4.11 are negative 

and cancel the contribution from the energy. While there is no physical reason 

that C;2 should not be less than three, we hesitate to draw conclusions about the 

speed of sound here since the energy near the transition may suffer from finite size 

and step size effects, i.e. the peak in the energy after the transition. 
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Carrying out the derivative with respect to 6/92 using the points that were 

extrapolated to zero quark mass and setting the quark mass derivative to zero, we 

find C;2 = 3.4(2) at 6/92 = 5.45 and c;2 = 3.2(1) at 6/92 = 5.53, where the error 

estimates are calculated entirely from the derivative contribution. These results 

are consistent with those for massless noninteracting particles, as expected, since 

e :::::: 3p in this region (see Fig. 4.7). The results are also shown in Fig. 4.8. 

4.4 Conclusion 

We have used the f3 function to determine the interaction measure which yields the 

energy density when the pressure is known. Together with the integral method to 

determine the pressure, this forms an effective method of calculating the thermal 

equation of state. For the present it is probably the most efficient method since two 

simulations with large Nt are required to calculate the energy by varying Nt, and 

severe difficulties remain in determining the asymmetry coefficients. Even if they 

were calculable, an enormous computational effort would be required to establish 

them over the relevant region of the phase diagram. 

For the first time we were able to calculate the fully nonperturbative equa

tion of state for two flavor QCD, although with a large lattice spacing, a = 1/(4T). 

The lattice spacing used here may have a large effect on thermodynamics, and fla

vor symmetry is broken. We are currently pursuing this project at lattice spacing 

a = 1/(6T) which should lessen these effects. Fortunately, the f3 function given in 

chapter 2 is relevant for this calculation as well. 
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Figure 4.8: The inverse speed of sound squared calculated from Eq. 4.11 for amq = 
0.095 - 0.1 (octagons) and extrapolations to amq = 0.0 (bursts). The inverse 
speed of sound is sharply peaked around the transition. At higher temperatures, 
it approaches the massless free field result (dashed line). 
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