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ABSTRACT 

An efficient and economical method is proposed to mitigate fatigue and fracture 

damage of steel infrastructure using information from nondestructive inspections and 

maintenance. In spite of improvements in the design of fatigue-sensitive structures, 

periodic nondestructive inspections are still required by the profession to ensure an 

acceptable level of structural integrity. A linear elastic fracture mechanics-based 

reliability model is proposed which incorporates uncertainties from many different 

sources, including uncertainty in the results obtained from the nondestructive inspections. 

The model updating technique has been used in this study to obtain the updated 

information about random variables and underlying reliability index. Furthermore, the 

updated information on the target reliability has been used as a decision making tool as 

what to do next, in terms of whether to do nothing, reschedule the next inspection at an 

earlier date, or repair or replace the structure immediately. Also, a strategy is proposed 

for estimating the optimal time interval to the next inspection. 

Since more than one fatigue sensitive structural detail is expected to be present in 

a real structure, the method has been extended to consider system reliability problems. 

The use of system reliability to mitigate fatigue risk management is also explored. The 

entire procedure has been extended to consider the reliability and maintainability due to 

the deformation-induced fatigue as well as low cycle fatigue. 

The potential application of the method is demonstrated with the help of examples 

of steel highway bridges. 



1.1 Problcm Dcscription 

CHAPTER ONE 

INTRODUCTION 

22 

The rehabilitation, maintenance and engineering management of existing structures 

is becoming an urgent issue facing our profession. This is particularly important for 

existing structures which have been subjected to repeated loadings in the past and have 

aged and degraded with time, and whose design lives have already been exceeded or are 

about to expire. Most of them were designed several decades ago, when design 

requirements did not meet current standards. 

Some of the most important failure modes for this type of structure can be 

classified as: (1) strength failure, including fracture due to overload or excessive plastic 

deformation; (2) serviceability failure, such as excessive vibration under service load 

conditions; and (3) fatigue failure. Fatigue, a principal failure mode for metal structures, 

is still less understood than any other mode of failure. In a study under the sponsorship 

of the American Society of Civil Engineers (1982), it was observed that 80 to 90 percent 

of the failures in steel structures are related to fatigue and fracture. 

The extent and significance of the problem can be established by considering the 

information on highway bridges, where data are readily available. A recent research 

conducted by Sobanjo, George, and Raj (1994) revealed that as of June 30, 1988, about 

41% (238,537) out of nation's 577,710 inventoried bridges were classified as either 
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structurally deficient or functionally obsolete. On an average, 12,000 bridges reach their 

50-year design life every year (Albrecht and Yazadni, 1984). Most of them must be 

repaired, strengthened or reconstructed to ensure safety considering the present and future 

traffic conditions. An evaluation of accumulated fatigue damage and the safe remaining 

life of the bridge will dictate the proper course of action to mitigate any potential hazard. 

Because of the high cost of repair or reconstruction and a lack of fund, the possible 

extension of the service life of existing structures using and concepts of structural 

rehabilitation and maintenance is very attractive, and needs to be exploited to the fullest 

extent. 

Metal structures, particularly steel bridges, are very common in this country. Steel 

as a material degrades with time, and cracks, even in a very minute form, are expected 

to grow with time. Fatigue, the process which causes premature failure or damage to a 

component subjected to repeated tensile loading, may become the major cause of 

structural failure. Accumulated fatigue damage leading to eventual fracture is one of the 

major concerns in deciding whether the life of a steel bridge can be safely extended. 

Most of the studies on fatigue are related to high cycle fatigue, and may be 

appropriate for a new design where nonlinear fatigue behavior has been prevented or is 

not expected. However, for extending the life of an existing structure, low cycle fatigue 

could be an important issue. During the process of low cycle fatigue, cracks propagate 

within plastic stress-strain fields. This implies that either the stress amplitude will exceed 

the yield stress or strain amplitudes will exceed the yield strain. Thus, the nonlinear 
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fracture mechanics approach would be more appropriate to study low cycle fatigue. 

The most common types of fatigue cracks observed in a real structure were the 

result of secondary and/or deformation-induced cyclic stresses (Fisher, 1984). The 

secondary fatigue cracks developed due to unanticipated interaction between the 

longitudinal and transverse members. Since the interaction does not alter the in-plane 

behavior of the structure, the individual components of the structure are adequate for 

fatigue design of the in-plane loading. However, in the context of reliability, this area 

needs critical evaluation. 

The lifetime of a specific structure under random fatigue loading can be 

summarized schematically as shown in Figure 1.1. The structure was designed based on 

customers need and design specifications at the time of the design. These design 

specifications or codes were established based upon the past engineering experience and 

using relevant mathematical models to represent the structural geometry, the material 

behavior, and the environmental conditions. After the design was implemented and the 

construction was completed, the structural behavior may differ from the analytical results. 

In such cases, the dynamical measurement and system identification techniques can be 

used to upgrade the mathematical model. For structures under fatigue loading, the non

destructive inspections (N0l) are widely accepted for updating the structural integrity in 

service. Furthermore, the decisions, such as repair, normal maintenance, or even 

demolition, can be made based on the level of risk and economic consideration. 

For existing structures, in-service inspection (lSI) and maintenance are necessary 
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and important tools to prevent failure due to fatigue and fracture. All aspects of 

inspections, i.e., objectives, method, acceptance criteria, and interval, can affect the 

likelihood of structural failure. Since fatigue is a very slow process, nondestructive 

inspection and maintenance methods can be used very efficiently. However, the currently 

available nondestructive inspection methods have yet to be perfected. Thus, while 

imperfect inspection information is beneficial, it adds additional uncertainty to the fatigue 

evaluation process and must be incorporated in any fatigue reliability evaluation method. 

Moreover, most in-service inspection requirements or guidelines are established with only 

an implicit consideration of risk-based information and analysis. 

As will be discussed later, even a simplified idealistic fatigue problem is extremely 

complicated. This deterministic evaluation becomes further complicated when low cycle 

fatigue, deformation-induced fatigue and information from imperfect nondestructive 

inspections need to be incorporated in the model. A considerable amount of uncertainty 

is expected in each step of the basic fatigue damage evaluation. Thus, additional sources 

of uncertainty due to low cycle fatigue, deformation-induced fatigue and imperfect 

inspection results also need to be investigated. 

Initially, the proposed model will deal with each fatigue-sensitive detail in a 

structure. However, a real structure may consist of a number of fatigue-sensitive details 

as well as several possible failure modes, and thus the evaluation of system reliability in 

terms of fatigue is another important area that needs further consideration. 

The present state of a structure obtained from the most recent nondestructive 
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inspection needs to be used to update the underlying reliability of the structure. The 

updated reliability can be used to decide what to do next, in terms of reducing the next 

scheduled inspection interval, or whether to repair, replace, or do nothing. This will help 

the development of the fatigue/fracture reliability-maintainability process. 

A comprehensive overview of the research needed in the area is presented using 

a block diagram in Fig. 1.2. 

1.2 Objectives 

The problem discussed in the previous section can be described in its simplest 

form as follows. A fatigue-sensitive or fracture-critical structural member or system is 

expected to be inspected several times during its lifetime to ensure the appropriate level 

of reliability. Through the Nth inspection and the previous (N-I) inspections (if N> 1), 

information on the presence of cracks for a specific structural member was collected by 

an imperfect of NDI technique, for example, ultrasonic equipment. The inspection 

information is available, e.g., no crack was detected, a crack was detected but its size can 

not be measured because it was very small, or a crack was detected and its size measured. 

In general, the inspection results are expected to be full of uncertainty. The challenge is 

to develop a comprehensive risk-based fatigue evaluation model for existing structures 

using both the current and previous imperfect nondestructive inspection results, 

considering both primary and deformation-induced fatigue for an individual component 

as well as for the system as a whole. It is essential to update fatigue reliability using all 
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the previous and present nondestructive inspections. It is only by doing so that quantified 

information can be introduced into what it now a subjective decision making process, and 

a logical mathematical basis can be used to develop a fatigue/fracture reliability

maintainability program. This challenging task needs to be undertaken in a sequential 

manner. 

For clarity of the presentation, the task is divided into six objectives as stated 

below. 

(1) Development of a practical and efficient reliability-based fatigue evaluation 

model for high cycle fatigue considering primary stress only. 

(2) Extend the method developed in Objective 1 to consider fatigue due to 

deformation. 

(3) Extension of the models developed in Objectives 1 for low cycle fatigue. 

(4) Incorporation of information from nondestructive inspection (NDI) to reliability 

models developed in Objectives 1, 2, 3 and updating the structural reliability using the 

Bayesian approach. 

(5) Development of an efficient and consistent fatigue/fracture reliability

maintainability decision making strategy. 

(6) Pilot study of the models to consider the fatigue reliability of a system. 

1.3 Scope of the Research 

A comprehensive reliability-based fatigue dan1age evaluation procedure which uses 
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information from nondestructive inspections will be developed considering primary and 

deformation-induced fatigue for a structural element or a structural system. The proposed 

procedure is capable of incorporating all the information available including present and 

past test results obtained from nondestructive inspections as well as repair action. The 

procedure is specifically applicable to the maintenance and the rehabilitation of existing 

infrastructure. 

Steel bridges, as the most commonly used type of infrastructure, will be 

specifically considered in this study. The typical locations of welded connection between 

components of bridge structure, such as, cover plate ends, transverse stiffeners, and full

penetration butt welds, will be studied extensively. Based on the study of the components 

and the theory of system reliability, the algorithm will be extended to consider the 

fatigue-fracture control of an entire steel bridge. 

The proposed study will address part of the overall problem of risk evaluation, 

maintenance, and rehabilitation of infrastructure by combining high technology-based 

inspection techniques with a sophisticated reliability-based analytical procedure. The 

successful implementation of the procedure proposed here will have a far-reaching impact 

on the inspection, rehabilitation, and maintenance of infrastructure. 

1.4 Organization 

This study is presented in nine chapters. 

First chapter is an introduction of the study. 
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Second chapter gives a review of the literature on fatigue and fracture study, 

design, and maintenance. Fundamental knowledge about fatigue damage accumulation and 

the Miner's rule are introduced. The AASHTO guidelines for fatigue design and the 

estimation of remaining life are discussed in details. 

Chapter Three begins with a general technical reVIew of the researches on 

structural reliability and safety evaluation. Some essential concepts and techniques 

employed in this research, such as first-order reliability method, second-order reliability 

method, Monte Carlo simulation, important sampling, system reliability, are reviewed, 

discussed, and compared. 

In Chapter Four, the fracture mechanics based crack growth models for both high 

cycle and low cycle fatigue are proposed and developed. The deformation-induced 

fatigue problem for steel bridges are discussed. Some important aspects of the process 

of fatigue, such as crack initiation, threshold effect, crack closure, mean stress effect, 

geometry functions, material propcrties, fatigue loading are also addressed. Uncertainties 

in the random variables are identified. 

Chapter Five discusses the current available methods of non-destructive inspection 

and their reliability to detect fatigue cracks. Special attention is paid to the ultrasonic 

inspection. Based on the discussion, the limit states of in-service inspection are 

established in terms of crack detection, crack non-detection, and crack measurement. The 

corresponding reliability analysis of in-service inspection is illustrated. 

Chapter Six contains the model updating techniques after nondestructive 
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inspections. Using the Baysian's approach, the structural integrity in term of reliability 

index is updated based on the outcome of an inspection. Also, the statistical 

characteristics of the random variables can be further updated. An efficient and robust 

criterion is proposed for the purpose of decision making. Based on the updated 

reliability index and the proposed decision making tool, the further action regarding 

repair, replacement, change of inspection interval, etc., are made. 

In Chapter Seven, the risk models of fatigue crack growth are developed and 

validated for the steel highway bridges. All the important random factors to control the 

fatigue dan1age accumulation are identified through the sensitivity analysis. The proposed 

fatigue reliability and maintainability methods are applied to the members of real steel 

bridges. The structural integrity is upgraded using information from non-destructive 

inspections. The decision criteria are developed and a practical fatigue control plan is 

proposed. Finally, the methodology is extended to consider system reliability. 

Summary of the present study and recommendations for the future study are 

provided in the Chapter Eight. 



2.1 Fatigue and Fracture 

CHAPTER 2 

LITERATURE REVIEW 
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In general, fatigue can be defined as a phenomenon that takes place in components 

and structures subjected to time-varying external tensile loadings and manifests itself in 

the deterioration of the material's ability to carry the intended loading. This phenomenon 

is attributed to originate in the local yield of the material, which is caused by a 

combination of dislocations and local stress concentration. During fatigue process, pre

existing flaws propagate with time. When propagation rcaches the unstable stage, the 

components under fatigue damage break into separate parts. This is defined as fracture. 

The complete lifetime of a structural component under fatigue loading is shown in Figure 

2.1. 

The first fatigue investigation appears to have been reported by a German mining 

engineer, W.A.S., Albert, in 1829. Between 1852 and 1870, the German railway 

engineer, August Wohler (Rofle et aI., 1987) set up and conducted the first systematic 

fatigue investigation. The study led to the development of the S-N curves. In the early 

twentieth century, the theory of fracture became a very important topic. The first attempt 

to employ a mathematical approach to fracture mechanics was made by Inglis. By the 

mid-twentieth century, more widespread fatigue investigation was undertaken worldwide 

at both the microscopic and macroscopic levels. The development of dislocation theory 
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contributed much to the understanding of fatigue at the microscopic level. Development 

of the electron microscope greatly contributed to the direct observation of fatigue 

processes. Also, the development of high-speed computers gave designers a powerful 

computational tool for making better estimates of fatigue life and strength. 

The theory and applications of the fatigue and fracture mechanics equations are 

now well documented in a wide variety of references (Fuchs and Stephens, 1976; 

Hertzberg, 1976; Gurney, 1979; Broek, 1984; Fisher, 1984; Bannantine and Comer; 

1990; and Sobczyk and Spencer, 1992), as well as the numerous works of the American 

Association of Testing and Materials (ASTM), such as ASTM STP 738. For bridge 

design, the American Association of State Highway and Transportation Officials' 

(AASHTO) Fatigue Specification played an important role. 

2.2 Models for Fatigue Damage Evaluation 

The present models to predict and evaluate the fatigue damage can be classified 

into three groups: (1) the studies based on experimental data which led to the 

development of the Stress-Life (S-N) Curves, including the procedure proposed by 

Wirsching and Chen (1988) and the AASHTO's Specification; (2) the models based on 

the test results considering plasticity effect, for example, the Strain-Life Curves suggested 

by Manson (1954) and Coffin (1954), and (3) the studies based on crack propagation 

theory, such as the models proposed by Paris (1964), Miller and Gallagher (198]), Ortiz 

and Kircmidian (1985) , Veers (1987), and Zhu and Lin (1992). 
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2.2.1 Stress Life (S-N) Curves 

Based on extensive test data, the classical approach to fatigue investigation has 

focused on the S-N curve, which relates the fatigue life to the cyclic stress range and can 

be expressed as: 

N = AS-B 
C 

(2.1) 

where Nc is the total number of constant-amplitude-stress cycles to failure and S is the 

constant amplitude tensile stress range. A and B are the fatigue strength coefficient and 

exponent, respectively. The above equation states implicitly that the stress range is 

assumed to be a constant. When Eq. 2.1 is expressed in the log scale, it results a straight 

line as: 

logNc = logA - BlogS (2.2) 

S-N curves would be appropriate to describe either the crack initiation period or the total 

fatigue life of a structural component. 

2.2.2 Strain - Life Relation 

The goal of an engineering design is to achieve a long design life of a structure, 

However, in some cases, the structure exhibits a shorter live. A typical example of the 

case is the plasticity effect in low cycle fatigue problem. In the region where plastic 

deformation is significant, the fatigue life can be predicted more accurately by th;; so-

called Strain-Life approach. 
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Based on the analysis of the experimental data, the empirical relationship between 

plastic strain ~Ep and the number of strain cycles of failure was proposed by Manson and 

Coffin (1954) as: 

(2.3) 

where ~Er 12 is the plastic strain amplitude, E'rand Cr are the fatigue ductility coefficient 

and exponent, respectively. 

~E 
2 

Using the knowledge of S-N curve, the total strain can be presented as: 

~Ee = Ef' (2N
c

) Cf + A (2N ) B 

2 E C 
(2.4) 

where E is the Young's modules. Eq. 2.4 is known as the Strain-Life relationship. It is 

obvious that the strain-life relationship has the advantage combining high and low cycle 

fatigue in one mathematical form. 

2.2.3 Damage Accumulation Rule 

Generally, fatigue loading is considered as a random process. The stress applied 

to the structure has a variable-amplitude. In such a case, the direct use of the S-N curves 

which implicitly assume constant amplitude of stress may not be appropriate. 

The effect of variable-amplitude loading on fatigue performance is usually 

considered by applying damage accumulation rules. A number of damage accumulation 

models were proposed for different engineering practices in recent decades, including the 
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linear damage accumulation rule by Miner (1945), the nonlinear damage accumulation 

rule by Marco and Starkey (1954), and the continuum damage mechanics by Kochanov 

(1986). Due to its mathematical simplicity and widely validation, the linear damage 

accumulation hypothesis, commonly known as Miner's Rule (Miner, 1945) is still 

attractive in fatigue design for engineers. The rule, as shown in Figure 2.3, predicts 

damage accumulation using the following expression: 

(2.5) 

where nj is the number of stress range at the constant stress range Sj , Ncj is the total 

number of cycles to failure under constant stress range Sj , and D is Miner's damage 

accumulation index. 

Combining the S-N curve, the variable amplitude of the stress range S, and 

Miner's damage hypothesis, D can be expressed as 

(2.6) 

where N is the total number of cycles under variable amplitude stress range, E(SD) is the 

expected or mean value of SD. The stress range S is generally presented by a statistical 

distribution, it can be either discrete or continuous. 

According to Miner's Rule, fatigue failure occurs when D ~ 1.0. Typical values 

of D at failure range from 0.5 to 2.0 (Sobczyk and Spencer; 1992). 

To account for this high level of uncertainty, Wirsching extended the definition 
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of fatigue failure as: 

(6.7) 

where /)" is a random variable with mean value of 1.0. Based on the steel data reported 

by Miner (1945), Wirsching observed that the lognormal distribution is a reasonable 

model for /)" with mean of 1.0 and coefficient of variation (COV) of 0.30. 

lt is generally thought that Miner's rule more accurately describes fatigue damage 

of structural components whose fatigue life consists mainly of crack initiation (ASCE, 

1982). Although almost all fatigue designs, including reliability-based designs, are based 

on the application of Miner's damage accumulation rule together with the stress-life (S-N) 

curves, this approach has three major shortcomings: (1) the design according to S-N 

curves focus on the end of design life, so the S-N approach can not be used to estimate 

the remaining life for an existing structure; (2) the most important physically measurable 

quantity, crack size, is not used in the Miner's damage index, the definition of failure 

lacks sound physical evidence; and (3) the results of nondestructive inspections can not 

be incorporated in the model. 

2.2.4 Fracture Mechanics Approach 

To overcome these major disadvantages of the S-N curve approach, more 

sophisticated analytical models using crack growth theory based on fracture mechanics 

have been developed to predict crack growth. The crack growth model has a general 

form of 
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dN 
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(2.8) 

where a. is crack size (half length of a through crack), N is the number of stress cycle, 

Q is the vector of material constant, ilK is the range of stress intensity, and R is the stress 

ratio. 

In this approach, the failure can be defined as the maximum size of a crack that 

will lead to fracture or a tolerance level that is unacceptable for practical designs. The 

crack growth stage of the fatigue process is often the most important stage since cracks 

are generally present for a major portion of the useful life of structures. Conceptually, 

the analytical model to represent crack growth can be linear or nonlinear. 

The crack growth rate is the extension of crack length in one stress cycle, and is 

generally defined as da./dN, in which a. is the length of the crack and N is the number 

of cycles. In order to understand fatigue crack growth behavior under cyclic tensile 

loading, a number of experiments were conducted in the 1960s. Based on test data and 

the elastic theory, Paris (1964) suggested a model for predicting fatigue crack growth. 

The model, called the Paris Equation, is described as: 

da 
dN 

C (t~K) m (2.9) 

where C and m are material parameters, and K is the stress intensity range. ilK is 

computed by the linear clastic fracture mechanics (LEFM) theory as: 
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(2.10) 

where S is the tensile stress range and F( a, Y) is the geometry function to account for the 

possible stress concentration. 

Once the material parameters, loading precess, and geometry function are 

identified, the fatigue crack growth and corresponding damage can be evaluated by Egs. 

2.9 and 2.10. 

2.3 Reliability-Based Fatigue Analysis 

It is well accepted that the fatigue process is a random process, due to the 

numerous uncertainty involved in each aspect to affect fatigue damage. Thus, reliability

based fatigue analysis procedures were widely used to target this complicated issue. 

Although a considerable amount of work has bcen done in this area, most of them can 

not be used effectively to incorporate information from inspections and repairs. Some of 

the major currently available reliability-based fatigue evaluation methods are discussed 

below. A number of reliability-based fatigue analysis models have been developed 

in the past decades. Among those, two types of models attracted special attention, the 

LEFM based approach and the S-N based approach. Yao and his associates (1972), Yang 

and Trapp (1975), Wirsching and his associates (1984, 1988, 1989, 1991), Wu and 

Wirsching (1984), Madsen and his associates (1985, 1986, 1987), Jiao and Moan (1989, 

1990), Marley (1991), Schueller and his associates (1989, 1990), Albrecht and Yazdani 

(1984), Tallin and Cesare (1990), Yazdani and Albrecht (1987, 1990), and Zhao and 



44 

Haldar (1991), contributed to this reliability-based LEFM approach. Each one of these 

methods has its own limitations and can not be used very efficiently for maintenance of 

real infrastructure as discussed below. 

Yao and his associates, perhaps, were among the first to use reliability-based 

fatigue analysis and design. They used both the S-N curves and LEFM approaches. They 

did not consider updating the basic model. Yang and Trapp studied the fatigue reliability 

of airplanes using the S-N curves approach. Wirsching and his associates used both the 

S-N curve and the Paris equation to evaluate the fatigue damage in offshore structures, 

and estimated the probability of failure using the Monte Carlo simulation technique. The 

Monte Carlo technique can update reliability only for events without crack size 

measurement. It can not update the distribution of the random variables involved. 

Madsen and his associates used the Paris equation and introduced a damage accumulation 

function to consider different limit state functions. Again, it can not consider low cycle 

fatigue and can not update the inspection plan. liao and Moan mainly followed Madsen's 

procedure and applied it to offshore structures, but it can not used as a decision making 

tool. Albrecht and Yazdani used the Paris equation and Monte Carlo simulation technique 

to estimate the fatigue reliability of steel bridges. Again, it can not incorporate 

information from the NDE and can not update fatigue reliability. Tallin and Cesare's 

work also has similar deficiencies. Schueller and his associates' work is a little different 

in this sense. In this approach, a bivariate diffusive surface crack model is used. A crack 

is defined by its length as well as its depth. The crack growth rate is considered by using 
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the Fokker-Planck equation and the important sampling technique is used to estimate the 

probability. Again, inspection information can not be used in this approach and it may 

not be practical for real structures. Haldar and Zhao (1991) proposed a LEFM-based 

fatigue reliability and maintainability model to evaluate steel bridges. 

2.4 Fatigue Damage Evaluation For Bridge Structures 

Bridge engineers have recognized the effect of cyclic loading on the structural 

damage for a iong time. Using extensive fatigue test results and the regression analysis 

technique, S-N curves were developed for different types of materials by the American 

Welding Society CAWS, 1941). In the late 1950s, the American Association of State 

Highway and Transportation Officials (AASHTO) conducted studies on fatigue crack 

growth at welded details. In order to study the influence of stress concentration and 

discontinuities on the fatigue strength, a series of fatigue test programs were undertaken 

with the sponsorship of the National Cooperative Highway Research Program (NCHRP) 

from 1970 to 1986. About 500 beams and plate girders, each with 2 or more welded 

details, were tested to simulate actual bridge details with or without attachments (NHI, 

1990). Some of these test results have been reported by Fisher and his associates (1970, 

1974, 1979, 1984), Keating and Fisher (1986). 

In order to fulfill the need for fatigue evaluation and repair of existing bridges, 

NCHRP funded projects to estimate the remaining fatigue life. Some of these efforts and 

results have been reported by Moses ct. al. (1987). Also the studies of fatigue behavior 
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of weathered steel bridges were funded (Albrecht and Cheng, 1982; Yamada and Kikuchi, 

1984 and Fisher, 1988). Recent projects under the sponsorship ofNCHRP focused on the 

damage due to the deformation-induced fatigue and corresponding repair techniques 

(Fisher et.al. 1990). 

The current AASHTO specifications for fatigue design and evaluation (Guide, 

1989; Guide, 1990) are based on the stress-life (S-N) curves and Miner's rule. However, 

the fracture mechanics-based fatigue evaluation is also receiving serious consideration by 

the bridge researchers and engineers. The studies performed by Albrecht and Yazdani 

(1986), and Zhao and Haldar (1991, 1994c) have great impact on the bridge fatigue 

evaluation and maintenance. Albrecht and Yazdani were the first of a few researchers to 

introduce the linear elastic fracture mechanics to describe the fatigue damage of steel 

bridges. The geometry functions corresponding to the current AASHTO fatigue 

categories were proposed and the fatigue reliability was estimated by the Monte Carlo 

simulation technique. Zhao and Baldar proposed a fracture mechanics-based fatigue 

damage accumulation model which can account for the effect of clastic-plastic 

deformation near the crack tip. Using the first-order reliability method and the Baysian 

approaching, they incorporated inspection results into the fatigue evaluation process. 

Furthermore, based on updated information, they proposed decisions criteria regarding as 

repair, replacement, and change of inspection interval. They compared S-N curves 

approach and LEFM approach and concluded that the fracture mechanics-based fatigue 

evaluation procedure could be a vcry good alternative to the current AASHTO method. 
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2.4.1 The AASHTO Fatigue Design Specification 

The AASHTO Fatigue Design Specification uses S-N curves. In order to obtain 

the best fit curve from the test data, AASHTO used the regression teclmique. These 

regression equations give the mean value. For practical design purposes and incorporating 

some conservatism in the design, AASHTO suggested S-N curves representing a 95 

percent confidence level by drawing lines two standard deviations below and parallel to 

the mean curves. The probability that the test results for a given detail will fall below 

this design line is thus only 2.5%. It should be noted that the probability of failure is 

expected to be much smaller than 2.5% considering the random nature of loading and 

service life. 

Based on the test results, the current AASHTO Fatigue Design Curves (AASHTO, 

1989) are classified into seven categories: Category A through Category F. With an 

identical slope constant of 3 for each curve, the fatigue strength can be represented by a 

single equation by simply changing its intercept on the 10gN axis. The complete set of 

current S-N curve, commonly referred to as the AASHTO Fatigue Design Curves, is 

shown in Figure 2.4 and the 10gN intercept, A, is given in Table 2.1 for each category. 

A brief description of each category is given below: 

Category A: 

Category A defines the fatigue strength of rolled shapes and plates without welded 

or bolted details or attachments. The category provides the maximum fatigue strength of 

any bridge detail. Fatigue cracks initiate at surface discontinuities or at sharp edge 
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Table 2.1 Log-N Intercept Coefficients for AASHTO 

Category A Constant 

A 25,000,000,000 

B 11,920,000,000 

B' 6,109,000,000 

C 4,446,000,000 

D 2,183,000,000 

E 1,072,000,000 

E' 390,800,000 

F 1,058,500,000 
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indentations. Generally, this category does not control the design unless some unusual 

condition exists. 

Category B: 

Category B applies to a variety of welded details such as longitudinal fillet and 

full penetration groove welds, transverse welds ground flush, and transitioned flange 

splices. Bolted details are also classified as Category B. 

Category B': 

Category B' is relatively new detail classification introduced in the 1989 AASHTO 

specifications. Category B' applies to longitudinal partial penetration groove welds, fuB 

penetration groove welds with backing bars left in place, and straight transition splices 

with A5141 A517 steel. 

Category C: 

Category C is primarily applicable to stiffeners and short attachments as well as 

unimproved transverse groove welds. The category marks the transition between the 

initial discontinuity and the geometrical stress concentration influencing the fatigue 

strength. 

Category D: 

Category D represents a transition zone between the high and low strength details. 

The fatigue strength of these details is influenced by the attachment length and any 

improvement to reduce the geometrical stress concentration. 

Category E: 
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Category E represents a wide variety of details, all exhibiting low fatigue strength. 

These details include: cover-plated beams, gusset plates, attachments with length greater 

than 4 inches or transition radius of less than 2 inches. The fatigue strength is governed 

by the stress concentration at the weld toe. 

Category E': 

Category E' represents the lowest fatigue strength details allowed by the AASHTO 

specifications. Types of details included in this classification are similar to those found 

in Category E, but they exhibit reduced strength due to the thickness effect which results 

in a higher geometrical stress concentration. 

Category F: 

Category F represents the fatigue strength of welds subject to shear and is used 

to prevent fatigue cracks in the weld metal, initiating at the weld root. Normally, this 

type of stress condition will not control the fatigue design unless the weld is required to 

carry a relatively large force through the throat. 

2.4.2 The AASHTO Fatigue Evaluation Procedure 

Fatigue provisions of the current AASHTO Fatigue Design Specification (1989) 

are not suitable for estimating the remaining life of an existing bridge. It has been 

reported that the current AASHTO method combines an artificially high stress range with 

an artificially low number of stress cycles. According to the AASHTO Specification 

(1989), the typical number of design cycles is only about 2,000,000 cycles with 
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corresponding stress range of 8 - 24 ksi. However, field measurements show that 

effective stress range is only about I - 4 ksi on the heavily traveled highway bridges in 

which the number of stress cycles may exceed 100,000,000 and even may approach 

300,000,000 cycles (Raju et aI., 1990). Furthermore, the fatigue provisions in the 

AASHTO specifications are presented in terms of design stresses that do not reflect actual 

site conditions that may be encountered. 

In order to establish a standard procedure to estimate the remaining life of the 

existing bridges, an extensive research on the fatigue evaluation procedures for steel 

bridges had been conducted. The results and suggestions were reported by Moscs et ai. 

(1987). Based on the research, a new guide specifications had been issued recently by 

the AASHTO (Guide, 1990). The Guide presents practical procedures and incorporates 

more accurately the actual fatigue conditions in steel bridges. Based on a considerable 

amount data that have been gathered in recent years, refinements were made in a number 

of areas, including variable-amplitude fatigue behavior, lateral-load distribution for 

fatigue, impact loading, composite behavior, and truck-traffic volume. 

In the Guide (1990), two types of the remaining life, referred as the remaining 

mean life and the remaining safe life, are considered for an existing bridge. The 

remaining mean life is the most common estimate of the actual remaining life. There is 

a 50 percent probability that the actual remaining life will exceed the remaining mean 

life. There is no difference between the remaining mean life of redundant and that of 

non-redundant bridges. The remaining safe life provides a much higher level of safety 
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and it depends on the redundancy of the members. For a member in redundant system, 

the probability that the actual remaining life will be shorter than the estimated remaining 

safe life is only about 0.1 percent, while the chance that actual remaining life will exceed 

the safe remaining life for a member in non-redundant system is about 2.3 percent. The 

formula used to estimate remaining life is expressed as 

(2.ll) 

where Yr is the remaining life in years, Ta is the estimated lifetime average daily truck 

volume, C is the cycles per truck passage, a is the age of a bridge in years, R.Sr is the 

factored stress range, f is a factor to account for the difference between the mean and the 

safe remaining life, and K is the detail constant. 

In the AASHTO fatigue design procedures, it is reasonably assumed that the trucks 

are the only sources of loading to cause fatigue damage in highway bridges. A fatigue 

truck of 54 kis with a constant spacing of 30 ft is used to represent a variety of trucks of 

different types and weights in actual traffic. The lifetime average daily truck volume can 

be obtained either from a table based on the expected traffic volume for a 75 years design 

life or based on engineering judgement. The cycles per truck passage C depends on the 

type of the bridge under consideration. For a very short simple-span bridges, the passage 

of the fatigue truck produces two individual stress cycles, while one complex stress cycle 

with two major peaks was observed for passage of fatigue truck on longer simple-span 

bridges. In most cases, the value of C can be simply assumed to be 1.0. Effective stress 
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range, Sr' is used in the current AASHTO specifications and can be obtained by the 

Miner's rule. As discussed earlier, a standard fatigue truck is used to represent the fatigue 

live load on steel bridges. To account for the effect of impact and the multiple lanes, the 

impact amplification factor and lateral distribution factor are adopted to modify calculated 

live load. 

Reliability factor, ~, is utilized to incorporate the uncertainties in loading, 

material, and possible structural redundancy. For a non-redundant bridge, a value of 1.75 

is selected which roughly reflects a target reliability index of 3.0. If redundance exists 

in the bridge under consideration, the corresponding target reliability index is reduced to 

2.0 and the corresponding reliability factor is shown to be 1.35. In reality, the uncertainty 

in the loading process is very high and the components in redundant system are designed 

according to optimization methods. There is an increasing possibility that more than one 

component will failure in a very short time period as the strength of the elements are fully 

utilized under a given load process. Thus, advantage of the redundant system is lost and 

a relative low target reliability index may not be appropriate. 

The parameter f accounts for the difference between mean remaining life and safe 

remaining life. To evaluate the safe remaining life, f is considered to be 1.0. When the 

mean remaining life is to be estimated, f is assumed to be 2.0. 

The detail constant, K, accounts for the difference between the AASHTO 

categories. This constant is related to the fatigue strength coefficient A by 
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K= A 
(2.12 ) 

365xl06 

Once A is available, the corresponding K value can be determined. 

Compared to the previous AASHTO specifications, an enormous amount of 

improvement has been made in the current specifications (Guide, 1989, 1990). But many 

shortcomings are still exist and some of them are very critical. Besides of the fact that 

some inconsistence and errors may have been introduced in the reliability calibration 

procedure, the current specifications can not be used for cracked members. Also, it can 

not incorporate information from inspection and maintenance procedures. Thus, there is 

an urgent need to develop an alternative robust and efficient reliability-based method for 

bridge fatigue evaluation. 

A brief review of current fatigue damage evaluation procedures of steel bridges 

as well as their major limitations were discussed in the previous sections. further 

information on the statistical characteristics of the random variables, and reliability 

calibration procedures, can be found in the NCHRP Report 299 (Moses et al. 1987). 

2.5 Practical Fatigue Control: Inspection and Maintenance 

There is no doubt but that a routine program of inspection can enhance the 

structure's integrity and performance. Inspection results are often used along with 

structural analysis to determine fatigue damage and damage growth in structures. A large 

amount of the uncertainty exists in the load process, the material property, and the 
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analytical models used to predict the fatigue crack growth. Mandatory routine inspection 

programs are required by authorities for structures vulnerable to fatigue damage, such as 

bridges, aircraft, ship structures, and offshore platforms. 

Most in-service inspection requirements or guidelines, if they exist, are established 

with only an implicit consideration of risk-based information on the likelihood of failure 

for the specific material, operation, and loading conditions, and of the consequences of 

component failure. All aspects of inspections, that is, objectives, method, time interval, 

and acceptance criteria, can significantly affect the likelihood of component failure. 

For the bridge industry, AASHTO requires that the fatigue-sensitive bridges should 

be inspected once in every two years. In fact, almost all the cracks detected in the 

highway bridges all over the United States were found during the routine inspections. 

Ontario Highway Bridge Design Code requires that the routine inspections to be 

performed at intervals determined by the owner of the structure. Usually, a 

recommendation of two years are adopted. In Denmark and France, bridge inspection 

progranls were suggested at intervals varies from one to six years. A visual inspection 

is mandatory in Belgium. Routine inspections are required every year and general 

inspections are scheduled every three years. In Germany, the code specifies visual 

inspections four times of a year and a general inspection every three years. The Swiss 

Federal Department of Transport suggests three types of inspection for the bridges. 

Routine inspections are scheduled every 15 months, general inspection every five years, 

and a special inspection when needed. In Italy, regular inspection is required every three 
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months and a general inspection is conducted once of a year (Sommer, et ai., 1993). The 

review indicates that the numbers of inspection required vary from country to country. 

Only one type of inspection is performed in the United States, Canada, and Denmark. 

Nondestructive inspection (NDI) techniques are widely adopted by the structural 

engineering professions. The tragic collapse of the Point Pleasant Bridge in December 

of 1967 stimulated the need of nondestructive inspection and the corresponding technical 

development, since the original cause of the failure was several 4 mm depth semi

elliptical cracks in one eye bar, which were impossible to be detected by the visual 

inspection. Over the last two decades, the Federal Highway Administration (FHW A) 

sponsored numerous research and development projects of non-destructive inspection of 

steel bridges. The ultrasonic, eddy current, acoustic emission, and magnetic perturbation 

methods received most of the attention. The effectiveness of ultrasonic technique has 

been verified through the laboratory research and the field testing by ZurasIci (1992), in 

which the fatigue cracks at cover-plates and stiffeners were detected even without 

removing the concrete pavement. In recent decade, some new nondestructive inspection 

techniques have been proposed and developed. Nami and Bowman (1986) used crack 

gages to predict fatigue crack initiation and growth of subcritical crack at a given bridge 

hot spot subjected to potential fatigue damage. The study was successful and its 

application could provide an early visual warning of fatigue damage. Under the 

sponsorship from the U. S. Department of Transportation and Federal Highway 

Administration, Samman and Biswas (1994) proposed vibration testing technique to 
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evaluate the structural integrity of bridges. It was observed that the waveform recognition 

method may be used effectively to detect cracks in bridge, even when the background 

noises are present. 

Beside the selection of an appropriate NDI technique, the planing of inspection is 

an important part of a bridge risk management. The current practice of inspection 

schedule has been based mostly on engineering judgement. Therefore, some inconsistence 

arc expected in the inspection practice. Recently, there is a growing interest in 

optimization of inspection strategies (Madsen, 1989; Shinozuka, 1990; Wirsching and 

Ortiz, 1990; Soerensen et al., 1991; Sommer et al., 1994). All these studies are based on 

the optimization of the total cost of structural service life. It includes the cost of 

inspection, repair, operation, and possible failure. There are several limitations in these 

approaches: (l) the probability of structural failure needs to be evaluated in each step of 

the optimization process, thus a large amount of computer time is required to achieve the 

optimized solution; and (2) the cost of potential failure is very difficult to estimate in 

terms of loss of properties and human life. Therefore, an optimized inspection plan is 

not expccted to be widely acceptable in the engineering profession. 

The ultimate goal of maintenance is to ensure an acceptable level of structural 

integrity. Whether a crack is detected or not in an inspection, it provides additional 

information on current state of the fatigue-sensitive structures. Based on the updated 

information on structural integrity, an appropriate action need to be taken. Under the 

sponsorship of FHW A, the Bridge Management Systems (BMS) have been established 
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(Lipkus, 1993). The functions performed by BMS are: (1) data storage; (2) analysis of 

repair needs and cost; and (3) programming of repair operation. The maintenance 

decision, for example repair, is based on the result of condition rating. But the models 

for ratings are static and do not address specific deterioration mechanisms which can 

indicate a measurable degree of deterioration or the state of structural risk. 

To the best of this authors knowledge, a technically sound but practically feasible 

method has not yet been developed. One of the primary objectives of this study is to 

develop such a reliability-based decision making tool for structural maintenance. 
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It is generally accepted that the initiation of fatigue cracks and their subsequent 

growth in structures, in part, are random phenomena (Freudenthal,1972; Yao, 1972). 

Numerous sources of uncertainties exist in a structural fatigue analysis. For the fracture 

mechanics approach, some of these uncertainties can be identified as (Wirsching, 1987): 

(1) Scatter in the data; (2) model error; and (3) human error. 

Scatter exists in the material parameters. Furthermore, extrapolation of laboratory 

data is often required to predict field behavior. Also, loading and environmental effects 

are typical random processes. Thus, the parameters in the fatigue problem arc random 

variables. This source of uncertainty can be important if the sample size is small, since 

it is expensive to conduct fatigue tests and in many cases available test data are extremely 

limited. It is a major source of uncertainty in the fatigue problem. 

Many assumptions are made in the stress analysis to estimate fatigue damage in 

a structural component. The gcometry factor in the model is another important source 

of model uncertainty, since information about crack shape is assumed. Inability to 

obtain and express the material properties accurately, error in interpreting the inspection 

results and possible failure to detect cracks during inspection are caused due to human 

error. 
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Due to the presence of these lmcertainties, the absolute safety of structures in 

fatigue can not be guaranteed. However, the risk of unacceptable consequences can be 

limited to a reasonable level based on the modern structural reliability theory. Estimation 

of this risk is a necessity for practical engineering problems. 

Before a risk-based crack growth model is developed to study the fatigue damage, 

it is essential to discuss several basic concepts and techniques of structural safety. All the 

discussions made here are in the context of the structural reliability analysis. 

3.2 Concepts of Structural Reliability 

The modern era of structural reliability started right after the World War II. In 

October 1945, a paper entitled "The Safety of Structures" was presented by A. M. 

Freudenthal in the Proceedings of American Society of Civil Engineer. In this historical 

paper, the foundation of the structural reliability theory was established in a 

comprehensive manner by combining the theories of probability, statistics, structural 

analysis, and quality control. During the 1960's, classical theories became well developed 

and widely known through some of the important publications, such as that of 

Freudenthal, Garrelts, and Shinozuka (1966), Pugsley (1966), and Kececioglu and Cormier 

(1964). Around the same time, Lind et. al. (1965) defined a rational design procedure 

by using load and resistance factor concepts. In 1967, Cornell suggested a second 

moment format, known as Cornell's safety index, to evaluate the reliability of structures. 

This safety index related the reliability theory to engineering design in a practical way. 
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By recognizing the lack of in variance in Cornell's safety index, Hasofer and Lind (1974) 

proposed a generalized safety index which was invariant to different mechanical 

formulations. Based on this landmark contribution, more sophisticated extensions were 

achieved. Rackwitz and Fiessler (l978) suggested a method which extended the Hasofer

Lind (R-F) safety index concept to incorporate the distributional information of random 

variables. Several years later, a modification of Rackwitz -Fiessler's approach was 

proposed by Chen and Lind (1983). A three-parameter equivalent normal distribution was 

used in their study to produce more accurate prediction of structural safety. 

Unfortunately, the Chen-Lind (C-L) method is not always superior, especially when the 

design value of a random variable is close to the peak of the normal distribution. Wu and 

Wirsching (1987) suggested an alternative approach to estimate the structural safety based 

on the R-F and C-L methods. They employed an optimization routine to approximate 

non-normal variables to equivalent normal variabies. Recently, more and more attentions 

have been drawn to the development of importance sampling method. To overcome the 

major limitation of the Monte Carlo simulation technique, samples are generated in the 

most probable zone instead of in the whole domain. 

With the rapid development of the modern structural reliability theories, the 

reliability-based design has grown significantly in recent years. Ellingwood, Ang and 

Cornell (1974) proposed the Load and Resistance Factor Design (LRFD) concept. It was 

adopted by the American Institute of Steel Construction (AISC) (LRFD, 1986, 1994). 

The area of structural reliability has grown at a tremendous rate in the last two 



63 

decades. The detailed information about this challenging field can be found in the 

literature (Ditlevsen, 1981; Ang and Tang, 1984; Haldar and Ayyub, 1984; Wirsching 

1985; Madsen et al., 1986; Hohenbichler et al., 1987; Schueller and Stix, 1987;Melchers, 

1987; Bjerager, 1989; and Engelund and Rackwitz, 1993). 

In structural reliability analysis, limit state is an important concept. Let X = (XI 

, X2 , X3 , .... , Xn) denotes a vector of design variables, which are in general, random 

variables with joint density function (,,(x). For each sct of X, there is a functional 

relationship which defines the mathematical boundary between the safe set S and the 

failure set F in the space of design variables (Figure 3.1). In the context of structural 

reliability, this relationship is called the limit state. 

If a limit state is formulated as Z = g(X), the event of failure can be defined as 

Z = g(X) !> 0 (3.1) 

and the corresponding probability of structural failure P f can be estimated by 

Pf = P(g(X!>O) = f···f fx(x) cJx 
g(X) sa 

(3 .2) 

where the integration is performed in the overall domain of g(X)<O. The structural 

reliability, P" can similarly be defined as: 

Pr = P(g(X>O) = 1 - Pf (3 .3) 

In general, due to lack of statistical data, the joint probability density function for 

the basic variables vector X is difficult to obtain. Even if this density function is 
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available, the evaluation of the multiple dimensional integral in Eq. 3.2 can be extremely 

complicated. Thus, the exact method of numerical integration is practical for only a very 

limited class of problems of low dimensions. Consequently, various approximate methods 

have been developed to estimate the probability of failure. 

3.3 Methods for Structural Reliability Analysis 

Among approximate methods, the First-Order Second-Moment (FOSM), the 

First-Order Reliability Method (FORM) and the Second-Order Reliability Method 

(SORM) are regarded as acceptable considering the accuracy and efficiency of the 

algorithms. They are widely used in practical problems. 

For problems with complicated limit state functions, the Monte Carlo simulation 

method can be used. This method is easy to apply and is capable of solving complicated 

problems, and is therefore a valuable tool for design and research. However, it can be 

very expensive to obtain results with acceptable accuracy. 

Element or component reliability and system reliability are two aspects of 

structural reliability. The term component reliability refers to the probability of survival 

or failure of individual elements of a structure corresponding to a performance criterion. 

The term system reliability refers to the probability of survival or failure of the structure 

as a whole. The failure of the entire structural system may occur in one of several failure 

modes; each of them may consist of failure of several components. Thus, in any structural 

reliability analysis, the component or element reliability is estimated first, and the 



66 

structural reliability is then estimated by considering the joint probability of failure of 

several elements. 

3.3.1 First-Order Second-Moment Reliability Method 

In order to avoid some computational difficulties in the evaluation of risk using 

Eq. 3.2, the First-Order Second-Moment (FOSM) Reliability method was proposed for 

structural reliability analysis (Cornell, 1969). The basic idea behind this method is based 

on the first-order Taylor series approximation of the limit state function using only the 

second-order statistics (mean and covariance) of the random variables. Expanding g(X) 

in Eq. 3.1 in a Taylor series about the mean values of the Xi and truncating the series at 

the linear terms, the first-order approximate mean and variance of Z can be shown to be 

(3.4) 

and 

(3.5) 

The partial derivatives of g(X) are evaluated at the mean values of all parameters, and 

COV(Xi , Xj ) is the covariance of Xi and Xj. 

The second-order mean (considering the square term in the Taylor series) can be 

llsed to improve the accuracy of the estimation of the mean and cam be shown to be 



67 

(3.6) 

Again, the partial derivatives are evaluated at the mean values of all parameters. For 

practical purposes, the use of the second-order mean and the first-order variance are 

adequate for most engineering applications. 

A measure of risk can be estimated by introducing parameter, safety index p, 

(Cornell, 1969) as: 

(3.7) 

If Z can be assumed to approximately follow normal distribution, the probability 

of failure can be estimated by 

(3.8) 

in which <D() is the cumulative probability distribution function of the standard normal 

variate. 

This formulation has several shortcomings (Haldar and Ayyub, 1984): (1) The 

limit state function g(X) is linearized at the mean values of the X, when g(X) is 

nonlinear, significant error may be introduced by neglecting higher order terms; (2) it also 

may yield different results for different mechanically equivalent formulations of the same 

problem, for example, stress and strain formulations (Ditlevsen, 1973; Lind, 1973); and 

(3) the information on the distribution of random variables arc totally neglected. 
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3.3.2 Advanced Second-Moment Method 

To overcome the shortcomings of the First-Order Second-Moment Method, the 

Advanced Second-Moment Method (ASMM) was proposed, in which Taylor series 

expansion of g(X) is linearized at some point on the failure surface rather than at the 

mean, say at point (X.', X2·, ••• , Xn·). The linearizing point is called the design point 

or checking point. According to the approximation of the tangent hyperplane or 

hyperparaboloid to represent the limit state function at the checking point, the ASMM can 

be classified as the First-Order Reliability Method (FORM) or the Second-Order 

Reliability Method (SORM), respectively. 

FORM/SORM consist of three common steps: (1) the transformation of X into the 

standard normal vector U; (2) an approximation of the limit state surface in u-space; and 

(3) a computation of the failure probability corresponding to the approximate failure 

surface. 

3.3.2.1 First-Order Reliability Method 

In the first order reliability method, the limit state of interest is approximated by 

a linearized function at the most probable failure point. An optimization routine is used 

to locate this point iteratively. 

Hasofer-Lind Method: 

Hasofer and Lind (1974) introduced the "generalized safety index'" to overcome 

the weakness of Cornell Method. In their approach, a reduced variable is defined as: 
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i=l,2, ... ,n (3.9) 

where IlXi and O'Xi are mean and standard deviation of random variable Xi' respectively. 

Using Eq. 3.9, the random variable Xi is transformed to a reduced random variable, ui , 

with zero mean and unit standard deviation and the original limit state g(X) can thus be 

transformed to a reduced variable space g(u). The generalized safety index is defined as 

the shortest distance from the limit state to the origin in the reduced variable space as: 

(3.10) 

where the ui" are the values of the reduced random variables corresponding to the shortest 

distance~. In the context of structural reliability, u" is called the design point or the 

checking point in the U-space. 

The Hasofer-Lind reliability index provides a reasonable estimate of structural 

safety, which is invariant to the formulation of limit states. This approach only considers 

information on the mean and standard deviation in computing the reliability index, the 

information about the distribution is not considered. 

Rackwitz and Fiessler Method: 

Based on the concept of the Hasofer-Lind safety index, Rackwitz and Fiessler 

(1978) proposed an algorithm to incorporate the information about the distribution of 

random variables. In this algorithm, the random variables X arc first transformed into 

reduced uncorrelated variables with zero mean and unit variance in reduced equivalent 

normal space. If the original basic variables Xi are uncorrelated, the transformation is 
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given by: 

(3.11) 

where ~lxr and CJXi
N are the equivalent mean and standard deviation of the random variable 

Xi' Note if X/s are correlated, the covariance matrix should be evaluated. 

Non-normal probability distributions can be incorporated in the reliability analysis 

by transforming the non-normal variables into equivalent normal variables at the checking 

point. In order to estimate the parameters of the equivalent normal distribution, ~XiN and 

CJXr, two conditions can be imposed (Rackwitz and Fiessler, 1978). The cumulative 

distribution functions and the probability density functions of the actual variables and the 

approximate normal variables should be equal at the design point. The corresponding 

equivalent mean and standard deviation of the original basic random variables are shown 

to be: 

and 

<p (<1>-1 [F
Xj 

(xl) ] ) 

f x . (xl) 
l 

(3.12 ) 

(3.13 ) 

where FXi (x) and fxi(x) are non-normal distribution and density functions of Xi' 

respectively, and (I> and $ are the cumulative distribution and density function for the 

standard normal variate, respectively. The reliability index can be estimated by Eg. 3.10. 
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Chen-Lind Method: 

Chen and Lind proposed an extension of Rackwitz-Fiessler algorithm by using 

three parameters to represent normal distribution better. In addition to the two parameters 

used by Rackwitz and Fiessler, a third parameter A is introduced by imposing thc 

condition that the slopes of the probability density function at design point are equal for 

both the original distribution and the transformed equivalent normal distribution. The 

Chen-Lind method can be expected to provide more accurate estimate of the probability 

of failure, since more parameters are used to fit the transformation. 

Wu Method: 

Wu (1984) compared the difference between the results of Rackwitz-Fiessler 

method and Chen-Lind method and found that the Chen-Lind method might not always 

give better results. Wu suggested a new algorithm to calculate the structural reliability 

(Wu and Wirsching, 1987). In their approach, the advantages of both the Rackwitz

Fiessler method and Chen-Lind method are incorporated. A optimization routine is used 

to fit a "high quality" three parameter normal cumulative probability density function 

(cdt) to a non-normal distribution. Due to the nature of curve fitting, this method can be 

applied to any distributions, including discrete and empirical distributions. 

FORM: 

The reliability index ~ can be calculated in both the reduced space or the original 

space. If the reduced space is usc, the design points u j • can be calculated as: 
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u· = -pa· (3.14) 

where a* is the unit normal vector to the failure surface at design points u* and can be 

calculated as: 

a* = 

where vg(u) is the gradient vector and can be expressed as: 

V'g(u) [ ag( u) 
aU1 

ag(u), ... ag(u)] 
aU2 ' aUn 

(3.15) 

(3.16) 

The reduced limit state surface g(u) = 0 is then approximated by its tangent hyperplane, 

which at the design point u* becomes 

M = g(u) = P + aTu· = 0 (3.17) 

The design point should satisfy the new limit state as: 

(3.18) 

Thus, the safety index p can be obtained iteratively and the corresponding approximate 

failure probability can be estimated by using Eq. 3.8. 

An algorithm based on Rackwitz-Fiessler method to compute the reliability index 

~ can be summarized as follows (Zhao, 1991): 

(l) assume initial values of the design point Xi· (i= 1 ,2, ... ,n). Typically the initial 

design point may be assumed to be the mean values of the random variables; 

(2) using Eqs. 3.12 and 3.13, obtain the equivalent mean values and standard 
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deviations for the original basic non-normal variables; 

(3) using Eq.3.11 to obtain corresponding reduced design point u j • (i=1,2, ... ,n); 

(4) evaluate at at u j• (i=1,2, ... ,n) according to Eq. 3.15; 

(5) obtain the new design point u j • (i=1,2, ... ,n) in terms of p, as in Eq. 3.14; 

(6) substitute the above u j • in the limit state function, as expressed as Eq. 3.19, and 

solve for p; 

(7) using the p obtained in step 6, re-evaluate the reduced design point u j • 

according to Eq. 3.14; and 

(8) repeat steps 2 through 6 until convergence is achieved. 

The algorithm is shown in Figure 3.2. The algorithm constructs a linear approximation 

to the limit state surface at every search point and finds the shortest distance from the 

origin to the linearized limit state surface as defined in Eq. 3.17. Note that the important 

difference between ASMM and FOSM is that the limit state function is finally linearized 

at the most probable failure point rather than at the mean values of the random variables. 

Once the reliability index is obtained, the corresponding probability of failure can 

be estimated by Eq. 3.8. 

3.3.3. Second-Order Reliability Method 

If the limit state function is highly nonlinear, the First-Order Reliability Method 

(FORM), discussed above, may not converge. In such a situation, the Second-Order 

Reliability Method (SORM) would be a good alternative. 
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In the SORM approach, the limit state surface is approximated by a hyper-

paraboloid which has the same tangent hyperplane and the main curvatures at the design 

point as FORM (Fiessler et al., 1979; Breitung, 1984; Der Kiureghian, 1987; and Tvdet, 

1988). An asymptotic approximation to the failure probability is then (Madsen, 1985): 

P 0< <I>(-n)lt(l-nK')-~ 
f,SORM p. P ] 

]=1 

(3.19) 

where Kj (j=1,2, ... ,n-l) are the principal curvatures at the design point and P is the safety 

index according to FORM approach. The sign convention is such that the curvatures arc 

negative when the surface curves towards the origin. 

Improvements to this asymptotic result have been suggested. However, the final 

breakthrough for SORM did not come until an exact and numerically feasible result has 

been derived (Tvedt, 1989): 

where ~( ) is the probability density function (pdt) of standard normal distribution and 

i is the imaginary unit. 

Using SORM, an equivalent hyperplane can be defined as a linear approximation 

to the failure surface with a reliability index 

P = _ <I> -1 (pSORM) 
SO~f f 

(3.21) 

For practical structural engineering problems, there is no significant difference between 
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the FORM and SORM approaches for solution of ~ (Zhao, 1991». The FORM is used 

in this study. 

3.3.4 Response Surface Method 

All the methods described in the previous section are applicable to limit state 

functions which are explicit functions of the basic random variables. For some 

engineering problems, the closed-form expression of the limit state function is very 

difficult or even impossible to obtain in some cases. It may only be available in an 

algorithmic form such as a finite element analysis. 

In order to solve structural reliability problem with very complicated or implicit 

limit state function, a number of approaches have been suggested in recent decade 

(Grigoriu, 1982; Wu and Wirsching, 1989; Wu et aI., 1990; Bucher and Bourgund, 1990; 

Maymon, 1993; Rajashekhar and Ellingwood, 1993). Among these, the advanced mean 

value (AMV) algorithm proposed by Wu is very attractive due to its mathematical 

elegance and numerical efficiency. In this approach, the limit state function is represented 

by an explicit polynomial function (referred as response surface) in the neighborhood of 

the design point, as: 

where the derivatives are evaluated at the mean values; H(X) represents the higher-order 

term; and a j (i=O,I, ... ,n) are constant. Note ao = g(Jt) and a j (i=I, ... ,n) are the partial 
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derivatives of g(X) with respect to each variables while the other variables equal to their 

mean values. Once Eq. 3.22 is established, the structural reliability index can be 

estimated by the FORM/SORM methods as discussed earlier. 

In the response surface approach, the most important issues are how to determine 

the constant a j and how to minimized the error of ignoring higher order terms. In the 

AMV approach, linearized limit state function is used to obtain a mean value (MV) 

solution. Based on the MV approach, an iteration procedure is adopted to refine the 

solution until the convergence is achieved. Also, the accuracy of the response surface 

method can be improved by considering the cross terms in the polynomial as suggested 

by Bucher and Bourgund (1990). 

The stepwise AMV procedure can be summarized as follow: 

(l) expand the implicit limit function g(X) as an explicit linear function about 

mean values of X according to Eq. 3.22; 

(2) use the numerical method to obtain aj by perturbing each variable about 10 to 

20 % of the standard deviation from the mean holding the other variables at their mean 

values; 

(3) determine the range of values of the limit state Z= g(X) for which the 

distribution function will be constructed. Usually, Eqs. 3.4 and 3.5 are used and the 

range of values can be selected as mean value plus and minus several standard deviations; 

(4) compute the cdf of g(X) at the selected points using FORMISORM to obtain 

the mean value (MV) solution; 
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(5) for each cdf value, identify the set of the design point x*; 

(6) using the design point to reconstruct the linearized limit state function defined 

by Eq. 3.22;and 

(7) repeat steps (3) - (5), until convergence is reached. 

3.3.5 Monte Carlo Simulation 

Simulation is the process of replicating the real world based on a set of 

assumptions and conceived models of reality. It can be performed theoretically or 

experimentally. In practice, theoretical simulation is usually performed numerically; this 

has become a much more practical tool since the invention of computers. As with 

experimental methods, numerical simulation may be used to generate (simulate) data, 

either in lieu of or in addition to actual real-world data. In effect, theoretical simulation 

is a method of numerical or computer experimentation. 

3.3.5.1 Direct Monte Carlo Simulation 

Monte Carlo Simulation is often used for some complicated structural reliability 

problems involving random variables with known (or assumed) probability distributions. 

It consists of the following steps: 

(1) generate the input random variables according to their probability distribution 

functions; 

(2) perform the deterministic analysis using the simulated numbers and check if 

the system has failed or not (i.e. g(X) ~ 0); 
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(3) repeat steps 1 and 2 a number of times (N) and count the number of failures 

(4) obtain the estimate of the mean probability of failure as 

(3.23) 

It can be proved that the number of failure Nr is binomially distributed with 

parameters Nand P r' Thus, the accuracy of the estimator is governed by the properties 

of binomial distribution. As a rule of thumb, N = 1 O/Pr simulations are required to obtain 

a reasonable accurate solution \vith COY of 0.30. 

As expected, the Monte Carlo simulation is a very straightforward and powerful 

method, and can handle almost all the structural reliability problems. But the practical 

application of the direct Monte Carlo simulation is limited by the fact that large sample 

size is necessary to ensure the accuracy of the solution. With the increase in sample size, 

computer time, storage, and cost will also increase significantly. 

3.3.5.2 Importance Sampling 

In order to overcome the shortcoming of the direct Monte Carlo simulation, a 

variety of variance reduction techniques were developed to reduce the inherent statistical 

error, e.g. antithetic varieties (Rubinstein, 1981) and importance sampling (Shinozuka, 

1983). 

Recently, importance sampling techniques have drawn more and more attention 

in the profession. More than 50 different papers were published until now covering 
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several different schemes for selection of "good" importance sampling functions with 

reasonable effort, such as direct importance sampling (Harbitz, 1986; Ibrahim, 1991; Maes 

et aI., 1993), adaptive importance sampling (Bucher, 1988; Melchers, 1990; 

Karamchandani and Cornell, 1991; Ang et aI., 1992; Wu, 1992), updating importance 

sampling (Hohenbichler and Rackwitz, 1988); and spherical sampling (Bjerager,1988; 

Ditlevsen et aI., 1990). 

A brief description about the different importance sampling techniques is given 

in the following sections. More detailed discussions can be found elsewhere (Engelung 

and Rackwitz ,1993; Mori and Ellingwood, 1993). 

Due to the complicated nature of structural reliability problems, the probability of 

failure can not be obtained by a direct integration of Eq. 3.2. Thus, the importance 

sampling-based Monte Carlo simulation technique can be used, in which the samples are 

simulated in the neighborhood of design point rather than from the whole failure domain. 

Different techniques are proposed considering the different importance sampling density 

function. Once the important sampling density function is determined, Eq. 3.2 can be 

rewritten as: 

f 
fz(X) 

Pi = I[g(X) !>O] h ( ) hx(x) dx 
all x X X 

(3.24) 

where hx(x) is the importance sampling density function and the indicator function I( ) 

is defined as: 
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0, (3.25a) 

or 

(3.25b) 

An unbias estimate of Eq. 3.24 based on the Monte Carlo simulation would be: 

(3.26) 

Clearly, the estimate is also a random variable and the variance of estimate is given by 

(3.27) 

The variance of the estimate defined in Eq. 3.27 is often used as a measure of the 

accuracy of the simulation. Thus, the best sampling scheme must be determined so that 

the variance is minimized. From Eq. 3.27, it can be observed that the variance of the 

estimate strongly depends on the importance sampling density function. The ideal 

selection of hx(x) should be the one that it is proportional to ("((x) over the failure region 

and zero elsewhere, so that the variance reduces to zero. 

To apply importance sampling effectively, it is necessary to obtain information on 

the region of interest. The most commonly used importance sampling techniques are 

graphically illustrated by Figure 3.3 and can be further discussed below: 

Direct Importance Sampling Method: 

By the direct importance sampling, an important region is found or preselected and 
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the sampling density is centered in this region. A number of suggestions about sampling 

density can be found in the literatures. Among those, the n-dimensional normal 

distributions with the same covariance matrix as that of original density function (,,' which 

are both centered in the retransformed design point, are proved to be good selections. 

Adaptive Importance Sampling Method: 

Adaptive importance sampling is based on the idea that the knowledge about the 

failure domain increases as the number of simulation increase. At first, the initial 

sampling density is selected as either the original density or n-dimensional normal density 

which is centered in the failure boundary. After a number of simulations, the sampling 

density is switched. Based on the updated sampling density, a new set of simulations is 

carried out. In this type of algorithm, the initial guess of the important region is often 

determined by pre-sampling. 

Updating Importance Sampling Method: 

According to this algorithm, an approximately estimate of the probability of failure 

is calculated first by FORMISORM. The basic variables are transformed into uncorrelated 

standard normal space. The improved estimate of failure probability can be calculated by 

( ) 
P'[gx(x) <0] 

Pt P A P(A) P(A) C (3.28) 

where P(A) is failure probability from FORM/SORM. Sampling is carried out on the 

tangent plane to the failure surface at the design point. The correction factor C can be 

evaluated as: 
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(3.29) 

where u* is the design point and 01.* is the corresponding unit gradient vector; ~ is the 

reliability index by FORM; and bi is the root of g(u j + biOI.) = O. 

Spherical Important Sampling Method: 

Let the standard n-dimension normal vector U be expressed as RA, where A is a 

random unit vector. Outcomes of A are generated according to the sampling density 

function and R is distance to the failure surface. The corresponding probability of failure 

can be calculated, since R2 follows chi-square distribution with n degree of freedom. 

The advantages and the limitations of the different importance sampling techniques 

were discussed hy Engelung and Rackwitz (1993). It was concluded that the selection of 

an importance sampling method for practical applications should be determined in a case-

by-case manner. If little is known about a specific problem, the direct method is likely 

to be the most robust one. 

3.4 Methods for System Reliability Analysis 

In structural reliability analysis, system is defined as an assembling of components 

best characterized by its geometry, material response in terms of failure modes, and 

statistical correlation. Within the family of structural systems, two distinct idealized 

group are series system and parallel system. A series system analogous to a "weakest-

link" chain and it fails when any link fails. A structural component with several failure 
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modes (i.e., yielding, fracture, fatigue, and buckling) is an example of series system. A 

parallel system implies that each component participates independently in carrying load. 

The load will be redistributed due to redundancy as the components fail, and the structure 

will fail when all the components fail. 

For a series system, increasing correlation between different failure modes 

decreases the probability of system failure. If the load uncertainty is much highcr than 

the resistance uncertainty, then the risk of failure depends mainly on whether a certain 

load level is exceeded and is independent of the number of links in the weakest-link 

system. For a parallel system, the different failure modes have a significant impact on 

the system reliability. In contrast to series system, increasing the correlation between 

component strengths increases the probability of system failure. Also, if the load COY 

is much highcr than the COY of the strength of components, the benefit of parallel or 

redundancy system is lost. 

A real structure, consisting of a number of components and failure modes, can be 

represented by several configurations whose failure will lead to the failure of the system. 

Failure of all the components in a particular configuration will result in the failure of the 

system, and this type of configuration is termed a cutset (Madsen, 1986; Jiao, 1989a). 

Therefore, a cutset is the intersection of all the failures of the components in the 

configuration. System failure occurs when anyone of the cutsets is realized. That is, the 

system failure is the union of all these cutsets and can be defined as: 
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(3.30) 

where n l is the total number of cut sets in the system and n2 is the number of components 

in a given cutset. A number of algorithms were suggested in recent years to estimate the 

complicated system reliability problems. Among those, the probability bounds technique, 

importance sampling techniques, and multilnormal integral technique are used widely in 

the profession. 

3.4.1 Probability Bounds Technique 

Based on the De'Morgan's rule, an exact probability of failure of a series system 

can be expressed as: 

P(UM.~O) = LP. - LLP" + LL L P"k - .. ·+(_1)n+1p(r1M.~O) (3.31) 
n ~ i ~ i<j 1.] i<j<k 1.] n 1. 

Due to the numerical difficulty in evaluating the probability of joint occurrences 

of multiple failure events defined in Eq. 3.31, the probability bounds were introduced to 

quantify the range of the system probability of failure. The second-order bounds of series 

system (Ditlevsen, 1979) can be expressed as: 

p( .6 fJ ~ ~ (Pi - M.a~Pij) = P2U 
1.=1 .1=1 ]<1. 

(3.32) 

(3.33) 

where the angle bracket (.) indicates that the term is to be exclude if it is negative. 
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Similarly, more accurate bounds can be derived if higher cross terms are included. For 

example, the third-order bounds were given by Feng (1989) as: 

(3.34) 

and 

(3.35) 

and the fourth-order bounds can be shown as (Greig, 1992): 

(3.36) 

and 

(3.37) 

The probability bounds technique has a major shortcoming that the bounds may 

not be narrow. Thus, a considerable amount of effort is needed to reduce bounds. 

3.4.2 Multinormal Intcgl'al Technique 

As defined by Eq. 3.17, the first-order approximation of the limit state in the U-

space follows a normal distribution. The mean value of the distribution equals to ~ and 

corresponding standard deviation is to be 1.0. So the first-order reliability of a parallel 
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system can be evaluated by the multinormal integral which is defined as: 

P{ ,F! Mi 5'.O) = P{ ,F! Xi 5'.-PJ = <I>n{-p,Rg ) 
~=1 ~=1 

(3.38) 

where Mj is the first-order approximation of the limit state of the ith component as 

defined by Eq. 3.17, X is a standard correlated normal vector, Rx is a positive definite 

correlation matrix for X, and Pi is the reliability index of the illl component of a parallel 

system with n components. According to FORM, the reliability indexes vector and the 

correlation matrix can be estimated as: 

(3.39) 

and 

(3.40) 

where a j and Uj are the unit gradient vector and the design variable vector in the U-space 

corresponding to the FORM solution of the illl component, respectively. Both equations 

are evaluated at the design point. 

Exact solution of Eq. 3.38 is very difficult to obtain when n ~ 4. Thus, an 

efficient numerical scheme is necessary to evaluate this integral. A first-order solution 

of the multinormal integral was proposed by Hohenbichler and Rackwitz (1983). The 

first step of this approach is to transform the correlated vector X to an uncorrelated 

standard normal vector V by Rosenblatt transformation (Rosenblatt, 1952). This linear 

transformation may be described by 
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x = bV (3 .41) 

where 

(i =3,4, ... , n) 

(i=3,4, ... ,n; j=2,3, ... ,i-l) 

Using Eq. 3.41, Eq. 3.38 can be rewritten as 

(3.42) 

Removing the condition on V 1 ~ ~1 , one obtains 

(3.43) 

Using the FORM, the ith term in Eq. 3.43 can be approximately linearized as: 



90 

= P [bil <I> -1 (<I> ( - PI) <I> ( VI) ) + t b ij Vj + P i:5: 0] 
]=2 

(i=2,3, ... ,n) (3.44) 

where (3(2) is the new (n-l) dimensional vector of reliability indices. Again the procedures 

described in section 3.3.1 can be employed, and Eq. 3.43 becomes 

(3.45) 

Repeating of the whole process as in Eq. 3.45 over and over again, it yields 

= <I> (-PI) <I> (_p~2l) ... <I> (_p~nl) = it <I> (_Pl il ) 
i=l 

(3.46) 

For a parallel system, the probability of failure can be defined as 

P ( U Mi:5: 0 ) = 1 - P ( fl Mi> 0) = 1 - <I> n ( P , Rg) 
i=l i=l 

(3.47) 

Thus, procedure described in Eq. 3.46 can be used to estimate the probability of failure 

of a parallel system as defined in Eq. 3.47. 

The efficiency of the algorithm used to evaluate Eq. 3.44 is a key factor of the 

success of the system reliability evaluation procedure, since the error and the numerical 

effort in the FROM based multinormal integral method increase with the size of system. 

A simplified procedure was suggested by Tang and Melchers (1987) to solve the problem, 
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in which the new reliability indices were obtained by Newton-Raphson algorithm for only 

several iterations. The results of the suggested method was reasonable and better than 

those of the probability bounds methods. Based on the exact solutions of bivariate and 

trivariate integral, Ramachandran (1992) used conditional probability to improve accuracy 

of multinormal integral. It was observed that the improve method works well only for 

parallel systems. The method does not always guarantee satisfied results for a series 

system. 

3.4.3 Equivalent Components 

The methods described above can not be used directly to a real structural system 

consisting of parallel and series subsystems. In this situation, the equivalent component 

method proposed by Gollwitzer and Rackwitz (1983) can be used. An equivalent limit 

state Mcq of a paralic I system can be defined as: 

(3.48) 

where 

and 

for a series system, the equivalent limit state can be expressed as: 
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P(Meq == Peq+a!,qU~O) == P(UMi~O) 
n1 

(3.49) 

where 

and 

Using Eqs. 3.48 and 3.49, the system reliability can be evaluated easily. 

3.4.4 Simulation Techniques 

Recently, the importance sampling techniques have been successfully used to solve 

the system reliability problems (Bjerager, 1988; Jiao, 1989; Ditlevsen et aI., 1990; Mori 

and Ellingwood, 1993). With further development and improvement in these techniques, 

more and more applications can be expected. There is no doubt that the importance 

sampling algorithm is a very powerful method to handle complicated system reliability 

problems. However, the weakness is that the importance sampling scheme must be 

developed on a case-by-case basis. Thus, a robust algorithm of importance sampling 

technique for general purpose usage is not yet available. The details of application of 

importance sampling algorithm in system reliability evaluation were available in the 

literature (Schueller and Stix, 1987; Mori and Ellingwood, 1993). 
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3.5 Sensitivity Analysis 

Parametric sensitivity analysis is an important aspect of modern structural 

reliability theory. In recent years, the concept of the sensitivity analysis in the structural 

reliability has been established (Madsen, et aI., 1986; Bjerager and Krenk, 1989; Madsen 

and Tvedt, 1990; Karamchandani and Cornell, 1992). A number of applications have 

been reported. Madesn (1988) used it to determine the validity of the assumptions in 

reliability estimate. Sorensen and Enevoldsen (1993) used it to judge the role of a specific 

random variable in reliability analysis. Enevoldsen and Sorensen (1992, 1994) used it to 

evaluate the effectiveness of objective function in reliability-based structural 

optimization problem. 

As an effective measurement of the structural reliability analysis, a parametric 

sensitivity factor can be defined as: 

(3.S0) 

where P f is the probability of failure and e is the parameter of interest, such as a random 

variable, the mean or the standard deviation of a random variable, and a deterministic 

parameter in the limit state function. 

Using Eq. 3.8, the sensitivity of the safety index with respect to parameter e can 

be expressed as: 



Ip,O ~ de 
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(3.51) 

where ~ ( ) is the probability density function of the standard normal distribution. It has 

been observed that the reliability index is typically "more linear" in the parameter ethan 

the probability of failure, so Eq. 3.51 is more appropriate to be used in the sensitivity 

analysis. 

Using Eqs. 3.10, 3.14, and 3.15, Eq. 3.51 can be rewritten as: 

~ de 
~g(u*) ae 
lV'g( u*) I 

(3.52) 

where g(u· ) is the first-order approximation of limit state at the design point in the U-

space. The expressions for sensitivity factors for parallel and series systems can be 

further derived using Eq. 3.38 and 3.47, respectively. 

In order to assess the importance of a specific random variable in a given 

reliability analysis, the omission sensitivity factors were introduced by Madsen (1988) and 

it can be defined as: 

(3.53) 

where ~ is the value of first-order reliability index and ~(Xi = xt) is the first-order 

reliability index with Xi replaced by a deterministic value x/, generally its median value. 

The computation effort may be reduced using this concept. If the omission sensitivity 

factor of illl random variable Xi is close to 1.0, then the randomness of this variable can 
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be removed by replacing it with its median value. 

Another special sensitivity factor, S0rensen sensitivity factor, can be defined as 

(3.54 ) 

where Fxi() is the cumulative distribution function of the random variable Xi and IlXi and 

O'Xi are the corresponding mean and standard deviation, respectively. 

It was observed that the SIJrensen sensitivity factor could be positive in some 

cases. This is an unfortunate behavior since a positive SIJrensen sensitivity factor means 

that the reliability index increases as the uncertainty in the underlying random variable 

increases. A extensive study have thus been conducted on this issue by SIJrensen and 

Enevoldsen (1993). It was found that the SIJrensen sensitivity factor corresponding to 

lognormal and Gumbel variables are positive, when the design points are larger that the 

corresponding mean values. For Rayleigh, Exponential, and Weibull variables, thc 

positive results are expected when the design points are smaller than the corresponding 

mean values. This implies that the Rayleigh, Exponential, and Weibull distributions 

could be a reasonable selection to model load effects. The lognormal and Gumbel 

distributions could be used for resistance related variables. These conclusions were 

validated when using the FORM-based analysis. 
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CHAPTER FOUR 

FRM - BASED FATIGUE CRACK GROWTH MODEL 

4.1 Introduction 

Fatigue crack growth is a complex process encompassing many factors, and being 

affected by numerous variables, such as crack size, load level, metallurgical structure, 

spectrum loading, and environment. The prediction of fatigue crack growth in a structure 

is very important since the consequence of fatigue could be catastrophic. A number of 

fatigue damage accumulation models were described briefly in the previous chapter. In 

this chapter, the most commonly used fatigue crack growth models, the fracture 

mechanics (FRM) based models, are discussed and all the important parameters involved 

in the models are identified. The statistical uncertainties in the estimation of these 

variables are also discussed. The crack propagation laws presented in the following 

sections are used in this study. Several other models can be found in the literature 

(Miller, 1979; Sobczyk and Spencer, 1992). 

4.2 LEFM-Bascd Crack Growth Model 

Due to the inherent disadvantages of the S-N curve approach, which can not 

incorporate information on crack size, an alternative approach based on the Linear Elastic 

Fracture Mechanics (LEFM) concept is considered in this study. The Paris Equation, the 

most commonly used LEFM-based crack growth model, is used since it retains the 



simplicity of the fatigue evaluation process. 

dex 
dN 

The Paris equation can be described as: 
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(4.1) 

where a is the crack size, N is the number of stress cycles, C and m are fatigue growth 

parameters, and ilK is the stress intensity range. According to LEFM theory, ilK can be 

estimated as: 

!:l K = ~ax - ~in = F ( ex , Y) SlIT. ex (4.2) 

where S is the far-field tensile stress range, F(a,Y) is the geometry function to account 

for the possible stress concentration, a is the crack size, and Y represents a vector of 

random variables, such as the stress concentration coefficient and the dimensions of the 

specimen under consideration. Based on this crack growth model, several important 

fatigue damage-related issues can be addressed at this stage. 

4.2.1 Threshold Effect and Crack. Closure 

The fatigue process can be divided into three phases (ASCE, 1982): (1) the crack 

initiation phase; (2) the subcritical crack propagation phase; and (3) the fracture phase. 

When the experimental crack growth data is plotted in terms of log da/dN versus 

log ilK, it often shows a sigmoidal curve with varying slopes (as shown in Fig. 4.1) 

instead of a single straight line as one would expect from such a plot. 

From Figure 4.1, it can be shown that there is a threshold stress intensity factor, 
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~Kth' below which fatigue crack will not propagate. Thus, ~K can be considered as a 

filter to screen the non-danger stress cycles out the total stress process. Since the 

threshold stress intensity factor is a very important parameter for structural fatigue 

evaluation, a number of studies were conducted on the subject in the past decade. But 

a comprehensive understanding of this phenomenon and the corresponding model are still 

not available. 

Numerous variables are known to affect the fatigue threshold and the crack 

growth rate near threshold. The influence of microstructural parameters, such as grain 

size, material strength, and load ratio (R), are significant and extremely important from 

a practical point of view. Fatigue threshold usually increases with the decrease of the 

yield strength of the material. On the other hand, fatigue threshold decreases with the 

decrease of grain diameter of the material. Furthermore, fatigue threshold decreases with 

the increase in the load ratio. 

A number of models to estimate the fatigue threshold are available in the literature 

(Davidson and Suresh, 1984; Taylor, 1989). Based on the information of grain size, load 

ratio, and yield strength, Bartosiewicz at. el. (1993) proposed the following formula to 

estimate the fatigue threshold as: 

(4.3) 

where ~K'h is the fatigue threshold, O"ys is the cyclic yield strength, D is the diameter of 

grain, and R is the fatigue load ratio. 

Once the fatigue threshold ~K'h is available, the corresponding fatigue stress 
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threshold can be expressed as: 

F( C(., Y) ,j1tc(' 
(4.4) 

It can be observed that the fatigue stress threshold, Sth, decreases with the increase in 

crack size. This implies that the sequence of fatigue loading may affect the crack growth. 

In some cases, the fatigue stress range may be larger than the fatigue stress threshold at 

the early stage of fatigue damage accumulation, even if the initial crack size is relatively 

small. Once the applied stress ranges is greater than the fatigue stress threshold, the crack 

grows and the fatigue stress threshold decreases. With the propagation of crack , more 

and more lower level fatigue stress exceeds the threshold and the rate of fatigue damage 

increases. On the other hand, fatigue crack will not be able to propagate, if stress ranges 

are relatively small. 

For welded structural details, high residual tensile stresses exist in fatigue hot 

spots. The mean stress and the load ratio (R = Kmi/Kma.,) tend to be high, and the fatigue 

crack growth threshold, f1Kth, is close to zero. Albrecht and Yamada (1977) showed that 

the threshold f1K th can be neglected when some of the stress cycles in the random loading 

spectrum exceeded the constant cycle limit. For these reasons, Paris Law can provide a 

good estimate of crack propagation to a complex structural details. Thus, fatigue 

threshold is assumed to be zero in this study. 

The fatigue crack closure is another important finding for the LEFM-based crack 

growth model. It relates directly to the fatigue threshold. Under certain loading 
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conditions, the plastic deformations at the crack front can induce residual compressive 

stresses in the wake of the advancing crack, thereby keeping the crack closed until the 

applied load is high enough to overcome the residual stresses. The phenomenon described 

above is called crack closure. Despite of all the experimental measurements of closure 

and the theoretical models proposed to explain those observations (Newman and Elber, 

1988; and Davidson, 1991), fatigue closure still remains a poorly understood phenomenon. 

An extensive comparison of closure measurements is completed recently by ASTM Task 

Group E24.04.04 (Phillips, 1989). Data from the round robin tests organized by the 

committee on the same specimen geometry and material revealed that a large amount of 

differences exists, depending on laboratory, investigator, and techniques used to conduct 

the test. The conclusion drawn from this work was that "scatter of this magnitude would 

make it very difficult to develop a clear picture of closure effect and to verify quantitative 

models of closure effects using data from the literature". So, the closure effect is ignored 

in the crack growth model used in this study. 

4.2.2 Surface Crack and Through-to-Thickness Crack 

Usually, the propagation of phase 2 (the subcritical crack phase) crack, as shown 

in Figure 4.1, can further subdivided into two groups: (1) surface crack growth; and (2) 

through-to-thickness crack. 

The Paris Law, as described in Eq. 4.1, can be used for the through-to-thickness 

crack growth by defining a to be the crack length. For surface cracks, a discussion of 
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crack shape, length, crack depth, and crack aspect ratio is necessary. I t is common 

practice to assume that the shape of fatigue crack (being initially semi-elliptical) remains 

semi-elliptical during the process of surface crack growth, as illustrated in Figure 4.2a. 

So, the crack depth (defined as ex) and crack length (defined as 2c) are sufficient 

parameters to characterize the fatigue crack front. As a consequence, the general form 

of Eq. 4.1 needs to be modified and the pair of two coupled differential equations are 

proposed to describe the surface crack propagation as: 

da. 
dN 

and 

de 
dN 

(4.5) 

(4.6) 

where Ya and Yc are the geometry function for the deepest point and for the end point 

of the crack at the surface, respectively. The fatigue strength coefficients Ca and Cc may 

differ generally due to the variation of triaxial stress field. The relationship between these 

two variables is assumed to be (Shang-Xian, 1985): 

(4.7) 

The detailed information on geometry functions Ya and Yc can be found elsewhere 

(Raju and Newman, 1979;Tanaka and Tsurui, 1989; Zhang and Wang, 1993). 
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4.2.3 Mean Stress Effect 

Because of the random nature of loading process, the reliability of predicting 

fatigue damage under a variable amplitude stress process has been studied extensively. 

Schijve (1975) provided an overview of variable approaches including: (1) cycle-by-cycle 

counting in which effect of crack growth in each cycle is computed; and (2) the 

characteristic stress method. 

Due to the cyclic nature of loading, the fatigue crack growth process has a 

relatively long propagation period. Thus, the characteristic stress method may be the most 

appropriate one and the fatigue damage accumulation can be evaluated using the concept 

of mean stress effect. 

The mean stress effect of a random loading process can be defined as: 

(4. A) 

where fs(s) is the stress range density function. Once the type of distribution of the 

loading process and its statistical characteristics are known, the corresponding mean stress 

effect can be determined easily. The assumption of ignoring of possible loading 

sequences effect is stated implicitly in Eq. 4.6. Since the fatigue threshold is neglected 

in this study, this assumption is very reasonable. 

According to the central limit theorem, the mean stress effect E(sm) will be a 

normal variable when the population size N is large. The corresponding mean and 

standard deviation of mean stress effect can be estimated as: 
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(4.9) 

(4.10) 

The coefficient of variation of mean stress effect is therefore can be obtained as: 

CQv(sm) (4.11) 

Obviously, the COY of the mean stress effect approaches zero, as the number of 

stress cycles N becomes large. This means that the mean stress effect of the population 

tends to be independent of the total number of stress cycle when the stress history is long. 

Thus, the mean stress effect could be a fairly good alternative to evaluate the fatigue 

damage accumulation. 

4.2.4 Damage Accumulation Function 

Integrating Eq. 4.1 with respect to crack size from a l to a 2 corresponding to the 

number of stress cycles N I and N2, one obtains: 

(4.12 ) 

where sm is the mean stress range. 

As will be discussed later, the geometry function, F(a, Y), reflects the effect of 

stress concentration near the crack tip in the fatigue crack growth process. The analytical 
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expression of the geometry functions are very difficult to obtain in most cases. Even if 

the geometry function is available, the exact expression for crack size in terms of fatigue 

strength, fatigue stress, and crack geometry is still difficult to obtain. The nature of 

differential equation to describe the crack growth is responsible for this. 

As an alternative, the fatigue damage accumulation function \{'(U1,U2), proposed 

by Madsen (1985), can be introduced as: 

(4.13 ) 

and this damage accumulation function is related to the load accumulation by 

(4.14 ) 

where N I and N2 are the number of stress cycles corresponding to the crack size U 1 and 

U z, respectively. 

4.2.5 Failure Criteria 

In the LEFM-based fatigue damage evaluation procedure, failure criteria should 

be selected very carefully. Two failure criteria are commonly used. The critical crack 

size is used for the fatigue failure and the fracture toughness is used for the brittle fracture 

failure. 
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4.2.5.1 Critical Crack Size 

The critical crack size a c is also a very important stochastic parameter in the 

LEFM formulation. As the crack size increases during the fatigue loading process, the 

residual material strength of the cracked component reduces. For element level fatigue 

damage problem, the fatigue failure can be defined as the stage when the crack size 

exceeds the critical crack size. The selection of critical crack size depends on either a 

serviceability requirement or a fracture mechanics criterion. For the fracture mechanics 

criterion, the critical crack size can be estimated from the critical fracture toughness, K,e, 

if LEFM approach is used, or from the J-based fracture toughness, Jle, if the Elastic

Plastic Fracture Mechanics approach is used. For the serviceability requirement, the 

critical crack size can be defined as the thickness or the width of the structural details in 

most cases, or a specific value of crack size from which the crack growth is unstable. 

Theoretically, the critical crack size should be a random variable. However, since the 

crack growth rate is very high near the critical crack size, the effect of the variability of 

critical crack size on the fatigue failure is rather small compared to other random 

variables involved in the entire fatigue damage process CYao, et. al. , 1986). Thus, the 

critical crack size is assumed to be a deterministic parameter in this study. 

When the information on the critical crack size a c is available, and aN is defined 

as the in-service crack size after the structure is subjected to N stress cycles, the fatigue 

failure criterion can be defined as: 
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(4.15 ) 

Once aN exceeds the critical crack size, it can be considered to cause failure. 

Since the fatigue damage accumulation function, \1'(0.1,0.2)' is monotonically 

increasing with the crack size, the failure criterion represented by Eq. 4.15 can be 

alternatively expressed as: 

(4.16) 

4.2.5.2 Fracture Toughness 

Fracture toughness, Klc' is another important criterion to determine the structural 

failure under the fatigue loading. It is defined as a critical value of stress intensity factor, 

above which the fatigue crack growth will reach the unstable stage and the structural 

fracture will occur instantly. It depcnds on the type of steel, structural detail, temperature, 

and loading rate. The fracture toughness is a very important material property and can 

be estimated through any standard fracture toughness test. Once the fracture toughness 

is available, the brittle fracture failure can be defined as: 

(4.17) 

where Scr and a cr are the applied stress and the corresponding crack size at the time of 

fracture, respectively. 

It is notcd that most of the fatigue failures occur at low level of fatigue loading 

and almost all the fracture failures occur at a significant level of quasi-static stress. 
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Usually, the brittle fracture may not be significant if the material has high fracture 

toughness, such as structural steel (K,c - 200 ksi or 1380 Mpa) (Kung, 1992). 

4.3 Description of Crack Initiation 

Crack initiation is defined as the development of an initial flaw from which a 

crack may grow. It takes place entirely at the microscopic level. There are many 

possible variables to affect crack initiation, such as material properties, drilling technique, 

welding quality, manufacture process, specific structural details, and assembling of 

structures, etc. The welding process is most important variable to control the quality of 

welded structures. 

Three primary factors control the crack propagation of structural members 

(National Highway Institute, 1989): (1) crack size; (2) stress level; and (3) fracture 

toughness. 

All three factors interact to determine whether or not fracture will occur. 

The initiation of fatigue crack can be quantified by either the time of crack 

initiation or the equivalent initial flaw-like crack size. 

4.3.1 Initial Crack Size 

It is well established in the profession that all welding processes result in 

discontinuities at or near the weld. It is these discontinuities that may be susceptible to 

the unstable crack growth characteristic leading to fracture. Typical fabrication 
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discontinuities include lack of fusion, slag inclusion, porosity, arc strikes, and stop/start 

positions (ASCE, 1982; liao and Moan, 1989a). In addition to the discontinuities arising 

from fabrication, cracks that may lead to fracture can occur during transportation, 

construction, and assembly (ASCE, 1982). These include extraneous tack welds or arc 

strikes, nicks, and gouges. Also, cracks may occur during the service life of the structure. 

These cracks result from fatigue crack growth, severe section loss due to corrosion and 

collision or other types of damage. Therefore, a considerable amount of uncertainty is 

expected in the estimation of initial crack size. 

In most of engineering structures, the actual initial crack size is very small and 

may be beyond the detectability limits of the existing non-destructive inspection 

techniques. Hence, the concept of equivalent initial crack size (EICS) was introduced 

(Yang and Manning, 1980). An equivalent initial crack size is a hypothetical crack size 

assumed to exist in a structural detail prior to service. The equivalent initial crack size 

is obtained by back-extrapolation of observable fractographic data to time zero for each 

test specimen using a suitable crack growth law in the small crack size region. Such a 

EICS would result in an actual crack size at the actual point in time, if the possible crack 

closure can be neglected. In some cases, such as bridges and offshore structures, a 

characteristic S-N curve is available for the weld under consideration. It is then possible 

to assume a reasonable distribution of the initial crack size and to calibrate its 

characteristic parameters so that the estimated fatigue life or fatigue reliability are the 

same for both S-N and fracture mechanics approaches. 



111 

The distribution types used most frequently in modeHng variability in initial crack 

size are the Gamma distribution, lognormal distribution, and Weibull distribution. Harris 

et al. (1981) fitted marginal crack depth distributions to the data of reactor piping steels, 

with adjustments to include only crack larger than a certain value and found the best fit 

to be lognormal distribution. Bechcr and Hansen provided data on 228 surface cracks 

exposed during removal of layers of steel weldment. They concluded that the depth 

distribution was lognormal. Also, an exponential distribution for the initial crack size, 

which is a special case of Weibull distribution, is very common in welded structures. 

Marshall data (1976) for cracks found in U.S. and U.K. nuclear vessels and other non

nuclear vessels was concluded to be exponentially distributed. Karlsen and Besuner 

(1982) measured undercuts in production butt welds. They proposed an exponential 

distribution in describing the initial crack size. Mohaupt et aI., (1987) suggested that the 

mean initial crack size be the smallest crack length that can be measured reliably. 

It was noted by Madsen (1985) that the fatigue life is highly dependent on the 

initial crack size and the large variability in the fatigue life estimation is attributed to the 

uncertainty in the initial crack size. Jiao and Moan (1989a) also observed that there was 

not much difference between Weibull and lognormal representation of the initial crack 

size. According to the tail behavior of these two distributions, the lognormal distribution 

tends to be more conservative. 

If the underlying distribution is lognormal, then it can be expressed as: 
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Ina - II 

F ( ) <I> ( 0 .... lnao ) 
ao a O = 

°lnao 
(4.18) 

If the underlying distribution is Welbull, then it can be expressed as: 

a 
1 - exp [ - ( -i ) ] ~ (4.19) 

where S and ~ are scale and shape parameters, respectively. 

4.3.2 Crack Initiation Period 

Another important aspect of crack initiation is the crack initial period. It has been 

considered as a random variable to follow either the lognormal distribution or Wei bull 

distribution (Freudenthal and Schueller, 1973; Shinozuka, 1978; Yang and Chen, 1985). 

Exponential distribution is also accepted by the profession. Based on the stress-strain 

response, Lawrence (I 978) proposed a crack initiation period model for high cycle fatigue 

of welded structures. Using the Coffin-Manson equation as defined in Chapter 2, 

Wirsching (1981) proposed an approach to predict the time to crack initiation. Jiao and 

Moan (1989a) suggested a model of crack initiation period combining the S-N data and 

the LEFM theory. Using local strain analysis, Zheng (1993) proposed an empirical 

relationship between the crack initiation life and some major factors to affect crack 

initiation, such as crack geometry, cyclic loading conditions, material behavior, and the 

tension overloading effect. 

In recent years, the non-destructive inspection technique has been improved 
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significantly such that the small crack size can be detected with confidence. By the help 

of improved crack detection techniques and the concept of equivalent initial crack size, 

the time to crack initiation can be neglected without compromising the accuracy of the 

model. Furthermore, for welded bridge details, the crack growth stage is of primary 

interest in the fatigue life estimation. Thus, it might be reasonable to assume that the 

initial crack period to be zero for welded structures (Jiao and Moan, 1989b). 

The crack initiation period, however, may not be negligible when the fatigue life 

has been improved by post-weld methods. If it is assumed that S-N curves are available 

for the period of crack initiation, the initiation period can be evaluated. However, in this 

case the crack initiation period is a random variable described by the stress variable and 

the S-N parameters. 

4.4 Random Model of Material Properties 

Experimental data obtained from the fatigue testing under various loading and 

environmental conditions contain the major source of information to estimate the fatigue 

life of engineering materials. A significant level of randomness exists in these data no 

matter how carefully the tests were designed and conducted. Therefore, the scatter in the 

fatigue test data is a very important issue in the fatigue analysis and design (Little and 

Ekvall, 1981). 

As pointed out earlier, the material property in the crack propagation model is 

characterized by two parameters, C and m. Due to the large uncertainties in the 
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experiment as well as in the process of fabrication, these two parameters are usually 

considered to be random variables. A strong empirical relationship between material 

parameters C and m was described by Veers (1987) and verified by Rocha and Schueller 

(1993) based on the Okamura-Takano data. However, this strong correlation is due to the 

mathematical model used and can not be used to reduce the number of material 

parameters involved in fatigue analysis (Courtie, 1991; Rocha and Schueller, 1993). 

Based on Virkler data (Virkler et. aI., 1979) and Ghonem data (Ghonem and Dore, 1987), 

it also be found that the material parameters, C and m, are statistically independent and 

there is a canonical stress intensity range which depends on the type of material 

(Ditlevsen, 1992). 

The statistical characteristics of the distribution depend on the test data. It is 

always true that more qualified tests are conducted more accurate the characteristics will 

describe the real situation. It is generally accepted that for steel, the fatigue growth 

parameter, C, follows lognormal distribution while the fatigue growth exponent, m, 

follows normal distribution (Zhao and Baldar, 1994a). For steel structure under plain 

strain condition, an empirical relationship between the median value of C and the mean 

of m can be expressed as (Gurney, 1979) 

c = {1.32Xl0-7/(28.3)~ 
5 . 18 xl 0 -6 / (25 . 7 ) m 

Mpa uni ts 
ksi uni ts 

(4.20) 

For steel used in bridge structures, a number of tests were conducted to estimate the 

fatigue growth coefficient C and fatigue growth exponential m. Barsom and Novak 
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(1977) measured crack growth rates for A36 and A588 steels. A total of 260 members 

in air were investigated and a mean of 1.427xlO-12 (MPa units) for C was proposed while 

m was assumed to be a constant of 3.523. In aqueous environments, 505 members were 

tested and mean value C was found to be 4.136xlO-13 and m was found to be a consist 

of value 3.279. Robert (1982) also measured crack growth rate in air. I-Ie suggested the 

mean value of C to be 1.755xlO-12 and m was a constant of value 3.202. 

A number of test data are available for steel structures but a huge variation also 

exists, especially, for the coefficient of variation of C. The possible value of COV(C) 

ranges from 0.10 to 0.70. Cortie and Carrett (1988) gathered data for steel structure 

from several investigator, they found that the standard deviation of LnC is only about 

0.10. Roberts (1982) investigated about 724 data and observed that the standard deviation 

of LnC is about 0.25 for a low stress ratio. For high stress ratio, this quantity could be 

doubled. Jiao (1989) suggested a value of standard deviation of LnC which is to be 0.50. 

Wirsching and his associates used a relatively large COY value ofLnC ranging from 0.50 

to 0.63. 

Based on l394 data collected from the literature, Albrecht and Yazdani (1986) 

suggested that the mean value of C can be assumed to be 8.291xlO- 11 (1.537x10- 12 in SI 

system). Also a COY of 0.63 is assumed by Zhao and Haldar (1994c). The fatigue 

growth exponent m can be considered to be either a constant of value 3.344 or a normally 

distributed variable with mean of 3.334 with a COY of 0.1. 

The fracture toughness is the other important material property to characterize the 
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brittle fracture failure. Based on the fracture toughness data of A36, A588, and A514 

steel (Rippling and Crosley, 1983), Albrecht and Yazdani (1986) reported that the 

truncated normal distribution best fit the data. The statistical characteristics are 

summarized in Table 4.1 for these steel. The normal distribution is assumed herein. The 

distribution was truncated on the lower tail at zero fracture toughness. 

4.5 Description of Geometry Function 

A considerable amount of modeling uncertainty is expected in describing the 

geometry function of cracks. It is generally recognized that the geometry function is a 

function of the crack size and a group of other random variables such as the stress 

concentration coefficient and the dimensions of the specimen under consideration. 

Close-form models to express the geometry functions are available only for special cases. 

Almar (1985) proposed a model to describe the geometry function for crack 

growth through the stress concentration zone. For bridge components, Fisher et al., 

(1970) suggested the geometry function for side-notched specimens. Paris and Sih (1965) 

proposed a geometry function to treat the case of center-notched specimens. Hudak 

(1981), Fisher (1984), and Yazdani and Albrecht (1990) also suggested geometry 

functions for the different details of steel bridges. 

Yazdani and Albrecht (1986) expressed geometry function as the product of four 

separate factors: 
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Table 4.1 Statistical Analysis of Fracture Toughness Data 

I Steel I 
I A36 

II 
A588 

II 
A514 

I 
Normal Log.! Normal Log. Normal Log. 

Mean 40.0 1.59 45.0 1.64 70.1 1.83 

Std. Dev.2 7.3 0.08 8.4 0.09 16.7 0.12 

Sample Size 88 88 105 105 105 105 

Good Fit Yes No Yes Yes Yes Yes 

lLognormal Distribution 

2Standard Deviation 
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(4.21) 

where Fe' Fs' Fw, and Fg are crack shape, free surface, finite width and stress gradient 

correction factors, respectively. 

As stated in the previous sections, the geometry functions playa very important 

role in the LEFM - based fatigue damage evaluation. Due to the inherent uncertainty 

involved in the these geometry functions, a large amount of scatter exists between the 

fatigue damage model and test data. Thus, fitness and accuracy of the geometry functions 

corresponding to the certain structural details and loading condition must be evaluated 

first. 

4.5.1 Stage of Fatigue Crack Propagation 

The subcriticnl crack propagation phase is considered to be the most important 

period in the engineering fatigue-resistance design, since it takes about 95% of the total 

fatigue life. For the components of bridges, a sub critical crack can grow in three stages: 

(1) part-through crack; (2) two-ended crack; and (3) three-ended crack. In the first stage, 

the fatigue crack grows through the thickness of the flange or the web depending on the 

location of fatigue crack initiation. Generally, the shape of part-through cracks is semi

elliptical. Once the part-through cracks reach the back of the plate, the second stage 

begins. The crack grows with two fronts across the flange or in web. Finally, when one 

of the fronts reaches the flange-to-web junction, the crack changes into a three-ended 

crack in the web and across the flange. At this time, the crack growth rate becomes 
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relatively high. The resulting unstable crack growth will ultimately cause failure due to 

fracture. Usually, the stage 1 and 2 crack propagation consumers about 95 percent of the 

total fatigue life (Figure 4.2b). 

4.5.2 Crack Aspect Ratio 

As discussed earlier, the stage 1 part-through crack has semi-elliptic shape. This 

stage is very important since it consumes most of the useful fatigue life of steel bridges. 

The accurate description of the geometry functions corresponding to the different welded 

details is very important to limit the potential error in predicting the fatigue damage. 

Thus, the uncertainty involved in the expression of geometry function should be carefully 

identified. 

In recent years, numerous studies about aspect ratio have been conducted. For the 

cover-plate girder, Fisher (1984) suggested following relationship between a and cas: 

c = 5.46«1.133 (4.22) 

For the web connection plates, the mean value of the aspect ratio can be assumed to be 

0.20. Moan et. al. (1993) suggested an exponential type function to quantify the crack 

aspect ratio. 

For a specific structural detail, the most significant random variable in geometry 

function is the crack growth aspect ratio, alc. (Zhao and Haldar, 1994c). Madsen (1992) 

subjectively suggested a log-normal distribution to model this important random variable. 

Based on the statistical analysis of the data obtained from Fisher et. al. (1972), it is found 
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Stlgcl 

Figure 4.2b Stages of Cracl{ Growth 
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that the statistical model and corresponding characteristics of the crack aspect ratio may 

vary with the different structural details. Both lognormal and exponential distributions 

could be good choices to model this random variable. More comprehensive study is 

needed on this subject. 

In this study, lognormal distribution is used to represent the crack aspect ratio, 

with mean of 0.25 and a COY of 0.50 (Zhao and Haldar, 1994c). 

4.5.3 Crack Shape Correction Factor 

The crack shape correction factor, Fe' accounts for the effect of crack shape on the 

rate of fatigue growth. For all stage 1 (part-through) cracks, which are assumed to have 

an elliptical crack front, this factor can be estimated as: 

F = 1 e 

The complete elliptical integral of the second kind, Ek, can be expressed as: 

(4.23) 

(4.24) 

where k = 1-(a/c)2, a is the length along the minor axis, c is the length along the major 

axis, and alc is the aspect ratio of the crack. 

4.5.4 The Free Surface Correction Factor 

The free surface correction factor, Fs, is used to account for the effect of the 
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higher stress intensity of surface cracks. It depends on the stress distribution and crack 

shape. The applicable value for stage 1 cracks are summarized below. 

For AASHTO Category A rolled beams, having quarter-elliptic cracks growing 

from the flange edge, the free surface correction factor is estimated by: 

O.138~ + 1.122 
c 

(4.25) 

For AASHTO Category B welded beam, having cracks growing from embedded 

flaws, the free surface correction factor does not apply, i.e., Fs = 1.0. 

For part-through cracks growing from weld toes to the non-uniform stress field, 

such as the cases of AASHTO Category C transverse stiffeners and Category E cover-

plates, the free surface correction factor can be expressed as: 

1.225-0.4~ 
c 

(4.26) 

For the stage 2 and 3 through cracks, such as that in the AASHTO Category A 

rolled beam, free surface correction can be expressed as: 

Fs = 1.12 (4.27) 

4.5.5 The Finite Width Correction Factor 

The finite width correction factor, Fw, reflects the increase in the stress intensity 

factor as the crack front approaches the edge of the plate. It depends on the crack shape 

and stress gradient ncar the crack tip. 
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For far-field uniform stresses applied along the crack front, Fw is given by 

- V 2 1ta FI'I - -tan-
1ta 2 

(4.28) 

where a = a/Wand W is the specimen width. 

For nonuniform stresses, the finite width correction factor can be estimated by 

F = [l:.+2.(1.297-0.297cos1ta)./1tacosec1ta]./ 2 tan 1ta (4.29) 
1'1 4 4 2 Y 2 2 Y 1ta 2 

The finite width correction factor for stage 1 crack growth in AASHTO Categories 

A rolled beams and B welded beams can be obtained by the Irwin's approximation, 

expressed in Eq. 4.28. 

For AASHTO categories C, E and E', in which the stage 1 semi-elliptical crack 

grow in nonuniform stress fields, the finite width correction factor can be expressed as: 

(4.30) 

4.5.6 Stress Gradient Correction Factor 

The stress gradient correction factor, F g' considers the effect of nonuniform 

stresses (distribution across the thickness of the plate). Based on finite element analysis, 

Albrecht and Yamada [14] derived following expression for the gradient correction factor: 
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F = ~L ( fi arcsin b i +1 -arcsin b i ) 
g 1ti f a a 

(4.31) 

where ~ is the stress at the ith element, f is the average stress remote from the plate, and 

hi+l' hi are the distances from crack origin to the near and far sides of an element i in the 

context of the finite element representation. 

For AASHTO Categories A and B details, the stress gradient across the thickness 

of the plate is assumed to be zero. Therefore, the stress gradient correction factor to be 

1.0 corresponding to the Categories A and B details. For AASHTO Categories C, E and 

E', the weld-toe creates a steep stress gradient and the corresponding correction factors 

need to be estimated. Using the concept of Eq. 4.30, an semi-empirical method was 

proposed to evaluate the stress gradient correction factors (Zettlemoyer, 1976). 

The procedures are summarized below. 

(I) Calculate the theoretical stress concentration factor. 

for stiffeners as: 

KT = 1.6211og(~) + 3.963 
Tf 

and for cover plates as: 

(4.32) 

{4.33} 

where Z is the weld size, T f is the web or flange thickness as applicable, and Ter is the 

thickness of cover plate. 
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(2) Calculate the optimum length along the major axis, gopt . 

When the initial crack size is large, say, uofTr ~ 0.4, gopt approaches to zero and the 

elliptical hole vanishes. In this case F g = 1.0. Otherwise, 

for Stiffeners: 

(4.34) 

and for cover plates: 

(4.35) 

where U o is the initial crack size. 

(3) If the stress concentration factor determined in Step 1 is equal to 3.0, Fg is equal 

to the stress gradient from a critical hole. 

for KT = 3.0; 

(4.36) 

where u is the crack size. 

The subsequent steps apply only if KT if:. 3.0. 
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(4) Find the length along minor semi-axis, h, and use the following equations to 

obtain the maximum stress concentration factor. 

h 

h gope (K
T 

- 1 0) 
2 . 

(5) Calculate the elliptic parameter y as: 

y = arc cosh [ 

(6) Calculate the other elliptic parameter 11. 

g +ct 
" = arc cosh ( ope cosh y) 

gope 

'11 = arc sinh ( h+ct cosh y) 
gope 

(7) Find the stress gradient correction factor F g' 

for KT> 3.0: 

(4.37) 

(4.38) 

(4.39) 

(4.40) 

(4.41) 



x (cosh (211 ) + .!cosh (2y) -1. 5) ] / (cosh (211) -1) 2 
2 

for KT < 3.0: 

x (cosh(211) + ~cOSh(2Y) +1.5)]/(cosh(211) +1)2 
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(4.42) 

(4.43) 

In a recent study (Hobbacher, 1993), a various stress gradient correction factors 

were investigated for different welded structural details using the regression and finite 

element techniques. The stress gradient correction factors at welded joints were proposed 

for several typical welded joints under membrane stress condition. The concepts and 

formula are summarized below. 

In general, the stress gradient correction factor can be expressed as: 

F = E·(~.) k 
g T 

(4.44 ) 

For transverse non-load carrying attachment (Figure 4.3): 

E = 0.8068-0.1554 ( H) +0.0429 ( H) 2+0.0794 (i?) 
T T T 

and 
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(4.45) 

where Hand Ware weld sizes, T is the thickness of the plate. 

For cruciform joint K - butt weld (Figure 4.4): 

and 

k = -0.2434-0.3939 (H) +0.1536 (H)2 
T T 

(4.46) 

where all the parameters are defined in the Fig. 4.4. 

For cruciform joints with fillet welds (Figure 4.5): 

if 0.2 < HIT < 0.5, and 0.2 < WIT ,0.5, and alT < 0.07, then 

E = 2.0175-0.8056 (~) -1.2856 (;) 

and 

k = -0.3586-0.4062 (~) +0.4654 ( ~) (4.47) 

if 0.2 < HIT <0.5, and 0.2 < WIT <0.5, and alT > 0.07, then 
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E= 0.2916-0.062(H)+0.69421(~) 
T T 

and 

k = -1.1146-0.2132 (H) +1.4319 (~) 
T T 

(4.48) 

if 0.5 < HIT <1.5, or 0.5 < WIT <1.5, then 

and 

(4.49) 

For lap joints with fillet welds (Figure 4.6): 

and 
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k = -0.4535-0.1121 (H) +0.3409 (E) -0.0824 (E)2 
T T T 

(4.50) 

For longitudinal non-load carrying arrachments (Figure 4.7): 

E = 0.9098-0.2357 (.i) +0.0249 (L) +0.00038 (L)2 
T T T 

+ 0.0186 (B) -1.1414 (9) 
T T 

and 

k = -0.02285+0.0167 (.i) -0.3863 (~) +0.123 (~)2 
T 45 45 

(4.51) 

4.6 Model of Fatigue Loading 

It is widely acknowledged that the fatigue analysis performed under constant 

amplitude or block loading insufficiently reflects the reality, complexity, and uncertainty 

involved in the fatigue process under random loading condition. The major sources of 

uncertainty involved in the fatigue loading can be classified as: physical uncertainty and 

modeling error. The physical uncertainty is due to the random nature of loading process. 

The modeling error is associated with the uncertainty in the assumption of stress analysis. 

The models to address the uncertainty of the loading process has a great impact 
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on the reliability-based fatigue analysis. Gaussian load process is most commonly used 

in structural and mechanical components. The present theoretical model for estimating 

the mean fatigue damage under gaussian process is based on a narrow-banded assumption. 

This model, however, is conservative when the spectral density function of a gaussian 

process is wide-banded (Wirsching and Light, 1980). In this case, a damage correction 

factor proposed by Wirsching is introduced to reduce the conservatism. In order to 

account for the possible sequence effect, a new variable-amplitude load model was 

proposed (Veers, et. aI., 1989). This model is especially useful when the yield stress or 

the crack growth coefficient is relatively small. 

For marine structures, aircraft, and ground vehicle industries, a two-parameters 

Weibull distribution is widely used to describe the fatigue load effect due to sea waves, 

gusty wind, or road toughness (Wirsching, 1984; Chen and Mavrakis, 1988). The 

Weibull cumulative distribution function (CDF) is: 

o<~,o<oo (4 .52) 

where 0 and S are the shape and scale parameters of Weibull distribution, respectively. 

The corresponding mean stress effect is: 

(4 • 53) 

where f( ) is the gamma function. 

For bridge structures, traffic volume is the major source of live load, which 
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Figure 4.3 Transverse Non-Ioadcarrying Detail 

Figure 4.4 Cruciform Joint K-butt Weld 
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includes passenger cars, pickups, trailers, and trucks. The daily trucks traffic is only 

about 10 percent of the daily traffic but it is the major cause of the fatigue damage in a 

specific bridge location. The histograms of the gross vehicle weight (OVW) of trucks 

obtained from the field are the major data base to model the distribution and to estimate 

corresponding statistical characteristics of fatigue load. In recent years, a number of 

studies have been carried to address this urgent issue. Based on the extensive collection 

of on-site traffic data, Albrecht and Shaaban (1983) found that the fatigue loading on 

highway bridge may be modeled as a lognormal distribution. Ditlevsen (1988) proposed 

an asymptotic approach to reduce the error of quantifying the truck loading due to the 

finite sample population of truck within the given geographical region of the bridges. 

Tallin and Petreshock (1992) suggested a two-peaks model to account for the fatigue 

stress due to the heavier loaded trucks and lighter unloaded trucks. It is shown that single 

modes give conservative result. 

Schilling (1974) indicated that the Rayleigh distribution would be appropriate to 

model the fatigue stress range of highway bridges. Since bridge loading can be 

approximately modeled as a stationary narrow band gaussian process, its stress range 

should follow Rayleigh distribution. In a recent study, Sarkani et. al. (1994) simulated 

the probabilistic density function of the time history of fatigue stress according to a total 

of ninety six data sources. Based on this research, a modified Rayleigh type distribution 

was suggested which provides more accurate results in most cases. 

Fatigue accumulation is mainly due to a sequence of peaks/troughs of a random 
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loading process. If the stress range fs(s) follows a Rayleigh distribution, then the 

distribution function of the stress range can be expressed as: 

(4.54 ) 

and the mean stress effect can be shown to be: 

(4.55) 

where rc ) is the gamma function and So is a statistical parameter which relates the mean 

value of the process by: 

(4.56) 

The stress modeling error is also a very important source of uncertainty in fatigue 

loading analysis and it is receiving more and more attention in the recent years. 

Lognormal distribution to describe the modeling error is well accepted in the profession 

(Wirsching and Chen, 1987; Nikolaidis and Kaplan, 1991; Hanna et. aI., 1991;and Kung, 

1992). In these studies, the median of the stress modeling error was assumed to be 1.0 

while the corresponding COY was selected to be 0.20. This selection reflects the general 

application to marine structures. Based on Eqs. 4.13 and 4.54, the fatigue crack 

propagation rate can be determined. 

To account for potential error in the stress analysis and measurement, stress 

modeling model Bo is introduced here. It is a common practice to assume the stress 
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modeling error is a random variable followed lognormal distribution. The median value 

is assumed to be 1.0 and the coefficient of variation is assumed to be 0.10. These values 

are reasonable selected for the application to bridge structures with the effort to 

incorporate the recommendation in the current AASHTO specifications (Guides, 1990). 

4.7 Stress Cycles and Cycle Counting 

Fatigue life, in term of the number of stress cycles, is another important source 

of uncertainty involved in the fatigue evaluation (Zhao and Haldar, 1994). It is generally 

accepted in the engineering practice that the number of stress cycle should be modeled 

as a random variable. This random variable is most frequently represented by either a 

two-parameter Weibull distribution or a lognormal distribution. The physical arguments 

favor the Weibull distribution for the strength type variables because it is an asymptotic 

distribution of minima of the sample space. The lognormal distribution, suggested on the 

basis of mathematical expediency, is more commonly used in practice. The usc of 

lognormal distribution has many advantages including: (1) the lognormal model has 

generally shown to provide a reasonable description for the distribution of a wide variety 

of design variables; (2) the lognormal distribution is very easy to use and its statistical 

properties are well defined mathematically; and (3) reliability formats using the lognormal 

distribution can easily accommodate design variables having relatively large coefficients 

of variation (Yao, et. aI., 1986). 

As mentioned earlier, it is very difficult to define the stress cycle for the case of 
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wide band gaussian process. To identify the stress cycle, the cycle counting technique 

is used (Wirsching, 1985; Madsen et. ai. , 1986). Three methods for cycle counting used 

frequently in the profession are peak counting, range counting, and rain-flow counting. 

Rain flow counting uses a specific cycle counting scheme to account for effective stress 

ranges and identifies stress cycles subject to fatigue loading. Although the rain flow 

counting is regarded as one of the most effective tools for predicting fatigue life under 

complicated stress histories, it is unable to account for stress interaction effect, such as 

sequence effects. A few modified rain-flow counting methods have been proposed to 

treat the case in which sequence effect needs to be considered (Zhu, et. aI., 1993; 

Frendahl and Rychlik, 1993). A detailed discussion of the different counting methods for 

Gaussian process can be found elsewhere (Bouyssy, et. aI., 1993). 

F or bridge structures, the number of applied stress cycles can be expressed in term 

of the lifetime average daily truck traffic (ADTT) volume. Generally, more than one 

stress cycle is measured in a multi span bridge as a truck passes a bridge. A considerable 

amount of variation in ADTT is expected at any specific bridge location. Thus, it needs 

to be considered as a random variable. The lifetime ADTT volume primarily intended 

to represent the truck volume in the shoulder lane, since it carries most of the truck 

traffic. ADTT can be calculated in several ways, including direct estimation of the design 

truck volume, using tables considering the expected traffic volume at the opening of the 

bridge and the expected growth rate of truck volume. A 5% growth rate is generally used 

in the profession. Moses et al (1987) proposed that the ADTT can be assumed to follow 
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a lognormal distribution with a COV of 10%. 

4.8 Deformation - Inducted Fatigue Crack Growth 

The most common types of fatigue crack developed in bridge structures have been 

the result of secondary and/or distortion-induced cyclic stresses. During past two decades, 

several hundred bridges suffered fatigue damage due to this unforeseen interaction 

between the longitudinal and transverse members (Fisher and Keating, 1989). 

Generally, the effects of secondary and deformation-induced cyclic stresses are 

observed at the welded connections where the weld toe is in the high cyclic stress region 

(Fisher, 1984). Most often this was a segment of a girder web. When distortion-induced 

cracks develop in a bridge, the structural features that caused this are usually repeated in 

the bridge structures, and a large numbers of cracks may form before they are maintained. 

Early detection of distortion crack is therefore desirable. 

Deformation-induced fatigue cracks were found in many different types of bridges, 

such as trusses bridges, suspension bridges, girder floorbeam bridges, multi beam bridges, 

tied arch bridges and box girder bridges. Very often, the fatigue damage can be expected 

in the transverse stiffener web gap. Usually, transverse stiffeners, which serve as 

connection plate between girder and floor-beam, are not welded to the tension flange. 

Thus, conditions resulted in web gap cracks have been developed. 

The major causes of the distortion-induced fatigue crack can be classified as: (l) 

the relative movement of structural member during the shipment; (2) the out-of-plane 
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deformation of major structural components due to the in-plane deformation of secondary 

structural member; and (3) the out-of-plane deformation of the secondary structural 

components due to the in-plane deformation of the major structural detail. 

The highway and the railway shipments are among the major ways to transport 

structural members to the construction sites. Due to the inappropriate installation of 

structural detail during transportation, the relative movement is expected between top and 

bottom flanges (Figure 4.8). This type of the sideway creates fluctuating stresses in the 

weld toes and eventually causes fatigue crack to propagate. If the fatigue stress is in the 

very high range, the low cycle fatigue formulation needs to be used. 

Once the bridges are open to public, the structures are exposed to some 

unanticipated secondary deformations. This type of deformation usually can not be 

prevented and it will stimulate the fatigue crack growth. In girder and floor-beam type 

of construction, the in-plane rotation at the ends of floor-beam will cause the out-of

plane distortion of girder and fatigue crack will propagate from the weld toe near the 

floor-beam connection plate to web gap (Fig. 4.9). 

Furthermore, fatigue cracks are expected to be present at the weld of the tie plates 

connecting transverse floor-beam and cantilever brackets across the main girders. The 

cracking is due to the in-plane bending of the floor-beam and main girder. 

In recent years, a limited number of researches and test on the distortion-induced 

fatigue cracks have been conducted. Fisher et. al. (1990) found that fatigue strength of 

web gap of either the web gusset plates or transverse connection plates is consistent with 
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that of the AASHTO Category C. In this study, the Paris Law and the geometry 

function of AASHTO Category C are used to describe the deformation-induced fatigue 

crack propagation. 

4.9 Low Cycle Fatigue Damage 

Most of the preceding discussions have focused on the high-cycle fatigue in which 

nominal stresses are restricted to the elastic range of the material and the number of 

cycles to failure is typically greater than 105
• However, in many cases it may be good 

design practice to allow some cyclic plasticity, for example, in weld undercut notches in 

rivet holes. 

Also, almost all the low to medium-strength structural steel section used for large 

complex structures such as bridges, ships, pressure vessels, etc., are of insufficient 

thickness to maintain plane strain conditions under slow-loading conditions at normal 

service temperatures (Atkins, 1985). Thus, for many structural applications, the linear 

elastic behavior is unrealistic due to the formation of large elastic zone and the elastic

plastic behavior. So it is necessary to develop elastic-plastic fracture mechanics analysis 

procedures to evaluate damage due to the low-cycle fatigue. 

During the process of low cycle fatigue, cracks propagate within plastic stress 

fields. This means that either the stress amplitude will exceed the yield stress or strain 

amplitudes will exceed the yield strain. Thus, instead of the linear clastic fracture 

mechanics approaches, the nonlinear fracture mechanics approaches would be an 
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appropriate alternative to study the low fatigue problem. A number of studies have been 

conducted on the low-cycle fatigue (LCF) using nonlinear fracture mechanics concept in 

the recent decades (Shih and Hutchinson, 1976; Dowling et. al., 1977; Bicego, 1989; AI-

Sugair and Kiremidjian, 1990; Zhao, 1991; Wang, 1992; Wang and Hsu, 1994). 

4.9.1 Plastic Deformation Approach 

For many materials, such as steel, the relationship between the cyclic stress range 

LlO" and the plastic component of cyclic strain LlEp is given by: 

(4.57) 

where n' is the strain hardening parameter. This is obviously a direct parallel to the 

Ludwik stress-strain relationship for monotonic plastic flow (Figure 4.10). 

Several researchers (Solomon, 1972; Wareing et. al., 1973; Ibrahim and Miller, 

1980) observed that the law of low cycle fatigue crack propagation can be expressed as: 

(4.58) 

where C and q are material constants. q varies from 1 to 2. 

Based on experimental results, Tomkins (1980) found that C varies in proportion 

(4.59) 

where T is the cyclic analog of the monotonic true stress equivalent (O"onn) of the ultimate 
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tensile strength. 

Based on the above discussions, Zhao (1991) proposed a formulation to estimate 

crack growth formulation due to low cycle fatigue and it can be expressed as: 

da 
dN 

(2+-E,) -(2+...!!,) 
2 n ( f). a ) n ( T) n (n ') q a 

For simplification, defining: 

a 
Ap = 2 + 

n 

and 

Eq. 4.57 becomes: 

4.9.2 J-Intcgral Approach 

(4.60) 

(4.61) 

(4.62) 

(4.63) 

Another very successful way to predict low cycle fatigue crack growth is the so-

called l-integral approach, which was originally proposed by Dowling and Begley (1976). 

Similar to the Paris Equation, the crack growth law of low cycle fatigue is expressed as: 



da 
dN 
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(4.64) 

where Cp and mp are the material parameters for the elastic-plastic fatigue case and .M is 

the range of the J-integral. 

Instead of the stress intensity L1K in the LEFM approach, L1J needs to be estimated 

in the J-integral approach. The path-independent integral describes the intensity of stress-

strain field at the tip of a crack under elastic-plastic loading conditions. Theoretically, 

the J-integral can be expressed as follow: 

J = J Wdy - T ( ~~) ds (4.65) 
D 

where D is a counterclockwise closed contour around the crack tip as shown on Fig. 4.11; 

T is the traction vector perpendicular to D; Ti = O'iPij, U is the displacement vector; ds 

is the differential arc length along D; and W is the strain energy density: 

€ 

W(€ij) = JOijd€ij 
o 

(4.66) 

The range of J-integral ,L1J, can be determined from the load-deflection curves 

and it is divided into an clastic and a plastic part: 

!1J = L1J + L1J e p 
(4.67 ) 

where L1Jp is the fully plastic J-integral value and L1Jc is range of the energy release per 
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unit crack extension in the linear elastic case, and it can be expressed as: 

(4.68) 

where v and E are the Poisson's ratio and Young's modulus, respectively. 

Due to the difficulty in estimating the l-integral for fully plastic deformation zone, 

the prediction of the crack growth for low cycle fatigue is not straightforward. However, 

several experimental methods to evaluate the J-integral was proposed in the past (Shih and 

Hutchinson, 1976). For the center-cracked specimens, the fully plastic solution of the J-

integral was obtained by fitting ~Jp to finite element calculations. The corresponding 

correction factor were suggested. 

The pure power hardening law for a material under nonlinear loading is expressed 

as: 

(4.69) 

where E is the uniaxial strain, 0" is the uniaxial stress, Eo and 0"0 are reference values, S is 

a material constant, and n is the hardening exponent. 

An estimate of the range of fully plastic l-integral, for center-cracked specimen 

with a width of 2b and a crack length of 2u, is given as: 

(4.70) 

where ~P is the range of total applied load per unit thickness, and Po is the reference load 
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per unit thickness. It can be estimated as: 

Po =: 2 (b-a) 0 0 (4.71) 

O. (alb, n) is a correction factor to fit finite element calculations. It is assumed that the 

independence of O. (a/b,n) exists on both (alb) and n. Thus, the correction factor can 

be further separated as: 

where 

f(n) =: 3. 85y1n(1-l:.) + 1t 
n n 

and 

(4.72) 

(4.73) 

(4.74) 

For Ramberg-Osgood type materials, such as A533B pressure vessel steel, the 

stress - strain curve can be expressed by the following equation: 

€ 0 =: (4.75) 

By comparing ilJp values obtained from Eq. 4.69 with the test data reported by Dowling 

(1976), the modified formula for ilJp was proposed as: 
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(4.76) 

All the terms in the above equation were defined earlier. The material properties for 

A533B steel are as follows: S = 0.1, 0'0 = 34.166 ksi, and n = 1/0.165. The correction 

function h( ) is introduced to fit Eq. 4.70 to experimental data reported by Dowling. 

Based on the least-square analysis, the h function used in Eq. 4.76 can be 

estimated very accurately as (AI-Sugair, 1990): 

(4.77) 

Once Me and Mp are known, the damage due to the low cycle fatigue can be 

estimated. 

The statistical properties of all the random variable involved in the approach are 

listed in the Table 4. 1 

In this study, the J-integral approach was used, since the statistical data are 

available for the model. 
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Table 4.2 Statistical Properties of Random Variables in J-integral Approach 

Variable Dist. Type Mean Standard Dev. 

ep Lognormal 1.8058x to·8 0.21378 

mp Normal 1.6448 0.03670 

Q1 Lognormal 2.9844x10·3 0.13440 

Q2 Normal -5.1284 0.24220 

Q3 Normal -2.5299 0.09097 
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The purpose of maintenance, as discussed earlier, is to control and improve the 

structural safety and reliability under in-service condition. To obtain an acceptable level 

of fatigue reliability in a structural component or system, two strategies can be selected 

(ASCE, 1982). The first strategy completely depends on the careful selection of design 

loads, methods of analysis, quality control procedures for material properties and 

fabrication, and a critical reliability assessment of the completed structure before it is put 

into service. The second strategy is partial dependence on a plan of periodic reassessment 

of the reliability of the structure through inspections with repair if required. This may 

allow a more economical design and may help to extend the service life of the structure. 

The selection of the second strategy is more economical in general, if the selection is not 

dominated by an operating environment or a structural configuration which makes one or 

more critical components non-inspectable. 

In this chapter, some of the important aspects of the reliability of non-destructive 

inspections are discussed in detail. The focus is on the selection of inspection methods 

and their crack detectability in terms of its size and accuracy. Also, a risk-based model 

for in-service inspection is proposed. 
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5.1 Methods of Non-destructive Inspection 

Non-destructive Inspection(NDI), also called Non-destnlctive Testing (NDT) or 

Non-destructive Evaluation(NDE), is a teclmique to detect defects in engineering materials 

and components. The term non-destructive means that any satisfactory specimen examined 

remains fit for service after the inspection. During the NDT, the material properties could 

change, but the change will be within the allowable limit. 

Any non-destructive inspection method consists of several distinct elements. Some 

of the most important elements are: (1) components to be inspected; (2) type of cracks; 

(3) inspection technique, inspection equipment and inspection procedure; and (4) 

interpretation of the results. 

For a particular NDI technique, several factors are expected to affect inspection 

results (Engesvik, 1985), including modeling effects, human factors, and inspection 

factors. The modeling effects are composed of material characteristics, types of defects, 

component contiguration and surface condition including thickness, presence of abrupt 

geometry changes, and accessibility of critical regions. The human factors include 

variation in inspector skill, interpretation of results, variations in calibration of equipment, 

variations in inspection procedures and sequence of operations. The inspection factors are 

attributed to different inspection environments including laboratory, factory and field 

conditions. and the corresponding detectability. 

Various NDI techniques have been used for the purpose of detecting cracks. Some 

of the most common NDI techniques are visual inspection, ultrasonic inspection, liquid 
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penetrant inspection, magnetic particle inspection, magnetic field inspection, acoustic 

emission inspection, eddy current inspection, radiographic inspection, and dynamic 

measurement (Yee, 1976; Bray and Mcbride, 1992). In the following sections, the first 

four inspection techniques will be discussed in detail since they are commonly llsed 

methods in practice to detect cracks in welded connections. 

5.1.1 Visual and Optical Inspection 

Visual inspection is the most basic, but perhaps the most disregarded NDI 

approach. It covers a wide field, ranging from sophisticated TV monitoring system to the 

simple hand operation. Fatigue hot spots should be visually inspected to obtain some 

preliminary information even when other more sophisticated NOT techniques are 

available. It improves the detectability considerably particularly when used in conjunction 

with magnetic inks and penetrant dyes. 

In most cases, visual inspection with either the unaided eye or magnifiers is the 

most economical method available for detecting surface cracks in structural components. 

It can be used for all materials, but the reliability of results highly depends on the skill 

of the inspector and can only be used reliably to detect surface cracks (ASCE, 1982). 

Whether a TV system, micrcscope or the unaided eye is used, it is clear that a 

visual examination of the surface of a specimen can locate defects and give warning of 

changes in general conditions of the structure. 

The procedure of visual inspection includes: (1) determination of the critical 
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location where defects are most likely to occur; (2) complete removal of dirt, rust, paint 

and other surface coatings before the examination; and (3) the use instrument or hand 

operations to examine the cracks in the critical locations. 

Some of the cracks can be missed during a simple visual inspection. To improve 

the detectability of the visual inspection, two techniques are commonly used. Dye 

penetrants can be used to stain the crack line. The magnetic particle inspection technique 

can also be used in which the stray field attracts suitably dyed magnetic ink to the crack 

region. These techniques are briefly discussed below. 

5.1.2 Dye Penetrant Enhancement 

Certain liquids can penetrate into the space between two surfaces separated by a 

very narrow gap, such as tight cracks. They will also enter cracks which are open to the 

surface. If these liquids are applied to the surface of the specimen, the crack becomes 

filled or partially filled with the liquid. If the liquid is colored, or carries a brightly 

colored dye, once the surplus liquid is removed, the crack opening stands out more clearly 

than when the crack was in its original state. An alternative approach to this process is 

the usc of a liquid which fluoresces under ultraviolet light so that the crack becomes 

clearly visible when examined under ultraviolet radiation. 

The main disadvantage of the dye penetrant technique is that it relies on the ability 

of the penetrant liquid to enter the crack, and this wiII be affected by the crack condition. 

Thus, cracks already filled with liquid or corrosion products, or cracks which are very 
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tight, may not allow the ingress of the penetrant, and so may not show up. On the other 

hand, shallow surface features, such as scratches, may allow some ingress of penetrant, 

and these would appear on the record to be important defects, creating an interpretation 

problem. 

5.1.3 Magnetic Particle Inspection 

If a tangential magnetic field is applied to the surface regions of a ferro-magnetic 

specimen, it will normally lie totally within the specimen. However, if the specimen 

surface is cracked, a portion of the field is forced to leave the specimen locally, forming 

a stray field on the surface of the specimen. Magnetic particles will be particularly 

attracted to these regions of stray field. The magnetic particle teclmique relies on the 

application of a magnetic ink. Assuming that the ink is clearly visible, aided possibly by 

the addition of a dye, the regions \vhich are defective will be clearly determined. 

The technique has the advantage that the ink is easily attracted by the stray field, 

and that the magnetic field is affected by subsurface defects too, although the magnitude 

of the stray field generated falls off rapidly if the defect does not break the surface. On 

the other hand, the technique is limited in application to ferromagnetic materials. Also, 

tight cracks will not provide a large break in the magnetic circuit, and will thus not 

l.!xclude the tield so effectively. Thus, the result of magnetic particle techniques will be 

iess sensitive to tight cracks, just like the dye penetrant method. 

It is important to note that the surface condition has a very significant effect on 
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the detectability of defects using visual inspection (Silk, 1987). If the surface is clean, 

crack length is of the order of 0.25 inch and with a depth of 0.01 inch, it can be detected 

with confidence in metals other than rough castings and some welds in metals under 

conditions of good illumination (daylight or strong flashlight) with the unaided eye 

(ASCE, 1982). By using a magnifier under laboratory conditions, fatigue cracks of about 

one tenth of this length can be detected on polished surfaces (Pettit, 1974). Due to the 

effect of environmental conditions, the detcctability under field conditions can be expected 

to be much poorer than for laboratory conditions. 

5.1A Ultrasonic Inspection 

Ultrasonic inspection is, perhaps, the most popular NDT technique in current use. 

H employs either the resonance method or the reflection method, which uses pulsed 

longitudinal waves. This method has been used to detect cracks in railroad rails since the 

late 1940s (Code, 1952). It is an accepted method for welding inspection (ASTM 

Designation) and the basis for a crack detection system being developed for steel bridges 

(Barton, 1973). 

In any ultrasonic method, four components must be considered: First, the way in 

which the specimen is stimulated, whether by piezoelectric transducer, hammer blow, 

heating, or by internal motion of dislocations under applied stresses. Secondly, the nature, 

selection and interactions of the clastic waves in the specimen which determine the 

response to the probe. Thirdly, a detector, which monitors the response and incorporates 
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any special post-processing required to extract information from received signals. Finally, 

it is important to arrange and select the probe and the detector so that they produce the 

most effective result. 

The pulsed wave method is used to detect defects that are essentially normal to 

the surface being tested. A wave is ret1ected alternately between the surface and back to 

a receiving transducer from a defect, or from an edge of the element being tested. The 

echoes provide an indication of both the presence of the defect and its size. Readout can 

be in the form of an oscilloscope display, an audible signal of varying pitch, or digital 

display (ASCE, 1982). 

The main advantages of the ultrasonic method include (Leonard, 1973; Silk 1987): 

(1) the relative ease of penetration into materials of engineering significance such as steel 

and aluminum; (2) the ability to test from only one surface and to detect defects at 

substantial depths; (3) the sensitivity and comparative accuracy; and (4) no significant 

radiation hazard requiring operational precautions. 

The major restrictions are (ASCE, 1982; Silk, 1987): (1) a number of materials 

rapidly attenuate an elastic wave; the method thus can not be used to inspect plastics, 

some heavy metals, and some composite materials; and (2) it is limited to a small area 

coverage. 

The reliability of crack detection and the accuracy of the measurement depend on 

the equipment used and the distance from the probe to defects, the surface condition of 

the material to be inspected, and the types of defects (liao, 1989a). In general, buried 
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defects can be less readily detected. Weld defects may be more readily detected than 

cracks in situations where it is impossible to place probes optimally. 

Equipment capable of detecting 0.75 inch long cracks at a distance from 3-10 ft 

is reported to be available (ASCE, 1982). According to Packman, et a!. (1969), there is 

over a 50 percent chance of detecting cracks longer than 0.2 inch in aluminum and 0.1 

inch in steel. Cracks longer than 0.25 inch in aluminum and 0.35 inch in steel can be 

detected with certainty. It is agreed that the minimum size detectable for in-service 

inspections may be much smaller than that under laboratory conditions. Although, fatigue 

cracks with lengths of only 0.25 inch have been detected under field conditions (Baldwin, 

1978), the detection of crack size is very inconsistent. In a recent study, the ultrasound 

technique is examined to detect fatigue cracks in the AASHTO Category E' coverplates. 

It is found that this technique can be successfully used to discover fatigue cracks in the 

tension flange located at negative moment zone even with the presence of the pavement 

(Zuraski, 1993). 

5.1.5 Acoustic Emission Technology 

Acoustic emission. or stress wave emission, is the transient mechanical vibration 

generated by the rapid release of energy from localized sources within materials under 

inspection. Stress or some other stimulus is required to release or generate emissions. 

In general, acoustic emission monitoring systems are passive devices. By listening 

to the sound, the micro-level changing of the material state or structure, such as crack 
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initiation or growth, corrosion, twinning, vacancy coalescence, and dislocation, can be 

monitored. Thus, it can be used to observe material behavior, manufacturing processes, 

and the structural integrity of pressure vessels and piping. 

For over 50 years, the different acoustic emission techniques have been used to 

detect cracks in aircraft, pressure vessels, bridges (both steel and concrete), and storage 

tanks. It is reported that the technique was successfully utilized to monitor the fatigue 

cracks growth in large scale steel bridge structures since 1973. Also, it may be an 

idealized technique to determine if a crack retrofit is effective. 

The advantages of acoustic emission are: (1) relatively simple and inexpensive 

procedure; (2) highly sensitive to crack growth and easy to detem1ine cracks' location; 

and (3) the ability to monitor the entire structure at the same time. 

The major limitations are: (1) difficult to detect stabilized cracks; (2) impossible 

to measure crack size; and (3) false massages due to the presence of electrical interference 

and dynamic noises. 

5.1.6 Eddy Current Testing 

Eddy current inspection has many desirable characteristics that make it proper 

choice for many inspection tasks. Eddy current technology can be used to assess selected 

material properties as well as to locate discrete flaws in metallic materials. But, many 

materials and instrumentation parameters affecting eddy current flow may complicate the 

interpretation pl'Ocess for numerous applications. For the bridge industry, the eddy current 
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method is one of the most potential powerful techniques as reported in a study sponsored 

by FHWA. 

The major advantages of eddy current inspection techniques are: (1) mechanical 

contact is not required between the eddy current transducers and test specimen; (2) the 

method has high sensitivity to small discontinuities and surface or near-surface cracks; (3) 

crack size can be measured; and (4) relatively low cost for most applications. 

The limitations of the method arc: (1) only electrically conductive materials can 

be tested and ferromagnetic materials must be magnetically biased before the testing; and 

(2) type of materials, geometries, and electronic parameters affect test results and a 

considerable care is needed to limit error of data interpretation. 

5.1.7 Dynamic Measurement Method and Modal Analysis 

Certain properties of materials can be evaluated in a nondestructive manner by the 

use of dynamic measurement method. For example, the existence of flaws in material 

may alter the vibration characteristics of structures compared to the defect-free structures. 

Almost all the nondestructive inspection techniques discussed earlier are "local" 

inspection technique. Such techniques involve imparting a relatively small amount of 

energy to an object in the neighborhood of the location of a suspected detect and 

examining its response. For evaluation of complex structures, such as bridges, methods 

of vibration testing offer the opportunity for "global" inspection that may be able to detect 

critical local failures. 
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The dynamic tests are carried out by applying a known mechanical energy, in the 

form of forced vibration, to excite the whole or a large portion of the structure. The 

resulting overall dynamic response provides a measure of the condition of the structure. 

Essentially two types of tests are used in practical investigation: the measurement of either 

the natural frequencies of the structure or the amount of damping present in vibration. 

The data obtained from these tests are function of the physical configuration and 

composition of the specimen and can therefore be analyzed for property determination and 

flaw detection purposes. Both types of tests are nondestructive, since the vibration 

amplitudes necessary for frequency or damping measurements are carefully selected to 

ensure the stresses produced during the test have a negligible effect on the structure. 

In recent years, the dynamic measurement method has attracted more and more 

interest from structural engineers. Salane and Baldwin (1990) performed a comparative 

study on fatigue testing bet\veen a bridge model and a three-span highway bridge. To 

estimate the modal parameters of both structures, a steady-state vibration test was used. 

Changes in modal parameters were related to the observed deterioration of the structure. 

It is observed that changes in damping ratios and resonant frequencies provide some 

indication of structural changes, and that selected mode shapes are the best indicators of 

the location of structural deterioration. Samman and Biswas (1994) conducted an 

extensive study on the selection of frequency-response functions used as signature. A 

waveform recognition method was suggested. Both laboratory and field testing were 

conducted to study the robustness of the method. It is shown that the proposed method 



164 

can be very effective in detecting small cracks, even in the presence of background noise. 

Wang and Haldar (1994) proposed a FEM-based time domain system identification 

procedure to estimate the integrity of existing structures. Since the information about the 

input force is not needed, the proposed method is very robust and economical. 

5.1.8 Summary 

Based on the discussions in previous sections, several important observations can 

be made: (I) among a number of NDT teclmiques, no single NDT teclmique is 

unquestionably superior to others for all cases; (2) the ultrasonic method, magnetic 

particle method, and acoustic emission method are sensitive enough to detect small cracks 

and the results obtained are consistent; but the ultrasonic method may be more sensitive 

than the other two methods for monitoring crack growth in steel specimens; and (3) the 

dye penetrant method is more sensitive to detect small fatigue cracks in aluminum than 

in steel, but it is poorer than the ultrasonic method. 

5.2 Probabilistic Model of Inspection Capability 

The capability of an inspection technique can be defined in terms of two criteria: 

(1) the sensitivity of the method in detecting cracks; and (2) the accuracy of the method 

in interpreting detected cracks. 

Current nondestructive inspection (NDI) techniques are not capable of repeatedly 

producing correct indications when applied to t1aws of the same size. The chance of 
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detecting a given crack size depends on many factors, such as the location and the 

environment of the potential hot spot, orientation and the shape of the crack, the material, 

the specific NO! technique or instrument used in the inspection, and human error relating 

to inspector's experience or professional training. As a result, the probability of detection 

(known as POD) has been used in the profession to define the capability of a particular 

NO! in a given environment. 

5.2.1 Crack Detectability 

From the previous discussion, it is clear that there is always a critical crack size 

for a given NOT teclmique below which a crack can not be detected. Due to the large 

uncertainties involved in the NOT techniques, the detection of cracks should be treated 

as a random event. 

The probability of crack detection for a given crack size, termed the detectability, 

depends on the size of the crack and the resolution capability of the particular NOT 

technique employed. Experimental results reported by Packman, et. a!. (1969) have been 

used to establish the distribution function of crack detection. Some of the commonly used 

models for crack detectability under laboratory and field conditions are discussed below 

(ASCE, 1982). 

Exponential Model: 

An exponential model has been proposed by different researchers (Davidson, 1975; 

Ichikawa, 1984 and Silk, 1987) to represent the crack detectability. 
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If the actual crack size is smaller than the lower limit of detectability, Ct." then the 

probability of crack detection is zero; mathematically it can be expressed as: 

(5.1) 

otherwise 

(5.2) 

where C, is a value slightly smaller than unity, indicating that even a very large crack 

may not be detected with 100 percent confidence, and Ct., is the lower limit of Ct.d below 

which the crack would not be detected. In Eq. 5.1, A should be chosen to best tit the 

experimental results. By selecting the confidence level corresponding to a given crack 

size, the value of A can be determined. Also, A can be used as a parameter to describe 

inspection quality. A = 0 corresponds to no inspection or a totally failed inspection, while 

A = co corresponds to a perfect inspection where infinitely small cracks are found. 

This model was fitted by Urabe and Y oshitake (1981) to the data reported by 

Packman (1969) on the magnetic particle inspection method. liao (I 989b) also suggested 

that this model can be used for the underwater magnetic particle inspection for offshore 

structures. 

Goranson and Rogers (1983) proposed a three-parameter Weibull type distribution. 

It can be expressed as: 
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a -a 
1 - exp [ - ( d). 1) ~] (5.3) 

where S is the shape parameter representing the bandwidth of the POD curve and A is the 

scale parameter representing the central location of the POD curve. Eg. 5.3 becomes an 

exponential distribution when S = 1. Also, A is expected to be around 0.1. 

Polynomial Modeling: 

Based on the experimental results by Packman, et. ai. (1969), Yang and Trapp 

(1975) proposed the following polynomial model: 

(5.4) 

where a l is the minimum crack size below which the crack can not be detected; a 2 is 

the maximum crack size beyond which the crack can be detected with certainty. If ad < 

aI' then the detectability is 0; if ad> a 2 then the detectability is l. In Eg. 5.4, m is the 

parameter to be determined empirically and values of aI' a 2, and m should be chosen to 

best fit the experimental results of a particular NDI method. This model gives a 

reasonable approximation to the dye penetrant method and the upper bound of the 

ultrasonic method (ASCE, 1982). 

Lognorm:ll Model: 

Based on the results of the ultrasonic method, Harris (1977) observed that the 

probability of detection of a crack size a follows a lognormal distribution and it can be 

expressed as: 
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1 -1:. erfc(vln ad) 
2 0: 50 

{5. 5} 

where U so is the crack size that has a 50 % chance of being detected, and erfc( ) is the 

complementary error function. It is observed that U 50 varies from 1.6 to 9.0 mm, with v 

ranging from 1.33 to 3.0 mm. 

The complementary error function can be expressed as: 

erfc(x) == 2Jmexp (-t 2 ) dt == 2 (1 - cD (j2x)) 
[Ttx 

Thus, Eq. 5.7 can be expressed alternatively as: 

where 

cD ( Ina d-ln( 50 ) 

°lncxd 

1 

j2v 

It is in the range of 0.23 to 0.53 for v = 1.33 to 3.0. 

The Field Condition Model: 

(5.6 ) 

(5.7) 

(5.8 ) 

Information on the effectiveness of field inspection appears to be scare (Johnson, 

1973). The general consensus is that the effectiveness of service inspection is much lower 

than that of controlled laboratory conditions. Nakatsuji ct al. (1982) proposed the 

following model based on their own data on the manual ultrasonic inspection of welds in 

steel building as: 
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(5.9) 

where 0. 1 is the lower limit of crack detection and parameter 0 should be determined to 

best fit the inspection results. 

Log-odds-Iog-scale Model: 

Berens and Hovey (1981) have employed regression analysis to fit seven different 

functional forms for the probability of detection curves. These were based on 22,000 

inspections perfom1ed on 174 cracks by 107 inspectors. The following model, known as 

log-odds-Iog-scale model, was proposed: 

exp (" +~ Ino: d ) 

1 +exp (" +~ Ino: d ) 
(5.10) 

where '1 and S are shape parameters for the distribution and they can be determined by 

best fitting the test data. The reasonable suggested values for '1 and S are 13.44 and 

3.95, respectively. 

Improvement of NDI: 

The accuracy of a given NDI technique can be improved through the following 

ways: (1) visual inspection is recommended before a sophistical NDI is conducted. This 

simple step can help to determine the possible hot spot of damage; (2) a strict training of 

the inspectors can reduce the possible mistake in the inspection; and (3) once a crack is 

found, a cross check is suggested by using different type of instrument conducted by a 

different inspection team. 
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5.3 Human Error and Measurement Accuracy 

Human error is an important subject in the structural reliability and is not yet 

understood thoroughly. In fact, a majority of structural failures and associated damage 

are due to the consequence of human errors in planning, design, construction, and 

maintenance rather than the stochastic variability in the material strength and structural 

loads (Ellingwood, 1987). The relatively poor understanding of human error occurrence 

and its significance to structural failures are highlighted by the lack quantative measures 

available to control it. 

In recent years, a number of studies have been performed to model the human 

error in a quantitative way. Based on the decision-tree model, a probabilistic model was 

proposed to describe the human error (Melchers, 1989). A survey study was conducted 

to determine the error rates for computational errors, table use errors, and table 

interpolation errors. Steinberg (1994) suggested a theoretical model for human error, 

which accounts for the occurrence of errors, their magnitude, and the detection of error. 

Based on survey data obtained for upper level undergraduate classes, the statistical 

distributions for misconception errors, design requirement errors, misinformation errors, 

and calculation errors were proposed. It was found that nomlul distribution and 

lognormal distribution can be selected to model the cumulative errors corresponding to 

misconception and misinformation, respectively. 

The role of operator cannot be disregarded in the consideration of reliable 

inspection (Bray and Mcbride, 1992). In this study, the role of human factor in the 
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nondestructive inspection is considered. The possible human errors result from the effects 

of boredom, vigilance decrement, and environmental conditions, which are negative 

factors leading to lower of level of performance in the field. Two types of inspection 

errors are defined as: (1) a missed defect (Type I error), and (2) a false alarm (Type II 

error). High quality products with few defects are more difficult to inspect; however, 

lowering the flaw rejection criteria lead to a greater number of false alarms. 

Generally, in the case of crack detection, the crack size will also be measured. 

Due to the large uncertainty and error in the interpretation of the measured signal, the 

accuracy of the measurement can be treated as a random variable. 

A possible relationship between a real crack size A and the signal magnitude X 

was suggested by liao (1989a) as: 

(5.11 ) 

where c, and c~ are random regression coefficients and Er is a residual random error with 

zero mean value. 

Zhao (1991) suggested that the normal distribution would be a good approximation 

to address the randomness in the measurement accuracy. Silk (1987) indicated that the 

errors in size measurement are not necessarily normally distributed, since a crack is more 

likely to be oversized and a large scatter is expected in the crack size measurement. 

In this study, the normal distribution model is used, since this model is commonly 

accepted and can be used easily in the updating model which that be discussed in Chapter 

6. 
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5.4 Reliability of In-service Inspection 

A structure is expected to be inspected several times during its lifetime. As 

discussed earlier, the reliability of an inspection depends on the detectability of a given 

inspection teclmique and the actual crack distribution at the time of inspection. 

Defining the crack detectability as ad' the possible results of an inspection can be 

classified into one of the following cases: 

(1) crack detection: 

(5.12) 

(2) crack non-detection: 

(5.13) 

(3) a crack is detected and the crack size is measured: 

(5 .14) 

where A is the measured crack size. 

5.4.1 Event Without Crack Detection 

During an inspection, if the actual crack size at the time of inspection is smaller 

than the crack detectability for a given technique, the crack is not expected to be detected 

during the inspection. 

Assume that the ktll NDT inspection is performed at the Nth stress cycles, with 

the detectability ad.k. If no crack is detected, the event of no crack detection can be can 
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be expressed as: 

(5.15 ) 

As discussed earlier, the exact expression of the actual crack size aN is very 

difficult to obtain for practical engineering problems due to the complexity in the 

geometry factors. However. as an alternative, the damage accumulation function, detined 

in Chapter 4, can be used for this purpose. So, the event of non-detection during the kIll 

inspection can then be defined as (Jiao, 1989a; Zhao 1991): 

Usually, all these inspection events Ik's are partly positively correlated and the degree of 

the correlation is highly dependent on the correlation between ad.k's. In some special 

cases, the correlation between the Ik's will be weaker, if the ad.k's are mutually 

independent due to the difference in the inspection methods, equipments used and 

operators. 

The probability of no crack detection in the kIll inspection given no detections in 

the previous (k-l) inspections can be defined as: 

p 
- ND, klk-l 

k-l 
P(Ik~O I n Ii~O) 

1=1 

5.4.2 Event With Crack Detection 

p(Il~ln···nIk~O) 

P (II ~ln ... rlIk_l sO) 
(5.17) 

If the actual crack size at the time of inspection is larger than the crack 
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detectability of the inspection procedure, then the crack can be observed and it is termed 

the event of crack detection. 

Sometimes, a crack is detected but the information about crack size is not available 

during the kth NDT inspection at the Nth stress cycles. Such an event, with crack 

detection but without size measurement, can be defined as: 

(5.18) 

It is obvious that the event is complementary to the event without crack detection. Using 

the damage accumulation function, this event can thus be defined as: 

(5.19) 

The probability of crack detection after k successive inspections is 

(5.20) 

Considering both the detection and the non-detection events, the probability of 

crack detection at the kth inspection given that no crack detections in the previous (k-l) 

inspections can be defined as: 

k-1 
PD,klk-1 =P(Dk~O li0

1 
Ii~O) 

k-1 
P(Dk~O n Ii:>O) 

i =1 
](-1 

P( n Ii~O) 
i=1 

(5.21) 



175 

5.4.3 Event With Crack Detection And Size Measurement 

Generally, when a crack is detected, its size is also measured. As discussed 

earlier, because of human error in interpreting the measurement signals, the measured 

crack size should be treated as a random variable. If the actual crack size at the time of 

inspection is equal to the measured crack size, then the event of crack size measurement 

can be defined as (Madsen, 1985): 

(5.22) 

or equivalently, it can be defined as: 

(5.23) 

5.5 Inspection Plan and Optimal Approach 

As mentioned in Chapter Two, the selection of inspection strategy and scheme are 

very important issues in the structural maintenance programs. Since fatigue and fracture 

failures in steel structures could be catastrophic, a mandatory inspections at specifed 

intervals are required in almost all the developed countries. These inspection plans are 

based on the engineering judgement as well as the past practical experiences. The 

reliability of the structures are only considered implicitly. There is no doubt that safer 

fatigue life can be achieved with more frequent inspections. However. the costs of 

inspection and the associated maintenance may be a significant part of the overall life

time costs of the structure. A balanced approach considering the benefit of inspections, 
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lifetime cost, and the safety of the structure is necessary. 

Thus, the selection of inspection strategy depends not only on the underlying 

reliability but also on the economic feasibility in term of total cost. In recent years, 

various engineering disciplines have demonstrated a growing interest in developing 

optimal inspection plans for the fatigue reliability analysis as well as structural corrosion 

problems (Madsen et ai, 1989, Fujita et ai, 1989, Sommer et aI., 1993; Mori and 

Ellingwood, 1994). 

In general, the optimization algrothm is formulated to minimize the total cost, with 

constraints on the reliability index, inspection quality, and inspection interval. 

An example of the optimization formula can be expressed: 

T/~-l (l-P-(iLl t)) T/~-l E(R i ) 
Min[C(Llt)] = CI(qi) 2... r ° + CR(a:) 2... 
at i=l (l+r) ldt . i=l (l+r) iat 

t/~-l {P-(iLl t) -P-( (i-l) Ll t)} 
+ C 2... r r F 0, 

i=l (l+r) lut 
(5.24) 

Subject to: 

Ll t ~ T 

(5.25) 

where C( is the cost of per inspection; CR is the repair cost per repair; CF is the failure 

cost; E(R;) is the probability of repair at the time iLlt: r is the interest rate; Pt is the target 
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reliability index; T is the design lifetime of structure; and qj is the inspection quality 

corresponding to the ith inspection. The optimal value of inspection interval .M can be 

obtained when the total cost C(f1t) reaches its minimum. 

During the process of optimization, the distribution of crack size, the probability 

of failure. the probability of crack detection, and the probability of repair at each time 

step need to be evaluated. All of them should be determined based on the information 

on uncertainty of crack growth and NDI capability. Considering the three possible 

inspection outcomes, if n inspections are scheduled during the lifetime of a structure, the 

possible combinations of the inspection outcomes will be 3"·1. Thus, a huge amount of 

numerical efforts is expected during optimization. The cost of failure is also very 

difficult to determine since the structural failure will cause potential lose of properties and 

human lives. All these difficulty limits the practical application of the optimal inspection 

planning. 

5.6 Summary 

In this Chapter, a number of NDI techniques are introduced brietly. Different 

detectability models are also discussed. Three possible results of inspection were well 

defined. Since the results of NOT inspections are also used as additional information to 

address the integrity of the structures, the updating of the reliability and the randomness 

in the parameters are two very important aspects of any reliability-based inspection 

procedure. They are discussed in Chapter 6. 
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During the lifetime of a structure, inspection could be conducted several times to 

insure the integrity of the structure. Whether any crack is detected or not, each inspection 

provides additional information and results in changes of prior estimated reliability and 

uncertainty of basic variables. After an inspection, decisions can be made in a systematic 

way regarding such issues as the modification of inspection plans, changes in inspection 

methods, and whether or not it is time to repair or replace the damaged components (Zhao 

et. aI., 1994). 

Considering the probability-based crack growth model discussed in Chapter 4, the 

outcome of an inspection can be classified as no crack detection, crack detection without 

size measurement, and crack detection with size measurement. When no crack is 

detected, the target reliability of the structure is expected to increase and an extended 

service life can be expected. If a crack is detected, the target reliability is expected to 

change. Based on the amount of change in the reliability index, several decisions can be 

made, e.g., to repair a damaged element or replace it immediately, not to repair but to 

inspect more frequently, do nothing etc. Since an inspection reflects the current level of 
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integrity in the structure at the time of inspection, the limit state function of the structure 

as well as the distributions of all the random variables need to be updated based on the 

information after an inspection. Thus, an applicable method of model updating model is 

very important from a practical point of view. 

In this chapter, the theory of model updating is developed. The limit states of 

different inspection outcomes and repairs are established. Based on the updated reliability 

index, an efficient strategy of decision making is proposed. 

6.2. Model Updating without Crack Detection 

For any inspection, if the actual crack size at the time of inspection is smaller than 

the crack dctectability for a given inspection technique, the crack is not expected to be 

detected. The event that no crack is detected during the kth inspection, when the 

structural element has been subjected to Nk stress cycles, can be mathematically expressed 

as: 

(6.1) 

6.2.1 Reliability Updating 

If cracks are not detected during the inspection, the current state of the crack 

propagation is not quite clear in term of crack size, although a certain possibility exists 

that actual crack size is not as large as the crack detectability of the inspection equipment. 

In this case, the limit state function of crack growth after the inspection is very hard to 
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determine, since the crack size after the inspection is not available. As an approximation, 

the underlying limit state function of target safety is assumed to remain the initial one and 

it can be written as (Madsen, 1987): 

(6.2) 

The corresponding limit state function of the crack nondetection event during the kth 

inspection can be rewritten as: 

Using the Bayesian Approach, the probability of failure can be obtained as: 

p(L:>OnI1:>On ... nIk:>O) 

P( Il :>0(1 ... ()Ik:> 0 ) 

(6.3) 

(6.4) 

In order to achieve an analytical solution, an equivalent limit state function can be defined 

as 

Thus, the updated failure probability can be expressed as: 

p(L:>OnI:>O) 
P(J.:>O) 

(1)2 (-PL' -Pr; p) 

cI>(-Pr) 

(6.5) 

(6.6) 

where PL is the reliability index corresponding to the limit state function of the target 

reliability and PI is the reliability index of the equivalent limit state function with no crack 

detection; p is the correlation coefficient of L and I, and it can be expressed as: 
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p = (6.7) 

Cumulative distribution function of the bivariate normal distribution, as defined in Eq. 

6.6, is expressed as: 

(6.8) 

where ~2 (-PL' -PI; z) is the bivariate probability density function and can be expressed 

as: 

<P2(X,YiP) (6.9) 

Eqs. 6.6, 6.8 and 6.9 can be evaluated, using a numerical integration technique. Based 

on Egs. 6.6 and 6.8, the updated probability of failure can be estimated as: 

(6.10) 

To evaluated Eg. 6.6, another approximate solution algorithm was suggested by 

Terada and Takahashi (1988) and can be expressed as: 

(6.11) 

where PUP is the updated reliability index and it can be estimated as: 

(6.12) 

where 
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A (6.13) 

and 

(6.14) 

Such a simple solution gives a good approximation when the correlation between limit 

states L and I is not very strong so that conditional event defined in Eq. 6.11 can be 

approximated by a normal distribution. 

6.2.2 Updating the Distribution of the Random Variables 

According to Madsen (1987), the updated distribution of a basic variable Xi 

conditioned on a series of events of no crack detection can be expressed as: 

(6.15) 

With the equivalent limit state function defined in Eq. 5.5, the distribution of Xj can be 

alternatively updated as: 

(6.16) 

where aj is the jtlz component in aI' the design gradient vector of the equivalent event and 

~j is defined as: 
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(6.17) 

Applying Eqs. 6.8,6.16, and 6.17, the updated distribution becomes: 

(6.18) 

When aj is not close to 1.0, Eq. 6.16 can be alternatively evaluated as: 

F (x.) 
Xj(k. up} J 

cp-l (F1( (x·» +aA 
cp( .J J J) 

Jl-a}B 
(6.19 ) 

For normal or lognormal variables, Eq. 6.18 can be simplified as described in the 

following paragraphs. 

Normal Variable: 

For a normal variable Xj with mean ~Xj and standard deviation O"Xj' 

(6.20) 

The updated distribution becomes: 

(6.21) 

where 

Ilv - aJ.Ao v 
., J .'J 

(6.22) 

and 



184 

(6.23) 

A, B and aj are defined as in the previous sections. 

Lognormal Variable: 

For a lognormal distribution; 

(6.24) 

The updated distribution becomes: 

<I> ( lnXj -lnXj , up ) (6.25) 
a lnXj • up 

where 

(6.26) 

and 

(6.27) 

It can be seen that a normal or lognormal distribution is invariant through 

updating, only its mean and standard deviation are updated. 

6.3 Model Updating with Crack Detection 

As mentioned earlier, the event of crack detection can be classified into two types 

of basic observations: 

(1) crack detection with size measurement; and 
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(2) crack detection without size measurement. 

The corresponding mathematical expression for these events are: 

(6.28) 

and 

(6.29) 

In the first case, a crack size Ak is observed after Nk stress cycles. Ak is a random 

variable due to the measurement error and uncertainties in the interpretation of a measured 

signal. 

In the second case, the crack is detected but the size is not observed due to the 

limitation of a given NDI technique. ad.k represents a lower limit of detectability of the 

NDI instrument during the kth inspection and is also a random variable because of the 

limitations of the equipment used. 

6.3.1 Crack Size Measurement 

If a crack is measured with sizes AI' A2, ... , Ak at N I, Nz, ... , Nk cycles 

respectively, the limit state function of the kth inspection event is defined as: 

o (6.30) 

where Ao = a o for i = 1. 

Similar to the event of no crack detection, the updated probability of failure can 

be estimated by the evaluation of conditional probability, i.e., 
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(6.31) 

But the crack size measurement event as defined in Eg. 6.30 is an event \,,;th zero 

probability, and care should be given to specify how conditional probability is defined. 

Theoretically, the updating problem described in Eg. 6.31 can be estimated by 

(6.32) 

Usually, a great effort is needed to evaluate Eg. 6.32 numerically, so the use of Eg. 6.32 

is very limited. 

6.3.1.1 Reliability Updating 

After the last crack size Ak is measured during the kth inspection, failure will 

occur if crack size develops from Ak to the critical value U c within a given time period 

(N-Nk)' Thus, the limit state function of the re-defined target safety can be expressed as: 

(6.33) 

According to Madsen (1986), the updated failure probability is expressed as: 

P. = P(L d~oIM=M="'=Mk=O) =(I>(-~ ) - r. up - re 1 2 t-' up (6.34) 

where the updated reliability index Bup is given by (Madsen, 1985): 

E(L ~olM =M =···=M =0) P = red 12k 

up D(L d~O 1M =M = ... =M. =0) re 1 2 x 
(6.35) 
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Because the joint distribution of the set of all first-order approximate limit 

functions is a normal distribution, the conditional reliability index follows from linear 

regression results as (Ditlevsen, 1981): 

(6.36) 

gradient vector of the limit state function of target safety, a j is the design unit gradient 

vector of limit state of the illl inspection event, PL is the reliability index of the limit state 

of interest, and Pi is the reliability index corresponding to the limit state function of the 

itll inspection event. 

For one observation, Eq. 6.36 reduces to: 

PL-PL'!PH 

Jl-p~f 

6.3.1.2 Updating Distribution of Random Variables 

(6.37) 

Using the Bayesian approach, the distribution of the basic variable Xj conditioned 

on the ktll successive crack size measurement events can be updated as [ollo\vs: 

(6.38) 

Since the first-order approximation of the limit state follows a normal distribution, it can 

be shown that: 



Combining Eqs. 6.38 and 6.39, one obtains: 

F (x.) 
Xj(k.uPJ ] 

Pj (xj ) -pI'!P~PH) 

J1-p~!p~PLH 
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(6.39) 

(6.40) 

In practical engineering problems, the updating is conducted right after the inspection. 

Based on the updated distribution of random variables, the next inspection \'rill be 

conducted. So the actual updating is done only after one inspection. 

If there is only one measurement, the updated distribution becomes: 

Fx 
j(k.upJ 

<1>-1 (Fv (x].) ) +a].rt" <1>( "J P,.,) 

JI-a} 
(6.41) 

Note that the design value xj ' is related to the transformed value uj ' in the U-space by: 

(6.42) 

The updated distribution in the original variable space is then: 

F. (x.) 
Xl (k. up) ] 

<1>-1 (Fv (x].) ) -c1>-l (Fv (x]~) ) 
<1> ("J "J) 

~ VI-a; 
{6.43} 

All the variables in Eqs. 6.38, 6.39, 6.40, 6.41, 6.42 and 6.43 were defined earlier. 

In reliability analysis using the Advanced Second Moment Method, the limit state 

function is always linearized by its hyperplane Mk = O. Once the reliability index and the 



189 

design gradient vector are obtained, the design values of the random variables can be 

easily evaluated by Eq. 3.17. Thus, the updating of the distribution ofXj becomes simple 

for one measurement. 

The updated distribution can be further simplified for normal or lognormal 

variables as discussed below. 

Normal Variable: 

If Xj is a normal variable with mean value Ilxj and standard deviation O'Xj, then it can be 

shown that: 

(6.44) 

After introducing the inspection information, the distribution of Xj can be updated. 

According to Jiao and Moan (1990), the updated distribution of Xj is still normal 

and can be expressed as: 

(6.45) 

where Ilxj. up and O'Xj,up are the updated mean and standard deviation of Xj' and they can 

be calculated (for the case of multiple measurement) by: 

(6.46) 

and 
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(6.47) 

For a single measurement, MI = 0, one obtains: 

(6.48) 

The updated mean and standard deviation ~lXj. up and G'Xj.uP become: 

(6.49) 

and 

(6.50) 

where BM is the reliability index corresponding to the event !vII = 0, and ~ is the jth 

component of the design gradient vector (aM)' It can be seen that the updated mean of 

a normal variable Xj is exactly its design value Xj' corresponding to the hyperplane MI 

= o. 

Lognormal Variable: 

If Xj is lognormally distributed, then InXj is also a normal variable; i.e.: 

(6.51) 

The updated distribution of Xj is still lognormal and it can be expressed as: 

F (x.) 
XJlk.up) ] 

where 

cD ( 1 nX j -1 n Z j • up ) 

a lnxj • up 

(6.52) 
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1 - 1 - T -lp 
nxj , up nXj - PLMPMM nO In.''{.1 (6.53) 

and 

(6.54) 

In the case of one measurement, M) = 0, one obtains: 

(6.55) 

and 

(6.56) 

From the above discussions, it is clear that the updating of a normal or lognormal 

variable is actually the updating of its characteristic values (mean and standard deviation) 

since the basic distribution is invariant through updating. When only one measurement 

is considered, it is important to note that the design value xj ' in Eq. 6.49 is actually the 

updated mean value for a normal variable, while Xj' in Eq. 6.55 is the updated median 

value for a lognormal variable. 

6.3.2 Model Updating with Craek Detection 

If the additional information is just crack detection without crack size 

measurement, then this event can be defined as: 

(6.57) 

The corresponding limit state of the event Dk is defined as: 
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(6.58) 

Thus. the updated failure probability can be expressed as: 

(6.59) 

where L represents the initial limit state function of the fatigue reliability, as defined in 

Eq. 6.2. The updated distribution of a basic variable Xj can be expressed as: 

(6.60) 

The event of non-detection (lk ::; 0) and detection without size measurement (Ok 

::; 0) , at a stress cycle Nk, are mutually exclusive and collectively exhaustive. Thus, 

according to the total probability theorem, the probability of the crack detection can be 

expressed as: 

and 

P(L~O)-p(L~OnIk~O) 

1-P (Ik~O) 

(6.61) 

(6.62) 

Eq. 6.62 can be evaluated easily using the concept discussed in Section 6.2.1, 

6.4 :Ylodcl Updating After Repair 

As discussed earlier, to insure the integrity of the structure, a periodic inspection 

scheme is necessary. Based on the outcome of an inspection, the updated safety index 
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of the structure can be evaluated. If the updated safety index is smaller than the prior 

selected critical safety index, a repair or replacement should be made immediately or in 

a short time period. If a repair takes place after Nrcp stress cycles leading to crack size 

l\cp' the limit state of repair event can be defined as: 

(6.63) 

The new limit state of interest can be established by considering the new material 

properties: 

(6.64) 

The new failure prob ability after repair is simply: 

(6.65) 

6.5 Selection of Target Reliability Level 

The target reliability index, Pr, is defined as the reliability index below which the 

structure will fail to perform its intended function safely. The selection of the target 

reliability index depends on the consequence of failure and economic constraints to 

achieve the desire level of safety. In current design codes, the target reliability index is 

selected corresponding to an average risk level as long as there is no obvious need to 

either raise or lower the existing risk level based on performance experiences. 

It also depends on the type of redundancy available in the system. For a 

nonredundant structure, the target reliability index may be higher compared to a redundant 
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structure. But caution should be taken here. As discussed in Chapter 3, the benefit of 

the redundancy in structure decreases with the increase of COV of load variables, for a 

optimal designed structure. In fact, there is stilI an urgent need to study this important 

issue. 

For fatigue drunage evaluation, a relatively low target reliability index is more 

justifiable for a stable crack growth. Compared to the catastrophic consequence of 

strength failure, the stable drunage accumulation in a cracked member only causes a 

shorter fatigue life. If periodic in-service inspections are performed, the structural 

reliability is expected to be improved. Thus, an unstable crack propagation leading to 

fracture can be avoided with a certain level of confidence. 

Considering all the available information on the subject a target reliability index 

of 3.0 is assumed in this study and the corresponding target probability of failure is 

1.35x 1 0.3
• 

6.6 Risk-Based Criteria For Repair and Replacement 

The ultimate goal of the reliability-based fatigue inspection and maintenance is to 

ensure an appropriate level of safety for a structure throughout its lifetime. As mentioned 

earlier, the fatigue probability of the structure can be updated using the information from 

the NO!. If an existing structural component or structure has an unacceptable probability 

of failure, it may be necessary to repair immediately. If the risk is less critical, it may 

be possible to delay the repair until further inspections are made. 
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In general, the criteria of repair or replacement can be based on: (1) target 

reliability level; and (2) the preselected crack size. 

The target reliability level, as defined previously, can be used as a threshold to 

screen out the unacceptable level of risk of certain failure mode. If the updated reliability 

index after inspection is smaller than the target reliability index, the crack growth rate at 

the time of inspection is higher than the expected rate to ensure a safe life. In this 

situation, a repair action may be taken, even if the detected crack size is relatively small. 

At this stage, it could be repaired very easily. The decision criterion of repair can be 

based on the ratio of updated reliability index to target reliability index, ~u/~t. For the 

sake of discussion, if ~u/~t is less than a predetermined number, say 0.9, the structural 

detail under consideration should be repaired immediately. If the ratio is between 0.9 and 

1.0, the repair can be delayed but the structure should be inspected earlier than the 

originally scheduled next inspection. Subsequently, the structural exposure to load can 

be limited to allow more frequent inspections. The information from the next inspection 

will provide more accurate information to determine if the crack is initially small but 

growing rapidly to require repair, or if the crack is initially large but growing slowly and 

repair is not needed. 

The second criterion is based on the current engineering practice. In this case, the 

reliability requirement at the time of inspection is satisfied but the potential reduction of 

the section strength due to the fatigue crack is unacceptable. This is particularly true 

when a relatively large crack is detected in the structural detail at time close to the design 
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life. This criterion is incomplete since the time at which a crack of certain size is 

detected is not considered, as will be elaborated further with the help of an example. 

In some case, it is not easy to repair the damaged structure due to assessibility 

problem or because the repair process would cause additional damage. In some cases, the 

designed structural function may not be recovered entirely, even if a damaged structure 

is repaired. Thus, a complete replacement of a fatigue-damaged structure may be a 

optomal choice due to the high costs of repairing the damaged structures combined with 

the economic advantages of retaining a fully functioning structure. 

6.7 Updating of Inspection Interval 

As discussed earlier, selection of inspection interval depends not only on the 

underlying reliability but also on economic constraints. Mandatory periodic 

nondestructive inspections with a constant interval are easy and simple, but may not 

always be ideal choice, since the chance of crack nondetection is very high at the early 

stage of fatigue life. Theoretically, the optimal inspection plan should be based on safety 

and economy; however, its usage is very limited due to the complexity of the fatigue 

failure analysis and the optimization procedure. As an alternative to these strategies. a 

risk-based planing criteria is proposed here. It is bases on the following assumptions: 

(1) considering the catastrophic nature of fatigue failure in term of loss of hlilllan 

life and property, the prevention and the control of fatigue damage accumulation through 

nondestructive inspection can be regarded as an optimal solution for risk-based fatigue 
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reliability and maintainability; 

(2) the predicted fatigue reliability corresponding to a given time can be used as 

an effective indicator for fatigue damage control purpose; and 

(3) the nondestructive inspection at a constant interval is basic in fatigue reliability 

and maintainability procedure and it is expected to be used throughout the life of a 

fatigue-sensitive structure. The constant inspection interval will be altered only in case 

of emergency, and once the urgency is removed, the inspection will be conducted at the 

constant intervals. 

The procedure is described briefly below. Each inspection provide an additional 

information about the state of crack growth at the time of inspection. After an inspection, 

the limit state of interest and statistical characteristics for each of the basic random 

variables can be updated. Based on the updated information, the reliability index can be 

evaluated as a function of time. Thus, the predicted reliability index at the next scheduled 

inspection can be obtained. Once a permissible safety level for the maintenance purpose 

is selected, as illustrated in Figure 6.1, the time corresponding to a predicted reliability 

index approaching the target reliability index can be determined. Theoretically, this time 

point should be the most reasonable time to conduct the next nondestructive inspection 

to ensure an acceptable level of safcty. To account for the uncertainty in the fatigue 

loading process, the critical time point is also a random variable. Thus, time to conduct 

next inspection is proposed to be the mean minus two standard deviation value. The real 

next inspection interval can be selected to be the minimum value of the estimated next 
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inspection interval and the mandatory inspection interval. Note that the target reliability 

level is not necessarily the same as the permissible maintainability level. The target 

reliability index is selected to ensure the structural integrity corresponding to the fatigue 

design life, and the permissible maintainability index is to assume acceptable structural 

behavior at the time of inspection. 

As an aitemative, the following equation is proposed to update the next inspection 

interval based on the updated reliability index, ie,: 

(6.66) 

where tl T inp is the constant inspection interval, tl Tinp.up is the updated inspection interval, 

~i is the initial designed reliability index, ~t is the target reliability index, and ~up is the 

updated reliability index. 

6.8 Other Alternatives 

The methods proposed in above sections are based on the FORM analysis 

technique and are expected to be very efficient. But in some cases, explicit information 

on the distribution of crack size as the function of time is desired. Such information can 

be used directly to quantify the fatigue crack growth. In this section, this type of model 

is introduced and the procedures for model updating corresponding to different inspection 

outcomes are suggested. 
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6.8.1 Model for Fatigue Crack Growth 

The fatigue crack growth in this alternate methodology can still be described by 

a modified Paris Equation and it can be represented as: 

ciA 
dt 

(6.67) 

where A is crack size and m is the deterministic material constant. Co is a generalized 

random variable and can be defined as: 

(6.68) 

where C is the random fatigue strength coefficient, S is the tensile fatigue stress range, 

and Y is the geometry factor and it is assumed to be a constant. Once the statistical 

characteristics of C and S are identified. the randomness of Co can be quantified. For 

example, if lognormal distribution is used for both C and S, the distribution of Co is also 

lognormal. 

Integrating of Eq. 6.67, one obtains 

(6.69) 

where K = (2-m)/2, Ao is the initial crack size, and 10 is crack initiation period. Once the 

distributions of Co, Ao, and to arc obtained, the distribution of crack size, FA( ) can be 

determined. 
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6.8.2 Updating Distribution of Crack Size 

Similar to the updating problems discussed earlier, the Bayesian's approach is used 

in this case also. The possible outcomes of the inspection events are identified as crack 

nondetection, crack detection, and crack size measurement. The corresponding limit state 

functions were defined by Eqs. 6.15, 6.18, and 6.22, respectively. 

6.8.2.1 Updating Based on Crack Nondetection 

After the event of crack nondetection at time tl, the probability density function 

of crack size can be updated as: 

p(:Dlo:) fA(O:i t) 

Po 

[l-P(Dlo:)] fA (0: it) 

I-PD 

(6.70) 

where ft\(a;t) is the probability density function of the crack size before 

updating. P(D I a) is the probability of crack detection at the time of tl 

for a given crack size a, and PD is the probability of crack detection. If the capability 

of crack detection can be quantified by a specific POD function, Eg. 6.70 can be further 

derived as: 

c>t1 (6.71) 

and the updated probability of failure can be estimated as: 
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(6.72) 

6.8.2.2 Updating Based on Crack Detection 

After the event of crack detection at time t" the probability density function of 

crack size can be updated according as: 

p(Dla) f.t..(ai t) 

PD 

where all the functions were defined earlier. Eq. 6.73 can be rewritten as: 

fo'" fA (a i tlXi t l ) Fa)x) fA (Xi t l ) dx 

("'FA (X) fA (Xi t l ) dx J 0 d 

and the updated probability of failure can be determined by Eq. 6.72. 

6.8.2.3 Updating Based on Crack Size Measurement 

(6.73) 

(6.74) 

After the event of crack size measurement at time t" the probability density 

function of crack size can be updated as: 

P (MI a) fA ( a it) 

P"f 
(6.75) 

where P(M I a) is the probability of crack size measurement at the time of t, for a given 

crack size a, and PM is the probability of crack detection. If the distribution of crack size 

measurement, FM ( ), is available, Eq. 6.75 can be expressed as: 
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(6.76) 

The updated probability of failure can be estimated by Eq. 6.72. 

For multi-inspection events, the updating needs to be done sequentially. It would 

depend on the outcome of an inspection and the corresponding equations, i.e., Eqs. 6.71, 

6.74, and 6.76, can be used for this purpose. 

6.9 Summary 

The methods of updating teclmique used in this study are discussed in details in 

this chapter. The proposed methods are numerically feasible and accurate. Updating of 

the distributions of random variables is emphasized. 

The reliability-based repair and replacement criteria are proposed for the reliability 

and maintainability procedures. The maintenance decisions after an inspection can be 

made systematically based on the updated reliability index. A model to update the 

inspection intervals is also suggested. 



CHAPTER SEVEN 

RELIABILITY-BASED FATIGUE ANALYSIS AND 

MAINTENANCE FOR STEEL BRIDGES 

7.1 Introduction 
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An efficient strategy of fatigue reliability and maintainability through 

nondestructive inspections and model updating have been developed in Chapters 4,5,6. 

In this chapter, the application of the proposed algorithm is illustrated by applying it to 

steel bridges. 

For steel bridges, the currently used AASHTO specifications have some limitations 

in regards to the fatigue reliability and maintainability. As an alternative, the proposed 

method can be used effectively to estimate the remaining life of a cracked structure. 

Furthermore, the strategy is very helpful since it incorporates the information from 

nondestructive inspections. 

High cycle, low cycle, as well as deformation-induced fatigue are considered in 

this chapter. The efficiency of model updating is examined based on the different 

inspection outcomes. The risk-based repair and replacement strategy are developed to 

help making decision after the updating. The inspection interval is also updated using the 

available information. 
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7.2 Data for the "Reference Structure" 

A real steel bridge on Interstate 1-95 in Connecticut is considered as a reference 

case in this study. The bridge complex consists of 14 simple span cover-plated beams 

with seven girders per span as shown in Figure 7.1. The cross section of the bridge is 

shown in Figure 7.2. According to the AASHTO Fatigue Design Specifications (1989), 

the cover-plate details can be classified as AASHTO Categories E or E' and the web

stiffener connections belong to Category C. 

The data of stress range for the reference bridge was obtained by field 

measurement. The maximum stress range at the cover-plated end at the 6th span is about 

30.5 Mpa (4.42 ksi) while the mean value of the stress range is 13.80 Mpa (2.0 ksi). 

Although the magnitude of mean stress range is small, it is still significant as it is 

considered in the context of the behavior exhibited by fatigue sensitive details (AASHTO 

Category E and E') subjected to a long spectrum of variable-amplitude stress range. 

According to the study by Moses et al (1987), all stress ranges applied to a bridge 

contribute to fatigue damage, even if a small portion of the stress range spectrum exceeds 

the constant-amplitude fatigue limit in S-N curve. For Category E' detail, this constant

amplitude fatigue limit is 18 MPa (2.6 ksi) and a significant portion of the variable

amplitude stress range were exceeding this limit. Therefore, all the stress ranges 

experienced by the bridge were considered to estimate the fatigue damage for the bridge 

under the consideration. 

The total number of stress cycles for the reference bridge can be estimated as: 
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Figure 7.1 Plan and Elevation of Reference Bridge 
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(7.1) 

where T is the design life in years, ADTT is the average daily trucks traffic volume, and 

P is the number of stress cycles per truck passage. 

According to the current AASHTO guides (1990), ADTT varies with location and 

time. It can be modeled as a lognormal variable. In this study, ADTT follows lognormal 

distribution with a mean of 2500 and a COY of 0.10. The number of cycles per truck 

passage P is taken as one in accordance with the suggestions made in the Guides for 

simple span girder of 40 ft or above. 

The geometry functions corresponding to the different structural details and the 

different crack propagation stages are summarized in Table 7.1. The deterministic 

parameters for fatigue reliability and maintainability analysis of the fatigue details in a 

reference bridge are given in Table 7.2. 

To account for the uncertainty involved in the material behavior, lognormal 

distribution was suggested to model the fatigue growth coefficient C, the initial crack size 

a o, and the crack shape aspect ratio a/c. The stress range was assumed to follow 

Rayleigh distribution with a lognormally distributed stress modeling error Bo. The 

number of stress cycles follows lognormal distribution. The detectability of ultrasonic 

inspection was modeled by a lognormal distribution. The possible human error during 

the crack size measurement is assumed to be a normally distributed. The target reliability 

level and the strategy of repair and rcplacement used in this study was also outline earlier. 

All the necessary data of random variables are summarized in Table 7.3. 
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Table 7.1 Stress Intensity Factor for Structural Details 

The Stage of I Correction Factor I 
Cracl{ Growth 

Fe Fs Fw Fg 

Rolled Stage 1 Eq.4.24 Eq.4.25 EqA.28 1.0 
Beam 

Stage 2 1.0 1.12 Eq.4.28 1.0 

Welded Stage 1 2ht 1.0 Eq.4.28 1.0 
Beam 

Stage 2 1.0 1.0 Eq.4.28 1.0 

Web Stage 1 Eq.4.24 Eq.4.26 Eq.4.30 Eqs.4.36, 
Stiffener 4.42,4.43 

Stage 2 1.0 1.0 Eq.4.28 1.0 

Flange- Stage 1 Eq.4.24 Eq.4.26 Eq.4.30 Eqs.4.36, 
\Veb 4.42,4.43 
Stiffener 

Stage 2 1.0 1.0 Eq.4.28 1.0 

Cover Stage 1 Eq.4.24 Eq.4.26 EqA.30 Eqs.4.36 
Plate 4.42,4.43 

stage 2 1.0 1.0 Eq.4.28 1.0 
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Table 7.2 Summary of Data of Deterministic Variable for Reference Case 

Deterministic Parameters 

Dimensions Weld Size, T z 0.6 in 
of Fatigue 

Flange Thickness, T F l.Oin Detail 
Cover Plate Thickness, T c l.Oin 

Width of Specimen, W 20.0 in 

Stress Parameter, So 1.59 (ksi) 

Critical Crnck Size, a o 2.0 in 

Target Reliability Index, fJ 3.0 



Table 7.3 Summary of Data of Random Variables for Reference Case 

Random Variables 

Variables Dist.! Mean 

Initial Crack Size, ao Log2 0.02 in 

Fatigue Coefficient, C Log 8.291xlO·11 (in ksi) 

Stress Modeling Error, Do 

ADTTJ 

Crack Aspect Ratio, wc 

Crack Detectability, ad 

Measurement Error, Ao 

Fatigue Exponent, m 

Stress Range, S 

IDistribution Type 

2Lognormal Distribution 

Log 

Log 

Log 

Log 

Normal 

Normal 

Ral 

3Average Daily Truck Traffic Volume 

4Median only for lognormal variables 

1.00 

2,500 

0.25 

0.1 a in 

1.00 

3.344 

2.00 (ksi) 

COY 

0.50 

0.63 

0.10 

0.10 

0.50 

0.50 

0.25 

0.03 
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7.3 Validation of the Fracture Mechanics Approach 

To estimate the probability of fatigue failure, the FORM is used in this study. The 

Monte Carlo simulation technique is used to justify the accuracy of the FORM. A 

comparison between the fracture mechanics approach and the commonly used S-N curve 

approach was made. It was fonnd that the fracture mechanics approach can be used as 

an altervative to the S-N curve approach (Zhao, et. al.; 1994). 

7.3.1 Comparison: FORM and Monte Carlo Simulation 

In this study, the FORM is used to estimate the reliability index ~ and 

corresponding probability of failure. The accuracy of the FORM approach is established 

using the Monte Carlo simulation technique for the Category E' detail in the reference 

bridge. The information on deterministic and random variables in the LEFM approach 

for the cover plate under the consideration is given in Tables 7.2 and 7.3, respectively. 

Results of the FORM analysis and the Monte Carlo simulation are plotted in Figure 7.3. 

The results match very well. The maximum error is about 0.5 percent. So the 

proposed FORM-based LEFM approach can be used to estimate fatigue reliability and is 

applied in this study. 

7.3.2 Design Factor Study and Sensitivity Analysis 

The selection of both deterministic parameters and the random variables have big 

impact on the reliability analysis. The effects of different random variables and their 
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corresponding uncertainties on the fatigue reliability should be well understood before any 

extensive study is undertaken. Through the sensitivity analysis, the importance of each 

deterministic and random variables can be established. This is also expected to justify 

whether a variable should be considered as deterministic or random. 

Using Eq. 3.52, an extensive sensitivity analysis is conducted and the results are 

shown in Tables 7.4 and 7.5. From Table 7.4, it can be observed that the most sensitive 

random variable is the fatigue growth coefficient C and not the initial crack size ao. The 

relative sensitivity for C is about 90 percent and 4 percent for ao. A similar observation 

was also reported by Madsen (1987). The forms of the limit state function and the value 

of geometry function are responsible for this behavior. It is also interesting to point out 

that the design values of all the resistance-related random variables are smaller than the 

corresponding mean or median values, while the design values of all the load-related 

random variables are higher than their mean or median values, as expected. 

The sensitivity for the statistical characteristics of each random variables are 

estimated using Eqs. 3.52 and 3.54. The results are listed in Table 7.5. Since the 

distributions of random variables are selected very carefully before the reliability analysis, 

the negative Smensen sensitivity factors are obtained. 
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rl 
C'\l 

Random Variables 

a o 

C (lognormal) 

m (Normal) 

N (lognormal) 

Bo (lognormal) 

ale (lognormal) 

Table 7.4 Design Point and Random Variables' Sensitivity 

MeanlMedian l COV Design Point Value Relative Sensitivity 

0.017889 0.50 ~l + 0.1 a 0.0036 

7.0149xl0-11 0.63 ~l + 5.25a 0.9006 

3.344 0.03 ~l - O.Ola 0.0008 

4.5399xl07 0.10 ~l + 0.056a 0.0268 

1.0 0.10 ~l + 0.05a 0.00006 

0.22361 0.50 ~l - 0.34a 0.0681 
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The sensitivity analysis can be used as an efficient tool to determine the 

contribution of each random variable to the underlying reliability. But it should be noted 

that the sensitivity analysis is a localized analysis around the design point. The change 

of any design value can change the results of sensitivity analyses. Thus, sensitivity 

analyses should be conducted carefully. 

In order to study the overall impact of the different design parameters and the 

uncertainty associated with them on the reliability analysis, an extensive parametric study 

is conducted. For the sensitivity analysis, following parameters are selected. They are: 

the critical crack size, the mean value of the crack aspect ratio, the mean value of the 

initial crack size, the mean value of stress range, the COY of C, the COY of the crack 

aspect ratio, and the COY of the initial crack size. 

The reliability index versus the critical crack size are plotted in Figure 7.4. The 

relationship between the critical crack size and reliability index is highly nonlinear. The 

reliability index increases as the critical crack size increases. It is observed from Figure 

7.4 that the slope of the relationship becomes assymtotic when the crack size is larger 

than 1.5 inches for the example under the consideration. This strongly justifies the 

selection of critical crack size to be 2.0 inches. 

The reliability index versus the mean value of crack aspect ratio used in this 

example is plotted in the Figure 7.5. The relationship appears to be linear. The increase 

in mean value of the crack aspect ratio increases the value of reliability index. 

Figure 7.6 shows that the relationship between the mean of the initial crack size 
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and the reliability index. As expected, a lower reliability index is observed for a larger 

initial crack size. When the mean value is larger than 0.01 inch, the relationship 

becomes flat. This means that the mean value of the initial crack size is not very 

sensitive when it is larger than 0.01 inch. A relatively low sensitivity factor was obtained 

in the sensitivity analysis conducted before. 

The relationship between the mean stress range and the reliability index is plotted 

in Figure 7.7. As expected, the increase of the mean value of the stress range decreases 

the reliability index sharply. It is also interesting to point out that the COY of modeling 

error for the random stress range does not playas much significant role as the mean value 

of stress range. However, a lower magnitude of COY of the modeling error results in a 

higher reliability index as shown in Figure 7.7. 

The COY of C perhaps is the most sensitive factor in the fatigue reliability 

analysis for the reference structure. As shown in Figure 7.8, the reliability index varies 

from to 3.1 to 6.25 corresponding to the COY of C from 0.75 to 0.25. When the COY 

of C increases, the reliability index decreases rapidly. Based on the information already 

available in the literature, a large amount of uncertainty is expected in C. More study is 

needed on this area. 

The effect of COY of crack aspect ratio on the reliability index is illustrated in 

Figure 7.9. As the COY of the crack aspect ratio increases, the reliability index 

decreases. Figure 7.10 indicates that the COY of the initial crack size has little influence 

on the reliability index. 
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Table 7.5 Sensitivity of Statistical Characteristics for Random Variables 

Sensitivity Factor 

Random Variables 
Mean Value Standard Deviation 

a o -0.03 -0.071 

C -0.07 -4.801 

m -2.84 -0.270 

N -0.093 -1.054 

Do 0.0 0.0 

ale 0.369 -0.187 
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Using the sensitivity analyses and the parametric study as discussed above, all 

the important random variables and corresponding statistical characteristics are identified 

for fatigue problem. The stage is now set to conduct a detailed reliability analysis of the 

bridge under consideration. 

7.4 Bridge Reliability Analysis for High Cycle Fatigue 

There are three types of fatigue hot spots in the reference bridge. They are 

coverplate detail, transverse stiffeners detail, and deformation-induced fatigue detail. 

7.4.1 Category E/E' Details 

According to AASHTO, the welded connection between the coverplate and the 

flange can be classified as either Category E or E'. These are the most critical structural 

details under fatigue loading. The thickness of the coverplate will indicate whether the 

detail belongs to Category E or E'. If the thickness of the coverplate is greater than 0.8 

inch (2.03 cm), the detail is considered to belong to Category E'. It is the worst fatigue 

detail in highway bridges according to the current AASHTO Guide. A coverplate with 

a thickness less than or equal to 0.8 inch (2.03 cm) belongs to Category E detail. A 

coverplate with thickness 0.75 inch (1.90 cm) is considered first. For this Category E 

detail, the fatigue reliability is calculated using the proposed method. The reliability 

indexes for design fatigue lives ranging from 35 to 75 years are plotted in Fig. 7.11. It 

can be observed that the reliability index decreases as the design life increases. 
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It is very interesting to point out that reliability index corresponding to 50 years 

of service life is about 3.3. A similar reliability index is usually used in developing 

design codes like the Load and Resistance Factored Design proposed by the American 

Institute of Steel Construction. 

The thickness of the coverplate is considered next to be 1.0 inch (2.54 cm) making 

it a Category E' detail. The reliability indexes of this detail are calculated for identical 

design conditions and are also plotted in Figure 7.12. The curve corresponding to 

Category E' lies below that of Category E. This is expected since Category E' represents 

the worst fatigue detail. It is also interesting to point out that the AASHTO approach and 

the proposed method gave almost identical reliability indexes of 3.02 for the Category E' 

detail with a design life of 60 years. Similar results can also be obtained for other design 

lives. This indicates that the proposed LEFM-based approach can be used interchangeably 

with the AASHTO approach, and the target reliability index can be considered to be 3.0. 

In order to study the effect of the coverplate thickness on the fatigue reliability for 

the category E' detail, fatigue reliability indexes are calculated for coverplate thickness 

ranging from 0.80 to 1.2 inches (2.16 to 3.05 cm) and for 50 and 60 years design lives. 

The results are plotted in Figure 7.12. The higher stress concentration in the thicker plate 

causes a decrease in the reliability index as the thickness of the plate increases. As 

expected, the reliability index for the 50 year design life is higher than that of the 60 year 

life. It nceds to be pointed out that the AASHTO approach can not directly consider 

different plate thicknesses. This flexibility is another desirable feature of the proposed 
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method. 

7.4.2 Catcgory C Dctails 

Another important fatigue hot spot in the reference bridge is the transverse 

stiffeners, which is classified as the AASHTO Category C detail. Usually, this type of 

fatigue details are not as critical as Category E and E' details, since a relatively low stress 

intensity factor exists near the crack tip. It represents the most commonly used 

connections in steel bridges, since almost all the details in the deformation-induced fatigue 

can be approximated to provide the strength of the Category C. 

The geometry functions used to determine the stress intensity factor for the 

Category C details were described earlier and summarized in Table 7.1. All the other 

design parameters, except for the mean value of the stress range, the crack aspect ratio, 

and the geometry belongs to the category, are the same as that of Category E' detail. 

In this example, the stress range of Category C detail is assumed to have Rayleigh 

distribution with a mean value of 3.0 ksi. The crack aspect ratio is assumed to have 

lognormal distribution with a COY of 0.50. The mean value of the crack aspect ratio 

may vary from detail to detail. Albrecht and Yazdani (1986) suggested a mean value of 

0.50 for the Category C details. Both the thickness of the stiffener and the weld size are 

assumed to be 0.50 inch in this example. 

The reliability indexes are evaluated using the proposed method. The results are 

plotted in Figure 7.13. As expected, the reliability index decreases as the mean value of 
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the stress range increases. 

The effect of stiffener thickness on the underlying reliability is investigated next 

and the results are plotted in the Figure 7.14. As the thickness of the stiffener increases, 

the stress concentration around the crack tip also increases and the reliability index 

decreases. 

The relationship between the critical size and the reliability index is graphically 

presented in Figure 7.15. It can be observed that the increase in the critical crack size 

increases the reliability index. But the trend drops rapidly as the critical crack size 

reaches the thickness of the stiffener. Since the stage I crack growth has consumed more 

than 95 percent of the fatigue life, a larger critical crack size can not provide more 

reserve fatigue strength. 

Figure 7.16 shows the relationship between the mean crack aspect ratio and the 

reliability index. As the mean crack aspect ratio increases, the reliability index increases. 

The trend is similar to the case of Category E' detail. 

In Figure 7.17, the relationship between the mean initial crack size and the 

reliability index is plotted. It can be observed that the initial crack size plays a important 

role in the fatigue reliability analysis, especially when the mean value of the initial crack 

size is smaller than 0.01 inch. 

From the above discussion, it is clear that the major factors influencing the 

underlying fatigue reliability of Category C details are very similar to those of Category 

E/E' details. 
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7.4.3 Fatigue Control Curves 

The purpose of any fatigue reli"bility analysis is to ensure an acceptable level of 

safety. To better understand the risk-based fatigue crack growth process and its 

maintenance, a inverse reliability analysis can be conducted. In this inverse analysis, the 

reliability index for fatigue damage can be assumed to have a preselected value, say 3.0, 

during the life time of the structure. The relationship between the fatigue life and the 

critical crack size under the constant reliability level constraint is studied for Category E' 

details according to the limit state defined by Eq. 6.2. It is plotted in Figure 7.18. As 

expected, the critical crack size increases with the increase in the service life. The 

functional relationship between these two variables is very similar to an exponential type 

function. When the relationship is plotted in a semi-log scale as shown in Figure 7.19, 

a linear relationship results. Nonlinear behavior is observed at the stages close to crack 

initiation and final fracture. A relatively nonstable crack growth during the crack 

initiation and the final fracture may be responsible for this behavior. 

In Figure 7.20, relationships between the fatigue life and the crack size for 

different reliability levels are plotted. They are plotted in a semi-log paper in Figure 

7.21. They confirm that an exponential type of relationship exists, as expected from the 

Paris Law. 

The exponential behavior between the fatigue life and the crack size can be used 

in the fatigue maintainability analysis. As shown in Figure 7.20, it is possible to extend 

the fatigue life if the underlying reliability level is still high. The structural detail under 
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consideration may not be dangerous, if a crack or even if a relatively large crack is 

detected during the in-service inspection. This is because cracks are allowed to exist in 

the fracture mechanics-based fatigue reliability analysis, as long as the underlying 

reliability and the serviceability requirements are satisfied. Thus, in-service inspection 

does playa very important role in the structural maintenance. The reliability index 

depends on the time of detection of a crack and it is expected to be different if the same 

crack size is observed at different times. This implies that the reliability index is a very 

reasonable measure to evaluate fatigue damage. 

7.5 Risk Evaluation for Low Cycle Fatigue 

As discussed previously, the low cycle fatigue is another fatigue damage model, 

which accounts for the development of the elastic-plastic zone near the crack tip under 

certain circumstances. In this study, the J-integral method is used for the evaluation of 

low cycle fatigue damage. The limit state function can be established according to Eqs. 

4.15, 4.64, and 4.76. The random variables involved in the reliability-based low cycle 

fatigue analysis are: stress range S, initial crack size U o, material properties Cp and mp' 

and the geometry-related statistical parameters QI' Q2' and Q3' They were summarized 

previously in Tables 4.1 and 7.3. A 10 inches wide specimen is considered in this 

example. The stress range follows Rayleigh Distribution and the critical crack size is 

assumed to be 2.0 inches. The fatigue design life is 10,000 cycles. The relationship 

between the mean of stress range and the reliability index is examined and the results are 
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plotted in Figure 7.22. As expected, the reliability index increases with the increase in 

the mean stress range. It is interesting to point out that the mean stress range 

corresponding to reliability index of 3.25 is 15.0 ksi, which is much higher than the value 

for the example of high cycle fatigue. 

7.6 Reliability Analysis for Deformation-Induced Fatigue 

As mentioned earlier, the deformation-induced fatigue is very important for bridge 

structures. Since secondary stresses are not normally calculated, the deformation-induced 

fatigue is very difficult to prevent. Thus, a systematic analysis needs be conducted during 

either the design of a new bridge or the evaluation of existing bridges. 

Secondary deformation is the key factor in determining the magnitude of 

secondary stresses that caused deformation-induced fatigue. Due to the complexity in 

geometric and material properties, and the uncertainty involved in determination of 

support condition, such as the partial end-fixity, analytical evaluation of fatigue damage 

due to secondary deformation is extremely difficult. Instead, a finite element algorithm 

can be used to obtain a numerical solution on a case-by-case basis. But a considerable 

amount of effort is necessary to obtain a reasonable solution. 

A review of available experimental evidence of developing web gap cracking 

suggests that out-of-plane distortion is the cause of cracks. It is observed that floorbeam

girder webs adjacent to the top flange generally experienced the largest out-of-plane 

movement. The largest displacements were detected in the range of 0.02 in. to 0.04 
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inches, which produces stress ranges between 20 and 40 ksi (69 to 138 Mpa). Extensive 

cracks were also observed in web plates at the ends of {loor':"beam connection plates. 

Studies indicated that the cracking was the direct result of cyclic secondary bending 

stresses generated due to the out-of-plane movement. These displacements, although often 

less than only 0.005 inch, concentrate in gaps between the floor beam connection plates 

and the tension flange of a girder. 

The thresholds of out-of-plane displacement were also observed in a variety of 

details subjected to deformation-induced fatigue (Fisher et ai, 1990). For web gaps, 

distortion less than 0.004 inches producing a stress range less than 10 ksi is not expected 

to develop deformation-induced fatigue damage. The experimental results demonstrated 

that the fatigue strength of the web gap was consistent with the fatigue strength provided 

for Category C of the AASHTO specifications. 

Based on limited data of field measurements of out-of-plane deformation reported 

in NCHRPR 336 (Fisher et ai, 1990), a statistical analysis is conducted. It appears that 

the maximum out-of-plane displacement can be approximately modeled to follow either 

a normal distribution or a Weibull distribution with a COY of 0.35. Since the stress 

range is directly related to the maximum out-of-plane deformation, the stress range can 

be determined once the information on the secondary deformation is available. 

The relationship between the out-of-plane deformation and the secondary stresses 

is necessary for the analysis purpose. The secondary stresses at the potential hot spots 

can be obtained using a standard structural analysis program. 
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For the out-of-plane motion of a girder web due to shipment, as shown in Figure 

4.8, the cyclic stress range can be approximated as; 

(7.2) 

where E is the Young's modulus, I is the moment of inertia, g is the size of gap between 

stiffener and tension flange, /). is the relative out-of-plane movement between the top and 

bottom flanges during the shipment, and e is the rotation due to twisting the flange. 

For the case of floor-beam connection plates fatigue as shown in Figure 4.9, the 

bending moment in gap can be estimated as: 

M = 4EI9 + 
L 

6EIIl 
(7.3) 

where the displacements e is the relative rotation of the flange relative to the web and 

/). is out-of-plane movement of the web. The contribution due to the rotation e appears 

to be very small and can be neglected in most situations. Hence, the cyclic stress in the 

gap becomes: 

s = M 
S 

6EI Il 
2I/ t L2 

where t is the thickness of the stiffener. 

7.6.1 Example 1: 

(7.4) 

The fatigue damage in the floor beam connection plate is considered here. 
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Suppose a routine nondestructive inspection was conducted at the end of 10th service year 

and several fatigue cracks were found, which were penetrating the thickness of the 

stiffener. Based on the field test for both of the stress range and the deformation near 

cracks, the cause of the fatigue was suggested to be secondary deformation. Based on the 

field data, the mean value of secondary deflection is found to be 0.003 inch, which is a 

typical value for the similar type of details. The bending stress near the crack is found 

in the range of 12 ksi to 18 ksi. This value matches the numerical value from the Eq. 7.3. 

The statistical characteristics of the random variables and the deterministic parameters 

involved in the fatigue analysis are given in Tables 7.6 and 7.7, respectively. The limit 

state function of interest is given as: 

(7.5) 

where e and ~ are the parameters for the Weibull distribution. 

Based on the data summarized in Tables 7.6 and 7.7, reliability analysis is 

conducted. It is found that there is a 78.81 percent of chance to find a crack size at the 

end of 10th year. This validates that a crack with depth of 0.5 inch (same as the 

thickness of stiffener) at the end of 10 years service life is very likely to be developed 

and it is expected to be observed. 

The relationship between critical crack size and the reliability index corresponding 

to the 10 years and 15 years service life are plotted in Figure 7.23. Similar trend has 

been observed as that in Figure 7.15 for the high cycle fatigue. This verifies that the 
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Table 7.6 The Statistical Characteristics of Random Variable in the Deformation-

induced Fatigue Analysis for Floor Beam Connection Plates Detail 

Random Variables 

Variables Dist.1 Mean 

Initial Crack Size, (Yo Log2 0.02 in 

Fatigue Coefficient, C Log 8.291xlO- 11 (in ksi) 

Stress Modeling Error, Do 

ADTTJ 

Crael\. Aspect Ratio, we 

Fatigue Exponent, m 

Secondary Deflection, 11 

IDistribution Type 

2Lognormal Distribution 

Log 

Log 

Log 

Normal 

Wei4 

3Average Daily Truck Traffic Volume 

4Weibull Distribution 

1.00 

2,500 

0.50 

3.344 

0.003 (inch) 

COV 

0.50 

0.63 

0.10 

0.10 

0.50 

0.03 

0.35 
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Table 7.7 Summary of Data of Deterministic Variable for Deformation-Induced 

fatigue Analysis for Floor Beam Connection Plate Detail 

Deterministic Parametel's 

Dimensions Thickness of Stiffener,Ts 0.5 in 
of Fatigue 

,-

Detail Weld Size, Tz 0.5 in 

Gap Size, L 3.0 in 

Width of Specimen, W 20.0 in 

Stress Scale Parameter, 0 16.19 (ksi) 

Stress Shape Parameter, ~ 3.1864 

Elastic Modulus, E 29,000 (ksi) 

Critical Crack Size, a o 0.5 in 

Time of Finding Cracking End of the 10 th Year 

Target Reliability Index, {1 3.0 
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selection of the critical crack size of 0.50 inch can cover almost all the fatigue growth 

stage. 

Figure 7.24 shows the effect of COY of secondary deflection on the underlying 

reliability. It is found that the reliability index decreases as the COY of deflection 

increases. 

7.6.2 Example 2: 

Deformation-induced fatigue due to shipment is analyzed in this example. Several 

plate girders were transported 200 miles to the construction site by train. Fatigue cracks 

were found at the weld toe between stiffener and the web near the gap before the 

installation. The investigation revealed that the cause of the fatigue was due to the 

relative lateral movements between the top and the bottom flanges. The relative sideway 

was assumed to have a wei bull distribution with mean of 1.0 inch and a COY of 0.35. 

Using Eq. 7.2, the secondary bending stress at the fatigue hot spot can be estimated. The 

number of stress cycles was determined by taking the product of the frequency of train 

(500 cycles/mile) and the distance traveled. 

The most of the design data are the same as in the previous example. The other 

data unique to this problem are listed in Table 7.8. 

The reliability analysis indicates that there is a 29 percent chance for the structural 

detail to develop cracks during the shipment. 
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Table 7.8 Summary of Data of Deterministic Variable for Deformation 

-Induced fatigue Analysis for Transverse Stiffener Gap 

Deterministic Parameters 

Dimensions Thiclmess of Web, Tw 7116 in 
of Fatigue 

Weld Size, Tz 0.5 in Detail 
Gap Size, L 0.5 in 

Girder Height, h 72 inches 

Stress Scale Parameter, e 51.99 (ksi) 

Stress Shape Parameter, ~ 3.1075 

Section Modulus, I 0.00698 in4 

Critical Crack Size, 0'0 7/16 in 

Number of Stress Cycles 100,000 
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7.7 Reliability-Based Inspection and Maintenance 

One inch (2.54 cm) thick coverplate belonging to Category E' is considered for 

discussion purpose. As shown in Figure 7.3, the reliability index for this detail when 

built is found to be 3.338, corresponding to the design life of 50 years. The detail is 

acceptable if the target reliability index is 3.0. In fact, this is a conservative design. This 

detail is assumed to be inspected once every two years by the ultrasonic equipment 

starting at the beginning of operation. Thus, it is assumed that inspection results are 

available for T = 2, 4, ...... ,50 years. In the following examples, two crack detection 

cases are considered to demonstrate the application potential of the proposed method. 

7.7.1 Event with No Cracl{ Detection 

First, it is assumed that no crack is detected during any of the inspections. The 

functional relationship between the time of inspection and detectability of ultrasonic 

equipment is plotted in Figure 7.25. As expected, the possibility of crack detection 

increases as the time of inspection increases. 

F or the purpose of illustration, the detectability of ultrasonic equipment is modeled 

by a lognormal distribution with a mean of 0.1 inch (0.254 cm) and a COY of 0.50. It 

is assumed that no crack is detected during the inspections. The reliability index is 

updated after each inspection, and the updated reliability indexes are plotted in Fig. 7.26. 

As expected, the non-detection of cracks during the periodic inspections increases the 

reliability index indicating the benefit of inspections. Each inspection costs some money; 
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but, it also increases the reliability of the bridge if no crack is detected. It may not be 

that simple if cracks are detected during some of the inspections. 

The results plotted in the Figure 7.26 are obtained based on the approximate 

solution described in Eqs. 6.12 to 6.14. The accuracy of the approximate method is 

examined by the exact solution defined by Eq. 6.6. The comparison of the results 

between these two methods is shown in Figure 7.27. It can be observed that the exact 

solution always provides a higher reliability index and the difference between the two 

solutions increases as the fatigue service life increases. The error between the 

approximate solution and the exact solution is mainly due to the correlation of the events 

of target reliability and crack nondetection. As verified in Figure 7.28, the relative error 

increases with the increase in the correlation coefficient. It can also be observed that 

results of the two approaches are close enough as long as the correlation coefficient is 

smaller than 0.5. 

The benefit of inspections can also be evaluated by considering single and multi

inspection plans. In most practical cases, a number of inspection will be conducted 

during the life of the structure. The single inspection plan indicates that the structure is 

inspected for the first time without conducting previous required inspections, and the 

multi-inspection plan indicates that all the previous and present inspections were 

conducted on a regular basis. Figure 7.29 shows the difference in the updated reliability 

indexes for the event of crack nondetection between single inspection event and the multi

inspection events. 
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The figure indicates that the fatigue reliability will be higher for the multi-inspection plan 

than for the single inspection plan. As more inspections are conducted, more information 

about the structural integrity is obtained, and for the case of crack nondetection, the 

fatigue reliability is expected to be much higher, particularly as it approaches the design 

life. 

7.7.2 Case with Crack Size Measurement 

The problem is much more complicated if cracks are detected during some of the 

inspections. It is not possible to discuss all possible cases of detection and nondetection 

of cracks during sequential inspections. For the sake of discussion, one possible scenario 

is considered here. Assume the weld in a 1 inch (2.54 cm) thick coverplate is inspected 

every two years. The design life of the bridge is 50 years. No crack was detected in the 

first seven inspections. During the eighth inspection, i.e., after 16 years of service life, 

a crack of size A was measured. 

The proposed method can update the reliability of the connection for different 

crack sizes. The updated reliability index versus crack size with mean value of 0.05 to 

0.12 inch (0.127 to 0.305 cm) are plotted in Fig.7.30. As expected, the updated reliability 

index decreases when the mean measured crack size increases. An interesting observation 

can be made here. When the detail was initially built, the reliability index was 3.338. 

If no crack was detected during the 16 years of service life, the reliability index would 

increase to about 3.685. If a crack size of 0.12 inch (0.305 cm) is measured, the updated 
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reliability index will drop to 2.615, which is far below than the either initial reliability 

index (3.338) or target reliability index (3.0). Thus, the proposed method can be used 

very efficiently to estimate the underlying reliability based on the outcome of the 

inspection. If a crack size of 0.075 inch (0.19 cm) is measured during the seventh 

inspection, the updated reliability index is estimated to be 3.092 which is larger than 

target reliability index and smaller than initial reliability index. As observed, although 

a certain level of fatigue damage has been occurred to the structural detail under 

consideration, the structural safety is not compromised. Repair is not needed immediately 

but a further close watch is recommended. 

This is the case of updating the inspection interval. Using Eq. 6.66, the new 

inspection interval for the next inspection can be estimated to be 15 months. However, 

if a crack size of 0.06 inch (0.1524 cm) is measured during the seventh inspection, the 

updated reliability index is found to be 3.344. This is almost the same as the initial 

reliability index. It indicates that a certain amount of cracking or damage can be tolerated 

in the proposed LEFM-based fatigue evaluation procedure. Thus, the event of crack size 

measurement does not always indicate the structural safety has been compromised, 

although the existence of fatigue crack would have a negative effect on the structural 

integrity. This example clearly indicates that the information on crack size alone without 

considering the time of detection is inadequate for the complicated fatigue maintenance 

problem. 

I f a crack with a mean size of 0.1 0 inch (2.54 cm) is detected first time during the 
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different scheduled inspection times, the updated reliability index is expected to be 

different. It can be expected that earlier an 0.1 inch crack is measured, the lower would 

be the updated reliability index. As shown in Figure 7.31, the updated reliability index 

is 3.09 when a crack of size of 0.1 inch is detected after 20 years of service. It is still 

larger than target reliability index. However the updated reliability index is only about 

2.49, if the same crack is detected after 10 years of fatigue service life. This is below the 

target reliability index, and repair is necessary in this case. 

7.7.4 Reliability Updating after Repair 

As a continuation of the example in section 7.7.3, consider a crack with mean of 

0.10 inch is detected first time at the seventh inspection after 16 years of service. The 

updated reliability index can be estimated to be 2.69, which is below the target reliability 

index of 3.0. Also, the ratio of the estimated reliability index to the target reliability 

index is about 0.897. Thus, an immediate repair is necessary according to the repair 

criteria discussed in section 6.6. 

After the necessary repairs are made, the reliability index needs to be updated 

based on the new limit state function. The updated reliability index increases to about 

3.99 as shown in Figure 7.32, indicating the improvement in the fatigue integrity. 

However, it is interesting to note that this updated fatigue reliability index is greater than 

3.338, the value estimated at the original design stage. Almost 16 years of detect-free 

operation is responsible for this improved behavior. 
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Many similar situations could be considered. These simple examples demonstrate clearly 

how the proposed method can be used to mitigate fatigue damage, and how it can be used 

as a decision making tool. 

7.8 System Reliability Approach 

The reference structure is considered again, which consists of 14 simply supported 

spans. It is assumed that the 7th and 8th spans belong to Category E' details and the rest 

of them belong to Category C details. 

The bridge is modeled as a series system consisting of 14 failure events 

corresponding to the limit states of fatigue failure for the 14 spans. The component 

reliability indexes and the corresponding mean value of the stress ranges are summarized 

in Table 7.9. For any two failure events in this structural system, the material properties, 

such as ao, C, m and alc, are assumed to be correlated. But the correlations between 

stress ranges and number of stress cycles in any two limit states are neglected. The 

system reliability index can be evaluated according to the procedure described in Section 

3.4.2. The impact of the correlation of material properties between the failure events on 

the underlying system reliability is studied. The relationship between the system 

reliability index and the correlation of material properties are plotted in Figure 7.33. It 

can be observed that the system reliability index increases with the increase of correlation 

coefficient between the failure events. If a perfect correlation between the material 

properties of the failure events is assumed, the system reliability index is found to be 3.05 



Table 7.9 Summary of Reliability Indexes and Mean of Stress Ranges 

fo!" the Spans in the Reference Structure 

Span # Category Reliability Index Mean of Stress Range 

1 C 4.51711 2.375 ksi 

2 C 4.51711 2.375 ksi 

3 C 4.01353 2.625 ksi 

4 C 4.01353 2.625 ksi 

5 C 3.34300 3.000 ksi 

6 C 3.34300 3.000 ksi 

7 E' 3.34120 2.000 ksi 

8 E' 3.34120 2.000 ksi 

9 C 3.14232 3.125 ksi 

10 C 3.14232 3.125 ksi 

11 C 3.77600 2.750 ksi 

12 C 3.77600 2.750 ksi 

13 C 4.25549 2.500 ksi 

14 C 4.25549 2.500 ksi 
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which means the structure is safe according the initial design. Similar to structural 

components, the reliability of structural system can also be improved by the 

nondestructive inspection. The system reliability can be updated using the concept of 

equivalent event as discussed in Section 3.4.3. In the case of series system, Eq. 4.49 can 

be used for this purpose. Once the statistical information about the equivalent event is 

obtained, the updating method developed in Chapter 6 can be directly applied. The unit 

gradient vector of the equivalent event in this example can be expressed as: 

Peq(aao,ac,am,aalc)eq = 3.05(-0.1781,-0.8756,-0.0134,0.44881) 

For the purpose of illustration, two type of inspection outcomes are considered for 

one of the Category E' details after 20 years of service. These two inspection events are: 

crack nondetection and measurement of a 0.1 inch crack. For the case of crack 

nondetection, the updated system reliability index is shown to be 3.248, which is higher 

than the initial system reliability index of 3.05. For the case of crack size measurement, 

the updated system reliability index is found to be 2.97. Since it is smaller than the 

initial system reliability index, the integrity of the structural system is deteriorated. 

Further maintenance decisions, such as repair or replacement of the damaged components, 

can be made according the criteria developed in Chapter 6. 

The simple example demonstrates how to evaluate the overall structural safety 

based the information of the components reliability and the outcome of inspections. It 

also shows the power of the proposed methods to handle the extremely complicated 

system reliability problem. 
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8.1 Summary 

CHAPTER EIGHT 

CONCLUSIONS AND SUGGESTIONS 

256 

A reliability-based fatigue evaluation and maintenance procedure for infrastructure 

is proposed here. The stochastic crack growth models for both primary and deformation

induced high and low cycle fatigue are developed to account for the uncertainties in initial 

crack size, crack aspect ratio, material properties, stress process, and number of cycles. 

The appropriate geometry functions are suggested to modify stress concentration at the 

crack tip for a number of the different structural details. The statistical characteristics of 

the random variables are quantified. The fatigue damage accumulation under variable

amplitUde stress process is evaluated assuming it is a narrow-banded normal process. 

Currently available structural reliability analysis methods are reviewed and 

discussed in details. An Advanced First Order Second Moment-based computer program 

is developed to estimate the probability of fatigue failure. The accuracy and efficiency 

of the method is established by the Monte Carlo simulation technique. The method is also 

compared with the commonly used S-N curve approach. The selections of the random 

variables are further justified using the sensitivity analysis. The reliability analysis is then 

extended to evaluate the system reliability. 

The sensitivity and capability of some of commonly used nondestructive inspection 

techniques, including ultrasonic inspection, are investigated. The additional sources of 
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uncertainty, including the detectability and the accuracy of the inspection techniques, and 

the human error, are also quantified. The inspection outcomes are classified into three 

categories: crack nondetection, crack detection without size measurement, and crack 

detection with size measurement. 

A risk-based inspection and decision-making strategy is proposed for the purpose 

of structural maintenance. The additional sources of uncertainties are incorporated into 

the fatigue reliability model. Using Bayesian approach, a numerically efficient procedure 

is developed to update the reliability index and the statistical characteristics of random 

variables based on the outcomes of different inspection events. The procedure is 

developed in such a way that it can be used as a decision making tool as what to do next 

just after inspection in terms of repair or replace the damaged structure, reduce the next 

inspection interval, or do nothing. If rescheduling the next inspection is desired, a 

procedure to obtain the optimal time interval is proposed. 

The procedure is explained with the help of the several examples. It shows that 

the proposed model is robust and numerically efficient. 

8.2 Conclusions 

Based on the results of the present study, the following conclusions can be made: 

1. The risk-based fracture mechanics model of crack growth proposed in this study 

appears to be very reasonable and robust to estimate the fatigue damage compared with 

the traditional S-N curve-based approach. With some efforts, two approaches can be 
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calibrated to give similar results and thus can be used interchangeably. Also, the damage 

due to deformation-induced fatigue and low cycle fatigue can be evaluated using the 

proposed model. 

2. The advanced first order second moment method used in this study is found to 

be very accurate for the fatigue problem under consideration. It is numerically much 

more efficient than the Monte Carlo simulation technique. 

3. Material properties and crack aspect ratio are the two most sensitive random 

variables in the risk-based fatigue damage evaluation model proposed in this study. The 

uncertainties in load related random variables, such as stress range and number of stress 

cycles, are not very sensitive. 

4. Using the proposed LEFM model, a high stress concentration is observed around 

the crack tip for the AASHTO category C, E, and E ' details. This may explain why a 

relatively low stress range level can cause a short fatigue life, as observed for steel 

bridges. 

5. The risk-based fatigue maintainability strategy is very useful. The information 

about the structural integrity can be updated based on the outcomes of inspections and the 

maintenance decisions can be made accordingly. The updated structural integrity, in terms 

of the updated reliability index, is the only reasonable basis to make maintenance 

decisions consistently and optimally. 

6. The presence of crack may not always compromise the underlying safety of the 

structure. The extension of service life for the existing structures is possible as shown in 
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this study. 

7. The proposed procedure can be extended easily to evaluate the system 

reliability. 

8.3 Suggestions 

Further studies are suggested in the following areas: 

(l) The reliability and maintainability procedures proposed in this study is well 

developed to evaluate the primary stress-induced high cycle fatigue damage. Although 

the risk-based models for deformation-induced fatigue and low cycle fatigue are proposed 

in the study, investigation are needed in these areas. A statistical analysis of the material 

properties, and the relationship between the traffic loading and stress due to the secondary 

deformation needs further evaluation. 

(2) The fatigue loading model proposed in this study is mainly applicable to steel 

bridges. A more extensive study about the random nature of the fatigue loading is 

necessary, if the proposed model is to be extended to the other infrastructures, such as 

aircraft, ships, and offshore structures. 

(3) The accuracy of the model updating techniques need to be investigated, when 

the target reliability index is very large. Also, the system reliability evaluation technique 

can be made more efficient numerically .. 

(4) The proposed optimized strategy may need to be extended to consider the cost. 
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