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ABSTRACT 

Theoretical and experimental investigations aimed at altering "nature-prescribed" 

hydrocarbon combustion are described; the basic intention is to anchor combustion 

zones in supersonic streams. The well-known free-radicals augmented combustion 

is studied, but with a novel innovation of donor injection, rather than free-radicals 

themselves. Standard methane/air combustion is explored in an open jet geometry 

in the turbulent regime. A new flammability criterion is established in the light of the 

Kolmogorov microscale mixing. The diagnostics are ll"on-intrusive through infrared 

thermograms and acoustic emissions. Fifty percent extension of the lean flamma

bility limit is experimentally demonstrated. Unambiguous differences in acoustic 

power spectra indicate a great increase of the reaction rate. Possible reductions 

of pollutants observed from thermochemical calculations are further confirmed by 

infrared imaging processing. 

Numerical simulations of high-speed turbulent combustion are studied. A new 

method: Large Eddy Probability-density Simulation (LEPS), has been proposed 

based on both the large eddy simulation and the probability density function method. 

In this approach, a mixed finite-spectral method is employed to solve for the veloc

ity field, while the probability density function method is used to solve for the 

energy and species equations. In the PDF solver, a modified composition joint PDF 

equation is derived, in which the mean velocity field from the k - € model in the 

traditional PDF equation is replaced by the resolved velocity field from the LES so 

that the large-scale effect is explicitly represented. The solution algorithms are dis-



cussed in full detail. This new method is highly perspective in simulating turbulent 

reacting flows because both advantages of the LES and PDF approach have been 

taken, whereas both disadvantages have been offset! Initial simulation results are 

presented. Future work is outlined. 



CHAPTER 1 

INTRODUCTION 

1.1 General Description of the Problem 

14 

Space, our final frontier, has been inviting us for many centuries. After years 

of low-level activity, renewed vigor is apparent [1-2]. Our return to space, "this 

time, to stay," seems certain. Economical access to space is essential. Utilizing local 

resources whenever possible can introduce significant economy. In the most narrow 

sense, this began as In-Situ Propellant Production (ISPP) but soon expanded to 

more general In-Situ Resource Utilization (ISRU). The most useful resource for 

traIlsportation is propellant, and its major ingredient is the oxidizer. During lift-

. off and ascent from the Earth's surface, most of the oxidizer needs can be met 

from the atmosphere. Reaching orbital velocities by mean of this resource though 

has been a challenge. Simple thermodynamic considerations applied to propulsion 

show that achieving supersonic combustion is the key to reaching hypersonic vehicle 

speeds. 

Hypersonic flight for commercial transportation and possible access to near 

earth space is no longer merely a dream. The High Speed Commercial Transporta

tion (HSCT), as an intermediate step to hypersonic flight, will be implemented in 

the coming decade. The SCRAMJET is one possible engine for hypersonic flight. 

The great difficulty of the SCRAMJET is the burning of fuel in a supersonic flow. 

Its related problems, such as flame anchoring, tolerance to flow, pressure, and ox

idizer/fuel ratio variations, need to be solved before the SCRAMJET becomes an 
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operating reality. It is frequently desired to establish combustion zones beyond the 

traditional boundaries of rich/lean limits and aerodynamic limits. It is worthwhile 

to inquire whether there is a fundamental technique that can alter the "nature

prescribed" chemistry in these combustion zones. If successful, such techniques 

can not only render many of the currently impossible regimes possible in practical 

systems, but will also facilitate insight into the very mechanisms and kinetics of 

combustion reactions. 

1.2 Background 

1.2.1 Free-radicals aided combustion 

It is well known that free-radicals (abbreviated FR) play very important 

roles in the initiation, propagation, branching, and termination of combustion re

actions [3-4]. In fact, the availability of free radicals in requisite concentrations 

at the proper site locally controls flammability limits, flame speed, and a host of 

related phenomena [5]. The key FR are needed in parts-per-million quantities and 

are naturally generated and consumed in the flame. Artificially enhancing their 

concentrations will enable a powerful technique for augmenting the flame stability. 

Several attempts of upstream injection of FR generated through plasma torches, 

powerful spark plugs, and photochemical reactions have been made [6-10]. Many of 

these efforts have conclusively demonstrated the beneficial effects in extending the 

traditional flammability boundaries. However, the delivery of these highly reactive 

and short-lived FR to the key regions at the requisite time is not easy. Previous 
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researchers have used large concentrations upstream in the hope that a small frac

tion would survive until the key zones are reached. Thus, the injection efficiency 

is a crucial problem to be solved. 

FR are extremely reactive, but the source of FR, or FR donor, may be quite 

stable. H such a FR donor can dissociate into FR in the combustion zone, the FR 

injection efficiency can be improved through the injection of FR donors, rather than 

the highly reactive FR themselves. The necessity of anchoring flames at very high 

speeds for hypersonic flight has introduced some urgency in rendering this very 

interesting technique of flame augmentation practical. It is of great significance 

to explore the FR donor injection technique aimed at a substantial extension of 

traditional flame limits. 

After identifying the hydroxyl radical (OH) as the key radical in most hydro

carbon/oxygen combustion systems [11-13], hydrogen peroxide (H20 2 ) is chosen to 

be the FR donor in this attempt. H2 0 2 is shble almost until the flame temperature 

and then dissociates in the flame zones, releasing a burst of OH free-radicals pre

cisely at the key site at the key time. The H2 O2 injection is shown to be extremely 

simple and efficient, besides being very economical and safe. 
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1.2.2 Coherent structure 

Chemical reactions require mixing at the molecular level. In turbulent dif

fusion flame, combustion occurs around contours where the concentrations of fuel 

and oxidizer reach stoichiometric condition. Detailed insight into molecular mixing 

could shed much light on turbulent reacting flows. The growth and mixing pro

cesses of turbulent shear flows are governed by the evolution of large-scale vortical 

(or coherent) structures [14-18]. Each flow contains its own coherent structures 

and characteristic events. The coherent motion is three-dimensional, in which at 

least one fundamental flow variable presents significant correlation with itself or 

with another variable over a range of space or time that is much larger than the 

smallest local scales of the flow. In the mixing between parallel flows, a plane 

vortex sheet is initially generated, and quickly rolls up into coherent line vortices 

through Kelvin-Helmholz instability. The successive mergings of vortices control 

the development of the mixing layer and line vortices. In turbulent jet diffusion 

flames, these vortex interactions govern the rate of entrainment of the surround

ing cold air. The entrained air intervenes with the mixture of products and fuel, 

and they cascade downstream until the Kolmogorov scale is reached. Molecular 

diffusion of species and heat occurs across this strained interface in the diffusion 

layer [19-20]. If vortices dominate the reacting flow, combustion occurs initially 

along the circumference of the vortex if sufficient molecular mixing is produced 

there, and then proceeds toward the core. The fine-scale mixing related to high 

production of turbulence can enhance combustion along the circumference. The 
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interaction between the large-scale coherent motion and the fine-scale turbulence 

is a peculiar aspect to turbulent mixing layers. 

1.2.3 k - c model 

The description of the large-scale structure and its interaction with the 

small-scale turbulence is essential to the understanding of turbulent reacting flows. 

The most frequently used computational fluid dynamics models among engineers 

are those employing two partial differential equations for the turbulence energy, k, 

and the dissipation rate, c, coupled with the equations of the mean motion, i.e., 

the k - c models for simplicity [21-25]. In these models, the flow variables are 

decomposed into two parts; one is the time averaged, or Reynolds averaged mean, 

and the second is the fluctuation. In order to form the closure, the correlations 

of fluctuation terms ( i.e., the Reynolds stresses, scalar fluxes, and coupled fluxes) 

are modeled by gradient diffusions with effective turbulent diffusivities. The k - c 

models have enjoyed their success in capturing the mean flow properties in high 

Reynolds number, fully developed turbulent flows. For non-isotropic, inhomoge

neous flows, the gradient diffusion model is unable to depict the very mechanisms 

of turbulence. More importantly, large-eddy structures, the controlling parts of 

the turbulent mixing, are smeared out by taking the time average to get the mean 

(or the Reynolds averaging method). Therefore, these models have little success in 

simulating chemical reacting flows due to the incapacity to accurately describing 

the molecular mixing. 
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1.2.4 Direct numerical simulation 

Improvement of the theoretical modeling would ultimately require the re

placement of the Reynolds averaging method to enable the effects of large-eddy 

structure to be captured. The large-eddy structure is viewed as instability waves 

propagating in pseudolaminar flows. These large-scale motions are mostly affected 

by the instability and must be simulated explicitly. The accurate direct numerical 

simulation (DNS) of the compressible Navier-Stokes equations has been used 

for this purpose [26-27]. To achieve adequate numerical resolution without any 

modeling, the grid size must go down to the Kolmogorov microscale to capture 

all inviscid eddy structures. This draws a serious limitation to the application of 

this DNS method to high Reynolds number flows because the higher the Reynolds 

number, the smaller the Kolmogorov scale, and consequently the finer grid size is 

required and the more computational work is needed. This drawback makes the 

DNS method very difficult to use in practical turbulent flows due to the prohibitive 

computational requirement. 

1.2.5 Large-eddy simulation 

The small scales of turbulence contain features that are more universal in 

nature. The most prominent characteristic of these universal small scales is their 

inertial subrange energy spectrum. The energy in this subrange cascades to the 

smaller and smaller scale until the dissipative effect becomes significant [28]. Based 

on the fact that small scales tend to be more isotropic and homogeneous than large 

ones, their effect on the large scales may be reasonably modeled using fewer param

eters compared to k-e models. Distinguishing between the turbulent fluctuation in 
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k - c models and the small scale mentioned here is important. The turbulent fluc

tuation of a flow variable is defined mathematically as the instantaneous value of 

the variable minus the time averaged part. In the time averaged part, the coherent 

motion, or the large-scale motion is smeared out. Thus the turbulent fluctuation 

still contains the large-eddy structure which is anisotropic and inhomogeneous in 

general for turbulent flows. This is the reason that the k - c models fail to rep

resent those complicated fluctuations. In contrast, the small scales in the inertial 

subrange can be considered isotropic and homogeneous, which makes the model

ing much easier and more accurate. This is the background for the Large-Eddy 

Simulation (LES) of turbulent flows. 

In large-eddy simulations [29-39], a flow variable is decomposed into two 

. parts too; they are the large-scale part and the small-scale part (or the subgrid 

scales). The large-scale part is obtained by feeding the flow variable through a cutoff 

filter with a cutoff wavenumber kc (assuming that kc is in the inertial subrange), 

and is resolved accurately by the N avier-Stokes equations. The effects of small 

scales are described by a subgrid model with fewer parameters. The interaction 

between the large-scale and the small-scale is a two-way exchange of energy across 

kc• The substantial backscatter of energy from small scales to large scales, though 

smaller than the energy cascade from large scales to small scales, is important to 

be modeled as a random force acting on large scales, whereas the energy cascade 

is modeled as an eddy viscosity. The cutoff wavenumber kc is much larger than 

the Kolmogorov microscale. Thus the grid size for the LES can be much greater 

than the one for DNS so that the LES is able to be used in much higher Reynolds 

number situations compared to the DNS if the same computational amount IS 
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assumed. This is the great advantage of the LES. The extensive computational 

simulations have shown that the LES can successfully capture the characteristics 

of large-scale coherent motions in practical turbulent flows. This makes the studies 

of the turbulent mixing in the molecular level possible, which has fundamental 

importance to the description of turbulent combustion. 

The LES might be considered the best way to resolve the velocity field. 

However, just like the k - e models, the LES also has difficulty dealing with the 

nonlinear chemical reaction term because the two decomposed parts can not be 

separately expressed exactly out of the nonlinear term. Approximations could 

cause unacceptable errors due to the sensitive nature of the flow field to chemical 

. reactions. An alternative to handle the chemical reaction term is preferred. 

1.2.6 Probability density function 

The Probability Density Function (PDF) method is well-suited to flows 

with complex thermochemistry [40-51]. In the derived evolution equation for the 

velocity-composition joint PDF, the terms such as reaction, convection, gravity, 

and mean pressure gradient are formulated exactly, and no modeling is necessary. 

The terms representing the transport in velocity space by the viscous stresses and 

by the fluctuating pressure gradient, as well as the transport in composition space 

by the molecular fluxes are modeled. It is remarkable that arbitrarily complicated 

reactions can be treated without approximation. 

The direct solution of this evolution equation for the joint velocity

composition PDF seems able to give all the necessary information describing the 
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whole flow field and composition scalar field. The reality is that this integro

differential equation with at least six dimensions (three velocities, three scalars for 

fuel, oxidizer, and enthalpy) is impossible to solve using ordinary finite difference 

method due to the exceptional computational requirement .. Alternative approaches 

are demanded to solve this equation with feasible amount of computational work. 

Monte Carlo simulation is one possible choice [52]. The main idea of the 

Monte Carlo method is to observe random numbers in stochastic problems, chosen 

in such a way that the physical random problems can be directly simulated, and 

the desired solution can be deduced from these random numbers. Pope [44-45] 

introduced the stochastic particle concept to simulate the physical processes such 

as molecular mixing, convection, scalar mixing, and chemical reactions in order to 

solve the evolution equation, which is referred to as the Monte Carlo method for the 

PDF equation. In this simulation, the single integro-differential evolution equation 

is replaced by 7N (stochastic) ordinary differential equations for N particles. The 

most significant feature is that the computational work rises only linearly with the 

increase of the dimension of the PDF equation, whereas the computational work 

for directly solving the integro-differential PDF equation increases exponentially 

with the expansion of the dimension according to an order-of-magnitude analysis. 

This is the most efficient algorithm in numerical computations. This Monte Carlo 

method renders an efficient way to solve the multi-dimensional PDF equation. 
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1.2.7 Large Eddy Probability-density Simulation 

To track the stochastic particles, the velocity field needs to be resolved to the 

scale at least in the inertial subrange in order to describe the random Brownian-like 

motion. The modeling for the PDF equation and the nature of the PDF solution 

give rise to a velocity field merely as a time-averaged representation. No detailed 

large-eddy structure is revealed. Thus, the accuracy of the PDF solution will be 

restricted by this inaccurate velocity description. 

To make the PDF modeling easier, the composition joint PDF (without cor

relation with the velocities) has been studied. In the composition joint PDF evo

lution equation, the mean pressure and the pressure fluctuation terms disappear, 

which require the most complicated treatments in the joint velocity-composition 

PDF evolution equation. The trade-off is that the velocity field needs to be fur

nished because the composition joint PDF does not provide velocity information. 

In the previous studies, the mean velocity field is provided normally by the k - c: 

models, and the turbulent fluctuation term is modeled by the gradient diffusion in 

the PDF equation. The gradient-diffusion model is particularly questionable in the 

variable-density, inhomogeneous flows. Additionally the mean velocity field is not 

good for the simulation purpose mentioned above. 

The LES will offer the optimal solution to the above problems because the 

LES can give the best resolved, most detailed velocity field which facilitates a solid 

background for the simulation of the Brownian-like motion in the Monte Carlo 

approach. Correspondingly, the mean velocity field is replaced by the best resolved, 

filtered velocity field from the LES, and the turbulent fluctuation is substituted by 
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the subgrid scale velocity. This subgrid scale velocity is much easier to be modeled 

due to its isotropic and homogeneous behavior. The difficulty of the gradient

diffusion model could be overcome in this way. This is one of the most profound 

advantages to use the LES method. 

In summary, the LES in conjunction with the composition joint PDF, re

ferred to as the Large Eddy Probability-density Simulation CLEPS), could be a 

highly effective approach to the turbulent reacting flows because the advantages of 

both the LES and the PDF have been taken. In this proposed approach, the flow 

field, including the filtered velocity, turbulent kinetic energy, dissipation rate, and 

eddy diffusivity, is provided by the LES solver, whereas the species transport and 

chemical reactions are simulated by the Monte Carlo approach in the PDF solver. 

The LES and the PDF solvers are run in parallel, and information exchange occurs 

at every time step until a converged solution is obtained. 

1.2.8 Non-intrusive diagnostics 

The large-scale coherent structures could be represented by wave packets 

with characteristics obtained from linear stability theory [18]. The sound is gen

erated very efficiently by the lower-order azimuthal components of the fluctuating 

pressure field. The coherent motion is responsible for the noise generation in a 

circular jet. Successive mergings of vortices redistribute the vorticity into larger 

and larger vortices and their wavelengths are doubled after each coalescence. The 

corresponding spectrum will shift toward lower frequencies downstream [16]. In 

turbulent reacting flows, large-scale structures cause periodic heat release, which 

can drive pressure oscillations if they are in phase [53]. The combustion noise 



can be roughly treated as the result of two sources: the time-averaged chemical 

energy release rate (combustion intensity) and a certain general measure of flame 

turbulence. 

It is this one-to-one relationship between the turbulent reacting flow and its 

generated noise that affects the choice of the non-intrusive acoustic diagnostics in 

this attempt. Turbulent combustion generated noise has been amply demonstrated 

and studied. Lighthill's theory is based on the exact equations of fluid flows [54-

55]. His theory provides the essential framework for a full understanding of the 

noise generated in turbulent jets and the overall characteristics of its propagation 

to the far field. His theory does not apply to the turbulent jet with combustion 

because it did not consider the energy and species equations. Following Lighthill's 

theory, Strahle [56-58] predicted a qualitative relationship between the sound power 

and combustion properties such as the combustion temperature, the laminar flame 

speed, the mean flow velocity, and the flame length. His work does not provide 

insight into turbulence and applies only to the premixed combustion. Petela's work 

combined the energy and species equations to generate a relatively comprehensive 

expression of the acoustic intensity [59]. It has also been demonstrated the altered 

turbulent flames emit sounds that are altered from the control. This point has been 

documented experimentally [60-63] and theoretically [64]. The spectral distribution 

of the noise bears an unambiguous relation to the completeness of combustion. 

Another non-intrusive diagnostic technique is infrared imaging. If the reso-

lution of an infrared camera is high eno~gh to distinguish the flamelets, the turbu-

lent combustion structure could be studied by this infrared emission because high 

temperature contours correspond to the heat release along flamelets. 
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1.3 Objectives 

SCRAMJET combustion involves intensive turbulent flow with heat and 

mass transfers and chemical reactions. Turbulent jet diffusion flames of gaseous fu

els are much simpler to predict than SCRAMJET combustion, but can nevertheless 

enhance our understanding and modeling of the SCRAMJET combustor. There

fore, the turbulent diffusion jet has been chosen to function as both a theoretical 

model and an experimental facility. 

The objectives of this study are briefly summarized as following: 

1. to explore turbulent combustion at the Kolmogorov scale. (Combustion 

occurs at the molecular mixing level.)j to understand turbulent reacting 

flows, insight into turbulent microstructure is necessary, 

2. to establish the flammability limits theoretically and verify them experimen

tally. (Flammability is an important characteristic of combustion.); flame 

blowout happens at certain oxidizer/fuel ratios and Reynolds numbers; the 

criteria on flame stability needs to be studied in order to control turbulent 

reacting flows, 

3. to investigate the innovative H2 O2 injection for extending the classical, 

aerodynamically limited stability boundary. (Combustion augmentation 

through FR has been reported in the past [5-10], but the technique of FR 

delivery at the requisite time and sites has suffered from gross inefficien

cy because of the extreme reactivity of FR. Our novel technique involves 

the injection of FR donors, rather than FR themselves. The flammability 

limits are expected to be increased substantially through H20 2 injection.); 



this flame augmentation by changing the "nature-prescribed" chemistry is 

referred to as the active control of turbulent reacting flows, 

4. to resolve large-scale structures by the large-eddy simulation. (The large-

scale motions control the global turbulent mixing process that is essential 

to subsequent chemical reactions. The spectrum of large-scale structures 

provides useful information for combustion control. The mixing process can 

be enhanced effectively with a very low forcing level if the excitation IS 

applied at the preferred mode frequency.), 

5. to develop a new approach to model turbulent reacting flows. (The LES 

is known to be the best in capturing the large-scale structure, whereas the 

PDF is superior in thermochemistry, no matter how complicated. The LES 

in conjunction with the PDF is expected to provide the optimal simulation 

to the real turbulent reacting flow because this new approach utilizes both 

advantages of the LES and PDF methods.); to reach this end, the most 

significant initiation will be the development of the algorithm and numerical 

codes, which could be very challenging, 

6. to find the correspondence between the turbulent reacting flow and its gen-

erated noise by acoustic diagnostics. (The noise generated by combustion 

contains rich information about turbulent reacting flows.); extracting and 

analyzing combustion generated noise is one non-intrusive method to gain 

insight into the very mechanisms of turbulent reactive flows, 

7. to improve combustion efficiency by monitoring its noise with acoustic diag-

nostics, (The acoustic power spectrum provides information such as the 

preferred frequency, its higher harmonics and sub-harmonics, and their 
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strength, which can be used as feedback in the real-time active combustion 

control. The combustion efficiency improvement by enhancing the molecu

lar mixing through the noise monitoring and diagnosis is referred to as the 

passive control of the turbulent reacting flow.), 

8. to anchor flames in high-speed turbulent flows (application to SCRAM

JET). This is the ultimate objective. (Combustion can be much more stable 

and efficient after altering the "nature-prescribed" chemistry by free-radicals 

augmentation, and after enhancing the molecular-level mixing by external 

forcing at the preferred mode frequency. The new numerical approach and 

the acoustic diagnostics are fundamental to the passive control of turbulent 

reacting flows.) 
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1.4 Outline 

Turbulence, the final frontier in the physics of fluids, has drawn great atten

tion for decades. Turbulent reacting flows are explored in this study. The research 

covers the following five aspects: the description of turbulent reacting flows, the 

large-eddy simulation and the probability density function, the three-dimensional 

turbulent mixing layer, the experimental methods, and the results and discussions. 

Chapter 2 presents the description of turbulent reacting flows. Some insight 

into the Kolmogorov scale is provided. The effects of large-scale structures, small

scale structures, and their interaction are discussed thoroughly. The chemistry of 

hydrocarbon combustion is explored and particular attention is paid to the effects of 

free-radicals such as hydroxyl radicals and hydrogen atoms. The hydroxyl radicals 

are considered to be the key radicals controlling the hydrocarbon oxidation, which 

is the background for the free-radicals augmented combustion. Reduced chemical 

reaction schemes are demonstrated for the purpose of the PDF approach later on. 

The flammability limits are discussed with different criteria in this chapter. The 

stability boundary is established theoretically. 

The large-eddy simulation and probability density function methods are 

illustrated in Chapter 3. The relevant equations and modeling are described in 

full detail, whereas the advantages and disadvantages of each method are discussed 

following the development of the method. The new approach is proposed based on 

above arguments. The LES in conjunction with the PDF is expected to generate the 

best results for the numerical simulation of turbulent reacting flows. The solution 
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algorithm is provided at last. A mixed finite-spectral method is used in the LES, 

and the Monte Carlo simulation is applied to the PDF solution. 

The numerical schemes are established for three-dimensional turbulent mix

ing layer simulations in Chapter 4. The assumption of periodic boundary con

ditions in the spanwise and cross-stream directions enables the spectral method 

to transform the complicated three-dimensional Navier-Stokes equations into the 

much simpler tridiagonal equations. These tridiagonal equations are converted 

to the tridiagonal matrices after applying discrete boundary conditions. These 

tridiagonal matrices can be solved efficiently and accurately for the flow field by a 

tridiagonal solver. A LEPS code is developed for the spatially developing turbulent 

reacting mixing layers. 

Code verification is presented in Chapter 5 in two stages. The first stage 

is the subroutine level, while the second stage is the system, or overall level. In 

subroutine verification, a convenient input is specified and an analytical solution 

is obtained for the output. The numerical solution is then compared with the 

analytical solution. In the system level verification, a modified analytical solution 

for the full incompressible Navier-Stokes equations is employed to check the LEPS 

code. 

Chapter 6 gives the details of the experimental methods. A turbulent 

diffusion jet is used as the experimental setup. The flammability limits with and 

without H2 O2 injection are measured by changing the oxidizer/fuel ratios and the 

Reynolds numbers. A substantial increase of the flammability limits with the injec

tion is expected compared to the case without the injection. Acoustic diagnostics 
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are conducted. The acoustic power spectrum demonstrates an unambiguous cor-

respondence between the turbulent reacting flow and its generated noise. The IR 

imaging process is also used to provide information about the temperature distri-

bution. 

The results and discussions are presented in Chapter 7. The known results 

include the theoretical and. experimental flammability boundaries, the effects of 

H2 O2 injection, the acoustic power spectra, the infrared imaging, and the ini tial 

numerical simulation results. Discussions accompany each finding and more insight 

is gained. 

This study concludes in Chapter 8 by specifically pointing out what is 

achieved, what is in progress, and what the significance of each is. The appli-

cation of this approach to full-scale combustors in airbreathing engines, where the 

length scales and Reynolds numbers are two orders-of-magnitude larger than in 

these experiments is briefly discussed. This demonstrates that this FR augment a-

tion is applicable to practical combustion systems. The application to SCRAMJET 

. . . 
IS promlsmg. 



CHAPTER 2 

TURBULENT DIFFUSION FLAME 
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Turbulence, characterized by its unpredictable fluctuations both in time 

and space, has attracted extensive attention for a century and is still an unsolved 

problem in physics. Various ideas and approaches have been evolved to develop 

turbulence models that may be roughly classified methodologically as the analyti

cal modeling, the physical modeling, the phenological modeling, and the numerical 

modeling [65]. Chronologically, the development of turbulent studies can be divided 

into three stages [66]. The first stage is the "statistical movement" in which tur

bulence was considered to be non-deterministic. Osborne Reynolds' observations 

of turbulent transition in pipe flow in 1883 marked the beginning of the scientific 

study on turbulence. The study focuses on the means and averages of the flow 

field, whereas the correlations of various fluctuation products are modeled by the 

Reynolds stress [67-69]. The concepts of turbulent viscosity, mixing-length, etc., 

were introduced in this period. The k - c model is a typical representation of this 

development. The "structural movement", started in the thirties, is the second 

stage which was driven by experimental observations. The coherent structures in 

turbulent flows were first recognized. Later, computer simulations had also shown 

the appearance of large-scale structures [70-71]. The large-eddy simulation has 

evolved slowly, but is very promising to resolve detailed flow structures. The im

portance of coherent structures and their interactions with small-scale structures 

will be deliberated in the following section. Initiated in the sixties, the last stage, 

referred to as the "deterministic movement", has provided a theoretical basis for 
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new observations. The bifurcation, strange attract or , fractals, and renormalization 

group theories have been applied to this area [72-76]. These approaches are still in 

their infant stage due to apparent mathematical difficulties even though they have 

already evolved for decades. 

In this study, the turbulent reacting flow is attempted, in which the full 

interaction between turbulence and chemistry occurs: turbulence is affected by 

the heat release of chemical reactions, and chemical reactions are influenced by 

turbulence [77]. This complication makes turbulence even more difficult to explore. 

In the turbulent modeling, the large-eddy simulation is used to capture detailed 

flow structures, while the probability density function approach, categorized as the 

statistical movement, is used to simulate the chemical reactions by the Monte Carlo 

method. The LES and PDF are coupled together by the density variable and run in 

parallel until a convergent solution is achieved. This new approach, originated from 

the LES and PDF, is named the "structurally statistical movement" accordingly. 

2.1 Kolmogorov Scale Description 

2.1.1 Local structure of turbulence 

The local structure of turbulence in incompressible viscous fluid for very 

large Reynolds numbers was first depicted by Kolmogorov in 1941 [78-79]. The 

(mean, not turbulence) Reynolds number is defined as: 

R =LU - , 
1I 

(2.1) 

where L, U, and 1I denote typical length, velocity, and kinematic viscosity, respec-

tively. Turbulence is called fully developed if the Reynolds number approaches 
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infinity because the flow structure in this state has evolved fully at all scales. Con-

sequently, local isotropy could be assumed in sufficiently small domains. To avoid 

confusion, several important definitions are presented first. Turbulence is called 

locally homogeneous in flow domains if the velocity difference by a translation 

possesses a probability distribution independent of the starting point of the trans-

lation, the starting time, and the starting velocity. Turbulence is called locally 

isotropic in flow domains if, besides homogeneous, the distribution is also invariant 

with respect to coordinate rotations and reflections. In addition, three different 

eddy scales are mentioned here to describe the turbulent macro-structure. They 

are the Kolmogorov eddy scale 17, the energy-containing eddy scale ee, and the 

dissipation eddy scale >.. With Kolmogorov's first hypothesis of similarity: for the 

locally isotropic turbulence the distributions are uniquely determined by the kine-

matic viscosity and the average dissipation rate e, the Kolmogorov scale 17 can be 

defined as: 

Subsequently, the energy-containing and the dissipation scales are defined as: 

,3 
U 

le = -=-, c 

where u' is the turbulent velocity fluctuation. 

(2.2) 

(2.3) 

(2.4) 

It is apparent from the above definitions that the dissipation rate e, the 

kinematic viscosity v, and the turbulent velocity fluctuation u' are the controlling 
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factors of the eddy evolution. They are related to each other by the turbulence 

Reynolds number defined as: 

for example, 

u',\ 
Re>. =-, 

v 

~ = 151/ 4 Re>.1/2, 
7] 

ie Re>. 
1"="15' 

ie _ 15-3/ 4 R 3/2 
- e>.· 

7] 

IT the turbulence Reynolds number is much greater than one, then, 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

The eddy size domain can be transferred into wavenumber domain by the 

spatial Fourier transform. The wavenumber is denoted simply as the inverse of the 

eddy size. For instance, the Kolmogorov wavenumber kd is expressed as: 

1 
kd =-. 

7] 
(2.10) 

In this way, the turbulent kinetic energy spectrum will illustrate the distribution 

of various eddies and their strengths. 

For fully developed turbulent flows, the coherent structure contains a suffi-

ciently small part of the total kinetic energy, and plays a secondary role in trans-

port. The turbulent flow could be imagined as the superposition of the disordered, 

or chaotic fluctuations on the averaged flow. Kolmogorov viewed these fluctuations 

as a cascade process in which the first order fluctuation contains displacements of 
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separate fluid volumes with length scale tel) ( approximately the Prandtl's mix

ing length scale) and velocity scale v(l). The Reynolds number for the nth order 

fluctuation is defined as: 

v 
(2.11) 

It is worth noticing that the nth order fluctuation is superposed on the (n-1)th 

order fluctuation instead of being uncorrelatively combined. The fluctuations of 

consecutive orders possess the following relationships: 

v(n) < v(n-l). 

(2.12) 

(2.13) 

These successive cascades of turbulent fluctuations carryon until the length scale 

is so small that the effect of viscosity will prevent the formation of even smaller 

scales. The Kolmogorov scale TJ corresponds to the large order length scale ten), at 

which the Reynolds number R(n) goes to unity. 

The turbulent mixing process can be viewed as the kinetic energy cascading 

from large scales to small scales. The first order fluctuation absorbs the energy of 

the motion, while the smallest scale fluctuation dissipates energy into heat. 

Kolmogorov further reasoned that turbulent fluctuations could be consid

ered to be spatially isotropic if fluctuation scales are smaller than t(l), and statis

tically steady if the time scrue is small. According to this isotropic assumption, he 

obtained the famous 5/3 law in the inertial subrange, i.e., the three-dimensional 

energy spectrum in the inertial subrange conforms to the formula: 

(2.14) 



where Ko is the KoImogorov constant. 
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Figure 2.1: The Energy spectrum E(k, t) in the different 
wavenumber ranges (from Hinze [68]) 

37 

This is the most universal characteristic of turbulent flows. The inertial 

subrange mentioned above is basically in the range of .x, where there is effectively no 

energy input into the turbulent velocity fluctuations directly from the mechanism 

of instability, and direct dissipation due to viscosity is negligible. In the inertial 

subrange, the energy supplied to large scales successively cascades to small scales 

until the dissipative effect becomes significant. A full description of the energy 

distribution in the wavenumber domain is shown in Figure 2.1 [68]. This 5/3 

Kolmogorov law has been verified by the direct numerical simulation with such 

an accuracy (the error is less than one percent) that this law can be used to test 

whether the turbulent modeling is accurate or not in numerical simulations. 
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2.1.2 Interaction with large-scale structure 

Turbulent flow contains the ordered structure and the disordered structure. 

The ordered structure refers to the coherent motion, or the large-eddy structure, 

while the disordered structure means the chaotic fluctuation. 

. . ". 

. . ' .. : .... 

Figure 2.2: (a) Large-scale structure in a turbulent mixing layer (above) 
(b) Coherent structure at higher Reynolds number (below) (from Dyke [80]) 
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The spark shadow photographs in Figure 2.2 (a and b) demonstrate clearly 

the spanwise organization of the large eddies with their spacing becoming larger 

and larger downstream due to the vortex pairing. It is evident by comparing Figure 

2.2 (b) with Figure 2.2 (a) that more small-scale eddies are generated at higher 

Reynolds number, whereas the large-eddy structure is merely affected. 

The large-eddy structure governs the growth and mixing process of turbu

lent shear flows. Successive merging of large eddies controls the development of 

line vortices. The fine-scale mixing related to high production of turbulence can 

be enhanced by amplifying certain large-scale eddies. The interaction between 

the large-eddy structure and the fine-scale turbulence is a peculiar aspect to the 

turbulent mixing layer. 

The descriptions of the large-eddy structure and its interaction with the 

small-scale turbulence are essential to the understanding of turbulent flows. This 

interaction can be viewed as a two-way exchange of energy. The energy cascade 

from large eddies to small eddies is the dominant energy transfer, however, a sub

stantial energy backscatter from small eddies to large eddies occurs even though 

it is less than the energy cascade. In the large-eddy simulation, the large-eddy 

structure is resolved accurately by the Navier-Stokes equations and the effects of 

small scales are described by a subgrid scale model. The energy transfer from 

subgrid scales to large eddies is modeled as a random force acting on large eddies, 

whereas the energy cascade from large eddies to subgrid scales is simulated as an 

eddy viscosity. The backscatter is sometimes called the eddy noise which could 

alter the resolved large-scale velocity field after a sufficiently long time. 
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According to the large-eddy simulation, half the grid points experience the 

backscatter [29-30]. The number of grid points with backscatter increases with 

the Reynolds number. Failure to account for this energy backscatter could cause 

unphysical estimation of the growth of turbulent fluctuations. 

2.2 Chemistry of Hydrocarbon Combustion 

Hydrocarbon combustion proceeds through a series of sub-reactions involv

ing chain initiation, chain branching, chain propagation, and chain termination. 

The main chain carriers, except at very high temperatures, are free radicals or 

atoms. In this study, the mechanism of hydrocarbon combustion has been explored 

through the much simpler case of methane combustion. 

2.2.1 Mechanism of methane combustion 

The mechanism of methane oxidation has been extensively studied [11-13, 

46, 81-82]. Combustion products are carbon monoxide and water, together with 

hydrogen peroxide, carbon dioxide, methanal, methyl hydroperoxide and hydrogen. 

The methane oxidation involves the following reactions [82]: 

CH4 + OH -" CH3 + H20, 

CH3 + 0 -" CH20 + H, 

CH2 0 + H -" CHO + H2 , 

CH2 0 + OH -" CHO + H2 0, 

(R1) 

(R2) 

(R3) 

(R4) 

(R5) 
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CHO + H ->. CO + H2, (R6) 

CHO + M ->. CO + H + M, (R7) 

CHO + O2 ->. CO + H02, (RS) 

CO + OH ~ CO2 + H, (R9) 

H+02 ~ OH+O, (RIO) 

0+H2 ~ OH+H, (Rll) 

OH + H2 ~ H20 + H, (R12) 

OH + OH ~ H20 + 0, (R13) 

H + O2 + M ->. H02 + M, (R14) 

H+ OH+M ->. H20 +M, (R15) 

H + H02 ->. OH + OH, (R16) 

H+H02 ->. H2 +02, (R17) 

OH + H02 ->. H20 + O2, (RlS) 

In the above reactions, the CH4 breakup occurs mainly through Rl and R2. 

The CI-chain is oxidized to form CH20 via R3, which is reacted with Hand OH to 

produce CHO by R4 & R5. The CHO is then converted into CO through R6-RS. 

The conversion of CO into CO2 is by R9, in which the maximum chemical energy 

is released. The hydrogen-oxygen reactions from RIO to Rl3 consume oxygen and 

form radicals. 
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The above reaction scheme may be further simplified according to certain 

assumptions such as partial-equilibrium and steady-state. This is presented in the 

next section. 

2.2.2 Reduced schemes 

The computational work is proportional to the number of species involved 

in the reaction scheme. It is desired to make the reaction scheme computationally 

manageable and efficient and to keep the accuracy acceptable. Partial-equilibrium 

and steady-state are key assumptions to simplify the reaction scheme. 

It is called steady-state if an intermediate species is consumed faster than 

it is produced. Consequently, the concentration of such a species will remain very 

small. The intermediate species OH, 0, H02 , CH3 , CH20, and CHO are assumed 

to be in steady-state because the mole fraction weighted by VMN2/Mi,N2 for each 

species mentioned above is below one percent [82]. These six steady-state species 

can be used to simplify the reaction scheme by removing six reaction rates from 

the system. 

The forward and backward reaction rates for the reaction 

aA+bB 

are expressed as 

kr 
~ cC+dD 
kb 

(2.15) 

(2.16) 

(2.17) 



43 

where kl and kb are the forward rate constant and the backward rate constant, 

respectively. The Arrhenius forward and backward rate constants are defined as 

(2.18.a) 

(2.18.b) 

where C I and Cb are constants, Eal and Eab are forward activation energy and 

backward activation energy, respectively, and n and m are exponential with value 

less than one. 

When the concentrations of products C and D become large, the backward 

or reverse reaction may be important. Because the reverse reaction always exists 

to some extent, the concentrations of A and B will eventually reach some finite, 

non-zero values at which the forward and backward reaction rates are equal. In 

this case, equilibrium has been established. 

In equilibrium, WI = Wb, e.g., 

(2.19) 

The equilibrium constant Kc is defined as 

(2.20) 

Similarly, the partial pressure equilibrium constant Kp is obtained as follows: 

(2.21) 

where PA,PB,PC, and PD are the partial pressures of constituents. 
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The relationship between the equilibrium constants and the temperature 

can be found by substituting Eq. (2.18) into Eq. (2.20): 

{
Eab - Ea f } 

Kc or Kp ex: exp RT . (2.22) 

The equilibrium constants may therefore have a strong exponential temperature 

dependency. 

With partial-equilibrium and steady-state assumptions, the following four-

step scheme is obtained after some algebraic manipulations: 

(4- I) 

(4 - II) 

2H + M --" H2 + M, (4 - III) 

(4 - IV) 

Similarly, a three-step scheme can be deduced from the four-step scheme by 

further assuming that H atom is in steady state [81]: 

(3 - I) 

(3 - II) 

(3-111) 

By additional manipulation, the three-step scheme is reduced to a two-step 

scheme: 

(2 - I) 



45 

(2 - II) 

Finally, the single-step scheme is included here for comparison: 

(1 -I) 

with the overall reaction rate, Wov expressed as 

(2.23) 

All four of the simplified reaction schemes will be applied to the modeling of 

the reaction term in the probability density function approach. The schemes except 

the overall reaction contain more or less the kinetic information of the elementary 

step. It is reasonably expected that the four-step scheme will furnish the best flame 

structure in the expense of the highest computational requirement. 

2.2.3 Effects of OH radicals 

The chain branching is the most important step to speed up reactions be

cause the chain carrier is doubled through each branching step. The OH radical 

is believed to be the key chain carrier in methane oxidation. In order to see how 

important the OH radical is, some reaction formulas related to OH radicals are 

shown here first: 

H2 02 +M = OH+ OH +M, 

CH4 + OH = CH3 + H2 0, 

CH3 + OH = CH2 0 + H2 , 

CH2 0 + OH = CHO + H2 0, 

(I) 

(II) 

(III) 

(IV) 
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CO + OH = CO2 + H, (V) 

OH + H2 = H20 + H, (VI) 

OH + OH = H20 + 0, (VII) 

OH +H02 = H20+ O2, (VIII) 

OH +H +M = H20 +M. (IX) 

It is evident from these equations that OH radicals play crucial roles all the 

way through methane oxidation. CH4 is initially attacked by the OR radical, and its 

product CH3 reacts with the OH radical to form CH20 which is converted into CHO 

through reaction IV. The most energetic reaction is the conversion of CO into CO2, 

which is dominantly controlled by the OH radical. OR radicals are also very active 

in three-body recombinations, or chain terminations. Therefore, the availability of 

OR radicals in requisite concentration at the proper site locally controls the process 

of methane oxidation. Artificially enhancing their concentration could increase 

the reaction rate so appreciably that the stability of methane combustion would 

improve. Nonequilibrium chemistry will be considered in the PDF solver. 

An examination of reaction formulas also indicates the presence of hydrogen 

peroxide (H20 2). The dissociation of H20 2 yields OH radicals [83]. However, the 

decomposition may be homogeneous or heterogeneous depending on the tempera

ture and the nature of the reactor surface. The thermal dissociation of hydrogen 

peroxide at temperatures from 613 to 653 K could provide a clean source of OH 

radicals in the presence of small amount of alkane, oxygen, and nitrogen. Thus, 

hydrogen peroxide is chosen to be the donor of OH radicals. 
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Effects of H2 0 2 as FR donor have been studied thermodynamically using 

the NASA LeRC CET86 program. In this program, chemical reactions are assumed 

in thermodynamic equilibrium and effects of free radicals are not specifically con-

sidered, which may present serious limitation on this study. Nevertheless, compu-

tational findings from this program could provide some insight into the chemical 

reactions with artificial addition of free radicals, even though the quantitative na-

ture might be doubtful. 

The effect of H20 2 addition on the main reaction product, H20 and CO are 

shown in Figures 2.3 and 2.4. 
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Figure 2.3: The concentration of H20 versus H20 2 addition (%) (left) 
Figure 2.4: The concentration of CO versus H2 0 2 addition (%) (right) 

4.00 

At both equivalence ratios (q> = 1 and q> = 0.8), the concentration of H2 0 

is increased with H2 0 2 addition, whereas the concentration of CO is decreased 

slightly. These indicate that OH radicals released in reaction zone from H2 O2 

donors have promoted methane oxidation. This observation leads to the concept 
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of stabilizing the combustion zone in high-speed air flow by changing the "nature-

prescribed" chemistry with H202 injection. 

Another important observation comes from Figures 2.5 and 2.6. Pollutant 

concentrations, such as [NO] and [N02], decrease with the increase of H2 0 2 con-

centration. This effect is also attributed to the better oxidation. 

~ 0.01800 

~0.01700 
o 

41 - 0.8 
~ 8.00000 :r=============~~=l ~ - 41 - O.B x 

IS z 7.00000 

u.. z 
u.. 0.01600 
o 

o 
In 
~ 6.00000 

In z 
00.01500 ~ 

Z 
~ 5.00000 ~ 

ILl 0.01400 
o ~ :r---------" 41 - 1 

o z 
o o 
ILl 0.01300 

~ 4.00000 
I-

i!= 
0.0 1200 -=!-r,.....-nrTT'1n"'MM"T"1n"'MrTT'1rT'T'I'TT"rTT"l'TT"l'TT"l'TT"rri 3.00000 -=i-T,.....-n.....-n""""'I"T'T"I'TT"I"T'T"rT'T'I"T'T".....-nr-rT'1.....-nrT"T""1..., 

0.00 1.00 2.00 3.00 4.00 0.00 1.00 2.00 3".00 4.00 
THE CONCENTRATIONS OF HzOz THE CONCENTRATIONS OF Hz0 2 

Figure 2.5: The concentration of NO versus H2 0 2 addition (%) (left), 
Figure 2.6: The concentration of N02 versus H20 2 addition (%) (right) 

The reduction of NO and N02 has been a major issue for air pollution 

control. Even very small concentrations of NO and N02 can be responsible for 

the depletion of the ozone layer as they function as catalysts in ozone destruction. 

With more hypersonic flight activities in the near future, the atmospheric pollution 

caused by the supersonic combustion and its exhaust of hot gases could have a great 

impact on the global change. The reduction of NO and N02 by H20 2 addition could 

alleviate, or substantially reduce the harmful global impact of the stratospheric 

flight of high-speed commercial jets. 
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2.3 Flammability Limits 

2.3.1 Criteria 

Chemical reactions require mixing at the molecular level. The mixing pro~ 

cess of turbulent diffusion flames is governed by the evolution of large-scale coherent 

structures. The interaction of coherent structures controls the rate of entrainment 

of the surrounding cold air. The entrained air intervenes with the mixture of prod-. 

ucts and fuel, and they cascade downstream until the Kolmogorov scale is reached 

[19-20]. Molecular transport of species and heat takes place across the strained in

terface between the cold entrained air and the mixture. Combustion occurs around 

contours where concentrations of fuel and oxidizer reach stoichiometry. These con

tours are the statistical representation of various eddies containing approximately 

the same concentration. If vortices dominate the flow structure, combustion starts 

initially along the circumference of the vortex provided sufficient molecular mixing 

is produced there, and then proceeds toward the core. At early stages in the flame, 

reactions will be thermally quenched because the resulting homogeneous mixture 

is still fuel rich, and combustion exists mainly in the strained flame sheets. Af

ter successive repetitions of this process, more fuel is consumed, while fresh air is 

entrained continuously. As a consequence, the homogeneous mixture develops to

ward stoichiometry. In this case, combustion occurs not only in the strained flame 

sheets, but also in the homogenized mixture. 

The traditional criterion of flammability limits is based on the resident time 

and the chemical reaction time. The resident time T res for molecular mixing in

cludes two parts, one is the time Tk required for the cascade down to the Kol-
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mogorov scale, another is the time Td for subsequent homogenization by molecular 

diffusion across distances of the order of the Kolmogorov scale. It has been shown 

that [84] 

(2.24) 

(2.25) 

where 8 and U are local width and centerline velocity. The Reynolds number is 

defined as Re = U 6 • 
/I 

If the Reynolds number is much greater than one, the resident time for the 

molecular mixing can be expressed as 

T res ex: 
8 
U· (2.26) 

It is apparent from Eq. (2.26) that the resident time is independent of the Reynolds 

number and the Schmidt number, which inferences the important flame length in-

dependence of the Reynolds number and the Schmidt number at very high Reynolds 

numbers. 

The characteristic chemical reaction time Tchem is related to the laminar 

flame speed S6 and the thermal diffusivity K: 

K 
Tchem ex: -2' 

S6 
(2.27) 

The traditional criterion assumes that if the resident time for the molecular 

mixing is too short, or the molecular mixing is sufficiently rapid, there will not 
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be enough time for ignition before the maximum temperature decreases below a 

critical point. In another words, combustion is stable if 

Tres > Tchem· (2.28) 

However, this traditional criterion is not sufficient to explain experimental 

results. Experiments show a much narrower flammability limit compared to that 

from the traditional flammability criterion. More insight into the Kolmogorov 

micro-structure is required to understand the combustion stability. 

Arguing that the molecular mixing and the chemical reaction may have 

totally different length scales (which could be orders-of-magnitude different), the 

time scales are not sufficient to represent the mixing and reaction velocities. It 

would be better to directly use the relevant characteristic velocity scales. This is 

the background of our new flammability criterion. The new criterion can be clearly 

illustrated by a "cartoon" in Figure 2.7. According to a simple, one dimension

al analysis, the well mixed fuel and oxidizer at the molecular level will leave the 

hot combustion products far behind if the Kolmogorov velocity u is greater than 

the flame velocity S6. Consequently, the mixture can not reach the ignition tem

perature by conduction because the heat source (which is the hot products) is far 

away from the mixture, and no combustion occurs, or combustion will be thermally 

quenched. The new flammability criterion claims that combustion is stable if the 

Kolmogorov velocity is less than the flame velocity, i. e.: 

combustion is stable. (2.29) 
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Figure 2.7: "Cartoon" of the new criterion 

2.3.2 Theoretical anticipation 

To show that this new flammability criterion is superior to the traditional 

one, both the new and traditional flammability limits are derived theoretically for 

comparison with the experimental data. Some necessary formulas and procedures 

to obtain the new flammability envelope are described here. 

Combustion in non-premixed turbulent flows depends on the coincidental 

presence of fuel and oxidizer within the flammability limits of concentrations, and 
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a high temperature ignition source within the range of flame. Considering the dis-

tribution of eddies and the associated turbulent kinetic energy, it is well known 

that in turbulent motion the largest eddies are least influenced by fluid viscosity. 

Kolmogorov postulated that there must be a lower limit to the eddy size where 

viscous dissipation and inertial transfer of momentum are equally matched. Ac-

cordingly, the Reynolds number associated with the fluctuations of these eddies 

must tend to unity: 

R~ _- UTJ 1 -. . 
l/h 

(2.30) 

This formula defines the Kolmogorov velocity and scale. A good estimate of the 

Kolmogorov scale TJ is given by its relation to the largest eddy size f. (approximately 

equal to the flame width) and the corresponding turbulence Reynolds number Rt 

is defined as R t = ~~t: 
TJ = f.R t -3/4. (2.31) 

Eq. (2.31) can be obtained directly from Eq. (2.2) and Eq. (2.3). The RMS 

turbulent velocity u' is roughly approximated to be 15% of the mass averaged exit 

velocity U in an open jet following a fully developed pipe flow [69]. Hence, the 

turbulence Reynolds number can be re-expressed as 

R
t 

= 0.15Uf., 
l/h 

where l/h is the kinematic viscosity at the hot product temperature [85]: 

(
T. )3/2 

l/h = l/c T: 

(2.32) 

(2.33) 
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The kinematic viscosity lIh and lie are corresponding to the high temperature Th 

and the cold temperature Te , respectively. 

We are ready to estimate the Kolmogorov velocity u through Eq. (2.30) to 

Eq. (2.33). The flame speed Sb for hydrocarbon combustion is studied next. 

The turbulent flame velocity for hydrocarbon-air flames is linearly correlated 

with the laminar flame velocity. Therefore, the turbulent flame velocity might be 

expected to vary with hydrocarbon structure in the same way that the laminar 

flame velocity does [86]. The flame velocity Sb can be approximately expressed by 

a parabolic equation of the form [87-88]: 

(2.34) 

Three conditions must be given in order to find the three unknown coefficients a, b, 

and e. Two of them are quite easily obtained: 

1. Near the stoichiometry, i. e., cP = 1.0 to 1.1, the flame velocity reaches its 

maximum Sbmaz, which can be found in NACA-1300 [88] for various oxidizer 

compositions. 

2. At the same cP as above, the derivative of Sb with respect to cP equals zero. 

Previous research indicated that the fuel volume percentage of the lean 

flammability limit for a methane/oxidizer system remains around 5% with various 

oxidizer compositions. This is used as the third condition. In our experiments, the 

oxidizer is composed of 60% O2 and 40% N2. Sbmaz is found to be 243 cm/sec 

from NACA-1300. The expression for Sb in term of the oxidizer/fuel ratio (O/F) 

IS: 

6131 2958 
Sb = - (1 + O/F)2 + (1 + OfF) -123 [em/sec]. (2.35) 
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Through the identification of u & Sb as the new criterion, the theoretical 

flammability envelope for methane/oxidizer combustion is obtained (see Figure 2.8) 
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Comparing the theoretical flammability envelopes based on the different cri-

teria with the experimental data in Figure 2.8, it is evident that the u < Sb criterion 

conforms to the experimental findings very well, whereas the Tres > Tcll em criterion 

is far beyond reality. The figure also shows that the maximum blow-out velocity 

(or the maximum mean Reynolds number) is achieved near the stoichiometric oxi-

dizer/fuel ratio, and there are two flammability limits; one is the lean limit above 

which the flame blows out, and another is the rich limit below which the flame 
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will be extinguished. The theoretical maximum blow-out velocity is 345.6 ft/sec 

according to our new criterion, and the experimental value is 337.9 ft/sec. 
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CHAPTER 3 

LARGE EDDY PROBABILITY-DENSITY SIMULATION (LEPS) 

Computational fluid dynamics becomes more and more important in 

aerospace designs nowadays because it is much cheaper than wind tunnel experi

ments. Moreover, aerospace designs for extremely high Mach numbers (Ma > 10) 

are solely dependent on data from numerical simulations owing to the incapability 

of simulating such hypersonic speeds by wind "tunnels. The large-eddy simulation 

and probability density function are two active areas in computational fluid dynam

ics [28-51, 89-90]. The former is very good at resolving the large-scale structure 

in turbulent flows, and the latter can deal with arbitrarily complicated chemical 

reactions exactly without modeling. The large-eddy simulation in conjunction with 

the probability density function could be a highly perspective approach to turbu

lent reacting flows because both advantages of the LES and the PDF are taken. In 

the following sections, the principles, the relevant equations, and the modeling are 

described in full detail for each method, while the advantages and disadvantages 

are discussed following the development of each approach. 

3.1 Large-Eddy Simulation 

Chemical reactions occur at the molecular mixing level. The mixing process 

of turbulent shear flows is governed by the evolution of the large-scale vortical 

structure. In turbulent diffusion flames, vortex interactions control the entrainment 

rate of the surrounding cold air. If vortices dominate the reacting flow, combustion 

occurs initially along the circumference of the vortex provided sufficient molecular 



58 

mixing is produced there, and then proceeds toward the core. The description 

of the large-scale structure and its interaction with the small-scale structure is 

essential to the understanding of turbulent reacting flows. Large-scale motions are 

viewed as instability waves propagating in the pseudolaminar flow. This large-eddy 

structure is mostly affected by instability and must be simulated explicitly. Small 

scales of turbulence contain features that are more universal in nature. The most 

prominent characteristic of these universal small scales is their inertial subrange 

energy spectrum. The small-eddy structure tends to be more homogeneous and 

isotropic than the large-eddy structure; their effect on the large scales may be 

reasonably modeled using fewer parameters. This is the philosophy behind the 

large-eddy simulation. 

3.1.1 Filtered variable 

As discussed before, the turbulent velocity field can be viewed as the su

perposition of the small-eddy structure on the large-eddy structure. It is desired 

to decompose the velocity field into the large-scale structure and the subgrid-scale 

structure. Low-pass spatial filters are used for this purpose. 

The low-pass filter with cutoff wavenumber kc will greatly suppress com

ponents with wavenumbers higher than kc and let components with wavenumber 

lower than kc pass without modulation. Applying this filter to the flow field, the 

large-eddy structure is filtered out because low wavenumbers correspond to the 

large-eddy structure and the high wavenumbers are with respect to the s~all-eddy 

structure. The filtered flow field will contain very fine eddy structure if the filter 

width is small enough (or the cutoff wavenumber is high enough). In the large-eddy 
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simulation, the flow structure is to be resolved as detailed as possible so that the 

unresolved subgrid-scale eddy structure tends to be homogeneous and isotropic. 

This can be achieved if the filter width goes to the inertial subrange. 

The filtered variable is defined as 

P(x) = L G(x - z, .6.)F(z) dz, (3.1) 

where G is the filter function, 6. is the filter width, D is the integration domain, 

and F(x) and F(x) are the variables before and after the filtering, respectively. 

Three filters are often used in the large-eddy simulation. They are the 

Gaussian filter, the box filter, and the cutoff filter, which are expressed as 

( 
6 )1/2 [6(X' - Z')2] 

Gi(Xi - Zi) = 71'6.i exp - ~i2 I , (3.2) 

Gi(Xi - Zi) = " { 
1/6.· if IXi - zil < 6.i/2; 
0, otherwise. 

(3.3) 

and 

Q.(ki) = {I, if ki < .7I'/6.i; 
I 0, otherwIse. ' 

(3.4) 

respectively. The ideal cutoff filter is represented in the Fourier space for conve-

nlence. 

Some restrictions are applied to the filter function G: 

L G(x - z,.6.) dx = 1, (3.5) 

lim r G(x - z, a)F(z) dz = r 8(x - z)F(z) dz = F(x). (3.6) a-olD lD 
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The normalization requirement in Eq. (3.5) indicates that the energy remains 

the same before and after the filtering for wavenumbers below kc! and the second 

restriction implies that the filter function will become a Delta function as the filter 

width tends to zero such that the filtered variable converges to the original one. 

With these spatial low-pass filters, the flow field can be decoupled into the 

large-scale structure represented by the filtered variable j: and the subgrid-scale 

structure denoted by :F": 

:F = j: + :F". (3.7) 

In turbulent reacting flows, the flow field is always compressible due to the signif-

icant fluctuation of the fluid density caused by the heat release of combustion. It 

is a good practice to employ Favre averaged variables to simplify variable-density 

effects in compressible flows. The Favre filtered variable is defined as: 

- p:F 
:F = -:-, 

p 
(3.8) 

where p is the fluid density. Accordingly, the flow field is decomposed into the 

Favre filtered large-scale structure and the subgrid-scale structure: 

- I :F=:F+:F. (3.9) 

In the next section, the filter will be applied to the N avier-Stokes equations 

for compressible flows. Some important properties of filtered terms are demon-

strated here to pave the way for filtered governing equations. It follows from the 

definition that [33] 

(3.10) 
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8:F 8P 
(3.11) 

8Xk = 8Xk' 

and 

j::I j:, (3.12) 

j:I :I O. (3.13) 

Eqs. (3.12) and (3.13) reveal differences between the traditional Favre time aver-

aging and the Favre filter averaging. 

3.1.2 Filtered governing equations 

The large-eddy simulation is specialized in resolving the detailed large-eddy 

structure. However, the variable decomposition method meets difficulty with the 

nonlinear chemical reaction term in energy and species equations because the two 

decoupled parts can not be separately expressed exactly out of the nonlinear term. 

Traditional approximations could cause unacceptable errors due to the sensitive 

nature of the flow field to chemical reactions. An alternative to deal with the 

chemical reaction term is preferred. In this proposed approach, the probability 

density function method is committed to meeting this need because the compli-

cated chemical reaction term can be described exactly in the evolution equation 

of the probability density function. Therefore, only the continuity equation and 

the momentum equation are studied in the. large-eddy simulation, while the specie? 

and energy equations are simulated in the probability density function which will 

be presented in the next section. 
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In turbulent reacting flows, the governing equations for continuity and mo-

mentum are given by [33] 

(3.14) 

(3.15) 

respectively, where Vi is the velocity component in the ith direction, p is the ther-

modynamic pressure, and Ukl is the component of viscous stress which is expressed 

as 

2 aVj (aVk aVl) 
Ukl = --P.-Okl + p. - + - , 

3 aXj aXl aXk 
(3.16) 

where p. is the dynamic viscosity, and the Einstein summation convention applies 

to repeated indices. 

In compressible turbulent flows, the energy equation and the momentum 

equation are coupled with the fluid density. The pressure cart be represented by 

the ideal gas state equation: 

p=pRT, (3.17) 

where R is the ideal gas constant and T is the absolute temperature that is related 

to the enthalpy h by 

(3.18) 

The specific heat Cp and the dynamic viscosity p. are assumed to be constant for 

simplicity in this attempt. 

To obtain the filtered Navier-Stokes equations, one important simplification 

needs to be specified, i.e., the filtered viscous stress O"kl( vd is approximated by 
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Applying the filter to the governing equations, the filtered equations result 

in the form: 

8p 8(PVk) _ 0 
at + 8Xk - , (3.19) 

8(pVk) 8(pVkVl) 8p 8Ukl 8Tkl 
at + 8Xl = - 8Xk + 8Xl + 8Xl ' (3.20) 

where 

p= pRT, (3.21) 

and one component of the subgrid-scale stress tensor T: 

(3.22) 

It is clear from the filtered governing equations that effects of subgrid-scale 

fluctuations are only reflected in the subgrid-scale stress tensor. The interaction of 

the subgrid-scale structure with the large-eddy structure in the subgrid-scale stress 

tensor needs to be modeled in order to resolve the large-scale velocity field. 

3.1.3 Modeling of the subgrid-scale stress tensor 

The subgrid-scale stress tensor can be divided into three parts [33]: 

T=L+C+R, (3.23) 

where L, C, and R are the subgrid-scale Leonard, cross, and Reynolds stress ten-

sors, respectively. They are denoted by 

(3.24) 

(3.25) 
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-
Rkl = -(jVk'Vl'. (3.26) 

The subgrid-scale Leonard stress tensor contains only the decoupled large-eddy 

velocity components and does not need to be modeled, whereas the subgrid-scale 

cross stress tensor and the Reynolds stress tensor have to be modeled. 

The interactions of subgrid-scale velocities with large-scale velocities in the 

subgrid-scale cross stress tensor are conceived as the differences between corre-

lations of filtered velocities and correlations of double-filtered velocities, i.e., the 

tensor C is modeled as 

( 3.27) 

The modeling of the subgrid-scale Reynolds stress tensor is a little complicat-

ed. This tensor represents the effects of subgrid-scale velocities. The subgrid-scale 

eddies either drain the turbulent kinetic energy from large-scale eddies, which is 

referred to as the turbulent energy dissipation, or release the energy to large-scale 

eddies, which is called the backscatter. The subgrid-scale Reynolds stress tensor R 

is further decoupled into the deviatoric part RD and the isotropic part RI which 

are expressed as 

(3.28) 

(3.29) 

respectively. 

The deviatoric part RD is modeled according to the compressible general-

ization of the Smagorinsky model: 

(3.30) 
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where 

S- 1 (8Vk 8VI) kl=- -+-
2 8Xl 8Xk' 

(3.31) 

(3.32) 

In these equations, C R is the compressible Smagorinsky constant, § is the Favre-

filtered rate of strain tensor and TIs is its second invariant. 

Finally, the isotropic part of the subgrid-scale Reynolds stress tensor is mod-

eled in the form: 

(3.33) 

where C] is a dimensionless constant. 

With the above modeling, the subgrid-scale stress tensor can be expressed 

in terms of the filtered velocity field: 

Now, all the terms in the filtered governing equations are represented by the 

filtered large-scale velocity field with the help of Eq. (3.34). The filtered large-scale 

velocity field is ready to be resolved through the large-eddy simulation. 

A little more attention needs to be paid to the constants C Rand C]. They 

are usually assumed to be independent of the spatial position x in the flow field. 

However, they may change with space and time. To find these space and time 

dependent coefficients, dynamic subgrid-scale models for the large-eddy simulation 

have been explored [29, 31]. The main idea of the dynamic subgrid-scale model is 

to determine the coefficients C R and C] by using the smaller scales of the resolved 

velocity field, which are facilitated by introducing a "test filter" with a larger 
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filter width than the one in the resolved grid filter [31]. In the dynamic subgrid-

scale model, the coefficients C R and Clare yielded instantaneously during the 

calculations. They are represented by 

Cl = < P~k -ft(l/p)(~~) >, 
< 2pb.2 1S1 2 - 2.6.2p1S1 2 > 

(3.36) 

where < > denotes volume averaging, hat ft denotes the test filter, ~ is the test 

filter width that is taken to be twice of the resolved filter. The square root of the 

second invariant lSI and the Leonard stress £jj are defined as 

(3.37) 

(3.38) 

3.1.4 Some turbulence quantities 

Besides furnishing the resolved velocity field, the large-eddy simulation also 

provides the eddy turnover time scale and the subgrid-scale eddy viscosity to the 

probability density function approach. The eddy turnover time scale r is defined 

as the ratio of the turbulent kinetic energy k and the turbulent energy dissipation 

rate e: 

k(x, t) 
rex, t) = ( ). e x, t 

(3.39) 
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In the large-eddy simulation, the turbulent kinetic energy contains two parts: one 

is the resolved turbulent kinetic energy, and another is the subgrid-scale turbulent 

kinetic energy. The subgrid-scale turbulent kinetic energy kSGS is defined as 

kSGS = Tii· (3.40) 

To estimate the resolved turbulent kinetic energy, the root-mean-square fluctuation 

< v,,2 >1/2 needs to be known, where the fluctuation v" is defined as 

,,- -
Vi = Vi- < Vi >, (3.41) 

and the average of a function :F is defined as the ensemble average: 

(3.42) 

Thus, the resolved turbulent kinetic energy kRES is obtained through 

kRES = 1/2p < v,,2 > . (3.43) 

With the definitions of the subgrid-scale turbulent kinetic energy and the resolved 

energy in Eqs. (3.40) and (3.43), the turbulent kinetic energy k is obtained by 

adding the two parts: 

k = kSGS + kRES. (3.44) 

Similar to the turbulent kinetic energy, the turbulent kinetic energy dissi-

pation rate e is separated into the subgrid-scale dissipation rate and the resolved 

dissipation rate. The former is defined as 

(3.45) 
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and the latter is expressed by 

(3.46) 

The resolved dissipation rate is highly dependent on the cutoff wavenu~ber. The 

turbulent kinetic energy dissipation rate is the simple summation of the two parts: 

e = eSGS + eRES· (3.47) 

Finally, the eddy viscosity VT is obtained by assuming that the subgrid 

scales are in equilibrium, i.e., the energy production is in balance with the energy 

dissipation. The most commonly used expression for the eddy viscosity in the 

Smagorinsky model is adopted here: 

(3.48) 

In addition to the above turbulence quantities, the turbulent kinetic energy 

spectrum can be easily acquired by applying a spatial Fourier transform to the re

solved large-scale velocity field. This spectrum provides rich information about the 

turbulent flow structure and the difference between its inertial subrange spectrum 

and the Kolmogorov's 5/3 law can be used as an indication to the correctness of 

the large-eddy simulation. 
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3.2 Probability Density Function Method 

Turbulence is a stochastic process. It is wondered that such a little effort has 

been put into turbulent studies by statistical approaches. The statistical modeling 

of turbulent transports such as turbulent diffusion and mixing can shed new light 

on the understanding of turbulent reacting flows. The probability density function 

method is a very promising attempt· in this area [40-51]. It is especially well-

suited to flows with complex thermochemistry. This method provides complete 

information about the velocity field, the pressure field, the scalar composition field, 

and the temperature field by its evolution equation for the velocity-composition 

joint PDF. To have a whole picture of the PDF method, the velocity-composition 

joint PDF is described first, and then the composition joint PDF is explored in full 

detail. 

3.2.1 Velocity-composition joint PDF 

In turbulent reacting flows, the governing equations for species and energy 

are 

(3.49) 

(3.50) 

respectively. Where the material derivative is defined by 

mOl is the mass fraction, JOI is the diffusive mass flux vector of species Ct, SOl is the 

mass rate of addition (per unit mass) of species Ct due to reactions, h is the specific 
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enthalpy, Jh is the specific energy flux vector due to molecular transport, and Sit 

is the source of specific enthalpy due to compressibility, viscous dissipation, and 

radiation. 

The similarity between the above two equations suggests that the species 

and energy equations can be put in one general form: 

(3.51) 

where <POt = mOt, a = 1,2, ... ,u - 1 and <PfT = h. Similarly, JjfT - Jjh and 

For an open jet turbulent diffusion flame, The fluid density, the flux vectors, 

and the temperature are the function of mixture fractions and enthalpy only, i.e., 

p=p(¢), (3.52) 

(3.53) 

(3.54) 

T = T(¢). (3.55) 

The continuity and momentum equations are the same as that in the large-

eddy simulation (see Eqs. (3.14) and (3.15». With these governing equations, the 

evolution equation for the velocity-composition joint PDF can be derived. Pope 

[40] gave a detailed description of how to deduce the evolution equation. Only the 

final equation for the velocity-composition joint PDF I( v, ¢) is presented here: 

al al 8 < p > al a 
p at + PVj-a . - a· a· + -a [pSOtI] 

~ ~ ~ ~Ot 

a [( aUjj ap' I ) 1 a [( aJ/~ I ) 1 = aVj - aXj + ax; v,~ I + a~Ot aXj v,~ I· (3.56) 
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The three terms on the LHS represent transport in physical space, transport in 

velocity space due to the mean pressure gradient, and transport in composition 

space due to reactions, respectively. The two terms on the RHS depict transport 

in velocity space owing to the viscous stress and the fluctuation pressure gradient 

and transport in composition space owing to the molecular fluxes, respectively. 

The greatest advantage of the PDF method is that the terms on the LHS 

of Eq. (3.56), such as reaction, convection, and mean pressure gradient, are for

mulated exactly and no modeling is necessary. Therefore, arbitrarily complicated 

reactions can be treated without approximation. This is the main reason to choose 

the PDF method in dealing with reaction effects in turbulent reacting flows. 

However, the terms on the RHS need to be modeled. In the velocity

composition joint PDF equation, the pressure fluctuation gradient, the transport 

of viscous stress, and the molecular flux are very complicated to simulate. The 

inaccurate modeling of these terms could give rise to significant errors for the en

tire PDF approach. A more serious disadvantage is that the coalescence-dispersion 

model for molecular fluxes used in PDF approaches lacks information about large

scale structure. The mixing rate is determined solely from local properties of the 

turbulent flow field [47]. The resulting conditional mean values in turbulent mix

ing layers could be incorrect since the controlling large-scale effect has not been 

considered in the mixing model. 

To alleviate these problems, improved PDF methods are required. In the 

next section, the modified. composition. joint PDF method is described in full de

tail in order to accommodate this requirement. Procedures of modeling and solu-
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tion algorithms for the modified PDF method are also applicable to the velocity-

composition joint PDF method. They will be discussed in the next section. 

3.2.2 Modified composition joint PDF method 

The composition joint PDF is a marginal velocity-composition joint PDF. 

Its evolution equation can be either obtained from the velocity-composition joint 

PDF by integration with respect to the velocity field or deduced directly from the 

species and energy equations. The evolution equation for the composition joint 

PDF, fq,(cpjx,t), is 

(3.57) 

In turbulent reacting flows, the density-weighted composition joint PDF, 

referred to as the composition mass density function, is preferred due to the variable 

density effect. It is defined as 

:Fq,(cp,Xjt) =< p > jq,(CPjX,t) = pfq,(cpjx,t). (3.58) 

It is worthwhile to notice the subtle difference between the traditional Favre-

averaged composition joint PDF and the composition mass density function. 

The evolution equation for the composition mass density function can be 

written as 

(3.59) 
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It is evident from this equation that the evolution equation for the composition 

joint PDF is much simpler than that for the velocity-composition joint PDF. The 

most troublesome terms such as the pressure fluctuation gradient and the transport 

of viscous stress.disappear. Consequently, the modeling for this equation is much 

easier. However, the velocity field needs to be provided from other means because 

the composition joint PDF does not furnish the velocity information. This seems. to 

be the only disadvantage of the composition joint PDF compared to the velocity-

composition joint PDF. 

In the conventional composition joint PDF method, the velocity field is 

provided by a k - e model that yields the mean velocity field. The velocity decom-

position in the k - e model separates the velocity-PDF correlation into two terms, 

that is, 

(3.60) 

where Ui is the Favre-averaged mean velocity and < v~'ltp > is the conditional 

average of the turbulent fluctuation. Correspondingly, the evolution equation for 

the composition mass density function becomes: 

(3.61) 

The terms on the LHS are formulated exactly and so do not need to be modeled. 

This means that arbitrarily complicated chemical reactions can be simulated with-

out approximation. The greatest advantage of the velocity-composition joint PDF 

has been kept in the composition joint PDF method. However, a new term appears 
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on the RHS of Eq. (3.61) that is transport in physical space by turbulent velocity 

fluctuations. This term has to be modeled because the k - c model is unable to 

generate turbulent velocity fluctuations. The commonly used model for this term 

is the gradient-diffusion model: 

"I i r airjJ < P >< Vi cP > J rjJ = - T-a • 
Xi 

(3.62) 

The gradient-diffusion model is particularly inaccurate in variable-density, inho-

mogeneous flows. More seriously, the mean velocity field provided by the k - E: 

model contains no information about the large-scale velocity. This could jeopar-

dize the feasibility of this PDF method to simulate chemical reactions because the 

mixing process, fundamental to reactions, is controlled by the large-scale structure 

in turbulent shear flows. 

Obviously, effects of large scales demand considerations in the PDF ap-

proach. Their effects can be either simulated in the modeling of the PDF equation 

or explicitly demonstrated in the evolution equation. The large-eddy simulation 

renders the consideration of large scales in the PDF method possible. In the large-

eddy simulation, the velocity field is decoupled into the filtered large-scale velocity 

and the subgrid-scale velocity. The large-scale velocity field is resolved by solv-

ing the filtered Navier-Stokes equations, while the subgrid-scale velocity field is 

modeled with fewer parameters due to its isotropic nature. The modeling of the 

subgrid-scale structure is much easier and more accurate than its counterpart, 

the turbulent fluctuations in the k - c model, because turbulent fluctuations are 

contaminated with the large-scale structure and are therefore inhomogeneous. The 
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gradient-diffusion model is applicable to the subgrid-scale velocity because the sub-

grid scales are always isotropic no matter how anisotropic or inhomogeneous the 

large-eddy scales are if the cutoff wavenumber of the filter is within the inertial 

subrange. Thus the large-eddy simulation is used to provide velocity information 

to the composition joint PDF method. 

In the large-eddy simulation, the velocity field is described by 

(3.63) 

where Vi is the Favre-filtered large-scale velocity and v~ is the subgrid-scale velocity, 

or the unresolved velocity. Accordingly, the evolution equation for the composition 

mass density function is given by 

(3.64) 

where the first two terms represent the rate of change following a particle moving 

with the resolved large-scale velocity, and the third term describes the effect of 

reactions. These three terms are formulated exactly and no modeling is necessary. 

The first term on the RHS illustrates transport in composition space, and the final 

term simulates transport in physical space due to the subgrid-scale velocity. Only 

the last two terms need to be modeled. This equation is referred to as the modified 

composition joint PDF evolution equation. 

The modified composition joint PDF equation (3.64) is surprisingly similar 

to the traditional composition joint PDF equation (3.61) at the first glance. How-

ever, basic differences exist between these two methods. The modified evolution 
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equation has taken into account the large-scale effect explicitly in the expression, 

which solves the most serious problem of the traditional PDF evolution equation 

that does not consider large scales. In addition, the subgrid-scale velocity field in 

the modified equation is much easier to model than the turbulent velocity fluctu-

ation in the traditional PDF equation. It is these advantages that determine the 

choice of the large-eddy simulation as the source of the velocity field. 

3.2.3 Modeling of molecular mixing and subgrid-scale. velocity 

The modified evolution equation (3.64) is not ready to be solved yet. The 

terms on the RHS need to be modeled. The first term on the RHS represents the 

effect of molecular mixing, which is normally simulated by the stochastic mixing 

model, or the coalescence/dispersal model. In turbulent reacting flows with a set 

of u scalars, the effect of molecular mixing is modeled as 

a!a [(~ a~; I~ )F~l (3.65) 

= 2C~{ 2/T J F~(~ + ~'):F~(~ - ~')p(~)/[p(~ + ~')p(~ - ~')] d~' -:F~} / T, 

where C~ is defined as the ratio of the eddy turnover time scale of the velocity 

fluctuations, T, and the decay time scale of the scalar fluctuations, T~: 

(3.66) 

The time scales T and T ~ are assumed to be proportional, which leads to a constant 
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As discussed before, the subgrid-scale structure is isotropic if the filter width 

goes to the inertial subrange. For isotropic subgrid-scale eddies, the gradient-

diffusion model is applicable to the simulation of the final term of Eq. (3.64): 

- ajr/J 
< p >< vHrp > fr/J . -rT-a ' 

Xi 

where rT is the turbulent diffusion coefficient defined by 

(3.67) 

(3.68) 

The coefficient (Jr/J is the turbulent Schmidt number. The dynamic eddy viscosity 

is obtained from the kinematic eddy viscosity through 

J1.T = lITP· (3.69) 

With the above modeling, the modeled evolution equation for the composi-

tion mass density function is written as 

a:Fr/J a 
- = - -[Sa:Fr/Jl at acpa 

+ 2Cr/J {20' J :Fr/J( rp + rp'):Fr/J( rp - rp')p( rp )/[p( rp + rp')p( rp - rp')] drp' - :Fr/J } / T 

- a~i[Vi:Fr/J]+ a~i[rTa(:Fr/J~~p»l· (3.70) 

It seems that we can solve this modeled equation directly by the finite differ-

ence method. The reality is that this high dimensional integro-differential equation 

is very difficult, if not prohibitive, to solve using the finite difference method due 

to exceptional computational requirement. An alternative is demanded to solve 

this equation with feasible computational work. The Monte Carlo simulation is a 
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possible choice. The most significant feature of the Monte Carlo simulation is that 

the computational work rises only linearly with the increase of the dimension of 

the PDF equation. Details of the Monte Carlo method will be discussed in the 

description of the solution algorithm. 

3.3 LEPS-A New Approach 

It is evident from the discussions of the LES and the PDF method that 

the LES in conjunction with the composition joint PDF could be a highly effec-

tive approach to turbulent reacting flows because both advantages of the LES and 

the PDF have been taken, whereas both disadvantages have been offset. In this 

proposed approach, the flow field, including the resolved velocity, the turbulent 

. kinetic energy, the dissipation rate, and the turbulent difi'usivity, is provided by 

the LES solver, while scalar transport, convection, and chemic81 reactions are sim-

ulated by the Monte Carlo approach in the PDF solver. The LES and the PDF 

solvers are run in parallel, and information exchange occurs at every time step un-

til a converged solution is obtained. This new approach is named the Large Eddy 

Probability-density Simulation (LEPS) by Dr. Forman Williams and Dr. Kumar 

Ramohalli. 

To have a clear vision of the LEPS approach, its formulation is summarized 

as follows. 

In the LES solver, the following equations are required: 

(3.71) 



8(pVk) 8(pVkVI) 8p 8Ukl 8Tkl 
at + 8Xl = - 8x k + 8Xl + 8Xl ' 

p=pRT, 

k(x, t) 
T(X, t) = C(X, t) , 

k = Tii + 1/2p < V"
2 >, 
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(3.72) 

(3.73) 

(3.74) 

(3.75) 

(3.76) 

(3.77) 

(3.78) 

(3.79) 

(3.80) 

(3.81) 

In the PDF solver, the modeled evolution equation for the composition joint 

PDF is 

8:Fr/J 8 - = - -[Sa:Fr/Jl at 8tpa 

+ 2Cr/J{ 2(1 J :Fr/J(tp + tp'):Fr/J(tp - tp')p(tp)/[p(tp + tp')p(tp - cp')] dcp' -:Fr/J} / T 

- 8~i [Vi:Fr/J] + 8~i [rT 8(:Fr/J~~ p »]. (3.82) 

The equations from (3.71) to (3.82) form a complete solution scheme for 

the LEPS method. It is believed that this new approach will generate the best 

simulation to turbulent reacting flows and will attract more attention with the 

advancement of supercomputers. 
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3.4 Solution Algorithm 

The solution scheme in the last section presents all the necessary equations 

for numerical computation. Detailed illustration of the solution algorithm for the 

LES will be presented in Chapter 4. The solution algorithm for the PDF method 

is described here. 

In the PDF method, the composition mass density function :Fr/J (c.p , x; i) is 

at least six-dimensional: three dimensions for x, and at least three dimensions for 

scalars such as the fraction of fuel, the fraction of oxidizer, and the enthalpy. In 

the reduced reaction schemes, there are more than three scalars for reactions in 

order to account for the kinetics of reactions except for the overall reaction scheme. 

The computational work for directly solving this integro-differential PDF equation 

augments exponentially with the increase of scalars. It is very difficult to solve this 

equation by traditional finite difference method. The Monte Carlo simulation has 

proved the most efficient solution algorithm for the PDF equation [44-45]. 

3.4.1 Time-splitting method 

The modeled evolution equation for the composition mass density function, 

Eq. (3.82), can be rewritten as 

(3.83) 

where 

(3.84) 
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P2:F,p = 2C,p{ 20' J :F,p(cp + cp'):F,p(cp - cp')p(cp)/[p(cp + cp')p(cp - cp')] dCP'-:F,p} / T, 

(3.85) 

p ~ = _~[-.~] ~ [r 8(:F,p/ < p »] 3.r,p 8 VI.r,p + 8 T 8 . 
Xi Xi Xi 

(3.86) 

The processes Ph P2 , and P3 correspond to the chemical reaction, the 

stochastic mixing, and the spatial transport, respectively. 

The essence of the time splitting method is to treat each process in the flow 

field separately within a sufficiently small time step in between processes. Each 

process is referred to as a fractional step that follows each other with the initial 

condition being the previous fractional output. The evolution equations for the 

three fractional steps are: 

8:F,p 
7ft = P1:F,p, (3.87) 

8:F,p 
7ft = P2:F,p, (3.88) 

8:F,p 
7ft = P3:F,p. (3.89) 

With a first-order approximation to the above equations, they can be reexpressed 

by 

(3.90) 

(3.91) 

(3.92) 

where !:it is the time step between each of the fractional steps and I is the identity 

operator. It is easy to show that f:,p approaches :F,p with an error of order !:it: 

(3.93) 
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It is evident that the evolution equation for each process is much simpler 

than the original evolution equation (3.82). The greatest advantage of the time 

splitting method is that the solution algorithm is simple and efficient. The tradeoff 

is that the accuracy will be restricted by the time step in between each of the 

processes. To achieve high accuracy, the time step must be extremely small, which 

may instead increase the computational work tremendously. The balance between 

the computational accuracy and the computational efficiency is an important issue 

in the time splitting method. 

3.4.2 Delta function representation 

The Delta function is of paramount importance in the PDF approach. The 

following will show how the probability density function is represented by a series of 

Delta functions, which renders the most powerful Monte Carlo simulation possible. 

For a given event G = </> < cp, its probability P( G) can be expressed as 

P(G) = P(</> < cp) = F,p(cp), (3.94) 

where F,p is the probability distribution function. The Heaviside function H is 

defined in this case by 

H( _ </» = {I, if G oc~ursj . 
cp 0, otherwIse. 

(3.95) 

The expected value of the Heaviside function is obtained through 

< H(cp - </» > = 1· P(G) + O· (1 - P(G)) = F,p(cp). (3.96) 
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It is clear from Eq. (3.96) that the probability distribution function can be de-

scribed by the Heaviside function! One step further, the probability density func-

tion is arrived at based on the definition that the probability density function f¢ 

is the derivative of the probability distribution function F¢: 

(3.97) 

Therefore, the probability density function is represented by the expected value 

of the Delta function. In this way, the flow field can be simulated by stochastic 

particles. The central issue of the stochastic.approach is to construct a system of 

stochastic particles with the PDF evolving in the same way as the PDF of real 

fluid particles [40]. 

Accordingly, the composition joint PDF with N stochastic particles is rep-

resented by 
N 

f;N( cPj t) = ~ L o[cp - c/>*(n)(t)], 
n=1 

(3.98) 

N 

f;(cpjt) = E ~ L o[cp - c/>*(n)(t»), (3.99) 
n=1 

where f;N is the discrete PDF ftfJ' f; is the PDF for the stochastic system, the 

superscript * implies the stochastic particle, and E denotes expectation. The PDF 

f; will be the same as the PDF ftfJ if stochastic models are correct. 

Similarly, the composition mass density function is expressed by 

:FtfJ (cp , Xj t) = M < o[cp - c/>*(t»)o[x - x*(t») >, (3.100) 

where M is the total mass of the fluid represented by N stochastic particles. This 

is the background for the Monte Carlo simulation. 
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3.4.3 Monte Carlo simulation 

The Delta-function representation of the PDF makes the Monte Carlo sim-

ulation possible in solving the PDF equation. The key point of the Monte Carlo 

method is to observe random numbers in stochastic problems, chosen in such a way 

that the physical random problems are directly simulated, and the desired solution 

is deduced from these random numbers [52]. Pope [44-45] introduced this Monte 

Carlo method to simulate physical processes such as molecular mixing, convection, 

and chemical reactions in turbulent reacting flows. The simulations of all of the 

fractional steps are depicted as following. 

First fractional step 

The first fractional step corresponds to solving the evolution equation: 

(3.101) 

In this evolution, the change is caused by the chemical reactions in the scalar space. 

No transport occurs in the physical space. Thus the Monte Carlo simulation in the 

stochastic system is: 

4>~(t + Llt) = 4>~(t) + LltSQ ( 4>*(t», (3.102) 

xiCt + Llt) = xiCt). (3.103) 
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Second fractional step 

The second fractional step deals with the stochastic mixing. Its PDF evo-

lution equation is described by 

8:1/> = 2CI/>{ 20' J :FI/>(CP + cp'):FI/>(cp - cp')p(cp)/[p(cp + cp')p(cp - cp')] dep' -:FljJ } / T, 

(3.104) 

In the Monte Carlo simulation, a stochastic mixing model representing the above 

evolution equation is used. In a small time interval !::it, there exists a probabil-

ity that a pair of stochastic particles will mix. This stochastic mixing model is 

described as follows: 

with probability 1 - !::it/TN, where TN = T/(CI/>N), 

</J*(n)(t + !::it) = </J*(n)(t), n = 1,2, ... ,Nj (3.105) 

with probability !::it/TN: 

(3.106) 

</J*(n)(t + 6t) = </J*(n)(t), n = 1,2, ... ,N, &n =f p, n =f q. (3.107) 

As in the first fractional step, stochastic particles remain in their spatial positions: 

xHt + !::it) = xi(t). (3.108) 
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Third fractional step 

The spatial transport is represented by the third fractional step. Its PDF 

evolution equation is 

a:F¢ = -~[v;.r. ] + ~ [rT a(:F¢/ < p > )]. 
at ax; ¢ ax; ax; (3.109) 

Eq. (3.109) corresponds to a diffusion process in physical space that is described 

by 

.6.6t x*(t) = D(x*[t], t)8t + [B(x*[t], t)P/2 .6.6tWt, 

where D and B are coefficients that are obtained through 

D =v+ 1 V'rT, 
<p> 

B=2 rT 
< p >' 

(3.110) 

(3.111) 

(3.112) 

and W t is an isotropic Weiner process. With this model, the Monte Carlo simula-

tion of the spatial transport is demonstrated by 

x*(t + .6.t) = x*(t) + D..t v + VrT + 2.6.t T e, [ 
1 ] [ r ]1/2 

< p > x-(t) < p > x-(t) 
(3.113) 

where e is a standardized joint normal random vector with following properties: 

< e(n) > = 0, (3.114) 

(3.115) 

It is apparent from the evolution equation (3.109) that there are no stochastic 

mixing and chemical reactions so that the scalars remain the same: 

¢>*(n)(t + .6.t) = ¢>*(n)(t), n = 1,2, ... ,N. (3.116) 
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Therefore, the complicated integro-differential evolution equation is simulat

ed by the Monte Carlo method with a set of linearly decoupled algebraic equations. 

In this way, the computational work will increase only linearly with the expansion 

of the PDF dimension, which is the best achievable situation in numerical compu

tations. 
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CHAPTER 4 

THREE-DIMENSIONAL TURBULENT MIXING LAYER 

The large-eddy simulation and probability density function methods were de

scribed in Chapter 3. The corresponding formulation and modeling were presented 

in full detail for compressible turbulent reacting flows. The advantages and disad

vantages of each method were discussed following the introduction of the method. A 

new approach, Large Eddy Probability-density Simulation, was proposed based on 

both the large-eddy simulation and the probability density function method. LEPS 

is expected to generate the best results for numerical simulations of turbulent re

acting flows. The solution algorithm for PDF has been discussed in detail in the 

last section of Chapter 3. The numerical schemes for LES will be illustrated in this 

chapter. 

The solution algorithm presented in Chapter 3 is applicable to the most general 

compressible turbulent reacting flows. The velocity field and the temperature field 

interact strongly. Hence, the LES and the PDF solvers are run in parallel, and in

formation exchange occurs at every time step until a converged solution is obtained. 

The compu.tational complexity is tremendous due to compressibility. 

The research goal is to gain some insight into how the velocity field affects the 

chemical reaction, or how to achieve the optimum mixing properties for the chemical 

reaction by controlling the reactants inlet velocity ratio, etc. How the chemical 

reaction will affect the velocity field is not a prime consideration at this stage even 
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though it is crucial to fully understand turbulent reacting flows. Therefore, w(' 

would like to isolate the interaction between the velocity field and the reaction field. 

To this end, it is adequate to study the velocity field effects through the much 

simplified incompressible flows in which the velocity field and the temperature field 

are completely decoupled. 

To justify the adoption of incompressibility to chemically reacting flows, some 

restrictions must be applied to the flow field. Among them, two restrictions are 

most important: one is negligible heat release, which means no temperature effects 

on the reaction rates and no effects of the reaction on the velocity field; the other is 

small Mach number flows so that the turbulent reacting flow is incompressible [9:3]. 

The computational complexity reduces dramatically for incompressible flows. 

The momentum equations and the energy equation are decoupled. The solution 

from the LES solver can be directly used by the PDF solver, and vice versa. No 

iteration is necessary for each time step in order to arrive at a converged solution. 

In the following sections, the formulation and numerical schemes will be pre

sented in great detail for incompressible turbulent mixing layers. The emphasis here 

is solely on the large-eddy simulation using a spectral-finite difference approach. 

4.1 Problem Specifications 

For this numerical simulation, the three-dimensional turbulent mixing layer is solved 

for. The mixing layer geometry is shown in Figure 4.1. Cartesian coordinates are 

used. The x axis is defined in the span wise direction, the y axis in the cross

stream direction, and the z axis in the streamwise direction. The base flow is two 

dimensional even though the instantaneous flow is three dimensional. The base flow 
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Figure 4.1: Schematic of the 3-dimensional mixing layer 

velocity is given by a hyperbolic tangent profile in the streamwise direction [911J: 

U(y) = 0.5 Uo [1 + tanh(y / )..)J (4.1) 

where Uo is the maximum stream velocity, and)" is the vorticity thickness defined 

by 

\ _ 0.5 Uo 
A - dU 

(dy).max 

In the next section, the vorticity thickness).. and the maximum stream velocity Uo 

will be used to nondimensionalize the Navier-Stokes equations. 



91 

4.2 Formulation 

For incompressible flows, the continuity and momentum equations take the following 

forms: 

(4.2) 

(4.3) 

In order to nondimensionalize the above Navier-Stokes equations, the dimensional 

variables are normalized by a length scale, A, a velocity scale, Uo, a time scale, A/Uo, 

and a pressure scale, pug. The nondimensional N avier-Stokes equations are gi "en 

by 

( 4.4) 

(4.5) 

where the Reynolds number, Re , is defined as Re = ¥. Note that. all the variables 

in the above equations are non-dimensional. Unless otherwise specified, all variables 

used in this thesis are non-dimensional. 

4.2.1 Filtered Navier-Stokes equations 

Applying a low-pass filter to the above equations, the filtered Navier-Stokes equa-

tions become 

Du· -1=0 
OXj 

(4.7) 



!J2 

where the filtered variable is defined as 

F(x) = in G(x - z, .6.)F(z) dz 

and G represents the low-pass filter. Any flow variable can be expressed as 

and the subgrid-scale stress (SGS) tensor takes the following form: 

Tij = -(ui'ITj - UiUj + u/TIj + U/TIi + U;'ll/) (4.8) 

4.2.2 Modeling of SGS Tensor 

Similarly as in section 3.1.3, the subgrid-scale stress is divided into three parts: 

where 

and 

r=L+C+R 

RP. = -(u.fu ., - ~ U ''ll ' b··) I} I} 3 m m I} 

. 1 ---:------.,. 
R I. - __ 'l ''ll ,r .. 

i} - 3 l m mO,} 

(4.9) 

The Leonard stress, Ljj, does not need to be modeled. The cross stress, G jj , and 

the Reynolds stress, Rij, are modeled as following: 

(4.10) 



(4.11) 

(4.12) 

where 

Therefore, the modeled SGS stress tensor can be expressed as 

(4.13) 

vVith the above modeling, the modeled Navier-Stokes equations assume the following 

form: 

(4.14) 

where 

The last term in the Navier-Stokes equations is the scale similarity term. This can 

be significant in inhomogeneous flows. However, if an overall sec.ond-order finite 

difference scheme is used, UiUj - ft/iij is of second order with respect to the filter 

width, which is the same order as the truncation error in the second-order finite 

differencing. Therefore, the scale similarity term can be neglected if an overall 

second-order finite-difference scheme is employed. 



4.3 Spectral-Finite Difference Approach 

For the three-dimensional mixing layer, the flow in the spanwise direction (x) is 

normally assumed to be homogeneous. For simplicity of numerical simulations, the 

flow is considered periodic in this direction. In the cross-stream direction (y), a free-

slip, impermeable boundary condition assumption is reasonable if the boundary is far 

away from the central vorticity region. Furthermore, a periodic boundary condition 

can be established by extending the domain in the y-direction either symmetrically 

or antisymmetrically. The periodicity of the flow in both x and y directions enables 

the most efficient and accurate spectral method to be used in these two directions. 

In the streamwise direction (z), the flow evolves spatially downstream. The peri-

odic boundary condition is not suitable in this direction. Thus, the spectral method 

can not be used. To provide some insight into the spatially developing mixing layer, 

the finite difference method is employed in this direction, which requires the inflow 

and outflow boundary conditions. 

According to these boundary conditions, the spectral-finite difference approach 

is adapted. In this approach, the Fourier transform is applied in the x-direction, the 

cosine and sine transforms are used in the y-direction, and the finite-difference is 

applied to the z-direction. The transforms can be expressed in the following form: 

N 

Ui(X,y,z,t) = L: L: ui(kllk2,z,t)eiktx 
Ik t l<N/2 k2 =O 

{ 

COSk2Y ifi=1,3 

x sin k2y if i=2 

(4.15) 



4.4 Numerical Schemes 

The modeled Navier-Stokes equations are unsteady, incompressible, and nonlinear 

equations. A semi-implicit, fractional-step method is used to perform the time inte-

gration [95]. The spectral method and spatial discretization are used to transforlll 

these very complicated three-dimensional partial differential equations into the neat 

tridiagonal forms which can be solved efficiently and accurately. 

4.4.1 Semi-implicit, fractional-step method 

In the semi-implicit, fractional-step method, the nonlinear convection term and parts 

of the SGS terms are advanced in time explicitly using the second-order Adams-

Bashforth method. "Vith this treatment, the nonlinear Navier-Stokes equations 

become linear equations in the sense of numerical computation. No iteration is 

necessary for these nonlinear terms. However, the trade-off is that the time step 

must be much smaller in order to reach a stable solution. On the other hand, 

the viscous term and the remaining parts of the SGS terms are advanced in time 

implicitly using the Crank-Nicholson method. 

After discretizing the Navier-Stokes equations in time domain using this semi-

implicit method, the discretized equations take the following form: 

U~+l - U~ 
I I 

b.t 

(4.16) 

where 



(4.1 i) 

and < VT > is the average of VT through the entire domain at a given instant. This 

treatment is purely from the consideration of computational stability. 

The momentum equations and the continuity equation are coupled. The fractional-

step method is applied to decouple those equations in order to simplify the computa-

tion. The basic approach is to calculate an intermediate velocity field by neglecting 

the pressure gradient. The new time step velocity field is then obtained by correct-

ing the intermediate velocity field to satisfy continuity with pressure field presented 

at the new time step. After time-splitting, the Naviel'-Stokes equations become 

Ui - uf 3Hn IHn - 1 1 ( 1 ) ( o2(ud 02(1Q)) --:--...;.... = - i - - i + - -+ < VT > + -=-.--..:....,,-'--

D.t 2 2 2 Re OXjOXj OXjOXj 
(4.18) 

ui+1 - Ui o¢n+l 
D.t - OXi 

( 4.19) 

(4.20) 

where 

4.4.2 Transformed Navier-Stokes equations 

After discretizing the Navier-Stokes equations in the time domain, the spectral 

method is used to transform the equations from the physical space to the spec-

tral space. To get some sense of how powerful the spectral method is, an example 

is given to show how the spectral method works. 
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In the example, we solve a three-dimensional Poisson equation in the following 

form: 

If the finite difference method is used to solve this equation, it will be very compli-

cated because this is a three dimensional elliptic equation. For simplicity, periodic 

boundary conditions are assumed in all three directions. Then the spectral method 

can be applied to solve this equation. 

The three-dimensional Fourier transform is expressed as 

F(Xb X2, X3, t) = L L L :F(k}, k2' k3' t)eikJxJ eik2X2eikaxJ 

k3 k2 kJ 

Taking derivatives, the following relations can be derived: 

aF FT 'k-i:
- ~Z·i.r 
aXi 

a2
F tT; -k~:F 

ax~ I 
I 

It is clear now that the derivative in the physical space is simply a multiplication 

in the spectral domain. It is this simplification that make the spectral method so 

efficient and accurate. 

Applying the spectral method, the three dimensional elliptic equation becomes 

Surprisingly, the very complicated three dimensional elliptic equation has been 

transformed into a simple algebraic equation. This is the power of the spectral 

method. 

With this in mind, let us return to the three-dimensional mixing layer to de

termine how the spectral method helps to simplify the complicated Navier-Stokes 

equations. 
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The transformation of the veloci ty field and the pressure field can be expressed 

in the following forms according to the boundary conditions: 

N 

Ui(X, Y, z, t) = L L uj(kt, k2, z, t) eik1X 

Ikll<N/2 k2=O 

COS k 2 y if i=1,3 

N 

¢(x,y,z,t) = L L ¢(kllk2,z,t)eiklXcosk2Y 
Ik1 1<N/2 k2=O 

(4.21) 

(4.22) 

'With these expressions, all the derivative terms in the Navier-Stokes equations can 

be derived as follows. 

First, the second-order velocity derivatives in the diffusion term take the follow-

ing forms: 

N 82A 

L L Uj ikx --e 1 8.,,2 
Ikd<N/2 k2=O ~ 

{

COSk2Y ifi=1,3 

x sin k2y if i=2 

N 

L L -k~tli(kl,k2,z,t)eiklX 
Ikll<N/2 k2=O 

x { cos k2y if i=1,3 

sin k2y if i=2 

N 

L L -k;Ui(k1, k2, z, t) eik1X 

Ikll<N/2 k2=O 

{

COS k 2y if i=1,3 

x sin k2y if i=2 



Similarly, the first-order intermediate velocity derivatives can be expressed as 

N fJu L L ikl~(kl' k2' z, t) eik1xcoS k2y 
fJx - Ikd<N/2 k2 =O 

And finally, the pressure derivatives in the Poisson equation assume the following 

forms: 
fJ2</J 

-
OZ2 

N 

L L -k~4>(kl' k2' z, t) eik1xcos k2y 
Ikl l<N/2 k2 =O 

N 

L L -k;4>(k}, k2' z, t) eik1xcos k2y 
Ikl l<N/2 k2=O 

Substituting above equations into the time-discretized Navier-Stokes equations, 

the transformed Navier-Stokes equations become: 

fJ2A n u· ___ , + (k2 + k2 - (3)i't"!-fJ z2 1 2 I 

_ (3D.t (3iI!l _ H!l-l) 
2 I I 

(4.23) 

(4.24) 
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(4.25 ) 

( 4.26) 

(4.27) 

where 

(J = 2/~t 
< VT > +l/Re 

4.4.3 Spatial discretization 

The last step is to discretize the Navier-Stokes equations in the spatial domain, or 

more specifically, in the downstream z-direction. A second-order central difference 

scheme with a uniform grid is used to discretize the diffusion term in this direction: 

(P f (i) = f(i + 1) - 2f(i) + f(i - 1) 
az2 ~Z2 

For the convection term, the discretization should be conducted carefully. Cen-

tral differencing could lead to unphysical oscillatory behavior in an implicit scheme 

or to nonconvergence in an explicit computation. In order to avoid the instability 

problem of central differencing, a stable and accurate convective modeling procedure 

based on quadratic upstream interpolation 'has been adapted [96]. This numerical 

scheme is called the Quadratic Upstream Interpolation for Convective Kinemat-

ics (QUICK) which possesses third-order accuracy. With the QUICK scheme, the 

first-order derivative in the convection term can be expressed as follows: 
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To ensure conservation of momentum and energy, a special treatment of the 

convection term in the H term is done in the following way: 

This treatment will also increase the numerical stability. The trade-off is increasing 

computational work. 

In summary, the diffusion term and the second-order pressure derivative are 

discretized using the second-order central differencing, and the convection term is 

treated by the third-order QUICK scheme. 

4.4.4 Discretized equations 

After applying the spatial discretization discussed in the previous section, the time 

and spatially discretized Navier-Stokes equations are converted to the following 

forms: 

-ft(i - 1) + [2 + ~z2(ki + ki + ,B)]ft(i) - ft('i + 1) = iIi (4.28) 

(4.29) 

(4.30) 

(4.31 ) 

(4.32) 



10:2 

(4.:34) 

It is apparent from the discretized equation"s that the very complicated nonlin

ear partial differential Navier-Stokes equations can be transformed into tridiagonal 

forms after applying the semi-implicit, fractional-step scheme and the powerful spec

tral method. A very efficient and accurate tridiagonal solver can be used to solve 

these discretized equations. So far, the basic structure of the numerical schemes has 

been established. Detailed expressions and treatment for the right hand side,f, will 

be presented in the following subsections. 

4.4.5 Basic solution procedures 

To solve these tridiagonal forms, the diagonal terms must be dominant ill order to 

avoid possible accumulation of errors in the algorithm. Given the following tridiag

onal form: 

-Am l¥m+l + Bm }Vm - em }Vm- 1 = D71l 

and assuming the coefficients Am, Bm and eJ",1 are positive, the diagonal dominance 

requires that 

In our case, Am = em = 1 and Bm ;::: 2. Hence, the diagonal terms are dominant, 

and an accurate solution is guaranteed. 

With the diagonal dominance satisfied, the basic solution procedures are illus

trated in the following four steps: 

Step 1. Apply the tridiagonal solver to obtain .ft(i),~(i), and l1(i) for each i, kl' 1.:2 ; 



Step 2. Use the tridiagonal solver and the calculated values ofl1(i),~(i),and ll,(n 

to get ~n+l(i) for each i,k},k,2; 

Step 3. Substitute the calculated values of ~(i), ~(i),t1(i), and ~n+I to evaluate the 

Step 4. Transform the obtained variables from the spectral space to the physical 

space. 

4.4.6 Calculation of the right hand side, f 

As mentioned previously, detailed expressions and treatment for the right hand sides 

of the tridiagonal forms will be discussed here. The right hand sides assume the 

following forms: 

and 

vn(i - 1) - [2 + ~z2(ki + ki - ,B)]vn(i) + 'vn(i + 1) 

+ ~z~~t (3iI~ _ iI~-l) 

( 4.36) 

(4.37) 

( 4.38) 

It is obvious from the above equations that the right hand sides of the momen-

tum equations include the discretized constant-coefficient diffusion terms and the 



H terms. The right hand side of the pressure equation is essentially the volume 

dilation term in spectral space. 

Different terms require different treatments. The calculation of the right hand 

side is summarized as follows. 

1. The constant-coefficient diffusion term is calculated in spectral space; 

2. Hi terms are calculated first in physical space, then transformed into spectral 

space according to 

N 

L L Hi(kll 1.2 , z, t) eik1x 

Ikll<N/2 k2=O 

{

COS k2 y if i=I,3 

x sin k2y if i=2 

3. The J¢i term is calculated in spectral space. 

4.5 Inflow Boundary Conditions for Velocity 

(4.39) 

In the three-dimensional turbulent shear flow, the mixing layer is formed by the 

merging of two layers of fluid at the edge of a splitter plate. Even though the 

flow is three-dimensional, the base (or mean) flow is two-dimensional. A smooth 

hyperbolic tangent velocity profile is a very good approximation of the measured jet 

mean velocity profile. The hyperbolic tangent velocity profile used in this simulation 

is in the following form: 

U{y) = 0.5[1 +tanh(y)] 

This velocity profile has an inflexion point at y = 0, which is a sufficient condition 

for instability. 
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It is well-known that a jet mixing layer with random noise excitation will gener

ate coherent vortex structures. Downstream, the mixing layer will experience vortex 

roHup and pairing. To simulate the vortex roHup and pairing, a series of pert mba

tions are supplemented into the the hyperbolic tangent velocity profile. These per

turbations are obtained from the eigenfunctions of the linearized inviscid Rayleigh 

equation with the hyperbolic tangent velocity as the reference pro.file [97-99]. The 

most unstable eigenfunction produces a single vortex roll up, and its subharmonics 

are responsible for the merging or pairing of vortices. The vortex rollup and pairing 

are the most important mixing mechanisms which determine the chemical reaction 

rates. 

The velocity perturbations from the Rayleigh equation are still two-dimensional 

(in the y and z directions). For three-dimensional mixing layer simulations, a per

turbation in the spanwise (x) direction is necessary. In turbulent mixing layer ex

periments, streamwise vortical structures, or the "mushroom-like" structures were 

discovered [100]. These "mushroom-like" structures are originated from the spanwise 

perturbation and play an important role in fluid mixing or entrainment, especially 

far downstream. 

To simulate this important phenomenon, two pairs of counter-rotating stream

wise vortices are employed as the perturbation in the spanwise direction [101]. 

In summary, the inflow boundary conditions for the velocity field are formed by 

a hyperbolic tangent velocity profile, its most unstable mode and corresponding first 

and second subharmonics, and two pairs of counter-rotating stream wise vortices. 

In the following subsections, details of the inviscid wave equation, its eigenfunc

tions, and the spanwise perturbation will be presented. 
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4.5.1 Solution of inviscid linearized wave equation 

The inviscid two-dimensional flow is governed by the Helmholtz vorticity equation 

where v and w is defined as 

and n is defined as 

w(z, y, t) = U(y) + €WI (z, y, t) 

v(z, y, t) = WI(Z, y, t) 

av aw 
n(z,y,t) = -a --a 

Z y 

Substituting 'Wand v into n, we get 

n(z, y, t) = -U'(y) + €n1(z, y, t) 

Introducing a stream function 'ljJ1 by 

and with wavy disturbances 

the Rayleigh equation is obtained after linearization: 

(U - f3/a)[¢/' - a 2</>J- U"</> = 0 

(4.40) 

(4.41 ) 

To obtain spatially growing disturbances, a complex wavenumber a and a real 

frequency f3 are assumed: 

a = a r + iaj and f3 = f3r 
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vVith the following boundary conditions: 

¢>( -00) = ¢>( +00) = 0 

the Rayleigh equation can be solved numerically to obtain the eigenvalues and the 

corresponding eigenfunctions. 

4.5.2 Eigenfunctions and velocity disturbances 

A subroutine has been specifically designed to solve the above eigenvalue problem. 

Detailed solution procedures are omitted. The final results are presented here. 

For the most unstable mode, (3 = 0.206692, a r = 0.403129, and aj = -0.228425; 

for the first subharmonic, (3 = 0.103346, a l • = 0.133924, and aj = -0.125098; and 

for the second subharmonic, (3 = 0.051673, a r = 0.057538, and aj = -0.056830. 

The corresponding eigenfunctions are shown in Figures 4.2 and 4.3. 

To see the perturbation velocities corresponding to these eigenfunctions, the 

relationship between the velocities and the eigenfunctions is developed first: 

vP(x,y,z,t) = Ee-O;Z{[ai¢>r(Y) + ar¢>j(y)]cos(arz - (3t) 

+[ar¢>r(Y) - aj¢>i(y)]sin(arx - (3t)} 

( 4.42) 

where ¢>r and ¢>i are the real and imaginary parts of the eigenfunctions. It is evi

dent from these equations that the perturbation velocities grow exponentially down

stream due to the negative aj. Thus, the disturbances are called spatially growing 

(or developing) disturbances. 

With these equations, the perturbation velocities are calculated and shown in 

Figures 4.4 and 4.5. 
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Figure 4.2: The real parts of the eigenfunctions from the Rayleigh equation. eigenO: 
the most unstable mode; eigen1: the first subharmonic; eigen2: the second subhar
mOllIC. 

4.5.3 Spanwise perturbation 

As mentioned earlier, two counter-rotating vortices are used as the perturbation in 

the spanwise direction to stimulate the "mushroom-like" streamwise vortical struc-

tures. The corresponding perturbation velocities, u and v, take the following forms: 

~ Ai [1 -ur2 ] (y - yd u=-L.J- -e I 

i=l 20' 1'[ 
( 4.44) 

~ Ai [1 _ur2 ] (x - xd 
v = L.J - - e. I .2 

i=l 20' 1 i 
(LIA5 ) 

where 7'i = /(x - xd2 + (y - YiP. Ai and 0' are constants indicating the strength 

and scale of the vortices. The two pairs of counter-rotating vortices are located at 
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Figure 4.3: The imaginary parts of the eigenfunctions from the Rayleigh equation 

the inlet plane with the following coordinates and strengths: 

Vortex 1: Xl = 3, Yl = 0, Al = +0.8703, a = 2.511 

Vortex 2: X2 = 4, Y2 = 0, A2 = -0.8703, a = 2.511 

Vortex 3: X3 = 8, Y3 = 0, A3 = +0.8703, a = 2.511 

Vortex 4: X4 = 9, Y4 = 0, AI = -0.8703, a = 2.511 

Figure 4.6 depicts the vorticity contours of the two counter-rotating vortices. 

Now, we have all the perturbations necessary to simulate the three-dimensional 

turbulent mixing layer. It is worth noting from the above discussion that the only. 

time dependent perturbation is originated from the eigenfunctions of the Rayleigh 

equation. The perturbation from two pairs of counter-rotating vortices is time in-
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Figure 4.4: The perturbation velocity in the stream wise direction. edata.OO: the 
most unstable mode; edata.ll: the first subharmonic; edata.22: the second subhar
mOnIC 

dependent. 

In summary, let us put the inflow boundary conditions in the following form: 

O(x, y, z = 0, t) = Oo(Y) + 

( 4.46) 

where 00 is the hyperbolic tangent velocity. Ull Ul/2, and Ul/4 correspond to the 

most unstable mode, the first subharmonic, and the second subharmonic from the 

2-D Rayleigh equation, respectively. 113 represents two pairs of counter-rotating 

vortices. The coefficients All Al / 2 and A1/ 4 are used to adjust the perturbation 
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kinetic energy. In this simulation, All Al/2 and All" are chosen to be 0.03, which 

produces a perturbation kinetic energy equal to about 2% of the base flow kinetic 

energy. 

4.6 Inflow Be for the Intermediate Velocity 

The inflow boundary conditions for the velocity field have been formed in the last 

section. Now we need to generate the inflow boundary condition for the intermediate 

velocity field. The intermediate velocity is not an actual measurable physical quan

tity. The choice of the boundary condition for the intermediate velocity field must 

depend on its governing equations [102]. Therefore, we will derive the appropriate 

boundary condition for the intermediate velocity, Uj, from its governing equations. 
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Figure 4.6: Vorticity contours of two counter-rotating vortices 



The governing equations for the intermediate velocity take the following form: 

(4.'17) 

Let us consider Ui as an approximation to ui'{x, tn+d, where the continuous form 

ui (x, t) satisfies 

( 4.48) 

and 

(4.49) 

Then, 

(4.50) 

Since the initial value for ui(x, tn) is taken to be the real velocity Ui(X, tn), then 

Applying the momentum equations and the above condition to Equation 4.50, the 

intermediate velocity becomes 

- (--) (fJui [)P) O( 2) 
1ti - 1ti X, tn + D.t [)t + [)Xi + D.t 

Ui(X, tn+d + D.t ~~ + O(D.t2
) (4.51 ) 
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Recall that P = 4> + O(~t). Thus, 

~ - ( -- ) ,\ a4>n O( A 2) 
Uj = Uj x, tn+l + ut aXj + ut ( 4.52) 

Therefore, the inflow boundary condition for th~ intermediate velocities can be ap

proximated as 

~.(. __ 0) '" -n+l(. __ ) ,\ a4>n(x,y,z = 0) 
llz X, y, '" - '" Uj x, Y,.;, - 0 + ut---'--:~:--I----'

vXj 
(4.53) 

The relationship between the real velocity field and the intermediate velocity field 

has been established according to the above approximation. The next question is 

how to specify ~~; at the initial time (i.e., at n = 0). 

At the initial time, the intermediate velocity field at the inflow can be expressed 

as: 

-1( 0) At a4>O(X,y,z = 0) 
~ 1l. X yl '" = + u z , ,- a 

Xi 
-nO 

-~( .. ,. _ 0) + At ap (x,y,z = 0) 
~ 111 X, y, - - u a 

Xi 
(4.54) 

=<l 

where ~~i (x, y, z = 0) can be obtained from the modeled Navier-Stokes equations 

Assume that the resolution at the inlet plane is sufficient to capture all inflow vc-

locity details. The eddy viscosity VT at the inflow must then be zero. With this 

simplification, the pressure gradient at the inflow can be expressed as 

(4.55) 
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4.7 Inflow Boundary Condition for ¢ 

Just like the inflow boundary condition for the intermediate velocity, the boundary 

condition for the pressure, cP, can be generated from its governing equations: 

A n+l -;. aJ>n+l At 
w = W - -'-::-a-z - L..l (4.56) 

(4.57) 

(4.58) 

Each of these three equations can result in one boundary condition for </>. The 

question arises as to what boundary condition should be used for cP. It is fortunate 

that this crucial question has been answered by Philip M. Gresho in his work on 

pressure boundary conditions for the incompressible Navier-Stokes equations [103]. 

In general, the normal momentum equation generates a Dirichlet boundary con cli-

tion, whereas the tangential momentum equation leads to a Neumann boundary 

condition. The Neumann boundary condition is always good as a pressure bound-

ary condition. However, the Dirichlet boundary condition is not always applicable. 

Thus, we can always obtain a proper boundary condition from the normal mom en-

tum equation. In this simulation, the normal momentum equation is Equation 4.56 

("Normal" is in the sense that the velocity, w, is in the normal direction of the inlet 

plane.) Therefore, Equation 4.56 is used to generate the boundary condition for cP. 

The inflow boundary condition thus obtained take the following form: 

aJ>n+l . wn+1(inflow) - t1(inflow) 
az (wflow) = - ~t (4.59) 
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4.8 Outflow Boundary Conditions 

For spatially developing mixing layers, there are no describable physical boundary 

conditions. Artificial outflow boundary conditions are formulated based on differ-

ent flow conditions. One important criterion in the outflow boundary condition 

formation is to ultimately reduce spurious, nonphysical reflections at the outflow 

boundary so that the calculated flow field is independent of the location of the out-

flow boundary [104-106]. In this simulation, a zero-gradient boundary condition is 

assumed for both the velocity and the intermediate velocity fields. Previous direct 

numerical simulations have shown that this boundary condition is adequate for the 

spatially developing mixing layer and the boundary effect appears only near the ou t

flow boundary [94]. The outflow boundary conditions for velocities can be expressed 

in the following forms: 

au· 
8z

1 
(outflow) = 0 (4.60) 

8u' 
8z

1 
(outflow) = 0 (4.61 ) 

vVith the outflow boundary conditions for velocities in hand, the attention turns 

to the outflow boundary condition for 1>. Similar to its inflow boundary condition, 

the outflow boundary condition for 1> should be produced from the normal equa-

tion 4.56. Taking the derivative with respect to z on Equation 4.56, we obtain: 

8tvn+1 8{1 82¢n+l 
----:::'- = - - D. t 

8z 8z OZ2 

Recall that zero velocity gradients are assumed at the outflow boundary. Thus, the 

following boundary condition is arrived at 

82¢n+l 
8z2 (outflow) = 0 (4.62) 
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4.9 Initial Condition for Velocity 

In this simulation, the modeled Navier-Stokes equations are time dependent. An 

initial condition is required for the velocity field. Just like the inflow boundary 

conditions, the initial condition also contains three parts: one is the hyperbolic 

tangent velocity profile; one is the combination of the most unstable mode, its first 

subharmonic, and its second harmonic; and the last is two pairs of counter-rotating 

vortices. The last two parts act only in the inlet plane and the first part acts over the 

whole flow domain. The initial condition for velocity assumes the following form: 

U(x, y, z, t = 0) - Uo(y) + A1Ul(X, y, z = 0, t = 0) + A1/2Ul/2(X, y, z = 0, t = 0) 

+ A1/4Ul/4(X, y, z = 0, t = 0) + U3(X, y, z = 0) ( 4.63) 

All symbols represent the same as in the inflow boundary conditions. The only 

difference between the inflow boundary conditions and the initial condition is that 

t = 0 with the initial condition. 

4.10 Discretized Boundary Conditions 

Discretized boundary conditions are used to generate tridiagonal matrices from the 

tridiagonal equations. The choice of discretization schemes will affect the resulting 

tridiagonal matrices. Specifically, the first row and the last row will assume different 

forms with different discretization schemes. In the following, the discretization of 

the boundary conditions is described . 
. ' 

Assume that the inflow boundary at z = 0 corresponds to k = 1, and that the 

outflow boundary corresponds to k = kmaxr in the discretized domain. The inflow 

boundary condition for the intermediate velocities is discretized by the second-order 
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central differencing. The discretized inflow boundary condition for the intermediate 

velocities take the following form: 

( 4.64) 

Similarly, the discretized inflow boundary condition for r/1 is obtained by dis-

cretizing Equation 4.~6. Equation 4.56 becomes 

Rearranging the above equation, we get the discretized inflow boundary condition 

for r/1: 

(4.65 ) 

For the outflow boundary, the third-order QUICK scheme is used to discretize 

the boundary condition for the intermediate velocities, and the second-order central 

differencing is used to discretize the boundary condition for pressure. The boundary 

conditions take the following forms: 

- 3- 1- -
w{kmaxr + 1) = "7tu{kmaxr - 1) - "3tu{kmaxr - 2) - tu{kmax7') ( 4.66) 

- 3- 1- -
v(kmaxr + 1) = "7v(kmax7' - 1) - "3v(kmaxr - 2) - v(kma:t:r) 

- 3- 1- -
D.(kmaxr + 1) = ru{kmaxr - 1) - "3u{kmaxr - 2) - u{kmax7') (4.68) 

and 

(4.69) 
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4.11 Tridiagonal Matrices 

With the discretized tridiagonal equations and the discretized boundary conditions, 

it is easy to reach the tridiagonal matrices for both the intermediate velocities and 

pressure. The tridiagonal matrix for the intermediate velocity, 11, takes the following 

form: 

b -1 

-1 b -1 

-1 b -1 

o 

o 

-1 b -1 

-1 b -1 

a c 

where a = -~ + ~~z2(ki + k~ + f3), b = 2 + ~z2(ki + k~ + f3), and c = ~ + ~:::2(ki + 
k~ + f3). The vectors ir and F are defined as 

-T 
iT = [~(2),~(3),~(4), ... ,~(kmaxr - 2),~(kmaxr -l),~(kmaxr)] 

T ::: 1 
F = [·u(l) + f12' iI3, f14,"" fl(kmaxr-2}l fl(kmaxr-l), flkmaxr + '3f1(kmaxr-l)] 

The tridiagonal matrices for the intermediate velocities ~ and 11 are similar to 

the above ~ matrix. 
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Finally, the tridiagonal matrix for ¢J is in the following form: 

d -2 

-1 d -1 

-1 d -1 

o 

o 

-1 d -1 

-1 d -1 

o e 

where d = 2 + ~z2(ki + ki), and e = ~;;2(ki + ki). The vectors c) and F,p take the 

following form: 

c)T = [~n+1(l), ~n+l(2), ~n+l(3), ... , ~n+l(kmax1' - 1), ~n+l(kma;L'l')] 

F,pT = [2~t (wn+1(1) -11(1)) + jq,h 1</>2, 1</>3, ... ,J</>(krnaxr-l),J</>kmaxr] 

4.12 Special Treatment 

vVith the above tridiagonal matrices, we can solve for the flow field numerically. 

To see whether the tridiagonal matrices have unique solutions, we need to check 

the ranks of the matrices. If we have a full rank matrix, or the determinant of the 

matrix is not equal to zero, then a unique solution can be obtained. For the velocity 

matrix, its determinant never equals zero regardless of the wavenumbers kl and k2• 

Therefore, we do not have any problem in solving the velocity matrix. 
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Unfortunately, we can not solve as easily for the pressure matrix. The problem 

comes from the element e in the pressure matrix. If the wavenumbers kl and k2 are 

not equal to zero simultaneously, the element e is nonzero, and the pressure matrix 

is nonsingular. A unique solution for if> can be obtained. However, the element e 

will go to zero if the wavenumbers kl and k2 are both zero. In this case, all the 

elements in the last row of this matrix are zeros. Consequently, the determinant for 

this matrix goes to zero and no unique solution can be achieved. 

To see this problem more clearly, let us go back to the transformed if> equation: 

----.,-- - (k 2 + k2)A.n+l = - - + k v + ik 11 fJ2¢n+l . A 1 (alv ~ ') 
az2 1 2 'f' t3.t az 2 1 

vVith kl and k2 equal to zero, the above equation becomes 

(4.70) 

Because the right hand side is known, we can get the solution for if> by integrating 

the above equation. The solution assumes the following form: 

(4.71 ) 

There are two coefficients Cl and C2 to be obtained through boundary conditions. 

Two boundary conditions are available. They are the inflow boundary condition 

and the outflow boundary condition: 

~! (inflow) = constant 

and 
02¢ 
oz2(outflow) = 0 

Even though there are two boundary conditions, -they are both in derivative form. 

Hence, the coefficient C2 still can not be obtained. The arbitrary constant makes 
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the solution for ¢> arbitrary. This is the reason that the tridiagonal matrix can not 

generate unique solution when both k1 and k2 go to zero. 

It is quite normal to have an arbitrary constant related to the pressure field 

because the pressure is a relative quantity. Similar to a velocity potential field, its 

solution always has an arbitrary constant. However, this will not affect the unique 

solution for the corresponding velocity field because the potential difference or the 

potential derivative is related to the velocity field. Heuristically, let us see what is 

really needed to solve for the velocity field. To do this, we go back to the transformed 

Navier-Stokes equations. The relevant equations are: 

~ 8~7l+1 
lV7l+1 = IV - --D.i 

8z 

vVith k1 and k2 both equal to zero, the above equations become 

8~7l+l 
lV7l+1 = ;t - --D.i 

8z 

·7l+1 ~ 
V = V 

It is evident from the above equations that the pressure gradient ~~ instead of the 

pressure ¢> itself is required to solve for the velocity field. Therefore, we are not 

concerned with the unsolved arbitrary constant in the pressure field because that 

constant will disappear after taking the derivative of the pressure. 

The objective now is to find what the pressure gradient equals when kl and k2 

are zero. Integrating Equation 4.70 with respect to z, we get: 

1
z fJ2~n+1 1 1: 811 

8 2 (k1 = 0, k2 = 0, z)dz = A -8 (k1 = 0, k2 = 0, z)dz 
o z wi 0 z 

(4.72) 



which leads to the following form: 

1 [~ ~ ] ~t w(k1 = 0,k2 = O,z) -lv(kl = 0,k2 = 0,.:- = 0) 

(4.73) 

Applying the inflow boundary condition for ¢, the solution for the pressure gradient 

is finally obtained: 

(4.74) 

The above equation is used solely to obtain the pressure gradient when both kl and 

k2 are equal to zero. Otherwise the pressure matrix is used to solve for ¢. 



CHAPTER 5 

CODE VERIFICATION 

Numerical schemes for three-dimensional turbulent 'mixing layers have been es

tablished in Chapter 4. The assumption of periodic boundary conditions in the x and 

y directions enables the spectral method to transform the very complicated three

dimensional Navier-Stokes equations into the much simpler tridiagonal equations. 

These tridiagonal equations were finally converted to the tridiagonal matrices after 

applying discrete boundary conditions. These tridiagonal matrices can be solved 

very efficiently and accurately for the flow field by a tridiagonal solver. All of these 

advantages come from the application of the spectral method. 

Both temporal and spatial simulations are employed to simulate turbulent mixing 

layers. In contrast, most of the previous work deals with temporally developing 

mixing layers due to their simplicity. In temporal simulations, boundary conditions 

are assumed periodic in all directions. Therefore, the full spectral method can be 

applied to temporal simulations. The temporal simulation is most efficient because 

of the spectral method. It can capture the most important mixing mechanisms, such 

as vortex rollup and pairing. However, the simulated mixing layer does not develop 

spatially downstream because of the periodic assumption. The mixing layer develops 

temporally instead. If the difference between two free stream velocities is much 

less than their average velocity, the Galilean transform can be used to convert the 

temporally developing mixing layer to the spatially developing mixing layer. Hence, 
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the temporal simulation can be a good approach to mixing layer flows. However, the 

temporal simulation provides no insight into asymmetric mixing and flame blowout 

observed in mixing layer experiments. To understand these phenomena, spatial 

simulations must be performed. 

In spatial simulations, the periodic boundary condition can not be assumed in 

the streamwise direction, and the spectral method is not employed in this direction. 

Instead, finite differencing is applied. A main problem with the spatial simulation 

is the inflow and outflow boundary conditions. For turbulent mixing layers, flows 

are time dependent. Consequently, the boundary conditions are required to be time 

dependent. Formulating adequate boundary conditions is a major problem in spatial 

simulations. As illustrated in Chapter 4, tremendous effort was required to reach the 

proper inflow boundary conditions. The inflow boundary conditions formulated in 

Chapter 4 are still very different from the physical boundary conditions encountered 

in mixing layer experiments, but they capture the essence of the physical conditions 

and the simulation results will be similar to the real mixing layer flows. 

For this simulation, a large-scale three-dimensional LEPS code has been inde

pendently developed by the author. The code can be used to simulate the three

dimensional spatially developing turbulent mixing layers. In the code development, 

the author has worked through all the details from numerical schemes to bound

ary conditions, from stability treatments to accuracy considerations, from computer 

memory saving to £ode optimization, etc., fully under Dr. Kumar Ramohalli's 

patient advice and great encouragement. The author wishes to express his deep 

gratitude to the members of NASA Langley research center for allowing him to use 

their efficient Fourier transform, sine/cosine transforms, and some high accuracy 

derivative subroutines in the development of this code. 
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This chapter deals with the code verification in two stages. The first stage is the 

subroutine level, while the second stage is the system, or overall level. In subroutine' 

verification, a convenient input is specified and an analytical solution is obtained for 

the output. The numerical solution is then compared with the analytical solution. 

All subroutines are checked in this way. The final numerical solutions for the flow 

field are expected to be correct if all subroutines pass this verificatiOI~. 

In the system level verification, an a.nalytical solution for the full incompressible 

Navier-Stokes equations is employed to check the LEPS code. Specifically, a mod

ified Taylor-Green solution is used to verify the numerical simulation [107]. The 

Taylor-Green solution is two dimensional with no change in the spanwise direction. 

It represents an infinite array of equally spaced eddies of alternating signs and equal 

size. We have modified this solution to demonstrate three-dimensional characteris

tics. 

5.1 Sub-level Verification 

As mentioned earlier, a convenient input is specified to verify a subroutine. "Con

venient" is defined here to mean that an analytical solution can be easily obtained 

based on this input. There is one more restriction to this input: it must conform to 

the boundary conditions. 

In the LEPS code, there are more than 50 subroutines. All subroutines have 

been tested in this manner. Instead of presenting all subroutine verifications, one 

typical example is given below to describe how the code verification is conducted. 

The subroutine nonlinYY.f is used as the example. This subroutine is designed 



to calculate the nonlinear term, Hi, which is defined as 

Essentially, all terms in Hi are derivatives. A convenient input should contain 

functions which are easy to differentiate such as sinusoidal functions. The following 

are the inputs for the velocities u, v, 'W, and the eddy viscosity lIT: 

u(x,y,z) = 2cos(x)cos(y)cos(z) (5.1) 

v(x,y,z) = sin{x)sin(y)cos(z) (5.2) 

1o(x, y, z) = sin(x )cos(y )sin(z) (5.3) 

and 

VT = (1 + sin(z)) (5.4) 

The physical domains are [0,211'] in the x-direction, [0,11'] in the y-direction, and 

[0,211'] in the z-direction. It is evident that the velocity field is periodic in the x-

direction. In the y-direction, the velocities u and 10 are symmetric, whereas the 

velocity v is antisymmetric. Thus, sine/cosine transforms can be used in this di-

rection. In the downstream z-direction, the outflow boundary conditions for the 

velocities u and v are satisfied. However, the boundary condition is unsatisfac-

tory for the velocity 10. Therefore, we will expect numerical error near the outflow 

boundary. 
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With this input, the analytical solution for the Hi terms can be obtained easily. 

The nonlinear term corresponding to the u-momentum equation, HI, assumes. the 

following form: 

(5.5) 

Substituting the velocities ti, v, lV, and the eddy viscosity VT into the above equation, 

we get: 

HI = sin(2x)[cos2(y) + cos2(z)] - ~cos(x)cos(y)sin(2z) (5.6) 

It is clear that HI is periodic in the x-direction and symmetric in the y-direction. 

Similarly, the analytical solution for H2 is 

H2 = sin(2y)[~sin2(x) - cos2(z)] - ~sin(x)sin(y)sin(2Z) (5.7) 

which is periodic in the x-direction and antisymmetric in the y-direction. The 

analytical solution for H3 is 

H3 = sin(2z)[~sin2(x) - cos2(y)] + sin(x)cos(Y)[2 - 5sin2(z)] (5.8) 

which is periodic in the x-direction and symmetric in the y-direction. 

With these analytical solutions, the subroutine nonlinYYJ was tested. The re-

suIts from both the analytical solutions and the numerical calculations are plotted 

in Figures 5.1-5.3. In these figures, the transformed Hi'S are plotted. Both the 
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real part and the imaginary part are presented. The solid lines represent the calcu

lated values, while the dotted lines are the analytical solutions. The dotted lines are 

overlapped by the solid lines because the calculated results are almost equal to the 

anaiytical solutions. More specifically, let us e~amine Figure 5.1. Only one curve 

is shown in Figure 5.1(a) due to the highly accurate numerical calculation. The 

numerical accuracy reaches second order (or the numerical result and the analytical 

solution are identical to the second decimal). This is consistent with the overall sec

ond order numerical schemes. Large discrepancies occur near the outflow boundary 

(z = 271" or 129 in the discrete domain), which can also be seen in Figure 5.2( b) 

and Figure 5.3(b). This is expected due to the unsatisfactory boundary condition 

in the stream wise direction previously mentioned. Figure 5.1 (b) demonstrates the 

imaginary part of the nonlinear term, HI. The analytical solution is in the order of 

10-8 • Numerical results are in the order of 10-6 • This is again a good match. Note 

that Figure 5.1 (b) has a highly magnified axis in the vertical direction. If the same 

vertical scale is used as for Figure 5.1(a), it will run along the zero line. This is true 

for Figure 5.2(a) and Figure 5.3(a). 

In summary, the accuracy of the subroutine nonlinYY.f is in the second order. 

All the subroutines in the LEPS code have at least second order accuracy depending 

on their numerical schemes. 

5.2 Overall Verification 

The LEPS code has been tested at the subroutine level. All subroutines perform 

correctly. However, this does not guarantee that the code works correctly as stability 

problems may occur when the subroutines are integrated. Therefore it is necessary 

to verify the code at the system level. 



An excellent input for this verification is the Taylor-Green solution to the full 

incompressible Navier-Stokes equations. However, the solution is essentially two

dimensional. To test this three-dimensional numerical code, we modified this so

lution to reflect three-dimensional behaviors. The modified Taylor-Green solution 

takes the following forms: 

u = 2 cos(x) cos(y) cos(z) exp(-0.2t) (5.9) 

v = sin(:l:) sin(y) cos(z) exp( -0.2t) (5.10) 

tv = sin(x) cos(y) sin(z) exp(-0.2t) (5.11 ) 

It is apparent that the velocities decay with time due to viscous diffusion. This 

modified solution satisfies the continuity equation. 

In the code verification, the physical domain is [0,271"] in the x-direction, [0,71"] 

in the y-direction, and [0,271"] in the z-direction. This domain is rendered discrete 

using 32 nodes in the x-direction, 32 nodes in the y-direction, and 256 nodes in the 

z-direction. The time step ~t is chosen according to the following equation: 

~t = 0.1 * min(~x, ~y, ~z) 

Hence, the CFL number (~~) is about 0.1 if the convection velocity c is taken to be 

approximately equal to the free stream velocity U. This CFL number is well within 

the stability limit. 

Six hundred time steps have been conducted in this simulation. The resulting 

velocity filed is plotted every hundred steps in the following figures. The solid 

lines represent the numerical result, while the dotted lines represent the analytical 

solution. Generally, the numerical results follow the analytical solutions well during 
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Figure 5.4: Spanwise velocity u at time step (a) 100, (b) 200, (c) 300 
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the six hundred time step simulation. This indicates that the numerical simulation 

is correct. Discrepancies between the numerical result and the analytical solution 

become larger and larger with each time step. This is quite reasonable. First, the 

analytical solution is not an exact solution for the three-dimensional incompressible 

Navier-Stokes equations (it is a modified Taylor-Green solution). Second, there is 

unavoidable numerical error in the simulation. The point of this verification is to 

determine if the numerical simulation follows the trend of the analytical solution 

and to check the stability of the code. Both are verified from this simulation. 

It is worth noting that there exists a big discrepancy at the outflow boundary 

for the streamwise velocity tv in Figures 5.8 and 5.9. This is caused by the out

flow boundary condition. Recall that a zero-gradient velocity boundary condition 

is assumed at the outflow. Therefore, the velocity gradient at the outflow must 

approach zero. This is shown clearly in Figures 5.8 and 5.9. This numerical error 

is a consequence of the artificial outflow boundary condition. Fortunately, it only 

affects the nearby outflow boundary area. If the physical domain in the streamwise 

direction is long enough, most of the simulation result will be accurate except the 

data near the outflow boundary. To interpret the numerical simulation correctly, 

the data near the outflow boundary should to be discarded. 



CHAPTER 6 

EXPERIMENTAL METHODS 
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Hypersonic flight for commercial transportation and possible access to near 

earth space has drawn great attention worldwide. The key to reaching hypersonic 

vehicle speeds is to achieve supersonic combustion, i.e., the burning 6f fuel in a 

supersonic flow. Its related problems such as flame anchoring, tolerance to flow, 

and oxidizer/fuel ratio variation need to be solved before SCRAMJET becomes an 

operating reality. 

Some novel ideas of flame augmentation have been presented in Chapter 

2. H20 2 injection is one possible approach to increasing flammability limits by 

changing the "nature-prescribed" chemistry in combustion zones. The theoretical 

support for this approach is evident and strong, however, its experimental real

ization awaits affirmance. In this chapter, experimental methods are designed to 

measure the flammability limits, to verify the effects of H2 0 2 injection, and to fur

nish information for acoustic diagnostics and infrared imaging processing. Acoustic 

spectra will be used to reconfirm the effect of H2 0 2 injection, to testify the new nu

merical model for turbulent reacting flows, and to provide information as feedback 

for the passive control of combustion. Temperature distributions from numerical 

simulations will be examined by temperature contours from the thermal imaging 

processing, which can also supply information about species concentrations. 
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6.1 Flammability Measurement 

6.1.1 Setup and procedures 

The setup used for this experiment is an open turbulent jet burner. In this 

system (see Figure 6.1), fuel and oxidizer can be supplied either in a premixed mode 

or in a non-premixed mode through a series of valves. Flow rates are metered by 

volume flow gages. Gases are delivered to the system from separate high-pressure 

tanks through mounted regulators. 
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Figure 6.1: Schematic of the experimental setup 

In this experiment, only the non-premixed mode is employed. The fuel is 

methane, and the oxidizer is enriched air (e.g., 60% oxygen and 40% nitrogen). 

Methane and oxidizer are separated by concentric tubes in which methane flows 

through the inner tube and oxidizer runs from the outer tube. Methane and oxidizer 
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do not meet until reaching the jet exit (i.e., the tube exit) where methane and 

oxidizer begin to mix and non-premixed or diffusion flame prevails. The tubes are 

designed to be long enough that the flows become fully developed before they exit. 

For H2 O2 injection, an improved injection system is used. Its schematic drawing is 

illustrated in Figure 6.2. A thorough discussion on the development of the injection 

systems is given in the following section. 
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Figure 6.2: Schematic drawing of new H2 02 injection system 

Two goals are expected from the flammability measurement: one is to verify 

our new criterion of flammability limits, and the other is to show material evidence 

about effects of H2 0 2 injection. For these purposes, experiments are conducted in 

two modes, they are the control mode without H202 injection and the injection 

mode with H2 O2 injection. To obtain the lean flammability limit, the oxidizer flow 
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rate is kept constant, while the methane flow rate is reduced gradually until the 

flame blows out. At this point, the oxidizer/fuel ratio and the corresponding mean 

Reynolds number are available. Repeating this procedure with different oxidizer 

flow rates, a final lean flammability boundary is attained. Analogous to the lean 

limit, the rich flame blowout limit is approached by increasinKthe methane flow rate 

while keeping the oxidizer flow rate constant. The flammability limits are obtained 

experimentally in this way. If these experimental flammability limits match the 

theoretical anticipation, the feasibility of the new criterion follows. In the above, 

the control mode is exploited to accomplish the first goal. In the following, the 

injection mode is used to achieve the second goal. To explore the flammabili ty 

limits with H2 O2 injection, the experimental procedures are the same as that in the 

control mode except that H20 2 injection is accompanied with the above procedures. 

The difference between flammability limits in the control mode and in the injection 

mode is used as a measure of the effectiveness of H20 2 injection. 

6.1.2 H2 0 2 injection systems 

The feasibility of anchoring combustion zones in high-speed flows through 

introduction of free radicals has been studied. It is widely believed that the avail

ability of free radicals in requisite concentrations at the proper site locally controls 

flammability limits, flame speed, and a host of related phenomena. Hydrogen per

oxide is chosen to be the free radical donor that is stable almost until the flame 

temperature and dissociates into free radicals in flame zones. Theoretical study 

has clearly shown the free radical effects on enhancing combustion. However, the 
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technique of H20 2 injection remains to be improved. This technique is crucial to 

the flame augmentation. 

Early work was performed in mid 80s [91]. At that time, hydrogen peroxide 

was delivered by means of a graduated burette that directs the flow into the oxidizer 

line. Since the oxidizer flows at a much higher rate, it encourages atomization 

and mixing of hydrogen peroxide. However, H20 2 injection was not uniform and 

continuous. An intravenous system with a hyperdermic needle was also tried with 

similar problems. The above technique is referred to as the first generation. 

The second generation is the atomized cyclone cascade [92]. This system 

consists of a modified brake bleeder ball, or a pressure vessel and an injection 

manifold with a nozzle. The pressure vessel is used to pressurize hydrogen peroxide 

to 100 psi, and then to pump it into the manifold through the nozzle. The manifold 

is constructed basically by two concentric pipes with small holes on the inner 

wall. The pressurized hydrogen peroxide is injected tangentially into the annulus 

and vortices are created. The oxidizer flow should be able to suck the hydrogen 

peroxide mist in through the holes by the virtue of the negative pressure gradient 

generated by the velocity difference between oxidizer and hydrogen peroxide. Even 

though atomization and mixing are improved on the first generation, they are 

still not good enough because the pressure vessel can not sustain sufficiently high 

pressure, for example, 1000 psi, which is essential for' good atomization through the 

nozzle. In addition, the nozzle used is not suitable for constant and steady injection. 

Consequently, liquid drops appear at the jet exit partially due to condensation along 

the jet tube, which degrades the flow boundary. 
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The third generation, a precision piston metering pump injection system, 

was to correct the problems encountered above. The precision metering pump 

and the diesel nozzle are two main parts of the system. The pump meters precise 

amounts of fluids in a controlled and reproducible manner. Flow rate is deter

mined by the piston's stroke length that is controlled by a precision micrometer. 

The pump is also capable of delivering measured amount of fluids against a sig

nificant back pressure up to 5000 psi, which solves the problem of the pressure 

vessel in the second generation. Moreover, the pump was specially manufactured 

for corrosion resistance due to the highly corrosive nature of hydrogen peroxide. A 

diesel pencil nozzle was selected according to the working pressure and the spray 

angle. The nozzle housing was changed to a stainless steel one to prevent hydrogen 

peroxide corrosion. This system produces excellent atomization of hydrogen per

oxide. Everything works well, but there exists one problem: the pulsive injection 

caused purely by the pump that operates at only 100 revolutions per minute. This 

is a fatal drawback of the third generation, no matter how well it works in other 

aspects. 

To eliminate the pulsive problem, a hydraulic cylinder was suggested to 

replace the pump. The hydraulic cylinder can produce a constant flow rate provided 

the pressure remains constant during operation. The flow rate can be changed by 

altering the pressure. This is a very good idea. Unfortunately, it was found out to 

be too expensive to have a completely corrosive resistant cylinder. Although this 

idea has not been implemented, it is still named the fourth generation. 

After many trials with different systems, a totally new idea was evolved, that 

is to vaporize hydrogen peroxide instead of atomizing it, as all previous systems 
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did. Hydrogen peroxide can be vaporized just like water by supplying sufficient 

heat. This hydrogen peroxide vaporization system is called the fifth generation 

that is used for our experiments. The system consists of a stainless steel tube as a 

container, an electric band heater as a heat source; an insulating system to prevent 

heat loss, a pressure gage, and a metering valve with the check valve function. 

Figure 6.2 demonstrates its detailed design. The container's size was designed 

according to the flow rate and the operating period. The power of the electric 

band heater is determined based on the required maximum vaporization rate. The 

heat flux of the electric heater can be controlled by changing the applied voltage. 

With the ability to manipulate the heat flux of the electric heater, the vaporization 

rate can be controlled accordingly. 

6.2 Acoustic Diagnostics 

Combustion noise results when a volume of mixture (i.e., an eddy) expands 

at constant pressure as it is rapidly heated by combustion heat release. The local 

expansion causes pressure waves that propagate into the far field as sound. The 

total combustion heat release is distributed among a very large number of small 

uncorrelated eddies (or flamelets) created by turbulent mixing. There exists a one

to-one correlation between the eddy structure and the emitted noise. It is this 

one-to-one relationship that supports the choice of acoustic diagnostics. 

The measurement setup is shown in Figure 6.3. Combustion noise is detected 

by an ACO microphone with a cutoff frequency of 20 kHz. This detected acoustic 

pressure signal is then amplified by an ACO preamplifier and recorded with a 
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tape recorder. The recorded noise signal is played back and analyzed by an HP 

35660A dynamic signal analyzer with a frequency range from 0 to 100kHz. 
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Figure 6.3: Acoustic diagnostic system 

The dynamic signal analyzer is a fast Fourier transform-based instrument 

that provides spectrum and network measurements in electronics, mechanical test-

s, acoustics, and other frequency application areas. The measurements usually 

include linear spectrum, frequency response, gain/phase, group delay, time history, 

and power spectrum density. In this application, the HP dynamic signal analyzer is 

used to obtain energy distributions in different frequency domains through acoustic 

power spectra. In steady state, this power spectrum in the frequency domain con-

tains essentially the same information as the turbulent kinetic energy spectrum in 

the wavenumber domain. Therefore, the acoustic power spectrum can be used to 
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verify the numerical simulation and furnish frequency information for the passive 

control of turbulent reacting flows with an external forcing at a preferred frequency 

mode. 

Acoustic diagnostics are non-intrusive and provide rich information about 

combustion. In measurements, the microphone is placed one meter away from the 

combustion zone. To reduce sound reflection, sound absorbing material is applied 

to the surrounding walls and floor. Acoustic signals in both the control mode and 

the injection mode are recorded. The signal recording time for each run requires 

at least 20 seconds so that spectral averaging can be used to increase the signal to 

noise ratio. The spectral differences between the control mode and the injection 

mode will demonstrate the effects of H2 O2 injection. 

6.3 Thermal Imaging Processing 

Thermal imaging processing is another non-intrusive diagnostic to turbulent 

combustion. A thermogram is a two dimensional record of an image which maps 

the temperature of the scene as sensed by an infrared imaging system. Thermal 

imaging not only displays an image of the heat patterns, it also provides tem

perature information. The great advantages of thermal imaging over non-contact 

thermometers are its rapid assessment of a situation via thermal patterns and its 

fast response. 

Most of the combustion energy is radiated from combustion zones in the 

infrared range. This is the main reason to choose infrared imaging as a diagnos

tic method in turbulent combustion. The infrared imaging can not only produce 

temperature distribution information, but also species concentration if filters are 
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applied. The Model 600L infrared imaging radiometer is used for this thermal 

imaging processing. In the thermal imaging system, the infrared scanner, the con-

trol electronics, and the monitor are three basic components. For later detailed 

analysis, a video cassette recorder is connected to the system. A schematic of the 

measurement setup is depicted in Figure 6.4. 
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Figure 6.4: Schematic of the infrared imaging system 

The infrared imaging radiometer has a spectral bandpass from 3 to 12J.lm. 

The scan rate is 8 kHz horizontally and 60 Hz vertically. The horizontal resolution 

is 2.4 mRad and 256 pixels per line with respect to a field of view 15° in verti-

cal by 20° in horizontal. Rough temperature contours are available in real-time 

from the monitor. With some specialized computer codes, detailed temperature 

distribution can be achieved. Comparing this temperature field with the numerical 
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simulation, the accuracy of the numerical simulation becomes apparent. Besides, 

species concentrations such as [CO], [C02], [NO], and [N02 ] can be measured by 

infrared imaging processing if adequate filters are applied to the thermal scanner. 

This information can be used to verify the effect of H202 injection on reducing 

pollutant concentrations. 



CHAPTER 7 

RESULTS AND DISCUSSIONS 

. Extensive experimental, theoretical, and numerical studies have been conducted 

on turbulent reacting flows. The ultimate research goal is to enhance com busting jet 

stability by both active control and passive control. Active control means to enhance 

combustion processes by changing the nature prescribed chemistry, while passive 

control means to enhance combustion processes by improving reactant mixing. Free

radicals augmentation is employed for active control. Large eddy probability-density 

simulation is used to shed light on reactant mixing processes. Figure 7.1 is the big 

picture for this research. 

In this chapter, the primary research findings are presented. Discussions follow 

each research finding to gain insight into open jet diffusion flames. For numerical 

simulations, initial results are demonstrated. 

7.1 Flammability Limits 

As a central issue on combustion augmentation, the flammability has been thor

oughly explored both experimentally and theoretically. In the theoretical study, a 

new combustion blowout criterion has been established based on the Kolmogorov 

microscale structure. This criterion states that combustion is stable if the char

acteristic Kolmogorov velocity is less than the flame velocity. Three theoretical 

flammability envelopes are shown in Figure 2.8: one is with the new criterion, and 
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the other two are with the traditional criterion in different oxidizer flows. All thesE' 

curves conform to general trends, i.e., the maximum blowout velocity (correspond

ing to the maximum mean Reynolds number) is approached at the equivalence ratio 

of one, and there exist two flammability limits:. one is the lean limit, another is the 

rich limit. However, they are far apart from each other. The traditional flammabil

ity criterion gives rise to much broader flammability limits than that from the new 

criterion. The difference between two traditional flammability envelopes originates 

from different oxidizer flows. One flow is pure air, another is enriched ail', where 

the volume percentage of oxygen is 60%. The higher the oxygen concentration in 

the oxidizer flow, the faster the reaction rate becomes. Thus, the flame velocity 

with enriched air will be greater than the flame velocity with pure air. So, the tra

ditional flammability envelope with enriched air appears to be extended from that 

with pure air. Now, the question is which criterion is better. To answer this ques

tion, these theoretical flammability envelopes are compared with the experimental 

data. It is evident from Figure 2.8 that the flammability envelope with the new 

criterion matches the experimental data very well, whereas the envelopes with the 

traditional criterion are far away from the reality. This means that the new crite

rion is much better than the traditional one. The argument that the time scales 

for mixing and reaction are not sufficient to describe the flammability limits is ver

ified. A correct approach to flammability limits is through the identification of the 

Kolmogorov velocity and the flame speed as a new criterion. 

It is widely believed that flammability limits can be extended by artificially in

creasing some key free radical concentrations. In this experiment, hydrogen peroxide 

is used as a free radical donor in methane combustion. To demonstrate the effects of' 

H20 2 injection, the experiment is designed with two modes: the control mode and 
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the injection mode. The experimental findings are displayed in Figure 7.2, which 

is actually a magnified portion of Figure 2.8. Comparing the experimental data in 

the control mode with the experimental data in the injection mode, a clear exten

sion of the flammability limit is indicated with I-h02 injection. A 50% increase of 

the lean flammability limit occurs at the Reynolds number near 14000. Effects of 

H20 2 injection diminish in the vicinity of stoichiometry. This is reasonable because 

methane oxidation at stoichiometry is supposed to be the best and not very much 

room is left for artificial enhancement. There is no data on the fuel-rich side due 

to the incapability of accounting entrained air in an open jet diffusion flame. It is 

expected that H20 2 injection could playa much more important role on the fuel-rich 

side because more fuel awaits to be oxidized there by OH radicals. To reach this 

end, ambient air must be isolated from the turbulent jet diffusion flame. 

The effects of H20 2 injection is also demonstrated through the radiation test. 

As shown in Figure 7.3, the current near the wavenumber of 431.5 nm is increased 

about 40%. This wavenumber corresponds to the CH radical. The enhancement of 

CH radical indicates a better methane oxidation as a result of H20 2 injection. 

In Chapter 2, certain pollutant reductions through I-h02 injection have been 

observed from numerical computations with the NASA LeRC CET86 code. Further 

verification is necessary for this observation. The infrared imaging with adequate 

filters may provide information about species concentrations. This technique could 

be used to demonstrate the effects of H20 2 injection on pollutant reductions. 

7.2 Acoustic Diagnostics 

Coherent motions are responsible for the noise generation in a circular jet. The 

large-scale coherent structure could be represented by wave packets with character-
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Figure 7.2: Flammability envelopes with and without H20 2 injection 

istics obtained from the linear stability theory. Sound is generated very efficiently 

by low-order azimuthal components of the fluctuation pressure field. In turbulent 

reacting flows, the large-scale structure causes periodic heat release, which can drive 

pressure oscillations if they are in phase. The chemical energy release and the flame 

turbulence are two sources of combustion noise. 

In acoustic diagnostics, both the control mode and the injection mode are op-

erated. The recorded combustion noise signals are processed by an HP 35660A 

dynamic analyzer. Acoustic power spectra are shown in Figure 7.4. 

Experiments in both modes are performed at identical exit velocity and OXl-

dizer/fuel ratio for the sake of comparison. The upper curve (or the brighter one) 



151 

1.5 
• 

l:'-o-
I 
a 
....-t 

>< 
en 
Pt 1.0 
S 
cd 
'" 1--1 

'" 

d 
Q) 
~ 
~ 
::J 0.5 U 

o w/o H20 2 

• with H20 2 

0.0 
300.0 350.0 400.0 450.0 

Wavelength, A (nro) 

Figure 7.3: Experimentally observed data using a photosensor and filters: current 
from photosensor with and without H20 2 injection 



158 

Figure 7.4: Acoustic power spectra with and without H20 2 injection 

in Figure 7.4 corresponds to the spectrum with injection, while the lower one corre

sponds to the spectrum without injection. The frequency span is from 0 to 3.2kHz, 

which is with respect to the large-scale structure. A great increase in the power of 

combustion generated noise is evident from spectral amplitude increments in every 

frequency band. Figure 7.5 displays more clearly the acoustic power density differ

ence (defined as the acoustic power density with injection minus the acoustic power 

density without injection) versus the flow rate of H20 2 injection. It is apparent that 

the acoustic power density difference grows with the increase of the flow rate of 1-1 20 2 

injection in every frequency banel. In this experiment, the flow rate of I-h02 injection 
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is controlled in the range of 6 to 9 gm/min, which is under 2% of the total oxidizer 

and fuel flow rate (by weight). At the peak frequency of 456Hz, a 16 dB acoustic 

power density difference, the largest found, is observed. The cause for this dramatic 

increment is the OR radicals. As was stated earlier combustion noise results when a 

volume of mixture expands at constant pressure as it is rapidly heated by combustion 

heat release. The OR radicals dissociated from 1-120 2 injection in combustion zones 

will greatly enhance methane oxidation and the local reaction rate such that the 

local combustion heat release rate is increased and the volume expansion becomes 

much stronger. This stronger local volume expansion leads to much more powerful 

pressure waves that propagate into the far field as sound. Therefore, the strong 
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acoustic power increment indicates a great enhancement of open jet combustion, 

which again verifies the effect of H2 0 2 injection. 

Another important phenomenon seen from Figure 7.4 is that peak frequencies in 

acoustic power spectra do not change with H2 0 2 injection. The consistency of peak 

frequencies and hence the Strouhal numbers imply that the large-scale turbulent 

structure are quite stable and not affected by H2 0 2 injection. This is conceivable 

because the amount of H20 2 injection accounts for less than 2% of the total flow, and 

more importantly, the injected H20 2 vapor mixes with the oxidizer flow uniformly. 

This observation also means that the distribution of local combustion zones is not 

affected by H20 2 injection, whereas the intensity of the heat release in these local 

zones is strengthened. 

The trends of acoustic power with exit velocity at different frequencies are illus

b'ated in Figure 7.6. The higher frequency corresponds to the smaller eddy, while 

the lower frequency corresponds to the larger eddy. It is shown that the acoustic 

power is proportional to the exit velocity to a power of 3.3 to 5.2. Another interest

ing observation is that all curves are pa~allel, which indicates that the relationship 

between the acoustic power and the exit velocity is not affected by frequency, or is 

independent of eddy size. In other words, the turbulent kinetic energy of various 

eddy sizes increases with the exit velocity in the same general manner. 

It has been demonstrated that the total acoustic power for a non-premixed flame 

is proportional to the exit velocity to a power of four, i.e., PacolL ex U". This U" law 

has been perfectly confirmed by this experiment, which is shown in Figure 7.7. 



161 

50~------------------------------------~ 

.... 
Gi 40 .. 
Q. -Q. 

Cl Ill-- f1=1.92k 
~ 

30 
0 ,.. 

• f2=4k 
a f3=6k ..... 

a: " f4=8k 
w 
:: 20 0 
Q. 

-m__ f5=10k 
-0-- f6=12k 

0 
.......... ,:[:;: ........ f7=14k 

t= 
tJ) 

6 f8=16k 
:J 10 0 
0 
< 

O~~--r-~~--~~~~~~--~~~--~~ 

19 20 21 22 23 24 25 26 

EXIT VELOCITY (10 Log U) 

Figure 7.6: Trends of acoustic power with exit velocity 

7.3 Infrared Imaging 

Infrared imaging is an advanced technique to map temperature information in the 

combustion field. This non-intrusive diagnostic can not only generate detailed tem-

perature information, but also provides species information if adequate filters are 

applied. At this stage, only the temperature distribution is obtained from an open 

jet diffusion flame. Experiments on species identification will be conducted later. 

These will be aimed at verifying the effect of H20 2 injection 011 pollutant reductions 

such as CO, NO, and N02 • 
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Figure 7.7: Total acoustic energy vs exit velocity 

The infrared images of the temperature distribution with and without 1-1 20 2 in-

jection are picturized in Figure 7.8 (a)&(b), respectively. At first glance, it seems 

that there is some difference in temperature distributions between the two modes. 

An additional temperature zone appears at the upper right corner in Figure 7.8(b) 

due to 1-1 20 2 injection. Through temperature analysis, this zone is recognized as a 

water vapor dominated area. It occupies the upper area because of the buoyancy 

effect. This observation indicates that there is more water generated during 1-120 2 

injection, which is quite understandable because hydrogen peroxide used is a 3% 

solution and more than 90% injected 1-12 0 2 is water. A more important observa-
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Figure 7.7: (a) Infrared image of flame in the control mode, (b) Infrared image of 
flame in the injection mode 



tion comes from the main part of temperature distribution. It is evident that the 

temperature distributions are almost the same in both modes. Besides, the flamf:' 

lengths and widths do not change with H20 2 injection. Hence, these confirm OUl' 

idea that the overall energetics are not affected and H20 2 acts as a true catalyst. 

7.4 Large Eddy Probability-density Simulation 

The LEPS method is a new approach to turbulent reacting flows. In this approach. 

the velocity, turbulent kinetic energy, dissipation rate, and turbulent diffusivity are 

resolved by the LES solver, while scalar transport and chemical reactions are simu

lated by the Monte Carlo method in the PDF solver. The LES and the PDF solvers 

run in parallel, and information exchanges at every time step until a converged solu

tion is reached. It is evident from the discussions of the LES and the PDF method 

that the LEPS method can be a highly effective approach to turbulent reacting flows 

because both advantages of the LES and the PDF have been taken, whereas both 

disadvantages have been offset. 

All necessary formulation and modeling have been presented for the LEPS method. 

A modified composition joint PDF evolution equation was derived in the PDF part. 

The modified composition joint PDF equation is surprisingly similar to the tradi

tional composition joint PDF equation at first glance. However, basic differences 

exist between these two methods. The modified evolution equation has tak~n ac

count of the large-scale effect explicitly in the expression. This solves the most 

serious problem of the traditional PDF evolution equation that contains no informa

tion about large scales. In addition, the subgrid-scale velocity field in the modified 

equation is much easier to model than the turbulent fluctuation in the traditional 

PDF equation. It is these differences that make the LEPS method a more superior 
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approach than anyone of the LES and the PDF method. 

In this section, initial numerical simulation results will be presented. For high 

Reynolds number turbulent flows, very fine flow structures are developed. These 

small-scale structures or eddies play an important role in energy dissipation. To 

understand the flows, these small structures must be resolved. However, the initial 

three-dimensional numerical simulation was conducted for low Reynolds number 

flows due to the computer memory limitation. The main objective for this simulation 

is to gain insight into the mixing processes with respect to the stream wise vortical 

structures. 

The simulation domain is [0,27r] in the x-direction, [0,7r] in the y-direction, and 

[0,20] in the z-direction. The Reynolds number is 10 for this simulation. The 

nondimensional time step, Dot, is about O.DI. 1000 time steps has been simulated. 

The development of the streamwise vortical structures downstream is illustrated 

in Figures 7.9, 7.10, and 7.11. The initial inflow vortical structure contains two 

counter-rotating vortices as shown in Figure 7.9(a). It is apparent from Figure 

7.9(b) that the vortices diffuse downstream. The interaction between these four 

vortices becomes stronger as they diffuse together. The inner vortices are then 

suppressed as evidenced from Figure 7.9(c) and Figure 7.10. More interestingly, the 

four initially parallel vortices fold into two rows as shown in Figure 7.11(g). This 

vortex twisting is crucial to the flow entrainment and fluid mixing. The vortices are 

further diffused downstream as depicted in Figure 7.11(h) and (i). 

Figures 7.12-14 show how the averaged streamwise velocity evolves downstream 

at different time steps. The average is taken in the spanwise direction. At time step 

180 (see Figure 7.12), the velocity profiles change only slightly downstream except 

for the inflow velocity profile. This is because the flow field has not convected far 
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Figure 7.9: Development of streamwise vortical structures downstream at (a) z=O; 
(b) z=l; (c) z=2 
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Figure 7.10: Development of streamwise vortical structures downstream at (a) z=4; 
(b) z=5; (c) z=6 
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Figure 7.11: Development of streamwise vortical structures downstream at (a) z=8; 
(b) z=9; (c) z=lO 
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enough to affect the downstream flow field at this time. At time step 600 (see 

Figure 7.13), the velocity profiles begin to spread out, which indicates that the 

upstream velocity field is convected farther downstream. Figure 7.14 shows further 

development of the velocity profile downstream. The velocity profiles change more 

rapidly near the inflow and become almost identical downstream. 

To see the flow field more clearly, the stream functions in the y-z plane are 

shown in Figure 7.15 and the vorticity contours are demonstrated in Figure 7.16. 

The streamlines are deflected more and more downstream due to the stronger and 

stronger spanwise vorticity developed near the inflow. 

As mentioned above, the computer memory limitation restricts our simulation 

to low Reynolds number flows. Stability problem will come out with high Reynolds 
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Figure 7.13: Development of streamwise velocity downstream at t=600 
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number flows due to insufficient grid number. However, the simulation at high 

Reynolds number could still shed some light into the mixing layer flow. The following 

are some simulation results at Reynolds number of 200 and time step of 60. 

Figures 7.17-19 show the streamwise vortical structures. The interaction between 

these vortices are clearly demonstrated. The spanwise vortical structures are shown 

in Figure 20. 
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Figure 7.15: Stream function contours at (a) t=180j (b) t=600; (c) t=lOOO 
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Figure 7.16: Spanwise vorticity contours at (a) t=180j (b) t=600j (c) t=lOOO 
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Figure 7.17: Development of streamwise vortical structures downstream at (a) z=Oj 
(b) z=1j (c) z=2 
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Figure 7.18: Development of streamwise vortical structures downstream at (a) z=4; 
(b) z=5j (c) z=6 
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Figure 7.19: Development of streamwise vortical structures downstream at (a) z=8j 
(b) z=9j (c) z=10 
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Figure 7.20: Spanwise vorticity contours at (a) x=3j (b) x=4j (c) x=6 
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The present theoretical and experimental investigations have shown that free

radicals can significantly alter the combustion zones, at least in simple open jet 

turbulent diffusion flames. A specific flame characteristic, namely the aerodynamic 

blowout limit, was chosen as the test case for unambiguous demonstration of the al

tered state. The classical flammability envelope was re-examined in the light of the 

modern ideas on the Kolmogorov microscale mixing. Arguing that the attainment of 

molecularly premixed reactants, within the local flammability limits, is essential for 

combustion to be sustained, the characteristic Kolmogorov velocity needs to be less 

than the laminar flame speed. Equating these two velocity scales yields a flamma

bility boundary. This is the new criterion for flammability limits. This flammability 

envelope is seen to be much closer to the experimentally obtained data compared to 

the traditional flammability envelopes. The experimental determination is through 

the simple observation of the aerodynamic flame blowout with gradually increased 

bulk exit velocity, while holding the oxidizer/fuel ratio constant. 

Hydrogen peroxide is identified as a source of the key OH radical in the methane 

oxidation/combustion reaction. Injection of a small quantity of H20 2 (always less 

than 2% of the total reactant mass flow rate) is seen to significantly enhance the 

flammability limits. The lean limit is extended by fifty percent at certain Reynolds 

numbers. It is expected that H20 2 injection will playa much more important role 



in the fuel-rich situation because more fuel awaits oxidation by OH radicals there. 

To reach this end, ambient air must be isolated from the turbulent jet flows in order 

to truly simulate the fuel-rich case. 

The idea of free-radicals aided combustion i~ well-known. The novel innovation 

of this study is the donor injection, rather than free-radicals themselves. Hydrogen 

peroxide, the free-radical donor, is stable almost up to the flame temperature and 

releases a burst of OH radicals precisely at the key site at the key time in the com-

bustion zones, whereas the free radicals are very reactive, short-lived, and difficult 

to manage, besides being very inefficient in terms of end-use. The injection system 

is crucial to the implementation of this concept. It has evolved very well during the 

study; its fifth generation, the hydrogen peroxide vapol' _.1 :~ 

the experiments. 

The acoustic emissions demonstrate a great increase 

rate, which verifies the important role of H20 2 injection 

acoustic power spectrum plays essentially the same funct 

energy spectrum in steady state, which depicts the dis 

and thereupon the turbulent mixing macrostructure. Tl 

also shows that the power of combustion noise increase1 

general manner in every frequency spans, or independeIH V1 ~11" .. "'1 U~U~J' 

An initial observation is found from thermodynamic calculations using the NASA 

LeRC CET86 code: the pollutants such as CO, NO, and N02 are reduced with I-h02 

injection. This observation needs further confirmation by experiment. This can be 

accomplished through infrared imaging as infrared imaging is capable of identifying 

species and estimating their concentrations if certain filters are applied. 

Comparing the infrared images in both modes, it is evident that the temperature 
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distributions, the flame lengths, and the flame widths do not change with I-h02 

injection; these confirm our idea that the overall energetics are not affected and 

H20 2 acts as a true catalyst. 

The relevance of these small-scale experimental findings to full-scale powerplants 

is important. Typically, the length-scales in practical combustors, such as in jet en

gines, will be two orders-of-magnitude higher than in these tests. Thus, the Reynolds 

numbers are likely to be two to three orders-of-magnitude higher than in these stud

ies. However, the characteristic turbulence scales (determined by the physical di

mensions of flows) in these powerplants will also be two orders-of-magnitude larger 

than in these studies. Thus the Kolmogorov microscales are also much larger in the 

practical cases. Let us make simple estimates: [J = 2000 ft/sec leads to u' ~ 300 

ft/sec; C '" x f'V 3 ft; lIh ~ 0.005 ft2 /sec; Rt ~ 180,000; and 1} ~ 0.1 mm. Hence 

it turns to be about 460 cm/sec, which is comparable to those in our experiments. 

Therefore, there is a direct relevance of our experimental results to practical pow

erplants. 

Three-dimensional spatially developing mixing layers have been simulated using 

the proposed large eddy probability-density simulation. A similar idea was proposed 

concurrently by the people at Stanford University [108]. Their idea was published 

in a three-page paper in Physics of Fluids. The LES and the PDF method are 

two active areas in computational fluid dynamics. The former is very good at re

solving the large-scale structure in turbulent flows, while the latter can deal with 

arbitrarily complicated chemical reactions exactly without modeling. In this pro

posed approach, the velocity field, the eddy turnover time scale, and the turbulent 

diffusivity are provided by the LES solver, while scalar transport and chemical re

actions are simulated by the Monte Carlo method in the PDF solver. The LEPS 
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method is highly effective in simulating turbulent reacting flows. It can generate 

the best results because both the advantages of the LES and the PDF approach 

have been taken, whereas both disadvantages have been offset. In the PDF solver, 

a modified composition joint PDF equation is derived. There are some basic dif

ferences even though the modified equation is surprisingly similar to the traditional 

composition joint PDF equation. The resolved velocity field from the LES replaces 

the mean velocity field from the k - c model in the traditional PDF equation so that 

the large-scale effect is explicitly expressed in the modified equation. This solves 

the most serious problem of the traditional PDF evolution equation. Besides, the 

subgrid-scale velocity field in the modified equation is much easier to model than 

the turbulent fluctuation in the traditional equation because of the isotropic nature 

of subgrid scales. 

All necessary formulations and modeling are presented in the LEPS method. 

The solution algorithms are discussed in full detail. A large scale three-dimensional 

LEPS code has been developed. Initial mixing layer simulation results show the 

importance of the streamwise vortical structures to the reactant mixing. Much more 

work needs to be done in the future, such as investigation of the inflow velocity ratio 

effect on reactant mixing, improvement of the inflow/outflow boundary conditions, 

and treatment of compressibility in high speed flows. No work has been done for 

the PDF simulation. CHEMKIN could be used to calculate the chemical kinetics. 



182 

REFERENCES 

1. Report of the Study Steering Group, Space Science in the Twenty-First 
Century: Imperatives for the Decades 1995 to 2015, National Academy Press, 
Washington, D. C., 1988. 

2. National Research Council, Space Technology to Meet Future Needs, National 
Academy Press, Washington, D. C., 1987. 

3. F. A. William, Combustion Theory, The Benjamin/Cummings Publishing 
Company, Inc., 1985. 

4. R. Strehlow, Fundamentals of Combustion, International Textbook Co., 1968. 

5. K. N. R. Ramohalli and J. Ernest, "Some Free Radicals Effects in Coal Com
bustion," Proceedings of the 1985 International Conference on Coal Science, 
Sydney, Australia, pp. 363-366, Pergamon Press, 1985. 

6. B. Cetegen, K. Y. Teichman, F. J. Weinberg, and A. K. Oppenheim, "Perfor
mance of a Plasma Jet Igniter," SAE Paper 80-0042, 1980. 

7. J. D. Dale and A. K. Oppenheim, "Enhanced Ignition for 1. C. Engines with 
Premixed Gases," SAE Paper 81-0146, 1981. 

8. A. J. Harrison and F. J. Weinberg, "Flame stabilization by Plasma Jets," 
Proc. Roy. Soc. London, A321, p. 95, 1971. 

9. L. J. Lawrence Jr., "Photochemical Induction Times in Flowing Mixtures of 
Hydrogen, Oxygen, and Chlorine," Astronautica Acta 17, p. 763, 1972. 

10. G. B. Northam and C. R. McClinton, "Development and Evaluation of a Plas
ma Jet Flame Holder for Scramjets," AIAA Paper 84-1408, 1984. 

11. C. T. Bowman, "Non-Equilibrium Radical Conc~ntrations in Shock-Initiated 
Methane Oxidation," Fifteenth Symposium (International) on Combustion, 
p. 869, The Combustion Institute, 1974. 

12. A. Melvin and J. B. Moss, "Structure in Methane-Oxidation Diffusion Flame," 
Fifteenth Symposium (International) on Combustion, p. 625, The Combustion 
Institute, 1974. 



183 

13. T. M. Sloane, "Ignition and Flame Propagation Modeling with an Improved 
Methane Oxidation Mechanism," Combustion Science and Technology, vol. 63, 
pp. 287-313, 1989. 

14. S. K. Robinson, "Coherent Motions in the Turbulent Boundary Layer," An
nu. Rev. Fluid Mech., vol. 23, pp. 602-639, 1991. 

15. E. Gutmark, T. P. Parr, D. M. Hanson-Parr and K. C. Schadow, "On the 
Role of Large and Small-Scale Structures in Combustion Control," Combustion 
Science and Technology, vol. 66, pp. 407-426, 1989. 

16. C. M. Ho and P. Huerre, "Perturbed Free Shear," Ann. Rev. Fluid Mech., 
vol. 16, pp. 365-424,1984. 

17. J. L. Lumley, "Coherent Structures in Turbulence," Transition and Turbulence 
(Ed. R. E. Meyer), Academic Press, Inc., 1981. 

18. P. O. A. L. Davies and A. J. Yule, "Coherent Structures in Turbulence," 
Journal of Fluid Mechanics, vol. 69, part 3, pp. 513-537, 1975. 

19. W. J. A. Dahm and R. W. Dibble, "Coflowing Turbulent Jet Diffusion Flame 
Blowout," Twenty-Second Symposium (International) on Combustion, The 
Combustion Institute, pp. 801-808, 1988. 

20. W. J. A. Dahm and A. G. Mayman, "Blowout Limits of Turbulent Jet Diffu
sion Flames for Arbitrary Source Conditions," AIAA Journal, vol. 28, No.7, 
pp. 1157-1162, 1990. 

21. D. B. Spalding, "Two-Fluid Models of Turbulence," Theoretical Approaches 
to Turbulence (Eds. D. L. Dwoyer, M. Y. Hussaini and R. G. Voigt), Springer
Verlag New York Inc., 1985. 

22. K. Hanjalic and B. E. Launder, "A Reynolds Stress Model of Turbulence and 
Its Application to Thin Shear Flows," Journal of Fluid Mechanics, vol. 52, 
part 4, pp. 609-638, 1972. 

23. B. E. Launder and D. B. Spalding, Mathematical Models of Turbulence, Aca
demic Press, London and New York, 1972. 

24. J. H. Kent and R. W. Bilger, "The Prediction of Turbulent Diffusion Flame 
Fields and Nitric Oxide Formation," Sixteenth Symposium (International) on 
Combustion, The Combustion Institute, pp. 1643-1656, 1977. 



184 

25. R. W. Bilger, "Turbulent Jet Diffusion Flames," Progress in Energy and Com
bustion Science, vol. 1, pp. 87-109, 1976. 

26. T. Passot and A. Pouquet, "Numerical Simulation of Compressible Homoge
neous Flows in the Turbulent Regimes," Journal of Fluid Mechanics, vol. 181, 
p. 441, 1987. 

27. 1. Staroselsky, V. Yakhot, S. Kida, and S. A. Orszag, "Long-Time, Large-Scale 
Properties of a Randomly Stirred Compressible Fluid," Phys. Rev. Lett., 
vol. 65, pp. 171, 1990. 

28. J. R. Chasnov, "Simulation of the Kolmogorov Inertial Subrange Using an 
Improved Subgrid Model," Phys. Fluids A 3 (1), pp. 188-200, Jan. 1991. 

29. M. Germano, U. Piomelli, P. Moin, and W. H. Cabot, "A Dynamic Subgrid
Scale Eddy Viscosity Model," Phys. Fluids A 3 (7), pp. 1760-1765, July, 1991. 

30. U. Piomelli, W. H. Cabot, P. Moin, and S. Lee, "Subgrid-Scale Backscatter in 
Turbulent and Transitional Flows," Phys. Fluid~ A 3 (7), pp. 1766-1771, July, 
1991. 

31. P. Moin, K. Squires, W. Cabot, and S. Lee, "A Dynamic Subgrid-Scale Model 
for Compressible Turbulence and Scalar Transport," Phys. Fluids A 3 (11), 
pp. 2746-2757, Nov. 1991. 

32. T. A. Zang, R. B. Dahlburg, and J. P. Dahlburg, "Direct and Large-Eddy 
Simulations of Three-Dimensional Compressible Navier-Stokes Turbulence," 
Phys. Fluids A 4 (1), pp. 127-140, Jan. 1992. 

33. G. Erlebacher, M. Y. Hussaini, C. G. Speziale, and T. A. Zang, "Toward the 
Large-Eddy Simulation of Compressible Turbulent Flows," Journal of Fluid 
Mechanics, vol. 238, pp. 155-185, 1992. 

34. M. Germano, "Turbulence: the Filtering Approach," Journal of Fluid Mechan
ics, vol. 238, pp. 325-336, 1992. 

35. O. Metais and M. Lesieur, "Spectral Large-Eddy Simulation of Isotropic and 
Stably Stratified Turbulence," Journal of Fluid Mechanics, vol. 239, pp. 157-
194, 1992. 

36. P. J. Mason and D. J. Thomson, "Stochastic Backscatter in Large-Eddy Simu
lations of Boundary Layers," Journal of Fluid Mechanics, vol. 242, pp. 51-78, 
1992. 



185 

37. A. Yoshizawa, "Statistical Theory for Compressible Turbulent Shear Flows, 
with the Application to Subgrid Modeling," Phys. Fluids 29 (7), pp. 2152-
2164, July, 1986. 

38. A. Yoshizawa, "Subgrid-Scale Modeling of Compressible Turbulent Flows," 
Phys. Fluids A 3 (4), pp. 714-716, April, 1991. 

39. C. G. Speziale, G. Erlebacher, T. A. Zang, and M. Y. Hussaini, "The Subgrid
Scale Modeling of Compressible Turbulence," Phys. Fluids 31 (4), pp. 940-942, 
1988. 

40. S. B. Pope, "PDF Methods for Turbulent Reactive Flows," Progress in Energy 
and Combustion Science, vol. 11, pp. 119-192, 1985. 

41. S. B. Pope and S. M. Correa, "Joint PDF Calculations of a Non-Equilibrium 
Turbulent Diffusion Flames," Twenty-First Symposium (International) on 
Combustion, The Combustion Institute, pp. 1341-1348, 1986. 

42. S. B. Pope, "Application of the Velocity-Dissipation Probability Density Func
tion Model to Inhomogeneous Turbulent Flows," Phys. Fluids A 3 (8), p
p. 1947-1957, 1991. 

43. M. S. Anand, S. B. Pope, and H. C. Mongia, "A PDF Method for Tur
bulent Recirculating Flows," Turbulent Reacting Flows (Eds. R. Borghi and 
S. N. B. Murthy), pp. 672-693, Springer-Verlag New York Inc., 1989. 

44. S. B. Pope, "A Monte Carlo Method for the PDF Equations of Turbulent 
Reactive Flows," Combustion Science and Technology, vol. 25, pp. 159-174, 
1981. 

45. D. C. Haworth and S. B. Pope, "Monte Carlo Solutions of a Joint PDF E
quation for Turbulent Flows in General Orthogonal Coordinates," Journal of 
Computational Physics 72, pp. 311-346, 1987. 

46. J. Y. Chen and W. Kollmann, "PDF Modeling of Chemical Nonequilibrium 
Effects in Turbulent Nonpremixed Hydrogen Flames," Twenty-Second Sympo
sium (International) on Combustion, The Combustion Institute, pp. 645-653, 
1988. 

47. J. Y. Chen, W. Kollmann, and R. W. Dibble, "PDF Modeling of Turbulen
t Nonpremixed Methane Jet Flames," Combustion Science and Technology, 
vol. 64, pp. 315-346, 1989. 



186 

48. P. Eifler and W. Kollmann, "PDF Prediction of Supersonic Hydrogen Flames," 
AlA A 93-0448, 31st Aerospace Sciences Meeting & Exhibit, Jan. 1993. 

49. A. T. Hsu, Y. L. P. Tsai, and M. S. Raju, "A PDF Approach for Compressible 
Turbulent Reacting Flows," 31st Aerospace Sciences Meeting & Exhibit, AIAA 
93-0087, Jan. 1993. 

50. A. D. Leonard and J. C. Hill, "Scalar Dissipation and Mixing in Turbulent 
Reacting Flows," Phys. Fluids A 3 (5), pp. 1286-1299, 1991. 

51. V. Eswaran, E. E. O'Brian, and A. Deckert, "The Modeling of the Two-Point 
Probability Density Function of a Reacting Scalar in Isotropic Turbulence," 
Combustion Science and Technology, vol. 65, pp. 1-18, 1989. 

52. J. M. Hammersley and D. C. Handscomb, Monte Carlo Methods, Methuen & 
Co. Ltd., London, 1975. 

53. K. C. Schadow, E. Gutmark, T. P. Parr, D. M. Parr, K. J. Wilson, and 
J. E. Crump, "Large-Scale Coherent Structures as Drives of Combustion In
stability," Combustion Science and Technology, vol. 64, pp. 167-186, 1989. 

54. M. J. Lighthill, "On Sound Generated Aerodynamically: I. General Theory," 
Proc. Royal Soc., London, ser. A, vol. 211, No. 1107, pp. 564-587, 1952. 

55. M. J. Lighthill, "On Sound Generated Aerodynamically: II. Turbulence as a 
Source of Sound," Proc. Royal Soc., London, ser. A, vol. 222, No. 1148, pp. 1-
32,1954. 

56. W. C. Strahle, "On Combustion Generated Noise," Journal of Fluid Mechan
ics, vol. 49 (2), pp. 399-414, 1971. 

57. W. C. Strahle and M. Muthukrishnan, "Correlation of Combustor Rig Sound 
Power Data and Theoretical Basis of Results," AIAA J., vol. 18, No.3, pp. 269-
274, 1980. 

58. W. C. Strahle, "Combustion noise," Prog. Energy and Combust. Sci., vol. 4, 
No.3, pp. 157-176, 1978. 

59. G. Petela and R. Petela, "Diagnostic Possibilities on the Basis of Premixed 
Flame Noise Levels," Combustion and Flame 52, pp. 137-147, 1983. 

60. K. Ramohalli, "Further Experimental Results on the Structure and Acoustics 
of Turbulent Jet Flames," Prog. Astro. and Aero., vol. 43, p. 483, MIT Press, 
1976. 



187 

61. K. Ramohalli, "Structure and Acoustics of Open Jet Flames," WSS/CI Paper 
74-25, 1974. 

62. M. K. Ramachandra and W. C. Strahle, "Acoustic Signature from Flames as 
a Combustion Diagnostic Tool," AlA A J., vol. 21, p. 1107, 1983. 

63. P. K. Seshan, "Reynolds Number Effects in Combustion Noise," Combustion 
Science and Technology, vol. 49, pp. 263-275, 1986. 

64. K. Ramohalli, "Some Fundamental Acoustic Observations in Combusting Tur
bulent Jets," Prog. in Astronautics and Aeronautics, vol. 76, p. 295, AIAA 
Press, 1981. 

65. D. L. Dwoyer, M. Y. Hussaini, and R. G. Voigt, Theoretical Approaches 
to Turbulence, Springer-Verlag New York Inc., 1985. 

66. G. T. Chapman and M. Tobak, "Observations, Theoretical Ideas, and Model
ing of Turbulent Flows-Past, Present, and Future," Theoretical Approaches 
to Turbulence (Eds. D. L. Dwoyer, M. Y. Hussaini, and R. G. Voigt), Springer
Verlag New York Inc., 1985. 

67. S. K. Friedlander and L. Topper, Turbulence, Interscience Publishers, Inc., 
New York, 1961. 

68. J. O. Hinze, Turbulence, McGraw-Hill Book Company, Inc., New York, 1959. 

69. G. N. Abramovich, The Theory of Turbulent Jets, The MIT Press, Cam
bridge, Massachusetts, 1963. 

70. P. Moin and J. Kim, "Numerical Investigation of Turbulent Channel Flow," 
J. Fluid Mech., vol. 118, pp. 341-377, 1982. 

71. B. J. Cantwell, "Organized Motion in Turbulent Flow," Ann. Rev. Fluid Mech., 
vol. 13, pp. 457-515, 1981. 

72. T. B. Benjamin, "Bifurcation Phenomena in Steady Flows of a Viscous Fluid. 
I, Theory. II, Experiments," Proc. Royal Soc., London, ser. A, vol. 359, pp. 1-
43,1978. 

73. E. N. Lorenz, "Deterministic Non-Periodic Flow," J. Atmos. Sci., vol. 20, No.2, 
pp. 130-192, 1963. 

74. C. Sparrow, The Lorenz Equations: Bifurcations, Chaos, and Strange 
Attractors, Springer-Verlag New York Inc., 1982. 



188 

75. B. B. Mandelbrot, "Fractal Geometry of Turbulence," Proceedings of ICAS
E/NASA workshop on Theoretical Approaches to Turbulence, Oct., 1984. 

76. W. D. McComb, "Renormalisation Group Methods Applied to the 
Numerical Simulation of Fluid Turbulence," Theoretical Approaches 
to Turbulence (Eds. D. L. Dwoyer, M. Y. Hussaini, and R. G. Voigt), Springer
Verlag New York Inc. 1985. 

77. P. A. Libby and F. A. Williams, Turbulent Reacting Flows, Springer-Verlag 
New York Inc., 1980. 

78. A. N. Kolmogorov, "The Local Structure of Turbulence in Incompressible Vis
cous Fluid for Very Large Reynolds' Number," Turbulence (Eds. S. K. Fried
lander and L. Topper), Interscience Publishers, Inc., New York, 1961. 

79. A. N. Kolmogorov, "On Degeneration of Isotropic Turbulence in an Incom
pressible Viscous Liquid," Turbulence (Eds. S. K. Friedlander and L. Topper), 
Interscience Publishers, Inc., New York, 1961. 

80. M. V. Dyke, An Album of Fluid Motion, The Parabolic Press, Stanford, Cal
ifornia, 1988. 

81. N. Peters and F. A. Williams, "The Asymptotic Structure of Stoichiometric 
Methane-Air Flames," Combustion and Flame, 68, pp. 185-207, 1987. 

82. N. Peters and R. J. Kee, "The Computation of Stretched Laminar Methane
Air Diffusion Flames Using a Reduced Four-Step Mechanism," Combustion 
and Flames, 68, pp. 17-29, 1987. 

83. D. J. Hucknall, Chemistry of Hydrocarbon Combustion, Chapman and Hall 
Ltd., New York, 1985. 

84. J. E. Broadwell and R. E. Breidenthal, "A Simple Model of Mixing and Chemi
cal Reaction in a Turbulent Shear Layer," Journal of Fluid Mechanics, vol. 125, 
pp. 397-410, 1982. 

85. E. H. Kennard, Kinetic Theory of Gases, McGraw-Hill, Inc., New York, 1938. 

86. L. M. Bollinger and D. T. Williams, "Effect of Reynolds Number in Turbulent
Flow Range on Flame Speeds of Bunsen Flames," Report 932, NACA, 1949. 

87. K. Luzzatto and A. Tamir, "Combustion of Gas in a Two-Impinging Wall-Jets 
Combustor," Combustion Science and Technology, vol. 65, pp. 67-81, 1989. 



189 

88. National Advisory Committee for Aeronautics, Report 1300, NACA, 1959. 

89. R. A. Clark, J. H. Ferziger, and W. C. Reynolds, "Evaluation of Subgrid
Scale Models using an Accurately Simulated Turbulent Flow," Journal of Fluid 
Mechanics, vol. 91, pp. 1-16, 1979. 

90. J. H. Ferziger, "Large Eddy Simulation: Its Role in Turbulence Research," 
Theoretical Approaches to Turbulence (Eds. D. L.Dwoyer, M. Y. Hussaini, 
and R. G. Voigt)., Springer-Verlag New York Inc., 1985. 

91. A. Schirmer, J. Green, and K. Ramohalli, "Experimental Augmentation of 
Turbulent Flames Through Free Radicals Delivered in Situ," Combustion Sci
ence and Technology, vol. 53, pp. 411-419, 1987. 

92. K. Ramohalli, Y. Yang, and A. Cort, "Further Results from Free Radicals
Augmented High Speed Turbulent Combustion," AIAA Paper 90-2097, 26th 
Joint Propulsion Conference, July, 1990. 

93. J. J. Riley, R. W. Metcalfe, and S. A. Orszag, "Direct Numerical Simulations of 
Chemically Reacting Turbulent Mixing Layers," Phys. Fluids 29 (2), pp. 406-
422, Feb. 1986. 

94. P. Givi and W. H. Jou, "Mixing and Chemical Reactions in a Spatially De
veloping Mixing Layer," Flow Research Report No. 440, Flow Research, Inc., 
March 1988. 

95. R. K. Madabhushi and S. P. Vanka, "Large Eddy Simulation of Turbulence
driven Secondary Flow in a Square Duct," Phys. Fluids A 3(11), pp. 2734-
2745, Nov. 1991. 

96. B. P. Leonard," A Stable and Accurate Convective Modelling Procedure 
Based on Quadratic Upstream Interpolation," Computer Methods in Applied 
Mechanics and Engineering, 19, pp. 59-98,1979. 

97. A. Michalke, "On the Inviscid Instability of the Hyperbolic Tangent Velocity 
Profile," Journal of Fluid Mechanics, vol. 19, pp. 543-556, 1964. 

98. A. MiGhalke, "On Spatially Growing Disturbances in an Inviscid Shear Layer," 
Journal of Fluid Mechanics, vol. 23, part 3, pp. 521-544, 1965. 

99. A. Michalke," A note on Spatially Growing Three-dimensional Disturbances 
in a Free Shear Layer," Journal of Fluid Mechanics, vol. 38, part 4, pp. 765-
767, 1969. 



190 

100. L. P. Bernal, "The Coherent Structure of Turbulent Mixing Layers I. Similar
ity of the Primary Vortex Structure II. Secondary Strearnwise Vortex Struc
ture," GALCIT Report, Calif. Inst. Tech., 1981. 

101. P. S. Lowery and W. C. Reynolds, "Numerical Simulation of a Spatially
developing, Forced, Plane Mixing Layer," Stanford University, Report No. TF-
26,1986. 

102. J. Kim and P. Moin, " Application of a Fractional-Step Method to Incom
pressible Navier-Stokes Equations," Journal of Computational Physics, 59, p
p. 308-323, 1985. 

103. P. M. Gresho and R. L. Sani, "On Pressure Boundary Conditions for the 
Incompressible Navier-Stokes Equations," International Journal for Numerical 
Methods in Fluids, vol. 7, pp. 1111-1145, 1987. 

104. M. B. Giles, "Nonrefiecting Boundary Conditions for Euler Equation Calcu
lations," AIAA Journal, vol. 28, no. 12, pp. 2050-2058, 1990. 

105. M. Kloker, U. Konzelmann, and H. Fasel, "Outflow Boundary Conditions 
for Spatial Navier-Stokes Simulations of Transition Boundary Layers," AIAA 
Journal, vol. 31, no. 4, pp. 620-628, 1993. 

106. L. L. Pauley, P. Moin, and W. Reynolds, "The Structure of Two-Dimensional 
Separation," Journal of Fluid Mechanics, vol. 220, pp. 397-411, 1990. 

107. G. I. Taylor and G. K. Batchelor, The Scientific Papers of G. I. Taylor, 
vol. II, Article 16, Cambridge University Press, Cambridge, 1960. 

108. F. Gao and E. E. O'Brien," A Large-Eddy Simulation Scheme for Turbulent 
Reacting Flows," Phys. Fluids A 5 (6), pp. 1282-1284, 1993. 


