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ABSTRACT 

The effect of sudden changes in the Earth's moment of inertia on the 

hydromagnetic state of the core is studied. Rapid changes in georotation, due to 

ice age transgression and regression, are described as varying boundary conditions in 

an axisymmetric Earth model containing both viscous and electromagnetic coupling. 

The deterministic equations describing the limit of rapid rotation are employed in 

conjunction with restricted 2-D predictive magneto-fluid equations. A kinematic 

description is devised for both buoyancy driven mass motions and the regeneration 

of the poloidal magnetic field. A pseudo-spectral method is used to solve the 

incompressible magneto-fluid equations. The variables are collocated in radius using 

Chebyshev polynomials and the pseudospectral evaluations in colatitude are done 

using associated Legendre polynomials. Time dependence and magnetic diffusion 

are controlled by a modified second order semi-implicit Runge Kutta scheme. 

Deterministic steady state solutions were found in full agreement with Hollerbach 

and Jones (1993a,bj 1995). Steady state boundary layers, arising from differential 

motion of the outer core boundaries, were found to induce significant departures 

for both 0:2_ and o:w-dynamo steady state configurations. The hydromagnetic 

communication time of the core, determined the predictive magneto-fluid equations, 

is found to be consistent with the deterministic calculations. 'Within the context of 

this model, it is concluded that a causal connection is plausible between geomagnetic 

transients and significant changes in the Earth's moment of inertia. 



PREFACE 

Comprehending the origins of geomagnetism has been one of the great intellectual 

challenges of all time - one that continues to this day. This is surprising considering 

that, apart from sphericity, it was the first bulk property of the Earth recognized. 

Though its existence has been known for over a millenium, a full understanding of 

this phenomenon, now known to be commonplace in the universe~ continues to elude 

us. There are those, however~ who believe we are approaching a watershed due to 

recent technological advances in the numerical sciences. 

The discovery of the compass is thought to have originated in China, perhaps as 

early as the second century B.C., when craftsmen observed that well balanced spoons 

made of loadstone (magnetite) had a propensity to point toward geographic north. 

The thirteenth century classic Epistola de iVlagnete by Petrus Perigrinus, regarded 

as the first scientific treatise, defined the concept of polarity, and was roughly 

contemporaneous with the works of Roger Bacon who noted upon the apparent global 

directivity of the compass needle - pointing toward the "pole" star. Within the 

following century, careful observations were made of the inclination and declination 

of the compass needle, and how these data varied in time. This period of research 

was summarized in William Gilbert's treatise entitled De Magnete, published in 1600. 

wherein the Earth was described as a great magnet - the observations revealed the 

dipolar structure of the geomagnetic field. This took place nearly a century before 

the publication of Newton's P1'incipia, However, throughout the course of these 

investigations the origins of geomagnetism had remained enigmatic. 

The modern view of the Earth's magnetic field began to emerge by the turn of 
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this century. Strangely, after more than a millenia of study~ early twentieth century 

researchers, dedicating their efforts specifically to the origins of geomagnetism, 

considered the problem so bewildering that new physical principles were feared to 

be prerequisite for a complete understanding of the phenomenon. Albert Einstein 

regarded it as one of the quintessential problems of his time. It was easily 

demonstrated that geomagnetism could not be a primordial relic nor due to some 

great "bar magnet" deep within the Earth. Thus, a mechanism was ~ought by which 

large-scale electric currents within the Earth could sustain the observed main field. 

In 1919, Larmor put forth his famous proposition describing magnetic induction 

III rotating astrophysical systems. By the mid-century, the notion of a dynamo 

mechanism was beginning to win acceptance. Two significant steps were made. First. 

T. Cowling proved that dynamo action in any astrophysical-scale setting could not 

possess a simple solution. Second, VV. Elsasser proposed that core fluid motions could 

account for geomagnetic field generation as well as both its occasional rapid change 

and for the irregular variation of the Earth's rotation. This and other related works 

have formed the basis for magnetohydrodynamics - the study of the interaction 

between an electrically conducting fluid permeated by an ambient magnetic field. 

usually of cosmic proportions. The specific study of an astrophysical system which 

can sustain its own magnetic field. by virtue of endemic fluid motions alone. has 

come to be known as dynamo theory. The physical mechanism of regenerating the 

Earth's magnetic field is often referred to as the geodynamo. 

The single greatest observation. albeit indirect, was also made during this period. 

Since the mid-ninteenth century, it was known that certain rocks were magnetized 

in a direction parallel to the Earth:s magnetic field, providing a record of the past. 

At the turn of the century, however: lava flows were discovered with a preferred 

magnetization anti parallel to those of the earlier samples - Earth's magnetic 
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field was apparently reversed at some time. vVithin the next few decades the 

paleomagnetic record had emerged, revealing, in fact, that the geodynamo possesses 

two stable polarity states - we refer to them as normal and reversed. 

Theorists have long considered this observation as the single most powerful 

constraint on any field generation model. Unfortunately, to this day. there are no 

fully self-consistent models available to constrain! The theory is plagued by some of 

the most intractable mathematics of our time. Progress has been largely restricted 

to over simplified models for which analytic solutions are attainable. O\'er the past 

several decades, however, the theory has undergone a great revolution. The advent 

of the digital computer has enabled mathematicians to simulate various solutions of 

the complete set of dynamo equations with ever increasing accuracy. 

Space exploration has also provided a wealth of new observations - geomag

netism is but one prosaic example of a cosmic magnetic field for which dynamo 

theory has been put to the test. '''Ie have measured, what a.re believed to be, dy

namo magnetic fields from planetary scales to galactic scales. In fact, the universe is 

observed to be largely in the plasma state and, accordingly, magnetohydrodynamic 

phenomena are the rule rather than the exception. 

Now, nearing the close of the twentieth century, at the end of the second 

millenium, we stand poised with a great insecurity. In spite of all the recent advances, 

on both theoretical and observational fronts, dynamo theory has predicted 

virtually nothing observable pertaining to geomagnetism. In particular, 

the cause of reversals remains poorly understood. Regrettably, the subject has been 

relegated to the arena of applied mathematics. 

We can understand this dilemma by reconsidering the last statement. The study 

of geomagnetism has become dominated by applied mathematicians due. not only 

to its theoretical complexity but, to a complete lack of direct observations of the 
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geodynamo itself. The Earth's core was discovered seismically near the beginning 

of the century. Its composition was controversial for many decades. Interestingly. 

Elsasser's theory was proposed around the time that iron was accepted as the 

primary constituent of the core. Molten iron is a highly electrically conducting 

fluid - a necessary ingredient for a cosmic dynamo. However, for all intents and 

purposes~ it resides in one of the most inaccessible places of the universe; some :3000 

km below the overwhelming mass of the solid mantle. Our understanding of this 

remote setting relies upon grossly inadequate experience. For example, experimenta.l 

high-pressure physics has only recently been explored at micro-temporal and -spatial 

scales. Moreover, observations of the core are few and indirect. There is no general 

consensus regarding the power source responsible for dynamo action. Elsasser would 

be frustrated to know that the exact nature of his proposed core fluid motions. 

crucial to understanding the geodynamo, has yet to find unanimous consent among 

today's scholars. Simply put, dynamo theory suffers because the physical setting is 

exceedingly complex and is totally hidden from view. 

In analogy, our understanding of planetary ring systems underwent a revolution 

during the first deep space probe encounters. Remote sensing from the Earth 

was inadequate to resolve the shepherding satellites that largely govern their 

dynamics. Such an epiphany in dynamo theory awaits a new class of observables 

involving the Earth's deep interior. Theorists will soon have, at their disposal, fully 

dynamical models which will prove crucial in constraining the plethora of deep Earth 

parameters. However, it is preposterous to claim that a significant breakthrough will 

be achieved by theory alone. Some form of direct observations are crucial. 

There is a growing incentive to fully understand geomagnetism from the point of 

view of global environmental change. The geomagnetic field is a buffer zone between 

the Earth's fragile ecosystem and the high energy environment of interplanetary 
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space. Propositions have been put forth relating geomagnetic reversals to widely 

diversified phenomena such as mass extinctions and ice ages. A reversal can occur 

at any time now. The associated decrease of the main field will surely result in an 

increased cosmic ray flux at the upper atmosphere. The potential impact on the 

environment must be well understood. 

'rVe look forward to the next few years for this predicted climax of theoretical 

modeling. More importantly, however, there is hope for a new class of observables 

that will alleviate the current strain on theory. U nti! they are in hand, we must rely 

upon the current glut of mathematical modeling - this work taking its place as an 

additional pedestrian. 



CHAPTER 1 

INTRODUCTION 
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The search for physical relationships between changes in global weather at Earth's 

surface and the geodynamo deep within its core is an outstanding issue in geophysics. 

Both causal directions have been suggested - that geomagnetic excursions and 

reversals may effect the weather (Kennett et al., 1971; Harrison and Prospero, 1974: 

Fairbridge, 1977) and that both transgressive and regressive periods of ice ages may 

initiate transient hydromagnetic phenomena within the core as significant as reversals 

(Olausson and Svenonius: 1973; Doake, 1977, 1978; Pal and Creer, 1986; Muller and 

Morris, 1986; Burek and Wanke, 1988; Pal, 1991). The first notion is based on the 

proposition of Roberts and Olson (I9n) that high altitude ionization is an important 

factor governing the nucleation of cirrus clouds. If this is true then a decrease in 

geomagnetic field strength, with consequent increased levels of cosmic rays in the 

upper atmosphere, could augment cloud cover enough to result in global cooling. 

This proposed chain of events takes place on the Earth's exterior, resulting from a 

cause well known to occur within it's deep interior, and therefore can be observed 

directly. The opposite causal relationship is more difficult to study as there is yet no 

general consensus on the origins of internal geomagnetic transients, a reversal being 

the paradigm example. Knowledge of the physical conditions of the Earth's core rely 

mainly on a few indirect data' and a plethora of theory. Accordingly, some believable 

mechanisms have been put forth whereby events at Earth's surface can significantly 

alter the conditions of the core-mantle boundary, but stop short of satisfactorily 

addressing the issues concerning how the core may respond. With few exceptions 



19 

(i.e., Loper and McCartney, 1990) authors have not carefully acknowledged this 

point. What follows is a critical address to this problem: to what extent and under 

what circumstances can drastic changes in global weathe1' affect the hydro magnetic 

stability of the core. 

Although detailed knowledge of the Earth's core is lacking, a general picture 

of the magnetic field generation process has emerged from research spanning much 

of this century - the so-called dynamo theory. The geomagnetic field originates 

from motions occurring in the electrically conducting liquid iron that constitutes the 

outer core. The flow is driven gravitationally by forced convection associated with 

the growth of the inner core (Braginsky, 1963; Loper and Roberts, 1983: Fearn, 1988), 

arguably with localized thermal contributions, and is simultaneously modified by the 

Earth's rapid rotation. The only plausible driving force of external origin is precession 

but has been shown to be orders of magnitude too small (Busse, 19i1; Loper, 197.5; 

Rochester et al., 1975). Accordingly, geomagnetic transients as significant as field 

reversals are thought to result from departures of steady state outer core fluid motions 

that arise largely from stochastic perturbations endemic to the geodynamo and from 

changes in its boundary conditions. (i.e., Hide, 1967; Parker, 1969; Levy, 1972a, 

b, c; Bullard and Gubbins, 1977; .Jeanloz, 1990). The only mechanism proposed 

whereby an external agent could significantly affect the core is from sudden changes 

in the Earth's moment of inertia - an inevitable consequence of large meridional 

redistributions of water mass. Both intitial (transgressive) and terminal (regressive) 

stages of ice ages involve the rapid exchange of H20 between oceans and polar 

regions. The corresponding change in global sea-level alters the Earth's moment 

of inertia which, according to the conservation of angular momentum. produces 

variations in the rotation rate of the mantle (see Figure 1.1). Therefore, a strong 

transient azimuthal velocity shear is likely to occur at or near the top of the fluid 
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outer core. However, a significant geomagnetic response depends on the critical 

details of how the core and mantle exchange angular momentum during this event. 

That specific point is the focus of this work. 

1.1 The Geophysical Evidence 

The moment of inertia of the Earth's mantle 1m can change significantly on 

relatively short timescales through variations in global sea-level and by isostatic 

compensation within the solid Earth. The flooding of Venice in recent times should 

convince the reader of the reality of such rapid surface dynamics. The events are 

interrelated - the sudden release of polar ice causes rebound of local substrate 

while the added weight of the oceans causes abyssal plains to subside (Bloom, 1967; 

Walcott, 1972; Chappell, 1974b). The end of the last ice age, during the Late 

Pleistocene, has provided a wealth of direct observations to test current theories. 

Here is a brief survey of the literature. 

1.1.1 Eustacy 

The chronology of global, or eustatic, sea-level changes has been critically studied 

for some two decades (Marner, 1976; Vail et al., 1977; Vail and Hardenbol, 1979; 

Vail and Mitchum, 1979; Haq et aL 1988). It is based on the interpretation of 

stratigraphic sequences of ancient shorelines. This work is often difficult and leads 

to ambiguous results. Moreover, corrections must be made for the non-uniform rise 

in global sea-level due to the gravitational attraction of large ice sheets (Farrell and 

Clark. 1976). The resulting detailed estimates, eustatic sea-level curves. are non

unique and must be accepted with some reservation (Marner, 1980; Kendall and 

Lerche, 1988; Hardenbol, 1992). However, current consensus favors the existence of 

19 major sea-level drops (hundreds of meters), 43 intermediate sea-level drops (tens 
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Figure 1.1: Schematic representation of a transgressive ice age event with consequent 
spin-up of t he mantle. The lower sea-level is portrayed by partially exposed 
continental shelves. The northern ic(> cap is el1\'isaged as nearing full developement. 
Note that most of t.he cryosphere resides in Antarctica. Figure by Glenn Bradford. 
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of meters) and .58 small sea-level drops throughout the Cenozoic era: which spans 

the last 66 .. 5 Ma (Haq et af.: 1988). The most recent events correlate well with 

major changes in polar ice (Hardenbol: private communication. 1992). For example. 

Kennett (1977) reported a drop of 59 meters in sea-level associated with the mid

Miocene development of the east Antarctic ice sheet. In particular: the rapid retreat 

of the most recent ice sheets: of the Late Pleistocene. resulted in an average rise of 

sea-level of over 120 m (i.e., Chappell, 1974a, L987; Ota et al.. 1981: Carter and 

Johnson, 1986). 

The characteristic time for ice sheet transgression and regression is well known. 

Weertman (1963) calculated that an ice sheet takes between 1.5 to :30 thousand years 

to build while only 2 to 4 thousand years to dissipate. Kennett (1977) estimated 

that the east Antarctic ice sheet took between 7.5 and 100 ka to grow while most of 

the melting of the Late Pleistocene ice sheets began about 14 ka BP and was largely 

complete 6.5 ka BP. (Lambeck, 1988, p. 121; Crowley and North, 1991, p. 85), both 

calculations in general agreement with Weertman's analysis (also see Cathles, 197.5, 

pp. 119-122). These estimates can be translated into eustatic sea-level changes. 

For example, most of the Late Pleistocene sea-level rise took place over some 6 ka 

(Lambeck, 1988, p. .532). We conclude that a significant exchange of water mass 

between polar regions and oceans takes between 103 
- 105 years with the most rapid 

changes corresponding to regressive periods. 

1.1.2 Isostacy 

Calculating the change in moment of inertia based upon transference of water 

mass alone would be simple for a rigid non-deformable Earth. However, the mantle 

undergoes subsolidus flow into or out of regions respectively underlying a deficit 

or surplus of mass loading. This would tend to counter such changes in moment of 



23 

inertiajust described if isostatic compensation is quick enough. Observations of post-

glacial uplift indicate a rapid initial rebound followed by an exponential decrease in 

the uplift rate (Cathles, 1975: p. 198). The e-folding time is typically a few thousand 

years (i.e., Andrews, 1970). Estimates of the global relaxation time of the Earth's 

oblateness following the Late Pleistocene deglaciation are similar (O:Connell. 1971). 

Hence, isostatic compensation appears to operate over similar timescales. 

Doake (19ii) claimed that the calculated changes in moment of inertia due to 

sea-level fluctuations for a rigid Earth should be reduced by only e- 1 when including 

the contemporaneous effects of isostatic compensation. Of course: he assumed a 

simplistic linear deglaciation model which is perhaps naive. In addition, Munk and 

MacDonald (1960) have concluded that the Earth's moment of inertia with fully 

compensated ice sheets would still differ by a non-negligible amount compared to that 

void of ice sheets. So: even if both eustacy and isostacy operate on similar timescales. 

non-neglible changes in 1m are to be expected. However, current observations of the 

non-tidal angular acceleration of Earth indicate that isostatic compensation continues 

today some 6.5 ka after the Late Pleistocene deglaciation (Dicke, 1969; O'Connell, 

1971; vVahr, 1988). This further strengthens the notion that significant variations in 

1m occur regularly. 

It is clear that the combined effects of eustacy and isostacy must be taken into 

account when modeling the changes of 1m in detail. However, this work is concerned 

with the possibility of affecting the hydromagnetic stability of the core and we need 

not be concerned with exactness in determining dIm. It is henceforth accepted that 

significant changes in the Earth's moment of inertia wiII result from the transient 

phases of ice ages. 
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1.1.3 Correlations with the Paleomagnetic Record 

There are many classifications of transient geomagnetic events. A complete review 

is provided by Courtillot and Le ~louel (1988). We are concerned with variations 

that are believed to be endemic to the core, the best known being the geomagnetic 

field reversal. Reliable data span a considerable timescale. Over 160 reversals have 

occurred throughout the Cenozoic. the last one having taken place 0.69 :VIa BP. The 

current period of "normar' polarity is referred to as the Brunhes Polarity ehron. vVe 

note that this time period, defined by its void of reversals, spans several ice ages, not 

supporting the notion that ice ages and reversals are connected. However, Doake 

(1978) claimed to have evidence for a relationship between reversals and specific 

climatic indicators during the Upper Pliocene (the Pliocene begins .j.2 Ma BP and 

ends just under 2 Ma BP). Unfortunately, even if the correlation is reaL the temporal 

resolution is too low for establishing cause and effect. More directly, comparisons of 

the eustatic sea-level prehistory with the paleomagnetic record have been attempted, 

but have met with little success (Gaffin, 1987; Muller and Morris, 1988). We have 

presented these data in Figure (1.2a). Clearly, there is no correlation apparent from 

visual inspection. 

A dramatic proposition was put forth by Muller and ~Iorris (1986). They 

claimed the existence of a correlation between large terrestrial meteorite impacts 

and geomagnetic reversals. Rice and Creer (1989) ruled out the possibility of seismic 

spalling of the core. Muller and Morris proposed that an impact could initiate an 

ice age which, in turn, somehow, is responsible for a geomagnetic reversal. There 

is no question regarding causality: however, it is not clear that major impacts can 

initiate ice ages (Toon et ai., 1982; Crowley and North, 1991, p. 176). There is 

no mechanism for the implacement of volumous amounts of fine debris into the 

stratosphere since most of the vapor plume is vented above the atmosphere (Jones 
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and Kodis, 1982). In fact, large impacts produce global wildfires (Melosh et al.. 

1990) due to the ballistic re-entry of a significant fraction of the vapor plume. It is 

not likely that much of the resulting wildfire soot can reach the stratosphere and, 

moreover, its characteristic residence time in the atmosphere has been calculated to 

be very short (Melosh, private communication). Perhaps the worst aspect of this 

impact-reversal proposition is that data correlations are nearly impossible to make 

- there have been only ten known continental impacts producing craters tens of 

kilometers in diameter throughout the Cenozoic. The dating errors (i.e., Grieve, 

1987) are often larger than the timescale of a typical geomagnetic polarity chron. 

Furthermore, no evidence exists for an ice age at the well known Cretaceous-Tertiary 

boundary, marking one of the largest impact events in the inner solar system within 

the last billion years. Above all, however, a physical mechanism to explain how the 

Earth's core could be affected by this process was altogether lacking in their work. 

In addition to reversals, the more recent paleomagnetic record displays ambiguous 

signs of what some believe are aborted reversals - the geomagnetic excursions. The 

data concerning excursions are relatively poor making it unclear whether they are 

related to reversals (Petrova and Pospelova, 1990; Merril and McFadden, 1994) 

nor, for that matter, whether they actually exist (Verosub, 1982; Roberts and 

Piper, 1989). The principal difficulties are that a) few observations exhibit global 

correlations and b) most of the data are based on the non-unique interpretation of 

fluvial sedimentary cores. Recently, however, more reliable data has become available 

from work done both in the southern hemisphere and on lava flows (i.e., Shibuya 

et al., 1992). There is now little doubt that at least two excursions did indeed 

occur during the Brunhes Chron (Merril and McFadden, 1994), and that perhaps 

the number may be as high as fifteen (Petrova and Pospelova, 1990). 

Geomagnetic excursions are relatively short events, of some 102 - 103 years in 
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duration. This is somewhat shorter than the characteristic time for a reversal to take 

place - some .j-l0 ka (i.e., Jacobs, 1984). Only one exception has been found, lasting 

an unprecedented 130 ka, during an earlier polarity chron (Hyodo et ai., 1992). 

Several authors have reported evidence for correlating geomagnetic excursions 

and ice ages. Jacobs (1984) provided an excellent summary of such investigations 

as of a decade ago. The best studied excursion (Laschamp) occurred some ·1:3 

ka BP (Merrill and McFadden, 1994) during the deglaciation of Northern Europe 

(Doake, 1977). Rampino (1979) correlated many excursions against the 8180 record, 

employed as an indicator of global climate. The resolution is good enough to see that 

many excursions apparently occur during the regression of ice ages. 'vVe have tried 

to reproduce these results using more recent data for the Brunhes Polarity Chron 

(particularly from Petrova and Pospelova, 1990). The results are displayed in Figure 

(1.2b). The eustatic sea-level curve (dotted) extends some 5.50 ka BP. Note how 

the resolution decreases outward in time. Superimposed are ten excursions that are 

believed to have taken place during that time (horizontal lines). Here as well, there 

appears to be better resolution on more recent excursions as their frequency falls 

sharply beyond 50 ka BP. The recent eustatic sea-level curve displays a great deal of 

fine structure. Essentially, a "horizontal line" could be drawn almost anywhere and 

exhibit an apparent correlation. Admittedly, it is at least provacative that, beyond 

50 ka BP, most excursions appear to be correlated with ice ages. 

Additionally, it is well known that the Earth's orbital parameters influence ice 

ages - the Milankovitch mechanism. If geomagnetic excursions can be initiated by 

ice ages one would expect that they correlate with the combined effects of factors 

such as the Earth's orbital eccentricity, obliquity and precession (Wollin et ai., 197'i. 

1978; Rampino. 1979; Jacobs, 1984). 'vVe have also incorporated the most important 

of these parameters, orbital eccentricity e, into Figure (1.2b) as well (solid curve). 



Note how well it correlates with the eustatic sea-level curve. The earlier work 

was noteworthy in that excursions appeared to follow the Milankovitch cycle. Our 

presentation of these data generally do as well, although, as already mentioned. only 

beyond .50 ka BP where the resolution becomes poorer. Overall 1 there are too many 

problems in temporal resolution for any firm conclusions to be drawn. 

Of particular interest is the recent Gothenburg excursion which occurred between 

13.75-12.35 ka BP (Marner and Lanser, 197.5) during the retreat of the Late 

Pleistocene ice sheets. Fairbridge (1977) correlated this event with four global 

climatic indicators and suggested that the excursion initiated a brief period of global 

cooling and readvance of polar ice resulting from high altitude ionization (Roberts 

and Olson, 1973). Marner (1969) also reported an eustatic sea-level drop during 

that period. There has even been the suggestion of a negative feedback mechanism 

provided that the excursion was itself caused by the ending ice age. However. Hecht 

(1977) strongly criticized Fairbridge (1977) in that too few climatic indicators were 

used and that the 8180 record did not display the correlation claimed by Fairbridge. 

The existence of the excursion itself has been the subject of much debate (i.e .. 

Thompson and Berglund, 1976) although it is now generally regarded as real. 

The Gothenburg excursion occurred during the most recent period of rapid 

eustatic sea-level rise. Of the various estimates of eustatic sea-level changes (Vi='l 

Goodess et al., 1992; Tooley, 1974) only one author, Marner (1969), has reported a 

negative fluctuation that roughly correlates with this excursion. This is displayed in 

Figure (1.2c). However, Fairbridge's claim of a "negative eustatic oscillation in the 

interval 13,000-14,000 BP" is actually based on Marner (1975), where the reputed 

fluctuation was relocated closer to 1.5 ka BP. In fact, this laler work of Marner displays 

no eustatic sea-level changes of any amplitude during t.he Got.henburg excursion. 

As a final point, the most recent excursion, centered at roughly 2.8 ka BP (Petrova 
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(a) (b) (c) 

Figure 1.2: Comparison of eustatic sea-le\'el changes (ESL) and paleomagnetic data 
during a) the Cenozoic era (adapted from Haq et al.). b) the Brunhes (,hron (ESL 
adapted from Chappell. 198:3. and :\-Iatthews. 1990: Earth orbital eccentricity data e 
adapted from R.ampino, UJ79) and c) the last ice age regression (ESL adapted from 
Marner, 1969). Figure by Glenn Bradford, 
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and Pospelova, 1990), is also displayed in Figure (1.2c). There is no evidence for 

a correlation between this relatively short event and any of the recent estimates 

of eustatic sea-level changes quoted above. Furthermore, other climatic indicators 

exhibit no anomalous cooling trend at or about that time (i.e .. Rothoisberger, 1986). 

Interestingly, this excursion took place during historic times. 

The reader should note that we have zoomed in on the Cenozoic record by 

more than four orders of magnitude and are unable to draw firm conclusions. The 

difficulties encountered in the recent record involving geomagnetic excursions alone 

make it clear that reversals cannot be easily correlated with the long term record 

of eustatic sea-level fluctuations - the existing data sets are inadequate. As a final 

point, excursions are more than an order of magnitude more frequent than reversals. 

This suggests that the geodynamo is inherently stable during a given polarity epoch. 

We conclude the following regarding the geophysical evidence. There is, at least, 

provocative evidence suggesting a causal connection between the transient stages of 

ice ages and geomagnetic excursions. However, the data are insufficient to resolve 

cause and effect - either causal direction is seemingly plausible. Finally, the data 

are wholly inadequate to resolve any relationship with geomagnetic reversals. Let us 

now turn to elementary theoretical considerations. 

1.2 Simple Estimates 

Consider a sudden hundred meter global sea-level change on a rigid non

deformable Earth of radius RffJ. The amount of water mass involved. of density p. is 

dJ.\tJ = 47r'PR~dRe '" 4 x 1019 kg. For now, let us neglect the complicated exchange 

of angular momentum between solid mantle and fluid outer core. Then. accordingly, 

the change in the Earth's moment of inertia is dIm; of the order R~dl\1 '" 1033 

kg· m2
• The fractional change in the mantle's angular velocity dnm/nm is related 
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directly to the fractional change in its moment of inertia through conservation of 

angular momentum. Thus~ given the mantle's moment of inertia 1m '" 1038 kg· m 2 • 

(1.2.1a) 

corresponding to a one second change in the length of the day. Estimates of this 

magnitude have been predicted for nearly half this century (i.e., Young, 19.53). The 

mantle's rotational energy E rot is 

( 1.2.1b) 

Since dErot/ Erot is also equal to (1.2.1a) then the change in the rotational energy of 

the mantle is about 1023 J. Recall that the shortest timescale for eustatic sea-level 

changes is between 103 and 104 years. Thus. the power imparted to the mantle is 

some 1012 - 1013 W. This is accepted as the representative power available to the 

core-mantle boundary from the regression of a typical ice age. 

1.2.1 The core environment 

Now consider the steady state environment of the Earth's core in order to gauge 

the importance of this estimate. The evolution of an astrophysical-scale magnetic 

field B embedded in an electrically conducting fluid of velocity v and electrical 

conductivity (J' is described by an linear inhomogeneous diffusion equation usually 

referred to as the hydromagnetic induction equation (vi=., Parker, 1979), 

where 

DB at = V' x (v x B) + V' x ("V' x B) 

1 
"7=

(J' J.lo 

(1.2.2) 



31 

and po is the permeability of free space. If the fluid has uniform electrical 

conductivity the last term collapses to 1]'V2B, revealing 1] as the magnetic diffusivity. 

This assumption is commonly made as little physical insight is gained from the 

additional computational expense incurred from a continuously variable conductivity 

model (i.e., Levy and Pearce, 1991). In the case of vanishing diffusivity the magnetic 

field evolves according to the first term on the right hand side which states that 

any differential fluid motion, non-parallel to B, will stretch B in that direction 

witho'ut diminishing the original field components. This is Alfven's famous fro=en flu.r 

theorem of magnetohydrodynamics (MHD). Put simply, the magnetic field is frozen 

into a perfect conductor to insure that there is no net electric field (in the Earth's rest 

frame). This stretched component is new magnetic field generated at the expense 

of the purely mechanical fluid motions. In this description, the fluid motions can 

determine the structure of the magnetic field. However, strong regions of magnetic 

field will oppose such mechanical motions through the back reaction resulting from 

the electromotive force. Where magnetic tension and pressure becomes high the 

Lorentz force (pO)-1('V x B) x B dominates the equation of fluid motion. 

The momentum equation describing the evolution of the Earth's fluid outer core 

1S 

where 

d a 
-=-+(v·'V) 
dt at 

(1.2.3 ) 

is the mobile differential operator, :Fe = 2n x v is the Coriolis force, :FL = B· 'VB / po 

is the Lorentz force, :FA = pg is the Archimedean force and :Fv = p'V2v+ ~ 'V('V ·v) is 

the viscous force. Here, v is the velocity relative to the non-inertial frame of the Earth 

rotating with angular velocity n, p the effective pressure (including the centrifugal 
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force and magnetic pressure), g the gravitational acceleration, p the density and J-l 

the viscosity (vi.:., Merrill and McElhinny, 1983). 

The observed westward drift of the non-dipole field is thought to represent typical 

large-scale steady state fluid motions in the outer core - amounting to some tenths 

of millimeters per second (Elsasser. 1950: Bullard et ai., 1950). This is many orders 

of magnitude lower than the sound speed of the core. Moreover, the variation in core 

pressure does not vary significantly. Accordingly, the outer core can be modeled as 

an incompressible fluid; that is, 

(1.2.--1) 

The continuity constraint (1.2.4) allows for overwhelming simplifications. 

Foremost, one can address fairly complex issues without employing conservation of 

energy directly. In addition, the viscous term due to pure dilation \7(\7 . v) vanishes. 

Finally, a great deal of analysis has been performed on incompressible fluid dynamics 

affording greater confidence in the mathematics of such models (Gresho, 1991). 

Let us gauge the relative importance of the individual terms contained In 

the momentum equation within the context of the Earth's core. The low fluid 

velocities previously mentioned suggest that the inertial acceleration (v· \7)v is very 

small compared to the Coriolis acceleration 20 x v under steady state conditions. 

Estimation of the remaining viscous dissipation term is hindered by our poor 

understanding of the outer core viscosity - the literature values span nearly fourteen 

orders of magnitude (vi.:., Jacobs, 1987, pp. 55-56). However, values at the lower 

limit, v '" 10-6 m2's-1 appear most likely (i.e., Gans, 1972). Note that the kinematic 

viscosity is v = J-l/ p. The viscous term is orders of magnitude smaller than the 

Coriolis term even if one assumes the largest estimates of v. Also note that the 
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effective pressure is no longer a thermodynamic variable but rather a fluid parameter 

that insures the solenoidity of the fluid (viz., Gresho, 1991). 

From our crude estimations equation (1.2.3) can be reduced to 

(v x B) x B 
2pO x v = - V P + pg + -'--------'--

J.lo 
(1.2 .. ) ) 

where balance exists between the Coriolis force, pressure gradients, the gravitational 

force and the Lorentz force. The observation that most astrophysical dipole fields 

are closely aligned with their rotation axes strongly supports the contention that the 

Coriolis force is dominant. Then with gravitational forcing, the specifics of outer 

core fluid motions determine how the remaining two forces balance with the Coriolis 

force. Equation (1.2 .. 5) forms the basis for the well known limit of rapid rotation 

(i.e., Fearn et aL, 1989). 

Unfortunately, there are several shortcomings embodied in equation (1.2.5) -

we ~ave eliminated too much physics! Equation (1.2.5) provides a valid first order 

approximation of steady state conditions in the outer core. During spin-up, however, 

some neglected terms become significant locally, with global consequences. These 

issues are addressed in section (1.3) and, in the present context, (1.2.5) is only be 

considered pedagogically. 

Detailed knowledge of outer core fluid motions is sparse and this has led to a 

dichotomy in dynamo theory. First, the geostrophic models maintain that little large

scale fluid shear exists in the outer core so thatl by equation (1.2.2), the magnetic 

field is relatively weak and, consequently, the Coriolis force is balanced largely 

by the pressure gradients. These models suggest that westward drift of the non

dipole field results from Alfven waves rather than differential rotation (Hide, 1966). 

Second, and more favored, the magnetostroplt'ic models rely on the interpretation of 

westward drift as a manifestation of large-scale differential rotation (as mentioned 



:3<-1: 

earlier). Then, again by equation (1.2.2), a very strong azimuthal magnetic field 

is generated resulting in balance between the Lorentz force and the Coriolis force. 

Such a mechanism is directly observed in both the Sun (Priest, 198<-1:) and our galaxy 

(Parker, 1979). It is also favored in explaining the Earth's dynamo (i.e .• Soward. 

1989). 

It was first noted by Elsasser (1947) that an environment of large-scale shear is 

very efficient in generating cosmic magnetic fields. The process whereby an azimuthal 

magnetic field is generated by differential rotation is termed the "",-effect (vi:: .. Levy. 

1976). A meridional field, such as a dipole, cannot be produced in this manner. In 

fact, Cowling's theorem (Cowling. 19:3<-1:, 1957) rules out complete axisymmetry -

there must be an element of asymmetry to have self sustained dynamo action. Parker 

(1955) proposed meridional field regeneration through a mechanism whereby rising 

helical convective plumes distort the azimuthal component into the meridional plane. 

This is referred to as the a-effect (Steenbeck and Kuause. 1966) and is discussed in 

detail in the next chapter. If the w-effect is weak the dynamo is referred to as of a 2_ 

type (geostrophic). Otherwise, it is referred to as an au..'-dynamo (magnetostrophic). 

If the azimuthal magnetic field is allowed to grow until the Lorentz force is 

comparable to the Coriolis force then field strengths on the order of tenths of a Tesla 

(several hundred Gauss) in the Earth's outer core can be expected (vi::., Parker, 

1979, pp. 718). This is why descriptions of 

1.2.2 Comparison of energetics and timescales 

The power required to maintain the geodynamo model just described is roughly 

1011 W, assuming an e-folding time due to resistive dissipation of 104 years 

(accurately calculated in chapter 3). Most studies concerned with core energy sources 

suggest that some 1012 
- 1013 W is available to the core (vi::., Jacobs, 1987, pp. 236-
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24;). These power estimates are comparable to that calculated for a typical spin-up 

of the mantle. Moreover, an increase in the mantle's angular velocity will produce 

a velocity differential dv = RodD. at the core-mantle boundary amounting to several 

tenths of a millimeter per second - the same as the velocity shear associated with 

the westward drift (Ro is the outer core radius). This would perturb the geodynamo 

by tens of percent. Evidently, the energy imparted to the mantle during a typical 

eustatic sea-level change is comparable to the estimated energy budget of the core. 

This has been the cornerstone for the assumption that the transient stages of ice 

ages can perturb the geodynamo. 

Let us now consider the crucial issues pertaining to the dynamical response time of 

the core. There are several coupling mechanisms between the core and mantle that 

are thought to operate simultaneously (Lambeck, 1980; Rochester, 1984; Jacobs, 

1987). They are briefly reviewed in the next chapter. The decade fluctuations of 

Earth's rotation (Morrison, 1979) are a strong observational constraint placing favor 

on electromagnetic coupling - although core-mantle topography is regarded to be 

of equal importance (i.e., Hinderer et al., 1990; Hide, 1993). Regardless of which 

mechanism dominates, electromagnetic coupling is surely present, communicating 

changes at the core-mantle boundary to the entire core on a timescale defined 

by the Alfven velocity, VA = B/ JJ1.0p. Then, given a strong azimuthal field, 

VA '" 10 cm . seCl yielding a characteristic core communication time of a few years 

- orders of magnitude lowe'r than the duration of an eustatic sea-level ch.ange. This 

is true even of the geostrophic models where the toroidal field is relatively weak. 'vVe 

then expect that the core will respond "instantaneously" due to this quasi-steady 

state transference of angular momentum. It is therefore unclear whether or not the 

relatively long term changes in 1m can induce significant departures of the geodynamo 

from its equilibrium state. 
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1.3 Defining The Problem 

It is clear from the foregoing arguments that firm conclusions regarding 

hydromagnetic stability are beyond reach from the analysis of energy budgets alone. 

The timescale for delivery of this large amount of energy may be too long for the 

core to perceive as a significant impulse. However, spin-up does produce meridional 

circulation. Studies of kinematic dynamos (usually a linear approximation wherein 

a prescribed velocity field replaces all dynamics) suggest that meridional motions 

are effective in altering dynamo action (Roberts, 1972; Braginsky, 1978; Braginsky 

and Roberts, 1987). Moreover, nonlinear interactions may be responsible for some 

departure from steady state. 

In our previous discussion on dynamics we found that viscosity and inertia were 

many orders of magnitude less than the dominant forces that govern the outer core 

in steady state. This suggested their exclusion in equation (1.2.3). Although this 

reflects the global nature of the fluid it fails to account for both transient and steady 

state features that are initially local in character. 

Let us first briefly consider the local effects of viscosity. Changes in the boundary 

conditions of a non-magnetic fluid are transmitted to its bulk through viscous stesses. 

This is accomplished by the formation of thin layers of large shear, immediately 

at the boundaries in question. These regions are referred to as boundary layers. 

The same is generally true for magnetic fluids although the physics is somewhat 

more complicated. For example, a change in the mantle's rotation rate will produce 

boundary layer phenomena that, if strong enough, may influence a large-scale flow 

field. Specifically, a secondary meridional flow could arise, convecting interior fluid 

toward the rotation axis. from the introduction of large velocity gradients at the core

mantle boundary (Benton and Clark, 197-1:). Hollerbach (1994) investigated magnetic 
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boundary layers resulting from differential rotation of the outer core boundaries. 

Although his calculations excluded inertia~ his results exhibited large-scale outer 

core meridional circulation patterns. Clearly, outer core visosity must be retained 

for a consistent analysis regarding changes in the mantle~s angular velocity. 

Finally, let us turn to the issue of inertia. There is a prime numerical motivation 

for disregarding inertia - it allows for long dynamo-timescale calculations. However. 

there is a high price to be paid. Equation (1.2 .. j) is a problem in statics. As such, 

it is not predictive. It only yields the steady state flow that is associated with the 

instantaneous magnetic field at some prespecified time. Accordingly, equation (1.2.5) 

cannot be used to model the transient phase of spin-up. This is fundamentally due 

to the lack of wave-like solutions endemic to equations (1.2.2), (1.2.4) and (1.2.5). In 

other words, spin-up occurs through the propagation of waves - in the Earth's outer 

core, they are Alfven waves. On the other hand, this neglect may not be as serious 

as it appears. Equations (1.2.2) and (1.2.3) vary over vastly differing timescales for 

the outer core. Equation (1.2.2) evolves over much longer diffusive timescales. The 

representation (1.2.5) reflects the fact that (1.2.3) is in near static equilibrium during 

steady state in the Earth's outer core. Our previous estimate of the hydromagnetic 

communication time of the core demonstrates its rapid evolution. If departures from 

steady state are slow enough perhaps (1.2.5) still can hold. 

From the immediate discussion, it is clear that little can be gained from linear 

approximation theory within the present context. This nonlinear evolution problem 

must be solved numerically within the framework of an appropriate Earth model. 

As we shall see, however. there is a great burden associated with the fully predictive 

solution of (1.2.3). From a numerical standpoint, the smaller the viscosity the 

smaller the time increment for calculation. Moreover, with inertia, equation (1.2.3) 

represents a predictive equation with forcing terms that vary by many orders of 
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magnitude, which is also numerically unattractive. Although one would prefer to go 

directly to the fully predictive solution, it is prudent to first explore the deterministic 

set, (1.2.2) and (1.2.5). 



CHAPTER 2 

THE EARTH MODEL 
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Some cynics argue that a physical model is nothing more than an acknowledgment 

of ignorance prejudicially contrived, within a tractable mathematical edifice, to yield 

a desired result. Certainly, one cannot understate our ignorance regarding Earth's 

interior. In this work, prejudice resides in our conviction that dynamo theory is 

correct. Fortunately, an accurate picture of Earth's overall structure is at hand. 

However, the complete mathematical description of the geodynamo has yet to be 

solved. A minimum set of assumptions must be given in order to place a realistic 

solution within grasp - realism generally measured by the collateral bias of the 

many. 

The geodynamo resides in the outer core. The magnetic field, generated by 

complex fluid motions, diffuses into both the solid inner core and the mantle. 

The electrical conductivity of the entire core is uniform to first order and greatly 

exceeds that of the non-uniform mantle. Clearly, the principal burden of such model 

calculations pertains to the physics of the outer core. The only factors of concern 

regarding the mantle are its electrical conductivity structure and variable rotation 

rate. Those points will be discussed further on. The inner core is the smallest major 

region. Because it appears to play the most passive role its significance may be 

overlooked at a cursory glance. Let us examine this in greater detail. 

The inner core is seldom incorporated into dynamo calculations because it is 

generally assumed to produce only second order effects such as dipole precession 

and wobble (Szeto and Smylie, 1984). However, Hollerbach and Jones (1993a, b, 
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1995) have demonstrated that its influence may be more profound than previously 

anticipated. The inner core has its own diffusive time scale which effectively smoothes 

out any rapid fluctuations in the outer core. This has a stabilizing affect on the dipole 

field. Moreover, one of their models predicts the majority of dynamo action to be 

confined outside of the inner core tangent cylinder that parallels Earth's rotation 

axis (Hollerbach and Jones, 1993a, Figure 1). Their calculations, however, are based 

on the limit of rapid rotation and, therefore, do not include inertia and pertain only 

to long diffusive time scales. It might be anticipated that the inner core plays an 

interesting role on shorter scale torsional oscillations - an essential feature of this 

calculation. In addition, it is a relatively simple matter to include it in the model 

and it therefore shall be. 

For specificity, let Rj, Ro and Rm be the radii of the inner core, the outer core 

and the mantle, respectively. 'vVe let Ro = 3Rj and, as will be discussed in the last 

section of this chapter, we need not incorporate Rm explicitly. 

Recalling equation (1.2.5), we noted that the exclusion of viscosity is incorrect. 

In section (2.3) we discuss how boundary layer effects may be incorporated in a 

numerically stable manner. Also, recall that the limit of rapid rotation has the 

further consequence of limiting results to diffusive timescales - Alfven waves, Rossby 

waves and inertial waves are effectively filtered out (discussed in section 2.4). Finally, 

details of electrical conductivity (primarily of the mantle), coupling between physical 

regions are reviewed in section (2.5) and a summary of boundary conditions is done 

in section (2.6). 

2.1 Axisymmetry 

'vVith this three-component view of Earth (inner core, outer core and mantle) 

we now invoke an important simplifying assumption - that ofaxisymmetry. The 
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calculation reduces to two dimensions with azimuthal independence; that is, a / odJ = 

o when applied to mean quantities. This approach has been developed in recent years. 

especially in mean-field magnetohydrodynamics (i.e., Krause and Radler, 1980). 

Full three dimensional calculations are only now becoming tractable due to recent 

advances in numerical methods, as discussed in the next chapter. Inherent in this 

assumption, however. is that radial convective motions possessing helicity, crucial to 

dynamo action, cannot be modeled explicitely. This poses no serious concerns for 

investigations of this kind, as shall be seen below. 

The magnetic field is decomposed into axisymmetric and asymmetric parts. The 

asymmetry avoids violation of Cowling's theorem (Cowling, 1934, 195i). A three

dimensional calculation is necessary for modeling a fully convective dynamo. For 

models such as this one we only need assume the existence of such motions in an 

implicit manner. In fact, two-dimensional calculations kinematically invoke the so

called a-effect which describes magnetic field generation due to helical fluid motions 

(discussed in the next section). As such, a two-dimensional dynamo calculation 

cannot be fully dynamical in a strict sense. 

The change in the core-mantle boundary conditions are that of uniform zonal 

shear and the geodynamo is assumed to be of aw-type. Furthermore, a change 

in the meridional velocity field is sought, which can be fully accounted for in this 

description. In spherical coordinates (r. (),,p) the large-scale structures of this model 

reside in the azimuthal plane ,p, and, accordingly, axisymmetry is justified. Let us 

now turn to the mathematical description of the core. 

2.2 MHD Model Equations 

Within the outer core is a forcing mechanism responsible for driving large

scale fluid motions. Currently, compositional convection is favored (Fearn, 1989). 



However. it is complex and poorly understood. That is why attention is currently 

focused on thermally convective dynamical models - which are conceptually much 

simpler. A similar, but kinematic, approach is taken in this work. Given 

axisymmetry, we must also retain the a-effect kinematically within the induction 

equation. 

Let us reconsider equations (1.2.2) and (1.2.3). These were cast In so-called 

primative variables formalism. We may rewrite them in scaled form as 

aB at = \7 x (v x B) + \72B (2.2.1) 

Ro [~; + (v· \7)V] + e;:: x v = -\7p + 1\(\7 x B) x B + E\72v + Fer (2.2.2) 

where ei refers to the unit vector in the ith direction. Specifically, e;:: is the unit 

vector parallel to the rotation axis and er is the radial unit vector. 

The last term contains a kinematic description of buoyancy driven mass motions, 

designated by the symbol F. It is responsible for driving the so-called thermal wind 

and, within the context of this model, cannot be dynamically determined. Instead, we 

will proceed with a kinematic prescription, as is usually done in similar investigations. 

Specifically, we will adopt the description F = Forcos2(), as in Hollerbach and Jones 

(1993). 

We have introduced dimensionless variables, based on the characteristic length

scale L = (Ro - Ri), timescale L21TJ (diffusive timescale of the magnetic field) and 

velocity-scale v = "IlL. They are the Rossby number, Ro = vl(rtL) = TJI(rtL2), the 

Elsasser number, A = B;/{popO",) and the Ekman number. E = vl(OL2). They are 

ratios of inertial, magnetic and viscous forces to the Coriolis force, respectively. Note 

that the Rossby number is essentially a '"magnetic Ekman number" in this scaling. 

Both field variables are solenoidal and therefore may be decomposed as 

B = \7 x [A( T, O)e,pj + B( r, O)eo (? 'J 3 ) ............ a 



<1:3 

(2.2.:3b) 

where the right hand sides represent poloidal and toroidal field components 

respectively (Morse and Feshbach, 19.j:3; Chandrasekher. 1961). The toroidal 

components are axisymmetric. Recall that BT = Berp is efficiently generated by 

large-scale azimuthal shear whereas Bp = (Br' Bo, 0) = 'V x (Aerp) is sourceless 

without the a-effect (i.e., Levy, 1976). Asymmetric motions which generate the 

poloidal field have to be incorporated into this axisymmetric description. 

2.2.1 Electromagnetics 

Steenbeck and Krause (1966) pioneered the study of turbulence in magnetohy

drodynamics. The notion that several helical plumes, or eddies, are necessary for 

dynamo action in the Earth's outer core was demonstrated by Roberts (1970, 1972) 

and Bullard and Gubbins (1977). Given enough random small-scale motions then 

correlations in velocity are negligible over the large-scale and a statistical approach 

to turbulence may be adopted. The traditional methods of incorporating a param

eterized form of the a-effect within an axisymmetric model have evolved from this 

approach. In mean field magnetohydrodynamics, it is usual to write 

B = B+B' (2.2.4a) 

and 

v = v + v' (2.2Ab) 

where B and v are mean, azimuthal, averages, and B' and v' represent the small 

random asymmetric fluctuations. Note that B' = v' = O. The averages can be taken 

over either/both space and time. The usual nomenclature is that turbulence is steady 

if the averages are independent of time and homogeneo'Us if the averages are spatially 

independent. 



Substitution of (2.2.4) into the induction equation yields the the pair 

aE - ,)
Ot = Y x (v x B) + y X (Vi X B/) + y-B 
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OB' -at = y x (v X B/) + Y X (Vi X B) + Y X (Vi X B') - Y X (Vi X B/) + y2B' (2.2.5b) 

where the term common to both equations, 

E' = Vi X B' (2.2.6 ) 

is the average of the asymmetric terms responsible for regenerating Bp - that is. 

a mean electromotive force is caused by the asymmetric motions. Note that this 

term is directly analogous to the quadratic term v:v; which is the source of the 

Reynolds tensor in the momentum equation. A long term problem has been relating 

the interaction term Vi x B' to the mean fields. Detailed descriptions are given in 

Parker (1955), Braginsky (1964a, b) Soward (1972), Moffatt (1970a, b, 1972) Moffatt 

(1978), Krause and Radler (1980). In simple terms, we assume that B is independent 

of time and wealky dependent on space. Then, a rapidly convergent Taylor expansion 

of equation (2.2.6) is expressible as 

(2.2.7) 

where Cijk is the permutation tensor and all coefficients are pseudo-tensors. In other 

words, to first order, 

(2.2.8) 

where a is now a constant and ~ij is a non-dimensional symmetric tensor function of 

space, depending on the spectrum of the mean helicity, defined as 

1-£ = Vi. Y X Vi (2.2.9) 

of the random fluctuations. Equation (2.2.8) defines the a-effect. 
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:Yloffatt demonstrated that a is a statistical property of the velocity field which is 

non-zero only if v does not exhibit reflection symmetry. The coefficient i3 is associated 

with dissipative forces. Thus, the a-effect represents the distribution of a regenerative 

electromotive force through ~ij. It is actually a pseudo-scalar since it changes sign for 

a right/left handed transformation. The a-effect is nothing more than a consequence 

of the small-scale turbulent eddies, possessing helicity in a preferred sense. This 

additional electromotive force, induced by turbulence~ results from a correlation in 

v' and B' 

E' = aB - ,8\1 x B (2.2.10) 

and must be included in Ohm's law (Krause, 1977). Since a is a pseudo-scalar. and 

therefore negative or positive according to the sense of the fluid helicity, then c can 

be either parallel or anti parallel to B. 

Thus, we may add a\1 x (eB) to the right hand side of equation (2.2.5a) where 

it is understood that dissipation also includes the effects of turbulent viscosity. We 

have assumed that eij = eOij. This implies that eij depends only on v' and that the 

turbulence is homogeneous. Since the Coriolis force results in anisotropic turbulence 

e must be a tensor, although the form eOii can only change the results qualitatively 

(Malkus and Proctor, 1975). 

By equation (2.2.3), we can rewrite equation (2.2.1) in component form as 

aA(i) 'Ii \12 A(i) 
at TJo 1> 

(2.2.11a) 

aB(i) TJi \12B(i) 
at 

- TJo <P 
(2.2.11b) 

aA(o) 
\1~A(O) + aB(o) + ~2(1jJ, A(o») --

at 
(2.2.12a) 

aB(o) 
\1!B(o) + ~t{v,A(o») - ~l(B(o),¢) 

at 
-

+ ae1>' \1 x [e\1 x (A(o) e,p)] (2.2.12b) 



where 

2_( 2 1) V,;, = V - 2 . 2() 
r Sln 
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(2.2.13) 

is the ¢>-component of the spherical axisymmetric vector diffusion operator and the 

interaction terms, operating on some field quantities \1 and X2, are conveniently 

expressed as 

(2.2.14a) 

and 

(2.2.14b) 

(viz., Malkus and Proctor, 1975; Proctor, 1977). The superscripts (i) and (0) refer 

to inner core and outer core quantities, respectively. The only relevant physics 

pertaining to the inner core is magnetic diffusion. We see that the a-effect produces 

both poloidal and toroidal fields. Of course, these appear as the terms explicitly 

containing a in equations (2.2.12a and b). Note that, for an aw-dynamo, the a

effect is overwhelmed by the w-effect, ~l(v,A(o)). Also! poloidal field is generated 

by non-parallel interactions of both field quantities within meridional planes whereas 

both vT-Bp and BT-vp interactions contribute to the toroidal field. Note also that 

axisymmetric motions alone cannot regenerate A - this is Cowling's theorem. 

Note how convenient these expressions are, containing only one diffusive operator 

and two interaction operators - an advantage to numerical computations. Also, 

expressing the poloidal field in terms of the vector potential A presents well known 

advantages regarding numerical stability. 

Let us discuss the exact model prescription of the a-effect. The effect of the 

spatial distribution of dynamo sources is explored in section (2.5.1). Therein, one 

can anticipate that any simplistic parameterization of the small-scale asymmetric flow 

will suffice in this endeavor. For example, Hollerbach and Jones (1993a, b) found 



-1:7 

the simple expression Q = QocosfJ an adequate description. But recalling Moffatt 

(1970a, b, 19(2), the analysis which led to equation (2.2.9), the choice of Q as a 

scalar amounts to all components of the tensor ~ij vanishing except the diagonals; 

that is, ~ll = 62 = 63 = Q. Hollerbach and Jones (199.5) went on to a tensor 

description, with only 63 non-vanishing, and found satisfactory results. Similar 

expressions will be employed in this work. 

As we will see, large gradients in both the magnetic field and fluid velocity are 

inescapable at the boundaries. Because of this and other complexities a full discussion 

of all boundary conditions is given in the last section of this chapter. 

2.2.2 Fluid Dynamics 

In Chapter 1, we introduced the notion that inertia and viscosity are negl in 

the Earth's outer core during steady state. Using the scaled momentum equation 

(2.2.2), we can recapitulate as follows. The pertinent dimensionless numbers for 

Earth's outer core are A f"V 1, Ro ~ 1 and E ~ 1. Note the subtlty, however, that 

E, for example, multiplies a gradient in the Laplacian. Thus, viscous effects can 

become significant in the vicinity of large fluid shear. A similar situation holds for 

inertia when considering the nonlinear advective term. We will address these issues 

after surveying the mathematical physics embodied in their exclusion. 

- The Limit of Rapid Rotation 

The case where the Coriolis force is so large that both the inertial and the viscous 

forces are neglected is known as the limit of rapid rotation (i.e., Fearn et ai., 1988: 

Jones, 1991) and, in this instance, takes the form 

(2.2.15) 
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This is essentially the result of magnetostrophic balance obtained in the introduction 

- viz., equation (1.2.5). This approximation has been used in numerous earlier works 

(i.e., Malkus and Proctor, 1975; Hollerbach and Jones, 1993a, b; Hollerbach, 1994). 

The traditional reason for the elimination of the inertial term is that it allows the 

computation to proceed along diffusive timescales. But E. like Ro, is exceedingly 

small. Diffusive-scale calculations should also be plagued by the requirement of an 

intractably small time step. However, several asymtotic studies, outlined in section 

(4.1.1), have circumvented this problem. Solar dynamo calculations are relieved by 

a large turbulent diffusivity which raises the effective Ekman number by orders of 

magnitude compared to the Earth's outer core (i.e., Glatzmaier, 198.5). 

Of more fundamental concern is a requirement of angular momentum balance 

endemic to the limit of rapid rotation. To see this, we integrate the ¢-component of 

equation (2.2.15) over the cylinder C(s), of radius .5, coaxial with the rotation axis. 

The boundary condition en·v = 0 on the cylinder surface S, that the fluid is confined 

within S, always holds (the subscript n refers to the normal). Then we see that a) 

Fer, which is rooted to g, lies in meridional planes so that the buoyant force has no 0-

component, b) the pressure gradients do not contribute in an azimuthally symmetric 

model and c) the integral over the Coriolis force vanishes since there can be no net 

flux across C( s). However, in the magnetostrophic problem it is usually impossible to 

balance the quadratic interaction terms of the Lorentz force. Hence, some auxilliary 

condition is imposed, usually relating to torque balance at the boundaries. 

Taylor (1963) proposed that the condition 

{ [(\7 X B) x B] . e", d¢ d= = 0 
JC(a) 

\Is, (2.2.16) 

must be satisfied for every cylinder C (s ). This is the well known Taylor's constraint. 

Taylor did not take the viscous stesses into account at the outer core boundaries. 
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vVhen this is done, however, a new class of solutions emerge known as model-

Z solutions (Braginski, 1975, 1978, 1989). Reviews describing the departures of 

these solutions from those obtained directly through Taylor's constraint are given 

in Roberts (1988) and Braginsky (1990). For now, let us restrict ourselves to the 

fundamental issue regarding equation (2.2.16). 

Any v is a solution of equation (2.2.1.5) if and only if Taylor's constraint holds 

for all time. Note that when this is the case, equation (2.2.1.5) possesses a solution 

consisting of an arbitrary zonal flow. In linear operator theory it is the existence of a 

homogeneous solution in the form of such a zonal flow which requires that there be a 

"solvability condition" like (2.2.16). From the geophysicists point of view, however. 

a dynamical explanation of (2.2.16) has been generally attributed to the need for 

torque balance between cylinders. 

Therefore, even when Taylor's constraint is satisfied equation (2.2.1.5) does not 

possess a unique solution. Specifically, if v is a solution, so is v+vae¢. This arbitrary 

zonal, or !Jeostrophic, flow Va = vae,p may be added because the associated Coriolis 

acceleration is 

20 X Va = -V' (2f2 J va(s)dS) 

which can be absorbed into the gradient of pressure. In other words, the geostrophic 

flow is unaffected by Coriolis forces. Again, the traditional method of removing this 

degeneracy is by assuming some coupling between the core and the mantle (i.e., 

Tough and Roberts, 1968). 

The notion of the geostrophic flow, a necessary approximation to the limit of 

rapid rotation, was introduced at the beginning of the century. It is derived from 

the assumption that the Coriolis force, which dominates the dynamics, is balanced 

only by pressure gradients - clearly not the situation expected for an aw-dynamo. 

Note that taking the curl of 2e: x V = - V'p implies that e: . V'v = 0 which states 
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that v is independent of :: and any fluid column will move as a single entity. These 

Taylor columns give rise to the cylindrical nature of the problem~ imposed by the 

dominance of the Corio lis force. According to Taylor (1963) if an initial state does 

not satisfy equation (2.2.16) the fluid adjusts itself through VG until the condition is 

met. 

The geostrophic flow probably has little influence on dynamo action through 

the w-effect alone (Childress, 1969; Braginsky, 197.5; Roberts, 1988). However, it 

does influence meridional circulation which, in turn, may have a profound effect on 

dynamo models (Roberts. 1988). Note that Braginsky's model-Z solutions exhibit 

larger geostrophic flows for smaller values of E. 

In anticipation, we reiterate that an explicit fluid Spill-Up calculation is not 

possible within the limit of rapid rotation. Interestingly, fluid inertia can be restored 

through a generalized Taylor's condition which includes the time rate of change of 

the geostrophic flow (Fearn et al., 1988). This turns out to be non-trivial (i.e., 

Hollerbach and Jones, 1993a) and one interested in an inertial calculation should 

proceed directly to the fully predictive set. 

- The Predictive lHomentum Equations 

Let us consider equations (2.2.2) in their entirety. The explicit form of the limit 

of rapid rotation will also become evident within the fully predictive set. 

Recall in the discussion of electromagnetics that the vector potential formalism 

for the evolution of the poloidal field presents better stability characteristics for 

numerical simulations. Similarly, the rotational form describing the fluid vorticity 

can be employed where, in a similar poloidal-toroidal decomposition, 

V' x v = werp + V' x ( ve,p) (2.2.17) 
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is advantageous in a computational sense (viz., Canuto et ai., 1989). Together with 

equations (2.2.3) we can rewrite equation (2.2.2) in the following streamfunction-

vorticity formalism 

Ro-1 {?8v _EV4W-A[~ (B(o) B(o))_~ (v~A(o) 4(0))1+ OF} - 8z 1> . 1, 1", ' 00 
Ow 
-
8t 

+ ~l (v, v) - ~1 (V!lp, ~) (2.2.1Sa) 

Ro-1 { 2 ~~ + Ev;v + A~2(B(0), A(O))} + ~2( 1P, v) (2.2.1Sb) 
81) 
8t -

where w is related to the stream function by 

and 
8 0 sinO 8 
- = cosO- - ---
8z - 8r r 80 

(2.2.19a) 

(2.2.19) 

The operators ~1 and ~2 were defined earlier by equations (2.2.14) and describe 

the nonlinear interactions. Note there is no need for the superscript notation as 

in equations (2.2.11) and (2.2.12) for fluid quantities, which are restricted to the 

outer core. The pressure no longer appears explicitly when taking the curl of the 

meridional part of (2.2.2). 

Noting that Ro '" 10-8 then the limit of rapid rotation is obtained by solving 

only the diagnostic set of equations 

2~~ - Ev~~ = A[~dB(o),B(o)) + ~l(v;A(o),A(o))l + ~: 

2~~ + Ev~v = -A~2(B(0), A(o)) 

(2.2.20a) 

(2.2.20b) 

contained in equations (2.2.18a, b). vVe now anticipate the complications of viscous 

effects and short-term oscillations. In the next two sections, we will digress into 

these areas. In the next chapter, we will concentrate on encorporating these aspects, 

essential to a self-consistent calculation of outer core spin-up, that is numerically 

tractable. 



2.3 Boundary Layers and Spin-up 

The only conditions under which the pedagogic construct known as an inviscid 

fluid can be considered an approximation to a real fluid is when the boundaries 

are effectively at infinity. Experimental studies have verified the existence of fluid 

adhesion to solid boundaries at the extreme limits of low viscosity. The most 

fundamental auxilliary condition for the equations governing fluid momentum is 

(2.:3.1) 

wherein penetration of a solid boundary is excluded. There is no further constraint 

required for an inviscid fluid since the momentum equation contains only first order 

spatial derivatives. Note, however, that the fluid is allowed to slip past the boundary. 

This produces the physically unrealizable situation of infinite velocity gradients. The 

addition of the no slip constraint 

(2.3.2) 

removes this problem. Moreover, this condition satisfies the requirement of an 

additional boundary condition for the diffusion operator in the case of a viscous 

fluid. 

For a real fluid in motion relative to a boundary, momentum is transferred from 

one to the other within an extremely thin film adjacent to the interface. The theory 

of such boundary layers was pioneered by Ekman, Einstein and Prandtl during early 

part of this century. Boundary layers essentially transmit information from the solid 

boundary to the bulk of the fluid - the actual boundary representing a region in 

space where physical conditions change sharply, with an accompanying abrupt change 

in dependent variables. They can be loosely defined by the region, of thickness 8, 

wherein the viscous term becomes comparable to the nonlinear advection term; that 
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(2.:3.:3 ) 

where L is some characteristic length. If L is crudely chosen to be as large as the core 

itself then [) is merely tens of meters - one part in 105 of the outer core radius. This 

value is in reality much smaller given local turbulence at the core-mantle boundary. 

Such huge gradients cannot be resolved by the equations that describe the mechanics 

of fluid motion. As in the study of shock waves, the physics of such regions must 

be handled separately from the rest of the fluid. This is accomplished by replacing 

the pertinent equations by an equal number of discontinuity conditions across the 

interface. A complete analysis of boundary layer theory was given by Bender and 

Orszag (1978). 

In mathematics a boundary layer is defined as a narrow region where the solution 

of a differential equation changes rapidly. The phenomenon arises in differential 

equations whose highest order derivative is multiplied by a small, perturbing, 

parameter. In the momentum equation v multiplies onto the Laplacian \72v. Similar 

situations arise in all conservation laws whenever this is the case. For example, we 

can expect magnetic boundary layers as well as thermal boundary layers. Later, 

when the discussion returns to electromagnetics. we will see that similar conditions 

exist for magnetic fields, especially near boundaries representing sharp contrasts in 

electrical conductivity. In addition, there is a region immediately above the outer 

core, the D" layer, which is generally regarded as a thermal boundary layer. These 

issues will be addressed later. For now, let us continue our discussion of non-magnetic 

fluids. 



2.3.1 Fluid Spin-up 

'Within the context of this investigation, a change in angular velocity of the 

boundaries produces shear layer phenomena which are of fundamental importance 

to this work. Consider a homogeneous fluid contained in a right circular cylinder 

uniformly rotating about its axis of symmetry. Let the fluid be in steady state 

wherein the Corio lis force is balanced by the gradients in pressure. If the angular 

velocity is suddenly increased to a new value the bulk of the fluid away from the 

cylinder walls will be initially unaffected. However, viscous stresses are immediately 

transferred to the fluid nearest to the boundaries. At the horizontal boundaries (top 

and bottom) the increased centrifugal forces, which now overpower the prevailing 

pressure gradients, induce a radial flow away from the rotation axis. By continuity, 

fluid must be replaced within these boundary layers. Thus, interior fluid is advected 

toward the rotation axis at the cylinder's "equator," a phenomenon known as Ekman 

suction. The net effect is the establishment of large-scale circulation patterns. This 

entire physical scenario, which ends in a new steady state configuration, is technically 

known as fluid spin-up. 

The increased angular velocity is u = [2L so that equation (2.:3.3) can be written 

as 

(2.3.4). 

This is, in fact, the result obtained from a balance of both VISCOUS and Coriolis 

forces. Thus, in the case of fluid spin-up, we define an Ekman boundary layer as that 

region wherein such equilibrium exists, and which is of a thickness proportional to 

the square root of the kinematic viscosity. 

A more complex situation exists at the vertical boundaries of the rotating cylinder 

described above. Recall from the last section that geostrophic flow is largely :;-
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independent. This condition must be met in the interior away from the boundaries. 

Yet, the specific no-slip condition for the vertical boundaries is v x e;: = O. Thus, the 

fluid must possess large gradients at the vertical boundaries while simultaneously 

matching the nearby interior geostrophic flow. Stewartson (1957) identified an 

interwoven set of two vertical shear layers wherein one layer. of thickness E 1
/ 3 • 

maintains the no-slip condition while the inner layer of, thickness £1/4, matches the 

interior flow. These structures are collectively known as Stewartson boundary layers. 

They both terminate at the top and bottom of the cylinder by the thinner Ekman 

layers (viz., Benton and Clark, 1974. pp 258; Melchior, 1986. pp. 138; Hollerbach. 

1994). 

2.3.2 MHD Boundary Layers 

In cosmic settings, the situation is further complicated within the context of 

MHD. We have seen that boundary layer phenomena are associated with fluid 

viscosity. Similarly, the term r!,v2B represents magnetic dissipation. Fluid motions 

perpendicular to the prevailing magnetic field are retarded by magnetic tension. 

Thus, the conditions can arise whereupon large-scale circulation, initiated from 

Ekman boundary layers, is suppressed. Moreover, the large shear just at the 

boundary must generate strong local magnetic fields which oppose the differential 

fluid motion. We now expect a composite boundary layer where the two viscosities 

act in accordance to their relative strengths. This region, which allows rapid changes 

in the tangential components of both B and v to take place is known as an Ekman

Hartmann composite bounda7'Y layer. 

As mentioned earlier, the term 1]'V2B has a significant consequence for the 

magnetic field, independent of any prevailing fluid motions. Because magnetic 

dissipation is orders of magnitude greater than viscous dissipation in the outer core 
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we don't expect magnetic boundary layers to be nearly as thin as in the previous 

discussion of non-magnetic fluids described above. However) this is not the case 

when considering the rate at which a magnetic field diffuses across a discontinuity in 

electrical conductivity. The magnitude of the field gradients across such a boundary 

are inversely proportional to the electrical conductivity ratio (discussed in section 

2.5). Hence, a discontinuity in electrical conductivity also represents a locally sharp 

contrast in magnetic field gradients. Moreover, we might expect that the spin-up of 

a finitely conducting vessel, such as t.he mantle, could induce strong local currents 

resulting in large gradients in the toroidal magnetic field just below the core-mantle 

boundary. Thus) a similar situation of numerical intractability can occur as in the 

study of fluid boundary layers. 

Let us now examine the consequences of these effects to the geodynamo. We noted 

that conservative estimates of the Ekman boundary layer thickness for the outer core 

are exceedingly small. The existence of Ekman boundary layers suggest that Ekman 

suction may drive a large-scale poloidal flow within the outer core during mantle 

spin-up. If Taylor's constraint holds (i.e.) if the geodynamo is of a 2-type and the 

flow is predominantly geostrophic) then we expect it to be violated during spin-up. 

Under such conditions, the non-zero torques exerted on the coaxial annular cylinders 

in the outer core will induce torsional oscillations of the cylinders about the mean 

Taylor state. It has been suggested that such oscillations are in fact the cause of 

geomagnetic excursions (Pal, 1991). 

The existence of a strong toroidal field in the outer core (i. e., if the geodynamo is 

of aw-type and the flow is predominantly magnetostrophic) will inhibit any bulk 

radial fluid motions due to the Maxwell tensions. Furthermore, a strong zonal 

shear within the boundary layer, inducing an axial electric current referred to as 

the Hartmann current, will provide a more rapid mechanism for transferring angular 
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momentum from the boundary to the bulk of the magneto-fluid than in the case of 

pure hydrodynamics, This is the situation, discussed much earlier~ where torsional 

oscillations arise from purely radial Alfven waves. 

Such oscillations are of fundamental importance to this work - they provide an 

efficient mechanism for transferring angular momentum between the core and the 

mantle. Let us now survey the waves that are expected in the Earth~s outer core -

the fundamental feature excluded in the limit of rapid rotation. 

2.4 Waves in the Outer Core 

Waves can be an efficient means of transferring angular momentum throughout 

rotating fluid bodies. In particular, it is expected that torsional oscillations in the 

Earth~s outer core playa crucial role in communicating any changes in the rotation 

rate of the mantle to the entire core. Let us summarize the observations. 

We have mentioned that the non-dipole component of the geomagnetic field 

exhibits a secular variation (with a period of roughly 2000 years) attributable to 

large-scale zonal shear - that is, westward drift. There are other periodic variations 

that are believed to be of internal origin. Braginsky (1970a, b, 1971, 1972) devised an 

oscillation spectrum of known geomagnetic variatiolls~ and codified them according 

to a) the fundamental frequency ("" 104 years), b) medi-um frequency oscillations 

("" 103 years) and c) high frequency oscillations (less than 10'2 years). 

The fundamental frequency is believed to be associated with the regenerative 

interplay of BT and Bp - on the order of diffusive e-folding time of the core. The 

medium frequency oscillations have peaks within the range of 100-.5000 years. Note 

that secular variation falls within this range. They are thought to be resonance 

phenomena that arise from various sources (discussed below). The high frequency 

oscillations, which include decade fluctuations important in the next section, are due 
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to torsional MHD oscillations and local turbulence. Let us turn to the underlying 

theory of waves in the outer core. 

A restoring force can give rise to wave propagation. when the displaced medium 

overshoots its equilibrium configuration. The divergence term in the Lorentz force 

(B· \7)B gives rise to a restoring force within magnetic field lines by virtue of a tensile 

stress. This is the origin of Alfven waves - the only shear wa\'es that can exist in the 

fluid outer core. There are, however, other restoring forces that are evident from the 

momentum equation. Thus, we expect a variety of differing oscillations of varying 

periods that should be consistent with the observations just descrihed. 

In reality, the outer core is a self gravitating, compressible, stratified, rotating 

fluid permeated by a, presumably strong, magnetic field. Hence, both buoyancy 

(Archimedean) and Coriolis forces are expected to produce waves in addition to 

Alfven waves. In this study, we ignore the immense elastic forces due to compression 

and dilatation - responsible for very short period free oscillations of the Earth 

(amounting to hours). As such, the longer period waves that we are about to describe 

are often termed undertones. 

Oscillations originating from the buoyant force and the Coriolis force produce 

waves that are termed internal and inertial, respectively. A combination of AIfven 

(Magnetic), buoyant (Archimedean) and Coriolis forces produce so-called MAC 

waves. Let us discuss all of them in more detail. 

Inertial waves are driven by rotation alone. The Coriolis force increases with 

latitude generating large planetary-scale "Rossby waves" which naturally propagate 

westward, as in the atmosphere. Their highest angular frequency is 2f2 which, for 

the Earth, amounts to a period of days. They are not included in Braginsky's 

classification scheme. Moreover, they are orders of magnitude below the timescales 
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of interest to this work. Further reading on this subject can be found in Smylie and 

Hide, (1988). 

Internal (gravity) waves must be supplied with energy~ and in the core. through 

convective mass motions. A parameter used to describe the role of the buoyant 

force is the Brunt-VaisaJa frequency which is derived from differences in hydrostatic 

pressure of a perturbed fluid element. It is thought that the Brunt-Vaisala frequency 

in the Earth's core is comparable to the CorioUs period. The combined effect is 

referred to as inertial gravity waves. But again~ the period is too short to be of 

concern here. An excellent review of internal waves is given by Friedlander (1988). 

It was already mentioned in the introduction that Alfven waves can possess 

periods on the order of years. As in the analogy of vibrating strings 

VA = 
tension B 102 10 -1 

- "" - "" em . s 
linear density (pop)1/2 10 

Thus, a characteristic core communication time of Ro/VA f'V 10; s is expected -

of the order of years. Again, this is small compared to the spin-up time of the 

mantle as discussed in the introduction. Moffatt (1970b) and Acheson and Hide 

(1973) described inertial hydromagnetic waves which arise from magnetostrophic 

equilibrium - that is, waves which are controlled by a balance of the Coriolis force 

and the Lorentz force. There are both slow (purely hydromagnetic) modes and fast 

modes (purely inertial). Clearly~ since their periods are intermediate to the cases 

already mentioned they are also inconsequential. 

The combination referred to earlier as MAC waves are more interesting. Hide 

(1966) showed that such waves have very long periods - of the order of 103 years. 

They are generally regarded to be responsible for the medium frequency oscillations 

described by Braginsky. Note that Hide's analysis pertained to a weak-field dynamo 

and we can expect MAC waves to be somewhat shorter in period if the geodynamo 
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is of fruJ-type. MAC waves are the only oscillations of the outer core that possess a 

timescale consistent with the transient stages of ice ages. 

2.5 Electrical Conductivity Structure 

The electrical conductivity of the entire core is uniform to a first approximation. 

Turbulent transport may enhance that of the outer core by a small factor (i. e .. 

Parker, 1979). Estimates of the electrical conductiyity of the iron-dominated liquid 

in the outer core (Elsasser, 1950; Gardiner and Stacey, 1971; Jain and Evans. 1972; 

Johnston and Strens, 1973) yield a core magnetic diffusivity of about '10 = 1m2 . S-I. 

Braginsky (1990) also suggested a value of '10 = 2Am2 • S-I. 

The electrical conductivity structure of the mantle, although not as physically 

remote as the core, is less certain. It varies significantly, and, in particular, with 

depth. The highest values are attained in the lower mantle in a region nearest 

to the outer core called the D" layer (viz., Jeanloz, 1990). This complex layer is 

highly laterally inhomogeneous and, as mentioned earlier, is thought to be a thermal 

boundary layer between the core and the mantle. It is estimated to be some 60 

km thick (Doornbos, 1983; vVright et ai., 1985) and is believed to be the most 

chemically reactive region of the Earth (Jeanloz, 1990). This is the principal region 

of the lower mantle that couples electromagnetically to the core. Estimates of the 

electrical conductivity of the lower mantle (McDonald, 1957; Banks, 1969; Baily, 

1970) result in a lower mantle electrical diffusivity of about TIm = 102 m2 . s-l. More 

recent measurements (Achache et al.. 1980; Li and Jeanloz, 1987) suggest that the 

electrical conductivity of the D" layer could yet be several orders of magnitude lower 

than these values. A significant consequence of this pertains to the behavior of the 

magnetic field which diffuses across the discontinuity at the core-mantle boundary. 
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2.5.1 The Geomagnetic Field at the Core-Mantle Boundary 

Clearly~ the induction equation requires two auxilliary conditions at the core-

mantle interface. They are that the magnetic field is both continuous and conserved 

as it diffuses outward from the source region, in the outer core, into the mantle. The 

details of these matching conditions are described in section (2.7). However. it is 

interesting to study the specifics of the toroidal field which, given an ow-geodynamo. 

is the dominant component of the geomagnetic field in the core. At the core-mantle 

boundary, these conditions are stated as 

(2.5.1a) 

(2 .. j.1b) 

where Bm and TIm are respectively the toroidal magnetic field and the magnetic 

diffusivity, both within the mantle. Equation (2.5.1a) results from the continuity 

across the boundary of the tangential magnetic field and must be obeyed in all 

instances where the electrical conductivity is bounded. Equation (2.5.1b) can readily 

be obtained by integrating the induction equation across the boundary - it has 

the simple physical interpretation, especially clear when obtained in this way, that 

magnetic field lines are neither created nor lost at the interface but are conserved 

as they diffuse across it. Equation (2.5.1b) can also be derived directly from the 

continuity of the O-component of the associated electric field across the interface. 

The jump condition given by equation (2.5.1b) suggest an important physical 

meaning, and particularly for BT if, as we suspect, the geodynamo is of ow-type. 

The magnetic field intensity gradients are not equal at the interface. Instead, their 

ratio is inversely proportional to the ratio of the magnetic diffusivitiesj thus, because 

magnetic flux is not created or lost at the boundary, the magnetic flux diffusing 

toward the boundary must be balanced by magnetic flux diffusing away from it. This 
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magnetic flux conservation condition plays a major role in controlling the amplitude 

of the core-mantle magnetic field. 

Now consider the consequences of equations (2.5.1a) and (2 .. 5.1b). Assume, for the 

moment, that both the core and the mantle are uniform with magnetic diffusivities 

T]e and T]m respectively. In the mantle, where there are no dynamo sources of 

magnetic field, the field intensity decreases outward. Inside the core. where the 

field is generated, the field intensity increases to a maximum somewhere within 

the core, eventually falling to zero again on the rotation axis. \Vith the expected 

broadly distributed generation of toroidal magnetic field in the core, corresponding 

to broad distributions of differential rotation and poloidal field throughout the core. 

and assuming that the core and mantle have roughly the same radial-scales, the peak 

core toroidal magnetic field Bmax should be, in order of magnitude, 

( ? - .)) ~ • .J._ 

where Bem is the value of the toroidal field at the core-mantle boundary. 

The current estimates of the conductivity contrast at the core-mantle boundary 

thus suggest that the toroidal magnetic field in the core should be at least 102 times 

larger than that of the interface. Recent measurements of the DC electrical potential 

near the top of the the Earth's mantle (Lanzerotti et at., 1985; see also Runcorn, 

1964, Duffus and Fowler, 1974) are consistent with this viewpoint. 

The estimate given by equation (2.5.2) ignores the effects of both the distribution 

of shear within the core and variations of mantle electrical conductivity. However, 

Levy and Pearce (1991), having performed a set of simple analytic calculations, 

demonstrated that these concerns are of little consequence, in particular, regarding 
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2.5.2 Effect of Spatial Distributions of Dynamo Action 

In this section we shall summarize some elementary calculations whose results 

illustrate that the approximation (2.5.2) holds almost regardless of the spatial 

distribution of shear within the core. vVe will employ the q)-component of the 

induction equation (2.2.12b) where, for the purpose of this simple calculation, it 

is sufficient to consider only the radial part of the large-scale velocty shear in the 

source terms. This yields the simple relation 

BB(O) = y2 B(o) (BV _ !:) B 
at rp + ~1 r , or r 

( .J - '3) ~ .. )., 

vVe further consider a simple purely azimuthal core fluid velocity field, of the form 

v = r!1(r) sin () (2 .. 5.4) 

in equation (2.5.3), shearing a preexisting poloidal field into a toroidal field, where the 

function O(r) represents the nonuniform part of the core's rotational angular velocity. 

Use of a more complicated expression for the fluid shear, including, for example. the 

nonradial component, would not alter our conclusions (Boyer and Levy, 1983). We 

will also take the poloidal field to be uniform and axial in the core, 

Br ex cos () ( '> - -) _.0 •• ) 

We believe that further attention to the detailed structure of the core field and flow 

would not affect our results in a qualitative way. 

Assume for now that the overlying mantle is uniform in conductivity (i.e., O"m(r) 

= constant) and of radius Rm. For r ~ Rm, we take 1] = 00. vVe will assume the 

value of the conductivity of the lower mantle as a conservative upper limit, suggesting 

that T/m is no smaller than 102m 2 . S-I, as used above. 
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Equation (2.5.3) is to be solved for the core and mantle separately, with the 

solutions forced to match at r = Ro. The boundary conditions given in equations 

(2.5.1) must be supplemented by additional conditions at r = 0 and at r = Rm: 

(2.5.6) 

The solution to equation (2.,j.3) in the core is treated as the superposition 

of the homogeneous solution with inhomogeneous boundary condition Bio) and 

the inhomogeneous solution with homogeneous boundary condition. The latter 

corresponds to the solution for the core imbedded in a vacuum and is denoted by B~o). 

In the mantle, equation (2.5.3) is homogeneous, so its entire solution there results 

from the boundary condition at the inner mantle boundary. In both the mantle 

and the core the general homogeneous solutions can be found from separation of 

variables. Altogether, for the core, 

where 
00 

Bio) = L [amr-(m+l) + bmrm] p! (cos 0) (? - -) ... 0. I 

m=l 

The solution to the inhomogeneous part, with homogeneous boundary conditions, 

can be found by integrating the appropriate Green's function for equation (2.5.3) G 

over the source term S (Levy, 1972). That is, 

1 lROj+l B~o) = - G(r,O I r',O') S(r',O') dr' 
Tlo 0 -1 

(2.5.8) 

where 

G(r,O I r',O') = f: P!(cos O)P!(cos 0') { [(~rm+1 -1] (r/j:+1 , O:S; r < r' 
m=l 2m(m + 1) ~ (L)2m+1 _ (r')m r' < r <_ R

o (r,)m+J Ro rm+1 , 
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S(r',B') = (OV -.!:.)Br(r"()') 
or' r' 

and 

dr' = (r,)2 dr' dcos()' (2.5.9) 

The solution for the magnetic field in the mantle is of the same form as equation 

(2.5.7), but with B~o) vanishing. Given an expression for the source function in 

equation (2.5.8), it is now straightforward to solve these relations for the magnetic 

field in the mantle and core. 

We begin by exploring the dependence of the toroidal field strength on the 

distribution of shear within the core. Take the nonuniform part of the core's angular 

velocity to be an infinitesimal shell of shear 

!1(r) = ~/[H(r -I) - 1] (2 .. 5.10) 

where 'Y represents the jump in angular velocity in the frame corotating with the 

mantle and H is a step function. The jump 'Y is less than zero if the sphere contained 

within the shell of shear rotates faster than core material above. 

Thus the source function in equation (2.5.8) is a delta function at r = I, the 

location of toroidal field generation. Bullard (1950) treated a similar situation with 

a set of extensive calculations, but without considering a finitely conducting mantle. 

The analytic calculations were performed by Levy and Pearce (1991) and the results 

are displayed in Figure (2.1). Here is plotted the ratio of the toroidal magnetic field 

strength at the core-mantle boundary to the maximum value occurring at the shell 

of shear as a function of the radial position of the shear layer for the outer .50% of the 

core. When the core-mantle electrical conductivity contrast is 102 , as was assumed 

in Figure (2.1), the maximum value of the toroidal field in the core is of the order 

102 or more larger than its value on the interface as long as the shear is not located 



66 

.1 

~ 
El 

a::l 
'-..... 

.01 

"So 

a::l 

.001 

.3 .4 .5 

Location of Shear (r /R) 

Figure 2.1: Variation of the toroidal magnetic field strength at the core-mantle 
boundary as a function of the position of a shell of shear in the core. The field 
is normalized to the maximum value attained at the shell of shear. The core-mantle 
boundary is at 7'/ Rm = 0.5 in this calculation (Levy and Pearce, 1991). 

within the outer 10% of the core. Note that this ratio is still on the order of ten 

even when the shear layer resides at a distance below the mantle by 2% of the core 

radius, that is to say, 70 km - on the order of the D" layer. It is instructive to note. 

from Figure (2.1), that toroidal magnetic field generated by shear deep within the 

core contributes relatively little to the toroidal field at the core-mantle boundary. 

Physically, the reason for this is easy to see; most of the toroidal magnetic field 

generated at depth is reduced diffusively toward the rotation axis and across the 

equator before it can diffuse to the top of the core. This effect further contributes to 
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Figure 2.2: The toroidal magnetic field (normalized to unity at the maximum) as a 
function of radius from the center of a model Earth. The core-mantle boundary is at 
1'/ Rm = 0.5 in this illustrative calculation; the ratio of the core electrical conductivity 
to that of the mantle is 100 (Levy and Pearce, 1991). 

the inevitably small value of the toroidal magnetic field at the core-mantle boundary, 

even with very strong toroidal fields within the core itself. 

Convective motion in the core, under the influence of the Coriolis force, is likely 

to give rise to a broad distribution of shear. For the sake of illustration, consider the 

nonuniform part of the core angular velocity to be linearly decreasing \Ilith radius, 

(2.5.11 ) 

where k is a constant. Proceeding as in the previous analysis, the analytic solution 

has been derived and is displayed in Figure (2.2). 

The normalized radial variation of the toroidal magnetic field in the core and 
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mantle is plotted again. VVhen the core-mantle electrical conductivity contrast is 

about 102 , the maximum value of the toroidal field in the core is about .50 times its 

value on the core-mantle boundary, in agreement with our simpler argument given 

above. This result is consistent with the estimate given in equation (2.5.2). Thus a 

more physically realizable model taking into account the spherical geometry of Earth 

and allowing for meridional diffusion of toroidal magnetic field~ yields a result similar 

to the original estimate. 

Now consider the concurrent action effect of a broad shear distribution and a 

shear boundary layer at the top of the core. Combining the contributions to the 

toroidal magnetic field produced by a shear layer at the top of the core (here taken 

in the extreme to be a delta function at the core-mantle boundary) and a broad 

distribution of shear in the core. 

The shear layer near the top of the core is substantially less effective at generating 

toroidal magnetic field because the generated field is so rapidly lost to the poorly 

conducting mantle. Figure (2.3) plots the ratio of the field at the boundary to the 

core-maximum field against the ratio of broadly distributed shear to the boundary

shear, formally against the ratio Ilk from equations (2.5.10) and (2 .. 5.11). If 

the magnitude of the boundary layer shear greatly exceeds the magnitude of the 

broadly distributed shear, then the solution approaches that in Figure (2.1), with the 

boundary value of the field being representative of the maximum toroidal magnetic 

field in the core assuming similar length-scales. Thus, unless the amplitude of the 

shear in the boundary layer exceeds the general shear by a factor approaching at 

least an order of magnitude, the toroidal field within the core will be significantly 

larger than the field at the core-mantle boundary. 

These results are based on the extreme assumption of a delta function 

concentration of shear immediately at the top of the core. As can be seen from Figure 
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Figure 2.3: The ratio of tOl'Oidal magnetic field intensity at the core-mantle boundary 
to its maximum value within the core as a function of the ratio of the boundary layer 
shear (I') to the broadly distributed shear (k). Only when the rotational shear is 
nearly completely confined to a thin layer at the top of the core does the core-mantle 
value of the toroidal field begin to be representative of the maximum value within 
the core. The case ~I / k = 1 corresponds to the calculation shown in Figure 3 (Levy 
and Pearce, 1991). 

(2.3), in the less extreme case where the boundary layer is spread even slightly in the 

radial direction, by some several percent, say, then the contribution to the boundary 

field from the shear layer would be decreased by as much as an order of magnitude. 

2.5.3 Effect of Variable Mantle Electrical Conductivity 

The electrical conductivity of the mantle O"m(r) varies significantly with depth 

(McDonald, 19.57; Banks, 1969; Baily, 1970). It is necessary to understand the 
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degree of uncertainty introduced by our ignorance of the details of the mantle 

electrical conductivity profile. Note that a continuously variable conductivity model 

requires the additional term [-\71] x (v x B)] in equation (2.2.1). The additional 

computational expense is unwarranted when considering the degree of uncertainty 

in O'm(r). However, the following calculation shows that the details of radial 

conductivity variations in the mantle influence the boundary field value only as a 

second-order effect. 

We begin with a simplified illustration. Consider 1-0 diffusion of a scalar field 

( within a region of length L containing a discontinuity in diffusivity. In cartesian 

coordinates 

d d(1 
-'1]1- - - f(x), 1]1 = constant 
dx dx 

(2.2.18b) 

d d(2 0 
dx '1]2 ( x) dx - (2.2.18b) 

where region 1 is homogeneous and possesses a source whereas region 2 IS 

inhomogeneous and sourceless. The boundary conditions are 

(1 (0) = (2(L) = 0 (2.2.18b) 

(1 (b) = (2(b) (2.2.18b) 

d(1 172(b+)d(2 (2.2.18b) 171-
dx x=b- dx x=b+ 

It is a simple exercise to show that, for a given f(x), the value of (l(b) = (2(b) = (' 
is independent of the form of 172(X), but depends only on the average diffusivity oj 

the sourceless region. The proof of this is given in Appendix B. 

If this result held for the geomagnetic field we could ignore 0'( r) entirely! 

Unfortunately, this is not the case - the geomagnetic field is not a scalar quantity. 

Specifically, the toroidal field diffuses out of the core meridionally into the rotation 

axis, equator and, radially, through the core-mantle boundary. However, it is easy 
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to demonstrate that this nice result nearly holds for a vector field III a spherical 

geometry. 

Proceeding as in Levy and Pearce (1991), it is sufficient to consider a two-layer 

mantle, the lower and upper mantle possessing magnetic diffusivities '/1m and 'lum, 

respectively, and separated by a boundary defined by Rb• Again, the solutions for 

the magnetic field in both regions of the mantle are of the same form as equation 

(2.5.7), with Bto) vanishing. Applying the same model for toroidal field generation 

in the core as above, the magnetic field is again derived within this new constraint. 

Figure (2.4) plots the ratio of the toroidal field strength at the core-mantle boundary 

to its maximum value in the core as a function of the upper mantle conductivity (in 

units of core conductivity) for five values of the lower mantle conductivity [1, 10. 

102 , 103 , and 104 x O'c], where O'c is the electrical conductivity of the core. The 

solid curves correspond to solutions for the case when the lower mantle conductivity 

regime includes the inner 20% of the mantle; the dashed curves give the solutions 

when the lower mantle conductivity regime includes the inner 50% of the mantle. 

The diagonal curve plots the case of homogeneous mantle conductivity. 

Notice that the curves in Figure (2.4) do not deviate far from the simple toroidal 

field ratio given in equation (2.5.2); that is, the ratio of core-mantle value of the 

toroidal magnetic field to the maximum core value is of the order of O'lm/O'c, in 

agreement with our general discussion presented earlier. Evidently, the toroidal field 

strength at the core-mantle boundary is determined predominantly by the generated 

field and the electrical conductivity contrast between the core and the immediately 

adjacent lower mantle and is nearly independent of the electrical conductivity of the 

upper mantle, provided that the more conductive lower mantle is not too thin. In 

the case in which the lower mantle layer is very thin. the core-mantle field intensity 

comes to be dominated by the upper mantle, and the overall solution in Figure (2.4) 
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Figure 2.4: The toroidal magnetic field strength at the core-mantle boundary as a 
function of the electrical conductivity of the upper mantle for five specific values of 
lower mantle electrical conductivity, and for two different locations of the upper-lower 
mantle boundary (solid and dashed sets of horizontal curves). The field is normalized 
to the maximum value attained within the core and the mantle conductivities are 
normalized to that of the core. The values of the lower mantle electrical conductivity 
are 1, 10, 102 , 103 , and 104 times lower than that of the core, moving from the top 
set of curves to the bottom set. The dashed curves correspond to the upper-lower 
mantle boundary located midway in the mantle, and the solid curves correspond 
to a boundarylocated midway in the mantle, and the solid curves correspond to a 
boundary location 20% of the mantle's thickness above the core-mantle boundary 
(Levy and Pearce, 1991). 
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tends to the homogeneous mantle solution, the limiting diagonal curve; in that case. 

as can be seen in Figure (2...1), the solution very closely follows equation (2.5.2). Also. 

if we imagine the hypothetical case in which a thin, lower mantle layer had a very 

high electrical conductivity, as high as the core, say, then that layer would simply 

look like the upper region of the core. 

We conclude that the variation in the electrical conductivity of the mantle is 

of little consequence to our Earth model. Let us turn to the coupling mechanism 

responsible for transferring angular momentum between the inner core, outer core 

and the mantle. 

2.6 Coupling Mechanisms 

In one of his famous works, Mecanique Celeste, Tome V, Laplace stated that 

all of astronomy rests upon the hypothesis of the constancy of the Earth's rotation 

speed. However, since the seventeenth century, careful observations of lunar eclipses, 

transits of inferior planets and meridional passages of the sun have revealed very 

slight, complex departures from uniform rotation of the Earth. Moreover, it was also 

discovered that the Earth's rotation axis wanders. These annoyances to astronomers 

were, however, of considerable interest to geophysicists. 

The average sidereal day has been constant to seven significant digits during 

historic times - namely, 86,164.10 seconds of universal time or 

nEB = 7.292115 x 10-5 rad· 8- 1 

Variations in the length of day (termed l.o.d.) are thus in the range of 10-12 rad· S-I. 

They exhibit a spectrum ranging in periods of years to nearly one hundred years 

(Lambed;:, 1980). Such rapid changes can only occur from angular momentum 

transfer between the solid Earth and any large-scale terrestrial fluid reservoir. The 
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only exception is the secular retardation due to the tidal evolution of the Earth-

Moon-Sun system. 

The '"decade fluctuations,:' discussed in earlier sections, fall into a class of l.o.d. 

variations. They are accepted as hard evidence for coupling between the core and 

mantle - the outer core is the only sufficiently mobile part of the Earth with enough 

mass to affect the Earth's rotation on such observed timescales (Lambeck, 1980). 

Note, however, that in this work attention must also be paid to coupling between 

the inner core and outer core. 

The issue of coupling between interior regions of the Earth has been extensively 

studied, primarily, with regard to core-mantle coupling. There are four principal 

ways of coupling the outer core to its adjacent regions: inertial, viscous. topographic 

and electromagnetic. Inertial coupling results from the ellipticity of the Earth and is 

related to precessional energy. Viscous coupling is directly related to the size of the 

Ekman layer, discussed earlier. Topographic coupling pertains to MHD waves that 

arise from local topographic irregularities, or bumps, at the boundary interfaces. 

Finally, electromagnetic coupling is a function of the strength and variation of 

magnetic fields as well as the electrical conductivity structure. 

Inertial coupling is thought to be of least concern whereas the relative dominance 

of the remaining three mechanisms has yet to receive unanimous consent. For 

example, Hinderer et aI., (1990) regards topographic coupling to be as important 

as electromagnetic coupling between the core and mantle. However, electromagnetic 

coupling is generally regarded as most promising to explain decade fluctuations since 

it is the most likely mechanism to exhibit rapid variations (viz., Melchior, 1986). 

Consider the case where the out.er core and mantle rotate at differing angular 

velocities. A magnetic field line crossing this boundary will be stretched by the 

boundary shear and, through the magnetic part of the Maxwell stress tensor, produce 
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tension countering the relative rotation rates. In dyadic notation. the Maxwell stress 

tensor is 

(2.6.1 ) 

where I is the unit dyad. 

In a simple example, where the outer core rotates rigidly, the total torque r at 

the core-mantle boundary is 

(2.6.2) 

Substituting M into the expression for the torque. with 'V . B = 0, yields the net 

electromagnetic torque as 

is 
l1r r m = (Ro x B) -dS 

s 11-0 
(2.6.3) 

Since the inner core does not necessarily co-rotate with the outer core then this 

argument applies equally at the inner core boundary. Specifically, for the inner core 

boundary, equation (2.6.3) can be written as 

(2.6.4) 

(Landau and Lifshitz, 1960). At this point, it must be noted that, in the limit of 

rapid rotation, the neglect of inertia necessitates that the total torque must vanish 

on the boundary (Gubbins, 1981). There must, therefore, be torque balance. The 

simplest way to accomplish this is by assuming that electromagnetic and viscolls 

torques compete at the boundary. As in the electromagnetic example above, the 

integrated viscous torque can be expressed as 

(2.6.5) 

(viz., Hollerbach and Jones, 1993). 
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In the later discussion of boundary conditions, the torque balance condition 

(2.6.6) 

determines the relative rotation rate which, in turn, determines the inner boundary 

condition of the toroidal velocity field. Of course, the full momentum equations do 

not require this condition. This leads naturally into a full summary of all boundary 

conditions. 

2.7 Boundary Conditions 

The discussion of some boundary conditions has already naturally arIsen 

throughout the development of this model. In this section, we devote our attention 

entirely to summarizing all boundary conditions pertaining to the quantities 

described in equations (2.2.11), (2.2.12) and (2.2.18). 

The matching conditions on the vector potential at the inner core boundary are 

due to the continuity of both Br and Bo. Recalling that B = 'V x A then, across 

any radial boundary, 

A(i)(Ri, e, t) = A(o)(Ri, e, t) (2.7.1a) 

aA(i) aA(o) 

aT r=R":'" aT r=R+ 
I I 

(2.7.1b) 

For an insulating mantle, Bp must match an external potential field. Then, 

integrating across the boundary, one has that 

'V~A = 0 
<P 

(2.7.1c) 

The matching and jump conditions on the toroidal magnetic field, at the core-

mantle boundary, were stated in section (2.5.1): 

(2.5.1a) 
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q,;: o(r!ioll
R

; ~ qm~ o(r::mllR~ (2.5.1b) 

Similarly~ at the inner-outer core boundary 

B(i)(Ri, 0, t) = B(o)(Ri, 0, t) 

O::'tRC ~ O::otR+ 
I I 

(2.7.2b) 

and having recalled that 'Ii = "10 in this calculation. 

Equation (2.7.2a) results from the continuity across the boundary of the 

tangential magnetic field and must be obeyed in all instances where the electrical 

conductivity is bounded. Equation (2.7 .2b) can readily be obtained by integrating the 

induction equation across the boundary - it has the simple physical interpretation, 

especially clear when obtained in this way, that magnetic field lines are neither 

created nor lost at the interface but are conserved as they diffuse across it. Equation 

(2. 7.2b) can also be derived directly from the continuity of the O-component of the 

associated electric field across the interface. 

For a finitely conducting mantle, above which the electrical conductivity vanishes 

(2.7.3) 

However, that is of concern only if t.he mantle's electrical conductivity structure were 

explicitly modeled in a calculation. In the next chapter, we will consider an implicit 

incorporation of a finitely conducting mantle. 

The boundary conditions associated with the fluid flow vary between the rapid 

rotation limit and fully predictive equations. In both cases, the no-slip condition for 

the stream function is 

81/1 w=-=o . 8r (2.7.4) 

Notice that there are no physical boundary conditions for the vorticity in the 

streamfunction-vortici ty formulation. 
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The toroidal velocity field must take into account the fact that the inner core does 

not necessarily co-rotate with our coordinate system. which is fixed in the mantle. 

Also the no-slip boundary conditions on the flow at the base of the mantle must be 

enforced. Thus, we must have that 

v = 0, r = Ro (2. 7 .. jb) 

where !1 i is the solid body rotation rate of the inner core. The implementation of 

these conditions will be described in greater detail in the next chapter. 

2.7.1 Including the Mantle in the Boundary Conditions 

One immediate consequence of spin-up at the core-mantle boundary must be 

reflected in the last equation - the induced azimuthal velocity shear. Equation 

(1. 7.5b) must contain information pertaining to the imposed differential rotation 

rate of the mantle .6nm • Clearly, the simple prescription 

r = Ro (2.7.5c) 

satisfies this requirement. 

The other immediate consequence of mantle spin-up is a locally high w-effect at 

the top of the core. Recall from section (2.5.1) that a strong layer of shear located just 

below the boundary generates BT but that it is rapidly lost through diffusion into 

the poorly conducting mantle. However, it is a simple matter to prescribe boundary 

conditions to the toroidal magnetic field that reflect the conclusions drawn in section 

(2.5.3). 

Hollerbach (1994) investigated the formation of Ekman, Stewartson and Ekman-

Hartmann boundary layers, again, in the limit of rapid rotation. Here, the boundary 
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layers were a consequence of differential rotation of the outer core boundaries. The 

mantle was effectively ignored. He investigated both non-magnetic and magnetic 

cases - the former in agreement with classical fluid spin-up analyis. However, in the 

fully magnetic regime, the bulk of the fluid is, as expected, restricted to near solid

body rotation. Strong magnetic tension supresses differential rotation. Moreover, 

the solid-body rotation rate is determined by torque balance between the Ekman

Hartmann boundary layers that form at the inner and outer boundaries of the outer 

core. 

Cupal and Hejda (1989) investigated geostrophic geodynamo models which 

included the effect of electromagnetic core-mantle coupling. They found only small 

differences in the flow near the outer core boundary and that, more importantly, 

the large-scale meridional flow "was scarcely affected." As expected, inertia was 

excluded. 

This completes the description of the Earth model proposed for this study. Let 

us now turn to the numerical solution. 
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CHAPTER 3 

THE NUMERICAL METHOD 

The target equations described in in the previous chapter are a coupled nonlinear 

set of partial differential equations (POEs). Such equations have been known for over 

two centuries (Eves, 1992) and admit no solution in closed form. The appropriate 

pithy maxim is "differentiation is a science, integration is an art." Such is the nature 

of classical inverse problems. However, approximation techniques provide solutions 

that are, in some cases, as good as analytic solutions. In particular. numerical 

solutions of PDEs are undergoing rapid evolution due to significant advances in 

computer technologies. 

There are three principal numerical approximation schemes for PDEs; finite 

differences, finite elements and spectral methods. No single technique is universally 

dominant - each has its advantages and disadvantages. These approximations 

are based on some truncated series representation of the true solution. As such, 

they are all suceptable to numerical instability and convergence problems. A 

more accurate solution technique performs better in more complex mathematical 

systems, such as those of computational fluid dynamics. Over the past two decades, 

major ad vances in spectral methods have allowed applied mathematicians to address 

many previously intractable areas~ particularly in computational fluid dynamics and 

magnetohydrodynamics. This technique is employed in this work. We will begin with 

a general outline of this rapidly evolving technology from within the fundamental 

setting from which all numerical methods are founded upon. 
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3.1 The Method of Weighted Residuals 

All three numerical methods are unified within the theory of discretization 

schemes for differential equations know as the method of weighted residuals (Finlayson 

and Scriven, 1966). For a problem involving one independent variable ;1:. The 

unknown function, say u, is replaced by a truncated series approximation 

N 

uN(x) = 'L Ui<Pi(X) (3.1.1) 
i=l 

where the N coefficients iii, called spectra. are undetermined and the set of N basis 

functions <P can be defined over the domain of u. For an evolution problem the 

expansion may be expressed as 

N 

uN(x,t) = 'Liii(t)<Pi(X) (3.1.2) 
i=l 

where the coefficients are now a function of time. In any case, the goal is determining 

the set iii which provides the most accurate solution. 

Consider a linear differential operator L in the equation 

Lu-f=O (3.1.3) 

where f is some inhomogeneous term. Replacing u with uN yields 

DUN - f = R (3.104) 

where R is the residual. Clearly, an accurate solution is obtained by choosing the Ui 

which minimize R with respect to some suitable norm. 

Integrating the residual over the domain and forcing it to vanish 

1!v RdVdt = 0 (3.1.5) 
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yields an underdetermined system - one equation for N unknown coefficients. 

However, introduction of a set of N weighting functions Wj such that 

1 Iv R Wj dV dt = 0, j = 1,2, ... ,N. (:3.1.6 ) 

generates N independent equations for the unknowns. Equation (3.1.6) is the general 

form of the method of weighted residuals. 

The choice of basis functions d> is the principal feature which distinguishes 

spectral methods from the finite element method. The basis functions for spectral 

methods, usually eigenfunctions of an asociated Sturm-Liouville problem, are 

infinitely differentiable global functions whereas those in the finite element method 

are specified only on subdomains and, therefore, are only local in character. The 

same is true for finite difference schemes where the solution of the PDE is replaced 

by interpolating polynomials and their derivatives. As such, their basis functions are 

also local in character. 

Finite differences are conceptually simple and easy to implement over a wide 

variety of problems - this is their principal advantage. The finite element method 

is conceptually more abstract and requires much more analysis. However, the local 

nature of the interpolating polynomials within each subdomain makes this method 

best suited for problems concerning complex geometries. Accordingly, it is employed 

for problems involving continuum mechanics and is seldom considered practical in 

computational fluid dynamics. Spectral methods are the most recent revolution in the 

theory of mean weighted residuals. They involve the most analysis but are applicable 

over a wide range of partial differential equations - in particular, nonlinear PDEs. 

Their principal advantage is an overwhelming superiority in both accuracy and 

stability. The technique requires much analysis and is strongly restricted to the 
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specific global coordinate system of the problem. However, the technique now 

dominates most large-scale computations, especially in three dimensions. 

3.2 Spectral Methods 

The first monograph to appear on this subject was presented by Gottlieb and 

Orszag (1977). The only textbook on spectral methods appeared eleven years 

later (Canuto et al., 1988). A spectral method can be regarded as a natural 

separation of variables for an evolution problem. It allows for the exact evaluation 

of all spatial derivatives thereby reducing the PDE to a set of temporal ordinary 

differential equations (ODEs). However, the many intractable analytical calculations 

required for nonlinear PDEs prevented the method from being competitive with finite 

differences. This problem was circumvented over twenty years ago with the invention 

of the transform method (Orszag, 1969; Eliasen et af., 1970), which will be discussed 

later. 

The principal reason for employing a spectral method is rooted to the amenities 

of orthogonal polynomial expansions. As a specific example, let some function u(x) 

be represented as a truncated Chebyshev series over the interval [-1,1]: 

N 

uN(x) = L unTn(x), (3.2.1) 
n=O 

where 

(3 ') .») ----

The properties of Chebyshev polynomials are discussed in any textbook on applied 

mathematics or basic numerical methods. However, a comprehensive review is given 

by Fox and Parker (1968). From their orthogonality the coefficients have the classical 

representation 

(3.2.3) 



where 

{ 
2. 

en = 1, 
n=O 
n~1. 
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Equation (3.2.1) is simply a Fourier cosine series, with x = cosO, and is well know 

to converge rapidly. Gottlieb and Orszag (1977) demonstrated, in an integration-

by-parts argument, that a truncated Fourier series converges faster than any finite 

power of 1/ N - that is: 

nPU n --+ 0 as n --+ 00 'rip > 0, 

if u is infinitely smooth. Of course, this rapid decay requires that there is an 

adequate number of coefficients to represent all the essential structure of ll. Hence, 

the approximation error decreases more rapidly than algebraically - a property 

known as spectral accuracy. This observation lies at the heart of spectral methods. 

There are three different approaches; a) Galerkin, b) Tau and c) Collocation. 

The distinction is the choice of weighting functions in equation (3.1.6). Equations 

(3.2.1) and (3.2.3) represent the Galerkin class. This method is based on weighting 

functions that are identical to the expansion functions - an esthetically pleasing 

approach. They are, therefore, infinitely smooth functions which individually satisfy 

the boundary conditions. The POE is enforced by requiring that the integral of 

the residual times each weighting function vanishes - a variational approach. This 

method is best suited for problems with periodic boundary conditions and is only 

practical for high resolution calculations of some nonlinear POEs. However, it 

becomes impractical when dealing with complicated coupled sets of nonlinear POEs. 

The tau approach is related to the Galerkin method and was developed primarily 

to solve problems involving non-periodic boundary conditions. This approach is 

similar to the Galerkin approach in how the POE is enforced although none of the 
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basis functions need satisfy the boundary conditions and, hence, a set of auxiliary 

equations are added. 

The collocation technique is best suited to the model equations outlined in the 

last chapter and requires special attention. 

3.2.1 Chebyshev Collocation 

Spectral collocation is based on polynomial interpolation. Equation (3.2.1) IS 

used in conjunction with the condition 

III place of equation (3.2.:3) for the coefficients. The Xj are the discrete set of 

collocation points on [-1,1] common to quadrature and interpolation theory. They 

are usually the zeros or extema of the corresponding interpolating polynomial. If 

chosen wisely, they ensure that the global error in the solution is minimized. 

A particularly attractive choice of basis functions for problems with non periodic 

boundary conditions, as in this work, are Chebyshev polynomials. They are nothing 

more than cosine functions (with the change in independent variable described 

above). This enables the use of the theoretical results pertaining to the Fourier 

system to be employed in the Chebyshev system (Canuto et al., 1988). Another 

important property is that the Chebyshev collocation points are crowded at the 

boundaries - a useful feature in computational fluid dynamics where resolution is 

critical in studying boundary layers. The reader is referred to Canuto et ai. for a 

comprehensive review of their applicability to spectral methods. 

A popular choice for the optimal set of collocation points is the set of so-called 

Chebyshev-Gauss-Lobatto points 

(7rJ) 
Xj = cos N ' j = 0, 1.2, ... ,N 
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yielding a very accurate approximation to equation (3.2.:3) (Canuto et al .. 1988), 

that is 

where 

- -, { .) 

en = 1, 
n = 0 or N 
1 :s; n :s; N. 

(3.2.4) 

Clearly, all spectral methods require the analytic differentiation of equation (3.2.1). 

'rVe see, however, the great advantage of the collocation technique regarding nonlinear 

problems in that the analytic evaluation of (3.2.3) is replaced by (3.2..1). 

With respect to the theory of section (3.1), the collocation approach IS 

characterized by weighting functions that are translated Dirac delta functions 

centered at the collocation points. In other words, the PDE is satisfied exactly 

at these points Thus, the choice of grid points relates to the accuracy of the solution 

as well as the basis functions employed. 

Let us describe a "brute-force" approach to spectral collocation in the case of a 

non-specific set of basis functions </>. Consider the evolution problem 

au 
- = }v/u at (3.2.5 ) 

where M is a one dimensional spatial differential operator. Let us represent the 

solution by equation (3.2.1). Substitution of (3.2.1) into (3.2.5) yields 

N du.(t) N L -'-<pi(X) = L Ui(t)lV!¢>i(X) 
i=1 dt i=1 

(3.2.6) 

an equation in N unknowns. Introducing N collocation points generates the system 

(3.2.i) 

where j = 1,2, ... , N. This system can be rewritten compactly as 

dii c--= u 
dt 

(3.2.8) 
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where it is the vector of coefficients for a given time step and C is the collocation 

matrix. The latter can be precomputed and stored for computational efficiency. The 

initial conditions are given by 

where I is the spatial interval. The system (3.2.8) is easily evaluated using common 

numerical techniques of ODEs. 

This simple example illustrates the essential features of all spectral methods. 

First, the theory of Fourier expansions suggests that representation (:3.2.1) admits the 

potential for rapidly convergent approximations provided that the basis functions are 

chosen wisely. This means that accurate solutions are obtainable with substantially 

fewer points than with finite differences. Second, the spatial derivatives are evaluated 

exactly. Thus, phase errors are minimized and solutions are potentially more 

stable. This example also illustrates that spectral collocation is easy to implement 

as compared with the other two spectral methods which both involve the analytic 

integration of equation (3.2.;3). However, this example does not take advantage of 

several features inherent in the Chebyshev system which is akin to the Fourier system. 

3.2.2 Spectral Transform Methods 

Let us return to the original spectral collocation example from the preVIOUS 

section. Instead of numerically integrating a set of ODEs for the coefficients, as 

is done in (3.2.8), it is much more efficient to apply the expansion coefficients in a 

intermediate step; namely, in the analytic differentiation of the spatial derivatives 

as follows. From (3.2.2), and from the orthogonality of Chebyshev polynomials, the 

expansion coefficients, evaluated at the Chebyshev-Gauss-Lobatto points, are given 
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explicitly as 

2 ~ 1 N 7rij 7rij 
Uj(t) = -_ L.::-u (-,-, t)cos(-), 

NCj i=O Ci N N 
k = O,l, ... ,N (3.2.9), 

where the Cj are as before. Also, from the trigonometric identity 

2sin{}cosk{} = .sin(k + 1){} - sin(k - 1){}, (3.2.10) 

and using the definition of the Chebyshev polynomial. one can write 

k2::1. (3.2.11 ) 

It immediatly follows that 

(3.2.12) 

Equation (3.2.12) provides an efficient means of differentiating a polynomial of degree 

N in Chebyshev space; that is 

aNN 
1l '"' _(1)'7' ( ) -- = L.llk .Lk x ax k=O 

(3.2.13) 

where 

(3.2.14). 

The coefficients in (3.2.12) are calculated in decreasing order by the recursion relation 

o ~ k ~ N -1, (3.2.15) 

which follows from (3.2.12) and from the fact that u~l) = 0 for k 2:: o. Equation 

(3.2.15) can be generalized as 

(3.2.16) 

For example, the coefficient for the second derivative is 

(3.2.17). 
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Summarizing, the collocation method is not implemented in terms of the 

expansion coefficients. Instead. it is implemented in terms of physical space values 

of the unknown functionu. The expansion functions rPj(x) are employed Just for 

evaluating derivatives. Hence, the one dimensional diffusion equation in cartesian 

coordinates, for example, would take the form 

::l V V .. 
Ott' _ ~ • (2)() irl) 

a - ~ U j t cos V ' 
t . 0 .< 

J= 

(:3.2.18 ) 

a set of N+1 coupled ODEs. The efficiency is due to the ability to employ 

Fourier transforms and, as in this case, cosine-like transforms. That is, the discrete 

Chebyshev coefficients of It are computed according to (3.2.13), then (:3.2.17) is used 

to differentiate in transform space. The final results at the collocation points are 

obtained by transforming back to physical space. 

We end this section with a final caveat. A common problem in spectral analysis 

employing discrete Fourier expansions is error due to aliasing. This is where differing 

frequencies are indistinguishable at a prespecified discrete samling rate - in this 

case, the spatial discretization. In spectral methods involving nonlinear calculations, 

nonlinear interactions in the physical problem can generate higher frequencies which 

can alias themselves on the lower resolution discretized grid and thus contribute to 

the aliasing error. 

Historically, the evaluation of convolution sums, akin to variable coefficient or 

nonlinear problems, was prohibitively costly (Canuto et al., 1988). As mentioned 

earlier, Orszag (1969, 1970) and Eliasen et al. (1970) developed this transform 

approach, employing discrete Fourier transform pairs, to circumvent the problem. 

For nonlinear problems, when convolution sums are evaluated in transform space, 

the method is not actually a true spectral Galerkin method as noted by Orszag 

(1971). Accordingly, he termed such a method pseudo-spectral. 
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3.2.3 Stability and Accuracy 

A numerical method is formally referred to as stable if the discrete solution IS 

independent of the truncation parameter N, regardless of the data. Within the 

theory of Hilbert spaces, this means that every discrete solution resides in a bounded 

subset of a normed linear space as N approaches infinity for a given set of data. This 

is an exceedingly complex subject consisting of incomplete research. As in finite 

differences, stability is rooted to every detail of an algorithm, beginning with the 

class of PDEs under scrutiny and ending with how the evolution problem is integrated 

forward in time. The reader is referred to an exhausive review of both stability and 

convergence characteristics of all spectral methods in Canuto et al. (1988). 

Apart from such formal analysis, another key issue of concern to algorithmic 

stability lies in how the target equations are cast. We have already mentioned that 

the so-called rotational form of the momentum equation, as well as the use of vector 

potential representations of the magnetic field, are advantageous in this regard. Also, 

the target equations, often, can be cast in various conservation forms (viz., Canuto 

et al., 1988; Dahlburg and Picone, 1989). '-IVe have taken care to employ such forms 

where possible, and have followed in the footsteps of others who have enjoyed success 

in similar endeavours. Finally, we must pay special attention in avoiding instabilities 

due to aliasing errors, which have been the "black plague" of nonlinear spectral 

algorithms - that topic being relegated to the next and final sub-section. 

Let us begin by presenting several brief examples exploring the superior accuracy 

of basic transfrom methods before continuing on, in the next section, to describe the 

specific method utilized here. 

Consider the generic PDE 
au - = lVIu at (3.2.19) 
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where lVI is any spatial partial differential operator. First we explore the simplest and 

most stable evolution problem: where jVJ is the one dimensional cartesian diffusion 

operator. This is best suited to Chebyshev collocation, as described previously. "'Ie 

investigate a variety of initial conditions and apply Dirichlet boundary conditions. In 

all cases, we devise a second-order finite difference algorithm for comparison. With 

a truncation of only N = 8 a rudimentary spectral collocation algorithm yields an 

approximate solution that is three orders of magnitude closer to the analytic solution 

than that of the finite difference scheme. Doubling the truncation parameter yields a 

solution whose maximum error is 10-11 of the analytic solution! The finite difference 

scheme, for the same number of grid points, showed only marginal improvement - a 

reflection of spectral accuracy. Similar success is found in an investigation of elliptic 

non-evolution problems in one cartesian dimension. Canuto et ai., (1988) quotes 

the same order of magnitude in the maximum error (but employ a Legendre Tau 

approach to the latter case). 

Next, we investigate a number of diffusion problems in more complex situations 

where an analytic solution is known (drawing from Carslaw and Jaeger, 1959). 

Similar results were obtained as in the first couple of examples given above. Of 

particular intereset, however, is the problem involving radial diffusion in an infinite 

rod. The analytic solution is expressed as a Bessel series. Surprisingly, the spectral 

approximation provides a more accurate solution than the analytic one - the Bessel 

series converges slowly, and pales in comparison to spectral accuracy. 

As a final demonstration, in preparation for the problem at hand, we numerically 

reproduce the analytic results of Levy and Pearce (1991), stated in the last chapter. 

That is, we model the two dimensional spherical diffusion of the azimuthal component 

of a vector field, and with constant forcing function. In this case the spatial operator 
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of equation (3.2.19) becomes 

_ 2 ( 82 1 82 2 8 cotfJ a -2· -2 ) 
1H = 'V r/J = 8r2 + r2 8fJ2 + ~ 8r + --;:2 8fJ - r sm fJ (3.2.20) 

For the spectral approximation we assume the Legendre-Chebyshev expansion 

N 

uN(rj,fJ,t) = L un(rj,t)P~(co.s()) (3.2.21a) 
n=l 

where 
N 

un(rj, t) = L unm(t)Tm{rj) (:3.2.21b) 
m=! 

and where rj represents the collocation grid. 

Substitution of (3.2.21a) into (3.2.19) with iV! expressed as (3.2.20) yields 

8u
N

I t [d2d~n + 2 dd
un

] P~(cos()) at = n=! r rj r 
r=r} 

(2.7.5b) 

(2.7.56) 

The fJ-dependence can be expressed as -n(n+ 1 )P~ through the associated Legendre's 

equation so that 

at 
r=r} 

with 

= ~ (d2un 2 dUn _ ~ n(n + 1)) Pl( fJ) 
~ d.2 + _ d Un 2 n COS 
n=! 7 rJ r rJ-

d~ N 
Un = "" U(l) (t)T (r-) dr ~ nm m J 

m=! 

d2un _ ~ ~(2) (t)rf' ( _) 
dr2 - ~l U nm 1m rJ 

(3.2.22a) 

(3.2.226) 

(3.2.22c) 

Clearly, the problem is reduced to spectral collocation in Chebyshev space involving 

only the radial coordinate. Radially dependent source terms are incorporated into 

(3.2.22a) easily. If they involve radial derivatives of the dependent variable then 

terms are added to the left-hand side of (3.2.22a) based on similar expansions. Source 
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terms involving derivatives in 0 yield analytic derivatives of the associated Legendre 

polynomials. These ideas will be exploited in the fully nonlinear pseudo-spectral 

calculation presented in the next section. 

Comparisons are, again, made against a complete second-order finite difference 

algorithm. As in all previous cases, there is a dramatic improvement in both 

speed and accuracy in t.he spectral solutions. In addition. the code was found to 

be conditionally stable in all cases. The spectral approximation to the results of 

Levy and Pearce (1991) were, again, accurated to one part in 1011 for a truncation 

of N = 16. In addition, the e-folding time of the Earth's core was determined 

to be roughly 12.5 ka (see Figure :3.1), in agreement with independent estimates 

(Hollerbach, private communication, 1994). 

3.2.4 De-Aliasing 

Let us finish this section with the problem of de-aliasing of the transform method. 

We will now formally define the error due to aliasing. Again, we are concerned with 

quadratic terms, specifically, such as 

w(x) = u(x)v(x) (3.2.23) 

which, upon infini te senes expansIOn in a Fourier Galerkin treatment, can be 

expressed as the convolution sum 

where 

Wk = L UmVn' 
m+n=k 

00 

u(x) = L umeimx 

m=-oo 

00 

vCr) = L vne
inx 

m=-oo 

(3.2.24a) 

(3.2.24b) 

(3.2.24c) 
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Figure 3.1: The energy in the magnetic field is plot ted as a function of time for the 
case of free decay in the Earth's core. Since energy is plotted the e-folding time is 
located at 1/ e2

, corresponding to roughly 12.5 ka. 



and 

- 1 12
;r -ikx 

Wk = -2 w(x)e dx. 
iT" 0 

Now, consider the trucated expansions of degree N /2: 

where /k/ ::; N/2 and 

Wk = L UmVn , 
m+n=k 

Iml,lnISN/2 

N/2 

u(x) = L umeimx 

m=-N/2 

N/2 

v(.'l:) = L vne inx 

m=-N/2 

95 

(3.2.24d) 

('3 'J'r ) .. _._va 

('3 .) ')5 ) • '_'_' C • 

The direct summation of equation (3.2.25a) takes O(N2) operations in two 

dimensions and O(N4) operations in three dimensions (Orszag, 1980). This is an 

order of magnitude more costly in CPU as compared with a second order finite 

difference scheme. This is the single reason why, before the invention of transform 

methods, spectral methods could not compete in large-scale nonlinear computational 

fluids calculations. 

Let us now outline the enormous contributions of Orszag (1969, 1970) and Eliasen, 

et al. which gave rise to the pseudo-spectral transform methods. They incorporated 

the discrete Fourier transform to transform um and Un to physical space, and there 

to perform the product (3.2.23), and again, apply the discrete Fourier transform 

to determine Wk. In this way, the evaluation of equation (3.2.25a) requires only 

O(Nlo92N) operations in two dimensions and only O(N3 lo92N) operations in three 

dimensions, thus making spectral methods competative (Orszag, 1980). 

At this point. however. we can explicitly reveal the origins of the aliasing error. 

Consider the discrete Fourier transforms 

N/2-1 

Uj = L Uke
ikx

) 

k=-N/2-1 

(3.2.26a) 
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N/2-1 

Vi = LVkeikx} (3.2.26b). 
k=-N/2-I 

where j = 0,1,2, ... , N - 1 (vi::., Canuto et a/., 1988). The convolution sum formed 

by the product of these expressions is 

1 N-I 
}Vk = - L Wje- ikx} 

N j=O 

where k = -N/2, ... , N/2 -1 and .r:j = 27ij/N. 

(3.2.26c) 

From orthogonality in the discrete Fourier transform (i.e., Sneddon, 19.51) this 

can be expressed as 

}Vk = LUmVn + L UmUn 
m+n=k m+n=k±N 

or 

where Ea rigorously defines the aliasing error. 

There are two standard techniques for achieving this goal. First, and most 

common, is the padding (or truncation) method. The second employs phase shifts 

associated with changes in the grid in physical space. We will employ the former, 

and the reader is referred to Rogallo (1977) and Canuto et al. (1988) on the latter. 

Removal of aliasing errors by padding is done by choosing iV/ points in the discrete 

transform (rather than N) such that }vI ~ :3N /2. Defining the new grid Yj = 27r j /l~I 

then the discrete Fourier transforms become 
M/2-1 

Uj = L Uke
iky

} 

k=-;H/2-1 

IH/2-1 
TI' '" - iky Vj = ~ Vke} 

k=-/U/2-1 

where j = 0,1,2, ... ,1\1-1 and Uk vanishes unless Ikl :5 N/2. 

(3.2.28a) 

(3.2.28b). 

We see that the Uk are 

padded with zeros for the additional wavenumbers. Similarly, 

1 ,\-1-1 - L 'k ltVk = - W'e- I 'Y} lVI, ) 
• )=0 

('3 .) ')8 ) , __ ._ c 
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where k = -:.\1/2, ... , lvl/2 - 1. Then, similar to before 

vVk = L iimvn + L UmVn 
m+n=k m+n=k±J1 

However, since we require only the I,irk for Ikl :::; N/2, then lvI is chosen such that the 

aliasing term vanishes for these k. But, Uk = Vk = 0 for Iml > Nj2 and the worst 

situation is when 

or 

N N N -- - - < - - 1 - Al 
2 2 - 2 

3N 
Al 2: 2 - 1. 

This technique, often referred to as the 3/2 - rule, costs an additional 50% more 

CPU as compared to the aliased scheme described above. 

This concludes the formal background on the theory of spectral methods. 

3.2.5 Examples of Instability 

Here, we present a few examples of the various sources of instability encountered 

in this work. The major causes of instability in, earlier, simple linearized versions 

of the model were due to unresolved boundary layers. These huge gradients require 

an adaptive step-size control in the temporal integration, not utilized here, so as 

not to violate causality. In addition, problems were encountered in earlier models 

not containing an inner core. Only the stable parabolic calculation of diffusion is 

required in the inner core. Singular instabilities, associated were poor convergence of 

the expansions, result easily if care is not taken at the origin. However, the greatest 

numerical instability encountered was found to be improper de-aliasing. 
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Figure :3.2: The total (kinetic plus magnetic) energy in the solution is plotted against 
real time. The energy is apparently conserved fairly well until after some 15 years. 
In this case. improper de-aliasing was responsible for this catastrophic instability 



Figure :3.3: An example of a singular instability in v for a model not incorporating 
an inner core. Here, the basis functions do not satisfy the boundary conditions at the 
origin and, due to improper convergence characteristics, result in an unconditionally 
unstable solution. 
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Figure 3.4: An example of how instabilities arise in the toroidal velocity field at the 
outer core boundary due to inadequate resolution on boundary layer formation. 
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3.3 The Method 

Let us now turn to the specific details of the present calculation. The expansions 

are identical to that of Hollerbach and .Jones (1993). The magnetic field in the inner 

core is expanded as 

NJ 

A(i) ( .... (i) e. t) ~ 4-(i)( (i) t)P! ( e ) 
, J ," - ~'n rj. 2n-l cos i 

n=! 

NJ ""[1+2 

- L L A~i~(t)Tm_l(X)i»)Pin_l(COsOd (3.:3.1a) 
n=l m=l 

Nt 
B(i)(r(i) e· t) ~ lJ(il ( (i) t)P' l ( 0 ) 

J '" - ~ n rj' 2n CO.S i 
n=l 

NI J\tIt +2 

- L L lJi%(t)xY lTm- 1(xY»)Pin(cosO;) (3.3.1b) 
n=l m=l 

where all tildes represent spectral coefficients. The superscripts (i) refer to the inner 

core whereas the superscripts (0), to follow, refer to the outer core. The subscripts 

i and j refer to the collocation points in angle and radius, respectively. The angular 

grid points are the N2 zeros of PiN
2
+l on (0,1), using a root finding algorithm~ 

and the radial collocation points are the Ivld2 zeros of ~\ft+l(X(i») on (0,1) (Fox 

and Parker, 1968). The extra coefficients in the radial expansion are determined 

by the boundary conditions (as in the outer core expansions below). The radial 

domain of the Chebyshev polynomials is mapped according to xJi) = 1')0) / Ri• Note 

the the expansion in B(i) imposes the correct symmetry in radius - viz. equation 

(2.7.3a). Also, the radial symmetries are related to the equatorial symmetries, and 

this condition is necessary for A(i) to be antisymmetric and for B(i) to be symmetric 

(Hollerbach and Ierley, 1991). 
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Similarly, the outer core solution, now including the fluid calculation, is expanded 

as 

A(O)(r(o) (). t) 
J ' I, 

NI 

L .4~O)(rJO},t)Pln_l(COs()d 
n=1 
Nt J'v!t+2 

- L L A~~(t)Tm-1(X}o»)pin_I(COS()i) (3.3.2a) 
n=l m=1 

B (O)(r(o) (). t) 
J ' '" 

NI 
" B~ (o)(r(o) t)Pl (COS()·) - L... n J' 2n , 
n=l 

Nt AIt+2 

- L L Bi~(t)Tm_l(X)O»)Pln(cos()d (3.3.2b) 
n=l m=1 

N2 

- L ~n(r)o),t)Pin(cos()d 
n=l 

N'2 M2 +4 
- L L~nm(t)Tm-I(X)O»)P1Tl(cos()d (3.3.2c) 

n=l m=l 

N2 

- L ~'n( rJo) ,t )pin-1 (cos()d 
n=l 

N2 J'h+2 

- L L l}nm(i)T m-l (X)O})Pin-l (cos()d (3.3.2d) 
n=1 m=1 

Note that there is no time dependence in the fluid quantities in the limit of rapid 

rotation. Also notice that the number collocation points differs between fluid and 

magnetic field calculations. This is to resolve fluid boundary layers and, also, for 

proper de-aliasing (discussed below). The collocation grid in radius is established 

from the 1\11 zeros of T.Ht (X)o») on (-1,1). Note that the commonly used Chebyshev

Gauss-Lobatto discussed earlier have one collocation point too many, and are 
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therefore unsuitable. The domain of the Chebyshev polynomials is mapped according 

to 

vVith this mapping all radial derivatives are evaluated as follows: 

and 

In general 

dTm _ dTm dx _ .)dTm 

dt - dx dr - - dx 

Note that the subscript and superscript notation is suppressed and we have taken 

Ri = 1/2, Ro = 3/2. Similar rules apply to the inner core. Let us now turn to the 

specific spectral method employed in the current investigation. 

3.3.1 Resolution and De-Aliasing 

Let us begin with grid resolution and de-aliasing rules. Similar investigations, in 

the limit of rapid rotation, were successful with N1 = 20, lvi1 = 24, N2 = 40 and Al2 = 

.50 (Hollerbach and Jones, 1993). In a specific study of hydromagnetic boundary layer 

phenomena, Hollerbach (1994) found that somewhat greater resolution was necessary. 

We will begin with the latter set. 

Let us first consider the limit of rapid rotation. Here, we are dealing with the 

interaction terms ~dB(o),B(o»), ~l('v~A(o),A(o») and ~2(B(o),A(o»). The specific 

choice of resolution ratios, relating to the induction equation and momentum 

equation, is firmly rooted to de-aliasing rules. First, we consider the angular 



104 

truncation relationships. Both equations are evaluated on the N2 points. The 

induction equation must be evaluated on more collocation points than the number 

of spectral c'oefficients - the padding technique described above. When considering 

the momentum equation, the nonlinear Lorentz term generates forcing up to twice 

the number of Nl spectral terms. This is why N2 must be at least 2Nl for proper 

de-aliasing. Then, in the induction equation, the source term, v x B will generate 

forcing up to N2+Nl spectral terms. When this forcing is evaluated on N2 collocation 

points, the first N2 - Nl terms will be properly de-aliased. Thus, if N2 - Nl ~ Nl 

the induction equation will also be properly de-aliased. 

The rules for the radial truncations are somewhat more complex. There are 

several terms involving r- 1 and r-2 which do not have terminating Chebyshev 

expansions. They are, in fact, related to the radius ratio Raj Ri and, for the choice 

made here, produce rapidly convergent Chebyshev expansions (Hollerbach, private 

communication, 1995). 'vVe choose IVJ2 - (1V!1 + 2) 2:: IV!1 if J.V!2 2:: 2~VIl + 2, which is 

only an approximate de-aliasing rule, but proves satisfactory. 

The nonlinear advective terms ~dv, v), ~lC'V!¢,IP) and ~2(lp, v) are not so 

amenable to the presciption given above. Here we employ the so-called 3j2-rule, 

discussed in the last chapter. Alternatively, it is algorithmically simpler to just 

discard the first half of the spectral coefficients in velocity for each of these nonlinear 

terms. That way, the same scheme used in the limit of rapid rotation applies. 'vVe 

have just thrown out a small amount of accuracy in their evaluation - recall that 

all expansions possess spectral accuracy. 
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3.3.2 The Algorithm 

Let us consider a schematic representation of the fully predictive set for the outer 

core 

DA 
RHSA -

at 
DB 

RHSa at -

Dw 
RHSw - -at 

- Ro-t {RRLw} + Aw 

av 
RHSv at 

- Ro- t {RRLu} + Av 

where RHSA, RHSa, RHSw and RHSu simply refer to the right-hand sides of the 

respective equations. Notice that, in the limit of rapid rotation, that Ro is very 

small. The left-hand sides of the momentum equations can be further subdivided 

into those terms multiplied by Ro-t (RRL referring to the Rapid Rotation Limit) 

and the remaining nonlinear advective terms (designated by A). 

In calculating the evolution of this full set of equations we employ a modified 

second order Runge-Kutta time-stepping routine. Diffusive terms are implicitly 

evaluated in this phase of the calculation. All boundary conditions are applied 

here. All right-hand terms, except dissipative ones, are evaluated pseudo-spectrally, 

as described below. 

However, in the limit of rapid rotation only the magnetic equations are time

stepped while the momentum equations, which are now the diagnostic set RRLw and 

RRLv, are evaluated during the process of evaluating RHSA and RH Sa. Specifically, 

an initial condition is given for the spectral coefficients of A (0) and B(o). Then, as 

they are time-stepped, calls are made to the routines which evaluate the velocity 
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field by solving RRLw and RRLu. In this step: the Coriolis and diffusive terms 

are collocated in radius and pre-inverted, the resulting large band-matrix applied to 

the remaining interaction terms to yield the fluid coefficients (Hollerbach, private 

communication, 1994). The boundary conditions on the fluid flow are applied here. 

Finally, now given the magnetic field and the flow, the back-reaction of the flow on 

the magnetic field is calculated via RH S .. t and RH S B. 

The inverion of the band matrix containing the Coriolis and diffusive terms is 

the only major structural difference between the limit of rapid rotation and the fully 

predictive set. Otherwise, the algorithms are similar. Also: bear in mind that we 

wish to evaluate all nonlinear terms pseudo-spectrally in angle while collocating in 

radius. The motivation for this will become apparent shortly. 

The associated Legendre polynomials allow for great simplifications in both the 

Coriolis and the diffusion terms. \Ve begin with the following recursion relations 

(Abramowitz and Stegun, 1968): 

cosO P; (cosO) 

sinO :e [p;(cosO)] 

:0 [sinO P~ (cosO)] 

From these relations one obtains the simple forms 

8 
8z J( r )P~ (cosO) ( a 1 8) - cosO or - ;:sinO 00 f(r)P~(cosO) 

n ( 0 n) ) 1 2n + 1 or - -;: f(r Pn+l (cosO) 

n+1 (0 n+1) 1 +) 1 -8 + -- f(r)Pn - 1 (cosO) 
:"'n + r r 
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2 1 ( 82 2 fJ n( n + 1)) 1 'lrj)f(r)Pn(COSO) = -;:)2 + --fJ - 2 f(r)Pn(cosO) 
or r r r 

and 

becomes 

-+--- + r cos (
fJ4 4 fJ3 2n(n+1) fJ2 (n-1)n(n+1)(n+2))f( )p1( 0) 
fJr4 r fJr3 r2 fJr2 r·1 n 

Specifically, consider the diagnostic equation for the toroidal velocity field 

Note that the left-hand side is solved explicitly in the fully predictive set. However. 

their form is identical in both algorithms. Using the Legendre recursion relations. 

the left hand side becomes 

which can be rewriten as 

( 
2n - 2) [fJ 2n - 2] . 

2 4 3 -fJ - It'n-l (r) n - r r 

2 (2n + 1) [~ + 2n + 1] In (r ) 
+ 4n + 1 fJr r 

+ 
E [ fJ2 ~~ _ 2n(2n - 1 )] ~ ( ) 

fJ 2 + fJ 2 Vn r r r r r . 

These equations are then expanded and collocated in radius and, together with 

similar derivations for the diagnostic equation associated with (2.2.18a), can be 
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precomputed in a large band matrix. inverted and stored. The radial expansion 

and boundary conditions are contained in this part of the algorithm. This requires 

roughly 100 Mb of core memory for the truncation considered in this work. A 

standard band matrix inversion routine is used (Press et aL 1992). Multiplying the 

inverse onto a given right-hand side takes N2 (21112 + 6)(4.M2 + 11) operations. Thus. 

the entire solution is cubic in CPU. 

Thus, at each time step of the induction equation the left-hand side of the 

induction equation is applied to the properly de-aliased Lorentz term on the right

hand side. Notice that approach possesses simple coupling only of adjacent angular 

modes. This is the reason for doing the computation pseudo-spectrally in colatitude 

(Hollerbach, private communication, 1994). Performing a Chebyshev pseudo-spectral 

calculation would require all angular points in the coupling. 

The evaluation of the right hand side of (2.2.18b) is as follows. The operator 

given by equation (2.2.l4b) is the ¢>-component of the cross product of the vectors 

resulting from the respective curls of the two field quantities being operated upon. 

This yields the simple expression 

Applying the solution expansions, the radial terms become 

whereas the colatitudinal terms 

~() fJfJ()(.5in()A) 
r.5zn 
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and 

~() aa() (sin()B) 
rSln 

become 

N ,\-12 +2 1 1 2 (2 1) 
" " A(o) (t)-T. (x(o»)_ n n - (p,(l)(COS()) _ p,(l) (cos())) L..... L..... nm m-l . () 4 1 2n 2n-2 
n=l m=l l' szn n -

respectively. 

Evaluated at the n,lh angular collocation point and the m,lh radial collocation 

point, these become 

where the arrays 
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CIn,n' = P~(cos()) 

are simply the expansion functions evaluated at the corresponding collocation points. 

These are also precomputed and stored. Then, given the set of spectral coefficients, 

A~% and B~~, we can define temporary working arrays 

Jl.h+2 

AXln,m' = L A~%XIm,m' 
m=l 

M2+2 

BXIn,m' = L B~~XIm,m' 
m=l 

M2+2 

AX? - ~ A-(o) v.) 
-n.ln' - ~ nm"'\.Wm,m' 

m=l 

lv12+2 

B V? ~ B-(o) V.J 
.l\. -n,m' = L-.J nm'/\' -m,m' 

m=l 

N 

ACIn',m' = L AXIn,m,CI2n- 1,n' 
n=l 

N 

BCIn',m' = L BXIn,m,C12n,n' 
n=l 

N 

AC2n',m' = L AX2n,m,C22n- 1,n' 
n=l 



N 

BC2nl.ml = L BX2n,mIC22n,nl 
n=l 
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and form the matrix containing the pseudo-spectral representation of N2(B(0)1 A(o») 

as 

BAn',m' = ACln,.m,BC2n',m' - BCln',m,BC2n',m' 

which is -N2(B(0), A(o») evaluated at n', m'. Since this is pseudo-spectral in angle, we 

must still convert back to angular spectral space. So for a given radius corresponding 

to the m"lh radial collocation point, -N2(B(0), A(o») must have the form 

N' 
BAn',m' = L BASn,mIPn',n 

n=l 

where we have defined the matrix 

which is also precomputed at the n,lh point. Hence, we can t.ransform between real 

angular space and spectral angular space by also precomputing the inverse of Pn/,n, 

yielding 

!V' 

BASn,m' = L P;;'~,BAnl,ml 
n'=l 

This completes the description of the pseudo-spectral lI1 angle, collocation in 

radius evaluation of -N2 (B(0), A(o)). Note that it is quadratic in storage and cubic 

in CPU. The analysis is similar for all other forcing terms. 

In the fully predictive case the algorithm is identical except that the Coriolis and 

diffusive terms are not pre-inverted. The latter is dealt with as in the case of the 
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interaction terms, like N2(B(o), A(o)), whereas the diffusive terms are incorporated 

into the time-stepping routine (described in the last section). 

The Poisson equation for vorticity is solved at each time step by precomputing 

the inverse of the operator 'V'; and applying it to the real space values of w to expose 

1/J. 

3.3.3 Coupling and Fluid Boundary Conditions 

The boundary conditions described in the last chapter, regarding fluid flow, are 

now described in specific detail. For the limit of rapid rotation we can cast equation 

(2.7.4a) as 
'\-[2+4 M2+4 

L {;nm( _l)m = L ~nm( _l)m(m - 1)2 = 0 
m=l m=l 

at the inner core boundary and 

M2+4 M2+4 

L ~nm = L ~nm (m - 1)2 = 0 
m=! m=! 

at the outer core boundary. The fully predictive relation (2.7.4c) is clearly similar. 

The toroidal velocity field at the inner core, given by equation (2.7.5a) becomes 

at r = Ri' Since Pl (co.sO) = -sinO, this becomes the two conditions 

M~+2 

L Vl m ( _l)m = Rjn i 
m=l 

and 
M~+2 

L vnm ( _l)m = 0, n>l 
m=l 

where the first determines ni , and the second gives the boundary condition for n > 1. 

The calculation of the torque balance, discussed in chapter 2, gives the boundary 
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condition for n > 1. The viscous torque is written as 

or 
'J M~+2 

rRi = :'E L i'Im(-l)m [2r(i)(m - 1)2 + 1] 
3 m=l 

Note how conveniently the torque balance involves only VIm 

r is evaluated from the magnetic torque and, according to equation (2.2.6). ni 

can be determined. 

The toroidal velocity field vanishes at the outer core boundary in the case of no 

mantle spin-up. Thus, 
M~+2 

L vnm =0 'tin. 
m=I 

However, for mantle spin-up we must consider equation (2.7 .5c) which, upon 

expansion, has the form 

which, as with the inner core analysis above, becomes 

J\J~+2 

L i'Im = Ro6.f2m. 
m=l 

remembering that nm is the mantle's angular velocity (there is no summing index 

implied). 
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Model Calculations 
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The results presented herein are largely drawn from th(! Earth model derived 

within the limit of rapid rot.ation. Herein, the velocity field at any given time is 

determined from the steady state solution to the momentum equation. Consequently. 

without fluid inertia, there is no transmission of information by waves. Specifically, 

the local effects of inertia which become significant during spin-up are absent 

and, accordingly, the initial formation of boundary layers is disregarded. Yet. 

these transient structures are responsible for communicating changes at the fluid 

boundaries to the bulk of the outer core - these details are the principal focus 

of this study. However, the steady state configuration after spin-up can provide a 

bench mark for future predictive results. Moreover, we will demonstrate, from a 

simple inertial estimate, that the limit of rapid rotation has \'alidity during spin-up. 

The numerical solution of the fully predictive set (2.2.11, 2.2.12, 2.2.18 and 2.2.19) 

applied to the steady state a 2-geodynamo was performed by Proctor (1977) using 

finite differences. Similar solutions. but in the limit of rapid rotation, have been 

obtained by Ierley (1982) and Hollerbach and Jones (199:3a) for the a 2-geodynamo. 

by Hollerbach and Jones (1993b, U)95) for the aw-geodynamo, by Hollerbach (1994) 

for the study of boundary layers and by Glatzmaier and Roberts (199.5a, b) for 

a full 3-D geodynamo simulation which features a reversal. These latter studies 

all employed spectral methods and, with the exception of Ierley (1982). focused 

primarily upon the steady state influence of the inner core. Comparison studies, 

again with spectral methods, have confirmed the aw-geodynamo results (Glatzmaier, 
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private communication, 1994). ~lodel calculations including inertia were performed 

by Zhang (1987) but for travelling wave solutions that were severely truncated. More 

recently, St. Pierre (1995) studied full inertial solutions. They both used spectral 

methods. These previous studies form a basis for confirming the validity of this 

algorithm. 

4.1 The Model Earth Parameters 

The model equations discussed in the last chapter present five experimentally 

adjustable parameters; the Rossby number Ro, the Elsasser number A, the Ekman 

number E and the kinematic factors describing the amplitudes of the buoyancy Fo 

and the a-effect ao. Recall the discussion of dimensionless numbers for the Earth. 

Ro is so small (of the order 10-8 ) that; inertia may be neglected throughout the bulk 

of the outer core in steady state - the basis of the limit of rapid rotation. A is of 

order unity and can be set to zero for the study of non-magnetic boundary layers. 

However, in the rapid rotation limit, the most critical parameter is E, describing the 

near inviscid nature of the outer core. 

4.1.1 Trade-off Between E and dt 

In the equations governing the limit of rapid rotation, information is transmitted 

through viscous stresses. In the discretized solution, the time-step must be chosen 

such that causality is not violated from one grid point to the next. For the Earth 

E may be as low as 10-15 yielding an intractably small time-step - the model 

calculations, with current computer technology, would proceed at a much slower rate 

than the actual physical system under scrutiny! Thus, a choice of E must be made 

which allows for a tractable solution yet is not descriptive of the viscously controlled 
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regime. This calls forth a discussion of the so-called limit of asymptotically small 

viscosity. 

The discussion In section (2.2.2). that the integrated Lorentz torque on 

geostrophic contours can not be balanced by the Coriolis force without viscosity. 

led to Taylor's constraint (Taylor, 1963). The back reaction of the flow on the 

magnetic field adjusts in a manner to produce exactly zero net torque. Then. as 

one approaches vanishingly small viscosity the hydromagnetic state approaches the 

inviscid Taylor regime. 

This was explored in cartesian geometry by Soward and .Jones (198:3) an cI .-\ bdel

Aziz and Jones (1988) for Q2_ and Qw-dynamos, respectively. However~ their study 

was concerned with purely inviscid calculations. The first viscid calculations within 

the asymptotic limit were performed by Hollerbach and Ierley (1991). Moreover, 

their calculations, done in spherical geometry, demonstrated that the inviscid Taylor 

regime was attained for values of E as large as 10-6 or so. This formed the basis for 

their pseudo-spectral calculations that followed. Hollerbach and Jones (1995) found 

very slight differences in their solutions with E = 5 X 10-.1 compared with their 

previous work (Hollerbach and Jones, 1993b) which adopted E = 10-3 • However. 

the fact that there was a small increase in the differential rotation suggested to them 

that E = ·5 X 10-" is still not quite within the asymptotic regime. 

Let us briefly estimate the maximum time-step for E = 10-3
• The associated 

kinematic viscosity is v '" 105 m2 . S-1 - consistent with the largest current estimates 

for the outer core (i.e., Suzuki and Sato, 1970). The average density of the outer 

core is p = 1.1 x 10"kg' m3 , yielding /-l "V 109kg· m- I • S-I. The characteristic time 

for communication on viscous timescales is then 
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corresponding to a year or so. Roughly speaking then, the time-step must be chosen 

such that 

dt 'V 10'/ dx, 

with time measured in seconds. For example, a grid resolution of tens of radial points 

requires some 105 i terat ions to reach the full timescale of the problem (on the order of 

the diffusive e-folding time of the core). The code runs at roughly ten iterations per 

CPU second on the lowest spatial resolution grid (Nl = 10, A'II = 12, N2 = 20 and 

ivI2 = 25) using a CONVEX C4620. The calculation is cubic in CPU with respect to 

spatial resolution. Thus, we are severely limited in our choice of E. Since Hollerbach 

and Jones reported such little qualitative difference in their solutions we will adopt 

the larger value of E = 10-3 • 

Note that causal instabilities encountered in this calculation began to propagate 

in from the boundaries, as though there were errors in the boundary conditions. 

This demonstrates that special attention must be paid at the boundaries where the 

spatial grid becomes crowded - the collocation points are non-uniformly spaced. 

One non-dimensional unit of time was taken to correspond to roughly 60 ka, again 

for consistency with the results of Hollerbach (1994) and Hollerbach and Jones 

(1993a, b; 1995). This corresponds to a somewhat large value of TJ (roughly 7m2 . S-I) 

although consistent with the effects of turbulence. The lowest resolution calculations 

performed, with Nl = 10,1\tJl = 12, N2 = 20 and ivI2 = 2.5, actually required 

a non-dimensional time-step somewhat smaller than 10-5 
- slightly smaller than 

the estimate given above. Accordingly, the highest spatial resolution runs, with 

Nl = 24, 1vII = 36, N2 = 48 and 1VI2 = 75, were unstable for non-dimensional time

steps larger than 10-6 • This grid resolution was found to be necessary by Hollerbach 

(1994) in the analysis of magnetic and non-magnetic boundary layers. 

At this point we wiII adopt the following nomenclature regarding spatial 
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discretization: low resolution refers to Nl = 10,1\;11 = 12. N2 = 20 and M2 = 2.5; 

intermediate resolution refers to NI = 1,1,1\tll = 18, N2 = 28 and 11,t[2 = 38; high 

resolution refers to Nl = 20, k/i = 24, N2 = 40 and .112 = .50: ultrahigh resolution 

refers to NI = 24, 1\;/1 = 36, N2 = 48 and :.vJ2 = /.5. 

4.1.2 Amplitude of Buoyancy and a-Effect 

The a 2-dynamo equations are satisfied with Fo identically zero - there is no 

large-scale thermal wind. Model runs were computed with a gradual incremental 

increase in ao. The critical value wherein the a-effect is vigorous enough to sustain 

dynamo action was found to be slightly above ao = .5. This is consistent with 

Hollerbach and .Jones (1993a). Figure (4.1) shows contour plots of both magnetic 

and velocity components in steady state. The calculation required nearly 100 ka of 

temporal integration. The value of ao = 5.5 was chosen, again, for consistency of 

comparison with Hollerbach and Jones (1993a). Notice that the fluid angular velocity 

is dominated by the z-independent geostrophic flow. Also, note that the inner core 

is not playing a passive role with regard to the bulk of the fluid. Instead. the angular 

velocity of the inner core is a local maximum suggesting that its rotation is governed 

by the electromagnetic torque, and hence so too is the dynamics of a substantial 

fraction of the fluid. Hollerbach and Jones (1993a) computed Taylor's constraint, 

which is found by integrating N2 (B(o), A(o)) with respect to z (viz., equation (2.2.16)), 

and found it not satisfied for this model. If Taylor's constraint were satisfied, in the 

limit of vanishingly small viscosity, the magnetic field would adjust itself to produce 

no net electromagnetic torque on the inner core (Braginsky, 1964c; Gubbins, 1981). 

Malkus and Proctor (1975) postulated that the nonlinear interaction becomes 

more important in the supercritical regime (i.e., for larger values of ao) and that the 

magnetic field should evolve into a state where Taylor's constraint is satisfied. The 
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Figure 4.1: Steady state 0:2-dynamo solution for 0:0=5.5. Displayed is the poloidal 
magnetic field (contours of A) in the upper left-hand paneL and clock-wise. the 
toroidal magnetic field B I the meridional circulation (contours of lp) and the toroidal 
velocity v, respectively. The maximum toroidal field strengths are Bmax '" 20r and 
-0.0004 < 'Vmax < 0.0002cm· S-I. The poloidal magnetic field is roughly half as 
strong whereas the meridional circulation is nearly 10% of 'Vmax• Dashed curves 
represent negative values. 
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results of a similar model run. but with a slightly larger a-effect (ao = 8) were also 

performed. Here~ Hollerbach and Jones (1993a) found that the fluid angular velocity 

is no longer dominated by the geostrophic flow nor is the inner core rotating as fast 

relative to the bulk of the fluid. In fact, Taylor's constraint, in their calculation, was 

essentially satisfied. This supports the notion that the calculation, with E = 10-3
• is 

close to the asymptotic limit of the inviscid Taylor regime. However, our solution (not 

displayed) departs markedly from that of Hollerbach and Jones (UJ93a). Although 

the angular velocity is no longer dominated by the geostrophic flow our grid appears 

to be inadequate to resolve the essential structure of this more vigorous dynamo 

solution. Thus. it was not evaluated to steady state. This is one example of how the 

lower bound on grid resolution was established for this study. 

Another important observation involves B. It evolves away from the inner core 

in the more vigorous dynamo. (not displayed). Hollerbach and Jones (1993a) first 

noted that it is, in fact, the inner core that plays the crucial role in satisfying Taylor's 

constraint. The magnetic field is adjusting to minimize the Ohmic dissipation within 

the inner core which is most easily facilitated by minimizing B(i). In terms of Taylor's 

constraint, the magnetic field is adjusting itself to minimize the electromagnetic 

torque at r = Ri by expelling B(i) from the inner core. 

We shall reconsider the set Fo = 0, ao = 5 .. 5 when turning to the issue of mantle 

spin-up for the case of the a 2-dynamo. 

We now turn our attention to buoyant driven forces in the matter of the aLl.:

dynamo. The net effect of the buoyant force is to produce large-scale azimuthal 

shear in the outer core - the so-called thermal wind. It should be chosen to be 

comparable in magnitude to the observed westward drift; that is, from equation 

(2.2.18a), F rv v Recall that, in non-dimensional units, the velocity-scales by the 

factor 17/ L. A toroidal velocity field corresponding to several millimeters per second 
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corresponds to amplitudes of several hundred non-dimensional units of v. Thus. Fo 

should be of the same order. 

Hollerbach and Jones (1993b, 1995) found an interesting set of results for 

Fo = 200. Again, for consistency, this value is adopted in the present calculation. No 

dynamo action was apparent for ao < 8, as in Hollerbach and Jones (199:3b, 199.5). 

However, the interesting solution they reported, for values of ao 2: 40, have also been 

found in the present calculation. The results for ao = .50, calculated at intermediate 

spatial resolution, are displayed in Figure (4.2). This model aw-dynamo appears to 

possess a steady state oscillatory solution with a period comparable to the diffusive 

e-folding time of the core (some 0.22 non-dimensional units, corresponding to nearly 

13 ka). The sequence presented in Figure (4.2) repeats itself over this period of 

time. Note that historic observations of the geomagnetic dipole moment indicate 

an oscillation period similar to the one modeled here (Merrill and McElhinny, 1983: 

Braginsky, 1990j Meynadier et al., 1992). 

We see that Fo is chosen to be consistent with the observed westward drift -

westward at a rate of tenths of a millimeter per second. However. notice t.hat the 

maximum strength of the toroidal magnetic field is similar to that of the poloidal 

field. This is due to the simple spatial prescription of Fj 'V is too closely aligned 

with A resulting in a relatively inefficient w-effect. Interestingly, this feature is 

consistent with the model-Z dynamos computed by Braginsky and Roberts (1987). 

Note, however, that the toroidal magnetic field is much larger than that of the a 2 _ 

dynamo calculation presented above, as it should be. 

Another important feature of this particular steady state solution is the near 

exclusion of dynamo activity within the cylinder of radius Ri symmetric about the 

rotation axis. In contrast with the a 2-dynamo results above, the magnetic field is 

adjusting to satisfy Taylor's constraint by expelling B(i) from a much larger region 
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Figure ·1.2: Steady state O'( .. .:-dynamo solution for 00=50 and F~='200. Displayed is 
the poloidal magnetic field (contours of .4) in the upper left-hand panel. and clock
wise. t.he toroidal magnetic field B. the meridional circulation (contours of 1i') and 
the toroidal velocity IJ, respectively, and at the beginning of t.he cycle. The maximulll 
toroidal field values are Bmax ,...., 140r and Vmax """ 0.1em· S-I. The magnitude of A is 
roughly half of B whereas the streamfunction is two orders of magnitude lower thall 
1'. The next. fOllr pages show the progression of thl' cycle at. inter\'als of roughly '2.5 
ka. Da.shed curves represent negative values. 
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than from just the inner core itself. This was first observed in the solutions of 

Hollerbach and Jones (1993b). Notice the relative constancy of the poloidal magnetic 

field. Hollerbach and Jones (199.5) suggested this as the principal reason for this 

phenomenon. 

These models exhibit rapid evolution of the system at specific instances in the 

cycle. Note that, nearing the end of the cycle~ there is a sudden and near total 

collapse of both the toroidal magnetic field and the meridional circulation within a 

relatively short span of time (roughly a thousand years). Here, the entire solution is 

rapidly evolving towards lower latitudes. Thus, they are annihilated as they reach 

zero latitude since they are both odd functions with respect to the equator. On the 

other hand, the poloidal components are both even and, accordingly, merge to form 

a single maximum symmetric about the equator. 

The underlying reason for these two important features of the solution, that 

dynamo activity is both largely confined outside a distance Ri from the rotation 

axis and exhibits relatively rapid temporal variations, is likely due to Taylor's 

constraint. Recall that it requires the integrated Lorentz torque to vanish on 

cylindrical shells symmetric about the rotation axis. Hollerbach (1990) noted that 

a slight misalignment from a Taylor state can produce a large zonal flow. This has 

the effect of draining toroidal energy to the extent of necessitating a rapid evolution 

back toward a Taylor state and on a timescale of order El/'2. Indeed, Figure ( .. 1:.2) 

does display some misalignment between v and A. at the onset of the rapid phase. 

Moreover, the timescale of the rapid phase appears to scale with E as suggested 

above. At this point, one must become cautious. Such rapid evolution within the 

context of the steady state casts doubt on the neglect of inertia as pointed out by 

Hollerbach and Jones (l995). The character of the solution to the fully predictive 
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set is expected to depart, perhaps significantly, from these results - a surprising 

conclusion considering the exceedingly small magnitude of Ro. 

Hollerbach and Jones (1995) noted that the external dipole moment in their 

model does not display this rapid phase. This is because the inner core, with its 

own diffusive timescale, effectively averages out the rapid fluctuations that occur in 

the outer core. Thus, the inner core has a magnetically stabilizing influence on the 

geodynamo. 

The fact that this steady state ow-dynamo model exhibits an oscillation period 

comparable to direct observations of the Earth's magnetic field is not surprising. 

Recall from Braginsky's classification scheme (section 2.'1) that the fundamental 

frequency of the geodynamo is believed to be associated with the regenerative 

interplay of BT and B p . These rapid rotation limit calculations scale on the diffusive 

e-folding time of B. What is interesting, however, is that t.he Q2-dynamo models 

exhibit no periodic variations whatsoever. From the point of view of the calculation 

the variations are due to misalignments from a Taylor state. These misalignments 

were introduced by the addition of t.he large-scale zonal flow (thermal wind). 

We shall reconsider the set Fo = 200, ao = 50 when turning to the issue of mantle 

spin-up for the case of the aw-dynamo. Recall that these results were performed at 

intermediate resolution. An identical run was performed at low resolution where the 

qualitative similarities remain invariant. This suggests that the spatial resolution 

is adequate for approximating any and all salient structures endemic to these Q",-'

dynamo models. 

4.2 Steady State Boundary Layers 

'-IVe now consider the steady state boundary layer structure arising from a constant 

rate of differential rotation between the inner core and the mantle. The study 



129 

of incompressible non-magnetic fluids contained by spherical boundaries executing 

differential rotation about the same axis was pioneered by Proudman (19.56) and by 

Stewartson (1966). The most recent study, for incompressible magneto-fluids, was 

conducted by Hollerbach (1994). None of these calculations were fully predictive. 

Similarly, in this case, it is reemphasized from the outset that only steady state 

boundary layer structure for a pre-specified rate of differential rotation can be studied 

within the limit of rapid rotation. The apparent evolution of the fluid is a direct result 

of time-dependence in either the Lorentz force or the boundary conditions. Thus, 

in the non-magnetic regime with fixed differential rotation, the calculation is one of 

pure statics. 

First, we address the non-magnetic regime, where A = O. Further, we restrict 

ourselves only to viscous and Coriolis forces, setting Fo = ao = O. Thus, forcing 

is introduced only through the boundary conditions on v, by spinning up either 

the inner core or the mantle. The most recent investigation was performed by 

Hollerbach (1994). He found complete agreement with Proudman (1956) and with 

Stewartson (1966) for Reynolds numbers within the range 102 < R < 105
• For the 

parameters chosen in this study 102 < R < 103 and the results are displayed in 

Figure (4.3). Surprisingly, this low resolution calculation reproduces most of the 

structure described by Hollerbach's ultrahight resolution model. 

In the limit of large R the Ekman layer thickness is expected to be of the order 

R-1/ 2 • The angular velocity in Figure (4.3) shows the development of Ekman 

layers on both boundaries but are thicker than predicted by this estimate, as 

expected for our relatively low value of R. Also predicted, in the limit of large 

R, is the formation of complex Stewartson layers contained in a cylinder of radius 

Ri axisymmetric about the rotation axis. They are not evident in Figure (4.3), 

again as expected for our low value of R. Furthermore, in the magnetic regime, 
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Figure 4.3: Steady state solution for differential motion in outer core boundaries in 
the non-magnetic regime. Displayed are the meridional circulation (contours of u..,) 
in the upper left-hand panel, and clock-wise, the toroidal velocity v and the angular 
velocity v/rsinO, respectively. The maximum toroidal velocity is comparable to 
westward drift (a few tenths of a millimeter per second) whereas the meridional 
circulation is nearly one hundred times weaker. Only Ekman layers are present. 
Dashed curves represent negative values. 
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Stewartson layers are suppressed with increasing ~\ (Braginsky, 1989; Hollerbach. 

1995). Also: the meridional circulation pattern: which is driven by the Ekman 

layers: are in complete agreement with the discussion provided in section (2.2). The 

strongest gradients in Ip are correlated with the Ekman layers, due to the differential 

centrifugal forces experienced at the boundaries. Note that the interior flow is closely 

aligned with the rotation axis - this effect becoming more pronounced for higher 

values of R (Hollerbach, 1995). From this discussion it is concluded that. within 

our parameter regime, higher spatial resolution is unwarranted for the study non

magnetic boundary layers. Further, Stewartson layers are of no concern to this work. 

In the absence of electromagnetic torque, we expect the inner core to only respond 

to viscous stresses. Thus, if we augment the angular velocity of the mantle the final 

steady state velocity configuration of the entire core should be rigid body rotation 

at the new rate. 

Next we explore the magnetic regime by performing the same calculation with 

A = 1, befitting the ow-model. According to Cowling's theorem, however, purely 

axisymmetric motions cannot sustain a dynamo magnetic field - we have set 00 = o. 
The interaction term N2 (1P, A(o)) in equation (2.2.12a) is relatively small, particularly 

for large R, sincelp is so weak. The poloidal magnetic field must be maintained 

artificially. The results are presented in Figure (4..1). The ini tial conditions chosen 

(Figure 4..1a) were the steady state results of the 0 2_ dynamo with 00=.5.5 (see Figure 

4.1). We expect this constant rate of differential rotation to produce a similar: single 

lobed, toroidal magnetic field distribution in the first quadrant of the outer core. 

The sense of differential rotation produces positive toroidal magnetic field in the 

first quadrant, consistent with the initial conditions. The amplitude of differential 

rotation is consistent with westward drift. Initially, there is strong production of B 

in the opposite sense within the boundary layers. This bisects the existing toroidal 



Figure 4.4: Steady state solution for differential motion in outer core boundaries in 
the magnetic regime (A = 1). Displayed are a) the initial conditions on B. b)-e) 
evolution of B to steady state~ £) the meridional circulation (contours of 1/')' g) the 
toroidal velocity v and h) the angular velocity v/rsinO, respectively. The velocities 
are similar in magni tude to those of Figure (4.3). The toroidal field strength does 
not exceed 10 r. Dashed curves represent negative values. 
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field at the inner core boundary and eventually becomes dominant (Figures 4.'1b-

d). The expected steady state configuration of B was obtained after integrating out 

to nearly the entire diffusive timescale of the core (Figure (4Ae)). 

The flow field scarcely changed throughout the calculation. The final 

configuration is given in Figures (4.'1f-h). Comparing these results to those of the 

non-magnetic regime, the meridional circulation pattern has become slightly more 

restricted in colatitude while the toroidal velocities are virtually identical. This 

is expected, again, due to the relatively uncomplicated flows associated with low 

Reynolds numbers. For calculations at higher Reynolds numbers, evaluated for 

various A, refer to Hollerbach (1994). 

Let us briefly consider the electric currents explicitly. Taking the curl of equation 

(2.2.3a) yields 

and, thus, B also represents the stream function of the current. Gilman and Benton 

(1968) recognized the formation of strong meridional electric currents associated with 

the Ekman layers - the so-called Hartmann currents described in section (2.3). 

Recall, in the magnetic regime, one is now actually dealing with Ekman-Hartmann 

layers. Let us now review Figure (4.4) in terms of poloidal electric currents. The 

large gradients in J disappear upon steady state. Their prior existence is required in 

order for the Lorentz force to become equilibrated as rapidly as possible. For higher 

Reynolds numbers Hollerbach (1994) reported the existence of strong Hartmann 

currents at the inner boundary. As ,\ increases the meridional flow into the inner 

Ekman-Hartmann layer, referred to as Ekman pumping, becomes more suppressed 

resulting in the eventual break down of any Stewartson shear layers. Ekman pumping 

is replaced by strong Hartmann currents which, in the magnetic regime, are more 

efficient at facilitating static equilibrium. 
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Let us combine the results of differential rotation between the inner core and the 

mantle with our dynamo calculations. 

4.3 Dynamo Action with Differential Boundary Motion 

The results of the last section describe the steady state flow field of the outer 

core for the case of differentially rotating boundaries. Let us impose this condition 

on the dynamo models previously described, but with a linearly increasing rate of 

differential rotation. The purpose of this is to model the effect of quasi-steady state 

spin-up on dynamo action. Physically, this suggests that the momentum equation. at 

each time-step, remains in steady state with each small augmentation of the mantle's 

angular velocity, and with zero response of the inner core. In other words. we assume 

that spin-up is communicated to the entire core more rapidly than dt and that the 

rotation rate of the inner core is fixed. Such a calculation is useful in several respects. 

First, the Alfven crossing time of the core is rapid enough to make the steady state 

hypothesis tenable. Justification is provided in the final section. Second, one expects 

some degree of inner core lag during mantle spin-up, particularly for the case of weak 

field dynamos. Finally, it allows a first glimpse of the effect of boundary layers on 

our dynamo models. 

If there is sigificant mner core lag during long-term changes in the mantle's 

angular velocity it will essentially promote constant differential rotation of the outer 

core boundaries. We will model steady state solutions with constant differential 

rotation as well as explore linearly increasing differential rotation. The latter will 

determine where a solution becomes unstable. 

The steady state a:2-dynamo low resolution results were recalculated with this 

change in the boundary conditions. Differential rotation increased linearly over some 

30 ka, the timescale of the Late Pleistocene eustatic sea-level rise, reaching 



Figure 4.5: a 2-dynamo (ao=5.5) with differentially rotating outer core boundaries 
comparable to the maximum velocities inherent in the a 2-dynamo solution (one 
hundred times less than westard drift). The differential rotation increases linearly 
from zero to the maximum. Displayed is the poloidal magnetic field (contours of 
.4) in the upper left-hand panel, and clock-wise, the toroidal magnetic field B. the 
meridional circulation (contours of If;) and the toroidal velocity v. respectively. and 
at the beginning of the calculation. The magnitudes of all fields are comparable 
to that of Figure (4.1). The next four pages show the progression of the cycle at 
intervals of roughly 6 ka. Dashed curves represent negative values. 
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Figure ·1.6: Q2-dynamo (Qo=5.5) with differentially rotating outer core boundaries 
comparable to that of westard drift. The differential rotation increases linearly 
from zero to the maximum. Displayed is the poloidal magnetic field (contours of 
A) in the upper left-hand panel, and clock-wise, the toroidal magnetic field B. the 
meridional circulation (contours of ,p) and the toroidal velocity v, respectively, and at 
the beginning of the calculation. The magnitudes are -10 < A < 6. -80 < B < 30. 
-0.0008 < 1/J < 0 and 0 < v < 0.006 in cgs units. The next four pages show the 
progression of the cycle at intervals of roughly 6 ka. Dashed curves represent negativp 
values. 
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Figure 4. i: Higher temporal resolution of the reversal of B in Figure (4.6). Negative 
values are dashed curves. 



14; 

a final magnitude comparable to the largest toroidal flows found in the steady state 

a 2-dynamo calculations (one hundred times less than that of westward drift). 

Again: the ao = 5.5 results were chosen as the initial conditions. The a 2-dynamo 

is now actually an ow-dynamo with a differing, relatively weak, w-effect from those 

computed before. The results are displayed in Figure (4.5). Recalling Figure (-1:.1) 

torque balance in the steady state a 2-dynamo produced greater inner core rotation 

than is allowed in the present calculation. Accordingly, there is no noteworthy 

departure of dynamo action. However, if the final differential rotation rate is raised 

to be comparable to westward drift the results become striking. These model runs 

are displayed in Figure (4.6). The differential rotation in the first frame is already 

ten times greater than in the last frame of Figure (4.5). Of tantamount interest is the 

reversal of the magnetic field. This event is expanded in Figure (4.7) for the toroidal 

magnetic field. Notice that the inner core appears to help facilitate the reversal. 

Also observe the migration of field structures toward the equator, where the toroidal 

velocity is largest. 

Next, the steady state aw-dynamo results, performed at intermediate spatial 

resolution, were recalculated as above. Here, the differential rotation increased to 

roughly 10% of westward drift velocities (over 6ka) and then held fixed (for 18 ka). 

The caluclations for the fixed portion are given in Figure (4.8). vVith this choice is 

the discovery of a new oscillatory steady state solution, repeating over the diffusive e

folding time of the core. Hence, dynamo solutions exist in the presence of significant 

boundary layers - the toroidal velocity field possesses significant structure at both 

boundaries. Also, note the relatively rapid fluctuations of the stream function. 
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Figure 4.8: Steady state ow-dynamo in the presence of differentially rotating outer 
core boundaries. The differential motion is roughly 10% of the westward drift 
velocity. The magnitude of all field variable is comparable to that of Figure (4.2). 
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1.5.5 

In a further calculation, the differential rotation was linearly increased over the 

same temporal period, attaining a magnitude comparable to that of westward drift 

(not shown). The periodic solution was lost almost immediately, with resultant 

chaos. This indicates that the ow-dynamo breaks down with differential motions 

of the outer core boundaries amounting to tens of a percent of the westward drift 

velocity. The longest CPU-intensive model calculation was performed here, exploring 

the relationship of stability to dt. These tests confirm that the results presented in 

Figure (4.8) are stable. 

4.4 An Illustrative Calculation With Fluid Inertia 

The results presented in the previous section would be more reliable if it could 

be demonstrated that the timescale of spin-up is more rapid than elt for each 

respective calculation. This elicits a simple calculation regarding the transient 

inertial effects neglected thus far. This returns the discussion to the central issue of 

the communication time of the outer core describable from the fully predictive model 

(2.2.18). 

For now, let us reduce the complexity of the problem by imagining the outer 

core as a set of rigid concentric shells. This effectively reduces the mechanics to one 

dimension. The tangential velocity of each shell is 

v(r, 8, t) = r!1(r, t}sinO 

Consider the momentum equation (2.2.18). This kinematic presciption eliminates 

(2.2.18a) entirely - there is no meridional circulation. Furthermore, the Coriolis 

force and nonlinear advection is identically zero. Finally, recall that Ohmic loss is 

far more important than viscous dissipation. Therefore, the equation of momentum 
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Figure 4.9: Inertial calculation of the effect of varying angular velocity of the mantle, 
The outer core is assumed to be rigid shells, concentric about the center of the Earth. 
thereby eliminating the streamfunction, The Ekman and Rossby numbers are both 
10-5 

- at the numerical limit of this algorithm. The evolution of v and Bare 
displayed on this page and the next, respectively, 
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(2.2.18b) becomes 

8v = ~N (B(o) 4.(0)) at Ro 2 " 

with 
,\.-12+2 

LVnmTm(x(O)) = 0, n> 1 
m=l 

vVith this simple description the Alfven crossing time of the outer core can 

be estimated. Ro 'V 10-8 is consistent with the parameters used above and, 

accordingly, the time step must be some 10" times smaller than in all previolls 

calculations. Unfortunately, the algorithm did not allow calculations to proceed 

with Ro = E < 10-6
, similar to numerical barrier encountered by others (i.e., Zhang, 

198i; Glatzmaier and Roberts, 1995a, b) using spectral methods. The results, for 

E = Ro = 10-5
, are shown in Figure (4.9). Note that the production of toroidal 

magnetic field propogates to the inner core boundary at roughly the 3/4 point in this 

calculation, which spans some 120 years. Other runs, for larger Ra, suggest a linear 

relationship between Ro and dt as displayed by the evolution equation for v above. 

This amounts to nothing more than linearly extrapolating the results calculated for 

effectively smaller core geometries (embodied in Ra ex: 1/ L2). Thus, with Ro 'V 10-8 • 

we expect a core communication time of less than a year or so, supporting the use 

of the limit of rapid rotation within this context. 



CHAPTER 5 

Discussion and Conclusions 

The physical problem addressed here was whether or not significant changes 

In the Earth's moment of inertia. originating at the surface and causing a 

spin-up of the mantle. could induce geomagnetic transients. Recall that the 

geophysical evidence is only provocative regarding causality between ice age events 

and geomagnetic excursions and that no clear relationship involving geomagnetic 

reversals exists. Owing to the numerical hurdles involved in a complete treatment. 

we neglected inertia in the NIHD calculations by employing the limit of rapid 

rotation. Furthermore, a two-dimensional axisymmetric treatment was used in the 

context of a-dynamo theory because it reasonably represents the central issues in 

this investigation. 

Inasmuch as this project involved development of a new complex computer code 

we began this study with reiteration of previous calculations pertaining to dynamo 

solutions obtained in the limit of rapid rotation with axisymmetry. Agreement was 

reached in the cases of both a 2_ and aw-dynamo solutions (Hollerbach and .Jones. 

1993a. b; 1995; Glatzmaier. private communication). In addition. we confirmed the 

results of non-magnetic Ekman boundary layer formation resulting from constant 

differential rotation of the outer core boundaries (Hollerbach, 1994). In this case. 

our Earth model parameters fell within the range of that of previous work. 

The current results differ. however. for the case of steady state magnetic boundary 

layers. Again, we are interested in the situation of constant differential rotation of the 

outer core boundaries. Previous calculations (Hollerbach. 1994) explored the regime 
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of higher Reynolds numbers (with a slightly lower Elsasser number) as compared 

to our model. Our model calculations suggest that the formation of complicated 

Stewartson layers is not expected in the outer core. Moreover, the Ekman layers are 

confined within the cylinder tangent to the inner core and parallel to the rotation 

aXIS. 

Unlike earlier studies, in this investigation we have been concerned with time

evolving boundary conditions. Because the non-inertial calculations are inherently 

time-independent regarding the velocity field, our approach represents some aspects 

of the variation as a sequence of steady states. This aspect requires some justification. 

In the previous chapter, the final result was an inertial calculation employed to 

lend support for the limit of rapid rotation during spin-up. Recall that the smaller Ro 

the faster the core communication time. Our employment of an unrealistically large 

Rossby number, for numerical tractability, can be interpreted as pertaining to either a 

very small "Earth" or a much slower steady state rotation rate - Ro ex: 1/D.L2. It was 

shown that such calculations could be linearly extrapolated, beyond our numerical 

limitations, into the regime expected for the Earth. For our model Ro '" 10-8 

suggesting that information regarding changes in ~D.m are communicated throughout 

the entire core on a timescale of a year. This is on the order of the smallest time step 

utilized in this calculation lending support for the use of the deterministic momentum 

equation. Also, a constant relative rate of differential rotation, expected to first order 

during ice age transgression and regression, is a steady state core configuration. A 

principal issue of concern is the actual magnitude of inner core lag anticipated during 

transient ice age events. To pose it in another way; How fast does the inner core 

respond to electromagnetic torques? The moment of inertia of the inner core is 

roughly .j x 1034 kg· m2
• Changing its angular velocity by one part in 10-5 over some 

103 years requires roughly 10I5 N . m. Evaluation of the net electromagnetic torque 
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available at the inner core (viz., equation (2.6.3)) is difficult as our quasi-steady state 

solution sequences suggest rapid expulsion of B(i). The transient build-up of toroidal 

magnetic field largely determines this torque, and is anticipated to be quite high. 

Thus, differential rotation is not expected to be very large. Tentative calculations, 

including inner core inertia, support this view. However, definitive conclusions await 

a more complete analysis. 

When considering these solutions, one must pay special attention to .4. - it is the 

only component directly observable from the surface of the Earth. The steady state 

calculations of magnetic boundary layer structure, arising from differential outer core 

boundary motion, changed significantly with the addition, kinematically, of the a

effect and buoyant force. Recall that the original steady state results are greatly 

affected by the presence of the electrically conducting inner core. Toroidal magnetic 

field is rapidly expelled from the inner core as a natural edifice for satisfying Taylor's 

constraint. This was true of both o?- and aw-dynamos. 

The a 2-dynamo appeared to be more stable during spin-up than the aw-dynamo 

- there were no disordered solutions. However, the magnetic field was observed 

to reverse for a differential rotation of mere tenths of a millimeter per second. The 

sense of the differential rotation produced reversed B which eventually dominated 

the solution. The inner core greatly facilitated this reversal. Strong Hartmann 

currents propagating equatorward allowed for the rapid expulsion of the transient 

B(i) near the equator. It was annihilated at the equator by its odd half from the other 

hemisphere. Note that the time scale for the reversal was some 10 ka - consistent 

with the paleomagnetic evidence. 

The steady state aw-dynamo solutions were more restricted in the sense of the 

spatial distribution of dynamo activity. Recall that the dynamo was nearly excluded 

from the cylinder tangent to the inner core and parallel to e::. This appears to have an 
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effect on our spin-up calculations. The flow field results of the magnetic boundary 

layer calculations were confined to the inner core tangent cylinder. The spin-up 

results appeared to become disordered when the effects of differential rotation: 

particularly the meridional flow, exit the inner core tangent cylinder and become 

integrated with the dynamo. Also, note the very rapid collapse of A at the onset of 

spm-up. 

Monitoring the Taylor integral 

fv ~2(B, A)dV" = 0 

showed that Taylor's constraint was violated. In fact, the value of this integral 

varied in a random-like fashion. The rapid fluctuations inherent in these solutions are 

rooted to this effect. The combined effects of differential rotation and dynamo action 

produce a wildly varying magnetic field which is unable to satisfy the condition of 

zero electomagnetic torque on geostrophic cylinders. Of course, this is when the rate 

of differential rotation is relatively high (comparable to westward drift). For lower 

values of differential rotation, steady state oscillatory ow-dynamo solutions were 

observed. However, these solutions did not completely satisfy Taylor's constraint 

as well. There was an element of disorder superimposed on the periodic solution, 

particularly in the meridional circulation. This was more evident when t/J migrated 

outside of the inner core tangent cylinder. 

Another way of interpreting these results is by monitering the misalignments 

of v and A - pertaining to the w-effect. In the normal steady state ow-dynamo 

solutions, the most rapidly varying phase of the solution occured when these 

components became misaligned. This effect is much more pronounced in the presence 

of differential rotation. This is consistent with Hollerbach (1990). 

In the context of our model calculations the following tentative conclusions can 
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be drawn. Differential rotation of the outer core boundaries is capable of inducing 

significant meridional circulation patterns that, when entering regions of dynamo 

activity, promote violations of Taylor's constraint and distort the magnetic field 

structure, causing disruption of dynamo action. The greater the rate of relative 

differential rotation the more pronounced this effect. The point at which the o'w

dynamo solutions become disordered is when the overall shear is comparable to the 

westward drift velocity. However, we expect the rate of differential rotation of the 

outer core boundaries to remain well below this value given reasonable timescale 

("" 103 years) for changes in the angular velocity of the mantle. vVithin the context 

of these calculations, however, significant departures of both 0'2_ and O'w-dynamo 

solutions are observed - especially when considering the evolution of A. This 

suggests that the regressive episodes of ice age events can trigger departures of steady 

state geodynamo activity. 

Our investigation overlooks several critical issues that need to be resolved before 

definitive conclusions can be drawn. The spin-up timescale of the inner core, in 

response to changes in the mantle spin-rate, is unknown. The incompleteness in this 

calculation pertains to the numerical limitations faced when adding inertia to any 

calculation involving the Earth's core. The most sophisticated investigations of the 

geodynamo to date do not contain inertia (viz., Glatzmaier and Roberts, 1995a, b). 

Certainly, a fully predictive inertial calculation is required for a more consistent and 

complete analysis of spin-up as well as for investigating the stationary geodynamo 

itself (viz., Hollerbach and Jones, 1995). 

5.1 Future Work 

This dissertation involved another attempt at paving the way towards 

implementing a full inertial calculation. A fully predictive algorithm, describing 
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the set (2.2.18) and (2.2.19), complete with properly de-aliased nonlinear advection, 

was developed in this investigation. Unfortunately, the numerical restrictions did 

not admit even tentative results. The next step in this investigation is centered 

on circumventing these problems - a different approach to the algorithm must be 

found. The catastrophic round-off error encountered when applying a realistic Rossby 

number suggests the need for an asymptotic study similar to that performed in 

obtaining the limit of asymptotically small viscosity - we need to determine whether 

there is a limit of asymptotically large electrical conductivity. 'rVe look forward to the 

next step in this study. 
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APPENDIX A 

NOTATION AND GLOSSARY 

The following notation is used to describe both physical and mathematical 

quantities throughout this dissertation. Great effort has been made to abide by 

the standard conventions of mathematical physics while, at the same time, adhering 

to the somewhat idiosyncratic etiquette of dynamo theory. The numbers appearing 

in brackets to the far right indicate the page that the quantity is introduced in the 

text. 

.4(i) .4(0) 
n , n 

.4(i) .4(0) 
nm' nm 

B(i) B(o) 
n , n 

B(i) B(o) 
nm' nm 

B 

Ci 

c 

E 

Inner/outer core magnetic vector potential 

- spectral coefficients of Legendre expansion 

- spectral coefficients of Chebyshev expansion 

Inner/outer core toroidal magnetic field 

- spectral coefficients of Legendre expansion 

- spectral coefficients of Chebyshev expansion 

Total large-scale axisymmetric magnetic field 

Poloidal component of B 

Toroidal component of B 

ith Chebyshev expansion constants 

Constants of integration 

Generic collocation matrix 

ith unit vector 

Ekmann number 



E 

F 

G 

H 

I 

J 

k 

L 

m 

n 

o 

p 

P~(cos{}) 

7j; 

7j;n 

-if;nm 

r 

R 

Electric field 

Aliasing error 

Kinematic buoyancy description 

Green:s function 

Heaviside unit step function 

Collocation index for Chebyshev grid 

Moment of inertia; identity matrix 

Index for collatitudinal grid 

Constant describing the strength of shear (2.5.11) 

Characteristic length, Linear operator 

Spectral index for Chebyshev expansion 

Generic spatial differential operator 

Chebyshev truncation for inner core 

Chebyshev truncation for outer core 

Spectral index for Legendre expansion, normal 

Associated Legendre truncation for inner core 

Associated Legendre truncation for outer core 

Superscript denotes outer core 

Pressure 

Associated Legendre polynomial 

Stream function (velocity potential) 

- spectral coefficients of the Legendre expansion 

- spectral coefficients of the Chebyshev expansion 

Radial coordinate 

Residual 

Radius of inner core 

166 
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Ro Radius of outer core 

Ro Rossby number 

Rm Radius of mantle 

Rim Radius of lower mantle 

Rum Radius of upper mantle 

t Temporal coordinate 

Tm Chebyshev polynomial 

u Generic unknown function 

v Toroidal component of fluid velocity field 

vn - spectral coefficients of the Legendre expansion 

Vnm - spectral coefficients of the Chebyshev expansion 

VA Alfven veloci ty 

Va Geostrophic velocity 

V Volume 

Wi ith weighting function 

x(i) ith Chebyshev collocation point for inner core 

x(o) ith Chebyshev collocation for point outer core 

z Vertical coordinate coincident with rotation axis 

a a-effect 

f3 ,B-effect in expansion (2.2.8) 

, Shear parameter in equation (2.5.10) 

r Torque 

0 Boundary layer width; Dirac delta-function 

TJ Magnetic diffusivity 

e Colatitude coordinate 

A Elsasser number 
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fl Viscosity 

flo permeability of free space 

v Kinematic viscosity 

p Fluid density 

0- Electrical conductivity 

¢ Azimuthal coordinate, orthogonal basis function 

X Input arguments in equations (2.2.14) 

7/J Stream function (see above) 

w Toroidal component of vorticity; w-effect 

w Vorticity 

n Solid body angular velocity 

~ Nonlinear interaction term (2.2.14) 

1t Mean Helicity 

Remark: Tildas refer to spectral coefficients, primes refer to perturbed quantities, 

hats refer to unit vectors and bars refer to spatial averages. 
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APPENDIX B 

Proof of Independence of BT to O'm{r) 

Recall the conservation relation (2.5.12c). Assume that L = 2b. Integrating with 

respect to x yields 

o ~ x ~ b 

b ~ x ~ L 

where 

g(x) = fox f(x')dx' 

and the Ci are yet undetermined constants of integration. The jump condition is 

where 

b(J) = g(b) 

Therefore, 

and is related only to the average of the source f. Now, integrate again and apply 

the lower boundary condition: 



170 

Applying the outer boundary condition yields 

Matching yields 

Since the constants do not involve TJ(x) the proof is complete. 
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