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ABSTRACT
We consider in this dissertation a general class of nonlinear matrix models for stagestructured populations competing for a single (unstructured) resource. Individuals in such
a population are characterized by a scalar variable (e.g., age, size) and are classified into a
finite number of classes. The models are treated with sufficient generality so that transitions
between any two classes are permitted (the sole constraint being that all newborns lie in
the same class).
The nonlinearities, which arise from the density dependence of fertility rates, survival
rates and transition probabilities between classes, are introduced by assuming that the
class-specific birth rates and survival rates are functions of the total population density and
the number of individuals in higher or lower ranking classes. This

assump~ion

enables us

to derive a scalar difference equation for the total population size.
The proposed models are used to study intra-competition and intra-predation (cannibalism) populations with constant or varying resources. In both cases, we study the existence
and stability of equilibria for the total population size when by means the bifurcation parameter

7r,

known as the inherent net reproduction value, varies.

The intra-specific competition models include contest and scramble competitions as two
extreme cases. We show that contest competition is always "more stable" than scramble
competition in the sense that it yields higher equilibrium levels and larger stability regions
(all other factors being identical). We also show, under certain restrictions, that near

7r

=1

scramble competition has higher equilibrium resilience than contest competition.
The size-structured model for the dynamics of a cannibalistic population is derived
under the assumption that cannibals attack only smaller victims, as is generally the case in
the biological world. By incorporating the positive-negative feedback mechanism resulting
from cannibalism, our analysis yields many dynamical features that have been attributed
to cannibalism in the literature, including density self-regulation, a "life-boat strategy"
phenomenon and multiple stable positive equilibrium states and hysteresis.
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Chapter 1

MODEL DERIVATION
1.1

Introduction

Ever since the pioneering work of Lewis (1942) and Leslie (1945), in which linear
matrix models are used to describe age-structured populations, numerous researchers
have attempted to extend the models to more general and realistic settings. In an
age structured population, individuals are classified into different groups according to
their chronological age. The structure of the population evolves as individuals grow
older, die or reproduce. In practice, age is not necessarily the most important structuring variable that affects the growth dynamics of a biological population. Moreover,
the age of an individual is often difficult, if not impossible, to measure in natural or
laboratory populations. Other physical attributes of individuals, which mayor may
not correlate with chronological age, may play the determinant role and may be more
convenient to measure. Examples include size, weight, mass, volume, concentration
level of some metabolically important chemical, etc. These measurements can be used
to replace age as the structuring variable. Instead of classifying a population into age
classes, we can now speak of classifying a population into stage classes. Some references, which include applications to populations structured by variables other than
age, are Caswell (1989), Costantino (1991), Cushing (1988, 1989), Ek (1974), Getz
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(1989), Landahl (1975), Metz (1986) and Usher (1966, 1969).
The stage-structured model was first introduced by Usher (1966,1969). The Usher
model, which includes the Leslie matrix model as a special case, was used to treat
the problem of forest-stand management by using tree diameter as the structuring
variable. Examples of stage-structured models also appear in the studies of insect
populations, particularly those of flies, moths, butterflies, beetles, bees, ants, and
wasps, all of which have distinct life stages (egg, larval, pupal, adult) and very different
feeding behaviors in each life stage (Caswell, 1989; Costantino, 1991; Landahl, 1975).
The development of age-structured linear models (e.g., the Leslie models) rely
heavily on the mathematical theory of non-negative matrices and the famous PerronFrobenius theorem. The established linear theories, although giving rise to elegant
and unified treatment of linear models, fail to provide realistic descriptions of population growth. Under a linear model, whether age-structured or not, the total population size would grow exponentially under certain technical assumptions. Leslie
(1948) introduced a nonlinear version of his age-structured model that is capable of
describing limited population growth. To date, although a substantial number of
nonlinear models have been proposed in the literature, the t.heoretical development
of non-linear models has been largely ad hoc, with methods specialized to particular
types of matrix equations and analysis often restricted to numerical simulations.
Following the recent work of Cushing (1993), in which he proposes a partial differential equation model for age-structured population based on the McKendrick equation, we consider in this dissertation a general class of nonlinear stage-structured
models which, unlike the Leslie models for age-structured populations, allow possible
transitions between any two classes. Our models also possess a special type of nonlinearity from which it is possible to derive difference equations for the population
level dynamics.
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1.2

Discrete Stage-Structured Model

Throughout this dissertation, we use lower case bold face letters to denote row vectors
and a superscript T to denote transpose. Thus p is a row vector and pT is a column
vector. Bold face capital letters will be used to denote square matrices. Thus if the
(i,j)th element of A is

ai,j,

then the (i,j)th element of AT is

aj,i.

We begin with the description of a general class of discrete models for the dynamics of stage-structured populations (Caswell, 1989j Getz, 1989; Cushing, 1991). A
variable x that characterizes the state of each individual in a population is referred
to as a state variable, or structure variable. Examples of state variables include age,
size, weight, and a variety of physiological measurements. In a stage-structured population, stage class is a hierarchical ranking based on a state variable x. From now
on, we shall use the expression "individual x" to represent an individual whose state
variable value is x. Thus an individual x belongs to the ith stage class if and only if
Xi-I:::; x

<

Xi,

where

Xo

and

Xi,

i = 1,· .. ,n, are pre-specified threshold stage levels.

For instance, a natural way of classifying stage classes is to let

Xi

= i, i = 0,1,· .. ,n.

Assume that the individuals in a population are classified into n stage classes
based on the state variable x. Stage class i has a higher rank than stage class j if
and only if i > j. The numbers in each class are distributed according to the density
vector

where Pi(t), i

= 1,2,··· ,nj t = 0,1,2,· .. , denotes the number of individuals in stage

class i at time t.
The model equations that we are about to introduce are simply bookkeeping
devices that are used to keep track, during each unit of time period, of the movement
of individuals into and out of classes due to births and deaths, aging or growth,
emigrations and/or immigrations, etc. The transitions among stage classes caused by
death and growth that occur between time t and t + 1 yield a new class distribution
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vector given by TpT(t), where T is the n x n transition matrix
81 tl,l

82 t l,2

8 n -l tl,n-l

8 n t l ,n

81 t 2 ,1

82 t 2,2

8 n -l t 2,n-l

8 n t 2 ,n

T=

where

8i

(1.1 )
81 tn-l,l

82 t n-l,2

8 n - l t n - l ,n-l

8 n t n - l ,n

8lt n ,1

82 t n,2

8 n - l t n ,n-l

8 n t n ,n

is the probability that an i-class individual survives one unit of time. The

underlying assumptions for Eq (1.1) to hold is that after each time period, a fraction
ti,i

of the surviving individuals will stay in the same stage class i and a fraction

of the same group move into stage classes j

=f. i.

tj,i

Therefore, in this particular model,

individuals are allowed to advance or regress more than one growth stage in one unit
of time. Since after one unit of time, all surviving individuals of stage class i are
assumed to be present in the stage class 1,2, ... , n, we have
tl,i

Eq (1.2) is valid for i = 1, ... ,n.

+ t2,i + ... + tn,i =
tji

1.

(1.2)

are called transition factors.

In addition to intra-class transitions, a population can also obtain new members
through reproduction. Let bi be the average number of offsprings produced by each
individual in stage class i during time interval t to t + 1. Then the number of new
born, after one unit of time, is given by BpT, where B is the n x n fertility matrix
given by
bl

b2

bn -

0

0

0

l

bn

0
(1.3)

B=

0

0

0

0

0

0

0

0

Here we assume that all new born are members of the first stage class. We need to
point out that this assumption, although very natural for age-structured models and
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widely used in the literature, may not be true for some stage-structured models (e.g.,
size-structured models).
Given the class distribution p(t) at time t, assuming that the population is closed
to immigration and emigration, the class distribution vector at time t

+ 1, when both

reproduction and intra-class transition are taken into account, can be obtained from
the following matrix difference equation
(1.4)
The matrix T

+B

in (1.4) is usually referred to as a projection matrix. Clearly,

starting from an initial density vector
p (0)

where

p?,

= (p~, P~, ... , p~),

(1.5)

i = 1"," n, are given positive numbers, Eq (1.4) determines uniquely

the entire trajectory of population dynamics. In other words, one can determine the
density vector p(t) == {Pl(t),P2(t), ... ,Pn(t)} for any future time t > O.
Eq (1.4) represents a very general class of matrix models for stage-structured
populations, including but not limited to the famous Leslie model and the Usher
model. Suppose that the chronological age is used as

th~

state variable, and the

length of age class intervals equal to the dynamic unit of time. Then
j =f. i

+ 1,

and

ti+1,i

= 1.

tj,i

= 0 if

In such case, all surviving individuals must advance one

and only one age class during one unit of time. The transition matrix T is then
sub-diagonal. In other words, all entries of T are zero except the entries along the
diagonal immediately below the main diagonal. The non-zero entries are therefore
the probabilities that an individual survives from one age class to the next during one
unit of time. Under the above assumptions, the projection matrix T

+ B is known as

a Leslie matrix.
Using size as the state variable, Eq (1.4) gives rise to the so called Usher-type
matrix model. An Usher-type matrix is a Leslie matrix modified so that the elements
along the main diagonal of the transition matrix T are non-zero. In other words, an
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Usher-type matrix satisfies ti,i = 0 for j

:f:. i, i + 1 and.

Such matrices have been used

in size structured population dynamics in which the size classes are so configured
as to allow, during each unit of time period, two possibilities: surviving individuals
either remain in their current size classes or advance to the next larger size classes.
Usher-type matrix equations, both linear and nonlinear, have been used to model
forest dynamics using tree diameter as the measure of size (Ek, 1974; Usher, 1966;
Usher, 1969).
Clearly, if the projection matrix T+B remains constant across time, then Eq (1.4)
is a linear autonomous system. In general, any entry in B or T can be dependent
on time t either explicitly or implicitly. If any entry is dependent on time implicitly
through the density vector p(t), then Eq (1.4) will be a nonlinear model equation. It
has long been recognized that both the fertility rate

bi

and the survival rate

Si

can

be significantly affected, one way or another, by the population density vector p(t)
or by some components of p(t). A large number of mathematical models, most of
which are continuous ones, with density dependent fertility rates and survival rates
have been proposed and studied. The modeling of density dependent fertility rate
and survival rate has become so extensive in the literature that models for fertility
rates and survival rates in either continuous case or discrete case are referred to as
submodels.

1.3

Density Dependent Submodels

In addition to choosing an appropriate state variable, a class partition and a discrete
time unit, the construction of a reasonable population dynamic model also requires
assumptions on submodels for class-specific survival rate

Si

and birth rate bi and

transition factors tii. In the following, we shall describe submodels for

Si

and

bi.

The

treatment of the transition factors will be deferred until the next Chapter.
The class-specific submodels that we are proposing here are based upon individual
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vital rates (i.e., survival rate and fertility rate). To be specific, we define the vital
rates of stage class i as average values (over stage interval) of the corresponding
individual vital rates. Furthermore, we assume that the vital rates of individual x
are functions of: (i) the total population size; and/or (ii) the number of individuals
whose rankings (according to the state variable) are higher/or lower than individual
x. This assumption is motivated by the general consensus in the biological community

that as population densities increase, competition among individuals for the available
resources begins to take effect, typically by increasing mortality rates, decreasing
fecundity rates, and slowing down the individual growth rates. In some situations,
an individual's hierarchy ranking based on state variable affects an individual's birth
and death rates through, for example, access to food resources, shelter, mates, or
even cannibalism. Often, however the intensity of this effect is measured by the mass
of higher/or lower ranking individuals.
We define y(x, t) as the number of individuals whose state variable values are less
than x at time t. vVe also define Yi(t) as the number of individuals in stage classes 1
to i - 1. In other words,
i-I

Yi(t)

= LPj(t),

i

= 2,""

n.

j=1

= 0 and denote yet) = {Yl(t), ... , Yn(t)}.
Obviously, Yi(t) - Yi-l(t) = Pi(t), i = 1,'" ,n, is the number of individuals in stage
class i. It is also easy to see that Y(Xi-17 t) = Yi(t) for i = 1,"" n. When Xi-l 5 x <
Xi, we know that Yi(t) 5 y(x, t) < Yi+l(t), where Xi, i = 1"" ,n, are as defined earlier
As a convention, we assume that Yl(t)

in this Chapter. Look at Figure 1.1 for a graphic illustration of Yi(t) and y(x, t).
Next, let Pt denote the total population size, i.e.,
n

Pt = LPi(t).
i=1

We point out here that the total population size Pe will playa very important role
in this dissertation. Later, we shall be able to derive a scalar difference equation
for Pt and prove that, under certain

~ircumstances,

the asymptotic dynamics of the
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density vector p(t) in Eq (1.4) can be derived from the dynamic behavior of the total
population size Pt.
Let b(x, t) and s(x, t) be functions in CO(R~, R+) that represent the birth rate
and survival rate, respectively, of an individual x during one unit of time. A typical
linear model would assume that both b(x, t) and s(x, t) are independent of time t and
are functions of state variable x only. In the more realistic non-linear case, b(x, t)
and s(x, t) are viewed as depending upon both the state variable x and the time t
either explicitly or implicitly. In this dissertation, we are primarily interested in the
case where the dependence of the vital rates on time t and state x is implicit through
the total population size Pt and y(x, t), the number of individuals of lower ranking.
In other words, we assume that b(x, t)

= b(y(x, t), Pt )

and s(x, t)

= s(y(x, t), Pt ).

It is manifest that vital rates defined above can also be expressed as functions of

the number of higher/or equal ranking individuals because by definition, the number
of individuals whose state variable value is equal to or larger than x is given by

Pt

-

y(x, t).
We now turn to the derivation of sub-models for the birth rate bi in Eq (1.3) and

the survival rate Si in Eq (1.1) respectively. Intuitively, it is reasonable to view the
discretized bi and Si as the average values of b(x, t) and s(x, t) respectively over the
state variable interval

[Xi-I,

xd.

Moreover, when state variable x changes from

Xi, y(x, t) goes from Yi(t) to Yi+1(t) = Yi(t)

+ Pi(t).

Xi-l

to

Mathematically, one definition of

submodels is to let the birth rate bi and the survival rate Si be the integral averages
of b(., Pt ) and s(·, Pt ) respectively over the interval [Yi, Yi

+ pd.

To be specific, we

define, for the birth rates in Eq (1.3), that
fYi+Pi b(z P. )dz
,t,
PI·-1 JYi

(1.6)
if Pi

= O.
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Likewise, for the survival rates in Eq (1.1), we define
PI·Si

1 fYi+Pi
JYi

s(z ,P,t
)dz,

=

(1.7)
if Pi

= O.

The above definitions convert the modeling of class-specific vital rates bi and

Sj

into the modeling of individual vital rates b(y(x, t), Pt ) and s(y(x, t), Pt ). The fine
structures of these two functions in terms of Pt and y(x, t) will be given later as we
try to study populations with intra-specific competition and intra-specific predation.
Nevertheless, the class-specific vital rates defined in Eq (1.6) and Eq (1.7) will allow
us to derive a scalar difference equation for the total population size Pt , which will
play a central role in later expositions.
Throughout this dissertation, we shall refer to Eq (1.4), coupled with class specific
submodels Eq (1.6) and Eq (1.7), as Problem 1.

1.4

The Inherent Net Reproduction Rate

An important concept used throughout this dissertation is the inherent net reproduction rate

7r,

which is a single composite, biologically meaningful parameter that

plays a major role in determining the existence and stability of equilibria for linear as
well as non-linear model equations. Technically speaking, the value of 7r is defined as
the expected number of offsprings per individual per life time at infinitesimally low
population (technically zero), in which case density structures can be ignored.
Under linear models, positive equilibria exist only when

7r

= 1. Biologically, this

happens when the birth and death are balanced so that exact per unit replacement
occurs at very low density. When
for 7r

7r

< 1, all solutions tend to the zero vector, whereas

> 1, all solutions are unbounded. Under certain technical assumptions, the same

theory holds for almost any kind of linear matrix models, regardless of (i) the shape
of the survivorship curve with stage; (ii) the shape of the curve of fecundity with
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stage; and (iii) the actual numerical values involved. In contrast, nonlinear systems
generally have positive equilibria for a continuous "spectrum" of

7r

values. In the

case of cannibalism, for example, one can shown not only that trivial steady states
exist, but also that a branch of non-trivial steady states bifurcate supercritically or
subcritically from

7r

be stable for either

= 1. Furthermore, the non-trivial steady states can be shown to
7r

< 1 or

The exact expression for

7r
7r

> 1 (Cushing, 1991; 1992).
depends on the specific models under consideration. It

varies according to whether the model is linear or non-linear and whether the model
is continuous or discrete. In order to integrate the inherent net productive rate

7r

explicitly into our model Eq (1.4), let us first interpret the term "inherent". The
term "inherent" is used here because we want

7r

to be the reproduction rate of the

population in the absence of density. Technically, this amounts to letting Pt = O.
Consequently, y(t)
8(0,0)
8i

= ao.

= ao

for i

= p(t) = 0 in Eq

(1.6) and Eq (1.7). Assume b(O,O)

Then the inherent fertility rate bi

= 1, ... , n.

= f30

= f30

and

and the inherent survival rate

This implies that all stage classes, hence all individuals,

have exactly the same fecundity rate as time varies and exactly the same survival
rate as stage varies. Therefore, the number of offspring per individual per life time is
dependent on how many units of time an individual can survive, and is an accumulate
of number of offspring produced by one individual during each unit of time. For a
given individual, the number of offspring produced during one unit of time is given
by f30 regardless of which stage it is in, and the probability of surviving i units of time
is

ab

regardless of which stage it is moving in. Accordingly, the inherent expected

number of offsprings per individual per life time is

f30

+ f3oao + f3oa~ + ... + f30ag + ... ,

Straightforward algebra shows that the net inherent reproduction rate

7r

should

be given by
7r=

f30
•
1- ao

(1.8)
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The non-linear theory that we shall discuss in the remainder of this dissertation
will focus mainly on the parameter

7r.

p(X,t)

x
Xo

XI

Xi-I

X

XI

Xn

Figure 1.1: Relationship Between Pi(t), Yi(t) and y(x, t)
The density p(x, t) is plotted against the state variable x. By definition, Pi is the area
under the curve between

Xi-I

and Xi, and Yi = PI

+ ... + Pi-I.

For

y(x, t) equals to Yi plus the shaded area. Hence Yi < y(x, t) < Yi+1.

Xi-I

< X < Xi,
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Chapter 2

EQUIVALENT PROBLEMS
AND THEOREMS
2.1

A Scalar Difference Equation for Pt

Model systems such as Problem 1 can be very difficult to analyze and the asymptotic
dynamics of the density p(t) can be mathematically intractable due to the nonlinearity of sub-models. Fortunately, it is possible to approach Problem 1 indirectly
by studying a substitute, or equivalent, problem instead. This idea stems from recent work, by a number of authors, on the McKendrick Equations for continuous
age-structured populations (Gurtin & MacCamy, 1974; Tucker & Zimmerman, 1988;
Cushing, 1993). In their work, McKendrick equations are transferred into an equivalent problem that consists of coupled integral equations. The unknowns to be solved
from these integral equations are two population level statistics: the total population
size and the total population birth rate (Gurtin & MacCamy, 1974), or the total
population size and the total number of younger individuals (Cushing, 1993). Our
primary goal in this Chapter is to show: (1) For a general type of projection matrix
B

+ T, the dynamics of total population size Pt

in Problem 1 can be described by

a scalar autonomous difference equation; (2) When the projection matrix B

+T

is
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a Leslie matrix, Problem 1 can be reduced to an equivalent problem that consists of
coupled difference equations with the total population size Pt and the total number
of younger individuals y(a, t) (the state variable x represents the chronological age in
this case) as unknowns .
To proceed, let J+ denote the set of non-negative integers, i.e. J+ = {O, 1, 2, ... }.
Thus a solution of a difference equation, say Problem 1, is a sequence of density
vectors p: J+

-?

Rn satisfying the corresponding equations for all t E J+. For an

n-dimensional difference equation, p(t) itself is an n-dimensional vector. When there
is no confusion, we shall use p(t) to represent solutions to an arbitrary difference
equation. The solution of a difference equation is determined uniquely by the given
initial point p(O). The range of p(t) is called the trajectory of the solution sequence.
A bounded solution is one whose range lies in a bounded subset of Rn. An equilibrium
of an autonomous equation is a constant solution p(t)

= Po for all t

E J+ for some

po ERn. More generally, a cycle, or more specifically a k-cycle is a periodic solution,

i.e., p(t + k) = p(t) for all i E J+ and some integer k ~ 1.
Theorem 2.1 Suppose bi and Si are defined as in Eq (1.6) and Eq (1.7) respectively.

Then the total population size Pt of Problem 1 is governed by a scalar difference
equation
Pt+! =

{PC

io

{PC
b(z, Pt)dz + io s(z, Pe)dz

(2.1)

Proof. Following the arguments that we have used in Chapter 1, the proof of this
theorem is very straightforward. According to Eq (1.4),
n

PI (t

+ 1) = L

biPi(t) +

i=l

n

L Sjt1,jPj(t),
j=1

and for any given i, 2 :5 i :5 n,
n

Pi(t

+ 1) =

L Sjti,jpj(t).
j=l
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To obtain the total population size at time t + 1, we add PI (t + 1) to Pn (t +1) together,
this yields
n

n

i=I

i=l

n

n

L Pi(t + 1) ='L biPi(t) + L L Siti,iPi(t)
i=l i=l

Using the Index Exchange Rule and Eq (1.2), the second term of the right hand side
of this equation becomes
t

I:i:l1 SiPi(t). Therefore, the total population size at time

+ 1 is given by
Pt+I =

n

n

i=l

i=l

L biPi(t) + L SiPi(t).

Substitute Eq (1.6) and Eq (1.7) into the above equation, the proof is complete. 0
The above theorem, which allows us to convert Problem 1 into an autonomous
scalar difference equation, is the most important and fundamental theorem of this
thesis. Eq (2.1) will be used to study the dynamics of populations with various kinds
of intra-specific competition, including contest competition, scramble competition,
and intra-specific predation, i.e., cannibalism.
Theorem 2.1 yields, among other things, a necessary condition for the dynamic
solutions of Problem 1. Roughly speaking, a sufficient condition would amount to
inferring the dynamics of pet) from the dynamics of Pt. A natural question arises:
Knowing the dynamic behavior of total population size Pt , how much can we learn
about the density vector pet)? First of all, from Theorem 2.1 it is easy to see that the
transition factors tii, i.e., the probabilities that an individual in the ith stage-class
moves into the jth stage-class, have no impact on the dynamics of Pt. It is therefore
unrealistic to expect that the properties of density vector pet) can be determined by
the population size Pt , except for some very special model equations. One such special
model is the Leslie matrix model that we discussed in Chapter 1. It is proved in the
next section that when the projection matrix B

+T

is a Leslie matrix, Problem 1 is

equivalent to a problem involving a pair of difference equations in which population
size Pt plays a key role. Although all the results in next section are limited to the
Leslie matrix models, it is our hope that at least some understanding about the effects
of Pt on the density vector pet) will be gained for more general type of models.
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2.2

Equivalent Problems for Leslie Matrix Model

vVe begin this section by the following

+B

Theorem 2.2 Suppose that T

Yi(t), 1

~

i

~

in Eq (1.4) is a standard Leslie matrix. Let

n, be the number of individuals belonging to age classes 1 to i-I, and

Pt be the total population size. Then y(t)

= {Yl(t), ... , Yn(t)}

satisfies the following

n-dimensional difference equation
.

Yi(t

fPr

+ 1) = Jo

By convention, we have Yl(t)

f Yi - 1 (t)

b(z, Pt)dz + Jo

s(z, Pt)dz,

= 0 for all t ~ o.

2 :5 i ~ n.

(2.2)

It is easy to see that Eq (2.2) includes

Pt as a unknown and therefore can be solved only if Eq (2.1) is solved first. In the

following, we shall refer to Eq (2.2) and Eq (2.1) as Problem 2.
Proof of Theorem 2.2: First of all, when i = 1, it follows from the definition that

Yl(t)

= 0 for any t ~ o.

= 2, we have Y2(t + 1) = Pl(t + 1), which, according

When i

to Eq (1.4), equals to Ei::l bipi(t). Moreover, from Eq (1.6) we have

Y2(t + 1)
When 3 ~ i

fYi(t)+Pi(t)

n

=L
J"
i=l Yi(t)

fPr

b(z, Pt)dz

= Jo0

b(z, Pt)dz.

< n, we have Yi(t+l) = Pl(t+l)+ E~~~pj(t+l). Finally, the assumption

of the theorem that Eq (1.4) is a Leslie matrix model implies that L:~~~ pj(t + 1)
L:~~i Sjpj(t). The proof is complete by noticing that Y2(t

+ 1) =

PI(t + 1), which in

turn implies that

i-2

-

-

PI (t
pr

loo

fPr

- Jo

(t)+Pj(t)
1Yj
s(z, Pt)dz
j=l Yj(t)

+ 1) + L

b(z, Pt)dz +

lYi-l(t)+Pi_l(t)
Yl (t)

fYi-1 (t)

b(z, Pt)dz + J
o

s(z, Pt)dz

s(z, Pt)dz.

=

0
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The above theorem, together with Theorem 2.1, shows that from each solution of

Problem 1 we can generate a solution for Problem 2. The next theorem claims that
the reverse statement is also true. Thus Problem 1 and Problem 2 are equivalent in
the sense that a solution of Problem 1 yields a solution of Problem 2 and vice versa.
Theorem 2.3 Suppose that T

+B

in Eq (1.4) is a standard Leslie matrix. Assume

= {YI(t), ... , Yn(t)} is a solution of Eq {2.2} and Pt is a solution of Eq {2.1}.
Let Pi(t) = Yi+l(t) - Yi(t), i = 1, ... , n - I, and Pn(t) = Pt - Yn(t). Then pet) =

yet)

{PI(t), ... ,Pn(t)} is a solution of Problem 1.
Proof. We need to check whether the two sides of Eq (1.4) are equal when Pi(t)
is replaced with Yi+1(t) - Yi(t), i = 1, ... , n - 1, and when Pn(t) is replaced with

Pt

-

Yn(t). The details will be omitted here because the argument follows exactly the

same steps, albeit in reversed order, used in Theorem 2.2. 0
A close look at Problem 2 suggests that once the total population size Pt in Eq
(2.1) is solved, yet) = {YI(t), Y2(t),· . . ,Yn(t)} in Eq (2.2) can be solved accordingly by
the recursive formula, provided that the initial condition yeO) is given. Therefore, we
have reason to expect that the asymptotic dynamics of Problem 2, hence Problem 1
as well, can be determined by dynamic behavior of Pt.
The next two theorems tell us exactly how yet) and pet) will behave when Pt goes
to a fixed point or a cycle. A couple of technical assumptions are in order before
we can present the results. We assume that the fertility function b(·, .) and survival
function s(·, .) satisfy the following conditions:
AI: b(x,y) and s(x,y) are bounded functions in R~. More specifically, b(x,y) =::; lv/

and s(x,y) =::; 1.

A2: 3 positive real numbers Nb >

a and

N& > 0, such that 18y b(x,Y)1

~

Nb and

18y s(x,y)1 =::; N&, V(x,y) E R~.
Theorem 2.4 Assume that T

+B

is a Leslie matrix and that Assumptions Al and

A2 hold. Let Po be a starting point of Eq (2.1) such that Pt

~

Poo as t

~ 00.

Then
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Yi(t) ~ Yi(oo) and Pi(t) ~ Pi(oo) as t ~ 00, when the initial age distribution of
Problem 1 satisfies the condition

I:i:l p?

= Po·

Here, Yi( (0) and Pi( (0) are defined

as

0,

and

i = 1;

Jt

oo

p,·(oo) =

b(z, Poo)dz,

J,Yi(OO)
Yi-t(OO)

s( z, P.00 )dz,

i = 1;

2 ~ i $ n -1;

respectively.
Proof. Due to the simple linear relationship between Yi(t) and Pi(t), we only need
to see if the theorem is valid for Yi(t). The proof follows from the Principle of Mathematical Induction.
First of all, when i = 1, since Yl(t) =

Yl(oo), as t
When i

~

°

for any t ;::: 0, it is clear that Yl(t) ~ 0

=

00.

= 2, we need to show that

IY2(t

+ 1) -

Y2(00) I goes to zero as Pt ~ Poo.

According to Eq (2.2) and the definition of Yoo, we have

Under Assumptions Al and A2, both b(x, y) and 8yb(x, y) are bounded. Therefore,
by applying the Mean Value Theorem on b(z, Poo ) - b(z, Pt ), we get
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Next, assume that the theorem is valid for Yi-l(t), which means that Yi-l(t)

Yi-l(oo) as t

t

-+- 00.

To complete our proof, we need to show that Yi(t)

-+-

-+-

Yi(oo) as

-+- 00.

We have shown in the case of i = 2 that

It remains to be shown that
fYi-tCt)

J
o
as t

-+- 00.

fYi-l (00)

s(z, Pt)dz

-+-

Jo

s(z, Poo)dz

To this end, we can employ the same argument used for the case i = 2.

Hence

I

fPi-tCOO)

Jo

f Yi - 1(t)

s(z, Poo)dz - Jo

s(z, Pt)dz

I

< {N"Yi-l(oo) + 1}IYi-l(OO) - Yi-l(t)1

< (N"Poo + 1)IYi-l(OO) - Yi-l(t)l,
where the last inequality follows from the trivial fact that Yi-l(oo) :5 Poo .
There are many positive vectors (p~, .. . ,p~) that satisfy the condition

0

2:;=1 p? =

Po, where Po is fixed. Thus, Theorem 2.4 implies that when Problem 1 is a Leslie
Matrix model, the dynamic behavior of an age class is determined by the initial total
population size, not the initial size of the particular age class. In other words, the
initial size of an age class has no effects on its long term behavior as long as the initial
total population size is fixed.
Finally, we conclude this section by the following
Theorem 2.5 Suppose that T

+B

is a Leslie matrix. If Eq (2.1) have a k-cycle

solution, i.e., 3k > 0 such that Pt+k = Pt, for t = 0,1,2, ... , then Problem 2, hence
Problem 1 as well, has a k-cycle solution.
Proof. We need to show that Yi(t

+ k)

= Yi(t) for i = 1"," n. Again, the proof

follows from the Principle of Mathematical Induction.

27
vVhen i=l, by definition, Yl(t + k) = Yl(t) =

o.

When i=2, according to Eq (2.2),

Assuming that we already have Yi-l(t
J
o

-

Jo

-

Yi(t).

( PC-l

2.3

= Yi-l(t), then

fYi-1 (t-I+k)
b(z, Pt-I+k)dz + Jo
s(z, Pt-I+k)dz
fYi_dt-l)
b(z, Pt-l)dz + Jo
s(z, Pt-ddz

fPC-Hk

Yi(t + k) -

Proof completed.

+ k)

D.

Asymptotic Dynamics of Pt

The theorems in the previous section give a relatively complete account of the relationship between Problem 1 and Problem 2. Our conclusion is that as long as the
projection matrix T

+B

is a Leslie matrix, the asymptotic behavior of the density

vector p(t) can be derived from the behavior of population size Pt at least when Pt
converges to a steady state or a periodic solution. Unfortunately, similar results are
not available for general models with the exception of Theorem 2.1, which still remains valid. However, it is not our intention to focus on just the Leslie matrix models,
which require not only that the length of age class intervals is constant but also that
this length equals to the length of the dynamical time unit. In comparison, models
with general forms of the projection matrix T

+ B, as defined in (1.1)

and (1.3), are

more realistic and applicable to a wide range of population structures. Therefore, in
the rest of this thesis, we shall study several applications of Theorem 2.1 to populations with intra-specific competition or intra-specific predation, based on a general
type of model as defined by Problem 1. Specifically, we shall use Eq (2.1) to study
the asymptotic dynamics of the total population size Pt.
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According to present bifurcation theory, the asymptotic dynamic behavior of a
first-order difference equation, such as Eq (2.1), is qualitatively very complicated.
Even the very simplest nonlinear difference equations, such as the so called "logistic"
equation X t +1 = aXt (1-Xd, can possess an extraordinarily rich spectrum of dynamical behavior, from stable equilibria, through cascades of stable cycles, to a regime
in which the behavior is in many respects "chaotic", or indistinguishable from the
sample function of a random process. A considerable amount of literature has been
devoted to the studies of difference equations (Guckenheimer, 1983: Hoppensteadt,
1982: May, 1976). By contrast, first-order ordinary autonomous differential equations have much simpler dynamic behavior, made up as stable and unstable points.
By all accounts, it seems that a three-dimensional system of autonomous first-order
ordinary differential equations is required for the manifestation of chaotic behavior.

In conclusion, it is no surprise that Eq (2.1), with the integral involved, may
possess fascinating and unpredictable dynamic behavior. It is beyond the scope of
our thesis to study in a general way the delicate mathematical details of the fine
structure of the trajectories of Pt. We will be concerned with t.he implications of some
specific applications of Eq (2.1). In particular, models for intra-specific competition
and cannibalism with constant and dynamical resource will· be given. Studies of
'the dynamical properties of these models will focus on finding constant equilibrium
solutions, conducting a linearized analysis to determine their stability with respect
to small disturbances, and biologically interpreting the dynamical implications of the
models.
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Chapter 3

INTRA-SPECIFIC
COMPETITION
3.1

Introduction

Among various forms of intra-specific competition, the concepts of scramble and contest competition are two of the most important. The original definition is due to
Nicholson (1954). For a long time, however, the usages of the two terms in the literature have been confusing and sometimes even conflicting. More refined definitions
of scramble and contest competition are given by Lominicki (1988). Suppose that
the individuals of a population must compete for a limited resource. Then contest
competition is the competition situation in which a hierarchy is in place with the
property that the resource intake of an individual can not be altered by individuals of
lower rank. Scramble competition, on the other hand, is defined as a relation among
population members, such that each individual can alter the resource consumption of
every other individual. Although pure forms of these kinds of competitive interactions
rarely occur, mixtures in which both kinds are present in some weighted manner are
to be expected.
Using four versions of a simple discrete difference equation model, Lominicki
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(1988) concludes that contest competition is a more "stable" or " advantageous"
interaction than scramble competition in the sense that contest competition leads to
a larger population size in relation to available resources. The biological explanation
of this phenomenon is that in the situation when there is a shor.tage of resources, con-'
test competition means that higher-ranked members are able to protect their resource
intake, so that the shortage of resources does not affect their reproductive and survival capabilities, which in turn insures maintenance of the population. In the case of
scramble competition, the resources are distributed among all population members,
albeit not necessarily equally. It is possible that even high-ranked individuals can not
get enough to survive and reproduce, which causes an decrease of population size.
Using very sophisticated continuous models for both age-structured population
and size-structured population, Cushing (1994, 1995) supports Lominicki's assertion
in the sense that contest competition yields higher equilibrium levels than scramble
competition do when all other factors are identical. With regard to equilibrium
resilience of the models he considered, however, Cushing asserts that
"There is no clear cut relationship between equilibrium resiliency of contest and scramble competition. In fact, depending upon the properties
of nonlinearities and model parameter values, scramble competition can
have higher equilibrium resilience."
Our goal in this Chapter is to derive and to analyze a class of discrete stagestructured models for intra-specific competition when there is a single limiting resource. The model will include contest and scramble competitions as two extreme
cases. Following our discussion in Chapter 1, the derivations of models will be carried
out by specifying the individual birth rate b(y(x, t), Pt ) and survival rate s(y(x, t), Pt )
in based upon the definitions of contest and scramble competition. A competition
coefficient r will be utilized in such a way that r =

a corresponds to contest compe-

tition and r = 1/2 corresponds to scramble competition. Theorem 2.1 shows that we
can study the asymptotic dynamic behavior of the total population size Pt using Eq
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(2.1). As a special case, we will also study the behavior of the age distribution vector

p(t) when the models are reduced to Leslie matrix models. Finally, we will evaluate
Lominicki's conclusion that contest competition leads to a more stable population
than scramble competition by comparing relative equilibrium levels, stable regions
and resiliency as a function of r.

•

3.2

Sub-Model Derivations

One of the most basic assumptions in this thesis is that the population contains a
hierarchical structure based on the state variable x. According to the definition of
contest and scramble competition, it is reasonable to assume that pure forms of contest
and scramble competition occur when the vital rates for individuals x during one unit
of time depend on the two population level statistics, namely the total population
size Pt and the number of individuals who are equal/or higher ranked than individual

x, with the latter being given by Pt

-

y(x, t). As we mentioned before, intra-specific

competition rarely occurs in the pure forms of contest and scramble competition.
Consequently, a more realistic assumption is that the population engages in both
types of competition in some weighted manner. One way to model such populations
is to assume that the birth rate b(.,.) and survival rate s(·,·) depend upon a weighted
average of y(x, t) and Pt

-

y(x, t) respectively. Consider

b(y(x, t), Pt )

-

(3ob(ry(x, t) + (1 - r)(Pt

-

y(x, t))),

s(y(x, t), Pt )

-

etos(ry(x, t) + (1 - r)(Pt

-

y(x, t))).

(3.1)

where 0 ~ {30, and 0 ~ eto < 1.

In (3.1), the competition coefficient r is introduced to measure the effect that lower
ranked individuals have on the vital rates of an individual x, relative to that of higher
ranked ones. A zero competition coefficient, i.e., r = 0, implies that only individuals
with higher ranking affect the vital rates of individuals x. This corresponds to the case
of contest competition. When r = 1/2, the vital rates depend on the total population
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size Pt and the situation corresponds to scramble competition. Throughout this
dissertation, we shall restrict the value of competition coefficient to the interval 0
r

~

~

1/2. In other words, we consider the class of models with scramble and contest

competition as extreme cases.
vVe assume that the nonlinear functions b(.) and s(.) have the following properties:
bE C2(R, R+), b(O)

= 1,

b' < 0, btl > 0, b( +00)

= 0,

(3.2)

SEC2(R,R+), s(O)=l, s'<O, s">O, s(+oo);::::O.
The functions b(.) and s(·) are normalized so that b(O)

= 1 and

s(O) = 1. Under

this normalization, the constants f30 and ao are the inherent birth and survival rates,
i.e., the birth and survival rates in the absence of population density, respectively.
The inherent net reproduction rate is given by

7r

=

f3o/(l - ao), as we show in

Section 1.3. The monotonicity assumption on b(·) and s(·) implies that an increase
in population density has a negative effect on both birth rates and sunrival rates.
The concavity assumption on b(.) and s(·), which is obviously subject to argument,
is introduced mainly for technical reasons. The effects of intra-specific competition
variability on the behavior of the entire population can be revealed only when the
models are tractable.

3.3

Asymptotic Analysis

From now on, to avoid cumbersome technical det~ls, we shall present the main results
in the form of lemmas or theorems while proofs of these results will be deferred until
the last section of this Chapter.
According to Theorem 1.2, the asymptotic dynamics of the total population size
are determined by the difference equation (2.1), which in the present case can be
written as
r~

Pt +1 = Jo

f3ob(ry + (1 - r)(Pt

-

r~

y))dy + Jo aos(ry + (1 - r)(Pt

-

y))dy.

(3.3)
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After a change of variable, i.e. by letting z = ry + (1- r)(Pt - y), the above equation
becomes
(3.4)
where
1

(1-2r)P

J,(l-r)P C()d
rP
u z Z,

0<
1
_ r < 2';

F(r,P) =
r -- l2·

and 8(z) = /3ob(z)

+ aos(z).

The assumptions on b(·) and s(.) therefore imply that

the function 8 satisfies the following conditions:

8(0) = /30 + ao,

8(00) < 1,

8'(z) < 0,

8"(z) >

o.

Obviously, Eq (3.4) includes Poo = 0 as one of its equilibria. We are more concerned
with the existence of non-zero equilibrium of Eq (3.4). Mathematically, the existence
of non-trivial positive equilibrium is equivalent to the existence of Poo > 0 that
satisfies Poo

= fer, Poo ) or F(r, Poo ) = 1.

Lemma 3.1 The per capital growth rate F(r, P) in Eq (3.4) has the following prop-

erties:
F( r, 0) = 1r (
1- )
ao + ao,
Notice that /30

+ ao >

8F(r, P) 0
8P
<.

1) if and only if 1r = /30/(1 - ao) >

1«

Lemma 1 tells us that when

) < 1,
F(
r, 00

1r

1(~

> 1, there exists one and only one P

00

1). Thus

> 0 that

satisfies F(r, Poo ) = 1. In other words, P oo is the unique positive equilibrium of
model equation (3.4). Likewise, when

1r

< 1, Lemma 1 implies that the model has no

positive equilibrium.
Next, let us turn our attention to the local stability of the zero and the positive
equilibria. According to the general bifurcation theory, the local stability of the
equilibrium P oo is determined by the magnitude of 8p f(r, P) evaluated at P = Poo •
Let
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Then .-\(1', Poo ) is called the eigenvalue of the equilibrium Poo . Poo is locally stable if

1.-\(1', Poo)1 < 1 and locally unstable if 1.-\(1', Poo)1 > 1. At the non-hyperbolic cases,
when .-\(1', Poo ) = 1 or .-\(1', Poo ) = -1 bifurcations can occur.
From Eq (3.4), we have

8f(r, P)
8P

l'

<

t,
(3.5)

= 8(0) = ao + f30 for 0 < l' ~ ~, which
means that the zero equilibrium is stable if and only if ao + f30 < 1. For P oo > 0, the
For Poo

= 0,

1!2r[(1 - 1')8((1 - r)P) - r8(rP)], 0 ~

it is easy to see that .-\(1',0)

situation is rather complicated. However, we have the following result.
Lemma 3.2 For Poo > 0 and for 0 ~

l'

=5 1/2, we have 1.-\(1', Poo)1 < 1 as 1 <

ao + f30 < 3.
As we mentioned at the beginning of this chapter, the proof of this lemma can be
found in Sec 3.6.
The above discussions can be summarized into the following
Theorem 3.1 The model equation (3.4) has: (i) a zero equilibrium which is stable

if and only if 7r < 1; (ii) a unique positive equilibrium Poo(r) when
is stable when 1 < 7r

7r

> 1. The latter

< 3 + 2ao/(1 - ao).

The results of the above theorem can be extended to the density vector p(t),
provided that (i) Problem 1 is a Leslie model; and (ii) the vital functions defined
in (3.1) satisfy the assumptions of Theorem 2.4, namely assumptions Al and A2
in Section 1.2. Clearly, assumption Al follows directly from the the properties of

b(.) and s(·). To verify assumption A2, notice first that 8p b(y,P) = -f3o(l - r)b'
and 8p s(y,P) = -ao(l-r)s'. The monotonicity assumptions on b' and s' imply that

Ib'(x)1 ~ Ib'(O)1 and Is'(x)1 < Is'(O)I. Hence both 8p b(y,P) and 8p s(y,P) are bounded
on R+ x R+ and Assumption A2 follows. To summarize, we have the following
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Corollary 3.1 Assume that Problem 1 is a Leslie model and Poo is the positive equilibrium of model equation (3.4). Then for

7r

< I, the solution p(t) of Problem 1 tends

to 0 ifL'?=l p? is close enough to zero. Likewise, for 1 <

7r

< 3 + 20'0/(1 - 0'0), there

is a neighborhood of Poo such that if L'?=l p? is in this neighborhood, then the age
distribution vector p( t) approaches an equilibrium vector p( 00), which is defined in
Theorem 2.4.

The condition 1

<

7r

< 3 + 2Cio/(l

- Cio) is sufficient, but not a necessary for the

stability of the positive equilibrium Poo(r). In fact, more complex stability criteria
for P00 (r) should depend on the competition coefficient r. In other words, the stable
region of P00 (r) should depend not only on the model parameters and the nature
of the nonlinearities of the vital functions, but also on the competition coefficient

r. Unfortunately, due to technique difficulties, we have not been able to figure out a
more precise and more explicitly formulated stability criterion that is valid for general
values of r. However, for the special cases r = 0 and 1, which corresponds to contest
and scramble competition respectively, we can find the sufficient-necessary stability
criteria for the steady state Poo . The detailed analysis will be presented in the next
section.

3.4

Two Forms of Competition

In this section, we are going to study the difference between contest and scramble
competition. Three approaches are widely used in the literature to compare different
competitive models. Thus one can compare models according to: (1) the relative
size of the equilibria when other factors are kept identical. In such case, an increase
(decreas"e) in the equilibria will be referred to as a stabilizing (destabilizing) effect; (2)
the relative size of the stable equilibrium regions in the parameter space. Equilibria
with larger stablility regions are considered as more stable than those with smaller
ones; (3) the resilience, Le., the magnitude of eigenvalues of the equilibria. In discrete
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models, equilibria with smaller absolute eigenvalues are considered as more stable
than equilibria with larger ones under identical circumstances.
Our first step is to study the relationship between the positive equilibrium level
P oo = Poo(r) and the competitive coefficient r when

71'

> 1. For 0 < r < 1/2, the

positive steady state Poo satisfies F(Poo , r) = 1. Taking partial derivative with respect
to r on both sides yields

8F 8Poo
8Poo 8r

+ 8F = 0,
8r

which implies that

8Poo = _ 8FI 8F .
8r
8r 8Poo
From Lemma 1, we know that 8F/8P

< O. Thus the sign of 8Poo /8r is the same as

the sign of 8F/8r. Furthermore, one can easily verify that

8FI
8r

_2 - 8((1 - r)Poo ) - 8(rPoo )
P=Poo

1 - 2r

It follows from (3.8) that 8((1 - r)Poo ) + 8(rPoo ) > 2 for 0

8Poo /8r < 0 when

71'

< r < 1/2. Hence

> 1. Consequently, Poo(r) has a minimum at r = 1/2. This

result reveals that when all factors are identical, contest competition have a higher
equilibrium level than scramble competition does.
Let us look at a specific example. Suppose that in (3.1), the birth and survival
functions are given by b(x)

= s(x) = e-:r:.

Clearly, b(x) and s(x) satisfy condition

(3.2) .. The specific model equation for contest competition is given by

and the model equation for scramble competition is

Let Po(O)

= Po(!) = c > 0, i.e., the two types of competition start with exactly the

same total population size. Using mathematical induction, we can prove (see the last
part of Section 3.6 for details) that Pt(O) > Pt(I/2), for t = 1,2,3, .... Consequently,
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Poo(O) > Poo (1/2). This results is numerically verified and graphically plotted in
Figure 3.1.
To conclude, we have shown in the above special case that contest competition is
more favorable than scramble competition because not only does it imply a higher
equilibrium level, but also a larger population size at any time.
Our next step is to discuss the difference in equilibrium stability regions between
contest and scramble competition. As we have stated in the previous section, the
stability criterion 1 <

7r

< 3 + 2ao/(1 - ao) is a general condition that is valid for

all r E [0,1/2]. However, it is not a necessary condition. In the following, we shall
attempt to find necessary and sufficient conditions for the stability of both contest
and scramble competition. By doing so, we shall be able tell which competition is
more favorable in the sense of possessing a larger stability region.
Under contest competition, we have r = O. From Eq (3.5), the eigenvalue of the
steady state PrX) is "\(0, Poo) = ~(Poo). On the one hand, P co satisfies Poo

= J:oo ~(z)dz,

and on the other hand, the monotonicity of ~(z) guarantees that

J{oo ~(z)dz >

Poo~(Poo).

Therefore, we have Poo >

Poo~(Poo),

or equivalently,

~(Poo)

< 1. As a

result, we have 0 < "\(0, Poo) < 1, which implies that for contest competition, the
nonzero equilibrium Poo is stable as long as the existence condition

> 1 holds.

7r

We now turn to scramble competition. From Eq (3.5), we have .,\(!, Poo ) = 1 +
Poo~'(~PooH and ~(~Poo)

=

1. Let Poo

= 2a.

Then the necessary condition for

> -2, where a is the solution of the equation ~(a) = 1.
We can re-express the necessary condition a~/(a) > -2 in terms of the parameter

stability of Poo is
~(O),

a~'(a)

or equivalently, in terms of the inherent net reproduction rate

application of the Mean Value Theorem to
for some

ebetween 0 and

have

~(O)

<

have

~'(O)

-

~(O)

< 1-

-a~'(O)
~'(a)

a~'(a)

=

a. Since

+ 1.

implies that

~(O)

-

A simple

= -a~'(e)
~(a) = 1, we

~(a)

is an increasing function and

Next, applying the Mean Value Theorem to

-a~"(p.)

+ a2 o"(p.).

~

~(z)

7r.

~'(z),

we

for some p. between 0 and a. Consequently, we have
Therefore the necessary condition ao'(a)

> -2 can be
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transfered to a necessary condititon 8(0) < 3 + a 2 8"(p.).

IA(1/2, Poo)1 <

Likewise, a necessary condition for

1 is 8(0) < 3 + a2 lv1, where

a satisfies 8(a) = 1 and 1\11 = maxo:5x:5a jO"(x)l. As an illustration of the above
result, let us revisit the special example again. vVe have 8(z) = (ao
solution of 8(a) = 1 is given by a = In(ao
vVhen (ao

+ (30)

+ (30)

+ (3o)e-

Z

so that

and a also satisfies 8'(a) = -l.

is small enough, or specifically, when (ao

+ (30)

< exp(2), we have

a8'(a) > -2. Therefore, in this particular case, the positive equilibrium is stable only
if 8(0) < exp(2). Furthermore, unlike contest competition which has unconditional
stable equilibrium whenever

7r

> 1, scramble competition has only conditional stable

equilibrium.
From the above discussion, we can conclude that under identical circumstances,
the positive equilibrium of contest competition has a larger stability region, expressed
in terms of the inherent net reproduction rate 7r, than does the equilibrium of scramble
competition. Therefore, we conclude that contest competition is more stable in the
sense of possessing a larger stable region.
Our last step is to compare the resilience of contest and scramble competition.
As we discussed at the beginning of this Chapter, the resilience of an equilibrium
is measured by the magnitude of its eigenvalue. In our case, resilience increases if
the derivative

arlAI <

0 and decreases if

arlAI >

O. Unfortunately, the relationship

between the resilience coefficient A and the competition parameter r is so complex
that a full analytical treatment of derivative

arlAI

for all

7r

> 1 is intractable. The

following result, however, allows us to describe the relationship between A and r for
7r

is greater than but close to 1.

Theorem 3.2 Let 0 <

€

= 7r -

1 be sufficiently small. Then, for r E [0,1/2]' A(r)

can be expanded in terms of € as follows:

A(r) = 1 - (1 - ao)e + { 5"~O) Pfq(r) } e' + 0(e3 ),
where q(r)

= r2 - r + 1 and PI = 2(1 -

ao)/8'(0).
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Since q'(r) = 2r - 1 <

°

when r E (0,1/2) and 8"(0) > 0, the above theorem

shows that, in the neighborhood of the bifurcation point

7r

=

1, the competition

coefficient r has a positive effect on the resilience factor A, i.e., the resilience of

Poo(r) is increasing when r is increasing. In particular, the equilibrium for scramble
competition, i.e. Poo(I/2) has a stronger resilience than Poo(O), which corresponds to
contest competition. Specifically, we have

and

Unlike the situations with regard to equilibrium levels and sizes of stability regions, in
which contest competition is judged to be more favorable than scramble competition,
contest competition is less favorable than scramble competition with regard to equilibrium resilience. Notice, however, that Theorem 3.2 is only valid for low inherent
net reproduction rates
for larger values of

7r.

increase with r when

3.5

7r

7r.

The dependence of equilibrium resilience on

7r

may change

This is illustrated in Figure 3.2, where resilience is seen to
is close to 1, but decreae with r when

7r

is large enough.

Conclusion

In this Chapter, discrete models for stage-structured population whose members compete for a limited resource were constructed. We distinguish different types of intraspecific competition according to Lominicki's definition. The dynamics of total population size, which is governed by a scalar difference equation according to Theorem
2.1, was studied. Two extreme cases, contest and scramble competitions were compared with regard to their equilibrium levels, stability regions and resilience. The
results of these comparisons are as follows: (1) When all other factors are identical,
total population equilibrium size is minimized under pure scramble competition and
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maximized under pure contest competition. This result shows agreement with both
Lominicki's and Cushing's conclusion that scramble competition is "less favorable"
than contest competition in the sense that the stable equilibrium level for scramble
competition is smaller; (2) The equilibrium of contest competition is stable as long as

its existence condition

> 1 holds. Therefore it is "unconditionally" stable. By con-

11"

trast, the equilibrium of contest competition is "conditionally" stable, which means
that there is a threshold level
1<

11"

<

'lr max ;

(3) When

11"

11"max

such that the equilibrium is stable only when

is close to 1, scramble competition is more resilient than

contest competition. This result is more clear cut than Cushing's result (1995):
"depending upon the properties of nonlinearities and model parameter
values, scramble competition can have the higher equilibrium resilience".
The quoted result, however, is derived from a continuous model for size-structured
populations.

3.6

Proofs
It is clear from the definition of function F(r, P) with.

Proof of Lemma 3.1:

r

=

= f30 + ao,

1/2 that F(1/2,0)

F(1/2, 00) < 1, and 8p F(1/2, P) < O. When

o < r < 1/2, an application of the mean value theorem for integral implies that

l

(l-r)p

where e satisfies rP

l

(3.6)

6(z)dz = 6(e){(1 - r)P - rP},

rP

< e < (1 - r)P. Next, since 6'(z) < 0, we have

(l-r)p

6(z)dz

rP

~

(3.7)

(1 - r)P6((1 - r)P) - rP6(rP).

Consequently,

8F(r P)

8P

1

= (1 _ 2r)P2

{

(1 - r)P6((1 - r)P) - rP6(rP) -

r(l-r)P

Jrp

}

6(z)dz.
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and we have 8pF(r, P) < 0 for 0 < r < 1/2. Furthermore, Eq (3.6) implies that

F(r, P) = 8(e(r, P)), where rP < e(r, fJ) < (1 - r)P.
It follows that

F(r, 0)

= 8(0) = /30 + Cia,

Proof of Lemma 3.2:

and F(r, (0)

= 8(00) = Cios(oo) < 1.

D.

We first deal with A(r, Poo ) when r =/:1/2. Let a

= rPoo

and b = (1 - r)Poo . Then from Eq (3.5),

'(
A

D) _ M(b) - a8(a)
b
.

r,.roo -

-a

Notice that as a steady state of Eq (3.4), Poo satisfies F(r, Poo) = 1, which implies

lb 8(z)dz = b - a.
It follows immediately from Eq (3.7) that A(r,Poo ) < 1. What remains to be done is
to find the condition under which A(r, Poo ) > -1. To this end, let us first re-write
the inequality A(r, Poo) > -1 as

Since 0 < a < b, the concavity of 8(x) implies that

8(b) - 6(a) 8(a) - 8(0)
>
.
a-O
b -a
Consequently, the inequality A(r, Poo)

> -1 holds provided that

......:6(......:a)~-_6....:..(0....:..)
a-O

In other words, A(r,Poo ) > -1 if 8(a)

> _ 1 + 6(b).
a

+ 8(b) > 6(0) -

1-

Until now, the approach that we have been using is to transform the stability
problem regarding Poo into a problem of searching for 8(0) so that 8(a)+8(b) > 6(0)1. Notice that in the (x,y)-space, the concavity of 8(z) implies that the area under
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the curve between (a, 0) and (b, 0) is less than the area of the trapezoid determined
by (a, 0), (b, 0), (a, 8(a)), (b, 8(b)) (See Figure 3.3 for a geometric illustration). Hence

1
2"(8(a)
+ 8(b))(b - a) >

lb 8(z)dz = b - a,
a

which further implies that

8(a) + 8(b) > 2.

(3.8)

Therefore, we have 8(a) + 8(b) > 8(0) -1 provided that 8(0) -1 < 2. In other words,

+ f30 < 3, A(r, Poo ) > -1 is guaranteed.
Finally, we consider the case r = 1/2. We shall demonstrate that the inequality

when 8(0) =
/A(~, Poo )/

0:'0

< 1 holds when 1 < 8(0) < 3.

When r = ~, the unique steady state Poo satisfies Poo = 8(~Poo)Poo, which implies
8(~Poo) = 1. Hence, we have

A

(~, Poo ) = 8 (~Poo ) + ~Poo8' (~Poo) = 1 + ~Poo8' (~Poo ) .

Since 8' < 0, we have A(~,Poo) < 1. It only remains to show that A(~,Poo) > -1
when 1 < 8(0) < 3. By the Mean Value Theorem, we have

8 (~Poo ) - 8(0) = 8'(e)Poo /2, with 0 < e <-Poo /2.
Notice that 8" > 0 by assumption. We have 8'(e) < 8'( ~PoO) < 0, which in turn
implies that

~Poo8' (~Poo)

> 1 - 8(0).

The conclusion follows since A(!, Poo ) > 2 - 8(0) > -1 when 1 < 8(0)

< 3.

0

Proof of the Example: We use Mathematical Induction. First we show that the
assertion Pt(O)

> Pt(~) is true for

t = 1.

Let a(x) = 1 - e- x, b(x) = xe-!x, and J(x)

= a(x) -

b(x). Then, J(O) = 0 and

o. This implies that J(x)
which is equivalent to a(x) > b(x) for x > o. Consequently, we have
J'(x) = e- X

-

e-!x

+ txe-tx >

PI (0) =

(0:'0

0 for x >

+ f3o)a( c) > (0:'0 + f3o)b( c) = PI (~) .

> 0 for x > 0,
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Next, suppose that the conclusion holds for t, i.e., Pt(O) > Pt( ~). Then

+ ,8o)a{Pt{O))
> {ao + ,8o)a (pt (~)) ,
(ao

PHI (0) -

> {ao + ,8o)b
The proof is complete.

+ ,80

(pt (~)) ,

SInce a{x) > b(x)

(~) •

Pt+1

0

Proof of Theorem 3.2:
have 8(0) = ao

SInce a'{x) > 0

Let

7r

= 1 + € where

€

> O. Since

7r

= ,80/{1 - ao), we

= 1 + (I - ao)€. According to the classical Liapunov-Schmidt

method, Poe and >'(Poo ) can be expanded into Taylor series as

1
Poe = PI € + '2 P2 €2 + 0(€3)
and

>.

1

= 1 + >'l€ + '2>'2€2 + 0{>.3).

respectively. We would like to explore the dependency of >. on the parameter r based
on these Taylor expansions.
First, we need to find the coefficients PI and P2 • This can be achieved by substituting the expansions for Poo and
coefficients for like powers of

€.

7r

into f(Poe ) = 1 and equating the resulting

Expanding 8(z) into a Taylor series around zero and

plugging it back into

l

(l-r)Poo

rPOo

8(z)dz = (1 - 2r)Poe ,

we get
8(0) -1

+ 8/~0)

(P €+ ~P2€2) ~ 8"~0) q(r)Pi€2 + 0(€3) = 0,
I

where, q(r) = (1 - r)2 + r(l - r)

+ r2 =

r2r + 1.

Next, we notice that 8(0) -1 = (1- ao)€. Comparing the coefficients for the O{ €)
term, we have (1 - ao)

+ 8'(0)PI /2 = 0, which implies that
PI = -2(1 - ao)/8'(0).
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Likewise, comparing the coefficients of the O( t:?) term, we get

which entails that

8'(O)P2 =
To find the coefficients

).1

and

).2,

-~q(r)811(O)pr
we substitute the Taylor series for P oo and

into (3.5) and compare the power terms of
).1

= (1 -

ao)

€.

This leads to

+ 8'(O)P1 = -(1 -

ao),

which is independent of r, and

Consequently, we have
).2

The proof is complete. 0

=

~q(r)811(O)Pt.

...,

7l"
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Figure 3.1: Population Size as a Function of Time
The top and bottom curves represent contest and scamble competitions respectively.
The corresponding iteration equations are

In both cases, the parameter values are set at Po = 1, ao = 0.8 and

/30 =

1.2. Clearly,

contest competition (r=O) yields a higher equilibrium level than scramble competition

(r = 1/2) does.

46

(a):pI:l.l

!
!
0

I§
0

!
! ..•

0.,

••

.~

...

••

...

.1

...

...

(b):pI=3.5

:!
d

I

2
0

!
0
0

...

0.'

.~

U

(c):P/,,6.0

.
.
0

j

0

::
:;

...

0.'

...

...

Figure 3.2: Resilience as Functions of r
Plots of '\(r) as 71" = 1.1,3.5 and 6.0 respectively. When 71" is small, '\(r) decreases
with r according to Theorem 3.2. As the value of 71" increases, the monotonic trend is
partially (as in (b)) or completely (as in (c)) reversed. In all cases, we use ao
and 8(z) = {aD + 71"(1 - ao)} exp( -z).

= 0.1
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~a)

~)

o

a

b

z

Figure 3.3: An Example of the 8(z) Function
A typical plot of the function 8(z)

= f3ob(z) +aos(z) satisfying conditions in Eq (3.2):

It is easy to see that for any two points a and b, b > a, the area under the curve is
less than the area of the trapezoid tinder the secant (8(a),8(b)).
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Chapter 4
INTRA-SPECIFIC PREDATION
4.1

Introduction

Intra-specific predation, otherwise known as cannibalism, is the process of both
killing and eating an individual of the same species. Cannibalism is a significant
and widespread process in the animal kingdom and it plays a very important role in
the ecology and evolution of a whole spectrum of species, from the primitive protozoa, mites, insects, fish, to the more advanced birds and mammals. For example, at
least 14 species of carnivorous mammals, including lions, tigers, cougars, wolf, fox,
brown bears, are known to attack and eat conspecies. About 25 percent of allIion
cubs are eaten by older lions. More detailed discussion on the biological importance
of cannibalism can be found in the survey articles of Fox (1975) and Polis (1981).
Cannibalism is a result of both genetic and environmental factors. In general, it
appears to be genetically based but controlled or induced by various environmental
cues. The intensity of cannibalism can be affected by food availability, population
density and psychological stress. Cannibalism is primarily related to relative body
sizes, with victims almost always being smaller than cannibals (Polis, 1981).
Extensive field as well as laboratory studies indicate that the following dynamical
phenomena are germane to a cannibalistic population:
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• Cannibalism can be a form of self-regulation that promotes stable equilibration.
• Depending upon the exact circumstance under which it is practiced, cannibalism
can also lead to population oscillation (Fox, 1975; Polis, 1981; Cushing, 1991).
• Under certain conditions a cannibalistic population can survive when food is
too scarce to support a non-cannibalistic population. Thus cannibalism serves
as a "life boat strategy" to decease the probability of extinction and to increase
the long-term persistence of populations that live in environments characterized
by large fluctuations in food resource (Giese, 1973; Polis, 1981; van den Bosch
et al., 1988; Cushing, 1992).
• The interplay between the negative and positive feedbacks inherent in cannibalism can result in multiple steady states and hence hysteresis effects. This
hysteresis effect can cause the population system to crash catastrophically to
lower equilibrium levels when population parameters, such as inherent net reproduction rate, drop below critical values. Moreover, the process can not be
reversed by increasing the parameters back above the critical values (Polis, 1981;
Cushing, 1991).
The role of cannibalism in the dynamics of natural populations had been largely
neglected until the early 1970's. Dynamical models for populations that practice
cannibalism appeared only recently (Landahl and Hansen, 1975; Botsford, 1981; van
den Bosch et al., 1988; Cushing, 1991). The current literature focuses largely on
continuous partial differential equation models, most of which are derived from the
McKendrick type equations, for either age-structured or size-structured cannibalistic
populations (van den Bosch 1988: Cushing, 1991). By contrast, discrete cannibalism
models are not only scarce in quantity, but also relatively simple in structure. Typically, one assumes that (1) populations are divided into two age classes, e.g., juveniles
and adults; (2) the level of natural food supply remains constant over time; and (3)
adults reproduce only once during their life time.
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Previous models have been used successfully to explain the dynamical phenomena
of a cannibalistic population. The findings, however, are limited in the sense that they
apply to highly simplified populations. There is no intrinsic reason to believe that
the same dynamical phenomena would no longer hold for more realistic cannibalistic
populations. Our goal in this chapter is to develop and to analyze a discrete model,
based upon our Problem 1 in Chapter 1, for size-structured cannibalistic population
competing for a constant resource.

Our model is more realistic than traditional

ones in the sense that it will contain more than two classes and will allow adults
to reproduce more than once (iteroparity). Later in Chapter 5, we shall further
extend our model to the case of dynamic resources. In order to reach our goal,
a fundamental step is that we must model the survival rates and the birth rates to
reflect the biologically important characteristics of a cannibalistic population. Among
all the behavior traits of cannibalism, the most important one is that cannibalism is
most commonly practiced by larger individuals on smaller individuals. Naturally,
we assume that the state variable x is a representation of physiological size. Under
this assumption, cannibalism affects not only the size-specific survival rate but also
the size-specific fertility rate by producing an alternative energy source for cannibals.
We hope that our proposed model will provide a better explanation of cannibalism
phenomena, including the ones discussed at the beginning of this section.

4.2

Sub-Model Derivations

A central issue in applying models to particular problems is deciding how much biological details should be included in a model. The phenomenon of cannibalism spans
the biological world and the details of cannibalistic interactions are extraordinarily
diverse. In addition, the size-specific vital rates can also be affected by physiological
stress, behavior traits and other environmental variables (Fox,1975j Polis, 1981,1984).

If we take all these characteristics into account, the models for the fertility rate b(·,·)
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and survival rate s(·,·) would be too complicated to allow a mathematically tractable
treatment of the corresponding model equations. Our goal here is to derive a parsimonious and analytically tractable model that is capable of capturing the essential
properties of cannibalism while ignoring minor details. Consequently, some simplifying assumptions have to be made. In particular, no other regulatory interactions,
e.g., the many forms of intra-specific competition, will be considered.
Under the general assumption that larger animals cannibalize on smaller cospecies, each individual can be a potential predator (cannibal) to those who are
smaller and be a potential prey (victim) to those who are larger. As a prey, the
survival rate of an individual would be affected negatively (from its inherent level)
by a large number of larger cannibals. In comparison, as a predator who gets external food through cannibalism, a cannibal's survival rate, as well as production
rate, would be presumably higher. Common sense tells us that that, for example,
"well fed" individuals are less vulnerable to infectious disease and are more active in
reproduction.
Let E(x, t) be the energy consumption rate of an individual of size x during one
unit of time period. According to our discussion, food resources can be divided
into cannibalism based and non-cannibalism based. Consequently, E(x, t) can be
written as the sum of En(x, t) and Ec(x, t), where En(x, t) represents the energy
intake from the extraneous food source, and Ec(x, t) represents the energy intake
through cannibalism.
We assume that En(x, t), is proportional to the availability of natural resource
R during one unit of time period. In other words, we have En(x, t) = uR where

u > 0 (see Remark 1). In the real world, the resource density R can change from
time to time due to the feeding activities of the population and other external causes.
We consider in this chapter only the simplest situation, namely the case when the
natural food resource density R remains constant. In Chapter 5, we shall consider the
more realistic case of changing resource density R and build models that incorporate

resource dynamics.
Likewise, we assume that Ec(x, t), is a linear function of smaller individual density.
In other words, we have Ec(x, t) = CIY(X, t) (see Remark 2), where
constant. An increase in

Cl

Cl

is a positive

implies an increase of E(x, t), hence an increase of both

the birth and the survival rates. Therefore,

Cl

is referred to as a positive-feedback

index for our model. If one unit of non-cannibalistic food resource is defined in such
a way that it supplies the same amount of energy as one cannibalized victim does,
then the energy consumption rate of individual x during one unit of time period is
given by E(x, t) = UR+CIY(X, t). Here, we make the simplifying assumption that the
energy from a cannibalism victim is independent of its size.
We are now ready to introduce sub-models for fertility and survive rates that are
in line with the above discussions. First, we assume that the birth rate is a linear
function of total energy intake. Thus

(4.1)
where flo is a conversion factor from energy to reproduction. Second, we consider
the size-specific survival rate s(y(x, t), Pt ). For a cannibalistic population, the causes
of death can be divided into two categories: death due to cannibalism or death due
to other reasons. Let

Sn

be the probability that an individual survives a natural,

i.e., non-cannibalistic, death. Let

Se

be the probability that an individual survives

a cannibalistic death. If we treat survival from cannibalism and survival from death
by other causes as two independent events, then the probability that an individual
survives one unit of time period is

S

=

SnSe.

As we did for size-specific birth rates, we assume that both the natural food
and the food obtained from cannibalism make positive contributions to the chance
of survival. Consequently,

Sn

is an increasing function of the energy uptake rate

E(x, t) = uR + CIY(X, t). Likewise, we assume that

Se,

due to cannibalism, is a decreasing function of Pt

-

the reduction in survival rate

y(x, t), which means that the

number of larger individuals has negative impact on an individual's survival rate.
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Here, the saturation effect of younger individuals on

Se

is ignored (Cushing, 1991).

Summarizing the above discussions on survival rate, we have
(4.2)
where

Se

satisfies the following conditions:
s~

< 1,

Sn

> 0 and se(O) = 1, Se < 1,

s~

< O.

(4.3)

The coefficient

C2

> 0 is a measure of cannibalism intensity on the survival rate.

A relatively larger

C2

means a relatively severe deduction on an individual's survival

rate. Analogous to the coefficient
we refer to

C2

Cll

which is known as a positive index of population,

as a negative index. Clearly,

and

C2

Cl

are correlated with each other.

Unfortunately, the complexity of our models would not allow us to quantify the
relationship between

C2

and

Cl'

We have reasons to believe, nevertheless, that what

matters is probably not the norminal values, but the ratio of
this chapter, we shall show that ratio

CdCl

Cl

and

C2.

Later in

indeed plays a very important role in

determining the bifurcation dynamics of our model equation.
Our sub-model therefore consists of Eq (4.1) and Eq (4.2). Theorem 2.1 implies
that the total population size Pt in Problem 1 evolves according to the difference
equation
(4.4)
Since b(O,O) = f30uR and s(O,O) =
reproduction rate
parameters as

11'

11'

of the

11'

8n (

uR), we have from Eq (1.10) that the net

in model (4.4) can be expressed in terms of mechanistic

= f3ouR/ {1- Sn( uR)}.

In the next section, with attention focused on

the net reproduction rate 11' as a bifurcation parameter, we shall study the asymptotic
dynamics induced by Eq (4.4) In particular, we shall study the properties of these
>

dynamics as the parameters

11', Cl

and

on the non-linearities determined by

8n

C2

vary and study how the dynamics depend

and

8e>
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Remark 1 Although the most common modeling assumption is that En is a'kt increasing function of the R, the dependency of En on R can be rather complicated. For
example, En

= En(R)

could be chosen to have the form of any of the many commonly

used expressions for resource harvesting or predation functional response, such as the
well known Holling types. Here in this dissertation, we do not attempt to study this
dependency in any further detail. However, our results, which are based upon the
assumption of linear dependency of En on R, are not anticipated to be qualitatively
different for more general monotonic dependency of En on R.

Remark 2 Since cannibalism is frequently a response to the shortage of natural resource and crowdedness, a general model would have to deal with the fact that cannibalism rates can be affected by not only the density of smaller individuals, but
also the density of larger individuals and the natural food resource supply rate, i. e.,
Ee

= Ee(Y, P, R).

The cannibalism rate should be higher when R is decreasing or when

P - y is increasing. Also, the cannibals saturates as a function of increasing smaller
density (as, for example, in Holling type II or III functional responses). For instance,
we can let Ee(y, P, R)

= ee(R)y,

or alternatively, let Ee(Y, P, R)

= ee(R)yj(a + y),

where e~(R) < O.

4.3
4.3.1

Analysis of the Cannibalism Model
Local Bifurcation Scenarios

We first consider the case when cannibalism is absent, i.e.,

Cl

= C2 = O.

Thus Eq

(4.4) is reduced to a linear equation

When no other mechanism, but cannibalism, regulates population growth, it is no
surprise, in the absence of cannibalism, that the model equation (4.4) becomes a
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linear model. In such case, the population either goes extinct when 7r < 1 or grows
geometrically without bound when 7r

> 1.

'When cannibalism is present, it is obvious that Poo = 0 is a trivial steady state of
model equation (4.4). We notice, however, that Eq (4.5) is also the local linearization
of Eq (4.4) at Poo =

o.

Thus the stability of the trivial steady state depends directly

on whether 7r{1 - sn(uR)}
words, Poo

+ sn(uR)

= 0 is stable when

7r

is greater than one or less than one. In other

< 1 and unstable when

7r

> 1. When

7r

= 1,

the

point (7r, P) = (1,0) will be referred to as a bifurcation point.
The existence of a stable zero equilibrium when
that is initially small will go extinct as t

~ 00.

7r

< 1 implies that

a population

However, as we shall see below,

Poo = 0 may not be the only attractor when 7r < 1, the up shot being that a
population with large initial size will not necessarily go extinct when cannibalism
takes place. Also, populations in which cannibalism takes place will not necessarily
explode when

7r

> 1. Once again, the key lies in the existence of positive steady

states of Eq (4.4). To proceed, we first notice that any non-zero equilibrium of Eq
(4.4) has to satisfy the equation

L(P) = D(P),

(4.6)

where

L( P) =

7r

+ (Cl7r /2uR)P,

(4.7)

and
(4.8)

The first step in our asymptotic analysis is to find out how many positive solutions
of Eq (4.6) there are. Geometrically, this is equivalent to the number of intersections
between the straight line L(P) and the curve D(P). Unfortunately, our assumptions
on

Sn

and

Se

do not yield any specific geometric properties of D(P). The analysis

would be greatly simplified, for instance, if one knew that D(P) is monotone or
concave. Consequently, one can not anticipate that any reasonable global analysis
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can be carried out based on the current assumptions. vVe shall focus our attention
mainly on local analysis. In particular, we shall consider the dynamic behavior of
model equation (4.4) near the bifurcation point (7r, P)

= (1, 0).

To this end, we

need to understand the local geometric properties of D(P) near P = O. From Taylor
expansion, D(P) can be expressed as

D(P) = D(O)

+ D'(O)P + ~DII(0)P2 + O(P3 ),

(4.9)

when P is close to zero. The calculations of D(O), D'(O) and D"(O), although straightforward, are technically tedious. We summarize the results in the following lemma
whose proof can be found in Section 4.7.
Lemma 4.1 The function D(P) defined in (4.8) equals to one at P = 0, i.e., D(O)

1. Its first and second order derivatives at P =

=

a are given by

and
D"(O) = _ c~s~(uR)

+ CIC2S~(uR)s~(0) + ~sn(uR)s~(O)
3{1 - sn(uR)}

,

respectively.
As we mentioned earlier, the assumptions in (4.3) can not be used to determine
the signs of D'(O) and D"(O), which are important for our later exposition. In the
vicinity of P = 0, the equilibrium branches of model (4.4), parameterized by the
inherent net reproduction rate 7r, may vary significantly, depending on the location of
the line L(P), the shape of D(P) and the relative slopes of L(P) and D(P) at point

(7r,P) = (1,0). Geometrically speaking, the intersections between L(P) and D(P)
may exhibit different patterns under different combinations of the above conditions.
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There are five qualitatively different cases to be consider:

(a) D'(O) > 0, D"(O) < 0, D'(O) < L'(O)
( b) D'(O) > 0, D"(O) < 0, D'(O) > L'(O)

(c) D'(O) > 0, D"(O) > 0, D'(O) < L'(O)

(4.10)

(d) D'(O) > 0, D"(O) > 0, D'(O) > L'(O)

(e) D'(O) < o.
It is easy to verify that L'(O)

= cl7r/(2uR).

As an example, case (b) is geometrically illustrated in Figure 4.1, which shows
the intersections of L(P) and D(P) as

7r

changes. The set of pairs (7r(Poo) , Poo ),

where Poo is the equilibrium value of the total population size when the inherent net
reproduction rate 7r equals 7r(Poo ), can be plotted in the form of bifurcation diagrams.
The corresponding bifurcation diagrams for cases (a)-( d) in (4.10) are drawn in Figure
4.2. In each diagram, the curve of trivial equilibria (7r, 0) intersects with a curve of
non-zero equilibria at the bifurcation point (7r,P) = (1,0). The bifurcation diagram
of case (e) in (4.10) is not shown in Figure 4.2 since it is almost identical to the
diagram of case (a), except for some minor differences in geometric details (e.g.,
relative magnitudes, slopes, etc.).

4.3.2

Properties of Bifurcation Branch

As a scalar difference equation, the stability of the equilibrium of Eq (4.4) is determined by the magnitude of the derivative of the right hand side with respect to P
evaluated at Poo . According to (4.4) and (4.6), it is easy to see that

f(P)

= P{L(P) -

D(P)}

+ P.

Therefore,

f'(P) = L(P) - D(P)

+ P{L'(P) -

D'(P)} + 1.

When P = Poo is a positive equilibrium, we have L(Poo ) = D(Poo ). Thus
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Obviously, f'(Poo ) is close to 1 since our analysis is carried out for

RXJ close to O. Thus

the situation f'(Pco ) < -1 never occurs. vVe should therefore focus on situations in
which f'(Poo ) is greater than 1. In such case, the stability of Pco is determined by
the sign of L'(Poo )

-

D'(Poo )' Since L'(Pco ) = L'(O) and D'(Pco ) = D'(O)

+ O(Poo )

according to Eq (4.9), L'(Pco ) - D'(Pco } has the same sign as L'(O) - D'(O) does.
Consequently, near the bifurcation point (7[', P)

= (1,0), Poo

is stable if and only if

L'(O) < D'(O). Hence, for cases (c) and (d), the non-zero equilibrium branches are
stable near P

= O.

For other cases, non-zero equilibrium branches are unstable near

P=O.
A bifurcation point near 7['

= 1 will

be referred to as supercritical if 7["(0) > O.

In the opposite case, i.e., when 7["(0) < 0, the bifurcation will be referred to as
subcritical. In our case, by taking derivatives with respect to P on both sides of (4.6)
and treating 7[' as a function of P, we have

(1 + 2;::R) 7["(P) = D'(P) - L'(P).
Setting P

= 0, we have 7["(0) = D'(O) -

L'(O). Therefore, the sign of 7["(0) is decided

by the sign of D'(O) - L'(O). It follows immediately that cases (b) and (d) in (4.10)
are supercritical, and cases (a), (c) and (e) are sub critical near the bifurcation point
(1, 0). The above discussion is summarized in the following
Theorem 4.1 The trivial equilibrium branch (7[',0) of Eq (4.4) is stable when 7['

and unstable when 7[' > 1. Near the bifurcation point (7[', P)

= (1,0),

<1

model equation

(4.4) also possesses a positive equilibrium branch. This branch is supercritical and

stable if D'(O) - L'(O) > 0, and is subcritical and unstable if D'(O) - L'(O) < O.
The conclusions of Theorem 1 are in accord with the principle of exchange of
stability, which suggests that the positive steady state is expected to be stable near the
bifurcation point in the case of supercritical bifurcation and unstable in the subcritical
bifurcation case. For cases (b) and (c), in which the bifurcation branch turns around
and there is a turning point where 8rr Pco

= 00, the stability of the upper part of the
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branch remains unknown. However, for a sub critical bifurcation case like (c), van
den Bosh (1988) points out that continuity arguments can be used to conclude that
if the turning point is close to the bifurcation point, the upper part of the branch
must consist of stable equilibria that are at least close to the turning point. Cushing
(1991) asserts, regarding to the case of sub critical bifurcation, that" although we
have no proof, we anticipate that the positive equilibria on the upper part of the
branch is in general stable. Evidence from the computer generated orbit diagrams
seem to indicate that this in general is true" (Cushing, 1991).

4.4

The Cannibalism Ratio

What we are going to do in this section is to study the impact of two meaningful
cannibalism factors, namely

Cl

and

C2

as we defined earlier, on the local dynamics of

model (4.4). Specifically, we are going to explore: (1) the dependency of equilibrium
levels near P = 0 on

Cl

and

C2;

and (2) the differences and connections, in terms of

the cannibalism ratio cdct, among the five cases listed in (4.10).
The first question is answered by the following theorem, whose proof can be found
in Section 7.

Theorem 4.2 For

and

CI

C2

close to zero, we have

apOO
(71" -1 )- - < 0, and

(71"

aCI

As a result, when

71"

)apOO
> O.
8C2

-1 - -

< 1, CI has positive impact but

equilibrium levels provided that P is small. When

71"

C2

has negative impact on the

> 1, the situation is reversed.

Biologically, this is to say that when the inherent net reproduction rate is relatively
low, i.e.

71"

< 1, if the energy intake rate or survival rate is increased as a result of

cannibalism, the total population size may be able to reach an equilibrium at a higher
level. By contrast, when the inherent net reproduction rate is relatively high, i.e.,
71"

> 1, an increase in the energy intake rate or the survival rate may actually degrade

the total population size equilibrium.
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It is intuitive clear that when other parameters are fixed, the shape of the bifurca-

tion diagram for model (4.4), as listed in Figure 4.2, should be determined by CI and
C2' The interesting thing here is that the above fact can be illustrated quantitatively
by reinterpreting (4.10) in terms of CdCI' Although it is not necessary for much of
the proceeding analysis, to reduce redundancy and to avoid massive notations and
formulas, we shall confine ourselves to the case where sn(uR + clP) is concave down
near

P

=

0 and assume that

Se(C2(P -

V)) takes the prototypical form

e-e2(P-Y)

(Landahl, 1975; Cushing, 1992).
Theorem 4.3 Assume that

s~(uR)

<0

and se(z) = e- z in model

(4.4).

Then there

exist three positive numbers alJ a2 and a3, such that the five cases in (4.10) can be
re-expressed as

(a) CdCI > max{a2' a3}
a3 < C2/CI < a2,

(b)

if a3 < a2

(4.11)

< C2/CI < a3, if a2 < a3
(d) al < C2/Cl < min{a2,a3}
(e) 0 < CdCl < al.
(c)

a2

where
s~(uR)

al
and

= sn(uR) '

s~(uR) + J(s~(uR))2 - 4s~(uR)sn(uR)
a3 =

2s n (uR)

.

Again, the proof of this theorem can be found in Section 4.7.
It is easy to see that al

< min{ a2, a3}' However, there is no clear cut relationship

between a2 and a3' Depending on the value of s~(uR), a2 can be either greater than
or less than a3. Consequently, when both R and

Sn

are fixed, cases (b) and (c) in

(4.10) can not exist at same time.
The restrictions on

Sn

and

Se

in Theorem 1 are introduced in order to keep the

expressions in (4.11) simple and clear. When sn(x) is concave up near P = 0, i.e.,
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s~(uR)

> 0, we will show in Section 4.7 that results similar to (4.11) still hold, except

that cases (c) and (d) do not co-exist this time due to conflicting conditions. Furthermore, even without assuming the specific functional form for sc(z) as we did, it is still
possible to re-express (4.10) in terms of the cannibalism ratio C2/ Cl. The expressions,
however, will necessarily be more complex because we need to deal with not only the
values sn(uR), s~(uR) and s~(uR), but s~(O) and s~(O) as well. Qualitatively, the
results stated in (4.11) will not be substantially different for more general functions
Sn

and sc. In the sequel, we shall therefore focus ourselves on the simplified version,

with the understanding that not much generality shall be lost.
The following is just a more compact expression of (4.11):

(a)

C2/CI > max{a2' a3}

(b), (c) min{a2,a3} < C2/CI < max{a2,a3}
(d)

al < C2/CI < min{a2,a3}

(e)

0 < C2/CI < al.

(4.12)

Using (4.12), we can easily sketch the regions in the (C2' CI) plane where each of these
bifurcation cases occurs. This is done in Figure 4.3.
When both the natural food resource R and the natural survival function

Sn

are

fixed (and hence aI, a2, and a3 are also fixed), the dynamics of model equation (4.4)
near the bifurcation point (7r, P) = (1,0) is completely determined by the extent to
which cannibalism has been practiced, as measured by the magnitude of C2/ CI.
When CdCI is either too small, i.e., CdCI

< all or too big, i.e., CdCl > max{all a2},

the bifurcation diagrams for cases (a) and (e) are unstable and sub critical. There is
no positive equilibrium when 7r > 1 and P is close to zero. Furthermore, for case
(e), it is easy to see that no positive steady state is available when 7r > 1. Biologically, this is the case when positive-negative feedbacks caused by cannibalism are
poorly balanced, i.e., either C2 is too severe compared to CI or vice versa. When
such an imbalance occurs, the population size either grows without bound, or ends
up in oscillations (if a stable periodic solution exists) or possibly follow some other
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complicated dynamics. In the literature, population oscillation is often attributed to
over-aggressive cannibalism.
Interesting cases arise when the magnitude of the cannibalism ratio
mediate, i.e., al

< CdCl < max{ab a2}'

cd Cl

is inter-

In such case, the positive-negative feedbacks

are relatively well-balanced. In cases (b) and (d), cannibalism acts as a self-regulating
mechanism to prevent the total population size from growing unboundedly when
71'

> 1. In case (c), cannibalism serves as a "life boat" to prevent the system from

collapsing when

4.5

1f'

< 1.

Comments on the Global Dynamics

It is very clear that with no special restriction on D(P), the pattern of intersections
between L(P) and D(P) can be very complicated. Figure 4.2, which is only an illustration of the dynamic behavior near the bifurcation point (1f',P) = (1,0), does not
rule out the possibility that there exist other dynamic phenomena, such as multiple
steady states when P is large; periodic solutions around
when

71'

71'

= 1; or chaotic solutions

is large. Even when D(P) is explicit and simple, it is still impossible to

describe the globe dynamic behavior of difference equations such as (4.4). See May
(1976).
Nevertheless, based on what we have achieved so far it is possible to make some
general observations on the globe dynamic behavior of model (4.4). We shall summarize our observations in the following three remarks and argue, in each case, why
the assertions make sense.

Remark 3 There will be no positive equilibrium when

71'

>

7l'maXJ

where

7l'max

-

{1 - sn(uR)}-l.
It is easy to see that D(P) is bounded, i.e., D(P)

~

straight line with positive slope. Therefore, when L(O) =

7l'max,

71'

and that L(P) is a

> 7l'max,

there will be no
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intersections between L(P) and D(P). This fact tells us that, when

7r

is too large,

cannibalism may lose it's ability to regulate the geometric growth of the population.
Remark 4 All branches of positive equilibria have a vertical asymptote at
We just made the point that no equilibrium will be available when
What will happen if

7r

is too small, say

is bounded (D(P) <

7rma :r:

7r --I-

7r,

there exists a positive equilibrium branch P00 (7r)

resource rate R

--I-

7r

is too large.

7r

<

7r ma :r:

whereas L(P) is

there will be at least one intersection point

between D(P) and L(P) no matter how small

equilibrium branch has

= O.

O? Geometrically speaking, since D(P)

< {I - sn(,B-l )}-l) as long as

not, and since D(O) = 1 and L(O) =

7r

7r

7r

is. In other words, when

--I-

7r --I-

0,

+00. Obviously, this unbounded

= 0 as a vertical asymptote. Since

7r --I-

0 when the natural

0, biologically, the existence of zero vertical asymptote can be

explained as the case when the natural food supply is scarce, still, a cannibalistic
population are able to survive if the initial population size is high enough.
Remark 5 There might also exist equilibrium branches with several bends. These
branches will turn back and'jorth several times and generate multiple steady states for
some

7r.

According to the previous remark, every equilibrium branch has to turn to the verti-.
cal asymptote

7r

= 0 eventually. So, although we have been unable to elucidate the

conditions under which such branches exist, we do know that some branches must
have more than one turning points. As an example, multiple stable positive equilibrium states could occur in our model when case (b) holds and when D(P) has at
least two inflection points on the interval [0, +00]. See Figure 4.4. The existence of
multiple stable equilibria could create hysteresis loops with changes in the inherent
net reproduction rate

7r.

This hysteresis can cause catastrophic crashes of population

size to lower equilibrium level as the inherent net productive rate

7r

is below a critical

value. This process can not be reversed by increasing 7r back above the critical value.
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Such consequence of cannibalism has been used by Botsford (1981) to explain the
phenomenon that many aquatic populations have shifted to a lower equilibrium size
after a period of intense exploi tation, and remained at that level even though fishing
pressure decreased.

4.6

Concluding Remarks

We have been studying the dynamics of the difference equation (4.4) as a model
of size-structured populations whose smaller individuals are cannibalized by larger
ones. Although much of our analysis is limited to the local dynamics around the
bifurcation point, a rich diversity of dynamical possibilities implied by cannibalism
has been explored.
When 7f' < 1, the existence of positive equilibria (stable or unstable) in our model
indicate that cannibalism can prevent population extinction by either creating a stable
positive equilibrium or unregulated population growth. Under case (c), we showed
that stable steady states can occur for 7f' < 1 when the degree of cannibalism is
intermediate. However, there is the danger of a sudden catastrophic collapse of the
population if 7f' is too low, say less than a positive critical point 7f'o

< 1.

As we pointed out in the previous section, positive equilibrium can be achieved no
matter how small7f' is. This positive equilibrium (stable or unstable), in all the cases,
coexists with the stable zero equilibrium as 7f' goes to zero. Consequently, population
survival is dependent upon the condition that the initial population size is sufficiently
large. In a general sense, the above phenomenon, where there exists a threshold for
the total population size below which the population will crash, is known in ecology
as the Allee-effect (Allee 1938; van den Bosch, 1988; Cushing, 1988). Nevertheless,
the fact that a cannibalistic population can survive periods of food deprivation can
be interpreted as a version of the "life-boat" strategy (Giese, 1973; Polis, 1988; van
den Bosch,1988), by which we mean that a cannibalistic population survives under
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circumstances when it could go to extinct if cannibalism is not practiced.
'When

7r'

> 1, the existence of stable equilibria near the bifurcation point in cases

(b), (c) and (d) indicates that cannibalism can prevent the unbounded growth of total
population size at least when the initial population size is not too large. It is shown
that cannibalism can be regulatory when it is practiced to some intermediate degree
so that its positive-negative feedbacks are well-balanced. However, cannibalism may
lose its ability of self-regulation when: (i) positive and negative feedbacks implied by
cannibalism are poorly balanced, i.e., the ratio

C2/Cl

is either too large or too small

as in cases (a) and (e); (ii) the initial population size is too large; or (iii) the inherent
net reproduction rate

7r'

is too high

(7r'

>

7r'max).

In the latter case, the population

may end up in oscillation (periodic solution) or even exhibit chaotic behavior.

4.7

Proofs

Proof of Lemma 4.1:

Applying the I'Hospital Rule on (4.8), we have D(O) = 1.

To calculate D'(O) and D"(O), let us rewrite (4.8) as

Taking derivatiyes with respect to P on both sides, we have

=
foP c2sn(uR + Cly)S~(C2(P -

{I - sn(uR)}{D'(P)P + D(P)}
1 - sn(uR + clP) -

y))dy.

Repeating the above process twice, we get

{I - sn(uR)}{D"'(P)P + 3D"(P)} =
-c~s~(uR + clP) - CIC2S~(uR

+ CIP)S~(O)

-~sn(uR + CIP)S~(O) - foP sn(uR + ClY)S~'(C2(P Finally, Setting P = 0, the conclusion follows immediately. 0

y))dy.
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Proof of Theorem 4.2:

Positive equilibria are functions of

Cl

and

C2

and satisfy

Eq (4.6), which implies

f30uRP

f30Cl
+P 2 + laP sn(uR + ClZ)Sc(C2 (P 2
0

z»dz = P.

Differentiate both sides of the above equation with respect to

Cl

and

C2

respectively.

vVe have

{f30UR + f30c lP + sn(uR + ClP) -1

+ foP sn(uR + ClZ)S~(C2(P -

= _p 2/2 - foP s~(uR + ClZ)Sc(C2(P -

Z»dZ}

~=

z))zdz

and

{f30UR + f3oclP/2 + sn(uR + ClP) - 1 + laP c2sn(uR + ClZ)S~(C2(P - Z»dZ}

- foP sn(uR + ClZ)S~(C2(P When

Cl

=

C2

~~

z»(P - z)dz.

= 0, the above two equations reduce to

8P = _p 2/2 {f3ouR + sn(uR) - 1}-8
Cl

laP s~(uR)zdz
0

and

{f3ouR + sn(uR) - I} 88P = C2

Recalling that

s~

> 0 and

s~

r sn(uR)s~(O)(P Jo
P

z)dz.

< 0, we have

8P
{I - sn(uR)}(1I' - 1)-8 < 0
Cl

and

8P
{I - sn(uR)}(1I' -1)-8 >
C2

o.

Since 1 - sn(uR) > 0, the signs of 8P/8cl and 8P/8c2 are dependent on the sign of
11' -

1 when

Cl, C2

are small. This completes the proof.

0
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Proof of Theorem 4.3:
and s~(O)

= 1.

Since sc(z) = e- z , we can verify directly that

s~(O)

= -1

To simplify the notations, let us we define

s~(uR)
sn(uR)

and _ s~(uR)

=a

= b.

sn(uR)

vVe need to consider s~ (uR) > 0 and s~ (uR) < 0 separately.
Case 1: s~(uR) < O.

It is easy to see that both a and b are positive in this case. According to Lemma 1,
the sign of D'(O) is the same as the sign of c2sn(uR) - cls~(uR). Therefore,

D'(O) > 0,

if and only if

{ D'(O) < 0,

if and only if

cd Cl > a,
cd Cl < a.

(4.13)

Also according to Lemma 1, D"(O) has the same sign as that of
-C~ s~ (uR)

+ Cl C2S~ (uR)

- ~sn (uR),

which, when divided by cisn(uR), becomes -(C2/Ct}2

+ a(c2/ct} + b.

The latter is a

parabola in the (x,y) plane and its sign can be easily determined when CdCl > O.
Since

(4.14)
has only one positive root

=

x+

a+ Ja 2 + 4b
2

we have

D"(O) > 0,
{ D"(O) < 0,

if and only if 0 < C2/ Cl
if and only if CdCl

< x+,

> x+.

Next, notice that the condition D'(O) = L'(O) can be rewritten as

Dividing both sides by clsn(uR), and denoting

a+

=

1 + s~(uR)

sn(uR)

,

(4.15)
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we get

D'(O) > L'(O),

if and only if

{ D'(O) < L'(O),

if and only if

cd Cl > a+,
cd Cl < a+.

(4.16)

It is easy to see that a+ > a. Further algebra shows that there exists a negative

number A < 0 such that a+ > x+ if and only if s~(R) > A.
depending upon the value of

s~(R), a+

In other words,

mayor may not be greater than x+.

Combining (4.13), (4.15) and (4.16) together, we can now re-interpret (4.10) in
the term of

cd Cl

as follows:
(a)

C2/Cl

> max{a+, x+}

< C2/Cl < x+, if a+ < x+
(c) x+ < CdCl < a+, if x+ < a+
(d) a < CdCl < min{a+,x+}
(e) 0 < CdCl < a.
(b)

Finally, let al
Case 2:

s~(R)

a+

= a, a2 = a+, and a3 = x+.

(4.17)

The conclusion follows.

> O.

Now b is no longer positive. Consequently, a 2 + 4b could be either greater or smaller
than zero. When a 2 + 4b > 0, (4.14) has two positive roots

Therefore,

D"(O) > 0,
{ D"(O) < 0,

< C2/ Cl < x+,
if and only if CdCl > x+, or 0 < C2/Cl <
if and only if x_

(4.18)
x_.

Again, combining (4.13), (4.18) and (4.16) together and noticing that
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we can now re-express (4.10) in terms of

(a)

CdCl

CdCl

(b) a <

as follows:

> a+

CdCl

< a+
(4.19)

(c) not available
(d) not available
(e) 0<

CdCl

< a.

When a 2 +4b < 0, (4.14) has no real roots. Hence one only needs to consider the case

D"(O) > 0 since D"(O) < 0 is impossible. By putting all the conditions together, we
can also show that cases (c) and (d) can not exist and the criteria for
(a), (b) and (e) are exactly the same as in (4.19). 0

cd Cl

in cases

70

L(P)
D(P)

1t>1
n=l
n<l

P
Figure 4.1: The Intersection Points of D(P) and L(P)
As in case (b) of Eq (4.10), D(P) is concave down near P = 0 and D'(O) > L'(O).
The L(P) lines correspond to different values of 71': For a given line (depending on
the value of 71'), the points of intersection determine the positive equilibrium levels of
the total population size.

71

p

p

.............
(a)

'.'

.... ....

...... ..

(b)

....................................

......

,

.....

.. . ...

... ...

...

...

...

...
\
\
\
\

o

o

It

p

It

p

(d)

\

,
\

,,
...

... ...

.... ....

...... ....

o

It

0

Figure 4.2: Local Bifurcation Diagrams of P vs.

1r

The four possible local bifurcation and stability scenarios near 7f' = 1: The four curves,
which show population equilibrium levels as functions of 7f', correspond to cases (a) to
(d) that are specified by the inequalities in Eq (4.10). All bifurcation branches have
a vertical asymptote at

7f'

= 0 (not shown).

Equilibria on increasing portions of the

branch are stable (indicated by solid line) while equilibria on decreasing portions are
unstable (indicated by dashed line).
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c2
max (a2,a3}

min (al,a3}

a1

o

cl

c2
max (al,a3}

minI al,a3}

a1

o

c1

Figure 4.3: Partitions of the (Cl' C2) Space
Regions in the (Cll C2) parameter plane that correspond to the different local bifurcation diagrams in Fig 4.2. Depending on the signs of 1 -

C\(l

and 1 - min {C\(2, C\(3},

there are different possibilities. Two examples are shown in the above diagrams. In
each case, the region that is labeled a corresponds to case (a) in Eq (4.10). Likewise
for cases (b) to (e).

73

D(P)

P
P

7t

Figure 4.4: Multiple Positive Equilibria
(a) A typical example of D(P) as a function of P with two inflection points. (b)
Bifurcation diagram of case (b) in Eq (4.10) when the D(P) function is as in (a).
One can see clearly the existence of multiple stable positive equilibria for certain
7r>1.
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Chapter 5

COMPETITION MODELS
WITH DYNAMIC RESOURCES
5.1

The General Model

A population's survival rate and birth rate depends fundamentally on individual
physiological and behavioral attributes, such as resource preferences and availabilities;
resource uptake rates and conversion factors; resource allocation strategies among
growth, fertility and maintenance; etc. Therefore, theoretical studies of population
ecology should concern not only the description of individual behavioral traits, but
also the modeling of natural resource availabilities. Unfortunately, it is impossible, in
any r~alistic manner, to make quantitative observations on a single population's food
resource. The food availability of a single population at any given time is a result of
interactions among the environmental factors, the feeding activities of the population,
and most importantly, the ecological community (also known as ecosystem) in which
the population is involved. As a, matter of fact, the resource transfer (energy flow)
inside an ecosystem is so complicated that its study has constituted a whole area of
ecology, namely the study of food chain or food web of ecosystems.
Making simplified assumptions has always been an important tradition, and in fact
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a necessity, in population studies and applied mathematics in general. It is therefore
hardly surprising that the simplest assumption, namely that the food resource density

R is constant over time, has been widely used and accepted in the literature.
The more realistic cases, in which the resource density R changes due to differences
in feeding activity of the population and to other external causes, have been investigated by many authors (Bulter, 1985; Metz & Diekmann, 1986; Cushing, 1989b).
Most of these authors, however, use continuous models, which are mostly based on
prototype chemostat resource growth law or self-renewable resource growth law, to
depict the resource dynamics. By contrast, discrete models are seldom used in modeling resource dynamics, and relatively few discrete resource models can, to the author's
knowledge, be found in the literature. Our goal in the current chapter is two fold:
First, we shall construct a resource model based on the discrete version of chemostat
resource growth law. Secondly, we shall study the problem of intra-specific competition and intra-specific predation under dynamic resources. The next two sections
are directly related to our earlier discussions in Chapter 3 and Chapter 4, in which
competition and predation with constant resource supplies are studied respectively.
For simplicity, we shall

bor~ow

the notations from previous chapters without fur-

ther explanation. Unless specified otherwise, notations in the following context carry
exactly the same meaning as they do in previous chapters.
Let R t denote the resource or food density at time t. We assume that the consumption of the resource during one unit of time period affects the amount of resource
available during the next time unit in a predator-prey fashion. Thus the food resource
available at time t

+ 1, i.e.

Rt+l, is given by

(5.1)
where, k(Rt ) denotes the inherent resource growth law (per unit time) in the absence
of feeding by the population, and w(Rt, Pt ) represents the total resource consumed
by the population during on unit of time. As a predation response function, w is
assumed to be continuously differentiable for P 2:

o.

In addition, we assume that
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w satisfies w(R, P)

~

0 and w(R,O)

= 0,

which implies that resource consumption

drops to zero in the absence of population density.
In the continuous case, as we mentioned before, there are two resource growth
laws that are widely used: (i) The classical logistic law (also called self-renewable
resource law) assumes that R' = r(l - R/ k)R, r, k > 0; (ii) The typical resource
growth law (also called chemostat) assumes that R' = (RfJ-R)d,RO > O,d > 0 (Hsu,
1977; Bulter, 1986; Smith, 1981; Cushing, 1989b; etc.). The chemostat is a laboratory
apparatus used for the production and physiological study of microorganisms to which
the flow of nutrients can be controlled. The growth-limiting nutrient is supplied
continuously from a feed bottle at a constant rate and removed at the same rate
together with proportional amounts of microorganisms, by products and other growth
medium to preserve the volume of the system. We consider here a discrete version of
the chemostat, under which it assumed that the nutrient is added in and washed out
of the system, instead of continuously, for each discrete unit of time. A typical model
for this situation is

where 0 < ko < 1 represents the input and output flow of medium into and out
of the chemostat. The input concentration of nutrient is given by the expression

koRfJ. The term -koR(t) in the equation represents the loss due to washout. In the
absence of the population, the nutrient concentration R t equilibrats geometrically to
an equilibrium level JiO.
Eq (5.1) and Eq (2.1) constitute a plane autonomous system for the resource R t
and the total population size Pt , the latter being as in Problem 1. We have

Pt+1

= It' b(y, Pt)dy + It' s(y, Pt)dy,
(5.2)

Pairs of coupled, first-order difference equations, which are equivalent to a single
second-order equation, such as Eq (5.2) have been investigated in several contexts,
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particularly in the study of prey-predator systems and two species systems. In these
two dimensional systems, the complications in the dynamical behavior are further
compounded by such facts as: (1) even for analytical functions, there can be truly
chaotic behavior, corresponding to the so-called "strange attractor" phenomenon;
and (2) two or more different stable states (for example, a stable point and a stable
cycle of period k), can appear together for the same parameter values (May, 1976;
Guckenheimer & Oster, 1976; Cushing, 1991). In addition, the manifestation of these
phenomena usually requires less severe nonlinearities than for the one-dimension case.

5.2

Intra-specific Competition with R t

Suppose that in the absence of competition, individuals consume the resource during
one unit of time at a rate of u(R t ), where

u E C'(R, R+),

u(O) = 0,

u' >

o.

In other words, the inherent consumption rate is assumed to be simply a positive
response to the resource availability, and is positive whenever the resource density
is non-zero. A typical such relationship is the Michaelis-Menten or Holling type II
expression u(R) = eR/(a + R), e> 0, a>

o.

When competition is present, the consumption rate of an individual of size x
during one unit of time, which may decrease from its inherent level, is given by

u(Rt)e(ry(t, x) + (1 - r)(Pt - yet, x))),
where e is a competition measurement function with the following properties:

e E C 2 (R, [0, 1]), e(O)

= 1,

e' < 0, e" > 0, e(oo)

= O.

In other words, the deduction l-c of the consumption rate reaches its minimum when
the population size is zero. In addition, the deduction increases as the population size
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increases and finally tends to its maximum as the population size increases without
bound.
Following the biological assertion that well-fed· individuals may have higher fecundity, we assume that the birth rate of an individual during one unit of time is
proportional to the amount of resource that the individual consumes. On the other
hand, we assume that the resource has a negligible effect on the survival rate. This
simplifying assumption may be biologically unreasonable in many cases. However, it
will facilitate a considerable amount of analysis to be performed on what are otherwise quite complicated model equations. Sequentially, the individual vital rates are
defined as

bey, Pt ) = /3ou(Rt)e(ry + (1 - r)(Pt

-

y)),

s(y, Pt ) = ao,
where

/30 is a resource-to-offspring conversion factor. As in Chapter 3, we allow

to vary from r

= 0,

which represents the contest competition, to r

= 1/2,

r

which

corresponds to scramble competition.
It follows from Eq (2.1), that the total population size is governed by the difference
equations
(5.3)
where

OCr, Pt ) =

foP' eery + (1 -

r)(Pt

-

y))dy.

After a simple integral transformation, OCr, Pt ) can be rewritten as
,

1
r(l-r)P, ()d
i=2r'
JrP,
e z z, 0 <
_ r

1
< 2'

(5.4)

When R is constant, model (5.3) is a special case of our models in Chapter 3.
Under the current situation, the total resource consumption of the population during
one unit of time, can be expressed as an integral of the individual consumption rate,
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i.e. u(R t )c(ry+(l-r)(Pt -y)), as y varies from 0 to Pt. Thus the resource consumption
function w(R, P) in Eq (5.1) is given by w(Rt, Pt)

= u(Rt)C(r, Pt), where it is clear

that w is continuously differentiable and satisfies w(R, P)

~

0 and w(R,O)

= O.

Therefore, the plane system (5.2) can be expressed as:

(5.5)

We now turn our attention to Eq (5.5). As before, we still use

7r,

the inherent

net reproduction number of the population, as the dynamic parameter. Under model
(5.5), we have

7r

= f3ou(RO)/(l - ao), which biologically is the expected number of

offsprings per individual over the course of its life span, when the resource is held at
its inherent equilibrium level R = RD and when there is no intra-specific competition.
It is manifest that there is one and only one equilibrium on the coordinate axes,

which is (P, R) = (0, RD). Furthermore, positive equilibria are determined by the
positive roots of the equivalent equations
(5.6)
and
(5.7)
Substituting (5.7) into (5.6), we find that any possible positive equilibrium P must
satisfy the following equation

C(r,P)
u(RD)
=
,
P
7ru(RD - u(RD)P(7rkO)-l)

(5.8)

and lie in the interval 1= (0, 7rkoRD /u(RD)].
To find out whether there exists any P > 0 that satisfies Eq (5.8), we need to
consider both sides of Eq (5.8). Since u(x) is an increasing function, the right hand
side of Eq (5.8) is a continuously differentiable and increasing function of P, which
equals to 1/7r when P

= 0 and approaches to +00 as P -. 7rkoRD /u(RD).

For the left
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hand side of Eq (5.8), we have the ensuing outcome, which will be proved in Section

4:
Lemma 5.1 Let C(r,Pt ) be defined as in (5.4). Then

{
for all 0 :::; r

0
c(r,p)}'
P
<,

an

d

c(r,p)1
P

P=o

= 1.

:5 1/2.

As a result, Eq (5.8) has a positive root P = Poo(r) > 0 if and only if 7r > 1, in which
case the root is also unique. The corresponding positive equilibrium is given by

Roo = R O _ u(R,O) Poo(r).
7rko
In order to determine the stability of the equilibrium (Poo , Roo), we consider the
eigenvalues of the Jacobian matrix Q under model (5.5) when evaluated at the equilibrium point. The equilibrium is stable if and only if both eigenvalues have absolute
values that are less than 1. Linearizing the right hand side of Eq (5.5), we get

_ [

Q-

f3ou'(R)C(P, r)
1 - ko - u'(R)C(P, r)

f3ou(R)8 p C(P,7')
-u(R)8p C(P.

+ ao
r)

]

.

(5.9)

Next, since C(O, r) = 0 and 8p C(0, r) = 1, it is easy to verify that the two eigenvalues
of the above Jacobian matrix, when evaluated at the trivial equilibrium point (P, R) =

(0, ~), are given as follows

Thus, the trivial equilibrium
is stable as

7r

(O,~)

< 1 and unstable as

7r

loses its stability at the critical value

7r

= 1.

It

> 1.

At the positive equilibrium point (Poo , Roo), the Jacobian matrix Q in (5.9) becomes so cumbersome that in general it is hardly possible to conduct meaningful
analysis of its two eigenvalues. Fortunately, when

7r

is greater than but close to 1,

using the Liapunov-Schmidt technique, we are able to derive the following result.

81

Lemma 5.2 Let c =

7r -

1 be small. Then the eigenvalues of Q, when evaluated at

the positive equilibrium (Poo , Roo), are given as follows:

Since u' > 0 and d < 0, it is easy to see that both Aa and Ab are positive and less
than 1 when c is small enough. Our previous discussions can be summarized in the
following theorem.
Theorem 5.1 (a). Model equation (5.5) has a trivial equilibrium (0, R,O)} which is
stable when

7r

< 1 and unstable

when

7r

> 1.

(b). lvlodel equation (5.5) also possesses

a positive equilibrium (P00, Roo) which satisfies

o < Poo <

7rkoRo
u(RO) ,

The latter equilibrium is unstable when

and
7r

0 < Roo < RO.

< 1 and stable when

7r

is greater than but

close to 1.

Finally, as we did in Chapter 3, we consider the dependency of Poo(r) on the
competition parameter r. According to (5.4), we have

!... {c(r,p)}
ar P
-

2
(1 _ 2r)P

[l(l-r)p c(z)dz rP

(1 - 2r)P
2
{c(P - rP)

1.

+ c(rP)}

Geometrically, the integral J;~-r)P c(z)dz is the area under c. Furthermore, (1 2r) { c( P - r P)

+c(r P) }P /2 can be viewed as the area formed by the trapezoid of the

secant (refer to Figure 3.3). By the monotonicity and concavity assumptions 'on the
function c, it is easy to see that the right hand side of the above equation is negative.
Therefore, as r increases the graph of the left hand side of Eq (5.8) is lowered. As
a result, the point of intersection between the two sides of Eq (5.8), i.e. Poo(r),
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decreases as r decreases. This means that the equilibrium level of the population size
is minimized at r

= 1/2 and maximized at r = O.

Again, contest competition is more

beneficial than scramble competition.
In conclusion, populations that practice contest competition are more stable than
populations that practice scramble competition in the sense of the former situation
has a higher equilibrium level. The same statement was made earlier for constant
resources. Results of the current chapter show that the above conclusion holds also
for populations with dynamic resources.

5.3

Cannibalism with R t

In Chapter 4, where models for cannibalistic populations are studied, the resource
availability is assumed to be a constant, and the energy uptake rate of an individual of
size x during one unit of time is given by UR+CIY' We here make the same assumption
for the individual energy uptake rate, apart from the fact that the resource availability
is no longer constant. Regarding the modeling of individual v;tal rates in the current
case, we shall assume, on one hand, that the birth rate bey, Pt ) is proportional to the
energy up take rate uRt

+ cy, i.e., b(y, Pt )

~

(30( uR t

+ ClY), where (30 is conversion

factor from energy to offspring. On the other hand, to reduce the the complexity of
analysis, we also assume that the energy uptake rate has no significant effect on an
individual's natural survive rate, i.e.,

8n

= ao for all time t

> O.

It is straightforward to show that wept, R t ), the total energy consumption of the

population during one unit of time, is given by

(5.10)
Therefore, according to model equation (5.2), the resource density R t and the popu-
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lation size Pt are governed by

(5.11)

Apparently, besides the trivial steady state (0, RfJ), model equation (5.11) may
also have non-trivial equilibria, which must satisfy
(5.12)
and

ko(ItJ - R) = w(R, P),

(5.13)

where

8(z) = 1 - aosc(z) .
1- ao
It is easy to verify that 8(0) = 1 since sc(O) = 1, and 8'(z) > 0 since

s~(z)

< 0,

Substitute equations (5.10) and (5.13) into Eq (5.13). We get the following equation for the component P of any non-trivial equilibrium (P, R):
(5.14)
The above equation shall be used to study the dynamic behavior of P. The long term
behavior of R can be determined from Eq (5.13). Let us call the left and right sides
of Eq (5.14) are L(P) and D(P) respectively. Geometrically, L(P) is a straight line
with a positive slope L'(O) = 7rct/(2uRD) which equals to

7r

when P = O. Likewise,

D(P) represents a curve that 'starts at the point (0,1), i.e. D(O) = 1. It is easy to
show that

D'(P) =
It follows that D'(P)

~2 {P8(C2 P ) - foP 8(C2 Z)dZ} + ~ 8(C2 P ),

> 0 since 8'(z) > O. Now both L(P) and D(P) are monotone

increasing functions. Geometrically, it is not possible to determine exactly how many
intersections there are between L(P) and D(P) without further restrictions. Under
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the current assumptions, global asymptotic analysis seems unlikely. We shall therefore
confine ourselves to a local analysis near the bifurcation point (7r, P, R)

= (1,0, RO).

Applying of I'Hospital's principle on D'(P) and D"(P) respectively, we get

D'(O)

= ~8'(0) + ~,

and
2

D"(O) = C28"(0) + UC 2 8,(0)
3
ko
Intuitively, depending on the sign of 8"(0), hence the sign of

s~(O),

D"(O) could be

either positive or negative. Accordingly, different combinations of the signs of D"(O)
and D'(O) -L'(O) would yield different bifurcation diagrams near the bifurcation point
(7r, P, R) = (1,0, RO). There are four possibilities:

(a)

D"(O) < 0, D'(O) < L'(O),

(b)

D"(O) < 0, D'(O) > L'(O),

(c)

D"(O) > 0, D'(O) < L'(O),

(d)

D"(O) > 0, D'(O) > L'(O).

(5.15)

Except for minor differences in geometric details, the bifurcation diagrams determined by Eq (5.15) near 7r = 1 are identical to those in Figure 4.2, where P is plotted
against 7r. With regard to the bifurcation diagrams for the resource components R,
let us look at Eq (5.13). Taking derivative with respect to P on both sides of Eq
(5.13), we get

8R = _ clP + uR < O.
8P
uP+ko
Accordingly, the Rand P components in the positive equilibria (P, R) are negatively
correlated. We can therefore illustrate schematically the local bifurcation diagrams
for R and 7r (See Figure 5.1).
We now begin to discuss the stability of positive equilibria (P, R) near 7r

= l.

The technique for local stability analysis, known as standard regular perturbation,
has been described in the previous section. The procedure is straightforward but

85

technically rather tedious.

We shall present only the final results here. All the

calculations are deferred to Section 4.
The Jacobian matrix, which is derived by taking derivatives on the right hand
side of Eq (5.11) with respect to Rand P respectively, is given by
-( uR + cIP)

1 - ko - uP
[

When P

J30uP

!3o( uR + cIP)

]

+ ao (1 + C2 It s~dz)

(5.16)
.

= 0 and R = RO, the eigenvalues of the Jacobian matrix (5.16)

are

Aa = ao + !3ou(flO),
{ Ab

=1-

ko,

which means that the trivial equilibrium (0, flO) is stable when
when

7r

> 1.

7r

7r

< 1 and unstable

= 1 is the bifurcation value where the trivial equilibrium loses its

stability.
For positive equilibria (P, R), we have the following result:
Lemma 5.3 Let e > 0 be a small perturbation constant. Let

7r

= 1 ± e.

Then the

eigenvalues of the Jacobin matrix (5.16) can be expressed as

and

where

PI =

{±~ =F !30CI + aOc2s~(0)
ko

2!3ouRP

}-l

From the above lemma, it is clear that Aa is less than 1 if 7r = 1 + e and greater
than 1 if 7r = 1 - e. On the other hand, the dominant term in A6 is 1 - ko

A6 < 1 as long as

€

< 1. Hence

is small enough regardless of the value of Pl. Consequently, near

the bifurcation point (1,0, flO), positive equilibria are stable if 7r > 1 and unstable if
7r

< 1. In conclusion, we have the following theorem.

86
Theorem 5.2 (a). lv/odel equation (5.11) has a trivial equilibrium (O,RO), which is
stable if 7r

< 1 and unstable when 7r > 1. (b). N/odel equation (5.11) also possesses a

branch of positive equilibria (Poo , Roo) near 7r = 1. There are four different bifurcation
scenarios depending on the signs of D"(O) and L'(O) - D'(O), see (5.15) and Figure

4.2.

Near the bifurcation point (1,0, RO), all positive equilibria are unstable when

7r < 1 and stable when 7r > 1,
Up to now, we have been studying a cannibalism model with dynamic resource.
In the final part of this section, we are going to comment on a widely accepted biological assertion, namely that the intensity of cannibalism is often inversely related to
non-cannibalism resource availability (Cushing, 1991; Polis, 1981). Rigorous mathematical treatment of the above statement is difficult and sometimes even controversial.
In any case, is still remains an open problem in population research. By studying

the interactions among the inherent resource equilibrium RD, the positive equilibria
(Poo , Roo), and the cannibalism rate

C2,

we hope to reach a qualitative interpretation

of "cannibalism as a response to resource shortage".
First of all, we need the following theorem.
Theorem 5.3 Let (P, R) be a positive equilibrium of model (5.11). For CI and C2 are
smail,

2UP} --<0
8P
{ 7r-1--ko 8 CI
'
and

2UP} 8P
- > O.
{ 7r - 1 - -ko- 8 C2
when P

> O.

From above theorem, we can see that (i) when 7r < 1, 8P18CI > 0 and 8P18C2 < OJ
(ii) when 7r

> 1, ifulko is also small, we can have 8PI8cI < 0 and 8P/8c2 > O.

In terms of "resource shortage", we assume that RD is decreasing. Then 7r -

f30uRD 1(1- ao) is decreasing as well. Suppose that 7r leaves 1 to O. Then according to
Figure 4.2, in all the cases, Poo will increase. Next, we have from Theorem 5.3 that
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the effect of

C2

on POlO will be negative if

iT

< 1. Therefore, in order to prevent Poo

from increasing when RO decreases, we should increase the value of C2. Under certain
circumstance, the same argument also holds if

iT

> 1, where POlO decreases when

iT

decreases. Again, to sustain the equilibrium level of Poo , we should choose a larger
C2

since POlO will increase when

C2

increases according Theorem 5.3. Conversely, when

RO is increased, we should decrease

C2

in order to keep POlO at the same level.

In conclusion, we find that, in order to maintain the population equilibrium level
when the inherent resource equilibrium level J(J is decreasing, we should increase the
cannibalism pressure

C2.

It is based on this evidence that we supports the biological

interpretation of "cannibalism as a response to resource shortage" .

5.4

Proofs

Proof of Lemma 5.1:

First of all, we have

By definition, C(r., P) as in (5.4) therefore satisfies

8C(r,P)
8P
for 0 :5 r

-

(1- r)c(f - rP) - rc(rP)
1- 2r

< 1/2. An application of l'Hospital's rule on C(r, P)/ P yields
. C(r,p)1
== 1.
P
P=o

Next, according to the Mean Value Theorem and Eq (5.4), there exists e(r, P) such
that (1 - r)P

< e < rP and
C( r, P)

== c(e)(p - rP - rP)
1 _ 2r

.

Furthermore, the concavity assumption of c(x) implies that

C(r, P) > (1 - r)c(P - rP)P - rc(rP)P == PC'(r, P).
1- 2r
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Consequently, we have

and the proof is complete.
Proof of Lemma 5.2:

0

The derivation of the formulas in Lemma 5.2 is base on

the technique of standard regular perturbation, otherwise known as the LiapunovSchmidt technique, in which the bifurcating equilibria, the Jacobian matrix and its
eigenvalues, are all expanded into Taylor series centered around € = 0, where € =
To simplify later presentations, we shall drop the subscript

00

7r-1.

in the equilibrium

(Rex" Poo ). Let (R, P) be the equilibrium that bifurcates from the trivial equilibrium
(RO,O). According to the Liapunov-Schmidt techniques, when

7r

= 1 + €,

Rand P

and be expanded as follows:

Likewise, we can expand the Jacobian matrix Q in (5.9) as

Furthermore, let us also expand the eigenvalues of Q, i.e.,).±, as well as the associated
right (column) eigenvectors v± and left (row) eigenvectors w±. We get
).±

-

v± w± -

+ ).f€ + O( €2),
v~ + Vf€ + O(€2),
w~ + Wf€ + O(€2).
).~

By replacing all the arguments in the equations (Q - )'1)v

= 0 and w( Q -

),1)

=0

by their corresponding approximations, we find, by comparing the power terms of

€,

that
,± - Wo±Q1Vo±/Wo±Vo±.

Al -

(5.17)

Similarly, we can replace R and P in equations (5.6) and (5.7). Again by comparing
power terms of

€,

we get
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With the above preparation in mind, some straightforward calculation shows that
the first order term in the expansion of Q is given by
- [ 1 - ko -u(JlO)
Qo-

o

1.

1

One can easily verify that the eigenvalues of Qo are At

=1-

ko and AO

= 1.

The

associated right eigenvectors are

Vd = (

1)
0 '

Va =

(

-ko -1
U(JlO)-l

)

'

and the associated left eigenvectors are

Calculating the O(€) terms in each entry of the Jacobian Q, we get

- [-U'(RO) -u(JlO)C"(O)Pl - U'(JlO)Rl
Qlf3ou'(JlO)
f3ou(JlO)C"(O)Pl
Noticing that C"(O) = e'(0)

1.

< 0 in this case, we have, according to Eq (5.17), that

and

_
-f3o {U'(JlO)
ko
}
Al = u(RO)
ko - u'(RO) e'(0) .
Combining the results for A~ and
Proof of Lemma 5.3:

Af together, the proof is complete.

0

We are going to employ exactly the same method, known as

Liapunov-Schmidt technique, as we did in the previous case. Some repetitive details
will be omitted in this proof. The Jacobian matrix Q for model equation (5.11) is
1- ko - uP

Q= [

f30uP

-(uR+ ClP)
-f3o( uR + C1P) + Qo

(1 + C2 It s~dz)

]
.
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According to the Liapunov-Schmidt techniques, when

7r

= 1 ± €, the resource compo-

nent R and the population component P of the positive equilibrium can be expanded
as
(5.18)
respectively. This leads to the expansion of the Jacobian matrix Q
(5.19)
and the expansion of its eigenvalues A±

Replacing Rand P in the Jacobian matrix Q by their corresponding Taylor series,
sorting out constant terms and first order terms of

€,

comparing the results with the

Taylor expansion of Q in (5.19), we get

Qo =

1 - ko
[

.

o

and

where A is given by

From the proof of Lemma 5.2, A~ are the eigenvalues of the matrix Qo. Hence

At =

and

1 - ko and

Ao = 1.

The same proof also shows that
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In order to calculate

At, we have to find

PI and RI first. This can be done by

substituting the Taylor expansion of (R, P) in (5.18) into the equilibrium equations
(5.12) and (5.13), balancing the equations according to the power terms of e. vVe
notice that

foP 6(C2Z)dz = PIe -I- {P2 + C2 6'(0)1 } e2 + O(e3).
A careful calculation of equation (5.12) shows that the O( e) terms are automatically
balanced. A comparison of the O( e2 ) terms yields
(5.20)
Balancing the O( e) terms in equation (5.13) yields
(5.21)
Substituting (5.20) and (5.21) back into Ai', we have Ai' = =t=(1 - ao)/(uRfJ)2.
It is interesting to notice that Ai' can be solved without explicit expressions for

PI and R I . In fact, since the dominating term in A+ is 1 -

ko~~which

any case, there is no need of finding the explicit expression of

is less than 1 in

At as far

as stability

analysis is concerned. 0

Proof of Theorem 5.3 First of all, it follows from Eq (5.14) that

Taking derivative with respect to
{

71'

71'CI
+PuRD

-u

ko

CI

and

C2

respectively, we get

laP 6(C2Z)dz - (UP)}
1+6(C2P) -ap = ----P ,
71'

ko

0

aCI

2uRD

and

{" + :;P - :.
-

(1

f ~(c2z)dz

+ :~) laP 6'{C2 Z)zdz.

-

(1 + :~) 6(C,P)} ~:,

2
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Finally, by letting

Cl

= C2 = 0, we have
{ 7r - 1 -

2uP}BP
To
BCI =

and

2uP} BP
(
UP)
{ 7r - 1 - - ko -BC2 = 1 + -ko
The proof is complete. 0

7r

- 2u[lOP

2

< 0,

loP 8 (O)zdz > O.
I

0
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Figure 5.1: Local Bifurcation Diagrams of R vs.

It

7r

The four possible bifurcation and stability scenarios for resource R near

7r

= 1:

The

four curves, which show resource equilibrium levels as functions of 7r, correspond to
cases (a) to (d) that are specified by the inequalities in Eq (5.15). Equilibria on
portions of the branch indicated by solid line are stable while equilibria on portions
indicated by dashed line are unstable.
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Chapter 6

EPILOGUE
Reflecting on the current state of population modeling in a recent article, Getz &
Haight (1989) made the following observation:
"Partitioning models into linear and nonlinear categories is akin to dividing the universe into earth and non-earth. Earth is accessible but represents a confined space in an almost infinite universe. Studying it gives us
some limited insights into the structure of the universe, but many of the
phenomena that occur in the universe do not occur on: the earth. The
earth is our home base and, as such, is the jumping-off point to exploring
the great beyond "
We haNe just embarked such a journey through the study of nonlinear stage-class
models. However, before engaging any further effort, we need to pause for a moment,
to conclude the first phase of our mission and to point out directions for future voyage.
The goals of this final chapter are two-fold: First, we shall summarize the dissertation and point out to the original contributions in it. Second, we briefly discuss
several related research problems that merit further investigation.
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6.1

Summary

Topics treated in the previous chapters can be divided into two parts. The first
pa.rt, which consists of Chapters 1 and 2, is focused primarily on the basic rationale
for the construction of matrix models and the derivations of difference equations for
population level biomass. This part serves as a foundation for further developments in
subsequent chapters. Our main strategy here is to devise a general class of nonlinear
matrix equation models which later enables us to derive explicit difference equations
for the population level dynamics.
The proposed matrix models are treated with sufficient generality so as to include
virtually any type of structuring of the population (the only constraint is that all
newborns are in the first class). They are stage-class models (as opposed to ageclass models) for iteroparous (as opposed to semelparous) populations competing for
a single resource. Arbitrary transitions between any two stage classes are permitted,
which means that an individual is allowed not only to advance to a higher ranking
stage class, but also to regress to a lower ranking class. These additional features of
the general models give the researcher more flexibility when it comes to modeling particular types of population structures. They also open up tremendous opportunities
for future research.
In order to derive iteration formulas for the total population size Pt , it is necessary
to specify the mathematical forms of class-specific survival and fecundity rates. In our
thesis, we postulate the following specifications: (a) Submodels are integral averages
of individual vital rates over certain intervals; (b) Individual vital rates are functions
of the biomass Pt and the number of lower ranking individuals

Yt.

A final contribution of the first part is the establishment of two equivalent problems and relevant theories for non-linear Leslie models between class level statistics
and population level statistics.
The second part of the thesis, which consists of Chapters 3,4 and 5, contains
applications of the proposed models. In particular, we applied the theory to the for-
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mulation and analysis of two specific population structures, namely intra-competition
and intra-predation with constant food supply. Chapters 3 and 4 are devoted to these
two topics respectively. In Chapter 5, we extend the results to populations with dynamically varying resources.
In Chapter 3 we introduced a

comp~tition

coefficient r into the intra-specific com-

petition model which, therefore, includes the contest (r=O) and scramble (r=1/2) as
two extreme cases. By studying positive equilibria, stability regions and resilience, we
proved, on the one hand, that populations that practice contest competition are always able to reach a "higher" level of equilibrium in terms of population size, whereas
under the same circumstances, populations that practice scramble competition may
reach a "lower" level equilibrium or no equilibrium at all. On the other hand, at
least when

7r

is greater than but close to 1, populations that practice scramble com-

petition are more resilient, albeit with lower equilibrium level, than populations that
practice contest competition. Scramble populations, so to speak, are less affected by
perturbations such as random environmental disturbance, harvesting, etc., and are
able to equilibrate more rapidly after such perturbations. As far as resilience level
is concerned, it is still unclear what the effect of this trade-off would be for the long
term survival of the populations.

In Chapter 4, we studied a size-structured model for the dynamics of a cannibalistic population under the assumption that

c~nibals

attack only smaller bodied

victims, as is generally the case in the biological world. In addition to the resulting size-dependent vital rates, the model incorporates the positive-negative feedback
mechanism resulting from the added energy obtained by the cannibals from the consumption of the victim and the deducted survival rates for victims due to cannibalism.
As a major contribution of Chapter 4, we measured the balance of the positivenegative effect by a so called cannibalism ratio

Ci.l/Ci.2

and proved that, near

7r

= 1,

the bifurcation diagram changes from one pattern to another as the cannibalism ratio
varies.
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We also studied the bifurcation diagrams near the bifurcation point and made
several observations on the global properties of bifurcation diagrams. Our analysis
yields many dynamical features that have been attributed to cannibalism in the literature, including density self-regulation, a "life-boat strategy" phenomenon by which
a population avoids extinction by practicing cannibalism under circumstances when
it would otherwise go extinct, and multiple stable positive equilibrium states and
hysteresis.
In Chapter 5, a discretization of the chemostat law was used to describe the dynamical variation of resource R. Plane autonomous systems are built to incorporate
the resource dynamics into the contest vs. scramble competition models and cannibalism models. The Liapunov-Schmidt technique was applied to study the local
stability of equilibria. For the intra-competition models, we concluded that the contest competition more superior to scramble competition. For cannibalism models,
we provided a qualitative analysis to the biological assertion that cannibalism is a
response to resource shortage.

6.2

Directions for Further Research

Population dynamics is a cross-disciplinary subject in nature. We have achieved
limited success in this dissertation regarding the mathematical properties of nonlinear
stage-class models. Many of our results can be further improved and the models can
be extended to broader contexts. In this final section, we point out a few directions
in which the current work can be further expanded.
First of all, an important tool that we have not utilized in this dissertation is
computer simulation. Analytical analysis are often confined by mathematical complexity. Computer simulation will enhance our results in many ways. For example,
we could set up a numerical example of Problem 1 to study the long term behavior
of the class distribution vector p(t). Except for Leslie models, our analysis has been
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restricted largely to the total population size Pt. Hence, theoretically, the dynamical
behavior of stage classes remains unknown. With the help of numerical simulation,
we should be able to compute the trajectories of the class distribution vector p(t) and
to compare the asymptotic differences between stage classes and the total population
size. By varying the initial distribution pO, we could test the robustness of our conclusion, which is that as long as the initial total population size Po is fixed, changes
in the initial class vector pO do not affect the asymptotic dynamics of the total population size Pt under Problem 1. We need to point out, however, that simulations
of Problem 1 require the specification of the survivorship curve s(·, .), the fecundity
curve b(·, .), the transition factors

tj,j

and many other parameters. In practice, those

curves, transition factors and parameters are unknown and have to be estimated from
empirical data.
Another challenging topic that merits further investigation is the search of periodical solutions in cannibalism models. As we mentioned at the beginning of Chapter
4, an important phenomenon associated with cannibalism is the oscillations in total
population density and/or in size class distribution. In Chapters 4 and 5, we bypassed the issue of periodical solutions, the main reason being technical difficulties.
To study oscillations, we need to consider important features such as saturation effects in both resource uptake and cannibalism. Saturation effects, according to many
author (Costantino, 1919; Hastings, 1987; May, 1979; Cushing, 1991), playa crucial
role in population oscillations. Often, periodical pattern is simply a means to facilitate predator saturation. An interesting way to modify our cannibalism models is
therefore to incorporate saturation effect into both the energy intake rate En and
the death rate

Se'

This would introduce further nonlinearities into the equations and

cause additional mathematical difficulties.
A taboo area in population dynamics is the modeling of resource growth laws in
discrete time. Existing studies of populations with varying resources are done almost
exclusively by means of continuous models. The study of discrete resource laws is a
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virtually untouched area with one exception (Crowe, 1991). Our treatment in Chapter
5, in which a discrete version of chemos tat law is considered, is very primitive and
far from complete. A great deal of effort is needed in order to close the gap. In
particular, we should choose the resource laws to reflect the biological reality that
different populations may consume on resource with different patterns. Chemostat
laws are most useful in describing micro-organisms and planktonic communities in
lakes and oceans (Hsu, 1977; Smith, 1981). For some populations, a periodic resource
growth law may be more appropriate for the description of seasonal or daily cycles.
The classical logistic (self-renewable) resource law provides another alternative. Of
interest here is a study of a discrete version of the self-renewable resource law. Based
on available results from continuous models, we have ample reason to believe that the
dynamics of models in Chapter 5 with logistic resource law would be far from trivial.
A further resource related issue that needs to be addressed is a mathematical
proof that cannibalism is a response to low resource levels (Fox, 1975; Polis, 1988)
and is not practiced as severely at higher resource availability. The intuitive argument
in Chapter 5 needs to be re-enforced by rigorous mathematical proof. It is evident,
however, that the issue goes beyond the scope of concepts and tools found in the
current literature. New concepts, maybe even new theories need to be derived.
Finally, a natural extension' of this thesis is a study of populations with multiple
species. Although the current methods are not in general.applicable to inter-specific
interactions, it is possible to utilize them for interacting stage hierarchical species
which exploitatively compete for a common resource (Cushing, 1995). In the literature, very little work can be found on the analysis of interactions between stagestructured populations, and this whole area is ripe for further research.

In conclusion, without discussing in detail any particular type of population or
community of populations, we have obtained in this dissertation mathematical results
that apply to very general dynamical growth models. Our hope is that the approach
taken here, which utilizes bifurcation theory and techniques, has not only suggested
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a way to apply the powerful analytical techniques available from this theory, but
also shown how this theory can provide a unification of some fundamental properties
shared in common by a very broad class of population dynamical models.
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