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ABSTRACT 

This dissertation considers the problem of the importance and incorporation of 

hysteresis in numerical modeling. The objective is to show that significant errors in 

hydraulic conductivity occur when hysteresis is ignored. A light transmission technique 

was tested, extended, and then used to collect data on the unsaturated properties of 

five narrow grain size distribution sands. The data was reduced to produce a family of 

scale similar pressure/saturation curves and then used to challenge the ability of three 

numeric hysteretic models to accurately reproduce the experimentally measured 

permeability. 

The light transmission technique uses a uniform, controlled, diffuse light source, a 

transparent slab test cell (100 to 10000 cm2 or greater) fIlled with translucent silica 

sand, and a digital imaging system. Five sands were chosen with differing mean grain 

size but the same distribution about the mean. Each of the sands were packed 

homogeneously and cycled through a series of filling and draining sequences. The light 

transmission technique was evaluated by comparing gravimetric inflow and outflow to 

that predicted by image analysis using several proposed saturation equations. It was 

found that the technique is limited in its ability to quantitatively resolve small-scale 

"heterogeneity" contained within the transmitted light field. The utility of this method is 
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emphasized, however, by its ability to obtain on the order of 2000x2000 points with 

over 4000 levels of saturation for high resolution shuttered imaging systems. 

The in situ pressure/saturation data generated by this light transmission technique was 

compared to that obtained using standard column methods and described with the 

equations of Brooks and Corey and van Genuchten using the computer model RETe. 

The results show that the optical technique exhibited increased accuracy in comparison 

to the standard column method. In addition to this, much less time was spent in 

gathering the data than by the traditional method. 

The ability of three capillary hysteresis models; Scott's (1983), Mualem's modified 

dependent domain (1984a), and Hogarth's (1988), to predict the hysteretic curves was 

then examined. The models were modified to put them on an equal comparison basis 

and then implemented with the same minimum input data. The results revealed that 

small errors in predicted moisture content are amplified when computing the relative 

hydraulic conductivity values as a function of saturation. None of the models 

distinguished itself in terms of predictive accuracy. We therefore recommend Scott's 

model on the basis of computational and coding efficiency. 
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1 INTRODUCTION 

Over the past ten years increasing attention has been focused on investigating the 

relationships among spatial variability of hydraulic conductivity, solute dispersion, and 

characteristic length scales within geologic systems of interest. The goal has been to 

improve predictions of field-scale transport of solutes through geologic material. 

Theoretical approaches that employ the statistical properties of the hydraulic 

conductivity field to predict the details of solute dispersion have been developed by a 

number of researchers (Gelhar et aI., 1983; Dagan, 1987; Sposito and Barry, 1987; 

Bakr et aI., 1978). Stochastic numerical simulation has been used extensively to 

investigate transport in both saturated (Guven and Moltz, 1986; Neuman et aI., 1987; 

Dagan, 1982 and 1990) and unsaturated systems (Yeh et al., 1985; Hopmans et aI., 

1988). While these theoretical and numerical investigations of dispersion in porous 

media are widespread, field studies and controlled laboratory experiments are sparse. 

There is a need for experimental techniques that allow us to systematically test and 

challenge theory for these complex systems (Gelhar, 1986; Sudicky and Huyakorn, 

1991) 

Fundamental study of flow and transport processes ~n laboratory systems beyond 

simple one dimensional homogeneous columns of porous media are required to 

understand the combined influences of heterogeneity, boundary conditions, and initial 

conditions on system behavior, especially under unsaturated or two phase flow 
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conditions. In order to conduct such studies, an experimental system is required that 

allows the systematic variation of parameters and high resolution (both time and space) 

data acquisition. 

While a three-dimensional experimental system is highly desirable, limitations on data 

acquisition technology and set up time (and therefore systematic experimentation) are 

extreme. Instead, a two-dimensional, thin slab system that allows both systematic 

experimentation and high resolution data collection as well as system scales of a meter 

or more on a side is under development. 

This experimental system contains the following components: A two dimensional 

experimental chamber with flexible boundary conditions capable of prescribed flux, 

suction, and fluids such as visible dyes. Controlled property porous media that allows 

either homogeneous sand packing or the design and construction of reproducible 

heterogeneity structures. A two-dimensional full-field light transmission methodology 

that allows the measurement of in situ saturation as well as mixing fluid concentration. 

Micro, wall-mounted tensiometers to measure either point tensions or positive 

pressures and, flow through concentration sensors to measure inlet and exit 

concentrations continuously in time. 
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Over the past few years, progress has been made on the development of all of these 

components. In this dissertation I limit my presentation to a part of this effort, the 

evaluation and extension of the two dimensional light transmission saturation 

measurement technique and its application to the study of hysteresis in the 

pressure/saturation relation in controlled property, narrow grain size distribution, 

translucent granular porous media. 

Objectives 

The overall objective of this research is to evaluate, extend, and apply the light 

transmission technique to the study of the hysteresis pressure/saturation relationship in 

controlled property sands. The main objectives can be broken down into three chapters: 

The evaluation and extension of a full-field light transmission technique for the 

measurement of saturation fields in thin sand slabs. 

The application and analysis of the full field light transmission technique to measure 

unsaturated hydraulic properties in scale similar homogeneous sands. 

The evaluation of three soil hysteresis models to predict water retention curves using 

minimum input data. 
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Dissertation format 

I begin chapter two with the physics of light transmission through a 

saturated/unsaturated porous media. I then conduct a series of experiments which will 

allow the evaluation of current light transmission methods for saturation determination, 

evaluate the saturation equations to optimize the ability to discern moisture content 

within thin two dimensional slabs of a porous medium and consider the limits of the 

technique by quantitatively evaluating the heterogeneous flow field of an experiment 

consisting of the introduction of a narrow wetted finger into a dry chamber. 

In chapter three a method to measure the hysteretic pressure/saturation curves and 

relative permeability within a given two dimensional sand pack is developed and 

evaluated. I then test whether narrow grain size distribution media designed through 

similitude in grain size yields hydraulic properties consistent with the theory of Miller 

and Miller (1956), test theoretical predictions of relative permeability from 

pressure/saturation curves as proposed by Mualem (1976a) and Burdine (1953) for use 

in sands of narrow grain size distribution and then test the theory of Haverkamp and 

Parlange (1986) to predict pressure/saturation curves from the grain size distribution 

and bulk density of the narrow grain size distribution sands used here. 

In chapter four the capability of three hysteresis models, Scott (1983), Mualem 

(1984a), and Hogarth et aI., (1988), to simulate pressure/saturation relationships for 
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narrow grain size distribution sands as measured in chapter three is examined. 

Hogarth's model is modified to better predict the measured hysteretic 

pressure/saturation curves. Scott's and Mualem's models is modified to make use of 

same minimum input data as does Hogarth's. The error induced in the calculated 

relative permeability when using the pressure/saturation curves simulated by each 

hysteresis model is then compared on an equal footing. 

Finally, in chapter five, I summarize the major conclusions from the previous three 

chapters and discuss of the limitations of the work with respect to experimental 

technique and modeled results. The chapter ends with a brief presentation of what 

needs to be accomplished in the future to resolve these limitations. 



2 EVALUATION AND EXTENSION OF A FULL·FIELD LIGHT 

TRANSMISSION TECHNIQUE FOR THE MEASUREMENT OF 

SATURATION FIELDS IN THIN SAND SLABS 

2.1 Chapter overview 

26 

The influence of liquid saturation on light passage through a variably saturated 

translucent sand allows rapid, high spatial resolution measurement of saturation 

integrated across the thickness of a thin (1.0 cm) slab of translucent porous media. The 

technique uses a unifonn, controlled, diffuse light source, a transparent slab test cell 

(100 to 10000 cm2 or greater) filled with translucent silica sand, and a digital imaging 

system. The utility of this method is emphasized by its ability to obtain up to over 

2000x2000 points with over 4000 levels of saturation for high resolution shuttered 

imaging systems. This data can be collected over the entire experimental field in 

intervals as short as five seconds. This technique has immediate application in gathering 

detailed data to challenge existing models of fundamental fluid flow in porous media 

such as hysteretic behavior and fingering phenomena. 

Previous work has shown excellent agreement between this method, x-ray absorption 

imaging, and standard gamma densitometry for three different sands (Tidwell and 
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Glass, 1994). These sands were characterized by a constant mean grain size and a 

distribution about the mean which increased. Further application of the saturation 

algorithms to predict mass balance showed a series of discrepancies when other sands 

were evaluated. To extend the method, five sands were chosen with differing mean 

grain size but the same distribution about the mean. Each of the sands was packed 

homogeneously and cycled through a series of filling and draining sequences. The light 

transmission technique was evaluated by comparing gravimetric inflow and outflow to 

that predicted by image analysis using several proposed saturation equations. The 

original saturation equation incorporating additional empirical information was found 

to work with all of the sands. 

The technique is limited in its ability to quantitatively resolve small-scale 

"heterogeneity" contained within the transmitted light field due to the scattering of light 

as it transverses the thickness of the media. This effect is caused by either media 

heterogeneity or heterogeneity in the saturation field itself. In the context of these 

limitations, we evaluated and bounded the technique for the worst case error associated 

with resolving a very light region against a very dark one. To achieve this, we 

introduced a saturated finger into a dry sand pack and found we could predict its total 

water content to within 5%. 
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2.2 Introduction 

Recent advances in the measurement of saturation fields have allowed the evaluation of 

a number of fundamental flow and transport processes. Foltz et al., (1993) and Glass et 

al., (1992) developed an x-ray methodology to investigate fracture-matrix interaction 

in Tonopah Spring tuff. Glass et al., (1989) investigated mechanisms for finger 

persistence in homogeneous unsaturated porous media using an optical technique. 

Schincariol et al., (1993) and Norton and Glass (1993) developed an optical method 

that utilized dye in the determination of concentration distributions in laboratory 

experiments. 

Building on the work of Hoa (1981), Tidwell and Glass (1994) introduced a method 

for the "full field" measurement of saturation using a diffuse light source, a transparent 

test chamber filled with translucent silica sand, and a digital imaging system. This full 

field method allows rapid, high spatial resolution measurement of saturation integrated 

across the thickness of a thin extensive slab of translucent porous media. Tidwell and 

Glass (1994) compared the technique against a full field x-ray method and the standard 

gamma beam densiometer. They showed excellent agreement between the methods for 

three sands where the mean grain size was held constant and the distribution about the 

mean was increased (40-50, 30-70, and 20-100 US sieve rating). Upon further 

application of the Tidwell and Glass method, we have found a series of discrepancies. 

The purpose of this chapter is twofold. First, extend and evaluate the full field 
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transmitted light technique for a wider range of sands than those investigated by 

Tidwell and Glass (1994). Second, capture data in sufficient detail to challenge current 

hysteretic models and their numerical codes. 

The full-field transmitted light technique was evaluated by using five sands with a 

different mean grain size but the same distribution about the mean. Each of the sands 

was packed homogeneously and cycled through a series of fIlling and draining 

sequences. A comparison was made of measured gravimetric inflow and outflow to that 

predicted by image analysis using several proposed saturation equations; Tidwell-Glass 

equation, a modified Tidwell-Glass equation, and a purely empirical fit We found that 

the relation given by the Tidwell-Glass equation could not be applied to the two 

coarsest sands. A modified form of the same saturation equation that incorporated 

additional empirical information worked with all of the sands, however. 

We also found that the technique is limited in its ability to resolve "heterogeneity" 

contained within the transmitted light field. This heterogeneity can be due to either 

variability in the sand pack or the saturation field. A series of experiments were 

performed with the five sands to better define this effect. In the context of these 

limitations, we evaluated and bounded the technique for the worst case possible error 

in mass balance associated with resolving a very light region against a very dark one. 

We introduced a saturated finger into a dry sand pack and found that we could predict 
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its water content to within 5%. In general, there is a zone of light diffusion over an 

abrupt light/dark transition of about one centimeter that is independent of median grain 

size or degree of saturation 

This paper begins with a detailed discussion of the physics that govern the light 

transmission process and Hoa's method of saturation determination. Hoa's method is 

then extended for full-field application. The next section outlines the development and 

use of the saturation equations. The last section begins with a description of the 

evaluation experiments and results. The paper concludes with a summary of results and 

recommendations for future work. 

2.3 Physics governing the light transmission method 

It is important to understand the basic physics governing light transmission through a 

variably saturated porous medium in order to understand its advantages and limitations 

with respect to hydrologic investigations. In the following section we explore the 

principles of light transmission and scatter by a particulate medium. 

2.3.1 Light absorption process 

Attenuation of monchromatic electromagnetic energy (10) incident upon a bulk material 

is given by 
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n 

1 = 10 exp[-~x] where ~ = L 0' i (2.1) 
i=! 

where x is the thickness of bulk material and ~ the attenuation coefficient. ~ in turn is 

dependent on many factors 0'1. such as incident wavelength, spectrum, angle of 

incidence, the intrinsic material properties and its surface condition to mention only a 

few. 

Equation (2.1) is usually simplified to Lambert's Law for attenuation of visible light 

through a bulk media 

(2.2) 

Here ex is the absorption coefficient, a bulk measure of light loss from the incident light, 

10 as it traverses the medium. It is important to distinguish between "absorptance", a 

measure of the amount of light disappearing in a single reflection and "absorption" as it 

used here. Absorption is the measure of light loss due to the first incidence, as well as 

within the body of the material as it is traversed. It is a combination of many factors 

experimentally measured by the absorption coefficient. Absorptance, in the strictest 

sense, should only represent the actual disappearance of the light converted into heat 

motion of the molecules upon a single interaction. There is no simple connection with 

the absorptance upon a single surface, and the absorption of light through a body 

composed of it. 
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In practice, there exist two processes for removing visible light from an incident beam: 

Absorption and degradation to heat (aa) and, "absorption" due to scattering of light 

( as). Thus (2.2) can be written as 

(2.3) 

Both of these absorption processes are the result of phenomena that can be separated 

into three categories based on the nature of light; geometric optics, wave optics, and 

quantum optics. In our situation, at visible light wavelengths, we are only concerned 

with the first two composed of diffraction, refraction, and reflection. These processes 

dominate one over another in a bulk material based on particle size, indices of 

refraction, geometry of arrangement or particle density, and the wavelength of incident 

light (Allen, 1981, van de Hulst, 1957) 

2.3.2 Diffraction process 

With respect to individual particle size, diffraction scattering can been categorized as 

follows; 

1) Raleigh scattering: 

This is the type of scattering seen when light passes through smoke. The linear 

dimension of the particles must be small, about one twentieth of the wavelength of 

incident light 
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2) Mie scattering theory: 

This fonn of diffraction occurs when particle size is comparable to the wavelength of 

incident light. Complex electromagnetic equations are used to describe a very strong 

resonance interaction pattern with marked minima and maxima. 

3) Rayleigh-Gans approximation: 

This process takes place when the particles are large, on the order of a macromolecule 

or colloid. 

4) Fraunhofer theory (Frock, 1987): 

This applies when particles are larger that the incident radiation and the source and 

observer are at an infinite distance. The process is analogous to diffraction by a single 

slit, it is the failure of light to travel in straight lines due to its wave nature. Fraunhofer 

theory reduces to Fresnel diffraction when either the source or observer are at a finite 

distance from the particle and slit. 

In the full field light transmission method, the sand grain size will be much larger than 

the wavelength of incident radiation. Thus, Fresnel diffraction will be the primary 

diffraction processes. 

The ability of adjacent particles to interact via the diffraction (Fresnel diffraction) 

process is driven by Huygens principle. Light reflected off the surface of the particle is 

produced by the vibration of surface electrical charges with a definite phase 
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relationship. The spherical wavelets produced by these vibrations cooperate to produce 

short segments of plane wave fronts. Each part of this resultant wave front can, in turn, 

be treated as a source of reflection, refraction and diffraction. 

2.3.3 Refraction and reflection process 

Fresnel also explored reflection and refraction from a wave optics viewpoint. He used 

Snell's Law, and Maxwell's four electromagnetic equations to define the trajectory of a 

light ray incident to a single media interface of different optical properties (van de 

Hulst, 1957). He found that reflection and transmission across the interface could be 

described as a function of the indices of refraction and angle of incidence. There are 

three cases to consider in this formulation: external reflection, internal reflection, and 

normal incidence (see figure 2.1). 

External reflection occurs if nl < n2 , as when light transverses an air (nl = 1) to sand 

(n2 = 1.6) or to water (n2 = 1.33) interface. In this case the amount of light reflected 

remains below 20% for indices of refraction of 1.0 to 1.5 at any angle of incidence less 

than 60 degrees. Internal reflection and refraction occurs when nl > n2 as when light 

transverses a sand/water or air interface. Here, the amount of light reflected remains 

below 20% for indices of refraction of 1.5 to 1.0 at any angle of incidence less then 35 

degrees, (Klein, 1986). 
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Thus, it is not unreasonable based on the description of reflection, refraction and 

diffraction to assume that the bulk of the incident light is normal to each interface as it 

transverses the porous medium. If we invoke this assumption then the fraction of light 

transmitted, t, where the incident light is normal to the surface is given by Fresnel's 

Law as: 

t = I incident = 41l 

Iemergenr (Il + 1)2 
(2.4) 

where Il = nl / nz and nl and n2 are refractive indices of the two media traversed. 

2.4 Hoa's method 

The simple formulations for a single particle scattering break down when interparticle 

spacing is small such that the scatter from one particle begins to influence the one 

adjacent to it or when the incident light is such that a number of photons are scattered 

more than once before exiting the media (Hirlem, 1988). Scattering quickly becomes 

complex as light traverses a porous medium. It is controlled by particle surface 

geometry, surface composition of the sand particle, indices of refraction between 

media, and density of the particle pack. 

Hoa (1981) developed a functional relation for transmission of light through a porous 

medium by simplifying the trajectory of an incident light ray and expanding Fresnel's 

law (2.4). He assumed that an incident light ray, whether from a previous diffraction 
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(Hugyens principle), refraction, or reflection, acts locally as a nonnal rayon a plane 

surface. He hypothesized that not only is the incident light nonnal to the sand grain but 

that it emerges normal to the sand grain and strikes the next grain in a similar manner. 

This assumption is not wholly wrreasonable as a first approximation. As previously 

discussed, the sand grain is much larger than the wavelength of light and the bulk of 

light is transmitted and not substantially reflected or refracted at an interface given the 

indices of air, water and sand. 

Hoa further simplified the situation by considering only the case where each pore is 

either completely full or empty. Thus, for an idealized porous media 

lour = Iinexp[-Ks d(1-p)-Kw dw -Ka da]t;~k-P)t;: (2.5) 

where lout is the transmitted portion of incident light lin. Ks, Kw, and Ka are light 

absorbing moduli for sand water and air, analogous to <Xa in (2.3). The exponent term 

accounts for light absorption while the t ;~k-p) t;: quantity represents the component 

of light refracted and reflected with p number of pores filled in a media k pores thick. 

The emergent light when the sample is dry can be expressed as 

Idry =I in exp[-Ks ds -Ka (d-ds)~;: (2.6) 

Combining (2.5) and (2.6) yields 



where Kw, and Kn are small and their difference is negligible. Thus (2.7) can be 

reduced to 

where p is the number of pores filled with water at some moisture content and 

'tsa and 'tsw are the light transmission factors for the sand-air and sand-water 

interfaces, respectively. lout is defined as the emergent light intensity and Idry 

represents the light transmittance through the dry sand pack. 
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(2.7) 

(2.8) 

There are two major assumptions in this derivation in addition to the implicit 

assumptions invoked in our basic understanding of Fresnel diffraction, reflection and 

refraction through a complex porous media. The first is that each pore space is either 

completely filled or empty. The second is that the incident light is normal to the porous 

media as is the resulting transmitted light ray to the next sand grain. In practice both 

assumptions are likely to be violated. 

The key questions then are; Under what conditions does Fresnel's assumption really 

hold? Is the incident light really normal to the sand pack? Is it reasonable to assume 

light is normal to each pore space as it transverses the media? 
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One could argue by obseIVation of the yellow transmitted light through the sand pack 

that the dominant wavelength transmitted is at approximately 5800A and that the 

blue/green of the spectrum is preferentially absorbed and degraded to heat (cxa). A 

quick computation will show that the medium grain size of our sands is 700 to 2600 

times as large as the scattered wavelength of 380 nm. Thus, the dominant physical 

process is expected to be Fresnel diffraction, reflection and refraction and the use of 

geometric optics, viewing light as a ray, is reasonable given the large grain size. 

Although we understand the basic phenomena of diffraction, refraction, and reflection, 

these processes combine in such a way that a light transmission model per se cannot 

predict effects that depend on the characteristics of local scattering events (McMurry et 

aI., 1994). Beyond this simple evidence very little can be said about how the individual 

processes combine in a dense particulate medium to attenuate an incident light beam. 

Hoa's assumption of only considering light transversing the sand pack normal to each 

sand grain is simplistic but does capture the essential characteristic, that the bulk of the 

light is scattered in a forward direction. Based on this theory the author sought to 

develop an optical method to measure moisture content in sand. A simple apparatus 

was designed consisting of a light source, a Plexiglas sample holder and a photoresister. 
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The lOmm thick sample holder was homogeneously filled with sand, saturated with 

water and measured with respect to light transmittance. The sample was then uniformly 

heated to drive off water and establish another, less saturated state. This process 

continued until a relationship mapping photoresister voltage output to saturation was 

developed. The same sand was then packed into an apparatus that simultaneously 

scanned and measured optically and by gamma ray absorption. The results showed 

excellent agreement in there ability discern moisture content from saturation to 

residual. 

2.S Full-field application of Hoa's method 

The full-field saturation technique requires the following components (figure 2.2 ); a 

stable light source to illuminate the sand pack, a transparent test chamber to contain the 

porous media, and an image system to capture and digitize the transmitted light 

(Tidwell and Glass, 1994). The ability to measure saturation depends on being able to 

sense a change in light intensity representative of that change in saturation. The 

experimental sub-systems are designed to optimize the resolution of saturation through 

the sand slab in a number of ways. 

The transparent test chamber made of glass with internal dimensions of approximately 

Ix25x60 centimeters is large enough to contain a meaningful geologic sample yet small 

enough to be imaged in the laboratory. An array of closely spaced high output 
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fluorescent bulbs driven by a high frequency (25,000 Hz) ballast provides a low 

temperature stable source for back lighting the sand pack. Stability is enhanced by an 

electronic feedback loop that varies the supply voltage to compensate for fluctuations 

in light intensity. In an ideal experiment the light source would be monochromatic or at 

least constant over a spectral interval. However, attainment of such a light source is 

limited by issues of adequate light output and spatial unifonnity of lighting. 

A variety of solid state devices are available to capture the transmitted light. The 

camera-computer combinations range from a continuous scan, low resolution, eight bit 

system (256 gray levels, 512x512 pixel) to a high resolution 12 bit, electronically 

cooled, shutter controlled systems typically used in astronomy (4096 gray levels, 

2000x2000 pixel). The continuous scan camera can acquire images only at time 

intervals of l/30th of a second while the high resolution system is limited only by its 

shutter setting. The high resolution camera was positioned approximately fifteen feet 

away to resolve the chamber into 0.017 cm2/pixel areas. Both of these cameras are 

designed to sense the full visible light spectrum. The analog signal is then digitized into 

a gray level on a pixel by pixel basis. The wavelengths seen by the camera were 

narrowed by using the pass band of two filters, a 700 nm low pass and a 600 nm high 

pass, in order to approximate a monochromatic light source. (see figure 2.3) 
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2.6 Image correction 

The experimental light source is sufficiently stable such that any additional 

improvement would not be cost effective. Remaining spatial and temporal variations 

can easily be corrected through standard imaging techniques. Raw images are pre

processed in two ways before applying the saturation algorithm. The images are first 

adjusted for small temporal changes in lighting with respect to a reference, then 

normalized to remove constant spatial non-uniformity in illumination (bulls eye or edge 

effects due to side reflection) 

Image adjustment is made to correct for small changes in lighting due to drift in the 

source light between the controlled set points, changes in ambient light, and changes in 

camera output levels. A standard photographic neutral density wedge is placed adjacent 

to the chamber in the light box and is recorded in each image. This wedge is then used 

to adjust all images to a common selected reference image. 

Once the adjustment is made the image is normalized. Image normalization is required 

due to constant spatial non-uniformity of back lighting, edge effects, and camera sensor 

variation. The normalization process scales each image of interest t, between a 

chosen bright lb, and a dark image Id, to create a normalized, flat field image of interest 

In. 
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(2.9) 

The only requirement for this process is that the dark and bright images must span the 

gray level range of the images of interest In practice they are the air dry and fully 

saturated images respectively. 

Presented in figure 2.4 is an example of flat field normalizing after image adjustment. A 

representative window of the pn"ous medium was taken of three wedge adjusted 

images of the 14-20 sand pack; a dry image, a uniformly wetted image with entrapped 

air, and a totally saturated image. The windows were scanned pixel by pixel to yield a 

mean and standard deviation of 392 ± 51, 2229±302, and 2331 ±316, gray levels 

respectively. This corresponds to a potential percent error of approximately 13% in 

each image of a uniformly saturated sand pack. The edge effects are clearly seen in 

consistently dark edges on the left side of each of the images. After image processing 

the normalized image of interest is at a mean and standard deviation of 0.9476±o.023 

which corresponds to a potential percent error of only 2.5%. The error due to constant 

spatial differences in the adjusted images has been removed to produce a flat-field 

image representative of the transmitted light through the porous medium only. 

Care must be taken to capture the dry image above the ambient light levels of the room 

and the detection limit of the camera. The dry image is particularly sensitive to camera 
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noise and ambient light interference. Experience has shown that a small loss of 

information in the dry image typically causes large errors in saturation calculations. The 

saturation image, on the other hand, is critical since it is the brightest of all images. It 

must be taken as close to the top of the dynamic range as possible yet never exceed it. 

The appropriate exposure time and aperture must be arrived at through trial and error 

and, once it is set, cannot be re-adjusted throughout the experiment. In practice, the 

camera F-stop is dialed in and a number of dry images are taken at various exposure 

times. The sand pack is then saturated and the bright saturation image captured at the 

same settings. These images are then paired and examined with respect to noise and 

dynamic range. An exposure time is selected and electronically set for the rest of the 

experimental sequence leaving the F-stop, a mechanical setting, unchanged. 

It is also at this point in the experiment that the water inflow into the dry sand pack for 

the saturation image is carefully recorded. This measurement is extremely important. 

The moisture content in the saturation image must be known with certainty on a pixel 

by pixel basis for use in the saturation algorithm. 
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2.7 Generalization of saturation equation 

Hoa's saturation equations can now be applied to each adjusted and nonnalized image 

of interest on a pixel by pixel basis. This equation can be applied in the most general 

way. The result of applying the saturation equation Si , to an image of interest In, is the 

intermediate "satiated" image, an image field indexed to the choice of the bright or fully 

saturated image Ii> used in the nonnalization process. This intennediate image field, if 

indexed to a bright image at a saturation of less than one, can then be scaled to total 

saturation by using the gravimetrically measured moisture content (Me) of that bright 

image Ii> and the porosity (POR) of the sand pack. 

(2.10) 

In this manner any reasonable bright image can be used as the "full saturation" image in 

order to build an intennediate saturation image of interest. This intermediate image can 

then be scaled into a total saturation image (S). Thus, there are only two strict 

requirements for choosing the bright or fully saturation image (Ii): no image of interest 

may be brighter than it and, its moisture content must be known on a pixel by pixel 

basis. We can now explore the fonnulation of three different saturation equations for 

use in equation (2.10). 
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2.7.1 Empirical regression 

An empirical regression was performed to better understand system response and to 

establish a benchmark with which the theoretically derived saturation equations could 

be compared. 

The empirical regression to fit a functional relationship for saturation requires only that 

the physics yield some change in emergent intensity with saturation. It is not dependent 

on knowledge of the exact physics and embodiment of that physics in a physically based 

functional relationship. This regression requires the knowledge of the saturation field in 

a series of images that covers a range of saturations. 

Presented in figure 2.5 is the window chosen to capture the largest possible area while 

excluding in situ tensiometers on the left and edges where lighting anomalies increase 

the error. Selected equilibrium images will be adjusted, normalized, and scanned to 

yield 10 , A third order polynomial will then be fitted to the data. 

(2.11 ) 
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2.7.2 Tidwell and Glass: constant t ratio 

Tidwell and Glass (1994) made use of Hoa's method by using the simple 

approximation for equation (2.8) that Sj = kl p, where Sj is some degree of saturation 

with p pores filled, and k is the average number of pores through which the light passes 

(2.12) 

as before In represents the adjusted and normalized light intensity of Ii ' the image of 

interest. 

This saturation equation is calibrated for the parameter k by comparing its prediction of 

total water in the chamber to the known water content of selected equilibrium images. 

This is accomplished by iterating for a value of k while holding the ratio of tsa and tsw 

as a fixed, theoretical quantity. 

The k value can also be approximated based on geometric arguments only. Presented in 

figure 2.6 is the geometry based on simple closest cubic packing for the calculation of 

the pore space which range from 6 to 30 pores for the sands used here. Experiments 

have shown that while the iterated value for k compared favorably with the k calculated 

from geometric arguments for medium to fine sand, it did not compare well for coarse 
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Sand Mix.CB Avg CB MnCB MlxN) AvgN:l MnN) 

~ (~ (~ (~ Pores Pores Pores 

14-2) 1.168 1.cm 0.85) 6 7 8 
2}3) 0.85) 0.72 a.Ero 8 9 11 
3)40 O.fOO O.fffi 0.31) 11 13 16 
408J 0.425 0.353 0.212 16 19 2'2 
00-70 0.394 0.2$ a.an 2'2 a, 32 

Table 2.1 Pore number estimates for a one centimeter thick sand pack. 



sand (table 2.1). This observation motivated a closer examination of the saturation 

equation functional form and its implementation. 

2.7.3 Tidwell and Glass: t ratio function 
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In this implementation the k parameter is a constant, assumed equal to the k geometric 

calculated in table 2.1 and, the ratio of t's are computed as a function of In. The data of 

known saturation and In used for the empirical regression was used to derive the 

constant coefficients for a third order polynomial. Thus, we improve on the Tidwell

Glass theory by allowing the ratio of t's in (2.12) to vary as a function of In 

(saturation) 

t 7.sa = a+b(ln)+ c(ln)2 + d(1 n)3 (2.13) 

It is important to note that we have not severely violated any of the logic in the 

development of the saturation equation. We have only relaxed the assumption that we 

know the ratio of t's explicitly and that they remain constant under all conditions. 

2.8 Evaluation experiment for saturation Vs intensity relationship 

An initial experiment was designed to define the working limits of both the apparatus 

and system response and, examine the relationships between transmitted light intensity 

and the saturation equation predictions of moisture content. 
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Two sets of experiments were then performed to challenge the methodology for 

accurate mass balance accounting during filling and draining of the sand pack and 

during the introduction of a finger. The objective was to optically capture the 

saturation fields, translate them into total mass of water and, then compare them to the 

known gravimetric measure. 

2.S.1 Camera settings, dry and saturated image measurement 

The test chamber must be sized for the chosen sand to capture a realistic two 

dimensional representation and yet transmit adequate light In general, as grain size 

decreases the amount of light transmitted through a sand pack decreases. A one 

centimeter thickness was found to work adequately for the sand types used in these 

experiments (14-20 to 50-70). The test chamber can be packed heterogeneously with 

the translucent silica sand or, as implemented here, forced to fall through a number of 

randomizing screens in order to pack uniformly (Glass et al., 1989). 

The bottom of the test cell was fitted with a porous plate manifold and the top was 

fitted with either a screen manifold for saturated permeability measurements or a 

porous plate for the unsaturated downward infiltration experiments. No flow boundary 

conditions were imposed on the vertical sides. Flow into and out of the chamber can be 
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established from either the top or bottom. The drainage outflow through the bottom 

manifold was gravity driven in all cases. 

There is, as previously discussed, two very important images that define the available 

dynamic range, an image of the dry sand pack and an image of the sand pack at a 

known degree of full saturation. There are two camera settings that, once adjusted, 

must not change during the course of the experiment, the F-stop and exposure time. 

An experiment was performed to investigate the interplay of F-stop and exposure time. 

The five sands to be used for each individual experiment were homogeneously layered 

horizontally in the test chamber. The five sands had a narrow distribution, a natural 

angular form, and a pass and stop sieve of 14-20,20-30,30-40,40-50, and 50-70. 

Images of the dry layered sand pack were taken at, three exposure times (0.03, 0.12, 

0.15) at three different F-stops (1.4, 2.0, 2.8). Another set of images at the same 

exposure times with an F-stop of 2.0 were taken while the sand pack was totally 

saturated. Presented in figure 2.7 is the gray level values of a vertical transect of the 

layered experiment at the F-stop of 2.0. This F-stop was selected, based on dry images, 

to ensure that the dry 50-70 sand was above noise floor yet control the dynamic range 

such that the coarse 14-20 sand would not over drive the camera when fully saturated. 
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Light Level Final 
Test }xperiment 

14-20 Sand 
F-Stop 2.0 2.0 2.0 1.4 

FxposureTime 0.03 0.06 0.15 0.012 
De-airedGL 3035 4089 4095 2331 

DryGL 466 731 1531 392 

20-30 Sand 
F-Stop 2.0 2.0 2.0 2.0 

FxposureTime O.D3 0.06 0.15 O.D18 
De-airedGL 2617 4059 4095 1753 

DryGL 321 486 982 276 

30-40 Sand 
F-Stop 2.0 2.0 2.0 1.4 

Fxposure Time O.D3 0.06 0.15 0.02 
De-airedGL 1694 28~ 4095 1935 

DryGL 151 198 338 197 

40-50 Sand 
F-Stop 2.0 2.0 2.0 2.0 

Fxposure Time O.D3 0.06 0.15 0.11 
De-airedGL 1217 1993 4091 3340 

DryGL 113 134 194 183 

50-70 Sand 
F-Stop 2.0 2.0 2.0 2.0 

Fxposure Time O.D3 0.06 0.15 0.10 
De-airedGL 461 723 1521 2738 

DryGL 88 90 97 105 

Table 2.2 Comparison of light level in gray levels (GL) from layered 
sand pack experiment to final camera settings of each individual sand. 
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Even at this F-stop the dry image of the 50-70 sand remained very close to the lower 

limit of available dynamic range at the three exposure times. In general, the finer the 

sand the darker the dry image. The transmission of light through the wet 14-20 sand 

did in fact over saturate the camera detector at an exposure time of 0.06 and 0.15 but 

not at 0.03. An F-stop of 2.0 and exposure time of 0.03 seemed to be optimum to 

image all five sands. Presented in table 2.2 are the results of the layered experiment 

camera settings compared to those actually used in each of the five homogeneously 

packed sands. All of the dry and saturated images fell within an acceptable range with 

the possible exception of the dry image for the 50-70 sand. This image was very close 

to the lower limit of detection. 

Diffusion of light can be seen in the full field scan of both the dry and saturated images 

of this layered experiment (figure 2.7) where there is a transition between sand types. 

Presented in figure 2.7 is a narrow vertical scan which clearly highlights this transition. 

There is a smearing effect over a one centimeter distance and possibly a more subtle, 

longer range effect on the order of two or three centimeters. 

2.8.2 Experimental sequence 

The saturation equations require calibration with a set of images of known moisture 

content at several different degrees of saturation. In principle these saturation fields are 
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not required to be constant, only known. In practice, it is difficult to obtain a natural, 

uniform saturation field under several states of air entrapment 

Those states easily available are total saturation with deaired water (S=1.0), primary 

wetting into a dry sand pack which entraps air uniformly within the sand (.95-.98), 

saturation at residual following drainage (.10-.20), and a saturated state after that 

residual drainage which entraps more air than the primary wetting (.85-.90). An 

experimental sequence was designed to yield these equilibrium states, capture the 

transient changes in moisture content, and accurately measure the inflow and outflow 

from the test cell. 

Each of the five homogeneously packed sands were cycled as follows. First a series of 

wetting and draining events started from an air dry state, followed by a wetting event 

into a dry sand pack, followed by a point source flow established into a dry sand pack. 

The complete sequence of events is outlined below; 

First Wetting: Test cell was allowed to fill from the bottom with de-ionized water and 

entrap air, zero pressure head held at 60 cm. above the bottom manifold. The final 

steady state image was used as the bright Ib in (2.9), the uniform moisture content 

image at known saturation. 



Main Drainage: The pressure head zero point was changed to approximately 12 cm 

above the bottom manifold and the test cell allowed to drain slowly to equilibrium. 
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First Residual: The pressure head zero point was moved to between 20 and 35 cm 

below the bottom manifold and the test cell allowed to drain to its residual capacity at 

that suction. This ending steady state image was used as one of the uniform moisture 

content image at a known degree of saturation. 

Main Wetting: The pressure head zero point was moved up to approximately 10 cm 

above the bottom manifold and the test cell allowed to fIll to equilibrium. 

Second Wetting: The zero pressure was changed to 60 cm above the bottom manifold 

as in the fIrst fill and the test cell allowed to fIll and entrap air. This ending steady state 

image was used as another uniform moisture content image at known saturation. 

Secondary Drainage: Followed the same procedure as the Primary Drainage 

Second Residual: Followed the same procedure as the First Residual Capacity 

Primary Wetting: The air dry chamber was purged with CO2 for an hour then slowly 

fIlled from the bottom with de-ionized and de-aired water. 
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Point Source: As a severe test of resolution a wetted finger was introduced into the re

dried chamber by a needle inserted at the top of the air dried chamber. 

2.8.3 Results of equation comparison 

Presented in figure 2.8 are the saturation equation models and the experimental 

gravimetric data versus the average normalized gray level In, for each of the 

equilibrium, unifonn moisture content images: First and Second Wetting, First Residual 

and Dry. Presented in table 2.3 are the parameters used in these models the Tidwell

Glass saturation equation, modified Tidwell-Glass equation, and the empirical 

regression formulation. 

As the figures illustrate, the third order empirical regression fitted to four data points 

represented the data exactly. Only the 50-70 sand was an exception. The data for this 

sand had to be fitted with a two piece function to give a physically meaningful fit. In all 

valid cases (k positive) the Tidwell-Glass theory closely approximated the simple 

empirical regression. Only three of the five sands yielded a positive k value, however. 

The data for both of the course sands, 14-20 and 20-30, those that returned a negative, 

non-physical value for k, lie partially below the one to one reference line. Upon closer 

examination it became evident that all the data must lie above this one to one reference 
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Sand 1lcmell-ga4is F.cpiation 

Tau Ratio K 
(constant) (titted) 

14-X> 1.04 negative 

2(H) 1.04 negative 

30-40 1.04 13.4 

408) 1.04 15.4 

~70 1.04 25.l 

Mxlfied 1lcmell~a4is F.cpiation Eh¥rical Regression 

Tau Ratio K 
(fitted) (constant Kgeo) 

1R::{).134(1n }+0.854 6.7 S=-0.73l(ln)3-l.427(1n)2+0.D4(In)+2.M 

1R::{). l 03(ln }+O. 91-9 9.4 S=-0.802(ln )3- l.'.JJ7(1n )2+0.596(1n )+ SE-15 

1R::{).013(1n }t l.(X) 13.3 S=l.0'21 (In )3-2503(ln )2+ 2482(Jn)+ 2B 13 

1R::{).(Xl)l (In }+0.1.04 18.6 S=1.1~)3-2541(ln)2+2433(In)+3B13 

1R=-O.CXX)l (In)+ l.(X) 26.3 S=-0. 72(Xln)2+ l.filS(ln )+0.115, S=5.00}5(In) 

Table 2.3 Parameters for saturation equation models. 
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line in order to generate a positive k value for the Tidwell-Glass function with a 

constant t ratio. 

The additional degree of freedom introduced by modifying the Tidwell-Glass for a 

functional form of t ratio allowed the data for the course sands to be adequately 

represented. 

2.8.4 Mass balance evaluation-equilibrium steady states 
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An evaluation method was sought to test our ability to accurately account for the 

inflow and outflow of water in the chamber with the imaging system. The saturation 

equations were applied on a pixel by pixel basis and summed over each image to yield a 

total volume of water in the sand pack. 

In order to avoid the known edge effects the processing algorithm is set to window an 

active area of the adjusted, normalized image and extrapolate the mass of water to the 

top, bottom, and sides (see figure 2.5). This extrapolation process introduces errors if 

the edges of the active window are not representative of the saturation at the chamber 

sides. This makes the mass balance evaluation fairly gross during transients when the 

active window below the top of the sand may not accurately reflect the mass of water 

above. Therefore, mass balance at a steady state is much easier to represent. 
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Another source of error in the mass balance evaluation is associated with the reading of 

the top meniscus during the first fill of the sand pack. Knowing the initial volume of 

water in the sand pack for the chosen fully saturated image h, is critical. This image 

and its moisture content is the datum for all of the following calculations. The accuracy 

of this measurement is further complicated by the volume of the bottom manifold and 

porous plate. Given our current methodology there is a potential estimated error of ± 5 

millimeters of water. This means that if the initial reading is uncertain the percent error 

of mass balance may be consistently under or over predicted by two to four percent, 

depending on the degree of saturation. 

Presented in figure 2.9 is a typical example of the volumetric inflow and outflow during 

the course of the experiment. Presented in figure 2.10 are plots of percent error of 

mass balance for the filling and draining sequence for the Tidwell-Glass equation in 

both of its implementations at steady state. The over all error in mass balance is 

between ±8% once the initial abrupt transient subsides. The Tidwell-Glass equation 

using a functional form for the t ratio worked as well as or better than the Tidwell

Glass constant t implementation in all of the fine sands where it could be applied. In the 

finest sand, the 50-70, both saturation equations over predicted the amount of water in 

the chamber. This consistent error is either due to the fact that the dry image was very 

close to the dynamic range of the camera or the initial volumetric reading was slightly 
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off. In all cases the percent error in mass balance is small and very near our ability to 

measure and quantify by gravimetric means. 

2.8.5 Mass balance evaluation-finger in dry sand pack 

A more sever test of mass balance was made by processing each of the gravity driven 

fingers for each of the five sands. The sand pack was dried with filtered air and a needle 

was inserted at the top to start a finger. The flow to the chamber was carefully metered 

and measured from a scale reading to the third decimal place. The images collected 

were processed using the modified Tidwell-Glass saturation equation without any edge 

extrapolation. 

The optic system easily resolved all of the wetted and desaturating regions in the 

fingers. Mass balance for three of the fine sands again fell within 5%. The two coarsest 

sands were under predicted with increasing error in mass balance however (figure 

2.11). We believe the reason for the under prediction is due to the finger width 

approaching the light diffusion limit of one centimeter. Presented in figure 2.12 is a 

comparison of the developed finger in the course 14-20 sand and the finer, 40-50 sand. 

The width of the saturated tip in the course sand is approximately 1.0 centimeter while 
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Figure 2.12 Comparison of finger width for 14-20 and 40-50 sand. 
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the finer sand finger developed a saturated tip of about 2.7 centimeters. The error in 

mass balance can be attributed to the diffusion of light across a sharp light and dark 

transitional area. 

In practice, the incident light is not uniformly normal to the sand pack. Each unit area 

of the sand pack "sees" light from a bank of bulbs at an increasing angle. The saturation 

algorithm is based on an image where each unit area is fully illuminated by all of the 

bulbs. If a saturated feature next to a dry feature is small enough it may not be 

illuminated in the same way. Presented in figure 2.13 is the geometry of the light box in 

relationship to the sand pack. Calculations show that a central saturated feature would 

need to be approximately 1.5 centimeters wide in order to "see" all of the bulbs in the 

light box. A feature off to the side would need a width of approximately 2.4 

centimeters. 

Thus, the under prediction of water mass in coarse sands is due to the centrally located 

finger not being fully illuminated by the bulbs on the far side of the light box. As the 

saturated finger becomes narrower the dark (dry) region effectively blocks the view to 

the bulbs at the edge. Conversely, as the finger widens in finer sand its features are 

accurately illuminated, resolved and, accounted for. 
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2.8.6 Image profile comparison 

Presented in figure 2.14 is the average saturation as a function of vertical distance for 

the modified Tidwell-Glass equations in each of the sand's steady state condition. The 

two uniform moisture content states compare extremely well with the gravimetrically 

calculated moisture content. The profiles for the constant t Tidwell-Glass 

implementation were virtually identical for the two finest sands. In the next coarsest 

sand, 30-40, differences became apparent. The remaining two sands, the coarsest, 

could not be processed with this algorithm. 

There is an apparent increase in moisture content of the naturally filled uniform 

moisture content scan (S::::0.92) in the 500-600 pixel range that is more pronounced as 

grain size decreases. This is an experimental artifact that occurs from the interplay 

between water content and equilibrium time in the previous drainage cycle. The sand 

pack was allowed to drain to this level before completely drained and then re-filled to 

the natural filled state. Water was entrapped in this region as the sand pack was put 

through these four to ten hour cycles. 

Potential over estimates of chamber water caused by reflections off of the top manifold 

onto the sand pack are visible as a sharp increase in saturation at the top of the plots. 

Water content can also be under estimated as when the computation algorithm 

extrapolates the bottom profile at a residual that is increasing (see figure 2.14 as 
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example.) This is why computation of mass balance requires an active window and 

extrapolation areas (see figure 2.5). Careful selection of these windows are required for 

the image processing algorithm. 

The 30-40 sand was one which exhibited a large difference in saturation equations 

(figure 2.8). Presented in figure 2.15 is a comparison of the pressure saturation curves, 

one set developed with the Tidwell-Glass equation t constant and the other generated 

with the linear t implementation. These curves were generated from the profile plots by 

matching the zero pressure datum's and converting pixel number to centimeters of H20 

suction. 

The over saturation from the t constant implementation is immediately apparent. More 

revealing is the image subtraction presented in figure 2.16. This highlights the 

increasing error as a function of saturation at the steady states. 

The repeatability of these pressure saturation curves is exceptional. Presented in figure 

2.17 are two sets of curves from a thin (0.64 cm) chamber of homogeneously packed 

30-40 sand. The second set of fill and drains was repeated after the sand pack was 

dried out and is almost identical to the first. The standard one centimeter thick chamber 

was used for the 40-50 sand in a number of experiments. This allowed a comparison of 
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sandpack. (b) Repeatability of two different 40-50 sand packs using 
a low resolution and a high resolution shutterless cameras. 
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not only two different homogeneous 40-50 sand packs, but of the two solid state 

cameras also (figure 2.17). The repeatability seen in these two sand packs is very good. 

2.9 Conclusion 

A major objective of this study was to conduct a series of experiments which allowed 

the evaluation of current light transmission methods for saturation determination. We 

found that the best use for the techniques presented here are under optically uniform, 

steady-state conditions. Situations where there are sharp changes in saturation or sand 

packing resulting in sharp dark!light areas of small extent can cause problems. The 

introduction of wetted fingers into the sand packs bounded the limits of this effect to 

approximately one centimeter. 

The techniques discussed here work exceptionally well with monotonically increasing 

and decreasing moisture content distributions such as those used in building the profile 

and pressure saturation curves. This method should also work well to investigate 

transient infiltration and moisture content redistribution events. These techniques will 

probably be at their worst when imaging sharp gradations in a heterogeneous packing 

arrangement or where they are called upon to distinguish sharp changes in moisture 

content extremes. 
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The optical methods used in these experiments require the use of translucent sands. 

The system must always be operated with adequate lighting well within the camera's 

dynamic range. The back lighting source must also be stable over long periods of time. 

Preliminary experiments with a fine, wide distribution natural sand homogeneously 

packed revealed that there was not sufficient light transmission to capture a dry and 

saturated image with enough useful dynamic range. The available dynamic range of the 

transmitted light through the porous medium is always an issue of concern. The over 

saturation of the camera detector by the coarse layers of the layered experiment while 

fine layers were falling near the noise floor suggest that experiments involving 

heterogeneous sand packs will have to be carefully designed. A correction for this 

situation would be to quickly take a series of images at different exposure times. This 

can greatly complicate the image processing by requiring multiple dry and full 

saturation images at each exposure time however. 

There are a number of sources of error in the experimental methodology. Error in fluid 

inflow and outflow measurements (::::1.0 mI.) are introduced from the Mettler balances 

due to scale limits at low flow rates, and evaporation over long sequence times. There 

is also a time differential on the order of two to three seconds between the Mettler 

scale reading and imaging camera trigger that make data collection of gravimetric 

inflow and outflow slightly out of phase with the image system during fast transient 

changes in moisture content. Other experimental issues of concern are sand pack 
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settling or physical sand pack changes as a function of saturation and moisture content 

redistribution in the sand pack driven by the heat of light degradation within the sand 

pack. 

Errors in technique and image processing can combine in many ways. An attempt to 

quantify this was made by introducing a saturated finger into a dry sand pack. It was 

found that we could predict its total water content to within five percent of given 

system limits of resolution. The overall error in mass balance for the fill and drain 

sequence is between plus or minus eight percent within which is contained a uniform 

bias error of two to four percent depending on the initial accuracy of the saturation 

measurement. The repeatability of the experiments is exceptional. 

Future work can be divided into two categories apparatus and methodology, and 

physical process and experimentation. Under the flrst heading would come additional 

work to further define the effect of the geometry of the light box and test chamber 

placement on edge resolution and light scatter. An effort should be made to ensure that 

the incident light falling on the test cell is parallel. An investigation into the use of a 

parabolic mirror or diffraction grating might be made. A continuing experimental effort 

to define the optic response with sands of wider and more varied distributions will lead 

to a more robust experimental capability. Any additional work to prove other functional 

forms of the saturation equation will require more data points. What would be needed 
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is more optic data at known, gravimetricly measured, degrees of saturation. The best 

way to gather such data would be to design a test chamber that could be physically 

weighed for water content while a one dimensional, gravity driven, steady state flux is 

moving through the sand pack. 
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3 APPLICATION AND ANALYSIS OF THE FULL FIELD LIGHT 

TRANSMISSION TECHNIQUE TO MEASURE IN SITU UNSATURATED 

HYDRAULIC PROPERTIES IN SCALE SIMILAR HOMOGENEOUS SANDS 

3.1 Chapter overview 

A series of controlled experiments were previously carried out and analyzed using a 

full-field light transmission technique. The experiments were designed to yield a set of 

scale similar steady-state hydrologic responses by using five sands shown to be 

unifonnly narrow in their grain size distribution. Each of these sands was packed in a 

repeatable, homogeneous manner. The experiment yielded a series of scale similar 

equilibrium steady states from which pressure/saturation data was derived. The 

pressure/saturation data generated by this light transmission technique was compared 

to that obtained using standard column methods and then described with the equations 

of Brooks and Corey and van Genuchten using the computer model RETe. Finally, this 

reduced scale similar data set was used to evaluate and extend the predictive water 

retention model of Haverkamp et. al. (1986). 

3.1 Introduction 

It would greatly benefit the design of systematic experiments in unsaturated or two 

phase flow through porous media if we could use similitude theory to design hydraulic 
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properties, system scales and boundary conditions. One would like to use an easy to 

measure surrogate (bd and grain size distribution) for hydraulic properties. The goal 

would be to use these surrogates to develop property fields within heterogeneous slabs 

where the surrogate could be varied in the design of the heterogeneous field and, in a 

post mortum, could be measured to verify the properties 

The objectives, therefore, of this work were to use these ideas, develop and then 

evaluate a method to measure, within a given two dimensional slab experimental pack, 

hysteretic pressure/saturation curves and relative permeability. We sought to test 

whether narrow grain size distribution media designed through similitude in grain sized 

distribution yields similar hydraulic properties as proposed by the theory of Miller and 

Miller (1956). We also tested theoretical predictions of relative permeability from 

pressure/saturation curves as proposed by Mualem (1976a) and Burdine (1953) for use 

in narrow grain size distribution sands and tested the theory of Haverkamp and 

Parlange (1986) that predicts pressure/saturation curves from grain size distribution 

and bulk density for use in narrow grain size distribution sands. 

3.2 Measurement of in situ two dimensional sand slab hydraulic properties 

Experiments were designed to measure in situ hysteretic pressure/saturation curves and 

relative permeability using the experimental system discussed in Chapter 2. The 

experimental system was composed of a 30 cm wide by 60 cm high by 1 cm thick 
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chamber filled with homogeneous packs of designed narrow grain size distribution, 

translucent sands. The imposed boundary conditions were no flow side boundaries, a 

bottom controlled suction boundary, and a top flow/no flow boundary. The light 

transmission technique with the modified Tidwell-Glass equation was used to measure 

moisture content fields within the chamber (see figure 3.1). Analysis of the data yielded 

the hysteretic pressure/saturation curves and relative penneability as a function of 

saturation within the experimental sand pack. We also measured the pressure/saturation 

curves using the traditional hanging column method on sand samples 5 cm in diameter 

(see figure 3.1). Details of the method to obtain these in situ hydraulic properties is 

given below in sections on: experimental sands and two dimensional sand slabs; 

experimental sequence and control of boundary conditions; analysis of data to yield in 

situ hydraulic properties; and independent measurement of pressure/saturation curves in 

small columns with comparison to in situ measurements. 

3.2.1 Experimental sands and system scale 

The use of similar media concepts allows experimental results of soil water behavior in 

one porous medium to describe the behavior of another. This approach employs 

reduced variables defined in terms of microscopic and macroscopic length scales of 

each medium. The utility of this approach is that investigations into flow phenomena 

which would take days or weeks to complete in the field with natural soils can quickly 

be accomplished in the laboratory. Two porous media are considered physically similar 
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if they are geometric scale models of one another. Two such media should have the 

same porosity if packed in the same manner. These two media are said to scale similar 

if, in addition to the similarity of the solid phase, the liquid geometry is also similar 

(Miller and Miller, 1956). Millers' theory of scale similarity makes both these 

assumptions and binds them together through the surface tension-radius of curvature, 

pressure relationship 

2 P -=- (3.1) 
r cr 

where p is the pressure difference across an air-water interface of radius of curvature r, 

and cr is the surface tension. If two media are scale similar then the radius of curvature 

is a microscopic detail that should be similar by some factor B (microscopic length 

scale), typically taken to be the mean grain size. Thus, (3.1) can be rewritten in 

dimensionless form as 

• B 
p =p

cr 
(3.2) 

We designed five similar sands with narrow, non-overlapping grain size distributions 

making use of similitude theory. Commercially available silica sand was sieved and the 

14-20,20-30,30-40,40-50 and the 50-70 fractions used as our experimental sands. 

The sieve data was fitted with a cumulative particle size distribution function 

F(d) = [ ]m l+[;T 
1 

(3.3) 
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where d is the grain size, an independent variable, dg is the mean grain size and 

~ = m/(I- m), the particle index. In this formulation the particle index ,~, acts as a 

measure of spread or distribution about the mean of dg • Figure 3.2 presents the results 

of the fit for 14-20, 20-30, 30-40,40-50, 50-70 sand and a plot of F(d) vs. d/dg. This 

plot was made to check geometric similarity. The sands were indeed similar in their 

distribution about the mean. The particle index values were uniformly high in 

comparison to naturally occurring sands (Haverkamp et aI., 1986) 

We considered the design of transient system response to also be scale similar but were 

limited by the experimental apparatus. Richard's equation for one-dimensional, gravity 

driven flow can be written as follows 

ae = ~[k(a p + f)] 
at an an 

(3.4) 

where e is the volumetric water content, p the soil water pressure, k the capillary 

conductivity, /the body force per unit volume, and t the time. Equation (3.4) was 

rewritten in dimensionless form by Young and Price (1981) for the vertical flow case 

where/= pg and 11 the viscosity as 

ae· a [.(ap• )] 
at· = an· k an. + 1 (3.5) 

where, using the microscopic length B, the dimensionless variables are, 
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In writing (3.4) we have assumed an unbounded system. For laboratory applications 

concerned with fluid flow care must be taken to scale the boundary conditions by an 

additional length scale, L. The macroscopic length, L, is introduced to scale the whole 

flow system which differs in size between media. It applies not only to the dimensions 

of the flow system, an extrinsic characteristic of the experiment, but also the gradient 

operators in (3.4), an intrinsic macroscopic property. This inclusion of L in our one

dimensional, gravity driven bounded flow system governed by (3.5) is critical. It forces 

the body force/to be scaled both by B and by L. Thus, for two different one

dimensional, gravity driven systems to be scaled similarly with respect to flow, they 

must scale microscopically by B and macroscopically by some length L. 

In practice, one defines a macroscopic length scale by forcing the product of Band L to 

a constant value for each media in an experiment. This is done by imposing scaled 

boundary flow conditions on a system of fixed dimensions (L). 



102 

This scaled pressure head condition for flux was violated in our experiments. The 

needed suction on the bottom boundary condition would have to increase as a function 

of grain size from 20 cm. for the 14-20 sand to over 76 cm. for the 50-70. We chose to 

not test the theory for similitude in transient hydraulic response in order to focus on the 

measurement of equilibrium hysteretic pressure/saturation curves and relative 

permeability due to the limitations on chamber size and the proscribed suction at the 

bottom boundary,. 

The 30 cm wide by 60 cm high by 1 cm thick slab chamber was fitted with a porous 

plate to control suction at the bottom and filled homogeneously with a chosen sand 

using a series of randomizing screens after the method of Glass et al. (1988). 

3.2.2 Experimental sequence and control of boundary conditions 

Figure 3.3 shows a diagram of the experimental chamber and the series of prescribed 

zero pressure head points (with respect to atmospheric) equilibrium positions 

implemented to develop the in situ hysteretic pressure/saturation curves. Each 

experiment started from an initial air dry state and put through the following sequence: 

First Wetting: The test chamber containing the sand pack was allowed to fill from the 

bottom with de-ionized water and entrap air, zero pressure head held at 60 cm. above 
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the bottom. The end equilibrium state yields a naturally saturated sand pack of uniform 

moisture content. 

Main Drainage: The pressure head zero point was changed to approximately 12 em 

above the bottom of the chamber and the test cell allowed to drain slowly to 

equilibrium. The end equilibrium state yields the main drainage curve (MDC). 

First Residual: The pressure head zero point was moved to between 20 and 35 cm 

below the bottom of the test cell and the sand pack was allowed to drain to its residual 

capacity at that suction. The end equilibrium state yields the sand pack at a uniform 

residual moisture content. 

Main Wetting: The pressure head zero point was moved up to approximately 10 cm 

above the bottom and the test cell allowed to fill to equilibrium. The end equilibrium 

state yields the main wetting curve (MWC). 

Second Wetting: The zero pressure was changed to 60 cm above the bottom and the 

sand pack was allowed to again fill and entrap air. This ending steady state yields 

another uniform moisture content. 



Second Drainage: Followed the same procedure as the First Drainage. The end 

equilibrium state yields the secondary drainage curve (SOC). 
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Second Residual: Followed the same procedure as the First Residual Capacity. The end 

equilibrium state yields the sand pack at another uniform residual moisture content. 

Total Saturation: The sand pack was air dried, purged with CO2 for an hour, then 

slowly filled from the bottom with de-ionized and de-aired water to the 60 centimeter 

point. The equilibrium state yields the sand pack completely saturated. 

Primary Wetting: The sand pack was air dried and allowed to filled up to approximately 

10 cm above the bottom. The end equilibrium state yields the primary wetting curve 

(PWC). 

Unsaturated hydraulic conductivity data was captured by establishing three one

dimensional, gravity-driven, steady-state flow fields through the sand pack. This was 

accomplished by using a porous plate instead of a screen in the upper manifold. A 

sequence that reduced the flow rate in decreasing steps while images were being taken 

was then initiated. The change in potential from the top to the bottom of the sand pack 

was verified to be uniform by image analysis of saturation changes. The gradient in 



Darcy's law can now be set to unity and the supplied flux is equal to the hydraulic 

conductivity. 

3.2.3 Analysis of data to yield in situ hydraulic properties 
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The experimentally measured hydraulic conductivity as a function of saturation is 

presented in figure 3.4. As expected, hydraulic conductivity not only increases 

dramatically as a function of increasing grain size but at the same rate or slope as each 

other also. Data on the bulk density and calculated porosity for each of the sand packs 

evaluated for in situ hydraulic properties is given in table 3.1. 

The equilibrium steady states of the fill and drain process were designed to yield optic 

data with a known zero pressure point that could then be translated into 

pressure/saturation data. The pressure/saturation curves presented in figure 3.5 were 

developed from saturation image profiles, (chapter 2) by matching these zero pressure 

datum points along the Y axis and converting the vertical pixel number to centimeters 

of water. The primary wetting curve (PWC), main drainage curve (MDC), main 

wetting curve (MWC) and one secondary drain curve (SOC) was generated for each of 

the five sands. 

A number of trends are immediately apparent for all five of the sands. All show an 

increase in the air entry pressure and residual moisture content as a function of 
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SAND 
TYPE 

14-20 

20-30 

30-40 

40-50 

50-70 

PASS/STOP CHAMBER BULK +/- POROSITY +/-
SIEVE SIZE THICKNESS DENSITY ERROR ERROR 

(micron) (mm) (gm/ml) 

1168/850 9.5 1.583 0.008 0.403 0.003 

850/590 9.5 1.576 0.008 0.405 0.003 

590/425 9.5 1.609 0.008 0.393 0.003 

425/300 9.5 1.613 0.008 0.391 0.003 

300/212 9.5 1.609 0.008 0.393 0.003 

Table 3.1 Summary of parameters for five sand packs used in optic test cell. 

.... .... .... 
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decreasing grain size. All of the curves are generally flat as one would expect for a 

narrow distribution sand. There are a number of contrasts to be made for each sand. 

The slope of the MWC is gentler and unifonnly increases at the residual as mean grain 

size is increased. The PWC, on the other hand, remained flat and abrupt at transitions 

for all of the sands. The SOC lies below the MOC for all of the sands. This indicates an 

increased degree of air entrapment over the full range of moisture content, not just at 

the endpoint (8s
MDc

). 

Three distinct degrees of air entrapment occur at the endpoints for the various curves in 

all five sands; 0.80 < 8s
MWC < 0.90, 0.93 < 8s

PWC < 0.98 and, 0.95 < 8s
MDC < 1.0. It 

seems the PWC does not reach the natural entrapped air state of the MOe. While it is 

common for the MWC to entrap air and have a lower degree of saturation, the behavior 

of the PWC is unusual. The endpoint at saturation of the PWC is the starting point for 

the MOC, they should have the same value. The original pressure profiles used to build 

the pressure/saturation curves show that the sands do in fact saturate to an equilibrium 

state, only at a slight positive pressure of one to three centimeters not shown on these 

curves. 

Error in these curves can accumulate during processing in any number of ways. If we 

assume the saturation algorithm is accurate then only the error in scaling by porosity 

and moisture content need to be considered. The worst case estimate based on the 



113 

errors of these parameters in table 3.1 amounts to a ± 1.5% uniform shift in saturation. 

The y-axis pressure potential error is more straight forward to quantify since it is a 

direct physical measurement and a function of discrete pixel size. The zero point datum 

for all of the curves was easily measured to within three millimeters. 

3.2.4 Independent measurement of pressure/saturation in small columns and 

comparison to in-situ measurements 

The Buchner funnel hanging column method was used to generate standard, reliable, 

and repeatable pressure/saturation curves for each of the five sands. Three samples of 

each of the five sands were tested simultaneously. The experiment began by first 

determining the sample container volume. Care was taken to ensure that the column 

height for each sand sample was approximately the same as the capillary rise observed 

in the optical pressure/saturation curves. Each sample was packed homogeneously 

using the same randomizing screen method used for packing the optical test chambers. 

The samples, in their containers, were screened off on the bottom with fine nylon mesh 

and weighed. The dry samples were then saturated from the bottom, weighed, and 

placed on the porous plate. Contact with the sample was insured by the use of 

diatomaceous earth spread on the porous plate. The Buchner funnels and burettes were 

sealed to outside air in order to avoid evaporation during equilibration. The fluid level 

in the burette was zeroed at the sample mid point and the sample was allowed to 

achieve equilibrium with the hanging column. The burette was moved every half hour 
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to maintain this equilibrium point until no more water flowed out of the sample. All 

pressure measurements were taken from this mid point datum of each sample to the top 

of the meniscus in the burette. The sample was then removed, weighed, and placed 

back on the porous plate for the next equilibrium measurement. 

The experiment continued by moving the burette up or down and allowing the sample 

to equilibrate at this point for approximately four hours. Special care was taken to 

capture the "break points" by making sure the burette was moved in small steps. The 

primary wetting curve (PWC), which would have had to begin from a dry state, 

however, was not captured due to the presumed difficulty in maintaining uniform 

hydraulic contact. The sharp gradient contact of porous plate to dry sample would have 

to be broken and reestablished many times while removing the sample for weighing. 

The measured parameters for each of the fifteen samples are presented in table 3.2. The 

agreement between porosity and bulk density parameters listed in table 3.1 verify that 

the column samples packed in essentially the same manner as the optic sand packs. The 

porosity and bulk density followed the same trends as the test chamber sand pack. Bulk 

density increases with mean grain size while porosity decreases. 

The estimated errors in porosity, bulk density and saturation in the column samples are 

a result of inaccuracy in the initial measurements of sand weight, container volume and 



14·20 SAND 
Sample ,3 .,. Error Sample '2 .,. Error Sample '1 .,. Error 

PorosIty 0.427 0.008 0.415 0.007 0.415 0.007 
Bulk DensIty 1.518 0.021 1.550 0.020 1.551 0.019 
Saturation zero to one 0.033 zemtoone 0.030 zem to one 0.029 
Height (cm) 2.60 224 2.30 

20·30 SAND 
Sample '3 .,. Error Sample '2 .,. Error Sample '1 .,. Error 

Porosity 0.421 0.006 0.411 0.006 0.406 0.006 
Bulk DensIty 1.536 0.016 1.562 0.016 1.575 0.017 
Saturation zemloone 0.025 zem 10 one 0.024 zemtoone 0.024 
Height (cm) 2.64 2.77 2.65 

30-40 SAND 
sample '3 .,. Error Sample '2 .,. Error Sample .1 .,. Error 

Porosity 0.402 0.007 0.403 0.006 0.397 0.006 
Bulk DensIty 1.585 0.017 1.582 0.017 1.598 0.017 
Saturation zem 10 one 0.025 zemtoone 0.025 zemtoone 0.024 
HeIght (cm) 2.60 2.60 2.63 

40·50 SAND 
Sample '3 .,. Error Sample '2 .,. Error Sample '1 .,. Error 

Porosity 0.398 0.005 0.393 0.005 0.396 0.005 
Bulk DensIty 1.596 0.014 1.608 0.014 1.600 0.013 
Saturation zero to one 0.021 zamlo one 0.022 zem to one 0.021 
Height (cm) 2.57 3.31 3.10 

50·70 SAND 
Sample '3 .,. Error Sample '2 .,. Error Sample '1 .,. Error 

PorosIty 0.396 0.005 0.404 0.005 0.400 0.005 
Bulk DensIty 1.600 0.013 1.580 0.014 1.591 0.014 
Saturation zemtoone 0.019 zem to one 0.020 zemto one 0.020 
Helght(cm) 32.50 324 320 

Table 3.2 Summary of parameters from each sand column sample. 
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the water content measurement at each sampled pressure. The estimated error in 

saturation ranges from two to three percent depending on the sample. Small errors in 

suction measurements, on the order of half a centimeter, can occur from inaccurate 

reading of the burette meniscus level and the possibility of non-equilibrium. The 

pressure/saturation data for all five sands obtained by the hanging column method are 

presented in figure 3.6. 

Figure 3.7 presents a comparison of the MOC, MWC and SOC pressure/saturation 

curves obtained from the optic data to the results from the column experiment. 

In general, there is measurable agreement between the optic and column methods. The 

column pressure/saturation curves exhibit the same general characteristics and trends as 

the optically generated curves but with less definition. In all cases the column data 

accurately reflects the air entry values for all three of the scanning curves of each sand. 

The column data also reflects the air entrapment difference between the MWC and 

MOC. There is some disagreement at the residual moisture content in the coarser 

sands, and generally higher values for the column main drainage curve, however. 

The column data uniformly suggests that the scanning curves are more gentle or 

"rounded" than the optic data. One explanation might be due to the averaging of the 

moisture content measurement over the height of the capillary rise within the sample. 
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While the optic method produces point by point moisture content data, the column 

method averages the measurement over its sample height Presented in figure 3.8 is an 

example of this effect for the 40-50 sand. The optic curves are treated with a moving 

average the same height as the column. The result is a "smearing" of the more accurate 

point by point optic measurement. However, this smearing cannot account for most of 

the discrepancy we see. 

Another source of error, which may account for the discrepancies seen at the residual 

and in the main drainage curve, is made by assuming the sand packs and packing 

containers are the same. Although great care was taken to pack the hanging column 

samples in the same manner as the glass test chamber there is no guarantee that this 

occurred. In fact, based on differences in geometry between the glass test chamber and 

the hanging column sample, one can predict that the sand pack in the glass test chamber 

sees five times more container wall than the hanging column sample. This wall will 

force a random, natural packing arrangement into a one that is ordered. In addition to 

this, the greater wall area allows more air accessibility to the glass test pack during 

drainage and, according to theory, should allow the pack in the optic test chamber to 

drain at slightly less suction. 
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3.3 Fitting pressure/saturation data with functional forms 

The optic pressure/saturation PWC, MDC and MWC curves for each individual sand 

and all of the sands scaled by mean grain size and combined into one data set, were fit 

using the RETC (1991) program. This was done to verify that the scaled data set has 

the same characteristics as each individual sand, and to characterize the data for later 

use in predictive hysteresis models. The data was described with both the Brooks and 

Corey (1964) and van Genuchten (1980) equations, respectively 

s = {(rxh)" 
• 1 

(rxh> 1) 
(rxh S; 1) 

where S. = (8 -8, )/(8. -8,) and m=l-l/n for the van Genuchten relationship. 

(3.6) 

(3.7) 

This code was used to fit a number of variables simultaneously using a nonlinear least-

squares optimization approach. Table 3.3 and 3.4 present the results. As expected both 

of the models yielded a high value for the slope parameter (A. and n) for narrow 

distribution sands with characteristically flat pressure/saturation curves. In both cases 

the MWC values were lower, reflecting a more gentle change with saturation than the 

PWC and MDe, which were very close in value. 



14-20 20-30 30-40 4Q.5O 50-70 Scaled 

Primary Wet 

'1' •• ·1 0.296 0.202 0.107 0.124 0.071 3.395 
A 9.992 9.959 9.040 4.655 5.093 4.018 

9,1e 0.000 0.000 0.000 0.000 0.000 0.000 

9,/e 0.930 0.860 0.940 0.940 0.900 0.940 
Rl 0.989 0.982 0.990 0.992 0.991 0.934 

Main Drain 

'1' .. 
·1 0.125 0.124 0.063 0.054 0.038 1.741 

A 9.542 7.700 7.233 8.428 11.938 4.351 
9,1e 0.080 0.110 0.160 0.110 0.200 0.100 
9,/e 0.970 0.930 0.970 0.970 0.970 0.960 
Rl 0.998 0.998 0.998 0.999 0.999 0.898 

Main Wet 

'1' •• ·1 0.313 0.220 0.101 0.105 0.068 3.292 
A 2.623 3.438 2.867 3.016 2.717 2.160 

9,1e 0.070 0.100 0.150 0.100 0.150 0.090 

9,/e 0.800 0.860 0.870 0.840 0.870 0.860 
Rl 0.998 0.999 0.996 0.998 0.996 0.929 

Table 3.3 RETC fitting results for each of the five sands as well as 
the scaled data set using the Brooks and Corey relationship. 
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14·20 20·30 30-40 40·50 50·70 Scaled 

Primary Wet 
1jI •• 

·1 0.274 0.185 0.098 0.106 0.051 2.830 
n 15.000 14.996 13.258 8.522 10.316 7.723 
m 1.260 1.260 1.260 1.260 1.260 0.871 

9,1e 0.000 0.000 0.000 0.000 0.000 0.000 
9,/e 0.930 0.860 0.940 0.940 0.900 0.940 
R2 0.995 0.989 0.998 0.997 0.995 0.944 

Main Drain 
ljI .. 

·1 0.115 0.111 0.057 0.~9 0.035 1.478 
n 17.892 15.492 11.000 17.286 25.353 8.480 
m 0.944 0.935 0.909 0.942 0.961 0.882 

9,1e 0.080 0.100 0.160 0.110 0.200 0.100 
9,/e 0.970 0.930 0.970 0.970 0.960 0.960 
R2 0.998 0.996 0.989 0.996 0.996 0.901 

Main Wet 
1jI •• 

·1 0.248 0.179 0.079 0.083 0.053 2.413 
n 4.928 6.168 5.875 5.979 6.059 4.613 
m 0.797 0.838 0.830 0.833 0.835 0.783 

9,1e 0.070 0.090 0.150 0.100 0.170 0.090 
9,/e 0.800 0.860 0.870 0.840 0.870 0.860 
R2 0.995 0.995 0.996 0.993 0.995 0.931 

Table 3.4 RETe fitting results for each of the five sands as well as 
the scaled data set using the van Genuchten relationship where m=l-l/n. 
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The saturation value endpoints followed the previously described pattern of the MWC 

entrapping air after the first MDC. The PWC wetted the dry sand in between these two 

curves at the same slight suction pressures. The fit for all of these curves was excellent, 

in all but one case the sum of the R2 error was above 0.99. The fit for the mean grain 

size scaled data set was not as close as the individual curves, however. This is a 

reflection of the spread in data values rather than an inadequacy of the model. 

In general, the slope parameters for the scaled data were lower than the slope 

parameters for each individual sand. This is not as critical as one would expect since 

both the Brooks and Corey and the van Genuchten models are fairly insensitive to high 

values of A and n. Presented in figure 3.9 is a sensitivity analysis comparing the two. 

This is a plot of a typical MDC using the value for an individual sand and two other, 

equally higher, values. The first higher value is representative of the scaled data set, it 

causes little change in the curve with respect to the one based on the individual sand 

value. The next higher value, however, causes a distinct change. 

3.4 Prediction of similitude in hydraulic properties from similitude in grain size 

distributions 

Figures 3.10 and 3.11 present the results of scaling the optic and column 

pressure/saturation data by each mean grain size value, B=dg, using (3.2). Figure 3.10 

displays the similarity in slope and break points of all the pressure/saturation curves and 
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strongly suggests that the sands are scale similar. All of the CllIVes converge to the 

same slope although the spread about the mean value is smaller with the wetting CllIVes 

than with the drainage. Differences in residual moisture content and full saturation are 

easily discernible as a function of grain size. In general, the finer grained sands have a 

higher residual and saturation value as one would expect These observations are 

mirrored in the plots of the column data presented in figure 3.11. 

Further evidence of scale similarity is presented in figure 3.12 and 3.13. Here the same 

data is scaled by a macroscopic quantity, the air entry values fitted with the RETe 

model (L=hae). Both the microscopic and macroscopic scaled data sets converge to the 

same slope with the similarly scaled column data. 

3.5 Prediction of relative permeability from pressure/saturation curves 

The model of Mualem (1 976a) for predicting hydraulic conductivity, K, can be written 

as 

K(S )=K Sl [/(Se)]2 
• s. /(1) 

where/eSc) = rs,_l_dx 
Jo h(x) 

and Sc is as previously defined for the van Genuchten relationship. 

(3.8) 

(3.9) 
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Solving (3.7) for h and substituting into (3.9) yields a general integral relationship for 

f(Se) that can be transfonned according to restrictions on m and n. For the case where 

m=I-I/n (3.9) can be written as 

(3.10) 

In a similar manner, solving (3.6) for h, substituting in (3.9) and manipulating yields, 

for the Brooks and Corey based hydraulic conductivity model 

K(S ) = K S'+2+2/).. 
• s e (3.11 ) 

where I in both models is a pore connectivity parameter usually taken to be 1/2. 

Similarly, the model of Burdine (1953) is written 

K(S) = K S' g(S.) 
e s e g(l} (3.12) 

where g( S. ) = f:' h( ~ }2 dx (3.13) 

which yields for the Burdine restriction of m=1-2/n, by a similar process 

(3.14) 

and for the Brooks and Corey model 

K(S ) = K S'+1+2/).. 
e s e (3.15) 

where Se is as before and I is taken to be 2.0. 
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These Burdine based equations hold only for n>2. Since soils may have n-values less 

than two the Burdine model has less applicability. This is not a problem for our coarse 

grain sands, however. There values are well over 2. Presented in figure 3.14 is the 

results of using the Brooks and Corey, and van Genechten MOC parameters in the 

K(B) relationships of (3.11), (3.12), (3.15) and (3.16) for each sand. Mualem's 

mapping using the Brooks and Corey seemed to slightly outperform the others. 

The data for hydraulic conductivity collected on the drainage cycle should be applicable 

for the wetting cycle if there is indeed no hysteretic behavior in K(B). Figure 3.14 

shows the results of predicting K(B) using the drainage measurements to form So 

between the MWC end points of Br and BsMWC • This plot also used the MWC 

parameters for n and A. in its prediction. The models fit equally well for both the MOC 

and MWC prediction. This suggests that k(B) is indeed non-hysteretic in these sands. 

3.6 Prediction of pressure/saturation curves from grain size distribution and bulk 

density 

Brooks and Corey (1964) noted that the A. parameter in their model of 

pressure/saturation is related to the pore size distribution. Haverkamp and Parlange 

(1986) used this fact to build an iterative model for the MOC using the particle size 

distribution function of equation (3.3). The authors proposed a proportionality between 
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fl, the particle index, and A, corrected for by the soil structure of the samples' bulk 

density Pd and textural coefficients at, az 

(3.16) 

A 
The authors used this relationship to successfully predict the estimator for lambda, A, 

for ten different soils. They derived an expression for the MOC as a function of A and 

went on to use the concept of shape similarity to predict the other pressure/saturation 

scanning curves (see Hogarth et aI., 1988). Here we only consider their model to 

predict A and hae of the MOC with our five narrow grain size distribution sands. 

The Haverkamp and Parlange model assumes pore water pressure can be expressed by 

a surface tension-radius of curvature, pressure relationship similar to (3.1) 

h=2y 
d 

where the particle diameter can be related to the pore radius through a packing 

(3.17) 

parameter, d=yr. The authors develop an extensive mathematical model to describe the 

PWC, MOC, MWC, and secondary scanning curves based on the Brooks and Corey 

pressure/saturation relationship (3.6) where Sr is set to zero. 

A common point on the pressure/saturation curve model, Sne , is used to build the 

iterative model for estimates of A. and hac. This point, Sne, intersects both the MWC at 
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hae and the MOC at h(Sac). An expression is given for, Sac, where air entry pressure 

intersects the MWC as 

E 
Sae =----x 

l+A 

/\ 
where E is the porosity and A is the estimate of the Brooks and Corey parameter. 

(3.18) 

When Sac is introduced into the expression for the Haverkamp and Par1ange MOC an 

interative expression for the ratio of hae / h (S ae) can be written 

h 
[( /\)[ h ( S )]]11 _a_e __ l+A l __ a_e_ l __ s 

h(Sae) - h(Sae) E 
(3.19) 

where hac is the air entry pressure head of the MOC and h(Sae) is the value at Sac 

computed from (3.18) on the MWC. 

Haverkamp and Parlange use (3.17) and (3.3) to express the ratio of the air entry value 

to the packing coefficient yas 

(3.20) 

Substituting (3.19) into (3.20) permits iterative calculation of hae once the packing 

coefficient, y, is know. The authors' propose that this latter parameter can be estimated 

from the particle index, ~, through the lambda estimator (3.16) 
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1\ 1\ 1\2 

'Y =bj +b2 A+b3 A (3.21) 

where b l ,b2 and b3 are constants. 

In practice, these equations are iteratively used to fit the model. The soils, it seems, 

must be chosen as a family for the constants aI, a2, b l , b2 ,and b3 in (3.16) and (3.21) 

to make sense. The authors' however, give no indication as to how this choice might 

be made. 

The steps to be followed are; 

1) Fit the sieve data to (3.3) and determine the parameters Il , m, and dg • 

2) Estimate A with (3.16) using the bulk density as the independent parameter and 

assuming a value for A. 

3) Use the results of (3.16) and the porosity in (3.18) to find ene• 

4) Estimate the packing parameter 'Y through (3.21). 

5) Use the estimate of A, ene• 'Y and assume a es equal to 0.90 of the porosity in (3.19) 

and (3.20) to iteratively to predict hae. 

5) Examine A, hae for accuracy and re-fit. 

Presented in figure 3.14 is a plot of the results of fitting (3.16) and (3.21) to our five 

soils. The authors originally worked with wider distribution sands where 1.4<'11.<2.9. 
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Their results are over plotted on the figure. The scale similar data set of five sands 

bears resemblance to the Haverkamp data set for the A/J.! estimate in that they intersect 

at a bulk density of 1.6 grn/cm3
• The difference in slope of the estimator is perhaps a 

reflection of the fact that the "family" of sands is different. The scale similar sands 

packed at the same bulk density but have unifonnly higher values of A and /l, the 

parameter that measures the spread about the median grain size. This distinction is 

evident in the yestimator presented in figure 3.14. The difference in domain (A) yielded 

a unique and unrelated expression for the yestimate. 

Presented in table 3.5 are the results of the experimental fit, Haverkamps' original 

model, and his model fitted to only our data. Haverkamps' original model did not do an 

adequate job in predicting A, and hae. Haverkamps' model fitted to only our data 

showed some, but not overwhelming, improvement. 

Presented in figure 3.15 is the worst, and best, plot for Haverkamps' fitted model; the 

14-20 and 40-50 sands. While the air entry point followed the same increasing trend 

with decreasing grain size as the experimental data, the model unifonnly over predicted 

it, as in the 40-50 sand. The prediction for A looks worse than it really is at first glance. 

It must be remembered that the Brooks and Corey theory on which this model is based 

is relatively insensitive to high values of A where the pressure/saturation curve is nearly 



Experimental Haverkamp Percent Haverkamp Percent 
Fitting Original Error Fitting Error 

14-20 

h., 8.0 16.l 102 9.1 14 

A 9.5 9.2 -3 9.0 -5 

20-30 

h.e 8.1 23.2 186 12.9 59 

A 7.7 9 .3 21 8.8 15 

30-40 

h., 15 .9 25.0 57 19 .5 22 

A 7.2 7.6 5 9.3 29 

40-50 

h., 18.6 32.1 73 25.2 36 

A 8.4 7.4 -12 10.3 23 

50-70 

h., 25 .7 41.9 63 33 .6 31 

A 11.9 7.3 -39 10.2 -14 

Table 3.5 Comparison of fitted parameters. 

~ 

~ 

°' 
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flat (see figure 3.12). A twenty percent error at a A of nine or ten has no significant 

effect on the slope of a pressure/saturation curve and, in practice, is probably within the 

scatter of the standard column method measurement. 

Mualem's relationship for relative permeability (3.11) was selected as the best fit to the 

reduced data (see figure 3.13). It was applied to each sand using the experimental and 

Haverkamp prediction of A. Presented in figure 3.16 is the worst case result for the 30-

40 sand and a plot of the relative error for all sands. While the error in prediction using 

the Haverkamp model is large below a reduced moisture content of 0.3, the actual 

hydraulic conductivity in this range is very small. Where fluid flow is not minimal, 

above Se=O.4, the error is below ten percent. Thus, although we may use the hydraulic 

conductivity model to map hydraulic conductivity to moisture content we cannot, due 

to errors in hac, map the hydraulic conductivity to suction. 

3.7 Conclusions 

Hysteretic pressure/saturation curves and relative permeability were successfully 

developed from the two dimensional experimental sand pack using the full-field light 

transmission technique. An evaluation showed that the optical method accurately 

reflected the data of the standard column method control. In addition to this, a third 

less time was spent in gathering the data. 



151 

The narrow grain size distribution media designed through grain size similitude did in 

fact yield similar hydraulic properties consistent with the theory of Miller and Miller 

(1956) for the no flow, equilibrium case. Each sand was packed in a repeatable, 

homogeneous manner which yielded a series of scale similar equilibrium steady states 

from which a scaled pressure/saturation data set was derived. 

The data for hydraulic conductivity made on the drainage curve of each sand was 

successfully reproduced with the K(S) mappings of Mualem (1976a) and Burdine 

(1953). In addition to this, the drainage measurements were used to successfully model 

K(S) using the infonnation from the main wetting curve. Suggesting that K(S) is indeed 

non-hysteretic 

The data from all five sands was used to evaluate and extend the predictive water 

retention model of Haverkamp et. aI. (1986) for use with narrow grain size distribution 

sands. Haverkamps' original model did not do an adequate job in predicting A, and hac. 

Haverkamps' model fitted to only our data showed some, but not overwhelming, 

improvement. 



4 EVALUATION OF THREE SOIL HYSTERESIS MODELS TO PREDICT 

WATER RETENTION CURVES USING MINIMUM INPUT DATA 

4.1 Chapter overview 
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The ability of three capillary hysteresis models: Scott's (1983), Mualem's modified 

dependent domain (1984a), and Hogarth's (1988), to predict soil moisture content as a 

function of pressure potential is examined. The flrst two models require two boundary 

curves (one wetting and one drainage curve) as input, while Hogarth's model requires 

only the main drainage curve along with the water-entry pressure. We explored the 

ability of each hysteresis model to predict the main wetting curve and higher order 

scanning curves for experimental data obtained from a family of geometrically similar 

sands with a narrow grain size distribution. We also modified both Scott's and 

Mualem's models to use the same minimum input data as Hogarth's and compared the 

models on an equal basis. 

The hysteresis models analyzed in this study use the input boundary curves to scale the 

higher order scanning curves. The overall behavior of the predicted curves are thus 

dominated by the input curves. For instance, when the primary wetting curve is used to 

compute the main wetting curve, all three models rendered inadequate results. 

Predicted values using Hogarth's model were particularly inadequate when compared 

to the experimental results due to the fact that this model ignores the effect of residual 
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moisture content. However, modification of Hogarth's model to include a residual 

moisture content showed all three models behave similarly for the type of sands 

considered here. Another measure of the adequacy of the models is to compare the 

relative hydraulic conductivity evaluated using the predicted and experimental moisture 

content values. Mualem's K(8) relationship was used to compute the ratio of the 

predicted relative hydraulic conductivity to the experimental relative hydraulic 

conductivity values. The results revealed that small errors in predicted moisture content 

are amplified when computing the relative hydraulic conductivity values as a function 

of saturation. 

4.2 Introduction 

The importance of soil hysteresis effects have long been recognized in studying 

subsurface flow phenomenon. Rubin (1967), Royer and Vachaud (1975), Dane and 

Wierenga (1975), and Hoa et aI., (1977) among others have demonstrated that ignoring 

hysteresis in unsaturated flow calculations can result in significant prediction errors. 

Others such as Pickens and Gillham (1980), however, have found hysteresis effects to 

be rather minimal. Hysteresis effects a number of flow process such as inflitration and 

redistribution (Perens and Watson, 1977, McCord et aI., 1991). Glass et aI., (1989) 

found hysteresis to be an important phenomenon in the initiation of flow instability or 

fingering in unsaturated porous media. Glass and Norton (1992) demonstrated that this 

phenomena may be important in flow and transport through fractured rock as well. 



154 

Some experts believe that the anisotropy and heterogeneity of field soil overwhelm the 

hysteretic effects. others would disagree. The primary question then is • "How 

important is hysteresis?" in light of our current ability for detailed simulation of 

hydrogeologic processes. To answer this question, we need to conduct controlled 

experiments on a variety of soils both at the laboratory and field scales and combine 

this information with past experiences. Only then can we examine the importance of 

hysteresis, evaluate the capability of hysteresis models to accurately predict soil 

moisture characteristics, and potentially develop new models. However, before 

developing any new hysteresis models, we should fully explore the currently available 

models and understand their strengths and weaknesses. 

The primary objective of the current study is to examine the capability of three 

hysteresis models to simulate the pressure/saturation relationships of a scaled data set 

derived from experiments performed on sand with a narrow grain size distribution. This 

study also seeks to asses the ability of the models to accurately predict hydraulic 

conductivity. 

The report is divided into a number of major sections. The first introduces the physical 

and theoretical aspects of capillary hysteresis and reviews the three closed-form 

hysteresis models used in this study. In this section we also present general discussions 



regarding the potential problems with each hysteresis model and their input 

requirements. In the second section we show the utility of using relative hydraulic 

conductivity as a means to assess the potential errors between the computed and 

experimental results. The third section discusses the results obtained using each 

hysteresis model in its original formulation and the fourth explores the results of a 

series of extensions and a reduction of input data. Finally, we presents a series of 

concluding remarks and observations on improvements to the various hysteresis 

models. 

4.3 Hysteresis models 
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Figure 4.1 presents a set of typical hysteretic pressure/saturation curves. These curves 

describe the various states of a system as it wets and dries. Consider the main drainage 

curve (MOC) in figure 4.1 as the representation of a system that is taken from the state 

Ss to Sr. As the pressure potential (the independent variable) changes, the moisture 

content (the dependent variable) will pass through a set of values. If the independent 

variable returns along the same path from Sr to Ss at an exceedingly slow quasi

equilibrium rate, the dependent variable will pass through the same set of values as 

those experienced during the forward change. Under these conditions the process is 

considered to be reversible. For a processes that takes a different path the process is 

irreversible and the system is said to exhibit hysteresis. This characteristic is shown in 

the returning main wetting curve of figure 4.1. 
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Hysteretic behavior can be explained based on the way soil systems saturate and 

desaturate. Consider a completely dry soil that is wetted. As water is introduced to the 

soil, the small pores fill first, followed by successively larger and larger pores until all 

pores are filled. Some of the small pores may be isolated during wetting, so that they 

remain dry until larger pores are wetted. This process is referred to as air entrapment 

and is clearly seen in figure 4.1 at the water-entry pressure, "'we. If the system is now 

dried the reverse process takes place. Larger pores drain first, followed by smaller 

pores. Similarly, the larger pores will trap water and the pore may not empty. In 

addition to this pore accessibility or availability phenomena, each pore may not fill or 

drain in exactly the same manner. A pore of irregular shape may fill to different, stable 

saturated states due to the interplay between pore geometry and radius of curvature of 

the water-air interface. Thus, the hysteretic process not only results in different wetting 

and drying curves, or paths, but in different endpoint states also (Jury et aI., 1991). 

As a matter of convention, we will use the following acronyms to describe each 

pressure-moisture content curves (See figure 4.1); 

Primary Wetting Curve (PWC) refers to a situation where water flows into an initially 

dry porous media. 
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Main Drying Curve (MDC) and Main Wetting Curve (MWC) depict the main boundary 

loop for the hysteresis curves as the porous medium is de saturated and re-saturated. 

The moisture content values for the MDC and MWC essentially range from a residual, 

ar to a saturated value. Due to the air-entrapment effects previously discussed, as for 

the MWC and MDC are not necessarily the same values. In fact, in most porous media, 

the saturation moisture content for the MDC is greater than the one for the MWC. 

Scanning Drying Curve (SDC) refers to all secondary and higher order drying curves 

issued from the MWC or Scanning Wetting Curve (SWC). 

Scanning Wetting Curve (SWC) pertains to all secondary and higher order wetting 

curves. issued from the MDC or subsequent SDC. 

Two soil moisture content relationships are generally used as a basis for hysteretic 

models. The first is based on the standard form of the Brooks and Corey relationship 

S (,) a-a r =("'13);" · ,,,, a -a 'If 
s r 'Y 

(4.1) 

where, Se is the effective saturation, a is the moisture content, ar and as represent the 

residual and saturated moisture contents, respectively, and", is the pressure potential. 



159 

"'Il is a scaling variable equal to the air-entry pressure, "'ne, for the drying process and 

"'we, for wetting processes or water-entry pressure. The exponent, A., is a measure of 

the flatness of the pressure-saturation curves. The parameters, ef> es, "'nc, "'we, and A. 

are all determined by curve fitting the experimental data. 

Similarly, one can use the van Genuchten soil relationship as another functional form 

(4.2) 

where ex is a fitting parameter defmed as the inverse of the air-entry pressure, "'ne. or 

water-entry pressure, 'l'wc. in the case of wetting. The exponent n is another fitting 

parameter and m=I- I/n. The fitting parameters ex and n are also determined using the 

experimental data. 

An algorithm was developed in order to numerically evaluate the hysteretic models. 

Each model was incorporated into the algorithm and used to compute the moisture 

content values for each curve as a function of pressure potential. The pressure cycle 

used for these studies is shown in figure 4.2. As the figure depicts, the pressure 

potential starts at 'l'min, indicating the pressure at the beginning of the dry state, and 

increases to a maximum suction value of ",max=O.O, representing the saturated state. 

Thus, each wetting cycle begins at'l'min and approaches ",max, while the drainage cycles 
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start at 'l'max and go to 'l'min. The algorithm was designed to keep track of the variations 

in pressure from one cycle to another in order to calculate the appropriate hysteresis 

curve (PWC, MDC, MWC, etc.) and develop the full set of '1'(9) curves. 

4.3.1 Theoretical background of hysteresis models 

The early efforts in hysteresis modeling of flow in unsaturated porous media 

concentrated on developing empirical methods. These interpolative techniques 

employed a crude empirical fit to the experimental data. The scanning curves were 

assumed to be straight lines or some simple equation. Typical examples of such efforts 

include those of Whisler and Klute (1965), Staple (1966), Rubin (1967), and Hanks et 

al., (1969) to mention a few. The aim of these early researchers was to demonstrate the 

important role hysteresis plays when analyzing flow in unsaturated porous media. 

Other researchers attempted to develop hysteresis models on a more solid theoretical 

basis. Dullien (1992) states that the theory of hysteresis was developed long ago in 

conjunction with the magnetic hysteresis by use of the "domain" concept. Dullien 

further explained that in a porous media, "domain" is defined as a group of pores or 

capillaries that empty at a characteristic drainage pressure and fill at some characteristic 

imbibition pressure. In a porous media there can be infinite number of pores with 

different pore sizes, which can constitute an infmite number of domains. 
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The early extension of the domain theory of hysteresis involved the concept of 

"independent domains." In the independent domain theory a pore can be in one of two 

states, full or empty. A series of models based on this was developed. Perhaps, the 

most noted is the one developed by Poulovassilis (1962) and later simplified and 

fonnalized by Mualem (1973). Poulovassilis (1962) successfully demonstrated the 

viability of this approach toward hysteresis using glass beads and sand. Topp and Miller 

(1966) observed noticeable discrepancies using this method for glass beads however. 

Similar discrepancies were observed by Vachaud and Thony (1971) when independent 

domain theory was applied to sandy soil. It should also be noted that mathematical 

representation of independent domain theory is somewhat complex and many 

experimental parameters are required by the model. This shortcoming makes the model 

difficult for numerical implementation and motivated the search for a simpler model. 

Another extension to the "domain" theory of capillary hysteresis is the concept of inter

dependence of pores, and thus, the concept of "dependent domains." Dependent 

domain theory simply states that a given pore with the volume element, BV, can be 

represented as, BV=F(8w, 8d ) B8w B8d • The function, F(8w, 8d), is a generalized function 

representing the drainage and wetting processes within a pore. By integrating BV over 

the entire domain of the porous media, one can develop a new model that can take into 

account a more physically based behavior of capillary hysteresis. Poulovassilis and 
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Childs (1971) introduced this concept and developed a mathematical representation of 

the scanning curves based on the concept of a dependent domain model. Mualem 

(1973) states that the mathematical procedure introduced by Poulovassilis and Childs 

(1971) is rather complex and is of little practical use. In subsequent papers Mualem and 

co-workers developed a more formalized and simplified version of the dependent 

domain model. 

In this report three closed-form hysteresis models are discussed. The models will be 

referred to as the Scott's model, Mualem' s modified dependent domain, and Hogarth's 

models. 

4.3.2 Scott's model of capillary hysteresis 

Scott's model to predict the scanning curves for the drying and wetting phases was fIrst 

proposed by Scott et aI., (1983). Kool and Parker (1987) have presented simplifIed 

equations to predict the scanning curves based this original work. The primary feature 

of Scott's model is that all the secondary drying scanning curves (SOC) are scaled from 

the main drainage curve (MOC) and the secondary wetting scanning curves from the 

main wetting curve (MWC). 

The generic equation describing the MOC can be derived from the basic defInition of 

Se, the effective saturation 
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8MDC = 8~ + (8~ - 8? )S~ ('II) (4.3) 

and similarly for the MWC or PWC as 

(4.4) 

where the superscripts Wand D refer to the main wetting and drying curves, 

respectively. In general, Se can be evaluated with either equations (4.1) or (4.2) 

depending upon the choice of the soil moisture content relationship and the appropriate 

set of the input parameters. 

Secondary curves, say a reversal from wetting to drying (SDC), can be computed using 

(4.3) and the corresponding drainage curve parameters, {8r. 8sd , ex, A}D , for the Brooks 

and Corey relationship. Where the new saturation point, 8sd, on the SDC, according to 

Kool and Parker (1987) and Scott et aI., (1993) can be found by 

(4.5) 

The subscript RW indicates the reversal point from a wetting curve and the superscript 

D, as before, signifies the drainage curve. The effective saturation at the reversal 

pressure, 'l'Rw, can be easily evaluated using either (4.1) or (4.2). The moisture content 

equation for the SDC can then be written as 

(4.6) 

where 8sd is the natural saturation starting point from the wetting curve. 
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The scanning wetting curve (SWC) can be written by employing a similar method. 

Once a reversal from a drainage curve to a wetting curve occurs the wetting phase 

residual moisture content, 9rw, according Kool and Parker (1987) becomes 

(4.7) 

where, the subscript RD describes the reversal point from the drying curve. 

Aziz and Settari (1979), Kool and Parker (1987), and Kaluarachchi and Parker (1987) 

suggest the following empirical equation, to simulate the effect of increased residual 

entrapped air at wetting curve saturation 

(4.8) 

This accounts for the observed difference in saturated moisture contents between the 

wetting and drying curves. Thus, the wetting scanning curve (SWC) can be stated by 

using the set of parameters, {9rw, 9sw, n, A} wand substituting (4.7) and (4.8) into 

(4.4) 

(4.9) 

Higher order scanning curves are computed using (4.6) and (4.9), for drying and 

wetting phases, respectively, along with the appropriate residual and saturated moisture 

content values from either (4.1) or (4.2). 
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4.3.3 Mualem's dependent domains model of capillary hysteresis 

The dependent domain model developed by Mualem and his colleagues is fully 

described in various journal articles; Mualem (1974), Mualem and Dagan (1975), 

Mualem (1977), Mualem and Morel-Seytoux (1978), Mualem and Miller (1979), 

Mualem (1984a), and Mualem (1984b). These models, as designed, assume that the 

residual and saturation moisture contents for all hysteretic curves are the same. Thus, 

they ignore the effect of air entrapment except as defined by a pore blockage ratio. 

Nevertheless, our implementation of Mualem's dependent domain model preserves this 

distinction for the different residual and saturated moisture content values by the input 

of separate wetting and drying curves. 

The dependent domain model introduced by Mualem and Dagan (1975) is based on the 

following equation 

(4.10) 

where F(",w, "'d) is pore distribution function. The function Pd represents the ratio of 

the volume of the pores actually drained to the volume which would have been drained 

if the pores where independent. Similarly, Pw is the weight function for the wetting 

phase. Mualem and Dagan (1975) state that Pd and Pw account for the pore blockage 

against the air-entry and water-entry, respectively. In physical terms, the function px<e) 



167 

represents the drainable fraction of the soil water domains as a function of the actual 

water content (Mualem, 1984a). Mualem (1977) proposed a simple similarity whereby 

the pore distribution function, F(",w, 'I'd) can be represented as the products of two 

independent functions as 

(4.11) 

This facilitates the evaluation of the integral in (4.10) and thus the development of the 

model. 

According to Mualem (1984a), Kool and Parker (1987), and Stauffer et aI., (1992) 

among others, the scanning curves for drying and wetting events based on the 

dependent domain model, is expressed by the following set of equations. When a 

reversal from wetting to drying takes place, the corresponding scanning curve becomes 

where Pd(e,,,,) is the domain dependence function that accounts for the effect of pore 

blockage by entrapped air and is determined from 

(4.13) 

where eMDC ('I') and eMwC ("') are the independent function. 
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On the other hand, if a reversal from drying to wetting occurs, the scanning curve for 

the wetting phase can be described as 

(4.14) 

and the domain dependence function in this case is a point function stated as 

(4.15) 

Thus, Mualem's modified domain dependent model, likes Scott's model, requires two 

boundary curves to initialize the problem, one wetting and one drying. 

4.3.4 Hogarth's model of capillary hysteresis 

Parlange (1976) proposed a simple hysteresis model for the prediction of the drying 

from the wetting scanning curves. His model is based on the integration of suction 

domains over pore water distribution functions. The major achievement of Parlange's 

model is that it requires the knowledge of only one boundary curve plus the water entry 

pressure, 'vwe, instead of the two boundary curves needed for other hysteresis models. 

In most cases, it is reasonable to assume that 'line = 2'Vwe, which means the input 

requirement on the wetting curve can also be eliminated. Thus, the input parameters of 

the MDC is the only requirement. In fact, Mualem and Morel-Seytoux (1978) claim 

that Parlange's (1976) model corresponds to a special case of Mualem's similarity 

hypothesis in which one of the curves, the main drainage is used. Hogarth et al. (1988) 

state that Parlange's (1976) paper and the Parlange (1980) review article has been 
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largely ignored because the application of Par lange's method is not mathematically 

trivial. 

The basic theory of Hogarth's model, following Parlange (1976 and 1980), asserts that 

any drainage curve (main or scanning) can be defined using a wetting curve by the 

following equation 

(4.16) 

where subscript RW designates the point on the wetting curve where the drying curve 

starts. Subscripts D and W refer to drainage and wetting branches, respectively. 

The expression for any wetting curve is derived by considering a wetting curve issued 

from a drying curve set equal to (4.16). The derived expression from Hogarth (1988) is 

(4.17) 

Subscript RD in (4.17) refers to the point on a drying curve where a wetting branch 

begins. 

Hogarth et aI., (1988) use the Brooks and Corey soil relationship as the basis for 

developing their model and state that the primary wetting curve can be written as 
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a =a ('I' ae)~ 
PWC ae 'I' (4.18) 

The coefficient, aac, in (4.18), is a measure of the moisture content at the air-entry 

pressure on the primary wetting curve and has the fonn 

a = a., 
ae (1 + A.-A.~) 

'I' ae 

(4.19) 

as defined by Hogarth et al., (1988). 

The residual moisture content, ar, has been ignored in the hysteresis model developed 

by Hogarth and his co-workers. The authors do not offer any physical justifications for 

the presence of the coefficient aac in their fonnulation of the model. The coefficient, 

however, serves to scale the model such that all hysteretic curves are terminated at es if 

'l'ne < 'I' < 'l'we. Nevertheless, ignoring er eliminates another input parameter which 

further reduces the input parameters required to initialize the model to es, 'l'ne, and A. of 

the drainage curve and 'l'we. It is apparent that Hogarth's model does not make any 

distinction for variations in as for wetting and drainage curves. 

Equation (4.18) is only valid as long as the pressure potential is less than or equal to 

'l'se value. Based on the theory of (4.16) and (4.17), the branch that extends from air-

entry pressure to water entry pressure must be represented using 
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Bpwc = B.e(I+A-A~) 
'I' ae 

(4.20) 

and finally, for values greater than 'l'we, Bpwc = Bs. It should be noted here that 

Hogarth's model is fundamentally more interesting in the sense that it includes an 

expression for the PWC as part its basic theory. This curve is not addressed by the 

other two models considered in this paper. 

Recursive substitution can now be used to derive the other scanning curves. 

Substituting (4.18) into (4.16) and carrying out the differentiation develops the 

corresponding curve for the MDC 

B =B ('I'ae)"'(I+A_A 'l'we) 
MDC ae 'I' 'I' (4.21) 

where (4.21) is valid for pressure values below the air-entry pressure. For pressure 

values higher than the air-entry value, BMDC = Bs. 

The MWC is developed in a similar fashion by substituting (4.18) into (4.17) to yield 

'I' ::; 'I' ae 

BMWC = (4.22) 
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where 'VRD, the minimum suction on the MDC, can be interpreted as the reversal 

pressure from MDC to MWC. 

When a reversal from a wetting curve to a drying curve takes place, the secondary 

(scanning) drying curves have the form 

e soc = {s .. [ (~' HI + A - A ljI ;w )+ ljI ~ (: J (ljI RW -ljI w<)] ljI sljI" 

en 'V~s'Vs'Vn 

(4.23) 

where, as usual, subscript RW refers to reversal from a wetting phase. This expression 

is derived by substituting (4.22) into (4.16) and performing the appropriate operations. 

It should be noted that, the presence of'VRD' in (4.23) indicates that the minimum 

suction value on MWC has become a fixed point and this value has to be saved for 

future calculations. 

Finally, by substituting (4.22) into (4.17) the corresponding SWC can be stated as 
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'II < 'II ae 

(4.24) 

where (4.25) 

As (4.24) and (4.25) indicate that the reversal pressure, 'IIRw, also has to be saved when 

computing the SWC. 

4.3.5 Input requirements for the hysteresis models in their original formulation 

Each of these three models, in their original form, require a set of different input 

parameters to completely describe all the main and secondary curves. To initialize the 

Scott's and Mualem's models two boundary curves, a wetting and a drying, are 

required. According to Kool and Parker (1987), the main hysteresis loop (MDC and 

MWC) can be completely described using the input parameters, {Or. Os, a, A} D and {Or, 

Os, a, A} W for the corresponding drainage and wetting curves, respectively. Therefore, 

these two models require up to eight input parameters. 
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Hogarth's model, however, requires only one boundary curve, preferably a drying 

curve, plus one point on the wetting curve at the water entry pressure to initialize the 

model. The input parameters for Hogarth's model can be stated as, reS. a, A}D and aw. 

Based on theory, Hogarth's model appears to be the model of choice since one of the 

goals of this study is to predict all hysteretic curves using a minimum of experimental 

data. 

4.4 Evaluation of hysteresis models using relative hydraulic conductivity as a 

criteria 

Experimental efforts of Vachaud and Thony (1971), Gillham et aI., (1976), and Gillham 

et al., (1979) have shown that hydraulic conductivity of soil displays only small degrees 

of hysteresis. As a result, the hysteretic effects of hydraulic conductivity is ignored in 

most numerical studies of flow in unsaturated porous media. However, erroneous 

prediction of moisture content can have dire consequences on relative hydraulic 

conductivity calculations. While the hydraulic conductivity is usually taken as a single 

valued function of moisture content, the moisture content, on which it is based, is not a 

simple function of suction. 

A comparison of relative hydraulic conductivity values was therefore devised as a 

means of realistically measuring the potential errors associated with the hysteretic 

models. The comparison is computed as the ratio of fitted or scaled experimental data 
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to the hydraulic conductivity values predicted from moisture content values determined 

by each hysteretic model. 

The general form of the relative hydraulic conductivity function from Brooks and 

Corey can be stated as 

(4.26) 

where kr(8) is the relative hydraulic conductivity as a function of moisture content. 

Another frequently used equation for kr(8) is Mualem' s mapping of the hydraulic 

conductivity 

(4.27) 

which uses van Genuchtens' form of the soil moisture content equation. van Genuchten 

et al. (1991) state that Mualem's mapping for the Brooks and Corey model can be 

written as 

(4.28) 

The error ratio used to measure the discrepancies can now be written as 

(4.29) 
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where the subscript "pred" refers to the relative hydraulic conductivity prediction based 

on each hysteresis models' moisture content and input A. The subscript "exp" on the 

other hand, refers to the values obtained using the RETC fit of the experimentally 

detennined moisture content. 

4.5 Comparison of experimental results to predictions from original models 

Since Hogarth's hysteresis model is developed based on the Brooks and Corey soil 

relationship, we will also employ this relationship for Scott's and Mualem's models. 

Thus, (4.28) was used in (4.29) to form the error ratio. In this manner, the initial 

comparison among the three models in their original form will be performed on a one

to-one basis. 

A series of filling and draining experiments were performed on five different narrow 

grain size distribution sands. As a result of each experiment a set of pressure/saturation 

curves describing the primary wetting, boundary wetting, boundary drying and, the first 

scanning drying curves were developed. The data for each hysteretic curve from the 

various experiments was collapsed into one data set through Miller's scaling law based 

on median grain size. This "scaled" set of experimental hysteretic curves was used as 

the basis of comparing the experimental and simulated results. The scaled data for each 

hysteretic curve was processed by the RETC curve fitting program, (van Genuchten et 

aI., 1991) to obtain the various soil moisture parameters used to initialize the hysteretic 
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models. In addition to this, the relative hydraulic conductivity for each sand pack was 

measured, scaled, and shown to fit the relative hydraulic conductivity function of 

Mualem's mapping for the Brooks and Corey relationship, (4.28). A more detailed 

discussion of the experimental method, data reduction, and scaling techniques can be 

found in chapter two. 

Table 4.1 lists the Brooks and Corey curve fit parameters for the scaled data set. In 

table 4.1, the scaling parameter, 'lib, represents the water-entry and air-entry pressure 

values for each wetting and drying curve, respectively. The moisture content values are 

normalized based on the average porosity and, as previously stated, the pressure heads 

were scaled by the grain size. Presented in figure 4.2 is the experimental scaled 

hysteretic curves described by the parameters in table 4.1. As figure 4.2 depicts, the 

hysteretic behavior of the experimental curves is clearly apparent along with the 

differences in saturation endpoints such that; SsMDC >stWC>SsMWC . 

As a reminder, Scott's and Mualem's models use the primary wetting curve (PWC) and 

main drain (MDC) as the input boundary curves, while for Hogarth's model, the MDC 

constants along with 'l'wc=-O.295 are used as the input parameters. Figures 4.3(a, b, and 

c), illustrate the results of using each model to predict the full family of curves. 



Comtants PWC MDC MWC SDC 
erl£ 0.00 0.10 0.09 0.10 

eJ£ 0.94 0.96 0.86 0.86 

A 4.02 4.35 2.16 3.73 

",b 0.295 0.574 0.304 0.51 

Table 4.1 Brooks and Corey fitting parameters for the 
scaled data set 

178 



2 ·t ~ 

i 1 
1.5 ~ ·~ 

Scott's 
1rodel 

I i~. i ' \ Main and Sec Drain 

• i ·~ / 
1 ~ : ·'· \ ' .~ . ..... '"·-... 

---PriWet 

- • - · -Main Drain 
- • · - · Main Wet 

• • • · • • • Sec Drain 
• Main Drain (exp) 
• Main Wet (exp) 
• Pri Wet (exp) 
• Sec Drain (exp) . . . -··-- ....... _ '· '. . . . -·---.... -... ......_ . . . . . . .. -··-- ... , .. 0.5 - ~. ......, • • • • • . : 

-·-::..:..- • • • I 

-•-•-• • • • ,I •.. ;.-..-,•----;·---· ~ 
I• .. 

0 ....L...--..L' --..L.-• __ .___,_ ...... __ ..,_, __ .,L._, __ .,__, _ _.,_:_J_! .!_J 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

2 ·t , 

i 1 
1.5 ~ i 

0/E 

(a) 

Mualem's 
1rodel 

I ... 
• 1.~. Main and Sec Drain 
I. ' ,.. / ll . -~ 

1, I•""• .\ . . ........ 
l . ........ io...... 

---PriWet 
- · - · -Main Drain 
· · · · · · · Sec Drain 
- · - · -Main Wet 

• Main Drain (exp) 
• Main Wet (exp) 
• Pri Wet (exp) 
• Sec Drain (exp) . ' . . -.,_ '· '\. . . . .. ·----~·----··- . ' .... • • • • • • :- .. -·•7, 

0.5 - ·-• ...::::. ... ::._. .... • • • • : 
·~·--·-·-. • ... _·-··-. ! . .. 

I~ .. 
0 ....i..._ __ .,L._ '--.L...-'-....1..-----l.'--...L.' --.L...-'--''----...1.'-:_J_! .!_J 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

0/E 

(b) 

Figure 4.3 Hysteresis models in their original formulation compared 
to the experimental fit (selected data points). (a) Scott's 
model, (b) Mualems's model, (c) Hogarth's model 

179 



• 
0j 

Pri and Main Wet 

0.1 0.2 

10000 

0.1 

Hogarth's 
Dl)del 

Main and Sec Drain 

0.3 0.4 Oj 

0/£ 
0.6 

---PriWet 

- · - · - Main Drain 
· - • · · • • Sec Drain 
- • - · - Main Wet 

.,. Main Drain (exp) 
• Main Wet (exp) 
• PriWet(exp) 
• Sec Drain (exp) 

0.7 0.8 0.9 

Figure 4.3(c) Continued 

O.Gl ........._ .. ----.,--+--.. ----..,--4--.. ----.,--1--.. -----+-
PWC MDC MWC soc 

Figure 4.4 Error ratio, each hysteresis models' relative hydraulic 
conductivity to the relative hydraulic conductivity generated from 
the experimental fit. 

180 



181 

The PWC and MOC for Scott's and Mualem's models accurately reproduced the 

experimental results. This comes as no surprise since they were the input curves for 

each model. The main wetting curves for Scott's and Mualem's models, as shown in 

figures 4.3(a and b), were not accurately predicted however. The reason is that these 

two models use the PWC to predict the main wetting curve and the PWC has a A value 

that is higher than that of the MWC. This difference in A value between the two curves 

ultimately results in moisture content values that are higher than the experimental 

values. 

The SOC essentially follows the same path as the MOC with the exception of the 

difference in the saturated moisture content endpoints. The SOC is reproduced on top 

of the MOC because its reversal point is at the saturated value of the MWC. This 

behavior is a shortcoming in all the models. No distinction is made between preceding 

curves when the reversal points are at the extreme residual or saturation points. 

Hogarth's model did not predict the PWC well. The differences between the predicted 

and experimental results can be explained by exploring the similarities and differences 

of the standard Brooks and Corey model, (4.1), to the modified model of Hogarth, 

equation (4.20). One inunediate difference between these equations is the coefficients 

of (Ss- Sr) and Sac, the other is the choice of scaling parameter, 'Vb. 
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The Brooks and Corey coefficient (85- 8r) for the PWC input value is equal to 0.94 

(table 4.1). On the other hand, using (4.19) along with the MDC parameters from table 

4.1 yields a 8ne=O.308. Based on this Hogarths' model should tend to under predict the 

experimental values for the PWC since (85- 8r) and 8ne are constant multipliers for each 

model and (85- 8r) > 8ne,. However, Hogarths' model also uses 'l'ne as the scaling 

parameter in (4.20), while, for the experimental data, 'l'we is used. This is the reason for 

the over prediction, ''!'ne' > ',!,wel. As an example, consider a point where '1'=-1.0. Using 

(4.1) and the appropriate parameters from table 4.1 the 8exp( -1.0)=0.00695. Performing 

the same calculation for Hogarth's model using (4.20) and the appropriate input 

parameters, 8pwc(-1.0)=O.0276. This behavior of Hogarth's model continues until the 

saturation point is approached. In Hogarth's formulation 8r is neglected and 8ne is 

introduced instead. This means that all other curves must converge to the same 

minimum moisture content value, there can be no distinction among the various 

residual values of the hysteretic curves should they exist. 

Equation (4.28) can now be used in the error ratio (4.29) to develop the appropriate 

comparisons for relative permeability. The kr(8) for the experimental data was 

computed from the moisture content values in figure 4.2 and the appropriate input 
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parameters from table 4.1. The same expression was used for the predicted kr(8) using 

the moisture content computed from the hysteresis models. 

The assessment of the magnitude of the errors associated with each model is illustrated 

in figure 4.4, a plot of error as a function of each wetting and drying cycle. The relative 

conductivity values for the pwe and MDe are accurately calculated for Scott's and 

Mualem's models. This again comes as no surprise since the pwe and MDe are input 

curves to the models. 

However, the error for these models is initially several orders of magnitude larger 

during the main wetting phase. As the soil saturates the error is reduced and towards 

the end of this cycle, the relative conductivity values are even under predicted. During 

the secondary drainage phase, the errors first grow and then drop as the soil drains. 

While Scott's model provides adequate prediction of kr(8) for this cycle, Mualem's 

model severely under predicts. 

Hogarth's model, on the other hand, results in large errors during the initial primary 

wetting phase. As previously explained, Hogarth's model over predicts the values for 

the pwe and this over prediction is amplified when computing the relative hydraulic 

conductivity. The model initially shows good comparison to the experimental data 

during the main drainage phase but the error then grows as the soil continues to drain. 
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Hogarth's model, unlike Scott's and Mualem's, results in fairly small errors during the 

main wetting phase. The reason for this is that the MWC is slightly under predicted 

relative to the experimental data. 

Overall, the models that required two input boundary curves did better than the model 

that required only one input curve. However, as previously pointed out, none of the 

models can accurately predict the scanning curves if reversal occurs at the extreme ends 

of the pressure potential values. Even Mualem's model, the model that is less empirical 

in nature and is supposed to be based on the real behavior of a porous media, is not 

capable of accurately predicting the hysteretic behavior of the scaled soils used in this 

study. 

4.6 Extensions to original hysteresis models using minimum input data 

We are always faced with a limit to the experimental data in modeling hysteretic flows 

in unsaturated porous media. It is of great interest, therefore, to be able to model 

hysteretic flow using a minimum of input data. This fact was a major impetus for 

development of the Hogarth's model which only requires one boundary curve as the 

input. 

Scott's and Mualem's models were constrained such that only one input curve is 

required to initialize them. This was done to allow for a fairer comparison among all 
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three models. In addition to this, simple modifications were performed to Hogarth's 

model since, in its original form, it presented fairly poor results. 

The constrained form of Scott's and Mualem's models consist of using the MDC as the 

only input curve plus the water-entry pressure on the primary wetting curve. This is 

achieved by allowing, Aw= An and S~ =S~. Imposing this condition reduces the 

number of input parameters to the same number of input parameters as Hogarth's 

model and does not violate the logical development of either model. 

Figures 4.5(a and b) present the hysteresis curves for the constrained forms of Scott's 

and Mualem's models. As the figures illustrate, the results are fairly similar to the non-

constrained models, with the exception that all curves terminate at the same saturated 

moisture content values. As before, the scanning drying curve follows exactly the same 

path as the MDC due to its extreme reversal point. 

The first modification to Hogarth's model (Mod #1) aimed at putting it on equal 

footing with the other two involves the incorporation of Sr. This implementation is 

fairly straightforward, and it primarily entails replacing Sne in (4.20) by 

(4.30) 
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The Sr value for the primary wetting curve is zero (table 4.1) and thus (4.30) reduces to 

(4.20) for the PWC. The new Sac equation acts as a new scaling parameter that shifts 

the entire main wetting, main drying, and scanning drying curves to the right to 

preserve the effect of Sr. The result of this simple change in Hogarth's model is shown 

in figure 4.S(c). As the figure depicts, the hysteretic curves more closely resemble the 

Scott's and Mualem's models. 

The presence of the quantity, (1 + A - A 'I' we), in Hogarth's model has a profound 
'I' ne 

effect on the shape of all the hysteresis curves however. A systematic study revealed 

that the quantity does in fact scale the curves in much the same way A scales the slope 

in the standard Brooks and Cory relationship. 

In conclusion, it was found that varying (4.30) may improve the shape of the wetting 

curves but at the same time worsens the behavior of the drying curves. These results 

indicated that the current form of the Hogarth's model for the drying curves can be 

used for the drainage cycles, while a different model might have to be developed for the 

wetting cycles. 

Consequently, a new implementation to Hogarth's model (Mod#2) was made that is a 

combination of full implementation of Brooks and Corey as well as the Hogarth form 
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of the Brooks and Corey relationship. The standard fonn of the Brooks and Corey 

relationship along with 'Vwe was used for all wetting curves in Mod #2. The drying 

curves, however, employ the form of Brooks and Corey suggested by Mod #1 of 

Hogarth et al. 

The PWC equation for the second implementation to Hogarth's model then becomes 

6
pwc 
J 6, +(6, - 6, {~r 'It:, 'I' ~ 
l es 'V> 'Vwe 

(4.31) 

where the water-entry pressure is used along with the standard fonn of Brooks and 

Corey to scale the pressure field and ene has been removed from the formulation. 

The main drying curve can be stated as 

'V ~ 'Vae 
(4.32) 

'V > 'Vae 

where esc has the fonn introduced in (4.30) and includes the effect of residual moisture 

content. The derivation of (4.32) follows the same rule as stated in (4.19). Therefore, 

Parlange's basic theory has not been violated. In fact, equation (4.32) is similar to the 

original form that appears in equation (4.22). The exception being that 'Vne and 'Vwe 

serve as free parameters in the model. 
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Using the same logic, the equations for the MWC becomes 

_ {a r + (a s -a r J('I' we)" +~('I' we )" ('I' -'I' we)] 
a MWC - t 'I' 'I' RD 'l'RD . 

as 'I' > 'I' we 

(4.33) 

Similarly, the equations for SDC can be written as 

a
SDC 

= ie, +e:,[ (~')'(1 +1c -1c o/;w hv ~ (; J (0/ ,w -0/ wo)] 0/ ~o/" 
a6 'I'~S'l'S'l'6 

(4.34) 

where 
. aRW -a r 

aae = ...,....~~.....:.-) 
1 +A-A 'l'we 

'I' ae 

(4.35) 

is the new scaling parameter and the reversal moisture content, aRW is used as the 

natural saturated moisture content. 

It is should be immediately apparent that the standard form of the Brooks and Corey 

along with '1'_ is used in the derivation of Mod #2 for all of the wetting curves. The 

drying curves, however, employ the form of Brooks and Corey suggested by Hogarth 

et aI., (1985) with 'l'ac as the scaling parameter. 
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The result of Mod #2 to Hogarth's model is presented in figure 4.5(d). Although the 

changes did not provide overwhelming improvement over the other more simplified 

model, the curves now more closely compare to Scott's and Mualem's models. 

Figures 4.6(a)-(d) highlight the differences among all models by comparing the 

experimental data for the PWC, MOC, MWC, and SOC separately. As the figures 

indicate the original version of Hogarth's model present inadequate comparisons to the 

experimental data, while Scott's and Mualem's models offer more satisfactory 

comparisons for the same inputs. The subsequent modifications to Hogarth's model 

have greatly enhanced the results. It is important to note that we are presenting the 

results for the constrained forms of the Scott's and Mualem's model using only the 

MOC as the input curve and thus, the comparison is on equal footing. 

Figure 4.6(a) shows that all the constrained models did an excellent job of predicting 

the PWC. As figure 4.6(b) illustrates, Scott's and Mualem's models exactly match the 

experimental input data for MOC. The modified Hogarth models' slight deviations are 

due to the differences in the form of the Brooks and Corey relationship. Mualem and 

Morel-Seytoux (1978) argue that using only the main drying curve and one point on 

the main wetting curve for calibrating the (hysteresis) model, one will find a 

considerable degree of arbitrariness. However, our findings demonstrate that we can 
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indeed adequately calibrate all models with only one input curve. All models scale the 

MWC from the PWC and do a poor job of predicting its value. A close examination of 

figure 4.6(c) reveals that the MWC computed using Mod #1 to Hogarth's model 

performs better than Mod #2, Scott's, or Mualem's models. Perhaps, future 

enhancements to Hogarth's model can take advantage of this feature of MWC. All of 

the models uniformly over predict the SDC for reasons previously discussed (figure 

4.6(d». 

Figure 4.7 illustrates the error between the experimental and predicted values of 

relative hydraulic conductivity during the various wetting and drying phases using the 

MDC as the input curve to the hysteresis models. This figure is similar to figure 4.4 

with the exception that constrained forms of Scott's and Mualem's models as well as 

the two modifications to Hogarth's model are presented. The conductivity values of the 

constrained form of Scott's and Mualem's models are under predicted during the initial 

wetting phase. Nevertheless, the errors associated with constraining Scott's and 

Mualem's models start at about 20%, at the beginning of the cycle, and reduce to 0% 

as the soil saturates. The Mod #1 to Hogarth's model essentially presents the same 

behavior as the original Hogarth model, since the formulation for PWC remains 

unaffected. Mod #2 of Hogarth's model improves the results as expected. The PWC 

computed using Hogarth's model behaves similarly to Scott's and Mualem's models. 

The errors associated with the "remaining cycles are similar to the results presented in 
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figure 4.4. The only marked difference between figures 4.4 and 4.7 is the behavior of 

Mod #1 of Hogarth's model. Although incorporating the 8r effect into the original 

Hogarth's model improved the prediction of moisture content, this improvement still 

results in over predicting the relative hydraulic conductivity values. 

Table 4.2 summarizes the qualitative behavior of the three models and their 

modifications relative to their ability to predict hysteretic moisture content. For each 

model the curve(s) required to execute the models have been indicated by the word 

"input." This table can also be used to determine the capability of each model to 

predict the relative hydraulic conductivity values. 

4.7 Conclusions 

In this study we sought to test the capability of three hysteresis models, Scott (1983), 

Mualem (1 984a), and Hogarth (1988), to simulate pressure/saturation relationships for 

narrow grain size distribution sands. 

The intermediate scanning curves for Scott's model were scaled from input curves 

using shape similarity. Mualem's model, in contrast, employs a set of equations that are 

methodically derived with pore behavior in mind. Hogarth's model is based on a theory 

fIrst proposed first by Parlange (1976), the integration of the suction domains over pore 
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water distribution functions. Its development of the hysteretic curves is more involved 

than the other two models and is based on the Brooks and Corey relationship. It was 

for this reason, that the Brooks and Corey implementation was chosen as the basis to 

perform all the comparisons. 

These models were investigated with respect to there ability to predict the pressure

saturation curves for a scaled experimental data set given a minimum of input data. The 

comparison was made using an error ratio of predicted relative hydraulic conductivity 

based on each hysteresis models' moisture content to the values obtained using 

experimentally determined moisture content. The experimental data was previously 

generated from experiments performed on five narrow grain size distribution sands. 

Pressure/saturation data was collected, scaled and used to build the hysteretic curves; 

primary wetting, main drainage, main wetting, and a secondary drainage curve. The 

scaled data set was then processed using the RETC curve fitting program, van 

Genuchten et al., (1991), to develop the various soil moisture content constants for the 

Brooks and Corey relationship. 

The original models of Scott's and Mualem's required two boundary curves, one 

wetting and one drying, as the input to initialize the algorithm. Hogarth's original 

model, however, requires only one drying curve and one point on a wetting curve (the 

water-entry pressure). A comparison of the original models showed them all to behave 
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similarly. Scott's and Mualem's model perfonned in an essentially identical manner. 

Hogarth's original model perfonned poorly primarily because it ignores the effect of 

residual moisture. All three of the original models did poorly in predicting the main 

wetting curve from the primary wetting curve input. The reason for this is that all of the 

models simply scale the wetting curves from the primary wetting curve input and 

Apwc>AMWC in the Brooks and Corey fit to the scaled data set. All of the models failed 

to properly compute the moisture content for the scanning drying curves also. This was 

due to the reversal point being near full saturation of the main wetting curve. The 

errors in computed moisture content values for the curves were amplified by orders of 

magnitude when comparing the relative hydraulic conductivity values between the 

predicted and experimental curves. 

None of the models in there original fonnulation could make a distinction between 

secondary curves if the reversal took place at an extreme endpoint of saturation or 

residual. If a scanning drying curve separated from the main, or a scanning wetting 

curve, near the saturated condition, that drying curve would overlay the main drying 

curve. Upon further investigation it was noticed that if a scanning wetting curve 

separates from the main or scanning drying curve at high tensions, that wetting curve 

would also fall on top of the main wetting curve. There is clear evidence in the 

experimental data that this is not the behavior for the secondary drain. 
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The results obtained using Hogarths' original model showed that all the hysteretic 

curves are shifted to the left. This model was subsequently modified to include the 

effect of residual moisture content in two steps. The fIrst modification ensured that the 

residual moisture content was included in the basis of the theory. The second 

modifIcation forced Hogarth's model to include the Brooks and Cory relationship 

explicitly. 

All of the models were again exercised with a minimum of input data. The constrained 

models once again produced equally comparable results when the moisture content 

values derived from the hysteresis models were used to compute the relative hydraulic 

conductivity. This strict comparison was made using Mualem's mapping of the 

hydraulic conductivity with the Brooks and Cory relationship and only the main 

drainage curve as an input. All of the constrained models produced relative 

conductivity calculations that were orders of magnitude in error. 

No model presented in this study is clearly superior to the others. Scott's might be 

chosen as the preferred model since from an implementation standpoint, it is the easiest 

to program. Although Mualem's model is fairly easy to program, the number of 

functions calls and checks for singularities is relatively large. The most time consuming 

model to impliment is Hogarth's. Each curve employs a different set of equations and 

requires the algorithm to keep track of previous reversals. 
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5 SUMMARY AND CONCLUSIONS 

The work presented here was within the context of developing a larger experimental 

capability that would allow the systematic testing of flow and transport theory in 

complex systems. In order to conduct such studies, an experimental system is required 

that allows the systematic variation of parameters and high resolution (both time and 

space) data acquisition. 

In this dissertation, I limit my presentation to a part of this effort, the evaluation and 

extension of the two-dimensional light transmission saturation measurement technique 

and its application to the study of hysteresis in the pressure/saturation relation in 

controlled property, narrow grain size distribution, translucent granular porous media. 

Summary of major conclusions 

In chapter two we found that we could successfully extend the light transmission 

technique to discern moisture content within thin two dimensional slabs of a porous 

medium as evidenced by the mass balance test. A series of experiments revealed we 

could account for errors in mass balance for the fill and drain sequence between plus or 

minus eight percent. Error in mass balance for the worst case finger was plus or minus 

five percent. 
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We found through this worst case experiment that the technique is limited in its ability 

to resolve "heterogeneity" contained within the transmitted light field due to either 

variability in the sand pack or the saturation field. The repeatability of the experiments 

was very good. 

The utility of this method is emphasized by its ability to obtain over 2000x2000 data 

points with over 2000 levels of saturation for high resolution shuttered imaging 

systems. This data can be collected over the entire experimental field in intervals as 

short as five seconds. 

In chapter three each of the five sands used here were shown to be uniformly narrow in 

their grain size distribution about the mean and scale similar with respect to their 

equilibrium no flow state. The scale similar data set was used to test the predictive 

water retention model of Haverkamp et. al. (1986). It was found that the model did 

only an adequate job of predicting lambda and the air-entry pressure for the Brooks and 

Corey relationship used to describe the main drainage curves in this family of similar 

sands. The data for hydraulic conductivity made on the drainage cycle of each sand was 

successfully modeled with a number of K(9) relationships. In addition to this, the 

drainage measurements were used to successfully model K(9) using the information 

from the main wetting curve. The results suggest that hydraulic conductivity as a 

function of moisture content is indeed non-hysteretic. 
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Three hysteresis models, Scott (1983), Mualem (1984a), and Hogarth et al., (1988), 

were used to predict the main wetting cmve and higher order scanning cmves for the 

scaled experimental data in chapter four. We found the overall behavior of the 

predicted cmves to be dominated by the input cmves. When the primary wetting curve 

is used to compute the main wetting curve, all three models rendered inadequate 

results. 

Predicted values using Hogarth's model were particularly inadequate when compared 

to the experimental results due to the fact that this model ignores the effect of residual 

moisture content. Modification of Hogarth's model to include a residual moisture 

content showed all three models behave similarly. 

We proposed to measure of the adequacy of the models by comparing the relative 

hydraulic conductivity evaluated using the predicted and experimental moisture content 

values. The results revealed that small errors in predicted moisture content are 

amplified when computing the relative hydraulic conductivity values as a function of 

saturation. 
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Limitations 

The light transmission technique works exceptionally well with monotonically 

increasing and decreasing moisture content distributions such as those used in building 

the profile and pressure saturation curves. This technique should work well to 

investigate transient infIltration and moisture content redistribution events. It worked 

worst, however, when imaging sharp gradations in a heterogeneous packing 

arrangement or when called upon to distinguish sharp changes in moisture content 

extremes. 

The optical methods used in these experiments must use translucent sands. Preliminary 

experiments with a fine, wide distribution, natural sand that was homogeneously 

packed revealed that there was not sufficient light transmission to capture a dry and 

saturated image with enough useful dynamic range. 

There is still some question as to why the pressure/saturation data generated with the 

standard column method did not reproduce the optic pressure/saturation data more 

accurately. The "smearing" of the column measurement technique does not completely 

explain the difference. 
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We found that none of the hysteretic models distinguished themselves in terms of 

predictive accuracy with our data set We recommend Scott's model on the basis of 

computational and coding efficiency. 

Future work 

The future direction for the work presented in this dissertation should involve the 

ongoing investigation of other saturation equation formulations to increase the 

accuracy in distinguishing moisture content fields. The design of bigger glass test cells 

will allow the experimentation with larger, more complex, geologic cross sections. An 

investigation into light box geometry might lead to the ability to distinguish smaller 

features. 

Work is already moving in the direction of designing more complex heterogeneous 

sand packs. Experiments involving these packs will have to be carefully designed for 

dynamic range. A correction for this situation might be to quickly take a series of 

images at different exposure times. 

Work has also begun in incorporating various fluids into the experimentation. DNAPL 

fluids, which have contaminated many sites, have been used with the current 

experimental system to investigate pore scale capillary behavior. Visible dyes are being 

used to investigate multi-component convection in porous media. This convection 
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mixing is of importance in the interplay of ground water and mixed waste landfills and 

the interaction of groundwater and intertidal or estuarian waters. 
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