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ABSTRACf 

The goal of visual modeling is to predict the visual perfonnance or a change in 

perfonnance of an individual from a model of the human visual system. In designing a 

model of the human visual system, two distinct functions are considered. The first is the 

production of an image incident on the retina by the optical system of the eye, and the 

second is the conversion of this image into a perceived image by the retina and brain. 

The eye optics are evaluated using ray tracing techniques familiar to the optical engineer. 

The effect of the retinal and brain function are combined with the ray tracing results by 

analyzing the modulation of the retinal image. Each of these processes is important for 

evaluating the perfonnance of the entire visual system. 

Techniques for converting the abstract system performance measures used by 

optical engineers into clinically-applicable measures such as visual acuity and contrast 

sensitivity are developed in this dissertation. Furthermore, a methodology for applying 

videokeratoscopic height data to the visual model is outlined. These tools are useful in 

modeling the visual effects of corrective lenses, ocular maladies and refractive surgeries. 

The modeling techniques are applied to examples of soft contact lenses, keratoconus, 

radial keratotomy, photorefractive keratectomy and automated lamellar keratoplasty. 

The modeling tools developed in this dissertation are meant to be general and 

modular. As improvements to the measurements of the properties and functionality of 

the various visual components are made, the new infonnation can be incorporated into 

the visual system model. Furthermore, the examples discussed here represent only a 

small subset of the applications of the visual model. Additional ocular maladies and 

emerging refractive surgeries can be modeled as well. 



12 

Chapter 1: Introduction 

1.1 Visual Modeling 

The goal of visual modeling is to predict the visual perfonnance or change in 

perfonnance of an individual from a model of the human visual system. In order to 

develop an accurate working model, the optics of the human visual system will be treated 

and analyzed with the same techniques that the optical engineer would use to evaluate a 

camera lens, microscope objective or telescope. The eye is composed of many similar 

components and suffers from similar problems as these manufactured optical systems. 

There are, however many important differences. The remainder of the human visual 

system is comprised of the retina and brain. The function of these organs is analogous to 

the electronic detection and processing performed in many imaging systems. 

Most traditional imaging systems are comprised of at least three distinct 

components: the optics, the detector and the image processor. For example, a video 

system may have a zoom lens that fonns an image onto a CCD array. The captured 

image is then electronically-processed and displayed. The processed image can also 

become part of a servo-loop that adjusts focus or stop size. 

The human visual system has a similar layout. The cornea and crystalline lens 

fonn a two-element variable-focus optical system. The retina, which is comprised of an 

array of photosensitive cells, is the detector. The optic nerve is the wiring that connects 

the retina to the ultimate image processor: the brain. The brain analyzes an image and 

sends messages back to the eye. If the image is blurry, the brain will relax or contract the 

muscles around the crystalline lens to vary the focus of the system. If the ambient light 
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level is too bright or dark, the pupil diameter is varied. If the object of interest does not 

fall in the center of the field of view, the eye is rotated. 

The visual system also suffers from many of the same problems as manufactured 

optical systems. The optical performance is limited by monochromatic and chromatic 

aberrations. The optical elements can be tilted, decentered, or have undesirable radii of 

curvature, asphericity, or toricity. The elements can be damaged by the environment or 

wear out with age. The retina can be defocused from the image plane. The detector 

elements can suffer from cross-talk and burnout. The wiring of the optic nerve may be 

faulty or damaged. The brain may incorrectly process images. Furthermore, the 

variation of all of these parameters from system to system, or in other words, person to 

person is drastic. 

In designing a model of the human visual system, the model must be sophisticated 

enough to accurately predict system performance, but simple enough that the 

performance evaluation is not overly cumbersome. To adhere to this philosophy, only 

two distinct functions of the visual system are considered. The first is the production of 

an image incident on the retina by the optical system of the eye, and the second is the 

conversion of this image into a perceived image by the retina and brain. Here, the 

complexities associated with the retina and brain are combined into a single process. 

This is obviously a simplistic attitude, but the true goal of this work is to examine 

changes in visual performance due to changes in the optical portion of the visual system. 

Since the retinal and brain functions are in most cases unaffected by changes to the 

optical system, this approximation is justified. 

This dissertation is divided into two parts. In the first part, tools for modeling the 

visual system and evaluating its performance are developed. In Chapter 2, schematic eye 

models are introduced. Schematic eyes are simplified representations of the optical 

system and give radii of curvature, asphericities, thicknesses, and indices similar to those 
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found clinically in biological eyes. These models are used to represent the optical portion 

of the visual system. A survey of several earlier efforts at schematic eye design is given 

and a new eye model created that incorporates many of the strong points of previous 

models. 

In Chapter 3, exact ray tracing is performed on these schematic eye models. From 

the ray trace data, Fourier methods are employed to measure the quality of the image 

falling onto the retina. The limiting resolution of the visual system is, however, not 

determined by the optics of the eye, but by the detection and processing mechanisms of 

the retina and brain. A methodology to ensure accurate prediction of visual system 

performance that incorporates the functions of both the optical and retinal/brain 

components is developed. 

The surfaces of the schematic eye models are designed to give emmetropic 

performance. In biulogical eyes, however, these surfaces deviate from their ideal shapes 

and introduce additional aberrations. Quantifying the variations of the biological surfaces 

is difficult. The biological eye is a closed system whose properties change when the eye 

is enucleated or post-mortem. The easiest surface to quantify is the anterior corneal 

surface because it is the only directly accessible surface in vivo. In Chapter 4, a 

systematic method for decomposing corneal shape data into an orthogonal set of 

polynomials is presented. The deviations of these corneas from normal corneas are 

applied to the schematic eye model to determine the changes in visual performance. 

The human visual system is a complex system that varies drastically from person 

to person. A model cannot be designed that accounts for all of the possible variables and 

variations. The visual system model is, however, designed to include corneal shape, 

aberration content, diffraction, photopic response, retinal effects and brain function. Any 

visual system model will by necessity evolve as improved clinical data are found, or 

additional model complexity is needed. The visual model is meant to examine changes in 
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visual performance due to changes in the optical ponion of the visual system. Assuming 

the retinal and brain function of the visual system remains unaffected, the modeling tools 

outlined here are applicable to a variety of refractive surgeries and ocular maladies. In 

the second pan of this dissenation, the tools developed in Chapters 2 through 4 are 

applied to several examples where the above assumption is valid. 

1.2 Applications of Visual Modeling 

Man-made lenses are routinely added to the eye to enhance visual perfonnance. 

These lenses include spectacles, contact lenses and intraocular lenses. Modeling these 

lenses, requires adding or replacing an optical element in the schematic eye model, and 

predicting visual perfonnance from the ray trace data. While in most cases this element 

addition is straightforward, the case of soft contact lenses is more complex and is 

examined in Chapter 5. The lenses are usually made of a hydrophilic polymer and, as 

their name implies, are flexible. Clinically, the contact lens will decenter from the apex 

of the cornea due to improper fitting or as a response to blinking and eye movement. 

Since the corneal surface is aspheric and the posterior surface of the soft contact lens will 

confonn to the cornea via surface tension, the contact lens will distort its shape on 

decentration. The effects of decentration and distortion of soft contact lenses on visual 

perfonnance is modeled. 

Keratoconus results from a localized weakening of the cornea. The intraocular 

pressure of the eye causes the cornea to bulge around the location of the weakening. The 

resultant bump on the cornea introduces large amounts of irregular astigmatism and large 

losses in uncorrected visual acuity. A keratoconus detection scheme is outlined in 

Chapter 6. Funhennore, the corneal bulge resulting from keratoconus is applied to a 

schematic eye model to analyze its effects on visual perfonnance. 
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Radial keratotomy is a refractive surgery for the correction of myopia. The 

procedure involves making a series of radial incisions in the periphery of the corneal 

surface. Due to the structure of the cornea, these incisions cause a flattening of the 

central region of the cornea. Radial keratotomy causes at least three changes in the 

optical system of the eye. The radius of curvature of the cornea changes, resulting in a 

refractive correction or residual refractive error. The asphericity of the cornea, which is 

associated with the spherical aberration of the eye, is altered. Finally, a higher order 

variation in the cornea results from the scarring effects of the surgical incisions. The 

effects of the asphericity of the cornea on the total spherical aberration of the eye is 

examined in Chapter 7. The visual effects of the higher order corneal variations are also 

analyzed. This higher order pattern is also decentered with respect to the eye pupil in 

order to determine a tolerance on the centration of the surgical incision patterns. 

Photorefractive keratectomy and automated lamellar keratoplasty are emerging 

surgical procedures for correcting refractive error. Laser pulses are used to ablate corneal 

tissue and sculpt the cornea into a desired shape. The effects of these procedures on the 

curvature and asphericity of the cornea and the stability of the corneal shape are 

investigated in Chapter 8. 

The modeling tools developed in Chapters 2 through 4 are meant to be general 

and modular. As improvements to the measurements of the properties and functionality 

of the various visual components are made, the new information can be incorporated into 

the visual system model. Furthermore, the examples discussed in Chapters 5 through 8 

represent only a small subset of the applications of the visual model. Other ocular 

maladies and emerging refractive surgeries can be modeled as well. 
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Chapter 2: The Design and Development of Schematic 
Eye Models 

2.1 Background 

Schematic eyes are simplified representations of the optical system of the eye. 

They have evolved from models that predict the first order properties of biological eyes 

to models that include proper aberration content or match clinically-found retinal 

illumination. As these additional factors are included, the complexity of the model 

increases. Early eye models had to be evaluated by hand, so simpler models were 

required. High speed computers and sophisticated software packages can now easily and 

quickly handle many of the complexities of more recent eye models. 

Some of the earliest eye models were introduced by Gullstrandl and Helmholtz.2 

These models are a series of spherical surfaces that predict the first order properties of the 

eye. Gullstrand's eye model was designed to match anatomical curvatures. The cornea in 

the model consisted of two surfaces whose spherical curvatures were obtained by 

studying a variety of biological eyes. The crystalline lens is modeled as a lower index 

shell with a higher index core to approximate the gradient index structure of actual lenses. 

The drawback of this anatomically-based model is that a large amount of calculation was 

necessary in order to ray trace the model. Helmholtz's model is simpler and assumes the 

cornea is a single surface and that the lens has a uniform effective index. LeGrand3 

similarly simplified Gullstrand's schematic eye by making the lens uniform index, but 

maintained the two surface cornea. LeGrand also modified the indices and curvatures of 

Gullstrand's model to reflect improvements in measurement techniques. All three of 
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these models are still relatively popular today for studying the flrst order properties of the 

eye. They all, however, fail to predict the aberration content of biological eyes. The 

spherical aberration of these models remains well undercorrected compared to 

experimental flndings.4 Lotmar5 modified the Gullstrand-LeGrand eye model by 

introducing aspheric surfaces on the anterior surface of the cornea and posterior surface 

of the lens. The asphericity of the cornea was determined keratometrically and the 

asphericity of the posterior lens surface was varied to match the measured spherical 

aberration. EI Hage and Berny6 produced a similar model, except that they varied the 

asphericity of both lens surfaces to match the measured spherical aberration. 

Navarro et al.4 introduced aspheric surfaces on the anterior and posterior surfaces 

of both the cornea and lens. Figure 2.1 shows the layout of the model. The radii of 

curvature R, conic constants K, and thicknesses for the aspheric surfaces of the Navarro 

eye model are given in Table 2.1. The surfaces are generated in Cartesian coordinates 

using 

where x and y are the Cartesian coordinates, and z is the surface sag.7 Chromatic effects 

are also considered in this model, so indices at three wavelengths corresponding to the F, 

d, and C spectral lines (A. = 486.1 nm, A. = 587.6 nm, and A. = 656.3 nm, respectively) are 

also included in the table. 

The shapes of the various surfaces represent the averages ot clinical data. The eye 

model is designed to match clinically-measured chromatic aberration. While the indices 

of refraction for d light are an average of clinical data, the indices in F and C light are 

adjusted to give the appropriate amount of chromatic aberration. 



Anterior 
Cornea 

Aqueous 

Anterior 
Lens 

Posterior 
Cornea 

Posterior 
Lens 

Vitreous 

Figure 2.1 Schematic eye model layout. 

Surface Anterior Posterior Anterior 
Cornea Cornea Lens 

Radius of Curvature, R 7.72 6.50 10.20 
(mm) 

Conic Constant, K -0.26 O.OD -3.1316 

Shape Ellipsoid Sphere Hyperboloid 

Thickness (mm) 0.55 3.05 4.00 

Index, FLight 1.3807 1.3422 1.42625 

Index, d Ligh! 1.3760 1.3374 1.4200 

Index, C Light 1.37405 1.3354 1.4175 

Table 2.1 Parameters of the Navarro schematic eye model. 
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Retina 

I 

Posterior 
Lens 
-6.00 

-1.00 

Paraboloid 

16.40 

1.3407 

1.3360 

1.3341 
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The Navarro model also includes a retinal effect known as the Stiles-Crawford 

effect. The Stiles-Crawford effect is a reduction in the perceived visual response as the 

angle of incidence of light on the retina increases.8 The Stiles-Crawford effect is 

included in the schematic eye model by placing an apodizing filter in the entrance pupil 

of the system. An apodizing filter has a spatially varying optical transmission; in this 

case, the central portion of the fIlter will have a higher transmission than the edges.9 As 

the radial distance of the ray from the optical axis in the pupil increases, the angle of 

incidence of the ray onto the retina also increases. The filter provides the appropriate 

weighting to each ray based upon its position in the pupil and therefore its angle of 

incidence at the retina. Rays further from the optical axis in the pupil are weighted less 

than axial rays to simulate the Stiles-Crawford effect. The apodizing fIlter provides a 

gaussian falloff in transmission through the entrance pupil. The transmission (T) as a 

function position in the entrance pupil of such a fIlter is described by Moon and 

SpencerlO and is given by 

ap2 
T(p) = e - , (2.2) 

where p is the radial pupil coordinate in millimeters and a = 0.105. The intensity 

transmission is unity at the center of the pupil and falls to 0.19 at a pupil radius of 4 mm. 

The Kooijman eye model ll similarly uses all aspheric surfaces, but is based on 

matching measured retinal illumination patterns rather than aberration content. The 

foundation for the model is the Gullstrand-LeGrand schematic eye. The conic constants 

are obtained from clinical measurements. The radii of curvature R, conic constants K, 

thicknesses, and indices for aspheric surfaces of the Kooijman eye model are given in 

Table 2.2 below. The surface shapes are determined by equation (2.1), and the layout is 
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similar to the Navarro model in Figure 2.1. In the case of the Navarro eye model, the 

curvature of the retina is irrelevant because the model performance is only evaluated on 

the optical axis. The Kooijman model, however, examines retinal illumination for fields 

up to 100° (the approximate monocular field of view in the temporal direction), so the 

retina in the eye model is considered as either a spherical surface ofradius -10.8 mm or 

an ellipsoidal surface of radius -14.1 mm and a conic constant K = 0.346. The retinal 

illumination is only considered at a single wavelength (A. = 587.6 nm) in the Kooijman 

model. 

Surface Anterior PosterIor AnterIor PosterIOr 
Cornea Cornea Lens Lens 

RadIUS of Curvature, R 7.80 6.50 10.20 -6.00 
(mm) 

Conic Constant, K -0.25 -0.25 -3.06 -l.OO 

Shape Ellipsoid Ellipsoid Hyperboloid Paraboloid 

Thickness (mm) 0.55 3.05 4.00 16.60 

Index, d Light 1.3771 1.3374 1.4200 1.3360 

Table 2.2 Parameters of the Kooijman schematic eye model. 

2.2 On-Axis Performance of the Eye 

When studying the eye, the optical properties of the system are usually defined in 

tenns of a change in vergence, measured in units of diopters (D). Vergence is defined as 

the ratio of the index of refraction in the region between two planes and the physical 

distance between the two planes. 3 The most familiar example of a vergence calculation 

is the paraxial imaging equation for a lens of power <1>: 
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n' n 
---= cI>, (2.3) 
s' s 

where n is the index ofrefraction in object space, n' is the index of refraction in image 

space, and sand s' are the object and image distances, respectively. The object vergence 

Do is dermed as n/s and the image vergence Dj is n' /s'. By rewriting equation (2.3) in 

tenus of vergences and rearranging, 

Therefore, a lens can be thought of as converting the object vergence into the image 

vergence. The concept of vergence is also convenient for defining the aberrations of an 

optical system. 

The change in vergence between the marginal and paraxial rays of an optical 

system is the Longitudinal Spherical Aberration (LSA). Mathematically, 

n' n' 
LSA==-= (2.5) 

P'M P'F" 

where n' is the index in image space, P'M is the distance from the rear principal plane to 

the marginal focus, and P'F' is the rear focal length. Figure 2.2 shows the LSA of an 

optical system that has been reduced to its principal planes. There are several clinical 

measurements of the amount of spherical aberration in the human eye. 12-14 The optical 

setup Koomen, et al. 12 used to measure LSA is shown in Figure 2.3. The patient under 

test fixates on a distant target T. Two barely resolvable point sources are superimposed 

onto T and viewed through the aperture A. A small circular aperture and several annular 
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Figure 2.2 Longitudinal Spherical Aberration. 

apertures of increasing average diameter are used to investigate different zones of the eye 

under test. The power of the lens L is adjusted to allow the patient to resolve the point 

sources while focused on the target plane. The range of powers of lens L is 

approximately 0 D for small circular aperture (diameter 2.1 mm), to roughly -2 D for 

largest annulus (average diameter 8.13 mm). The results of Koomen et al. show 

undercorrected spherical aberration in all cases, but the level of aberration varies 

considerably from patient to patient. 

Target T 

Point Sources 

20 feet 

Lens L 

Beam Splitter 

Aperture A 

Figure 2.3 Layout for the clinical measurements of Longitudinal Spherical Aberration 
by Koomen et al. 
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The change in vergence between a paraxial ray at a given wavelength and a 

paraxial ray at a reference wavelength is the Longitudinal Chromatic Aberration (LCA) 

of an optical system. For a reference wavelength of A = 587.6 nm, 

LCA = n~ _ n~ (2.6) 
P'F' P'F" I.. d 

where n~ is the d light index in image space, P'F~ is the distance from the rear principal 

plane to the paraxial focus at wavelength A, and P'F~ is the rear focal length (d light). 

Figure 2.4 shows the layout for determining the LCA from the principal planes of an 

optical system. There are several clinical measurements of the amount of chromatic 

aberration in the human eye. 15-17 The technique for measuring LeA is similar to the 

method for measuring LSA shown in Figure 2.3. The aperture A is removed in this case. 

The point sources are created from one of the spectral lines of an arc lamp. Once again, 

the power of lens L is varied until the point sources appear to be at "best" focus on the 

target T. Different spectral lines are used to measure the amount of chromatic aberration 

at a variety of wavelengths. There is about 2.5 D of LCA across the visible spectrum, 

and essentially no deviation in the level of aberration between patients. 

----..+-----

-----II~-----
F' A 

n' 

F.' d 

Figure 2.4 Longitudinal Chromatic Aberration. 
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2.3 Off-Axis Performance of the Eye 

Oblique astigmatism of the eye is the only regular off-axis aberration that has 

been studied extensively. 18-21 Here, a distinction between axial and oblique astigmatism 

must be made. It is common for the surfaces of biological eyes to be sphero-cylindrical 

in shape. This lack of rotational symmetry leads to axial astigmatism, where the rays in 

one meridion focus at a different point along the optical axis than the rays in the 

orthogonal meridion. Oblique astigmatism, however, is introduced in an off-axis ray 

bundle as it passes through a rotationally-symmetric optical system. Tangential rays 

(rays contained in the meridional plane) hit optical surfaces asymmetrically, while 

sagittal rays (rays contained in a plane that is coplanar with the chief ray and 

perpendicular to the meridional plane) symmetrically intersect optical surfaces.22 The 

path differences introduced into the different meridions cause the tangential and sagittal 

components to come to focus at different points in image space. Figure 2.5 shows the 

effects of axial and oblique astigmatism on a object composed of a series of dots forming 

a cross. 

Coddington's equations9 are used to determine the oblique astigmatism of the 

schematic eye model. Three rays are traced through the system: the chief ray, a 

tangential ray, and a sagittal ray. The tangential ray is parallel to the chief ray in object 

space and displaced a perpendicular distance dt from the chief ray in the tangential plane. 

Similarly, the sagittal ray is parallel to the chief ray in object space and displaced a 

perpendicular distance ds from the chief ray in the sagittal plane. The tangential ray and 

the chief ray will intersect at the tangential focal surface, while the sagittal and chief rays 

meet at the sagittal image surface. The oblique focal lengths are defined as the distances 

from the rear principle plane along the chief ray to the two image planes. Two oblique 

focal lengths, one tangential and one sagittal, exist for each non-zero field angle. The 



Sphero-Cylinder 

H M 

EB I"i·~ 
(a) 

Rotationally Symmetric 

T 

I I ~. 

(b) 

M 

• • • •••• • • 

H M V 
V 

1"1111 

S 

_-.111 ... 

T 

MS 

26 

Figure 2.5 (a) Axial astigmatism of a sphero-cylindricallens at the horizontal H, 
medial M and vertical V image planes, (b) Oblique astigmatism of a rotationally 

symmetric lens at the tangential T, medial M and sagittal S image planes. 

oblique tangential focal length ft is given by dJut. where dt is the separation between the 

chief and tangential rays and Ut is the angle between the rays in image space. A similar 

definition holds for the oblique sagittal focal length fs. The astigmatism (A) of the 

system is then given by 



n' n' 
A=--- (2.7) 

f
t 

fs' 

where n' is the image space index. Figure 2.6 shows the layout for determining the 

oblique focal lengths and astigmatism. 

Tangential Ray 
Chief Ray 

Sagittal Ray P P' 

Figure 2.6 Oblique focal lengths and astigmatism. 

z 

n' 

27 

The oblique astigmatism of the human eye is measured clinically by a method 

known as retinoscopy (or skiascopy). 19-21 The retina of a patient is viewed through a 

indirect ophthalmoscope. An indirect ophthalmoscope is essentially a lens that is placed 

in front of a patient's eye, which in conjunction with eye optics forms an aerial image of 

the retina. The observer, who sits about arms length away from the patient, visually 

images the aerial retinal pattern. To measure oblique astigmatism the patient fixates on a 

peripheral target, and the observer adds cylindrical power (axis vertical) to the 

ophthalmoscope lens until the tangential image surfaces collapse to the retina. Similarly, 

cylindrical power with its axis horizontal is added until the sagittal image surface 

collapses to the retina. The total amount of astigmatism in diopters is the difference 

between the two cylindrical powers. Figure 2.7 illustrates the retinoscopy technique. 
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Figure 2.7 Measuring oblique astigmatism with retinoscopy. The powers of the 
cylindrical lenses are varied until the tangential and sagittal components of the retinal 

image (or aerial image) collapse to the medial image. 

The individual cylindrical powers vary widely from patient to patient, but the difference 

between the powers is relatively uniform over the population. Lotmar and Lotmar23 

suggest 

A = al.5 x 10-2
, (2.8) 

where A is the astigmatism in diopters, and a is the field angle in degrees as a fit to the 

clinical data of Rempt et al.19 

2.4 Design of a Schematic Eye Model 

A new schematic eye model has also been developed for the purpose of this 

research. The goal for this model is to match clinically-measured levels of LSA and 

LCA, and include all aspheric surfaces, and the Stiles-Crawford effect. The Navarro eye 

model satisfies all of above desired qualities, however, the original report of the model4 
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has several typographical errors, and the new model was developed before these errors 

were resolved. These typographical errors are noted and corrected in the reference 

section of this dissenation. 

The Kooijman eye model ll was taken as the basis for the new model design. 

Dispersions for the cornea, aqueous humor, and vitreous humor have been taken from the 

clinical measurements of Sivak and Mandelman.24 The corneal cUlVature and 

asphericities, as well as all of the thicknesses, remain unchanged from the Kooijman 

model. The lens shape and dispersion are free to be adjusted. The parameters of the 

entire eye model are consistent with clinically-measured values, except for those of the 

eye lens. The eye lens becomes a "black box" element in which the entering rays are 

deviated in such a manner as to match the monochromatic and chromatic aberration 

content of biological eyes. A technique known as reverse optimization is used to match 

aberration content. Normally when optimizing an optical system, the surfaces, indices 

and spacings are adjusted to give the "best" overall performance. In reverse optimization, 

a target value for the system performance is given and the surfaces, indices and spacings 

adjusted to meet that target. For the current eye model, only the on-axis aberration 

Surface Anterior PosterIOr Antenor Posterior 
Cornea Cornea Lens Lens 

Radius of Curvature, R 7.80 6.50 11.03 -5.72 
(mm) 

Conic Constant, K -0.25 -0.25 -4.30 -1.17 

Shape Ellipsoid Ellipsoid Hyperboloid Paraboloid 

Thickness (mm) 0.55 3.05 4.00 16.60 

Index, FLight 1.3817 1.3412 1.4262 1.3398 

Index, d Light 1.3771 1.3374 1.4200 1.3360 

Index, C Light 1.3751 1.3357 1.4174 1.3343 

Table 2.3 Parameters of the new schematic eye model. 
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content is used as an optimization target. The LeA measured by Wald and Griffin 15 and 

the LSA fit suggested by van Meeteren25 are used as target values. The parameters of 

this new eye model are given in Table 2.3. The individual surface sags can once again be 

calculated from equation (2.1), and the layout is similar to Figure 2.1. 

8 T 

7 t II Van Meeteren 

6 Fit 

as ---0-- Navarro Model 
oct 4 
CJ) 
....J 3 --+- Kooijman Model 

2 -<>----- New Eye Model 
1 

0 ... Gullstrand-Le 

0 2 4 6 8 Grand 

Pupil Diameter (mm) 

Figure 2.8 Longitudinal Spherical Aberration comparison. 

Figure 2.8 compares the LSA of the Gullstrand-LeGrand3, the Navarr04 and the 

Kooijman 11 eye models with the newly designed eye model and the parabolic fit of 

clinical LSA data suggested by van Meeteren.25 All of the aberration calculations were 

done at a wavelength of t... = 587.6 nm. The Gullstrand-LeGrand model, which is based 

only on spherical surfaces, dramatically overestimates the LSA level. The new eye 

model, as well as, the models of Kooijman and Navarro all predict similar levels of LSA 

and match well with clinical data. 

Figure 2.9 compares the LeA of the Navarro,4 the Kooijman 11 and the newly 

designed eye model with clinical LeA data of Wald and Griffin 15 and Bedford and 
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Wyszecki. 16 A wavelength of A = 587.6 nm is taken as the reference wavelength. Since 

the Kooijman model is monochromatic, the Navarro refractive indices are used for F and 

C light. The three eye models predict similar levels of LCA and match well with clinical 

data (rms error is less than 0.022 D, which is clinically insignificant). 

2..0; 1.5' • New Eye Model 

~ 
1 - --:::J- Navarro 

l: 
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--~ I Wyszecki 
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a 
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-0.5 ~ 
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Figure 2.9 Longitudinal Chromatic Aberration comparison. 

Figure 2.10 compares the oblique astigmatism of the Navarr04 eye model with the 

newly designed eye model and the clinical fit to astigmatism given in equation (2.8). 

Both schematic eye models match clinically measured oblique astigmatism reasonably 

well for field angles less than 30°, however for larger field angles, there is a significant 

deviation from clinical measures. Similar results hold for the wide-angle eye model of 

Kooijman. ll 

For the purposes of this modeling, only the on-axis perfonnance of the eye 

models is considered. In this situation, the curvature of the retina is irrelevant since only 

small fields of view around the optical axis are considered. Figure 2.10 suggests the eye 

models perfonn accurately for field angles up to 30° and the subsequent analyses can be 
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extended to include off-axis cases. The retinal shape needs to be considered for these 

non-zero field angles. Rempt et al. 19 performed retinoscopy on 442 patients. They found 

that the retina shape can be classified into five categories. The most common retinal 

shape coincided with the medial image surface of the eye. This case occurred in 51 % of 

the patients. In 24% of the patients, the retina is steeper than both the tangential and 

sagittal image surfaces. This retinal shape is more common in myopes than in hyperopes. 

In 14% of the patients, the retina conformed to the tangential image surface, and in 7.7% 

of the patients, the retinal surface coincided with the sagittal image surface. The 

remaining retinas were asymmetric relative to the tangential and sagittal image surfaces. 

• Navarro Model 

-D-- New Eye Model 

-+-- Lotmar Fit 

000 0 0 000 0 
C\J '" "<T Ii) CD f'o.. eX) 

Field Angle (deg) 

Figure 2.10 Oblique Astigmatism. 

2.5 Summary 

Figures 2.8 and 2.9 show that the new eye model, the Navarro eye model and the 

Kooijman eye model (with F and C light refractive indices from Navarro) are essentially 

equivalent for on-axis performance. These models predict the locations of the cardinal 

points of the eye (focal points, nodal points and principal points) as well as clinically 
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measured levels of spherical and longitudinal chromatic aberration. For this particular 

study, the use of anyone of these eye models is acceptable. The one minor advantage of 

the new model is the more realisti.:: values for the dispersions of the cornea, aqueous and 

vitreous, which may have implications when modeling aphakia or pseudophakia. A 

methodology for making visual acuity predictions from a schematic eye model is 

described and validated in the following chapter. 
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Chapter 3: Prediction of Visual Performance 

3.1 Fourier Optics and Image Formation 

In this chapter, a methodology for evaluating the visual performance of a schematic 

eye model is outlined.26 The methodology is based upon exact ray tracing and includes 

diffraction, the Stiles-Crawford effect and the retina and brain function. The set of raytrace 

data is used to evaluate the performance of the optical system. Some of the analyses used to 

evaluate performance include the diffraction-based point spread function (PSF) and 

modulation transfer function (MTF). These PSFs and MTFs contain much detailed 

information about the performance of an optical system, but do not relate to the clinical 

measurement of visual performance in an easy or obvious fashion. A patient's subjective 

evaluation of his or her visual performance is based upon how well he or she sees details in 

the image of some test target. These images are more easily and quickly interpreted than 

abstract mathematical functions such as the PSF or the MTF. If the PSF or the MTF of the 

system is known, the resulting image can be calculated. Methods for obtaining the PSF and 

the MTF from the exact raytrace data, and their associated properties will be briefly 

introduced in this section. The remainder of the chapter is dedicated to relating clinical 

measurements of visual performance to the PSF and MTF of the eye. 

Exact ray tracing is performed by propagating rays from a given object point through 

a set of locations in the entrance pupil of the optical system. Each ray is extended until it 

intercepts the next refracting surface. Once the intersection point between the ray and the 

surface is found, the angle between the ray and the local surface normal is calculated. The 

ray is refracted using Snell's law, and the ray is propagated to the next surface. The entire 
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process is repeated until the ray reaches the image plane. In a perfect optical system, a point 

is imaged to a point; a set of rays traced through the optical system would all intersect at a 

single image point. In an aberrated system, the rays from different locations in the pupil 

intersect the image plane at different locations resulting in a blur. 

A related method for analyzing optical systems uses wavefTonts. The wavefront is 

always perpendicular to the rays. For an aberration-free optical system, the wavefront 

leaving the exit pupil is perfectly spherical and converges to a point in the image plane. 

With aberrations, the wavefront leaving the pupil is not spherical since the rays do not 

converge to a single point. The wavefront produced by an optical system is determined 

from the exact raytrace by calculating the optical path (product of index of refraction and 

distance) along each ray. The difference in these paths from ray to ray in the exit pupil is 

the wavefront error function. The effects of diffraction due to the finite extent of the pupil 

can also be included in this wavefront picture. Both the PSF and the MTF of the system 

can be calculated from a complex function whose modulus is the transmission of the pupil 

and whose phase is the wavefront error function. This complex function is known as the 

pupil function.27 

The PSF is the intensity distribution of the image of a point source. It is calculated 

from the scaled square modulus of the Fourier transform of the pupil function.27 Since 

diffraction is present in any real optical system, the PSF has a minimum blur size inversely 

proportional to the pupil diameter. Aberrations introduced by the optical system will further 

blur the point image. Over a small field of view, the PSF does not change significantly in 

functional form. For objects falling within this field of view, the blurred optical image is 

obtained by convolving the PSF with the object. The object is modeled as an array of 

incoherent point sources. The effect of the convolution is to blur each point in the object by 

the PSF weighted by the local object intensity. For a given object point, the corresponding 

image intensity will be the sum of the PSF at that point and the contributions from the tails 
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of the PSFs from other points in the vicinity. The size or width of the overlapping PSFs 

determines the amount of image blur, and this PSF width can be used as measure of the 

performance of an optical system. 

The optical transfer function (OTF) of the optical system is the Fourier transform of 

the system PSF, and is in general a complex-valued function. The MTF is given by the 

modulus of this function, however 180° phase shifts in the OTF are often indicated in MTF 

plots by allowing the MTF to take on negative values. This modification is done since 

rotationally symmetric optical systems are limited to phase shifts of 0° and 180°. The MTF 

at a particular spatial frequency measures the reduction in modulation between a sine-wave 

object and its image. The MTF is usually normalized to unity at zero spatial frequency, and 

is plotted as a function of spatial frequency (of the sine-wave in either object or image 

space). It can also be calculated directly as a scaled autocorrelation of the pupil function. 

The effect of a finite pupil size is to limit the maximum spatial frequency that can pass 

through the optical system, and this frequency is known as the cutoff frequency. The MTF 

will be identically zero for all frequencies above the cutoff frequency. Using MTFs, the 

image of a given object through the optical system is calculated by multiplying the object 

spectrum by the system MTF to get the image spectrum. The blurred image is then the 

inverse Fourier transform of this result. This is analogous to a Fourier decomposition the 

object into a set of sinusoidal patterns, each of which is reduced in modulation by the MTF. 

If the PSF or OTF of an optical system is known, the illumination pattern in the 

image plane corresponding to an object can be determined The various calculation patlls 

and inter-relationships described above are summarized in Figure 3.1. The goal is to predict 

the image from an object using the PSF or the OTF. Either path produces the same result, 

and both methods are used in the following sections to predict visual performance. 

Figure 3.2 shows the resultant image of a series of Snellen Es when they are 

convolved with a gaussian PSF. While the convolution method of determining a resultant 
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Figure 3.1 Calculation methods for obtaining the image of a given object from either the 
point spread function (PSF) or the optical transfer function (OlF). One method is to 

convolve the PSF with the object to obtain the image (left-hand column). An alternative 
method is to Fourier transform (Ff) the PSF and the object to obtain the OlF and the 

object spectrum, respectively. The product of the OlF and the object spectrum gives the 
image spectrum (right-hand column). The image is obtained by an inverse Fourier 

transform of the image spectrum. 

retinal image is easy to visualize, it is computationally very slow. The identical result can be 

obtained significantly faster by using Fourier theory and the speed of the Fast Fourier 

Transform (FFT).28 FFTs are computer algorithms for performing discrete Fourier 

transforms. The algorithms have been optimized for computational speed and are 

significantly faster than any convolution algorithm. As stated earlier, the Fourier transform 

of the PSF gives the OlF of the optical system. An image can be obtained by first 

multiplying the OlF by the spectrum of an object, and then inverse Fourier ~sforming 

the product. This is the alternate path shown in Figure 3.1. The resulting blurred image is 

the same as the image obtained using the convolution technique. 
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Figure 3.2 Convolution of various sized Snellen Es with a gaussian point spread 
function (PSF). The relative Snellen Acuity is shown to the right of each Snellen E. 

The PSF is shown to scale in the lower left-hand corner. 
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To predict visual perfonnance, the quality of the blurred images needs to be 

evaluated. Image quality is, however, ambiguously defined and highly subjective. 

Examining the blurred images fonned by the methods above underestimates visual 

perfonnance. The acuities predicted subjectively from the smallest identifiable E are worse 

than the acuities found clinically for the same refractive errors and pupil sizes. To 

accurately predict visual performance, a more objective analysis of the image quality is 

needed. 

3.2 Visual Acuity Prediction 

An objective procedure for determining image quality and predicting visual acuity 

can be based upon the modulation in the resulting image. Modulation is a well defIned 

quantity that is a direct measure of image quality. The modulation (M) of the image is 

determined by 

M = lMAJ( - I MIN , (3.1) 
lMAJ( + IMIN 

where lMA)( is the maximum image intensity, IMIN is the minimum image intensity.9 

Figure 3.3 illustrates the method of determining the modulation of the horizontal bars of a 

Snellen E. 

To accurately predict visual performance from the image modulation, the retina and 

brain function must be included in the model. Measures that fit into this framework are the 

modulation threshold function and the contrast sensitivity function (CSP). These functions 

describe the minimum image modulation required for a specific spatial frequency to be 

detected. There are several reported measures of the retinal CSF, and for this modeling, the 

results of Campbell and Green29 are used. They measured the retinal CSF by imaging 
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Figure 3.3 A simulated vertical intensity profile through the blurred bars of a Snellen E. 
The brightest intensity (IMAX) and the darkest intensity (IMIN) are used to calculate the 

modulation in the blurred image. 

two coherent point sources near the front nodal point of the eye.30 Light from the two 

sources interferes to form a sinusoidal pattern on the retina In this arrangement, the effects 

of diffraction, refractive error, and aberration on the modulation and frequency of the 

sinusoidal pattern are negligible. The modulation of the sinusoidal pattern is varied by 

adding uniform intensity incoherent illumination to the pattern on the retina Its frequency 

is varied by changing the point spacing. Using this measurement technique, the minimum 

detectable modulation for various spatial frequencies is the modulation threshold function. 

The retinal CSF is the reciprocal of the modulation threshold function. The modulation 

threshold adapted from the results of Campbell and Green is shown in Figure 3.4. Because 

of the method of measurement, the Stiles-Crawford effect does not influence the modulation 

threshold, so the effect needs to be included in the schematic eye model. 

The clinical measurement of visual acuity uses some form of eye chan such as a 

Snellen chan. A Snellen chart consists of a series of letters that decrease in size from line to 

line. When an observer views the chan, the smaller letters on the chart will be blurred the 
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Figure 3.4 The modulation threshold function of Campbell and Green. 

most, or equivalently, will show the greatest reduction in image modulation. The letters for 

which the modulation is below the threshold of the spatial frequency corresponding to that 

letter will not be resolved. The letter size for which the image modulation equals the 

threshold is an estimate of the visual acuity of the system. This estimate of visual acuity 

assumes that the Snellen letter is recognized if its fundamental frequency is detectable. 

More sophisticated techniques, such as the theory of ideal observers, have been used 

to determine visual detectability.31-32 In ideal observer theory, the irradiance pattern on the 

retina is calculated by the Fourier methods employed above. Absorption of the photons in 

this pattern by the retinal mosaic is then assumed to be a Poisson process. Additional noise 

sources in the post-retinal visual processing are also added to fonn a noisy "brain image". 

Detection is detennined by comparing the probabilities that a given target gave rise to the 

brain image. If one target is distinguishable from another (or several), the target is above the 

resolution limit. The size of the target can then be systematically decreased in order to fmd 

visual acuity. This technique is useful, but quickly becomes computationally intensive as 

additional noise sources are added. For this reason, the technique of comparing image 
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modulation (weighted by the Stiles-Crawford effect) with the modulation threshold function 

is used here as an in;::iill attempt to predict visual acuity. 

The modulation method for predicting visual acuity is an attempt to be completely 

analogous to clinical methods for a given pupil size and dioptric blur. The modulation of a 

blurred E computed by the ray trace model (with the Stiles-Crawford effect) is compared to 

the modulation threshold of the retina, and the size of the E is varied until its image 

modulation equals the threshold as measured by Campbell and Green. The spatial 

frequency of this E is related to a certain line on the eye chart and corresponds to a visual 

acuity. This prediction method includes the optical aberrations of the eye, diffraction, the 

retinal contrast sensitivity and the Stiles-Crawford effect 

This method is simple for visualization purposes, but proves exceedingly tedious in 

practice. The same results once again are more easily and quickly obtained by returning to 

the spatial frequency domain. If the modulation threshold function is plotted on the same 

graph as the modeled MTF, the spatial frequency where the MTF equals the modulation 

threshold is the maximum sinusoidal spatial frequency that can be detected by an individual. 

However, the test charts used to measure visual acuity use binary (i.e. black and white) 

targets. To account for this difference in predicting visual acuity, a close relative of the 

MTF, the square-wave modulation transfer function (SMTF),9 is used. The MTF describes 

the attenuation of a sinusoidal pattern imaged through an optical system. Similarly, the 

SMTF describes the attenuation of a bar target imaged through an optical system. The 

SMTF is obtained from the MTF by Fourier decomposing a bar target. A bar target is 

composed of a fundamental sinusoidal frequency along with higher order odd hannonics in 

varying magnitudes. Each of these harmonics along with the fundamental frequency is 

attenuated as it passes through the optical system. The amount of attenuation of each 

individual spatial frequency component of the bar pattern is determined by the MTF. The 

reassembled frequencies form the image of the bar target, and the net modulation of the 
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image is the SMTF at a given frequency. Mathematically, the SMTF is given by 

where ~ is spatial frequency. The SMTF is readily available as a standard output from the 

raytrace code. The bars of a Snellen E can be considered to be a truncated bar target. Since 

visual acuity is normally measured using Snellen letters or some equivalent, matching the 

modulation threshold with the SMTF is the appropriate choice for determining visual acuity. 

Figure 3.5 shows the SMTF for the Kooijrnan eye model with a 2 nun pupil along with a 

plot of the modulation threshold. The spatial frequency where the curves intersect is an 

estimate of the visual acuity. 
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Figure 3.5 Determination of visual acuity from the square-wave modulation transfer 
function (SMTF). The intersection of the SMTF and the modulation threshold at 155 
cyc/nun determines the spatial frequency of a barely resolvable bar target This spatial 

frequency can be converted to an angular subtense or a Snellen distance. 

Visual acuity is usually not given in terms of spatial frequency. A Snellen E is 2.5 

cycles in the vertical direction and for a given line on the eye chart, the E has a certain height 

on the retina If 2.5 cycles is divided by this height, the spatial frequency corresponding to 
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the line on the eye chan (or visual acuity) is obtained. The conversion of spatial frequency 

to Snellen distance is given by 

Snellen Distance 
2000 

= -~-, (3.3) 

where ~ is the spatial frequency in cycles/mrn on the retina.33 For example, in Figure 3.5 

the intersection point of the SMTF and the modulation threshold occurs at 

~ = 155 cycles/mrn. The equivalent Snellen distance is 13, or the visual acuity is 20/13. 

3.3 Clinical Comparison 

For the visual system model to be useful, visual acuity must be accurately predicted 

for a variety of refractive errors and pupil sizes. In this section, visual acuity is predicted 

from the Kooijman eye model 11 modified to contain myopia, the Stiles-Crawford effect and 

photopic response. The predicted visual acuities are compared to clinical values to 

determine the validity of the visual acuity prediction methodology.26 

To simulate a refractive error, a spectacle lens is placed at the front focal point of the 

eye model. The addition of the lens is equivalent to introducing refractive error in an 

emrnetropic patient using a phoropter. The power of the spectacle lens is varied to introduce 

the desired amount of refractive error. In addition, the lens is made plano-convex (plano 

side towards the eye model) and dispersionless to respectively minimize the spherical 

aberration and eliminate the chromatic aberration it introduces. 

Even though the Stiles-Crawford effect is primarily a retinal effect, it is easy and 

best to model it as pan of the optical system. The inclusion of the Stiles-Crawford effect in 

the modeling is important. For rays going through the edge of the pupil, more aberrations 
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are introduced. By providing a lower weighting for these more aberrated rays, the Stiles

Crawford helps to reduce these aberrations and improve the perceived image quality. The 

Stiles-Crawford effect also reduces the effects of scatter and flare. Since the Stiles

Crawford effect is not included in the modulation threshold function, it must be included in 

the schematic eye model to ensure prediction accuracy. It is important to note that the 

modeling will now differ (at least in order) from the actual physical process occurring in the 

eye. As quantities such as the PSF are computed, the modeling will not predict the optical 

illurnination pattern on the retina, but rather a Stiles-Crawford weighted PSF. The same 

holds for other quantities. 

Three wavelengths are used in the modeling. These wavelengths are A. = 486.1 nrn, 

A. = 587.6 nrn, and A. = 656.3 nm which correspond to the F, d and C spectral lines, and 

span the approximate range of the visible spectrum. As in Chapter 2, the F and C refractive 

indices from the Navarro eye model are used. The central wavelength is weighted three 

times more than the other wavelengths to approximate the photopic response of the eye. 

All of the factors described above are entered into the lens design software (Code V, 

Optical Research Associates, Pasadena, CA), a pupil size is defined, a set of rays is traced 

through the model and the SMTF, weighted by the Stiles-Crawford effect, is calculated. 

The SMTF is then compared to the modvlation threshold function of Campbell and Green 

to predict visual acuity. The process is performed for pupil sizes ranging from 0.5 mm to 

8 mm and myopia ranging from 0.00 D to -5.00 D. The results of this modeling are 

summarized in Figure 3.6. 

In the presence of large amounts of aberrations (in this case defocus), contrast 

reversal will exist in the retinal image.9 The effect of contrast reversal is to introduce a large 

number of oscillations in the higher spatial frequencies of the SMTF. Under these 

circumstances, the modulation threshold function crosses the SMTF multiple times. For the 

modeling performed r ~re, the second intersection of the modulation threshold function with 
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the SMTF is taken as the resolution limit This method allows for Snellen target 

recognition with one contrast reversal, but ignores higher reversals. 

The clinical data used to test the validity of this method of visual acuity prediction 

are presented by Holladay et al. 34 They provide a literature summary of the clinical 

relationship between Snellen acuity, best corrected refractive error and pupil diameter. The 

summary results are shown in Figure 3.7. These results combine 12 studies each with 10 to 

10,000 patients. The results of this survey are intuitively pleasing. They show for small 

pupil sizes, diffraction is the primary limitation in visual acuity and that refractive error is 

not significant. As the pupil diameter increases to 3-4 mm, visual acuity also improves; here 

diffraction only slightly degrades the image while aberrations are still minimal. Increasing 

the pupil diameter further causes a falloff in visual acuity as aberrations begin to 

significantly affect image quality. Increasing power error steadily diminishes acuity for 

these final two cases. Since the Holladay results are so well behaved and are an average of 

thousands of patients, they are taken as accurate predictions of visual acuity for individuals 

with normal retinal contrast sensitivities. 
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Figure 3.6 Visual acuity versus refractive error in diopters (D) and pupil diameter. Each 
visual acuity value is predicted from the eye model. 
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Figure 3.7 Visual acuity versus refractive error in diopters (D) and pupil diameter. Each 
visual acuity value is from a summary of clinical results compiled by Holladay et al. 
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Figure 3.8 Plot of the clinical visual acuity results versus the visual acuities predicted from 
the eye model. The refractive errors are measured in diopters (0) and range from 0 D to 

5 D. The dashed line represents a linear fit to the data, and the correlation coefficient 
r2 = 90.9%. 
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Comparing Figure 3.6 directly to Figure 3.7 shows that the model results follow the 

same general trend as the Holladay survey. Figure 3.8 shows a plot of the visual acuity for 

the clinical data versus the modeling results. There is a strong linear correlation 

(r2 = 0.909), and all the modeling predictions fall within one octave of acuity of the clinical 

results. The strong correlation between the modeling results and clinical measurement 

validates this technique as a method for predicting visual acuity. 

The diffraction-limited data points are calculated by finding the maximum spatial 

frequency that can pass through an ideal optical system. These data points are not a 

consequence of the specific modeling techniques described above, nor were they measured 

clinically in the studies compiled by Holladay et al. These data points are not included in 

the statistical analysis. 

3.4 Prediction of the Change in Contrast Sensitivity 

While visual acuity is the most common measure of visual performance, it is limited 

in its predictive ability. Contrast sensitivity, alternatively, is a generalization of the visual 

acuity measurement that allows for changes in target contrast as well as spatial frequency. 

The technique used by Campbell and Green of projecting a sinusoidal pattern directly onto 

the retina measures the retinal contrast sensitivity (i.e. the response of the retina and brain to 

various contrast levels and spatial frequency content). Contrast sensitivity is also measured 

in the clinic by using an external sinusoidal target of variable contrast TIlls method 

includes the effects of diffraction and aberrations of the eye in addition to the response of 

the retina and brain and is useful in maladies in the visual system.33 A distinction between 

the contrast sensitivity measured directly on the retina (CSFretirul> and the contrast 

sensitivity measured with an external target (CSFexternal) must be made. 

The CSFretina is given by the reciprocal of the minimum retinal image modulation 
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needed for detection to occur. An example of the corresponding retinal modulation 

threshold function was shown in Figure 3.4. The CSFextemal is given by the reciprocal of 

the minimum external target modulation needed for detection to occur. The external target 

modulation is larger than the retinal target modulation since diffraction and aberrations of 

the eye degrade the external target contrast as the target is imaged onto the retina. 

The two contrast sensitivity functions are related to each other. If ITlextemal is the 

contrast of the external target and rnretina is the contrast of the imaged target on the retina, 

then 

MTF(~) = mretina (3.4) 
m extcrnaJ 

for a given spatial frequency~. If ITlextemal is reduced to the minimum detectable 

modulation, then mretina becomes the retinal modulation threshold function, ITlextemal 

becomes the external modulation threshold function and equation (3.4) can be rewritten as 

MTF(~) = CSFextcrnal(~) (3.5) 
CSF retina (~) 

Equation (3.5) becomes more useful in the differential form. Differentiating both sides of 

the equation and rearranging gives 

L\CSF ext=aJ (~) = [CSF retina (~)] L\MTF(~) , (3.6) 

assuming CSFretina is a constant. Equation (3.6) is useful in situations where the optics of 

the eye are modified, but the retina and brain function remain unchanged. An example of 

this situation is an eye that has undergone radial keratotomy. This refractive procedure 
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involves cutting the cornea, which flattens the corneal curvature and changes the MfF of the 

eye. The retina and brain function are unaffected by the procedure. So, the change in 

CSFextemal is proportional to the change in MTF under these circumstances. Assuming the 

patient has "normal" contrast sensitivity, the values for CSFretina obtained by Campbell and 

Green or Van Nes and Bouman35 can be used in equation (3.6). 

3.5 Summary 

Earlier eye modeling effons focused on the optical performance of the eye. In this 

chapter, the function of the retina and brain has been added to the modeling to examine the 

performance of the entire visual system. The inclusion of the retina and brain function 

allows for visual performance measures that are readily correlated with clinical measures. 

Since the visual system model follows the trends of clinical visual performance in the 

presence of refractive error, the model should also predict changes in visual performance 

resulting from other variations of the eye optics. Application of corneal variations resulting 

from refractive surgery and ocular maladies to the schematic eye is examined in the ensuing 

chapter. 
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Chapter 4: Measurement of the Cornea 

4.1 Videokeratoscopy 

Videokeratoscopes are devices for measuring the shape of the anterior corneal 

surface. 36 The majority of these devices are based upon Placido-disk technology in 

which a series of concentric illuminated rings (mires) reflect off the cornea of an observer 

and are imaged, along with the cornea, by a video camera. From knowledge of the 

geometry of the keratoscope and the variations in ring spacing in the image, the slope of 

the corneal surface can be determined in the meridional direction. Figure 4.1 shows the 

typical layout of a videokeratoscope. 

A.S. Cornea 

~ 

T 
CCD 

Mires 
Figure 4.1 Placido-disk videokeratoscope layout. 
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To display and analyze the data obtained from videokeratoscopes, the corneal slope data 

is usually c0i:.verted to a more intuitive form. 

The most common method for displaying videokeratoscopic data is the color

coded dioptric power map, fIrst introduced by Maguire et al.37 These maps are generated 

from the derivative of the acquired slope data, which gives corneal curvature and is 

related to the dioptric power of the surface. Each color on the map represents d measure 

of the local dioptric power of the cornea at a given point. However, the concept of local 

dioptric power is ambiguous. First, since the rings of the Placido-disk shown in Figure 

4.1 are continuous, only information about the corneal slope in the radial direction is 

obtainable. Second, there are multiple defInitions of dioptric power. Each of the 

defInitions of dioptric power forms different and distinctive maps. While these power 

maps have become the accepted presentation method for videokeratoscopy, there is 

potential confusion in clinical analysis of the maps. 

Klein38 and Roberts39 summarize three of the most common defInitions of 

dioptric power. The three defInitions of dioptric power are: axial power ¢ax. 

instantaneous power <l>in and refractive power <l>ref. The defInitions of each of these 

powers are given by 

and 

(n-l)dz 
'" _ dr 
'l'ax - ~ 2 

r 1+(~) 

n 
<l>rer = ----r--

z+---
tan(S - fJ ) 

, (4.1) 

(4.2) 

(4.3) 
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where n = 1.3375, r is the radial coordinate, z is the coordinate in the sag direction, and e 
and 8' and the angles of incidence and refraction of a marginal ray, respectively. Figure 

4.2 depicts the arrangement for calculating dioptric power. 

r 
....... 

e s Index n 

o ..................... 
....... ·C 

F' z 

Figure 4.2 Arrangement for defining dioptric power. 

Equations (4.1) - (4.3) can be rewritten as cJ>ax = (n-l) I do, cJ>in = (n-l) Iro and 4>ref= n I f, 

where do is the axial distance SD, ro is the instantaneous radius of curvature SC and f is 

AF , as shown in Figure 4.2. 

Axial power assumes the cornea is composed of a series of spheres each with 

radius do and is the refractive power seen by a bundle of rays incident normal to this 

surface. This definition of power performs sufficiently in the central region of the cornea 

where rays from a distant axial object strike the cornea at nearly normal incidence, but its 

accuracy degrades in the peripheral cornea where the angle of incidence of these rays 

becomes large. 

Instead of assuming the cornea surface is composed of a series a spheres, 

instantaneous power uses the instantaneous radius of curvature is determined from the 

second derivative of the surface. Instantaneous power more faithfully represents the 
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power of cornea, but this power is still for rays incident nonnal to the corneal surface. 

Again, this definition of power performs well in the central cornea, but its accuracy 

degrades in the periphery. 

Refractive power is equivalent to propagating a ray from a distant axial object and 

finding the intersection of the ray with the cornea. The angle between the ray and the 

local surface normal is calculated and Snell's law used to refract the ray. The real focal 

length is calculated by finding the intersection of the refracted ray and the optical axis 

(assuming no deviation of the ray from the meridional plane). 

Each of these definitions gives a different result for the same surface. In the case 

of a spherical surface, the axial and instantaneous powers give a constant power map, 

while the refractive power defmition gives a map that increases in power as a function of 

radius. The latter map reflects the spherical aberration of the surface. The TMS-l 

(Computed Anatomy, New York, NY) and EyeSys (EyeSys Technologies, Houston, TX) 

videokeratoscopes are used to obtain the corneal data in this dissertation. Both of these 

machines currently rely on the axial power definition of given in equation (4.1). 

Camp et al.40,41 have reponed a technique for predicting visual imagery using the 

measured corneal shape of an eye. The corneal power as a function of position is 

measured using a commercially-available videokeratoscope. This corneal dioptric power 

map is used as the single surface of the simplified eye model. The geometrical PSF is 

detennined using a paraxial ray trace. A series of rays from an object point is traced 

through different locations on the cornea. With this first-order model, the amount of 

bending of the ray is detennined by the radial position of the ray and the local dioptric 

power at the ray intersection. The refracted rays are then extended to the image plane 

with the requirement that the ray path is restricted to a meridional plane. After tracing a 

sufficient number of rays, the PSF is approximated by the ray density in the image plane. 

To visualize the effects of different corneal shapes, a convolution technique is used to 
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predict the images of Snellen and variable contrast letters fonned by the cornea. 

Conditions such as keratoconus, and the effects of surgical procedures such as 

epikeratophakia for aphakia and radial keratotomy are evaluated using this method. The 

method shows that different types of corneal errors produce different and distinctive 

geometrical PSFs, and the visual performance in the presence of such errors can be 

subjectively evaluated from the appearance of the Snellen letters. The model performs 

well for severely distorted corneal surfaces, but has difficulties predicting visual 

perfonnance in nonnal patients. 

It is important to understand the limitations of the paraxial model of Camp et al. 

The first limitation of their model is that it is first-order. Under this assumption, a 

spherical refracting surface will have no aberrations: a point source would image to a 

perfect point image. Paraxial ray traces ignore the surface sag and only utilize the radial 

surface power at the ray intersection point. A second major limitation is that the paraxial 

method ignores the effects of diffraction from the pupil. Diffraction is a fundamental 

limit on the size of the PSF, even in the absence of aberrations, and the effects of 

diffraction are most noticeable for small pupil sizes. A third limitation is the use of a 

single surface model, which removes the effects of the inherent aberrations of the eye. 

Camp et al. were aware of these limitations, and the choices made were based upon the 

desire to reduce the computation time of the modeling. 

Chapter 3 demonstrated that visual perfonnance could be predicted from a 

methodology that includes exact ray tracing and diffraction effects, and therefore 

overcomes the first two limitations of the Camp et al. eye model. The final limitation can 

be overcome if the measured corneal surface is applied to the anterior corneal surface of a 

schematic eye model. To apply the videokeratoscopic data to the modeling, the dioptric 

power map is inappropriate due to the multiple definitions of dioptric power and the lack 
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of azimuthal information. Instead, the corneal slope data is integrated to determine the 

height or sag of the corneal surface. This method has the advantage that the "true" 

topography of the cornea is given and the optical properties of the cornea completely 

defined. 

The primary drawback to analyzing height data is that the fine sag variations in 

the cornea are obscured by the large sag values of the base curvature. A methodology for 

analyzing videokeratographic height data and extracting the fine surface height variations 

is presented in this chapter. The technique involves decomposing the corneal height data 

in terms of the orthonormal set of Zernike polynomials. Once the decomposition is 

complete, the fundamental components of the corneal surface are related to more familiar 

quantities such as spherical and cylindrical curvature and power. A drawback to viewing 

the videokeratographic height data is the display of pertinent height information. The 

fine variations in corneal height are obscured by the spherical and cylindrical components 

of the cornea. In order to visualize these residual higher-order height variations of the 

cornea, the lower-order components are subtracted from the original height data. These 

residual variations, dubbed artifacts, can also be applied to a schematic eye model to 

determine their optical effects. This artifact recovery technique is applied to topographies 

of an eye with regular corneal astigmatism, an eye diagnosed with advanced keratoconus, 

two eyes that underwent radial keratotomy and an eye that underwent photorefractive 

keratectomy. Advantages of this technique, its accuracy and limitations are also 

discussed in this chapter. 

4.2 Decomposition of Surfaces 

The shape of a surface is represented mathematically as a function of two 

variables. In a Cartesian coordinate system, this function has the form z = f(x,y), where z 
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is the height or sag of the surface at a given point (x,y). When the functional form of 

f(x,y) is complicated, analysis of the surface is sometimes simplified by representing the 

surface as a linear combination of simpler surfaces. These simpler surfaces are described 

mathematically by the set of functions {gj(x,y)}, and are combined such that 

00 

f(x,y) == 2>j' gjCx,y), (4.4) 
j=l 

where aj is a constant describing the weighting on each function gj(x,y).42,43 

The set of functions {gj(x,y)} is said to be complete if any arbitrary square

integrable function f(x,y) is exactly represented by the linear combination in equation 

(4.4). The most commonly used set of complete functions is {xmyn}, where m and n are 

positive integers. Equation (4.4) in this case becomes 

or the Taylor series expansion of f(x,y) in two dimensions. The set of coefficients {aj} in 

equation (4.4) is usually found by the method of least squares. This technique minimizes 

the square of the difference between f(x,y) and the series expansion, and this difference 

approaches zero as the number of tenns in the series approaches infinity. 

The complete functions {gj(x,y)} are said to be orthonormal over a region A if 

they satisfy 

for j:,t: k 

for j = k 
(4.6) 

The Fourier series, a commonly used expansion for periodic functions, uses the complete 

orthononnal set of sinusoidal functions. The polynomials in the Taylor series expansion 
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of equation (4.5), however, do not satisfy the orthogonality conditions of equation (4.6). 

A simple method for determining the set of expansion coefficients {aj} exists 

when the functions (gj(x,y)} are onhonormal over a region A. If both sides of equation 

(4.4) are multiplied by gk(X,y) and integrated over the region A, then by utilizing 

equation (4.6), 

aj = f g/x,y)f(x,y)dxdy. (4.7) 
A 

Equation (4.7) illustrates a significant advantage of orthonormal decomposition of 

surfaces over the least-squares method using non-onhonormal functions. Each of the 

coefficients aj in equation (4.7) depends only on its corresponding function gj(x,y) and 

the original function. This relationship indicates that the set of coefficients {aj} are 

independent of one another, and independent of the number of terms taken in the series 

expansion. In other words, the coefficients do not need to be recalculated when a more 

exact fit of f(x,y) is desired. If, however, the set of functions {gj{x,y)} are not 

onhonormal, then the set .of coefficients {aj} are interrelated. Each coefficient aj depends 

on the entire set (gj(x,y)} and changes every time terms are added to the series expansion. 

4.3 Zernike Polynomials 

The Zernike polynomials are a set of functions { Z;m (p ,S)} that are orthonormal 

over the continuous unit circle.44-46 They have been used extensively for phase contrast 

microscopy, optical aberration theory, and interferometric testing to fit wavefront data. 

These functions are characterized by a polynomial variation in the radial direction p (for 

o ~ p ~ 1) and a sinusoidal variation in the azimuthal direction S. The polynomials are 

defined mathematically by 
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{

.J2(n + 1) R~(p)cosme for + m 

Z~m = .J2(n+l) R~(p)sinme for-m 

.J(n + 1) R~(p) for m = 0 

(4.8) 

where 
Rm _ (n-m)/2 (-l)S(n-s)! 

n (p) - I r(n + m\ ] [en m) 
5=0 s 1 '- 2 __ oj s! ~ 

n-2s 

] 

p , 
s ! 

(4.9) 

n is the order of the polynomial in the radial direction p, and m is the frequency in the 

azimuthal direction 9. There are several numbering systems used for the Zernike terms; 

we have chosen the numbering system that is in the proposed ISO standards for optical 

components (IS0-1011O).47 The first six Zernike polynomials are given by 

0 Zo(p,9) = 1, (4.10) 

Z~ (p,e) = 2p cos e, (4.11) 

Z11(p,9) = 2p sin 9, (4.12) 

Z~(p,9) = -J3 (2pL 1), (4.13) 

Z~ (p,9) = -f6 p2 cos 29, (4.14) 

Z22 (p,S) = .J6 p2 sin 29. (4.15) 

Figure 4.3 shows several of these functions. The function zg in Figure 4.3(a) 

describes a surface of constant height. When a function is decomposed into Zernike 

polynomials, the coefficient of zg is the mean height of the surface. When adding higher 

order polynomials to the expansion, each term must have zero mean in order to satisfy the 

orthonormality condition of equation (4.6) and to leave the mean height of the fit surface 

unchanged. Figures 4.3(b)-(d) show several of the zero-mean higher-order terms. 



60 

Another interesting property of the Zernike expansion is the redundant nature of 

the non-rotationally symmetric functions such as Z~ and Z1"1, or Z~ and Z"22. For 

instance, the function Z~ describes a plane tilted about the y-axis, and Z1"l similarly 

describes a plane tilted about the x-axis (or zl rotated 90°). If a plane tilted about an axis 

making an angle eo relative to the y-axis is expanded into Zernike polynomials, the 

coefficients zt and Z1"l are appropriately weighted such that the ratio of their 

coefficients equals tan 80 . This relationship where one Zernike polynomial describes a 

surface and another describes a rotated version of the same surface reoccurs throughout 

the set of Zernike polynomials. This feature allows the Zernike expansion to match a 

surface oriented at any angle. 

Several of the low-order Zernike terms represent familiar corneal shapes. The zg 
term in Figure 4.3(c) is a paraboloid and represents an average curvature of the cornea. 

The functions Z~ and Z22 in Figure 4.3(d), which describe corneal astigmatism, are two 

saddle-shaped surfaces rotated 45° with respect to one another. When the saddle-shape 

of the Z~ and Z22 terms is added to the paraboloid described by zg, the radius of 

curvature of the paraboloid is shortened along one axis and lengthened along a 

perpendicular axis. The longer radius of curvature defines the base sphere of the cornea, 

and the difference between the radii of curvature defines the cylindrical component of the 

cornea (in plus-cylinder form). The astigmatic axis is given by the orientation of the 

saddle surface formed by the sum of the z~ and Z22 terms. 

Since the Zernike polynomials are orthogonal over the continuous unit circle, and 

the lower order terms represent familiar corneal shapes such as sphere and cylinder, the 

Zernike polynomials appear to be an ideal set of functions for decomposing and 

analyzing corneal surface height. Videokeratoscopes, however, only measure the corneal 

height at a discrete number of points, and unfortunately, the Zernike polynomials are not 

orthogonal over a discrete set of points. A technique known as Gram-Schmidt 
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orthogonalization, however, allows the discrete set of corneal height data to be expanded 

in terms of the Zernike polynomials, and still keep the advantages of an orthogonal 

expansion. 

The procedure for Gram-Schmidt orthogonalization is outlined by Wang and 

Silva (with one minor correction noted in the reference section), and is not repeated 

here.46 The basic premise of the orthogonalization routine is that the Zernike 

polynomials are not orthogonal over a discrete set of points, or 

for all discrete points (Pi,Si). By taking various linear combinations of the Zernike 

functions, however, a new set of functions U~m (Pi ,Si) can be constructed such that 

n,±m 
U~m (Pi' Si) = L bn,±m,n' .±m' Z~,m' (Pi, Si) (4.17) 

n',±m' 

Through the appropriate choice of the coefficients bn,±m.n' .±m', the functions U~m (Pi' Si) 

can be made orthogonal, or 

(4.18) 

The corneal height data is decomposed into a linear combination of the functions 

U~m(pi,SJ. The expansion coefficients for these new functions are given by equation 

(4.7), however the integral collapses to a sum because of the discrete number of points. 

Once the expansion is complete, the orthogonal functions are converted back into terms 

of the Zemike polynomials. The result is a unique set of Zemike coefficients. 
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4.4 Decomposition and Display of Real Topography Data 

The decomposition techniques outlined above were used to analyze real comeal 

height data taken from a TMS-l videokeratoscope (Computed Anatomy, New York, 

NY). The comeal height data f(rj,8j) and a set of radial coordinates Tj are provided as 

direct output of the TMS-l. Since the TMS-l uses continuous mires, no information 

about azimuthal coordinates is obtained. The azimuthal coordinates 8j are therefore 

assumed to be 256 uniformly-spaced sectors on a polar grid. The effects of this 

approximation is discussed in more detail in the numerical accuracy section. Since the 

Zemike polynomials are only orthonormal over the unit circle, the radial coordinates rj 

need to be normalized by the maximum radial extent of the data rmax such that 

pj = rj / rmax. 

The discrete set of data points are expanded into Zemike polynomials using the 

Gram-Schmidt Orthogonalization procedure outlined above, such that 

f(Pi,8i ) = ~>n.±mZ~m(pi,8J, (4.19) 
n.±m 

for all points (pj,8j). From the set of coefficients ( an.±m}, values for the base and 

astigmatic radii of curvature and power, as well as, the cylinder axis can be calculated. 

To determine the spherical and cylindrical components of the series expansion, 

the cylindrical axis needs to be found. This axis is defined by the lowest order astigmatic 

terms of the expansion. These astigmatic terms are given by 

-J6 a2.-2 p2 sin(28) + -J6 a2.2 p2cos(28). (4.20) 

By talrJng the derivative of this expression with respect to 8 and finding the extremum, 
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az.-z cos(28) - az.z sin(28) = o. (4.21) 

If the axis 80 is defmed as 

8
0 

= ..!.tan-1(az.-2J, (4.22) 
2 az.z 

then two relevant solutions exist for equation (4.21). These solutions are 8 = 80 and 8 = 

80 + 90°. The astigmatic axis is given by 

{
80 , for az.-z sin 280 + az.z cos 280 < 0 

Sa = 80 + 900, for az.-z sin 280 + az.z cos280 > 0 
(4.23) 

If 8a is negative, then add 180°, so that 8a always lies in the range O:S; 8a < 180°. In order 

to determine the base spherical and cylindrical powers, the radii of curvature along 80 and 

the axis perpendicular to it need to be detennined. 

The parabolic tenns of the expansion oriented along 80 can be used as an 

approximation to the spherical and cylindrical components of f(ri,8D. The Zemike 

polynomials with even radial order n ;;:: 2 and azimuthal frequencies m = 0 or m = ±2 all 

contain a parabolic tenn. The first six of these polynomials are 

z~ (p,8) = .J3 (2p2 - 1), 

Z~ (p,8) = ..J6 p2 cos 28, 

Z2z(p,8) = .J6 p2 sin 28. 

Z~(p,8) = .J5 (6p4 - 6p2 + 1), 

(4.24) 

(4.25) 

(4.26) 

(4.27) 

Z~(p,8) = ..JW (4p2 - 3)p2 cos 28, (4.28) 

Z4z (p,8) = ..JW (4pL 3)p2 sin 28. (4.29) 
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In order to obtain the spherical and cylindrical components of the corneal height data, the 

parabolic terms of the Zernike expansion are compared to a paraboloid of the form 

(4.30) 

where r is the radial coordinate, and Ro is the radius of curvature of the paraboloid. This 

value Ro is used as an approximation of the radius of curvature of the corneal surface. 

The radius of curvature in general will differ along the axes of the cornea due to 

astigmatism. Therefore, define Ro = R J. for 8 = 80 , and Ro = R for 8 = 80 + 90°. 

Equating the Zernike expansion terms containing p2 oriented along 80 with equation 

(4.30), 

(4.31 ) 

Solving for R J. and truncating higher order terms, 

(4.32) 

If R J. is in millimeters, the power <I> J. along 8 = 80 in diopters is given by 

where n is usually 1.3375. 
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Similarly, for 8 = 80 + 90°, 

2 
R = rmax 

2(2...[3 a2,O - 6.J5 a4,O - {6(a2,2 cos280 + a2,-2 sin 280 ) 

(4.34) 

+3-v'IO(a4,2 cos28 0 +a4,-2 sin2So )) 

and the power <I> along 8 = 80 + 90° in diopters is given by 

<I> = 1000 n; 1, (4.35) 

where n is usually 1.3375. 

The cylindrical power <l>a in diopters is therefore given by 

<I> a = <I> -L - <1>. (4.36) 

These results can be expressed in the familiar plus-cylinder form (<I> + <l>a x Sa). 

Equations (4.32)-(4.36) display one of the drawbacks to using Zernike 

polynomials, In order to determine the radii of curvatures along the principal meridians, 

an infinite number of Zernike coefficients are needed. The radii of curvature equations 

above have been truncated so that they contain only the first six Zernike terms with 

parabolic dependence. However, the values for the radii of curvature converge quickly, 

so that the truncation error becomes small. The accuracy of these equations are discussed 

in greater detail in Section 4.5. Equations (4.32)-(4.36) obtain the radii of curvature by 

examining the parabolic terms of the expansion. By including additional higher-order 

terms, the radii of curvature based on a spherical surface can be obtained. A second 

drawback to using corneal height data is that the value ofrmax can change from data set 
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to data set. The relative values of the expansion coefficients cannot be directly compared 

between two decompositions unless the values of rmax are equal. 

When viewing corneal height data, fme height variations in the corneal surface are 

obscured by the base spherical and cylindrical components. The decomposition 

technique allows a simple method for recovering some of these higher-order variations. 

By repeatedly removing lower-order expansion terms, the higher-order variations become 

increasingly apparent. For example, in order to see astigmatism more clearly, the 

parabolic term is subtracted from the original height data. In order to see higher-order 

height variations, the astigmatic component of the corneal surface is subtracted. In some 

cases, as will be seen below, removing additional terms will reveal additional interesting 

corneal height artifacts. 

Figures 4.4 through 4.8 show several examples of the decomposition and artifact 

recovery techniques. Each of the figures displays a gray-scale height map of the cornea 

and notes the range of heights. The patient in Figure 4.4 has corneal astigmatism. Figure 

4.4(a) shows the raw height data obtained from the TMS-l. In Figure 4.4(b), the 

parabolic component zg of the original height data has been removed. The astigmatism 

(saddle-shape) in the resultant display is apparent. In Figure 4.4(c), the cylindrical terms 

Z"22 and Z~ have been removed to reveal the residual higher order variations in the 

cornea. The prescription for spherical power and astigmatism predicted by equations 

(4.19)-( 4.25) is 46.9 D + 2.1 D x 10 (which can be thought of as keratometric values of 

49.0 D x 91 0 /46.9 D x 10
) as compared to a Sim K value of 48.9 D x 860 /46.9 D x 1760 

and a Min K value of 46.8 D x 10 determined by the TMS-l. The Sim K value finds the 

maximum power along a meridian in the paraxial region of the cornea, and gives this 

power, its orientation, and the corneal power in a perpendicular meridian. The Min K 

similarly finds the minimum power along a meridian in the paraxial region, and gives its 

magnitude and orientation. 
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In Figure 4.5, the patient has been diagnosed with advanced keratoconus. Figure 

4.5(a) once again shows the raw topography height data. In Figure 4.5(b), the base 

curvature has been subtracted. In Figure 4.5(c), the cylindrical tenns Z"22 and Z~ have 

been removed to reveal the cone. 

The patients in Figures 4.6 and 4.7 have undergone six and eight incision radial 

keratotomy, respectively. Figures 4.6(a) and 4.7(a) once again show the raw topography 

height data. In Figures 4.6(b) and 4.7(b), the base curvature has been subtracted. In 

Figure 4.6(c), terms of the Zernike expansion with radial order n ~ 6 and azimuthal 

frequency m < 6 have been subtracted from the original height data revealing the height 

variations resulting from the six RK incisions. Only these Zernike tenns are removed 

from the six-incision RK because some of the higher terms contain an six-fold symmetry 

that matches the cuts. Similarly in Figure 4.7(c), terms of the Zernike expansion with 

radial order n ~ 8 and azimuthal frequency m < 8 have been subtracted from the original 

height data revealing the height variations resulting from the eight RK incisions. Higher 

order Zernike terms contain an eight-fold symmetry that matches the cuts. The tenns 

below the anticipated symmetry of the RK are associated with the refractive power, 

residual astigmatism, and spherical aberration of the post-operative cornea. Once these 

terms have been removed, only the artifact resulting from the refractive surgery remains. 

The six incision RK artifact shows a peak-to-valley height variation of about 18 !lm. The 

eight-incision RK artifact shows a peak-to-valley height variation of about 20 !lm. 

Expansion terms of higher order than the anticipated symmetry of the artifacts can be 

used to fit these RK artifacts. As a check for the validity of the RK artifact, dozens of 

sets of RK and non-RK corneal are analyzed. The pattern appears in all of the RK patient 

data when the anticipated symmetry is removed. When the same symmetry is removed 

from non-RK patient data, the resultant "artifact" lacks the lobes of the RK artifact and 

appears as a noisy surface. 
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(a) White = 0 mm; Black = 0.882 mm 

(b) White = -0.018 mm; Black = 0.028 mm 

(c) White = -0.008 mm; Black = 0.016 mm 

Figure 4.4 Height maps of corneal astigmatism (a) raw height data, (b) raw height data 
minus parabolic term, (c) height data of (b) minus cylindrical term. White represents a 

high point on the cornea, and black represents a low point. Diameter = 7.0 mm. 
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(a) White = 0 mm; Black = 0.542 mm 

(b) White = -0.014 mrn; Black = 0.030 mm 

(c) White = -0.017 mrn; Black = 0.022 mm 

Figure 4.5 Height maps of advanced keratoconus (a) raw height data, (b) raw height 
data minus parabolic term, (c) height data of ,b) minus cylindrical term. White represents 

a high point on the cornea, and black represents a low point. Diameter = 5.5 mm. 
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(a) White = 0 mm; Black = 1.007 mm 

(b) White = -0.047 mm; Black = 0.040 mm 

(c) White = -0.027 mm; Black = 0.010 mm 

Figure 4.6 Height maps of six incision radial keratotomy (a) raw height data, (b) raw 
height data minus parabolic term, (c) height data ofCb) minus Zernike terms with n [6 

and m < 6. White represents a high point on the cornea, and black represents a low point. 
Diameter = 8.0 mm. 
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(a) White = 0 mm; Black = 0.950 mm 

(b) White = -0.020 mm; Black = 0.029 mm 

(c) White = -0.010 mm; Black = 0.010 mm 

Figure 4.7 Height maps of eight incision radial keratotomy (a) raw height data, (b) raw 
height data minus parabolic term, (c) height data of (b) minus Zernike terms with n [8 

and m < 8. White represents a high point on the cornea, and black represents a low point. 
Diameter = 7.6 mm. 
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(a) White = 0 mm; Black = 0.993 mm 

(b) White = -0.038 mm; Black = 0.050 mm 

(c) White = -0.015 mm; Black = 0.022 mm 

Figure 4.8 Height maps of photo refractive keratectomy (a) raw height data, (b) raw 
height data minus parabolic term, (c) height data of (b) astigmatic terms. White represents 

a high point on the cornea, and black represents a low point. Diameter = 7.9 mm. 



74 

In Figure 4.8, the patient has undergone photorefractive keratectomy (PRK). 

Figure 4.8(a) once again shows the raw topography height data. In Figure 4.8(b), the 

base curvature has been subtracted revealing a saddle-shaped pattern similar to Figure 

4.4(b) due to astigmatism. In Figure 4.8(c), the cylindrical terms Z"22 and Z~ have been 

removed to reveal the PRK artifact. A residual effect of this surgical procedure is to etch 

a ridge, as seen in the figure, along the edge of the ablation zone. The ablation zone in 

this case is also seen to be elliptical due to the patient's astigmatism. 

4.5 Numerical Accuracy 

Videokeratoscopes measure corneal surface slope in the meridional direction. 

Inaccuracies result in converting this slope data to height data. Greivenkamp, et al.48 

have measured the surface height of a variety of toric surfaces on several commercially

available videokeratoscopes. The calculated surface heights were compared to the actual 

height of the surfaces to determine the accuracy of videokeratoscope. The error in 

calculated surface height results from several sources: the lack azimuthal information 

about the corneal slope data, tilt between the optical axis of the cornea and the optical 

axis of the keratoscope head, and defocus of the corneal image. Under ideal 

circumstances, the rms surface height errors ranged from 0.7 J.Un for a 0 D toric up to 

4.2 11m for a 7 D toric. Nunez et al.49 and Roberts50 have similarly found rms 

errors S;; 0.5 11m for ellipsoidal surfaces. To determine the accuracy of the Gram-Schmidt 

orthogonalization routine, simulated perfect keratographic data sets of 0 D, 1 D, 3 D, 5 D 

and 7 D torics were fit using the Zernike expansion, and the rms error of the fit 

calculated. The rms fit error for these five ideal surfaces is less than 0.02 /lm for an 

expansion with radial orders n S;; 8 and azimuthal frequencies m < 8. This rms fit error is 

well below the measurement accuracy of the videokeratoscope. The numerical accuracy 
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of the decomposition methodology outlined here is therefore limited by the measurement 

device and not the onhogonalization routine. 

The accuracy of equations (4.32)-(4.36) depends on both the accuracy of the 

videokeratoscope height data, and the Zernike expansion coefficients. The expressions 

for spherical and cylindrical radii of curvature and power have been truncated to keep the 

equations simple. In deriving these formulas, expansion terms containing p2 = (r / rmax)2 

oriented along and perpendicular to 80 (i.e. spherical or cylindrical terms) are found and 

compared to equation (4.30). Equations (4.32)-(4.36) contain only the first two spherical 

terms (a2,0 and <14,0) and the first two sets of astigmatic terms (a2,2, a2,-2 and <14,2, ll4,-2). 

As the order of the expansion is increased, additional terms containing a p2 dependence 

arise (the next logical terms are %,0 and a6,2, %,-2 for the spherical and cylindrical 

components respectively). The accuracy of the radii of curvature and power calculations 

can be increased by including these and additional higher-order terms, however, the 

expressions become cumbersome. 

For most corneas, the lower-order Zernike polynomial terms carry most of the 

significant information. The higher-order terms therefore tend to become less reliable as 

the measurement noise approaches the amount of surface variation represented by these 

terms. However for surfaces where there are significant variations that can only be 

described by higher-order terms, such as the incision pattern due to an RK procedure, the 

coefficients for these high-order terms are found to be stable and reliable. As a test, we 

measured the cornea of an RK patient four times, decomposed the results, and compared 

the coefficients. The value of rmax is the same for each measurement. For all of the 

coefficients examined (45 terms), the ratio of the mean value to the standard deviation of 

the coefficient measurements exceeds unity. For polynomial tenns representing 

significant surface variations (such as the eight-fold symmetry described earlier), this 

signal to noise measure of the coefficient quality is on the order of 10: 1. 
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The toric surfaces mentioned above were used to detennine the accuracy of the 

spherical and astigmatic radii of curvature and power calculations. The keratographs of 

the torics obtained with the TMS-l were decomposed into a set of Zernike polynomials 

and values for the radii of curvature calculated using equations (4.32) and (4.34). Table 

4.1 shows the actual and calculated prescriptions of the five toric surfaces in terms of the 

radius of curvature R along one principal meridian of the toric and the radius of curvature 

R.l along the perpendicular axis. The rms radius error is about 50 11m for the five 

surfaces, which corresponds to a rms power error of less than 0.3 D. The errors produced 

by equations (4.32)-(4.36) are therefore approaching the accuracy level claimed by 

videokeratoscope manufacturers. If additional accuracy is needed higher-order terms can 

be included. 

Astigmatism of Torac Actual Radii of Calculated RadII of 
Surface Curvatures Curvatures 

Rx RJ.. Rx RJ.. 

OD 7.80mm x 7.80 mm 7.84mmx7.81 mm 

ID 7.80 mm x 7.62 mm 7.89 mm x 7.69 mm 

3D 7.80 mm x 7.29 mm 7.80 mm x 7.30 mrn 

5D 7.80 mrn x 6.99 mm 7.85 mrn x 7.03 mrn 

7D 7.80mrnx6.71 mm 7.85 mm x 6.76 mrn 

Table 4.1 Actual and Calculated Radii of Curvatures for Several Torie Surfaces. 

4.6 Summary 

In this chapter, a technique for analyzing corneal height data is presented. The 

height data is decomposed into an onhonormal set of polynomials and related to the 
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Zernike polynomials. The Zernike polynomials provide a numerically stable expansion 

of corneal height data, and contain terms representative of fundamental corneal shapes 

such as sphere and cylinder. The decomposition technique also provides a method for 

obtaining surface height artifacts from individual patients that can be applied to a 

schematic eye model. This chapter also completes the development of the visual 

modeling tools. The remainder of this dissertation is dedicated to the application of these 

tools to specific examples. The following chapter investigates the effect of decentration 

of soft contact lenses on visual performance. 
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Chapter 5: Modeling Soft Contact Lenses 

5.1 Background 

Contact lenses are routinely prescribed to correct for refractive error. Their effect on 

visual perfonnance is modeled by modifying one of the schematic eyes outlined in Chapter 

2 and calculating the CSF of the system using the methodology described in Chapter 3. 

The modification of the eye model involves introducing a refractive error into the eye model, 

which is accomplished by bending the cornea in the model. The appropriate contact and a 

tear film are then added to the front surface of the cornea. The complexity of the addition of 

this extra optical element into the model depends strongly on the contact lens material and 

the centration of the lens with respect to the corneal apex. 

Contact lenses come in two varieties: rigid and soft.51 A rigid lens is normally made 

of a hard plastic such as polyrnethylmethacrylate (PMMA) and, as the name implies, is 

inflexible. Soft contact lenses, on the other hand, are usually made of a hydrogel and have 

the ability to mold to the corneal surface when worn. Oinically, contact lenses will decenter 

from the apex of the cornea due to improper fitting of the lens or as a response to blinking 

and eye movement. Modeling the decentration of a rigid lens is a simple matter of adjusting 

the tilt and decenter of the lens in the raytrace code. The tear film thickness is varied to 

account for shape mismatches between the cornea and contact Visual performance is then 

evaluated by the techniques outlines previously. The soft contact lens however poses more 

difficulty. As the soft lens decenters, it molds to cornea. Since the cornea is aspheric, the 

shape (curvatures and asphericities) of the front and rear surfaces depends on the location 
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of the lens on the cornea. A novel method for modeling the decentration of a soft contact 

lens and several examples of the technique are described in this chapter. 

5.2 Methods 

Code V features a surface interferogram file that can be applied to any optical 

surface.52 The surface interferogram file is an array of height data in which each array 

element represents a height deformation. These height deformations are added (or 

subtracted) from the local height of the surface to which the file is applied The direction of 

the deformation is along the local surface normal and is not simply a local change in surface 

sag. The surface height fIle can also be decentered with respect to the axis of the optical 

surface to which it is applied. This feature is normally considered useful only for 

interferometric-type height errors (i.e. a few waves), but there is nothing inherent to the 

analysis that leads to this limitation. In this chapter, the entire soft contact lens is modeled 

as a height fIle that is then applied to the eye model. Decentration of the contact lens is then 

a simple matter of shifting the height file. 

To generate the surface height fIle, the shape of the contact lens as it sits on the 

cornea needs to be examined. Since the cornea is aspheric, the posterior surface of the soft 

contact forms into the mating aspheric shape, and the anterior surface shape is detennined 

by the contact lens thickness and power. When the contact lens is decentered from the 

venex of the cornea, the anterior surface of the contact forms a highly complex aspheric 

surface. Figure 5.1 shows a contact lens that is centered on the corneal apex, and Figure 5.2 

shows the same lens decentered by an amount /).y. The values {d1 .. dn} denote the local 

measures of the contact lens thickness. These values remain constant with decentration, but 

their orientations conform to the local surface normal. 
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Figure 5.1 Soft contact lens centered about corneal apex. 

Contact 
Lens 

Cornea 

Figure 5.2 Soft contact lens decentered from corneal apex. 
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The values {dI .. dn} for the centered case can be calculated analytically for a 

particular contact lens design if the surfaces are assumed to be aspheric. Lindley53 outlines 

a technique for calculating these values for two general conic surfaces. Figure 5.3 shows 

the two surfaces of a general contact lens of central thickness Zo. Mathematically, the 

anterior surface of the contact, with radius Ra and conic constant Ka, can be expressed as 

where Al = BI = Ka+l, CI = (Ka+l)2 and II = -2Ra(Ka+l). Similarly, the posterior 

surface, with radius Rp and conic constant Kp, can be expressed as 

where A2 = B2 = Kp+l, C2 = (Kp+l)2, 12 = -2(Rp+z.o)(Kp+l) and 12 = Zo(2Rp+z.o). An 

arbitrary point on the posterior surface is given by the vector r2 = (X2'Y2,Z2). The nonnal 

n at this point is given by the partial derivatives of equation (5.2) such that 

The point rl where the nonnal to the posterior surface intersects the anterior surface of the 

contact, is given by 

where t is a constant and n = n / Inl. The value of t is obtained by plugging the expression 

in equation (5.4) into equation (5.1) and solving. This value oft is then plugged back into 
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equation (5.4) to detennine rl = (Xl'YI'Zl). The local thickness of the contact for the 

height map d is then simply given by the distance equation 

The technique outlined above is used to generate the height maps used in this modeling. 

x 

(~'Yl'~ ) 

Anterior 
Surface 

Posterior 
Surface 

z 

Figure 5.3 Calculation of local surface height for a general contact lens. 

To implement the height map, a 10 Ilm tear film is assumed to separate the cornea 

and the contact lens. The shape of the tear film defines the posterior surface of the contact, 

and the anterior surface of the contact is initially defined as a zero-thickness surface to 

specify the index of the lens. The calculated thickness map is then applied to this zero

thickness surface to model the contact lens. To dec enter the contact lens, the center of the 

surface height map is shifted from the apex of the zero-thickness surface. In this manner, 

the posterior surface of the contact matches the tear film and the local thicknesses of the 

contact are conserved with decentration. 
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5.3 Examples 

The new schematic eye model outlined in Chapter 2 has been modified to contain 

refractive error. The modification involves placing a spectacle lens at the front focal point of 

the emrnetropic eye model and bending the cornea to bring a distant image into focus on the 

retina. The cornea is bent so that its central thickness and the thiclrness at a 4.5 mm zone 

are kept constant. The tear fIlm is also altered to be approximately 10 J.l.I11 thick over the 

entire cornea. The conic constant of the tear film is set equal to that of the anterior cornea 

Once the spectacle lens is removed, the resultant eye mcx:lel is ametropic, with a refractive 

error corresponding to the spectacle lens. Tables 5.1 and 5.2 give the surface specifications 

for the eye model for several levels of refractive error. 

Surface RadIUS (mm) Comc Thickness Index (nd) 
Constant (mm) 

Posterior Contact Ro +0.01 nun Ko 0.000 1.4281 

Tear Film Ro + 0.01 mrn Ko 0.010 1.3330 

Anterior Cornea Ro Ko 0.550 1.3771 

Posterior Cornea Rl Kl 3.050 1.3374 

Iris - - 0.000 1.3374 

Anterior Lens 11.030 -4.2997 4.000 1.4200 

Posterior Lens -5.717 -1.1707 16.529 1.3360 

Retina - - - -

Table 5.1 Specifications of the eye mcx:lel. 

Refractive Error Ro (mm) Ko Rl (mm) Kl 

-5.00 D 8.85548 0.211474 6.91857 -0.578007 

-3.00 D 8.38707 0.028862 6.77952 -0.447833 

-1.00 D 7.98798 -0.084595 6.63839 -0.364091 

Table 5.2 Values for the radii and conic constants used in the eye model for several levels 
of refractive error. 
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The tear film is assumed to be water and the contact is a hydrogel composed of 60% 

PMMA and 40% water. The index nd of the contact is 1.4281 and its dispersion is 61.2. 

These values correspond to a weighted average of the indices of water and PMMA. A 

255 x 255 pixel surface height map of width 8 mm is generated for each of the lenses given 

in Table 5.3. The powers of these lenses are consistent with those proposed by Stein to 

correct the different levels of refractive error in the eye model.51 The map is applied to the 

zero-thickness surface of the eye model and visual perfonnance evaluated for decentrations 

ranging from 0.0 mm to 2.0 mm. 

Refractive Base Radius Anterior Thickness Power 
Error (mm) Radius (mm) (mm) (D) 

-5.00 0 8.86548 8.05791 0.16 5.25 

-3.00 0 8.39707 7.99510 0.16 3.00 

-1.00 0 7.99798 7.91854 0.16 1.00 

Table 5.3 Curvatures and powers of the soft contact lenses used to correct the refractive 
error of the eye model. The index of refraction of the contact is 1.4281. 

Figures 5.4, 5.5 and 5.6 show the predicted changes in external contrast sensitivity 

as the contact is decentered from the corneal apex. The retinal contrast sensitivity of 

Campbell and Green29 is used in conjunction with equations (3.5) and (3.6) to calculate 

these contrast sensitivities. In Figure 5.4, shifting the 1.00 D lens produces almost no 

change in the CSF until the dec<:!ntration reaches 2.0 mm. The loss of contrast sensitivity 

for this decentration appears to be nearly uniform for all spatial frequencies. A measure of 

visual acuity can also be obtained from these curves. The spatial frequency where the 

contrast sensitivity is unity is the maximum resolvable spatial frequency for a 100% contrast 

target. Since Campbell and Green used sinusoidal patterns to determine retinal CSF, this 

point corresponds to a sinusoidal visual acuity. For the case of the 1.00 D lens, the contrast 

sensitivity at a frequency of 30 cyc/deg remains well above unity for all decentrations. In 
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other words, the sinusoidal visual acuity is greater than 20/20 regardless of decentration. In 

Figure 5.5, the contrast sensitivity remains essentially unchanged with decentration of the 

3.00 D lens and the sinusoidal visual acuity is well above 20/20 for all cases. The 3.00 D 

lens performs better than the 1.00 D lens with respect to decentration. This effect is most 

likely due to the cornea in the 3.00 D lens case being more spherical than the cornea in the 

1.00 D lens case. The effects of a spherical cornea on this modeling are discussed in more 

detail in the analysis section of this chapter. For the 5.00 D lens in Figure 5.6, the contrast 

sensitivity remains nearly constant for decentrations up to 0.5 mm. For greater 

decentrations, there is a loss in contrast sensitivity that appears to shift from high to middle 

spatial frequencies as decentration increases. For all levels of decentration, the sinusoidal 

visual acuity remains above 20/20. 

5.4 Analysis 

Caution must be used when analyzing the results summarized in Figures 5.4 

through 5.6. There is an error introduced into the analysis due to this modeling technique. 

This error arises from digitizing the surface height in three dimensions. The number of 

array elements is limited, and linear interpolation of the surface height values is used for 

regions between these points. The result of this sampling is that the surface height contact 

is faceted. For the 255 x 255 grid used in this modeling, each facet has a width of about 

31 11m. The facets cause a small error in the angle of refraction at the anterior surface of the 

contact. These errors are magnified as the rays propagate through the subsequent surfaces 

of the eye model. Furthermore, only 32767 discrete height levels are allowed by the 

program. For a contact that is 160 11m thick, this corresponds to height steps of about 

A/100. The magnitude of these errors can be determined by comparing a centered contact 

entered into the raytrace software by conventional means with the equivalent lens entered as 
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Figure 5.4 Contrast sensitivity as a function of decentration for a 1.00 D soft contact lens. 
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Figure 5.5 Contrast sensitivity as a function of decentration for a 3.00 D soft contact lens. 



1000 T 
>-
!:: 
> :;: 
.(;; 

100 c 
Q) 

en -fII cu 
10 ~ -c 

0 
0 

o 5 10 15 20 25 30 35 

Spatial Frequency (cyc/deg) 

87 

• 0.0 mm 
Decenter I 

--:::J--- 0.5 m m 

Decenter 

--+-- 1.0 mm 

Decenter 

~1.5mm 

Decenter 

--*" .... -- 2.0 mm 

Decenter 

Figure 5.6 Contrast sensitivity as a function of decentration for a 5.25 D soft contact lens. 

thickness file. For a pupil diameter of 4.0 mm, the absolute loss in MTF due to the use of 

the surface height map is shown in Figure 5.7. For the 1.00 D lens the absolute loss in 

MTF is less than 1 %. The magnitude of the errors increase, however, as the power of the 

contact lens increases. For the 3.00 D lens, the error increases to roughly 4% and for the 

5.25 D lens, the error has reached approximately 11 %. The errors for these last two lenses 

appear to be small for low spatial frequencies and tend to increase at 8 cyc/deg. 

Additional errors may also be introduced by the choice of conic constant of the 

anterior surface of the cornea. With the current techniques, the radii and asphericities of 

both the anterior and posterior surfaces of the cornea are allowed to vary when bending the 

cornea The only requirement on the bending is that the thickness of the cornea remains 

fixed centrally and at a 4.5 mm zone. A continuum of solutions therefore exist and the 

values in Table 5.2 represent only one of these solutions. Kiely et ai.54 found that the mean 

value of the conic constant for the anterior cornea is -0.25. The values of the conic constant 
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used in this modeling range from -0.08 to 0.21, and the effect of this apparent error may be 

seen most dramatically in Figure 5.5. In this case, the cornea is nearly spherical 

(Ko=O.028862) and the CSF remains nearly constant for all decentrations. For a perfectly 

spherical cornea, the contact will not deform as it is decentered. Shifting the contact only 

introduces a prismatic effect, which results in a phase shift in the OTF. The effects of this 

phase shift is lost when the modulus of the OTF is taken to calculate the MTF. In other 

words, the MTF (and therefore the CSF) remains essentially constant as the contact is 

decentered on a spherical surface. The conic constant value obtained by Kiely et al. 

represents a mean population value and further investigation is needed to determine if the 

asphericity of the cornea is also dependent upon the level of refractive error. 
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Figure 5.7 MTF error resulting from the use of a discrete surface height map. 

5.5 Summary 

The use of the interferogram feature of raytrace codes provides a simple means for 

evaluating the optical performance of a decentered soft contact lens. However, the inherent 

errors in using surface height maps and the modeling techniques need to be resolved prior 
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to making conclusions from the modeling presented here. The sampling errors introduced 

by the surface height map can be reduced by increasing the dimensions of the map, at the 

expense of increased computation time and file size. Further investigation is needed to 

obtain nonnative values of cornea shape as a function of refractive error. Incorporation of 

tl~ese values into the ametropic eye model will eliminate errors arising from poor choices of 

the conic constant of the anterior cornea. Once these corrections have been made, the 

techniques outlined above will better quantify the effects of soft contact lenses on visual 

performance. 
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Chapter 6: Keratoconus Detection and Modeling 

6.1 Background 

Keratoconus is a corneal disease in which the introcular pressure forces the cornea 

to bulge at a localized point where the corneal thickness has decreased.55 The disease is 

progressive, causes large amounts of irregular astigmatism and all but the mildest cases are 

difficult to correct with spectacle lenses. For moderate levels of keratoconus, a rigid gas 

permeable (RGP) contact lens is fitted to the patient to effectively index-match out the cone. 

In severe cases, penetrating keratoplasty or epikeratoplasty is performed. While a cure for 

this disease does not exist, techniques for detecting the onset and following the progession 

of keratoconus are valuable for RGP fitting and surgical planning. 

There are at least two schemes that use videokeratoscopic data to detect keratoconus. 

Rabinowitz et at. suggest a method of examining the difference between the inferior (I) and 

superior (S) powers of the cornea.56,S? The so-called I-S value is obtained by averaging 

five superior dioptric powers (3 mm zone, meridions of 30°,60°,90°, 120° and 150°) and 

subtracting this value from the mean dioptric power of five inferior cornea points (3 mm 

zone, meridions of 210°,240°,270°,300° and 330°). An I-S value greater than 1.60 D 

suggests the presence of keratoconus. Additional videokeratographic-based indices have 

also been suggested which are beneficial in detecting keratoconus.S8-61 These indices 

include: the Surface Asymmetry Index (SAl), which describes the dioptric power difference 

for points 180° apart on the cornea, the Differential Sector Index (DSI), which describes the 

average power difference between two 45° sectors on the cornea separated by 90°, and the 

Opposite Sector Index (OS I), which describes the average power difference between two 
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45° sectors on the cornea separated by 180°. Each of these indices are significantly higher 

(p = 0.00(1) in keratoconus patients than in non-keratoconus patients.61 

Both of these detection schemes search for asymmetries in the dioptric power values 

obtained from a videokeratoscope. However, dioptric power maps vary greatly with respect 

to the choice of the surface vertex and definition of diotric power. Hubbe and Foulks62 

have shown that poor fixation on the video keratoscope target causes asymmetries in power 

maps similar to those found in keratoconus patients. A keratoconus detection scheme that 

attempts to eliminate the effects of poor fixation is outlined in this chapter. The method 

involves decomposing videokeratoscopic height data from keratoconus and myopic patients 

and comparing the differences between the two groups. The remainder of the chapter is 

dedicated to analyzing the optical effects of keratoconus. A keratoconus artifact is 

generated from Zemike expansion data and applied to the new schematic eye model to 

evaluate visual performance. Since, keratoconus causes irregular astigmatism, visual 

performance is predicted along the directions of the principal meridia. 

6.2 Keratoconus Detection 

To first order, improper alignment of the videokeratoscope will introduce a tilt term 

in the corneal surface height data. The asymmetry introduced by this tilt term alone causes 

the keratoconus indices described above to shift from a normal level to the keratoconus 

regime. As a simple example, consider a cornea that is parabolic with a base radius 

R = 8 mm, tilted 1 ° about the horiwntal axis. Mathematically, this surface is described in 

polar coordinates (r,S) as 

r2 
z = - + arsinS (6.1) 

2R ' 
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where z is the surface sag and a == 0.01746 for a 10 tilt. The axial power <Pax in diopters at 

any point on the surface is given by38 

<P = 337.5(dz / dr) (6.2) 
ax r~l + (dz / dr)2 

where 

dz r . 6 -=-+asm 
dr R 

(6.3) 

The I-S value for this example is 2.41 D, which suggests keratoconus. The SAl, DSI and 

OSI values are similarly affected. The sensitivity of these indices to a slight tilt in the 

videokeratoscopic data demonstrates the need for a better method for classifying 

keratoconus. 

In addition to the SAl, DSI and OSI indices described above, the spherical 

equivalent power (average of the paraxial powers along the principal meridia) is also 

significantly higher in keratoconus patients than in normal patients.61 The detection scheme 

outlined here is based upon comparing the spherical equivalent power and one of the 

Zernike expansion coefficients between normal and keratconus patients. When the base 

curvature and astigmatism terms are removed from corneal height data of keratoconus 

patients, the resultant artifact has a localized "bump", as seen previously in Figure 4.4. The 

presence of this bump suggests the Zernike expansion terms with coma-like patterns will be 

more prevalent in keratoconus patients than in normal patients. For this reason, the net 

coefficient of the fundamental coma terms zi1 (p, 6) of the Zernike expansion is used in the 

keratconus detection scheme. The net coefficient a3,±1 is defined as 

(6.4) 

The advantage of this technique over previous efforts is that in the presence of 
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videokeratscope alignment error (tilt), the majority of the error is absorbed into the Zemike 

tilt terms ztl (p, 8), leaving a3,±1 unaffected. For example, the coefficients of a Zemike 

expansion of the surface described in equation (6.1) gives ao,o = 0.382812, a 1,-1 = 0.030555 

and a2,O = 0.221017 for r max = 3.5 mrn. The remainder of the expansion coefficients, 

including a3,1 and a3,-h are zero. Therefore, the error introduced in equation (6.1) does not 

introduce coma-like terms and the surface can be distinguished from a keratoconic surface. 

The spherical equivalent power and a3,±1 of 61 myopic and 17 keratoconus patients 

are analyzed. A TMS-l videokeratscope is used to obtain the data on each eye. A 6.00 mrn 

diameter zone of each set is decomposed into Zemike polynomials. The tilt terms of the 

expansion are ignored to eliminate any misalignment error. The spherical equivalent power 

is obtained by averaging <l>.L and <l>, calculated from equations (4.30) and (4.32) 

respectively. The value of a3,±1 is calculated from equation (6.4). Figure 6.1 shows a plot 

of spherical equivalent power versus the net coma coefficient a3,±1. In Figure 6.1, the 

normal patients have on average a low net coma (mean of 0.00129 ± 0.00078) and an 

average spberlcal equivalent power of 44.24 D (standard deviation of 1.68 D). 
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Figure 6.1 Spherical equivalent power versus the net coma coefficient for myopic and 
keratoconus patients. 
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The keratoconus patients have on average a higher net coma (0.00760 ± 0.(0455) and 

spherical equivalent power (47.48 ± 6.63 D). While these factors differ significantly (p < 

0.0001 for a3,±1; P = 0.0008 for the spherical equivalent power) between the two groups, 

four keratoconus patients (23.5%) lie within a two standard deviation range of the normal 

group. These keratoconus outliers may represent a mild level of the disease or more likely a 

limitation in the detection algorithm. For this detection scheme to be useful, the accuracy 

needs to be improved. Inclusion of higher-order coma terms may increase accuracy and a 

thorough statistical analysis is still necessary to determine if more complex relationships 

between the coma-like Zernike terms and keratoconus topographies exist. 

6.3 Visual Performance and Keratoconus 

A keratoconus artifact is applied to the new schematic eye model to qualitatively 

determine the optical effects of the disease. The artifact, shown in Figure 6.2, is generated 

from the height data of a single patient. The spherical terms Z~ (p, e) (n = 0, 2, 4, 6 and 8) 

and the astigmatic terms Z~(p,e) have been removed from the original corneal height data. 

The removal of these terms eliminates errors in the corneal shape that can be corrected for 

with a spectacles lens, leaving only the higher-order or irregular astigmatism terms. The 

artifact is also rotated 200 clockwise so the cone lines up with the vertical axis of the model 

cornea 

The artifact is applied to the schematic eye model in the form of surface height map 

and a series of spot diagrams are calculated through focus. The retina of the eye model is 

shifted to the location of the minimum rms spot size (0.1 mm towards the crystalline lens). 

The horizontal and vertical MTFs are calculated with and without the artifact present for 

pupil sizes of 2, 4 and 6 mm. The retinal CSF of Campbell and Green29 and the MTF 
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Figure 6.2 Keratoconus artifact. The spherical and cylindrical terms have been removed 
and the artifact is rotated 20° clockwise to align the cone with the vertical axis. 

differences are used in equation (3.6) to determine the change in external contrast 

sensitivity. Figures 6.3 through 6.5 show the effects of the cone on the CSF. 

In Figure 6.3, there is a marked decrease in the CSF across all but the lowest spatial 

frequencies. The contrast sensitivity along the meridian in which the cone lies is affected 

more severely than the orthogonal meridian. The 2 mm pupil size in this example holds the 

sinusoidal visual acuity to roughly 20/20, however low contrast acuity is lost due to the 

presence of the keratoconus artifact. In Figure 6.4, the CSF in both meridions drops further 

and the sinusoidal visual acuity has dropped to approximately 20/25. In Figure 6.6, the 

6 mm pupil causes a further degradation in the CSF. The sinusoidal visual acuity drops to 

roughly 20/35 in this case. 

Mainster63 summarizes the effects of ocular pathologies on the CSF. Figure 6.6 

shows the clinically-measured CSF for keratoconus patients. The conditions under which 

these measurements were performed are currently unavailable, however if room light 

conditions are assumed (i.e. the pupil size is approximately 4 mm), then Figures 6.6 and 6.4 

can be compared. The purpose of this comparison is to qualitatively assess the limitations 

of the current modeling and to determine areas of possible improvement. The clinical and 

model predictions match well for spatial frequencies ranging from 4 cyc/deg to 10 cyc/deg. 
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Figure 6.3 Contrast sensitivity for a 2 mm pupil with and without the keratoconus artifact 
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Figure 6.S Contrast sensitivity for a 6 nun pupil with and without the keratoconus artifact. 
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Figure 6.6 Contrast sensitivity adapted from Mainster for keratconus patients, 
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The model, however, predicts better visual performance at high and low spatial frequencies. 

The current eye modeling applies the keratoconus artifact directly to the anterior corneal 

surface and the posterior surface remains unaltered. Clinically, a dimple will form in the 

posterior cornea due to stromal thinning. The effect of this dimple is to further reduce the 

MTF of the eye, especially at high spatial frequencies. This difference between the model 

and clinical keratoconus may explain some of the discrepancy between the respective CSFs 

for high spatial frequencies. The inconsistency in the CSFs for low frequencies is more 

difficult to explain. Since the MTF is nearly unity for low spatial frequencies regardless of 

aberration level, a large loss in CSF over this frequency range is impossible under the 

current modeling assumptions. Therefore, an effect, currently unaccounted for, must exist 

that degrades visual performance at low spatial frequencies. Further investigation is 

necessary to determine the origin of this effect. 

6.4 Summary 

A technique for detecting keratoconus is useful for determining the origins of the 

disease and for screening potential refractive surgery patients. The reduced integrity of the 

keratoconic cornea could cause unstable results following radial keratotomy or 

photorefractive keratectomy. By detecting the disease, refractive surgery on keratoconus 

patients can be avoided. The keratoconus detection scheme outlined in this chapter attempts 

to eliminate possible detection errors due to misalignment of the corneal height data. 

Further investigation is necessary to extend the accuracy of this scheme. 

Assessment of keratoconus artifacts is useful in following the progression of visual 

degradation caused by the disease. Surgical intervention may be chosen whe~ this 

degradation reaches a certain threshold. Furthermore, the artifacts determine the shape of 

the keratoconic corneal which may be useful in fitting custom RGPs. The current modeling 



scheme overestimates visual performance at high and low spatial frequencies and 

improvement of the modeling techniques is necessary. 
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Chapter 7: Optical Modeling of Radial Keratotomy 

7.1 Background 

Radial Keratotomy (RK) is a surgical procedure for correcting myopia. The 

technique involves incising the cornea in a spoke-like pattern. An optical zone (OZ) is 

left uncut and the incisions are made in the radial direction from the edge of the OZ to the 

limbus. The surgical incisions cause a reduction in the mechanical integrity of the 

cornea, resulting in a partial collapse in the dome-structure of the cornea. RK causes at 

least three different changes in the shape of the corneal surface. Each change alters the 

optical properties of the surface. The fIrst alteration is a flattening in the base radius of 

curvature of the eye, which modifIes the overall optical power of the eye. A second more 

subtle change is in the asphericity of the cornea. The asphericity of the cornea does not 

affect the overall power of the eye, but influences visual performance by controlling the 

amount of spherical aberration in the eye. Finally, there are higher-order variations in the 

corneal surface resulting from the RK incision pattern, which can cause a more complex 

change in visual performance. 

In this chapter, Zernike decomposition is performed on the videokeratoscopic data 

of pre- and post-operative RK patients. The conic constant, which describes the 

asphericity of this surface, is found for the two patient groups from the expansion 

coeffIcients. A significant shift in the asphericity of the cornea results from RK and the 

effects of this shift on the longitudinal spherical aberration (LSA) of the eye are 

investigated using a schematic eye model. Furthermore, the higher-order corneal 

variations (RK artifacts) due to RK are obtained from videokeratoscopic data and applied 
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separately to a schematic eye model. Their effect on visual performance is investigated 

as a function of OZ size, pupil size and decentration of the artifact. 

7.2 Calculation of Corneal Asphericity 

The technique for decomposing videokeratoscopic height data into Zernike 

polynomials outlined in Chapter 4 approximates the corneal surface height data by a 

linea.r combination of Zernike polynomials such that 

m,n 

where (pj,8j) are the normalized polar coordinates of a discrete point on the cornea and 

f(pj,8j) is the videokeratoscopic height data at that point. The expansion coefficients 

an +m can be used to determine the conic constant of the surface . .-

The sag or surface height of a non-parabolic conic of revolution in Cartesian 

coordinates is given by 

where z is the surface sag, r2 = x2 + y2, R is the radius of curvature of the surface, and K 

is the conic constant. If the square root in equation (7.2) is expanded using a binomial 

series, the sag equation becomes 

_[~ (K+l)r4 ] 
z - + 3 + ... 

2R 8R 
(7.3) 

To obtain the conic constant in terms of the Zernike coefficients, the r4 term in equation 
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(7.3) is equated to the terms in the Zernike expansion of equation (7.1) having a 

p4 = (r / rmaxf dependence. Recall from Chapter 4 that rmax is the maximum radial 

extent of the videokeratoscopic data. The first three Zernike polynomials exhibiting a p4 

dependence are 

Z~(p,8)=v/s(6p4-6p2+1) , (7.4) 

Z~(p,8)=.y7(20p6_30p4+12p2_1) , (7.5) 

Z~(p,e) = 3(70ps -140p6 + 90p4 - 20p2 + 1) (7.6) 

Equating like expansion terms and solving for K gives 

8R3 

K = T[ 6v/sa4.0 - 30.y7a6.0 + 270as.o+ ... ] -1 (7.7) 
max 

In this analysis, the series in equation (7.7) is truncated after the as,O term with good 

accuracy. 

7.3 Effects of Asphericity on Visual Performance 

The asphericities of 61 pre-RK and 48 post-RK eyes are analyzed. Each post-RK 

patient underwent eight incision RK with optical zone sizes ranging from 3.00 to 

5.00 mm. A TMS-I videokeratoscope is used to obtain corneal height data on each eye. 

A 6.00 mm diamet\;r zone of each data set is decomposed into Zernike polynomials and 

the conic constant K calculated using equation (7.7). Post-RK patients with suspected 

microperforations were excluded from the analysis. 

The results of calculating the conic constant of pre- and post-RK patients show a 

significant (p < 0.000 1) shift in the asphericity of the cornea. The mean value of K for 

the preoperative patients is -0.224 with a standard deviation of 0.879. The mean value of 
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K for this group is consistent with other measures of the asphericity of the cornea. 54 The 

standard deviation of the measured conic constants is larger than other findings, which 

may be due to the high degree of myopia found in the pre-RK patients. The mean value 

of K for the postoperative patients is -2.960 with a standard deviation of 2.731. A 

scattergram of these results is shown in Figure 7.1. Examining the means of the two 

groups shows that the effect of RK is to shift the cornea from an ellipsoidal shape to a 

hyperboloid. The large standard deviation for the post-RK group, however, shows that 

all corneal asphericities are possible following surgery and further examination of the 

effects of these asp heres on visual performance is needed. 
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Figure 7.1 A scattergram of the conic constants of pre- and post-RK patients. 

A change in the asphericity of the cornea does not change the power of the 

surface. The central region of the cornea is essentially spherical regardless of the conic 

constant. In RK, the curvature associated with this sphere is modified to give a desired 

refractive correction. The procedure, however, also changes the conic constant of the 
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cornea and alters the shape of the peripheral cornea. The effect of this shift is to deviate 

the marginal rays entering the eye and move the location of the marginal focus. Figure 

7.2 shows the LSA for the schematic eye model as the conic constant of the anterior 

corneal surface is varied. The LSA of the schematic eye model is calculated from 

equation (2.5). The magnitude, as well as, the sign of the spherical aberration of the eye 

model strongly depends on the value of K. For the mean values of K found for the pre

and post-RK groups, the LSA of the eye model shifts from undercorrected to 

overcorrected (the marginal rays focusing after the paraxial rays), which is consistent 

with the findings of Applegate et al.64 A consequence of the sign change of the LSA is 

that "night" hyperopia may be present in post-RK patients. 
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Figure 7.2 The effect of the conic constant on the LSA of the eye. 

7.4 Calculation of the RK Artifact 

Besides a shift in the radius of curvature and asphericity of the cornea, RK causes 

higher-order changes to the cornea. To access these RK artifacts, components of the 

cornea associated with the surgery need to be found. The fundamental assumption in 
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finding this RK artifact is that it has a symmetry associated with the incision pattern used 

in the surgical procedure. In the case of a patient who has undergone eight incision RK, a 

raw RK artifact is generated after terms containing less than eight-fold symmetry are 

removed from the original videokeratoscopic data. Mathematically, this residual surface 

height fres(Pi,8i) is described as 

f res (Pi ,8;> = f(pi ,8;> - :~:>n.±mZ!m(pi'8) , (7.8) 
n.±m 

such that n ~ 8 and m < 8. In equation (7.8), f(pi,8j) is the original set of height data 

obtained from a videokeratoscope. The raw RK artifact is, however, noisy due to 

measurement error in the video keratoscope and limitations on the numerical accuracy of 

the decomposition routine. This noise will introduce significant errors in the ray tracing 

procedures, so a smoothing of the raw RK artifact is necessary in order to apply the data 

to a schematic eye model. 

Two important features of the corneal height variations are associated with the 

eight incision raw RK artifact. An inner ring of eight bumps corresponding to the 

locations of the incisions (12, 3, 6 and 9 o'clock and 45° in-between) appears, as well as, 

an outer ring of bumps lying in-between each of the incisions. This type of pattern 

suggests that not only the eight-fold symmetry, but also the sixteen-fold symmetry terms 

(2nd harmonic) arise in the RK artifact. Figure 7.3 shows the values of the net Zemike 

expansion coefficients for several of the polynomials containing eight- and sixteen-fold 

symmetry. The net Zernike coefficient is defined as 

ana = ~a~.+m + a~._m (7.9) 

Figure 7.3 compares the mean values of the net coefficients for 10 RK and 10 non-RK 



106 

patients. The error bars in the figure represent one standard deviation from the mean. 

Polynomials having the forms n = 8, 10, 12 and 14; m = ±8 and n =18; m = ±16 are much 

more prevalent in the decompositions of the RK corneal height data than in the non-RK 

data. Therefore, these terms are used as a fit to the raw RK artifact. Additional terms 

that do not contain eight- and sixteen-fold symmetry may also be contained in the RK 

artifact, but further analysis is necessary to determine the existence of these terms. The 

fitted RK artifact, with the assumptions above, represents the minimum deviation in the 

corneal surface due to the RK incision pattern. 
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Figure 7.3 Comparison of several Zernike expansion coefficients for non-RK and RK 
patients. 

To evaluate visual performance, the fitted RK artifact is added to the anterior 

corneal surface of the new eye model and a set a rays traced through the system. Code V 

Optical Design Software is used to perform the ray trace analysis and the artifact is 

applied to the cornea using the surface interferogram feature described in Chapter 5. 

Since the eye model is emmetropic, this analysis assumes that the RK procedure resulted 

in the ideal refractive correction and no aspheric correction. In this manner, the effects of 
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the higher order variations are analyzed separately from the effects of residual refractive 

error and changes in the asphericity of the eye. From the set of ray trace data, the 

modulation transfer function is determined and the loss in MTF due to the introduction of 

the RK artifact calculated. The change in contrast sensitivity is then calculated using 

equation (3.6). Two distinct spatial frequencies are chosen for this analysis. The 

frequencies are 15 cycles/deg and 30 cycles/deg, which respectively correspond to the 

20/40 and 20/20 lines on a Snellen eye chart. The retinal contrast sensitivity from clinical 

measurements of Van Nes and Bouman is used.35 To determine the CSF loss versus 

pupil size, the pupil diameter 0 is assumed to follow 

0= 5 - 3 tanh (0.4 10gB) , (7.10) 

where B is the field luminance in cd/m2.65 For a given pupil diameter, the luminance 

level B is obtained by inverting equation (7.10), and the value for CSFretina obtained from 

the data of Van Nes and Bouman. The Figure 7.4 shows CSFretina as a function of pupil 

size. 
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Figure 7.4 Retinal contrast sensitivity as a function of pupil size. 
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7.5 Effects of the RK Artifact on Visual Performance 

The CSF loss is modeled for patients who have undergone eight incision radial 

keratotomy. Three optical zone sizes are examined: 3.00,4.00 and 4.75 mm. Two 

patients for each OZ size were chosen randomly from a group of radial keratotomy study 

patients. Videokeratoscopy was performed eleven to sixteen days post-operatively and 

the height data analyzed by the techniques outlined above. A "normal" patient, who has 

not undergone any refractive surgery and has no other ocular maladies, is also examined. 

An "artifact" is generated and visual performance evaluated for the normal patient by the 

same methods used on the RK patients. 

Figures 7.5 and 7.6 show the predicted contrast sensitivity loss for spatial 

frequencies of 15 cyc/deg and 30 cyc/deg respectively. These curves are obtained from 

the relation given in equation (3.6), where ~MTF is obtained from the ray trace data and 

CSFretina is given by the curves in Figure 7.4. The normal patient has essentially no loss 

in contrast sensitivity, confmning that the loss is due to RK and not to the modeling 

techniques. Three results can be obtained from Figure 7.5 and 7.6. First, the peak loss of 

contrast sensitivity occurs for a pupil size of approximately 4 mm. This is most likely 

due to the artifact upsetting the balance between aberrations and diffraction that occurs at 

this pupil diameter. The second result is that the CSF loss is larger for smaller OZ sizes, 

possibly due to the artifact encroaching on the entrance pupil. Finally, a larger loss of 

contrast sensitivity occurs for mid-spatial frequencies as compared to high spatial 

frequencies. 

Figures 7.7 and 7.8 show the predicwd contrast sensitivity as the artifact is shifted 

with respect to the optical axis. Again, spatial frequencies of 15 cyc/deg and 30 cyc/deg 

are used for the modeling analysis. The pupil size is taken as 4 mm for this modeling. 

The CSF of the normal patient is essentially constant, while the CSF tends to drop 
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Figure 7.5 The loss of contrast sensitivity at a spatial frequency of 15 cyc/deg as a 
function of pupil size. 
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significantly after about a 0.5 mm decentration in RK patients. The dashed lines in these 

figures represent discrete contrast levels used by the B-V AT II video acuity tester 

(Mentor 0 & 0, Norwell, MA) to measure CSF. The significance of the loss of contrast 

sensitivity can be seen relative to these levels. 

7.6 Summary 

Radial keratotomy alters the curvature and asphericity of the cornea and 

introduces a ring of bumps corresponding to the locations of the surgical incisions. While 

the errors in the curvature can be compensated for with a spectacle lens, the asphericity 

and RK. artifact are more difficult or impossible to correct. Current nomograms for 

performing RK are designed to correct refractive error by relaxing the curvature of the 

cornea. However, they do not account for changes in asphericity and RK artifacts. A 

change in the asphericity of cornea alters the spherical aberration content of the eye and 

can degrade visual perfonnance, especially at large pupil sizes. Furthennore, the multi

lobed artifact introduced by the surgery also affects visual perfonnance as pupil sizes 

extend beyond the optical zone. The modeling perfonned here attempts to quantify these 

effects. In the case of asphericity, the magnitude of the spherical aberration of the eye 

varies dramatically with conic constant. The spherical aberration can also switch from 

being undercorrected as is the case in nonnal eyes to overcorrected. The result of this 

change of sign is that night hyperopia may be present in RK patients. The RK. artifact 

introduces more complex changes in visual perfonnance. The artifact will reduce 

contrast sensitivity; especially at mid-spatial frequencies. Decentering the artifact, helps 

to define a 0.5 mm tolerance on the centration of the surgical procedure. However, the 

change in asphericity and RK artifact need to be combine-<i to further assess the optical 

effects and ideal centration of the procedure. 
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Chapter 8: Modeling Emerging Refractive Surgeries 

8.1 Background 

Photorefractive keratectomy (PRJ() and automated lamellar keratoplasty (ALK) are 

emerging surgical techniques for the correction of myopia, hyperopia and astigmatism. 

Both procedures involve ablating corneal tissue with an excimer laser. In PRJ(, the anterior 

cornea is sculpted to the desired curvature with a series of laser pulses. In ALK, a keratome 

is used to slice a flap in the cornea, exposing the underlying stromal layer. The stroma is 

then ablated with a series of laser pulses and the flap replaced. The shape of the post

operative anterior cornea is modified as the flap conforms to the underlying ablation region. 

In ooth procedures, myopia is corrected by removing more tissue in the center of the 

ablation zone than in the periphery. Hyperopic correction is achieved by removing more 

tissue in the periphery of the ablation zone than centrally. Furthennore, astigmatism is 

corrected by ablating more tissue in the flatter meridian of the cornea than in the steeper 

meridian. These surgical procedures are currently in clinical trials in the United States, but 

are used in other parts of the world as an alternative or complement to radial keratotomy. 

In this chapter, Zernike decomposition is perfonned on videokeratoscopic data of 

pre- and post-operative PRK and ALK patients. Changes in the curvature and asphericity 

for the two patient groups are obtained from the expansion coefficients. Furthermore, pre

and post-operative corneal height data are subtracted to determine the dimensions of the 

ablated material. PRK and ALK artifacts are generated from these height differences are 

applied to the new schematic eye model and visual perfonnance evaluated as a function of 

pupil size. 
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8.2 Effects of PRK and ALK on Corneal Curvature and Asphericity 

Corneal height data for 7 PRK eyes and 3 ALK eyes is obtained using a EyeSys 

videokeratoscope (EyeSys Technologies, Houston, Texas). Due to the limited number of 

data sets, a full statistical analysis of these topographies is impossible. However, results 

obtained from a Zernike decomposition of several data sets are analyzed qualitatively. Each 

set is decomposed by the technique outlined in Chapter 4. The EyeSys device does not 

provide a height map as part of its general output. Instead, a map of the instantaneous radii 

of curvature is given. These curvatures were convened to a corneal height value by 

assuming 

r2 
z(r,S)=-'- , (8.1) 

" 2R 
Ulst 

where z is the surface sag at a point (rj,Sj) and Rinst is the local instantaneous radius of 

curvature. Equation (8.1) is an approximation to the surface height data, and a more precise 

technique for obtaining height data from the EyeSys device is needed. 

A preliminary longitudinal study of the spherical equivalent power and asphericity 

on post-operative PRK and ALK patients is performed. Table 8.1 summarizes the pre

operative values for these patients. Only two of the ten patients studied here had enough 

follow exams to study post-operative spherical equivalent power and asphericity. 

Patient Eye Procedure Pre-operative Spherical Pre-operative 

Equivalent Power Asphericity 

RALH OS PRK 44.49 D -1.04034 

RAON OD ALK 44.75 D -2.35374 

RAON OS ALK 43.48 D -1.95110 

Table 8.1 Pre-operative values of spherical equivalent power and asphericity. 
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Figures 8.1 and 8.2 show the post-operative spherical equivalent power and asphericity of 

the eyes outlined in Table 8.1. The initial exams for the eyes RAON_OD and RAON_OS 

were performed less than 24 hours post-operatively. It is currently unknown how long 

following the PRK procedure the exam for RALH_ OS was performed . 
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Caution must be used when analyzing Figures 8.1 and 8.2 due to the limited number of data 

points. However, it appears that the spherical equivalent power may stabilize within several 

days of the surgery and remains relatively constant with time. The conic constant, 

alternatively, fluctuates dramatically with time. Since only a single exam is performed on a 

given day, errors bars can not be added to these graphs. Further analysis on the numerical 

accuracy of the EyeSys videokeratoscope and the decomposition routine is necessary to 

determine if the fluctuations in the asphericity ofpost-PRK and post-ALK corneas are due 

to measurement error or result from real variations in corneal shape. 

8.3 PRK and ALK Artifacts 

In generating the RK artifact, it is assumed that the variations in the cornea contain a 

symmetry related to the number of incisions. For an eight cut RK, only the Zernike terms 

containing eight- and sixteen-fold symmetry (first and second harmonics) are used. 

Unfortunately, the residual height variations due to PRK and ALK are nearly rotationally 

symmetric and an artifact for these procedures is difficult to extract from the normal 

rotationally symmetric terms of the cornea. Figure 8.3 shows the residual height variations 

in a PRK and an ALK cornea after the parabolic, astigmatic and tilt Zernike terms are 

removed. The effect of both procedures is to etch a ridge along the border of the ablation 

region. This ridge, as seen in Figure 8.3 is nearly concentric with the corneal apex. As a 

result, the expansion coefficients of the rotationally symmetric Zernike terms Z~(p,e), 

(n = 0,2,4 ... ) are weighted to fit both the ridge and the spherical (and aspherical) 

components of the cornea. Simply, removing the base curvature of the cornea will not 

expose a true PRK or ALK artifact. A true PRK or ALK artifact would have all of its 

intrinsic dioptric power removed. By applying the pseudo-artifacts shown in Figure 8.3 to 
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the schematic eye model and examining a plot of the transverse ray aberrations, residual 

dioptric power is seen. 

(a) (b) 

Figure 8.3 (a) Residual height variations in a post-PRK cornea, (b) residual height 
variations in a post-ALK cornea. In ooth cases, the diameter is 7 mm and the Zernike terms 

z~m (p,S), (n = 0, m = 0; n = 1, m = ±1; and n = 2, m = 0, ±2) are removed from the 
original height data 
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Figure 8.4 Transverse ray aberrations for the new schematic eye model with (x fan, y fan) 
and without (nonnal) the PRK pseudo-artifact. 

Figure 8.4 is generated by tracing a series of rays through the horizontal and vertical 

meridians of the schematic eye model and determining where these rays intersect the 
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paraxial image plane. The deviation of these intersection points from the paraxial image 

point is the transverse ray aberration. The cubic nature of the normal curve in Figure 8.4 

shows the inherent ~pherical aberration of the eye model. The introduction of the pseudo

artifact increases the level of spherical aberration. However, there is refractive power 

associated with the pseudo-artifact as seen by the different slopes between the x and y fans 

and the normal curve. In an ideal PRK artifact, the terms associated with the basic aspheric 

shape of the cornea are completely removed, so the effects of the artifact alone on the 

aberration of the eye model can be examined. To generate such an artifact, an alternative 

technique is necessary. 

Howland et al.66 and Applegate et al.67 have suggested a technique that may be 

useful for extracting PRK and ALK artifacts. They have subtracted post-operative corneal 

height data from the pre-operative data to generate a "surgical lens. " This lens corresponds 

to the change in corneal shape due to these procedure". By applying such a lens to the 

cornea of the schematic eye model, the artifact is necessarily included in the resultant 

cornea. Evaluation of the effects of these refractive procedures can then be performed in the 

conventional manner. 

8.5 Summary 

PRK. and ALK alter the corneal curvature and asphericity. In a limited longitudinal 

study presented here, the spherical equivalent power of the cornea appears to stabilize within 

days of performing the procedure. The asphericity of the cornea, however, fluctuates. 

Quantification of the errors in the EyeSys device and the decomposition technique is 

required to determine if this effect is real or due to measurement noise. The results of 

modeling the optical effects of PRK and ALK remain inconclusive until a suitable artifact 

can be generated. The inherent difficulty in modeling these procedures resides in the fact 
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that the artifacts have rotational symmetry. Zernike decomposition of these corneas does 

not distinguish between the artifact and the basic aspheric shape of the cornea. To 

circumvent these problems, a surgical lens may be useful, but further investigation is 

necessary before these lenses can be applied to a schematic eye model. 
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Chapter 9: Conclusion 

9.1 Review 

A set of modeling tools, useful for predicting the visual performance of the human 

visual system, have been developed. The philosophy behind designing these tools has 

been to apply optical engineering techniques for analyzing and evaluating traditional 

optical systems to the visual system. Complexities arise in analyzing biological optical 

systems due to the inherent variability in surface shape, location and orientation, and due 

to the sophisticated image processing performed by the retina and brain. Furthermore, 

the terminology used to describe the performance of an optical system differs between 

engineers and clinicians. In this dissertation, straight-forward methodologies for 

analyzing a general visual system model are presented. In addition, the concepts of the 

modulation transfer function and square-wave response, familiar to the engineer, are 

translated to the clinical performance measures of visual acuity and contrast sensitivity. 

These tools, while applied here to a limited set of examples, lay the foundation for 

predicting visual performance under a variety of circumstances, including the addition of 

corrective lenses, the presence of ocular maladies and the performance of refractive 

surgery. These tools are also applicable to customized visual models, to predict visual 

performance or the change in visual performance of individual patients. 

In Chapter 2, schematic eye models were introduced. Techniques for determining 

the longitudinal spherical aberration, the longitudinal chromatic aberration and the 

oblique astigmatism of these simplified representations of the eye's optical system were 

outlined. By assuming the crystalline lens of the eye model is a black box element, the 



aberration content of the schematic eye models was adjusted to match clinically

measured aberrations in biological eyes. 
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In Chapter 3, exact ray tracing was performed on these schematic eye models and 

Fourier methods employed to measure the quality of the image falling onto the retina. 

Since the limiting resolution of the visual system is not determined by the optics of the 

eye, but by the detection and processing mechanisms of the retina and brain, the 

modulation threshold function was incorporated into the visual model. Methodologies 

for predicting visual system performance that incorporates the functions of both the 

optical and retinal/brain components were developed and correlated with clinical 

measures. 

As an initial step in customizing schematic eye models, a systematic technique for 

analyzing the anterior cornea surface is described in Chapter 4. By mathematically 

decomposing corneal height data into the more fundamental shapes of the Zernike 

polynomials, the higher-order corneal surface variations associated with corneas having 

ocular maladies and post-refractive surgical scarring, are exposed. These artifacts can 

then be applied to the cornea of a schematic eye model to determine their effect on visual 

performance. 

The remainder of this dissertation was dedicated to examples vf applying the 

preceding modeling tools to clinical situations. In Chapter 5, decentration of soft contact 

lenses was analyzed. These lenses distort into complex shapes when decentered from the 

corneal apex and a novel method for handling these distortions was introduced. The 

effects of soft contact decentration on visual performance, however, remains unanswered. 

Further investigation into the shape of the human cornea in the presence of refractive 

error is necessary to resolve this issue. In Chapter 6, a keratoconus detection scheme, 

useful in following the progression of the disease and planning surgical intervention, was 

outlined. Furthermore, the effects of the cone on visual performance were qualitatively 
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assessed, revealing a general loss in visual acuity and contrast sensitivity. In Chapter 7, 

the asphericity of the post-RK cornea was shown to differ significantly from pre

operative values, resulting in large amounts of spherical aberration and the possibility of 

night hyperopia. In addition, RK artifacts were generated and applied to a schematic eye 

model. Assessment of visual performance revealed little change in visual acuity, but a 

loss of contrast sensitivity at mid-spatial frequencies due to the presence of the artifact. 

A tolerance of roughly 0.5 mm on centering the surgical procedure was also defined. In 

Chapter 8, the effects of PRK and ALK were examined. The spherical equivalent power 

of these procedures appears to stabilize quickly following surgery, but the asphericity of 

the cornea may fluctuate. 

9.2 Future Work 

The modeling tools outlined above are useful in investigating visual performance. 

The schematic eye model is representative of the on-axis properties of biological eyes. 

Through exact ray tracing and analysis of retinal image modulation, visual acuity and 

changes in contrast sensitivity are predictable for various pupil sizes and refractive er:ors. 

The technique of Zernike decomposition extracts information about corneal asphericity 

and higher order corneal height artifacts from videokeratoscopic data. While these tools 

are powerful, their validity needs to be further assessed and their sophistication needs to 

be increased. 

As with any visual model, predictions of changes in visual perfonnance must be 

representative of changes found clinically. The visual acuity predictions outlined in this 

dissertation have been validated for cases of refractive error. However, for the more 

complex cases of keratoconus and refractive surgery, the predictions remain untested. 

Contrast sensitivity data is available for keratoconus and refractive surgery patients. 
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Further investigation is necessary to compare these clinical data with model predictions. 

The initial step in developing a more realistic schematic eye model is to remove 

the limitation of rotational symmetry of current eye models. With symmetry, the line of 

sight and visual axis of the model coincide with the optical axis of the elements. In 

biological eyes, the line of sight and visual axis nonnally deviate several degrees from the 

geometrical axis of the anterior corneal surface. To provide a more representative model 

of the eye, the fovea of the model needs to be shifted off of the optical axis of the model. 

There are at least four consequences to eliminating the rotational symmetry of the 

schematic eye model. First, as mentioned above, the line of sight and visual axis will 

shift away from the optical axis of the eye model. Second, the Stiles-Crawford effect is 

no longer centered on the optical axis. Third, off-axis aberrations such as oblique 

astigmatism and coma are introduced into the foveal image. Finally, the curvature of the 

retina becomes important in locating the model fovea. Each of these issues must be 

accounted for in the development of a non-rotationally symmetric eye model. 

Incorporation of the above off-axis effects will enhance the utility of schematic 

eye modeling. To predict visual perfonnance, visual acuity and changes in contrast 

sensitivity will be calculated from the image modulation on the model fovea. The 

techniques for making these predictions are fundamentally the same as those outlined 

earlier, however, the analysis needs to be extended to two dimensions. In a symmetric 

eye model, a single visual acuity is found and the contrast sensitivity function is 

rotationally symmetric. As the fovea and other effects are shifted off axis, acuity and 

contrast sensitivity will depend on orientation. 

In addition to extending the preceding perfonnance measures to two dimensions, 

more complex targets such as Snellen letters need to be used to assess visual 

performance. In the rotationally symmetric eye model, infinite extent square wave and 

sinusoidal targets were used to predict visual acuity and contrast sensitivity. More 
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complex targets are handled by Fourier decomposing the pattern, weighting each 

individual frequency by the MTF and reassembling the Fourier components into a blurred 

image. In a non-rotationally symmetric eye model, an additional complexity is 

introduced into the Fourier analysis of intricate targets. Each frequency component of the 

target remains weighted by the MTF, but a relative phase shift between each of the 

components may be introduced. This phase shift may reduce the modulation in the 

resultant blurred image and cause complications in pattern recognition. A more thorough 

analysis of the effects of these phase shifts is necessary to predict visual performance of 

complex scenes. 

The surface characteristics for the eye models described in this dissertation 

represent normative values. As an initial step in customizing the visual model, height 

artifacts obtained from videokeratoscopy were applied to the anterior cornea of the 

schematic eye model. To further customize the visual model, additional measurements of 

individual patients are necessary. The measurements include pachymetry to determine 

the thickness of the cornea, Ultrasonography to pinpoint the locations of the lens surfaces 

and the retina, clinical refraction used in conjunction with the previous measurements to 

determine the power of the crystalline lens, retinal topography to define the shape of the 

retina and location of the fovea, and contrast sensitivity to define the patient's retinal and 

brain function. By combining these measurements, a customized visual model can be 

designed and used to predict outcomes of surgical procedures or the introduction of 

corrective lenses. 

Finally, there are additional effects that have not been included in the preceding 

modeling efforts. These include: accommodation, which will alter the power and 

aberration content of the eye as a function of object distance; scattering, which will 

introduce a veiling luminance across the retina and will have marked optical effects on 

cataract and possibly PRK and ALK patients; and retinal sampling and lateral inhibition, 
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which serve to detect and sharpen edges in the perceived image. Inclusion of these 

effects will expand the applicability of the visual modeling and enhance its predictive 

capabilities. 
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