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ABSTRACT 

Numerical and analytical studies are undertaken for the "inviscid" limit of the 

complex Ginzburg-Landau (CGL) equation with the objective of studying the ap

plicability of paradigms from finite dimensional dynamical systems and statistical 

mechanics to the case of an infinite dimensional dynamical system. The analytical 

results rely on exploiting the structure of this limit, which becomes the nonlinear 

Schrodinger (NLS) equation. 

In the NLS limit the CGL equation can exhibit strong spatio-temporal chaos. 

The initial growth of the bursts closely mimics the blowup solutions of the NLS 

equation. The study of this turbulent behavior focuses on the inertial range of 

the time-averaged wavenumber spectrum. Analytical estimates of the decay rate 

are constructed assuming both structure driven and homogeneous turbulence, and 

are compared with numerical simulations. The quintic case is observed to have 

a stronger decay rate than what is predicted by either theory. This reflects the 

dominance of dissipation in the dynamics. In the septic case, two distinct inertial 

ranges are observed. This combination suggests that the evolution of a single burst, 

on average, is predominantly due to the self-focusing mechanism of blowup NLS in 

the initial stage, and regularization effects of dissipation in the final stage. Because 

the initial stage is primarily influenced by the NLS structure, the rate of decay for 

this range is close to the decay predicted for the structure driven turbulence. 

In a numerical experiment it is observed that some NLS solutions survive the 

deformation due to a CGL perturbation. In some cases the question of persistence 

can be addressed analytically using an averaging technique similar to a Melnikov 

method for pde's. 
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The problem of understanding turbulent dynamics in continuum nonlinear evo

lution equations is one of the central open questions of applied mathematics and 

theoretical physics. In order to gain a deeper understanding of this phenomena, and 

hopefully a more tractable description as well, we would like to use the paradigms 

of finite dimensional dynamical systems and statistical physics. Of primary inter

est is understanding the circumstances under which these tools and ideas may be 

applied to these systems. Traditionally the study of turbulence has concentrated 

on the seemingly random macroscopic motions observed in high Reynolds number 

fluid flows. The standard model for studying such behavior is the incompress

ible Navier-Stokes equations [1]. There are two major obstacles to the study of 

this model. Both the experimental and the numerical investigation of fully three 

dimensional turbulent flow is extremely difficult, and in some cases beyond the 

limits of present capabilities. As an added difficulty we lack even the most basic 

mathematical results of existence, uniqueness and regularity for physically realistic 

situations. As of this writing, the mathematical existence of smooth classical or 

strong solutions to the initial value problem in three spatial dimensions has never 

been shown for a class of arbitrarily large smooth initial data, or equivalently a 

set of arbitrarily strong, yet smooth, applied forces [2]. Over a half a century ago 

[3] Leray established the existence, although not uniqueness, of weak solutions to 

the N avier-Stokes equations. He conjectured that any loss of regularity in these 

solutions might coincide with the onset of turbulent behavior. Under such cir

cumstances, the viscous damping in three spatial dimensions would be unable to 

inhibit the development of singularities driven by the underlying inviscid Euler 

equations. This all assumes that the estimates are sharp. The inability to prove 
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regularity and uniqueness does not guarantee a loss of these properties. Because of 

these difficulties in analysis a vast industry has been created whose sole goal is the 

production of simplified models, representing reductions of the full fluid dynamics, 

for which these mathematical issues can be addressed with greater success. 

One such reduction is the complex Ginzburg-Landau (CGL) equation, which 

describes the evolution of a complex-valued field A = A(X', t) over aD-dimensional 

spatial domain by the nonlinear evolution equation 

(1.1) 

where the coefficients a, (3 and "Yare taken to be complex, and s real. For cubic 

nonlinearity the CGL equation has a long history as a generic amplitude equation 

describing the near onset of instabilities in fluid mechanics. It was first derived 

with real coefficients, as an amplitude equation simultaneously by Newell and 

Whitehead [4] and Segel [5] for the problem of Benard convection. Stewartson and 

Stuart [6] then showed that (1.1) occurs with complex coefficients to model spatial 

variation in the plane Poiseuille flow. The cubic CGL equation is also found as 

a model equation in applications of chemical reactions and pattern formation, see 

[7] and [8] for reviews, superconductivity (from whence it derives its name), and 

optics [9]. For convenience we pose this problem on a finite domain with periodic 

boundary conditions. Under these circumstances, the CGL equation proves to be 

both theoretically and numerically tractable, and has proved useful in illustrating 

the connections between infinite dimensional and finite dimensional dynamical 

systems [10, 11, 12, 13]. 

In this work we will consider the CGL equation as a strictly mathematical 

model, divorced from any particular physical context, but phenomologically rep

resentative of many of the generic processes found in nonlinear partial differential 

equations. Recently it was proven that the asymptotic dynamics of the CGL 

equation are governed by a finite-dimensional attractor. Estimates of the attrac-
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tor dimension and the existence of an inertial manifold have been the focus of 

numerous investigations of recent years [10, 11, 14, 15]. The work of Bartuccelli et 

al. [10] sparked interest in the CGL equation as a model for turbulence. In their 

paper, they demonstrated that the D-dimensional cubic CGL equation on a peri

odic domain can potentially exhibit stronger spatio-temporal chaos when sD 2': 2 

than for sD < 2. This prediction is based on rigorous upper bound estimates for 

the L2 and LOO norms of the solutions. In the same spirit as Leray, they suggest 

that should these estimates be sharp, the CGL equation would provide an accessi

ble, albeit mathematical, example of a transition from "soft" to "hard" turbulence. 

This transition in the bounds is a direct consequence of the underlying dynamics of 

the self-focusing nonlinear Schrodinger (NLS) equation. The NLS equation, which 

we will find useful to think of as the "inviscid" limit of the CGL equation, plays the 

same role for CGL as the Euler equations do for Navier-Stokes. The critical and 

supercritical focusing NLS equation, !JD = 2 and sD > 2 respectively, can develop 

finite-time singularities in the wavefield. This underlying instability of the focus

ing NLS equation is what drives the formation of near-singular amplitude spikes 

or bursts in the CGL wavefield. These burst events are the fundamental coherent 

structures responsible for generating the turbulence, and the regularization of these 

bursts through the damping and dissipation of CGL provides a highly nonlinear 

mechanism which couples all the length scales and induces temporal intermittency. 

These ideas are developed further and made more precise in Chapter 4. 

For the purposes of our analysis we are interested in solutions of the CGL 

equation that are well behaved, but exhibit nontrivial dynamics. By requiring 

that the real part of the parameters f3 and 'Y (f3r and 'Yr respectively) be positive, 

we can guarantee that in the case of one spatial dimension and 0 ~ s ~ 2 that 

the solutions to CGL will be well behaved for all time. In addition, unless Clr is 

positive these solutions will decay exponentially to zero. Were we to allow f3r < 0, 
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the second derivative operator in (1.1) would cause any initial state other than 

the homogeneous equation to blowup through backward diffusion. The condition 

on Ir is necessary so that the nonlinearity produces a stabilizing effect through 

the nonlinear saturation of the amplitude. Had we included the case where Ir 

is negative, then when a > 0 almost every nontrivial initial condition will lead 

to finite time blowup, and no regularity results would be possible. In addition 

since solutions to (1.1) are invariant to rotations in the complex phase, there is no 

loss in generality in taking a to be strictly real. This can be seen by making the 

substitution A ~ AeiQit , where ai is the imaginary part of a, and canceling terms. 

Therefore we focus our attention on the region of the CGL parameter space where 

a > 0 is real, and (3r and Ir are positive. 

Let us now consider how we will pose the CGL equation for the remainder of 

this work. For most of what follows we restrict our consideration to one spatial 

dimension with periodic boundary conditions, i.e. x E 11'[0,1]. As an additional aid 

to the analysis of (1.1) it is convenient to renormalize the parameters a, (3 and I, 

as well as the length of the spatial interval L. To reinforce that the NLS equation 

should be thought of as the "zero viscosity limit" of CGL, we construct the new 

parameters to simultaneous diminish the nonconservative terms which deviate from 

NLS. With this motivation in mind, we introduce the transformations 

x 
x ~ L E [0,1), ( 

2L2 ) 1/21J 

A ~ A (3i!'Yil ' 

along with the new equations parameters 

(3r e=-, 
(3i 

u= ±1, 

and substitute them into (1.1). The new dimensionless form of the CGL equation 

becomes 

BtA = erA + (e + i)8zzA - 2( eq - iu) IAI21J A . (1.2) 
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The new coefficient r takes on the role of a dimensionless driving parameter much 

like a Reynolds number. The coefficient q weighs the balance between the damping 

and dissipation and the parameter € can be thought of as a "measure" of the 

distance from the NLS limit. As € ~ 0, the driving, the diffusion and the nonlinear 

damping terms of the CGL equation vanish, resulting in the standard form of the 

NLS equation 

(1.3) 

The parameter u = ±1 acts to differentiate between the focusing/defocusing cases 

of the NLS equation. We choose the factor of 2 in front of the nonlinearity to be 

consistent with the notation found in the literature on the integrable NLS. 

In Chapter 2 we review the main analytical results needed for our analysis of 

the CGL equation. Specifically we wish to show that for certain ranges of the 

parameters €, q and s, the CGL equation can be cast as a dynamical system in 

the space Hl([O, 1]). Justifying this perspective requires that we demonstrate the 

global in time existence of solutions to the CGL equation. Provided sufficient 

regularity, we can then show that the dynamics of CGL are described by a finite 

dimensional global attractor. Understanding the long time dynamics then becomes 

an issue of understanding the structure of the attractor. 

In Chapter 3 we review the properties and behavior of the self-focusing non

linear Schrodinger equation for general power nonlinearity. We place specific em

phasis on the conditions for the formation, and the asymptotic structure, of the 

finite time singularities in the wavefield. Our interest is motivated by the desire 

to model the intermittent amplitude bursts which drive the CGL turbulence. We 

wish to use the geometry of the blowup solutions in order to construct a scaling 

hypothesis describing the power-law form of the inertial range in the time averaged 

wavenumber spectrum. 

Both Chapters 4 and 5 focus on the use of average quantities to understand 
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turbulent behavior in the CGL equation. The CGL equation with quintic and 

septic nonlinearity experiences a cascade process that results in the formation of 

a universal structure in the time averaged wavenumber spectrum. One particular 

distribution, the inertial range, is characteristic of fully developed hydrodynamic 

turbulence. Chapter 4 begins by thoroughly describing the morphology of the 

turbulent CGL wavefield and its influence on various normed quantities. We in

vestigate the behavior of two specific spatial norms for solutions on the attractor 

and compare their observed behavior with analytical estimates from Chapter 2. 

From this investigation we find that for the cubic case the scaling of the spatial 

norms is significantly richer than than what is predicted by the estimates. This 

sensitive dependence on the equation parameters is not observed for the quintic 

nonlinearity. We also observe that the behavior of the spatial norms for septic and 

quintic nonlinearity are qualitatively the same. This is despite the lack of any reg

ularity results for small e in the septic case. We will see later in this chapter that 

the septic case demonstrates quantitative changes with the parameter q, that while 

not reflected in the spatially averaged quantities, are clearly observable in the time 

averaged quantities. Following our examination of the spatial norms, we consider 

the time asymptotic behavior of the solution. We observe that the maximum burst 

height scales strongly with rand q, but weakly with e. This dependence on the 

equation parameters is not adequately described by the theory. 

The second half of of Chapter 4 focuses on long time averages of the wavenum

ber spectrum for solutions on the global attractor. The resulting stationary spec

trum exhibits three distinct ranges of behavior. For the dissipative range we ob

serve that the stationary spectrum decays as an exponential with an algebraic 

correction. We find that while the existing analytical estimates succeed in pro

ducing an upper bound on the spectrum, they fail to provide exponents with the 

proper dependence on the equation parameters. Following this we examine the 
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emergence of an inertial range in the stationary spectrum. Using the structure of 

the NLS blowup solutions we attempt to produce a description of the turbulent 

wavenumber spectrum which is based on the geometry of the burst events. While 

both the theory and observations produce power-law behavior for the inertial range, 

we found that the rate of decay predicted in section 4.4.3 is significantly weaker 

than what is observed numerically for the quintic.: case. For septic nonlinearity, the 

inertial range shows two distinct power-law scalings. The "higher" range (corre

sponding to the higher wa.venumbers) scales, as in the quintic case, with a much 

faster rate of decay than given by theory. In contrast, the "lower" range exhibited 

a much weaker decay. This weaker decay ranged as a function of q from just less 

to just stronger than the theoretical value. Because of computational limitations, 

it was not possible to determine if the structure of the range had converged. This 

suggests the possibility tha.t when the lower part of the inertial range converges, 

the spectrum may agree with the theory. Regardless, the appearance of two dis

tinct power-law regions in the inertial range suggests a split in the mechanisms 

controlling the corresponding lengthscales. Should the lower range converge to 

the geometric estimate for the spectrum, it is tempting to interpret the split in 

the range as reflecting the two distinct stages of the burst event, i.e. the initial 

blowup and regularization. The blowup mechanism, since it is dominated by the 

NLS self-focusing, should exhibit the geometric scaling, while the regularization 

stage, since it is dominated by dissipation, should deviate from it. 

In contrast to the geometric description of turbulence stressed in Chapter 4, 

Chapter 5 focuses on what is known as weak turbulence theory. Here we assume 

that the wavefield is roughly homogeneous in some average sense and construct 

a kinetic equation description of the nonlinear evolution equation. Solutions to 

this kinetic equation represent possible stationary distributions of the spectrum. 

What we find is that the nature of the turbulence exhibited by the CGL equation 
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is inconsistent with the requirements for weak turbulence theory to be valid. The 

resulting power-law decay exhibits a much weaker exponent than both the geomet

ric picture and what is observed numerically. We also attempted to describe the 

weak power-law decay of the pumping range through the kinetic theory formal

ism. Again this description was unsuccessful in producing the observed spectral 

distribution. The meaning of these failures is that turbulence in the CGL equation 

is a highly nonlinear mechanism which couples dissipation, dispersion, pumping 

and nonlinear saturation. In constructing the geometric and weak estimates for 

turbulent behavior, we rely heavily on the underlying Hamiltonian structure of 

the blowup NLS equations. In the process we treat the additional CGL effects 

perturbatively. Clearly this assumption is not valid for the fully developed tur

bulent state of qCGL. Whether it might work for sCGL is still an open question. 

However, we will see in the next chapter that a perturbative approach is fruitful 

in describing the periodic and quasi-periodic regimes of CGL. 

In Chapter 6 we conduct a numerical investigation of the persistence of periodic 

NLS solutions under the CGL flow. We observe that certain classes of periodic NLS 

solutions are structurely stable and therefore survive deformation due to a CGL 

perturbation. In addition for certain special cases we can address this phenomenon 

perturbatively and analytically determine which solutions survive. 

Finally in Chapter 7 we focus on the numerical techniques and difficulties of 

this work. Because the majority of our simulations were conducted within the 

highly unstable and chaotic regime of parameter space, special care was necessary 

to fully to resolve the turbulent dynamics. The fine spatial structure of the bursts 

required the full accuracy of the available machine precision. As a result the chief 

source of error in the simulations was due to the cumulative impact of roundoff 

error. We discuss how this imposes a natural limit on what can be reliably resolved, 

and conclude by discussing the measures employed to minimize these constraints. 
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Chapter 2 

The Complex Ginzburg-Landau Equation 

2.1 Introduction 

The complex Ginzburg-Landau equation (CGL) describes the evolution of a 

complex-valued field A = A(:.z:, t) by the evolution equation 

8tA = erA + (e + i)8~~A - 2(eq - iu)IA126 A, (2.1) 

where e, r, q, and s are positive real numbers, and u = ±1. Except where otherwise 

specified, equation (2.1) is assumed to be posed in one spatial dimension on the 

torus 11'[0,1]. The coefficient r plays the role of a sort of Reynolds number by 

controlling the amount of linear pumping in the equation, while q regulates the 

damping through nonlinear saturation. The equation is normalized so that the 

nonlinear Schrodinger equation (NLS), 

(2.2) 

drops out of (2.1) in the limit e ~ o. Thus the parameter e is a natural measure 

of the distance of CGL from the pure NLS dynamics. 

For much of this work we will be drawing strong connections between the CGL 

and NLS equations. In Chapter 3 we define the notions of focusing and defocusing 

for the NLS equation. In the context of CGL this will superficially correspond to 

the cases where u = ±1, but will more importantly represent the implied level 

of activity in the resultant CGL dynamics from the underlying NLS equation. 

Because the degree of NLS instability will play an important role in the turbulent 

CGL dynamics, we will also attach the terms critical and supercritical to the CGL 

equation to indicate that the underlying NLS is capable of generating finite time 

singularities. Therefore in one spatial dimension, the CGL equation with quintic 
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nonlinearity (qCGL) and septic nonlinearity (sCGL) will correspond respectively 

to the cases of critical and supercritical dynamics. We will see in section 2.3 that 

this distinction represents a change in the quality of the analytical bounds on the 

solution. These ideas will be thoroughly explored in Chapters 4 and 5. 

The primary goal of this work is to obtain an understanding of the CGL flow 

in the limit of small € through the use of the structure inherent in NLS equation. 

This investigation includes a diverse range of dynamic behavior, often depending 

sensitively on the equation parameters. For small amounts of linear driving, COL 

can be analyzed as an infinite dimensional dynamical system. The strategy in 

such a case is to build a picture of the phase portrait based on the identification 

of classes of explicitly known solutions. In the opposite limit of very large r, the 

flow is turbulent and requires a more indefinite or statistical investigation. In 

particular, one would first like to establish the existence of an attracting set, or 

global attractor that captures the essence of the long time dynamics. Then the 

investigation of the partial differential equation becomes a study of the qualities 

of this set. 

We continue this chapter by overviewing in section 2.2 the simplest solutions of 

the CGL equation. For the rotating waves we calculate the linear stability analysis 

and discuss the influence of instability in the dynamics. From this we discover 

that the number of rotating waves grows as Vi. Because the global attractor must 

contain these solutions, its growth must, at least, be at the same rate. Thus the 

population of the rotating wave solutions provides a lower bound on size of the 

attractor dimension. In section 2.3, we consider the existence of global (in time) 

classical solutions to the CGL equation. These results are useful for two reasons. 

First, in order to study CGL as a dynamical system it is necessary to determine 

that it will be well-posed in some space. Secondly, transitions in these stability 

results provide possible indications of significant changes in the behavior of chaotic 
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solutions on the global attractor. In section 2.4, we address the question of the 

existence of a finite dimensional global attractor. We will see that the dimension 

depends in a fundamental way on the strength of the driving T. These ideas and 

results are essential for the development of the later chapters. 

2.2 Elementary Solutions 

We will now consider a collection of relatively simple solutions to the CGL 

equation. These solutions are of interest because they are the infinite dimensional 

equivalent of fixed points and periodic orbits in a dynamical system. For one very 

special case of the CGL equation, known as the Lyapunov case, the complete set 

of stationary points in the infinite dimensional phase space can be characterized 

in terms of these solutions. As another example, the stability of the rotating wave 

solutions can be used to provide information on the dimension of the global attrac

tor. Lastly, in Chapter 6, we examine the question of under what circumstances 

do periodic solutions of CGL smoothly deform, as f ~ 0, into solutions of NLS. It 

is therefore necessary to understand the basic periodic solutions belonging to CGL 

and NLS. 

2.2.1 Rotating Waves 

The simplest class of nontrivial spatially periodic solutions to (2.1) is comprised 

of the rotating wave solutions, 

(2.3) 

where kn = 27rn, n an integer, the amplitude 

26 T - k~ 
a = , 

2q 
(2.4) 

and the angular frequency 

k2 2 26 UT + (q - u)k~ 
Wn = n + ua = . 

q 
(2.5) 
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and ¢> are real. The largest, in amplitude, of these is the spatially homogeneous 

solution which corresponds to len = 0 rotating wave. Because the phase ¢> is a con

tinuous variable from [0, 27r), each wavenumber len < .JT defines a continuous ring 

of rotating wave solutions. As T increases, the circle of rotating waves correspond

ing to the wavenumber len bifurcates off the zero amplitude solution corresponding 

to T = k~. Up to the continuous parameter ¢>, the phase, there exist a total of 

2[.JT/27r] + 1 rotating waves, where [.] is defined as the largest integer of the argu

ment. The extra solution corresponds to the homogeneous solution. This number 

provides a lower bound on the Fourier spanning dimension, since each rotating 

wave solution must be contained on the universal attractor. 

Due to the simple form of the rotating waves, their linear stability can be 

analyzed exactly. This will not in general be the case since for other solutions to 

CGL the associated linearized equation has non-constant coefficients that depend 

on both space and time. The calculation is further simplified by choosing a side 

band perturbation, i.e., 

A(x, t) = A~ot(x, t)(l + B(x, t)). (2.6) 

To compute the evolution of B(x, t), we substitute this expression into (2.1) and 

retain only first order terms in B. The resultant evolution equation is 

We make the further simplification of choosing B(x, t) to be a discrete sideband 

with variable amplitude 

(2.8) 

where km = 27rm. We find that p+(t) and p-(t) evolve according to the coupled 

system 

-2s(€q - iu)a2
" ) ( p+ ) 

C-· -., - p (2.9) 
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where 

c± = (e + i)(±2IenAm + k!) + 2s( eq - iO')a26 . (2.10) 

For the case of a perturbation along the zero'th mode (Am = 0), the two eigenval

ues of the matrix (2.9) are 0 and -4eqsa26. This implies that the rotating wave 

solutions are stable with respect to perturbations in their amplitude. For the spe

cial case of the homogeneous solution (len = 0), the eigenvalues of the matrix (2.9) 

are 
1 

2A± = -e(k!+4eqsa26}±:( e2(k! +4eqsa26)2-(e2+1)k~ -2s(e2q--u)a26k!) 2" (2.11) 

Notice that the real part of the eigenvalues is strictly less than zero provided 

(2.12) 

When km =f:. 0, the condition for stability of the n = 0 rotating wave with respect to 

sideband perturbations with wavenumber km can be reexpressed as the inequality 

r > _ q(e
2 + 1) k2 • 

- s(e2q - 0') m 
(2.13) 

This means that the rotating waves are stable with respect to sideband perturba

tions provided r is large enough. Let us focus a moment on the quantity in the 

denominator of (2.13). Should e2q - 0' vanish, then the stability of the homoge

neous solution to all wavenumber perturbations Am for Iml > 0 will be lost. Since 

both e and q are by definition positive, this implies that 0' must be positive for 

the homogeneous solution to become unstable to all wavenumber perturbations. 

This rules out the possibility of the defocusing CGL exhibiting this sort of linear 

instability. This means we are guaranteed modulational stability of solutions for 

the focusing case provided 

(2.14) 

As we will see in Chapter 4, this condition provides the left most boundary of the 

stability diagrams of figures 4.1 and 4.2. 
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In the general case kn -:j:. 0, but the relation for the neutral stability can be 

derived if we assume the eigenvalue has zero real part. After considerable manip

ulations, we obtain 

k2 _ «1 + (2)k! + 2s(q€2 - u)a2B ) 0 2 

n - 2s(q + u)a2B+2 - 40s(q + u)a28 + 4(1 + (2)02 ' 
(2.15) 

where 

(2.16) 

Recall that a is a function of kn, therefore (2.15) is implicit in kn. 

Expression (2.15) tells when, for particular values of T, e, q, the wavenumber 

kn will become neutrally stable to the sideband perturbation km. This change 

in stability indicates the possible creation of new solutions through a bifurcation. 

However, this analysis tell us nothing about the form of the new solution. 

2.2.2 Traveling Waves 

Another important family of solutions to the CGL equation, (of which the 

rotating waves are a member), are the traveling waves. These solutions have the 

form 

A(:z:, t) = e-i>.t B(:z: - ct), (2.17) 

where both the wave velocity c and the phase frequency A are real. The complex 

amplitude, B = B(z) expresses a fixed profile which moves in the frame z = :z: - ct. 

The existence of these solutions for z on the unit torus is proven in [13]. Of 

interest, is that for small € it can be shown that certain of these solutions are 

perturbations of the periodic NLS traveling wave solutions. We will explore this 

further in Chapter 6. 

Luce in [16] conducted a thorough bifurcation study for the one-dimensional 

cubic CGL equation, which we recount here. For e = 1/4, q = 1, u = 1, and 

r / 471"2 < 2.2, and an imposed even symmetry, a sequence of bifurcations off the 
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homogeneous were observed as a function of r. From (2.14) we can it is clear that 

the initial profile will remain linearly stable up to r = 0.57(27r)2. At this critical 

value, the homogeneous solution becomes linearly unstable to perturbations in the 

cos(27rx) direction. Through a pitchfork bifurcation, two stationary waves ((2.17) 

with c = 0) are created. When r is greater than the critical value, one of the real 

eigenvalues of the linearization about the homogeneous solution becomes positive. 

The newly created unstable manifold of the plane wave connects with the stable 

manifold of the stationary wave. 

At about r = 0.83(27r)2, each stationary wave loses stability in a supercritical 

Hopf bifurcation in which a two-frequency quasiperiodic solution is created. These 

solutions are called standing waves, after the similar nonlinear Schrodinger profile 

discussed in chapter 6. As r is increased above 0.83(27r)2, one of the standing 

wave frequencies goes to zero. Around r = rh = 0.87(27r)2, it deforms into a 

homo clinic orbit connecting the plane wave to itself. In Chapter 6 we show that 

this homo clinic is structurally different from the homo clinic orbits bifurcating off of 

the equivalent homogeneous solution of the one-dimensional cubic NLS equation. 

When r is increased slightly beyond rh, the two CGL homoclinic orbits combine 

through a gluing bifurcation to create a new two frequency solution which called a 

flip-flop. In chapter 6, we present numerical evidence to suggest that the flip-flop 

orbits are related to the NLS nonlinear standing wave orbits. 

2.2.3 Lyapunov Case 

For the choice of parameter values q = 1 and u = -1, the CGL equation takes 

on a special form for which the attract or can be completely characterized. In this 

case (2.1) becomes 

BtA = erA + (e + i)B:z::z:A - 2(e + i)IA126 A. (2.18) 
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Notice that in the limit e ~ 0 this becomes the defocusing NLS equation. Because 

the CGL equation is invariant to rotations in the complex phase, we can apply the 

transformation A ~ Ae-irt to equation (2.18) and obtain 

(2.19) 

The terms inside of the square brackets of (2.19) are equivalent to the defocusing 

NLS equation, where the additional the linear term in the potential can be removed 

by a phase shift if we allow the time to be complex. This equation can be expressed 

more compactly with the assistance of the functional £, where 

(2.20) 

The evolution of (2.19) can then be expressed in variational form as 

BtA = -(e + i) :~ •. (2.21) 

By taking the time evolution of the functional £, it is straight forward to see that 

i:, is negative definite 

(2.22) 

This implies that £, is a monotonically decreasing function in time, except at points 

where S£,/SA· vanishes. From (2.21) we can see that these critical points of £, are 

stationary points of the flow, and the functional £, formally satisfies the conditions 

of a Lyapunov functional for them. Notice that stationary solutions must satisfy 

the relation 

independently of e. The form of the stationary solutions is identical to that of the 

defocusing NLS traveling waves, section 3.4, provided the speed of the waves is 

set equal to r. These critical points correspond to asymptotically stable solutions 
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provided that the Hessian of £, evaluated at the particular solution, is positive 

definite. 

The Lyapunov equation makes another appearance in chapter 6 where we will 

see that all the stationary points of the NLS limit of the Lyapunov equation persist 

under the general Lyapunov flow. Thus both CGL and NLS share the same fixed 

points in the Lyapunov case. 

2.3 Existence and Regularity of Solutions 

The issue of global (in time) well-posedness of solutions to the CGL equation is 

important for a variety of reasons. In Chapter 6 we employ the tools and ideas of 

finite dimensional dynamical systems to the "low-dimensional" periodic behavior 

of the CGL equation. To justify this approach, it is first necessary to prove that the 

initial value problem of the infinite dimensional dynamical system is well-posed for 

all time. In Chapters 4 and 5 we study the turbulent state of CGL dynamics. There 

the regularity estimates of this section will be employed as potential indicators of 

qualitative change in the nature of the solutions. In addition these estimates are 

necessary to prove the existence of a global attractor, and is used to justify the 

notion that the asymptotic dynamics can be represented by long, yet finite, time 

simulations. 

Using a contraction mapping argument (theorem 4.4 in [15] or theorem 3.5 in 

[17]), it is possible to show the existence and uniqueness of local (in time) classical 

solutions to the CGL equation (2.1) for initial conditions in LP("JrD), and where 

1 ~ p < 00 and sD < p. Moreover, if s is an integer, it can be shown [15] that 

the solution is not only locally Coo, but also contained in a subclass of the real 

analytic functions, where the k:..lgth of this control can be expressed in terms of 

the LP-norm of the solution. By extending the control of the LP-norm globally we 

can show that the solution will remain real analytic for all time. 
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For the CGL equation, the L2 norm or mass is the simplest to control. A direct 

calculation using equation (2.1) and an application of the Holder inequality yields 

(2.23) 

Equation (2.23) is a differential inequality of the form 

(2.24) 

where"Y > 0 and f3(t) > O. Because the relation is nonlinear, we cannot immedi

ately apply the Gronwall Lemma. Following the approach of Bernoulli we introduce 

the change of variables Y = F-'Y and obtain the linear differential inequality 

8tY ~ -"Ya(t)Y + "Yf3(t). (2.25) 

Now by applying the Gronwall Lemma we obtain 

Y(t) > exp ( - 1.' -ya(t') dt') Y(O) + 1.' exp ( -[ -ya(t") dt") -y{J(t')dt', (2.26) 

from which it follows that F is uniformly bounded from above. From this we 

obtain the bound 

( 
r )1/26 

IIAII2 < 2q(1 _ e-2I;rd) (2.27) 

This estimate is independent of the initial data and rapidly decays to 

as t ~ 00. This asymptotic value of the mass is characteristic of the homogeneous 

solution. Notice also that we have used the notation of section 4.3.1 where the over-

line on the norm represents the long-time maximum. Therefore for times strictly 

bounded away from zero, the L2(TD)-norm of the solution to CGL is bounded 

uniformly in time and for all initial conditions. By the local existence theorem, 
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this control on the norm is sufficient to establish the global existence of solutions 

to CGL in L2(']"D) when s < 2. 

For sD > 2 we need to bound the V-norm of the solution, where for p;::: sD > 

2. A direct computation of the evolution of the LP-norm when p = 2~ for some 

~ > 1 gives 

er fa1 IAI21t dx - 2eq fa1 IA121t+26 dx 

+ Re [(e + i) fa1 IA121t-2 A*8;J:;J:A dX] 

er fa1 IAI21t dx - 2eq fa1 IA121t+26 dx 

-E~ fa1IAI21t-218;J:AI2 dx 

-(~ - 1) Re [(e + i) fa1IAI2ItHA*2(8;J:A)2 dX] 

< er fa1 IAI21t dx - 2eq fa1 IA121t+26 dx 

-(e~ - (~- l)le + il) fa1 IAI21t-218;J:AI2 dx. 

The last term in (2.29) can be neglected provided 

~-1 e> . 
- v'2~-1 

(2.28) 

(2.29) 

(2.30) 

As an aside, we observed in the numerical simulations of turbulent CGL dynamics 

that the neglected term in (2.29) does not remain definite. As a consequence, we 

expect that the resulting bound will not be tight for these solutions. The remaining 

differential inequality can be closed by another application of the Holder inequality, 

resulting in 

(2.31) 

(2.32) 
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Solving the differential inequality (2.32) in the same manner as before, we obtain 

the bound 

(2.33) 

This implies that the L21t-norm of solution is uniformly bounded. By taking If, = 1, 

we regain the previous result for the L2-norm. For the case s = 2 we can still satisfy 

both the conditions s < 21f, and (2.30) in~ependently of € by choosing If, sufficiently 

close to 1. When s > 2, choosing If, = s /2 provides the global existence of classical 

solutions as long as 
s-2 

€ > r::---1. 
2ys -1 

(2.34) 

In Chapter 4 we interpret this restriction on € as indicating the possibility of 

finite time blowup of solutions for CGL with septic nonlinearity. The numerical 

simulations of section 4.3.1, suggest on the other hand that this bound is overly 

restrictive. 

When the conditions are satisfied for global solutions to exist, estimate (2.33) 

can be interpreted as implying that the attractor is confined to the closed ball of 

radius (r/2q)1/26 as defined by an LP measure and provided p = 21f, satisfies (2.30). 

In addition because the the estimate (2.33) is independent of the initial condition, 

all solutions, after an arbitrarily short time, are contained within some attracting 

ball of finite radius. We will come back to this in section 2.4. 

In the same spirit, it is possible to obtain differential inequalities for the L2_ 

norm of derivatives of A(x, t). We will see in a moment that these estimates are 

necessary to construct a uniform bound on the Loo-norm of the solution. In the 

following section we will use this bound to prove that the CGL attractor, when it 

exists, is finite-dimensional. We need the following differential inequality for the 

L2-norm of the derivatives of A(x, t), which is derived in [18] 

(2.35) 
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where Co is a positive constant and 

2s 
m= , 

2~-s 
(2.36) 

One can use the a priori L2('ll'D) bound (2.27) to control the denominator of the last 

term in (2.35). It follows then from the global.£P('ll'D) control with p > sD that the 

L2-norm of the derivatives of A(x, t) is uniformly bounded in time. Nevertheless it 

will not be possible to integrate the corresponding differential inequality exactly. 

Together, the above estimates provide upper bounds on lIa~AlI2 for all integers 

j > o. We can now employ the interpolation inequality found in [15] 

o <j < m, (2.37) 

where a = 2~!1, to show that the Loo-norm of a~A is uniformly bounded. 

It follows then that the COL equation defines a dynamical system in Hl('ll'D). 

Moreover, it can be proved [15] that when s is an integer, the solution is in ooo(TD). 

Using this added regularity it is shown in the next section that a global attract or 

exists for the COL equation. 

2.4 Finite Dimensionality 

In the previous section we saw that the COL equation (2.1) for sD ::; 2 de

fines an infinite dimensional dynamical system in the Hilbert space Hl('ll'D). Of 

fundamental importance in studying any dynamical system is the behavior of its 

long-time dynamics. This section will focus on the existence and properties of a 

globally attracting set known as the global or universal attractor A. Such a set is 

compact, invariant under the flow, and attracts all orbits uniformly over bounded 

sets of initial data [19, 20]. For every orbit of the dynamical system, the attractor 

contains both the w-limit set and the unstable manifold of the w-limit set. 

To show that COL possesses a compact global attractor in Hl(1£'D), it is first 

necessary to show the existence of an absorbing ball in H2('TI'D). This is because 
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the space H2(']fD) is compactly embedded in Hl(']fD), therefore the existence of 

an absorbing ball in H2(']fD) implies the compactness of the attract or in Hl(']fD). 

The existence of an H2(']fD) absorbing ball for CGL can be shown [15] for p > sD 

provided e and q lie in the region of parameter space where there exist uniform LP 

bounds on solutions with V initial data. In addition, it can be shown that the 

attract or has finite Hausdorff dimension and can be locally embedded in a finite 

dimensional manifold [21]. 

For D = 1, 2 the CGL attract or can be globally embedded in a smooth finite 

dimensional structure known as an inertial manifold [19]. An inertial manifold is 

defined as a finite dimensional, exponentially attracting, positively invariant man

ifold that contains the global attractor. The finite dimensionality of the inertial 

manifold follows from the existence of a global slaving function which specifies the 

high wavenumber structure in terms of the low wavenumber modes. Because the 

inertial manifold contains the attractor, the dimension of the manifold provides an 

upper bound on the dimension of the attractor. The remainder of this section is 

devoted to producing an upper bound on the dimension of the inertial manifold 

(and therefore the attract or ), by estimating the number of Fourier modes needed 

to span the space containing the inertial manifold, i.e. the Fourier spanning di

mension. Fourier modes are a natural choice for this basis because they are the 

eigenfunctions of the second derivative operator on ']fD. It is important to empha

size that in general a Fourier basis may not be the optimal choice for spanning 

the universal attractor. Nontheless, the success of this approach means that in 

some rough sense the attractor is not too pathologically embedded in the infinite 

dimensional Hilbert space. 

In the remainder of this section we simply restate the derivation in [11] for 

the case of general power nonlinearity. Write A(t) E L2(']fD) as an element of 

the Hilbert space L2(']fD) of states. Suppose that we find a number N such that 
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for any two solutions on the universal attractor, A(t) and A'(t), the difference 

a(t) = A'(t) - A(t) satisfies the cone condition 

(2.38) 

where PN is the orthogonal projection onto these Fourier modes with wave number 

Iknl < kN and QN = 1-PN is the infinite dimensional projection onto the remain

ing modes. Equation (2.38) implies that the low wavenumber modes (I kn I ::; k N) of 

a( t) can vanish only when high modes vanish. This means that the two solutions 

A and A' can differ in their high wavenumbers only when they differ in their low 

modes. Hence the function 

(2.39) 

maps a subset of the finite dimensional space PNL2
, namely PN(A), into the re

mainder of the configuration space. The value of the function cI> at a point PN A 

on the attractor is defined by 

(2.40) 

The cone property (2.38) ensures that cI> is well defined. 

The function cI> allows the transformation of the infinite dimensional dynamical 

system, restricted to the attractor, into a finite number of ordinary differential 

equations. For any initial condition Ao with 

PNAO E PN(A), and QNAO = cI>(PNAO) , 

the solution A(t) E L2('1f'D) of CGL (2.1) can be decomposed into 

A(t) = a.(t) + cI>(a.(t)) , 

where a(t) E PN(A) is a finite dimensional vector in L2('['D) evolving according to 

the dynamics 

(2.41) 
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The slaving function ~ has projected the infinite dimensional problem onto a finite 

dimensional basis. When ~ = 0 we have the special case known as the Galerkin 

approximation to full problem. When the function ~ = 0 the original infinite 

dimensional problem (2.41) is reduced to 2N + 1 ordinary differential equations for 

the Fourier coefficients an, n = 0, ±1, ... , ±N, of a(t). Notice that the argument 

above does not establish the functional form of ~, but only its existence. 

We will proceed now to prove the cone property on the universal attractor of 

CGL. Two ideas are central in this proof. First, we will use the bounds mentioned 

in the last section. These bounds restrict the asymptotic motion to a bounded set 

in L2('JI'D). In order to control the difference between any two solutions, we will 

need not only the bounds on the L2 norm, but also the bounds on LOO. 

Second, we will show that the cone condition holds on the universal attractor 

by determining that the difference between any two solutions, a(t), satisfies 

(2.42) 

The key property of the CGL equation which allows for an N < 00 for which (2.42) 

holds, is the gap between the eigenvalues of the second derivative operator. It is 

the increasing gap in the divergent spectrum of the second derivative operator and 

its ability to dominate the asymptotic Lipschitz constant of the nonlinearity which 

allows this finite dimensionality. 

Let A and A' be any two solutions of the CGL equation. Then the difference 

a = A' - A satisfies the evolution equation 

(2.43) 

The finite dimensional projection of the difference, P = PNa, satisfies 

(2.44) 
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and the infinite dimensional projection Q = Q Na satisfies 

At this stage N is still undetermined. The key point now is that the negative 

second derivative operator is bounded above on PN L2(']f'D), bounded below on 

QNL2('1rD), and there is a gap in these bounds 

101 P*( -8a:a:P) dx ~ k~rl1P112 , (2.46) 

101 Q*(-8a:a:Q)dx > k1+1I1QII2. (2.47) 

Multiplying equation (2.44) by P*, equation (2.45) by Q*, integrating, taking 

real parts, and using (2.46) and (2.47), the following differential inequalities are 

obtained 

~IIPII~ ~ e(r - k'jy)IIPII~ 
-2 Re((eq + iu) fa1 P*(IA'126A' -IA126 A)dx) , (2.48) 

~IIQII~ < e(r - k'jy )IIQII~ - ek1(2kN + kt)IIQII~ 
-2 Re((eq + iu) 101 Q*(IA'126 A' -IA126 A)dx) , (2.49) 

where we used the fact that the projection is self adjoint and 

kn = 27m. (2.50) 

Define the following function 

(2.51) 

which determines if A'(t) is inside the cone at A(t) (L(t) > 0), on the cone 

(L(t) = 0), or outside the cone (L(t) < 0). By (2.48) and (2.49), L(t) satisfies 

the differential inequality 

1 
28tL(t) - e(r - kN)L - ek1(2kN + kl)IIQII~ 

-2 Re (( eq + iu) 10
1 
(Q* - P*)( IA'126 A' - IAI26 A)) dx. (2.52) 
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The gap in the spectrum of the second derivative operator appears above as the 

second term on the right side of (2.52). This term causes L to decrease whenever 

IIQII~ > O. The nonlinear term in (2.52) may be estimated by recalling that 

a = P + Q, A' = A + a and using the following inequality 

where z, ware complex numbers and a is a positive number (see [14]). Since 

rearranging the terms one gets 

-2 Re(€q + iu) 10
1 

(Q* - P*) (a(IA'126 + IA126) - (IA126 A' -IA'126 A)) dx 

_ 2€q 10
1 

(IPI2 - IQI2)(IA'126 + IA126) dx 

-2 Re(eq +io-) [1.' 2ilm(Q' P)(IA'I" + IAI")dx 

-1.'( Q' - P')( IAI" A' - IA'I" A) dX] (2.55) 

_ 2€q 10
1 
(IPI2 _IQI2)(IA'126 + IA126) dx 

-2 Re(eq +io-) [1.' 2iIm(Q'P)(IA'I" + IAI")dx 

-1.'( Q' - P')(lA'I,(·-l) A' - IAI,(·-l) A) IAA'I tk] , 
using the LOO norm 

-2 Re( €q + iu) 10\ Q* - P*) (a( IA'I26 + IA126) - (lA126 A' - IA'I26 A)) dx 

< 2(IIA'II~ - IIAII~)€q 10
1 

IPI2 dx + 4(IIA'II~ - IIAII~)lul 10
1 

IQIIPI dx 

+ leq + io-I 1.'( Q' - p')I'A','(H) A' - IAI,(·-l) AI'AA" dx (2.56) 



< 2(IIA'II~ -IIAII~) (Eq 1.' IPI' do: + 210-1 J.'IQIIPI do: ) + (28 - 1) 

X leq + ierIIiAllooIIA'lloo(IIAII~6-1) + IIA'II~6-1») 10
1 
(IQI2 + IPI2)dx. 

The differential inequality (2.52) for L(t) can now be written 

~8tL < e(r - kN)L - ek1(2kN + k1)IIQII~ + 2M26 [eqIlPII~ 
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+21er11lQ1I211P112 + (2s - 1))1 + e2q2(IIQII~ + IIPII~)l' (2.57) 

where M denotes the uniform bound on the global attractor in the Loo norm. 

Replacing lerl = 1, we can choose N such that 

kN > max {r'/', !:' [(Eq + 2) + 2(28 -1).)1 + E'q']- ~ } . (2.58) 

This choice is made so that the term from the spectral gap (The second on the 

right side of (2.57)) will dominate the term from the nonlinearity (third term on 

the right side of (2.57)) whenever L > O. 

Inside the cone about a trajectory, where IIQII~ > IIPII~ and L > 0, the differ

ential inequality (2.57) and the choice of N (2.58) imply that, as t -t 00, 

1 
"28tL(t) ~ e(r - KN)L, 

so that L(t) decrease exponentially asymptotically. On the surface of the cone 

(L = 0), 8t L < 0, therefore once the cone condition is satisfied it remains satisfied 

for all future times. Hence, on the universal attract or (t -t 00), the cone property 

is valid as long as 

Nmax > 2~ max {r'/', !:' [(Eq + 2) + 2(28 -1).)1 + E'd - ~ } . (2.59) 

Therefore the Fourier spanning dimension D is bounded above by 

D ~ 2Nmax + 1, (2.60) 

where Nmax is given by (2.59). 



42 

Chapter 3 

The Nonlinear Schrodinger Equation 

3.1 Fundamental Properties 

In the limit of small €, the dissipative terms of the CGL equation (1.2) vanish, 

leaving a generic Hamiltonian nonlinear dispersive wave equation for the complex

valued function A(x, t) 

(3.1) 

called the nonlinear Schrodinger (NLS) equation. We will be primarly concerned 

with the NLS equation posed in one spatial dimension on the torus '1I'[O, 1]. This is 

the setting chosen for the numerical simulations and much of the analysis. N onethe

less, it will also be convenient for some of the analysis in Chapters 4 and 5 to 

consider the NLS equation on $ E ~D. For this reason when we address the issues 

of regularity and blowup of solutions later in this chapter, we will consider both a 

finite and infinite domain. 

Through the sign of the coefficient u, the dynamics of the NLS equation can 

be separated into two distinct regimes. This contrast can be seen from a sim

ple illustrative argument. If we think of the NLS equation in terms of a quantum 

mechanical description of locally interacting particles, the "potential" in this view

point is simply V = -2uIAI2
". For u = +1, the quantum mechanical potential 

becomes a "well" at any localized elevations in the wavefield. As the amplitude 

of the solution grows, the depth of the well increases. This leads to the tendency 

of surrounding particles to be drawn into, and concentrate at the location of the 

well. In terms of a physical space manifestation, the particles are squeezed into 

any bulges in the wavefield. This process is known as self-focusing and is capable 

in the NLS equation of provoking spatially localized singularities in solutions in 
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finite time from arbitrarily smooth initial data. For 0' = -1, the potential takes 

the form of a barrier that grows in strength with the amplitude of the solution. 

The interaction in this case is repulsive, and there is no tendency for the particles 

to concentrate. In section 3.5 we will show that solutions to the defocusing NLS 

equations always remain regular. 

The terms focusing and defocusing come from the field of nonlinear optics 

where for D = 2 and s = 1 the NLS equation is used to model the interaction 

of laser light with a nonlinear medium [22, 23, 24, 25]. For certain materials the 

parameter 0' = +1. In which case the laser light, because of the self-focusing 

mechanism, grows rapidly in amplitude and burns out the material. This notion is 

made more precise in section 3.6 through use of the virial theorem. The formation 

of finite time singularities in the focusing NLS does not follow automatically. The 

critical quantity in the question of blowup is the product of the number of spatial 

dimensions D with the power of the nonlinearity s. For sD < 2, the self-attraction 

due to the self-focusing is not strong enough to form a singularity. This is known 

as the subcritical case. For sD ~ 2, the critical and supercritical cases, blowup 

can only occur when the Hamiltonian and the moment of inertia satisfy certain 

conditions, see section 3.6. 

As a general model, the NLS equation describes the evolution of a slowly vary

ing envelope of nearly monochromatic waves in a conservative system under the 

influence of weakly nonlinear dispersive forces, [26, 27, 28]. Early applications of 

the cubic NLS equation were in the context of hydrodynamics, where it was suc

cessfully used to predict the modulational instability of deep water gravity waves 

[29, 30]. In two and higher spatial dimensions, the cubic NLS equation has been 

applied to the study of the self-focusing of laser beams in nonlinear optics and to 

turbulence in plasma physics [31, 32]. It is in these contexts that the spike singu

larity referred to as blow-up or wave collapse first appears. In Chapters 4 and 5, 
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it will be seen that these objects playa significant role in the generation of CGL 

turbulence. 

This chapter begins by surveying the basic properties of NLS - its Hamiltonian 

structure, invariants, blowup conditions, symmetries and special solutions. Sec

tion 3.5 will be devoted to the question of existence and regularity of solutions. 

Concluding sections present an analysis of finite time blowup in the critical and 

supercritical NLS equations. 

3.2 Hamiltonian Formalism 

The NLS equation can be recast as a Hamiltonian system 

(3.2) 

where the Hamiltonian 1-£ is given by 

(3.3) 

Defining the Poisson bracket of any two functionals F and Q as 

'J (SF SQ SF SQ) {F, Q} = -~ SA SA. - SA. SA dx, (3.4) 

the evolution of any functional F under the NLS flow is governed by 

dF 
dt = {F,1-£}. (3.5) 

Formally, the Hamiltonian 1-£ is conserved by the NLS flow, since by definition 

any operator Poisson commutes with itself. In addition to the Hamiltonian, the 

NLS equation has, in general, two additional independent integrals of the motion. 

While the precise form of these extra invariants is not unique (e.g., any linear 

combination of invariants is also an invariant), for physical reasons, the usual 
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choice of the remaining integrals are those familiar from mechanics-the mass M 

and the momentum P, which are given by 

M - J IA1 2 dx, 

P - ~ J(A*8:z:A - A8:z:A*) dx, 
2~ 

(3.6) 

where the limits of integration depend on the spatial domain under consideration. 

For the moment, we wish to consider both the periodic and whole line domains. 

The three integrals, the mass, the momentum, and the Hamiltonian, are guaranteed 

to exist provided that IIAII2(1I+1) and 118:z:A1I2 are bounded. 

It is known that the special case of the cubic NLS equation in a single spatial 

dimension is completely integrable [15], and therefore possesses an infinite family 

of conserved functionals in involution with respect to the Poisson bracket (3.4). It 

will be seen in Chapter 6 that these conserved quantities also play an important 

role in the analysis of periodic behavior in the CGL equation. 

3.3 Symmetries and Special Solutions 

Solutions to the NLS equation are invariant under numerous transformations 

of the dependent and independent variables. It will be useful to consider these 

symmetries in constructing special solutions. The Lie group symmetries of the 

NLS equation consist of space-time invariance, phase invariance, and the Galilean 

transformation: 

A(x, t) ~ A(x - Xo, t - to), 

A(x, t) ~ A(x, t)eia
, ex real, 

A(x, t) ~ A(x -l1t, t)exp [i (l1X -1111 2 i)] 

(3.7) 

(3.8) 

(3.9) 

A particular continuous family of symmetries that will be of great use in studying 

the NLS blowup solution is the scaling transformation, 

(3.10) 
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For the particular choice of A = 1/0, the scaling symmetry transforms the wave

field to the self-similar form 

A(x, t) -+ rl/2/J A(x/0). (3.11) 

Notice that for t -+ t. - t, the self-similar solution blows up at a finite t. In 

section 4.4.3, this self-similar solution plays an important role for the geometric 

estimates of the turbulent wavenumber spectra of the CGL. 

For the case of sD = 2 there is an additional symmetry with the form 

A(x, t) 
1 iLLlel2 

(3.12) -+ LD/2 A(e,r)e ~ , 

where L(t) - bet. - t), t < t., (3.13) 

r - lot 1 
o L2(s) ds, 

e x 
- L' 

One consequence of (3.12) that it allows the possibility of solutions that can become 

singular at a finite time t •. It turns out that for the critical case, the NLS blowup 

solutions are not described by (3.12). Rather it was observed by LeMesurier et al. 

[33] that the actual blowup profile deviates from (3.12) by a log-log correction to 

the scaling term L(t). This is discussed in detail in section 4.4.3. Nonetheless we 

are able to make use of (3.12) for the analysis of Chapter 4 because this correction 

is slight even for moderately small values of t. - t. 

3.4 Elementary Solutions 

In Chapter 6 we consider the deformation of elementary CGL solutions into 

ones supported by the NLS flow. In preparation for this analysis we consider a few 

of the most basic classes of time periodic solution to (3.1). The simplest of these 

are the generalization of the standard plane wave solutions for NLS known as the 

Stokes wave solutions 

(3.14) 
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where len = 27m, a> 0, ¢ is real and 

(3.15) 

We can again carry out the same sort of side-band linear stability analysis that 

was used in section 2.2.1. We again consider a perturbation of the form 

(3.16) 

then, substituting (3.16) into equation (3.1) and keeping only terms linear in p(t), 

we obtain the following system for the evolution of p+(t) and p-(t) 

(3.17) 

where 

c:J: = i(±2kn lcm + k!) + i2sua2
" • (3.18) 

The resulting eigenvalues of the system (3.17) are 

(3.19) 

Because the real part of ). is zero, it follows that all the Stokes waves solutions are 

linearly neutrally stable. 

The second class of elementary NLS solutions that we will consider are the 

solutions that maintain a fixed profile when observed in a moving frame. These 

are known as traveling wave solutions, and are constructed from the general Ansatz 

A(x, t) = e-i>.t B(x - ct), (3.20) 

where B is a complex-valued function of the moving frame coordinate z = x - ct. 

Substituting (3.20) into (3.1), it follows that B must satisfy 

(3.21) 
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Whether these periodic traveling wave solutions exist, now becomes a question of 

whether (3.21) supports periodic trajectories on the unit interval. 

For s = 1, equation (3.1) reduces to the cubic Schrodinger equation, 

(3.22) 

which is completely integrable. For both s = 1 and 2, the profile of the traveling 

wave solutions can be explicitly solved in terms of the standard elliptic functions. 

Of note is that in a particular limit, these solutions continuously deform into the 

previously mentioned Stokes waves, and therefore represent a larger, more general 

class of solutions. 

3.4.1 Homoclinic orbits 

From the linear stability analysis in section 3.4 we find that the Stokes wave 

solution (3.14) is linearly unstable in the directions e±ikm:J: for km such that 

(3.23) 

These directions coincide with the stable and unstable manifolds connecting the 

Stokes wave solutions to the homo clinic trajectories. The existence of the homo

clinic is the result of a bifurcation of the Stokes wave, where the amplitude a acts 

as the bifurcation parameter. The first homo clinic trajectory for the homogeneous 

plane wave (kn = 0) was computed explicitly using a Backlund transformation 

in [34], and found independently, using Hirota's method in [35]. This homo clinic 

trajectory has the explicit form 

A( t) 
i2a2t 1 + 2 cos( k-x )e 2ir/>+Ot+'Y + A12e4i.p+20t+2'Y 

-x = ae 
, 1 + 2 cos( k-x )eOt+'Y + A12e20t+2'Y ' 

(3.24) 

where sin(4)) = k/2a, Al2 = 1/ cos2(4)), n = ±kv'4a2 - k2 , and where 'Y is arbi

trary. 
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In chapter 6, it will be shown that none of these homo clinic trajectories persist 

under even a weak CGL flow. For this analysis it will not be necessary to use the 

explicit form of the homoclinic trajectory, but only the fact that it asymptotically 

approaches the plane wave solutions. 

3.5 Existence, Uniqueness and Regularity 

Following the procedure of Ginibre and Velo [36], it can be shown that the 

NLS equation (3.1) is locally well-posed for initial data in the H1(~D) Hilbert 

space provided 

seD - 2) < 2. (3.25) 

A consequence of this is that the quantities M, P, and 1-£ are all conserved locally 

by the solution. Notice that the NLS equation in one and two dimensions automat

ically satisfies (3.25) for all s > O. This means that for D ~ 2, the NLS equation 

will always be locally well-posed, and as a consequence, can be considered, at least 

locally in time, as a dynamical system in H1. 

The condition (3.25) arises from the need to control the £2(6+1) norm of A with 

the H1 norm, where 

(3.26) 

and K,2 is the smallest positive eigenvalue of 8~. This control is achieved through 

a Gagliardo-Nirenberg type Sobolev inequality, which states that there exists a 

positive nondimensional constant O(s, D) < 00 such that the £2(6+1) norm of A 

can be bounded by a geometric average of the £2 and the H1 norms of A, i.e. 

1 

II All 2(6+1) - (J IAI2(6+1) dX) 2(.+1) 

9 1-9 

< O(s, D) (J K,21A12 + 18x AI2 dX) 2" (J IAI2 dX)-2 (3.27) 

- O(s, D)IIAII~1I1AII1;8 , 
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where () must satisfy 
sD 

() = 2( s + 1) < 1. (3.28) 

This condition is equivalent to (3.25). 

The local solutions can be extended to global solutions provided one can find 

an upper bound on IIAIIHl which is uniform in time. For u = -1, such a bound 

follows directly from the definition of the IIAIIHl norm (3.26) expressed in terms 

of the mass and the Hamiltonian, i.e. 

(3.29) 

On the other hand, when u = +1 the Gagliardo-Nirenberg inequality (3.28) yields 

the estimate 

,?1-l + K,2 M - IIAllkl + q(s: 1) IIAII~~~~:l) 

> IIAllkl + q(s: 1) 02("+1)IIAII~:+1)9I1Alli\"+1)(1-9), (3.30) 

where () is given by (3.28) and the nondimensional constant 0 = O(s, D). Because 

the L2 norm is conserved, the above estimate gives a uniform upper bound for 

IIAIIHl whenever the degree of IIAIIHl in the second term is less than that of the 

first, i.e. 2( s + 1)(} < 2. Simplifying, this says that there exists a uniform upper 

bound for IIAIIHl if and only if sD < 2. For the marginal case sD = 2, the above 

estimate gives a uniform upper bound for IIAIIHl provided IIAII2 is small enough. 

Through the question of global in time well-posedness, we find that a necessary 

condition for the possible formation of a finite-time singularity in the NLS equation, 

is that u = +1 and sD > 2. To obtain sufficiency for blowup, the standard 

approach is to compute the acceleration of the moment of inertia, and to determine 

under what conditions the wavefield concentrates at a point. This approach is 

called the method of moments. 
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3.6 Method of Moments (the virial theory) 

For 'the classical N-body problem, total collapse is the situation where all N 

point masses fall simultaneously into the center of mass. This event reduces the 

moment of inertia of the system to zero in a finite time, and produces a singularity 

in the mass density at the origin. The conditions for collapse in the N-body system 

was extensively studied by the 19th century Finnish mathematician K.F. Sundman. 

He used the three integrals of motion, (mass, energy, and angular momentum), in 

combination with variants such as the moment of inertia I, in order to construct 

necessary conditions for the collapse event. From his work came two important 

results concerning the collapse of discrete systems: 

• If collapse occurs then it must do so in a finite time. 

• Collapse cannot occur unless the total angular momentum of the system is 

zero. 

This methodology is not restricted to discrete systems alone. The procedures 

used by Sundman can be applied to continuous systems provided they are con

servative and have a sufficient number of conserved quantities and variants. An 

analogous definition of collapse for a continuous system would require that the ini

tial waveform Ain( ~) contract into a singular point in a finite time, such that the 

wave amplitude at this point blows up, while still preserving the original constants 

of the motion. The method of associating mechanical collapse with blowup in con

tinuous systems was first suggested by Vlasov et al. [37] at a Soviet Conference 

in 1970. Zakharov et al. [38], in a paper on the self-focusing of optical beams, 

references Vlasov, Petrishchev, and Talanov as originating the moment method as 

it applies to partial differential equations. The term virial theory was originated 

by Goldman and Nicholson in their paper [39] which generalized this method. In 

the paper of Birkshire and Gibbon [40] can be found a detailed summary of the 
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generalized moment method, and its connection to the N-body problem. 

3.6.1 General Derivation 

When sD > 2, solutions of the focusing NLS equation can develop singularities 

in a finite time. Deriving the criteria for the blowup to occur is easiest for x E mD. 
The virial theorem states that a necessary condition for blowup to occur is that 

the moment of inertia 

(3.31) 

must vanish in a finite time along with a corresponding singular concentration of 

the amplitude at the center of mass. The issue of whether all the mass collapses 

onto the singular point will be addressed below. 

We start by considering the circumstances under which I ~ 0 in finite time. 

We initially pose the problem on the infinite domain in D dimensions, and later 

consider the case of periodic boundary conditions. For the infinite domain case, 

we consider the behavior of even initial conditions, centered at the origin. We 

then formally compute the acceleration of the functional J[A]. A direct calculation 

using (3.31) produces 

j = 8 [1io - (sD - 1) f ~IAI2("+1)dDx], 
2 J!RD s + 1 

(3.32) 

where 1io is the Hamiltonian (3.1) evaluated with the initial profile Ain(x). The 

first term on the right hand side is a conserved quantity, while the remaining 

integral is time-dependent. At this stage it is useful to consider the two cases, 

critical (sD = 2) and supercritical (sD > 2), separately. 

For the critical case (sD = 2) of the NLS equation, the second term on the 

right hand side of (3.32) vanishes leaving the condition 

J = 81io. (3.33) 
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Integrating (3.33) twice with respect to time yields 

J(t) = 41-£ot2 + j(O)t + 1(0). (3.34) 

We notice that I -4 0 in finite time if the Hamiltonian 1-£0 < O. For real initial data, 

j(O) = 0, and the blowup time tcollap8e = V-1(0)/41-£0, provided 1-£0 is negative. 

When, in general, is 1-£0 < O? We recall that the Hamiltonian (3.3) is the sum of 

two terms, 

(3.35) 

the first one nonnegative and the second depending on the sign of a. In order for 1-£0 

to be negative, it is necessary that NLS be focusing, i.e. a > O. This requirement 

completely rules out the occurrence of a collapse event in the defocusing case, and 

holds true for the subcritical, critical and supercritical NLS. The condition 1-£0 < 0 

requires that the norm of the gradient be smaller than the L2(8+1) norm of the 

amplitude. In physical terms this means that the initial wave profile needs in some 

sense to have weak curvature in comparison to the amplitude. Zakharov et al. 

[31, 32, 24, 25] pointed out in the context of nonlinear optics that it was not only 

sufficient that the power, here the mass M, of the incident beam be raised above a 

critical value Merit for collapse, but that it was also necessary to choose a suitable 

beam shape in order to produce a negative energy. 

For the noncritical case (sD f. 2) of the NLS equation, the entire relation (3.32) 

must be considered. 

Again, the first term on the right is the conserved Hamiltonian, while the remaining 

term is time-dependent. Integrating (3.32) twice with respect to time, we obtain 

the general sufficiency condition for collapse: 

1( t) = 41-£ot2 + j(O)t + 1(0) + jt dr jf' V( s) ds , (3.36) 



where the V(t) can be thought of as the potential, and is defined as 

V(t) = (sD - 2) r ~IAI2(B+1)dDx. 
2 J!RD S + 1 
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The condition V = 0 corresponds to the critical case discussed previously. 

When V is negative we have the supercritical case, and for V > 0 the subcritical 

case. Collapse in the supercritical case can be assured for V < 0 if one of the 

following conditions is also satisfied: 

Ho < 0, 

Ho - 0 and i(O) < 0, 

Ho > 0 and i(O) ~ -4) HoI(O) . 

For the subcritical case of the NLS equation, collapse cannot occur under any 

circumstances due to the existence of an inverse scattering operator, which for 

sufficiently good initial data, guarantees the existence and uniqueness of solutions 

for all time. 

Numerical simulations of critical NLS indicate that blowup occurs prior to 

1--. O. For negative energy, the collapse begins by the Sundman mechanism, but 

as it proceeds, the blowup singularity forms prior to I --. O. The Sundman collapse 

mechanism therefore gives a maximal value tcollapse for the collapse to occur. There 

must be another mechanism responsible for causing blowup at an earlier time. 

There are examples of N-body problems in astronomy that exhibit collapse prior 

to the expected time. This can be explained through the influence of additional 

terms in the potential that are small for large lxi, but eventually dominate as 

Ixl --. 0, and cause an acceleration of the collapse mechanism. Something similar 

seems to be operating here. 

It should be noted that the virial theorem as outlined in this section cannot be 

blindly extended to domains other than ~D. It is possible though to extend the 

argument to bounded domains (including periodic) [41] by replacing the moment 
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of inertia 1a::12 over mD , equation (3.31), with a weighted moment having an ap

propriate cut-off at the end points. For our purposes it will be sufficient to only 

consider the blowup criteria over the whole line. For this reason we focused our 

attention on the domain mD in the above derivation. 



Chapter 4 

Turbulence 

56 

The primary focus of traditional turbulence theory has been the study of the 

seemingly random macroscopic motions found in hydrodynamics. More recently 

the paradigm of fluid turbulence has been successfully applied to a diverse col

lection of physical processes ranging from chemical fronts to nonlinear optics. In 

this more general context we speak of the turbulence of partial differential equa

tions to differentiate from the turbulence of fluids. The feature common to all 

these systems is their ability to generate small scale structure from local energy 

transport. 

In this work, we will focus on turbulence that has reached a statistically steady 

state. It will be useful to formally define such fully developed turbulence as the 

highly excited state of a dissipative nonlinear partial differential equation contain

ing a large number of active degrees of freedom. Such an excited state is by design 

extremely far from thermodynamic equilibrium. The macroscopic complexity of 

such a system necessitates that it be described statistically. Further motivation 

for use of a statistical description is that turbulent flows are by definition highly 

chaotic in both space and time. This means that the exact details of two real

izations which are nearby in phase space can evolve very differently. What makes 

statistical measures particularly useful is their relative insensitivity to perturba

tions in phase space. This allows us to observe the existence of universal structures 

in the time averaged wavenumber spectrumj the most well known example being 

the Kolmogorov scaling of the inertial range in hydrodynamic turbulence. 

Ideally, a quantity should be averaged over a representative collection or en

semble of initial states. This allows averaging under conditions of inhomogenity 

and nonstationarity. The difficulty of this approach is that under these conditions, 
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the ensemble average does not correspond in a simple way to any physical averag

ing procedure. Spatial averaging is limited to statistically homogeneous flows, or 

ones that are at least approximately so over scales larger than the turbulent fluc

tuations. Temporal averaging requires that flows be statistically stationary over 

time scales much larger than the time scale of the turbulent fluctuations. Here 

we will assume that the turbulence is roughly homogeneous and the statistics sta

tionary. This is a plausible assumption for the CGL equation because while its 

turbulence is driven by the appearance of a coherent structure, its duration is brief 

and intermittent. Under these conditions, the ensemble average can be replaced 

by a time asymptotic average for almost every realization. With this assumption 

we can study the statistics of simulated turbulent flows and compare them with 

theory. 

It will be the objective of this and the following chapter to use the com

plex Ginzburg-Landau equation and its "inviscid limit," the nonlinear Schrodinger 

(NLS) equation as a set of model equations to study the effectiveness of two op

posite paradigms of fully developed turbulence in a partial differential equation. 

Specifically we intend to compare the perspective of turbulence being homogeneous 

and isotropic with that of it being the result of persistent coherent structures. We 

start this chapter with a qualitative description of CGL turbulence, including the 

role of the intermittent coherent structures henceforth referred to as bursts. We 

discuss the use of analytical stability and regularity estimates as an indication of 

qualitative changes in the strength of the turbulence wavefield. We examine the 

morphology of a single burst in detail, and then the collective influence of many 

such events. Then in section 4.2 we briefly digress for a discussion of the numer

ical methods used for these simulations. In section 4.3 we look at the temporal 

behavior of various spatial norms for both the initial transient bursts and motion 

on the attractor. We discuss how the observed scaling of various spatial norms is 
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much richer than what is predicted by the theory. These norms show significant 

dependence on all three parameters. Only for the dependence on the linear driving 

term r, do both theory and observations scale the same. We also present numerical 

evidence that the restriction imposed on € in order to guarantee the regularity of 

solutions in the septic case is too strong. We present well behaved long time nu

merical integrations of the septic CGL equation for values of € much smaller than 

the restricted value. 

In the remainder of this chapter we redirect our focus to the temporal average 

of the wavenumber spectrum, specifically the universal structure of its stationary 

distribution. In sections 4.4.1 and 4.4.2 we examine the dissipative range of the 

turbulent stationary CGL wavenumber spectrum. For the cubic nonlinearity, this 

range of the spectrum exhibits an extremely sensitive dependence on the equa

tion parameters that is not reflected in the theory. For quintic nonlinearity this 

dependence is more closely represented by theory. In sections 4.4.3 and 4.4.4 we 

move to an examination of the inertial range behavior and compare the observed 

behavior with a theoretical description based on the asymptotic structure of the 

NLS blowup solutions. We find that for quintic nonlinearity the observed iner

tial range is not consistent with the theoretical scaling hypothesis. We reach the 

same conclusion for the case of septic nonlinearity when q is small. When q is 

larger there is some evidence that there may exist a region of the €-q parameter 

space where the scaling hypothesis is realized. Confirmation of this is beyond our 

available computing resources. In Chapter 5 we put aside this structured model 

and consider instead what homogeneity and isotropy would mean for the station

ary statistics. To achieve this we employ an approach known as weak turbulence 

theory which relies on a kinetic equation description of the original partial differ

ential equation. From the results of these two paradigms we conjecture that in the 

quintic case both the role of intermittency and the nature of the nonconservative 
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terms in CGL result in the time averaged spectrum deviating from what would be 

produced solely from the structure of the NLS equation. This is touched briefly in 

section 5.2.3 of the next chapter and discussed in detail in section 4.4.5. 

4.1 CGL Turbulence 

Of the many nonlinear partial differential equations which exhibit turbulence

like phenomena, the focusing CGL equation is the best for our purposes. Its "invis

cid" limit is the Hamiltonian NLS equation, (see Chapter 3 for background). This 

e ~ 0 limit of the CGL equation possesses a self-focusing mechanism capable of 

forming spatially localized finite-time singularities in the wavefield. These blowup 

solutions can form from arbitrary tame initial data. The blowup process can be 

thought of as a sudden and rapid cascade of mass (wavenumber energy) from the 

low wavenumber modes to the high wavenumber modes. These properties are in 

direct analogy to the problem of incompressible fluid turbulence in that the Euler 

equations constitute an underlying Hamiltonian structure to the dynamics of the 

dissipative Navier-Stokes equations. In addition, the instabilities of the inviscid 

Euler equations can lead to a cascade of energy between widely separated length 

scales. 

For certain regions of the CGL e-q-s parameter space, the blowup process is 

controlled. These regularized spikes or bursts form a family of coherent struc

tures that generate the turbulent wavefield. The collapse of these near singular 

amplitude bursts provides a mechanism for "stirring" the wavefield. This stirring 

is the result of a highly nonlinear mechanism coupling a diverse range of Fourier 

modes. The process produces small disturbances in the spatial field which propa

gate around the periodic domain and recollide. Precise criteria must be satisfied 

for the interacting disturbances to refocus and trigger another burst. This uncer

tainty in the dynamics is the source of the chaos and intermittency in the turbulent 
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Critical Case (S=2) 

1J 25+1 • 1J 5 
S 2 

Figure 4.1, shows the e-1_q stability diagram for the critical CGL equation. The 
three regions represent the analytical prediction of qualitatively different behavior 
as represented by spatial norms of the solutions. 

wavefield. 

The presence of dissipation and nonlinear saturation in the CGL equation can 

lead to analytical control over the Loo-norm of the solution. It was seen in sec

tion 2.3 that the existence and uniqueness of classical global in time solutions to 

the CGL equation can only be obtained for a restricted set of parameter space. 

Our inability to unconditionally extend the local estimates for the strong solutions 

is a reflection of the strength of the instability in the NLS dynamics. Without the 

guarantee of global classical solutions, even in the presence of dissipation one can

not exclude the possibility of a finite-time blowup of the solution. The intensity of 

this instability and its influence on the regularity estimates will playa significant 

role in our classification of the turbulent behavior. 
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Supercritical Case (8=3) 

,.. 
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Figure 4.2, shows the e-1_q stability diagram for the supercritical CGL equation. 
The four regions represent the analytical prediction of qualitatively different be
havior. The "blowup" region indicates where the analytical estimates cannot rule 
out the possible formation of finite time singularities. 
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The optimal regularity bounds for CGL strongly depend on the equation pa

rameters. This behavior can in turn be linked to corresponding changes in the 

physical system. These changes, which represent increases in the level of the tur

bulence, take the form of bursts with increasingly greater amplitude and/or spatial 

gradient. Because of this, it is natural to attempt a characterization of the tur

bulence in terms of the regularity bounds. The idea of Bartuccelli et al. [10] 

is to compare spatial or temporal averages of the solution against the long-time 

maximum values of the amplitude IIAlloo' If for example the LP-norm (for finite 

p), of the complex amplitude A(:z:, t) and IIAlloo are roughly the same size, then 

large deviations from the average behavior are impossible. This is known as the 

soft turbulence state. If on the other hand pointwise estimates of the norms of 

A(:z:, t) are many orders of magnitude greater than the averages, then there could 

exist spatially intermittent localized structures that are characteristic of hard tur

bulence. Because of the existence of global bounds on the mass, we will choose 

p = 2 in our calculations. 

This interpretation of the results from section 2.3 suggests that one can predict 

whether the system will exhibit soft or hard turbulent behavior. A warning is 

appropriate at this stage. The standard approach for the regularity proof only 

provides an upper bound on the quantities involved. Rarely for turbulent solutions, 

are the norms of the spatial derivatives tightly described by the Sobolev estimates. 

On the other hand it is fairly safe to assume that for most initial conditions the 

pointwise estimates of the solution will come sufficiently close to their upper bounds 

as to provide meaningful results. As a result, taking the ratio of estimates on 

the average and pointwise norms will itself only provide an upper bound that is 

certainly not tight. Thus, we cannot expect this criteria to provide us a strict 

mathematical definition of the quality of the turbulence. 

Applying these classifications of turbulence leads to three distinct regions in the 
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e-1_q parameter plane. The exception to this being in the case of the underlying 

supercritical instability where restrictions on regularity lead to a fourth region 

where the possibility of blowup cannot be eliminated. See figures 4.1 and 4.2 and 

notice that it is convenient to scale the horizontal axis inversely with e. The three 

states in increasing excitation are: 

• Modulational Stability: 

For parameters within the region of modulational stability, i.e. within the 

parabola e2q ;::: 1, the rotating wave solutions of the CGL equation are stable 

with respect to side-band perturbations and chaos is not observed. It is 

within this parameter regime that the bounding inequalities achieve their 

upper bounds for specific solutions. 

• Soft Turbulence: 

In the soft turbulence state, the spatial averages of the solution and its 

gradient are relatively small in comparison to its pointwise values. Therefore 

the wavefield, at its worst, is characterized by small blunt bursts, periodic 

oscillations, and some temporal chaos. Spatially the wavefield tends to retain 

its basic structure. Here the rotating wave solutions become successively 

unstable as T is increased, see section 2.2.1, and the onset of weak temporal 

chaos can be observed. The soft turbulence state is located in the region of 

the e-1_q plane bounded on the left by the parabola representing the loss of 

modulational stability and extends to the right until 

1 J2s + 1 
e(q + 1) < s . 

For these parameter values the bounding estimates still tend to be sharp, 

and we expect the boundaries of this region to be well defined. 
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• Hard turbulence: 

In the case of critical instability, hard turbulence is predicted for the entire 

region of the e-1_q plane outside of the soft turbulence bound. In this region, 

for the first time, large deviations of the solution from the average values 

are allowed. This implies the possibility of intermittent burst events in the 

wavefield. Along with these burst events we start to see spatial chaos along 

with the temporal. For the supercritical instability, the picture is similar 

except that the global existence of bounded solutions is only guaranteed in 

a the portion of the stability diagram outside of the soft turbulence region. 

Specifically this is the bounded region where 

sD-2 
e> . 

2v'sD -1 

This forms a right triangle with vertex at 

2s JSD -1 
q + 1 > sD _ 2 2s + 1 . 

Outside of this region, we can no longer guarantee the global (in time) ex

istence of solutions. We lose regularity and the existence of an attractor. 

Therefore we cannot rule out the possibility of a finite-time singularity in 

the solution. This parallels the finite-time blowup of the supercritical NLS 

equation. We will see in sections 4.3.1 and 4.4.4 that global solutions of the 

septic CGL equation appear to exist and maintain regularity well into the 

possible blowup region of the stability diagram. 

For our purposes the hard turbulence state of CGL proves to be the most 

interesting of the three. The burst events characteristic of this regime, while tem

porally chaotic and intermittent, combine to produce nontrivial stationary statis

tics. In the inviscid limit (e ~ 0) of the critical and supercritical CGL equation 
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Figure 4.3, shows a surface plot showing the amplitude of a transient qCGL burst 
for r/47r2 = 100, f = 0.1 and q = 1. 
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0.4 0.6 0.8 1.0 
space 

Figure 4.4, shows a shaded contour plot showing the amplitude of a transient qCGL 
burst for r/47r2 = 100, f = 0.1 and q = 1. In the contour image, darker shades 
represent higher amplitudes. 
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there emerges an intermediate band in the time averaged wavenumber spectrum 

(la(k)12) known as the inertial range. The energy in this band of wavenumbers 

exhibits a power-law rate of decay and is indicative of cascade from long scales to 

short. Throughout this and the next chapter we will make use of the Hamiltonian 

structure contained within the inviscid limit in an attempt to analyze the structure 

of the stationary spectrum. 

Since the burst event is the dominant mechanism in the production of CGL 

turbulence, we will focus in the next section on a careful examination of an in

dividual burst event, and in the following section on the collective influence of 

multiple events. Throughout the rest of our investigation of turbulent phenomena 

we will be primarily concerned with the cases possessing the underlying critical 

and supercritical instability. For reasons only having to do with ease of analysis 

and computation, we will restrict our consideration to the 1-D quintic and septic 

CGL equations. These will be denoted respectively as qCGL and sCGL. 

4.1.1 Morphology of a CGL Burst 

Consider the steady homogeneous solution (i.e. the k = 0 rotating wave) of the 

qCGL equation such that € and q place the solution within the hard turbulence 

region of parameter space. Now disturb this profile with some small perturbation. 

The exact nature of the perturbation is of only superficial importance because for 

this set of T-€-q-S the homogeneous solution is linearly unstable to all wavenum

bers. As a result, the initial growth of the perturbation is dominated by the most 

unstable wavenumber modes. For T = 100(271")2, this is the kl and k-l modes. 

From the initial state, the perturbation first grows into a smooth bulge. This 

can be faintly seen from the contour image of figure 4.3. The structure of the bulge 

sets the dominant "spatial frequency" of the burst dynamics. From here the profile 

is squeezed, becoming narrower, steeper and higher. This continues for a bit, but 

eventually the spike stops its rise and collapses. The collapse of the burst occurs 
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Figure 4.5, shows the temporal behavior of IIAII2 and IIAlis for a single transient 
qCGL burst. The temporal behavior of the II All 00 is rescaled and overlayed (dashed 
line) for comparison. The parameter values are r/47r2 = 100, f = 0.1 and q = 1. 
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Figure 4.6, shows the temporal behavior of the IIAx112' and 1i = IIAxll~ - 2/3I1AII~ 
for a single transient qCGL burst. The temporal behavior of the II All 00 is rescaled 
and overlayed (dashed line) for comparison. The parameter values are r/47r2 = 100, 
E = 0.1 and q = 1. 



70 

on a much shorter timescale than its initial formation and the rebound forms a 

wake which travels outwards from the initial disturbance. This wake eventually 

recombines and forms another burst. In the case of figure 4.3 this occurs at the 

point :z; = 0 and :z; = 1 since the domain is periodic on [0,1). One important 

observation is that the case of a burst forming from a homogeneous background 

field does not represent the dynamics contained on the attractor. Rather this is 

a transient part of the solution that is never revisited once the solution enters 

the attracting ball. For this reason, we will refer to this as a transient qCGL 

burst. The actual statistically steady dynamics (or dynamics on the attractor) are 

seen to contain a broad range of length and time scales. Here the intermediate 

scales correspond to the wake following the rebound of the burst. Nevertheless 

this special case is useful for studying the structure of individual bursts exactly 

because of the initial absence of these mid-range scales in the solution. 

The burst event can also be reexpressed in more mechanistic terms. The initial 

growth of the bulge/burst is due to the action of the linear instability pumping 

energy into the most unstable modes. This is the reason for the growth in the 

early part of the dynamics selecting a dominant "spatial frequency." The growth 

due to this instability coincides with the trigger self-focusing mechanism of the 

underlying NLS equation. This is indicated by a change in the sign of the NLS 

Hamiltonian when evaluated at the CGL solution, see bottom plot of figure 4.6. 

Due to the presence of dissipation and damping, the growth from self-focusing does 

not last long. From the temporal behavior of the mass in figure 4.5 and IIA:z:1I2 

in figure 4.6 we can see that as the gradient of the solution becomes large, its 

mass is dissipated and the extension of the burst due to self-focusing is halted. 

The exact height and steepness of the burst depend on the pumping T, damping 

q and the distance from NLS as measured bye. This will be discussed in detail 

in section 4.3. Comparing the times series of the mass in figures 4.5 and 4.7 we 
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Figure 4.7, shows the temporal behavior of the IIAI12 and II Ails for a single transient 
qCGL burst. The temporal behavior of the IIAlioo is rescaled and overlayed (dashed 
line) for comparison. The parameter values are r/47r2 = 100, € = 0.005 and q = 9. 



200 

150 

~ ..t 100 

50 

0.0040 0.0051 
Time 

0.0062 

I 
I 
I 
I 
I 
I 
I I,. .... -........ 
1/ 

0.0073 

72 

Figure 4.8, shows the temporal behavior of IIAxl12 for a single transient qCGL 
burst. The temporal behavior of the IIAlioo is rescaled and overlayed (dashed line) 
for comparison. The parameter values are r /47r2 = 100, e = 0.005 and q = 9. 

notice that the amount of mass dissipated from the two initial bursts is roughly 

the same even though e differs by almost two orders of magnitude. Newell et al. 

in [42] predicted that a dissipative regularization of the critical NLS equation will 

produce a loss of mass proportional to the double logarithm of the change in e. 

This extremely weak dependence on e would be very difficult to see with the range 

of our data, and while it is not possible for us to confirm this hypothesis, it is 

not inconsistent with our observations. From examining the temporal behavior of 

the L6-norm, see second plot in figure 4.5, we see that the damping due to the 

real part of the nonlinearity first engages at roughly the upper half of the burst. 

This decreases to a third of the burst height when e is lowered to 0.005. Clearly, 

the regularization process requires that the nonlinear damping be activated much 

earlier in the evolution of the burst because of the larger gradients seen as we get 

closer to NLS. This is in contrast to the dissipation IIAxIl2' which as we see from 
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Figure 4.9, shows a surface and a shaded contour representation of the amplitude 
of a typical segment of the turbulent qCGL solution for r/47r2 = 100, E = 0.1 and 
q = 1. 

the two figures 4.6 and 4.8 is activated only in the upper third of the first burst. 

This is not unexpected since the dissipation is in response to the steepness of the 

burst rather than, as with the L6-norm, its magnitude, and is therefore activated 

later in the evolution. Again in contrast to the behavior of the L6-norm, the norm 

of the gradient stays large even after the collapse of the burst. This is due to the 

persistence of the mid-wavenumber range structure generated by the collapse. 

Finally let us switch from a spatial description of the burst event to a spectral 

description. In wavenumber space the initial state takes the form of a single large 

"delta function" at the zero'th mode plus some small amounts of energy at other 
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Figure 4.10, shows a shaded contour representation of the amplitude of a typical 
segment of the turbulent qCGL solution for r/47r2 = 100, € = 0.1 and q = 1. In 
the contour image, darker shades represent higher amplitudes. 
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"miscellaneous" modes to represent the perturbation. Initially, only a couple of 

these modes are boosted. Gradually the wavenumber energy in these unstable 

modes is transferred to the rest of the spectrum. As enough new modes become 

activated, self-focusing occurs. This results in a cascade of energy from the low 

wavenumber modes to the highest. As the burst collapses, the energy contained in 

the high modes is removed by dissipation. The remaining energy is concentrated in 

the lowest modes, but now its distribution is more uniform than that of the initial 

state. This new distribution of the energy represents a persistent background wash 

and retains enough energy to eventually reactivate another burst. 

4.1.2 Turbulence: An Ensemble of Bursts 

We devoted the previous section to a careful qualitative examination of a single 

burst event. We chose for simplicity the burst that emerges from the instability 

of the homogeneous solution. This particular burst looks and behaves in its initial 

stages of growth most like the NLS blowup spike solution, and prior to "burnout," 

achieves the maximum observed height for the particular set of parameter values. 

In doing so it transports energy along the full length of the wavenumber spectrum. 

Beyond this initial event, the dynamics of turbulent CGL rely as much on the in

teraction between bursts and near-bursts (frustrations) as on the mixing generated 

from the burst itself. 

Figure 4.9 shows a sample of a fully developed turbulent field of qCGL. Notice 

that in addition to the sharp burst events, there are numerous smoother objects 

that lack the structure necessary to experience self-focusing. These objects are 

referred to as frustrations. They are an important source of intermediate length

scale energy in the wavenumber spectrum. Because the frustrations are more 

prevalent and have a greater lifespan than the intermittently appearing bursts, 

they could contribute more to time averaged quantities like the statistically sta

tionary wavenumber spectrum and subsequently dominate the structure of those 
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wavenumbers. The significance of this is seen in section 4.4.4 where we examine 

the deviation of the observed inertial range from estimates based on the geometry 

of the NLS blowup solution. The smoother profile of the frustrations reflect the 

dominance of dissipation and damping over self-focusing. This means that the 

geometry of the underlying NLS equation contributes little to the structure of the 

frustrations and their spectral signature. It is therefore not surprising that the 

contribution of the frustrations to the spectrum could cause the inertial range to 

deviate from our estimates. Exactly why the frustrations result in a faster rate of 

decay in the inertial range is still unclear. 

It was also mentioned in the previous section that the initial burst represents 

a transient of the dynamics. From figure 4.11 we see that the first five bursts have 

two consequences. The first is that the mass of the solution is quickly reduced 

to roughly 55% of the value corresponding to the homogeneous solution. Once 

this occurs, the mass continues to indefinitely exhibit weak fluctuations about the 

new value. These fluctuations consist initially of a drop in the mass triggered by 

the onset of dissipation in the later part of the burst, followed by gradual growth 

brought about by the linear pumping. This growth continues until enough mass has 

been restored to again trigger self-focusing, and start the process once again. The 

new "mean" level of mass signifies that the solution is now contained within the 

attracting ball and is exhibiting behavior representative of the long term dynamics. 

Similar behavior is also observed for the L2-norm of the gradient. Beyond the 

first five bursts, IIAI:1I2 persists at a new higher value, with spiking in the time 

series coinciding with the later stages of the bursts. This new higher "mean" in 

IIAz:1I2 expresses that the background wavefield now contains a significant amount of 

medium length-scale structure, some of which corresponds to frustrations. Again, 

this "background wash" represents a persistent feature of the dynamics on the 

attractor. Much of the same story is told by the temporal behavior of the NLS 
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Figure 4.11, shows the temporal behavior of the spatial norms IIAII2 and IIAxll2 for 
the qCGL. The temporal behavior of the II All 00 is rescaled and overlayed (dashed 
line) for comparison. The parameter values are r/47r2 = 100, € = 0.1 and q = 1. 
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Hamiltonian when evaluated at the CGL solution. Beyond the initial burst, the 

Hamiltonian remains strictly negative indicating that self-focusing can now occur 

at any time. 

4.2 Method of Numerical Investigation 

Motivated by the analytical estimates of section 2.3, we conducted an extensive 

numerical investigation of the long time behavior of turbulent solutions to the one 

dimensional focusing CGL equation with a general power of nonlinearity, 

on the torus '1I'[0, 1]. Turbulence in the CGL equation appears as intermittent near 

singular amplitude spikes, where varying the strength of the turbulence, (weak to 

strong), leads to increasingly singular spatial structure combined with more violent 

temporal behavior. The strength of the turbulent behavior is directly influenced 

by the equation parameters T, €, and q, which control, respectively, the amount 

of driving, dissipation, and damping. Of primary interest, is the influence of the 

parameters € and q on the transition from weakly to strongly turbulent behavior. 

The analytical study of the transition from weak to hard turbulence, focuses on 

the time asymptotic and time averaged behavior of specific statistical measures. 

This motivates the particular choice of observables in our simulation; specifically 

we are interested in the long time behavior of spatial norms of the solution and the 

form of the statistically stationary wavenumber spectrum. Throughout this work 

we assume that motion on the attract or is ergodic and therefore long time averages 

of quantities can be used in place of ensemble averages. As a result, extremely long 

integration times, i.e. 102 to 103 burst events, are necessary. As compared to the 

mean background profile, each of the burst events are highly localized in both space 

and time. This necessitates that a simulation of the repeated burst events must 

resolve extremely small space and time scales over extremely long integration times. 
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These requirements make the task of obtaining an accurate numerical simulation 

difficult and computationally expensive. 

To study the CGL turbulence I conducted an extensive numerical study of the 

(r, €, q) parameter-space for the cubic, quintic, and septic powers of nonlinearity. 

The intention of this study was to identify in what way, if any, the observables 

vary as a function of these parameters. The specific values and ranges for the 

three parameters vary according to which feature is being observed. Unless they 

show extreme sensitivity, the parameters generally range over a couple orders of 

magnitude. 

The numerical runs used as a startup condition an unstable perturbation of the 

homogeneous solution, i.e. 

(4.2) 

where 5 is real and 151 « 1, usually in my calculations 5 = 0.1, and the phase rP is 

chosen to direct the perturbation along the unstable manifold. Because the most 

unstable direction quickly dominates any general perturbation, there is no loss of 

generality by not choosing a random initial condition. In addition, the profile (4.2) 

produces the initial burst event in the shortest amount of time. From this startup 

profile the solution is integrated until the dynamics pass through the transient stage 

and are contained within the attracting ball. We will see in section 4.1.2 that this 

is clearly indicated through the temporal behavior of the mass. Once the solution 

has reached this state, we save this profile and use it as the initial condition for the 

long time statistics. This avoids the contamination of the statistics by transient 

behavior and allows us to replace an ergodic average with a long time average. 

In Chapter 2 we saw that the structure of the CGL equation preserves even/odd 

symmetry. This means that if the initial conditions have a particular symmetry, 

the solution at a later time will preserve that symmetry. Numerically induced 

roundoff error leads to a loss of this symmetry over long integration times unless 
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the solver is specifically constructed to maintain that symmetry. I use two versions 

of the code, one that preserves even symmetry at each time-step and another with 

no built in symmetry constraints. The long time statistics produced from both 

codes for identical initial conditions and parameter values shows no significant 

difference in the long time statistics. As a result the majority of the runs use the 

even symmetry forcing because it reduces the computational cost by a factor of 

two. 

The assumption that long time averages are equivalent to ensemble averages is 

only justified when the solution is contained within the attracting ball. The length 

of time it takes for an arbitrary initial condition to reach this state increases as 

f gets smaller, but again is easily determined from the time series of the mass 

M = J IAI2 dx. Initially M ~ (r/2q)1/1I, due to the initial profile being almost the 

homogeneous solution. As the solution evolves, mass is intermittently burned away 

until M finally settles down and chaotically oscillates about a new mean which is 

some fraction of the initial mass. At this point in time, the solution has entered 

the attracting ball and is approaching the attractor at an exponential rate. This 

profile is then used as the initial condition for the long time average. This insures 

that the statistics represent motion on the attractor. 

Throughout our simulations, the CGL equation is solved by employing either a 

2nd or 4th order variant of the standard split-step algorithm, which uses a pseudo

spectral solver for the linear spatial part, and an exact evolution of the nonlinear 

part. The pseudo-spectral solver is a highly stable and accurate method for linear 

problems, but care must be exercised when applying it to nonlinear ones. One of 

our chief concerns is the possible distortion or aliasing of the small scales due to the 

nonlinear mode coupling. In order to produce simulations with clean statistics of 

the stationary spectra, especially the dissipative range, it is necessary to employ de

aliasing strategies. Because the CGL equation is dissipative, as long as the aliasing 
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Figure 4.12, shows two qCGL runs with identical parameter values and initial 
conditions, with dt = 1.25 X 10-6 (solid) and dt = 2.5 X 10-7 (dashed). 

falls into the dissipative range of the spectrum, the standard padding method is 

adequate to control aliasing for all three powers of nonlinearity used, provided the 

stepsize is small enough. When the stepsize is too large, the Courant condition 

is no longer satisfied and the method becomes unstable to high wavenumbers. 

In such cases the aliasing into the dissipative range grows to noticeable levels 

during the nonlinear step of the solver. Figure 4.12 shows the time averaged power 

spectrum of two identical turbulent runs of the quintic CGL equation. Notice that 

for the larger step-size (solid line), the high wavenumber portion of the spectrum 

develops oscillating spikes that contaminate the averaged spectrum. Specifically 

the distortion results in the intermediate wavenumbers exhibiting less negative a 

slope and an extended range. 

As the power of the nonlinearity is increased, the solution field experiences 

greater focusing of its high wavenumber components. This streng thing or hardening 

of the turbulence manifests itself as a significant increase in the spatial and tempo-
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ral gradients of the solution. For very hard turbulence in the quintic case, as well 

as for even moderately hard turbulence in the septic case, the spatial grid requires 

more than 214 points in order to resolve the burst events. These grid sizes become 

necessary in order that the relative energy in the largest significant wavenumber is 

essentially the double precision machine roundoff, i.e. lamaa:/aol '" 10-15
• Grids of 

this size place a severe stability restriction on the maximum time-step allowable, 

and these extremely small step-sizes in turn introduce roundoff problems. Because 

of this, a chief concern in any long time integration is the cumulative influence 

of roundoff error. When grid sizes become 214 or larger, the numerical algorithm 

starts having significant difficulties with roundoff error affecting the evolution of 

the low wavenumber modes. Because of this, these modes, without special effort, 

tend to converge extremely slowly to a stationary profile. A partial remedy for this 

is to employ an adaptive time-step algorithm. Since the bursts are intermittent and 

of short duration, and since an adaptive time-step scales the step-size to optimize 

the accuracy of the present structure, an adaptive step-size acts to contain the low 

mode roundoff error to the brief life of the bursts, while maintaining stability and 

maximizing the accuracy of the simulation. See Chapter 7 for more details on this 

and other numerical issues. 

4.3 Local Time Behavior of Various Spatial Norms 

As mentioned previously, the hard turbulent state of the quintic and septic 

CGL equations exhibits strong spatio-temporal chaos generated by large localized 

coherent structures we call bursts. For these reasons, anything but averaged quan

tities appear essentially random. In this section we focus our attention on the 

temporal behavior of two spatial norms, specifically IIAII2 and IIAlloo, and compare 

the theoretical estimates with observations. 
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4.3.1 Turbulent Scaling of the L2-norm 

The L2 spatial norm of the solution A(x, t), also called the mass M, provides 

the first step or "bottom rung" necessary in building the ladder proof for existence 

and regularity of the global attractor. It does this by defining an object called an 

"attracting ball" which contains the entire global attractor. Our specific interest 

here is to compare the behavior of dynamics observed on the attract or with the 

analytical estimates in section 2.3. In section 4.1.2 the radius of an attracting ball 

is defined in terms of the bound on the mass 

M = IIAII, < (;J/" (4.3) 

Notice that any € dependence on the mass is absent from (4.3). This implies that 

the bound must remain valid in all regions of the stability diagrams, figures 4.1 and 

4.2, where solutions exist. Since one of these solutions, the homogeneous profile, 

satisfies the equality of (4.3) we know that the attracting ball is unique when this 

solution is on the attractor. Unfortunately once we enter a region of parameter 

space where the constant solution is unstable and no longer part of the attractor, 

the usefulness of this result is lost. This is because there is no guarantee that 

the new restricted set of solutions lying on the global attractor will come close to 

achieving the equality. 

To begin with we will examine the dependence of the observed mass on the 

parameters r, q and € for both the quintic and septic CGL equations and then 

compare this behavior against the analytical bound. Figures 4.13, 4.15 and 4.16 

show the temporal behavior of the mass for the turbulent qCGL equation once the 

dynamics are on the attractor. These figures show a typical segment of a much 

longer time series. In each, two of the three parameters are held fixed while the last 

is allowed to vary. The solid line at the top of each scale indicates the upper bound 

on the mass as given by (4.3) for the specific parameter values used. The only time 

the mass is seen to take on this value is when the solution is very "close" to the 
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Figure 4.13, shows a sequence of IIA(t)112 forincreasing r ofthe qCGL with solutions 
on the attractor. The dotted line shows the average in time, while the solid line is 
the analytical upper bound. 
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Figure 4.14, shows SUPt IIA(t)1I2 (dashed-dotted) and the liT iT IIA(t)1I2 dt (dotted) 
for the turbulent qCGL with € = 0.01 and q = 9. Notice that both these quantities 
scale nearly as r l /4 (solid). 

homogeneous solution. As the dynamics are pulled onto the attractor, the mass 

decreases permanently to a new lower level. The amount mass necessary for the 

homogeneous solution is never recovered because these solutions are no longer a 

part of the global attractor. This transient decay of mass was shown in figure 4.11, 

and is not shown in the figures for quintic nonlinearity. The dotted line on each 

graph shows the average value of the mass for motion strictly on the attractor. 

In figure 4.13 both € and q are held fixed while r is varied from 100(27r)2 to 

5000(27r)2. For these values of € and q the dynamics are held in the hard turbulence 

state. If the bound (4.3) on the mass is sharp, we would expect that level of mass 

in figure 4.13 should vary proportional to r l/28 • In figure 4.14 we plot the IOglo r 

against the logarithm of the greatest and the average value of the L2-norm over 

time to determine if either of these measures on the mass scales as a power-law in 

r. For purposes of notation we will use the shorthand 

sup IIA(t)1I2 and 
t 

- ~ k IIA(t)112 dt 
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for the maximum value over time and the time average, respectively. The solid 

line in figure 4.14 shows IIAII2 rv r 1/ 4 for comparison. From the double-logarithm 

plot we see that both the average and the maximum over time of the L2-norm 

scales nearly as r 1/ 4 • While there is some evidence of a slight deviation from a 

strict power-law, the magnitude of this difference diminishes with increasing r. 

Therefore it appears that even though the level of the mass when on the attractor 

is but a fraction of the predicted value, it still scales as r 1/ 4 • This implies that the 

"size" of the attracting ball, and the global attractor contained within, should also 

scale as r 1/ 4 • 

Next we consider the response of the mass to changes in the parameter q. 

Figure 4.15 shows a short sequence of IIA(t)1I2 for four values of q. The time 

series for q = 9 displays softly turbulent dynamics while the remaining three are 

contained within the hard region. Notice that the fluctuations of the mass from 

its mean come closer to the upper bound for the soft region than in the hard 

region. This is consistent with the earlier observation that the bounds in the 

soft region are significantly sharper than in the hard. From the previous scaling 

argument, we could expect that the observed mass might scale as q-l/21J. Thus as 

q increases, the dynamic level of the mass should decrease. We again employ a 

double-logarithm plot to determine if IIAI12 and (IIA(t)112) scale as the predicted 

power-law. Figure 4.17 shows this result. Again the dashed-dotted line represents 

the maximum in time and the dotted line the average. The solid line represents 

the power-law scaling q-l/21J. Its location in the figure is simply for reference. 

The maximum value of the mass is seen to scale algebraically, but with an 

exponent of roughly -1/18. While this observed behavior does not contradict 

the bound (4.3), it is a significantly weaker rate of decay than predicted. The 

average level of the mass responds somewhat differentially than the maximum to 

changes in q. In the soft region (large q), the slope of the average mass is far 



Quintic CGL, r/4rr' = 100, £=0.1, q=O.l 
14~~~:::C~~~~:C~~~~:C~~~~~~~~~~ 

12 

! 1: 
61:-
4 . 

0.010 0.020 0.030 0.040 
Time 

Quintic CGL, r/4rr' = 100, £=0.1, q=l 

0.02 0.04 0.06 0.00 
Time 

0.10 0.20 0.30 0040 0.50 
Time 

Quintic CGL, r/4rr' = 100, £=0.1, q=9 
4.0~===::C::::::::::::::::::::::C===::C::::::::::=~===:::j 

0.2 0,4 0.8 0.8 1.0 
Time 

87 

Figure 4.15, shows a sequence of IIA(t)1I2 for increasing q, of the qCGL with solu
tions on the attractor. The dotted line shows the average in time, while the solid 
line is the analytical upper bound. 
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Figure 4.16, shows a sequence of IIA(t)1I2 for decreasing f, of the qCGL with solu
tions on the attractor. The dotted line shows the average in time, while the solid 
line is the analytical upper bound. 
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Figure 4.17, shows the scaling of IIAII2 (dashed-dotted) and the langlellAlI2} (dot
ted) for the turbulent qCGL with r/47r2 = 100, e = 0.1 and q taking the values 1, 
3 and 9. The predicted scaling of q-l/4 (solid) is included for reference. 

weaker than for smaller q. As q decreases, it pushes the dynamics further into the 

hard region. Here the slope of the average mass actually becomes slightly steeper 

than that of the maximum. As q decreases the mean value of the mass increases, 

but the deviations from the average grow at a slower rate. If this trend were to 

continue, eventually the relative size of the fluctuations would become insignificant 

in comparison to the mean value of the mass. 

A possible explanation for the weaker exponent in the power-law lies in recall

ing how the bound (4.3) was produced. To close the evolution equation for the 

mass (2.23) it was necessary to reexpress the LS-norm of the solution in terms of 

of the L2-norm. With the help of the Holder inequality we can show that for a 

finite domain -IiAlis :s; -IIAII2' The natural question at this stage is whether this 

inequality is sharp for solutions on the attractor. Table 4.1 lists a comparison of 

the maximum and mean values in time of the LS and L2 norm for soft and hard 

turbulent qCGL with solutions on the global attractor. As expected the sharpness 

of this bound improves as q grows and moves the dynamics into the soft turbu

lence region. Correspondingly, the bound on the mass becomes progressively less 



90 

q IIAlis TIAlf2 IIAII!! -iiAfia (1IAlIs) (lIAI12) . WAlle}-WAII2} 
IIAlb (IIAII2) 

1 6.219 4.159 49.5% 4.647 3.474 33.B% 
3 4.B90 3.952 23.7% 4.0B1 3.202 27.5% 
9 3.792 3.702 2.4% 3.522 3.120 12.9% 

Table 4.1, compares of the LS and L2 norms for solutions on the turbulent attractor. 
Notice that as the strength of the turbulence is increased (smaller q) the relative 
deviation between the two norms also increases. 

sharp as q is decreased and the dynamics are pushed farther into the hard turbu

lence region. This suggests that except for the soft region, (4.3) will significantly 

overestimate the mass realized on the attract or . 

There is still the question of why the bound on the mass increases so much faster 

with respect to q than the observations. A clue to this may be found in the behavior 

of IIA(t)lIs. In figure 4.1B, we see that both the maximum and the average in time 

of the LS-norm, when evaluated on the attractor, increase as a power-law with 

decreasing q. The exponent of the maximum is roughly -0.24, while the exponent 

of the average is approximately -l/B. Both the average and the maximum values 

of the LS-norm have much stronger rates of decay than is observed in the mass. 

In replacing the norm of the damping term with some function of the mass, the 

amount of damping is underestimated. With less damping, the system can become 

more energetic and give rise to stronger rates of growth and decay. This may be 

why the estimate (4.3) produces a stronger dependence on q than what is observed. 

Finally we examine the behavior of the maximum and average mass with respect 

to changes in E. The estimate (4.3) predicts that there will be no dependence of 

the mass on E. Figure 4.16 demonstrates the contrary. As E is decreased both 

the mean value of the mass and the size of the deviations from that mean grow 
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Figure 4.18, shows the scaling of IIAI16 (dashed-dotted) and the OIAI16) (dotted) 
for the turbulent qCGL with r/47r2 = 100, € = 0.1 and q taking the values 1, 3 
and 9. 
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Figure 4.19, shows the scaling of IIAII2 (dashed-dotted) and the (IIAII2( (dotted) 
for the turbulent qCGL with r/47r2 = 100, q = 9 and € = 0.1, 0.05, 0.01 and 0.005. 
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smaller. From figure 4.19 we see that both the maximum and average values of the 

mass decrease almost linearly once they are within the hard turbulence region. In 

going from the soft to the hard region there is a slight transition where the slope 

changes. The source of this e dependence is not evident. 

Now let us look at the e dependence of the L2-norm for the septic CGL. Fig

ure 4.20 shows a time series of the mass for three values of e. All of the values of e 

are within the blowup region of the stability diagram 4.2. This means that there 

is no analytical guarantee of global regularity or existence of solutions for these 

values of e. Nonetheless these time series look qualitatively the same as those for 

the quintic nonlinearity. In plotting the response of IIAI12 against e, figure 4.21, 

we notice a difference between the quintic and septic cases in the response of the 

maximum of the mass. As in the critical case, the average value of the mass in

creases linearly with e. For larger e the maximum of the mass responds with the 

same linear profile as the average, but as e becomes small, the maximum deviates 

from the linear behavior and increases with decreasing e. This is not observed 

for the quintic nonlinearity. We then repeated the same process for q = 10 and 

e = 0.1, 0.05 and 0.01 (not shown). The results obtained demonstrated the same 

qualitative behavior in e. The only significant difference between the q = 1 and 

q = 10 cases are that the slope of the linear response increases with larger q. 

4.3.2 Scaling of Turbulent Bursts 

In section 4.1.2 we outlined the derivation of a uniform bound on the solution 

for the hard turbulence region of the quintic and septic CGL equations. The con

struction of the uniform bound relies, through the interpolation inequality (2.37), 

on the sharpness of bounds on the V-norm and the L2-norm of the gradient of 

A(:z:, t). The resulting estimate takes the form 

-II-II 1+~ A co ::; CT 16 • (4.4) 
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Figure 4.20, shows a sequence of IIA(t)112 for decreasing €, of the sCGL with solu
tions on the attractor. The dotted line shows the average in time, while the solid 
line is the analytical upper bound. 
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Figure 4.21, shows the scaling of IIAII2 (dashed-dotted) and the (IIAII2) (dotted) 
for the turbulent sCGL with r/47r2 = 500, q = 1 and € = 0.25, 0.1 and 0.075. 

and says that the LOO bound on the solution is strongly dependent on €. We will 

see that the observed dynamics do not exhibit this dramatic of a response to the 

parameter €, and do exhibit an algebraic dependence on q. 

We begin our study by reproducing the results of Luce et al. [43] for the 

scaling of the turbulent bursts. They observed that the initial burst events scale 

as r1/ 21l
• Once the dynamics reach the attractor, the largest bursts no longer 

strictly follow the power-law distribution but instead form a cluster around this 

value. We investigated a sequence of r ranging from lOO(27r)2 to 5000(27r)2, with 

€ = 0.01 and q = 9. These values of € and q place the dynamics well within the 

hard turbulence portion of the stability diagram and exhibit behavior typical of 

that region. Figure 4.22 confirms the power-law scaling. The dotted line shows 

the scaling of the initial qCGL burst events. This is roughly parallel with the 

exact r1
/

21l scaling (solid line). The maximum height of bursts from asymptotic 

dynamics are displayed with stars and can be seen to cluster loosely about the the 
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Figure 4.22, shows growth of the maximum burst height II All 00 for qCGL as a 
function of r for € = 0.01 and q = 9. The scaling of the initial burst events are 
drawn with a. dotted line, while the bursts from asymptotic dynamics are displayed 
with stars (*). 
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Figure 4.23, shows growth of the maximum burst height II All 00 for qCGL as a 
function of q for r/47r2 = 100 and € = 0.1. The scaling of the initial burst events 
are drawn with a dotted line, while the bursts from asymptotic dynamics are 
displayed with stars. 
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Figure 4.24, shows growth of the maximum burst height IIAlioo for qCGL as a 
function of E for r/47r2 = 100 and q = 9. Both the scaling of the bursts for the 
asymptotic dynamics (*) and the initial burst events (dotted) are displayed. A 
line with slope -7.4 (solid) is included for reference. 

power-law scaling. 

Next we repeated the same process, but now let q vary from 0.1 up to 9, see 

figure 4.23. This last value places the dynamics in the soft turbulence region. The 

remaining two parameters were held fixed at r = 100(271")2 and E = 0.1. Once again 

the initial bursts scale as a power-law, now having an exponent of around -1/3. 

For large q the scaling of the asymptotic bursts follows the power-law form, but 

eventually diverges as q becomes small enough. 

Lastly we consider the scaling due to changes in E. Here the behavior is some

what reversed. Figure 4.24 shows the scaling for both the initial burst events and 

the asymptotic dynamics for qCGL. Notice that the burst heights for the asymp

totic dynamics scale very weakly with f, e.g. roughly as IIAlloo rv loglO E. Except 

for at the largest value of E, these points cluster around a line with slope -7.4. 

The scaling of the initial burst events with respect to f is not as simply classified, 

but grows slower than a power of 1/ f. 

As a comparison we now consider the response of the maximum burst height 
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Figure 4.25, shows the maximum burst height IIAlioo for the asymptotic dynamics 
of sOGL as a function of € for r/47r2 = 500, q = 1 (dash-dot) and q = 10 (dot). 

with € for the case of septic nonlinearity. Figure 4.25 shows the scaling, with 

respect to €, of the maximum burst height in the asymptotic dynamics for q = 1 

and 10. For this range of € the dynamics are well within the blowup region of the 

stability diagram, see figure 4.2. In addition, the choice of q = 1 and 10 allows 

us to compare the behavior of the dynamics in the portion of the blowup region 

directly to the right of the hard region with that of the blowup region having 

no accompanying area of hard turbulence. Again we see that the burst height 

scales as II All 00 f'V 10glO €, where the constant of proportionality becomes smaller 

in magnitude with larger q. 

The bound on the Loo-norm of the turbulent dynamics (4.4) predicts that the 

maximum burst height should scale as a power of r, exponentially with € and 

show no dependence on q. Aside from the r dependence scaling algebraically, the 

observed dependence of IIAlioo differed significantly from the predicted behavior. 

The predicted exponent for the r dependence is (1+J1 + 1/€2)/16 but the observed 

dynamics scaled as 1/28 for the quintic initial burst events. In almost a reversal of 

what was predicted, the parameter q exerts a strong algebraic influence on IIAlloo, 
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while the influence of € is extremely weak. This weak dependence on € was observed 

in both the critical and the supercritical cases. In addition the simple form for 

the scaling of the € dependence was only seen in the asymptotic dynamics. This 

is the opposite of what is observed for rand q. Here the power-law scaling only 

occurs for the initial burst events. The scaling of the asymptotic dynamics both 

rand q routinely equals or surpasses the height of the initial burst, causing the 

clustering of the data. One item to note is that the symmetry imposed by the 

initial conditions appears to have no influence on the maximum burst height. The 

total significance of the parameter behavior is not at all clear. What is certain 

is that the uniform bound on the solution, while valid, fails to capture the rich 

dependence on all the parameters. We have seen that one significant source of this 

lack of sharpness is clearly due to the quality of the bounds on IIAllp, lIa:AlI2 and 

the interpolation inequality for solutions on the global attractor. 

4.4 Stationary Spectrum 

While turbulence is generally characterized by seemingly random behavior in 

the instantaneous variables, it often shows a surprising degree of structure in aver

aged quantities. This is particularly true of the time averaged Fourier wavenumber 

spectrum (lakI2). In the three cases considered, the finite time-averaged wavenum

ber spectra 

(4.5) 

of the turbulent CGL flow converges to a statistically stationary distribution. The 

exact nature of the stationary spectrum is strictly dependent upon the parameters 

r, €, q, and the power of the nonlinearity s, but always consists of two or more 

distinct intervals of wavenumbers - each exhibiting separate asymptotic behavior. 

The existence of at least two ranges in the stationary spectrum can be inferred 

on physical grounds. The lowest wavenumbers, Ikl ::::; vr, are linearly unstable 
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with respect to the zero amplitude solution because of the linear driving term. 

This instability magnifies any energy in these modes. Once seeded, the action of 

this range of wavenumbers is to pump energy into the spectrum. Consequently, the 

pumping range is often referred to as the energy source of the wavenumber spec

trum. The value ...;r is actually an upper bound on the pumping range because 

the nonlinear saturation controls some of this linear instability through damping. 

The coupling of wavenumbers due to the nonlinearity, redistributes energy into 

the different modes. If kd is defined as the smallest wavenumber of the dissipative 

range, then the dominant influence on the wavenumbers Ikl > kd is due to dissi

pation. Therefore, the dissipative range is responsible for permanently removing 

energy from the system. This creates an energy gradient in the spectrum from low 

to high wavenumbers. 

If kd coincides with the largest wavenumber of the pumping range, then there 

are exactly two ranges in the stationary spectrum. Figure 4.26 shows an exam

ple where the turbulent spectrum of the cubic CGL (cCGL) equation has only a 

pumping and a dissipative range. Between the two, at Ikl ~ 101.85, is a transition 

region that is invariant to changes in € and as we shall see later, q. On the other 

hand, in fully developed hard turbulence, the scales of pumping and damping can 

differ dramatically. The lowest wavenumbers in the spectrum pump energy into 

the system, and the highest draw it out. The nonlinear coupling between the 

intermediate wavenumbers, creates a conduit to transport energy up and down 

the spectrum. When the pumping and damping scales are well separated, there 

arises the possibility of a third, or inertial, range in the stationary spectrum. The 

existence of an inertial range indicates that the transfer of energy from the source 

to the sink is the result of a chain of local interactions in Fourier space. As the 

energy takes short hops across the spectrum, it forgets the exact details of the 

source [44]. This process may form a universal distribution independent of the 
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specific characteristics of the source and sink. In figure 4.27 we see such a dis

tribution for the turbulent spectra of the qCGL equation for decreasing values of 

E. Once E < 0.01 there emerges between the pumping and dissipating ranges, i.e. 

2.0 < loglo Ikl < 2.5, a visible band of wavenumbers exhibiting power-law scaling 

which increases in length with decreasing E. 

This section continues by examining the dissipative range of the spectrum for 

the three powers of nonlinearity. Global bounds on the decay rate of the spec

trum and their dependence on the equation parameters T, E, and q will be derived 

following the procedure in [10]. Then following the approach in [45] we construct 

an asymptotic form for the rate of decay of the dissipative range. This takes the 

form of an exponential with an algebraic modification in Ikl. This Ansatz for the 

energy decay agrees extremely well with the numerical observations for all three 

nonlinearities. A best fit of the numerical data to the model is obtained and from 

this the parameter dependence of the decay constants is extracted. The section 

concludes with a study of the emergence of an inertial range for sD > 2. The 

observed power-law behavior is compared with a theoretical estimate based on the 

geometry of the NLS blowup solution. 

4.4.1 Dissipative Range: Analytical Estimates 

In this section we focus on the various analytical bounds and approximate 

representations for the decay of the dissipative range of the turbulent time averaged 

wavenumber spectrum. The dissipative range consists of all wavenumbers Ikl such 

that Ikl > kd = l/od, where Od is the largest scale where dissipative forces dominate 

the evolution of the flow. From the scaling argument of Sirovich in [45], the 

parameter dependence of kd has the form kd = J T / Eq. 

It has been observed by numerous authors [46, 47, 48] that the wavenumber 

spectrum in numerical simulations of the cubic CGL equation exhibits an expo

nential rate of decay for solutions on the attractor. Doelman [49] was the first to 
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address this by showing that the magnitude of the Fourier coefficients lakl from 

a linear Oalerkin projection of the problem, must decay faster than any algebraic 

power of 1/lkl. Doelman and Titi, in a later paper [50], were able to improve 

upon this result by imposing periodic boundary conditions and requiring that the 

initial data be in H~r([O, I]D). The resulting improvement is given as corollary 

2.5 in their paper. This result states that for the cubic COL equation in one and 

two-dimensions, there exist positive constants G and a, depending only on the 

parameters of the equation, such that 

(4.6) 

for all t > a. This last point ensures that the solution has had adequate time to 

converge onto the global attractor. By dimensional analysis, the constant a has 

the units of length, therefore a can be thought of as a dissipation length scale. For 

D = 3, the above bound is also valid, but only near the soft turbulence region of 

the parameter space. The proof, in all three cases, relies on finding a global bound 

on the H1-norm of the solution. Because the L2-norm is bounded uniformly, it 

is sufficient simply to bound 118~AII2' For the supercritical case, where q = 1 and 

D = 3, no such bound presently exists very far outside of the soft turbulence region 

of the parameter space, (see figure 4.2). For D = 1 and 2, we can use the bounds 

of Bartuccelli et al. [10] to provide an estimate of the parameter dependence of a 

and G. 

In this section we apply the results of Doelman and Titi to the COL equation 

of general power nonlinearity (2.1). We choose the spatial dimension D = 1 and 

let s vary to obtain sup critical and critical behavior. For j = 1, the bounds on 

118~A1I2 are given in [14] . 
...-::::--:-... 2 II 8:z:A II 2 f'V r2 for the soft region, 
...-::::--:-..,.,,2 1 7(m+1l-1 II 8:z:A II 2 f'V r 2 2m+1 for the hard region, 

where m is the value of the bottom rung of the ladder estimate and is given by the 
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expreSSIOn 

(4.7) 

For small enough €, m ~ €/s. Using this approximation simplifies the bound in 

the hard turbulence region, becoming· 

(4.8) 

The important feature of (4.8) is that for fixed r, the exponent of 118:cAII: depends 

linearly on €. 

With the parameter dependence of the Sobolev norm, we can now apply the 

estimates of Doelman and Titi to (2.1). From [50] we see that the constants ex and 

G take the form 

G fV 

(4.9) 

( 4.10) 

Following the procedure in [50], we express the constant C(IJ) in terms of the pa

rameters €, q, and r. Then for the hard region, the expressions (4.9,4.10) become 

ex fV €2q2 r-8+5 f / 21J 

G !-Sf/41J '" r 2 • 

(4.11) 

(4.12) 

From (4.12) we see that G = G(r, €/s) increases as a power of r, where the power 

depends explicitly on the ratio of € and s. Holding r fixed, we see that G grows, 

saturating at r3
/

2 as the ratio €/ s ~ O. This means that as the power of the 

nonlinearity increases and/or € shrinks, G converges to r 3
/

2
• 

The dominant influence on the rate of decay of the wavenumber spectrum goes 

like e-a1kl , so an increase in ex results in a faster convergence of the spectrum. 

From (4.11) we see that ex is clearly a function of all three equation parameters. 

Increasing q increases ex, and consequently increases the rate of decay. Increasing 
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r has the opposite effect and results in a broader spectrum. For the range of € 

of interest, i.e. € < 0.1, the dependence of a on € for fixed rand q, is essentially 

quadratic. The exponential of a on € will only be significant for extremely large 

€. The end result is that as € ~ 0, the dissipative spectrum becomes broader. By 

adapting the methods in [10, 50] we are able to construct a bound on the influence 

of €, q, and r on the rate of convergence of the dissipative spectrum. Holding € and 

q fixed, Doelman and Titi state that they do not expect these estimates to be sharp, 

but they conclude from numerical evidence that the structure of their estimates 

with respect to variations in r cannot be improved. Our goal here is to extend 

the numerical study to variations in E and q, and then compare the structure of 

the estimates with observed solutions living on the attractor. As a result we hope 

to make this numerical investigation more general than that reported by Doelman 

and Titi by allowing variations in all three of the parameters, and by considering 

the parameter dependence of the algebraic corrections through the exponent (3. 

For I kl ~ kd the wavenumbers of the pumping, and if it exists, the inertial range 

are well separated. The consequence of this is that any coupling between these 

ranges due to the nonlinearity becomes negligible. Under these circumstances it 

is possible to formally construct an approximate relation describing the long time 

averaged dissipative energy spectrum < lakl 2 >. This method is outlined in the 

appendix of [45] and is equivalent to the weak turbulence formulation described in 

the next chapter. We will briefly outline it below. 

When Ikl ~ kd, the second derivative term (€ + i)8:r;:r;A and the nonlinearity 

dominate the dynamics. To construct a stationary solution, one assumes that on 

average, the dissipation and the nonlinearity are balanced. In terms of the Fourier 

coefficients, this Ansatz takes the form 

(4.13) 

where here the overbar A represents a time average. Sk is the magnitude of the 
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interaction term resulting from Fourier transforming the power nonlinearity. By 

replacing the time average with an ensemble average and assuming that the modes 

in the dissipative range are incoherent, a closure of this system can be found which 

is equivalent to the random phase approximation of kinetic theory. Solving for 

(lo'kI 2
) and only keeping the leading order terms for large Ikl, results in 

( 4.14) 

which is only valid for Ikl »kd• The expression (4.14) is a purely formal result 

which relies on non-rigorous assumptions. Nonetheless, in the following section, 

we will see that (4.14) is a reasonably accurate representation of the spectrum for 

even moderately sized Ikl, and remains valid in both the subcritical and critical 

cases. Taking now the ensemble average of (4.6) we see that 

( 4.15) 

Comparing (4.15) with (4.14) implies that G = G2 and Ii = 2a, with the major 

difference being in the exponent of the power-law in Ikl. Numerical simulations 

discussed in the following section suggest that the actual behavior of the dissipative 

spectrum is very close to Ikl-4 in most cases. 

In the next section we take a generalization of the asymptotic form (4.14) and 

from numerical simulations , construct a least squares estimate of the parameter 

dependence of O!, which will be denoted as am. This observed or measured depen

dence of the dissipation length scale, will then be compared with the theoretical 

parameter dependence of a, as predicted by Doelman and Titi. 

4.4.2 Dissipative Range: Numerical Observations 

In this section, we study the dissipative range of the time averaged power 

spectrum through numerical simulations of the cubic and quintic CGL equation. 

The dissipative range of the power spectrum was defined as the wavenumbers 
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Ikl ~ kd, where strictly dissipative forces dominate the long time dynamics of the 

flow. From the previous section, it was seen that the long time average of the 

dissipative spectrum takes the general form 

( 4.16) 

where a = aCT, €, q) and (3, as we saw in the previous section, has the theoretical 

values of 2 and 4. Because the product alkl in (4.16) is unitless, the coefficient 

a has the units of length. For this reason, we call a the dissipation length scale. 

As the dissipation length scale becomes shorter, the average rate of convergence 

of the Fourier representation of the solution field becomes slower. It is therefore 

useful to think of a as being somehow related to the average value of the Fourier 

spanning dimension. One would also expect that the explicit dependence of a on 

the equation parameters should be clearly reflected in the average Fourier spanning 

dimension. The goal of this section is to measure the dependence of a, (3, and 

the dissipation cutoff wavenumber kd on the equation parameters T, €, and q, and 

compare their behavior with the theoretical dependence discussed in the previous 

section. 

To measure the dependence of a, (3, and kd on T, €, and q, a series of numerical 

simulations were conducted where two of the parameters held fixed, while the third 

was allowed to vary over a range of two to three orders of magnitude. For each run, 

the spatial field is initialized with a solution living on or near the global attractor in 

order that the computations correspond to the same conditions as the analytical 

estimates. Starting on the attractor, the instantaneous wavenumber spectrum 

is averaged in time until it becomes statistically stationary. Stationarity results 

from an essentially ergodic covering of the global attractor. For the simulations 

presented, this was achieved only after integration times allowing for 102 to 103 

burst events to occur. From these time averages, the parameter dependence of a, 

(3, and kd are extracted by fitting the data, in a least squares sense, to (4.16). To 
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avoid possible confusion, the extracted or measured behavior for the dissipation 

length scale will be denoted by elm, while the theoretical behavior as outlined in 

the previous section will remain unindexed. In general, we will retain the use of 

the subscripted m to differentiate between the measured and predicted values of 

various quantities. In the previous section it was shown in equation (4.6) that the 

magnitude of the Fourier coefficients for Ikl 2:: kd is bounded for all time. Then it 

follows by definition that there exists some G such that 

( 4.17) 

Taking the logarithm of the inequality, the bounding condition can be reexpressed 

as 
1 

O! < 2"elm. ( 4.18) 

We employ this expression only to compare the functional dependence of these two 

terms. 

The stationary power spectrum for the cubic nonlinearity differs significantly 

from that for s 2:: 2. This is well illustrated in section 4.4 by figures 4.26 and 4.27. 

The chief observable difference between these plots is the emergence, in the latter 

case, as € ~ 0, of an inertial range of power-law form for s 2:: 2. From a casual in

spection of the plots for s = 1 and s 2:: 2, it appears that the rate of convergence of 

the highest wavenumbers decreases as € is lowered. This corresponds to a decrease 

in the dissipation length scale O!. Intuitively, one would expect that lowering the 

amount of damping and dissipation would correspond to a reduction of the length 

scale. Though this interpretation is correct for s 2:: 2, for the cubic nonlinearity 

this intuition is wrong. In this case, O! does not monotonically decrease with €, 

but instead oscillates wildly as € approaches zero. For this reason, we start our 

discussion by separately considering the case of cubic nonlinearity. 
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Figure 4.2S, shows the exponent am(f) for cCGL, with r = 100(271")2 and q = 1. 

4.4.2.1 Cubic Nonlinearity 

For s = 1, three series of runs were conducted. In the first, rand q were 

held fixed at r = 100(271")2 and q = 1, and the parameter f was allowed to vary 

range from 0.1 down to 0.0. As f becomes smaller, the density of sample values 

increases. Inm the second of this series, we hold rand f fixed at r = 100(271")2 

and f = 0.01, while q ranges from 15 down to 0.01. In the final run of the series, 

r is varied from 50(271")2 up to 5000(271")2, while the remaining two parameters are 

held fixed at f = 0.01 and q = 1. The time averaged dependence of the dissipation 

length scale am on the parameter f for cubic nonlinearity is shown in figure 4.2S. 

As f decreases the value of am starts to oscillate, with the period of oscillation 

contracting as f ~ O. From equation (4.11) .we see that the theoretical profile 

for a behaves, for small €, locally like a quadratic function. For the range of 

€ observed in the simulations, the profile described by (4.11) is a monotonically 

decreasing function of € that approaches the origin with zero slope. Clearly, there 



3.90 

-\U -a 
ctJ.. 3.80 

3.70 

0.00 0.02 0.04 0.06 0.08 0.10 
€ 

109 

Figure 4.29, shows the exponent (3m(e) for cCGL, with r = 100(271")2 and q = 1. 

exists a constant G such that 

( 4.19) 

The theoretical description of a: seems to describe an envelope containing the 

fluctuating am, and as such provides no insight into the source of the oscillations. 

The oscillations in am represent corresponding oscillations in the rate of con

vergence of the solution. In terms of the Fourier spanning dimension, this means 

that the average dimension of the at tract or seems to show extreme sensitivity to 

e. This behavior is unique to the case of cubic nonlinearity. This may be due to 

the completely integrability of the the inviscid limit in the cubic case. 

The second parameter to be extracted from this data is the exponent of the 

power-law correction, {3. For fixed rand q, (3m(e) remains at the constant value 

of {3m = 4.0 for e of moderate size, figure 4.29. Recall that {3 = 4.0 is the value 

formally derived by Sirovich and Rodriguez in [48]. For e < 0.02, {3m slowly 

decreases, eventually saturating at {3m f'V 3.65. 

The dissipation cutoff wavenumber, kd , is the smallest wavenumber of the dis-
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sipative range. For e ranging from 0.1 to 0.0001, no change in kd was observed. 

This insensitivity of kd to e combined with the above dependence of a on e sug

gests that in the spectral plots of figure 4.26, the dissipative range is stretched 

and shortened with decreasing e, but not translated to higher k. This uncoiling of 

the dissipative range does not lead to further separation between the driving and 

dissipative ranges. It only acts to extend and shorten the latter range. As we will 

see shortly, this behavior differs significantly from that for s ~ 2. 

Next, we switch our attention to an examination of the q dependency of the 

time averaged wavenumber spectrum. For this investigation, both e and r remain 

fixed, while q ranges over three orders of magnitude. A log-log plot of (lakI2), 
figure 4.30, clearly shows that the spectral rate of decay increases with decreasing 

q. In addition, the dissipation cutoff wavenumber, kd, is seen to shift toward the 

higher wavenumber direction with decreasing q. But, just as with variation in e, 

there is no lengthening observed in between the driving and damping ranges. 

The q dependence of O!m is seen in figures 4.32 and 4.33. Notice that for large 

enough levels of damping, O!,n(q) increases with at a rate slower than linearly with 

q, but faster than a power with exponent equal to 3/4. Since a(q) grows as a 

quadratic power of q, the analysis of figure 4.33 contradicts 4.18. This suggests 

may have neglected terms which lead to saturation for large enough q. 

For rand e fixed, f3m(q), is observed to decrease to around 3.6, and remain 

there for large q. This is seen in figure 4.34, where the slope of f3m(q) vanishes for 

q ~ 9. It is interesting to note that f3m(q) has qualitative features similar to an 

inversion of f3m( e). 

The dependence of kd, as a function of q, is shown as a log-log plot in figure 4.35. 

For over three orders of magnitude, the measured data is seen to only weakly 

deviate from a linear profile with a slope very near -1/4. This implies that cutoff 

wavenumber scales like kd rv q-l/4. This feature was noted earlier as a shifting of 
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Figure 4.30, shows the time averaged power spectrum of cCGL for q = 0.1 (solid), 
q = 1.0 (dashed-dotted), and q = 9.0 (dashed), while l' = 100(271")2 and € = 0.01. 
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Figure 4.31, shows < lakl2 > of cCGL for the three values of 1', l' = 100(27/")2 
(dashed-dotted), l' = 500(271")2 (dashed), and l' = 1000(271")2 (solid), while q = 1.0 
and € = 0.01. 
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Figure 4.32, shows the exponent am(q) for cCGL, with T = 100(271')2 and € = 0.01. 
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Figure 4.33, shows a double log plot of the exponent am(q), for € = 0.01 and 
T = 100(271')2. 
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Figure 4.34, shows the exponent f3m(q) for cCGL, with € = 0.01 and T = 100(271')2. 
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Figure 4.35, shows a double log plot of kd ( q), for € = 0.01 and r _ 100(27r)2. 
Dashed line is the curve y = q-l/4. 

the spectrum to the higher end of the driving range as q decreased. 

Finally, letting r vary while holding € and q fixed, we see from looking back 

at figure 4.31, that the r response of the spectrum is quite similar to that for q. 

Again, the driving range is lengthened, the dissipative range is shifted toward the 

higher wavenumbers, and the transition between the two ranges remains invariant. 

From figure 4.36, we see that for large enough r, the decay of the O!m is just slightly 

slower than the logarithm of r-denoted by the dashed line. For fixed € and q in 

the turbulent regime, we see from equation (4.18) that the decay of a is bounded 

above by a < r-s~. Notice that since figure 4.36 has a logarithmic scaling for the 

r-axis, an inverse power-law in r, as above, appears as an exponential decay. Since 

this decays faster than the near linear profile for O!m, the bound on the spectrum, 

am > r-st > a, is satisfied. 

The dependence of f3m on rand O!m( r) have in common the feature that the 

profile does not settle down until r ~ 100(271")2. In figure 4.37, we see that once r 

becomes large enough, the profile of f3m(r) approaches something weakly deviating 
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Figure 4.36, shows the exponent am(r) for cCGL, with € = 0.01 and q = 1. The 
dashed line represents a logarithmic response in r. 
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Figure 4.37, shows the exponent f3(r) for cCGL, with € = 0.01 and q = 1. 
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Figure 4.38, shows kd(r) for cCGL, with € = 0.01 and q = 1. The dashed line 
represents a linear response in r. 
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from a linear profile in r. The value of the exponent (3, starts at 2.8 for r = 50, 

and steadily grows with r, reaching (3m(1000) = 6.1. The r dependence of (3m 

shows the greatest response of any of the parameters and this range of response 

is unpredicted in both the work of Rodriquez and Sirovich, and of Doelman and 

Titi. 

In figure 4.38 we see the response of kd with respect to r. Again, once r becomes 

large enough, the profile of kd( r) approaches something weakly deviating from a 

linear profile in r. This was seen in figure 4.31 as a stretching of the driving range 

into the higher wavenumbers as r is increased. 

Overall, the response of the coefficients a, (3, and kd to r, f, and q vanes 

considerably for the cCGL equation. It is useful to think of the three equation 

parameters, r, q, and f, as controlling separate physical influences. The first two, r 

and q, control the levels of pumping and damping, respectively. The third parame

ter, f, controls the balance of the nonconservative forces of pumping, damping and 

dissipation to dispersion. From the complicated response of am to f it is apparent 

that this balance is not smooth, and resonances are produced as the nonconser

vative terms vanish. The dependence of am on q and r contrasts with that for f. 

As the damping is increased (r --. 00) the response is a monotone decrease of am, 

corresponding to a larger Fourier spanning dimension. The response to a decrease 

in the damping q is equivalent. This is seen nicely in figures 4.30 and 4.31, where 

a decrease in q and an increase in r deform the stationary spectrum in the same 

smooth manner. 

With respect to f, the remaining two quantities, (3 and kd, are invariant, but 

the behavior of kd with respect to q and r exhibit some of the most regular behav

ior. From figure 4.35, kd(q) behaves almost as a pure power-law in q, while from 

figure 4.38, kd(r) increases linearly with pumping. From figure 4.34 the value of (3m 

is initially constant, but increases rapidly with decreasing q, while from figure 4.37 
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f3m initially takes a sharp jump before settling down on a slower rate of growth. 

4.4.2.2 Quintic Nonlinearity 

For the qCGL equation we chose only to examine the influence of € on the 

statistics of the turbulent flow. With rand q held fixed at r = 100(27T')2 and q = 9, 

the parameter e was allowed to vary, taking values ranging from 0.1 to 0.002. 

Figures 4.27 and 4.26 show a number of differences between the quintic and cubic 

responses to e. As e is decreased, the dissipative range of the qCGL undergoes 

the same upwards stretching as in the cubic case, but now due to the emergence 

of an inertial range in the spectrum, the dissipative range is also shifted toward 

the higher wavenumbers. The connection between e and the amount of stretching, 

is reflected in the behavior of a(e), while the exact nature of the wavenumber 

translation will turn up in the response of kd(e). 

In figure 4.39 we see the response of am(e), with e ranging over nearly two 

decades. From this figure, we can see that O!m decreases roughly proportional to 

Ve for e > 0.002. For smaller e, the rate of decay decreases. 

In figure 4.40, we see the response of f3m to e. Notice that the exponent of 

the power-law rapidly decreases at the small e end of our observations. Similar 

behavior is evident for the variable O!m. The behavior of f3m(e) in figure 4.40 for 

large e is quite similar to that in figure 4.29. On the other hand, for small e, in 

figure 4.29 the curve flattens out and saturates. However in figure 4.40 the curve 

continues to drop for the range of e investigated. The absence of saturation for 

small e in the quintic case is expected because of the blowup behavior exhibited 

by the underlying quintic NLS. 

Unlike in the cubic case, kd for the quintic nonlinearity has a nontrivial depen

dence on e. In figure 4.41 we see that for small enough e, kd grows like kd '" e-1/ 2 

with decreasing e. 
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Figure 4.40, shows f3m(e) for qCGL, with q = 9 and r = 100(271")2. 
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4.4.3 Geometric Inertial Range Estimates 

In the limit of weak dissipation and damping the critical and supercritical focus

ing CGL equations exhibit strongly turbulent behavior in the form of intermittent 

amplitude bursts. These bursts are highly localized in both space and time, and 

while in the initial stages of growth, closely mimic the singular NLS blowup solu

tions. The evolution of fine structure in the burst is responsible for a transfer of 

energy between the pumping and the damping ranges of the wavenumber spectrum. 

The geometry of the individual bursts, on average, leaves a distinct signature on 

an intermediate band of wavenumbers, known as the inertial range. In the limit as 

€ --+ 0 the deviation of the actual CGL bursts from the NLS blowup profile dimin

ishes. Since the exact form of the asymptotic NLS blowup solution is available, 

it can be used as an approximate analytical form for the CGL bursts. From the 

geometry of the NLS blowup solutions, an estimate of the inertial range scaling can 

be constructed by assuming that most of the time, the burst and its geometry are 

the dominant features of the turbulence. A consequence of this assumption is that 

the coarser structures will disappear on average. In actuality, the quiescent periods 

in between the bursts exhibit structure deviating significantly from that supported 

by the NLS flow. By assuming that the NLS geometry prevails in some average 

sense, the intermittency of the bursts is effectively ignored. We will eventually see 

that in actual CGL turbulence, the intermittency of the bursts and role of other 

geometries in the wave field cannot be ignored. The remainder of this section is 

devoted to formally constructing, from the above assumptions, an estimate of the 

inertial range for the cases of critical and supercritical CGL. 

For the calculations here, we return to the focusing NLS equation posed on 

~D. In this setting, the spectrum k is now continuous. This results in a significant 

decrease in the difficulty of the formal manipulations. One concern is whether 

results for NLS on the whole line are of use for CGL on the torus. This approach 



119 

can be somewhat justified because of the nature of turbulent CaL solutions. In 

the fully developed turbulent regime, the linear pumping coefficient r is very large. 

From the view of equilibrium thermodynamics, increasing the pumping is equiv

alent to increasing the size of the system. As the system grows larger, the gap 

between the Fourier modes (kn = 27rn/L, where L is the length of the system) 

decreases, causing kn to approach the continuous wavenumber k as a function of 

..fT. Secondly, for large r, the type of structures involved, ( i.e. the CaL bursts), 

are highly localized in space, resulting in little interaction with the boundaries 

during an event. Lastly, because we are primarily concerned here with the form of 

the inertial range, the lower wavenumber structures resulting from edge effects can 

be ignored since they will affect only the pumping range of the turbulent spectra. 

We start by considering the supercritical (sD > 2) case of CaL. Numerical 

simulations of NLS for sD > 2 [51, 52] have shown that for t close to the time of 

the singularity t*, the asymptotic behavior of the supercritical blowup corresponds 

to a singular self-similar solution of the form 

A(x t) - 1 F ( Ixl ) 
, - (t*-t)1/2s ~' ( 4.20) 

where 2s+1 is the degree of the nonlinearity, and F(x) satisfies (see section 3.4). 

The explicit form of the function F( x) is not needed here, rather only the existence 

of its Fourier transform. Our goal is to estimate the influence on the stationary 

spectrum of the locally self-similar structures that dominate the turbulent CGL 

flow. I approximate the effect of these structures by assuming that the Ansatz 

(4.20) explicitly depicts the average geometry of the supercritical CaL bursts and 

background wash. Then, in order to characterize this geometry in terms of spatial 

length scales, I switch to a Fourier space representation and formally calculate the 

time averaged energy as a function of the wavenumber k. The resulting expression 

represents the average occupation of the wavenumber energy across the inertial 

range. 
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Using the usual definition of the Fourier transform on the whole line, we see 

that the self-similar structure of (4.20) is preserved in k-space. Specifically 

( 4.21) 

where j(k) is the Fourier transformation of the spatial profile F(x). Taking the 

magnitude of (4.21), the energy in the k'th Fourier mode is given by 

( 4.22) 

The stationary spectrum is then obtained by taking an ensemble average of the 

instantaneous energy. Because of the homogeneity of the flow, the ensemble average 

can be replaced by a simple time average of the spectrum, where the time average 

is defined as 

Substituting (4.22) into the above relation produces 

( 4.23) 

Introducing the change of variables S = ..ji Ikl gives 

(4.24) 

The limit of the integral on the right side of (4.24) is guaranteed to exist for all 

s > 1 provided the spectrum of F(x) vanishes faster than e-(IJ-l)/IJ as lei ~ 00. 

The existence of this limit follows automatically for sD = 2, since by assumption 

j(e) E L2(~) in order for the Fourier transform of F(x) to exist. Assuming an j 
such that the limit of the integral exists for sD > 2, it is also necessary that there 

be an interval in k such that the integral grows linearly with T in order that the 

spectrum be stationary. This means the limit 

1 lav'Tlkl (30-2) " 
lim T S· 11(S)12 dS = constant. 

T-+oo 0 
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Supposing that the geometry of j allows the energy to attain stationarity, the time 

averaged spectrum resulting from the self-similar Ansatz scales as a power-law in 

the wavenumber k, 

( 4.25) 

where as before, the nonlinearity is of degree 2s + 1 and spatial dimension is D. 

For our case of interest, s = 3 and D = 1, the stationary wavenumber spectrum 

takes the form 

( 4.26) 

Relation (4.25) describes the decreasing profile of statistically stationary levels of 

energy occupying the interval of wavenumbers between the scales of pumping and 

damping. Such an interval is known as the inertial range of the spectrum, and is 

responsible for the transport of energy from large scales to small. 

For the critical case of NLS, i.e. when sD = 2, the singular blowup no longer 

exhibits the self-similar behavior observed for sD > 2, [51]. We would like to see 

what effect this deviation in the blowup profile has on the scaling of the inertial 

range. LeMesurier et al. numerically verified that for t close to the blowup time 

t·, the critical NLS blowup solution has the form 

1 ( Ixl ) [. ilxl
2 1 .,p(x, t) '" L(t)D/2 F L(t) exp zr(t) - 8(t. _ t) , ( 4.27) 

where L(t) is the scaling function with asymptotic form 

L(t) '" t· - : ' 
( )

1/2 

lnln (to-t) 
( 4.28) 

so that 

ret) = It L-2(s)ds '" In (_1_) In In (_1_) . 
Jo t· - t t· - t ( 4.29) 

Let us focus a moment on the differences between the critical case of the blowup 

profile (4.27) and the self-similar solution (4.20) for sD = 2. Notice that the 
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scaling function (4.28) differs from the self-similar scaling, which is rv Vt* t, 

by a logarithmic correction. The influence of the double logarithm in the scaling 

function is only noticeable for t* - t very close to zero. Beyond this difference in 

the scaling function L(t), the blowup solution only deviates from the self-similar 

form by multiplication with the additional term exp(ir), where ret) is given by 

(4.29). This term introduces progressively greater twist into the complex phase 

of the solutions as the blowup time is approached. Because this only affects the 

phase of the profile its influence vanishes when the modulus is taken, and will play 

no role in the energy scaling. 

Once again, we want to construct an estimate for the stationary energy transfer 

along the inertial range. For the remainder of this argument we will now restrict 

our consideration to the case D = 1. Following the same prescription as outlined 

above for the self-similar Ansatz, we now add one additional simplification. During 

most of the growth phase, the CGL burst closely follows the NLS blowup, but 

the amplitude of the burst never gets large enough (or in other words t doesn't 

get close enough to t*) for the logarithmic correction in the scaling function to be 

significant. As a consequence, the scaling function is well approximated by the self

similar scaling, i.e. L(t) ~ ...;:r;-:::t. Because of this insensitivity to the logarithmic 

correction, we will choose to replace L(t) with the square root self-similar scaling 

in the following calculations. 

After substituting the self-similar scaling L( t) '" ~ into (4.27), the blowup 

Ansatz takes the form 

A(a; t) ,...., r 1
/
4F (M) exp [ir(t) - i~l ' Vi 8t 

( 4.30) 

By defining a function 
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equation (4.30) can be rewritten as 

A( 3:, tl ~ rtf' G ( j}) exp [iTt tll . ( 4.31) 

Except for the strictly time dependent exponential term, equation (4.31) has the 

same self-similar structure as (4.20). The Fourier transform follows trivially as 

a(k, t) = tl/4g(lkltl/2)exp [ir(t)] , ( 4.32) 

where as before, g( k) is the Fourier transform of G( x ). The energy of the k mode 

again takes the familiar form 

which is just equation (4.22) with s = 2 and j replaced by g. This latter difference 

has no influence on the structure of the stationary spectrum 

which as expected, is simply the inertial range estimate for the self-similar symme

try (4.25). In light of this, it is sufficient to assume a self-similar blowup Ansatz 

for sD> 2. 

4.4.4 Numerical Observations of Inertial Range Behavior 

In section 4.4.3 we constructed analytical estimates for the stationary distri

bution of the inertial range. These profiles are based on the assumption that the 

average behavior of the quintic and septic CGL bursts is dominated by the near 

self-similar and self-similar structure of the critical NLS blowup solutions. To in

vestigate this hypothesis, we used numerical simulations of the sub critical , critical, 

and supercritical cases of CGL in one dimension. This translates into nonlinearities 

with power s = 1, 2, and 3, respectively. From these simulations we computed the 



124 

longtime statistics of the spectrum and compared these results with the analytical 

estimates of section 4.4.3. 

The numerical approach employed is a variant of the standard pseudo-spectral 

operator splitting method, and is discussed in section 4.2 and Chapter 7. The ini

tial conditions consist of two classes of profiles, one of which demonstrates an even 

symmetry, and one which does not. These initial profiles are integrated until the 

amount of mass has decayed to the level supportive of statistically stationary be

havior (see section 4.1). This indicates that the solution has reached the attractor 

and all the transients have died out. These resulting profiles are then used as the 

actual initial states for the computation of the statistics. Throughout the initial 

parameter study, no difference was detected in the longtime spectral averages of 

solutions with and without the imposed symmetry. As a result, for most of the 

study we impose an even symmetry in order to take advantage of the reduction in 

the computational cost. For the spectral averages to become stationary requires 

the cumulative influence of between a few hundred to a thousand burst events. As 

a result extremely long integration times are necessary. 

To begin, we will consider the sub critical case in one dimension. For s = 1, the 

cubic one-dimensional CGL equation exhibits no evidence of an emerging inertial 

range for € ranging from 0.1 to values as low as 0.0001, see figure 4.26. Specifically, 

there is no indication of a separation between the pumping and dissipating length 

scales for any part of the €-T-q parameter space, see figures 4.30 and 4.31. Even 

though there is no appearance of an inertial range, the specific form of the spectrum 

in the cubic case is extremely sensitive to the exact value of €. This is discussed 

in section 4.4.1. 

For s = 2, the stationary wavenumber spectrum of the quintic one-dimensional 

CGL equation shows the emergence of a power-law inertial range as € ~ O. This 

is shown in figure 4.42 for r = 100(27r)2, q = 9, and from left to right with € = 0.1, 
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Figure 4.42, shows the stationary wavenumber spectrum of qCGL as a function of 
€ for T = 100(27(')2, q = 9, and from left to right € = 0.1, 0.02, 0.01, and 0.005. 
The lower figure is a blowup of the boxed region in the upper figure. The solid 
lines mark the inertial range which starts with a slope of -8.85 for € = 0.02 and 
increases to -7.45 for € = 0.005. 
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Figure 4.43, shows stationary wavenumber spectrum for qCGL as a function of 
T for € = 0.01, q = 9, and from left to right T = 50(2'1T')2, 100(2'1T')2, 500(2'1T')2, 
1000(2'1T')2, and 5000(2'1T')2. The lower figure is a blowup of the boxed region in the 
upper figure, The solid lines mark the inertial range which starts with a slope of 
-8.17 for T = 50(2'1T')2 and increases to -7,8 for T = 5000(2'1T')2. 



127 

0.02,0.01, and 0.005. From the upper image three distinct regions ofthe stationary 

spectrum can be seen. For the low wavenumbers, the spectrum is nearly flat. In 

actuality this region exhibits an extremely weak power-law decay. It is called the 

pumping range and is discussed in detail in section 5.2.2. On the far right edge of 

the spectrum is the dissipative range which as we saw in section 4.4.2 exhibits an 

exponential decay. The remaining intermediate range of the spectrum is known as 

the inertial range, and is characterized by power-law behavior in k. 

In figure 4.42 the inertial interval first becomes visible near € = 0.1 as a linear 

segment in the distribution between the regions of pumping and dissipation. As 

€ is decreased, the point kd (marking the beginning of the dissipation range), is 

shifted toward higher wavenumbers, resulting in a longer inertial interval. Along 

with this lengthening, the slope of the interval increases. The slope at € = 0.02 

is -8.85 while at € = 0.005 it has decreased to -7.45. For smaller values of €, 

down to 0.001, the slope never becomes larger than -7.4. As € is progressively 

halved from 0.005 down to 0.001 the change in the slope rapidly diminishes. This 

suggests that in the limit as € --+ 0 the inertial range converges to a power-law 

form of decay with an exponent of roughly -7.4. For other values of q, specifically 

q = 1 and 3, the slope is observed to converge to the same value. The role of q on 

the stationary spectrum is similar to that of €. As q is increased, € must be taken 

much smaller for the spectrum to converge. Likewise, the spectrum for a smaller 

q converges with larger €. 

The influence of the linear pumping T on the spectral distribution differs from 

that of € and q. The slope of the inertial interval shows a slight increase with the 

linear pumping. In figure 4.43 we examined the behavior of this slope for over two 

orders of magnitude change in T. For the smallest value of pumping, T = 50(271")2, 

the slope is -8.17. This increases to -7.8 for T = 5000(271")2, and by this point has 

converged for the given value of € and q. Figure 4.43 also illustrates that the length 



128 

and the location of the inertial interval increases with r. This shift in the location 

of the inertial interval corresponds with the lengthing of the pumping range. While 

the same shift is also observed in the dissipative range, the linear pumping exerts 

no other noticeable influence over the high wavenumber part of the spectrum. 

In examining the data of figures 4.42 and 4.43 it has been commented numer

ous times that "the inertial range is in the eye of the beholder." To conclusively 

maintain that the inertial range exhibits true power-law behavior, it is necessary 

for the length of the range to extend for at least two decades in k. The longest that 

is observed in figures 4.42 and 4.43 is on the order of a decade and a half. Thus 

the observed range is too brief to rule out the possibility that the "power-law" is 

actually the result of an extremely weak exponential tail from either the pump

ing or dissipating ranges. The natural solution is to increase the parameter study 

until either the inertial range reaches at least two decades in length or the expo

nential character is seen. The difficulty with extending the simulations to smaller 

e and/or larger r is that the additional spatial and temporal resolution needed 

cannot be achieved with the 16-digit double precision arithmetic available on stan

dard workstations. This is a significant problem for the septic calculations to be 

discussed below. An alternate approach is to specifically rule out the possibility of 

exponential behavior in that region of the spectrum. 

It was observed in section 4.4.2 that for s = 2 the dissipative range of the 

wavenumber spectrum decays at an exponential rate. We will see in section 5.2.2 

that the pumping range scales as a power-law, where the exponent depends on r. 

What we would like to rule out is whether the combined influence of these two 

ranges could produce the observed power-law inertial range behavior. To do so, we 

will take a closer look at the transition between the pumping and inertial ranges 

of the spectrum. Replotting the data for the pumping range with log-linear scales, 

figure 4.44, we see clearly that the transition between the pumping scales and the 
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Figure 4.44, shows a log-linear representation of the stationary wavenumber spec
trum for qCGL as a function of r for f = 0.01, q = 9, and from left to right 
r = 500(271')2, 1000(271')2, 5000(271')2. 
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stationary Spectrum for the Septic CGL equation 
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Figure 4.45, shows the stationary wavenumber spectrum for sCGL as a function 
of € for q = 1.0, r = 500(271")2. Going left to right € = 0.25, 0.1 and 0.075. The 
solid lines emphasize the emergence of two distinct inertial ranges having slopes of 
-3.06 and -5.6 for € = 0.075. 

dissipative range does not exhibit the linear profile characteristic of exponential 

scaling. Because of this we can make the assertion that the inertial range is not 

the result of an exponential tail from the pumping range. In the analysis for 

section 4.4.2 similar behavior is seen for the transition between the inertial and 

dissipating scales. A distinct change was observed at Ikl = kd which is inconsistent 

with the existence of exponential scaling on the upper k half of the inertial range. 

For the case of supercritical nonlinearity we saw from section 4.1 that unless 

€ > 1/2../2 the analytical estimates are no longer able to guarantee the global 

existence in time of the solution. As mentioned previously this does not imply the 

immediate loss of of regularity. This fact is supported in the numerical simulations 

of the septic case where it was possible to conduct long time simulations of CGL 

in one-dimension well into this "blowup" region without developing singularities 
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in the spatial field. This suggests that the boundary between the the region of 

hard turbulence and possible blowup in figure 4.2, if it exists at all, is overstated 

by the estimates. These simulations contain extremely steep spatial and temporal 

gradients requiring extremely fine spatial grids and small timesteps. It was there

fore not possible, due to the limitations on accuracy imposed by the word lengh of 

the available workstations, to conduct as complete of a parameter study as would 

be desired; see section 7.5.2 for details. Nonetheless our tentative findings show, 

figures 4.45 and 4.46, that in the septic case two ranges emerge with powerlaw 

scaling in the time averaged wavenumber spectrum. This is in contrast to the 

single powerlaw inertial range observed in the case with quintic nonlinearity. The 

"upper" range, corresponding to the larger wavenumbers, appears qualitatively 

like what is found for s = 2. The "lower" range exhibits a powerlaw behavior with 

much weaker decay. This weaker decay, while not in exact agreement is still close 

enough to the analytical results as to be suggestive. 

Figures 4.45 and 4.46 display the results of a partial parameter study of the 

stationary wavewnumber spectrum for CGL with septic nonlinearity. In both cases 

the parameter E starts at a value well inside the "blowup" region of the stability 

diagram. These runs represent averages taken from hundreds of burst events where 

the influence of transient behavior has been excluded. The di~erence in the setup 

of these two runs is the value of the parameter q. In the first figure q = 1. This 

locates the parameter study on a horizontal line starting just to right of the hard 

region in figure 4.2. For this value of q the slope of the upper inertial range is nearly 

the same for both E = 0.1 and 0.075. The specific values of the slope for these two 

values of E are -5.8 and -5.6, respectively. This is a significantly stronger decay 

than the predicted value of -10/3 given in section 4.4.3. Since these slopes are 

relatively close it suggests that this structure has nearly converged and that the 

rate of decay will not significantly change for smaller E. For q = 10, figure 4.46, the 
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stationary Spectrum for the Septic CGL equation 
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Figure 4.46, shows the stationary wavenumber spectrum for seGL as a function 
of € for q = 10.0, r = 500(211")2. Going left to right € = 0.1, 0.05 and 0.01. The 
solid lines emphasize the emergence of two distinct inertial ranges having slopes of 
-:-3.99 and -6.13. 
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upper range behaves qualitatively the same as for q = 1. This time the upper range 

exhibits a decay with exponent of roughly -6.13. For this sequence of simulations, 

the values of E are again chosen to be within the "blowup" region of the stability 

diagram, figure 4.2. Here though, the parameter values correspond to the region 

of the stability diagram that goes directly from soft to blowup behavior. 

For both q = 1 and 10 there emerges in the time averaged wavenumber spec

trum of septic one-dimensional CGL equation a second range identified with the 

lower wavenumbers of the inertial range. This second range is not observed for 

the case of quintic nonlinearity and represents a significant distinction between 

the cases of critical and supercritical instability. It is seen from figures 4.45 and 

4.46 that the appearance of this lower range is more gradual than for the upper 

range. This means that significantly smaller values of E are required for it to be

come visible. As a result it is not clear whether the structure of the lower range 

has converged for the parameter values investigated. Nonetheless the rate of de

cay observed is a significant departure from that found in the quintic case. For 

q = 1 the lower range is measured to have the slope -3.06, while for q = 10 it 

takes on the value -3.99. These values are provocative because they bracket the 

analytical value of -10/3. It is unclear whether the lower ranges would eventually 

converge to the theoretical slope, some other value, or simply disappear altogether 

for smaller E. Given the trend of the available data, it appears that the change 

in the magnitude of the slope is steadily decreasing. This would suggest that the 

values of -3.06 and -3.99, for q = 1 and 10 respectively, are upper bounds on the 

decay rate. This brings up the question as to whether the slope is dependent on q 

in the septic case. For the quintic case, the slope of the inertial range is insensitive 

to the value of q once it has converged. Since in the available data E is not small 

enough for the spectrum to have converged, this cannot yet be determined. It 

is not be inconceivable that the lower inertial range could converge to different 
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slopes for different ranges of q. It is hoped that in the future, with the aid of faster 

computing facilities, these questions can be explored. 

4.4.5 Conclusions 

A common indication of fully developed turbulence is the existence of a band 

of wavenumbers, known as an inertial range, responsible for the transfer of energy 

between scales by nonlinear processes. It is characteristic of an inertial range that 

the energy transfer be local in wavenumber space and insulated from the exact 

nature of the source and sink. From our numerical simulations it is clear that the 

quintic and septic CGL equation develops an inertial range in the limit of small € 

and large r. 

In section 4.4.3 we constructed estimates for the rate of decay of the inertial 

range based on the assumption that the CGL equation exhibits hard turbulence 

where the spatial structure is dominated by the geometry of the NLS blowup solu

tions. The observations in section 4.4.4 provide strong evidence for the existence 

of an inertial range for the stationary wavenumber spectrum of both the quintic 

and septic CGL equations. For the quintic case, this spectrum exhibits a stronger 

rate of power-law decay than is predicted from the theory of section 4.4.3. In the 

septic case the behavior of the stationary spectrum varies with q. For small q the 

spectrum again exhibits a stronger rate of power-law decay than is explained by 

the theory, but for larger q the data suggests, but does not confirm, that there 

may exist regions of the €-q parameter space where the rate of decay of the sCGL 

inertial range will agree with the geometric scaling hypothesis. The source of this 

distinguishing behavior for the septic nonlinearity is unclear. It is not indicated 

by any qualitative change in the usual spatial norms, i.e. IIAlloo, IIAI12 or II 8:cAIl 2· 
In Chapter 5 we will also see that spectral predictions based on the assumption of 

weak turbulence in a regularized NLS structure also fail to properly capture the 

observed rate of decay in both the inertial range and the pumping range of the 
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spectrum. 

These two estimates for the rate of decay of the inertial range both make use of 

the assumption that "most of the time" the turbulent CGL solution can be thought 

of as a weak perturbation of NLS. The CGL bursts are brief and intermittent. In 

between the burst events the wavefield experiences extremely weak damping and 

dissipation. During the initial stages of the burst events, the wavefield is arbitrarily 

close to the NLS blowup solutions provided € is small enough. It is not until the 

the blowup spike is regularized by damping and dissipation that the wavefield 

significantly deviates from that of the NLS equation. This regularization stage 

of the solution is extremely brief, and one might imagine that in some average 

sense, negligible. This is the fundamental assumption motivating the use of weak 

turbulence theory to estimate the inertial range in Chapter 5 - that the burst 

events are intermittent and brief enough to neglect on average. As a consequence, 

structures play no part in the development of this form of turbulence. On the 

opposite end of the turbulence paradigm is the assumption that structures are 

crucial to the development of the turbulent wavefield. This assumption motivates 

the analysis of section 4.4.3. Here it is assumed that the influence of the burst 

event, modulus the regularization stage, dominates the stationary spectrum. In 

both these cases it is assumed that the influence of the underlying NLS becomes 

dominant in the time averages, and can be exploited to provide an approximation 

to CGL dynamics. 

The results of section 4.4.4 and Chapter 5 imply that for quintic nonlinearity, 

these assumptions alone are not correct. The observed rate of decay for the inertial 

range is far faster than can be explained by either theory. Clearly, the inertial range 

is the result of a highly nonlinear process that requires the inclusion of both the 

conservative NLS terms and the effects of damping and dissipation. This was noted 

in section 4.1.2 when we discussed the possible contribution of the "frustrations" 
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to the temporal averages. This is a possible explanation as to why the geometric 

estimates of section 4.4.3 fail to produce the proper form for the inertial range. For 

the septic nonlinearity, the presence of two inertial ranges suggest that there might 

exist a separation of structures by scale. Spatial structures containing scales down 

to moderately small lengths are represented by the wavenumbers in the "lower" 

inertial range. Since the spectrum observed in this range agrees relatively closely 

with the decay expected from a persistent self-similar geometry, one is tempted to 

believe that the primary contribution to these length scales is from the initial stages 

of the burst events, where dissipation and damping are relatively insignificant. 

Since the geometry of the burst event is arbitrarily close to the NLS spike solution, 

the geometric estimates for the wavenumber spectrum should be most applicable 

in this range. For the very fine spatial structure, represented by the "upper" band 

of the inertial range, strong decay is observed in the spectrum. This behavior 

could indicate that the average influence for this range is due to the damping 

and dissipation characteristic of the regularization process for the singular spike. 

Therefore the separation of length scales might represent the average influence 

on the wavenumber spectrum of the two dominant mechanisms (self-focusing and 

dissipation) responsible for the birth, growth, control, and decay of a burst event. 

As for the weak turbulence estimates of Chapter 5, they have the additional failing 

of assuming that "in some sense" the nonlinearity is small. This is necessary to 

treat the system perturbatively. Clearly from the time series data on the L6-norm, 

this is never the case for fully developed hard turbulence. 
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In the early sixties, the machinery of condensed matter theory was adapted to 

the problems of turbulence in plasma physics and the undulations of ocean surface 

waves. This approach was called weak or wave turbulence. More recently, the weak 

turbulence approach has been used to verify the Kolmogorov spectrum E rv k5
/

3 

directly from the Euler equations in Clebsch variables [53]. The weak turbulence 

approach is concerned with the propagation and interaction of small amplitude 

dispersive waves. The corresponding assumption being that these small amplitude 

waves are weakly interacting, but have random phases. This will be made more 

precise in a moment. The additional condition of spatial homogeneity allows one to 

derive a closed kinetic equation describing the waves in terms of quasi-particles. In 

the case of weak turbulence, the construction of the Kolmogorov spectra is reduced 

to solving the wave kinetic equations. 

In this chapter we are interested in applying the ideas of weak turbulence theory 

to the problem of turbulence in the CGL equation. The CGL wavefield is agitated 

by intermittent amplitude bursts that are driven by the blowup solutions of the 

underlying NLS equation. Between the bursts, the wavefield exhibits relatively low 

amplitude, and therefore weakly nonlinear, spatial mixing. With the exception 

of the brief intervals following the onset of the spike event, the mean amount of 

dissipation and damping is small. In this regard, we can think of the CGL equation 

as a particular regularization of the critical NLS equation, and hope to be able 

to characterize the spectral ranges of the wavefield through the weak turbulence 

strategy. 

In section 5.1, we formally derive the wave kinetic equation corresponding to 

the critical NLS equation a.nd construct its Kolmogorov solutions. Provided they 
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exist, these solutions to the kinetic equation represent possible statistically sta

tionary distributions of the wavenumber spectrum. We find that the Kolmogorov 

distributions are not realized in the turbulence for the critical case of CGL because 

the regularizing terms, (dissipation and damping due to nonlinear saturation), do 

not satisfy the consistency conditions imposed by the NLS conserved quantities. 

In section 5.2, we consider the possibility of using the same kinetic representation 

to form local estimates of the wavenumber spectrum. We do this by considering 

the two cases of very large and very small k. For each limit we balance the col

lision integral against the dominant part of the regularizing terms and solve for 

a stationary solution. This provides estimates for the dissipative and pumping 

ranges of the wavenumber spectrum. A comparison of these distributions against 

the numerical simulations shows that significantly different behavior. 

5.1 Wave Kinetic Theory 

We are interested in the statistical properties of the CGL equation, and its con

servative limit, the NLS equation, in the limiting case of weak interactions. The 

natural way to proceed, is to study the corresponding kinetic equation describing 

the time evolution of the statistical moments or correlators - where the nonlinear 

partial differential equations can be thought of as generating a nonlinear wavefield 

A(:z:, t). Given certain resonance conditions, energy is exchanged between length 

scales (or modes). In turbulent systems, many degrees of freedom are excited, and 

a statistical description of the resonant interactions is most useful. The nonlinear 

field can be thought of as describing a system of many weakly coupled oscillators. 

Physically, this is analogous to the situation of a dilute gas of phonons. Because 

specific modes are excited, it is most natural to represent the the statistical mo

ments n(k, t) in terms of a spectral basis. 
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5.1.1 Construction of Kinetic Equation 

In this section, we will formally construct a statistical representation of the tur

bulent wavefield produced by the structure of the critical, sD = 2, NLS equation, 

and later, through a perturbative argument, introduce the effects of the noncon

servative CGL terms. As in the estimates for the inertial range of section 4.4.3, we 

will find it useful to pose this problem on ::c E ~D, rather than the D-dimensional 

torus. 

Choosing the whole line has the advantage of greatly simplifying the derivation. 

It can also be justified in two ways. For CGL, it can be shown through a rescaling 

of the equation that increasing r is related to increasing the size of the domain. 

Consequently calculations for very large r are equivalent in a sense to calculations 

on a very large domain. The second reason has to do with the morphology of the 

CGL turbulence. For small enough €, the intermittent amplitude spikes that are 

responsible for churning the wavefield, have extremely narrow spatial support and 

are of brief duration. Because of this compact behavior in both space and time, 

for practical purposes, the spike never "feels" the boundaries of the interval. In 

addition it will be useful to also consider multiple spatial dimensions. This will 

allow a comparison to be made between the different critical combinations of sand 

D. We will see that while the theory predicts different behavior for the critical 

case in one and two dimensions, this is not observed in numerical calculations. 

The most general form of the NLS equation with an arbitrary power nonlin

earity, for D-dimensions, is 

(5.1) 

Recall that (J' = ±1 corresponds to the focusing/defocusing cases of NLS. The first 

step in constructing the statistical description is to transform (5.1) to a Fourier 



representation, where the Fourier transform pair is defined as 

il(k, t) i: A(x, t)e-ik.x dx, 

A(x,t) - (271'tD 1: il(k,t)eik'Xdk. 

140 

(5.2) 

(5.3) 

This has the effect of expressing the NLS equation in terms of separate length 

scales. For the following derivation, we will choose to simplify the notation by 

taking s = 1. This choice corresponds to the cubic nonlinearity, and selects a 

four-wave interaction for the kinetic equation, as we will see below. Higher order 

interaction terms can be easily generalized from this form, and the s = 2 six-wave 

formulation will be explicitly stated. In addition, I adopt a compact notation for 

the arguments of the interaction integrals, also known as the scattering or collision 

operator. Since the limits of integration are, in general, over the whole ~D, the 

explicit limits of integration will be suppressed. For variables depending on the 

wavenumber and time, like il(ki' t), the wavenumber will be expressed through a 

subscript, e.g. ilki , while the time dependence will be suppressed. 

The evolution of the Fourier modes il(k, t) of equation (5.1) for s = 1, is given 

by the nonlinear integral-differential equation 

where the wave frequency or dispersion law is Wk = Ikl2 = k2 • The dispersion law 

describes the various linear effects, such as interference and diffraction. The convo

lution integral describes in this case a four-wave interaction process that accounts 

for the decay and mixing resulting from a cubic nonlinearity. The collision opera

tor contains all the information about the nonlinear interaction of separate waves. 

The dynamics for the Fourier modes il(k, t) can be written in the Hamiltonian 

form, 

(5.5) 
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where the Hamiltonian 1-£ is the functional 

1-£[a, a*] = f akakwkdk 

+ ~ fff! Takak1 ak2ak38(k +k1 -k2-ka) dk dk1 dk2 dka , 

and T = -2u/(27r)D is the interaction coefficient. 

It is useful to think of the complex wavefield a(k, t) in terms of an amplitude 

and phase representation, e.g. a(k, t) = la(k, t)1 exp[i¢(k, t)]. Then the time evo

lution of the variables la(k, t)1 and ¢(k, t) can be inferred from equation (5.4). For 

weak nonlinearity combined with a large number of excited modes, such a descrip

tion is, in general, highly redundant. It includes both the slow modulation of the 

amplitudes, which are constant under the linear flow, and the fast, but unessential 

phase dynamics. To first order, the amplitude remains constant and the phase, 

¢(k, t) ~ w(k)t, evolves due to the linear flow. A reduction to the essential dy

namics can be achieved through a transformation from the dynamic description of 

the wave system to a statistical one written in terms of correlation functions. This 

statistical description, which is adequate only for turbulent fields, follows from 

the assumption that the dynamics are primarily due to the quadratic term of the 

Hamiltonian. This means that the equation is dominated by the linear flow, and 

holds for small amplitudes where the majority of the energy is located at moderate 

wavenumbers. Under the assumption of weak nonlinearity, the "smallness" of the 

interaction term provides a natural small parameter for a perturbative treatment 

of the statistical description. 

The first step in constructing the wave kinetic equation is to remove the fast 

phase given by the linear flow. This leaves a slow time scale modulation of the 

field caused by interactions between the waves. This is done by introducing the 

transformation 

a(k, t) 1-4 a(k, t)e-iw(k)t . (5.6) 
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It is assumed that the nonlinear effects rapidly lead to the stochastization of the 

slow wave phases [44] and to a slow modulation of the wave amplitudes. 

Because these phases are effectively randomized, the most natural reduction of 

this system is to average the waves over the whole ensemble of phases. This process 

is called the random phase approximation, and assumes that the statistics of the 

linear field are Gaussian. After such averaging, only correlations independent of 

the phase will be nonzero. 

(Iakl exp(i</>k)) = 0, 

(Iakllak/l exp(i</>k - i</>kl)) = n(k)6(k - k'). 

Notice that all the odd-order moments must vanish because of the random phase. 

If the ak's and the ars pair evenly, and if the wavenumber vector k of any pair 

coincides, the averaged expression will be phase-independent. 

The evolution of the statistical description is based on the two-point correlation 

function 

(5.7) 

The time rate of change of n(k, t) is formally given by 

(5.8) 

so its evolution can be expressed explicitly in terms of the modes a(k, t). Next, 

following the transformation of (5.4) into slow variables and its substitution for 

Oak/at in (5.8) we get 

The difference in the integrand is simplified by noticing that 

(5.10) 
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Making this substitution and integrating over k' we obtain 

;; = 21m ifi T (akak1 ak2 ak3 ) 6(k +k1 -k2-k3 )dk1 dk2 dk3 • (5.11) 

We see from (5.11) that the time rate of change of the two-point correlation function 

depends explicitly on fourth order correlations. This illustrates the closure problem 

of kinetic theory. In general, the time rate of change of a given order correlator 

depends on ones of higher order. To solve this system, it is necessary to find a 

closed form for (5.11). This is illustrated in [42] for NLS with cubic nonlinearity. 

In order to close (5.11) the fourth-order correlation function must be expressed 

in terms of the two-point correlation function n(k). This is done in [54] for a 

system of dispersive waves with weak nonlinearity. One obtains 

I (
•• ) 1 (rk + rkl + rk2 + r k3 ) Fkklk2k3 

m akakl ak2ak3 = - 2 2 , 
7r (Wk + Wkl - Wk2 - Wk3) + (rk + rkl + rk2 + r k3 ) 

(5.12) 

where 

Equation (5.12) has a physical interpretation. The mutual interaction of the waves 

through the nonlinearity causes a slight shift in their dispersion law (Wk ~ Wk) 

and introduces an effective damping (rk ). Because of the assumption of small 

amplitude waves, and therefore weak interactions, these changes are small, i.e. 

Wk -Wk 1 
---~ . 

Wk 

Because of these assumptions equation (5.12) can be approximated as 
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871"0" = (271")2 (nln2na + nn2na - nnlna - nnln2)6(w+Wl-W2-Wa). 

The final step in the derivation is to average over the ensemble of phases. 

Since our objective is to produce a statistical description of the turbulent field, 

it is natural to assume that the phase space of the system is ergodic. Under 

these conditions, the ensemble average can be replaced by a sufficiently long time 

average. 

The resulting closed expression describes the evolution of the two-point cor

relation n(k, t) which can be thought of as a quasi-particle density or occupation 

number of the wavenumber vector k. The effect of the collision integral is to either 

increase or decrease the number of particles for a given wavenumber by the corre

sponding resonant four wave interactions. As a short hand, we write the evolution 

of the pair correlator nk as 
an - = st[n ... n] at ", (5.13) 

where st[n,· .. , n] represents the appropriate order collision operator. Notice that 

the nonlinear interaction has the effect of adding nonlinear dispersion to the dy

namics. The four-wave interaction integral resulting from the cubic nonlinearity 

follows from closing equation (5.11), and has the form 

st[n,n,n] = 

471" fff ITI26(w+WI-W2-Wa)6(k +k1-k2-ka) 

Xnnln2na [! + ~ - ~ - ~] dk1 dk2 dka . 
n nl n2 na 

Generalizing the prior result to quintic nonlinearity, the collision integral is 

st[n, n, n, n, n] = 

(5.14) 

471" fffff ITI2
6(w+Wl+W2-Wa-W4-W5)6(k +k1+ k2 -ka- k4 -k5) 

xnnln2nan4n5 [.!. + ~ + ~ - ~ - ~ - ~] dk1 dk2 dka dk4 dk5 , 
n nl n2 na n4 n5 

(5.15) 
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which describes resonant six-wave interactions. Notice that the kinetic equation 

only depends on the modulus of the interaction coefficient T. For our case, T 

is simply a constant times the coefficient a = ±l. As a result, weak turbulence 

theory is unable to distinguish between the dynamical behavior of the focusing and 

defocusing cases. 

5.1.2 Special Solutions of the Kinetic Equation 

The collision operators (5.14) and (5.15) contain a great deal of symmetry in the 

form of integrals of the motion. These integrals and their fluxes allow reductions of 

the kinetic equation that lead to exact analytical solutions. The fourth and sixth 

order scattering integrals always have the three formal integrals of the motion: 

£ r w(k)n(k,t)dk energy, 
J!J?.D 

.N r n( k, t) dk number or wave action, 
J!J?D 

j5 - r kn(k, t) dk momentum, 
J!J?D 

(5.16) 

Not all of these integrals are nontrivial. For statistically homogeneous turbulence, 

the momentum always vanishes. Because of this we will be primarily interested 

in the remaining two integrals - the invariance of the wave action, which follows 

because all even order scattering processes preserve the number of waves, and the 

energy. For each of the two conserved quantities there exists a single solution 

corresponding to a constant flux in wavenumber space of that integral. These sta

tistically stationary solutions describe what is known as the Kolmogorov spectrum, 

and can be formally derived in scale-invariant systems where the frequency w( k) 

has powerlaw form. 

Following the analysis of Zakharov et al. [44,42, 55], it has been shown that if 

the frequency w(k) ex: ka , where k = Ikl, and T is a homogeneous function of the 

variables k, then there formally exists stationary solutions to the kinetic equation 
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o ro 

Figure 5.1, shows the region of integration 0, which is divided into four sub do
mams. 

having the form n( k) = ck-u , where the constant c = c( v). Since the wavenumber 

k is a vector for the four-wave interactions, the calculation is greatly simplified by 

transforming the kinetic equations to the scalar variable wand averaging over the 

solid angle of the wavenumber vector space. We will outline this approach on the 

four-wave collision operator (5.14), and state the result for the six-wave case. 

For the NLS equation, the frequency W has powerlaw form with a = 2. In the 

frequency representation the four-wave collision operator (5.14) then becomes 

st[n,n,n] = 

(5.17) 

where on the resonant manifold W + Wl = W2 + Wa, 

2 F (2(WW1 W2W3)1/.) 

s - ~ ~+..;w,:w; 
WW1

W
2
W

3 - 71' JWWl + JW2Wa 
(5.18) 

and 

lo
7r/2 dp 

Fq= () 0 (1- q2sin2 p)l/2 (5.19) 

is the elliptic integral of the first kind. The domain of integration 0 is shown in 

figure 5.1. The evaluation of this integral can be greatly simplified by two steps. 
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Because the frequency is assumed to be a powerlaw, the density of waves n( k) can 

be expressed in terms of the scalar w as n = cw-a:. Notice that this implies that 

the previous exponent v = 2x. After substituting this Ansatz for n into (5.17) we 

then eliminate Wl by integrating over that variable. The remaining integration is 

now over the region 0 in figure 5.1. This is further simplified by noticing that the 

sub domains O2 through 0 4 can be mapped into region 01, see [42, 55] for details. 

The resulting integral is now over a finite region of w-space and takes the form 

st[n,n,n] = c3 If SW,W3+W2-W,W2W3 (w:r: + (W3 + W2 - w)a: - w~ - w~) 
llol W:r:(W3 + W2 - W)a:W2Wa 

x [1 + (W3 +:2 - W) Y _ ('~;) Y _ (:;) Y] rUu2rUu3, (5.20) 

where y = 3x + 1 - 3D/2. 

Our original motivation for constructing the kinetic representation was to gen

erate statistically stationary distributions for the turbulent wavefield. Mathemat

ically these solutions correspond to fixed points of collision integrals (5.14) and 

(5.15). For four-wave interactions, stationary solutions to the kinetic equation can 

be found by inspection from (5.20). The integrand of (5.20) vanishes for 

x - 0, (5.21) 

x - 1, (5.22) 

o = 3x + 1 - 3D /2 
D 1 

(5.23) y => Xl = "2 - 3"' 

1 = 3x + 1 - 3D /2 
D 

(5.24) y - => X2= -. 
2 

The first two solutions represent distributions in thermodynamic equilibium and 

are discussed below. The remaining two provide the exponents of the Kolmogorov 

distributions which correspond to nontrivial powerlaw distributions for the four

wave collision operator. In the critical case where D = 2, we obtain the two 

distributions 

(5.25) 
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which correspond to constant fluxes of wave action and energy respectively. The 

constants of proportionality Cl and C2 for these distributions can be determined in 

terms of these fluxes directly from the collision integrals. 

If we reintroduce the variable Wl into (5.20) and then write Wi - WZi for 

j = 1,2,3, then the collision integral takes the form 

where 

I4(x, y) - IlL Sl,%1,%2,%3(ZlZ2Z3)-:J:c5(1+Zl -Z2-Z3 ) 

x(l+z~-z~-z;)(l+zf -z~ -zg) dZ l dZ2 dz3 . 

(5.26) 

(5.27) 

The region of integration II is the triangle in the Z2 - Z3 plane bounded by 0 < 

Z2, Z3 < 1 and Z2 + Z3 > 1. Recalling that the collision integral is related to 

the population n through (5.13), we can define the flux of the action and energy, 

respectively, as 

Q = low st[n, n, n] dw' and P = - low w'st[n, n, n] dw' . (5.28) 

Upon substituting (5.26) for st[n,n,n] in the above definitions for Q and P, we 

get that 

-y 

Q(x,y) 3 ( W (5.29) - -Cl I X,Y)4 -, 
-y 

l-y 

P(x,y) - -c~ I( x, Y)4 f--- . (5.30) 
-Y 

For the two Kolmogorov solutions we get that the constants 

(5.31) 

and 

(5.32) 
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provided the appropriate flux and the integral I( x, y) are finite, see [42]. 

For the critical case in one spatial dimension, collision integral requires six

wave interactions. It is again useful to convert the k-space version of the collision 

integral to the frequency representation. Applying the previous steps to (5.15) 

leads to 

st[n,n,n,n,n] = C
5
W-

y- 1 I6(x,y) , (5.33) 

where now y = 5x + 1 - 5D/2 and 

I 6(x,y) = 

ffffk 81,Zl,Z2,Z3,Z.,Z& S(1+Z1 +z2-z3-z4-zs)(1+zf+z~-z;-z:-z:) 
x(1+zr+z~ -zX -z: -ZM)(ZlZ2Z3Z4zst:z: dZ1 dZ2 dZ3 dZ4 dzs . (5.34) 

The region of integration E for the integral I( x, y)6 is bounded by 0 < Z2, Z3, Z4, Zs < 

1 and Z3 + Z4 + Zs > 1 + Z2. The coupling coefficient 

±1 ±1 ±1 ±1 ±1 ±1 
(4 )3 E . r.;: . r.;: . r.;: . r.;-: . r.;:S(±l ± JZ1 ± ..;z;. =F ..jZ3 =F ..;z;. =F 05) , 

71' A V Z1 V Z2 V Z3 V Z4 V Zs 

(5.35) 

where A is the set of all combinations of ±. This results in 26 possible combinations, 

but because of the invariance of the delta function under sign reversal, only 32 are 

distinct. 

The six-wave collision integral vanishes at four values of x, 

x - 0, (5.36) 

x 1, (5.37) 

0=5x+1-5D/2 
D 1 

(5.38) y - => Xl = 2 - 5' 

1 = 5x + 1 - 5D /2 
D 

(5.39) y - => X2= 2' 
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Again, the first two correspond to equilibrium distributions, while the second pair 

(5.40) 

are the Kolmogorov spectral distributions for a constant flux of wave action and 

energy, respectively. The constants Cl and C2 can be determined in the same way 

as for the four-wave case. 

Provided they exist, these Kolmogorov spectra are exact stationary solutions 

to the wave kinetic equation. They are only of interest if they can be reached 

from most initial data. Unlike the thermodynamic spectra described below, the 

Kolmogorov spectra do not cause the integrand in st[n··· n] to identically vanish. 

Proof of this is far from trivial, (see [56].) Strictly speaking, the Kolmogorov 

spectrum for (5.25) and (5.40) are solutions to the kinetic equation only if the 

spectrum is local - meaning the collision integral converges. Failing this, the 

solution does not exist and has nothing to do with observed behavior. Locality, or 

equivalently convergence of the collision operator, means that only the interaction 

of near-by length scales is essential. For powerlaw distributions like those above, 

locality is guaranteed provided v > a. In such a case, the energy flux is toward 

higher k. As can be seen from (5.25) and (5.40) locality is not guaranteed for the 

critical NLS equation in either one or two dimensions. 

In addition to the Kolmogorov solutions, there also exist classical thermody

namic equilibrium solutions to the kinetic equations. 

n(k) - constant, 

n(k) 
1 1 

ex w(k) = k2 Rayleigh-Jeans distribution. 

(5.41) 

(5.42) 

The flux of energy and wave action for these solutions is zero. The Rayleigh-Jeans 

distribution corresponds to the equipartition of energy across all the modes. The 

collision integral is satisfied for the equilibrium states by forcing each term of the 

integrand to separately vanish. 
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Numerical studies of the stationary spectrum of a regularized version of the 

critical NLS equation in two dimensions were conducted by Dyachenko et al. in 

[42]. Their regularization was specifically chosen to preserve the usual three NLS 

integrals of the motion. They concluded that the Kolmogorov solutions to the four

wave kinetic equation (5.25) are not realized in both the focusing and defocusing 

turbulent NLS How. For either case, powerlaw behavior was not observed in the 

stationary spectrum, rather the observed solutions demonstrated a weak deviation 

from the thermodynamic Rayleigh-Jeans distribution 

n(k) ex _-.,--:-1_.....,...
c+w(k) + 0(k)' 

where 0(k) shows a logarithmic dependence on k. Simulations of the NLS limit of 

the two-dimensional cubic CGL equation [57] confirm the hypothesis of powerlaw 

behavior, but with an exponent significantly deviating from the theory. The critical 

case of the NLS equation corresponding to the six-wave scattering process was not 

investigated in either case. 

Rather than repeat the regularization in [42] for the six-wave process, I decided 

to investigate the pure defocusing NLS How in one dimension and with quintic 

nonlinearity (sD = 2). Recall that the defocusing case of NLS does not exhibit 

blowup in finite time, therefore regularization is not needed. The objective of these 

simulations was to determine if any of the Kolmogorov distributions are stationary 

solutions of this How. Three initial conditions were constructed, each having the 

same spectrum as one of the Kolmogorov distributions, but with random phase. 

These initial states were allowed to evolve to statistical stationarity under the 

defocusing NLS How. For each of the initial conditions, the stationary spectrum 

did not support a powerlaw distribution. The turbulent wavefield exhibited weak 

deviations from a mean amplitude, reminiscent of the classical picture of phase 

turbulence. Because these dynamics are not strongly chaotic, the local transport of 

energy across the intermediate part of the spectrum needed to produce an inertial 
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interval is never seen, and therefore the powerlaw distribution predicted by the 

weak turbulence theory is not observed. In the next section we will introduce 

non-conservative effects into the kinetic equation and in a similar manner, obtain 

stationary distributions for the spectrum. 

5.2 Statistically Stationary Solutions 

The original goal of this study was to explain the observed powerlaw behavior of 

the stationary spectrum resulting from turbulent solutions of the CGL equation. 

Since CGL turbulence is driven by amplitude bursts that are triggered by the 

underlying blowup NLS it makes sense to see if including that structure into the 

kinetic representation can reproduce the observed statistics. In section 5.1.2, the 

kinetic representation of a regularized NLS flow was only able to produce powerlaw 

behavior with an exponent of greater than -2 for D = 2 and greater than -1 for D = 
1. The numerical simulations of the spectral distributions discussed in section 4.4.4 

observed statistics with roughly the same inertial range, around -5.5, for both the 

1-D and 2-D critical cases (sD = 2). Clearly the weak turbulence estimates for 

the NLS equation fail to capture both the proper powerlaw spectral behavior as 

well as the correct dependence of the spectrum on the spatial dimension. The 

failure of these results combined with the failure of the geometric estimates from 

section 4.4.3 imply that the observed spectral behavior of the CGL equation can not 

be explained from the structure of the NLS equation alone. In this section, we wish 

to extend the wave kinetic machinery to include the additional nonconservative 

terms found in the full CGL equation 

where we will assume that the small parameter € is comparable to the small "pa

rameter" formed by the nonlinearity. A consequence of this assumption is that 

the influence of the nonlinear damping term -2€qIAI2"A is shifted to 0(€2) and 
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thereby removed from direct consideration. We start, by considering a general 

linear nonconservative perturbation r(k) on the critical NLS equation, and de

duce general conditions for the existence of a universal stationary flow. Following 

the general derivation, we will then consider the specific case of interest where 

f( k) = T - k2 • For this form of f( k) the general theory will indicate that the 

above scaling assumption is not satisfactory to construct a universal stationary 

spectrum. It will be possible though to construct stationary distributions local in 

k. We conclude this chapter with estimates for the pumping and dissipative ranges 

of the spectrum, and a comparison of these estimates with numerical simulations. 

5.2.1 General Theory 

Under the influence of external forces, a wave system can deviate significantly 

from thermodynamic equilibrium. For the moment, we shall describe the effects of 

wave generation and relaxation, (pumping and damping), by the general function 

r(k), where the kinetic equation (5.13) for the N wave process is now given as 

8n(k) lit = st[n·· ·n] + r(k)n(k). 

The regions of wavenumber space where r(k) is positive define the growth-rate 

of the wave instability while the regions of k for which r(k) < 0, correspond to 

damping. 

For the existence of a stationary distribution n(k), the function f(k) must 

balance with the asymptotic behavior of the collision integral, i.e. 

f(k)n(k) + st[n·· . n] = o. (5.43) 

In addition to (5.43), r(k) must also satisfy physically realistic assumptions. 

In the original model equation, the NLS equation is a fully reversible dynamical 

system. Following the averaging procedure, the kinetic equation now describes an 
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irreversible process that evolves toward thermodynamic equilibrium. Mathemati

cally this statement of irreversibility is equivalent to a statement of entropy growth 

similar to the Boltzmann's H-theorem. If we define a entropy as 

then the entropy evolves as 

S(t) = r In{n(k, t)} dk, JlRD 

dS _ r an(k) dk 
dt J!R.D at n(k) 

r st[n·· .n] 
- J!R.D n(k) dk > 0, (5.44) 

where the definiteness of the final line follows from the H-theorem. In order for 

both (5.43) and (5.44) to hold 

r r(k)dk < O. JlRD 
(5.45) 

This requires that the pumping region of r(k), if it exists, have a smaller "area" 

than the damping region. This has the physical consequence that in order for a 

nonequilibrium steady state to exist, the system must provide a constant outflow 

of entropy. 

For the four-wave and six-wave processes, it is also necessary that wave interac

tions for a stationary distribution preserve the energy, the total number of waves, 

and the momentum. This produces two additional nontrivial constraints on r(k), 

J r(k)w(k)n(k) dk - 0, 

J r(k)n(k) dk - O. 

(5.46) 

(5.47) 

In order to satisfy both (5.46) and (5.47), it is clear that r(k) must change sign, i.e. 

describe both sources and sinks of wave energy. To satisfy the pair of conditions 

(5.46) and (5.47) requires that r(k) have at least two sinks. If the function r(k) 

changes sign only once, it can be shown [44] that it is impossible to simultaneously 

satisfy both conditions. 
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For the CGL equation with the above scaling assumption, the external forces 

take the simple form r( k) = r - k2
• Clearly, this function has only one change in 

sign, and therefore does not satisfy the requirement of multiple sign changes needed 

for the existence of a stationary spectrum. Even if we were to somehow include 

a linearization of the effects contributed from the nonlinear damping term, the 

requirement of a second sign change in r would not be satisfied. In addition this 

would violate our original assumptions leading to scale separations. The end result 

is that the weak turbulence formalism is not appropriate for generating a universal 

spectral distribution for the CGL perturbation of the NLS equation. This does not 

preclude the possibility of constructing local k-space estimates of the spectrum. 

In section 5.2.2, we will consider two limiting cases of the spectrum. For k ~ r 

we consider the stationary spectral properties of the source or pumping range, and 

alternatively for k large, the dissipative range. 

5.2.2 Local Range Estimates 

In section 5.2.1, we attempted to employ the weak turbulence machinery to 

produce a universal spectrum for the CGL equation under weak nonlinear effects. 

It was found that the nonconservative CGL perturbation r(k) was inconsistent 

with the requirements for a universal distribution. This failure of the wave kinetic 

approach does not preclude the possibility of creating stationary distributions local 

in wavenumber space, a.nd the formal construction of these distributions is the goal 

of this section. 

The function r(k) = r - k 2 from section 5.2.1 consists of a "source" reglOn 

at small k ~ Vi, and an energy "sink" at very large k. In this section I will 

formally consider the effect of these limiting cases on the steady state kinetic 

equation (5.43). For simplicity we will again return to the frequency representation 
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from section 5.1.2. With this notation the steady state relations become 

(5.48) 

for the four-wave interactions and 

(5.49) 

for the six-wave processes. We will start with an examination of the small k, and 

subsequently small w limit. 

For the pumping range of the spectrum, i.e. k ~ vr, r scales as a constant. 

Substituting r = r in (5.48) and (5.49) results in constraints for both the constant 

c and the exponent x. For the four-wave process 

c=J-r/I4' x=3D/4-1=1/2, and n=ck-1
/
4. (5.50) 

For the six-wave process, 

5D 1 1 
x=---=-

8 2 8' 
and n = Ck-1/ 16 • (5.51) 

These results imply two things. The interaction integral I( x, y) must be nonpos

itive for the constant c, and therefore new), to be real. Secondly, the constant 

c is directly proportional to a power of the driving parameter r, such that the 

rate of growth of c with r decreases with an increasing number of resonant wave 

interactions. 

Continuing in the spirit of section 4.4, we wish to employ the one-dimensional 

quintic CGL equation to test the predicted distributions (5.51). As in section 4.4 

the CGL equation is numerically integrated until all transients have passed and 

the solutions live on the global attractor. We then compare the long time averages 

of the wavenumber spectrum with the predicted distribution (5.51) for a sequence 

of increasing r. Figure 5.2 shows the results of this study. 
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Figure 5.2, shows the time averaged power spectrum of the pumping range for the 
1-D qCGL with q = 9.0, € = 0.01, and from bottom to top r/47r2 = 100, 500, 1000, 
5000. A slope of -1/16 (solid line) is shown for reference. 

Figure 5.2 shows the stationary wavenumber spectrum of qCGL for T ranging 

over almost two orders of magnitude. The view in this figure is magnified to 

emphasize the pumping range of the spectrum. From this we see that for fixed 

T, n(k) decays roughly as a power-law in k for k ~ 3vr/4. As T is increased, 

the slope of spectrum decreases in magnitude. This behavior implies that the 

exponent v must depend on the parameter T. Similar behavior is observed for 

other values of € and q. The solid line in figure 5.2 shows the theoretical value 

for the exponent, v = -1/16, which is based on the weak turbulence balance. 

Clearly the observed behavior is not in agreement with this theoretical value, 

since the observed exponent is dependent on T. Not surprisingly, the constant of 

proportionality c, which is predicted to increase as T1/ 4 for the six-wave interactions, 

also fails to follow this behavior, figure 5.3. From the simulations, c is observed 

to scale at something other than a power-law in T. The predicted rate of T1/ 4 is 
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shown (dotted line) for comparison. 

On the opposite end of the wavenumber spectrum is the dissipative range where 

r rv - k 2• It was seen in sections 4.4.1 and 4.4.2 that the observed spectral distri

bution of the dissipative range of the CGL equation, once the transients have died 

away, decays as an exponential with an algebraic correction, i.e. 

(5.52) 

For the quintic one-dimensional COL equation, it was proven in [58] that for 

large enough k the dissipative spectrum will always decay at least exponentially 

in k. From these observations it is clear that something other than the powerlaw 

Ansatz n(k) rv k-v is needed to describe the dissipative range. Unfortunately, the 

recipe to produce solutions to the wave kinetic equation does not result in other 

than powerlaw distributions. While it is possible from a kinetic equation formu

lation to obtain an exponentially decaying dissipative range, see [45], it requires a 

different closure argument for the higher moments than (5.13), and still produces 

the wrong behavior for the exponent f3. Because of this, the weak turbulence 

machinery does not produce realizable distributions for the dissipative range. 

5.2.3 Conclusions 

In chapter 4 we saw from numerical simulations that turbulence in the one

dimensional critical COL equation exhibits a stationary spectrum with three bands 

of distinct behavior. Specifically, for small k the spectrum undergoes pumping and 

exhibits an extremely weak powerlaw decay. For moderate k, following a transition 

from the pumping range, the spectrum again exhibits a powerlaw decay, but now 

with an exponent of much greater magnitude. This is called the inertial range, 

and is dominated by energy transfer that is local in k-space. The final range is 

dominated by dissipative forces and exhibits exponential decay in k. 

The corresponding spatial field exhibits intermittent near singular amplitude 
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Figure 5.3, shows the response of the constant of proportionality c with r for qCGL 
with q = 9.0, € = 0.01 and r/47r2 = 500, 1000, 5000. The predicted behavior of 
r 1/ 4 is shown for comparison (dotted). 

spikes we call bursts. In between these burst events, the spatial field exhibits a 

"wash" of low amplitude fine structure, looking much like phase or weak turbu

lence. Since the burst events are extremely brief in comparison to the life of the 

wash, one could hypothesize that, on average, the dominant influence in the sta

tionary spectrum is due to the weak turbulence, and to "first order," the spectral 

contribution from the bursts can be ignored. It was our goal in this chapter to 

show that this hypothesis cannot be true. If the source of the inertial range was 

strictly due to weakly turbulent interactions, the decay rate of the observed iner

tial range would need to be much weaker. Although brief and intermittent, these 

burst events significantly influence the structure of the inertial range and cannot be 

ignored. In sections 4.4.3 and 4.4.4 we saw that the inertial range estimates built 

solely on the influence of the self-similar NLS blowup structure, while exhibiting 

stronger decay than those from the weak turbulence theory, still do not provide an 

adequate rate of decay to explain the observed spectrum. The failure of both the 
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weak and strong spectral estimates, suggests that the stationary spectrum may be 

primarily due to the "regularizing" influence of the CGL dissipation and nonlinear 

damping terms on the NLS flow. Recall from section 4.1.1 that the regularization, 

i.e. the control and collapse of the burst event, occurs on a much longer time scale 

than the focusing process. This would imply that CGL turbulence cannot be sta

tistically represented by the NLS structure alone, but requires treatment of the 

full nonlinear phenomenon. 

This picture is also consistent with the failure of the pumping range estimates in 

section 5.2.2. Had these estimates successfully described the scaling of the pumping 

range, it would have meant that the statistical properties of the low wavenumbers 

are completely described by a balance between the nonlinear dispersion and the 

pumping. This would mean that for these wavenumbers dissipation and damping 

play no significant role. Clearly this is not the case. For the rotating wave solution, 

the nonlinear saturation plays an equal role to the pumping term. While the 

regularizing forces of CGL are the predominant influence on the upper end of the 

spectrum, their influence on the lower wavenumbers are still significant. Clearly the 

balance between the pumping and nonlinear saturation is important for describing 

the long time behavior of the wavenumber spectrum even in the pumping range. 

Once again, turbulent CGL cannot be adequately described in terms of perturbed 

NLS alone. 
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Chapter 6 

Periodic and Quasi-periodic Behavior 

6.1 Introduction 

The one-dimensional CGL equation exhibits a great range of spatio-temporal 

behavior. An understanding of this behavior is facilitated by the explicit com

prehension of the structure of the global attractor. For small values of the linear 

pumping, T /47r2 
tv 1, the dynamics are low-dimensional. These dynamics are a 

direct result of the modulational instability of the homogeneous solution in the 

direction of the first wavenumber. These dynamics range from periodic in time, to 

weakly chaotic in time [16]. Certain of the time periodic solutions are observed to 

persist in the limit as € ~ O. This raises the question: Do there exist solutions of 

CGL which smoothly deform, as € ~ 0, into solutions of NLS - and if so, which 

of these NLS solutions are selected in this limit? Because the dynamics of NLS 

and CGL are due to widely disparate mechanisms, it is surprising that there exist 

orbits of the CGL attract or that are arbitrarily close to orbits in the NLS phase 

space. The nature of this transition between orbits of NLS and the related orbits 

in CGL is the fundamental issue to be explored in this chapter. 

Having explicit knowledge of the particular NLS orbit allows us to investigate, 

through perturbative techniques, the persistence of that orbit on the CGL attrac

tor. The difficulty with this approach is that the integrable structure of phase 

space is not topologically robust. In general, even under weak dissipative pertur

bations, the best one can expect is the persistence of stationary points in the flow. 

For CGL it is observed numerically that a class of nontrivial dynamic objects, 

closely related to the NLS nonlinear standing waves, is also preserved. A precise 

analysis of these issues will not be attempted here, see [13] j rather our goal is to 

use numerical results to help guide us in an analytic approach. To illustrate the 
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selection process, we first consider the trivial example of the plane wave solutions. 

In Chapter 2, we introduced a particular scaling of the one-dimensional CGL 

equation 

to emphasize the influence of weak driving, damping, and dissipation. We pose 

(6.1) on the unit interval with periodic boundary conditions. In the limit as e ~ 0, 

equation (6.1) reduces to the one-dimensional nonlinear Schrodinger equation, 

(6.2) 

The sign of the parameter u = ±1 differentiates between the focusing and defocus

ing cases of NLS. Previously, it was shown that both the CGL and NLS equations 

support constant amplitude plane wave solutions known as the CGL rotating and 

NLS Stokes waves: 

(6.3) 

(6.4) 

where k = 27rn, for Inl = 0,1, ... , N. For the Stokes waves, the integer N is 

unrestricted. For the rotating waves, N is the largest integer satisfying N ::; 

..jT/27r. Notice that while (6.4) describes a family of solutions parameterized by the 

continuous amplitude a, the non-conservative terms in (6.3) impose the restriction 

on the amplitude that it take on only certain discrete values. Thus the rotating 

waves consist of a discrete subset of the Stokes waves solutions. 

The action of CGL ona Stokes wave illustrates the CGL selection process as 

e ~ O. To start, we separate the 0(1) and O(e) terms of (6.1) 

This expresses CGL as an e-weighted perturbation of NLS. As e ~ 0 the three non

conservative terms (linear driving, nonlinear damping and dissipation) vanish. For 
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all nonzero €, the O( €) terms introduce a constraint on the amplitude of the allowed 

plane waves. 

Inserting a Stokes wave Ansatz, A(:z:, t) = aexp(ik:z: - iwt), into (6.5), we see 

two distinct cases, 

€ = 0 then w = k2 
- 2ulal 26 and 

€ f:. 0 then w = k2 
- 2ulal26 + i€(r - k2 

- 2qlaI 26
). 

In the first case, € = 0 and the frequency w is purely real. The amplitude of the 

plane wave, in this case, remains constant for all time. When € f:. 0, in general the 

frequency has a nonzero imaginary part equal to €(r - k2 
- 2qlaI2

). This produces 

either exponential growth or decay of the amplitude over time. The exception to 

this is when the amplitude is chosen such that the imaginary part of the frequency 

vanishes. This occurs when the amplitude takes on the specific discrete values, 

lal26 = r - k
2 

(6.6) 
2q 

Through the constraint on the amplitude and frequency, we regain the rotat

ing wave solutions (6.3) discussed previously. For the Stokes waves, the selection 

process is trivial and can be understood by inspection. The CGL perturbation 

selects the amplitudes coinciding with rotating waves by destabilizing all others. 

With the exception of the Lyapunov case, to be discussed later in this chapter, the 

selection criteria for the remaining solutions does not come about so easily. The 

remainder of this chapter will illustrate these ideas on a few less tractable wave

forms, and conclude with a numerical study of the persistence of some attracting 

low-dimensional CGL solutions. 

6.2 Separable Solutions 

The simplicity of the selection process for the plane waves is due to the ability 

of the Stokes waves to independently satisfy both the NLS equation and the O( €) 

CGL perturbation terms in (6.5). This results in a decoupling the conservative 
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and the dissipative forces in CGL. Solutions that satisfy both of these conditions 

simultaneously will be referred to as separable solutions. The natural question is 

whether there are any separable solutions other than the plane waves. 

Once again we return to (6.5), 

and seek all the solutions that independently satisfy the conservative and dissipa

tive forces in (6.5) - i.e., simultaneously satisfy 

8tA - i8:z::z:A + 2iulAI2 A, 

o - rA+8:z::z:A-2QIAI2A. 

(6.7) 

(6.8) 

Adding and subtracting (6.7) and (6.8) produces the new set of equations 

i8tA - rA - 2i(u + q)IAI2 A 

i8tA - - r; A - (1 + ~) 8:z::z:A. 

(6.9) 

(6.10) 

This new set of equations has the advantage of reducing the system of (6.7) and 

(6.8) to that of solving an ordinary differential equation and a linear partial differ

ential equation. 

The solution to the ode (6.9) is 

A(x, t) = ¢(x) exp[-i(r - 2(0- + Q)I¢(x)12)t]. (6.11) 

where the spatial variable has been treated as a parameter. Substituting (6.11) 

into (6.10) results in the differential constraint, 

Note that the last two terms of (6.12) are nonautonomous in time. Since we want a 

restriction on ¢ which is global in time, the argument corresponding to each order 



in t must vanish independently: 

o (q + u) [TeP - 2qlePI2eP + ePa:a:] 

o (q+u)(ePlePl!)a:, 

o - (q + u)2eP(lePl!)2 . 

This can be achieved in two ways: 
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(6.13) 

(6.14) 

(6.15) 

• Assume -u #- q, and require lePl be independent of both space and time. 

This reduces (6.12) to (6.13). The restriction on lePl automatically recovers 

the rotating wave solutions . 

• Let -u = q. Then equation (6.12) is trivially satisfied because space and 

time are then separable. This choice produces the Lyapunov functional case 

of CGL. We will now explore this case. 

For -u = q, equations (6.9) and (6.10) are degenerate and both reduce to 

i8tA = TA, => A(m, t) = eP(m)e-irt
• (6.16) 

To complete this system, it is necessary to choose one of the two original con

straints. Choosing either (6.7) or (6.8), separates the spatial and temporal depen

dence. The only solutions satisfying these conditions (see section 2.2.3) are those 

with a spatially elliptic profile eP having the form 

A(m, t) eP(x)eiwt
, for eP(x) E C, 

o - ePa::z: + TeP - 2qlePl2eP. (6.17) 

These solutions are a special case of the zero velocity traveling wave solutions. It 

should also be noted that the rotating wave solutions mentioned above are simply 

a limiting case of the solutions satisfying the elliptic profile (6.17). 

A consequence of separability as defined by (6.7,6.8) is that the spatial and 

temporal parts of the solution are also separable. In all these cases, the temporal 
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part of the solution has a single frequency with the form eiwt • Since CGL is 

invariant to rotations in the phase, the temporal part of these solutions can be 

removed through a phase shift. It is then easy to see that these separable solutions 

are fixed points of the phase space. The implications of this will become important 

later when we see that only the fixed points are selected. It is also clear that because 

the magnitude of these solutions is fixed in time, they cannot describe the time 

periodic solutions introduced at the end of this chapter. 

6.3 Periodic and Quasi-periodic Solutions of NLS 

The focusing NLS equation, (6.2), supports a wide variety of nontrivial periodic 

and quasi-periodic solutions. In our investigation, we are specifically interested 

in those solutions exhibiting time periodic motions, because this family contains 

several of the solutions selected by the CGL perturbation. We begin with the 

simplest of the periodic waveforms - the NLS Stokes wave. 

Recall from section 6.1 that the NLS equation supports a continuous family 

of plane wave solutions which are parametrized by the amplitude. These Stokes 

waves solutions are written as 

A (", t) - aeika:-i(k2-2ulaI2')t 
Stoke6 .... ' - , 

where k = 27m and the amplitude a > 0 is unrestricted. We saw in Chapter 3 that 

the linear stability of these solutions depends on the amplitude a. 

For the homogeneous solution, the growth rate of a linear perturbation of the 

Stokes wave in the direction of the mth even wavenumber, is given by 

where em = 27rm. This new orbit is hyperbolic provided 
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and has unstable directions 

((! + ip~) cos( (m:Z;) . (6.18) 

These unstable directions, determined by the ratio of (!./ p~, lead to nontrivial 

temporally periodic solutions that will be the focus of this chapter. For simplicity 

of analysis, we will restrict our consideration to even perturbations of the homo

geneous solution. 

6.3.1 NLS Homoclinic and Time Periodic Orbits 

Ablowitz and Herbst[35] , applied Hirota's method to construct exact solutions 

for the first single homo clinic orbit bifurcating off the homogeneous solution of 

NLS. The exact form of this solution is, 

• 2 1 + 2 cos( k:z; )e 2it/>+Ot+'Y + A12e 4it/>+20t+2'Y 
A(:z; t) = ae,2a t 

, 1 + 2 cos( k:z; )eOt+'Y + A12e 2Ot+2'Y ' 
(6.19) 

where sin(tP) = k/2a, A12 = 1/ cos2(tP), n = ±kv'4a2 - k2, and "'( is arbitrary. 

Equation (6.19) exhibits the characteristics of a homo clinic orbit in that it describes 

an excursion, starting from the homogeneous solution at t = -00, and returning, 

modulus a phase shift of exp(4itP), to the same homogeneous solution at t = +00. 

The homo clinic orbit results from a change in stability of the homogeneous 

k = 0 Stokes wave solution. The amplitude for the homogeneous solution acts 

as the bifurcation parameter by differentiating which energy shell of solutions are 

available. At the critical amplitude, as given by the linear stability analysis, the 

homogeneous solution becomes hyperbolic, and the stable and unstable manifolds 

coincide in such a way as to create a homoclinic loop from the homogeneous solu

tion. 

Numerically, we can reach this homo clinic orbit through a perturbation along 

the unstable direction of the homogeneous solution, equation (6.18). This can be 
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seen by linearizing equation (6.19) through the choice of exp(nt + 'Y) ~ 1. The 

resulting solution is 

A( x, 0) = ~ + 8(1 + i) cos(271'x) , 

where 8 fV 10-5 , as a good choice for an initial condition that will reach the 

homoclinic orbit. The homo clinic orbit illustrated in figure 6.1, was reached this 

way. In that figure, the initial homogeneous solution corresponds to an unstable 

fixed point. When perturbed along its unstable manifold, the solution is swept 

away from the fixed point, resulting in the spatial bulges at t fV 0.9. The symmetry 

of the pulse is due to the choice of an even perturbation. In order to preserve the 

total mass, the amplitude at the wings of the pulse is lower than the amplitude of 

the original homogeneous solution. 

It is useful to consider the types of solutions reached by other values of the 

ratio (!=1 / P~=l' We will consider here two cases. In the first case, P~=l is chosen 

to be zero, resulting in the initial condition 

1 
A(x,O) = 2" + 8cos(271'x), 

where again 8 fV 10-5 • The absence of the imaginary part in the perturbation 

to the initial homogeneous solution places us near a continuous family of closed 

orbits, as evidenced by figure 6.2. The spatial profile of this solution is close to 

the homoclinic, but is periodic in time. In analogy with structures found in the 

Sine-Gordon equation, we call this orbit the NLS breather solution. 

Next, for the choice of (!=1 = 0, we have the initial condition 

A(x,O) = ~ +i8cos(271'x) 

with 8 = 10-5
• This initial state leads to another time periodic solution, but with 

a distinctly different spatial structure, as seen in figure 6.3. For the NLS nonlinear 

standing wave solution, the peak oscillates periodically between the center and the 

edges. 
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Figure 6.1, shows a surface plot of the amplitude of the single mode NLS homo clinic 
orbit. 
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Figure 6.2, shows a surface and a shaded contour view (where darker means higher), 
of the NLS breather solution. Notice that the peak of the amplitude remains in 
the center of the waveform. 
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Figure 6.3, shows a surface and a shaded contour view (where darker means higher), 
of the NLS nonlinear standing wave solution. Notice that the peak shifts between 
the center and the edge. 
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These three solutions (homo clinic, breather, and standing wave) correspond to 

perturbations in different wavenumber directions of an initially homogeneous NLS 

solution. The persistence of these three solutions under the CGL flow will be the 

focus of the remainder of this chapter. 

For solutions with even symmetry, it is useful to think of the homoclinic or

bit as separating the phase space into two regions, see figure 6.4. The internal 

region of the phase space is foliated by the periodic orbits called breathers. At 

the center of this region is a fixed point corresponding to a stationary profile so

lution, [13], similar to the elliptic solutions found in the Lyapunov case. External 

to the homo clinic, in the belt region of the phase space, lives the doubly periodic 

orbits called the nonlinear standing wave solutions. These three solutions, the 

homoclinic, the breathers, and the standing waves, are of particular interest to 

our investigation, because their persistence or non-persistence will be used to help 

describe the structure of the low dimensional CGL attractor. 

6.4 Selection Condition by an Averaging Method 

In the previous section, we observed that certain solutions of NLS are preserved 

under the CGL flow - where persistence means that there exists a family of CGL 

solutions that smoothly deform, as f ~ 0, into a particular NLS solution. The 

Stokes waves are a trivial example of this. The goal of this section is to make 

precise what is meant by persistence of a waveform under a CGL perturbation. 

We will present an analytic method of determining when a solution persists. In 

the final part of this section we will apply this development to the NLS homo clinic 

orbit described above. Since the breather and standing wave orbits of NLS are not 

readily available in an analytic form, their persistence will be explored numerically 

in the concluding section of this chapter. 

We start with a definition of the problem. An almost periodic solution of NLS, 
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breather solutions 

Figure 6.4, shows a cartoon bifurcation diagram of the NLS phase space near the 
homoclinic orbits. Notice the geometric relationship between the three types of 
solutions. 
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A(:z:, tj € = 0), is said to persist under the CGL flow, if there exists a family of CGL 

solutions, A(:z:, tj f), such that when € ~ 0, A(:z:, tj €) ~ A(:z:, tj € = 0) uniformly in 

:z: and t. Our goal in this section, is to motivate the general persistence criteria of 

[13], and illustrate it with an application. 

The CGL equation can be written in variational form as 

dA .51-£ 5£ 
-=-~--€-
dt 5A· 5A· ' 

(6.20) 

where the functionals 1-£ and £, in the focusing case, are given by 

1-£ [A] (6.21) 

£[A] (6.22) 

Recall that for € = 0, equation (6.20) reduces to the one-dimensional focusing NLS 

equation, where 1-£ is the NLS Hamiltonian. 

We are interested in quantifying the notion of the persistence of NLS solutions 

under the CGL flow. Consider a class of functionals I m , which are invariant under 

the NLS flow, 
ax 
- = {I,1-£} = o. 
dt 

(6.23) 

In general, there are always three such invariants. For s = 1 there are infinitely 

many. It is a surprising result that only three invariants are necessary to prove 

the persistence of the traveling wave solutions, [13]. Levermore et al. shows that 

if an NLS orbit persists under a CGL perturbation, then the time average of the 

functionals I, must vanish on any almost periodic NLS orbit. This means that in 

order for a solution of (6.20) with € = 0, i.e. A(:z:, tj 0), to persist when € =? 0, the 

time average of all the I's, evaluated for the whole family of solutions A(:z:, tj f), 

must vanish. Let us now motivate this idea. 

For any functional I conserved by the NLS flow, the time evolution of I under 
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(6.24) 

(6.25) 

(6.26) 

where in the last step, we make use of X being conserved under the NLS flow, 

equation (6.23). 

Taking the time average over the interval [0, T] gives 

X[A(·, Tj f)] - X[A(·, 0, j E)] 
T 

€ IT r (OX oC oX OC) 
= - T Jo Jo SA. oA + oA SA. [A(:z:, tj f)] d:z: dt. (6.27) 

Since the functionals X remain bounded for all time (section 2.3), we can take the 

limit T -+ 00 of (6.27), obtaining the general persistence condition 

. 1 IT r (SX oC oX OC) 
J~ T Jo Jo SA. oA + oA SA. [A(:z:, tj E)] d:z: dt = O. (6.28) 

In order for a particular NLS solution, A(:z:, tj € = 0), to persist it is necessary 

that we can interchange the limits € -+ 0 and T -+ 00 in equation (6.28). As a 

consequence, we only need to evaluate (6.28) at the NLS solution to determine the 

persistence of the solution, i.e. 

. 1 IT 11 (OX oC oX SC) o = J:.~ T Jo Jo oA. oA + oA oA. [A(:z:, tj € = 0)] d:z: dt. (6.29) 

In the next two subsections, we make use of (6.28) to show the non-persistence of 

a special NLS solution. 

6.4.1 Persist,ence Criteria for NLS Homoclinics 

In order to better understand the persistence criteria of the previous section, 

it will now be used to show the non-persistence of the NLS homo clinic solutions, 
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equation (6.19). Let A(x, tj e) be a family of homo clinic orbits for the CGL equation 

that continuously deform to the NLS homo clinic orbit A(x, tj 0), both uniformly in 

x and t. Because the homoclinic solutions are not almost periodic, it is necessary 

to modify the persistence criteria from that above. 

Starting again with (6.26), we now integrate over a symmetric interval in time. 

This becomes 

1jT ax jT Il (SI S£ SI S£) 
~ -T dt dt = - -TJo SA. SA + SA SA. dxdt, (6.30) 

where we have divided through bye. Because the functionals I, are known to be 

uniform for solutions of CGL and NLS, we can take the limit T ---+ 00 of (6.30). 

It is also useful to note that at t = ±oo the homo clinic solution, up to a phase 

shift, is simply the Stokes wave solution. Multiplying (6.30) through by e and 

interchanging the limits we obtain 

j T dI 
lim -d = I[A(·, +ooj e = 0)] - I[A(., -ooj e = 0)] = 0, 

T--+oo -T t 
(6.31) 

where, because of the uniformity, the integral in (6.30) must vanish independently 

of e. The selection criteria for the NLS homoclinic solutions then becomes that 

100 Il (SI S£ SI S£) 
0= -00 Jo SA. SA + SA SA. [A(x, tj e = 0)] dx dt, (6.32) 

must vanish for all invariants, Im, of NLS. 

6.4.2 Non-persistence of the NLS Homoclinic Orbit 

To demonstrate the non-persistence of the NLS homo clinic orbits it is only 

necessary to show that for one of the invariants, 'Im, the persistence condition, 

equation (6.32) fails to vanish. 

For simplicity, we demonstrate the non-persistence by utilizing the first invari

ant, the mass, 
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Substituting the mass into the selection functional produces the condition 

(6.33) 

The third term in the integral can be bounded above by use of Holder's inequality, 

(6.34) 

where the equality holds for constant amplitude solutions. Then re-expressing 

(6.33) in terms of the mass and the Hamiltonian, the resulting expression for the 

persistence is independent of time, 

o < rM _ 1-£- (2q + 1) M"+1 . 
- 8+1 

(6.35) 

This can be further simplified by noting that at t = ±oo the mass and the Hamil

tonian can be computed directly from the Stokes wave solution aexp(ik:v), 

then (6.35) becomes 

(6.36) 

(6.37) 

(6.38) 

The minimum of this functional occurs when the equality holds. This happens 

when modulus is constant, which corresponds to the Stokes wave solutions. Any 

deviation from a pure Stokes solution, like the homoclinic excursion, drives the 

right hand side negative, resulting in non-selection. As a result, none of the NLS 

homo clinic orbits are preserved under the CGL flow. This result is not too surpris

ing, since the creation of a homo clinic orbit requires the precise alignment of the 

stable and unstable manifolds. This arrangement, in general, is not topologically 

robust, and one would expect that even weak perturbations would destroy the ho

moclinic orbits. One implication of this is that the homo clinic structure leading to 

chaos in low dimensional CGL is not connected to the NLS homoclinic orbits [16]. 
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6.5 Time Periodic Solutions of CGL 

Unlike the NLS equation, the asymptotic behavior of the CGL equation is 

dependent on the specific structure of the global attractor. As the parameters r, €, 

and q are varied, the effect on the dynamics is reflected through structural changes 

in the attract or. As an example, let us consider the dependence of the attractor 

on changes in the linear driving r. This is represented pictorially in figure 6.5. In 

the following we assume a fi."{ed value for € and q. 

For negative r, the attract or consists only of the zero amplitude solution. As 

r first becomes non-negative, the zero solution bifurcates and the homogeneous 

solution is created. As r is increased to r/47r2 = 1/2, the constant solution remains 

stable as its amplitude grows. At r/47r2 = 1/2 another bifurcation occurs. The 

homogeneous solution becomes linearly unstable to the first wave number, and a 

new nontrivial solution is added to the attractor. Numerical simulations of this 

bifurcation observe the creation of stable time periodic waveforms reminiscent of 

the NLS nonlinear standing wave solutions of section 6.3.1. The CGL version of 

this nonlinear standing wave will be called the flip-flop solution to distinguish the 

two. We will see that these periodic CGL solutions, in the limit as € ~ 0, smoothly 

deform to the NLS nonlinear standing wave solutions. 

6.5.1 Numerical Results 

We are interested in comparing temporally periodic behavior for the small r 

regime of CGL with the corresponding small amplitude solutions of NLS. A se

quence of numerical simulations of both the CGL and NLS equations were con

ducted with two purposes in mind. First we wish to study the transition from 

the homogeneous solution to the flip-flop state, and second, we wish to study the 

selection of the NLS nonlinear standing wave orbits by the CGL perturbation. 

Five values for r were taken ranging from r/47r2 = 0.5 to r/47r2 = 1.096. The 
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trivial solution 

Figure 6.5, shows an idealized representation of the attracting solutions for various 
values of r. Solutions represented by solid lines are stable, while those denoted 
with dashed lines are not. 

parameter € was varied from € = 0.1 to € = 0.0001 in decreasing powers of ten, and 

the parameter q was chosen to be one. To study the transition in the stability of 

the homogeneous solution, I took as the initial condition an even perturbation of 

a constant solution along the direction of its unstable manifold. For the appropri

ate parameter values, the solution was then integrated in time until the waveform 

reached its asymptotic state. These asymptotic profiles were then used as initial 

conditions for the NLS flow, and integrated for a few cycles. The maximum devi

ation of the NLS flow from the corresponding CGL solution was then computed. 

From this, it was observed that the maximum deviation of the amplitude, mass, 

momentum, kinetic energy, L4-norm, and Hamiltonian, is linearly dependent on €. 

In the remainder of this subsection we will first discuss the observed transition to 

the flip-flop state, and conclude with a precise measurement of the convergence of 

the CGL waveform to the selected NLS orbit. 
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Figure 6.6 illustrates a sample of the various attracting solutions obtained by 

increasing r. In the top figure, the maximum amplitude of the wavefield is plotted 

against time for r with the value r/47r2 = 0.5. The same position of figure 6.7 

shows the temporal behavior of the mass. As expected from the linear stability 

analysis, for r/47r2 ~ 0.5, the perturbation dies out, returning the waveform to 

the original constant profile. We can also see that the mass has returned to the 

value corresponding to the homogeneous solution. For r/47r2 > 0.5, the bifurcation 

creates a nontrivial attractor with a variety of stationary states. In the second and 

third figures, r/47r2 = 0.66 and 0.75, the unstable manifold leads to a chaotic 

portion of the attractor. For r/47r2 = 0.66 and 0.75 the solution is temporally 

chaotic. This is implied by the time series in figure 6.7, and is more clearly indicated 

for r/47r2 = 0.75 by the time delay plots of figure 6.8. In each of these plots, 

the chaotic attractor is reconstructed from data embedded in the time series of 

individual spatial points. The attractors in figure 6.8 are reconstructed from the 

amplitude at x = 0, 1/4, and 1/2. From figure 6.9 we can see that the peaks of the 

nodal positions in the standing wave coincide with the locations x = 0 and 1/2. In 

between the two nodes, near x = 1/4, we see the interaction of the tails of these 

nodes. The attractors reconstructed from the time series data at the two nodal 

points are nearly identical. This suggests that the dynamics of the two points 

are somehow coupled due to the even symmetry. In addition they both exhibit 

the butterfly wing structure associated with temporal chaos. Similar behavior, also 

implying temporal chaos, can be found in the time series data for the other spatially 

averaged quantities at r/47r2 = 0.75. (See figure 6.10.) The apparent randomness 

in the behavior of the momentum, figure 6.10, is strictly due to numerical roundoff. 

The mean value of that time series is zero, and the magnitude of the observed 

deviations are at the threshold of double precision accuracy. This is consistent 

with the physical requirement that the momentum be zero for isotropy. We would 
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Figure 6.6, shows time series of the maximum amplitude of cOGL for various T. 

Notice the qualitative changes in the solution as T increases. 
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Figure 6.7, shows time series of the mass of cOGL for various r. Notice the quali
tative changes in the mass as r increases. 
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expect this, since there is no net drift of the standing waves. The chaotic response 

for the mass when r/47r2 = 0.66 can be seen in figure 6.7. Again, while the temporal 

behavior is not wildly erratic, it is also clearly not periodic. 

From a close examination of the time series in figures 6.6 and 6.7, it can be 

seen that the solution initially passes near a periodic part of the phase space before 

being captured in the chaotic region. For these values of r it is clear that the regions 

of phase space containing the periodic solutions are not stable. Regardless of the 

temporal behavior, the spatial structure retains the flip-flop profile, figure 6.9, 

reminiscent of the NLS nonlinear standing wave. For these small values of r, the 

chaos remains strictly temporal. Thorough studies of chaos in low dimensional 

CGL can be found in [16, 46, 47], and the subject will not be pursued further here. 

Instead we will focus on the periodic and quasi-periodic behavior of CGL. 

Intermixed within the bands of chaos, the CGL attractor contains regions sup

portive of temporally periodic and quasi-periodic motions. The focus of this section 

will be periodic motions. (See [59] for a discussion of quasi-periodic solutions in low 

dimensional CGL.) For r/47r2 = 0.912 and 1.096 the CGL equation, at finite E, ex

hibits temporally periodic behavior with slight variations in the spatial structure. 

The fourth and fifth positions of figures 6.6 and 6.7 show the temporal behavior 

of the maximum amplitude and the mass for these two values of r. In both cases, 

following a brief transient, the maximum amplitude and the mass lock into a pe

riodic orbit. The difference between these two time series is the multiplicity of 

the temporal frequency. For r/47r2 = 1.096, the motion has a single frequency in 

time, while for r/47r2 = 0.912 the maximum amplitude has a double frequency. 

We will see that this double frequency is due to the existence of a spatial defect 

resulting from finite E. As E is sent to zero, the defect diminishes, and the usual 

NLS standing wave profile is selected. 

For r/47r2 = 0.912, the perturbation in the initial condition is unstable and the 
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Figure 6.8, shows time delay plots of cOOL where r/47r2 = 0.75, € = 0.1, and q = 1, 
for three different spatial points. The butterfly wing pattern of the reconstructed 
at tractors indicates the presence of chaos. 
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Figure 6.9, shows a surface and shaded contour view of the temporally chaotic 
space-time structure in cOGL for the parameter values r/47r2 = 0.75, € = 0.1, and 
q = 1. 
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Figure 6.10, shows time series of various spatial averages for cCGL for r/47r2 -

0.75, € = 0.1, and q = 1. Notice the presence of temporal chaos in the time series 
for this value of r. 
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solution is attracted to the flip-flop state. Temporally, the maximum amplitude 

of the solution exhibits doubly periodic motion. This double period can be seen 

in figure 6.11 for the mass, the NLS Hamiltonian, and other spatial averages. 

Looking at the time series of individual spatial points, figure 6.12 we see that that 

the second frequency is introduced by a spatial defect near the point x = 1/4. As 

the node and the anti-node at x = 0 and 1/2 draw back into the homogeneous 

solution, the interaction between the two results in a nonsymmetric bulge in the 

spatial profile. The periodic growth of this bulge causes a wobble in the temporal 

behavior. As f is made to vanish, the defect, which can be clearly seen in the time 

series of the mass (figure 6.13), smoothly diminishes. 

For r/47r2 = 1.096, the stationary solution is again attracted to the flip-flop 

spatial profile, figure 6.14. We can also see from this figure that the solution 

now exhibits simple periodic motion. Following a brief transient, figure 6.6, the 

maximum amplitude locks into steady periodic motion. For this value of r the 

spatial profile no longer exhibits the defect found for r/47r2 = 0.912 which manifests 

itself in the time series as a double frequency. This single frequency is also reflected 

in the behavior of the mass, the NLS Hamiltonian, and the other spatial averages, 

figure 6.15. Lacking the spatial defect, this waveform is closest to the NLS standing 

wave solutions, and shows the most minimal distortion for finite f. 

So far, we have only considered the amplitude of the complex spatial field. The 

reason for this is straight forward; the amplitude exhibits the simplest form of the 

spatial structure. The structure of the amplitude for the temporally periodic flip

flop solution has the form of a standing wave, while the structure of the real and 

imaginary parts is significantly more complicated. It is interesting to compare the 

temporal behavior of the amplitude with that of the separate real and imaginary 

parts of the wavefield. We start with a comparison of time series at a single point 

for r/47r2 = 1.096. Figure 6.16 shows the time series of the amplitude (top), the 
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Figure 6.11, shows time series of various spatial averages for cCGL for r/47r2 

0.912, e = 0.1, and q = 1. Notice the double frequency response for all the norms. 
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Figure 6.12, shows time series of the amplitude for the points :z; = 0,1/4,1/2 for 
cCGL with r/47r2 = 0.912, € = 0.1, and q = 1. 
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Figure 6.13, shows time series of the mass of cCGL flip-flop solution for decreas
ing €, r/47r2 = 0.912, and q = 1. Notice that the amplitude of the oscillations 
diminishes with €, although not initially uniformly. 
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Figure 6.14, shows a surface and a shaded contour view of the temporally periodic 
flip-flop space-time structure in cCGL for the parameter values r/47f2 = 1.096, 
f = 0.1, and q = 1. 
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Figure 6.15, shows simple periodic motion of the various spatial averages for cCGL 
for r/47r2 = 1.096, f = 0.1, and q = 1. 
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Figure 6.16, shows time series of the magnitude, the real part, and the imaginary 
part of the cOGL flip-flop solution at the single spatial point :z; = 1/2 for r/47r2 = 
1.096, f = 0.1, and q = 1. Notice the relative simplicity of the amplitude in 
comparison to the real and imaginary parts. 
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Figure 6.17, shows a surface and a shaded contour view of the amplitude for 
the temporally periodic cOOL flip-flop solution for the parameter values r/47r2 = 
1.096, f = 0.1, and q = 1. 
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Figure 6.18, shows a surface and a shaded contour view of the real part of the wave 
field for the temporally periodic cCGL flip-flop solution for the parameter values 
r/47r2 = 1.096, € = 0.1, and q = 1. 
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real part of the field (middle), and the imaginary part of the field (bottom), at the 

point x = 1/2. The time series for the amplitude exhibits the familiar periodic 

oscillations, while the real and imaginary parts exhibit a recurring pattern lasting 

roughly seven of the periodic amplitude cycles. In the time series, the temporal 

structure and magnitude of the real and imaginary parts differ significantly. For 

the spatial fields, the real part, figure 6.18, also exhibits the elaborate temporal 

behavior. Figures 6.17 and 6.18 show the same spatio-temporal field, represented 

in terms of the amplitude and the real part of the field, respectively. For the 

amplitude we again have the simple time-periodic behavior. This is in contrast 

with the irregular structure of the real part of the wave field. 

6.5.1.1 NLS Selection 

In this section we will investigate, through numerical simulations, the selection 

of NLS solutions by the CGL equation as € ~ o. Specifically we will observe how 

the asymptotic CGL flip-flop solutions are deformed into particular solutions of 

the NLS equation. We will focus on the values of r for which the CGL global 

attractor supports time periodic solutions. For each value of r, a homogeneous 

initial profile is perturbed along the unstable manifold and allowed to evolve to a 

steady state. For the values of r considered here, the spatial profile of this steady 

state is the single hump flip-flop solution discussed previously. This profile is then 

evolved under the NLS flow and compared against the CGL evolution. We record 

the maximum deviation between the NLS and CGL flows for a number of measures 

and observe a simple relation between € and the rate of convergence. 

The notion of CGL solutions smoothly deforming into particular NLS solutions 

is well illustrated by examining the temporal behavior of the mass for the finite € 

flip-flop solutions. Figure 6.19 shows the temporal behavior of the mass for three 

decreasing values of €. In this sequence, CGL, for r/47r2 = 1.096 and q = 1, is 
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Figure 6.19, shows the time series of the mass of cCGL flip-flop solution for de-
creasing E, r/47r2 = 1.096, and q = 1. Notice that the magnitude of the oscillations 
shrinks with E. 
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Figure 6.20, shows the scaled time series of the mass of cOGL flip-flop solution for 
decreasing f, r/4Tf2 = 1.096, and q = 1. Notice that in the second and third plots 
the phase speed remains essentially unchanged. 
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Figure 6.21, shows the maximum deviation of the mass between the CGL flip-flop 
and the selected NLS nonlinear standing wave for r/47r2 = 0.912 (dash-dot) and 
r/47r2 = 1.096 (solid), and q = 1. 
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Figure 6.22, shows the maximum deviation of the NLS Hamiltonian between the 
CGL flip-flop and the selected NLS nonlinear standing wave for r/47r2 = 0.912 
(dash-dot) and r / 47r2 = 1.096 (solid), and q = 1. 
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Figure 6.23, shows the maximum deviation of the wavefield between the CGL flip
flop and the selected NLS nonlinear standing wave for r/47r2 = 0.912 (dash-dot) 
and r/47r2 = 1.096 (solid), and q = 1. 
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integrated to its time asymptotic state and displayed. For each of the three plots 

in this figure, the vertical scaling is the same. This allows us to see that the mass 

of the time periodic solutions converges to a constant value in time with decreasing 

f. This is consistent with the mass becoming invariant in time for the f --+ 0 NLS 

limit. A precise measurement of the convergence of the CGL mass to the NLS 

value shows it to be linear in f and is given in figure 6.21. Upon redisplaying the 

information in figure 6.19 with optimal vertical scaling, figure 6.20, it can also 

be seen that as f decreases, there is a slight increase in the temporal frequency. 

This increase in the frequency saturates quickly. Over a unit interval of time, the 

difference for f going from f = 0.01 to f = 0.001 is unmeasurable in the scale of 

the figure, but for f going from f = 0.1 to f = 0.01, the difference amounts to an 

additional sixteenth of a cycle. Corresponding behavior is also seen in the NLS 

Hamiltonian for decreasing f. 

At this point we wish to make some precise observations concerning the smooth 

deformation of solutions. A careful measurement was conducted of the mass, the 

NLS Hamiltonian, and the spatio-temporal wavefield resulting from both the CGL 

and NLS flows applied to the flip-flop solutions. The results of that investigation, 

for two values of r, are displayed in figures 6.21-6.23. The invariance of the mass 

and the Hamiltonian under the NLS flow, provides a useful measure of the distance 

between the CGL and NLS periodic flows. In figures 6.21 and 6.22 the logarithm 

of the maximum deviation of the spatial averages is plotted against the 10glO( f). 

Figure 6.23 shows a double-log plot of the maximum deviation of the full CGL 

complex wavefield, A(x, t), as a function of f. The latter of these is the ultimate 

indication of convergence, but in the figures we see that the spatial averages also 

capture this information. 

For r/47r2 = 1.096 and f ranging from 0.1 to 10-4, there is a strictly linear 

decrease in the deviation for all three measures. This is clearly represented by a 
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Figure 6.24, shows a cartoon bifurcation diagram of the low dimensional CGL 
attractor as constructed from analytical and numerical persistence results. Notice 
that inside the separatrix the orbits are all attracted to a fixed point, while outside 
the structure is similar to that in figure 6.4. 

unit slope in the double-log plot. For r/47r2 = 0.912, things are more interesting. 

For the same range of f, the linear response does not come about until e < 0.01. 

This behavior is consistent with the existence of the spatial defect mentioned in 

the last section for large f. Once f becomes small enough, around e < 0.05, the 

size of the node becomes comparable to that of the defect. At this point, the 

spatio-temporal structure of the flip-flop is close enough to that of the nonlinear 

standing wave that the maximum deviation scales linearly with f. 

In general, nontrivial periodic solutions of NLS are destroyed by the addition 

of the nonconservative CGL terms. From the numerical evidence for the three 

measures, it is clear that the CGL flip-flop solution smoothly deforms, linearly 

with e, to the NLS standing wave. Thus the CGL flip-flop is a nontrivial example 

of the preservation of the NLS standing wave solutions under a CGL perturbation. 

Which of these NLS solutions is to be selected, can, in principle, be determined by 

the constraints imposed through the averaging method introduced in section 6.4. 
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6.5.2 Qualitative Picture of CGL Attractor 

In this final section, we wish to put together all the pieces concerning the 

persistence and non-persistence of NLS solutions in order to motivate a qualitative 

picture of the low dimensional CGL attractor. We recall from section 6.3.1 that 

the NLS phase space near the homo clinic is divided into two regions; the inner 

consisting of the breather solutions, while in the outer live the standing waves. 

The homo clinic orbit acts as the boundary between the two. The natural question 

to ask is what part of this structure is preserved for small € under the CGL flow. 

The numerical evidence of this section implies that, at least locally, some of the 

solutions in the outer region are preserved in the attractor as flip-flip orbits. At 

least some of the remaining standing wave solutions are replaced by bands of chaos. 

This was determined numerically for the temporally chaotic attracting solutions 

when r/41f 2 = 0.66 and 0.75. In addition, the numerical evidence suggests that 

the breather solutions, if they persist, are certainly not stable under the CGL 

flow and are therefore not part of the attracting solutions. Simulations using the 

breather profiles and the homo clinic as initial states are seen to rapidly decay to 

the homogeneous solution. Finally, the homoclinic orbits of NLS are shown to not 

persist under the CGL flow. 

These results leave an attractor which is qualitatively much like that pictured 

in figure 6.24. Contrasting this image with that of the NLS phase space, figure 6.4, 

the strongest difference is the shattering of all internal orbits along with the NLS 

homoclinic. For this region, the CGL flow only preserves the stationary fixed 

points. This means the complete loss of the breather solutions under the CGL 

flow. The only nontrivial time periodic solutions to remain, are those external to 

the homoclinic, specifically the CGL analog to the standing waves, the flip-flop 

solutions. 
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We are interested in the numerical simulation of the one-dimensional complex 

Ginzburg-Landau equation, 

on the torus 11'[0,1]. Our study ranges from simulations of "low-D" periodic and 

quasiperiodic behavior to "high-D" fully developed turbulence. In both cases we 

wish to study the asymptotic structure of the solution space. This requires ex

tremely long integration times. The relatively coarse spatial structure of the 

"low-D" solutions can be, in most cases, adequately resolved by virtually any 

approach-provided the stepsize is chosen small enough. The true test of our nu

merical method comes from the "high-D" simulations. 

In the CGL equation fully developed turbulence is manifested by intermittent 

near singular amplitude spikes which cause "stirring" of the wavefield. The evolu

tion of these bursts occurs on extremely fine spatial and temporal scales. Properly 

resolving this detail can be difficult. We approach each of these fine scales in a 

separate way. The temporal integration is achieved through the use of an operator 

splitting method which approximates the full operator in terms of a nonlinear part 

and the remainder. For the CGL equation, the remainder term is just a linear 

constant coefficient differential operator. For periodic boundary conditions, it is 

natural to solve this linear operator spectrally. Provided that an adequate number 

of modes are used, the spectral method is extremely accurate and stable. 

An additional difficulty in simulating turbulent solutions is that the inherent 

presence of strong instabilities to high wavenumber perturbations in the equation 

quickly magnify errors introduced from roundoff. While we cannot expect numeri

cal simulations to exactly follow the chaotic orbits in solution space, the existence 
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of a global attractor for CGL suggests that, provided we are careful, the simu

lations might shadow the attractor well enough to preserve statistical quantities. 

The better we control these roundoff errors, the better chance there is at shad

owing the attractor. As a consequence, we will extensively discuss the methods 

employed to control the propagation of roundoff error. 

In section 7.1 we derive the general operator splitting method along with the 

truncation error. We discuss the advantages of the second order version of this 

method over the first order version, and the restrictions on extending this ap

proach to higher orders for dissipative equations like the CGL. In section 7.2 we 

consider possible choices for the split operators and discuss their relative merits. 

In section 7.3 we introduce a scheme to extend the standard split-step method 

from second to fourth order. Then given the fourth order integration scheme, we 

introduce a significantly cheaper alternative to the usual adaptive timestep algo

rithms. We will see that the introduction of an adaptive stepsize is unavoidable in 

the limit of large T and/or small f. 

In the final section of this chapter we will consider the two most significant 

sources of error affecting the integration of the turbulent solution - roundoff and 

the stability criteria of the method. We will see that together these sources of 

error provide a restriction, which depends strongly on the precision of the machine 

arithmetic, on the range of allowable stepsizes and consequently the maximum 

spatial resolution. 

7.1 Operator Splitting Method 

We wish to consider the numerical solution of a general nonlinear partial dif

ferential equation of the form 

du 
dt = (£ + N )u, u(x,O) = uo(x), (7.1) 
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where the full nonlinear operator can be expressed as the sum of linear £, and 

nonlinear N terms. The operators £, and N will be considered autonomous, and 

the nonlinearity N = N(luI2) will depend only on the modulus of the solution 

u(:z:, t). 

The solution to the initial value problem (7.1) is given by the solution operator 

(7.2) 

where it can be shown [14] that S1+x satisfies the conditions to be a semigroup. 

For small enough D,.t the semigroup representation can be approximated as ex

ponentiation of the "linear" operator £ + N. This simplification is reasonable 

for our purposes since our ultimate goal is the formal construction of a numerical 

technique. 

Formally the solution operator can be represented by the exponentiation of the 

operator £, + N, 

(7.3) 

In many problems it is both difficult and costly to construct this full solution 

operator because it entails solving a dense nonlinear algebraic system at each 

timestep. A simple and cost efficient approximation to the solution operator (7.2) 

can be produced when the relative expense of forming the individual operators et:.t 

and eXt is low. A hint as to how to proceed comes from examining the Trotter 

Product, 

(7.4) 

which expresses the full operator £, + N in terms of an infinite product of the 

individual operators £ and N. In general the operators £, and N do not commute, 

e.g. [£,N] ~ O. This means the Trotter Product, equation (7.4), is exact as 

n~ 00. 

The goal of this section is to motivate and construct the numerical prescription 

used to advance the solution forward in time. To do this we will consider the error 
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for a finite sized n approximation to (7.4). We define a stepsize llt = tin ~ 1. 

Taking the nth root of equation (7.4), we have 

(7.5) 

For a small timestep llt, the full solution operator (7.2) can be approximated in 

terms of a finite combination of the individual solution operators. 

To determine the truncation error of relation (7.5), we make use of the assump

tion llt ~ 1, take the difference of the two terms, and expand both exponentials 

in a power series in llt, 

(eC£+N)At _ e£AteNAt) U
o 

_ (1 + (£ +.N )llt + (£+-;1)2 llt2 + ... ) U o 

-(1 + £llt + ';2 llt2 + ... )(1 +.N llt + ~2 llt2 + ... ) U o 

(llt)2 !(N.c - £N)uo 

- (llt)2 ![N,£]uo • (7.6) 

From (7.6) we see that the approximate relation (7.5) has a truncation error that 

is locally second order in time, i.e. 

(7.7) 

This translates into a global error that is first order in llt. In the remainder of 

this chapter, unless otherwise noted, references to the truncation error will imply 

the global truncation error. 

There are a couple of points to notice about (7.6). The first is that the dif

ference between the approximate and the exact operator representation is propor

tional to the commutator of the two operators [N, £]. By expressing this difference 

in terms of the commutator, we can interpret the local discretization error as a 

measure of the distance in solution space from where eC£+N)At takes a point versus 
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___ ----.. eA eS Uo 

Uo f_-----------e eA+S Uo 

-------.. eS eA Uo 

Figure 7.1, shows geometriclly the meaning of a nonzero commutator. 

where et:.AteNAt or eNAtet:.At takes the same point. Following this same analogy, it 

is clear that the approximate trajectories Uo ~ et:.AteNAtuo and Uo ~ eNAtet:.Atuo 

bracket the "exact" trajectory Uo ~ e(t:.+N)At u o, see figure 7.1. This symmetry 

in the truncation error suggests a simple correction to increase the order of the 

accuracy of (7.7). 

The key to increasing the accuracy of (7.7) is to use the symmetry of the O(b.t2
) 

coefficient. The action of et:.AteNAt has an error proportional to the commutator 

[N,£]. Reversing the order of the operators, eNAtet:.At, reverses the commutator. 

From the skew symmetry of the commutator, [£,N] = -[N,£], it can be seen 

that the symmetrized splitting eNAtet:.Atet:.AteNAt results in a cancellation of the 

error at second order. Combining the two inner exponentials, and then replacing 

b.t ~ b.t/2, results in the expression 

(7.8) 

Again taking the difference between the exact solution operator and the new ap

proximation 

(e(t:.+N)At _ eNAt/2et:.AteNAt/2) Uo 

_ (1 + (£ + N )b.t + (£+{)2 b.t2 + ... ) U o 

-(1 + N~t + N2:t2 + ... )(1 + £b.t + t:.2~t2 + ... )(1 + N~t + N2:t2 + .. . )uo 

_ (b.t)3 (t:.Nt:. _ t:.2N+N£2 + t:.N2+N 2t:. _ Nt:.N) u 
6 12 24 12 0 

- (b.t? 112 [(£ + ~N), [N, £]] U o , (7.9) 
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where we see that the new symmetrized approximation to (7.2) agrees to V(ilt3
), 

implying a global truncation error of second order. This two stage, globally second 

order operator splitting method was first mentioned by Strang [60], and was later 

employed by Hardin and Tappert [61] for the solution of the KdV equation. It will 

form the foundation of our integration method. 

The coefficient at V(ilt3
) is now significantly more complicated than that in 

(7.6). One would expect to not be able to eliminate this term in a simple way. 

Higher order combinations of the operators do exist [62], but can only be applied 

to nondissipative/reversible systems like the NLS equation. Goldman and Kaper 

[63] have shown that all splittings that combine to third and higher order require 

that each separate solution operator take at least one negative timestep. For a 

dissipative partial differential equation, this requires that a backward step with an 

unstable solution operator must be taken. For the CGL equation, this effectively 

translates into integrating the backward heat equation, which is highly unstable 

to large wavenumber perturbations. In section 7.3 we will consider an alternative 

strategy to increase the order of accuracy of the operator splitting method for 

nonreversible systems. 

An additional advantage to the symmetric second-order splitting (7.9) is that it 

can be implemented with virtually no additional cost over the first order splitting 

(7.7). To reach time tn = nilt requires n applications of the symmetrized operator 

u(:z:, tn) _ (eN~t e.cateN~ttuo(:Z:) 

(7.10) 

Notice that consecutive terms of eNat/2 in equation (7.10) can be combined, re

sulting in 

(7.11) 

The algorithm in equation (7.11) only costs one additional evaluation of the non

linear operator over the first order method, but gains a whole order of accuracy. 
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7.2 Choice of Splitting 

The split-step method introduced in section 7.1 to advance the solution in time 

gave little criteria as to the best choice of split operators I:, and N. From the form 

of the truncation error in (7.6) and (7.9), it can be inferred that the optimal choice 

for the split operators minimizes the commutator of I:, and N. This, in general, 

is not a simple task. From a physical perspective, one would expect that the best 

choice for the split operators is when each performs a comparable action, i.e. for 

some norm 

III:, + Nil'" 111:,11 + IINII· 

As an illustrative example consider a combustion process that can lead to deto

nation. A combination of the linear and nonlinear terms might be necessary to 

maintain a realistic solution. If the physics is split indiscriminately, the physically 

realistic controls on the combustion process might be lost. This could result in a 

much greater tendency for a false detonation regardless of the accuracy constraints. 

When splitting the operator, it is vital that the important physical processes be 

maintained. For the remainder of this section we will constrain ourselves to the 

specific cases of applying the split-step method to the NLS and CGL equations. 

For both the NLS and CGL equations, spatial derivatives are only found in the 

linear part of the operator. This combined with the choice of periodic boundary 

conditions makes a spectral representation of the linear solution operator a natural 

choice. In our implementation of the split-step method, the linear constant coeffi

cient operator I:, is diagonalized by transforming to a Fourier space representation 

and then formally exponentiating the operator. Provided the spatial grid has an 

adequate sampling rate to eliminate aliasing, the spectral method is exponentially 

convergent. The cost of this method is proportional to Nlog N, where N is the 

number of grid points. 

For the remaining part of the operator, which will be designated as the nonlin-
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ear part N, the spatial coordinate :z; can be thought of as a parameter. In general 

we think of N as containing the nonlinear terms of the equation. For the NLS and 

CGL equations the solution to the nonlinear part can be exactly expressed in terms 

of transcendental functions. We use the exact solution of the nonlinear part for 

the NLS equation because its construction is straight forward and computationally 

efficient. For the CGL equation, the explicit form of this term is quite involved. It 

requires the evaluation of numerous complex transcendental functions and is there

fore computationally costly to produce. Instead I use a third order Runge-Kutta 

algorithm (RK3) to take a single forward step. Because the split-step method is 

second order, the error from a third order RK integrator should not be observed in 

the simulations. Actual simulations of the CGL equation show that both the exact 

solution and the RK3 routine are essentially equivalent. This is not true for the 

NLS simulations. The dissipative forces in CGL help to control the accumulation 

of error. The RK3 routine has the added advantage of requiring only two-thirds 

of the computational cost of forming the exact solution. The trade-off is a slight 

loss in numerical stability. This is not noticed for the split-step method because 

the stability constraint for the split-step method, section 7.5.1, is far more severe. 

Next we discuss specific choices of the operators £ and N. 

For the NLS equation both the linear and the nonlinear terms are dispersive. 

From the above criteria, there is a natural splitting of the operator, 

£A = i8:z::z:A, 

N(A) - 2iu1A1 26A. 

(7.12) 

(7.13) 

For u < 0 we have the defocusing case. Here both the linear and the nonlinear 

dispersion act in concert. For u > 0 the two dispersive terms compete. Here 

the dispersion is said to focus or concentrate the wavefield. From the physical 

argument above, we would expect that the defocusing NLS is better suited to the 

split-step method that the focusing case. 
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For the CGL equation things are complicated by the presence of additional 

terms. For example, taking the most literal interpretation of the splitting results 

in the choice 

£A - Er A + (e + i)8a:a:A , 

N(A) - -2(eq - iu)IAI26A. 

(7.14) 

(7.15) 

The linear part contains a growth term, dissipation, and dispersion. The nonlinear 

term consists of damping and nonlinear dispersion. 

Alternatively, spatially homogeneous solutions to the CGL equation have a spe

cific dynamic structure. By placing the linear driving along with the nonlinearity, 

£A - ( e + i)8a:a:A , 

N(A) e(r - 2eq1A126)A + 2iulAI26 A, 

(7.16) 

(7.17) 

the fixed points of the spatially homogeneous solutions are preserved. This suggests 

another strategy for splitting. The nonlinear term is effectively the right hand side 

of a vector ODE. When the wavefield is near the homogeneous solution the first 

term in (7.17) is small. If the phase term is also small, then the solution evolves 

slowly. Unfortunately for even moderately sized r, the phase term in (7.17) will be 

quite large. In this third and final form, we attempt to minimize the change in the 

solution by balancing the phase term. This is done by adding an additional linear 

term to the nonlinear operator and subtracting it again from the linear term. This 

results in 

£A 

N(A) 

iur/qA + (e + i)8a:a:A, 

(e - iu/q)(r - 2qIAI26)A. 

(7.18) 

(7.19) 

Notice that the rate of change of the solution to the nonlinear part is small for any 

r when the solution is close to being homogeneous. The effect of the additional 
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term in the linear part varies according to the sign of (J'. For the focusing case the 

effect is to shift the rate of the phase rotation such that there are three distinct 

regions. For wavenumbers len ~ Jr/q, the phase is rotated at a moderate rate 

in the positive direction. The phase of the wavenumbers kn '" Jr/q evolve only 

slowly; and while the wavenumbers len » Jr/q rotate quite fast, they also undergo 

very rapid attenuation and are not a significant influence on the solution. Thus 

for the violent behavior in the focusing case this third balance of the linear and 

nonlinear operators improves the accuracy of the time integration by minimizing 

the change in the solution at each step. We expect this to be reflected in the size of 

the commutator of £. and N and hence in the coefficient in front of the truncation 

error. 

7.3 A Higher Order Scheme for Irreversible Systems 

For the CGL equation with cubic nonlinearity, (and quintic nonlinearity for 

moderate €), the second order split-step method (7.11) provides ample accuracy 

and speed for our needs. Unfortunately, the extremely small time scales found in 

the small € limit of the quintic and the septic CGL equation necessitates a further 

increase in accuracy to counteract the roundoff error due to very small stepsizes. As 

mentioned before, Yoshida's method [62] cannot be applied to the CGL equation 

to construct a higher order algorithm because of the dissipative terms. Following 

a suggestion in [64], a further improvement on the standard split step algorithm 

can be achieved through the application of Richardson's extrapolation. We start 

by outlining the use of Richardson's extrapolation to increase the order of an inte

gration scheme, and conclude with specific details of its application to the second 

order split-step method. For additional details on Richardson's extrapolation, see 

[65]. 
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Consider a generic differential equation of the form 

8Y at = F(Y,t) , 

where F is assumed to have a sufficient number of derivatives such that there exists 

an approximation y(tj h) to the exact solution Yet). For our purposes, we assume 

that y( tj h) is constructed from a pth order method, and that the approximate 

solution possesses an asymptotic expansion in powers of h of the form 

y(tj h) = Yet) + Cp(t)hP + Cp+1(t)hP+1 + ... , (7.20) 

which is valid for all h < 1. The coefficients Ci(t) are independent of h and depend 

only weakly on t. From equation (7.20) the global discretization error is defined as 

e(tj h) = y(tj h) - Yet) = Cp(t)hP + O(hP+1). (7.21) 

The approximate solution y( tj h) can be corrected to the next order provided we 

can find a way to remove the term Cp(t)hP in the expansion. A simple trick is to 

notice that the coefficient Cp( t) is independent of the step size h. Expanding the 

approximate solution around half the step size, h/2, we see that 

y(tj h/2) = Yet) + Cp(t)(h/2)P + O(hP+1) (7.22) 

Taking the expression (7.22), multiplying by 2P , and subtracting it from.(7.20), 

cancels terms to the next order, i.e. 

2Py(tjh/2) -y(tjh) '" O(hP+1). (7.23) 

Therefore, by integrating the initial condition up to a time t with both stepsizes 

hand h/2, the solution at time t can be approximated to at least one additional 

order of accuracy, 

Yet) = 2Py(tj~) - y(tj h) + O(hP+1). 
2p -1 (7.24) 
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For general t, p is the global order of the integration method. If instead, the 

Richardson extrapolation is applied at each timestep, p becomes the local order of 

the method which is one degree less than the global order. 

For our purposes, the approximation y( tj h) is simply the second order split

step method (7.9), where h is the stepsize. Since the Richardson extrapolation will 

be applied on each step, we have that p = 3. The approximations to yet) formed 

with stepsizes hand h/2, take the form 

( / ) 
.,Ll.t r.Ll.t .,Ll.t r.Ll.t .,Ll.t () y t + botj bot 2 - eN T e "'2 e/v T e TeN T UR t , 

(7.25) 

(7.26) 

where UR(t) is the Richardson extrapolated solution from the previous timestep. 

The corrected approximate solution at time t + bot is 

( 
A) 8y(t + ~tj ~t/2) - yet + botj bot) 

UR t + Llt = 7 . (7.27) 

It has been observed in numerical simulations of the CGL equation that this scheme 

exhibits an increase of two orders of accuracy, making it fourth order globally. This 

additional order of accuracy over what is expected from the derivation is a result of 

the truncation error having an even symmetry in h. Thus the second order method 

goes directly to fourth order. The added cost of this correction is somewhat high. 

The fourth order Richardson extrapolated scheme requires almost three times the 

computational work of the standard second order method. The added cost is more 

than compensated for when combined with a variable stepsize. This feature is 

discussed in section 7.4. 

7.4 Variable Timestep Control 

In section 7.3 it was mentioned that the motivation behind creating a higher 

order integrator out of the original second order split-step method was to facilitate 
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the introduction of variable timestep control. In the small E limit of the CGL 

equation, the intermittent amplitude bursts act on extremely short time scales in 

comparison to the average interval in between bursts. In a fixed stepsize algorithm, 

the finest time scales determine the largest allowable !:l.t. If, as in the CGL equa

tion, these fine time scales are intermittent, a fixed stepsize will be much sma.ller 

than needed for most of the dynamics. There are two disadvantages to this. The 

smaller timestep results in a drastic increase in the total run time because the 

number of steps needed to complete the integration is greater. Beyond the ob

vious increased computational cost, using an extremely small fixed stepsize also 

increases the propagation of roundoff error in the largest scales, see section 7.5.2. 

A variable stepsize can minimize this low mode stagnation by restricting the use 

of extremely small stepsizes, and hence the low mode roundoff error, to the brief 

life of the bursts. In addition, by reducing the total number of steps, the run time 

is decreased. 

The advantages of an adaptive stepsize need to be weighed against the added 

algorithmic and computational complexity of varying the stepsize. The standard 

approach to choosing a new stepsize for a small system of ODEs can be very costly 

when applied to a PDE on a fine grid. This is because in practical terms such a 

PDE is effectively a very large, and possibly very stiff system of coupled ODEs. To 

determine the new stepsize in the PDE it is necessary to search the whole domain 

for the greatest change in the solution at the present time. The stepsize !::l.t is then 

chosen small enough to control the maximum change in the solution for the next 

timestep. This process must be repeated for each step in time. 

In the small E limit of the CGL equation, the short time scales of the intermit

tent behavior coincide with the extremely fine spatial structure of the burst events. 

Adequately resolving this spatial structure requires that the number of grid points 

N be extremely large. Searching the whole interval to determine the new stepsize 
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can be very costly in such cases. In addition, this approach requires an extensive 

amount of memory to store previous solution fields for comparison. An alternative 

approach that minimizes the amount of extra memory required is to compute the 

discretization error form approximations of the solution at a time t' calculated with 

two different stepsizes. This approach is related to the Richardson's extrapolation 

used in section 7.3 to improve the second order split-step method to fourth order. 

Recall that the fourth order scheme outlined in section 7.3 relies on a single 

application of Richardson's extrapolation at each timestep. This entails computing 

the second order solutions at two different stepsizes, D.t and D.t/2. From the 

difference of these second order solutions, the discretization error (7.21) for the 

next timestep can be estimated [65], and the change in the new stepsize D.t', can 

be calculated without additional cost. The new stepsize is given by the formula 

D.t' = (JD.t tol ( 
E )1/4 

Iy(t + D.tj D.t/2) - y(t + D.tj D.t)1 ' 

where we have retained the notation from section 7.3. Etol is the tolerance on the 

discretization error, and (J E (0,1] is an additional scaling factor introduced to ac

count for the error estimates being recursively based on the previous time interval. 

This is known as Fehlberg's method. It assumes we are willing to overestimate the 

error with a second order method, rather than a fourth order one. The advantage 

to this choice is that all the information needed to compute D.t' already exists in 

order to produce the fourth order solution. Because it is still necessary to search 

for the minimum stepsize out of N possibilities, this approach is still not optimal, 

and as a consequence this idea will not be developed further, but instead we will 

focus on a less costly approach based on the stability criteria for the split-step 

method. 

In section 7.5.1 it will be shown that the restriction 

(7.28) 
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where kma:l: < 27r(N /2) is the largest wavenumber with relative magnitude greater 

than machine roundoff, is necessary to maintain the stability of the split-step 

method. Roughly, this condition can be thought of as coming from the requirement 

that the linear solution operator eik~"",~t does not rotate the phase of the kma:l: 'th 

Fourier mode through more than a half cycle. 

Ablowitz and Herbst [35] showed that high wavenumber instabilities in the 

split-step method lead to numerically induced chaos in the cubic NLS equation. 

In the small e limit of the CGL equation, the stability condition (7.28) provides 

the most severe restriction on the stepsize. As such, it can be used to provide a 

"quick and dirty" approximation on D.t', the new stepsize, in terms of the largest 

significant wavenumber kma:l:' By examining the energy in the Fourier modes, the 

value of kma:l: < kN / 2 can be determined by searching for the smallest n where 

the ratio of the Fourier coefficients laol/lanl is less than or equal to the machine 

roundoff. Previously, finding the new step size required searching each of the N 

points of physical space for the strongest constraint on l:1t'. In contrast, by using 

the stability criteria, the search is instantly cut in half, because there are only N /2 

wavenumbers in the spectrum to search. An additional reduction in the search 

follows from restricting the change in the stepsize to either a multiplication or 

division by a factor of two. This means that rather than searching every element 

of the spectrum, only the modes near n = 2m / 2 need be tested. For N = 2048, only 

20 modes would need to be tested. For large N, this amounts to a considerable 

reduction in the number of comparisons necessary. As a test of this timestep 

criteria, we conducted a long time integration of the turbulent CGL bursts. The 

resulting stationary spectrum was devoid of the timestep induced artifacts seen in 

figure 4.12, but was computed with roughly a seventh the number of iterations. 

This translates into a reduction of the wall clock time by almost a factor of three. 
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7.5 Sources of Time Integration Error 

For a general nonlinear PDE it is a leap of faith to assume that a continuous 

system can be accurately represented by a discrete approximation. For the CGL 

equation we can be reassured about the validity of the numerics because of the 

existence of an attracting ball, and in many cases an inertial manifold. While 

they exist, these analytical objects infer enough control on the solution that one 

expects the simulations to correspond with actual solutions. Nonetheless, it is 

still necessary to adequately control the various sources of error in the integration 

method. The most significant source of error is from numerical roundoff. This 

roundoff error manifests itself in two ways. First as lost significant digits and 

second by seeding high wavenumber instabilities. 

In order to control the instabilities to large wavenumbers resultant from the 

numerical method we see in section 7.5.1 that there exists an upper bound on the 

allowable step length 

which is related to the largest significant wavenumber kmaz. Likewise in sec

tion 7.5.2 the cumulative roundoff error due to finite precision arithmetic leads 

to a limitation on the smallest stepsize. The exact value of this lower bound re

flects both the precision of the calculation and the specifics of the algorithm. The 

two limits can be combined to give the window 

where fltmin is given in section 7.5.2. It is also useful to notice that the above 

inequality can be interpreted as relating the grid size, through the largest significant 

wavenumber kmaz, to a measure of the roundoff error tltmin. This implies that for 

a fixed precision of arithmetic and tolerance of error, there is a limit on the number 

of grid points that can be used. These numbers are also given in table 7.1 for three 
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updating algorithms. 

7.5.1 Stability Analysis of Numerical Methods 

The effect of finite precision arithmetic in numerical calculations is the most 

common source of error and instabilities. For our simulations of the CGL equation, 

spurious gain in the high wavenumbers is observed if the stepsize is too long. This 

gain can be calculated using linear stability theory applied to the discrete numerical 

operator. We consider the stability of the split-step method as applied to the NLS 

limit of the CGL equation because the absence of dissipation in this case leads to 

the greatest growth rates. 

We wish to investigate the linear growth rate of a generic sideband perturbation 

of the spatially homogeneous NLS Stokes wave under the flow of the discretized 

version of the operators £, and N. This analysis is similar to the linear stability 

analysis in Chapter 3.4 for the Stokes wave solutions with the exception that both 

the Stokes wave solutions and the solution operators are in discretized form, and 

was originally presented in [66]. For simplicity, we will consider the flow due to 

the first order split-step algorithm (7.5). 

The linear stability analysis follows from considering the growth rate of a side

band perturbation of the form 

(7.29) 

where Xj = j.6.x, and the discretized homogeneous Stokes wave takes the form 

Am = -2iulaI2'm~t _ ae . (7.30) 

Using (7.29) as an initial condition we then evolve the solution under the flow 

produced by the split-step method using discretized versions of the split operators 

(7.12) and (7.13), e.g. 

S",(b.t)A(jb.x, milt) _ A(jb.x, milt)e-2iuIAiI2'~t , (7.31) 
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(7.32) 

We will consider the effect on the growth rate of a single timestep of the composition 

of (7.31) and (7.32). Keeping only terms linear in pm produces the linear map 

(7.33) 

where 1 = 2sulal26 llt. The eigenvalues of this map 

where 

f3n = cos(k!llt) + 1 sin(k!llt) , 

provide the growth rates for the sideband perturbation. Marginal stability is 

achieved when IAtl = 1. This implies the condition 

IA!I = .j{3~ ± 1{32 - 11 = 1, 

which has the two solutions 

k211t = mr and n tan(k!llt + mr) = 1 21 2 
-1 

(7.34) 

The first solution provides an upper bound llt = 7r / k!ax on the stepsize necessary 

to maintain the linear stability. This agrees exactly with the heuristic argument 

given in section 7.4. 

7.5.2 Roundoff Error 

In section 7.5.1 it was shown that the stepsize llt must be less than 7r / k!ax 

in order to maintain the accuracy and stability of the split-step method. In this 

sectio~ we will show that the stepsize must also be larger than a certain dt in order 

to control the cumulative effect of roundoff error. This lower bound on the step size 



221 

is strongly dependent on the number of digits of accuracy in the simulation1 and 

on the explicit method used to update the solution between timesteps. Together, 

these bounds provide a window on the range of allowable stepsizes that maintain 

both stability and accuracy of our numerical simulations. 

We will start by considering how finite precision arithmetic, when the stepsize 

is small and the integration time long, can introduce errors into the complex phase 

of the solution. The linear solution operators for the CGL and NLS equations have 

the form 
stt = e~(r-Ic~)at e-ilc~at (CGL) , 
stt = e-ilc~at (NLS) . 

These linear operators both contain the term exp( -ik~b.t). It has the effect of 

rotating the orientation of the Fourier modes in the complex plane. Since the sta

bility criteria requires that b.t f'V 1/k!arr:l the argument of the complex exponential 

becomes k~ 6.t f'V (Ien/ kmarr:)2, and the total phase shift at each step is a function of 

n. 

If we assume that nmarr: is "very large," (how large will be made precise in a 

moment) the range of k~ can span many orders of magnitude. For n f'V nma:z:, the 

ratio of kn/ kmarr: is close to unity and the Fourier modes undergo a phase shift of 

less than 7r for each step. For n ~ nmarr:, the ratio () = k~6.t f'V (kn/kmarr:? is very 

small. As a consequence, when () is exponentiated the rotation due to the operator 

is very near the identity, i.e. 

As an example, suppose ei9 can be expressed up to fifteen digits, and () f'V 10-8 , then 

the second order term of the exponential is truncated due to roundoff error. While 

an actual computer does not evaluate a transcendental function like the exponential 

with a Taylor series, the effect of roundoff error is essentially the same. Because 

lTypically, double precision floats using the 8-byte IEEE standard has an accuracy of less 
than 16 digits in baselO. 
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in finite precision arithmetic the exponential looks like 1+ something small, as a 

consequence most of the significant digits are lost for very small O. 

This loss of information may not be critical for the "infinitesimal" rotations 

resulting from a single timestep, but the cumulative error to the phase resulting 

from many of these rotations will be significant. Put another way, this issue can 

be understood in terms of the failure of the identity 

(7.35) 

to hold for finite precision arithmetic. For 0 ~ 1 and m'" 1/0, the left hand side 

of (7.35) will diverge from the right as 0 decreases because of lost significant digits. 

For the CGL equation, 0 '" k~bt.t. For the lowest Fourier modes, the product k~bt.t 

will be very small, and hence the truncation error for these modes will be greatest. 

This translates into a stagnation of the dynamics in the lowest Fourier modes. 

Because of roundoff, the phase of these modes becomes effectively fixed. 

For the CGL equation there is the additional consideration of dissipation. The 

evolution of the amplitude for the smallest wavenumbers is influenced by the term 

(T - k~)bt.t '" T / k!aa: ~ 1. Again the cumulative effect of the roundoff error is 

significant, and amounts to a reduction in the total energy introduced into the 

system. Nonetheless we will restrict our attention to the influence of the error 

introduced into the complex phase of the solution because this source of error has 

the greatest impact on the solution due to the resulting decorrelation of the lowest 

Fourier modes. 

The final goal of this section is to quantify how the size of bt.t affects the 

introduction and propagation of error into the phase of the Fourier coefficients. 

We propose to answer this question through a numerical experiment. Let f/Ji be 

a collection of unit vectors in the complex plane. In turn, each of these vectors 

will be taken as the initial state and then rotated in the complex plane a full 

360 degrees through repeated applications of the incremental rotation operator 
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eiB • The final orientation of this vector will then be compared with the initial 

value, and the error computed. This procedure is then conducted for a sequence of 

progressively smaller O's, and on three different, but "mathematically identical," 

representations of the rotation operator. Each of these representations exhibits a 

separate dependence on 0 and the cumulative error. 

These three representations for the rotation operator are mathematically equiv

alent, but significantly differ when evaluated by a computer. The first of these will 

be called the difference form. By definition any amount of rotation is achieved by 

a single application of the operator 

It will be useful to think of ljJ( 0) as the sum 

ljJ(O) = b.ljJ + ljJ(O), (7.36) 

where b.ljJ is simply the change in the vector after one application of eiB • Solving 

for the change, we see that 

b.ljJ - (e iB 
- 1) ljJ(O) 

_ 2isin(0/2)eiB/ 2ljJ(O). 

(7.37) 

(7.38) 

For small 0, the term eiB - 1 in (7.37) is effectively the difference of two nearly 

identical numbers. As a result most of the significant digits from 0 are lost to 

roundoff. In (7.38) the difference has been replaced by a symmetrized function 

which vanishes smoothly with 0. Some of the digits originally lost to the difference 

are now retained. The solution is then updated by (7.36) and the process repeated 

until the full circle is covered. 

The second representation again uses the change in the solution b.ljJ, but adds a 

summing strategy suggested by Dalhquist and Bjorck [67] to update the solution. 

We refer to this approach as the delta form. The basic idea requires the use of two 
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variables: <Pinitial to carry the part of the solution expressible by machine precision, 

(about the first 15 digits), and <Prflilidual to hold the residual part of the solution 

previously lost to roundoff. In effect, two double precision variables are employed 

to act as a single quadruple precision variable. The variable <Prflilidual increases at 

each step until its magnitude is large enough for some of its value to be transferred 

to <Pinitial' The algorithm for the delta form is as follows: 

D.<P - <Prflilidual + S~ym (<Pinitial + <Prflilidual) , (7.39) 

<Pint - <Pinitial + D. <P , 

<Prflilidual - D.<P - (<Pint - <Pinitial) , 

<Pinitial - <Pint, 

where <Pint is just an intermediate variable, and S:ym is the symmetrized operator 

(7.37). In (7.39) the change in the solution is formed by advancing both the initial 

and residual vectors and adding them to the previous residual. In the third line, the 

difference <Pinitial - <Pint captures the first 15-digits of the change in the solution. 

The remaining digits are placed in the variable holding the residual. The final 

step is to update the initial value. Because the complex exponential and the sine 

function in S:ym are only calculated to double precision, this strategy does not 

actually achieve quadruple precision. Still, as we will see in figure 7.2, it provides 

the most accurate method to update the solution of the three. 

Let us illustrate the delta form with a simple example employing three digit 

arithmetic. Setting D.<P = 0.0123 and ,pinitial = 1.00, 

,pint - 1.01, 

<Pinitial - <Pint - 0.01, 

,prflilidual - 0.0123 - 0.01 , 

- 0.0023. 
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Figure 7.2, shows a double log plot of the error introduced by representing the 
complex exponential by multiple finite rotations. This figure shows the error as a 
function of stepsize for the delta form 0, the difference form b., and the original 
rotational form *. Because the growth of the error is roughly linear in the figure, it 
can be approximated as a power-law in O. Notice that each of the update methods 
results in a different exponent. 

By keeping track of the residual part of the solution, the last digit of ¢;initial will 

differ after five iterations. As we will see, this additional accuracy has a significant 

impact over many iterations when the step is very small. 

The final representation is that originally proposed as the rotation operator, 

ei8 • Ideally, after m applications of the operator 

since mO = 27r. For finite precision arithmetic, we expect this representation to 

exhibit the greatest error in the phase. 

Figure 7.2 shows the results of our numerical study. As 0 decreases, notice that 

the cumulative error increases algebraically for each of the methods. The spread in 

the error for a specific 0 illustrates how the choice of different initial angles results 

in slight variations in the propagation of error. The delta form, as expected, 
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lltmin kmaa: 
delta form 10 8 104 

difference form 10-8 104 

original form 10-6 103 

Table 7.1, shows the restriction on the minimum stepsize or equivalently the max
imum number of grid points due to the influence of roundoff error. 

exhibits the slowest growth in error for decreasing O. Surprisingly the difference 

form performed almost as well as the full delta form. For the original rotational 

form, the error grows quite rapidly. For all three, the amount of error becomes 

roughly the same at 0 '" 10-9
• This makes sense because the transcendental 

functions needed to evaluate the delta and difference forms are only accurate to 

double precision. The important thing to notice is that for 0 '" 10-8
, the delta form 

is good to roughly fourteen digits, the difference form to twelve digits, while the 

original form is down to eight. A significantly smaller stepsize can be used when 

the delta and difference forms are employed. From figure 7.2 we can estimate 

the minimum stepsize lltmin for double precision arithmetic, see table 7.1. For 

each lltmin is a corresponding maximum wavenumber kmaa:. For double precision 

arithmetic, this means that we are limited to grid sizes of less than ten thousand 

points if the delta or difference forms are employed, and roughly a thousand points 

with the original rotational form. In practical terms this places a restriction on the 

smallest f. For example, in the quintic case for r/47r2 = 100 and q = 9, f ~ 0.0005. 

Smaller values of f require more than the allowed ten thousand grid points and 

subsequently machine precision greater than the standard fifteen digits available 

on most workstations. 

In terms of upkeep, the delta form costs twice as much as the difference form to 

update. For very small stepsizes there is clearly little advantage and considerable 

extra cost in using the delta over the difference form. To save on the computational 
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expense but maximize the resolution of our numerical calculations, we use the 

difference form throughout this work. 
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