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ABSTRACT 

This thesis describes research on the structure and dynamics of two-dimensional 

foams. New experimental results are presented and new algorithms developed to 

study foam dynamics with particular emphasis on foams that evolve with signifi

cant rupture. It is also shown how the algorithms developed for foams (including 

rupture) can be modified to study grain growth in polycrystals. 

In the introduction, basic principles and statistical properties of two

dimensional coarsening cellular patterns are reviewed. Theoretical and compu

tational models which have been developed are also discussed. 

In Chapter 2, experimental results are presented for the relaxation of a two 

dimensional soap foam in which wall breakage is initiated through gentle warming 

of the foam cell. Significantly different phenomenology from the relaxation of non

breaking foams is observed. At a critical "break time," which depends on the 

temperature ramping rate and initial conditions, a large scale mechanical cascade 

of wall rupture sets in leading to a rapid disintegration of the foam. In the cascade 

regime, whose behavior is essentially independent of the ramping rate, a dynamical 

scaling behavior, associated with the distribution of cell edge lengths, is proposed. 

In Chapter 3, an efficient new algorithm for simulating the evolution of 

two-dimensional dry soap foams is presented. Our physically based model for the 

evolution is based on a combination of mass transfer, vertex movement, and edge 

relaxation. The stochastic nature of topological transitions due to numerical error 

has been carefully examined and may explain the discrepancies found between this 

and other simulations. 

In Chapter 4, simulations of breaking foams by this new algorithm are 
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presented. The separation of vertex and edge movements permits a study of foam 

evolution that includes wall rupture. This evolution exhibits a sensitive dependence 

on both the type of breaking "rule" chosen as well as the initial conditions. The 

topological evolution is characterized in terms of certain "evolution exponents," 

and we show simulation results that agree with theoretical considerations. 

In Chapter 5, normal grain growth in anisotropic polycrystals is simulated 

using a new algorithm developed from the one used to simulate normal foams. The 

simulation results, without breakage, show a decrease in growth exponents which 

is due to the reduction in the mean surface energy during evolution. However, 

including breakage of low angle tilt grain boundaries substantially increases the 

growth exponents. These simulations highlight the fact that competition between 

anisotropic effects and boundary breakage can lead to a wide range of possible 

growth exponents. 
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CHAPTER 1 

INTRODUCTION 

1.1 Cellular Pattern 

The natural occurence of cellular patterns has long been recognized as an impor

tant state in many, seemingly unrelated, scientific fields. These patterns can be 

found in fields as diverse as geology, geography, biology, metallurgy and materials 

science, ecology, condensed matter physics and may also be relevant to other fields 

such as cosmology and sociology. They can, in general, be characterized as the 

geometrical construction which tiles the plane in two dimensions or fills space in 

three dimensions. In particular, we wish to discuss those cellular patterns which 

form on being driven by boundary surface tension and minimal energy conditions. 

In geology, a tremendous number of examples of naturally occuring cellular 

patterns can be observed over a range of scales. One of the earliest documented and 

famous examples is that of the Giant's Causeway found in Northern Ireland [14, 21], 

whose cellular pattern is contained in the fracture of a basalt deposit. Foley[21] 

noticed and qualitatively analyzed the irregularity of this pattern in 1694, i.e. he 

observed that there are more pentagons than hexagons and no squares, which 

was the first attempt to describe cellular patterns in a statistical way. Biology is 

also a great source of cellular patterns. In particular, the unique and outstanding 

work of Sir D'Arcy Thompson[86] is a monument in this field. In his book, "On 

Growth and Form," first published in 1917, various cell patterns ofliving organisms 

were studied and the analogy with soap froths was investigated. In addition, the 
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importance of surface tension in determining biological patterns was considered. 

By contrast to the cellular patterns described above, which are in most 

cases static, coarsening (evolutionary) cellular patterns in polycrystalline materials 

and soap froth have only been systematically studied since the 1950's. Smith[79, 80] 

was the first to recognize the analogy between the coarsening dynamics of grains 

and that of soap bubbles. A slightly earlier effort by Bragg et. al.[13] tried to 

experimentally model crystal structure in terms of bubble rafts in which each 

equally sized (circular) bubble was considered to be like an atom in polycrystalline 

materials. This model, although elegant, did not yield quantitative description of 

evolution due to the limited number of bubbles in the rafts. 

The basic properties of a cellular structure can, in fact, be deduced from 

the elementary topological principles contained in Euler's theorem. A two-dimensional 

cellular structure consists of vertices, edges, and cells, while a three-dimensional 

structure has, in addition, faces. (Here, a cell in two dimensions indicates a poly

gon and in three dimensions a polyhedron.) The number of edges meeting at a 

vertex is called the coordination number, z, and a stable cellular structure (in terms 

of surface energy considerations) requires z = 3 in two dimensions and z = 4 in 

three dimensions. In this cellular structure, the toplogical elements obey Euler's 

equation, 

Nc - NE + Nv = 1 (2D), 

-Nc + NF - NE + Nv = 1 (3D) 

(1.1 ) 

(1.2) 

in Euclidean space, where Nc is the number of cells, NF of faces, NE of edges, 

and Nv of vertices. In the limit of a large system, Eq. (1.1) and Eq. (1.2) give the 

basic topological properties, 

(n) = 6 (2D), 

(I) = 12/ (6 - (n)) (3D), 

(1.3) 

(1.4) 

respectively, where (n) is the mean number of sides of a cell (2D) or a face (3D) 
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and (1) the mean number of faces of a cell (3D). 

1.2 Physics of Coarsening 

1.2.1 Grain Growth and Soap Froth 

In materials science, grain growth in polycrystalline materials has attracted a lot 

of attention since grain boundaries have proved to be a major factor in determining 

the mechanical[101, 61], electrical[64], and magnetic[92] properties of these mate

rials. Grain growth usually occurs upon annealing a polycrystalline material after 

the completion of primary recrystallization[15, 3]. The atoms at a grain boundary, 

which is the surface between two dissimilarly oriented crystals, are in a higher 

energy state than those inside a grain, and the minimization of this surface energy 

causes the coarsening of grains. Microscopically, an atom in the convex side of a 

grain boundary jumps into the concave side, i.e. towards the lower energy state[32]. 

By contrast, the principal driving force in a soap froth is diffusion; namely 

gas molecules diffuse across the curved cell walls between bubbles due to the sur

face tension of soap films. Ever since Smith[79] pointed out the analogy between 

the driving mechanism of a soap froth and that of grain growth, (two-dimensional) 

soap froth has been extensively studied as a model for grain growth. Because the 

secondary effects in polycrystalline materials, such as impurity segregation and 

crystalline anisotropy, make it difficult to study the universal coarsening charater

istics driven by the surface energy, a soap froth has the obvious advantage of being 

relatively easy to study experimentally, and, more recently, to simulate numeri

cally. 

There exist differences between these two systems; the most fundamental 

being the time scale in boundary relaxation. In a soap froth, a boundary (soap film) 

relaxes towards the shape of minimum surface energy (the arc of a circle) almost 
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instantaneously compared to the time scale of gas diffusion, whereas the migration 

and equilibriation of a grain boundary occur in nearly equal time scales[32]. As 

a result, it can be assumed that a soap film is always in equilibrium (i.e. retains 

its circular shape), while a grain boundary can maintain an irregular structure. 

Smith[80], however, has verified in his experiments that the effects of this difference 

average out over a large number of cells contained within typical samples. 

1.2.2 von Neumann's Law 

von Neumann[89] derived a simple but significant law describing the coarsening 

dynamics of a soap froth; namely, cells with more than six sides grow in area and 

those with less than six sides shrink t. Although von Neumann's law is usually 

formulated in terms of area and assumes incompressibility of gas, we will, in what 

follows, formulate it in term of gas "mass" (i.e. number of gas molecules) in the 

bubbles. In a two-dimensional soap froth, the pressure difference across the bubble 

boundaries is governed by the Young-Laplace law, 

D..P = 20" 
r 

(1.5 ) 

where 0" is the coefficient of surface tension and r the radius of curvature of the 

boundary. The diffusion rate of gas through the i-th boundary, Rd,i, is proportional 

to the pressure difference, D..Pi, across that boundary and the boundary length, ii, 

I.e. 

(1.6) 

where k is the diffusion constant in terms of "mass". By using Eq. (1.5), Eq. (1.6) 

becomes 

(1.7) 

t According to legend, von Neumann wrote out the law while listening to a lecture by Smith 
on the analogy between foams and grain boundaries. 
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Figure 1.1: Schematic diagram for the von Neumann's law. See the text for the 
detailed description. 
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where fh is the opening angle of the i-th boundary as shown in Fig. 1.1. Thus, the 

diffusion rate of mass in a n-sided bubble is the sum of the diffusion rate for all 

boundaries of the bubble, that is 

n 

Rd = 2kaLfh 
i 

(1.8) 

For a given polygon of n sides, let us now consider the rectilinear 2n

sided polygon whose edges are composed of the tangential lines (to the curved 

boundaries) at the vertices (this polygon is shown with the dotted lines in Fig. 

1.1). If the surface tension of the soap film is assumed constant throughout the 

foam, the boundaries should meet at a vertex with a separation angle of 1200
• 

Therefore, the sum of internal angles of the polygon is given by 

n 21l" 
~ <Pi + "3n = 1l" (2n - 2) . 

1 

(1.9) 

The right-hand side of Eq. (1.9) comes from the geometrical property of the recti

linear polygon. Since <Pi = 1l" - ()i, the sum of ()i can be expressed in terms of the 

number of side of the bubble, i.e. 

(1.10) 

Noting that Rd is the rate of gas escaping from the bubble, Eq. (1.8) and (1.10) 

give the von Neumann's law of "mass transfer" 

dMn = 21l" ka(n _ 6) 
dt 3 

(1.11) 

where Mn is mass of the n-sided bubble. 

In the case of incompressible gas, which in fact corresponds to the high 

pressure limit for compressible gas, the mass change is equivalent to the area 

change, so the original von Neumann's law is recovered 

dan ( ) 
-=K, n-6 
dt 

(1.12) 

where K, = 21l" ka /3 is the diffusion constant. 
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1.2.3 Topological Changes 

Although the essence of coarsening is described by von Neumann's law, this law 

by itself cannot fully explain typical foam evolution, since additional topological 

processes corresponding to various types of wall rearrangements also occur. For 

example, as four- and five-sided bubbles shrink according to von Neumann's law, a 

point of zero area will be reached creating vertices with, respectively, four and five 

cell walls meeting at a point. Since the stable coordination number is three, there 

must be wall rearrangements to re-establish this configuration. As a result of these 

rearrangements, which are called T2 processes and are illustrated in Fig. 1.2(b)

(d), some neighboring cells gain or lose a side. In addition, as also shown in Fig. 

1.2(a), one can identify a somewhat different transition involving wall switching 

which is called a Tl process. Both of these processes play an important part in 

the foam evolution, and the chaotic behavior (which will be described in Section 

3.2.3) is one of the consequences of these processes. 

1.3 Statistical Measures 

1.3.1 Distribution Function 

A two-dimensional cellular pattern can be characterized by the side distribution 

function, p(n), which is the relative frequency of grains with the number of sides 

n, and the area distribution function, p(a), in which p(a)da is the probability to 

find a cell with area between a and a + da. These distribution functions have the 

following properties: 

LP(n) = 1, (1.13) 
n 

LP(n)n = 6 (EulerTheorem), (1.14) 
n 

J p(a)da = 1, (1.15) 
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(a) 

(b) 

(c) 

(d) 

Figure 1.2: Topological transitions in two-dimensional foam. (a) Tl transi
tion-wall switching. (b )-( d) T2 transition of three-, four-, and five-sided cell, 
respecti vely. 
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with the dimensionless parameter a = a/ (a), where (a) is the mean area of the 

system. The distribution functions, p(n) and p(a), have been extensively investi

gated in many experiments and computer simulations to identify a scaling state in 

which these distribution functions are stationary. 

Often it is convenient and useful to study the moments of these distribution 

functions. The m-th moment of the normalized area and side distributions are 

defined as 

(1.16) 

and 

/-lm = E p(n)(n - 6)m, ( 1.17) 
n 

respectively. The second moment, /-l2 = 2::n(n - 6)2 p(n), which gives a simple mea

sure of the system disorder, provides an especially useful statistic (a monodisperse 

hexagonal foam, for which /-l2 is obviously zero, is considered to be a highly ordered 

structure ). 

1.3.2 Lewis' Law 

It was first observed by Lewis[59] that in the epithelial cells of a cucumber the 

mean area of a n-sided cell is proportional to the number of sides, namely, 

(1.18) 

where Cl and C2 are constants. Lewis' law was one of the earliest attempts to sta

tistically characterize a two-dimensional cellular pattern and has been intensively 

tested on cellular patterns appearing in many fields. It has been observed that 

this law works well for biological patterns, but not so well for coarsening systems, 

such as foams and metal grains; especially when the number of side is small or 

large[35, 44]. In parallel, the perimeter law, which states that the mean perimeter 
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of n-sided cells is proportional to the number of sides, has also been examined for 

various cellular patterns and this law has been found to be better satisfied than 

Lewis' law in coarsening systems[44]. 

1.3.3 Aboav-Weaire Law 

Aboav[1] made the first attempt to characterize the evolution of metal grains in 

terms of the average number of sides of the neighbors of a n-sided cell, m n , and 

obtained the empirical law , 

8 
mn = 5+-, 

n 
(1.19) 

in the cross-sections of polycrystalline magnesium oxide. Ever since this empirical 

law was proposed, considerable efforts[93, 2, 56, 57, 75] have been devoted to 

finding a theoretical basis for it. It has been found, however, that this law is 

purely topological, does not define the characteristics of coarsening systems[93], 

and has no rigorous mathematical derivation[56]. Although there exist various 

theoretical models for this law, here we summarize Weaire's first analysis[93] of it 

since it is simple and intuitive. 

Let us consider a n-sided grain in a infinite cellular pattern in which all 

edges consist of straight lines and three edges meet at a vertex. Since the sum 

of the turning angles of a polygon is 27r, the average turning angle of this grain 

is 27r In. In Fig. 1.3, for instance, () A indicates one of the turning angles of the 

A-grain. In addition, the sum of the three turning angles at a vertex is 7r (i.e. 

()A + ()B + ()c = 7r). So the sum of the two turning angles of a neighboring grain 

(()B + ()B of B-grain in Fig. 1.3) is, on average, given by 

(1.20) 

Now, the expected remaining number of vertices of a neighboring grain can be 

obtained by dividing the remaining turning angles, 27r - 7r(1- 2/n), by the average 



Figure 1.3: The schematic diagram for A boav-Weaire law. 

turning angle, 271"/6. Therefore, mn can be estimated as 

6 
mn = 5 +-, 

n 
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(1.21) 

which is slightly different from Aboav's original empirical law in the value of the 

coefficient. 

In Section 1.3.1, the second moment of the side distribution has been 

defined as 

(1.22) 
n 

The right-hand-side of Eq. (1.22) can be expanded, i.e. 

J.l2 = L p(n)n2 
- 36, (1.23) 

n 

since 2:n p( n)n = 6. With the identity, 2:n p( n )n2 = 2:n p( n )mnn, on both sides 

of which each n-sided grain is counted n times, the exact topological relationship 
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describing mn can be obtained, namely 

LP(n)mnn = 11-2 + 36. (1.24) 
n 

Since Eq. (1.21) does not satisfy the exact relationship, Eq. (1.24), Weaire has 

proposed the "patched-up" version of Eq. (1.21), that is 

(1.25) 

Later, Aboav[2] extended Eq. (1.25) to the generalized form, 

_ ( b11-2) 6a + (1- b)11-2 
mn - 6 - a + 6 + n ' (1.26) 

which includes two numerical constants, a and b, but found b is equal to zero and 

a is close to 1.2 in various experimental samples. Hence, Eq. (1.26) can be reduced 

to 

6 
6a + 11-2 

mn = - a+ --'-
n 

which is generally known as the Aboav-Wei are law. 

1.4 Scaling States 

(1.27) 

As soap froths and polycrystalline materials coarsen, a "scaling state" in which an 

evoving structure is "self-similar" has been observed in various experiments and 

simulations[99,38]. In this scaling state, although the characteristic length scale of 

a structure, i.e. the mean radius of a cell, becomes bigger, the scaled (or normalized) 

area distribution and all other distributions remain constant in time. The area and 

normalized area distribution in a scaling state is schematically shown in Fig. 1.4 

in which the area distributions at three different times collapse onto one universal 

curve when area is normalized. In a scaling state, evolving structures differ in 

length scale and the diffusion constant is the only relevant physical parameter in 
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(b) 

a al<a> 

Figure 1.4: (a) Area and (b) normalized area distributions in scaling states at 
different times tIl t 2, and t3, where tl < t2 < t3. Normalized area distributions 
collapse onto a universal curve. 

the evolution process. Since the diffusion constant has a unit of [£2 IT], by simple 

dimensional arguments, the mean radius of a cell grows as to.S [38] which can be 

also predicted by von Neumann's law. 

In practice, however, the limited data in experiments and simulations lead 

to poor descriptions of area distributions. Hence, the constancy of the second 

moment of side distribution, J.l2, (see Section 1.3) is commonly used to identify 

a scaling state[38]. It should be noted that the cellular structures described here 

exhibiting a scaling state are not fractals[62] since fractals have no characteristic 

length scale. 

1.5 Theoretical Models 

In spite of the simple physical laws (see Section 1.2.1) governing the coarsening 

process of poly crystalline materials and foams, the dynamics of these systems has 

not, to date, been fully understood. Several theoretical models, mainly with a 

mean-field type approach, have been attempted. In most of these models, the 

master equation representing the coarsening evolution has been constructed by 
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using the joint distribution function p( n, aj t), which is the relative frequency of 

grains with area a and the number of side n at time t. 

The time evolution of the distribution function is determined by von Neu

mann's law (see Section 1.2.2) and topological transitions due to cell disappear

ances, i.e., 

(%t +1I:(n-6) :a) p(n,ajt) =S, (1.28) 

where S represents the changes in p(n, aj t) due to topological transitions. When 

a cell disappears, some neighboring cells gain or lose a side as discussed in Section 

1.2.3. Therefore, S can be expressed, in general, as 

S = Tn,n-lP(n - 1, aj t) + Tn,np(n, aj t) + Tn,n+lP(n + 1, aj t), (1.29) 

where Tn,m denotes a transition rate from topology m to n. Various approximations 

have been attempted to find the Tn,m, since the detailed information of a pattern, 

such as the positions of vertices and the lengths of edges, are not provided in the 

mean-field type approach. Here, we will describe the basic ideas involved in the 

various models that have been proposed rather than present their mathematical 

details. 

Marder[63] has considered only T2 transitions in finding all Tn,m, based 

on the experimental observations that T1 transitions rarely occur. When a three-, 

four-, or five-sided cell vanishes, the corresponding number of neighbors are ran

domly selected from the ensemble of cells and the neighbor losing or gaining a 

side is determined by its area. (Recall, in a mean-field model, there is no topo

logical information about the foam structure so this way of choosing neighbors 

is self-consistent.) In the case of five-sided cell disappearance, for example, the 

two neighboring cells with the smallest area lose a side and the neighbor with the 

largest area gains a side. It should be noted that the probability that a cell is 

chosen as a neighbor is propotional to the number of sides of that cell, since a cell 

with more sides has more chance to be a neighbor, and this selection mechanism 



34 

has been applied in other models in which the neighbors are chosen randomly. In 

this model, p(n, a; t) cannot be solved for either analytically or numerically from 

Eq. (1.28) and (1.29), but with a given ensemble in which only the areas and num

ber of sides of cells are known, the evolution of a foam can be obtained by the 

algorithm described above. Although the average area behavior as a function of 

time resembles the experimental results, the J.l2 in the scaling state is considerably 

overestimated since T2 transitions are managed in such a way that a configuration 

tends to evolve toward a more disordered state. 

The other models that employ a mean-field approach are similar to that of 

Marder but different in detailed implemetation. The model by Beenakker[7] keeps 

track of spatial correlations, i.e. the neighbors as well as the area and number of 

sides of each cell. Therefore, the neighbors of a vanishing cell can be identified, 

but the specific neighboring cell which is subject to lose or gain a side is randomly 

selected. The results show good agreement with those of experiments due to the 

additional information (spatial correlations), but the disadvantage of this model is 

that the master equation (Eq. (1.28) and (1.29)) cannot be formulated explicitly. 

By contrast, a "minimal" model-"simplest possible model yielding real

istic results"-has been attempted by Flyvbjerg[19, 20]. This so-called "random

neighbor model" is almost identical to the model by Marder in that it neglects Tl 

transitions and spatial correlations, but the difference lies in choosing the neigh

bor which changes its number of sides. In this model, any neighbor has an equal 

chance to lose or gain a side-which is motivated by the experimental observation 

of weak nearest-neighbor correlations. As a result, the master equation becomes 

almost solvable analytically, and it has been shown that Lewis' law (Section 1.3.2) 

is asymptotically valid for large n. The "gas" approximation used in earlier work 

by Fradkov et. al.[22, 24] actually includes Tl transitions in the "random-neighbor 

model" (although there are subtle differences between these two models), and the 

rate of Tl transitions remains a parameter of this model. 
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1.6 Computational Models 

1.6.1 Potts Model 

The two-dimensional Potts model has been used most frequently in the study of 

the dynamics of coarsening systems such as grain growth[3, 82, 42, 83, 41, 46, 34], 

soap froth[lOO, 35], and biological cells[40, 36, 66, 65]. As shown in Fig. 1.5(a), a 

continuum space is represented by a lattice in which a "spin" value, O'j, is assigned 

on the i-th lattice site. A grain is defined as the connected region where each spin 

1 1 1 1 4 4 
1 1 1 2 4 6 

1 1 1 2 5 6 

3 2 2 5 6 

3 2 2 2 2 5 5 6 6 
ai-aj 

3 2 2 2 5 5 5 5 8 

7 7 7 7 5 5 5 8 

7 7 7 7 8 

7 7 7 7 8 

(a) (b) 

Figure 1.5: (a) shows a square lattice of Potts model. The spin value, O'j, is assigned 
on each lattice site. (b) One example configuration which shows the grains and 
grain boundaries on a square lattice. 

value is identical (see Fig. 1.5(b)). The bond energy between two neighboring sites 

is defined as 1 if the spin values of these two sites are different, and 0, otherwise. 

Hence, the Potts Hamiltonian is given by 

?-l = E 1 - bUilUj (1.30) 
(i,i) pairs oj neighbors 
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where the sum is over the neighboring sites and 8 is the Kronecker delta function. 

This Hamiltonian basically represents the total length of grain boundaries in terms 

of the unit length of a lattice model. 

The evolution of grains proceeds through a Monte Carlo method, i.e. a 

site is selected at random and the spin of that site changes to another random 

value with the probability exp( -~1-l/kT), where k is the Boltzmann constant and 

T is a temperature. ~1-l denotes the change in the system energy due to this spin

flip. As a consequence, the grain boundary tends to migrate in order to minimize 

the surface (boundary) energy. There exists, however, a critical temperature, Tc , 

above which the system retains the disorder, and below which, it evolves towards 

the ordered state in which the entire system eventually becomes one grain with all 

identical spin values[3, 38]. At T = 0, the probability of the spin-flip reduces to 0 

if the system energy increases, and 1, otherwise. At this temperature, the grains 

grow relaxation ally as in soap froth[38]. 

In the simulation of coarsening systems, the Potts model has the advan

tage over other computational models in that the algorithm is simple and relatively 

efficient (the discussion of other models will follow shortly). Recently, a new fast 

algorithm has been developed by Hassold et. al.[43] which has considerably en

hanced Potts model efficiency. In addition, the topological transitions (T1 and T2 

processes) do not need further consideration-this makes the extension to three

dimensional simulations feasible and it has been studied by Grest et. al.[41] and 

Glazier[34] . 

In spite of these advantages, one drawback of this model is an underlying 

lattice anisotropy. Although a lattice anisotropy is typically represented by a 

Wulff plot[81, 35], we show the two grain boundaries, AB and CD, for various 

lattice models in Fig. 1.6. As one can see, the length of CD becomes longer than 

AB depending on the lattice anisotropy (note that AB is longer than CD for a 

next-nearest-neighbor square lattice); so the surface energy (or mobility) of the 
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Figure 1.6: Schematic diagrams of Potts model anisotropies. (a) In isotropic con
tinuum space, the length of AB is equal to that of CD. However, the length of 
CD is longer than AB (b) for a nearest-neighbor square lattice and (c) for a near
est-neighbor triangular lattice. In the case of (d) a next-nearest-neighbor square 
lattice, the length of AB is longer than CD. 
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grain boundary CD is effectively higher than that of AB in an embedded lattice. 

Holm et. al.[46] investigated the effects of a lattice anisotropy in the Potts model 

and found that J.l2 in a scaling regime tended to increase with higher anisotropy. 

The dependence of the surface tension on anisotropy can be commonly 

observed in metallic grain growth in which the surface tension is proportional to 

the degree of misorientation between the directions of the neighboring grains[6], 

whereas a lattice anisotropy in the Potts model has a fixed global orientation. 

The simulation of metallic grain growth, in which the surface tension of a grain 

boundary depends on the misorientation between neighboring grains, is one of 

topics of this dissertation and will be presented in Chapter 5. 

1.6.2 Vertex Model 

The vertex model was originally proposed by Fullman[31] and has been further 

investigated by Kawasaki and others[50, 68, 51, 70, 49]. In the vertex model, a 

curved boundary connecting two neighboring vertices is replaced by a straight line, 

and the coarsening of grains is driven by the vertex movements invoked by this 

replacement. 

The driving mechanism of the (two-dimensional) vertex model is displayed 

schematically in Fig. 1.7, and the following discussions will be based on this figure. 

The dotted curved lines, which are the real grain boundaries in equilibrium, are 

approximated by the solid straight lines. Here, it is assumed that the shape of a 

grain boundary is a circular arc in equilibrium (minimal surface energy). A', B', 

and C' indicate the forces on the vertex Vo induced by the surface tension of the 

curved boundaries, Va VI, Va V2, and Va V3, respectively, and A, B, and C are the 

corresponding forces in the vertex model. Since the system is in equilibrium, the 

sum of the forces, A', B', and C' must be equal to zero. Hence, the force on the 

vertex Vo in the vertex model becomes the sum of the deviations (where, as shown 
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Figure 1.7: Driving mechanism of the vertex model. See the text for descriptions. 
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in Fig. 1.7, a = A - A', h = B - B /, and c = C - C/), a, h, and c, and this net 

force is shown as f in the figure. 

In idealized metallic grain growth, in which the effects of impurities, 

strains, and grain anisotropy are neglected[5, 67], the local boundary (interface) 

velocity, v, at a point on the boundary is determined by the local curvature, Ii, 

mobility and surface energy at that point, i.e. 

v = llJ.l1i (1.31 ) 

where J.l is a mobility which includes the surface energy and II is the unit normal 

at that point on the boundary. With a fixed mobility, the force on a point of the 

boundary is proportional to the boundary velocity, and the force on a vertex can 

be considered as the sum of the three forces due to the curvatures of boundaries 

at that vertex. In Fig. 1.7, ai, hi, and c' indicate these forces at the vertex Va due 

to the curved boundaries, Vo Vb Vo V2 , and Va V3 , respectively. The magnitudes of 

these vectors represent the curvatures of the three curved boundaries, and fl is the 

resultant net force on Va. Thus, in the vertex model, one can see the forces on Va, 
ai, hi, and c' are approximated by a, h, and c, respectively. 

This approximation is not, however, consistent-especially in the mag

nitudes of boundary forces. As shown in Fig. 1.8, with a fixed curvature, the 

magnitude of boundary force in the vertex model, as well as the directional de

viation, significantly increases as the (straight) boundary length becomes longer. 

Three different vertex mobilities have been studied by Nakashima et al.[70] to re

duce these discrepancies. In two of these, the vertex mobility is the inverse of the 

mean boundary length (i.e. the boundary length averaged over the entire system) 

or the sum of the three boundary lengths meeting at the vertex. In the third model 

(Fullman's original model[31]), the boundaries joining a given vertex are projected 

onto a line normal to the force vector acting at that vertex, and the mobility is 

the inverse of the sum of these three distances. However, these boundary length 

dependent mobilities can not scale the individual boundary forces but the sum 
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Figure 1.8: The diagram showing the discrepancy in the vertex model approxima
tion. With a fixed curvature, the deviation of the boundary force from the actual 
force becomes large, as the (straight) boundary length increases. The actual forces 
due to the curvatures are shown with dotted vector. 

of these forces in an average sense, which makes the vertex model approximation 

unsystematic. 

The biggest advantage of the vertex model is the efficiency in computation. 

The initial number of cells is typically the order of 105 [70] compared to 103 in 

"exact" models which will be described in the next section. Although the vertex 

model has shown the scaling state in which the mean area grows linearly in time, 

von Neumann's law is not satisfied, especially in cells with a few sides, and the 

distributions in the scaling state are different from the experimental results[51, 70, 

38]. 

1.6.3 "Exact" Models 

Recognition of the practical importance of grain growth (Section 1.2.1) has re

sulted in great effort being devoted to developing "exact" computational mod

els for coarsening systems. There have been two main directions in developing 

these models. The first, the metallurgical approach, defines coarsening as being 

driven by the boundary migration, and the second is based on the gas diffusion 

dynamics of a soap froth. The "boundary dynamic model" developed by Frost and 

Thompson[25] is representative of the metallurgical approach, whereas the model 
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proposed by Weaire and Kermode[96] has pioneered the second approach. These 

models differ from the vertex model in that curvatures of boundaries are explic

itly or implicitly specified and traced in the course of evolution. The resulting 

increase in accuracy is obtained at the cost of computational efficiency. However, 

in the exact models as well as the vertex model, the considerable care needs to be 

taken in implementing the topological transitions, which is one of the difficulties 

in extending these models to three-dimension. 

The boundary velocity in metallic grain growth can be determined by the 

local curvature with the assumptions described in the previous section (Section 

1.6.2). In the boundary dynamic model[25], a curved boundary is represented by 

an array of points on that boundary, and these points are moved by the local 

boundary velocities given by Eq. (1.31). After the movement of boundary points, 

the vertex point is adjusted to maintain the vertex angle 1200
• The number of 

points in each boundary segment is monitored as the length of boundary changes 

in order to provide a controlled spacing between boundary points. However, the 

accuracy of simulation is practically limited due to the presence of very short 

boundary lengths before or after the topological transitions. As the boundary 

dynamic model was developed in the spirit of boundary migration, this model has 

successfully simulated the "microstructural evolution of thin films" with various 

conditions[27, 26, 28, 29, 90]. 

By contrast, the dynamics of a soap froth is characterized by gas diffusion 

which is induced by the surface tension of soap films. Since soap films equilibriate 

themselves almost instantaneously compared to gas diffusion (Section 1.2.1), it 

can be assumed that a soap froth always retains its equilibrium structure. To 

date, the two main efforts with the soap froth approach are due to Kermode and 

Weaire[54] (henceforth referred to as KW) and Herdtle and Aref[44] (henceforth 

referred to as HA). Both of their algorithms trace the equilibrium configurations 

of a foam following each "diffusion step" in which the area changes according to 

von Neumann's law. 
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In their algorithms, a set of variables is specified to characterize a two

dimensional foam evolution; those are the vertex position, bubble pressure, vertex 

angle (angle between the boundaries joining at a vertex), and bubble area. Given 

a boundary curvature obtained by the surface tension and the pressure difference 

across a boundary (see Eq. (1.5)), there exist two possible arcs, a small and 

large arc, connecting two neighboring vertices. With the assumption, based on 

experimental observation, that circular boundaries are always represented by the 

smaller arcs, KW and HA have been able to uniquely describe the areas and vertex 

angles in terms of the vertex positions and bubble pressures. These relationships 

have been applied to find the changes in vertex positions and bubble pressures 

after one diffusion step. HA find all the vertex positions and bubble pressures 

of the next equilibrium configuration simultaneously by solving a huge matrix, 

whereas KW have estimated, in sequence, each vertex position and the pressures 

in the three bubbles meeting at that vertex, and iterated this procedure until the 

equilibrium foam is achieved. KW have effected the T1 transitions during these 

iterations in a way which can lead to spurious T1 transitions as pointed out by 

HA. The HA approach is therefore able to better track the T1 transitions in the 

course of evolution but, inevitably, becomes computationally expensive. A system 

of 1024 bubbles requires approximately 30 hours of Cray-YMP time. 

The fundamental difference between the metallurgical approach and the 

soap froth approach is that the latter assumes a structure is always in equilibrium 

but the first does not. Since maintaining an equilibrium configuration usually 

requires a global relaxation after one diffusion step, the metallurgical approach, in 

general, is computationally more efficient than the soap froth approach. However, 

no significant difference in the statistical results has been observed between the 

different approaches. Our own model is based on the soap froth approach but it 

follows the evolving structure of soap froth more closely than that of KW or HA, 

and this will be presented in Chapter 3. 
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1. 7 Other Topics 

Unlike polycrystalline materials, a soap foam consists of two components, gas and 

soap fluid. In a wet foam, excessive soap fluid collects at each vertex and form 

so-called Plateau borders, which substantially alter the coarsening process and the 

mechanical property of a foam. The difference in coarsening dynamics between a 

dry and relatively wet foam has been observed in various experiments[37, 33, 85, 

35, 84J. This difference has also been recognized in a breaking foam experiment 

which will be discussed in Chapter 2. Bolton, Weaire, and Hutzler[10, 11, 12, 47J 

have investigated the effects of the Plateau borders theoretically and by computer 

simulation in their series of papers. They found that the rigidity-loss transition 

(at which no unique structure is defined) occurs at 0.84 of gas fraction, and when 

extensional shear is applied to a wet foam whose gas fraction is close to this value, 

a small increase in strain triggers a cascade of Tl processes. 

With the development of computer technology, the simulation of three

dimensional coarsening system has started to become possible, whereas few exper

imental works on this topic are available due to practical difficulties in obtaining 

the three-dimensional sequential images. The simulation of a three-dimensional 

system with the Potts Model has been pioneered by Grest and Anderson[41J, and 

the detailed evolutionary statistics of the simulation have been investigated and 

presented by Glazier[34J. Both simulations uses a simple cubic lattice, and the 

growth exponent of mean radius in time has been found to be approximately 0.5. 

The same exponent value has been obtained in the experiments by Durian et. 

al.[17, 18] in which the evolution of the fine bubbles shaving foam has been stud

ied by multiple light-scattering techniques. 

In two dimensions, von Neumann's law, describing the dynamics of each 

individual grain, has played an essential role in developing the theoretical and 

simulation models. However, the three-dimensional version of this law has not 

been derived analytically and, in addition, the average number of faces, (J), cannot 
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be even determined as shown in Eq. (1.4) in Section 1.1. Based on statistical 

considerations, Rivier[74] has proposed the growth law, dVj / dt = I\, (f - (I)), 

where I\, is a constant, and Vj is the volume of a grain with f faces. However this 

linear growth rate of volume of a grain disagrees with experiments and simulations. 

With the results of Potts model simulations, Glazier[34] was able to deduce the 

"weaker" expression of this three-dimensional law (which holds in ensembles of 

grains, not in an individual grain), i.e. 

V -l/3dVj _ (f _ f) 
j dt - I\, JO • (1.32) 

The value of constant fo has been found to be 15.8 ± 0.1 by fitting the simulation 

data, which is substantially different from the average number of faces of grains, 

(I) ~ 14 (recall that, in two dimensions, the number of sides of a grain in which the 

area does not change is identical to the mean number of sides of grains). Weaire 

and Glazier[95] has identified this discrepancy between (I) and fo as a consequence 

of the linearity of Eq. (1.32) and the approximate relationship, V//3 ex: f, observed 

in a scaling state. Later, Sire[78] has derived Eq. (1.32) by using geometrical and 

maximal entropy arguments. 

As pointed out in Section 1.6.3, the vertex model may have more diffi

culties when extended to three-dimensions than the Potts model due, in part, to 

the explicit manipulation of topological transitions. However, as a result of con

tinuous efforts by Kawasaki and co-workers [52, 69, 53, 30], the vertex model has 

been extended to three-dimensions, and "virtual vertices" have been introduced to 

correct the non-coplanar face problem. The results of the "virtual-vertex" model 

simulation agree with those of experiments and Potts model simulations in that 

they have shown the existence of a scaling regime in which the growth exponent of 

the mean radius approaches 0.5 asymptotically. The exponent of 0.5 is consistent 

with that predicted by simple scaing arguments[38]. 

The problem of finding the structural configuration in which a space is 

filled with cells of equal volume of minimal surface area has also been of interest. 
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Ever since Kelvin[87] conjectured that the structure of orthic tetrakaidecahedra 

(which is composed of six square and eight hexagonal faces) has minimal surface 

area, no one has proved or disproved his conjecture for over one hundred years. 

Recently, Weaire and Phelan[98] has discovered a count-example, in which a basic 

unit consists of six 14-sided polyhedra (12 pentagonal and 2 hexagonal faces) and 

two pentagonal dodecahedra and these units are arranged in a simple cubic lattice. 

The new structure has 0.3% less surface area than Kelvin's. 
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CHAPTER 2 

DYNAMICS OF BREAKING FOAMS - EXPERIMENT 

The basic phenomenology of two dimensional foam evolution is well established

at least in the case of foams in which wall rupture does not occur. We shall 

refer to such foams as "normal" foams to distinguish them from what we have 

termed "breaking" foams. In this Chapter, we present the experimental results on 

the dynamics of breaking foams, namely foams in which wall rupture-hitherto 

avoided-is a major part of the evolution. The dynamics of such foams will be 

shown to be significantly different from the more traditional class and raises a host 

of fascinating questions. There are a variety of motivations for studying breaking 

foams. These range from models of evolving biological structures[66, 65] to the 

break up of environmentally offensive effluent scum. 

2.1 Experimental Setup and Observations 

In our experiments, cell breaking is caused by the effect of gentle heating which is, 

in fact, provided by nothing more than the heat generated by the light box used to 

illuminate the cell containing the foam. Two thick, circular, Plexiglas plates form 

the walls of the cell and washers sandwiched between the plates set the spacing 

between the plates. The cell is sealed with an O-ring forming a circular cavity of 

diameter 26.35 em (103/8 in.) and gap 0.238 em (3/32 in.). The cavity volume is 

129.82 ee. A thermistor is attached to the bottom plate to monitor the temperature 

of the cell. High purity Sodium Dodecyl Sulfate in distilled water at a concentration 
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of 0.02 M is used as the soap solution. In order to prepare a foam a small volume 

of this solution is introduced into the cell. The foam can then be generated by use 

of a peristaltic pump (for a uniform initial bubble pattern) or by vigorous manual 

shaking of the chamber (for more random initial conditions). If the latter method 

is used small nuts, which are placed in the chamber, act as agitators and have 

the effect of randomly drawing out single films which help produce the full foam 

network. When a reasonable foam configuration has been achieved, some of the 

fluid in the cell may be drawn off to create a desired degree of foam "wetness" which 

can be approximately controlled by measurement of the amount of fluid initially 

introduced and finally removed. A coarse measure of this is provided by the total 

liquid to cavity ratio and a finer scale measure is provided the typical size of the 

Plateau borders. The thickness of the cell walls makes accurate measurement of 

the borders by conventional optics quite difficult but rough estimates can be made 

and are certainly clear to the eye. In what follows we will describe experiments 

performed with a relatively "dry" foam, which corresponds to a liquid content of 

0.3-0.4 cc and a typical initial Plateau border size of 150 microns, and a relatively 

"wet" foam with a liquid content of 3.0 cc and border size of 350 microns. It may 

be assumed that, unless otherwise stated, all runs described correspond to the dry 

foam. 

Complete control over the initial foam configuration, in terms of bubble 

area and distribution statistics is essentially impossible but with practice approxi

mately similar looking distributions in terms of bubble area, number and random

ness can be generated as well as those with more or less bubbles. 

After allowing the newly generated foam to relax for a while (to establish 

a uniform drainage of fluid throughout the foam) the chamber is mounted horizon

tally above a light box. Plates of various color and composition are placed between 

the light box and chamber. This, combined with different choices of bulbs in the 

light box itself, enables one to produce a variety of different temperature ramping 

rates. This rather unsophisticated arrangement is both surprisingly reproducible 
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Figure 2.9: Temperature ramping rates used in experiment; • low ramping rate, • 
medium ramping rate, 0 high ramping rate. 
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and, for our current purposes, perfectly adequate since, as we will describe, the 

actual breakdown cascade-which is our primary interest here-appears to be rea

sonably independent of the ramping rate. The three different rates used in our 

experiments are shown in Fig. 2.9. For convenience we will refer to the three rates, 

in obvious order, as "low," "medium" and "high". The foam chamber is illumi

nated from above with a circular fluorescent bulb which gives excellent contrast of 

the foam network in two dimensions. A CeD camera with (640 x 480 pixel resolu

tion) mounted above the assembly is then used to either grab individual frames for 

direct storage in digitized form on a computer; or fed directly to a VCR, from which 

individual frames can be subsequently taken for analysis. A variety of programs 

were developed to analyze the digitized images, e.g. to find the area of individual 

cells and the number and length of their sides. 

A typical evolution sequence is shown in Fig. 2.10 corresponding to a (dry) 

foam with an initial bubble count of approximately 2000 bubbles and the medium 

ramping rate shown in Fig. 2.9. It must be emphasized that whereas a normal 

foam relaxation without wall rupture proceeds over time scales of tens of hours, 

the breaking foam dynamics is completed in tens of minutes. During the first few 

minutes the cellular patterns (Fig. 2.10(a, b)) appear little different from those 

that might be seen in a traditional non-breaking foams. There are a few rear

rangements due to the breakage of tiny three-dimensional bubbles, nestled in the 

Plateau borders, which triggers off some Tl transitions in the immediate neigh

borhood. By Fig. 2.10(c), however, wall rupture takes over as a major mechanism 

and the subsequent sequence of cell patterns is radically different from regular 

evolution. The breakdown is characterized by a cascade of wall rupture with the 

breakage of cell walls causing large scale rearrangements of neighboring cells which 

in turn generate long range stresses over the network resulting in further breakage 

and hence rapid breakdown. The cascade and its long range correlations become 

particularly clear when the recorded runs are played back at high speed. The lat

ter stages of the foam are characterized by narrow, isthmus like regions of small 
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Figure 2.10: (a)-(f) Sequence of enhanced images of a breaking foam at t = (a) 
290 sec., (b) 590 sec., (c) 690 sec., (d) 750 sec., (e) 790 sec., and (f) 850 sec. 



52 

bubbles into which much of the liquid from the broken walls has drained. As will 

be described in some detail below the "breakdown cascade" appears to have two 

key features: (i) a critical "break time" which marks its onset and is sensitive to 

ramping rate and initial conditions and (ii) a subsequent "universal" behavior, for 

a period of time, that appears to be independent of initial conditions. 

(b) 

(d) 

Figure 2.11: (a)-(d) Breaking of single film, where (a) and (b) show sequential 
images of the snapping of a long film and (c) and (d) show the bursting of a small 
bubble. Arrows indicate the breaking film. 

Observation of individual cell wall breakage is difficult since these occur 
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at (very) high speed. A casual distinction can be made between those breakages 

corresponding to the "snapping" of long, relatively straight, cell walls between 

bubbles of similar area and the "popping" of rather small bubbles at the periphery 

of larger bubbles. These two sequences are captured in Fig. 2.11. However, as 

will be discussed later, we have little understanding of the precise mechanisms 

governing the cell wall rupture and hence, at this stage, do not claim any real 

distinction between these behaviors. A rather entertaining phenomenon observed 

in our experiments with wet foams is the appearance and movement of two-sided 

bubbles. The reason why we claim the appearance of such bubbles is as follows. 

Not infrequently a cell wall connected to a (usually small) three sided bubble 

breaks leaving behind a small elliptical shaped cell with walls emanating from 

both ends-it is this entity that we call a two sided bubble. Such a bubble then 

"slides" down one of these two walls towards a vertex. On reaching the vertex 

it then appear to "fill" that region giving the appearance of a three sided bubble 

which then rapidly shrinks to zero. This sequence is shown in Fig. 2.12. It is also 

possible for two sided bubbles to appear in the dry foam experiments. However, 

because of the dryness of the film on which the two sided bubbles reside, there is no 

fluid mechanism allowing movement of the bubble towards a vertex. The bubble 

remains stationary until one of its supporting film walls breaks. The remaining 

supporting wall then collapses back into the isthmus of bubbles it projects from, 

carrying with it the bubble which is then "absorbed" by the isthmus. 

The experiments were repeated for the three different ramping rates shown 

in Fig. 2.9, for different initial conditions characterized by initial bubble number 

and different degrees of foam wetness. The gross, configurational phenomenology, 

as characterized by the Fig. 2.10 sequence is always about the same; it is the more 

detailed dynamics, such as the onset of the breakdown cascade and certain other 

statistics that are initial condition dependent. Results were found to have some 

sensitivity to the age (in terms of weeks) of the soap solution and the final sets of 

runs presented here were all performed with solutions of approximately (in terms 
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Figure 2.12: (a)-(f) Creation and motion of a two sided bubble in a wet foam. The 
arrows indicate the breaking of the initial three sided bubble and the subsequent 
motion of the two sided bubble. 
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of days) the same age. 

2.2 Analysis of Rusults 

One of the most obvious consequences of wall rupture is the overall and rapid 

reduction in the total number of bubbles. In Fig. 2.13 we show the bubble count 
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Figure 2.13: Number of bubbles (N) as a function of time for the three distinct 
ramping rates for a dry foam; • low ramping rate, • medium ramping rate, 0 high 
ramping rate. 
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as a function of time for the three different ramping rates. Immediately apparent is 

the idea of the critical break time which marks the beginning of a rapid depreciation 

of total bubble count: the higher the ramping rate, the earlier the process begins. 

This break time is also sensitive to initial conditions at a given ramping rate. In 

tI) 

Q.) ...... 
.0 
.0 

:::;:$ 

~ 
~ 
0 

""" Q.) 

"S 
:::;:$ 

Z 

2500 

2000 

1500 

1000 

500 

.-.... _. __ ._ ....... ----........... 
~ 

0 ........ 0 ........ 0 .. 0 ... 0 .. 0 .. -00 

°0 °0 .q 
Q 

~ 
if 
.~ 

\ 
Ii! 
.~ 

• q 
q 
~ 
~ q 

q. 
~. 

Q 
q 

Q 
h 

\ 
I{ 

ill 
.~ 

if 
~ 

.-.. .... -. 
o ~~--~--~~~~--~--~~--~--~--~~ 
o 200 400 600 

Time (sec) 

800 1000 1200 

Figure 2.14: Number of bubbles (N) as a function of time for a dry foam for 
varying initial bubble density. The ramping conditions (medium) are the same in 
each run. 

Fig. 2.14 we show, for runs at the medium ramping rate, the total bubble count for 

three different initial conditions corresponding to different initial bubble number: 
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Figure 2.15: Number of bubbles (N) as function of time for both a wet and a dry 
foam at same (medium) ramping rate. 
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the smaller the initial bubble density, the shorter the break time. The effect of 

foam wetness on the process is shown in Fig. 2.15. The evolution of the wet and 

dry foams with the same ramping rate and approximately the same initial bubble 

density show that the break time is significantly earlier for the drier foam. 

A statistic that is helpful in capturing, if not defining, the essence of the 

process, i.e. a breakdown cascade initiated at a critical time, is that of "percentage 

area covered" (PAC). Unlike regular foams one can dearly see during the evolution 

the emergence of regions of the experimental cell that are either covered, or not 

covered, by foam. This is brought out clearly by defining the PAC as the area 

covered by bubbles of area less than the mean. (This choice helps eliminate the 

ambiguity between identifying a region that is definitely devoid of foam as opposed 

to that which just corresponds to the space inside a whole bubble.) In Fig. 2.16 

we show the experimental sequence of Fig. 2.10 in which the bubbles of less than 

mean area are now shaded black. In the end the picture is dominated by the black 

regions corresponding to the isthmus like regions of small bubbles described earlier. 

Most striking, however, is the plot, shown in Fig. 2.17, of PAC as a function of time 

for the three different ramping rates. This again reinforces the idea of a critical 

break-time after which the cascade of wall rupture takes over and decimates the 

foam. As one might expect the break-time is shorter for higher ramping rates. 

However, once past the break time, the foam disintegration-as captured by the 

PAC statistic-shows, for the different ramping rates, similar behavior. This is 

manifested, at first, by approximately similar (steep) slopes followed by a distinct 

slowing down of PAC decrease. 

All this suggests, as will be discussed in more detail below, that the pro

cess can be broken into three reasonably distinct phases: (i) The initial warming 

of the foam which results, as a consequence of complex physical chemistry, in a 

sufficient weakening of the cell walls to make them susceptible to rupture. (ii) The 

subsequent breakdown cascade which appears to be dominated by the mechanics 

of stress transmission through a complex network. We identify the cascade regime 
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e) f) 

Figure 2.16: Sequence of covered area images of a breaking foam at t = (a) 290 
sec., (b) 590 sec., (c) 690 sec., (d) 750 sec., (e) 790 sec., and (f) 850 sec. Black 
regions correspond to bubbles of size less than or equal to the mean bubble area. 
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Figure 2.17: Covered area as a function of time for the three distinct ramping rates 
shown in Fig. 2.9; • low ramping rate, • medium ramping rate, 0 high ramping 
rate. 
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with the period, after the break time, for which the disintegrating network still 

remains effectively "connected". We will argue that this phase of the evolution 

exhibits a certain scaling behavior. (iii) A final period, manifested by the slowing 

down of the decrease in PAC. This seems to be associated with the phase in which 

the foam has broken up into distinct regions, all of which are relatively wet due to 

collection of fluid in the walls and vertices of the bubbles. The disconnectedness 

of the foam reduces the range of stress transmission and the increase of wetness 

decreases the mobility of the cell walls 

One of the standard ways of characterizing the evolution of a non-breaking 

foam is through the behavior of the cell area and its distribution function. As is 

easily imagined rupture allows for the rapid creation of cells with large numbers 

of sides and large area, although many very small cells are still present. In Fig. 

2.18 we show plots of mean cell area, (a), versus time. They show, after an ini

tial period of very slow growth, the expected break time heralding a period of 

rapid growth corresponding to the breakdown cascade. The behavior shown is 

reminiscent of that displayed by magnetic bubbles subjected to increasing external 

magnetic field[94] and quite different from the linear growth found in the scaling 

regime of non-breaking foams. In Fig. 2.19 we show, for the medium ramping rate, 

a sequence of probability distributions of normalized area, namely p(a/(a), t) at 

different times. Inevitably the breaking foams show a longish tail corresponding 

large a/ (a). The distributions also show, at later times, a shift towards smaller 

bubble areas reflecting the structure of the regions remaining after the main disin

tegration cascade. Perhaps most significant is the steady shift in time implying no 

stationarity of distribution-even over the narrow time band, whose significance 

will become clear shortly, shown in Fig. 2.19(b). We also mention that all the dis

tributions indicate a characteristic length scale at each instant of time and hence, 

as with regular foams, that breaking foam structures are not spatially self-similar. 

In Fig. 2.20 we show a matching sequence of probability distributions, 

p(n, t), of the numbers of cell sides. Although exhibiting an initially strong peak 
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Figure 2.18: Mean area as a function of time for the three distinct ramping rates 
shown in Fig. 2.9; • low ramping rate, • medium ramping rate, 0 high ramping 
rate. 
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Figure 2.19: (a) Distribution of normalized area, for medium ramping rate, in a 
dry breaking foam at various times during the breakdown cascade; • t = 490 sec., 
• t = 690 sec., 0 t = 890 sec. (b) as Fig. 11 (a) but over a narrow range of times; 
• t = 650 sec., • t = 710 sec., 0 t = 750 sec. 
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Figure 2.20: Distribution of number of sides in a dry breaking foam, for medium 
ramping rate; • t = 390 sec., • t = 690 sec., 0 t = 790 sec. 
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around n = 6 they exhibit the expected long tail corresponding to the formation 

of large cells with very large numbers of sides. Nonetheless as time evolves there 

is a definite shift in favor of bubbles of small side number which corresponds to 

the fact that the (few) very large bubbles are surrounded by many few sided (and 

small area) bubbles. 

The distribution functions p(aj (a), t) and p(n, t) capture the inevitable 

consequences of wall rupture; namely the appearance of bubbles with large area 

and large numbers of sides which are surrounded by many small bubbles and, as 

such, give little insight into the mechanism of breakdown. If they are compared 

with those found for the other ramping rates there do not seem to be any obvious 

differences that could be used to distinguish the behavior of one rate from the 

other. 

In addition to the cell area and side number we also analyze the behavior 

of the length, 1, of the sides making up a cell. Fig. 2.21 shows (1) versus time, for 

all three ramping rates, revealing an essentially linear portion (fitted by the solid 

line) for a period of time after the break time. We believe that this linear behavior, 

so different from the expected square root dependence in the scaling regime of a 

non-breaking foam to be a very significant feature of the break down cascade. Fig. 

2.22 shows p(l j (1), t) for the medium ramping rate, at a sequence of times over 

which (1) is linear. It should be noted that the histograms are not smoothed and 

although there is some variable spikiness in the center of the distributions the tails 

look quite steady indicating that this distribution is effectively stationary in the 

linear growth period. If we go back to the area distributions p(a, t) and look at 

these over the same time band (i.e. as shown in Fig. 2.19(b)) we see a distinct shift 

to the left. This contrasting behavior has also been observed in the breaking foam 

simulation, which will be presented in Chapter 4. 

In Fig. 2.23 we show the evolution of J.l2 as a function of total bubble 

number for the middle ramping rate. The initial rapid increase is consistent with 
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Figure 2.21: Mean edge length as a function of time for the three ramping rates 
for a dry foam; • low ramping rate, • medium ramping rate, 0 high ramping rate. 
Solid line shows portion of curve well fitted by a straight line. 
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Figure 2.22: Distributions of normalized side length, for medium ramping rate, in 
a dry foam during times corresponding to linear growth of (/); • t = 650 sec., • t 
= 710 sec., 0 t = 750 sec. 
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of bubbles in a dry breaking foam for medium ramping rate. 
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the increasing disorder of the structure. The sudden drop and subsequent rise at 

smaller bubble number is a consequence of the break-up into disjoint regions and 

diminution of statistical quality associated with the drop in bubble number and 

appears to have little other significance. A similar type of behavior is also found 
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Figure 2.24: Second moment of bubble area as a function of the number of bubbles 
in a dry breaking foam for medium ramping rate. 

for 11: as shown in Fig. 2.24. Although these second moment statistics do not 

seem to be particularly useful for breaking foams (as opposed to their value in 

characterizing non-breaking foams), they provide additional benchmarks that are 
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helpful for testing our numerical models (Chapter 4). 

2.3 Discussion: A New Scaling Regime 

Developing a simple law to predict the break-time as a function of ramping rate 

and initial conditions seems to be rather difficult. This is in no small part due 

to the complexities of the individual wall breakage mechanism. The structure, 

dynamics and rupture of thin soap films has been the topic of study for a long 

time[5S, 91] although the body of work to date does not seem directly applicable 

to our case in which the bubble edges corresponds to films that are both thin and 

narrow (corresponding to the plate separation in the cell). The recent lubrication 

theoretic approaches to study the breaking of individual, thick, films in Hele

Shaw cells[S] are also unlikely to be relevant. The weakening of our cell walls 

due to temperature ramping may well involve a number of complex and inter

related effects. Presumably there is an increase of fluid drainage along the walls 

towards the vertices (perhaps compounded by small scale convective motions), 

increased mobility of the soap molecules and Marangoni effects. However, the 

dependence of the break time on initial bubble count and foam wetness may be 

manifestations of the same effect: namely, that bubble breakdown increases the 

wetness of the remaining bubbles and that initial distributions with fewer bubbles 

will take longer to achieve an equivalent degree of wetness as distributions with 

many smaller bubbles. 

The breakdown cascade, by contrast, appears to be more amenable to anal

ysis. For non-breaking foams the relaxation is characterized by a scaling regime 

with stationary distributions of cell properties such as the normalized area distri

bution; namely p(aj (a), t) = p(aj (a)). Since the process ofrelaxation is dominated 

by diffusion, as embodied by von Neumann's law, the only physical parameter con

trolling the evolution is the (effective) diffusion constant II,. Simple dimensional 

analysis tells us that length must scale as (I\,t) 1/2 and hence area as (I\,t) 1.0. As 
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described in Chapter 1, this linear growth law and stationarity of area distribu

tion (and, indeed, all other distributions) is quite well established. The breaking 

dynamics occurs on a much faster time scale than the diffusive processes and I\, is 

no longer a relevant physical parameter. In the breakdown cascade the dominant 

process appears to be that of stress transmission through the network of cell walls. 

A realistic mechanical model for the motion of a bubble vertex, T'i, is of the form 

(2.33) 

where the sum is over the adjoining vertices[68J. The important point here is 

that the two physical parameters controlling the process are now "7, the coefficient 

of friction per unit length of the soap film (here we assume the friction on the 

film, i.e. between the film and the top and bottom cell walls, to be isotropic and 

homogeneous) and a, the surface tension. These parameters have dimensions ["7J = 
ML-IT-l and raj = MT-2. Thus [a hJ = LT-l sets the characteristic velocity scale 

from which we deduce that length must scale as t1.o. We claim this is consistent 

with our observed behavior (see Fig. 2.21) of 

(2.34) 

for t > tb where tb is the break time which depends on the ramping rate and other 

physical parameters of the system. Given such a scaling for (I), it is natural to 

investigate the behavior of the mean bubble area (a). In studying how (a) behaves 

as a function of time one is faced with the issue of how best to fit, on a log-log 

plot, the origin of time-on which results have been found to be quite sensitive[44J. 

Here we take an alternative approach which enables us to directly compare results 

for the different ramping rates. Rather than use time, we use bubble number, N, 

as the measure of evolution. In Fig. 2.25 we plot, on a log-log scale for the three 

ramping rates, (I) versus liN. Since (a) is defined as the total area (of the cell) 

divided by the bubble number N at time t, we are thus able to compare (I) and (a) 

behavior directly. Making the best fit for the portions of the curves corresponding 
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Figure 2.25: Log-log plot of mean edge length versus inverse bubble number for the 
three ramping rates; • low ramping rate, • medium ramping rate, 0 high ramping 
rate. 
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the breakdown cascade we find that 

(I) ex: (a)f3 (2.35) 

where f3 = 0.32, 0.25, 0.28 for the high, medium and low ramping rates respectively. 

Thus in the regions where (I) scales like t1.0 we see that (a) scales like f)t where 

Q = 1/ f3 = 3.12, 4.00, 3.57 for the three different ramping rates. At first sight 

it might seem strange, since (I) scales like t1.0, that (a) does not scale like t 2.0 . 

However, this expectation is based on the experience of normal foam evolution in 

which it is natural to think of there being only one characteristic length scale (set 

by K)-SO that any quantity with the dimensions of length, such as the bubble 

edge-length or the square root of the bubble area should behave in the same way. 

In the case of a breaking foam, in which we see the creation of large area bubbles 

made up of many short edges this no longer follows and, if anything, we would 

expect the area to scale as a higher power of edge-length. This is what we see, 

but without universality, as manifested by the different exponents for the different 

ramping rates. 

We conclude this chapter with an interesting observation concerning the 

effect of foam wetness on the dynamics of the breakdown cascade. In Fig. 2.26 we 

show, for the same ramping rate and approximately the same initial conditions, 

the evolution of (I) for the wet and dry foams. The striking feature is that after 

the break time (which, as expected, is much later for the wet foam) the wet foam 

shows a (I) behavior which is still approximately linear but now with a negative 

slope, i.e. the mean edge length is decreasing! This raises the intriguing possibility 

that in the break down cascade there might be a critical wetness for which (I) is 

approximately constant. This is clearly the topic for future investigations. 
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CHAPTER 3 

DYNAMICS OF NORMAL FOAMS - SIMULATION 

Numerical simulation of evolving foams is a challenging problem in large scale sci

entific computation. A brief survey of the various approaches is given in Chapter 

1. Although certain "non-physical" models such as the Potts model are computa

tionally inexpensive and can reproduce some of the basic evolution phenomenology, 

our interest lies in developing algorithms that can simulate the actual physics of 

foam evolution. This is a difficult problem since one must, in principle, follow the 

movement of all cell walls and vertices simultaneously. Although we will be pre

senting an algorithm that can deliver efficient and accurate simulations of normal 

foams, our ultimate aim is to be able to simulate foams in which cell wall rupture 

is a major component of the dynamics. 

3.1 Model and Algorithms 

The elastic relaxation from a non-equilibrium to a quasi-equilibrium state in a 

two dimensional foam is completely determined by the dynamics of the vertices 

and edges of the bubbles. In a normal foam, the relaxation takes place after the 

gas diffuses from small bubbles to large bubbles and in a breaking foam, after 

the wall ruptures. The driving force for a vertex motion is the sum of the elastic 

forces generated by the three films which meet at that vertex. If we assume that: 

the surface tension of the film is constant throughout the foam and in time, the 

motion of films is purly dissipative [50], and the mobility (by "mobility" we mean 
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the inverse of the friction coefficient) per unit length of the soap film is isotropic 

and constant, the velocity of the i-th vertex is given by [70] 

20" ph L:(j) neighbors llij 
Vi,v = 

L:(n neighbors iij 
(3.36) 

where 0" and p denote the surface tension and the mobility per unit length of the 

soap film, and h is the narrow gap between two plates of the experimental cell. llij 

is the unit vector attached to the i-th vertex and tangent to the film joining the 

i-th and j-th vertices, and the length of this film is iij (see Fig. 3.27(a)). The effect 

of velocities of neighboring vertices on vi,v[70] is not considered in Eq. (3.36). 

As discussed in Section 1.6.2, three different vertex velocities have been 

studied in the vertex model by Nakashima et ai.[70]. These different models of 

vertex velocity induce different foam evolution since the coarsening of a normal 

foam, in the vertex model, is driven by the vertex movements. By contrast, vertex 

movement in our model is simply the means by which a non-equilibrium config

uration returns to a (quasi- )equilibrium one and the coarsening is handled in a 

separate diffusion step. In our model, we compared sequential equilibrium config

urations during foam evolution using the three choices of vertex velocity, and each 

of the three corresponding configurations were found to be identical to within a 

negligible range of errors. 

The motion of an edge is determined by the net force per unit area, given 

the mobility and the height of a soap film. The magnitude of this force (henceforth 

we will refer to this as the "net pressure") on the i-th edge, pret, and the velocity 

of the center of the i-th edge, Vi,e, are given by 

p,net 
t (3.37) 

(3.38) 

where Pi,C'I. - Pi,{3 is the pressure difference across the i-th edge (the left-hand 

and right-hand domains of the i-th edge are labelled as the Q- and ,a-domains 
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Figure 3.27: Local geometry and parameters of a vertex (a), and edge (b). 
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respectively), and ri and lli are the radius of curvature and unit normal vector of 

that edge as shown in Fig. 3.27(b). 

These vertex and edge motions drive the non-equilibrium configuration of 

the foam caused by gas diffusion or wall rupture back to the quasi-equilibrium 

state. In a typical experimental condition, where the pressure of the gas and the 

surface tension of the film are of order 106gjsec2cm and 102gjsec2 respectively, Eq. 

(3.36) and (3.38) suggest that the elastic relaxation of the edges is rapid compared 

to that of the vertices. This is also observed in the breaking foam experiments in 

Chapter 2. Therefore, it is reasonable to assume that the edges are in equilibrium 

between each movement of the vertices. We also note the variable which we use 

to specify the curvature of the i-th edge is chosen to be an "opening angle," Oi, of 

the i-th circular edge rather than the radius because edges whose opening angles 

are bigger than 1800 are commonly observed in a breaking foam experiment. 

The coarsening of a normal foam is due to the gas diffusion from higher 

pressure domains to lower pressure domains, followed by the elastic relaxation of 

the edges and vertices, which can be assumed to occur instantaneously because the 

gas diffusion is much slower than the elastic relaxation. Although von Neumann's 

law is usually formulated in terms of area and assumes incompressibility, in this 

model, we will use the von Neumann's law of "mass transfer" which has been 

derived in Section 1.2.2. During a diffusion time step of length ~tD' bubbles of five 

or less sides lose mass and of seven or more sides gain mass. The possible occurence 

of a topological change (T2 transition) during a diffusion step and several other 

considerations in determining an optimal ~tD will be discussed shortly. After a 

diffusion step, the readjustment of the curvature of each edge needs to be performed 

because the mass and pressure of each bubble have changed to new values. At this 

instance, the angles between neighboring edges are no longer 1200 and the elastic 

relaxation process is initiated. This consists of two basic steps: moving all vertices 

at the same time in a "relaxation time step" ~tT and the readjustment of the 

curvature of each edge while all vertices are fixed. These two steps are performed 
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alternately until the equilibrium configuration of the foam is reached and then the 

next diffusion step is implemented. 

The motion of vertices in the time step .6..tr has to be monitored with 

care since a "collision" between them heralds the onset of a T1 transition. Several 

controls have to be introduced to ensure that this transition is effected correctly. 

First, a T1 transition is performed if the straight line distance, 8, between two 

vertices joined by an edge is smaller than a given cutoff distance .6.., as employed 

in the vertex model[31, 51, 70]. However, as pointed out by Nakashima et al.[70], 

T1 transitions may occur repeatedly on the same pair of vertices during the elastic 

relaxation process. This unphysical oscillation often occurs because the separation 

of the vertices which have undergone a T1 transition in a previous time step may 

still be smaller than .6... This results in the transition occuring again. To eliminate 

this scenario, another condition is necessary; namely that 8 is shrinking just prior to 

the transition. In spite of the second condition, another oscillation of T1 transitions 

may still occur due to the occurence of a configuration which is far from equilibrium 

after reconnection[54] as illustrated in Fig. 3.28(b). For example, the edge eij in 

Fig. 3.28(b) can satisfy the two conditions described above for a T1 transition. 

This problem can be solved, as illustrated in Fig. 3.28( c), by rotating eij around 

the center point, A, of eij until the torque on the point A by the forces at the i-th 

vertex and the j-th vertex vanishes. 

In a computer simulation, the occurence of pairs of vertices whose separa

tion is much smaller than .6.. usually increases the simulation time (shorter edges 

tend to need more curvature adjustment steps) and may induce non-convergence in 

the readjustments of curvature. In fact, we can predict (if it exists) the exact time 

interval, .6..tr,8=t::., in which the 8 for a given pair of (connected) vertices attains the 

critical value.6... The prediction of the exact time interval for a T1 transition is 

important to prevent the crossover of two (connected) vertices. Given the current 

positions and velocities of the i-th and j-th vertex, the separation, 8, of these two 
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(a) (b) (c) 

Figure 3.28: Illustrates a sequential steps of Tl transition as implemented in this 
model. After reconnect ion of the edges (b), the edge eij is rotated around the point 
A until the torque on A by the forces Fi and Fj vanishes (c). A is the center of eij. 

vertices after the relaxation time interval, /j.t r (see Fig. 3.29), can be expressed as 

The exact time interval, /j.t r ,6=A, for 8 to attain the critical distance, /j., can be 

easily found by solving the simple quadratic equation which is obtained by setting 

8 = /j. in the equation given above. During the vertex relaxation, /j.t r ,6=A is 

calculated for a representative sample of vertex pairs with small separation. The 

smallest of the calculated /j.tr ,6=A is compared with a current time step /j.tr,cur 

(determined from various convergence criteria) and the smaller of the two is then 

used as /j.t r . 

In the case that there are many pairs of vertices close enough to result 

in Tl transitions, the sequence of computations described above for an isolated 

Tl process can be generalized quite simply. Namely, we perform Tl transitions 
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Figure 3.29: A schematic diagram of two connected vertices which are subject to 
T1 transition. Xi and Vi are the position and velocity of the i-th vertex respectively, 
and 6 is the separation between them. 

on pairs of vertices in increasing order of their 6 values. Thus, multiple reconnec

tions which, for example, occur in monodisperse-hexagonal foam [44, 55] can be 

handled without difficulty. Multiple T1 transitions, however, can result in bubbles 

whose number of sides is less than three-even though it happens quite rarely 

(the occurence of these bubbles depends on Do and is not observed throughout the 

simulated evolutions from 1024 to 100 bubbles presented in this work). If some 

bubbles undergo the multiple T1 processes and become one- or two-sided bubbles 

(normally the size of the bubble is extremely small), they are removed via a T2 

process before performing other T1 processes. 

T1 transitions do not, in fact, occur that frequently during a typical se

quence of vertex movements (usually less than 0.1 % of such movements lead to a 

T1 transition). This being so it is advantageous to adopt an additional protocol of 

averaging vertex velocities to ensure smoother convergence. This technique, which 

- is also used in standard vertex models[70], essentially involves taking the average 

of vertex velocities over successive vertex movements and using that average to 
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generate the next movement, and so on. 

After successful movements of all vertices including topological transitions, 

the curvature of each edge is readjusted until all edges are in equilibrium. This is 

achieved by eliminating the net pressures on all edges. Since the positions of the 

vertices and the masses of the domains are assumed to remain fixed while the edges 

move, the pressure of a domain is a function of its opening angles. The change in 

the net pressure on the i-th edge, dPrt, can be derived from Eq. (3.37) in terms 

of the change in the opening angle of that edge, dOi: 

dP!l.et _ ~ aPi,a dO, _ ~ aPi,{3 dO 'I + 20' ari dO, (3.39) 
1 - j aOj J j' aOj l J rr aOi 1 

where the sum is over the edges of the a- and ,a-domains, respectively (see Fig. 

3.27(b)). Given the net pressures on the edges, dOi can be calculated from Eq. 

(3.39), which in turn will be subtracted from the current Oi to obtain the new 

Oi. In an actual simulation, the readjustment step of the curvature is performed 

repeatedly; typically about one million times during the evolution of 1024 bubbles 

to 100 bubbles. Thus, a computationally efficient method for this step is essential. 

We have tried two different methods: "direct" and "iterative". 

For the direct method, we reformulate Eq. (3.39) in a vector form, namely 

dpnet = Jde; 

de = J-1dpnet 

(3.40) 

(3.41) 

where pnet = (Ptet, ... ,PjJet), e = (()t, ... ,OE) and J is the Ex E Jacobian ma

trix with entries from Eq. (3.39) (E is the number of the edges). Although the 

Jacobian J is a very sparse matrix (each row and column has 11 non-zero elements 

on average), it is computationally inefficient to find the inverse of this matrix. 

Furthermore, we may have to solve Eq. (3.41) several times to obtain a reasonable 

accuracy-especially when the net pressures on the edges are relatively large. This 

direct method, however, ensures the existence of a unique solution of Eq. (3.40), 

and is useful to check the validity of other methods. A Jacobian technique was 
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also employed by HA (Herdtle and Aref[44]' see Section 1.6.3) but, by contrast 

with Eq. (3.40) and (3.41), involves all the dynamical variables and is therefore 

able to give a new equilibrium configuration of all the bubbles in one step after 

the diffusion process has been effected through von Neumann's law. 

In our iterative method, the basic procedure consists of changing the cur

vature (i.e. the opening angle 0) of each edge in sequence, and this procedure is 

repeated until the desired accuracy is achieved. Suppose the curvatures of all edges 

except the i-th edge are stationary. The change in Oi to eliminate the net pressure 

on the i-th edge can be derived from Eq. (3.39), 

dO. = dP!'1et/(api ,Q: _ api ,{3 2(Ja'ri ) 
t t aOi aOi + 'rf aOi • 

(3.42) 

As one might expect, the complete elimination of the net pressure on each edge 

drives the configuration of a foam far from equilibrium. Based on numerical trials, 

the best convergence is found to be achieved when we change Oi by the amount 

which is obtained by dividing dOi by the average number of sides of two domains 

which share the i-th edge. As we mentioned before, the iterative method is much 

more efficient than the direct method, although both methods give the same results. 

Now we discuss the implementation of a T2 transition during a diffusion 

step, and the determination of L:l.tD. A T2 transition is the removal process for 

a bubble whose mass becomes zero after the diffusion of mass through its edges. 

From von Neumann's law of mass transfer (Eq. (1.11)), it is easy to obtain the exact 

time interval, L:l.tD,M=O, for each three-, four-, and five-sided bubble to lose all its 

mass. If the smallest of these L:l.tD,M=O is chosen as a diffusion time interval, other 

small bubbles may lose most of their mass which can result in the non-convergence 

in the readjustments of curvature. In an actual simulation, !:ltD is determined 

such that each bubble does not lose more than 10% of its mass per each diffusion 

step. Additionally, an extremely small bubble whose mass is less than 0.5% of 

the average mass is removed before the readjustments of curvature. The actual 

rearrangement of edges due to the disappearence of four- and five-sided bubble is 
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straightforward: namely, they are reduced, through successive T1 transition(s), to 

three-sided bubbles whose vanishings require no special edge rearrangements as 

shown in Fig. 1.2(b). 

3.2 Numerical Results of two-dimensional Normal Foam 

We now present a variety of results from our numerical experiments with normal 

foams. The aim here is to illustrate the power of our algorithim in both speed 

and accuracy and, where appropriate, to identify differences in results obtained in 

other numerical studies. 

3.2.1 Initial conditions 

The Voronoi construction has long been recognized as a very useful way of gener

ating initial conditions for foam simulations (as well as other problems involving 

tilings of the plane). The standard construction (see, for example [99] or [70]) 

involves building the cells about points deposited randomly in the plane. It is 

possible to produce different networks by imposing a "hard-core" constraint on 

these points, namely setting a minimum distance on their separation. The larger 

the core, the less disordered the structure. For the simulation of normal foams 

presented here, we use doubly periodic Voronoi networks with large, small, or no 

hard-cores (Fig. 3.30(a)-(c)). However, the Voronoi networks constructed as de

scribed above cannot be used directly as initial foam structures since Voronoi cell 

walls usually do not meet at 1200
• To obtain the actual initial bubble structures 

from these Voronoi networks, a uniform initial pressure, Po, is assigned to each cell 

and then the elastic relaxation process described in Section 3.1 is initiated. The 

resulting structure, however, varies with the assigned initial pressure, as illustrated 

in Fig. 3.30, whereas in the case of incompressible gas, only one relaxed structure 

exists for a given Voronoi network. 
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Figure 3.30: Initial Voronoi networks with (a) no, (b) small, and (c) large hard-core 
restrictions. (d)-(f) and (g)-(i) are relaxed versions of Voronoi networks (a)-(c) 
with the initial pressure Po ~ 10-4 and Po ~ 10-2 atm respectively. Each figure 
shows 9% of a whole structure. 
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In the simulation, Eq. (3.37) is re-formulated in terms of dimensionless 

parameters, i.e. 

p,net - - 2 
(3.43) = Pi,C/ - Pi,(3 - 7, 1 

'i 

P P 
(3.44) = (a/h) , 

i\ = ,i/h. (3.45) 

Thus, for actual laboratory experiments run at normal pressure with typical soap 

concentrations and cell separations, the initial dimensionless pressure, Po, is usually 

of order 104 • This large value of Po significantly slows down the speed of the 

simulation. However, as will be described in the next section, von Neumann's law 

is satisfied at much lower values of Po (say, no smaller than Po = 102 i.e. Po ~ 10-2 

atm) and providing this is the case, runs at this low pressure (Po ~ 10-2 atm) are 

equivalent to those at normal pressure. 

In contrast, relaxed structures with Po ~ 10-4 atm (Po = 1) show different 

patterns from those with Po ~ 10-2 atm. In Fig. 3.30( d), which is relaxed from 

Fig. 3.30(a) with Po ~ 10-4 atm, one can notice that the bubbles with more than 

six sides are expanded and those with less than six sides are compressed. At even 

lower pressure (Po ~ 10-5 atm), these three Voronoi networks of 1024 bubbles 

were found never to relax to equilibrium configurations. It should be noted that 

increasing the surface tension of a soap film is equivalent to decreasing the pressure 

as seen in Eq. (3.44). In Fig. 3.31, we show a typical evolution sequence which 

starts with the relaxed Voronoi network with Po = 10-2 atm (Fig. 3.30(h) showing 

a representative portion of the initial configuration). Such a sequence is typical of 

the topological changes seen in an evolving normal foam. 

In table 3.1, we summarize all the runs and initial configurations for normal 

foam simulations. Without changing the geometry, a different initial configuration 

(e. g. Run ii and iii) can be generated by changing the (equal) pressure added to 

each cell. In all cases the foam configuration is doubly periodic. 



87 

Figure 3.31: A sequence of structures in the coarsening of a normal foam. Number 
of bubbles in (a)-(f) are 1024, 899, 704, 503, 297, and 100. 
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Table 3.1: Summary of all runs and initial configurations for normal foam simula
tions 

Run 

ii 

iii 

iv 

v 

vi 

vii 

viii 

ix 

x 

xi 

xii 

Initial 

Networka 

Voronoi, 

no hard-core 

(fl2 = 1.889, 

fl1 = 0.314) 

Voronoi, 

small hard-core 

(fl2 = 1.469, 

fl1 = 0.225) 

Voronoi, 

xiii large hard-core 

xiv (fl2 = 0.945, 

xv fl1 = 0.060) 

xvi 

Perfect Hexagons 

xvii (one edge removed) 

Initial foam parameters 

Pinit b (atm) fl2 fl1 Po (atm) 

10-4 

10-4 1.891 0.606 10-3 

10-2 

10-2 1.762 0.316 10-2 

10-4 

10-4 1.455 0.457 10-3 

10-2 

10-2 

10-2 1.346 0.226 10-2 

10-2 

10-2 

10-4 

10-4 0.945 0.138 10-3 

10-2 

10-2 0.938 0.060 10-2 

0.230 0.142 10-2 

10-2 0.006 0.005 10-2 

Note 

large errorsC 

backward diff. d 

single defect 

propagation 

aThe fl2 and fl1 values of the initial Voronoi network are given for comparison with the 
values found in the foam configuration after the initializing relaxation step. 
bThe initially assigned pressure to each cell to relax a non-equilibrium (Voronoi) network 
to a equilibrium configuration. 
cThese runs start with the same initial configuration for Run viii, but with different 
evolution conditions. See the text for detail descriptions. 
dThe initial configuration of this run is prepared by applying the 'backward diffusion' to 
that of Run xv. 



89 

3.2.2 Effects of pressure 

An important feature of our simulation is that, unlike KW or HA, von Neumann's 

area law is not built into the algorithm. As described in Section 3.1, we transfer 

mass across the walls by diffusion. This use of compressible gas raises a question 

about the validity of von Neumann's area law. To examine the effects of pressure 

on the foam evolution, we construct three initial conditions which have identical 

geometric patterns but different average pressure. These configurations can be 

obtained by simply adding an equal pressure to each cell in the structure which 

is relaxed from a Voronoi network with the lowest pressure (Po ~ 10-4 atm)

since the equilibrium geometry, with doubly periodic boundary condition, does 

not change as long as the pressure differences are unaffected[44]. Here we only 

present the results from Run v-vii since similar behavior is observed for different 

initial Voronoi networks. 

First, von Neumann's law is tested for more than 400 bubbles which do 

not experience any topological changes during the evolution from 1024 to about 

700 bubbles. As shown in Fig. 3.32, von Neumann's area law is well satisfied (to 

within less than 1%) with Po ~ 10-2 atm for every individual n-sided bubble. 

We plot /12 as a function of the number of bubbles, N, for the different pressures 

in Fig. 3.33. We can not find any significant difference in the overall behaviour 

of /12 for these different pressures other than foams with lower pressure tends to 

have larger value of /12 than those with higher pressure. It is clear that once we 

work in regimes of higher pressure (Po 2:: 10-2 atm), von Neumann's area law is 

satisfied and from now on the results of the runs made with Po ~ 10-2 atm will 

be compared with those obtained in other numerical and experimental studies. 
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3.2.3 Numerical Stability and Effects of Stochasticity 

The idea of "stochasticity" in two-dimensional soap froth has been recently dis

cussed by Fradkov et. al.[23]. In their paper, it was shown that there exists more 

than one configuration to which the froth can evolve when a four- or five-sided cell 

vanishes. In Fig. 3.34, for instance, a four-sided cell disappearence leads to two 

different configurations and each configuration, in turn, will follow a topologically 

different path of evolution. In soap bubble experiments, the adoption of a certain 

configuration after a four- or five-sided cell shrinks to zero area (leaving four- or 

five-fold vertex) depends on fast dynamics including the effects of the wetness of 

foam, capillary instability, the appearence of conical bubbles, and the defects on 

the plate surfaces [23]. In contrast, the numerical foam evolution is idealized as 

a two-dimensional dry soap froth and can be considered "deterministic" in that 

a four- or five-sided cell is reduced to a three-sided cell via (sequential) Tl tran

sitions on the shortest side before disappearence. If a configuration contains a 

disappearing four- or five-sided cell in which more than one side has equal short

est length, the evolution is "non-deterministic" j but this is unlikely to occur[23] 

and is never observed in our various runs. However, small fluctuations (such as 

the accumulated numerical errors in our simulation) in a configuration can cause 

different wall-switchings in a vanishingly small four- or five-sided cell, which can 

result in completely different foam evolution paths. 

When the dry soap froth model is implemented in an actual computer code, 

controls of the numerical errors for the selected variables need to be introduced. 

For example, to find an equilibrium configuration, KW (Kermode and Weaire[54], 

see Section 1.6.3) iteratively solved a linear equation containing a 5 x 5 submatrix 

until the root-mean-square of the area change, or dispaIcement of the vertices was 

smaller than the given input value. In the HA model, the numerical errors related 

to step size are an inevitable consequence of their use of a (huge) Jacobian matrix 

equation. In our model, during the readjustment of the curvature, the maximum 
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Figure 3.34: Two possible configurations after 4 sided cell disappearence. (a) 
evolves to (b) when ~~max = 0.5°, ~()max = 0.02° and to (c) when ~~max = 1°, 
~()max = 0.04°. Number of bubbles of (a) is 890. 
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deviation, !:!.()max, in opening angle of the edge from the equilibrium value is tested 

against a given error control. In addition, the vertices are allowed to move until 

the maximum angle deviation (from 1200) between neighboring edges, !:!.<Pmax , is 

smaller than another error control. Using various values of !:!.~max and !:!.()max, 

we can obtain topologically different foam evolutions from one initial identical 

configuration. 

We performed two different runs from an identical initial configuration 

with !:!.~max = 0.50, !:!.()max = 0.020 and with !:!'<P max = 10, !:!.()max = 0.040. The 

difference in topology (triggered by the different error controls) between two series 

of configurations is first observed when the number of bubbles is 889. Fig. 3.34 

shows the two different configurations after a four-sided cell vanishes. In spite 

of the difference in topology, /12 of these two configurations remains same for a 

while as shown in Fig. 3.35, since the side distributions are still identical in this 

particular example. As the two foams evolve, the topological difference between 

the two configurations becomes more distinct. This is because the local differences 

in topology propagate in space and further topological changes, through other 

four- or five-sided cell disappearences, can occur at a later time. Thus as the foam 

evolves the overall behavior of /12 can show deviations of the order of 10%. (The 

further fluctuations for bubble numbers less than about 300 may also be related 

to the relative poorness of statistical measures for small bubble number.) Other 

numerical experiments (not shown) with tighter error controls suggest that the 

choice !:!'<P max = 0.50, !:!.()max = 0.020 is adequate for our purposes and these are 

used in all our runs. 

As stated above, our normal protocol for effecting a T2 transition on four

or five-sided bubbles is to first reduce the cell to a three-sided bubble via a sequence 

of (one or two, respectively) T1 transitions on the shortest sides. However, it is 

also possible-say as a result of numerical error-to effect these transitions on 

other sides of the cell resulting in different topological configurations. In one run 

we made the choice that always gave the lowest subsequent /12 and in another, the 
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highest subsequent /12. These runs are compared with the "normal" protocal in 
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Figure 3.36: The behaviors of /12 in "normal", "high", and "low" /12 models. 

Fig. 3.36. The interesting feature here is that when the lowest /12 path is chosen, 

/12 does not continuously decrease but seems to attain a lower bound of about 

0.7 which is well maintained in the scaling regime. Although this behavior is a 

consequence of an artificial construction, not realized in real experiments, it raises 

the interesting theoretical challenge of trying to predict the existence and value of 

such a lower bound. It is not clear what the maximal /12 path corresponds to but 

it is interesting to note that mean field theories[63] lead to even higher /12 values 

which is a consequence of the way this theory chooses to handle T2 transitions 

(i.e. always eliminating the edge from the smallest bubbles of neighbors). The 

energetics of these different paths is also of note. Here foam "energy," E, is defined 
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as the total length of soap film in the entire bubble network. Thus, in the case 

of a perfect hexagonal foam, the energy is Ehe:x = (2V3N Atot ) t, where N is the 

number of bubble and Atot is the total area of a system[44]. As shown in Fig. 3.37, 
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Figure 3.37: The ratio of energy to Ehe:x vs number of bubbles in "normal", "high", 
and "low" J1.2 models. 

when we plot the ratio EjEhe:x, the low J1.2 path has the highest energy whereas 

the high J1.2 and normal J1.2 paths are much closer in energy. 

3.2.4 Scaling Regimes 

The existence of the scaling regime in normal foam evolution, as well as in grain 

growth, has been extensively studied experimentally and by computer simulation[38]. 

Among the many computational models, the KW and HA models and our model 
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are the most realistic in terms of the "exact" representation of foam evolution. This 

is not only because these models closely represent the real foam in a qualitative 

sense but, primarily, because each uses what we consider to be the most important 

physical characteristics of a foam. In this section, we present statistical results in 

the scaling regime and compare our results with those of KW and HA (we mainly 

compare our results with HA's since their work is the most comprehensive to date 

in the literature). 
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Figure 3.38: J.l2 vs number of bubbles for Run iii, iv, vii, viii, xiv, and xv. 

The behavior of J.l2, which is constant in the scaling regime, has been widely 

investigated to characterize the evolution of a normal foam. Fig. 3.38 shows the 

behavior of J.l2 for Run iii, iv, vii, viii, xiv, and xv, which all have same initial 

pressure Po = 10-2 atm. The plateau in J.l2, found between 600 and 700 bubbles 
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by HA (see Fig. 10 in HA's paper), is not observed in our simulations. Also, 

our /12 value in the scaling regime fluctuates between 1.2 and 1.4, which is slightly 

higher than HA's and slightly lower than the value reported ealier in experiment [85] 

and simulation by Weaire and Lei[97]. This small difference is probably negligible 

considering the sensitivity of normal foam evolution to initial configuration and the 

numerical errors as discussed in the previous section. Another interesting issue is 

the transient period to the scaling regime. In Fig. 3.38, it is observed that generally 

the more disordered (higher /12) initial foams reach the scaling state faster. 

The rate of growth in average area has been a central issue in foam ex

periments and simulations. It has been accepted that normal foam shows the 

power-law growth[38], 

(a) = A(t - tot, (3.46) 

where A is a constant. In spite of the variance in measurements of 0' (ranging 

from 0.64 to 2.0) in earlier experiment[79, 80, 1, 32], recent careful experimental 

results[35, 84] indicated the growth exponent is close to 1, as simple dimensional 

analysis suggests. We fit the average area data with equal time intervals from 

Run viii by Eq. (3.46) directly (since determining a in a log-log plot is likely to 

have systemetic errors[38]), and found that 0' is quite sensitive to the range of 

fitting. a is found to be 1.02 ± 0.02 using the data between 750 and 200 bubbles 

(Fig. 3.39), and 1.26 ± 0.07 when the range is reduced to 700-300, which is due to 

the limited amount of data. To measure the growth exponent with more accuracy, 

the simulation of a larger system is necessary and will be investigated in the near 

future. 

HA also reported the very interesting observation that E / Ehex is constant 

in the scaling regime, which is also seen in our simulation (Fig. 3.37). Since Ehex is 

proportional to Nt, the constancy of E / Ehex indicates that the growth exponent 

of the mean edge length is 0'/2. The mean edge length is plotted in Fig. 3.40, and 

the growth exponent is 0.57 ± 0.01 when the data is fit in the range between 750 
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and 200 bubbles, and also sensitive to the fitting range selected. 

The scaling regime, by definition, is determined by the constancy of all 

distributions, such as side and normalized area distributions. As shown in Fig. 

3.41, side distributions are stationary in the scaling regime. By contrast, although 

p( a/ (a)) in the initial and transient states can be distinguished from that in a 

scaling state, it is difficult to claim that p( a/ (a)) is stationary in the scaling regime, 

which might be due to the limited data. It is also interesting to note that p(n = 6) 

is slightly higher than p( n = 5), whereas HA observed a more noticeable difference 

between them. Again, our results lie between HA's and experimental results[32] 

in which p(n = 6) < p(n = 5). 

The runs discussed above have initial configurations which are generated 

by Voronoi networks. Even with a very large hard-core, Voronoi networks cannot 

generate very low /-l2 initial structures. In order to generate very low /-l2 initial 

configuration (Run xvi), 'backward' diffusion[97, 44] was performed, without T2 

transitions, on the initial configuration for Run xv, until/-l2 reaches an approximate 

lowest value of 0.23. The resulting configuration consists of several groups of 

ordered (hexagonal) regions which are connected by disordered regions (some of 

the ordered regions are indicated by dotted circles in Fig. 3.42). Fig. 3.43 shows /-l2 

behavior for Run xvi (dotted line) together with /-l2 for Run iv, viii, and xv. After 

the diffusion is initiated, the ordered portion is relatively unaffected for a long 

time since the regions of six-sided bubbles do not change by von Neumann's law. 

In Fig. 3.44, we plot the side distributions and in Fig. 3.45, show corresponding 

configurations at N = 520, where the /-l2 values are similar to those in runs shown 

in Fig. 3.38. At this stage, some of the ordered regions (the shaded arrow in Fig. 

3.45( d) points to one of these regions) are still unaffected. Therefore, it is clear 

that Run xvi is still in a transient state while the others have reached a scaling 

state. /-l2 keeps growing until the number of bubble is about 250, and it is difficult 

to conclude that the system reaches the scaling state after passing the peak in /-l2, 

because of poor statistics. However, this overshoot behavior agrees with earlier 
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Figure 3.42: Initial structure for Run xvi. 'Backward' diffusion was performed 
on the initial configuration for Run xv. Dashed circles indicate typical ordered 
regions. A later stage of evolution from this initial condition can be seen in Fig. 
3.45( d) in which the initially ordered regions are still seen to be reasonably intact. 
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Figure 3.43: J.l2 vs number of bubbles. Solid lines are for Run iii, vii, and xiv. 
Dotted line is for Run xvi. 
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Figure 3.44: Side distribution when the number of bubbles is 520. Solid lines are 
for Run iii, vii, and xiv. Dotted line is for Run xvi. 
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Figure 3.45: Structures when the number of bubbles is 520 for Run (a) iii, (b) vii, 
(c) xiv, and (d) xvi. In (d), the arrow points to one of distinctive ordered regions. 
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work in experiment[85] and simulations[44, 97]. 

3.2.5 Lewis, Perimeter, and Aboav-Weaire law 

Although the Lewis law (see Section1.3.2) works well for biological patterns, coars

ening systems, such as normal foams and metal grains, have been found not to obey 

this law quite as well; especially when the number of side is small or large[35, 44]. 

As shown in Fig. 3046(a), the measured {An} deviates from the linear behavior in 

a region where n < 5 or n > 9. The perimeter law, which states that the mean 

perimer of n-sided cell is proportional to the number of sides, is also shown in Fig. 

3046(b), and one can see that in a normal foam this law is better satisfied than 

Lewis law, which is consistent with HA's observation. 

The Aboav-Weaire law[l, 93, 2] describrd in Section1.3.3 is also frequently 

cited as a characteristic of cellullar patterns. As a result of fitting the plots with Eq. 

(1.27), nmn versus n with the best straight line (at each step of the evolution), the 

slope (6 - a), and intercept (6a + J.l2) can be followed as the foam evolves. Thus, 

in Fig. 3047(a), we see that throughout the evolution (6 - a) maintains a value 

close to 5.0 (±Oo4) i.e. a has the value 1.0 (±Oo4). In the case of the intercepts 

(6a + J.l2), we can perform a self-consistency check by using the previously found 

value a (from Fig. 3047(a)) and calculating the corresponding J.l2 value, which we 

call J.l{it. In Fig. 304 7(b), we compare J.l{it to the actual J.l2 which shows, at least 

for large N, self-consistent behavior. Although Aboav-Weaire law is well satisfied 

in an individual configuration, considerable fluctuations in a and J.l{it are observed 

throught the evolution. 

3.2.6 Propagation of a Single Defect 

The problem of single defect propagation in a perfect hexagonal foam is one ex

ample in which the normal foam evolution never reaches a scaling state. This 



109 

4 ~----~--~~--~~---.-----.-----.-----. 

3 

A 
ci' 2 
V 

1 

0 

3 

2 

A 
t: 

0.. 
V 

1 

3 4 5 6 7 8 9 10 

(b) 

o~----~----~----~----~----~----~--~ 

3 4 5 6 7 8 9 10 

n 

Figure 3.46: (a) Lewis and (b) perimeter law when N = 660 for Run viii. 



110 

6.0 

5.5 (a) 

5.0 
cd 
I 4.5 

\0 

4.0 

3.5 

3.0 
1024 900 800 700 600 500 400 300 200 100 

1.0 

0.8 (b) 

C'I 0.6 :::t 
" 0.4 ...-

C'I 

:::t 
0.2 

..... 
tI:: 

0.0 C'I 

:::t 
'-' 

-0.2 

-0.4 

1024 900 800 700 600 500 400 300 200 100 

N 

Figure 3.47: A boav-Weaire law for Run viii. 



111 

propagation phenomena in a normal foam attracted our attention because it is, 

in part, analogous to first order phase transitions seen, for example, in solidifica

tion. In our simulation, a single defect is generated by eliminating one edge from 

a perfect hexagonal lattice, and this structure is relaxed to an equilibrium initial 

configuration, which is shown in Fig. 3.48(a). Driven by von Neumann's law, the 

initial eight-sided bubble, surrounded by two five-sided bubbles and six hexagons, 

will grow continuously; conversely, the two five-sided bubbles will shrink. These 

dynamics generate the outward propagation of an area unpopulated by bubbles. 

The growth rate of the central area in Fig. 3.48 can be predicted by von Neu

mann's law. Using the radius of the central area, rc , Eq. (1.12) in Section 1.2.2 

becomes d(r~)/dt ex: nc, where the number of side, nc, of this area is large. Since 

nc is proportional to rc, drc/dt is constant. As shown in Fig. 3.49, the result of 

our simulation shows linear growth of the radius, as expected. 

In addition, with this simulation we are able to test the validity of our 

computer code and the error controls discussed in Section 3.2.3. The symmetry in 

the initial configuration is oberved to be retained throughout the run. Recalling 

that the symetry has not been incorporated in the iteration steps of vertex and 

edge movements, this implies that the choice of the error controls (~<pmax = 0.50
, 

~Omax = 0.020
) is appropriate. With this symmetry, it is also verified that our code 

is capable of handling multiple reconnections[44] and T2 processes without further 

considerations. In fact, our code has also been tested by comparing evolution under 

shear with the theoretical rheology results for monodisperse-hexagonal foams due 

to Kraynik & Hansen[55]. 

3.3 Conclusion 

We have developed a new algorithm which can deliver efficient and accurate simu

lations of two-dimensional dry foams. Overall, our results for a normal foam with 

the new algorithm agree with those by KW and HA except for a few cases in which 
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Figure 3.48: Sequence of configurations for the propagation of a single defect, when 
(a) t = 0, (b) t = 50, (c) t = 100, and (d) t = 150. Initial number of bubbles is 
1019 and the unit of time is arbitrary. 
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Figure 3.49: The radius of the big center bubble, rc vs time in the propagation of 
a single defect. 
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our values of quantities such as J.l2 and various probability distributions lie between 

those of KW and HA. The chaotic behavior triggered by the numerical errors has 

been investigated, and might be a source of the small discrepancies among the 

computational "exact" models namely KW, HA, and ours. Von Neumann's law 

has been verified with a typical experimental cell provided that Po ~ 10-2 atm. 

Under very low pressure, which corresponds to very high surface tension of a film, 

the area of a bubble containing small mass becomes smaller than it would under 

normal pressure, which induces a more disordered foam. When the geometry of 

an experimental cell is scaled down, the pressure in each bubble should be scaled 

up by the same factor to maintain the similarity of the structure. As a result, 

foam evolution in a microscopic cell under normal pressure does not satisfy von 

Neumann's law. 
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CHAPTER 4 

DYNAMICS OF BREAKING FOAMS - SIMULATION 

The phenomenon of wall rupture, although it has, in fact, been commonly observed 

in a normal foam[35], grain growth[80, 3], and magnetic garnet films[4], has not 

been paid much attention due to its complexity and the relatively small contri

bution it makes to the statistical quantities measured in those experiments. Our 

main objective is to develop an algorithm suitable for the simulation of breaking 

foams, experiments of which have been discussed in Chapter 2. As seen in the ex

periments, gas diffusion can be neglected in a breaking foam since the wall rupture 

occurs on a much faster time scale than the diffusion. It is therefore assumed that 

the only driving mechanism for the coarsening of a breaking foam is wall rupture. 

In the algorithm for a normal foam, we assume that a foam recovers an 

equilibrium configuration before the next diffusion step. Here, we cannot assume 

that a foam is in equilibrium prior to a wall rupture because the time interval 

between successive breakings may not be long enough for a non-equilibrium foam to 

relax back to an equilibrium configuration. The experimental observations suggest 

that after a finite period of relatively few wall ruptures a 'cascade regime' sets in, in 

which many frequent and even simultaneous breakings occur. Our algorithm is able 

to deal with the occurence of a wall rupture in a non-equilibrium configuration since 

the motions of all vertices and edges are followed at any instant. This capability 

of handling a non-equilibrium configuration is an advantage over the algorithms of 

KW and HA in which only the equilibrium configurations are traced. 
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4.1 Algorithms 

In our simulations, we choose certain "static" breaking rules (which will be dis

cussed in more detail shortly), i.e. rules that depend in some way on the length of 

an edge rather than its velocity. The consequence of this is that even as a region of 

the foam is relaxing rapidly around a given rupture, the choice of the next rupture 

can be made without being unduly influenced by its predecessor. Therefore, suc

cessive ruptures can occur relatively remotely from each other-a behavior that is 

consistent with the experimental observations. 

Although there are undoubtedly some long range correlations between 

sucessive ruptures, we adopt the following three simple breaking rules in which the 

probability of a given edge breaking is (i) random, (ii) proportional to the length 

of its edge, and (iii) proportional to the square of the length of its edge. The 

motivation for rule (ii) is provided by the observation that the average bursting 

time for a static soap bubble is inversely proportional to its surface area[9], and 

the other rules are introduced for comparison. Another difficulty in a breaking 

foam simulation lies in determining the time interval between successive breaks 

due to a current lack of understanding of the precise mechanisms governing the 

wall rupture. In this simulation, the time interval between breakings, !::l.tB, is 

chosen randomly between 0 and 2 X !::l.tB,av91 where !::l.tB,av9 denotes a user specified 

average period between breakings. Although the above rule for the time interval 

agrees with the experimental observation in the 'cascade regime', in which the 

number of bubbles decreases linearly in time, this rule is not sufficient to simulate 

the overall dynamic behavior of a breaking foam in real time. We will, therefore, 

attempt to compare our results with those of experiment in terms of topological 

evolution, not dynamic (i.e. real time) behavior, as will be described in Chapter 

4.2. 

In our computer simulation, a wall rupture can be implemented as a pro

cess of simply eliminating a selected edge. Consider the i-th edge, ei in Fig. 4.50(a). 
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ei; (a) prior to breakage, (b) immediately after breakage, (c) after the readjust
ments of curvature, and (d) after the foam reaches in equilibrium. 
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After the breaking of ei, two pairs of edges which were connected to ei become two 

new edges as illustrated with thick lines in Fig. 4.50( a) and (b). The curvature of 

each newly created edge is adjusted such that the areas of the A and B domains 

in Fig. 4.50(b) remain constant. The C and D domains combine to form a new, 

enlarged C domain with new values of area, mass, and pressure. Now we initi

ate the elastic relaxation process as applied in a normal foam. The first step is 

the readjustments of curvature (Fig. 4.50(c)), and the movement of vertices which 

are effected alternately until the next breaking occurs. Fig. 4.50( d) shows the 

equilibrium configuration after complete elastic relaxation from Fig. 4.50( c). 

4.2 Numerical Results of two-dimensional Breaking Foam 

In principle, the evolution of a breaking foam could be completely determined if 

the exact time and location of each breakage is known. However, the modeling 

of a breaking foam is still at a relatively primitive stage since the dynamics of 

wall rupture, which involves many complex issues, is not well understood, and the 

available experimental results are limited to those mentioned above. In Chapter 

4.1, we have postulated three breaking rules where, in short, the probability to 

break the i-th edge is given by 

( 4.47) 

where Ii is the length of i-th edge and z takes values 0, 1, and 2 for each breaking 

rule. In this thesis, we will attempt to test these breaking rules by comparing with 

experimental results in terms of topological evolution. 

Traditionally, the evolution of a froth is characterized by following the 

behavior of various quatities, such as mean area growth, /-l2, various probability 

distributions, etc. as a function of either time or the number of bubbles. However, 

since it is only the breaking rules, and not the time interval between successive wall 

breaks that are tested against the experimental results, we need some notion of the 
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topological evolution without involving the time variable explicitly. The apparent 

difference in topology between a normal and breaking foam can be characterized 

by the 'homogeneity' of the spatial structure. Namely, a breakage tends to drive 

the pattern of a foam toward an inhomogeneous appearence, while the normal 

foam tends to retain some degree of homogeneity. (A single defect propagation in 

a normal foam being one exception.) The topological evolution can be charaterized 

by the changes in homogeneity which are related to the energy or mean edge length 

of a system. Rather than attempt to follow these changes as a function of time we 

follow them as a function of bubble number as in the breaking foam experiments. 

For any coarsening system, the mean area is proportional to 1/ N by definition, 

namely 

(a) = Atot (~ ) ( 4.48) 

where Atot is the total area of a system and N total number of bubbles. Accord

ingly, we propose a power law evolution of the mean edge length in terms of 1/ N, 

I.e. , 

(I) oc (~)~ (4.49) 

where f3 denotes the 'evolution exponent' of the mean edge length. 

As shown in Fig. 4.51, for a normalfoam with initial Voronoi configuration, 

(I) satisfies Eq. (4.49) quite well and f3 is found between 0.48 and 0.50. For a single 

defect propagation, by contrast, f3 is 0.016, with a negligible standard deviation, 

which corresponds to a structure evolving towards extreme inhomogeneity. If we 

regard these behaviors of normal foam relaxation and single defect propagation, 

respectively, as the two extremes of homogeneous and inhomogeneous structures, 

we would expect f3 for a breaking foam to lie between 0 and 0.5. For each breaking 

rule, we choose the two initial configurations which were used for Run xv and 

Run iv of a normal foam. We label the breaking foam runs with less disordered 

initial configuration (used for Run xv) as Run I, II, and III corresponding to each 
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lIN 

Figure 4.51: (a) (a) vs liN for Run xv. By definition of the mean area, 'evolution 
exponent' for mean area is always 1. (1) vs 1 IN for (b) Run xv, and (c) xvii (a 
single defect propagation). The dimension of the system is scaled such that initial 
value of (1) is same as that of (a) for Run xv. 
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breaking rule z = 0, 1, and 2, respectively, and the runs with more disordered 

initial configuration (used for Run iv) as Run IV, V, and VI. 

4.2.1 Evolution topology 

In order to get an overall picture of the evolution of breaking foams, it is help

ful to look at a sequence of "frames" for the different breaking rules. These 

are shown in Fig. 4.52, 4.53, and 4.54, in which all foams start with the identical 

initial structure whose J-l2 is similar to that of the initial foam used in the experi

mental work. In all three figures, we see the progressive enlargement, due to wall 

breakage, of various bubbles which eventually become surrounded by clusters of 

small bubbles. Tracking this process frame by frame (i.e. a movie) clearly shows 

long range correlations, i.e. a wall breakage in one region triggering a movement 

some distance away, which are often accompanied by successive T1 processes. The 

frequent appearence of two-sided bubbles is one of the characteristics that distin

guishes a breaking foam from a normal foam. A two-sided bubble, generated from 

a three-sided bubble which loses a neighboring edge (due to breakage), appears to 

be stable unless a nearby bubble moves close enough to induce a wall switching. 

Although the phenomena described above for each breaking rule generally 

agree, to some degree, with the experimental observation, there are clear differences 

in evolving patterns for the different breaking rules. The evolution for the random 

breaking rule (z = 0) seems to be different from the experimental pattern evolution 

in that more long edges and less small bubbles survive at later stages. It is, however, 

difficult to compare qualitatively the evolution with breaking rule z = 1 or 2 with 

that of the experiment; a detail quantitative comparison will be discussed in the 

next section. In Fig. 4.55, we show an evolution sequence which starts with a 

more disordered initial structure with the breaking rule z = 1 (Run V). These 

sequential frames indicate that the evolution of a breaking foam is sensitive to the 

initial foam structure; at least for those breaking rules, that depends in some way 
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Figure 4.52: A sequence of configurations for Run 1. Number of bubbles in (a)-(f) 
are 1024, 880, 710, 500, 310, and 100. 
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Figure 4.53: A sequence of configurations for Run II. Number of bubbles in (a)-(f) 
are 1024, 880, 710, 500, 310, and 100. 
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Figure 4.54: A sequence of configurations for Run III. Number of bubbles in 
(a)-(f) are 1024, 880, 710, 500, 310, and 100. 
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Figure 4.55: A sequence of configurations for Run V. Number of bubbles in (a)-(f) 
are 1024, 880, 710, 500, 310, and 171. 
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Table 4.2: 'Evolution exponent' for all runs in the breaking foam simulations. 
These exponents are obtained with negligible standard deviations by fitting the 
data in the range of N = 1024-300. 

Run I II III IV V VI 

0.412 0.394 0.306 0.409 0.325 0.245 

on the length of the edge. 

4.2.2 (I) behavior 

As discussed before, one way to characterize a two-dimensional coarsening cellular 

system is through various evolution exponents. By using Eq. (4.48) in Eq. (4.49) 

we see the relationship 

(I) ex (a)f3, ( 4.50) 

which has also been used for the breaking foam experiments (see Eq. (2.35)). In 

the case of normal foam evolution (excluding pathological cases such as single 

defect propagation shown in Section 3.2.6), we know that the bubble area scales 

like (edge-length? (i.e. the bubble length scale set by a 1/2 is the same length scale 

as that set by the edge length) and hence /3 = 0.5. However, in a breaking foam, 

the length scale set by a typical bubble edge is no longer the same as that set 

by the square root of bubble area. Accordingly, we can no longer expect /3 = 0.5 

and based on the observation that the typical structure is that of a (very) large 

bubble made up of many short sides, we would expect /3 < 0.5. Experimentally, 

the observed values ranged from 0.25 to 0.32 (see Section 2.3). 

We show log-log plots of (I) as a function of liN in Fig. 4.56, in which 

power law in Eq. (4.49) is well satisfied for all runs except Run VI, and the fitting 

values, /3, from these plots are summarized in table 4.2. 
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Figure 4.56: Log-log plot of (I) vs liN for (a) Run I-III and (b) Run IV-VI. 
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With the random breaking rule, regardless of the initial foam structure, 

we obtain (3 = 0.41 which is higher than the experimental value. These high 

evolution exponents, together with the difference in the evolving patterns described 

in Section 4.2.1, lead us to conclude that a wall breakage does not occur at random 

in a breaking foam. Since (3 is sensitive to the initial foam structure for the breaking 

rules z = 1 and z = 2, the evolution exponents for Run II and III, whose initial J.l2 

is similar to that of the experimental foam, are compared with the experimental 

results. This indicates that the breaking rule z = 2 represents the dynamics of 

a breaking foam more closely than the breaking rule z = 1. In Section 4.1, the 

breaking rule z = 1 was proposed based on the emperical observation that the 

probability to rupture a static single soap film, within a given time interval, is 

proportional to its surface area. Therefore, we suspect that the movement of a 

soap film, including expansion or shrinkage, also affects its probability to rupture. 

4.2.3 Theoretical Consideration for (1) behavior 

When an edge is ruptured, the energy of the system (i.e. the total length of films) 

decreases due to the removal of the ruptured edge and various relaxations of the 

network engendered by that rupture. During these relaxation processes, T1 transi

tions may occur which drive the system towards an even lower energy configuration. 

In Fig. 4.57, the relaxation processes, including a T1 transition, are shown after 

an edge (indicated by the shaded arrow) is ruptured. The energy loss during these 

relaxations mainly stems from the change in lengths of the four edges which had 

been attached to the ruptured edge (11,2 < II + 12 and 13 ,4 < 13 + 14 in Fig. 4.57( a) 

and (f)), and the relaxation after the T1 transition (see Fig. 4.57(d)-(f)). It can 

be assumed, therefore, that the amount of energy lost in the course of the relax

ation is proportional to the average length of four neighboring edges attached to 

the ruptured edge. In addition, if a T1 transition occurs, it typically decreases the 

system energy by an amount proportional to the mean edge length of the system. 
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Figure 4.57: Sequential stages during the relaxation processes after the rupture 
of an edge. (a) Prior to rupture. It, 12, 13 , and 14 indicate the lengths of four 
neighboring edges to the edge which will be ruptured (identified by the shaded 
arrow). (b) After the relaxation of the neighboring edges. (c) Prior to a T1 
transition. (d) After the Tl transition indicated by the dotted circle. (e) In the 
middle of the relaxation after the Tl transition. (f) The relaxation processes are 
completed. The new edge lengths, 11,2 and 13,4 are smaller than 11 + 12 and 13 + 14, 
respectively. 
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In general, the change in energy due to the loss of one bubble caused by 

the rupture of an edge can be represented as 

~E(N) = E(N - 1) - E(N) (4.51 ) 

where N is the number of bubbles in the system. In order to calculate Eq. (4.51), 

we need to know the loss of perimeter due to the disappearance of the ruptured 

edge (see Fig. 4.57(a)) and the loss of perimeter due to the readjustment of lengths 

it,12,13 , and 14 into edges 11,2 and 13 ,4 (see Fig. 4.57(f)). For the breaking rule z = 0, 

where the edge to be ruptured is chosen randomly, the first of these losses, ~El( N), 

is just -(1) where (1) is the mean edge length. Since the average of four neighboring 

edges is same as the mean edge length of the system, the second of these losses, 

~Er(N), is -tr(1), where tr is a "geometrical factor" that represents the edge 

length loss due to the rearrangement in going from Fig. 4.57(a) to Fig. 4.57(f). 

Overall, we can rewrite Eq. (4.51) as 

( 4.52) 

where ~ETl(N) denotes the change in energy due to T1 transition(s), and for the 

breaking rule z = 0, 

~E(N) = -(1) - tr(l) - tTl (1), ( 4.53) 

where tTl represents the net average effect of the T1 transition(s). It should be 

noted that we assume T1 transitions occur regularly throughout the evolution 

(which was seen in our simulations) and tTl represents the average contribution of 

these processes to the change in system energy. 

From Eq. (4.51) and (4.53), and recalling (1) = E(N)j3N, the change in 

the mean edge length is given by 

~(l) = (E(N - 1) _ (1)) 
3(N -1) 

= -(2 - tr - tTl) (l)~N 
3(N -1) 

(4.54) 

( 4.55) 
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where b.N = -1. By integrating Eq. (4.55), the power law of (1) in terms of l/N 

which was proposed in the previous section can be obtained, namely 

( 
1 ) (2- f

r-
f
Tl )/3 ( 1 ) {3 

(1) = C -- ~ -
N-1 N 

( 4.56) 

where C is a constant. The sum of parameters Er and ET1 can be found from the 

simulation data. With the random breaking rule, f3 ~ 0.4 was obtained in the 

simulations for two different initial configurations, hence, Er + ET1 ~ 0.8. 

However, for the breaking rule z = 1 and z = 2, the calculation IS 

far less trivial and requires the introduction of the joint probability distribution 

p(l, m)dldm, which gives the probability of finding a normalized edge length be

tween 1 and 1+ dl, and the (normalized) average length of four neighboring edges 

to that edge between m and m + dm. The normalized lengths 1 and m are defined 

as 1/(1) and m/(I) respectively since (m) = (1). This distribution function has the 

following properties: 

J1 P(l,m)dldm = 1, ( 4.57) 

1 P(l,m)dih = p(l), ( 4.58) 

11 lp(l, m)dldm = 1, ( 4.59) 

/J mP(l,m)dldm = 1. ( 4.60) 

For the general case z = n, the probability of an edge to be ruptured is 

proportional to the n-th power of the length of that edge. Thus, the perimeter loss 

due to wall disappearance (Fig. 4.57(a)) is given by 

b.E/(N) = - 11 lin p(l, m)dldm = -(I) 11 In+1 p(l, m)dldm, (4.61 ) 

where we have simply used the definition 1= 1/(1), and due to wall rearrangement 

((Fig. 4.57(a)-(f)) is 

b.E/(N) = -Er 11 min p(l, m)didm = -Er(l) 11 mlnp(l, m)dldm. (4.62) 
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Therefore, the overall change in energy can be expressed as 

( 4.63) 

By using the notation (*) = II *p(i, ih)didih, Eq. (4.55) can be generalized, i.e. 

6.(1) = -(3 - (in+!) - Er(ihln) - ET1) (l)6.N 
3(N - 1) 

( 4.64) 

In the case of z = 1, for both initial configurations, (ihi) is close to 1 and 

the dependency of (i2) (which is 1 + J.l~ where J.l~ is the second moment of the 

normalized length distribution) upon N is negligible throughout the evolution, as 

shown in Fig. 4.58. As a consequence of these constancies, the power law of Eq. 

(4.56) is valid with {3 = (2 - J.l~ - Er - ET1)/3. It is interesting to notice that 

when z = 1 the evolution exponent, {3, depends on J.l~ i.e. the initial configuration, 

whereas {3 is constant regardless of the initial conditions with the random breaking 

rule. These are, at least qualitatively, consistent with the simulation results which 

were shown in table 4.2 in the previous section. When z = 2, the values of (mi2) 

and (i3 ) are not constant any more as shown in Fig. 4.58. Hence, the power law 

is not valid, which again agrees with the observations in the simulations (see Fig. 

4.56). 

4.2.4 Probability distributions 

In the case of a normal foam, the probability distributions of number of sides, area, 

and edge length were used in order to show the existence of the scaling regime, 

in which these distributions are stationary in time. By contrast, in a breaking 

foam, the peaks of the area and side distributions shift towards smaller values as 

shown in Fig. 4.59 and 4.60. In the side distribution, it is interesting that p( n) 

always increases when n < 5 and decreases when 5 < n < 8 (9 for Run V) and 

eventually the four-sided bubbles are dominant. However, the length distributions 

show somewhat different behavior from the area and side distributions as shown 
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Figure 4.58: (a) (in+l) and (b) (min) behaviors for Run II, III, V, and VI. In Runs 
II and V n = 1, and in Runs III and VI n = 2. 
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Figure 4.59: Area distributions for Run (a) I, (b) II, (c) III, and (d) V. 
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Figure 4.61: Length distributions for Run (a) I, (b) II, (c) III, and (d) V. 
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in Fig. 4.61. Although the length distributions for Run I-III, which start with 

a narrow length distribution, show a small transition, overall they seem to be 

stationary-which is again consistent with the experimental observation. 

4.3 Conclusion 

A breaking foam has been simulated using our new algorithm and compared with 

the experiment presented in Chapter 2. In spite of the lack of understanding of 

the breaking mechanism, it has been found that the simulation results with the 

breaking rule z = 2 agree, to some degree, with those of experiment. 

Our algorithm has several advantages over the earlier "exact" models. 

First, it is efficient. The scaling behavior of CPU time is usually recognized as the 

benchmark of efficiency. With our algorithm, the CPU time used for one bubble 

disappearence for normal foam is found to be O(NO.5-o.6) (Fig. 4.62), in contrast 

to O(N1.3) exhibited by HA's algorithm (KW did not report this data). All our 

simulations have been completed on workstation computers and the typical CPU 

time used for 1024 bubbles to relax to 100 bubbles is approximately 150 hours on 

a SPARCstation 20 with a single processor. Second, this algorithm is suitable for 

the simulation which involves breaking of edges or other non-equilibrium configu

rations (e.g. a breaking foam and magnetic garnet films), since the vertex and edge 

movement are traced at any instant. Third, since the (individually stored) surface 

tension of each edge is independent of the overall simulation procedure, the code 

can be easily modified for systems in which the surface tension of each edge varies, 

which is the topic of the next chapter. 
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Figure 4.62: CPU time (min) for one bubble disappearence vs number of bubbles. 
Linear fit is shown as a dotted line. 
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CHAPTER 5 

SIMULATION OF NORMAL GRAIN GROWTH IN ANISOTROPIC 

POLYCRYSTALS 

Normal grain growth in polycrystalline materials is driven by the reduction in 

positive interfacial energy. This reduction in energy takes place by elimination of 

grains. During a scaling regime grain coarsening proceeds with only a change in 

length scale. This length scale is characterized by the average grain area, (a), or 

the average cell radius, (r), with a = 7rr2. The kinetics of normal grain growth in 

two-dimension is characterized by a law of the form (r) ex t f3 , where t is the time. 

In materials science, (r) is more commonly used than (a), hence, in this chapter, 

(r) will be used for comparison with the materials science literature. 

There are numerous measurements and theoretical calculations of the ex

ponent /3. Various models described in Chapter 1 exhibit a growth exponent of 0.5 

whereas experimentally determined exponents are found to be less than or equal to 

0.5. A tabulation of exponents for a series of isothermal grain growth experiments 

on zone refined metals show an exponent varying between 0.5 and 0.25 with an 

average near 0.4[3]. Tabulated exponents for ceramics fall between 1/2 and 1/3[3]. 

More recent work on pure alumina reports an exponent of 1/3[76]. The discrepancy 

between the calculated and measured exponents is often explained on the basis of 

factors not accounted for in the computer models such as impurities or anisotropy. 

The effect of grain anisotropy on the growth exponent has been investigated with 

a Q-state Potts model[42]. In this work the exponent is shown to decrease with 

increasing degree of anisotropy. It is also shown that as the degree of anisotropy 
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varies, the transition from isotropy to a highly anisotropic growth exponent oc

curs over a small range whose width depends on the form of the interfacial energy 

function as a function of misorientation. 

In this chapter, we consider the effect of grain boundary anisotropy on the 

kinetics of grain growth within a continuous model of bidimensional polycrystals. 

We focus on determining the role of anisotropy in the interfacial energy and the 

consequence this for the growth exponents. We will show that the growth exponent 

in the case of anisotropic grain growth is less than 0.5. This slower kinetics results 

from the competition between two mechanisms for reduction in interfacial energy: 

namely, the decrease in interfacial area and the lowering in energy by change in 

grain misorientation. While the first one is associated with a coarsening of the 

microstructure, the second one takes place at constant interfacial area[71]. In 

addition to anisotropic grain growth we also consider the possibility of removal of 

low-angle grain boundary and identify a drastic increase in growth kinetics with 

an exponent larger than 0.5. This latter mechanism is reminiscent of the kinetics 

of breaking foams in soap froth (see Chapter 2) for which there does not exist a 

scaling regime. 

5.1 Model 

5.1.1 Model for Anisotropic Grain Boundaries 

The energy of a grain boundary depends on a number of geometrical parameters[48]. 

Nine geometrical variables are needed to completely specify a planar grain bound

ary. Three angular variables specify the rigid body misorientation between the two 

grains. Three variables describe any relative rigid body translation between the 

grains. Three more variables specify the exact location of the interface plane with 

respect to both crystals. These include two parameters for the orientation of the 

interface plus one variable for the location of the interface along its normal. The 
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rigid body translation and the interface location are microscopic parameters and 

will not be accounted for in our model. The interfacial energy will depend on only 

five macroscopic parameters. In a two-dimensional bicrystal, the orientation be

tween the grain and the interface inclination are each parameterized by an angular 

variable reducing the numbers of degrees of freedom to two. Although the grain 

boundary energy is often observed to depend strongly on the grain boundary incli

nation, little systematic experimental data is available on this variation[16]. We, 

therefore, limit the anisotropy of the interfacial energy to the orientation between 

the grains. 

We choose to model a polycrystal with a [001] texture. All grain bound

aries in this polycrystal are [001] tilt grain boundaries. In this work we use the 

Read and Shockley expression[73] for the grain boundary energy per unit area as 

a function of misorientation as shown in Fig. 5.63: 

,( 0) = ,00 (A - In 0) , (5.65) 

where 'a is some prefactor depending on the material. Following Read and Shock

ley, we take the constant A equal to 0.231. Grains with the [001] orientation possess 

a four-fold symmetry, and the Read and Shockley expression which is valid over 

the range of angles 00 < 0 < 450 is symmetrized at 450
• With this the interfacial 

energy is defined over the complete interval of misorientations, [00 ,900
]. 

A complete description of the microstructural evolution of polycrystalline 

materials also requires the incorporation of the effect of anisotropy on grain bound

ary mobility. The effects of grain orientation and grain boundary inclination on 

mobility are not fully understood. It is well known, however, that the mobility 

of low angle grain boundaries is smaller than the mobility of high angle grain 

boundaries[88]. Since the driving force for the former is less than that for the 

latter, an anisotropic mobility would only accentuate the contrast between these 

two types of boundaries. In the present work we simplify the model by considering 

a mobility which is independent of grain orientation. 
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Figure 5.63: Read and Shockley expression of the grain boundary energy as a 
function of the misorientation, e. 

The anisotropic interfacial energy is implemented by introducing the Read

Shockley misorientation-dependent surface energy into our model of normal foams. 

With this variable surface tension, three grain boundaries, in general, do not meet 

at angles of 1200 in equilibrium. As a consequence, von Neumann's law is no longer 

valid (i.e. a grain whose number of sides is less than six does not necessarily shrink 

and vice versa for a grain with a number of sides larger than six). In addition, the 

driving force for misplacement of curved boundaries now varies from boundary to 

boundary. 

The model for anisotropic grain boundaries is based on that of normal 

foam described in Chapter 3, but with a variable surface tension. The relaxation 

step after diffusion is basically the same as in the normal foam, except for the im

plementation of T2 transitions. In a normal foam, when a four-sided cell vanishes, 

the shortest boundary (in terms of the distance between vertices connected by the 

boundary) is selected for a T1 process in order to reduce the number of sides of the 
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cell to three. By contrast, in the case of anisotropic grain boundaries, the bound

ary selected for a Tl process is that which minimizes the surface tension (energy) 

of the boundary newly created by the two grains which were the neighbors of the 

vanished grain t. These two different topological changes are shown in Fig. 5.64. 

We will refer to the T2 process in a normal foam as "stochastic" since the config

uration after a T2 transition is affected by small fluctuations, such as numerical 

errors (see Section 3.2.3), whereas in the case of anisotropic grain boundaries we 

refer to the T2 process as "energetic". Finally, in the simulation of anisotropic 

/ 

Figure 5.64: Schematic diagram showing two possible topological changes when 
a four-sided grain vanishes. (b) minimizes the surface tension of newly created 
boundary, and (c) is for normal foam. 

tp. Deymier, private communication. 
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grain growth all initial misorientations are assigned at random. 

5.1.2 Model for Removal of Low-angle Grain Boundary 

Here, in addition to anisotropy in interfacial energy, we consider the possibility of 

removal of low-angle grain boundaries. Grain growth with removal of low-angle 

grain boundaries parallels the behavior of breaking soap foams. The removal of 

a low angle grain boundary may simulate two physical phenomena which could 

contribute to grain growth in anisotropic polycrystals, namely: grain boundary 

pull-away or subgrain coalescence. During subgrain coalescence the constituent 

dislocations of a low angle grain boundary migrate along the grain boundary plane 

and become incorporated into the structure of the surrounding grain boundaries. 

As a result of this process, the low angle boundary disappears and the two originally 

separated subgrains become a single large grain. 

During this process, the grains which absorb the dislocations will increase 

their misorientation. Our model does not account for the change in misorienta

tion of the grain boundaries adjacent to the one coalescing. That is, it is based 

on simple removal of low-angle grain boundaries and thus favors the elimination 

of low angle grain boundaries without favoring the creation of high angle grain 

boundaries. Such a model may, therefore, be considered as an overestimate since 

incorporation of the complete phenomenon of coalescence would only decrease the 

rate of occurence of states susceptible to coalescence. Li[60] has estimated the time 

required for coalescence, that is, the time required to eliminate a boundary with 

misorientation of 1 to 2 degrees. This time was calculated to be on the order of 

5 x 105 , 1600, 180 and 30 seconds at 200°, 300°, 350°, and 400°C in aluminum 

for a grain boundary of length 1.5 pm. The time scale for subgrain coalescence 

suggests that subgrain coalescence may affect the kinetics of grain growth at high 

temperature. 
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Low angle grain boundary breakage can also occur when a grain bound

ary pulls away from a low-angle tilt grain boundary [45] , leaving a discontinuous 

tilt boundary. Here, the discontinuous boundary may not disappear and forms a 

discontinuous segment separating the original two grains. Whether or not the two 

grains can still be defined is an opened question. Since the discontinuous low-angle 

tilt grain boundary does not contribute to grain growth directly (although it may 

do so indirectly through the stress field at the edge of the incomplete boundary), 

we chose to consider the two grains as a single one containing an extended defect. 

A simple model based on breakage (removal) of low-angle grain boundaries does 

not account for the velocity or the nature (low-angle or high-angle) of the grain 

boundary pulling away at the trijunction (vertex). It is known that as anisotropic 

grain growth proceeds, the number of low-angle grain boundaries increases and the 

number of high-angle grain boundaries decreases[77], thus reducing the probabil

ity for additional high-angle grain boundaries pulling away from a low-angle grain 

boundary at a trijunction. The model would, therefore, overestimates the contri

bution of breakage to the kinetics of grain growth. The formation of discontinuous 

low-angle grain boundaries resulting from the motion of another grain boundary is 

associated with a time scale which is on the order of the time scale for high-angle 

grain boundary migration. This phenomenon, may then contribute to modifying 

the kinetics of grain growth. 

Our model assumes instantaneous breakage of low-angle tilt boundaries. 

The criterion for grain boundary breakage or removal is based on the magnitude 

of the misorientation between grains. Somewhat arbitrarily, we choose to break 

grain boundaries with misorientations less than 30 of tilt. 

5.2 Results and Discussion 

We present the first simulation results by the "continuous" cell (or foam) dynamic 

model including the effect of anisotropy, which, to date, has been employed only 
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in the Potts Model[42, 71, 72]. Although there exist differences in detailed ki

netics between a soap froth and grain growth[99], both systems are fundamentally 

driven by the surface energy, thus the inherent effect of anisotropy can be delivered 

through variable surface tensions in the soap froth based model. The evolution of 

anisotropic grains are investigated under various conditions: different initial con

figurations, "stochastic" and "energetic" T2 transitions, and with and without 

breakage of low angle tilt grain boundaries. 

5.2.1 Anisotropy versus Isotropy 

In anisotropic grain growth, the evolution of cellular structures is mainly affected 

by anisotropic interfacial energies and breakage of low angle tilt grain boundaries. 

In order to investigate the effects of anisotropy exclusively, we performed runs 

without breakage on the two initial configurations, which were generated by "no" 

and "large" hard-core Voronoi constructions (see Section 3.2.1), for both stochastic 

and energetic T2 transition rules. In fact, we cannot disallow breakages totally, 

since an extremely small surface tension can make a stable four-fold vertex which, 

in turn, induces continuously oscillating T1 transitions. Thus the critical angle of 

0.20 is used as the breakage criterion and less than 10 occurences of breakage are 

observed in all runs in which 1024 grains are relaxed to 100. 

Fig. 5.65 illustrates a time evolution of anisotropic grain growth with the 

large hard-core initial configuration. These structures resemble with those of exper

iments (for example, see the photos of MgO-doped polycrystalline Al20 3 by Rodel 

et. al.[76]) in that a low angle tilt grain boundary is attached to two relatively high 

angle tilt grain boundaries at a trijunction with an angle of near 900. One of these 

types of trijunctions is identified by the arrow in Fig. 5.65(f). However, some large 

curvatures of low angle tilt grain boundaries seen in our simulation have not been 

observed in experiments. This is because, in our model, the equilibrium condition 

is enforced at each instant, whereas, in polycrystalline materials, a low angle tilt 
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Figure 5.65: A sequence of structures in the coarsening of anisotropic grains with
out breakage of low angle tiit grain boundaries. The boundary line thickness is 
propotional to grain boundary surface tension, and the line inside of a grain indi
cates the orientation of that grain. The arrow in (f) identifies the trijunction in 
which one low angle grain boundary and two relatively high angle grain boundaries 
meet. Number of bubbles in (a)-(f) are 1019, 836, 651,466, 283, and 100. 
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grain boundary is driven by low local surface energy with even smaller mobility. 

These large curvatures of low angle tilt grain boundaries overestimate the rate of 

diffusion and may effect the growth exponent. 

We show in Fig. 5.66, the log-log plot of time evolution of the mean grain 

radius, (r), in the cases of isotropic and anisotropic grain growth. As discussed 
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Figure 5.66: The log-log plots of (r) vs time for (a) isotropic and (b )-( d) anisotropic 
grain growth without breakage. Initial conditions are (a)-( c) large hard-core 
Voronoi, and (d) no hard-core Voronoi construction. (b) and (d) use the ener
getic T2 transition rule, whereas (a) and (c) use the stochastic T2 transition rule. 
(a)-(c) are displaced for clarity. 

in Section 3.2.4, using a log-log plot to obtain a growth exponent, /3, can induce 

systemetic errors by neglecting the correct origin of time where the number of 

grains is infinite. However, the fact that the available published results are based 

on log-log plots and our main interest lies in finding the relative differences between 

isotropic and anisotropic cases, encourages us to also use log-log plots. 

In the isotropic case, as shown in Fig. 5.66(a) (which is redrawn from the 

data of Run xiv in Chapter 3), /3 = 0.49 is obtained which is consistent with 
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the growth exponent observed in most experiments and computer simulations of 

isotropic normal grain growth. Fig. 5.66(b) and Fig. 5.66( c) show the runs for 

energetic and stochastic T2 transition rule, respectively, with the identical large 

hard-core initial configurations. Fig. 5.66( d) uses energetic T2 transition rule with 

no hard-core initial configuration. In the case of anisotropic grain growth, as 

seen in Fig. 5.66(b)-(d), f3 is reduced to about 0.36-0.38 for the different initial 

conditions and T2 transition rules. These results, therefore, indicate that the effect 

of different T2 transition rules is very small as far as (r) evolution is concerned. 

In isotropic normal grain growth, a scaling state is often observed after a 

transient period. Typically, the scaling state is identified by the constancy of the 

second moment of side distribution, J.l2. The time evolutions of J.l2 and the mean 

surface energy (in terms of '0), (-y /'0) are shown in Fig. 5.67, in which the run 

with the energetic T2 transition rule is plotted with solid curves and that with the 

stochastic T2 transition rule with dotted curves. It is interesting to notice that in 

the region between 20 and 60 time units J.l2 is almost constant for both cases. 

The driving forces for coarsening are determined by the surface energies 

and curvatures of grain boundaries which together determine the rate of diffusion 

(Eq. (1.6) in Section 1.2.2). The decrease of growth exponents from 0.5 to 0.36-

0.38 in the case of anisotropic grain growth is mainly caused by the reduction in 

the mean surgace energy as shown in Fig. 5.67(b). This reduction in the mean 

surface energy is due to the topological transitions (T1 and T2), since a boundary 

with low surface energy, which stretches more than one with high surface energy, 

lives longer. However, the value of the growth exponent in our simulations without 

breakage is higher than those of experiments and Potts Model simulations in which 

breakage of low angle tilt grain boundaries is also included (breakage of boundaries 

usually increases a growth exponent). Our higher growth exponents may be due to 

the appearance of large curvatures of low angle tilt grain boundaries which increase 

the rate of diffusion. 
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Figure 5.67: The time evolution of (a) JL2 and (b) the mean surface energy, (J/'Yo) 
in the case of anisotropic grain growth. The run with the energetic T2 transition 
rule is plotted with solid curves and that with the stochastic T2 transition rule 
with dotted curves. Initial configuration of both runs is the large hard-core Voronoi 
construction. 



151 

5.2.2 Scaling argument for anisotropic growth exponents 

As discussed in Section 1.4, in isotropic normal grain growth the only relavant 

physical parameter is a diffusion constant, K. Therefore, the time evolution of 

normal grains can be described in terms of dimensionless parameter, (r)/(Kt)1/2 

through a general relation of the form 

(5.66) 

Eq. (5.66) suggests that (r) '" (Kt)1/2 in the long time limit. In the case of 

anisotropic grain growth, an additional slow time scale, r, is introduced due to 

the reduction in the mean surface energy of grain boundaries. Thus, the time 

evolution of anisotropic grains can involve the aditional dimensionless parameter, 

r It, through a relationship of the form 

(5.67) 

which implies that 

(5.68) 

At this stage, we know little about g(x), but in keeping with standard 

arguments from critical phenomena and the concept of anomalous exponents[39], 

it might be that g( x) '" x-V. Hence, the behavior of the mean radius in anisotropic 

grain growth becomes 

(5.69) 

i.e. the mean field exponent of f3 = 1/2 is reduced. Future projects may in

volve describing the slow time scale,r, in terms of physical parameters, and finding 

anomalous exponents, v theoretically or numerically. 
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5.2.3 Low-angle Grain Boundary Breakage 

The anisotropic grain growth with low angle grain boundary breakage has been 

simulated for four different initial configurations with the energetic T2 transition 

rule. Initial configurations are generated by assigning four different sets of grain 

orientations on the identical large hard-core Voronoi construction. The critical 

angle for breakage is set at 30
, and the evolution of structures is very sensitive to 

the choice of this cutoff angle. A typical time evolution of structures is shown in 

Fig. 5.68 and the less frequent occurence of large curvature grain boundaries is 

more noticable than in the structures without breakage. The overall kinetics of 

these simulations is faster than the kinetics of growth in an isotropic polycrystal 

without breakage. It appears therefore that despite the slowing down effect of 

anisotropy, breakage dominates the kinetics of the growth. The growth exponent 

varies between 0.51 and 0.59 with a mean value near 0.55. This behavior is con

sistent with the growth kinetics of breaking foams which occurs on a much faster 

time scale than the diffusive process (see Chapter 2). Fig. 5.69(b) shows one of 

these four n!.llS, and Fig. 5.69(a), which is for isotropic grain growth, is presented 

for comparison. 

In Fig. 5.69(c), the behavior of (r) is shown in the case of stochastic T2 

transition rule, and the growth exponent is found to be 0.48 for this particular 

initial configuration. When boundary breakages are allowed in the evolution, the 

energetic T2 transition rule increases the growth exponent significantly, since it 

creates, in general, more low ::Lngle grain boundaries than the stochastic T2 tran

sition rule, and hence promotes the rate of breakage. 

5.3 Conclusions 

We have used a computer model of grain growth in bidimensional polycrystals 

to investigate the effect of anisotropy on the growth kinetics. Our results show 
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Figure 5.68: A sequence of structures in the coarsening of anisotropic grains with 
breakage of low angle tilt grain boundaries. The boundary line thickness is propo
tional to grain boundary surface tension, and the line inside of a grain indicates 
the orientation of that grain. Number of bubbles in (a)-(f) are 1019, 835, 651, 
467, 283, and 100. 
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Figure 5.69: The log-log plots of (r) vs time for (a) isotropic and (b )-( d) anisotropic 
grain growth with breakage. Initial condition of all three curves is large hard-core 
Voronoi construction. (b) uses the energetic T2 transition rule, whereas (a) and 
(c) use the stochastic T2 transition rule. Curves are displaced for clarity. 
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that the growth exponent for the mean grain radius decreases from the mean field 

value of 0.5 in the isotropic case to 0.36-0.38 in the anisotropic case. This slower 

growth kinetics is discussed in terms of an additional mechanism for energy reduc

tion involving changes in grain misorientation due to topological transitions. This 

mechanism is believed to compete with the primary driving force for coarsening; 

namely, reduction in interfacial area. During anisotropic grain growth, the number 

of low-angle grain boundaries increases to the detriment of high angle grain bound

aries. The calculated microstructures possess features similar to those observed in 

experiments and other computer models. We have also considered in our model 

the possibility of low-angle grain boundary breakage. This phenomenon leads to 

a growth kinetics faster than that of isotropic polycrystals. The kinetics of grain 

growth with breakage is similar to the one observed in breaking soap foams. In this 

case the growth exponent exceeds the mean field value of 0.5. The experimental 

values for growth exponents of 0.5 or less suggest that low-angle grain boundary 

breakage may not be an important mechanism in normal grain growth or that our 

model overestimates its effect. Indeed, it may be possible for a slower breakage 

(slower than the instantaneous one used in the model) to compensate the effect of 

anisotropy on the growth exponent in such a way that the overall growth exponent, 

/3, approaches the isotropic value of 0.5. 
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