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ABSTRACT 

Shallow water flow over level and non-level soil surfaces is governed by three 

partial differential equations accounting for momentum in the Xl- and xrdirections and 

conservation of mass. An explicit one-dimensional model using a cell based finite 

difference scheme was used in an attempt to solve those equations numerically, 

utilizing the zero-inertia assumption; but stability analysis indicated the scheme to be 

unstable. 

An implicit non-linear version of the same scheme proved to be consistent and 

unconditionally stable. To validate the implicit one-dimensional cell-based zero-inertia 

model, several test cases were run with an existing one-dimensional grid-based model 

(Le. SRFR) and with the proposed one-dimensional cell-based model. The results 

from existing models compared favorably. 

Grid-based methods are difficult to solve in two-dimensions. The cell based 

finite difference scheme was extended to simulate level and non-level basins exhibiting 

significant variations in two directions. An implicit two-dimensional non-linear 

scheme was developed, and it proved to be consistent and unconditionally stable. The 

alternating direction implicit (ADI) method was used to solve the two-dimensional 

non-linear scheme. One set of equations was used, regardless of solution direction. 
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An iterative solution was developed utilizing the Newton Raphson method. The 

iterations were stopped when a predefined small residual was achieved. 

Field data were collected for an irrigation on an irrigated basin in the Gila 

River Farms, for which significant variations in two directions were observed. Water 

surface elevations were measured with a double-bubbler and pressure transducer 

system. The same field conditions were simulated using the two-dimensional implicit 

zero-inertia model, and the results compared favorably. 

The two-dimensional implicit zero-inertia model has great potential to simulate 

fields with any geometrical shape, any inflow and soil surface configurations. 
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1. INTRODUCTION 

1.1 Surface Irrigation 

Surface irrigation systems spread water over a field using the action of gravity. 

That include basin, border and furrow systems. The purpose of an irrigation is to supply 

water to the soil-plant system as needed for transpiration from the plant, control of the 

plant's micro-climate, evaporation from the ground surface, and for leaching salts. 

Irrigations are judged according to certain performance parameters such as the efficiency 

of water usage by plants and the distribution of water throughout the irrigated field. 

A typical irrigation has four phases. The advance phase is the portion of the total 

time of irrigation during which water advances from the upper field boundary to the lower 

field boundary. The storage phase is the portion of the irrigation time between the end of 

advance to the end of the field and inflow cut-off time. The depletion phase is the length 

of time between inflow cut-off time and the beginning of the recession phase; this time is 

also referred to as the lag-time. Finally, the recession phase is the time it takes for the 

water to recede from the entire field surface. 

Any of the phases listed above can have a time duration of zero except for the 

advance phase. The time of cut-off, leo, is the time of irrigation at which the inflow of 
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water into the field ceases, while the infiltration opportunity time for any point on the soil 

surface is the time during which the soil at that point has a depth of water thereupon. 

1.2 Basin Irrigation and Land Leveling 

Basin irrigation involves applying water to an area of any shape surrounded by a 

control barrier, or dike. To attain a uniform distribution of infiltrated depth of water 

throughout the basin, water has to spread quickly over the basin to cover the entire basin. 

This can be accomplished by introducing a large stream of water and by land leveling. 

Land leveling must be accurate for a uniform distribution of water. The objective 

of land leveling is to allow all parts of the field to receive water for equal lengths of time 

by eliminating low and high spots. Before 1975, when laser-controlled scrapers were first 

introduced, traditional land leveling was practiced in which the leveling equipment was 

controlled by the operator, and the precision attained was generally related to the ability of 

the operator. With laser controlled scrapers, fields can now be leveled to a ±15 mm 

standard deviation in field surface elevations (Dedrick, 1979). 

1.3 Design and Management of Suiface Irrigation Systems 

With increasing demand for limited water supplies, there is a need for sophisticated 

design and management of irrigation systems to increase their efficiency. Design and 

management of surface-irrigation systems are more and more often based on computer 
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simulations. Various computer simulations are conducted, in which design and 

management parameters are varied to attain certain efficiencies for the irrigation system~ 

then the results are stored in a data-base where it can be retrieved on demand to be used 

for design. 

One-dimensional surface irrigation computer models, such as SRFR (Strelkoff, 

1991), have proved adequate in simulating flow in basins and border strips. Such models 

assume a uniform flow rate across the width of the strip and a negligible cross slope which 

results in a sheet-like advance with no transverse variation. These assumptions are only 

valid if the transverse variation of water-surf ace-elevation and the transverse component 

of velocity are not significant in the field being simulated. Also, it is customary in large 

level basins, to introduce water from essentially a point source, at a comer or in the middle 

of a side, or even in the center of the basin. The unconfined flow' spreads out from the 

source in all possible directions which makes one-dimensional simulation a crude estimate 

to such an irrigation. 

In the case of two-dimensional flow, vanous computer simulations can be 

conducted, in which design and management parameters are varied using two-dimensional 

surface irrigation computer models, such as B2D (playan et aI., 1992). The results can 

also be used to analyze and design basins~ but most of the two-dimensional models are 

limited to simulating level basins with a perfectly level surface. 
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1.4 Objective 

The objective of this research is to develop a two-dimensional computer

simulation model using a cell based finite difference scheme for simulating level and non

level surface irrigation basinslborders exhibiting significant variations in two directions. 

The variations include soil characteristics, flow velocity, ground-surface elevation and 

water-surface elevation. 
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2. MODELING SHALLOW WATER FLOW 

In this chapter the different models used over the years to model one- and two-

dimensional shallow water flow will be presented. 

Through the years, three different mathematical models arose, based on the Saint 

Venant equations that describe shallow water flow; these are presented in Chapter 3. The 

volume balance model or kinematics approach solves the continuity equation while 

replacing the momentum equation with an assumed surface-stream shape and normal 

depth at its upstream end. The zero-inertia model uses the volume balance principle of 

mass conservation and simplifies the momentum equations by assuming zero accelerations 

to determine the surface-stream geometry. The full hydrodynamic model utilizes the full 

Saint Venant equations by implementing the volume balance principle of mass 

conservation and the full momentum equations. 

2.1 One-Dimensional Surface Irrigation Models 

Engineering principles were applied in the analysis of surface irrigation by Israelsen 

(1932) to predict the advance of water over a border. He assumed a constant average 

flow depth in the surface stream and a constant infiltration rate and arrived at the 

following advance formula: t = Y In[( q )] in which t is time since water started 
p q-p·A 
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to advance; y is the average depth of water on the soil surface; p is the rate of infiltration; 

q is the flow rate per unit width of the border strip; and A is the area covered with water 

per unit width of border. 

Lewis and Milne (1938) used the constant average flow depth assumption and 

recognized that the advance rate depends on the slope of the border. soil and vegetative 

roughness and the characteristics of soil infiltration. However. they indicated that the 

assumption of a constant average flow depth accounts for these factors. except infiltration, 

by having a deeper or shallower flow depth. They developed a convolution-integral 

formula for evaluating the rate of advance of the irrigation stream when the rate of 

infiltration is a predetermined function of time. 

Hall (1956) incorporated the roughness and slope of the field in his calculations 

while assuming an arbitrary time dependent infiltration function. The shape of the surface 

water was assumed, with normal depth at the head of the border calculated from the 

Manning equation. With this assumption the Lewis and Milne (1938) convolution-integral 

was evaluated numerically. 

Hart et al. (1968) presented an overview of the kinematic approach. In this 

approach, conservation of mass is expressed assuming an average constant flow depth that 

is a function of the size of the stream. The assumption of constant flow depth ignores the 

momentum equation. They described the problem of surface irrigation qualitatively in 

terms of advance, depletion and recession phenomena and quantitatively by solving the 

Lewis and Milne integral equation numerically with high level of accuracy. 



21 

More models were developed in the years following to solve the Saint Venant 

equations presented in Chapter 3 under different assumptions. Kruger and Bassett (1965) 

used an implicit finite difference scheme to solve the Saint Venant equations in one-

dimension assuming a constant infiltration. Wilke (1968) attempted to solve the equations 

using the method of characteristics, but had difficulties advancing the wetting front. 

Kincaid et al. (1972) assumed a constant rate of advance at the moving front and solved 

the Saint Venant equations using the method of characteristics, overcoming the problem 

Wilke (1968) encountered. Sakkas and Strelkoff (1974) used a more precise scheme to 

model the advance phase of the irrigation problem. Katopodes and Strelkoff (1977) 

solved the complete Saint Venant equations using the method of characteristics. Their 

model solved the complete surface irrigation phenomenon with its advance, ponding, 

depletion, recession and runoff. The model appeared to produce accurate results. 

Strelkoff and Katopodes (1977) introduced what is known as the zero-inertia 

model. It is based on the assumption that all acceleration terms in the Saint Venant 

equations are very small and can be assumed to be zero, as shown and discussed in 

Chapter 3. Fangmeier and Strelkoff(1978) and Clemmens and Fangmeier (1979) showed 

that the zero inertia model is fairly accurate in comparison with field data. The accuracy 

of model results, however, depends on the precision used in measuring the empirical input 

data; namely, the infiltration function and the roughness. 

BRDRFL W (Strelkoff, 1985) is a computer program designed, as the name 

indicates, to model the flow of water over the surface of an irrigation border. It is a one-
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dimensional model in which the soil characteristics are assumed not to vary transversely 

and the cross slope to be zero. This program solves the Saint Venant equations using a 

finite volume method either by assuming zero-inertia or by the kinematic wave approach in 

which a normal flow depth at each point is assumed. The model was tested and used by 

researchers and seemed to give reasonably accurate results. 

SRFR (Strelkoff, 1991) is a sequel to BRDRFLW with many enhancements. The 

physical principles of conservation of mass and momentum reflected by the Saint Venant 

equations, are applied to finite volumes of water (thick slices or cells) over finite, small 

increments of time. Basins, borders and furrows can be modeled using SRFR, which 

proved to be fairly accurate provided the input values are accurate. SRFR implements an 

easy-to-use graphical user interface for both input and output. The verifications of the 

zero-inertia model performed by Fangmeier and Strelkoff (1978) and Clemmens (1979) 

were determined using the BRDRFL W model for which SRFR is a sequel. 
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2.2 Two-Dimensional Shallow Flow Models 

In the past few decades, several approaches to two-dimensional shallow flow 

modeling have been developed, most of which dealt with the dam-break problem or with 

estuary modeling. Two-dimensional modeling of dead-level basins has been introduced in 

the past few years~ but no models have been developed to simulate non-level basins. In 

the next paragraphs, some of these models will be discussed. 

Reid and Bodine (1968) modeled storm surges using two-dimensional finite 

differences to calculate water-surface configuration in a bay. The model used the volume

balance principle and assumed a shape for the moving surge. 

Xanthopoulos and Koutitas (1976) modeled the dam-break problem using a two

dimensional finite difference scheme on a dry bed. They used an explicit finite difference 

scheme for discretizing the Saint Venant equations. Their stability analysis indicated the 

need for a very small time step; however, in Chapter 5 it will be shown that their scheme 

was unstable. Also, in their derivation of the finite difference scheme they failed to include 

the effect of flow in one direction on the flow in the second direction as will be shown in 

Chapter 6. 

Katopodes and Strelkoff (1978) modeled two-dimensional flow from a breached 

dam or from total dam failures using a deforming mesh scheme based on the method of 

characteristics. They assumed a hydrostatic pressure distribution everywhere, an 
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assumption that could introduce errors in regIOns of highly curvilinear flow, usually 

associated with the early stages of breached-dam problems. Their results compared well, 

qualitatively, with dam failures induced in the laboratory, but they stressed the need for 

quantitative experimental data on two-dimensional dam break problems. 

In the following years, many finite element models were introduced to solve the 

two-dimensional shallow water equations. Walters and Cheng (1979) used an implicit 

finite element model in the computation of tidal currents in an estuary. 

Katopodes and Wu (1986) used an explicit finite element model to simulate 

discontinuous two-dimensional flow in an open channel including hydraulic jumps and 

bores. The model, utilizing a Taylor series expansion for integration in time coupled with 

the Galerkin variational principle, proved to be efficient and accurate near discontinuities. 

Akanbi and Katopodes (1988) utilized the two-dimensional shallow water flow 

equations to model flood-wave propagation on a dry bed using the Galerkin finite element 

approach. They used a deforming moving grid system based on coordinate 

transformation. Results from field data compared favorably with model results. 

In the past few years more models have been introduced that simulate the two-

dimensional shallow water equations using finite difference methods. Casulli (1990) used 

a semi-implicit finite difference scheme to discretize the two-dimensional shallow water 

equations, in which the convective terms in the momentum equations were discretized 

explicitly and the gradients of the water surface elevation terms were discretized implicitly. 

He used this scheme to solve the ~idal circulation problem in a stationary basin. He stated 
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that using artificial viscosity terms in the equations reduced accuracy, and he presented 

alternative solution methods to improve accuracy of the scheme. 

Playan et al. (1994) developed a two-dimensional model to simulate perfectly level 

basins with no variation in surface elevation. They used the explicit leapfrog finite 

difference scheme and assumed a wet field. Their model can handle different boundary 

geometry and inflow configurations. In comparison to field data, they stated that the 

model predicted advance and recession times accurately. 

No references in the literature indicated the existence of a computer model that can 

simulate non-level basins with variations in soil characteristics and with flow in two 

directions. 
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3. THEORY OF SHALLOW WATER FLOW 

Shallow water flow represents a complex physical problem that has been studied 

and discussed extensively as described in Chapter 2. In this chapter the theory of one- and 

two-dimensional shallow water flow will be presented. Also, the zero-inertia assumption 

in one- and two-dimensional flow will be discussed. 

3.1 One-Dimensional Shallow Water Flow 

One-dimensional shallow water flow in borderslbasins is governed by two partial 

differential equations. In one-dimensional borders, it is assumed that soil properties, 

surface elevations, flow depth, flow rates, velocities, etc. are uniform across the width of 

the border. The two partial differential equations, shown below for a unit width of a 

border strip as equations 3.1 and 3.2, account for conservation of mass and momentum, 

respectively, 

1 ou U ou oh 
--+-·_+-+S +D =0 
g of g ox ox f I 

in which, 

y: depth of flowing water (L); 

q: unit flow rate of water (L2 Tl); 

3.1 

3.2 



t: time dimension (T); 

x: longitudinal space dimension (L); 

z: infiltrated depth of water: volume infiltrated per unit area of wetted soil surface (L); 

u: velocity vector in direction of flow: the mean water velocity averaged over the flow 
depth (L rl); 

h: piezometric head: the sum of the depth and the bottom elevation with respect to a 

datum (L): h = y + Zo 

Zo: the ground elevation (L); 

g: ratio of weight to mass (L r2); 

Sf: friction slope in the x-direction (L L01
), discussed in the following paragraphs; 

D,: dynamic contribution of the lateral inflow, outflow or seepage (L LO l
). 
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Equations 3.1 and 3.2 are referred to as the de Saint Venant partial differential 

equations of unsteady flow (de Saint Venant, 1871) and can be derived from the physics 

of the open channel flow problem (Strelkoff, 1969; Lai, 1986; Liggett, 1975; Chaudhry, 

1993). The fundamental assumptions underlying the development of the de Saint Venant 

equations are: 

1. Hydrostatic pressure distribution: the water surface elevation varies gradually, which 

means that pressure can be assumed to vary hydrostatically. 

2. Velocity distribution over the cross sectional area of flow does not significantly affect 

the wave propagation, and hence the velocity can be assumed to be constant in the 

cross section and equal to the mean velocity, averaged over the flow depth. 
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3. The average slope of the channel bottom is so small that sin r :::= tan r, and 

cosr :::= 1, in which r is the angle made by the channel bottom with the horizontal. 

The unit flow rate shown in equation 3.1 is defined as the flow rate over a one-unit 

width strip of the irrigated border. The infiltration rate, OZ, is typically calculated from ot 

empirical infiltration formulas. Infiltration is assumed to be one dimensional and nonnal to 

the soil surface. 

In developing the momentum equation, three types of forces resolved in the x-

direction were considered: gravity, due to water weight; water pressure, which is assumed 

hydrostatic as discussed earlier; and frictional resistance due to soil and vegetation. These 

forces result in acceleration, in accord with Newton's second law: 1 = m· a (1 is the 

resultant force vector acting on a water particle, m is the particle's mass, and a is its 

resulting acceleration, in the same direction as f). The acceleration can be broken down 

. I I I' OU d . I' ou h mto a oca acce eratlOn term, - an a convectIve acce eratlon tenn, U· - T e water ot ox 

oh oy oz . 
surface slope - = - + __ 0 reflects the effects of pressure and gravity; the resistance ox ox ox 

is embodied in the tenn, Sf' 

The resistance term is usually referred to as the friction slope, Sf' which is defined 

as the ratio of drag to weight and can be expressed in tenns of the Ch6zy equation shown 
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in equation 3.3. The direction of the friction slope is in the direction opposite the drag, or 

in the same direction as that of the flowing water. 

3.3 

Ch is called the Chezy coefficient, which depends on the relative boundary roughness, on 

the Reynolds number, and on the cross sectional shape of the flowing water; R is the 

hydraulic radius of flow. The Chezy coefficient was fitted experimentally and found to 

v~ry as the sixth root of R. In 1891 the French author Flamant attributed this to Manning 

and expressed it essentially in the form shown in equation 3.4 (Henderson, 1966). 

I 

R6 
Ch =

n 
3.4 

Substituting the value of Ch in equation 3.4 into equation 3.3 results in what is known as 

the Manning equation, shown in equation 3.5. 

3.5 

The units constant, cu ' is equal to 1.0 in a meter-second system of units and is equal to 

1.486 in a foot-second system of units. The 11 value is characteristic of the absolute 

surface roughness only (Henderson, 1966) but has the same numerical value in either 

I 

C m3 

system of units. The units for --!!... are - for the meter-second system of units and are 
n s 
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I 

ft) 
- for a foot-second system of units. The unit flow rate can be expressed as q = y. u 

s 

and hence in terms of conveyance, K, equation 3.5 assumes the form 

q=K~Sf 3.6 

in which, the velocity is assumed in the positive direction, and 

5 

K Cu ) =-y 3.7 
n 

The conveyance is a scalar quantity and has no directional attributes; but the flow 

velocity and the drag are collinear vectors directed oppositely. The vector friction slope, 

Sf' is in the direction of the vector unit-discharge, ij, as expressed in equation 3.8 and 

shown in Figure 3.1. 

3.8 

~ 
Water Particle 

qij 
K 2S .. f 

Flow >a Drag 

Figure 3.1 : Definition sketch of flow vectors. 
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Equation 3.6 can be written in a different form to account for flow direction as shown in 

equation 3.9. 

S 
q=K f 

v(sff 
3.9 

3 .1.1 Zero-Inertia in One-Dimension 

A characterization of the Saint Venant partial differential equations is that the 

acceleration terms make these equations nonlinear of the hyperbolic type; they have no 

general analytical solution. The zero inertia model (Strelkoff and Katopodes, 1977) is 

based on the assumption that all acceleration terms in the Saint Venant equations are very 

small and can be assumed to be zero. With this assumption the Saint Venant equations 

reduce to parabolic nonlinear partial differential equations, still with no general analytical 

solution, but easier to solve numerically than the complete form. 

The Saint Venant equations for one-dimensional flow presented earlier as 

equations 3.1 and 3.2 can be written in a simplified form using the zero-inertia assumption 

(Strelkoff and Katopodes, 1977). Assuming that the local acceleration term ou and the ot 

ou 
convective acceleration term u· - are very small and can be dropped from the 

OX 
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momentum equation, and assuming that the value of D, is zero, then equation 3.2 can be 

written as shown in equation 3.10. 

oh =-8 ox f 
3.10 

Substituting the value of the friction slope, Sf, defined in equation 3.10 into equation 3.9 

results in the one-dimensional zero inertia momentum equation shown in equation 3.11. 

(¥X) 
q=-KOro 3.11 

Equation 3.11 shows that if the water surface slopes downward in the x-direction 

(i.e. the gradient is negative), then the water flows in the positive x-direction. 

The continuity equation, equation 3.1, can be rewritten by substituting the right-

hand side of equation 3.11 for q , as shown in equation 3 .12 below. 

3.12 

Equation 3. 12 represents the Saint Venant equations in one-dimension with the zero-

inertia assumption. 
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3.2 Two-Dimensional Shallow Water Flow 

Two-dimensional shallow water flow in border irrigation systems with level and 

non-level soil surfaces is governed by three partial differential equations accounting for 

continuity and momentum in the XI- and x2-directions as shown in equations 3.13, 3.14 

and 3.15 respectively. 

3.13 

3.14 

3.15 

in which, 

mutually perpendicular first and second space dimensions (L); 

unit flow rates of water in the first- and second-directions (L2 TI); 

components of the mean water velocity vector, V, in the XI- and X2-
directions (L TI); 

Sfl and Sf2: components of the vector friction slope, Sf' in XI- and x2-directions (LL"I); 

D'I and D /2 : dynamic contribution of the seepage components, in XI- and xrdirections 
(LL"I). 

The momentum equation in the xl-direction shown in equation 3.13 is similar to 

the one-dimensional equation presented in equation 3.2 except for a convective 

acceleration term involving the xrdirection. 
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For an isotropic roughness, i.e., roughness independent of the direction of flow, 

the vector friction slope, Sf' can be expressed in terms of the vector unit-discharge as 

shown in equation 3.16, in which, as before, ij is the unit-discharge vector, q is the 

magnitude of the unit-discharge vector, and K is a scalar conveyance. 

3.16 

The XI- and xrcomponents of the vector friction slope, Sf' namely, Sfl' and Sf2' and of 

the unit-discharge vector, ij, namely, ql and q2' can be determined by resolving the 

vectors in equation 3.16 into their xl-and X2-components as illustrated in Figure 3.2. It 

should be mentioned again here that the friction slope has a direction opposite to that of 

the drag force and the same direction as the ~owing water. 

The magnitude of the left and right parts of equation 3.16 are equal as shown in 

equation 3.17, in which Sf is the magnitude of the vector friction slope, Sf. 

K2 .Sf =q2 =(q~ +qn 3.17 

but, 

3.18 

and, 

3.19 
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in which 0 is the flow directional angle shown in Figure 3.2; Hence, substituting the 

value of cosO in equation 3.19 into equation 3.18 results in equation 3.20. 

3.20 

but from equation 3.17, K . ~ Sf = ~( q~ + q~) ; therefore, 

3.21 

Using the fact that Sf = ~S;I + S;2 ' equation 3.21 can be written as shown in equation 

3.22. 

-qq 

? - ...................................... . 

K-S ? / K- S /2 

Xl 

Figure 3.2: Resolution offriction and unit discharge vectors into their Xl- and X2-

components. 
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3.22 

A similar equation, equation 3.23, can be developed to calculate the friction slope 

in the xrdirection using similar steps as above. 

3.23 

3.2.1 Zero Inertia in Two-Dimensions 

The Saint Venant equations for two-dimensional flow were presented earlier as 

equations 3.13, 3.14 and 3.15. As in the one-dimensional case, assuming that the local 

Ou. 
and the convective accelerations in the Xl- and x2-directions: ot 

oU2 

ot 
ou. u .--

· ox. 

oU2 oU2 u • . -:;- , u2 • -- are very small and can be dropped from the momentum 
ux. oX2 

equations in the Xl- and the xrdirections, and assuming that D, is zero; then equations 

3.14 and 3.15 can be rewritten as shown in equations 3.24 and 3.25 respectively. 

3.24 

3.25 



37 

Substituting the friction slope terms, Sf/ and S12 presented in equations 3.22 and 3.23 into 

equations 3.24 and 3.25 results in equations 3.24a and 3.25a. 

3.24a 

3.25a 

Utilizing equations 3.24 and 3.25 one more time by substituting (8h)2 for 8;. and 
8x. 

( 8h)2 for 8;2' equations 3.24a and 3.25a become equations 3.26 and 3.27. 
8x2 

8h 
q .. 4 (::. J +(::,)' 

--=-
8x. K 

8h 
q2 ·4 (::J + (::,)' 

--= 
8X2 K 

3.26 

3.27 

Equations 3.26 and 3.27 represent the zero inertia momentum equations in the Xl- and X2-

directions. 

To calculate the unit-flow rates, q. and Q2' one can rearrange equations 3.26 and 

3.27 to produce equations 3.28 and 3.29. 
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q, =-K· (~) , 

, (::.) + ( ::, ) 

3.28 

q,=-K· (~) , 

,(::J +(::,) 
3.29 

The continuity equation for two-dimensional flow, equation 3.13, can be re-written 

by substituting equations 3.28 and 3.29 for the unit-flow rates, q. and q2 tenns as shown 

in equation 3.30 

3.30 

Equation 3.30 represents the Saint Venant equations in two-dimensions with the 

zero-inertia assumption. 
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4. NUMERICAL METHODS 

4.1 Introduction 

In this chapter finite difference methods for solving partial differential equations 

will be discussed to provide a background for the reader. The same principles and 

concepts will be used later in Chapters 5 and 6 to model transient one- and two

dimensional shallow water flow. 

The discussion in this chapter will focus on a transient two dimensional problem in 

the XI-X2 plane. The one-dimensional problem is a special case of the two dimensional 

problem. The discussion can start by defining a grid of points in (XI,X2,t) space as shown 

in Figure 4.1. Let k • .i, and 11 be positive integers~ then the grid consists of the points: 

(X1(k),X2(}),t n ) in which, with ~XI and ~X2 assumed constant, X1(k) = (k -1)dX1 and 

x2(j) = (J - 1)dX2 at any time tn' For a discrete function y defined at the grid points, 

one can use the notation Y;k,i) to indicate the value of the function y at the grid point 

(X1(k),X2(J),tn ). The set of grid points (X1(k),X2(J),tn ) for a fixed value of n is called 

grid level 11 or time level 11. Figure 4.1 shows the grid points for one representative time 

level. 



40 

J 

T 
~8XI"'" 8X2 

1 

1 
k 

Figure 4.1: Grid of points in the (X.,X2) plane at any time t. 
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4.2 Solving Partial Differential Equations by Finite Difference 
Methods 

The basic idea of finite difference schemes is to divide the solution space into finite 

intervals and to approximate partial derivatives by finite-difference quotients over these 

intervals. This can be justified by using the basic definition of the derivative of a function 

presented in equation 4.1: 

o Y = lim y(x + 8) - y(x) 
4.1 

ox &-.0 8 

Therefore, if the flow depth y presented in the Saint Venant equations discussed In 

Chapter 3 is a function of x.' x2 and t, then its partial derivative with respect to x.' for 

example, can be written as shown in equation 4.2: 

4.2 

or, the partial derivative can be approximated as a quotient of finite differences as shown 

in equation 4.3: 

oy(x.,x2 ,t),.., Y(X.(k) + ~X.,X2(j),tn) - Y(X.(k),X2(j),tn) 
,.., 4.3 

ox. A~ 

In the next section this basic idea of approximating derivatives will be used to 

derive several finite difference schemes. 
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4.3 Finite Difference Schemes 

Assume that one wants to develop finite difference schemes to approximate the 

one-dimensional continuity equation in an open channel in which the infiltration rate is 

equal to zero. This equation can be written as shown in 4.4: 

4.4 

in which, q is the unit flow rate of water, i.e. the flow rate on a strip of one unit width; it 

can be calculated as q = y . u . 

4.3.1 Explicit Finite-Difference Schemes 

To approximate equation 4.4, many schemes can be developed. The following five 

schemes are well known and can be easily derived using the same procedure used in 

deriving equation 4.3, or by using Taylor series. 

The first scheme presented in equation 4.5 is referred to as the forward-time 

forward-space scheme because forward difference approximations are used for both time 

and spatial derivatives. 

4.5 
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The second scheme presented in equation 4.6 is called forward-time backward-

space scheme; while the scheme shown in equation 4.7 is referred to as the forward-time 

central-space scheme. 

Yk"+1 - Yk" q" q" ';"";';"_--'-""- + k - k-I = 0 
11 t I1x 

Yk"+1 - Yk" q" q" ';"";';"_--'-""- + k+1 - k-I = 0 
I1t 2·l1x 

4.6 

4.7 

The scheme shown in equation 4.8 is called the leapfrog scheme, and the one 

presented in equation 4.9 is referred to as the modified Lax scheme. 

Yk"+1 - Yk"-I q" q" .;:.....::_---:.....::......_ + k+1 - k-I = 0 4.8 
2·l1t 2·l1x 

yt
l 

- 21 (Y;+I + Y;-I) a" _ q" 
__ ---.:=--_____ + 1 hi k-I = 0 4.9 

I1t 2·l1x 

All five schemes presented above are explicit finite difference schemes since the 

equation has only one unknown on the (n + 1) time level, y;+I. All values on the n'h 

time level are known. Then one needs only to find the values of the flow depth, y;+l, in 

terms of the known flow depths and flow rates. Therefore, the solution scheme can be 

easily programmed to solve for the flow depths on each new time level one grid point at a 

time. The main disadvantage of explicit schemes is the lack of sufficient numerical 

stability in implementing the finite difference scheme, as will be discussed later. 
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4.3.2 Implicit Finite-Difference.Schemes 

An implicit finite difference scheme involves more than one grid point with an 

unknown variable at the advanced time level. Thus the entire series of equations must be 

solved simultaneously. In the following two subsections, some one- and two-dimensional 

implicit schemes will be presented. 

4.3.2.1 One-D;mens;onallmplicit Scltemes 

Among many implicit finite difference schemes, the box schemes are perhaps the 

most widely used type of difference schemes in the field of water flow. The first to 

develop this scheme was Preissmann (preissmann, 1961), so it is commonly called the 

Preissmann scheme. This scheme involves four grid points in the x-t plane as shown in 

Figure 4.2, in which the open circles represent nodes with known values of both depth and 

discharge and the darkened ones indicate unknown ones. The time and space derivatives 

for the grid cell are discretized as weighted numerical averages, weighted between the 

known and the unknown time levels and space increments. Equation 4.4 is discretized 

using the Preissmann scheme as shown in equation 4.10; the time weighting factor, w,, 

has a value: 0.5 =:;; w, =:;; 1.0. For stability, the time weighting factorw, must be at least 

I 
2 
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4.10 

t 

n+l 

n 

x 
k k+l 

Figure 4.2: Cell definition for the Preissmann scheme in the x-t plane 

The value of w, = 1.0 leads to well behaved, heavily damped results. A compromise 

value is taken, typically, just over the half-way point, 0.55 ~ w, ~ 0.6 (Strelkoff and 

1 
Falvey, 1993). Usually, Wx = -. 

2 

Another implicit finite difference scheme to approximate equation 4.4 is shown in 

equation 4.11. This scheme is a forward-time central-space scheme and usually called a 

Tee (T) scheme. 
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n+1 n n+1 n+1 

Yk - Yk + qk+l-qk-1 =0 4.l1 
8t 2· 8x 

Figure 4.3 shows the x-t grid for the Tee scheme. At time level n + 1, the flow depth is 

unknown at grid point k while the flow rate is unknown at grid points (k + 1) and 

(k - 1). In some boundary-value problems, at the boundaries, a depth is known instead 

of a flow rate. 

In contrast to explicit schemes, implicit schemes are usually numerically stable, but, 

require more sophistication in programming. The tridiagonal system of equations that 

often arises from implicit schemes can be solved efficiently and accurately using different 

forms of tridiagonal routines. The form used in this research is discussed in detail in 

Mitchell and Griffiths (1980), and in Carnahan et at. (1969). This routine is referred to as 

the double sweep routine in the following chapters and will be discussed in detail when it 

is implemented in Chapter 5. 
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t 

n+l 

n 

x 
k-l k k+l 

Figure 4.3: Grid definition for the implicit Tee scheme in the x-t plane 

4.3.2.2 Two-Dimensional Implicit Scheme 

The two-dimensional continuity equation shown in equation 4.12 with a zero 

infiltration rate can be discretized using an implicit forward-time central-space finite 

difference scheme as shown in equation 4.13. 

4.12 

n+1 n ()"+1 ()n+1 ()n+1 ()n+1 
Y(k,j) - Y(k,j) ql (k+I,j) - ql (k-I,j) q2 (k,j+l) - q2 (k,j-I) 0 
--'-"':':":;'---'-~+ + = 

I1t 2·l1x1 2·l1x2 

4.13 

The above finite-difference equation involves five unknowns at the advanced time 

11+1 ()"+1 ()n+1 ()n+1 d ()n+1 • 
level, tn+l ; namely: Y(It.JJ' ql (k+l.j)' ql (It-I.j)' q2 (k,j+I)' an q2 (k,j-I)' This system of 

equations must be solved at each time step. Figure 4.4 shows the XI-X2 plane at the 
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advance time level (n + 1). The five darkened grid points represent the five unknown 

values for only one equation, written at (k,}). The coefficient matrix that represents the 

system of simultaneous equations is not a tridiagonal matrix; and hence the double sweep 

routine referred to earlier and discussed in Chapter 5 can not be directly used to solve the 

system of equations. 

To avoid the huge number of calculations required to solve a non-tridiagonal 

coefficient matrix and the large truncation errors, a very powerful method called 

alternating direction implicit or ADI can be used (Carnahan et al., 1969; Strikwarda. 

1989; and Mitchell and Griffiths, 1980). The ADI method reduces multi-dimensional 

problems to a succession of many one-dimensional problems. Therefore, the two-

dimensional problem at hand can be reduced at each time step to two groups of one-

dimensional problems in each of which the double-sweep routine is used. 

If the ADI method is used to solve the two-dimensional problem at hand, equation 

4.13 can be re-written as shown in equations 4.14 and 4.15. 

I I I 

"+2" " {)"+2" ()"+2" ()" ()" 
Y(I.;,j) - Y(k,j) ql (k+l,j) - ql (k-I,j) q2 (k,j+l) - q2 (k,j-I) 0 
~~-"7""-"':":"":"'+ + = 

( ~t ) 2 . II XI 2 . II x, 
4.14 

4.15 
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I I I 
Time Level (n+ 1 ) 

j+l 

J 

j-l 'III 

T 
r8X.-> 8X2 

J. 

k-l k k+l 

Figure 4.4: Implicit grid in the Xl-X2 plane at the advance time level (n+l). 
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Equations 4.14 and 4.15 represent one approach that can be used, in which the first 

equation is written for the first half of the time step which represents time level (n + ~) 

while the second is written for the second half of the same time step which represents time 

level (n + 1). Different approaches can be used to split the time step as described in 

Chapter 6. The two tridiagonal coefficient matrices are then solved sequentially using the 

double sweep routine discussed in Chapter 5. The exact procedure will be illustrated in 

Chapter 5. 
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4.4 Stability Analysis and Truncation Errors 

Performing a stability analysis means finding the conditions, if any, under which the 

difference between the theoretical and the numerical solution of the difference equations 

remains bounded as the number of the time steps tends to infinity. In this section, tools 

and concepts will be developed to assist in achieving the goal of performing stability 

analysis on finite difference schemes. 

It is fairly easy to devise various finite difference schemes to solve the Saint 

Venant partial differential equations, as previously discussed. However, the analysis of 

these schemes to determine which are good approximations to the differential equations 

requires some powerful mathematical tools. 

One needs criteria for the numerical method used, so an evaluation of the scheme 

can be made. The criteria should include accuracy, consistency, stability, convergence, 

efficiency, and robustness. 

4.4.1 Convergence and Consistency of Finite Difference Schemes 

The most basic property that a scheme must have in order to be useful is that its 

solution approximates the solution of the corresponding partial differential equation, and 
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that the approximation improves as the grid spacing, /). XI and /). x2 ' and the time step, 

I). t , assumed constant here for illustration, approach zero. 

Let Y (XI' x2 ,t) be a function that represents the exact solution to the transient 

two-dimensional partial differential continuity equation of flow over a non porous surface 

shown below as equation 4.16. 

4.16 

Also, assume that the numerical finite difference scheme shown In equation 4.17 

approximates the solution to equation 4.16~ and let the discrete function 

y( XI(k)' x2(j)' / n) be that approximate solution for all k, j, and n in the discrete space 

n+1 n ()n+1 ()n+1 ()n+1 ()n+1 
Y(k,j) - Y(k,i> ql (k+I,i> - ql (k-I,j) q2 (k,j+l) - q2 (k,j-I) 0 ---'-....;.:...;..----'-..;.:..;...+ + = 4.17 

1)./ 2· I). XI 2· I).x2 

If y converges to Y as I). XI' I). x 2 and I). t approach zero for all grid points then the 

scheme is called a convergent scheme. One should recognize that the convergence 

property is hard or even impossible to verifY directly because the exact solution to the 

partial differential equation, Y (XI' x2 ,t), desired, is unknown. 

The convergence criteria, however, can be verified indirectly using the Lax-

Richtmyer equivalence theorem which states, "if the finite difference scheme is consistent 
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and stable for a well posed problem then the scheme is convergent" (Strikwarda, 1989). 

Therefore, for a scheme to be convergent, one needs to prove that the problem is well 

posed, consistent and stable. 

The concept of a well-posed problem is important in modeling physical processes. 

For a partial differential equation to model the changes of a phenomena with time, such as 

the changes of flow depth of water. for a well-behaved physical process, there are several 

properties this partial differential equation should have. An important one is that of 

continuity of the solution in terms of the initial data. Another, is that small errors such as 

those due to experimental error and interpolation of data should lead to "small" changes in 

the solution. Mathematically. norms can be used to define "small" errors and to examine 

well-posedness; but for the purpose of this research it is assumed that the shallow water 

flow partial differential equations are well-posed. 

A finite difference scheme is considered consistent if the truncation error, the 

difference between the partial derivatives and the corresponding finite difference quotients, 

approaches zero as the finite mesh gets finer and finer. 

Consider the truncation error for a fixed point in the continuous space: (XI' x2 , t) 

that corresponds to a grid point in the discrete space (XI(k),X2(j),tn ) and whose 

coordinates can be expressed also as (k· Llxl , j. Llx2 , n· Llt); then if the truncation 

error tends to zero as Ll XI' Ll x2 and Ll t approach zero for all grid points, then the 

scheme is consistent. For some schemes. one may have to restrict the manner in which 
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11 XI' 11 x2 and 11 t tend to zero for it to be consistent. One such restriction is to have 

11 XI' 11 x2 and 11 t approach zero while the three maintain some relationship. 

Convergence means that a solution obtained from the finite-difference scheme 

approximates a solution to the partial differential equation. Consistency is a necessary but 

not sufficient condition for a scheme to be convergent. This means that an intended 

approximate solution to the partial differential equation could be obtained using a finite 

difference scheme, but that solution may not be the correct one as required by the 

convergence criteria. 

4.4.2 Stability of Finite Difference Schemes 

According to the Lax-Richtmyer equivalence theorem, a finite difference scheme is 

convergent for a well-posed problem if and only if the scheme is consistent and stable. 

To illustrated the concept of stability let, as before, Y (XI' x2 ' t) be a function that 

represents the exact theoretical solution to the partial differential equation under 

consideration; also let the discrete function Y(XI(k) ' x2(j)' t n) be the numerical finite 

difference approximate solution for the same partial differential equation. Then for the 

finite difference scheme to be stable, the difference between Y (x I ,x2 ,t ) and 

y( XI(k)' x2(j)' t n)' expressed in equation 4.18 as E, should remain bounded in some 

sense. 
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4.18 

4.4.3 Truncation Error and Fourier Series 

Before discussing and performing a stability analysis, the behavior of the error, 

E, and its decomposition into a Fourier series are explained in this section. 

The error, E, defined earlier and expressed mathematically for a two-dimensional 

scheme in equation 4. 18 is a function of time and space. For a finite difference scheme in 

one-dimension this function can be expressed as a Fourier series as shown in equation 

4.19: 

4.19 

in which 91 is the real part of the summation, m is an integer index, L is the length of the 

field in the x-direction and Xk is the position in the field where the error is investigated. 

L 
Each component of the Fourier series has its own amplitude and a period equal to 

m 

{i2~ mxk} 
Both terms in equation 4.19, a(m,tJ and e L , are complex; the real part of 

their product represents the real error function E . 

In two-dimensional problems, the error, E, defined in equation 4.18, can be 

represented by a harmonic decomposition at a grid point at a given time level as shown in 
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equation 4.20 in which a double Fourier series (Carslaw and Jaeger, 1959) is used to 

approximate this error. 

The complex term a(m,p,tJ represents the amplitude of the mth and pth Fourier 

components of the error function, E; L, and L2 are the field dimensions in the x)- and Xr 

directions respectively; e is the base of natural logarithms. 

In the next section, the Fourier series decomposition of the error function will be 

investigated to determine what happens to this error between two time steps and under 

what conditions the error at any x-coordinate stays bounded. 

4.4.4 The von Neumann Criterion of Stability 

For a stable scheme, it is necessary for the finite difference scheme in each time 

{i2~mxk } 
step to reduce the error components, a(m,tn> e L in one-dimensional problems; 

and and In two-dimensional 

problems, or at least not to increase them. This happens if and only if 

la( m, p, t n >1 ~ 1.0. This criterion is called the von Neumann criterion for numerical 

stability (Carnahan et aI., 1969; Strikwarda, 1989; and Mitchell and Griffiths, 1980). 
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Because of the use of Fourier series to represent the error, the von Neumann criteria is 

only applicable to linear or linearized schemes, in which the coefficients are constants. In 

the next chapter this criterion will be used to determine the stability of the numerical 

schemes used to solve the Saint Venant equations numerically. 
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5. A CELL BASED FINITE DIFFERENCE MODEL FOR 
ONE-DIMENSIONAL ZERO-INERTIA FLOW 

In Chapter 2, different mathematical models used over the years to solve the 

shallow water flow equations were presented. In Chapter 3, the Saint Venant equations 

that describe shallow water flow were discussed.. In this chapter a numerical solution to 

the zero-inertia approximation to Saint Venant equations in one dimension will be 

developed. 

5.1 Development of a Finite Difference Scheme 

The one-dimensional continuity equation describing shallow water flow presented 

earlier as equation 3.1 is shown below as equation 5.1. This equation describes the 

continuity equation for a unit strip of an irrigated border. 

5.1 

The development of a one-dimensional finite difference scheme starts by defining a 

grid of cells in the (x,t) plane as shown in Figure 5.1. The main difference between a grid 

of cells and a grid of points, discussed in Chapter 4, is that cell-based-water surface 

elevations are defined at the center of a cell and represent an average value; while grid-

based-water surface elevations are defined at grid points and represent point estimates. 

Because a strip of one unit width of the border is considered representative of the entire 
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border width, the dimensions of each cell are 1 unit width by Il X . 

F d · d' .. . h' d" oy d oz orwar -time Iscretlzatlon to approximate t e time envatlves, ot an ot ' 

leads to equations 5.2 and 5.3. 

oy _ yt - y; -- 5.2 
ot Ilt 

OZ z;+' -z; 
-::::: 5.3 
ot III 

To discretize the spatial partial derivative oq , consider cell k in Figure 5.1. The ox 

1 
flow rate into cell k can be calculated at k - -, i.e. the left boundary of cell k, while the 

2 

flow rate out of cell k can be calculated at k + ..!.., i.e. the right boundary of the same cell 
2 

k. The flow depth; y, is taken at the center of the cell. The discretization scheme is 

unusual, because the flow depths and the flow rates are ·calculated at different locations. 

This approach is the same one Xanthopoulos and Koutitas (1976) used to simulate flood 

wave propagation due to dam failure in two dimensions as discussed in Chapter 2. 



"c~/---------------------L r 

h=y+Zo 

Zo(k) 

x 
k-l k k+l 

Figure 5.1: Grid definition for one-dimensional shatlow water flow. 
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Thus 0 q can be discretized explicitly as shown in equation 5.4. 
OX 

5.4 

Now the continuity equation can be written in a discretized fonn using equations 5.2, 5.3 

and 5.4 as shown in equation 5.5. 

n n 

Yk
n+1 _ Ykn q k I - q k I n+1 n 

.;;.....;.;.._---'-"-+ +2 -2 + Zk -Zk =0 5.5 
D.t D.x D.t 

The left boundary of cell number 1 and/or the right boundary of cell number N can 

be inflow boundaries with a known inflow rate indicated in Figure 5.1 as qln. 

This scheme conveniently fits both internal and external boundary conditions. And 

assuming zero-inertia, this allows one to easily handle both wet and dry cells. 
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5.2 Solving the Finite difference Equation Explicitly 

The flow rates at the boundaries of cell k at the beginning of a time step can be 

calculated using the one-dimensional zero-inertia momentum equation presented earlier as 

equation 3.11. Equation 3.11 is shown below as equation 5.6. 

5.6 

To evaluate the flow rates at the right and the left boundaries of cell k numerically, one 

can use a central finite difference discretization over one space increment for the spatial 

partial derivatives and average values for other variables as shown in equations 5.7 and 

c 
5.8, in which C = _u . The subscripts shown on C indicate that the roughness can vary 

n 

spatially and each cell can have a different value based on local conditions. 

5.7 
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5.8 

Substituting equations 5.7 and 5.8 in equation 5.5 results in an explicit finite 

difference scheme for the one-dimensional zero-inertia flow equations as shown in 

equation 5.9. 

1 +_. 
~x 

1 
~x 

5.9 

The ground elevations for cells in equation 5.9 are known values. They have no time 

index because they are fixed for each cell and do not change with time during flow. 

Equation 5.9 has only one unknown, yt l
, and can be solved for that unknown for 

each cell at the consecutive time levels. The procedure for solution will not be 

demonstrated until the stability of the numerical scheme is derived. If the scheme proves 
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to be stable, then this explicit scheme can be used to simulate shallow water flow in one-

dimension. 

5.2.1 Stability Analysis 

Stability analysis using the von Neumann criterion can only be perfonned on linear 

or linearized finite difference schemes as stated in Chapter 4. In this section stability is 

analyzed in a small space region in one dimension and a small time region with many very 

small time steps, i.e. a small total time interval. The assumption of a small space region 

allows one to assume that the entire region has the same soil characteristics and an 

average flow depth that is representative of the flow depths in that region, i.e. negligibly 

small spatial flow-depth variations. The small time interval allows one to assume a 

negligible variation of flow depth over that small time interval. Hence the average values 

of the Manning, n(k)' and the flow depth, y;, can be assumed constant in that region. 

Also, for the purpose of perfonning a stability analysis, it is assumed that the 

direction of flow for qn I and qn I is positive, i.e., the flow is moving in the positive x-
k+- k--

2 2 

direction as shown in Figure 5.1. This assumption indicates that the values of 

By taking all assumptions stated above into consideration, equation 5.9 can be 

written as shown in equation 5.10, which represents the finite difference scheme for 



advancing a solution at time level n to time level n + 1. 

A· K· {~(y; - Y;+I + ZOk - ZOk+l) - ~(Y;_I - Y; + ZOk_1 - ZOk)} 

+(y;+1 - y;) + ~Zk = 0 

in which, 
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5.10 

'l __ ~t K 
/l, ---3 and the conveyance, , is as shown in equation 5.11. 

(~x)2 

Assume that at some time level n, the flow depth for cell k is y;. First, put this 

flow depth, y;, into equation 5.10 to show how the flow depth changes during one time 

step. Then assume that E is a numerical error (truncation, roundoff, etc.) introduced by 

the numerical scheme; then, equation 5.12, equation 5.10 with E included, shows how 

the erroneous solution changes in one time step. The issue of stability centers on whether 

E grows without bound as the scheme is applied over many time steps. 

Y "+I _ y" + E"+I - E" + ~z 
k k k k k 

+A.K·{~(Y; - y;+1 +E; -E;+I +ZOk -ZOk+I)} 5.12 

-A· K . {~(Y;_I - y; + E;_I - E; + ZOk_1 - ZOk) } = 0 

Subtracting equation 5.1 0 from equation 5.12 results in equation 5.13, which represents 

the growth in the error developed by the numerical scheme in one time step. 
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+2· K{ ~(y; - Y;+I + E: - E:+I + ZOk - ZOk+l) - ~(y; - Y;+I + ZOk - ZOk+I)} 

-2· K{ ~(Y;_I - Y; + E;_I - E: + ZOk_1 - ZOk) -~(Y;_I - Y; + ZOk_1 - ZOk)} 5.13 

+En+1 - En = 0 
k k 

To decompose the function E into its harmonic components, equation 5.13 must be 

linearized. Multiply the term under the first square root by (y; - Y;+I + ZOk - ZOk+1 ) 
(y; - Y;+I + ZOk - ZOk+1 ) 

and the term under the third square root by (Y;-I - Y; + ZOk_1 - ZOk) which yields 
(Y;_I - Y; + ZOk_1 - ZOk ) 

equation 5.14. 

En+1 _ En + 2. K Yk - Yk+1 + ZOk - ZOhl + k - hI 

{ 

( n n ) (En En) } 

k k (y; - Y;+I + ZOk - ZOk+1 ) (y; - Y;+I + ZOk - ZOk+1 ) 

.{ ~(y; - Y;+I + ZOk - ZOk+I)} - A· K{ ~(Y; - Y;+I + ZOk - ZOk+I)} 
5.14 

-2. K{ (Y;-I - Y; + ZOk_1 - ZOk) + (E:_I - E:) } 
(Y;-I - Y; + ZOk_1 - ZOk ) (Y;-I - Y; + ZOk_1 - ZOk ) 

{~(Y;_I - Y; +ZOk_1 -ZOk)}+A.K{~(Y;_1 - Y; +ZOk_1 -ZOk)}=O 

Equation 5.14 can be re-written in a simplified form as shown in equation 5.15. 
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+2· K{ 1 + n (~; - E;+J • ,J(y; - Y;+I + ZOk - ZOk+J} 
(Yk - Yk+1 + ZOk - ZOk+I) 

-2· K{ ~(y; - Y;+I + ZOk - ZOk+I)} 

1 K{ 1 (E;_I - E;) I( n n )} 
-.11.' + n n • V Yk-I - Yk + ZOk_1 - ZOk 

(Yk-I - Yk + ZOk_1 - ZOk) 

5.15 

+2· K{ ~(Y;_I - Y; + ZOk_1 - ZOk) } + Etl - E; = 0 

I 

Taking advantage of the binomial series: (1 + e}2 ::::: 1 + e where e« 1, one can, with 
2 

relatively small E , approximate equation 5.15 to produce equation 5 .16~ 

+2· K{1 + n (E~ - E;+I ) }. ,J(y; - Y:+I + ZOk - ZOk+1 ) 
2 . (Yk - Yk+1 + ZOk - ZOk+1 ) 

-2· K{ ~(y; - Y;+I + ZOk - ZOk+I)} 

1 K{1 (E;_I - E;) } I( n n ) 
-.11.' + n n • V Yk-I - Yk + ZOk_1 - ZOk 

2· (Yk-I - Yk + ZOk_1 - ZOk) 

5.16 

+2· K{ ~(Y;_I - Y; + ZOk_1 - ZOk) } + E;+I - E; = 0 

or, 

The terms under the square-root signs each represents a positive difference in water-

surface elevation. On the grounds that conditions within the small space region chosen are 

uniform, that includes the water-surface slope, or gradient, as well, and hence the head 



68 

differences in neighboring cells can be assumed the same, i.e., 

5.18 

Implementing the assumption shown in equation 5.18 in equation 5.17 results in equation 

5.19. 

A . K {2 En En En} En+' En 0 ~ •• k - k-I - k+1 + k - k = 
2. -I:lhn 

k 

5.19 

The numerical-error function, E(xk ,I) can be approximated using a Fourier series as 

shown in equation 5.20. 

5.20 
m=-co 

tTl 2" m Xk A lTJ 2" m I:lxk 
Let T = and Ll T = Examining each component of the Fourier 

L ' L 

series separately and substituting the error equation 5.20 into equation 5.19 results in 

equation 5.21. 

}J( (2a(m,1 )ei'i'-a(m,1 )ei'i'e-iA'i'_a(m,1 )ei'i'eiA'i') 
2. ~-I:lh: /I n n 5.21 

+a(m,ln+1 )ei 'i' - a(m,IJei 'i' = 0 

The term a(m,IJ represents the amplitude of the mlh 
Fourier component of the 

numerical-error function, E, at time level tn. Similarly, a(m, tn+l ) represents the 

amplitude of the m'h Fourier component of the error function at time level tn+1 
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Dividing equation 5.21 by a(m,tJei'l' results in equation 5.22, 

5.22 

We let A = a(m,tn+J in which A is complex. Then, after a large number, say, M. of 
a(m,tn > 

time steps, a(m,tn+M ) = a(m,tn) . (A)M [see Bickley and Thompson (1964), pp103-

105] and hence for the error component amplitude a(m,t) to remain bounded, the 

inequality shown in equation 5.23 should hold true, namely, 

5.23 

Using the following trigonometric forms for complex numbers: ely = cosy + isiny and 

e- Iy = cosy - isiny, equation 5.23 can be rewritten as shown in equation 5.24: 

2K 
1- ~ (1- cos8 '¥) ::; 1.0 

-8hn 
k 

5.24 

.. h' . 'd' . 2 1 - cos2y 1 2 2' 2 Recogmzmg t e tngonometnc I entity: SID y = or - COS Y = SID Y 
2 

8'¥ 
and letting e = -- we can write equation 5.24 as shown in equation 5.25 

2 

5.25 
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Since 11" K and ~ -Il h: are positive quantities and since sin 2 e is always positive 

and ranges from 0 to 1 then, for stability, 

5.26 

and in terms of the original variables, 

3 

2· (IlX)2 . ~-Ilh~ 
Ilt ~ 5 k 

(~ . y;' ) 
5.27 

Equation 5.27 shows that when ~-Ilh: is very small, a condition that takes place when 

water is nearly ponded at the soil surface, the time step required is impractically small 

which makes the scheme inefficient. And, when the value of ~-Ilh: is zero, i.e., the 

water surface is leveled or when two adjacent cells are dry, the time step has to be less 

than or equal to zero for stability. It is concluded here that the explicit scheme is unstable 

for the general case and will not be investigated further. 

Xanthopoulos and Koutitas (1976) used an explicit finite difference scheme similar 

to the one used here. except that they calculated velocities instead of flow rates at the 

boundaries of the cells to simulate the dam-break problem. as discussed in Chapter 2. 

They performed a stability analysis using the Courant-Newman criteria and found the 

critical size of the time step to be as shown in equation 5.28. 
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5.28 

The stability criteria shown in equation 5.27 differ by a factor of 2 over the one 

found by Xanthopoulos and Koutitas. Even though the above criterion is for a one-

dimensional problem, Xanthopoulos and Koutitas simulated a two-dimensional dam-break 

problem with very small time steps concluding that the scheme was stable under the above 

criteria. They indicated that the scheme was time consuming to solve. 
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5.3 Solving the Finite Difference Equations Implicitly 

The finite difference equations for the zero-inertia model can be expressed in 

implicit form. The same discretization procedure used in Section 5.2 can be used here, 

except that flow rates, water surface elevation-gradients and conveyances are calculated at 

the (n+ 1) time level for all cells as shown in equation 5.29. 

1 
+
~x 

1 

~x (

C + C ) (yn+1 + yn+')i (y:: -y;" ::"'-1) -z"') ) 

k-1 2 k • k-I 2 k • (yn+1 _ yn+1 + Z _ Z )2 
4 k-I k O(k-I) O(k) 

~x 

5.29 

It should be mentioned here again, as stated with the explicit model, that the ground 

elevations for all the cells are known values. They have no time index because they are 

fixed for each cell and do not change with time. 

Each cell in the finite difference scheme defined by equation 5.29 is described by 

• I" • • h h k n+1 n+1 d n+1 h' h h h an Imp IClt equation WIt tree un nowns: Yk+I' Yk an Yk-l' w IC means t at t e 
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equations for all the cells have to be solved simultaneously. Each cell adds one more 

unknown and one equation. The end cells have only two unknowns. Considering all the 

cells, number of equations equals number of unknowns. 

The procedure for solving the simultaneous equations will not be demonstrated 

until the stability of the numerical scheme and its consistency are examined to determine if 

this implicit scheme is of value. 

5.3.1 Stability Analysis 

The stability analysis for the implicit scheme follows the same steps and uses the 

same assumptions as used in deriving stability criteria for the explicit scheme. The same 

small space and time regions in one dimension is assumed; a positive direction of the flow-

rate is also assumed to help in simplifYing the non-linear implicit scheme defined in 

(c +C + ) (C +C) equation 5.29. The average values of k 2 k 1 and k-1

2 
k can be taken as 

Ck , for stability analysis purposes only, because the small space region has uniform soil 

characteristics. Also, by utilizing the small space and time regions assumption, the 

(

yn+1 + yn+1 )~ (yn+1 + yn+1 )~ 
average values k 2 k+1 and k-I 2 k can be taken as a known local flow 

d h &'. 11 k' - - not I __ n __ n+1 __ n __ n+1 __ n 
ept lor ce , I.e., Yk - Yk -- Yk -- Yk+1 -- Yk+1 '" Y k - I -- Yk-I' 

Equation 5.29 can be linearized as in the case of the explicit scheme. Equation 
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5.30 is an intermediate step towards linearization, in which, as before, K is the 

conveyance; and the values of /). Zk and A are as defined in Section 5.2. 

A' K· {~(y:+1 - y::: + ZO(k) - ZO(k+I» - ~(y:~: - yr
l + ZO(k_l) - ZO(k» } 

+(y;+1 - y;) + /).Zk = 0 
5.30 

Assume that at some time level n, the flow depth for cell k is y;. Use this flow 

depth in equation 5.30 and solve the system of equations of the type of 5.30 for all k 

simultaneously to find the value of the flow depth at the end of the time step, yr
l

• Then 

assume that E is a numerical error (truncation, round-off, etc.) introduced by the 

numerical scheme; equation 5.31 shows how the flow depth yr
l
, with the numerical 

error, changes during one time step. The issue of stability centers on whether this 

numerical error, E , grows without bound as the scheme presented in equation 5.30 is 

repeatedly applied over many time steps. 

Y
n+1 _ yn + En+1 _ En + /).z 
k k k k k 

+2· K.{ 
-2· K· { 

( 
n+1 n+1 En+1 En+1 )} 

Yk - Yk+1 + k - hI + ZO(k) - ZO(k+l) 

( 
n+1 n+1 E n+1 En+1 )} 0 

Yk-I - Yk + k-I - k + ZO(k_l) - ZO(k) = 

5.31 

Subtracting equation 5.30 from equation 5.31 leads to equation 5.32; this shows 

the change in numerical-error due to the application of the numerical scheme over one 
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time step. 

( 
n+1 n+1 En+1 En+1 ) ~( n+1 n+1 )} 5 32 Yk-I - Yk + k-I - k + ZOk_1 - ZOk - Yk- I - Yk + ZOk_1 - ZOk • 

Equation 5.32 can be linearized in the same manner as equation 5.13. The result is 

expressed in equation 5.33 which is equivalent to equation 5.17, except that equation 5.33 

is implicit in E n
+

1 
• 

5.33 

Here, 

5.34 

The assumption expressed in equation 5.34 can be justified on the grounds that 

conditions within the small space and time region chosen are uniform; that includes the 

water-surface slope, or gradient, as well. Hence the head differences in neighboring cells 

can be assumed the same and an average value is representative of conditions in that 

region. Equation 5.33 can be simplified as shown in equation 5.35. 

;t·K .{2.En+1 -En+I-E,,+I}+En+1 _En =0 
~ k k-I k+1 k k 

2· -I!lh k 

5.35 
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Introducing the Fourier representation of the numerical-error function as defined earlier in 

equation 5.20 results in equation 5.36. 

AX (2a(m t ) ei 'I' _ a(m t ) ei 'I' e -I A'I' _ a(m t ) ei 
'I' e i A'I' ) 

~ , n+\ , n+\ , n+\ 
2· -6h . 

k 5.36 

+a(m,tn+.)el'l' -a(m,tJei'l' =0 

The term a(m,tn) represents the amplitude of the m'h Fourier component of the 

numerical-error function, E, at time tn' and a(m, tn+\) represents the amplitude of the 

m'h Fourier component of the error function at time tn+\ Dividing equation 5.36 by 

a(m,tn+\)el'l' results in equation 5.37: 

a(m,tJ A,.K.(2_eiA'I'_e-iA'I') 
-'---..;.;..;......-1- =0 
a(m,tn+\) 2· ~-6hk 

5.37 

a(m,t ) 
As before, we let A = n+\; then after a large number of, say M, time steps, 

a(m,tJ 

a(m,tn+M) = a(m,tn)' (A)M [see Bickley and Thompson (1964), pp. 103-105]; and 

hence for the error component amplitude a(m,t) to remain bounded, the inequality 

shown in equation 5.38 below should hold true, namely, 

IAI = a(m,tn+\) = I.. S; 1.0 
a(m,tJ 1+ A,.K.(2-e/A'I'-e-/A'I') 

2 '~-6hk 

5.38 
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Using the following trigonometric forms for complex numbers: elr = cosy + isiny and 

e- Ir = cosy - isiny and the trigonometric identity 2sin 2 y = 1- cos2y and letting 

E> = 8 \}J , we find equation 5.38 can be rewritten as shown in equation 5.39 below. 
2 

5.39 

Taking the reciprocal of the left term, reversing the inequality sign and substituting 

original variables for A and K results in equation 5.39a. 

+ 1 ~ 1.0 5.39a 

8t Cu (-)~ (2 . 2 e) ---3 .=-. Y
k 

3. 'SID" 

(8X)2 nk 

C s ~ Since _u • (Yk P and -8hk are positive quantities; and since the sin2 E> is always 
nk 

positive and ranges from 0 to 1; then equation 5.39a can be written as shown in equation 

5.39b. 

5.39b 

It is obvious by inspection that inequality 5.39b always holds true. Therefore, it can be 
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concluded here that the one-dimensional linearized implicit finite difference scheme is 

unconditionally stable. 

Before deciding on the usefulness of the implicit scheme one needs also to 

determine if the scheme is consistent. to prove convergence. 

5.3.2 Consistency of the Implicit Scheme 

Using the consistency definition presented in Section 4.4 one can state that the 

implicit finite difference scheme presented in equation 5.5 and shown below as equation 

5.40, is consistent with the partial differential equation presented in equation 5.1 if the 

difference between the left hand side of the partial differential equation and numerical 

finite-difference scheme shown in equation 5.40 tends to zero as /).x and /).1 approach 

zero. 

5.40 

Using Taylor series one can approximate the terms presented in equation 5.40 as shown in 

equations 5.41 through 5.44 where 0 is an abbreviation for "of the order of' which 

denotes the error term. The o( /). 1) indicates that the error term in the Taylor series 

approximation decreases in proportion to /). t. Also, the o( /). 1 2) indicates that the error 

term in the Taylor series approximation decreases in proportion to (/). 1) 
2 

as /). 1 
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decreases, etc. These facts apply only to small values of I:l t . 

5.41 

5.42 

5.43 

5.44 

Substituting the terms y;+' , qn+\, qn+\ and zt l defined by equations 5.41 through 5.44 
k+- k--

2 2 

into equation 5.40 results in equation 5.45. 

1 [n 17 y I:l t'2 17 '2 Y O( 3) n] +-. y +I:lt-+-·--+ Ilt -y 
I:lt k iJt 2 iJt 2 

k 

1 [n+1 I:lx iJq Ilx'2 17
2 
q O(A 3)] +-. q +--+----+ uX 

I:lx k 2 iJx 8 iJx2 

__ 1 . [qn+1 _ I:lx iJq + I:lx
2 

17
2 
q _ O(I:lX3 )] 

I:lx k 2 iJx 8 iJx2 

5.45 

+-. Z +Ilt-+-·--+ I:lt -z =0 1 [n iJz Ilt
2

iJ2 z O( 3) n] 
I:lt k iJt 2 i7t 2 

k 

Equation 5.45 can be reduced to equation 5.46. 
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[
IJY /).1 1J2 Y (2)] [IJZ /).1 1J2 Z ( 2)] -+-·--+O/).I + -+-·--+O/).I + 
IJI 2 1J/2 IJI 2 1J/2 

5.46 

[~~ +O(AX
2 >]=O 

Using the truncation error definition presented in Section 4.4, and subtracting equation 

5.46 from the partial differential equation 5.1 results in equation 5.47. 

5.47 

It is obvious that, as long as the second derivatives exist, as I1x and I1t in equation 5.47 

tend to zero, the truncation error goes to zero too. Hence, the implicit finite difference 

scheme is consistent. Since the scheme is consistent and the linearized version is stable 

then it is convergent according to the Lax-Richtmyer theorem (Strikwarda, 1989). 

Therefore, the solution of the linearized numerical scheme converges to the solution of the 

partial differential equations and can be used to solve the one dimensional flow equation 

assuming zero inertia. 
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5.4 One-Dimensional Computer Model: lDI 

The stability analysis performed in the previous section on the implicit scheme was 

done on a linearized version of the non-linear finite difference scheme presented in 

equation 5.29. However, the consistency test was performed on the non-linear version of 

the scheme. The results from the stability analysis and the consistency test indicated that 

the scheme is unconditionally stable and consistent with the partial differential equations. 

Does this unconditional stability apply to the non-linear equation shown in equation 5.28? 

Numerical experience expressed in the literature indicates that the answer to the above 

question is affirmative; see, for example, Mitchell and Griffiths (1980). The plan 

therefore, is to build the computer model to solve equation 5.29 and test, empirically, if 

the non-linear model is stable. 

5.4.1 Development of the One-Dimensional Computer Model: 1DI 

The purpose of the computer model is to solve the implicit finite difference scheme 

presented earlier in equation 5.40. That equation is presented below in the different form 

shown as equation 5.48, in which b..zk = Z;+I - z;. 

n+1 n b.. t ("+1 11+1 ) A 0 Y -y +-. q -q +ilZ = 
k k A kl kl k 

ilX "+2 -2 
5.48 

The flow rates on the boundaries of cell k can be calculated using the following equation: 
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{ 
s} (yn+1 _ yn+1 + Z - Z ) 

q = p. (c c ). (n+1 n+I)3 k hI O(k) O(k+l) 

k 
I k+1 + k Yk+1 + Yk 2 

+2 4 (n+1 n+1 ) 
Y k+1 - Y k + ZO(k+l) - ZO(k) 

5.49 

in which, p = s 1 . 
2 * 23 ~(f).X) 

5.4.1.1 System of Equations for One-Dimensional Scheme 

To demonstrate the procedure used to solve the system of simultaneous equations 

assume that a field can be represented by a one-unit-width strip that is L units long. 

Further, assume that the soil characteristics -- infiltration and roughness -- are known 

functions of time and space for the entire field. The field can be divided into as many cells 

as reasonable and is divided here into N cells, as shown in Figure 5.2. 

~<~-----------------L ------------------~~ 

1 Unit 
width qin-i ..... 

I 
: ~ 

I g,k-'", 

I 
1 k 

; 
; 
! 
; 

q (k+1I2) I -,... ..................... ~+ ... '-I-Ir"- q(N+1I2) 

k-Ax-7 I 
N 

Figure 5.2: Field divided into cells 
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The boundary conditions for the field can be defined if the inflow rate, qjn' and the 

time of cutoff, teo , are known; a berm at the downstream end requires that the flow rate 

for cell N, q N+112 ' to be zero. The initial conditions at time zero can be defined by 

assuming a dry field with flow depths equal to zero for all cells. 

One equation per cell can be developed using equation 5.48 as shown in the 

sample equations 5.50 through 5.52 which define the residual, D. 

D =yn+l_yn+~.{q (yn+1 yn+I)_q (yn+1 yn+I)}+flZ 551 
k k k A k I hi' k k I k' k-I k • 

LlX +2 -2 

D =yn+1 _yn + flt .{q _q (yn+1 yn+I)} + AZ 552 
N N NAN I N I k' k-I Ll k • 

LlX +2 -2 

The intended purpose of the numerical solution is to drive all D values to zero. It 

is important to notice that the fractional part of the index on the flow rates, qn+: and qn+: 
k+- k--

2 2 

indicate that the flow rates are calculated at the right and left boundaries of the cell k 

respectively. These flow rates are shown as functions of corresponding flow depths and 

can be calculated using equation 5.49. 

Equation 5.49 is presented in a form that allows the determination of direction of 

flow based on flow depth and ground elevation. Ifthe water surface elevation for cell k is 

less than the ground elevation of the neighboring cells, then the flow rate out of that cell is 
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set to zero as expressed mathematically in equation 5.53. There Yodv is a prescribed 

minimum flow depth above which water is considered advanced to a cell; and as defined 

before, h = y + zo' The value of Yodv is usually taken in the order of Imm. 

o If yn+1 < y and hn+1 < hn+1 or 
k+1 ow k k+1 , 

q _ 0 If yn+1 < y and hn+1 < hn+1 or 
k+.! k ow k+1 k' 

5.53 

2 S (hn+1 _ hn+l) 
p(C + C )(yn+1 + yn+1 )3 k k+1 , otheIWise 

k+1 k k+1 k ( )2 
4 hn+1 _ hn+1 

k+1 k 

Equation 5.50 has two unknowns; each additional equation of the type of 5.51 

introduces one more unknown; equation 5.52 introduces no new unknowns. Thus, the 

total number of equations equals the number of unknowns. 

Due to the fact that those equations are non-linear, an iterative solution is required. 

The Newton-Raphson method (Gerald and Wheatley, 1994) can be used as described in 

the following steps: 

1. Initialize a two dimensional array, Y(1 :N,2), with zero-s; this will store flow depths at 

time levels 1 and 2. Also initialize a one dimensional array, Q(1 :N), with zero-s; this 

will store the flow rates for each cell. 

2. Use the flow depths stored on level 2, Y(l :N,2), as yt l and the ones stored on level 

I, Y(I:N,I), as y; to evaluate the values of the residuals, Dk , shown in equations 
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5.50 through 5.52. Store the residual in array: D(l :N). 

3. Compare each element in the residual array, D(l:N), to a tolerance value and check if 

all elements are smaller than that tolerance value. If so, then go to step number 4. 

Else, if one or more elements in the residual array are larger than the tolerance value 

then go to step 5. 

4. If all elements in the residual array D(1 :N) are smaller than the tolerance value, then 

assign the flow depths on level 2 to the flow depths on levelland increment the time 

by one time step and go to step number 2 above. 

5. If one or more elements in the residual array are larger than the tolerance value, form a 

system of linear simultaneous equations as shown in equation 5.54. 

8YJ DJ 

[Z] . 8Yk = - Dk 5.54 

8YN DN 

in which, 



17DI 17DI 
a y~+1 a y;+1 

[x] = o o 

o o 

o 

o 

o 

aD. 
a n+1 Y. 

o 

o 

aD. 
a n+1 

Yk+1 

o 
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o o 

o o 

17DN 17DN 
17yn+1 a ,,+1 

N-I YN 

The functions DI ,Dk and D N are the discrete functions shown in equations 

5.50, 5.51, and 5.52 respectively. The values: 8 Y1' t5 Yk and t5 YN are the 

corrections to current values of Y1 ' Yk and YN respectively, and are the unknowns in 

equation 5.54. 
8 Dk 8 Dk 8 Dk 

The gradients: and can be calculated 
8 y;~:' 8 y;+\ ' 8 y;:: 

numerically, using equations 5.55, 5.56, and 5.57, respectively, where k is the cell to 

which the equation pertains, and 8 is a very small perturbation to each flow depth for 

which the partial derivative is calculated. By calculating the gradients numerically, the 

tangents are estimated using a secant. 

.::J D (D (y"+1 + 8 y,,+1 y"+I) - D (y"+\ y"+\ y"+I)) 
l/ k k k-\ 'k' k+\ k k-\' k , k+\ 

-8-y---",,+"""\ ::::: 8 
k-\ 

5.55 

5.56 
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.:J D (D (yn+\ yn+\ yn+\ + 8) _ D (yn+\ yn+\ yn+\)) 
l./ N "'" N k-\' k , k+\ N k-\' k , k+1 

-a-y---..!.n+:"-I "'" 8 
k+1 

5.57 

6. Add a percentage of the values of the corrections, 8 YI ,8 Yk and 8 YN to their 

respective values offlow depths, y l
n+l , y;+1 and y;+1 and re-store them on level 2 in 

the flow depth array, Y(N,2). Then go to step number 2 and repeat until equations 

5.50 through 5.52 converge, i.e. the value of every Dk is less than the prescribed 

tolerance, where k ranges between I and N inclusively. A percentage of the correction 

is used when solving the linear system of equations to avoid overcorrecting due to 

non-linearity of the equations. Large values (e.g., approaching 1.0) can lead to 

overshoot and convergence failure. Small values (e.g., approaching 0.0) can cause 

very slow convergence. The appropriate percentage seems to depend on the grid size, 

the time step, the inflow rate, infiltration and on the topography of the field. Further 

study is needed to determine the relationship between those variables and the 

percentage of correction. So that the program can automatically adjust this factor to 

make the scheme both efficient and robust. 

The tolerance discussed above can be set as a small number close to zero, or it can 

be calculated as a certain percentage of the sum of the absolute values of the terms that go 

into calculating the value of Dk , i.e., the terms in equation 5.53. In this computer model, 

IDI, the tolerance is based on the idea that the residual for each cell should be less than 

the larger of either 0.1 % of the flow depth for the cell or 0.0001 m . 
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5.4.1.2 Solution o/Tril/iagonal Systems 

The system of linear equations presented in equation 5.55 is a special case of a 

tridiagonal matrix. A typical tridiagonal matrix has 3 unknowns per row. But, the system 

presented in equation 5.55 has only two unknowns in the first and the last rows due to the 

fact that the boundary conditions are known at the first and last cells of the field and their 

sensitivity gradients are calculated to be zero. A highly efficient method for solving such 

systems, called here the double sweep routine (Mitchell, and Griffiths, 1980) is described 

below. 

If one rewrites the system presented in equation 5.55 as shown in equation 5.58 

hi ci 0 0 0 0 0 VI dl 

0 0 ak hk ck ... 0 0 vk = dk 5.58 

0 0 0 0 0 ... aN hN V N dN 

then the individual equations can be written as shown in equation 5.59. 

ak V k _1 + hk vk + ck Vk+1 = dk 5.59 

Equation 5.59 can be expressed in terms of vk as shown in equation 5.60: 

ak ck d
k 

V •. =--v .. I --vk 1+-
• h';- h + h 

k k k 

5.60 
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written as shown in equation 5.61: 

5.61 

Solving equation 5.60 for vk in terms of Vk+1 usmg k = 1,2,3, ••••.• , N is called 

forward substitution. While solving equation 5.61 for the value of vk using 

k = N, N - 1, N - 3, •••.••••••••• , 1 is called backward substitution. 

While the double sweep method is equivalent in principle to Gaussian elimination, 

it avoids the error growth associated with the back substitution in the Gaussian elimination 

method and also minimizes the amount of storage required in the computing machine, 

(Mitchell and Griffiths, 1980). 
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6. A CELL BASED FINITE DIFFERENCE MODEL FOR 
TWO-DIMENSIONAL ZERO-INERTIA FLOW 

In chapter 3 the Saint Venant equations describing two-dimensional shallow water 

flow were presented. In chapter 5 a numerical solution to the zero-inertia approximation 

to the Saint Venant equations in one-dimension was developed. The cell based computer 

model utilizing the implicit finite difference scheme gave promising and numerically stable 

results. In this chapter, the concept of the cell based finite difference scheme will be 

extended to develop a model that simulates the two-dimensional zero-inertia flow. 

6.1 Development of the Finite Difference Scheme 

The two-dimensional zero-inertia model describing shallow flow presented In 

Section 3.2.1 is shown below. 

6.1 

6.2 
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6.3 

Equation 6.1 represents the continuity equation, while equations 6.2 and 6.3 represent the 

force-equilibrium equations in the XI- and xrdirections, respectively (momentum 

equations with the zero-inertia assumption). The development of a two-dimensional finite 

difference scheme begins by defining a grid of cells in (XI ,x2 ,t) space as shown in Figure 

6.1 for any time, t. Figure 6.2 shows a longitudinal section through a strip of cells in the 

xl-direction while Figure 6.3 shows a section through a strip of cells in the x2-direction. 

U · J:'. d· d· .. . oy d oz . SlOg 10rwar -tIme Iscretlzatlon to approxImate - an -, as was done 10 ot ot 

the case of one-dimensional flow, leads to equations 6.4 and 6.5 

IJ. Y (Y;:; - Y;,i) 
--~-'----~ 

IJ. t IJ. t 
6.4 

Ilz (Z;~I - Z;'i) 
-~....;.....---...;... 

IJ. t IJ. t 
6.5 
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I 

I ......•...........•............•............•...........•...... ... :x, ... ·····r··· 
"f'" 

......................... ; .............................................................. L\X2 

I I ...\ ... I I I I I 
I----~--+_+~,...-f----+-_+__+_+--;---t--;---J ... 'V. .... 

":' .. 
.. .. ~ 
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...... ~.:::: ........... ~.'::: ...... "r--~-,-'''''.'''''' ..................................... . 
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A •. r'.A· .• 1..-' .. '\.. l ir . . .. : 

j ........ ;::i:.1 ql(k.ll2j: JI--I"~~+'-"'I ql(k+ll2j) ; ........... + ..... · .. ·~4 .. ··~ 
j.i i ! !: 
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. . I 

j-l 
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..... ........ ..... ~ .... ~~---,,.--,-I" ................................... .......... .. 
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......................................................................................... 
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Figure 6.1: Definiton of a grid of cells in (Xl, X2, t) space 
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Figure 6.2: A longitudinal-section through strip A-A, in the xl-direction 
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oq. Oq2 
To discretize the partial derivatives involving the flow rates, and --ox. oX2 ' 

consider cell (k,j) in Figure 6.1, with both velocity components positive. The flow 

rates into cell (k,j) can be calculated at the left and bottom boundaries of cell (k,j), 

while the flow rates out off cell (k, j) can be calculated at the right and top boundaries 

of the same cell (k,j). The flow depth, Yk,i' is taken at the center of the same cell. 

The result of the discretization is shown in equations 6.6 and 6.7. 

6.6 

6.7 

Now the continuity equation, equation 6.1, can be written in discretized form using 

equations 6.4 through 6.7 as shown in equation 6.8. 

6.8 

Any boundary cell or group of boundary cells can experience inflow at known 

rates. It should be noticed here that equation 6.8 is implicit and the superscript n indicates 

a known value and the superscript 11+ 1 indicates an unknown value. In the next two 
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sections this finite difference scheme will be tested for consistency and numerical stability. 

6.1.1 Consistency of the Two-Dimensional Implicit Scheme 

Using the consistency definition presented in Section 4.4 one can state that the 

implicit finite difference scheme presented in equation 6.8 is consistent with the partial 

differential equations presented in equation 6.1 if the difference between the left hand side 

of the partial differential equation and its numerical finite-difference counterpart tends to 

zero as 1:1 XI' 1:1 x2 ' and 1:1 t approach zero. This can be accomplished by using the 

Taylor series to approximate the unknown terms in equation 6.8 in terms of their partial 

derivatives provided these exist. Then those can be subtracted from their respective 

partial differential terms as demonstrated below. 

Equations 6.9 through 6.14 show the Taylor series approximations of the unknown 

terms in equation 6.8. 

6.9 

6.10 

6.11 

6.12 
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S b · . h n+1 n+1 n+1 n+1 n+1 d n+1 d fi d 
u stltutmg t e terms Y(k.j)' ql(k+1I2.j)' QI(k-1I2.j)' Q2(k.i+1I2)' Q2(k.i-1I2) an Z(k.i) e ne 

by equations 6.9 through 6.14 into the finite difference scheme defined by equation 6.8 

results in equation 6.15. 

1 [ n 0 yilt 2 0 2 Y o( 3) n] +- Y(k») + Ilt-+ --.--~ + Ilt - Y(k ") Ilt· ot 2 or .J 

1 [n+1 Ilx, oql Ilx~ 0
2 

ql O(A 3)] +-- Q +--.--+--.--+ uX 
Ilx I(k.j) 2.1 ox 22 .2 ox 2 I 

I I I 

6.15 

Equation 6.15 can be reduced to equation 6.16. 
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[8 Y + b..t. 8
2
y +0(b..t2)]+[8

QI +0(b..Xn]+[8
Q2 + O(b..Xn] + 

8t 2 8t2 8xI 8x2 

[
8Z b..t 8

2 
Z (2)] -+-·-+0 b..t =0 

8t 2 8t2 

6.16 

Now, using the truncation error definition presented in equation 4.18 by subtracting 

equation 6.16 from the two-dimensional continuity equation, equation 6.1, results in 

equation 6.17. 

b..t 8
2
y b..t iF Z O(A 2 A 2 A 2) Error=-·--+_·_-+ ot LlX LlX 

2 8t2 2 8t 2 
I 2 

6.17 

It is obvious that, as long as the second derivatives exist, as b.. XI' b.. x2 and b.. t in 

equation 6.17 tend to zero the truncation error goes to zero too; hence, the implicit finite 

difference scheme for the two dimensional shallow flow continuity equation is consistent. 
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6.2 The Two-Dimensional Finite Difference Scheme 

The flow rates at the left and right boundaries of cell (k,j), ql~:~Jl2.i) and 

ql~:~Jl2.i>' can be calculated using equations 6.2; while those at the bottom and the top 

boundaries of cell (k,j). q;;:.i-1/2 ) and q;;:.i+Jl2)' can be determined using equation 6.3. 

To evaluate the flow rates at the four boundaries of cell (k,j) numerically, one can use a 

central finite difference discretization over one space increment to evaluate the water-

surface-elevation gradient as shown in equations 6.18 and 6.19. Also, average values of 

the conveyance, K, (Manning n and the flow depth, y) can be used. 

oh hn+l. - hn+1 

__ ~ _k+...:.:I,J~---:k,~J 

oXI 8X1 

6.18 

6.19 

Applying the discretization procedure indicated above to equations 6.2 and 6.3, 

results in equations 6.20 through 6.23, approximating the flow rates at the boundaries of 

c 
cell (k,j), in which C(k.j) = _u_. The usage of C for both Xl- and x2-directions 

n(k.j) 

indicates that isotropic Manning 11 is assumed and that roughness is not dependent on the 

direction of flow. But the Manning 11 can vary spatially and different values can be used 



100 

for different cells in the mesh representing the field. 

6.20 

(
c C J (n+1 n+I)~ (hn+1 h

n
+

1 
) ~I ",J) ~ 'Hf) , Y"4) ~Y"-I,J) , "-"~:, ",J) 

QI(k-1/2.j) = (hn+1 h n+1 )2 (Il h n+1 )2 
4 (k.j) (k-I,j) + 2 (k-1I2,j) 

Ilxl IlX2 

6.21 

(
c C J ( n+1 n+1 )~ (hn+1 h

n
+

1 
) 

,.1 ",f."; ",J) , Y""." 2+ Y",J) , ",j) :X:'JH
) 

Q2(k,j+ll2) = (Il h n+1 )2 (hn+1 h n+1 )2 
4 I (k,j+1/2) + (k,j+l) (k,)) 

Ilxl IlX2 

6.22 

(
c C J (n+1 n+I)~ (hn+1 h

n
+

1 
) 

,.1 "',j) ~ ''',1-'' , Y",j) ~Y"'1-1) , "'I-~:, ",/) 
Q2(k.j-1/2) = (Il h n+1 J2 (hn+1 hn+1 )2 4 I (k,j-1/2) + (k,j) (k,}-I) 

Ilxl IlX2 

6.23 

surface-elevations differences in a direction normal to the flow component under 
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consideration. 

Consider, for example, QI(k+1/2,j) in Figure 6.1, this flow is affected by a gradient 

in the xrdirection which is located at the k + 1/2 boundary of cell (k,}). To calculate 

this gradient, four gradients are calculated and averaged. The first and second ones are 

calculated at the top and bottom boundaries of cell (k,}), while the third and fourth 

gradients are calculated at the top and bottom boundaries of cell (k + I,}). Equations 

6.20 through 6.23 can be used to describe the affect offlow in one direction on the other. 

Il hn+1 = TII1l2 ht::I.i-1I2) + TI21l2 ht::I.i+1/2) + ~1l2 h(;~_1I2) + TI41l2 h(:~~+1/2) 
2 (k+1I2.J) 4 

LTI; 
;=1 

Il hn+1 = TII1l2 h(:+~I.i-1/2) + ~1l2 h(:~I.i+1I2) + TI31l2 h(;~_1/2) + il41l2 h(;~+1I2) 
2 (k-1/2.)) 4 

LTIj 
;=1 

Il h n+1 = TIIIlI h(7~1/2.i+l) + ~Ill h(7:112.i+1) + ~Ill h(7~1I2.j) + TI41l1 h(7:112.i) 
I (k.i+1/2) 4 

LTIj 
;=1 

Il hn+1 = TIl III h(7~1I2.i-l) + ~Ill h(:~1I2.i-1) + TI31l1 h(:~1I2.j) + TI41l1 h(:~1/2.i) 
I (k.i-1/2) 4 

in which, 

TI. ={1, 
, 0 , 

Lilj 
;=1 

when flow is permitted into or from adjacent cell 

when flow is 110t permitted into or from adjacent cell 

6.20a 

6.21a 

6.22a 

6.23a 
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and, 

8 hn+1 n+1 n+1 
I (k-1I2,j) = Y(k,j) - Y(k-I,j) + ZO(k,j) - ZO(k_l,j) 6.20b 

8 hn+1 n+1 n+1 
I (k+1/2,j) = Y(k+l,j) - Y(k,j) + ZO(k+I,j) - ZO(k,j) 6.21b 

8 hn+1 n+1 n+1 + 
2 (k,j-1/2) = Y(k,j) - Y(k,j-I) ZO(k,j) - ZO(k,j_l) 6.22b 

8 hn+1 n+1 n+1 + 
2 (k,j+1I2) = Y(k,j+l) - Y(k,j) ZO(k,j+l) - ZO(k,j) 6.23b 

Expressions for neighboring cells can be derived from the above equations. Flow 

from a given cell is not permitted into an adjacent cell if the surface water elevation in the 

adjacent cell is less than the ground elevation in the given cell. 

In the case of boundary cells, if the boundary of the cell is not a flow inlet then the 

gradient is taken as zero and calculated into the average. If the boundary of the cell is a 

flow inlet, then the gradient caused by the flow is calculated and used in the calculations of 

the average gradient. 

S b ·· h I f n+1 n+1 n+1 d n+1 • 
u stltutmg t e va ues 0 ql(k-1I2.j) ' QI(k+II2.j)' Q2(k.j-1/2) ' an Q2(k.j+1/2) 10 

equation 6.8 with equations 6.20 through 6.23, and recognizing that h = Y + Zo results in 

an implicit finite difference scheme for the two-dimensional zero-inertia flow model as 

shown in equation 6.24. 
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( 
c C) ( n+1 n+1 ) (n+1 n+1 ) 1 (1,"1); ",/l , Y""'I) 2+ Y,.,;, , Y",/l - y,.,;'I)/l+X:"',Jl - z".,;." 

--- + 
1:1 x2 (1:1 h

n
+

1 
J2 (n+1 n+1 )2 4 I (k,i+1/2) + Y(k,i+l) - Y(k,f) + ZO(k,i+1) - ZO(k,i) 

1:1 XI I:1X2 

n+1 _ n Zn+1 _ Zn 
Y(k,f) Y(k.j) + (k,f) (k.j) = 0 

1:1 t 1:1 t 
6.24 

In equation 6.24, the ground elevations, ZOCk.J)' for cells are known and do not change 

with time. 

Each cell in the finite difference scheme defined by equation 6.24 is described by 

. I" . . h 9 kn n+1 n+1 n+1 n+1 n+1 n+1 
an Imp IClt equation Wit un owns: YCk-I.J)' YCk+I.J)' YCk,i-I)' Y(k,i+I)' YCk,J) , YCk-I,i-I)' 



104 

y(n:~I.i+I)' Y;::I.i-I)' and Y(7:I.i+I); this means that the equations for all the cells have to be 

solved simultaneously. Each cell in the numerical grid has one unknown, namely the flow 

depth at the center of the cell, and each cell in the grid supplies one equation and hence 

the number of equations matches the number of unknowns. The concept of the ADI 

method discussed in Chapter 4 can be used to solve these equations, but a stability analysis 

will be performed first to see if this two-dimensional implicit scheme is of any value. 

6.2.1 Stability Analysis 

As discussed in Chapters 4 and 5, stability analysis using the von Neumann criteria 

can only be performed on linear or linearized finite difference schemes. Stability is 

analyzed here in a small space and time region in two-dimensions. This assumption allows 

one to linearize the scheme as was done in the case of one-dimensional flow in Chapter 5. 

To assist in linearizing equation 6.24, consider Figure 3.2, and the zero-inertia 

momentum equations presented as equations 3.24 and equation 3.25. The friction 

slope, Sf' is equal to the water surface elevation gradient but in the opposite direction. 

This can be expressed mathematically as shown in equation 6.25. 

6.25 



But S J-~J 
, f cosO 
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and Sf = ( -~ J ; hence by substituting the first into equation 
smO 

6.2 and the second into equation 6.3, equations 6.2 and 6.3, can be written as shown in 

equations 6.26 and 6.27. 

6.26 

q, = -K ·,JsinB· ~(::, J 6.27 

The assumption of a small space and time region allows one to assume that the 

entire region has the same soil characteristics and a negligibly small spatial and temporal 

variations in conveyance. And hence a constant average conveyance, K, can be assumed 

in the region under consideration. Also the angle, (J, can be assumed constant in the small 

space region under consideration. In addition to the above assumptions, one can assume 

that the flow is in the positive direction during the small time within which the scheme is 

investigated. Therefore, equations 6.26 and 6.27 can be written as shown in equations 

6.28 and 6.29. 

q,=-o,·m 
q,=-o,·OO 

6.28 

6.29 
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in which, 

GI = K . .Jcos() and G2 = K . .Jsin (). 

Therefore, by implementing all the above stated assumptions to produce a 

linearized version of the finite difference scheme for the purpose of performing stability 

analysis, the finite difference scheme can be expressed as shown in equation 6.30 (i.e., 

implementing the above simplifying assumptions in equation 6.24). 

G [ 
I n+1 n+1 I n+1 n+1 ] 

I -V Y(k.j) - Y(k+I.j) + ZO(k.j) - ZO(k+I.j) - -V Y(k-I.i) - Y(k,j) + ZO(k_I,j) - ZO(k,i) 

+ 3 

(AxIF 

G [ 
I n+1 n+1 n+1 n+1 ] 

2 -VY(k,i-l) - Y(k,j) + ZO(k,i-l) - ZO(k,j) - Y(k,i) - Y(k,i+l) + ZO(k,j) - ZO(k.i+l) 

3 6.30 

(Ax2F 
n+1 n zn+1 _ zn 

+ Y(k,j) - Y(k.j) + (k.j) (k.j) = 0 
At At 

Let 
Q =GI·At 

I 3 ' 

(AxIF 
and AZ(k,i) = (Z~k~~) - Z~k.i»); then equation 6.30 

can be written in a simpler form as shown in equation 6.31. 

6.31 
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Assume that at some time level n, the flow depth for ceIl (k,j) is Y;,i' Use this 

flow depth in equation 6.31 and solve the system of equations of the type of 6.31 for all 

(k,j) simultaneously to find the value of the flow depth at the end of the time step, Y:~jl • 

Then assume that E is a numerical error introduced by the numerical scheme; equation 

6.32 shows how the flow depth, Y;~) with the numerical error, changes during one time 

step. The issue of stability centers on whether this numerical error, E, grows without 

bound as the scheme presented in equation 6.31 is repeatedly applied over many time 

steps. 

+°1 .[ n+1 n+1 E n+1 E n+1 ] 
Y(k.j) - Y(k+l.l) + (k.j) - (k+I.j) + ZO(k.}) - ZO(k+I.j) 

-0
1
,[ n+1 n+1 En+1 En+1 ] 

Y(k-I.j) - Y(k.}) + (k-I.n - (k.i) + ZO(k_I.}) - ZO(k.j) 

+°2 .[ n+1 n+1 En+1 En+1 ] 
Y(k.i) - Y(k.i+l) + (k.j) - (k.i+l) + ZO(k.j) - ZO(k.i+l) 6.32 

-°2 .[ n+1 n+1 En+1 En+1 ] 
Y(k.i-I) - Y(k.i) + (k.i-I) - (k.i) + ZO(k.i-l) - ZO(k.j) 

( 
n+1 n En+1 En) A 0 + Y(k,j) - Y(k.i) + (k.i) - (k.i) + uZ(k.i) = 

Subtracting equation 6.31 from equation 6.32 yields the change in numerical error 

shown in equation 6.33 due to the application of the numerical scheme over one time step. 
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n+1 n+1 E n+1 E n+1 ] 
YCk.i) - YCk+l.i) + Ck.i) - Ck+I.j) + ZOCk.j) - ZOCk+I.j) 

n+1 n+1 ] 
YCk.i) - YCk+I.j) + ZOCk.j) - ZOCk+I.i) 

n+1 n+1 En+1 En+1 ] 
YCk-I.j) - YCk.j) + Ck-I.j) - Ck.j) + ZOCk-I.j) - ZOCk.i) 

Q [~ n+1 n+1 ] + I' Y Ck- l •i ) - YCk.i) + ZOCk-I.j) - ZOCk.j) 

6.33 
r\ [n+1 n+1 E n+1 En+1 ] 

+~~2' YCk.i) - YCk.i+l) + Ck.j) - Ck.i+l) + ZOCk.j) - ZOCk.i+l) 

r\ [n+1 n+1 ] 
-~~2' YCk.i) - YCk.i+l) + ZOCk.j) - ZOCk.i+l) 

r\ [n+1 n+1 En+1 En+1 ] 
-~~2' Y Ck •i - l ) - YCk.j) + Ck.i-I) - Ck.i) + ZOCk.i-1) - ZOCk.j) 

+Q2 • [~ Y;:'~-I) - Y;;.~·) + ZOCk.i- l ) - ZOCk.i) ] + (Et:'~) - Etk.j») = 0 

To decompose the function E into its harmonic components, equation 6.33 must 

be linearized. Utilizing the definitions presented in equations 6.20b, 6.21b, 6.22b and 

6.23b, equation 6.33 can be written in the form shown in equation 6.34 to allow 

implementation of the binomial series approximation used in Chapter 5 when the stability 

analysis in one-dimension was performed. 
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+0, .[( E n+1 _ E n+1 

-A, h,7;lIl.J) ) - ( -A, h;:;,n.il ) ] 1 + (k,j) (k+l,j) 

fl h n+1 
I (k+1/2,j) 

-0,,[( E n+1 _ E n+1 

-A, h;::II,.il ) - ( -A, h,"'~II,.il ) ] 1 + (k-I,j) (k,j) 

fl h n+1 
I (k-1I2,}) 

+0,-[( n+1 + En+1 

-A, h,7.:'"2) ) - ( -A, h;:':.II2) )] 1 + Y(k,j+l) (k,j) . 6.34 
fl h

n
+1 

2 (k ,j+1I2) 

+0, .[( En+l. _ En+l. 

. ~-A, h,7.:-In) ) - (~-A, h,7.:_I12))] 1 + (k,}-I) (k,}) 

fl h n+1 
2 (k ,}-1/2) 

+ (E;:,~) - E;k,j») = 0 

I 

Taking advantage of the binomial series: (1 + &)2 ~ 1 + & where &« 1, equation 6.34 
. 2 

can be written as shown in equation 6.35. 

[( 

En+1 + En+1 J (En+1 - En+1 J] +.0. (k,j+l) (k,j) _ . (k,j-I) (k,j) + (En+l. _ En . ) = 0 
2 2. -fl hn+1 2. ~-fl hn+1 (k,}) (k,}) 

2 (k,j+1I2) 2 (k,j-1/2) 

6.35 

The values of -fll h;k+~1/2,j) and -fll h;:~1I2,j) each represents a positive difference 

In water-surface elevation in the xl-direction; and the values of -fl2 h(~~~+1/2) and 

-fl2 h;k~~_1/2) each represents a positive difference in water-surface elevation in the Xr 

direction. With the assumption that conditions within the small space and time region 

chosen are uniform, (including the water-surface slope, as well), then the differences in 
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neighboring cells can be assumed the same for a given direction of flow, i.e., 

A h "'" A h n+1 "'" A h n+1 
Lli (k,j) "'" Lli (k+1I2,j) "'" Lli (k-1/2,j) 6.36 

A h A hn+1 "'" /). hn+1 
Ll2 (k,j)::::: Ll2 (k,j+1/2) "'" 2 (k,j-1/2) 6.37 

Then based on the assumptions presented in equations 6.36 and 6.37, equation 6.35 can be 

written as shown in equation 6.38. 

0 1 [2En+1 E n+1 En+I] + I . (k,j) - (hl,j) - (H,j) 

2· V-/).I h(k,j) 
6.38 

0., [2En+1 E n+1 En+I] (En+1 En) 0 + I - . (k,n - (k,j+l) - (k,j-I) + (k,j) - (k,j) = 
2· V-/).2 h(k,j) 

The numerical-error function, E(XI(k),X2(j)'tJ can be approximated using the 

double Fourier series presented earlier in Chapter 4 as equation 4.20 and shown here again 

as equation 6.39. 

2 1[ m XI(k) A tTl __ 2 1[ m Llxl(k) . 
Let \}J = , and Ll T 

LI LI 

!
i2tr PX2(f») 

e L2 6.39 

Also let <I> = 2 1[ P x2(j) and 
L ' 

2 

2 1[ P Llx2(j) 
/).<1> = Examining each component of the double Fourier series separately 

L2 

and substituting the numerical-error approximation presented in equation 6.39 into 

equation 6.38 results in equation 6.40. 
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6.40 

The term a(m,p,tn+l) represents the amplitude of the mth pth Fourier component of 

the numerical error function, E, at time tn+l. Similarly, a(m,p,tJ represents the 

amplitude of the m'h p'h Fourier component of the numerical error function at time level 

tn' Dividing equation 6.40 by a(m,p,tn+1 )e
i 

'I' ei 
ell results in equation 6.41. 

Q ° [2 - ei 
6'1' - e -i 6'1' ] Q ° [2 - e i 

6ell - e -/ 6ell] a (m p t ) 
I + 2 +1-' 'n =0 

2 ° ~-1'11 h(k,j) 2 ° ~-1'12 h(k,j) a(m,p,tn+l) 6.41 

Utilizing the following trigonometric form for complex numbers: ei 
r + e -i r = 2 cos r 

equation 6.41 can be written as shown in equation 6.42: 

Qlo[2-2cosl'1'P] Q2o[2-2cosl'1cI>] 1 a(m,p,tJ 
+ + - ( ) = 0 6.42 

2 ° ~-1'11 h(k,j) 2 ° ~-1'12 h(k,j) a m,p,tn+1 

Now, recognizing the trigonometric identity: 1- cos2r = 2sin 2 r and letting 

1'1'P __ 1'1cI> e = -- and =. = -- one can write equation 6.42 as shown in equation 6.43. 
2 2 

6.43 
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a(m,p,tn+l ) 
Let A = ( ) in which A is complex. Then, after a large number of, say M, time 

a m,p,tn 

steps, a(m,p,tn+M) = a(m,p,tJ. (A)M and hence for the error component amplitude 

a(m,p,t) to remain bounded, the inequality shown in equation 6.44 should hold true, 

namely, 

IAI= a(m,p,tn+l ) = 1 ~1.0 
a(m,p,tn ) 01·[2.sin2e] 02·[2.sin23] 

--~====~+ +1 
~-~I h(k,j) ~-~I h(k,i) 

6.44 

Taking the reciprocal of the term inside the absolute sign, reversing the inequality sign and 

substituting original variables for 01 and 02 results in equation 6.45. 

6.45 
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J I Cu • Y(k,i) 
Since, V-8) h(k,i) , V-8 2 h(k,j) , and the angle describing the flow direction 

n(k,j) 

(), are all positive quantities and since 0 and B are arbitrary independent angles; and 

since the sin 2 0 and the sin 2 B are always positive quantities and range between 0 and 

1, then equation 6.45 can be written as shown in equation 6.45a. 

6.45a 

By inspecting the inequality in 6.45a, it is obvious that it is always true. Hence, it can be 

stated here that the von Neumann criteria is satisfied for this scheme and the two-

dimensional linearized finite difference scheme is unconditionally stable. 

It should be noticed here that if the flow directional angle, (), equals to zero, as 

the case with one-dimensional flow, then equation 6.45a reduces to equation 5.39b which 

is the von Neumann criteria for the stability of one-dimensional flow. 

Since the two-dimensional implicit finite difference scheme is consistent, as was 

demonstrated in Section 6.1.1, and the linearized version is stable, then the linearized 

version is convergent according to the Lax-Richtmyer theorem (Strikwarda, 1989). 
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6.3 Two-Dimensional Computer Model: 2DSRFACE 

The consistency test performed in Section 6.1.1 proved that the two-dimensional 

finite difference scheme is consistent. Then, the stability analysis performed in the 

previous section on the linearized version of the implicit two-dimensional finite difference 

scheme proved that the linearized version is unconditionally stable. Numerical experience 

expressed in the literature and the observed behavior of the one-dimensional implicit 

scheme indicate that if the linearized version of a finite difference scheme is 

unconditionally stable, the non-linear version is usually unconditionally stable as well. The 

plan therefore, is to build the computer model and judge for oneself as was done in the 

one-dimensional case. 

6.3.1 Development of the Two-Dimensional Computer Model 

The objective of the computer model is to solve the two-dimensional implicit finite 

difference scheme presented in equation 6.24. That equation is presented here in terms of 

the flow rates as shown in equation 6.46 in which I1Z(k.i) = (Z~~~) - Ztk.f»)' 

( n+1 n) 11 t [n+1 n+l] 
Y(k.f) - Y(k.f) + -;--. ql(k+1I2.j) - QI(k-1/2.f) 

LlX1 

11 t [n+1 n+l] 11 0 +-;--. Q2(k.i+1/2) - Q2(k.i-1/2) + Z(k.j) = 
LlX2 

6.46 

The flow rates at the right, left, top and bottom boundaries of cell k can be calculated 
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using equations 6.20, 6.21, 6.22 and 6.23 presented in Section 6.2 and are presented 

below in a different format as equations 6.47, 6.48, 6.49 and 6.50, respectively. 

s 

(c + C )(y"+1 + y"+1 )3 ( "+1 - "+1 + Z - Z ) "+1 = P k+l.j k.j k+l.j k.j Yk,j Yk+I,j O(k,j) O(k+I,j) 

QI(k+1/2,j) I ( J2 2 "+1 "+1 "+1 
4 (Yk+I,j - Yk,j + ZO(k+I,j) - ZO(k,j») + (IJ. 2 h(k+1/2,j») 

IJ.xl IJ.x2 

6.47 

s 

(c + C )( "+1 + "+1 )3 ( "+1 _ n+1 + Z - Z ) 
n+1 = P 'k.j 'k-I,j Yk,j Yk-I,j Yk-I,j Yk,j O(k-I,j) O(k,j) 

QI(k-1/2,j) I (( n+1 "+1 )J2 (IJ. h"+1 )2 
4 Yk,j - Yk-I,j + ZO(k,j) - ZO(k_I,j) + 2 (k-1I2,j) 

IJ.xl AX2 

6.48 

s 

(c + c )( n+1 + n+1 )3 ( n+1 _ "+1 + _ ) 
n+1 = P k,j+1 'k,j Yk,j+1 Ylt,j Yk,i Yk,j+1 ZO(k,j) ZO(k,j+l) 

Q2(It,j+1/2) 2 2 ( 2 
"+1 n+1 n+1 

4 (IJ. I h(It,j+1/2») + (YIt,j+1 - Ylt,j + ZO(k,i+l) - ZO(k,jJJ 

IJ.~ IJ.~ 

6.49 

s 

(c + C )( "+1 + "+1 )3( "+1 _ n+1 + Z _ ) "+1 = P k,j 'k,j-I Y",j Yk,j-I Yk,j-I Yk,j O(It,j-l) ZO(k,j) 

q 2(k ,j-1I2) 2 2 2 

(
IJ. h"+1 ) (( n+1 "+1 )J 4 I (It,j-112) + Yk,j - Yk,j-I + ZO(k,j) - ZO(It.j_l) 

IJ.x l IJ.x2 

6,50 

in which, 

1 1 PI = S ' and P2 = -----,5,----

2.23
(Axl ) 2. 23

(IJ.x2 ) 
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Equation 6.46 represents a set of an Nl by N2 simultaneous non-linear equations 

that need to be solved at each time step. To demonstrate the procedure used to solve the 

non-linear two-dimensional model, presented in equation 6.46, assume a field with Ll by 

L2 dimensions. Further, assume that the soil characteristics -- infiltration and roughness -

are known functions of time and space for the entire two-dimensional field. The field can 

be divided into a two-dimensional mesh with as many cells as reasonable and is divided 

here into an Nl by N2 mesh, as shown in Figure 6.4. 

The initial condition at time zero can be defined by assuming a dry field with flow 

depths equal to zero for all cells~ and the boundary conditions are defined by zero flow, if 

the outer boundary of the cell is a berm, or by a known inflow rate if the outer boundary 

represents an inflow structure. Any boundary cell or a group of boundary cells can have a 

non-zero inflow rate but no outflow is allowed at those boundary cells. 

One equation per cell can be developed using equation 6.46 to calculate the 

residual, D, as shown in equations 6.51 through 6.59. Equations 6.51 through 6.53 

define the finite difference scheme for the strip of cells defined by j= 1. 



j 
q 1(1I2,i) 

Q l(k-1/2.j) 

i 
1 ql(1I2,1) 

I .............. 
~ 

x2 
Q 2(1,112) 

1 

q2(k.i+Jl2) 

..... ~........ QI(k+Jl2.j) 

i 

q2(k.i-1 /2) 

j , .............. 
i 

Q2(k,1I2) 

k 

i , , 
...•. ~ .... 

Q2(N1,1/2) 

NI 

~ ____________________________________________ ~Xl 

Figure 6.4: Case definition for the two-dimensional mesh. 
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QI(N1+1/2.1) 



D !J. t [ (n+1 n+1 n+1 n+1 )] 
(k,l) = -;:-. ql(k+1/2,1) Y(k,l) 'Y(k+I,I) 'Y(k,2) 'Y(k+I,2) 

L.l. XI 

!J. t [ (n+1 n+1 n+1 n+I)] 
--;:-. QI(k-1I2,1) Y(k-I,I)'Y(k,I)'Y(k-I,2)'Y(k,2) 

L.l.XI 

!J. t [ (n+1 n+1 n+1 n+1 n+1 n+l) ] 
+~. Q2(k,I+1/2) Y(k-I,I) 'Y(k-I,2) 'Y(k,l) 'Y(k,2>,Y(k+I,1) 'Y(k+1,2) - Q2(k,1I2) 

L.l. X2 

!J. (n+1 n) + Z(k,l) + Y(k,l) - Y(k,l) 
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6.51 

6.52 

The following three equations define 1he finite difference scheme for all the cells 

contained in the j'h strip. 



D Ilt [ (n+1 n+1 n+1 n+1 n+1 n+l) ] 
(I,j) = ~. ql(I+1/2,j) Y(I,j-I) ' Y(I,j) ' Y(2,j-I>'Y(2,j>' Y(I,j+I) ' Y(2,j+l) - ql(1I2,j) 

uXI 

Il t [ (n+1 n+1 n+1 n+I)] + -;:-. q 2(I,j+1/2) Y(I,j) ' Y(2,j) ' Y(I,j+I) ' Y(2,j+l) 
uX2 

Il t [ (n+1 n+1 n+1 n+I)] 
- -;:-. q 2(I,j-1I2) Y (I,j) , Y(2,j) 'Y(I,j-l) 'Y(2,j-l) 

uX2 

( 
n+1 n) A 

+ Y(I,j) - Y(I,j) + UZ(I,j) 

D Il t [ ( n+1 n+1 n+1 n+1 n+1 n+1 )] 
(k,j) = ~. QI(k+1I2,j) Y(k+I,j-IPY(k+I,jpY(k+I,j+lpY(k,j-lpY(k.jpY(k.j+l) 

uXI 

Il t [ ( n+1 n+1 n+1 n+1 n+1 n+1 )] 
-~. Q l(k-1I2,j) Y(k-1,j-l) 'Y(k-I,j) 'Y(k-I,j+l) 'Y(k,j-I) 'Y(k,j) 'Y(k.j+l) 

uXI 
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6.54 

Il t [ (n+1 n+1 n+1 n+1 n+1 n+I)] 6 55 + -;:-. Q 2(k.j+1I2) Y(k-I,j) 'Y(k.j) 'Y(k+I,j) 'Y(k-I,j+l) 'Y(k,j+l) 'Y(k+I,j+1) . 
uX2 

Il t [ (n+1 n+1 n+1 n+1 n+1 n+1 )] 
- -;:-. Q 2(k ,j-1I2) Y(k-I,j) 'Y(k,j) 'Y(k+I,j) 'Y(k-I,j-I) 'Y(k ,j-I) 'Y(k+l.j-l) 

uX2 

A (n+1 n) 
+uZ(k.j) + Y(It.j) - Y(k,j) 

6.56 

Equations 6.57 through 6.59 define the finite difference scheme for the strip of 

cells defined by j=N2• 
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6.58 

6.59 

It should be mentioned here that the flow rates in equations 6.51 through 6.59 are 

expressed as functions of the flow depths for the surrounding cells that are involved in the 
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scheme calculations. Equation 6.55, which describes conditions for all interior cells, has 

nine unknown flow depths. But, equations that describe boundary cells with one potential 

inflow boundary have six unknown flow depths due to the one known inflow rate. 

Equations that describe boundary cells with two potential inflow boundaries -- comer cells 

in Figure 6.4 -- have only four unknown flow depths due to the known inflow rates at the 

two boundaries of the cell. 

Consider a 3 by 3 array of cells, such that each of equations 6.51 through 6.59 are 

applied only once. Equation 6.55 has nine unknowns; each additional equation of the type 

of6.51, 6.52, 6.53, 6.54, 6.56, 6.57, 6.58 and 6.59 introduces no new unknowns. Thus, 

the total number of equations equals the number of unknowns. When either an additional 

row or column is added to the array, the same number of equations and unknowns are 

added. 

Because the NJ by N2 system of equations shown in equations 6.51 through 6.59 

are non-linear, an iterative method needs to be used to solve those equations such as the 

Newton-Raphson method used in the one-dimensional model. Using the Newton

Raphson iterative method produces an NJ by N2 system of linear equations with 9 

unknowns in each equation. These equations form a sparse matrix that needs to be solved 

for each iteration in each time step. 

The double sweep routine used in the case of one-dimensional flow is no longer 

applicable and can not be directly used, because the system of linear equations that results 

from the Newton-Raphson iterative method does not form a tridiagonal matrix. The 
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Gaussian elimination method could be used, but only at the expense of a huge number of 

mathematical operations that leads to large round-off errors. 

6.3.2 Solving the Finite Difference Scheme Using the ADI Method 

The alternating direction implicit (ADI) method presented in Chapter 4 is a way to 

reduce multi-dimensional problems to a succession of many one-dimensional problems. 

Therefore, the two-dimensional problem at hand can be reduced at each time step to two 

groups of one-dimensional problems in each of which the double sweep routine is used. 

Consider Figure 6.4 and equations 6.51 through 6.59, every strip of cells, in the 

XI- or x2-direction, can be taken as a one-dimensional problem in which only the flow 

depths in that strip of cells are treated as unknown values. The Newton-Raphson iterative 

scheme (Gerald and Wheatley, 1994) for treating the non-linearity of the equations can be 

described in the following steps. 

1. Initialize a three-dimensional array, Y(I:N 1. I :N2, 2) with zero-s to store flow depths 

at time levels 1 and 2. 

2. Consider the strips in the xl-direction. For every strip j, 1 ~ j ~ N2 , use the flow 

depths stored on level 2, Y(1:NJ, I:N2, 2), as y;:,~) and those stored on level I, 

Y(I :Nl, N2,1), as Y~,j) to evaluate the residuals, D(k,i) ' using equations 6.51 through 

6.59. Store the result in the residual array D(I :NJ, I :N2); and then form a system of 
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linear simultaneous equations as shown in equation 6.60 for each strip, one at a time. 

8 Y(I,i) D(I,i) 

[xJ 8 Y(k,i) =- D(k,i) 

8 Y(NI,j) D(NI,i) 

in which, 

iJ DII .)) iJ DII .)) 

iJ •• 1 

Y(I.)) 
iJ •• 1 

Y(l.)) 

[X I ]= o o 

o o 

0 0 0 

o o o 

0 

o 

6.60 

0 

o 

iJ ... 1 
Y(N.)) 

3. For each strip 15: j 5: N2 , solve the linear system of equations shown in equation 

6.60 using the double sweep routine described in Chapter 5 and store the solutions, 

called the corrections, in array SEN(I :N .. I :N2). When finished with all the strips, add 

a prescribed fraction of the corrections (varies from 0.2 to 0.9) stored in array 

SEN(I:N .. I :N2) to the flow depth of the respective cells, y(n:,~). Reset all negative 

flow depth values to zero. The value of the prescribed fraction depends on the degree 

of non-linearity of the solution (i.e. the water surface profile). This can be tested by 
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examining the difference between two consecutive calculated gradients. 

4. Recalculate the residual for each cell and check if the tolerance is met. If it is not met 

for one cell then go to step number 6. The tolerance is based on the idea that the 

residual for each cell should be less than the larger of either O. 1 % of the flow depth for 

the cell or 0.0001 m. 

5. If the tolerance is met for all cells then assign the current value of the flow depth on 

level 2 to that on level 1. Increment the time to the next time step, calculate the 

infiltration due to the increase in time for all cells and go to step number 2. 

6. If the tolerance is not met then consider the strips in the xrdirection. For every strip 

k, 1 ~ k ~ N J , use the flow depths stored on level 2, Y(I:NI, I:N2, 2), as Y;;,~) and 

those stored on levell, Y(l :Nl, 1 :N2, 1), as Y~,j) to evaluate the residuals, D(Ic,i)' 

using equations 6.51 through 6.59. Store the result in the residual array D(I:NI,I:N2); 

and then form a system of linear simultaneous equations as shown in equation 6.61 for 

each strip, one at a time. 

OY(Ic,J) D(Ic,J) 

[X2] o Y(Ic,j) = - D(Ic,i) 6.61 

o Y(Ic,N2 ) D (Ic,N2 ) 

in which, 
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7. For each strip k for which 1 :$; k :$; N. ' solve the linear system of equations shown in 

equation 6.61 using the double sweep routine and store corrections in array 

SEN( 1 :N J, 1 :N2). When finished with all the strips, add the corrections stored in array 

SEN(I :N}, 1 :N2) to the flow depth of the respective cells, Y;:'~)' Reset all negative 

flow depth values to zero. 

8. Recalculate the residual for each cell and check if the tolerance is met. Ifit is not met 

for one cell then go to step number 2. Again, the tolerance is calculated as the larger 

of either 0.1 % of the flow depth for the cell or 0.0001 m. 

9. If the tolerance is met for all cells then assign the current value of the flow depth on 

level 2 to that on levelland calculate the infiltration due to the new flow depth for all 

cells and increment the time to the next time step and go to step number 2. 

10. If the tolerance is not met then go to step number 2. 
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The developed model is called 2DSRF ACE. It is written in the W ATCO~ 

FORTRAN language with illustrative graphics of flowing water and infiltration. In the 

next chapter this model is validated using field data collected in Gila River Farms in Pinal 

County south of Phoenix, Arizona. 
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7. APPLICATION OF COMPUTER MODELS 

7.1 Comparison of One-Dimensional Model to SRFR 

To validate the computer model developed to solve the one-dimensional shallow 

water flow problem using the implicit finite difference scheme developed in Chapter 5 and 

referred to here as the 101, several irrigations were simulated using the SRFR model and 

the 101 model. Figures 7.1 through 7.4 compare the results of the simulations and show 

very strong agreement. The "T A" in those figures refers to the time of advance, the "TR" 

refers to the time of recession, the "z" refers to the infiltrated depth and "Elevation" refers 

to the ground surface elevation. It should be remembered that the SRFR model uses a 

finite volume scheme to solve the Saint Venant equations assuming zero-inertia as 

discussed in Chapter 2. Also, the SRFR model calculates flow depths at the nodes of the 

mesh while 101 calculates them at the center of each cell. For this reason the plotting 

points in Figures 7.1 through 7.4 are shifted to the right for the 10I model. Figure 7.1 

shows the comparison for an absolute, flat basin while Figure 7.2 shows the same 

irrigation for a field with a standard deviation of elevations equals to 10mm. Figure 7.3 

shows an irrigation over a different field with a standard deviation of elevations equals to 

10mm while Figure 7.4 shows the same irrigation on a field with a standard deviation of 

elevations equals to 20 mm. This irrigation data were taken from Osman (1995). 
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7.2 Application oj2DSRFACE 

In this section a case study is presented in which a two-dimensional set of 

irrigation data were collected from an irrigated basin in the Gila River Fanns in Maricopa 

County, in the State of Arizona. The two-dimensional model developed in Chapter 6, and 

referred to as 2Dsrface, is used to simulate an irrigation for that field. The results 

compare favorably, as will be shown. 

7.2.1 Field Data 

On June 21, 1995, basin 32-1-S-A in the Gila River Fanns was irrigated. The field 

has an area of about 29160m
2 (2.92 ha) with young citrus trees planted on an 

approximately 6m by 6.75m grid. Figure 7.5 shows the layout of the field; a 6m wide road 

extends about 84m into the center of the field. 

The water depth at twenty eight stations was measured at 4-minute intervals. The 

locations of the stations are indicated in Figure 7.5 as darkened squares. These 

measurements of the water depth provided a hydro graph for each station, which, in tum, 

provided a tracing of advance and recession times for the stations. When water depth 

measurements were combined for all the stations, they defined water surface profiles at 4-

minute intervals for the entire basin. Ground sufrace elevations were also measured at 
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each of the 28 stations (average offour readings). Figure 7.6 shows a contour map of the 

field with elevations in meters, based on those measured elevations 

Water depths at the stations were measured using a double-bubbler and pressure 

transducer system as described in detail by Dedrick and Clemmens (1984) and (1986). 

The concept of a double-bubbler and transducer system is that the output from a single 

pressure transducer be recorded at atmospheric pressure and from the back-pressure of 

two bubblers a fixed and known vertical distance apart. This system is independent of the 

pressure transducer and has a random error reported by Dedrick and Clemmens (1984) of 

about ±! mm, provided that the transducer voltage-output response to pressure is linear. 

This setup provides a linear calibration curve from which a head can be read for additional 

bubblers installed in the field. Bubblers were installed at each of the 28 stations from 

which the pressure transducer voltage-output was measured and the water head was 

calculated using the calibration curve. Two pressure transducers were used in rotation, 

each measuring pressure at 14 stations each with a double-bubbler system with continual 

re-calibration to provide a reported water head accuracy of ±3 mm (Dedrick and 

Clemmens, 1986). 
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Water was delivered to the basin by a concrete-lined canal. The canal has a 

bottom width of 610 mm and side slopes of 1.25:1 H:V. A long throated FCI flume 

with a sill width of 1.562m, a sill length of 1.066m and a sill height of 381mm was 

used (Clemmens and Replogle, 1980). The measured inflow rates during irrigation are 

presented in Table 7.l. From the table, it can be concluded that the inflow rate was fairly 

constant, with an average value of 0.3625 m3 Is (12.8 ft3 Is). 

Table 7.1: Field Collected Inflow Rate Data for Basin 32-1-S-A. 

Time Elapsed Point Head Flow Inflow 
Time Gage Rate Volume 

(minutes) ft ft ftl/S ftl 
0 12.60 

9:56 am 12 2.704 0.774 12.60 9071 
10:00 16 2.704 0.774 12.60 3023 
10:15 31 2.712 0.782 12.82 11439 
10:30 46 2.709 0.779 12.74 11503 
10:45 61 2.711 0.781 12.80 11491 
11:02 78 2.721 0.791 13.08 13199 
11:15 91 2.712 0.782 12.82 10104 
11:30 106 2.714 0.784 12.88 11568 

11:40 am 116 2.716 0.786 12.94 7746 

IStd. Dev. of Inflow Rate 0.161 ftl Is 0.0057 m3 /s 
IAverage Inflow Rate 12.80 ftl Is 0.3625 m3 /s 
1T0talinfiow Volume 89,088 ftl 2,528 m

3 

Field Area 313,464 ft2 29,160 m
2 

IAverage Infilt. Depth 3.41 inches 87 mm 

The advance time was measured by observation during irrigation. Figure 7.7 shows 

a contour map of the measured advance times in minutes. The darkened squares, again, 

represent the 28 stations. 
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7.2.1.1 Determining Infiltration Function 

The Clemmens-Branch infiltration function (Clemmens 1981) was used to describe 

the infiltrated depth for the irrigated basin. This function has the form shown in equation 

7.1. 

in which, 

z: cumulative depth infiltrated (L); 

k: an empirical constant (LIT~); 

a: a dimensionless constant~ 

T : opportunity time (T)~ 

for T ~ Ie 

for T ~ Ie 

Ie: time at which final infiltration rate begins (T) and 

7.1 

b: final infiltration rate, a constant related to the hydraulic conductivity of the soil (LIT). 

The depth hydrographs obtained at the 28 stations were used to determine the 

time, Ie' at which the final infiltration rate begins. The final infiltration rate for each 

station was determined from the end tail of the corresponding hydrograph, as shown in 

Figure 7.8, by taking the slope of the tail at the time when the final infiltration rate started. 

The values of lefor the 28 stations averaged 114 minutes. Assuming that the water level 

is horizontal and lowering at the average infiltration rate for the field, an average final 

infiltration rate, b, of9.54 mmlhour was determined. From the average slope of the falling 

leg of the 28 water depth hydrographs. 
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Due to inconsistencies in the surveyed field and cups elevations, the field surface 

elevations were adjusted to make the average elevations for the 28 hydrographs match 

between 180 and 220 minutes. 

To determine the intercept, c, of the second branch at time equals zero, one can 

use the volume balance principle described in equation 7.2. 

28 28 

\I In = J D . dA = c· L (A) + b . L (Ti . AI) 
i=1 i=1 

7.2 

in which, 

\lin: Total inflow volume of water (L3)~ 

D: infiltrated depth of water (L); 

Ai: Area representing each station (L 2); and 

i: is an index representing the station number. 

Utilizing equation 7.2, a value of c equal to 14.31mm was calculated. Because 

there was insufficient field data to define the initial infiltration function, a value of a = 0.5 

was selected (e.g., as in sorptivity term in Philip's equation, Philip, 1957). Based on data 

collected on neighboring field with similar soils, this was reasonable (Clemmens - personal 

communication, 1995). Then, by equating the two parts of the Clemmens-Branch function 

at the intercept, c, as shown in equation 7.3 a value of the parameter k is determined to be 

23.53mmlhoura
, in which a = 0.5. 

7.3 
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Therefore, the infiltration function for this field can be expressed as shown in 

equation 7.4, below, in which the cumulative infiltrated depth, z, is expressed in mm .. 

for r ~ 1.90 hours 

7.4 
for r ~ 1.90 hours 

To determine opportunity time for all stations, the recession time was interpolated 

from the depth-hydrographs as shown in Figure 7.8 and tabulated in Table 2. These 

recession times are shown in a contour map in Figure 7.9. 

Figure 7.9 shows unrealistic behavior of contours. This is due to the interpolation 

of the plotting program used to graph Figure 7.9. For a more realistic view, the reader is 

advised to consult Table 7.2 which shows the values of the advance times and Figure 7.5 

which shows the location of each station. 
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Table 2: Field Data for Basin 32-1-S-A. 

Station XI x 2 Zo Advance Recession 
Time Time 

i meter meter meter minute minute 

28 10.125 9 29.831 80 425 
25 10.125 39 29.832 80 425 
22 10.125 69 29.823 65 465 
19 10.125 105 29.830 55 425 
16 10.125 135 29.825 25 455 
27 50.625 9 29.831 55 425 
24 50.625 39 29.837 65 375 
21 50.625 69 29.823 25 650 
18 50.625 105 29.800 5 670 
15 50.625 135 29.803 0 610 
26 91.125 9 29.814 40 550 
23 91.125 39 29.817 125 550 
20 91.125 69 29.799 5 550 
17 97.875 105 29.822 0 470 
1 97.875 135 29.807 0 570 
12 104.625 9 29.821 45 500 
9 104.625 39 29.817 30 500 
6 104.625 69 29.823 10 485 
13 158.625 9 29.817 65 530 
10 158.625 39 29.829 120 415 
7 158.625 69 29.816 45 550 
4 158.625 105 29.806 35 575 
2 158.625 135 29.799 15 600 
14 199.125 9 29.835 105 480 
11 199.125 39 29.837 105 375 
8 199.125 69 29.810 85 575 
5 199.125 105 29.809 80 575 
3 199.125 135 29.809 45 520 

Average 29.819 50 511 
Std. Dev. 0.012 37 79 
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7.2.2 Computer Simulation 

The irrigation on June 21, 1995 for Basin 32-I-S-A in the Gila River Fann was 

simulated using the 2Dsrface computer model developed in Chapter 6. The basin was 

divided into 720 cells with ~x\ = 6.75m yielding 30 cells for L\ = 202.5m; and with 

~ x2 = 6.00m yielding 24 cells for the L2 = 144m as shown in Figure 7.10. The time 

step, ~ t , ranged from a quarter of a minute for the first ten minutes of the simulation then 

increased to 1 minute until cutoff time and then increased to 5 minutes for the remainder 

of the irrigation. Field surface elevations as shown in Figure 7.6 were used. Actually, the 

elevations were read from Figure 7.6 for each cell in the mesh. A Manning roughness, n, 

of 0.05 was used in the simulation, which is typical of roughness for bare soil. 

The infiltration function derived in Sections 7.2.1, equation 7.4, was used in the 

simulation. Infiltration began only when a flow depth of at least 2mm was present on the 

soil surface, which also meant that advance time was registered when a flow depth of 2mm 

was present. A constant inflow rate of 0.3625 m3 Is was used for 116 minutes delivered 

from the top boundaries of the five upper-boundary cells (k=13,14,15,16 and 17,j=24). 
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Due to the fact that the finite difference scheme is non-linear, an iterative solution 

has been implemented in the computer model as discussed in Chapter 6. The iterations 

stop when a specified tolerance criterion is reached. The tolerance criteria used for 

simulating Basin 32-I-S-A was taken as the maximum of the following two values: 

O.OOOlm and 0.1% offlow depth for the cell under consideration. 

Advance times obtained from computer simulation are shown in Figure 7.11, while 

Figure 7.12 shows a comparison of the percentage of wetted area between the field data 

and the computer simulation. It can be seen from those two figures that 2Dsrface 

advanced the water front more rapidly than measured in the field. The field was not 

uniformly rough and it had ridges along the tree rows. The Manning n may have been too 

low and the survey of 28 elevations, probably didn't fully characterize macro roughness 

effects. 

Figure 7.13 shows a contour map of recession times in minutes calculated by 

2Dsrface. Figure 7.14 shows a comparison of percent area receded for field data and 

those obtained from 2Dsrface. It should be mentioned that the same average depth of 

87mm of infiltrated water depth was calculated by the model as measured in the field. 

Due to the fact that the measured recession times shown in Figure 7.9 and tabulated in 

table 7.2 are interpolation from the data of the 28 hydrographs obtained from the double

bubbler system; the reliability of such interpolation is not guaranteed. More studies are 

needed to validate recession times. 
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Figure 7.15 shows a comparison between the depth hydrograph at Station 4 

obtained from the output of 2Dsrface computer model and that measured in the field and 

presented earlier in Figure 7.8. The comparison shows a strong match and a good 

prediction of water depth by the model. Figures 7.16, 7.17 and 7.18 show comparisons 

for depth hydrographs at Stations 10, 18 and 24, respectively, obtained from the output of 

the 2Dsrface model and those measured in the field by the double-bubbler system. 

Figure 7.16 shows a failure in the double-bubbler system when water advanced to 

that station. Cups for all stations had an elevation greater than the elevation of 

surrounding soil surface. This is why the measured depth hydrographs start higher than 

those modeled. The model starts with a water surface elevation equal to ground elevation, 

increases after advance and then decreases to the ground surface elevation during the 

depletion and recession phases. But, the double-bubbler system starts with a water 

surface elevation equals to the cup elevation, which is higher than the ground elevation, 

increases after advance and then decreases to the cup elevation. 

It can be concluded here that the 2Dsrface-calculated results compare favorably 

with those measured in the field. The accuracy, however, depends on how the empirical 

parameters - infiltration and roughness - were estimated and measured for the field. More 

validation of the model is needed with a more comprehensive set of surveyed ground 

elevations, measured infiltration, measured water depths hydrographs, and roughness. 
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Figure 7.17: Comparison of measured hydrograph and simulated hydrograph at Station 18 
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Figure 7.18: Comparison of measured hydrograph and simulated hydrograph at Station 24 
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8. SUMMARY AND CONCLUSION 

A two-dimensional computer model to simulate irrigation basins that exhibit 

significant variation in flow and field characteristics was demonstrated. The theory and 

partial differential equations governing the shallow water flow were presented and 

discussed. The zero-inertia assumption was introduced to simplifY shallow water flow 

equations. 

An introduction to numerical methods used in solving partial differential equations 

was presented. Concepts of convergence, stability analysis, consistency and truncation 

errors were discussed. 

A cell-based explicit finite difference scheme was investigated to numerically solve 

the shallow water flow equations in one-dimensjon. Stability analysis was performed on 

this scheme using the von Neumann stability criteria and the scheme was found to be 

unstable. 

A cell-based implicit finite difference scheme was developed to solve the zero

inertia shallow water flow equations in one-dimension. Stability analysis on a linearized 

version of the scheme indicated the linearized version of the scheme was numerically 

stable. A consistency test was performed on the implicit finite difference scheme and 

found it to be consistent. A computer model was developed to solve the non-linear finite 

difference scheme, iteratively, using the Newton-Raphson method. The scheme proved to 
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be numerically stable. To validate the one-dimensional model, simulations of identical 

fields with identical irrigation parameters using SRFR were compared to the one

dimensional model. The results compared favorably. 

The cell-based implicit finite difference scheme was extended to solve the two

dimensional shallow water flow equations with the zero-inertia assumption. Stability 

analysis performed on a linearized version of the two-dimensional scheme proved the 

linearized version to be unconditionally stable. Also, the implicit finite difference scheme 

proved to be consistent. 

A computer model was developed to solve the two-dimensional cell-based non

linear implicit finite difference scheme. An iterative solution using the Newton-Raphson 

method was implemented. To facilitate the solution of the equations for every time step, 

an alternating direction implicit, ADI, method was used to provide a special tridiagonal 

coefficient matrix. An efficient and accurate double sweep routine was used to solve the 

coefficient matrix. To account for the effect of flow in one-direction on the other, 

gradients of four surrounding cells are averaged and used in calculating the flow rate. 

Inflow can be introduced into the field from one boundary cell or a group of boundary 

cells. The gradient of non-flow boundary cells is zero. But, if the boundary cell is an 

inflow cell , then a gradient is calculated from the inflow rate. 

Field data from a basin in the Gila River Farms that exhibited significant variations 

in two directions, in terms of flow, ground elevation, velocities, etc. were collected. The 
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same irrigation was simulated using the two-dimensional implicit non-linear computer 

model. Model results compared favorably with the measured data. 

More testing and validation of the model is needed; different field geometries and 

inlet configurations should be studied. It is important to recognize that good two

dimensional field data are not available at this time, and more data need to be collected for 

future research. 
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