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ABSTRACT 

Aquifer heterogeneity plays an important role in the remediation of polluted aquifers. 

Kriging (or cokriging) is one of the popular methods used to interpolate and extrapolate 

measured transmissivity data. However, depicting aquifer heterogeneity at a high resolution 

is a difficult task. Traditional numerical inverse approaches often suffer from numerical 

stability problems. Also, the classical geostatistical inverse methods, e.g. cokriging, rely 

heavily on the linearized form of the flow equation without incorporating the principles of 

continuity and boundary effect. Classical cokriging is a linear predictor approach which uses 

approximate covariance and cross covariance functions. Therefore, it often produces 

inconsistent transmissivity and head fields which results in unacceptable velocity 

distributions, especially for highly heterogeneous aquifers. 

To circumvent these difficulties, an iterative stochastic approach to estimate 

transmissivity and head distributions in two-dimensional, steady-state, nonuniform flow in 

heterogeneous confined aquifers is developed. This approach is similar to the classical 

co kriging technique, using a linear estimator that depends on the approximate covariance 

functions. The linear estimator is improved successively by solving the governing flow 

equation and by updating the covariances and cross-covariance functions in an iterative 

manner. As a result, the nonlinear relationship between transmissivity and head is 

incorporated. At each iteration, the objective is to minimize the estimation mean square 

error ''MSE'' of the estimate of the natural logarithm of transmissivity, Ln[T]. The iterations 
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continue until the difference in the simulated variance of the Ln{T] field between two 

successive iterations is less than a specified tolerance level. 

The results show that the estimated transmissivity and hydraulic head fields have 

smaller MSE than those by the classical cokriging even in aquifers with high transmissivity 

variances. Also, our iterative method is superior to classical cokriging method for 

producing mass conservative velocity fields and less biased estimation error in both Ln[1] 

and head fields. Similarly, a comparison study between non-iterative and iterative co

conditional Monte Carlo simulation "MCS" is conducted to show the effect of iterations on 

the simulation. The Conditional mean fields based on our iterative MCS are better than 

those non-iterative MeS, which are close to the cokriging ones, in terms of less MSE and 

less bias. 
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CRAPI'ER! 

INTRODUCTION 

1.1 General 

Geologic formations are inherently heterogeneous. As an example, the saturated 

hydraulic conductivity of porous material can exhibit a coefficient of variation in the range of 

90 to 240 percent, Hare (1987), and routinely varies by five or six orders of magnitude at a 

site, e.g. it varies from 10,1 to 1<r m/day in various materials, Freeze (1975). Importance of 

the heterogeneity in the transport of contaminants in porous media has been the focus of 

research during the last two decades. Yeh (1992) and Yeh and McCord (1994) provided an 

overview of several stochastic approaches developed in the last few years for modeling water 

flow and solute transport in heterogeneous aquifers and classified them into two main 

categories: homogeneous or "effective parameters" and heterogeneous approaches. 

Flow and transport models are commonly used to support the decision making process 

in environmental impact assessment, toxic waste control, remediation design, a.nd subsurface 

cleanup monitoring. The modeling process, however, requires knowledge of the fundamental 

properties of porous media. Field research has shown that these porous media properties 

change continuously from location to location "spatial heterogeneity", which may significantly 

influence flow and transport processes in aquifers. Modeling efforts must inherently cope 

with "uncertain" information, i.e. extrapolated information from measurement locations, since 

it is impossible to measure all soil properties at all locations. Since the model input is 

uncertain, the model results are uncertain and the validity of the modeling may be questioned. 
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In the past two decades, research efforts have been directed towards developing 

general quantitative concepts to describe the spatial heterogeneity of subsurface porous 

media. With mathematical tools, the impact of model input uncertainty, due to heterogeneity, 

on the uncertainty of flow and transport predictions is quantified. Many of these research . 

eflbrts have applied the so-called "geostatistical" description of porous media properties and 

used it for the "stochastic analysis" of model uncertainty. Geostatistics is a tool to quantify 

spatial variability of natural phenomena in terms of statistical parameters. Given the spatial 

variability of some environmental properties "model input", stochastic analysis, which is a 

particular furm of mathematical analysis, finds the statistical parameters describing the spatial 

variability of and the prediction uncertainty about other environmental phenomena, "model 

output". Most applications of the stochastic analysis of subsurface flow and transport 

processes have been with respect to groundwater. 

The stochastic analysis of such processes in heterogeneous soils has therefore been 

limited to a relatively few, simplified analytical models. These models are known to be valid 

only if the spatial heterogeneity of the soil is moderate. The effective parameter approach 

assumes that the heterogeneous geologic formation can be homogenized to obtain effective 

parameters with which one can predict the ensemble behavior of the flow and transport 

processes. Examples of such studies include those by [Gelhar and Axness (1983), and Dagan 

(1988)], for saturated porous media, and those by [Yeh et al. (1985 .. ."c); Mantoglou and 

Gelhar (1987.,."J; Russo and Dagan (1991.); and Russo (199lb )], for unsaturated media. 

Although these studies have contributed to a better understanding of flow and transport in 
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heterogeneous aquifers, the major drawback of this approach is that it predicts only the 

ensemble behavior of the aquifer, which can be quite different from that of the particular 

realization we encounter in reality. 

111eoretically, the ensemble behavior approaches the behavior of a single realization 

after the flow process has affected a large portion of the aquifer. Thus, the ergodicity 

assumption, as will be shown later in Chapter 4, embedded in the equivalent homogeneous 

approach is met. Such a theory appears valid for mildly heterogeneous aquifer at certain 

scales [Sudicky (1986); and Garabedian et al. (1991)]. As the process ,grows and encounters 

heterogeneities of different scales, the validity of this theory is questionable. Therefore, for 

field applications, the predictive ability of the equivalent homogeneous approach is considered 

limited and the prediction based on the equivalent homogeneous approach involves large 

uncertainties. 

The heterogeneous approach is designed to consider the nature of spatial variability 

of hydrologic properties of the aquifer with limited amount of data. Methods in this approach 

generally consist of geostatistics, Monte Carlo simulation, and conditional simulation. 

Geostatistics, as will be discussed later in Chapter 4, is a mathematical interpolation and 

extrapolation tool which uses the spatial statistics of the data set to estimate the property at 

unsampled locations. However, by eliminating the determination of the uncertainty, which 

requires intensive computational efforts, the cokriging approach is computationally economic 

and is often considered as a more practical and more realistic approach than the effective 

parameter approach. Although hydraulic head and transmissivity fields derived from 
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co kriging have been found reasonable, there is no guarantee that the hydraulic head and 

transmissivity estimates satisfy the principle of conservation of mass and, in tum, an erroneous 

concentration distribution [Harter and Yeh (1993); and Yeh et al. (1995.)]. The fact that 

krigedlcokriged map is inevitably smoother than the true one can not be neglected. 

ConditionaVco-conditional simulation, which is a generalization of kriging or cokriging, 

provides a solution to this problem [Matheron (1973); and Delhomme (1979)]. 

Monte Carlo simulation is the most intuitive approach to deal with spatial variability 

in a stochastic sense. Although it belongs to one of the heterogeneous approach since the 

hydraulic property at every point in the aquifer is specifir.d, it is, in principle, equivalent to the 

effective parameter approach. Both Monte Carlo simulation and the effective parameter 

approach derive the mean and variance of the hydraulic head, but Monte Carlo simulation 

requires fewer assumptions than the effective parameter approach, and it can predict shape 

of frequency distribution of the output variables. The principle of Monte Carlo simulation is 

straightforward. It first assumes that the probability distribution of the parameter and its 

covariance function either are known or can be derived from available field data. Using some 

mathematical techniques, it generates many possible realizations of the hydraulic conductivity 

field that conform to the assumed probability distribution and the covariance function. Each 

generated realization is input to flow model and the corresponding hydraulic head 

distribution is determined. Finally, the head distribution resulting from all realizations are 

used to determine its expected value, variance, covariance, and distribution. Typical examples 

of studies using this approach can be found in Freeze (1975), and Smith and Freeze (1979). 
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Conditional simulation is an approach that combines geostatistics and Monte Carlo 

simulation. Unlike Monte Carlo simulation, it provides only a subset of all possible 

realizations of the hydrologic property which consists of the values of the properties at our 

sample locations and confirms to the spatial statistics of the hydrologic property, i.e. we will 

only consider tIm subset and discard the realizations which do not agree with measured values 

at the sampled locations. Because the conditional simulation includes the data values at the 

sampled location and aU possible values at the unsampled locations, the conditional simulation 

has been considered as the most rational approach for dealing with uncertainties in 

heterogeneous geologic formations, Yeh (1992) and Yeh and McCord (1994). The complete 

theory of conditional simulation is given by Matheron (1973) and Joumel and Huijbregts 

(1978) and will be discussed in detail in Chapter 4. 

A great challenge facing hydrologists today is posed by the inverse problem of 

'estimating aquifer hydraulic properties, such as transmissivity (T), from scattered 

measurements of these properties and hydraulic head (f/J). The difficulties with the inverse 

problem are associated with issues of identifiability, uniqueness, and stability, refer to W. Yeh 

(1986); and Carrera and Neuman (1986b) for a detailed review. The problem is further 

complicated by the consensus recognition of the inherent heterogeneities of an aquifer's 

hydraulic properties, the nonlinear relationships between T and f/J, and the fact that 

observations of T and f/J are usually limited. Various methods have been developed to solve 

the inverse problem given scattered head and conductivity or transmissivity measurements, 

and these inverse methods are discussed in detail in Chapter 2. 
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One popular method among these is the minimum-output-error based approaches 

[Yeh and Tauxe (1971); Gavalas et a!. (1976); Willis and Yeh (1987); Cooley (1982); 

Neuman and Yakowitz (1979); Neuman (1980); Clifton and Neuman (1982); and Carrera and 

Neuman (1986a,b)]. A shortcoming of this approach is that the identity of the estimate is 

often undefined. In other words, it is unclear what the transmissivity and head fields derived 

from these methods represent in the case where only scattered head and transmissivity 

measurements are given. Are they the mean fields conditioned on the measurements or one 

possible realization of the ensemble transm~ivity and head fields? Being unable to ascertain 

their identities, this approach suffers from the same difficulty as any manual model calibration 

approaches, e.g. Yeh and Mock (1996), because the uncertainty associated with the output 

can not be addressed. 

The geostatistical approaches, [Kitanidis and Vomvoris (1983); Hoeksema and 

Kitanidis (1984); Dagan (1985J; Rubin and Dagan (1987); and Gutjahr and Wilson (1989)], 

have received increasing attention recently. The geostatistical approaches to the inverse 

problem rely on the use of kriging/cokriging estimation techniques. For example, Kriging is 

defined as the best linear unbiased predictor which provides the estimates of the property at 

unsampled locations but retains the sample values at locations where the values are known, 

i.e., kriging is a special type of conditional expectation. In the case of simulation of flow in 

large-scale aquifers where only a limited amount of hydraulic conductivity data are collected, 

geostatistics is generally found to be useful, Gutjahr (1981) and Clifton and Neuman (1982). 

Similarly, in groundwater hydrology, cokriging has been used, based on some head 
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and transmissivity values at some sample locations, to estimate the unknown transmissivity 

and/or hydraulic head values at other locations, [Ahmed and de MarsHy (1993); Kitanidis and 

Vomvoris (1983); Hoeksema and Kitanidis (1984); Gutjahr and Wilson (1989); and 

Hoeksema and Kitanidis (1989)]. The resultant hydraulic head and transmissivity fields are 

then used to simulate the solute transport. Cokriging is based explicitly on the statistical 

characterization of the spatial variability of aquifer log transmissivity, Ln[1]. The idea is to 

take advantage of the spatial continuity of the Ln[1] field implied by a covariance function or 

variogram, and to make use of the linearized relationship between Ln[1] and ¢J implied by 

the stochastic flow equation. In cokriging, the unknown/(mean removed LnT) value at a 

point of interest is estimated by a weighted linear combination of the observed I and h (mean 

removed ¢J). The weights are determined by requiring that the estimator is unbiased and has 

minimum variance. By casting the problem in a probability framework, Dagan [1982, 1985] 

and Rubin and Dagan (1987) show that when the random transmissivity land head h fields 

are jointly Gaussian (or multivariate normal), with known mean and covariance, cokriging 

estimate and cokriging covariance are equivalent to the conditional mean and conditional 

covariance of the new joint probability distribution function conditioned on the measurements. 

The classical cokriging is a linear predictor. In addition, the cross covariance function 

between land h and the covariance of h required in cokriging are derived from a first-order 

linearized version of the governing flow equation [Mizell et at. (1982); Kitanidis and 

Vomvoris (1983); Hoeksema and Kitanidis (1984),(1989)], while the relation between T and 

¢J is nonlinear. Even if the log transformation of T is adopted, the nonlinear nature between 
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I and h still remains. The linearized relations, being based on small perturbation theory, are 

valid only if the unconditional variance of I is less than 1.0. The nonlinearity in the flow 

equation implies that in geneml h will not be normal, and I and h will not be jointly normal, 

even if lis normal. As a result, the use of classical geostatistical techniques is not justified. 

A major problem with the classical geostatistical approaches is that they often produce 

inconsistent T and tP estimates [Yeh et al. (1993b), (199~ )]. On the one hand, if 

cokriginglco-conditional simulation is used to obtain both Ln[1] and <p without solving the 

flow equation, the resulting velocity field is prone to serious mass balance errors, especially 

for highly heterogeneous aquifers or under highly non-uniform flow conditions. This is clearly 

undesimble for transport modeling. On the other hand, if cokriginglco- conditional simulation 

is employed to obtain Ln[1], and the flow equation is solved for tne head and velocity fields, 

the resulting numerical solution of tP is not guaranteed to be, at least approximately, 

consistent with measured values of ¢Jat measurement locations, Harter and Yeh (1994). 

The inconsistency mentioned above could result from several sources. The 

discrepancy is bound to be larger if the nonlinearity of the flow equation is stronger, as in the 

case ofunsatumted flow as well as in the case of nonuniform flow, or if the variance of the 

log tmnsmissivity is greater than 1.0. Other causes include errors resulting from specification 

and estimation of model structures of the I field, and from the numerical approximation and 

solution of the flow equation, etc. Cokriging also suffers from the numerical stability problem 

as in the classical inverse models. Dietrich and Newsam (1989) showed that as the amount 

of available data increases and the discretization of the system is refined, both a numerically 
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ill-conditioned parameter estimation problem and iII-conditioned cokriging equation may 

appear. Subsequently, the cokriged transmissivity field may contains some anomalies. To 

avoid this problem, addition of an error term to the cokriging equation is suggested, as will 

be shown in Chapter 5, fur stabilizing the numerical solution in the method. But they pointed 

out that addition of such an error term may result in the loss of information. 

Carrera and Glorioso (1991) made a comparison between the classical cokriging 

approach and an iterative statistical inverse approach. They concluded that basic hypotheses 

are similar for the two formulations and main differences stem from that linearization is 

perfurmed around the estimated mean in cokriging methods and around the estimated log-T 

in iterative statistical approach. As a result, the latter is less constrained by linearity than the 

former and lead to better estimates and to more consistent estimation covariance matrices. 

However, the identity of the estimate remains unknown. 

To overcome these problems with cokriging, Yeh et al. (1995J developed an iterative 

co-kriging-like approach, that combines the cokriging and numerical flow model, to estimate 

transmissivity based on the observations of transmissivities and hydraulic heads in the 

saturated aquifer. The method suffers from the drawback that the iterative process often 

diverges fur large domain or when the number of head measurements is small. An alternative 

iterative co-conditional simulation approach was suggested by Gutjahr et at. [1993, 1995]. 

This iterative approach is more computationally efficient than the one proposed by Yeh et at. 

[1993b , 1995J. However, it does not warrantee that the iterative conditional head values are 

going to converge to the measured head values at sampling locations. The research work in 
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this dissertation is a modification to those done by Yeh et al. [1993." 1995J and Gutjahr et 

al. [1993, 1995]. Also, conditional Monte Carlo simulations were run in order to get a 

measure of the uncertainty in the simulated conductivities fields. A detailed description of the 

current research will be discussed in detail in Chapter 5. 

1.2 ObJectives 

The main objective of this study is to illustrate problems associated with the 

assumption of the linear relationship between f and h embedded in the classical cokriging 

technique for estimating transmissivity values based on f and h data sets. As to improve the 

classical cokriging approach and the minimum-output-error based approach, an iterative 

stochastic inverse method is presented, through which the characteristics and the prediction 

uncertainty of steady-state and non-unifonn flow in highly heterogeneous aquifers can be 

assessed. This iterative approach uses an unbias linear estimator that depends on the 

covariances of transmissivity and hydraulic head and their cross-covariance. This linear 

estimator is, then, improved successively by solving the governing flow equation and by 

updating the covariances and cross-covariances of transmissivity and hydraulic head fields in 

an iterative manner. 

The iterative scheme improves our estimates of transmissivity, hydraulic head, and 

velocity fields compared with the classical cokriging ones. Therefore, the estimated 

transmissivity and head fields from our approach become co-conditional effective mean fields, 

at least in an approximate sense. Several examples are used to demonstrate the robustness 
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of our new iterative approach. Also, the iterative scheme was implemented along with the 

conditional Monte Carlo simulations MCS to produce what we name it "iterative MCS". A 

comparison is made between cokriging, non-iterative MCS, and iterative MCS. The later 

showed better results in terms of less mean square error, less smooth f-field, better head field, 

and less variance around the conditional mean for the head and transmissivity fields. 

1.3 Contents or the Dissertation 

Chapter 2 discusses the different techniques to solve the inverse "parameter 

identification" problem. In Chapter 3, we discuss the definition of heterogeneity in a 

statistical framework defining all the parameters that can relate to random variables, random 

vectors, random processes and random fields. We also listed the common methods used in 

literature to generate unconditional and conditional random fields. Chapter 4 gives a 

complete summary of the existing approaches for the investigation of spatial variability in the 

saturated zone. Chapter 5 describes the theory and methodology behind the research work 

in this dissertation. Different applications of the used methodology are presented in Chapter 

6. FinaUy, the summary and the recommendations for future research works can be found in 

Chapter 7. 
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CHAPTER 2 

THE INVERSE "PARAMETER IDENTIFICATION" PROBLEM 

2,1 Introduction 

Groundwater models are physically based on mathematical models derived from 

Darcy's law and the law of conservation of mass. Various established solution techniques 

utilizing either finite difference or finite element approximations, or a combination of both, 

are available for solving the governing equation of the model, provided that the model 

parameters and initial and boundary conditions are properly specified. Groundwater models 

are used as tools for decision making in the management of a water resources system. The 

accuracy of model prediction depends on the reliability of the estimated parameters as well 

as on the accuracy of the prescribed initial and boundary conditions. The idea of determining 

the distribution of aquifer parameters, e.g. transmissivities and storativities, over a flow 

domain from head measurements in wells is as old as the practice of groundwater modeling. 

However, when it comes to making predictions for a particular site, parameters, 

inputs, and boundary or initial conditions are certainly not given. In most regional 

groundwater studies, the modeler has only a few measurements of heads, the results of some 

pumping tests, and a vague idea of the boundary conditions or the rates of leakage and 

recharge. An approach used by some practitioners is to extrapolate head measurements in 

the interior of the area of interest in order to obtain values on the boundary and these values 

are then treated as known. Transmissivities are then adjusted to reproduce the measurements; 



25 

sometimes values of accretion leakage may also be adjusted to improve the fit. 

Increased reliance on the use of numerical models of groundwater flow and transport 

for predicting contaminant transport to groundwater forced the researchers to develop 

extremely sophisticated flow models. The response of these complex models to anticipated 

stresses, such as extraction and injection of waters or introduction of chemical and radioactive 

contaminants, is controlled by spatially varying model parameters which represent the 

aquifer's physical properties. Inasmuch as these physical properties are difficult or impossible 

to measure in the field, the parameters which control the model are frequently determined by 

calJbrating the model to directly observable quantities such as hydraulic heads, contaminant 

concentrations and water temperatures. Hydrogeological information about the aquifer is 

useful in the estimation of initial and boundary conditions. Even with simple flow models, 

manual calJbration by trial-and-enor can be time consuming and extremely frustrating, Yeh 

and Mock (1996). Carrera and Neuman (1986.,b,J commented on the trail-and-error method 

as the manual method most often used in real world situations. They also quoted: "However, 

the method is recognized to be labor intensive (therefore expensive), frustrating (therefore 

often left incomplete), and subjective (therefore biased and leading to results the quality of 

which is difficult to evaluate)". 

In practice, spatial variables are approximated by a finite difference or a finite element 

scheme, while the aquifer system is subdivided into several subregions with each subregion 

characterized by a constant parameter. The reduction of the number of parameters from the 

infinite dimension, since the spatial domain is continuous, to a finite dimensional form is called 
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''parameterization''. However, parameters used in deriving the governing equation are not 

directly measurable from the physical point of view, and in practice model parameters are 

required to be estimated" identified" from historical input-output observations "data" using 

an inverse procedure of parameter identification. Consequently, hydrologists began to look 

for different ways of solving the parameter identification" inverse" problem. 

The groundwater hydrology inverse problem consists of estimating aquifer parameters 

(transmissivity, storativity, etc.) from direct measurements of those parameters and dependent 

variables (hydraulic heads, solute concentrations, etc.). The importance of parameter 

identification in groundwater modeling is well understood. Unfortunately, data is limited in 

both quantity and quality, then the inverse problem is often ill-posed. The ill-posed ness is 

generally characterized by the major perils of parameter estimation: non-identifiability, non

uniqueness and instability of the identified parameter. Besides, we should consider the 

following when we try to solve the inverse problem: (1) the lack ofa statistical framework 

to separate information from noise in the data and to evaluate the reliability of the parameter 

estimates; (2) computational inefficiency; (3) inability to deal with realistic steady state and 

transient flow systems which require adjustments not only of transmissivities and storativities, 

but also of boundary and initial conditions together with distributed and concentrated source 

terms; and (4) a lack of flexibility, or interactive capability, that would allow the modeler to 

intervene in the calibration process and enrich it with qualitative information derived from his 

own professional experience. 

The uniqueness problem has a great practical importance, because in the case of non-
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uniqueness, the identified parameters will differ according to the initial estimate of the 

pammeters, and there will be no reason for the estimated pammeters to be close to the" true 

"pammeters. TIle Instability of the inverse solution stems from the fact that small errors in 

heads will cause serious errors in the identified pammeters. Since the inverse problem tends 

to be highly unstable, many solutions can be found that yield virtually identical computed 

heads. Inasmuch as the inverse problem of aquifer hydrology is best with instability due to the 

inherent structure of the model, it seems appropriate that some effort be made to control the 

effects of large errors in the head data in addition to correcting model structure defects such 

as lack of sensitivity to parameters and non-identifiability. The notion of identifiability, 

which addresses the problem of parameters identification, can be put in different ways. 

Kitamum and Nakagiri (1977) defined identifiability as follows: « We shall call an unknown 

parameter <t identifiable <t if it can be determined uniquely in all points of its domain by 

using the input-output relation of the system and the input-output data". Identifiability is 

usually not achievable in the case where data is only available at a limited number of locations 

in the spatial domain, W. Yeh (1986). 

Although the formulation of the inverse problem is quite old, its applications to real 

cases is used to be accompanied by difficulties related to heavy computation requirements and 

potential lack of uniqueness and/or stability in the solution. In addition to the iII-posedness, 

the inverse problem may be undetermined if the aquifer recharge is treated as a spatially and 

tempomlly variable distribution parameter. W. Yeh (1986) mentioned, in his review paper 

that there are two types of errors associated with the inverse problem: (1) the system 
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modeling error, as represented by a performance criterion, and (2) the error associated with 

parameter uncertainty. The optimum level of parameterization depends on the quantity and 

quality of data (observation). 

In the last decade, the inverse problem has been brought back to investigation for 

quite a few reasons: First, there has been some improvements in the algorithms through 

which the inverse problem can be addressed; Second, computer facilities have been improved 

a lot so that they became much faster than before and one can address much more 

complicated cases in less time; and Third, due to the need for more accuracy in output 

parameter estimation. The abovementioned reasons have motivated significant developments 

in the field of stochastic hydrology to try to solve such kind of " inverse problem " or " 

parameter identification problem ". 

The main difficulty in groundwater modeling arises from characterizing transmissivity 

''T'' or hydraulic conductivity "K", and aquifer storativity "S". Aquifers can be extremely 

heterogeneous in terms of these mentioned parameters, so that a detailed representation may 

require many measurements, which is certainly more than what is usually available. Also, 

local measurements are rarely representative of large scale conditions. In addition to that, 

their measurement is very difficult and requires indirect estimations which is subject to errors. 

By using these inaccurate aquifer parameters as input to groundwater models, one can expect 

that the flow model will fail to reproduce observed aquifer responses, e.g. hydraulic heads 

and/or solute concentrations, W. Yeh (1992). 
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At first, attempts were made to resolve instability by seeking either smoothness 

[Emsellem and de Marsily (1971), cited in Carrera et al. (1993)] or by imposing closeness to 

prior estimates Neuman (1973). Apparently, these solutions did not address the basic 

problem, which is the natural heterogeneity of the porous media. Whereas calibration of 

aquifer models has usually been done by " trial-and-error ", in recent years different 

approaches have been developed to automate calibration by optimization methods. Trial and 

error methods depend strongly on the modeler's experience and will often yield error 

estimates of aquifer parameters. By using optimization methods, the results of calibration can 

be improved both in terms of the fit between measured and calibrated groundwater heads and 

the computer time required. A second point of the identification process is the consideration 

of the uncertainty of the input data. By formulating the inverse problem as a maximum 

likelihood parameter estimation problem, one is able to estimate the unknown parameters as 

well as quantify the uncertainty associated with the estimates, Odenwald and Herrling (1991). 

Based upon the error criterion used in the formulation, Neuman (1973) classified the 

techniques developed to solve the inverse problem of parameter identification into either 

"direct" or "indirect". Kubrusly (1977) classified the identification procedures into: (1) Direct 

method, which uses optimization techniques directly to the distributed infinite-dimensional 

model; (2) reduction the distributed parameter system to a lumped parameter system; and (3) 

reduction the distributed parameter system to an algebraic equation. 
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2.2.2 Direct Methods « Equation Error Criterion « 

The direct approach treats the model pammeters as dependant variables in a formal 

inverse boundary value problem. If head variations and estimated derivations, neglecting 

measurement and model errors, are known over the entire flow domain, the original 

governing flow equation can be solved in terms of the unknown parameters directly. In 

practice, no one can claim that he can measure hydmulic heads everywhere in the flow 

domain. So, in order to have head values everywhere, one has to use any interpolation 

technique in order to fill the gaps of unknown head values between measurement locations. 

To solve the inverse problem in its continuous mode, for steady state case, the head 

and flux must be known precisely everywhere in the studied aquifer and Cauchy data, either 

hydmulic conductivity or the flux, must be prescribed at one point along each streamline. If 

these conditions are satisfied, hydraulic conductivity can be determined uniquely and 

independently along any given streamline provided the hydmulic gradient is nonzero at each 

point. When the solution is required in a discrete mode, a single known value of the hydraulic 

conductivity or the flux may sometimes be sufficient to guarantee a unique solution over the 

entire grid due to what Neuman (1973) termed the "cross-characteristic influence of Cauchy 

data". However, when the head data are corrupted by noise and the hydraulic gradients are 

small, the computed hydraulic conductivity values tend to exhibit uncontrolled spatial 

oscillations; i.e. the solution is unstable [Neuman (1980), Appendix A, and Carrera and 

Neuman (1986J]. 

Since the inverse method is very much sensitive to the values of heads, any tiny 
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change in head values at any location in the flow domain can affect too much on the 

prediction of the flow pammeters. From that, one can predict why this direct inverse methods 

does not work successfully. W. Yeh (1986) clarified this saying U It should be noted that 

approximating head variations in the entire domain using an interpolation scheme, without 

considering the statistical properties of sampling, would cause errors in the results of 

parameter identification". Weir (1989) tried to address two general questions: first, to what 

extent can the tempoml behavior of recharge be estimated in the inverse problem for aquifers? 

Second, how are estimates fur reservoir parameters affected by measurement errors in heads 

and derivations of heads? 

2.2.3 Indirect Methods" Output Error Criterion" 

The approach is termed "indirect" by Neuman (1973), because the problem is non

linear in the pammeters and must be solved itemtively by repeated simulations. In essence, 

the indirect approach is an automated version of the manual trail-and-error calibration 

procedure. Although more expensive than direct techniques, indirect methods lead to better 

solutions than the direct approach. This is due to the fact that whether done consciously or 

unconsciously, least squares methods based on head residuals are always capable of filtering 

out some of the noise in the head data, an accomplishment which the direct method is unable 

to match, Carrera and Neuman (1986.). 

The indirect approach is based upon an output error criterion where an existing 

estimate of the pammeters is iteratively improved until the model response is sufficiently close 
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to the observed ( measured) output. The criterion used in this approach is generally the 

minimization of the a " norm " of the difference between the observed and the calculated 

hydraulic heads at the specified observation points. This technique is superior to the previous 

direct method, since it does not require the knowledge of the model response (hydraulic 

heads) everywhere in the flow domain. In other words, it can be applied where we have a 

limited number of hydraulic head observations. A disadvantage of this technique is that 

minimization is usually nonlinear and often nonconvex. Basically, one has to start the 

optimization algorithm by knowing an initial estimates of the unknown model parameters and 

improvement to the estimated parameters ~ achieved through an iterative process. Iterations 

continue till the system model response is sufficiently close to that of the observations. The 

work in this research belongs to this kind of indirect technique as will be shown later in 

Chapter 5. 

Chavent (1979), used output least square error criterion for solving the inverse 

problem of parameter identification. The parameter is said to be output least square 

identifiable ifand only ifa unique solution of the optimization problem exists and the solution 

depends continuously on observations. Loaiciga and Marino (1987.) developed a 

methodology for estimating the elements of parameter matrices in the governing equation of 

flow in a confined aquifer. In their analysis, Loaiciga and Marino (1987b) applied the 

estimation techniques, namely, two-stage least squares and three-stage least squares, to a 

specific groundwater inverse problem and compared between themselves and the ordinary 

least squares estimator. McElwee (1982) employed an indirect inverse method utilizing 
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sensitivity analysis to help to understand the reasons for model insensitivity. The results of 

the sensitivity analYS6 allow the modeler to delineate insensitivities areas of the model where 

inverse procedures will be more subject to error. 

W. Yeh. (1986) &ted the optimization techniques which have been developed to solve 

the parameter identification problem as follows: (1) Quazilinearization by Yeh and Tauxe 

(1971) and DiStafano and Rath (1975); (2) Minimax and linear programing by Yeh and 

Becker (1973); (3) Maximum principal by Yakowitz and Noren (1976); (4) Optimal control 

approach by Chavent et al. (1975); (5) Kalman filtering techniques by McLaughlin (1975) 

and Wilson et al. (1978); and (6) Maximum likelihood estimation and kriging techniques by 

Kitanidis and Vomvoris (1983). 

Khan (1986 .. J developed a model to solve the inverse problem, which consists of an 

unconstrained multi variable optimization algorithm and a groundwater simulation model. 

Loaiciga and Marino (1987 a,b), developed a methodology for estimating the elements of 

parameter matrices in the governing equations of flow in a confined aquifer. The estimation 

techniques for the distributed-parameter inverse problem pertain to linear least squares and 

generalized least squares methods. Kool and Parker (1988), analyzed the inverse problem of 

determining unsaturated soil hydraulic properties from one-dimensional, transient infiltration 

and redistribution events. The inversion problem is formulated as a weighted least squares 

problem and solved using an efficient Levenberg-Marquardt algorithm. 
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2.2.4 Geostntlstlcal Methods 

In the mid 1970's, the need to introduce statistics into inverse methodology became 

increasingly apparent. Cooley [1977, 1979] developed a regression algorithm for steady 

state, without a smoothing criterion, that worked well as long as the number of paraq1eters 

remained small. McLaughlin (1975) and Wilson et al, (1978) proposed extended Kalman 

filtering procedures for solving the transient inverse problem. Neuman and Yakowitz (1979) 

cast the steady state method by Neuman (1973, 1976) in a statistical framework by switching 

from a direct to an indirect formulation, basing the head residual criterion on the statistics of 

measured head values, and the plausibility criterion on the statistics of prior parameter 

estimates. 

Matheron (1971) contributed extensively to the theory of random variables in space 

and developed a "best, linear, unbiased estimator" to estimate random variables in space 

from a few known data, which has become widely known as "kriging", refer to Chapter 4 

for more details about this method. The incorporation of geostatistics, especially kriging, into 

the parameter estimation process is receiving increased attention nowadays. De Marsily et 

al, (1984) used kriging in conjunction with "pilot points", representing fictitious pumping test 

locations, to solve the transient state inverse problem. Kitanidis and Vomvoris (1983) and 

Hoeksema and Kitanidis (1984) linearized the steady state flow equations to obtain an 

improved description of the stochastic structure underlying the transmissivity field. They then 

used the linear estimation theory to determine the transmissivities. An analytical approach, 

similar to the numerical method of the later authors, has been proposed by Dagan (1985a). 
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The main goal of the various geostatistical approaches to solve the inverse approach 

is to obtain unbiased and consistent estimators of groundwater parameters, based on 

measured values of the pertinent field variables. Statistical methods, which recognize sources 

of uncertainty and their propagation through the pertinent flow equations, are well suited for 

such purposes [Clifton and Neuman (1982); Yeh et al. (1983); Hoeksema and Kitanidis 

(1985); and Carrera and Glorioso (1991)]. In these applications, the challenge then is to solve 

a given problem by introducing simplifications which would yield acceptable tradeoffs 

between accuracy/rigor and computational cost/data requirements. It is important that these 

methods should not be so complicated mathematically. For these purposes, most practical 

methods rely on the analysis of mean values and variance/covariances, instead of complete 

probability distributions. These methods usually use some form of linear or least squares 

estimation. 

The computed estimates are then avaiJable for use in simulation models that predict 

the response of aquifers to natural or anthropogenic inputs. Such simulation models are 

commonly integrated within more management schemes to yield various decision variables 

that optimize specified objectives. Kuiper (1986) developed two geostatistical approaches 

fur the estimation of hydraulic conductivity and hydraulic head fields, based on the knowledge 

of head and conductivity measurements, for two-dimensional steady-state flow with sinks. 

In a series of three papers, Carrera and Neuman (1986 .. b,J presented a method to estimate the 

parameters of groundwater flow models under steady and unsteady state conditions. They 

discussed the advantage of treating the inverse problem statistically. The inverse problem is 



36 

posed in the fmmework of maximum likelihood theory cast in a manner that accounts for 

prior information about the pammeters. Hoeksema and Kitanidis (1989) indicated that there 

is now a significant interest in the development of a pmctical system of "information 

accounting", which would distinguish what is really given from what is indirectly inferred, 

would provide the most accumte predictions, given available information, and would assess 

the reliability of predictions. Recently, Harvey and Gorelick (1995) presented a method for 

estimating the spatial pattern of aquifer hydmulic conductivity from three types of 

measurements: solute arrival time quantiles, hydmulic heads, and direct local measurements 

while solving flow and solute tmnsport in a confined aquifer. Results of Harvey and Gorelick 

(1995) indicated that arrival times and heads provide different, but complementary, 

information about the large features of the conductivity field which serve as flow paths and 

barriers. A review about the different stochastic approaches, addressed for solving the inverse 

problem, will be discussed in Chapter 4. 
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CHAPTER 3 

SPATIAL HETEROGENEITY AND RANDOM FIELDS GENERATION 

3.1 Spatial Hetero2enelty 

Spatial heterogeneity refers to the variability of the soil parameters in two- or three

dimensional space. This study is limited to the scale of a typical research field site, and not 

concerned with the spatial heterogeneity on the micro scale or pore scale, since the 

governing physical laws for porous media flow are only valid on a scale larger than the 

micro scale, Harter (1994). Spatially heterogeneous properties can belong in either 

measurable, e.g. hydraulic conductivity, or predictable, e.g. hydraulic head, porous media 

classes depending on the problem formulation. The work in this dissertation is about the 

spatial heterogeneity of both classes. The stochastic approach, which is closely associated 

with the theory of random processes, is adopted in this study since the primary interest lies 

not only in making a best prediction but also in quantifying the uncertainty of the prediction. 

3.2 Statistical Representation of Heterogeneity 

Aquifers are inherently heterogeneous at various observation scales. Characterizing 

the heterogeneity at a scale of our interest generally requires information of hydrologic 

properties at every point in the aquifer. Such a detailed hydraulic property distribution in 

aquifers requires numerous measurements, considerable time, and great expense, and is 

genelaHy considered impractical and infeasible. The alternative is to utilize a small number 

of samples to estimate the variability of parameters in a statistical framework. That is, the 
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spatial variation of a hydraulic property is characterized by its probability distribution 

estimated from samples. Law (1944) and Bennion and Griffiths (1969) reported that the 

distribution of porosity data in an aquifer is normal. Hoeksema and Kitanidis (1985) 

suggested that the spatial distribution of stomge coefficient may be log-normal. Hydmulic 

conductivity distributions are usually reported to be log-normal, [Law (1944); Bulness 

(1946); Baler (1976); de Marsily (1986); Sudicky (1986) and Jensen et al. (1987)]. 

Based on such a statistical approach, Freeze (1975) treated hydraulic conductivity 

as a random variable and analyzed the uncertainty in groundwater flow modeling. 

However, recent analyses ofhydmulic conductivity data showed that, although the hydraulic 

conductivity values vary significantly in space, the variation is not entirely random, but 

correlated in space [Baler (1976); Byers and Stephens (1983); Hoeksema and Kitanidis 

(1985); and Russo and Bouron (1992)]. Such a correlated nature implies that the parameter 

values are not statistically independent in space and they must be treated as a stochastic 

process, instead of a single random variable. 

3.2.1 Random Variables "RV" 

Simple random variables "RV" are defined by probability density function (pdt). 

Given the pdf, f(x), the probability of the random variable X, taking a value between Xl and 

X2, is given by: 

Xz 
P[XI <x <X2] = J [(x) dx 

Xl 

(3.1) 
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Similarly, the cumulative density function (cdt) is defined by: 

Xl 

P[X ~ Xl] = F(xl ) = f f(x) dx (3.2) 

-00 

Given the cdf, a random variable with the correct distribution can be obtained by 

solving the following equation: 

(3.3) 

Where p is a uniformly distributed number between 0 and 1.0, corresponding to the 

probability of nonexisting x, Bras and Rodriguez-Iturbe (1985). Equation (3.3) is the basis 

for Monte Carlo simulation of independent random variables. 

To illustrate the stochastic conceptualization of the spatial variability of hydrologic 

parameters, the hydraulic conductivity data measured along a vertical bore hole are used as 

an example. The value of hydraulic conductivity at a point Xj' i = 1,2,3, .... ,n, along the bore 

hole can be conceptualized as one of many possible geological materials that may have been 

deposited at that given point. Thus, the hydraulic conductivity at that point is a random 

variable, K(xj, fu). The fu indicates that there are many possible values of K at jX. As a 

result, hydraulic conductivity values of the entire depth of the bore hole may be considered 

as a collection of many random variables in space. Each K(x j , fu) has a probability 

distribution which may be interrelated. The probability of finding a particular sequence of 

hydraulic conductivity values along the bore hole, K(x, fu 1), depends not only on the 

probability distribution of the hydraulic conductivity at one location, but also on those at 
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other locations. This implies that, actual hydraulic conductivity values along the bore hole 

are one possible sequence of K(x, fu1) out of all the possible sequences, K(x, fu). In the 

vocabulary of stochastic processes, the probability of finding that sequence is then defined 

as the joint probability distribution or joint distribution. All these possible sequences 

are called an ensemble, and a realization refers to anyone of these possible sequences. 

The conditional cumulative distribution function "cdf " of a random variable X, 

given the event Fb , i.e. the probability that X takes a value in the real line b, is defined by: 

(3.4) 

The conditional pdf of X is fx (x I Fb) = dFx (x I Fb) I dx. Given the pdf, fx (x), of a 

mndom variable X, the mean (expectation) of X and the variance (the second-order central 

moment) of X are defined as: 

Ilx = E(X) = <X> = f x fx{x) dx 

(3.5) 

-00 

Where the notation E{ ) and < > are interchangeable and stand for 'expectation of. 

A vector X = (Xl' X2, ... , XJT (T indicates the transpose), is called a random vector if it is 

a finite collection of n mndom variables X defined on a common probability space. Random 

vectors of random variables may represent different physical properties such as X={K,h?, 
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where K denotes the saturated hydraulic conductivity, and h the hydraulic head of an aquifer. 

The probability measure Px of a random vector is different from that of a random variable, 

since a vector is the joint outcome of several different measurements. The CDF, Fx(x), of 

a random vector X with a continuous range space is defined as: 

Xl Xn 

Fx(x) = FXl'Xz. ... '~ (Xl''S, ... ,xJ = Px(X: Xc( -00,X1]; i=1, .. ,n) = f .. · f fx(X) dx 

-00 -00 (3.6) 

The joint cumulative distribution describes the probability that the random vector X 

takes on a particular value x = (Xl' x2, ... , x,Yor less. The joint probability distribution can 

also be used to derive the probability distribution P Xi of a random variable ~ within a 

random vector. This is called the "marginal probability distribution" fXi(xJ i.e., the pdf 

of the random variable ~ regardless of the outcome of any of the other random variables in 

the random vector X: 

(3.7) 

The marginal pdf, fXi (xJ, can be found by integrating the joint pdf over all random 

variables other than Xi, The covariance of Xi and Xj, Cij or cov(i , j), is a measure of the 

physical correlation between the random variables Xi and Xj and is a second order moment 

defined as: 

(3.8) 

If i = j, the covariance function COV(Xb )}) = Var(X), variance of X. An 
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autocorrelation function p(e), where ~ represents a separation distance between variables, 

represents the pemistence of the value of a property in space. An autocorrelation function 

is simply defined as the ratio of the covariance function to its variance, i.e., 

(3.9) 

Generally, the value of p(~) of the hydraulic conductivity data tends to drop rapidly 

as ~ increases. The decline of the correlation can be represented by different autocorrelation 

models. The one commonly used is an exponential decay model, [Bakr et al. (1978); Gelhar 

and Axness (1983); and Yeh et al., (1985.,b.J]: 

(3.10) 

Where e is the separation vector (~1' ~2' e3)' 1..1' 1..2, and 1..3 are the integral scales (or 

correlation scales) in the x, y and z directions, respectively. The integral scale is defined 

as the area under an autocorrelation function if the area is a positive and non-zero value, 

Lumley and Panofsky (1964). For the exponential model, the integral scale is the separation 

distance at which the correlation drops to the exp(-l) level. At this level, the correlation 

between data points is considered insignificant. Furthermore, if the correlation scales of a 

random field are the same in all the directions, the random field is said to be statistically 

isotropic. Thus, the autocorrelation function is considered a statistical measure of the spatial 

structure of hydrogeologic parameters. 
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3.2.2 Random Processes and Random Fields 

The term "random process" or "stochastic process" is mostly used if the index set 

is the time variable, while the term "random field" is commonly applied for index sets of 

spatial locations. A mndom process is an infinite collection of mndom variables, where the 

mndom variables are indexed on a discrete or continuous "index set ll I, which corresponds 

to spatial location x in our applications. A random field is denoted as an indexed family of 

random variables {X(t>,,,); t>EO, "EI). Since the only difference in the definitions of 

random fields (mndom processes) and random vectors is the number of random variable 

components (infinite vs. finite family), equivalent probability measures are defined for 

random fields and random processes. 

Realizations (samples) of random fields are a basic element of the numerical 

stochastic analysis. The realizations are often referred to as random fields. In numerical 

applications, mndom fields are always discretized in a finite domain. A random field {X(,,), 

x E I} is called a IlGaussian random field ll if all finite collections of samples of the random 

field (X(Xl)' X(x:J, ... , X(XJ)T are Gaussian random vectors. Random fields and processes, 

like random vectors, may consist of independent random variables. 

3.2.3 Stationarity and Ergodjcity of Random Processes 

Two crucial points to the stochastic analysis problems needed to be addressed are: 

(1) The sample taken from measuring many random variables once must be related to the 

many possible outcomes of any particular one random variable XC,,) at location x; and (2) 

The sample statistics must be related to the ensemble statistics of the random field. Estimates 
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of soil properties, that are conditioned on field data, are indeed always random fields with 

random variables whose probability distribution function is a function of the location in 

space. This is because the uncertainty about field properties may vary from location to 

location, depending on how closeness to a measurement point. In order to determine the 

probability of occurrence of a particular sequence of random variables, a joint distribution 

of these random variables, e.g. hydraulic conductivity K(XiI &>J, must be known. Obviously, 

the joint distribution is not available in real-life situations, because K(Xj, &>1) values sampled 

along a bore hole represent only one realization out of the ensemble of the K(xj, &» values 

there. Therefore, one must resort to simplified assumptions, namely, stationarity and 

ergodicity. Translating field measurements, a "sample", into statistical parameters defining 

random variables is a practical problem. This leads to the problem of deriving "ensemble" 

statistical parameters of random fields from a small sample that gives one measurement of 

each of an infinite number of random variables. "sample" statistical parameters and a 

"sample probability distribution" or histogram of the measured random field parameters can 

be computed which can give a quantitative estimate of the degree of heterogeneity in the 

porous medium, which also is an estimate of the expected estimation error. 

Only a single realization of the random field is available, since all regional and sub

regional geologic and other environmental phenomena are unique and do not repeat 

themselves elsewhere. To simplify the problem, it is assumed that the marginal probability 

distribution function of each random variable is identical at every location in the random 

field. This implies that the mean, the variance, and the other moments of the probability 

distribution are identical for every location in the random field. This property is called 
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"stationarity" or "strict stationarity". In this study, a weaker form of stationarity is 

assumed: "second order stationarity" or "weak stationarity", which requires that only the 

mean Jlx (x) = p. for all x, and the covariance Cov (XlJX~ = Cov(e), ~ = X:z - Xl for all Xl' X:z 

on the index set I : 

<X(x» = <x> , all xeI (3.11) 

Covx(X(X),X(X +a~» = Covx(a~) all x,a~: x, x+a~ eI (3.12) 

In order to solve the problem of relating sample statistics to ensemble parameters, 

it is necessary that the sample statistics taken from a single realization indeed converge 

to the ensemble statistics of the random variables as the number of samples increases. A 

random field or random process that satisfies this theorem is called "mean ergodic". 

Ergodicity means that by observing the spatial variation of a single realization of a 

stochastic process, it is possible to determine the statistical property of the process for all 

realizations. Therefore, the ensemble parameter, fu, will be dropped from our notations in 

subsequent discussions. 

Like stationarity, mean ergodicity cannot be measured in a single field site i.e., a 

single realization of the hypothetical random field. Hence, mean ergodicity is taken as a 

working hypothesis, i.e. it is assumed a priori that the measured sample statistics converge 

in the mean square to the true ensemble parameters as the number of samples increases . 

. Ergodic p.rocesses need not be stationary, and similarly stationary random fields need not 

be ergodic. The difference between the sample statistical parameters of X and its ensemble 



46 

moments is generally referred to as parameter estimation error and will subsequently be 

neglected. 

3.3 Random Field Generators (RFGl 

Harter [1992, 1994] did a comprehensive review of the different techniques to 

generate unconditional and conditional random fields. The generation of spatially correlated 

samples of random fields plays a fundamental role in the numerical analysis of stochastic 

functions. The purpose of random field simulation is to create numerical samples or 

"realizations or random fields" of stochastic processes with well-defined properties. The 

simplest and most commonly available form of simulation is the random number generator 

on a calculator or computer. These accessible simulators generate independent, uniformly 

distributed random numbers, i.e. samples of a single random variable with a uniform, 

univariate distribution, Press et al. (1992). 

A particular challenge arises when the random variables ~ = X(xJ, Xi = X("i) (i .,. 

j) are dependent, i.e. spatially correlated and defined through a joint or multi-variate 

distribution. Not only do the generated random fields have to converge, in the mean square, 

to the desired ensemble mean and variance, and any higher order moments if appropriate, 

but they also have to converge, in the mean square, to the desired correlation structure as the 

number of samples increases. The purpose of a random field generator is to transform an 

orthogonal realization, consisting of independently generated random numbers, with a 

prescribed univariate distribution into a correlated random field with the desired joint 

probability distribution. If the distribution is Gaussian, the joint pdf is expressed by its first 
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two moments, the mean and the covariance. 

In practice, the joint probability distribution function is often inferred from field data 

obtained at the site of interest. The joint probability distribution is commonly described by 

invoking the ergodicity and stationarity hypotheses discussed before and by taking the 

sample mean and the sample covariance function as the moments of the underlying multi-

variate pdf. The simulations must be conditioned on the information known at the 

measurements points. This amounts to the generation of random variables with a conditional 

joint probability distribution function. In this section, several popular random field 

generators RFG's are described. The numerical efficiency of these RFG's has been assessed 

by Tompson et a!. (1989) and Harter (1994). The methods most commonly used for . 
generating spatially correlated random fields are: 

1. Spectral representation and a fast Fourier transform FFf, 

2. The turning band method (TB), 

3. The matrix LU decomposition method, and; 

4. The Gaussian sequential simulation method (S). 

The first three RFG methods use finite linear combinations of uncorrelated random 

variables, then, the common distribution of these random variables should be such that it is 

preserved under finite linear combinations, Myers (1989). Gaussian distribution is frequently 

used, since it is the only distribution with this property plus it is the simplest distribution 

which requires only the first two moments. The fourth RFG method features a rich family 

of spatial structures, not limited to the Gaussian distribution. Each of the above RFG 

methods can serve as a basis for generating both unconditional and conditional simulations. 
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3.3.1 Spectral Representation of Random Variables 

In the analysis of random processes (time series), "spectral analysis" has been an 

important tool for many different tasks and is a well-established field of probability theory, 

c.f. Priestley (1981). Recently, spectral analysis has also become important for the study 

of spatially variable processes (random fields). Gelhar et al. (1974) introduced spectral 

analysis to study groundwater systems and it has been applied to a great variety of 

subsurface hydrologic problems [Bakr et al. (1978); Gutjahr et al. (1978); Gelhar and 

Axness (1983); Yeh et al. (1985 .. b); and Li and McLaughlin. (1991)]. Spectral analysis is 

built on the concept that a single realization of a random process or of a random field as a 

superposition of many (even infinitely) different (n-dimensional) sine-cosine waves, each' 

of which has different amplitude and frequency. Any particular realization of a random field 

can be expressed either in terms of a spatial function or in terms of the frequencies and 

amplitudes of the sine-cosine waves and their amplitudes, called 'Fourier series' of a 

discrete process and 'Fourier trans/onn' of a continuous process (spectral representation of 

the random field). The spectral representation of an n-dimensional random field is also n

dimensional, n ~ 3. 

Each realization ofa random field has its own spectral representation. But obviously 

the amplitudes of the sine-cosine waves can be defined as random variables with the 

frequency domain as the index field. Then, the problem turns to deal with the probability 

space of the spectral representation, which in turn also is a random field, but defined in the 

frequency domain; i.e. the probability space of the spatial random field is mapped onto the 

probability space of the spectral random field. The advantages of representing a random 
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field in tenns of its underlying spectral properties, under certain conditions, are: (1) the 

spectral representation of a spatially correlated random field is a random field with random 

variables (amplitudes) that are uncorrelated and the analysis of which is much easier than 

that of random variables with a multi-variate joint distribution function, and (2) the spectral 

transformation of a partial differential equation is a polynomial whose solution is found 

much easier than the solution to the partial differential equation in the spatial domain. 

The spectral representation of a single realization X(x) of a random field with mean 

o is fonnally defined in tenns of the Fourier-Stieltjes integral, Wiener (1930): 

00 

X(x) = J e 1lcx dZ(k) (3.13) 
-00 

Where the integral is n-dimensional, n~3, and Z(k) is a complex-valued function, 

called the Fourier-Stieltjes transfonn ofX(x). The Fourier-Stieltjes integral must be chosen 

over the more common Fourier-Riemann integral: 

00 

f(x) = f e ilcx g(k) dk (3.14) 
-00 

where g(k) is the Fourier transform of f(x), since the Fourier-Stieltjes transform 

Z(k) of the random field X(x) is generally not differentiable such that dZ(k) = z(k) dk. Z(k) 

can be understood as an integrated measure of the amplitudes of the frequencies between 

(-oo,k] contributing to the realization X(x). The new probability space of the random 

variables Z(k) in (3.13) has several important properties: 
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00 

1. <dZ(k» = 2~ J e -lltx<X(x»dx 
-00 

2. <ldZ(k)12> = S(k) dk 
(3.15) 

3. <dZ(k1) dZ .(~» = 0 

The first property states that the mean <dZ(k» of the random variables dZ(k) is 

equal to the Fourier transfonn of the mean of the random variables X(x). In this study, only 

zero-mean random processes are considered. The second property defines the variance of 

the random variable dZ(k) as (S(k) dk). The tenn [S(k) dk] is a measure of the average 

"energy per unit area" or "power" contribution of the amplitude of a frequency k to the 

random field X(x). S(k) is called the "spectral density" or "spectrum" of the random field 

X, which depends purely on the probabilistic properties of the random field X(x). The third 

property states that the increments dZ(kl) and dZ(kz) at two different frequencies kl and kz 

are uncorrelated. dZ(k) is called an "orthogonaf' random field. Through (3.15), the first two 

moments of the random field dZ(k) are defined solely in tenns of the first two moments of 

the stationary random field X(x). The spectral representation dZ(k) of a weakly stationary 

random field X(x) is only stationary to first order: The mean <dZ(k» is constant (first 

property), but the variance of the random field dZ(k), S(k) dk, is a function of the location 

k in the frequency domain (second property). 
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3.3.1.1 Unconditional Two-Dimensional Random Field Generation 

The spectml representation dZ of a correlated RFV, X, is itself a RFV of independent 

random variables with a variance defined by the spectml density function of X, S(k) dk. It 

can be shown that the spectral density S(k) is simply the Fourier tmnsform of the covariance 

C(~) of X where ~ is the separation distance. Hence, if random, zero-mean dZ(k) are 

generated with a variance S(k) dk then their inverse Fourier transform yields a correlated 

random field with X(x) that have zero-mean and the desired covariance function by virtue 

of (3.15). RFG's based on Fourier transforms have first been introduced by Shinozuka 

[1972, 1991]. Gutjahr (1989) describes a two-dimensional random field generator based on 

a fast Fourier transform algorithm, which has been adopted for our study. 

In this study, as applied before by Harter (1994), realizations are genemted on a 

rectangular domain defined over a regular grid centered around the origin with grid points 

being Ax = (Ax!, A'Xtj,)T apart. The size of the domain is defined by M Ax such that the 

rectangle spans the area between -MAx and (M-1)Ax and the number of grid points in the 

random field is 2M by 2M. Since the spectral representation of a stationary mndom field is 

only defined for an infinite domain, it is further assumed that the random field is periodic 

with period 2M in both dimensions. This is a necessary assumption for the formal derivation 

of its spectral representation, since the analysis of an infinite process can be used for the 

generation of a finite random field. Also, periodic functions are known to have a discrete 

mther than a continuous spectrum. Hence, dZ(k) exists only for discrete k, for which it can 

be generated, such that <dZ(k» = 0 and <ldZ(k)12> = S(k) dk. 

The discretization of X(x) limits the wavelengths "seen" by the discrete random field 

to all those that are at least of length 2Ax, i.e. to all (angular) frequencies k :!: 21t/(2Ax). 
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Higher frequencies cannot be distinguished from frequencies within this limit, an effect 

referred to as "aliasing". In other words, heterogeneities on a scale smaller than the 

discretization Ax are not resolved by the random field. Similarly, the longest possible 

wavelength "seen" by a finite random field is less than or equal to 2MAx i.e., the lowest 

(angular) frequency is Ak = 21t/(2MAx), and all other frequencies k must be multiples of 

Ak. Hence, the spectral representation dZ(k) of a finite, discrete random field X(x) with 

(2M)2 grid points in 2-D space is also a finite, discrete random field defined on a (2M)2 grid 

in the 2-D frequency domain. For discrete dZ(k) the Fourier-StieItjes integral (3.13) 

becomes a Fourier series such that: 

M-1 
~~ ik:r 

X(x.) = LJ LJ e·· z(It..) (3.16) 
m=-M 

Where z(k) are (complex valued) random Fourier coefficients with the same 

properties as dZ(k) in (3.13), namely zero-mean, a variance a2
z(k) = S(k) Ak, and all z(k) 

are independent for k1"kz. To ensure that X(x) is a real valued random field, the z(k) field 

must be constructed such that: 

z( -k) = z *(k) (3.17) 

i.e. random numbers z(k) need only to be generated for one half the size of the rectangle. 

The astriks • stands for complex conjugate. Complex valued, Gaussian distributed z(k) for 

discrete ~, j ::: 1 , (2M)2/2, are obtained by generating two independent Gaussian random 

numbers a j and OJ for each~. Each with zero-mean, independent, Gaussian distributed 
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random numbers of variance ~. For one half of the random field: 

(ex + is) 
z(k,,) = (S(kj) ~k)ll2 j. j 

2 
(3.18) 

The other half is obtained through the symmetry relation (3.17). Gutjahr et al. 

(1989) showed that the above construction of z(k) satisfies the required properties. The 

correlated random field X(x) is obtained by performing the Fourier summation (3.16). The 

double summation in (3.16) is most efficiently done by a numerical Fourier transform 

technique called the "Fast Fourier trans/onn" or simply FFT, Brigham (1988). FFT 

algorithms can be found in many computer libraries, e.g. IBM (1993) and Press et al. (1992). 

Most available FFT algorithms are written using the frequency u as argument instead of the 

angular frequency k, where k = 21tu. Fourier transform pairs can be defined as follows: 

00 00 I~ 

C(xl) = I I e S(k) dk 
-00 -00 

00 00 

S(k) = 1 II ei~ C(~)d~ (21t)2 
-00-00 

00 00 

X(x) = II ei~dZ(k) 
-00-00 

00 00 

dZ(k) = _1_ I I el~ X(x) dx 
(21t)2 -00-00 

(3.19) 
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Changing the variables of integration from k to u, we can get similar pairs as in 

Equation{3.19). Typical FFr algorithms require the summation in (3.16) to be over the 

intelVal [0, 2M-I ] rather than over the intelVal [-M,M-l]. Using the periodicity assumption 

z(m 4k), m > M-l, are obtained from: 

z{m4k) = z«m-2M)4k), all m> M-l (3.20) 

Recalling that 4k = (21t)/{2MAx), which leads to the following construction of the 

correlated random field X{x), with entries X{nl Axl, n2 Ax;), 0 ~ nlJ n2 ~ 2M-I: 

where: 

In this study, based on Press et al. (1992), random fields are generated using (3.21) 

with FOURN subroutine to perform the FFr and with the GAUSDEV and RAN2 

subroutines to generate the random numbers a and B. Original implementation of this RFG 

was provided by Gutjahr (1989) and has been applied by Harter (1994). 
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3.3.1.2 Conditional Two-Dimensional Random Fields 

Assume an array of measurements Xl = {Xl'"'' Xm} is available and a two 

dimensional conditional random field must to be generated such that: the measured values 

of the random variables Xl are reproduced, and such that at all other locations, {x .. +1,,,., x.}, 

the generated random numbers, X% = {x .. +H".,x J, have a sample mean and sample 

covariance that converge to the conditional mean <X1.>c and conditional covariance Eu ' in 

Equation (4.16), respectively, in the limit as the number of random fields generated becomes 

infinite, Harter [1992, 1994]. 

To implement the conditional random field generation, Delhomme (1979) used the 

following approach: Initially, the measured data Xl are used to infer the moments, mean and 

covariance, of the unconditional joint pdf of the random field. Then an estimate of the 

conditional mean <X1.>k is obtained by simple kriging. The kriging weights and the 

estimated conditional mean <X~k are retained for the subsequent generation of conditional 

random fields, X. c: 

XC = <X>k + (X - <X>k) = <X>k + e 
5 ssw (3.23) 

Where <X>k is the kriged random field given the simulated data Xli from the 

unconditionaIly generated random field x,. X. has a joint probability distribution defined 

by the measured moments. <x..;.k is the simulated equivalent to <X>k: It preserves the data 

X .. in the unconditionally generated random fields at and only at the locations {Xl"'" xDJ, 
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where measurements are available in the real field site as well, and of the kriged estimates 

<Xyt at all other locations {Xm+l'"'' xal, given the unconditionally simulated data XII' The 

value of e. is a possible estimation error incurred by estimating the data '" through the 

kriged values <x.>t. The simulated error is added to the originally estimated conditional 

mean <x>t to obtain a possible conditional random field x.c
• 

The simulated estimation error e. has the same conditional moments as for the real 

estimation error e = (X - <X>j, since the unconditional probability density functions of the 

real and the simulated fields are identical, neglecting measurement and moment estimation 

errors, and because the conditioning occurs at the same locations both at the field site and 

in the simulations [Joumel (1974) and Delhomme (1979)]. The unconditional random field 

generator and the kriging of the generated random field, from the simulated measurement 

data, are repeated for each realization. Each simulation yields a random field of estimation 

errors e., which can be added to the kriging estimate of the real data to obtain a conditional 

random field. 

For a large number of samples, the sample variance of Xz.(xz) will converge in the 

mean square to the true conditional variance or kriging variance of Xz(xz), Delhomme 

(1979). Conditioning technique is independent of the method used to generate the 

unconditional random field and is not related to the spectral random field generator. 
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3.3.2 The Turnin2 Bands Method" TBM " 

TBM was first proposed by Matheron (1973) to simulate unconditional random 

fields and is also applied by [Mantoglou and Wilson (1982); Brooker (1985); Zimmerman 

and Wilson (1990.) and Tompson et al. (1989)]. The principal advantage of the method is 

that it reduces the generation of a 2- or 3-D, random, spatially correlated process to the 

generation of I-D, correlated line processes. The reduction in dimensionality is made 

possible by the fact that the transformation from a 3- or 2-D covariance function into an 

equivalent I-D covariance function can be uniquely defined. Then, a I-D multi-variate 

process Y(x) can be generated along a finite line using an appropriate autoregressive or 

moving average algorithm, Bras and Rodriguez-Iturbe (1985) or I-D spectral methods 

similar to Mantoglou (1987). 

To obtain the 2-D random field, the 1-D simulation is repeated on a total of 16 (or 

more) equally spaced lines intersecting at their midpoints. Each of these lines is divided into 

small, discrete intervals of equal size. One random number is generated for each interval. 

The random value X(x) of a realization at any point x is computed by averaging the 16 

corresponding line values: 

1 16 • 
X(x) = - E Y(x}'J) 

{f6 j=1 
(3.24) 

Where j is the line number and Xj is located on line j, such that x is orthogonal to X; with 

respect to line j. Conditional simulations with the TBM were among the first in hydrologic 

applications. The method used is identical to the one described before for the spectral RFG. 
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3.3.3 The Matrix Decomposition Method "MDM " 

MDM is an elegant approach to simulate unconditional and conditional random fields 

[Clifton and Neuman (1982); Davis (1987) and Alabert (1987)]. A valid unconditional 

covariance model is assumed given. The covariance between each two points in the random 

field domain is computed prior to the RFG and stored in an unconditional symmetric 

covariance matrix C. For a random field consisting of n points, C has a dimension of n2
• 

Also, it is assumed that the unconditional expected value <X(x» is zero. Using any matrix 

decomposition algorithm for symmetric, positive definite matrices, the covariance matrix 

can be decomposed into a lower and upper triangular matrices Land U respectively: 

C = L U L = ur (T indicates the transpose operator) (3.25) 

The product of the lower matrix L and a vector a of random, uncorrelated, univariate 

normally distributed random numbers (Xi> i = 1, ... , n, with zero mean and unit variance will 

then give a simulated random field X. with the desired mean and covariance: 

(3.26) 

After generating and decomposing the covariance matrix C once, any new realization 

of X is simply obtained by generating a new sample of the random vector. The TBM is 

independent of the dimensionality of the random field and the covariance matrix C need not 

be stationary. Only first order, mean, stationarity is required for this method. The procedure 

can readily be extended to implement conditional simulations, Clifton and Neuman (1982) 

and Davis (1987). If Xl is a vector of known data values and XIS are the unknown random 

values that are conditionally simulated, then Equation (3.25) can be expanded as follows: 
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[ ~l ~z] [L,.l 0 ] [Un Un ] 
C = Czl Czz = Lzl Lzz 0 uzz (3.27) 

And as shown for the unconditional simulation (3.26): 

(3.28) 

The values a l are computed by solving the first equations in the matrix (3.28): 

(3.29) 

Where L,.l and Xl are given. az is generated in the same way as a is generated in the 

unconditional simulation. Then, Xla
c are computed by solving the second equations in 

Equation (3.28): 

(3.30) 

The procedure is further simplified by expressing all terms in (3.30) as functions of 

~lJ the covariance sub-matrices of C, and the known data array Xl: 

Collecting (3.29), (3.31), and (3.32) in (3.30), the conditional simulation becomes: 

(3.31) 

(3.32) 

(3.33) 

Thus, the initial steps to conditional simulation are: (1) decompose Cn ; (2) invert the 

resulting matrix L,.1; and (3) decompose Equation (3.32) in order to obtain ltz. Once all 

these matrices are determined, new realizations of conditional Xz•
c are obtained by simply 

generating new az with a Gaussian random number generator and solving (3.33). 
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3.3.4 The Gaussian Sequential Simulation Method 

Sequential simulation method "GSM" was first implemented by Journel and Gomez

Hernandez (1989) to generate stationary random fields with a non-parametric probability 

distribution "indicator simulation". Gomez-Hernandez (1991) presented a sequential 

simulator for the generation of multivariate normal random fields. Rearranging Equation 

(4.14), the joint probability fx(xHx2, ... ,x ~ is expressed as a function of the marginal 

distribution of the known data x1, .... x.n and the conditional distribution of the unknown RVs 

x.a+l'''·' x..: 

The equation is expanded into a sequence of lower order conditional probability terms: 

fx(xl'~, .. ,xm,xm .. l'· .. ,xJ = fx(xnl xl'~, ... ,xn_l) fX(xn_llxl'~, ... ,xn_2) fX(xn_2Ixl'~, ... ,xn_3) 

........ fX(xm .. 11 xl'~, .... ,xm) fx(xl'~, ... ,xm) (3.35) 

The conditional probability function of each fx(x.n+llxl,,,,,Xm,Xm+H,,,,Xj.I), m < m+I sn, 

can be expressed as a product of (i-I) univariate conditional density functions and the 

unconditional density function of the known data Xl'''''Xm'' The simulation algorithm for a 

realization given by Harter (1994) is as follows: (1) select a data point xm+l
c to be generated; 

(2) find the conditional density for that data point given the measured data xI,,,,,xm and draw 

from it xm+1
c
; (3) select a second data point Xm+2c to be generated; (4) find the conditional 

density for that data point given the measured data xl,,,,,xm and given the already generated 
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data point xm+1
c and draw from it 'Xm+2c

; and (5) repeat the procedure until a conditional 

sample has been drawn for all points. For each realization, steps (1)-(5) are implemented 

independently. 

3,3.5 Conclusions 

RFG's must generate truly independent realizations X(x) of an RFV such that the 

sample joint probability distribution of the random field realizations converges in mean 

square to the desired ensemble probability distribution in the limit as the number of 

realizations becomes infinite. Two conditions must be satisfied in a RFG to give statistical 

results that converge in the mean to the desired ensemble moments of the RFV: (1) the 

random number generator (RNG) must be able to generate independent normally distributed 

random numbers with given mean p. and variance 0 2 in the limit as the sample size becomes 

large, and (2) the numerical implementation of the RFG must be free of deterministic 

artificial patterns caused by the generating algorithm. 

RNG's are common in many scientific programming libraries. RNG's are not truly 

random. They rely on a deterministic formula to generate a new random number. Initially 

this number is directly or indirectly supplied by the user. In subsequent generations within 

the same program, execution the number is taken from the preceding generation of a random 

number, Knuth (1981). The most important property ofa good RNG is the independence 

of subsequently generated random numbers and the time to recurrence. Refer to Harter 

(1994) for an extensive review of the performance and a comparison between five RNG's. 



CHAPTER 4 

APPROACHES FOR THE INVESTIGATION OF SPATIAL VARIABILITY 

IN THE SATURATED ZONE 

4.1 Introduction 
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The porous medium as it exists can be interpreted as being completely deterministic 

i.e., there is nothing random about the properties of the porous medium at any of its 

locations. The genesis of the pore morphology follows physical laws. All derived porous 

properties, such as the transmissivity and the storativity, are also determined by physical 

principles. Hence, the heterogeneity of the soil does not in itself is completely deterministic. 

The randomness lies in the lack of knowledge, and inability to fully acquire it, about what 

these porous medium properties exactly are. Soil physical or chemical properties are 

commonly determined by either an actual measurement of soil properties or by the intuitive 

graphical or mathematical estimation of soil properties from related data, e.g. inverse 

distance interpolation, kriging, etc. Both measurement and estimation are associated with 

errors. The physically deterministic errors occurring during the measurement and/or 

estimation processes have the properties of random variables and thus allow a rigorous 

analysis with statistical tools. This is the key to stochastic analysis and the bridge between 

the reality and the conceptual model. 

Stochastic analysis in subsurface hydrology is about modeling the limitations of our 

knowledge, which will in turn depend on the porous medium heterogeneity. The focus of 

this study are the estimation errors, not the measurement errors, occurring in predictions of 
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soil hydraulic conductivity and hydraulic heads. Stochastic analysis provides both a best 

estimate of the properties of interest and a quantitative measure describing the uncertainty 

of the best estimate. The probability distributions encountered in stochastic modeling are 

essentially a reflection of the fuzziness or the uncertainty of our knowledge about the soil 

properties. Yeh and McCord (1994) categorized the approaches for modeling water flow 

and/or solute transport in the saturated zone into deterministic and stochastic approaches. 

4.2 Deterministic Approacbes 

For decades, hydrologists have relied on deterministic approaches to predict flow in 

highly heterogeneous aquifers. The deterministic approach implies that parameter values 

in a mathematical model are known and specified at all points in the solution domain. The 

deterministic approach can be divided into an equivalent homogeneous and a heterogeneous 

approach. The equivalent homogeneous approach assumes that a heterogeneous aquifer can 

be treated as an equivalent homogeneous one whose hydraulic properties are constant in 

space. Such constant properties are called effective properties and are generally obtained by 

employing large-scale hydraulic tests and inverse procedures, such as aquifer tests, or by 

averaging many small-scale tests, i.e. the arithmetic, geometric, or harmonic mean of 

conductivity values obtained from slug tests. These effective parameters are then used as 

input to mathematical models to predict groundwater flow in the aquifer in an average sense. 

On the other hand, the heterogeneous approach utilizes all available field data to delineate 

heterogeneities of the aquifer. The heterogeneous approach is intended to characterize the 

behavior of groundwater flow in aquifers at high resolutions. 
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Regardless of whether treating the aquifer as a homogeneous or heterogeneous one, 

the deterministic approaches suffer from many drawbacks: (1) there are no conclusive means 

to obtain effective parameters of the equivalent homogeneous aquifer using data from 

large-scale hydraulic tests, and (2) if one relies on small-scale hydraulic tests, the hydraulic 

parameter values measured at various parts of the aquifer are likely to be different Then, 

we need to know how to average the data to obtain the effective hydraulic properties for the 

equivalent homogeneous aquifer, and based on such an effective hydraulic conductivity, we 

need to relate the predicted results to our observations. Also, the heterogeneous approach 

suffers from problems, e.g. can we predict flow in heterogeneous aquifers using only 

limited data collected from small-scale tests? and how does one assign aquifer property 

values at locations where no measurements were made? What is the magnitude of 

uncertainty in our predictions? To answer these questions, a probabilistic approach is 

necessary, and a stochastic approach seems to be most appropriate. 

4.3 Stochastic Annroaches 

The theories based on stochastic approaches to study spatial variability problems in 

groundwater hydrology have been developed in the past decade. Many recent field 

experiments in the saturated zone [Freyberg (1986); Sudicky (1986) and Garabedian et al. 

(1991)], have indicated that the stochastic theories are promising at least for geological 

formations with relatively mild heterogeneities, regardless of many simplifying assumptions 

used in their development. Ginn and Cushman (1990) did a critical review to trace the 

evolution of the different stochastic methods to date with a specific view toward identifying 
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the most important issues involved in the usefulness of the stochastic approaches. They 

criticized the stochastic methods regarding practical usefulness, and discussed future 

directions for requisite study. 

Using the stochastic representation, spatial variability of hydrogeologic properties 

can be characterized by the means and covariance functions of the properties. This approach 

does not provide information about the values of aquifer properties at any location in the 

aquifer, but provides a way to quantify the spatial variability of the properties. Similar to 

the deterministic approach, the stochastic methods can also be implemented as effective 

parameter or heterogeneous approaches. 

4.3.1 Homo2eneous "Effective Parameter" Approach 

One of the major problems facing this approach, is how to extrapolate small-scale 

measurements to large-scale effective parameters. Furthermore, since models, based on the 

effective parameters, predict the bulk behavior of aquifers, the discrepancy between the bulk 

behavior and the behavior observed at scales much smaller the representative elementary 

volume must be addressed. The stochastic perturbation-spectrum method provides a means 

to resolve these problems, Smith and Freeze (1979) and Anderson (1989). 

Using the perturbation-spectrum technique and assuming statistical isotropy in LnK, 

Bakr et at. (1978) analyzed the effects of spatial variability on steady-state groundwater 

flow. Closed forms of head variance expressions, a statistic measure of the deviation of the 

head value at a point from the mean head, were derived for one- and three-dimensional flow 

fields in which hydraulic conductivity is a spatially-varying stochastic process. Bakr et at. 
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(1978) concluded that hydraulic head distribution tends to be smooth due to the damping 

effect of the groundwater system, i.e. the head values are correlated over a much longer 

distance than the hydraulic conductivity values, and variance in head is generally small. 

Moreover, the head values are anisotropic, i.e. correlated over a longer distance in the 

direction perpendicular to the mean flow than the direction parallel to the flow, even if the 

hydraulic conductivity field is statistically isotropic. The head variance, 0 2 
h' can be related 

to the variance of LnK by: 

(4.1) 

where: J3= a constant equals 1.0 for one-dimensional flow, 1/3 for three-dimensional flow, 

J = the mean hydraulic gradient, 

l = the correlation scale, and 

0/ = the variance of the natural logarithm of hydraulic conductivity. 

Equation (4.1) indicates that the variability in head will be small due to small J 

values in most aquifers, ~ 10-3
• In addition, the head variation predicted by a three

dimensional model is much smaller than that by a one-dimensional model. This means that 

a three-dimensional model would be much more appropriate for analyzing flow in field 

problems. It is also manifest that the correlation scale is an important factor in the 

calculation of head variance or uncertainty in head prediction. Gutjahr et al. (1978) defined 

effective hydraulic conductivity "~" for heterogeneous LnK fields as the mean Darcy flux 

divided by the mean hydraulic gradient. They concluded that ~ in one-dimensional flow, 

perpendicular to layering, is the harmonic mean: 
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(4.2) 

where Ka is the geometric mean of K, and the arithmetic mean for flow parallel to bedding: 

(4.3) 

In the three-dimensional flow case, ~ is given by Gelhar and Axness (1983) as: 

(4.4) 

Which is slightly greater than the geometric mean. They also suggested that Ka may 

be a good estimator for K" values for field situations. They investigated the ~ of large-scale 

aquifers in which the hydraulic conductivity field is assumed to be statistically anisotropic 

and they showed that K", in general, is a second-rank symmetric tensor whose principal 

components depend on the ratios, ')../)..2 and ')..tI~ , where ~, J...z and As are the correlation 

scales in the three dimensions of the flow domain. 

Hydrologic modelers always face the problem of insufficient data. As a first step 

toward solving such a problem, one may use these limited data to determine the variance of 

LnK and correlation scales and thus, the K" can be estimated using Equations (4.2), (4.3) 

and (4.4), depending orr the dimensionality of the model. Consequently, the mean flow 

behavior can thus be estimated. A successful application of this approach to the mean flow 

path of tracers in a field experiment was reported by Sudicky (1986). Even, if hydraulic 

conductivity data are not available, one may still approximate the ~ by using the variances 

and correlation scales of similar kinds of materials reported in the literature. 
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Once the mean flow is determined, the head variance can be evaluated and can then 

be used as a measure of the error in the effective pammeter model as the result of unmodeled 

aquifer heterogeneity. Therefore, the head variance is an appropriate model calibmtion 

target for defining the detailed hydmulic-conductivity distribution, provided that other 

sources of error are also considered. 

4.3.2 Hetero2eneous Approacbes 

4.3.2.1 Geostatistics 

Geostatistics is a statistical method used to estimate or interpolate the parameter 

values at points in space where no samples are available. This technique has been widely 

used for decades in the mining industry to estimate ore grades, Journel and Huijbregts 

(1978), and it has been applied recently to groundwater hydrology to address spatial 

variability problems. Geostatistics concepts are similar, in principle, to stochastic concepts. 

They both are used to analyze variables distributed in space, although some of the 

terminology are different, e.g. the term "random function" is used in geostatistics to define 

a collection of correlated random variables. That is, at a point Xl' the function F(x.) is a 

mndom variable and the mndom variables at Xl and Xl+~ are not independent but correlated. 

Accordingly, it is clear that the random function is equivalent to the stochastic process 

defined before in Chapter 3. Similarly, a "regionalized variable" is used in geostatistics to 

define a function f(x) which takes a value at every point X of coordinates (Xl' ~, 'S) in 

three-dimensional space, Journel and Huijbregts (1978). In other words, a regionalized 

variable is simply a particular realization of a certain random function or stochastic process. 
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Two important parts of geostatistics are (1) identification of the spatial structure of 

the variable (variogram estimation, trend estimation, etc.) and (2) interpolation or estimation 

of the value of a spatially distributed variable from neighboring values taking into account 

the spatial structure of the variable [e.g. kriging, co-kriging, etc., de Marsily (1986)]. The 

variogram is simply a way of defining the spatial structure of a random field. Variogram 

analysis is based on the intrinsic hypothesis which is less stringent than the second-order 

stationarity assumption. However, the intrinsic hypothesis requires only that the mean of 

the differences between two data points is constant or depends on the separation distance, 

~, and the variance of the difference depends on the separation distance. For example, if we 

consider the hydraulic conductivity, K(x), as a random field, under the intrinsic hypothesis, 

it must satisfy the following two conditions: 

E[K(x+~) - K(x)] = m(~ 

1/2 var [K(x+~) - K(x)] = Y (~) 
(4.5) 

Where m and yare mean and variogram, respectively, and they are functions of~, and not 

of x. Figure 4.1 shows the general behavior of a variogram. As indicated in Figure 4.1, 

when the variance of the variable is finite, the variogram tends towards an asymptotic value 

equal to this variance, var[K(x)]. This is called the sill of the variogram, and the distance 

at which the variogram reaches its asymptotic value is called the range A. The range is 

analogous to the correlation scale discussed earlier: beyond the range, the regionalized 

variables K(x) and K(x+~ are no longer correlated. In fact, the variogram is a mirror image 

of the covariance function if the data represent a second-order stationary process. 
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Figure (4.1) Typical random variable semivariogram or variogram 
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4.3.2.1.1 Krla:1na: 

Matheron (1971) contributed extensively to the theory of random variables in space, 

and developed a "best, linear, unbiased estimator", which has become widely known as 

"kriging", to estimate random variables in space from a few known data, 10umel and 

Huijbregts (1978). Kriging is one of the main tools in geostatistics, Dagan (1982J. In his 

analysis, Matheron (1971) includes a derivation of the conditional m,oments of the random 

variables based on the concept of random variables in space or "regionalized variables". If 

the random field is Gaussian, then the algorithm for determining the conditional expectations 

in a random field is identical to kriging. Kriging techniques have been developed: (1) for 

second order stationary fields with known constant mean "simple kriging", (2) for intrinsic 

stationary fields, i.e. random fields with constant, but unknown, mean and weakly stationary 

increments (~ - 'G) "ordinary kriging", (3) for intrinsic stationary random fields with an 

underlying trend of known order "universal kriging", and (4) for some non-Gaussian 

random fields "log-kriging, probability kriging, disjunctive kriging, and indicator kriging" 

[Joumel (1983); Annstrong and Matheron (1986); Joumel (1988) and Kim (1988)]. 

The most general form of kriging is termed "Universal Kriging" in which the values 

of points in space may be estimated from irregularly distributed samples in the presence of 

trends, or non-stationarity. To find the transmissivity estimate T(xo) of the unknown quantity 

T(xo)' kriging. uses a weighted linear sum of all the available sample values, measured 

transmissivity values T(xJ, as follows: 
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It 

T(xJ = E 00; T(x;) (4.6) 
;.1 

Where aoi are the kriging weights. To limit the choice of the kriging weights, two 

conditions are imposed. First, the expected value of the estimate of T(xJ, 1'(xJ, should be 

the same as the expected value of T(xo)" i.e., 

E[T(xJ] = E[T(xJ] (4.7) 

This condition implies that the kriging estimator has to be unbiased. By applying 

(4.7), it then follows that, in the constant mean case, the sum of the weighting factors must 

be unity. 

form: 

n 

E 00; = 001 + 002 + 00' + aon = 1 
; .. 1 

The second condition is that the error of estimation should be minimal, i.e. 

(4.8) 

(4.9) 

This latter condition, along with (4.8) leads to a normal system of equations of the 

n 

L 00j y(x; - xj ) + e = Y(X; - Xo) 
j=1 

(4.10) 

Where Y(Xj- ~) represents the variogram corresponding to a separation distance, ~= 

Xj-~. Similarly, y(Xj - xo ) represents the variogram over a distance equals Xj - xo• where Xo 



73 

is the point to be estimated. e is a Lagrange multiplier. Combining the constraint that the 

kriging weights must sum to one, the normal system of equations can be solved to obtain 

optimal aoi values which can then be input to Equation (4.6) to obtain the estimate of T(Xo). 

The estimator, T(Xo), is a linear combination of the n-observation data values. The n-

weights aol are calculated to ensure that the estimator is unbiased and that the estimation 

variance is minimal. Thus, kriging is a best linear unbiased estimator "BLUE". 

The kriged estimate T(xo) is based on samples located a distance away from the 

estimated point. The values at these distant points are only partially related to the value at 

the kriged point, the degree of relationship being expressed by the variogram. Therefore, 

we do not expect our estimate, T(xo)' to be exact. That is, in the case where the T is a 

multivariate normal random process, the estimate, T(xo), is simply the average of T values 

at the location Xo from a subset of T(x) which agree with the sample values at the sample 

locations. The spread of all the T values at Xo around the average is then determined by the 

kriging variance, OT
2
, which is 

n 

o~(xo) = L aoj Y(x; - xo) + E 
j=l 

(4.11) 

Notice that, the variance is not a measure of the deviation of the estimate from the 

true T value at Xo' However, the smaller the variance, the greater the reliability of the 

estimate T(xo)' Conversely, an estimate with a large associated variance must be utilized 

with caution. In practice, the kriging variance can be used to determine the optimal location 
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for additional field tests. For example, hypothetical locations can be added to the actual data 

base to calculate the reduction in the kriging variance. Thus, kriging is considered as a 

valuable tool in quantifying uncertainty in interpolated data and in assessing the value of 

additional data during any site characterization. 

Kriging is different from other interpolation or extrapolation techniques, since it 

considers the spatial structure ''variogram'' of the variable. It also provides a measure of the 

probable error associated with estimates of the unknown values. However, for many cases, 

kriging may have no advantages over polynomial trend surface and may even perform 

poorly by comparison, Davis (1973). Unlike some regression models that fit a surface to the 

data base, kriging preserves the values at points of measurement. For that reason a 

comparison between the methods may not be appropriate. Kriging includes a kind of 

conditioning without using the normality assumption. 

In a numerical model, the aquifer is discretized into a grid within which hydraulic 

properties are assumed to be uniform. However, measurements of transmissivity, for 

example, typically represent a much smaller scale than the grid blocks of the model. In 

contrast to ordinary kriging, block kriging can be used to obtain average properties for the 

grid block, de Marsily (1986). de Marsily et aI. (1984) described a method that combines 

kriging and numerical simulation to identify hydraulic characteristics of a reservoir from 

aquifer tests through which one can utilize a variety of available hydrogeologic information 

at different scales. 
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4.3.2.1.2 Co-Krhdm: 

In field problems, groundwater hydrologists are likely to get both transmissivity and 

hydraulic head data. Hydraulic head is generally correlated with transmissivity. It may be 

desirable to estimate transmissivity values at unsampled locations, using both measured 

transmissivity and hydraulic head data, instead of using transmissivity only. This technique 

is called co-kriging, refer to [de Marsily (1986); Kitanidis and Vomvoris (1983); Neuman 

(1984) and Hoeksema and Kitanidis (1984)]. In cokriging, the unknown, mean removed, 

Ln[1] value at any point is estimated by a weighted linear combination of the observed 

Ln[1] and h. The weights are determined by requiring the estimator to be unbiased and has 

minimum variance. In this sense, cokriging is referred to as a Best Linear Unbiased 

Estimator. Cokriging is also an exact interpolator, i.e. at any measurement point, the 

cokriged estimate value is equal to the measured one, and the cokriging variance is zero. 

By casting the problem in a probability framework [Dagan (1982a,b ),(198Sa,b) ; and 

Rubin and Dagan (1987)] show that when the random transmissivity T and head h fields are 

jointly Gaussian, with known mean and covariance, cokriging estimate and cokriging 

covariance are equivalent to the conditional mean and conditional covariance of the new 

joint pdf conditioned on the measurements. Even if cokriging is an optimal and exact 

estimator, it can not restore all the details about the transmissivity field that have not been 

surveyed regardless of the quantity and quality of head measurements, because it reflects 

conditional expectation. As a result, cokriged map is inevitably smoother than the actual 

one. This should be true even if head information is available everywhere. 
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4,3.2.2 Conditional Random Fields 

Conditional probabilities in random fields are defined separately for each random 

variable, given the exact outcome of other random variables. In this study, the conditional 

first and second moment, mean and covariance, of a random variable are of particular 

interest. These two moments are sufficient to describe the conditional pdf if the underlying 

u~conditional joint probability distribution is Gaussian. Multivariate joint cumulative 

probability distribution function FX(x1, X2' X3'"'' xJ is defined as: 

(4.12) 

The unconditional expectation (first moment) and covariance (second moment) are 

defined in Equation (3.5). Assume that m data points of the n data points of interest were 

already measured. Then, the marginal probability density function fX(xm+l,Xm+2,. .. ,xJ of the 

unknown data (RVs) ~+l'''''~ in the unknown ensemble of data Xl'''''~ is defined by: 

00 00 00 

(4.13) 

-exl-oo -00 

the unknown data is defined given the actual values for the data at points x1,oo.,xm: 

(4.14) 

The conditional expectation <~>c of ~ and the conditional covariance, Eij, are given by: 
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00 

<X1>C = <Xllxl'~'''·'X.J> = f xlfx(xllxl'~'''''x.J dX1 (4.15) 
-00 

00 00 

-00-00 (4.16) 

It is assumed that the unconditional joint pdf is multi-variate normal, and is hence 

fully characterized by its first two moments. For practical reasons it is also assumed that the 

unconditional random process is stationary. However, the conditional random process is not 

stationary, even if the unconditional probability field is stationary, Harter (1994). 

4.3.2.2.1 Unconditional Monte Carlo Simulations 

The most intuitive approach to dealing with spatial variability in a stochastic sense 

is Monte Carlo simulation, Kalos and Whitlock (1986). Although it is classified as one of 

the heterogeneous approaches, in the sense that the hydraulic property values at every point 

in the aquifer are specified, it is, in principle, equivalent to the effective parameter approach 

based on the stochastic concept. They both derive the mean and variance of the head, but 

Monte Carlo simulation provides numerical results and requires fewer assumptions than the 

stochastic effective parameter approach. The principle of the method is straightforward; it 

assumes that the probability distribution of the parameter, e.g. hydraulic conductivity, and 

its covariance function are available from measured field data. 

In order to obtain the spatial distribution of the parameter values, many possible 
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realizations of hydraulic conductivity values that conform to the assumed probability 

distribution and the covariance function are then generated by using a pseudo-random 

number generator with special techniques [Gutjahr (1989); Smith and Freeze (1979) and 

Mantoglou and Wilson (1982)], refer to Thomas (1994) for more details about the different 

RNG's used in literature. Each realization of the parameter values is subsequently input to 

flow equation which is then solved by standard numerical or analytical methods. In most 

cases, numerical methods are used. Thus, a solution is obtained for each realization of the 

input parameters. It is then possible to analyze the output for each realization to obtain the 

expected value, variance, covariance, and distribution of the output. This method has been 

used by many researchers to investigate effects of heterogeneity on flow in groundwater 

systems. It was applied by Clifton et al. (1985) to analyze the uncertainty in predicting 

groundwater travel times and paths. Ababou et al. (1988) and Tompson and Gelhar (1990) 

conducted three-dimensional Monte Carlo simulations of flow and solute transport in 

heterogeneous geologic formations. 

Although the Monte Carlo simulation is not restricted to small variances of input 

parameters and stationary assumptions, there are difficulties associated with the simulation 

method. First, a large number of realizations is necessary in order to obtain meaningful 

statistics from the output which implies that extensive computer CPU time is required. 

Second, a groundwater basin must be discretized into many elements or blocks in numerical 

simulations. Using a direct numerical solver, such as Gaussian elimination, to solve such 

a large system of equations in numerical models is generally not feasible because of memory 
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storage limitations of computers. Often, the solution technique has to rely on iterative 

methods (such as ADI, SIP, SOR, or PCG). Iterative techniques may reduce the memory 

storage problems but may not result in the convergence of the solutions to the true ones for 

highly variable input parameter values. One major drawback of the approach is that no clear 

relationship between the statistics of the input and output parameters can be easily derived. 

4.3.2.2.1 Conditional Monte Carlo Simulations 

Generally speaking, hydraulic data for an aquifer are limited. To best utilize the 

data, conditional simulation is more appropriate than the standard Monte Carlo simulation. 

Conditional simulation is a special kind of Monte Carlo simulation technique. Unlike 

standard Monte Carlo simulation, it imposes sample values at the sample points, i.e. 

parameter values are kept constant and equal to the measured values at observation locations 

in each realization. Thus, there will be no uncertainty in the parameter value at measure

ment points, other than measurement errors. Consequently, we essentially eliminate many 

possible realizations of the hydraulic parameter val ue which do not agree with data at sam pie 

locations. As a result, we expect that the variance of output from the conditional simulation 

should be smaller than that from the unconditional Monte Carlo simulation. This concept 

is similar to the conditional expectation and kriging technique. 

A schematic illustration of the conditional simulation concept is shown in Figure 

(5.4). The procedures of the conditional simulation will be discussed in detail in Chapter 5. 

Conditional simulations create a conditioned subset of the ensemble, which agrees with the 
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measured values at the sample locations. The average of many conditional simulations at 

a given point x is the kriging estimate, and its variance is the kriging variance. Generally, 

hydraulic property fields resulting from conditional simulation are smoother than 

unconditioned fields, because they are conditioned subsets of the ensemble. Although 

conditional simulation is subject to the same difficulties as those in the unconditional Monte 

Carlo simulation, it incorporates the data value at sample locations and is generally regarded 

as a more realistic approach. Applications of such conditional simulations using 

conductivity measurements to groundwater flow and solute transport problems by 

Delhomme (1979) and Smith and Schwartz (1981a,b) found that such conditioning does not 

reduce uncertainty significantly even when measurements are spaced as close as two log 

hydraulic conductivity correlation lengths. 
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CHAPTER 5 

STOCHASTIC MODEL DEVELOPMENT 

5.1 Basic Definitions and Notations 

Two-dimensional, steady-state flow in a heterogeneous, isothermal, confined aquifer 

can be described as follows, Bear (1972): 

Where: 

V[ T(x)' Vct>(X)] + Q(x) = 0 On domain Cl 

Subject to the appropriate boundary conditions as follows: 

on prescribed head boundaries r 1 

act> T .. -n. = qb 
)1 ax. J 

on prescribed flux boundaries r 2 
1 

x = {Xli x2 } = the location vector; 

T = the transmissivity [L TI]; 

ct> = the hydraulic head [L]; 

ct>b= constant head value at boundaries r l ; 

qb = constant flux boundaries r 2; 

Q = Source or sink term [L T1]; and 

~ = unit vector normal to the boundaries r 2• 

(5.1.) 
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Given scattered observations of transmissivity T(x) and head ¢(x), the identification 

of the spatial distribution of T(x) is the main subject of the inverse problem in groundwater 

hydrology. Due to the spatial variability and uncertainty of T and t/J, they are commonly 

conceptualized as stochastic processes, [Gelhar (1986) and Yeh (1992)]. It is common 

practice to work with the natural logarithm transformation of T(x), Y = Ln T(x), or I (x) 

(mean removed of LIZT(x», since f(x) is believed to be Gaussian, [Law (1944); Bulness 

(1946); Bakr (1976); Freeze (1975); de Marsily (1986); Sudicky (1986) and Jensen et al. 

(1987)]. The use of the logarithm of the transmissivities as the unknown parameter has led 

to improved parameter estimates, avoided the computation of negative transmissivities, and 

further enhanced computational efficiency by improving the rate of convergence, Carrera 

and Neuman (1986.). Such a Gaussian process is completely characterized by the 

(unconditional) mean and (unconditional) covariance function defined by: 

( Y(x) = E[Y(x)] = F (5.2a) 

Ryy[x, y]=([y(x)-(Y{x) )] [Y(y) - (Y(y) )] ) = E[(Y(x) -(Y(x) » (Y(y) - (Y(y)] (5.2b) 

Where y, like x, is also a location vector. The angle brackets ( ) denotes 

unconditional expectation, which is equivalent to the expectation operator E. Setting y =x 

in (5.2b) leads to the unconditional variance ofY, a~[x] = Ryy[x, x]. Similar definitions 

can be defined for the h (mean removed t/J) process. Additionally, the relationship between 

land h can be characterized by the cross covariance function RYh [x, y] as follows: 



RYh [x, y] = « Y[x] - (Y [x] » (h [y] - (h [y] ») = R"y[y, x] 
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(5.3) 

Note that we write the covariances defined in (5.2b) and (5.3) as functions of the two 

locations x and y instead of the separation vector x- y because we have not explicitly 

assumed the stationarity of the joint random fields of/and h. We will honor this convention 

even if the unconditional random fields are stationary. Now we turn to the definitions of 

conditional moments. Let n, be the number of transmissivity T[x] measurements at x;, i = 

1,2, ... , n" and nil be the number of head f/J [x] measurements atx;, i = n, +1, n, +2, ... , nr+n". 

The conditional mean and covariance of /[x] given n, and nil measurements are defined 

by: 

(Y(x)c = E[Y(x) I given y[Xi] (i=1, ... ,n,), h[x;]( i=n,+1, ... ,nr+nJ ] (5.43) 

RCyy[x, y] = «Y(x)-( Y(x)J(Y(Y)-( Y(Y)J)c =E{(Y(x)-( Y(x)J(Y(Y)-( Y(Y)JI 

given f(xJ (i=I, ... ,n,), h(Xi)( i=nr+ 1, ... , nr+ n" )} (5.4b) 

Where the (.)c indicates that the expectation is conditioned on the joint/and h 

measurements. If the (2 + n,+ nil) zero-mean random variables, { Y(x) - (Y(x) }, {Y(y) -

(Y(y»} , {Y(xJ - (Y(x~)} (i = 1,2, ... , n,), {h(Xi) - (h(Xi) )} ( i = n,+1, nr+2, ... , nr+n,,) have 

an unconditional multivariate normal (or Gaussian) distribution with a known covariance 

function, then, from the theory of multi-variate normal random variables, Dagan (1982b), 

it can be shown that (Y(x)c and RCyy[x, y] are equivalent to the cokriged values of Y(x) and 

the associated cokriging covariance, respectively. 
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5.2 Classical Cokrildng 

A detailed discussion about the kriging method can be found in Chapter 4. Also, 

Detailed discussion of the theory of cokriging can be found in many literatures, e.g. de 

Marsily (1986) and Vauclin et at. (1983). In this section, we will briefly describe the 

classical cokriging method in an abstract way. Later on in this chapter, we will discuss the 

specific case of dealing with the case of cokriging based on transmissivity and head 

measurements. Assume that Zl(X) and Zz(x) are two correlated second-order stationary 

random fields with known covariances and means. The estimation of ZlJ and ~ if 

necessary, using cokriging is again based on the best, linear, and unbiased estimator 

technique as described previously in Chapter 4. That is, 

n m 

zt(xd) = E A1jZ1 (x) + E A2k Z2 (Xn+,J 
j=l k=l 

(5.5) 

where: 

Zl * (x 0) = the estimate of Zl at location xo, 

Zl (Xj) = the measured values of Zl at locations Xl, X2, "'Xn' Similarly, 

Zz (xn+~ = the measured values of Zz at locations x n+l , Xn+2• '''Xn+m' 

Note that, Zl and Zz need not to be measured at the same location. Alj and A2k are the 

cokriging weights corresponding to Zl and Zz, respectively. The minimal variance criterion 

requires that: 

(5.6) 
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Similar to the development of kriging equation, as mentioned in Chapter 4, one can 

obtain the cokriging normal system of equations for second-order stationary processes Zl 

and Zz as follows: 

n m 

E A1j Cll{Xi - x) + E i.,2k CI2{Xi - xn+JJ = Cll{xo - Xi) 
i-I kal 

for i=1, ... ,n 

(5.7) 
n m 

E AliC21{xn+1 - x) + E i.,2k C22(Xn+1 - xJJ = CI2 {XO - Xn+/) 
i-I k .. l 

for 1=1, .. ,m 

The auto-covariances of Zl and Zz and the cross covariances between Zl and Zz are 

denoted by Cu. ~ C12and C;l' respectively. By solving the system of Equations (5.7), the 

cokriging weights can be obtained. Then, Equation (5.5) can be utilized to obtained the 

estimates of either or both variables at any location. Prior to the solution of the normal 

system of equations, the auto-covariances and cross covariances as functions of the 

separation distance have to be known. This information can be obtained from either field 

data or some theoretical analyses. In this study, the auto-covariances and cross covariances 

are derived using two different techniques: 

(1) perturbation-spectral analysis of steady groundwater flow in unbounded, two 

dimensional, and second-order stationary random transmissivity field, Mizell et aI. 

(1982); or 

(2) first order numerical analysis using the adjoint state method. 
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5.2.1 Perturbation-Spectral Analysis 

If we assume that lnT, natural logarithm of transmissivity T, and hydraulic head, h, 

are second-order stationary stochastic processes and assume that the mean flow is in Xl 

direction in a two dimensional aquifer, the spectrum of h under steady state flow in 

unbounded porous media can be derived to be as follows, Mizell et al. (1982): 

(5.8) 

Where Sh is the head spectrum and &- is the lnT spectrum. Similarly, the cross 

spectrum of lnT and h, Sfh' can be derived as: 

(5.9) 

Where J1 is the mean gradient in Xi. direction, and iii and ~ are the wave numbers 

corresponding to Xl and x2• Using (5.8) and (5.9), the spectrum of h and the cross-spectrum 

between/and h can be obtained, if the !-spectrum, Sf' is given. It should be pointed out that 

Equations (5.8) and (5.9) are first-order approximations which will deviate from the true 

solution when the variance of/becomes large. Also, spectral analysis does not take into 

consideration the effect of the flow boundaries, which in turn will affect much on the 

spectrum of h as well as on the cross-spectrum between/and h. In this study, a modified 

Whittle spectrum function, Mizell et al. (1982), will be used since the spectrum 

corresponding to an exponential covariance is not stochastically differentiable. The 
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modified Whittle spectrum function takes the following form: 

(S.10) 

The corresponding covariance, which is the inverse Fourier transform of the 

spectrum in (S.10), can be expressed as: 

(S.11) 

where: 

(X = 'It /4 A; 

Cr (e) = the covariance function for InT; 

e = denotes the magnitude of the separation distance; 

al = represents the variance of transmissivity; 

A = the correlation scale; and 

Kl and Ko = the modified Bessel function of second kind, first order and zeroth 

order, respectively. 

Similarly, the covariance of h and the cross covariance between f and h can be 

obtained analytically by taking the inverse Fourier transform of (S.10) and (S.11), 

respectively. The program for the classical cokriging used in this study is a modified 

version of a Co-simulator of conductivity and head using a Fast Fourier Transform (COFFT) 

developed by Gutjahr et aI. (1992). 



5.2.2 First Order Numerical Analysis usl",: Finite Element Adjoint State Method 

5.2.2.1 Introduction and Overview 
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An excellent review of the adjoint state methods was introduced by Wittmeyer 

(1990). Adjoint state sensitivity methods are extensively used in many branches of 

. engineering and applied sciences including subsurface hydrology [Wilson and Thompson 

(1984); Townley and Wilson (1985); Wilson and Metcalfe (1985); Sykes et al. (1985); 

Samper and Neuman (1986); Yeh and Sun (1990); Sun and Yeh (1992); Li and Elsworth 

(1995) and Harvey and Gorelick (1995)]. Historically, problems of nuclear reactor 

performance assessment were the tirst to become the focus of such methods. There are two 

basic methods for solving sensitivity problems: (1) the forward sensitivity methods; and (2) 

the adjoint sensitivity method. In most performance assessment problems, the sensitivity 

of the response functional to a parameter is composed of two effects, the direct and the 

indirect effect. The direct effect measures the direct dependence of the response functional 

on perturbations in the parameters. The indirect effect accounts for the dependence of the 

response functional on changes in the state variable produced by perturbations in the 

parameter. 

When using the forward sensitivity method, the derivative of the state variable with 

respect to the parameter, or state sensitivity coefficient, must be computed for each 

parameter of interest in order to measure the indirect effect. However, the adjoint sensitivity 

method requires only one additional simulation of the adjoint equations in order to measure 

the indirect effect for a single response functional. Since the number of parameters of 

interest usually exceeds the number of response functionals, then, the adjoint sensitivity 
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method is the most computationally efficient. 

Another area of research which has made extensive use of adjoint state sensitivity 

theory, is the estimation of flow parameters in petroleum reservoirs and groundwater 

aquifers. The problem of estimating groundwater flow parameters is referred to as the 

inverse problem of groundwater hydrology. In parameter estimation problems, the primary 

reason for using adjoint state methods is also to improve the computational efficiency. The 

adjoint state method requires computing the matrix of the derivatives of the state variables 

at the observation points with respect to the flow parameters, which is called the "sensitivity 

or Jacobean matrix". This can be done by choosing one response functional for each 

observation point, which is the convolution of the Dirac delta function for the observation 

point with the state variable. However, if the adjoint state method is used, where the 

response functional is the output error criterion, the gradient of the error criterion with 

respect to the flow parameters can be computed by making only one additional simulation 

of the adjoint state equations. 

Gavalas et al. (1976) were the first to point out that the adjoint equations can be 

computed either by discretising the continuous adjoint equation or by deriving the adjoint 

equations directly from the discretized form of the state equation. Neuman (1980) extended 

the use of the adjoint state method to the inverse problem of aquifer hydrology for 

estimating transmissivities in the case of steady-state confined flow and used Galerkin finite 

element method to solve the adjoint state equations as well as the state equations. Townley 

(1983) and Townley and Wilson (1985) applied the adjoint state method to the estimation 

of transmissivities, storage coefficients and boundary condition parameters for the case of 
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transient flow in a confined aquifer. Carrera and Neuman (1986b) derived adjoint state 

equations in continuous fonn for the case of transient confined flow and then discretized the 

adjoint equations by finite elements. 

Samper (1986) developed adjoint state equations for the problem of estimating 

parameters for a system of coupled flow and solute transport equations. Samper (1986) 

derived the finite element adjoint equations both by applying the finite element method to 

the continuous fonn of the adjoint state equations and by deriving the adjoint state equations 

directly from the finite element form of the steady state and transient flow and solute 

transport equations. Sykes et aI. (1985) and Wilson and Metcalfe (1985) give excellent 

overviews of the use of adjoint state methods in performing sensitivity studies for steady 

state groundwater flow problems. 

5.2.2.2 Derivation of the StochasUc Partial Differential Equation "SPDE" 

State Equation (5.1a), which solves for head, state variable, is considered the primary 

problem. Using the small perturbation approach, random fields LnT and tA are replaced by 

their expected values plus zero mean perturbations, Sun and Yeh (1992): 

Ln T = F + f and l/J = H + h (5.12) 

Where F = E [Ln1] and H = E[ l/J], and f and h are zero mean perturbations. 

Substituting (5.12) in (5.1a), we get: 

yo [(F + f). yo (H + h)] + Q = 0 (5.13) 

Taking the expectation of (5.13), we get the SPDE for the expected value of the head 
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H as follows: 

(5.14) 

Subtracting (5.14) from(5.13) yields a SPDE for perturbationsfand h as follows: 

(5.15) 

Note that, in deriving the SPDE (5.15), we neglected the second and higher order terms: 

(5.16) 

Dagan (1985) wrote: " In a recent paper, Gutjahr (1984) has shown that if the log-

conductivity and head fields are joimly norma~ the first-order approximation becomes exact 

and is valid for arbitrary elf. The present study indicates that this is not the case, in the 

sense that the first-order approximation has to be supplemented by additional terms. 

Nevertheless, for small to moderate values of elf' it is seen that these additional terms may 

be neglected". Recently, Loaiciga and Marino (1990) analyzed the error in dropping the 

perturbation terms in (5.16) in the case of steady state flow case. They reinforced those 

statement by Dagan (1985) and presented a necessary and sufficient condition for the 

smallness of these two terms. 
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5.2.2.3 Derivation or the Adloint State Equations 

In order to derive the adjoint state equations for (5.15), [Neuman (1980) and Sun and 

Yeh (1990., 1990b, 1992)], let the performance measure or (response function), P(4),{ a}), 

which is a scaler measure of the system behavior-or model performance, be: 

(5.17) 

Where R( 4>, {a}) is a user-chosen function of the system state which is integrated 

over the spatial domain 0 bounded by r. For some problems, R( 4>, {a}) may be independent 

of some or all of the parameters {a}. {a} represents a column vector of all system 

parameters. Examples of the various forms that function R(4),{a}) can take are given by 

Sykes et al. (1985) as follows: 

R( 4>, {a}) = g(x) 4>(x) (5.18.) 

(5.18J 

Where x is a location vector x = {Xl' x2}. Equation (5.18a ) is used when the 

performance measure is piezometric head, with g(x) being an arbitrary weighting function 

identifying the region of importance. Equation (5.18b) represents the magnitude of Darcy's 

velocity at a point x', where a is the dirac delta function. Equation (S.18J represents a 
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general optimization function given as the sum of the squares of the difference between 

predicted and measured head values <l>i'. The marginal sensitivity of the performance 

function P to parameter a" is: 

(5.19) 

In order to get the state sensitivity lj1, differentiate (5.la) with respect to a" and 

multiply the result by an arbitrary function ",*, defined on Q and having continuous second-

order derivatives, and integrate over 0: 

r [lj1* ~ (T .. alJr) + lJr* D ] dO = 0 
Je ax. I) ax. 

I ) 

Where: D = aQ + ~ (aT;j a4» 
a ak aXj a ak aXj 

(5.20) 

Applying Green's theorem and after some mathematical manipulations, Equation 

(5.19) can take the form: 

h alJr* .aQ + [",T .. -n. + W -] dI' 
r )1 ax;) aa

k 

To eliminate the unknown W from (5.21), choose function lJr* to satisfy adjoint 



problem as follows: 

~(T .. alJr*) + aR(u,<J» = 0 
ax. IJ ax. a<J> 

for xeC (i = 1,2, ... ,L) 
I J 

lJr* = 0 

a",* T"--n. = 0 
]I ax. J 

I 

on prescribed head boundaries 

on prescribed flux boundaries 
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(5.22) 

Where lJr· = Adjoint state or importance function = change in the performance 

measure (response function), P(<J>,{u}), caused by a unit volume influx of water at any point 

x in C. Finally, one can get the marginal sensitivity of the performance function in (5.21) 

as follows: 

(5.23) 

Therefore, steps of performing the marginal sensitivity are as follows: 

(1) choose the function R(ct>,{u}); 

(2) solve the mean flow equation (5.14) to get the mean flow head H; 

(3) solve the adjoint system of equations (5.22) to get the adjoint state tf; and 

(4) calculate the marginal sensitivity of the performance function by the solving the 

numerical integration in (5.23). 
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5.2.2.4 Calculation of the Covariance Matrices 

In our analysis, we assume that there is no uncertainty in the boundary conditions or 

in the source/sink term. In our study, {a} represents the hydraulic conductivity, the only 

parameter under study. Let the function R(4),{a}) = R(4),LnT) = 4>(x) &(x-x~ , then the 

performance measure in Equation (5.17), P(4), LnT) will be equal to 4>(x~, where Xi is an 

observation well, and a(x-~ represents the Dirac a function. From Equation (5.23), at any 

observation well i, we have: 

dP d4>; F aW- a4> 
- = - = J .. = e r [--] dO 
dak dLnTj IJ Jo ax; aXj 

(5.24) 

where: i = 1, 2, .. , nh, and j = 1, 2, .. , M , where M is the number of elements in the 

discretized flow domain. Based on the first-order analysis for a finite element groundwater 

flow model, hydraulic head 4> can be written, using a first-order Taylor series expansion, 

Dettinger and Wilson (1981), as follows: 

ag-
4> = <4» + h = .9'[F + f] = .9'[F] + -IF f 

alnT 
(5.25) 

where fT represents the relation in (5.1a). The first-order approximation of the 

residual h can be written as follows: 

(5.26) 
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Where J is the sensitivity matrix or Jacobian matrix, which contains the elements 

mentioned in Equation (5.24) [Sykes et al. (1985) and Sun and Yeh (1992)]. Using the 

relation in (5.26) and based on the definition of the covariance mentioned in Chapter 3, we 

can then obtain the covariance of h and the cross-covariances between f and h, given that the 

covariance off, RIf, is known as follows: 

Rhh = J RflJI 

Rp. = J Rfl 
(5.27) 

Where t stands for matrix transpose. The first order covariance and cross-covariance 

functions, Equations (5.8) and (5.9), coming from the spectral approach have been tested 

against those coming from the first order numerical analysis by finite element adjoint state 

in Equation (5.27). The comparison showed that the covariance functions coming from the 

spectral analysis are smother than those from the adjoint analysis. Also, after using the 

covariance functions later on in this study, we found out that those coming from the adjoint 

state analysis, as shown in Figure 5.1, give much better results of the estimated parameter 

than those from the spectral analysis, Figure 5.2. This is because the covariance functions 

coming from the adjoint state analysis take into consideration the boundary effects and are 

not based on the assumption of mean gradient flow condition. Recall, that the spectral 

analysis is based on the study of flow in unbounded porous media with mean gradient flow 

value. 
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Figure (5.1) Unconditional Covariance Functions Using Fi~tOrderNumerical Analysis 
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5.3 Iterative Co.Conditional Effective Approach 

5.3.1 Introduction 
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The head and transmissivity fields obtained using classical cokriging are, in general, 

satisfactory for cases where the perturbations of hand InT are small. However, these head 

and transmissivity fields may produce an erroneous velocity field due to the nature of the 

first order approximation and the linear predictor embedded in classical cokriging. Similar 

problems were reported in the conditional simulation of flow and solute transport in 

heterogenous porous media, Harter et al, (1992). In addition, they do not consider the 

boundary effects. 

To overcome these problems with cokriging, Yeh et al, (1995.) developed an 

iterative cokriging-like approach, that combines cokriging and a numerical flow model, to 

estimate transmissivity based on the observations of transmissivities and hydraulic heads in 

the saturated aquifer. The principle of the technique involves the use of classical cokriging 

to estimate hydraulic head and hydraulic conductivity distribution based on these head and 

conductivity measurements. Then, the estimated conductivity field is used in a numerical flow 

mode~ (MMOC2) Yeh et al. (1993.), to solve for a head distribution that satisfies specified 

boundary conditions. In this numerical solution, observed head values are specified as internal 

constant head boundaries. Subsequently, the new head distribution from the model is used 

in conjunction with the measured conductivity values to estimate a new conductivity field, 

using classical cokriging. This process is repeated until the difference between the successive 

head fields is smaller than a specified tolerance value. The method suffers from the drawback 
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that the iterative process often diverges for large domain or when the number of head 

measurements is small. 

An alternative iterative co-conditional simulation approach was suggested by Gutjahr 

et al. (1993). First, an unconditional simulation /" of f = Ln[1] is generated using spectral 

random field generator, Gutjahr (1989), given pre-specified unconditional mean and 

unconditional covariance structure of the! field. The flow equation is solved for the 

unconditional simulation of the head field, h". Next,!u and It are conditioned on the 

measurement data using a modified version of the conventional conditional simulation 

procedure, [Matheron (1973) and Delhomme (1979)], to generate a conditional simulation 

1/1) of the! field. The Is is then used to solve the flow equation for head, to obtain h/l). This 

h/l ) does not necessarily agree with measured head values at their measurement locations, 

thought(l) does agree with Ln[1] measurements. This discrepancy between the simulated 

head and observed head is the driving force for the iterative scheme. The iteration starts by 

conditioningj/) and h/l ) on measurement data again to obtain t(2) using the same conditional 

simulation procedure as the one adopted to generate ttl) (i.e., the cokriging coefficients or 

weights do not change during iterations). 

The above steps are repeated until some norm of the difference between the 

conditional simulation head fields at the current iteration and the previous iteration is less 

than a tolerance level. This iterative approach is more computationally efficient than the 

one proposed by Yeh et al. [1995.]. However, it does not warrantee that the iterative 

conditional head values are going to converge to the measured head values at sampling 
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locations. Besides, the abovementioned method is based on the spectral analysis method 

which is valid for infinite domain of flow fields with a head field of mean gradient, i.e. does 

not work fur cases of bounded domains (neglecting the boundary effects) and does not work 

if there is a source/sink term in the numerical flow equation (5.1). 

Co-conditional Monte Carlo simulation is not a new concept. Gutjahr et al. (1994) 

developed an iterative co-conditional method to address the uncertainties in ground water 

travel time and paths. Harter et al. (1995) extended the method to study the effect of 

conditioning using observed data sets on uncertainty in predicting flow and solute transport 

in the vadose zone. These methods rely on cokriging and a superposition technique, 10umel 

and Huijbregts (1978), to generate realizations of the co-conditional T field, which can be 

used in a numerical model to derive the corresponding head fields. 

Since cokriging is a linear predictor, these methods do not fully consider the nonlinear 

relationship between T and tP fields. Also, the simulated tP fields do not honor the measured 

head values at observation points. This problem is exacerbated if aquifer heterogeneity 

increases. Therefure, the T and tP fields can not be the co-conditional fields. The techniques 

by Gutjahr et al. (1994) and Harter et al. (1995) suffer from the same drawbacks as 

mentioned above for the method by Gutjahr et aI. (1993). 
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5.3.2Tbe Inverse AI20rltbm 

Consider the natural log of transmissivity, InT(x), of an aquifer to be a sta~ionary 

stochastic process with a constant unconditional mean, E[lnT]=F and the unconditional 

perturbation, f. The corresponding hydraulic head is given by ¢(x)=H(x)+ hex), where 

H=E[ t/J] and h is the unconditional head perturbation. Suppose that a limited number of 

transmissivity and head measurements in the aquifer are available: n,observed transmissivity 

values, h* = ( InTi* - F), and nh observed head values, 'A*, where i = 1, 2, .•. , n" and 

j=nr-1, . •. , n,+ n". One possible solution that an inverse model can produce, is to get head 

and transmissivity fields that preserve the observed values at sample locations, and satisfy 

their underlying statistical properties (i.e. mean and covariance, ... etc.) as well as the 

governing flow equation. In the conditional probability concept, such a head or 

transmissivity field is a conditioned realization of ¢J or InT field in the ensemble. Many 

possible realizations of such conditioned ¢J or InT fields exist. Instead of each individual 

conditional realization, our stochastic inverse model intends to derive the expected value of 

all those possible conditioned realizations. 

To accomplish our goal, our inverse approach starts with the classical cokriging 

technique using the observed .h* and ~ * to construct a cokriged, mean removed log-

transmissivity map, which is an approximate co-conditional mean. That is, 

(5.28) 



103 

Where fix) is the cokriged f value at location xo' Then, transmissivity T,,(xo) 

becomes exp[F +fix)J. Alo and,ujo are the cokriging weights associated with point XOJ which 

can be evaluated as follow: 

Q=1,2, ... ,n, 

(5.29) 

Where RjJt R"", and Rp., are covariances off and h, and cross-covariance off and h, 

respectively. Note that F is assumed to be known and H(x) is derived by solving the 

governing flow equation with the transmissivity equals to exp[FJ. Similarly, one can use 

classical cokriging based on the observed/;* and hj* to construct a cokriged head field. That 

is, 

(5.30) 

Where hix) is the cokriged head value at location xo; and Pia and rjo are the 

cokriging weights, which can be evaluated as follows: 
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~ = 1,2, ... ,n, 

(5.31) 

The covariancesRM , R",andRp. in (5.29) and (5.31) are derived from the first-order 

numerical approximation, see Equation (5.27), because of its flexibility for cases of bounded 

domains and with nonstationary flow fields. Once the cokriged Tk (x) field is obtained, it 

is used to solve the governing groundwater flow equation (5.1a), with specified boundary 

conditions (5.1b), to derive a new head field, tP. This head field, however, is an approximate 

mean head conditioned on the f and h· measurements and it is not necessarily equal to the 

co-conditional mean head, < tPc> (subscript c denotes conditioned and < > stands for 

expectation). To show this, we can express a conditional random transmissivity field as the 

sum of conditional mean transmissivity and its conditional perturbation, Tlx) = <Tlx» + 

tix). Similarly, we can write the conditional head as tPc = < ¢Jc (x» + hlx). Then, the exact 

conditional mean flow equation becomes: 

(5.32) 

As shown in (5.32), true conditioned mean T and tP fields do not satisfy the 

continuity equation (5.1a), and < tPc> is not necessarily equivalent to the ¢J in (5.1a) unless 

the second term in (5.32) is zero. The second term becomes zero only under two conditions: 



105 

(1) all the tmnsmissivity values in the aquifer are specified (i.e., tlx)= 0), or (2) all the head 

values in the domain are known (measured) so that hlx) is zero everywhere. Suppose that 

the head field is known everywhere (i.e., a conditioned mean field, < (A» but our 

information about the tmnsmissivity field is incomplete, then,.the cokriged tmnsmissivity 

field, Tlx), in (5.1a) will be the co-conditioned mean T field if and only if the divergence 

of the product of Tlx) and the gradient of the known head field is zero. 

More specifically, if T I; is obtained from the classical cokriging based on all the head 

values and the incomplete transmissivity data set, the head field, t/J, derived from (5.1a) 

using this TI; should not equal < t/Jc> or the observed head field. This is attributed to the fact 

that TI; is an approximated co-conditioned mean field based on the classical cokriging, which 

assumes a linear relationship between/and h. In order to derive the true conditional mean 

head field, a conditional mean transmissivity estimator that uses head information must 

consider the nonlinearity between/and h. For cases where information about both head and 

tmnsmissivity distributions is incomplete, the exact conditional mean flow equation (5.32) 

and the exact co-conditional mean transmissivity field, <Tc>, must be used. 

At this moment, we will ignore the term < V(tc ' ~c », in (5.32), but we will raise 

the discussion again about this term later on when we will study the itemtive co-conditional 

Monte Carlo simulation. Now, we will focus on the development of the method for tackling 

the nonlinear relationship between/and h. To accomplish this goal, we adopt a successive 

linear estimator to modify the Tlx) field in (5.1a). That is, 
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(5.33) 

Where CA).JO is the cokriging weighting coefficients for the estimate at location Xo with 

respect to the head measurement at location xi' and r is the iteration index. P; is an estimate 

of the conditional mean of InT, which is equal the cokriged InT- field, '" + F, at r =0. The 

residual about the mean estimate is y, (i.e., y=lnT - ~). Note that ~ and yare different 

from F and! previously defined. ~(,) is the head atj-th location of the solution to (5.1a) at 

itemtion r, and ¢f*j is the observed head at location j (i.e., l/J*j = ~ + hj ·). The successive 

linear estimator is unbias since; 

n,+nh 

E[ y~'+l) 1 = E[ y~,) 1 + L.L (,)J~{E[ <l>j* 1 - E[ <I>(')j 1} = F 
J=n,+l 

(5.34) 

To ensure the estimator having minimal variance, the mean square error (MSE) 

criterion is used to select the optimal cokriging coefficient, wjo' 

(5.35) 

The mean square error for our estimator can be expanded as: 
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(5.36) 

where Eyy(~, EYb(~' and Ebb(~ are error covariances and cross covariance matrices at the 

r-th iteration. To minimize the mean square error in (5.36), we differentiate (5.36) with 

respect to wand set the resultant to zero. Thus, we get the following system of equations: 

(5.37) 

The values of w's are determined by solving (5.37) given Eyb and Ebb. With new c..> 

values, Equation (5.33) can be employed to update our estimate, ~. However, the solution 

to (5.37) requires the knowledge of Eyb and Ebb which can be evaluated at each iteration as 

shown in section 5.2.2.4. The first-order approximation of the residual h(r) can be written 

as follows: 

(5.38) 
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Using (5.38), we then obtain the covariance matrix of h(r) and the cross-covariance 

matrix between ylr) and h(r) as follows: 

(5.39) 

Where i and j = n, + 1, ..... , n,+ nit; ~ and m = 1, 2, ... , N (total number of nodes); J 

is the sensitivity matrix of dimension (nit x N), and superscript t stands for the transpose. 

At iteration r = 0, E,»' is the covariance matrix of y which is given by: 

(5.40) 

Where k = 1, 2, ... , N, and A and Jl are cokriging coefficients. Equation (5.40) is the 

cokriging variance if xo=x/(' For r~ 1, the covariance matrix E,»' is evaluated according to the 

following: 

(5.41) 

After updating f: (x), flow equation (5.1J is solved again with the updated f:(x) for 

a new head field, cp. Then, the absolute difference in a/ (the variance of the estimated 

transmissivity field) between two successive iterations is evaluated. If the difference is 
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smaller than a prescribed tolemnce, the itemtion stops. If not, new EYh and Ehbt are evaluated 

using (5.39). Then, (5.37) is solved to obtain a new set of weights which are used in (5.33) 

with (<<I>j *. ~ (r~ to obtain a new estimate of 9; (x). Figure 5.3 shows a flow chart of the 

itemtive process described previously in this section. 

5.3.3 III.Conditionin2 of Covariance Matrices 

The condition number of the covariance matrix in Equations (5.29) and (5.37) can 

be used to chamcterize the numerical feasibility of inversion or factorization algorithms 

required in the cokriging and simulation problems mentioned above. For a given matrix A, 

the condition number 1C{A) is defined as the mtio of largest to smallest eigenvalues, i..k, each 

taken in absolute value, Press et al. (1992). That is: 

K(A) _ _ U_QX.....,...li.._k_(A...,.)1 
Min I i..k (A) I (5.42) 

These near-zero eigenvalues, would lead to a very large condition number. For this 

reason, the condition numbers of the cokriging matrix Equation (5.29) and the matrix 

equation (5.37) of our itemtive inverse method can be extremely large if the number of head 

measurements is large. Truncation errors may, thus, be amplified and affect severely the 

interpolation of transmissivity values by cokriging (5.28) and our iterative method. To 

avoid such a problem, addition of an error term to the head covariance matrix in (5.29) was 

employed. In addition, a relaxation term, 0, was added to the diagonal of the matrix in 
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Figure (5.3) A Schematic Flow Chart Diagram of the Iterative Process 
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(5.37) during each iteration as follows: 

(5.43) 

Where In is the identity matrix. In general, a large value of 9 slows down the 

convergence rate and a small value may lead to numerical instability. In our approach, the 

e value is assigned dynamically; the value of the relaxation term is determined as the 

product of a constant weighting factor and the maximum value of Ebb (~, 't) at each 

iteration. Since the value of E,.,. will decrease as iteration proceeds, the 9 value will 

decrease accordingly. This term does not represent measurement error, as discussed by 

[Dietrich and Newsam (1989) and Carrera and Glorioso (1991)], but merely a numerical 

technique to condition the matrix. In fact, this approach is analogous to the pseudo transient 

technique employed for nonlinear numerical problems described in Fletcher (1988). 



5.4 Iterative Co·Condltional Monte Carlo Approach 

5.4.1 General 
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The most intuitive approach to dealing with spatial variability, in a stochastic sense, 

is Monte Carlo Simulation "MCS", Kalos and Whitlock (1986). Although it is classified as 

one of the heterogeneous approaches, Yeh and McCord (1994), in the sense that the 

hydraulic property values at every point in the aquifer are specified, it is, in principle, 

equivalent to the effective parameter approach based on the stochastic concept. Monte Carlo 

analysis is criticized as being unrealistically excessive in its computational requirements. 

This is especially true in the case of variably saturated flow whereby a large number of 

internal nonlinear iterations are required for each time step. However, Monte Carlo analyses 

are becoming increasingly more attractive, especially since computing costs are dropping 

dramatically. 

According to Zimmerman et al. (1990b), there are five important reasons for reasons 

for using Monte Carlo analysis in parameter uncertainty propagation: (1) it facilitates 

consistent propagation of uncertainties; (2) it can be applied to a series of linked models; (3) 

it does not require extensive modifications to existing numerical codes; (4) it is capable of 

handling large uncertainties in the input variable parameter space; and (5) it is appropriate 

for use in association with nonlinear models. 

Hydraulic data for an aquifer are limited, so, in order to best utilize the data, 

conditional MCS is more appropriate than the standard MCS. Conditional MCS, imposes 

sample values at the sample points in each realization. Thus, there will be no uncertainty in 
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the parameter values at measurement points, other than measurement errors. As a result, we 

expect that the variance of output from the conditional MCS should be smaller than that from 

the unconditional MCS, which is conceptually similar to the conditional expectation and 

cokriging techniques. 

5.4.1 Theory 

We need a model which can produce co-conditional fields that preserves the observed 

head and transmissivity values at sample locations, and satisfies their underlying statistical 

properties, i.e. mean and covariance, .. etc., as well as the governing flow equation. Many 

possible realizations of such conditioned f/J or LnT fields exist. Instead of individual 

conditional realizations, our stochastic co-conditional MCS model intends to derive the 

expected value of all the possible conditional realizations. The procedures of the co

conditional MCS is illustrated in Figure 5.4. First, classical cokriging is performed based on 

the observed /;* and hl to construct felix), a cokriged f field, mean removed LnT, as shown 

in Equation (5.28), where ck stands for classical cokriging. The cokriging coefficients are 

calculated using Equation (5.29). Similarly, classical cokriging is performed based on the 

observed /;* and hj* to construct hc/c(x), a cokriged h field, mean removed f/J, as shown in 

Equation (5.30), and the cokriging coefficients are calculated using Equation (5.31) 

Second, an unconditional realization of the random perturbation of the LnT(x) field, 

fix), which maintains the prescribed covariance function, is generated, i.e. we synthesize 

different realizations of the random field of hydraulic properties, which maintain the actual 
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pre-specified covariance function that has been inferred from the data (identical to the 

standard MCS). Classical cokriging, Equation (5.28), yields a transmissivity estimate,!c:k'(x) 

at the umampled location which is simply the average of all possible values at a point x of the 

conditioned subset, Figure 5.4 •• However, L (x) equals the estimate plus the error in the 

estimate (cokriging error), i.e. 

(5.42) 

Since the cokriging error, rtd:(x) - Id: '(x)], is unknown, we can not evaluate (5.42) 

exactly. However, we may approximate it by the use of cokriging and unconditional 

simulation. In other words, in a given unconditional simulation, one realization of generated 

transmissivity, t(x), where subscript u denotes the unconditional simulation, cokriging can 

be performed using the measured values at the actual sample locations to derive the kriging 

estimate, lu '(x), Figure S.~. The cokriging error of the unconditional simulation can be 

calculated as the difference between transm~ivity value of the given unconditional simulation 

and the cokriging estimate,I.lx) - fu'(x). 

Note that [f..(x) - lu'(x)] = 0 at the sample locations. Finally, by substituting [!u(x) -

t'(x)] for [fd:(x) - Id:'(x)] in (5.42), we can condition the simulations obtained in the second 

step by making the realizations consistent with the measured sample values, e.g. by employing 

cokriging. Then, the corresponding unconditional head field, ¢.lx)=H(x)+h,lx), is generated 

by solving the governing flow equation, with T,lx) = exp(F +!u(x». From these k (x) and 

h,lx) fields, samples are taken at the locations corresponding to the observation points in the 
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true field. Cokriging ~ again applied using the values of these samples to derive the cokriging 

estimates, i.e. fuix) and huix). Therefore, Ic(x) and hlx), the conditional estimates of the 

transmissivity and head fields, where subscript c denotes conditioned, can be obtained as 

follows: 

fc(x) = fek(x) + [fu(x) - fuk(x)] 

hc(x) = hck(x) + [hu(x) - huk(x)] 
(5.43) 

As a result, Tlx) = exp(F + Ic(x)) and ¢Jc(x) = H(x)+ hc(x) are consistent with the 

measured values in the true fields, and Tlx) and the true transmissivity field have the same 

covariance function. This step is then repeated using different seed numbers to generates 

different realizations of the conditional Tlx) and ¢Jlx) fields. Note that these fields do not 

necessarily conserve the mass. At unsampled locations, random transmissivity values are 

generated such that Tlx) and Tck(X) have the same covariance functions; and [Tlx) - Tu·(x)] 

does not equal zero and is different among realizations (or unconditional simulation). Thus, 

conditional MCS creates a conditioned subset of the ensemble, which agrees the measured 

value at sample locations. The average and variance of many conditional MCS at a given 

point x is the cokriging estimate and variance respectively. 

Generally, Hydraulic property fields resulting from conditional MCS are smoother 

than unconditioned MCS fields, since they are conditioned subsets of the ensemble, but they 

are more variable than kriged fields, which essentially represent the conditional expected 

values. Although conditional MCS is subject to the same difficulties as those in the 
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unconditional MCS, it incorporates the data value at sample locations and is generally 

regarded as a more rea~tic approach. Applications of such conditional MCS to groundwater 

flow and solute transport problems by Delhomme (1979) and Smith and Schwartz (1981 .. J, 

found that such conditioning does not reduce uncertainty significantly even when data are 

spaced as close as twice LnT correlation lengths. 

For each MCS or MC realization, once we get the co-conditional transmissivity field, 

T t:I from Equation we can proceed with the iterative scheme as has shown before in 

Equations (5.31) To (5.39) in section 5.3.2. After getting n-realizations of the co

conditional/and h-fields, one can get an estimate of the co-conditional mean and variance 

for both/and h-fields. Figure 5.5 shows a flow chart describing the process of generating 

iterative co-conditional Monte Carlo Simulations. 

Although the iterative co-conditional Monte Carlo algorithm is similar to the iterative 

co-conditional effective approach, described in Section 5.3, it is conceptually different. The 

iterative co-conditional effective approach is intended to derive the co-conditional mean fields 

by using the cokriged T as a starting estimate of the conditional T field and then applying an 

iterative approach to update the estimate of the conditional mean T field. In theory, the 

iterative co-conditional effective approach requires to solve the conditional mean flow 

equation. However, difficulties in evaluating the second term in Equation (5.32) forced us 

to approximate the conditional mean flow equation by using Equation (5.1). On the other 

hand, the iterative co-conditional Monte Carlo approach starts with estimates of co

conditional realizations ofT fields and solves the exact governing flow equation of conditional 
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realizations during the iteration process. As a result, there is no approximation involved. 

Moreover, the error covariances in this iterative process represent the covariances of the 

difference between the true and the estimated fields, which are distinctly different from the 

approximate co-conditional covariances as in the co-conditional effective approach. 
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CHAPTER 6 

STOCHASTIC MODEL APPLICATION PROBLEMS 

6.1 General 

Assessment of an inverse method under any field condition is difficult unless a large 

amount of transmissivity and head data sets are available. Such detailed data sets rarely exist. 

Even if these data set are available, it is difficult to determine the amount of measurement 

errors in the data sets. Therefore, validation of a model for field condition is inconclusive, 

see Gelhar (1993), page 347. More importantly, verification of an inverse model against a 

perfectly known scenario is always the first step towards the model application. Because of 

this reason, the performance of our stochastic inverse approach is demonstrated using 

hypothetical heterogeneous aquifers with the assumption that all the statistical parameters 

characterizing the spatial variability of lnT are known exactly and measurements are 

considered to be error-free. 

To demonstrate the performance of our iterative approach, we generated several 

hypothetical two-dimensional heterogeneous aquifers with different degrees of heterogeneity 

(measured by al, the variance of InT) and then used them as the "real-world or true" 

analogues. In this analysis, the perturbation f-field was generated using a spectral random 

field generator, Gutjahr [1989, 1992], assuming that f-values are following an exponential 

covariance function with anisotropic correlation scales, Ax and Ay in the x and y directions 

respectively. Subsequently, head and velocity fields in these hypothetical aquifers were 
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obtained by solving the flow equation (5.1) using a finite element model with the proper 

specified head boundary conditions. The resultant head fields were assumed to represent the 

"real-world or true" analogues of the hydraulic head fields corresponding to the true 

transmissivity fields. 

The layout ofthe hypothetical aquifer is illustrated in Figure 6.1, which has 30 and 20 

elements, in x and y directions respectively. The elements are rectangle in shape with lengths 

equal to dx and dy in x and y directions respectively. In this study we used dx = dy = 1 m. 

Each element has been assigned a constant mean transmissivity value (tnT = 0.0). The upper 

and lower sides of the aquifer are assigned as no flux boundaries and the left and right-hand 

sides are assigned as prescribed head boundaries with values of 10.3 m and 10.0 m 

respectively. In addition, a pumping well with a constant discharge Q is placed at a given 

high transmissivity location. Once the transmissivity of the hypothetical aquifer is generated 

and the corresponding head field is simulated, a random (or specified) sampling scheme is 

then employed to determine the sample locations where transmissivity and head data in the 

hypothetical aquifer are collected. Note that the aquifer dimensions could be scaled by any 

mctor, provided the conductivity, well discharge, and constant head boundaries are scaled by 

the same factor, Harvey and Gorelick (1995). 

Note that a finite element model is used to solve the flow equation (5.1) for the head 

at each node. The head values at the four nodes of each element are then averaged to 

represent the head at the center of the element. Transmissivity and head observation samples 

are then taken as elements properties. Using these transmissivity and head data sets, classical 
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Figure (6.1) Hypothetical aquifer Layout 
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cokriging and our iterative approach are then utilized to estimate both the transmissivity and 

hydraulic head fields for the entire aquifer. Based on the simulated head and transmissivity 

fields, the velocity fields can then be calculated by the application of Darcy's law. A finite 

element model is developed to solve for Darcy's velocity. Finally, the estimated 

transmissivity, hydraulic head, and velocity fields fur different degrees of variability of lnT are 

compared to those of the "real-world" or "true" analogues. 

Two different types of inverse problems (deterministic and stochastic as explained 

below) and Monte Carlo simulation problems are examined. Results of our approach are 

compared with those derived from the classical cokriging approach. The performance of 

these methods is evaluated quantitatively using the following criteria: 

(6.1) 

Where Yoi and Yd are the observed and estimated transmissivity values at i-th location, 

respectively. N is the total number of elements. PI is a measure of the bias and ~ is the 

mean square error of our estimates. 
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6.2 Deterministic Inverse Problems. 

Assuming that Darcy's law is valid, the Darcy's velocity can be written in terms of 

conditional means and perturbations as follows: 

Where < qe >, < 7; >, and < l:l > are the conditional means of Darcy's velocity, 

transmissivity, and hydraulic head respectively; and qe' te, and It are the conditional 

perturbations of Darcy's velocity, transmissivity, and hydraulic head respectively. 

Suppose that aU the head and transmissivity measurements are error-free, and assume 

that the head values at every node of our finite element aquifer are known. Thus, the second 

term on the right-hand side of Equation (6.2) must be zero, since the conditional perturbation 

in he is zero everywhere. In this special case, Equation(6.2) becomes: 

(6.3) 

In order to obtain a unique transmissivity distribution, Tlx)= <Tix» + t(x), the 

Darcy velocity, <qlx» + qlx), must be specified at every point in the aquifer. Since flow 

is under steady-state conditions, Darcy's velocity must be constant along any given 

streamline. Therefore, if all the heads are known, and the velocity is specified at all the 

boundary nodes, or at a column of transmissivity values crossing all the stream lines, are 

prescribed, the solution of the inverse problem can be determined uniquely and independently 

along any given streamline provided the hydraulic gradient is nonzero at each point. When 
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the solution is required in a discrete mode, a single known value of the hydraulic 

conductivity or the flux may sometimes be sufficient to guarantee a unique solution over the 

entire grid due to what Neuman (1973) termed the" cross-characteristic influence of Cauchy 

data". We shall call this type of inverse problems" detenninistic". For such deterministic 

condition, a reasonably accurate inverse model is expected to correctly identify all the 

transmissivity values in the aquifer. Also, problems associated with the linear cross

correlation between/and h and the assumption of linear predictor embedded in cokriging as 

the variance of/increases can be explored. Moreover, these deterministic inverse problems 

can be used to test our relaxation approach for alleviating numerical instability problem 

associated with our inverse model. 

Three of such deterministic cases were examined. Table 6.1 lists all the studied cases 

in this analysis. A well discharging Ow = 3 m3/m2/sec, is located at point (10,10) whenever 

we assign a well. The true random transmissivity fields were generated with the same seed 

number. We assume that the transmissivity values of the elements on the left-hand side of the 

boundary if = 20) are known and all the heads in the aquifer (nh= 600) are given. Since all 

heads were used, the condition number of the cokriging matrix is excessively large. Without 

adding a relaxation term, the cokriged transmissivity map produced some anomalous values 

of transmissivity due to numerical instability (see Dietrich and Newsam, 1989). 

To alleviate this problem, a small relaxation term with a value equal to 2% of the 

maximum head variance, Ob
2
, was added to the head covariance matrix in the cokriging 

equation and at each step of the iterative process. Figures (6.2.) to (6.~) show the true, 
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Table (6.1) A list of the different parameters in the different studied 
cases 

CASE Ax Ay of nh Qw ol #MCS 

1 5 5 20 600 0.0 0.42 N/A 

2 5 5 20 600 0.0 2.52 N/A 

3 5 5 20 600 3.0 2.52 N/A 

4 4 4 24 35 0.0 0.42 N/A 

5 4 4 24 35 0.0 2.52 N/A 

6 4 4 24 35 3.0 2.52 N/A 

7 4 4 24 54 3.0 2.52 N/A 

8 4 4 24 54 3.0 2.52 N/A 

9 4 4 24 35 0.0 0.42 400 

10 4 4 24 35 0.0 2.52 400 

11 4 4 24 35 3.0 2.52 400 

12 4 4 24 54 3.0 2.52 400 
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cokriged, and our conditional estimated transmissivity, hydraulic head, and Darcy's velocity 

distributions of the hypothetical aquifer for Case 1. It is evident that even all the head is 

specified, cokriging tends to produce a much smoother transmissivity field than the true one 

although the general pattern are very similar to that of the true. The transmissivity field 

estimated by our approach depicts all the detailed variation in transmissivity and is in excellent 

agreement with the true field. 

The true, cokriged, and our conditional estimated transmissivity, hydraulic head, and 

Darcy's velocity distributions of the hypothetical aquifer for Case 2 are illustrated in Figures 

(6.3.) to (6.3J. In Case 2, where al increases to 3.0, the cokriged transmissivity field is very 

smooth except near to the I-measurements at the left-hand side boundary. However, the 

spatial transmissivity pattern has little resemblance to the general pattern of the true field. On 

the other hand, the transmissivity field from our approach again is in good agreement with the 

true field. The discrepancy between the estimated and the true field is slightly larger than that 

in Case 1. This result is expected since the linear relationship betweenland h assumed in 

the classical cokriging is valid only for small variances in f. 

In order to prove the discrepancy of the results between the cokriging and the true 

transmissivity fields, consider one-dimensional steady-state flow through a stochastic 

transmissivity field with a given flux, q. The flux q can be expressed as: 

q = _ T d<l> = 
dx 

dH dh - e (F .. f) (- + -) = T e f (J + J) 
dx dx 8 

(6.4) 

where J is the mean gradient andj is its perturbation. Tg is, the geometric mean of T. The 
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gradient perturbation can thus be expressed as: 

.dh q-fJ J=-=-e -
dx Tg (6.5) 

Which shows that hand fare related in a nonlinear manner. However, the exponential 

term in Equation (6.5) can be approximated by the first two terms of a series expansion if f 

is small. Thus, Equation(6.5) becomes: 

. dh q 
J = - I:j - (1 - f) - J 

dx Tg (6.6) 

According to Equation (6.6), for small values of f or 0/, h can be closely 

approximated as a linear function off, which is justified in Case 1. This also supports the 

preference of using InT in the inverse modeling as stated by Carrera and Neuman (1986b). 

Case 3 is similar to Case 2 except we have a well of discharge Ow = 3.0 m3/m2/sec at element 

(10,10). The true, cokriged, and our conditional estimated transmissivity, hydraulic head, and 

Darcy's velocity distributions of the hypothetical aquifer for Case 3 are illustrated in Figures 

(6.4J to (6.4J. 

The convergence patterns of our iterative approach for Cases 1 through 3 are 

illustrated in Figures (6.2J, (6.3c) and (6.4c ) respectively, where the criteria, mean square 

error MSE, 0,2 and max head difference between the observed and simulated head at 

observation locations, max cSh, are plotted as a function of iteration. For Cases 1 through 3, 
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our iterative approach produces estimates that are much less bias and have a smaller MSE 

than that of the cokriging although both are unbiased estimator. The ol of our estimated 

tmnsmissivity field stabilizes rapidly in Case 1 and reaches the value of 0.42, in less than 10 

itemtions, and approaches exactly the true value. For Case 2, where true ol = 2.52, our 

approach produces a field with or = 2.55 at the 30th itemtion. Obviously, for the case where 

the variance in f is large, the number of iteration increases. 

Some important aspects of the effect of heterogeneities on groundwater flow are 

unveiled by the results of this study. As expected, cokriging produces smooth transmissivity 

fields, omitting small-scale or local heterogeneities, as compared to the true tmnsmissivity 

fields. However, the estimated velocity field based on the smoothed InT field, regardless of 

the magnitude of the variance of InT, closely resembles the true velocity field, implying the 

effect of local heterogeneities is negligible in terms of general flow pattern. This phenomenon 

can be attributed to the fuct that local scale heterogeneity is responsible for local mixing effect 

(or dispersion) and thus the distribution of travel times. 

On the other hand, the cokriged loT representing the mean values controls the geneml 

flow pattern. This finding seems in a good agreement with our findings in field tracer 

experiments in Georgetown, South Carolina, Yeh et al. (1992), which state that the bulk 

behavior of the observed three-dimensional plume appears to be governed by some 

"important" heterogeneity (i.e., stratification and some extremely low permeable inclusions). 

If this is the case, the strategy for tackling field problems should focus on the delineation of 

large and "important" heterogeneities. Macrodispersion concept, Gelhar and Axness (1983), 
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may thus be suitable fur representing the effect of small-scale heterogeneity in the prediction 

of solute transport in field-scale aquifers. 

6.3 Stochastic Inverse Problems. 

The stochastic inverse problems are referred to the case where one or both of the 

perturbation terms in Equation (6.2) are unknown, due to the lack of measurements. 

Subsequently, no unique solution to the identification of transmissivity values can be obtained. 

A logical solution to these stochastic inverse problems is to derive the mean lnT and ¢J fields 

that are conditioned on the observed lnTand ¢J values [Dagan (1985) and Kitanidis (1986)]. 

Uncertainties around the conditional means at the unsampled locations are then addressed 

using the conditioned variances of lnT and ¢J. The classical cokriging is a possible tool for 

this purpose. However, as demonstrated in the examples of the detenninistic inverse 

problems, the cokriging technique is restricted by its assumption of the linear relationship 

between f and h. Our iterative approach alleviates the problem of linear assumption and is 

capable of producing lnT and ¢J fields that preserve the measured values at sample locations 

and satisfy the continuity equation. 

However, these lnT and ¢J fields are not necessarily the true conditional mean lnT and 

¢J fields defined in Equation (6.2) since the term, < V(tc . Vhc », is not evaluated explicitly 

and excluded from the flow equation (5.1) employed in our iterative approach. As a result, 

the contribution of this term is likely lumped into our estimates of <InTc > and < cA >. 

Subsequently, lnTand ¢Jfields derived from our iterative method are merely approximate co-
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conditional means. They may be qualified as co-conditional effective transmissivity and head 

fields in the sense that they satisfy the flow equation. Nevertheless, these approximations 

should be close to the exact conditional means if the magnitude of the tenn < V(tc • \ihc » in 

Equation (6.2) is small. 

One way to prove our claims is to conduct co-conditional Monte Carlo simulations 

which require a large number of simulations and demands a high performance computer. 

Due to these reasons, we can only test our results by using the following criteria: the 

variances of our estimated lnT and ¢ fields should be larger than the variances of the 

cokriged fields which are smaller than the variances of the real world analog due to the co

conditioning effect. In addition, our mean estimates are unbias and should have a smaller 

MSE than that of cokriging. Using these criteria, the scenario below is employed to test our 

iterative approach. 

The two-dimensional flow scenario in the previous three cases of the detenninistic 

inverse problems is used with the exception that the number of head and transmissivity 

measurements, nh and n" are specified as 24 and 35. The locati.ons of these measurements are 

shown to be unifonnly distributed as will be shown, by the circles, in Figures (6.5J, (6.6J, 

and (6.7J for cases 4 through 6, respectively. The same seed number, used in the previous 

three cases, is used to generate the random/field. Also, the well is located at the same point 

(10,10). Figure (6.5) shows the resultant transmissivity and hydraulic head fields from both 

cokriging and our iterative approach for Case 4. Both approaches produced head fields that 

closely resemble the true head field. Although the difference between the results of the two 
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approach is smal1, the cokriged transmissivity field is smooth depicting some general structure 

of the true field while the transmissivity field from our iterative approach reveals more 

detailed structure. 

The true, cokriged, and our conditional estimated transmissivity, hydraulic head, and 

Darcy's velocity distnbutions of the hypothetical aquifer for Case 5 are illustrated in Figures 

(6.6.) to (6.6J. In Case 5, where al increases to 3.0, the cokriged transmissivity field is very 

smooth and one can see clearly the effect of having high conductivity variance, al , on the 

cokriging velocity field. The imaginary sources/sinks apparent in the cokriging velocity fields 

is a resultant of having such high value of al. Case 6 is similar to Case 5 except we have a 

well of discharge Qw = 3.0 m2/m/sec at element (10,10). The true, cokriged, and our 

conditional estimated transmissivity, hydraulic head, and Darcy's velocity distributions of the 

hypothetical aquifer for Case 6 are illustrated in Figures (6.7.) to (6.7J. Same conclusions 

can be drawn for case 6 as those for case 5, except that Case 6 reveals a case of high 

nonlinearity due to the presence of a well. As a result, the cokriging fields will suffer a lot 

from the linearity assumptions in deriving the covariance and cross-covariance functions. 

Figures (6.5J, (6.6c)' and (6.7c) show the performance measures of our iterative 

approach as a function of iteration number. Again, the performance of cokriging is reflected 

by these measures at the zero-th iteration. Based on this figure, our transmissivity estimates 

are less bias and the MSE is smaller than that of the classical cokriging. The variance of our 

estimated transmissivity field, oj, stabilized around the 15-th iteration and reached a value of 

0.357,2.08, and 2.12 for Cases 4 through 6, respectively. These values are greater than those 
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of the cokriging estimate but smaller than the variance of the true field. We thus believe our 

estimates are co-conditional means if the < V(tc • 1m» in Equation (6.2) can be neglected. 

However, a rigorous co-conditional Monte Carlo simulation is needed and this will be our 

task in the following section. 

In order to study the effect of having more hydraulic head information on the 

estimation values, Case 7 was conducted, which is similar to case 6 with number of head 

measurements equals to 54. The true, cokriged, and our conditional estimated transmissivity, 

hydraulic head, and Darcy's velocity distributions of the hypothetical aquifer for Case 7 are 

illustrated in Figures (6.8J to (6.8J. Same conclusions can be drawn for case 7 as those for 

case 6, except that Case 7 reveals more details about the variability of the transmissivity 

values which come closer to the true field values. 

One very important question can be raised is that: in reality there is nothing named 

"error-free-measurements", so what will be the performance of our iterative stochastic 

inverse method if we got errors in our measurements? To study the effect of having 

measurement errors, Case 8 is run. Case 8 is similar to Case 7 except that in Case 8, we 

contaminated our measurements, both f and h, with a noise which is normal (0,1) and 

continued our iterative process. The true, cokriged, and our conditional estimated 

transmissivity, hydraulic head, and Darcy's velocity distributions of the hypothetical aquifer 

for Case 8 are illustrated in Figures (6.9a) and (6.9b). By comparison to Figures (6.~ ) to 

(6.8J, one can see that our iterative process still performing very well as compared to reality 

fields. Also, we can still get transmissivity and hydraulic head fields which are much better 
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that those fur the classical cokriging ones. Figure (6.9J shows the performance measures of 

our iterative approach which shows that our transmissivity estimates are less MSE than that 

of the classical cokriging. The variance of our estimated transmissivity field, uf, stabilized 

around the 15-th iteration and reached a value of 2.2 which is greater than that of the 

cokriging estimate but smaller than the variance of the true field. 

6.4 Monte Carlo Simulation Case Studies 

The two-dimensional hypothetical aquifers used to run the Monte Carlo Simulations 

is the same as the one used before in the previous cases. Refer to Chapter 5 for complete 

details about generating co-conditional Monte Carlo simulations. A different seed number 

is used to generate each random unconditional conductivity field, /u' which will be 

conditioned later on based on the given hydraulic conductivity,f, and hydraulic head, h*, 

observations. Note that the aquifer dimensions could be scaled by any factor, provided the 

conductivity, well discharge, and constant head boundaries are scaled by the same factor, 

Harvey and Gorelick (1995). In this study, 400 Monte Carlo Simulations are run for each 

studied case. 

Four different cases will be studied as shown in Table (6.1). The steady-state 

groundwater flow equation (5.1) was solved, using a finite element model, with the generated 

true transmissivity field to obtain the corresponding true head field at nodal points. Samples, 

f and he, were then taken from these true fields. Results of our approach are compared with 

those derived from non-iterative MeS and the effective conditional mean approach as 
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discussed in section (6.3). The performance of these methods is evaluated quantitatively 

using the same criteria as in Equation (6.1). 

Figures (6.10.) through (6.10J show the true, non-iterative MCS, and iterative MCS 

oftransmissivity,/, and hydraulic head, h, fields for Case 9. In Figures (6.10 .. b), the results 

of the different approaches fur simulating/-field are almost the same. This is expected, since 

we are dealing with a case of small oj value, where h can be closely approximated as a linear 

function of f. In general, the / fields derived from the non-iterative MCS and the iterative 

MCS are smoother than the true field. This smoothness in the estimate is expected due to the 

nature of the conditional expectation and the use of a limited number of observations. Both 

approaches depict general spatial structure of the true / field, while the / field from the 

iterative MCS approach reveals more details. This can be attributed to the consideration of 

the nonlinearity between/and h in the iterative process in our approach. 

Notice that each realization of the co-conditional/and h fields in the iterative MCS 

approach satisfies the governing flow equation during each iteration. In addition, each 

realization of the co-conditional/ field is continuously improved due to the iterative process. 

In turn, the conditional head field is corrected not only at the observed locations but also 

around them. The co-condition mean head field of the iterative MCS approach is thus much 

closer to the true head field than that of the non-iterative MCS approach, although the 

observed head values are honored at the observation locations. 

As expected, the conditional mean velocity field from the iterative MCS approach is 

smoother than the true one. It is also better than the velocity resulting from the non-iterative 
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MeS approach, which suffers from anomalous sources and sinks due to the mass 

conservation problem associated with the! and h fields as mentioned previously. On the 

other hand, the iterative approach produces better estimates of each conditional realization 

of ! and h which satisfies the mass balance principle and result in a mass-conservative 

velocity. This is essential in the prediction of the conditional mean concentration field. Figure 

(6.10c:) shows a comparison of the different statistical characteristics, mean, variance and 

mean square error, between non-iterative and iterative Mes with realizations. From Figure 

(6.lOJ, one can come to the following conclusions: 

(1) all statistical characteristics come to some steady values after certain number of 

realization, say 150 realizations, which is far less than the number of realizations 

reported in literature for the unconditional Mes. This number of realizations is 

smaller for iterative MCS than that for non-iterative MCS. 

(2) statistical characteristics for hydraulic head tend to stabilize very fast after a few 

realizations for the iterative MCS, while it takes more realizations for the non-iterative 

MeS to stabilize. 

(3) iterative MeS has less mean square error than that for the non-iterative MeS, for both 

transmissivity,!, and hydraulic head, h, fields. 

(4) iterative MCS tends to produce a variance of transmissivity field,!, of a value higher than 

that for the non-iterative MCS. This is expected and consistent with the previous 

analysis, since non-iterative MCS does not take into consideration the non-linearity 

between! and h. 
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Figures (6.10J shows the mass balance using both conditional means of land h fields 

in Equation (5.1). Values other than zero proves that conditional mean fields do not satisfy 

flow equation, or mass balance equation, as was discussed before in Equation (5.30). Since 

we are dealing with a case of small Ln-T variance, the values of the mass balance as shown 

in Figures (6.10J are relatively very small compared with those values for the other MCS 

cases. Conditional variances of I and h fields, using non-iterative and iterative MCS, for 

Case 9 are shown in Figure (6.10r>. From Figure (6.10r), one can see that, even for small Ln

Tvariance, iterative MCS has less conditional variance than the non-iterative Mes. 

Following the same discussion, based on Equation (6.2), one can prove that the 

conditional mean fields < Tc> and < He> do not satisfy conditional mean Darcy's velocity, 

<qc:>. These figures demonstrate that the iterative MeS approach again produces conditional 

velocity fields with less uncertainty. Figure (6.10c) shows a comparison between the 

conditional mean velocity, <qc:>, and the velocity resultant from using both conditional mean 

fields, < Tc> and < He >. Conditional variances of velocity in x- and y-directions, using non

iterative and iterative MCS, for Case 9 are shown in Figure (6.10S>. From Figure (6.10S>, one 

can see that, even for small Ln-T variance, iterative Mes has less conditional velocity 

variance than the non-iterative MeS. 

Case 10 is similar to Case 9, except Ln-Tvariance is 2.52. Figures (6.11.) and (6.11J 

show the true, non-iterative MCS, and iterative MCS of transmissivity, I, and hydraulic head, 

h, fields for Case 10. In Figure (6.11.), we can see clearly the differences between our 

iterative Mes and non-iterative MeS. The non-iterative MCS I-field is smooth depicting 



E 
j 

-. 
"E 
Ei 15 

E 
~ 
s::: ce 
Q) 5 

5 
..cl 

>. ... 
'g 15 -Q) 

;> 10 

~ 

True Fields 

'"" ce5r~ , .~ 
Q~ 

10 15 20 25 

Non-iterative MCS Fields Iterative MCS Fields 

15 ~. 

10& 1!11!iii!l~fi 

5 

:{ 
.... 

-_/_--
..... ,- ..... -- ... 

- - " .. 
•• I 

15 20 25 5 10 15 20 25 

Figure (6.11,) Comparison Between True, Non-iterative and Iterative MCS Fields (Case 10) 

.. 

I·· !, .:.: :I 
.:.: U 
. , 
.. os 

.... 

.u .. ... 
-. -u 

.. 
01, ---........ 

ffi •• "'", ......,. -.... a .. 
iii-

"'""'" ... "". ....... 
.=~ -

..... 
0\ 
10 



True vs. Cokriged f 
4.0 [ iii i" ~ 

'B 3.0 
DO 

~ ~o 
1.0 

0.0 

·1.0 

-3.0 -2.0 ·1.0 0.0 1.0 ~o 3.0 ~.o 

truef 

True vs. Cokriged h 
0.20. i i' iii :11 

.c 

10.15 
'1: 
.:<: 

8 
0.10 

0.05 

0.00 

-o.os 

o 00 

.. 

·0.05 o.co 0.05 0.10 0.1S 0.20 
Trueh 

True vs. Non-iterative MCS f 
~ 4.0, • i • ii" i • i ]I] 

~:s.o 
o 
.~ ~o 
f! 
o 

.-:;: 1.0 
co o 
Z 0.0 

·1.0 

-3.0 ·~o ·1.0 0.0 1.0 ~o 3.0 ~.o 

Truef 

True vs. Non-iterative MCS h 
0.20., i' i i • , i ' • • i ' , • ' .... 

.c 

~ 
::E O.15 

o· . . 

0.00 0.05 0.10 0.15 0.20 
Trueh 

True vs. Iterative MCS f 
4.0, ' i' 'i!h 

.... 
~:s.o 
::a 
.~ ~o 

i! .! 1.0 

0.0 
o 0 

_1.0L. 

·~o 

-3.0 -2.0 ·1.0 0.0 1.0 ~ 3.0 4.0 
Truef 

True vs. Iterative MCS h 
Q.20[ ?J 

.co 

~0.15 
.~ 
]0.10 

0.05 

o.co 

-0.05 

-0.05 0.00 0.D5 0.10 0.15 0.20 
Trueh 

Figure (6.11.,) Comparison Between True, Cokriged, Non-iterative and Iterative MCS fields (Case 10) 

~ 

~ 



Mean of the f-field Variance of the f-field 
II Mean Square Error of f-field 0.30.- 3,OOr l.DOr 

c;, 

~l .... 
... 0.00 
0 

Iterative MCS _ ILl nl II Non-iterative MCS CIl 

Iterative MCS ::a 

Non-iterative MCS 

Non-iterative MCS II 
II 0.70n' ~. Iterative MCS 

1.sa 

II 
t I I I I , I I . 

II 
oJ , , , , , 1 , 

50 100 150 200 250 300 3SO .aD 50 100 150 200 250 -350 coo 150 100 1150 200 2150 - 3150 coo 
Me Realizations Me Realizations Me Realizations 

Mean of the h-field 
I Variance of the h-field Mean Square Error of h-field 

o.oler -I ee-4-

a! .c ... 
0 

i'-! 
1.0&3 

ILl SE-4 
CIl ::a 

E-4 

1.eE-3 

0.012 

,.~E-3& t ""-.. Non-iterative MCS 
Non-iterative MCS 

2E·~ 

O.OIO~ Iterative MCS II ,,~J~ ~on-iterative MCS 

Iterative MCS IE-4 

tEJ Iterative MCS 
O.ODe' I 

II 
1.tE-31 

II 
I 

50 100 150 200 250 300 350 .aD 50 100 150 200 2!iO 300 3SO .aD 50 100 150 200 250 300 350 400 

Me Realizations Me Realizations Me Realizations 

Figure (6.11) Comparison of the Different Statistics Between Non-iterative and Iterative MCS (Case 10) 
..... 
....J ..... 



20 

15 

10 

5 

o 
5 10 15 20 25 

Figure (6.11d) Mass Balance After Iterative Monte Carlo Simulation (Case 10) 

balance 

0.005 

0.00428571 

0.00357143 

0.00285714 

0.00214286 

0.00142857 

0.000714286 

5.82E-11 

-0.000714286 

-0.00142857 

-0.00214286 

-0.00285714 

-0.00357143 

-0.00428571 

-0.005 

~ 

t:j 



<Te> V <He> 

10 20 

Velocity Difference in x-Direction 

10 15 20 25 

• "5 
00135114 
0012"21 
0010hQ ._. 
QOOlI5h4 ........ , .... 
DOQ:l5l,Q 
QOC::I'IIII_ .""".. _-
.. """.. """ .. , ..... 

< qe > = Conditional Mean Velocity Field 

10 15 25 

Velocity Difference in y-Direction 

5 10 15 za 25 

"" . 
0.01251'14 

0.0'1". 
11010"'''' ._h ._. .."" .QOCI5hO ._
D.OCDhG 
..a.ocanG ... _
"QOCI5hO 

... "" 

Figure (6.11) Comparison of Velocity Fields < 'Ie > and <Te> V <He> (Case 10) 

-~ 



15 

Conditional f St-dev. for Non-Iterative MCS 

10 15 20 2S 

Conditional h St-dev. for Non-Iterative MCS 

10 15 20 25 

" ..... n 
1.411G 
1.3:51,. ,-
, ...... ., 
0.715114 

o.'l1czt 
QW'G .. ...., 
.""" 0.21431i1 ., 

.... . .,~ 
0.0:115714 
0.0'1_11 
Q01l1ca ... -
0.014110 ... , 
IlCD""4 . _._, 
Q(xrll1ot .... 

Conditional f St-dev. for Iterative MCS 

10 15 2D 21 

Conditional b St-dev. for Iterative MCS 

10 15 2D 21 

Figure (6.11r) Conditional Standanl Deviation off & h Fields (Case 10) 

" , .. n 
'4110 
UiltC ,.
u.r ....GO .. 
o.Nl114 
ClI"a 
o.ssr'Q ..,." .,,-

. ... ....... , 
ClO2tShc 
G01*', 
0.01110 ... -o.01chQ .Ot, 
(lOU., 

O0r»s7ICl . ..,.." . 
OOCll'GIS .OOCQ"O . ... 

I-" 

~ 



Conditional q" St-dev. for Non-iterative MCS 

Conditional q, St-dev. for Non-iterative MCS 

... 
Atlll71 .. "'" 
0,.,S3I 
alan4 
GUIa) ....... . -CL071Q11 ._. 
a.1»,,., ......... 
QIHUlt4 . -

... ........ 
o.CSl6l2i 
00l1'lc.a . -. ..,,, ..""'" OlIl5l7tc ....... 
0.011'2'10 

.Ot"'" 
Clcx:.h4 . -.-

15 

10 

5 

15 

10 

5 

Conditional q" St-dev. for Iterative MCS 

10 15 20 Z5 

Conditional q, St-dev. for Iterative MCS 

.~ 
5 10 15 20 Z5 

Figure (6.11
g
) Conditional Standanl Deviation of Velocity Fields (Case 10) 

• •• 
Qtl'." .. -
1l'f'tSli 
QUI"" 
QU'" . ...... -.-........ -... .. _ . 
..... 

... .---. .... -.-... .....,.,. . ....,. . . ... -
QOtJ':HCJ .ota». ........ ..-

.... 
~ 



176 

some general structure of the true field while the transmissivity field from our iterative 

approach reveals more detailed structure. This result is expected since the linear relationship 

between I and h assumed is valid only for small variances in f, which is not satisfied in Case 

10, or for cases of uniform flow conditions, as in Case 11. 

Also, in Figure (6.11.), the conditional mean Darcy's velocity field from the non

iterative MCS suffers a lot of immaginary sources/sinks, which is mainly due to the violation 

of the mass balance as apparant in Figure (6.11.J. Conditional variances of land h fields, 

using non-iterative and iterative MCS, for Case 10 are shown in Figure (6.11r). From Figure 

(6.11r), one can see that iterative MCS has less conditional variance than the non-iterative 

MCS. Conditional variances of velocity in x- and y-directions, using non-iterative and 

iterative MCS, for Case 10 are shown in Figure (6.11g). From Figure (6.11g), one can see 

that, even for small Ln-T variance, iterative MCS has less conditional velocity variance than 

the non-iterative MCS. Figure (6.11e) shows a comparison between the conditional mean 

velocity, <q;o, and the velocity resultant from using both conditional mean fields, < Te > and 

< He >. A Comparison between Case 9 and Case 10, reveals the fruiteful advantages of the 

iterative MCS over the non-iterative MCS in terms of: (1) less mass balance problems; (2) 

smooth velocity streamlines; and (3) less conditional variances of f, h, and velocity fields. 

Also, as the Ln-Tvariance increases, the non-iterative MCS approach suffers more and more 

from the non-Iinearlity between I and h, and hence, the need to iterate becomes of great 

importance. 

Case 11 is similar to Case 10, except we have a well discharging 3.0 m3/m2/sec located 
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at element (10,10). Same comments drawn on Case 10 can apply for Case 11. Case 11 was 

chosen specifically to study the effect of high non-linearity flow on the accuracy of the 

estimate of the aquifer parameters. As expected, the higher the non-linearity in the flow 

condition, the more the inaccuracy of the estimated parameter, more especially for the non

iterative Monte Carlo Simulation technique. 

Case 12 is similar to Case 11, except that we have more head observations in Case 12 

than in Case 11. By comparison to Figure (6.13.,b)' We can see clearly that the I-field in 

Figure (6.12.,b) is more smoother, which means that the more head observations, the more 

details in the I-field we can reveal. Also, by looking at Figures (6.13C-S>, one can get to the 

same conclusion which is in favor of having more head observations. An investigation was 

made to check the effect of Ln-Tvariance on velocity in x & y-directions. Table (6.2) and 

Figure (6.14) shows the effect of the Ln-Tvariance on the difference between the conditional 

mean velocity <q;- and the velocity resultant from using both conditional mean fields, < T;

and < He> in both x- and y-directions. Apparently, as we have proven and discussed before, 

the high the Ln-Tvariance, the large the difference. 

A very interesting study was made to compare the results coming from the iterative 

MCS, Case 12, with that coming from Case 7. Note that, both Case 7 and Case 12 have the 

same data set. As we stated before, Case 7 solves for the approximate effective mean fields, 

since we were not sure that we are getting the conditional mean fields. In Case 12, we are 

sure that we are getting the conditional mean I and h fields, and the point is: how close the 

approximate effective mean fields are to the conditional mean fields? Figures (6.15) shows 
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Table (6.2) Effect of Ln-T Variance, al' on Velocity Values in x & y - Directions 

al A" BO 

0.5 0.371E-3 0.452E-5 

1.0 0.628E-3 0.118E-4 

1.5 0.925E-3 0.221E-4 

2.0 0.112E-3 0.330E-4 

3.0 0.180E-2 0.805E-4 

4.0 0.312E-2 0.137E-3 

Where: 

AO = MAX I «qe> - <Te>. V <He» Ix 

BO = MAX I «qe> - <Tc>. V <He» Iy 

C" 

13.18 

28.73 

43.90 

53.70 

69.7 

80.99 

CO = MAX % I «qe> - <T e> . V <He> ) / <qe> Ix 

D· = AVERAGE % I «qc> - <Te>. V <He> ) / <qe> Ix 

E· = AVERAGE % I «qe> - <Te>. V <He> ) / <qe> Iy 

DO E" 

3.71 3.66 

7.95 7.58 

13.37 12.59 

19.32 18.52 

27.15 25.38 

33.79 33.22 
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that the approximate conditional effective / and h fields, from Case 7, are very much close to 

those by the iterative MCS, Case 12. TIm proves that the iterative conditional effective fields 

are very much close to be called "conditional mean fields". 

Thic; conclusion is very important, since it will alleviate the need to run Monte Carlo 

Simulation. Instead, following the iterative approach, as discussed in section 5.3, will solve 

this problem and creates approximately conditional mean fields. The advantage of our 

iterative MCS approach in this analysis, is that we know for sure that we are getting the co

conditional means and co-conditional variances of/and h fields. 

~ Discussion 

The rationale of our successive linear predictor is different from those described by 

Gavalas et al. (1976), and Carrera and Glorioso (1991) although Equation (5.31) is similar 

in form to their equations. Our approach uses a linear estimator and the governing flow 

equation successively to update the error covariances E yy , Ebb and cross-covariance E yb' and 

in tum, improves the difference in simulated and observed head values. Our approach does 

not attempt to minimize the differences between the observed and simulated head but to 

minimize the mean square error in our InT estimates. Following section (5.3), the lilT and <P 

fields obtained are essentially approximate conditional means if the second term in Equation 

(5.30) is negligible. Nevertheless, the logic behind our approach is to improve the linear 

estimator embedded in the classical cokriging by using a successive linear approximation 

procedure. 
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The addition of the relaxation term is necessary and it is capable of controlling the 

instability of the numerical solution in the case where a large number of observed head values 

are used. If a relaxation term of an extremely small value (or zero) is used, our iterative may 

diverge as in the case of solving steady-state nonlinear equation (e.g., Richards' equation). 

A large value stabilizes the solution but decreases the rate of convergence. For the 

deterministic inverse problems, the number of head measurements (600) is large. The 

computational effort for the 27 iteration, for Case 1, is about 1.2 hours' CPU time on an IBM 

RISC6000/590 workstation with 512mb memory. The CPU time for the stochastic inverse 

problem is less than 2 min, for Case 4, since the number of head measurements is small. The 

CPU time for the iterative MCS, Case 9, is 5 hours. In general, the number of iterations for 

deterministic problems is large, depending on the number of head measurements and the value 

of of. The error covariances (E rt' E bJ and cross-covariance (EyJ, for the stochastic inverse 

problem, may be considered the approximated conditional covariances and cross-covariance. 
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CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORKS 

'.1 Conclusions 

Our proposed, and physically correct, iterative approach attempts to circumvent the 

nonlinear relationship between/and h through successive linear approximations. Our new 

approach overcomes the limitations of classical cokriging approach. These limitations stem 

from the fact that classical cokriging is a linear estimator and the theoretical covariance 

function of head, Ebb' and cross-covariance function between tnT and h, fos, are limited to 

small perturbations. Such limitations restrict the application of classical cokriging to many 

real field problems where variability of InT is expected to be large. Our new approach, 

combines the classical cokriging technique and a numerical finite element model solving for 

the hydraulic heads. The iterative scheme relaxes the limitations and makes the 

geostatistical method more attractive. The head measurements improve the estimate of the 

transmissivity field substantially and a large number of hydraulic head measurements will 

improve the delineation of flow directions and paths. The general flow pattern appears 

controlled by the general transmissivity pattern and the small-scale and local variability in 

transmissivity has little effect on the flow direction. 

Three deterministic inverse problems of different degree of nonlinearity were used to 

demonstrate the ability of our model. We show that our inverse approach is undoubtedly 

superior to the classical cokriging which relies on the linear assumption of the relationship 
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between / and h. Our approach is able to reproduce transmissivity and head fields that are 

in close agreement with the true fields even for aquifers with variances of /up to 3 under 

nonuniform flow conditions. However, our approach requires more computational effort than 

the cokriging. For the stochastic inverse problems, the estimated transmissivity patterns by 

the cokriging and our approach may appear to be similar. However, our iterative approach 

is better than the classical cokriging since it produces smaller mean square error of the 

estimates. In addition, it reveals a more detailed spatial pattern of the true transmissivity field. 

We have to point out that the estimates of InT and <I> fields by our method, for stochastic 

inverse problems, are merely approximate mean fields conditioned on the observed / and 

h values. They may be best called the effective mean transmissivity and head fields. 

In order to get conditional means and conditional variances of the / and h fields, 

Monte Carlo Simulations were run using the same iterative scheme based on the classical non

iterative co-conditional Monte Carlo Simulations. The results of the iterative Monte Carlo 

Simulations were superior to those of the non-iterative co-conditional Monte Carlo 

Simulations in terms of less mean square error, close in the variance values to the generated 

true values, and revealing more of the variability of the generated fields. Also, we found out 

that the approximate conditional effective/and h fields are very much close to those by the 

iterative MCS. This proves that the iterative conditional effective fields are very much close 

to be called "conditional mean fields". Finally, for field problems where measurement errors 

and other unknown factors may play important roles, the ability of our iterative inverse 

approach remains valid, but it needs to be tested. 
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7.2 Recommendations Cor Future Research 

The following recommendations are suggested for future research works: 

(1) Although the Assessment of an inverse method under any field condition is difficult, and 

although it ~ difficult to determine the amount of measurement errors in the data sets, 

we still can see that our iterative technique is still valid and might be very much 

attractive to use for such fields conditions. 

(2) This technique can be extended easily to solve for solute transport problems. Since the 

simulation of the solute concentration depends very much on the accuracy of the 

velocity field, which is one of the most wonderful products in out technique, one can 

feel sure that we can get the best in simulating the arrival time as well as the solute 

concentration field. 

(3) This technique can be modified to work for transient conditions. The only difference is 

in the way of generating the sensitivity matrix using the first order numerical analysis, 

Adjoint State Method. 

(4) The more fruitful results are not yet gotten, especially if we can extend this iterative 

technique in studying the multi-phase flow and solute transport in highly 

heterogeneous fields. The main problem here, is that we need a very large CPU time 

in order to use our iterative technique in solving these kind of problems. 
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