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ABSTRACT

A method which allows for the analytical evaluation of the interaction between a
transient plane wave and a conductive half-space is presented. We assume that an
electromagnetic plane wave is obliquely incident on a conducting half-space, which
is modeled by a frequency independent permittivity and conductivity. The general
case of the electromagnetic plane wave is divided into two polarizations: transverse
electric (TE) and transverse magnetic (TM).

The time-domain expressions for the reflected and transmitted waves are first rep-
resented as inverse Laplace transforms. The transient fields are then shown to consist
of two‘canonical integrals, f(8) and e(8). The canonical integrals, in turn, are solved
analytically, thereby yielding closed-form solutions involving incomplete Lipschitz-
Hankel integrals (ILHIs). The ILHIs are computed numerically using efficient con-
vergent and asymptotic series expansions, thus enabling the efficient computation of
the transient fields. The exact, closed-form expressions are veriﬁed by comparing
with previously published results and with results obtained using standard numerical
integration and fast Fourier transform algorithms.

An asymptotic series representation for the ILHIs is then employed to obtain a
relatively simple late-time approximation for the transient fields. This approximate
late-time expression is shown to accurately model the fields over a large portion of

their time history.
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The closed-form transient field expressions are used to investigate the effects of
neglecting displacement currents when studying transient wave propagation in the
conductive half-space. The diffusion fields are found to yield accurate results at late

times.
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CHAPTER 1

Introduction

It is our intent to study the interaction between a transient plane wave and a
conductive half-space. We assume that a transient plane wave is obliquely incident
on a conductive half-space which is modeled by the frequency independent electri-
cal parameters o, €, and u. We obtain exact, closed-form solutions for the fields
which involve two canonical integrals, namely, f(8) and e(8), which in turn are ex-
pressed as linear combinations of incomplete Lipschitz-Hankel integrals (ILHIs). To
the best of our knowledge, this is the first time that the transient fields for this im-
portant canonical problem have been represented in closed-form in terms of readily
computable special functions.

Our interest in this problem is motivated by the requirement to compute the
transient reflected and transmitted fields for various applications, such as stealth
technologies, remote sensing, measurement of the electrical properties of conductive
substrates, geophysical probing, and subsurface communication. Particularly, the
rapidly growing demands on Distributed Interactive Simulation (DIS) stimulate the
study of this problem. For example, missile simulation devices require real time
simulation of the missile flying environment. As a missile cruises over the earth,

the DIS indicates the interaction between the pulse generated by the missile and
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the ground. Therefore, an exact, closed-form field solution is valuable for fast and

accurate calculation of this interaction.

1.1 General Literature Survey

The problem of the interaction between a transient plane wave and a conductive
half-space has challenged scientists in electromagnetics for over of a half century
because of the difficulties posed by dispersive propagation channels. In this section,
we provide an overview of related work.

People started by studying transient wave propagation through a whole space filled
with a dispersive medium, under the assumption that the electrical properties of the
dispersive space (i.e., 0, €, and p) are frequency independent. In 1941, in his famous
textbook Electromagnetic Theory [37], Stratton employed a Laplace transform pair
to solve for the fields associated with an electromagnetic plane wave propagating
in a dispersive medium. Later, Wait (1951) calculated the traﬁsient electric fields
generated by several types of unit-step function current sources, such as electric and
magnetic dipoles, and linear grounded current elements of finite and infinite length
embedded in a conductive whole space [39]. He used the Laplace transform and ne-
glected the contribution of displacement currents in order to obtain an approximate
closed-form solution for the electric field. This method limited the validity of the
solution only to low frequencies so that the transient response was only valid at late

times. Furthermore, this solution violated causality, which we will discuss in detail
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in Chapter 7. Wait (1953) [41] and Richards (1958) [36] extended this work to com-
pute the magnetic field for a pulsed dipole in an infinite conducting medium. They
emphasized the attenuation behavior that was observed as a function of the distance.
Zisk (1960) [56], and Anderson and Moore (1960) [2] continued Wait and Richard’s
work and investigated the causes of this behavior. Since they were interested in the
transient response for long distances, the displacement current was omitted. Bhat-
tacharyya (1957) later considered the more realistic case of electric dipoles with ramp
and sawtooth function current sources immersed in a conducting medium. He noted
that the finite rise time strongly affected the fields [5]. He also neglected displace-
ment currents in this study. Later, Bhattacharyya (1957) discussed the propagation
of a step-function excited electric dipole in a homogeneous and isotropic conducting
medium [6]. This time he took into account the effect of displacement currents. How-
ever, the transient response was not expressed in closed-form because he could not
~analytically evaluate the inverse Laplace transform integrals. In 1969, Wait obtained
an exact, closed-form solution for a transient electric field energized by an infinitely
thin, unidirectional uniform current sheet. This source gave rise to a normally inci-
dent, transient plane wave propagating in a whole space [48].

Wait first studied transient wave propagation in a dispersive half-space in 1951
[40]. In this introductory work, he presented the transient field of a magnetic dipole
for a unit-step function excitation placed over a horizontally stratified earth. Once

again, the displacement current was neglected. In 1956, Wait derived the transient
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fields for a vertical electric dipole over a homogeneous curved ground [43]. The fre-
quency domain solution was facilitated by employing a series expansion. The tran-
sient response was then obtained by transformation techniques. Wait (1957) [44, 45],
Levy and Keller (1958) [23], and Keilson and Row (1959) [18] investigated the prop-
agation of transient ground or surface waves over curved and planar earth. The
transient electric and magnetic fields for a magnetic dipole excited by a step-function
current placed close to the surface of the earth were determined by Bhattacharyya in
1959 [7]. In this investigation, the displacement current and the effect of the air were
taken into account. Unfortunately, no closed-form result was obtained since the inte-
grals still remained in terms of inverse Laplace transforms. A general analysis for the
electromagnetic response of conducting media (either infinite or half-space geome-
tries) due to pulse excitation was presented by Wait (1961) [46]. Mijharends (1962)
[27], and Wait and Hill (1971) [52] presented the transient electromagnetic field be-
havior, generated by a horizontal electrical dipole and magnetic dipole, respectively,
embedded in a homogeneous conducting half-space and excited by step-function cur-
rent. These studies neglected displacement current. Monroe (1969) obtained a three-
term approximate expression, consisting of a constant plus two exponentials, for the
reflected field of a vertically polarized plane wave in free space with a step-function
time variation which was incident obliquely on a planar imperfectly conducting sur-
face [28]. Wait and Spies (1970) investigated the electric and magnetic fields of a

step-function excited electric dipole immersed in an infinite homogeneous medium.
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The solutions were of series expansion form [49, 50]. Wait (1971) [51], and Hill and
Wait (1974) [16] considered the transient electromagnetic field in a conducting half-
space which was coupled by a line source (delta function excitation) placed above
it. All displacement currents were neglected. Wait and Ott (1972) calculated the
transient electromagnetic fields for a small current-carrying loop placed over a ho-
mogeneous earth. This study produced the basic theory for time-domain airborne
EM surveying [53]. Wait (1972) also studied the electromagnetic transient coupling
between two small underground loops [54].

Numerical methods have been used to study transient phenomenon since late 1960.
A typical example is the work by Fuller and Wait in 1972 [13]. They studied the effect
of the frequency dependence of the conductivity and permittivity of rock for pulse
transmission. They used a Debye model in order to model the frequency dependence
for the desired properties. A fast Fourier transform technique was then introduced to
carry out the numerical solutions. King (1993) analyzed the propagation of a single
Gaussian pulse in sea water and a Gaussian pulse envelope for a low-frequency burst.
The results were numerically evaluated [20].

In 1954, Vallese investigated a transient plane wave normally incident upon a
plane of good conductor [38]. The results were carried out by neglecting displacement
currents and reducing the wave equation to a simple diffusion equation. Wait and

Froese presented an inverse Laplace transform representation for the reflected field
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of a transient transverse magnetic (TM) plane wave which was excited by a unit-
step function source and was obliquely incident on a planar interface of & dissipative
medium (1955) [42]. The convolution theorem was then used to rewrite the transient
field in terms of an exponential function convolved with modified Bessel functions.
Approximate early- and late-time expressions were derived as well. They carried out
the inverse Laplace transform and obtained closed-form expressions for the transient
fields in some special cases. Grumet (1959) reported results on transient transverse
electric (TE) plane wave penetration into a semi-infinite conductor. The source he
considered was a unit-step function [14]. He obtained an inverse Laplace transform
representation for the transient field first. By dropping the displacement current,
he then reduced the wave equation to a diffusion equation, and thereby obtained an
analytic closed-form solution. He realized that the diffusion fields travel faster than
the speed of light (i.e., they violate causality). Baum used numerical inverse Fourier
transform techniques to calculate the reflection of a step-function plane wave from
a flat ground or water surface (1967) [4]. Nicolis (1967, 1969) [29, 30], and Wait
(1969) [47] examined the distortion of plane electromagnetic pulses reflected by total
internal reflection. King and Harrison (1968) studied a Gaussian plane wave pulse
normally incident on a planar earth [19)].

Dudley et al. [8] (1974) carried out a thorough investigation of TE and TM
reflected waves associated with a double-exponential, obliquely-incident plane wave.

They employed contour integration techniques in order to rewrite the inverse Fourier
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transform representation for the reflected fields in terms of a residue term and an
integral around the branch cut. The branch cut contribution was computed using
numerical integration. Papazoglou [34] (1975) extended the analysis to handle TE
and TM transmitted waves. He also investigated a Debye model which accounted for
the frequency dependence in the electrical properties of the conductive media. Barnes
and Tesche (1984) [3] developed a Neumann series representation for the impulsive
reflected field; however, their result is only approximate. Klaasen (1990) [21] showed
that the TE transmitted and reflected fields associated with a unit-step, obliquely
incident plane wave can be represented in terms of convolution integrals involving
exponential functions and modified Bessel functions. Klaasen used a time-matching
procedure to evaluate the required convolution integrals numerically.

In summary, up until now, we are unaware of anyone who has been able to rep-
resent the transient reflected and transmitted fields for an obliquely incident plane
wave in closed-form in terms of readily computable special functions. Reviewing the
history leads us to believe that in the early studies, people tried to simplify the prob-
lem using approximations so that the integrations could be carried out analytically.
The development of high-speed computers has revolutionized the capability for solv-
ing transient electromagnetic field problems. This has led more people to directly
apply numerical methods to the study of transient fields. However, valuable physical
phenomenon can be more readily extracted from analytical solutions. Therefore, we

have returned to study the analytic solution for this important canonical problem.
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However, instead of finding another approximate result, we have advanced the field

by obtaining exact, closed-form analytic solutions.

1.2 Outline

The most difficult part of this problem lies in the evaluation of the inverse Laplace
transforms. The novel contribution of this work involves new techniques for the an-
alytical evaluation of the integrals in the inverse Laplace transform representations.
Recently, Dvorak has found a number of exact, closed-form solutions for some rela-
tively complex canonical electromagnetic problems [10, 12]. All of the new solutions
involve incomplete Lipschitz-Hankel integrals (ILHIs). We now demonstrate that this
important canonical problem can also be solved usiﬁg ILHIs.

ILHIs are special functions which involve an integration over Bessel and exponen-
tial functions. Thus, one would expect them to be more complicated than Bessel
functions. It turns out that ILHIs can be written in terms of an infinite series of
Bessel functions. Just like the Bessel functions, ILHIs have various known integral,
series, and asymptotic representations [9, 25, 26]. ILHIs also provide solutions to
the wave equation [11]. Two factorial-Neumann series expansions together with a
Neumann series expansion allow for the efficient computation of the ILHIs [9)].

The problem to be studied is introduced in Chapter 2. The coordinate system is
first introduced followed by the constitutive parameters. A Laplace transform pair

is used to connect the fields in the time-domain and Laplace domain (s-domain).
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An arbitrary transient wave can be decomposed into two independent sets of modes:
transverse electric (TE) and transverse magnetic (TM). Two sets of fields (transmit-
ted and reflected) are determined using Maxwell’s equations and boundary conditions
in the s-domain. Some important frequency domain properties are discussed as well.

Chapter 3 is devoted to an overview of the mathematic tools. Two canonical in-
tegrals, f(8) and e(g), are defined by inverse Laplace transform integrals. It is then
shown that these two canonical integrals satisfy second-order, non-homogeneous, or-
dinary differential equations. The differential equations can be solved analytically,
yielding closed-form expressions involving incomplete Lipschitz-Hankel integrals (IL-
HIs).

In Chapters 4 and 5, the transient transmitted fields for the TE and TM modes
are represented by inverse Laplace transform integrals, respectively. Using various
mathematical techniques, these inverse Laplace transforms are expressed in terms of
the two canonical integrals, f(8) and e(8), plus some other elementary functions.
The transient reflected fields are obtained by using the convolution theorem and the
transient transmitted field results. Various numerical results are demonstrated for
validation purposes. Comparisons between the closed-form solution and the results
obtained by both a fast Fourier transform (FFT) algorithm and a numerical integra-
tion routine are made to show the advantages of the closed-form solutions.

In Chapter 6, relatively simple late-time expressions for the canonical integrals

f(B) and e(f) are derived by using the asymptotic factorial-Neumann series expansion
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for the ILHIs. The numerical result for the late-time transient fields shows good
agreement with the closed-form solutions over large potion of the time history.

In Chapter 7, the effects of neglecting displacement currents when studying tran-
sient wave propagation in the conductive half-space are discussed. Approximate
diffusion fields are compared with the closed-form results.

General conclusions and recommendations for further work are included in Chap-

ter 8.
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CHAPTER 2

Problem Formulation in the Laplace Domain

This chapter provides a foundation for studying the interaction between a transient
plane wave and a conductive half-space. The materials developed in this chapter
will be used in following chapters. Since Laplace transforms have received in depth
treatment in many textbooks, we refer the reader to the following references [32,
55| for further information. First, the geometry of the problem and the coordinate
system are described. Next, we review the procedure for determining the transmitted
and reflected fields in the Laplace domain from Maxwell’s equations. The Laplace
transform pair is employed for this procedure. Invoking the boundary conditions at
the interface then leads to the solutions of the transmission and reflection coefficients
for both the TE and TM cases. Finally, some frequency domain properties of the

reflected and transmitted fields are discussed.

2.1 Geometry for the Problem

As depicted in Figure 2.1, a uniform transient plane wave is obliquely incident at
an arbitrary angle 8; on a conductive half-space (medium II). We assume that the

source for the plane wave resides in the air (medium I). To specify the position in this
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unbounded space, we employ the coordinates (z, y, z) with respect to a given orthog-
onal right-hand Cartesian reference frame. The position vector in this coordinate

system is given by

r =zX+ yy + 22. (2.1)

Furthermore, we assume that medium I (air) is homogeneous. The constitutive
constants of the air are those of a vacuum, i.e., ¢y and pg. The conductive half-
space (medium II) is assumed to consist of a homogeneous, isotopic, time-invariant,
linear material. The electromagnetic behavior of medium II is characterized by a
conductivity o, permittivity €, and permeability g, which are all assumed to be
frequency independent. Actually, the permittivities of many media, for instance soil,
are quite dependent on frequency and to a smaller extent so are the conductivities.
However, as frequency is increased, the permittivity appears to level out. For angular
frequencies larger than o /e, the permittivity is somewhat constant [4]. Our problem
is clearly two dimensional, since there is no variation in the y-direction.

If the time variable is denoted by ¢, then the Laplace transform pair can be written

as [32, 55),

LIF()] = F(s) = /) ~ emtp(t)dt, (2.2)

and

Flt) = —— [ stFo)a 2.3
(0= 5= [ e*F(s)as, 23)

—joo
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Figure 2.1: Geometry and coordinate system for transient plane wave incident into

a conductive half-space
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where £ is a constant which is chosen large enough so that all the singularities lie to
the left side of £ in the complex s plane. The s-domain (Laplace domain) fields are
obtained later by applying the Laplace transform (2.2) with respect to time to the
wave equation.

An arbitrary transient plane wave in a homogeneous source-free region can be bro-
ken up into two sets, i.e., a transverse electric mode (TE) and a transverse magnetic
mode (TM). If the incident electric field is polarized perpendicular to the propagation
vector, it is defined as a TE mode; otherwise, it is a TM mode. It can be shown that
these two sets of fields are independent and that there is no mode coupling in the
problem we are studying. For the chosen coordinate system, the TE and TM modes

involve the following non-zero field components,

( 1
E'y Hy

TE { g, ™ | g, . (2.4)
Hz Ez

These six components constitute the field [15]. We wish to determine the trans-

mitted and reflected fields and are going to solve for these two kinds of waves.

2.2 Solution for the TE Case

In this section, we find solutions for the TE case. As indicated in (2.4), the

principal field component for this case is E,.
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We start from Maxwell’s equations

B
VXxE+2 =0
V-B=0
r, (2.5)
D
VxH-2 =
V'D=Pej

where p. and J are the charge density and current density, respectively. The consti-

tutive relations are

D =¢E = ¢,¢E

(2.6)

'

B = uH = pprpoH

J=0E J
where €, and p, are the relative permittivity and the relative permeability, respec-
tively.

After taking the curl of the first equation in (2.5) and applying the constitutive

relations (2.6), we have

Vx(VxE)=—Vx%—?=—u§—t (aa_lt)+J) =—-ue%2§-—u0%—?. (2.7)
Using the vector identity {15]
Vx(VxA)=V(V-A)-V3A, (2.8)
(2.7) becomes
V2E — peazE = ;w-a—E + —l-Vpe. (2.9)

a2 ot €
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Equation (2.9) is a D'Alembertian equation. In source free regions of space, p. = 0,

so that

(2.10)

which is the time-domain wave equation.
If we apply the Laplace transform to both sides of (2.10), we find that the time-

domain wave equation reduces to the Helmhotz equation in the s-domain:

(V2= 12)E(z,2,5) =0 (2.11)
where
1
Ye = y/s(spe 4+ po) = /¢ (s + %); R(ve) >0 (2.12)

is the complex propagation constant and
U= —— (2.13)

is the speed of light in a lossless medium modeled by € and p. The subscript e in the
above equations denotes the TE case.

The general solution for Helmholtz's equation (2.11) is
E(z, 2,5) = Ey§ = Eo(s)e™e " Ty, (2.14)

where

Ye = YezX + Vez2. (2.15)



28

The incident electric field, which must satisfy the Helmholtz equation (2.11) with
€ = €p, L = lg, and o = 0, can be written as
B (0, 2,5) = Fpe~ Hewnditscnt), (2.16)

where Ej is the amplitude of the incident waveform and c is the speed of light in free

space. Likewise, the reflected and transmitted fields are given by

E{)(z,2,5) = EqRee™c(inbr=zc0s0r) (2.17)
and
E!(,‘)(a:, 2,8) = ET,e~(Team+7e:2), (2.18)

where R, and T, are the reflection and transmission coefficients, respectively.

By invoking the phase matching condition along z at z = 0, we find that
0; = 0, (2.19)

and
s .
Yez = - Sin 0s. (2.20)
In order to satisfy (2.12) and (2.15), we find that
1 92 o
= 2. = — - —_gin2g. 2 iy 21
Yez \/’)’ Ve éJ (1 ) sin 0,) s4 + 6s (2.21)

If we define 4, to be the angle of refraction for the lossless case (i.e., ¢ = 0), then we

can rewrite (2.20) and (2.21) as

sin 6, (2.22)

Yex =

[SY RV
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and
f
ez = °°;’ t\/sZ + 2as, (2.23)
where
a=—7 _ (2.24)
2¢e cos? 8,
and
. 2,
COS@t =4/1— 'c—2'Sln 9-,'. (225)

The significance of the refraction angle associated with the lossless case will be dis-
cussed in following chapters.
Employing Faraday law, V x E= —s,qu, we find that the corresponding magnetic

fields are given by

HO(z,2,5) = _-c—,ul_; cos 0; Elge~ e (#sinditzcosbs) (2.26)

I;Tf) (z,2,8) = c,uLo sin §; Ege~¢(@einfitzcosbi) (2.27)

I?g)(a:, z,8) = CIZ—'; cos 0;Ege™ ¢ (@eindi—zcosdy) (2.28)

H™)z,2,s) = :L—‘; sin §; Ege ™ s(®einfi—zcosbi) (2.29)

A®(z,2,5) = _Z_;Eo 2 d Vs + 205 ¢~(§osinlit§ cosbe/sTHDas) (2.30)
HO(z,2,5) = Z’—;- sin 0; Boe~(§osin e+ cosfv/7+2a3), (2.31)

After enforcing the boundary conditions (i.e., E'y and H, are continuous at z = 0),

we find that [17]

s —beVs? + 2as

= 2.32
s +beVs? + 2as (2:32)

e
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and

_ 2s
s + beV/'s2 + 2as’

_ /e,u_o cos §,
be = peg cosé;’ (2:34)

Te

(2.33)

where

2.3 Solution for the TM Case

In this section, we find the solutions for the counterpart of the TE case, the TM
case. From (2.4), the principal field component for this case is H,,.
To start, we take the curl of Ampere’s law (2.5) and use the constitutive relations

(2.6), so that

8D d *H o6H
VX(VXH) = VXJ+VX-a—t' = O'(VXE)'FGE(VXE) = —ﬂG'a—tz-—EO'E-t—. (2.35)

After again using the vector identity in (2.8), we have
(2.36)
which is the TM time-domain wave equation.

If we take the Laplace transform of both sides of (2.36), the wave equation reduces

to Helmhotz’s equation

(V% - s2ue)H(z, 2, s) = opsH(z, 2, s). (2.37)
If we define
1 )
Th = \/s(spe + po) = V¢ (s + z), R(yn) >0 (2.38)
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as the complex propagation constant, then (2.37) becomes
(V? - 1i)H(z,2,5) = 0 (2.39)

in the s-domain. The subscript & denotes the TM case.

The general solution for the Helmholtz equation in (2.39) is
A(z,2,9) = ,§ = Ho(s)e™M " Ty, (2.40)
where
Yh = YhaX + YhzZ- (2.41)

The incident magnetic field, which must satisfy Helmholtz's equation (2.39) with

€ = €g, 4 = Mo, and ¢ = 0, can be written as
I:[!Si)(z, z, s) — }"Ioe—%(zsin9.~+zc059¢), (242)

where Hj is the amplitude of the incident waveform. Likewise, the reflected and

transmitted fields are given by
I}zsr)(a:, z,8) = HoRpe ™ c(@sindr—zcosfr) (2.43)
and
I?,S‘)(z,z, s) = HoThe (a2t h:2) (2.44)

where Ry, and T}, are the reflection and transmission coefficients, respectively.

By the phase matching condition (i.e. (2.19)) along z at z = 0, we obtain

Vha = %sin 8; = > sin6, (2.45)

S| »
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and

)
Yhe = co; LV/s? ¥+ 2as, (2.46)

where a and cos §, are given by (2.24) and (2.25), respectively.

Employing Ampere’s Law V x H = J + seE = (0 + s¢)E, we find that the

corresponding electric fields are

- 1 ~ PP
EO(z,2,5) = —cos §;H e~ c(weinfitzcosbi) (2.47)
0
- s 1 ~ 8fm
B (,2,8) = ——— sinf;Hoe™s(einfirzemdd, (2.48)
0
B(5,2,5) = = o cos e im0z o), (2.49)
0
- R ~ 2 i
BO)(z,2,8) = —f sin 6; Hoe ™ s(esinbi=zcosdi) (2.50)
0
E-g)(x, 2 s) _ Th ﬁOCOf 0t \/me—(%“inéﬂ-% cosl;g\/s!+2aa), (2.51)
o+ s¢ v
E."‘S,t)(w, z,8) = — T H sSineie—(%asinéﬁ-;';coséc\/?-i-fl—as)_ (2.52)

0
o + s€ c

Imposing the boundary conditions (i.e., I;fy and E, are continuous at z = 0), we find

that [17]
Re = (0 + s€)d cosb; — eoc cos G,/5% + 2as _(s+p)—bpVs®+2as (2.53)
h (0 + s€)d cosf; + egccos 8,/ 2 + 2as (s + p) +bpVs2 + 2as )
‘and
T — 2(o + se)d cosb; _ 2(s+p) (2.54)
" (¢ + s€)d cos0; + egccos0yv/s2 + 2as (s + p) + bpVs2 + 2as’ '
where

by, = /fg;_{COSOt, (2.55)
o€ cos 0;
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and

m.|q

(2.56)

b
i

2.4 Properties of the Fields

Some aspects of the reflected and transmitted fields, which will clarify some of the
properties of wave propagation in the frequency-domain, are discussed in this section.
The expressions in the s-domain are rewritten in the frequency-domain because of
the physical importance of the frequency-domain. This is done by simply replacing

s by jw.

2.4.1 Propagation of the Transmitted Fields

We demonstrated in the previous sections that the phase terms of the transmitted

fields for the TE and TM cases are the same. Now let
Y =YX+ 7.2 = J(ka:&- + k,2) = jk1 (2.57)

denote the phase term for both the TE and TM transmitted fields. From the previous
sections,

ym=gﬂn&=j%mn&=jMMn&. (2.58)

Therefore,

ke = kosin6; (2.59)
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in frequency-domain. Similarly,

e = jkcosfy, [1— j—I— = jk,. (2.60)
€w cos? §;

Here we have used the radiation condition, () > 0.

In the frequency-domain, the wavenumber in the z-direction can written as

ky = kcosfy, [1 = j—2—— = k' + jk". (2.61)
€w cos? 0,

To satisfy the radiation condition, the square root in (2.61) must be chosen such that
S(k,) = k < 0. The variables kg and k denote the lossless wavenumbers in the
vacuum and the medium, respectively.

After solving (2.61), we find that

2

~ |1 o 1
k! =kcosl|=4|14+]| ——1 += 2.62
£ t 2J (ew cos Bt) 2 (262)

and

1 o \° 1
E! = —kcosby, [=4|1 + [ ——=] —=. 2.63
! 2\J (ew cos Ot) 2 (2.63)

The propagation factor can then be written as

e—j(:z:km+zkz) — eZkye'—j(wkE'szi). (2.64)

From (2.64), we conclude that the planes of equal amplitude are given by z =
constant, while planes of equal phase are given by zk, + zk., = constant. It is obvious
that the transmitted waves are non-uniform waves due to the loss of the medium.

Furthermore, the attenuation factor &/ increases with increasing frequency.
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By definition, the phase velocity in the conductive half-space is [24]

v= 1 (2.65)

\/§ (,/1+;‘5§;+1)

which is frequency dependent and increases with frequency so long as the constant y,

¢ and o are frequency independent. The physical implications of the phase velocity

will be discussed in depth after we obtain the analytic solutions for the transient
transmitted fields in later chapters.

As shown in Figure 2.1, the general refraction angle 6, is the angle between the
normal of the interface and the direction of wave propagation. As defined in (2.41)

the phase factor of the wave propagation constant is expressed as

iK1t — o—i(eketzks) — o—j(xkosinbi+zky cosby) (2.66)

where

k1= /kZ + k2 = /kEsin®6; + k2 cos? 6, (2.67)

is the amplitude of the wave propagation vector. From (2.67), we can solve for the

general refraction angle 6; as

k2
coth =,|1- 'k—%'s-iﬁ%, (268)

which is frequency dependent. With this notation, we can formulate Snell’s law for

lossy media as

k1 sin 6; = ko sin 6;. (2.69)
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Notice that if the conductive o vanishes, §; = é} resulting in Snell’s law for the lossless

case.

2.4.2 Brewster’s Angle Effect

When we study the wave propagation and reflection problem, we shall not forget
one important feature: Brewster’s angle effect. Brewster’s angle is the angle of
incidence for which there is no reflected field. For the TM case, we observe from
(2.53) that Brewster’s angle occurs only if the condition

er(1 — jZ)cost;

\/,u,.e,. — sin? 0; — jeoLw/‘r

=1 (2.70)

is satisfied. If only real angles of incidence are allowed, i.e., the incident wave is
uniform, this condition can only be satisfied when ¢ = 0, which relies on medium II

being lossless. We find that the Brewster angle for the lossless case is defined by

singTM = | &rler = #r) (2.71)

Notice that Brewster’s angle exists only when €, > p,. For the special case p = pp,

(2.71) simplifies to

sin M = (2.72)

€+ 1

Since €, > 1, Brewster’s angle for special case u = pg is greater than 45°,

For the lossless case, the reflection coefficient in the frequency domain is

_ € COS 0; — \/prer — sin?9; 2.73)

h = .
€rcosf; + \/ Wr€p — sin?9;
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We shall restrict our attention to the situation g = pg, so (2.73) reduces to

€-c080; — 1/€, — sin® 6;
Ry= 80 Ve Z s O (2.74)
e,c050i+\/e,—sin20,-

If the angle of incidence 8; is greater then Brewster's angle 5M, then sin 6; is greater
than sin §5™. We now prove that the reflection coefficient (2.74) is negative when

0; > 6EM. If R;, < 0, then we have

€rcosf; — /e — sin?9; < 0, (2.75)

which leads to

€2 cos?0; = €2(1 — sin6;) < ¢, — sin®6;. (2.76)

Solving for sin 8;, we find that

sin6; > = sin %M (2.77)

€r
€+ 1
which is what we wanted to show.
As we have demonstrated, a Brewster angle is only defined in the lossless case.
However, we can extend this concept to the lossy case by defining the angle which

corresponds to a minimum in the reflection coefficient as the pseudo-Brewster’s angle.

The reflection coefficient R}, of (2.53) can be written in the frequency-domain as

. 1
Rh (UJ) — T €ow cos 04

\/ﬂrer — sin® 0: — j%}/‘r

= (2.78)
€r — j'EOLw + co;g‘.\//‘rer - 51n29i - jé‘,‘ﬂ-r
Let Rp(w) = 0, which leads to the result
€r— Jpp— 1
cos M = Frér ~ Tl (2.79)

(e,.—ji—u-)z—l .
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For the special case pu, = 1, (2.79) simplifies to

cosogM=——1——.
1/51'_ij¢.; +1

Although (2.79) and (2.80) only have real solutions in the limiting cases w — oo or

(2.80)

o — 0, the reflected field is small when 6; > 0p provided that the conduction current
is small in comparison to the displacement current. Put anothef way, for the limiting
cases w — oo or ¢ — 0, equations (2.79) and (2.80) are approximately satisfied for a
given ¢ if w is large enough, i.e.,

L« (2.81)
c€w

Equation (2.81) shows that the pseudo-Brewster angle effect is stronger in high fre-
quencies. Physically, the higher frequency components are absorbed more than the
lower frequency components by the conductive half-space. This effect will be observed

in the time-domain as well.
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CHAPTER 3

Canonical Integrals

In the previous chapter, we obtained expressions for the transmitted and reflected
fields in the s-domain. The desired transient field expressions can be now represented
by an inverse Laplace transform of the previously derived s-domain results. The task
of evaluating the inverse Laplace transform constitutes a difficult mathematical prob-
lem. Before deriving the transient field expressions, we want to provide an overview
of the mathematical tools employed to solve this difficult problem. In this chapter,
we are going to demonstrate a method which allows for the analytical evaluation of
the inverse Laplace transforms which are encountered when studying the interaction
between a transient plane wave and a conductive half-space. We have found that
the transient fields for both the TE and TM cases can be represented as a linear
combination of two canonical integrals, f(#) and e(8). These canonical integrals
satisfy second-order, non-homogeneous, ordinary differential equations. The differ-
ential equations can be solved analytically, yielding closed-form expressions involving
incomplete Lipschitz-Hankel integral (ILHI’s).

As mentioned before, we shall show in the following two chapters that computation

of the transient fields for both the TE and TM cases relies on the evaluation of the
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following inverse Laplace transforms:

£4jo00 eut’—% conf¢r/u+w?

1
EZ] d 3.1
.f(ﬁ) 27["7 /E-"J'oo \/u2 + wg(u " ﬂ) U ( )
and
1 €+-joo e“'—%mﬁ,@
e(ﬁ) = %»/f-—joo - +ﬂ du. (3.2)

Therefore, we must find an efficient method for computing these canonical integrals.
But obtaining the exact solutions are very difficult. Many authors have spent con-
siderable effort to solve these integrals approximately [14, 21]. We say it is difficult
because these integrals can not be found in a standard table of Laplace transform
pairs [1].

Fast Fourier transform (FFT) techniques can be used to evaluate f(8) and e(3)
numerically; however, a large number of points are required in the FFT in order to
minimize aliasing and truncation error. Standard numerical integration is another
option, but the computation efficiency is relative low and the slow convergence, for
some cases, will affect the accuracy. Contour integration techniques can be applied to
this problem [8, 34, 10]; however, the procedure of adopting this technique is tedious,
complicated, and difficult to follow.

The integrals in (3.1) and (3.2) are difficult to evaluate analytically because they
contain both pole and branch singularities. It was demonstrated in [10] that con-

tour integration techniques can be used to obtain the desired closed-form solutions.
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However, that technique was relatively complicated. Fortunately, Dvorak and Dud-
ley recently developed a relatively simple method whereby closed-form solution are
obtained for f(8) and e(8) by using a differential-equation-based method [12]. They
derived the solutions in the frequency-domain (Fourier domain). We will now demon-
strate that the same solutions are obtainable by using the Laplace transform.

We first map f(8) and e(g) from the z—t plane to a ¢ —¢ plane. Next we prove that
f(B) satisfies a second-order, non-homogeneous, ordinary differential equation. The
variation of parameters method is then employed to solve the differential equation,
thereby yielding an exact closed-form solution.

We start by establishing a relationship between f(8) and e(#) so that we only
need to solve one differential equation. To achieve this goal, we employ the following

change the variables:

t = CCOShgb’ (3.3)
Wp
2 cosby = ¢ sinhy , -
v wp
and
e e (3.5)
p rv2 t‘ .
Substituting (3.3) and (3.4) into (3.1) and (3.2), we have
L rgen oS ((efum) com—sinh /Gl |
f(B) == / N -
21 Je-joo (u _*_ﬂ)\/u2 +w§

and

£+joo eC ((u/wp) cosh 1—sinh ,/,W)

1
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The Laplace transform pair 1, 29.3.92],

22 2 . 1 oo eut’—%coséu/uzwf, .
Jo | wpy[t? — 7200529t U (t' - 7cos<9t) = —/ du; z >0,
v v 21 Je—joo \/u2 +- wg

(3.8)

will be employed. Using (3.8), it is straight forward to show that

1 waf(ﬁ)
"~ sinhy | T 8¢

e(B) + cosh 9 [Bf(B) +u(Ce"/’/w,,)Jo(C)]}. (3.9)
Thus, if we find f(8), then e(8) can be obtained from (3.9).
With the help of (3.8), it is easy to show that f(3) satisfies the following second-

order, non-homogeneous, ordinary differential equation:

a2 B\ d  (BY .
(Ez-z-+2coshw (;p) E-C--i- (E) —sinh“y | f(8)

1 1 c+0o e‘ut’—% cos 9¢\/u2+w§
= ——2—./ (u cosh 2¢ — sinh 2¢,/u® + w? + ) du
Wy 27TJ c—o00 \/u2 T (1112,

- -1 cosh2¢i+sinh21/)-——a—+ﬂ Jo | wpt/t"2 z2cos20
T Wl ot 8(z cosfy) ATV e

z -
Xu (t' — —cos Ht)
)]

=5 (6(e™ fup) + ul(Ce™ ) BIo(C) — wpcoshy (Q)]) . (3.10)

P
The characteristic equation for (3.10) is

2
D? +2cosh ¢ (ﬁ) D + (—ﬁ—> — sinh®y = 0. (3.11)
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The roots of the above characteristic equation are given by
—f cosh ¢ + sinh ¢, /42 + w2 3 —pt & Zcos ét,/ﬂz + w?

a4 = =
2 ~
Wp wpy/t2 — £ cos? 0,

The homogeneous solution for the differential equation in (3.10) has the general

(3.12)

form
F®(B) = Cre™+¢ + C_e®S, (3.13)
where C'1 are the constants to be determined by the initial conditions.

Using the method of variation of parameters [22], the particular solution is

1900 = =) [ LT D ar 4 oty [2 D ar, - (ag

where 7(7) is the non-homogeneous term in the differential equation (3.10), and W (1)

is the Wronskian:

2sinh/f%2+ w2 | o
W(E) = AOME) = FOR(Q) = — VT H % gpempec g )

w

The other functions are defined by

f1(¢) = e®+¢
f2(¢) = e*-¢
| (3.16)
f1(¢) = a,e+¢

f3(¢) = a_e®¢

After substituting (3.15) and (3.16) into (3.14), we obtain the following particular

/

solution:

®(g) = e+ {_ e <£> c{ﬂ B
A 2sinh1p\/ﬂ2+wg ﬂwp u Wy A prO(T) cosh ¢ Jy(7)
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a-¢ -2 P
X e M dT} - 2 {—ﬁe —u (Se_)
2sinh¢\/ﬂ2 + w? Wp Wp

Ac [wﬂpJo(T) - COSh’(/JJl(T)] e~%-" dT} . (3.17)

The first term in each curly bracket is constant with respect to £, so they can be
included in the constant terms (C4) in the homogeneous solution. Thus, the general

solution is given by:

__u(¢e ¥/ wy) e, ¢ . ) — cos i
1 = oy wg{ |2+ [ 108/ () = costp s (r)lem+7ar]
~ et [c_ + /0 “1(8/wy) Jo(r) —costhl('r)]e_a‘Td'rJ}. (3.18)

Employing integration by parts for the second terms in each square bracket, we obtain

u(@e™/wp)  f oy
16 = —Zsinhll)\/ﬁz:-wg{e C[CJ’Ha*COShw +ﬂ/w”)Je°(a+’C)]
- ¢ [C_ + (a-cosh 9 + B /wp)Jeg(a—, C)] }, (3.19)

where the incomplete Lipschitz-Hankel integral (ILHI) of the first kind is defined as
[9]

Jen(a,¢) = /Oce"‘"?'"Jn(T)dT. (3.20)
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The undetermined constants, Cx, depend on the initial conditions of f(8) and
2£(B) 45 ¢ — 0. From the definition in (3.6), f(#) may be rewritten as

c+joo exp (¢ u—:‘;coshw—sinhw o
f(ﬁ) = 27r]/ /+.7 -A(u+ﬂ) [ ( \/u2+w3 ]dudA. (3_21)

Using the first initial condition ¢ — 0, we find that

%) c+-joo (=A)u
lim £ (8) = A e=PAd) [——— / ¥ -—e—du]. (3.22)

2nj Jemjoo  [uP + w2

When comparing the term in the square brackets in (3.22) with (3.8), we find that
lim £ (6) = /0 * e BN (—t') Jo(wpA)dA = 0. (3.23)
Thus, after letting ¢ — 0 in (3.19) and setting the result equal to 0, we find that
C,.=C._. (3.24)

Next we use the initial condition on the derivative of the function. If we perform

the derivative of (3.21) first and then let ¢ — 0, we have

c4-joo u2 =A(u+B)
lim o1 (h) = 27”/ / (— coshy — sinh ¢ +1) S duat’

{—0 ag‘ c—joo p A /u2 + a)g

ct+joo g(—A)u c+joo
- _Li © e"‘AﬁdA [./ © e____ymdu —_— / e("A)u Sinh ¢du]
[+

e—joo  Ju? + wk

00 g~ B hwS(A b 5 1 ctjoo o™
= /0 o sinh$8§()) + cos w—a—,\%/ﬁm f_u2+w2

= /me—Aa [smhap&()\)-i-coshap —u(— /\)Jo(w,,t)] dA. (3.25)
0 wp
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Applying integration by parts to the second term in the square bracket in (3.25), we

obtain

. Of(B) _ _e¥
i %= -5 020

Since this must be equal to the derivative of (3.19), i.e.,

. Of(B) _ u(0)
}{% o —2sinh¢wp\/ﬂ2 e [(a+ —a-)es + (ay — a) cos 9], (3.27)
we find that
Cy =C_ = —sinh9. (3.28)

When taken together with the results in (3.19) and (3.28), we obtain the solution for

the differential equation in (3.10):

()

Wp

2sinh 9, /6% + w3

7o) =~ feost [— sinh + (ﬂ ooy ) e, c)]
Wy

- e*¢ [— sinhy + (ﬁ +a_ coshf/}) Jeo(a-, C)]}
Wp

u(t' — 5.‘-cosét){ B . <z ~ 1 Bz n
= —=>_——=S¢ sinh -;cosc‘)n/ﬁ2+w2) + = [(T cos 6,
v ? 2wp\/ t2 — 23 cos2 6, L\ ¥

— /ﬁz + wg)ea+CJeo(a+, ¢)— (ﬁsz cosét + t/\/Ot2 + w,%)e“'CJeo(a-, C)] } (3.29)

In order to obtain an expression for e(4), we substitute (3.29) into (3.9):

z A y-TU 2 ~
e(B) =u (t’ — 5 cos Gt) {e At cosh (5 cos 0;,/52 +wg>
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+ 1 [(ﬁsz cos b, — t'\ /B2 + wg)e“‘fc.]eo(a.,., <)

= =
2wp\/t’2 — %5 cos? 6,

+ (%z_ cos by + t'\/ﬁ_2+_w§) e*~¢ Jeo(a-, C)J } (3.30)

The canonical integrals e(8) and f(8) will be used in a closed-form solution for the

transient fields in the following chapters.
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CHAPTER 4

Derivation of the Transient Fields (TE Case)

Having obtained expressions for the transmitted and reflected fields in the Laplace
domain in Chapter 2, we can now derive the transient field response by applying an
inverse Laplace transform. We make use of the mathematical tools we developed in
Chapter 3. In this chapter, we will only consider the TE case and leave the TM case
for the next chapter.

In this chapter, we first derive integral representations for the transient transmit-
ted field by inverse Laplace transforming the previously derived results. We next
show that the transient transmitted field can be expressed in terms of two canonical
integrals, f(8) and e(8), which were represented in closed-form in the last chapter.
We claim that this expression is an exact, closed-form solution since only elementary
functions and readily computable special functions are present, and no approxima-
tions are employed. We then use the convolution theorem to determine a closed-form
solution for the reflected field. Finally, we use the closed-form solutions to study this

important canonical problem.
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4.1 Transient Transmitted Field

Based on the results obtained in Chapter 2, the field E."l(,‘)(a;, z,8) depends on the
source spectrum Eo(s). We employ two types of sources in this dissertation: a unit-

step and a double-exponential pulse. These two sources are handled separately.

4.1.1 Transient Transmitted Field Associated with a Unit-Step Function Source

For the unit-step function input, i.e.

Eo(t) = u(t) = 4 (4.1)

the amplitude spectrum is

Eo(s) = % (4.2)

The transmitted field for the TE case is given by (2.18) together with the transmission
coefficient T, in (2.33). As stated in Chapter 2, the transient field response can be
obtained by invoking the inverse Laplace transform (2.3),

Eg)(:z;,z, t) — _1_ E+ioo 2 est—%ssiné;—%cosé¢\/s!+2aa ds. (43)

25 Je—joo 5+ beV's% + 2as

After multiplying the denominator as well as the numerator of (4.3) by beV's? + 2as

-s, which corresponds to the numerator of the reflection coefficient R,, we obtain

EP(z,2,1) =

1 /E-i-joo 2besea(t-% sinf;)~ £ cosf,v/57+2a3
ds
13

2 Jeim (12 - 1)V 2as (s + 5 )
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1 /54._7'00 4abees(t—% sin 6¢)~ £ cos ¢ Vs7+2as
Punrdll ds
2m 3 Je—joo (62 - 1)vs? + 2as(s + 323'%31-)

ds

1 /£+j°° 2es(t— % sin é;)— £ cos 0¢/3212as
3

2mj Je—jeo  (p2 — 1)(3 + %)

ds

1 /€+j°° 2be(s +a)es(t—%sinég)—%cosén/(a+a)2-a2
2] Je=joo (b2~ 1)y/(s +a)? — a2 [(s +a)+ (i{%— - a)]

ds

1 £--joo 2abees(t—% sin0¢)—£ cos §¢/(s+a)2~a?
o7 o ,
My Je—joo (p2 — 1) (s+a)2—a2[(s+a)+ (%’%—a)}

1 /5+j°° 2es(t—%sinég)—% <:cmé¢\/(.‘3-4-41)2—412
- = . S, (4.4)
23 Jeioo (52~ 1)[(s+ ) + (5 - o)
After making the change of variables,
u=s+a
2

fo= 3% —a

bet e (4.5)

th=¢t-— %sinét

wp = ja ‘

we find that the transient electric field associated with the unit-step input has the

following integral representation:

du

2e—at’ [ 1 /E+j°° beeut'-—%cosﬂgvuzwg

E® ,2,t) = -
y (2, 2,1) b2 — 1277 Jejoo \/u2+w§
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1 [&+i% by(a — fo)ett' =& o 0ev/vi+u}

2] Je-joo V12 + w2(u + fo)

1 £-+joo eut’—--f;coaéu/uz-{»wg
— duf.
27l'j ./f.—joo u+ ,30 }

du

(4.6)

The first term in (4.6) can be handled using the Laplace transform pair in (3.8).
The second and third terms in (4.6) have the general form of the canonical integrals

f(Bo) and e(Bo). Thus, the transient field can be expressed in closed-form as

28_“” 22 ~ 2 ~
Ezgt)(a:, z,t) = 21 [be-]() (w,,wt’2 - 52"0052 0, ' u (t' — > cos Gt)

+  be(Bo — a)f(Bo) — e(Bo)].- (4.7)

Similar techniques can be used to find the transient magnetic fields. Using (2.30)

and (2.33), the z-component of the time domain transmitted magnetic field is

2 cos 0,, vV 32 + 2ase_%5ingt—% cos @32+ 2as

A0z 2 8) = —
x (m z 3) /Lﬁ S(S+be\/§2+208)

(4.8)

Multiplying the denominator as well as the numerator of (4.8) by b.vs? + 2as — s

yields

() _ 2c080; be(s +2a) = V5TF 205 __ 2 gin gy £ cosie /TS

Hy'(z,2,8) = —— 5ol e~% 3

po(bZ — 1) s (s + 53:‘;)
_ 2cos ét be(s + 2(1) - Vs + 20.36__%““@'_%6039‘\/;!:'2“—8 (4 9)
pd(b2 —1) s(s + ap) ' '
where
2
op = 2% (4.10)

b2—-1

e
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After employing the partial fraction expansion method [33], we rewrite (4.9) as

2 cos 6, [be(s +2a) — V's® + 2as

gy y. 18) =
2 (@28) = T (s + @)

be(s +2a) — V&TF 2‘”] o~ Esindi cosdo VT (4.11)

L)

Application of the inverse Laplace transform results in the following expressions for

the transient magnetic field:

Hét)(x’ 2, t) = o 2co26t 1 . /E+J°° be(2a — aO) eSt_(%sinét+% coség\/mEE) ds
pbag(b2 — 1) [277 Je—joo s+ o

+ .L /E-i-joo Qg est—(%’- sin ég-{-% cos 0 vVs7+2as) ds
2w Je~joo V's2 + 2as

1 /E+j°° a0(2a — ao) est—(% sin 9¢+-§; cos ¢ /32 +2as) ds
£

-27r—j —joo \/s§+2as(s+ao)

'L:/E-}-J'OO 2abeest—(%sin0g+-‘6cosé¢M) ds] ) (412)
21j Je—joo 8
Application of the change of variables defined in (4.5) puts the integrand in the

general canonical form:

H,(f)(a:, 25t) = 2.005 052e-at 1 '/E+joo be(a — Bo) e""—%wséc\/m i
phao(b2 — 1) | 275 Je-joo  u+ o

1 €-+joo

Qp
+ — ——
2§ Je—joo U2 + w2

1_z )
ut 0c050¢\/u§+w5 du
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b [ el S POt penthTRD) gy
2mj Je-ioo \ [u? + wX(u + fo)

1 -/'E+.7°° 2abe eut’“%COSéfvu!W! du . (4.13)
4

ﬁj —joo U—a

Thus, reference to (3.1) and (3.2) allows us to rewrite the transient magnetic field in

closed-form as:
HO(z,2,t) = M [be(a — Bo)e(Bo) + aoJdo <w,,ﬂt'2 - f—cos2 6, '
(62 — Daoud 02
xu (t' ~ % cos ét) + aola — Bo)f(Bo) — 2abee(—a)]. (4.14)
Since H, is directly proportional to E, (see (2.18) and (2.31)), i.e.,
HO(z,2,8) = ;E(t)(m, z, 8), (4.15)
the z-component of transient magnetic field can be represented as

. _ sind;
H®(z,2,t) = —ﬂT’Ey)(z,z,t). (4.16)
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4.1.2 Transient Transmitted Field Associated with a Double-Exponential Source

Excitation

In the last subsection, we solved for the transient transmitted fields associated
with unit-step excitation. In this subsection, we investigate a normalized double-

exponential pulse excitation, i.e.,
Eo(t) = A(e™™t — e~2t)y(t), (4.17)

where A is a normalization factor chosen such that the peak amplitude of the pulse
is unity for all ¢t > 0 and a;,a2 > 0. Since Ey(t) has only one local maximum at
t = tm, we can find A and t,, by applying simple rules of calculus. In order to find

the maximum, we set the derivative of Eyp(t) = 0 at t = t,,, viz.:

dE
==0 = A(—a1e”%tm 4 gpe~im) = (), (4.18)
dt b=t
If A # 0 then
22 g-eatm — geitm (4.19)
a1
or
In22_ Oty = —Q1tm, (4.20)
231

which can be solved for ¢,, to give

b= ——In 22, (4.21)
Q9 — Q1 a1.

We now find A by setting the maximum value of Ey(t) to one, i.e.,

Eo(tm) = A(e™®ttm — g=02im) — 1 (4.22)
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and solve for A to obtain
1

e—altm — e—Oth '

A= (4.23)

After we perform the Laplace transform of Ey(t), we find that the spectral repre-

sentation for the double-exponential pulse is

Eo(s)=A( 1 1 ) (4.24)

s+ay s+ am
Figures 4.1 and 4.2 are plots of the normalized double-exponential pulse function and
its spectral response, respectively.

Some advantages of choosing a double-exponential pulse excitation as the input
signal include:

(1) The waveform can be used to model finite rise time and fall time requirements.
The rise time and fall time are determined by «; and a3 since we often need to change
the width of the pulse.

(2) As we will show, this source allows closed-form expressions to be derived for the
transient fields. The closed-form solution provides physical insight which is difficult
to obtain from purely numerical solutions.

Reference to (2.18), (2.22), (2.23), and (2.33) show that the transient transmitted
electric field associated with a double-exponential pulse is given by the following

inverse Laplace transform:

1 €+joo 2sA ,st—%ssino‘g—% cos 8y v/32+2as ds

El(f)(a:,z,t = ——/ e
2nj Je—jo (5 + 1) (s + beV's2 + 2as)



56

S
'
'
i
|
'
'
'
'
t
El
1
1
1
¢
'
'
[
1
1
'
- -
1
!
1
1
1
1
'
'
1
1
sv
n
e
()
[N
"
[N
(N
1
t
(Kl

wn) i3

w
™
o

=
-
-
L.

1,000

t (ns)

~1

ulse waveform. The parameters

2.1 x 108sec

tial input p

h of the double-exponen
5.9 x 107sec™! and a2 =

Figure 4.1: A grap
are defined as a3



57

ponential Pulse

Spectra of Double-Ex

_12 ! ) 1 { |
0.00 0.20 0.40 0.60 0.80 1.00

f (GH2)

Figure 4.2: A graph of the spectral function of the double-exponential pulse waveform

with the parameters a; = 5.9 x 107sec™! and ag = 2.1 x 10%sec™1.



58

,,at—%ssinég—%coséng!+2as ds. (425)

1 /5+J'°° 2sA
t~jco (5 + ag)(s + beV/sZ + 2as)

2nj

Next we rewrite this integral in terms of the canonical integrals in (3.1) and (3.2).
As before, we multiply the denominator and the numerator of (4.25) by beV's? + 2as—

S

Ez(/t)(a;v 2, t) — 24 [_1_ ‘/:+.7'°° beV S§ + 2as — sest-%ssin(}g—écoség\/s!+2as ds

b2 —1 |27 Je-joo (s + @1)(s + o)

_1_ /E+j°° bev 5% + 2as — sest—g-ssinég—-% cos 0y /324 2as ds
215 Je—joo (s + a2)(s + o)

24 _1_ /E+j°° s(bes + 2abe -V 32 + 20’3) pst—%ssinéz-—% cosf¢Vs2+2as ds
b2 — 1| 275 Je—joo (s + 01)(s + ag)V's? + 2as

1 /E+joo 5(bes + 2abe — V5° + 2a5) gst—Easinfe— & cos 0 /FTHTas
£

2nj Je=ioo (s + a2)(s + a2)V's? + 2as } (4.26)

Employing the partial fraction expansion again [33], we have

E{(z,z,t) = 24 [( agler —ag) 1 ./:“w bes + 2abe — V's® + 2as

b2 — 1 (a0 — en)(ao — a2) 27j Jg—joo /s + 2as(s + aq)

x est—-";’s gin@¢— £ cos 0¢vsZ+2as ds

_ﬁ_i, /$+j°° bcs + 2abe —V 52 + 2asest—%ssinéc—%coség\/s!+2as ds
ay — ag2nj Je—joo V5% 4 2as(s + o)



Q2 — o 2mj JE~joo V5% + 2as(s + az)

2Ae._a(t_%asinl7¢) ao(a1 - a2)
b2 -1 (@0 — a1)(exo — @r2)

£+joo be(s + a) + abe — 1/(s + a)? — a2

27TJ §=joo /(s + a)? — a?[(s + a) + ag — a)]

e(s+a)t— £(s+a)sin fe— £ cos 0¢+/ (s+a)2—a? ds

a; 1 /£+joo be(s + a) + abe — /(s + a)? — a2
0 — g 21§ Je—joo \/(s +a)?—a?(s+a) + oy —a)]

e(s+a)t— £(s+a)sinf; ~Z o8y 4/ (s+a)2—a? ds

e 1 [e+ioo be(s+a) +abe. — /(s + a)? — a?
o2 — a0 2mj Je-joo /(s +a)2 — a?[(s + a) + & — a)]

e(s+a)t— Z(s+a)sin 6: —~£ cos Bey/ (5+a)2—a? ds } )

After changing the variables as in (4.5), Ez(,‘) can be rewritten as:

24e~a aolag — ag)
(1) - 01 2 -
Ey (.’E, 2y t) - bg —~1 {(ao _ 011)(010 _ a2) [bE(a‘ ﬂO)

(27)] 1 /E+‘7°° bes + 2ab -V 52 + zaseat——ssmﬂg——cos()c\/m ds

59

(4.27)
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1 £-+joo eut'—-'f; cos ¢ /2 +w2 1 4500 eut’—-% cos Oty /u2+w2
— du
2mj /e /s

du — —
—jeo  fu? + wl(u + Bo) 2mj Je-joo u + o

al 1 €+]°° eut’-—%cos ét\/ u2+w,2,
4+ — be(a—ﬁl)——,/ du
Q1 — g 215 Je—joo \/u2 + w2(u + By)

1 £+-joo eut'—-;f; coséh /u2+w§
/ du]
3

-2;-_7T —joo u+ 6

Qo £-+joo e‘ut’— £ cosft+/u?+w3

1
be(a — — d
g — (o [ (a_ f2) o j /e—joo V2 + wi(u + Be)

u

1 e it~ beh/ TR s
B %L-J’m u + fa u]}, (4.28)
where the additional constants are defined as
Bi = a; — a, i=1,2. (4.29)
Since all the terms in (4.28) have the form of either f(8;) or e(8:),
2Ae_atl ao(a1 - ag)
(t) = - -
EP (@5 0) = 5| o etz (60 = )1 (Bo) — (6o)]

e lb(By = ) (Br) = ()] — = 2(b(682 — a)f (B2) — e(Bo)] .

(4.30)

In a similar manner, equations (2.30) and (2.33) can be used to show that the

z-component of the magnetic field associated with the double-exponential excitation
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is given by

_cosét Vs2 + 2as 2sA ( 1 1 )

H® (g, 2,5) = - -
s (%:29) pd s s+ beVs? + 2as

st+ar s+ap

% e—%ssinég—% cos O V/5¥+2as

_ _2Acosét V§2 + 2as ( 1 1 )

o s+ bV/s2+ 2as \s+o1 5+ az

Zoginf—2 Gy /92
« e—-assm()g Zcosts 8+203. (4.31)

Multiplying the denominator as well as the numerator of (4.8) by b.v's? + 2as — s,

yields
. 2A cosé 1
® ="t - Vs?
el i) = =gy e ¥ ke TV ) | T T )
3 1 e—%ssinég—%coség\/sf-!-%s. (432)
(s + ag)(s + a2)

After applying the partial fraction expansion method [33] and taking an inverse
Laplace transform, we obtain the integral representation for the z-component of the

transient transmitted magnetic field:

2A cos ét { 1

H® z,t) = —
e (00t = = 5m—)

Q1 — Qo



L /£+j°° bes + 2abe — V5% + 2asest-—§asiné¢—% cos 0y V/s7+2as ds
27§ Je—joo s+ ap

1 1 /E+j°° bes + 2abe — V's* + 2asest—-%’-asinée—§ cosfeVs7+2as ds
3

Qg — 01 27] Je—joo s+ a;

1 1 /E+j°° bes + 2abe -V 82 + 2as est—%ssinég—% coség\/m ds
€

Qs — g 27F Je—joo s+ ag

oo — 9 2T] Jé—joo s+ ag

1 1 §+-joo bes + 2(1be -V 32 + 2aseat—§ssiné¢—-§coséu/s’+2as ds

_ 2Acos§t { Qg — 0
pd (6% — 1) | (@1 — ao)(az — ao)

L /E+j°° bes + 2abe -V 5 + 2as ast—%ssinég—%cos@g\/si-mas ds
21§ Je—joo s+ ag

1 1 /$+J'oo bes + 2abe — V52 4+ 2as oot—Easinbe—% cos b,/ 2as ds
3

ap — @1 27['] —joo s+ o

1 1 /E+J'°° bes + 2abe — V52 + 2as
£

oy — Qo 27Tj —joo s+ ag

—Zgginf,—2 B, /52
est 288infy—Z cosb; s+2a3ds}.

62

}

(4.33)
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A change of variables, as defined in (4.5) and (4.29), allows H{®)(z, z,t) to be

rewritten as

[be(2a — )

HO(z, 2,t) = _2Acosfe™ {( ag — a;

po(b2~1) | (a1 — ao)(as — aq)

1 £+joo e“tl"‘% w’é¢v u?+wd 1 €+joo eut'—% cos 95\/u2+w,2,
X ——/ du — (053 - 20040)—./ du
215 Je-joo u + fo 215 Je—joo (u + ﬁo)\/’u,2 + w2
1 1 €+J°O eut’~——f., 6080.1\/1.12—-1-(0‘2;
be(2a — ay) — / du
* e | V57 Je-soo u+ B
0 1 £4joo eut’——f.;coség\/uzwg
— (o] — 2a0q)=— / du
(e 1)27Tj ¢-joo (u + f1) 2 + w2

L 1 [Etioo ut'=F cosbey/v7+u] ;
Qg — oz el a—az)ﬁj/;-joo u+ f2 ¢

(4.34)

( 2 9 ) 1 /E+joo eut'_%coség\/m ;
- Q5 — 2a09) —— u .
2 2 2rj Je-joo (u+ﬂ2)\/m

All the terms in (4.34) have the exact form of either f(f;) or e(f;); therefore,

[be(2a — ao)e(Bo)

P
H_,g‘)(a:,z,t)= 2A cosfie™ { g — oy

T (2-1)us (o1 — ao)(e2 — o)

[be(2a — e1)e(B1) + (aF — 2ac) £ (B1))

+ (a2 = 2aco) f(Bo)] + oo — ay

1
Qg — Q9

[be(2a — az)e(Be) + (o — 2aa2)f(ﬂ2>1}. (4.35)
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Once again, the z-component of the transient transmitted magnetic field is directly

proportional to the electric field,

H®(z,2,t) = SlTnfiE,(f)(m, 2,1). (4.36)

Notice that the canonical functions f(8) and e(f) (i.e. (3.29) and (3.30)) express
the retarded time for the transmitted pulse as § sin ét—i-% cos ét. This shows that in the
dispersive medium, the early-time behavior results from a wave that propagates at the
speed of light for the losslesé medium, i.e., 9 = ‘/Ly_é We interpret this phenomenon
as follows: The early-time portion of the signal is associated with the high frequency

components. Therefore, as expected, v — 0 as w — oo (see (2.65) in chapter 2).

4.2 Transient Reflected Field

In the last section, we obtained closed-form expressions for the transient trans-
mitted fields associated with two types of excitations, a unit-step function and a
double-exponential pulse. Instead of using the same procedure to solve for the tran-
sient reflected field, we develop a simple method whereby the transmitted field results
developed in last section are used to find the reflected fields.

By invoking the boundary conditions at z = 0, we obtain the following relationship

between the transmission coefficient and the reflection coefficient [17]:

Re = Te - 1. (4.37)



After substituting (4.37) into (2.17), we find that

E}Sr)(z’ z, S) — E"O(S)Tee—g(zsin(?.-—zcow;) _ Eo(s)e—i(msinog—zws&).

The inverse Laplace transforms for each term of (4.38) are given below:

Eo(s) £ Eolt),
which is the input waveform,
Eo(s)Te <= EP(0,0,t),
is the transmitted field at the interface, and

—2(painf;— . L T . ¥4
g elzsinfi=zcosbi) 2, 5 (t — —sinf; + — cos Oi) ,
c c

!
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(4.38)

(4.39)

(4.40)

(4.41)

is just a time delay term by the delay theorem for the Laplace transform [55]. The

convolution theorem for the Laplace transform states that the Laplace transform of

the convolution of two signals is equal to the product of their respective Laplace

transforms [55]. Employing the convolution theorem and time delay theorem, we

find that the transient reflected field is given by

T z
E;ST)(-'B» z,t) = E,(,t)(O, 0,t) %6 (t - ZsmGi + cosH,~>

— Ep(t)*6 (t - iZ—sin 0; + i—cos@,)

= EY (0, 0.t - Zsing; + 2 cose,-> _ B, (t — Z sin6; + % cos 0,-) . (4.42)
c c [4 C
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The above relationship shows that the transient reflected field is the difference be-
tween the transient transmitted field at the interface and the incident field adjusted
by the proper time delay. The expression ¢t — Zsin 6; + Z cos§; denotes the retarded
time in the free space region.

Using Faraday law, we solve for the transient magnetic fields:

cos ;

HO)(z,2,t) = EM(z, z,t), 4.43

z (T 2,1) cyoy(‘”) (4.43)
i 0,

HO(z,2,t) = S’c’; LB (z, 2, t). (4.44)
0

The reflected fields associated with the two different source excitations are given
below:

Unit-step input:

Ez(f)(a:, 2,t) = E,St) (0, 0,t— Z sin 0; + Z cos Bi) —-u (t —~Zsin 0; + Z cos 9,-) . (4.45)
c c c c

Double-exponential excitation:

Ez(l")(a:, z,t) = Eé‘) <0, 0,t — %sin 0; + %cos Hi) — g (t=Zsinfi+§ cosfy)

+ e-—-az(t-% sin i+ cos 0;). (4,46)

The magnetic fields are then obtained from (4.43) and (4.44).

4.3 Numerical Results

In this section, numerical results are presented for both the transmitted and re-

flected transient TE plane waves associated with pulses that are obliquely incident
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on a dispersive half space. We investigate both unit-step and double-exponential

excitations.

4.3.1 Unit-Step Excitation

First, we investigate the transient field associated with a unit-step input. In order
to allow for comparisons, we employ the same parameters that were used in [21],
i.e., we assume that € = 9¢y, p = po, 0 = 1 x 10730/m, and §; = 0. The time
histories of the transient transmitted fields for different values of z are plotted in
Fig. 4.3. rvI‘he incidence angle 6; is chosen to be zero. This figure clearly shows
a number of interesting physical phenomenon. First, it illustrates that the wave
requires a finite amount of time to propagate into the material. Furthermore, the
high-frequency components propagate faster than the low-frequency components (see
(2.65)). Since the early-time portion of the signal decays fé,ster than the late-time
signal, the high-frequency components experience more attenuation than the low-
frequency components. This observation agrees with (2.63). It is also interesting to

look at the early- and late-time transmission coefficients, i.e.,

2
=05 AT
wl-»oo 14+ 0b. =0 (4 )

and

lim T = 0.0, (4.48)
w—0
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respectively. The early-time behavior is clearly illustrated by the z = 0 case in
Fig. 4.3. The late-time transmission coefficient indicates that the z = 0 curve tends
towards zero as at’ — oo.

Fig. 4.4 shows the behavior of the transmitted transient fields for different in-
cidence angles 6;. The results are plotted for the case z = 0. Observe that the
amplitude of the transmitted field decays as 8; becomes larger. The early-time be-

havior is dictated by (4.47), e.g.,

lim T}y, _goo = 0.13. (4.49)

W—r00
The late-time signals all tend to zero.
Fig. 4.5 shows the reflected field as the function of normalized time at’ for z = 0.

The early- and late-time behaviors of this curve are predicted by

Jim R=-05 (4.50)
and

lim R = —1.0, (4.51)

w—0

respectively. A visual comparison between Figs. 4.3-4.5 and the figures in [21] demon-
strates that the closed-form expressions yield the correct results. The results obtained
using (4.7) were also checked using numerical integration (see Appendix A for a for-
mulation of the convolution integrals). For the numerical integration, we employed
a general purpose, adaptive integration algorithm (D01AKF) from the Numerical

Algorithm Group FORTRAN library [31]. This algorithm uses Gauss 30-point and
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Kronrod 61-point rules. Our studies showed excellent agreement between the closed-
form expressions and numerical integration results, i.e., we obtained at least five
significant digits of accuracy in all cases we tested. Due to the singularity at s = 0,
the FFT cannot be directly applied to carry out the inverse transform in (4.3). This

singularity results from the source being left on until ¢ = oco.

4.3.2 Double-Exponential Pulse Excitation

In this subsection, we provide numerical results for a double-exponential pulse
excitation. We employ the same parameters as were used in [8] and [34], i.e., € = 10¢o,
i = po, @1 = 5.9x 107sec™?, and ap = 2.1 x 108sec™!. Fig. 4.6 presents the transient
field for different values of z. The angle of incidence for the input pulse has been
chosen as 6; = 45°. The pulse is clearly losing energy as it propagates through the
lossy medium.

Fig. 4.7 shows the transmitted transient electric field at z = 10 em for different
incidence angles 0;. As was the case with the unit-step function, the transmitted
field amplitude decreases as 0; increases. The time histories contain both positive
and negative values. In fact, [7° E,(t)dt = 0 for each of the transient curves in Fig.
4.7 since the transmitted field associated with the double-exponential pulse contains

no DC component (see (4.25)).
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Fig. 4.8 shows how the transmitted field is affected by changing the conductivity
o. It shows that the conductivity strongly influences the rate of decay for the signal.
It also shows that the retarded time is independent of o.

Fig. 4.9 shows the reflected transient electric field associated with the double-
exponential excitation at the interface z = 0. Note that the reflected field experi-
ences a sign reversal and most of the field is reflected when the angle of incidence is
near grazing. It should noted that the data at the interface is sufficient to determine
the fields at any arbitrary height above the interface (in air) since one only needs
to insert the appropriate time delay (4.46). The results in Figs. 4.6-4.9, obtained
using the closed-form expression (4.30), once again show excellent agreement with
those found in the existing literature [8], and [34]. Furthermore, once again we found
that the closed-form results match very well with those produced by the numeri-
cal integration algorithm (see Appendix A for the formulation of the convolution
integrals). Even though both the closed-form expressioﬁ and the numerical integra-~
tion algorithm produce very accurate results, our numerical tests have shown that
the closed-form expressions require approximately one-fifth the computation time as
compared with the numerical integration algorithm. Since ¢ in Jeg(as, () is purely
imaginary (see (3.5) and (4.5)) and Jeg(a4,¢) = —jleo(—jax, 5¢), the efficiency of
the closed-form expression could be further improved by employing modified ILHIs
of the first kind since this would require computing a series of modified Bessel func-

tions of the first kind with real arguments instead of Bessel functions with complex
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arguments. We anticipate that this modification would lead to an additional factor
of two improvement in efficiency.

An FFT algorithm [35] was also used to compute the transient fields for the
double-exponential excitation. The FFT allows for the direct inversion of (4.25).
Figs. 4.10 and 4.11 show a comparison between the results produced by the closed-
form representation (4.30) and an FFT algorithm for the early- and late-time portions
of the signal, respectively. The number of sample points in the FFT has been varied
in order to demonstrate the accuracy of the FFT. We can see that aliasing and
truncation errors can still be observed in the FFT results associated with 16,384
sample points. This clearly illustrates that a very large number of sample points are
required to obtain an accurate time history using a FF'T algorithm. This is due in
part to the requirement that the data be uniformly sampled in the frequency and
time domains. If the frequency spectrum is sampled out to fr,x = 2.0 GHz then
an FFT with 8,192 points yields results which are indistinguishable from the results
plotted in Figure 4.6 provided they are plotted on the same scale. However, closer
inspection shows that even with this large number of sample points, the FF'T results
are aliased. In Figure 4.10, we increase both the maximum sample frequency and
the number of sample points by a factor of two in order to better model the high
frequency content of the signal. These increases lead to more accurate results, but
there is still substantial aliasing in the early-time signal. In order to investigate

aliasing in the late-time results, we sample the spectrum finer at low frequencies
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by holding the maximum sample frequency constant while increasing the number
of sample points. The use of 16,384 sample points reduces the aliasing in the late-
time response. However, in contrast, only 100 data points, uniformly distributed
on a logarithmic scale, were required to produce each curve in Fig. 4.6 using the
closed-form representation (4.30). Due to the large differences in the number of data
points, thirty-two times less CPU time was required to compute the data in Fig.
4.6 using the closed-form representation as compared to the FFT algorithm. This
demonstrates that the closed-form representation is more efficient, and more accurate
than the FFT algorithm for this problem. In addition, the closed-form representation
is much easier to use since one does not have to worry about aliasing errors. Similar

observations were also made in [12].
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CHAPTER 5

Derivation of the Transient Fields (TM Case)

In this chapter, we obtain closed-form field expressions for the TM case. We first
use Laplace transforms to derive integral representations for the transient transmitted
fields. We then shéw that these fields can be written in terms of the same canonical
integrals as in the TE case. The reflected field is then obtained from the transmitted
field by using the convolution theorem. Finally, these results are used to numerically
study this important canonical problem. The TM case is more complicated then the
TE case since the TM transmission and reflection coefficients contain second-order

poles.

5.1 Transient Transmitted Field

In Chapter 2, we demonstrated that the principle field for TM case is H 1(,‘) (z, 2, 5).
We only consider a double-exponential excitation in the TM case.
Starting with (2.44) and (2.54), we find that the transmitted magnetic field is

given by

T 2(s + p) 5 —(Zs98in fy+Z cos § V52 2as
H(t) T,2,8) = Hols)e (2s8inB¢+% cosfe Vs +2as)' 5.1
v ) (s + p) + bpV's2 + 2as o(s) (5.1)
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We multiply the denominator as well as the numerator of (5.1) by byv/s2 + 2as— (s +

p), which is the numerator of the reflection coefficient R, so that

2(8 4+ pP [bh\/ Py + 2as — (S + p)]H (S ~(%ssinég+%cosé¢Vs§+2a3) (5 2)
(b2 — 1)s2 + 2(ab? — p)s — p® B

ﬁét)(m, 2,8 ) =

For the case bh # 1, the poles of the transmitted magnetic field, which are the

roots of the polynomial
(b2 — 1)s% +2(ab? - p)s — p® =0 (5.3)

are given by

\

s = —3:,_—1(b,% — 2cos?§, — bry/bE — sin® 26,)

b b # L (5.4)

Sp = “3:2—_'1‘(1’% ~ 2cos?f; + byy/b3 — sin? 26,) J

It can be shown that the term under the square root in s; and sg is always larger
than or equal to zero. Therefore, s; and sy are always real valued.
After factorizing the polynomial in the denominator, we rewrite the transmitted

magnetic field as

A0, 25) = Ho [ 2(s+p)ba(s®+2as)  2(s+p)?
v b2—1|(s—s1)(s—s2)VsZ+2as (5—51)(s— s2)

e—(%ssiné¢+% coség\/s!+2as). (5.5)

Using the spectral representation for the double-exponential pulse,

ﬁo(s)=A( L 1 ) (5.6)

s+a; s+ aq
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we find that the time-domain transmitted field is given by the following inverse

Laplace transform representation:

1 £+jGoo 2A(S + p)bh(32 + zas)est-éssinég—%cosén/m
Hé‘)(z, z,t) = —/ 5 ds
2rj Je—joo  (b% — 1)(s — s1)(s — s2)(s + 1) V5% + 2as
1 /g+j°° 2A(s + p)bh(.s'2 + 2as)est-%asinég—-§cosé¢\/§m 4
- s
215 Je—joo (b — 1)(s — s1)(s — s2)(s + @g) Vs + 2as
1 £-+joo 2A(s + p)!Zest—%asinég—%coség\/s!+2aa
- — ds
2y /e-joo (b3 = 1)(s = 51)(s — s2)(s + 1)
1 £+jo0 9 A 2 st—ﬁssinég—gcoségm
+ —/ (s +p)e™% ds. (5.7)
21j Je—joo  (bj — 1)(s — s1)(5 — s2)(s + o)

Following the procedure we previously developed for the TE case, we find that
the partial fraction expansion technique can be used to express the time-domain

transmitted magnetic field as:

ds

24 1 £4-joo est—%’-ssin éc—% cos6sv/5%F2as
L

HO(z, 2,t) = ——— |(B11 — Boy)bp—
v (@21 b —1 [( u = Ba) "onj Je-joo (5 — 51)V/S% + 2as

ds

1 /f+j°° est—%s sin 9;—% cos By Vs2+2as

+ (Bog — Bio)bp—
(Baz 12) "o Je-joo (s — s2)Vs® + 2as

1 £+joo est—%ssinég—% cosbevVaZ+2as
+ Cibn— [
215 Je—joo (54 01)Vs? + 2as

1 £+joo eat—%aainég-—%coség 8%-4-2as
- o | T

—joo (54 ag)Vs?+ 2as



1 €+joo gSt—Fssin 0¢— £ cos 6 VsT+2as
(D21 — Du)——./ ds
21§ Je—joo §— 8
1 £+4-joo est—%ssinég—%cosén/m
(D12 — Dzz)——./ ds
21§ Je-joo 8§ — 82

ds

215 Je-joo

" q /E+joo est—%ssinég—%coség\/s!-i-?as
13

s+ o

2-27]: —joo

2Ae-a(t— £ sin 6¢)
-1

1 §+joo
Cibp— /

214§ Je~joo

1 §+joo
Cobp— /

21§ Je—joo

(D21 — D11) o

1 /£+joo e(s-{-a) (t—%sin 6¢)— £ cos 8e+/ (s+a)2—a?
3

1 /E+j°° eat—%asin ég—-% cosf¢Vs?+2as
3

ds}
s+ ao

1 /£+j°° g(st+a)(t— % sin 0)— £ cos B¢/ (s+a)2—a?

{(Bu - B21)bh§7}; g-ioo [(s+a) — 81 — a]\/(s +a)2 — a2

1 /5'*'.7'00 e(s+a)(t--‘§ sin 9;)—-% cosley/ (s+a)?—a?

(Bo2 — Bl2)bh§’7';;

§-joo [(s+a)— so — a]\/(s +a)? — a? 4

e(s+a)(t—§ sin ég)—-‘-f; cosdr/(s+a)2-a? J
B
[(s +a) + @1~ aly/(s +0)2 — a2

e(s+a)(t—-§ainé¢)—%cosén/(si-a)’—-a"‘ J
S
[(s +a) + a2 — ay/(s + a)2 - a2

ds

—joo (s+a)—s1—a

85

ds
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+ (D12 — Dag)—

273 ds

1 /E+j°° e(s-{-a)(t— £ sin b)) £ cos b¢y/(s+a)2—a?
13

—joo (s4+a)—s2—a

1 £-+joo e(a+a)(t— £ 5in 6e)~ £ cos 0¢+/(s+a)2-a?

— ds
'21j Jejoo (s+a)+a1—a

1 E+-joo e(s-}-a)(t—%siné;)—-% coabe+/(s+a)2—a?
+ Bor— / ds o, (5.8)
217 Je—joo (s+a)+as—a
where the constants which appear in the above expressions are defined by
B... — (atp-am+tsi+s)ss+(2ap=s152+amsn)sn ‘
mn (s1—32)(8n+am)
C. = (26+p—am+81+82)a —(2a0+31 am+320m )am
m= (s1+am)(s2+am)
b, m,n=1,2. (5.9)

— §3n+922
D = (s1~82)(8n+am)

E,, = gam_Plz
m 81+am)(s2+am) y

Following the TE case, we make the changes of the variables in (4.5) and (4.29),
as well as

fs=—s1—a
(5.10)

Bs=—s2—a

This leads to a new expression which only involves the canonical integrals e(8) and

f(B):
H(t)( t) 2Ae""at' (B B )b 1 /E+J'oo eut'._%coség\/u?_-g-wg ;
Z, =z, = _ L .
y N Ba)yJu? + w3
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1 /£+joo eut'—% cos By [u+uw

+ (B22 — Bio)bp— du
2 Je—joo (u+ B)yfu? + w?
1 £+joo eut’—%coség\/m 1 E4joo eut’—%mségm
+ O h_./ du—Czbh-———,/ du
21§ Je-ioo (u + f1)fu? + w3 2mj Je=joo (u + fa)yfu? + w3
1 £-+joo eut’—%coséu/uz-i-wg
+ (Doy = Duy)=— / du
(D22 = Dy )27rJ ¢-joo (v + Ba)
1 £-+joo eut’—-ﬁ-cosén/uz-l-wg
D1z — Dag)— / d
+ (Do 22)27fj £—joo (u + Ba) ¢
1 £+joo eut’—-g- coséu/uz-}-wg 1 £4-joo eut’m‘f; coség\/uz-i-w?,
127rj /g—joo (v + By) 221r‘7 €—joo (u + B2)
(5.11)

Reference to (3.1) and (3.2) shows that the desired closed-form canonical solution

for the transient transmitted magnetic field is given by (bx # 1),

2A4e-t

H{P (@,2,8) = Sz (B = Bu)owf (Bs) + (B2 = Ba)ou (90) = Cubus (81)

+  Cobnf(B2) + (D21 — Dui)e(B3) + (D12 — Dog)e(Bs) — Ere(B1) + Eqe(B2)] .

(5.12)

Employing Ampere's law, we find that the z-component of the electric field asso-

ciated with a double-exponential pulse excitation is given by:

TpA cosb 1
EW(z,2,8) = —= co; t\/2+2as( LI )

o + s¢ st+a; s+as
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. g-(Bssini+E cosb /a7 Ta3)

_ 2AVs% + 2as cos b, ( 1 1 )e-—(%sain0¢+§ cos 6 Vs+2a3) 5 13)
del(s + p) + baV/sZ+2as] \s + a1 s+

Multiplying the denominator as well as the numerator of (5.13) by byV/s? + 2as —

(s + p), we obtain

EO(z,2,5) = 2A[b5Vs% + 2as — (5 + p)]V/s% + 2as cos b ( 11 )
z AT de[(bZ — 1)s2 — 2(abi — p)s — p? s+o; s4ag

e—(%a sin ég-}-% cos 0y v/3%+2as)

2A[br(s® + 2as) — (s + p)Vs2 + 2as| cos B, ( 1 1 )

de(bj — 1)(s — s1)(s — s2) s+ar  s+a

e—(%a sin 9}+% cos ¢ v/32+2as)

2An cos b, br(s2 + 2as) _ bn(s2 + 2as)
bE—1 |(s—s1)(s—s2)(s+ 1) (s—s1)(s—s2)(s+ ag)

(s + p)(s? + 2as) (s + p)(s2 + 2as)
(s —s1)(s—s2)(s+01)Vs?+2as (s —s1)(s — 52)(5 + 2)Vs2 + 2as

e-—-(%ssiné¢+% cosé,\/s7+2as)' (514)



89

Using the partial fraction expansion technique and inverse Laplace transform

again, we find that the time-domain Eg) is given by

24 osé 1 €400 est—%’asinég—;f;cos@gv.a5+2as
Ea(f)(:z:,z,t) = ———ZC t G h_—./ ds
by — 1 275 Je-joo s§— 8
' 1 £4joo est—%ssiné;—%cosé¢V35+2as
- Glgbh—;/ ds
215 Je—joo §— 89

ds

1 /E+joo St~ Fasinfe— £ cos By V57 +2as
§

—joo s+ao

1 [Etjoo gst—Fssinde—F cosdvs?+2as
— Gabps— / ds
2mj Jg—joo s — 85
1 fEtico g8t—%ssinde—% cosfyvsT+2as
+ Gaobps— / ds
21 Je~joo s — 5
1 fEt+ico gst—Fssinfe—Z cosbyvs7+2as
—  Haby— / i
1 [E+ioo got—§ssindi—F cosd;VsT+2as
B ds
Yo /f-f°° (s — 51)Vs® +2as

1 §+-joo est—%&ﬂiné:—%coség\/m
B 2—7/
P2mj Je-jo (5~ 52) V52 + 2as

1 /€+j°° gSt—%ssin 0:— £ cos 6, Vs¥+2as

ds
~joo (s +a1)Vs?+2as

‘omj Je
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1 /€+j°° eat— %asin ér—% cos 8¢ V52 +2as
3

+ —
2127r] —joo (s = s1)Vs? + 2as
1 £+joo eat—%ssin ée-—% cos by v/5¥+2as
- — ds
2227rj ./e—joo (s— sg)\/s§ + 2as
1 £-+4joo est—%ssiné;—--“.-jcosén/s’+2aa
+ Cp— / ds| | 5.15
2 27 Jg—joo (s + a2)Vs? + 2as (5.15)
where the constants are defined as
G _ (2a+8n)sn ’
mn T (s3—8z)(sntam)
L, m,n =12 (5.16)

. (am—2a)am
Hm = (s1+am)(s2+am) )

Following the same procedure that was used to derive Hé‘), we find that

2An cosfe=t'
b2 —1

+  Hibpe(B1) — Habre(B2) + (B11 — B21)f (B3) + (Baz — B12)f(B4)

E®(z,2,t) = [(G11 — Ga1)bre(B3) + (Gaz — G12)bre(Ba)

+ C1f (61) = Cof (B2)]. (5.17)

Similarly, the canonical solution for the 2-component of the transient electric field

can be expressed as

i 9. o—at!
% [(Fi1 = Fn)e(Bs) + (Foz — Fiz)e(Ba) + Lre(f)

— Ipe(B2) + (51G11 — 51G21)bnf(B3) + (52G12 — 3'2G22)bhf (Ba)

EM(z,z,t) =

+ a1Hibpf(B1) — agHaobnf(B2)], (5.18)
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where

52 +4p8n

Fon = (s1—82)(sn+am)

¥, m,n=12 (5.19)

1. = 02m+£m
m ™ (s1tam)(s2+om) )

Reference to (2.55) and (2.72) shows that 8; equals the Brewster angle when the
conditions by = 1 and p = pp are satisfied. As indicated in Chapter 2, Brewster’s
angle occurs only in the lossless case [37]; therefore, the solutions of the transient

response for b, = 1 case will not be considered.

5.2 Reflected Fields

Similar to the TE case, we obtain the relationship between the transmission and

reflection coefficients by invoking the boundary conditions at z = 0,
Rp =T, - 1. (5.20)

Application of the convolution theorem results in the following expressions for the

transient reflected fields:

H!S') (z,2,t) = stt) (0,0, t— —:Z-sin 0; + %cos 9,-) — em(t=Gsinfi+ costy)

4+ emea(t-Fain0itEcosty) (5.21)

and

EQ(z,2,) = -2 H (3, 2,0) (5.22)
0
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EP)(z,2,t) = —ﬂo—"H,S”(x, zt). (5.23)
C€p

The expression ¢ — £ sin §;+ £ cos ; denotes the retarded time in the free space region.

5.3 Numerical Results

In this section, we validate the closed-form expression in (5.12). The ILHI's in
(5.12) are calculated via a call to a FORTRAN subroutine which has been developed
for their computation [9]. We compare the results computed using (5.12) against
“exact” results which are obtained by numerical integration. We employ the general
purpose, adaptive integration algorithm (D01AKF') from the Numerical Algorithm
Group Library [31]. Following the procedure in Appendix A, we apply the convolution
theorem to (5.7) in order to derive real-valued integrals that possess finite integration
ranges.

In all cases tested, we obtained at least six significant digits of accuracy in the
closed-form results. However, the CPU time required by the numerical integration
algorithm was at least ten times more than that required for the closed-form expres-
sions. A visual comparison was made between the closed-form results and previously
published results [8, 34], and we are convinced that the closed-form results are cor-
rect. We also compare the closed-form results with those obtained by applying a

FFT to (5.7), which we will discuss later.
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In this section, numerical results are presented for both the transmitted and re-
flected transient TM plane waves associated with a double-exponential pulse that is
obliquely incident on a conductive half-space. We assume that € = 10¢g, p = po, and
o = 2 x 10~20/m in all computations. We use the same input waveform as the TE
case which is show in 4.1.

Fig. 5.1 shows the transient field at different depths 2. The angle of incidence
for the input pulse has been chosen as 8; = 45° in this case. The pulse is clearly
losing energy as it propagates through the lossy medium. Note that only 44% of the
peak value of the signal at the surface penetrates below one meter. Furthermore, the
tangential magnetic field at the interface has a peak magnitude that is greater than
unity because the incident and reflected fields add constructively.

Fig. 5.2 shows the behavior of the transmitted transient field for different angles
of incidence 6;. The results are plotted at a depth of 2 = 10¢m. The amplitude of
the transmitted fields decreases as 6; increases. This is primarily due to additional
decay associated with the longer propagation paths for the larger angles of incidence.

Reflected transient fields for different incident angles are plotted in Fig. 5.3. Note
that the reflected field for §; = 85° changes sign once as a function of time. We
attribute this phenomenon to a pseudo-Brewster angle, as was discussed in Chapter

2. In the high frequency limit, the reflection coefficient (2.78) reduces to the lossless
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The transient transmitted magnetic fields associated with double-

exponential excitations plotted as a function of ¢’ for various values of z. The param-
eters are defined as ¢ = 2x 1072U/m, € = 10eg, p = po, ;s = 45°, @1 = 5.9% 107sec™?,

and ap = 2.1 x 108sec71.

1



95

case
€p = == €, — sin2 6;
T Cosh; Br€q i

1 s 24
e,+m\/ure,.—sm 8;

lim Rj, = (5.24)

w—co
It can be shown that the reflection coefficient in (5.24) possesses the opposite signs
depending on whether the angle of incidence is greater or smaller than Brewster's
angle (2.72). Since the early-time response is associated with the high-frequency
components, the early-time field changes sign as the incident angle passes Brewster’s
angle. In contrast, since the late-time response is associated with the low-frequency
components, which experience little of the pseudo-Brewster’s angle effect, the field
does not change sign when the angle of incidence passes Brewster’s angle. The 85°
case in Fig. 5.3 shows this effect.

FFT techniques are often employed to evaluate inverse Fourier transforms sim-
ilar to the one in (5.5). Application of FFT techniques to this example illustrates
the problems which are encountered when FFT techniques are used to compute the
transmitted transient field. Because of the large signal spread in both the frequency
and time domains, a large number of sample points must be employed when using
an FFT in order to minimize aliasing. Fig. 5.4 shows the comparison between the
closed-form expression and the FFT results for the late-time portion of the tran-
sient transmitted field. This figure shows that the FFT results are converging to the
closed-form results as the number of sample points is increased. However, an FFT
with 32,768 points yields results which are still alised and distinguishable from the

closed-form ILHI result. However, ten times more CPU time is required to carry
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Figure 5.2: The transient transmitted magnetic fields associated with double-
exponential excitations plotted as a function of t' for various incidence angles of

6;. The parameters are defined as 0 = 2 X 10~20/m, € = 10eo, 1 = po, z = 10em,
@; = 5.9 x 107sec™!, and ap = 2.1 x 108sec™".
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Figure 5.3: The transient reflected magnetic fields associated with double-exponential
excitations as a function of t' for four arrival angle 6;. The parameters are defined
as o = 2 X 10‘QU/m, € = 10e, p = po, 2 = 0, a3 = 5.9 x 107sec7!, and ap =

2.1 x 108sec™1.
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out a 32,768 point FFT than is that required by the ILHI's. Furthermore, the FFT

algorithm requires much more computer memory.
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Figure 5.4: A comparison between the late-time double-exponential waveforms com-
puted using the closed-form expression and an FFT algorithm. The parameters are

defined as 0 = 2 x 10720/m, € = 10¢q, & = po, 0; = 45°, 2 = 0, @; = 5.9 x 107sec™?,
and ap = 2.1 x 10%sec™!. ‘
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CHAPTER 6

Late-Time Response

We have obtained exact, closed-form solutions for the canonical problem of a tran-
sient electromagnetic plane wave incident on a conductive half-space in the previous
chapters. In this chapter, we now derive a relatively simple, approximate late-time
response by directly employing the closed-form results derived in the previous chap-
ters.

As was demonstrated in [12], the asymptotic factorial-Neumann series expansion
for the ILHI [9)

e~ 9% M-1

1 9 k 1
F T & [( ¥ 1)] T (k+ ) Vena(s) = ade(e)]
(6.1)

Jé‘g(a,z) =

can be used to obtain an approximate expression for the late-time response. It is clear
that only the first few terms are required in the summation in (6.1) when z > 1.
Comparing the asymptotic factorial-Neumann series expansion for the ILHI with the
expressions for the canonical integrals f(3) and e(3), we find that a and 2 in (6.1)

are the same as a4 and ¢ in f(f) and e(f). Therefore, the condition required for the

) 2

late-time approximation is

Wp

Z ~
t' > max (: cos Gy,
]
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In order to employ the asymptotic factorial-Neumann series expansion, we must

first determine the sign of \/a% + 1. If we let

—BZ cosby + t', /B2 + w2 z cosf, Tt =
R kbt Lt YLk AT ST

w,,\/t'2 - (% cos 5t)2 a\/t'2 - (% cos ét)z

where si equals +1 or -1, then the sign of (6.3) is determined by the branch cut

chosen for {/a% + 1.

The study conducted by Dvorak and Kuester [9] has shown that the branch cut

for the asymptotic factorial-Neumann series expansion for Jeo(a, ¢) is shown in Fig.

6.1. This branch cut can be defined analytically by

Ry/ai+1<0; asx € {R(ax) <0} N{|S(az)|} > 1,

Ry/a +1>0; otherwise.
From the results of the previous chapters, in order to choose si, we must first deter-

mine where a4 lies in the complex a.-plane.

—pt' £ £ cos ét\/ﬂz +wi Bt £ cos 0/ B% = a2
- = .

a4 = = = (65)

wp\/t’2 - -f;; cos? 8, a\/t’2 - 5—2 cos? 4,

It can be shown that the modulus of a4 are always greater than 1,
lag| > 1. (6.6)

Furthermore, in order to have a non-zero causal response,

t' > 1%cos 0. (6.7)
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Figure 6.1: Branch cut for the asymptotic factorial-Neumann series expansion for

Jeo(ax, )
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Recall from previous chapters, § is always real valued (4.29), (5.10). Therefore,
we only need to consider three cases: g < a, § > a, and § = a.

We consider the # < a case first. For this case

ﬂt':FJ cos §,/a% — 2 :i:%cosét\/ag—ﬂi-{-jﬂt’

= =
ay/t"? — & 7 cos2 0, a\/t'2 — £y cos?6,

ay = (6.8)

Therefore R(ay) > 0, R(a-) < 0, and Y(a-) < 1. Reference to the definition of the
branch cut (6.4) shows that R/a2 +1 > 0, and R{/a2 +1 > 0, or s, = +1 and
s- = —1in (6.3).

Substitution of the asymptotic factorial-Neumann series expansion expression into

e(B), we have

e(f) = u (t’ 2 ﬁ) e0+¢ _ —ﬁicosét +t', /32 +w2 [ ea+¢

— —cosb; 7 =
v 2wp\/t'2 Z cos Ot ey +1

1 M-l 2 k 1 eo-¢
+ r@) @+ }; [m] T (k + 5) [Je1(¢) — a+Jk(c)lJ + =
—ﬂzcoset—t’,/ﬁz-{-w? I: e8-C le[ ]k
2wp\/t’2 - (f cos 9t) \/ 2+ 1 (%) (a_ +1) ¢(a? +1
x T(k+5)Uen(@) -a-i@l] )i B<a (69

JIf we only keep one term in the series (M = 1) and use the result that s, = +1,

then e(3) can be approximated as

-~ ' -z. - ea+c ea+C
e(f) ~u (t p cos9t) { 5 5
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(8% cos b, — t', /62 + w2) [J1(¢) — a4 Jo(¢)] Lot et

2“11:\/t’2 - (f’; cos ét)g(ag_ +1) 2 2
(85 cosb -+t +B) [11(¢) ~ a-Do@)] | _ ) (t, . ) o

— — —cosb;
2w,,\/t'2 - (% cos ()t) (a2 +1) v

(8% cos 8y — ¢',/8% +wZ) [11(0) — arJo(¢)]

A\ 2
2w,,\/t’2 - (3 cos Ht) (a2 +1)

. (ﬂ% cos d; + t'\ /0% +w§) [‘ZI(C) —a_Jo(¢)] . f<a. (6.10)
2w,,\/t'2 ~ (2 cosby) (a2 +1)

Inspecting (3.29), we observe that the second and third terms of f(8) possess

opposite signs. Therefore, two terms of the summation in (6.1) are required to ap-
proximate f(8). Following the same procedure as was applied to obtain the late-time

approximation of e(f), we find that

F6) ~ u (t’ — Zcos ét) g3t 4 (ﬁ%cosét - t'm [J1(¢) — a+Jo(¢)]
1/02 +UJ§ \/t'2 (;ZJ_ cosgt) 1)

(ﬂ%cosét+t’,/ﬁ2+w2) [J1(¢) = a-Jo(O)] | (6.11)

- ;B <a.
2w,,\/t’2 cosot (3+1)

Next we consider the case § > a, when

ﬁt’ £ cos 0 /% — a2

a\/t’2 o % cos2 d,

(6.12)

is purely imaginary. For this case, it is not clear how the branch cut is defined in

(6.4). Complex variable analysis tells us that a4 is located along the imaginary axis
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in at-plane for this case. Furthermore, we conclude that S(a+) > 1 (Jax| > 1) and

the late-time approximation condition t' >> £ cos G,. Therefore, the argument of a.

is /2. For the branch cut shown in 6.1, we find that the argument of the square

root \/‘E must be 7 /2 as well. From (6.3), we choose s = —1 and s = +1 in

(6.3), which allows us to write

(8% cosb, — t'\/62 + w2) [11(¢) — a4-Jo(¢)]
2wp\/t'2 — (% cosét)z(aﬁ_ +1)

(8% cos b, + t'\/82 + wZ) [11(¢) — a-Jo(¢)]

e(f) = u (t’ - 1%cos (§¢> e+

; B>a, (6.13)
2wp\/t'2 - (% cos ét)2(a3 +1)
and
PO Gt LS1)) BN (85 cos i — t'JB7+ 3) [116) = e+Jo(c)]

- ~ N2
\/a2 +wd 2wp\/t’2 — (% cos Gt) (a2 +1)

| (esh RGO -en0]] @10

2w,,\/t'2 - (% cos ét)z(a"l +1)

For the case § = a, we choose sy = 41 in (6.3); therefore,

) ) (8% cos b — t', /6% + w2) [11(¢) = as-do(C)]

e(f) =~ u (t’ -2 cosby —
v 2wp\/t'2 - (f’- cos Ot) (a2 +1)

(85 cosby + ', /8% + w2) [11(¢) ~ e~ Jo(C)]
2wp\/t'2 - (% cos ét)z(ag +1)

, B=a, (6.15)

and

u (t’ - %cosét) (ﬂ%cosét —t',/B% + w?2) [J1(¢) — a4 Jo(C)]
\/az + w? ZwP\/t’2 - (% cos (§t)g(a?F +1)

f(B) =
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_ (B3coshy+ ¢!\ P+ u2) [1(0) — a-h()] | f=a (6.16)

2w,,\/t’2 - (5 cos ét)z(a?. +1)

In summary, the late-time approximations for e(8) and f(8) can be written as

e(B) = u (t' - %cosét) {e""u(a — B) +e**u(f — a)

(8% cos by — ', /67 + wZ) [11(¢) — a+Jo(¢)]

2wp\/t'2 - (5— cos ét)2(a?,. +1)

(8% cos f + ', /B2 + wZ) [J1(¢) ~ a—Jo(¢)]

+ , (6.17)
2wp\/t12 —_ (% Ccos ét)z(ag + 1)

and

'~ Zcosf

5o ~ 2L A ) {e*~Cu(a - ) - e**u(f o)
\/a + wy
(8% cosb, — t'\/B2 + w2) [41(¢) — @+ Jo(¢)]
2w,,\/t'2 - (% cos ét)z(ag. +1)
B (62 cosfy + '\ /B2 + w2) [J1(¢) — a=Jo(¢)] | 6.15)

2wp\/t’2 - (% cos ét)z(az +1)

Note that the late-time expressions in (6.17) and (6.18) only consist of the zeroth
and first order Bessel functions. Therefore, the late-time results are much easier to
coxﬁpute than the exact, closed-form transient field expressions.

Fig. 6.2 shows a comparison between the results produced by the exact, closed-

form expression and the late-time approximations (6.17) and (6.18). As can been
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seen, the late-time approximate results are accurate over a large portion of the wave-

form.
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1.2 F

1 r Late-Time Results
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Figure 6.2: A comparison between the closed-form ILHI's expression, and the
transmitted transient magnetic fields associated with double exponential excita-
tions computed using the late-time approximation. The parameters are defined
as ¢ = 2 x 10720/m, € = 10¢, g = po, z = 10cm, a; = 5.9 x 107sec™!, and
ag = 2.1 x 108sec™1.
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CHAPTER 7

The Effects of Neglecting Displacement Currents when

Studying Transient Wave Propagation in the Earth

There are many applications which can benefit from the results developed in the
previous chapters. In this chapter, we present one example which investigates the
effects of neglecting the displacement currents when studying transient plane wave
propagation in the earth.

The transient response of an electromagnetic plane wave obliquely incident upon
the earth has been of interest to scientists in exploration geophysics for some time
[14, 48]. Since there previously was no analytical, closed-form solution (i.e., a solu-
tion consisting of readily computable special functions) available even for the problem
of a transient plane wave obliquely incident on a conductive half-space, people of-
ten resorted to using a diffusion approximation, thereby allowing for the analytical
computation of the required inverse Fourier or Laplace transform. In the diffusion
approximation, the displacement current is neglected in the earth, thereby reducing
the wave equation to the simpler diffusion equation [14]. We propose to use the pre-
viously developed analytical expressions to determine the error associated with the

diffusion approximation.
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7.1 Exact Transient Field Representations

We assume that the incident fields for the TE and TM polarizations are defined

by

E{(z,2,1)
’ =u(t—£sin0,-—icos9,~>. (7.1)
¢ c

HP(2, 2,t) J

Note that this incident plane wave arrives at the origin of the coordinate system at
the time ¢t = 0.

In Chapter 4, we demonstrated that the transmitted field for the TE polarization

can be represented in closed-form as (4.7)

2¢-at / 22 . ) 2 .
Egst)(:c, z,t) = E“—l [beJo (wp 2 — 550082 6 | u (t’ — 5 cos Gt)

+ be(Bo — a)f (Bo) — e(Bo)]- (7.2)

Following the same procedure as in Chapter 5, we find that the exact, closed-form

transmitted TM magnetic field associated with a unit-step input is given by

2e—at’ 2 R .
H,(,t)(x» z,t) = : {bh [Jo (wp 2 — %cos2 0| v (t’ - -z;cos Gt)
0] ]

(2a + p + s2)s2 + 2ap
s(s2 — 81)

_ (2a+p+sl)sl+2apf(ﬂ1)_

s(s1— s2)

f(B2)
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- p—ze(—a)——(s”“—”fewl)——(w*)—)ewz)]}. (7.3

5189 s1(s1 — s2) s1(s2 — 81

Since the ILHIs in the expressions (7.2) and (7.3) can be efficiently computed using the
asymptotic and convergent series expansions in [9] and [25], we use these expressions
to compute the “exact” transient fields which are later employed to check the validity

of the diffusion approximation.

7.2 Approximate Diffusion Representations

In this section, we solve for the transmitted diffusion fields by neglecting all dis-
placement currents in the conductive half-space. We consider the TE case first.

We start with Maxwell’s equations,

\

VXxE+2 =0

S . (7.4)

VxH-2 =¢E

V:D=0

J .
In the air region, ¢ = ¢p, so the transient fields must satisfy the standard wave

equation. In the conductive half-space, we allow the conduction currents to dominate,
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which leads to the diffusion equation

V2Byup — 7222 =, (7.5)

where the subscript yap denotes the y-component of the approximate electric field.

In order to eliminate the time derivative, we take the Laplace transform of both sides

of (7.5), so that

(V2 - 'ng)E&P(x) 2, s) =0, (7'6)
where
Yap = VIO S (7.7)

is the complex propagation constant assuming negligible displacement currents. The

general solution of (7.6) is
Eal."(wy 2,8) = S'Eyap = S’E~0(S) exP(:F'Yap . 7), (7.8)

where

Yap = YzapX + VzapZ. (7.9)

Due to the phase matching condition, we know that vzap = £sin8;. Therefore,

5% 1 :
Veap = \[VEp — Viaep = \/pas -3 sin?9; = z\/,uaczs — s2sin?4,. (7.10)

The obliquely incidence electric field is given by

E{,i)p(:v, z,8) = Ege~&(@sinbitzcosb) (7.11)
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where Ej is the amplitude of the incident waveform. Likewise, the reflected and

transmitted fields are given by

E‘éz,(:c, z,8) = EoRg,Ee"i(m’ino'_zwso') (7.12)
and
E® (z,2,5) = BoTLEe~(eapmt1:ap?), (7.13)

where RZ;,E and Tg;,E are the approximate TE reflection and transmission coefficients,

respectively.
Employing Faraday law V x E = —sufl, we find that the corresponding magnetic

fields are given by

- 1 ~ 8 (s i B ,

H&)p(x,'z, ) = —%cos §; Ege™&(@sinbitzcosti) (7.14)
7 (7) RZ;E I o —2(xsin0;—2z cosb;)

Hyo(z,2,8) = C#_o cosf;Epe” ¢ , (7.15)

TE 2¢ — o2ainl g,
}-.-{gl)p(w,z,s) - _T;;; E~0\//‘Uc S - s*sin”0; e—(%ssin0i+§\/p.ac23—-szsin29,'). (7.16)

After enforcing the boundary conditions (i.e., Eysp and Hy,p continuous at z = 0),

we find that

TTE _ 2cos ;s

= . 7.17
ap cos 0;sp + povnocts — ssin f; (7.17)

In order to neglect the displacement currents in the earth, we have assumed that
o > |s|e. Since € > €, and o > |s|eo, we can further simplify the approximate field

expressions as follows:

E® (z,2,5) = 2cosbs 'ue;e—z\/m.
VHooSs

yap (7.18)
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The transient transmitted electric field is given by the inverse Laplace transform of

(7.18). Employing the Laplace transform formula for (7.18), we have [1],

2

B (nnt) = 2R L (7.19)

For the TM case, we once again start from Maxwell’s equations and obtain the

simplified wave equation
(V2 = 92,)Hyap(z, 2, 5) = 0. (7.20)

Follow the same procedure used to derive EQS‘QP, we find that the approximate TM

transmission coefficient is given by

. (7.21)
cos 0,0 + eo\/a/zc% — s2sin%9;

Thus, the approximate transmitted magnetic field associated with a unit-step input

can be written as
2 cos 0; °“ e 3Ho

7 (t)
A (2,2,5) = . (\/g.;_ cosai\/eToa)

Using the Laplace transform pair, the transient magnetic field associated with the

(7.22)

unit-step input is found to be

26'
Héflp(a: z, t) = [erfc (zzv;;> — exp (cos()id%z) exp (.cﬁs_/‘_’o- l:_:

x erfe (cos@i e:: +2 Wi )] u(t) (7.23)

where erfc(x) denotes the complementary error function [1]. It should be noted that

using the late-time condition ¢ > £ cos é, together with the condition that time is
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much larger than the relaxation timet >> ¢/o, allows the diffusion results in (7.19) and
(7.23) to be derived directly from the exact, closed-form seolutions in (7.2) and (7.3).
Thus, as previously noted by Wait [48], the diffusion approximations are valid when
t > max (% cos by, e/ a). It is also interesting to note that the approximate diffusion
results in (7.19) and (7.23) have the same functional form as the expressions given in

[48], after the typographical errors in [48] have been corrected.

7.3 Error Analysis

In this section, we use the exact Laplace transform domain field expressions to
obtain a better understanding of the source for the errors in the diffusion expressions.
Using the condition o >> |sle, which was employed to obtain the approximate diffusion

fields, we can approximate the exact TE solution (2.18) as follows:

lim E{)(z,z,s) = EQ(z,2,5) + AEW (2, 2, 5), (7.24)

oo wer
where

. 2 cos8;\/ege VPR [ ¢s
AEét)(x'z's) ~ VRS —50-(1-{-.2,/#05)

— O os 6; + 2C0P0 gin? 6:(1+ z\/,uas)] (7.25)
dHo au

is an approximation for the error between the exact solution and the diffusion field.
Note that the diffusion field is the first-order term in the approximation, and the

error field is represented by the next higher-order term in the series.
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Similarly, for the TM case

AP(z,2,5) = A{y(3,2,5) + AHP (3, 2, 5), (7.26)
where
AR (3,2,5) m — o0 £ 0251 4 5 /i5) (7.27)
U s(cos ;0 + ceg\/usT) 20 ' '

We will use (7.25) and (7.27) to gain insight into the sources for errors in the diffusion

approximations.

7.4 Numerical Results

Reference to (7.19) and (7.23) shows that the diffusion fields violate causality.
This aspect was also noted in [14, 48]. Causality relates to the finite amount of
time required for a wave to propagate from a source to the field point. This finite
propagation time is taken into account by the unit-step function u (t’ — £ cos ét)
which appears in the exact, closed-form expressions for the transient fields (7.2),
(7.3), and the canonical integrals (3.29), (3.30). On the other hand, the diffusion
results in equations (7.19) and (7.23) contain a unit-step function u(t) which violates
causality.

In order to demonstrate the accuracy of the diffusion solutions as a function of
the variables in the problem, we plot the percentage relative error, which is defined

as

|(Exact Field) — (Diffusion Approximation)]
|max(Exact Field)| '

% Relative Error = (7.28)
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where max,; denotes the maximum field with respect to time.

In Figs. 7.1 and 7.2, we plot the time histories of the percentage relative errors for
the TM and TE diffusion fields at various depths, 2. These figures clearly demonstrate
that the diffusion fields produce large errors when ¢’ is less than the retarded time,
i.e., the diffusion approximation violates causality. For example, the time required
for the plane wave to reach z = 1m is about 10ns. The z = 1m curve shows a large
error exists for t’ < 10ns. In addition to the non-causal results, both the TE and
TM diffusion approximations exhibit larger errors at early times than at late times.

The initial and final value theorems for the Laplace transform [55], i.e.,

lim sX (s) = z(07) (7.29)
and
}Lngoa:(t) = lim sX (s), (7.30)

show that the early-time response corresponds to the high frequency components,
while the late-time response corresponds to the low frequency components. Since the
diffusion approximation is a low-frequency approximation (i.e., w <« g /¢), the initial
and final value theorems show that the largest errors should occur at early time. This
is expected since we have previously shown that the diffusion approximation is valid
only when ¢t >> max (% cos ét, e/a). Since the reflected field is proportional to the
field at the interface, the z = 0 curves in Figs. 7.1 and 7.2 show the amount of error

in the reflected fields.
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Figure 7.1: The time histories of the percentage relative errors in H!(,‘) for different
depths, z (TM case). The parameters are defined as 0 = 2 x 10720/m, € = 10¢,
p o= po, 0; = 45°. .
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120

Fig. 7.3 gives the percentage relative errors plotted as a function of z for t/ =
500ns. This figure shows that the percentage relative error increases monotonically
with increasing depth after a critical depth has been reached. We attribute this
behavior to neglecting the higher-order terms, which depend on 2, when deriving
the diffusion approximation (see (7.25) and (7.27)). This behavior is related to the
constraint ¢ 3> max (% cos ét, e/a). As z increases, t/ must also increases before this
inequality is satisfied.

Figs. 7.4 and 7.5 present the time histories of the percentage relative errors for
the TM and TE fields for different conductivities, . One expects an increase in
the error as ¢ becomes smaller since the diffusion fields are based on ¢ > we and
t > max (-f; cos ét,e/a). This phenomenon is shown mathematically in the error
expressions (7.25) and (7.27).

Figs. 7.6 and 7.7 show the time histories of the percentage relative errors for the
TM and TE fields for different angles of incidence, 8;. For the TM case, we see that
the error becomes larger as ; becomes smaller. This can be explained by the error
terms in (7.27). As 0; decreases, cos 6, becomes larger, thereby resulting in a large
error. For the TE case, the error becomes larger as 8; either increases or lecreases
from 6; = 45°. Looking at the error terms in (7.25), we find that both cosé; and

sin 8; appear in this expression.
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Figs. 7.8 and 7.9 show the time histories of the percentage relative errors for
different permittivities, e. Fig. 7.10 provides a more detailed description of the de-
pendence on changes in €. Sincet > max (% cos ét, € /a), larger errors are encountered
for larger value of ¢ (also see (7.25) and (7.27)).

In conclusion, we obtained the diffusion approximations by neglecting the displace-
ment current in the conductive medium. A comparison with the exact transient field
representations shows that the diffusion approximation violates causality. However,
as has been known for many years [14, 48], the diffusion approximation accurately
models the late-time transient behavior, i.e., ¢ > max (% cos é}, e/a).

In the past, the diffusion approximation was used to obtain approximate closed-
form expressions for the transient fields. However, as we have demonstrated in this
dissertation, exact, closed-form expressions are now available for these fields. There-
fore, with some added complexity, the exact, closed-form transient field expressions

can be used in place of the diffusion field approximations.
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CHAPTER 8

Conclusions and Further Work

In this treatise, we have derived ex#ct, closed-form analytical solutions for the in-
teraction between a transient plane wave and a conductive half-space. This is the first
time that a closed-form solution has been obtained for this important canonical prob-
lem. We began by obtaining expressions for the electromagnetic wave in the Laplace
domain. We assumed that the electrical properties of the media are frequency inde-
pendent. In general, any obliquely incident electromagnetic plane wave is derivable
as a linear combination of the two basic polarizations: transverse electric (TE) and
transverse magnetic (TM) [15]. By using Maxwell’s equations in the Laplace domain
and the boundary conditions at the plane interface, we obtained expressions for the
electromagnetic fields in all regions.

To return to the time-domain, we multiplied the expressions for the electromag-
netic fields in the Laplace domain by the input pulse spectra and then applied an
inverse Laplace transform. The inverse Laplace transform integral representations
for the fields were shown to possess canonical forms, thereby we were able to express
them in terms of two canonical integrals, f(8) and e(8). These canonical integrals
have closed-form analytical expressions involving ILHIs, which are readily computable

special functions. In our modeling results, we obtained excellent agreement between
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the exact, closed-form solutions and previously published results as well as numerical
integration results. We also demonstrated that the closed-form solutions are superior
to using an FF'T algorithm. The results computed using numerical integration or the
FFT required more CPU time than when the closed-form expressions were employed.

The asymptotic expression for the ILHIs was used to formulate relatively sim-
ple late-time expressions for the canonical integrals f(8) and e(8). These late-time
expressions proved to be very useful for computing the late-time fields.

The closed-form transient field expressions were used to study the effects of ne-
glecting the displacement currents in the earth. We first derived a relatively simple
diffusion approximation for the TE and TM polarization by neglecting the displace-
ment current in the conductive medium. A comparison with the exact transient field
representations showed that the diffusion approximation violates causality. However,
as has been known for many years [14, 48] the diffusion approximation accurately

models the late-time transient behavior, i.e., t > max (% cos by, € / a).

8.1 Future Work

An application that we would like to recommend for further work involves using the
results we developed to extract the electrical properties for a conductive half-space.
The coordinate system is illustrated in Fig. 8.1. A transient electromagnetic plane

wave is assumed normally incident on a conductive half-space such as the earth. A
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borehole is drilled perpendicular to the interface. The receivers are located at various
depths in the borehole. The source we considered is a unit-step function.

By the standard Laplace transform pair [1]

1
)
Ss—a

eat

(8.1)

the exponential in the time domain corresponds to a pole at s = a in the Laplace do-
main. For the TE case, if we let the receiver remain stationary, then the transmitted

electrical field is proportional to

1
V2rat

By ~ (8:2)

It is clear that this function does not have a pole in the Laplace domain. However,
the transmitted electrical field will have a pole if we simulate a moving receiver, i.e.,

e—a.x(co'shw—l)

E{) ~ Tax 83
where
x =4/t% — (%)2, (8.4)
and
¢ = tanh™ ;% (8.5)

Thus, the electric field sampled by a moving receiver at a sampling velocity v, = £

has a pole at

a(coshy — 1) = gg(coshw ~1), (8.6)
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thereby, we obtain

(8.7)

ol

in the Laplace transform domain. Thus, this pole can be used to extract the electric
parameters of the medium.

Note that the variable Y is related to the generalized time interval which is defined
in relativity. Thus, x is an invariant quantity. The reason why this transform allows
for the extraction of a needs further investigation. We believe that a large amount
of interesting physics is embedded in this problem. Using the exact, closed-form
analyticé.l results we developed, we plan to further investigate this important physical

phenomenon.
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Appendix A

Numerical Integration

In order to validate the closed-form expressions for the transient fields, we also
compute the fields using numerical integration [21]. In this appendix, we derive
expressions for the convolution integrals which are then integrated numerically. We
employ the convolution integral representation for the fields in order to avoid the
singularities and infinite integration range present in the spectral representations
(see (4.3) and (4.25)).

From (2.18) and (2.33), the transmitted E field in the Laplace domain is:

Unit-step input

- —%seinég _

\/(s—}-a)z—a2 s+ ag
(A.1)

) e_%c“é‘m e—%coséc\/m
b2 -1 s+ ag

Double-exponential excitation

7 () 24e=Feinde 1 (20 — ag)ag(ay —ay) 1 e~§oshV/lstay—a?
Ey (:E, 2, 3) =

b2—1 (ao—-al)(ao——ag) s+ g \/(73_'_“)2_0‘2

ez 1 VS (00 - ag)ay 1 bt
a=a st f(s+a)?—a? ep—ap star \/(s+a)? - a?

oo — o) 1 zemb/Grap—at _ _ 01 1 _zeost/Grar-a

(cg — 1)(@0 — 2) s + g o) —aps+ o




136

L ojembry/Giara) (A2)

@z — Qap S+ ag

We will employ the following Laplace transform pairs [1]:

e—fosinbe ___ o (t - %sin 5:) ) (A.3)
e-—%asinl}e Z gin d z 9

e ., e_ao(t——{; smgt)u (t —— SiIl gt) ’ (A.4)

s+ sp ¢

e—;f’- cosbyr/(s+a)2-a? 22 . 5 .
— e %Iy | a1/t?2 — — cos28; | u (t — = cosb, ), A5
\/(s +a)? — a? v? v

z q 2
s s - a% cosf; 2 A
g-feondey/Gorar—a® “‘[ L I | a4/t2 - =5 cos?§,
\/t2—§5cos20,, v

XU (t - %cos (jt) +6 (t - %cos ét)], ' (A.6)

where Ip(z) and I,(z) are the zeroth and first order modified Bessel functions, re-
spectively.

After substituting (A.3) - (A.6) into (A.1) and (A.2), and employing the convolu-
tion property of Laplace transform [32}, we find the desired convolution integrals:

Unit-step input:

De—alt— £ sin 6e)

E‘_lgt)(wt Z, t) = b2 - 1

2 2 “
T . a 2 T . ~ 2 ~
x Iy l:a\/<t - -;smf)t) il '—QCOS2BtJ u (t - 7s1n0t — -;COS&t)
v v v v
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2(2a - ao)b —ao(t—% sinfe) / Feinde —(a""O)"Io ay/72 — EE cos26, | dr
b -1 coség ’02
9 —ao(t.—-g-sino.g) t—2Z gin G, aZ COSé e—(a—ao)'r 2
- 8—2———/ ° 2 tz Ii|a 72—z—2c0529t dr
b2 -1 £ cosfy \/12 — 2 cos? 6, v

9e=0% cosbe 2 gin by — Z cosf T, ~ 0z ~
— = pmoo(t-Fsinf—gcosty),, (t — —sinf; — = cos 0t> . (A.7)
b2 -1 b b}

Double-exponential excitation:

2A ap(a; — ag) e e d [
(®) = 0\™1 2 ap(t—$ sinft) b(2a —
Ey (za21t) b2—' 1{(&0—&1)(&0—&2)6 ( a ao)

t—Z sin §; 22
% / v . e“(a—aﬂ)"'jo ay/72 — " cos? O¢ | dr
£ cosfy v
2 t—-2 sin by e—(a—aa)T 22
- a- cos@t/ = I |a4f72 — —2cos20t dr
] Z o050y T2 — %7 cos? Bt v
—(a—cag)Z cosf T4 z 3
- e (a ao)ocosl)tu (t — —sinf; — 70050t>]
[}] v
o t—Z gin b, 22
+ Q1 e—m(t—%smﬂg) [b(2a _ 041) / v ) 6—(a—a1)7‘Io a2 — - cos? Ot dr
Q) — ag £ coaby v
2 t—Z sin e—(a—o1)r 22
- a—coset/ 2 Iy | a4/7% = — cos?6; ) dr
z
) Z cos 0y T2~ -37 cos2 8, v
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—(a—cx1)Z cosd T. 5 Z 5
e (a—a1); °°°0‘u (t - - SlIIOg - = cosat)]
v v

o B . t— 2 gin 6, o 22
e az(t v SInég) [b(2a _ a2) v ) e (a 02)7'IO a 7-2 —_ __5 C082 at dT
Qg — o £ coste v
2z . [t-%sind  g—(a-o2)T 22
a— cos()t/z N = ILila 72 ——ECOSQQt dr
v § cosbe \/72 — % cos? 6, v

g~ (@) cosliy, (t ~ Zsind, — = cos 9})] } (A8)
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