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ABSTRACT 

Random walks on state space partitions provide an abstract generic picture for 

the description of macroscopic fluctuations in complex systems like proteins. We first 

determine the average residence probability and the average distribution of residence 

times in a particular macroscopic state for the ensemble of random partitions of a one

dimensional state space. 

We then extend our study to the Bethe lattice and also the 2-, 3- and higher 

dimensional lattices. Our treatment involves both extensive analytical and numerical 

analyses. Finally, we compare the solution of our model on the Bethe lattice with the 

experimental data and find excellent agreement. 
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CHAPTER 1 

Introduction 

1.1 Introduction 

At physiological temperatures, proteins fluctuate strongly between different 

microscopic conformations[1]-[4]. On a macroscopic level, these microscopic fluctuations 

manifest themselves as fluctuations between protein states of different functionality. One 

simple, well-known example is a protein acting as a passive ion channel which can be 

either in an open or a closed state[5]-[15]. Other examples are fluctuations of transport 

proteins between states of different binding activity for the ligand[16][17], or fluctuations 

of catalytic proteins between states of different catalytic effectivity. We will advocate 

here a new generic - albeit abstract - view for the description of these macroscopic 

manifestations of microscopic conformational fluctuations. 

Proteins are examples of complex systems with a high-dimensional state space[18]. 

This space of microscopic conformations can be partitioned into sets corresponding to 

the different macroscopic protein states. Usually, several microscopic conformations that 

are close to each other in state space will belong to the same macroscopic state and will 

form a - more or less extended - individual patch. All patches that belong to one 

particular macroscopic state then make up one partition set; see Fig.!.!. There are 

several relevant topologies for the respective structures of the partition regions in that 

high-dimensional state space: one or several of them may percolate throughout the entire 

state space, but not the others, or even all of them may percolate. Note that, due to the 

high dimensionality of the state space, independent percolation of different partitions is 

possible. However, having neither percolate requires special geometries and is unlikely 
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to be encountered(19)-[22). 

Thermal fluctuations can - in general - be modelled successfully as a random 

walk in some state space[23][24][25]. Conformational fluctuations of proteins, particularly 

at physiological temperatures, are no exception to that. Fluctuations of the macroscopic 

state of a protein arise in this picture from the random walk leaving a patch corresponding 

to one macrostate, and entering the patch of another macrostate. During the time the 

random walk stays in that patch the protein stays in that macrostate, until it leaves the 

patch again, either to enter the one it came from or to enter another; see also Fig. 1.1. 

We will call this approach the random walk on state space partitions (RWSSP) picture 

of macroscopic fluctuations. 

Due to the complicated interactions involved in a strongly heterogeneous sys

tem like a protein, the random walk in protein state space has to be viewed as one on 

a very rugged potential surface[26]. Particularly in the low temperature regime, this 

ruggedness imposes strong limitations on the parts of state space that are accessible at 

all, a feature known as "broken ergodicity"[27][28]. Although there has been consider

able work on stochastic processes on rugged potentials, the properties of macroscopic 

fluctuations due to rugged potential random walks on partitions is completely unknown 

up to now. Nevertheless, they could probably give very interesting new insights into the 

low-temperature behavior of glasses and of proteins. 

Here, however, we will be concerned with the high temperature regime. In this 

regime, random walks on rugged potentials can be viewed on macroscopic length scales 

as free diffusion with some suitably renormallzed diffusion coefficient[29](30). It is also 

known that, e.g., Mossbauer data on protein fluctuations can be described successfully 

using an effective temperature-dependent diffusion coefficient in a smooth, slowly-varying 

potential[31][32][33]. We will, therefore, assume in the following that the random walk 

in the protein conformational state space can be described in a first approximation as 

free diffusion. 

The open-state/closed-state fluctuations of passive ion channel proteins are a 
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state 1 
state 2 

state 3 

Figure 1.1: Sketch of state space partitioning. 
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very suitable candidate for illustrating the scheme that we sketched above. In this case 

there is a simple, natural partitioning of state space, namely the open and closed states. 

In this approach, a channel that switches from the open to the closed state can be 

thought of as crossing the boundary from a region of open-state configurations to a re

gion of closed-state configurations. On the other hand, there exists already a vast array 

of experimental literature on the fluctuation properties of these channel proteins; see 

e.g. in Ref.[34] and references therein. Since single-channel fluctuations can be moni

tored individually using the patch clamp technique[35], residence times in the open state 

and closed state partitions are readily accessible for a statistical analysis. In particular, 

the distribution of residence times in the closed state, usually called closing times distri

bution, Pc/osed(t), is observed to exhibit an algebraic regime with a t-3/ 2 power law in 

many ion channel proteins[36]-[39]. 

Some preliminary results of an analysis of this model have been discussed in 

several pUblications[40][41]. In these, however, a single patch corresponding to an open 

state surrounded by closed states was studied, and the generic behavior of the closing 

time distribution and its dependence on state space dimension was investigated. 

In this thesis, motivated by our desire to understand better protein fluctuations, 

we propose a new mathematical problem-the random walk on a randomly partitioned 

space. Here we will not make any specific assumptions about the partitioning of state 

space but, rather, we will treat it as random: each state is assigned to one macroscopic 

partition with a probability p, and to the other (or others) with a probability 1- p. We 

will be interested in the behavior of the distribution of residence times in that particular 

partition, averaged over such a defined ensemble of state space partitionings. In this way 

we will be able to distinguish whether any experimentally observed dynamics depends on 

a particular topology of state space partitioning, or whether it can be explained simply 

as a generic property of a particular state space volume fraction of the states in question. 

We will first examine the one-dimensional version of the model. The study in 

one dimension is a prerequisite to an understanding of the higher-dimensional behavior of 
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the model, and its analysis is interesting in its own right. In one dimension we can solve 

the model exactly in two different ways, which we discuss in the following chapter. We 

find that in Id our model exhibits an interesting nontrivial time evolution. In particular, 

the probability that a walker remains in an open-state cluster decays in a manner that is 

slower than exponential, but faster than a power law. We therefore uncover as a bonus 

new and interesting dynamical behavior. 

However, the state space of the closing time distributions in ion channel proteins 

is high-dimensional. We therefore study the same problem on the Bethe lattice to gain 

more insights. We find that techniques which solve the problem exactly on the one

dimensional lattice cannot solve the Bethe lattice case. We therefore construct a mean 

field theory to solve the Bethe lattice case. In this mean field approximation, we first 

assume that the probability of the walker being absorbed is the same for all sites. The 

problem then reduces to that of finding the remaining probability in a semi-infinite one

dimensional lattice with an absorbing site at its end. In this solution, when p < 1, 

an exponential term (resulting from the constant absorbing probability at each site) 

eventually dominates the behavior in the long-time limit. However, this does not match 

with the simulation results. 

We therefore need to develop a more sophisticated approach. The approach we 

develop is a direct counting technique (which also solves the problem exactly in Id) and 

which exploits the tree-like structure of the Bethe lattice. We find that the solution 

obtained now matches the simulation results. 

This diffusion problem becomes more complex on Euclidean lattices with di

mensions d 2: 2. Here we rely on extensive numerical simulations. We also propose a 

reasonable analytical formalism to treat this problem which uses some features of the 

method used on the Bethe lattice. Finally, we compare our model with the experimen

tal data and draw conclusions about the likely structure of the state space relevant to 

protein conformational fluctuations. 

To summarize, motivated by an important and interesting problem in biophysics, 
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we propose a new mathematical problem and solve it in a variety of settings and limits. 

This problem can be used as a model for studying protein conformational fluctuations, 

and we return to this in the final chapter. But we also believe that this problem will 

have a variety of applications in different areas, and open up new avenues of research in 

both physics and applied mathematics. 
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CHAPTER 2 

Random walks on random partitions in one dimension 

2.1 Introduction 

In this chapter we set up the model for the residence times distribution and then 

solve for the answers on the one-dimensional lattice by using several techniques which 

lead to the exact solutions. We also show that the solutions in different mathematical 

expressions using different techniques are actually the same numerically and analytically. 

2.2 The Model 

We consider a one-dimensional lattice with unit spacing. Each site is present with 

probability p, and absent with probability 1 - p. At each timestep, a random walker 

has an equal probability of stepping to the left or to the right. The question we seek 

to answer is, given that random walker starts at time zero at the edge of a connected 

cluster of sites, what is the fraction of them that still resides within the same cluster a 

time t later? 

We frame the problem in this way because this quantity is equivalent to the 

fraction of proteins still in a particular macroscopic state, given that they switched to 

that state at t = O. That state could be, e.g. the open state or the closed state of 

an ion channel protein. However, as noted above, the observable usually reported in 

measurements of ion channel fluctuations is the distribution of closing times. What is 

the connection between the distribution of residence times in a particular state, pet), 

and the above defined fraction? Let N(t) denote the fraction of proteins which remain 
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in the macroscopic state at time t, given that all switched to that state at t = O. Since at 

time t only those proteins that have a residence time greater than t contribute to N(t), 

we have 

N(t) = 100 

dt' P(t') 

and so the residence time distribution is given by 

P(t) = -dN(t)/dt. 

Therefore, by computing N(t) we can deduce P(t). 

(2.2.1) 

(2.2.2) 

We will take the origin as a vacant site to the left of a cluster. The random 

walker starts at site 1 at t = 0, thereby satisfying our formulation of the problem. We 

will denote the averages over all distributions of present and absent sites (with probability 

P and 1 - P respectively) by ( }p. 

2.3 Eigenfunction Expansion 

In our first approach we calculate exactly the time evolution of the fraction of random 

walkers inside a cluster of size 1, and the corresponding residence time distribution, 

by solving the eigenvalue problem of the corresponding transition rate matrix. The 

quantities (N(t)}p and (P(t)}p are then obtained by averaging over the distribution of 

cluster sizes, PI, in the ensemble. We first formulate the problem in continuous time, 

which is probably more accessible to most readers. However, the problem can be solved 

equally well in a discrete time formulation, which is done in the second part of this 

section. In the next section we will present - as an alternative approach - a direct 

counting technique to solve the discrete time problem. 

Let us consider a random walker that starts at an edge of a one-dimensional 

cluster of size 1, and that is able to escape from that cluster at both ends. The probability 

distribution over the sites 1 ... 1, PI(t), is then the solution of the equation 

(2.3.1) 
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where the transition rate matrix Al is given by 

-2 1 0 0 0 

1 -2 1 0 0 

Al = r-1 0 1 -2 1 o (2.3.2) 

000 1 -2 

with r being the time scale. Since the choice of the starting edge is arbitrary, we use the 

initial condition 

PI(O) = 

1 

o 

o 

(2.3.3) 

It is a textbook exercise to exploit the cyclic properties of Al and determine the 

eigenvalues Aj and eigenvectors e(j) by a Fourier transform ansatz. One finds 

(2.3.4) 

and 

ej(j) = V I ~ 1 sin( ikj) , (2.3.5) 

with 

kj= 1:1 j , j=1, ... ,1 . (2.3.6) 

We note that the eigenvectors (2.3.5) are already normalized. With these eigenvectors 

and eigenvalues the solution of Eqs. (2.3.1) to (2.3.3) is given by 

I 

PI(t) = E e(j)e1(j)e>'jt 
j=l 

(2.3.7) 

From this result the fraction of random walkers still in the I-cluster at time t is 

obtained by summing over all components of PI(t), 

I I I 
N,(t) = E E ej(j)e1(j)e>'jt = E aj(l)e>.jt , (2.3.8) 

j=li=l j=l 
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where the expansion coefficients are evaluated to 

( ) 4. 2 (j1r) 2 ( j1r ) 
aj I = 1+ 1 sm "2 cos 2(1 + 1) (2.3.9) 

Note that the term sin2 (if) is one for odd values of j and zero for even j. Using 

Eq. (2.2.2) the residence time distribution l1(t) follows from Eq. (2.3.8) to 

I 

PI(t) = - E aj(l)>'je>.;t . 
j=1 

(2.3.10) 

In the corresponding discrete time problem, the distribution P/(t) is defined only 

for discrete values of t = 0,1, ... , and the differential equation (2.3.1) is replaced by 

P/(t + 1) = W/P/(t) , (2.3.11) 

where the transition probability matrix WI is given by 

0 1 0 2 0 ... 0 

1 0 1 0 2 2 

W/= 0 1 0 1 ... 0 (2.3.12) 2 2 

o 0 0 ! 0 

Eigenvalues and eigenvectors are determined in a way analogous to the continuous time 

case. The eigenvalues are now 

(2.3.13) 

and eigenvectors are identical to Eq. (2.3.5). In the discrete time case the exponential is 

replaced by an appropriate power of the respective eigenvalue, i.e. we get for the fraction 

of random walkers still in the I-cluster at time (t) 

I 

NI(t) = Eaj(/)>'; , (2.3.14) 
j=1 

with the same expansion coefficients aj( I) as in the continuous time case. The residence 

time distribution has to be determined in this case by a discrete variant of Eq. (2.2.2), 

i.e. 
I 

PI(t) = NI(t) - NI(t + 1) = E aj(I)>';(1 - >'j) , (2.3.15) 
j=1 
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Finally, we have to average our above results over the distribution of i-clusters. 

The relative probability of a cluster of occupied sites of length I is given by (1 _ p)2pl, 

where the term (1 - p)2 arises from the two unoccupied sites at each end. Correct 

normalization then leads to 

PI = (1- p)pl-l (2.3.16) 

Calculating the average is then straightforward, 

00 

(N(t))p = E NI(t)PI (2.3.17) 
1=1 

with a similar form for (P(t))p. Finally, the solution for (N(t))p in continuous time basis 

is as follows, 

00 4pl
-

1 
I 2 [ jll' ] . 2 (jll') 

(N(t))p = (1- p) E 11 E cos 2(1 1) sm 2" 
1=1 + ;=1 + 

(2.3.18) 

In a discrete time basis, the corresponding formula becomes 

00 4 1-1 I (.) [. ] (.) P t JlI' 2 JlI' . 2 JlI' 
(N(t))p = (1 - p) E 11 ~ cos 11 cos 2(1 1) sm 2" . 

1=1 + 3=1 + + 
(2.3.19) 

Fig. 2.1 to 2.2 display the numerical curves from Eq. (2.3.18) for some p. Fig. 2.3 

to 2.5 show the dependence on p for several t from the same equation. Note that all 

figures based on Eq. (2.3.18) are having the time scale T = 2. Fig. 2.6 to 2.7 demonstrate 

those from Eq. (2.3.19) for several values of p. Fig 2.8 to 2.10 reveal the dependence 

on p for several n from Eq. (2.3.19). Fig. 2.11 and 2.12 show the numerical comparison 

between the above two solutions. A detailed numerical analysis of these results is given 

is Sect. 2.5. 
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Figure 2.1: Semi-log plot of (N(t)}p vs t in 1d for several values of p from 
Eq. (2.3.18)-continuous time basis. 
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Figure 2.2: Log-log plot of (N(t)}p vs t in 1d for several values of p from 
Eq. (2.3.18)-continuous time basis. 
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Figure 2.3: Linear plot of (N(t))p vs P in Id for several values of t from 
Eq. {2.3.18)-continuous time basis. 
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Figure 2.4: Semi-log plot of (N(t))p vs P in Id for several values of t from 
Eq. (2.3.18)-continuous time basis. 
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Figure 2.7: Log-log plot of (N(n)}p vs t in Id for several values of p from 
Eq. (2.3.19)-discrete time basis. 
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Figure 2.8: Linear plot of (N (n)}p vs p in Id for several values of n from' 
Eq. (2.3.19)-discrete time basis. 
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Figure 2.9: Semi-log plot of (N{n)}p vs p in Id for several values of n from 
Eq. {2.3.19)-discrete time basis. 
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Figure 2.10: Log-log plot of (N{n)}p vs p in Id for several values of n from 
Eq. {2.3.19)-discrete time basis. 
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Figure 2.12: A llulIlerical COIll parisoll of Eqs. (2.3.18) and (2.3.19) through more extensive 
t illl(, rallge. 
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In the next section we present an alternative derivation of the discrete time 

results, based on a direct counting scheme for individual random walks, that will provide 

for higher-dimensional systems. However, before doing so we will give just a short 

discussion on how the time scales of the discrete time and continuous time results are 

related. For that purpose it is useful to analyze the surviving fraction NI(t) for a large 1-

cluster. Asymptotically for large I, the sum in Eq. (2.3.8) can be replaced by an integral, 

and the fast oscillating function sin2(j1r /2) can be replaced by 1/2. This procedure leads 

eventually to 

Noo(t) = lim NI(t) = e-2t
/

r [Io(2t/r) + II(2t/r)] 
1-+00 

(2.3.20) 

in the continuous time case, where 10 and II are the modified Bessel functions of order 

zero and one, respectively [42]. In the discrete time case the result is 

(2.3.21) 

Only the cosine term with an even exponent gives a nonzero contribution after integra

tion. Therefore, we get eventually 

(2.3.22) 

where the floor function l x J gives the integer part of x, and the double factorial is defined 

by (2m)!! = 2mm! and (2m - 1)!! = 2mr(m + 1/2)/Vi [42]. For large values of t the 

functions (2.3.20) and (2.3.22) approach 

and 
1 

Noo(t) - --;=== V1r l1¥J 

(2.3.23) 

(2.3.24) 

The above results show that the choice r = 2 is necessary for a comparison of discrete 

and continuous time case, and that they become equivalent, at least for large t. However, 

as was to be expected from the choice of the model, the discrete time case exhibits the 

feature that NI(t) is constant for pairs of successive time points. 
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2.4 Direct Counting Procedure 

Our next method uses a direct counting technique. This method will prove to be 

particularly useful in examining this problem on higher-dimensional lattices; however, 

we defer discussion of that problem to a later chapter. We consider an n-step walk 

(corresponding to n timesteps) and ask for the probability that the walker has not been 

absorbed - i.e., has not stepped onto a missing site. Each time the walker steps to the 

right there is a probability 1 - p that it will be absorbed, so we need to count the total 

number of ways on a 1d lattice in which a walker, starting at site 0 and never stepping 

onto a negative site, can reach site m without going beyond site m + i. We call this 

quantity Wm+i(n,m). We first show that knowledge of this quantity is sufficient to find 

(N(t))p (which we will relabel (N(n))p). 

The basic idea in this approach is the observation that each time the walker 

steps on a previously untested site, there is a probability p that the walker remains in 

the starting cluster. Any step to a previously tested site, of course, will result in the 

walker remaining in its starting cluster with probability one. Let en denote all possible 

realizations of an n-step walk (subject to the constraint of never stepping to a negative 

level, as before), and let g( k) equal the number of sites touched at least once by the kth 

realization of an n-step walk. For an unbiased n-step walk, then, it follows that 

(N(n))p = (4) n ~p9(k) • 

k=l 

(2.4.1) 

Using the definition given above of Wm+i(n, m), it follows that the RHS of 

Eq. (2.4.1) can be rewritten to yield 

(2.4.2) 

This can be rearranged as 

(2.4.3) 
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The problem is therefore reduced to finding an expression for W m+i( n, m). This 

simply involves repeated application ofthe reflection principle for unbiased random walks 

[44]-[50]. The calculation is straightforward, though tedious, and the result is 

Wm+i(n,m) = ( n ) ntm 
2 

-E [( "1m + 1+ :( m + 2+ i) ) - ( "1m + 2 + i : k( m + 2+ i) ) 1 

- [; [( "1m + 1+ i : j( m + 2+ i) ) - ( "1m + (j + ;)( m + 2+ i) ) 1 

_ m+1 
- ntm + 1 ( 

n ) E[m+1+2(k+1)(m+2+i) ( n ) 
ntm + k=O ntm + 1 + (k + 1)(m + 2 + i) ntm + (k + 1)(m + 2 + i) 

m + 3 + 2i + 2k( m + 2 + i) ( n ) 1 
ntm + 2 + i + k( m + 2 + i) ntm + 1 + i + k( m + 2 + i) 

(2.4.4) 

where the upper limits of the sums over k and j are finite and depend on the condition 

that the value of the lower element of a binomial coefficient must be less than or equal to 

the value of the upper element. Note first that Wm+i(n, m) = 0 when either m + i ~ 0 

or i < O. To see this, replace m and i in Eq. (2.4.4) by arbitrary negative values such as 

-mm and -ii respectively, where mm and ii are positive, all terms cancel. Appendix 

D evaluates the value of m which helps to determine the maximum value of Wn(n, m). 

The solution from this direct counting technique as shown in Eq. (2.4.3) and (2.4.4) has 

a closed form. Unlike the solution obtained from the eigenfunction expansion technique, 

there is no approximation needed in order to obtain the curve of {N(n))p vs n for the 

extreme case of p = 1 from Eq. (2.4.3) and (2.4.4). Fig. 2.13 pictures the curve of {N( n)h 

vs n from the above two equations. We can see that {N(n)h is actually proportional 
1 

to n-2 at large n. Fig. 2.14 compares those curves in Fig. 2.13 with the numerical 
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simulation results. We see an excellent match between them. We now show that the 

expressions (2.4.3) and (2.4.4) are equivalent to the result obtained by the technique 

using eigenfunction expansion in the previous section. 

From Eq. (2.3.17), we have 

00 00 

(N(t))p = L PI NI(t) = (1- p) L pl- 1 NI(t). (2.4.5) 
~1 ~1 

In Appendix A, we show that Eq. (2.4.5) can be rewritten 

{ ( )) _ ( ) ~ 4p
l
-

1 ~ 2 [ i1r ] . 2 (i1r) 
N t p - 1 - P t;: 1 + 1 ~ cos 2( I + 1) sm 2 

x exp [-2 sin
2 (2c/: 1)) (tiT)] (2.4.6) 

In a discrete time basis, the above formula becomes 

00 4 1-1 I ( '1r ) [. ] (. ) 
{N(n))p = (1 - p) L H ?: cosn h cos2 2(;: 1) sin2 J; 

1=1 + 1=1 + 
(2.4.7) 
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ld results 
- simulation results in circles with error bars 

- results from direct counting technique in solid lines 
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n 

Figure 2.14: Semi-log plots of (N(n))p vs n for several values of p from the simulation 
results (in circles with error bars) and from the analytical solution in Eqs. (2.4.3) and 
(2.4.4) (in solid lines). 

which we want to compare to Eq. (2.4.3). 

We find excellent numerical agreement of Eqs. (2.4.3) (using the expression 

Eq. (2.4.4) for Wm+i(n, m)) and (2.4.7) over more than thirty decades of log10 (N(n))p. 

We now show that the two formulas for (N(n))p are indeed the same mathematically. 

We first note that if the sum over i in equation (2.4.3) is allowed to go to infinity, the 

original formula is unaffected. That is, 

(2.4.8) 
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since all the terms beyond the coefficient of p n~m are zero because the walker can not 

reach a level higher than level ntm in an (n, m)-walk (Le., an n-step walk in which the 

walker has never touched a negative site and finally landed at site m). We can therefore 

extend the sums over m and i to infinity and have 

00 00 (l)n 
(N(n))" = 1: 1: pi (1- p) '2 WI(n, m) 

m=O I=m 

(2.4.9) 

In Appendix B we show that, 

(l)n 2 ~ n ( j7r ) . (j7r) . ((m+ l)j7r) '2 WI(n,m) = 1 + 2 ~ cos 1 + 2 sm 1 + 2 sm 1 + 2 .' (2.4.10) 

Combining Eqs. (2.4.9) and (2.4.10), we have 

(N( )} = ~ ~ 2pl(l- p)~ n ( j7r ) . ( j7r ) . ((m + l)j7r) 
n " L.J L.J 1 2 ~ cos 1 2 sm 1 2 sm 1 2 

m=OI=m + 3=1 + + + 
(2.4.11) 

which can be rewritten 

00 2 1(1 ) I+I I+I (.) (.) (k') 
(N(n))" = 1: p - p 1: 1: cosn .J...!!..- sin IJ+7r2 sin 1 +J 7r2 

1=0 1 + 2 j=1 k=1 1 + 2 

_ ~ 2pl-l(l- p) ~ ~ n ( j 7r) . (j 7r) . (k j 7r) - L.J L.J L.J cos -- sm -- sm -- . 
1=1 1 + 1 j=1 k=1 1 + 1 1 + 1 1 + 1 

(2.4.12) 

To evaluate the series E~t\ sin (fiT), we employ the trigonometric identity 

(2.4.13) 

We then find 

/+1 (k') I (k') 1: sin IJ~ =1: sin IJ~ 
k=1 + k=l + 



= [Sin (/+7r1) + sin ({ ~ ~)] + [sin C2i7rl) + sin ((I ~~7r)] 
+ [Sin ( 3j 7r) + sin ((1- 2)j7r)] + ... 

1+1 1+1 ' 

which after some straightforward but tedious manipulation yields 

I+I • (k j7r) sin (i;) . [ jl7r ] 
{; sm 1 + 1 = sin [26:1)] sm 2(1 + 1) 

. (j 7r) [j 7r ] . [ j i 7r ] 
= sm 2""" csc 2(1 + 1) sm 2(1 + 1) 

Plugging the above result back into Eq. (2.4.12), we finally have 

00 2p'-1 
(N(n)}p = (1- p) L y----f 

1=1 + 

I ( .) (.) n J7r . J7r 
x~cos 11 sm 11 

3=1 + + [ 
j7r ] . (j7r) . [ jl7r ] 

CSC 2(1 + 1) sm "2 sm 2(1 + 1) 
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(2.4.14) 

(2.4.15) 

p n J7r J7r. J7r . J 7r 00 4 I-I I ( .) [. ] (.) ['1 ] 
= (1- p) tr 1 + 1 f; cos 1 + 1 cos 2(1 + 1) sm "2 sm 2(1 + 1) 

(1 p) ~ 4 p'-I ~ cosn ( j7r ) cos2 [ j7r ] sin2 (j27r) 
= - (;t 1+1 ~ 1+1 2(1+1) 

(2.4.16) 

which is identical to Eq. (2.4.7). 

2.5 Results 

We will take the eigenfunction expansion result, Eq. (2.3.18) as the starting point 

for a numerical analysis of the behavior of the quantities of interest. An analysis of the 
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discrete time case can be made along the lines sketched here, but we refrain from doing 

so. The long-time behavior in particular is equivalent in both cases, as was discussed 

already at the end of Sect. 3. 

Since, for a particular value of t, NI(t) increases monotonically, whereas p'-I 

decreases, it is necessary to find a good truncation criterion for the infinite sum. Note 

that, on the other hand, the solution obtained combining Eq. (2.4.3) and (2.4.4) from 

the direct counting procedure has a closed form. Fortunately, NI(t) is bounded from 

above by 

Noo(t) = lim N,(t) = e-2t /-r [Io(2t/T) + ft(2t/T)] 
1-00 

(2.5.1) 

see Sect. 2.3. where 10 and II are the modified Bessel functions of order zero and one, 

respectively. The Bessel functions in Eq. (2.5.1) can be evaluated to sufficient accuracy 

using standard techniques[42][43]. This results can easily be derived by replacing the sum 

over j in Eq. (2.3.8) by an integral and replacing the fast oscillating function sin2(j1!' /2) 

by 1/2. Utilizing Noo(t) it is possible to give an approximation to (N(t))p that involves 

only the evaluation of a finite sum, 

L 

(N(t))p,approx = (1 - p) Ep'-I NI(t) + pL Noo(t) (2.5.2) 
1=1 

where L is determined from the condition, where 0 < e ~ 1, 

(2.5.3) 

This condition guarantess that the relative error of (N(t))p,approx is smaller than 

e. 

An equivalent expression can be found for the sample to sample variance. For 

consistency, we used L from Eq. (2.5.3) also as the basis to determine (P(t))p and its 

sample to sample variance. 

Our numerical results for (N(t))p are again shown in Fig. 2.15 and 2.16 for a 

wide range of values of p. For p = 0 the state space partition of interest contains only 
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a single site. Since an escape is possible to each neighboring site, this leads to a single

exponential decay, exp( -t). In the other extreme case, for p = 1, we have a semi-infinite 

stretch of states, and (N(t)}p=l is given by Noo(t), defined in Eq. (2.5.1) above. The 

long-time behavior of Noo(t) is algebraic, 

(2.5.4) 

For intermediate values of p it is clearly seen that (N(t)}p is faster than alge

braic, but slower than exponential. In order to analyze the non-exponentiality of (N(t)}p 

in more detail, we have replotted the data of Fig. 2.15 in a In-In vs In plot in Fig. 2.16. 

The advantage of such a representation is that a Kohlausch- or Williams-Watts behav

ior, exp[-(t/T).8], used very often successfully as a non-exponential two-parameter fit 

function, shows up as a straight line with slope (3. Figure 2.15 demonstrates that two 

to three different regimes can be distinguished. First, there is an initial exponential 

decay. For most values of p, this single-exponential decay turns eventually into a non

exponential decay that can be described approximately as Kohlrausch-behavior with 

(3 < 1, as demonstrated by the approximately straight lines with slope < 1 for large val

ues of In t. For values of p close to one, however, there appears an intermediate regime 

where (N(t)}p follows closely Noo(t), until it also turns into a Kohlrausch decay. 

The initial single-exponential decay can be easily analyzed. Using the fact that 

.lV1(O) = -2/T, and .lV/(O) = -l/T for I > 1, it follows immediately that 

d
d I (N(t)}p = -(2 - p)/T , 
t t=o 

(2.5.5) 

which determines the initial exponential to exp[-(2 - p)t/T]. 

There is always some arbitrariness involved when a non-exponential decay is 

fitted to a particular decay-function, e.g., a Kohlrausch function. One of the main 

problems is the choice of the time range that is used for the fit. Since Fig. 2.15 suggests 

that it is particularly the long-time regime that exhibits a Kohlrausch-behavior, a more 

systematic approach is possible. In the following, we will describe the long-time behavior 
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Figure 2.15: (N(t)}p vs t for p = 0, 0.5, 0.9, 0.99, 0.999, and 1 (from left to right). 
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Figure 2.16: (N(t»)" vs t in a log log vs log plot that p = 0, 0.5, 0.9, 0.99, 0.999, and 1 
(from left to right). 

of (N(t»)" by a Kohlrausch-like function 

(2.5.6) 

where the parameters /1, TK, and q are determined by the requirement that Eq. (2.5.6) re

covers the correct low-frequency behavior of the exact function {N(t»)". This guarantees 

that Eq. (2.5.6) is the best possible Kohlrausch-like function to describe the long-time 

behavior of {N(t»)". An advantage of the procedure we use is that the low-frequency 

moments of (N(t»)" can be determined in closed form. How this is done in detail is 

discussed in Appendix B. 

Figure 2.17 demonstrates the quality of the Kohlrausch fit (shown in Eq.'(2.5.6»by 

giving a comparison with with the exact behavior for some values of p. Figures 2.18a, 

2.18b, and 2.18c show the dependence of the parameters /1, T, and q on p. It is clear 

that /1(0) = 1 for p = O. For p - 1, /1 approaches a nonzero limit value, /1(1) = 0.27138. 

However, in this limit the contribution of the Kohlrausch function (2.5.6), measured by 

q, vanishes linearly with (1 - p). In this limit the time scale T diverges with (1- p)-l. 
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Figure 2.17: Comparison of (N(t)}p (solid line) and Kohlrausch fit, Eq. (2.5.6) (dashed 
line) for p = 0.5,0.9, and 0.99 (from left to right). 

This is clear since in that limit the long-time behavior becomes the algebraic decay ob

tained for a semi-infinite cluster, Eq. (2.3.22). Still, we can expect that the Kohlrausch 

description gives a satisfactory picture of the long-time behavior for values of p from 0.5 

up to 0.99, as Fig. 2.17 demonstrates. 

2.6 Conclusion 

We have successfully set up the model and computed the exact solutions for the one

dimensional case. We then analyzed the solutions for several arbitrary p's. However, the 

model on a higher dimensional lattice is different from the one-dimensional case. The 

techniques used to solve the model in on ... dimension cannot exactly solve that on a 

higher dimensions. This is because the number of possible lattice animals for any given 

size is simply 1, while this number increases rapidly' in higher dimensions. Although 

counting lattice animals has been widely studied, there is still no general solution found 

analytically or numerically which can represent the number of possible lattice animals 

of any size in higher dimensions [52]-[56]. Unfortunately, we have to determine the 
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possible number of lattice animals in our model in order to compute the exact solution 

analytically. Therefore, our next step is to look for approximate solutions on the Bethe 

lattice. 
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CHAPTER 3 

Mean Field Theory of Diffusion on a Randomly Partitioned Bethe Lattice 

3.1 Introduction 

In the previous chapter, we exhibited several methods for exactly solving the 

problem of diffusion in one dimension. Since the techniques we developed cannot exactly 

solve the problem in higher dimensions, we next look for approximate solutions. Our 

first attempt is to construct a mean field theory for the problem on the Bethe lattice, or 

Cayley tree, with coordination number z. 

3.2 Construction of a Mean Field Theory 

As usual, a site is present with a probability p, and absent with a probability 

1 - p. All probabilities of the sites being present or absent are independent. When the 

walker steps on an empty site, it is "absorbed". 

The situation we will study is shown in Fig. 3.1. We first group the sites on the 

Bethe lattice by "levels" and then assume all the sites at the same level are equivalent. 

The particle starts at the origin; there is an absorbing site to the left of the origin. 

Because all sites are equivalent, the probability of a walker at any site stepping onto an 

empty site (and thereby absorbed) is (I-P~(Z-I). (The ratio Z;1 is simply the number of 

sites at the next higher level normalized by all of the possible places to which a walker 

can step on the next move.) The probability of a particle not having been absorbed at 

time t, (N(t)}p, can be factorized accordingly. 
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(z-I)(I-p) 

p(z-I) ) p..;.,(z_-I.;...) ~) p..;.,(z_-I.;...) ~) p ..... (z_-I __ ) ~) p(..;.,z_-I.;...) ~) p ..... (z_-I __ ) ~) 
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Figure 3.1: The configuration of the mean field approximation on the Bethe lattice with 
coordination number z. Each site has the same number of ways to move into an absent 
site which is (z - 1)(1 - p). There is only one possible way t(l move to the preceding 
site, which is always present. There are p( z -1) number of ways to move to a previously 
untouched site which is present. 



47 

If there were no absorbing site to the left of the origin, the time rate of change 

of probability would simply be 

p(t) = (z - 1)(1- p) P(t) . 
z 

(3.2.1) 

The solution for Eq. (3.2.1) is then, with the initial condition that P(O) = 1, 

(3.2.2) 

However, as pictured in Fig. 3.1, the walk on the Bethe lattice in our mean 

field theory is equivalent to a biased walk on a semi-infinite 1d lattice with a constant 

absorption probability at each site ( except the origin) given by Eq. (3.2.2). The full 

expression for (N(t))p is therefore 

(3.2.3) 

where Nld(t) is the probability of a walker being present on a Id semi-infinite cluster with 

an absorbing boundary condition at site -1 as shown in Fig. 3.2, a uniform probability 

of P(Z;1) for a step to the right, and a uniform probability of ~ for a step to the left. 

(Recall that at every site there is a probability of (1-P~Z-1) to be absorbed.) These 

factors reflect the fact that there are z - 1 ways for a walker to step to a higher level, and 

only 1 way to step to a lower level. Moreover, each site at a higher level has probability 

p of being present, while at a lower level it has probability 1. If Pi(t) is the probability 

of being at a level i at time t, then Nld(t) = E~o Pi(t). 

Note that we have separated the probability of the walker being absorbed for 

each step from the probability of not being absorbed, and have treated the former in 

Eq. (3.2.1). Therefore, only one site on the 1d semi-infinite cluster shown above is a 

boundary site, which is the original site where the diffusion starts, with an absorbing 

edge to its left. Accordingly, the effective number of ways of a walker moving out of 
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Figure 3.2: 1d semi-infinite cluster with absorbing boundary condition at site -1. 

itself is not Zj instead, it becomes 1 + p(z - 1). We then have to rewrite the uniform 

probabilities for a step to the right and a step to the left for the walker on this 1d 

semi-infinite cluster. They are now 1~~;~1) and I+PlZ-l) respectively. This can also 

be achieved by inserting a normalization factor C: C [PCZ;I) +~] = 1. We then find 

C = I+ptz-l)' Finally, we have the same conclusion as abovej namely, that there is 

a uniform probability of 1~~(;:1) for a step to the right, and a uniform probability of 

I+PlZ-l) for a step to the left with an absorbing boundary to the left of the origin on 

the 1d semi-infinite cluster. The equations of motion to determine the Pi(t) are now as 

follows: 

. 1 
Po(t) = -Po(t) + 1 + p(z _ 1)P1(t) (3.2.4.1) 

(3.2.4.2) 

(3.2.4.3) 

(3.2.4.4) 
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(3.2.4.i) 

with the initial conditions that 

Po(O) = 1 , (3.2.5) 

To solve the equations, we start from a finite cluster having length 1 with ab

sorbing boundaries on both edges. Replacing Pi(t) by [P(z - 1)]i/2P;(t) in Eqs. (3.2.4), 

we then have 

P,'(t) = -P,'(t) + [P(z - 1)]1/2 P'(t) 
o 0 1 + p( z _ 1) 1 

(3.2.6.1) 

p'(t) = [P(z - 1)]1/2 P,'(t) _ P'(t) + [P(z - 1)]1/2 P,'(t) 
1 1 + p( z _ 1) 0 1 1 + p( z _ 1) 2 (3.2.6.2) 

P,'(t) = [P(z _1)]1/2 P'(t) _ P,'(t) + [P(z - 1)]1/2 P'(t) 
2 1 + p( z _ 1) 1 2 1 + p( z _ 1) 3 

(3.2.6.3) 

P,'(t) = [P(z _1)]1/2 P,'(t) _ P,'(t) + [P(z _1)]1/2 P'(t) 
3 1 + p( z _ 1) 2 3 1 + p( z _ 1) 4 

(3.2.6.4) 
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(3.2.6.i) 

These equations were solved in the previous section with eigenvalues 

2Jp(z - 1) 11".. 
Aj = -1 + 1 + p(Z _ 1) cos(kj), where kj = 1+ 2) ,and) = 1, ... , I + 1 (3.2.7) 

The result is 

2 1+1 (.) [. ] Pi(t) = [P(z -1)]~ 12 ~ sin /11"2 sin / 11"2(n + 1) 
+ J=1 + + 

{[ 
2Jp(z-l) (i11")]} 

X exp -1 + 1 + p( z _ 1) cos I + 2 t, (3.2.8) 

and 

1 

N1d(t) = E Pi(t) 
i=O 

1 . 2 1+1 (.) [. ] 
= ~ [P(z - 1)]t 12 ~ sin /11"2 sin / 11"2(i + 1) 

1=0 + J=1 + + 

{[ 
2Jp(z-l) (j 11")] } 

X exp -1 + 1 + p( z _ 1) cos I + 2 t. (3.2.9) 
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We then extend I to infinity to get the actual N1d(t) and finally the (N(t))p. 

However, this formula is unwieldy, and we therefore use a different method. Let us add 

together all the equations of motion in Eqs. (3.2.4), which becomes 

. 1 
N1d(t) = - 1 + p(z _ 1) poet) (3.2.10) 

Starting from the jth component of N1d(t) and poet) in the above equation, 

then applying the initial condition that Pi(O) = Ci,O ( or N1d(0) = 1 ), and making use 

of Eq. (3.2.8) for poet), we are able to determine N1d(t). The result is 

X 1 _ e -1+ l+p(z-l) COB 1+2 t • 
{ 

[ 2~ (.L!!..)]} 
(3.2.11) 

Extending 1 to infinity, we finally have 

(N(t))p = exp[ (z-1)(1- p)t]N
1
d(t) 

z 

(3.2.12) 

Note that A(t) and (N(t))p have been normalized, so that there is always one 

"present" site in order to start the walk. In the extreme case when p = 0, the solution 
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shows that the time dependence of Pi(t) is simply e-t 6i,O, and (N(t)}o is equal to 

e-
2

%;1 t. Therefore, we see that (N(t)}o decays exponentially. In the other extreme case, 

for p = 1, 

= 1 - lim _2_ E sin
2
(M-). x {l _ e[-1+

2
Yp'cos(M)] t} 

1-+00 1+2 j=1 z-2y'z-1 cos(M) 

• 2 /+1 sin2(i.:!!..) [-1+a.iE!cos(~)] t + lim -- L 1+2 . e % '+2 
1-+00 I + 2 j=1 z-2y' z-1 cos( i:f2 ) 

(3.2.13) 

Note that when z > 2, the quantity [-1 + 2¥ cosct~·)] tin Eq. (3.2.13) is 

always negative for t > O. It is clear, however, that N1d(t) > 0 for all finite t. Because 

[-1+ a.iE! cos( hl)] t 
e % +2 decays exponentially, in the long-time regime the second term of 

Eq. (3.2.13) decays rapidly: 

2 1+1 sin2( i.:!!..) [_1+2JF! cos(.i.!!..)] t 
lim --L 1+2 . e % T+2 == S(z, t) ~ 0 
1 ..... 00 1+ 2 j=lz-2y'Z-1 cos(i:f2) 

(3.2.14) 

Let us denote the first term of Eq. (3.2.13) as F(z): 

1 - lim - +2. == F(z) 
[ 

2 /+1 sin2(~) ] 

1 ..... 00 I + 2 f; z-2v'Z=I cos( M) (3.2.15) 
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F(z) is not a function of time, while the second term 8(z, t) decays exponentially 

with time. Therefore in the long-time regime for p = 1 and z > 2, Eq. (3.2.13) will be 

dominated by F(z): 

lim (lV(t))l = F(z) . 
t .... oo 

(3.2.16) 

Numerical results from Eq. (3.2.13) show that as t -+ 00, {lV(t))l -+ ;=~ for z > 2 

(see Fig. 3.3). Note that when I -+ 00, we can replace the sum over j in Eq. (3.2.15) 

by an integral to compute analytically the value of Eq. (3.2.15). Such computation is 

straightforward and tedious, and we omit it here. The outcome of this is the same as 

before: ;=~. 

When p = 1 and z = 2, in the long-time regime, numerical results show that 

F(2) = 0 and 8(2, t) = r 1/ 2 • So Eq. (3.2.13) is now dominated by the second term 

8(2, t). We then have (lV(t))l fV t-1/ 2 which corresponds to the one dimensional results, 

and agrees with the results solved using other techniques. 

3.3 Discrete time basis 

Our next step is to solve the problem in a discrete time basis for comparison. In 

the discrete time basis, the equations for P(t) become 

P(n+1)-P(n)= (z - 1)(1- p) P(n) 
z 

(3.3.1) 

The solution for the above equation is 

P( n) = [ 1 + P~ - 1) r (3.3.2) 

with the initial condition that P(O) = 1. 

Meanwhile, Eqs. (3.2.4) needs to be converted to a set of difference equations: 
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Figure 3.3: {N(t»)l vs t from Eq. (3.2.13) for several values of z. We can see that {N(n)h 
asymptotically approaches ~:~ at large t. 
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1 
Po(n + 1) = 1 + p(z _ 1)P1(n) (3.3.2.1) 

p(z - 1) 1 
P1(n + 1) = 1 + p(z _ l)Po(n) + 1 + p(z _1)P2(n) (3.3.2.2) 

(3.3.2.3) 

p(z -1) 1 
P3(n + 1) = 1 + p(z _1)P2(n) + 1 + p(z _1)P4 (n) (3.3.2.4) 

(3.3.2.i) 

. , 

where n is the number of time steps which have been taken, and i stands for the ith site. 

Letting 

1+1 ~1 

Pi(n+ 1) = lim :LPi(j,n+ 1) = lim :LAjPi(j,n) , (3.3.4) 
1-+00. 1 1-+00. 1 

J= J= 

we find that 

2Jp(z - 1) ( j7r ) 
Aj = 1 + p( z _ 1) cos I + 2 . (3.3.5) 

Finally, we have 
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. 2 i 1+1 [2 Jp(Z - 1) 1 n n ( j7r ) 
Pi(n) = I!~ 1+2 [P(z - 1)]2 [; 1 + p(z _ 1) cos 1+2 

. (j7r) . (i + 1)j7r) 
Xsm 1+2 sm 1+2 (3.3.6) 

where i runs from 0 to I, and 

= lim t [P(z - 1)]~ ~ _2_ [2 Jp(Z - 1) 1 n cosn ( j7r ) 
1-+00 i=O j=1 1 + 2 1 + p( z - 1) I + 2 

. (j7r) . ((i+1)j7r) 
x sm I + 2 sm I + 2 (3.3.7) 

Again, the expression of N1d(n) in Eq. (3.3.7) is not useful for computing the 

numerical plots since there are diverging terms such as (z - 1)L We can avoid this 

situation by proceeding in a similar fashion to that done previously in Eqs. (3.2.10) -

(3.2.13). Note that N1d(n) and Pi(n) have the same eigenvalues Aj. We then have 

1 
Nld(n + 1) = N1d(n) - 1 + p(z _ 1) Po(n) . (3.3.8) 

Eventually, the solution for Eq. (3.3.8) leads to a new expression of Nld(n) in 

the discrete time basis: 

[ [
2 P(Z_I)]n n ( 011")] . 2 ( 011") 

2 1+1 1- 1+p z-1 cos tPi sm tPi 
N1d(n)=1+lim-E ° 

1-+00 1+ 2 j=1 2Jp(z - 1) cos (tPi) - p(z - 1) - 1 
(3.3.9) 
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Finally, we have 

{ 
[1 [2~]n n (k)] . 2 (k)} . 2 1+1 - l+p(z-l) cos 1+2 sm 1+2 

x1+lim-E C) . 
1 ..... 00 1+ 2 j=1 2Jp(z - 1) cos m - p(z -1)-1 

(3.3.10) 

It is obvious that formula (3.3.10) is a 6-function when p = 0 at n = o. Fig. 3.4 

displays the curves from Eq. (3.3.10) with z = 3 for several values of p along with the 

corresponding simulation results. We can see from this figure that the curves from the 

analytic solution in Eq. (3.3.10) do not match the simulation results at large n. 

In order to compare Eqs. (3.3.7) and (3.3.10) with the results from the other 

techniques, we need to convert either Eq. (3.3.7) or (3.3.10) into the form of the previous 

section. Recall the expression derived in the previous section regarding the probabilities 

of being at site i after an n-step walk starting from site 0 in a 1d cluster of length I with 

absorbing boundary conditions at both ends (Eq. (2.4.9)): 

(1) n 2 1+1 (.) • (. 1)·) • _ n J1r • J1r • Z + J1r 
'2 WI(n,z) - n ~cos n sm(n)sm I 2 

+ 3=1 + + + 
(3.3.11) 

Inserting Eq. (3.3.11) into Eq. (3.3.7), we obtain 

(3.3.12) 
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Figure 3.4: There are two sets of curves involved in this figure of (N(n))p vs p with 
z = 3. The curves from Eq. (3.3.10) are in solid lines. The simulation results are in 
circles with error bars presented. 



59 

Rewriting Eq. (3.3.12), we have 

(3.3.13) 

We already noted that W/( n, m) = 0 when m > n, so that the sum over m in 

Eq. (3.3.13) can be reduced to 2:~=o. We therefore have 

n n-m n±m 

~[ 1 ]-2 [ z-1 ] 2 .!!.±.!!! Nld(n)=~o 1+p(z-1) 1+p(z-1) p 2 W/(n,m) (3.3.14) 

Thus (N(n))p becomes 

=[1+P(Z-1)]n t [ 1 ] n
2

m [ Z -1 ]~ ~Wi(n m). 
Z m=O l+p(z-1) l+p(z-1) p , 

(3.3.15) 

Since the W/(n, m) in Eq. (3.3.15) are all identical when 1 ~ ntm, and because I 

is always much greater than ntm, we can set 1 = ntm in the above expression. We then 

get 

( ) 
n n n-m n±m 

[ 
l+p Z-1] ~ [ 1 ] -2 [ Z - 1 ]:2 .!!.±.!!! 

(N(n))p = Z ~o l+p(z-1) l+p(z-1) P 2 Wntm(n,m) 

~ (1)n2m (Z-1)~ .!!.±.!!! = ~O Z -z- P 2 Wntm(n,m) . (3.3.16) 
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As a check, we set z = 2, which reduces the Bethe lattice to a 1d lattice. 

Recalling the corresponding solution that we found in the previous section (Eq. (2.4.3)) 

(1)n n 
(N(n))p = '2 Eo 

x [pm "~-1 p;(l- p)Wm+;(n, m) + p ",m W"tm (n,m)] , (3.3.17) 

we find that the two equations (3.3.16) and (3.3.17) are the same only when p = 1. For 

any other p < 1, Eq. (3.3.16) for z = 2 always decays faster than Eq. (3.3.17), which is 

exactly what we expect. Although Eq. (3.2.12), which was solved in a continuous time 

basis, is different from the solution derived in a discrete time basis which is shown in 

Eq. (3.3.10) ( also in Eq. (3.3.16)), the numerical results show that their dependence on 

time, p and z are the same. 

3.4 Conclusion 

In this chapter, we have set up a mean field theory for a random walk on the 

Bethe lattice and have successfully computed its solutions for the randomly partitioned 

Bethe lattice by developing and then solving a mean field theory. We are able to recover 

the 1d results by setting z = 2 and comparing with the corresponding solution from the 

direct counting technique of the previous section, using both analytical and numerical 

methods. We learn that the solution from mean field theory always decays faster than the 

1d solution except when p = 1. However, 1d numerical results show that the difference 

between Eq. (3.2.12) (see also Eq. (3.3.16)) and the corresponding solution ofEq. (2.3.18) 

(also Eq. (2.4.3)) within the region 1 ~ (N(t))p ~ 10-8 is less than 10%. For z > 2, 

we believe Eq. (3.2.12) (also see Eq. (3.3.16)) is as good when the time considered is 

prior or around the relaxation time T which is T = (l-p)(Z-l)' Fig. 3.4 also demonstrates 

this. 
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CHAPTER 4 

Diffusion on a Randomly Partitioned Bethe Lattice 

4.1 Introduction 

The construction of a mean field theory has provided some insight into the 

diffusion problem on the Bethe lattice. The results are quantitatively reasonable when 

t ~ T, where T = (l-P)(Z-l) is the relaxation time (see Eq. (3.3.10) and Fig. 3.4). Since 

the direct counting technique is restricted to 1d, we try to improve our mean field theory 

by using direct counting methods. This results in a closed-form solution which is more 

accurate; indeed, it well describes (N(n))p for most nand p on the Bethe lattice. 

In this chapter, we first extend the Id formula to the case of a biased ran

dom walk. We use that to construct a mean field theory for diffusion on a randomly

partitioned Bethe lattice. We then examine the range of validity of the new formula. 

4.2 1d Biased Walk 

We have already used the direct counting technique to solve the problem of 

diffusion in one dimension for a non-biased walk. We now extend that solution to the 

case of a 1d biased random walk. This will be useful when considering the Bethe lattice. 

Let us first recall Eqs. (2.4.2), (2.4.3) and (2.4.4): 



and 

Wm+i(n,m) = ( n ) 
n±m 

2 
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(2.4.3) 

-E [( n1m + 1+ :( m + 2 + i) ) -( n1m + 2 + i: k( m + 2+ i) ) 1 

-Eo [( n'lm + 1+ i:j(m+2+ i) ) - ( n'lm +u + :)(m+2+ iJ 1 

( 
n ) L [ m + 1 + 2( k + 1)( m + 2 + i) ( n ) 

ntm + k=O ntm + 1 + (k + l)(m + 2 + i) ntm + (k + l)(m + 2 + i) 

m + 3 + 2i + 2k( m + 2 + i) ( n ) 1 
ntm + 2 + i + k(m + 2 + i) ntm + 1 + i + k(m + 2 + i) 

(2.4.4) 

Eq. (2.4.3) is the solution for non-biased diffusion in Id. For a biased one

dimensional random walk with probability ~ of moving to the left (corresponding to a 

lower level on the Bethe lattice) and probability z;1 of moving to the right (corresponding 

to a higher level on the Bethe lattice), and with an absorbing boundary to the left of the 

origin, one needs to replace (~r in Eq. (2.4.3), which is the probability of any single 
.!!.:!!! n±m 

n-step walk, by U) 2 (Z;I) 2 ,and insert this into the sum over mj all else remains 

the same. Note that during a.n n-step walk starting from level 0 and landing at level m, 

there are ntm steps moving upwards to a higher level and n2m steps moving downwards 

to a lower level. {N(n)}p therefore becomes 
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n !!::!!! n±m A;m '" (1) 2 (Z-I) 2 "'. (N(n)}p = ~O Z -Z- pm ~ p' [Wm+i(n,m) - Wm+i-l(n,m)] 

(4.2.1) 

When Z = 2, Eq. (4.2.1) reverts to the solution of a Id non-biased walk, as it 

must. When p = 1, Eq. (4.2.1) becomes 

~ (1) n2
m (Z - 1)!!:I? !!±m (N(n)}l = ~o Z -z- P 2 Wntm(n,m) , (4.2.2) 

which is indeed identical to the solution derived for p = 1 in the Bethe lattice case in 

the previous section using our mean field theory (see Eq. (3.3.16)). 

Rewriting Eq. (4.2.1), we have 

n n 2m !!.:.!!! n±m '" "'. (1) 2 (Z - 1) 2 (N(n)}p = ~Opm ~ p' Z -Z- [Wm+i(n,m)- Wm+i-l(n,m)] 

n-m n -2-

= E E pm+i P(m+ i,n) , ( 4.2.3) 
m=O i=O 

where 

. (1) n-;;m (Z - 1) !!:I? P(m +~, n) = z -Z- [Wm+i(n, m) - Wm+i-l(n, m)] . (4.2.4) 
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P( m + i, n) is the conditional probability, when p = 1, of finding the walker at 

level m of a 1d biased n-step walk, starting from level 0, in which the walker has reached 

level m + i but has never gone beyond it (and as always, never gone to a negative level). 

As was done in section 2.4, P(m + i, n) can also be expressed in terms of trigonometric 

functions. To do this, we use Eq. (2.4.9). The result is 

(1) n-;;m (z -1)~ 
P(m+i,n)=2n Z -z-

x cosn J7r sin J7r sin m J7r 
[ 

2 m+i+l ( , ) ( , ) (( + 1)' ) 
m+i+2 f; m+i+2 m+i+2 m+i+2 

_2~ ~i n ( j7r ). ( j7r ). ((m + l)j7r)] 
'lL..JcOS 'Ism , Ism 'I 

m + z + i=l m + z + m + z + m + z + 
( 4.2.5) 

Eq. (4.2.5) is equivalent to Eq. (4.2.4). 

4.3 The Bethe Lattice 

On the Bethe lattice with coordination number z, we group the sites of the 

lattice by "levels"; see Fig. 4.1. We can then make use ofthe Wm+i(n, m) in Eq. (2.4.4), 

computed for 1d walks. The number of sites which can be touched during an n-step 

walk, in which the walker touches only positive sites and reaches level m+i but not gone 

beyond it, equals m + i on a 1d lattice. On the Bethe lattice, however, it varies from 

m + i to ntm. In the case when only m + i sites are touched in an (n, m) walk (Le., a 

walk of n steps ending at level m) under the usual constraints, the walk resembles a 1d 

walk. We therefore call this a 1d-structure walk with a length of m + i sites (or simply 

call this a 1d structure of size m + i). When more than m + i sites are touched in an 

(n, m) walk, we call this "moving out of the Id structure". 
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absorber 

o 2 3 4 

Figure 4.1: Configuration of the Bethe lattice with z = 3. All the sites in the same circle 
belong to the same level. Level number is also labeled on bottom of each circle. 
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A minimum of m + 2i steps are needed in an (n, m) walk with 1d structure such 

that the walker has reached level m + i but not gone beyond it. Therefore, in a walk 

moving out of the 1d structure, there are n - (m + 2i) additional steps. Those additional 

steps can stay within the 1d structure or move out to the new sites of the other branches 

on the Bethe lattice and thereby visit up to n-(~+2i) = n2m - i more sites for that walk. 

The probability of moving out of the 1d structure is ~:~. That is because, out 

of the z - 1 sites at the next higher level, there are z - 2 sites which do not belong to 

the 1d structure. We therefore start from Eq. (4.2.3) and modify it to account for the 

increased probability of absorption at each step. 

We introduce a factor pep, t) to accomplish this. pcp, t) arises due to the extra 

absorbing edges surrounding the 1d structure. If all sites are present (p = 1) then of 

course no absorbing edges exist, so pcp, t) = 1. This supplies one check on the calculation 

of pcp, t). 

Recall that Wm+i(n, m) - Wm+i-l(n, m) is the number of ways in an (n, m) 1d 

walk in which the walker has gone up to but not beyond level m+i. On the Bethe lattice, 
n±m 

the corresponding quantity is (z -1) 2 [Wm+i(n,m) - Wm+i-l(n,m)]. Furthermore, 

the probability of landing on an arbitrary, predetermined site after a single n-step walk 

on the Bethe lattice is (~r. P(m + i,n) on Bethe lattice can therefore be written 

. ( 1 ) n .!!±.!!! P(m + z, n) = Z (z - 1) 2 [Wm+i(n, m) - Wm+i-l(n, m)] . (4.3.1) 

Eq. (4.3.1) is equivalent to Eq. (4.2.4) for a biased 1d walk. Note that P(m+i, n) 

in Eq. (4.3.1) is equivalent to the products of the following two terms: All the number of 

possible lattice animals, and the probability of landing on an arbitrary, predetermined 

site after a single n-step walk on the Bethe lattice, (~) n. Here, for convenience's sake, 

we define a lattice animal to be formed by the route of a single n-step walk in which the 

only absorbing site is not one of the sites touched during the walk. On the other hand, 

the purpose of pcp, t) is to erase all paths in (z - 1) ntm 
[Wm+i(n, m)- Wm+i-l(n, m)] 

which move out of the 1d structure and step into a vacant site. (Those paths in which 
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the walker moves out of the 1d structure but never touches a vacant site are already 

included in P( m + i, n).) The average probability of a particle remaining in a randomly 

partitioned Bethe lattice can therefore be written as follows: 

n-m n -2-

(N(n)}p= L Lpm+ip(p,t)P(m+i,n) 
m=O i=O 

( 4.3.2) 

In order to determine P(p, t) without using the direct counting method, there 

are two assumptions we have to make. First of all, we assume that the number of sites 

available up to level m+i, which is (%-1);+;+1-1 1, is greater than the maximum number 

of sites an (n, m) walk can touch; the latter is ntm. Because every walk starts at the 

origin, the -1 above reflects the subtraction of that site from our counting procedure. 

The above assumption ignores sites touched more than once due to the lack of available 

sites up to level m + i. Note that when ntm > (%-1):;+1-1 - 1, the highest exponent 
(z_1)m+i+1_1 n+m 

of p will be p .. -2 1, instead of p 2 • Secondly, following the first assumption, 

we assume that the boundary sites surrounding the 1d structure always provide equal 

absorbing probability to the walker. This is independent of the number of times the 

boundary sites have been visited. The motivation behind this assumption is to remove 

the effect of a boundary site being touched repeatedly during the walk. We will discuss 

the errors arising from these assumptions in section 4.4. 

Using these assumptions, the absorbing probability simply equals the probability 

of stepping on a vacant boundary site, which is 1 - p, multiplied by ~:~. (Note that 

~:~ is the probability of moving out of the 1d structure. See Fig. 4.2). Therefore, the 

equation for the time rate of change of probability needed to determine P(p, t) is now 

P(p, t) = _ (1 - p)(z - 2) P(p, t) . 
z-1 

( 4.3.3) 

Writing the above equation into a difference equation for integer t, we have 

P(p, t + 1) _ P(p, t) = _ (1 - p)(z - 2) P(p, t) 
z-1 

(4.3.4) 
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(l-p)(z-2)/(z-l) 

~ r---:::, 

.........--: - --t-.... ,... .... 
~ ~ sorber ab 

I d structure of size S 

Figure 4.2: Example of 1d structure of size 5 (in the bottom circle). The probabilities 
of moving out of the 1d structure at all sites in this structure are the same and equal 
(I-p)(z-2) 

z-1 • 

The solution for Eq. (4.3.4) with initial condition P(O) = 1 is straightforward, 

and is 

P(p,t) = [1+(Z-2)P]t 
z-1 

(4.3.5) 

where t is determined by the maximum number of times the walker moved out of the 

1d structure during the (n, m) walk. Note that the paths will finally return to the 1d 

structure according to the idea that the linear structure connecting the origin and the 

site at level m where the walker finally stays after an (n, m) walk forms the 1d structure 

which was discussed earlier in the section (also see Eqs. (4.3.1), and (4.3.2)). Therefore, 

the effective time t = n2m - ij this is simply half of the available sites from the additional 

n - (m + 2i) steps. Replacing t in Eq. (4.3.5) by n2m - i, we then have 

P(p,~-i) = [1 + (z - 2)P] "-;m_i 
2 z-1 

( 4.3.6) 

When p = 0, Eq. (4.3.6) simply becomes 



n-m. [1] n-;m_i 
P(O,--z)= -

2 z-1 
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(4.3.7) 

Eq. (4.3.7) is not a a-function, because pep, t) was introduced to modify P( m + 
ntm 

i, n) as mentioned earlier (to erase all paths in (z - 1) 2 [Wmti(n, m)- Wmti-l(n, m)] 

which move out of the 1d structure and step into a vacant site), while P(m + i, n) is 

independent of p. Therefore, when p = 0, there are still some paths being counted in the 

expression in (z - 1) ntm 
[Wmti(n, m) - Wmti-l(n, m)] which stay in the 1d structure 

during the (n, m) walk. This results in a minimum pcp, t) to be [Z~l] n-;m_i, instead of 

a a-function. 

Finally, we obtain the solution on the Bethe lattice: 

n-m 
n -2-

(N(n)}p = L L pmtip(p,t)P(m+i,n) 
m=O i=O 

x [Wmti(n,m) - Wmti-l(n,m)] . (4.3.8) 

Eq. (4.3.8) is a a-function when p = ° at n = 0. This is obvious because, when 

p = 0, there are no sites present (except the origin) in which the walker can step. 

As a further check, we put z = 2 into Eq. (4.3.8), which reduces the Bethe lattice 

to a 1d lattice. (N(n)}p in Eq. (4.3.8) then becomes 

(4.3.9) 
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which is indeed same as the solution for the 1d case with non-biased walk (derived in 

Eq. (2.4.3)). When setting p = 1 in Eq. (4.3.8), we have 

~ (1) n
2

m (z -1)~ 
(N(n))l = ~o Z -z- Wntm(n,m) ( 4.3.10) 

Eq. (4.3.10) is identical to Eq. (3.3.16) when P = Ii this is the result derived 

from the mean field theory. Eq. (4.3.10) is also same as the result for that of a Id biased 

walk shown in Eq. (4.2.1) with P = 1. 

An interesting case is when z goes to 00, while p remains large enough so that 

(z - 2)p ~ 1. Eq. (4.3.8) then becomes 

n n-m n±m .!!=!!! "" (1) -2 (Z -1) 2 !!±.!!! ~ (N(n))p = ~O Z -z- P 2 ~ [Wm+i(n,m) - Wm+i-l(n,m)] 

~ ( 1) n2m !!±.!!! = L..J - P 2 Wn±m(n,m) . 
m=O Z 2 

(4.3.11) 

As Z - 00, the term of m = n in Eq. (4.3.11) dominates. Because Wn(n, n) = 1, 

we simply have (N(n))p = pn in this limit. The same result occurs as Z - 00 in the Id 

biased walk (see Eq.(4.2.1)), as expected. 

Fig. 4.3 shows the semi-log plots of the curves from Eq. (4.3.8) for several values 

of p and Fig. 4.4 displays the log-log plots of the curves for several values of p from 

the same equation. Fig. 4.5 - 4.7 demonstrate (N(n))p as a function of p for several 

values of n in linear, semi-log, and log-log plots respectively. We see that (N(n))p from 

Eq. (4.3.8) always decays faster than that from Eq. (4.2.1) with the same value of Pi 

recall that the latter is the solution for the case of a Id biased walk when p < 1. We 

also see that Eq. (4.3.8) decays faster than Eq. (2.4.3) (non-biased Id walk) for arbitrary 

p < 1. When p = 1, (N(n))l asymptotically approaches ~:~ as n - 00 (see Fig. 4.8), 
1 

while it falls off as n-"2 at large n in the one-dimensional case. 
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Figure 4.3: Semi-log plots of (N(n)}p vs n for several values of p from Eq. (4.3.8) with 
z = 3. 

Analylic resulls on Selhe laltice for z=3 
- loIodllled DlrecL Counting Technique 

10' 

n 

Figure 4.4: Same as the preceding figure but in log-log plots. 
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Figure 4.5: Linear plots of (N(n)}p vs p from Eq. (4.3.8) for several values of n with 
z = 3. 

Analytic resulls on Belhe lallice for z=3 
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Figure 4.6: Semi-log plots of (N(n)}p vs p from Eq. (4.3.8) for several values of n with 
z = 3. 
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Figure 4.7: Log-log plots of the preceding figure. 
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Figure 4.8: Linear plot of (N(n)h vs n from Eq. (4.3.8) for z = 3. We can see clearly. 
that (N(n))t asymptotically approaches 0.5. 
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4.4 Check of Accuracy 

We have shown analytically that Eq. (4.3.8) behaves correctly under some limiting 

conditions: p = 1, p = 0, z = 2, and z --t 00. We have also compared the solution in 

Eq. (4.3.8) with numerical simulation results for several values of p: p = 0.1, p = 0.5, 

p = 0.9, and p = 1.0 (see Fig. 4.3 and 4.4). We have found that the curves corresponding 

to Eq. (4.3.8) accurately reproduce the results from direct numerical simulation on the 

Bethe lattice. As a further check, we will employ another analytic approach in order to 

determine the accuracy of Eq. (4.3.8) for arbitrary p. 

The method we are going to develop here is to use the earlier solution Eq. (4.3.8) 

as a trial function, and add to that a calibration function to correct the errors induced 

through use of the trial function alone. Note that the assumptions which led to Eq. (4.3.8) 

allow us to treat the sites out of the 1d structure equally and independently at all times. 

This might result in the (N(n))p in Eq. (4.3.8) decaying faster than the actual (N(n))p. 

Therefore, when we apply Eq. (4.3.8) as a trial function, the added calibration function 

must be positive to offset that. 

In order to apply the trial function and calibration function to our problem, 

we start from writing the formula for (N(n))p by inserting a modification function 

F(n, m, i, z,p) into the sum over i ofthe one dimensional biased walk formula in Eq. (4.2.1). 

Note that we can do this because Eq. (4.2.2), which was obtained by replacing p = 1 in 

Eq. (4.2.1), is also the exact solution on the Bethe lattice when p = 1. F(n, m, i, z,p) 

is introduced to accommodate the fact that, at each level, there is a priori more than 

one site present with probability Pi this leads to faster decay than on the 1d lattice. We 

therefore have 

n n-m ntm !!::'!!!' '" (1) -2 (z -1) 2 ~. (N(n))p = ~o Z -z- pm ~ pI F(n,m,i,z,p) 

X [Wm+i(n,m) - Wm+i-l(n,m)] (4.4.1) 
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The above formula will revert to that of a Id biased walk when p = 1 (Eq. (4.2.2)). 

From the argument presented above, Eq. (4.4.1), we know that 0 ~ F(n,m,i,z,p) ~ 1. 

We also know that F = 1 when z = 2, p = 1, or i = n-;m, and F = (Z:l) "-;m_i when 

p = O. Rewriting F(n, m, i, z,p) into a series in powers of p, we have 

( 
1 )~-i 

F(n,m,i,z,p)= z-l 2 X (1+a1P+a2p2+a3p3+"'+ajpi) 

( 
1 ) "-;m_i . 

= z -1 x G(n,m,~,z,p) . (4.4.2) 

Here j = n-;m - i is the difference between the maximum number of sites touched 

on the Bethe lattice and that on the Id lattice up to level m + i during the (n, m) 

walk. Inspection of Eq. (4.4.2) reveals that G(n, m, i, z,p) = 1 + alP + a2p2 + a3p3 + 

... + ajpi. Because F(n,m,i,z,p) = (Z:l) "-;m_i X G(n,m,i,z,p), we must have 

1 ~ G(n,m,i,z,p) ~ (z_l)"-;m-i . Though the set of coefficients {ak} cannot be exactly 

determined via the direct counting method, we know that the {ak} are all positive and 

depend on n, m, i, and z. It is also known that all {ak} = {O} when z = 2, and moreover 

that 1 + a1 + a2 + ... + aj = (z -1) ";m_i. Furthermore, we can show that a1 ~ 2(z - 2) 

(see Appendix E). From all this, we can write the following: 

G(n, m, i,z,p) = [1 + (z - 2)p]""2m-i + p(l- p)(z - 2)H(n, m, i,z,p) , (4.4.3) 

where the second term in Eq. (4.4.3), as was mentioned, is a calibration function to 

compensate the first term. We are now going to see whether the magnitude of the 

second term is negligible compared to that of the first term. All the conditions described 

earlier imply that the second term on the right hand side of the above equation should 

disappear, or at least become negligible, when p = O,p = 1,z = 2, n-;m - i ~ 1, or 

z -+ 00. Furthermore, the quantity H(n,m,i,z,p), which has a positive value, must be 

always less than [1 + (z - 2)p]"'2
m

-
i
-

2 when n-;m - i ~ 2 (also see Appendix 4). This 

means the maximum of the second term in Eq. (4.4.3) is ~ 1~ x (magnitude of the first 
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Figure 4.9: Simulation results on the Bethe lattice with z = 3 in semi-log plots. 

term). Note that the magnitude of the first term is [1 + (z - 2)pJ"-;m- i
, and that the 

maximum of the second term in Eq. (4.4.3) must appear at p = 0.5. We conclude that 

the second term cannot significantly affect the value of (N(n»p even at its maximum at 

p = 0.5. Therefore, we can drop the second term. Finally, we conclude that, 

n n-m n±m "2m 
n-m i 

{N(n»p= E (~)-2 (~) 2 pm E pi [1+(~-2)P]-2 -
m=O Z Z i=o Z 1 

x [Wm+i(n,m) - Wm+i-l(n,m)] ( 4.4.4) 

Eq. (4.4.4) is identical to Eq. (4.3.8). Fig. 4.9 and 4.10 are the simulation results 

for several values of p when z = 3 in semi-log and log-log plots respectively. Fig. 4.11 

compares the results of that from Eq. (4.4.4) and the corresponding simulation results 

with z = 3. 
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Figure 4.11: Comparison of Eq. (4.4.4) (in dots) with the corresponding simulation 
results (in circles with error bars presented) on the Bethe lattice with z = 3 in semi-log 
plots. 
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4.5 Conclusion 

We have improved the mean field theory by using direct counting methods in this chapter 

and extracted a better answer for the diffusion problem on the Bethe lattice. (We 

therefore call this technique the "Modified Direct Counting Technique", MDCT.) There 

is a closed-form solution we obtained for (N(n))p which can well describe the diffusion 

properties of a random walker on a randomly partitioned Bethe lattice. We have also 

checked the validity of our solution by putting z = 2, z - 00, p = 0, or p = 1 into 

Eq. (4.3.8) and comparing with the corresponding solutions derived in the previous 

chapters (see Eqs. (2.3.18), (4.2.1), and (3.3.16)). We have found those solutions agree 

with each other, as expected. We have checked the accuracy of the solution demonstrated 

in Eq. (4.3.8) by numerical simulation for several values of p, such as p = 0.1, p = 0.2, 

and p = 0.5, and also by analytic methods. We found that the solution in Eq. (4.3.8) 

can well represent the (N( n))p on the Bethe lattice at every time for arbitrary p. 

However, the method of solution studied in this chapter is confined to Bethe 

lattices because of a property unique to these: there is only a single way in which a 

walker can return to an arbitrary site at a lower level. (Recall that a one-dimensional 

lattice is a special case of the Bethe lattice with z = 2.) On the other hand, there 

are many ways to do the same on a conventional d-dimensional lattice with d > 1. In 

order to study the latter, we need to find a new way to restructure the levels and the 

corresponding quantities in order to determine the solutions. This will be the subject of 

the following chapter. 
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CHAPTER 5 

Diffusion on a Randomly Partitioned Euclidean Lattice 

5.1 Introduction 

We have modified the direct counting technique, then successfully applied and 

solved the diffusion problem on the Bethe lattice in the previous chapter. We were able to 

do this by grouping the sites by "levels" using "minimum steps" from the initial site. As 

always, an absorbing site is connected to the initial site on the Bethe lattice. At all sites 

other than the initial (and absorbing) site the walker is present with probability p. Since 

we have solved the diffusion problem (Le., the Random Walk on a Randomly Partitioned 

lattice, RWRP) on both the randomly partitioned one-dimensional and Bethe lattices, we 

will now study the same problem on conventional d-dimensional cubic lattices utilizing a 

lattice animals approach. On the d-dimensionallattice, we choose a starting site, which 

we call the origin, and choose an absorbing site from one of the 2d sites adjacent to it. The 

rest of the sites are present with probability p. We assign the initial site the coordinates 

(0,0, ... ), and the absorbing site the coordinates (-1,0, ... ). (See Fig. 5.1 as an example 

of the equivalent structure of our model on the Euclidean lattices for d = 2.) After that, 

we study the sites connected to the origin which have been touched at least once by the 

walker during a particular walk. Those sites connected to the origin are denoted as a 

"cluster". Note that because each site of a cluster carries a probability p of being present, 

each type of cluster has an overall probability of being present. We must therefore count 

the number of different types of cluster of size 1 (also known as "lattice animals" [19]), and 

the number of combinations of one particular cluster type (due to its different possible 

orientations on a Euclidean lattice). The sum of the above two quantities is known as the 
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number of configurations of size 1. In fact, the number of such configurations diverges 

both irregularly (so that it cannot be expressed by a general formula) and rapidly as 

the number of sites of the cluster increases. For instance, there are as many as 1013 

configurations for a cluster of 24 sites on a square lattice [19]. Clearly, this becomes 

rapidly intractable as the cluster size becomes large. We therefore proposed a technique 

in the preceding chapter which combined our direct counting procedure and our mean 

field theory. We called this the Modified Direct Counting Technique (MDCT). The 

MDCT was initially developed for the Bethe lattice case, as described in the preceding 

chapter. We will now examine its usefulness for Euclidean lattices. 

In these lattices, we first count the number of lattice animals of size k, for 

k = 1,2,···. Here "size" refers to the number of sites within the animal. We then 

compute the number of ways in which the walker can move within each lattice animal 

without leaving. Putting this together, we determine the conditional probabilities pep, t) 

and P( m + i, n) which represents the probability of finding the walker unabsorbed after 

an (n, m )-walk, starting from level 0, in which the walker has reached level m + i but has 

never gone beyond it (and as always, never gone to a negative level) (see section 4.3). This 

computation is far more difficult on a conventional Euclidean lattice than on the Bethe 

lattice. To determine P( m + i, n) on a d-dimensionallattice, we are going to introduce 

a new type of level scheme (as we did in the Bethe lattice) that will be approprite for 

Euclidean lattices. On the Bethe lattice, there is only one single possible way to walk 

from any site to an absorbing site using a minimum number of steps. Accordingly we 

can group the sites by level using minimum number of steps from the absorbing site. 

As a result, the probability of finding the particles at a site at a later time equals the 

same probability at the other sites as long as they are at the same level. We used this 

to develop a technique to compute the overall probabilities for the particles remaining 

unabsorbed up to a particular level. 

On Euclidean lattices, there are many ways to do the same thing. Despite 

this, we can still level the sites on the Euclidean lattices using the idea of minimum 

steps; this results in a unique level for each site. Unlike the Bethe lattice case, however, 
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Figure 5.1: The equivalent structure of our model on the 2d lattice. The black dots are 
the sites with probability p of being present and the hollow circle stands for the only 
absorbing site. 
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the probability of finding the particles at a given site on a Euclidean lattice does not 

necessarily equal that for other sites at the same level. Nevertheless, our technique to 

determine the quantity P(p, t)P( m + i, n) enables us to neglect the different probabilities 

for the walker arriving at different sites at the same level. Therefore, we want to utilize 

the same technique on Euclidean lattices. To do so, we have to determine P( m + i, n) on 

Euclidean lattices by counting the lattice animals. Clearly, the number oflattice animals 

is smaller than that on the Bethe lattice (with the same coordination number z = 2d). 

(This is because the Bethe lattice mimics infinite dimensionality, which results in more 

configurations for a cluster than on any finite-dimensional lattice.) This also means that, 

with high probability, the walker will touch more sites (when p = 1) before absorption 

on the Bethe lattice than on a Euclidean lattice with the same coordination number. 

We now recall the two quantities which we use to determine the (N(n))p. The 

first quantity is the size k of the lattice animal. The second quantity is the number of 

lattice animals of size k. Types of lattice animal do not affect the contribution of an 

individual lattice animal to (N(n))p, as long as the size of those lattice animals are the 

same. The possible sizes for k are 1 =:; k =:; n, where n is the number of steps taken. 

The second quantity depends on the dimensionality d and the size k. Let L(k,d) denote 

the number of lattice animals, of all types, of size k on a d-dimensional lattice. Note 

that each possible walk (which touches k sites) of a single n-step walk is considered 

to be one type of lattice animal. Therefore, L(k, d) includes three parts: The number 

of configurations, the number of combinations of one particular configuration, and the 

number of ways of walking within one particular combination. 

We can now rewrite a general expression for (N(n))p with dimension d: 

( l)n n 
(N(n))p= 2d 2: L(k,d)pk , 

k=l 

(5.1.1) 

and the overall number oflattice animals which can be covered in an n-step walk becomes 
n 

L(d) = 2: L(k,d) . (5.1.2) 
k=l 

L(d) increases rapidly as d increases. This results in (N(n)h decaying more 
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slowly for larger d. Actually, because L(d) increases so rapidly as d increases, (N(n))l 

stops decaying at large n for d 2: 3. The average size of the lattice animals for a fixed n 

can be written 
1 n 

kave = L(d) L: L(k, d)k , 
k=l 

(5.1.3) 

As was discussed in the preceding paragraph, kave increases as d increases. This 

implies that the distribution of L( k, d) shifts toward larger k as d increases. As a result, 

there exists a critical nc (for a fixed p < 1) between different dimensions which allows 

(N(n))p to decrease as d decreases when n < nc, but to increase as d decreases, for 

n > nco In other words, (N(n)}p<l for a lower dimensional lattice decays more slowly 

than for a higher dimensional lattice when n > nco We shall now examine whether this 

qualitative argument is correct. 

We have investigated several methods to obtain an approximate analytic solu

tion. One is to multiply pep, t)P(m+i, n) for the Bethe lattice (with coordination num

ber z = 2d) by a "correction factor". The purpose of this correction factor is to modify 

the quantities pcp, t)P( m + i, n) obtained for the Bethe lattice into the quantities for the 

Euclidean lattice (if there exists a particular relationship between the pep, t)P( m + i, n) 

for the Bethe lattice and that for a Euclidean lattice). This factor may depend on many 

parameters, such as n,m,i,p (see section 4.3), and d. However, due to the complications 

inherent in this method, we will not discuss its details in the chapter. Instead, we discuss 

another method which is less complicated and which can modify the solutions for the 

Bethe lattices into those for the conventional d-dimensionallattices. 

We defer discussion of these analytical methods to the next section. Here, we re

port on numerical simulations and compare the simulation results (on the d-dimensional 

lattices) with the 1d and Bethe lattice results. In the next section, we investigate analytic 

methods starting from formulas obtained in the Bethe lattice case. We first study an an

alytic approach on the 2d lattice, followed by the 3d lattice, and then higher dimensional 

lattices. 
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In order to obtain accurate simulation results, we need to increase the number of 

trials N with the number of steps n in the walk. Mean values for each (n-step) walk are 

obtained by adding together the outcome of each N -trial (Le., N replications of a single 

n-step walk starting from the same initial site), and then dividing by the number of 

trials N. The outcome of each trial will be defined later in Sec. 5.2. Those mean values 

stand for the number of unabsorbed particles, (N(n»)p, on the randomly partitioned 

d-dimensional lattice after an n-step walk with site probability p. 

5.2 Simulations 

We start the n-step walk at a site chosen to be the origin; this will always 

have a single absorbing site adjacent to it. A random number generator (random(3B) 

on the SGI system) is used to provide equal probabilities for each move in any of the 

2d possible directions. In order to obtain a clearer picture, we start from a special case 

where all sites are present (p = 1) (except the absorbing site). When p = 1, according to 

the picture described in section 5.1, any single n-step random walk can be viewed as a 

Bernoulli trial. The outcome of each trial, which can also be treated as another random 

variable, will be either "success" (which means the walker has never stepped onto the 

absorbing site during the n-step walk) with value 1, or "failure" (the walker is absorbed) 

with value O. After collecting a sufficient number of trials, we compute the mean value 

o ~ (N(n»)l ~ 1 for the n-step walk and construct the error bar for this mean value. 

Figures 5.2, 5.3, and 5.4 demonstrate the simulation results of the cases on 

the 2-, 3-, and 4-dimensional lattices, respectively, for p = 1. (N(n»)~d goes to zero 

when n goes to infinity, as expected (the 2d curve actually suggests that (N(n)h is 

simply proportional to n-O•15). In contrast, the curves for p = 1 of the 3d and 4d 

simulation results seem to asymptotically approach some particular nonzero values at 

large n. This can be understood by Polya's theorem (which is the convergence theorem 

on the existence of a limit distribution; see Ref. [49]). Note that (N(n»)l can be thought 

of as the probability that the random walker has never stepped onto the absorbing site 
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Figure 5.2: Simulation results of (N(n))l vs n in log-log plots for d = 2. 
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during the n-step walk. So at large n, 1- (N(n))l obeys Polya's theorem, which states: 

In symmetric random walks in one and two dimensions, there is probability one that 

the particle will sooner or later return to its initial position. In three dimensions, this 

probability is only about 0.35. Of course, this number decreases monotonically as d 

increases. We can see this in the figures shown above. 

For p strictly less than one, each step onto a previously untouched site will 

multiply by p the probability of the walker remaining. However, this is not true when 

we are doing the numerical simulation. That is because the site can only be either 

present or absent. This results in the outcome of each trial to be either 1 or O. This also 

means that products of p will not appear during the trial as (theoretically) it should. 

As a result, an n-step walk may not be completed due to the fact that any site has a 

probability, 1 - p, of being absent. We understand that this decreases the accuracy of 

the simulation results, especially for small p, unless the number of trials N is increased 

tremendously. Therefore, we are not going to simulate the status of the site (i.e., present 

with probability p, absent with probability 1 - p), but simply simulate the n-step walk. 

In other words, the walker always completes each n-step walk (unless it steps onto the 
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absorbing site at (-1,0» during the numerical simulation. For example, the outcome 

is pk (as theoretically it should be) when k separate sites (excluding the absorbing site) 

have been touched during an entire n-step walk. (If we simulate both the n-step walk 

and p, the outcome of each trial will be same as the earlier simulations for p = 1, i.e., 0 

or 1. But then, many more trials will have a "failure" outcome with value O. This results 

in many more trials needed in order to obtain a sufficiently accurate result.) This also 

means that each site is not going to be replaced by 0 (absent) or 1 (present) according 

to whether it's present or absent in a particular realization until the entire n-step walk 

is performed by the simulation. Such a strategy saves us significant computer time and 

allows us to reduce the number of trials N to an affordable range while still obtaining 

an accurate result. Similarly, the outcome is 0 when the walker did step onto the only 

absorbing site. As a result, the outcome of each trial is no longer 1 or 0, but also depends 

on p. In other words, the probability of remaining for each trial (always smaller than 

for p = 1), varies between 0 and 1 and can be very small (but not zero) if p is small and 

many sites (excluding the only absorbing site) are touched during the trial. 

Generally speaking, for p < 1, the mean values decay more rapidly as a function 

of the number n of steps taken, and the percentage error from the mean value increases 

compared with the p = 1 case (at fixed N). Since we always have as many trials as 

possible for the n-step walks, a small p value is not going to affect the accuracy of the 

simulation. We can also see this from the error bars on the curves plotted from the 

simulation results. 

Figs. 5.5 - 5.6 display the simulation curves of (N(n)}p vs n on 2d for p = 0.1, 

p = 0.5, p = 0.9 and p = 1.0 in semi-log and log-log plots respectively. Figs. 5.7 - 5.8 

show the curves in 3d under the same conditions. Similarly, Figs. 5.9 -5.10 show those 

curves for 4d. As in the Id and Bethe lattice cases, all those curves in Figs. 5.5 - 5.10 

show that (N(n)}p decays in a fashion intermediate between the Kohlrausch-Williams

Watts stretched exponential law (exp( -n.B)), and the Curie-von-Schweidler power law 

(n-.B). For fixed p, the curves for higher dimensional cases always decay more rapidly 

than those for the lower dimensional cases at large n, as predicted earlier. 
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n 

Figure 5.5: 2d simulation results of (N(n)}p vs n for several values of p in semi-log plots. 
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Figure 5.6: 2d simulation results of (N(n)}p vs n for several values of p in log-log plots. 
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3d simulation results 

n 

Figure 5.7: 3d simulation results of {N(n))p vs n for several values of p in semi-log plots. 

3d simulation results 

n 

Figure 5.8: 3d simulation results of {N(n))p vs n for several values of p in log-log plots. 
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4d simulation results 

n 

Figure 5.9: 4d simulation results of (N(n))p vs n for several values of p in semi-log plots. 

4d simulation results 

n 

Figure 5.10: 4d simulation results of (N(n))p vs n for several values of p in log-log plots. 
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When p = 0, all sites are absorbing except for the initial site where the walk 

begins. Therefore, the outcome of each trial is always a "failure" whenever n > O. The 

probability of not being absorbed of such case is clearly a 8-function at n = O. 

After studying these results, we suspect that the (N(n)}p on ad-dimensional 

lattice can be expressed as a linear combination of the solutions on the Bethe lattices 

with several different coordination numbers. We are therefore going to try one of these 

combinations in the following sections to study the problem on d-dimensionallattices. 

5.3 Analytical results - 2d Lattice 

As already mentioned, we have examined several analytical methods to understand 

the simulation results. We report on one of these methods in this and the following 

sections. 

The numerical simulation results on a 2d lattice for several p are shown in 

Fig. 5.2, 5.5, and 5.6. We decided to break the number of lattice animals of size k 

in a 2-dimensionallattice, L(k,2) in Eq. (5.1.1), into two parts. The reason for this is 

because, after examining the picture of the 2d lattice (see Fig. 5.1, 5.11, and 5.12 which 

demonstrate (using a finite size) the structure of a 2d lattice, the equivalent level of a 

site, and the two subgroups respectively), we expect each part to be represented by the 

formula from the Bethe lattice case with different coordination numbers (see Eqs. (4.3.2) 

and (4.3.8)). In other words, we expect the quantities P(m + i,n) computed for the 

Bethe lattice case to represent (with proper coordination numbers z) each part of the 

split L(k,2). These coordination numbers are determined according to the number of 

ways of moving to the next site at a higher (lower) level. We see that this number of 

ways varies when the walker is at different sites. We then have 
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II ID 9 8 7 6 ~ 6 7 .I 9 ID I 

Figure 5.11: The 2d structure with sites labeled by the number of levels. 

( l)n n ( l)n n = 2d LLl(k,2)pk+ 2d LL2(k,2)pk, 
k=l k=l 

(5.3.1) 

where L(k,2) = L1(k,2) + L 2(k,2). We will discuss the details below. 

The method we use is to group the sites, as usual, by levels from the absorbing 

site, then break the sites at the same level into two subgroups. (See Fig. 5.1 for the 

structure.) One of the subgroups contains all the sites along the two axes originating 

at the absorbing site, while the other subgroup contains all the sites in between the 

two axes. The reason for doing this is to partition the probabilities of moving outward 

to a higher level, and downward to a lower level, into two pairs. Each pair carries the 

(constant) probabilities of moving up and down. Note that, similar to the Bet.he lattice 

case, the number oflattice animals is partly hidden in the probabilities of moving upward 

and downward which lead to the solutions of P(rn + i,n) (see Eqs. (4.2.4) and (4.3.1)). 

Along with the characteristics of the so called 1d structure (which is a special type of 

the lattice animal) and the probability of moving out ofthe 1d structure (as was studied 

in Sec. 4.3), the conventional2d lattice now looks like the superposition of Bethe lattices 

with two different coordination numbers. Therefore, we can combine the solutions on 
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Figure 5.12: The 2d structure with sites being partitioned by the four solid lines into 
two subgroups. 

the Bethe lattices with different coordination numbers to mimic the solution on the 

conventional2d lattice. We now explain in more detail. 

The first step of our method is to group the 2d lattice by levels and then distin

guish the sites on the same level by two pairs of probabilities for the walker moving both 

away from and towards the absorbing site (which is marked as the lowest level-I, and is 

the only site at level -1). The first pair is for the case of the walker moving on the axes 

originating at the absorbing site. The probabilities of moving to lower and higher levels 

for that case are ~ and ~, respectively. The second pair of the probabilities for the case 

of the walker moving between the axes are ~ and ~, respectively. Note that all the four 

sites next to the absorbing site are the four members of level 0, and the initial site is one 

of the sites at level O. We also count for the number of sites at levell, which is 4(1 + 1). 

Therefore, the total number of sites from level 0 up to level I becomes 2(1+ 1)(1 + 2). The 

total number of sites along the two axes up to level I is 4(1 + 1) and the total number of 

sites between the axes is then 2(1 + 1)(1 + 2) - 4(1 + 1) = 2/(1 + 1). 

As a result, the solution may be written as a combination of the following two 
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parts: The first part is the conditional probability for the case with probabilities l
downward (to a lower level), and ~-upward (to a higher level), denoted as N! i!(p, m + 

4'4 

i, n) (i.e., when the walker is moving on the axes). The second part is the conditional 

probability for the case with ~-downward, and ~-upward, denoted as N ~ ~ (p, m + i, n) 
4 '4 

(Le., when the walker is moving between the axes). Recallin~ the solution on the Bethe 

lattice with coordination number z (Eq. (4.3.8)): 

"-m n -2-

(N(n)}p = E E pm+ip(p,t) P(m+ i,n) 
m=O i=O 

"-m n -2-

= E E N! ~(p,m+i,n) 
z' z 

m=O i=O 

n n-m n+m!!=.!!l n-m i 
= E (~)-2 (~) 2 pm t pi [1+(~-2)P]-2 -

\11=0 Z Z i=O Z 1 

X [Wm+i(n,m) - Wm+i-l(n,m)] , 

where we have rewritten 

N! ~(p,m+ i,n) = pm+ip(p,t)P(m + i,n) 
z' z 

= (~) "2
m (z: 1) "1m 

pm+i [1 +;~ ~ 2)pr
2m

-
i 

X [Wm+i(n,m) - Wm+i-l(n,m)] . 

( 4.3.8) 

(5.3.2) 

On a two-dimensional lattice, the corresponding coordination number is Z = 4. 

The first part can now be written: 

N! i!(p,m+ i,n) = 
4'4 ( -41) "2

m 

(_43)!!f!! pm+i [1 +3 2P] "2
m

-i 

X [Wm+i(n, m) - Wm+i-l(n, m)] , (5.3.3) 

and the second part is 

1 (42) "2
m 

(42) ~ pm+i [1 +3 2P] "2m-i N~ ~(p, m+i, n) = (m + i - 1)2 
4'4 
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X [Wm+i(n, m) - Wm+i-l(n, m)] 

(5.3.4) 

where 

(5.3.5) 

where (m+i-l)~ in Eq. (5.3.4) simply reflects the fact that there are (m+i-l)~ as many 

times for those walks with such probability P2. 2. (p, m + i, n) (which is the conditional 
4'4 

probability corresponding to pm+i pep, t)P(m+i, n) between the axes) to take place. It is 

also clear that the pep, t) for the two conditional probabilities in Eq. (5.3.3) and (5.3.4) 

are the same because they have the same probability of moving out of the Id structure 

(see section 4.3). 

The next step is to find the conditional probabilities in Eqs. (5.3.3) and (5.3.4) 

for the (n, m)-walk. Those probabilities are expected to be proportional to the total 

number of sites in their own categories (Le., sites on the axes making the probabilities 

~-downward, ~-upward and sites between the axes making the probabilities ~-downward, 

~-upward). The probability of the walker stepping onto the two axes during an (n, m)-

alk hi 1 I + 'b t t . b d' th l' P 4(m+i) 2 W reac ng eve m z u no gomg eyon IS erelore t,~ = 2(m+i)(m+i+1) = m+l+l 

(Le., 4(m + i) sites on the axes out of all the sites on the lattice up to level m + i-I, 

which is 2(m+i)(m+i+l))j the probability of the walker moving between the axes of the 

~:"':-;"-T-LJ~* = m±+','+-ll' We can see that P! ;! + P2. 2. = 1 
m 4 '4 4 '4 

Therefore, we can write the solution on the two-dimensional lattice as the com

bination of the two parts in Eqs. (5.3.3) and (5.3.4) multiplyied by the probabilities P! ;!, 
4'4 

and P2. 2., respectively, over all possible m and i: 
4'4 

n-m n -2-

(N(n)}p = '"' '"' [Pi 2 N! ;!.(p,m+ i,n) + P2. 2. N2. 2.(p,m+ i,n)] L...J L...J 4'4 4'4 4'4 4'4 
m=O i=O 
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n n;m [ 2 . m + i - 1 . ] 
= E E . 1 N! ;!.{p,m+ z,n)+ +. + 1 N~ ~(p,m+ z,n) 

m=O i=O m+z+ 4'4 m z 4't 

+m+~-1(m+i_1)~ (~)n;m (~)~l 
m+z+1 4 4 

x [Wm+i(n, m) - Wm+i-l(n, m)] . (5.3.6) 

Eq. (5.3.6) is a c-function when p = 0 at n = O. Figs. 5.13 shows the curves from 

the above equation for several values of p and the corresponding simulation results. We 

can see excellent agreement between them. When p = 1, Eq. (5.3.6) decays much more 
1 

slowly than n-2. 

5.4 Analytical results - 3d Lattice 

On a conventional 3d lattice, the coordination number is z = 6. We now break the 

L(k, 3) into three parts, similar to the 2d case, in the expectation that each part (along 

with pk) can be represented by the the formula from the Bethe lattice case with different 

coordination numbers (see Eq. (5.3.1)). Proceeding as in the previous section, we find 

that there are three different groups for the probabilities of moving to a higher (lower) 

level, which are ~ (~) (when the walker is moving on the axes), ~ (~) (when the walker 

is moving off the axes but on the surfaces formed by the axes), and ~ (~) (when the 

walker is moving between the axes and those surfaces formed by the axes). The three 

conditional probabilities are now denoted by N! ~ (p, m + i, n), N ~ i (p, m + i, n), and 
6'6 6'6 

N;! ;! (p, m + i, n) respectively, 
6'6 

N! ~(p,m+i,n) = 
6'6 (

_61)n;m (~6)~ pm+i [1+5 4p]n-;m-i 
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Figure 5.13: (N(n))p vs n in 2d from Eq. (5.3.6) and the corresponding simulation results 
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(5.4.1) 

n-m n+m n-m . 

2 (_26) -2 (46) 2 pm+i [1 +54P] -2 -I N~!(p,m+i,n)= (m+i-l)6 
6'6 

x [Wm+i(n, m) - Wm+i-l(n, m)] , (5.4.2) 

and 
n-m n±m n-m . 

(m + .; - 2)~ (~6) -2 (~6) 2 pm+i [1 +5 4P] -2 -I Ni! i!(p,m+i,n) = . 
6'6 

x [Wm+i(n, m) - Wm+i-l(n, m)] . (5.4.3) 

The conditional probabilities for NI 2(P, m+i, n), N~ !(p, m+i, n), and Ni! i!(p, 
6'6 6'6 6'6 

m + i, n) in Eqs. (5.4.1), (5.4.2), and (5.4.3), respectively, to occur for the (n, m)-walk, 

denoted by PI 2, Pa !, and Pi! ;!, depend on the portions of the sites in their own cate-
6'6 6'6 6'6 

gories out of all the sites on the lattice up to level m + i-I, and are 2(1+1)(I!:)~~tJJ) +2(/+1)' 

61(1+1) 41(1-1lI+1l .• _ . .. 
2(I+l)(I~2lC21+3) +2(1+1)' and 2(I+l)(I~2)(21+3) +2(/+1)' respectIvely, wIth I - m + ~ - 1. SImpli-

f · th . h P 9 P 91 d P 2/(/-1) ymg ose expressIOns, we ave i,~ = 2/2+71+9' ~,~ = 2/2+71+9' an ~,~ = 212+7/+9· 

Finally, the solution on a conventional 3d lattice becomes 

n-m n -2-

(N(n))p = ~ ~ [PI 2NI2(p,m+ i,n) L.J L.J 6'6 6'6 
m=O i=O 
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+ 21~1~; ~ 9(1- 1)~ (~) n~m (~) ~l 
x [Wm+i(n,m) - Wm+i-l(n,m)] , (5.4.4) 

with I = m + i-I. Eq. (5.3.4) is again a o-function when p = 0 at n = O. Fig. 5.14 

display the curves from Eq. (5.4.4) for several values of p along with the corresponding 

simulation results. Apparently, the curves from Eq. (5.4.4) do not match the simulation 

results well except for p = 0.1. This may be because that the contribution of the term 

[1~4p] n-;m_i in Eq. (5.4.4) should be different for each subgroup; while we assumed that 

it is the same. When p is small (such as p = 0.1), such contribution reduces to [~] n-;m_i 

which is independent of p. 

5.5 Analytical results - d-Dimensional Lattice 

On a d-dimensionallattice, the coordination number is now z = 2d. L(k,d) is 

now broken into d parts. Similarly to previous sections, we write down the solution: 

(5.5.1) 

where 
n-m nfm 

2(k-1) (k )-2 (2d - k) 2 . N" 2d-k(p,m+i,n) = (m+i-k)2'ir -d --d- pm+1 
2d'2d 2 2 

[
1 + (2d _ 2)P] n-;m_i 

X 2d -1 [Wm+i(n, m) - Wm+i-l(n, m)] , (5.5.2) 

and Ei=l P k 2d-k = 1. P k 2d-k are the probabilities of the portions of sites in their 
2d'2d 2d'2d 

own categories (Le., with probability of fa moving to a lower level, and probability of 

2~i moving to a higher level) out of all the sites up to level m + i on the d-dimensional 

lattice. 

In order to determine P k 2d-k, we compute first the number of sites in their 
2d'2d 

own categories up to levell( = m + i-I). For instance, the number of sites up to levell 

with probability -fa to go downward and probability 2~i to go upward is 2d( l + 1), with 
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fa-downward and 2~d2-upward is d(d;1)21(l + 1), with la-downward and 2~i-upward is 

d(d-1J(d-2) ~/( 1-1)(1 + 1), and so on. Here we assume that the dimensionality d 2: 2. In 4-

dimensional lattice, all the number of sites up to level 1 (= m+i) (excluding the absorbing 

site at level-I) is 8 = 8(1+1)+12/(/+l)+~61(l-I)(/+l)+~/(l-I)(1-2)(l+I). Therefore, 

the conditional probabilities P k 2d-k for each k at d = 4 are now PI! = 8(1 + 1)/8, 
2cl'"2ir s's 

P~ !!. = 121(1 + 1)/8, p~! = 1;1(1- 1)(1 + 1)/8, and Pi i = ~/(1- 1)(1- 2)(1 + 1)/8, 
S'S S'S S'S 

respectively. 

5.6 Conclusion 

We have presented numerical simulations for the 2d, 3d, and 4d cases, and worked 

out an analytical explanation for the results. In order to do so, we have grouped the 

conventional lattice by levels as we did on the Bethe lattice, and then made use of the 

formula for the Bethe lattice case in Eq. (4.3.8). In this way, we found approximate an

alytic solutions for conventional d-dimensionallattices. We have compared our solutions 

with the numerical simulation results for several values of p on 2-dimensional lattices, 

and found that they match with each other very well. However, the comparisons between 

the simulation results and analytica solution for d = 3 do not match each other very 

well except for small p such as p = 01. Of course, there may be other analytic methods 

which can also match the simulation results as well or even better. We will investigate 

that possibility in the future. 

Since our real interest for studying this problem is to analyze fluctuations of 

protein conformational states, our next (and final) step is to compare our results with 

experimental data. 
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CHAPTER 6 

Summary and Conclusion 

6.1 Summary 

We have developed a new mathematical problem of a random walk on a randomly 

partitioned lattice and solved for the analytical solutions for the averaged residence 

times (Np(n))p on a lattice in all dimensions. The problem was created as a new model 

of protein conformational fluctuations in a variety of settings. In our model, we assumed 

free diffusion of particles on a lattice which is randomly partitioned in the sense that 

sites are present or absent randomly and independently. We found that this problem can 

be solved exactly in one dimension. We discussed two different techniques to solve the 

problem for this case. The first technique used an eigenfunction expansion method. We 

computed the eigenvalues ofthe transition rate matrix (Eqs. (2.3.2) and (2.3.12)), which 

allowed us to find the residence times in a particular cluster of size k (Eqs. (2.3.10) 

and (2.3.14)). Multiplying this quantity by the probability of this particular cluster 

being present and summing over all possible clusters with sizes from 1 to 00, we finally 

obtained the solution (shown in Eqs. (2.3.18) and (2.3.19) using both a continuous time 

basis and a discrete time basis respectively). We also performed numerical simulations 

of this model. In order to do these, we allowed each individual site to be independent 

without further restrictions. That is, we let the walker move from site to site without 

restriction except for the absorbing site and the probability p of each given site to be 

present. This picture of our model also led to the development of the second technique, 

which used a direct counting procedure. Here, we counted all the possible number of 

ways in which the walker can move within a particular cluster while touching every 
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site in it. We multiplied this quantity by the probability p (of each site to be present) 

raised to the order of the number of sites in the cluster. We then summed over all 

possible clusters. Finally, we multiplied the result by (!)n, obtaining the solution (given 

by Eq. (2.4.3)). We also showed, both analytically and numerically, that the solution 

from this direct counting technique is identical to the solution from the eigenfunction 

expansion technique in the discrete time basis. The eigenfunction expansion technique 

and the direct counting technique therefore exactly solve our model in one dimension. 

These techniques, designed especially for one-dimensional lattices, become cam

bersome in higher dimensions. In particular, one cannot in general count all the possible 

clusters of size k for arbitrary k when d > 1. However, the case d = 00, which corresponds 

to mean field theory, can also be attacked analytically, and affords the added advantage 

that we can understand the model's behavior in two extreme situations. (Moreover, 

since applications to protein conformational fluctuations should be carried out in high 

dimensions, this case is, surprisingly, physically relevant.) We therefore developed a 

mean field theory for diffusion on a randomly partitioned Bethe lattice, which mimics 

infinite dimensionality. The solution we obtained from this mean field approximation is 

given by Eq. (3.2.12) in a continuous time basis and by Eq. (3.3.10) in a discrete time 

basis. However, we found the solution from this mean field approximation to be not very 

accurate when compared to the simulation results. We suspected there was a better way 

to deal with the Bethe lattice case which can lead to more accurate results for most nand 

p. We therefore proposed a modified direct counting technique (MDCT) using the 1d 

result from the direct counting method along with a newly defined 1d structure (sec. 4.3) 

to solve the Bethe lattice case. The solution from the MDCT for the Bethe lattice case 

(shown in Eq. (4.3.8)) was shown to be very accurate compared to the simulation results 

and provided important insights to this problem on Euclidean lattices in d dimensions. 

An analytic solution of our model on these lattices is difficult to obtain. We 

therefore focused most of this part of the thesis on numerical simulation (using a random 

number generator random(3B) on the SGI system). In general, the simulation on the 

1d lattice takes the least time to reach a very reliable result for each value of p for 
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a wide range of n. It takes several times longer (compared to the Id case) for the 

simulation to obtain good results on 2d lattices. In order to shorten the computation 

time, we reduced the number of time steps when doing the simulation on the 4d and Bethe 

lattices. Another problem with the Bethe lattice simulation was assigning coordinates 

for the sites. (Note that we have to record the state of each site in order to do the 

simulation.) Rather than direct assignment to order (z - 1 )'+1 sites (up to level I) using 

as many as I parameters, we used the number of levels and the total number of sites at 

a particular level to record the state of the sites. (We then need only two parameters to 

record the state of each site.) However, either method requires (z - 1)21 coordinates to 

record the statp.s of all the sites up to level 20. This means that the capacity of computer 

space can be easily surpassed by the space needed to do the simulation on the Bethe 

lattice. This also restricts us from doing the simulation on the Bethe lattice for larger 

n. (As a result, we simulated the Bethe lattice case only up to n = 20 for several values 

of p.) Finally, we obtained simulation results on the Bethe lattice with coordination 

number z = 3 and the Euclidean lattices for several values of p and d (from 1 to 4). 

We attempted to utilize the solution for the Bethe lattice case to solve the 

problem on Euclidean lattices. In order to do so, we regrouped the Euclidean lattice 

into several subgroups and applied the Bethe lattice solution for each subgroup. The 

solution on a Euclidean lattice then becomes a linear combination of the solutions for 

all the subgroups with the contribution from each subgroup determined by the number 

of sites in each subgroup. The solution for this is shown in Eqs. (5.5.1) and (5.5.2) using 

Eq. (2.4.4). Numerically, Eqs. (5.5.1) and (5.5.2) fit the simulation results for several 

p well when d = 2. For d ~ 3, we only simulated our model up to n = 20 due to 

too much computing time consumed. Therefore, we do not have simulation results at 

larger n to compare with this analytic solution; while at small n such as n :5 20, the 

analytic solution given by Eq. (5.5.1) and (5.5.2) do not match the simulation results 

well, particularly when p is around 0.5. This is because the contribution of the term 

[1+~~~~2)pr2m-i in Eq. (5.5.2) may be different for each subgroup, while we assumed 

they were the same. This problem is more severe at larger p and higher d (particularly 



105 

d ~ 3). However, when p is small compared to 1/2d this becomes less of a problem and 

the analytic solution for small p should still fit the simulation data. The comparison for 

p = 0.1 in Fig. 5.14 demonstrates this. 

6.2 Conclusion 

We have observed a variety of interesting behaviors of the average residence times 

(N(n))p from our model. We discuss these in the following paragraphs. 

First, our model demonstrates that (N(n))p decays at a rate between those given 

by the Kohlrausch-Williams-Watts stretched exponential law (exp( -n(3 ) with 0 < (3 < 1), 

and the Curie-von-Schweidler power law (n- f3 ) in the intermediate and long time limits 

when 0 < p < 1. When p = 1, (N(n))t obeys Polya's theorem as expected. We also 

found that the solutions from our model can not be fitted mathematically by a single 

function, because all the results display different types of behavior at different regimes. 

Qualitatively, there are three types of behavior in {N(n))p which can be observed from 

the results. The first obeys an exponential law (exp( -(3n)), the second obeys a stretched 

exponential law (exp( -n(3 )), and the third obeys a power law (n- f3 ). The transitions 

among these behaviors depend on d, p, and n. Fig. 6.1 shows the diagram of d vs p and 

illustrates the three types of behavior, denoted by region 1, 2, and 3. The boundary 

line between regions 1 and 2 moves to the left (toward region 1) and the boundary line 

between regions 2 and 3 gets steeper (Le., this line moves toward region 3 with the fixed 

point at d = 1 and p = 1.0) when n increases (or (N(n))p decreases) at fixed p and d. 

This means that, in the long-time limit, the stretched exponential law dominates the 

behavior of (N(n))p for most d and p. Therefore, in the long-time limit, {N(n))p can be 

expressed by a single stretched exponential function (exp( -n(3 ) with 0 < (3 < 1) for most 

d and p. This is quite significant, given the ubiquitous appearance of this law and lack 

of a general theory to derive it despite numerous studies over many decades[65]-[70]. 
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Figure 6.1: Diagram of d vs p to illustrate the three types of behavior. Region one stands 
for the regime in (N(n)}p or n in which (N(n)}p obeys exponential law. (N(n)}p obeys 
the stretched exponential law in region two and it obeys a power law in region three. 
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6.3 Comparison with Experment 

In order to compare with the experimental data, we need to compute the closing 

time distribution (P(n))p, which is the physical observable usually measured. The closing 

time distribution (P(t))p (=(P(n))p in the discrete time basis) equals (P(t))p = d(~(:»p 
(or (P(n))p = (N(n))p - (N(n + l))p in the discrete time basis). Therefore, (P(t))p can 

be evaluated from (N(t))p «(N(n))p). We now discuss some examples of the closing 

time distributions evaluated from the analytical solution of the Bethe lattice case. (Note 

that we assumed the walker took the same period of time (~t) to move from one site 

to the accessible neighboring site. For convenience, we took t:..t = 1. To compare with 

experimental data, however, we need to set D.t equal to the relevant physical time scale.) 

Fig. 6.2 is the closing time distribution evaluated from the Bethe lattice case 

given by Eq. (4.3.8) with z = 3 for several values of p on a semi-log scale. Fig. 6.3 is the 

same as Fig. 6.2 but on a log-log scale and plotted in a more extensive time range. At 

short times, the two figures show that the curve for small p has large values of (P(n))p, 

while it decays faster than those of larger p as n increases. At intermediate times, the 

curve of p = 0.9 has the largest value of (P(n))p, while at long times the curve of p = 0.99 

has the largest value of (P(n))p at a given n (n ~ 76 for long times in this case) among 

those curves. We can see that, unlike the quantity of (N(n))p in which a larger p always 

results in a larger value of (N(n))p, p = 1 does not correspond to the largest value 

of (P(n))p at.any given n among those curves in the figures (Figs. 6.2 and 6.3). The 

reason for this is because (N(n))p decays slowly and, by Polya's theorem, asymptotically 

approaches some particular nonzero value on the Bethe (z > 2) and Euclidean (d> 2) 

lattices when p = 1. As a result, we can always find a p < 1 at different given n which 

has (P(n))p greater than (P(n))l' In the large p region (say, 0.95::; p < 1 in this case), a 

"shoulder" can be seen on the log-log scale plot (Fig. 6.3). This shoulder becomes more 

noticeable (occurring at a later time and lasting longer) with increasing p. At long times, 

all those curves asymptotically obeys either the function n-O (1 < a < 2) or exp( -nfJ) 

(0 < (3 < 1). Note that there are two major factors which determine the time evolution 
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of (N(n)}p when n is large. The first factor is the chance of moving to the absorbing 

site. The second factor is the average number of sites touched by the walker during 

the n-step walk. The first determines the time evolution of (N(n)}1 when n is large 

(as discussed earlier). Both factors together determine the time evolution of (N(n)}p 

when p < I at n ~ 1. On the Bethe lattice, the average number of sites touched by the 

walker during the walk is directly proportional to n, the number of steps taken. On the 

Euclidean lattices, this number increases more slowly at large n. As a result, (N(n))p 

on a Euclidean lattice decays more slowly at large n when d ;::: 2. However, this more 

slowly decaying regime at large n occurs late, Le., when the value of (N(n)}p becomes 

so small at small p that it is out of the regime of interest. 

According to our earlier studies, we predict that this shoulder should be seen at 

smaller p in a Euclidean lattice (for d > 2) than on any Bethe lattice in the regime of 

interest (Le., (N(n)}p ;::: 10-6). We also predict that this same shoulder should last a 

longer period of time and for a wider range of (P(n)}p in the Euclidean lattice (d > 2) 

than in the Bethe lattice (z = 3) for a given p. In the next paragraph, we use the 

(P(n)}p obtained from the Bethe lattice case to compare with the experimental data. 

Note that those curves (shown in Figs. 6.2 and 6.3) are apparently not smooth at small 

n (especially at n = 2). This is because those curves were evaluated from the solution 

given by Eq. (4.3.8) calculated in a discrete time basis and, furthermore, (P(n)}p changes 

rapidly in the small n regime. 

We now compare the results to experimental data in Ref. [64]. In this exper

iment, the fine structure of ion-channel activations by junctional nicotinic receptors in 

adult frog muscle fibres was investigated. The agonists used were acetylcholine (ACh), 

carbachol (CCh), suberyldicholine (SubCh) and decan-I, IO-dicarboxylic acid dicholine 

ester (DecCh). During the experiments the current and voltage signals were recorded 

on FM tape. Values for open times, shut times, burst lengths etc. were constructed 

from the revised record and used for display of distributions. We compare with the data 

taken from Fig. 2 of this experiment in the time range between 50 ps and 500 ms. This 

figure was also chosen to compare with the simulation results of models developed by 
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Figure 6.2: Closing time distribution evaluated from (N(n))p given by Eq. (4.3.8) with 
z = 3 for several values of p on a semi-log scale. 

Closlna lime dlslrlbutlon. from the Bethe lattice with z-3 

n 

Figure 6.3: Same as Fig. 6.2 but plotted on a log-log scale for a more extensive time 
range. 
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Lauger[34], and Condat and Jackle[83]. Comparing to these data (in Fig. 6.4) using one 

of the curves evaluated from Eq. (4.3.8) with z = 3 and p = 0.999, we find excellent 

agreement. Fig. 6.4 demonstrates the closing times distribution for the Bethe lattice 

case using z = 3 and p = 0.999 as an example. In this figure, the experimental data are 

shown in circles with values being rescaled in order to compare with one of our analytic 

results quantitatively. Note that on the Bethe lattice, the chance of moving away from 

the starting site is large (= Z;I), and therefore it is very likely that more sites will be 

touched. As a result, a larger p is needed in order to provide a more slowly decaying 

(N(n)}p, which results in the shoulder effect in (P(n))p' Physically, we learn from this 

that the average size of the cluster (corresponding to the closed states) in state space is 

very large. In the inset of this figure is the original experimental data (in circles) of the 

closing time distribution of the frog endplate channel in the presence of 100 nM suberyl

choline together with the results of Lauger's simulation (in solid line). Qualitatively, 

our model on the Bethe lattice with z = 3 and p = 0.999 shows an excellent agreement 

with the experimental data such as this one compared with above. Quantitatively, we 

have multiplied the values of the closing time distribution and the time scale from the 

experimental data by 10-7 and 104 respectively and obtained an excellent match to our 

solution on the Bethe lattice with z = 3 and p = 0.999. We can see this from the 

comparison shown in Fig. 6.4. 

However, we are not able to compare the experimental data using our model on 

Euclidean lattices with a particular higher dimensions d and p. (In this way the effective 

d and p can be determined by comparing to the experimental data.) This is because 

that we have not obtained a very good analytic solution for the Euclidean lattice case 

(for d ~ 2) at all times. This restricts us from evaluating an accurate (P(n)}p for d ~ 2 

in the Euclidean lattice. Unlike the other models, our model uses the probability p to 

determine whether a site is open (and therefore the effective size of the ionic channel 

in state space), and also the dimensionality d to determine the equivalent dimensions 

of the state space to which a given ionic channel belongs. The exact p depends on the 

conditions that the experiment is prepared such as the concentrations of agonist and the 
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types of agonist used. 

Other experiments show similar effect ( with or without the shoulder) to the one 

we compared with above[71]-[91]. In the future we will search for a technique to analyze 

the problem better for the Euclidean lattice with d ~ 2. 
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Figure 6.4: Closing time distribution (P(n)}p from the Bethe lattice case with p = 0.999 
and z = 3 (in solid line). Comparing to our solution, the original experimental data of 
closing time distribution and time scale have been multiplied by 10-7 and 104 respectively 
(in circles). The original experimental data (in circles) along with the results from 
Lauger's simulation (in solid line) are in the inset. 
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APPENDIX A 

Evaluation of the solution in Id 

In this appendix, we supply the details concerning the rewriting of Eq. (2.3.17) 

to Eqs. (2.3.18) and (2.3.19). This requires the evaluation of NI(t) in Eq. (2.3.8) 

First of all, we are going to prove the normalization coefficient for the eigenvec

tors as shown in Eq. (2.3.5). From the initial condition as stated in Eq. (2.3.3), we have 

el (j) = C sine kj) = C sine #f), where C is a normalization coefficient, and 

1 1 

81,q = C E el(j) sin(q kj) = C2 E sin(kj) sin(q kj) 
j=1 j=1 

'(') (.) 1 (.) 2 • J1r • qJ7r 2 • 2 J 7r 
=C ~sm II sm II =C ~sm II 81,q 

3=1 + + 3=1 + 

1 1 cos (!i.:!!.) [I 1 (.)] = C2 ~ - 1+1· 8 = C2 __ ~ ~ 2 J 7r 8 
~ 2 l,q 2 2 ~ cos 1 + 1 l,q 
3=1 3=1 

{
I 1 

= C2 - - - [2 cos (7r)] 
2 2 [ 

. (2/11')]} sm 2(1'+i') 

2 sin (2(~;1») 81,q 

(A.1) 
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so that 

(A.2) 

proving which in Eq. (2.3.5). 

On the other hand, from Eqs. (2.3.1) and (2.3.7), we have 

(A.3) 

and that 

I I 

Nl(t) = Trace [Pl(t)] = L:~:>i(j)el(j)e,\jt 
j=l i=l 

= I! 1 t. t, sin (/+"1) sin G ~ ~) exp [-2 (1- cos (/+"1)) (t/T)] 

Therefore we need to evaluate L~=l sin (ii;). In order to do this, we repeatedly apply 

the following trigonometric identities 

(A.5) 

This results in 
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[. (2j7r) . (/-1)j7r)] [. (3 j 7r) . ((I-2)j7r)] + sm 1 + 1 + sm 1 + 1 + sm 1 + 1 + sm 1 + 1 + ... 

. [ jl7r j7r] [jl7r j7r] 
= 2 sm 2(1 + 1) + 2(1 + 1) cos 2(1 + 1) - 2(1 + 1) 

. [j (/- 1) 7r 2 j 7r] [j (1- 1) 7r 2 j 7r ] 
+ 2 sm 2( 1 + 1) + 2(1 + 1) cos 2(1 + 1) - 2(1 + 1) + ... 

. [j (I + 1) 7r] [j 1 7r j 7r ] 
= 2 sm 2( 1 + 1) cos 2(1 + 1) - 2(1 + 1) 

. [j(/+1)7r] [j(/-1)7r 2 j 7r] + 2 sm 2( 1 + 1) cos 2( 1 + 1) - 2(1 + 1) + ... 

_ . [j(/+1)7r] { [jl7r j7r] [j(l-l)7r 2j7r] } - 2 sm 2( 1 + 1) cos 2(1 + 1) - 2(1 + 1) + cos 2( I -I- 1) - 2(1 + 1) + ... 

_ . (j 7r) { 1 [. ( j 17r) . (j (1- 2) 7r)] 
- 2 sm ""2 . [ . 11' ] SIll 2(1 + 1) - sm 2(1 + 1) 

2 sm 2d+1) 

+ 1 [. (j (/- 2) 7r) . (j (1- 4) 7r)] 
2 sin [-1!!......] sm 2(1 + 1) - sm 2(1 + 1) 

2(/+1) 

1 [. (j (1- 4) 7r) . (j (1- 6) 7r)] } 
+ 2 sin [2({';1)] sm 2(1 + 1) - sm 2(1 + 1) + ... 
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sin (i;) {. [ i17r] . [i(/-2)7r] . [i(l-2)7r] 
= sin [2({';ld sm 2(1 + 1) - sm 2(1 + 1) + sm 2(1 + 1) 

. [i(/-4)7r] . [i(l-4)7r] . [j(/-6)7r] } 
- sm 2( 1 + 1) + sm 2( 1 + 1) - sm 2( 1 + 1) + ... 

sin(t;) . [j/7r] = . sm 
sin [~] 2(1 + 1) 

2,1+1, 

(A.6) 

Therefore, we have 

~ . (q j 7r) [j 7r ] . (j 7r) . [ j 1 7r ] (A ) 
~ sm 1 + 1 = csc 2(1 + 1) sm ""2 sm 2(1 + 1) .7 

Rewriting the products of the last two terms in Eq. (A.7), we get 

• 2 (j7r) [j7r] . (j7r) (j7r). [ i7r ] 
= sm 2 cos 2(1 + 1) - sm 2 cos 2 sm 2(1 + 1) 

_ • 2 (i7r) [j7r] 1. (. ). [ j7r ] 
- sm 2 cos 2(1 + 1) - 2" sm J7r sm 2(1 + 1) 

_ • 2 (j7r) [j7r] 
- sm 2 cos 2(1 + 1) (A.B) 

Therefore, Eq. (A.7) can also be written as 
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, q) 11' , 2 ) 11' )11' ) 11' 
I (') (') [' ] [' ] ~ sm 1 + 1 = sm T cos 2(1 + 1) csc 2(1 + 1) (A,9) 

We then obtain 

, ) 11' , ) 11' ) 11' 4 
I ['I] (') [' ] = 1 + 1 f; sm 2(1 + 1) sm T cos 2(1 + 1) 

_ 2 ~ , (j1l') '2 (j1l') [j-n] [j1l'] 
- 1 + 1 ~ sm 1 + 1 sm "2 cos 2(1 + 1) csc 2(1 + 1) 

_ • 2)11' 2)11' • 2 )11' 4 
I (') [' ] [ (') ] -1+1f;sm "2 cos 2(/+1) exp -2sm 2(1+1) (tiT) (A.lO) 

Finally, we conclude that 
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00 00 

(N(t)}p = E PI NI(t) = (1- p) E pl
-

1 NI(t) 
1=1 1=1 

00 4pl-1 I . [ j17r] [j1l']. (j1l') 
= (1- p) ~ 1 + 1 f; sm 2(1 + 1) cos 2(1 + 1) sm 2" 

00 4 1-1 I [.] (. ) P 2 J1I' • 2 J1I' = (1- p) E 71 E cos 2(1 1) sm 2" 
1=1 + j=1 + 

(A.ll) 

which agrees with Eq. (2.3.18). 

The above evaluation uses the continuous time basis. Our next step is to prove 

Eq. (2.3.19) which is the solution for the discrete time case, with the transition probability 

matrix WI shown in Eq. (2.3.12), and the corresponding eigenvalues Aj in Eq. (2.3.13). 

Accordingly, the change needed in Eq. (A.3) is in the exponential term; the others remain 

the same. We therefore have 

(A.12) 

and 

2 II (.) (.) (") NI(t) = Trace [P/(t)] = f1 ?:?: cost /\ sin /11'1 sin /J1I'1 
+ 1=13=1 + + + 
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t J1r . J 1r • Z J 7,' 2 I ( .) (.) [ I (..)] = 1+1 f; cos 1+1 sm 1+1 t; sm 1+1 (A.13) 

Using the results of Eqs. (A.6) through (A.9), we obtain 

4 ~ t ( j1r) • 2 (j 1r) 2 [ j1r ] 
NI(t) = 1 + 1 ~ cos 1+1 sm 2' cos 2(1 + 1) (A.14) 

Finally, (N(t))p is determined. That is 

00 00 

(N(t))p = L PI NI(t) = (1- p) L pl
-

1 NI(t) 
1=1 1=1 

00 4 1-1 I (.) [. ] (.) P t J1r 2 J1r . 2 J1r 
=(I-P)L-1- 1 ~ cos 11 cos 2(1 1) sm 2' 

1=1 + 3=1 + + 
(A.15) 

which is indeed same as Eq. (2.3.19). As a matter of fact, we can obtain the above 

solution by doing a Taylor expansion on the exponential term in Eq. (2.3.8), and then 

dropping the second- and higher-order terms of that series. Therefore, the solution for 

the discrete time basis in Eq. (2.3.19) is as if it were a first order approximation from 

the continuous time solution in Eq. (2.3.18). 
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APPENDIX B 

Evaluation of the identity in Eq.(2.4.10) 

In this appendix we prove Eq. (2.4.10), which is the probability of being at site 

i after an n-step walk starting from site 0 in a 1d cluster of length 1 with absorbing 

boundary conditions at both ends. We first extend the sum over i to 1 + 2 in the RHS of 

Eq. (2.4.10), which will not affect the result, since the term corresponding to i = 1 + 2 

is zero. The advantage of this change will be seen later when we do the summations. 

Therefore, we demonstrate that 

( 1)n _ 2 ~ n ( i7r ) . (i7r) . ((m + 1)i7r) 2 W1(n,m)-1+2 f;;rcos 1+2 sm 1+2 sm 1+2 (B.1) 

Rewriting the RHS of Eq. (B.1), we find that 

2 ~ n(i7r). (i7r) . ((m+1)i7r) 12 ~ cos 12 sm 12 sm 1 2 + )=1 + + + 

= _2_ L e'I+2 + e-'1+2 e'l+2 - .e-' 1+2 e' 1+2 - .e-' 1+2 1+2 [ '..L!!. '..L!!.] n [ '..L!!. '..L!!.] [ .(m+1) j" .(m+1) j "] 

1 + 2 ;=1 2 2z 2z 

= 
_ 2-n-l ~ [ '..L!!. '..L!!.]n [ .(m+2)j" .(m+2)j" 'jj" 'j'''] L...J e'T+2 + e-'T+2 e' 1+2 + e-' 1+2 - e' +2 - e-' +2 

1 + 2 ;=1 
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=--EE 
2-n-1 1+2 n (n 
1 + 2 j=l k=O k 

e'T+2 n e' 1+2 + e' 1+2 - e' +2 - e ' +2 
) 

'.i.!!( -2k) [.(m+2)jll' _.(m+2)jll' 'jjll' _'jjll'] 

2-n-1 1+2 n (n) 
=-1+2 ~{; k 

e' 1+2 + e' 1+2 - e' 1+2 - e' 1+2 
[ 

.(n-2k+m+2) j II' .(n-2k-m-2) ill' .(n-2k+m) j II' .(n-2k-m) i 11'] 

to (:) [ 

~ .(n-2k+m+2) j II' 

L.J e' '+2 + 
j=l 

~ .(n-2k-m-2) j II' 

L.J e' 1+2 

j=l 

1+2 ( k ). ~ . n-2 +mJ II' 

L.J e' IH -

j=l 

~ .(n-2k-m) j 11'] 
L.J e' 1+2 

j=l 
(B.2) 

Applying the formula 

1+2 

E 
j=l 

. ei~ (i't!~1I' -1) 
'lw!. e'T+2 = ----~-.k~II'------~~ 

elm -1 
(B.3) 

Eq. (B.2) becomes 

to (:) [ 

i(n-2k+m+2)1I' ( i(n-2k+m+2)(1+2)1I' ) .(n-2k-m-2)1I' ( .(n-2k-m-2)(1+2)1I' _ 1) 
e 1+2 e 1+2 - 1 e' 1+2 e' 1+2 

i (n-2k+m+2)1I' + ----------.7(n-_-':2:-:-k-_-m-_-:-2)~II'----------~ 
e 1+2 - 1 e' 1+2 - 1 

e' 1+2 e' 1+2 - 1 
.(n-2k+m)1I' (.(n-2k+m)(1+2)1I' ) 

e' 1+2 e' 1+2 
.(n-2k-m)1I' ( .(n-2k-m)(1+2)1I' 

• (n-2k+m)1I' 
e' 1+2 - 1 

.(n-2k-m)1I' 
e' 1+2 - 1 
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e' 1+2 - e' 1+2 e' '+2 - e' '+2 
( 

.(n-2k+m+2)(1+3).. .(n-2k+m+2) .. ) (.(n-2k-m-2)(1+3).. .(n_2k-m-2) .. ) 

= -1+2 E(:) [ .(n-2k+m+2).. + .(n-2k-m-2) .. 
e' 1+2 - 1 e' '+2 - 1 

( 

.(n-2/c+m)(1+3).. • (n-2/c+m) .. ) (.(n-2k-m)(I+3).. .(n-2k-m) .. ) 1 
e' 1+2 - e' '+2 e' '+2 - e' '+2 

.(n-2k+m).. - .(n-2k-m)7I' 
e' 1+2 - 1 e' 1+2 - 1 

(B.4) 

Eq. (B.4) is always real. Furthermore, only some of the values of the k's lead to non

zero terms. Those terms which contribute to the sum in Eq. (B.4) correspond to k = 

ntm + 1 + k'(l + 2), n2m - 1 + k'(l + 2), ntm + k'(1 + 2), and n2m + k'(l + 2) , where 

k' is any integer between -00 and 00. We then apply L'Hospital's rule to evaluate these 

terms. As an example, we compute the first term here. 

• (n-2k+m) .. 
In order to make the notation more compact, let e' '+2 = 8. Therefore, 

. (n-2/c+m+2)(I+3)7I' 
e' '+2 = 81+3. The first term in Eq. (B.4) is now 

---
1+2 E(: ) 

.(n-2k+m+2)(I+3)7I' .(n-2/c+m+2) .. 
e' 1+2 - e' '+2 

j(n-2/c+m+2) .. 
e '+2 -1 

---E _ 2-n
-

1 
n (n) 8

'
+3 

- 8 

1 + 2 k=O k 8 - 1 
(B.5) 

We apply L'Hospital's rule to obtain the residues for Eq. (B.5) at 8 = 1, which 

yields 

lim 8
'
+3 

- S = lim _d~:/.!l:..t...,3 _-~h.!l:.." 
8-+1 8 - 1 8-+1 * (B.6) 

where 

(B.7) 
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When s = 1, we have n-2r.t~+2 = 2k', where k' = -00,' • " -2, -1,0,1,2", ',00. 

Replacing k by k', we then have, at s = 1, 

2-
n

-
1 f: ( n ) [(1 + 3)iW. -iWj 

- 1 + 2 k'=-oo n"tm + 1 + k'(l + 2) ,!;I 

- -2-n -
1E + 00 [( n ) ( n )] 
k'=O n"tm + 1 + k'(l + 2) n2m - 1 + (k' + 1)(1 + 2) 

(B.8) 

Doing the same to the other terms, we finally have 

2 ~ n ( j 7r) . (j 7r) . ((m + 1) j 7r) 
1 + 2 £;t cos 1 + 2 SID 1 + 2 SID 1 + 2 

= G) ¥ { - k~ [ ( "¥' + 1: 11(/ + 2) ) + ( "¥' + 1 + / : m + 11(/ + 2) ) ] 

- (1) ~ {( n ) _ f: [( n ) - ( n )] 
-"2 n"tm k=O n"tm + 1 + k(l + 2) ntm + 2 + 1- m + k(1 + 2) 
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( 1)~ { m+1 
= 2 n1m + 1 ( 

n ) t[m+1+2(k+1)(l+2) ( n ) 
n1m + k=O n1m + 1 + (k + 1)(1 + 2) n1m + (k + 1)(1 + 2) 

21 - m + 3 + 2k( 1 + 2) ( n ) 1 } 
n1m + 2 + 1- m + k(l + 2) n1m + 1 + 1- m + k(1 + 2) 

(B.9) 

With 1 = m+i, the quantity ofW,(n, m) in Eq. (B.9) is indeed the same as in Eq. (2.4.4). 

In fact, there are a finite number of terms in Eq. (B.9) which have nonzero values for the 

binomial coefficients. In other words, the upper limit of the sum over k is finite unless 

the upper element n of those binomial coefficients is infinite. Therefore 

(
l)n 2 ~ n ( j7r ) . (j7r) . ((m + l)j7r) 2 W,(n,m) = 1 + 2 ~ cos 1 + 2 sm 1 + 2 sm 1 + 2 (B.lO) 

which is the desired result. 
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APPENDIX C 

Generalized Moment Kohlrausch Fit 

The method of generalized moment expansions[32],[56]-[61] allows a systematic 

analysis of the long-time behavior of observables. In particular, it provides a possibility 

to obtain the parameters of exponential and non-exponential approximations to the 

observable in question in a systematic way. In the following we give a short review of 

the basic ideas and apply them to obtain a Kohlrausch-like description of the long-time 

behavior of (N(t)). 

The Laplace transform of a dynamical observable, e.g. of N,(t), defined by 

NI(w) = 1000 

e-wtN,(t)dt , (C.1) 

can be expanded formally for small frequencies, 
00 

NI(w) f'V L Jl-n( _w)n-l (C.2) 
n=l 

The low frequency expansion coefficients Jl-n, also called generalized moments, are given 

by 

J1.-n = (n -1)1 looo tn- 1 N(t) dt . (C.3) 

Generalized moments can usually be represented as matrix elements of powers of the 

inverse stochastic operator that governs the time evolution of the observable. In our 

particular case of a random walk on a cluster of length I, Eq. (C.3) can be represented 

alternatively using powers of the inverse of the transition matrix A (I), 

(CA) 

where 1 T denotes the constant row vector (1, 1, 1, ... ), and the unit vectorel = (1,0,0, .. . )T 

arises from the initial condition, Eq. (2.3.10). We note, in passing, that replacing -n 
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by n in Eq. (C.4) gives the well-known high-frequency moments of the Mori-Zwanzig 

projection operator formalism[62][63]. 

An analytical evaluation of Eq. (C.4) is in Otg .case possible, e.g. using the 

techniques of Refs.[59][32]. In particular, one introduces the auxiliary vector 

(C.5) 

This auxiliary vector is the solution of the equation 

(C.6) 

which can be solved analytically, since A(l) is a tridiagonal matrix. Of interest is only 

the first component of that vector, since J.t-l is given by 

J.t-l = ei m . (C.7) 

A generalization of this scheme to higher order moments is straightforward. In particular, 

we obtain 

J.t-l = 1/2 

J.t-2 = 1(1 + 1)(1 + 2)/24 

J.t-3 = 1(1 + 1)(1 + 2)([2 + 21 + 2)/240 

(C.8a) 

(C.8b) 

(C.8e) 

For the ensemble-averaged observable (N(t)), however, we still have to average 

Eqs. (C.8) over the cluster size distribution, see Sect. 3, with the result 

1 
(J.t-l) = 2(1- p) 

1 
(J.t-2) = 4(I-p)3 

(1 + p)2 
(J.t-3) = 8(1- p)5 

(C.9a) 

(C.9b) 

(C.ge) 

Based on the generalized moments of a dynamical observable one can obtain 

approximations that exhibit the correct long-time behavior. This is done by the re

quirement that the approximations reproduce a specified number of these moments[59]. 
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Specifically, an n-parameter approximation function of a particular functional form is 

required to reproduce the moments JL-l to JL-n of the exact observable. In this sense, 

the obtained approximation is the best possible approximation of that functional form. 

Of particular interest in our case is a Kohlrausch-like function 

(C.lO) 

which reproduces the correct long-time behavior of (N(t»)p. We therefore require that 

the parameters q, TK, and {3 are chosen so that the moments of Eq. (C.lO), 

q TV (V) 
JL-v = (V _ 1)!;r p (C.Il) 

reproduce the moments of (N(t»)p, Eq. (C.9). This leads to the nonlinear equation 

2 (JL-l)p (JL-3)p = r(1/ (3)r(3/ (3) 
(JL2); r(2/ (3)2 

(C.12) 

for the (numerical) determination of {3. With {3 given, the other parameters are obtained 

immediately by 

(C.13a) 

and 

(C.13b) 
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APPENDIX D 

Evaluation of m which corresponds to the maximum value of Wn(n, m) 

In this appendix we demonstrate the method determining the number of level m 

to which the maximum Wn(n,m) can be obtained for a given n. Recalling Eq. (2.4.4) 

for Wn ( n, m), which is the number of ways in which the walker stays at level m after an 

n-step walk such that it never attains a negative value of m, 

( 
n ) ( n ) m+1 ( n ) Wn ( n, m) = - = n m • ntm ntm + 1 ¥ + 1 ntm (D.1) 

The ordinary way to determine the maximum (or minimum) value of a function is 

to let the derivative toward the dependent variable of the function be zero, then compute 

the corresponding value of the variable. Plugging this value of the variable back into 

the function, we can now determine the maximum (or minimum) value of this function. 

Applying the same technique to Wn(n, m), we have 

f( ) - _d"_' (-:...-n..:-, m-.:.) 
n,m - dm (D.2) 

We then compute the value of m = me which makes f( n, me) = O. It is possible that 

this value is not an integer. We therefore determine me by choosing an integer which 

makes f(n, me) the closest to zero for a given n. However, it is very difficult to do the 

derivative on Wn(n, m) for m. One alternative way is to subtract Wn(n, m - 2) from 

Wn(n, m), that is 
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and then analyze the quantity D in order to determine the desired me. If D is positive, 

it means Wn(n,m) is increasing as m increases. If D is negative, it means Wn(n,m) 

is decreasing as m increases. Concluding from the above observations, the maximum 

Wn(n, m) appears at the m = me which let D be positive and the closest to zero. The 

only term which decides the positive or negative sign of the quantity D in Eq. (D.3) is 

one of the numerators which is n - (m2 - 2). Therefore, we can determine the desired 

integer of m = me which makes the magnitude of Wn(n, m) in Eq. (D.1) the maximum 

of all for a given n. That is me = "';n + 2 or me = "';n + 2 - 2 if"';n + 2 is an integer; 

if "';n + 2 is not an integer, me is an integer less than but the closest to "';n + 2. For an 

example, if n = 7, Wn(n,m) = 1 for m = 7, Wn(n,m) = 6 for m = 5, Wn(n,m) = 14 

for m = 3 and Wn(n,m) = 14 for m = 1. This result is obvious that Wn(n,m) = 14 is 

its maximum value for n = 7, therefore me = 3 or me = 1. If n = 6, Wn( n, m) = 1 for 

m = 6, Wn(n,m) = 5 for m = 4, Wn(n,m) = 9 for m = 2 and Wn(n,m) = 5 for m = O. 

The maximum value of Wn(n, m) = 9 appears at m = 2, which is me < "';6 + 2 and the 

closest to "';6 + 2. 

We can also extend this method to determine the value me to which the maxi

mum value of Wm+i(n, m) appears for a given n by simply replacing the subscript n of 

Wn(n,m) by m + i. 
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APPENDIX E 

Evaluation of the Coeffiecients ak in Chapter 4 

In this appendix, we evaluate, using the direct counting method, all the number of 

ways, denoted as N m+i+k, in which the walker has reached level m + i but has never gone 

beyond it and has touched m + i + k sites during an (n, m) walk on the Bethe lattice. 

We can then estimate the maximum magnitudes of the coefficients ak. 

We have learned by the direct counting method that all the ways, Nm+i' in 

which a walker can complete an (n, m) walk by touching m + i sites and never stepping 

out of the 1d structure is 

(E.1) 

All the ways in which one additional site out of the 1d structure (k=l) has been 

visited during the (n, m) walk under a similar constraint (i.e., touching m + i + 1 sites) 

is bounded from above by 

Nm+i+t $ (m+i)(z-2) (z - 1r+i {2 [Wm+i(n-2,m) - Wm+i-l(n-2,m)] 

+4 [W m+i( n-4, m) - W m+i-l (n-4, m)] + ... 
+2"-;m-i [Wm+i(m+2i,m) - Wm+i-l(m+2i,m)]} 

n2m-i 

= (m + i)(z - 2)(z - l)m+i 1: 2k [Wm+i(n-2k, m)-Wm+i-l(n-2k, m)]. (E.2) 
k=l 

Using Eq. (2.4.4) for Wm+i(n - 2k,m), and doing some tedious calculation, we 

find the following inequality: 
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2k 
::; 22k- l (m + i) [Wm+i(n, m) - Wm+i-l(n, m)] 

1 = 2k-l(m + i) [Wm+i(n, m) - Wm+i-l(n, m)] (E.3) 

Plugging Eq. (E.3) into Eq. (E.2), followed by a straightward computation, we 

find that Eq. (E.2) becomes 

1-(!) n;m_i m+i 
Nm+i+t ::; 1 (z-2) (z-1) [Wm+i(n, m)-Wm+i-l(n, m)]. (E.4) 

1-'2 

The quantity Nm+i+l in Eq. (E.4) is less than 2(z - 2) (z _1)m+i [Wm+i(n, m) 

-Wm+i-l(n,m)] = 2(z - 2)Nm+i. Referring to Eqs. (4.4.1), (4.4.2), and (E.1), we 

conclude that al ::; 2(z - 2). 

The maximum magnitudes of all the other coefficients of {ak} in Eq. (4.4.2) can 

also be evaluated by similiar computations. 
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APPENDIX F 

Glossary 

The following are the glossary of the terms used in this thesis: 

1) Absorber - In our model, an empty (or open) site; in general random walk 

theory, a site which the walker may step onto but never out of. 

2) Closed (site or state) - A site corresponding to a conformational state 

which is closed to ion flow; in our model, sites are closed randomly and independentlY 

with probability p. 

3) Cluster - A group of neighboring closed (or open) sites connected by an 

edge. One cluster also corresponds to one partition in state space. 

4) Conformation - The overall spatial arrangement of atoms in a protein, 

where the precise position of each atom is specified. 

5) Edge - A line connecting nearest neighbor sites on a lattice. 

6) Open (site or state) - A site corresponding to a conformational state 

which is open to ion flow; in our model, sites are open randomly and independentlY with 

probability 1 - p. 

7) Partition - A partitioning of the state space occurs when we assign to all 

sites, randomly and independently, a probability p to be present. We also speak of a 

"partition" as the union of all patches which belong to one macrostate. 

8) Patch - A group of microscopic conformations close to one another in state 

space and exhibiting similar macroscopic properties. 
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9) Site - A place where a walker can step onto; geometrically, sites are the 

points which define a lattice. 

10) State space - The space of all possible conformations of the protein. This 

is a subset of the statistical mechanical phase space of the protein in which momenta have 

been integrated out; the remaining space is also sometimes referred to as "configuration 

space". Its dimension corresponds to the number of configurational degrees of freedom 

in the protein; i.e., atoms or groups of atoms which may occupy more than one spatial 

position in the native protein structure. For a typical protein, that number is of order 

102 - 104• 
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