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ABSTRACT 

We introduce a simple nonlinear transformation. The new approach was compared 

to Kirkland's q>-based method and Ross' p-based method as well as Celia's h-based 

method. All algorithms use the modified Picard iteration with a linear solver of the 

Cholesky preconditioned conjugate gradient method (2-D) and with Thomas' method (1-

D). An adaptively optimum relaxation procedure was also proposed to improve the 

efficiency and the robustness for 2-D cases. To test the effects of the transformation and 

the optimal relaxation. a total of \4 different \-0 and 2-D infiltration cases were considered. 

The results show that the newly introduced PI-based method is the most effective of the 

four methods and the simplest of the three transformation methods. It is several orders 

of magnitude faster than the h-based method and also reduces the truncation error using 

the same grid. The proposed adaptive\y optimum relaxation procedure, enhances the 

efficiency and robustness of all four methods to different degrees. Combination of the 

PI-based method with the adaptively optimum relaxation procedure results in a very 

efficient and robust algorithm. 

Modeling water flow fn variably saturated, porous media is important in many 

branches of science and engineering. Highly nonlinear relationships between water content 

and hydraulic conductivity and soil-water pressure result in very steep wetting fronts 

causing numerical problems. These include poor efficiency when modeling water 

infiltration into very dry porous media, and numerical oscillation near a steep wetting 

front when a traditional mass-distributed finite element method is used. 
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With the finite element method, mass conservation is applied at the element level. 

The water storage and the flux within each element are split into several components in 

the function space, each of which corresponds to one component of the boundary flux 

of the element. However, even though physical laws are correctly applied at the element 

level, the traditional mass-distributed scheme can still generate an incorrect neighboring

node-response-function due to the highly nonlinear properties of water flow in 

unsaturated soil and cause numerical oscillation. We propose two new mass-distributed 

schemes which are free of the numerical oscillation and reduce the smearing near the 

wetting front, at slightly increased CPU time. 



CHAPTER 1 

INTRODUCTION 

Explanation of the Problem and its Context 
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Modeling water flow in variably saturated (both unsaturated and saturated), 

porous media is important in many branches of science and engineering, e.g., subsurface 

hydrology, soil science, subsurface remediation, and many others. As originally 

proposed by L.A. Richards in 1931, the process is often expressed as a partial 

differential equation, called Richards' equation after its first proposer. Richards' equation 

is extremely nonlinear due to the highly nonlinear dependency of the hydraulic 

properties, e.g., hydraulic conductivity and capacity, on the pressure head. As a 

consequence, closed form solutions to Richards equation are impossible, except for 

special cases. Numerical simulation is also often difficult, especially for very dry initial 

conditions which are often encountered when modeling water flow related to waste 

disposal and storage in desert areas. 

Due to the high nonlinearity of Richards' equation, numerical solutions are often 

inefficient. For example, modeling water infiltration into very dry porous media causes 

convergence problems, which result in strict limits on the time steps used in the 

simulation. As a result, large-scale multidimensional infiltration problems may require 

very long execution times on large computers, making such problems tedious to solve 

with present day models. If repeated solutions are required, e.g., for Monte Carlo 

simulations and inverse parameter estimation, the situation becomes even worse. 
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Occasionally, one may never get convergent solutions even with very small time steps. 

This problem has bothered researchers for decades, and also becomes the major 

drawback of models dealing with contaminant transport in vadose zones. Consequently, 

cases involving very dry initial conditions are often excluded. 

The second problem with numerical solutions is nonphysical oscillation occurring 

near a steep wetting front when a traditional mass-distributed finite element method is 

used. Researchers have overcome this problem with a mass-lumped procedure resulting 

in elimination of the oscillation. However, it is not clear why the traditional mass

distributed scheme suffers from numerical oscillation, and whether it would be possible 

to develop a mass-distributed scheme which is free of numerical oscillation. 

The main objectives of this research are (I) to introduce a very efficient and simple 

method, a transfonned pressure based (PI-based) approach, to solve Richards' equation in 

I-D and 2-D and to compare it with the other transformation methods, (2) to propose an 

adaptively optimized relaxation procedure to further improve the efficiency and the 

robustness in multidimensional simulations, (3) to give some intuitive explanations as 

well as some theoretical basis for the nonlinear transformation methods and the optimized 

relaxation procedure, (4) to develop a physical interpretation of the finite element method 

used for modeling water flow in variably saturated porous media, (5) to explain why the 

mass-distributed scheme suffers from numerical oscillations and why the mass-lumped 

procedure can eliminate these oscillations, and (6) to propose two new mass-distributed 

schemes of the finite element method which are free of numerical oscillations and slightly 



11 

more accurate than the mass-lumped scheme for the same grid. 

Explanation of Dissertation Format 

The main body of this dissertation consists of three research papers which are 

appended to this dissertation. The author of this dissertation cooperated closely with the 

coauthors of these papers during the research and production of the papers. All three papers 

were initialized by the author who was largely responsible for performing mathematical 

deductions, writing and editing Fortran codes. and preparing the primary manuscripts with 

guidance from his advisor and co-advisor. 

The first two papers (Appendix A and B) are to address the first problem mentioned 

above, both intuitively and theoretically. A simple transformation method was proposed to 

improve numerical efficiency. Results are compared to three previously published methods. 

An adaptively optimum relaxation procedure was also introduced. The basic idea of the 

third paper (Appendix C) is to explain the numerical oscillation (the second problem) based 

on the physical essence of the finite element method. Two oscillation-free mass-distributed 

schemes were introduced to show the correctness of the new theory about the numerical 

oscillation phenomena. 
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The literature review, methods, results and conclusions of this study are presented 

in the papers appended to this dissertation. The following is a summary of the most 

important findings in these papers. 

As pressure head h is used as the dependent variable, highly nonlinear K(h) and C(h) 

functions are inevitably involved during each iteration, resulting in very steep wetting fronts 

causing numerical problems. In the 8-based model, h is replaced by 8, and K(h) with D(8) 

(diffusion term) or K(8) (gravity term). The result behaves less nonlinear, and that CPU 

efficiency is greatly improved. However, the 8-based model cannot be applied to saturated 

regions because dh/d8-0 when h-O. It also has problems of discontinuity in heterogeneous 

media due to the dependency of 8 on the properties of the media. In as much as the 

numerical difficulties occur near the steep wetting front in dry media, and taking into 

account that the structures of the nonlinear functions, K(h) and C(h), are similar for most 

porous media, we introduce in the first paper (Appendix A) a nonlinear transformed 

pressure, PI (=h/[l+Ph]), as the dependent variable. This not only reduces the nonlinearity 

ofthe Richards' equation, but makes the problem continuous over heterogenous media, and 

causes no problems near or in saturated regions. The new approach is compared to, and 

contrasted with two efficient existing methods: the q> -based transformation method, and 

the h-based modified Picard method. A total of 12 different I-D cases were considered 

(saturated, unsaturated, layered and uniform soil profiles, with pressure and flux type 

boundary conditions). The results show that the new method offers excellent CPU 
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efficiency and unlike the h-based method, is numerically robust for all cases of variably 

saturated, heterogeneous media, and first or second type boundary conditions. The method 

does not require difficult numerical coding, and its CPU efficiency is not affected by 

complicated heterogeneous (or even hysteretic) media. The PI transformation is very easy 

to incorporate into existing h-based codes. 

In the second paper (Appendix B), we expand the approach to two dimensional 

problems, and introduce an adaptively optimum relaxation procedure to improve the 

efficiency and the robustness. Two transformation-based methods, Kirkland's Ijl-based 

method and Ross' p-based method, as well as Celia's h-based method are used for 

comparison. All algorithms use the modified Picard iteration based on the mixed form 

of Richards equation with a linear solver of the Cholesky preconditioned conjugate 

gradient method. Test cases are infiltration into very dry heterogenous porous media 

which remain unsaturated throughout the simulation period, or develop a perched water 

table. The results show that the Pcbased method is the most effective of the four methods 

and the simplest of the three transformation methods. It is several orders of magnitude 

faster than the h-based method, and also reduces the truncation error using the same grid. 

The proposed adaptively optimum relaxation procedure, enhances the efficiency and 

robustness of all four methods to different degrees. Combination of the PI-based method 

with the adaptively optimum relaxation procedure results in a very efficient and robust 

algorithm. Using a coarser grid in the horizontal direction can further improve the 

efficiency in both CPU time and memory requirements of the 2-D model. Theoretical 
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and numerical analyses show that the transformations successfully reduce the nonlinearity 

of the discretized equations and greatly improve the conditions of the coefficient matrix 

so that they enhance the convergence of the nonlinear iterations. The optimal relaxation 

procedure is effective in keeping the solutions within the radius of convergence during 

iterations. 

The finite element method is an attractive numerical method for modeling water 

flow in variably saturated porous media due to its flexibility in dealing with complicated 

geometries. It is well known that the conventional mass distributed finite element method 

suffers from numerical oscillations at the wetting front, especially for very dry initial 

conditions. Routinely, mass lumped procedures are used to eliminate them. The third 

paper (Appendix C) proposes a physical interpretation of the finite element method 

applied to the water flow problems. With the finite element method, mass conservation 

is applied at the element level. The water storage and the flux within each element are 

split into several components in the function space, each of which corresponds to one 

component of the boundary flux of the element. However, even though physical laws are 

correctly applied at the element level, it is shown that the traditional mass-distributed 

scheme can still generate an incorrect neighboring-node-response-function due to the 

highly nonlinear properties of unsaturated soil, and cause numerical oscillation. We 

propose two new mass-distributed schemes which are free of the numerical oscillation, 

and reduce the smearing near the wetting front, at slightly increased CPU time. 
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ABSTRACT 

This paper presents a new approach to solve Richards' equation. It introduces a 

nonlinear transformed pressure, P" as the dependent variable with the modified Picard 

method. The new approach was compared to, and contrasted with two efficient existing 

methods: the q> -based transformation method (Kirkland et aI., 1992), and the h-based 

modified Picard method (Celia et aI., 1990). A total of 12 different I-D cases were 

considered (saturated, unsaturated, layered and uniform soil profiles, with pressure and flux 

type boundary conditions). The results show that the new method offers excellent CPU 

efficiency and unlike the h-based method, is numerically robust for all cases of variably 

saturated, heterogeneous media, and first or second type boundary conditions. The method 

does not require difficult numerical coding, and its CPU efficiency is not affected by 

complicated heterogeneous (or even hysteretic) media. The P, transformation is very easy 

to incorporate into existing h-based codes. 

I. Introduction 

Prediction of water movement in porous media, of interest to many scientists and 

engineers, is commonly based on the Richards' Equation. This equation has the form: 

aa = 'Y' K(h)'Yh _ aK 
at az (1) 

where, a and h are volumetric water content and soil water pressure head, respectively; K 

is the hydraulic conductivity, which is assumed constant for saturated soils but varies 

strongly with a or h in unsaturated soils. z denotes the vertical dimension, and t is time. 

To solve equation (1), the soil-water retention function is introduced to eliminate one of the 

two dependent variables. This results in either a "h-based" or a "a-based" form of equation 



19 

(1). Because of the highly nonlinear K-h and 8-h relationships, analytical solutions to (1) 

are impossible, except for special cases. However, there exist many numerical methods. 

Numerical models to solve the h-based form of equation (1) seem to be the most 

common. They can be used for saturated and unsaturated soils, as well as for layered soils. 

However, these models suffer from poor mass balances for unsaturated soils, and from 

unacceptable time step limitations, or poor CPU efficiency especially for very dry initial 

condition. Milly (1985) presented a mass-conserving solution procedure that uses a 

modified definition of the capacity term to force global mass balance. Allen and Murphy 

(1985, 1986) Bouloutas (1989) and Celia et at. (1990) greatly improved the performance 

ofh-based models by using a mixed foml of Richards' equation. Their numerical algorithms 

are denoted as "quasi-Newton" or "modified Picard," but probably should be called "h

based quasi-Newton" and "h-based modified Picard" because pressure head is still the 

dependent variable. The strategy used by Celia et at. (1990) is to evaluate the water content 

change over one time step directly from the change of the pressured head. This results in 

much improved mass balances. However, as shown by Kirkland et at. (1992), CPU 

efficiency is still a problem with h-based models for very dry initial conditions. 

Numerical models of the 8-based form of equation (1) have demonstrated 

significantly improved performance when modeling infiltration into very dry, heterogeneous 

soil (Hills et aI., 1989). Unfortunately, 8-based models cannot be used for simulating water 

flow in soils with saturated regions. These models also require special treatment for 

material discontinuities. Furthermore, hysteresis causes problems when drying and wetting 

occur simultaneously. Recently, Kirkland et at. (1992) combined the 8-based and h-based 

models. They defined a new variable <p to transform the Richards' equation, which is a 
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linear function of water content if the soil is unsaturated (h < ho), and which is a linear 

function of pressure head in saturated- or near saturated soils (h 2: ho). The method results 

in very good CPU efficiency, and is applicable to variably saturated soils. However, CPU 

efficiency of this method decreases for heterogeneous and/or hysteresic soils, the same as 

for the water content based models. The numerical coding of this method is also more 

complex. 

Another well known transformation method is the Kirchhoff integral transformation 

(Haverkamp et aI., 1977). Like the a-based method, the Kirchhoff transformation depends 

on the soil hydraulic properties, which causes difficulties in heterogeneous and/or hysteresic 

soils. Also the integral in the Kirchhoff transformation is in general difficult to evaluate 

unless some special numerical interpolation methods are used (Ross, 1992). An inverse 

hyberbolic sine transform was proposed by Ross (1990). This transform appears to be the 

first transformation that is independent of the soil properties. It uses two parameters, tjro and 

tjrl , where tjr I is arbitrarily set at 0.1 tjro. The value of tjro is empirically taken as the potential 

at which the unsaturated conductivity is 90% of the saturated hydraulic conductivity. 

Although this transform was expected to reduce CPU time, Ross (1990) obtained only a 

40% and 26% reduction in CPU time for the constant flux and constant potential boundary 

conditions, respectively, when using the transform with the same nodes. 

Highly CPU efficient computer codes are a necessity for Monte Carlo simulation of 

water flow in unsaturated soils, for inverse parameter estimation, for modelling of 

unsaturated 3-D flow, and for modelling intermediate and field scale problems. This paper 

presents a new approach to solve Richards' equation which combines advantages of the a

based (speed, mass balance) and of the h-based (variably saturated, heterogeneous soils). 
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We introduce a transfonned pressure as the dependent variable. We then use the modified 

Picard method to numerically solve the flow equation. The results are compared with two 

of the most efficient methods available today: the h-based modified Picard method (Celia 

et aI., 1990) and the <p-based model (Kirkland et aI., 1992). 

2. Theory 

Close examination of h-based form of equation (1), shows that two problems exist 

with modeling water flow into dry soils. One is poor mass balance which resides in the time 

derivative tenn (Celia et aI., 1990). The discrete analog of qah/at) is not equivalent to that 

of aelat due to the highly nonlinear nature of the specific capacity term qh), even though 

they are mathematically equivalent in the continuous sense. The method proposed by Celia 

et al. (1990) overcame this problem. The other problem is that the pressure profile near the 

wetting front is too steep to be handled properly in the numerical sense. Figure 1 shows 

typical profiles of pressure head and water content when water flows into initially very dry 

soil. Even 50 term Chebyshev polynomials do not produce a smooth fitting curve of the 

pressure profile. This implies that finite difference and finite element formulations also 

cannot adequately otTer an equivalent discrete analog of ah/az or Kahlaz near the sharp 

wetting fronts unless very dense grids are used. The physical reason for the very steep 

wetting front (in terms of h) is the highly nonlinear K(h) function (Fig. 2). According to 

Darcy's law, flux equals the product of the head gradient and the hydraulic conductivity. 

Therefore, when the hydraulic conductivity is very small, a very large head gradient is 

required to move even a small amount of water. This results in very steep head gradients 

at the wetting front. A short distance behind the wetting front water content is increased, 

conductivity is much higher and thus pressure gradients tend to be less steep. Although the 
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"quasi-Newton" and the "modified Picard" methods have greatly improved mass balances, 

these methods have poor CPU efficiency in dry soils, because h is used as the dependent 

variable and hence highly nonlinear K(h) and C(h) are inevitably involved ·during each 

iteration, resulting in very steep wetting fronts causing numerical problems. The a-based 

model replaces h with a and K(h) with D(O) (diffusion term) or K(O) (gravity term). The 

latter terms are much less non-linear than K(h), and thus the driving force is less steep, for 

the same flux, if expressed in O. Because the wetting front, if expressed in 0, is less steep, 

CPU efficiency is greatly improved (see Hilts et at., 1989). Unfortunately, near saturation 

the driving force, i.e. gradient in 0, becomes very small which causes the diffusivity to take 

on unrealisticalty large values in order to maintain a small flux. This causes the a-based 

model to fail at, and close to saturation. 

Fundamentally the major problem with the a-based model arises from the difference 

between 'Va and V'h. It can be described mathematically as follows: 

'Va = (ao) V'h + (ao) 'V).. 
ah}. a).. It 

(2) 

where, generally).. indicates the set of parameters in the water retention function. It is 

obvious from Eq. 2 that there is an unique relationship between 'Va and V'h only if 'V).. 

equals to zero or aO/a).. = O. Therefore, any change in soil parameter values over adjacent 

nodes will cause 'Va to deviate from V'h. Similarly, hysteresis will cause these difficulties 

either when drying and wetting occur simultaneously. For multidimensional problems in 

heterogenous media, 'Va differs from V'h not only in its magnitude, but also in its directions. 

The combined model of Kirkland et at. (1992) also has this problem. It can be used in 
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variably saturated soils, but at the expense of more complex numerical coding, and a 

decrease in CPU efficiency under the above situation. The best way to cause the second 

term on the right hand side of equation (2) to go to zero is to let ae/a)... = o. This means 

that a transform function should be used which is independent of the parameters in the K(h) 

and e(h) functions. 

Based on the above analysis, we propose the following transform function: 

h 
p = ---

t 1 + Ph (3) 

where, h is water pressure head (cm), P is a transform constant that is independent of soil 

type. Its unit is cm- I
. With (3) equation (l) becomes: 

or 

cl8 = 'V-K ''VP _ (!K 
at t (!z 

C' apt = 'V-K ''VP _ c1K 
at t clz 

where, C = C dh/dP t, K· = K dhldPI, and: 

(4) 

(5) 

(6) 

Near saturation, when h is small and Ph« 1, PI approaches h in the limit. Thus a 

natural complement of the transform function (3) is: 

if h 2: 0 (7) 
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When h = 0, the right term of(6) becomes I, and h = PI' In that case (4) reverts back to 

the h-based equation for saturated media. Thus, the full transform function consists of 

equations (3) and (7). Note that the continuity of PI(h) and of ap jah is guaranteed at the 

joint point h=O. 

Obviously, the new transform is free from the difficulties experienced with 

heterogeneous soils, and with hysteresis in the case of a-based or <p-based models because 

P is not a soil parameter. 

In the extreme we have: 

I· II = h = nn---
p·o 1 + Ph 

lim P, 
p.~ 

I 
= - = 0 

P 

Thus, the absolute value of P should not be too small in order to keep the benefits of the 

transform. It also should not be too large which would reduce the gradient too much. It 

can be compared with the ct in the van Genuchten soil water retention function. One would 

expect that the optimal value of P would depend on soil type. But the fact is that the 

steepest wetting fronts exist in the coarsest soils and thus the numerical difficulties are most 

serious for coarse textured materials. Therefore, the optimal value of P should be chosen 

for the soil layer which has the most coarse textured soil. Numerical experiments showed 

that simulations were not very sensitive to P when its value was chosen between -0.1 and 

-0.01 cm- l (PI = h/2 at h = -10 or h = -100 cm, respectively) for the examples provided. In 

practice one may calculate the K* - PI curve for each soil involved and choose the absolute 

value of P as big as possible as long as all of the curves are still monotonic. Preliminarily, 
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we recommend a value of -0.04 cm- l as the universal value of P but this needs to be 

explored further in the future. 

3. Numerical implementation 

In this study the control volume method (Pantanker, 1980), and the "modified 

Picard" method (Celia et aI., 1990) were used to derive the numerical algorithms. These 

guarantee good mass balance both globally and locally. Centered nodes were used with one 

additional node at each boundary resulting in a local nonuniform grid. We used the 

backward approximation scheme and evaluated all parameters at the (n + 112)-th time level 

(the average ofthe nth and (n+ 1 )-th time levels). The general finite difference formulation 

of(1) is: 

(8) 

where 

(9) 

d - - - (eN,\. M _ eN) f)"z L M 
I
· - q I q I' . - + . 

i - '2 i· '2 1 1 f)"t 1 
(10) 
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I
N .'!'.M N .'!'.1.1 

d 2 (fN • U.I _ fN. UI) K 2 -con, ,I ,I +, 
6.z J.- J -_ J 

2 2 
U . I . I) ={--, (+-

2 2 
(Il) 

Nand M denote time and iteration level, respectively. The following substitutions are made 

for the PI' hand <p based models: 

e-based model: Simply, let f = PI; ~ = eel a~; cond = K dh/ d~; OfM = ~ N· I. M· 1 _ ~ N· 

I, r-.t, Ltl = 0, where, PI is defined by equations (3) and (7); K is hydraulic conductivity. 

h-based model: f= h; Sc = ael ah; cond = K; OfM = hN + I, M + 1 - hN + I, M; LiM = O. 

<v-based model: We recommend a minor modification to Kirkland et al.'s model by letting 

<p = h 

<p = c,e + C2 (12) 

based and water-based portions of the model are joined; a value of -15 cm was chosen as 

recommended by Kirkland et al. (I992). Thus, f=<p; sc=ae/a<p; cond=Kaela<p; OfM = 

<pN+I,M+I _ <pN+I,r-.1 ; and 

d ill" III dill" III con. IU<P, I con, IU<P. 1 .1"- 1"'- 1-- 1--
2 2 + ___ 2 ___ 2 (13) 

6.z 6.z 

where, 6.<p = <p+ (h*) - <po (h*) is the jump of <p at the layer interface and h' = 0.5(11;+11;.1) or 

0.5(11;+11;.1)' 
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Obviously the codes for the h-based and PI-based models are similar, except that the 

definitions of cond and Sc are different. For the q>-based model, the additional terms of 

"imaging source" (see Kirkland et aI., 1992) have to be added. For this study, the code for 

the P.-based model was written first, and then the code for the h-based model was written 

by modifYing the cond and So functions. A similar procedure was used for q>-based model, 

except that the L; terms had to be added here. 

To determine when convergence has been achieved during the modified Picard 

iterations, the maximum absolute value of the residuals of the algebraic equations at all 

nodes (the right hand terms of equation (8)), d; was checked. The criteria used was max 

[ld;i]<=10·1O
• This way all three methods were evaluated on the same basis. The only 

difference is the independent variable. 

In the modified Picard iteration method, the coefficient matrix was evaluated at the 

current approximation and used to find the correction vector of the dependent variable. 

Since this matrix is tridiagonal, the Thomas algorithm is efficiently used to solve the 

resulting linear equations. 

4. Test problems 

Material properties 

The following water retention and hydraulic conductivity models were used (van 

Genuchten (1980): 

a-a Se = ___ r 

as - ar 

(14) 

and 
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1 1 - -
K = KsSe 2[1 - Se "')'11]2 (15) 

where m = I - lin; ar and as are the residual and saturated water contents respectively; K. 

is the saturated hydraulic conductivity; and 0: and n are model parameters determined by 

laboratory experiments. The hydraulic parameters of the three soils used for model testing 

are presented in Table I. Soils I and II are Berino loamy fine sand and Glendale clay loam, 

respectively (Hills, 1989). Soil III was taken from the example in Celia et al. (1990). 

Two different soil profiles were tested. The first soil profile has soil I from 0 - 50 and 90 -

100 cm, and soil II from 50 - 90 cm. The second profile consists of soil III only. 

Boundary and initial conditions 

Two kinds of boundary conditions were used. A constant flux boundary condition 

was applied at the upper boundary and a zero flux boundary condition at the lower 

boundary of the first (layered) soil profile, while a constant head condition was used at the 

upper and lower ends of the second (uniform) soil profile. The initial conditions used for 

each problem are given in Table 2. Depth increments were I cm. 

A total of 12 test cases were considered (Table 2). Cases 1.1 through 1.3 are for 

variably saturated flow through layered soil with perched water table. Cases 2.1 through 

2.3 are for unsaturated flow through layered soil. Cases 1.1 - 2.3 are similar to examples 

in Hills et al. (1989) and Kirkland et al. (1992). Similarly, cases 3.1 through 3.3 are for 

variably saturated flow through uniform soil, and cases 4.1 through 4.3 are for unsaturated 

flow through uniform soil. Cases 3.1 through 4.3 are similar to the examples used by Celia 

et at. (1990). All computer programs were compiled with a Microsoft Fortran Optimal 

compiler version 5.0, and run in MS-DOS 6.0 mode on an Everex 486/33e computer. 
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5. Results and Discussion 

In this study the modified Picard iteration method was used in all models, so the 

mass balance error could be controlled. This makes it less interesting to compare mass 

balance errors, except for the flux upper boundary cases (cases 1.1 through 2.3). For these 

cases, the mass balance errors were calculated as the total volume of water in the profile 

minus both the net inflow at the boundaries and the initial amount of water in the profile, 

and the results presented in Table 3. 

The results show very small mass balance errors for all three methods, with 

consistently smallest mass balance errors obtained with the tp-based method. 

Calculated depth distributions of pressure head and volumetric water content are 

presented in Figures 3, 4 and 5. The results were plotted for moist (h=-200), dry (h= 

-50,000), intermediate (h=-l 000) initial conditions, respectively. The results show that 

pressure head and water content distributions calculated with the three models are nearly 

identical for most cases. In fact for nearly all cases the differences are so small that they do 

not show up in the figures because the lines/symbols are on top of one another. 

The results obtained for the cases with moist initial conditions (h=-200) are shown 

in Figure 3, except for case 3.3. The agreement between the three methods is excellent. 

The h-based model failed to converge for the difficult case 3.3, having positive pressure 

boundary conditions on both ends of the vertical column. To be able to use the tp-based 

model for case 3.3, the time step had to be reduced to one half the time step used for the 

PI-based model in order to maintain stability and accuracy. 

The cases with very dry initial conditions (-50,000) are 1.1,2.1,3.1 and 4.1. The 

calculated profiles of pressure head and water content versus depth for these cases are 
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shown in Figure 4. Calculations with the h-based model required an unreasonable amount 

of CPU-time. Even the best case (case 2.1) required three times as much time as real time. 

Thus, results of the h-based model with h=-50,000 are only shown for case 2.1. The 

smeared wetting front obtained for case 2.1 indicates that a denser grid may have been 

necessary. Also, some oscillation occurred during execution of case 2.1 with the h-based 

model. There is excellent agreement between results obtained with the Pc and <p-based 

models, although the PI-based model used on average about 70% of the CPU-time 

necessary for the <p-based model(Table 4). 

The results obtained for the cases with intermediate initial moisture conditions 

(h=-I 000 cm; cases 1.2,2.2,3.2, and 4.2) are shown in Figure 5. The results lie between 

those of the moist and very dry cases. Case 3.2 failed to yield a solution with the h-based 

model. 

Table 4 shows the time steps used in the simulations, and the CPU-times for the 

various cases. The CPU-times reported in Table 4 exclude the time required for reading 

input files, for generating the grid, for defining the material index to each node, and for 

writing the output files. However, the CPU-times include the time used for defining the 

initial conditions. For cases 3.1 and 3.2, the CPU-time was much longer than real time, and 

"> real time" was entered in the table. ilt was chosen such that the solution converged for 

each case (the solution failed to converge if ilt was doubled). The maximum number of 

iterations allowed was 50. 

The data in Table 4 shows very significant advantages in terms of CPU-time of the 

PI- and <p-based models over the h-based models. For several cases (e.g. 1.1, 1.2,2.1, 

3.1,3.2,3.3,4.1) the h-based model required amounts of time. But even for the less difficult 
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cases the h-based model required more time than the PI- and <p-based models. While the 

average CPU times for the twelve cases were 51 and 70 sec. for the PI and <p-based models, 

respectively, the h-based models required more than 200 seconds for 9 of the 12 cases. 

Only three cases (2.3,4.2 and 4.3; all intermediate or moist initial water contents) required 

less than 50 seconds. similar to the CPU times required for the PI- and <p-based models. The 

main reason for the improved CPU-times of the PI- and <p-based models over the h-based 

models lies in the shape of the wetting fronts. Relative values of PI' <p and h were plotted 

in Figure 6 versus depth for case 3. I. The wetting front in terms of h is very steep, 

requiring small time steps and very long CPU-times. In contrast the water content based 

<p-model , and the transformed PI-model have much more gradual changes in PI or <p with 

depth, allowing for larger time steps and shorter CPU-times. 

6. Conclusions 

This paper presents a fast, numerically robust scheme for solving Richards' equation 

for variably saturated, heterogeneous media. The proposed scheme combines elements of 

previously published h-based (Celia et aI., 1990) and <p-based (Kirkland et aI., 1992) 

methods, with a non-linear transformation of h (e.g. PI = h/( 1 + Ph), where P is a transform 

constant (-0.05 < P < -0.01 cm"I). It is shown that this non-linear transformation greatly 

reduces the steepness of wetting fronts in dry soil. As a result the transformed press\!re 

head gradient needed to move water through dry soil is less, the numerical scheme is more 

robust, and CPU times are less. The proposed scheme was applied to 12 test cases 

(saturated, unsaturated. layered. and uniform I-D soil profiles. with pressure and flux type 

boundary conditions). and the results compared to results obtained with h-based (Celia et 

al.. 1990) and <p-based (Kirkland et al.. 1992) methods. On average the PI-transformed 
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method used 30% less CPU-time than the cp-based method. The coding for the cp-based 

method is somewhat more complex, especially in heterogeneous and hysteretic soils. This 

additional coding and in turn the additional calculation for the cp-based method was the 

reason for the slightly longer CPU-times of the cp-based method, compared to the PI-based 

method. The h-based method used CPU-times equivalent to the PI-based method for 3 of 

the 12 test cases (all moist to moderately moist). For 9 of the 12 test cases the h-based 

model used at least four times more CPU-time. For 5 of the 12 test cases the CPU-time 

was excessively long. 

In summary, we propose a simple non-linear transformation of h to solve the 

Richards' equation. With this transformation numerical solutions of the Richards' equation 

are generally much faster, especially in dry soil. The numerical model is robust, and easy 

to incorporate in existing h-based codes. The method can be used in saturated, unsaturated, 

heterogeneous and hysteretic soils. Extension of the model to two dimensions is possible, 

and will be published in a future paper. 
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Figure 4 

Figure 5 

Figure 6 

LIST OF FIGURES 
Relative water content and soil-water pressure versus depth at time = 300 
minutes, for an initially dry, vertical soil profile, subjected to a pressure of 
-75 cm at its upper surface. 

8(h) and K(h) curves for soil III (see Table I) plotted on linear (top) and 
log-linear (bottom) scales. 

Pressure head and volumetric water content versus depths for cases 1 
through 12 for moist (h=-200 cm) initial soil conditions. 

Pressure head and volumetric water content versus depths for cases 1 
through 12 for very dry (h=-50,OOO cm) initial soil conditions. 

Pressure head and volumetric water content versus depths for cases 1 
through 12 for intermediate (h=-IOOO cm) initial soil conditions. 

Relative values ofP" q> and h versus depth for case 3.1 at time 3 minutes. 
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LIST OF TABLES 

T bl 1 a e H d r f h h ly( rau Ie parameters 0 t e tree test SOl s. 

Soil I Soil II Soil III 

S, 0.3658 0.4686 0.3680 

Sr 0.0286 0.1060 0.1020 

a 0.0280 0.0104 0.0335 

n 2.2390 1.3954 2.0000 

K, 22.54 emlh 0.5458 emlh 33.192 emlh 

T bl 2 a e I .. I db d I . d fiI mtla an oun ary con It IOns, slmu atlOn times an pro I e types. 

Initial Simulation 
CASE Pressure Upper Lower time 

Profile type 
(em) boundary boundary (hour) 

1.1 -50000 1.25 emlh 0.0 emlh 6.0 layered 
1.2 -1000 1.25 emlh 0.0 emlh 5.0 layered 
1.3 -200 1.25 emlh 0.0 emlh 3.8 layered 
2.1 -50000 0.3 emlh 0.0 emlh 12.0 layered 
2.2 -1000 0.3 emlh 0.0 emlh 8.0 layered 
2.3 -200 0.3 emlh 0.0 emlh 4.0 layered 

--------- --_ .. --------- ------------- -------------- ------------- --------------
3.1 -50000 +100 em +100 em 0.05 uniform 
3.2 -1000 +100 em +100 em 0.05 uniform 
3.3 -200 +100 em +100 em 0.05 uniform 
4.1 -50000 -75 em -75 em 5.0 uniform 
4.2 -1000 -75 em -75 em 5.0 uniform 
4.3 -200 -75 em -75 em 5.0 uniform 



Table 3 

Case 

1.1 
1.2 
1.3 
2.1 
2.2 
2.3 

Calculated mass balance errors for flux upper bound~1Y cases. 

P,-based 

-1.03E-I0 
9.23E-12 

-2.91E-12 
-2.59E-IO 
1.09E-II 

-2.56E-12 

<p-based 

-2.60E-13 
-6.98E-13 
9.39E-14 
2.44E-15 
4.00E-15 

-6.66E-16 

h-based 

2.78E-5* 
-1.9IE-8 
-2.47E-13 
-1.43E-I0 
-1.2IE-12 
-5.07E-12 

*Calculated after 2 hours (simulation did not complete). 

T bl 4 a e . CPU· times an d . ti h 12 t t time st(!Qs or t e es cases. 

P-based <p-based h-based 

CASE ilt CPU ilt CPU ilt CPU 
(h) (sec) (h) (sec) (h) Jsec) 

1.1 .0124 121 .0125 138 IE-5 64104* 
1.2 .0125 97 .0124 112 6.26E-4 902 
1.3 .0124 72 .0124 80 .005 219 
2.1 .04 73 .04 102 2E-5 55048 
2.2 .04 49 .04 67 .0025 734 
2.3 .04 23 .04 31 .04 24 
3.1 .001 31 .0005 79 <IE-6 >real time 
3.2 .001 30 .0005 78 <IE-6 >real time 
3.3 .001 30 .0005 72 lE-6 3.8E+6* 
4.1 0.1 32 0.1 32 IE-6 3E+6** 
4.2 0.1 31 0.1 31 0.1 34 
4.3 0.1 23 0.1 24 0.1 25 

Average - 51 - 70 - -
*estimated time, incomplete simulation 

**estimated time, several first time steps did not converge completely. 
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Relative water content and soil-water pressure versus depth at time = 300 

minutes, for an initially dry, vertical soil profile, subjected to a pressure 

of -75 cm at its upper surface. 
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log-linear (bottom) scales. 
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through 12 for moist (h=-200 cm) initial soil conditions. 
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Figure 6 Relative values ofP\, q> and h versus depth for case 3.1 at time 3 minutes. 
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Abstract 

Previous work has shown that a transformation of the pressure head (Pan and 

Wierenga, 1995) greatly improved the efficiency of the algorithms for simulating one 

dimensional infiltration into very dry heterogenous soils. In this paper, we expand the 

approach to solve two dimensional problems and introduce an adaptively optimum 

relaxation procedure to improve the efficiency and the robustness of the numerical solutions. 

Two transformation-based methods, Kirkland's <p-based method and Ross' p-based method, 

as well as Celia's h-based method are used as comparisons. All algorithms use the modified 

Picard iteration based on the mixed form of Richards' equation with a linear solver of the 

Cholesky preconditioned conjugate gradient method. Test cases are infiltration into very dry 

heterogenous porous media which either remain unsaturated throughout the simulation 

period, or develop a perched water table. The results show that the PI-based method is the 

most effective of the four methods and the simplest of the three transformation methods. 

It is several orders of magnitude faster than the h-based method and also reduces the 

truncation error using the same grid. The proposed adaptively optimum relaxation 

procedure, enhances the efficiency and robustness of all four methods to different degrees. 

Combination of the PI-based method with the adaptively optimum relaxation procedure 

results in a very efficient and robust algorithm. Using a coarser grid in the horizontal 

direction can further improve the efficiency in both CPU time and memory requirements of 

the 2-D model without loss of accuracy. The theoretical basis for the success of the 

transformations and the optimal relaxation procedure is discussed. 
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1. Introduction 

Modeling water infiltration into very dry porous media causes convergence problems 

which result in strict limits on the time steps used in the simulation. As a result, large-scale 

multidimensional infiltration problems may require very long execution times on large 

computers, making such problems tedious to solve with present day models. If repeated 

solutions are required, e.g., for Monte Carlo simulations and inverse parameter estimation, 

the situation becomes even worse. Use of the mixed form of Richards' equation with 

Newton iteration (Brutsaert, )971) or with modified Picard iteration (Bouloutas, 1989; 

Celia et aI., 1990) has greatly improved the mass balance errors of pressure-based 

algorithms, but this approach usually requires very small time steps in order to get 

convergent solutions, especially in initially very dry porous media. Occasionally, these 

algorithms never converge even with very small time steps (White and Nichols, 1993). The 

main reason for numerical difficulties is the highly nonlinear dependency of the hydraulic 

properties, e.g., hydraulic conductivity and capacity, on the pressure head. To improve the 

efficiency of their algorithms, many investigators transformed the dependent variable. Hills 

et al. (1989) suggested a water content-based algorithm for modeling infiltration into very 

dry heterogeneous soils (I-D), which significantly improved the performance of their model 

compared to traditional pressure-based methods. Kirkland et al. (1992) developed this into 

a general transformed dependent variable method (<p-based method) for 2-D, which 

combines the water content-based method for the unsaturated region with the pressure 

head-based method in or near saturation. Their non-iterating algorithm was much faster than 

Celia's algorithm even with adaptive time steps. Another transformation is the Kirchhof 
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integral transformation (Haverkamp et aI., 1977). However, the integral in this 

transformation requires too much CPU time to evaluate unless some special numerical 

interpolation methods are used (Ross, 1992). 

A common feature of above transformations is that they are to some extent based on 

soil hydraulic functions. Consequently, the transformation parameters are directly related 

to soil hydraulic properties. Therefore, numerical corrections are necessary to eliminate the 

errors arising from the discontinuity of the transformed dependent variables in case of 

heterogeneous and/or hysteretic porous media. Baca et al.( 1978} proposed a logarithmic 

transformation which worked well for limited situations. An inverse hyperbolic sine 

transformation based method (p-based method) proposed by Ross (1990) reduced CPU time 

by 26-40% for a I-D infiltration problem (with same grid). A simpler but more efficient 

transformation (pt-based method) was proposed by Pan and Wierenga (1995). They used 

a single rational function to topologically analog water retention function (e.g., van 

Genuchten function) for the dry range and pressure head for the wet range. Their method 

reduced CPU time by up to 5 orders of magnitude for one-dimensional water infiltration in 

very dry porous media as compared to the pressure based, mixed form of Richards' equation 

(Celia et aI., 1990), with no additional CPU requirements for dealing with heterogeneous 

and hysteretic porous media. 

Several relaxation methods were suggested to avoid divergence of nonlinear iterations, 

but most were found to be inefficient. For example, using a constant relaxation factor was 

found to be inefficient (paniconi and Putti, 1994), while using an adaptive relaxation factor 

involved expensive evaluation of residual vectors (Fletcher, 1991). Thus there appear to be 
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at this time no relaxation methods which clearly improves the efficiency of numerical models 

for water flow. 

The objectives of this paper are (1) to expand the PI-based method to solve Richards' 

equation in 2-D and to compare it with the other transformation methods, (2) to propose 

an adaptively optimized relaxation procedure to further improve the calculation efficiency 

and the robustness, (3) to develop the theoretical basis for the nonlinear transformation 

methods and the optimized relaxation procedure, and (4) to explore the possibility of further 

improving efficiency by adopting a directional nonuniform grid. 

2. Theory 

2.1. Transformed Richards' equation and transformation functions: 

The mixed form of Richards' equation is: 

ae(h) = V'[K(h)Vh] _ aK(h) 
at az (1) 

A general transformed dependent variable f=f(h, A) is defined such that: 

Vf = (af ) Vh + (af ) VA 
ah >. aA h 

(2) 

Thus, the transformed Richards' equation becomes (after rearranging): 

V'[D . VJ] - ae -V' [D'( a.f) VA]- aK = 0 
at aA >. az 

(3) 

where, e and h are volumetric water content and soil water pressure head, respectively; K 
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is the hydraulic conductivity, which is assumed constant for saturated porous media but 

varies strongly with 6 or h in unsaturated porous media. The z denotes the vertical 

dimension, t is time, and t.. generally indicates the set of parameters in the transformation 

function. D· in equation (3) is defined as follows: 

_ 
( aif) -I D' -K-

ah A 
(4) 

The last term of equation (3) is the gravity term while the third term is the correction term 

due to spatial dependence of the transformation parameters. 

To reduce the nonlinearity of( 1), the transformation function f should be chosen such 

that the functions D·(t), 6(t), and K(f) are less nonlinear than K(h) and 6(h). Here, 

nonlinearity can be measured with their first-order derivatives. 

Three kinds of transformation functions (Pan and Wierenga, 1995; Kirkland et aI., 1992; 

Ross, 1990) are summarized in table 1. They are referred to as PI-based, <p-based, and p-

based, respectively. The term "h-based" refers to Celia's scheme. The PI-based algorithm has 

a parameter, p, with values ranging from -0.1 to -0.01 cm"1 (Pan and Wierenga, 1995). 

However, the performance of the PI-based algorithms is not very sensitive to the value of 

p, and a value of -0.03 cm- I is recommended for a variety of porous media. We made a 

minor modification to Kirkland et al.'s original <p-transformation without changing its 

properties. Simply we lets <p equal to h for h~ho instead of <p=-h. The primary parameter in 

the <p-transformation, ho, is an empirical parameter determined by numerical 

experimentation, and is set to -15 cm as suggested by Kirkland et al. (1992). The 

corresponding secondary parameters C1 and ~ are used to insure that <p, and its partial 
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derivative with respect to h, be continuous at ho. Both of them are dependent on soil 

properties. The p-transformation (inverse hyperbol sine transformation) has two parameters, 

ho and h I' The value ofho is empirically taken, as suggested by Ross (1990), as the pressure 

head at which the unsaturated hydraulic conductivity reduces to 10% of the saturated 

hydraulic conductivity. The value of hI is taken as 0.1 J,. Note that by this definition the 

transformation does loose its independency of soil properties. Note that each transformation 

generates its own definition range for the transformed dependent variable, e.g., +00 >p. ~ liP; 

+00><p~CI6r +C2; and +oo>p>_ 00. 

Obviously, a correction tenn, the third term in (3), is necessary for transformations that 

use soil hydraulic parameters as their transformation parameters, such as the 6-based 

method (Hills et aI., 1989), the <p-based method (Kirkland et aI., 1992), and the Kirchhof 

transformation (Haverkamp et aI., 1977). According to Ross and Bristow (1990), this term 

is necessary in heterogeneous or hysteretic porous media in order to maintain physical 

correctness. For transformations whose parameters are independent of soil properties, like 

the P.-based and the p-based transformations this term always equals to zero, regardless of 

whether there is spatial heterogeneity or hysteresis in the porous media. 

2.2. General numerical formulation 

In this study, the formulation of discretization equations is as recommended by Patankar 

(1980). The rectangle is divided by a grid into control volumes, in the center of which the 

grid points are situated. Fully implicit schemes are used. The resulting discretization 

equation of(3) at node (ij) is: 
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ao+ . =a or 1 .+a o+ 1.+ao1 . 1+ao1 . 1+R .. p'JiJ w'Ji-J e 'Ji +J n'JiJ - s 'JiJ+ IJ (5) 

with: 

a = 
D *;- I!2,J!:lz 

w 
!:lx 

ae = 
D *i+li2,J!:lz 

!:lx 

a = 
D * 1 ,J-112 !:lx 

n !:lz (6) 

a 
D .. ; ,J+ 112 !:lx 

s !:lz 
S/i j)!:lz!:lx 

a = p !:lt 

a = a +a +a +a +a * p w e n s p 

and 

o !:lx!:lz 
R . . = q + q + (8 . - 8. )--

'·1 X;J Z;J 1,) 1,) /1( (7) 

where, 

q = a rr 1 .-j .) +a rr 1 .-j .) -L 
X;J wV i- ,J I,J eV i+ ,J I,J x 

qziJ = a nif;,J-1 -f.)+ asif;,J+ 1-f ,J ) + (K;i-ll2- K; ,J+ tl2)!:lx- Lz 
(8) 

and of=f't+l_f"\ m indicates the m-th iteration level. All of superscripts m and n in equation 

(5) through (8) are eliminated for simplicity and all of the parameters, D*, K, and Sc, are 

evaluated at the halftime level n+ 1/2. 8° is the water content at the last time step. Lx and 

Lz are the approximations to the correction term in (3). These terms account for the 
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changing soil properties in x and z directions due to heterogeneity or hysteresis, e.g.: 

(9) 

where, ,M=t(h· )-(h· ) is the jump of f at the interface between two control volumes and 

h·=0.5(~+~+1 ) or 0.5(~+hij.l ). Lx is evaluated similarly. 

All internodal values of D· and K are evaluated as a simple average of those at the 

there is no problem in the analytical sense, this internodal averaging scheme might lead to 

an error of inconsistency with Darcy's law in evaluating the vertical flux. For example, when 

the total hydraulic head gradient is zero (dHldz=O, H=h-z) at the interface between the cells 

of node (ij) and (ij+l), the water flux through this interface should also be zero according 

to Darcy's law. However, based on the above internodal averaging scheme, the flux (note: 

(hj+1-hj)/Llz=I, so ~+l-~oIoO because fis a single valued function ofh, by definition) is: 

(10) 

where, the subscript i is eliminated for simplicity. Obviously, a zero flux (qj+1/2=0 in (10» 

(including the a-based method, ahlafoloconstant ) may cause this artificial nonzero flux (see 

eq.l0). Kirkland et al. (1992) suggested that the term ahlaf could be evaluated as 

ahlaf=(h;+l-h)I(;+l-;) for the node j and j+ 1 whenever ~+l-~oIoO, and then this could be used 

in evaluating both D·j and D·j+1 to avoid this problem, as well as to be consistent with the 
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used it in simulations with a dense grid). However, as pointed out by Ross (1990), to 

average ah/af separately from K is less accurate than to evaluate D· directly for dry soils. 

The later one could allow to use less dense grid without losing solution accuracy. For the 

PI-based method, (10) can be rewritten as: 

(11) 

Compared with the h-based method (P=O), the PI-transformation actually modifies the way 

to calculate the internodal K (say, Kj +112) in evaluating the internodal fluX j 4z . This 

relationship is also true for arbitrary ah/az. Therefore, to be consistent, the K in the gravity 

tenn (the second term) should be averaged similar to what was done with the first tenn in 

(II). However, from numerical experiments with the PI-based model, we have found that 

the solutions of the test problems used in this paper are nearly the same, whether K in the 

gravity tenn is consistently weighted or not. The problem is actually one of interpolation of 

K between neighboring nodes, which is beyond the scope of this paper. 

2.2. Theoretical basis for the transformation and the optimum relaxation 

We can rewrite (5) into matrix form as follows: 

(12) 

then, the whole iteration is completed by 
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(13) 

where, F, oF, and Rare corresponding vectors, while A is the corresponding coefficient 

matrix. The superscript m indicates the iteration level. 

To analyze the problem, we have to use some vector norms, e.g. , 

II xiL,, - max I x . 1 
1 

; 

N 

llxll 1 
- 2: I x 1 I (14) 

; = l 

N 

llxll 2 
- L lx . l 2 

1 
i=l 

As can be seen in (8), the task of the iteration (12) and ( 13) is to find a solution vector F 

which lets some kind norm of IIRII be close to zero. We can combine (12) and (13) as 

follows: 

(15) 

Let F=y be the solution vector of F=G(F). Thus it is also the solution vector of R(F)=O 

if A-1 is nonsingular. Isaacson and Keller (1966) proved that the iteration (15) will converge 

to the root y (bounded by IIF"'-y 11 ... ~ A. mp) for an initial guess~ , if all F satisfy: 

IIF-vll ... ~ P (16) 

and if all the components of G(F), gi (F), have continuous first partial derivatives and 

satisfy: 
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I-. 1-.<1 
N' (17) 

where p is a finite real constant and N is the dimension of the vector or the total number of 

nodes. In reality, the true solution vector y is unknown and, therefore, it is hard to evaluate 

(16) and (17). However, the conditions (16) and (17) provide a good guide, and they are 

useful for finding ways to accelerate the convergence of the iteration. In view of the 

composition ofR(F), the vector function G(F) can be reduced to: 

(18) 

where, the matrix Am mainly consists of terms D* and Sc, and the vector B consists of 

terms K, S'" and 8. The symbols are simplified, e.g., Am =A(Fm). Highly nonlinear functions 

DO, K, and 8 versus f(h-based:f=h, D*=K) result in large magnitudes of agi(F)/a~ near the 

wetting front so that (17) cannot be satisfied and divergence occurs. The situation is worse 

for a large N (many nodes). On the other hand, because the solution at the previous time 

step is often used as a first guess of the solution for the current time step, reducing the size 

of the time step should help meet (16) and lead to convergence. Theoretically, if F O was 

very close to y, a one step iteration would be sufficient. However, because the error at the 

m th iteration is bounded by A. mp, the convergence of iterations is more sensitive to (17). 

This may also be the reason that with a pressure head-based method, simulation can 

occasinally not be completed, even though the time step is already unacceptably small 

(White and Nichols, 1993). 
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In order to see the effects of the transformations on the soil hydraulic functions, we 

have plotted (fig. I) D· and Sc versus h for the different transformations, as well as the 

untransformed relationship. All transformations reduce the nonlinearity of these functions. 

The PI-based and the q>-based methods show the greatest reduction in non-linearity and can 

be expected to improve convergence most. Table 2 shows the maximum of their scaled first 

derivatives. For a purely wet domain, differences between the methods are small. For a 

domain which includes dry ranges, the maximum can differ over several orders of magnitude 

between the methods. The degree of nonlinearity shown in figure I and table 2 is roughly 

consistent with the improvement in efficiency obtained with various transformations. 

The benefits of the transformations are not limited to those stated above. They also 

improve the linear solver which involves the inverse process of the coefficient matrix Am by 

improving the condition of Am. To show this, following Forsythe et al. (1977), let us define 

the condition number of matrix A as: 

Max 
cond(A) ;: 

Min 
IIAxl1 

Max;: max __ 1 = maxllA.111 
x Ilxlll ] ] 

Min;: min IIAxlll = minllA.111 
x IIxl11 j] 

(19) 

Where, ~ is thej th column of A and the subscript I indicates the first kind norm (14). For 

the case here, (as defined by (12), (5), and (6», we simply have II~II =(a p +a w +a. +a n +a.)j' 

Obviously, II~II is propotionai to D' and Sc (see (6». Therefore, its value will be very small 

for nodes located in the very dry region if no transformation is used, because K and 
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C(=de/dh) are very small in this region. Forsythe et al. (1977) showed that, for a given 

system of equations Ax=b, the relative error of x due to the relative error of b can be 

expressed as: 

IILlbl1 
~ cond(A) __ 1 

Ilbll l 

(20) 

where cond(A) is the condition number defined in (19). This shows that the condition 

number is a relative error magnification factor. For water flow into very dry porous media 

where the condition number of A could be very large, even the machine related turncation 

errors in evaluating R (the right hand vector) could seriously jeopardize the solution of(12), 

of. The same is true of errors in the coefficient matrix itself. By using nonlinear 

transformations, K and C are replaced by 0" and Sc, repectively, which decrease more 

slowly (fig. 1 ) so that the condition of A is improved. Figure 2 shows a typical example of 

cond(A), with and without transformations, for a 2-0 pressure head distribution involving 

a perched water table surrounded by unsaturated regions. For this difficult case, cond(A) 

of the h-based method is larger than 106
, even at time steps of less than 1 d' days. For a 

larger ~t, cond(A) mainly depends on the nonlinearity of 0". For a smaller ~t, it mainly 

depends on the Sc' All of the three transformation methods show a minimum of their 

condition numbers within the range of ~t (1-10-6). Interestingly, using the PI-based method, 

shifts the minimum point to a larger ~t. although the value of its minimum cond(A) is larger 

than for the <p-based method. This shift is what we need in practice. Numerical experiments 

conducted as part of the present study show that obtaining convergent solutions will be very 
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difficult if the cond(A) is lager than 103
. If the convergence criterion is set as IIRII~<IO" 

cm2/day, only the PI-based method (with Llt=O.OI days and optimal relaxation) and the <p

based method (with Llt=0.005 days and optimal relaxation) will yield convergent solutions. 

As shown above, the condition number of the matrix Am can be very large for some 

worst cases, e.g., a developing perched water table surrounded by unsaturated regions in 

muItidimensions, even when a transfonnation is used, especially when there are many nodes. 

Therefore, the correction vector of may throw the current solution Fm+' out of the 

convergent range as bounded by (16). A commonly recommended strategy is to take 

oFm+I=Fm+'_Fm as the search direction at the m-th iteration, and then to find an optimum 

relaxation factor (Fletcher, 1991) wm that minimizes: 

(21) 

So the estimated solution at the new iteration level is Fm+'=Fm+wm oFm+', which helps to let 

p+1 be bounded by (16). However, the line search of wm could be very time consuming and 

destroy any efficiencies gained from the search because it requires CPU time to evaluate the 

norm IIRm+'II, which is very expensive in terms of CPU time. A constant W is not efficient 

in many cases because it often overreduces the corrections during iterations (Paniconi and 

Putti, 1994). We suggest to simplifY the evaluation of the norm IIR"'+'II by the approximation 

(22) 

where, the subscript i is the index of the node at which the absolute residual at the previous 
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iteration is the maximum, (say I Rtl=IIRmll..). This simplification allows one to evaluate the 

residual only at a single node instead of at all nodes, and reduces the time needed for the line 

search to almost nothing, as compared to the time needed for the iteration itself 

3. Implementation 

The incomplete Cholesky preconditioned conjugate gradient (PCG) method (Kershaw, 

1978) was used to solve the quasi-linear equations resulting from Picard iterations. While 

not presented here, the overrelaxed succesive line iteration (OSLI) method has also been 

used to solve the quasi-linear equations. It was found that the difficulties due to the 

presence of partly saturated regions can be overcome by adapting some kind of "annealing" 

technique (say, halt OSLI ifNosl.l>NI~=u+5, where, Nosu and Npicord are the current iteration 

numbers ofOSLI and Picard iteration, respectively). However, when the number of nodes 

is large, PCG is more efficient than OSLI. 

All algorithms were executed using a 32-bit compiler (Microsoft Fortran power 

station) on a 4DX2-66V personal computer (Gateway 2000) except for the dense grid 

cases, which were executed on a Pentium-90 personal computer. 

3.1. Convergence criteria 

The norm IIRmt was evaluated during the Picard iteration. If the norm was less 

than 104 (cm2/day), the Picard iterations were said to have converged. Because the h-based 

method did not converge for the perched water table case lIsing this criterion. a more loose 

criterion was also used. As suggested by Bouloutas (I 989) and Kirkland et al. (1992), a 
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ratio of the norms, IloFmllilloFolb , was evaluated during the Picard iteration, where, the 

superscripts 0 and m indicate the iteration level. If the ratio was less than 10-4 (for the h

based method) or 10"8 (for the other methods), the iterations were also said to have 

converged. If the iteration number excessed 50 and the convergence criteria were still not 

satisfied, the iteration was deemed divergent. Note that this convergence criterion may 

admit a non-convergent solution as a convergent one. As discussed above, the condition 

number of the A matrix can be very large, possibly resulting in a very large IloFoh In that 

case, even if IIoFm l1 2 were large, the ratio could be small and the current solution FmTl may 

still be far away from the convergent solution. Therefore, we recommend the first 

convergence criterion (the absolute residual) to ensure a real convergence. 

The other convergence criterion is related to the linear solver peG. A maximum 

(absolute) residual of the quasi-linear equations (the norm II'II~ ) was determined within each 

iteration ofPCG. An adaptive convergence criterion was also used for the peG iteration 

within each Picard iteration. It is: 

em = max(0.05SS,e) (23) 

where, SS is the maximum residual of the m-th Picard iteration and e is the convergence 

criterion for the Picard iteration. The peG iteration was terminated when the maximum 

residual became less than Em' However, it was found that this adaptive convergence criterion 

was unsuccessful when only the criterion IIR"'t was used for the Picard iteration. Therefore, 

only a fixed criterion Em = 10·s is used for the dense grid simulation where only the criterion 

IIR"'II~ <10-4 cm2/day is used to ensure the accuracy. 
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3.2. Line search of wm 

The golden-section method (Wang et aI., 1979) was used to do a line search of Wm in 

(21). Here, it is actuaJly to determine how far the solution should go along the known 

direction in the solution space. Because lR;m+11 is only an approximation of the norm IIR m+lll, 

it is recommended to treat the calculated Wm with respect to lR;m+11 as an approximation of 

its exact value. Therefore, lR;m+II<0.051IRmll was used as one of the stopping criteria for the 

line search. The relaxation factor is arbitrarily set to a limit of(0.03, 1.648). The lower limit 

of 0.03 is set in order not to slow the iteration too much, while the upper limit of 1.648 can 

let the first tried value of wm be close to 1. The line search was also stopped if the distance 

between two ends of the range of W was less than 0.01. 

3.3. Performance 

Both CPU time and the total number of the Picard iterations were determined as a 

measure of the efficiency of the algorithms. The CPU times reported here exclude the times 

used in reading input files, defining initial conditions, assigning grid and material properties, 

and writing output files. 

The mass balance error is defined as the ratio of the sum of the calculated changes in 

water volume at each node minus the true water volume entering the system, to the true 

water volume entering the system. Another accuracy measurement is the distribution error 

(Ross, 1990): 
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(24 ) 

where, eo is the water content calculated based on a dense grid, i is the index of nodes, and 

N is the total number of the nodes. We also calculated a similar accuracy measurement for 

the flux at selected vertical (x=5 cm) and horizontal (z=95 cm) lines. 

4 . Test problems 

The test problems are the same as those used by Kirkland et al. (1992), because they 

are good examples of water flow in two dimensions for both very dry and variably saturated 

conditions in heterogeneous porous media. They represent good challenges for numerical 

algorithms (figure 3 and 4). Test problem 1 results in strictly unsaturated flow while test 

problem 2 involves a developing perched water table surrounded by unsaturated soil. 

Comparisons of algorithms were made at LlX=Lh=5 cm (3000 nodes) with initial pressures 

of -50,000 cm. The total time simulated was 12.5 days for problem 1 and one day for 

problem 2, respectively. Symmetry was used. Both convergence criteria were used (see 

section 3.1). The size of the time step Llt was chosen such that the Picard iteration 

converged within 50 iterations for each time step. Dense grid solutions were calculated at 

a grid spacing of Llx=Llz=1 cm (75,000 nodes). These calculations were used as the 

reference solutions due to lack of analytical solutions for the heterogenous soil with van 

Genuchten type hydraulic functions. The PI-based method was used in the dense grid 

simulations simply because its higher efficiency made the simulations possible. However, to 
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avoid the problem shown in (II), the relationship, ah/af=(hj+l-hj)/(~+I-~)' was enforced in 

evaluating the residuall\i (see (8». To do so, the resulting solutions are consistent with 

Darcy's law and should be almost the same as those obtained by the h-based method with 

the same grid (if they existed), and, therefore, are independent of the transformation. 

Furthermore, only the first convergence criterion (1lRmll w <10-4 cnr/day) was used in the 

Picard iterations to ensure that the dense grid solutions are the truly converged solutions. 

The parameters of the van Genuchten hydraulic functions for the two soils used here are 

shown in table 3, where m=I-lIn. 

5. Results and discussions 

5.1 Performance of the transformations 

As can be seen in figure 5, the contour pressures of all methods are quite close to each 

other for the unsaturated problem (case I). Major deviations are in the dry range (i.e., at the 

-40,000 cm contours). Compared to the dense grid solution (ax=az=1 cm, 75,000 nodes), 

the three transformation-based methods generate results which are generally closer to the 

dense grid solution than the h-based solution (figure 5, table 4). The MSEe of the h-based 

method is about 21, 7, and 3 times that of PI-based, !p-based, and p-based method, 

respectively (table 4), although the h-based method has the smallest total mass balance 

error. This suggests that the transformation-based methods are more effective in reducing 

the spatial discretization errors because their dependent variables have less steep spatial 

gradients. Ross (1990) also observed these phenomena. To compare their accuracy with 
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respect to flux, we have plotted both the vertical flux (at x=5 cm) vs. depth and the 

horizontal flux (at z=-95 cm) vs. horizontal distance in figures 6 and 7, respectively. All 

methods agree with the dense grid solution very well with respect to the vertical flux, except 

near the wetting front where the h-based method gives the largest deviation (fig. 6). The 

mean square error of the h-based method in terms of the vertical flux is about 7.6, 3.7, and 

1.5 times that of the tp-based, PI-based, and p-based methods, respectively (table 4). 

However, in terms of horizontal flux, all methods show similar errors offlux at x=-50 and 

50 cm (the boundaries of surface infiltration), although the transformation-based methods 

are slightly better (fig. 7, table 4). 

The perched water table problem (case 2) is more difficult to simulate. The Pcbased 

method gives the best results in terms of either pressure (fig. 8) or flux (fig. 9 and 10) as 

compared to the dense grid solution, while the h-based method is the worst. The MSEo of 

the Pt-based method is only 4.4% of that of the h-based method, although their total mass 

balance errors are much closer (table 4). The situations are similar for MSEv_OllX and MSEh_ 

Oux' Note also that for this case the p-based method shows better results than the tp-based 

method. 

Table 5 summarizes the efficiencies of the numerical algorithms. The optimum relaxation 

procedure was used for all four methods. The PI-based method is the fastest, followed by 

the tp-based, the p based, and the h-based method in terms of either CPU time or total 

iteration numbers. The overall efficiency improvement of the Pt-based method is about two 

orders of magnitude as compared with the h-based method, while the accuracy is also 

improved. 
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As shown, all transformations reduce the nonlinearity in the hydraulic functions, but 

the Pt-based transformation reduces the nonlinearity most effectively, followed by the q> 

based and the p-based methods (fig. 1 and 2, table 2). The overall effect of these 

transformations is to cause the iterations to meet or be close to the convergence conditions 

(16) and (17). Although one cannot get a general convergence criterion for these highly 

nonlinear problems, one can still evaluate the relative convergence properties of the different 

methods with the calculations shown in figure 1 & 2 and in table 2 prior to doing numerical 

experiments which is often more expensive. This is also true in selecting the "good" 

transformation parameters for a specific case. The effect of the transformations on the 

condition number also explains why the optimum relaxation procedure improves the h-based 

method most effectively, as discussed below. 

5.2 Effects of the optimum relaxation 

As mentioned above, the condition of the A matrix may be bad even for the Pt-based 

method, which could throw the iterative solution Fm
+

1 out of the convergence range (16). 

This situation becomes worse when the number of nodes increases, which is often inevitable 

for multidimensional problems. After the perched water table developed for test problem 

2, even the p. based and the q>-based methods could not meet the convergence criteria with 

a fixed time step. The proposed new relaxation procedure was used to overcome this 

problem. Results are summarized in table 5. The relaxation procedure reduces the required 

CPU time by about 50% for both the p. based and the q>-based methods. It also greatly 

improves the efficiency of the h based and the p-based methods so it becomes possible to 
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complete the simulations. Obviously, the relaxation procedure is effective in improving both 

the robustness and the efficiency of the algorithms. Figure 11 shows an example of the 

convergence dynamics of the PI-based method with/without the optimal relaxation at t=0.79 

days for case 2. Without the optimal relaxation, the residual oscillated between 5.40 and 

5.49 after the 9th iteration though it decreased fast from 152 to 5.2 during the first 5 

iterations. From the dynamics of the iteration, we note that osciIlations of the dependent 

variable and the maximum residual always occurred at the same node. This may partly 

explain the reasons for the success of the simplification (22) in evaluating the residual norm 

IIR m+J II. The combination of the Pt-based approach with the newly proposed relaxation 

procedure required less than 1/1000 the time than was required by the h-based approach (all 

with the mixed form of Richards' equation). Although the PI-based transformation itself 

offered great improvement in efficiency, the optimum relaxation procedure is necessary to 

improve the robustness of the algorithms. The same holds true for the Newton-Raphson 

methods, because its Jacobian matrix often becomes ill-conditioned, and its convergence 

radii are usuaIly smaller. 

5.3 Sensitivity of the PI-based method on p 

Table 7 shows the total Picard iteration numbers required for the PI-based method with 

different value of p. The iteration numbers varied from 449 to 517 for case 1, and from 775 

to 862 for case 2. The coefficients of variations (CV) were 6.7% and 3.6% for case 1 and 

case 2, respectively. Obviously, the method is not very sensitive to the value of p. 

Practically, one should use the calculations shown in figure I & 2 and in table 2 to evaluate 
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the effect of p, and for choosing a good value of p, e.g., plotting the hydraulic functions for 

all soils or porous media in the profile under consideration, which is more economical than 

performing the simulation. It is not necessary to find an optimal p in practical simulation 

because there is no such optimal value for all porous media. A wise strategy is to select a 

value of p based on the medium that shows the most nonlinearity, and then use it for all 

media involved. 

5.4 Effects of spatial discretation on accuracy 

Experience has shown that spatial discretization is the most important factor controlling 

the accuracy of numerical solutions in simulation of water flow in variably saturated porous 

media. Unfortunately, fine grids in multidimensional simulations require much memory and 

CPU time. Increasing the grid size in multidimensional problems greatly reduces the number 

of nodes, and therefore memory requirements and CPU time. Numerical experiments were 

performed to see ifthere are opportunities to reduce CPU time by going to larger spacing, 

without reducing accuracy. Figure 12 shows the horizontal flux at z=-95 cm for different 

grids. It is interesting to note that a decrease of the vertical step size tlz increases the 

accuracy of not only the vertical flux (not shown here) but of the horizontal flux as well 

(fig. 12). On the other hand, the solution does not seem to be v~ry sensitive to the horizontal 

step size tlx. For example, use of a grid of tlx= I 0 and tlz= 1 cm results in nearly the same 

solution as the dense grid (tlx=1 and tlz=1 cm), but uses only one tenth the nodes required 

for the dense grid. On the other hand, using a grid of tlx=2.5 and tlz=5 cm yields a solution 

which is very similar to employing a grid of tlx=5 and tlz=5 cm. Thus, the former grid 
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wastes 50% of its nodes. This result is highly useful because most field scale simulation 

problems often involve broad areas with finite depths. However, it was also found that the 

same conclusion did not hold for the perched water table case, probably because there was 

more lateral flow if a saturated region existed. 

6. Conclusions 

Nonlinear transformations are highly effective in reducing CPU time for two 

dimensional problems, as for one-dimensional simulation. The Pt-based approach shows the 

best performance, and improves the efficiency by several orders of magnitude as compared 

to the h-based approach. It also improves the spatial resolution of the solutions with same 

grids. The Pt-based approach is simpler than other transformation-based methods, and is 

easy to incorporate into existing h-based algorithms. 

The nonlinear transformations reduce the magnitude of the derivative of the hydraulic 

functions with respect to the transformed dependent variables, and improve the condition 

of the A matrix, to various degrees. Therefore, they improve the convergence properties of 

the Picard iterations. The way to evaluate the coefficient matrix A is more critical for 

improving the efficiency of an algorithm than the evaluation of the residual vector R in (12). 

As shown in simulations with a dense grid, the very efficient nature of the PI-based method 

is still maintained even though the vector R in (12) is evaluated as in the h-based method. 

The Pfbased method is not very sensitive to the value of the parameter p. One can select 

a good p simply by looking at the transformed hydraulic functions instead of doing time 

consuming numerical experiments. 
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The proposed approximate calculation of the residual mode greatly reduced the required 

CPU time. Tllis in tum made it feasible to use the optimum relaxation method. The optimum 

relaxation method proposed here improves both the efficiency and the robustness of this 

model and others for complex two dimensional problems. 

The grid size in the vertical direction was found to be much more important for 

reducing truncation errors for unsaturated water flow in heterogeneous media, than the grid 

size in horizontal direction. This makes it possible to reduce the total number of nodes (or 

model larger areas) without losing solution accuracy. 
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LIST OF TABLES 

Table 1 The transformation functions, their parameters, and resulting hydraulic 
functions (D· and S ) and artificial source terms (L and L ) '0. 

Tyge function D· Sc L Parameters 

PI-based Pt=h h~O K 0 0 p 
Pt=hJ(1+Ph) h<O K/(l-ppt)2 C/(l-ppt)2 

<p-based <p=h h~ho K C Lx+ hu; 
<p=C I8+C2 h<ho K/C/C IICI Lz CI=IIC(ho); 

C,=hO-C18o 

p-based p=v h2ho -hlK -hlC 0 hu; hI; 
p=ln[\'+(\'~+ 1)112] h<ho -h,Kcosh(p) -hICcosh(p) v=(ho-h)/hl 

h-based h=h K C=a8/ah 0 
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Table 2 The maximum values of the dimensionless** IdSjd~ and IdO·/d~ 
tI h tI h d . h d'ffi f h d or t e our met 0 s Wit I erent range 0 pressure ea . 

h.nm (cm) hm"x (cm) PI-based <p-based p-based h-based 

-100 0 dSjdf 2.8 6.4 29.3 5.8 

dO·/df 0.3 0.9 3.1 0.3 

-1,000 0 dS/df 5.1 8.6 34.9 57.7 

dO·/df 1.7 2.3 3.5 2.8 

-10,000 0 dS/df 5.6 8.7 40.0 576.2 

dO·/df 1.9 2.7 4.0 28.1 

-50,000 0 dSjdf 5.6 8.7 432.2 2,883 

dO·/df 2.0 7.4 4.4 140 

** St, 0·, and f are all scaled into [0, I] before calculation of the derivatives. 

T bl 3 a e S '1 h d r 01 lY( rau IC parameters use In test pro bl ems 

Soil e. er IX (cm"l) n K. (crn/day) 

Berino loamy 0.3658 0.0286 0.0280 2.2390 541 
fine sand 

Glendale clay 0.4686 0.1060 0.0104 1.3954 13.1 
loam 

* m=I-l/n 



Table 4 

Case 

1 

2 

Accuracy of the numerical algorithms in terms of the total mass 
balance errors and the mean square errors measured with the water 
distribution, the selected vertical flux, and the selected horizontal 
flux (case 1 is the unsaturated case, and case 2 is the developing 
perc e water ta e case h d bl ) 

Method Total mass MSEv•Ilu., MSEh•Ilu., MSEo 
-6 , 

(cmld)2 ( 10-6) error (10 ) (cmldf 

PI-based 0.82 1.0ge-3 3.23e-2 3.9 

<p-based 17.80 2.26e-3 2.8ge-2 11.6 

p-based -3.1\ 5.47e-3 3.76e-2 29.3 

h-based -0.50 8.33e-3 4.53e-2 82.2 

PI-based -8.84 0.\9 0.75 13.4 

<p-based -32.59 5.46 2.51 103.7 

p-based -1.68 1.33 1.50 53.7 

h-based -\6.60 4.85 4.73 303.7 

*MSE: mean square error compared with the dense grid. Subscnpts: 8:water content; 
v-flux:vertical flux at x=5 cm; h-flux:horizontal flux at z=-95 cm. 
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Table 5 

T bl 6 a e 

Case 

I 

II 

Efficiency of the four algorithms (with relaxation) in terms of CPU 
time and iteration numbers required for simulation (Llt was chosen 

I' ) to get convergent so utlOns 

Case Method Llt (day) CPU (second) Iteration " 

I PI-based 0.25 931 464 

cp-based 0.25 1,092 579 

P based 0.005 18,996 8,942 

h-based 0.0001 130,839 76,357 

II PI-based 0.01 1,318 745 

cp-based 0.005 2,755 1,563 

P based 0.0005 23,304 11,021 

h-based 0.00005 110,346 63,040 

*Number of total Picard iterations. 

Effi ects 0 f optImum re axatlon on tee IClency 0 t e algont ms h ffi' f hi' h 

Method With relaxation Without relaxation 

Llt (day) CPU (second) Llt (day) CPU (second) 

PI-based 0.25 931 0.125 1,248 

cp-based 0.25 1,063 0.0625 2,455 

p-based 0.005 18,996 0.00005 1,480,025" 

h-based 0.0001 130,839 0.00001 5,473,886· 

PI-based 0.01 1,318 0.005 3,221§ 

cp-based 0.005 2,755 0.005 3,171 § 

p-based 0.0005 23,304 0.000005 2,226,100· 

h-based 0.00005 110,346 0.0000025 4,121,600· 

*Estimated time: simulation was not run to completion. 
§ residuals exceeded the convergence criteria after water table developed 
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Table 7 The total Picard iteration numbers of the PI-based method with 
different P 
P Case 1 Case 2 

-0.01 513 862 

-0.03 451 775 

-0.05 449 784 

-0.07 452 803 

-0.09 517 825 

-0.11 516 827 
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LIST OF FIGURES 

Figure l(a) O·(=Kdh/dt) versus h for different transformations. The h-based method, 

with dh/df= 1 and O*=K, is used as a reference. 

Figure l(b) Sc (=Cdh/dt) versus h for different transformations. The h-bassed method, 

with dh/df=l and Sc=C, is used as a reference. 

Figure 2 

Figure 3 

Figure 4 

Figure 5 

Figure 6 

Condition numbers of the coefficient matrix (A) obtained by different 

methods. The pressure head profile used in calculations is at t=0.79 days for 

case 2. 

Soil distribution in the domain, and boundary conditions for test problem 1. 

All boundaries are non-flow except for those indicated by the arrows. 

SAND and CLAY are Berino loamy fine sand and Glendale clay loam, 

respectively. 

Soil distribution in the domain, and boundary conditions for test problem 2. 

All boundaries are non-flow except for those indicated by the arrows. 

SAND and CLAY are Berino loamy fine sand and Glendale clay loam, 

respectively. 

Contour pressure (cm) at time= 12.5 days for the unsaturated case (test 

problem 1). Initial water pressure=-50,000 cm, grid size=5 cm (except 

dense grid), surface flux=5 crn/day between x=-50 and 50 cm, zero flux 

elsewhere. 

Vertical flux at x=5 cm for the unsaturated case (test problem 1) at 

time=12.5 days; initial water pressure=-50,000 cm, grid size=5 cm (except 



Figure 7 

Figure 8 

Figure 9 

Figure 10 

Figure II 

Figure 12 
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dense grid). 

Horizontal flux at z=-9s cm for the unsaturated case at time=12.s days; 

initial water pressure=-sO,OOO cm, grid size=s cm (except dense grid). 

Contour pressure (cm) at time=l day, perched water table (test problem 2); 

initial water pressure=-sO,OOO cm, grid size=s cm (except dense grid), 

surface flux=sO cm/day between x=-lsO and ISO cm, zero flux at all other 

boundary. 

Vertical flux along x=s cm at time=i day for the perched water table case 

(test problem 2); initial water pressure=-sO,OOO cm, grid size=s cm (except 

for dense grid). 

Horizontal flux at z=-9s cm for the perched water table case at time=1 day. 

Initial water pressure=-sO,OOO cm, grid size=s cm (except for dense grid). 

The convergence dynamics of the P1based method with/without the optimal 

relaxation for case 2 at t=0.79 days. 

Simulated horizontal flux with different grid size (PI based) at z=-9s cm for 

the unsaturated case. 
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Abstract 

The finite element method is an attractive numerical method for modeling water flow in 

variably saturated porous media due to its flexibility in dealing with complicated geometries. 

It is well known that the conventional mass distributed finite element method suffers from 

numerical oscillations at the wetting front, especially for very dry initial conditions. 

Routinely, mass lumped procedures are used to eliminate them. This paper proposes a 

physical interpretation of the finite element method applied to the water flow problem. With 

the finite element method, mass conservation is applied at the element level. The water 

storage and the flux within each element are split into several components in the function 

space, each of which corresponds to one component of the boundary flux of the element. 

However, even though physical laws are correctly applied at the element level, it is shown 

that the traditional mass-distributed scheme can still generate an incorrect neighboring node 

response function due to the highly nonlinear properties of water flow in unsaturated soil 

and cause numerical oscillation. We propose two new mass-distributed schemes which are 

free of the numerical oscillation, and reduce the smearing near the wetting front, at slightly 

increased CPU time. 
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1. Introduction 

Models of water flow in variably saturated, porous media are commonly based upon 

numerical solutions of the Richards' Equation: 

V'o[K(h)V'h]- aK _ aa = 0 
az at (1) 

where a , h, z, and t are volumetric water content, water pressure head, depth, and time. 

The hydraulic conductivity K is assumed constant for saturated porous media but varies 

strongly with a or h in unsaturated media. The finite element method is one of the most 

commonly used numerical discretization methods. This method is attractive because it is 

flexible in dealing with complicated geometries. However, due to the inherent nonlinearities 

of Richards' equation, mass-distributed (often called consistent) finite element solutions 

often suffer numerical oscillations at sharp wetting fronts (Milly, 1985). Numerical 

oscillations become more serious for lower initial water contents (Celia et aI., 1990), and 

larger grid spacings (van Genuchten, 1982). To overcome this problem, Neuman (1972) 

proposed a mass-lumped approach that improved numerical convergence and eliminated the 

oscillations when simulating infiltration into dry soils. However, no physical explanation 

was provided as to why mass-distributed finite element solutions exhibit numerical 

oscillations and why mass-lumping reduces these oscillations. Other approaches to reduce 

numerical oscillation were tried, i.e., Hermitian basis functions (van Genuchten, 1982) and 

the application of mass-conservative schemes (Miller, 1985), but they were less successful. 

More recently, Celia et al. (1990) and Rathfelder and Abriola (1994) confirmed that mass-

conservative formulations alone are not sufficient to eliminate numerical oscillations from 
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the finite element method. 

The objectives of this note are first to develop a physical interpretation of the finite 

element method used for modeling water flow in variably saturated porous media, and 

secondly to explain why the mass-distributed scheme suffers from numerical oscillations and 

why the mass-lumped procedure can eliminate these oscillations. A third objective is to 

propose two new mass-distributed schemes of the finite element method which are free of 

numerical oscillations and slightly more accurate than the mass-lumped scheme for the same 

grid. 

2. Theory 

2.1 Finite Element Method and Its Physical Interpretation 

The finite element method was developed initially as an ad hoc engineering procedure 

for constructing matrix solutions to stress and displacement calculations in structural 

analysis (Fletcher, 1991). The foundations of the finite element method coincide with some 

very fundamental concepts in solid mechanics so that the finite element method has a natural 

physical interpretation in those fields (Teman, 1988), e.g., minimizing the potential energy 

of a system. This is not the case in fluid mechanics where the finite element method is 

mostly used as a pure discretization approach (Fletcher, 1991). However, all of the finite 

element methods are based on two fundamental ideas (Temam, 1988). One is to decompose 

the problem domain into smaller subdomains, the elements, so that the study of the large 

problem is reduced to a set of problems at the element level. The other idea is called weak 
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formulation of a boundary value problem. The weak formulation takes the weighted 

averages of the residual R to be zero at each element, instead of at each point. This can be 

formulated as follows: 

iE[l,M.,] (2) 

where, Qc is the element; M. is the number of nodes adjacent to the element (e.g., 2 for a 

line element, 3 for a triangular element, 4 for a rectangular element, and so on); ~i is the ith 

weight function that is usually assumed to be linear within the element and zero outside the 

element. Note that there are Me weight functions for a single element and they satisfY the 

conditions L~i=l and LV'~i=O. R is the residual of Richards' equation when the approximate 

solutions are used, e.g., 

M, 

h(x,y,z,/) = 'Eh/I)A/X,y,Z) 
j=l 

,II, 

8(x,y, Z, I) = 'E 8/t)ll;.(h,A) 
j=l 

Af, 

LA} = 
)=1 
M, 

Lll)=l 
)=1 

(3) 

(4) 

Similarly, {( is an appropriate approximation ofK. The hj and 6j are the nodal values. Note 
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that Aj and 'I1j in equation (3) and (4) are the interpolation functions for head and water 

content, respectively. They are not necessary the same as the weight functions used in the 

general finite element methods. Note that using the same functions for both the interpolation 

and weight function (A=~) is a feature of the Garlerkin type finite element method. We use 

subscript j instead of i to emphaze the different meaning in the finite element method 

between the interpolation functions and the weight functions though they may have the same 

formula, e.g., A(X,y,Z)= ~(x,y,z). The presence ofh in the function 'I1j indicates the general 

dependence of e on h. In fact, the hydraulic conductivity should also be spatially 

interpolated in this way in order to be consistent with the physical relationship between K 

and h. However, in this paper, we will only focus on the spatial interpolation of water 

content. Furthermore, the interpolation functions for K and h will be the same as the weight 

functions (A=~). The scheme that interpolates e and K with the same function used to 

interpolate h, say 'I1=A=~, is often called a "consistent scheme". However, using the same 

function ~ to interpolate e, K, and h is really not consistent because e and K are both highly 

nonlinear functions ofh, and therefore, we use the term "mass-distributed scheme" instead 

of "consistent scheme" in the following discussion. 

With Green's first identity, (2) can be rewritten as (Neuman, 1972): 

i ae i A ~ ~ -~dn + K('Vh-'Vz)·'V~.dQ = q ~dI' n at I n I r II I 
t, , 

iE[l,M..l (5) 

where, 'In is the flux across the boundary rc into the element Qc' The two terms on the left 

of(5) are the rate of change of water storage in the element and the flux within the element, 
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respectively. It is easy to show that summing the terms in (5) with respect to i for all i E 

[I,Me] results in (note I: ~i = 1 and I: V~i = 0): 

(6) 

where, S is the water storage in the element. Equation (6) is the mass conservation law for 

a single element. Just as the finite difference method can be viewed as applying the mass 

conservation law directly to a cell (Patankar, 1980), the finite element method can be 

considered as applying the mass conservation law directly to an element. Note that there are 

no specific interpolation functions involved in (6). Therefore, this interpretation generally 

holds, no matter what distribution assumptions are used within the element as long as (5) 

holds. The size of the element can be seen as the spatial resolution of the method because 

it is the nodal values that represent the final solutions, so that the detailed distribution of 

h, e, and K within an element can be assumed arbitrarily without violating the mass 

conservation law at the element level. In other words, the reason for assuming certain 

distributions of these variables is to enable generation of proper algebraic equations at the 

element level, i.e., that the generated equations correctly represent the physical relationships 

between the nodes adjacent to the element. This is why a number of different assumptions 

have been used for the distributions (e.g., linear or nonlinear FEM, Temam, 1988) with 

similar success. 

Unlike the finite difference method, the finite element method splits the storage term 

(as/at) and inner flux into Me components, each of which responds to one component of 
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the boundary flux. It is at the element level that the finite element method adopts the 

function analysis. which distinguishes it from the global methods (e.g., the Galerkin spectral 

method). Therefore, the basic idea of the finite element method is to write Richards' 

equation at the element level in function space. Each component of the function space 

describes relationships between the neighboring nodes. This feature provides the flexibility 

to deal with arbitrary shapes of elements and arbitrary interpolation functions. However, the 

price of this flexibility is that the relationships between nodes (at the point level) may 

physically be incorrect even though their integral (at the element level) is correct. 

2.2 The Mass-Distributed and the Mass-Lumped Schemes 

To simplify the analysis. let us consider vertical I-D water flow. Equation (5) reduces 

to the following matrix equation for an arbitrary element: 

(7a) 

where, superscripts 1 and 2 refer to the top and bottom nodes of an element, respectively; 

ql and 'h are the Darcian fluxes at the two ends (boundaries) of the element (assuming 

positive downward). Thus, for each element with a length Le, we obtain: 

as; as 
- = f -~.dz at L. at ' (7b) 

and 
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J [ ~ ali ~] a~. flux. = K- -K -' dz 
, L, az az (7c) 

Obviously, the tenns on the right of(7a) cancel out due to mass conservation, except at the 

two boundaries of the problem domain. This is done when one assembles (7a) into a global 

equation (node form). Note that so far the assumption TJj=Aj was not made. 

If distributions ofh, K, and aSlat are all assumed linear within the element (TJj=A/= ~j, 

the mass-distributed Garlerkin type scheme), (7a) leads to the following form of the matrix 

equation: 

(8) 

where the elemental matrices are evaluated as follow: 

A .~t!) J r: r: d y = ." . .". Z 
L, ' 'J 

(9a) 

[B(e)] =_1 0.5 0.5 

[
K -K 1 

L e - KO.5 K O.5 

(9b) 
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(9c) 

The mass-lumped counterpart of(9a} was obtained by diagonalizing the matrix [A(Cl] 

(all others are same). This leads to a lumped mass matrix for an element: 

L [3 0] [A (ell = _e 

6 ° 3 
(10) 

In other words. (8) represents the mass-lumped scheme if the matrix [A(C)] is evaluated as 

(10). 

Although there have been many explanations of the mass-lumped procedure after it was 

introduced for unsaturated flow by Neuman (I972), a good explanation is that the mass-

lumped procedure is based on the following assumption: 

as, ae 
- = f -~.dz at L. at ' 

as·
f = -' ~dz at L ' • 

(11) 

Equation (11) shows that distribution of water content change within each element is a bi-

valued function ofz. In other words, there are two possible values at the same point within 

an element, which one is taken depends on the direction of the interpolation. Thus, the 

distribution within an element is uncertain, although we know the range of the change. In 
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contrast, the tl aditional mass-distributed scheme assumes that the distribution within an 

element is linear. 

2.3 The Reason of Numerical Oscillations and the Neighboring Node Response Function 

As mentioned above, the difference between the mass-distributed scheme and the mass

lumped scheme comes from the difference in their mass matrices, which results from 

assumptions regarding the distribution of water content change rates (~e(z)l~t) within the 

elements. To find the reason of the numerical oscillation, let us check the detailed 

distributions of water content change, ~e(z), over a single time step within an element for 

a wet medium (~ =-100 cm) and a dry medium (h; = -2000 cm), respectively (figure I a). 

A dense grid (Lc =0.01 cm) was used in the calculations and the water pressure at the upper 

boundary (node I) was set at -75 cm. The distributions in figure la show that within 100 

seconds, the distribution of ~e was already linear for the wet case (~=-100 cm), but this 

was not the case for the dry case even after 200 seconds. The above observations would 

suggest that the oscillations result from wrongly assuming that the distribution of ~e(z) is 

linear within the element. However, note from figure Ib that the difference in terms of water 

content between the linear distribution and the true distribution is quite small, even for the 

dry case. In this sense, one could say that the linear distribution assumption is preferable 

over the mass-lumped scheme. Furthermore, as shown by (5) and (6), the mass conservation 

law always holds for an element, no matter what distribution assumption is used, and 

therefore the mass conservative formulations alone are not sufficient to eliminate numerical 

oscillations. The relative small differences in e-distributions suggest there must be reasons 
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other than the details of the distribution. To understand why, considering h.>h2 (water flow 

from node 1 to node 2), let us define a neighboring node response function (NNRF) for the 

mass-distributed scheme (12a), and for the mass-lumped scheme (12b), respectively: 

( 
h.-h2 1 Le as. NNRF = K --+1 ---

0.5 L 6 at 
e 

(mass distributed) (12a) 

( 
h -h 1 NNRF = KO.5 T+I (mass lumped) (12b) 

where, Ko.s=(K. +K 2)/2. Because the oscillations only occur at the dry end of the wetting 

front, only the node 2 (the dryer node) is considered here and is enough to explain the 

phenomenon. By inserting (12) into (8), the second row of the matrix equation (8) (the 

second component of the function space for an element) can be written as follows for the 

mass-distributed scheme (12c), and for the mass-lumped scheme (12d), respectively: 

2Le aS2 
--- = NNRF - q (mass distributed) 

6 at 2 
(12c) 

3Le aS2 -- = NNRF - q (mass lumped) 
6 at 2 

(12d) 

where, q2 is the flux through the interface between elements which will cancel out in the 

final global equation. Physically, the neighboring node response function (NNRF) represents 
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the response of this node to the neighboring node which has a higher water content or 

pressure head than this node. If NNRF is negative, ~e2 may be negative or the water 

content at node 2 may decrease (eq. 12c). Obviously, for the mass-lumped scheme, the 

NNRF is always positive (12b, note h(>h2). However, the mass-distributed scheme may 

have a negative NNRF ifthe increase of water content at the neighboring nodes is very large 

(12a), such as at a steep wetting front. Figure 2 shows the neighboring node response 

function of node 2 versus the increase of the water content at node I. The pressure head at 

node 2 is set to the same value as the initial pressure head at the element. In a dry medium 

(fig. 2a), the NNRF is negative for a wide range of water content increases at node 1, which 

implies that the water content at node 2 would decrease due to a corresponding large 

increase of water content at node 1. However, this is physically incorrect because the water 

content at this node should not decrease if water is flowing toward this node from 

neighboring nodes (no sink terms). In a wet medium (fig. 2b), the NNRF never becomes 

negative. Thus, the increase of water content at node 1 never causes the decrease of water 

content at node 2 and thus numerical oscillation does not occur. When the length of the 

element, Le, reduces from 2.5 cm to 0.125 cm (fig. 2c), the NNRF does not become 

negative either. Decreasing ~t will also decrease ~el so that the effect of adjusting ~t on 

the oscillation is different from adjusting Le. If drying (~e/~t <0) or stea.dy state (~e/~t 

=0) processes are involved, the NNRF will never be negative and numerical oscillation will 

never occur. These are all consistent with previous observations of the oscillation 

phenomenon (van Genuchten, 1982; Milly, 1985; Celia et aI., 1990; Rathfelder and Abriola, 

1994). This explains the reason for the numerical oscillation suffered by the mass-distributed 
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finite element method, i.e., relationships between nodes derived from correct integral 

relationships (at element level) are most likely physically incorrect in a medium which is 

initially very dry. Thus, correct physical laws at the element level do not guarantee that the 

relationships between nodes are correct. 

On the other hand, although the mass-lumped scheme does not suffer from numerical 

oscillation, it may cause some smearing of the wetting front in a dry medium. With (I2b), 

one assumes any increase in water content at node 1 always increases the water content at 

node 2 (note that Q2=0, here), if water is flowing toward this node from neighboring nodes 

(positive net flux, no sink terms). But this is not always true in a dry medium. As shown in 

figure 1, an increase in water content at one node may not increase the water content of the 

adjacent node within a finite time step in a dry medium, while it possibly does in a wet 

medium. Thus, the effect of water flow is short-range in a dry medium, but long-range in 

a wet medium (compared to the element size). In other words, there may be zero influence 

between nodes under certain conditions. Therefore, the assumption of the mass-lumped 

scheme that the response function is always positive may be physically incorrect in a dry 

medium, and cause smearing of the wetting front. 

2.4 New mass-distributed schemes without oscillations 

The above physical interpretation of the finite element method offers greater freedom in 

making assumptions regarding distribution of as/at within an element. Having the same 

distribution for all elements and for all times is not even necessary. However, the above 

analysis makes it clear that neighboring nodes can be allowed to have positive or zero 
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interactions, depending on the previous state of the element, but not negative interactions. 

This means that the interpolation function should depend on the previous pressure head of 

the element. One way of accomplishing this is to assume the following distribution of aelat: 

(l3a) 

where, (l3b) 

(13c) 

h . ~O nlln (1 3d) 

and 1~1=lmin(ho.,hU2)I, the superscript 0 indicates the previous time level. The scaling 

factor, y, has a unit of cm-· and its value is proportional to the size of the element, Le. In this 

paper, we simply use y= 1. If ~\in >0, then a=O and the scheme reduces to the tranditional 

mass-distributed scheme. Consequently, the integral (7b) becomes for i=I,2: 

(14a) 

(14b) 
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Clearly, the proposed scheme (eq. 14) is still a mass-distributed scheme that conserves the 

mass at the element level. However, this new scheme will not generate a negative response 

function in either dry or wet media for any size of elements, and should be free of the 

numerical oscillation. The only difference between the new scheme and the tranditional 

mass-distributed scheme is the way to interpolate the water content change rate (1"1").), 

while the interpolation functions for hand K are the same as the weight function ().=~). 

Another possible and more accurate scheme is to use an adaptive weight factor within 

the iteration procedure: 

a = ;[l-min(l,r/s )] (l5a) 

where, the ratio of the magnitudes (rr,) is: 

r = fs (ISb) 

6 6.1 

The index i is chosen to correspond to the algebraicly larger ofh, and h2 (i.e. -10>-20 etc.). 

The scheme described by (ISa) and (ISb), reflects the positive and/or zero influence 

between two nodes, which is physically more accurate and correct. 

3. Test problems 

The test problems are similar to those used by Celia et al. (1990) and by Rathfelder 

and Abriola (1994) for vertical infiltration under constant surface pressure heads. The 
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following water retention and hydraulic conductivity models were used (van Genuchten, 

1980): 

(16) 

and 

I I 

K = Ks Se 2" [1 - (1 - Se -; ) m ] 2 (17) 

and m=0.5. 

For the first test case, the initial condition was hj=-2,OOO cm, and the boundary 

conditions were taken as h'op=-75 cm and hbo,=-2,000 cm. Simulation time (T) equals to 6 

hours, .1t = 100 s, and L. = 2.5 cm. The other cases were obtained by modifYing h(z, 0), .1t, 

or Lc (see table I). 

The maximum value of the absolute residuals of the algebraic equations at all nodes (see 

eq. 12) is a natural convergence criterion and was used in this study. The tolerance was set 

to 10-10 (cm/s). 

4. Results and discussions 

Table I summarizes the results obtained with the traditional mass-distributed finite 

element method with different initial conditions, sizes of the element (Lc), and time steps 

(.1t). Obviously, reducing the element size (LJ or raising the initial pressure head affects the 
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oscillation. These effects were also observed by other authors (van Genuchten, 1982; Celia 

et aI., 1990; Rathfelder and Abriola, 1994). However, it was found that the oscillation did 

not always decrease with decreasing time step, but that there was an appropriate time step 

for a given Le. For instance, the undershoot decreased from 26.6% to 0.2% as the time step 

decreased from 360 s to 100 s for Le=0.25 cm , but it increased again to 23.8% as the time 

step further decreased to 10 s (cases 5, 6, and 7). Similarly, the undershoot decreased from 

206.6% to 8.5% to 0.2% as the element size, Le, decreased from 2.5 to 1.0 or 0.25 cm, 

using the same time step (ilt= 1 00 s). But this is not the case if different time steps are used 

(see cases 2, 4, 5, 6, and 7). Thus, reducing the element size and the time step may not 

always guarantee that the solution is oscillation free, although in the limit the numerical 

solution should approach the true solution when both the element size and the time step are 

close to zero. The above observations are consistent with the theoretical analysis. 

The results obtained with the two proposed mass-distributed finite element methods are 

shown in figure 3 and table 2. The results are compared with the results obtained with the 

mass lumped scheme, and with the traditional mass-distributed scheme. The case that has 

maximum relative undershoot (case 2 in table 1) was used to test the performance of the 

various schemes. 

Clearly the proposed schemes are free of oscillations while the traditional mass

distributed scheme has extensive oscillation at the wetting front, with a maximum 

undershoot of 206% (figure 3). This demonstrates that the numerical oscillations of the 

traditional mass-distributed scheme results from its physically incorrectness in the dry 

elements in terms of the relationships between nodes, because, for the wet elements, the new 
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schemes are very similar to the traditional mass-distributed scheme. 

On the other hand, as explained before, the mass-lumped scheme shows some smearing 

of the wetting front. To show the smearing, we plot the differences between the pressure 

heads obtained with the new scheme II (eq. 14 and 15) and those with the mass-lumped 

scheme versus depth in figure 4. The mass-lumped scheme predicted a higher pressure head 

ahead of the wetting front and a lower pressure head behind of the wetting front compared 

to the new scheme. Consequently, the new scheme has a sharper front. This smearing effect 

is due to its assumption that the influence between nodes is always positive, which may be 

incorrect in a dry element where zero influence is possible due to the short range behavior 

of the unsaturated water flow. In a multiple dimensional problem. this smearing effect may 

have significant impacts on the accuracy of the solutions. though this is more sensitive to 

the size of the element used. 

The new scheme II has the smallest global mass balance error (table 2). Note that the 

new schemes need slightly more CPU time, as a result of the need to evaluate the weight 

factors during the iterations. 

A K distribution other than the conventional linear one within the element, may result 

in different nodal average values for K in the final global equations. This may offer an 

opportunity to improve the accuracy of the solution for a given grid. like in the finite 

difference method, but this is beyond the scope of this paper and will not be discussed here. 
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5. Conclusions 

We have shown that the finite element method has a clear physical meaning when 

applied to modeling water flow in porous media. The finite element method applies the mass 

conservation law directly to the element, as in the finite difference method. However, the 

mass conservation law is expressed in the function space, and each component responds to 

one component of the boundary flux of the element, which distinguishes it from the finite 

difference method. Like the cell (control volume) in the finite difference method, the 

element is the minimum unit that can hold the physical laws in the finite element method. 

The relationships among all variables are expressed correctly at the element level instead of 

within the element. Physical laws at the element level alone cannot guarantee physically

correct relationships between nodes. To get a physically-sound solution, the short-range 

behavior of water flow in a dry medium has to be considered and the neighboring node 

response function (NNRF) should be restricted to positive or zero values, mainly depending 

on the previous states of the elements. Otherwise, numerical oscillation may occur. 

Thus, the real reason for numerical oscillation is not the mass-distributed assumption. 

Oscillation free mass-distributed finite element methods are possible, and smooth and 

physically sound solutions can be obtained without mass-lumping. However, the assumed 

distribution of aS/at should always correctly express the physical relationships between 

nodes, i.e., the neighboring node response function. We propose two new mass-distributed 

schemes which are always free of oscillation, because the distribution of aS/at correctly 

expresses the physical relationship between nodes. 

The new mass-distributed schemes show less smearing and smaller global mass 
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balance errors than the tranditional mass-lumped scheme. Smearing may have significant 

impact on the accuracy of the solutions in a multiple dimensional problem, though it is more 

sensitive to the size of the element. The accuracy improvements of the new schemes are 

obtained at slightly higher CPU time requirements. 

The physical interpretation of the finite element method proposed here offers greater 

freedom in making assumptions for the e and K distributions within the elements. Making 

the right assumption concerning the distributions of e and/or K will improve the solutions 

of the finite element method for a given grid. The results presented here are for one 

dimensionai flow, but should apply equally well to multidimensional problems. The only 

difference is the dimension of the function space, or the number of the nodes adjacent to an 

element. 
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Table I 

CASE 

1 

2 

3 

4 

5 

6 

7 

List of tables 

Numerical oscillations of the traditional mass-distributed finite 
element method with different initial conditions. sizes of the element 
(Le). and time steps (Llt) (T=6 hours). 

hi Llt L. undershoot Global mass CPU time 
(cm) (sec) (cm) 

(%) (cm) 
error (%) (seconds) 

-2000 100 2.5 76.4 1528 -1.9x 10-6 7.63 

-5000 100 2.5 206.6 10330 -1.7x 10-6 6.75 

-10000 100 2.5 165.2 16520 -8.8x 10-7 7.86 

-5000 100 1.0 8.5 425 -1.2x 10-7 24.22 

-5000 100 0.25 0.2 9 -l.l x 10-7 172.74 

-5000 10 0.25 23.8 1192 1.4x 10-9 639.61 

-5000 360 0.25 26.6 1330 6.7x 10-8 97.88 

*undershoot is the maximum magnitude of the deviation from the true solution. 
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Table 2. The performances of the new schemes (h'op=-75 cm, 11;=-5,000 cm, 
Le=2.5, Llt=100 sand T=21,600 s) 

Methods undershoot Global mass CPU time 

(%) (cm) 
error (%) (seconds) 

mass-distributed (old) 206.6 10330.5 -17.4 x lO-7 6.8 

new scheme I 0.0 0.0 -11.8x 10-7 6.9 

new scheme II 0.0 0.0 6.7xlO-7 7.9 

mass-lumped 0.0 0.0 -11.9x lO-7 6.7 
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Figure Ib 

Figure 2 

Figure 3 

Figure 4 
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List of figures 

The change of water content within an element due to an increase of water 

content at z=0 at different initial water content (~), and after different times. 

The influence does not reach the point ofz=2.S cm in the dry element, even 

after 200 s. (Simulated with Lc=O.Ol cm) 

The assumed water content distribution within an element by the mass

lumped and the traditional mass-distributed schemes, compared with the true 

distribution, for the dry case in (a). The mass-lumped scheme chooses one 

of two possible values according to the interpolation direction. 

The neighboring node response function (NNRF) of node 2 under the 

traditional mass-distributed scheme. (a) Dry initial condition causes a 

negative response (NNRF<O); (b) Wet initial condition does not cause a 

negative response (NNRF>=O); (c) Smaller element size (Lc) eliminates the 

negative response (NNRF>O), where NNRF=flux-S; flux=0.SK1d(h1-

h2)/Lc+l]; s=(~e/~t)ILj6. (see eq. 12a) 

Predicted pressure head profiles at time 6 hours by finite element methods. 

The traditional mass-distributed scheme suffers from serious oscillation. 

(~=-S,OOO cm; h'op=-7S cm; dt=lOO sec; dz=2.S cm). 

Difference between the predicted pressure heads at time 6 hours by the new 

scheme II and by the mass-lumped scheme. Simulation conditions: ~=-5,000 

cm; h,op=-75 cm; dt=lOO s; Lc=2.5 cm. 
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Figure 1 b The assumed water content distribution within an element by the mass-lumped and the mass

distributed (old) schemes, compared with the true distribution, for the dry case in (a). The mass

lumped scheme chooses one of two possible values according to the interpolation direction. 
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Figure 2b The neighboring node response function (NNRF) of node 2 under the tranditional mass

distributed scheme. Wet initial condition does not cause a negative response (NNRF>=O). 

NNRF=flux-S; flux=O.5KIIJ(ht-h2)/Le+I];S=(dO/d t). L)6. (see eq.12a) 
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Figure 2c The neighboring node response function (NNRF) of node 2 under the tranditional mass

distributed scheme. Smaller element size (Le) eliminates the negative response (NNRF 

>0). NNRF=flux-S; flux=0.5K1IJ(hl-hz)/Le+1]; S=(88/8 t)ILj6. (see eq.12a) 
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Figure 3 Predicted pressure head profiles at time 6 hours by finite element methods. 

The traditional mass-distributed scheme suffers from serious oscillation. 

(hj=-S,OOO cm; hlop=-7S cm; dt=100 sec; dz=2.S cm). 
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Figure 4 Difference between the predicted pressure heads at time 6 hours 
by the new scheme II and by the mass-lumped scheme. Simulation 

conditions: h.=-5,OOO cm; h
'op

=-75 cm; dt=100 s; Le=2.5 cm. 
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