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ABSTRACT 

This dissertation addresses two important topics in digital communication sys

tems. Namely, near-lossless image compression and multi-track (d, k) modulation 

codes in applications of magnetic/optical recording channels. On the first topic, a 

near-lossless image compression scheme is presented. It is essentially a differential 

pulse code modulation (DPCM) system with a mechanism incorporated to mini

mize the entropy of the quantized prediction error sequence. With a "near-lossless" 

criterion of no more than a d gray level error for each pixel, where d is a small non

negative integer, trellises describing all allowable quantized prediction error sequences 

are constructed. A set of "contexts" is defined for the conditioning prediction error 

model and an algorithm that produces minimum entropy conditioned on the con

texts is presented. Finally, experimental results are given. On the second topic, a 

new construction for n-track (d, k) codes with redundancy 1', referred to as (el, kj n, 1') 

codes, is presented. This construction applies single-track (d, k + tlk) codes (with 

certain extra constraints and appropriate amounts of delay) on each of the 11 tracks. 

This construction achieves a large part of the capacity increases possible when using 

(el, kj 17, 1') codes, has simple encoders and decoders, and exhibits considerable robust

ness to faulty tracks. It is shown that under this construction, (el, /,.:j 11, 1') codes can 

achieve at least (11 - l' - 1)/11 '" 100% of the gap in capacity between conventional 



10 

(el, /.) and (el, (0) codes. Several practical examples of (el, k; n, 1') codes constructed 

using our method are presented. 
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CHAPTER 1 

INTRODUCTION 

'With rapidly increasing demand for multimedia in recent years, the huge amounts 

of data associated with uncompressecl multimedia sources often become a bottleneck 

in digital transmission and storage. To significantly reduce the huge amount of un

compressed data and maximize the transmitted information rate through an available 

communication channel, an efficient digital communication system must be engaged. 

A block digram of a typical digital communication system is shown in Fig. 1.1 

[1]. The source coder can be called image coder, video coder, or speech/audio 

coder depending on the kind of source involved (whether it is image, video, or 

speech/audio, respectively). The channel could be either a transmission channel or a 

magnetic/ optical recoding channel. In this system, source data is first processed by 

the source encoder, whose purpose is to represent the data as compactly as possible 

while still preserving certain fidelity requirement for particular applications. The data 

is then processed by the channel encoder, which adds some controllable redundant 

bits to its input for error correction purposes to combat errors associa.ted with channel 

noise. For magnetic/optical recocling channels, the resulting error-correct ion-coded 

data will be further converted to a. certain constrained format through a modula

tion encoder to meet channel constraints as well as to increase recording information 
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SOURCE - SOURCE 1- CHANNEL 

DATA ENCODER ENCODER 
_I MODULATOR IL-----.-J 

CHANNEL 

j 
RECONSTRUCTED I~ 

SOURCE - CHANNEL 1.- DEMODULATOR 
DATA DECODER DECODER 

Figure 1.1: A typical digital communication system. 

density on the recording media.! The modulator finally represents each symbol 

of its input by a corresponding analog symbol and the sequence of analog symbols 

(waveform) is then transmitted through or recorded on the channel. At the decod-

ing end, the demodulator first converts the received waveform into symbols based 

011 estimates of the transmitted symbols. The channel decoder then produces es-

timates of the channel encoder's input through the error correction decoder. For 

magnetic/optical recoding channel applications, a modulation decoder first converts 

the sequence of constrained symbols back into its unconstrained format before the 

error correction decoder gives estimates of the channel encoder's input. The source 

decoder finally reconstructs an estimate of the original source data. 

ISome researchers [2] - [8] have proposed met.hods of combining error correction codes and 
modulation codes into a single inseparable part in magnetic/optical recoding applications. Here, 
however, we assume the concatenated structure of outer erl'Or correction codes with inner modulation 
codes. 
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In this dissertation, we will address two topics in the digital communication syc;

tern: near-Iossless image compression (which is a type of source encoding), and multi

track (d, /.;) codes (which are a type of modulation codes used in magnetic/optical 

recoding channels). 

1.1 The Image Coder 

To image coders, the input images are assumed to be originally quantized digital 

images which, for example, may be S-bit, 256-gray-Ievel images. Image coders try to 

minimize the number of bits to represent an image. In doing so, it mayor may not 

preserve all the information of the original image. In many applications, a perfect 

reconstruction of the original image is not required as long as the reconstruction 

is acceptable to human viewers. Image coders that behave in this way are called 

lossy image coders. On the other hand, in some applications such as medical and 

astronomical imaging, it is traditionally assumed that the image coder must be able 

to preserve all information of originally quantized digital images such that perfect 

reconstructions can be obtained. We call this kind of image coder a loss less image 

coder. 

Studies on lossy image coders are quite active. Some of the widely used techniques 

in this category can be loosely classified as follows: 
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• Differential Pulse Code Modulation (DPCM) [9], [10], [11]. DPCM yields com-

pression by removing correlation between neighboring pixels through predic

tion. It has long been known that neighboring pixels in an image are highly 

correlated. To remove this redundancy of correlation, DPCM first makes a 

prediction of a pixel value using previously coded neighboring pixel values. It 

then subtracts the predicted pixel value from the true pixel value before the 

difference (prediction error) is quantized and sent to the channel. The decoder 

reconstructs the value by adding the received prediction error to its predicted 

value from a predictor of the same type as the encoder. 

• Transform Coding (TC) [12], [13], [14]. Correlation between neighboring pixels 

in an image can be exploited by TC, which uses an orthogonal transformation 

(such as discrete cosine transform) to transform an image or an image block (in 

the spatial domain) to another domain (frequency domain) such that informa

tion is packed into a small number of coefficients and the coefficients are less 

correlated. These packed and less correlated coefficients are then quantized and 

coded before they are sent to the channel. The decoder receives these coeffi

cients and transforms them back to the original spatial domain to reconstruct 

an estimate of the original image. 

• Subband Coding (SC) [15], [16]. SC exploits correlation between neighboring 

pixels by decomposing an input image into a number of frequency components 
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through a bank of image filters. This decomposition results in a set of uncorre

lated image components with, in general, less correlated samples. The encoder 

quantizes and codes each of these image components separately and sends the 

coded bit stream to the channel. The decoder is able to reconstruct an esti

mate of the original image by decoding the received bit stream and properly 

combining different image components together. 

Some of the major advances in lossless image coding can be classified as follows: 

• Differential Pulse Code Modulation (DPCM). It is same as DPCM in the lossy 

image coder except that there is no quantization process to the prediction error. 

The prediction error is directly coded and sent to the receiver. As a result, the 

decoder can give a perfect reconstruction of the original image . 

• Hierarchical interpolation (HINT) [17]. HINT is a variable-resolution coding 

scheme based on subsampling. It starts with a low-resolution version of the 

original image and successively generates the higher resolutions using interpo

lations. The image data at the lowest resolution level is coded and transmitted 

first. After that, in a hierarchical manner, an interpolation scheme is used to 

generate estimates of the unknown pixel values at a higher resolution level by 

calculating the average of its four nearest neighbors at the immediate lower 

level. The estimates are subtracted from the true pixel values and the result

ing difference relating to each of the higher resolution in the image hierarchy 



16 

are then coded and transmitted. The decoder first reconstructs the lowest

resolution version of the image and then hierarchically produces higher resolu

tion pixel values by adding the received difference values and its interpolated 

values . 

• Bit-Plane Encoding (BPE) [18], [19]. BPE partitions an image into a set of 

bit planes, with each bit plane corresponding to a different bit in the binary 

representation of pixel values in an image. For example, an 8-bit image can be 

partitioned into 8 bit planes, with the most significant bit plane being the one 

that contains the most significant bits (MSB) of the pixels in the image while the 

least significant bit plane being the one that contains the least significant bits 

(LSB) of the pixels in the image. The binary bit planes can then be efficiently 

coded by run-length coding [20], which has proved very useful in coding binary 

text and documents in the field of facsimile transmission . 

• Multiplicative Autoregression (MAR) [21]. MAR divides an image into a set 

of blocks. Over each block, the image is assumed to be locally stationary and 

representable by a two-dimensional linear stochastic model. With this model, 

the MAR encoder first estimates parameters of the model on each block, and 

then gives predictions of pixel values in the block through the estimated model 

parameters. The difference between the true pixel values and the prediction val

ues, together with the estimated model parameters, are coded and transmitted 



17 

to the channel. The decoder can reconstruct the original image by adding the 

received difference samples and the predicted pixel values of the block through 

the received model parameters . 

• Laplacian Pyramid (LP) [22]. In this scheme, a low-pass-filtered version of 

an image is subtracted from the original image to remove redundancy among 

pixels in the original image. The resulting differences and the low-pass-filtered 

image are then coded and transmitted separately. These steps can be repeated 

iteratively to the low-pass-filtered image as needed. 

1.1.1 N ear- Lossless Image Com pression 

As just mentioned, image compression is normally classified into two categories: 

lossy and lossless. For some applications such as medical and astronomical imaging, 

lossless compression is traditionally assumed for fear of losing any critical informa

tion. However, such loss less compression of images is very inefficient in obtaining 

high compression ratios. Recently, studies [23], [24], [25] have indicated that lossy 

compression will be both useful and necessaTY in the long run for images of tradi

tional loss less applications such as medical imaging. Today, the issue seems not so 

much as whether lossy compression should be used, but rather, how to obtain high 

compression ratios under a distortion so small that sufficient accuracy for specific 

purposes (such as dependable diagnoses for medical imaging) can be ensured. 
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While popular lossy compression schemes such as the lossy mode of JPEG were 

studied in compressing medical images, the usual methods to evaluate quality of 

compressed images are either some objective criteria such as the signal-to-noise ratio 

(SNR) or some subjective criteria such as the receiver operating characteristic (ROC) 

curves. While subjective evaluation of ROC is expensive and hard to perform in 

some cases, objective criteria (such as the SNR) are often not reliable enough to 

guarantee small enough distortion to ensure sufficient accuracy for specific purposes. 

The following example can make this argument clear. Suppose that lossy JPEG 

achieves a SNR of 40dB with a rate of 1 bit per pixel (bpp) for a particular image. 

Though the reconstructed image is believed to be of excellent quality as a whole, one 

cannot guarantee that there is no single spot in the reconstructed image where the 

distortion is large enough to be misleading. 

Specifying how much and what type of distortion can be allowed for a specific 

purpose is very difficult and varies from application to application. In [26], a practical 

definition of "near-Iossless" was given. That definition is probabilistic and involves a 

confidence interval. For example, it can ensure that 95% of the reconstructed pixel 

values will be equal to their original values. On the other hand, [27] introduces a 

"near-Iossless" criterion such that no pixel is changed in magnitude by more than 

1 gray level. Such distortion is much more constrained and expected to be more 

dependable than simple objective criteria such as the SNR .. 
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In Chapter 2 of this dissertation, we present a "near-Iossless" DPCM compression 

scheme with a mechanism incorporated to minimize the (conditional) entropy of the 

quantized prediction error sequence. It satisfies a "near-lossless" criterion that is a 

generalization of that in [27]. Specifically, it can ensure that no pixel is changed in 

magnitude by more than d gray levels, where d is a small non-negative integer. It. 

will be shown that high compression ratios can be realized through our method. 

1.2 Modulation Codes 

For the magnetic/optical recording channel applications, after the bit steam com-

ing out of the source encoder is error correction coded, the data will be converted to a 

certain constrained format through (d, k) modulation codes (or simply (d, k) codes).2 

These (d, I.:) codes limit the number of consecutive "O"s between consecutive "1"s 

in a binary sequence such that no less than d consecutive "O"s and no more than k 

consecutive "O"s are between consecutive "1"s. 

In NRZI magnetic recording, a "1" is recorded as a transition or change in po-

larization of the magnetic media while a "0" is recorded as no transition or change. 

During the readback process, an inductive head is used to transform the sequence 

of polarity transitions into a sequence of pulses of alternating polarity. A clocking 

circuit uses this sequence of pulses to maintain a synchronized timing window for a 

~ A different. class of coding techniques called partial response signalling (in conjunction with 
maximum-likelihood sequence est.imation) has also been introduced to achieve high recording densi
ties for magnetic channel applications [28] [29] [30]. Yet, this is outside the scope of this dissertation. 
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peak detector to locate the pulse peaks in the time window. The binary sequence can 

then be reconstructed by placing a recovered "1" in a timing window where a peak 

is detected, and a "0" otherwise. If adjacent pulses are too close to each other, there 

is a tendency for them to interfere with each other, causing difficulty for the peak 

detector to detect and locate pulse peaks accurately in the timing window. Thus, 

the d constraint is enforced in order to reduce this intersymbol interference (lSI). On 

the other hand, if adjacent pulses are too far apart, the clocking circuit that provides 

timing widow generation may lose its synchronization. As a result, the k constraint 

is enforced to guarantee synchronization for reliable timing [31 J. 

(d, k) codes are potentially able to increase recording information density on mag

netic/optical media compared to the unconstrained case. To see this, let Fmax denotes 

the maximum number of "transitions" allowed per inch on the magnetic media. Then, 

the maximum rate the unconstrained data can be recorded on the media is Fmax bits 

per inch since no higher bit rate could be recorded when a sequence of all "1"s ap

pears. However, by using a (d, !.:) code, the binary data can be written at a maximum 

rate of (d + 1 )Fmax bits pel' inch since the constrained data guarantees at least d "0" s 

between consecutive "1"s which makes the "transitions" d + 1 bits apart. That is, 

the recording density has been increased by a factor of d + 1 over the unconstrained 

case. Although some rate loss occurs in mapping the unconstrained sequences to the 

(d, k) sequences, there will be a net increase in recording information density if the 

rate of this mapping, R, is greater than 1/(d + 1). TIlliS, as long as R * (d + 1) > 1, 
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the (el, k) codes achieve a net increase in recoding information density compared to 

the unconstrained case. 

To construct (d,k) codes, methods of block codes, sliding-block codes, and enu-

mer at ion are available: 

• Block Codes [1]. A block code is a one-to-one mapping of unconstrained source 

sequences to (d, /..: )-constrained sequences. Both the encoding and decoding 

take place one block at a time. More specifically, the encoder first divides 

the unconstrained source sequences into blocks (sourcewords) and then maps 

each of these blocks into a unique block of constrained data (codewords). The 

blocks of constrained data are themselves concatenated such that concatenat-

ing them with each other will not violate the (el, k)-constraints as a whole 

sequence. The decoder accepts blocks of constrained data (codewords) and 

converts them back to the corresponding blocks of unconstrained data (source

words). Clearly, such one-to-one mapping between sourcewords and codewords 

is state-independent, which means that the current codeword/sourceword de

pends only on the current sourceword/codeword but not on any past or future 

sourcewords/ codewords. Implementation of a block code can be done using two 

look-up tables (one for the encoder and one for the decoder) . 

• Sliding Block Codes [32], [33], [3 /1]. Unlike the state-independent block codes 

in which the codeword/sourceword at a time instant is determined only by the 
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sourceword/codeword at that time instant, sliding-block codes, on the other 

hand, are state-dependent. The encoder decides codewords based on its cur

rent state which is a function of past sourcewords. For the decoder, multiple 

codewords are required to uniquely determine a single sourceword. In con

structing sliding-block codes, the slate-splitting method has proved to be very 

successful. It splits the channel constraint states into a larger number of en

coder states such that a subset of the encoder states has at least 271 m-th step 

outgoing paths to states within the subset for every state, where 11, is the length 

of the source word and m is the length of the codeword. This creates a state

dependent sliding-block code of rate n/m. The encoder which results can be 

implemented as a finite-state machine while the decoder can be constructed 

solely from combinational logic. It is worth mentioning that block codes are 

actually special cases of sliding-block codes when the required subset of the 

encoder states contains only a single state . 

• Enumeration [35], [36]. For block codes using look-up tables, the sizes of the 

encoding and decoding tables increases exponentially with the length of the 

sourceword/codeword, which means that hardware for storing these tables will 

exponentially increase accordingly. Enumeration, however, does not entail such 

limitation of exponentially increasing hardware requirements. It is a process ill 

which each codeword in a set (codebook) is assigned a unique index according 

to the lexicographical order of the codeword in the codebook. With N equal 
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to the total number of allowable codewords in the codebook, the set of all 

such indices forms a contiguous set of {min, min + 1, ... , m:in + N - 1}, where 

min is the index of the codeword with the smallest index. Then, the encoding 

process involves converting the decimal equivalent, 10, of a sourceword to the 

codeword having index of 10 + min. The decoder first converts a codeword to 

it.s corresponding index, and then, subtracts the value min from the index such 

that the number after the subtraction 10 E {a, 1, ... , N - 1}, where 10 is the 

decimal equivalent of the corresponding sourceword. Codes generated in this 

manner may not concatenate, and thus, may require some merging bits as a 

"buffer" t.o make them concatenate without violating the constraints as a whole 

code sequence. 

1.2.1 Multi-Track (el, k) Codes 

For multi-track recording systems (recording systems with multiple read/write 

heads that read and write data on multiple tracks in parallel), a new class of (el, k) 

codes, referred to as multi-track (el, k) codes or n-track (d, k) codes (denoted here as 

(el, kj n) codes) was introduced by Marcellin and Weber [37]. In the past, for such 

systems, each track was encoded independently with a same (el, k) code and thus, 

each track individually satisfies both the el and k constraints. However, although the 

d constraint must be sat.isfied in each track individually to avoid lSI, the A: constraint 

needs only be satisfied jointly by all the n tracks together since the k constraint, as 
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mentioned, is for synchronization purposes, and one common clock is sufficient for all 

the multiple tracks in parallel. This relaxation of the k constraint leads the (d, kj n) 

codes to gain their capacities. In fact, as [37] shows, significant capacity increases 

can be realized through (d, kj n) codes, relative to the conventional case where (d, k) 

codes are applied independently on multiple tracks. 

Although (d, kj n) codes can provide capacity increases, they suffer from the fact 

that a single faulty track (as caused by media defects, for example) can cause loss of 

synchronization and hence, loss of the data on all tracks. To overcome this defect, 

extension of the (el, kj n) codes, referred to as n-track (el, k) codes with redundancy 

l' (denoted here as (el,kjn,1') codes), which allow for l' faulty tracks by mandating 

that all subsets of n - l' tracks satisfy the joint k-constraint was further introduced 

by Orcutt and Marcellin in [38]. With (el, I.:j n, 1') codes, synchronization can still 

be maintained even in the presence of l' faulty tracks. It is worth mentioning that 

(d, kj n, 1') codes are generalizations of both the conventional case when (el, k) codes 

applied independently to multiple tracks (1' = n - 1) and the (d, I.:j n) codes (1' = 0). 

To construct (el, kj n) and (el, kj n, 1') codes, methods of sliding-block codes and 

enumeration are available in [39] ([39] did not deal with c~nstruction of (el, k; n, 1') 

codes directly, but its methods are believed to be easily extendable to construct 

(el, kj n, 1') codes). Their first method directly applies the state-splitting technique 

[flO] to channel states of the (d, kj n) / (el, kj n, r) constraints and derives sliding-block 

(d, kj n)/(d, kj n, 1') codes. Their second method, which is based on enumeration, 
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calculates the lexicographic order of (d, k; n)/(d, k; n, 1') codewords through a trellis 

description of the channel states. 

Before proceeding further, we point out a potential problem with the (d, k; n, 1') 

codes. (d, k; n, 1') codes ensure that synchronization can be maintained even in the 

presence of 7' faulty tracks, but they do not guarantee that the codes are decod

ahle during periods when one or more tracks are faulty. As a result, all data on n 

tracks may be lost during these periods. Now, the fact that both code construction 

methods of [39] are directly based on a state description of the (d,k;n)/(d,k;n,1') 

constraints, the (el, k; n, 1') codes thus generated inevitably entail the potential prob

lem of undecodability when one or more tracks go faulty, not to mention that those 

(el, k; n)/(d, k; n, 1') codes are rather complicated. 

In Chapter 3 of this dissertation, however, we present a method to construct 

(d, k; n, 7') codes in a very different and much simpler way. It does not rely on the 

state description of the (el, k; 11., 1') constraints directly, but decomposes the (d, k; n, 1') 

codes into n (single-track) (el, k) codes with some extra constraints. In doing this, 

(el, k; n, 1') codes under our construction are not only much simpler, but are also 

guaranteed to be decodable for data 011 good tracks even when other tracks (no 

more than 1') are faulty. This greatly reduces the burden of ECC that typically 

operates outside the (d, k; n, 1') codes. Moreover, as will be shown in Chapter 3, our 

constl'llction method is capable of gaining a large part of the capacity increase of the 

(d, k; n, T) codes. 



CHAPTER 2 

NEAR-LOSSLESS IMAGE COMPRESSION: 

MINIMUM-ENTROPY, CONSTRAINED-ERROR 

DPCM 

2.1 Introduction 
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Image compression techniques are usually classified into two categories - lossy 

and lossless. The former achieves high compression ratios with generally high image 

quality, while the latter achieves rather modest compression ratios. Nevertheless, in 

some applications (such as medical and astronomical imaging), loss less compression 

is traditionally used for fear of losing critical information. On the other hand, many 

studies have indicated that lossy compression of medical images will be both useful 

and necessary in the long run [23], [2f1], [25]. Today, the issue seems not so much 

as whether lossy compression should be used, but rather, how to trade-off between 

compression ratios and distortion so that higher compression ratios can be achieved 

with small enough distortion to ensure sufficient accuracy for specific purposes (such 

as dependable diagnoses for medical imaging). 

Specifying how much and what type of distortion can be allowed for a specific 

purpose is difficult and varies from application to application. In [26], a practical 
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definition of "almost-Iossless" was given. That definition is probabilistic and involves 

a confidence interval. For example, it can ensure that 95% of the reconstructed pixels 

will be equal to their original values. Both DPCM and subband coding were inves

tigated under this "almost-Iossless" definition. On the other hand, [27] introduces a 

"near-Iossless" criterion such that no pixel is changed in magnitude by more than 1 

gray level. They then propose an entropy-coded DPCM system with two kinds of 

uniform scalar quantizers that ensure the "near-Iossless" criterion. Using a condi

tioning model to provide a rate reduction in its entropy coder, the scheme uses no 

more than a few hundred contexts to achieve typical compression ratios of 4 to 10 

under their "near-Iossless" criterion. 

In this chapter, we present a compression scheme that satisfies a "near-Iossless" 

criterion that is a generalization of that in [27]. Specifically, no pixel is changed in 

magnitude by more than d gray levels, where d. is a small non-negative integer. The 

compression system is essentially DPCM with a mechanism incorporated to minimize 

the entropy of the quantized prediction error sequence. vVith the generalized "near

loss less" criterion, trellises are constructed describing all possible quantized prediction 

error sequences that yield reconstructed images that meet the "near-lossless" require

ment. A set of "contexts", which reflects different activity regions in an image, is 

defined for the prediction error model and an algorithm to search the trellises for 

sequences with minimum entropy (conditioned on the contexts) is presented. 
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The remainder of this chapter is organized as follows. In Section 2.2, we provide 

background on entropy-coded DPCM. In Section 2.3, we present a description of 

our constrained-error DPCM system. Section 2.4 defines a set of contexts for the 

prediction errol' model. Section 2.5 provides an algorithm that searches for the mini

mum entropy (conditioned on the set of contexts) prediction errol' sequence. Finally, 

in Section 2.6, we give the experimental results of applying our method to medical 

images. 

2.2 Entropy-Coded DPCM 

A block diagram of entropy-coded DPCM is shown in Fig. 2.1. It has long been 

known that neighboring pixels in an image are highly correlated. To exploit this 

redundancy, DPCM makes a prediction of the current pixel value using previously 

coded neighboring pixel values. It then subtracts this predicted pixel value from the 

true pixe! value. The difference (the prediction error) is quantized and coded before 

being sent to the channel. Due to quantization error, the reconstructed pixel values 

will typically differ from the original values. To ensure that identica.l predictions are 

formed at both the encoder and the decoder, the encoder bases its prediction on 

the reconstructed neighboring pixel values (instead of the original neighboring pixel 

values) by incorporating the quantizer within the prediction loop as Fig. 2.1 shows. 
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Figure 2.1: Entropy-coded DPCM: (a) The encoder, (b) The decoder. 
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Suppose images are scanned in the normal raster fashion. Let X(i,jjl x(i,j), X(i,j) , 

e(i,j), and c(i,j) denote the original value, predicted value, reconstructed value, predic

tion error value, and quantized prediction error value of the pixel in the ith row and 

jth column of an L X N image, respectively. Then, the basic equations describing 

DPCM are 

e(i,j) = X(i,j) - x(i,j) (2.1 ) 

and 

(2.2) 

Note that the quantization error is defined as 

(2.3) 

and the reconstruction error is defined as 

1'(i,j) = X(i,j) - x(i,j)' (2.4) 

From (2.1), (2.2)' (2.3), and (2.4), it is easily shown that 

1'(i,j) = q(i,j)' (2.5) 

This last equation reflects an important property of DPCM. It says that the error 

introduced into a pixel in the reconstructed image is equal to the quantization error 

introduced into the prediction error at the same coordinates. 

Fig. 2.2 shows two "near-Iossless" scalar quantizers which were used in [27J. Both 

quantizers guarantee that quantization error is no more than 1 gray level for each 
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Near-Lossless 
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Also Near-Lossless 
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Figure 2.2: Two "near-lossless" scalar quantizers. 

sample. From (2.5), with either of these two quantizers, DPCM can guarantee that 

the error in each reconstructed pixel is no more than 1 gray level. 

The optimum predictor, for a minimum mean-square prediction error, is the one 

that involves expectation conditioned on previous coded and reconstructed samples. 

Nevertheless, linear prediction of the form 

is predominantly used, where O'(m,n) are known as the prediction coefficients and the 

region of summation (HOS) is chosen such that the set, {x(i-m,j-nd, includes only 

those pixels whose values have already been coded and reconstructed. One common 

method of designing the linear predictor is to determine the optimum prediction 

coefficients by solving a set of linear equations (Wiener-HopI' equations) under the 

assumption of J:(i-m,j-n) ~ x(i-m,j-n), which is valid when the quantization error is 

small. 



32 

Studies [16] have shown that there is only a marginal gain beyond a third-order 

predictor for images. Thus, a third-order predictor of the form 

is widely used, where O:i for i = 1,2,3 are the prediction coefficients. One case of the 

third-order predictor is the so-called plana?' p7'ediciol' where 0:1 = 0:2 = 1 and 0:3 = -1. 

It is simple, but works quite well for most images. For simplicity as well as consistency 

with [27], this planar predictor of the form x(i,j) = X(i,j-l) -I- X(i-l,j) - :V(i-l,j-l) is 

considered, so that 

- ["'] C(i,j) = X(i,j) - X(i,j) = x(i,j) - x(i,j-l) -I- x(i-l,j) - X(i-l,j-l) . 

2.2.1 The Entropy Coder 

The entropy coder that follows DPCM provides noiseless compression for the 

quantized prediction error output [rom DPCM. The entropy coder is capable of ap-

proaching an encoding rate equal to the entropy of the source. Huffman coding [41] 

and arithmetic coding [,12], [4:3] are two well-known entropy coding techniques. Both 

methods are variable-rate coding based 011 priori statistical models of the source. The 

statistical source model could be obtained either through training data or through 

two-pass encoding with the model being sent as side information. 
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As an example of a Huffman code, suppose the letters of a source with alphabet 

of size 4 have probabilities PI = 0.1,p2 = OA, ])3 = 004, and ]),1 = 0.1, and consider 

the following two codes: 

Xl -+ 00 Xl -+ 111 

X2 -+ 01 X2 -+ 0 

X3 -+ 10 X3 -+ 10 

:r'l -+ 11 X<\ -+ 110 

The first code is the obvious choice and has an encoding rate of 2 bits/letter. However, 

the second code, which is a Huffman code, results (on average) in only 

0.1 * (3) + 0,4 * (1) + OA * (2) + 0.1 * (3) = 1.8 bits/letter. 

It has long been known that, for many images, the prediction errors in DPCM can 

be approximately modeled by a memoryless Laplacian distribution with variance a 2 

[9], [10], [44], 

f(:r) = ~exp( - 122 1:/: I), 
V 2a2 V-;;; 

or more precisely, by a discrete probability mass function of 

j i+l/2 1 {K2 
Pi = ~exp(- 2"1:r I). 

i-l/2 v2a2 a 

This simple model works reasonably well for most images. Yet, advances have been 

made in building more complicated models that can provide improved compression 

performance. One such model employs a number of contexts and is called the condi-

tioning model [45], [46]. 
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For a source with alphabet E = {Cll C2, •.• , cJ}, the conditioning model first de

fines a context set C = {Cl' C2, •.. ,Cl\} with a rule determining the context at any time 

instant i as a function of the symbols already emitted by the source. For example, 

with E = {O, 1, ... , 255} corresponding to 8-bit values and Xi = { ... , :/:i-3, Xi-2, Xi-I} 

being the sequence of symbols already emitted by the source, the context set could be 

defined as C = {Cl,C2,C3,C,d with a function f(X;) = .f(.Ti-J), while f(Xi-l) = Cl for 

0:::; :/:i-1 < 6t1, f(:/:i-l) = C2 for 6t1 :::; Xi-l < 128, f(Xi-d = C3 for 128 :::; Xi-l < 192, 

and f(Xi-d = C4 for 192 :::; Xi-I:::; 255. The conditioning model then estimates the 

conditional probabilities under different contexts P(Cj I cd for j = 1,2, ... , J and 

k = 1,2, ... , K. Since H(E I C) :::; H(E), the conditioning model can outperform 

the simple memory less model providing that the contexts are properly chosen. The 

potential improvement of the conditioning model (over the memory less model) can 

also be explained as follows: Since different contexts of the conditioning model re

flect different activity regions in an image, under DPCM, it is reasonable to expect 

that the probability density function (PDF) of the prediction error is rather peaked 

arouud 0 for context of low-detailed regions where pixel values change smoothly, and 

the PDF is flatter around 0 for context of high-detailed regions where rapid changes 

in pixel values occur. That is to say that the distributions of different contexts are 

different. Therefore, the conditioning model provides a way to keep these different 

distributions separate to maintain a smaller conditional entropy, while the memory

less model maintains only a single PDF of prediction error which can be regarded as 
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a weighted average of all the different distributions of different contexts that tends 

to result in a larger (unconditional) entropy. 

2.3 The Constrained-Error DPCM Trellis 

Notice that, when the two "near-Iossless" quantizers of Fig. 2.2 are used in DPCM 

as in [27], the quantizer makes "hard-decisions" to every prediction error input, i.e., 

the quantized prediction error is determined solely by the current prediction error 

input. However, due to the fact that the quantizer is in the prediction loop in DPCM, 

there is a complex dependency between the prediction errors and the quantization 

errors. Thus, improved performance can be achieved by incorporating a mechanism 

to perform "soft-decision" quantization of the prediction error inputs. 

To this end, we define a (time-varying) DPCM trellis for the ith row, when the 

(i - 1 )th row has been coded,l as follows: 

A t index (i, j - 1), there are 2d + 1 states, where d is the maximum allowable error for 

each pixel. These states are labeled by the allowable reconstructions of :Z:(i,j-l). i.e., 

SU,i-l) E {xU,j-I) - d, ... , X(i,;-I).···, :t:(i,.i-I) + el}. The edge from SU,j-l) = :I:(i,j-l) 

to S'(i,j) = :l:(i,j) is labeled by c(i,j) = :l:(i,j) - [:l:(i,j-I) + :r(i-l,j) - X(i-l,j-1)], where c(i,j) 

is a potential value for the quantized version of c(i,jjl and X(i-I,j) and X(i-I,j-I) are 

previously reconstructed pixel va.lues in the (i - 1 )th row. 

ITo have a manageable number of states for the trellis (under the normal raster scan and the 
planar predictor), the DPCM trellis is defined only in this row-by-row manner (i.e., assuming that 
previous row has already been coded). 
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Example: 

Let d = 1, let the previously quantized and reconstructed row be "'yi-I = (X(i-I,1), 

X(i-l,2)1 X(i-I,3)' X(i-I,4)) = (1,2,3,7), and let the current row (to be quantized) be 

Xi = (X(i,I),X(i,2),X(i,3),X(i,'I)) = (1,3,L1,5). Then the DPCM trellis for the current 

row is given by Fig. 2.3. As described previously, the labels on the states (nodes) 

represent allowable values of reproduced pixels. For example, labels on the three 

states in the first column right to the most left single state (which corresponds to an 

initial state) represent that the reproduced pixel values for X(i,l) are either x(i,1) = 0, 

X(i,I) = 1, or x(i,1) = 2 which all make no more than 1 gray level error for X(i,l) = 

1. The labels of the edges represent potential values for the quantized prediction 

errors. For example, the edge from state X(i,I) = 0 to state X(i,2) = 2 (the most left 

horizontal edge on top of the trellis) is labeled as 1 because the prediction here is 

X(i,2) = i:(i,l) + :1:(i-1,2) - X(i-I,I) = 0 + 2 - 1 = 1 and, therefore, the prediction error 

is X(i,2) - X(i,2) = 2 - 1 = 1. 

The DPCM trellis for the ith row describes all possible quantized prediction error 

sequences that result in reconstructions for the ith row that meet the "near-lossless" 

requirement of no more than a d gray level error, when the (i -1)th row has already 

been coded and fixed. For example, the "top" path in the trellis of the example 

represents a quantized prediction error sequence of Ei = (-1,1,0, -3). The recon

structed data corresponding to this path would be ."Y i = (0,2,3,4), which is one of 

the reconstructions for the row that meets the "near-losslcss" requirement of no more 
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Figure 2.3: DPCM trellis of the example. 

than 1 gray level error for each pixel. The DPCM trellis thus defined provides a basis 

for an algorithm to perform "soft-decision" quantization for the prediction error in 

DPCM under the "near-Iossless" criterion. 

2.'1 The Contexts 

As mentioned, the conditioning model can outperform the simple memoryless 

model. Yet, this potential improvement can only be realized when the contexts 

are properly selected. Unfortunately, there is currently no well-established method 

available for selecting contexts in image coding. One proposed method H 7] is to 

select the contexts based on the previous coded neighboring pixels in the horizontal, 

vertical, and diagonal directions, i.e., at time instant U,j), the function f(X(i,j)) = 

f(:V(i,j-lj, X(i-I,j), :r(i-I,j_l)) where X(i,j) represents all symbols already emitted by the 
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source. It first gives an initial set of contexts using some heuristic rules (this initial 

set could contain only one single context which is called the null context), and then 

adaptively generates new contexts using a technique called context splitting. In this 

section, we define context c E C for state S'(i,j-l) = X(i,j-I) in the DPCM trellis as 

follows: 

{ 

.6., 
c = NI, 

-M, 

1.6. 1< M, 
.6. ~ lVI, 
.6. ::; - lvI, 

where .6. = X(i,j-I) + X(i-I,j) - 2 * X(i-I,j-l) and NI is a non-negative integer. 

Notice that there are a total of 2M + 1 contexts in the definition. In practice, M is 

chosen to be a small positive integer so that the total number of contexts is relatively 

small. The small set of contexts allows the entropy coder to use only a small number 

of entropy codes which is important if the model is to be sent to the receiver as 

side information. Moreover, the rational behind this choice of contexts is as follows: 

Pirst, due to the non-stationary property of images, under a fixed predictor it is 

reasonable to expect small prediction errors (the PDF is rather peaked around 0) in 

a low-detailed region where pixel values change smoothly, and large prediction errors 

(the PDF is flatter around 0) in a high-detailed region where rapid changes in pixel 

values occur. To exploit these nonstationarities, a conditioning model with different 

contexts (representing different activity regions) can be employed. 

To choose contexts, [48] uses a criterion of neighboring pixel gradient change to 

reflect different activity regions. Such criterion not only represents activity regions 
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well, but also takes into account the human visual perception characteristics since 

different slope (gradient) changes reflect different masking effects. 2 

S· A' • 2' [. • J [. ll1ce Ll = X(i,j-l) + X(i-l,j) - * X(i-l,j-l) = X(i,j-l) - X(i-l,j-l) - X(i-l,j-l)-

X(i-I,i)J = Sit - Sv (where Sit and Sv are values relate to slopes in the neighboring 

horizontal and veitical directions, respectively), the value of ~ provides some indica-

tion of different activity regions with difl'erent PDFs of the prediction errors similar 

to the scheme of [48J. Also, the prediction x(i,j) = X(i,j-l) + X(i-l,j) - X(i-l,j-l) is 

an approximation to the more general separable autocorrelation function predictor 

P)X(i-l,j) - (1 + p)(l- P)X(i-I,j-1)J, when P is close to 1, then x(i,j) ~ Xii,j) + (1- p)~. 

Therefore, ~ is a function reflecting the accuracy of our predictor. When I ~ I is 

small, the predicted value is likely to be more accurate, and the prediction error PDF 

is expected to be more centered around 0 than when I ~ I is large. Third, due to high 

correlation of neighboring pixels, ~ is likely to be a small number. Thus, ~ 2: M (or 

~ ::; - M) represent small probability events and combiniug them to a single context 

will affect the conditional entropy least. 

2.5 Algorithm 

With t.he DPCM trellis and the contexts defined, t.he remaining task is to find 

paths in the DPCM trellises for the rows of an image such that minimum entropy 

2 Although the masking property of different contexts will not he exploit.ed here, it leaves much 
room for further work. 



(conditioned on the contexts) is achieved. Here, we present an algorithm that finds 

paths in the DPCM trellises of an image iteratively with decreasing entropy (condi

tioned on the contexts). 

1. Choose initial conditional probabilities p(O)(e I c) for context c E C and e = 

-(21-1), ... ,0, ... ,21-1, where I denotes the number of bits used to represent 

input pixels. Set L:!~;Ol HlO)(E I C) = 00 and k = O. 

2. Set k = k + 1. 

3. From i = 0 to i = N -1, construct the DPCM trellis for the ith row and use the 

Viterbi algorithm [49] to search for a path in the DPCM trellis with minimum 

4. Compute p(k)( e I c) from the path found. 

5. If L:!~ol HY-l)(E I C) - L:~ol Hlk)(E I C) < ( for some stopping parameter 

( > 0, stop. Otherwise go to 2). 

Due to the fact that we define the DPCM trellis in a row-by-row manner for images 

assuming previous rows have been coded (instead of defining the trellis for the whole 

image), this algorithm does not guarantee a decreasing value of L:f:0 1 HY)(E I C) at 

each iteration. However, experiments show that this algorithm works reasonably well 

finding minimum entropy for images. As a matter of fact, it is fairly easy to show 
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that this algorithm iteratively finds paths with decreasing entropy (conditioned on 

the contexts) if 2:~ol Hik)(E I C) at Step 5 is decreasing. 

Like all iterative algorithms, results of this algorithm depend on the initial set

tings. Though no general rules were found to guide the choice of good initial values, 

experiments show that, in general, as long as fairly peaked probability densities with 

discrepancy for different contexts are chosen, the algorithm works well and its results 

are not sensitive to different initial settings. 

2.6 Results and Conclusions 

The algorithm can be used with training data to design fixed probability distI'i

butions for later use with "test" images, or it can be used on each test image, with 

the resulting distributions transmitted as side information. Both approaches were 

implemented in our simulations. 

SeveralS-bit medical X-ray images were used as the training data to design "fixed" 

probability distributions with iVI = 7 (i.e., 15 contexts) for either d = 1, d = 2, or 

d = 3. The "fixed" scheme was then tested with several S-bit, 1024 X 1024, medical 

X-ray images both from inside and outside the training set. The results for d = 1, 

d = 2, and d = 3 are reported in column three of Table 2.1, Table 2.2, and Table 2.3, 

respectively. Among the 5 test images, the first 3 are from inside the training set 

while the other 2 are from outside the training set. We also coded each test image 

for d = 1, d = 2, and d = 3, with the resulting distributions transmitted as side 

----------------
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information for each specific image. The results are reported in column four of 

Table 2.1, Table 2.2, and Table 2.3, respectively. The encoding rates presented in all 

the tables were computed from the size of actual files compressed using our algorithm 

in conjunction with the arithmetic coder of ['13]. The results of our simul!:ition of the 

"near-Iossless" DPCM of EC_DPCM-1 in [27], when a single context is involved, are 

also listed in column two of the tables for comparison. Because the tested images and 

the multi-context algorithm in [27] are not available to us, it is hard to give precise 

comparison between our scheme and that of [27]. Nevertheless, we compare results of 

our scheme to results of our simulation to [27] under a single context using our testing 

images. Since [27] evaluated performance of their multi-context algorithm based on 

its bit rate reduction to their algorithm under a single context, similar comparison 

on bit rate reduction of our scheme compared to simulation results of their algorithm 

under a single context lIsing our testing images should at least give indication of 

performance of our scheme. Besides, EC_DPCM-l in [27] only deals with d = 1. It 

does not deal with d = 2 or d = 3. Here, we extended it to both cases by simply 

modifying its scalar quantizer to the one as shown in Fig. 2,4 and Fig. 2.5 accordingly. 
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Table 2.1: Encoding rate (bits per pixel) when d = 1. 

EC_DPCM-1 in g7 j The "fixed" The side information 
name (single context scheme scheme 

Image_! 1.2~ ~:~~ u.~~ 
image...2 1.92 1.21 
image_3 2.16 1.61 1.52 
imageA 2.21 1.59 1.46 
image-.5 2.13 1.54 1A6 

Table 2.2: Encoding rate (bits per pixel) when d = 2. 

EC_DPCM-1 in g7 j The "fixed" The side information 
name (single context scheme scheme 

Image_! !.~~ ~:~~ ~:~~ image...2 1.50 
image_3 1.70 0.90 0.89 
jmageA 1.74 0.85 0.83 
lluage_5 1.68 0.83 0.82 

First, it can be seen from [27] that the EC_DPCM-1 using multiple contexts (typi-

cally a few hundred after the adaptive slitting) gives about 0.11-0.8 bpp improvement 

over the results of EC_DPCM-l under a single context when d = 1. Note that our 

system under both the "fixed" and the side information schemes, when d = 1, gives 

about 0.5-0.8 bpp improvement to the results of EC_DPCM-l under a single context. 

Table 2.3: Encoding rate (bits per pixel) when d = 3. 

EC_DPCM-1 in g7 j The "fixed" The side information 
name (single context scheme scheme 

!mage_! l.U~ U.~0 U.~l 
Image...2 1.24 0.38 0.36 
image_3 1.'H 0.56 0.52 
imagcA lAG 0.'18 0.'13 
imagc_5 1.'11 0.51 0.47 
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Figure 2.4: Scalar quantizer for d = 2. 
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Figure 2.5: Scalar quantizer for d = 3. 

Therefore, our scheme achieves comparable compression performance to the results 

of [27J while using only a small number of fixed contexts. The achieved compression 

ratios are even more impressive when d = 2 or d = 3, which yields more than 0.8 bpp 

improvement for all cases. This is expected since the benefit of the "soft-decision" 

quantization entailed in our scheme becomes more important when d is larger. Sec-

ond, the "fixed" scheme works well for all cases in our simula.tion compared to the 

side information scheme in terms of compression performance while it is much faster 

than the latter. The "fixed" scheme is also quite robust to images from outside the 

training set 3 a.s the results shows. In fact, its performance for images outside the 

traiuing set is nearly as good as that for images within the traiuing set. 

3Thc "fixcd" schcmc may not work wcll cnough for cascs when thc input images arc from totally 
different category (such as sccnic imagcs that arc t.otally diffcrcnt from typical mcdical imagcs). 
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CHAPTER 3 

A NEW CONSTRUCTION FOR n-TRACK (d,k) CODES 

WITH REDUNDANCY 

3.1 Introduction 

(el, k) codes are widely used in digital magnetic and optical storage systems em

ploying NRZI recording. The el-parameter specifies the minimum number of O's 

occurring between 1 's (to control intersymbol interference) while the k-parameter 

specifies the maximum number of O's between 1 's (to aid in self-clocking). 

n-track (el, k) codes (denoted here as (el, k; n) codes) are extensions of (el, k) codes 

for use in multiple-track systems. In the past, such systems employed the same (d, k) 

code on each track and thus, each track individually satisfies both constraints. On 

the other hand, (el, k; n) codes satisfy the el-constraint in each track individually while 

relaxing the k-constraint by allowing it to be satisfied joint.ly by multiple tracks [37]. 

For example, the following sequences might be produced by a (1,2; 2) code: 

track 1 0 0 0 0 1 0 1 0 0 0 1 0 1 0 0 

track 2 0 1 0 0 0 0 0 1 0 0 0 0 0 0 1 . 
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Note that the el = 1 constraint is satisfied in each track, but that the k = 2 constraint 

is satisfied only in a joint manner - there are never more than two consecutive 

occurrences of 0 on both tracks simultaneously. 

Although (d, k; n) codes can provide significant capacity increases over (el, k) codes 

[37J, they suffer from the fact that a single faulty track (as caused by media defects, for 

example) can cause loss of synchronization which is now shared by all the tracks. As 

a result, data on all tracks might be lost. To overcome this defect, Swanson and Wolf 

introduced a class of codes referred to as (d",k",ky : n) codes [50J. In these codes, 

each track satisfies the dx and k" constraints in the usual way (along channel, in the 

terminology of that paper), while the ky constraint is satisfied in the joint manner as 

described above (across channels). Codes were also designed in [50J so that both "~x 

and ky constraints are satisfied even in the presence of faulty tracks. Independently, 

Orcutt and Marcellin [38J introduced n-track (d, k) codes with a redundancy of l' 

(denoted here as (d, k; n, 1') codes) which allow for l' faulty tracks by mandating that 

all subsets of n - l' tracks satisfy the joint k-constraint. These codes correspond to 

a subclass (with k,,, = 00) of those in [50J. With (d,k;n,1') codes and the codes of 

. [50], synchronization will be maintained even in the presence of l' faulty tracks. The 

following sequences provide an example of the output of a (el, k; n, r) = (1,2; 3,1) 

code: 



track 1 0 0 0 0 1 0 1 0 0 0 1 0 1 0 0 

track 2 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 

track 3 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 . 

Not.e that each pair of tracks satisfies (el, k; n) = (1,2; 2) constraints. Thus, clocking 

can be maintained even in the presence of one faulty trade 

Even using codes as described above, there is still a potential problem. These 

codes ensure that clocking can be maintained, but they do not guarantee that the 

code is decodable during periods when one or more tracks are faulty. As a result, 

all data may be lost during these periods. l One method of mitigating this problem 

is through combined (el, /.:) and error correction codes (ECC) techniques. In this 

chapter, however, we propose a new method to construct (el, k; n, 1') codes. These 

codes have simple encoding and decoding schemes, gain a large part of the capacity 

increase possible when using (el, k; 11, 1') codes, and are considerably more robust to 

faulty tracks. 

This method uses a single (el, k + b.k) code (with certain extra constraints and 

appropriate amounts of delay) on each of the 11 tracks. Thus, the (d, /,:; n, 1') codes 

constructed here fall in the category of the (d:L" kx, ky : n) codes introduced in [50] 

with elx = el, kv = k + b./.:, and ky = k. Under this scheme, clocking can still be 

derived jointly from any subset of n - l' tracks, but encoding and decoding is done 

1 Note that even in this case, the (el, k; n, 1') codes and the codes of [50] Jlrovide improved robust
ness over (el, k; n) codes since decoding can proceed immediately when all tracks cease to be faulty 
(without the need for a "resynchronization period"). This, in effect, shortens the errol' bursts seen 
by the ECC circuitry which typically operates outside the (el, k) codes. 



48 

on a track-by-track basis. Thus, faulty tracks affect only the data associated with 

those tracks, significantly decreasing the burden on the ECC. In fact, since clocking 

is constantly maintained, resynchronization is not necessary when faulty tracks are 

restored. Thus, the burden on the ECC is actually less than in the "usual" case when 

independent (el, k) codes and clocking circuitry are used on each tracle 

As a simple example of a (1,2;2,0) code constructed in this manner, consider 

the MFM (or Miller) code [34], [51J. It is easy to verify that this single-track (1,3) 

code has the property that any zero-run of length 3 must start at an even time index. 

Applying the MFM code to the first track and the MFM code (with one unit of delay) 

to the second track, we see that runs of length 3 on individual tracks can never "line 

up". Thus, the longest possible "two-track" run of O's is of length two, as desired. 

An example of code sequences produced in this manner is as follows: 

track 1 ... 0 1 0 I 0 0 0 1 0 1 0 0 0 1 .,. 

track 2 ... 0 1 0 0 0 1 0 0 0 1 0 0 0 1 ... 

The remainder of this chapter is organized as follows. In Section 3.2, we state 

and prove the main theorem which gives a general construction for (el, I.:; 17, 1') codes 

using n identical single-track (el, k + tlk) codes. Section 3.3 presents bounds and 

techniques for calculating the capacity of these codes while in Section 3.4, we give 

several examples of codes constructed by our technique. 
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3.2 Code Construction 

We begin this section by describing our code construction in the form of a theorem. 

Throughout this section, r xl denotes the smallest integer no less than x. 

Theorem 1: (el, A;; n, 1') codes can be constructed by applying on each of the n tmcks, 

after r n!':11, 2r n-~'':ll, ... , (n - IHn~'':11 bits of delay to the 2nd, 3rd, ... , nth 

tmck, respectively, a (el, k + D..k) code, where D..k is a positive integer. The (el, k + D..k) 

code must satisfy e:rtTa constmints such that a :oeTO-Tun of length (k+ j), whcre 1 ~ j ~ 

D..k, is allowcd only whcn thc position (modM) of its lcading 0 is in {c mod lvI, (c + 

1) mod lvI, ... , (c+ r n-~:l 1 (n -1' -1) - j) mod M}, whcrc M and c arc intcgcrs such 

that M ~ rn~'':11n and 0 ~ c < M. 

To aid in the proof of Theorem 1, we provide the following definitions in which 

t j = ( ... , tL2, tLIllI, 1{+1' ... ) is the bit sequence recorded on the j th track, where 

the subscripts { ... , k - 2, k - 1, k, k + I, ... } denote the time index, or position, of 

the corresponding bits. 

Definition 1: h(tj
) = ( ... ,hL2,hLllh{,hi+l"") is callcd thc ZC1'o-run locator of 

t j whcrc h{ = I indicates that thcrc is a ZCTO-run in t j wilh Icading 0 occurring at 

limc indc.?: I. 
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Definition 2: b(tj) = ( ... ,bL2,bLt,b{,b{+t, ... ) is called thel'un-Iength vector oj 

t j where b{ = m indicates that the zero-Tun in t j with leading 0 at time index hi has 

length m. 

For example, if t j = ( ... , 1,0,0, 1, 1,0,0,0, 1,0, 1, ... ) with "time-zero" corresponding 

to the second 1 shown in tj, then h(tj ) = ( ... , -2,2,6, ... ) and b(tj) = ( ... ,2,3,1, ... ). 

Definition 3: ti,j is the sequence obtained by logically OR-ing t i and t j (on a bit-by-

bit basis). Thus, the elements oJh(ti,j) and b(ti,j) give the lime inde:r and lengths oj 

"2-tmck" zero-'I'uns, respectively. 

Definition 3 is extended in the obvious way for three or more tracks. 

'vVc now proceed to the proof of Theorem 1. 

Proof: We need to show that any n - l' tracks satisfy the multi-track k constraint. 

To this end, we choose any n - T tracks {tt, t2, ... , tn-I'}, where tl denotes the track 

(among those chosen) with the smallest de1rty, t 2 denotes the track with the second 

smallest delay and so on. \Vithout loss of generality, we then choose our time reference 

so that there is no delay associated with tl, and note that the extra constraints on the 

single-track (el, h: + b.h:) code on each track force that if b{ = k + I, where 1 ::; I ::; b.k, 

then 

. b.k 
hi mod ivl E {c mod 111, (c+ 1) mod lvl, ... , (c+ r . l(n -1'- L) -I) mod 111} 

'11.-1'-1 

(3.1 ) 
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or equivalently, 

. 6.k 
hi mod M tJ {( c + r . 1 (n - l' - 1) - 1+ 1) mod M, ... , (c + M - 1) mod M}. 

n-r-l 

(3.2) 

Furthermore, it is easy to see that t j +l has a relative right-shift to t j of 

6.k 6.k 
s j+ 1 ,j E H . 1, ... , r . l( l' + 1)}. 

n-1'-1 n-1'-1 
(3.3) 

Now, suppose that bI = k + x, where 1 ::; x ::; 6.k. Then (3.1) implies that 

6.k 
h: E {mM+c,mJvI+c+l, ... ,mM+c+ r l(n-1'-1)-x} (3.4) 

n-1'-1 

for some integer 177. which leads to the following lemma. 

Lemma: If there is a corresponding (k + z)-zel'O sequence in tl,2 (i.e., 3p such that 

b~,2 = k + z) with z 2: 1, then it must be that 1 ::; z ::; rn~~ll(n - r - 2) and 

h\,2 E {177.M + c+ r~l ... mM + c+ r~l(n -1' -1) - z}. P n-r-l" n-r-l 

Proof: For the sake of contradiction, suppose that 

6.k r 1(n-T-2)<z::;6.k 
n-1'-1 

(3.5) 

or 

6.k h;,,2 E {nu11 +c, ... ,mM +c+ r. 1-1}u 
11-1'-1 

6.k 
{mM+c+ r 1(n-I'-1)-z+1, ... ,177.M+c+M-L}. (3.6) 

n-I'-1 

If (3.5) were true, then the (I,: + :z:)-;"el'O sequence in tl at hf would have to have 

z ::; x ::; 6.k and there would have to be a (k + y)-zel'O sequence in the right-shifted 
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h7 = h1,2 
1 P 

"'2 ~ 
h. 

1 0 0 0 

t 
. . . .. .. 
k+z 

o 0 001 

1 0 0 . . . 0 0 0 0 0 1 
41 .. 

k+y 

Figure 3.1: Smallest possible value of h'; yielding a 2-track (k + z)-zero sequence. 

version of t 2
, with z ~ !J ~ I::!.k, with leading 0 at 

lLJ E {h~ +z-y, ... ,h~ +x-z}. 

The left and rightmost elements of this set follow easily from Fig. 3.1 and Fig. 3.2, 

respectively. 

Taking the relative shift into account yields 

h; E {ht - 82,1 + z -!/, ... , ht - 82,1 +;" - :::}. 

Substituting (3.3) and (3.4), we get 

I::!.k 
11 2

/. E {m.M + c - r 1 (1' + 1) + z - !/, 
. n -1'-1 

I::!.k I::!.k 
... ,'111M + c + r 1 (71 - ,. - 1) - r . 1 - z} 

71-,.-1 71-,.-1 

or 
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... k+x .. 
1 0 0 . . . 0 0 0 . . . 0 0 1 

t ... k+z .. 
h~ 1 0 0 . . . 0 0 0 • . . 0 0 1 

1 t 
"2 _ h1,2 
h· - P J 

Figure 3.2: Largest possible value of h; yielding a 2-track (k + z )-zero sequence. 

f).k 
h

J
2 mod ME {(M + c - r .1(1' + 1) + Z -!J) mod 1\11, 

11,-1'-1 

f).k 
... , (M + c + r 1(12 - l' - 2) - z) mod M}. (3.7) 

n - 7' - 1 

Since M 2: rn~'~11n and 

f).k 
Z 2: r 1(n - '/' - 2) + 1, 

n-1'-1 
(3.8) 

we have 

f).k 
111 - r 1 (r + 1) + Z 

n-1'-1 

f).k f).k f).k 
> r 111 - r 1 (1' + 1) + r 1 (n - 7' - 2) + 1 
- 71 - l' - 1 11 - 7' - 1 n - l' - 1 

f). k f). h: f). k 
= r 1(n-7'-1)+r 1(71-1'-2)+12: r 1(n-1'-1)+1. 

n - 7' - 1 n - 7' - 1 11 - 7' - 1 

(3.9) 



Substituting (3.9) and (3.8) into the left and rightmost terms of the set in (3.7) yields 

~k 
hJmoclME{(c+r 1(n-1'-I)-y+l)moclJ1;J, ... ,(c+M-l)moclM}. 

n-1'-l 

This contradicts (3.2) and thus (3.5) cannot be true. 

If (3.6) is true, then either 

~k 
h~,2 E {177M + c, ... ,177M + c + r . 1 - I} 

n-1'-l 
(3.10) 

or 

b:.k 
h1;,2 E {mJ1;[ +c+ r . 1(n -1' -1) - z + 1, ... ,mM +c+ j1;[ -I}. (3.11) 

n - l' - 1 

If (3.10) is true, then 

~k hI E {117M + c, ... ,mM + c + r 1 - I}. 
n-1'-1 

(3.12) 

The leftmost value of the set in (3.12) follows easily from (3.4) while the rightmost 

value follows from noting the maximum value for h}2 from (3.10) and that from 

Fig. 3.1 and Fig. 3.2, ht :::; h~,2. Also, there must be a (k + y)-zero sequence in the 

right-shifted version of t 2 , where z :::; y :::; ~k, with leading 0 at 

- 2 {I r t::.k 1 } hj E hi +z-y, ... ,mM +c+ . -1 .. 
11-1'-1 

(3.13) 

The leftmost value of the set in (3.13) follows easily from Fig. 3.1 while the rightmost 

value follows from noting the maximum value for h~,2 from (3.10) and that from 

Fig. :3.1 and Fig. 3.2, iI; :::; h~,2. 



55 

After taking into account the relative right shift of t 2 with respect to tl, we have 

2 {I r 6.k hjE h;-s2,I-Y+Z, ... ,-s2,I+mM+c+ l-l} 
n-1'-1 

which, from (3.3) and (3.12), implies 

6.k 
h

J
2 E {mAl + c - r 1( l' + 1) - y + z, : .. ,mM + c - I} 

n-1'-l 

or 

6.k 
h

J
2 mod ME {(M +c- r 1(1'+ 1) -y+z) mod M, ... , (M +c-1) mod M}. 

n-1'-1 

Since M 2': r n::"~11n = rn::"~ll(n -1' -1) + r n::"~1l(1' + 1), we have that M-

rll_~'~I1(1'+ 1) 2': rll-~'~l 1(n-1'-l). Substituting this along with the fact that z 2': 1 

yields 

6.k 
h

J
2 mod ivi E {( c + r . 1(n - l' - 1) - y + 1) mod M, . .. ,( c + M - 1) mod M}. 

n - "'-1 

This also contradicts (3.2) and so (3.10) cannot be true. 

Now suppose that (3.11) were true. From Fig. 3.1 and Fig. 3.2, it is easy to see 

that h: E {h:/ + z - :r, ... ,h:,,2}. Thus, (3.11) implies that 

6.h: 
h ~ E {117M + c + r 1( 11 - l' - 1) - :1: + 1, ... ,'111M + c + iVI - I} 

I n - l' - 1 

which contradicts (3.4). We have shown that neither (3.10) nor (3.11) is possible 

which, in turn, implies that (:t6) is not possible. Therefore, our lemma is proved.D 

Similarly we call claim that if there is a (h: + z)-wro sequence in t 1,2,3, where 

:: 2': 1, then 1 ::; z ::; rll::"~ll (n -1' - :3) and h:,,2,3 E {111M + c + 2r1!_~'~11, ... , mM + 
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c + rn~'~ll(n - 1" - 1) - z}. Repeating this argument, we finally conclude that if 

there is a (k + z)-zero secluence in t l ,2, ... ,n-r with z > 1 then 1 < z < r~l 0 = 0 - , - - n-r-I 

which implies that there are no (k + z)-zero sequences in t l ,2, ... ,n-l· with z 2: 1. This 

concludes the proof of Theorem 1. D 

3.3 Capacity 

The capacity C of a (el, k) code is defined as C = limn-->oo log?~l(n), where M(n) 

IS the number of (<I, k) sequences of length n. In this section, we investigate the 

capacity of (<I, k; n, 7') codes under our construction with respect to different el, k, n, 

1', and D..k. Since our construction utilizes n identical single-track (d, k + D..k) codes 

with extra constraints, the per-track capacity of these codes is equal to the capacity 

of the single-track (<I,!.: + D..!,:) code with extra constraints. First, we give a method 

for computing the capacity followed by a lower bound for the capacity of our codes 

in the case that we are free to choose D..k. 

'liVe will use the conventional method; i.e., first derive a state transition diagram 

(STD) reflecting the constraints and the corresponding transition matrix. The capac-

ity is then given by log2 >., where>. is the largest eigenvalue of the transition matrix 

[1]. Here, the STDs are similar to those of the usual single-track (<I, !.:) codes except 

that now there are some extra constraints. In what follows, the STD for the usual 

single-track (<I, k) codes is first reviewed followed by the STD for the (<I, !.:; n, 1") codes 

under our construction. 
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1 

o 

1 

Figure 3.3: State transition diagram for single-track (1,3) codes. 

~ ~ 
o~ 
~-\V 

1 

Figure 3.4: State transition diagram for single-track (1,7) codes. 

3.3.1 STDs [or the Usual Single-Track (d, k) Codes 

STDs are a direct and popular way to describe channel constraints. For the STD 

of the usual single-track (d, k) constraints, there are k+1 states Sj for i E {O, 1, ... , k} 

where Si represents that there have been i consecutive zeros in the sequence. A "0 

edge" takes the sequence from state Sj for j E {O,l, ... ,k -1} to state Sj+l' A "1 

edge" is allowed only from state Sj for j E {d, d + 1, ... ,k} to state so. AllY path 

through the diagram defines a sequence that meets the (d, k) constraints. Fig. 3.3 

and Fig. 3.4 give two examples for STDs, one for single-track (1,3) constraints and 

the other for (1,7) constraints. 
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3.3.2 STDs for the (el, k; n, 1') Codes under Our Construction 

Note that in Theorem 1, the parameter c E {a, 1, ... ,Iv/ - I} acts as a constant 

shift of the allowable starting time index for (k+ j)-zero sequences, where ° ::; j ::; b.k, 

and has no effect on the capacity. Therefore, we can let c = ° when dealing with the 

capacity of our codes. Further, to make the capacity as large as possible, we should let 

M = r n~'~ll n. This choice maximizes the fraction of allowable starting positions for 

zero-runs of length k + j. The following two examples illustrate the similarities and 

differences between the diagrams for the usual single-track (el, k) codes and those 

under our construction. All diagrams constructed reflect every possible sequence 

satisfying the required constraints. 

Ex. 1: According to Theorem 1, when b.k = 1,11;[ = 2, and c = 0, a single-track (1,3) 

code with extra constraints such that zero-runs of length three can only begin at even 

time indexes is sufficient to construct a (1,2; 2,0) code. The state transition diagram 

in Fig. 3.5 reflects the appropriate constraints. Here, State i o, where i E {a, 1,2, 3}, 

denotes that there have been i consecutive zeros with the first such zero in an even 

position. State ii, where i E {a, 1, 2}, denotes that there have been i consecutive zeros 

with the first such zero in an odd position. Here we have introduced two distinct 

types of states, io and ii, to keep track of whether the leading zero is in an even or 

odd position. According to Theorem 1, both io and i l are allowed for i E {a, 1, 2} 

while only 30 is allowed (but not 3d. The two types of states have been introduced 

for ease in constructing STD and not necessarily for the minimum number of states. 
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1 

1 

Figure 3.5: State transition diagram for (1,3) codes to construct (1,2; 2, 0) codes 
when 6.k = 1, JV! = 2, and c = o. 

In fact, it is easy to see that states 30 and 2} can be merged followed by states 20 

Ex. 2: According to Theorem 1, when 6.k = 1, }\;! = 3, and c = 0, a single-track (1,7) 

code with extra constraints such that zero-runs of length seven can only begin at a 

position of 0 (mod 3) is sufficient to construct a (1,6; 3, 1) code. The state transition 

diagram in Fig. 3.6 reflects these constraints. State 10, for i E {0,1,2,3,4,5,6,7}, 

denotes that there have been i consecutive zeros with the first such zero at a position 

of 0 (mod3); Statei j , for i E {0,1,2,3,4,5,G}, denotes that there have been i 

consecutive zeros with the first such zero at a position of 1 (mod 3); State /2, for 

/ E {O, 1,2,3, '1, 5, 6}, denotes that there have been i consecutive zeros with the first 

sHch zero at a position of 2 (mod 3). We introduce three distinct types of states: io, 
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1 

Figure 3.6: State transition diagram for (1,7) codes to construct (1,6; 3, 1) codes 
when b.k = 1, j1;1 = 3, and c = 0. 

i], and i 2 , to keep track of whether the zero-run begins at a position of 0, 1, or 2 

(mocl3). From Theorem 1, only state 70 is allowed but not 71 and 72 while io, iJ, 

and i2 are allowed for all i E {O, 1,2,3,4,5,6}. 

I-laving constructed the STDs for the (d, k; n, 1') codes under our construction, 

one can easily get the corresponding state transition matrices and find their largest 

eigenvalues to get the capacities. We have tabulated these capacities with respect to 

different el, k, 11, 1', and b.k in Tables 3.1 - 3.'1. As mentioned, (d, k; 11, 1') codes under 

our construction fall in the category of the (dl :, k,n J.~y : 11) codes in [50] with elx = d, 

J.~.r = k + b.k, and J.~y = I.:. It is meaningful to compare capacities of our codes for 

finite b.J.~ with capacities of corresponding (dx , k.r, ky : n) codes in general. Fig. 3.7 
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n 

Figure 3.7: Capacity under different n when d = 1, k 2, flk = 5, and T 0 

(dx = 1, kx = 7, ky = 2, and r = 0). 

shows such comparison with respect to different 11. for one case when d = 1, J..: = 2, 

fl/": = 5, anclr = 0 (d.T = 1, l..:x = 7, J..:y = 2, anclr = 0). 
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Table 3.1: Code capacity for various d, k, n, and D.k when T = O. 

n....::l n =~ 
b.k ill 

d k 1 :l ;:l tj 5 cI k 1 :l 3 4 <J 

~ :~g~ :g~g :~~~ :~~~ :~~g ~ :g~~ :g8~ :gg~ :gg+ ~ 
2 .916 .925 .931 .932 .934 2 .926 .936 .949 .950 .954 

0 3 .961 .965 .968 .969 .970 0 3 .966 .971 .976 .976 .978 
4 .982 .983 .985 .985 .986 4 .984 .986 .988 .988 .990 
5 .991 .992 .992 .993 .993 5 .992 .993 .994 .994 .995 
6 .994 .996 .996 .996 .997 6 .996 .997 .997 .997 .997 

~ :~gg :~~f :g1~ .~~~ :g~§ ~ :g~~ ·1~1 :U~ :~~~ .442 
.<J, .528 .585 

3 .581 .597 .608 .612 .613 3 .596 .611 .627 .629 .636 
1 4 .636 .639 .645 .618 .649 1 4 .641 .648 .655 .656 .661 

5 .660 .663 .665 .667 .668 5 .663 .667 .671 .672 .671 
6 .671 .676 .677 .678 .679 6 .676 .678 .680 .681 .682 
7 .682 .683 .684 .684 .685 7 .683 .685 .686 .686 .687 

g :~~~ :§98 :~6Y :~8g :~6I § :~~g :~gg :~~~ :~~6 .3q~ 
.449 

1 .110 .143 .160 .165 .168 4 .450 .163 .178 .181 .189 
2 5 .182 .189 .493 .498 .500 2 5 .487 .493 .503 .505 .512 

6 .508 .512 .514 .517 .518 6 .511 .516 .520 .521 .526 
7 .523 .526 .527 .528 .530 7 .526 .528 .531 .532 .531 
8 .533 .534 .536 .536 .537 8 .534 .536 .538 .539 .510 
;i :~~~ :~~~ j~~ .~~~ :§H ~ :~g~ :§~t .2\.13 .~U\.I .aUiJ 
4 .331 .355 .360 .367 
5 .317 .364 .370 .379 .381 5 .358 .368 .386 .388 .401 

3 6 .392 .398 .400 .407 .410 3 6 .396 .404 .410 .111 .422 
7 .415 .'lID .421 .425 .427 7 AID .'124 .'128 .130 .'135 
8 .132 .434 .436 .437 .139 8 .434 .436 .440 .141 .144 
D .442 .144 .445 .445 .446 D .443 .415 .148 .448 .150 
1 :~~~ :~g~ :~~f :~§~ :~~~ 1 :~41 :~~~ :~gA :~gg :§yg 5 5 
6 .2D4 .301 .300 .322 .325 6 .2DD .312 .314 .315 .343 

4 7 .32D .334 .:~:37 .345 .349 4 7 .335 .34:~ .348 .350 .361 
8 .353 .356 .360 .362 .365 8 .356 .360 .:~67 .368 .372 
D .368 .371 .374 .374 .376 D .370 .374 .378 .379 .381 
10 .37D .381 .382 .383 .384 10 .381 .383 .386 .386 .387 

~-~-"-- .. _ .. _-
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Table 3.1: (Continued) 

n-=4 n :5 
75.1.: fH 

d k 1 2 3 'I tl d k 1 ~ ;1 - 4 i) 

~ :g~~ :~g~ :~8~ :~1~ :~1~ ~ :~~~ :~6~ :b~! :S~¥ .795 
.930 

2 .932 .948 .952 .961 .962 2 .935 .954 .960 .961 .969 
0 3 .968 .975 .977 .982 .982 0 3 .970 .978 .981 .981 .985 

4 .985 .988 .989 .991 .991 4 .986 .989 .991 .991 .993 
5 .993 .994 .995 .996 .996 5 .9U3 .995 .995 .996 .996 
6 .996 .997 .997 .998 .998 6 .997 .997 .998 .998 .998 

I :~§8 :§2~ :fss :gg3 :g6~ ~ :~~2 :§¥2 :g~g :868 :~18 
3 .602 .620 .624 .643 .645 3 .607 .630 .638 .641 .653 

1 4 .643 .653 .656 .664 .665 1 4 .645 .656 .660 .661 .670 
5 .665 .670 .672 .676 .677 5 .666 .672 .674 .675 .680 
6 .677 .680 .681 .683 .684 6 .677 .681 .682 .683 .686 
7 .684 .686 .686 .688 .688 7 .684 .686 .687 .687 .689 

~ :~g~ :~3~ :~?~ :~g8 :1~~ ~ jM :~§~ :~g~ :1hl2 :1¥~ 
4 ,451 ,468 .475 .494 .497 4 ,454 .475 .483 ,485 .505 

2 5 .490 .501 .505 .515 .516 2 5 .'192 .504 .509 .511 .522 
6 .513 .520 .522 .527 .528 6 .514 .521 .525 .526 .532 
7 .526 .530 .532 .535 .536 7 .527 .532 .534 .535 .538 
8 .535 .538 .538 .541 .541 8 .535 .539 .540 .540 .543 

~ :~g~ ]g~ :~~¥ :~*~ j§1 ~ :§g¥ :§~8 :~g :~~g I~ 
5 .362 .383 .:~90 .'106 .'110 5 .365 .383 .391 .395 .416 

3 6 .:199 .410 .414 .'124 .426 3 6 AOO .'112 .418 .421 ,432 
7 .420 .427 .429 .'136 .'137 7 .421 .430 .434 .435 .'142 
8 A35 .'139 .441 .444 .445 8 .435 .441 .443 .444 .449 
9 .444 A47 .448 .451 .451 9 .444 .448 .449 .450 .453 
T :~~~ .195 :2;1U :~~~ :~~~ ~ :~~~ :~g~ :g~~- .QQQ ~ 
5 .282 .293 i) .306 .333 
6 .305 .322 .327 .346 .349 6 .306 .325 .336 .341 .356 

4 7 .336 .346 .3'19 .361 .363 4 7 .338 .:l51 .358 .360 .371 
8 .:~58 .364 .367 .372 .373 8 .359 .:167 .:n1 .372 .380 
9 .372 .:n6 .::178 .382 .383 9 .372 .377 .380 .381 .386 
10 .:381 .384 .386 .389 .:389 10 .:382 .385 .:387 .388 .:391 



Table 3.2: Code capacity for various d, k, n, and !::"k when r = 1. 

11-=::l 11-::4 
IJ.k IJ.k 

d k 1 4 ::l 4 () d k 1 2 --:r -if () 

~ :~~~ :~g~ j~~ :~3g :~3j ~ :~5~ :g~g :~~~ :~~~ :~~g 
2 .903 .910 .913 .915 .916 2 .916 .925 .931 .932 .935 

0 3 .957 .959 .961 .962 .962 0 3 .961 .965 .969 .969 .971 
4 .980 .981 .981 .982 .982 4 .982 .983 .985 .985 .986 
5 .990 .991 .991 .991 .991 5 .991 .992 .993 .993 .993 
6 .995 .995 .996 .996 .996 6 .996 .996 .996 .996 .997 

~ :~3§ :j~i j~§ :jM :j3~ ~ :j8~ :~~I :~~~ ]g :~:g 
3 .575 .585 .589 .591 .593 3 .587 .597 .609 .612 .615 

1 4 .630 .634 .636 .637 .639 1 4 .635 .639 .647 .648 .650 
5 .657 .659 .661 .662 .662 5 .660 .663 .667 .667 .669 
6 .673 .674 .675 .675 .675 6 .674 .676 .678 .678 .679 
7 .681 .682 .682 .683 .683 7 .682 .683 .684 .684 .685 

§ :~~~ :~~~ j~~ j6~ j8~ ~ j~~ :~~~ :53~ :~8g :j8~ 
4 A31 A38 A39 A45 A46 4 A35 A43 .462 A65 .467 

2 5 A76 .481 .484 A86 A88 2 5 .482 A89 .496 A98 .500 
6 .505 .507 .509 .510 .511 6 .508 .512 .516 .517 .519 
7 .522 .523 .524 .525 .526 7 .524 .526 .528 .528 .530 
8 .532 .533 .534 .534 .534 8 .533 .534 .536 .536 .538 

~ :~~~ :~g~ :~~~ :~8~ :~3~ ~ :~¥g :~~~ :~~~ :§~I :~~~ 
5 .340 .350 .356 .358 .361 5 .351 .364 .376 .379 .382 

3 6 .386 .389 .395 .395 .398 3 6 .392 .398 A05 A07 All 
7 A13 A15 A18 .419 A20 7 .416 A19 A24 .425 .428 
8 .429 A31 A32 .434 A34 8 A31 .434 .437 .437 .440 
9 .440 A42 A42 .443 .444 9 .442 .444 .445 .445 .447 
1 
5 :~~g :H8 :§~§ :~4~ :~~8 ~ :~~f :§g~ :~¥~ :~g :~~~ 
6 .283 .287 .300 .295 .305 6 .294 .304 .319 .322 .324 

4 7 .:~25 .327 .333 .335 .336 4 7 .329 .334 .343 .345 .350 
8 .350 .352 .355 .357 .357 8 .353 .356 .361 .362 .367 
9 .366 .368 .369 .371 .371 9 .369 .371 .373 .374 .377 
10 .378 .379 .380 .:~81 .381 10 .379 .381 .382 .383 .385 
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Table 3.2: (Continued) 

n :5 n :6 
D.k D.k 

d k 1 ~ ~ 4 () d k 1 ~ ;i 4 () 

~ :§~4 :gg! :~~~ :g~~ :g~~ ~ :~~~ :~M :~g~ :gg+ :g8~ 
2 .922 .937 .940 .945 .946 2 .926 .943 .949 .950 .954 

0 3 .965 .970 .972 .975 .975 0 3 .966 .973 .976 .976 .979 
4 .983 .986 .986 .988 .988 4 .984 .987 .988 .988 .990 
5 .992 .993 .993 .994 .994 5 .992 .994 .994 .994 .995 
6 .996 .997 .997 .997 .997 6 .996 .997 .997 .997 .998 

~ :g6~ :~~~ :~gl :~g~ :6M ~ :~gB :~~~ :~~~ :6~g :6g~ 
3 .595 .612 .617 .626 .628 3 .598 .619 .627 .629 .637 

1 4 .638 .646 .649 .656 .657 1 4 .641 .651 .655 .656 .662 
5 .662 .666 .668 .672 .672 5 .663 .669 .671 .672 .675 
6 .675 .678 .679 .681 .681 6 .676 .679 .680 .681 .683 
7 .683 .684 .685 .686 .686 7 .683 .685 .686 .686 .687 

§ :§¥~ :~5~ :~IB :~~g j~~ § :!¥g :~U :~~~ jg~ :~~+ 
4 .444 .460 .464 .478 .482 4 .449 .469 .478 .481 .490 

2 5 .485 .493 .496 .506 .508 2 5 .488 .499 .503 .505 .513 
6 .510 .515 .517 .522 .523 6 .511 .517 .520 .521 .527 
7 .525 .528 .529 .532 .533 7 .525 .529 .531 .532 .535 
8 .534 .536 .537 .539 .539 8 .534 .537 .538 .539 .541 

~ :~~g. .~l.ib :§~4 :§~~ .~l.i~ ~ :~8~ :~§¥ j~~ ]~5 :§~6 :320 .355 
5 .353 .363 .367 .391 .395 5 .360 .379 .386 .388 .402 

3 6 .393 .402 .406 .416 .418 3 6 .396 .406 .410 .411 .424 
7 .418 .424 .426 .431 .432 7 .419 .425 .428 .430 .437 
8 .433 .4:37 .438 .442 .442 8 .434 .438 .440 .441 .445 
9 .443 .445 .446 .448 .449 9 .443 .446 .448 .448 .45 L 
'! :~~~ :~~~ :~~~ :§M :§8~ ~ :~65 .~~o :§g4 .400 .~54 
5 () .277 .285 .312 
6 .296 .:m .319 .333 .336 6 .298 .310 .314 .:315 .343 

4 7 .333 .343 .347 .355 .357 4 7 .334 .343 .348 .350 .362 
8 .355 .361 .363 .369 .371 8 .356 .363 .367 .368 .375 
9 .:310 .373 .375 .379 .380 9 .371 .376 .378 .379 .383 
10 .380 .382 .a83 .386 .:387 10 .:381 .384 .386 .a86 .a89 
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Table 3.3: Code capacity for various d, k, n, and b..k when T = 2. 

n-=4 n-=a 
~k iJ.k 

d k 1 ~ il 4 5 d k 1 ~ il 4 5 

Y :¥g~ :¥~y :¥~~ :¥~~ :~8~ ~ :~g :§~~ ]gI 1~8 ]Yf 
2 .899 .902 .905 .906 .907 2 .909 .917 .921 .922 .924 

0 3 .954 .956 .957 .958 .958 0 3 .959 .962 .964 .965 .966 
4 .979 .979 .980 .980 .980 4 .981 .982 .983 .983 .984 
5 .990 .990 .990 .990 .991 5 .991 .991 .992 .992 .992 
6 .995 .995 .995 .995 .995 6 .995 .996 .996 .996 .996 

~ :~~~ :A~1 :A~~ :A+6 :A¥~ ~ :~¥~ :~8§ :g3g .~m; :gy~ .509 
3 .569 .576 .579 .581 .582 3 .582 .592 .598 .599 .602 

1 4 .626 .629 .631 .632 .633 1 4 .632 .636 .640 .641 .644 
5 .656 .657 .658 .659 .660 5 .658 .661 .663 .664 .665 
6 .672 .673 .673 .674 .674 6 .673 .674 .676 .676 .677 
'r .681 .681 .682 .682 .682 7 .682 .682 .683 .683 .684 

§ j~g j~~ :j~~ j~g j~~ ~ 
3 J~~ j¥l j~~ ]§~ :5ff 

4 .421 .426 .432 .435 .436 4 .433 .441 .449 .451 .455 
2 5 .474 .478 .480 .481 .482 2 5 .479 .483 .489 .491 .493 

6 .503 .505 .506 .507 .508 6 .506 .508 .512 .513 .515 
7 .520 .522 .522 .523 .524 7 .522 .524 .526 .527 .528 
8 .531 .532 .533 .533 .533 8 .532 .534 .535 .535 .536 

~ :~~~ :~~~ :~¥~ :M~ :M8 ~ :~~~ :§M :g~ .11:15 . Hi 1:1 
.298 .310 

5 .336 .345 .347 .348 .351 5 .343 .348 .362 .365 .370 
3 6 .384 .387 .388 .390 .392 3 6 .387 .391 .399 .401 .403 

7 .411 .413 .414 .416 .416 7 .414 .417 .421 .422 .423 
8 .428 .429 .431 .431 .432 8 .430 .432 .435 .435 .437 
9 .440 .441 .441 .442 .442 9 .441 .442 .444 .444 .445 
1 :~8~ :~~3 :§jg :~~~ :~~j ~ :~y~ :~~~ :~~g :~~~ :§G~ 5 Q 

6 .282 .288 .286 .294 .294 6 .287 .294 .307 .311 .312 
4 7 .322 .325 .327 .330 .331 4 7 .327 .333 .:~:m .340 .341 

8 .348 .350 .352 .353 .354 8 .352 .355 .359 .359 .361 
9 .365 .367 .368 .368 .369 9 .367 .:~69 .372 .:{72 .374 
10 .377 .378 .379 .379 .380 10 .378 .379 .:~81 .382 .383 



67 

Table 3.3: (Continued) 

n-=o 11--:7 
[)./,; AI.: 

d k 1 ~ J 4 v cl k 1 ~ ~ 4 I) 

~ '~8~ .f oJ :§~g :~~~ :§~§ :§1S ~ :§6~ :~~r :~~~ :~H :~~~ 
2 .915 .927 .931 .934 .935 2 .920 .934 .939 .941 .944 

0 3 .962 .967 .968 .970 .971 0 3 .964 .970 .972 .972 .975 
4 .982 .984 .985 .986 .986 4 .983 .986 .986 .987 .988 
5 .991 .992 .992 .993 .993 5 .992 .993 .993 .993 .994 
6 .996 .996 .996 .997 .997 6 .996 .997 .997 .997 .997 

~ :~§§ :g~8 :~j~ +!!? 
.535 :~~§ ~ :~8g :g~g :g~3 :g~g :Ws 

3 .587 .603 .608 .613 .615 3 .592 .610 .618 .620 .625 
1 4 .635 .643 .645 .649 .650 1 4 .638 .647 .651 .652 .655 

5 .660 .664 .665 .668 .669 5 .662 .667 .669 .669 .672 
6 .674 .676 .677 .679 .679 6 .675 .678 .679 .679 .681 
7 .682 .684 .684 .685 .685 7 .683 .684 .685 .685 .686 

5 jg~ :5gA :~6~ :~g~ :~g~ 5 j~~ j~l :~~~ :~~~ M 
4 .439 .455 .460 .465 .467 4 .442 .461 .470 .473 .477 

2 5 .483 .490 .493 .499 .500 2 5 .485 .495 .500 .501 .506 
6 .508 .512 .514 .518 .519 6 .509 .515 .518 .518 .523 
7 .523 .526 .527 .530 .530 7 .524 .528 .529 .530 .533 
8 .533 .535 .536 .537 .538 8 .534 .536 .537 .537 .539 

~ :~§~ j~8 :5~~ j§~ j§~ ~ :~§g j~6 .~5U :5~~ :511 .338 
5 .352 .366 .370 .379 .382 5 .356 .374 .383 .386 .391 

3 6 .391 .398 .400 .409 All 3 6 .394 A04 .408 .410 .417 
7 .415 .420 .421 .427 .428 7 .417 .423 .426 .426 .432 
8 .431 .434 .436 .439 .440 8 .432 .436 .438 .438 .443 
9 .442 .444 .445 .447 .447 9 .442 .445 .446 .447 .449 
:! j~~ :§dg :§~f :gg :~~~ 1 :M6 .~~~ :§M J3¥ :§~§ 5 5 . Iv 
6 .291 .298 .300 .321 .324 () .298 .315 .322 .324 .333 

4 7 .328 .:~34 .337 .348 .350 4 7 .332 .340 .344 .345 .356 
8 .353 .358 .360 .365 .367 8 .354 .359 .362 .362 .371 
9 .369 .372 .374 .377 .377 9 .369 .373 .375 .376 .380 
10 .379 .381 .382 .385 .385 10 .380 .382 .384 .384 .387 
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Table 3A: Code capacity for various d, k, n, and b.k when T = 3. 

11--=5 11 :6 
I1k I1k 

d k ~ J '1 d k ~ :i 4 [) 

~ :¥~g :¥~~ :¥~g :¥g~ :¥g~ ~ :¥8~ :¥~~ .;W:i .::!::!::! .::!::!~ 
.787 .790 .791 

2 .894 .898 .900 .901 .901 2 .904 .910 .914 .915 .916 
0 3 .953 .954 .955 .956 .956 0 3 .957 .959 .961 .962 .963 

4 .978 .979 .979 .979 .979 4 .980 .981 .982 .982 .982 
5 .989 .990 .990 .990 .990 5 .990 .991 .991 .991 .992 
6 .995 .995 .995 .995 .995 6 .995 .995 .996 .996 .996 

~ :A~~ :Agy :A~M :A~¥ :A~~ ~ :A8~ :~¥j :~§~ :~g~ :~§~ 
3 .568 .571 .574 .575 .576 3 .576 .585 .590 .591 .593 

1 4 .625 .627 .628 .629 .630 1 4 .630 .634 .637 .637 .639 
5 .655 .656 .657 .657 .658 5 .657 .659 .661 .662 .663 
6 .671 .672 .672 .673 .673 6 .673 .674 .675 .675 .676 
7 .680 .681 .681 .681 .682 7 .681 .682 .683 .683 .683 

~ :~~~ :H1 j~g j~A j~M ~ :~~~ :~~~ j85 j~~ j~~ 
4 A19 A24 A27 A29 A30 4 A30 A38 A43 A45 A47 

2 5 A72 A75 .476 A78 .479 2 5 A77 .'181 A85 A86 .489 
6 .502 .503 .505 .505 .506 6 .505 .507 .510 .510 .512 
7 .520 .521 .521 .522 .522 7 .521 .523 .525 .525 .526 
8 .531 .531 .532 .532 .532 8 .532 .533 .534 .534 .535 

~ :~M8 :~~8 :~~~ :~~~ :~~~ ~ :~~~ :~~8 :Wo 18~ 1: 
5 .333 .337 .340 .343 .345 5 .343 .350 .357 .358 .361 

3 6 .381 .383 .386 .387 .388 3 6 .386 .389 .394 .395 .398 
7 A10 .'112 A13 .'113 .'114 7 A12 A15 A18 A19 A21 
8 A28 A29 A29 .'130 .'131 8 A29 .431 A33 A34 A35 
9 A39 A40 .440 .'141 A41 9 A40 .'142 .'143 .443 A44 

~ :~g~ :~~~ :~~g :gg~ :g~l 1 :§~~ :H3 :§~g 14~ :§~8-Q 5 
(i .278 .281 .286 .288 .288 (i .283 .287 .294 .295 .305 

4 7 .;~20 .324 .325 .326 .328 4 7 .324 .327 .333 .335 .338 
8 .348 .349 .350 .351 .352 8 .350 .352 .356 .:~57 .359 
9 .365 .366 .366 .367 .:~68 9 .366 .368 .371 .371 .372 
10 .376 .377 .378 .378 .379 10 .378 .379 .380 .381 .381 
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Table 3A: (Continued) 

11-'7 11 :8 
i).k tlk 

d k 1 2 ::l 'I b d k 1 ~ is 'I G 

~ :~~6 :§gi :§f~ :§!§ :§!~ ~ :%g :§~~ :§~~ :g~~ :§~I 
2 .910 .920 .923 .925 .927 2 .914 .927 .931 .932 .935 

0 3 .950 .964 .955 .957 .957 0 3 .952 .957 .959 .959 .971 
4 .981 .983 .983 .984 .984 4 .982 .984 .985 .985 .985 
5 .991 .992 .992 .992 .992 5 .991 .992 .993 .993 .993 
5 .995 .995 ,996 .995 .995 5 .995 .995 .995 .995 .997 

~ :A~~ :262 :gg~ :g~~ :g~8 ~ :j~~ :gi~ :~~~ :gg ]~ .501 
3 .583 .595 .500 .604 .605 3 .587 .603 .609 .612 .615 

1 4 .633 .539 .541 .545 .545 1 4 .635 .543 .647 .548 .651 
5 .659 .662 .653 .666 .566 5 .660 .665 .667 .557 .669 
5 .574 .675 .575 .577 .678 5 .574 .677 .578 .578 .580 
7 .682 .583 .583 .584 .684 7 .582 .584 .684 .584 .685 

~ J4g ]~~ ]~~ :~~~ j~~ ~ jg~ :~§g :~6~ .~Q?- ]8g .405 
4 .434 .448 .453 .457 .450 4 .438 .454 .462 .455 .469 

2 5 .'181 .'188 .'190 .494 .495 2 5 .483 .492 .495 .498 .501 
5 .507 .511 .512 .515 .516 5 .508 .513 .516 .517 .520 
7 .523 .525 .525 .528 .528 7 .524 .527 .528 .528 .531 
8 .533 .534 .535 .535 .535 8 .533 .535 .536 .535 .538 

f .lil> .158 . H)\;) 
:§~~ :Hi ~ :~¥g j8g :~~~ :§~i :~~6 .272 .300 .312 

5 .348 .362 .355 .371 .373 5 .351 .357 .375 .379 .382 
3 6 .389 .396 .399 .403 .405 3 5 .392 .401 .405 .407 .411 

7 .414 .418 .420 .424 .425 7 .416 .421 .424 .425 .429 
8 .431 .'133 .434 .437 .438 8 .432 .435 .437 .437 .440 
9 .441 .443 .444 .446 .'145 9 .442 .444 .445 .445 .448 

~ :~~~ .lti6 :~~~ :~8~ :~8¥ :! :~~8 :~g5 :~¥~ :~~~ 1TI v .257 5 
6 .291 .304 .307 .312 .314 5 .294 .310 .319 .322 .323 

4 7 .328 .334 .336 .342 .344 4 7 .330 .339 .343 .345 .350 
8 .351 .355 .355 .362 .353 8 .353 .359 .351 .362 .357 
9 .3Ci7 .370 .371 .375 .375 9 .358 .372 .373 .374 .378 
10 .378 .380 .381 .383 .384 10 .379 .381 .382 .383 .386 
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Bounds 

In what follows, we refer to the capacity of codes from our construction by 

C( d, k:; 11., 1') to distinguish from the capacity of the more general formulation of [38J 

(denoted here by C(el,k;n,1')). 

From Tables 3,1 through 3.4, it can be seen that only in rare occasions is it 

true that C( d, k; 11., r) l~kJ > C( el, k; 11., 1') l~k2 when flkl < flk2 • This indicates that 

C(d, k; n, r) I~k' when flk is sufficiently large, is a good (tight) lower bound for the 

capacity of (d, k; 11., 1') codes under our construction when we are free to choose flk. 

Thb motivates the following theorem. 

Theorem 2: A lower bonnd to the capacity oj (d, k; n, 1') codes under OUT construc-

lion, if we are free to choose flk, is given by 

- n-r-1 
C(d,k;n,l') 2: C(d,k) + (C(d, oo) - C(d,k)), 

n 
(3.14) 

where C(d,k) = C(d,k;1,0) is just the capacity of the usual single-track (d,k) code 

and C (el, 00) = C (d, 00; 1,0) is the capacity of the usual single-track (d, 00) code. 

Proof: Choose No and flk ~ No both sufficiently large to construct a single-track 

(d, k + No) block code of length r n~~ 11 (n - l' - 1) - No with rate as close to C (d, 00) 

as desired, and a single-track (d, k) block code of length rn_~'~lln - (rll-~~11 (n - r-

L) - No) = r n~'~ll (r + 1) + No with rate as close to C( d, k) as desired. Concatenating 

these two codes (taking their cartesian product, possibly using a small number, say 
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1n, of merging bits) would result in a code of length M = r n:;'~1 1 n + m with rate as 

close to 

U~ 1(11. - l' - 1) - No)C(el,oo) + (f ~ 1(1' + 1) + No)C(el, k) 

r~ln+m n-r-l 

as desired. For Ilk sufficiently large, this quantity can be made arbitrarily close to 

11.-1'-1 1'+1 11.-1'-1 
---C(el, (0) + -C(el,k) = C(el,k) + (C(el,oo) - C(el,k)). 

11. 11. 11. 

All that remains to be shown is that the code so constructed satisfies the (el, k+llk) 

and extra constraints. Clearly, all zero-runs are of length no greater than k + No < 

k + Ilk. Also, all zero-runs of length k + j, where j E {I, 2, ... , No}, occur in the 

first part of the codeword and thus have their leading zero at a position (mod1vI) of 

{O, 1, ... , rn:;'~I1(n - l' - 1) - No} as required by Theorem 1. D 

Theorem 2 implies that the (d, kj 11., 1') codes uncler our construction can achieve 

at least n-;'-1 * 100% of the gap in capacity between conventional (el,k) and (el,oo) 

codes when Ilk is sufficiently large. Note that when Ilk = 00, the (el, kj 11., 1') codes 

under our construction have exactly the same constraints as that of the (d,kjn,1') 

codes in general (both have kx = 00 in terms of [50]). Comparison between the lower 

bound capacity of (3.1 /1) and the capacities of (el, kj n, 1') cod~s in general is therefore 

meaningful. Fig. 3.8 shows such comparison with respect to difFerent n for one case 

when d = 1, k = 2 and l' = O. 

In particular, (3.14) says that the capacities of the (d, kj 11, 1') codes constructed 

here are always greater than those of single-track (el, A:) codes whenever 0 ::; l' ::; n - 2. 
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In the case that r = 11. - 1, the clock is fully redundant and can be derived from each 

track individually (i.e., l' = 11. - 1 corresponds to conventional single-track codes). In 

this case, of course, O(d, k; 11., 11.-1) = C( d, k). We also point out that from (3.14) (as 

was the case in [38]), [or a fixed value of r, the capacity of our codes converges to that 

of a single-track (el, 00) code as 11. gets large. This convergence is fairly rapid. For 

example, for n = 5 and r = 1, (3.14) indicates that at least 60% of the gap between 

(el,k) and (d,oo) codes can be achieved. In practice, we find that (3.14) is actually 

somewhat optimistic as it assumes arbitrarily large !:lk. For example, the single-track 

capacities [or (d, k) = (1,3) and (1,00) codes are 0.552 and 0.694, respectively. From 

Table 3.2, we see that for .6.k = 5, 0(1,3; 5,1) = 0.628 which actually achieves only 

54% of the gap (rather than the 60% predicted by (3.14)). 

3.4 Code Examples 

In constructing codes that satisfy Theorem 1, the designer has considerable flex

ibility in choosing the parameters, !:lk, 1\1, and c. As seen previously, increasing 

!:lk tends to increase capacity. On the other hand, it also increases the number 

of encoder states and the "along-track" clocking constraint kx = 1..: + .6.k of [50]. 

Generally then, .6.1..: should be chosen as small as possible while still admitting a 

code of the desired rate. The effect of 1\11 on capacity has also been discussed previ

ollsly. 111 = r n~'~11 n leads to the largest va.lue of capacity, while larger choices may 

lead to simpler encoders (fewer states). Finally, c has no effect on either capacity 

------.-.---.-------------.-~-
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or encoder complexity. It simply provides flexibility in defining the time reference. 

The essence of the extra constraints of Theorem 1 is to limit the starting positions 

(times) of long zero-runs. For example, with 11, = 2, l' = 0, b"k = 1, and !vI = 2, 

the leading zero in a run of length k + 1 must occur only at positions (moC!2) in 

{c mod !vI, ... , (c + r n~~ll(n - r - 1) -1) mod !vI} = {c mod 2}. Thus, the code 

can be designed so that zero-runs of length k + 1 begin only at even times (c = 0), or 

only at odd times (c = 1). Any -code that allowed zero-runs of length k + 1 to begin 

at both even and odd time indices would violate the conditions of Theorem 1. 

Given state diagrams reflecting the (el, k + b,,/,,:) constraints as well as the extra 

constraints, one can design block codes or sliding block codes as needed using the 

usual techniques of single-track modulation codes such as the state-splitting and 

state-merging technique [3 il]. In the following, we either construct the required (el, k+ 

b"k) codes (with extra constraints) or show that some of the most popular single

track modulation codes already meet the extra constraints and apply them directly 

to construct (el, k; n, 1') codes. 

Ex. 3: A (1,2; 2, 0) code of rate 1/2. 

Fig. 3.5 depicts the state transition diagram for a single-track (1,3) code (with extra 

cOllstraints) to be used in the construction of a (1,2; 2, 0) code when b"k = L, 1\1 = 2, 

and c = O. From Table 3.1, we see that the capacity for this code is 0.5. We applied 

the state-splitting and state-merging technique [34] to derive a sliding block code of 
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rate 1/2 based on the state transition diagram of Fig. 3.5. This process is shown in 

Fig. 3.9. It is interesting to note that, in this case, capacity is actually achieved and 

no splitting is required. The encoder is obtained from the "two-step" state transition 

diagram by choosing an appropriate subgraph and then merging two states. The 

result is the MFM (or Miller) code. I-Ience, as claimed in the introduction, using this 

code independently on each of the two tracks, with a one bit delay on the second 

track, results in a (1,2; 2, 0) code. 

Ex. 4: A (2,6; 2, 0) code of rate 1/2. 

Let 6!..k = 1, iv1 = 2, and c = 1. We could derive a state transition diagram for the 

single-track (el, k+6!..k) = (2,7) code with extra constraints and apply any established 

method to derive such a code to be used in the construction of a (2,6; 2,0) code. But 

here, we take advantage of the established fixed rate prefix code for single-track 

(2, 7) constraints. Interestingly, we will see that this code already meets the extra 

constraints and therefore can be directly applied to construct a rate 1/2 (2,6; 2,0) 

code. 

The established rate 1/2 prefix code for single-track (2,7) constraints is shown in 

Table 3.5 [51]. From that table, we see that seven consecutive zeros can only occur 

when 1000,001000 or 00001000 are followed by 00001000. Since all codewords are of 

even length, it is easy to see that any zero-run of length seven must begin at an odd 

position in the code sequence. Hence, this code lIsed independently on each of the 
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Figure 3.9: Derivation of rate 1/2 sliding block code for (1,3) and extra constraints. 
(a) Two-step state transition diagram. (b) A subgraph of (a). (c) Encoder results 
from merging 20 and 11. 



Table 3.5: Code Table for Rate 1/2 Single-Track (2,7) Code. 

11 1000 
000 000100 
010 100100 
011 001000 
0010 00100100 
0011 00001000 
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two tracks, with a one bit delay on the second track, results in a rate 1/2 (2,6; 2, 0) 

code. 

Ex. 5: A (1,6; 3, 1) code ofrate 2/3. 

Although the capacity of the single-track (1,6) code is 0.670 > 2/3, a simple single-

track (l, 6) code of rate 2/3 has not yet been found. Fig. 3.6 depicts the state 

transition diagram for a single-track (1,7) code (with extra constraints) to be used 

in the construction of a (1,6; 3, 1) code when 111.: = 1, i\;1 = 3, and c = O. From 

Table :3.2, we see that the capacity for this code is 0.673. We again take advantage 

of an established code and select the rate 2/3 single-track (1,7) sliding block code 

with minimum number of states [52]. 

The encoder for this code is shown in Figure 3.10. From that encoder, we see that 

seven consecutive zeros can only occur starting in state <1 with 11/000 (leading to 

state :3) followed by 00/000 (leading to state 1) and further. Since all codeworcls are 

of length three, it is guaranteed that any length seven zero-run will begin at position 
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01/100 

Figure 3.10: Encoder of Single-track (1,7) Code. 

o (mod3). lIenee, using this code independently on each of the three tracks, with a 

one bit delay on the second track and a two bits delay on the third track, results in 

a rate 2/3 (1,6; 3, 1) code. 

3' I': .v Conclusions 

(el, k; 71, T) codes can be constructed using single-track (el, I.:+b..k) codes (with extra 

constraints) on each of the n tracks after certain amounts of delay on different tracks. 

This construction provides for simple encoding and decoding as well as considerable 
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robustness to faulty tracks. The redundancy parameter T, specifies the number of 

faulty tracks that can be tolerated while maintaining a common clock and maintaining 

decodability of the non-faulty tracks. This parameter provides for a tradeoff between 

robustness to faulty tracks and capacity, or code rate. The case of l' = 0 provides the 

highest capacity while allowing no tolerance to faulty tracks. This is the case studied 

in [37J. As l' is.increased, the capaci ty increases are diminished as the synchronization 

robustness is improved. In the extreme case, when l' = 11. - 1, every track is capable 

of generating a clock independently and the formulation degenerates to that of the 

conventional single-track case. In a practical system, the capacity gains achieved with 

l' < 11. - 1 must be weighed carefully against the robustness lost, and the difficulty of 

generating a common clock. 
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CHAPTER 4 

SUMMARY 

In Chapter 1, a typical digital communication system was presented with emphasis 

on the image coder and the (el, k) codes in magnetic/optical recording applications. 

For the image coder, after pointing out the general classification of lossy and loss less 

coders, we indicated the practical needs for near-Iossless image coding for some tra

ditional lossless applications. We then introduced our work, which was detailed in 

Chapter 2, as a practical scheme for near-Iossless image coding. For the (d, k) codes, 

after providing basic knowledge of constrained codes, we emphasized the need for 

(d, ,,~; n, r) codes in multi-track recording systems and pointed out potential problems 

with these codes. We then introduced our construction method for (el, A:; n, r) codes, 

which was detailed in Chapter 3, as an effective way to produce (d, k; n, 1') codes 

that are not only simple but also quite robust in mitigating the potential problems 

of (el, k; 11, 'r) codes. As a whole, Chapter 1 served as a general introduction to both 

topics of this dissertation. It also provided a framework t.hat let the two relatively 

independent topics of this dissertation be related as two modules for use in digital 

communication systems. 

In Chapter 2, Vie presented our scheme for near-loss less image compression in de

tail. First, a "near-loss less" criterion was defined as a generalization of that in [27]. 
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Since our method is based on entropy-coded DPCM, we then provided basic knowl

edge of DPCM, entropy coding, and their associated prediction error model. After 

pointing out one potential improvement to (baseline) DPCM under the near-Iossless 

criterioll, we defined a (time-varying) DPCM trellis in a row-by-row manner for an 

image that describes all possible quantized prediction error sequences that result in 

reconstructions for rows of that image that meet the near-Iossless requirement. This 

DPCM trellis provides a basis for the targeted potential improvement of (baseline) 

DPCM. To provide a further rate reduction in the entropy coder, a set of "contexts" 

was defined for the conditioning prediction error model. This definition not only com

pensates for the approximation nature of the planar predictor, but also represents 

different activity regions well (as indicated in [48]). An algorithm that iteratively 

find paths in the DPCM t.rellises of an image with decreasing entropy (conditioned 

on the contexts) was provided. This algorithm is capable oJ producing minimum en

tropy (conditioned on the contexts) quantized prediction error sequences that result 

in images that meet the near-Iossless requirement. Finally, experimental results of 

applying our method to medical images were given. 

Chapter 3 was concerned with the construction of (d, I.~; n, 1') codes in multi-track 

rccording systems as introduced in [38]. (el, k; n, 1') codes were inspired by the desire 

to overcome disadvantages of (el, k) codes (in multi-track applications) and (el, k; n) 

codes. They not only provide significant capacity incrcases over (el, k) codes (in multi

track applications), but also are capable of tolerating l' faulty tracks while maintaining 
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synchronization, which is vital for the codes to operate properly. Nevertheless, a 

potential problem is entailed with the (el, k; n, 1') codes; that is, they do not guarantee 

the codes to be decodable during periods when one or more tracks are faulty even 

under good synchronization. While [39] shows that both the state-splitting of [32] 

[34] and the enumeration of [35] can be used to construct (el, k; n)/(d, k; n, 1') codes, 

neither method is guaranteed to generate codes that are decodable when one or more 

tracks are faulty. Additionally, both the methods are fairly complicated even for 

simple constraints with n = 2 or n = 3. 

In Chapter 3, we presented a new way to construct (el, k; n, 1') codes. First, we 

stated and proved a theorem that is a general description of our construction method. 

Basically, it states that (el,k;n,1') codes can be constructed by applying a single 

(£I, !.~ + t6.!.:) code (with certain extra constraints and appropriate amounts of delay) 

on each of the n tracks. Since the method avoids direct involvement of the (el, k; 11, 1') 

constraints and decomposes the (el, k; n, 1') codes into 11 (single-track) (el,!.:) codes, 

it generates codes that are simple, as well as having the ability to greatly increase 

decodability of the (el, k; 11, 1') codes. With these new (el, !.:; n, 1') codes, clocking can 

be derived jointly from allY subset of n - .,. tracks, but encoding and decoding is 

done on a track-by-track basis. Thus, faulty tracks affect only the data associated 

with those tracks while data on good tracks can remain unaffected. Code capacity 

under our construction was also investigated and a lower bound on the capacity of 

our codes was derived. Both indicated that our construction of (£I, k; '11, 1') codes can 
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achieve a large part of the capacity increase possible when using (el, k; n, 1') codes. 

Finally, several practical examples of (el, k; n, r) codes under our construction were 

presented. 



84 

REFERENCES 

[1] R. E. Blahut, Principles and Practice of Information Theory. Addison-Wesley 
Publishing Company, 1987. 

[2] C. A. French, "Distance preserving run-length limited codes," IEEE Trans. on 
ivlagnelics, vol. 25, pp. 4093-L1095, Sept. 1989. 

[3] M. Blaum, "Combining ECC with modulation: Performance comparisons," 
IEEE Trans. on Inform. Theory., vol. 37, pp. 945-9 L19, May 1991. 

[4] Y. Lin and J. K. Wolf, "Combined ECC/RLL codes," IEEE Trans. on Magnetics, 
vol. 2L1, pp. 2527-2529, Nov. 1988. 

[5] P. Lee and J. K. Wolf, "Combined error correction/modulation codes," IEEE 
Trans. on iVlagnetics, vol. MAG-23, pp. 3681-3683, Sept. 1987. 

[6] P. Lee and J. K. Wolf, "A general error-correcting code construction for run
length limited binary channel," IEEE Trans. on Inform. Theory., vol. 35, 
pp. 1330-1335, Nov. 1989. 

[7] Abdel-Ghaffar, K. A. S., and J. H. Weber, "Bounds and constructions for 
runlength-limited error-control block codes," IEEE Trans. on Infonn. Theory., 
vol. 37, pp. 789-800, May 1991. 

[8] W. H. Erxleben and M. W. Marcellin, "Error-correcting two-dimensional mod
ulation codes," IEEE Trans. on Inform. Theory., vol. 41, pp. 1116-1126, Jul. 
1995. 

[9] A. K. Jain, "Image data compression: A review," Proc. IEEE, vol. 69, pp. 349-
389, Mar. 1~)81. 

[10] A. N. Net~·avali and J. O. Limb, "Picture coding: A review," Proc. IEEE, vol. 68, 
pp. 336-406, Mar. 1980. 

[11] E. Janardhanan, "Differential PCM systems," IEEE Trans. on Communications, 
vol. COM-27, pp. 82-93, Jan. 1979. 



85 

[12J P. A. Wintz, "Transform picture coding," Pmc. IEEE, vol. 60, pp. 809-820, Jul. 
1972. 

[13J G. K. Wallace, "The JPEG still-picture compression standard," Communications 
of the ;lCM, vol. 3'1, pp. 11-44, Apr. 1991. 

[14J W. A. Pearlman, "Adaptive cosine transform image coding with constant block 
distortion," IEEE Trans. on Communications, vol. 38, pp. 698-703, May 1990. 

[15J J. W. Woods and S. D. O'Neal, "Subband coding of images," IEEE Tmns. 
Acoust. Speech Sig. Process, vol. 34, pp. 1278-1288, Oct. 1986. 

[16J N. S. Jayant and P. Noll, Digital Coding of Waveforms - Principles and Appli
cations to Speech and Video. Englewood Cliffs, N J: Prentice-Hall, 1984. 

[17J P. Roos, M. A. Viergever, M. C. A. Van Dijke, and J. H. Peters, "Reversible 
intraframe compression of medical images," IEEE Trans. on Medical Imaging, 
vol. 7, pp. 328-336, Dec. 1988. 

[18J M. Kunt and O. Johnson, "Block coding of graphics: A tutorial review," Pmc. 
IEEE, vol. 68, pp. 770-786, Nov. 1980. 

[19J S. Wong, 1. Zaremba, D. Gooden, and H. K. Huang, "Radiologic image com
pression - A review," Pmc. IEEE, vol. 83, pp. 194-219, Feb. 1995. 

[20J T. S. Huang, "Coding of two-tone images," IEEE Trans. on Communications, 
vol. COM-25, pp. 1406-142'1, Nov. 1977. 

[21J M. Das and S. Burgett, "Loss less compression of medical images using two
dimensional multiplicative autoregressive models," IEEE Trans. on Nledical 
Imaging, vol. 12, pp. 721-726, Dec. 1993. 

[22J P. J. Burt and E. I-I. Adelson, "The Laplacian pyramid as a compact image 
code," IEEE Trans. on Communications, vol. com-31, pp. 532-540, Apr. 1983. 

[23J .1. Sayre, D. R. Aberle, M. I. Boechat, T. R. Hall, H. K. I-luang, B. K. Ho, 
P. Kashfiall, and G. Rahbar, "Effect of data compression on diagnostic accu
racy ill digital hand and chest radiography," Proc. lvledical Imaging VI: Image 
Capture, Formatting and Display, vol. 1653, pp. 232-2'10, SPIE, Feb. 1992. 



86 

[24] P. C. Cosman, n. C. Davidson, C. J. Bergin, C. W. Tseng, L. E. Moses, E. A. 
Riskin, R. A. Olshen, and R. M. Gray, "Thoracic CT images: Effect of lossy 
image compression on diagnostic accuracy," Radiology, vol. 190, pp. 517-524, 
Feb. 1994. 

[25] P. C. Cosman, R. M. Gray, and R. A. Olshen, "Evaluating quality of compressed 
medical images: SNR, subjective rating, and diagnostic accuracy," Froc. IEEE, 
vol. 82, pp. 919-932, Jun. 1994. 

[26] L. Karray, O. Rioul, and P. Duhamel, "Loo-coding of images: A confidence 
interval criterion," in Pmc. ICIP, vol. II, Austin, Texas, pp. 888-892, Nov. 1994. 

[27] K. Chen and T. V. Ramabadran, "Near-lossless compression of medical im
ages through entropy-coded DPCM," IEEE Trans. on Medical Imaging, vol. 13, 
pp. 538-5t18, Jan. 1994. 

[28] H. K. Thapar and A. M. Patel, "A class of partial response systems for increasing 
storage density in magnetic recording," IEEE Trans. on lvlagnetics, vol. MAG-
23, pp. 3669-3671, Sept. 1987. 

[29] R. W. Wood and D. A. Petersen, "Viterbi detection of class IV partial response 
on a magnetic recording channel," IEEE Trans. on Communications, vol. COM-
34, pp. 45t1-461, May 1986. 

[30] C. H. Coleman, D. A. Lindholm, D. A. Petersen, and R. Wood, "High data rate 
magnetic recording in a single channel," J. Inst. Electmn. Radio Eng., vol. 55, 
pp. 229-236, June 1985. 

[31] P. H. Siegel, "Recording codes for digital magnetic storage," IEEE Trans. Mag., 
vol. MAG-21, pp. 1344-13119, Sept. 1985. 

[32] R. L. Adler, D. Coppersmith, and M. Hassner, "Algorithms for sliding block 
codes - All application of symbolic dynamics to information theory," IEEE 
Trans. on Inform. Theory., vol. IT-29, pp. 5-22, Jan. 1983. 

[33] R. Karabed and B. l-I. Marcus, "Sliding-block coding for input-restricted chan
nels," IEEE Trans. on Inform. Theory., vol. IT-34, pp. 2-26, Jan. 1988. 



87 

[34] B. H. Marcus, P. H. Siegel, and J. K. Wolf, "Finite-state modulation codes 
for data storage," IEEE Journal on Selected A Teas in Comm'llnications, vol. 10, 
pp. 5-37, Jan. 1992. 

[35] D. T. Tang and L. R. Bahl, "Block codes for a class of constrained noiseless 
channels," Inform Contr., vol. 17, pp. 436-461, Dec. 1970. 

[36] G. F. M. Beenker and K. A. S. Immink, "A generalized method for encoding 
and decoding rnn-length-Iimited binary sequences," IEEE Trans. on Inform. 
Theory., vol. IT-29, pp. 751-754, Sep. 1983. 

[37] M. W. Marcellin and H. J. Weber, "Two-dimensional modulation codes," IEEE 
Journal on Selected Areas in Communications, vol. 10, pp. 254-266, Jan. 1992. 

[38] E. K. Orcutt and M. W. Marcellin, "Redundant multitrack (el, k) codes," IEEE 
Trans. on Inform. Theory., vol. 39, pp. 17Llt!-1750, Sept. 1993. 

[39] E. K. Orcutt, Encoding of multi-fmck (el, k) modulation codes. Ph.D. disserta
tion, The University of Arizona, 1992. 

[LI0] B. Marcus, "Sofic systems and encoding data," IEEE Trans. on Inform. Theory., 
vol. IT-31, pp. 366-377, May 1985. 

[41] D. A. Huffman, "A method for the construction of minimum redundancy codes," 
Proc. IRE, vol. 40, pp. 1098-1101, Sept. 1952. 

[42] G. G. Langdon, "An introduction to arithmetic coding," IE1'vI J. Res. Dev., 
vol. 28, pp. 135-149, Mal'. 198'1. 

[L13] 1. H. Witten, R. M. Neal, and J. G. Cleary, "Arithmetic coding for data com
pression," Communications of the ;lCM, vol. 30, pp. 520-540, ,Tun. 1987. 

[44] J. B. O'Neal, "Predictive quantizing systems (differential pulse code modulation) 
for the transmission of television signals," Bell Syst. Tech. J., vol. 45, pp. 689-
721, May-Jun. 1966. 

[45] G. G. Langdon and .1. Rissanen, "Compression of black-white images with arith
metic coding," IEEE Trans. on Communications, vol. COM-29, pp. 858-867, 
Jun. 1981. 



[1(;1 T. \'. Halllabadran and D. L. Cohn. ":\n adapti\"(' algorit.hm for the compression 
()f cOlllputer data." [EEE Trail 8. 011 CO/7lIll11llicatioIl8. \'01. :37, pp. :317-32cl, Apr. 
1 ~JS~J. 

[17] T. V. Hamabadran and K. Chen. "The use of cOlltext.ual information in the 
re\"crsible compression of medical images," [EEE Trails. 011 Medical Imaging, 
\"01. 11. pp. 1 S5-19:j. J un. 1992. 

[IS] II. Lee. 'y'. Kim. and S. Oh, "Lossless compressioll of medical images by predic
tioll and classification," Optical Ellgilleerillg, vol. :.3:3. pp. IGO-1G6, Jan. 199'1. 

[.Iq] C. D. Forncy. "The Viterbi Algorithm," Proc. [EEE. \'01. G1, pp. 2G8-278, l\Iar. 
197:3, 

[;-)0] H. E. Swanson and J. I\:. WolL "A new class of two-dimensional BLL recording 
('odes:' [EEE TrailS. on Maglldics. vol. 28. pp. 3·107-3.(lG. No\', 1992. 

[GI] I\:. A, Immink. ··n 'lI1\ength-limited sequcllces." Pl'Ocur/ing8 of TIlt [EEE. vol. 7S. 
pp, 17·15·1759, l\()\', 1990, 

[.'j~] A. D, Weathers and J. K. \VoIL ";\ Ncw Hate 2/3 Sliding Block Code for the 
(1.7) Runlcngth Constraillt with the l\linimal Number of Encoder States." [EEE 
'/i-alls. 011 [lifOI'm. Thr.ory .. \'01. 37. pp. 901'1-913. May 1991. 


