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ABSTRACT

A new approach is developed for evaluating the mixing
properties of binary solutions at high pressure. This involves
solving Poisson's equation throughout three-dimensional cubic
lattices, consistent with Thomas-Fermi-Dirac (TFD) theory. Zero
temperature calculations are carried out for a variety of compositions
and crystal structures in 3 pressure groups relevant to Jovian
planetary interiors. Pseudopotentials based on the two-component-
plasma model (with a uniform electron backzround) are fitted to the
solid-state results, and are then used in liquid-state calculations
using hard-sphere perturbation theory.

TFD results for B-He solutions find critical temperatures
(above which all compositions are soluble) to be ~ 0, 500, and 1500 ©K
at pressures of 10, 100, and 1000 Mbar, respectively. These
temperatures are much lower than those obtained using free electron
perturbation theory, where T ;¢ " 10,000 OK at 10 Mbar. Thus, unlike
the perturbation theory results, the TFD results predict that helium
should be soluble in metallic hydrogen in the deep interiors of both
Jupiter and Saturn, and our calculations give an indication of the

degree of model~dependence in computing high pressure mixing

vii



properties. In addition, TFD calculations for H-C and H~0 solutions
find phase separation temperatures to be $ 104 °K for pressures § 103
Mbar. These temperatures are considerably lower than those found
assuming a uniform electrom distribution (where T ;. € 105 ©K), and
suggest that H-C and H-0 solutions should also be miscible in the

metallic zones of Jupiter and Saturn.
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CHAPTER 1
INTRODUCTION

Determining the physical properties of mixtures at high
pressures is essential if one wishes to predict the internn}
structures and chemical distributions of astrophysical objects. For
most stars, hydrogen and helium are by far the most abundant chemical
species. But for the planets of our solar system, determining the
properties of silicate-type materials (for the inner terrestrial
planets) and carbon, nitrogen, and oxygen compounds (for the outer
Jovian planets) becomes important. For example, carbon, nitrogen, and
oxygen may represent as much as two-thirds of the total mass of Uranus
and Neptune (Hubbard and MacFarlane, 1980). Therefore, it is of
interest to predict the physical properties of not only H-He
solutions, but also mixtures containing C, N, and O.

During the past 10 to 15 years, broadband infrared
observations have found that Jupiter, Saturn, and Neptune are all
reradiating about twice as much energy as they receive from the Sun
(Armstrong, et al.,, 1972; Low, 1966; Lowenstein, et al.,, 1977). But
large excess luminosities are not unexpected for the giant planets
because it is expected that their early internal temperatures were
considerably higher that their present internal temperatures. The

excess energy outputs of Jupiter (Graboske, et al,, 1975) and Neptune



(Hubbard and MacFarlane, 1980) can in fact be fully explained by the
thermal energy trapped in the interior of these planets at the time of
their formations. However, evolutionary calculations for Saturn
(Pollack, et al., 1977) find that its current energy output is too
high to be explained by this simple cooling model, and therefore needs
an additional internal energy source which has been active over the
past two billion years. It has been suggested (Smoluchowski, 1967;
Salpeter, 1973) that at low enough temperatures, helium may become
immiscible in metallic hydrogen. If this does occur, the denser He-
rich phase could form droplets and sink toward the core of Saturn,
liberating gravitational energy (Stevenson and Salpeter, 1977). So it
is very important to determine not only the bulk thermodynamic
properties of relevant mixtures (such as the total energies and
pressures), but also the mixing properties of these solutions.

For relatively cool astrophysical objects, such as white
dwarfs and giant planets, temperatures are much lower than the
electron degeneracy temperatures (although still above the melting
points of the majority of their chemical constituents) and pressures
are typically in the multimegabar range. At these pressures (z 1
Mbar), the kinetic energy of electrons exceeds their binding emergy to
protons, and hydrogen becomes pressure-ionized (commonly referred to
as "liquid metallic hydrogen"). In fact, in the high pressure limit,
all species can be regarded as fully pressure-ionized. Under such
conditions, the electrons are stripped from their nuclei and the

electronic wave functions are plane wave states, 8o that the system



behaves like a plasma of positively-charged point ions on a uniform
negative background. For this case, the total energy for a given ion
configuration is readily calculated. As the pressure is reduced from
this asymptotic limit, howvever, deviations for the electronic wave
functions from plane wave states must be taken into account, and it
becomes necessary to make approximations.

The method commonly used to study the properties of H~He
fluids is free electron perturbation theory. Here, one assumes that
the electrostatic potential is sufficiently weak that the electromic
vave functions can be treated as a small perturbation from plane wave
states. Hubbard (1972) and Stevenson (1975) have shown that hydrogen
can be accurately treated with this approach at pressures relevant to
the deep interiors of giant planets (v 1 to 102 Mbar). However,
helium does not become "metallic" at pressures below v~ 100 Mbar
(Young, et al.,, 1981), and therefore it is questionable whether helium
can be accurately modelled using this approach. For materials of
higher atomic number, this perturbation method should at the minimum
require the evaluation of a large number of terms in the perturbation
expansion.

The first study to assess the phase stability regions of fluid
hydrogen-helium mixtures in this temperature and pressure range was
carried out' by Stevenson (1975). In his investigation, he employed
hard-sphere perturbation theory to simulate the properties of a fluid,
and used linear response theory to model the response of the electron

gas to the electrostatic potential (also the free electron



perturbation expansion was calculated to second-order). The principal
advantage of the perturbation approach is that the pair-potentials are
easily evaluated, and can therefore by used for computing the
properties of liquid mixtures. BHowever, since the method assumes
small perturbations from plane wave states, it is necessary to
determine how rapidly the expamsion converges (if at all) in the
pressure range of interest for giant planet interiqrs. Errors which
are considered acceptably small for such thermodynamic properties as
the total enmergy or pressure, may be very large for other quantities,
such as mixing energies.

In this study, a model is developed for calculating the mixing
properties of solutions based on Thomas-Fermi-Dirac [TFD] theory. TFD
theory is a semi-classical model which treats the electrons of a given
atomic configuration ar being locally free and obeying Fermi statis-—
tics (Thomas, 1927; Fermi, 1928). The electron density is then deter-
mined at each point by the self-comsistent electrostatic potential.
The limitations of TFD theory (discussed in Chapter 2) are substan-
tial, but the theory does provide an alternative, non-linear approach
for assessing the thermodynamic properties of mixtures at high
pressures. In additiom, the TFD model becomes more useful for atoms
of higher atomic number Z, where free electron perturbation theory
breaks down. TFD equations of state for high-Z materials are in
qualitative agreement wifh high pressure data in the megabar pressure
range, and TFD theory predicts the correct pressure-density relation

as the pressure goes to infinity (Salpeter and Zapolsky, 1967).



In the usual one-dimensional application of TFD theory, atoms
are assumed to be spherically symmetric, occupying individual, overall
neutral Wigner-Seitz cells, Neighboring cells do not interact. The
pressure-volume relations of mixtures are found by adjusting the
volumes of each of the cells so that the pressure (given by the
pressure of an ideal Fermi gas of electroms at the surface of each
cell) is the same for all atoms. Because the deviations from ideal
mixing are zero by definition, no information on the mixing properties
(e.g., phase separation behavior) can be obtained.

In Chapter 2, a numerical procedure is presented for solving
the TFD equation in three dimensions for crystalline structures
containing a given number of ions of various values of Z at specified
lattice sites. After solving the three-dimemsional TFD equation for
the electron distribution in a crystal, relevant zero-temperature
thermodynamic properties are calculated, and ultimately the deviations
from ideal mixing are computed. Because the mixing energies are so
small ({ 12 of the total emergy), the integral and differential
equations must be evaluated with a high degree of numerical accuracy.

In Chapter 3, the results for the zero temperature
calculations are presented. Results for the hydrogen-helium system
are compared with those from perturbation theory calculatiomns. Even
for H-He solutions, the differences between TFD theory and
perturbation theory are significant, Although both theories are in
qualitative agreement in predicting bulk thermodynamic properties

(e.g., total energy or pressure), small but very significant



differences arise in the mixing energies, leading to very different
predictions for the phase stability of H-He solutionms.

In Chapter 4, pseudopotentials are developed for the TFD
models based on the Ewald potential for two-component-plasmas. These
are found by fitting the solid-state TFD data to a model free energy,
with effective ion charges (which are smaller than the actual ion
charges because of screening effects) and an additional structure-
independent energy term. This pseudopotential is thenm used in liquid-
state calculations using hard-sphere perturbation theory. With this
approach, we are able to calculate the mixing properties of fluid
systems based on TFD theory, including the phase separation regionms.

In Chapter 5, the free energy formalism is developed for the
liquid-state calculations based on hard-sphere perturbation theory.
In Chapter 6, the results for the phase separation temperatures are
presented. Also, the TFD results of other equilibrium properties are
compared with those from other models. Finally, in Chapter 7, the
validity of these results is discussed, as well as the implications
they may have for the chemical distributions and energy sources in

planetary interiors.



CHAPTER 2

SOLID~STATE THOMAS~FERMI-DIRAC MODEL

TFD Theory

Thomas-Fermi-Dirac theory begins by assuming that the
electrostatic potential varies so slowly throughout the electron gas
that the electronic wave functions may be described locally as plane
waves., This assumption of course breaks down in the vicinity of the
nucleus where the electrostatic potential varies quite rapidly, and it
becomes less valid for atoms of smaller atomic number. As a result,
the TFD model permits strong response of the electron gas to the
electrostatic potential and the electron cloud is too tightly bound to
the nucleus. In addition, the electron distributiﬁn is smoothed out
in the statistical averaging process so that the TFD model gives no
indication of shell structure, whereas relatively more elaborate
calculations, such as those using a Hartree approach, do exhibit shell
structure for many-electron atoms (see e.g., Mizushima, 1970).
Therefore, the TFD model should be regarded as a somewhat crude model
for calculating the electron distribution for an atom.

But using Thomas~Fermi-Dirac theory does provide significant
practical advantages. Because we are interested in assessing the
mixing properties of binary systems, and therefore must solve the

three-dimensional problem, computational complexities are inherent to



the calculation. Typical mixing energies for the solutions discussed
below represent only ~ 1 X of the total energy of the system. This
requires that the total encrgies be evaluated with a numerical
accuracy of § 1 part in 103. Therefore, it is of comsiderable
advantage to use an approach which predicts a relatively smooth charge
distribution, as well as permitting the electron distributions to be
evaluated in three dimensions relatively easily.

In order to evaluate the zero temperature mixing properties,
one must first compute the elactron distribution for a specified ion
configuration., To do this, we must solve Poisson's equation in three
dimensions, consistent with Thomas-Fermi-Dirac theory. In the absence
of an external field, the chemical potential for a Fermi gas of
electrons on a uniform neutralizing background, at zero temperature,

can be expanded in the form:

1
vhere n, is the number density of electromns, and all quantities here

and in following expressions are given in atomic units (au). The
atomic unit of volume is ag (a° = Bohr radius), the atomic unit of
energy is ezla° = 27.2 eV (e = electron charge), and the atomic unit
of pressure is ezlag = 294,2 Mbar. The first term on the right hand
side is the contribution from the free-electron kimetic energy, while
the second term arises from the first-order exchange energy between
electrons. In the presence of the electric field, which results from

the fact that the ions are essentially point charges, the total



electron chemical potential becomes:

HEoug -8, (2.2)
where ¢ is the electrostatic potential produced by the electrons and
ions. We now utilize the equilibrium requirement that the total
electron chemical potential remain constant throughout the electron
gas (Landau and Lifshitz, 1969), and apply Poisson's equation to get:

v2x(r) = 8r3ng(r) = (8/312) (1+x1/2)3, (2.3)
vher; r is the position vector, and
X(x) = 1 + 212 [y + é(x)]. (2.4)
Equation (2.3) is the three~dimensional TFD equation, which is

nonlinear and is solved numerically to get the electron distribution.

Method of Calculation

For the zero temperature calculations, the ion configurations
vere chosen to be either a body-centered-cubic (becc), face-centered-
cubic (fce), or simple cubic (sc) lattice. There are a number of
reasons for using these structures: (1) all are Bravais lattices,
enabling all ions to be placed at one of our evenly spaced mesh
points; (2) all are symmetric with respect to the coordinate axes,
necesgitating the computation of the electron distribution for only
one octant of the unit cell; and (3) their total energies are
relatively low and therefore should give reasonable estimates of the
non-ideality of a mixture in its preferred configuration.

The solution of the TFD equation is carried out over a unit

cell with edge length L containing N ions with charges z; (i =
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1,2,...,N). We require the unit cell to be identically repeated in
all directions, so that ¢(r) [and therefore ng(r) and X(r)] obeys
periodic boundary conditions:

¢(r) = ¢(r + L), (2.5)
vhere n is a vector with integer components. We also have the

boundary conditions:

N
s&3r ng(r) = Iz (2.6)
v i=]
and
ui-uj, i’j -1.2,.-¢’N’ i* j. (2.7)

where V = L3 js the volume of the unit cell and uj is the electron
chemical potential evaluated at the ith jon. Equation (2.6) is
obviously the mathematical expression for charge neutrality and
equation (2.7) requires the electron chemical potential to have the
same value at all ion sites.

Since #(r) becomes unbounded near each ion, the solution of
the TFD equation near ions must be handled in a special manner.
Noting that ¢(r) and n (r) must become spherically symmetric in the
vicinity of ions, we center each ion in a small cubic subcell of
volume V. = Lgc, and assume the electron distribution to be radially
symmetric within this region. (Solutions for the mixtures discussed
below were carried out with L/L . = 40/7 and verified to be
insensitive to the choice of Lgc.) The solutionm within the subcells

is found using the one-dimensional version of the TFD equation, with
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boundary conditions determined in a self-consistent manner from the
full three-dimensional solution in the remainder of the unit cell.

Using a change of variables, the usual one-dimensional TFD equation is

written:
i%i’;% = e + (2/x)1/2)3, (2.8)
where
x = 2 21/3 (4/3m)2/3 4,
z = q X(q)/(2 722),
and

e = (3/32 7222)1/3,
Here ¢ = r - r; is the radial distance from an ion and Z is the
charge of the ion. The electrostatic potential must approach the

unscreened Coulomb potential of the ion as x -> 0, so that

lim  2(x) = 1. (2.9)
x=->0

Since eq. (2.8) is a second-order differential equation, a second
boundary condition is needed to specify the solution. This boundary
condition is the value of (dz/dx)y.p at each of the N ions, which we
will momentarily find using eq. (2.7). We then have N constraining
equations [equations (2.6) and (2.7)] in N unknowns, which we solve by
iteration.

Assuming a value for (dz/dx),.o at each ion, we solve equation
(2.8) in each subcell using the Runge-Rutta method for second-order
differential equations (Abramowitz and Stegun, 1965) [using the
formula accurate to n h3, a step length of h = Lgc/200 provides

sufficient accuracy for the problem]. The spherically-symmetric
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solution for X(q) centered on each ion is then used to provide values
for X(r) at the three-dimensional mesh points inside each subcell. We
then solve Poisson's equation [eq. (2.3)] on the remainder of the mesh
points in the unit cell. Beginning with a uniform electron density
throughout the unit cell (excluding of course the subcells), a new
value for the electron density at each mesh point is found by solving
for X(r) on the right hand side of eq. (2.3). Numerical
differentiation using 5 mesh points in each coordinate direction gives
sufficient accuracy in evaluating the Laplacian on the left hand side
of eq. (2.3). The procedure is repeated until a stable X(r) is found.
Successive overrelaxation is employed to accelerate convergence.

After the electron distribution in the unit cell is found, the
boundary condition equations must be updated, Numerical integration
of the charge balance equation is straightforward. Evaluation of the
electron chemical potential at each ion is more complicated because it
is determined by the long-range Coulomb potential. Considering eq.
(2.4) in the vicinity of an ion, multiplying it by q, and then

differentiating with respect to q, one finds:

wi = 2j (d2/dqdgag = 1/(2r2) - 41, (2.10)
where . all space | '
bi= & 2z |r:-1g
1
- 5 dragn) |r -z, (2.11)
all space

Here éoi is the electrostatic potential evaluated at the ith ion with

the infinite self-potential of the ion subtracted out. The sum and
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integral in eq. (2.11) must be taken out to infinity, including all
charges in image cells as well as in the unit cell. To evaluate ¢°i,
we take advantage of the periodic boundary conditions and expand the
charge density and the potential in a Fourier series:

n(r) =v1 3 ny exp(ik-°r),
k

$(r) = V1 1 ¢4 exp(ikex), (2.12)
k

wvhere the wave vector k = 27 m/L. Writing the charge density as:
N
n(r) = _21 Z; 8(r-rj) - ng% - dng(rx), (2.13)
1=
where n,° is the average electron density and dng(r) is the

fluctuation of the local electron density with respect to the average

value, we see that the Fourier coefficients for the charge density

become:
ng = Jd3r n(r) exp(-ik-r)
v
N
= '21 Z; exp(-ik'ry) - £ d3r 8ng(r) emp(-ik:r); k# 0. (2.14)
1‘

Charge neutrality requires the k = 0 term to be zero. Applying

Poisson's equation to eq. (2.13), the potential becomes:

N ]
é#(x) = (4n/V) 23 % K2 exp[ik'(r-ri)]
i=] k
' .
- r d3 sng(r') £ k2 explik*(z-r')] , (2.15)
v k

vhere the prime on the summation indicates the k = 0 term is excluded.
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We now employ the trick originally used by Ewald (1921) and described
in Brush, et al, (1966), which permits rapid evaluation of the sums in

eq. (2.15). Let

U(q) = (47/V) I k2 exp(ik-q)
k

= q'1 erfc(wllzq/L) -'%

+ %- t (v n2)7! expl-mn? + i(2m/L)+q]
n

+ 2 |oL - q|=1 erfe[n1/2]|n~(q/L)|], (2.16)
n

where erfc(y) = 1 - erf(y) is the complement of the error function.

Eq. (2.11) then becomes:
. N 3

6,1 = Z;E; +j-1?,‘i)zj U(ri-r;) - é d3c'  dng(r') U(rg-r'), (2.17)
where E; is the Madelung energy of a simple cubic lattice with Z =1
and lattice constant L. It is now only necessary to sum and integrate
over particles in the unit cell. The process is most conveniently
carried out by temporarily centering the unit cell on the itk jon, so
that any particle which is more distant than L/2 from the ith jon in
any of the three coordinates is replaced by its nearest image. This
representation also saves computer time because values of U(r) for
each mesh point can be stored in arrays at the beginning of each

computation. The chemical potential at each ion can thus be computed

accurately and with relative ease.
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After iterating to obtain an electron distribution consistent
with the TFD equation and also satisfying the boundary conditions, we
integrate over the unit cell to compute the relevant thermodynamic

properties. At T = 0 °K, the Helmholtz free energy per ion is:
F=E,+Eg +W

e N1 3.3 2y2/3 5/3 _ 3,3 1/3 4/3
=N {éd r 10(371' ) ng éd r s (3/7) n,

N
- £d3r .21_ n, ¢ + iil %zi éot 1, (2.18)

where E,, E,, and W are respectively the average kinetic, exchange,

and potential energies per ion. Equation (2.18) is evaluated
numerically, using integration by parts in the subcells to eliminate
singularities of the integrands in the vicinity of ions.

In the one-dimensional TFD problem, radial symmetry allows one
to express the bulk pressure P in terms of the kinetic and exchange
pressures of an electron gas at a density equal to the electron
density at the surface of the atom. To obtain the pressure for the
three-dimensional case, we make use of the more general expression

from the virial theorem (Feynman, et al., 1949):
P=(2E, + Eg + W) / 3v, (2.19)

where v is the average volume per ion. The energies must be computed
quite accurately because some cancellation is involved in evaluating

the pressure, particularly at lower pressures. Following Salpeter and
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Zapolsky (1967), the correlation energy and pressure are assumed to be
nonlocal quantities, to be evaluated using the average electron

density and then simply added to the TFD results.



CHAPTER 3
SOLID-STATE RESULTS
Results for H-He Mixtures

The zero temperature energies and pressures were evaluated for
specified values of the ion spacing parameter Ig [-(3v/4w)1/3] and
composition x [= number fraction of ions with higher atomic number]
for each of the three lattices. The values of the ion spacing
parameters were chosen to predict a pressure approximating one of our
pressures of interest (10, 100, or 1000 Mbar), and were estimated from
one~dimensional TFD calculations. Table 1 shows the results for H-He
mixtures. The Helmholtz energies [F] and Gibbs energies [G = F + Pv]
are given in atomic units per ion and have a numerical accuracy of
~a few x 104 au/ion. The tabulated data correspond to a "large"
number of mesh points in the three-dimensional unit cells; i.e.,
extrapolated from results using 213 mesh points per octant of each
unit cell and test runs with 413 mesh points.

The thermodynamic properties of simple cubic lattices with an
equal number of hydrogen and helium atoms were calculated for three
different ion arrangements in order to extend the range of energies of
the data base. (Changing the ion positions for the bcc lattice [with
2 ions per unit cell] and the fcc lattice [with 4 ions per unit cell]

merely redefines the position of the unit cell in the crystal.) These
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Table 1

Zero Temperature TFD Results for H-He Mixtures

Lattice x Ty P(Mbar) F(au/ion) G(au/ion)
bee 0.0* 1.15225 10.0482 -0.8613 ~0.6425
sc 0.0 1.15225 10.2297 -0.8554 ~0.6326
bee 0.5 1.26937 10.0656 -2.6300 -2.3370
fec 0.5 1.26937 10.1247 -2.6279 -2.3330
8¢ 0.58 1.26937 10.2274 -2.6229 -2.3251
sc 0.5b 1.26937 10.3472 -2.6190 -2.3177
sc 0.5¢ 1.26937 10.5651 -2.6128 -2.3051
bee 1.0 1.36814 10.0805 ~4.3983 -4.0308
sc 1.0 1.36814 10.3784 -4.3850 ~4.0066
bee 0.0* 0.78019 100,248 -0.3791 +0,2987
sc 0.0 0.78019 101.190 -0.3674 +0.3169
bee 0.5 0.86933 100. 345 -1.9896 -1,0511
fee 0.5 0.86933 100.779 -1.9841 -1.0416
sc 0.58 0.86933 101,213 ~1.9743 -1.0276
sc 0.5> 0.86933 101.898 -1,9652 -1.0121
sc 0.5¢ 0.86933 103.321 -1.9486 -0.9822
bee 1.0*  0.94319 100.422 -3.5995 -2.3999
sc 1.0  0.94319 102,006 -3.5697 -2,.3511
bee 0.0* 0.51451 1001.35 +1.1348 +3.0765
sc 0.0 0.51451 1006.53 +1.1567 +3.1085
bee 0.5 0.57848 1001.89 +0.0966 +2,8578
fec 0.5 0.57848 1004.63 +0.1089 +2,8777
sc 0.58 0.57848 1006.71 +0.1265 +2.9010
sc 0.5> 0.57848 1010.67 +0.1457 +2.9311
sc 0.5¢ 0.57848 1019.77 +0.1849 +2.9954
bee 1.0 0.63077 1002.29 -0.9406 +2.6406
8c 1.0 0.63077 1011.01 -0.8810 +2.7314

* Value for x=0 and x=1 are essentially the same for bcc and fcc

lattices.

2 protons at sc lattice sites # 1, 4, 6, and 7 (see Figure 1).
b Protons at sc lattice sites # 1, 2, 7, and 8.
€ Protons at sc lattice sites # 1, 3, 5, and 7.
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Figure 1. Ion Sites for Simple Cubic Lattices. — Simple cubic (sc)
lattice ion poeitions corresponding to the zero temperature results in
Tables 1 through 6.



different sc configurations are footnoted a, b, and ¢ in Table 1, with
the corresponding ion positions shown in Figure 1. The lattice
resembling the NaCl structure [footnoted a] has the lowest total
energy of the sc lattices, but still has an energy greater than the
fcc or bce lattices with an equal number of hydrogen and helium atoms.
The bcc lattice was found to be the most stable of the lattices
studied with this composition. These relative stabilities are also
predicted by the two-component~plasma [TCP] model with an assumed
uniform electron background (Dysom, 1971).

To within numerical error, the total energies for the bcc and
fcc lattices are indistinguishable for the end members. That is, for
pure hydrogen and pure helium, we are unable to determine the more
stable lattice stucture using TFD theory. Calculations using other
models do predict noticeable differences in the energies (~ 0.01
au/ion) between these two structures for helium. Free electron
perturbation theory results find the zero temperature bcc lattice to
have a lower emergy at all pressures (Friedli and Ashcroft, 1975).
But calculations using linear-muffin-tin orbital theory (Young,
et al., 1981) indicate that the fcc lattice should be the more stable
configuration in the 10 to 1000 Mbar pressure range.

The zero temperature equations of state for pure hydrogen and
pure helium constructed from the three-dimensional TFD results are
shown in Figure 2 [labelled TFD]. The TFD pressures are from the bcc
lattice results and are just slightly higher (§ 0.12) that for the

one-dimensional case. For comparison, we show for pure helium the
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Figure 2,
temperature pressure~density relations for He (upper four curves) and

B (lower tvo curves). MC, computed using the linear screening theory
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Equations of State for Hydrogen and Helium., — Zero

of Hubbard (1972); DJS, computed using & similar theory for He, but

carried to one higher order in the perturbation expansion; LMIO, from

the crystal-state calculations of !bung. et al.; IFD, computed for bcc
lattices using TFD theory.



pressure~density curves from Hubbard (1972) [MC], Stevenson (1975)
[DJS], and Young, et al, (1981) [LMTO]. Also shown is the pure
hydrogen curve from Hubbard (1972) [MC]. Hubbard's results were
obtained from Monte Carlo studies assuming a fully ionized mixture
with simple screening. Stevenson also assumed a fully ionized mixture
with screening, but carried out the perturbation expansion to second
order. The results of Young, et al, were derived using linear-muffin-
tin-orbital theory. All curves are standardized to include the
correlation pressure and to be at zero pressure.

It is seen that the various theories produce little difference
in the pressure-density curve for pure hydrogen, while for pure helium
somewhat larger differences exist. As expected, both model assuming
fully ionized helium with screening agree relatively well with each
other, with the Monte Carlo curve being quite similar to the equation
of state of a helium atom without screening. On the other hand, the
TFD and LMTO models, which are independent theories, predict somewhat
higher pressures for helium. This is expected because the lower
energies produced by the tighter binding of the electrons to the ions.
Treatment of the electron distribution as a perturbation from a
uniform elecgron distribution may be of questionable validity for
helium at pressures near or below its metallization pressure (a 102
Mbar). At such low pressures, the TFD and LMTO models might produce
more accurate electron distributions awvay from the ions and a better

equation of state for helium,
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The free energies and densities for mixtures are often
calculated assuming ideal mixing. However, the non-ideality of a
mixture plays an essential role in determining the instability of a
mixture to phase separation. The deviation from ideal mixing of a

thermodynamic parameter A is given by:
8A(x,P) = A(x,P) - [(1-x) A(O,P) +x A(1,P)], (3.1)

where again x is the composition parameter. Values of §G and 6V/V for
the B-He mixtures are computed from our TFD results for each of the
pressure groups and are shown in Table 2. Note that the deviations
from ideal mixing for the H-He solutions are quite small [ 10~2
au/ion].

We can compare the zero temperature TFD results with those
computed for a two~component-plasma [TCP] with a uniform electron
background and a two-component system with simple screening. For a
mixture of ions with charges Z; and Zj, assuming simple screening, the
Helmholtz energy per ion at T = 0 9K is given by (Hubbard and

Slattery, 1971):

F = <2> [1.105 s=2 - 0.458 s~1]

N N

1 ¢72
R P El Z2;Z; y(xi-r;), (3.2)

X
i=l (itj) j

2

where <Z2> = (1-x) 212 +x 222, s is the electron spacing parameter
[s=(3V/4mN<Z>)1/3], the electron correlation emergy is meglected, and

y and ¥, are functions defined by Hubbard and Slattery, which depend



Table 2

Mixing Properties for H-He Solutions with x = 0.5

Lattice rg 8G(au/ion) N7
P = 10 Mbar: bec 1.27067 -0.0002 -0.0001
fce 1.27183 +0.0019 +0.0026
scd 1.27386 -0.0027 -0.0045
scb 1.27622 +0.0012 +0.0011
scC 1.28053 +0.0074 +0.0112
P = 100 Mbar: bce 0.86984 -0.0003 -0.0001
fec 0.87048 +0.0051 +0.0021
scd 0.87112 -0.0058 -0.,0026
scb 0.87213 +0.0033 +0.0009
s8cC 0.87422 +0.0199 +0.0081
P = 1000 Mbar: bee 0.57868 -0.0005 -0.0001
fee 0.57896 +0.0118 +0.0014
scé 0.57917 -0.0114 -0.0015
scb 0.57959 +0.0078 +0.0006
8cC 0.58053 +0.0470 +0.0055

8 protons at sc lattice sites # 1, 4, 6, and 7 (see Figure 1).
b Protons at sc lattice sites # 1, 2, 7, and 8.
€ Protons at sc lattice sites # 1, 3, 5, and 7.
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on the Ewald potential U(r), the Madelung energy for a simple cubic
lattice with Z = 1 and lattice constant L, and the Lindhard dielectric
function €y For the TCP model, the free energy is given by equation
(3.2) with €k = 1. The energy and density for & specified pressure
and composition are found by iterating to get the correct velue of s.

The Gibbs energies of mixing for the bcc and fcc lattices have
been computed for both the screened and unscreened cases and compared
with the TFD values. Figures 3 and 4 show the excess Gibbs‘energies
as a function of pressure for the bce and fcc lattices, respectively.
For the bcc case, 5G has been computed for pressures up to 106 Mbar to
test for convergence, which should occur because the electron
distribution becomes uniform for all three models in the high pressure
limit. In Figure 3, we see that the three curves are converging,
although at a rather slow rate. Note that for each lattice, the TFD
mixing energies are at all pressures ™~ 0.01 - 0.02 au/ion (or 3000 to
6000 O°K) lower than those derived using the linear screening model.

It is clear that the predicted stability of hydrogen-helium
mixtures depends strongly on the manner in which the electrons are
allowed to respond to the ion potentials., The Gibbs mixing energies
are not a simple function of the electron densities near the
"surfaces" of the atoms. This is evident from the fact that the bcc
values of &G for the simple screening model are greater than those for
a two-component-plasma without screening, while the 8G values for the
TFD model are significantly smaller than for the TCP case. The

"surface" electron densities for the TFD model are lower those of both
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Figure 3. Excess Gibbs Energies for H-He BCC Lattices. — Gibbs
energies of mixing for a bee lattice of hydrogen and helium, with a
proton located at 0, 0, 0, and a helium nucleus located at L/2, L/2,

L/2. Screen, calculated using linear response theory; ICP, calculated
TFD, three-dimensional TFD

S,
assuming & uniform electron background;

results.
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Figure 4. Excess Gibbs Energies for H-He FCC Lattices. —— Gibbs
energies of mixing for an fcc lattice of hydrogen and helium, with
protons located at 0, 0, 0, and L/2, 0, L/2, and helium nuclei located
at 0, L/2, L/2, and L/2, L/2, 0. Nomenclature is the same as in
Figure 3.
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Figure 5. Excess Volumes for H-He Lattices. — Excess volumes of
mixing in percent as a function of pressure, for an equal number of
bydrogen and helium ions in various lattices. Stevenson's (1975)
results are off scale and range from about -6% at 10 Mbar to about -3%
at 100 Mbar.
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the linear response model and the unscreened plasma, which of course
has the highest "surface" electron density. However, linear response
theory calculations for hydrogen in the sc configuration indicate that
the electron densities along a path between a proton and one of its
nearest neighbors are everywhere greater than the average electron
density. This is a clear example of just how weak the electrons
respond to the electrostatic potential in the perturbation model, and
this may be the reason the linear response mixing energies for the bcc
lattices are greater than those for the TCP model.

Finally, Figure 5 shows the excess volumes of mixing as a
function of pressure for the various theories. The "a2dditive volume
law" corresponds to 8V/V = 0 for all compositions. Deviations from
the additive volume las are rather small for all models (5 1%Z), and go
to zero in the high pressure limit. Our TFD results predict that the
mixing volumes should be  0.1%Z of the total volume. Even lattices
assuming a uniform electron background or simple screening do not

approach Stevenson's values of §V/V A -62 at 10 Mbar.

Results for H-C and H-O Mixtures

Similar sets of calculations were carried out for both
hydrogen-carbon and hydrogen-oxygen mixtures. Tables 3 and 4 show the
results for the H-C and H~0 systems, respectively. (The results for
pure bydrogen can be found in Table 1l.) The calculations were

performed for the same lattice configurations as those used for the H-

He calculations, and the values of r; yere again chosen to predict



Table 3

Zero Temperature TFD Results for H-C Mixtures®

Lattice x L P(Mbar) F(au/ion) G(au/ion)
bee 0.5 1.49356 10.164 ~27.659 -27.177
fcc 0.5  1,49356 10.628 -27 .640 -27.136
sc 0.58  1.49356 9.804 -27.678 -27.213
sc 0.5b  1.49356 10.862 -27.631 -27.116
sc 0.5¢  1.49356 12.504 -27.567 -26.974
bee 1.0 1.72508 10.164 -54 .458 -53.714
fcc 1.0 1.72508 10.161 -54.458 -53.714
sc 1.0 1.72508 10.758 -54,417 -53.631
bee 0.5 1.05228 101.07 -26.634 -24,957
fee 0.5 1.05228 104.35 -26.575 -24 844
sc 0.58 1.05228 99.80 -26.657 -25.001
sc 0.5> 1.05228 105.82 -26.542 -24,787
sc 0.5¢ 1,05228 116.69 -26.358 -24.,422
bee 1.0 1.22881 100.92 ~52,896 ~50.230
fec 1.0 1.22881 100.91 -52,.896 -50.231
sc 1.0 1.22881 104.35 -52,788 -50.032
bee 0.5 0.71871 1006 .8 -22.976 -17.654
fec 0.5 0.71871 1028.6 -22,821 -17.384
sc 0.58 0.71871 1001.2 ~23.010 -17.718
sc 0.5 0.71871 1036 .4 -22,745 -17.267
sc 0.5¢ 0.71871 1108.4 -22.263 -16.404
bee 1.0 0.84637 1005.3 ~-47.113 -38.437
fee 1.0 0.84637 1005.2 -47.114 -38.438
sc 1.0 0.84637 1025.0 -46.862 -38.015

* Values for pure H (x = 0) can be found in Table 1.

8 protons at sc lattice sites # 1, 4, 6, and 7 (see Figure 1).
b Protons at sc lattice sites # 1, 2, 7, and 8.
€ Protons at sc lattice sites # 1, 3, 5, and 7.



Table 4

Zero Temperature TFD Results for H-O Mixtures*

Lattice x Tg P(Mbar) F(au/ion) G(au/ion)
bee 0.5 1.55601 10,221 -53.070 -52.522
fec 0.5 1.55601 10.839 ~53.043 -52.462
8¢ 0.58 1,55601 9.461 -53.114 -52,607
sc 0.5b 1.55601 11.008 -53.041 -52.450
8sc 0.5¢ 1.55601 13,298 -52.944 -52,231
bec 1.0 1.81762 10.193 ~-105.282 -104.411
fee 1.0 1.81762 10,187 -105.283 -104.412
8¢ 1.0 1.81762 10.888 -105.230 -104.299
bee 0.5 1.10554 101.53 -51.915 -49.962
fcc 0.5 1.10554 106,01 -51,828 -49,789
sc 0.58 1,10554 98.76 -51.978 -50.078
sc 0.5 1.10554 107.46 -51.796 -49,728
8c 0.5¢ 1.10554 122,48 -51.516 -49.160
bee 1.0 1.30600 101,11 -103.469 -100.262
fce 1.0 1.30600 101.09 -103.470 -100.264
8¢ 1.0 1.30600 105.22 -103.326 -99.,989
bee 0.5 0.76153 1010.1 -47 .687 -41.336
fee 0.5 0.76153 1040.4 ~47 445 ~40.904
8¢ 0.58 0.76153 997.9 -47.785 ~41.510
sc 0.5 0.76153 1048.7 -47.357 -40.763
sc 0.5¢ 0.76153 1148.8 -46.606 -39.382
bee 1.0 0.90737 1006.3 -96.568 -85.864
fce 1.0 0.90737 1006 .4 -96.570 -85.867
sc 1.0 0.90737 1030.6 -96.218 -85.257

* Values for pure H (x = 0) can be found in Table 1.

8 Protons at sc lattice sites # 1, 4, 6, and 7 (see Figure 1).

b Protons at sc lattice sites # 1, 2, 7, and 8.
€ Protons at sc lattice sites # 1, 3, 5, and 7.
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pressures close to 10, 100, or 1000 Mbars. Because of the greater
charge of the second atomic species, the numerical error in the H-C
and H-0 results is somewhat larger, with the Helmholtz and Gibbs
energies being accurate to ~ 1 x 103 au/ion.

In Tables 3 and 4, it is seen that the total energies for the
bcc and fcc lattices are essentially the same for pure carbon and
oxygen, although there is some suggestion that the fcc lattice is
slightly more stable., This differs from the TCP model (with a uniform
electron background), where for pure systems, the bcc energies are
always slightly lower tham the fcc energies (Brush, et al., 1966).

For structures with a composition of x = 0,5, it is
interesting to note that the sc lattice resembling the NaCl structure
is the most stable configuration for both H-C and H~O mixtures. This
is also the case for the TCP model (Dyson, 1971), where the NaCl
configuration is found to be more stable than the bec (or CsCl)
configuration provided Z,/21 > 5.

The mixing properties for the H-C and H-O solutions have been
- evaluated and are listed in Tables 5 and 6, respectively. Although
the mixing energies [§G] are relatively small ({ 1% of the total
energies), the values of §G for the H~C and H~O mixtures are roughly
10 to 20 times larger (in absolute value) than those for the H-He
mixtures. Also, the deviations from the "additive volume law" are
somewhat larger, with typical values of §V/V being ~ a few per cent.
Larger deviations from ideal mixing are of course expected for

mixtures of elements with larger charge differences.



Table 5

Mixing Properties for H-C Solutions with x = 0.5

Lattice rg sV/v §G(au/ion) &Gpcp(au/ion)
P = 10 Mbar: bcc  1.49710 +0.0013 +0.001 +0.372
fcc  1.50710 +0,0211 +0.019 +0.730
sc®  1.48934 -0.0359 -0.042 +0.059
scb  1,51214 +0.0102 +0.005 +0.550
8c®  1.54752 +0.0766 +0.069 +1.782
P = 100 Mbar: bec  1.05408 +0.0014 +0.004 +0.271
fcc  1.05957 +0.0169 +0.063 +0.682
scd8  1.05195 ~0.0185 -0.079 -0.081
scP  1.,06203 +0.0103 +0.035 +0.482
sc€  1.08025 +0.0595 +0.220 +1.928
P = 1000 Mbar: bcc  0.71955 +0.0012 +0.014 +0.220
fcc  0.72223 +0.0123 +0.169 +0.770
sc®  0.71886 -0.0104 -0.158 -0.242
scP  0.72319 +0.0077 +0.107 +0.511
sc€  0.73206 +0.0432 +0.590 +2.472

8 protons at sc lattice sites # 1, 4, 6, and 7 (see Figure 1).
Protons at sc lattice sites # 1, 2, 7, and 8.
€ Protons at sc lattice sites # 1, 3, 5, and 7.
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Table 6

Mixing Properties for H-0 Solutions with x = 0.5

Lattice L s8v/v 6G(au/ion) &8Gpcp(au/ion)
P = 10 Mbar: bcc  1.56070 +0.0023 +0.002 +0.751
fcc  1.57380 +0,0272 +0.029 +1.507
scd  1,.54458 -0.0544 -0.072 +0.091
sc®  1,57739 +0.0100 +0.002 +1.130
sc®  1.625% +0.0961 +0.099 +3.704
P = 100 Mbar: bec  1.10802 +0.0023 +0.009 +0.583
fce  1.11527 +0.0217 +0.097 +1.405
sc®  1.10353 -0.0264 -0.131 -0.125
scb  1.11762 +0.0119 +0.051 +1.004
 8c®  1,1419 +0.0738 +0.331 +3.859
P = 1000 Mbar: bcc  0.76270 +0.0019 +0.030 +0.471
' fcc  0.76622 +0,0155 +0.273 +1,515
sc®  0.76128 -0.0144 -0.254 -0.409
s 0.76719 +0.0089 +0.174 +1.022
sc  0,77883 +0.0527 +0.925 +4,719

8 protons at sc lattice sites # 1, 4, 6, and 7 (see Figure 1).
b protons at sc lattice sites # 1, 2, 7, and 8.
€ Protons at ec lattice sites # 1, 3, 5, and 7.



Also shown in Tables 5 and 6 are the Gibbs mixing energies for
the tvo-component-plasma model [§Gpcp]. The values for 8Gpcp were
found using eq. (3.2) and correspond to the pressures indicated in the
left columns of the tables. The TCP mixing energies are generally
found to be greater than the TFD values, with typical differences in
6G between the two models being ~ 1 au/ion. If, in the liquid phase,
the TFD mixing energies are lower than the TCP mixing energies by
similar amounts, the TFD phase separation temperatures should be
expected to be & 1 au (or " 105 OK) lower than the TCP temperatures.

This will be discussed further in Chapter 6.
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CHAPTER 4

MODEL POTENTIALS

In order to assess the mixing properties of fluid mixtures, it
is necessary to first find an effective potential (or pseudopotential)
which will fit all of the solid-state data. In addition to predicting
the total energy and pressure of each data point, the potential must
also be able to reproduce the mixing properties of each system. It is
essential that the pseudopotential adequately predicts the small
deviations from ideal mixing in the energy for each lattice.

The form of the pseudopotential we have chosen is similar to
the potential of a two-component-plasma [TCP] without screening (i.e.,
with a uniform electron background). This is prompted by the fact
that the total energies of bcc and fcc lattices for pure (one-
component) TCP systems with no screening differ by less than 0.012
(Brush, et al,, 1966), and therefore should readily fit the TFD data.
But because the TFD model allows the electron clouds to be tightly
bound to the nuclei, the effective ion charges seen by the electron
gas away from the nuclei will be smaller than in the TCP case. This
suggests that the pseudopotential should have a form similar to that
of the TCP potential, but with smaller effective ion charges, which in

general will be a function of the pressure.
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For a two-component system with effective charges 2} and 23»
an average charge of <Z*> = (1-x) z{ +x zi, and an electron spacing

parameter s [= rg/<Z*>1/3], the model Helmholtz energy takes the form:

F = Eo+ Eg + W+ Egi, (4.1)

vhere Ee is the zero temperature electron kinetic enmergy, Ex i8 the

first-order exchange energy between electrons, W is the Coulomb
energy, and Egj is an additional structure-independent energy, which
is found by fitting to the TFD data. The first two terms on the RHS

are given by:
E, + E, = <z*> [1.105 s~ - 0.458 6~1] au/ion, (4.2)

vhere again <z*> is the average effective charge. The Coulomb (or
Madelung) energy for a multi-component lattice is (Hubbard, 1972):

N
W o= 0.5<(2*)2> E, + N1y 2¥2%0(rj-ri) » (43)

1<]
vhere N is the number of ions per unit cell, <(Z*)2> = (1-x) (z])2 +

x (25)2, E; is the Madelung energy of a simple cubic lattice with Z=1

and unit cell volume Nv, and U(r) is the Ewald potential discussed in
Chapter 2. The values of Z{ and 2z% are also found by fitting to the

TFD data.

The effective ion charges will in general be a function of the
pressure, but in practice must be fitted to a function of the ion

spacing parameters because the pressure is not a pre-determined
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quantity. The form for the effective ion charges we have chosen is:

zt(rs,i) = Zj exp[-aj rq j - Bj fs%i] R (4.4)

where Z; and rg,i are the actual charge and the ion spacing parameter
of the ith jon, and aj and Bj are constants determined from the
fitting procedure and are listed in Tables 7, 8, and 9 for the H-He,
H-C, and H-0 mixtures, respectively. Note that in the high.pressure
limit (xg * 0), the effective ion charges will correctly approach the
actual charge of their respective ions. For a mixture of composition

x and ion spacing parameter rg, the values for rg,] and rg,2 8Te found

by simultaneously solving:
(1-x) r8§1 + x r5§ = r3 (4.5)

and ) Pi(rs,1) = P2(ra,2) ’ (4.6)

vhere P; and Py represent the T=0 K pressures for the end members,
which are estimated from one-dimemnsional TFD calculationms. Eq. (4.5)
is the "additive volume law" and is sufficient to use here because the
volumetric deviations from ideal mixing are small.

The structure-independent term for the pseudopotential can be
separated into two parts: the first obeying ideal mixing laws, and

the second representing the small non-ideal contribution. This can be

written as:

Esi = (1-x) Egi,1 + x Egi,2 + OEsi , (4.7)

where the first two terms on the RHS are the contributions from the



Table 7

Constants for H~He Pseudopotentials

Eq. (4.4): Ion o, _B;
H 0.2411 0.1287
He 0.4037 0.0520
Eq. (4.8) Ion —8aj bj —Ci dj
H 1.219 0.604 0.732 0.658
He 4.746 0.699 1.235 0.787
Eq. (4.9) A Ay

-0.0092 0.0108
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Table 8

Constants for H-C Pseudopotentials

Eq. (4.4): Ion —_ —Bi
H 0.2411 0.1287
c 0.6575 -0.0166
Eq. (4.8): Ion a8 __bs ci dj
H 1.219 0.604 0.732 0.658
C 54,917 0.671 1.934 0.751
ch (409): _Al___ Az

=0.125 0.110




Table 9

Constants for H~O0 Pseudopotentials

Eq. (4.4): Ion - _Bi
H 0.2411 0.1287
0 0.7308 -0.0341
Eq. (4.8): Ion —aj bj ci —di
H 1.219 0.604 0.732 0.658
0 105.735 0.661 2.133 0.733
qu (4.9): —Al_ Az

-00207 00162
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end members, and §Egj i8 the "excess" structure-independent energy.

The form for the end members was chosen to be:
Egi,i = - aj [1 - (rg,i)7Pi exp(-ci(rg,i)di)] au/iom, (4.8)

vhere a;, bj, cj, and dj are constants determined by fitting to both
the energy and pressure of each data group, and listed in Tables 7
through 9. In the high pressure limit, E;; js unbounded, increasing
as r;b. But because b < 1, the electron kinetic energy term [Ee"
t;2] still dominates, and our model free energy correctly approaches

the TCP result.

The "excess" structure-independent energy was evaluated for

each of the pressure groups and fitted to a function of rg,1°

SEgi = x(1-x) [A] + A2/rg,1] au/ion, (4.9)

vhere A] and Ay 8re constants and are also listed in Tables 7 through
9. The values of SE;; are small relative to typical values for the
overall mixing energies, and deviations from its assumed parabolic
form would have a negligible effect on our results.

Substituting the expressions for Zi, Zi, and Egi in eqs. (4.1)
and (4.3), the total energies, pressures, and mixing energies are
reproduced quite well., Errors for the total energies and pressure are
very small, with typical residuals ~ 0 %. In Figures 6, 7, and 8,
the Gibbs mixing energies (6G = G(x,P) - [(1-x)G(0,P) + xG(1,P)]) are
plotted for the H-He, H-C, and H-O0 mixtures, respectively, as a

function of pressure for the 5 crystal structures examined with
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Figure 6. Gibbs Mixing Energies from H-He Pseudopotentials. —- Gibbs
energies of mixing for T = 0 OK bcc, fcc, and sc lattices with

B-He compositons of x = 0,5. Solid curves are determined using the
pseudopotentials in Chapter 4; open circles are the solid-state data
points. Footnotes for the sc lattices correspond to those in Table 1.
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Figure 7. Gibbs Mixing Energies from H-C Pgeudopotentials. — Gibbs
energies of mixing for T = 0 OK bee, fcec, and sc lattices with H-C
compositions of x = 0.5. Nomenclature is the same as in Figure 6.
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Figure 8., Gibbs Mixing lfnergiea from B-0 Pseudopotentials. — Gibbs
energies of mixing for T = 0 OK bcc, fcc, and sc lattices with H-0
compositions of x = 0.5. Nomenclature is the same as in Figure 6.
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x = 0.5. The footnotes for the sc lattices correspond to those in
Tables 1 through 6, and the circles are the mixing energies from the
solid-state calculations. Note that there is good agreement between
the zero temperature data and the pseudopotential curves.

We now have model potentials which accurately reproduces the
relevant thermodynamic properties from our solid-state TFD
calculations, as well as can conveniently be used in liquid-state

calculations.



CHAPTER 5
LIQUID~-STATE FORMALISM

Using the pseudopotentials described in Chapter 4, the
equilibrium properties of fluid mixtures can be readily calculated
using hard-sphere perturbation theory. This method utilizes a
variational approach to assessing the properties of fluids, minimizing
the free energy of the system by varying the hard-sphere diameters,
and using the hard-sphere system as a reference. This approach has
been developed by Mansoori and Canfield (1969) and extended to two

component systems by Mansoori, et al. (1971). It has been applied to

the study of two-component-plasmas by Ross and Seale (1974) for ions
in a uniform negatively charged background, and by Stevenson (1975)
who in addition included screening effects for the H-He system.
Calcuiations using hard-sphere perturbation theory predict results
which are quite similar to those found using Monte Carlo and molecular
dynamics computations, and have the advantage of requiring relatively
little computer time.

We begin by formulating the free energy of a two-component
fluid based on the pseudopotentials described in Chapter 4. We assume
a mixture of ions with effective charges Z§ and Z%, immersed in a
negatively chargea background with a constant density of <Z*>/v. The

ions are assumed to interact like hard-spheres. The Helmholtz free
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energy then is given by:
F = Fe4+Egj + Fpg + W+ Fqm , (5.1)

where Fe is the free energy of a uniform electron gas, Egi is the

additional structure-independent energy described in Chapter 4, Fp, is
the free energy for a mixture of interacting hard-spheres, W is the
Coulomb energy, and qu is the high-temperature quantum mechanical
correction for the hard-sphere system. The last three terms on the
RHS are all structure-dependent (i.e., depend on the pair-distribution
function), and therefore are a function of the hard-sphere diameters.
The free energy for a uniform electron gas is:

Fe = Eg + Ex + Ecorr + Fth °* (5.2)

where E, and Ex are the kinetic and exchange energies given by eq.

(4.2), and Ecorr is the electron correlation emergy. For Ecorr> Ve

used the interpolation formula of Salpeter and Zapolsky (1967), with
<z*> representing the charge dependence. The final term in eq. (5.2)
is the first-order thermal contribution to the electron gas free

energy (Landau and Lifshitz, 1969):

2/3
Fop = _.12 [é_g_ﬂ_:l <z*> 82 T2 au/ion , (5.3)

where T is the temperature in atomic units (1 au = 3,158 x 105 OK).
Because the temperatures we are considering are much lower than the
electron degeneracy temperatures, the thermal contributions to Fg are
small and higher-order corrections are unimportant.

The expression for Eg; can be found in eqs. (4.7) through

(4.9). Because this term represents a fit to the zero temperature
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data, no information is available on the thermal dependence this term
may have. Consequently, this may affect our results for the thermal
derivatives of the free energy (e.g., entropy and heat capacity).
This however will not significantly affect our predictions for the
pressures or the phase stability regions for the solutions.

The free energy for a hard-sphere fluid consists of two terms:
the ideal gas free energy [Fig]’ and an additional term corresponding
to the hard-sphere interactions. For the second term, we have chosen
to use the approximation for mixtures derived by Mansoori, et al.

(1971), which can be written as:

Fue = Fig + T [-3/2 (1-y1+y2+y3) + (3y2+2y3)/(1-n)
+ 3/2 (1-y1-yo-y3/3)/(1-M2 + (y3~1) 1n(1=), (5.4)

where
Y1 = D12 (dy+dp)/(d1d2)l/2 ,

y2 = D12 [n] (d2/d1)l/2 4 ny (d1/d2)1/21 / n ,
Y3 = [((1-x)(n7)2)1/3 + (x(ng)2)1/3}3 / n2 ,
D12 = [x(1-x)nyny]1/2 (dp-dy)2 / (ndyd)) »

nj = ﬂxidi / 6v ,

n ('n1+n2) is the hard-sphere packing fraction (defined as the ratio
of the volume occupied by hard-spheres to the total volume), and di is
the hard-sphere diameter of the ith ion. This expression finds
results for the mixing properties of binary systems which are in good
agreement with those from molecular dynamics calculations.

The next term to be considered is the Coulomb emergy for a

tvo-component-plasma., This is the electrostatic energy of ions
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immersed in the uniform electron background, with the arrangement of
ions in the fluid approximated by a Percus-Yevick hard-sphere
distribution. The analytic expression for this term has been derived
by Ross and Seale (1974), and used by Stevenson (1975). Minor errors

exist in both papers. The correct expression for a mixture with

effective ion charges Z¥ and z¥% is:

W = <= 3n2/3/[504(1+2)] [}2(1-::)2(2'{)2(;11 +
L (-a)2x(1-m)2yz86, 5 + x2<z§)2c2€l, (5.5)

where Gi; = n? - 273 + 10 - 4M)N9 + 10n2
+ 10(mm-n2)/ e + (n3-2n2-4nin2)/o? »
€12 = 30(n1-n2)(1-2)/(1+a) - 30(1+n)
+ (2a/(1+a))2[ng-2n1+10~4n]n2+20N2
+10(nyng+n+2) /@ + (n3-2n2+10-4n1n2+20n1)/a2l,
o =d)/dg, and G297 is found from G)] by substituting N2 for Ni and o
for 1/u.

Finally, the first-order quantum correction for a hard-sphere
system has been included. This was derived by Jancovici (1969) and

has the form:

Fam = 1 [f]1/2 L0028y egn}/2
rs

+ 2x(1-%)819d3om13/2 + x289943m33/2] au/iom, (5.6)
vhere '

d12 = d; + d2,
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mj is the mass of the ith jon (in electron masses), and gij ie the
classical pair-correlation function evaluated at the hard-sphere
surfaces (see e.g., Lebowitz, 1964). Eq. (5.6) represents a series
expansion in powers of the thermal wavelenmgth A= (2rh2/mkgr)l/2,
which will rapidly converge provided A << d. At densities we are
considering (1'5 vdvl), this condition is satisfied when T >> 10000K.
Note also that the first-order quantum correction for the hard-sphere
system is v h, whereas the first term ir the Wigner-Kirkwood expansion
is n h2, This is because the terms for the Wigner-Kirkwood expansion
diverge for the case of the hard-sphere potentials, which are non-
analytic (Jancovici, 1969).

The free energies of the first—-order quantum correction are
small ( v10~2 au/ion), and did not significantly affect our results
for the pressures or mixing energies. Its effects are more strongly
felt for the entropy and heat capacity, especially at lower

temperatures, where presumable higher-order terms become important,



CHAPTER 6

RESULTS FOR FLUID MIXTURES

H-He Mixtures

For specified values of the density, temperature, and
composition, the free energies are determined by minimizing the last
three terms in eq. (5.1) as a function of a and n, and then adding the
structure-independent terms F, and Egj. The derivatives of the free
energy (e.g., pressure, entropy) are evaluated numerically. The value
of a for H-He solutions is found to have a rather weak dependence on
rg» T, and x, and generally lies within the range of 0.76-0.80. The
hard-sphere packing fraction [n] is of course more semsitive to these
variables.

The primary purpose of this study is to estimate the
temperatures at which mixtures become unstable to phase separation
based on the TFD model. To do this, we first evaluate the Gibbs

energy in (T,P,x) space. The stability condition we have used is:

[026/3x2lp p < o . (6.1)

Though this condition does mot exactly reproduce the same temperatures
along the phase separation curve as the "common tangent" method,
except at the critical temperature [i.e., the maximum temperature

along the curve] (see e.g., Broecker and Oversby, 1971), it is a very
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efficient method for estimating the phase stability of mixtures near
critical temperatures. The LHS of eq. (6.1) is most easily evaluated
by calculating the Gibbs energy at 3 closely spaced compositions for a
constant temperature and pressure, and numerically differentiating.

The stability condition was tested for a number of different
temperatures and compositions at our pressures of interest. At 10,
100, and 1000 Mbar, the critical temperatures for H-He solutions were
found to be ~ 0°K, 500°K, and 1500°K, respectively. At these
relatively low temperatures, the hard-sphere packing fractions were
found to be ~ 0.5 to 0.6, exceeding the solidification value of n n
0.45 for classical liquids. Therefore, based on the hard-sphere model
and Thomas-Fermi-Dirac theory, one might expect H-He mixtures to be
stable against phase separation at all temperatures above the melting
temperatures. But using this approach to estimate the freezing curve
for metallic hydrogen is very questionable. Although this freezing
criterion [n % 0.45] has been shown to be fairly accurate for Hy and
He at pressures S 105 Mbar (Young and Ross, 1981; Young, et al.,
1981), detailed theoretical studies at higher pressures indicate that
metallic hydrogen may be stable in the liquid phase even at T = (0CK
(Chakravarty and Ashcroft, 1979).

The phase separation temperatures found using our TFD
pseudopotentials are considerably lower (5 6000 to 10000°K) than those
found using free electron perturbation theory (Stevenmson, 1975). This
result is not unexpected. Solid-state calculations at T = 00K have

shown that TFD mixing energies are typically ~ 0.01 - 0.02 au/ion
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lower than those found using linear response theory (see Chapter 3).
This suggests that the TFD phase separation temperatures should be o
0.02 -~ 0.04 au (or ™~ 6000 to 12000°K) lower than the linear response
temperatures because the phase separation temperatures depend on the

second derivative of the Gibbs energy with respect to composition.

Our critical temperatures are also lower than those found for the two-
component—plasma model (Hansen and Vieillefosse, 1976) and the linear
response model using the Yukawa potential (Firey and Ashcroft, 1977),
although both of these models predict somewhat lower critical
temperatures than Stevenson's.

Such diverse predictions for the phase stability regions of H-
He solutions make it difficult to theoretically predict with any
confidence whether this process is currently playing a major role in
the energy balance of Saturn. At a pressure of n 10 Mbar, Saturn is
expected to have a temperature of n 8000°K (Hubbard, et al,, 1980). If
the phase separation temperatures for H-He solutions near this
pressure are /& 8000°K, we should expect He-rich and He-poor phases to
form, with the denser Bé-riéh phase sinking toward the center of the
planet. Our TFD results predict that this process should not be
occuring in either Jupiter or Saturn at the present time.

We have also calculated other equilibrium properties based on
TFD theory and our model free energy for the liquid state. The
equations of state for pure hydrogen and pure helium have been

computed along 2 isotherms, and fitted to the following polynomial:
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P = 51.6 675 [1 + ujs + ugs? + ugsd] Mbar , (6.2)

' where u;, uy, and uj are constants listed in Table 10 for isotherms at
6000°K and 15000°K, and s is the electron spacing parameter now

defined using the actual ion charges. Pressures at other temperatures

can be estimated by linear interpolation. The pressures for H-He
mixtures can be determined using the "additive volume" rule, which
should be quite accurate because the volumetric deviations from ideal
mixing are small [sV/V £ 0.1 2].

The equation of state for hydrogen does not differ
significantly from that determined from linear response theory.
However, the TFD pressures for helium are ~ 20-25 % higher. Because
it is questionable whether the free electron perturbation expansion
converges sufficiently for a He atom, the TFD equation of state for He
may be somewhat more reliable. The TFD pressures for helium also
agree relatively well with those determined from linear-muffin-tin-
orbital calculations (Young, et al., 1981).

We have also evaluated the entropy at a few points of
interest. For x =0, rg = 0.9, and T = 35000°K, we find an entropy of
§ = 7.92 Nkg (kg = Boltzmann's constant). This is somewhat smaller
that the values obtained by Stevenson [$ = 8.55Nkg] and by DeWitt and
Bubbard (1976) [S = 8.22Nkg]. Our relatively low entropies would
predict central temperatures for Jupiter higher by 3000 to 6000°K than
the other values. These results can also be compared to the entropy

for the TCP model [S = 7.41Nkg, using hard-sphere perturbation



Table 10

Parameters for H-He Equations of State

Ion

T(°K)

u) ug uj
H 6000 -0.5586 -0.0014 +0.0730
H 15000 ~0.5546  +0.0586 +0.0757
He 6000 -0.8723 +0.2096 +0.0164
He 15000 -0.8700 +0.2465 +0.0170
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theory], and that of an ideal gas [S = 8.82Nkgl. Note that the lower

entropies indicate a greater thermal dependence on the non-ideal part
of the free energy.

The larger thermal dependence for the TFD model is also
reflected in the heat capacities. For x =0, rg ® 0.9, and T =
20000°K, we find a heat capacity of C, = 2.4Nkg, compared with the
lower values from Stevemson [Cy = 1.8Nkp] and Hubbard (1972) [Cy *
1.9Nkg], The result for the TCP model is Cy = 2.6Nkg, and an ideal

gas of course has Cy = 1,5Nkp"

There are two possibilities for the larger temperature
dependence on our model free energy. First, the structure-independent
free energy term determined from the solid-state TFD results contains
no thermal contribution, and therefore cannot aid in reducing
[dF/dT],. The second possibility, which is more likely, is that the
hard-sphere pair-distribution functions do not adequately approximate
the actual pair-distribution functions (as Monte Carlo results do).
Though Stevenson also based his calculations on hard-sphere
perturbation theory, he effectively converted to a more realistic
pair-distribution function by including a correction term based on the
optimized-random~-phase-approximation of Andersen, et al. (1972). Even
though this correction is small (Stevenson, 1975), it is large enough

to aignificahtly affect results for the entropy.
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B-C and H-0 Mixtures

Similar calculations were carried out for fluid H-C and H-0
solutions based on the TFD model and hard-sphere perturbation theory.
The phase seperation temperatures were again found using eq. (6.1),
with the resﬁltﬁube;ng summarié?d £; Table 11." For H-C solutions, the
critical temperatures were found to be roughly 0, 1000, and 8000 °K at
pressures of 10, 100, and 1000 Mbar, while for H-O solutions, the
critical temperatures were roughly 0, 0, and 10,000 OK, respectively.
Because of larger errors present in the fits to the solid-state data
for the H-C and H-0 mixtures, the errors in the critical temperatures
are v a few thousand degrees.

The TFD phase separation temperatures are much lower than
their TCP counterparts. Stevenson (1976) has estimated the TCP
critical temperatures to be ~ 1.1 x 105 OK and ~ 2.6 x 105 OK for the
H-C and H-0 systems, respectively. The lower TFD temperatures are not
unexpected however, because the TFD mixing energies for the solid-
state computations were typically ~ 1 au/ion (n 3 x 105 OK) lower than
their TCP counterparts (Chapter 3).

Whether or not carbon and oxygen are soluble in metallic
hydrogen at pressures of 10 to 100 Mbar may have important
consequences for the chemical distributions and cnergy balances of
Jupiter and Saturn. If either atom is immiscible in the metallic
zone, the denser material could sink toward the central core of the

planet, and should deplete the upper atmosphere of that species.
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Table 11

Critical Temperatures for H-He, H-C, and H~0O Solutions

Pressure (Mbar) Tg-He TH-C TH-0
10 0 %K 0 °K 0 °K
100 500 °K 1000 °K 0 °K

1000 1500 ok 8000 °K 10000 °K

59



60

Although carbon is observed to be present in roughly solar proportions
in the atmospheres of Jupiter and Saturn, oxygen (in the form of E,0)
seems to be significantly depleted in Jupiter (Bjoraker, 1983). The
immiscibility of H~0 solutions may be responsible for this depletion
of oxygen, although our TFD results do not suggest this. It is noted,
however, that qualitatively oxygen tends to mix less readily than
carbon with hydrogen at high pressures.

The pressure-density relations for fluid H~C and H-O mixtures
have been evaluated and fitted to eq. (6.2). Along an isotherm of
T = 10,000 °K, the constants in eq. (6.2) are given by:

4

wom I vy R

(6.3)
where x is the number fraction of the larger ion, and wjj are
constants given in Table 12, The above expression is valid for
pressures of 10 to 103 Mbar and reproduces the TFD results to i 1Z.
Pressures at other temperatures can be found usirg other tables in
this section.

As noted earlier, the TFD model tends to predict lower
energies and higher pressures than the actual values. This is also
the case for H-0 mixtures. High pressure equations of state for H,0
are often based on interpolation between low pressure experimental
data and the TFD model at high pressures. Though the H,0 equation of
state will approach the TFD curve in the high pressure limit (rg > 0),

experimental results (Mitchell and Nellis, 1979) indicate that for

pressures near 1 Mbar, the TFD pressures are n 50Z too large.



Parameters for H-C and H-O0 Equations of State

Tables 12

Mixture ;\é 1 2 3 4

H~C: 1 -0.591 -3.720 +4.675 -1,963
2 +0.091 +2.693 -2,219 +0.247
3 +0.039 -0.477 -0.413 +0.808

B~0: 1l -0.600 -5.378 +7 .643 =3.653
2 +0.097 +4.833 -6.248 +2,838
3 +0.040 -1.376 +1.534 -0.632
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Other thermodynamic properties of fluid solutions can also be
readily evaluated using hard-sphere perturbation theory. Listed in
Tables 13 and 14 are the entropies [S/Nkg] for the H~C and H-0
mixtures, respectively. The entropies were computed for a number of
temperatures [T], compositions [x], and electron spacing parameters
[s; defined using the actual ion charges]. As noted in discussing the
results for H-He solutions, the entropies found using the hard-sphere
distribution function tend to overestimate the thermal dependence of
the non-ideal gas contribution to the free energy. Therefore, the
tabulated entropies are probably somewhat low, and the actual values
should lie somewhere between our results and the values calculated for
an ideal gas.

Listed in Tables 15 and 16 are the heat capacities [cv/NkB]
for the H~C and H~0 systems determined from hard-sphere calculations
over the same (s,T,x)-space. The heat capacity for a high temperature
Debye solid is C, = 3.0 Nkpg, and that for an ideal monatomic gas is of
course C, = 1.5 Nkg. The results for a liquid are generally somewhere
betweeﬂAthese two values. As seen in the tables, the heat capacities
are somewhat high and are commonly greater than the value for a high
temperature solid. This again is a consequence of the large thermal
contribution to the hard-sphere free energy.

Finally, the Gruneisen parameters have been computed and are

listed in Tables 17 and 18. This quantity is given by:

v = [3ln(T)/3ln(p)]ls = V (3P/3T)y /Cy» (6.4)



_Entropies [S/Nkg] for H-C Mixtures

Table 13

T(ORNE 0.00 0.25 0.50 0.75 1.00

s =0.6: 10,000 2.75  4.06  4.62  4.80  4.48
15,000 3.93  5.35 6.03  6.33  6.13

24,000 5.19  6.73  7.53  7.96  7.89

35,000 6.14 7.76  8.66  9.18  9.20

s =0.8: 10,000 4.26  5.88  6.72 7.7  7.13
15,000 5.34  7.04  7.97  8.51  8.56

24,000 6.51 8.30 9.32 9.9 10.11

35,000 7.40  9.26 10.36 11.07 11.29

s =1.0: 10,000 5.41  7.25  8.29  8.93  9.06
15,000 6.42  8.32  9.43 10.14 10.35

24,000 7.53  9.50 10.68 11.47 11.76

35,000 8.37 10.40 11.65 12.51 12.96
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Entropies [S/Nkg] for H-O Mixtures

Table 14

HONN 0.00 0.25 0.50 0.75  1.00
8 = 0.6: 10,000 2.75  4.22 479 495 4.61
15,000 3.93  5.53  6.23  6.54  6.34
24,000 5.19  6.92 7.78  8.23  8.18
35,000 6.14  7.97  8.94 9.50  9.56
8 = 0.8: 10,000 4,26  6.12  7.03 7.53  7.53
15,000 5.34  7.29  8.31  8.91 9.0l
24,000 6.51  8.56  9.69 10.40 10.62
35,000 7.40  9.52 10.74 11.55 11.84
s = 1.0: 10,000 5.41  7.54  8.69  9.41  9.62
15,000 6.42  8.61  9.84 10.65 10.94
24,000 7.53  9.80 11.12 12,01 12.40
35,000 8.37 10.71 12.11 13.08 13.54
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Table 15

Heat Capacities [C,/Nkg] for H-C Mixtures

T(oK5\< 0.00 0.25 0.50 0.75
8 = 0.6: 10,000 3.04 3.32  3.63 3.9
15,000 2.80 3.06 3.34  3.63
24,000 2.57 2.82 3.08  3.33
35,000 2.43 2,67 2.91  3.15
s = 0.8: 10,000 2.76  2.96  3.19  3.39
15,000 2.58  2.77  2.99  3.15
24,000 2.41  2.60 2.80  2.92
35,000 2.30 2.49  2.69  2.77
8 = 1.0: 10,000 2.57 2.72 2.89  3.08
15,000 2.43  2.57  2.74  2.91
24,000 2.29  2.446  2.61  2.78
35,000 2.21  2.37 2.5  2.72




Table 16

Heat Capacities [C,/Nkg] for H-0 Mixtures

T(ORNE 0.00 0.25 0.50 0.75  1.00
8 =0.6: 10,000 3.04  3.36  3.72 4.0 447
15,000 2.80 3.10 3.43  3.77 4.1l
24,000 2.57  2.86  3.16  3.47  3.77
35,000 2.43 2,71 2,99  3.28  3.57
s =0.8: 10,000 2.76.  2.98  3.24 3.51  3.79
15,000 2,58 2,79  3.04  3.29  3.54
24,000 2.41 2,62 2.85 3.09 3.32
35,000 2.30 2,52 2.75  2.98  3.20
s =1.0: 10,000 2.57 2,72 2,92 3.13 3.3
15,000 2.43 2,58 2,77 2.97 3.17
24,000 2.29  2.45  2.65 2.85  3.05
35,000 2.21  2.38  2.60 2.81 3.0l
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Tables 17

Gruneisen Parameters [y] for H-C Mixtures

0.25 0.50 0.75 1.00

0.00

.

10,000
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24,000
35,000

8 = 0.6:

10,000
15,000
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8 = 0.8:
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15,000
24,000
35,000

8 = 1.0:
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Teble 18

Gruneisen Parameters [Y] for H-O0 Mixtures

T(ORINE

0.25 0.50 0.75 1.00

0.00

(=== ]
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0O OO
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s = 0,8:
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35,000

s = 1.,0:
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where p is the mass density. For an ideal gas, y would be 2/3 and for
a high temperature solid, Yy would be 0.5. Again, the thermal
dependence of the hard-sphere interaction appears to be too large,

especially for the larger ionms.



CHAPTER 7

CONCLUSIONS AND DISCUSSION

Summary of Results

The purpose of this study has been twofold. The first has
been to determine whether the phase separation temperatures for H-He
mixtures found using free electron perturbation theory are confirmed
by the Thomas-Fermi-Dirac model. The second has been to develop a
more realistic approach to computing the high pressure mixing
properties of systems containing many-electron atoms than either the
two-component-plasma model or perturbation theory.

In regards to the former, it is clear that our TFD results for
H-He solutions do not confirm those found from Stevenson's
perturbation theory approach. The TFD critical temperatures are
6,000 to 10,000 °K lower at pressures & 103 Mbar and suggest that
fluid H-He solutions should be stable against phase separation down to
temperatures < 1500 °K. Because these temperatures are much lower
than those found in the metallic zones of Jupiter and Saturn, our TFD
results suggest that helium is soluble in metallic hydrogen in each of
these planets and therefore, gravitational enmergy due to phase
separation should not be contributing to the energy budgets of either

of these planets.
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For systems containing many-electron atoms, we have found the
phase separation temperatures for H-C and H-0 solutions to be much
lower than their TCP values. Because the TFD critical temperatures
for pressures S 100 Mbar are so low (ﬁ 103 OK), the TFD results
suggest that carbon and oxygen should also be soluble in the metallic
zones of Jupiter and Saturn. At pressures near 1000 Mbar, the
critical temperatures for H-C and H-0 solutions are roughly 8,000 and
10,000 °K, respectively. Although this pressure is greater than the
central pressures in Jupiter and Saturn, it is worth noting that
qualitatively the critical temperatures for the H-O solutions rise

more rapidly with pressure than the H-C solutions.

The Stability of Solutions at High Pressure

The question of whether or not He is immiscible in metallic
hydrogen at temperatures and pressures representative of giant
planetary interiors is an important one which has not yet been
resolved. Calculations based on Thomas-Fermi-Dirac theory find
critical temperatures significantly lower than those found using free
electron perturbation theory. Though the results from these theories
do not differ drastically for thermodynamic properties such as the
total energy and pressure, small but very significant differences
arise in the mixing energies, leading the very different predictions
for the phase stability regions of H-He solutions. And as was found
from solid-state calculations (Chapter 3), these differences in the

mixing energies persist up to very high pressure (P >> 106 Mbar).
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We do not expect the TFD results for H-He solutions to be more
reliable than those from linear response calculations. Deficiencies
in the TFD model have been discussed here (Chapter 2) and in other
sources (see e.g., Landau and Lifshitz, 1965). Though the TFD model
is somewhat crude, it does provide an alternative, non-linear approach
to evaluating the mixing properties of binary systems, and as we have
shown, can be used for systems containing many-electron atoms, where
free electron perturbation theory breaks down.

In this study, we have shown that predicting the phase
stability regions of high pressure H-He fluids is rather model-
dependent. In light of this, it is questionable whether the
immiscibility of helium in metallic hydrogen is responsible for the
anomalously high luminosity of Saturn. This question, however, could
ultimately be resolved by accurate measurements of the HZ/He ratio in
the upper atmospheres of Jupiter and Saturn. Because heat from the
deep interiors of the Jovian planets is being tramsported by
convection (up to pressures near 1 bar), the chemical constituents
throughout the predominantly hydrogen regions should be well mixed.
Therefore, in the absence of H~He phase instabilities in the metallic
zones, the H/He ratios in Jupiter and Saturn should be the same (both
being equal to the solar H/He ratio).

Though spacecraft observations seem to support a depletiom of
helium in Saturn's atmosphere, the results are not conclusive. The Hj
mole fraction [x(H,)=N(H,)/(N(H,)+N(He))] in the upper atmosphere of

Jupiter has been inferred to be 0.88 t 0.06 from Pioneer (Orton and
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Ingersoll, 1976) and 0.90 % 0.03 from Voyager (Gautier, et al,, 1981).
The H, mole fraction in Saturn's atmosphere was found to be 0.90 %
0.03 from Pioneer (Orton and Ingersoll, 1980) and 0.94 % 0.03 from
Voyager (Hanel, et al., 1981). The larger H, mole fraction found from
the Voyager observations tend to suggest helium is depleted in
Saturn's upper atmosphere (implying a He-rich zone near the central
core), but the uncertainties are still too large to be conclusive.
Sending probes into the atmospheres of Jupiter and Saturn should
provide more accurate determinations of their helium abundances.

The instability of carbon or oxygen in metallic hydrogen may
also play an important role in the energy balances of Jupiter and
Saturn. This is especially true for Saturn because volatile species
such as CH, and Hy0 may have been able to condense in the formation
region of Saturn, but would have been less likely to condense in the
warmer formation region of Jupiter. Because material which was able
to condense in the formation region of a giant planet is expected to
be enhanced in its interior (Hubbard and MacFarlane, 1980), carbon and
oxygen may represent a larger fraction of the mass of Saturn relative
to Jupiter. In addition, interior models (Hubbard, et al., 1980)
indicate the relative abundance of "core material" (composed of
species able to condense in the formation region of a planet) is
greater for Saturn (representing ~ 202 of its total mass) than Jupiter
(v 57 of the total mass). For instance, the total mass of oxygen in
Saturn may be as high as 8-10 Earth masses, compared fo 13-15 Earth

masses of helium. Thus, carbon and oxygen, because of their greater



relative abundances, may play a more important role in the thermal
history of Saturn.

Infrared observations seem to indicate the C/H ratios for both
Jupiter and Saturn are roughly 2 to 3 times greater than the solar
value (Gautier, et al., 1982; Encrenaz and Combes, 1982). Although
these enrichments of carbon could indicate than CH, had condensed in
regions where their protoplanetary cores formed, it seems more likely
that the enrichment, if it actually exists, could be due t6 the late
accretion of planetesimals from the outer regions of the solar system
(Hubbard and Stevenson, 1983). In any case, the observations are
consistent with a roughly solar abundance of carbon (relative.to
hydrogen), with the carbon being uniformly distributed throughout the
predominantly hydrogen regions of the planets.

Although no results are available on the oxygen abundance in
Saturn, Hy0 has been detected in Jupiter from 5u observations (Lareon,
et al., 1975). Recent analysis of Voyager data (Bjoraker, 1983) finds
that H,0 may be depleted in the atmosphere of Jupiter by a factor of
102 to 103 relative to the solar value. This suggests that oxygen may
be trapped in the deep interior of Jupiter, perhaps surrounding the
dense silicate core. If this is the case, one can only speculate as
to the abundance of oxygen in Jupiter. But more important, this
raises the question of whether oxygen is soluble in the metallic zomne
of Jupiter.

If H-0 solutions become immiscible in the deep interior of

Jupiter, the denser oxygen-rich phase could become trapped at the base



of the metallic zone, resulting in a depletion of oxygen in the
observable atmosphere. Moreover, because Saturn's internal
temperatures are lower than Jupiter's, H-0 mixtures would also be
expected to be unstable in the deep interior of Saturn. If H-0
solutions are indeed unstable to phase separation, and if the process
of separation is presently occurring (or has occurred during the past
2 billion years), it ie possible that H-0 (and not H-He) immiscibility
may be responsible for Saturn's excess luminosity.

The above scenario is clearly speculative, but it is not
qualitatively inconsistent with our Thomas-Fermi-Dirac results, since
the TFD critical temperatures tend to be higher for H-0 mixtures.
However, it must be emphasized that for a particular mechanism to b2
responsible for Saturn's current excess energy output, it must have
been contributing energy at some point during the past 2 billion years
(Pollack, et al., 1977). Therefore, if hydrogen-oxygen mixtures

separated early in Saturn's history, it could not account for Saturn's

excess luminosity.

Future Work

The approach of using hard-sphere perturbation theory with
pseudopotentials derived from solid-state Thomas-Fermi-Dirac
calculations can also be used to study other mixtures. Investigating
the mixing properties of iron-sulfur and iron-oxygen solutions may

provide help in predicting the composition of the Earth's outer liquid
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core. Also, a study of the carbon-oxygen system may provide results
relevant to the interiors of white dwarfs.

It should be noted, however, that some improvements need to be
made in the pseudopotentials if the mixing properties of high-2
solutions are to be determined to an accuracy where significant
predictions can be made for planetary interiors. Currently, the
errors introduced in fitting the pseudopotentials to the solid-state
TFD data are the main source of error. As stated in Chapter 6, these
errors lead to uncertainties in the H-C and H-0 critical temperatures
of v a few x 10°K, For even higher-Z mixtures (e.g., Fe-S),
uncertainties would likely be an order of magnitude larger.
Therefore, it appears that a pseudopotential other than that based on
the two-component-plasma potential will have to be used to better

reproduce the solid-state data.
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