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ABSTRACT 

This dissertation is concerned with achieving highly efficient simulation of 

constrained mechanical systems. The presented techniques may be used to obtain more 

efficient and general computer based dynamics modeling and simulation algorithms with 

the potential real-time applications. In order to achieve highly efficient simulation of 

constrained mechanical systems and to reduce run-time overhead, special off-line 

precomputation techniques are developed. 

In this development, the techniques to precompute the trajectory of constrained 

systems with idealized rigid joints have been extended to precompute the trajectory of 

constrained systems with deformable joints. Taylor series expansion is applied around 

the rigid joints to incorporate the joint flexibility into the formulation. The formulations 

of kinematic analysis of constrained system with deformable joints are developed for off

line precomputing. The special joint subspace projection technique is developed to 

incorporate relations between a set of equivalent joints and the original deformable joints. 

This technique can be a powerful tool in the engineering design process. In addition, a 

QR based special numerical precomputational procedure to determine a suitable set of 

independent joint variables is extensively discussed and demonstrated by a numerical 

example. A special kinematic loop decoupling technique is proposed and illustrated by 

an example of a vehicle suspension system for precompute the dependent variables and 

their velocities and acceleration coefficients. These dependent variables and their 

associated velocities and accelerations may be interpolated as functions of the selected 

independent quantities. Spatial algebra, which provides the tool to encapsulate detailed 

information into simple objects due of its homogeneous structure, has been extensively 

used through this development work. Spatial algebra allows rotational and translational 

quantities to be combined into single matrix expressions and to be manipulated together 
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as single objects, which can then be abstracted to large-scale systems through block 

matrix representation. A final example of a vehicle front suspension coupled with the 

steering system is used to demonstrate the developed precomputational methods. 



1.1 Introduction 

CHAPTER ONE 

INTRODUCTION 

19 

Multibody systems encompass a wide range of advanced mechanical systems 

such as aerospace vehicles, robots, road vehicles, etc. These systems are represented as 

collections of rigid bodies interconnected by idealized nondeformable or deformable 

joints. The analysis of multibody mechanical systems plays a very important role in 

today's engineering practice. This is because of the demand for the improvement of 

modern engineering design process. Traditionally the design improvement heavily 

involves the loop of prototype building and testing. This often results in timing and cost 

penalties. These facts motivate the development of analytical methods which could 

emulate multibody mechanical systems realistically and provide the necessary guidance 

to the engineering design process. 

An extensive amount of research has been done in the area of multibody dynamic 

analysis over the last two decades. The basic theory of multibody dynamics is well 

documented in number of books [37, 44, 55, 74]. As a result, several stand-alone 

general-purpose computer programs which are based on different approaches have been 

developed. These computer programs possess the capability to automatically generate 

and numerically integrate the equations of motion of multibody systems. However, when 

these systems become complex, computational efficiency becomes a dominant issue 

during the preliminary design stage that may require numerous analysis iterations. This 

has motivated many researches in the area of real-time or highly efficient simulation of 

large-scale multibody mechanical systems. Developing real-time or highly efficient 

computer algorithms for large-scale, highly constrained mechanical systems is a 
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challenge. Equation manipulation and solution procedures may be hand optimized, but 

most are not easily automated. Problems stem from equation complexity, the diversity of 

parametric descriptions, topology and interdisciplinary effects, and changing computer 

hardware and software architecture. In this research, a special numerical process, which 

is an off-line precomputation, is developed in order to achieve very efficient, possibly 

real-time simulations for large-scale constrained multibody systems. 

1.2 Overview of Formalisms of Multibody Systems 

The purpose of different formulations of multibody systems is to develop basic 

methods for computer formulation and solution of the equations of motion. This requires 

systematic techniques for formulating the equations and numerical methods for solving 

them. Traditionally, the equations of motion of multibody systems can be derived by one 

of the three major approaches: (1) d'Alembert method, (2) Lagrange's equation and (3) 

Newton-Euler equations. 

The applications of the first two approaches encountered a number of difficulties. 

For example, d'Alembert's method involves constraint forces that represent the interaction 

between various elements. The Newton-Euler method is based on both Newton's second 

law and the Euler theorem of momentum in terms of absolute (Cartesian) coordinates. 

On the other hand, Lagrangian's equations are based on the calculation of a scalar 

function known as the Lagrangian (the kinetic energy minus potential energy). This 

scalar function is usually written in terms of relative (Generalized) coordinates. 

Lagrange's equation has several disadvantages. The main disadvantage of Lagrangian's 

equation is the time consuming and manual labor needed to derive and differentiate the 

kinetic energy expression [26]. An additional disadvantage of Lagrangian's equation is 

that Lagrangian function only admits coordinates which exist in configuration space and 
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it does not always yield the best set of equations [68]. More significantly, nonholonomic 

constraints cannot be used to eliminate excess variables from the Lagrangian, so 

constraints must be appended to the equations of motion by Lagrange multipliers. These 

problems can be reduced by generating Gibbs-Appell equations of motion from a Gibbs 

function using generalized coordinates [40]. A method based on Gibbs-Appell equations 

of motion has been developed for accurate modeling and real-time simulation of vehicle 

system on moderately sized computers [68]. Success of this method is based on the 

ability to generate polynomial coefficients in a preprocessor for evaluating most of the 

terms in the inertia matrix, gyroscopic inertia and generalized force terms as functions of 

a minimal set of state variables, thereby avoiding costly computations during the 

simulation. Another method, known as Kane's equations, is developed from d'Alembert 

principle and possess the features of Lagrange's equations in that the networking 

constraint forces are automatically eliminated [22-25]. Particularly, Kane's equations are 

suitable for the systems with nonholonomic consu·aints. 

The above discussed formalisms basically can be divided into several categories 

depending on the set of coordinates used. One important category employs independent 

generalized coordinates to describe the configuration of the system. The set of 

independent generalized coordinates eliminates constraint reaction forces and yields a 

minimal set of second-order differential equations. However, using a set of independent 

generalized coordinates leads to the equations of motion with high nonlinearity and 

complexity. These equations of motion require more efforts to be implemented in a 

general-purpose computer program. In another category, absolute coordinates are 

employed in formulating system equations of motion which are augmented with 

constraint equations [37, 39,41, 48-54, 62]. The set of absolute coordinates leads to a 

large number of loosely coupled equations of motion with relatively low order of 
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nonlinearity. The resulting equations of motion are a set of differential-algebraic 

equations. The main advantage of using absolute coordinates is that equations of motion 

can be derived relatively easy and can be easily implemented in general-purpose 

computer programs. However, the penalty must be paid for the low computational 

efficiency. 

In order to take advantage of Cartesian coordinates for easy formulation and 

independent generalized coordinates for computational efficiency, joint coordinates may 

be used to describe multibody systems. This method, which is based on a velocity 

transformation process, combines the two schemes of formulations [21, 28]. The 

formulations based on joint coordinates have been well developed for constrained 

multibody systems [38]. 

In summary, these different formulations can be interpreted as the results of two 

basic approaches: augmentation approach and elimination approach. Augmentation 

approach results in a set of differential-algebraic equations, where the total number of 

equations is equal to the number of coordinates, N which is used to describe the 

configuration of the bodies, plus the number of constraint equations, M. On the other 

hand, elimination approach results in a set of second-order differential equations. These 

two approaches may be summarized in the flowchart [11] shown in Fig. 1.2.1. 

In addition to the issue of how to formulate the equations of motion for the 

purpose of computational efficiency, we also need to be concerned about another issue 

which is how to solve the equations of motion efficiently. It should be noted that the 

second issue is not independent of the first issue. In order to solve for the accelerations 

efficiently, many special techniques have been developed. One powerful technique is 

recursive projection. Early formulation of this algorithm is based on tree structured 
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systems, recursing inward from the leaves to the root, calculating effective forces and 

torques, and then recursing outward again to the leaves calculating the accelerations [16-

19]. In more resent developments, the recursive projection algorithm has been extended 

and generalized by establishing symbolic based methods for solving equations of 

multibody mechanical systems represented by either loosely or highly coupled equations 

[64-66, 72]. The recursive projection algorithm has shown its strength of efficiency for 

solving the equations of motion of multibody systems. 

AUGMENTATION 
APPROACHES 

DIFFERENTIAL 
ALGEBRAIC 

EQUATIONS 

CONSTRAINT 
STABILIZATION 

N+M 
OD& 

CONSTRAINT 
STABILIZATION 

NUMERICAL 
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SYSTEMS 

CONSTRAINT 
ELIMINATION 

N-M 
ODEs 

ELIMINATION 
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ORDINARY 
DIFFERENTIAL 

EQUATIONS 
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NUMERICAL 

ALGORITHMS 

Figure 1.2.1 Different approaches of formulating the equations of motion 
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1.3 Comments on Rigid Multibody System Formalisms 

In section 1.2, two basic approaches of forming the equations of motion are 

discussed. These approaches are commonly used to describe constrained multibody 

systems. In the first approach the dynamic equations of motion are formulated in terms 

of the joint coordinates. In this formulation, most or all of the joint reaction forces are 

eliminated from the dynamic formulation. This approach leads to the smallest and most 

strongly coupled system of equations. Consequently, the resulting coefficient matrix in 

the acceleration equation is dense. 

In the second approach, an augmented formulation is used. In this dynamic 

formulation, the linear and non-linear algebraic constraint equations that describe 

mechanical joints in the system as well as specified trajectories are adjoined to the system 

differential equations of motion using a vector of Lagrange multipliers. This leads to a 

large system of moderately coupled equations. The use of absolute coordinates and 

Lagrange multipliers in the augmented formulation leads to an increase in the dimension 

and sparsity of the matrices involved in this formulation. Two major difficulties are 

encountered in the numerical solution of these dynamic equations. First, the joint 

variables are not readily available from the solution of these dynamic equations. 

Secondly, a Newton-Raphson algorithm coupled with a direct numerical integration 

method must be used in order to correct for violation of the constraint equations. 

Clearly, the use of the absolute coordinates has the advantage that the general 

constraint and forcing functions can easily be introduced into the dynamic formulation. 

On the other hand, the use of relative joint coordinates has the advantage that the joint 

angles and their time derivatives are directly available as the result of solving the 

equations of motion. In order to take advantage of both approaches, the absolute 
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coordinates are initially used to define the configuration of the system, the kinematic joint 

constraints between interconnected bodies, and the forcing functions. The equations of 

motion are derived in terms of the relative joint coordinates using the velocity 

transformation. By using the relative joint coordinates, with the help from additional 

elimination steps, a minimum number of differential equations can be obtained. These 

equations can be integrated numerically in order to determine the joint velocities and 

coordinates. 

It should be noted that no matter how the equations are formulated, there are 

inherent numerical operations which must be performed. Thus the efficient algorithms 

must be applied to solve the equations. Although the effort for achieving computational 

efficiency has been made based on different formulation approaches, it is still difficult to 

achieve highly efficient or real-time simulation when the constrained system becomes 

large. This is primarily because most constrained mechanical systems contain many 

dependent and few independent state variables. The run-time computation of dependent 

variables and the terms which depend on them is a significant portion of the overhead in 

evaluating and solving the state equations. Since most general purpose programs are 

implemented by algorithms to perform all of the numerical operations during the run

time, they carry tremendous amount of run-time overhead and, therefore, the efficiencies 

are far away from the requirement of real-time simulation. In order to speed-up the 

computation time (not necessarily improving the computational efficiency), many 

simulations are often conducted on super-computers. However, since most engineer do 

not have easy access to super-computers, it is necessary to consider the alternative 

approach to improve the computational efficiency which is suitable for smaller computers 

such as workstations, personal computers, etc. 

In many mechanical systems, such as vehicle systems, physicall'estraints prevent 
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internal kinematic bifurcation under normal operation. Therefore, it may be feasible to 

precompute many of the dependent quantities normally computed at run-time. The 

precomputed dependent quantities are stored in lookup tables and evaluated using 

interpolating functions. By precomputing, the dependent quantities and the terms that 

depend on them, a large amount of excess evaluation during run-time is avoided and, 

therefore, computational efficiency is greatly improved. 

1.4 Precomputational Methods 

The main idea of precomputation for constrained multibody system is to 

determine the dependent quantities and the terms that depend on them in preprocessing 

stage. These precomputed quantities are stored in lookup tables and evaluated during 

run-time using interpolating functions. To show how these ideas are implemented, the 

planar four-bar linkage mechanism shown in Fig. 1.4.1 is considered. We consider two 

possibilities in this discussion: the kinematic joints are ideal joints; one or more of the 

joints are housed within elastic bushings. 

901 

:-o--£xO -

® 

y2 

x3 

Figure 1.4.1 Four-bar linkage mechanism 
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Ideal Kinematic Joints: In this closed loop system, there are three moving 

bodies connected by four idealized rigid revolute joints. Each revolute joint allows two 

adjacent bodies to move relatively to each other around the joint axis. The relative 

rotational displacement around the joint axis is measured by the angle between the frames 

imbedded in the bodies. The angles are: 90" the relative angle between frames 0 and 1; 

9 12, the angle measured from frame 2 to frame 1; 923, the angle between frames 2 and 3; 

934, the angle between frames 3 and 4, where frame 4 is fixed to the ground. Since the 

four-bar linkage mechanism has one degree of freedom, only one joint variable is 

required to drive the system and this joint variable is defined as the independent joint 

variable. In this example, the crank angle (the angle between frames 0 and 1) is selected 

as the independent joint variable. The other angles 9 12, 923 and 903 are defined as the 

dependent joint variables. For convenience, all of the joint variables may be collected 

into an array such as 

(1.4.1) 

The first element of array p is the independent joint variable which is denoted by 

(1.4.2) 

The relations between independent and dependent joint variables are determined by three 

constraint equations 

(15 + It -I~ + Ii) - 21011 cos901 + 2hh COS934 - 21113 cos(901 - 934 ) = 0 (1.4.3) 

(l~ + If -I~ + Ii) - 21011 COS901 - 21213 COS923 = 0 (1.4.4) 

_ .. -' ....... _----------------
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(1.4.5) 

where Ii represent the length of the link i. For a given 80 I, dependent joint displacements 

8 12,823 and 834 can be solved by using Eqs. 1.4.3 to 1.4.5. Taking the time derivative of 

Eqs. 1.4.3 to 1.4.5 gives 

1011801 sin801 + lzh 823 sin823 = 0 

(1.4.6) 

(1.4.7) 

(1.4.8) 

The dependent joint velocities can be calculated from Eqs. 1.4.6 to 1.4.8 for a given 801 . 

Thus all the dependent variables can be expressed, either implicitly or explicitly, as 

functions of the independent variables. It follows that 

p = p(q), p = p(q,q) (1.4.9) 

Notice that to solve the dependent quantities from Eqs. 1.4.3 to 1.4.8, all of the 

independent quantities must be computed first from the equations of motion. 

The general form of the minimal set of equations of motion with joint variables 

may be expressed as 

(1.4.10) 

where J == J(q) is a generalized inertia coefficient matrix, q is the independent joint 

acceleration array, Qf is the generalized force acting along the independent joint surfaces 

and Qq == Q'I{p(q),p(q,q)) is the quadratic force term. The number of equations in Eq. 

1.4.10 is equal to the number of degrees of freedom of the system. The derivations of 

equations of motion will discussed in Chapter 3. Since this example is a one degree of 
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freedom system, only one equation of motion is needed to describe the system. Thus Eq. 

1.4.10 contains only one equation, where: 

ij = 80) 

Qq = Q~P(801 ),p{80lo 901)) 

To solve equation of motion for 801, the generalized mass J and the quadratic force ~ 

must be evaluated first. They can be evaluated either during or before run-time. 

Obviously, if J and ~ are known ahead of time, Eq. 1.4.10 can be solved much more 

efficiently. 

It is clear that the dependent quantities and terms the depend on them can be 

evaluated during preprocessing. The precomputed quantities can be stored in lookup 

tables. The stored quantities will be used in interpolating functions when solving the 

equations of motion during run-time. In the preprocessing phase, by sweeping the 

independent variable through its range (e.g., sweeping the crank angle 80l in its 21t 

range), the corresponding dependent variables 812, 823, 834 and their velocities can be 

computed from Eqs. 1.4.3 to 1.4.8. Then, J and ~ can also be evaluated from the 

available independent and dependent quantities and stored in lookup tables. 

From this example, the basic procedure of precomputations and run-time 

simulations may be summarized in the following steps: 

Precomputation 

(1) Select the independent variables and define their corresponding ranges. 

(2) Sweep the independent variables within their ranges, compute all of the dependent 
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variables from constraint equations and store them in lookup tables. 

(3) Sweep the independent variables within their ranges, compute all of the terms 

depending on the dependent and independent variables and store them in lookup 

tables. 

Run Time 

(4) Evaluate the terms in the generalized inertia coefficient matrix and the quadratic 

forces from lookup tables by using interpolating functions, solve the equations of 

motion for the independent joint accelerations. 

(5) Obtain the independent joint velocities and displacements through integration 

process. 

(6) Return to step (4) for next time step simulation. Repeat the loop from steps (4) to 

(6) in the specified simulation period. 

Kinematic Joints with Elastic Bushing: If the constrained system contains 

deformable joints, the system becomes more complicated and number of degrees of 

freedom of the system is increased. This is because the adjacent bodies not only move 

around the relative joint axis, but they also move in the direction(s) normal to the joint 

axis. For distinctions, the independent joint variables along the directions of the joint 

axis are defined as the independent kinematic joint variables and the independent 

variables in the directions normal to the joint axis are defined as the independent stiff 

joint variables. Since the relative motion for the independent stiff variables is very small, 

they are held as constants when the dependent variables are computed during 

preprocessing by sweeping the independent kinematic joint variables through their range 

of motion. 
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In the example of four-bar linkage, if joint 634 is a deformable joint with one stiff 

degree of freedom, then every kinematic joint displacement will be effected by the small 

stiff motion in joint 634. The dependent joint displacements may be calculated by 

applying Taylor series expansion. For example, displacement of joint 612 can be 

computed as 

(1.4.11) 

where bs is the first order Taylor series expansion coefficient, 6 12k is the kinematic joint 

displacement, and 634s is the small stiff displacement in the joint 634. In the 

precomputing process, the kinematic displacement 6 12k and the coefficient bs are 

computed by sweeping independent variable 6 01 through 21t, and they are stored in 

lookup tables. Since 634s is the independent stiff variable, it must be computed from the 

equations of motion. This system has two degrees of freedom. In the equations of 

motion, Eq. 1.4.10, the variables become: 

2 x 2 inertia matrix 

.. =[ eOl 1 q .. 
634s 

2 x 1 independent joint acceleration 

2 x 1 generalized force vector 

2 x 1 quadratic force vector 

Comparing the precomputing procedure for systems with nondeformable and 

deformable joints, the additional portion that needs to be computed for the systems with 

deformable joints is the Taylor series expansion coefficients. For simulation, the number 

of equations of motion is increased corresponding to the additional stiff degrees of 

freedom. The computational procedure for systems with rigid joints can be extended to 

-------- ~-.--., '-"--'~ ----.~.--.---.----------------
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systems with deformable joints by small modifications. Step (2) in the procedure may be 

modified to: 

(2) Sweep the independent variables within their ranges, compute all of the dependent 

variables from constraint equations, compute all of the terms in Taylor series 

expansion coefficient matrix and store them in lookup tables. 

This example shows the general idea of precomputing process for the system with 

deformable joints. The detail derivations and discussions will be shown in Chapter 5. 

1.5 Objective 

The objective of this research is to develop numerical precomputational methods 

for achieving highly efficient simulation of large scale constrained mechanical systems. 

The techniques developed in this research may yield general computer based dynamic 

modeling and algorithms with the potential of real-time simulation. 

Numerical techniques for precomputing trajectory of constrained multibody 

systems with idealized rigid joints have been well developed and used in vehicle 

applications [69, 72]. Spatial algebra is used to formulate the equations of kinematics 

and equations of motion for constrained multibody systems. Spatial algebra and graph 

theoretic methods allow separation of system topology, kinematic, and inertia properties 

to obtain generic equation representation. The kinematical loop constraint equations are 

formulated by absolute spatial displacements. The Jacobian matrix is formed by taking 

the time derivative of loop constraint equations. The displacements of dependent 

variables are evaluated through the Newton-Raphson iterations. The joint velocities and 

velocity coefficients of dependent variables are computed from the velocity equations 

with the same Jacobian matrix. The displacements, the first and second time derivatives 

------ _.-..... --_ .. _---_.- -----------------
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of dependent variables are computed in the preprocess and stored in the data base for 

forming lookup tables. These lookup tables are used in the run-time simulations with 

linear interpolations. The constrained equations of motion are formulated in an 

augmented differential-algebraic form using spatial Cartesian and joint coordinates. The 

velocity and acceleration coefficients allow explicit elimination of all dependent joint 

coordinates yielding a minimal system of highly coupled equations of motion as they are 

generated. The generalized inertia matrix may be evaluated during preprocessing by 

sweeping the independent variables if possible. Similarly, generalized quadratic force 

terms in the reduced equations of motion may also be precomputed by sweeping the 

independent variables. Substantial matrix operations during run-time are avoided by 

employing equation preprocessing to generate explicit expressions for all dependent 

variables and the coefficients of their first and second time derivatives. 

In many engineering applications, we deal with deformable joints instead of ideal 

rigid joints. With traditional modeling approaches for systems that contain deformable 

joints, the quantities associated with dependent variables are often evaluated during the 

simulation run-time, which requires a significant amount of overhead. Since the 

quantities associated with dependent variables can not be computed during preprocessing, 

the purpose of computational efficiency will be defeated. In order to have an efficient 

multi body dynamic simulation, it is necessary to develop off-line precomputing methods 

for the constrained systems with deformable joints. 

Deformable joints have been widely used in many mechanical systems in order to 

improve their vibration performance. One of the most popular applications of deformable 

joints is found in automotive industries. The deformable joints are widely used in all 

vehicles to improve the ride comfort. Typical deformable joints used in vehicle systems 

are engine mounts, subframe mounts and suspension bushings. In this research, vehicle 
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suspension system will be used as an example to illustrate the method developments, 

although the theory developed in this research serves for general purpose applications. 

Typical deformable joints used in vehicle suspension are bushing joints which connect 

suspension systems to the chassis and body structure. Normally, bushing joints, that are 

made of rubber and metal sleeves, are modeled by force elements defined by up to six by 

six stiffness and damping coefficient matrices. This kind of modeling approach increases 

the degrees of freedom of the system and all the quantities corresponding to the 

dependent variables are evaluated at run-time. To minimize the overhead of matrix 

operations during the run time, special off-line precomputing techniques must be 

employed to evaluate the dependent variables of the constrained systems with deformable 

joints in the preprocess. In this research, precomputation methods for constrained 

system with idealized rigid joints are extended to precompute the trajectory of 

constrained systems with deformable joints. Taylor series expansion is employed to 

incorporate joint flexibility in constrained systems. The formulations of kinematic 

analysis of constrained systems with deformable joints are developed for off-line 

precomputing. The spatial displacements, spatial velocity coefficients and their 

associated quantities are precomputed as functions of the independent variables. 

Although the methods of precomputation heavily focus on the efficiency of 

simulations, it is also important to consider the stability and accuracy of the solutions. 

For most practical mechanical systems, each variable is limited to a specific range of 

values so that possible configurations can be approximated to any degree of accuracy at a 

finite number of discrete points. All feasible subsystem configurations may be given in 

terms of appropriate sets of independent quantities corresponding to the current degrees 

of freedom. Nonlinearities generally preclude the use of a single set of independent 

variables for all possible configurations. So a system's configuration space may have to 
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be divided into a number of subdomains, each with a different variable definition [71]. 

The number of subdivisions required to maintain a stable analysis may restraints. There 

are different ways to define independent variables for each subdivisions. However, no 

matter which approach is used, they all have their advantages and disadvantages. In this 

research, numerical method for independent variable definition for precomputation will 

also be discussed and specific example will be used to understand the importance of 

choosing a proper set of independent variables. 

1.6 Organization of Dissertation 

This dissertation is organized in six chapters. Chapter 1 gives an overview of 

multibody system formalisms. Also in this chapter, the motivations, the approaches and 

the objectives of this research are discussed. 

In Chapter 2, the concepts of spatial algebra and its applications to constrained 

multibody systems are introduced. It is shown that by using spatial algebra, the rotational 

and translational quantities can be combined into a compact form which can be 

manipulated more conveniently. Spatial vectors and spatial homogenous transformations 

are defined. Configuration and function spaces are introduced, and abstract form of 

equations of motion for a single body is derived. 

In Chapter 3, spatial system equations of kinematics and motion are introduced 

for precomputation process. Th~se equations may be used to develop more efficient 

solutions for idealized rigid body mechanical systems. System topology based on graph 

theory is extensively used to describe the constrained multibody systems. Spatial algebra 

and augmented differential algebraic equations are used to formulate multibody 

kinematics and dynamics. Homogeneous equation structures make it easier to implement 

symbolic and numerical methods for developing run-time algorithms. 
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The definitions of independent variables are discussed in Chapter 4. In this 

chapter, the joint and constraint loop manifolds are introduced first. The relations 

between joint and loop manifolds are extensively discussed. The definition of a proper 

set of independent variables is introduced based on the relations between joint and loop 

manifolds. A crank slider mechanism is used to illustrate the numerical procedures based 

on QR method to define a set of independent variables. Finally the velocity coefficient 

matrix is discussed to understand its importance to the system stability and mechanical 

advantage. 

In Chapter 5, the precomputational numerical procedures developed in Chapter 3 

are extended to the precomputation of constrained multibody systems with deformable 

joints. A vehicle front suspension coupled with steering system is modeled by applying 

the numerical methods developed in Chapters 3 and Chapter 5. This modeling procedure 

demonstrates the precomputational preprocess of constrained systems with both idealized 

rigid and deformable joints. Numerical procedure for converting over-constrained 

bushing joints to an equivalent bushing joint, and the evaluation of the equivalent bushing 

stiffness, are demonstrated. Also procedures to project the displacements and 

corresponding quantities of equivalent bushing into the original bushing subspace are 

discussed. 

Finally, Chapter 6 concludes this research, and the potential areas for the future 

investigation are recommended. 
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CHAPTER TWO 

SPATIAL ALGEBRA AND ITS APPLICATIONS 

2.1 Introduction 

This chapter presents the basics of spatial algebra and its applications to the 

constrained multibody systems. The basic identities of spatial algebra are derived for the 

developments of multibody dynamics fQrmulation. The spatial vectors and spatial 

homogenous transformations are defined based on the spatial identities [69-72]. All the 

spatial quantities can be transformed to any frame and referenced to any point by using 

the spatial homogenous transformations. Furthermore, configuration and function spaces 

are introduced to represent a compact matrix representation of combined translational and 

axial displacements in configuration space, and forces and moments in functional space 

for describing rigid body kinematics and dynamics. Finally, abstract fonn of equations of 

motion for single body is derived. Through the developments, it will be shown that the 

advantage of using spatial algebra, the rotational and translational quantities can be 

combined into a compact form which can be manipulated easily and conveniently. 

2.2 Notations and Conventions 

Spatial algebra is a branch or a subset of geometric algebra and has its special 

features and some similar properties of linear algebra. The basic spatial algebraic 

relations depend on or are formed by some basic definitions of linear algebra. The 

quantities mainly used here are the first and second order vector tensors. Although all the 

formulations may be represented in tensor notation rather than in matrix form. Because 

computers require explicit equations and numbers, matrix forms are preferred to represent 

these quantities. 
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An arbitrary vector in three dimensional space, or a first order vector tensor is 

denoted by a lower-case symbol with an overhead arrow a and its corresponding 3 x 1 

column matrix is denoted by an underscore 

(2.2.1) 

It is understood that a 3-vector begins at certain point i and ends at a point j. The 

information of these points may be included in 3 x 1 column matrix notation, 

~j =[::1 (2.2.2) 

The magnitude of each component in a depends on the coordinate frame that a is 

projected into. Therefore, it is important to also include the information of coordinate 

frame, which vector is projected on, into a 3 x 1 column matrix notation. If a is projected 

into an arbitrary frame k, then 3-vector a can be expressed by 

(2.2.3) 

Further, the matrix representation of vector dot product operation " a·" is 

represented by ~T where superscript "T" denotes matrix transpose and gives a 1 x 3 row 

matrix. A vector cross product operation" a x " is represented by a 3 x 3 skew-

symmetric matrix, 

(2.2.4) 

The definitions of 3-vectors can be applied to form spatial vectors. A spatial 

vector is composed of a rotational 3-vector f!r and a translational 3-vector ~t where either 
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one or both may be zero. A spatial vector is represented as a stacked column matrix, with 

super and subscripts, of the form 

k _[fu-] 
llij,m - fit (2.2.5) 

where superscript k and the first double sUbscript ij have the same definitions as 3-

vectors, and second subscript m represents the reference point. The reference point for 

spatial vector will be defined and discussed in the next section. If f!r and fit in Eq. 2.2.5 

represent the relative angular and translational velocities of frame j with respect to frame 

i, and projected on frame k, then Eq. 2.2.5 can be rewritten to represent a 6-vector of 

spatial velocity, 

[ 
ro~ 1 k _ -IJ 

Vij,m -
'k 
lij 

(2.2.6) 

In addition, the second subscript of a spatial vector represented by Eq. 2.2.5 may 

be dropped if the second subscript is the same as the superscript. For example, spatial 

vector .at,k can also be represented by .at for simplicity. 

Similar to the operation of dot product of 3-vectors, the matrix representation of 

spatial vector inner product is given by aT. A spatial vector cross product is represented 

by a six by six matrix 

(2.2.7) 

that is not skew-symmetric. 

In multibody mechanical systems, it is convenient to represent the spatial velocity 

of each body by the spatial velocity of the frame imbedded in that body. For convenience 

of derivations and symbolic manipulations of equations of kinematics and motion, spatial 
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velocities for all the bodies in the multibody system may be collected or stacked into a 

block column matrix which is represented by a bold lower-case letter. Considering the 

example of four-bar linkage mechanism shown in Fig. 1.4.1, if all of the spatial velocities 

are expressed in frame 0, and the origin of frame 0 is selected as the reference point for 

all of the spatial velocities, then the relative spatial velocities between frames 0, 1, 2, 3 

and 4 can be expressed by v~I,O' V~2,O' V~3,O and V~4,O respectively. All these spatial 

velocities may be stacked into a column matrix 

v= 

o vOl,O 

o vl2,O 

o v23,O 

(2.2.8) 

and thus v is the spatial velocity array which contains all of the information about spatial 

velocities of each body in the system. 

In general, the spatial vectors or column matrices represented by Eq. 2.2.5 may be 

stacked or collected into a blocked column matrix. This blocked column matrix is 

denoted by a bold lower-case letter. 

So far, we have discussed the basic notations of first order tensors for 3-vectors 

and spatial vectors. These vectors are denoted by 3 x 1 and 6 x 1 column matrices. 

Spatial vectors are used to represent spatial velocities, spatial accelerations, spatial forces 

and so on. 

For the second order tensors, the identity and zero matrices are denoted by regular 

or bold "I" or "0" symbols, respectively. Their dimensions are induced by adjacent 
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matrices. The 0 symbols in sparse matrices are dropped when matrix dimensions can be 

determined from other submatrix entries. 

The second order tensor represented by 3 x 3 matrix R defines the rotational 

transformation between two arbitrary frames i and j. The matrix representation of R with 

the information of frames i and j is denoted by 

(2.2.9) 

In general, the motion between two arbitrary frames i and j may include the change of 

orientation of frame j with respect to i and translation of frame j relative to frame i. The 

change of orientation between frame j and i is represented by the 3 x 3 vector rotation 

tensor R ij and the translation between frames i and j is represented by the 3 x 1 vector 

tensor ~j' Thus, the general displacement between two frames must include the 

information of orientation and translation. This is done by the spatial homogeneous 

transformation represented by a 6 x 6 matrix [16-19, 69-72] as 

.. [Rij 0 1 D~.= - , 
IJ l'"!'Rij Rij 

IJ- -

(2.2.10) 

or for computational efficiency, it can be represented by a 4 x 4 matrix [56-57, 69-72] as 

"'ij [ 1 Dij= 

~j 
(2.2.11) 

Notice that the 4 x 4 spatial homogeneous transformation matrices are also broadly used 

in computer graphics, geometric modeling and CAD/CAM to transform the geometric 

models from one position to another [30]. The double superscripts of D~1 and 5~1 matrices 

indicate the relative orientational change between i and j and they are always the same as 
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the double superscripts of R ij. The double subscripts of D~j and 5H matrices represent the 

translational change between two frames and they always agree with the double 

subscripts of rlj . For convenience and simplicity, the double subscripts of D~1 and 5H 
matrices may be dropped when the double subscripts and superscripts are the same. The 

four by four homogeneous transformation is desirable when carrying out products 

associated with successive transformations because they involve fewer multiplication. A 

circumflex 11 ..... 11 is used to identify the four by four matrices. In the next section, the 

physical and mathematical definitions of D~ and 5~ will be discussed in more detail. 

Since general spatial displacement transformations are not orthogonal or 

orthonormal, it is convenient to identify dual spaces called configuration and function 

space, respectively [19]. Configuration space contains all dimensional quantities such as 

displacement, velocity and acceleration, and function space contains derived quantities 

such as force and momentum. A function space quantity is transformed by the inverse 

transpose "-T" of any matrix that transforms a corresponding configuration space 

quantity. Reversing the double superscript or double subscript on any transformation 

matrix is equivalent to inverting that matrix. The inverse and transpose of orthonormal 

transformations are also equal. 

Let at and b~ represent the coordinates of arbitrary spatial vectors in configuration 

space, each referenced to i, where subscript c is used to indicate the configuration space. 

Then the matrix representation of the spatial cross product 

(2.2.12) 

holds for the coordinates of any two spatial vectors in configuration space referenced to 

the same frame. The cross product of a spatial vector with itself is zero. Let b} represent 

the coordinates of an arbitrary spatial vector in function space, referenced to i, where 
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subscript f indicates function space. In this case, the following matrix representation of 

spatial cross product holds 

(2.2.13) 

Note the sign reversal and matrix transpose when forming cross products of spatial 

vectors between the two spaces. Cross products between spatial vectors in function space 

are not defined. 

In summary of the basic notations, a scalar is denoted by a non-bold, lower-case 

letter with subscripts, and the first and second order vector tensors are generally 

represented by column and rectangular matrices, respectively. Column matrices, usually 

identified by lower-case letters, are used to represent the coordinates of first order vector 

tensors. Rectangular and square matrices represent coordinates of second order tensors 

and are identified by upper-case letters. Stacked or blocked collections of column 

matrices are represented by bold lower-case letters, which usually match the 

corresponding symbols of their constituent column matrices. In a similar manner, bold 

upper-case letters denote block arrays of matrices that may be block diagonal, triangular, 

symmetric or irregular. 

2.3 Spatial Vectors and Transformation 

In section 2.2, basic notations were described but the concept of spatial vectors 

and their transformations is discussed in this section. Spatial vectors are composed of 

bound and free vector components. Bound vectors describe quantities such as rotation 

axes and forces that can be located in space relative to reference points. Free vectors 

describe quantities such as translational directions and moments that cannot be located 

relative to reference points. 

-- -------------------------
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A bound vector is located relative to a point by specifying its moment about that 

point. In Fig. 2.3.1, u denotes a unit vector lying on a line, and i is a vector from some 

reference point A to any point B on the line. Then u and its moment i x u about A 

completely define a bound vector. The moment i x u is a free vector because it represents 

a quantity that cannot be associated with any point. If the line lies on A then t Xu = 0 and 

it has no moment about A. 

A 

Figure 2.3.1 Bound and free vectors 

If point B on the line has zero velocity and the body rotates around the line 

defined by u with a speed of ro, then co = rou gives its rotational velocity and t x co = rot x u 
gives the translational velocity of any point A fixed in the body. Note that co is a bound 

vector and t x co is a free vector. Likewise, if f denotes the magnitude of a force acting at 

a point, then f = fu gives its force vector and t x f = ft x u gives its torque vector. In this 

case, 1 is bound and i x f is free. In configuration space, rotational vector quantities are 

bound and translational vector quantities are free. Conversely, in function space, 

translational vector quantities are bound and rotational vector quantities are free. In 

either case, coordinates of the rotational component of a spatial vector are always stacked 

above coordinates of the translational component. 

An arbitrary spatial vector aiij,i in configuration space, whose coordinates are 

expressed in frame j, can be partitioned into free and bound components as 
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at. = [ ~boUnd 1 
IJ,I a1 

-free 

(2.3.1) 

where underscored lower-case letters are denoted as coordinate vectors as we discussed 

earlier. Note that the bound component is a rotational quantity and free component is a 

translational quantity in configuration space. Let a unit vector Yo define the orientation 

axis between frames i and j, then 

(2.3.2) 

represents the spatial coordinates of a bound unit orientational vector. If 9ij is the 

rotational displacement of j relative to i around this axis!!o, then [55] 

(2.3.3) 

represents a 3 x 3 orthononnal matrix which transfonns vector coordinates from frame j 

to frame i; i.e., 

"i _ Rijni 
"bound - - irbound (2.3.4) 

and 

i - Rija1 
afree - - -free (2.3.5) 

Combining Eqs. 2.3.4 and 2.3.5 yields 

(2.3.6) 

or 

at = RijaJ .. IJ IJ,I (2.3.7) 

with simplified notation, where 
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(2.3.8) 

is defined as the spatial orientational transformation matrix. Since R ij is orthonormal, the 

inverse of Rij is 

Now let 

or with the simplified notation 

~j,j = [ aL~"d 1 

.aibound 1 
Q 

(2.3.9) 

(2.3.10) 

(2.3.11) 

defines a line vector with no moment about point j, which implies that j is on the line. On 

the other hand, let ~ij to represent the coordinate of a vector from point i to point j, which 

is projected onto frame j, then the line vector can be referenced to point i as 

. r aibound 1 al.. = 
1j,1 . 

~jgibound 

-rIO 1 [ ~bound 1 - a
j 

I Q 
(2.3.12) 

= T{j~j,j 

The quantity ?ij aibound is the moment of the line about point i. The symbol T identifies a 

spatial translational transformation matrix where the super and subscripts always match 

those of 1. The inverse of the above translational transformation matrix expressed in 

frame i coordinates is defined by 
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V =[ I 0 1 (2.3.13) JI Ni 
lji I 

where 

~. =Rij~. 
~ - IJ (2.3.14) 

and 

~i =-~j (2.3.15) 

Reversing the subscripts on T is equivalent to reversing the translation and inverting the 

matrix, but transposing it is not since T is not orthononnal. Therefore, 

(2.3.16) 

or 

(2.3.17) 

moves the reference point from point i back to point j. These equations can be used to 

establish the general transfonnation 

or 

Dij - T.i. Rij - RijT j 
ij-IJ - ij 

and thus the general spatial vector equation 

or 

(2.3.18) 

(2.3.19) 

(2.3.20) 
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(2.3.21) 

demonstrates that a general spatial displacement transformation changes both the 

coordinates and the reference point of a spatial vector. The double superscript of general 

transformation matrix Dij or D~1 transforms the spatial coordinates projected on frame j 

onto another frame i while the double subscript transforms the reference point from j to i. 

These ideas may be illustrated with an example shown in Fig. 2.3.2. A spatial 

velocity of j relative to i, in i coordinates, is defined as 

[ 
roij ] ~ .. = IJ,J . 

ih 
(2.3.22) 

or 

[
£d.] ~. = -"-'1J 

IJ • 

ilj 
(2.3.23) 

The Cartesian frame j is moving relative to the frame i. Since the reference point j is on 

Xi 

Figure 2.3.2 Spatial velocities are referenced to frame j in configuration space 
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the line of bound vector rotj , the moment of bound vector about the reference point is 

zero. 

Now consider the same system where the spatial velocity is specified on j, but the 

reference point is selected at a point which instantaneously coincides with OJ as shown in 

Fig. 2.3.3. The distance between OJ and OJ is specified by ~ij and the moment of the 

bound vector ~j is determined by ~ij!dij" Therefore the spatial velocity of the point which 

coincides with OJ can be expressed in j coordinates is 

(2.3.24) 

Equation 2.3.24 may also be expressed in i coordinate frame as 

Figure 2.3.3 Spatial velocities are referenced to frame i in configuration space 

--~~- -- -----
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[ 
ro!. 1 . -I] 

v!.· = IJ.I 
.j "'i . 
tij+lijIDlj 

(2.3.25) 

or 

[
rot 1 . -IJ 

v!. = 
IJ .j ~i j 

!ij+!jjroij 

(2.3.26) 

by orthonormal spatial transformation vh.j = Rijvij.j or vh = Rijv~.j . 

In function space, a spatial vector, such as a force, is also composed of bound and 

free vectors. In function space, the rotational quantities are the free vector coordinates 

and translational quantities are bound vector coordinates. Figure 2.3.4 shows that frame j 

is moving with respect to frame i and the spatial force is acting on frame j at point OJ-

The spatial force, which consists of translational and rotational components (force and 

moments) can be expressed as 

[ -ell 
. J 

gl.= 
~.J . 

~ 
(2.3.27) 

or 

(2.3.28) 

The reference point is taken at origin OJ where the spatial force is specified. The force, ~ 

is acting at origin OJ and ~ represents an arbitrary moment unrelated to ~ acting on body 

j. Since the reference point is on the line of bound vector ~, there is no moment about 

that point. 

--- ------ -------- ---
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Xj 

Figure 2.3.4 Spatial forces are referenced to frame j in function space 

As shown in Fig. 2.3.5, if the reference point is taken at a point which coincides 

with OJ, the spatial force is expressed as 

(2.3.29) 

Equation 2.3.29 may be revised as 

(2.3.30) 

which reveals that it represents the equivalent or equipollent system of forces and 

moments acting on body j but at a new point which coincides with OJ. Eq. 2.3.30 can be 

written in compact form as 

(2.3.31) 

or 

. ·-T· 
f!. = T~. f~ 
),1 1J J 

(2.3.32) 



Further, the spatial force in Eq. 2.3.32 can be expressed in i coordinates as 

or 

. ·-T oo_T j 
fl· = T!· RIJ f. J,I IJ J 
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(2.3.33) 

(2.3.34) 

Whereas a spatial velocity is transformed by matrix Dij, and a spatial force being a 
oo_T 

functional quantity is transformed by DIJ • The symbol-Tis the inverse of transpose or 

the transpose of inverse. 

Figure 2.3.5 Spatial forces are referenced to frame i in function space 

Let ,ai and ,!!.i denote coordinates of an arbitrary vector a in frames i and j, 

respectively. If 

(2.3.35) 

-" .. - .. - --_._--
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then the following similarity transformation holds [37] 

(2.3.36) 

Similarly, let a\j and aiij denote coordinates of an arbitrary configuration space 

spatial vector in i and j, respectively. Then if 

(2.3.37) 

then the following congruent transformation holds 

(2.3.38) 

The above congruent transformation can be proofed as follows. Let b\. and ci. be IJ IJ 

arbitrary spatial coordinates where 

and 

Then 

i .. j b .. = D1Jb.· 
IJ IJ and ci. = Diid. 

IJ 1J 

ci. = Dij ~. b!. = a\i Diib~. ( . .) . ( . ) 
1J "iJ 1J ' 1J 

Since ~j is arbitrary, rearranging and equating coefficient yield 

2.4 Spatial Velocities and Accelerations 

(2.3.39a, 2.3.39b) 

(2.3.40a,2.3.40b) 

(2.3.41) 

(2.3.42) 

The notations for spatial velocities were discussed in the previous section. A 

spatial velocity can be expressed as 

--- --- ------------------------ ---.--- ------------
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. [m:j j vt = 
IJ . 

tj 
(2.4.1) 

which gives the translational velocity of frame j at origin OJ relative to frame i at origin 

OJ, and the relative angular velocity of frame j relative to frame i. It follows that 

Vi. = Dijvj 
IJ ij (2.4.2) 

gives the translational velocity of the point in j which instantaneously coincides with 

origin OJ, and having the same angular velocity. Now assume there is an arbitrary vector 

iii fixed in a moving frame j, then the following relation holds 

(2.4.3) 

Differentiating Eq. 2.4.3 gives 

(2.4.4) 

where Rijf!j is zero because iii is a constant. The first term of the above equation can be 

further expended to [37] 

Comparing both sides of Eq. 2.4.5 yields 

where 

-i "-:-:i 
(Oli; = RIJOJ:. -, - -IJ 

--- --- -------- --------------

(2.4.5) 

(2.4.6) 

(2.4.7) 
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defines the rotational velocity of j relative to i (compare with Eqs. 2.3.35 and 2.3.36). 

Using Eq. 2.4.2, a similar identity may be derived by differentiating a spatial vector fixed 

in a moving frame and equating its matrix coefficients giving 

oij - ~v:· Oij - Oijyj - IJ - ij (2.4.8) 

"-1 '" . . . . 
(compare with Eqs. 3.3.38 and 3.3.42). Noting that OIJ = OJI, v)i = -V\j and '1i = -vlij' 

Eq. 2.4.8 may be used to find the time derivative of the inverse of any spatial 

transformation matrix as 

(2.4.9) 

These identities will be used extensively to simplify many of the following developments. 

It is convenient to represent the spatial displacement of an arbitrary frame or body 

by a sequence of spatial displacements given by homogeneous spatial products. For 

example, let 

(2.4.10) 

represent the results of two successive spatial displacements. Then Eq. 2.4.10 may be 

differentiated with respected to time giving 

(2.4.11) 

which, according to Eq. 2.4.8, represents the spatial velocity. Using Eqs. 2.4.2, 2.3.33, 

2.3.35 and 2.4.8, it follows that 

(2.4.12) 

where 

(2.4. 13 a) 

--_ ..... ~-.-.,- --_. __ ._-------------
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(2.4.13b) 

(2.4.Bc) 

The time derivative of spatial velocities yields spatial accelerations. In order to 

differentiate the spatial velocity ~j' it is transformed to the fixed frame 0 

Differentiating Eq. 2.4.14 gives 

[ 
rofJ. 1 o o· j -IJ v·· = D ~v .. = 

IJ IJ.O ':0 0 
tlii+t;;.,ro·· -, .!\I)-IJ 

a?- = dvR/dt =[ ro~ 1 ~ IJ .:0 ':0 ·0 70·0 
lij+wj.Q)ij+lojmij 

(2.4.14) 

(2.4.15) 

The acceleration afl is transform back to frame j by the homogeneous transformation 

. ·0 0 al. = l)l ~,. 
IJ ""'1J (2.4.16) 

Spatial vector aij does not represent coordinates of the true acceleration of j relative to i 

because it contains an additional term that is quadratic in first time derivatives. However, 

the homogeneous transformation in Eq. 2.4.16 simplifies the equations of motion and the 

extra term will pose no problems as long as it is subtracted out when referring to 

coordinate frame of actual acceleration. 

2.5 Spatial Kinematic Joints 

In idealized mechanical system models, rigid bodies are connected to each other 

by joints having nondeforming surfaces. Each joint is defined by a kinematic pair which 

constrains the relative motion between the two bodies. Joints with surface contact are 

called lower pairs while those with line or point contact are known as higher pairs. In 
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this research, lower pair joints are considered. The relative degrees of freedom (or OoF) 

between any two bodies i and j can be described by up to six joint coordinates: three 

rotational and three translational. The COIT<:!sponding spatial coordinates may be collected 

into a spatial matrix H~j which is defined as the joint influence coefficient matrix. The 

number of coordinate columns in Hh indicates the relative OoF between the bodies. If 

there are two bodies in the space and there is no joint between them, then there are six 

relative OoF between these bodies. One can imagine there is an artificial joint with six 

OoF connecting these two bodies. On the other hand, if these two bodies are welded 

together, then the relative OoF between them is zero. This kind of joint is called a fixed 

joint which constrains no relative OoF. Any other type of lower pair joints will allow 

some form of relative motion between the constrained bodies. For two bodies connected 

by a joint, the relative motion between the bodies is along the direction tangent to the 

joint surface. The remaining directions, which are associated with the normal directions 

to the joint surface, are the relative constrained directions. 

Let bodies a and b be connected by a revolute joint which allows one OoF 

between them as shown in Fig. 2.5.1. The revolute joint is formed by intermediate 

frames k and 1 which are imbedded in body a and b at the joint position. The axis 3 of 

both frames is the common axis of the revolute joint. In Fig. 2.5.1, SkI is the joint 

displacement around the common axis 3 of frames k and 1, and SkI is the corresponding 

joint velocity. The relative velocity between frame i at centroidal of a and frame k is 

zero; i.e., 

(2.5.1) 

The relative velocity between frame 1 and frame j at centroidal of b is also zero, i.e., 

(2.5.2) 
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Intermediate Frames 

1\ 

1 

Figure 2.5.1 Body a and b are connected by a revolute joint 

Furthermore, the relative velocity between the intermediate frames k and 1, which form 

the revolute joint, is defined by the joint influence coefficient matrix HkI which contains 

a 6 x 1 column matrix, and the joint velocity SkI. Thus, the velocity of frame 1 relative to 

k may be obtained as 

(2.5.3) 

Therefore, the relative velocity of body b with respect to body a can be found as 

(2.5.4) 

or 

(2.5.5) 

The column contained in HkI defines the local rotational joint axis, which is expressed in 

frame i, and the joint axis defined by Hkl provides the direction of motion tangent to the 

joint surface. The column of HkI is defined as the free mode vector. Detailed discussion 
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of the concepts of joint surface and mode vectors corresponding to Hkl matrix will be 

discussed in Chapter 4. In this chapter we only focus on the general understanding of 

applications of joint influence coefficient matrix. 

In general, the joint influence coefficient matrix for an arbitrary joint between two 

bodies i and j may contain up to six columns such as 

(2.5.6) 

where the number of columns or h's in Hij depends on the type of the joint. Each column 

in Hij defines one of the local joint axes. For example, Hij matrix for a universal joint 

contains two columns, and Hij matrix for a spherical joint contains three columns. Each 

h in Eq. 2.5.6 is a 6 x 1 column matrix which is defined as a primitive joint influence 

coefficient matrix. The primitive joint influence coefficient matrix is only defined 

between two adjacent intermediate frames around or along their common joint axis. For 

example, ehkl in Hlj represents a 6 x 1 primitive joint influence coefficient matrix 

between two intermediate frames k and 1 where the prescript c stands for one of the six 

possible relative joint axis. Let 1,2 or 3 identify joint rotation about the local x, y or z 

axis and 4, 5 and 6 identify joint translation along the local x, y or z axis. Thus the 

primitive joint influence coefficient matrix ehb is defined as 

. ik 
ehb = DUe, C = 1,2, ''', or 6 (2.5.7) 

where Uc represents a spatial unit vector of local common joint axis, which is called the 

primitive joint building block. The orthogonal unit vector Ue is formed by common-axis 

unit vector Yi, i = 1,2, or 3 

x-axis y-axis z-axis 
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(2.5.8) 

Thus the bound rotational directions around respective common x, y or z axis are defined 

by 

U2 =[~] (2.5.9) 

and free translational directions along respective common x, y or z axis are defined by 

Us = [~] (2.5.10) 

These orthogonal unit spatial displacement vectors provide six local displacement 

directions and form primitive joint building blocks. Many types of joints may be 

assembled from a set of primitive joint building blocks, where each primitive joint allows 

only a single relative displacement between adjacent frames in one of the six possible 

directions. If a primitive joint allows relative motion around or along its axis, then the 

corresponding spatial unit vector will define the joint influence coefficient matrix. The 

primitive rotations corresponding to the primitive joint axis Ut to U3 between arbitrary 

intermediate primitive joint frames k and I are given by 

,Rhl =[ 
1 0 

-S: 8hl ] 0 cos Bid 

0 sin Bid cos Bid 

(2.5.11a) 

[ cos~ 0 
SiD

0
8hl ] 

2RId = 0 1 

-sin Bid 0 cos Bid 

(2.5.llb) 

[ cos 8hl -sin Bid 0 

] ,Rhl = SiD

0

8hl cos Bid 0 

0 1 

(2.5.llc) 



A primitive spatial rotational matrix may be written as 

cRkl = [ cR
kl 

0], C = 1, 2, or 3 
o cRkl 
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(2.5.12) 

Likewise primitive translations along common axis pair 1, 2 and 3 corresponding to 

primitive joint U4 to U6 are defined by vec~ors 

(2.5.13) 

where the magnitude of rotation is SkI and magnitude of translation is tkJ. The 

corresponding primitive spatial translational matrix is 

(2.5.14) 

The primitive transformations in Eqs. 2.5.12 and 2.5.14 may be multiplied together in any 

sequence to define the general displacement across the primitive joint 

Dkl = [cR
kl 

0 1 
ct cRkl ~kl 

(2.5.15) 

Notice that spatial unit vector Un satisfy the following relation 

(2.5.16) 

For J... = 1, we have 

(2.5.17) 

Any number of constant and variable primitive joint building blocks may be 

combined sequentially to form numerous joint configurations by multiplying the 

respective displacement transformation matrices together. This approach allows constant 
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displacement transformations to appear in variable displacement transformations. To 

illustrate these ideas, let body i and j be connected by an arbitrary joint, where the joint 

can be one of the following commonly used joints. Assume that the intermediate 

primitive joint frames are k, 1, m, n as shown in Fig. 2.5.2. The spatial displacements 

across some popular joints are defined as: 

Revolute joint 

Translational joint 

Universal joint 

Spherical joint 

Cylindrical joint 

The corresponding joint influence coefficient matrices can be obtained by applying Eqs. 

2.5.6 and 2.5.7 

Revolute Hi - Diku - hi c 1 2 or 3 ij - e - e kl' =" 

. ik . 
Translational H1j = D Ue = ehb, c = 1, 2, or 3 

Universal 

Spherical 

cl, c2, c3 = 1, 2, or 3, cl :;t c2 :;t c3 

cl = 1, 2, or 3, c2 = cl + 3 

The sequential multiplication of D matrices with spatial unit vectors Ue will be explained 

later in this section. 
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Figure 2.5.2 An arbitrary joint connecting body i and j 

It is assumed that each joint is defined such that H~j has full column rank. As we 

discussed earlier, the number of columns in H~j indicates the relative DoF between 

adjacent bodies. Clearly, the number of joint variables for each joint is the same as the 

number of columns in Hij matrix. For convenience, a column matrix p is used to store 

one or more joint variables. The dimension of column matrix p is the same as the column 

dimension of H~j. Thus the spatial velocity of j relative to i, in i coordinates, is obtained 

by 

(2.5.18) 

The spatial velocity of j relative to i, in i coordinates, corresponding to revolute, 

translational, universal, spherical and cylindrical joints are evaluated by the following 

relations: 

Revolute 

Translational vh = chbskl, c = 4,5, or 6 
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Universal vij ~ [ "hi, ",himl [ t: ]. c 1, c2 ~ 1, 2, or 3, c J" c2 

Spherical vij = [clhb c2hb c3h~m] [:: ' c1, c2, c3 ~ 1,2, or 3, c1 "c2" c3 

9mn 

Cylindrical vij ~ ['Ihi, '2himl[ t J c1 ~ 1, 2, or 3, c2 ~ c1 + 3 

Each primitive joint and the corresponding spatial displacement or velocity will 

have an associated direction or orientation. The displacement transformation of any 

primitive joint, oriented opposite to the assumed composite joint orientation, must be 

inverted when forming the product Dij. The inverse may also be accounted for by 

reversing the sign on the corresponding variable in p. In Eq. 2.5.18, this inversion may 

be accounted for by inverting the sign on the corresponding column of Hlj' 

The spatial acceleration of j relative to i, in i coordinates, can be obtained by 

differentiating Eq. 2.5.18 if i is the fixed frame. If i is not fixed, then the spatial relative 

velocity in Eq. 2.5.18 must be transformed to some inertial frame such as 0 frame by 

and 

Differentiating Eq. 2.5.20 gives 

---- ---------

vQ = DOivi. 
IJ IJ 

° HO.. H' 0. aij = ijP + ijP 

(2.5.19) 

(2.5.20) 

(2.5.21) 
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Obviously, the time derivative of H~ is required when computing the relative spatial 

acceleration. Generally, to find the time derivative of influence coefficient matrix H~, 

the derivative of each primitive joint influence coefficient matrix or each column in H~ 

must be evaluated individually. The primitive joint influence coefficient matrices must 

be defined by the displacement transformation of local joint axis into a inertial frame, 

where 0 frame has been chosen in this case. Thus, an arbitrary column of H~, denoted by 

eh~, can be obtained by 

(2.5.22) 

which represents the primitive joint connecting frames m and n that allows one DoF, and 

Ue is one of the six constant spatial unit vectors. Further, DOn may be expressed by 

(2.5.23) 

and from Eq. 2.5.17, Ue is the spatial eigenvector of onm; i.e., 

(2.5.24) 

Thus, Eq. 2.5.22 can be further expressed by 

(2.5.25) 

Transformation in either Eq. 2.5.22 or 2.5.25 is valid because the influence coefficient 

matrix Ue is invariant under transformation Dmn. Note that spatial displacement across 

the joint is defined by 

(2.5.26) 

and 

(2.5.27a,2.5.27b) 
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The time derivative of ch~ column of H8 can be evaluated by 

'0 . Om . On 
chmn = D Uc = D Uc (2.5.28) 

By applying Eq. 2.4.12, Eq. 2.5.28 may further be expressed as 

h· ° _::-:0 DOm _::-:0 DOn c mn - VOm Uc - VOn Uc (2.5.29) 

Comparing Eqs. 2.5.25 and 2.5.29 gives 

h· ° ::-:0 hO ::-:0 hO c mn = VOm c mn = VOn c mn (2.5.30) 

where 

v8m = v& + v~ and vBn = VBi + v~ + v&n (2.5.31) 

Derivatives of successive columns of H~j include additional terms from the relative 

velocity vector vij. Note that in Eq. 2.5.31, vb is the sum of the relative spatial velocities 

across the number of primitive joints and vim is the sum of the primitive frames from i to 

m. Finally, the acceleration of j relative to i is transformed back to frame i after 

completing the derivative of velocity influence coefficient matrix, which is 

and 

i Hi .. H·i . aij = ijP+ ijP 

2.6 Spatial Equations of Motion for A Single Body 

(2.5.32) 

(2.5.33) 

The spatial equations of motion for an unconstrained rigid body may be obtained 

by differentiating the coordinates of its spatial momentum that have been expressed in a 

-------_ .. --_._._---- --------
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fixed or inertial frame. Figure 2.6.1 shows a rigid body with embedded frames i and c 

where frame c defines the principal centroidal axes. 

xo 

Figure 2.6.1 Rigid body with arbitrary frame i and principal centroidal axes c 

Assume that the body has a constant mass m and its inertia is determined around 

the body fixed frame Oc. The corresponding 3 x 3 zeroth-order mass matrix is defined by 

[
m 0 0] 

MiO = 0 m 0 
OOm 

(2.6.1) 

and the second-order inertia tensors is defined by 

[ 

Ixc:ltc 0 0 1 
~2c= 0 I 0 
-1 YeYe 

o 0 IZcZc 
(2.6.2) 

where IXexc' IYeYe and IZezc are the moments of inertia around the principal centroidal axes. 

The mass and inertia matrices may be combined to form the constant spatial inertia 

matrix 

M~= 
1 [ Mii 0 1 

o MiO 
(2.6.3) 
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which represents 6 x 6 centroidal inertia for this body. The body momentum relative to a 

point fixed in 0, which instantaneously coincides with its center of mass, is given by 

(2.6.4) 

. -I . 
where V8i = DIe Vbi specifies the spatial velocity in the principal coordinates. 

Transforming Eq. 2.6.4 to i gives 

i Mii i Kj = i vOi (2.6.5) 

where the constant spatial inertia matrix is defined by a congruent transformation, 

expressed in i as 

(2.6.6) 

In a similar manner, the spatial momentum in frame 0 coordinates is 

(2.6.7) 

where another congruent spatial displacement transformation gives 

(2.6.8) 

Now Eq. 2.6.8 may be differentiated with respect to time to obtain the spatial equations 

of motion 

Differentiating Eq. 2.6.8 with the help of Eq. 2.4.9 gives 

~ . .oo --oT".oo 00--0 
Mi = -VOi N1i- - Mi VOi 

(2.6.9) 

(2.6.10) 
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Substituting Eq. 2.6.10 into Eq. 2.6.9 gives the spatial equations of motion for a single 

rigid body as 

(2.6.11) 

where g? represents the combined spatial- forces acting on the body or an extension 

thereof, taken at the point which instantaneously coincides with the origin of frame O. 



CHAPTER THREE 

PRECOMPUTATION OF KINEMATICS AND DYNAMICS 

FOR CONSTRAINED SYSTEMS 

3.1 Introduction 
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This chapter describes precomputational kinematic and dynamic formulations 

which may be used to develop more efficient computer programs for solving idealized 

rigid body mechanical system problems. System topology based on graph theory is 

extensively applied to describe the multibody constrained systems [42, 44, 74]. Spatial 

algebra and augmented differential algebraic equations are used to formulate multibody 

kinematics and dynamics algorithms because the homogeneous equation structure makes 

it easier to implement symbolic and numerical methods for developing run-time 

algorithms [1, 69, 72]. Since there are numerous ways to describe the constrained 

systems and equations of kinematics and motions based on the system topology, a 

significant amount of hand optimization may be necessary in order to achieve highly 

efficient simulations. 

3.2 Representation of System Topology 

To create a computer oriented general dynamical formalism for multibody 

systems, one m,ust devise a means for describing to the computer how the system is put 

together. In other words, one must choose a data structure which can be used to keep 

track of the way bodies are interconnected. The solution to the data structure problem is 

not unique. The data structure may be represented by a system graph which is defined 

explicitly at the outset, and the structuring of kinematic and dynamic equations is phrased 

in terms of the graph and certain matrices associated with it. These matrices facilitate the 

-------- --------------------- ------------
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elimination of unwanted interaction forces and torques and find direct application in 

formulating the mechanical constraint equations arising from closed kinematic loops. 

Graph theory has been well developed in the past decades [6,44,60]. The basic 

concepts of graph theory are described here to illustrate its applications to constrained 

multibody systems. A graph has two ingredients: a set of vertices or "nodes", and a set 

of edges that connect them. Here we assume that each edge is assigned a direction such 

that the graph is a directed graph. The matrix associated with a graph is defined as 

incidence matrix or connectivity matrix. Every entry in the connectivity matrix is either 

-1,1 orO. 

Fig. 3.2.1 shows a graph with 4 nodes and 5 edges. The edge-node connectivity 

matrix is 5 by 4, which is denoted by C: 

[

-1 1 0 0 
0-1 1 0 

C = -1 0 1 0 
o 0 -1 1 

-1 0 0 1 

(3.2.1) 

The matrix has a row for every edge indicating the two nodes connected by the edge. If 

the edge goes from node j to node k, then that row has a -1 in column j and a + 1 in 

column k. Notice that the third column gives information about node 3 which tells which 

2 
edge 1 

1 

edge 2 edgeS 

3 edge 4 
4 

Figure 3.2.1 Direct graph 

--- -- --- ------------------
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edges enter and leave. Edges 2 and 3 go in, and edge 4 goes out. Matrix C is also 

defined as the topology matrix, and it normally has more rows than columns. When the 

graph has m edges and n nodes, dimension of C is m by n. Its transpose is the "node

edge" connectivity matrix. It is interesting to note that the columns add up to a zero 

column, and the sum of rows 1 and 2 is row 3 and the sum of rows 3 and 4 is row 5. 

Continuing the search, notice that rows 1,2, and 4 add up to row 5. This indicates that 

three loops may be formed in the graph. The first loop is formed by edges 1,2 and 3, and 

the second loop is formed by edges 3, 4 and 5. Finally the outer loop is formed by edges 

1,2,4 and 5. 

To understand each loop in the graph, the outer loop is selected as an illustration. 

The loop is formed by nodes 1,2,3,4 and edges 1,2,3,5 as shown in Fig. 3.2.2. The 

corresponding connectivity matrix is defined by 

C = 0 -1 1 0 
[

-1 1 0 01 
o 0 -1 1 

-1 0 0 1 

(3.2.2) 

which is a submatrix of the connectivity matrix in Eq. 3.2.1. For the connectivity matrix 

associated with the graph in Fig. 3.2.2, the elimination process may be used to find out 

the rank of the matrix. Every elimination step has a meaning for the graph. The first step 

2 edge 1 1 --
edge 2 edge 5 

" 
edge 4 l' .. 

3 4 

Figure 3.2.2 Out loop of the graph 

--------~ -~- ~ -- -- .-~ 
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subtracts row 4 from row 1, to put a zero in the lower left comer. It produces the new 

fourth row 0, 1,0, -1. That row still constrains ±1, and the matrix is still a connectivity 

matrix. The new row corresponds to the dotted edge in the graph, from 4 to 2 shown in 

Fig. 3.2.3. The old edge from 1 to 4 is eliminated in favor of this new edge. 

2 
edge 1 

1 

..... 
..... 

edge 2 ..... ..... 
..... 

edge 4 ..... 
..... 

3 4 

Figure 3.2.3 First elimination step 

The next stage of elimination, using row 2 as pivot row, will be similar. Adding 

row 2 to the new row 4 produces 0, 0, 1, -1, which is a new edge from 4 to 3. The dotted 

edge should be removed and replaced by this new edge (along the bottom) as shown in 

Fig. 3.2.4. The dotted edge happens to run opposite to the existing edge from 3 to 4, 

since the arrows on 4-2 and 2-3 combine to give 4-3. 

2 edge 1 1 
~.-----------------~ 

edge 2 

edge 4 

3~- ---4 

Figure 3.2.4 Second elimination step 

The last elimination step removes the new edge and leaves a zero in row 4 as 

shown in Fig. 3.2.5. Therefore the new matrix, echelon matrix U, is the same as C except 
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for the last row of zeros. The row space of echelon matrix U contains all combinations of 

the rows, but here the third row contributes nothing. The first three rows of C are a basis 

for the row space and are linearly independent. This concludes that rows are independent 

if the corresponding edges are without a loop. The name in graph theory for a set of 

edges without loops is called a tree. The four edges in above square graph do not form a 

tree, and the four rows of C are not independent. But the first three edges (in fact any 

edges) in the original graph do form a tree. Likewise, any two edges, or any edge by 

itself can form a tree which is small. But it is natural to look for the largest tree. 

2 edge 1 1 
~--------------------

edge 2 

edge 4 

3 4 

Figure 3.2.5 Result of elimination process 

A tree that touches every node of the graph is a spanning tree. Its edges span the 

graph, and its rows span the row space. In fact those rows are a basis for the row space of 

C. Adding another row (another edge) would close a loop. A spanning tree is as large of 

a tree as possible. If a connected graph has n nodes, then every spanning tree has n-l 

edges. That is the number of independent rows in C, and it is the rank of the matrix. The 

edges corresponding to the independent rows are called arcs and edges corresponding to 

the dependent rows are called chords which form the loops. The number of chords is 

equal to the number of loops. There must also be n-l independent columns. The column 

associated with the root is normally excluded. There are n columns altogether, but they 

add up to the zero column. The nullspace of C is a line, passing through the null vector 
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x = (1,1,··., 1). The dimensions add to (n - 1) + 1 = n, as required by the fundamental 

theorem of linear algebra. Therefore, a graph can be decomposed by a spanning tree and 

a set of chords. The incidence matrix or connectivity matrix corresponding to the graph 

can be partitioned as 

(3.2.3) 

where Ca and Cc are connectivity matrices for the spanning tree and the chords 

respecti vel y. 

Any mechanical system may be represented by a graph. Since the graph 

representation is not unique, same system can be represented by different graphs. In 

graph representation, each node represents a body in the system and each directional 

branch represents the joint connecting two adjacent bodies. For a general n degree of 

freedom mechanical system, generalized coordinates are used to define the joints, 

absolute displacements, and motion relative to an inertial Cartesian reference frame with 

1 :::; ki :::; 6 orthogonal spatial directions, denoted by system O. Each joint in the system is 

assigned a positive orientation or direction indicated by an arrow (directional branch), a 

referenced side (a Cartesian coordinate system on the tail side of the arrow), and a 

reference side (another Cartesian coordinate system on the head side of the arrow). The 

reference side of a joint is the entry point into the corresponding body (child) and the 

referenced side can be held by only a single body (parent) or by the inertial frame. 

For a system formed by open kinematic loops or equivalent open loops, the 

number of interconnected joints, na, is the same as the number of bodies. The DoF of the 

open loop system is the sum of the DoP of each interconnected joint, which is 

n. 

DoFo= L ki (3.2.4) 
i= I 

-- .... -- _._._-_.-.. _------------
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where DoFo represents the DoF of the open loop system or the effective system DoF with 

all chord joints removed. In the system, each joint has k j referenced absolute coordinates 

relative to the inertial frame. The system can be described by a tree formed from the root, 

branches and leaves of the interconnected joints and bodies. The tree represents a path 

for traversal of the system joints and bodies. Moving from the root toward the leaves 

represents a positive traversal of the tree. For convenience, all joints are oriented away 

from the root (positively) and labeled in sequentially increasing order, progressing from 

the root toward the leaves, always keeping to the left in remaining unvisited position of 

the tree. This procedure can be automated, but manual preordering here will greatly 

increase comprehension of the resulting algorithms. With this spatial preprocessing, joint 

connectivity can be defined by a sparse, lower triangular matrix Ca with unity 

determinant. To construct Ca, think of it as an identity matrix I composed of a na x na 

array of k x k cells into which the negative of k x k identity matrices I are inserted. 

To better understand the Boolean connectivity matrix Ca, consider a system 

composed of three moving bodies and three arc joints as shown in Fig. 3.2.6. Let body a 

be connected to the inertial frame 0 by joint i, bodies a and b be connected by joint j and 

Bodyb Joint i 

Joint j 

Figure 3.2.6 A three body open loop system 

----.-------. __ ._-----_._------------
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body c be connected to the inertial frame 0 by joint k. Assume all these joints allow ki 

DoF (specific joint characteristics are not important here) and absolute velocities of these 

bodies are expressed in the inertial frame O. Then there are three 6 X ki HO influence 

coefficient matrices associated with joint i, j and k. The joint coordinates p and the 

product HOp define the relative displacements and velocities. If v~, vg and vg define 

body a, b and c absolute velocities (linear and angular components), then 

° HO. vOa = i Pi 

° ° HO' vOb = vOa + j Pj 

° HO. VOc = kPk 

(3.2.5a) 

(3.2.5b) 

(3.2.5c) 

Equations 3.2.5a to 3.2.5c may be combined and represented in stacked block matrix 

form 

[ 0 1 
H~ 0 0 

1 0 0 vOa 
1 

[~~d V~b = 0 H~ 0 J 

vOc 0 0 Hg 

Further, Eq. 3.2.6 may be expressed in more compact form 

where 

C OHO' aV = a Pa 

[ 
1 0 0 1 Ca = -I 1 0 
001 

[i!l (3.2.6) 

(3.2.7) 

(3.2.8) 

is an arc joint connectivity matrix. The arc joint influence coefficient matrix is defined 

by 
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H~ 
1 0 0 

HO- 0 H~ 0 (3.2.9) a-
J 

0 0 H~ 

The velocity arrays in Cartesian and joint spaces are defined by 

[ , 1 
VOa 

.' = :~ (3.2.10) 

and 

[P; 1 
Pa= t! (3.2.11) 

respectively. Finally, the absolute acceleration can be obtained by taking time derivative 

ofEq.3.2.7 

C OHO" H'O' aa = aPa + aPa (3.2.12) 

Since Ca has full row and column rank, it is a non-singular matrix. Let 

(3.2.13) 

then the absolute velocity and acceleration in Eqs. 3.2.7 and 3.2.12 can be revised by 

and 

where 

° RHo' v = a a Pa 

° RHO" RH·o. a = a a Pa + a aPa 

---"-"--'-- .... ---- .. -.---------~----

(3.2.14) 

(3.2.15) 
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[ 
1 0 0 1 Ra = C;;-l = 1 1 0 
001 

(3.2.16) 

The inverse of Boolean arc connectivity matrix, Ra, is defined as path reachability matrix. 

Matrix Ra provides the road map to the system, where the ith row of Ra traces a unique 

path from the root to the ith arc joint. 

Systems with closed loops have additional joints which tie various branches or 

leaves together. The joint displacements and associated quantities now depend on each 

other. These excess joints are called chord joints with internal ki DoF. The number of 

independent kinematic loops equals the number of chord joints, and they are indicated by 

dashed lines in the graph. If all the chord joints are imagined to be removed from the 

loops, then all kinematic loops become open and a tree is formed [44]. The number of 

DoF for a closed loop system is determined by [72] 

n. + lie 

DoFe = L ki - rank (constraint Jacobian matrix) 
i= I 

(3.2.17) 

Chord joint connectivity is defined by a rectangular matrix C e which has the same 

column dimension as Ca, and the row dimension is six times the number of chords in the 

system. The complete constrained system connectivity matrix is formed by both arc and 

chord joint connectivity matrices, 

(3.2.18) 

The array rows of C e always contain two nonzero entities, 1 and -I to indicate the 

directions of the chord joint, and the directions of the chord joints must be the same as the 

directions of the closed kinematic loops. Define the left inverse [60] of the rectangular 

connectivity matrix Cas 



R =[:: ~] 
such that 

RC =[ ~] 

Equations 3.2.14-3.2.15 can be used to show that 

Cc=-RcCa 

and 
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(3.2.19) 

(3.2.20) 

(3.2.21) 

(3.2.22) 

Equations 3.2.18 and 3.2.19 will be used to simplify other equations and form the 

Jacobian matrix later. 

Now if we extend the previous example into a closed loop system by adding a 

joint I connecting bodies band c, forming a spatial four-bar linkage as shown in Fig. 

3.2.7, then the chord connectivity matrix can be defined by 

Bodyb Joint i 

Joint j 

Joint j 

Figure 3.2.7 A three body closed loop system 
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Ce=[O-II] (3.2.23) 

and its right inverse is evaluated by 

Rc=-CeRa =[ 1 1 -I] (3.2.24) 

The entries in Re indicate the bodies participated in the loop and the negative sign in front 

of the. identity matrix 1 indicates the orientation of the body is opposite to the loop 

direction. Thus the corresponding absolute velocity across a chord joint can be evaluated 

by 

° ° HO. vOe - vOb = I PI (3.2.25) 

Combining Eqs. 3.2.7 and 3.2.25, the absolute velocities of bodies in the closed loop can 

be evaluated by 

H9 
1 0 0 0 

[Ioors'] 0 H~ 0 0 [~~] 01 ~ ~ V8b = 
J 

(3.2.26) 

o -I 1 vO 0 0 H~ 0 
Oe 

0 0 0 HO 
I 

or 

[ HO [~:] VO = oa :g ][~l . (3.2.27) 

Similarly, the absolute acceleration can be obtained by taking time derivative of Eq. 

3.2.27: 

(3.2.28) 
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where Ca, H~, Pa and Ra have defined in Eqs. 3.2.8, 3.2.10, 3.2.11 and 3.2.16. Matrix Cc 

is defined in Eq. 3.2.23, and Hg and Pc are defined by 

and 

respectively. 

H O-HO 
c - 1 (3.2.29) 

(3.2.30) 

The above examples demonstrated the basic physical concepts of composite 

connectivity matrix and composite influence coefficient matrix, for both open and closed 

kinematic loops. More discussions will be carried out in the following sections. 

3.3 Absolute Spatial Displacements in Constrained Systems 

In section 3.2, the basic concepts of matrices Ca, Cc, Ra and Rc were discussed. 

The nonzero entries in these matrices provide road maps to effective manipulation of the 

constrained equations. The composite joint connections between child and parent bodies 

are represented in each row of Ca. On each row, there is one positive entry on the 

diagonal and one negative entry at the position left to the diagonal. The positive entry on 

the diagonal represents the child frame and the negative entry left to the diagonal, but on 

the same row, represents the parent frame. Figure 3.3.1 shows an arbitrary composite 

joint contained in a na x na arc connectivity matrix Ca. The joint is defined by -I and I, 

where -I is located on the mth row and the nth column and I is located on the diagonal of 

the mth row and the mth column. 

A spatial displacement transformation matrix, Dmn, corresponding to this 

composite joint is assembled from the variables relates the displacement of the child 



Parent Frame 
mth row 

I 

nth column 

I 

Child Frame 
~--mthrow 
I 

mth column-

Figure 3.3.1 An arbitrary composite joint in arc connectivity matrix 
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frame m to the parent frame n. Furthermore, the nonzero entries in each row of the 

inverse of Ca, namely Ra, provide explicit directions for computing absolute velocities 

and accelerations of every body in the system (shown in Eqs. 3.2.14 and 3.2.15). 

In a similar manner, Fig. 3.3.2 shows matrix Ce, where the jth column position of 

the positive entry in row Ie (or kth closed loop) identifies the child frame j and the ith 

column position of the negative entry in the same row identifies the parent frame i of the 

kth chord joint. As above, a spatial displacement transformation matrix Dij 

corresponding to the chord joint assembled from the variables relates the displacement of 

the child frame j to the parent frame i. 

Parent frame ~ i Child frame 

• [ eDt! ...... @l kth row 

ith column t jth column 

Figure 3.3.2 An arbitrary composite joint in chord connectivity matrix 

Each chord joint brings two tree branches together to form a closed kinematic 

loop. Therefore the two connected branches must have a common ancestor body, 
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otherwise they would not fonn a closed loop. If that common body is denoted by 0 as 

shown in Fig. 3.3.3, the two displacement transfonnation matrices DOi and DOj are 

defined by the road map in Ra. The constraint loop is oriented with DOi and Dij, and 

opposite to DOj. The net displacement around the loop must be zero, which can be 

described by the matrix product 

I 

qu, 
\0 J 

\ 
'-- -

Chord Joint 

Figure 3.3.3 A kinematic loop closed by a chord joint 

(3.3.1) 

As noted earlier, multiplication of 6 x 6 matrices should be avoided when 

computing spatial displacements because of the computational overhead. One can define 

4 x 4 matrices which accomplish the same results. Corresponding to Eqs 2.3.8 and 

2.3.13, the 4 x 4 rotational and translational matrices between two arbitrary frames i and j 

can be written as 

(3.3.2) 
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and 

(3.3.3) 

Thus a 4 x 4 general displacement is defined by 

....... ij ~ ...... ij ...... ij;:;;i [ 1 D = lijR = R l-ij = 

~j 
(3.3.4) 

Therefore, Eq. 3.3.1 can be revised by the 4 x 4 multiplication form 

(3.3.5) 

However, Eq. 3.3.5 will not hold if some of the joint variables common to the kinematic 

loop are in error. The error induced violation may be estimated by the following relation 

-"{)O ...... 00 ..... Oi ...... ij ...... OJ-l [ 0 .o.T] 
cjl =D -I=D DD -1= 

. cjl?~ 
(3.3.6) 

where cjl? defines the translational constraint violations and cjl~ defines the rotational 

constraint violations. Notice that DOo 
contains a 3 x 3 rotation matrix 

[ 

rll 

R= r21 
r31 

r13 1 r23 = I + sin Silo + (1- cos S)~ 
r33 

(3.3.7) 

and R would be an identity matrix when constraint violations ~ are zero. The constraint 

violations cjl~ may be further expressed subtracting I from Eq. 3.3.7: 

(3.3.8) 
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where 9ij is the rotational violation and.Yo defines the orientation axis. The expression in 

Eq. 3.3.8 was obtained from Eq. 3.3.7 using the basic identity ~ = aaT - (gTg)I which 

holds for any arbitrary vector. Now, when 9 ij is small, Eq. 3.3.8 shows that the rotational 

constraint violations can be approximated as 

(3.3.9) 

which can be obtained by combining the off-diagonal terms in the 3 x 3 submatrix in the 

lower-right hand corner of Eq. 3.3.6 

[

sin 9ijYoI 1 [(r32 - r23)/2) 1 Pi == sin 9ij.Yo2 = (r13 - r31)/2) 
. (r21 - rI2)12) 

sm 9ijYo3 

(3.3.10) 

However, the error in Eq. 3.3.9 will also be zero when 9ij = ±1t so it may be possible for 

the equations to converge to a meaningless solution. This can be avoided by observing 

that 

Trace{ sin 9ij Yo + 2sin2 (9ij12)( !!o~ - I)} = -4sin2 (9ij/2) = (3 - rll - r22 - r33) 

(3.3.11) 

Adding this scalar quantity, which is just the sum of the diagonal terms in the 3 x 3 

submatrix in the lower-right hand corner of Eq. 3.3.6, will insure that the correct solution 

is obtained. Thus, 

(3.3.12) 

and then six numeric values for each loop constraint may be obtained by this method 



(r32 - r23)/2 + (3 - rll - r22 - r33) 
(rl3 - r31)/2 + (3 - rll - r22 - r33) 
(r21 - r12)/2 + (3 - rll - r22 - r33) 

tl 
t2 
t3 
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(3.3.13) 

Generally if the constrained system contains many closed kinematic loops, where the 

number of the closed loops is denoted as nco Ijl ° can be arranged into ne 6 x 1 matrices in 

column cfJ° which contains constraint violations from all the loops. 

The constraint equations are highly nonlinear and in order to solve for the 

dependent joint variables it requires a procedure such as the Newton-Raphson iteration 

and a Jacobian matrix. Referring back to the example in section 3.2, observe that the 

spatial velocity of frame j relative to i can be given in terms of the joint influence 

coefficient matrix and its variables 

o HO. 
Vij = ijP (3.3.14) 

Equation 3.3.14 could also have been obtained by taking the limit of 

.1d~/.1t = H~.1p/.1t as.1t ~O IJ IJ (3.3.15) 

where .1d~ represents a small change in a fictitious spatial displacement vector and .1p 

represents small changes in the joint variables. Note that since .1d~ represent quasi 

coordinates, d?j does not exist. it is convenient to assume that all of the linearized joint 

equations are expressed in a common frame such as the global inertial frame to facilitate 

combination of the matrix quantities. Multiplying Eq. 3.3.15 through by .1t gives the 

desired linearized joint equation 

(3.3.16) 
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Furthennore, Eq. 3.3.16 implies that the linearized constraint loop equation will contain a 

number of arc joint displacements, and those associated with OOi will be oriented with the 

loop and those associated with OOj will be oriented against it because this matrix was 

inverted. 

Each loop equation contains exactly one chord joint corresponding to Oij, and 

according to Eq. 3.3.1 this joint is also oriented with the loop. Let 

;0 == DOiDijDOj-1 _ I (3.3.17) 

represents the nonlinear kinematic loop equations for a closed kinematic loop. The first 

order variation of Eq. 3.3.17 gives 

(3.3.18) 

and the expansion ofEq. 3.3.18 can be obtained by 

(3.3.19) 

The first order of variation of an arbitrary spatial displacement, e.g., Oij, may be 

expressed by 

ij ~i .. 
~o = ~dij01J (3.3.20) 

Substituting Eq. 3.3.20 into Eq. 3.3.19 for all the variation tenns and applying Eq. 2.3.38 

for congruent transfonnation, Eq. 3.3.19 is revised by 

(3.3.21) 

Since 

(3.3.22) 
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Equation 3.3.21 can be further expressed as 

(3.3.23) 

where L\d8j and L\dfo represent the change of displacements of arc joints and L\d~ 

represents the c.hange of displacements of chord joint in the loop. Equation 3.3.16 

implies that the change of displacements can be expressed in terms of the joint influence 

coefficient matrix and the change of joint displacements. Each arc joint coefficient 

matrices, e.g., H8j, can be arranged into block diagonal matrix H~ in the same sequence 

as the arc joint order and arc joint variables are arranged in the column matrix Pa. Thus, 

arranging all variations in the same order gives 

(3.3.24) 

Since there is only one chord joint for the loop, the chord joint influence coefficient 

matrix is denoted by H2. The corresponding chord joint variables are arranged in column 

matrix Pc. Then, first order variation in Pc gives the first order variation in spatial 

displacements between bodies connected by chord joints 

(3.3.25) 

Let L\do to represent first order variations in absolute body displacements, then the 

variations of arc joints can be obtained by 

(3.3.26) 

or 

(3.3.27) 
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Likewise, the chord connectivity Cc can be related to Lld~ and Lld
o 

by the following 

equation: 

(3.3.28) 

Recall that the rows of Rc identify the arc joints participated in the constraint loops. For 

an arbitrary closed loop, there is only one block row, and each 6 x 6 identity matrix in the 

block row identifies the arc joint in the loop. Therefore, the total constraint variation is 

the sum of included arc and chord joint variations. The first order variation expressed by 

Eq. 3.3.23 can be revised by 

Combining Eqs. 3.3.26, 3.3.28 and 3.3.29 yields 

where 

[RcH~ Hg J[ LlPa 1 = Ll$O 
Llpc 

[RcH~ Hg J 

is defined as the constraint Jacobian matrix. 

(3.3.29) 

(3.3.30) 

(3.3.31) 

In Eq. 3.3.17, $0 
contains the error of the closed kinematic loop. The expansion 

of $0 
around current configuration gives 

00 020, 
$ = $0 + Ll$ + Ll $ + ... (3.3.32) 

where $g is a nominal value of the expansion. Neglecting higher order terms and 

demanding $0 = 0 gives the flrst order variation 

(3.3.33) 

- -- --------------- ---------
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Dropping sUbscript 0 for convenience gives 

(3.3.34) 

where <p
O 

represents violation at current value of joint variables. 

For an arbitrary constrained system with many closed kinematic loops, the 

number of block rows in Rc will be the same as the number of closed loops in the system. 

Likewise, the number of chord joints is the same as the number of closed loops. Chord 

joint variables are arranged in some order in stacked column matrix Pc. Thus, the 

corresponding chord joint coefficient matrices H~ are arranged into block diagonal matrix 

H2 in the same sequence as the chord joint order. The error <p
o 

from each loop is stacked 

into the block column matrix <po in the same sequence as the chord joint order. 

Therefore, Eq. 3.3.29 may be revised as 

(3.3.35) 

Finally, Eq. 3.3.34 can be modified into a general form for arbitrary constrained systems 

with many closed loops as 

(3.3.36) 

Both Eq. 3.3.34 and 3.3.36 are insufficient for determining the joint variables 

because no independent variables are specified. In other words, the Jacobian matrix lacks 

the full column rank. A set of independent variables must be defined to pick up the rank 

deficiency. There are number of ways to select a set of independent variables. The 

selection procedures based on LU factorization and QR method for general constrained 

systems will be discussed in chapter 4. For most mechanical systems without internal 

-------- --- .-._. __ .. _._- ._._--------------
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kinematic bifurcation during normal operations, it is assumed that a suitable set of 

independent variables, denoted as q, can be selected from arc joint variables Pa and chord 

joint variables Pc. This selection may be described as 

q=Ip (3.3.37) 

or it can be expressed in terms of the arc and chord joint partitioned form 

(3.3.38) 

where I, Ia and Ie are defined as Boolean matrices. The number of rows of I is equal to 

the DoF or equal to the number of entries in q, and number of columns of I is the same as 

the number of entries in p. In each row of I, there is only one 1 in the column position 

corresponding to the independent variable and the rest of entries on the same row are 

zeros. 

To understand this procedure, the crank-slider mechanism shown in Fig. 3.3.4 is 

used for illustration. The crank-slider is composed of three moving rigid bodies and four 

joints. The topological representation of this mechanism is shown in Fig. 3.3.5. All the 

Figure 3.3.4 Crank-slider mechanism 
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Arc Joint 

Arc Joint 912 uY Direction 

- - _..I 

923 Chord Joint 

Figure 3.3.5 Topology of crank-slider mechanism 

joint variables are collected in the array of p, namely 

p= (3.3.39) 

Joint 923 is selected as the chord joint and thus p can be partitioned into Pa and Pc, 

P = [::] (3.3.40) 

where 

(3.3.41) 

If crank angle 901 is chosen as the independent variable, then the corresponding Boolean 

matrix j is defined as 

i = [fa Ie] = [1 0 0 0] (3.3.42) 
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where 

Ia = [1 0 0] and Ie = 0 (3.3.43) 

Therefore, the selection of independent variable is expressed by 

(3.3.44) 

In order to combine Eqs. 3.3.36 and 3.3.38, Eq. 3.3.38 must be linearized as 

L\q = [fa ~J [ L\Pa 1 
L\Pe 

(3.3.45) 

Observing that the independent variables are held fixed during iteration, the L\q's in Eq. 

3.3.45 should be zero. Thus appending Eq. 3.3.45 to Eq. 3.3.36, the Newton-Raphson 

algorithm can be revised as 

(3.3.46) 

and 

[ 
p~+I) 1 =[ p~) 1 +[L\P~)l 
p~+I) p~) L\p~) 

(3.3.47) 

where k is a counter and iteration takes place until the changes become sufficient. Since 

the independent variables remain constants during the iterations, it is computationally 

more efficient if the columns which contain Is in j and corresponding rows are 

eliminated. Joint variable array p may be partitioned by independent joint variables q or 

pi and dependent joint variables pd, 

-~ ~~---.~-~--------------
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(3.3.48) 

The corresponding Jacobian matrix may be partitioned into the Jacobian matrices 

associated with independent joint variables Ji and dependent joint variables Jd 

respectively; i.e., 

(3.3.49) 

where 

(3.3.50) 

and 

(3.3.51) 

Matrix iH~ and iUg indicate that they only contain the primitive joints corresponding to 

the independent joint variables, and matrix dU~ and dHg indicate that they only contain 

the primitive joints corresponding to the dependent joint variables. Therefore, if all the 

columns and rows associated with Is in j are eliminated from Eq. 3.3.46, then the 

Jacobian matrix only contains the joints corresponding to the dependent joint variables. 

Thus, Eq. 3.3.46 can be modified as 

(3.3.52) 

and further 

(3.3.53) 

and 



96 

(3.3.54) 

where the prescript and superscript remind that all the quantities in Eqs. 3.3.52 to 3.3.54 

are dependent quantities. 

Equations 3.3.46, 3.3.57, 3.3.53 and 3.3.54 provide an opportunity to numerically 

precompute all dependent joint variables in terms of the selected independent ones. This 

can be done by sweeping the individual independent variables through their limited 

domains and generating multidimensional surfaces of the dependent quantities. The 

surfaces can be interpolated to any desired accuracy and the coefficients are stored for 

future run-time evaluation. If these functions have been defined, it can be assumed that 

piq) and Pc(q) can be obtained explicitly in terms of q so the entire system configuration 

can be evaluated during run time without iterations. 

3.4 Absolute Spatial Velocities in Constrained Systems 

The relative spatial velocities in the arc and chord joints may be obtained by 

taking the limit of Lld~/Llt and LldglLlt as Llt approaches to zero. Thus, the relative spatial 

velocities in common inertial frame can be expressed in terms of the joint coefficient 

matrices and relative joint velocities for arc and chord joints respectively as 

v~ = lim Lld~/Llt = lim H~LlpalLlt = H~Pa (3.4.1) 
L\t~O L\t~O 

and 

vg = lim LldglLlt = lim HgLlpJLlt = Hgpc (3.4.2) 
L\t ~O L\t ~O 

The relative arc and chord joint velocities can be arranged in certain arc and chord joint 

order corresponding to the system connectivity, and then stored in the stacked block 
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matrix vO where superscript is a reminder that these spatial velocities are projected on the 

global inertial frame. The absolute spatial velocity of all bodies in a constrained system 

relative to the inertial reference frame can be obtained by relating system connectivities 

and relative arc and chord joint velocities as 

C Vo - v ° - HOp' a - a- a a 

and 

C Vo - V ° - HOp' e - e- ee 

Since C a is nonsingular in Eq. 3.4.3, it follows that 

° RHo' v = a aPa 

Substituting Eq. 3.4.5 into Eq. 3.4.4 and using the identity in Eq. 3.2.16 gives 

[RcH~ H2] [::] = 0 

(3.4.3) 

(3.4.4) 

(3.4.5) 

(3.4.6) 

Equation 3.4.6 could have been obtained by an alternative approach. It can be shown that 

by simply taking the first time derivative of Eq. 3.3.5, we get 

(3.4.7) 

The time derivative of D matrices can be obtained by using the identity in Eq. 2.4.8. 

Applying congruent transformation of Eq. 2.3.38 with the time derivative of D matrices, 

Eq. 3.4.7 can be obtained in terms of absolute velocities 

(3.4.8) 

or 

(3.4.9) 
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By arranging the relative spatial arc and chord joint velocities in the same order as of the 

arc and chord joints, and expressing them in terms of the arc and chord joint coefficient 

matrices H~, Hg, and joint velocities Pa and Pc, yield 

(3.4.10) 

Independent joint velocities can be specified by applying Eq. 3.3.38 

(3.4.11) 

Combining Eq. 3.4.6 and Eq. 3.4.11 gives 

[ ~H~ ~g 1 [~a] = [ ?] 
Ia Ic Pc q 

(3.4.12) 

Equation 3.4.12 shows that if all independent velocities have been specified, then the 

complete system velocity can be computed. In a similar manner, the size of the Jacobian 

matrix in Eq. 3.4.12 can be reduced by eliminating the rows and columns corresponding 

to the independent joint variables. Thus Eq. 3.4.12 may be revised by Jacobian matrix 

partitioning, i.e., 

Jd·d Ji·i P =- P 

Further, Eq. 3.4.13 can be expended by 

[ R" dH~ dH2 t:J ~ -[ R,M iHg J <i 

(3.4.13) 

(3.4.14) 

The dependent joint velocities can be evaluated by using Eq. 3.4.14 when the 

independent joint velocities are specified. 

Since joint variables Pa(q) and Pc(q) are precomputed as explicit functions of q, it 

is desirable to have the joint velocities precomputed as explicit functions as well. Let 

-- ---------------------------
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(3.4.15) 

and 

(3.4.16) 

be the velocity coefficient matrices for the arc and the chord joints. Then it follows that 

(3.4.17) 

and 

(3.4.18) 

where Ba and Bc are defined as velocity coefficient matrices corresponding to the arc and 

the chord joints. It is undesirable to compute Ba and Bc by differentiating the 

interpolating functions for Pa(q) and Pc(q) because this may cause excessive errors. 

However, the derivatives can be computed directly by first substituting Eqs. 3.4.17 and 

3.4.18 into Eq. 3.4.12 and noting that the q contains independent variables. Equating the 

coefficients of q yields 

(3.4.19) 

which can be used to numerically evaluate Ba and Bc as explicit functions of q with the 

same procedures used for computing .1pa and .1Pc in Eq. 3.3.44. Now, giving q and q, 

all velocities can be evaluated using Eqs. 3.4.5,3.4.17 and 3.4.18. 

Notice that Pa and Pc contain both independent and dependent joint variables and 

the entries in Ba and Bc corresponding to the independent variables are Is. Alternatively, 

the arc and chord joint variables, p~ and pg only contain all the dependent ones, thus the 
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corresponding Bg and Bg may be defined by the partial derivatives of dependent joint 

variables with respect to the independent ones, 

(3.4.20) 

and 

(3.4.21) 

It follows that 

(3.4.22) 

and 

(3.4.23) 

Substituting Eqs. 3.4.22 and 3.4.23 into Eq. 3.4.14, the dependent velocity coefficient 

matrix Bg and Bg can be obtained by 

(3.4.24) 

This equation may be more efficient for computing velocity coefficient matrices. 

3.5 Absolute Spatial Accelerations in Constrained Systems 

Explicit expressions for the spatial accelerations are also required to formulate the 

equations of motion. Differentiating Eq. 3.4.3 gives 

C OHO·· H· 0. aa = aPa + aPa (3.5.1) 

which shows that Pa is required when evaluating aO• Differentiating Eqs. 3.4.17 and 

3.4.18 gives 
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(3.5.2) 

and 

(3.5.3) 

where qj and qj are the ith independent variable and velocity of independent variable in 

independent variable arrays q and q. Now Eqs. 3.5.1 to 3.5.3 show that the partial 

derivatives of Ba and Bc are required when absolute and joint accelerations are computed. 

These quantities may be computed numerically by taking partial derivative of Eq. 3.4.19 

with respect to each of the independent variables. Thus 

(3.5.4) 

It is interesting to note that the entries corresponding to the independent variables in 

aB at'aqj and aB/aqj are zero. Thus, it is more efficient to evaluate partial derivatives of 

dependent velocity coefficient matrices, aBg/aqj and aBg!aqj. Then, Eqs. 3.5.2 and 3.5.3 

may be modified as 

(3.5.5) 

and 

(3.5.6) 
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The partial derivatives of B~ and Bg can be obtained by taking the time derivative of Eq. 

3.4.22, 

(3.5.7) 

or 

i = 1,2, ... ,DoF (3.5.8) 

The partial derivatives of joint coefficient matrices appearing on the right hand side of 

Eqs. 3.5.4 and 3.5.8 may be evaluated directly from quantities already known. The 

process of evaluations of partial derivatives of H~ and Hg matrices in Eq. 3.5.4 are 

described in the following. The exact same procedure may also be applied for the 

evaluations of partial derivatives of iH2, iHg, dH2 and dHg matrices in Eq. 3.5.8. 

To evaluate aH~/aqi and aHg/aqi on the right hand side of Eq. 3.5.4, it is very 

helpful to use the following relations 

(3.5.9) 

and 

(3.5.10) 

Notice that H~ and Hg are formed by the primitive joint influence coefficient matrices. 

Thus, to evaluate aH~/aqi and aHg/aqi, the partial derivatives of each primitive joint 

influence coefficient matrix must be evaluated individually. Each primitive joint 

influence coefficient matrix ch~, between two intermediate frames, is formed by 

transforming the primitive joint axis Uc to the inertial frame 0 by spatial displacement 
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transformation matrix DOi. The time derivative of DOi may be obtained by applying Eq. 

2.4.8. It follows that 

'Oi ~ 0' D = VOiD 1 (3.5.11) 

which implies that the derivative of primitive joint influence coefficient matrix may be 

evaluated from the following equation 

(3.5.12) 

The partial derivative of each individual primitive joint influence coefficient matrix in Ha 

and He can be obtained by applying the relations from Eqs. 3.5.9 and 3.5.10. It follows 

that 

(3.5.13) 

Applying Eq. 3.5.12 to Eq. 3.5.12, Eq. 3.5.13 becomes 

(3.5.14) 

where qm and qm are the mth entries in block column matrices q and q. Note that the 

absolute spatial velocity VSi is just a partial sum of the relative arc spatial velocities in the 

path from the inertial frame 0 out to the particular joint frame i, which can be read 

directly from the velocity components in Eq. 3.4.5. Furthermore, let ROi represents the 

ith row of Ra, then 

Vo - Ro·H 0p' - R 'HoB q' Oi- 1aa- 01aa (3.5.15) 

Therefore, the partial derivative of Eq. 3.5.15 with respect to the independent joint 

velocity qm can be evaluated by 

(3.5.16) 

------------ ----
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Notice that qm is the mth entry in the stacked column matrix q, and aq/aqm is the column 

matrix that contains 1 in mth position and the rest of entries in q are zero. Thus Eq. 

3.5.16 can be further expressed by 

(3.5.17) 

where Br is denoted as the mth column of Ba. Eq. 3.5.13 is computed through the 

evaluations through Eqs. 3.5.14 to 3.5.17. This evaluation procedure is used in 

precomputing partial derivatives of Ba, Be, Bf and B~. 

3.6 Constrained Systems Equations of Motion 

The equations of motion for an unconstrained rigid body were derived in Chapter 

2 and the basic equation was given in Eq. 2.6.11 as 

(3.6.1) 

For the mechanical system composed of rigid bodies without any joints, the equations of 

motion may be obtained from the expansion of equation for a single body. It follows that 

(3.6.2) 

where matrix MOO is a symmetric, stacked block diagonal composition of the individual 

6 x 6 inertia submatrices MYo of the individual bodies arranged in the same order as the 

arc joints. Likewise, column matrix gO contains the stacked equipollent systems of 

spatial forces, g? Matrix VO is a stacked block diagonal composition of the individual 

6 x 6 spatial cross product submatrices. For the system composed of na bodies, matrices 

in Eq. 3.6.2 are illustrated in the following: 

The inertia matrix MOO is represented by 
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~O 

(3.6.3) 

Stacked equipollent systems of spatial forces gO is defined by 

g? 

g~ 

gO= 
gp 

(3.6.4) 

0 gna 

Stacked block diagonal composition of the individual 6 x 6 spatial cross product is 

defined as 

~ 
V02 

Finally, the stacked spatial momentum ~ is defined by 

(3.6.5) 



~O 

M,lO 
1 

~= 

o 
VOl 

o 
V02 

v& 
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(3.6.6) 

If na bodies in a multibody system are constrained by joints, then each joint in the 

system has a corresponding internal equipollent spatial reaction force. The stacked 

matrix of arc joint reaction forces, all transformed to the global inertial frame, is denoted 

as £2. Likewise, the stacked matrix of chord joints is represented by rg. They are 

represented by 

r~ = 
if 

~a+l 

~a+2 
and rg = (3.6.7a,3.6.7b) 

respectively. Each spatial reaction force acts positively on the child body and negatively 

on the parent body. To incorporate the joints into the model, the connectivity matrices Ca 

and Cc are used to pick out the appropriate joint reaction forces from the stacked arrays 

and to apply them to the correct positions with proper sign in the equations of motion. 

Appending these reaction forces to Eq. 3.6.2 gives 

(3.6.8) 
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Constraint with all other operations on spatial vectors in function space, the transpose of 

Ca and Cc are required to couple these reaction forces into the equations of motion. In a 

similar manner, their corresponding operations on spatial vectors in configuration space 

can be found from Eqs 3.4.3 and 3.4.4. The advantage of keeping the spatial coordinates 

of all the above quantities in a common frame, in this case the global frame or ground, is 

that the matrices ~a and Cc are constants. These ideas may be demonstrated by the 

crank-slider mechanism. The mechanism and its topology have been shown in Figs. 3.3.4 

and 3.3.5, where the joint between body 2 and body 3 is selected as the chord joint. 

Spatial reaction forces acting at different joints of the crank-slider mechanism are shown 

in Fig. 3.6.1. 

Body 1 

Body 0 (Ground) 

Figure 3.6.1 Free body diagram of crank-slider mechanism 

The equations of motion for each moving body 1,2 and 3 are defined by 

".00 0 _ ~T".oo 0 0 fO ..0 NlP1ilI - VOIIV1]-vOI + gl + 1 - Ii (3.6.9a) 

(3.6.9b) 



... .00 0 _ ':'1JT ... .oO 0 0 fO fO 
IV1:P1ih - V03 lV13 V03 + g3 + 3 + 4 

Equation 3.6.9 may be further expressed in stacked block matrix form as 
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(3.6.9c) 

(3.6.10) 

Comparing Eqs. 3.6.10 and 3.6.8, block inertia matrix and spatial velocity cross product 

matrix are defined by 

o 

~ (3.6.11) 

o 

and 

[ 
Y61 0 0 1 

yo = 0 Y62 0 

o 0 Y63 
(3.6.12) 

The arc and the chord joint connectivity matrices are represented by 

[ 
1 0 01 Ca = -I 1 0 , 
001 

Cc = [ 0 -I 1 ] (3.6.13) 

And finally, the spatial equipollent force, the spatial arc joint reaction force, and the 

spatial chord joint reaction force are defined by 
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(3.6.14) 

The joint reaction forces in r~ and fg contain components of forces which are 

tangent to the joint manifolds and others which are perpendicular to them. If every joint 

is workless, then the projection of these reaction forces onto the tangent directions must 

all be zero. If joints contain active internal forces such as actuators or friction, then the 

projections will be nonzero. These nonzero internal forces act in the same directions as 

the corresponding joint displacements Pa and Pc and will be denoted by the symbols Qa 

and Qc. The instantaneous power in the joints is given by QIPa and Qlpc. 

The corresponding projections of r~ and rg onto directions normal to the 

constraint surfaces will be denoted as Qa and Qc. Since the constraint surfaces are non 

deformable, there can be no relative velocity in the directions normal to the constraint 

surfaces so Qa and Qc can do no work and have zero power associated with them. Thus 

the inner product of f~ and rg with the corresponding joint relative velocities must give 

the same results as the above. From Eqs. 3.4.3 and 3.4.4, it follows that 

QT· foT 0 roTHo· apa = a Va = a aPa (3.6.15) 

and 

Q:r. fOT 0 foTHO· cPc = c Vc = c cPc (3.6.16) 

If the joint velocities Pa and Pc are all independent, the coefficients in Eqs. 3.6.15 and 

3.6.16 could be equated giving 

(3.6.17) 
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and 

(3.6.18) 

However, instead of Eqs. 3.6.17 and 3.6.18, one can substitute Eqs. 3.4.17 and 3.4.18 into 

Eq. 3.6.15 and 3.6.16 and equate the coefficients of q since they are all independent. 

This gives 

Q - BTQ - HoTfD qa- a a - aq a (3.6.19) 

and 

Q - BTQ - HoTf.o qc - c c - cq c (3.6.20) 

where 

H~=H~Ba (3.6.21) 

and 

H2q = HgBc (3.6.22) 

Equations 3.6.19 and 3.6.20 represent projections of the arc and chord generalized forces 

onto the independent variable subspace. 

As a check, the inner product between the constraint reaction forces appearing in 

Eq. 3.6.8 and the corresponding spatial velocities given in Eq. 3.4.5 must give the same 

instantaneous power. That is, it must hold that 

(3.6.23) 

Noting that Ra is the inverse of Ca, it follows that the coefficients of q in Eq. 3.6.23 are 

identical to Eq. 3.6.19. In a similar manner, the chord joint forces give 
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(3.6.24) 

To show that the coefficients of q in Eq. 3.6.24 are identical to Eq. 3.6.20 requires use of 

the first matrix identity in Eq. 3.4.19 

(3.6.25) 

and Eq. 3.2.22 to convert Eq. 3.6.25 to 

(3.6.26) 

Finally, substituting Eq. 3.6.26 into Eq. 3.6.24 shows that the coefficients of q are indeed 

identical to Eq. 3.6.20. Equations 3.4.17, 3.5.1 and 3.5.2 may be combined into 

where 

C OHO" H' ° . aa = aqq + aqq (3.6.27) 

(3.6.28) 

Since C a is nonsingular, a minimal set of uncoupled equations may be obtained by 

first solving Eq. 3.6.27 for aO 

° R (Ho " H' ° .) a = a aqq + aqq 

Substituting this result into Eq. 3.6.8, and then solving this equation for t11 to get 

f o RTMooR (H O " H' 0 .) RT(-OT_ Jl 0 CTAl) a = a a aqq + aqq - a V Ie + g + ele 

This result is substituted into Eq. 3.6.23 to obtain 

OT 0 Qqa= Haqfa 
- HoT 'T1o.·00 (HO" H' 0 .) HOTRT(-OT_Jl 0 CTAl) - aq Ri iVi Ra aqq + aqq - aq a V K- + g + e Ie 

(3.6.29) 

(3.6.30) 

(3.6.31) 
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Combining Eqs. 3.6.25 and 3.6.26 to eliminate the chord joint reaction forces from Eq. 

3.6.31 which now appear in the form of Qqe, the system equations of motion can be 

obtained as 

Jij = Qq (3.6.32) 

where 

(3.6.33) 

is the inertia coefficient matrix and 

(3.6.34) 

Equation 3.6.32 will be used to compute the independent joint accelerations at run-time. 

The special recursive projection methods may be applied to solve the equations of motion 

[72]. 

3.7 Numerical Example of Precomputation 

The crank-slider mechanism is one of the most widely used mechanism in many 

engineering applications. This mechanism is used in this section to demonstrate the 

precomputational procedure. For simplicity, the mechanism is designed without the 

possibility of any kinematic bifurcations (no singularities). Crank-slider system is 

composed of three moving bodies, three revolute joints and one translational joint as 

shown in Fig. 3.7.1. The bodies are numbered from 0 to 3 and they are: body 0, ground; 

body 1, crank; body 2, connecting rod; body 3, slider. Assume that to1 = [2 1 0 ]T, 

to4 = [4 1 0 F and the dimensions of bodies are: crank, 1 meter long; connecting rod, 2 

meter long; slider, moves ± 1 meter along shaded surface. Joints in the system are 
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formed by the frames embedded in the corresponding bodies as shown in Fig. 3.7.1. 

Further, the system has one DoF for all possible configurations. 

Figure 3.7.1 Crank-slider mechanism 

The connectivity of crank-slider system is represented by a graphical spanning 

tree shown in Fig. 3.7.2, which contains three arc and one chord joints indicated by the 

directional solid and dashed lines. The direction of the dashed line is the same as the 

kinematic loop direction. Furthermore, body 4 shown in Fig. 3.7.2 is rigidly connected to 

the ground, and the crank angle, 801 , is selected as the independent variable. 

Figure 3.7.2 Topology of crank-slider mechanism 

The corresponding system Boolean arc connectivity matrix Ca and its inverse or 

reachability matrix Ra are defined as 
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C a =[!I I 1 
-I I 

and Ra = [~I ]. 
I I I 

(3.7. la, b) 

respectively. The loop connectivity or chord connectivity matrix C e and its right inverse 

matrix Rc are defined as 

C e = [0 0 -I] and Rc = -CeRa = [I I I] (3.7.2a, b) 

respectively. It is noticed that I in C a, Ra, Ce and Re are 6 x 6 identity matrices. The 

number of I in Re indicates the number of moving bodies participated in the closed loop. 

Since the system is formed by a closed loop, the net displacement around the loop must 

be zero if there is no violation. This can be described by the successive 6 x 6 matrix 

products 

(3.7.3) 

which defines the loop constraints. For the reason of computational efficiency, the 

constraints in Eq. 3.7.3 may be replaced by 4 x 4 matrix equation such as 

(3.7.4) 

The 4 x 4 displacements across the joints in the system are defined by the following 

joints: 

The joint between crank and ground, eOl , 

I 0 0 

..... 01 2 coseol -sineol o = 
I sineol coseol 

0 0 0 

The joint between connecting rod and crank, e12, 

o 
o 
o 
I 

(3.7.5) 



1 0 0 

~12 1 COS812 -sin812 
D = 

0 sin812 COS812 

0 0 0 

The joint between slider and connecting rod, 823 , 

. 1 0 

~23 2 COS823 
D = 

0 sin823 

0 0 

The joint between slider and ground, t34, 

5
34 =[ t'~4 

o 
1 
o 
o 

0 

-sin823 

COS823 

o 
o 
1 
o 

0 
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0 

0 
(3.7.6) 

0 

1 

0 

0 
(3.7.7) 

0 

1 

(3.7.8) 

In addition, the displacement across the fixed joint between frame 4 and frame 0 is 

defined by the 4 x 4 constant matrix 

[

1 0 0 0] 504 = 4 1 0 0 
101 0 
000 1 

(3.7.9) 

If there is any violations in loop constraints, Eq. 3.7.4 is no longer satisfied. Therefore, 

the successive matrix products 

1 0 0 

r~31 -00 -01 -12 -23 - 34-04-1 [ tl r11 r12 (3.7.10) D =D D D D D = 
t2 r21 r22 r23 
t3 r31 r32 r33 

contains some error. The error can be estimated by applying Eq. 3.3.6 and 3.3.13 to 

obtain 



(r32 - f23)/2 + (3 - rll - r22 - r33) 
(r13 - r31)/2 + (3 - rll - r22 - r33) 
(r21 - r12)/2 + (3 - rll - r22 - r33) 

t1 
t2 
t3 
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(3.7.11) 

On the other hand, the Jacobian matrix is formed by the joints in a proper order 

based on the system connectivity. To form the Jacobian matrix, all of the joints must be 

defined first. From the primitive joint building block defined in Chapter 2, the local joint 

axes for revolute and translational joints can be found by 

o 
o 

U3 = 1 o 

u4 = 

o 
o 
o 
o 
o 
1 
o 
o 

for a revolute joint 

for a translational joint 

The primitive joint influence matrices may be defined by transforming these joint axes to 

the global inertia frame, O. Applying Eq. 2.5.7, three arc (revolute) and one chord 

(translational) joints are defined by 

(3.7.12) 

ho - 002u 3 12 - 3 (3.7.13) 

ho -003u 3 23 - 3 (3.7.14) 

ho - 004 4 34 - U4 (3.7.15) 
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The D matrices in Eqs. 3.7.12 to 3.7.15 are defined in the following 

ceol -seol 0 0 0 0 

seol ceol 0 0 0 0 

DO! = 
0 0 1 0 0 0 

(3.7.16) 
0 0 1 ceO! -seol 0 

0 0 -2 seol ceol 0 

-ceol +2seol seO!+2ceol 0 0 0 1 

Cel2 -Se12 0 0 0 0 

Sel2 Cel2 0 0 0 0 

D12= 0 0 1 0 0 0 
(3.7.17) 

0 0 0- Cel2 -Se12 0 

0 0 -1 Se l2 Ce l2 0 

Se12 Ce12 0 0 0 1 

Ce23 - Se23 0 0 0 0 

Se23 Ce23 0 0 0 0 

D23 = 0 0 1 0 0 0 
(3.7.18) 

0 0 0 Ce23 -Se23 0 

0 0 -2 Se23 Ce23 0 

Se23 Ce23 0 0 0 1 

1 0 0 0 0 0 
0 1 0 0 0 0 

D34= 0 0 1 0 0 0 (3.7.19) 0 0 0 1 0 0 
0 0 -tx34 0 1 0 
0 0 0 0 0 1 

where c and sin D matrices stand for sine and cosine functions for convenience. Further, 

(3.7.20) 

(3.7.21) 

--------------------------------------------
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(3.7.22) 

The primitive joint influence matrices defined in Eqs. 3.7.12 to 3.7.15 are used to form 

the joint influence matrices, H. Thus, 

(3.7.23) 

(3.7.24) 

(3.7.25) 

(3.7.26) 

Then the arc and chord joint influence matrices corresponding to the system topology in 

Fig. 3.7.2 can be written as 

(3.7.27) 

and 

(3.7.28) 

Therefore, the Jacobian matrix can be formed by combining Re, Ha and He matrices. It 

follows that 

(3.7.29) 

Equations 3.7.11 and 3.7.29 are used in the Newton-Raphson algorithm. The joint 

displacements are evaluated by linearized equations for Newton-Raphson iteration, 

(3.7.30) 
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and 

(3.7.31) 

where the joint variable array p is defined as 

p= (3.7.32) 

tx34 

and the Boolean matrix j' is defined by 

(3.7.33) 

because the crank angle is selected as the independent joint variable. If the starting 

position is selected when 801 = 812 = 823 = 0 ,then Eq. 3.7.30 becomes 

0 
-4>rl 

o 0 0 0 -4>~ 
o 0 0 0 L\801 0 

1 1 1 0 L\8 12 
-4>r3 

1 1 I 0 1 = -4>u 
-2-3-5 0 L\823 

(3.7.34) 

-4>~ o 0 0 0 L\tx34 
I 000 -4>~ 

0 

It is noticed that the dimension of the Jacobian matrix in Eq. 3.7.34 is 7 x 4 and 

its rank is 4 (full column rank). However, there are more equations than unknowns in Eq. 

3.7.34. In order to solve the equations, multiplying both sides of Eq. 3.7.30 by the 

transpose of the Jacobian matrix yields a positive definite system of equations. The 

revised positive definite equations are 
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(3.7.35) 

Thus, the reduced equations in Eq. 3.7.34 becomes 

(3.7.36) 

Choleski decomposition or other symmetric methods may be applied to Eq. 3.7.36. The 

above equations were solved iteratively for the three dependent variables for one full 

revolution of the crank angle and the displacements are shown in Figs. 3.7.3a to 3.7.3c. 

Relative spatial velocities across the joints at frame 0 can be expressed in terms of 

the relative joint velocities as 

0 

-2 

N ..... 
;g -4 
tU 

oS 

-6 

-8 
0 1 2 

o _ HO II 
VOl - 01 0 01 

3 4 

thetaOI 

5 6 

Figure 3.7.3a Values of al2 for 0::;; aO! ::;; 21t 

(3.7.37a) 

7 
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0.2 
("j 

~ 0 
.s 

-0.2 

-0.4 

-0.6 
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thetaOl 

Figure 3.7.3b Values of 823 for 0::;; SO] ::;; 21t 

1 

0.5 

"<t 
0 ("j 

~ 

-0.5 

-1 
0 1 2 3 4 5 6 7 

thetaOl 

Figure 3.7.3c Values of t x34 0::;; SOl ::;; 21t 

(3.7.37b) 

(3.7.37c) 

(3.7.37d) 
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The absolute spatial velocities of the bodies at frame 0 can be written as 

0_0 H06 V02 - VOl + 12 12 (3.7.38a) 

(3.7.38b) 

(3.7.38c) 

where VSI has been defined in Eq. 3.7.37a. It can be shown that the absolute spatial 

velocities around the loop should be zero. Thus 

. . . 
v80 = V84 + vgo = H81 601 + HP2 612 + H203 623 + H3~ ix34 + 0 = 0 

(3.7.39) 

Since 601 is independent, so is 601, the therefore the joint velocities can be computed by 

combining Eqs. 3.7.39 and 3.7.33. It follows that 

0 

0 
601 

0 

[~I H?2 Hg3 H: 1 612 = 0 
0 0 623 

0 

(3.7.40) 

tx34 0 

601 

Multiplying both sides of Eq. 3.7.40 by the transpose of the Jacobian matrix gives 

HgfH81 +1 HOTHo 
01 12 HOTHo 01 23 HgfHg4 601 601 

HITH81 HOTHO HOTHO HITH~4 612 0 12 12 12 23 = (3.7.41) 
HNH81 HOTHo HOTHo HNHg4 623 0 23 12 23 23 

HffH81 HOTHO 34 12 
HOT 0 

34H23 Hg:[Hg4 tx34 0 
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The coefficient matrix of Eq. 3.7.41 is positive definite which allows all velocities to be 

determined. Further, all the dependent velocities can be expressed in terms of the 

independent joint velocity eOI , such as 

(3.7.42a) 

(3.7.42b) 

(3.7.42c) 

Substituting Eqs. 3.7.42a to 3.742c into Eq. 3.7.40 and equating the coefficients of e OI 

gives 

1 0 
0 

[~I H?2 H~3 H!,] ae l 2/aeOI 0 
= 0 (3.7.43) 

0 0 ae23 /aeOI 0 
0 

atx34/ae01 1 

Multiplying both sides of Eq. 3.7.43 by the transpose of the Jacobian matrix yields 

HgTH81 +1 HOTHo HOTHo H8TH~4 
1 

01 . 12 01 23 

~l~l HITH81 HOTHO HOTHO HITH~4 ael2/aeOI 12 12 12 23 

HNH81 HOTHO HOTHO HNH~4 ae23/aeOI 23 12 23 23 

HNH81 HOTHO HOTHO HNH~4 34 12 34 23 
atx34/aeOI 

(3.7.44) 

Solving Eq. 3.7.44 for the velocity coefficients yields the results shown in Figs. 3.7.4a to 

3.7.4c. 

-------_ .... _.- . -.. --.. _----- .•. _---------------



124 

Relative spatial accelerations across the joints at frame 0 can be expressed in 

terms of the independent joint variables as 

(3.7.45a) 

.. . ° -Ho 8 ~ HO a a12 - 12 12 + v02 12 12 (3.7.45b) 

.. . 
ag3 = Hg3 823 + V83 Hg3923 (3.7.45c) 

(3.7.45d) 

The absolute spatial accelerations at frame 0 can be written as 

(3.7.46a) 

(3.7.46b) 

(3.7.46c) 

-0.5 

..... 
0 .s 
0 

oS 
~ -1 
..... 
.s 
0 

oS ro 

-1.5 
0 1 2 3 4 5 6 7 

thetaOl 

Figure 3.7.4a Values of a81/a901 for 0 ~ 801 ~ 21t 
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where ag) is given in Eq. 3.7.45a. The second time derivatives of joint variables must be 

computed first in order to evaluate the absolute spatial accelerations. Taking time 

derivative of Eqs. 3.7 .42a to 3.7 .42c yields the relative joint accelerations: 



el2 = ael2/aeol eOI + a2el2 lae51 e~1 

e23 = ae23 /aeol eOI + a2e23 lae51 e~1 
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(3.7.47a) 

(3.7.47b) 

(3.7.47c) 

where eo I is independent. These equations show that the second partial derivatives of 

dependent joint variables are required. Taking the partial derivative of Eq. 3.7.43 with 

respect to the independent variable eOI yields 

o 

a2el2/ae51 

a2e23 /ae51 

a2tx341ae51 

= 

[ -dag, laaOl -dH?, laaOl aa 12 laaOl -dH: laaOl aa" laaOl -dH~4 laaOl a",./aaOl 1 

(3.7.48) 

The second partial derivatives of dependent variables can be obtained from solving Eq. 

3.7.48. The partial derivatives of the influence coefficient matrices on the right hand side 

of Eq. 3.7.48 can be evaluated by applying Eqs. 3.5.9,3.5.10 and 3.5.12. The first term 

on the right hand side can be expressed as 

(3.7.49) 

Applying Eq. 3.5.12 to Eq. 3.7.49, Eq. 3.7.49 can be revised as 

:-.·0 :-.....0 ° :-.....0 
03~01 = OVOI. 3hO! = 0;01 3h81 (3.7.50) 
aeO! aeol aeol 

--------------



where v81 can be further expressed by 

o - hO e vOl - 3 01 OJ 

Combining Eqs. 3.7.49, 3.7.50,3.7.51 yields 

oH81 _ oeol 7Gh hO - 0 
----. -3 013 01-

oeOI oeOI 
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(3.7.51) 

(3.7.52) 

In a similar manner, the partial derivative of H in the second term on the right 

hand side can be written as 

o ·0 ·0 
OHI2 OH I2 03hl2 --=--=--
oeOI 0901 0901 

and 

where V82 can be evaluated by 

Thus, 

and 

O~I = 0~01 3h81 = 3~1 
oeol oeol 

0V12 _ 0912 7G
h 

_ Oe l2 ";"()h 
-. ---. -3 12 ---3 12 
oeOI oeOI oeOI 

Combining Eqs. 3.7.54 to 3.7.57 gives 

(3.7.53) 

(3.7.54) 

(3.7.55) 

(3.7.56) 

(3.7.57) 
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(3.7.58) 

Similarly, the rest of the terms on the right hand side of Eq. 3.7.48 are evaluated as: 

aH£3 (M> M> aO l2 M> a023 ) 0 (M> M> a012) 0 = 3hOl + 3hI2-- + 3h23-- 3h23 = 3hOl + 3hI2-- 3h23 
aOol aOol aOol aOol 

(3.7.59) 

and 

(3.7.60) 

Now multiplying Eq. 3.7.48 through by the transpose of the Jacobian matrix gives 

(3.7.61) 
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The second partial derivatives of the dependent joint variables are solved from Eq. 3.7.61. 

The numerical results of second partial derivatives of dependent joint variables are shown 

in Figs. 3.7.5a to 3.7.5c. 
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In order to solve the equations of motion effectively during run time, it is 

necessary to compute the inertia coefficient matrix and quadratic terms of the generalized 

force during preprocessing if possible. In general, the inertia matrix is highly coupled 

and it requires special numerical procedure to decouple the matrix. The highly efficient 

recursive numerical computational procedure is discussed in the literature [71]. For the 

current example, the inertia coefficient is a scalar function and the focus in this section is 

to illustrate the precomputation procedure. 

The general centroidal inertia matrix of an arbitrary single body has been defined 

in Eq. 2.6.3. The body fixed inertia matrices at the centers of mass for the crank, the 

connecting rod and the slider are described as 

0.01 0 0 0 0 0 
0 1 0 0 0 0 

Mlc = 0 0 1 0 0 0 (3.7.62a) 
0 0 0 12 0 0 
0 0 0 0 12 0 
0 0 0 0 0 12 

-- ----- ------ --------------------
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and 

0.01 0 0 0 0 0 
0 4 0 0 0 0 

~c_ ·0 0 4 0 0 0 (3.7.62b) 2 -
0 0 0 12 0 0 
0 0 0 0 12 0 
0 0 0 0 0 12 

and 

10 0 0 0 0 0 
0 10 0 0 0 0 

M3c = 0 0 10 0 0 0 (3.7.62c) 
0 0 0 20 0 0 
0 0 0 0 20 0 
0 0 0 0 0 20 

The rigid body inertia can be transfonned to the joint axes by a congruent transfonnation. 

By applying Eq. 2.6.6, body fixed inertia matrices at joint axes of the three revolute joints 

can be obtained from 

0.01 0 0 0 0 0 
0 4 0 0 0 -6 

Mil - 0 0 4 0 6 0 (3.7.63a) 1 -
0 0 0 12 0 0 
0 0 6 0 12 0 
0 -6 0 0 0 12 

and 

0.01 0 0 0 0 0 
0 16 0 0 0 -12 

M22 _ 0 0 16 0 12 0 (3.7.63b) 2 -
0 0 0 12 0 0 
0 0 12 0 12 0 
0 -12 0 0 0 12 

and 

M33 - M cc 
3 - 3 (3.7.63c) 
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Applying another congruent transformation defined in Eq. 2.6.8, the inertia can be 

transformed to the fixed frame O. The block diagonal inertia matrix of the system is then 

defined by 

The inertia coefficient matrix of the equations of motion is described as 

(3.7.64) 

In order to compute this matrix, a number of intermediate calculations is required. Such 

calculations are 

o / . o / . 
aVOl aeOl aVOl aeOl 

R.H~ =[: J o / . o / . (3.7.65) I aVl2 aeol = aVl2 aeO! 
I 

o / . o / . 
aV23 aeOl aV23 aeOl 

Substituting the above equations into Eq. 3.7.64, the inertia coefficient matrix is obtained 

as 

(3.7.66) 

which can be evaluated in the preprocessing. The precomputed results for J is plotted in 

Fig. 3.7.6 as a function of eo I. 

To compute the quadratic force on the right side of the equations of motion, a 

factorized formulation is needed [71]. It follows that 
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daf daf 

Qq = 112 L L Q~qiqj (3.7.67) 
i= I j= I 

Since the system has only 1 DoF, both i andj is equal to 1. The quadratic factor Qjl can 

then be computed as 

(3.7.68) 

where BJ = B a, v? = RaH~Ba, K~ = MOOv? and (aB/aql)1 = aBaldql. From previous 

calculation, all the terms in Eq. 3.7.68 are known and then Qj I can be computed as a 

function of independent variable 901. The results of Qj I is plotted in Fig. 3.7.7. 

Finally, the equation of motion can be written as 

(3.7.69) 



...... ...... 
CI 
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Equation 3.7.69 is a second order ordinary differential equation and can be solved by 

numerical integration during run-time. The precomputed results plotted in Figs. 3.7.3a to 

3.7.7 are stored in lookup tables and used during run-time by interpolating functions. 

In addition, if there is a spring-damper element between slider and ground, as 

shown in Fig. 3.7.8, its force will be included in the block spatial force gO which is 

defined as 

(3.7.70) 

The 6 x 1 submatrix g~ is the spatial force acting on the crank, g~ is the spatial force 

acting on the connecting rod, and gg is the spatial force acting on the slider. If the 

damping is linear, then the damping force can be evaluated by C f(tx34) tx34 where C is a 

damping coefficient and f(tx34) is the function of displacement of slider, tx34. Thus both 

spring and damping forces are functions of tx34 and tx34 is the dependent variable which 
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Figure 3.7.8 Spring-damper force acting between slider and ground 

has been precomputed. Therefore, both spring force g~ and damping force gS are the 

functions of the independent variable SOl or 

(3.7.71a,3.7.71b) 

and 

(3.7.72) 

where 

0 
0 
0 

0 

gO_ O and gS= 0 
s -

k tx34 C f(tx34) tx34 
0 

(3.7.73) 

0 0 

0 

The forces in Eq. 3.7.73 can be precomputed in the preprocessing. Examining the last 

term, H~JRIgO, on the right hand side of Eq. 3.7.69, it is found that Ra is a constant 

matrix and H~ = H~Ba' where H~ and Ba are already precomputed. Therefore, with all 

-~------ -- -~--------. 
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of the known quantities, the last term, HgrRIgo, on the right hand side of Eq. 3.7.69 can 

be precomputed for spring and damping forces. These precomputed quantities can be 

stored in the lookup tables as functions of the independent variable 801 . 



CHAPTER FOUR 

THE DEFINITION OF INDEPENDENT VARIABLES 

IN CONSTRAINED MECHANICAL SYSTEMS 

4.1 Introduction 
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Real-time simulation of arbitrary large scale constrained mechanical systems 

using rigid body models requires special preprocessing and run-time techniques to 

minimize computational overhead. Special off-line precomputation techniques can be 

applied to most mechanical subsystems composed of lower pair joints. All possible 

system's configurations may be given in terms of appropriate sets of independent 

quantities. Nonlinearities generally preclude the use of a single set of independent 

variables for all possible configurations. So a system's configuration space may have to 

be divided into a number of subdomains, each with a different variable definition. The 

number of subdivisions that are required to maintain a stable analysis may depend on the 

methods and variables used to formulate the kinematics and dynamics equations, the 

system's kinematical and dynamical properties, and the range of displacements allowed 

by restraints. There are different ways to define independent variables for each 

subdivisions. However, no matter which approach is used, they all have advantages and 

disadvantages. For someone who is experienced in mechanical system modeling, one 

may define a proper set of independent variables. On the other hand, numerical method 

may be necessary for someone who is not experienced in mechanical modeling. In the 

following sections, the concepts of joint and loop manifolds, basic numerical techniques 

for identifying independent variables will extensively be discussed. 

-------- --_._--------- -----------------
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4.2 Joint Surfaces 

The constrained mechanical systems are formed by the collections of bodies 

constrained by different types of mechanical joints. Constraints produced by the joints 

result either from direct physical contact of two bodies or from an interconnection of the 

bodies by means of kinematically constraining mechanisms. Each mechanical joint 

reduces the DoF of a system and allows the connecting bodies move relatively in certain 

directions. In order to move the connecting bodies relative to each other, one may make 

an effort along the direction tangent to the joint surface (or joint manifold). Any effort 

normal to the joint surface results only in reactions between the bodies. The bodies 

connected by the joints are constrained in the directions normal to the joint surface. For 

example, consider a translational or prismatic joint connecting two rigid bodies. In the 

simplest sense, the bodies have embedded mating surfaces which allow relative 

translation in only one direction. The magnitude of displacement along these two 

surfaces may be represented by a joint variable. In a six dimensional configuration space, 

this joint represented by a one dimensional manifold, namely a straight line. This means 

there are five other directions (two translational and three rotational) which are 

orthogonal or perpendicular to this line - directions where no relative displacements are 

allowed. 

To better understand the concept. of joint surface, a simple two body system 

shown in Fig. 4.2.1 is used through this section. Figure 4.2.1 shows body b moves 

relative to body a, where the position of body b characterized by frame j is with respect to 

the referenced body a characterized by frame i. If frame 0 is selected as the inertial 

frame, the constraint equation may be defined by 

(4.2.1) 
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or 

(4.2.2) 

where the joint variable p provides the relative DoF between two bodies to allow body b 

to move relative to body a. Equation 4.2.2 contains six independent constraint equations. 

3 
2 

Figure 4.2.1 Body b moves relative to body a 

Differentiating Eq. 4.2.2 with respect to time gives 

aDOO . 
--p=o 

ap 
(4.2.3) 

where aDoo/ap is defined as the Jacobian matrix of the constrained system. In general, 

the elements of the Jacobian matrix are nonlinear functions of position variables. 

Equation 4.2.3 is linear in terms of the joint velocities p. The velocity of body b relative 

to body a in frame 0 is obtained by the projection of p into the Cartesian space. It follows 

that 

° HO. Vij = ijP (4.2.4) 

--- ------ ---
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It is interesting to note that the relative spatial velocity, vg defined in Eq. 4.2.4 

forms an element of the six dimensional vector space R6. A set of spanning vectors for 

this space is collected as the columns of a matrix [44] 

(4.2.5) 

The columns contained in matrix H~ are called the mode vectors. A spatial vector in the 

space may be represented as a linear combination of these spanning vectors. In 

particular, a spatial velocity may be represented as 

(4.2.6) 

where ~ is a 6 x 1 column matrix which constitutes the six components of v~ with respect 

to the basis H~. To specify this basis, each one of the six entries in ~ may be one of the 

following two types: 

..... 
(1) Some entries in p may vanish identically, 

(4.2.7) 

(2) Some other entries in p may be free variables, 

(4.2.8) 

..... 
By selecting the elements of matrix p in such a way, the corresponding columns in matrix 

flU represent two different types of modes of motion: locked and free modes. Locked 

modes are characterized by Eq. 4.2.7. This kind of modes result from constraints. They 

are summarized as constrained modes of motion. By contrast, the motions represented by 

Eq. 4.2.8 are the free modes of motion, and the corresponding variables p are called 

velocity joint variables. 
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Denoting the number of locked modes by n1 and free modes by nf, the total 

number of the constrained or locked modes for a single joint can be expressed in terms of 

the number of free modes as 

n1 = 6 - nf (4.2.9) 

By collecting all of the free mode vectors into a 6 x nf matrix H~, and the constrained 

mode vectors into a 6 x n1 matrix mJ, matrix H can be expressed in the partitioned form 

'" Correspondingly, array p may also be partitioned as 

Since p corresponds to locked modes, it must contain n1 zeros. It follows that 

p=[O] 

Therefore, Eq. 4.2.6 can be expanded by 

Equation 4.2.l3 can further be simplified as 

which agrees with Eq. 4.2.4. 

° HO • Vij = ijP 

(4.2.10) 

(4.2.11) 

(4.2.12) 

(4.2.13) 

(4.2.14) 

The columns in H~ in Eq. 4.2.14, which is defined as primitive joint influence 

coefficient matrices, span an nf dimensional subspace of R6. These columns define the 

joint axes or tangent directions of joint surface. Adding the n1 additional base vectors 
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collected in ~, the basis for space R6 is completed. The additional base vectors are 

selected to satisfy conditions expressed by Eq. 4.2.7 in such a way that they define the 

normal to the joint surface. 

It is now clear that the influence matrix H~ and its complement H?i completely 

define joint surface and joint constraints. Any joint or constraint may be either defined 

by prescribing the directions in which relative displacements are allowed, or the 

directions where they are not allowed, or both. If all of the kinematic equations define 

directions in which no relative displacement between bodies is allowed, then each row of 

the resulting constraint Jacobian matrix will define a normal direction to the constraint 

joint surface. For the two body constrained system, the constraint surface is the same as 

the joint surface. Since the rows of the Jacobian matrix are orthogonal to the constraint 

surface, it implies that they are also orthogonal to the joint surface. 

The spatial force f acting on the joint is formed by two parts corresponding to the 

free and locked modes, such as 

(4.2.15) 

where f is the spatial joint force corresponding to free modes and fI is the spatial joint 

force corresponding to locked modes. Throughout this development, f has been used to 

represent the total joint reaction force. In the notation used here, this force should have 

been called f. However, to avoid carrying along the symbol, the total force equation will 

be written as f == f = f + r. 

Since matrix H~ defines tangents to the joint constraint surface along which 

relative motion takes place, the internal constraint reaction force fI must act normal to it, 

i.e., 

-----------
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(4.2.16) 

The remaining forces in the joint, which act tangent or parallel to the constraint surface, 

can be obtained by the projection of spatial force £f onto the joint surface, 

(4.2.17) 

where Q is the generalized force along the joint surface. 

""0 Furthennore, comparing Eqs. 4.2.12 and 4.2.15 to 4.2.17 reveals that Hij may be 

used to split the spatial force f into its nonnal and tangent components 

(4.2.18) 

It is useful to define a basis dual to H~ as 

(4.2.19) 

so that 

(4.2.20) 

Equations 4.2.18 to 4.2.20 indicate that G~ can be used to assemble the nonnal and 

tangent force components back into f as 

(4.2.21) 

In general, matrices as, G1J and H3 are easy to define for most common joints [44]. 
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4.3 Constraint Surfaces and Its Relations with Joint Surfaces 

In section 4.2, the concepts of joint manifold and mode vectors were discussed. 

The joint variables were defined by the projection of the joint variables into the subspace 

spanned by a set of mode vectors tangent to the joint manifold. This definition 

guarantees free motion along the tangent directions of each joint. On the other hand, in 

order to move the constrained multibody system into different configurations without any 

singularities, it also requires that the joint variables to be as close to the system manifold 

as possible. 

In general, the constrained multibody system can be described by different 

coordinate variables. If six Cartesian coordinate variables are used to represent the 

absolute displacement of each body in a system, and that each joint and constraint is 

defined in terms of these quantities, there will be little relation between the representative 

Cartesian and constraint manifold surfaces. This means that suitable sets of independent 

variables will continually change as the system moves. On the other hand, each joint 

displacement variable is at least tangent to its respective joint manifold, and these 

quantities are more naturally suited for defining sets of independent variables because, on 

average, their manifolds are closer to the constraint manifolds. Thus, based on joint 

displacements, the number of independent variable sets required to maintain numerical 

stability will generally be less than when it is based on Cartesian coordinates. The 

concept of relations between joint variables and constraint manifold is generically 

represented in Fig. 4.3.1. 

Although the selected joint variables may be close to the tangent direction of the 

constrained manifold at most times, a system may move into certain configuration in 

which the joint variables are no longer close to the tangent direction of the manifold. 

-~------------------
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Joint Manifold 

Figure 4.3. L Joint and loop constraint manifolds 

When such situation occurs, the system Jacobian matrix has become ill conditioned and 

eventually it becomes singular. In order to ensure the constraint system to be numerically 

stable for all the possible configurations, appropriate sets of independent variables which 

correspond to each configuration must be selected. 

The system constraints based on joint variables were defined in Eq. 3.4.10. Since 

all of the dependent joint variables are the function of independent joint variables, Eq. 

3.4.10 was further written as 

(4.3.1) 

in Eq. 3.4.19. Since the rows of the Jacobian matrix represent the normal to the system 

constraint manifold, they imply that the directions orthogonal to the constraint normal are 

the tangent directions of the constraint manifold. Furthermore, the system constraint 

manifold changes as system moves into different configurations, and consequently the 

normal to constraint manifold changes. There exists a subspace spanned by the column 

vectors in B matrix, such that any vector in this space can be represented as a linear 
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combination of these spanning vectors. In other words, the joint variables may be 

expressed by linear combinations of the column vectors of B matrix, so that 

(4.3.2) 

Since joint variables can be expressed by some linear combinations of the columns in B 

matrix, it becomes our goal to define a set of independent variables such that each column 

in B matrix is orthogonal to the rows of Jacobian matrix. This idea can be described by 

[ : :: ~~: ~ :::] [ : column 1 

... rowm ... 

column 2 columnn ]=0 

(4.3.3) 

where the row space of Jacobian matrix is orthogonal to the nullspace (in Rn) and the 

column space B is orthogonal to the left nullspace (in Rffi). 

To define a set of independent variables which fall on the tangent plane of system 

constraint manifold, we define an orthogonal matrix Vi such that the independent 

variables can be expressed as 

(4.3.4) 

or 

(4.3.5) 

where each row of Vi is orthogonal to the rows of Jacobian matrix. Since the rows in Vi 

are orthonormal, it also holds that 

(4.3.6) 

-------_ ..... _ ... -._ .. _-_ .. _ ...•. _--------------
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Equations 4.3.5 and 4.3.6 imply that if there exists a matrix Vi and B = V iT, then the 

independent variables selected from Eq. 4.3.5 will remain on the tangent plane of the 

constraint manifold and, therefore, maintain the numerical stability in all possible 

configurations. Notice that if the variables are tangent to the system manifold, they must 

also be tangent to the joint manifolds, and on the other hand, the joint variables tangent to 

their joint manifolds are not necessarily tangent to the system constraint manifold. 

However, for the simulation of large scale arbitrary constrained mechanical systems, it is 

computationally time consuming to update matrix Vi. Therefore numerical 

approximation approaches must be considered with satisfactory accuracy. In the 

following sections, different numerical approaches for selection of suitable set of 

independent variables will be discussed. 

4.4 Generalized Coordinate Partitioning Based on LU Factorization 

For many practical problems, knowledgeable engineers can identify suitable sets 

of independent variables to insure that equations of kinematics and dynamics are well 

posed. However, other problems may be more difficult or an individual may not have the 

necessary background to make these decisions. Therefore, it may be necessary to rely on 

numerical methods to assist engineers in identifying a proper set of independent 

variables. Such an automated process is the generalized coordinate partitioning based on 

LU factorization of the constraint Jacobian matrix [62]. In this respect, it is not assumed 

that the Jacobian matrix has full row and column rank because this would place 

unnecessary burden on the user and would limit the number of systems which could be 

analyzed. Let the Jacobian matrix, Jacob, be an m x n matrix of rank r, where r $ m and 

r $ 11, and assume that iterative constraint equations are expressed as in Eq. 3.3.6. With 
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suitable elementary row and column operations including permutations, Jacob can be 

reduced to the form 

(4.4.1) 

where L and U are r X r lower and upper triangular matrices of full rank, respectively. 

The residual matrIces Lr and U r are the results of rowand/or column rank deficiencies in 

the Jacobian matrix. The permutation implied by Eq. 4.4.1 may be applied to Eq. 3.3.6 to 

give 

(4.4.2) 

where column matrix -<1>1 constrains the set of independent or non redundant constraint 

equations which were identified by the factorization procedure. The independent 

variables pi may be given arbitrary values and ~pi may be set to zero. Since matrices L 

and U are nonsingular, the first set of equations in Eq. 4.4.2 may be used to solve for a set 

of dependent variables pd which bring <1>1 to zero. For the system to assemble properly, 

the remaining constraint equations in <1>2 must also go to zero along with <1>1' Using the 

above permuted factors, Eq. 3.4.6 can be represented as 

(4.4.3) 

which expresses the dependent velocities as functions of the independent ones. 

The variables pi now correspond to q in the earlier equations and the components 

of B in Eq. 4.4.3 define the matrices Ba and Bc above. One problem associated with 

using these equations is that the permutations in Eq. 4.4.1 continually change with the 

system, requiring periodic redefinition of Eq. 3.6.32 and restating the integration 

algorithm. To maintain numerical stability, it is desirable that IIpdlllllpili be kept as small 
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as possible for all pi. An increase in this ratio is associated with an increase in IIBall or 

IIBcll, which indicates approach to a singularity condition. In this case, some of the 

surface curvatures of the functions describing Pa(q), Pc(q), Ba(q) and Bc(q) may rapidly 

change with q. and become more difficult to represent by interpolating functions. 

The full row and column pivoting algorithm maximizes the diagonal elements in 

U relative to the elements in Ur and it can be shown [62] that 

(4.4.4) 

where cond(U) is the condition number of U. The problem indicated by Eq. 4.4.4 is that 

cond(U) may become large, even with full row and column pivoting, so that a small 

"pdllllipill cannot be guaranteed for all U and Ur . 

This idea may be related to the concept of mechanical advantage. It is easier to 

control a mechanism if one find configurations for which larger input displacements 

result in smaller output displacements. Mathematically. this is equivalent to stating that 

the errors in computing the dependent variables will decrease as the above ratio decrease. 

4.5 Coordinate Definition Based On QR Factorization 

A set of independent coordinates can be selected from the relative joint 

coordinates that describe the system configuration. By applying the generalized 

coordinate partitioning to the constraint Jacobian matrix, the independent and dependent 

variables can be identified. Since the independent variables are selected from the set of 

relative joint variables, they are tangent to their joint manifold respectively. These 

independent joint variables are naturally closer to the constraint system manifold. 

Although LU factorization performs pretty well for most practical engineering problems, 

occasionally it may lead to poorly conditioned matrices. It is then required that LU 
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factorization be repeated and a new set of independent variables be selected. The result is 

an increase in computing time and greater propagation of integration error than desired. 

An the alternative approach based on singular value decomposition (SVD) has 

been adopted because it provides a better solution of stability to the system Jacobian 

matrix. This technique can be applied to a constrained system to generate a set of 

independent variables that is well suited to represent the state of the constrained system 

[29, 58]. In recent developments, SVD has further extended its applications to 

precomputational procedures. Its great potential applications were extensively discussed 

and demonstrated with constrained mechanism [71]. Since the independent variables are 

selected based on SVD, they are linear combinations of joint variables or any other 

physical coordinates. These independent variables are tangent to the constrained system 

manifold and therefore they are the optimal independent state variables for the constraint 

system. However, SVD operation is computationally time consuming, since it applies 

orthogonal transformations to rotate rows and columns of a matrix into line with each 

other. With suitable orthogonal operations and permutations, the Jacobian matrix can be 

represented as 

Jacob'" w1»v (4.5.1) 

where W and V are orthonormal matrices and D is a diagonal matrix containing the r 

positive singular values of Jacob arranged from top to bottom in descending order. The 

orthonormal matrix, V, will be used for independent variables selection, and two 

orthonormal matrices, Wand V, are carried out by SVD operation and obviously there 

are some unnecessary operations are performed. 

In order to keep the optimal variable selection feature from SVD and reduce the 

unnecessary numerical operations, QR method is selected to perform the coordinate 
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partitioning for the constraint systems. QR method is applied to perform orthogonal 

transformations to rotate the columns of a matrix. Applying QR factorization to the 

constraint system, the Jacobian matrix can be represented as 

(4.5.2) 

or 

(4.5.3) 

where Q and V are orthonormal matrices, V = Q T and R is an upper triangular matrix. 

The m x n matrix Jacob may have more or the same number of columns as rows and it 

may lack full column rank. The m x n matrix RT will also have the same column rank as 

Jacob so it may have zero or more columns containing all zeros. The matrices in Eq. 

4.5.3 may be partitioned into the general form 

Jacob = [RdT 0 J[ :; 1 = RdTVd (4.5.4) 

The left block zero matrix of RT and Vi will not exist if Jacob has full column rank r = n. 

If Vi does not exist, the system will have zero DoF and will correspond to a rigid 

structure. 

The m x n matrix RT has the special triangular form 

[ 

rll 

RT = r~1 

rml 

o (4.5.5) 

where the left triangular submatrix has dimension of m x m and the last n-m columns of 

RT are zeros. The values along the back-diagonal are very stable with respect to 

perturbations of its elements. They are also the most reliable indicators of the 
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conditioning of a matrix. Gaussian elimination and LU factorization, on the other hand, 

cannot detect ill-conditioning or rank degeneracy due to small errors in entries of a 

matrix. The number of zero values along the back-diagonal indicates the order of rank 

deficiency. A very small value along the back-diagonal indicates ill-conditioning of the 

matrix. 

Since the rows of V are orthogonal to each other, it is easy to use Eq. 4.5.4 to 

show that the rows of Vi are orthogonal to the rows of Jacob. It follows that 

(4.5.6) 

This is significant because the rows of Jacob define the normal directions to the 

constraint manifold, so the rows of Vi must define the tangent directions. Thus, with 

suitable permutations in the columns of Vi, it is possible to write the velocity equation as 

(4.5.7) 

Since the rows of Vi are orthonormal, it also holds that 

q= Vip (4.5.8) 

Now it is easy to show that IIpdU/lljiU = 1, which is optimal. 

Since QR factorization is computationally time consuming, it is desirable to hold 

Vi fixed for different system configurations near this point, so Eqs. 4.5.7 and 4.5.8 are 

modified as follows 

(4.5.9) 

and 

q= Vhp (4.5.10) 
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where Vb is a constant matrix evaluated at the particular" QRo" point in configuration 

space and B is a variable matrix to be determined. Substituting Eq. 4.5.9 into Eq. 4.5.10 

and equating coefficients of the independent variables q gives 

(4.5.11) 

Combining Eq. 4.5.11 with (Jacob) B = 0 allows B to be calculated from 

(4.5.12) 

The coefficient matrix in Eq. 4.5.12 is guaranteed to have full column rank if 

Jacob does not lose rank and if the rows of Jacob and Vb remain linearly independent. 

If Jacob corresponds to the point where Vh was performed, then it will be shown that 
·T 

B = Vb and Eqs. 4.5.7 and 4.5.9 are the same. However, as the system moves away 

from this point, its constraint manifold swings away from the one defined by Vh and the 
. ~ 

rows of Vb are no longer ortho gonal to the rows of Jacob. The result is that B :f; V b and 

it no longer represents the optimal projection of q onto the current constraint manifold 

surface. Thus IIBII = AI ~ 1 where AI is the square root of the largest eigenvalue of BTB, 

and IIpdll/lipill $; AI provides an upper bound on the magnifying power of B. Similar to the 

coordinate partitioning, the independent variable definition provided by Vh will generally 

become worse as the system moves away from the QRo point and this will be reflected in 

a continual increase of the IIBII. However, one should expect this method to remain 

superior to the coordinate partitioning because the QRo starting point is optimal, whereas 

the coordinates partitioning starting point generally is not. 

A better picture of B may be obtained by multiplying Eq. 4.5.12 from the left by 

the transpose of the coefficient matrix giving 

---------------_.-
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(4.5.13) 

The coefficient matrix in Eq. 4.5.13 is positive definite when the coefficient matrix in Eq. 

4.5.12 has full column rank so it has a unique solution. At the QRo point, substituting Eq. 

4.5.5 Eq. 4.5.13 shows that 

(4.5.14) 

Since the rows of vg are orthogonal to the rows of Vb, B = V{ satisfies Eq. 4.5.14 and 

it is the only solution. Performing another QR on Jacob at any other point away from the 

QRo point, and substituting Eq. 4.5.5 into Eq. 4.5.12 gives 

(4.5.15) 

which implies that B '¢ Vb
T 

because the rows of Vd are no longer orthogonal to the rows 

of Vb. From Eq. 4.5.11, it follows that 

IIVb BII = 1 ::; IIVbllllBII = IIBII (4.5.16) 

which shows that B = Vb
T 

is optimum at the QRo point (which was claimed earlier) 

because II BII can never be less than 1. 

Accepting that Vb can be held constant over some interval of .::onfiguration space, 

it suffices to start with 

(4.5.17) 

and differentiate to get Eq. 4.5.10 and 

ij = VbiJ (4.5.18) 

Likewise, Eqs. 4.5.9 and 4.5.12 can be differentiated giving 

--------- ------- - ---
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(4.5.19) 

and 

(4.5.20) 

The components of Band B define the elements of Ba, Bc, Ba and Bc required in the 

equations of motion. Equation 4.5.17 can be linearized and combined with Equation, 

(Jacob) dp = -<1> as 

[ 
Jac~b 1 dp = [ -4>, 1 

Vb q- Vb p 
(4.5.21) 

to compute p for a given q. Comparing Eqs. 4.5.12, 4.5.20 and 4.5.21 shows that the 

same coefficient matrix is required in each case which helps to reduce computational 

overhead. For real-time applications, it is generally impractical to perform the 

computations in these three equations during run-time, so techniques must be developed 

to evaluate the necessary quantities off-line and store them for later use. 

4.6 Application of QR Factorization in Precomputation 

Precomputing and storing various quantities is practical for bounded mechanical 

subsystems which can be adequately represented at a finite number of points in 

configuration space. Generally, it is desirable to. express these quantities as functions of 

the independent coordinates because they are known at each point in time. A number of 

numerical methods can be used to automate the selections of independent variables. The 

generalized coordinate partitioning based on LU factorization may be applied to select a 

set of independent variables. The dependent quantities can be calculated by sweeping the 

independent variables. However, the set of independent variables is not the optimal 

choice because each row of the Boolean matrix j is not orthogonal to the rows of 
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Jacobian matrix. This indicates that the independent coordinates are not tangent to the 

constraint manifold. In general, LV factorization provides satisfactory results, but 

occasionally it may lead to poorly conditioned matrices due to the accumulated 

computing errors. It is then required that LV factorization be repeated and a new set of 

independent variables selected. This result is an increase in computing time and greater 

propagation of integration error than desired. An alternative approach for the 

independent variable selections is b.ased on the QR factorization. This method provides 

the optimal choice for the independent variables. The set of independent variables based 

on QR method is the linear combinations of the joint variables and they lie on the tangent 

plane of the constraint manifold. The Jacobian matrix corresponding to the optimal set of 

independent variables has better condition and stability. However, when QR is used, 

some of the independent variables may not have physical meaning since they represent 

weighted sums of physical coordinates. When computing the discrete values of p and 

other quantities which depend on q, it is desirable to increment selected elements of q by 

uniform steps to simplify the function generation and interpolation procedures. Due to 

the lack of physical meaning for some of the independent variables, finding optimal 

intervals to sweep them may be difficult. Finding the center of each interval or the points 

in configuration space where QR should be performed for computing Vi may also be a 

problem. Therefore, it is necessary to establish a procedure to perform QR at different 

configurations. Based on the QR weights for all the joint variables, we define the 

independent variables from the joint variables. When the system moves into the different 

configurations, the weights for different joint variables may intersect to each other. The 

region between two adjacent intersections may be used as the interval for a independent 

variable to be swept. In general, the different independent variable definitions are 

corresponding to the different regions defined by the weight intersections. 
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The slider-crank mechanism discussed in chapter 3 is used here to clarify the 

independent variables selection procedure. Four different configurations at 90° increment 

of crank angle 80 I rotating counterclockwise are illustrated in Fig. 4.6.1. When 80 I 

rotates to the position of 360°, the corresponding position is the same as the starting 

position. Since the mechanism always has one DoF regardless of how the constraint 

equations are formulated, Eq. 3.2.17 implies that rank(Jacob) = 3. 

In Eqs. 3.7.29 and 3.7.30, for 801 = 812 = 823 = 0, the Newton-Raphson 

linearized equation becomes 

0 
-4>r1 

o 0 0 0 ..1801 
0 

o 0 0 0 
-4>r2 

0 
1 1 1 0 ..1812 -4>r3 (4.6.1) = 
1 1 1 1 0 

-2-3-5 0 
..1823 -4>t1 

0 o 0 0 0 ..1tx34 -4>12 

-4>~ 

In order to solve the above equation, the Jacobian matrix must have full column rank. It 

is necessary to add one more row to the Jacobian matrix to pick up the rank deficiency, 

where this row will hold the independent variable fixed during Newton-Raphson 

iterations. As we discussed earlier, both LV and QR factorization can be used to select 

the independent variables. QR method, in general, defines a better set of independent 

variables that may not have any physical meaning. On the other hand, LV factorization 

selects the independent variables directly from physical joint variables. In order to define 

a physically meaningful and better set of independent variables, QR method is performed 

to the Jacobian matrix first and then based on the weights from QR, the independent joint 

variables are directly selected. 

~- -~ -~~ --~-------~-----------
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Figure 4.6.1 The crank-slider mechanism for (a) SOl = 0°, (b) SOl = 90°, 

(c) SOl = 180° , (d) SOl = 270° , (e) SOl = 360° 
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Assume that the crank of the slider-crank mechanism moves in 5° increments 

counterclockwise from 0° to 360°. QR factorization is performed to the Jacobian matrix 

in every 5° increment. The revised form of the Newton-Raphson iteration algorithm 

based on QR is defined in Eq. 4.5.21. At 801 = 0, Vi from QR is appended to the 

Jacobian matrix in Eq. 4.6.1 to form a full column rank matrix as 

where 

000 
000 
I I I 
I I I 

-2 -3 -5 
000 

0.5345 -0.8018 0.2673 

o 
o 
o 
I 
o 
o 

0.0000 

Vi(801 = 0° ) = [0.5345 -0.8018 0.2673 0.0000] 

(4.6.2) 

(4.6.3) 

The weights in Vi are determined by QR and correspond to the joints in the system. The 

weight for each joint indicates how close each joint variable is to the system constraint 

manifold. The heavier weight, the closer the joint manifold is to the constraint manifold. 

The second joint, 812, is the most weighted joint and it is the best candidate to be selected 

as the independent variable to move the system. The first joint, 80 }' is the second 

weighted joint and therefore it is the second candidate to move the system. At this 

particular position, the translational joint manifold is orthogonal to the loop constraint 

manifold and it can be proved by the inner product of the fourth row of the Jacobian and I 

as 

(4.6.4) 
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Thus joint tx34 is not suitable to be an independent coordinate at this position. 

Multiplying both sides of Newton-Raphson equation defined in Eq. 4.5.21 by the 

transpose of the Jacobian matrix, the revised positive definite equation is obtained as 

where 

l[AP~)l AP2') 

H~TRlHg 

HgTH2 + V{V~ 

At 801 = 0 position, (Jacob V(Jacob ) is evaluated to be 

[ 

6.2857 7.5714 12.1429 1.0000] 
(Jacob )T(Jacob) = 7.5714 11.6429 16.7857 1.0000 

12.1429 16.785727.0714 1.0000 
1.0000 1.0000 1.0000 1.0000 

and the corresponding condition number of matrix Jacob is 13.44. 

(4.6.5) 

1 
(4.6.6) 

(4.6.7) 

Performing QR on Jacob in every 5° gives Vi weight distributions for all the 

joints in the loop shown in Fig. 4.6.2. It is interesting to note that the average weights for 

joints 801 and 8 12 are much higher than those weights for joint 8 23 and tx34. When the 

weight on joint 801 reaches the maximum, the weight on follower joint 8 12 has its 

minimum. On'the other hand, when the weight on joint 812 has its maximum, the weight 

on crank joint 801 is close to its minimum. 

The curves in Fig. 4.6.2 suggest that either joint 8 01 or joint 8 12 should be 

selected as the independent variable to drive the mechanism. The independent variable 

selected based on this procedure should provide a system with better mechanical 
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advantage. Furthermore, when either joint 801 or joint 8 12 is weighted maximum, the 

translational joint is weighted zero. These weights indicate contributions from different 

joints in order to keep good conditions of the Jacobian matrix. 
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Figure 4.6.2 Weights for all of the joints in the system 
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When crank angle 801 = 900
, performing QR to the Jacobian matrix gives 

Vi(801 = 900 
) = [ 0.5774 -0.5773 0.0000 0.5773] (4.6.8) 

which shows all the joints are almost equally weighted except joint 823. This particular 

position is shown in Fig. 4.6.1b. Clearly, joint 823 is not a suitable candidate for the 

independent variable because its joint manifold is orthogonal to the constraint manifold. 

When the mechanism continuously moves to the position 801 = 1800 shown in Fig. 

4.6.1c, QR provides 

Vi(801 = 1800
) = [ 0.8165 -0.4082 -0.4082 0.0000 ] (4.6.9) 
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Again, the translational joint manifold is orthogonal to the loop manifold and therefore 

joint tx34 makes no contribution to the system at this position. The joint of crank 601 is 

most weighted and then it will be the best candidate for independent variable to move the 

system. When crank angle 601 moves to the position 2700 shown in Fig. 4.6.ld, QR 

gives 

Vi(601 = 2700
) = [-0.5773 0.5774 0.0000 0.5774] (4.6.10) 

which shows every the joint. makes about the same contributions to the system except for 

joint 623 • 

The condition number of the Jacobian is another indicator to monitor the system 

stability. The condition number of the Jacobian matrix with QR is shown in Fig. 4.6.3. 

The condition number varies when the system moves which indicates the sensitivity of 

the Jacobian matrix. It is very interesting that variations of condition number depend on 

how we form the Jacobian matrix. Defining coordinates in different ways could result in 

the different condition number of Jacobian matrix. The condition number of Jacobian is 

16 Condition Number of Jacobian with QR 
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Figure 4.6.3 The condition number of Jacobian matrix 
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14.6621 when crank angle 901 is at 90° position. Moving the crank counterclockwise to 

270° position, the condition number becomes 10.4252. Although the structure of the 

crank-slider mechanism is symmetric in positions 90° and 270°, the corresponding 

Jacobian is not the same. It follows that 

0 0 0 0 
0 0 0 0 

1.0 1.0 1.0 0 
Jacob(901 = 90° ) = 1.0 2.0 1.0 1.0 (4.6.11) 

-2.0 -2.0 -3.7321 0 
0 0 0 0 

0.5774 -0.5774 0 0.5774 

and 

0 0 0 0 
0 0 0 0 

1.0 1.0 1.0 0 
Jacob(90! = 270° ) = 1.0 0 1.0 1.0 (4.6.12) 

-2.0 -2.0 -3.7321 0 
0 0 0 0 

-0.5774 0.5774 0 0.5774 

If we change the coordinate definition by reverse y from pointing up to pointing down, 

the variation of condition number will be completely the opposite. 

The weight distribution curves shown in Fig. 4.6.3 indicate that either joint 90 I or 

joint 9 12 is the best candidate for the independent variable of the system. Thus, the 

Boolean matrix j can be defined based on Vi. Further, Jacobian matrices associated with 

901 or 912 can be written as 

[ 
ReHa 

Jacob = _ 
Ia 

(4.6.13) 

where the Boolean matrix j for 901 is defined by 
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I=[IaL]=[ 10 0 0] (4.6.14) 

or the Boolean matrix I for 812 is defined by 

(4.6.15) 

The condition numbers of Jacobian matrices for 80 I and 8 12 are shown in Fig. 4.6.4. For 

comparison, the condition number curve in Fig. 4.6.3 is also plotted in Fig. 4.6.4. 
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Figure 4.6.4 Condition number of Jacobian with independent joint 801 or 8 12 

Clearly, if Vi is used at each time step to define the independent variables, the 

Jacobian will have the best condition. However, it is computationally time consuming to 

define a new set of independent variables at every time step. Practically it is preferred 

either to hold Vi as a constant Vh through a certain interval, or select joint variables as 

independent based on the weight distribution from Vi. Since the independent variables 

defined by linear combinations of the joints may not have any physical meanings, the 

--------_ .. _-- . -" -----------
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individual joint variable based on Vi weights can be selected as the independent ones. As 

shown in Fig. 4.6.5, the norm of B corresponding to the maximum weight of the joint is 

the closest to norm of 1. Simi:larly, the condition number of Jacobian with j 

corresponding to the maximum weight of the joint is closest to the QR condition number 

curve shown in Fig. 4.6.4. When system moves away from the maximum weight 

position, both condition number and the norm of B get closer to the relative worst 

condition. Both quantities can be used as a measure of stability of the constrained 

systems. As long as the independent variable is selected by j with the assistance of Vi, 

the condition number of Jacobian and norm of B will be as close to the optimal condition 

as possible. 
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Figure 4.6.5 Norms of B matrix with different independent joint 

By inspecting the weight curves in Fig. 4.6.2, the curve for joint 801 intersects the 

curve for joint 8 12, where crank angles for these two intersections are at 90° and 2700 • 

The weight on joint 801 reaches its maximum value within the interval between 90° and 

-----------
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270°. Vi suggests to take joint eo 1 as the independent joint variable in this interval. In 

the interval between 270° and 90°, Vi indicates that joint e12 is the best candidate to be 

an independent variable. It is interesting to note that these intersection points could 

determine the range of sweep for the independent joint variables. Thus, j can be defined 

for different ranges, such as 

j = [Ia Ie ] = [1 0 -0 0] (interval between 90° and 270°) (4.6.16) 

and 

j = [I a Ie ] = [0 1 0 0] (interval between 270° and 90°) (4.6.17) 

Further, the condition number curve of Jacobian with i and norm of B corresponding to 

the independent variables in different regions are shown in Fig. 4.6.6 and Fig. 4.6.7 

respectively. Notice that there are discontinuities in both condition number curves and 

norms of B because of different definitions of i in two different regions. In regions 

where II HII is small, its rate of change is smaller where the dependent joint displacement 

rates of change is smaller, indicating that the change in the loop manifold is also smaller. 
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Figure 4.6.7 Norm of B matrix through different sweeping ranges 

This discussion exposes the interrelations between Vi weights and norm of B such 

that one can decide how to define the independent variables and their sweeping intervals. 

It is practical to select q directly from p with the suggestion of QR at certain point. This 

kind of independent variable selection will keep reasonable conditions of Jacobian and 

good norm of B. The importance of this procedure is to keep the norm of B matrix as 

low as possible because B magnifies the accumulated errors in the independent variables 

directly. Many mechanical systems contain a number of subsystems where the variables 

within each subsystem are mathematically coupled to each other but not to variables 

within any other subsystem. If the isolated subsystems are known in advance, the rows 

and columns of Jacobian may be permuted and partitioned according to the constraint 

equations and variables defining each subsystem. The permuted Jacobian may have a 

block diagonal form. This procedure offers several advantages. First, QR may be 

applied separately to each smaller submatrix which greatly reduces the computational 

overhead. Second, QR may be selectively applied to each subsystem at those points, 
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where the best numerical results may be expected, or in the vicinity of where a particular 

subsystem operates. 

- ---~---------------
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CHAPTERFNE 

CONSTRAINED SYSTEMS WITH DEFORMABLE JOINTS 

5.1 Introduction 

The absolute spatial displacements, velocities, and accelerations in constrained 

systems with ideal rigid joints were discussed in previous chapters. The dependent joint 

quantities and their associated coefficients are computed and stored during the 

precomputing process. However, in many engineering applications, the bodies in a 

mechanical system are often connected by deformable joints. The use of deformable 

joints is very popular in automotive industry. Typically, vehicle suspension systems are 

connected to the chassis structure or body structure through the deformable rubber 

bushings. Normally, rubber bushing joints are modeled by force elements, such as multi

dimensional spring-damper systems defined by up to 6 x 6 stiffness and damping 

matrices. This kind of modeling increases the DoF of the system. With this traditional 

approach, the quantities of deformable joints are often evaluated during the simulation 

run-time. This brings unnecessary overhead to run-time simulation. In this chapter, a 

numerical modeling technique is developed for precomputing process, based on Taylor 

series expansion. This development will show that this modeling technique utilizes 

computational efficiency of the system with idealized rigid joints with the application of 

Taylor series expansion to evaluate the displacements of dependent joint variables. 

5.2 Joint Influence Coefficient Matrices and Mode Vectors 

In previous chapters, the joints with nondeforming surfaces were discussed. Any 

joint configurations may be formed by constant and variable primitive joint building 

blocks by mUltiplying the respective displacement transformation matrices. Each 
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idealized rigid joint allows the connecting bodies to move along or around the joint axes. 

The modes associated with joint OoF are defined as free modes. The complementary to 

the free modes, locked modes constrain the motions of the connecting bodies in the 

directions normal to the joint surface. The OoF between these bodies are reduced or 

eliminated by the locked modes. Based on these characters, one may conclude that each 

idealized rigid joint is formed by free and locked modes. 

In many mechanical engineering applications, it is required to use non-rigid joints, 

or deformable joints. By using deformable joints, many mechanical systems may avoid 

harsh impact and sometime it is also easier for assembly. Like rigid joints, deformable 

joints allow relative motion between the connecting bodies along or around the joint axes. 

This kind of motion provides large kinematic displacements. On the other hand, since the 

surface of the joint is no longer rigid, small deflections may occur in the directions 

normal to the joint surface, such that the relative OoF between bodies connected by the 

deformable joint is increased. Therefore, the influence coefficient matrix H must be 

extended to include the additional OoF corresponding to the small deflections in the 

directions other than the joint axis. The modes corresponding to this additional OoF are 

defined as stiff modes. 

Let arbitrary frames i and j be connected by a deformable joint. In general, the 

deformable joint may be formed by free, stiff, and locked modes which can be written as 

(5.2.1) 

where the joint influence coefficient matrix is defined as 

(5.2.2) 

--------- --- - --- ----- ._- ---
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In Eq. 5.2.2, H~f corresponds to the joint kinematic DoF, namely the free mode, and the 

motion in stiff directions is contained in H~s. If there is a 0 column in the stiff influence 

matrix, then the joint is an ideal rigid joint. Likewise, the joint variables and their time 

derivatives may be partitioned corresponding to the free and stiff modes. It follows that 

(5.2.3a) 

and 

(5.2.3b) 

where the subscripts f and s stand for free and stiff mode respectively. The relative 

spatial velocity of frame j with respect to frame i expressed in frame 0 can be written as 

(5.2.4) 

Since the deflections corresponding to the stiff modes are very small, Taylor series 

expansion may be applied to compute the dependent joint displacements. Taylor series 

expansion theory and its applications will be discussed in the following. 

5.3 Taylor Series Expansion and Its Applications 

A large class of functions over a certain interval may be expressed in terms of 

power series and related series. An expression of the form 

Ao + AI (x - xo) + ... + An(x - xo)n + ... = L An(x - xo)n (5.3.1) 
n=O 

is called a power series and is defined as the limit 

lim L An(x - xo)n (5.3.2) 
n~oo n=O 
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for those values of x which the limit exists. For such values of x the series is said to 

converge. In order to determine for what values of x the series converges, we may make 

use of the ratio test. The test states that, if in any infinite series the absolute value of the 

ratio of the (n+ l)th term to the nth term approaches a limit p as n -) 00, then the series 

converges when p < 1 and diverges when p > 1. The test fails if p = 1. A more delicate 

test states that, if the absolute value of the same ratio is bounded by some number cr as 

n -) 00, then the series converges when cr < 1. In the case of the power series, we obtain 

p = ~An+llix - xol = L Ix -xol 
n~ An 

(5.3.3) 

where 

L = lim JAn+11 
n~ An 

(5.3.4) 

if the last limit exists. In this case, it follows that Eq. 5.3.1 converges when 

(5.3.5) 

and diverges when 

(5.3.6) 

Thus, when L exists and it is finite, an interval of convergence 

(xo-L'xo +t.) (5.3.7) 

is determined symmetrically about the point Xo such that inside the interval the series 

converges and outside the interval it diverges. The distance R = IlL is frequently called 

the radius of convergence. 
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The behavior of the series at the end points of the interval is not determined by the 

ratio test. Useful tests for investigating convergence of the two series of constants 

corresponding to the end points x = Xo ± R are: 

1) If, at an end point, the successive terms of the series alternate in sign for 

sufficiently large values of n, the series converges if after a certain stage the successive 

terms always decrease in magnitude and if the nth term approaches zero, and the series 

diverges if the nth term does not tend to zero. 

2) If, at an end point, the successive terms of the series are of constant sign, and if 

the ratio of the (n+ l)th term to the nth term can be written in the form 

(5.3.8) 

where k is independent of n and en is bounded as n ~ 00, then the series converges if k > 

1 and diverges if k ~ 1. It should be noticed that this test is applicable even in the case 

when k = 1, as long as an expression of the indicated form can be obtained. We shall 

refer to this test as Rabbi's test. 

A particularly useful property of power series is the fact that convergent power 

series can be treated, for many purposes, in the same way as polynomials. Inside its 

interval of converge, a power series represents a continuous function of x with continuous 

derivatives of all orders. Inside this interval, a power series can be integrated or 

differentiated term by term, as in the case of a polynomial. The resultant series will 

converge, in the same interval, to the integral or derivative of the function represented by 

the original series. Further, two power series in x - Xo can be multiplied together term by 

term and the resultant series will converge to the product of the functions represented by 

the original series, inside the common interval of convergence. A similar statement 
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applies to division of one series by another, provided that the denominator is not zero at 

Xo. Here the resultant series will converge to the ratio in some subinterval of the common 

interval of convergence. 

Now suppose that the series 

(5.3.9) 

converges in a nonzero interval about x = Xo and hence represents a function, say i{x), in 

that interval, 

f(x) = L An(x-xo)n (5.3.10) 
n=O 

Then, differentiating both sides of Eq. 5.2.10 k times and setting x = Xo in the result, we 

obtain 

{<k)(xo) = k! Ak (k = 0, 1,2, ... ) (5.3.11) 

and hence Eq. 5.2.10 becomes 

~ {<n)(x) 
f(x) = ~ 0 (x - xo)n 

n=O n! 
(5.3.12) 

This is the so-called Taylor series expansion of f(x) near x = Xo. It is clear that not all 

functions possess such expansions, since, in particular, in order that Eq. 5.3.12 be 

defined, all derivatives of f(x) must exist at x = Xo. A function which possesses such an 

expansion is said to be regular at x = Xo. The above derivation shows that, if a function is 

regular at x = Xo, it has only one expansion in powers of x - Xo and that expansion is 

given by Eq. 5.3.12. 
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If f(x) and all its derivatives are continuous in an interval including x = Xo, then 

f(x) can be expressed as a finite Taylor series plus a remainder in the form 

N-J tin) 
f(x) = L (~o) (x - xo)n + RN(x) 

n=O n. 
(5.3.13) 

Here RN, the remainder after N terms, is given by 

(5.3.14) 

where 1; is some point in the interval (xo, x). The remainder can be used to measure the 

error of polynomial function. If f(x) is regular at Xo, then RN --?O as N --?oo for values of 

x in an interval including x = Xo. It is apparent, in particular, that any polynomial in x is 

regular for all x. Further, any rational function (ratio of polynomials) is regular for all 

values of x which are not zeros of the denominator. 

So far, we have discussed the definition of deformable joints and derived Taylor 

series expansion expressions. In the following discussions, we apply Taylor series 

expansion to incorporate the joint flexibility in the constrained multibody systems. 

5.4 Deformable Kinematic Joints 

For a constrained mechanical system with deformable joints, the motion between 

the bodies may be divided into two categories. In the first category, the motion between 

connecting bodies corresponding to kinematic DoF, or free modes, are defined as motion 

of primary dynamics. In the second category, the motion due to small deflections in the 

directions normal to the joint surface, or in the directions of stiff mode, are defined as 

motion of secondary dynamics. The joint variables corresponding to free and stiff modes 

are called free and stiff joint variables. If all the stiff joint variables are selected as 

-- -- ------------------
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independent variables, then the dependent joint variables corresponding to free modes can 

be expressed in terms of free independent and stiff variables as 

(5.4.1) 

where qr is the independent joint variable associated with free modes and qs is joint 

variable associated with stiff modes. Since kinematic joint displacement and their 

derivatives are continuous in the neighborhood of the nominal value of stiff variable qso, 

the joint displacement may be expressed in terms of Taylor series expansion 

(5.4.2) 

where 

(5.4.3) 

Since the displacement of stiff variable is very small, the high order terms may be 

neglected. Therefore, Eq. 5.4.2 can be revised as 

(5.4.4) 

For the convenience of derivations, let the initial nominal stiff displacements, qso, be 

zero. Thus, the first order of joint displacement expression may be modified as 

(5.4.5) 

where 

(5.4.6) 

is defined as velocity coefficient matrix for stiff modes. Further, keeping 



177 

(5.4.7) 

in mind, differentiating Eq. 5.4.5 yields the velocity of the joint variable in terms of free 

independent and stiff joint velocities as 

(5.4.8) 

Likewise, differentiating Eq. 5.4.5 twice gives the joint acceleration as 

(5.4.9) 

The Taylor series expansion approach for deformable joints may have 

computational advantages in precomputing process. In the above equation, P(qf, qs) and 

Bs are precomputed and they are stored in lookup tables. These information will be used 

for dynamic simulations during run time with interpolating functions. 

5.5 System Constraints with Deformable Joints 

The joint displacements in constrained multibody systems may be computed from 

linearized Newton-Raphson equation derived in Chapter 3. For the convenience of 

discussion, Eqs. 3.4.46 and 3.4.47 are repeated here: 

(5.5.1) 

and 

1 = [ pf:) 1 + [dP~)l 
p~) dP~) (5.5.2) 
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For constrained system with deformable joints, the arc and chord joint variables in Eq. 

S.S.1 contain both kinematic free and stiff displacements. Thus, arc and chord joint 

variables may be partitioned in terms of the free and stiff displacement variables, such as 

Pa =[ :: ] (S.S.3a) 

and 

Pc = [ Pef ] 
Pes 

(S.S.3b) 

The corresponding arc and chord joint influence coefficient matrices, H~ and Hg, may 

also be partitioned into free and stiff submatrices respectively, so that 

H~ =[ H~f H~] (S.S.4a) 

and 

0° =[ 00 00] e ef es (S.5.4b) 

Accordingly, the change of joint displacements defined in Eqs. S.5.3a and S.S.3b may be 

collected or stacked in a block column matrix L\p as 

L\Paf 

L\p = 
L\pas 

L\Pef 
(S.5.5) 

L\pcs 

Further, recall that in idealized joint systems, the independent joint variables are selected 

by the Boolean matrix, namely q = iaPa + iePe. The definition of this selection process 

can be extended according to the system with deformable joints. Thus the Boolean 

matrix i may be partitioned based on the free and stiff modes so that 
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- _[1M 0 1 (5.5.6a) la - _ 
o las 

and 

-_[tf 0 1 (5.5.6b) Ie - _ 
o Ics 

Therefore, the independent joint variables corresponding to the free and stiff modes can 

be selected from 

(5.5.7) 

Substituting Eqs. 5.5.5 and 5.5.7 into Eq. 5.5.1, the Newton-Raphson iteration equation is 

revised as 

[ 

R~H~f RcH:?s 

laf 0 

o las 

H~f 

Icf 
o 

(5.5.8) 

If all of the stiff variables are independent, then they are held fixed during the iteration. 

Since all of the independent variables are held fixed during the iteration, it is 

computationally more efficient if the rows and columns in the Jacobian matrix 

corresponding to the independent variables are eliminated. By doing this, Eq. 5.5.8 can 

be modified as 

t::H -:0] (5.5.9) 
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It is interesting to note that Eq. 5.5.9 is exactly the same as Eq. 5.5.1. Equation 5.5.9 

shows that there is no additional overhead for computing the joint displacements 

corresponding to the free modes in the constrained system with deformable joints. 

This presented approach is applied when we know which variables are the 

independent ones. It is important to understand that the stiff variables- may not be always 

independent, and therefore coordinate partitioning methods may be used to determine 

whether the stiff variables are independent or not. Sometimes the independent stiff 

variables may become dependent ones when the system moves into certain 

configurations. In these situations, the independent variable selection process, such as 

LV or QR methods, is required to redefine the independent variables. The principle of 

selection process was discussed in chapter 4. 

5.6 Spatial Velocity and Acceleration Analysis 

Similar to a system with idealized joints, the dependent joint velocities for the 

system with deformable joints can be computed by 

][;:H g 1 (5.6.1) 

Since the joint velocity include both the free and stiff variables, P in Eq. 5.6.1 may be 

expanded as 

P= [ ~: 1 Pef 

Pes 

(5.6.2) 

The independent joint velocities can also be partitioned according to free and stiff modes 

4=[tJ (5.6.3) 



Therefore, the corresponding B matrix may be expressed as 

[ 

Baff 
B = Basf 

Beff 
Besf 

Bafs 1 Bass 
Befs 
Bess 

Combining Eqs. 5.6.2,5.6.3 and 5.6.4 yields 

[ 

Paf 1 [Baff Bafs 1 Pas _ Basf Bass «if ~ef - Beff Befs [ «is ] 
Pes Besf Bess 

Substituting Eqs. 5.5.6a, 5.5.6b, 5.6.3 and 5.6.5 into Eq. 5.6.1 yields 

[ 

~H~f RcH~ 
Iaf 0 

o las 

Hgs 1 [Baff Bafs 1 [0 0 1 o Basf Bass [ ~f] = I 0 [ ~f] 
_ Beff Befs qs 0 I qs 
Ics Besf Bess 
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(5.6.4) 

(5.6.5) 

(5.6.6) 

Since «i is independent, equating the coefficient matrices of both sides of Eq. 5.6.6 yields 

[ 

~H~f RcH~ H~f 
Iaf 0 lef 

o las 0 

Hg
s 1 [Baff Bafs 1 [0 0 1 o Basf Bass = I 0 

_ Beff Befs 0 I 
Ics Besf Bess 

(5.6.7) 

If we know that all of the stiff variables are independent, the Boolean matrix las and Ies in 

above equation may be expanded in the following forms 

(5.6.8a) 

and 

(5.6.8b) 

Thus, the independent variable definition may further be written as 
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(5.6.9) 

Correspondingly, B matrix in Eq. 5.6.4 can be modified by expanding the second block 

column. It follows that 

[ 

Baff Bafs j [B aff Bafas Bafes j B - Basf Bass _ 0 I 0 
- neff Befs - Beff Befas Befes 

Besf Bess 0 0 I 

(5.6.10) 

where 

Basf = 0 (5.6.lla) 

Besf = 0 (5.6.11b) 

Bafs = [B afas Bafes ] (5.6.llc) 

Bass = [I 0] (5.6.11d) 

Befs = [B efas Befes] (5.6.lle) 

Bess = [0 I] (5.6.110 

and then Eq. 5.6.5 is further revised as 

(5.6.12) 

Notice that in Eq. 5.6.11 

(5.6.13a) 
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and 

(5.6. 13 b) 

then, Eq. 5.6.12 can be simplified to 

where 

and 

and 

Bf = [ B aff] 
Bcff 

Bs = [B afas BafesJ 
Befas Befes 

(5.6.14) 

(5.6. 15a) 

(5.6.15b) 

(5.6. 15c) 

Equation 5.6.14 agrees with Eq. 5.4.8. Substituting Eq. 5.6.10 into Eq. 5.6.7 gives 

RcH~f RcH2, H~f H& 

laf 0 Lf 0 [ B~ B~$ B~'] [0 0 0] o I 0 = I 0 0 (5.6.16) 
0 I 0 0 Beff Befas Befes 0 I 0 

0 0 
o 0 I 0 0 I 

0 I 

By exchanging the second and third columns in the Jacobian matrix, and also exchanging 

the corresponding rows in B matrix, Eq. 5.6.16 becomes 

RcH~f H~f RcH~s H& 

laf lef 0 0 [B~ B~$ BU"] [0 0 0] Beff Befas Befes = I 0 0 (5.6.17) 
0 0 I 0 o I 0 0 I 0 

o 0 I 001 
0 0 0 I 
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Clearly, the third and fourth equations in Eq. 5.6.17 are redundant. By eliminating these 

equations and moving the joint coefficient matrices corresponding to the stiff modes to 

the right side, Eq. 5.6.17 is revised as 

[ 
~H~ 

laf 
nO 1 [ ] [ cf Baff Bafas Bafcs _ 
Icf Bcff Bcfas Bcfcs -

o 
I 

D nO no 1 -nc as - cs (5.6.18) 
o 0 

It is interesting to note that the Jacobian matrix is again exactly the same as the Jacobian 

matrix of the constrained system with rigid joints. No extra effort wiil be needed to 

construct the Jacobian matrix for the system with deformable joints. In cases where the 

deformable joints only appear in the set of arc or chord joints, Eq. 5.6.18 can be further 

simplified into the following forms 

and 

][ Baff Bafas]_[ 
Bcrr Bcras -

o 
I 

H2r 1 [Bafr Bafes ] - [ 0 -Hgs 1 
Ier Berr Beres - I 0 

(5.6.19) 

(5.6.20) 

Equations 5.6.18, 5.6.19 and 5.6.20 will be used to numerically evaluate the B matrix as 

explicit functions of the free and stiff independent variables qr and qs. 

Furthermore, like the constrained systems with rigid joints, the second partial 

derivatives of p(q) with respect to the independent variables are required when 

accelerations must be computed. These quantities may be evaluated by taking the partial 

derivative of Eq. 5.6.18 with respect to each of the independent variables. It follows that 

i= 1, 2, "', DoF (5.6.21) 

-------------~. -



where 

E = -RcaH2r/aqiBaff - aH~/aqiBcff 

F = -RcaH~/aqiBafas - aH~/aqiBcfas 

G = -RcaH~/aqiBafcs - au~/aqiBcfcs 
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(S.6.22a) 

(S.6.22b) 

(S.6.22c) 

The equations of motion for constrained multibody system with idealized rigid 

joints were derived in Chapter 3 and shown in Eq. 3.6.32. Since the constrained 

multibody system with deformable joints has additional OoF, the independent joint 

acceleration q is extended to contain both free and stiff variables. The corresponding B a 

and Ua matrices are extended to incorporate the stiff modes. 

5.7 The Example of Crank-Slider Mechanism 

To better understand how to incorporate the Ba and Ha into the equations of 

motion, the crank-slider mechanism discussed in section 3.7 is used here. If joint 912 is 

selected to have an additional stiff OoF along the local x axis and the associated stiff 

variable is independent, then the joint velocity p of the system is defined by 

901 

p = [::] = (S.7.1) 

where 

----------_ .. - - ---
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901 

Pa= 912f (5.7.2a) 
912s 

923 

and 

Pe = [ ix34 ] (5.7.2b) 

Further, the independent variable q is defined as 

q = [~OI 1 
9115 

(5.7.3) 

Based on the joint variables defined in Eqs. 5.7.1 and 5.7.3, B matrix is modified 

corresponding to the joint flexibility as 

B = [ B af Bas ] = 
Bef Bes o 1 (5.7.4) 

where 

1 0 

(5.7.5) 

and 
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(5.7.6) 

Furthermore, the joint influence coefficient matrix HY 2 is partitioned into free and stiff 

modes so that 

HO - [0 0 ] 12 - H12f H 12s (5.7.7) 

where H?2f is defined by Eq. 3.7.24 and H?2s is defined by 

(5.7.8) 

and the dimension of HY 2 becomes 6 x 2. Thus the arc joint influence coefficient matrix 

in Eq. 3.7.27 is revised as 

HU 
(5.7.9) 

where the dimension of H~ becomes 18 x 4. Therefore, the product of 

(5.7.10) 

has 18 x 2 dimension. Since the mass matrix MOO defined by Eq. 3.7.64 has 18 x 18 

dimension, the inertia coefficient J defined by 

(5.7.11) 
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results in a 2 x 2 matrix. In a similar manner, the force on the right side of the equations 

of motion is a 2 x 1 column matrix. Finally, the equations of motion can be represented 

by 

(5.7.12) 

This example illustrates the basic idea of the incorporation of deformable joints 

into the equations of motion. Although a simple example is used here, the procedure can 

be used to serve for more complicated or general mechanisms. 

5.8 Vehicle Suspension System Modeling 

A vehicle front suspension coupled with steering system shown in Fig. 5.8.1 is 

presented here to demonstrate the precomputational formulations developed in Chapters 3 

and 5. The suspension system is composed of upper and lower control arms, shock-

Upper Control Arm 

Upper Ball Joint \ 

Lower Ball Joint \ 

pl-- Bushing 1 
z p2-- Bushing 2 

p3 -- Bushing 3 
p4 -- Bushing 4 

.. -~ Inertial Frame on Chassis 

Rev. Joint 

Figure 5.8.1 Vehicle front suspension with steering system 

-------------------
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absorber system, wheel hub and wheeVtire assembly. The steering system is composed 

of pitman arm, idler arm and steering link:. In addition, the steering system is connected 

to the suspension system by the tie rod. 

The joints used in the systems are described in Fig. 5.8.1 and the their positions 

are listed in Table 5.8.1. The bushing joints used in the suspension is to avoid the 

harshness of the impact loads. It is noticed that the steering system used in this example 

is basically for heavy duty vehicles. For most passenger cars the steering system is 

Name of the Joint x (in) y (in) z (in) 

Rev. Joint 1 9.811 55.355 34.039 

Rev. Joint 2 9.811 50.556 32.433 

Rev. Joint 3 -9.811 50.556 32.433 

Rev. Joint 4 -9.811 55.355 34.039 

Inner Ball Joint 17.655 47.635 32.905 

Outer Ball Joint 32.327 44.702 30.127 

Lower Ball Joint 30.965 39.18 26.120 

Upper Ball Joint 28.170 39.868 39.254 

Shock Lower Joint 19.598 33.685 29.259 

Shock Upper Joint 19.598 33.685 43.492 

Shock Trans. Joint 19.598 33.685 36.38 

Bushing (pI) 17.558 39.67 40.4 

Bushing (p2) 18.808 48.335 38.47 

Bushing (p3) 12.09 28.99 30.77 

Bushing (p4) 12.09 46.57 30.77 

Table 5.8.1 Coordinates of the joints 
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formed by a steering link connected to the chassis through steering gear box. In some 

models, a translational joint is used to model the connection between the steering link and 

the chassis structure. 

The first step to model the system, the interconnection sequences between body 

and joint reference frames must be defined. This model contains 10 rigid bodies and 14 

joints. Each joint will have one Cartesian reference frame embedded in its parent body 

and a second frame embedded in its child body. In addition, each joint can have one and 

only one child body, and all body properties will be associated with that joint's child-body 

reference frame. In a similar manner, each body can have one and only one parent joint. 

Figure 5.8.2 shows a graphical representation of the system, where the 

abbreviated symbols used to identify the bodies are listed in Table 5.8.2. In the figure, 

rectangular nodes represent Cartesian reference frames, solid lines represent joints within 

the spanning tree, and dashed lines represent rigid connections between those nodes 

which form closed kinematic loops. Each closed loop direction is represented by the 

direction of an arrow-dashed line. Joint and body combinations are represented as 

I 

L 
I 

..J 

Figure 5.8.2 Topology of front suspension with steering system 
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ch = chassis lea = lower control arm wh = wheel hub 

pa = pitman arm uca = upper control arm w = tire/wheel 

sl = steering link r = shock rod tr = tie rod 

id = idler arm c = shock cylinder 

Table 5.8.2 Identification of symbols used in Fig. 5.8.2 

sequences of primitive Cartesian reference frames displaced relative to each other around 

or along common axis pairs by constant or variable amounts. The absolute displacement 

of each body and joint relative to a common reference frame, such as ground or the 

chassis, is obtained by sequential products of relative velocities which are represented by 

products of joint influence coefficient matrices with joint velocity variables. 

The 60 x 60 Boolean arc connectivity matrix Ca of the system is defined 

corresponding to the spanning tree configuration in Fig. 5.8.2, and its corresponding 

inverse matrix Ra is defined by the reach ability of each arc joints. Thus 

ea = 

and 

1 
-I 1 

1 
1 

1 
-I 1 

-I 1 
1 

-I 1 
-I 1 

(5.8.1) 
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1 
1 1 

1 
1 

Ra= 
1 (5.8.2) 
1 1 

1 1 
1 

1 1 1 
1 1 1 

The remaining joints corresponding to chords in the system (indicated by dashed 

lines) connect bodies to form closed kinematic loops. The orientation of each chord joint 

must be the same as the direction of the associated kinematic loop. The Boolean chord 

connectivity matrix Cc and its right inverse matrix are defined as: 

and 

-I 1 
-I 1 

-I I 
-I 1 

1 -1-1 Rc =-CcRa = 
1 1 -I 

1 

[

I 1 -I 

1 1 -I -1-1 

(5.8.3) 

1 
(5.8.4) 

It is interesting to note that the nonzero entries in each row of Rc indicate the number of 

participant bodies in the corresponding loop. The negative sign in front of nonzero entry 

implies that the orientation of the frame imbedded in the body is opposite to the loop 

direction. It is noticed that in the first, second and third loops, each loop has three bodies, 

and the fourth loop contains five bodies. The nonzero entries in each column of Rc 

indicate the coupling between the loops. In order to understand the coupling of loops 

better, replacing I's in Rc by l's and then the product of RcRl gives a 4 x 4 matrix 
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[

3002] RcRl= 0 3 1-1 
o 1 3-2 
2 -1-2 5 

(5.8.5) 

Thus, it should be clear to see that the diagonal terms indicate the number of bodies in 

each loop, and the off-diagonal terms indicate how many bodies are coupled between the 

loops. Again, the negative signs implies the orientations between the frames imbedded in 

corresponding bodies and loops. 

The computational efficiency is proportional to N3 for constrained systems, where 

N stands for the total number of bodies in the system. If there are 10 kinematic loops in 

the system and the number of bodies in each loop is n, then the computational time 

required to solve the system is related to N3 = (IOn~ = l000n3. However, if the system is 

decoupled into 10 subsystems, then the computational time required by each subsystem 

is n3 and thus, the computational time required by the system is IOn3. Therefore, it is 

always wise to decouple the constrained system into its maximum extend as possible. 

In this model, the pitman angle, a, and the shock-absorber displacement, t, are 

selected as independent joint variables. It is interesting to note that all of the dependent 

variables in the steering loop depend only on the pitman arm angle, and all of the 

dependent variables in suspension loops (loop 2 and loop 3) depend only on the shock

absorber displacement. Further, the rotation of the wheel hub around the kingpin axis is 

determined by the pitman arm angle and thus, the rotational displacement around the 

kingpin axis is a function of the pitman arm angle. In addition, since the steering system 

and the suspension system are connected by the tie rod, the inner and outer ball joint 

angles depend on both the pitman arm and the shock-absorber displacements. Based on 

these observations, the system, therefore, may be decoupled and the dependent variables 
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in each loop can be computed separately. The decoupling computational procedure is 

described in Fig. 5.8.3. 

_S--I .... ~lloop 1 

Sab 
Sdg3 t 

loop 4 

Sdgl. Sdg2 

Figure 5.8.3 Loop decoupling of suspension and steering system 

Figure 5.8.3 shows that all of the dependent variables in loops 1 and 2 must be 

evaluated first. The dependent variable SOd computed in loop 2 is used as a specified 

variable to compute all of the dependent variables in loop 3. Finally, all of the dependent 

variables in loop 4 are computed based on the specified variables from loops 1 and 3. 

The modeling procedure is basically divided into three parts: the first part shows 

system modeling with idealized rigid joints, the second part introduces the modeling 

technique of deformable joints, and the last part demonstrates projection technique of 

equivalent bushing joints and equivalent bushing stiffness calculations. 

5.8.1 Suspension System with Idealized Rigid Joints 

The entire system is divided into four kinematic loops. Each loop is represented 

by a sub-graph in Fig. 5.8.2. These loops will be computed based on the decoupling 

procedure in Fig. 5.8.3. 

--------_.- ..... __ . __ .. _-_.-._---------------
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The steering system is represented by loop 1. The loop is composed of a pitman 

arm, a steering link, an idler arm, and four revolute joints. The topological representation 

of loop 1 is obtained from Fig. 5.8.2 as a sub-graph shown in Fig. 5.8.1.1. 

Figure 5.8.1.1 Topology of steering system 

The arc joint connectivity and the corresponding reachability matrices can be 

defined by inspecting the spanning tree in Fig. 5.8.1.1, so that 

[I 0 01 Ca = -I 1 0 (5.8.1.1a) 
001 

and 

[I 0 01 Ra= 1 1 0 (S.8. 1.1b) 

001 

The chord joint connectivity matrix Cc can also be obtained from Fig. S.8.I.1 as 

Cc = [ 0 -I I] (S.8.1.2a) 

Thus, the right inverse of the chord connectivity matrix Rc is defined by 

(S.8.1.2b) 
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which indicates that there are three moving bodies participated in loop 1. The negative 

sign of I indicates the orientation of the joint between the idler arm and the chassis is in 

the opposite direction of the loop. Since the pitman arm angle e is selected as the 

independent variable, the remaining joint variables are the dependent variables, so that 

~=[ :: 1 (S.8.1.3a) 

and 

(S.8.1.3b) 

Further, all three revolute joints are oriented in the local z direction and their 

corresponding joint influence coefficient matrices are defined by 

. 0 ° 1HOa = 3hOa (S.8.1.4a) 

dJIo - hO 
ab - 3 ab (S.8.1.4b) 

dJI8e = 3h8e (S.8.1.4c) 

dHO hO 
be = 3 be (S.8.1.4d) 

Thus, the dependent and independent arc and chord influence coefficient matrices are 

obtained by 

(S.8.l.Sa) 

(S.8.l.Sb) 

and 

(S.8.1.Sc) 
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The Jacobian matrix is defined by applying Eq. 3.3.49. It follows that 

(5.8.1.6a) 

and 

(5.8.1.6b) 

Applying Eqs. 3.3.53 and 3.3.54, the dependent variables can be evaluated by 

[dB~b _dB&: dBge ] [~:~:] = ~ 0 

dS~) 

(5.8.1.7a) 

[ 
S~+l) ]-[ S~)] [dS~)] 
S~+l) = S~) + dS~) 

S
(k+l) s(k) AS (k) 
be be ube 

(5.8.1.7b) 

It should be noticed that the Jacobian matrix corresponding to dependent variables is a 

6 x 3 matrix and has a full column ranle Multiplying both sides of Eq. 5.8.1.7a by the 

transpose of the Jacobian, Eq. 5.8.1.7a becomes a positive definite equation as 

(5.8.1.8) 

The dependent variables are solved by Eqs. 5.8.1.8 and 5.8.1.7b iteratively when the 

pitman arm angle is sweeping through its range. 

The relative joint velocities of dependent variables are determined by using Eq. 

3.4.13 with the specified velocity of independent joint variable. It follows that 

~- ---------
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(5.8.1.9) 

Multiplying the transpose of the Jacobian matrix to both sides of Eq. 5.8.1.9 gives 

(5.8.1.10) 

Further, the dependent velocity coefficient matrix Bd is computed by applying Eqs. 

3.4.22 and 3.4.23 with the multiplication of the transpose of the Jacobian matrix. It 

follows that 

(5.8.1.11) 

The relative joint accelerations require the partial derivatives of Bd matrix which 

can be evaluated by applying Eq. 3.5.8, so that 

(5.8.1.12) 

where aiHg/ae, adfI~/ae, adfIg/ae and adHg/ae are computed by the exact procedure 

used in section 3.7. The second partial derivatives of the dependent variables in Eq. 

5.8.1.12 are solved from the resultant equation by the multiplication of the transpose of 

the Jacobian matrix on both sides of Eq. 5.8.1.12. 

-------- _._ .. - .. --- --- ----_.-
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Loop 2 is composed of a lower control arm, a shock rod and a shock cylinder, and 

four joints. The lower control arm is connected to the chassis by a revolute joint. A 

spherical joint is used between the shock cylinder and the lower control arm. The shock 

rod and the shock cylinder are connected by a translational joint, where the joint 

displacement fef is selected as independent variable. Further, the shock rod is connected 

to the vehicle body by a spherical joint. The graphical representation for the loop is 

shown in Fig. 5.8.1.2. 

Figure 5.8.1.2 Topology of shock-absorber and lower control arm loop 

Based on the spanning tree shown in Fig. 5.8.1.2, arc joint connectivity and 

reachability matrices are defined by 

[I 0 0] 
Ca = 0 1 0 

o -I 1 
(5.8.1. 13 a) 

and 

[
I 0 0 1 Ra= 0 1 0 
011 

(5.8.1.13b) 

Based on the loop direction in Fig. 5.8.1.2, the chord joint connectivity matrix Cc is 

defined by 

-------------------------------
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Ce =[-1 0 I] (5.8. 1. 14a) 

and the right inverse of the chord connectivity matrix He is obtained as 

(5.8.1.14b) 

Furthermore, the dependent joint variables are collected in pd column matrix 

(5.8.1.15) 

where 

(5.8.1.16a) 

(5.8.1.16b) 

(5.8.1.16c) 

The corresponding dependent and independent joint influence coefficient matrices for the 

joints in this loop are defined as: 

dHO - hO 
Od-20d 

dHo = [ho hQ] 
de 1 de 2''de 

iHo - hO 
ef - 6 ef 

(5.8.1.16a) 

(5.8.1.16b) 

(5.8.1.16c) 

(5.8.1.16d) 

Thus, the dependent, independent arc and chord joint coefficient matrices are defined by 
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[ HO dH~ = Oe 

H&] (S.8.1.I7a) 

iHO - iHO 
a - ef (S.8.1.17b) 

and 

dJIO - dHO 
c - de (S.8.1.I7c) 

The Jacobian matrices associated with the dependent and independent variables are 

defined by 

(S.8.1.I8a) 

and 

(S.8.1.18b) 

where the Jacobian matrix corresponding to the dependent variables has a 6 x 6 

dimension, full column and full row rank. Therefore all of the dependent variables can be 

evaluated directly by Newton-Raphson iteration 

[dH8d -~ge dHSc ] [ ~:~~ j = -<1>
0 

,1.pik ) 

(S.8.I.19a) 

[ 

Jk+l) [Jk) [A Jk) j POd POd ilPOd 

Jk+l) = Jk) + ,1. Jk) 
POe POe POe 
Jk+l) Jk) ,1. Jk) 

Pdc Pdc Pdc 

(S.8.1.I9b) 

Since all of the dependent variables in this loop depend on the shock-absorber 

translational joint variable, t, the velocity coefficient matrix Bd can be evaluated by 
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(5.8.1.20) 

where the velocity coefficient matrix Bi corresponding to the independent variable tis 

equal to one. 

The partial derivative of Bd can be evaluated by taking the partial derivative of 

Eq. 5.8.1.20. Since Bi = 1, the partial derivative of Bi is zero. Thus, the partial 

derivative of Bd is evaluated by 

[dH8d -dH8e dH~c] [ ~~~~~~ 1 
a2p9/at2 

= aiH~/at - adfI&/ataps/atef - adfIg/ataps/at - adH~/atap9!at 

(5.8.1.21) 

In a similar manner, the partial derivatives of H matrices are evaluated with the same 

procedure illustrated in section 3.7. 

Loop 3 represents the suspension loop and its corresponding topological 

representation is shown in Fig. 5.8.1.3. This loop is composed of a lower control arm, a 

Figure 5.8.1.3 Topology of suspension loop 
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wheel hub, an upper control ann and four joints. Both lower and upper control anns are 

connected to the chassis by equivalent revolute joints. These control anns are connected 

to the wheel hub by spherical joints. The revolute joint variable BOd is the specified 

variable computed from loop 2. Therefore, the specified variable BOd can be treaded as a 

local independent variable in loop 3. Based on the topology shown in Fig. 5.8.1.3, the arc 

joint connectivity and reachability matrices are defined by 

[I 0 01 Ca = -I 1 0 (5.8.1.22a) 
o 0 I 

and 

[I 0 0 1 Ra= 1 1 0 (5.8.1.22b) 
o 0 I 

The chord joint connectivity matrix can be obtained by inspecting the loop direction 

Cc =[ 0 -I 1 ] (5.8.1.23a) 

and its corresponding right inverse of chord connectivity matrix is given by 

(5.8.1.23b) 

The dependent joint variables in this loop are stacked in the column matrix pd, so that 

d 
Pdg 

pd= d 
POh (5.8.1.24) 

d 
Pgh 

where 

,-[ edg) ] (5.8.1.25a) Pdg -
Bdg2 



The corresponding joint influence coefficient matrices are defined by 

dHO - hO 
Ob - 2 Ob 

SHO hO 
Od=20d 
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(S.8.1.2Sb) 

(S.8.1.2Sc) 

(S.8.1.26a) 

(S.8.1.26b) 

(S.8.1.26c) 

(S.8.1.26d) 

Thus, the dependent, specified arc and chord joint influence coefficient matrices are given 

and 

sUO - sHO 
a - Od 

dUO tin ° 
C = -Ogb 

(S.8.1.27a) 

(S.8.1.27b) 

(S.8.1.27c) 

Therefore, the Jacobian matrices corresponding to the dependent and specified variables 

are defined by 

dHO 
- Ob (S.8.1.28a) 

and 
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Js - sHo 
- Od (5.8.1.28b) 

All of the dependent variables in this loop can be evaluated by the Newton-Raphson 

iterations 

L\ Jk) 
Pdg 

[ dHo 
dg 

dHo 
- Oh dHo 

gh ] L\ Jk) 
POh 

=-<p
0 

(5.8. 1. 29a) 

L\ Jk} 
Pgh 

Jk+l) 
Pdg 

J.k) 
Pdg 

L\ Jk) 
Pdg 

Jk+l) 
POh = Jk} 

POh + L\ Jk} 
POh 

(5.8.1.29b) 

Jk+l} 
Pgh 

Jk) 
Pgh 

L\ Jk) 
Pgh 

The dimension of the Jacobian matrix corresponding to the dependent variables is 6 x 6. 

It has full row and column rank. 

Since all of the dependent variables in loop 3 depend on the independent variable 

t, Eq. 3.4.24 is modified slightly to incorporate the specified variable SOd from loop 2. It 

follows that 

(5.8.1.30) 

where BS, are corresponding to the specified joint variables SOd, is defined as 

(5.8.1.31) 

Thus, the velocity coefficients for dependent variables can be evaluated from 

(5.8.1.32) 
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Likewise, the partial derivatives of Bd matrix for dependent variables can be 

obtained from Eq. 3.5.8 with a little modification, so that 

where B S and aBs/aqi are obtained from loop 2. Applying Eq. 5.8.1.33, the partial 

derivatives of Bd can be evaluated by 

[ 

a2P3g/at2] 

[dHSg -dH8h dH~h ] a2p3h lat2 

a2p~h/at2 
= _sH8da2soi at2--OsH8/awsoiat 

-ddHS/ atap~/at+adH8h/atapgh/at-d~~h/atap~h/at 
(5.8.1.34) 

Loop four couples the steering and the suspension systems through the tie rod. 

This loop is composed of a lower control arm, a wheel hub, a tie rod, a steering link and a 

pitman arm. By solving this loop, the rotational displacement of the wheel hub, the inner 

and the outer ball joint displacements of the tie rod can be obtained. The topological 

representation is shown in Fig. 5.8.1.4. 

Figure 5.8.1.4 Topology of steering and suspension loops 



207 

Based on this tree structure, the arc joint connectivity and its corresponding 

reachability matrices are defined by 

and 

[

10000] -1 1 0 0 0 
Ca = 0 0 1 0 0 

o 0 -I I 0 
000-11 

[

10000] I I 000 
Ra= 00100 

00110 
00111 

(S.8.1.3Sa) 

(S.8.1.35b) 

By inspecting the graph shown Fig. 5.8.1.4, the chord joint connectivity and its right 

inverse matrices can be defined by 

Ce = [ 0 -I 0 0 1] (5.8.1.36a) 

and 

Rc = -CeRa = [I 1 -1 -1 -1] (5.8.1.36b) 

The dependent joint variables are collected in the column matrix pd, so that 

d 
Pdg 

pd= d 
Pgi (5.8.1.37) 

pgi 

where 

P~g = 8dg3 (5.8.1.38a) 

------------------- -~--------
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(S.B.1.3Bb) 

d _ [ Sbi2] Pbi -
Sbi3 

(S.B.1.3Bc) 

For convenience, all of the specified variables determined from loops I and 3 are also 

collected in the column matrix pS, such as 

P&a 

pS = p~ 

Pw 

(S.B.1.39) 

P~g 

where 

P&a = SOa (S.B.1.40a) 

(S.B.1.40b) 

(S.B.1.40c) 

(S.B.1.40d) 

Thus, the corresponding specified and dependent joint influence coefficient matrices are 

defined by 

SHO - hO 
Oa-30a 

SHO hO 
ab = 3 ab 

SHO hO 
Od=20d 

--- --- --------------- ---

(S.B.1.41a) 

(S.B.1.4Ib) 

(S.B.1.41c) 



dHO hO 
dg = 3 dg 

dHO_[ ° hO ] bi - 2hbi 3 bi 
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(5.8.1.4ld) 

(5.8.l.4le) 

(5.8.1.410 

(5.8.1.4lg) 

These joint influence coefficient matrices form the block diagonal arc and chord joint 

influence matrices as 

(5.8. 1. 42a) 

(5.8.1.42b) 

(5.8.1.42c) 

From Eqs. 5.8.1.37, 5.8.1.39 and 5.8.1.42, the Jacobian matrices corresponding to the 

dependent and specified variables are defined as 

(5.8. 1. 43a) 

(5.8.1.43b) 

where the dependent Jacobian matrix .Td has a 6 x 6 dimension, full row and column 

ranks. All of the dependent variables in the loop can be evaluated by the following 

Newton-Raphson iterations 
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dpd(k) 
dg 

[ -dHSg -dff~i dHD bi ] dpd~k) gl =-<p
D 

(5.8.1.44a) 

d d(k) 
Pbi 

d(k+l) pd(k) dpd(k) 
Pdg dg dg 

d(k+l) = pd~) + ~pd~k) 
Pgi gl gl (5.8.1.44b) 

d(k+l) pd(k) dpg~k) Pbi bi 

Since all of the dependent quantities in this loop are determined by the independent 

variable t and a, the partial derivatives of the dependent variables with respect to the 

independent variables t and a must be computed respectively. Since there are six 

dependent variables and five specified variables and among those five specified variables 

there are two independent variables, Bd is a 6 x 2 matrix and B i is a 5 x 2 matrix. 

Applying Eq. 5.8.1.30, the velocity coefficients matrix Bd can be computed as 

ap~/at ap~g/aa 

[ -dHSg _dHD, 
gl -dff~i ] ap~Jat ap~jaa 

api/at apgi laa 
ap&/at ap&Jaa 

ap~b/at ap~b/aa (5.8.1.45) 

=-[ sHD sHD sHD _sHSg ] Da ab - Dd 
ap&iat ap&Jaa 

ap~glat ap~Jaa 

Likewise, the partial derivatives of Bd with respect to t and a must be evaluated 

for the evaluations of joint accelerations. Applying Eg. 5.8.1.33, the partial derivatives of 

dependent velocity coefficient matrix Bd are obtained by 



[ 

a2pag/at2 ] 
[_dH~g -~~j dHgj ] a2p~j lat2 

a2pgj/at2 
= -aSHg/atap8/at-sHgaa2p3jat2-aSH~b/dtap~/at-SH~bip:/at2 
+aSH&/atap8iat+SHgdipfu/at2+dSH~/atap~/at+SH~gip~/at2 
+adH~/atapa/ dt+a~~j/atap~Jat-a~gj/atapg/at 
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(5.8.1.46a) 

a2pag/ae2 

[-~gg _dH~j dHgj ] a~~jae2 

a~gjae2 

= -asH8a/aeap8a/ae-sH8aiP8iae2 -aSH~b/aeap~b/ae-SH~bip:/ae2 
+asH8iaeap8iae+SH~ip8iae2+dSH~g/aeap~/ae+SHSgip~/ae2 
+a~gg laeap~/ae+ddH~j laeap~j /ae-a~gi laeapgi lae 

a2pag/atae 

[-~Sg -~~j dHgj ] a2p~j latae 

a2pgj lawe 

(5.8.1.46b) 

= -asH8a laeap8/at-sHga i p3i aWe-asH~b laeap~/at-SH~a2 P:/ alae 
+asH8d/aeap8jat+sHgdip8iatae+dSH~g/aeap~/at+SHSga2p~/atae 
+a~gg/aeap~/at+ddH~i / aeap~Jat-adHgi laeapg/at 

(5.8.1.46c) 



a2p~g/aeat 

dHgi ] a2p~i laeat 

a2pgi/aeat 
= -asHg/atap&a /ae-sHga i p8/ aeat-asH~b/atap~b/ae-sH~bi P~b/ aeat 

+asH8/atap&d/ae+SH8dip8i aeat+dsHg/atap~g/ae+ sHgga2p~/ aeat 
+a~~/atap~/ae+ddH~j atap~i / ae-adHg/atapgi / ae 
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(5.8.1.46d) 

The above equations are used to demonstrate the vehicle suspension modeling procedure 

in precomputing process. The precomputed dependent joint displacements, and the first 

partial derivatives and second partial derivatives of dependent variables are stored in 

lookup tables and they can be used during run time simulations. Some of the graphical 

representations of lookup tables are illustrated in Figs. 5.8.1.5. 

In Chapter 4, the independent variable selection processes were extensively 

discussed. The purpose of independent variable selection process is to keep a stable 

system with a minimum amount of accumulated computational errors. One way to 

achieve this is to keep the norm of velocity coefficient matrix as close to the optimal 

value of 1 as possible. This indicates that each entry in B matrix should be small in order 

for the norm of B matrix to be closer to 1. Normally, we select a set of independent 

variables such that all of the dependent variables are insensitive to small perturbations of 

independent variables. This idea can be illustrated by the following expression 

B =apd ~ Pd 
api Pi (5.8.1.47) 

Further, all of the independent variables are computed by the equations of motion. So if 

B grows, then all of the errors contained in the independent variables from the integration 
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process will be magnified by the B matrix. Therefore it is important to select a set of 

independent variables such that the norm of B remains a minimum. In our example, the 

shock-absorber translational joint is selected as the independent variable. It is our 

expectation that the independent variable selected in this example may keep the system 

more stable than any other joint variable. One may chose the revolute joint of lower 

control arm as the independent variable. The comparison of B matrices corresponding to 

these different independent joint variables will show which one is a better choice. 

However, in a practical modeling process, we are not only considering the mathematical 

concept of the choice of independent variables, but also need to consider what type of test 

data or design parameters are available to us. Vehicle suspension is driven by the spring 

and shock-absorber system and the quantities of its motion are easy to obtain based on 

different load conditions. That is why it is practical or natural to chose the shock

absorber joint as the independent variable. It is then concluded that better selection of 

independent variables will lead to a more stable system and will provide a better 

mechanical advantages. 

5.8.2 Suspension System with Deformable Joints 

In an actual suspension system, both the upper and lower control arms are 

connected to the chassis by bushing joints as shown in Fig. 5.8.2.1. A bushing joint is a 

special type of joint used in most vehicles. The most popular bushing is made of rubber, 

inner and outer sleeves. For double-wishbone type of suspension, there are two bushing 

Joints for each control arm. The advantage of using bushing joints in suspension systems 

is to avoid the harshness due to impact loads from the roads. A typical bushing joint 

construction is shown in Fig. 5.8.2.2. Usually under the impact load, a suspension system 

is allowed to move a small amount of distance in order to reduce the impact load. This 

-_ .... - --- .-. ---
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kind of small displacement is occurred in suspension because of the bushing joints. Thus 

bushings play an important role in achieving a comfortable ride. 

Bushing Joints Upper Ball Joint 

/ 

Lower Ball Joint 

Figure 5.8.2.1 Suspension System with actual Bushing Joints 

Figure 5.8.2.2 Typical Silen Block Bushing Joint 

Since each control arm has two bushings connecting to the chassis, the first step is 

to use an equivalent bushing joint replacing the two bushings, as shown in Fig. 5.8.2.3. 
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Since the displacements of bushings are very small in most vehicle applications, the 

formulation based on Taylor series expansion will be applied to compute all the 

dependent joint variables effected by the bushings. In most vehicle applications, 

bushings are allowed to have lateral displacement and rotation about the vertical axis as 

shown in Fig. 5.8.2.4. Thus each bushing has two OoF in stiff mode and one OoF in free 

mode, where the rotation about the bushing axis is the motion in free mode and the 

rotation about the axis perpendicular to bushing axis is the small motion in stiff mode. 

On the other hand, the corresponding equivalent bushing has one OoF in stiff mode and 

one OoF in free mode. Similar to the system with rigid joints, the equivalent joint 

displacement round the joint axis of lower control arm is computed from loop 2. The rest 

of the dependent joint displacements are computed in loop 3. Since these bushing joints 

are chosen as arc joints, Eg. 5.4.13 may be applied to compute B matrices. 

Equivalent Bushing 

Convert 

Figure 5.8.2.3 Convert suspension system to a system with equivalent bushings 

Comparing Eq. 5.4.13 with Eg. 5.8.32, Eq. 5.8.32 can be modified to compute the 

B matrix for dependent variables effected by the equivalent bushing joints. In order to 

clearly explain the procedure, the modified version of Eq. 5.8.32 is expressed in terms of 

primitive joint coefficient matrices and joint variable components. It follows that 



Equivalent 
Bushing 

Original Position 

Figure 5.8.2.4 Small Displacement of Suspension 

aedg1/at aedgl/ae! aedg1 /ae~ 

aedg2/at aedg2/ae! aedg2/ae~ 

aeOb/at aeOb/ae! aeOb/ae~ 

aegb1/at aegb1/ae! aegbl /ae~ 

aegb2/at aegb2 /ae! aegb2 /ae~ 

aegb3/at aegb3 /ae! aegb3 /ae~ 
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= [ ~h8daeoiat -Jh8d-Jh8b] 

(5.8.2.1) 

where e~ represents the rotational stiff variable around the joint local vertical axis of 

lower control arm and e~ represents the rotational stiff variable around the joint local 

vertical axis of upper control arm. The first column of B matrix is the partial derivative 

of dependent joint variables with respect to the independent variable t in free mode. The 

second column of B matrix is the partial derivative of dependent variables with respect to 

the bushing stiff displacement variable of lower control arm, and the third column of B 

matrix is the partial derivative of dependent variables with respect to the bushing stiff 
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displacement variable of upper control arm. It is interesting to note that Eq. 5.8.2.1 has 

the same Jacobian matrix as the Jacobian in the system with ideal rigid joints. The entries 

of the second and third columns of B matrix will be used to compute the displacements of 

all the dependent variables in the loop. Recall that the displacement of dependent joint 

variables can be obtained by 

(5.8.2.2) 

where qs contains e~ and e~ and Bs is the submatrix of B matrix. In the precomputing 

procedure, p(qr) and Bs are computed and stored in lookup tables. Since qs in Eq. 5.8.2.2 

is the independent variable, it is computed from the equations of motion. If the small stiff 

rotational displacements of lower and upper control arm, namely e~ and e~, are 0.1 rad 

each, then the dependent joint displacements computed by Eq. 5.8.2.2 are shown in Figs. 

5.8.2.5 to 5.8.2.9. 
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5.8.3 Joint Subspace Projection Method 

So far we have discussed how to calculate joint displacements effected by 

equivalent bushing joints. Next we need to find the stiffness of an equivalent bushing 

joint and then relate that to the deflection of the original bushings. Methods for finding 

the equivalent stiffness and the projection of equivalent bushing joint displacement into 

the original bushing subspace are developed in this section. 

Figure 5.8.3.1 The relation between bushings and equivalent bushing 

For a double wishbone type suspension, there are two bushings for each control 

arm as shown in Fig. 5.8.3.1, where qJ, q2 represent the bushing joint displacements and 

q3 represents the equivalent joint displacement. In a general suspension system, the 

displacement of a bushing in the stiff direction is very small and thus the bushing 

displacement may be written in terms of the equivalent bushing joint displacement; i.e., 

(5.8.3.1) 

The time derivative of Eq. 5.8.3.1 gives 

[ ~I ] = [ BI2 ] (h 
q2 BI3 

(5.8.3.2) 

---- -- -- ------------
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The reaction force corresponding to each bushing in the stiff directions can be written as 

(5.8.3.3a) 

(5.8.3.3b) 

(5.8.3.3c) 

where ki> k2 and k3 are bushing stiffnesses. According to the law of energy conservation, 

the work done by the bushings must be equal to the work done by the equivalent bushing, 

which can be written as 

Substituting Eq. 5.8.3.3 into Eq. 5.8.3.4, the above equation becomes 

or it can be written in matrix form as 

Substituting Eqs. 5.8.3.1 and 5.8.3.3 into Eq. 5.8.3.6 gives 

qr[Bl]1fk1 0][Bl]q3=qIk3q3 
B2 lo k2 B2 

Equating the coefficient of qJ from both sides of Eq. 5.8.3.7 gives 

(5.8.3.4) 

(5.8.3.5) 

(5.8.3.6) 

(5.8.3.7) 

(5.8.3.8) 

Since q3 is independent, equating the coefficient of Eq. 5.8.3.8 on both sides gives 

(5.8.3.9) 
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or 

(5.8.3.10) 

For a given B 13 and B23, the equivalent bushing stiffness k3 can be computed from Eq. 

5.8.3.10. 

Furthermore, since the two original bushing joints and the equivalent bushing 

joint rotate around the same joint axis, the joint velocities around the axis must be the 

same. This three joint system is shown in Fig 5.8.3.2. 

and 

1 2 

Figure 5.8.3.2 Graphical representation of bushing relations 

The velocities of the three joints between i and j in frame i can be expressed by 

Vi -vi 
11 - 33 (5.8.3. 11 a) 

(S.8.3.11b) 

Equations 5.8.11a and 5.8.11 b may be further expressed in terms of joint velocities and 

the corresponding joint influence coefficient matrices. It follows that 

(5.8.3. 12a) 

and 

-----------~-- ... -
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(5.8.3.12b) 

MUltiplying HiT through Eq. 5.8.3.12a and H~T through Eq. 5.8.3.12b gives 

(HiTHi) . (HiTHi) . I I ql = I 3 q3 (S.8.3.13a) 

and 

(HiTHi) . (HiTHi) . 2 2 q2 = 2 3 q3 (5.8.3.13b) 

Substituting Eq. 5.8.3.2 into Eq. 5.8.3.13, Eqs. 5.8.3.13 becomes 

(HiTHi ) B . (HiTHi) . 1 1 13q3 = 1 3 q3 (5.8.3. 14a) 

and 

(HiTHi ) B . (HiTHi) . 2 2 23q3 = 2 3 q3 (5.8.3.14b) 

If Hi and H~ have full column rank, then B 13 and B23 can be obtained by 

(5.8.3.15a) 

and 

(5.8.3. 15b) 

For the current suspension system, if the equivalent bushing is placed in the 

middle of the two original bushing joints, then Bk matrix for the upper control arm can be 

found as 

o 4.4829 
1 0 
o 1 
o -4.4820 

(5.8.3.16) 

1 0 
o 1 
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Further, If the original bushing lateral stiffness for the upper control arm is equal to 

100lb/in, then the equivalent stiffness matrix for the upper control arm is obtained by 

applying Eq. 5.8.3.10. It follows that 

o 
o 4.218~Xlo' 1 (5.8.3.17) 

Likewise, if the equivalent bushing is placed in the middle of the original bushings, then 

Bk matrix for the lower control arm is found as 

o 
1 
o 
o 
1 
o 

8.79 
o 
1 

-8.79 
o 
1 

(5.8.3.18) 

If the lateral stiffness of the original bushings is also equal to 100 lb/in, then the 

equivalent bushing stiffness matrix of lower control arm is obtained as 

o 
o 1.565~XI(J' 1 (5.8.3.19) 

This is a useful process which can be used in the loop of the suspension designs. Notice 

that by replacing the equivalent bushing joint, the system stiffness is increased. If the 

DoF of the system is reduced, the system becomes stiffer. Therefore, It is important to 

understand how the physical system works before any DoF is reduced. In this example, 

the equivalent bushing joint is properly placed in the same rotational direction. It shows 

that the equivalent bushing stiffness is increased. Placing the equivalent bushing in 

different position will effect the physical motion of the suspension system. Based on 

experimental data of the suspension stiff motion, one can select the locations and 

orientations of right type of equivalent bushing. 



6.1 Conclusions 

CHAPTER SIX 

CONCLUSIONS AND RECOMMENDATIONS 
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In this research, numerical precomputational methods were developed and 

discussed for constrained multibody systems with idealized nondeformable and 

deformable joints. The precomputational techniques introduced in this thesis may be 

used for constrained multibody system modeling and possible real-time simulations. 

The precomputational methods for constrained multibody systems with idealized 

nondeformable rigid joints were discussed and demonstrated for their applications. The 

basic concepts of spatial algebra were introduced and applied substantially to all the 

formalism developments for constrained systems. The main advantage of using spatial 

algebra is that it combines translational and rotational displacements, their first and 

second time derivatives in configuration space, and forces and moments in function space 

into compact abstract representations of equations of kinematics and motion. Since 

spatial algebra combines the rotational and translational quantities into a compact form, it 

is easier and more convenient to manipulate and optimize the system equations. In the 

preprocessor, constrained system models are represented by topological graphs which can 

be manipulated and analyzed to achieve an optimal representation. Thus, spatial algebra 

and graph theoretic methods allow separation of system topology, kinematics, and inertia 

properties to obtain generic equations. Further, the velocity and acceleration coefficients 

allow explicit elimination of all spatial and dependent joint coordinates yielding a 

minimal system of highly coupled differential equations. These highly coupled 

differential equations may be solved at run-time by employing recursive projection 

method [72]. Since explicit expressions for all dependent variables and coefficients of 
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their first and second time derivatives are generated in preprocessing, substantial matrix 

operations during run-time are avoided. Therefore, computational efficiency is 

dramatically improved. 

Furthermore, a minimum set of equations of motion for arbitrary constrained 

mechanical systems are expressed in terms of a set of independent joint variables q. How 

effectively these equations describe a system's dynamics depends on how Pa(q) and Pc(q) 

change with respect to q. One may chose a set of q which may lie in the tangent 

directions of joint manifold, however q may not be in the tangent directions of system 

constraint manifold. Thus, it is important to identify how much q deviates from the 

system constraint manifold. Kinematically, it makes sense to apply driving forces or 

displacements to a system in those directions. In this case, QR decomposition of the 

constraint Jacobian matrix provides the optimal directions and defines the corresponding 

functional relationships between p and q. However, it is impractical to apply QR 

decomposition frequently, so compromises between efficiency and optimal performance 

must be made by performing QR at a selected number of configurations. Thus, QR is 

performed in the preprocessing to determine the independent variables. Precomputing 

various quantities off-line and expressing them as interpolated functions of q can save 

considerable computational overhead. Most importantly, no additional QR or matrix LV 

factorizations, other than those necessary to manipulate the coefficient matrix in the 

equations of motion, have to be performed during run-time. The small overhead of 

matching independent variable trajectories at the QR boundaries may be a small price to 

pay for the added numerical stability and efficiency of the method. The main price paid 

for obtaining highly efficient algorithms is the increased complexity of developing them 

and verifying their accuracy. 

In the thesis, the existing precomputing process for constrained multibody 
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systems with idealized nondeformable joints has been extended to precomputation of 

constrained multibody systems with deformable joints. The special off-line techniques of 

precomputation for the systems with deformable joints have taken the advantages of· 

modeling efficiency of constrained systems with idealized rigid joints. Thus, the 

additional modeling overheads for the constrained systems with deformable joints are 

minimized. Since the deflection of deformable joints are very small in most engineering 

practices, the first-order Taylor series expansion is used to incorporate the joint 

flexibility. This extended off-line precomputational development breaks the bottleneck 

of computing dependent quantities during the run-time and allows to compute the 

dependent quantities for the constrained systems containing deformable joints during 

preprocessing. A vehicle suspension coupled with steering system was used as a 

numerical example to demonstrate the precomputational procedure by computing all of 

the dependent quantities effected by the deformable joints. The velocity coefficients 

associated with stiff modes of deformable joints were evaluated, which was used with 

Taylor series expansion to predict the displacements of dependent variables. Along with 

the suspension modeling process, a special subspace projection method was developed to 

establish the kinematic relations between the equivalent and the original bushing joints. 

This was done by replacing the original suspension bushing joints with the equivalent 

bushing joint. The stiffness of the equivalent bushing joint depends on where it is placed. 

The location and orientation of the equivalent joint may be determined based on the 

experimental data. The quantities associated with the equivalent bushing joint are then 

projected back to the subspace of the original bushing joints. Although the subspace 

projection method has been demonstrated through the example of vehicle suspension 

system, it can be applied to general constrained multibody systems with deformable 

joints. The entire development throughout this thesis is specifically beneficial for vehicle 

dynamic system designs. Precomputational process could be a powerful tool in the loop 

--- -----------------------
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of design process. Design engineers can use this process to modify and optimize their 

designs in the very early stages of design. 

6.2 Recommendations 

Precomputational approach has demonstrated great potentials for large scale 

constrained multibody system simulations. A limitation of this approach could be the 

dimentionality of the lookup tables. When the system has a large number of independent 

variables! sometimes it is difficult to visualize or graphically represent the lookup tables. 

In addition, the lookup tables may require large computer memories. It is helpful and 

efficient if large scale constrained systems to decouple or break down the system into 

many small loops. Thus, each small loop only contain one or a few independent 

variables. In many cases, a closed kinematic loop only contains dependent and specified 

variables. Since the specified variables are determined by other loops, lookup tables can 

be constructed for each small loop. In order to apply precomputational procedure more 

effectively, it is necessary to conduct further research to establish an automated procedure 

to effectively decouple large scale constrained systems into as many decoupled small 

loops as possible. 

The development of precomputation for a system with deformable joints may be 

extended into other areas such as design sensitivity. For a system with deformable joints, 

stiff variables are introduced in addition to the free variables. These stiff variables are 

used to incorporate joint flexibility. In a similar manner, one may use design variables to 

replace stiff variables. Now the dependent quantities of the constrained system can be 

precomputed in terms of design variables instead of stiff variables. This process can help 

design engineer to analyze the sensitivity of a system in early design stage to achieve an 

optimal design. 
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