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ABSTRACT 

The propagation of light pulses whose spectra are in the vicinity of a material 

two-photon resonance is studied. We derive the appropriate form for the nonlin

ear polarization. In the limit of fast material response (as compared to the pulse 

duration) we obtain a wave equation that includes a new term that reflects the 

nonlinearly dispersive nature of the propagation. We find that nonlinear disper

sion leads to self-steepening, and asymmetric spectral modulation, which in the 

absence of linear dispersion eventually leads to an optical shock formation. How

ever, second-order linear dispersion is eventually able to stop the steepening and 

we show that a new set of solitons are supported by the system, resulting from the 

interplay of linear dispersion, intensity dependent refractive-index, and nonlinear 

dispersion. We assess the effects of third-order linear dispersion on these pulses 

and show that for realistic values of the parameters and not too large propagation 

distances they remain relatively stable. We study also the evolution of ultra-short 

pulses in a medium whose relaxation time is comparable to the pulses duration, 

and apply those results to the study of femtosecond pulse propagation in quantum 

dot doped waveguides. 



1.1 Overview 

CHAPTER 1 

INTRODUCTION 

11 

Ever since the field of Nonlinear Optics was born with the availability of the 

laser, researchers in this area have searched for materials that allow the use of non

linear effects at relatively low powers, which demands materials with the highest 

possible nonlinearities. In particular many proposed devices use the nonlinear re

fractive index for all-optical switching, e.g. nonlinear directional coupler [1 J. From 

the early stages it was realized that enhancement of the nonlinear refractive in

dex could be achieved by working close to a resonance[2, 3, 4J. It became clear, 

however, that there was a price to pay in the form of increased absorption, both 

linear and nonlinear, as the resonance was approached. Therefore attention was 

devoted to obtaining materials in which the ratio of the nonlinear refractive in

dex to the linear and nonlinear absorption was as high as possible. These ratios 

were expressed as two figures of merit, T = kondf32 and W = kob.nsat/a [5J that 

quantify the relative strength of the nonlinear refractive index and of the linear 

and nonlinear absorption, respectively [1 J. They do so by assessing the nonlinearly 

induced phase shift, kob..nN L, over one linear absorption length, a-lor over one 

nonlinear absorption length, (aNL)-l = (f32I)-1. One area that received attention 

was the study of multi-photon processes. In particular, the use of two-photon res

onances allows a resonant enhancement of the nonlinearities without an increase 

in the corresponding absorption as high as in the one-photon case. This occurs 
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because the individual frequencies of the photons involved are very much detuned 

from any real one photon transition, and thus there is no accompanying increase in 

the linear absorption as is the case for the one-photon resonant enhancement[3, 2]. 

In recent years two distinct frequency regimes have been studied in semiconduc

tors: very close to and above the bandgap a strong nonlinearity exists, resonantly 

enhanced by one-photon transitions, that results from the photoexcitation of free 

charge carriers and excitons[6]. The other regime is for light frequencies below the 

half bandgap ,where a weaker nonlinearity exists due to the virtual excitation of 

"bound" electrons[7]. This nonlinearity is typically found to be much faster than 

the resonant one, and experimental measurements have shown that the nonlinear 

refractive index is several orders of magnitude stronger then in glasses, either in 

bulk [8] multiple-quantum-wells [9, 10, 11, 12, 13], or micro crystallites [14] form. 

Therefore it is very attractive for all-optical switching [15], nonlinear propagation 

in fibers, self-focusing and damage in optical materials [16], and optical limiting in 

semiconductors[17]. Thus, it is important to study the effects that the proximity 

of such a two-photon resonance might have on light propagation. 

Previous studies were performed on the propagation of light pulses close to a 

two-photon resonance. Belenov & Poluektov studied theoretically the propagation 

of a pulse in resonance with a two-photon transition, showing that pulses could 

propagate unchanged if a quantity proportional to the energy of the pulse is an in

teger multiple of 27f[18]. Takatsuji rederived the same results using a vector model 

and density matrix techniques [19, 20]. His vector model is an approximation that 

requires the input light frequency to have a relatively large detuning with respect 

to the intermediate levels. Grischkowsky et al. [21], using a different vector model 

introduced by Brewer & Hahn [22], studied propagation of pulses nearly resonant 
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with a two- photon resonance, making use of the adiabatic following approxima

tion. They found that pulse-reshaping effects were strongly coupled to self-phase 

modulation effects and can not be treated separately. The propagating pulse ex

periences nonlinear dispersion that leads to self-steepening, together with chirping 

and a significant broadening of the pulse spectrum. 

More recently Yang et al. [12] studied the propagation of femtosecond pulses 

near half the band gaps of bulk AIGaAs and GaAs/ AIGaAs multiple quantum well 

waveguides, both experimentally and theoretically. Again nonlinear pulse disper

sion and self-steepening were evident, with a pronounced asymmetry in the spectral 

domain. For their numerical study they used values for the nonlinear refractive

index coefficient, n2, and two-photon absorption coefficient, f32, obtained from the 

theory of Sheik-Bahae et al. [9]). Their calculation is performed in frequency space, 

considering only linear absorption, and nonlinear refraction and two-photon absorp

tion, neglecting any linear dispersion effects. 

This thesis is devoted to the study of pulse propagation near a two-photon 

resonance. In the remainder of this Chapter we give a review of the linear wave 

equation, including group velocity dispersion and third order dispersion. Then we 

layout the plan for the thesis. 

1.2 Linear wave equation 

The propagation of light in a medium is described by the macroscopic Maxwell's 

equations. These read (we use MKS units throughout this dissertation and boldface 

denotes a vector or tensor): 

V·D PI (1.1) 



V-B 0 

VxE 
aB 
at 

VxH aD . 
-+JJ at 

together with the constitutive relations 

B µH+M 

D EoE + P 
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(1.2) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

that relate the magnetic induction B to the magnetic field H and magnetisation M, 

and the electric displacement D to the electric field E and polarization P. Here e is 

the dielectric constant and µ is the magnetic permeability. The distortions caused 

by the incident electric field on the atomic structure of the medium create local 

dipole moments. This gives rise to a polarization field, which acts as a source term 

in Maxwell's equations. In fact it is the dependence of the polarization P on time 

history, spatial inhomogeneities, medium density fluctuations, and field intensity, 

that leads to nontrivial behavior in the propagation of light. 

In optics we are generally concerned with media where free currents or charges 

vanish (PJ ,jf = 0). We also consider only nonmagnetic media (µ = µ 01, where I 

denotes the identity tensor). 

Taking the curl ofEq. (1.3) and with the help ofEq. (1.1) and Eq. (1.4) through 

Eqs. (1.6) we obtain: 

V X (V XE) 
1 a2E a2P 

- c2 8t2 - µo at2 

V(V · E) - V2E 

(1. 7) 

(1.8) 
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which describes propagation both in the linear and nonlinear regimes. For fields 

small compared with the atomic binding electric field between the core ions and 

the outer electrons (which is of the order of 1011 vm- 1
) the polarization can be 

expanded in a power series in the electric field: 

p p(l) + p(2) + p(3) + ... 
'-v-" 

PL PNL 

(1.9) 

where p(n) = EoX(n)E1 ···En, x(n) the n-th order susceptibility tensor ( of rank 

n + 1). This holds true away from resonances, close to which a fully quantum 

mechanical treatment is necessary[2),[3]. For most materials and under most con-

ditions truncation of the above expansion at third order is appropriate. Moreover 

if the material has a center of symmetry ( as is the case for isotropic media) all even 

order terms will be zero due to symmetry. Often the tensors x(n) can be reduced 

to a single independent parameter (i.e. effective susceptibility [2], [3]) for a given 

geometry of interaction. 

We can now rewrite Eqs. (1.7),(1.8) as 

2 1 a2E 1 a2PL 
V E - V(V · E) - -- - --

c2 8t2 t:0c2 8t2 

where we used t:0µ0c2 1. 

1. 2 .1 Monochromatic waves 

1 82
PNL 

EoC2 8t2 (1.10) 

Consider for the moment only the linear part of P , and the case of an isotropic 

medium. Also take E as a monochromatic linearly polarized field at frequency w0 : 

(1.11) 
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We can then use an effective scalar representation for x(l) and write ( with PL = 

Eoi1)E ): 

0 (1.12) 

where the index of refraction n is defined as: 

n = J1 + x(l) (1.13) 

A similar equation is obtained for the Fourier transform of the field E(w0 ) at fre-

quency w0 : 

0 (1.14) 

where 

(1.15) 

This is called the linear dispersion relation. 

1.2.2 Wave packets 

A purely monochromatic field cannot represent a field with a time varying am

plitude as is the case of a pulse, and therefore we must look at the next best 

representation, namely a set of monochromatic fields with a narrow distribution of 

frequencies ( L).w « w0 ), or a "quasi-monochromatic" field. We write this as: 

E(r, t) = i [Ew
0 
(r, t)e-iwot + cc] (1.16) 

where Ew0 (r, t) is a slowly varying amplitude on the scale of (w)-1,and w0 is the 

central frequency. 



17 

Furthermore the medium does not respond instantaneously to the driving field. 

To take this into account we write: 

PL = co 1.: R(1l(t - t')E(t')dt'. (1.17) 

In the above equation R(1
) is the linear polarization response function of the 

medium. Time invariance (i.e. lack of a preferred origin for time) requires it to 

depend only on the difference of its two time arguments. Causality requires it to 

be zero for negative arguments, i.e. PL can only depend on the values of fields E at 

earlier times. Since both PL and E are real vectors, R(1
) must also be real. Eq. 1.17 

has as its Fourier Transform: 

(1.18) 

where x(1) (w) is the linear susceptibility and is related to the linear polarization 

response function a Fourier Transform operation: 

(1.19) 

Consider for the moment propagation along the z axis, so that ( with k0 = k ( w0 )) 

Ew
0
(r, t) = E(r, t)eikoz. For the monochromatic field (1.11), applying gt to the field 

has the effect of multiplying it by (-iwo) (and likewise applying tz has the effect 

of multiplying it by ik0 ). But when Ew0 (r, t) is time dependent, the operator : 

leads to multiplication of E(r, t) by (%t - iwo), and tz coresponds to multiplication 

by ( tz + ik0 ). This leads to a new dispersion relation that is a differential equation 

instead of an algebraic equation: 

0 (1.20) 



18 

We can now expand the arguments in Eq. (1.20) in Taylor series around w0 and 

consider slowly varying amplitudes (so that an+i /oan+i = µon /Ban, µ << 1 ,and 

a = t, z ). Many authors justify this neglect of second order derivatives as compared 

to their first order counterparts by stating that the variatio_ns of E(w) can be 

considered small over distances of the order of a wavelength. However Crisp [23] 

showed that its real significance is that it is equivalent to neglecting the component 

of the field generated by P NL( w) that propagates in the - z direction ( see also [ 4]). 

We then obtain the propagation equation for £ ( r, t): 

[)£ k' [)£ i k" [)2 £ - ! k"' [)3 £ 
a z + 0 at + 2 ° at 2 6 ° at3 

. . 
'l 2 'l 

--v7 J_£ - -v7(v7. £) = 0 
2ko 2k0 

(1.21) 

where v7i is the laplacian in the transverse plane, 82 
/ 8x2 + 82 

/ 8y2
, primes denote 

derivation relatively to frequency, and the subscript O indicates that quantity is to 

be evaluated at w = w0 . 

We generally set the term v7 · E to zero. In bulk this is strictly true only in 

isotropic or cubic media. In waveguides or fibers it is equivalent to neglecting the 

component of the electric field along the direction of propagation, which is valid 

in the so called "weakly-guiding" limit. In this limit the longitudinal component 

of the field is much smaller than the components perpendicular to the propaga-

tion direction, being proportional to the index difference. Quantitatively, this is 

expressed as: 

n?- n5 
2n5 

n1 - no 
no 

« 1 

(1.22) 

(1.23) 

(1.24) 
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where nl is the cladding refractive index and no is the core (fiber) or film (waveg

uide) refractive index, and nl ~ no. In a waveguide with a one-dimensional index 

distribution we can also set \1 . E = 0 by choosing E to be polarized parallel to the 

index step. 

The term \11 describes transverse diffraction. We will do away with it by con-

sidering only plane waves in bulk, or considering a modal solution for the transverse 

profile in the case of a waveguide or fiber, i.e., e(r, t) = U(r..L)e(z, t), in which case 

ko becomes the propagation constant. Then we can make a separation of variables 

into transverse and longitudinal variables. In the transverse plane we have the 

equation for the transverse profile: 

while the longitudinal envelope e(z,t) is a solution of: 

ae k' ae i k"a
2
e _ ~k",a3e - 0 

az + 0 at + 2 0 at2 6 0 at3 - . 

(1.25) 

(1.26) 

The term k~(ae)/(at) is also removed by going to a reference frame moving at 

the group velocity Vg = l/k~. This coresponds to the change of variables t - k~z ---7 

t', z ---7 z'. We are then left with the linear propagation equation: 

(1.27) 

where we dropped the primes for clarity. Thus, t is now the retarded time. The 

second and third terms of the previous equation lead to group velocity dispersion 

(GVD) and third order dispersion (TOD), respectively. Since they arise from a 

Taylor expansion for small ~w, TOD is only appreciable as compared to GVD for 

large bandwidths or when Wo is very close to a zero of GVD. Thus, ego TOD is 

negligible in fibers for pulses longer then 10 fs[5] , with central frequency away from 
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the zero of GVD. However if the propagation leads to an appreciable broadening of 

the spectrum that conditions will not hold true after some distance of propagation. 

As the bandwidth increases the importance of TOD will increase and eventually it 

will become essential to take its effect into account. 

1.3 Plan of dissertation 

The remainder of this dissertation deals with the form of the nonlinear po

larization for the particular case of two-photon resonance, and the study of the 

propagation of very short light pulses in such a medium. In Chapter 2 we derive 

an expression for the third-order polarization in the vicinity of a two-photon reso

nance. We then obtain the corresponding propagation equation for pulses that are 

long compared with the characteristic linear response time of the medium. We also 

calculate numeric values taken by the relevant parameters for some materials, of 

interest because of their observed suitability for the applications already mentioned 

in the Overview. 

We solve the wave equation in the dispersionless limit in Chapter 3, exactly for 

propagation far away from resonance, and numerically in the case of near resonance. 

Chapter 4 is dedicated to solving the equation once linear dispersion is reintroduced. 

We will show that it allows for the existence of a new set of fundamental solitons. 

In Chapter 5 we assess the effect of TOD on the solutions described in the previous 

Chapter. 

Finally in Chapter 6 we consider the situation in which the pulse length is 

comparable to the response time of the system, and apply the results to explain 
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experimental results on the propagation of short laser pulses in quantum-dot-doped 

waveguides. 
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CHAPTER 2 

NONLINEAR WAVE EQUATION 

2.1 Third-order nonlinear polarization and pulse propaga-

tion 

In this Section we derive the form of the third-order nonlinear polarization 

needed to study pulse propagation in an isotropic medium in the vicinity of a 

two-photon resonance. First we recall the general formalism as a guide, and then 

discuss the form of the third-order nonlinear response function. The third-order 

nonlinear polarization is then derived. 

2.1.1 General formalism 

The third-order nonlinear polarization may be written in component form as 

[24] 

(2.1) 

where we have suppressed the spatial dependence meanwhile. Here the functions 

RUkz (t1, t2, t 3 ) are the components of the third-order nonlinear response tensor, the 

Einstein summation convention on repeated indices is employed, and the indices 

i, j, k, l run over the cartesian coordinates x, y, z. The dependence of the response 

only on the difference of time arguments is a consequence of time shift invariance. In 

the most general case we would also consider spatial dispersion, i.e., the polarization 
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at a point is also a function of the fields at neighboring points. However for optical 

fields the variation over atomic distances is small and so we consider them to be 

constant. This is known as the dipole approximation and allows us to neglect spatial 

dispersion. For an isotropic medium the third-order nonlinear r.esponse tensor may 

be expressed as 

R~~yy(t1, t2, t3)8ij8kt + R1~xy(t1, t2, t3)8ik8jt 

+ R~~yx(t1, t2, t3)8il8jk, (2.2) 

where intrinsic permutation symmetry allows us to permute the pairs of labels 

Equation (2.1) for the nonlinear polarization may be converted to the frequency 

domain by decomposing the fields and polarization in terms of a sum of the positive 

and negative frequency components present as in Eq. (1.11). This yields 

(2.3) 

where w(T = Wp + wq + Wr, ~ is a degeneracy factor which represents the number 

of distinct permutations of all the combinations of three frequencies wp, Wq and Wr 

whose sum adds up to w(T (if there are only three such frequencies then ~ = 1 if 

all three frequencies are the same, ~ = 3 for two distinct frequencies, and ~ = 

6 for three distinct frequencies). The third-order nonlinear susceptibility tensor 

(3) ( . ) . . b Xijkl -w(T, Wp, Wq, Wr 1s given y 

l /_oo dt /_oo dt /_oo dt R~~) (t t t )ei(wpti +wqt2+wrt3) 
4 1 2 3 iJkl 1, 2, 3 

-00 -oo -00 

(2.4) 
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1.e. the susceptibility and the response function are Fourier transforms of each 

other. In the above equation the last line applies to the case of an isotropic medium. 

The third-order nonlinear polarization (2.3) describes how three fields at frequen-

cies wp, wq, and Wr may be combined to produce a fourth field at frequency Wcr· 

Note that intrinsic permutation symmetry allows us to permute the pairs of labels 

(j,wp), (k,wq), and (l,wr) [24]. 

If we consider the case of intensity dependent effects for a monochromatic field 

of frequency w, then combining Eqs. (2.3) and (2.4) for an isotropic medium yields 

the third-order nonlinear polarization in vector form as [25] 

(2.5) 

where Ew is the vector electric field at frequency w, and the complex coefficients 

A(w) and B(w) are given by 

A(w) 3x~~yy(-w; w, w, -w) + 3x~~xy(-w; w, w, -w) 

6x~~yy(-w; w, w, -w) 

- dt dt dt R(3) (t t t )eiw(ti +t2-t3) 3 /_00 /_00 /_00 
2 _ 00 1 -oo 2 _ 00 3 xxyy 1, 2, 3 , 

B(w) 6x~~yx(-w; w, w, -w) 

- dt dt dt R(3) (t t t )eiw(ti +t2-t3) 3 /_00 /_00 /_00 
2 _00 1 -oo 2 -oo 3 xyyx 1, 2, 3 , 

and obey the relation 

A(w) + B(w)/2 = 3x~~xx(-w;w,w, -w). 

This completes our survey of the general formalism. 

(2.6) 

(2.7) 

(2.8) 
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2.1.2 Third-order Response Function 

To proceed we assume a quasi-monochromatic electric field with mean frequency 

w0 (as in Eq.(1.16)) along with a similar expression for the third-order nonlinear 

polarization 

1 . t 
P(t) = 2[Pw(t)e-iw + c.c], (2.9) 

and substituting into Eq. (2.1) yields the nonlinear polarization in component form 

as 

p(3) (t) w,i 

X E . (t - t )E (t - t )E* (t - t )eiw(t1 +trt3) w,J 1 w,k 2 w,l 3 · (2.10) 

Equation (2.10) is still general and we need to introduce restrictions which reflect 

the fact that we are in the vicinity of a two-photon-resonance. To this end we 

first examine the structure of the nonlinear susceptibility and this will lead us to a 

generic form for the third-order response function in the vicinity of a two-photon 

resonance (by use of Eq.(2.4).) 

A general expression for the two-photon resonant third-order nonlinear suscep-

tibility has previously been derived [25, 26], and in our notation reads 

(3) (- . ) _ Kajk(-wp, -wq)ail(-wcr, wr) 
Xijkl Wcr, Wp, Wq, Wr - (n ·r) ' 

H - Wp - Wq - 'l 
(2.11) 

where K is a constant, n is the two-photon transition frequency between the initial 

quantum state lg) of the medium and the final state If), and r is the transition 

linewidth. This form results from selecting from the general expression for the third-

order nonlinear susceptibility only the terms that are resonantly enhanced and thus 

are much larger than all the others. Although the order of the frequencies in the 
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third-order nonlinear susceptibility (2.4) is immaterial (they may be rearranged 

using intrinsic permutation symmetry) it is common practice to adopt a specific 

ordering for resonant processes. In Eq. ( 2.11) the frequencies are ordered such that 

Wp and Wq are those involved in the two-photon transition: This accounts for the 

appearance of these frequencies in the resonant denominator. This corresponds to 

the physical scenario in which the fields Wp and Wq are in two-photon resonance 

with the medium, which is then in a superposition of the unperturbed states lg) 

and If). This creates a macroscopic polarizability of the medium, and the field at 

frequency Wr is then scattered of this polarizability, creating a field at frequency 

-Wu· (See Figure 2.1 for a representation of the levels and the appropriate quantum 

mechanical transitions that contribute to this susceptibility.) The first-order 

polarizability matrix elements CXmn(w1, w2) in Eq. (2.11) are given by [25, 26, 3, 2] 

(2.12) 

where the index R runs over the intermediate quantum states of the medium which 

allow for the two-photon transition between the dipole-uncoupled states lg) and 

If), n,9 is the one-photon transition frequency between the dipole-coupled states 

lg) and IR), and µmis the projection of the dipole operator along the cartesian axis 

m = x,y,z. 

The nonlinear susceptibility (2.11) depends on all its frequency arguments in 

general. Here we are interested in pulse propagation in the vicinity of a two-

photon resonance while at the same time being well removed from any one-photon 

resonances. This means that all the field frequencies w1 and w2 of interest in Eq. 

(2.12) are well removed from the one-photon transition frequencies n,9 , so that the 

frequency dependence in the first-order polarizability matrix elements (2.12) may 
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f 

---1-----, 

g 

Figure 2.1: Two-photon resonant difference frequency generation. Two-photon 

absorption corresponds to the degenerate case Wp = w(T, wq = Wr· 

be neglected [25]. In this case the third-order nonlinear susceptibility (2.11) is seen 

to depend only on the two frequencies Wp and Wq which are those responsible for the 

two-photon transition (since the dependence in Wr appears only through ail). This 

is a common notion which is used to evaluate the nonlinear susceptibility in the 

vicinity of a resonance when the frequencies Wp, wq, and Wr lie in the transparency 

region [27]. The corresponding third-order nonlinear response tensor can now be 

obtained by using the fact that xUlt ( -w(T; wp, wq, Wr) and R}]lt (t1, t2, t3) / 4 are a 

Fourier transform pair [2], which yields 
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- dw dw dw xU (-w . w w w )e-i(wpt1 +wqt2+wrt3) 1 /_00 /_00 /_00 3 . 

2 3 P q r iJkl <T, p, q, r 
7f -00 -oo -00 

(2.13) 

Here the delta-function in the time variable t 3 is a direct consequence of the as-

sumption that the nonlinear susceptibility is independent of the frequency Wr· This 

derivation may cause some concern since in Eq. (2.13) we integrate over all frequen-

cies and it is physically impossible that the susceptibility is dispersionless for all 

Wr. In fact as we approach the region where the linear polarizability has resonances 

a strong frequency dependence will exist. However, note that for the purpose of 

calculating the nonlinear polarization Eq. (2.10) what we actually need is the time 

convolution of the response function with the electric field. In the frequency do-

main the nonlinear polarization is given by Eq. (2.3), which shows that what we 

need is the product of the spectra of the third-order susceptibility and of the elec

tric field. For a pulsed field of finite bandwidth the electric field Ez ( Wr) becomes 

negligible outside the bandwidth. Since, as noted above, the polarization P/3) (w(T) 

is proportional to Ez(wr) it too is negligible outside the field's bandwidth. We as-

sume that the nonlinear susceptibility is dispersionless for Wr over the bandwidth 

of the pulse. But outside that bandwidth the product of the two will be negligible 

no matter what the value of the nonlinear susceptibility, since Ez(wr) is negligible. 

In this case we may extend the nonlinear susceptibility to be dispersionless for 

all Wr, and the physical quantity of interest, the nonlinear polarization, remains 

unchanged. Therefore, Eq. (2.13) is a legitimate approximation to the response 

function when the spectrum of the field lies in the transparency region far removed 

from any one-photon resonances. We shall employ Eq. (2.13) hereafter. 
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The basic assumption we have made is that the intermediate levels through 

which the two-photon transition proceeds are far removed from the spectrum of the 

pulse [27]. This is a commonly met situation which covers cases of current interest. 

For example, current experiments in semiconductors [28, 14, _29] employ photon 

energies just below the half-bandgap to avoid excessive TPA [30]. Taking E9 = 

1.65 for AlGaAs [12] with a photon energy nw = 0.8eV, and a pulse bandwidth 

n5w = O.Ole V for a 400fs pulse duration, we satisfy the assumptions employed here. 

In particular, the upper bound of the pulse energy spectrum n(w + 5w) = 0.8leV 

is clearly far below the bandgap energy and non-resonant with any one-photon 

interband transitions. 

2.1.3 Third-order polarization 

We have tacitly adopted the above ordering of frequencies in our preceding 

discussion. In particular, from Eqs. (2.6) and (2.7) for A(w) and B(w) we see that 

wp = w, wq = w, Wr = -w, so the resonance condition is 2w = n. The third-order 

nonlinear polarization may now be obtained by substituting Eq. (2.13) for the 

response tensor in Eq. (2.10) 

p(3) (t) 
w,i 

3 /_00 /_00 -f dt dt [n\~) (t t )eiw(t1 +t2)] 
4 0 -00 1 -00 2 iJkl 1, 2 

(2.14) 

This polarization describes the physical situation in which two fields at frequency 

wP = wq = w combine to produce a polarizability at frequency 2w, and a field at 

frequency Wr = -w is subsequently scattered to produce the nonlinear polarization 

at frequency Wcr = w. Physically, the approximations we have made imply that it 

is the time retardation of the polarizability induced in the medium which is the 
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important element, and retardation of the scattered field is irrelevant. In Eq. (2.14) 

the polarizability is proportional to the the full expression preceding the scattered 

field Et(w, t). 

Equation (2.14) incorporates the complete time history of the field through the 

remaining time integrals over t 1 and t 2 . However, away from the conditions for two-

photon resonance the complete time history is not required. This will generally be 

the case when the detuning from two-photon resonance is much larger than the 

linewidth, l2w - DI >> r. In addition, if the field envelopes vary slowly on the 

characteristic time scale tR of the net response function in square brackets in Eq. 

(2.14) then a perturbative approach suffices. This time scale arises from the fact 

that the response function R~]kt(t1 , t 2 ) is characterized by the two-photon transition 

frequency D, so the net response function has characteristic frequencies 2w ± D. 

Clearly, the plus sign yields a highly nonresonant contribution so the appropriate 

characteristic time scale is tR = 12w - n1-1
. Collecting these results together, if 

we take the pulse duration tP as the characteristic time scale of the electric field 

envelopes, we may employ a perturbative approach to the retardation effects when 

J2w - DltP >> I'tP >> 1. (2.15) 

The condition I'tp > > 1 follows from the requirement that the pulse bandwidth 

t; 1 should be less than the two-photon linewidth r, otherwise two-photon coherent 

effects may be important [21]. Clearly, Eq. (2.15) can never be satisfied under 

conditions of exact two-photon resonance l2w-D1 = 0. Assuming that the condition 

(2.15) is satisfied, we may Taylor expand the fields around time t as 

( ) 

f"'v () 8Ew,i(t) Ew,i t - ta f"'v Ew,i t - ta at , (2.16) 
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where we neglect the higher-order terms, and a = 1, 2. Then substituting Eq. 

_(2.16) into (2.14), and using Eq. (2.2) for an isotropic medium we obtain 

i 8 A ( [ BE *] [ *] BE) + 2Eo ow at . E E + E . E at 

+ i:_Eo BB (~[E · E]) E* 
4 aw at ' 

(2.17) 

where E = Ew(t) is the vector electric field envelope. In deriving this equation we 

have used the result that 

BA - -~J_oo dt J_oo dt (t +t ),r,(3) (t t) iw(t1+t2) 
a - 'l 1 2 1 2 '"'xxyy 1, 2 e , 

w 2 -00 -oo 
(2.18) 

along with a similar expression for 8 B /ow, and we have also neglected terms 

quadratic in the time delays t 1 and t 2 . 

Equation (2.17) is the main result of this Section. Note that the first two terms 

on the right-hand-side are identical in structure to the monochromatic result in 

Eq. (2.5). We assume that these are the dominant terms in the expansion of 

the nonlinear polarization and that the remaining two terms may be treated as 

perturbations. Here we stress that these perturbative terms arise from the time 

retardation in the polarizability and reflect the dispersive character of the two-

photon transition through the complex coefficients BA/ow and BB/ow. Both of 

these parameters appear since two-photon transitions contribute to both A(w) and 

B(w) [3]. (In contrast, one-photon transitions contribute only to A(w).) 
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2.2 Pulse propagation equation 

In this section we obtain a propagation equation for the electric field envelope 

by introducing the nonlinear polarization (2.17) as the driving term in the wave 
-

equation ( 1. 21). For either linear or circular polarization and in the limit of large 

detunings (as quantified by Eq.(2.15))below the two-photon resonance we obtain a 

propagation equation containing a new term that captures the features of propa-

gation close to a two-photon resonance. 

2.2.1 Envelope equations 

Having now an expression for the third-order polarization in Eq. (2.17), we can 

obtain the propagation equation for the field envelope. For that we use the form for 

the third-order polarization of Eq. (2.17) as the nonlinear polarization in the right 

hand side of Eq. (1.10). In particular, we consider plane-wave propagation along 

the z-axis and, upon reintroducing the spatial variable, write the electric field and 

nonlinear polarization as 

Ew(r, t) 

P~\r, t) (2.19) 

We can now invoke the slowly varying envelope approximation already used in 

Section (1.2.2), but now apply it also to the second derivative of the third-order 

polarization. Thus the operator ( %t - iw0 ) 
2 

multiplies the amplitude PS3
). In this 

case we keep only the term that does not contain derivatives (i.e., the term of order 

µ0 in the notation of Section (1.2.2)), or -w5PS3). We reobtain Eq.(1.21) for the 

left-hand side (that only contains linear terms) and so are left with the following 



propagation equation for the vector field envelope E(z, t) : 

= - ~: [A(w)[C. e']C + ~B(w)[C. C]e*] 

_i w
2 

oA ([oE . e*] £, + [E. E*] oE) 
2 c2 ow at at 

_i w2 oB (_Q_[E. e]) E*. 
4 c2 ow at 
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(2.20) 

Here we have neglected both transverse diffraction and TOD. In the plane-wave 

approximation the field polarization is in the x-y plane, which allows us to neglect 

the divergence of the field (see comments at end of Section (1.2.2)). 

The general propagation Eq. (2.20) is somewhat unwieldy and is generally only 

amenable to numerical solution. However, it takes a more compact form for pure 

linear or circular polarized light. For linear polarization along either the x or y 

directions, we obtain 

. ( a 1 a i " a2 
1 Ill 0

3 
) c 

I 

c 
1

2 c . 
1 

c 
1

2 a& 
'l OZ + Vg Ot + 2ko ot2 - 6ko ot3 e, + f G- e, = -za e, ot' (2.21) 

with£ = Ex or£ = Ey in the linear basis. Here we have used Eq. (2.8) and defined 

and 

, = _!:!__ [A(w) + ! B(w )] 
2n0c 2 

3w (3) . 
-2-Xxxxx(-w, w, w, -w) 

n0c 

- 3w a (3) . a - -
2
--;--Xxxxx(-w, w,w, -w), 
n0cuw 

(2.22) 

(2.23) 
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where n2t ( w) and /32t ( w) are the nonlinear refractive-index coefficient and TPA 

coefficient for a linearly polarized field. For pure circular polarization we obtain an 

identical equation to (2.21) with £ = £+ or £ = [_ in the circular basis, and 
,, 

and 

w 
-A(w) 
2n0c 

3w (3) . 
-xxxyy(-w, w, w, -w) 
n0c 

w . 
-n2c(w) + i/32c(w)/2, 
C 

_ 3w _!!_ (3) _ . _ 
a - a Xxxyy( w, w, w, w), 

n0c w 

(2.24) 

(2.25) 

with n2c(w) and /32c(w) the corresponding nonlinear coefficients for circular polar

ization. In both cases the complex parameter "Y is a measure of SPM (real part) 

and TPA (imaginary part) as described by the real coefficients n2t,c(w) and f32t,c(w) 

for linear polarization (1) and circular ( c) polarization. From the definitions (2.23) 

and (2.25) for the complex parameter a which multiplies the correction term in 

Eq. (2.21), we see that this parameter accounts for the frequency dispersion of the 

nonlinear coefficients, i.e. nonlinear dispersion. 

2.2.2 Comparison with previous works 

Grischkowsky et al. [21] previously derived an equation of the same form as 

(2.21) for pulse propagation in an atomic vapor. The present work compliments the 

results of that paper in that it stresses the generic character of the propagation Eq. 

(2.21) for describing pulse propagation in the vicinity of a two-photon resonance. 

We also consider substantially shorter pulses that require the effect of GVD to be 

taken into account. 
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The correction term in Eq. (2.21) also bears some resemblance to the shock 

and Raman terms which arise for pulse propagation in nonlinear optical fibers 

[31, 5]. The shock and Raman terms take the general forms (here we neglect the 
I 

contribution to the shock term which arises from transverse averaging in an optical 

fiber [32, 33]) 

(2.26) 

respectively, where K, = n2tW / c ( taking linear polarization), and TR is related to 

the slope of the Raman gain spectrum at the carrier frequency. The Raman term 

is clearly different from the correction term obtained here since the time derivative 

acts on the field intensity 1£1 2 rather than the field. By writing the shock term in 

Eq. (2.26) as 

(2.27) 

we see that the shock term contains a factor identical to our correction term with 

as = -2n2tf c. The similarity is only formal, however, since the fiber equations 

are derived assuming that the field frequency is far removed from any electronic 

resonances. This means in particular that the coefficient as, proportional to n2t, 

is real and its frequency dispersion can be neglected in all practical cases [33]. In 

contrast, the parameter a in Eq. (2.23), which governs the strength of the correc

tion term in Eq. (2.21), is generally complex and is proportional to both 8n2tf 8w 

and a f32t /aw, so that this term arises solely from the frequency dispersion of the 

nonlinear coefficients n2t(w) and f32t(w ). Therefore, although the shock term famil-

iar from nonlinear fiber optics bears a mathematical resemblance to the correction 

term derived here they are distinct in physical interpretation. 
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2.2.3 Material models and parameter values 

We now calculate from some material models and realistic parameters what kind 

of values we can' expect a, the nonlinear dispersion coefficient, to take. From the 

propagation equation (2.21) we can see that a relevant quantity to calculate is the 

ratio a/(rtp), where tp is the pulse length. This ratio tells us the relative strength 

of the Kerr effect 1 (instantaneous contribution to the nonlinearity) and of the 

nonlinear dispersion, a, for a given pulse length, tP. From Eqs. 2.22 through 2.25 

we can see that this is equivalent to the ratio: 

a 1 1 ax(3) 

1tp - tp x(3) aw ' (2.28) 

and if consider the case of light frequency below half the bandgap (where /32 = 0) 

is also equivalent to: 

ftp tp n2 aw. (2.29) 

As a first model we calculate those values in the context of the Two-Photon 

Two-Level (TPTL) model. We develop that model in Appendix A to calculate 

explicitly the third-order polarization. The result is: 

(3) nx~~ 
Xtpu(-w, w, w, -w) = (0 - 2w - if). (2.30) 

From here we arrive at the expressions for I and a by use of the definitions (2.22-

2.25): 

'Ytptl = 'Ynr [[1 - (2w/n~ - i(f /n)]]' (2.31) 

and 

frtptl = 'Ynr [ n[l - (2w/~) - i(f /n)]2] ' (2.32) 

where tnr = 3wx~~ /2n0c is the nonresonant (real) value of ttptl· In the above 

equations n is the two-photon transition frequency, w is the field frequency, r is 
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the linewidth of the levels (see Appendix A for more details), and tp is the pulse 

duration. 

In Figure 2.2 we plot the quantity atptlnhtptl as a function of photon energy 

scaled to the two-photon transition energy (lin). The various curves shown corre

spond to different values of the population decay constant, r, in the range (0-0.1) n 

in increments of 0.02n. Taking as an example the plot for r = 0.020 we obtain 

from the figure a maximum value of atptlnj'Ytptl of around 30, for a photon energy 

of ~ 0.48/i0. Then the ratio D!-tptz/'Ytputp is given by 20j(Egtp), where Eg is the 

two-photon resonance energy measured in eV and the pulse length is measured in 

femtoseconds. Thus, eg., propagation at A = 1.48J.lm in CdSe (Eg = 1.74 eV), 

will have a value of atptlhtptltp ~ 0.11 for a 100 fs pulse. For AIGaAs (using the 

same value for the bandgap energy already mentioned, Eg = 1.65 eV) we have 

atptz/'Ytptltp ~ 0.12 also for a 100 fs pulse propagating at A = 1.56J.lm. From the 

same figure we can see that values of atptz/'Ytptltp in the order of 0.01-0.1 can be 

obtained for a wide range of r values and field frequencies, for this same pulse du

ration. From the expression above we can also see that the relative importance of 

nonlinear dispersion scales inversely with tp. However decreasing the pulse duration 

will also have the effect of increasing the size of GVD and TOD. 

The values obtained from the TPTL model are a good first guess, but we can 

also look for a more realistic model or experimentally measured parameters. Dis

persion relations for the nonlinear parameter 'Y below the band edge were calculated 

by Sheik-Bahae et al. [9, 34] for semiconductors and wide-gap materials. The re

sults agreed very well with experimentally determined values over a wide range of 

magnitudes of 'Y. From those expressions we can calculate the nonlinear coefficient 

'Y and, by deriving that same expression with respect to frequency, calculate D!-. 
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The only parameters needed are the bandgap energy, Eg , and the linear index of 

refraction. Since the importance of NLD is measured by the ratio of the two, we 

can obtain an universal curve for that quantity, by scaling to the quantity hi Egtp. 

This curve was calculated and plotted by Santagiustina & Wright [35] , and we re

produce it here (Figure 2.3) as a better source to estimate values for ahtp. Notice 

how similar the values obtained from this more sofisticated model are to the ones 

obtained from the crude TPTL: over the same range of scaled energies the scaled 

parameter varies in the range 5-15, i.e. a factor of two below the values given by the 

TPTL model for the particular value of r referred. As seen from Figure 2.2 higher 

values of r will lead to even closer agreement. Of course this parameter is difficult 

to estimate, which allows us to choose it as we find convenient. The drawback, of 

course, is that it makes the model more artificial. 

It is also important to investigate the consequences of our results to guided 

wave propagation. In particular, much attention has been devoted recently to 

microcrystallite-doped glass waveguides, as the doping is expected to enhance the 

nonlinear parameters of the waveguide. A theory of the linear and nonlinear proper

ties of such a composite can be constructed from suitable models once the properties 

of the individual constituents are known. For the linear coefficients the Maxwell

Garnet theory is often used. For the nonlinear theory Stroud & Wood[36] developed 

an appropriate theory for the calculation of X(3). The theory of Sheik-Bahae et al. 

is again used to calculate the nonlinear properties of the microcrystallites, as they 

are generally semiconductors. For more details we refer the reader to Ref. [37] and 

references therein. We show in Figures 2.5 and 2.4 plots of ai, for glasses doped 

with CdSe and a ternary, AIGaAs, respectively. If we again consider 100fs pulses 

we obtain a maximum ahlp of 0.08. 
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From the above examples we can then conclude that values of a/'Ytp in the range 

0.01-0.1 can reasonably be expect for pulse durations in the order of 100 fs. For 

shorter pulses that value can be increased even further, but it is likely that such 

an increase will prevent us from neglecting TOD. 
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CHAPTER 3 

PROPAGATION IN A DISPERSIONLESS 
I 

MEDIUM 

In this chapter we consider the solution of Eq. (2.21) in the limit of negligible 

dispersion (kg = 0): 

. ( a 1 a) I 12 . I 128£ i - + -- £ + 1 £ £ = -m £ -
8z Vg 8t 8t 

(3.1) 

We show that the above equation has exact analytic solutions in the limit of large 

detunings. Closer to resonance we present numerical results by assuming a partic-

ular model for the response function of the two-photon transition. 

3.1 Exact solution for large detunings 

We now obtain an exact solution of Eq. (3.1) in the limit of large detunings 

below two-photon resonance. We consider the case of below resonance since above 

the two-photon resonance one will run into the one-photon resonance if it is dipole 

allowed. In particular, we assume that the detuning is sufficient that the coefficients 

1 and a appearing in Eqs. (2.22)-(2.25) may be treated as real. This approximation 

is based on the usual notion that the nonlinear absorption drops off faster than the 

nonlinear refractive-index below the two-photon resonance. The exact solutions 

obtained in this limit display self-steepening leading to optical shock formation. 

This is already evident from Eq. ( 3.1) since we can combine the term containing 

the group velocity with the correction to obtain the nonlinear group velocity 

(3.2) 
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Thus, for example, for a Gaussian pulse the peak will move towards the leading or 

trailing edge of the pulse depending on whether a is negative or positive. 

To proceed we tlansform Eq. (3.1) to a coordinate frame moving at the group 

velocity, ( = z, T = t - z/vg, 

(3.3) 

and write the electric field envelope as 

(3.4) 

where/((, T) = IE((, T)l 2 is the amplitude squared, and¢((, T) is the phase. Then 

substituting (3.4) into Eq. (3.3) yields the pair of equations 

(3.5) 

and 
8¢ 8¢ 
8( + al BT = 11. (3.6) 

These equations are very similar to those obtained by Anderson and Lisak [38) in 

their study of pulse self-steepening in optical fibers, and they have exact solutions. 

The equation for the squared amplitude is decoupled from the phase, and can be 

solved by the method of characteristics. Its general solution in implicit form is [38) 

I((, T) = f(T - a(/((, T)), (3.7) 

where f (T) = 1(0, T) is the arbitrary initial pulse shape. The phase also has an 

exact solution which may be written as 

(3.8) 

where g(T) = ¢(0, T) - "(T/a, ¢(0, T) being the initial phase distribution. 
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Figure 3.1 shows an example of the exact solutions (3.7) and (3.8) for ahrp = 

0.04, and propagation distances ( corresponding to a peak phase-shift ,Io( = 10,20. 

Thus, ego for AIGaAs (for which n2 = 1.5 x 1O-17m2W-1 at A = 1.56J.Lm) and for 

an input intensity 10 = 10 GW cm-2 we have (NL = (,10)-1 = 0.65 mm. The 

distances at which the intensity profile is shown would then be z = 6.5 mm and 

z = 13 mm. Different input intensities will change this value through the value 

of (N L: higher intensities will shorten the distances necessary to see the effect. 

Self-steepening is evident in Fig. 3.1(a) which shows the initial, final, and half-way 

temporal pulse envelopes. 

Here we have taken the example of an initial Gaussian pulse with uniform phase 

(3.9) 

so that f(r) = Ioexp(-(r/rp)2), and g(r) = -,ria. The exact solution for the 

phase then becomes particularly simple 

¢>((, r) = ,(1((, r), (3.10) 

that is, the solution is the same as for pure SPM. This is not surprising since 

inspection of Eq. (3.3) shows that, in the absence of SPM b = 0), and for a real 

input pulse, the pulse remains real. Thus, the correction term in Eq. (3.3) does 

not produce spectral modulation on its own, but only when coupled to SPM or an 

initial pulse chirp. Figure 3.1(b) shows the variation of the instantaneous frequency 

Ow = -8¢>/8r corresponding to the self-steepening in Fig. 3.1(a). The steeper 

edge is blue-shifted (as one would expect) and the spectrum is clearly becoming 

asymmetric. This is also evident in Fig. 3.1 (c) which shows the frequency spectrum 

of the pulse. For larger propagation distances than in Fig. 3.1 the pulse forms an 

optical shock. The shock distance (cr may be evaluated using the methods of Refs. 
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[39, 40, 38]. From the above solution we can calculate the slope of the envelope. 

The distance at which it first goes to infinity gives the shock distance. For the 

Gaussian pulse in Eq. (3.9) we obtain 

fe 'P 
(er= Y 2 cdo · (3.11) 

For the example given above for AlGaAs and corresponding to the parameters 

of Figure 3.1 we would then have a shock distance (er = 29(NL = 4.8 mm. Of 

course, as that limit is approached Eq. (3.1) is no longer enough to describe the 

propagation, and we must reintroduce linear dispersion, as the spectrum is being 

broadened to several times its initial width. For propagation distances that are 

only a fraction of the shock distance Eq. (3.1) exhibits both self-steepening and 

asymmetric SPM, which are features seen in previous studies (both theoretical 

and experimental [21, 12]) of pulse propagation in the vicinity of a two-photon 

resonance. 

One other physical effect that can stop shock is linear loss. In Eq. (1.15) and 

throughout Section (1.2.2) we considered k0 to be real. This corresponds to ne

glecting the imaginary part of x(1
), which leads to loss. In most glasses at the 

wavelength we are interested in this is a good approximation since the resonances 

are mostly in the UV, and therefore they are almost dispersionless in this spectral 

range. If we keep that term and assume it to be small, Eq. (1.21) will have an 

extra term KE /2 where K = -(w /c) ( xl1l ;,/1 + x~1
)), with x~1

) ,x)1l being the real 

and imaginary parts of x(l), respectively. This will add a new term K-1 to Eq. (3.5). 

The new equation still has the intensity decoupled from the phase, and so can be 

solved as before. Then Eq. (3. 7) becomes: 

(3.12) 
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and Eq. (3.11) becomes: 

1 ( '2 Tp ) (er= -- In 1 - --2K 
2K 2 od0 

(3.13) 

Thus, if 

1 fe Tp 

2K < V 2 od0 
(3.14) 

i.e., if the damping distance is shorter than the shock distance, damping will prevent 

shock formation. With these parameter values we would have for the AlGaAs 

example an increase of the shock distance to (er = 43(NL = 7.1 mm, as compared 

with the (er = 4.8 mm found in the absence of loss. A plot of the field intensity at 

the same propagation distances as in Figure 3.1 is shown in Figure 3.2, with the 

parameter K = 0.01. 

3.2 Two-photon two-level model 

The exact analysis given in the previous Section is valid only for large detunings, 

in which case the coefficients , and a in Eq. (3.1) may be treated as real. How-

ever, in any real application the tradeoffs between TP A and SPM are of paramount 

importance [30]. Here we use a two-photon two-level (TPTL) model to illustrate 

the utility of our formalism in the presence of TPA, when the coefficients , and 

a become generally complex. The TPTL model provides a generic model incorpo-

rating TPA and SPM in a self-consistent manner. Note that in the limit of low 

excitation this model reduces to an effective oscillator model, which has previously 

been employed in studies of pulse propagation in optical fibers involving stimulated 

Raman scattering [41, 42]. 

For concreteness we consider the case of a linearly polarized field. Then from 

Eqs. (2.22) and (2.23) we see that we require the quantity A+ B /2, or the effective 
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response function R1~yy(t1 , t2) + R1~yx(t1 , t2)/2. Here we employ the results of 

Appendix A for the TPTL model. In particular we use Eq. (A.17), and comparison 

with Eq. (2.14) allows us to obtain the response function, which we write as: 

(3.15) 

with the oscillator Green's function: 

(3.16) 

and x~3
) is the nonresonant value of X1~xx· The net response function (3.15) clearly 

forces the condition that the remaining two time arguments t 1 and t 2 need to be 

equal, and is causal due to the presence of the Heavyside function B(t1 ). Using the 

net response function (3.15) and Eqs. (2.6)-(2.8) we obtain the third-order nonlinear 

susceptibility 

(3) _ _ _ nx~~ 
Xxxxx( w, w, w, w) - (0 - 2w - if). (3.17) 

This nonlinear susceptibility displays the correct two-photon resonance condition 

2w = n, and in the limit n > > 2w the nonlinear susceptibility tends to its nonres

onant value x~3
). 

We have performed numerical simulations of pulse propagation using Eq. (2.21) 

and the TPTL model. The input pulse was chosen as the Gaussian pulse in Eq. 

(3.9). For the simulations the time variable Tin Eq. (2.21) was scaled to the pulse 

duration Tp, so the parameters required are ry and a/Tp· Using the results above 

for the TPTL model these parameters become: 

'Y = 'Ynr [[1 - (2w/0~ - i(f /fl)]] ' (3.18) 

and 

(3.19) 
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where TnT = 3wX~~ 12noc is the nonresonant (real) value of T' In these equations 

the dimensionless expressions in square brackets dictate the frequency dependence 

of the respective 'parameters, and are seen to depend only on the dimensionless 

quantities win, r In, and nTp. Figure 3.3 shows an example of pulse propagation 

for parameters win = 0.448, r In = 0.003, nTp = 359, and propagation distances ( 

for which TnTIO( = 4.5 and 9. The initial, final and half-way temporal pulse profiles 

are shown in Fig. 3.3{a) and self-steepening is evident. However, in contrast to the 

exact solution in the previous section this example shows significant losses due to 

TPA as evidenced by the drop in field intensity. Figures 3.3{b) and 3.3{c) show 

the output pulse instantaneous frequency versus time and the frequency spectrum, 

respectively, and asymmetric self-phase modulation is clearly occurring. 

3.3 Discussion 

The numerical results presented in the previous Section display self-steepening 

and asymmetric self-phase modulation. These are generic features of our model of 

pulse propagation in the vicinity of a two-photon resonance. The exact solutions 

presented in Section 3.1 also display optical shock formation. However, optical 

shock formation will most certainly be thwarted by nonlinear absorption and linear 

dispersion as well as higher-order correction terms beyond those considered here. In 

particular, in deriving the nonlinear polarization (2.17) we have neglected correction 

terms involving time derivatives of the field beyond first-order. However, as the 

optical shock forms it causes large temporal gradients in the field which violate 
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the assumptions leading to (2.17). In this case the more general form of the third

order nonlinear polarization (2.14) should be incorporated or used to derive higher

order correction terms in a systematic fashion, and optical shock formation is then 

halted. Physically, as the optical shock forms the pulse spectrum broadens and the 

proportion of the spectrum overlapping the two-photon resonance increases, leading 

to increased absorption and halting of shock formation. That same broadening leads 

eventually to a violation of the quasi-monochromatic assumption (b.w «: wo) used 

in Section 1.2.2. The number of terms we need to include in the expansion for k(w) 

grows until we have to consider the full function. 
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CHAPTER 4 

PROPAGATION IN A DISPERSIVE MEDIUM 

We now study the influence of linear dispersion on pulse propagation near a 

two-photon resonance. This is a very important issue to address, since many ap

plications of nonlinear materials are in the form of waveguides. In these dispersiop. 

is generally present, and even when the contribution to the linear dispersion of the 

nonlinear material is negligible in the spectral region of interest, that of the host 

material might not be. This is the case for waveguides made out of glass matrices. 

Moreover, the spatial confinement of the light introduces a contribution to the dis

persion in addition to that of the materials. Although in many applications this 

contribution is much smaller than the one from the materials, there are situations 

in which it can become dominant [43]. This provides us with an extra degree of 

freedom to control the parameters of the devices. One situation in which we want 

linear dispersion to be present is that of obtaining solitons, in which the dispersion 

(in the appropriate regime) balances the effect of the nonlinearity. 

Even in the situation addressed in the previous Chapter in which we start with 

a negligible linear dispersion, one expects that the increase in bandwidth brought 

about by the nonlinear dispersion leads to an increasingly important role of GVD 

to the point of not being negligible anymore. 

If we look back at the chirp figures in Chapter 3 we see that the two edges of the 

pulse develop frequency shifts of opposite signs. This means that under the influ

ence of GVD the pulse edges are going to propagate at different velocities, thereby 

moving relatively to each other. From the interpretation of nonlinear dispersion 



56 

as a nonlinear group velocity (see Section 3.1, and in particular Eq. (3.2)) we can 

expect that the relative sign between GVD and nonlinear dispersion will lead to 

fundamentally different behaviors of the pulse evolution. Thus, if we consider pos

itive nonlinear dispersion, then self-steepening occurs on the trailing edge of the 

pulse with a concomitant shift of the instantaneous frequency towards the blue side 

of the spectrum. We can see this as a "catching-up" of the peak by the trailing 

edge of the pulse. If we are in a normally dispersive medium, "bluer" frequencies 

travel more slowly then their "reder" counterparts. Then we will have two effects 

adding up to bring the trailing edge towards the center of the pulse. In other words, 

normal dispersion will accelerate the steepening of a pulse in a positive nonlinearly 

dispersive medium, therefore decreasing the shock distance. Similarly a negative 

nonlinearly dispersive medium will produce an increase in the steepening of pulses 

(now in the leading edge) in the anomalous linear dispersion regime. 

What happens when the linear and nonlinear dispersions are of opposite nature is 

not so clear from this type of reasoning. It is obvious that shock will be delayed, but 

can it be stopped, and under what conditions? If so will an equilibrium be reached 

where the pulse (with eventual reshaping) propagates without change? The answer 

to this question becomes much more important if we shift the perspective taken in 

the previous chapter and in the above analysis (in which we looked at GVD as a 

small perturbation to Eq. (3.3)) and now look at NLD as the perturbation to the 

Nonlinear Schrodinger equation (NLS). Then the answer to the above questions 

tells us if the new system can support solitons or at least solitary waves. It is 

particularly important as NLD needs to be taken into account if one is to use two

photon resonantly enhanced nonlinear refractive index materials for applications 
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that rely on the existence of solitons ( as is the case of communications, and, possibly 

all-optical computing). 

4.1 Numerical results 

In order to answer the questions raised above we performed numerical studies 

of the behavior of pulses upon propagation in a medium with both NLD and GVD. 

Obviously we are more interested in the region of anomalous dispersion since we 

know that in that region solitons do exist in the absence of NLD. So it seems 

natural to take the NLS equation as a starting point. Thus numerical simulations 

were performed for the equation 

. aq i a2 q I 12 . 'I 12 aq 
i- + -- + q q = -ia q -
8( 28T2 BT 

where the new variables are given by 

T 

(=~ 
Zn 

q 

t- zk~ 
tp 

t2 
z - p 

D - lkol 
(zn~)1;2£ 

while the coefficient a' is defined as 

a' = 

1 ax(3)(-w,w,w,-w\wo) 
x(3) (wo)tp aw 

1 8n2 (wo) 
n2(wo)tp aw 

( 4.1) 

(4.2) 

(4.3) 

where a and ~ are given by Eqs. (2.22,2.23) or by Eqs. (2.24,2.25). The time tp 

is a measure of the pulse duration (e.g. for a sech pulse TFwHM = l.763tp)- In 
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Eq. (4.1) it is implicit the choice of anomalous dispersion through the positive sign 

in front of the second term. We also assume cl to be real. The above scaling for 

the propagation distances is relative to the linear dispersion distance, ZD. If we 

consider the case of a glass with k~ = -0.01ps2/m [37] and a 100 fs pulse then 

ZD = 1m. If this glass is doped with a semiconductor we can have a value of 

n2 = 3 x 1O-19m2W-1 . Then in a waveguide of 9J-Lm diameter we would require a 

peak power of pso/ = 52W to have q = l. 

The numerical simulation were performed using the Split-Step Fourier method 

(SSF) with 1024 points in the time domain, and a space step such that the linear 

phase shift was much less than 27r. We relegate the details of the numerical methods 

to Appendix C. 

We start the investigation taking as reference solitons of the NLS. These provide 

a comparison from which we can assess the effects of NLD on the propagation of 

otherwise stable, robust and unchanging pulses (apart from the known oscillations, 

or breathing, of higher order solitons). 

Starting with a single soliton (N=l), and taking ex' = 0.1, we can see from 

Figure 4.1 that the soliton shifts in time, which indicates a shift in its central 

frequency. The spectrum has very little change, but if we plot it in a logarithmic 

scale as in Figure 4.2, we notice a very slight asymmetry with a shift towards the 

blue side. Since we are in the anomalous dispersion regime we would expect an 

acceleration of the pulse. Instead we observe a delay of the pulse in time. We will 

explain this behavior after describing the propagation for other parameter values. 

It is also possible to observe, although barely, that the pulse becomes asymmetric, 

with a slightly steeper trailing edge. This shows that indeed the effect of NLD is 

still being felt but that it is balanced by GVD after an initial (short) period in 
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which the pulse undergoes some reshaping. After that the spectrum of the pulse 

seems to stabilize and the pulse does not change its spectral power distribution, 

nor its shape in time. Thus linear dispersion is able to arrest the steepening of 

the pulse, for the situation a' «: 1. One other characteristic that we can notice 

in the plot for the chirp, is that both edges of the pulse are by now red-shifted, 

while only the central part of the peak remains blue-shifted. This is unlike what 

we saw in Chapter 3 for the dispersionless case, and for the initial stages of the 

propagation in the presence of dispersion. There the chirp follows a consistent 

pattern of blue-shifted steepened edge and red-shifted "flatter" edge. 

If we consider now a lower value for a' the same features are observed but more 

weakly. For a' = 0.01 even propagation for 20 dispersion lengths is barely enough 

to show any asymmetry (Figures 4.3 and 4.4), both in time or frequency. 

We turn our attention now to what happens when we launch into the system 

a higher order NLS soliton (N~ 2). Starting with a N = 2 soliton we look at 

propagation with a' = 0.01. In this case, shown in Figures 4.5 and 4.6, the soliton 

goes initially through the expected breathing that characterizes higher-order NLS 

solitons, in both the time and frequency domains. However it is clear that NLD 

is introducing a spectral asymmetry, again favoring higher frequencies. The time 

profile also develops an asymmetry and by the end of the run a breakup seems to 

have occurred, with a main peak being delayed in time while a smaller (but wider) 

component remains nearly stationary in this reference frame. 

This result is confirmed when we consider a higher value of a' = 0.1. In Fig

ure 4.7 we see that the pulse breaks up in two components, each with a different 

peak value and a different propagation velocity. The weaker pulse remains in the 
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Figure 4.2: Logarithm of power spectrum (a) and chirp super~osed to intensity at 

end of propagation ((max= 8). Parameter values are o/ = 0.1, qo = 1.0 
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Figure 4.4: Logarithm of power spectrum (a) and chirp superposed to intensity at 

end of propagation ((max= 20). Parameter values are ci = 0.01, qo = 1.0 
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Figure 4.6: Logarithm of power spectrum (a) and chirp superposed to intensity at 

end of propagation ((max = 20). Parameter values are a'= 0.01, q0 = 2.0 
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vicinity of T = 0, while the other one, which keeps most of the energy, drifts back 

in time. 

Going one step further we propagate a N = 3 NLS soliton, with 0/ = 0.01, 

whose results are shown in Figures 4.9 and 4.10. The same type of behavior as 

seen before for N = 2 is observed, but more pronounced for the same propagation 

distance. In fact the higher peak has by now moved all the way to T ~ 2.5. The 

spectrum shows more modulation but that is to be expected from the higher order 

soliton (higher intensity leads to more SPM). 

The increase of cl to 0.1 shows more clearly that this pulse is on its way to 

breaking up into three smaller pulses, not just two. Looking at Figures 4.11 and 

4.12 one sees that the most intense of the three has moved past T = 5, which 

confirms that it moves faster than the more intense pulse in the N = 2 case. In 

fact it is the middle pulse that has very nearly the same speed as the one for N = 2. 

This provides some clues to what is happening. And again some energy remains 

near T = 0 in the smallest pulse. The plot of the chirp shows that the chirp has 

already red-shifted most of the steeper edge of the taller pulse, which thus shows 

the same behavior seen for the N = 2 pulse, i.e. red-shifted wings and blue-shifted 

peak. 

To confirm this we propagated this same pulse to a longer distance. As we 

expected the three pulses appear (Figure 4.13) rather separated by now. Inspection 

of their chirp shows very clearly that the peak is indeed blue-shifted and the wings 

red-shifted. Moreover the propagation seems to have reached a steady state as was 

observed for the N = 1 soliton. 

From the observed characteristics and properties of the propagation seen over 

the course of these simulations, one can draw some conclusions and even attempt 
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Parameter values are a'= 0.1, qo = 2.0, (max= 8. 
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at end of propagation ((max= 20). Parameter values are ci = 0.01, Qo = 3.0. 
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to answer the questions posed at the beginning of this chapter, namely, about 

the possibility of obtaining stable propagation of pulses as a result of equilibrium 

between NLD and GVD. The key to explain that equilibrium lies in the chirp 

of the pulse. We noticed before that the pulses as they reach a stable shape and 

propagate unchanged, have their spectrum slightly blue shifted. As we remarked, in 

the anomalous GVD regime we would expect this to accelerate the pulse, contrary 

to what is observed. But we must remember the interpretation presented before 

of NLD as a nonlinear (intensity dependent) velocity. The chirp shows that its 

only the peak of the pulse that is blue-shifted. Then due to GVD the peak will 

accelerate relative to the parts with no chirp or that are red-shifted. At the same 

time the peak is being slowed down relative to the wings by its higher intensity 

due to a positive NLD. Conversely in the wings we have a lower intensity allowing 

them to move faster than the peak, but a GVD slowing them down due to their 

lower frequencies. The point of equilibrium is at the points with zero chirp, and 

since those points have a finite intensity they move relatively to the reference frame. 

This is then the overall velocity we will see the pulses moving at. Notice that the 

higher pulses have the "point-of-no-chirp" at a higher intensity and so is natural 

that they move faster (magnitude-wise). 

In the Inverse Scattering Transform (1ST) theory one is required to solve a 

scattering problem for a potential which is the pulse amplitude [5, 44]. The real 

part of the associated eigenvalues determines the velocity of the pulses. For a 

N soliton it turns out that there are N such eigenvalues, all with the same real 

parts. Thus these eigenvalues travel at the same speed and therefore the soliton 

remains bound (although it may oscillate as is the case of the breathing previously 

mentioned). When we introduce NLD dispersion into the picture it acts as a 
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perturbation that lifts the degeneracy between the real parts of the eigenvalues. 

Thus they will now travel at different velocities and the pulse breaks up into its 

constituents (each composed of a individual eigenvalue).The imaginary part of those 

eigenvalues determines the relative amplitudes. So a N-soliton is composed of the 

eigenvalues with imaginary parts 1/2,3/2, ... (2N -1)/2. If we look into our results 

we see that for the case N = 3 the individual pulses it breaks into have their peak 

intensities in the approximate ratio 1.0 : 8.4 : 25.3 which is very close to the 

expected ratio (1/2)2 : (3/2)2: (5/2)2. The fact that taller pulses are also narrower 

is then explained by the relation between amplitude and inverse width of the NLS 

solitons. Of course this only reflects the physical fact that a higher intensity leads 

to more SPM and therefore "self-focuses" more before GVD can balance it. 

From these numerical results we can expect Eq. (4.1) to have bound solutions. 

Moreover the above picture we draw about how NLD acts as a perturbation to 

the NLS, is a good indication that the eigenvalues for the problem are still well 

defined, i.e. there are solutions to the equation that look like slightly changed NLS 

solutions. We will try to obtain such solutions in the next Section. 

4.2 Analytical results 

4.2.1 Previous work 

An equation similar to Eq. (4.1) (without the Kerr term) was shown to be in

tegrable by Chen et al. [45]. However a solution was not provided. According to 

Wadati & Sogo [46] that was a consequence of the resulting eigenvalue problem 

being too difficult to solve. Instead they provide a variable transformation that re

casts that equation into the so called Derivative NLS (DNLS). This result allows, at 
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least in principle, to use the solutions of the DNLS obtained by Kaup & Newe11[4 7]. 

The difference between the DNLS and our Modified Nonlinear Schrodinger equa

tion (MNLS) is the replacement of the NLD term by the intra-scattering Raman 

term. One expects then that the methods used to solve one might at least be a 

lead to the solution of the other. 

We will use then the works of Mihalache et al. [48], of Anderson & Lisak [38] 

cited earlier, and of Oliveira et al. [49] as a starting point to obtain solutions for 

the MNLS. 

4.2.2 Integration of the MNLS 

4.2.2.1 Integration 

Mihalache et al. [48] provide an independent variable transformation that trans

forms their MNLS (which is different from ours, in that it includes the intra

scattering Raman term instead of the NLD term) into a DNLS (to which we will 

refer from now on as the DNLS-I, following Sasa & Satsuma [50]).That variable 

transformation reads in our notation: 

( 
1 ) 

1

/

2 

[. ( T ( ) ] ( y'2( ) q((,T)= -- exp i --- V hT--,( 
\!'2a' a' 2a'2 a' 

(4.4) 

leading from their equation to the DNLS-I : 

ivx + vrr + i(lvl 2v)r = 0 (4.5) 

where 

(4.6) 
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It turns out that the same variable transformation allows us to transform Eq. (4.1) 

into 

(4.7) 

which we shall refer to as DNLS-II. This transformation will allow us to find general 

solutions for Eq. (4.1) once we find solutions for Eq. (4.7). The procedure actually 

starts with Eq. (4.1), after writing q((, r) as a product of amplitude and phase. We 

will not give the details here, but defer them to an Appendix(B). Then we are able 

to obtain two solutions of Eq. (4.7) representing single "hump" pulses, and which 

propagate unaltered, thus evidencing soliton-like behavior. These solutions are: 

Algebraic soliton 

v(T X) _ 4~ 
, - [1 + 16~4(T - 4~2X)2l1/2 

x exp {i [2~2T - 4~4X - arctan (4~2(T - 4.6.2 X))]} (4.8) 

Sech soliton 

Then using Eq. (4.4) to relate the DNLS-II with the MNLS we obtain for this one 

the solutions 

Algebraic soliton 

x exp {i [(!... - -( ) + 2V2.6.2 (r _.f) a' 2a,2 at 
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Sech soliton 

4.2.2.2 Ansatz 

Looking back at Chapter 3 we recall that we were able to integrate exactly 

the equation for the intensity of the pulse (see Eq. (3.5) ). Let us investigate the 

possibility of doing the same once linear dispersion is reintroduced. Once again 

separating the field envelope in amplitude and phase 

(4.12) 

we obtain upon introducing the above equation in Eq. ( 4.1) the system of equations 

( 4.13) 

( 4.14) 

Since we are looking for solutions that represent pulses (with a single hump) we 

impose the restrictions: 

P = p(X) 

¢,, 

cfax 

p(T - Vs() 

k = canst. 

is independent of ( 

( 4.15) 

( 4.16) 

( 4.17) 
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where we introduced the new variables X = T - vs( and (' = (. The constants 

Vs and k represent the pulse inverse-velocity and wavenumber shift, respectively. 

Introducing these functional forms for p and¢ in Eqs. (4.13),(4.14) we obtain from 

the second ( after an integration in X): 

o/ 
c/Jx = Vs - -p2 

2 

Introducing this result in the first equation, We finally obtain the result: 

p2 [ v-1i-1 p2 = - 0
- cosh2 (cX) + --

2 - v 2-v 

V 

(o/)2p4 
(, - 2o/vs) P6 + 

4 
° 

1 ( , ) 2 
2c2 r - 2a Vs Po 

Then the solution for q((, T) has the form: 

[ 

V - 1 l-1/2 
cosh2(cX) + 

2 
_ v 

4.3 Discussion 

( 4.18) 

(4.19) 

( 4.20) 

The above solutions give us three sets of solitons of the MNSE. By introducing 

them as initial conditions for the numerical simulations we were able to confirm 

that indeed they propagate without change in shape, having only a shift in velocity 

(given by Vs in the case of the solution found with the "ansatz" Eq. (4.17), a' in the 

case of the sech soliton, and 1/ (1/ a'+ 2y'2.6..2
) in the case of the algebraic soliton. 

We show an example of such a solution in Figures 4.15 and 4.16. 
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CHAPTER 5 

INFLUENCE OF THIRD ORDER 
DISPERSION 
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As mentioned already in Chapters 1 and 2, the effects of TOD cannot be ignored 

in all situations. Once the duration of the pulses decreases below 100 fs the size 

of its effect starts to be comparable to that of NLD and GVD. Moreover, from the 

results of Chapters 3 and 4 the spectral broadening induced by NLD leads to an 

increase of the size of the TOD term in the wave equation. Thus it is important to 

investigate how the solutions found in Chapter 4 will be influenced by the inclusion 

of TOD. 

5.1 Propagation equation 

Considering now the linear third order dispersion in Eq. (2.21), when we scale 

it using the variable transformations defined in Eq. ( 4.2)we will add another term 

to the scaled propagation equation as expressed by Eq. ( 4.1), which then becomes: 

(5.1) 

where the new coefficient (33 is a measure of the strength of TOD as compared with 

GVD, and is defined as: 
k/11 

(33 = - 6JkgJtp (5.2) 

Notice that as the pulse duration decreases, (33 increases, which reflects the fact 

that TOD is growing in importance as compared to GVD, to which characteristic 
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lenght it is scaled. Therefore decreasing the pulse length in order to increase the 

size of NLD will also increase TOD. 

From the numbers reported in Ref. [37] we find values of -/33 in the range 0.01 -

0.1 for semiconductor-doped waveguides. This means that TOD effects must be 

studied to find out what its effect is on the solutions found in the previous Chapter. 

5.2 Previous work 

Studies were conducted in the past to investigate the influence of TOD on the 

NLS solitons. As NLS solitons result from a balance between linear dispersion and 

Kerr nonlinearity, working close to the zero-dispersion wavelength (where GVD is 

zero) would have the advantage of requiring less power to launch a soliton. As GVD 

decreases, linear dispersion has to be taken into account by considering the next 

term in the expansion of the propagation constant, TOD. It was found [51, 52, 53] 

that TOD has the effect of coupling the soliton to a dispersive wave thus radiating 

energy away. That dispersive wave has a frequency (w - WO)T f'J -1/(2/33), and 

therefore the effect grows with /33 since that frequency will be closer to the spectral 

region where the soliton has most of its energy (the pulse's carrier frequency). Note 

that this frequency corresponds to the cancelling of the two derivatives with respect 

to T in the propagation equation. In spite of that radiative loss, the soliton remained 

relatively stable for long distances of propagation. When the input "soliton" was 

launched at exactly the zero-dispersion wavelength a breakup was observed in which 

part of the energy would be shifted to the anomalous regime (and thus be described 

by the NLS with TOD as a perturbation [53]), while the remaining energy would 

shift to the normal dispersion regime and just radiate away. 
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It was also found that the propagation equation with TOD and NLD (but no 

GVD) is exactly integrable, as long as those two coefficients are in the exact ratio 

1:6. From the point of view of a physical system it is not possible very often to 

realize parameter values that precisely. However it is still useful as a guideline, as 

demonstrated in this case by the work of Santagiustina & Wright [35]. 

5.3 Numerical results 

We use the results from Chapter 4 as reference and a starting point for the study 

of the effects of TOD. Thus we performed numerical simulations for the same values 

that were used before for the parameters 0/, qo and (max' Again starting with qo = 1 

for (max = 8, we obtain the results shown in Figures 5.1 and 5.2 for /33 = -0.01 

and /33 = 0.01, respectively, when a' = 0.1. As we can see from the Figures, 

the qualitative behavior is essentially the same as without TOD. However closer 

inspection shows that a negative /33 increases the frequency shift introduced by the 

nonlinear dispersion, as evidenced by the increase in the speed relatively to the 

reference frame moving at the group velocity of the carrier. Conversely, a positive 

/33 leads to frequency (and velocity) shift of the same magnitude but opposite sign. 

This is more clearly shown in Figure 5.3 where we plot the pulse profile at ( = 8 

for the three cases /33 = 0, -0.01 and +0.01. Then we conclude that a positive 

/33 (which corresponds to a negative kg') tends to offset the frequency shift of the 

nonlinear dispersion. This result is in agreement with previous results, particularly 

the fact that, as mentioned before, Eq. 5.1 is integrable in the particular case the 

ratio a' : (J3 is 6 : 1. By this we do not mean that the effect of /33 is just to bring the 
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Figure 5.1: Pulse propagation results for the MNLS in the presence of TOD. Shown 

are the intensity (a), and the spectral power (b). Parameter values are /33 = -0.01, 

a'= 0.1 with qo = 1 for (max= 8. 
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Figure 5.2: Pulse propagation results for the MNLS in the presence of TOD. Shown 

are the intensity (a), and the spectral power (b). Parameter values are {33 = 0.01, 

ci = 0.1 with qo = 1 for (max= 8. 
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Figure 5.4: Logarithm of spectral power for the MNLS in the presence of TOD. 

Parameter values are /33 = -0.01, ci = 0.1 with q0 = 1 for ( = 5 

soliton to a state closer to the NLS soliton. In fact as /33 grows its effect becomes 

larger than that of the nonlinear dispersion, and for lal < 61/331 the shift will occur 

towards the opposite direction. Moreover TOD has also the already mentioned 

effect of removing energy from the soliton, coupling it to a dispersive wave. 

This is evident from Figures 5.4 and 5.5, which show the spectral power of the 

pulse in a logarithmic scale. The peaks and oscillations present near (w - w0 )/tp = 

±5.5 correspond to the spectrum of the dispersive wave, and are growing with 

propagation distance. Note, however, that their amplitude is still very small, and 
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so we can expect the pulse to be stable for a significant propagation distance, 

certainly larger than the 8 dispersion lengths shown here. 

Next we consider also propagation for the case cl = 0.01, as this parameter 

value, together with a value of f33 = -0.01, corresponds to the real situation referred 

in Chapter 2 of propagation in a CdSe doped glass waveguide at the wavelength 

A = 1. 55J.lm. The propagation results are shown in Figures 5.6,5.7 and 5.8. The 

influence of TOD is to increase significantly the frequency shift of the pulse, as we 

would expect from the results for a' = 0.1. In the spectral domain we can see that 

the major effect is now TOD as the spectrum for this case is very close to that 

shown in Figure 5.4 near (w - wo)jtp = ±5.5. The effect of nonlinear dispersion is 

seen mainly in the central region of the spectrum, where it creates the asymmetry 

noticed in the results of Chapter 4. 

Finally we consider the propagation for qo = 2, a' = 0.1 and f33 = -0.01. 

Figures 5.9,5.10 and 5.11 show basically the same features present in the qo = 1 

case. As without TOD, the pulse still breaks into the fundamental solitons, which 

then propagate at speeds dictated by their peak amplitude, and now altered by the 

presence of TOD. The amount of shift introduced by TOD is again symmetrical and 

its magnitude slightly higher then found for qo = 1. This might be a consequence 

of TOD also being able to lift the degeneracy of the components of the higher 

order NLS solitons, as we saw in Chapter 4 nonlinear dispersion does. This was 

already noticed by Wai et al. [51] in their study of pulse propagation near the 

zero-dispersion wavelength. 
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5.4 Discussion 

From the results obtained we conclude that in general the effects ofTOD have to 

be taken into account for very short pulse propagation. However the pulses are able 

to retain most of their stability on propagation for several dispersion lengths. In 

the case of the fundamental soliton a frequency shift (with the corresponding shift 

in velocity) is introduced that must be taken into account for applications in which 

the timing of the pulse's positioning is crucial, as is the case with communications. 

There is also the problem of the loss of energy. But that loss seems to be so small 

for propagation distances of several dispersion lengths that it is not going to have 

a big effect on propagation, specially the stability of it, over such distances. If 

however, large distances of propagation are to be used that loss must also be taken 

into account. 

As mentioned before we have the possibility of controlling the relative sizes of 

GVD and TOD, through waveguide profile manipulation [43]. That gives us the 

possibility of dealing away with the problems introduced by TOD. In fact designing 

a waveguide or dual-core fiber that allows one to obtain a high GVD, a low TOD 

and also controlling the sign of their ratio would allow us to decrease the duration 

of the pulses, increasing the effect of nonlinear dispersion, while at the same time 

keeping the effect of TOD under control (or even using its induced frequency shift 

to balance that of the nonlinear dispersion). 
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NEARLY-RESONANT PROPAGATION 
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So far we have studied pulse propagation in the situation in which the effects of 

nonlinear dispersion can be captured by only the first two terms of the expansion 

of the field in Eq. (2.15). We recall that requires the field envelope to vary much 

more slowly than the material third-order response function. As the duration of 

the pulses is decreased, one must consider the effects of the full response function 

on propagation. 

Recent experiments in semiconductor doped waveguides fall in this regime. The 

quantum confined semiconductors exhibit a spectrum that consists of a discrete set 

of lines. Thus it is an ideal candidate for propagation below the half bandgap, i.e. 

near a two-photon resonance. 

6.1 Nearly resonant propagation 

If Eq. (2.15) does not hold, as is the case when the pulse duration is comparable 

to the characteristic response time of the excitation, or when we are nearly resonant 

with the excitation, we cannot use the expansion for the field Eq. (2.16). We must 

then keep the full form of the third-order polarization as in Eq. (2.14), and need to 

choose a model to represent the response function nml(tl, t2)' As we have done in 

Chapter 3, we will use the results from a two-photon two-level model. The scalar 

results from Appendix A still apply since the random orientation of the quantum 

dots makes the system isotropic. Then with the use of Eqs. (3.15),(3.16),(A.16) 



and (A.19) we obtain for third order polarization the expression 

EoX~~in lo'"' e-(r+i(rl-2wo))r £2( t - T) dTE* (t) 

EoX~~m loo e-(r+i(rl-2wo))(t-r) £ 2 ( T) dTE* (t) 
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(6.1) 

We are therefore led to the wave equation ( again in a reference frame moving 

at the group velocity): 

ia£ - !k,,82£ = -irv n roo e-(r+i(0-2wo))T£2(t - T) dTE*(t) (6.2) 
8( 2 ° 8t2 ,nr Jo ' 

From the general form of the polarization, Eq. (6.1), we can draw some conclu

sions about what the expected behavior of this system will be. Notice that most 

of the contribution to the integral comes from the interval -ntp < T < ntp, with 

n some small number ( of order one). If we consider for the moment on-resonance 

propagation(bw = n - 2w0 = 0) we see that for a real input pulse the polarization 

is purely imaginary, and produces pure absorption. 

Depending on the relative sizes of decay time of the excited population, 1 /r, 

and of the pulse duration, tp, we will have different regimes with correspondingly 

different effects on the propagation. 

rtP « 1: Over the interval of interest the exponential term is nearly constant ( and 

equal to 1), and so the polarization is proportional to the integral of the 

field amplitude squared. This means that the trailing edge is going to see 

more absorption. This leads to an acceleration of the pulse, but very little 

distortion. Physically this means that the system is decaying from the upper 

level very slowly in the time scale of the pulse. Thus the radiated energy 

interferes only with the tail of the pulse, having no effect on the central 

region . 
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ftp » 1: The exponential term decays very sharply, falling almost as a delta

function. It only samples a very thin slice of the pulse, and so the pulse 

envelope can be taken out of the integral. As a result the polarization just 

follows instantly the field amplitude squared. In this case the system decays 

very quickly in the time scale of the pulse, and so the radiated energy in

terferes very strongly with the pulse, leading to substantial reshaping (notice 

that the polarization will interfere destructively). Here the absorption is sym

metrical (assuming the initial pulse envelope was too) and higher at the peak, 

and this results in "flat-topping" of the pulse. Since rtp is not infinite there 

will be a small asymmetry, with a slightly higher absorption on the trailing 

edge. 

ftp '" 1: In this case both terms in the integrand contribute to the result and no 

simple answer can be inferred. However it is clear that the behavior will 

be somewhere between the two previous (limiting) cases. So one can expect 

stronger absorption on the back of the pulse, with some "flat- topping" of 

that region. Some acceleration will be seen as well. 

If we now reintroduce detuning, for it to have a noticeable effect we will need 

it to have just a few oscillations over the pulse duration. If 8wtp is too small, 

exp(i8wtp) will be nearly one over the extent of the pulse, and if it has too many 

oscillations over that time duration it will average out the integral. At the same 

time it requires a decay rate such that ftp < 1. If f is larger the response will 

decay away before any oscillations with a sizeable magnitude to have an effect can 

take place. 
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6.2 Experimental results 

The propagation of 80 fem.tosecond laser pulses at a wavelength of 675 nm 

(1.84 eV), in CdS doped borosilicate glass mono mode waveguides was studied by 

Guerreiro et al. [54].From transmission electron microscopy, it was determined that 

the radius of the dots was R = {1.5 ± 0.45)nm. It is known that the bulk Bohr 

radius of CdS is aB = 28A, while its bandgap at room temperature is Eg = 2 .. 58 e V. 

Given that we expect a blue shift for the quantum confined structures, we are near 

a two photon resonance while at the same time well detuned from anyone-photon 

transition. Measurements of the nonlinear and linear optical transmissions were 

performed. The reason for the linear measurements is that we need to establish the 

position of the band edge, since the uncertainties in the parameters of the system 

(in particular the size of the quantum dots) create an uncertainty in the expected 

quantum confinement energy shift (this is not a contradiction with the statement 

above about the measurements of the quantum dots size, as we will explain later, 

in Section 6.4). Since the selection rules for one and two photon transitions are 

different the relative positioning of the peaks of the two measurements allows us to 

determined the transition energies [55, 56]. It was shown also that in this system 

there is a strong mixing between bands, which accounts for the nearly coincidence 

of some of the features in the two absorption curves[55, 56]. 

From the linear absorption measurements it was determined that the band edge 

is located at Eg = 2.7 eV. From previous experiments[55] and theoretical[56] work 

in CdS it is known that its TPA spectrum exhibits a strong peak displaced an 

amount 8E2 ~ 0.7 eV above Eg • Thus we consider the two photon resonance of 



this system to have an energy E2 

2w - Eg = 0.28 eV. 
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Eg + 8E2 = 3.4 eV. The detuning is thus 

An example of the obtained nonlinear transmission is presented in Figure 6.1. 

Results are shown for both a doped (crosses) and an undoped (dots) waveguide. 

As we can see the nonlinear absorption is due entirely to the quantum dots. 

In Figure 6.2 we show the experimental (normalized) cross-correlation and the 

spectra for the pulses at the input and at the output of the waveguide. No significant 

reshaping of the pulse is seen in Figure 6.2 (a), contrary to what we would expect. 

Parts of the pulse with higher intensity would be expected to be more absorbed, 

which would lead to "flat-topping" of the pulse. 

The spectrum is pronouncedly asymmetric with a blue shift of the main peak and 

a second, weaker peak at lower frequencies. This sort of behavior in semiconductors 

close to a two-photon absorption has been seen previously, both experimentally and 

theoretically[12]. 

6.3 Quantum confined semiconductors 

Over the last few years one of the most active fields of research in the quest for 

materials with higher nonlinear coefficients has been that of reduced dimensionality 

semiconductors. Starting with quasi-two dimensional systems (quantum wells) in 

which the movement of carriers is restricted in one of the spatial dimensions, that 

research has targeted in more recent years also systems in which that restriction 

of movement is extended to all three dimensions (quantum dots). Several reviews 

have been made, to which the reader is referred for details and more extensive 

bibliography, particularly Refs. [57, 58]. When the characteristic dimension of the 
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Figure 6.1: Transmission for a CdS-doped waveguide (crosses), an undoped waveg

uide (dots) and the theoretical result (solid line) as a function of input intensity 
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Figure 6. 2: Experimental cross-correlation (a), and spectral power (b) before and 

after propagation in a CdS-doped waveguide 
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quantum dot, R, is large compared with the lattice constant of the semiconductor, 

but on the order of the bulk exciton Bohr radius, aB, one can assume as a first 

approximation that the band structure of these structures as being only weakly 

changed relatively to that of the bulk material. This means that the effective 

mass approximation is still valid near the band edge, and thus the influence of the 

confinement is felt only by the center of mass of the excited electron-hole pairs 

[59, 28]. In terms of wave functions this translates into the single particles having 

the same periodic part of the wave function (the Bloch wavefunction) while the 

plane wave part (envelope function) is transformed into an eigenfunction of the 

appropriate confining potential. As a result of the discrete solutions for a confining 

potential, the single particle spectrum exhibits a series of discrete levels instead of 

the usual bulk bands. 

When Coulomb effects are considered, the absorption (related to the pair electron

hole spectrum) shows a set of discrete levels, more or less grouped into one exciton 

and two exciton (biexciton) levels. At the same time the confinement leads to a 

blue-shift of the absorption spectrum. 

As the dimensions of the quantum dot are reduced the quantum confinement 

effects increase. In the so called strong confinement regime (R « aB) the exciton 

does not form. So the two particles (electron and hole) feel the confinement influ

ence independently[58]. The spectrum shows also a set of discrete levels. As the 

size of the semiconductor material is reduced further, then, it enters a molecular 

size regime, where we expect the existence of discrete levels. 

In practice these discrete lines are going to be broadened inhomogeneously by 

the distribution of sizes that unavoidably exist. 
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The interest in quantum dots as optical materials stems from the theoretically 

predicted existence of high nonlinearities -although recent experiments seem to 

indicate that there is no increase relatively to the bulk material [60]- ( due to 

the predicted coalescence of the oscillator strength into the discrete levels), the 

possibility of tailoring the wavelength of operation by controlling the size of the 

quantum dots, and also the possibility of tailoring the response time through the 

inclusion of surface recombination sites[58]. 

6.4 Numerical simulation results 

Since in the experimental results there was no evidence of G VD we will neglect 

it here. We will also neglect the Kerr instantaneous nonlinearity since its effect 

would only complicate the problem. We know its effect in the spectral domain is 

symmetric, while the results are characterized by obvious asymmetry. Moreover in 

the region of interest the semiconductor instantaneous Ke rr coefficient is negative 

(since we are just above a two-photon resonance)[14] while that of the glass is 

positive. It is expected then that partial cancellation will occur. 

We are therefore led to the wave equation: 

i~~ = -i'Ynrf), fooo e-(r+i(rl-2wo))r£2(t- T) dT£*(t), (6.3) 

As mentioned in Section 6.2, theoretical studies were done before for this same 

material by Hu [56]. By calculating the energy levels of the electron-hole pair in 

a well potential, and including effects like Coulomb screening, electrostatic surface 

potentials, and mixing of valence bands, it was possible to replicate rather accu

rately the experimental observations of Kang et al. [55]. However we didn't feel 

that we had a close enough knowledge of the parameters of the system to be able 
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to use such fine detail as is provided by the work of Hu. Moreover, as reported to 

us by Hu [61], many other factors can influence the energy position of the band 

edge (mostly impurities): Thus his theory can provide the relative energy position 

of the excitons, but not their absolute values. 

Therefore we used the linear absorption measurements to determine the band 

edge and the energy of the main peak of two-photon absorption (obtaining the 

values already given of Eg = 2.7 eV, OW2 = 0.7 eV, E2 = 3.4 eV and a detuning 

of ow = 0.28 eV). We also estimated the broadening from those measurements at 

/if = 0.16 eV. Thus we have ow ~ 2f, which quantifies what we mean by "close 

to resonance". We have a free parameter in the theory, namely "(nr, since we don't 

know the transition effective dipole constants (the kif). We adjusted it so that it 

would give a transmission of 0.8% for an input energy of 75 nJ, as in the experiment. 

The results are shown in Figure 6.3. As we can see there is a remarkable agree

ment with the experimental results, given the crudeness of the model employed, and 

the uncertainties in the determination of material parameters. The curve obtained 

for the nonlinear transmission is actually superposed in the graph of the experi

mental results Figure 6.1, where it is shown as a solid line. Since in the numerical 

results propagation was considered as a function of the distance normalized to the 

nonlinear length (Le. the effective length at which the nonlinearly induced phase 

shift of the pulse peak is equal to one) the results can be read as transmission as 

a function of either distance or peak power (or intensity, for a known waveguide 

geometry). Notice that the pulse seems to show no effect of "flat-topping". But 

the results plotted show the cross-correlation of the propagating pulse with a 60 fs 

reference beam. Since our input pulse had 80 fs any details of reshaping in the 
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Figure 6.3: Theoretical cross-correlation (a), and spectral power (b) before and 

after propagation in a CdS-doped waveguide 
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Figure 6.4: Theoretical field amplitude squared before and after propagation in a 

CdS-doped waveguide 

time domain will be washed-out in the cross-correlation. We show in figure 6.4 the 

pulse intensity as it looked at the end of the simulation. 

An apparent discrepancy in the results is the pronounced spectral power trans-

ferred to lower frequencies, extending as a tail. This is not seen in the experimental 

results. However that might have been due to the fact that the working frequency 

was close to the waveguide cutoff ( at 1. 77 e V). Thus the waveguide would act as a 

high-pass filter (in frequency), decreasing the power spectrum beyond the cutoff. 
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6.5 Discussion 

Given the lack of a precise knowledge of the values of parameters of the system 

(energy position of the levels, how many levels might be involved in the excitation, 

width of those levels, to cite a few) it is remarkable that it was possible to reproduce 

and explain nearly all of the major features of the experimental results. 

However we feel that it would be interesting to repeat the experiment in a less 

"crowded" region of the spectrum. The photon energies used were too high, so that 

the two photon absorption being probed was well above the band edge. This was 

necessary in this experiment in order to avoid the waveguide cutoff region. It has 

though, the effect of making it difficult to acert to which levels are the transitions 

occurring. At the same time it would be interesting to investigate the possibility 

of selecting individual resonances of the model of Hu. That however would require 

longer pulses (to decrease the bandwidth in such a way that only one transition is 

being probed at a time) and a higher control in the size distribution of the quantum 

dots. In spite of the progress done in that area in the last few years, however, it 

does not seem possible to achieve that objective in the near future. 

6.6 Theoretical results 

in Figures 6.5 through 6.12 we present results from numerical simulations for 

various values of rand 8w. We present results for the normalized intensity, the 

normalized cross-correlation, the normalized spectral power and the transmission 

as a function of propagation distance/input intensity. We assume for all of them a 

two-photon resonance frequency of lin = 3.4 eV, a pulse duration of 80 fs and the 

cross-correlation to be made against a 60 fs pulse. 
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Figure 6.5 shows the situation in which r = O.Hl and 6w = -O.OIr. Thus we 

are in the regime rip» 1. Then we can see that indeed there is a much stronger 

absorption near the peak of the pulse, creating a flat central region of the the 

pulse. This feature is more rounded in the correlation graph, which shows that the 

correlation has generally the effect of smoothing features of the intensity. As the 

detuning is very small we don't expect oscillations of the intensity. The spectrum 

exhibits a slight asymmetry, as in this case we are nearly resonant (in which case the 

spectrum would be symmetric). For this same reason there is a lot of absorption, 

and the energy carried by the pulse falls by factor of more than 50. 

In the following Figure we have now 6w = -2.2. We thus expect to see modu

lation introduced by the detuning, as 6wip '" -1r. Thus a phase shift of around 1r 

is introduced that causes a slightly higher absorption on the leading edge, followed 

by a re-emission into the trailing edge, thus increasing the energy there, with the 

result of a distortion of the central region of the pulse as compared with the pre

vious case. Since now we are more than two linewidths away from resonance, the 

loss of energy is only by a factor of 4. 

Figure 6.8 shows the situation in which r = O.OIn and 6w = -O.OIr. Thus we 

have now rip = 0.6 '" 1. Then we can see that there is a much stronger absorption 

in the trailing edge of the pulse, creating a shoulder in the back of the pulse. This 

shoulder is again much less noticeable in the correlation graph. For this small 

detuning we don't expect oscillations of the intensity. The spectrum again shows 

a slight asymmetry, and the absorption is very high since the energy is kept in the 

medium longer then in the previous cases. 
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The next situation depicted (in Figure 6.9) corresponds to f = 0.010 and 6w = 

-O.lf. Again there is more absorption on the back of the pulse, but now the larger 

detuning has the effect of introducing oscillations with a noticeable period. 

As we move away from the resonance we again find (Figure 6.10) that the ab

sorption (very small now, decreasing the energy to only half of the initial value) is 

mostly in .the front of the pulse, as the rapid oscillations due to the detuning nearly 

cancel the absorption away from the leading edge. 

Finally we consider the cases r = 0.0010 and 6w = -O.01f, and 6w = -2.2r. 

Now rtp = 0.06 « 1 and we see that for small detuning indeed the decay of the 

polarization is so slow that the absorption follows the integral of the field amplitude 

squared. Thus the intensity shows a sharp peak in the leading edge that falls to 

a lower plateau on the center and trailing edge of the pulse. The pulse seems to 

accelerate (but remember the intensity shown is normalized to one at every position 

so what we see is the weakly absorbed early stages of the pulse becoming more 

intense than the highly absorbed later stages). For the case of high detuning the 

absorption decreases the energy by only a factor of ten times and the modulation 

due to the detuning is again clearly seen. 

In almost all situations depicted there is an asymmetry of the spectrum accom

panied by a shift towards higher frequencies. This can be understood as the result 

of higher absorption of the frequencies closer to the line center, since the detun

ings considered are all negative (6w = 0 - 2wo). The exceptions are the situations 

of highly detuned fields, where the the modulation introduced by the detuning 

redistributes energy around the frequencies in a non trivial way. 
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Figure 6.5: Theoretical intensity (a), cross-correlation (b), spectral power (c) and 

energy transmission for propagation in a CdS-doped waveguide. r = 0.1 and 

5w = -0.0lr 
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Figure 6.6: Theoretical intensity (a), cross-correlation (b), spectral power (c) and 

energy transmission for propagation in a CdS-doped waveguide. r = 0.1 and 

<5w = -0.lI' 
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Figure 6. 7: Theoretical intensity (a), cross-correlation (b), spectral power ( c) and 

energy transmission for propagation in a CdS-doped waveguide. r = 0.1 and 

8w = -2.2r 
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Figure 6.10: Theoretical intensity (a), cross-correlation (b), spectral power (c) and 

energy transmission for propagation in a CdS-doped waveguide. r = 0.01 and 

8w = -5.0f 
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Figure 6.11: Theoretical intensity (a), cross-correlation (b), spectral power (c) and 

energy transmission for propagation in a CdS-doped waveguide. r = 0.01 and 

5w = -0.0lf 



121 

Intensity Cross-correlation 
1 

0.9 0.9 
0.8 0.8 
0.7 C 0.7 

0 
0.6 -~ 0.6 
0.5 1 0.5 
0.4 0 0.4 0 

0.3 >< 0.3 
0.2 0.2 
0.1 0.1 

0 0 
-2 0 2 -2 0 2 

time time 

Spectrum Energy transmission 

"enrg.7a" 

0.8 
Q) C s: 0 
0 0.6 "cij 
c.. (/J 

~ 
.E 
(/J 

t5 0.4 C 0.1 Q) g c.. 
(/J 

0.2 

0 0.01 
-2 -1 0 2 0.0001 0.001 0.01 0.1 

frequency z 

Figure 6.12: Theoretical intensity (a), cross-correlation (b), spectral power (c) and 

energy transmission for propagation in a CdS-doped waveguide. r = 0.001 and 

5w = -2.2r 
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CONCLUSION 
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While it is a promising way to increase the nonlinear refractive-index, two

photon enhanced resonances introduce nonlinear dispersion. We showed that this 

dispersion leads to self-steepening of short pulses and asymmetric broadening of 

their spectra, which has been observed experimentaly. When linear dispersion is 

considered we observed numericaly the formation of stable pulses that propagate 

unchanged. We were able to show that these pulses are indeed soliton-like and ob

tain analytic espressions that describe them. Using realistic parameters we showed 

that it should be possible to observe these pulses in real experiments. 

The influence that third-order dispersion has on the solitary waves was consid

ered. As a result it was possible to determine that TOD introduces a frequency 

shift, but the pulses remain relatively stable as long as the value of TOD is not very 

high, and/or the propagation distance does not exceed a few dispersion lengths. 

Some of the most interesting applications of two-photon resonante enhancement 

of the nonlinear refractive-index occur in the form of semiconductor doped glasses. 

One effect that is present in the glass for very short pulses that was not taken into 

account here is the Raman self-frequency shift. This was neglected because it is 

generally much weaker than the effects considered in this dissertation. It would, 

however, be interesting to study what results the interplay of these three effects 

(nonlinear dispersion, third-order dispersion and Raman self-frequency shift) might 

have on propagation. 
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On the experimental side it would be very interesting to look for the effects 

on propagation reported here in the quantum-dot-doped waveguides. For that, 

waveguides with a cutoff wavelength above 900nm, so that the region below half 

the bandgap could be probed. 
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Appendix A 

TWO-PHOTON TWO-LEVEL MODEL 

The coherent two-photon interaction between light and matter can be modeled 

by a simple extension of the two-level atom (TLA) approach for single-photon 

interactions. In fact the equations of motion of this system can be cast into an 

effective two level system form. A detailed account can be found in the work of 

several authors [20, 19, 62, 21].We choose to follow Meystre & Sargent [63]. 

Consider the level scheme shown in Fig.(A.1). The transition from i to f is 

dipole forbidden (tJiJ = 0, see below for definition of p), but at least one of the 

intermediate levels l is dipole coupled to both of the i, f levels. The frequency 

w0 is very far from being resonant with transitions from either i, f to any of the 

intermediate levels l. It is however nearly two-photon resonant with the transition 

i f---t f. 

The polarization associated with this level scheme is given by: 

P Ntr(µp) 

NL (PilPli + PJlPlJ) + cc 
l 

(A.1) 

where N is the number of interacting systems, µ is the electric dipole moment 

operator,8Jab is the matrix element between states a and b of the projection of the 

operator µ along the direction of the field, p = er · E, and p is the density matrix. 

Using Eqs. (1.16),(2.9) and (2.19) for E and P, and comparing with Eq.(A.1) we 

have: 

P = 2N L (PilPli + PJlPlJ + cc) eiwot 
l 

(A.2) 
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If> 

11 > 

4, 

Ii> 

Figure A.1: Two-photon level scheme, for an incident field frequency w0 and two-

photon-resonante transition frequency n ('J 2w0 . All intermediate levels l are as-

sumed to be sufficiently nonresonant that they do not have an appreciable popula-

tion 
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The Pnm can be calculated from their equation of motion: 

z 
Pnm = - ( 1nm + iWnm) Pnm - h, [V, P]nm (A.3) 

where V is the perturbation potential ( electric dipole interaction) V = - µ · E. 

Assuming no coherence between the intermediate ( l) levels (Pu' = 0), allows 

us to integrate the equations of motion for Pit and PLJ. In this integration we do 

not make a rotating wave approximation (RWA) since we assume that w0 is far 

from any one-photon resonance and thus all terms are of comparable magnitude. 

Replacing the result of the integration in Eq.(A.2), and keeping only terms that 

vary slowly on the scale of wo\ we have: 

(A.4) 

with 

2 ~ 2 WzJ 
~ ~ IP1zl 2 2 
n L Wzf - Wo 

(A.5) 

(A.6) 

_1 I: f.JJlf.Jli ( 1 + __ 1_) 
21i z Wtf + Wo Wli - Wo 

(A.7) 

1 1 
~ ~ I: P1zf.Jzi + 

n l WzJ Wo 

1 1 
~ - I: P1zf.Jzi __ _ 

1i l wli - Wo 

By assuming that no population is excited to the intermediate levels (Pu = 0) 

we can obtain equations of motion for Pii, PJJ and PiJ, thus obtaining equations of 

motion for an effective two-level atom. Again we use the results for Pit and PJL, but 

this time we make a two-photon RWA, i.e. neglect terms like (1iJ +i(wif -2w0))-
1 
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as compared with (rif + i(wif + 2w0))-
1 since we assumed that the field is nearly 

"two-photon"-resonant with Wif. 

We thus obtain: 

Pfi ( · · I) . k Ji 4:.92 -2iw0tD -
- rfi + 'lWJi + 'lWs PJi - i 41i c;, e (A.8) 

D · · (D 1) l ( "k 4:.92 -2iw0 t ) PJ f - Pii = - + rff + 21i i fie;, Pife + cc (A.9) 

with 

Ws 
kii - kff 

2lktilJI'in 
(A.10) 

I lk!ilJI'inlEl2 1-~{ 
21i Es 

(A.11) 

T1 
1 1 
---
rf !ff 

(A.12) 

T2 
1 1 

- ---
rfi r (A.13) 

Here ws is the Stark shift frequecy due to the effect of the field on the intermediate 

levels, Es is the saturation field, T1 is the lifetime of the population in the upper 

(final) level, and T2 is the decay time of the coherence between the final and initial 

states. Integrating Eq.(A.8) formally: 

(A.14) 

Replacing the above result in Eq. (A.4), the nonlinear part of the polarization 

becomes: 

-i: lki;l2e-(r+iw1;+iwsl-2iwo)t 

X /~
00 

e(r+iw f, +iws l -2iwo )t' DE2 dt' E * ( t) 
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-i 21i kfi 
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x fooo e-(r+iw1;+iwsI-2iwo)7 D(t - T)E2(t - T) dTE*(t) (A.15) 

In the limit of low excitation the occupation of the upper level is small and therefore 

D ~ -1. Under these conditions we can also neglect the Stark shift term wsI. 

Then: 

(A.16) 

where f2 Wji· 

Under the conditions addressed in Chapter 3 (ftp » 1) we can take £ 2 out of 

the integral. Then: 

. NI 12 1 2 * 2 21i kJi r + i(D - 2wo) E E (A.17) 

(3) 1 £2£* 
EoXnr l _ ~ _ iI. 

n n 
(A.18) 

where 

(A.19) 
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Appendix B 

INTEGRATION OF THE MNLS 

B.1 General results 

Here we follow Mihalache et al. [ 48]. 

To solve Eq.( 4.1) we recast it in the form: 

au a2u au 
i at + E ax2 + 2plul2u + i2qlul2 ax = Q (B.l) 

We now write the unknow function u(x, t) in the form: 

u(x, t) = [Gx(x, t)] 1
/
2 exp[i¢(x, t)] (B.2) 

where G(x, t), cp(x, t) are the new real unknown functions. With this choice Eq.( B.l) 

can be separated into real and imaginary parts, leading to the set of equations: 

[
1 Gxxx 1 G;x 2] 

A..t = E -- - -- - A. + 2pG - 2qG A. 'P 2 G 4 Q2 'Px x x'Px 
X X 

(B.3) 

(B.4) 

Taking into account that Gxt = Gtx we can obtain a first integral of Eq.( B.4): 

A. _ -~ [ G Gt+ B(t)] 
'PX - 2E q X + G X 

(B.5) 

where B(t) is an arbitrary function which depends only on the variable t. 

The compatibility condition of the system of differential equations (B.3), (B.4), 

i.e. c/>xt = c/>tx, gives: 

(B.6) 
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where 

(B.7) 

(B.8) 

G _ 2 GxxGxxx G~x 
xxxx G + G2 

X X 

(B.9) 

2 GtGtx G;Gxx G 
-G+G2+tt 

X X 

(B.10) 

(B.11) 

Equation (B.6) is verified by a completely arbitrary function () = B(t) only if 

K1x(x, t) # 0 and [K2x(x, t)/ K1x(x, t)]x -:/ 0. We consider the particular situation 

K1x(x, t) -:/ 0 and [K2x(x, t)/ K1x(x, t)]x = 0, which gives the two conditions: 

(B.12) 

(B.13) 

where a 1, {31 ( i = 1, 2) are functions that depend only on the variable t. Now B(t) 

is no longer arbitrary and can be calculated from Eq.(B.6). 

Eq.(B.12) has as a first integral: 

(B.14) 

where again ry1 (t) is only a function oft. We now introduce the functions a(t), b(t), c(t) 

through the relations: 

(B.15) 
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Then Eq. (B.14) becomes: 

(B.16) 

where we introduced the unknown function F(x, t) = G(x, t) +a(t). By introducing 

the new variables: 

~=bx+c 

T = t. 

Now Eq. (B.16) leads to FT = 0, i.e. F depends only on the new variable r 
From Eqs. (B.6)-(B.13) we obtain: 

and from this differential equation we are left with 

(B.17) 

(B.18) 

(B.19) 

(B.20) 

(B.21) 

In order to satisfy simultaneously Eqs. (B.20) and (B.21) the coefficients ai, /3i(i = 

1, 2) must verify the system: 

This system can be written with the help of Eqs. (B.15) in the form: 

(B.22) 

(B.23) 

(B.24) 

(B.25) 
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By solving (B.25) we obtain the following solution: a 2 = a; - A 2b4, where A is an 

integration constant. Finnaly we obtain for () the expression: 

(B.26) 

By choosing b independent of the variable t (in particular b = 1), we are able to 

find a large class of solutions of Eq. (B. l) with physical meaning. This is equivalent 

to choosing /31 = 0 in Eq. (B.12) . Thus Eq. (B.13) becomes 

F, - 2FeeFeee + F[e + A2Fee 
eeee Fe Fl Fl 

(B.27) 

To integrate Eq. (B.27) we impose the condition that its coefficients must be 

constant functions. Thus we obtain c(T) =PT+ Q, where P, Qare constants. By 

integrating Eq. (B.27) twice we get: 

which can be solved exactly in terms of Jacobi elliptic functions. 

Using Eqs. (B.5) and (B.26) we obtain for the phase: 

cf>x = _2_ [qFe + P + ~] 
2t Fe 

(B.28) 

(B.29) 

From the definition of ~ we have cf>x = ¢e, since b = 1. So integrating the above 

equation we get: 

(B.30) 

Differentiating ¢ with respect to T and introducing it in Eq. (B.3) we obtain an 

expression for <5 ( T): 

(B.31) 
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So finally we have: 

1 [ ( [~ df ) ( P
2 

- B - 2q A ) ] 
ef>(x, t) = - 2E qF(t) + A jfo Fxi(e) + ef>o + Px + 2 t (B.32) 

Therefore a general solution for Eq. (B.l) is given by: 

u(x, t) = (F~) 1
/

2 exp [i¢(x, t)] (B.33) 

B.2 Particular solutions 

Let us rewrite Eq. (B.28) by introducing the new function z = F~. Then it 

becomes: 

zJ = - - q2z4 
- (4pEp + 2Pq)z3 + Bz2 + Cz - A2 

q, zJ + V(z) = 0 (B.34) 

If we assume the fourth order polinomial V ( z) has four real roots, a 1 ~ a 2 ~ a3 ~ 

a4, we have: 

B.2.1 "Algebraic" soliton 

I::4ai = - 4Ep+22Pq 
i=l q 

L 4aiaj = B
2 

i<j=l q 
-C L 4aiajak = --2 

i<j<k=l q 
A2 

a1a2a3a4 = 2 q 

(B.35) 

(B.36) 

(B.37) 

(B.38) 

Consider a 2 = a 3 = a4 = O; a 1 > 0. Substituting in the above system we see 

this requires A= B = C = 0 and (by choosing p = 0) P = -!qa1 . Thus we have: 

(B.39) 
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( ) 1 [ ( qet1 ) 1 1 2 2 l cp x, t = -- arctan -~ - -qa1x + -q a 1 t 2E 2 2 8 
(B.40) 

where~= x - }qa1t. If we now consider E = 1, q = ±1/2, and write a 1 = 16~2 we 

obtain Eq. ( 4.8). 

B.2.2 Sech soliton 

Consider now et2 = et3 = O; et1 = -01,4 > 0. then we now have A= C = P . 0 

and B = q2eti (again choosing p = 0). Then the result is: 

z(x, t) 

cp(x, t) 

et1 sech( qa1~) 

-;c [2 arctan ( eq"1
') - ~q2o:~t] 

(B.41) 

(B.42) 

where now ~ = x. Considering now E = 1, q = ±1/2, and writing ~1 = 8~2 we 

obtain Eq. ( 4.9). 
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SPLIT-STEP FOURIER METHOD 

C.1 Description of the method 
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The evolution of the wave equation ( 4.1) was calculated using a split-step Fourier 

method. This is a variant of a method commonly used in optics known as the 

Beam Propagation Method (BPM). This method was originally applied to under

water acoustic waves propagation (see the review by Tappert [64]), but has been 

introduced for solving problems in optics by Feit et al. [65]. The split-step Fourier 

method itself was first applied to solving pulse propagation problems py Hasegawa 

& Tappert [66]. 

To understand the basic philosophy behind the split-step Fourier method (SSF) 

we rewrite the propagation equation ( 2. 21) formally as: 

(C.1) 

where D is a differential operator that accounts for the linear dispersion terms in 

Eq. (2.21) and N is a nonlinear operator that accounts for all the nonlinear terms. 

They are given by: 

D (C.2) 

N (C.3) 

A formal solution of Eq. (C.1) is: 

E(z + ~ z, t) = exp ( ~ z(D +JV)) E(z, t) (C.4) 
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Dispersion and nonlinearity act together along the length of the medium. What 

the SSF method does is assume that for a small distance of propagation .6.z we 

can consider the two effects to act independently. Thus it takes as the solution of 

Eq. (C.l): 

£(z + .6.z, t) = exp(.6.zD) exp(.6.z1V)£(z, t) (C.5) 

To estimate the accuracy of the SSF method we make use of the Baker-Hausdorff 

formula for two noncommuting operators a and b: 

exp(&) exp(b) = exp (a+ b + ~ [a, b] + 
1
1
2 

[a - b, [a, b]] + ... ) (C.6) 

where [a, b] = ab - ha. Comparing Eqs. (C.5) and (C.4) we see that SSF method 

ignores the noncommuting nature of the operators D and N. Thus it is accurate 

to second order in .6.z. 

We can improve that accuracy by using a different procedure, called symmetrized 

split-step Fourier method (SSSF). In that case the formal solution of Eq. ( C.1) is 

taken as: 

(
.6.z A) ( rz+6.z A ) (.6.z A) £(z + .6.z, t) = exp 2 D exp lz N(z')dz' exp 2 D £(z, t) (C.7) 

If the nonlinearity is independent of z or the step .6.z is small enough, the integral 

can be approximated by exp( .6.zN). The main advantage of this form is that the 

leading order error term results now from the double commutator in Eq. (C.6), and 

thus is third order in the step .6.z. 

What makes the SSF or the SSSF methods so attractive is that the execution 

of the operator exp ( .6.zD) ( or exp ( .6.zD / 2)) can be done in the Fourier domain 

(hence the name of the method) by transforming the field into the Fourier domain, 

applying the Fourier transform of the linear operator ( which in Fourier space is just 
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a number, and therefore makes this step much faster) and transforming back the 

result to real "space". This is expressed mathematically as : 

exp(~zD)E(z, t) = [;=--1 exp [~zD(iw)] .r] E(z, t) (C.8) 

where .r is the Fourier transform operation, D( iw) is the Fourier transform of the 

operator D, and is obtained from (C.2) by replacing 8/ot by iw. The use of the 

Fast Fourier Transform (FFT) algorithm [67] makes the evaluation of Eq. (C.8) 

relatively fast. 

Thus propagation along a medium is described by repetedly applying Eq. (C.7). 

Since two successive applications of exp ( ~zD / 2) is the same as one exp ( ~zD) this 

means we start and end the propagation by applying exp(~z.D /2) and inbetween 

we alternate the application of exp(~zN) and exp(~z.D). 

C.2 Sources of error 

It is not garanteed that a continuous system with infinite range can be ap

proximated by a discrete system with a finite range. In the case of the Nonliner 

Schrodinger equation (NLS), it works quite well, as long as certain constraints are 

fulfilled. Most of the errors that can accumulate are caused by choosing a numer

ical grid (both in the time and spatial - propagation - domains) which is not 

appropriate for the input parameters. Some of those errors are indicated below. 

C. 2 .1 Reflections 

The numerical mesh has, for obvious practical constraints, to be finite. The 

Fourier transform of a function defined over a finite interval is equivalent to the 

Fourier transform of a periodic function with a period equal to that interval. Thus 
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the application of the free space propagation operator exp(~zb) will cause the 

features that reach the boundaries at t = ±tmax to "wrap around" to =j=tmax and 

propagate back towards the central region of interest. Since we assume the time 

boundaries to be infinite, those features should propagate away forever. Zeroing 

the field at the numerical boundaries will eliminate the wrap-aroud, but this leads 

to reflections. A gradual absorber greatly reduces the reflection of the features, 

and at the same time removes wrap-around alltogether. Any function that goes 

from 1 to 0 near the boundary will work, but a high-order exponential seems to 

work best. In particular multiplying the field at every step by exp{ (O.95t/tmax )50} 

does a good job of attenuating both high and low frequency ripples with very little 

reflection [68]. 

C.2.2 Step length too large: K-space errors 

The operator exp(~zN) can cause problems as well, if the step length is too 

large. In Fourier space, the operator becomes ei~zkjlfI2('Y+iQa/8t) for the discrete k-

space component k i • this phase shift must not approach ±1f, otherwise the field will 

propagate too rapidly to be correctly affected by the dispersion in t-space. Thus 

the condition: 

(C.9) 

C.2.3 Step length too small 

Due to the finite precision of the computer, there is a limit to how small the 

step length can be before phase errors start to appear. The best way to see this is 

by taking a Taylor expansion of the trigonometric functions, and assuming a small 



step length so the functions can be represented by: 

sinO "" 0 - ~,j3 + .. . 

cos 0 "" 1 _ ~02 + .. . 
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(C.10) 

(C.lI) 

Since the precision of both functions increments in powers of 02 , machine precision 1 

will force the truncation of the two series at the nth term when on ~ 10-8 . 

C.3 Monitoring of errors 

Since the energy is a conserved quantity in Eq. (4.1), we monitored that quantity 

(or E12) to check for numerical errors. Whenever a deviation of that quantity 

appeared we reduced the step length until the deviation was below some arbitrarily 

prescribed value (0.1 %). 

1 We assume that the floating point precision is 16 digits 
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