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ABSTRACT 

For this work, two iterative methods were developed which combine a para

metric channel model with the maximum likelihood and cross-correlation estimation 

techniques in order to estimate the pulse shapes and multiple times of arrival asso

ciated with an echo generated when a known pulse encounters a target of unknown 

impulse response. The modeled echo was assumed to have a generalized form, i.e., 

it was more complex than a linear combination of delayed and scaled versions of 

the transmitted pulse. 

In the short-pulse-duration algorithm developed here, it was assumed that 

individual events present in the echo did not overlap. For the case of the long

pulse-duration method, this assumption was removed. The techniques were tested 

using experimental data simulating the targets of a rigid acoustic sphere and dielec

tric slab, and compared with results obtained from using other methods currently 

available in the literature. Experimental results demonstrated that the algorithms 

were successful in determining the proper time delays of the echo events for a vari

ety of received signal-to-noise ratios (S.N.R.s), and compared favorably with other 

techniques. 
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Chapter 1 

Introduction 

1.1 Background and Motivation 

Time of arrival (T.O.A.) estimation can be defined as locating the moment 

when a signal emanating from point B arrives at point A. It might be the situation 

that the signal was transmitted from point B and the observer at A was only 

listening, or that A originally dispatched the signal and was waiting for a reflection 

from B. This document deals with the latter case. On the surface, the problem 

seems a simple one. However, in practice there are several factors which serve to 

complicate the process. These include: 

1. There may be noise present in the channel. 

2. There may be incomplete knowledge about the characteristics of B. 

3. B may return more than one distinct signal. 

4. The echo from B may not look like the original transmitted pulse. 

Any of these situations will inhibit one's ability to easily determine times of arrival. 

In the literature, B is often referred to as the target. 
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Why is T.O.A. estimation important? It is used in the medical community for 

the purpose of locating tumors and other anomalies in various types of screening 

methods. Nuclear physics has many applications. T.O.A. estimation is also utilized 

in exploration geophysics to aid in interpreting seismic and well logging data. Of 

course, one of the most obvious applications is active radar, where time delays 

determine the range to the target. 

Arguably, one of the most important applications of T.O.A. estimation is its use 

in target identification. Target identification refers to discerning information about 

a target by utilizing input-output data [1]. Obtaining estimates of interesting target 

parameters, such as target impulse response, can often help in the identification. For 

instance, in radar, aircraft dimensions and bearing are of interest. Traditionally, 

radar has functioned on a narrowband assumption, utilizing only a small range 

of frequencies in its operations. While conventional radar systems can detect a 

target, they have great difficulty identifying a target. This can be illustrated in 

the following example. In a conventional radar system, a lOps pulse is considered 

short. Since the speed of light is 3 X 108m/ s, a lOps burst is 3km long. Under 

these conditions, it is impossible to discriminate between two targets, as targets 

are seldom that large. Thus, conventional radar can only affirm with reasonable 

certainty that "something is there", but it is blind to the distinction of whether 

there is one aircraft or five. Because of this vague resolution it is impractical to 

actually identify any features of the target. 

Recently, the development of impulse radar systems has made it possP ~ to 

transmit a much shorter pulse that can achieve resolution on the order of 1/3m. In 

addition, the new systems are ultra-wideband, allowing for the analysis of frequency 
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dependent characteristics of the target. It is the advent of new short-pulse, ultra

wideband impulse radar systems which makes target identification a reasonable 

goal. 

Of what use is T.O.A. estimation in target identification? Some targets emit 

more than one echo signal. In the case of a rigid acoustic sphere, for instance, 

the length of time between the primary and secondary echo signals can be used to 

determine the dimension of the sphere [2]. So the goals are to estimate a target's 

T.O.A., find the values of interesting parameters, and then determine the identity 

of the target. To this end, parametric models are often incorporated into T.O.A. 

estimation algorithms. 

An important factor in the ability to identify a target is the selection of a target 

model. Traditionally, the impulse response of a scatterer has been represented 

parametrically as a series of weighted and delayed delta functions [1]: 

M 

h(t) = E hm 8(t - Tm). (1.1 ) 
m=l 

Thus, the target is divided into individual components which make contributions 

to the received pulse, with each Tm denoting the time of arrival of a particular 

component. This model is versatile and can be extended to account for multiple 

targets or angles of observation. But it fails to account for any frequency dependence 

that may be present in the target echo. In cases where the echo consists of scaled 

and delayed versions of the transmitted pulse, the representation is adequate. 

Not all targets behave according to the model in (1.1), however. For example, 

it has been established [3] that the frequency version of the backscatter from a rigid 
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acoustic sphere was a polynomial in negative powers of (jw), which, from Fourier 

theory, correspond to integrals in the transform domain. Kennaugh and Moffat [4] 

calculated several impulse responses that contained a step function, which is the 

first integral of a delta function. Freedman [5] observed that Rayleigh scattering is 

proportional to the frequency squared, the second derivative of an impulse. So it 

would seem in many cases that an impulse response representation which takes into 

account frequency dependence by allowing integrals and derivatives of delta func

tions would be more appropriate than the model discussed above. Altes [6] proposed 

just such a generalized model for the channel. He suggested the channel impulse 

response be modeled as a weighted c9mbination of integrated and differentiated 

delta functions: 

M N2 

h(t) = L: L: hnmc(n)(t - Tm) (1.2) 
m=l n=-Nl 

where a positive n denotes the order of differentiation, and a negative n represents 

the order of integration. This model allows for possible frequency dependence of 

the echo, yet it is easily seen (by setting Nl and N2 equal to zero) that the previous 

model is a special case of the Altes model. Thus, the Altes representation is appli

cable in a wider variety of situations. Both models are discussed further in Chapter 

2. 

In this dissertation, two algorithms are developed which utilize maximum

likelihood and cross-correlation techniques [7] in order to estimate multiple times of 

arrival and the true echo backscatter from a target of unknown impulse response. 

The algorithms incorporate the Altes model, and are tested on simulations of a 

rigid acoustic sphere and dielectric slab (both discussed in Chapter 3). 
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1.2 Time of Arrival Estimation - Historical Perspective 
and Algorithms 

Time of arrival estimation is not a new idea. Many of the concepts popular 

in this area today were first developed in the 1950s and 1960s [8]. The original 

T.O.A. model evolved out of the classical detection problem, where a known signal 

x was transmitted and it was desired to determine whether or not an echo, subject 

to some unknown time delay, D, was present. Thus, the system model was: 

Ho : y(t) = n(t) 

HI : y(t) = x(t - D) + n(t), 

where noise was represented by n. A portion of the ability to differentiate between 

the two hypotheses depended on one's capacity to determine D. Later, the matched 

filter / cross-correlator estimation approach was developed. The received signal y 

was correlated with the transmitted signal x and compared against a threshold. If 

the result exceeded the threshold, the instant in time where its maximum value 

occurred was the estimate of D. The cross-correlation estimator was shown to be 

the maximum-likelihood estimator of D when n was additive white Gaussian noise 

[8]. 

As time went on, the system model became more sophisticated. A scale factor 

was added (y(t) = Ax(t - D) + n(t)), and the two sensor problem was examined 

[9]: 



19 

It was then necessary to estimate A as well as D. Other estimators were intro

duced, such as higher-order correlations [10], Hilbert Transform Correlation [11], 

and the Average Magnitude Difference Function (AMDF) estimator [9], and were 

found to perform better (or faster) than the standard cross-correlator under cer

tain conditions. Interest in T.O.A. estimation grew. In fact, IEEE Transactions 

on Acoustics, Speech and Signal Processing devoted a special issue to the problem 

of T.O.A. estimation in 1981 [12]. Multiple arrival estimators were also developed 

[13]. Receivers were also developed to allow for a transmitted pulse which consisted 

of a realization of a noise process [12]. 

Many techniques represented the impulse response of the echo as an A utore

gressive (AR) or an autoregressive moving-average (ARMA) process [14, 15, 16]. 

These algorithms were designed to estimate the time delay or phase shift between 

two sensors. In such cases, the AR model was often adequate. Similar to the two 

sensor problem described above, the AR system was represented as 

Yl(t) = g(t) + nl(t) 

Y2(t) = cg(t - D) + n2(t). 

However, g(t) was denoted as 

g(t) = - E~=l amx(t - m) + v(t), 

where v(t) is a white noise process with variance u2• Such a model was parametric, 

and similar to the classical model described in Section 1.1, the desired parameters 

being am and D. Therefore, there were (M + 1) parameters to be found. One 

method for estimating their values was proposed by Friedlander and Porat in [15]. 
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They solved the nonlinear optimization problem by decomposing it to yield a two 

step procedure: estimation of the am, then the delay estimation. The technique 

began by computing the covariance sequence 

~ 1 T 
~j(k) = (T-k) Et=k Yi(t)Yj(t - k), i,j = 1,2 

where T was the total number of samples. Then a set of linear equations was 

formed: 

where 

[ 
Rll(l) 1 

PI = R22(1) . 

The singular value decomposition technique [17] was used to locate the values of the 

am coefficients. The delay, D, was chosen to minimize the squared error between 

the nonparametric spectral estimate (Fourier transform of ~j) and the parametric 

spectral estimate (obtained from the estimates of am). In [15], this method was 

shown to have an advantage over the correlator methods for models with a small 

number of parameters. 

Cepstral processing [18] has also been applied to T.O.A. estimation. In 1963, 

Bogert, Healy, and Tukey [19] observed that the logarithm of the power spectrum 

of a signal which contains an echo has an additive periodic component due to the 

echo. Therefore, the Fourier transform of the power spectrum's logarithm should 

exhibit a peak at the T.O.A. of the echo. Mathematically, the complex cepstrum of 

a sequence x[k] was denoted as the stable sequence whose z-transform was 
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X(z) = log[X(z)]. 

In [20], Rodriguez, Williams, and Carlow used cepstral techniques to do wave

form estimation as well as find T.O.A. Their approach assumed that there are an 

ensemble of measurements of a noisy signal available: 

Yi(t) = x(t - Di) + ni(t), i = 1, ... , M, 0 < t < T. The algorithm estimated 

the magnitude of the spectrum X(w) by performing a scaled average of squared 

magnitudes of the measurements, where the scale factor was a function of the signal

to-noise ratio. The phase delay is estimated via ensemble average. The T.O.A. was 

found by seeking the maximum of the delay phase cepstrum, defined as F-l{ ej,p(w)} , 

where <fJ(w) was the difference between the phase estimate and true signal phase. 

This method assumed that the signal x was known. 

Petropulu, Nikias, and Proakis [21] used a combination of cepstrum and higher 

order statistics to estimate time delays in a multi path propagation problem. They 

addressed the problem where the time delays were closely spaced. Their Monte

Carlo simulation results indicated that their cepstral method performed with a much 

lower bias and variance when compared with a conventional maximum-likelihood 

estimator. 

However, it was not until recently that the matter of an echo of unknown form 

was examined in great detail in the literature. It was no longer assumed that the 

reflection consisted solely of scaled and delayed versions of the transmitted signal 

with noise, but that it may be distorted by an impulse response, h(t), which may be 

an effect of the reflector, the medium, or both. Thus, the new echo model became: 
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y(t) = (x * h)(t - D) + n(t). (1.3) 

Boudreau and Kabal [22] used a version of the model in Equation (1.1) and 

developed an adaptive recursive-least-squares algorithm to track a T.O.A. with a 

broadband stochastic process reference signal. Of greater interest here, are the re

sults of Marshall [23] and of Eriksson, Borjesson, Odling, and Holmer [24]. Marshall 

used a form of correlation to determine the T.O.A. of the creeping wave portion 

of an echo from an acoustic sphere. He applied the Altes [6] generalized model for 

the impulse response of an unknown target in his work. More recently, Eriksson, 

Borjesson, Odling, and Holmer, acting on the model above, proposed an Mth order 

extended correlation receiver to estimate a single arrival time. Their procedure 

characterized the echoed signal as a scaled orthonormal expansion of derivatives of 

the transmitted pulse. Details of these two algorithms are described in the following 

section. 

1.3 Previous T.O.A. Algorithms 

In addition to the classical cross-correlation method mentioned in the Section 

1.2, two additional schemes were utilized in this work for performance comparison 

with the algorithms developed here. The first, the robust correlation receiver, ap

peared in an IEEE journal article in September, 1994. The second constituted a 

portion of a University of Arizona master's thesis in 1993. While the thesis was 

mainly concerned with determining the radius of a rigid acoustic sphere using para

metric techniques, it also presented a correlation based T.O.A. estimation algorithm 

specifically patterned for the sphere. While both assume an active response from an 
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target which is unknown, they do not attempt to model the true echo or estimate 

multiple times of arrival. 

1.3.1 The Robust Correlation Receiver 

In 1994, Eriksson, Borjesson, Odling, and Holmer proposed the Robust Corre

lation Receiver [24]. The technique will be referred to here as the Eriksson Method. 

This method models the echoed signal as a scaled orthonormal expansion of the 

derivatives of the baseband version of the interrogation signal, x. The method as

sumes that the received signal is of the form (x * h)(t - D) + n(t), where his the 

unknown impulse response of the reflector. In other words, the method consists of 

the following steps: 

1) A narrowband signal x can be represented as x(k) = ?R[ei211"foka(k)ei.B(k)], where 

a and {3 are real valued functions. Therefore the derivatives of the baseband version 

of x are 

(1.4) 

where O ::; l::; M - 1, and Mis the model order. The restriction on M is that the 

impulse response, H (!), be M times differentiable. 

2) Now apply the Gramm-Schmidt [27] ( or a similar) procedure to obtain an or

thonormalization of g. Call this basis set { z1} ~~ 1 . 

3) Form the signals 'ljJ and -0 as modulations of the basis functions z: 

'l/Jz(k) = V2?R{z1(k)ei21rfok}, l = 0, 1, ... , M - 1 (1.5) 
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.,p,(k) = J2~{zl(k)ej21rJok}, 1 = 0,1, ... , M - 1 (1.6) 

- - T and let .,p = [.,po, ... , .,pM-I, .,po, ... , .,pM-I] . 

4) Now define the vector YD resulting from 2M parallel correlations: 

Yv = y(t) * .,p(t - D) (1.7) 

where * denotes the correlation operation. 

5) Finally, the time of arrival estimate J5 is 

(1.8) 

where 

(1.9) 

The Eriksson method is based on the criteria of maximum likelihood. As 

defined in [24], it is applied to the estimation of a single time of arrival only. It 

is modified here to estimate multiple times of arrival using an approach similar to 

that of the cross-correlation estimator. Namely, after the time of arrival of the 

main reflection is estimated, the lobe of s containing that estimation is removed 

from consideration. An argmax{} operation is performed on what remains of s to 

determine subsequent times of arrival. This approach is valid, provided that the 

echo events are not too closely spaced. 
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The approach outlined in [24] was used primarily for comparing results with 

the algorithms developed here. The latter yielded better results in the majority of 

situations. On the other hand, the Eriksson method was found to achieve better 

performance than the classical cross-correlation method in general. However, as will 

be demonstrated in the following chapters, the Eriksson method does not always 

yield an unbiased estimator. 

1.3.2 Marshall's Method 

In 1993, Marshall [23] proposed a method for time of arrival estimation which 

he applied to pinpointing the creeping wave echo from a rigid acoustic sphere. 

Assuming a signal of the form 

r = Hs + n (1.10) 

where s is the true echo, and that the characteristics of the scatterer are unknown, 

Marshall utilized the following test statistic: 

(1.11) 

where t denotes the Moore-Penrose pseudoinverse. The matrix H is filled by the 

analysis signal set obtained through the Altes model [6] (see Chapter 2). The 

parameter,\ is essentially a weighted correlation, and depending on the interrogation 

signal it may be oscillatory in nature. To compensate for the effect, Marshall low

pass filtered the function ,\, and the maxima of the filtered signal indicated the 

time of arrival estimate. This approach is a generalized version of the non-coherent 

matched filter, and will henceforth be referred to as the Marshall method. 

Marshall's method endevoured to locate the time of arrival of the creeping wave 

only, assuming the reflection arrived at t = 0. However, it could be modified, as 
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described previously for the Eriksson method, to pinpoint multiple times of arrival 

by searching for local maxima. 

1.4 Objective of this Work 

As mentioned in Section 1.1, in this work a maximum-likelihood and cross-

correlation technique is used to estimate multiple times of arrival, based on the 

assumption of an unknown target impulse response, h, and to estimate the true 

echo signal. The received signal is modeled according to the Altes generalized 

model [6], described in Section 1.1 and Chapter 2. That is, rather than the echo 

consisting solely of weighted and delayed replications of the transmitted signal, it 

is assumed to include weighted and delayed versions of integrals and differentials of 

the transmitted pulse. Therefore, the channel impulse response is given as: 

M N 
h(t) = L L hnm6(n)(t - Tm) (1.12) 

m=ln=-N 

where a positive n denotes the order of differentiation and a negative n represents the 

order of integration. The parameters {Tm} denote the times of arrival of individual 

events in the echo and the weights {hnm } are related to the characteristics of the 

target. The technique of maximum likelihood estimation is used to determine the 

weights {hnm }. The algorithms developed here utilize a correlation method to 

determine the {Tm }. The two techniques are applied consecutively and iteratively 

to simultaneously approach the maximum likelihood estimates of {hnm } and {T m}. 

The consecutive application of these techniques results in an algorithm that 

is more robust in noise than conventional correlation based methods. The reason 

behind this observation is that pre-estimation of the true echo signal acts to lessen 
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the destructive impact of the noise on the T.O.A. estimate. Boudreau and Ka

bal [22] invoked a similar reasoning, but their algorithm was designed exclusively 

for adaptive applications, while the algorithms presented here were developed to 

analyze the backscatter created by a single, finite duration pulse. 

One of the methods developed, the long-pulse-duration algorithm, differs from 

other schemes in that it accurately pinpoints the arrival time of a secondary reflec

tion signal even though the primary and secondary elements may be overlapping in 

time. While eigenvector methods have been developed that can resolve two equi

strength acoustic sources and determ.ine their bearings [25], this algorithm is con

cerned with measuring the multiple times of arrival of echoes from a single acoustic 

source, and is demonstrated in a situation where the primary and secondary echoes 

differ in signal strength by a factor of 50. 

1.5 Organization of Dissertation 

Chapter 2 presents an in-depth discussion of target description and the Altes 

generalized model. It begins with a description of the Altes model. The reasons why 

this particular model is utilized are discussed, as well as which model order should 

be designated. The Altes model requires particular characteristics of its selected 

interrogation signals, among these is that the pulse itself have no DC value. 

Chapter 3 discusses the targets to which the algorithms developed in this work 

were applied. The first of these was a rigid acoustic sphere, the other was a dielectric 

slab with a conducting back plate and system loss. For the dielectric slab, the actual 

model of the system is derived. 
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In Chapter 4, the development and application of the short-pulse-duration algo

rithm is discussed. The algorithm is derived and tested on the acoustic sphere with 

varying delays and noise levels. An interrogation signal of the form sin(at) sin2(bt) 

is used. Results obtained from application of this method are discussed critically. A 

discussion of the short-pulse-duration algorithm convergence is deferred to Chapter 

5. 

Chapter 5 presents the long-pulse-duration algorithm. The derivation of the 

scheme is discussed, followed by a proof of convergence. In the next section, the 

long-pulse-duration algorithm is tested using the signal set of Chapter 4, and its 

performance is compared to Chapter 4 results, as well as results obtained from the 

cross-correlation method, the Marshall method, and the Eriksson approach. It is 

shown to have more robust noise characteristics. A rigorous test of the algorithm 

in the case of overlapping reflection and creeping wave from a rigid acoustic sphere 

ensues. Next, the algorithm is tested using complex linear chirp as an excitation 

pulse. 

The casual reader of this work may be perplexed by the presentation of two 

algorithms which, on the surface, seem quite similar and accomplish comparable 

tasks. In fact, the short-pulse-duration algorithm presented in Chapter 4 was a 

predecessor to the long-pulse-duration algorithm discussed in Chapter 5, and the 

Chapter 5 algorithm can be applied to the short-pulse-duration case. The follow

ing rationale lie behind the inclusion of the short-pulse-duration algorithm in this 

dissertation. While (as is demonstrated in Chapter 5) the long-pulse-duration al

gorithm will yield superior T.O.A. estimates in low S.N.R. situations, the signal 

estimation portion is based on a maximum likelihood model. The maximum like-
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lihood approach will sacrifice small contributions to the overall error in favor of a 

solution that produces the lowest overall error. Thus if a secondary reflection is 

present in the echo that is many times smaller than the primary reflection signal, 

the algorithm is likely to produce an extremely accurate estimation of the primary 

reflection and a much less precise estimate of the secondary signal. In many cases, 

it is the secondary reflection that contains the majority of useful information about 

the target. The short-pulse-duration algorithm solves this problem by training the 

parameters associated with the secondary signal first. This results in a trade-off 

of some low S.N.R. robustness, but if an accurate depiction of the secondary pulse 

is wanted, this approach is desirable. The algorithms themselves are discussed in 

Chapters 4 and 5. 

Chapter 6 applies the long-pulse-duration algorithm to a dielectric slab model 

with loss. Various amounts of loss are applied, and the results are compared to 

the cross-correlation and Eriksson approaches. Chapter 7 contains a summary and 

conclusions from this work. 
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Chapter 2 

Target Scattering Models 

In Chapter 1, two target impulse response models were mentioned briefly. This 

chapter addresses each model in detail, and discusses its applicability and usage. 

2.1 Classical Target Description 

Range distributed targets are often described as arrays of point scatterers. 

The corresponding reflection is denoted as e{t) = x{t) * h{t), where e is the echo, 

x is the transmitted pulse, and h is the impulse response of the channel [6]. In 

order to analyze these targets, a model is developed that describes the relationship 

between the received echo waveform and the emitted pulse. This model output is 

then compared with the received waveform via a correlation method where a high 

correlation indicates the success of the model. 

In the classical description of a target [6], the impulse response is denoted by 

a sum of weighted and delayed delta functions. Therefore, the impulse response of 

the channel may be written as 
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M 

h(t) = E hm8(t - Tm) (2.1) 
m=l 

where the filter coefficients {hm} and the time delays {Tm} are unknown. Each {Tm} 

denotes the time of arrival of a different event in the echo. The individual events 

may depict different portions of an echo from a single target, or echoes from different 

targets, depending on the application [26]. This representation will henceforth be 

referred to as the classical model. 

A weakness of this model is that the echo estimate is modeled solely as scaled 

and delayed versions of the transmitted pulse, ignoring any frequency dependence 

that may be present. However, in many cases the classical model is adequate [26]. 

For example, if it is not desired to identify the target, but simply to determine 

its range, the model is a reasonable approximation. In addition, many targets do 

display impulse-like characteristics [6]. 

2.2 Generalized Target Description 

Often, however, the true response is more complex than a weighted sum of the 

transmitted pulse, and applying the classical model will fail to glean all information 

that is sought from the echo [28]. One approach is to use a generalized model. 

In [6], Altes proposes modeling the channel as a weighted sum of integrated and 

differentiated delta functions: 

M N2 

h(t) = E E hnm8(n)(t - Tm) (2.2) 
m=l n=-Nl 
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where a positive n denotes the order of differentiation, and a negative n represents 

the order of integration. The highest order of integration is given by -Nb while 

N2 denotes the highest order of differentiation. Nt and N2 need not be equal. 

In fact, in a given situation, integrating terms only, differentiating terms only, or 

a combination of both may be used in the model formulation. Knowledge of the 

target, if available, may be utilized to make this determination [23]. The parameters 

{ T m} denote the times of arrival of individual events in the echo, and the {hnm } 

may be related to physical characteristics of the scattering objects. 

The Altes generalized model imposes the following assumptions [1]: 

1. The additive noise is Gaussian and white. 

2. The interrogation pulse, x(t), is known. 

3. X(w) = 0 at w = O. (This assumption is not a limitation, since transfer 

functions in acoustic and electromagnetic remote sensing systems are band

limited). 

4. The channel is linear. 

Note that if the time delays are known, the estimation of the coefficients sim

plifies to a linear estimation problem. However, in the general case the estimation 

problem is nonlinear. Detailed methods for determining the values of {Tm} and 

{hnm } are discussed in subsequent chapters. 

It is straightforward to see that if one sets Nt and N2 equal to zero in equa

tion (2.2), the classical model is obtained. Therefore, the classical model can be 

described as a special case of the generalized model. 
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2.2.1 Analysis of the Generalized Model 

Consider the modeled echo generated by a zero mean input pulse x and an 

unknown impulse response h: 

M N2 

e(t) = x(t) * h(t) = x(t) * ~ L hnm.s(n)(t - Tm). (2.3) 
m=ln=-Nl 

Now perform a Fourier transform: 

E(w) = f-~ e(l)e-;W'dl = f-~ 3:(1)' f.nfN. hnmo(n)(1 - Tm)dt. 

Since a(t) * b(t) H A(w)B(w), 

E(w) = X(w) Jt~-oo E:;-Nl hnm.s(n)(t - Tm)e-iwtdt 

- X(w) E:;-Nl hnm ft~-oo .s(n)(t - Tm)e-iwtdt, 

(2.4) 

(2.5) 

where X(w) is the Fourier transform of x(t). Now, .s(t) H 1, a(t - T) H A(w)e-iwT , 

and dn /dt[a(t)) H (jw)n A(w). Since X(O) = 0, 

M N2 
E(w) = X(w) L ~ hnm(jw)ne-iwTm. (2.6) 

m=l n=-Nl 

Using the associative property of multiplication, this equation is equivalent to 

M N2 

E(w) = L ~ hnm[(jw)n X(w)][e-iWTm ). (2.7) 
m=l n=-Nl 

Now, let 

v. ( ) _ (jw)n X(w) 
nW - ~ , (2.8) 

and 

(2.9) 
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where En is the energy of the nth component. Then E(w) is shown to be 

M N2 

E(w) = E E Wnm Vn(w)e-iWTm (2.10) 
m=ln=-Nl 

Therefore, it is seen that the filters {Vn }, represent the decomposition of the esti

mated echo in terms of its energy components, related to the nth integral or deriva

tive of x. To carry this further, back to the time domain, if X(O) = 0, equation 

(2.7) can be inverse transformed to obtain 

N2 M 

e(t) = L x(n)(t) * E hnmo(t - Tm), (2.11) 
n=-Nl m=l 

which is mathematically equivalent to equation (2.3). Thus, the generalized model 

can be implemented by integrating or differentiating the transmitted pulse, x. 

As can be seen from equation (2.11), at each value of m, the modeled echo, e, is 
an expansion of the true echo in terms of x(n)(t). The task is to find the largest values 

of Nl and N2 that can be used to find the coefficient weights hnm . As will be seen 

in Chapter 4, solving for the hnm requires inverting an (Nl + N2 + 1) x (Nl + N2 + 1) 

matrix. If Nl and N2 are too large, the matrix will become ill-conditioned or rank 

deficient. Therefore, the key is to find the dimension of the space spanned by x(n)(t), 

and thus the dimension of e. One way to find this dimensionality is by applying the 

Gram-Schmidt orthogonalization process [27], which will be described in Chapter 

4. 

2.3 Comparison of Target Descriptions 

The classical model is much less complex than the generalized model, while still 

maintaining versatility. Why would one use the generalized model? The classical 
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model fails to account for any frequency dependence that may be present in the 

echo. The generalized model allows for target dispersion. Target dispersion is a 

term applied the situation occurring when a target presents a transfer function 

that is more complex than a time shifted copy of the input. But is target dispersion 

observed to occur in any physical objects? Consider for a moment the rigid acoustic 

sphere, which is displayed in Figure (3.1) and discussed in Chapter 3. In [3], the 

asymptotic early time backscatter of a rigid acoustic sphere is represented as a 

polynomial in negative powers of (jw) 

E ( ) ,-..; ~(l _ 3/2 + 5/2 _ 25/4 
Asy W ,-..; 2 (jw)(a/c) (jw)2(a/c)2 (jw)3(a/c)3 

+ (jwl{a/c)" + O[(wa/ct 5 ])X(w), 

(2.12) 

where a is the radius of the sphere and c is the propagation velocity. The expression 

is frequency dependent, and is accurate for frequencies greater than approximately 

600Hz for a sphere of unity radius [2). As a simple example, consider the Altes 

generalized model for a particular delay Tm = 0 (23]. Then H ( w) becomes 

N2 

H(w) = L hnmUwr. (2.13) 
n=-N1 

Now, expand equation (2.13) and reorder terms to obtain 

(2.14) 

Examine the lower half of equation (2.14). It is a polynomial in negative powers of 

(jw ), and matches the terms in the asymptotic equation. In fact, if the generalized 
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model is in this case restricted to include negative terms only, one could identify 

the coefficients of the model by inspection 

a 
hom = '2' 

h . __ ~ (3/2) 
-1m - 2 a/e ' 

a (5/2) 
h-2m = -'2 {a/e)2' (2.15) 

and so on. Thus, the generalized model is shown to relate to the early time scat

tering characteristics of an acoustic sphere. The classical model could only hope 

to accurately estimate the coefficient hom' thus missing a substantial portion of the 

impulse response. 

Other targets also display dispersive behavior. Kennaugh and Moffat [4] cal

culated several impulse responses that contained a step function, which is the first 

integral of a delta function. Freedman [5] observed that Rayleigh scattering is 

proportional to the frequency squared, the second derivative of an impulse. The 

classical model could not accurately depict such impulse responses. Thus the Altes 

model, which is based on weighted sums of integrals and differentials of delta func

tions, is better suited to model the electromagnetic characteristics of many targets, 

yet preserves the classical model (n = 0) within itself. 

2.4 Input Pulse Selection 

Another important consideration is selection of the input pulse. This section 

briefly addresses the desired characteristics of an interrogation pulse. Selections 

of specific pulses that were used in this research are discussed in Chapters 3 and 

5. In order to apply the generalized model, it is necessary to utilize a zero mean 

interrogation signal (X{w) = 0 at w = 0). In addition, the interrogation pulse is 

generally chosen to resemble a band-pass filter. This allows the observer to concen

trate on a particular region of the frequency spectrum of the echo that is of interest. 
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Figure 2.1: Magnitude of Hypothetical Impulse Response, fl(!), (solid); Magnitude 

of Hypothetical Input Signal, X(f), (dashes) 

Consider the hypothetical input signal and impulse response of Figure (2.1). With 

the exception of a small oscillation, the impulse response remains constant across 

the frequency range examined. However, the input signal is selected to concen-

trate on frequencies in the region of (0.5 - 1.5) x 106 Hz. Thus the resulting echo 

(E(f) = fl(f)X(f)) is concentrated about (0.5 - 1.5) x 106 Hz (see Figure (2.2)). 

Although the processing done in this project is band-limited, it is not narrowband 

(see discussion in Chapter 1 ). In addition, in this work the generalized model is not 

applied to real-time processing. Therefore, it is desirable to choose a pulse that is 

time-limited. 
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Figure 2.2: Magnitude of Resulting Hypothetical Echo, E(f) 

2.5 Chapter Summary 

This chapter discussed two target scattering descriptions, the classical model 

and the Altes generalized model. The classical model was shown to be a special case 

of the Altes model. A Fourier analysis of the generalized model was performed, and 

several examples were presented which revealed the superiority of the generalized 

model over the classical model. The chapter concluded with a brief discussion of 

input pulse selection. 
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Chapter 3 

Representative Target Simulations 

The algorithms developed in this research were applied to two backscatter 

models: the rigid acoustic sphere, the dielectric slab with conducting backplate 

and loss. The model for the sphere is well understood and documented [2]. The 

dielectric slab with loss model is derived for the work presented here. This chapter 

presents both models. 

3.1 Rigid Acoustic Sphere 

3.1.1 Mathematical Description 

One of the scattering objects used to test the algorithms presented here is the 

rigid acoustic sphere. This selection is due to three primary reasons. First, the 

sphere echo contains two distinct elements, the reflection and creeping wave, which 

serves to test the multiple T.O.A. estimation potential of the Altes generalized 

model. Second, the target impulse response exhibits dispersive behavior, which 

tests the utility of the higher order terms in the generalized model. The final 

reason is due to the fact that the velocity potential of a rigid acoustic sphere is well 

known for the backscatter case [2]. A diagram of an acoustic sphere of radius a is 
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Figure 3.1: Diagram of Rigid Acoustic Sphere 

shown in Figure (3.1 ). The incident in this system is a plan wave propagating in 

the -z direction. The expression for the scattered velocity potential, vs for the far 

field (kr >> 1) is [3, 29] 

where r is the radial distance to the observer, Jn is a spherical Bessel function of 

order n, Pn is an nth-order Legendre polynomial, h~ is a spherical Hankel function 

of the second kind of order n, k is the wave number, and () is the angle from observer 

to the z direction. Equation (3.1) is denoted the Mie series response for the rigid 

acoustic sphere. The Mie series response can be modified by multiplying by a phase 

factor ensuring that the first observation of the scattered field occurs at time t = 0. 

Pn(l) can be forced to 1 by selecting the backscatter case,()= 0 (since cos(O) = 1). 

When a zero mean excitation function, X(w ), is applied the resulting output is 

E(w) = rV8 (k,r,O)X(w)ei(r- 2a)7 (3.2) 
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The theoretical echo of the sphere is the equivalent time domain expression, found 

by taking an inverse Fourier transform of equation (3.2): 

e(t) = __!_ f 00 rV8 (w, r, O)X(w )ej(r-2a)~ ejwtdw. 
21r -oo C 

(3.3) 

3.1.2 Bandlimited Impulse Response 

In any practical application, equipment limitations dictate that all frequencies 

cannot be measured with the same accuracy. Measured responses generally emerge 

from the receiver as low-pass or band-pass signals. To account for this certainty, 

the simulated sphere impulse response was bandlimited by truncating its frequency 

samples at 5000Hz. The bandlimited impulse response for a sphere of radius lm is 

shown in Figure (3.2). This particular response was used to define the rigid acoustic 

sphere model used in this work. The impulse response was obtained by Marshall 

[28] using the software package Mathematica [30]. 

The spike which occurs at t = 0 is responsible for creating the reflection portion 

of the echo when it is convolved with the transmitted pulse. The reflection is 

the response from the front of the sphere. The smaller spike, which occurs at 

approximately 16ms, is responsible for creating the creeping wave. The creeping 

wave is emanated when the interrogation pulse has traveled completely around the 

sphere. Thus, the point at which the creeping wave arrives corresponds to the first 

point in time where global information about the target is present in the echo [2]. 

Examination of Figure (3.2) further demonstrates the need for the generalized 

model. The classical impulse response model consists of a sum of weighted and 

delayed delta functions. Although the spike at t = 0 closely resembles a delta 
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Figure 3.2: Bandlimited Impulse Response of Acoustic Sphere 

function, the portion of the impulse response directly following resembles a decaying 

exponential. The creeping wave segment of the figure is a likeness of a double sided 

exponential. If one attempted to rebuild the impulse response using only weighted 

delta functions, one might obtain a reasonable replica of the reflection, but little 

else. Thus, the classical model cannot hope to capture the essence of the sphere 

impulse response, and the necessity for a generalized model is clearly indicated. 
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3.1.3 Parameters and Events of Interest 
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0.03 

Figure (3.3) shows a sample echo from the rigid sphere defined by Figure (3.2), 

using the input pulse: 

x(t) = { ~in(21r Jct) sin2(at) 
t<O 
0 < t < ~ - - a 
~ < t 
a 

(3.4) 

with Jc = 1200H z and a = 300 shown in Figure (3.4). This interrogation signal 

was developed by Weyker and Dudley [2], and will henceforth be called the Weyker

Dudley pulse. The Fourier transform of this signal is displayed in Figure (3.5). Its 

magnitude peaks at 1200Hz, indicating that the signal will yield an echo that favors 

frequencies of the impulse response near this value. Since the creeping wave arrival 

point defines the first instant of time where global information about the target is 

present in the echo, it is desirable to determine the T.O.A. of the creeping wave 
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as accurately as possible. Figure (3.6) is an expanded version of Figure (3.3), 

concentrating on the onset of the creeping wave. A close examination of Figure 

(3.6) reveals that the creeping wave arrives at t = 15.8ms. It is also important 

to resolve the arrival point of the reflection, since the interval between the arrivals 

of the reflection and creeping wave provides further information about the sphere. 

Finally, in noisy environments it is also of interest to provide an estimate of the 

reflection and creeping wave events themselves. Algorithms that accomplish these 

goals are discussed in Chapters 4 and 5. 

The generalized model was previously applied to a rigid acoustic sphere by 

Marshall [28]. While Marshall did some work in the area of estimating the arrival 

time of the creeping wave (see Section 4.4), his task was mainly concerned with 

determining the radius of the sphere. 
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Figure 3.7: Slab Profile 

3.2 Dielectric Slab 

The other object that was used for test purposes was a dielectric slab backed 

with a perfectly conducting half space, as shown in Figure (3.7). The backscatter 

from an incident plane wave was examined. Results from the model are discussed 

in Chapter 6. 

3.2.1 Mathematical model for backscatter field from a Di
electric Slab with Conductivity (J' 

The lossy case (u > 0) is examined in this section. The lossless case, [31], is 

obtained trivially by setting u = o. 

Consider the diagram of Figure (3.7) with the direction of positive z defined 

to the right. The slab has thickness d, and is of infinite duration in the x and y 
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directions (y extends perpendicular to the paper). The emitter and receiver are 

located at point a. Consider a plane wave traveling in the free space of region l. 

The wave comes into contact with the slab at the point z = O. A portion of the 

wave's energy is reflected from the front of the slab, toward the observer (point a). 

The remainder of the wave is cast back from the far side of the slab, a portion of 

which is witnessed by the observer, the rest reflecting in the +z direction from the 

front of the slab, and so on. This model contains variations in the z direction only 

(a/ax = a/ay = 0) [31]. 

Using Maxwell's equations to define the total fields in regions 1 and 2, one 

obtains [31]: 

" x E = -jwJlofI 

0= Hz,O = Ez, since all terms with S/Sx and S/Sy disappear. 

Here Jlo is the permeability of a vacuum, and € is the permittivity. Ex and Hx are 

the x components of the E field and H field, respectively. The unit vectors in the 

x, y, and z directions are denoted by X, y, z. 

Since the partials in the x and y direction disappear: 

(3.5) 



48 

Then, one has: 

8Ex . H 
8z = -JWµo y, (3.6) 

Dividing the equation on the left by -jwµo produces 

H = -=!__(8Ex). 
y jwµo az (3.7) 

Taking the second derivative of Ex yields 

(3.8) 

which results in: 

(3.9) 

where k = w-Jµot. is the wave number in free space. 

The following boundary conditions need to be imposed: the continuity of tan-

gentials E and H at the slab interface and the vanishing of the tangential E at the 

perfect conductor (back of the slab). Mathematically, this is represented as 

3. Ex2 = 0 at z = d. 

where Ex1 denotes the x component of the field in region 1. Solving the differential 

equation in region 1 produces 

(3.10) 

where k1 = w~ = ~' c is the speed of light, to is the permittivity of a vacuum, 

and A is a parameter to be determined. In region 2: 

(3.11) 
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where 

(3.12) 

The dielectric constant of the slab is Er, and a is the conductivity inside the slab. 

B and C are parameters to be determined. 

Since it is the field in region 1 that is of interest, A remains the primary 

variable to find, and it will be a function of w. When the boundary condition of 1) 

is substituted into equations (3.10) and (3.11), one obtains 

l+A=B+C===?B=l+A-C 

Now, let T/o = Jµo/to. Then Hy1 becomes 

Similarly, 

For convenience, let 

Then, 

Hy2 = ~P[Beik2z + jk2Ceik2z]. 
T/o 

Next, incorporate the second boundary condition into the expressions for Hy
1 

and 

Hy2 and substitute for B 

1 1 1 
-[1 - A]= -P[B - C] = -P[l - A - 2C] 
T/O T/O T/O 

This implies 

C 
= AP+P+A-1 

2P . 



Finally, include the third boundary condition. 

Substitute for B and C, 

Then, 

[ A 1 - AP - P - A] ik2d [ AP + P + A - 1] eik2d = O 
l + + 2P e + 2P 

[2P + 2AP + 1 - AP - P - A]eik2d +[AP+ P + A - l]eik2d = O 

(1 _ P)eik2d _ ( p + 1 )e-ik2d 
A = ( p _ 1) e-i k2 d + ( p + 1) eik2 d · 

Now, define R 

Therefore, A is found to be: 

A= 
R + e-2ik2d 

1 + Re-2ik2d 

50 

(3.13) 

(3.14) 

A diagram of Ex1 appears in Figure (3.8) for values of d = 5m, z = Om, (J" = 0.001, 

and Er = 5.5 A sample interval of ~w = 1.9 x 106 was used. The distance between 

resonance peaks in Figure (3.8) can be calculated from the round trip travel time in 

the slab. For example, if an expanded version of Figure Figure (3.8) is examined, it 

is revealed that the peaks are 8.05 x 107 radians apart. The corresponding frequency 

in Hz is found by dividing the value in radians by 21r, yielding 1.28 x 107Hz. Thus, 

the round trip travel time in the slab should be 

1 
----

7 
= 78.lns. 

1.28 X 10 

Indeed, as Figure (3.11) will reveal, subsequent echoes from the back of the slab 

occur every 78ns. 
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Figure 3.8: Total Electric Field of Slab 

3.2.2 Dielectric Slab With Loss Model Representation (Lim
iting Cases) 

The frequency domain solution for the total field in region 1 for the loss case 

was derived in the previous section. One must take extreme care with the treatment 

of transfer functions, as they often present difficulties with calculating Fourier trans-

forms. Calculating the limiting cases of the total field will serve to help illustrate 

this phenomenon. 

Consider the differential equation for the total field outside the slab. 

(3.15) 

The first term is the incident field, the second is the reflected field. It is convenient 

to adopt the notation Ei and Er where Ei = e-jkiz Er = Aejkiz and E = 
x1 x1 , x1 , x1 , x1 
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E!l + E~l' Now, apply a forcing function, X(w), to the field. 

X(w)E:Z:1 = X(W)E~l + X(W)E;l (3.16) 

X(w)E:Z:1 - X(w)e-ik1Z + X(w)Aeik1Z = X(w)e-ik1z(l) + X(w)eik1Z(A) 

_ X(w)e-i~Z(I) + X(w)ei~Z(A) 

(3.17) 

where (from the previous section) kl = w/c. Taking the inverse Fourier transform 

results in 
z z 

x(t) * e:z:l(t) = x(t - -) * o(t) + x(t + -) * a(t) 
c c 

(3.18) 

Thus, the only influence the exponential terms of E:z:l have is to lag the time domain 

solution. Thus one can locate the limiting cases for z = 0 (observer located at 

entrance of slab), and after applying a forcing function, shift the resulting time 

domain expression to reflect the influence of z. For z = 0, t = 0 represents the time 

the incident wave encounters the face of the slab. 

Now, consider E:Z:l when z = 0, 

E:Z:l = 1 + A. (3.19) 

Therefore, 

(3.20) 

In order to see how to manage the frequency domain expression, it is necessary to 

examine the limiting cases of E:Z:l when w ~ 0 and w ~ 00. Clearly, the limits 

for E!l are 1 in both cases. One need only be concerned with E~l = A. From the 

previous section, 

R + e-2ik2d -R - e-2ik2d -R e-2ik2d 
A=- = . ----~ 1 + Re-2ik2d 1 + Re-2lk2d 1 + Re-2ik2d 1 + Re-2ik2d ' 



53 

where 
;;-/1 + -. u_ - 1 R = V '-r JWlrlO 

1 + 14/1 + -. u_' Y '-r JWlrlO 

and 
(J' 

k2 = w µotrto(l + . ). 
JWtrto 

The straightforward substitution of the expressions for R and k2 into the expression 

for A yields 

A 

(3.21) 

When w ~ 0: 

Examine equation (3.21 ). In several places there are ws appearing in denomi

nators. Making the substitution w = 0 into the equation for A would be impractical. 

The solution is approached here by finding the limit of portions of (3.21 ), then gath-

ering the pieces together. Consider the limit of the argument of the exponential 

terms. 

(3.22) 

Thus, 

1. -2idwJµol2(1+..,...L.) 1. o l 
Im e ,w(2 = Im e = . 

w-o w-o 
(3.23) 

Examine the limit of Ras w ~ 0. Multiply the numerator and denominator by vw 
to obtain: 

;;-_ fw + ~ - ylW 
1. (R) 1· V '-ry. Jlrlo 
Im = Im--:=:-~~-,:====== 

w-o w-o 'w + ~- fw + ~ y1.1.1 y'-ry· JlrlO 

(3.24) 
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The Limit Quotient Rule can now be applied. The limit of the numerator is given 

as: 

Similarly, the limit of the denominator also results in Jfi· 

So, 

lim(R) = 1. 
w-o 

Finally, putting everything together yields 

and therefore, 

When w ~ oo: 

-1 
limA= --
w-o 1 + 1(1) 

1 
---=-1, 
1 + 1(1) 

Consider the limit of the argument of the exponential terms. 

w-oo w-oo 

As before, the study begins by examining lirnw-00 ( R). Clearly, 

So, 

1. R J4- l 1m - -'----
w-oo - 1 + Fr' 

:fir:-1 
1. A i+Fr Im = ---'----

w-oo 1 + (:fi"r:-1 )0 
I+Fr 

0 _1-y'4 
1+(F-1 )0-1+0r· 

I+Fr 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

Thus, the total field converges to a non-zero constant at high frequency and 

does not roll off. But practically speaking, this does not present a serious problem, 
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Figure 3.9: Weyker-Dudley forcing function (dots), slab field (solid) 
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since all useful forcing functions contain a high frequency rolloff. The input signal, 

then, is selected to concentrate on the region of the frequency spectrum which is 

of interest to the observer. Reflect on the Weyker-Dudley interrogation signal of 

Section 3.1.1, with fc = 1.2 x 109 Hz, and a = 5 x 107
. The frequency response of 

this forcing function, X(w ), is shown in Figure (3.9). Also shown in the figure is 

the total field of the slab for z = 0. The concurrent display of these two functions 

illustrates how the input signal is chosen to focus on a particular segment of the 

target response. The product of the slab response Ex1 and X ( w) is shown in Figure 

(3.10). In any kind of practical system, there is a natural rolloff. In this work, the 

inherent rolloff of a measurement system was simulated. To this end, a twelfth order 

Butterworth filter ( also shown in Figure (3.10) ) was applied to the composite. Call 

the filter E1p, and the Butterworth filter response F. Then mathematically, 

E1p(w) = Ex1(w)X(w)F(w). 
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Figure 3.10: Output of Weyker-Dudley excitation pulse applied to slab frequency 
response (solid), Butterworth filter (dots) 

What appears in Figure (3.11) is the inverse transform of E1p, adjusted to account 

for an observation point of z = -12m by time shifting the transform by the amount 

(z/c). Values of a= 0.001, and ir = 5.5 are used. The first pulse is the incident 

waveform. The next pulse is the echo from the front of the slab. Subsequent 

signals are echoes from the slab's back plate. A study of the function in Figure 

(3.11) reveals that echoes from the back of the slab arrive every 98 time samples, 

or 98 x (8 x 10-8 )samples/sec.= 78ns, as was confirmed in section 3.2.1. 

For the dielectric slab model derived here, it is assumed that the emitter of 

the forcing function and the observer are at the same point. This translates to the 

incident plane wave always being observed at t = 0, which was done primarily to be 

consistent with the rigid acoustic sphere examples. The algorithm used in Chapter 

6 does not assume the incident arrives at t = 0, however. 
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Figure 3.11: Time domain version of slab echo 

3.2.3 Parameters and Events of Interest 
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It is of interest to know the distance between the observer and the slab, as 

well as the depth of the slab. Knowledge of these quantities helps the observer to 

determine the range and depth of the target. The answer to the former can be 

determined from the arrival time of the echo off the front of the slab. Information 

about the depth of the slab is contained in the difference of arrival times of the 

echo from the front, and the reflection from the rear of the slab. It is therefore 

important to estimate accurately the arrivals of these two events. After the arrival 

of the initial reflection from the back of the dielectric slab, subsequent reflections 

from the rear plane will be observed at regular intervals, until a sufficient amount 

of the original signal energy is gone such that the echoes are no longer detected at 

the observation point. 
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The algorithm discussed in Chapter 6 estimates the arrivals of each of the 

aforementioned events, as well as the reflections themselves. 
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Chapter 4 

Analysis of Sphere Echo from Short Duration Input Pulses 

This chapter addresses the matter of joint multiple time of arrival estimation 

and signal modeling of an echo where the system is defined in such a way that 

individual elements of the received waveform do not overlap each other in time. 

An algorithm is defined to accomplish these tasks, and the need to modify this 

algorithm is demonstrated. The new algorithm is defined and tested against its 

unmodified version, further illustrating the necessity of the modifications. 

4.1 Models and Signals Used 

The scattering object used in this chapter was selected to be the 1m acousti

cally rigid sphere defined in Chapter 2. The interrogation signal is represented by 

equation (3.4). An a value of 300 (value used in [28]), Ie of 1200Hz, and sampling 

rate of 10KHz are used in these experiments. These choices of parameters result 

in the pulse being sufficiently short so that the reflection and creeping wave do not 

overlap in time. Under these conditions, the resulting signal x has a DC value of 

-10-2 • This small (but non-zero) bias causes aliasing from convolution with the 

higher order 8(n)(.) terms in the estimate of the reflection which creates bias in the 

estimate of the creeping wave. To compensate, the following adjustment was made 



60 

when 0 < t < 'IT' /0:: 

(4.1) 

This choice of parameters results in the echo waveform that was shown in Figure 

(3.3). 

4.2 Determining the Dimension N 

As was discussed in Chapter 3, in order to determine the proper model dimen

sion, N, it is necessary to find the dimension of the space spanned by the signal 

set {xn(t)}. One way to find N is to use the Gram-Schmidt orthogonalization pro

cess [27, 28, 23]. This procedure finds a minimum set of orthonormal vectors that 

spans the same space as the original set, {xn(t)}, thus yielding the dimension of 

{xn(t)}. The process consists of successive applications of projection, subtraction, 

and normalization. 

The first waveform, !o(t), is the normalized version of x(t) 

x(t) x(t) 
fo(t) = Fa = IIx(t)1I (4.2) 

where Fa is the square root of the energy in x. 

The other fn(t) are found by projecting the xn(t) onto the bases !i(t), sub

tracting the projection, and normalizing the result as follows: 
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Projection: 

Cin = L: x-n(t)ft(t)dt i = -1, -2, ... , n + 1 

Subtraction: 
n+l 

dn(t) = x-net) - L Cinfi(t) 
i=O 

Normalization: 

fn(t) = x-net) 
Fn 

This creates a set of N orthonormal vectors, spanning the space of {xn(t)}. The set 

is completed when n is such that the difference vector dn(t) = 0 (which is equivalent 

to saying that the echo can be described as a linear combination of the fi(t)). The 

value of N is then n -1 (Often N is selected so that t~e difference vector is small). 

For the signal of equation (3.4), an integrating-terms-only model was utilized, with 

a maximum dimension of N = 3. 

4.3 Algorithm Derivation 

Since this algorithm deals with the case of non-overlapping reflection and creep

ing wave, it will henceforth be referred to as the Short-Pulse-Duration Algorithm. 

The modeled echo, e, is an estimate of the true echo e. The e is determined by 

convolving the transmitted pulse x with the channel impulse response h. Therefore, 

M N 

e(t) = L L hnmS(n)(t - Tm) * x(t). (4.3) 
m=ln=-N 

The above expression may be simplified by noting that M = 2, since the echo will 

consist of two separate components: the reflection and the creeping wave (although 

only two events were used here, the derivation for more events follows similarly). In 
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this case, only integrating terms were used. The simplified modeled echo is given 

by 

0 0 

e(t) = L hn18(n)(t - T1) * x(t) + L hn28(nl(t - T2) * x(t), (4.4) 
n=-N n=-N 

where r 1 and r 2 are the arrival times of the reflection and creeping wave, respectively. 

The received analog waveform is then y(t) = e(t) + n(t). However, the discrete 

time problem, where y is sampled at lOKHz, is considered here: 

y(k) = e(k) + n(k), (4.5) 

where n( k) is a realization of a zero mean, variance a2 , Gaussian random variable. 

It is assumed the noise samples are independent. 

Given the transmitted pulse, x, and a set of noisy measurements ,Y, the ob-

jective of the algorithm is to find appropriate estimates of h.1 = [hn1], h.2 = [hn2], 

and r_ = [r1, r2) using maximum-likelihood techniques. The approach begins by 

constructing the likelihood function for the problem. 

1 K 1 ----e- Lk=~ [(yk-Ln hn1x(k)*s(n)(k-Ti)-En hn2x(k)8(k-T2))2~] 
(21ra2)K/2 ' 

where I{ is the total number of samples of y( k ). 

Then the log-likelihood function is: 
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First, to obtain the maximum likelihood function of 11.1 as a function of 11.2 and 

1:, differentiate the log-likelihood function with respect to a particular hpl (where 

p = -N, -N + 1, ... ,0) and set the result equal to zero. This results in 

~ [8(P)(k - Tl) * x(k) (Yk - ~ hnlX(k) * 8(n)(k - Tt} - ~ hn2X(k)8(k - T2)) 1 = 0 

(4.7) 

For convenience, from the above equation construct the column vectors z: and [, 

and the square matrix B whose components are 

rp = I:[8(p)(k - Tl) * x(k)]y(k) (4.8) 
k 

k n 

bpn = I:(8(p)(k - Tt} * x(k))(8(n)(k - Tl) * x(k)), (4.10) 
k 

for p = -N, -N + 1, ... , o. Then one can define the set of equations 

B11.1 = [z: -D. (4.11) 

Similarly, if one takes the derivative of equation (4.6) with respect to a particular 

hp2 (where p = -N, -N + 1, ... ,0), and allows the result to equal 0, one obtains 

~ [8(P)(k - T2) * x(k) (Yk - ~ hnlX(k) * 8(n)(k - Tl) - ~ hn2X(k)8(k - T2)) 1 = O. 

(4.12) 

Once again, it is suitable to simplify the above notation. Let the column vectors 2 

and fb and the square matrix C, consist of the components 

Sp = I:[8(p)(k - T2) * x(k)]y(k) (4.13) 
k 

k n 

Cpn = I:(8(p)(k - T2) * x(k))(8(n)(k - T2) * x(k)). (4.15) 
k 
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This results in the following set of equations 

(4.16) 

Then the optimal coefficients are found by solving equations (4.11) and (4.16) si

multaneously for 11.1 and ha. 

If 1: were known, then equations (4.11) and (4.16) would constitute a linear set 

of equations. Further, if Band C were invertible, then it would be a simple matter 

. to determine the values of 11.1 and 11.2' (Note: as discussed in the previous section, 

the invertibility of Band C is dependent on N, which in turn is dependent solely 

on the input pulse. In these experiments, N was selected such that Band C were 

always invertible.) 

4.3.1 Estimation of the time delays 71, 72 

The values of 1: are unknown. Thus, equations (4.11) and (4.16) do not repre

sent a linear set of equations, and a closed form solution for 1: cannot be obtained by 

solving the equations. An iterative approach is suggested here, one that alternates 

between an optimization step assuming the time delays are known, and an opti

mization step assuming the tap weights are known. First it is necessary to define 

an estimator for 1:. 

The log-likelihood function is multimodal in 1:, which makes a gradient step 

approach to the solution an unwise approach. Since there are only a finite number 

of possibilities for Tl, T2 in this model, another option would be to try them all at 

each iteration and seek the minimum. However, this requires 4]( + 4 convolutions, 

4]( + 4 multiplications, and 5]( + 3 additions for each of the Tl, T2 estimates at each 
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iteration, where K is the total number of samples. 

Instead, a correlation procedure is used here. Define u to be: 

o 0 

ui(k) = L h~18(n)(t - Tf-l) * x(t) + L h~28(n)(t - T~-l) * x(t), ( 4.17) 
n=-N n=-N 

where i is the current iteration number, and values of the estimates at iteration 

i are designated with superscripts. The previous iteration step is denoted by the 

superscript i - 1. At each iteration, ui(k) is correlated with y(k). The argument k 

producing the maximum value of the correlation is the estimate of TI at iteration 

i. In the simulations used here, the reflection is much larger than the creeping 

wave. Thus, as will be shown in Chapter 5, the correlation operation yields a global 

maximum at the estimate of TI' The reflection is assumed to be at least as long in 

duration as the input pulse. Since the reflection and creeping wave do not overlap, 

and TI < T2, the estimate of T2 at iteration i can be found by masking off from 

consideration the values of the correlation for which k < (duration of :r: + Ti) and 

finding the maximum value of what remains. 

Finally, the estimate of the echo at the ith iteration, ei , is found as: 

o 0 

ei(k) = L h~18(n)(t - Tf) * x(t) + L h~28(n)(t - T~) * x(t). (4.18) 
n=-N n=-N 

In short, the algorithm consists of the following steps: 

1. Initialize the algorithm with random values. 

2. Solve for III using (4.11) assuming fu and I. are known. 

3. Solve for fu using (4.16) assuming III and I. are known. 

4. Solve for Ti as described above assuming all tap weights are known. 
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5. The procedure is continued until some convergence criteria is reached. Once 

convergence has occurred, the estimated echo is represented as e, where the overbar 

is used to differentiate between the actual and modeled echoes. A proof of conver

gence appears in Chapter 5. The convergence criteria used in this work was the 

convergence of mean square error between ei{k) and the received signal y. 

4.3.2 Modification to Algorithm 

In most high signal-to-noise ratio (SNR) situations, the algorithm described 

above can match the reflection portion of the echo point-for-point (In this work 

SNR is measured as 10logl0 I/el/2 /variance of n). Unfortunately, the creeping wave 

estimate is, to a large extent, sacrificed. The algorithm is driven by minimizing the 

difference between y and e. Since the reflection is approximately 50 times larger in 

amplitude than the creeping wave, a small error in the estimation of the creeping 

wave contributes very little to the overall error in comparison with a small error 

in the reflection. As a result, the algorithm described tends to ignore the creeping 

wave to some extent. 

Hence the algorithm was modified. The convergence of Tl is slowed by fixing 

the value in the 8(0){.) correlator input to its initial random draw. This allows 

the algorithm to converge to the creeping wave model, after which all parameters 

relating to the creeping wave are fixed, and Tl is allowed to continue converging 

without the restriction. This modification, as will be shown, produced better results 

in its estimation of the creeping wave. 
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4.3.3 Initialization of Algorithm 

The initial values of the tap weight coefficients 11.1 and lh. are randomly selected 

over the interval [-1,1] using a uniform distribution. The initial values of:r. are chosen 

uniformly over the entire duration of y, with the stipulation imposed that 71 < 72. 

4.4 Results 

The algorithm was tested under a variety of delays and noise levels. The results 

shown here are compared with those occurring when the necessary modification to 

train to the creeping wave is removed. 

4.4.1 Noise Free Results 

The echo signal used in this trial is identical to the one displayed in Figure (3.3). 

With 10 iterations, the algorithm trained to a mean square error of 1.5 x 10-5 • For 

the purposes of this discussion, it is convenient to define global mean square error 

as the error present over the interval containing both the reflection and creeping 

wave, and local mean square error as the mean square error of the algorithm in its 

estimation of the portion of the echo containing only the creeping wave. The local 

mean square error for the noise free case was 5.6 X 10-6 • The algorithm correctly 

identified the times of arrival of both events. Correct time of arrival estimate means 

that the algorithm has selected as its estimate the exact time sample corresponding 

to the peak in the sphere impulse response. Similar results were produced for all 

values of delay tested, thus showing the algorithm was insensitive to time shift. The 

estimated and true echo are shown in Figures (4.1) and (4.2) for a delay of O.5ms. 
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Figure 4.2: True Echo ( solid) and Estimated Echo ( dotted) in Vicinity of Creeping 
Wave. (Delay 0.5ms) 
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Figure 4.3: Error in Estimation of Reflection, Noise Free Case: e - e (Delay 0.5ms) 

In Figure ( 4 .1), it is difficult to see the difference between the echo and the 

estimate. The error is slightly more observable if the creeping wave is examined 

in isolation, as in Figure ( 4.2). To clearly illustrate the error of the algorithm, the 

difference function (e - e) is plotted in Figures (4.3) and (4.4). 

If the algorithm is tested without the modification in the noise free case, its 

performance in the area of the creeping wave is considerably worse. It is inaccurate 

in its estimation of the creeping wave T.O.A., which in turn destroys the waveform 

estimation. The estimate and true echo in the area of the creeping wave for the 

unaltered application of the algorithm are shown in Figure ( 4.5). 
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4.4.2 Results in Noise 

The noise added in these trials was a zero mean Gaussian random sequence. 

Similar to the mean square error definitions of Section 4.4.1, the term global SNR 

is used here to designate the signal-to-noise ratio over the entire range of available 

samples, including both the reflection and creeping wave. Local SNR refers to the 

signal-to-noise ratio in the interval of time which contains only the creeping wave. 

Results suggest that the model is successful at estimating the reflection and the 

creeping wave pulses for a variety of SNRs, ranging from 56dB to 25dB global SNR, 

which corresponds to local noise levels in the vicinity of the creeping wave varying 

from 32dB to IdB. Figures (4.6)-(4.9) display the creeping wave in a typical noise 

realization in each of four SNRs within the range. 

At 32dB, the noise is barely perceptible in Figure (4.6). At 12dB, the beginning 
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of the creeping wave is difficult to detect by inspection, and at IdB, the creeping 

wave itself is difficult to discern from the noise. 

Figures (4.10) and (4.11) show the algorithm's error performance on a typical 

realization of a 30dB global SNR (6.3dB local SNR) data set. 

Table (4.1) illustrates the total and local mean square error rates achieved by 

the algorithm for each of the four noise levels. 50 trials were performed at each noise 

level. The algorithm selected the value of Tl exactly right in every trial. Throughout 

the duration of this document, the term correct T.O.A. estimate is used to denote 

the situation where the algorithm selects as its estimate the exact time sample 

corresponding to the peak of the impulse response. For T2, at a local SNR of 32dB 

the algorithm selected the correct time of the arrival for the creeping wave in all 

trials. As SNR dropped, performance of the algorithm also fell. At a local SNR of 
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Figure 4.10: Error in Estimation of Reflection, global SNR=30dB case: e - e (Delay 
0.5ms) 
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Reflection Creeping Wave 

global global local local ~~~~ % Correct 
~~~ 

% Correct %TOA modifiec •:• ave. error :::: 

II I within 0.4ms (% of input SNR (dB) MS error SNR (dB) MSerror TOA •:• TOA (3. 5%) pulse length) :::: ~I 
56 6xl0- 5 32 2.5x10- 5 II 100 ~=~ 100 100 0 

8xl0- 5 -5 
:::: 

I 37 12 3.5x10 I 100 98 100 0.07 
30 2x10-4 6.3 6.3x10- 5 =·=· 100 90 100 0.5 
25 3x10-4 1.0 2.3x10- 4 1 

100 ~~~ 66 100 1.1 t :•: 
·=· 

Table 4.1: Performance of Modified Short-Pulse-Duration Algorithm 

ldB, the algorithm selected the correct time sample of the arrival of the creeping 

wave in only 66 percent of cases. However, this result is somewhat misleading. As 

described in the previous section, the algorithm identifies the correct time of arrival 

only if it selects the exact time sample corresponding to the peak of the impulse 

response. The algorithm was successful in determining the correct arrival time of 

the creeping wave to within 0.4ms of its correct value in all cases tested, which 

corresponds to 4 time samples at the sampling rate used. In comparison with the 

total length of the input pulse, 0.4ms corresponds to approximately 3.5 percent. 

The final column indicates the average error in the estimate at each noise level as a 

percent of the total length of the input pulse. Results for the unaltered algorithm are 

displayed in Table ( 4.2). Without the modification, the algorithm exhibited a bias 

in its estimation of the time of arrival of the creeping wave, starting with the noise 

free case. Therefore, as the standard deviation of the estimator increases at low 

SNRs, the T.O.A. accuracy of the unaltered algorithm actually improves. However, 
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Reflection Creeping Wave 

I 
:::: 

global global local local % correct 
1111 

% correct %TOA ave. error 
within 0.4ms (% of input 

SNR (dB) MS error SNR (dB) MS error TOA :•:• TOA (3. 5% ) pulse length ) 

56 5xl0- 4 32 l.6xl0- 4 100 I 0 0 5.3 
9xl0- 4 -4 :•:• 

4 4.8 37 12 l.lxlO 

I 
100 4 

3xl0- 3 o-4 
:::: 

30 6.3 l.Oxl 100 ~~~[ 8 8 4.9 
25 4xl0- 3 1.0 2.7xl0- 4 

100 r 0 0 4.7 :•:• 
:::: :::: 

Table 4.2: Performance of Short-Pulse-Duration Algorithm without Modification 

its T.O.A. performance is worse than the modified algorithm at every noise level 

tested. In addition, the modified version did not demonstrate a bias in high SNR 

cases. Thus, it can be concluded that if it is desired to have an accurate estimate of 

the creeping wave, with this approach it is better to apply the short-pulse-duration 

algorithm with the specified modification. 

4.5 Chapter Summary 

This chapter addressed the problems of multiple time of arrival and received 

waveform estimation when the individual events present in the echo did not overlap 

in time. An algorithm was developed to effectively treat this situation, combining 

a parametric channel model with maximum likelihood and cross-correlation tech-

niques. After initial tests, it was found the algorithm sacrificed the smaller event 

present in the echo in favor of a lower overall mean square error. The procedure was 

modified to help eliminate this problem. The modified version was compared with 

its unaltered version at several different noise levels, and found to achieve superior 

local mean square error and time of arrival estimation. 
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The algorithm presented here operates under the assumption that the elements 

of the echo do not overlap in time. In Chapter 5, an algorithm is presented which 

removes this assumption. 
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Chapter 5 

Long-Pulse-Duration Algorithm 

5.1 A General Algorithm 

In Chapter 4, it was assumed that the reflection and creeping wave did not 

overlap in time. In simulations, parameters can always be selected to ensure this 

situation. However, in many cases this is not a valid assumption. If an occasion 

occurs in which they overlap, the short-pulse-duration algorithm will fail in its esti

mation of the creeping wave arrival time. It was desired to generalize the algorithm 

in order to correctly cope with instances where events present in the echo mayor 

may not overlap. The long-pulse-duration algorithm was developed to effectively 

manage this situation. 

Initially, the long-pulse-duration algorithm was tested on the non-overlapping 

case using the same input pulse as in Chapter 4, as well as a linear chirp pulse, on 

the rigid acoustic sphere model. Algorithm results were compared with other known 

methods. Next, the algorithm was applied to the situation where the reflection and 

creeping wave overlap. In order to create such a circumstance, the pulse defined 

in equation (3.4) was used, with Ie = 1200Hz, and a = 100. The adjustment of 

equation (4.1) was also applied, resulting in the echo waveform subsequently shown 
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in Figure (5.12). 

5.2 Derivation of Algorithm 

Much of the long-pulse-duration algorithm exhibits the same structure as the 

algorithm discussed in Chapter 4. The cardinal difference between the two algo

rithms is in their estimation of I.. While the short-pulse-duration algorithm at

tempts to locate the onset of the creeping wave, the long-pulse-duration algorithm 

tries to find its ending. 

The values of the tap coefficients are estimated exactly as in the short-pulse

duration algorithm. The reasoning follows. 

e(k) = H(k) * x(k), (5.1) 

where H is the impulse response of the target. Since convolution is linear, the 

value of the echo at time k is the sum of the value of the reflection at time k plus 

the creeping wave at time k, with possibly a small (but negligible) influence from 

transients occurring in the impulse response. 

e(k) = reflection(k) + creeping wave(k) + small terms(k) (5.2) 

It is immaterial whether or not the reflection and the creeping wave overlap with 

regard to calculating the contributions of h.l and h.2• 

It is only the estimation of the vector I. that needs to be addressed. This 

entails performing additional calculations. In order to update the parameter rt, 

x(k) is correlated with y(k) and rt+l is selected at the maximum value. Since x 

and y do not change as the algorithm converges, there is only one estimate for rI, 
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that of iteration 1. Tl+1 is a constant for iteration numbers 1 or greater, and will 

be designated as 71. 

After the tap coefficients are calculated, the reflection portion of the estimated 

echo is reconstructed, using the estimated values of 71 and ll.~. The estimate of 

the reflection is then subtracted from y, leaving the algorithm's best guess of the 

creeping wave. Call this cw(k). However, since the reflection and creeping wave 

may overlap, values of cw( k) that occur near the true start of the creeping wave 

are likely to be corrupted from the small (but non-negligible) error incurred in the 

estimation of the reflection. Thus it is much more reliable to use cw( k) to estimate 

the end of the creeping wave, rather than the beginning. This approach can be 

used because the portion of the impulse response that causes the reflection closely 

resembles a delta function. Therefore, it is not possible, given a finite duration x, 

for the reflection and creeping wave to completely overlap in time. 

To find 72, the signal cw(k) is convolved (reversed in time and correlated) with 

x. The location k of the maximum value is the estimate of the end of the creeping 

wave. From this value, the next estimate of the creeping wave's time of arrival is 

found by subtracting the duration of the pulse x. 

Following this step, the algorithm is applied iteratively in order to converge to 

the values of ll.l, 11.2 and I.. 

Specifically, the algorithm proceeds as follows: 

1. Initialize the algorithm with random parameter values. 

2. Correlate x with y. The value of k resulting in the maximum of the correlation 
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is rl. 

3. Calculate the tap weight coefficients, h~m' as in the short-pulse-duration algo

rithm. 

4. Calculate the reflection estimate (En h~16(n) (k - rl) * x( k)) at time k, subtract 

from y(k), the remainder is the estimate of CUi(k). 

5. Convolve (reverse and correlate) CUi with x. The value of k producing the 

maximum is the estimate of the end of the creeping wave. 

6. Subtract from the estimate the duration of the pulse x. The resulting number is 

the estimate of the beginning of the creeping wave. 

7. Repeat steps 3-6 until appropriate convergence criteria are reached. 

5.3 Algorithm Convergence 

5.3.1 Estimation of 71: 

TI is not estimated iteratively, and it is independent of Hand T2. Therefore, 

the estimate of TI will henceforth be represented by fi. 

fi = kl : Ix(k1 } * y(kl - Tdl ;::: Ix(k} * y(k - Tdl, Vk€(O, K - 1], (5.3) 

where * denotes correlation, and K is the total number of samples available of y(k). 

In [8], Van Trees showed that the estimator for fi is optimal in the sense that it is 

the Maximum Likelihood Estimator of the time of arrival of a single event. 

Examine x(k)*y(k - TI) = x(k) * y(-(k - Tt}). It does not matter mathemat-
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ically whether x or h is delayed. So the above can be represented as (in the noise 

free case): 

x(k) * [x(-(k - r1)) * h(-k)] = [x(k) * x(-(k - r1)) * h(-k)] 

00 

= E X (p) X ( T1 + p - k) * h( -k), 
p=-oo 

which is maximum when p = r 1 + p - k -+ k = r1 . In this problem, it is assured 

this value will yield a global maximum, since the reflection is larger in amplitude 

than the creeping wave in the cases presented here. If this were not true, r 1 would 

have to be located iteratively. 

In the case of noise, x(k)*y(k-r1) = Lp x(p)x(r1 +p-k)*h(-k)+x(k)*n(-k), 

and the expected value of the right hand side is Lpx(p)x(r1 + p - k) * h(-k), 

as before. Thus, in the multiple event cases examined here fi still provides the 

maximum likelihood estimate of r 1 . 

5.3.2 Iterative Portion of Algorithm 

Now consider the other model parameters. For noise n( k ), which is a realization 

of a random variable rv N(O, o-2
), the likelihood function in terms of hn1, hn2 , I. is 

(5.4) 

and, if the total number of samples in y is J{, 

log( P(u_l hnl, hn2, I.)) = (21ra~ )K/2 

-2!2 Ef=o1 (Yk - Ln hn18(n)(k - T1) * x(k - T1) - Ln hn28(n)(k - T2) * x(k - T2))
2

. 

(5.5) 
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Call this (equation (5.5» L(lLlhnI, hn2 ,I.). As was discussed in Chapter 4, in 

these experiments the dimension N was always selected so that solutions of hnl and 

hn2 can be found. Therefore, solutions for 8Lj8hnl = 0 and 8Lj8hn2 = 0 in hnl 

and hn2 exist, where each element of hnl and hn2 is an element of the set of complex 

numbers. 

It is convenient at this time to define the following vector spaces. Let A be the 

set of all N x 1 complex vectors, so that hnI, hn2f.A. In addition, let V be the set 

of all 2 x 1 integer vectors, such that the components of V, (VI,lt2), are such that 

(0 < VI < lt2 ~ K - 1). So that I.f.V. 

For the remainder of this section, superscripts will be used to designate the 

values of the estimated parameters at a particular iteration. In addition, the 

designations will be left off the estimates of parameters with subscripts, such as 

hnt, hn2 and T2, since it creates clutter and is assumed by the superscripts that 

these parameters are estimates. i.e., T4 denotes the estimate of the parameter T2 at 

iteration i. 

1). Select h~l' h~2' and T~ at random. Let i = 1 and calculate rl' Let TO = [TI, T~]. 

Let h!l be the solution of 8Lj8hnl = 0 given hn2' I.0 • Then, since L is a log

likelihood function, and h!l is its maximum likelihood solution in hnl' for any 

hn1f.A: 

Thus, 

(5.6) 
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2). Now, for h~ll TO: let h~2 be the solution of 8L/8hn2 = O. Then, for any hn2 €A 

so that 

and thus 

(5.7) 

3). T4 estimate: 

For notation, let the creeping wave estimate at iteration i be written as 

~(k) = y(k) - L h~16(n)(k - 71) * x(k), 
n 

and 

~(k) = ref(k) + cw(k) + n(k) - r-;ji(k), 

where ref(k) is the true reflection, cw(k) is the true creeping wave, and r-;ji(k) = 

En h~16(n)(k - 71) * x(k) is the estimate of the reflection at iteration i. 

Since 

the error, 
-1 -0 

IIref(k) - ref (k)1 < Ilref(k) - ref (k)lI· (5.8) 

From the triangle inequality: 

-1 -1 
IIcw(k) + n(k) + ref(k) - ref (k)1I :5 IIcw(k) + n(k)1I + IIref(k) - ref (k)1I 

-0 
< IIcw(k) + n(k)1I + IIref(k) - ref (k)lI· 

(5.9) 
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Thus cw1(k) is closer (or at least no further) in vector space to cw(k) than cwO(k). 

Let ;;b(k) = cw( -(k + Y)). 

Then 

;;bi(k) _ y( -k - Y) - I: h~10(n)( -Y - k + fi) * x( -Y - k) 
n 

- cwb(k) + n( -k - Y) + refb(k) - r;:Jbi(k), 

(5.10) 

where refb(k) = ref( -k - Y). n( -k - Y) can be represented as n(k) without 

loss of generality. Let T2 denote the time in k where the end of the creeping wave 

occurs. Then for i = 1, 

-1 -1 
cwb (k) = x( -k - T2 ) * h( -k) + n(k) + refb(k) - refb (k). 

Now, for the estimate of T2 (in the noise free case): 

-1 -1 
cwb (k) * x(k) - cwb (k) * x( -k) 

-1 
- x( -k) * x( -k + T2 ) * h( -k) + [refb(k) - refb (k)] * x( -k). 

(5.11) 

Locate the maximum of the above equation in terms of k. 

1st term Max(x( -k) * x( -k + T2 ) * h( -k))): This term is maximized when x 

is perfectly correlated with itself. This occurs when k = T2 • 

-1 
Last term: Because of equation (5.8), Max[(refb(k) - refb (k)) * x(-k)] ~ 

Max[(ref(k) - ;;/(k)) * x(-k)]. Thus the maximum of equation (5.11) is more 

likely to occur at k = T2 when i = 1 then when i = O. 
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ri is found by subtracting from T2 the number of samples in x. It follows from 

above that 

(5.12) 

However, it is not necessarily true that 

But, if i = 2, then (by arguments of 1) and 2)) it is found that 

and since P( ri = r2) ;::: P( r~ = T2), it follows that 

(5.13) 

(5.14) 

L is bounded (L ~ 1) and P(rJ = T2) is also bounded. 

If LO = Ll, LO contains the maximum likelihood solution and the algorithm is done. 

Otherwise, it continues. 

4). Now, let i be anything > 2 and consider Li-l (L(ll.lh~17 h~2,1:.i-l)): Since hnl' hn2 

are maximum-likelihood solutions of L, it is known (from 1) and 2)) that 

L( Ihi-l hi-l i-I) < L( Ihi hi i-I) '!!.. nl' n2' 1:. _ '!!.. nl' n2' 1:. , 

and further, that 
---i ---i-l 

IIref - ref II ~ IIref - ref II· 
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Thus 

---i ---i 
IIew + n + ref - ref II < Ilew + nil + IIref - ref II 

-i-l 
< IIew + nil + IIref - ref II· 

(5.15) 

So that cui is of closer (or the same) distance in vector space to ew as cui-I. 

---- i --- i --- i ewb (k) = ewb(k)+n(k)+refb(k)-refb (k) = x( -k-T2 )*h( -k)+n(k)+refb(k)-refb (k) 

and in the noise free case: 

---i --- i 
Max[ewb (k)*x(k)] = Max[x( -k)*x( -k+T2)*h( -k)+[refb(k)-refb (k)]*x( -k)] 

(5.16) 

The first term is maximized when k = T2• From equation (5.15), M ax([refb(k)-
- i - i-I refb (k)] * x(-k)) < Max([refb(k) - refb (k)] * x(-k)). It follows that: 

(5.17) 

5). Incorporate rJ into the model and calculate h~11, and h~tl. From 1) and 2), 

'VhnlfA 

and also, 'Vhn2fA 

Therefore 

L( Ihi hi i-I) < L( IhiH hi+l i) Y nl' n2' Z. - Y nl' n2' Z. • - -
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Thus 

(5.18) 

Since L is increasing and bounded from above, L converges. Therefore, the 

algorithm converges to the maximum-likelihood solution in hnl' hn2 and 1:... / / 

5.3.3 Convergence of Short-Pulse-Duration Algorithm 

As was mentioned in Chapter 4, the convergence discussion of the short-pulse

duration algorithm would be deferred to Chapter 5. The proof here is for an inte

gration terms only generalized mode, a differentiation model follows directly from 

the outcome. Since the estimation of the filter tap weights is the same in the short

pulse and the long-pulse-duration algorithm, steps 1) and 2) are exactly the same 

for both proofs, with the exception that TO = [rr, r~] instead of [TI, r~]. With that 

definition made, one can start with step 3. 

3). Initial stage: rl convergence slowed, creeping wave has not yet trained. 

Redefine u of equation (4.12), taking into account the algorithm modification and 

giving u the superscript i to denote the iteration number. This produces 

-1 0 

ui(k) = L h~16(n)(k-r;-1 )*x(k)+hgI6(O)(k-r~)*x(k)+ L h~26(n)(k-r~-1 )*x(k) 
n=-N n=-N 

(5.19) 

for i > O. Define an initial UO to be used for the purposes of this exercise: 

° ° uO(k) = L h~16(n)(k - rr) * x(k) + L h~26(n)(k - r~) * x(k) (5.20) 
n=-N n=-N 

Also, define vi to be 

-1 ° 
vi(k) = L h~16(n)(k - rt-1) + hg16(O)(k - r~) + L h~26(n)(k - rJ-l) (5.21) 

n=-N n=-N 
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for i > 0, and VO to be 

n=-N n=-N 

so that ui(k) = vi(k) * x(k), and ui(O) = vi(O) * x(k). Now, let i=l. Solve for the 

h~m coefficients according to steps 1) and 2). 

rl estimate: 

From steps 1) and 2), it is known that: 

(5.23) 

It follows that u l is closer (or the same) distance in vector space to Y as uO, thus 

The estimate of rl is the solution of 

For the noise free case, 

lul(k) * y(k - rl)1 = I(x(k) * vl(k)) * (x(k - rt) * h(k))1 (5.25) 

. Since ul is closer (or the same) distance in vector space to y as uO, it follows that VI is 

closer (or the same) distance in vector space to h as vO. If VI and h were identical, 

equation (5.24) would reach its maximum at the correct value of k, namely rl. 

Therefore, since lIy - ulli < lIy - uOIl, it is more likely that vI will result in the 

proper estimate of rl than va. Specifically, the argument of (5.25) 

= (x(k) * vl(k)) * (x( -k + rl) * h( -k)) 

= x(k) * x( -k + rl) * vl(k) * h( -k) 



= x(k) * x(k - Tt} * v1(k) * h( -k) 

= (x(k) * x(k - Tl)) * (vl(k) * (h(k)) 
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of which the first correlation is a maximum when the lag is TI. Since the additive 

noise is zero mean, the conclusion holds for the noise case as well. Hence, 

(5.26) 

Estimate of Ti: 

Mask out the lobe of ui(k)*y(k) containing Ti. Since the reflection and the creeping 

wave do not overlap, and equation (5.26) above, it follows that T2 is less likely to 

be masked out by the operation using u l and TI than if UO and Tf are used. 

It happens from conclusion in steps 1) and 2) that E~=-N h!2s(n)(k-T~)*x(k) 

is closer (or no further) to cw in vector space than E~=-N h~2s(n)(k-T~)*x(k). Call 

the disregarded portion of ui(k) * y(k), R1i(k), and the remaining portion R2i(k). 

From the argument above, one can conclude that R11 is closer (or no further) in 

vector space to ref * ref than R1 0 • The maximum value of R21 will occur when 

E~=-N h!2s(n)(k - T~) * x(k) is most correlated with cwo Therefore, the maximum 

value of R21 is more likely to occur when k = T2 than the maximum value of R2°. 

Hence, 

(5.27) 

By 1) and 2) it is found that 

and it follows that (Since P(Tf = TI) ~ P(Tf = TI) and P(Ti = T2) > P(T~ = T2)) 

(5.28) 
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Thus 

(5.29) 

Now, form el(k) as defined by equation (4.14), and check lIy - eili. If lIy - eOIl -

IIY - elll < f, where f > 0 is a small, but arbitrary convergence criterion, then the 

creeping wave has trained. The algorithm jumps to step 5). 

4). If the creeping wave has not converged, let i > 1 be anything. Now, the current 

estimation of Tl is used to calculate all tap weights, even though the current estimate 

of hlO is not used to calculate Tt. Thus, it still holds that 

L( Ihi-l hi-l i-I) < L( Ihi hi i-I) Y nl' n2':r. _ Y nl' n2':r. . - -

In addition, the 2nd term of ui equation (5.16) is a constant. If T i- l = T i- 2 , then 

clearly (from arguments in 1) and 2» lIy - uill :5 lIy - ui-ll!. Then from 3) 

If T i - l is different, one can proceed by induction, starting with i = 2, since i = 1 

was a special case. It was shown that 

Remove the second term from equation (5.16), and define the function Q, similar 

to L, but formed from ui without its second term instead of from ei . 

1 -1 ° 
- 20'2 :E(Yk - :E hnlo(n)(k - Tl) * x(k - Tl) - :E hn2o(n)(k - T2) * x(k - T2»2. 

k n=-N n=-N 

Then, because of the orthogonality principle, 
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Since the second term of u i is a constant, lIy - u2 11 < lIy - ulli. It then follows from 

3) that 

and 

Thus ( also from 3) ) 

Assume Li-I < Li is true for arbitrary i. Then 

L( Ihi hi i-I) < L( Ihi+! hi+! i) '!l.. nU n2' 1:. - '!l.. nl' n2' 1:. • 

Let 1 = i + 1. From the orthogonality principle, 

Since the second term of ui is a constant, lIy - u11l < lIy - uill. It then follows from 

3) that 

and 

Thus ( also from 3) ) 

So that 

is true for arbitrary i. 
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Now, check lIy - ei-11l_lIy - eill. If the difference is < f, move to step 5, and 

call this iteration j. Otherwise, continue with i = i + 1. 

Note: Since L is increasing, and n is zero mean, it turns out that lIy-eili < lIy-ei - 1 11 
In addition, L is bounded, therefore IIY - ei - 1 11_lIy - eill converges. 

5). Call the iteration where step 4) converges, j. Now freeze the parameters h~2 

and T{ SO that ui becomes 

o 0 

ui(k) = 2: h~I«5(n)(k - T;-I) * x(k) + 2: h~2«5(n)(k - T/-1
) * x(k), (5.30) 

n=-N n=-N 

and vi becomes 

(5.31) 
n=-N n=-N 

Thus, the Cw (the 2nd term of ui ) is a constant. 

From 1) and 2), it is apparent that 

(5.32) 

Now, similar to the argument of 4), define Q to be constructed from equation (5.31) 

without the second term factored in. This argument proceeds exactly as in 4). Thus, 

one obtains 

Q(hi i-I) < Q(hi+1 i) nl' Tl _ nl ,T1 , 

and it follows directly that lIy - uill :5 lIy - Ui-11l, and hence 

(5.33) 

and 

(5.34) 
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Then, 

L{ /h i i-I) < L{ /hi+! i) lL nl' Tl - lL nl' Tl , (5.35) 

and 

(5.36) 

is true for arbitrary i. 

Since L is increasing and bounded from above, it converges. However, it will 

not necessarily converge to the maximum likelihood solution in hnl' hn2' and I.. / / 

5.4 Results 

5.4.1 Non-overlapping Events 

As an initial application of the algorithm, the method was tested using the 

same acoustic rigid sphere and input signal of Chapter 4 (equation (3.4)). In these 

trials, the results are compared against 4 other methods: the Marshall method, the 

cross-correlator method, the Eriksson technique, the short-pulse-duration algorithm 

of Chapter 4. 

Algorithm Results 

When the algorithm was applied using the test conditions of Chapter 4, it was 

shown to perform with an overall mean square error of 1.09 X 10-5 in the noise free 

case. Noise free error difference function results{ e - e) are shown in Figures (5.1) 

and (5.2). 
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Figure 5.2: Estimation Error for Non-overlapping Creeping Wave- Noise Free Case 
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In this case, the difference function for the estimation of the creeping wave is 

actually higher in amplitude than that of the reflection. Although the algorithm 

correctly estimates the time of arrival of the creeping wave, it is not specifically 

tuned to measure the creeping wave, as was the algorithm of Chapter 4. 

Table (5.1) shows the noise performance results of the algorithm. 50 trials with 

different noise realizations were performed at each SNR. Typical realizations of the 

test set for noise levels of local SNR equal to 0 and - 7 dB are shown in Figures 

(5.3) and (5.4). For other test levels, refer to Chapter 4. The long-pulse-duration 

algorithm was shown to converge quite rapidly. At all noise levels tested, the number 

of iterations required to converge was 4. The technique correctly identified the 

T.O.A. of the reflection in all trials, and it correctly pinpointed the creeping wave 

arrival time in all cases tested with SNRs greater than OdB. Correctly determining 

the time of arrival refers to pinpointing the exact time sample which corresponds 

to the peak in the impulse response. Average error in creeping wave estimates as 

a percentage of the length of the input pulse for each noise level are also displayed 

in Figure (5.1). Algorithm bias and standard deviation are shown in time samples, 

where the sampling rate of 10kHz was used. Despite the fact that the algorithm 

displays wide variations over the interval of its estimation of the creeping wave, it 

still demonstrates robustness in its estimate of the creeping wave time of arrival. 

Comparison with Marshall's Method 

Since Marshall [23] used the rigid acoustic sphere in his work, it is straight

forward to compare his results with those obtained by the long-pulse-duration al

gorithm. Marshall's T.O.A. estimates are shown alongside the new algorithm out-
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S.N.R. 

global local ~ %correct T.O.A. ave. estimation algorithm algorithm ~ w.0bal local 
iterations error (' of input 

ean mean 
S?ruare s~are (dB) (dB) creeping wave) pulae length) bias std. deviation ~ e or e or required 

56 32 
... 100 0 

-5 -5 
0 0 blO -5 1.0xl0 -5 4 

37 12 ~ 100 0 0 0 .. 2x10_5 I.lxlO -5 4 
30 6.3 ~ 100 0 0 0 ~ 3x10_

5 1.6x10 -5 4 
25 1.0 ~ 100 0 0 0 

$ 9xlO -4 2.8x10 -5 4 ,< 
21 0 % 94 0.4 -0.8 0.3 ~ blO -4 5.lxlO -4 4 

'" 19 -1.5 82 1.5 -1.7 0.6 3xl0 -4 1.1 xl 0 -4 4 
17 -7.0 ::: 62 -0.6 3.6 0.8 v 5xlO 1.8xlO 4 

Table 5.1: Long-Pulse-Duration Algorithm Results in Noise for Non-overlapping 
Events 

Long-duratlon-
Marshall Method pulse algorithm 

local % correct ave. estimation experimental experimental % correct total mean 
(creeping error bias stand. deviation square error 

wave) (%ofinput 
SNR(dB) pulse length) 

26 75 0.2 0.25 0.08 100 1.lxlO-5 

6 28 1.5 0.70 0.26 100 3.3xl0- 5 

1 15 20 0.73 0.46 100 8.5xI0-5 

Table 5.2: Comparison: Marshall method and long-pulse-duration algorithm 

comes in Table (5.2). 

In Marshall's work, 40 test cases were performed at each nOIse level. 50 

cases were tested with the long-pulse-duration algorithm. While Marshall's method 

achieved good estimation of the creeping wave T.O.A. at high SNRs and yielded 

an average of T.O.A. estimations near the correct value at low SNRs, the long

pulse-duration algorithm achieved perfect T.O.A. estimation at all noise levels used 

in Marshall's project. It should also be re-emphasized that the Marshall method 

assumes an arrival time for the reflection, does not attempt to model the creep

ing wave, and is non-iterative. Marshall's technique has the advantage of being 

non-iterative, but the long-pulse-duration algorithm is shown to achieve greater 
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accuracy. 

Performance Comparison with Short-Pulse-Duration Algorithm 

In Chapter 4, an algorithm was developed that allowed T.O.A. and pulse esti

mation of non-overlapping events. Since the long-pulse-duration algorithm can also 

be applied to this situation, it is logical to compare results of the two methods. 

For this exercise, the same interrogation pulse and noise levels were used as in the 

tests of Chapter 4. In the noise free case, both algorithms identified the values 

of I. correctly. The error difference functions of the two algorithms are compared 

in Figure (5.5). Although the long-pulse-duration algorithm performs superiorly 

in its estimation of the reflection, the short-pulse-duration algorithm has a smaller 

peak value in error in the area of the creeping wave. This is not surprising, since 

the short-pulse-duration algorithm was specifically tuned to estimate the creeping 

wave. 

At all noise levels tested, both methods correctly determined the T.O.A. of the 

reflection. Results of the comparison are shown in Table (5.3). 

As is apparent from studying Table (5.3), the long-pulse-duration algorithm 

shows superior performance in T.O.A. estimation, as well as estimation of the re

flection. Local mean square error is lower also. However, this statistic can be 

misleading. As Figure (5.5) demonstrated, the long-pulse-duration algorithm may 

have a lower local mean square error, yet still produce an error difference function 

with larger error peaks. 

The long-pulse-duration algorithm is more robust in noise. However, the short-
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short- loog-
pulse- pulse-

duration duration 

global global global 
SNR(dB) MSerror MSerror 

S6 6X10- S IxIO- S 

37 8x10- S 2x10- S 

30 2x1O- 4 3xIO-S 

2S 3x10- 4 9x10- S 

short- loog- short- loog-
pulse- pulse- pulse- pulse-

duratioo duration duration duratioo 
%TOA 

local local local % correct within O.4ms % correct 
SNR(dB) MSerror MSerror TOA (3.5' of TOA pulse length) 

32 2.5x10- S I.OxIO-S 100 100 100 
12 3.SxI0- S 1.lxIO-S 98 100 100 
6.3 6.3xI0-S 1.6xIO-S 90 100 100 
1.0 2.3xIO- 4 2.8xI0-S 66 100 100 

Table 5.3: Comparison: Short-Pulse-Duration and Long-Pulse-Duration Algo
rithms 
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pulse-duration algorithm is less computationally intense, thus taking less time to 

converge, and still displays better performance than the Marshall method. In ad

dition, at the noise levels tested, the short-pulse-duration method still managed to 

produce creeping wave T.O.A. estimates within O.4ms (4 samples) of its true value 

in all cases. 

5.4.2 Comparison with Eriksson and Cross-correlation Meth
ods 

In this section, the long-pulse-duration algorithm's sphere performance is com

pared with results obtained by applying the Eriksson and cross-correlation algo

rithms described in Chapter 1. In the first set of cases, comparisons are made 

using the signal of equation (3.4) as the reference pulse. An additional set of cases 

compares results when a linear chirp pulse is utilized as the input pulse. The long

pulse-duration algorithm proved to be an accurate indicator of T.O.A., to very low 

levels of SNR. In addition, the method did not display a bias in its estimates, as is 

shown to be the case in the Eriksson and cross-correlation techniques for the pulse 

of equation (3.4). 

Comparative Results for Time-Limited Weyker-Dudley Input Pulse 

This segment discusses results obtained when the Weyker-Dudley input pulse 

of equation (3.4) is applied to a rigid acoustic sphere using the long-pulse-duration 

algorithm, Eriksson algorithm, and cross-correlation method. Employing 50 test 

cases at each noise level examined, the results of Table (5.4) were obtained. 



global local 

SNR SNR 
(dB) (dB) 

56 32 
50 26 
37 12 
30 6.3 
25 1.0 
21 0 
17 -7.0 

global local 

SNR SNR 
(dB) (dB) 

56 32 
50 26 
37 12 
30 6.3 
25 1.0 
21 0 
17 -7.0 

% Correct T.O.A. E&.timate 
tcreepmg wave} 

long- Eriksson Cross 
pulse- Correlation 

duration 

100 0 0 
100 0 0 
100 0 0 
100 0 0 
100 0 4 
94 0 0 
62 2 12 

%Con:ect T.O.A. Estimate. 
(creepmg wave +F U.~ms) 
(4.5% of inDut Dulse len2th) 

long- Eriksson Cross 

pulse- Correlation 

duration 

100 100 100 
100 100 100 
100 100 98 
100 100 78 
100 97 62 
94 90 64 
62 52 62 

Creeping Wave Estimate Experimental 

BIAS STANDARD DEVIATION 

long- Eriksson Cross long- Eriksson Cross 

pulse- Correlation pulse- Correlation 

duration duration 

0 5 5 0 0.71 0.71 
0 5 5 0 0.79 0.71 
0 5 4.6 0 0.71 0.72 
0 4.4 1.6 0 0.73 0.81 
0 3.9 0.5 0 0.71 0.88 

-0.8 3.7 0.7 0.3 0.64 0.87 
-0.6 522 38 0.8 174 38 
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Table 5.4: Comparative Results: Rigid Sphere with Weyker-Dudley Input Pulse 



global local 

SNR SNR 

(dB) (dB) 

56 32 
50 26 
37 12 
30 6.3 
25 1.0 
21 0 
17 -7.0 

Average estimation error 
(% of input pulse length) 

long- Eriksson 

pulse-

duration 

0 4.5 
0 4.5 
0 4.5 
0 4.5 
0 3.6 
0.4 3.3 
3.5 4.7 
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Cross 

Correlation 

4.5 
4.5 
4.5 
4.5 
4.6 
5.2 
47 

Table 5.5: Estimation Error Results: Rigid Sphere with Weyker-Dudley Input Pulse 

At first glance, the long-pulse-duration algorithm illustrates performance far 

superior to the other schemes. While all methods correctly identified the reflection 

T.O.A. in every case, the Eriksson and cross-correlation methods display a 0.5ms 

bias in their estimates of the creeping wave T.O.A .. The bias causes the perfor

mance of these algorithms to actually improve in performance at lower SNR, but 

this phenomena can be discounted by higher experimental standard deviations. In 

[24], the authors do not claim that their method is unbiased. Indeed, a maximum 

likelihood estimator in its general form need not be unbiased. In fact, while the 

Eriksson scheme displays a bias for the input pulse selected, it will be demonstrated 

that it does not display a bias for the linear chirp input pulse. It appears that the 

bias of the Eriksson method is dependent on selection of interrogation pulse, though 

the pulses used in this work were not those used in [24]. While this is an interesting 

outcome, investigation of the properties of the Eriksson algorithm are not within 
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the scope of this project. If the bias in the Eriksson algorithm is discounted, it is 

shown to perform only slightly poorer than the long-pulse-duration algorithm for 

positive values of SNR. However, the achievement of the cross-correlation algorithm 

is still substantially overshadowed by the long-pulse-duration method. 

Comparative Results for Linear Chirp Input Pulse 

While the long-pulse-duration algorithm was shown to perform successfully 

using the Weyker-Dudley input pulse, it was desired to determine the algorithm's 

performance using other interrogation signals. To this end, a complex signal, a 

time limited linear chirp pulse [32], was applied to the simulation. Specifically, the 

following pulse was used. 

{ 

0 t < 0 
x(t) = aexpi(211'Jot+Tt2) 0 < t < 10.3ms 

o t> 1O.3ms 
(5.37) 

where a = 1, fo = 11500, and m = 10. The value of 10.3ms was selected to 

correspond with the pulse length of equation (3.4) used in the previous trials. Under 

these conditions, a small DC value was present in the signal. This situation was 

rectified by subtracting the DC value from the pulse. The waveform of Figures (5.6) 

and (5.7) resulted. 

The results obtained by applying the three algorithms to the sphere model and 

this signal set are shown in Table (5.6) as well as Figures (5.8)-{5.1O). In all 

cases, the algorithms correctly identified the time of arrival of the reflection. For the 

chirp signal, the Eriksson and cross-correlation methods did not display the creeping 

wave estimator bias that was observed for the other signal set. In fact, all three 
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global local 

SNR SNR 

(dB) (dB) 

47 23 

40 17 

33 9 

27 35 

21 -2.7 

18 -5.0 

15 -8.5 

global local 

SNR SNR 

(dB) (dB) 

47 23 

40 17 

33 9 

27 3.5 

21 -2.7 

18 -5.0 

15 -85 

% CO}Tect T.O.A. El!.timate 
~creepmg wave) 

long- Eriksson Cross 

puIse- Correlation 

duration 

100 100 100 

100 100 87 

100 100 73 

100 98 62 

100 63 54 

68 30 46 

46 5.3 30 

%Con:ect T.O.A. Estimat~ 
(creepmg wave +1--0::zms) 

O:mputPI en (2% r' uIse I gth) 

long- Eriksson Cross 

puIse- Correlation 

duration 

100 100 100 

100 100 100 

100 100 100 

100 100 100 

100 72 98 

84 43 89 

62 10 72 

Creeping Wave Estimate Experimental 

BIAS STANDARD DEVIATION 

long- Eriksson Cross long- Eriksson Cross 

puIse- Correlation puIse- Correlation 

duration duration 

0 0 0 0 0 0 

0 0 0.2 0 0 0.05 

0 0 0.3 0 0 0.05 

0 -0.2 0.4 0 0 0.05 

0 -3.9 0.4 0 0.8 0.1 

-0.6 2.4 0.4 0.5 6.3 0.2 

30 370 13 25 73 9.5 

M.S.E. 

long-

pulse-

duration 

-3 
4.5xlO 

-3 
4.5xl0 

-3 
4.5xlO_

3 
4.8xlO -3 

5.3xl0 -3 
6.4xlO 

-3 
8.6xl0 

Table 5.6: Comparative Results: Rigid Sphere with Chirp Input Pulse 
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Creeping Wave: Average Estimation Error 
(% of input pulse length) 

global local long- Eriksson Cross 
SNR SNR pulse- Correlation 
(dB) (dB) duration 

47 23 0 0 0 
40 17 0 0 0.2 
33 9 0 0 0.3 
27 3.5 0 0.2 0.3 
21 -2.7 0 3.7 0.4 
18 -5.0 1.8 15 1.5 
15 -8.5 3.3 306 2.1 
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Table 5.7: Estimation Error Comparative Results: Rigid Sphere with Chirp Input 
Pulse 
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Figure 5.9: Comparison of T2 Estimate Experimental Biases (Solid: long-pulse
duration, dotted: cross-correlator, dot/dash: Eriksson) 
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algorithms exhibited better T.O.A. performance using the chirp signal. The mean 

square error values for the long-pulse-duration algorithm are worse for the chirp 

pulse. However, the chirp pulse is complex, while the Weyker-Dudley pulse has 

strictly real values. While the long-pulse-duration algorithm demonstrates greater 

resistance to noise, it deteriorating performance quickly catches up with the other 

two methods once it strays from perfect T.O.A. estimation. However, the break 

point occurs at a negative local SNR value. Thus, one can conclude that the long

pulse-duration algorithm displays the best overall performance of the three methods 

in this case. 

5.4.3 Results for Overlap Case 

As was mentioned in the first section of this chapter, the long-pulse-duration 

algorithm was also tested for the case where the reflection and creeping wave overlap. 

To create this situation, the following pulse was used, 

{
o t<O 

x(t) = sin(27rlet)sin2(at) 0:5 t:5 ; 
o !!.<t 

CIt ' 

(5.38) 

where Ie = 1200Hz, and a = 100. This is the same pulse used in Chapter 4 and 

Section (5.4.1), but with a longer duration envelope. The input signal is shown in 

Figure (5.11). If the waveform is convolved with the rigid sphere impulse response 

of Figure (2.2), the echo of Figure (5.12) is formed: 

Under these conditions, it is impossible to determine the arrival time of the 

creeping wave by inspection, even in the noise free case. The long-pulse-duration 

algorithm was applied to the displayed echo with no alterations from the non-
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overlapping situation. In the noise free case, it correctly identified the arrival of 

the reflection and the creeping wave, with a mean square error of 3.69 x 10-6 in 

six iterations. This was a better mean square error than for the non-overlapping 

case, but required two additional iterations. The difference between the error and 

the estimate ( e - e) is shown in Figure (5.13). It is not reasonable to expect to 

completely separate the reflection from the creeping wave in this case. Therefore, 

results for local mean square error in the overlapping situation are not included in 

this section. 

The region with the largest proportional error occurs after the reflection has 

dissipated, and only the creeping wave is left to be estimated. Since the algorithm 

relies on minimizing overall mean square error, and the creeping wave is 1 / 50 the 

amplitude of the reflection, this is not surprising. Unlike the short-pulse-duration 
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algorithm, the approach described in this chapter does not try to estimate the 

creeping wave first. In fact, in order to find the creeping wave in the overlapping 

situation one must first have an accurate estimate of the reflection. As such, small 

errors in the reflection estimate tend to propagate to the creeping wave, even if the 

input signal is perfectly free of DC bias. Due to the relative size of the creeping 

wave, the error propagation is most visible after the reflection has diminished. 

Results in Additive Noise 

Next, zero mean, variance a 2 noise was added to the synthetic echo. It was as-

sumed that the noise samples were independent. The long-pulse-duration algorithm 

was tested on the signal at various levels ranging from 5 7 dB to 8dB. Realizations 

of the echo for selected noise levels are shown in Figures (5.14-5.16). Results for 
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8NR %correct T.O.A. ave. estimation algorithm algorithm mean iterations 
error (' of ~are (dB) (creeping wave) input pulse lengt~ bias std. deviation e r required 

57 100 0 0 0 3.8xlO-6 5.02 

37 100 0 0 0 1.2xlO-5 5.00 

33 98 0.005 0.16 0.16 2.7xlO-5 5.02 
27 84 0.4 1.28 0.45 LOx 10-4 5.10 
23 74 0.9 0.42 0.86 2.4xl0-4 5.18 
21 70 1.1 3.6 1.07 4.3xlO-4 4.86 
19 50 2.7 4.38 1.91 6.7xlO-4 4.80 

17 36 2.9 5.24 1.90 1.0xlO-3 4.66 
15 24 4.8 5.24 3.03 1.6xlO-3 4.68 
8 6 144 442 95.8 1.4xlO-2 4.42 

Table 5.8: Long-Pulse-Duration Algorithm Results in Noise: Overlap Case 

this set of trials are displayed in Table (5.8). In all cases, the algorithm correctly 

identified the arrival time of the reflection. The performance of the algorithm here 

diminishes at higher noise levels than in the non-overlapping case. Since it is more 

difficult to locate the creeping wave in this situation, the outcome is not unexpected. 

The average number of iterations required actually decreases at SNRs below 23dB. 

This can be explained. At higher noise levels, the algorithm is more likely to "lock 

on" to a false value of T2. When this occurs, there is not much room for the algo

rithm to train its coefficients to a solution under the auspices of the model, since it 

is likely training primarily to the noise. As a result, the algorithm converges more 

rapidly. 

Comparisons with other methods are not presented in this section. All the other 

algorithms mentioned thus far assume separation of the echo events. For this reason, 

these schemes are not applicable to the system generated in this discussion. During 

the literary search process, a few methods were found which address overlapping 

events [25], but they assume that the events are approximately of equal amplitude. 
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This section demonstrates that the long-pulse-duration algorithm is applicable 

to more complex situations than the estimation of an echo with events that have 

no interference with each other. If one considers that the algorithm always identi

fied the reflection arrival correctly, actually demonstrated better mean square error 

performance than its non-overlapping results at high SNRs, and showed compa

rable creeping wave T.O.A. estimation at high SNR, the algorithm applied quite 

satisfactorily. 

5.5 Chapter Summary 

In this chapter, a more general algorithm was derived. The procedure was 

conceived by removing the assumption of Chapter 4 that individual events of the 

echo did not overlap. The result was a technique that could effectively deal with 

both overlapping and non-overlapping situations. The iterative method was shown 

to converge in probability to the maximum likelihood solution. 

The long-pulse-duration algorithm was first tested on non-overlapping events, 

using the Weyker-Dudley input pulse of equation (3.4), as well as the linear chirp 

pulse of equation (5.37). The results were compared with those of the Marshall 

method, the short-pulse-duration algorithm, the Eriksson algorithm, and the cross

correlation procedure. The long-pulse-duration method outperformed the other 

algorithms in most situations, displaying superior resistance to noise. 

As an additional test, the new algorithm was applied to case where the re

flection and creeping wave portions of a rigid sphere echo did overlap. While the 

procedure did not prove to be as robust in noise as it was in the non-overlapping 



116 

situation, it did display comparable mean square error and T.O.A. estimation at 

high SNRs, thus demonstrating the applicability of the algorithm to the overlapping 

situation. 
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Chapter 6 

Dielectric Slab Application 

In this chapter, the long-pulse-duration algorithm described in Chapter 5 was 

applied to another scattering target, that of a dielectric slab with loss. The charac

teristics of the slab model were derived in Chapter 3. Results are presented here of 

the long-pulse-duration algorithm's performance on the model, as well as how the 

algorithm compares with executions of the cross-correlator and Eriksson methods. 

6.1 Specifics of Algorithm Application 

It was necessary to modify long-pulse-duration algorithm from its rigid sphere 

form. However, the alterations were generally superficial, and did not compromise 

the assumption that the target structure was unknown. For example, the algo

rithm was adjusted to detect times of arrival of four events, instead of two as in the 

rigid sphere application. In addition, the model order was changed to accommo

date a single order differentiation, a zeroth order integration, and first and second 

order integrations of the interrogation signal as the correlator inputs. So that the 

generalized model became 
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4 1 

e{t) = L L hnm6(n){t - Tm) * X{t). (6.1) 
m=ln=-2 

The Weyker-Dudley signal defined in equation (3.4) was used as the input 

pulse, with parameters of Ie = 1.2 X 108 , and 0' = 5 X 107• The resulting waveform 

is displayed in Figure (6.1). 

The introduction of a single order differentiation into the model necessitated 

one additional modification. The peak amplitude of the first order differentiation of 

the waveform of Figure. (6.1) was more than ten orders of magnitude higher than the 

signal's second order integration. This effect resulted in matrix singularities within 

computational precision, and the algorithm coefficients could not be computed. To 

circumvent this problem, a scale factor was applied to the first order differentiation 

of the input pulse. Since all differentials and integrals of the interrogation signal can 
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be computed ahead of time, this adjustment does not compromise the algorithm. 

6.2 Results 

The long-pulse-duration algorithm was tested on the dielectric slab model un

der a number of SNRs. The results presented here are compared with those obtained 

when the cross-correlator and Eriksson methods are applied under the same con

ditions. The algorithm developed for this work is shown to perform superiorly to 

the other two schemes. A loss parameter of 0' = 0.001 was used in the majority 

of trials presented here (see Figure (3.11) for resulting echo for 0' = 0.001), and 

will be the default value (unless otherwise specified) in all figures and tables. The 

long-pulse-duration algorithm was tried with larger values of 0' with degrading per

formance as the loss increased (since the echoes from the back of the slab diminish 

proportionally). At values of 0' = 0.005 and above, the fourth event is so small that 

it does not even register on a logarithmic scale, and the algorithm can no longer 

detect it. Resulting echoes for values of 0' = 0.0025 and 0' = 0.005 are shown in 

Figures (6.2) and (6.3). In the cases tested, the incident waveform always arrives 

at time t = O. The algorithm does not assume the incident's arrival time, however. 

6.2.1 Noise Free Results 

In the noise free case (Figure (3.11)), the long-pulse-duration algorithm cor

rectly detects all four times of arrival, and exhibits a mean square error of 2.85 X 10-6 

in its modeling of the composite echo. The error function (e - e) is shown in Figure 

(6.4). The error is very small in the algorithm's estimation of the first two events, 
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but much larger in the last two cases. There are two reasons for the phenomenon. 

The first two events represent the incident waveform itself and the echo from the 

front of the slab. The echo from the front of the slab is uncorrupted by loss from 

inside and so it appears as a scaled version of the incident waveform. Therefore it 

is easy for the algorithm to find the partial solution for the two cases, and all coeffi

cients except zeroth order are quickly driven to zero. The remaining two events are 

more complex, and thus the algorithm has poorer performance there. In addition, 

the long-pulse-duration algorithm is structured in such a way that it initially locates 

Tl, then T2, and so on. Consequently, the III and 112 parameters are trained first. 

When the algorithm finally locates all values in z., III and ~ are nearly trained. The 

method is driven by minimizing the mean square error between the received signal 

and e. The third and fourth events are smaller in amplitude than the first two. 

Thus, a large change in error in the estimation of the last two events represents a 

much smaller difference in the overall error. As a result, the long-pulse duration 

algorithm does worse in its estimation of the echoes from the back of the slab. 

The cross-correlator method also correctly identifies all four times of arrival. 

The order used in the Eriksson model was identical to the long-pulse-duration al

gorithm. The Eriksson method determines TI and T2 correctly, but displays a bias 

in its estimation of T3 and T4 for 0' = 0.001. It detects these parameters six samples 

(2.4 X 1O-9sec) early. As was discussed in Chapter 5, in [24], Eriksson, Borjesson, 

Odling and Holmer do not claim that their estimator is unbiased. Thus, it is not 

alarming that the Eriksson method might demonstrate a bias in the noise free case. 
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6.2.2 Results in Noise 
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Standard deviation is commonly represented in the literature by the Greek 

character a. However, to avoid confusion with the conductivity loss parameter a 

(also a common designation), standard deviation will be written long-hand through-

out this chapter. 

The noise added in these trials consisted of realizations of a zero mean Gaussian 

random variable. The three methods were tested under a variety of SNRs ranging 

from 65dB to 7.5dB. The echo is displayed in a typical realization of noise at each 

SNR tested in Figures (6.5-6.9). 

At each noise level, 200 cases were examined using the long-pulse-duration al

gorithm, the cross-correlator approach and the Eriksson method. The mean square 
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error of the long-pulse-duration algorithm increases sharply (see Table (6.1)) with 

decreasing SNR. However, the algorithm's time of arrival estimations still manage 

to outperform the cross-correlator and Eriksson methods at all noise levels tested 

(see Figures (6.10-6.18) and Tables (6.2-6.3) ). The average number of iterations 

required for the long-pulse-duration algorithm to converge at each noise level is also 

displayed in Table (6.1). At high SNRs, the algorithm requires 7 iterations, at low 

SNRs, that number is closer to 6. At a low SNR, there is less opportunity for the 

algorithm to "fine-tune" its echo estimates in the noise, thus resulting in a much 

higher mean square error and fewer iterations. 

At first glance, the Eriksson method actually appears to achieve better perfor

mance at low SNRs. Again, this is due to the bias demonstrated in the approach. If 

one examines the standard deviation of the Eriksson method, it increases at lower 

SNRs as expected. Thus the increased accuracy in the estimation of r.. at low SNRs 

can be attributed to the fact the the larger standard deviation of the Eriksson 

method at these noise levels causes it to occasionally locate the proper time delay 

values. The Eriksson method displays generally the same susceptibility to noise as 
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Signal to Noise Ratio 
Average Average 

(dB) 
Mean Square Iterations 

Error required 

-6 
7.0 no noise 2.8x10 

-6 
7.0 65.5 3.0x10_

5 
45 1.8x10 -3 6.8 
25 1.6xlO -3 6.2 
20 6.4x10 -2 5.7 
16 1.5xlO -2 6.1 

13.5 2.6x10_
2 

6.0 
11.7 4.1x10 -2 6.1 
10 5.8x10_

2 
6.1 

9 8.5xlO -1 6.3 
7.5 6.2xlO 6.3 

Table 6.1: Performance of long-pulse-duration waveform estimate in slab application 
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Figure 6.11: Algorithm Comparison, T3 T.O.A. Estimate (solid: long-pulse
duration, dotted: cross-correlator, dot/dash: Eriksson) 
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Figure 6.13: Algorithm Comparison, T2 Experimental Bias (solid: long-pulse
duration, dotted: cross-correlator, dot/dash: Eriksson) 
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tau 2 

~aiir 
loaf;. 

dJ'iilion 
croy:-

I:orre lion 

65.5 100 tOO 

45 100 tOO 
25 tOO tOO 

20 100 100 

16 100 100 

13.5 100 98 

11.7 100 95 

10 100 90 

9 tOO 88 

7.5 tOO 84 

tau 2 

~aiir 1~1fe:-
dtPriilion 

crora-I:orre lion 

65.5 0 0 
45 0 0 
25 0 0 
20 0 0 
16 0 0 

13.5 0 2.0 
11.7 0 4.4 
to 0 to 

9 0 t2 
7.5 0 16 

tau 2 

~aiir 1~1fe:-
d~lion 

croy:-orre lion 

65.5 0 0 
45 0 0 
25 0 0 
20 0 0 
16 0 0 

t3.5 0 1.0 

11.7 0 1.5 
10 0 2.3 

9 0 2.5 
7.5 0 2.8 

PERCENT CORRECT T.O.A. ESTIMATION 
tau 3 

Eriksson 1~1fe:- crora-corre alion 
Eriksson 1~1fe_ 

tOO 

tOO 
100 
100 

tOO 

99 
97 
95 

86 
84 

Eriksson 

0 
0 

0 
0 

0 
-0.05 

0.3 
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0.8 
-3.2 

dJ'iilion 

100 tOO 0 

tOO tOO 0 

100 100 4.5 

100 100 22 

100 99 32 

100 97 36 

99 95 37 

97 90· 40 

94 84 46 

89 75 45 

EXPERIMENTAL BIAS 
tau 3 

loaf;. 
dJ'iilion 

croys-corre alion 
Eriksson 

0 0 -6.0 

0 0 -6.0 

0 0 -5.7 

0 0 -4.7 

0 0.3 -4.1 

0 2.1 -3.9 

-O.ot 4.6 -3.9 
-0.04 10 -3.6 

-0.06 14 -3.4 

-0.5 18 -3.3 

dJ'iilion 

100 

tOO 

97 
76 
64 

51 
45 

38 
29 
26 

10:{fe 
tPrii -d lion 

0 
0 

-0.03 
-0.2 

-0.5 
-0.2 
-0.9 

0.2 

2.t 
9.8 

EXPERIMENTAL STANDARD DEVIATION 
tau 3 

Eriksso~ 1~1f;_ crofs- Eriksson 1~1fe:-
d~tion corre alion d~tion 

0 0 0 0.4 0 

0 0 0 0.4 0 

0 0 0 0.4 0.01 

0 0 0 0.4 0.1 

0 0 0.02 0.4 0.2 

0.3 0 1.0 0.3 0.3 

0.5 0 1.6 0.3 0.4 

0.7 0.01 2.2 0.3 0.8 

0.8 0.02 2.8 0.3 1.6 

1.4 0.1 3.2 0.3 2.9 
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tau 4 

croys-
corre alion 

Eriksson 

100 0 

tOO 0 
77 0.5 

47 6.5 

35 13 
28 16 
27 15 
20 13 

17 16 

7.0 9.0 

tau 4 

croy:-corre lion 
Eriksson 

0 -6.0 

0 -6.0 

0.6 -6.0 

0.6 -5.3 

1.9 -4.9 

2.2 -4.0 

5.0 -4.0 
13 -2.1 

t9 2.5 

30 6.9 

tau 4 

croy:-corre lion 
Erikssor 

0 0.4 
0 0.4 

0.2 0.4 

0.2 0.4 

0.3 0.4 
1.3 0.4 

1.8 0.5 

2.8 1.2 

3.6 1.8 

4.4 2.7 

Table 6.2: Performance Comparison for Long-Pulse-Duration, Cross-Correlation, 
and Eriksson Algorithms, (j = 0.001. 



tau 2 

~JiJf 
1<t1f;. 

d~tion 
croy:-

Fone tion 

65.5 0 0 
45 0 0 
25 0 0 
20 0 0 
16 0 0 

13.5 0 2.5 
11.7 0 5.6 
10 0 13 
9 0 16 
7.5 0 20 

Average Estimation Error (% of input pulse length) 
(sigrna::O.ool) 

tau 3 

Eriksson 10:If;. crofs- Eriksson loaf;.. 
~~tion cone ation :I~tion 

0 0 0 7.6 0 
0 0 0 7.6 0 
0 0 0 7.2 0.004 
0 0 0 5.9 0.006 
0 0 0.003 5.2 1.7 

0.06 0 2.6 4.9 3.2 
0.8 0.001 5.8 4.9 4.4 

1.4 0.004 13 4.6 5.4 
2.6 0.007 17 4.3 12 
5.6 0.003 23 4.4 24 
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tau 4 

crof:-cone tion 
Eriksson 

0 7.6 
0 7.6 

1.5 7.6 
2.9 7.1 
3.6 6.7 
7.5 6.4 
11 6.6 
22 10 
30 15 
44 23 

Table 6.3: Estimation Error Comparison for Long-Pulse-Duration, Cross
Correlation, and Eriksson Algorithms, u = 0.001. 

the long-pulse-duration algorithm in the latter T.O.A. estimates (7"3, 7"4)' 

The cross-correlator method exhibits roughly the same performance statistics 

as the long-pulse-duration algorithm in high SNR cases. This is not surprising, since 

the long-pulse-duration algorithm utilizes cross-correlator principles in its T .O.A. 

estimation phase. However, the cross-correlator approach is more sensitive to noise. 

Its ability to locate the T.O.A. diminishes sharply as SNRs fall, as is reflected in 

its bias and standard deviation. 

The algorithms were also tested on a slab echo with a loss value of u = 0.0025. 

Results of this set of trials are displayed in Tables (6.4) and (6.5). When u = 0.0025, 

all algorithms displayed roughly the same bias and standard deviation in their 

estimates of 7"4. Surprisingly, the Eriksson method did not exhibit a bias in this set 

of trials. The exact reason for this behavior is unknown. However, it is surmised 

that the higher u value changes the return pulse shape in such a way that it is easier 

for the algorithm to capture. 



tau 2 

~Jiir 
IO~ 

d~tion 
Cl"OfK-corre tion 

65.5 100 100 
45 100 100 
25 100 100 
20 100 100 

tau 2 

~iI1r 
IO~ 

d~tion 
Cl"OfK-corre tion 

65.5 0 0 
45 0 0 
25 0 0 
20 0 0 

tau 2 

~Jiir 
l't~f;. 

d~tion 
Cl"OfK-corre tion 

65.5 0 0 
45 0 0 
25 0 0 
20 0 0 

PERCENT CORRECT T.O.A. ESTIMATION 
tau 3 

Eriksson l't~f;. Cl"Ofs- Eriksso~ l't~f;-~~tion corre ation 
d~tion 

100 100 100 100 100 
100 100 100 100 100 
100 100 100 70 17 
100 100 98 67 4.0 

EXPERIMENTAL BIAS 

tau 3 

Eriksson IO~ Cl"Ofs- Eriksson lo~ 
~~tion corre ation 

d~tion 

0 0 0 0 0 
0 0 0 0 0 
0 0 0 -1.8 18 
0 0 0.8 -2.2 43 

EXPERIMENTAL STANDARD DEVIATION 

tau 3 

Eriksson l't~f;. Cl"Ofs- Eriksso[ lo~ 
~~tion corre ation d~tion 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0.2 3.9 

0 0 0.4 0.3 5.5 

MEAN SQUARE ERROR 

~iI1r 
lo~ 

d~ation 
-7 

65.5 4.5xlO -5 
45 1.6x1O -3 
25 2.OxIO 
20 

-3 
7.3xlO 
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tau 4 

Cl"Ofs-corre ation 
Eriksson 

100 100 
93 17 

7.5 8.0 
1.5 2.0 

tau 4 

Cl"OfK-corre tion 
Erikssor 

0 0 
0.2 -5.0 
25 18 
59 45 

tau 4 

crofK-corre tion 
Erikssor 

0 0 
0.9 0.4 
3.7 3.5 
5.9 5.0 

Table 6.4: Performance Comparison for Long-Pulse-Duration, Cross-Correlation, 
and Eriksson Algorithms, u = 0.0025. 



tau 2 

~~r 
103§; 
~ -d tion 

croy:-
corre tion 

65.5 0 0 
45 0 0 
25 0 0 
20 0 0 

Average Estimation Error (% of input pulse length) 
(sigma=O.0025) 

tau 3 

Eriksson 10& crofs- Eriksson 10& corre ation cf~tion ~tion 

0 0 0 0 0 
0 0 0 0 0 
0 0 0 2.3 38 
0 0 0.009 2.7 74 
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tau 4 

croy:-corre tion 
Eriksson 

0 0 
0.005 6.4 
38 36 
80 66 

Table 6.5: Estimation Error Comparison for Long-Pulse-Duration, Cross
Correlation, and Eriksson Algorithms, (j = 0.0025. 

6.3 Chapter Summary 

The objective of this chapter was to apply the long-pulse-duration algorithm to 

the lossy dielectric slab model described in Chapter 3. It was necessary to generalize 

the algorithm to estimate several T.O.A.s, instead of two as in the rigid sphere case. 

To this end, the algorithm was modified to detect four T.O.A.s reflected from the 

slab. Both integral and differential terms were used in the coefficient estimation 

phase of the algorithm, and it was necessary to add a scale factor to guard against 

matrix inversion difficulties. 

The long-pulse-duration algorithm's performance was compared to results from 

the cross-correlator and Eriksson methods. The algorithm displayed more robust 

behavior in noise than the cross-correlator method, and did not demonstrate the 

estimator bias of the Eriksson technique. 

The long-pulse-duration algorithm structure tends to favor the early arriving 

events, due to its structure. However, it is accurate in pinpointing latter arriving 

events and modeling them with a high degree of accuracy, even in low SNRs. 
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This chapter illustrates the applicability of the long-pulse-duration algorithm 

in scattering models other than the acoustic sphere. It further demonstrates that 

the algorithm can be effective in estimating the arrival of a variable number of 

reflective events, and lends additional credibility to the algorithm's robust behavior 

in noise. 
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Chapter 7 

Summary and Conclusions 

Time of arrival estimation has been a developing concept since the 1950's. 

Over time, models and methods to estimate echo T.O.A. have gradually become 

more sophisticated and have addressed new applications. Recently, the matter of 

estimating the T.O.A. of a wave motion echo of unknown form was investigated. 

The algorithms of note that have been developed to examine this situation include 

the Eriksson method [24] and the Marshall method [23]. 

This dissertation developed and tested two iterative multiple T.O.A. estimation 

algorithms. The algorithms that evolved combine a generalized channel model with 

maximum likelihood and cross-correlation techniques in order to estimate the time 

of arrival of several events occurring in the backscatter generated when a known 

single, finite duration excitation pulse comes into contact with an unknown target 

impulse response. Unlike the Eriksson and Marshall methods, these algorithms also 

model the pulse shape of the arriving echo events. 

The first of the schemes to be developed was the short-pulse-duration algo

rithm. It was designed to contend with the situation where individual elements 

present in the echo did not overlap. The algorithm made use of the Altes general

ized channel model [6] and modeled the echo as linear combinations of time delayed 



137 

versions of integrators and diiferentiators, rather than reflectors as in the conven

tional manner. The method operated by alternating between and optimization step 

assuming time delays were known, and an optimization step assuming the channel 

model coefficients were known. The short-pulse-duration algorithm was tested on 

the rigid acoustic sphere target, defined in Chapter 3, using the Weyker-Dudley 

pulse as an input. Results showed the algorithm was ignoring the smaller event in 

the echo, thus the method was modified by slowing its convergence. The altered 

version of the algorithm improved the T.O.A. estimation while maintaining roughly 

equivalent mean-square error statistics. 

The other algorithm developed was the long-pulse-duration algorithm. Unlike 

the short-pulse-duration algorithm, the new method did not assume that the indi

vidual events in the echo were separated. It was conceived to cope with both over

lapping and non-overlapping situations. While the tap weight coefficients were de

termined exactly as in the short-pulse-duration algorithm, the time delays were not. 

The long-pulse-duration algorithm employed a method whereby the T.O.A. of the 

first event was determined first, and each subsequent arrival could only be located 

after its predecessor had been specified. The method was tested, first employing 

the signal and impulse response used in the short-pulse-duration algorithm trials, 

then a complex chirp pulse. Results were compared with the short-pulse-duration 

algorithm, Marshall method, Eriksson method, and classical cross-correlator. The 

long-pulse-duration algorithm displayed superior T.O.A. estimation in nearly all 

situations, with reasonable mean square errors. Next, the input pulse was adjusted 

so that the sphere events overlapped. Here too, the T.O.A. estimator of the long

pulse-duration algorithm worked well. 
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As a final test, the long-pulse-duration algorithm was applied to the lossy 

dielectric slab model derived in Chapter 3. The algorithm was tested at different 

loss levels and compared with results obtained utilizing the Eriksson and cross

corl'elator methods. The long-pulse-duration algorithm compared favorably, thus 

illustrating the applicability of the algorithm to other scattering models. 

The algorithms developed for this work were shown to perform successfully in 

the applications tested. The short-pulse-duration algorithm should be used selec

tively. It should only be utilized in situations where a comparatively small secondary 

echo is present, and it is desired to have an accurate measurement of the smaller 

event. In can only be used in situations with disjoint echo events. 

The long-pulse-duration algorithm, on the other hand, is more general. It 

doesn't have any restrictions on the disjointness of events. However, it does display 

degrading performance of subsequent events. The phenomenon was only slightly 

apparent here, since the maximum number of events estimated in this work was four. 

Another possible reason why the algorithm performed more poorly on subsequent 

events in the slab case may be the increased loss of the system as time increases. An 

interesting experiment would be to study the performance of the algorithm while 

varying the conductivity parameter. Due to the nature of its T.O.A. estimator, 

the algorithm may not perform as well in channel models that display a smearing 

distortion, causing the individual events to be much longer than the input pulse. In 

almost all cases tested, the algorithm demonstrated better performance using the 

channel and input pulse models defined in this work than similar methods currently 

available in the literature. While the long-pulse-duration algorithm was tested here 

using only two scattering models, there is no reason to believe that it would not be 
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applicable to many other target models as well. 

One reason why the Eriksson and cross-correlator algorithms occasionally ex

hibit bias is because they do not fully take into account possible frequency dispersive 

characteristics of the target. The cross-correlator assumes no dispersion in the tar

get, and the Eriksson method assumes the dispersion is in the form of derivatives 

of the baseband pulse. A generalization of the Eriksson method to include integrals 

would likely yield better results. 

An item that should be addressed in the future is optimal design of the input 

pulse. The need for an appropriate interrogation pulse was clearly demonstrated 

with the Eriksson algorithm in Chapter 5, as it demonstrated estimator bias with 

the Weyker-Dudley pulse but not with the chirp pulse. Though they did not display 

the same behavior, the other algorithms could benefit from an optimal pulse design 

as well. The interrogation signals used in this work were chosen more for T.O.A. 

estimation purposes than to focus on any particular facets of the target impulse 

response. Ideally, each target impulse response should be studied to determine 

which specific characteristics contribute to the generation of interesting parameters, 

and an input pulse should be designed to concentrate on these characteristics, while 

still meeting the criteria of the Altes generalized model. 
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