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ABSTRACT
Structure, in its many forms, is a central theme in theoretical population ecology.
At a mathematical level, it arises as nonuniformities in the topology of nonlinear dynamical systems. I investigate a mechanism wherein a chaotic time series can have
episodes of nearly periodic dynamics interspersed with more 'typical' irregular dynamics. This phenomenon frequently appears in biological models, and may explain
patterns of alternating biennial and irregular dynamics in measles epidemics.
I investigate the interaction between spatial structure and density-dependent
population regulation with a simple model of two logistic maps coupled by diffusive migration. I examine two different consequences of spatial structure: scaledependent interactions ("nonlocal interactions") and spatial variation in resource
quality ("environmental heterogeneity"). Nonlocal interactions allow three general
dynamical regimes: in-phase, out-of-phase, and uncorrelated. With environmental
heterogeneity, the dynamics of the total population size can be approximated by
a logistic map with the mean growth parameter of the two patches; the dynamics
within a single patch are often less regular. Adding environmental heterogeneity
to nonlocal interactions has little qualitative effect on the dynamics when the differences between patches are small; when the differences are large, uncorrelated
dynamics are most likely to be seen, and there are interesting consequences for the
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stability of source-sink systems.
A third type of structure arises when individuals differ from one another. Accurate prediction of extinction risk in small populations requires that a distinction
be made between demographic stochasticity (variation among individuals) and environmental stochasticity (variation among years or sites). I describe and evaluate
two tests to determine whether all the variation in population survivorship can be
explained by demographic stochasticity alone. Both tests have appropriate probabilities of type I error, unless the survival probability is very low or very high.
Small amounts of environmental stochasticity are often not detected by the tests,
but the hypothesis of demographic stochasticity alone is consistently rejected when
environmental stochasticity is large. I also show how to factor out deterministic
sources of variability, such as density-dependence. I illustrate these tests with data
on a population of Acorn Woodpeckers.
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CHAPTER 1
INTRODUCTION
1.1

Explanation of the Problem and its Context

A fundamental, and difficult, problem in population ecology is the role of population structure in determining population dynamics. There are many ways populations can be structured, but they can be grouped into three broad classes: those
due to spatial heterogeneity, those due to temporal heterogeneity, and those due
to differences among individuals. For spatial and temporal heterogeneity it is important to distinguish between differences driven entirely by processes intrinsic to
the population (the effects of population density, for example) and those created by
external factors, such as environmental variation.
The mathematics of nonlinear dynamics contributes many valuable tools to the
study of intrinsic heterogeneity.

Structure appears here, as well: within many

chaotic attractors (that can describe intrinsically driven temporal heterogeneity)
there are topological structures that can produce transient episodes of order in an
otherwise complex time series. Similarly, simple deterministic attractors may be
surrounded by chaotic transients: in the presence of extrinsic variation, the system
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may spend more time following the complex transients than the simple attractor.
This means that the interaction between intrinsic and extrinsic variation can also
play an important role in our understanding of population dynamics.
In this dissertation I investigate aspects of the topological structuring of nonlinear dynamics, the the effects of simple spatial structuring on population dynamics,
and methods to distinguish between individual variability and temporal variability
in small populations.

1.2

Literature Review

Chaotic attractors are structured around skeletons of nonstable periodic orbits,
so it is natural that there should be important temporal variation in the dynamical
properties of a chaotic orbit. Nevertheless, most early work in the study of nonlinear
dynamics focussed on long-term average properties of chaotic orbits (Eckmann and
Ruelle 1985). Two exceptions to this are intermittency (Pomeau and Manneville
1980), in which the orbit gets temporarily trapped in a region where a periodic orbit
is about to appear, and orbit shadowing (Cvitanovic et al. 1988; Cvitanovic and
Eckhardt 1989; Auerbach 1990; Biham and Wenzel 1990), in which the trajectory
comes near a weakly unstable periodic saddle. Beyond this, however, there was
little interest shown in the heterogeneity of chaotic attractors until very recently,
concurrent with my work on transient periodicity.
An independent line of investigation was in chaotic transients, or repellers (Manneville 1982; Kantz and Grassberger 1985; Szepfalusy and Tel 1986; Tel 1986; Christensen and Bohr 1988; Tel 1989; Cosenza and Swift 1990). These structures are
topologically very similar to chaotic attractors, but they have gaps out of which
the trajectory eventually escapes to find an attractor. Nevertheless, the trajectory
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might follow the chaotic transient for a very long time before escaping. Furthermore,
if perturbed sufficiently far off of the attractor, the trajectory might be drawn into
the repeller once again to repeat the sequence. With transient periodicity, I bring
this notion of transient dynamics into a chaotic attractor, and show how regions of
the attractor can act just like a chaotic repeller.
It has long been recognized that spatial structure plays an important role in

population dynamics. It is frequently invoked to explain competitive coexistence
(Levin 1974; Iwasa and Roughgarden 1986; Kishimoto 1990; Nee and May 1992),
the persistence of predator-prey and host-parasitoid interactions (Huffaker 1958;
Allen 1975; Hilborn 1975; Gurney and Nisbet 1978; Fujita 1983; Nachman 1987;
Reeve 1988; Sabelis and Diekmann 1988; Comins et al. 1992), and the regional
persistence of small populations subject to local stochastic extinction (den Boer
1981; Day and Possingham 1995). However, general principles describing when and
how spatial structure impacts population dynamics have been slow to emerge. For
example, many studies assume that the beneficial impact of spatial structure on
persistence is simply statistical: if local dynamics are independent of one another
and environmental stochasticity is spatially uncorrelated, than the probability of all
local subpopulations going extinct simultaneously is low, and empty habitat will be
recolonized by individuals from surviving subpopulations (Levins 1969b; den Boer
1981; Gotelli and Kelley 1993; Day and Possingham 1995). However, some theoretical studies have found that spatial structure may fundamentally change the nature of
the local dynamics (Gyllenberg and Hanski 1992; Hastings 1992; Gyllenberg et al.
1993; Hastings 1993), and that the interaction between local density-dependent
population dynamics and spatial structure can actively desynchronize the subpopulations (Allen et al. 1993). On the other hand, spatial structure may not prevent
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synchronization of local dynamics at all (den Boer 1981; Nachman 1987).
Structured population models are most powerful when there is a clear qualitative difference among habitats at different places and times (presence or absence of a
preferred food plant, for example), or among groups of individuals (adults vs. juveniles, for example). However, it is not always easy to correlate our quantifications of
habitat with the study organism's perception of quality, and, even within a subclass
of the population, individuals differ, due to such factors as physiological state and
learning. In these cases a complete structured description of the population is not
possible, and a stochastic approach is the best we can do.
There is a tremendous body of theoretical literature on both demographic
stochasticity (differences among individuals; Richter-Dyn and Goel 1972; Kiester
and Barakat 1974; Poole 1974; Tier and Hanson 1981; Wissel 1989; Wissel and
Stocker 1991; Gabriel and Burger 1992; Gilpin 1992; Mangel and Tier 1993; Stephan
and Wissel 1994; Wissel and Zaschke 1994) and environmental stochasticity (differences [usually temporal] among habitats; Levins 1969a; Lewontin and Cohen 1969;
May 1973; Capocelli and Ricciardi 1974; Kiester and Barakat 1974; Tuckwell 1974;
Feldman and Roughgarden 1975; Keiding 1975; Roughgarden 1975; Turelli 1977;
Turelli 1978; Gurney and Nisbet 1980; Tuljapurkar and Orzack 1980; Leigh 1981;
Tier and Hanson 1981; Tuljapurkar 1982a; Tuljapurkar 1982b; Goodman 1984; Tuljapurkar 1984; Strebel 1985; Lande and Orzack 1988; Orzack and Tuljapurkar 1989;
Wissel 1989; Wissel and Stocker 1991; Gyllenberg et al. 1994; Stephan and Wissel
1994; Wissel and Zaschke 1994). Particular attention has been paid to the effect
of this stochasticity on extinction times of small populations. In an influential review, Shaffer (1987) stated that in the presence of demographic stochasticity the
mean persistence time should increase exponentially with population size, whereas
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with environmental stochasticity it should only increase linearly. This lead to the
conclusion that demographic stochasticity is important only for really small populations, whereas environmental stochasticity can pose a substantial extinction risk
even to populations of moderate size. Recent analyses, however, indicate that this
qualitative difference is not general (Lande 1993). For example, as the variance due
to environmental stochasticity goes to zero, the population should asymptotically
approach the conditions for demographic stochasticity.
Although it is pointless (and probably impossible) to distinguish small amounts
of environmental stochasticity from none, it is still valuable distinguish large
amounts of environmental stochasticity from other sources of variability. In empirical situations, however, this is rarely, if ever, attempted. One approach to estimating persistence time is to apply demographic stochasticity rather arbitrarily,
often by assuming that all demographic parameters are drawn from a binomial distribution (Beudels, Durant, and Harwood 1992; Durant and Harwood 1992), or that
the population growth rate is binomially distributed (Burgman, Cantoni, and Vogel
1992). When there are sufficient data to actually estimate the temporal variability
in vital rates, the tendency has been to ascribe all the variation to environmental
stochasticity (Menges 1990; Stacey and Taper 1992). To my knowledge there has
never been a successful attempt to empirically distinguish demographic and environmental stochasticity.

1.3

Explanation of Thesis Format

Appendix A ('Transient Periodicity and Chaos') introduces the mathematical
notion of transient periodicity. Transient periodicity is illustrated with a model,
the Henon map, which is a widely studied model system in nonlinear dynamics.
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Potential biological applications are also discussed. This paper, which was published
in Physics Letters A in 1993, was co-authored by William Schaffer and Charles Tidd.
Both co-authors contributed discussion and comments on the writing, and Schaffer
wrote the visualization software, but I performed most of the analysis and wrote the
manuscript.
Appendix B ('The Impact of Spatial Structure on Population Dynamics: Analysis of the Coupled Logistic Map') analyzes a simple population dynamic model
incorporating spatial structure, and suggests ways in which lessons from this simple
model might be applied to spatio-temporal population dynamics in general. This
paper, which will be submitted to Theoretical Population Biology, was co-authored
by Gordon Fox. We played equal roles in the initial conceptual development, but
I ended up doing nearly all of the analysis and writing the manuscript. Fox made
many useful criticisms on the writing and contributed section 6.lo
Appendix C ('Tests to Distinguish Environmental and Demographic Stochasticity in Survivorship Data') shows how to distinguish differences among individuals
(demographic stochasticity) from differences among years or sites (environmental
stochasticity) in an important demographic parameter. The paper will be submitted to Ecological Applications, and has no co-authors.
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CHAPTER 2
PRESENT STUDY
The methods, results, and conclusions of this study are presented in the papers
appended to this thesis. The following is a summary of the most important findings
in these papers.
In the phenomenon called 'transient periodicity,' a chaotic trajectory spends
episodes of time following nearly periodic dynamics. The length of time spent in
a periodic episode is distributed exponentially. This distribution makes transient
periodicity quite different from the well-studied phenomenon of intermittency, with
which it shares some qualitative similarities. In the time series, transient periodicity
appears as apparent switching between periodic and irregular dynamics.
I have studied transient periodicity carefully in the Henon map, the SEIR model
of measles dynamics, and the spatially structured model described in appendix B. I
frequently see its footprint in other chaotic models as well; it seems to be a rather
common phenomenon. It may also be responsible for alternating episodes of periodic
and irregular dynamics in measles epidemics (Schaffer et al. 1993).
My model for investigating spatial structure is quite simple: it assumes that
there are two patches of suitable habitat (which may differ in quality) in a matrix of
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unsuitable habitat. The population dynamics within a patch are governed by a simple, density-dependent, deterministic rule, and there is migration allowed between
patches. I distinguished the effects of relative isolation when the migration was
low ('nonlocal interactions') from the effects of different quality of the two patches
('environmental heterogeneity').
The model is simple enough that many of its general features are analytically
tractable. Nevertheless, there is much in the details that remains unexplored, suggesting that it will be difficult, if not impossible, to gain a complete understanding
of more detailed models of spatially structured populations. The insights gained
from simple models such as this will serve as guideposts in the analysis of more
complex models. There are also insights which might guide our thinking about
actual populations.
The dynamics can be thought of as the outcome of a 'competition' between
the correlating effects of migration and the decorrelating effects of unstable local
dynamics. Spatial correlations can be either positive or negative; and 'uncorrelated'
dynamics can be viewed as a spontaneous switching between these two modes of
correlation, rather than a statistical independence. Only when the patches are
positively correlated can the spatial structure be effectively ignored; but such 'inphase' dynamics are often not even locally stable.
When the migration is large but the patches differ in quality, then the total
population dynamics can be approximated with the mean growth rate in the two
populations. However, the local dynamics are considerably changed; for example,
the probability of attaining extremely low local population size is greatly reduced
(this effect can be found even when migration is low enough that the patches are
effectively uncorrelated). Furthermore, a 'sink' population, with a growth rate too
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low to sustain itself, can stabilize an oscillating source population, preventing deterministic oscillation from bringing it to low density where it is at risk of extinction.
Deterministic models are not able to estimate the extinction risk of small populations, so I turned to stochastic population models in appendix C. When calculating
extinction risks of small populations, it is important to know how much demographic (variation among individuals) and environmental (extrinsic variation over
time) stochasticity there is. Often when a demographic parameter is observed to be
variable, it is simply assumed to be due to environmental stochasticity. I demonstrate a set of simple statistical tests which examine whether or not the observed
variation can be attributed to demographic stochasticity instead. Using the example
of survivorship, I find that these tests are successful (they accept the null hypothesis
of demographic stochasticity when they should, and reject it otherwise) as long as
the level of environmental stochasticity is not too low and the mean survivorship is
neither extremely low nor extremely high. I apply these tests to data from a population of Acorn Woodpeckers and find that, over nine years, there was substantial
environmental stochasticity in juvenile overwintering survival. Adult survival, however, could be explained by either of two hypotheses: survival is density-dependent,
and the residual variation is entirely due to demographic stochasticity, or there was
one bad year of low survival due to a documented severe reduction in food supply,
and variation throughout the rest of the period was due to demographic stochasticityalone. Not only does this ability to distinguish demographic and environmental
stochasticity allow better models to be formulated, but it poses new biological questions as well. For example, juvenile and adult Acorn Woodpeckers experienced
the same environmental variation; why did they differ in their response (through
survivorship) to this variation?
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APPENDIX A
TRANSIENT PERIODICITY IN
CHAOS
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Chaotic time series can exhibit rare bursts of "periodic" motion. We discuss one mechanism for this phenomenon of "transient
periodicity"; the trajectory gets temporarily stuck in the neighborhood ofa semiperiodic "semi·allractor" (or "chaotic saddle").
This can provide insight for interpreting such phenomena in empirical time series; it also allows for a novel panition of the phase
space, in which the allractor may be viewed as the union of many such chaotic saddles.

An experimental time series can often exhibit what
appears to be qualitatively different dynamics at various stages in its evolution. Particularly striking examples are ones in which periodic episodes are interspersed with intervals of much more irregular
dynamics. There are a number of ways such a phenomenon can arise: the system could be under the
influence of external perturbations, there may be a
varying control parameter, or the switching may be
intrinsic to the dynamics. A perturbation could knock
the trajectory off of an attracting periodic orbit and
onto a chaotic repeller [1,2], leading to an episode
of irregular dynamics; it could also cause the system
to switch between two distinct attractors [3]. Variation in a control parameter can cause bifurcations
between periodic and chaotic dynamics; the pattern
of observed switching then depends on the nature of
the fluctuations in the parameter (monotonic, sinusoidal, etc.). Finally, both the periodic and irregular motions may be part of the asymptotic dynamics, but there is some sort of " dynamical bottleneck"
that temporarily traps the trajectory into one or another region of the phase space, with different dynamics associated with the various regions. This is
what occurs in intermittency [4]: much of the time
series looks periodic, with occasional bursts of large
amplitude oscillations occurring when the trajectory
finally escapes from the region of periodic motion.
IIi th is paper we discuss another type of spontaneous
switching which is a generalization of "crisis-

induced intermittency" [S]. The latter has only been
examined for parameter values close to the associated crisis, with an eye to finding scaling laws, but
we have found that the topological structures involved can influence the dynamics over a wide range
of parameter values. Furthermore, it has much more
in common with transient dynamics and repellers (as
we show below) than it does with the classic forms
of intermittency (such as type I); for this reason, and
to avoid confusion, we prefer to call the phenomenon "transient periodicity".
After describing the phenomenology of transient
periodicity, we discuss the topology underlying it,
building on the results from ref. [S]. We will dwell
at some length on the mechanism by which a periodic episode begins, for this has not been discussed
in the literature, and indeed it offers some interesting implications for how we conceive of chaotic attractors in dissipative systems. We will conclude with
a discussion of empirical applications of transient
periodicity. For conceptual simplicity, the theoretical section will be restricted to two-dimensional
maps, but the results are generally applicable to higher
dimensional maps and flows. Similarly, we will only
consider periodic orbits arising from saddle-node bifurcations, but under the appropriate conditions,
other sorts of periodic orbits may produce the same
phenomenon.
Transient periodicity is characterized by spontaneous switching between apparently periodic and

0375-9601/93/S 06.00 © 1993 Elsevier Science Publishers B.V. All rights reserved.
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chaotic dynamics (fig. I). The "periodic" dynamics
are not truly periodic. but are modulated by small
chaotic oscillations. Depending on the parameter
values of the system. the proportion of the time series exhibiting periodic dynamics can vary tremendously: near the crisis the periodic component constitutes nearly the entire time series. while at the other
extreme the time series in almost entirely chaotic,
with only rare periodic bursts. For a fixed parameter
value. the frequency distribution of the number of
iterates spent in a given periodic episode can be approximated by a negative exponential function [6].
although the frequency of short episodes can deviate
from this: the latter is governed by the way in which
the trajectory is injected into the region of transient
periodicity. which is a global feature of the system,
whereas the former is governed by the local topology. The periodic dynamics are localized in n (where
n is the period) distinct regions in the phase space
among which the trajectory moves in order (fig. 2).
Because the system is deterministic, the last few iterates before the onset of a periodic episode (what
we shaIl cal1the preimages of the episode) always lie
within a well-defined region of the phase space.
We now tum to the topology that underlies this
phenomenon. Consider a continuous diffeomorphism/;,: 1R2 __ 1R2 which generates a chaotic attractor for
some set of parameter values).. Furthermore. let there
be a hyperbolic fixed point Po in the attractor. and
let /;, generate a "protohorseshoe" [7]: there is a re-
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Fig. I. Every sevenlh value of x for a lime series genera led by the
UCnon map with a= 1.282. h=O.3. The nearly constant intervals
represent episodes of transient periodicity.
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Fig. 2. The H~non attraetor with Q= 1.282. b=O.3. Points in the
neighborhood of the "period·seven" semi·attractor (see text) are
darkened. The letters indicate the order in which the trajectory
visits the various segments of the semi·attractor; crosses mark
the location of the two nonstable period·seven orbits.

gion A containing the attractor whose image under
/;, is folded, with/;,(A) cA. For other values of). there
is a true horseshoe [8], in which only a fractal subset
of A remains in A under repeated iteration of/;,. A
weIl-studied example, which we use to generate our
i1Iustrative figures, is the Henon map [9]:/a.b(X. y)
=(I-ax 2 +y,bx) (fig. 2). We fix b=O.3and allow
a to vary as the control parameter.
As ). is varied to change the protohorseshoe to a
horseshoe (without loss of generality, assume that
this transition occurs by increasing).), there is an infinite sequence of saddle-node and period-doubling
bifurcations [10]; a sample "periodic window" is
shown in fig. 3. The initial saddle-node bifurcation
creates a period-II orbit; as ). is increased, there is a
sequence of period-doubling bifurcations creating
orbits of period 2n. 4n, 811 • .... Beyond the accumulation point of the period-doubling bifurcations
(marked III in fig. 3), the attractor is made up of II
distinct pieces. The trajectory hops among the pieces
in the same order as it does among the points on the
periodic orbit Pn at II. but the motion within each
piece is chaotic. This is caIled a "semiperiodic" attractor [II]. At the right end of the window, there
is an "interior crisis" [71. in which each piece of the
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Fig. 3. Pan of a bifurcation diagram for the Henon map with
b=O.3. showing II period·seven window. sn: saddle·node bifur·
cation; ic: interior crisis; I-IV delineate the different dynamical
regimes discussed in the text.

semi periodic attractor intersects the stable manifold
of the associated nonstable period-II saddle orbit. Sn
(compare figs. 4c and 4d). At this point in parameter space. lcn> a horseshoe is formed for f 1. the 11th
composition of h.. and for l>lcn> this horseshoe
forms an escape hatch through which trajectories
leave the neighborhood of what had been the semiperiodic attractor. The semi periodic invariant set.
whh.h is organized around all the nonstable period
k" orbits. kelN. is now a repeller. and indeed a special type of repeller called a "semi-attractor" [12).
as we shall see below. Because the horseshoe has a
welI defined location in the phase space. there is a
constant mean probability of escape per iteration.
determined by the size and location of the escape
hatch and the invariant probability distribution on
the repelIer; this is what gives rise to the exponential
decay of residence times.
Once the trajectory leaves the vicinity of the semiperiodic repeller. its motion is governed by the large
amplitude chaotic attractor that "reappears" when
the periodic window ends. The reappearance of the
chaotic attractor is not as magical as it might appear
from examining bifurcation diagrams like fig. 3: the
topological structures that make up the region 1 at-
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tractor arc stilI present in regions 11 and 111. These
structures are merely unstable. with almost alI trajectories ultimately going to the periodic or semiperiodic attractor. The topology governing the large
amplitude fluctuations is little changed in the transition from III to IV: almost every trajectory in region IV eventualIy lands on the semi periodic object.
just as in 111. Indeed the only change as l passes
through )'cn is the fate of the trajectory after it lands
on the semiperiodic object. Thus we can say that the
semiperiodic object in IV has attracting as well as
repelling "directions". and calI it a semi-attractor (it
has also been calIed a "chaotic saddle" [13). To
show how the attracting part of the semi-attractor
works. we will first discuss the mechanism by which
the chaotic transient decays in the periodic window
and then show how this extends to region IV.
The easiest way to understand this mechanism is
in terms of manifolds. A chaotic attractor contains.
and to a large extent is defined by. the unstable manifolds of Po. WU(Po). The stable manifolds of Po.
WS(Po>' intersect the unstable manifolds infinitely
many times. in a homoclinic tangle: it is the folded
structure of the stable manifolds that determines how
the trajectory hops from point to point on the un·
stable manifold. and governs the rate of separation
of nearby trajectories. These intersections are not. in
general. dense on WU(Po) (fig. 4a). In particular.
when the system is in a periodic window with a stable periodic orbit Pn there is a neighborhood N of Pn
which the stable manifold does not penetrate. This
folIows from the fact that any trajectory that is pre·
cisely on WS(Po) must ultimately approach Po.
whereas points in N are governed by the local linear
dynamics around Pn: all trajectories in N ultimately
approach the periodic orbit. In fact. this local basin
of attraction is defined by the stable manifold of Sn
(fig. 4b). The basin is not fulIy enclosed: it has one
or more "tails" that fold around and intersect
WU(Po). Points in this first intersection wilI map.
under" iterations. to N. As the tail is folIowed out
further. it folds and intersects the unstable manifold
repeatedly, so that the union of these intersections is
dense on JVU(po). A typical trajectory hops from tail
to tail until it arrives in the local basin, at which point
the local dynamics of Pn take over. At 11 this is monotonic convergence to Pn; at Ill. where Pn has gone
through its period·doubling sequence. the local dy15
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Fig. 4. Manifold structure in the vicinity of a period·seven orbit in the Hc!non map. b=O.3. (a) Before the saddle·node bifurcation.
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W'(s,); dOlled line: W'(p,). (d) Transient chaos. a= 1.28 (IV); solid line: W'(s,); dolled line: H"(po)'

namics are determined by W'(Pn} and WU(Pn} (fig.
4c).
Now let us examine the situation in region IV, past
the interior crisis. The neighborhood N of Pn (defined by the primary lobe of WS(sn}) still exists (fig.
4d), and the associated tails still govern the ap16

proach of the trajectory to N (fig. 5). However, at
the crisis there is not one but an infinite number of
heteroclinic tangencies (tangential intersections between WU(Pn) and WS(sn» involving secondary
lobes of W'(sn} (this follows from the fact that
pVU(Pn} II W'(sn)} is an invariant set, and all it-
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Fig. S. Preimages of the period-seven semi-attractor in the Hena n map ; a= 1.28 . The white lines delineate the semi-attractor, and the
colors indicate the number of iterates required to reach the semi -attracto r: dark red represents I, purple represents 14, and intermediate
val ues follow the spectrum. Points requiring more than 14 iterates are left black. By including preimages from off the attractor, the "tails"
defined by the stable manifo lds ( see text) are clearl y visible.

erates of one point of intersection must also be points
of intersection). The first ( and largest ) such sec·ondary lobe is shown in fig . 4d . Points below this lobe
are in a sense "outside" the regi o n bounded by
Ws(sn) , and so are subject to the influence of W 5 (p 0 )
and eve ntuall y escape to th e rest of th e attractor. If
we defi ne E to be the uni o n of all regions outside the
secondary lobes, we find that E n N is dense on
W" (Pn ), so alm os t every trajectory eventuall y es capes from N.
Let us review what we have. A traj ectory starting
nea r p0 will ha ve the following evolutions for the various regimes labeled in fig. 3:

( I ) chaos [ attractor];
( II ) chaos [repeller]__. periodicity [at tractor];
(II I ) chaos [repell e r] ---. semiperiodicity [attractor];
( IV ) chaos [?]-->semiperiodicity [repeller]->
chaos -. pe riodicit y---. ....
What should we call th e chaotic object in IV? It is
clearl y not an attractor, for trajec tories escape from
it just as th ey do in II. The ac tual attractor is the
un ion of the chao tic and semiperiodic sets. But the
"chaotic attractor'' in I is itself the union of all the
semiperiodic repellers formed in earlier saddle-node
bifurcations. While W 5 (p 0 ) does extend into N , the
17
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neighborhood of the semi-attractor, its shape is constrained by W'(s.). A trajectory landing in N must
negotiate the labyrinth defined by W'(s,,) before it
can escape from N. For many practical purposes the
dynamics within the semi-attractor can be regarded
as independent of the dynamics on the rest of the attractor. Thus, at least in the region of the proto-horseshoe, where the rigorous concepts of strange attractors [ 14) are not fully applicable, we may think
of the attractor as the union of these strange saddles,
each of which has a "basin of attraction" extending
into all the others.
Considering the attractor as a collection of semiperiodic semi-attractors is analogous to describing it
as a collection of nonstable periodic orbits, which has
already proven to be a useful approach [ 15). In fact,
its picks out the "fundamental" periodicities (those
formed by saddle-node, rather than the subsequent
period-doubling, bifurcations). The dynamical invariants (Lyapunov exponents, dimension, etc.) of
the attractor as a whole are, in ergodic systems, just
the weighted averages of the measures associated with
the various semi-attractors. Since some of these local
invariants may be estimated from the escape rate
from the semi-attractor (16), this may prove to be
a rather robust way to characterize attractors. Furthermore, the primary lobe of W'(s,,) may be used
to crudely partition the attractor into regions of"period-n" versus "chaotic" dynamics; the chaotic part
may be further subdivided by the stable manifolds
of other periodic orbits that arose in other saddlenode bifurcations. A symbolic dynamics can then be
constructed, based on the dominant semi periodic
motions. Among other things, one could then construct a matrix of transition probabilities among the
various periods, both as a characterization of the attractor and as a useful tool for prediction and control
of the system.
If transient periodicity is to be useful in an empirical setting, we must be able to distinguish it from
the various types of intermittency and externally induced transitions outlined in the introductory paragraph. Perhaps of most interest is the contrast with
type I intermittency, which exhibits two major phenomenological differences from transient periodic·ity. The first is the distribution of residence times
(fig. 6): in contrast with the exponential tail of transient periodicity, type-I intermittency is character18
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Fig. 6. Frequency distribution of"pcriodic" episodes (measured
in pcriod-seven orbits) in the H~non map. Episodes were collected from a time series of 10000 points by finding points that
recurred (within I S% of the size of the attractor) after seven iterates and counting the number of such points that foUowed in
sequence. (a) Intermittency; a= 1.22S. (b) Transient pcriodicity: a= 1.28.

ized by a maximum episode length, with a strong
peak at that maximum value (17). The second difference is in the modulation of the trajectory within
a periodic episode: whereas in transient periodicity
these are chaotic, in intermittency they are monotonic. At a= 1.225 (intermittency) all periodic episodes of length greater than five orbits have a significant positive correlation of x with iterate number;
at a = 1.28 (transient periodicity) there are no such
significant correlations. The former distinction is robust to observational noise (fig. 7); however, the
differences are erased by only modest levels of "dynamical noise", or perturbations to the system. What
do we mean by "modest"? Recall that in the periodic
window, if the trajectory is perturbed sufficiently far
from the periodic or semiperiodic attractor, then it
leaves the local domain of attraction and moves on
the chaotic semi-attractor for a while before returning to the attractor. It turns out that as the magnitude and/or the frequency of the noise is increased,
there is a rather abrupt transition from chaotic excursion being rare to chaotic excursions being frequent (18). The precise location of this transition
depends of course on the details of the topology, but
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typically occurs for noise magnitudes less than one
percent of the size of the attractor. When there is this
much noise in the system, then the escape rate from
transient periodic episodes is dominated by the noisedriven perturbations across the bounding manifolds,
rather than the escape hatches discussed above. In
intermittency, there is not such a well defined
boundary in the phase space to mark the region of
periodicity, but there is region of near recurrence;
again in the presence of these modest noise levels,
the escape rate from the region of recurrence is dominated by the noise rather than the topology. Nevertheless, there are many experimental examples of intermittency in which the monotonic trend of the
trajectory through a periodic episode is quite clear,
suggesting that the noise level will often be low
enough to clearly distinguish between the two
phenomena.
In a bifurcation phenomenon the distribution of
residence times will depend as much on the dynamics of the varying parameter as on the dynamics of
the system, and no a priori predictions can be made.
Depending on the nature of the bifurcation, there
may· or may not be consistent localization in the
phase space of the transitions between regimes. Furthermore, invoking a bifurcation introduces a whole
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new layer of complexity to one's understanding of
the system, and should probably be avoided unless
there is direct evidence that a parameter is varying
in concert with the dynamical shifts.
How would one go about using this in empirical
applications? The easiest situation is when there is
a relatively simple model which gives qualitatively
similar dynamics as the data. The bifurcation structure of the model can be examined for semiperiodic
attractors that correspond (in the phase space) to
the periodic episodes found in the data. This is the
approach taken in ref. [19 J to analyze measles epidemics, which in some cities show episodes of biennial outbreaks interspersed with more irregular dynamics. In the model, the biennial dynamics
correspond to a four-piece semiperiodic attractor
which is destabilized when it collides with a large
amplitude chaotic repeller; the trajectory subsequently switches back and forth between the "periodic" and chaotic regimes.
When the bifurcation structure of the system cannot be determined either experimentally or numerically, more inferential techniques must be used. If
there are enough periodic episodes, the exponential
distribution of residence times can be sought. As an
example of this approach, consider epilepsy. Some
variants of this disease are good candidates-for analysis in terms of transient periodicity because the seizures, which arc characterized by a highly coherent
signal in the brain electrical activity, seem to begin
and end spontaneously. Some patients have multiple
seizures in a short time period, especially during
sleep, so it should be possible to construct a frequency distribution of seizure lengths. Another approach, if the data are well enough resolved and the
dimension of the underlying attractor is not too high,
is to examine the preimages of the periodic regions
to find evidence of the "tails" discussed above.
Determining the mechanisms underlying the
switching between periodic and chaotic dynamics is
important for understanding the system under study,
but it is critical from a prediction and control standpoint. For example, suppose that the chaotic episodes were undesirable, and one wished to restrict
the system to the periodic regime. If the system were
exhibiting perturbations onto a chaotic repeller one
would use very different techniques (noise reduction) than if it were subject to transient periodicity
19
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(change the control parameter to bring the system
into the periodic window). We feed that the concepts of transient periodicity may be useful in a wide
variety of such applications.
This work was supported by NIH grant ROI
A123534-04 to WMS. We thank the anonymous reviewer for helpful criticisms.
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Abstract
Spatial structure can have profound, and sometimes counter-intuitive, influences on the dynamics of populations. We investigate the interaction between spatial structure and density-dependent population regulation with a simple model of
two logistic maps coupled by diffusive migration, extending previous analyses of this
model. We examine two different consequences of spatial structure: scale-dependent
(within-patch versus between-patch) interactions ("nonlocal interactions") and spatial variation in resource quality ("environmental heterogeneity"). Nonlocal interactions allow three general dynamical regimes: in-phase, out-of-phase, and uncorrelated. When chaos is present, the stability of the in-phase dynamics results from
an interaction between the decorrelating effects of the local chaos and the limited
correlating effects of the migration. The out-of-phase dynamics are dominated by
a period two orbit, and the total population size is approximately constant, in
spite of oscillations in local density. The uncorrelated attractor only appears with
very weak migration: the decorrelating effects of local chaos dominate. With environmental heterogeneity, the dynamics of the total population size is very closely
approximated by a logistic map with a growth parameter given by the mean of
the parameters for the two patches; the dynamics within a single patch are often less regular. Adding environmental heterogeneity to nonlocal interactions has
little qualitative effect on the dynamics when the differences between patches are
small; when the differences are large, uncorrelated dynamics are most likely to be
seen, and there are interesting consequences for the stability of source-sink systems.
Both the detailed mathematical results and the concepts we develop will provide a
useful baseline for understanding spatio-temporal population data as well as more
complex spatially explicit models.
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1.

INTRODUCTION

Organisms are distributed in space, which can have important impacts on a
population's dynamics. Spatial structure is frequently invoked to explain competitive coexistence (Levin 1974, Iwasa and Roughgarden 1986, Kishimoto 1990, Nee
and May 1992), the persistence of predator-prey and host-parasitoid interactions
(Huffaker 1958, Allen 1975, Hilborn 1975, Gurney and Nisbet 1978, Fujita 1983,
Nachman 1987, Reeve 1988, Sabelis and Diekmann 1988, Comins et al. 1992),
and the regional persistence of small populations subject to local stochastic extinction (den Boer 1981, Day and Possingham 1995). However, general principles
describing when and how spatial structure impacts popUlation dynamics have been
slow to emerge. For example, many studies assume that the beneficial impact of
spatial structure on persistence is simply statistical: if local dynamics are independent of one another and environmental stochasticity is spatially uncorrelated,
than the probability of all local subpopulations going extinct simultaneously is low,
and empty habitat will be recolonized by individuals from surviving subpopulations (Levins 1969, den Boer 1981, Gotelli and Kelley 1993, Day and Possingham
1995). However, some theoretical studies have found that spatial structure may
fundamentally change the nature of the local dynamics (Gyllenberg and Hanski
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1992, Hastings 1992, Gyllenberg et ai. 1993, Hastings 1993), and that the interaction between local density-dependent population dynamics and spatial structure
can actively desynchronize the subpopulations (Allen et ai. 1993). On the other
hand, spatial structure may not prevent synchronization of local dynamics at all
(den Boer 1981, Nachman 1987). Understanding when desynchronization is likely
to occur is clearly an important problem in population biology.
A further complication arises because spatial structure has two separate effects
on individuals. First, an individual will interact less intensely with distant individuals than with neighboring ones; we call this effect 'nonlocal interactions' to make
the contrast with conventional population models, which only consider the local,
within-patch interactions. Second, individuals in different locations can experience
very different environments; we call this effect 'environmental heterogeneity.' Few
studies have distinguished these two phenomena, which can have very different
population-level consequences.
Thus there are a number of questions that a general theory of spatio-temporal
population dynamics must address. What are the effects of nonlocal interactions
and environmental heterogeneity, independently and in combination? Under what
conditions will local populations be synchronized with one another? Do the local
dynamics represent a minor perturbation of the dynamics observed in the absence
of spatial structure, or is there a fundamental change in the dynamics? This theory
will not be simple. One approach is to start with simple models whose structure and dynamics can be understood explicitly, and then use the mathematical
understanding derived from them to analyze progressively more complex models.
Patterns and processes that persist throughout a broad class of models can then be
elevated to the level of principles in this spatio-temporal theory. There are two re-
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lated advantages to proceeding in this manner rather than beginning with complex,
biologically detailed models. The first that in a detailed model it is often difficult
to determine whether a given result is a peculiarity of that model or whether it
represents a more general process. The second is that in a detailed model it is not
always possible to determine the cause of a particular phenomenon.
This paper represents the first step in this process: the comprehensive analysis
of a simple spatio-temporal model. The model is discrete in time and space, and
consists of two patches linked by dispersal; within-patch dynamics are governed by a
simple density-dependent model with non-overlapping generations. We assume that
there is no temporal variation in the environment, or that it is Dmall enough that
the organisms can buffer it, and population growth rates do not vary over time. The
first two sections of the paper introduce the model and review previous results. In
the ensuing sections, we divide the analysis into three sections. First we examine the
effects of non local interactions, using identical patches with weak migration. Then
we look at the effect of habitat heterogeneity, using differing patches and strong
migration. Finally we examine a mixed model, with differing patches and weak
migration. We provide a preliminary assessment of the mathematical generality
of our results by comparing them with previous analyses of similar models (drawn
primarily from the mathematical physics literature). We conclude with a discussion
of some biological implications of our results. Proofs of the propositions are in an
appendix.
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2.

MODEL FORMULATION

Within-patch dynamics are governed by the logistic map:
x~ = F(Xi) = TXi(l - Xi),

(i indexes the patch identity; the prime denotes the succeeding generation). The
variable Xi represents local density in patch i; its maximum value is one. The
dynamics of this map are well understood: for 0 <

T

< 1, the equilibrium at

X

= 0

is stable; for 1 < T < 3 the equilibrium at X = 1 - liT is stable; at T = 3 there is a
period-doubling bifurcation which starts a period-doubling cascade resulting in the
onset of chaos at

T ~

3.57. For

T

> 4 the map generates negative numbers and is

no longer interpretable as an ecological model.
We chose this model as the simplest example of systems displaying overcompensating density dependence. In many cases, linear density dependence in the
logarithm of the per-capita growth rate (as in, for example, the Ricker equation) is
more biologically plausible than linear density dependence in the per-capita growth
rate itself (May 1974). However, the logistic map reproduces many of the qualitative results of the Ricker map (and many other single-species models), and is more
analytically tractable and better studied mathematically.
Coupling can be applied in numerous ways. We used the simplest one that
seemed to be ecologically relevant: in each time step (hereafter referred to as "generation") a constant fraction of each local population moves to the other patch.
In a model with many patches and movement among neighboring patches, this
migration formulation would be the discrete equivalent of diffusion; it can also be
viewed as density-independent migration. Migration occurs after the completion of
the local dynamics. This choice for the timing of migration does not affect the out-
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come of our analysis: a straightforward change of variables shows that our model
is dynamically equivalent to one in which migration occurs before the beginning of
the local dynamics.
Thus our complete model is
x~ = 91(Xl,X2) = (1X~ =

where

Xl

patches,

D)rl Xl (1 - xd + Dr2x2 (1- X2)

92(XI,X2) = (1- D)r2x2 (1 - X2)

(1)

+ Drl Xl (1- xd,

and X2 are the population densities (scaled from zero to one) in the two
rl

and r2 are the growth rate parameters in the two patches, and D is

the migration rate. When

rl

= r2, we call the model symmetric. We define the

boundary between 'strong' migration and 'weak' migration to be D = 0.25. This
division is not arbitrary: as we show below, there are important changes in the
dynamical possibilities across that boundary.
We now introduce some additional notation and terminology to describe the
various type of dynamics we see in the model. Let x = (XI, X2), and G =
be the complete coupled map: Eq. (1) becomes x'

= G(x).

(911 92)

G(n) represents the nth

composition of G. When we need to indicate the generation number explicitly, we
put it in parentheses (xi(n)j x(n))j but for notational simplicity, we leave it out
whenever the relative generation number is clear. "." denotes the Euclidean norm.
When

Xl

= X2,

we refer to their common value as x.

First we define trajectories, invariant sets, orbit and at tractors in the usual way,
following Wiggins (1988).

DEFINITION

1.

(1) The set of points {x(O),x(l) = G(x(0)),x(2) =
the trajectory of G starting at x(O).

G(2) (x(O)),

... } is called
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(2) A set of points I in the domain of G is said to be invariant if, for all x E I
and n > 0, G(n)(x) E I.
(3) A set of points W in the domain of G is called nonwandering if for all x E W
and any

€

> 0 there exists an n > 0 such that IIG(n)(x) -

xII <

€.

A trajectory

contained in W is called an orbit.
(4) An orbit A is called an attractor if there is a neighborhood N of A such
that for any x E Nand

€

> 0 there exists an m such that n > m implies there is a

yEA such that IIG(n) (x) - yll <

€.

Now we introduce rigorous definitions for some of the different types of dynamics
that we observe in this model.

DEFINITION 2 (IN-PHASE DYNAMICS).

(1) An orbit is called strictly in-phase if xI(n) = x2(n) for all n (see Fig. 5).
(2) An orbit is called approximately in-phase if

Xl (n) ~

aX2(n) for all nand

some a > 0 (see Fig. 9).

DEFINITION

3 (OUT-OF-PHASE DYNAMICS).

(1) A periodic orbit with even period p is called strictly out-oj-phase if xI(n)

x2(n + p/2) and x2(n)

= xI(n + p/2)

for all n (see Fig. 5).

(2) An orbit is called approximately out-oj-phase with period p if

aX2(n + p/2) and x2(n)

~

=

Xl (n)

~

aXI (n + p/2) for some a> 0 and all n (see Fig. 7a).

(3) A pair of orbits, PI and P2, are called strictly anti-phase if for each

(xI(n),x2(n)) in PI there is a (YI(m),Y2(m)) in P2 such that xI(n)
and x2(n)

= YI(m),

=

Y2(m)

and vice versa. Furthermore, the condition is satisfied by
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(x(n + i), y(m + i)) for all i (see Fig. 5).

The preceding definition of out-of-phase orbits only apply to orbits centered
around periodic orbits with even periods. Orbits with odd periods are rather more
difficult to describe, because the orbit is not symmetric for D > O.

DEFINITION 4 (ODD-OUT-OF-PHASE DYNAMICS).

A periodic orbit with odd

period q is called odd-out-of-phase if there exists 0 < l < q such that Xl (m) <

Xl (n)

implies x2(m + i) < x2(n + i) for all m and n. l is the lag of the orbit.

There is another sort of dynamics, which we call "uncorrelated," that fits none of
definitions 2-4 (see Fig. 10). At first glance Figs. 9 and 10 do not seem qualitatively
different. There is, however, a fundamental difference in the underlying topology,
and we will make the distinction rigorous in section 4.4.

3. PREVIOUS RESULTS

For the symmetric model, previous studies described the stability criterion for
the strictly in-phase orbits (Yamada and Fujisaka 1983) and the positions and stability of the various equilibria and period-2 orbits (Gyllenberg et al. 1993, Hastings
1993). However, aside from the obvious Neimark bifurcation (the discrete-time
analog of the Hopf bifurcation, in which the eigenvalues are complex) in the outof-phase 2-cycle, the types of bifurcations associated with these stability changes
have not been described. When there are mUltiple coexisting attractors, the basin
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boundaries form a sort of 'fractal checkerboard,' with ever smaller blocks towards
the edges of the unit square (Gyllenberg et al. 1993, Hastings 1993). This fractal
pattern is destroyed by only small amounts of noise (Hastings 1993).
The full model is less analytically tractable, and there are correspondingly fewer
results. Gyllenberg et al. (1993) numerically determined the parameter values for
which the equilibria and 2-cycles are stable. When D is large, the two populations tend to be nearly in phase, whereas for weaker coupling (D

~

.1) the two

populations can be substantially uncorrelated (Hastings 1993).
There are a number of papers in the physics literature about various sorts of
coupled logistic models. In none of them does the coupling make any sort of ecological sense, so we will not discuss them here; we will return to them when we
examine the mathematical robustness of our results in section 7.

4. N ONLOCAL

INTERACTIONS

To examine the effects of nonlocal interactions we use the symmetric model
(rl

=

r2) with small values of D. The line Xl = X2 (which we denote V, for

'diagonal') is always an invariant manifold, and the orbits on V are determined by
the logistic map: xl =

x~

= x' = r X (1 - x). We use S+ to denote the generic

strictly in-phase orbits (orbits given by {(x( i), x( i)) }, where {x(

in is an attractor

of the logistic map), and A+ to denote these orbits when they are attracting. The
predominant collection of out-of-phase orbits is organized around a strictly out-ofphase period-two orbit. We examine the local bifurcations of this orbit and the
structures of the other orbits and attractors associated with it. We examine an
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uncorrelated attractor that is present when D is small, and look at the bifurcations
between it and both the in-phase and out-of-phase attractors. We conclude with
a brief discussion of other out-of-phase dynamics. For r

~

4, there are no out-of-

phase orbits for D > 0.25; this fact is the source of our qualitative division between
'weak' and 'strong' migration.

4.1.

Strictly In-Phase Dynamics

Since V is an invariant set, S+ will always be attracting to points that start on
V. Thus a strong condition for S+ to be attracting is if all of V is attracting. This

condition is very restrictive, and turns out never to be necessary. Gyllenberg et al.
(1993) proved that a sufficient condition for V to be globally attracting is that at

least one of the following conditions be satisfied:
r < 3;
r

< 3.3

and

3

r(r - 2) < (1 _ 2D)4/3;

or
7
r < 8 (1 _ 2D)2·
In addition, they conjectured, based on numerical investigations, that V is a global
attractor if
1
r < 2 + (1 _ 2D)"

(2)

We will return to this conjecture after examining the out-of-phase orbits; we now
focus on the local stability of S+.
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PROPOSITION

1. If D

>

~ (1 - e- Ar ), where Ar is the Liapunov exponent of

the logistic map with parameter r, then S+ is locally stable.

This result was first described (in a footnote) by Yamada and Fujisaka (1983);
we develop the proof more completely in the Appendix and explore some of its
consequences below.
Proposition 1 leads to an interesting result regarding the strictly in-phase periodic orbits. Let Pn be a strictly in-phase orbit of period n, and let Pn be the
corresponding period-n orbit of the logistic map.

COROLLARY

2. If Pn is a stable periodic orbit of the logistic map, then the

corresponding strictly in-phase periodic orbit Pn of the coupled system is locally
stable.

This means that, at least locally, the stability of the strictly in-phase periodic
orbits is independent of the strength of coupling; and every stable periodic orbit of
the logistic map has a stable analogue in the coupled system.
The next corollary shows how the strictly in-phase periodic orbits lose their
stability. As part of the proof of proposition 1 in section A.l, we show that the
eigenvectors of any orbit in V are parallel and perpendicular to V, independent of

x.

COROLLARY

3. If D > 0, then :3 r" ru such that r E (rl' ru) => Pn is a saddle.

At r = r" Pn undergoes a period-doubling bifurcation in the logistic map, so that
for r E (rl' ru) Pn is repelling in the diagonal direction and attracting in the off-
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diagonal direction. At r = rUJ P n undergoes a second period-doubling bifurcation
along the off-diagona.l di7'ection.

The off-diagonal period-doubling bifurcation produces the strictly out-of-phase
periodic orbits, which we examine below. We want to emphasize that this bifurcation does not destabilize A+j the in-phase attractor has already moved to a higher
period orbit through the first period-doubling bifurcation in the diagonal direction.
When r is such that A+ is chaotic, then the results are more subtle. If Ar <
-log{l- 2D), then the strictly in-phase orbit is locally attracting. This attraction
is not uniform, however. The attraction is strongest at x = 0.5 (see Eq. 10) and
weakest at x = 0 and x = 1. In fact, because the stability criterion is an average
over the chaotic orbit, V may actually be repelling for the more extreme values of
x. Fig. 1 illustrates the way in which the trajectory approaches the strictly in-phase
attractor. On average, there is an exponential approach to the attractorj however,
there are many times when the trajectory moves away from the attractor for a finite
period of time. Not surprisingly, these deviations from the long-term attraction
bear a close relation to the dynamics of the logistic map itself. Thus 'local,' in
reference to a chaotic attractor, is fundamentally different from our notion of local
for equilibria and periodic orbits. This difference is, of course, why the stability
properties of chaotic orbits are defined in terms of Liapunov exponents, which are
averages over the whole orbit; yet it is rare that we have the opportunity to see so
clearly the variation in convergence rate as a trajectory approaches the attractor.
We have numerically calculated the stability boundary for S+ (Fig. 2). This
calculation shows that the periodic orbits are stable for all D, and that the stability
boundary for the chaotic orbits moves to larger D with increasing r. The qualitative
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similarity of this curve to the Liapunov exponent of the logistic map as a function
of r (see figure 1.23 in Collet and Eckmann 1980) is not, of course, coincidental.
Fig. 2 also reveals the substantial range of parameter values for which the strictly
in-phase orbits are locally but not globally stable.

4.2. Out-oj-Phase Dynamics

The dominant out-of-phase dynamics are centered around a period two orbit, which goes through a Neimark bifurcation to a torus, and then follows the
torus route to chaos. We shall examine each of the three major regimes (periodic,
quasiperiodic, and chaotic) in turn. We refer to the latter two as 'two-torus' and
'two-chaos,' respectively, and will often be looking at the second composition of the
map to eliminate that fundamental period-two oscillation. To reduce confusion, we
use, for example, '2 x n-cycle' to refer to an n-cycle of the composed map (which
has, of course, period 2 n in the original map). We conclude the section with a brief
look at the out-of-phase orbits centered around periodic orbits with longer periods.

4.2.1. The period-two orbit. The strictly out-of-phase two-cycle (denoted pJii))
is given by

v+ 1' u- v2 + 1)
( )_ (u + 2
Xl, X2

-

where
1

u = r(l- 2D)'

2:--_---:2=-r""7:(1:----2~D:-;:)-:::-2-_~2""7:(1:----2~D=-:):-------,-1
r(l - 2D)
;

vr-:r2~(:-1----=2D~)

v= ±

(3)
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it first appears at
1
r = 2+ 1- 2D

(4)

(Gyllenberg et al. 1993). In the range of r we are allowing, this two-cycle does not
exist at all for D > 0.25.

PROPOSITION

4. Along the curve defined by Eq. (4) the equilibrium solution on

V undergoes a period-doubling bifurcation in the off-diagonal direction, giving rise
to the period-two orbit (3). This orbit is a saddle, with Al ~ 1 (AI
bifurcation iff D = 0) and A2

< 1 (A2

=1

at the

= 1 only at the bifurcation).

This is the off-diagonal period-doubling mentioned in corollary 3.
At

(5)

p?i} becomes attracting (Gyllenberg et al. 1993). Along this curve another pair
of period-two orbits, pJiii} and pJiV}, appears (Gyllenberg et al. 1993); they are
located at

U-V+1)
(Xl,X2 ) -_(U+V+1
2'
2
where
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u2

=2r 2( 1-1 2D )2

[r2(1-2D)2_2r(I-2D)2-1

± Vr4 (1 - 2D)4 - 4 r3 (1 - 2D)4 + 2 r2 (1 - 2D)2 (2 (1 - 2D)2 - 1) + 4 r (1 - 2D)2 - 3 ]
_ r (r - 2) (1 - 2D)2 - 1 ±

.j(r (r -

v

2

2) (1 - 2D)2 - 3) (r (r - 2) (1 - 2D)2

+ 1)

2r2 (1- 2D)2

-

r3 (1 - 2D)2
- r2 (r - 2)(1 - 2D)2 + 2
= - ---''----"'----=-.,.--'----,-::;-'----"'--r3 (1 - 2D)2
= 1- u2 _ ~ _
2
U3

U

U

r

r3 (1 - 2D)2 u

(there is a typographical error in the second term of Gyllenberg et al. 's [1993]
expression for u2 ). The orbits pJiii) and pJiV) are mirror images of each other: they
form our first example of an anti-phase pair of orbits.
The bifurcation that occurs at Eq. (5) is qualitatively similar to a onedimensional pitchfork bifurcation. However, our attempts to prove that it can be
reduced to the one-dimensional case, following the methods of the proof of proposition 4, have failed. The manifolds of pJii) are strongly nonlinear (in the extreme
case of D

= 0,

the manifold is not even differentiable at the periodic point), and

we suspect that our attempts to approximate the manifold with the eigenvectors
of pJii) fail. We conjecture that if we could parameterize the system by distance
along the manifold, then we could show that the bifurcation is equivalent to the
one-dimensional pitchfork. However, we cannot find an analytic expression for the
manifold.

PROPOSITION

5. The strictly out-of-phase two-cycle (pJii») changes from a sta-

ble node to a stable focus at

r=1+
The eigenvalues at this bifurcation are

(2 -

3D)2

1 + (1- 2D)3'
Al

= A2 = D2/(1 -

2D)2.
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The out-of-phase two-cycle goes through a Neimark bifurcation at

T

= 1+

VI

3
+ 1_ 2D

2

+ (1_ 2D)'

(6)

(Gyllenberg et al. 1993). The eigenvalues are a complex conjugate pair, with real
part given by (-1 + 4D - 2D2)j(1 - 2D)2, which is always negative for the range
of D under consideration. These bifurcations are summarized in Fig. 3.
The anti-phase pair of two-cycles, pJiii) and pJiv}, are very difficult to analyze.
The formulas for the eigenvalues are so complex that we have been unable to obtain
closed-form solutions for the stability changes. When they first appear, they have
the same stability as pJii}: Al

=

1 and IA21 < 1. Away from the bifurcation,

Al > 1, and the orbits are saddles. Gyllenberg et al. (1993) obtained numerically
the curve where the anti-phase orbits become unstable nodes; this occurs when A2
passes through -1, suggesting a period-doubling bifurcation and the creation of an
anti-phase pair of four-cycles (which would be saddles). We found numerically that
the eigenvalues of pJiii} and pJiV} are always real.

4.2.2. The out-oj-phase torus. Beyond the Neimark bifurcation at Eq. (6), a
two-piece invariant loop appears, with a loop around each point of the two-cycle.
For convenience, we will describe one piece of loop as if it were solitary, so properly
speaking we are describing the dynamics of the twice-iterated map. The loop is the
equivalent of a torus for a three dimensional continuous system, and trajectories
that never repeat (yet remain on the loop) are quasiperiodic. There are, however,
'locking regions' in the parameter space, where the trajectory follows a periodic
orbit which resides on the loop. We want to examine the extent to which these
loops, generated by the coupled logistic map, are topologically equivalent to the
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canonical form of quasi periodicity in discrete systems, the one-dimensional circle
map.
First we need to introduce the notion of the rotation number. The simplest
definition of the rotation number, p, is that it is the average fraction of the loop
travelled per iterate:
.

number of trips around the loop
,
n-.oo
n

p= 1~

where n is the number of iterates. When the trajectory is a periodic orbit, then
p = p/q is rational, with q being the period of the orbit and p the number of trips

around the loop required to complete the orbit.
In the circle map, there are two parameters, I<, which is zero at the Neimark
bifurcation and increases as the system moves away from it, and

n, which controls

p for a fixed I<. At I< = 0, equivalent to the Neimark bifurcation, p increases

smoothly and monotonically with

n.

This means that the periodic orbits have the

same measure along that line in parameter space as the rational numbers have on
the real line: measure zero. Eq. (6) is the equivalent in our system to the I< = 0
line in the circle map.

PROPOSITION

6. Along the Neimark bifurcation curve defined by Eq. (6), the

absolute value of the rotation number decreases, smoothly and monotonically, from
~ at the D

= 0 end to

approximately ;~ at the r = 4 end.

This result is shown in Fig. 4.
In the circle map, as I< is increased above zero the width of the locking regions
increases to a positive measure. Furthermore, they are ordered in a regular, albeit
curious, way, known as the Farey sequence: between any two locking regions with
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rotation numbers pI! qI and P2/ q2 there is guaranteed to be a locking region with
rotation number (PI +P2)/(qI +q2)' We have numerically determined the boundaries
of all the locking regions with q ::; 30. The locking regions are mostly very narrow
and their shape is distorted, making them difficult to recognize and interpret in a
one-dimensional bifurcation diagram.
A locking region with rotation number 1/2 is known as a 'strong resonance'
(Wiggins 1990), and it is the dominant locking region seen here. At D = 0, the
Neimark bifurcation corresponds to both eigenvalues of the strictly out-of-phase
two-cycle passing through -1 at once, simultaneously creating two anti-phase pairs
of four-cycles. As r is increased, all four four-cycles go through identical perioddoubling routes to chaos. An unusual feature of this system is that in each locking
region there are two stable period-2q orbits, an anti-phase pair, and an anti-phase
pair of period-2q saddles separating them. The second orbit actually corresponds
to a rotation number of -p/q. It is straightforward to show that p = -p/q is
equivalent to p = 1-p/q, which explains what happened to all the rotation numbers
greater than 1/2. What about the rotation numbers less than 11/25? If we continue
to increase r above four, we uncover them; the periodic and quasiperiodic orbits
remain locally stable, but we have left the region of biological plausibility.

4.2.3. Out-oj-phase chaotic dynamics. There are two general ways in which
the transition occurs from the 2-torus to chaos. If the system is in the region of
the torus dominated by the 2 x

! locking region, then there is a period-doubling

route to chaos as r is increased. This route is somewhat unusual, however, in that
each period-doubling bifurcation produces an anti-phase pair of of new orbits with
equivalent stability (Fig. 5). Thus there are n distinct out-of-phase 2 x n-cycles.

50

After the accumulation point, as the chaotic bands merge with each other in the
reverse of the period-doubling cascade, they also merge with the other member
of the relevant pair, resulting in a 2 x n-piece chaotic attractor, with each piece
approximately square (Fig. 6). Each band-merging is in fact a crisis. Immediately
beyond the crisis, the pairs of chaotic structures nearly maintain their separate
identity: the trajectory only occasionally switches from one to the other. As r is
increased further the pieces merge, and upon merging, knit together perfectly in
their 'folded' structure. This indicates that the fold structures of the anti-phase
attractors are derived from the two unstable manifolds of the same periodic orbits
(compare the solid curves in Figs. 6a and 6c).
Outside the 2 x ~ locking region, the transition is more confused, as there are
coexisting attractors where the tongues overlap, and each locking region has its own
transitions to chaos. The analogy with the circle map breaks down here, as there are
bifurcations of the periodic orbits, such as Neimark bifurcations, that aren't found
in the circle map. In general, however, there is a fairly distinct transition such
that, when not in a locking region, the dynamics are quasiperiodic (although the
invariant loop is deeply folded); on the other side is a chaotic attractor, often multipart, that follows the general outline of the previously existing invariant loop. As
the parameter moves more deeply into the chaotic zone the pieces of the attractor
expand until each of the two pieces of the attractor are filled with points.
Once the transition to chaos is complete, by either route, there is a two-part
chaotic attractor, with each piece centered on one of the points of the unstable
strictly out-of-phase periodic orbit; the trajectory hops back and forth between the
two. Each piece consists of a simply bounded region that is completely covered
by points; but there is structure, in the form of variation in the density of points,
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within the attractor (Fig. 6d).
Each piece of the chaotic attractor would fill a part of the phase plane (if enough
points were generated), yet there is internal structure. In fact, these attractors
look just like a two-dimensional projection of the attractors of Rossler's (1979)
'folded-towel map' or Baier and Klein's (1990) 'generalized Henon map.' This
observation is not new: Kaneko (1983) claimed that some of his chaotic attractors
were hyperchaotic because they had two positive Liapunov exponents. However,
hyperchaos (which occurs when there is folding in two or more directions) requires
at least three state variables in invertible maps (Klein and Baier 1991). The key
is that our model is not invertible: in general, each point on a trajectory has four
distinct preimages. The simplest way to make our model invertible would be to add
a time-delayed feedback from the previous generation, so that the local dynamics
would be x(n+ 1)

= F(x(n)) +bx(n -1). If b were very close to zero, the dynamics

we observe would be essentially unchanged, and yet we would effectively have four
state variables, making hyperchaos allowable.
When D = 0, the out-of-phase chaotic attract or disappears when the two pieces
collide, at the same value of r as the final band-merging of the logistic map. The
situation is more complex when there is coupling: the out-of-phase attractor disappears before the two pieces collide. The region of the phase space explored by the
larger uncorrelated attractor after the crisis includes the basin of attraction of the
out-of-phase attractor before the crisis, which suggests that it is an interior crisis,
rather than a boundary crisis (Grebogi et al., 1983; 1987). For an interior crisis to
occur there needs to be a saddle to provide the appropriate stable manifold. The
anti-phase two-cycles, created when the strictly out-of-phase two-cycle goes through
the pitchfork bifurcation, are outside the bounds of the attractor; it is conceivable
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that they could play this role. However, numerical investigations show that this is
not the case (Fig. 7); furthermore, in this region of parameter space these orbits
are sources (Gyllenberg et al. 1993), and so have no stable manifolds to cause a
crisis. Recall that the anti-phase two-cycles change from saddles to unstable nodes
when their smaller eigenvalues pass through negative one. This suggests that a pair
of four-cycles is produced, which should be, at least initially, saddles. Numerical
investigations indicate that these four-cycles do in fact exist, but, because there
are no general analytic solutions, we have been unable to determine their stability
properties. We conjecture that these period-four saddles, or higher-period saddles
that arise from them through a period-doubling cascade, are the saddles that provide the stable manifolds that destabilize the two-part chaotic attractor through a
boundary crisis.

4.2.4.

Higher order out-oj-phase orbits. As discussed in section 4.1, each strictly

in-phase periodic orbit undergoes a period-doubling bifurcation in the off-diagonal
direction. This means that, for example, the strictly in-phase two-cycle gives way to
a strictly out-of-phase four-cycle. Numerical investigations indicate that this fourcycle follows a bifurcation sequence similar to that of the out-of-phase two-cycle
described above: it starts as a saddle, becomes stable via a pitchfork bifurcation,
undergoes a Neimark bifurcation to produce a four-part invariant loop, which in
turn leads to a four-part chaotic attractor. Over most of the range of parameter
values for which the 'period-four' orbits are attracting, they coexist with the 'periodtwo' attractors, and have a much smaller basin of attraction. We conjecture that
all of the strictly out-of-phase orbits arising from the off-diagonal period-doublings
of the strictly in-phase periodic orbits undergo a similar bifurcation sequence.
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The scaling of these bifurcation sequences is not yet clear. However, we can
make some observations. First, the curve along which the out-of-phase orbit arises,
as well as that along which it gains stability (Eqs. 4 and 5 for the two-cycle), must
intersect the r-axis at the value of r corresponding to that period-doubling in the
logistic map. Second, we have the following result:

PROPOSITION

increased with D

7. Let Pi be the i th strictly out-oj-phase orbit to arise as r is

= 0 (thus PI

is the 2-cycle, P2 the 4-cycle, etc.), and let r

= hi(D)

be the curve along which Pi arises via the off-diagonal period-doubling. Then:
(i) hj(D) < hi (D) Jor all j < i and D < 0.25; and
(ii) h i (0.25)

= 4 Jor all i.

A consequence of proposition 7 is that there are no strictly out-of-phase orbits if

r < 2 + (1- 2D)-I. Since all of the other out-of phase and uncorrelated orbits occur
at a larger value of r, Gyllenberg et al. 's (1993) conjecture is proven: A+ is globally
attracting, because there are no other orbits (other than (0,0)) even present. This
is still not a necessary condition, however, for the strictly out-of-phase 2-cycle is
unstable when it first arises, and so the in-phase attractor is still globally attracting
for a range of parameter values above the curve. However, there is no analogue of
proposition 7 for the pitchfork bifurcation; indeed, we find numerically that those
curves cross, so there is no simple formulation for when the first strictly out-of-phase
orbit becomes stable.
The out-of-phase orbits discussed so far have all been of even period. However,
the odd period orbits that arise via tangent bifurcations in the logistic map can also
give rise to out-of-phase orbits. As an example, let us examine the period-three
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orbit.
When D

= 0,

then three separate saddle-node pairs of three-cycles are formed

at the tangent bifurcation: strictly in-phase, Xl follows

X2,

and Xl leads

X2.

These

three orbits are maintained when D > 0; however, the out-of-phase orbits have lost
their inner symmetry. When Xl is leading

X2,

for example,

x2{i

+ 1) =j:. xI{i).

The

two out-of-phase three-cycles do form an anti-symmetric pair, however.
The stability regions differ for the in-phase and out-of-phase orbits (Fig. 8).
As we already showed in corollary 2, the in-phase three-cycle is stable, for all
values of D, over the range of r for which the three-cycle is stable in the logistic
map. However, the values of r for both the formative tangent bifurcation and
the destabilizing period-doubling bifurcation increase with D for the out-of-phase
orbits. The two boundaries converge, so that the out-of-phase three-cycles are not
stable at all for D larger than about 0.009. We are not certain whether the lower
boundary of the stability region represents the saddle-node bifurcation, or whether
both orbits of the saddle-node bifurcation are initially unstable, and the curve in
Fig. 8 represents the stabilization of the saddle through a pitchfork bifurcation.

4.3. Approximately In-Phase Dynamics

What happens when the strictly in-phase chaotic orbit loses its local stability?
The result depends on whether or not there are out-of-phase attractors present. If
there are not, then the result is a diamond-shaped attractor centered on V. The
upper and lower ends narrow to a point, and the thickness in the center increases
as the distance from the stability boundary increases. The saddle out-of-phase
two-cycle is on the boundary of the attractor (Fig. 9), and numerical investigations
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indicate that the other strictly out-of-phase saddles are on the boundary as well.
Furthermore, the unstable manifolds of these orbits are tangent to the boundary
of the attractor, and these manifolds can be seen continuing into the attractor as
regions of increased densities of points.
If the strictly in-phase chaotic attractor loses its stability in a region of pa-

rameter space where the out-of-phase two-cycle (or one of the other out-of-phase
orbits) is attracting, then all trajectories starting near, but not on, V are eventually attracted to the out-of-phase orbit. This occurs because the fractal basin of
attraction of the latter (see figure 3 in Gyllenberg et al. 1993) has elements that
come arbitrarily close to V. The approximately in-phase chaotic transients can be
very long, however, up to thousands of generations.

4.4.

Un correlated Dynamics

When the out-of-phase two-part chaotic orbit is destabilized by the interior
crisis, the resulting attractor is large and diamond-shaped, with the upper left
and lower right corners defined by the location of the two-part chaotic orbit. Its
structure is qualitatively similar to the approximately in-phase chaotic attractor
before its collision with the out-of-phase two-cycle, and also to the chaotic transients
that occur when the out-of-phase orbits are attracting. Indeed, if it weren't for the
intervening out-of-phase attractors, there would seem to be a smooth transition
from the approximately in-phase attractor to the current one, which, because of its
width, we call uncorrelated.
However, there are important topological differences between the uncorrelated
and approximately in-phase attractors. Whereas the strictly out-of phase orbits

56
define the boundary of the approximately in phase attractor, all of the out-of-phase
orbits (including the chaotic ones) are contained in the uncorrelated attractor.
Notice the high density of points in the upper left and lower right of the attractor
(Fig. 10). These correspond with extended episodes during which the trajectory
follows approximately out-of-phase dynamics. This phenomenon has been described
as 'transient periodicity' (Kendall et ai. 1993, Schaffer et ai. 1993): the trajectory
is shadowing the unstable out-of-phase periodic orbits and their manifolds. Also
present, although with less prominence, are transient episodes of the higher order
out-of-phase orbits. Thus, the uncorrelated attractor can be thought of, in some
sense, as the union of the approximately in-phase and approximately out-of-phase
chaotic attractors.
The local dynamics of the uncorrelated attractor are modified in an interesting
way. A return map of one of the subpopulations looks simply like a noisy logistic,
and hence one might think there was relatively little effect of spatial structure.
However, the local population size is much less likely to be small in the coupled
system than it is in an isolated logistic map with the same growth rate (Fig. 11).

5.

ENVIRONMENTAL HETEROGENEITY

To model environmental heterogeneity we allow

TI =1=

T2, with large D. In

addition to the dynamics in the phase plane, we are also interested in the dynamics
of the mean population density, x = (Xl +X2)/2. It is convenient to think about the
growth rate parameters in terms of their mean,
between them,

AT

= ITI -

if

= (TI

+ T2)/2,

and the difference

T21. When there is complete mixing each generation,
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then the dynamics are simple:

PROPOSITION

8. If D

= 0.5,

then:

(i) the diagonal 1) is always attracting; and
(ii) the mean population density is governed by x' = rx(l - x).

When mixing is less than complete (D < 0.5), there is no simple exact solution
for the dynamics of x. Numerical simulations indicate that A+ is globally attracting.
It no longer lies on

1) (1)

between

is very nearly linear. As D decreases, the attractor thickens,

Xl

and

X2

is not even an invariant manifold); but the relationship

making the transverse structure more apparent. Furthermore, the slope of the
attractor (in the

XI-X2

plane) deviates progressively more from one.

However, numerical investigations reveal that even when D is substantially less
than 0.5, result (ii) of proposition 8 is still a very good approximation. Fig. 12
illustrates an example of this where the attractor is quite thickened, with internal
structure, and has a slope quite different from one. This approximation starts
to break down for smaller values of

r,

however. In Fig. 13 we show the major

bifurcations for several values of D. The boundaries of the period-3 window are
essentially unaffected by the value of D: they occur near where one would expect
for a single logistic map with

T

=

r.

Similarly, bifurcations in the parameter region

of one-piece chaos change little with increasing D. However, when D < 0.5 the
bifurcations of the period-doubling sequence, as well as the final band-merging
creating the one-piece attractor, occur at a lower value of r than would be expected
by the simple approximation. This effect increases with AT, and the rate of increase
with AT increases with decreasing D. At the extreme, when D

= 0.25 and AT = 4,
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the equilibrium period-doubles at if = 2.
Hidden beneath the relative simplicity of the global dynamics are fairly substantial deformations of the underlying local dynamics (Fig. 12). The return maps
for the local population size are more steeply humped than any logistic equation,
and the best fit logistics substantially underestimate the differences between the
populations.
Even when the attractor is thickened in the middle, the upper and lower ends
converge into points; we can define the 'slope' of the attractor as the slope between
those lower and upper points. This slope depends in a simple way on D, if, and

~r.

We investigated this relationship with numerical simulations. We chose values of D
from 0.25 to 0.5 in steps of .01, if from 3.7 to 4.0 in steps of 0.01, and

~r

from 0 to

0.64 in steps of 0.01. For the smaller values of if we used a smaller range of

~r

to

ensure that the attractor was a single piece. For each combination of parameters,
we initialized the system at (Xll X2)

= (0.1,0.2), allowed the system 1000 iterates to

converge to the attractor, and recorded the dynamics for a further 10 000 iterates.
Defining 8 to be the absolute value of the deviation of the slope of the attractor
from one, we fit the resulting values with the equation
8 = ~r (1 - 2D) [ ao

+ at f + a2 ~r + (flo + flt if + fl2 ~r) (1 -

2D) ] ,

(7)

using singular value decomposition (table 1). The form of Eq. (7), which is linear
in if and quadratic in D and

~r,

was chosen after inspecting the data, but we

eliminated some terms a priori. The lack of a constant term, and the overall
dependence on

~r

and (1 - 2D) stem from the observation that when D..r = 0

the system is symmetric, and when (1- 2D) = 0 there is complete mixing; in both
cases 8 is exactly zero.
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The effects of the parameters on the slope is consistent throughout the range
of values covered by this fit:

88/8~r

and 88/8(1 - 2D) are always positive and

88/8f is always negative. This is in accord with the results of Fig. 13: the dynamics

become less like those in a homogeneous environment as

~r

is increased and

if

and

D are decreased.

6. NONLOCAL INTERACTIONS WITH SPATIAL HETEROGENEITY

In this section we examine the interaction of nonlocal interactions and spatial
heterogeneity. To do so, we retain rl

=1=

r2, but allow D to be small. In general,

analytic solutions are not available; even when analytic solutions can be calculated,
the coefficients tend to be quite complicated and not readily understandable. Most
of our results are thus based on numerical approximations.
Gyllenberg et al. (1993) found the regions of stability for the fixed points and
both in-phase and out-of-phase two cycles.

6.1. In-Phase Dynamics

When rl

=1=

r2, the in-phase dynamics no longer occur on the diagonal V, but an

in-phase attractor may still exist. In fact, for very small Ilr, the in-phase attractor
lies very close to V. In this section we first study the fixed-point and periodic
at tractors that exist for very small
for larger

~r.

When

~r

~r,

and then consider how these results change

Finally we examine the transition to chaos.
is very small, there can be attractors homologous to the strictly in-
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phase attractors that exist when

~r

= 0: they lie very close to the diagonal. When

chaotic, they are nearly one-dimensional. Thus we can get an approximate understanding of the in-phase dynamics by studying the eigenstructure of the Jacobian
along the diagonal.
The eigenvalues are given by

/\(x) =

[r (1 -

D) ±

Jr 2D2 + (~r)2 (1 -

2D)/4] (1 - 2x).

(8)

Notice that IAl(X)1 increases, and IA2(X)1 decreases, with increasing ~r. The eigenvectors do not, of course, line up exactly parallel and perpendicular to the diagonal,
but the deviations are small if ~r is small enough and D is not too small. The directions are still independent of x and they are always perpendicular to each other,
but they rotate slowly as the parameters are varied.
If we make the approximation that the 'on-diagonal' dynamics are one-

dimensional, then we can reconstruct those dynamics by integrating Al(X). The
result is

x'

= [r (1 -

D) +

Jr 2D2 + (~r)2 (1 -

2D)/4] x (1 - x).

(9)

The term in the square brackets can be thought of as the 'effective r,' i.e., this
term take the place of r in the discrete logistic map. It is greater than
(~r)2

r,

r by

the

(1 - 2D)/4 term. This means that the 'effective r' increases, for a given

with increasing

~r.

Moreover, this effect is greater, the smaller D is. In other

words, the effect of increasing r in the one-dimensional case can be mimicked here by
increasing the variation among patches and decreasing the migration rate between
them.
In section 5 we showed that, with decreasing D and increasing ~r, the in-phase
dynamics are more complex than those predicted by

r.

Eq. 9 shows that this result
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also applies in the region of small D. Thus differences between the patches act
to make the in-phase dynamics locally stable for larger values of f. Perhaps more
surprisingly, though, these differences actually let the dynamics be stable when the
in-phase motion is more complex than for the case of equal r's. This can be seen
by noting (Eq. 8) that IAI(X) - A2(X)1 is larger than it is when Ar =

o.

To examine changes to the attractors induced by spatial heterogeneity, we conducted numerical studies of the eigenstructure ofthe Jacobian for A+ for fixed-point
and periodic attractors for Ar = 10- 4 • We conducted identical analyses for larger

Ar, and found no qualitative differences between them, at least up to Ar = 0.1.

6.1.1. Fixed points and cycles. As the value of one of the r's is increased slightly
while the other is held constant, the fixed point moves slightly off 'V: the equilibrium
value is higher in the patch with the larger r. Similarly, the points visited on
periodic at tractors deviate slightly from those visited in the equal r's case; the
patch with the higher r has larger-amplitude oscillations.
As suggested by Eq. 8, the eigenvalues deviate slightly from those that occur
when

rl

= r2: one of the new eigenvalues is slightly larger, and the other slightly

smaller, than in the case of environmental homogeneity. Period-doublings occur at
smaller values f than in a homogeneous environment. For example, when Ar = 0.1
and D = 0.1, the initial period-doubling occurs at f

~

2.992, rather than f = 3.

6.1.2. Changes in local attraction. Perhaps the most interesting changes induced
by environmental heterogeneity are in the eigenvectors.

As f is increased, the

eigenvectors rotate in a clockwise fashion, so the direction of attraction changes.
Moreover, the two eigenvectors rotate at different rates, so they don't maintain a
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constant angle between them. Fig. 14 shows the eigenvectors for the period-4 cycle,
from its birth to its destruction by period-doubling bifurcation. To get a feel for
the rotation process, begin by considering the dominant eigenvector just after the
birth of the 4-cycle. Rotation is initially slow, increases rapidly, and then slows
again as the vector becomes nearly parallel to the

Xl

axis. Towards the onset of

the 8-cycle, the eigenvalues (and therefore the eigenvectors) exchange dominance.
This vector (originally dominant, now sub-dominant) continues to rotate, but the
rotation rate is quite slow. As a result, the angle between the dominant eigenvector
and V changes: it is initially a bit less than 30°, declines toward zero (Le., parallel),
and then grows to roughly 55°.
Now consider the eigenvector that begins as the sub-dominant. It also rotates
slowly at first, then more quickly, and finally more slowly again, but it is apparent
from Fig. 14 that its rotation rate differs from that of the other eigenvector. This
means that the two eigenvectors begin as nearly perpendicular to one another, but
since this vector initially rotates more slowly, the angle between them drops to about
70° before increasing somewhat. After rotating through the x2-axis, this vector
begins rotating again in quadrant Ij now the angle between the two eigenvectors is
somewhat greater than 90°, and it declines slowly as rotation continues.

6.1.3. Onset of chaQs. Once the period-doubling cascade reaches the accumu-

lation point, the unstable eigenvectors of all the periodic orbits are approximately
parallel. This means that the chaotic bands themselves are parallel, and each seemingly one-dimensional (Fig. 15a). As if is increased, these bands grow longerj but
they overlap, rather than meeting. How then does band-merging occur? At some
point there is a crisis: the trajectory leaves the bands and follows another path
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for a while, eventually settling on the adjacent band (Fig. 15b). We do not know
what causes this crisis, but we speculate that unstable out-of-phase periodic orbits are involved. As !:::.r is increased further, the transition sequence between the
two bands becomes ever more frequently travelled, resulting in a hollow parallelogram; eventually the center fills in (Fig. 15c,d). This new band of period 2n - 1 is
thickened, with a high density of points in the regions corresponding to the former
bands. This process goes on at each band-merging, so that the final merging to
a one-piece chaotic attractor results in a large, diamond shaped attractor rather
similar to the approximately in-phase attractor of the equal r's case, except that
here there are clusters of points corresponding to higher-order bands. If D is small
enough, the in-phase dynamics may be destabilized (through a boundary crisis)
before it reaches the last band-merging; in that case the out-of-phase dynamics
become globally attracting (Fig. 16).

6.1.4. Coexisting attractors, hysteresis, and destruction of the in-phase chaotic
attractor. The in-phase chaotic attractor coexists with the out-of-phase attractor.
For the parameter values we studied, the chaotic in-phase attractor always coexists
with a stable out-of-phase two-cycle. This out-of-phase attractor is typically stable
for f values low enough to correspond to a stable in-phase 4-cycle, and sometimes
(for small enough !:::.r) even a stable in-phase 2-cycle.
Not surprisingly, these coexisting at tractors are separated by fractal basin
boundaries. The out-of-phase two-cycle is attracting for a much larger number
of initial conditions than the in-phase chaotic attractor. Since computing a map of
basin boundaries is quite computation-intensive, we do not know how general this
relationship is. We speculate that the relationship may be reversed at smaller f
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(Le., more initial conditions would then be mapping onto the in-phase chaotic attractor than the out-of-phase two-cycle). If so, the loss of stability of each attractor
would be prefigured by its loss of "attractiveness."

6.2. Out-oj-Phase Dynamics

The dominant collection of out-of-phase dynamics is again organized around
the two-cycle. We found the bifurcations of these orbits and attractors numerically
using Dynamical Software (Schaffer et al. 1986-88; Fig. 17). We were not able to
make analytic determinations of the bifurcation types, of course, but we can make
reasonable guesses based on extrapolation from the symmetric case. The out-ofphase two-cycle arises through a period-doubling bifurcation off of the equilibrium.
It is initially a saddle; it is stabilized by a pitchfork bifurcation. If Ar is large

enough, however, then the saddle two-cycle period-doubles along its stable direction
before it reaches the pitchfork bifurcation; the resulting four-cycle is a saddle, which
in turn either period-doubles or is stabilized by a pitchfork. At extreme values of

Ar, the saddle out-of-phase orbits can period-double all the way to chaos without
being stabilized. It is unclear what role the extension of the pitchfork is playing here.
The dynamics are reminiscent of a crisis, but it is possible that a critical periodic
orbit on the boundary of the chaotic orbit changes stability from an unstable node
to a saddle.
Within the stability region, there are two qualitative sets of bifurcations. \Vhen
!::l.r is small, then we see the familiar Neimark bifurcation to a two-torus, which

goes through a complex set of phase lockings to chaos. When Ar is large, then,
the out-of-phase two-cycle goes through a period-doubling route to chaos. The
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multi-piece chaotic attractors that result from this are Henon-like; at some point
in the band-merging sequence (usually from eight to four) there is a crisis rather
than a true band-merging, and the hyperchaotic attractor is formed. The periodfour orbit also arises via a tangent bifurcation from the two-torus: this shows that
the whole period-doubling sequence can be considered part of the 2 x ~ locking
region of the torus. There are clearly some subtleties here; it would be nice to
be able to see the curve where the eigenvalues of the two-cycle become complex,
for complex eigenvalues preclude the period-doubling bifurcation. However, the
relationship of the four-cycle to the two-torus suggest that there are actually two
pairs of four-cycles. This would indicate that the 'period-doubling' is actually a
Neimark bifurcation directly into a locking region.
There is a region where the period doubling stops at 8, and the 8-cycle undergoes
a Neimark bifurcation. The resulting 8-torus is only present in a very small region
of parameter space, however.
The out-of-phase orbits lose their stability on the upper right through an interior
crisis: the structures of the chaotic out-of-phase orbits can be seen in the transient
periodicity of the ensuing uncorrelated attractor. Notice that if D.r is extremely
large, then none of the out-of-phase orbits are ever stable, and there is a direct
transition from in-phase to uncorrelated dynamics.
As D is increased, there is very little change in the qualitative nature of the
bifurcation structure. The only major change is one we have already seen: when
D is small, the two-torus goes to chaos by way of the four-cycle, whereas for larger

D the transition is much more confused as many locking regions are encountered.
The total size of the parameter region for which the out-of-phase dynamics are
stable decreases somewhat with increasing D, and the whole structure moves in the
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direction of increasing r. These two quantitative results were noted by Gyllenberg
et al. (1993), who examined the stability of the out-of-phase two-cycle. The other

major effect is that the area of parameter space containing quasiperiodic motion
on the two-torus increases with increasing D.
The other out-of-phase periodic orbits generate identical bifurcation structures,
albeit in miniature. The only one commonly encountered is that of the four-cycle,
which largely overlaps the lower left portion of the two-cycle'S stability region. All
of the higher-order orbits lose their stability at relatively low values of D..r.
A notable feature of these attractors is that, for larger D, the out-of-phase orbits
can remain stable even when one of the r's exceeds 4. However, any trajectory
outside the basin of attraction of the out-of-phase orbits would rapidly diverge to
negative infinity.

6.3. Uncorrelated Dynamics

When D..r is small, the uncorrelated attractor is similar to the one found in
the symmetric model: roughly diagonal, hyperchaotic, with a strong transient periodicity from the out-of-phase period-two orbits. It is found in the narrow region
between the crisis that destabilizes the out-of-phase orbit and the r = 4 axes (at the
top and right of Fig. 17). Its shape is increasingly skewed as D..r increases (Fig. 18);
this is accompanied by the dropping out of the higher-order out-of-phase orbits.
When D..r is so large that the out-of-phase orbits are never stable, a different
picture emerges. Recall that in the case of environmental heterogeneity, the 'bandmerging' of the approximately in-phase attractor is actually a crisis. This continues
to be true for D < .25, but the difference is that the slope of each of the pieces of
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the 'in-phase' attractor is extremely different from one. Thus the crisis produces a
nearly rectangular attractor, with the structures of the two-piece attractor forming
its upper and lower boundaries (see Fig. 15). This attractor is so thick that calling it 'in-phase' becomes problematic; the resulting 'slope' (along the diagonal) is
also very different from the slopes of the individual pieces of the two-piece attractor. This attractor also has transient periodicity; but it derives from the in-phase
periodic orbits, rather than the out-of-phase ones.
We do not yet fully understand the transition between these two types of uncorrelated attractor. It seems to be smooth, however, with the weight of the transient
periodicity gradually shifting corners. This reflects the fact that at extreme values
of .6.r, and especially for small D, the two types of two-chaos are very similar (essentially parallel structures), and without knowledge of their provenance we might
be hard-pressed to distinguish them. There still are many topological mysteries, especially regarding the existence of the out-of-phase periodic orbits, that are largely
unresolvable.

7.

MATHEMATICAL GENERALITY

We are searching for results that are generally applicable when density dependence interacts with spatial structure. This requires, at the very least, that the
results be mathematically robust to substantive structural changes in the model.
In a subsequent study we will systematically vary the local dynamics, the migration
function, and the size of the system. Here we develop a preliminary assessment of
the mathematical robustness of our model by comparing it with published analy-
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ses of related models (many without direct biological interpretation). We discuss,
in turn, pairs of logistic maps with alternative coupling functions, alternative local maps with diffusive coupling, and models of many logistic maps with diffusive
coupling.
A common coupling form in the physics literature is

x~

= F(Xi) +

D(xj - Xi)

(Kaneko 1983, Hogg and Huberman 1984, Waller and Kapral 1984, Daido 1984a,bj
Sakaguchi and Tomita 1987, Wang et al. 1989, Wang and Lowenstein 1990, Kook
et al. 1991). The subtle mathematical differences between this formulation and our
own renders the model ecologically meaningless: individuals contribute to densityindependent growth in their natal patch, but if they emigrate they escape the
effects of density dependence! The qualitative phenomenology of this model is
very similar to the one we have been examining. Strictly in-phase orbits perioddouble in both the on-diagonal and off-diagonal directions, the latter producing
strictly out-of-phase orbits. The out-of-phase orbits lose stability through Neimark
bifurcations; and the transition to folded-towel type chaos through a torus and the
destabilization of the approximately out-of-phase chaotic at tractors also follows the
same qualitative pattern as we have shown. However, the quantitative details are
quite different. The eigenvalues along the diagonal are given by A2 = AI-2D, where

Al is the eigenvalue of the logistic map. This causes period-doubling bifurcations in
the off-diagonal direction to occur at lower values of r than the 'normal' on-diagonal
period-doublings: there is a region of parameter space where the strictly out-ofphase two-cycle is the only attractor (Kaneko 1983). The equilibrium is stable ifr <
3 - 2D; the strictly in-phase two-cycle is stable if 1 + 2Jl + D + D2 ~ r ~ 1 +

VB;

and the strictly out-of-phase two-cycle is stable if 3-2D :5 r :5 1+v'6 - 10D + 4D2
(Hogg and Huberman 1984). Thus the stability region of the equilibrium shrinks
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with increasing coupling, showing that coupling need not be "stabilizing." The
strictly out-of-phase orbits are stable when they appear, whereas the strictly inphase orbits are saddles at the period-doubling, gaining stability through a separate
pitchfork bifurcation (Sakaguchi and Tomita 1987; note that this is the inverse
of the results for the system we have studied); unlike our model, there is not a
continuous sequence of stable strictly in-phase orbits through the period-doubling
cascade. The uncorrelated attractor looks very different from the ones we have
studied (Sakaguchi and Tomita 1987, figures 7 and 8).
Another commonly studied form of coupling is

x~ =

F(Xi)

+ DXj

(Fr0yland

1983, Van Buskirk and Jeffries 1985, Ferretti and Rahman 1987a,b, 1988). This also
shares many of the qualitative features of our model, including Neimark bifurcations
of the out-of-phase orbits, but there begin to be substantial deviations as well.
There are large Henon-like attractors; in our model they only appear as elements
of a multi-part chaotic attractor. The onset of period-doublings and chaos occurs
at substantially reduced values of r, even for moderate coupling strengths.
A third coupling form is x~

= F(Xi)(Dxj +€) with D = 3 and € = 1 (Lopez-Ruiz

and Perez-Garcia 1991; 1992). The equilibrium period-doubles to an out-of-phase
two-cycle, which goes through a Neimark bifurcation and through a torus to chaos;
but the chaotic attractor is extremely different from any of the ones we have studied
(it does, however, show some similarity to attractors pictured in Kaneko 1983). It
seems that the transition from the invariant loops to chaos is very different from
the ones we have studied. Moreover, the bifurcations of the equilibrium and the
two-cycle occur at very low values of r, all less than one.
There are a few models that use our coupling formalism, but different systems
for the local dynamics. Coupled 'sigmoidal maps,' f(x)

= l~~n' display the familiar
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sequence of uncorrelated chaos, approximately out-of-phase chaos and torus, strictly
out-of-phase two-cycle, and strictly in-phase chaos as coupling strength decreases
(Doebeli 1995). The out-of-phase chaotic attractor is nearly indistinguishable from
the attractors we have seen (Losson and Mackey 1994). A similar bifurcation structure was found in a two-patch age-structured model (Hastings 1992). Losson and
Mackey (1994) also couple two tent maps: f(x)

= 2-

a(l- x) if x < (a -l)/a and

f(x) = a(l - x) if x > (a - l)/a. They show the presence of the four attracting
four-cycles (strictly in-phase, strictly out-of-phase, and the anti-phase pair). They
obtain the familiar criterion for the local stability of the strictly in-phase orbits, and
analytic expressions for transitions such as the crisis from the out-of-phase chaotic
attractor to the uncorrelated attractor; the formulas are complicated and not very
informative, however. Yamada and Fujisaka (1983) coupled two modified Brusselator models (continuous-time models used to simulate the Belousov-Zaboutinsky
chemical reaction). They extracted a mapping by taking a Poincare section of each
oscillator. The result was the familiar collection of attractors: strictly out-of-phase
two- and four-cycles, out-of-phase quasiperiodic and chaotic attractors, strictly inphase attractors, and uncorrelated attractors.
There have been many studies of large arrays of coupled logistic maps (for a
review see Kaneko 1993). Each oscillator can be coupled to all the other oscillators (global coupling) or to its nearest two (one-dimensional space) or four (twodimensional space) neighbors. As one might imagine, the phenomenology becomes
much richer (and harder to describe). There are a few comparisons that can be
made with our work, however. The local stability condition for the strictly in-phase
orbits in globally coupled maps is identical to our proposition 1 (Kaneko 1989); but
the local domain of stability for the strictly in-phase orbits decreases very rapidly
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with the number of oscillators (Kaneko 1993). In 'fully developed spatio-temporal
chaos' there are no periodic windows (Kaneko 1990). This seems to correspond
with observations of our system when the attractors are of the hyperchaotic type.
Virtually all of our chaotic attractors which do show periodic windows look similar to at tractors of the Henon map, in that they exhibit folded one-dimensional
manifold structure, corresponding to a single positive Liapunov exponent.
There are a number of attracting states of the larger systems that might be
thought of as analogous to our system of two oscillators. With nearest-neighbor
coupling, a commonly encountered attractor is temporally periodic with a 'zigzag'
(one-dimensional) or 'checkerboard' (two-dimensional) spatial pattern. In these
cases each site is strictly out-of-phase with all of its neighbors, and the dynamics
can just as well be described by our model with strictly out-of-phase dynamics.
However, our model cannot predict how this spatial symmetry will be broken, nor
what will occur when the dynamics are temporally chaotic. In globally coupled
maps there is a remarkable region of parameter space where the oscillators cluster
into a small number of groups, with the members of each cluster all following the
same trajectory (Kaneko 1989). If the system settles down to two clusters, then the
subsequent dynamics can be described by a two-oscillator system with appropriate
weighting of the coupling terms to account for the different size of the clusters. At
first glance it seems like a way to model patches with different carrying capacities,
but the effect is more subtle than simply inserting les into our model. It is as if
the smaller patch, in addition to producing fewer emigrants because the population
is small, receives fewer immigrants because it is hard to find: many emigrants from
the larger patch simply return home. Again, our simple model cannot say anything
about bifurcations away from the clustered state.
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In some informal explorations of a two-dimensional nearest-neighbor system,
we have observed 'islands' of spatiotemporal periodicity, each of different phase,
separated from one another by regions of aperiodic dynamics. We also observed
temporally period-three solutions in which there was a tremendous variation in the
actual values attained by the various oscillators, even though each was following a
three-cycle. These are analogous to the odd-out-of-phase orbits described here.
These results are promising for the mathematical generality of our model. The
stability criterion for the strictly in-phase orbits holds whenever diffusive coupling
is present, regardless of the local map or the size of the system. The bifurcation
structures of the out-of-phase orbits seem to be generic to diffusively coupled singlehump maps, and many of the qualitative details are retained with non-diffusive
coupling. Furthermore, analogies of many of the features of the simple model can
be found in larger systems. Our results seem to be most sensitive to changes in the
migration function.

8.

DISCUSSION

Our primary goal in this paper has been to lay the mathematical groundwork
for a more extensive study of spatio-temporal systems. We do not view the coupled
logistic map as a literal representation of any ecological system. Nevertheless, as
a simple metaphor for spatially structured populations, this model has inspired
a number of preliminary conceptual generalizations, which we present here. This
section is not a comprehensive interpretation of all our mathematical results, but
rather a selection of certain striking phenomena that have changed the way we
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think about spatio-temporal population dynamics.
In-phase dynamics represents an absence of spatial pattern. In the coupled
logistic map, these dynamics occur if migration is large relative to local instabilities;
if the local dynamics are stable, then the in-phase dynamics are always at least
locally stable. The relationship among the stability of the strictly in-phase orbits,
the dominant Liapunov exponent of the local dynamics, and the strength of the
coupling is robust for diffusive migration, not only for alternate forms of local
dynamics, but also for larger systems. We expect that a similarly simple relationship
will hold for any type of density-independent migration.
With nonlocal interactions alone, the lack of spatial pattern associated with the
in-phase dynamics means that spatial structure truly can be neglected in studying
the dynamics of the population. Care needs to be taken, however, if the in-phase
attractor is not globally stable: a sufficiently large spatially uncorrelated perturbation might knock the population onto an alternate attractor that does display
spatial pattern.
Environmental heterogeneity also causes synchronization of patches. Indeed,
the effects of heterogeneity may be difficult to observe in the field, for there is little
change in the nature of the local population dynamics across large changes in habitat quality. However, ignoring the spatial heterogeneity gives only a coarse-grained
view of the dynamics, and has little value for predicting the response of the population to habitat change. Heterogeneity could even mislead attempts to understand
population dynamics locally. Suppose a model were developed to describe the local
population dynamics, and the relevant parameters were estimated directly, through
measurements of birth and death rates, for example. Even if the model were largely
correct, failure to take into account the spatial structure of the population would
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lead to serious discrepancies between the predicted and observed dynamics. At this
stage it is important to recognize that the error lies not in the structure of the
local model, but in the discounting of spatial effects. This also shows the hazards
of parameter estimation through curve fitting, rather than direct measurement. A
simple model might fit the local or global dynamics quite well, giving the illusion
of understanding; only direct measurements of vital rates would reveal that the
fitted parameters are not actually observed anywhere, and that spatial structure
underlies the apparent simplicity of the global dynamics.
Introducing environmental heterogeneity to the situation of nonlocal interactions generates seemingly paradoxical results: the in-phase dynamics are more likely
to be stable, but the local dynamics are more complex, than in the absence of that
variation. This implies that a traditional ecological problem variation is stabilizing or destabilizing -

whether spatial

has not been posed adequately. If one

regards more complex motion as less stable (as do most ecologists), then one would
have to conclude that this kind of spatial variation both stabilizes and destabilizes
populations simultaneously.
When both effects of spatial structure are strong (.1r is large and D is small),
then the 'in-phase' dynamics cease to resemble anything we would call spatial synchrony, unless the system is at an equilibrium or two-cycle. The two patches are
trying to undergo very different dynamics, and migration is not strong enough to
average them. This makes it easier to recognize the environmental heterogeneity,
unless the population is at a global equilibrium.
Only when the effect of nonlocal interactions is relatively strong can out-of-phase
dynamics occur; the strength required increases with the amount of environmental
heterogeneity. These dynamics produce spatial pattern, and they are novel dy-
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namics that can only occur in the spatial context. They also introduce a problem
of scale. As Hastings (1993) pointed out, the total population size is constant in
the out-of-phase two-cycle. Thus a study conducted only at a regional scale would
misrepresent the population as having simple, stable dynamics.
One might object that out-of-phase dynamics are an artifact of the two-patch
structure of our model. However, there is some empirical evidence for the phenomenon. Studies of mites (Nachman 1981) and beetles (Nakamura and Ohgushi
1983) presented figures suggesting that strongly linked patches are fluctuating in
phase, whereas across weak links the oscillations are systematically out of phase.
A number of other studies have collected data relevant to this idea -

moderately

long time series collected at the subpopulation level, together with independent
assessments of the relative strength of migration among the various patches - but,
unfortunately, have not published the data in a sufficiently detailed form to allow
interpretation. Vve encourage re-analysis of these data in this context.
The patterns of local dynamics in the un correlated attractor show that the
two subpopulations are far from independent, and that even small amounts of
migration can have profound impacts on the local dynamics. A subpopulation
of the coupled system is much less likely than an equivalent isolated population
to have very low population size; this puts it at a lower risk of local extinction.
This process, in which spatial structure enhances local persistence, is analogous to
the 'rescue effect' (Brown and Kodric-Brown 1977): immigrants from outside the
subpopulation prevent the local population size from reaching the extreme lows
that would be generated by its intrinsic dynamics.
When one of the r's is less than one, our system becomes a type of source-sink
model (Pulliam 1988): the population in the poorer patch cannot persist without
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immigration from the better patch. Source-sink dynamics have important conservation implications: if we eliminate the source population (thinking "after all, that
population is only a part of the species' range; we can conserve it elsewhere"), then
the sink populations, deprived of their source of immigrants, will deterministically
go extinct. Our model adds a new twist. Imagine that the growth rate in the source
population is very high, and that emigration occurs only if there is marginally suitable habitat to go to (or that emigrants, if they find no suitable place to settle,
return to their natal patch). As long as the sink patch is present, the dynamics of
the source population will be stable. Elimination of the sink habitat, however, will
destabilize the source population, and the ensuing large-amplitude oscillations in
population size may lead to stochastic extinction. This shows another way in which
consideration of spatial effects can be critical in management decisions regarding
threatened species. A similar result appears in a two-patch host-parasitoid model
(Holt and Hassell 1993), but that model is confounded by the fact that the sink
patch is also a refuge from parasitism.
In a study of ten globally coupled logistic maps with global perturbations, Allen

et al. (1993) found that values of r that should lead to chaos in the uncoupled map
reduced the probability of global extinction. A striking feature of this result was
that extinction risk rose dramatically in the periodic windows. This result is explained by corollary 2. The migration rate they used was low enough that the
strictly in-phase chaotic dynamics were always locally unstable, so that the would
become desynchronized, reducing the risk that all would be near zero simultaneously. Corollary 2 shows, however, that the periodic strictly in-phase orbits are
always locally stable, so that there is a good chance that the subpopulations can
become synchronized. This synchronization puts the global population at a much
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higher risk of extinction.
We would like to suggest a metaphor for thinking about spatially structured
populations. The observed dynamics represent the outcome of a 'competition' between the correlating effects of migration and the decorrelating effects of unstable
local dynamics. In-phase and out-of-phase dynamics are different modes of correlated motion: the former represents positive correlation, and all evidence of spatial
structure is apparently erased; the latter represents negative correlation, and cannot
be understood without reference to the spatial patterns that form. Uncorrelated
dynamics represent the victory of local instability (this can also be accomplished
with spatially uncorrelated noise); but even here, the system can spend substantial
time following the dictates of the two correlated modes, and the local instabilities
serve largely as a stochastic switch between them.
We stated at the outset that developing a thoery of spatio-temporal population
dynamics is a hard problem. Even in the 'simple' model discussed here, there is
much that still escapes our comprehension. While it is important not to get too
caught up in fine-scale deterministic details that will never be realized in actual
ecological systems, this complexity underscores the value of starting with simple
models to establish our understanding of general phenomena in spatio-temporal
dynamics.
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A.

PROOFS OF THE PROPOSITIONS

A.1. Proof of Proposition 1

Let J(x) be the Jacobian of Eq. (1) evaluated at Xl = X2

= x.

Let Al(X)

and A2(X) be the eigenvalues of J(x), and let el(x) and e2(x) be the associated
eigenvectors. These eigenvalues are given by

Al(X)

= r (1- 2x),

(10)

A2(X) = (1 - 2D) r (1 - 2x);
the associated normalized eigenvectors are el (x) =

(V2, -V2).

( V2,

V2)

and e2 (x)

=

Notice that, independent of x, the eigenvectors are always parallel

and perpendicular, respectively, to V, and if D > 0, IAl(X)1 > IA2(X)I. Also notice
that Al (x) is simply the derivative of the logistic map evaluated at x.
The Liapunov exponents of S+ can be estimated by evaluating the Jacobian
along each point of an orbit:

(11)
(see, for example, Eckmann and Ruelle 1985). The logistic map does not contain
coexisting attractors, so the dependence of A on

Xo

is critical only if

Xo

is on an

unstable periodic orbit (or equilibrium); we want to choose a 'typical' value of Xo
that is not one of these. We can take advantage of the fact that the eigenvectors
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are independent of x to simplify Eq. (11): for example,

J(xt) J(xo) ei(xO)

= J(xd Ai(XO) ei(xO)
= Ai(XO) J(XI) ei(xO)

= Ai(XO) J(XI) ei(xt)

= Ai(XI) Ai(XO) ei(xO)
(we could not do this if the eigenvectors depended on x). This simplification,
together with the fact that IIei(Xo)11 = 1, gives

Notice that Al is simply the Liapunov exponent of the logistic map, and that

A2 = Al

+ log(1 -

2D).

If A+ is a periodic orbit, then we are done.

a chaotic orbit is somewhat more subtle.

However, 'linearizing' around

We need first to show that there is

a neighborhood of A+ in which trajectories 'shadow' the orbit on A+, linearly
approaching or moving away from V. The stability of A+ is then determined by
whether or not, on average, trajectories in the neighborhood approach V.

LEMMA

9. If r < 4, then there is a neighborhood N of S+ with width 0 such

that the dynamics in the diagonal direction are governed by the logistic map+O(o2)
and dynamics in the off-diagonal direction are perpendicular to the diagonal.

Proof. Reparameterize the system to follow the coordinate frame defined byel(X)
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YI =
_
Y2 -

Xl +X2
2

1n2 X2 - Xl

V

2

L,

.

In this coordinate frame, YI is the perpendicular projection of (Xl, X2) onto V and
IY21 is the distance from (Xl, X2) to Vj positive Y2 refers to points above the diagonal,

while negative Y2 is below the diagonal. The dynamics in this new coordinate frame
are described by

y~

= r YI (1 -

y~ =

2

yd _ r Y2
2

(12)

(1 - 2D) rY2 (1 - 2yd.

As long as the trajectory is within N, the dynamics along the diagonal are simply
governed by y~ = r YI (1- YI) -

€,

where € ~ r ~2 /2. The distance from the diagonal

grows or shrinks linearly in Y2 although the rate (and direction) is determined by
YI. Thus if ~ is small enough we can approximate Eq. (12) by
y~

= r YI (1 -

y~

= (1 -

yd

2D) r Y2(1 - 2Yd.

By 'small enough' we mean that ~ must be small compared with the logistic equation
over the entire range of YI explored by the dynamics. When YI is small,

y~

:::::: rYI -€,

so we require € «mins+ YI where we take mins+ YI to mean 'the minimum value of
YI attained by an orbit on S+.' This minimum depends, of course, on r. Thus we

choose c5 < mins+ YI. Note that this is possible for all r < 4, but if r

= 4,

then YI

can come arbitrarily close to zero, and so we cannot find a sufficiently small value
of ~ to guarantee the linearization.

o

We now show that there are trajectories starting near (but not on) V which
remain in N when A2 < O.
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LEMMA

10. If A 2 {x) < 0 for an orbit on S+ starting at x, then there is an

€ > 0 such that the trajectory starting at (x, €) and governed by the map (12)
remains within N.

Proof. At first glance this proposition seems trivial. However, since A2 is a long

term average, we need to take care with sequences {xd such that 1).2{x E {xi})1 > 1
for all i. These might represent 'escape hatches' where the trajectory can monotonically move away from V in spite of the long-term average attraction.
First consider the case where the sequence {Xi} is finite, with m elements. If
r

< 4, then for any

€

> 0 we can choose 0 = [(I - 2D) r€ mins+ yI] 11m

SO

that

a trajectory starting on the escape hatch with Y2 = 0 will end the sequence with
Y2

~ € mins+

Yl. Thus we can always find an initial condition that is close to, but

not on, V such that the finite escape hatch {Xi} will not cause the trajectory to
leaveN.
Are there places where the escape hatches are effectively infinite, so that no
matter how small the initial value of Y2, the trajectory will monotonically depart
from N? Indeed there are. Any trajectory starting on the unstable manifold (in
the

e2

direction) of an unstable in-phase periodic orbit will move monotonically

away from V; and since this manifold is invariant, it doesn't matter how close to
V the initial condition is. Very close to V, this manifold is simply perpendicular

to V, with the value of Yl corresponding to the nonstable periodic orbit of the
logistic map. However, although there are an infinite number of nonstable periodic
orbits present in the chaotic attractor of the logistic map, and they may be dense,
they have measure zero. Thus, just as almost all trajectories of the logistic map
will never land exactly on a nonstable periodic orbit, almost no trajectories of the

90

o

coupled logistic map will land on an infinite escape hatch.

Finally, we need to show that Y2 goes to zero for trajectories in N. Comparing
Eqs. (12) and (10), it is clear that Y2(n) = Y2(0) TI~=I A2(YI(i)). If n is large, then

logY2(n)

~

logY2(0)

+ nA2.

Since A2 < Al < 0, limn-too logY2(n) =

-00,

and Y2

goes to zero.
This proof doesn't work for r = 4. However, at that point, the conjectured
curve for local stability passes through D

= 0.25, which is also the value at which

we have shown that A+ is globally attracting.
This completes the proof of proposition 1. We are now ready to prove the
corollaries. For periodic orbits it makes more sense to talk about the eigenvalues of
the Jacobian of the nth composition of the map. Denote this J(Pn); it is the product
of the Jacobian evaluated along the orbit: J(Pn) = J(xn) J(xn-d ... J(xd. It
follows that the eigenvalues of J(Pn) are given by Ai(Pn) = TIl=I Ai(Xj) (again, this
is only possible because the eigenvectors are independent of x). These eigenvalues
are related to the Liapunov exponents: Ai(Xj) =

*

log IAi(Pn)1 for any Xj E Pn.

Proof of corollary 2. Since the A} (Xj) are the derivatives of the logistic map,

Pn being stable implies that IAI(Pn)1 < 1. But IA2(Xj)1 < IAl(Xj)1 for all j, so
IA2(Pn)1 < IAI (Pn)1 < 1 and Pn is stable.
Proof of corollary 3. At r = rt, AI(Pn) = -1; therefore A2(Pn) = -(1 - 2D) >
-1. It is clear from properties of the logistic map that Al (Pn) increases smoothly

with T, so there must be an Tu > rt such that Al (Pn) = -(1-2D)-I and T E (Tt, Tu)
implies that -1> Al(Pn) > -(1-2D)-1. This implies that -(1-2D) > A2(Pn) >
-1 for the same range of r.
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At r

= rU.,

A2(Pn )

= -1, so that Pn becomes unstable in the direction of e2 via

a period-doubling bifurcation.

A.2. Proof of Proposition

4

At Eq. (4) A2 passes through -1; at this point Al

=

-(1 - 2D)-I. Thus

the equilibrium period-doubles a second time, in a direction perpendicular to the
diagonal, and becomes a repelling node. The eigenvalues of the out-of-phase twocycle are Al
and A2

=

= (1- 2D)-2 (which is the square of the eigenvalue of the eqUilibrium)
1. Thus the out-of-phase two-cycle "inherits" the instability in the

diagonal direction from the equilibrium.
Although it seems clear what is happening as curve (4) is crossed, we need
to ensure that there aren't any oddities cropping up as a consequence of the
two-parameter, two-variable nature of the system. So we need to first determine
whether, in a neighborhood in parameter space of a given point on curve (4), and
a neighborhood in state space of the equilibrium, the problem can be reduced to
a one-parameter, one-variable problem. Then we need to check that there are no
irregularities at any point along that curve.
The simplest choice for a reparameterization of the problem is to take a line
normal to the bifurcation curve. This is everywhere defined, as Eq. (4) is everywhere
differentiable. Thus our new parameter,

p"

defines a curve in the original parameter

space given by
1

r = hl(P,) = 2 + 1 _ 2Do
D = h2(P,) = Do -

p"

+

(1 - 2Do)2
2
P,
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where Do is the value of D where the bifurcation curve is crossed. J-L is zero at the
bifurcation; negative values of J-L are below the bifurcation curve. This parameterization is defined everywhere on 0

~

Do

:s; 0.25.

The bifurcation takes place in the direction of the second eigenvector of the
equilibrium, which we already know from the proof of proposition 1 is perpendicular
to the diagonal. Furthermore, the error associated with the linearization grows only
as

Y~,

so very close to the equilibrium we can just look at the dynamics along the

eigenvector, which is in turn the dynamics of Y2. The value of YI is fixed at the
equilibrium value of 1 - 1/r.
Thus, putting it all together, we can reduce the system locally to
1(x, J-L) = (1 - 2h 2) (2 - hd x
1(2)(X, J-L)

= (1 -

2h2)2 (2 - hI) h~ x 3 + (1 - 2h2)2 (2 - ht}2 x

(here, and henceforth, we suppress the explicit J-L-dependence of hI and h2 for
notational clarity; but note that h1(0)
conditions for

= 2 + (1 -

2Dotl and h2 (0)

1 to undergo a period-doubling bifurcation at x

= Do).

The

= 0, J-L = 0 are

(Wiggins 1990, p. 373)
1(0,0)
81

8x (0, 0)

= 0,

(13)

= -1,

(14)

81(2)
8J-L (0,0)
8 21(2)

8x2 (0,0)
8 21(2)
8x8J-t (0,0)

= 0,

(15)

= 0,

(16)

=1=

0,

(17)

=1=

O.

(18)

83 1(2)

8x 3 (0,0)
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Straightforward (although tedious) differentiation and algebra reveals that Eqs.
(13)-(18) hold. There is nothing informative about these calculations, so we omit
them here.

A.3. Proof of Proposition 5

The eigenvalues of the strictly in-phase period-two orbit are
_ 2 + 2 (1 - 5D) (1 - D) - r (r - 2) (1 - 2D)3 ± 2D v(2 - 3D)2 - r (r - 2) (1 - 2D)3
.
(1- 2D)2

~-

.-\ becomes complex when the quantity under the radical passes through zero; this
occurs when

r
At r

= r e,

.-\

= D 2/(1

= re = 1 +

1+

(2 - 3D)2
(1 _ 2D)3'

- 2D)2, which is less than one if D < 0.25, so the orbit

is stable. If r < r e, then the expression under the radical is positive, making
the periodic orbit a stable node; when r

> re , the expression under the radical is

negative, making the periodic orbit a stable focus.

A.4. Proof of Proposition 6
The Neimark bifurcation reaches r

= 4 at

D :::::: 0.13925. Along the Neimark

bifurcation, the rotation number p can be evaluated directly from the eigenvalues
of the periodic orbit. The eigenvalues are complex: .-\ = Re[.-\] ± iIm[.-\]. We can
express this in polar coordinate form: .-\

= ReiO , where R = VRe[.-\J2 + Im[.-\)2 and
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tan- 1 ~

()_

if Re[A] > 0,

Re[XJ

{

7r

+ tan- 1 Im[AJ
RC[AI

if Re[A] < 0

(the latter case is to account for the limited range of tan-Ii at the Neimark bifurcation the real part of the eigenvalue is negative, so we use the second case). In
the linearized system, R gives the rate of radial movement towards or away from
the periodic orbit, and () is the angular movement as the orbit spirals into or away
from the periodic point; R = 1 at the Neimark bifurcation. Furthermore, the nonhyperbolic fixed point at the origin can be thought of not only as an equilibrium,
but also as an invariant loop with radius zero. The rotation number on this loop is
simply the fraction of the circle represented by ():
()

p=-

27r

1
-1 Im[A]
= 27r tan -Re[A]
1

= 27r tan

-1

1

+2

±2Dv't7:(1-----:3~D=-) 1----:D~) 1
-(1 - 4D + 2D2)
+ 2'
"7":"(

(19)

The absolute value of this function declines monotonically and continuously from
1/2 at D = 0 to about 0.43818 at D = 0.13925 (Fig. 4). Eq. (6) is thus equivalent to
the

J(

= 0 line of the circle map, and all the rational values of Eq. (19) correspond

to the tips of the locking regions with rotation number p.

A.5. Proof of Proposition 7

From the proof of proposition 1, we know that A2 (Pn ) = Al (Pn ) + log(l- 2D),
where Al (Pn ) is the Liapunov exponent of the n-cycle in the logistic map. Thus it
is sufficient to prove the following lemma:
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LEMMA

11. When r = 4, all of the periodic orbits of the logistic map have

Liapunov exponent log 2.

Proof. We proceed by finding a map which is topologically conjugate to the logistic

map at r = 4 for which we can show the desired result. Recall that two maps

f and

9 are topologically conjugate if there is a diffeomorphism h such that go h = hoI.
Corresponding fixed points and periodic orbits have the same eigenvalues in

I and

9 (Wiggins 1988). It is also clear that conjugacy is transitive.

It is widely known that f(x)

1- Ay2, where A
r

=

= r x (1 -

[(r -1)2 -1]/4 and y

= 4 is equivalent to A = 2.

x) is topologically conjugate to g(y) =

= hex) = rex -1/2)/A.

In particular,

Collet and Eckmann (1980) noted that g(y)

is topologically conjugate to 'Y(z)

= 1 - 21zl,

where z =

~(y)

=

= 1- 2y2

~ sin- I JY~I

- 1;

the proof of this is straightforward.
Thus the logistic map at r = 4 is topologically conjugate to 'Y. The derivative of
'Y is ±2 everywhere except at z = O. The latter need not concern us, for 'Y(2) (0) = -1

which is a fixed point, so z
orbits of 'Y, and hence of
period-n orbit is Al (Pn )

I,

= 0 is not on a periodic orbit.

Thus all the period-n

have eigenvalue ±2n . The Liapunov exponent of the

= ~ E7=1 log 2 = log 2.

o

We have not found reference to this result in the literature, which surprises us,
as the proof is so straightforward.
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A.6. Proof of Proposition 8

Since D

= 0.5, D = (1 -

D). Thus the governing equations are

= D rl Xl (1 -

Xl)

+ D r2 X2 (1 -

X2)

x~ = D r2 X2 (1 - X2)

+ D rl Xl (1 -

xt}.

X~

= x~, and Xl = X2 thereafter.
Since Xl = X2, the mean density x = Xl = X2. It is governed by

Thus from any initial condition

x' =

x~

x~

= Drl Xl (1- Xl) + Dr2x2 (1- X2)
1

= 2 [rl Xl (1 -

xt)

+ r2 Xl (1 - xt)]

= rl +2 r2 Xl (1- xt}
=

rl

+ r2 X (1 - x)
2

=rx(l-x).
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TABLE 1
Linear least-squares fit of the coefficients in Eq. (7). The residual sum of squares
is 4.159 x 10- 4 •

0.5927

-0.08618

0.05517 3.130

-0.5322

-0.4022
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FIGURE LEGENDS

FIG.

1. The dynamics of IXI -

x21

when the in-phase dynamics are chaotic and

locally stable. Notice the logarithmic scale on the vertical axis; the linear
trend represents exponential decay towards V. r = 4.0; D = 0.251.
FIG.

2.

Bifurcations of the in-phase dynamics. Solid line: the criterion for the inphase dynamics to be locally stable (described in the text); it is stable to
the right of the curve and unstable to the left. Dashed line: Gyllenberg et
al.'s (1993) conjectured criterion for the in-phase dynamics to be globally

attracting.
FIG.

3. Bifurcations of the strictly out-of-phase two-cycle. Solid line: the orbit
appears via a period-doubling bifurcation from the equilibrium. Dashed
curve: the orbit becomes stable via a pitchfork bifurcation. Dotted curve:
the eigenvalues of the orbit become complex. Dashed-dotted curve: the
orbit is destabilized via a Neimark bifurcation. The orbit is a saddle in
region 1, a stable node in region 2, a stable focus in region 3, and an
unstable focus in region 4.

FIG.

4. The rotation number,

Ipl, as a function of D along the Neimark bifurca-

tion.
FIG.

5. Four coexisting period-four attractors: r

=

3.5, D = 0.01.

Circles:

strictly in-phase orbit; squares: strictly out-of-phase orbit; triangles: two
anti-phase orbits.
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FIG.

6.

Band merging in the out-of-phase chaotic attractor. (a) The four-piece
attractor: r

=

3.6132, D

=

0.01. (b) Magnification of (a), showing

the coexisting anti-phase orbit. (c) Just past the crisis: r
D

= 0.01.

=

3.613665,

A single orbit is plotted, but transitions between the members

of the former anti-phase pair are infrequent. (d) Complete band-merging:
r = 3.625, D = 0.01. Note the perfect meshing of the curves of dense

points, indicating that they are manifolds of the same periodic orbits.
FIG.

7.

Destabilization of the out-of-phase chaotic orbit. (a) Before the crisis, r =
3.73334. (b) At the crisis, r
D

FIG.

= 0.04 throughout; + and

= 3.74334.

(c) After the crisis, r

= 3.75334.

x represent the anti-phase two-cycles.

8. Stability regions of the in-phase (dashed lines) and out-of-phase (solid
lines) three-cycles. The lower boundary of each is a saddle-node bifurcation, while the upper is a period-doubling bifurcation. The stability
region of the in-phase three-cycle continues unchanged for larger D.

FIG.

9.

An approximately in-phase chaotic attractor. r

= 4,

D

= 0.1992.

The

unstable strictly out-of-phase two-cycle is indicated by x.

= 3.9; D = 0.07.

FIG.

10. The uncorrelated chaotic attractor. r

FIG.

11. The probability of finding the local population at a given size, calculated
by iterating the map for 50 000 generations and counting how many times
it fell within one of 200 bins between zero and one. (a) The coupled
system, with r
r

= 3.95.

= 3.95 and D = 0.07.

(b) An isolated logistic map with
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FIG. 12. Approximating the chaotic attractor by the mean parameter value. if =

3.7; !1r

= 0.6;

D = 0.25. (a) Phase portrait of the attractor. (b) Return

map of the mean population size,

x.

The points are generated by the

map; the curve is x' = 3.7x(1 - x). (c) Return map for
map for
FIG.

X2.

Xl,

(d) Return

The curves are the logistic map with local value of r.

13. Bifurcations of the approximately in-phase attractor for environmental
heterogeneity. The bifurcations are (in order from the lower left of each
panel): period-doubling of the equilibrium; period-doubling of the twocycle; accumulation of the period-doubling sequence; final band-merging
to create a one-piece chaotic attractorj and the lower and upper bounds
of the period-3 window. (a) D

= 0.5.

(b) D

= 0.45.

(c) D

= 0.35.

(d)

D = 0.25.

FIG. 14. Rotation of the eigenvectors for the 4-cycle from its birth to its destruction, for D.r = 0.1, r = 0.1. See text for discussion.
FIG.

15. Dynamics ofthe non-symmetric model, showing the direct transition from

= 0.5, D = 0.1.
if = 3.65, !1r = 0.5, D = 0.1. (d)

'in-phase' to uncorrelated dynamics. (a) if

= 3.56, !1r = 0.5, D = 0.1.
if = 3.75, !1r = 0.5, D = 0.1.
(b) if

FIG.

(c)

= 3.55,

16. The diamond-shaped in-phase attractor for (a) if
if

=

!1r

3.637734 and (b)

3.649391. In both cases, D = O.l,!1r = 0.1. In (b), the in-phase

trajectory is a long transient: it eventually converges to the out-of-phase
two-cycle (marked +).
FIG. 17. Bifurcations of the out-of-phase orbits for D = 0.1.
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FIG.

18. Attractors of the non-symmetric model. (a) Out-of-phase chaos:
3.825, D..r = 0.25, D = 0.1. (b) Uncorrelated dynamics:

D..r = 0.25, D = 0.1.

r

r=

= 3.875,
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Abstract.

Small populations are often at risk of extinction through pro-

2

cesses that are effectively stochastic. Accurate prediction of extinction risk re-

3

quires that a distinction be made between demographic stochasticity (variation

4

among individuals) and environmental stochasticity (variation among years or

5

sites, correlated across individuals). In this paper I describe and evaluate two

6

tests to determine whether all the variation in population survivorship can be

7

explained by demographic stochasticity alone. Both a G-test and an exact test

8

have appropriate probabilities of type I error, unless the survival probability is

9

very low or very high. Small amounts of environmental stochasticity are often

10

not detected by the tests (type II error), but the hypothesis of demographic

11

stochasticity alone is consistently rejected when environmental stochasticity is

12

large. I also show how to factor out deterministic sources of variability, such as

13

density dependence. I illustrate these tests with data on a population of Acorn

14

Woodpeckers.

15

Key words: Acorn Woodpeckeri demographic stochasticitYi density depen-

16

dencei environmental stochasticitYi Melanerpes formicivorusi stochastic popula-

17

tion modellingi survivorship.

18

Key phrases: alternate sources of variation in demographic parametersi bino-

19

mial model of demographic stochasticitYi detecting environmental stochasticitYi

20

environmental stochasticity vs. environmental variabilitYi selecting appropriate

21

models for small populationsi stochasticity can represent lack of information.
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INTRODUCTION

2

A central problem in conservation biology is the understanding and predic-

3

tion of the dynamics and persistence of small populations (Shaffer 1987). Con-

4

servation biologists must frequently assess the probability that a population will

5

fluctuate to a critically small size, and, once it does, estimate the probability

6

of population extinction. When the number of individuals is small, variation

7

from the mean population growth rate can have drastic effects (such as ex-

8

tinction). This obviates the use of the large body of deterministic population

9

dynamic theory, and requires that we employ stochastic theories. The two forms

10

of stochasticity most commonly employed in modelling small populations are

11

demographic and environmental.

12

Demographic and environmental stochasticity have largely been defined from

13

a statistical viewpoint. Demographic stochasticity is considered to be either un-

14

correlated variation across individuals (Goodman 1987) or a 'sampling effect,'

15

the consequences of drawing lots in a small (statistical) population (Shaffer 1987,

16

Lande 1993). Environmental stochasticity is commonly viewed as a serially un-

17

correlated perturbation to either population size (Allen et al. 1993), or pop-

18

ulation growth rate (Lande 1993), and more rarely to individual demographic

19

parameters (Stacey and Taper 1992).
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But what do ecologists really mean by 'stochasticity?' It helps to consider a
2

concrete example, such as mortality. An individual's death always has a proxi-

3

mate deterministic cause, such as starvation or disease, and often has an ultimate

4

deterministic cause, such as old age or resource depletion due to overpopulation.

5

Thus, calling this death a 'stochastic event' is not meant to imply that it is truly

6

random or probabilistic (in the sense that the location of a quantum mechanical

7

particle is probabilistic), but that the observer doesn't have enough information

8

(about the organism's nutritional state, foraging abilities, age, etc.) to predict

9

when that death will occur. Lacking this information, the observer can only say
of surviving to time t.' Furthermore, there

10

'The individual has a probability

11

is no way to distinguish among individuals in their survival probability. If the

12

individual deaths are independent of one another (no density dependent effects,

13

for example), then the best possible prediction at the population level is that

14

the number of survivors at time t is drawn from a binomial distribution with

IS

parameters N (number of individuals) and

16

tained from the 'sampling effect' definition of demographic stochasticity, but it

17

now contains specific assumptions about the observer's lack of biological informa-

18

tion. These explicit assumptions are valuable: they allow extensions of the model

19

to examine the effects of unknown differences among individuals; they imply a

20

method to determine whether different subsets of the population (distinguished

21

by age, gender, size, etc.) survive differently; and they allow examination of the

22

variation of survival over time.

7r

7r.

This is identical to the model ob-

23

Temporal or spatial variation in survival (or any other demographic trait) is

24

environmental stochasticity. Environmental stochasticity is related to environ-

25

mental variation, but they differ in an important way: environmental variation
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1

represents fluctuations in the biotic and abiotic components of an organism's

2

habitat, whereas environmental stochasticity is the filtering of this environmen-

3

tal variability through the organism's physiological and behavioral reactions. For

4

example, if temperature fluctuates erratically, but only over a range within which

5

the organism can compensate without measurable effect on its reproduction or

6

survival, then that organism does not experience environmental stochasticity due

7

to temperature. Environmental stochasticity will tend to be a nonlinear func-

8

tion of environmental variability. In particular, there may often be a threshold,

9

below which environmental variability generates little measurable environmental

10

stochasticity, but above which environmental stochasticity is large. Individuals

11

differ, of course, in their ability to buffer the effects of environmental variability,

12

creating differential experiences of variability among members of the popula-

13

tion. There are often striking differences based on age (especially between juve-

14

niles and adults) or size in this buffering ability. There is again an information

15

problem, however: lacking knowledge about the difference between individuals,

16

the observer is forced to assume that they experience the same environmental

17

stochasticity, and that there is a population-level response, correlated across

18

individuals, to the environmental variability.

19

For many years, theoretical analyses indicated that there was a qualitative

20

difference between the ways in which demographic and environmental stochas-

21

ticity affect time to extinction. In an influential review, Shaffer (1987) stated

22

that in the presence of demographic stochasticity the mean persistence time

23

should increase exponentially with population size, whereas with environmen-

24

tal stochasticity it should only increase linearly. This lead to the conclusion

25

that demographic stochasticity is important only for really small populations,
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1

whereas environmental stochasticity can pose a substantial extinction risk even

2

to populations of moderate size.

3

Recent analyses, however, indicate that this qualitative difference is not gen-

4

eral (Lande 1993). For example, as the variance due to environmental stochastic-

5

ity goes to zero, the population should asymptotically approach the conditions

6

for demographic stochasticity. This is good news for conservation, for if the

7

environmental stochasticity is small (relative to mean per capita growth rate)

8

then persistence time will grow almost exponentially with population size. On

9

the other hand, when environmental stochasticity is large, it will frequently re-

ID

duce the population to such a small size that demographic stochasticity becomes

11

critical, and thus persistence time in the presence of both types of stochasticity

12

is much lower than it would be under the influence of environmental stochas-

13

ticity alone. These examples emphasize the need to include both demographic

14

and environmental stochasticity in the theory. The application of such a theory

15

requires practical methods to estimate the relative contributions of environmen-

16

tal and demographic stochasticity to variation in the population's demographic

17

parameters.

18

In this paper I develop statistical techniques that help distinguish demo-

19

graphic and environmental stochasticity in populations showing variable sur-

20

vivorship. These tests address the question 'Can the variation in survivorship

21

be explained without invoking environmental stochasticity at all?' I also show

22

how to incorporate further information about the factors influencing survivor-

23

ship, such as density. I illustrate the methods with data on Acorn Woodpeckers

24

from Stacey and Taper (1992), and use simulated data to estimate the reliability

25

of the methods.
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METHODS

The~~

2

3

The simplest null model is to treat demographic stochasticity as sampling er-

4

ror: the observed variation in survival fraction is simply a consequence of drawing

5

finite numbers of 'survivors' and 'non-survivors.' The most straightforward way

6

to examine this hypothesis is to use the G-test as a test of independence among

7

years. Sample sizes are often small, so I use the Williams correction (Williams

8

1976).

9

In this context, the G-test is an approximate test of whether the number

10

of survivors each year is drawn from a binomial distribution with an individual

11

survival probability given by

12

the expected frequencies are less than five (Sokal and Rohlf 1995). In small

13

populations this might often be the case, so the G-test would either have to be

14

abandoned or those years of data discarded.

L mt/ L Nt. The G-test is unreliable if any of

15

The G-test also cannot be used when the expected value of deaths or of

16

survivors is small. In these situations an exact test is needed. The first step

17

is to estimate the survival probability, 7r"j I use 7r"

18

exact test, the quantity of interest is the probability of obtaining a value at least

19

as extreme as that observed. This is achieved with the cumulative binomial

20

distribution: B(mti Nt, 7r")

21

1- B{mt -Ii Nt, 7r") for the right-hand tail. To determine the significance level for

22

individual tests, I use the Bonferroni correction: a

23

is the desired experiment-wide probability of type I error and Y is the number

= L~o (~t)7r"i{l -

= L mt/ L Nt.

As in any

7r")Nt- i for the left-hand tail, and

=1-

(I - a c ) l/Y, where a e
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1

of years of data. The hypothesis of demographic stochasticity alone must be

2

rejected if B(mt; Nt, 7i") < a/2 or 1 - B(mt - 1; Nt, 7i") > 1 - a/2 for any year.

3

Environmental stochasticity is not the only potential source of between-year

4

variation in survival probability. Survival often decreases with increasing density,

5

for a variety of reasons, such as fewer resources provisioned, smaller metabolic

6

reserve for migration, smaller size, or fewer safe sites. The relationship between

7

density and survival is often straightforward enough that it can be estimated by

8

a regression of survivorship on density. The analysis then focuses on the residual

9

variation about the regression: can it be explained by demographic stochasticity,

10

11

or is there some additional year-to-year variation in survival?
The null model here is that the individual survival probability,

'lrt,

is a func-

12

tion of Nt, and survivorship Pt is drawn from a binomial distribution with param-

13

eters

14

of population size, and then the exact test is applied using these survivorships.

15

Simulated data

Nt

and

'lrt.

The regression is used to generate survivorships as a function

16

I generated three types of simulated data, reflecting models with demographic

17

and environmental stochasticity alone and in combination. The models were

18

based on the ideas presented in the introduction, and were designed to be qual-

19

itatively similar to the Acorn Woodpecker data described below. In all cases

20

I generated 1000 10-year datasets of number of individuals and number of sur-

21

vivors. The number of individuals for each year, Nt, was drawn at random from

22

a uniform distribution on [10, 50]. Random numbers were generated with the

23

package RANLIB, which generates uniform deviates with a pair of multiplicative
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1

linear congruential generators (L'Ecuyer and Cote 1991) and binomial random

2

numbers with the BTPE algorithm (Kachitvichyanukul and Schmeiser 1988).

3

To simulate the effects of demographic stochasticity alone I assumed that

4

there was a fixed individual survival probability,

5

that the number of survivors, mt, was drawn at random from a binomial dis-

6

tribution with parameters Nt and 7r. I created nine sets of simulations, with

7

7r = {0.1, 0.2, ... ,0.9}.

'Ir.

For each year, I assumed

8

To simulate environmental stochasticity alone I assumed that survivorship in

9

each year, Pt, was a random variable, and took mt to be the largest integer less

10

than Pt Nt. Each year I drew Pt from a beta distribution with parameters chosen

11

to give the appropriate mean and variance (the beta distribution has a central

12

tendency, but is restricted to [0, 1], unlike the more familiar normal distribution

13

whose infinitely long tails would cause difficulties). I used fi = 0.5, and created

14

eight sets of simulations, with a 2 (p) = {O.OI, 0.02, ... , 0.08}.

15

Finally, I simulated the combined effects of demographic and environmental

16

stochasticity by letting the individual survivorship probability, 7rt, be a random

17

variable in the same way that Pt was above, and then drawing mt from a binomial

18

distribution with parameters Nt and 7rt. I used 7r = 0.5, and created eight sets

19

of simulations, with a 2 (7r) = {O.OI, 0.02, ... , 0.08}.

20

Acorn Woodpecker data

21

Stacey and Taper (1992) studied a population of Acorn Woodpeckers (Melan-

22

erpes formicivorus) in Water Canyon, central New Mexico, from 1975 through

23

1984. They marked all individuals in the population (which fluctuated in size
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1

from 32 to 52 adults), and calculated the demographic parameters for each year.

2

Both the presence (Stacey and Ligon 1987) and absence (Stacey and Taper 1992)

3

of age-dependent survivorship have been inferred from the data; I assume the

4

latter for this analysis, and use the annual survivorships reported in Stacey and

5

Taper (1992). I treat juveniles separately: their survivorship is often substan-

6

tially lower than that of adults.

7

Stacey and Taper (1992) reported number of adults, survivorships for ju-

8

veniles and adults, and fecundity (young per breeding pair). I estimated the

9

number of juveniles by dividing the number of adults by 2.64 (the mean number

10

of adults per breeding pair; Koenig and Stacey 1990), and multiplying the result

11

by the fecundity. In some cases I then adjusted the number by a small amount

12

until I could find an (N, m) pair that matched the reported survivorships. For

13

both juveniles and adults, I estimated the number surviving by multiplying the

14

number of individuals by the survivorship. For the adults, there was not always

15

an integer m that generated the reported survivorship; I chose the value that

16

gave the closest value of survivorship to that reported. Juvenile survivorship

17

ranged from 0 to 0.64, and adult survivorship ranged from 0.37 to 0.7 (table 1).

18

There is no apparent density dependence in juvenile survivorship, but there

19

is a marginally significant relationship between adult survivorship and adult

20

population size: Pt

= 1.03 -

O.OINt (model I regression; P

= 0.06, r2 = 0.418).
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RESULTS

Evaluation of tests

2

I used the simulated data to test both the type I error (the probability of
4

incorrectly rejecting the hypothesis of demographic stochasticity alone) and the

5

type II error (the probability of incorrectly failing to reject the hypothesis). To

6

test the former I subjected data from the demographic stochasticity model to

7

the G-test with a

8

error rate clusters around 0.05, the desired result (Fig. 1). To test the type II

9

error I used data from both the environmental stochasticity and mixed models,

10

for which the hypothesis of demographic stochasticity alone is false. In both

11

cases the type II error is large when the environmental stochasticity is small,

12

but declines exponentially with the variance in either survivorship or survival

I3

probability (Fig. 2).

14

= 0.05.

The binomial test with

Except when

Qe

7r

is close to zero or one the type I

= 0.05 rejects about one percent of the simulated

15

demographic stochasticity datasets for all values of 7r. Thus the test is extremely

16

conservative. This is because of the discrete nature of the binomial distribution:

17

the increment in the cumulative probability mass function containing the critical

18

value of a is often quite large, so that the probability of having an indecisive

19

number of survivors is substantial. I have taken the approach of failing to reject

20

those cases; if I reject them, then the type I error rate is far too high.

21

The type II error in the binomial test is typically 5 to 30 percent higher than

22

that produced by the G-test, with the discrepancy decreasing as environmental

23

stochasticity increases. I created a mixed-model dataset with 7f

= 0.1; the type
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1

II error with the binomial test is still usually greater than 0.15. It is inherently

2

difficult to discriminate between environmental stochasticity and demographic

3

stochasticity when survivorship is so low. If the G-test and binomial test agree,

4

there can be some confidence in the result; if they disagree, then the situation

5

must be viewed as equivocal. For intermediate values of survivorship, the G-test

6

alone can be considered reliable.

Acorn Woodpeckers

7

8

In the juvenile Acorn Woodpecker data, 1979 must clearly be discarded,

9

as the G-test cannot handle zero values, and 1982 is borderline (the expected

10

number of survivors is 4.8). The latter turns out not to matter: if included,

11

G adj

12

rejection of the hypothesis that juvenile survival probability is homogeneous

13

across years. For adults, X~Ol[81 > G adj = 18.937 > X~05[81. A simultaneous test

14

for homogeneity of replicates reveals that either the set of years excluding 1978

15

or the set of years excluding 1977 and 1980 is homogeneous for adult survival.

16

The studies of this population do not record anything unusual about 1977 and

17

1980, but in the fall of 1978 the acorn crop, which forms the main part of the

18

birds' winter diet, failed (Koenig and Stacey 1990). This suggests that the only

19

substantial source of environmental stochasticity for adults is crop failure; all

20

other variation in survivorship can be explained by demographic stochasticity

21

alone.

= 32.2053 »

X~OOl[71; if excluded,

Gadj

= 31.1125 »

X~OOl[61. This is a clear

22

There is no evidence for density dependence in the juvenile acorn woodpecker

23

survivorship. However, the adults do show a barely significant negative regres-
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1

sion of survivorship on density. The exact test with the density-dependent sur-

2

vivorships fails to reject the null hypothesis of demographic stochasticity alone

3

(table 2). The most unusual year is still 1978, but it does not come close to being

4

rejected at the 0.05 level. If the 1978 data are removed, then the regression is not

5

significant (P = 0.124). Thus, the coincidence of the 1978 crop failure with high

6

population density makes it impossible to determine which factor is the more

7

important influence on the low survivorship. A crop failure in a low density year

8

would be required to distinguish the effects of crop failure and density.

9

DISCUSSION

10

Distinguishing demographic and environmental stochasticity is a difficult but

11

important task; I am not aware of any prior efforts to do so. Often, when

12

persistence time is estimated using stochastic population models, there are not

13

enough data to assess the variability in demographic parameters. In these cases

14

demographic stochasticity is applied somewhat arbitrarily, often by assuming

15

that all demographic parameters are drawn from a binomial distribution (Beudels

16

et al. 1992, Durant and Harwood 1992), or that the population growth rate is

17

binomially distributed (Burgman et al. 1992). As I discussed in the introduction,

18

the binomial distribution is a reasonable null model for survivorship; but I see

19

no general reason why fecundity should be distributed that way. Two preferable

20

approaches would be to develop a theoretical distribution based on knowledge

21

of the reproductive biology of the species in question or to build up empirical

22

distributions, within years, of individual fecundity. On the other hand, when

23

demographic variability is known (as in the Acorn Woodpeckers), the tendency
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1

has been to ascribe all the variation to environmental stochasticity (Menges 1990,

2

Stacey and Taper 1992). This will lead to errors in estimates of persistence time.

3

The first step in building a mixed model of environmental and demographic

4

stochasticity is to ensure that the observed variation is not all due to demographic

5

stochasticity. The tests described in this paper perform this task for survivorship.

6

The G-test is quite effective at distinguishing demographic stochasticity from all

7

but weak environmental stochasticity, as long as the mean survivorship is not

8

too extreme. The binomial test should be used when the mean survivorship

9

is less than 0.2 or greater than 0.8; however, it is more biased in favor of the

10

null hypothesis of demographic stochasticity than is the G-test. A variance in

11

survivorship of 0.01 (where type II error is problematic) may seem small, but

12

it is not: the maximum possible variance for a variable restricted to [0, 1] is

13

0.25, and the observed variance in survivorship of adult Acorn Woodpeckers is

14

only 0.012. Thus it would be helpful to reduce the type II error in this range;

15

a more detailed examination of the distribution of P-values may shed light on

16

this. Whenever the variance falls in this range and the null hypothesis is close to

17

being rejected, then simulations can help. For example, one could generate 1000

18

(or more) demographic stochasticity datasets with the observed population sizes

19

to generate the expected distribution of G under the hypothesis of demographic

20

stochasticityalone. The observed G would then be compared to this distribution.

21

It will usually be necessary to lump adult age classes, as I have done for

22

the Acorn Woodpeckers, to obtain a sufficient sample size. This assumed age-

23

independence of survival implies a type-II survivorship function.

24

method will be most useful for organisms such as birds, shrubs and trees, many

25

of which show type-II survivorship of mature individuals.

Thus, the
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Fecundity is also an important of population dynamics, but it is harder to
2

determine an appropriate null model for demographic stochasticity in fecundity.

3

Not only are there tremendous differences among species in their potential for

4

variation in fecundity, but there may be circumstances in which variable fecun-

5

dity is an optimal strategy (Schaffer 1974, Grey 1980). One possible approach

6

would be to look at the distribution of fecundities among individuals within a

7

year, and then test to see if that distribution differs among years.

8

This type of analysis can add important insights to the biology of the organ-

9

ism under study and point towards further research. For example, in the Acorn

10

Woodpeckers of Water Canyon, the adults seem able to buffer all environmental

11

variability except for catastrophic failure of the winter food supply. Thus, a

12

crucial piece of information for predicting adult demographics is the frequency

13

of these crop failures. Juveniles, on the other hand, are far less buffered. This

14

might indicate a physiological difference, or a socially based difference in access

15

to food, or might even mean that juvenile mortality is controlled by a completely

16

different factor than adult mortality.

17

Even when the hypothesis of demographic stochasticity alone is rejected, not

18

all of the variation in survivorship should be ascribed to environmental stochas-

19

ticity. Ideally, one would like a mixed model that includes both environmental

20

and demographic stochasticity. I plan to develop a method to estimate the most

21

likely level of environmental stochasticity for a set of survivorship data.

22

There has long been a substantial gap between the theory of stochastic pop-

23

ulation dynamics and those processes which are measurable in the field. Ex-

24

panding our conception of stochasticity to include the limits of an observer's

25

information as well as the 'true' variability among individuals and environments
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1

2

will help guide this theory in more directly applicable directions.
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TABLE 1. Number of individuals (N), number surviving to the following spring

(m), and survivorships (p) of juvenile and adult Acorn Woodpeckers in the Water
Canyon population, reconstructed from Stacey and Taper (1992). The survivorships reported here are recalculated from the estimated Nand m.
Adults

Juveniles

N

m

p

N

m

p

1975

59

33

0.569

46

24

0.522

1976

22

14

0.636

46

31

0.674

1977

43

13

0.302

40

28

0.700

1978

42

17

0.405

51

19

0.372

1979

1

0

0.000

52

28

0.538

1980

48

18

0.375

32

22

0.688

1981

39

7

0.179

46

30

0.652

1982

8

2

0.250

49

24

0.490

1983

25

11

0.440

35

21

0.600

Year
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TABLE 2. The hypothesis of demographic stochasticity alone cannot cannot be
rejected in adult Acorn Woodpeckers after density is taken into account. The
estimated survival probability, 7l'(N) , is calculated from the regression of survivorship on density. The critical values of the cumulative binomial distribution,

B, to reject at the 0.05 level are 0.0028 and 0.9972.
N

m

7l'(N)

B(m; N, 7l')

1975

46

24

0.57

0.3026

1976

46

31

0.57

0.9438

1977

40

28

0.63

0.8607

1978

51

19

0.52

0.0243

1979

52

28

0.51

0.7081

1980

32

22

0.71

0.4550

1981

46

30

0.57

0.8998

1982

49

24

0.54

0.2864

1983

35

21

0.68

0.2004

Year
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FIGURE LEGENDS

2

FIG. 1.

Type I error in the G-test. The proportion of datasets for which the
null hypothesis of demographic stochasticity alone was rejected at a

4

0.05, as a function of survival probability,

5

demographic stochasticity model.

6

FIG.

7r,

=

for data generated by the

2. Type II error in the G-test. The proportion of datasets for which the

7

null hypothesis of demographic stochasticity alone was rejected as a

8

function of the variance in survivorship probability, for data generated

9

by the mixed model.
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