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ABSTRACT 

The objective of this dissertation is to present analytical solutions to the problem 

of a circular debonded thin film on a substrate subjected to either axisymmetric 

compressive stress or uniform thermal loading. In the case of the axisymmetric 

compressive stress, the solution method utilizes the three-dimensional equations of 

elastic stability while allowing the debonded region to be slightly open. The in-plane 

axisymmetric compressive stress is present only in the thin film. In the case of thermal 

loading, both the film and the substrate are subjected to the same uniform temperature 

variation. 

The solutions to both cases are obtained by using mathematical techniques 

appropriate to mixed boundary value problems in the theory of elasticity where the 

governing equations are obtained as a system of singular integral equations. These 

equations are then reduced to a system of algebraic equations leading to the determination 

of the stress intensity factors and the corresponding phase angles. 

Key words: Thin film, debonding, stress intensity factors, residual stresses. 



Chapter I 

INTRODUCTION 
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Thin layers deposited on substrates may debond as a result of local surface 

contamination. Occurrence of debonding is influenced primarily by the mismatch of the 

material properties and the residual stresses. For sufficiently large compressive residual 

stresses, the film over the area of locally contaminated interface buckles out, thus 

resulting in debondings. Due to the frequent use of thin films in the microelectric 

industry, the response of a thin film on a substrate under compressive residual stresses 

has been studied by many researchers in the field. Because of large temperature 

excursions, resi,dual stresses arise either in the production or the operational stages of the 

microelectronic components with thin layers on substrates. Effects of thermal loading on 

the interface of bi-material bonding should be controlled and/or understood for better 

functionality and longer life-time of the products. 

Among the previous investigations, Evans and Hutchinson (1984) provided a 

significant insight into the understanding of the film/substrate in the presence of an 

interface debonding. In their analysis, the debonded thin film was modeled as a clamped 

circular plate subjected to radial compressive stress. They incorporated the concept of 

energy release rate in order to investigate the debonding growth process, with the 

assumption that the debonding cannot grow unless the debonded film buckles. However, 
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this study entails certain limitations: (a) the size of the debonding must be much larger 

than its thickness so that the debonded film can be modeled as a plate, (b) the edges of the 

debonded region is neither simply supported nor clamped, (c) buckling is a necessary 

condition for debonding growth, and (d) the effects arising from the moduli differences 

between the film and the substrate are not included, i.e., the oscillating singular behavior 

of the stress field near the debonding front. 

Almost all the debondings observed by Argon et aI. (1989) had circular 

boundaries. In their experimental work, interface debonding never occurred in the case of 

very thin films because of the lack of a sufficient energy release rate. However, interface 

debonding was observed with thicker films. They found the driving force for debonding 

to be linearly dependent on the film thickness. Also, a technique was developed to 

measure the residual stresses in the film and the critical intrinsic energy release rate for 

interface debonding. Later, Chai (1990) studied thin film debonding by implementing 

three dimensional fracture analysis. He employed linear and non-linear plate theory to 

study the local variations of strain energy release rates. However, this approach fails to 

capture the actual behavior of the crack tip for thicker films. 

In an effort to understand the roles of both thermal and mechanical loadings, 

Comninou, Barber and Martin-Moran (1983) investigated penny-shaped interface cracks 

with heat flow for imperfect and perfect contact cases. They studied the combined effect 
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of heat flux with tensile traction and observed the behavior of the crack by altering the 

magnitudes of the heat flux and the tensile traction. The behavior of an edge and a center 

interfacial crack under transient thennal loading was studied by Kokini (1988). The 

effect of different thennal expansion coefficients and thennal properties on the strain 

energy release rates for cracks were captured by finite element analysis. Due to the 

difficulties encountered in fonnulations, he reduced the problem to a two-bar modeling 

and introduced certain assumptions (i.e., identical materials and no bending case) that 

changed the nature of the problem significantly. Recently, Munz and Yang (1992) 

presented thennal stresses, due to cooling or heating process in the vicinity of a free edge 

with an interface. 

Concerning the mechanical loading case, this study utilizes the three-dimensional 

equations of elastic stability to overcome the aforementioned limitations. The solution to 

the problem of a thin film with a circular debonding subjected to in-plane axisymmetric 

compressive stress is obtained by using mathematical techniques appropriate to mixed 

boundary value problems. Based on the concept introduced by Madenci (1991a) and 

Madenci and Westmann (1993), the stress intensity factors are detennined by allowing 

the debonded region to be slightly perturbed due to the contamination. Utilizing the 

critical energy release rate for the interface, this approach pennits the detennination of 

critical film thickness for a controlled fabrication process. The oscillatory nature of the 

singular stress field arising in the elasticity solution for an interface debonding causes 
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physically unacceptable interpenetration of the film and the' substrate near the debonding 

edge. However, it is confined to a very small region near the periphery of the debonded 

region. 

Based on Comninou's (1977) work, the energy release rate computed from these 

stress intensity factors provides a good approximation to the exact solution that does not 

pennit penetration of the crack faces. Comninou introduced small contacting regions 

near the crack tips and removed the oscillation from an internal crack. Her study is based 

on the above exact solution; the interpenetration of the materials is avoided by 

introducing the contact zones near the crack tip. In an effort to overcome the 

aforementioned problem, Mak et al. (1980) introduced a no-slip zone near the crack tips 

where relative shear motions are prohibited. By this assumption, they took away the 

physically undesirable feature of material overlapping. Qu and Bassani (1993) and Lu 

and Chiang (1993) provided an extensive discussion on the definition of stress intensity 

factors for an interfacial crack in isotropic and anisotropic bimaterial systems. 

Concerning the thennal loading case, this study utilizes the three dimensional 

equations of thenno-elasticity. The solution to the problem of a thin film with a circular 

debonding subjected to uniform thermal loading is constructed through the use of 

techniques appropriate to mixed boundary value problems, 



Chapter II 

Axisymmetric Compression of a Thin Layer with Circular Debonding 

Over a Substrate 

2.1 Preliminaries 
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This chapter is concerned with the response of a debonded thin film due to the 

presence of a contamination deposited on a substrate. The thin film, with thickness h, is 

subjected to an in-plane axisymmetric compressive stress 0'0 , that represents the initial 

equilibrium stress state. A cylindrical coordinate system (r, 9, z) is employed in which the 

plane z=O coin.cides with the plane of debonding, as shown in Figure 1. The circular 

debonding, with radius a = 1, is centered at r = O. Arising from the contamination in the 

debonded region, the film deviates slightly from a perfect configuration. This deviation, 

A(r) is described by the function 

A(r) = BB(r)H(a - r) (2.1) 

in which B is the amplitude of the deviation and B(r) is the smooth function resulting in 

small gradients for A(r), i.e., /A'(r)/« 1, where prime denotes differentiation and H(r) 

represents the Heaviside step function. 
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The surface prescribing the debonding in the film and the substrate are expressed, 

respectively, as 

Sf - {r, e, z ~ L\.(r) : r E [0, co), e E [0, :"~ z = O-I} 

SS = {r, e, Z • r e[O, 00), e e[O, 27t], z- 0 } 

(2.2) 

In this chapter, the stress intensity factors and the critical stresses are determined 

for various geometries and materials. 



-->~I..c: ..... <:;;.--

Figure 1: A slightly deviated circular debonding between a substrate and a f1lm under 
axisymmetric compression 

16 
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2.2 Problem Statement 

The thin film and the substrate are composed of homogenous, elastic, and 

isotropic materials with different material properties. In cylindrical coordinates, the 

stress-strain relationships, in terms of displacement components, under axisymmetric 

geometric and loading conditions with spatially constant initial stress, 0'o, are expressed 

as 

a. = f,s (2.3) 

where u~ and uf are the components of the displacement field and the symbol 8fa is 

the Kronecker delta. The shear modulus and Poisson's ratio are denoted by J.1a f'..£1d ua • 

The sub or superscript a. refers to the film or substrate of f and s, respectively. The 

contribution of the slight deviation of the film in the debonded region appears in the 

expression for the shear stress in the film. 

Under these given conditions, the displacement equilibrium equations can be 

expressed as 
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2(1-Ua) [1 (a) a ] (a a) 0'0 [I ( a) ] 0 1- 2 - rUr ,r +Uz,z - Uz,r-Ur,z ,z - Bfa - - rUr ,r = 
Ua r ,r Ila r ,r 

a = f and s 
(2.4) 

2(1-ua) [1 (a) a ] 1 [ (a a)] 0'0 1 ( a) 0 
1 2 

- rUr ,r+Uz,z +- r Uz,r-Ur,z -Bfa-- rUz,r r= 
- Ua r ,z r ,r Ila r ' 

In equations (2.4), U~ and u~ are the components of the displacement field in the r and z 

directions, respectively. 

2.2.1 Boundary Conditions 

The boundary conditions associated with the traction-free surface of the film are 

expressed by . 

2 J-lr r 
1 2 [(1- Ur) Uz,z + ur(ruD,rl = 0 
- Ur 

z = -h, r E [0, 00) (2,5) 

Along the bond line, z=O, the continuity of displacement components and the tractions 

require that 

u~ = ur and us - ur 
z - z, r E (a,oo) (2,6a) 
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r e(a,oo) (2.6b) 

As derived by Madenci (l991b), the traction-free surfaces of the debonded region require 

that 

a = f,s; r e[O,a); z=O (2.7) 

Finally, the far-field regularity conditions require that 

u~ and u~ ~ 0 for r ~ ex> and z ~ ex> 

u~ and u~ ~ 0 for r ~ ex> and Z E [O,-h] 

The solution to this boundary-value problem provides the stress intensity factors 

due to the non-trivial stress field induced by the slightly deviated debonding and the 

applied axisymmetric compressive stress. When the amplitude of the deviation for the 

debonding disappears (Le., 6=0), the nature of the boundary-value problem changes and 

results in an instability problem. 
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2.3 Solution Method 

The solution procedure begins with the integral representation of the displacement 

field, given by Harding and Sneddon (1945) as 

co 

u~(r,z) = f\l1~(z,~)JI(r~)d~ 
o 

a=f, s (2.8) 
co 

u~(r,z) = f\l1~(z,~)Jo(r~)d~ 
o 

where 'V~ and 'V~ are unknown auxiliary functions·. Substitution from equation (2.8) 

into (2.3) leads to the following expressions for the stress components 

co 

cr~r(z,r) = ~f f{ \11: (z,~) - ~ \I1~(z,~)} JI (r~)d~ + cro~' (r) 
o 

(2.9) 

co I 

cr~(z, r) = ~s f{\I1~ (z,~) - ~ \I1~(z,~)} JI (r~)d~ 
o 

• Here and in the following, Jv(x) denotes the Bessel functions of the first kind of order v 
and argument x. 
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With the integral representation of the displacement components, the displacement 

equilibrium equations (2.4) are reduced to a system of coupled second order ordinary 

differential equations in tenns of two auxiliary functions 

d2 \II~ 2(1- Ua)):2 a 1 ): d \II~ ~ 0"0):2 a 0 
--- ~ \II - ~--+Ufi -~ \II = 
dz2 (1- 2 Ua) r (1- 2 U a ) dz a fla r 

a = f, s (2.10) 

Non-trivial solutions to equation (2.10) satisfying the regularity conditions are 

detennined to be 

(2.11a) 

and 

(2.11b) 



where 

2 _ 1 1- 2 Ur 0'0 
'tt- ----

2(1- Ur) flr 

boundary conditions. 

't~ = 1- 0'0 

flr 

E 
fl=---

2(1 + u) 
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Substituting equations (2.11a) and (2.llb) into (2.8) result in the displacement 

components in terms of the unknown coefficients 

00 

u~(r,z) = j{A)ett!iZ + A2e-tt!iz + A3et2!iz + A4e-t2!i~Jo(r~)d~ 
o 

and 

00 

u~(r,z) = - HBt; + (;z - I)B2}e-~Z Jt(r;)d; 
o 

00 

u~(r,z) = - HBt 1; + [1;z + 2(1- 2 u5)]B2}e-~Z Jo(r;)d; 
o 

(2.12a) 

(2.12b) 
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Similarly, substituting the equations (2.11a) and (2.11b) into (2.9) results in the 

expressions for stress components in terms of the unknown coefficients 

CIO 

criz(r,z) = J.l(tf f{[AleTI~z - A2e-TI~Z](1 +d) 
o 

co 

cr~(r,z) = -J.lr f{2[Al eTI~Z + A2 e-TI~] 
o 

and 

co 

cr~(r,z)= 2J.lsf{BI~ + [~z + (l-2us)]B2}e-!;z~Jo(r~)d~ 
o 

co 

cr~ (r, z) = 2J.ls f{BI ~ + [~z - 2 Us]B2} e-!;z ~ JI (r~)d~ 
o 

(2. 13 a) 

(2.13.b) 

Enforcement of the traction-free conditions (2.5) on the surface of the film and the 

continuity of stresses (26a,b) along the plane of z=O, permits the determination of A2, A4, 

BI, B2 in terms of AI and A3• The solution procedure for determining these coefficients 

and the details of the algebraic manipulations are given in Appendix-A. The remaining 
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coefficients are expressed in terms of the two unknown functions, ft(r) and f2(r) , 

corresponding to the displacement derivatives, as given by Arin and Erdogan (1971). 

ft (r)H(a - r) = [uHr,O) - uHr,O)L 

(2.14a,b) 

Substitution for At and A3 in terms of ft(r) and f2(r) ensures the continuity of 

displacement components along the bonded region, described by equation (2.6a). 

Imposition of the traction-free conditions (2.7) leads to a system of singular integral 

equations in the matrix form: 

A f(r) + .!. j ~ f(t) ~ + jk(r, t) f(t) dt = ~(r) 
1t -a t - r -a 

(2.15) 

with constraints 

a 
and fltl f2 (t)dt = 0 (2.16a,b) 

-a 

In equation (2.15), the matrices A, B, k and f are given by 



[0 al] [1 0] A= B= 
- a

2 
0 - 0-1 [

kll (r, t) 
k= 
- k21 (r, t) 

kid (r, t)] 
k22 (r, t) 

· 25 

The system of singular integral equations (2.15) is solved under the assumption that f\(t) 

and f2(t) satisfy Holder condition on the open interval (-a, a). The numerical technique 

developed by Miller and Keer (1985) is used in the solution of the system of singular 

integral equations. 

As given by Muskhelishvili (1953), a singular integral equation of the second kind 

given by 

P I g(t)dt I 
Rg(x) + - J-- + JK(x, t)g(t)dt = q(x) 

1LI t-x _I 
(2.17) 

has the fundamental solution in the form: 

(2.18) 

with 

1 (R - iP) 1 (R - iP) a=--ln -N'~=+-ln -M 
21ti R + iP , 21ti R + iP 
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where N and M are integers determined such that the index K == (a. + ~) = -(N + M) is 

restricted to -1, 0, 1 to insure integrable singularities. In equation (2.17), the constants R 

and P can be real or complex constants. The kernel K(x,t) is bounded in the interval of 

-1 S (x, t) S 1. The forcing function is specified by q(x) and the unknown function to be 

determined is g(x). 

Adopting the solution method by Miller and Keer (1985), the unknown function 

g(t) is rewritten as the quotient 

g(t) = ~(t) 
w(t) 

This ensures the proper behavior at the endpoints, and ~(t) is the unknown auxiliary 

function, regular on the interval -1 S t S 1 . The function ~(t) is approximated by 

piecewise quadratic polynomials leading to a numerical collocation scheme as presented 

by Miller and Keer. The solution to the system of singUlar integral equations (2.15) is 

obtained the method of Miller and Keer. The numerical results are presented in Chapter 

IV. 
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Chapter III 

Thermal Loading of a Thin Layer with Circular Debonding Over a Substrate 

3.1 Preliminaries 

This chapter is concerned with the response of a debonded thin film over a 

substrate subjected to a uniform temperature excursion. The geometry is the same as that 

of the configuration in chapter II except for the slight deviation of the debonding. In this 

case, the circular debonding is not deviated from the interface, Figure-2. The variation of 

the thermal loading is described by the temperature distribution, T(r) 

co 

T(r) = To f e-co~ J 1 (r~)d~ 
o 

whose graphical variation is shown in Figure 3. 

(3.1) 

The surface prescribing the debonding in the film and the substrate are expressed, 

respectively, as 

Sf - {r, e, z : r e[O, 00), e e[O, 211:], z: a:} 
Ss = {r, e, z . r e[O,ao), e e[O, 27t], z-o} 

(3.2) 
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Upon completion of the fonnulation, this chapter investigates the influence of 

various geometries and material combinations on the stress intensity factors due to 

unifonn temperature variations. 
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Figure 2: A circular debonding between a substrate and a film under thennal loading 



30 

0.1 ~------------------------------------------~ 

0.09 

0.08 

0.07 

0.06 

,-... 
~ 0.05 

0.04 

0.03 

0.02 

0.01 

o+-----------~--------~----------_+----------~ 
-10 -5 o 5 10 

r 

Figure 3: Temperature Distribution as a Function ofr 
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3.2 Problem Statement 

This section addresses the problem described in section 3.1 under uniform thermal 

loading. The thin film and the substrate are composed of homogenous, elastic, and 

isotropic materials with different material properties. For this case, the stress-strain 

relationships, in terms of displacement components, are expressed as 

11 = f,s (3.3) 

where 

and u~ and u? are the components of the displacement field. The Lame' constants are 

denoted by f.1Tj and ATj' Poisson's ratio and coefficient of thermal expansion are denoted 

by uTJ and (l TJ ' respectively. The sub or superscript 11 refers to the film or substrate of f 
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and s, respectively. In cylindrical coordinates, the displacement equilibrium equations, 

under axisymmetric geometric and thennalloading conditions, for an elastic medium are 

expressed as 

TJ = f and s (3.4) 

_2(_1_-_U11...:-)[!<ruIJ) +uIJ ] +![r{uIJ -uIJ )] = 0 
1 2 r ,f z,z z,r r ,z r 

- U11 r .z r . 

3.2.1 Boundary Conditions: 

The boundary conditions associated with the traction-free surface of the film are 

expressed by 

2fl 
---......;.....:,c_[(l-uc)utz+uc(ruD.r] - E>rT(r)=O 
1-2ur 

z = -h,r e[O,oo) (3.5) 
flr(u~.z + utr) = 0 

Along the bond line, z=O, the continuity of displacement components and the tractions 

require that 



and 

Us - Uf 
r - r and Us - Uf 

z- z 

12~s [(l-us)utz+us(runr] - 9 sT(r) 
- Us ' 

2J.1 
= 1 2 r [(1- ur)utz + ur(ru~),r] - 9 rT(r) r e (a, co) 

- ur 

J.1s (utz + utr) = J.1r(u~,z + ui,r) 

The traction-free surfaces of the debonded region require that 

2J.1 . 1 
_......:TI_[(l_ U )uTl + u -(rull) ] - 9 T(r) = 0 1 - 2 uTI TI z,z TI r r ,r TI 
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(3.6a) 

(3.6b) 

11 = f,s; r e[O,a); z = 0 (3.7) 

Finally, the far-field regularity conditions require that 

u~ and u: ~ 0 for r ~ 00 and z ~ 00 

u~ and u~ ~ 0 for r ~ 00 and Z E [O,-h] 



The solution to this boundary-value problem provides the stress intensity factors due to 

the stress field induced by the thermal loading. 

34 
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3.3 Solution Method 

The solution procedure begins with the integral representation of the displacement 

field, given by Harding and Sneddon (1945) as 

co ur (r, Z) = f ",~(z,;) J I (r;)d; 
o 

a=f,s (3.8) 
co 

u~ (r, z) = f ",~(z,;) Jo (r;)d; 
o 

where "'~ and 'V~ are unknown auxiliary functions. Substitution from equation (3.8) 

into (3.3) results in the following expressions for the stress components 

co 

crir(z,r) = J.1r H\V; (z,;) -; \V~(z,;)} JI (r;)d; 
o 

(3.9) 

co , 

cr~(z,r) = J.1s H\V: (z,;) -; \V~(z,;)} J I (r;)d; 
o 

The displacement equlibrium equations (3.4) are reduced to a system of coupled second 

order ordinary differential equations in terms of two auxiliary functions via the integral 
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respresentations for the displacement components: 

d2\J1~ 2(1-Ull);2 II 1 ;d\J1~+011To;e-co~=O 
dz2 - (1 - 2 u l1) \J1 r (1- 2 u l1) dz fll1 

11 = f, s (3.10) 

2(1- Ull) d2\J1~ _ ;2\J111 + 1 ; d\J1~ = 0 
(l- 2u l1) dz2 z (1-2u ll) dz 

Solutions to equation (3.10) satisfying the regularity conditions are determined to be 

(3.11a) 

and 

(3. 11 b) 
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boundary conditions. 

Substitution from equations (3.11a) and (3.11b) into (3.8) pennits the expression 

of the displacement components in terms of the unknown constants: 

co 

u~(r,z) = - H(AI; + (;z -1)A2)e-!;Z + (A3; + (;z + I)A4)e!;z 
o 

co 

ui(r,z) = H -[AI; + (;z + 2(1- 2ur ))A2]e-!;Z 
o 

and 

co 

u~(r,z) = - HBI; + [;z + 2(1- 2us )]B2} e-!;z Jo(r;)d; 
o 

(3.12a) 

(3.12b) 
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Similarly, substituting the equations (3.l1a) and (3.11b) into (3.9) lead to the expressions 

for stress components in tenns of the unknown constants: 

and 

00 

cr~(r,z)=2flff{[Al~ + (~Z+(1-2Uf))A2]e-~ 
o 

00 

crir(r,z) = 2flf f{[Al ~ + (~z - 2Uf )A2]e-~ 
o 

00 

crk(r,z) = 2fls HBI ~ + [~z + (l-2us)]B2} e-~z~Jo(r~)d~ 
o 

00 

cr~(r,z) = 2J.1s HBI ~ + [~z- 2us]B2}e-~~Jl (r~)d~ 
o 

(3.13a) 

(3.13.b) 



39 

Enforcement of the traction-free conditions (3.5) on the surface of the film and the 

continuity of stresses (3.6a,b) along the plane of z=0, pennits the detennination of Ah 

A2, Bt, B2 in tenns of A3 and A4. The details of the algebraic manipulations are given in 

Appendix-B. The remaining coefficients are expressed in tenns of two unknown 

functions, ft(r) and f2(r), corresponding to the displacement derivatives, as given by Arin 

and Erdogan (1971) 

fl(r)H(a-r) = [u~(r,O) - u~(r,O)lr 

(3. 14a,b) 

f2(r)H(a-r) = !{r[u~(r,O) - u~(r,O)]} r ,r 

Substitution for A3 and A4 in tenns of ft(r) and f2(r) ensures the displacement continuity 

condition (3.6a) along the bonded region. Imposition of the traction-free conditions (3.7), 

leads to the following system of singular integral equations: 

A Hr) + .!. j ~ Ht) ~ + jk(r, t) Ht) dt = ~(r) 
1t -a t - r .a 

(3.15) 

with constraints 

a 
and fltl f2 (t)dt = 0 (3.16a,b) 

·a 



In equation (3.15), the matrices A, B, k and £ are given by 

[1 OJ B= 
- 0-1 

k = [kll (r, t) 
k21 (r, t) 

k12 (r, t)J 
k22 (r, t) 
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The solution to the system of singular integral equations (3.15) is obtained 

numerically by applying the method introduced by Miller and Keer as mentioned in 

previous chapter. The numerical results are presented in Chapter IV. 
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Chapter IV 

Numerical Analysis and Results 

4.1 Solution of Singular Integral Equations 

Solution to the coupled system of singular integral equations is achieved by 

employing the technique introduced by Miller and Keer (1985). In this study, their 

technique is extended to solve a coupled system of singular integral equations. The 

resulting singular integral equations for both of the problems described in the previous 

chapters yield equations of the form: 

1 8 dt 8 

A f + - f ~ f(t) - + f~(r, t) f(t) dt = ~(r) 
7t -8 t - r .8 

(4.1) 

In order to proceed, the dominant portion of the above coupled system of 

equations is decoupled by use of a modal matrix, R , defined by [R] = [rJ , Il] in which Ii 

are the eigenvectors corresponding to the eigenvalues, A.j of the system 

[D] {r} = A. {r} 

with 



The specific values for the eigenvalues are 

with r) = [ ;i;] and 

-i;i; 

The decoupled form of the singular integral equations take the form: 

1 8 dt 8 
g + _0 f n g (t)- + fK(r, t) ~(t) dt = Q(r) 
- 1t -8 - t - r -8 

with the constraint conditions 

8 

fC(t) ~(t) dt = 0 
-8 

in which 
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(4.2) 

(4.3) 
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The explicit expressions for these matrices are given by 

fl(r) + i f2(r) i 
0 

1 .Ja. Ja; 1 ~ala2 
K =.!.[KII KI2 ] g=- Q=-

- 2 fl(r) . f2(r) - 2 - 2 K21 i K22 

.Ja. 
-1-- 0 

~ala2 ..ra; 

The components of the kernel K;j with the complex components are expressed as 

K - K . K - (k12 + k21) .( kll k22 J 22 - 22r - 1 22i - - - 1 -
al a2 ,Jala2 ,Jala2 

and the forcing functions become 
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The dominant portion of equation (4.2) is in the decoupled fonn and can be 

solved by using the fundamental solution given by 

(4.4) 

with 

1 i ,Ja1a2 + 1 
<ll = - + -lnl"","===--I 

2 21t ,Ja1a2 -1 

where the unknown function g(t) is approximated as 

g (t) = ~k(t) k = 1,2 
k wk(t) 

(4.5) 

Substituting equation (4.5) into the partially decoupled pair of singular integral equation 

(4.2), and following the procedure outlined previously, reduces the system of singular 

integral equations (4.2) to a system of linear algebraic equations in tenns of unknown 

auxiliary functions, ~,(t). 

• Overbar denotes the conjugate of a complex variable. 
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Applying the extensions of the numerical technique given by Miller and Keer 

(1985), in conjunction with constraint conditions (4.3) permits the solution of the system 

of singular integral equations (4.2) "for the two unknown functions ~/(t). Determination 

the functions ~/(t) leads to the stress and displacement fields through back substitution. 
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4.2 Stress Intensity Factors 

In the previous chapters, the stress components O'zz and O'zr , at z=O, are given as 

(4:6) 

with explicit expressions for the coefficients in the case of axisymmetric compression: 

and in the case of the thermal loading: 

1 
C =

zz 2flf 

C -~ zr-
flf 

1 
C =

zr 2flf 
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Using the previously defined relations, the unknown functions fl' f2 are expressed as: 

with 

g)(t) = ~)(t) = Bcp)(t) 
w)(t) 

g2(t) = ~2(t) = BCP2(t) 
W2(t) 

(4.7a) 

(4.7b) 

where B is the ,amplitude of the slight deviation of the debonding on the interface. The 

fundamental functions, WI(t) and w2(t) are of the form: 

with 

1 . 
a.) = -+ZE 

2 

1 . 
0. 2 = --ZE 

2 

AI. 
tJ 1 = --ZE 

2 

AI. 
P2 = -+ZE 

2 

(4.8) 
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Substituting equations (4. 7a,b), (4.8) into (4.6) yields the expressions for the stress 

components: 

(4.9) 

where the coefficients, R;j are constants. Adopting the method suggested by Erdogan and 

Gupta (1971), the two distinct integrals as r ~ 1+ become 

where 

.!. j ~I (or) ~ 1 ~I(r) 
= 

7t -a W I (or) or - r cosh e7t WI (r) 

.!. j~2(or) dor 1 ~2(r) 
= 

7t -a W 2 ( or) or - r coshe7t w2(r) 

= h{coS[e(r-1)] - isin[e(r-1)]}{cos[e(r+1)] + isin[e(r+1)]} 
r2 -1 

= h{coS[e(r-1)] + isin[e(r-1)]}{cos[e(r+1)] - isin[&(r+1)]} 
r2 -1 

(4.10) 

(4.11) 
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Substituting (4.11) and (4.12) into equations (4.9) results' in the re-expressions of the 

stress components as 

1 2 r-~--=-
("2-:"~dI2 + dl {cos[sln(r -1) -(9 + sln(r + I)]} 

Czz vr- -1 

1 2 r--=----:-
O"zr(r,O) = ("2-:"~d/+dl{cos[sln(r-l)-('Y+sln(r+l)l} 

Czr vr--l 

in which 

d 'd - ~d2 d2 -/9 _ RI2~2(l) 
1- 1 2- 1-2 e --

COshE7t 

(4.12) 

Based on the approach introduced by Kuo (1984a,b), the asymptotic expressions 

for the stress components in the vicinity of the debonding become 

= + H.O.T. r~ 1 
[
O"zz(r,o)] 1 [KJ COS[Sln(r-l)+9d] + 

O"zr(r,O) .J27t(r-l) K2 cos[Eln(r-l)+921 
(4.13) 



so 

Utilizing equations (4.12) and (4.13), the stress intensity factors, K) and Kn and the phase 

angles, 9} and 92 are determined to be 

and 

9
l 

= tan-l{-dl sin(Eln2)-d2 COS(Eln2)} 
dl cos(sln2) - d2 sin(Eln2) 

9
11 

= tan_l{-d3 Sin(Eln2)-d4 COS(EIn2)} 
d3 cos( E In 2) - d4 sin( E In 2) 
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4.3 Numerical Results 

4.3.1 Axisymmetric Compression 

As indicated in section 4.1, the governing singular equations (4.2) and the 

constraint equations (4.3) are reduced to a system of algebraic equations. Solution of 

these equations provides the numerical values of $1 (1) and $2 (1), thus leading to the 

detennination of the stress intensity factors and their corresponding phase angles. 

Physically meaningful results exists only if the applied stress is less than the critical value 

for buckling. The variation of the nonnalized stress intensity factors, K1..Ja / BEr and 

Kn..Ja / BE r , as a function of the nonnalized applied stress, (50/ Er , is presented in 

Figure 4 for a range of dimensionless film thickness, h/a. As shown in this figure, the 

amplitude of the stress intensity increases for a specified film thickness under increasing 

applied stress. As the applied stress reaches the critical value for buckling, the stress 

intensity factors approach infinity. The corresponding phase angles are shown in Figure 

5. As observed in this figure, these angles are very sensitive to the applied stress. The 

difference between the phase angles is 90°. 

Under a specified applied stress, if the amplitude of the stress intensity for a 

contamination with fixed geometric parameters equals or exceeds its critical value for the 

interface, the analysis indicates that an unstable debonding growth occurs before 
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buckling. Once the critical value is reached, debonding growth begins, resulting in a 

reduction of the ratio of film thickness to debonding radius. This leads to higher values of 

the stress intensity factors; thus, the growth process continues until the ratio of film 

thickness to debonding radius decreases to the value where buckling takes place under the 

specified applied stress. 

The effect of the difference in moduli on the stress intensity factors and the phase 

angles are depicted in Figures 6 and 7, respectively. These figures indicate that the 

difference in moduli has a significant influence on the amplitudes of the stress intensity 

and the phase angles. The amplitudes of the stress intensity and the phase angles tend to 

increase linearly with the increasing values of the substrate modulus. 
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4.3.1 Thermal Loading 

Following the same procedure outlined in the previous section, the behavior of the 

stress intensity factors and the corresponding phase angles are studied as functions of 

material properties for a specified temperature variation. The numerical results reveal that 

the change in the ratio of moduli of elasticity and the difference in coefficients of 

thermal expansions have significant influence on the amplitude of the stress intensity 

factors and on the critical film thickness. 

The variation of the stress intensity factors, as a function of the difference in 

moduli, is presented in Figure 8 for a range of dimensionless film thickness, hla. As 

shown in this figure, the value of the critical film thickness decreases for the increased 

ElBs ratio. The same trend is also observed for the cases where the modulus of elasticity 

of the substrate is greater than of the film. The critical state is reached at greater film 

thicknesses as the ratio ElEr is increased. It is also observed that the change in the value 

of the critical film thickness is not as pronounced as in the case of Er > Es for the same 

ratio of difference. The corresponding phase angles are shown in Figure 9. As observed 

in this figure, the change in the phase angle, close to critical film thickness, is rather 

rapid for increased difference in moduli, and as the ratio ElBs decreased, the phase 

angles tend to converge. It is also noted that the phase angles reach a plateau for the film 

thicknesses away from the critical value. For the reversed ratio, the phase angles change 

signs and comparatively group closer. 
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The effect of the difference in coefficients of thermal expansions on the stress 

intensity factors and the phase angles are illustrated in Figures 10 and 11, respectively. As 

illustrated in Figure 10, the difference in coefficients of thermal expansions has a 

significant effect on the amplitude of the stress intensity factors around the critical film 

thickness. A shift in the value of the critical film thickness is also apparent, however it is 

not very significant. For the case of cx.s<cx.f , the difference is minimal for both the 

amplitude of the stress intensity factors and the location of the critical film thickness. The 

phase angles show a smooth transition as the difference in coefficient of thermal 

expansion is altered. The Figure 11 displays that the phase angles stay steady at +45/-45 

degrees for identical coefficients of thermal expansions. 

Examining the forcing functions reveals that the stress intensity factors are 

linearly dependent on the magnitude of the temperature variation. Thus, increasing the 

value of the temperature change increases amplitude of the stress intensity factors 

whereas the orientation of the phase angles remain unchanged. 
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Chapter V 

DISCUSSION 

Thin films are rarely used in electronic devices as structural parts to carry 

mechanical loads. Nevertheless, stress or strain does commonly exist in thin films as a 

result of constraints imposed by their substrates. Residual stresses are produced in the 

production processes due to the difference in material properties, primarily the thermal 

expansion coefficients. 

In the present work, the response of a thin film over a substrate with a circular 

debonding un4er either in-plane axisymmetric compressive or thermal loading is 

analyzed by constructing the solution as a mixed boundary value problem. Unlike 

previous investigations, this study accounts for the oscillating singular stress field 

because of the mismatch in the material properties near the debonding front. 

In Chapter II, the problem is formulated for axisymmetric compressive stresses. 

In this case, the solution method utilizes the three-dimensional equations of elastic 

stability while allowing the debonded region to be slightly perturbed due to 

contamination. It involves the solution of a system of coupled ordinary differential 

equations in terms of unknown auxiliary functions (2.10) that describe the displacement 

components. The analysis results reveal that the stress intensity factors and the phase 
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angles are sensitive to the variation in the film thickness ana the difference in moduli for 

the film and the substrate. The stress intensity factors are determined to be complex 

functions of the applied stress; however, they are linearly dependent on the amplitude of 

the function describing the contamination. 

In Chapter III, the response to thermal loading is considered by exposing both the 

film and the substrate to the same temperature difference. The solution method for this 

case utilizes the three-dimensional equations of thermo-elasticity theory. Reflecting the 

differences in the stress field, an approach similar to the preceding one is readily extended 

in constructing the solution for this case. For this case, the stress intensity factors and the 

phase angles ~e also sensitive to the variation in the film thickness, the difference in 

moduli for the film and the substrate, and the difference in coefficient of thermal 

expansion. 

The expressions for the stress intensity factors used in this study are introduced 

by Kuo (l984a,b). A definition of the stress intensity factors of this form was also used 

successfully by Her (1990) in an analysis of interface cracks between dissimilar 

anisotropic materials. In the case of dissimilar isotropic materials, the stress intensity 

factors KI and KD become equal to each other, representing the amplitude of the stress 

intensity. Since the classical definition of the stress intensity factors for the bimaterial 

problem does not have the same meaning as that for the homogenous case, this definition 
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can be directly invoked in the calculation of the energy release rate for the bimaterial 

system given by Malyshev and Salganik (1965). Because the energy release rate is 

proportional to the stress intensity factors, only the stress intensity factors are illustrated 

for both cases. 

In the future, the problems presented in this study can be modified by modeling 

the materials as being transversely isotropic because the numerical techniques developed 

herein are readily applicable to the solutions of the resulting singular integral equations. 

Solution to a similar problem with combined mechanical and thermal loading will also be 

useful in understanding their interaction and relative influence. Also, the presence of the 

substrate thickness can be included in the fonnulation without any difficulty. 
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APPENDIX A 

EXPRESSIONS AS PART OF THE FORMULATION FOR THE 

AXISYMMETRIC COMPRESSION CASE 

Applying the traction-free condition (2.5) result in the following equations 

(Ala,b) 

Utilizing equations (Ala,b), unknown constants A2 and A4 can be expressed in terms of 

AI and AJ in the following form 

where, 

A2 = L2I e -2tl~h Al + L23 e -( tl+t2)~h A3} 

A4 = L4I e-(tl+t2)~h Al + L43 e-2t2~h A3 

(A2a,b) 

L - _ 4(1+tD 
41 - 4 (I 2)2 tlt2 - +t2 
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Similarly, considering continuity of the tractions (2.6b), following set of equations can 

be extracted 

(A3a,b) 

where 

• 
The function prescribing the slight deviation of the debonding in equation (2.1) is 

assumed as 

This form of B(r) leads to the closed-form evaluation of the integral for S(;) 



68 

Tailoring equations (A3a,b), unknown constants B) and B2 can be expressed in tenns of 

the other constants as in the following fonn 

~BI = XII Al + XI3A3 + X12A2 + XI4A4 + (l-2us)S(~) } 

B2 = X21 AI + X23 A3 + X22 A2 + X24 A4 - S(~) 

(A4a,b) 

With the unknown coefficients A2 and A4 already defined in tenns of Al and A3 . 

Substitution of equations (A2a,b) further simplifies the equations (A4a,b) as 

(AS a) 

+(1 - 2 us)S(~) 

(ASb) 

-S(~) 
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where 

The remaining unknowns AJ and AJ are expressed in terms of fJ(r) and f2(r) by 

implementing the conditions given by the equations (2. 14a,b). This ensures the continuity 

of displacement components along the bonded region. The substitution yields the 

following set of equations 

(A6a,b) 
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where 

8 

FI (~) = f fl(r)r JI (r~)dr 
o 

(A7a,b) 
8 

F2(~) = f f2(r)r Jo(r~)dr 
o 

Utilizing the previous definitions, equations (A6a,b) is further simplified as 

(A8a,b) 

where 

CIs = 205 -1 

Yl2 = XI2 +(Ks -1)Xn + 1 

YI3 = XI3 +(Ks -1)X23 + 1 



and 

Y 23 = - XI3 + X23 + 't2 

1 
Y22 = -X12 + X22-

'tl 

Y 24 = - XI4 + X24 - 't2 
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Utilizing equations (A8a,b), the remaining unknowns AI and A3 can be expressed in 

terms of the functions FI and F2 which are defined in terms of the displacement 

derivatives fl{r) and f2{r) as given in equations (A7a,b) 

where 

AI = tlsS(l;) + tIlFIO;) + tI2F2{l;)} 

A3 = 13s S{l;) + t31 F I (l;) + t32 F 2 (l;) 

C23 
tll=

A 

ell 
t31=

A 

(A9a,b) 
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With these expressions, all of the unIr.nown coefficients in equations (A6a,b) are 

described in tenns ofFI and F2. Finally, implementing the traction-free conditions (2.7) 

and substituting for the unknown coefficients in tenns of F I and F 2 lead to the following 

set of equations 

Utilizing (A2a,b) and (A9a,b), the unknowns A2 and A4 are expressed as 

where 

Z21 F I (~) + Zn F 2 (~) + Z2s S(~)} 

Z4IFI(~) + Z42F2(~) + Z4sS(~) 

Z21 = til L21 e-2tll;h + hi L23 e-(tl+t2)l;h 

Z22 = tl2 L21 e-2tll;h + h2 L23 e -( tl+t2)l;h 

Z2s = tlsL21 e-2tll;h + hsL23 e-(tl+t2)l;h 

(AIOa,b) 

(Alla,b) 



and 

Z41 = tI1L4Ie-(tl+t2)~h+t3IL43e-2t2~h 

Z42 = tl2 L41 e-(tl+t2)~h +!32 L43 e-2t2~h 

Z4s = tIs L41 e-(tl+t2)~h + t3sL43 e-2t2~h 

Equations (AlOa,b) can be re-written as 

co 

I [dl1 0;) FI (~) + dl2 (~) F2 (~) + dIs (~)S(~)] ~ 10 (r~)d~ = 0 
o 

where 

and 

dl1 (~) = (1 + 't~)(tl1- Z21) + 2 'tl 't2(!31- Z41) 

dl2 (~) = (1 + 't~)(tI2 - Z22) + 2 'tl 't2(t32 - Z42) 

dIs (~) = (1 + 't~)( tIs - Z2s) + 2 'tl 't2 (hs - Z4S) 

d21 (~) = 2(tl1 + Z21) + (1 + 't~)(t31 + Z41) 

d22(~) = 2(t12 + Z22) + (1 +'t~)(tJ2 + Z42) 

d2s(~) = 2(tls + Z2s) + (1 + 't~)(t3S + Z4s) 
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(A 12a,b) 
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Substitution of equations (A7a,b) into equations (A12a,b) results in a pair of integral 

equations in tenns of unknown functions fJ and f2• 

a 00 

f fl (t)t f dll(~)JI (t~)1t (r~)d~dt 
o 0 

(A 13 a) 

a 00 

- f fl (t)t fd21(~)1t (t~)Jo(r~)d~dt 
o 0 

(A13b) 
a 00 r 

- f f2 (t)t fd22(~)Jo(t~)Jo(r~)d~dt = fp2 (s)ds + C2 
o 0 0 

where, 

00 

pJ(r) = - f dJs(~)S~Jo(r~)d~ 
o 

(A14a,b) 

Defining, 

(AlS) 

and its substitution into (A13a,b) yields 
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a co 

jfl(t)tj{dll(OO) + [dll(~) - dll(OO)]}Jl(t~)JI(r~)d~dt 
o 0 

(A16a) 

a co 

- jfl(t)t f{d2I(OO) + [d2I(~) - d21(OO)]}JI(t~)Jo(r~)d~dt 
o 0 

(A16b) 
a co r 

-jf2(t)tf{d22(OO) + [d22(~) - d22(OO)]}JO(t~)Jo(r~)d~dt = jp2(s)ds+C2 
o 0 0 

The closed-fonn solutions to some of the integrals appearing as part of the equations 

(A16a,b) are 

2 
-[K(t / r) - E(t / r)] 

co 7t1: 
HIl = dll(OO) fJI(r~)1J(t~)d~ = dll(oo) 

o 2 
-[K(r / t) - E(r / t)] 
7tr 

t<r 

t>r 

t<r 

t>r 

t<r 

t>r 



Defining, 

co 

hIl (r, t) = J[ dIl (;) - dIl (oo)]JI (t;)JI (r;)d; 
o 

co 

hI2(r, t) = J[dI2(;) - dI2(oo)]JO(t;)JI(r;)d; 
o 

co 

h21(r,t)= J[d2I(;) - d21(oo)]JI(t;)Jo(r;)d; 
o 

co 

h22 (r, t) = J[ d22 (;) - d22 (oo)]Jo (t;) Jo (r;)d; 
o 

and their substitution into equations (A16a,b) result in 

a a r 

ffl(t)t[H21+h21(r,t)]dt + ff2(t)t[H22 +h22(r,t)]dt= fp2(S)ds + C2 
000 
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(A17a,b) 
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Equations (A17a,b) are further simplified by substituting the closed form expressions of 

the integrals Hu and by re-arranging the terms as 

2 r [r (t2-r2
) ] t -dll (oo)f fl(t) -E(tlr)+ K(r/t) 2 2 dt 

1t 0 t r- t t - r 

2 a t 
+-dll(oo)Jfl(t)E(r/t) 2 2dt + d12(oo)f2(r) 

1t r t -r 
(A18a) 

a co 

+Jf2(t)f[d12(;)-d12(oo)]JO(r;)Jo(t;);d~dt = Pl(r) 
o 0 

2 r t r 
--d22 (oo)f f2(t)-E(t/r) 2 2 dt 

1t 0 r t -r 

(A18b) 

a co 

+ d21 (00) fl (r) + J fl(t)f [d21 (;) - d21 (00)] J 1 (r;) J 1 (t~);d~dt 
o 0 

a co 

+Jf2(t)f[d22(~)-d22(00)]Jl(r~)JO(t~);d~dt = P2(r) 
o 0 



78 

The functions, mi (i= 1,2) are defined as 

ffil(r,t) = 

el~( K(t / r) + /~/E(t / r) It I < Irl 

E(r / t) It I > Irl 

/;/E(t / r) It I < Irl 

ffi2(r, t) = 

e 2 2 
-E(tlr) - t ~r K(t / r) It I > Irl r2 r 

where K and· E are the complete elliptic integrals of the first and second kind, 

respectively. Finally, dividing both sides of equation (A18a) by d1\( 00 ) and both sides of 

equation (A 18b) by d22( 00 ), respectively, leads to 

(A19a) 



-.!. jf2(t)~ + d21 (00) fl(t) 
1t -8 t - r d22 ( 00 ) 

+ j{_ 1 m2(r, t) -1 + !lt1j[ d22(;) -l]Jo(t;)JI (r;);d;}f2(t)dt 
-8 1t t - r 2 0 d22 (00) 

Expressing, 

with 

. r;o 1 
k21 (r, t) = It I f -[~2 d21 (;) - 0.2] JI (t;)JI (r;);d; 

02 

k22(r,t) = 1 m2(r,t)-1 + Itlj![~2d22(;)-I]Jo(t;)JI(r;);d; 
1t t-r 02 
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(A19b) 
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and their substitution into equations (A19a,b) leads to a coupled Cauchy singular integral 

equations of the 2nd kind in tenns of the unknown functions t;(t) and f2(t) 

(A20a,b) 

where the right hand side contains the forcing functions PI and P 2 arising from the slight 

deviation of the debonding. The constants aI' a2, b l and b2 depend on the material 

properties. 
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APPENDIXB 

EXPRESSIONS AS PART OF THE FORMULATION FOR THE 

THERMAL LOADING CASE 

Applying the traction-free condition (3.5) yields the following two equations 

T. 
1 1- 2\)f t:\ -w~ = 0-- ¢fe .. 

2Jlf~ 1- \)f (B1a,b) 

Utilizing (3.14a,b), unknown constants AI and A2 can be expressed in terms of A3 and 

A4, in the following form 

where 

A.~ = Llle-'''' A3~ + L'4e-'''' A4 + LIJe-"'_S@} 

A2=L23e-2~hA3~ + L24e-2~hA3 + L2se-~S(~) 

(B2a,b) 



and 

L13 = -2~h + (l-4ur) 

L14 = 2{~2h2 + 2uf(l-2uf)} 

LIS = [~h + 2Uf] 
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Similarly, considering the continuity of the tractions (3.6b), following set of equations 

can be obtained 

(B3a,b) 

where 
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Tailoring equations (B3a,b), unknown constants BI and B2, in tenns of the other 

constants, can be expressed as 

(B4a,b) 

with the unknown coefficients AI and A2 already defined in tenns of A3 and A4• 

Substitution of equations (B2a,b) further simplifies the above equation 

where 

J.1r 
Xll=-

J.1s 

J.1r X22=-
J.1s 

(B5a,b) 
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The remaining unknown coefficients A3 and A4 are expressed in terms offl(r) and f2(r) by 

implementing the conditions given by the equations (3.15a,b). This ensures the continuity 

of displacement components along the bonded region. This substitution yields the 

following set of equations 

-BI; + B2 + [AI; - A2 + A3; + A4] 

where 

+ T [ (1- 2us) 0 _ (1- 2ur) 0 rJ 1. e'w~ = F2(;) 
o 2J.ls(1- us) 5 2J.lr(1- ur) ; 

a 
Fl(~) = [fl(r)r Jl(r~)dr 

o 

a 
F2(~) = jf2(r)r Jo(r~)dr 

o 

(B6a,b) 

(B7a,b) 



Utilizing the previous definitions, equations (B6a,b) can further be simplified as 

where 

and 

C13A3~ + CI4A4 + CISS(~) +ClsS(~) = FI(~) } 

C23A3~ + C24A4 + C2SS(~)+ C2sS(~) + R(~) = F2(~) 

CI3 = Y33 + Y3ILI3e-2~h + Y32L23e-2~h 

CI4 = Y44+Y3ILI4e-2~h+Y32L24e-2~ 

CIS = Y3IL1Se-~h + Y32L2se-~h 

CIs = 2us-1 

Y33 = X13 + 2(1- 2Us)X23 + 1 

C23 = Yss + YSILI3e-2~h + YS2L23e-2~h 

C24 = Y66+ YSILI4e-2~h + YS2L24e-2~ 

C2s = YSIL1Se-~h + YS2L2se-~h 

C2s = -(1 +2us) 
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(B8a,b) 
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y 51 = -XII + X21 + 1 y 52 = - XI2 + Xn -1 

y 55 = - XI3 + X23 + 1 y 66 = - XI4 + X24 + 1 

and also 

Utilizing equations (B8a,b), the remaining unknown coefficients A3 and A4 are expressed 

in terms of the ftmctions FI and F2 defined in equations (B7a,b) in terms of the 

displacement derivatives, fl(r) and f2(r) 

where 

A3~ = t3sS(~)+t3sS(~)+t3rR(~)+hIFI(~)+tJ2F2(~) } 

A4 = t4s S(~)+t4SS(~)+t4rR(~) + t4IFI(~) + t42F2(~) 

t3s = -ClSC24 + C2sCI4 
A 

(B9a,b) 



Cn 
t41 =-

A 

Cl3 
t42=

A 
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With these expressions, all of the unknown coefficients in equations (B6a,b) are 

described in terms of F) and F2. Finally, implementing the traction-free conditions (3.7) 

and substituting for the unknown coefficients in terms ofF) and F2lead to the following 

sets of equations 

00 

J[AI~ + A3~ + (1-2ur)(A2-A4)]~Jo(r~)d~ 
o 

00 

HAl ~ - A3~ - 2ur(A2 + A4)] ~JI(r~)d~ = 0 
o 

(BIOa,b) 

Utilizing (B2a,b) and (B9a,b), the unknown coefficients A) and A2 are expressed as 



AI~ = Zl1FI(~) + ZI2F2(~) + ZISS(~)+ ZlsS(~)+ z;rR(~)} 

A2 = Z2IFI(~) + Z22F2(~) + Z2iS(~)+ Z2sS(~)+ Z2rR(~) 

where 

Zl1 = hIL13e-2C;h + t4ILI4e-2C;h 

ZI2 = t32 LI3 e-2C;h + t42LI4e-2C;h 

Zls = hiL13e-2C;h + t4sLI4e-2C;h+LIs e-C;h 

Zls = t3s L 13 e -2C;h + t4s LI4 e-2C;h 

Zlr = hr L 13 e -2C;h + t4r LI4e-2C;h 

and 

Z21 = hIL23e-2C;h + t4IL24e-2C;h 

Z22 = h2 L23 e-2C;h + t42L24e-2C;h 

Z2s = hi L23 e-2/ih + t4i L24 e-2c;h + L2se-1;h 

Z2s = iJsL23e-2c;h + t4sL24e-2/ih 

Z2r = t3rL23e-2c;h + t4r L24e-2c;h 
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(Blla,b) 



Equations (B 1 Oa,b) can be re-written as 

co 

[[dl1 (~)Fl (~) + dI2(~)F2(~) + dlS(~)S(~) 
o 

co 

[[d21 (~)Fl (~) + d22(~)F2(~) + d2s(~)S(~) 
o 

where 

89 

(B12a,b) 
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and 

Substitution of equations (B7a,b) into equations (B12a,b) results in a pair of integral 

equations in terins of unknown functions f\(r) and f2(r) 

a CIO 

ffl(t)t fd1l(;)JI (t;)JI (r;)d;dt 
o 0 

a CIO 1 r 
+ ff2(t)t fdI2(;)JO(t;)JI(r;)d;dt = -(fsPI(s)ds + CI) 

o 0 r 0 

a CIO 

- ffl(t)t fd21(;)JI(t;)Jo(r;)d;dt 
o 0 

a CIO r 
- ff2(t)t fd22(;)JO(t;)Jo(r;)d;dt = fp2(s)ds + C2 
000 

(B13a,b) 
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where 

(B14a) 

co 

- J {dIS O;)S(~) + dIs (~)S(~) + dlr (~)R(~)} ~ 10 (r~)d~ 
o 

co 

P2(r) = - j{d2s(l;)S(l;) + d2s(l;)S(l;) + d2r(l;)R(l;)} l; JI(rl;) dl; (B14b) 
o 

Defining, 

and then substitution to (B 13a,b) yield 

a co 

Ifl(t)tI{dll(OO) + [dll(l;) - dll(oo)]}JI(tl;)JI(rl;)dl;dt 
o 0 

a co 

+ f f2(t)t J{dI2( 00) + [dI2(l;) - dI2(OO)]} JO(t~)JI (rl;)dl;dt 
o 0 

(B16a) 
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a «Xl 

- 1fl(t)t J{d2I(OO) + [d2I(~) - d2I (oo)]} JI(t~)Jo(r~)d~dt 
o 0 

a «Xl 

- ff2(t)t J{ d22( (0) + [d22 (~) - dn (oo)]} J o(t~)J o(r~)d~dt 
o 0 

(B16b) 

The closed-fonn solutions to some of the integrals appearing as part of the equations 

(B16a,b) are 

2 
-[K(t/r) - E(tlr)] 

«Xl 7tt 
HII:" dll (oo)f JI(r;)JI (t;)d; = dll (00) 

t<r 

o 2 
-[K(r/t)-E(r/t)] 
7tr 

t>r 

t<r 

t>r 

t<r 

t>r 

t<r 

t>r 
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Also defIning, 

co 

hll(r,t)= J[dll(~) - dll(oo)]JI(~)JI(r~)d~ 
o 

co 

h I2 (r,t) = J[dI2(~) - dI2(00)]Jo(t~)JI(r~)d~ 
o 

co 

h 21 (r,t)= J[d21(~) - d21(00)]JI(t~)Jo(r~)d~ 
o 

co 

h22 (r, t) = J[ d22 (~) - d22 (00 )]Jo(t~)Jo(r~)d~ 
o 

and substituting above expressions into equations (B 16a,b) result in 

j fl(t)t[HlI + hll (r,t)]dt + j f2(t)t[HI2 + hI2(r, t)]dt = !(i SPI (s)ds + CI) 
o 0 r 0 

(B17a, b) 

a a r 
Ifl(t)t[H21+h21(r,t)]dt + If2(t)t[H22+h22(r,t)]dt=Ip2(s)ds + C2 
o 0 0 

Equations (B 17a,b) can further be simplifIed by substituting the closed-form expressions 

of the integrals Hij and by re-arranging the terms as 
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a co 

+ J f2(tH[ dI2(~) - dI2(oo)]JO(r~)Jo(t~)~d~dt = Pl(r) 
o 0 

(BISa) 

a co 

+ J f2(tH[ d22(~) - d22(oo)]II(r~)Jo(t~)~d~dt = P2(r) 
o 0 

(BISb) 

The functions mi (i=1,2) have the same definitions as in the Appendix A. Finally, 

dividing both sides of equation (B18a) by dll ( (0) and equation(B18b) by d22( (0), 

respectively 
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(B19a,b) 

Expressing, 
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with, 

and their substitution into equations (B 19a,b) result in a coupled Cauchy singular integral 

equations of the 2nd kind in terms of fl(t) and f2(t) 

1 a dt a 
al f2 (r) + - f fl(t)- + f(klJ (r, t) fl (t) + kl2 (r, t) f2 (t))dt = bl PI (r) 

7t -a t - r -8 

(B20a,b) 
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APPENDIX C 

X2 
C.I. Numerical Evaluation of Integral of the type fF(x)J1(rx)dx 

Xo 

Evaluation of this integral can be approximated as 

X2 

fF(x)JI(rx)dx = woF(xo) + wIF(XI) + w2F(X2) (Cl) 
Xo 

where Wj (i=O,I,2) are the integration weigths and terms F(xj) are the values 0: function F 

at given Xj. This approximation requires the integration weigths. The weights are 

established by assuming a quadratic variation in the interval of the integration between Xo 

X2 

fJl(rx)dx = Wo + WI + W2 = Ro 
Xo 

X2 

fxJI(rx)dx = woxo + WIXI + W2X2 = RI 
Xo 

X2 2 2 2 2 
fx JI(rx)dx = WoXo + WIXI + W2X2 = R2 

Xo 

(C2a) 

(C2b) 

(C2c) 
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The known expressions for Ro, R) and R2 pennit the detennination of the integration 

weigths. The above equations can be rewriten as 

111 

(C3) 

Expressing J)(rx) in the fonn: 

(C4) 

where 

Tk(z) = Coske (C5) 

Defining, 

x = Az+B and z = cose with 

(C6) 
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and substituting equations (C4), (C5) and (C6) into equations (C2a,b,c) provide the 

solutions Ro, R) and R2• In the following, solution procedure is given in detail for each 

integral in (C2) 

Case-I: Equation (C2a) can be re-writen as 

1 k k 1 

A J Lak Tk(z)dz = A Lak J Tk(z)dz 
-I k=O k=O -I 

with r defined as 

1 0 

TO = J Tk(z)dz = JCosk9(-Sin9d9) 
-I n 

1 1 --+ -- when k = even 
l-k l+k 

RObecomes 

n 

= J Cosk9Sin9d9 = 
o 

k 
Ro = A La k TO 

k=O 

o whenk = odd 

(C6) 

(C7) 

(C8) 



Case-2: As in the previous case, equation (C2b) can be rewriten as 

1 k k 1 
A f (Az + B) Lak Tk(Z)dz = A Lak f (Az + B)Tk(Z)dz 

-I k=O k=O -I 

Further substitution yields 

1 0 

f (Az + B)Tk(Z)dz = - f(Az + B)Cosk9Sin9d9 
-I It 

It It 

= B f Cosk9Sin9d9 + A f Cosk9Cos9Sin9d9 
o 0 

Alt 
= B TO + - fCosk9Sin29d9 

20 

100 

(C9) 

(ClO) 

Notice that the first term of the above expression is already established. The 

evaluation of the second term is given as 

It 

TI = fCosk9Sin29d9 = 
o 

1 1 
--+-- whenk=odd 
2-k 2+k 

o whenk=even 

(Cll) 



Finally, the expression for equation (C2b) becomes 
I 

k 0 A 1 
RI = A Lak { B T + - T } 

k=O 2 

Case-3: The fmal equation of the series takes the form: 

1 k k 1 

A f (Az + Bi Lak Tk(Z)dz = A Lak f (Az + Bi Tk(z)dz 
-I k=O k=O -I 

After substitutions, the above integral equation is expressed as 

1 0 

f (Az + Bi Tk(Z)dz = - f(Az + Bicosk9Sin9d9 
-I n 

n n 
= B2 fCosk9Sin9d9 + 2AB fCosk9Cos9Sin9d9 

o 0 

n 

+ A 2 f Cosk9Cos29Sin9d9 
o 

A2 A2 n 
= (B2 + _)To + ABTI + - fCosk9Sin39d9 

440 
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(C12) 

(C14) 

(CIS) 

Again, the first two terms of the above expression are already known from the previous 

cases. The evaluation of the third term is determined as 



1 1 
--+ -- when k = even 
3-k 3+k 
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7t 

T2 = fCosk9Sin39d9 = (C16) 
o 

o whenk = odd 

and the expressionfor R2 becomes 

(C17) 

Utilizing equations (C8), (C12) and (C17), the integration weights Wo, WI and W2 are 

determined by inverting the equation (C3) as in the following form: 

.) 

III 

(CI8) 

It should be noted that the solution presented here is also valid for integral equations with 

the term Jo(rx) by utilizing the corresponding coefficients~. 
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X2 

C.2. Numerical Evaluation of Integral ofthe type f F(x)J I (rx)J I (tx)dx 
Xo 

Similar to the previous section, evaluation of this integral can be approximated as 

X2 

fF(x)JI(rx)JI(tx)dx = woF(xo) + wIF(x l ) + w 2F(x2 ) (CI9) 
Xo 

as in the previous case, a quadratic variation in the interval of the integration between Xo 

and X2 is assumed in approximating the integration weights 

X2 

f JI(rx)JI(tx)dx = Wo + WI + w 2 = Ro (C20a) 
Xo 

X2 

fxJI(rx)JI(tx)dx = woxo + WIXI + W2X2 = RI (C20b) 
Xo 

(C20c) 

Expressing J1(rx) and J1(tx) in the fonn: 

k 
JI(rx) = LakTk(X) and (C21) . 

k=O 
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with a similar definition as in equation (C5), terms Ra, R) and R2 can be expressed as 

_ K M 0 
Ro - ALL a k bm T 

k+m = even 
(C22a) 

(C22b) 

R A ~ ~ b {B2To + ABTI + A 
2 

T2 } 2 = ~ ~ak m 
k+m= even 4 

(C22c) 

with 

1 + 1 when k + m = even 
.(k+m)2 -1 (k-m)2-1 

TO = (C23) 

o whenk+m=odd 

1 + 1 when k + m = odd 
(k+mi -4 (k-m)2-4 

o when k + m = even 
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1 1 
----:2::---- + 2 
(k+m) -4 (k-m)-4 

whenk+m= even 
3 3 

+ 2 + 2 
(k+m) -9 (k-m)-9 

(C2S) 

o when k + m = odd 

Again, it should be noted that these results can be utilized for integral equations with the 
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X2 
C.3. Numerical Evaluation of Integral of the type I F(x)J I (rx)J I (tx)J 0 (sx)dx 

Xo 

Evaluation of this integral is also approximated as 

X2 
IF(x)JI(rx)JI(tx)Jo(sx)dx = woF(xo) + wIF(x l ) + w 2F(x2 ) (C26) 

Xo 

and as before, the integration weights are approximated by assuming a quadratic variation 

in the interval of the integration between Xo and X2 as 

X2 

I JI(rx)JI(tx)Jo(sx)dx = Wo + WI + W2 = Ro (C27a) 
Xo 

X2 

IxJl(rx)JI(tx)Jo(sx)dx = WoXo + WI XI + W2 X2 = RI (C27b) 
Xo 

(C27c) 

Expressing Jt(rx), Jt(tx) and Jo(sx) in the form: 
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and referring to equation (CS), the tenns Ro, Rl, and R2 are expressed as 

_ K M N. 0 
Ro - ALL La k Orne n T 

k+rn+n=even 
(C29a) 

(C29b) 

(C29c) 

with, 

l+n I-n 
-------+--~----
Cl+n)2 -Ck+m)2 (l-n)2 -Ck+m)2 

when k + m + n = even 

l+n I-n 
Cl+n)2 -Ck-m)2 + (l-n)2 -Ck-m)2 

(C30a) 

o when k + m = odd 



2+n 2-n -------+ ----::-----:-
(2+ n)2 - (k + m)2 (2- n)2 - (k + m)2 

when k +m+n = odd 

2+n 2-n 
(2+n)2 -(k-m)2 + (2-n)2 -(k-m)2 

o when k +m = even 

3+n 3-n -------+-------(3+n)2 -(k+m)2 (l-n)2 -(k+m)2 

when k +m+n = even 

3+n 3-n 
T2 =.!. To +.!. (3+ n)2 - (k - m)2 + (3- n)2 - (k - m)2 

2 2 

o when k +m = odd 
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(C30b) 

(C30c) 

This solution is also valid for other combinations of bessel function in the integral 

equation. 
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C.4. Numerical Comparison 

To demonstrate the efficiency of the numerical integration procedure, an integral equation 

with a closed form solution is solved for each case given in the previous sections. The 

exact solutions to these integrals are compared with the numerical approximation in the 

following table. 

INTEGRAL EXACT 

co 

Je-xJ)(x)dx 0.292893 
o 

co 

fJ) (2x)J o(x)dx 0.5 
o 

co 

fJ )(2x)J ) (2x)J ) (x/2)dx 0.157906 
o 

APPROXIMATE 

0.292897 

0.499997 

0.157914 
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