
A hierarchical size-structured population model.

Item Type text; Dissertation-Reproduction (electronic)

Authors Blayneh, Kbenesh W.

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 20:54:31

Link to Item http://hdl.handle.net/10150/187505

http://hdl.handle.net/10150/187505


INFORMATION TO USERS 

This manuscript has been reproduced from the microfilm master. UMI 

films the text directly from the original or copy submitted. Thus, some 

thesis and dissertation copies are in typewriter face, while others may be 

from any type of computer printer. 

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistinct print, colored or poor quality 

illustrations and photographs, print bleed through, substandard margins, 

and improper alignment can adversely affect reproduction. 

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion. 

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and 

continuing from left to right in equal sections with small overlaps. Each 

original is also photographed in one exposure and is included in reduced 

form at the back of the book. 

Photographs included in the original manuscript have been reproduced 

xerographically in this copy. Higher quality 6" x 9" black and white 

photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly to 

order. 

UMI 
A Bell & Howell Information Company 

300 North Zeeb Road, Ann Arbor MI 48106-1346 USA 
313n61-4700 8001521-0600 





A HIERARCHICAL SIZE-STRUCTURED 

POPULATION MODEL 

by 

Kbenesh Blayneh 

A Dissertation Submitted to the Faculty of the 

GRADUATE INTERDISCIPLINARY PROGRAM 
IN APPLIED MATHEMATICS 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

199 6 



OMI Number: 9626546 

UMI Microfonn 9626546 
Copyright 1996, by UMI Company. All rights reserved. 

This microfonn edition is protected against unauthorized 
copying under Title 17, United States Code. 

UMI 
300 North Zeeb Road 
Ann Arbor, MI 48103 



THE UNIVERSITY OF ARIZONA ® 
GRADUATE COLLEGE 

2 

As members of the Final Examination Committee, we certify that we have 

read the dissertation prepared by __ ~K~b~e~n~e~s~h~W~.~B~l~a~y~n~e~h~ ______________ ___ 

entitled A Hierarchical Size-Structured Population Model 

and recommend that it be accepted as fulfilling the dissertation 

requirement for the Degree of __ ~D~o~c~t~o~r~o~f~P~h~i~l~o~s~o~p~h~y __________________ __ 

MOY~ 

lO-J. 3 ... 'is-
Date 

to - 2..~-7~
Date 

10-,2] - 9 J-
Date 

Date 

Date 

Final approval and acceptance of this dissertation is contingent upon 
the candidate's submission of the final copy of the dissertation to the 
Graduate College. 

I hereby certify that I have read this dissertation prepared under my 
direction and end that it be accepted as fulfilling the dissertation 
requirement. 

shing Date 



3 

STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of requirements 
for an advanced degree at The University of Arizona and is deposited in the Uni
versity Library to be made available to borrowers under rules of the library. 

Brief quotations from this dissertation are allowable without special per
mission, provided that accurate acknowledgment of source is made. Requests for 
permission for extended quotation from or reproduction of this manuscript in whole 
or in part may be granted by the head of the major department or the Dean of the 
Graduate College when in his or her judgment the proposed use of the material is 
in the interests of scholarship. In all other instances, however, permission must be 
obtained from the author. 

SIGNED: W B~,.a, 



4 

ACKNOWLEDGMENTS 
I am sincerely gratful to my advisor Professor J.M. Cushing for his advice and 

encouraging comments. I thank him for his patience and guidance and also for 
helping me to explore theory and application in population dynamics. Without 
his help, this dissertation would not have been completed. 

Thanks are also due to all my teachers in the applied math whose effort con
vinced me to appreciate the application of mathematics and persue with it. Es
pecial thanks are due to Dr. Moysey Brio, Dr. John Palmer and Dr. David 
Lomen. 

Finally I would like to express my gratitude to my family and friends. 



5 

DEDICATION 

This dissertation is dedicated to my son Bruk Tesfaye. 



TABLE OF CONTENTS 

LIST OF FIGURES . 

ABSTRACT ..... 

Chapter 1 Introduction 

Chapter 2 Model Analysis 
2.1 Formulation .., 
2.2 Existence and Uniqueness. 

Chapter 3 Global Existence and Asymptotic Dynamics 
3.1 Global Existence ... 
3.2 Asymptotic Dynamics 

Chapter 4 Application 1 . . . . . 
4.1 Introduction ..... . 
4.2 Contest and Scramble Competition . 
4.3 Competition for a Dynamic Resource 

Chapter 5 Application 2 . . . . . . . . . . . . 
5.1 Modeling Intraspecific Predation 
5.2 Example..... 

Chapter 6 Application 3 . 

Chapter 7 Concluding Remarks 

Appendix A . 

Appendix B . 

Appendix C . 

Appendix D . 

REFERENCES. 

6 

7 

8 

9 

19 
19 
26 

30 
30 
32 

34 
34 
37 
41 

50 
52 
63 

65 

67 

71 

84 

88 

95 

106 



7 

LIST OF FIGURES 

Figure 1 Regions Rl and R2 Separated by TJ 102 
Figure 2 The graph of I«z) . . . . . . . . . . 102 
Figure 3 Subcritical bifurcation . . . . . . . . . . . 103 
Figure 4 Supercritical bifurcation. . . . . . . . . . 103 
Figure 5 The graph of B(t) for r = 60 with (a) cannibalism and (b) no 
cannibalism .................................... 104 
Figure 6 The graph of B(t) for r = 1.0 with (a) cannibalism and (b) no 
cannibalism .................................... 104 
Figure 7 The graph of B(t) for n = 0.989 with (a) cannibalism and (b) 
no cannibalism .................................. 105 
Figure 8 A periodic solution for the predator prey model (4.10) - (4.11) 
when the prey has a logistic growth ................. . . . . . 105 



8 

ABSTRACT 

A model is considered for the dynamics of a size-structured population in which 

the birth, death and growth rates of an individual of size s are functions of the 

total population biomass of all individuals of size larger or smaller than s. The 

dynamics of the size distribution is governed by the McKendrick equations. An 

existence/uniqueness theorem for this equation is proved using an equivalent pair 

of partial and ordinary differential equations. The asymptotic dynamics of the 

density function is studied and some applications of the model to intraspecific 

predation and certain types of intraspecific competitions are given. 
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Chapter 1 Introduction 

1. Background 

One may ask why it is of interest to study mathematical biology, how adequate 

mathematics is in solving problems in theoretical biology, and why mathematical 

models grow more and more complex and diverse. We will briefly comment on 

these questions and related issues. In the process of doing so we will also make 

clear the goals of this dissertation. 

There are always limitations to the ability of mathematical methods to solve 

biological problems. However, mathematical models in biology have the capabili

ties of describing the exhibited relation between several biological factors in terms 

of variables and parameters in a short and compact form. Due to simplifying 

assumptions, results of mathematical analyses may not be in complete harmony 

with the biological reality. However, mathematical analyses of biological models 

use powerful techniques and predict what the outcome of several internal and ex

ternal factors on a given population could be in a short or a long period of time, 

and also they suggest what may happen and sometimes prove experimental results 

to be true for a general case. 

The development of mathematical biology could be taken as an outcome of the 

interaction between two primary groups. One of these groups consists of biologists 

who like to explore the contributions made by mathematicians to the field, and 

the other group consists of mathematicians who are interested in applying their 

talent to solve biological problems. From our point of view, it seems that there are 

sometimes mutual benefits from both groups. Mathematical analysis can help to 

explain the wide range of dynamical behavior observed in biological populations. 

It also relates the dynamics to the parameters that play a significant role in the 

life history of individuals. Such results provide helpful insights into the dynamics 
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of populations, such as the prediction of long term dynamics, oscillations, control 

of natural population, etc. 

Very simple mathematical models have been used as a first step towards 

understanding the long term dynamics of total population size. We briefly discuss 

some simple classical models and the simplifying assumptions that give rise to 

the major shortcomings. One of the simplest and most fundamental models of 

population dynamics is based on the Malthusian law 

P = aP, 

where a is a nonzero constant representing the per capita growth rate and P(t) 

is the total population at time t. The per capita growth rate a is assumed to be 

a constant, independent of all factors that are (well known) to have a significant 

influence on population growth. For example, density dependent intraspecific com

petition can cause a to depend on P and hence implicitly on time t. Although some 

organisms, like bacteria, exhibit this type of exponential growth over a short period 

of time, the conclusion that for initial population P(O) > 0, the total population 

increases exponentially without bound (a > 0) or dies out (a < 0) as t ~ +00 
does not agree with the possibility of the asymptotic stability or self-regulation of 

population size. In order to attain a more realistic model Verhulst (1945) used the 

differential equation 

P = (8 -wP)P, (1.1) 

where 8 and ware positive constants. This model equation assumes the density de

pendence of the per capita growth rate. This equation, which is commonly known 

as the logistic equation, implies that the population equilibrates monotonically to 

a positive critical point Po = t. Many scientists have used this simple equation 

to model, study and explain the effect of some factors, such as, harvesting and 

increased density on natural population. Lotka [24] gave examples for which the 
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solution of the logistic equation seemingly fits the growth curve of several popu

lations quite well, like fruit fries and human beings. The solution of the logistic 

equation also nearly fits the individual growth of some organisms such as sunflow

ers and rats. However, the logistic equation also has several short comings as is 

pointed out by Lomnicki [25]. 

Density-dependent interaction is one of the most essential assumptions made 

in mathematical models of population biology that addresses the question of self

regulation and stability of population. Malthusian law, for example lacks this 

assumption and as a result, it implies that the population either blows up or dies 

out for any positive initial value. 

Models such as logistic are formulated on the assumption that the per capita 

growth rate is dependent on the total population size. These models do not take 

individual differences into consideration and are found not to account for mecha

nisms causing interactions between individuals, such as, intraspecific competition 

and predation. As Cushing [10] puts it, they are not based on a quantitative de

scription of an individual's reaction to the presence of others. Hence it is not possi

ble, using these models, to predict the dynamics of the entire population from the 

interaction among its members. Both of the above models assume that the growth, 

birth and death rates of all members of the population are identical regardless of 

variations in age, size, weight and some other possible structure variables. More 

realistic model (discrete or continuous) would take individual differences among 

members of a given population into account. 

In biological populations, the state of each individual member can be character

ized by a "structure" variable such as age, size, weight or sex. Such characteristics 

are important factors in distinguishing among individuals and in determining how 

they contribute to the dynamics of the total population (by dying, growing and 

producing offsprings). In the following sections, we will briefly discuss a few math-
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ematical models which use some of the structure variables that are mentioned 

above. 

2. Age-Structured Models 

Age was the first structure variable proposed by McKendrick (1915), Lotka 

(1925) and Von Foerster (1959) to model the dynamics of biological populations 

mathematically. This linear age structured model, which is often referred to as the 

McKendrick/Von Foerster equation, has the form 

Btn(t, a) + Ban(t, a) = -d(a)n(t, a), 

where n(t,a) is the density of individuals in the age interval (a,a + da) at time 

t and d( a) is the per capita death rate. The birth process is described by the 

equation 

n(t,O) = faoo b(a)n(t, a)da. 

This model has been highly used in the study of population biology. It has been 

modified by many authors to include other physiological characteristics of individ

uals such as size, weight and many other structuring variables (see [2], [34], [17], 

[18], [26], [40]). 

Birth, growth and death rates of an individual can be·influenced by its chrono

logical age, body size or weight in many different ways as we mentioned it earlier. 

These vital rates can also be influenced by the total population size 

pet) = Jooo net, a)da. 

Gurtin and MacCamy (1974) used the McKendrick/Von Foerster equation tak

ing the birth and the death rates to be functions of the total population size pet) 

This has the effect of introducing nonlinearity. Some related works have been done 

by Marcati [26], who takes the death rate to be a linear function of the total pop

ulation size, and Chan and Guo [7] and Webb [38] who assume the death rate to 

be a nonlinear function of the total population size. 
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Recently a completely different nonlinear density dependent birth and death 

rates has been used by Cushing [12] that generalizes Gurtin and MacCamy's non

linear age-dependent model. 

3. Age-Size Structured Models 

Although chronological age is a commonly used structure variable in many 

deterministic models (discrete or continuous), there are still many cases in which 

models using age alone as a structure variable are not sufficient to address some bi

ological problems. For example, in cell population fertility (cell division) depends, 

at least, in part on cell size Bell and Anderson [2]. Similarly in insect popula

tion size and age are used simultaneously by Gurney and Nisbet [30], Werner and 

Gilliam [40]. The importance of size-age structured models is significant if there 

is a remarkable size variation within age. 

The McKendrick/Von Foerster equation can be generalized to include structur

ing variables other than age. Some authors use this model to describe the dynamics 

of population with a density function p(t, a, s) that satisfies the balance equation 

where g, 8 are the growth and death rates respectively, together with some side 

conditions. The referred works of Sinko & Streifer [32], Bell et.al.[2] and Metz & 

Dickman [28] also use size and age as structure variables. 

4. Size-Structured Models 

As size is one of the structuring variables that is to a certain degree 

correlated with age, some of the age structured continuous models have been 

adapted to be used to solve size related problems. Unlike age-structured mod

els that include only two vital rates, a size-structured model includes three vital 

rates; size-specific growth, birth and death rates. Fecundity and mortality in many 

species are directly connected with size and indirectly with age. 

In fact growth rates in most invertebrates and lower vertebrates are size specific 
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Werner & Gilliam [40] . It is pointed out by Nisbet and Gurney [30] and Bedding

ton, et.al. [1], for most insect species it is not chronological age but weight gain 

that causes the development through various stages and that there is a doubling 

of weight during an instar. 

Also, the population dynamics of some species is better predicted using size 

instead of age. For example in many plant and sedimentary animals whose age is 

difficult to determine, but at the same time have considerable difference in their 

size, it is more successful to use size-structured models than age Lomnicki [25]. 

For more information regarding the significance of size in the dynamics of some 

populations (see Werner [39], Bacon [3], Hughes [22], Fox [16] and Ebenmann and 

Person [15]). 

Intraspecific predation (cannibalism) is another biological phenomenon that 

can well be described using size as a structuring variable (see [11], [16], [31], [40] 

[4] and [25]). We will see the details of this in Chapter 5. 

Thus, to understand the complex life history in a more mechanical analysis, size 

is often the appropriate structuring variable. As mentioned in part 3 of this intro

duction, the McKendrick/Von Foerster type of equations are among the different 

mathematical models used to study the dynamics of size structured populations 

(Cushing [11], Werner & Gilliam [40], and Carlos [5]). Cushing [11] studied the 

dynamics of a cannibalistic population assuming density dependent birth, growth 

and death rates. In [5], it is assumed that the death and birth modulus are de

pendent on the total population size, and the growth modulus are assumed to be 

independent of the total population size. 

Despite the complexity of the resulting mathematical model, growth rate is ex

pected to be density dependent in many species [40]. 

Structured population models result from the assumption that the vital rates, 

namely, birth, growth and death rates of an individual, are influenced by its chrono-
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logical age, body size or weight or any other variable that can help identify an 

individual in many different ways. We also point out that an individual's position 

in a social group based on a structuring variable that differentiates members of a 

given population, can have an effect on its access to resource and hence on its vital 

rates. In the following section we will see how the position of an individual in the 

social group plays a role in influencing the dynamics of the total population. 

5. Hierarchy 

In this section we discuss what is meant by the phrase "hierarchical structur-
• 

ing" in biological context based on what we learned from Lomnicki's book [25]. 

Hierarchical structuring in biological population is the ranking of individuals one 

above the other according to their body size, age, weight or any other possible 

.structuring variable that can affect their vital rates and hence possibly effect the 

dynamics of the population. Without being specific about the structuring vari

able, Lominicki described the significance of social hierarchy on some activities of 

members of a biological population. The rank of an individual in a social hierarchy 

influences its access to some factors such as food resource, mates, shelter, nesting, 

etc., in the mean time causing some influence on the individual's vital rates. Hence, 

the dynamics of the population is affected by the existence of a social hierarchy. 

The idea is that social hierarchy has some influence on ecological stability. 

Some mathematical models that use the idea of ranking individuals have been 

used by Lominicki, Gurney and Nisbet [17], Cushing [10], [12]. While examining a 

predator-prey interaction, Gurney and Nisbet suggest that if the reward of social 

dominance is not too extreme, a predator with social hierarchy has a stabilizing 

influence on its prey by keeping it below its carrying capacity. This implies the 

conclusion that a hierarchically organized predator could be a good means for 

biological control, compared to a simple predator, and that social hierarchy could 

result in ecological stability. 
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In a single population an individual's activity may be affected by not only 

its one-on-one interaction with other members of the population, but also by its 

interaction with the class of individuals larger and/or smaller in size, weight or 

age than itself. This idea has been used to model and study the dynamics of a 

variety of population types. In age structured population models the classification 

of members into age groups such as adult and juvenile [10], young and old [12] has 

been used to study phenomena such as intraspecific competition and intraspecific 

predation. Size structured models of intraspecific predation were studied in [11]. 

In a general hierarchical model, the total number of individuals of size(age) 

larger and/or smaller than the size(age) of the individual has influence on its vital 

rates and hence on the dynamics of the population [10], [12] and [25]. 

Cushing [12] uses a McKendrick-type of age-structured model in which the vital 

rates of an individual of age a are functions of the total number of individuals of age 

greater and/or less than a thereby introducing a mathematical model to describe 

the dynamics of a hierarchical age-structured population model. With this, he 

studied the outcomes of intraspecific competition and predation on the asymptotic 

dynamics of the density function and the total population biomass. 

From what we have seen in the first four parts of this introduction, the impor

tance of size in determining the fate of individuals in some species, makes it very 

important and interesting to study biological problems from a size structured point 

of view. We will be concerned, in particular, with the dynamics of populations in 

which an individual's birth, growth and death rates are affected by its position in 

the ranking based on size, i.e, with the dynamics of a hierarchical size-structured 

populations. In such models, the effects on the vital rates of an individual are ex

pressed by the 1imitations/advantages of the individual's access to food resource, 

mates, shelters, etc. as a result of its position (rank) in the size hierarchy. Such 

a model, in which the resource uptake rate of an individual of size s, is assumed 
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to depend on the number of individuals of size bigger and/or smaller than 8 was 

studied by cushing [12]. Our objectives in this dissertation are motivated by this 

paper. 

We will focus on a population model in which the birth, growth and death rates 

are functions of hierarchical variables based on body size (biomass). Our goal is 

to derive a hierarchical model for the distribution function of a size structured 

population of a single species; to prove the existence and uniqueness of a solution 

to our model equation; to derive a more tractable dynamical equation for the total 

population biomass; and also to study some applications. 

In Chapter 2 we derive the model equations after building submodels for the 

birth, death and growth rates of an individual of size (biomass) 8 as functions of 

the variables describing the hierarchy based on size. Here we also impose tech

nical assumptions on some of the functions in our model and give definitions. 

Our model is based on the Mckendrick type of integro-differential equations. In 

Section 2.2 we state the first theorem, Theorem 2.2.1 which deals with the local 

existence/uniqueness of solution to a pair of differential equations (partial and or

dinary). Then, in Theorem 2.2.2 we state the equivalence of this pair of equations 

to our model equations under certain additional assumptions. This theorem es

tablishes the reduction of the complex integro-partial differential equation in the 

distributi<:>n function to an initial valued scalar ordinary differential equation in 

the total population biomass. This is one of the most important theoretical ac

complishments of our work. The relatively tractable scalar ordinary differential 

equation opens the way to study more applications of the model equation to many 

interesting biological applications. 

Chapter 3 contains the existence and uniqueness of a global solution of our 

model equation, and also the asymptotic dynamics of the density function. In 

Chapters 4,5 and 6 we study some applications of the model. This includes appli-
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cation to intraspecific competition and intraspecific predation. As a last applica

tion, using the techniques applied to prove Theorem 2.2.1 and Theorem 2.2.2, the 

existence/uniqueness of a model used in [11] is proved. Concluding remarks and 

some open problems related to our model are given in Chapter 7. 
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Chapter 2 Model Analysis 

2.1 Formulation 

We consider a population described by a density distribution p(t, s), where 

s is "size" (e.g. body biomass or volume). Thus, J:
1
2 p( t, s )ds is the number of indi

viduals in the size range S1 to S2 at time t and J:
1
2 sp(t, s)ds is the total population 

biomass of all individuals of size between S1 and S2 (S1 ::; S2)' 

The dynamics of the density function p is given by the equations [28] 

Btp(t,s)+Bs{g(t,s)p(t,s)} - -d(t,s)p(t,s), S>Sb (2.1) 

g(t,s)p(t,S)IS=Sb - 100 

b(t,s)p(t,s)ds, t>O (2.2) 
Sb 

p(O,s) - ¢(s), s ~ Sb, (2.3) 

where g(t,s), b(t,s) and d(t,s) are the growth, birth and death rates respectively. 

We will be concerned with the analysis of the dynamics and the application of a 

hierarchical size-structured population. Cushing [11] used equations (2.1) - (2.3) 

together with the idea of relating death, birth and growth rates of an individual 

of a given size s to the total population biomass of all individuals of size larger 

and/or smaller than s, in his analysis of the dynamics of a population practicing 

intraspecific predation. Following his idea we assume that any type of interaction 

made between an individual and the rest of the members of the population is 

influenced by its position in a size hierarchy within the population. That is to say, 

for an individual of size s the ability to secure resources, resist pressure from other 

memebers, compete for some needs like nesting, mates, etc. could be influenced by 

the total population biomass of all individuals of size smaller and/or larger than s. 

We will denote the total population biomass of all individuals of size greater than 

and less than s by S (t, s) and L (t, s) respectively. 



These quantities are given by [11] 

S - S(t,s) ..:.ls 
up(t,u)du 

L - L(t,s) ..:.100 

up(t,u)du. 
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(2.4) 

(2.5) 

Here we assume, without loss of generality, that the smallest individual in the 

population is of size Sb = 1. According to the above theory which relates vital 

rates of an individual to its rank in the size hierarchy, it makes sense to conclude 

that the population biomasses S = S(t,s) and L = L(t,s) have direct or indirect 

effect on the birth, death and growth rates of an individual of size s. 

Based on these assumptions, we give general formulations of the birth, death 

and growth rates which we denote by b, d and 9 respectively 

b = Y(t,S(t,s),L(s,t))s 

9 = X(t,S(t,s),L(t,s))s 

d = d(t,S(t,s),L(t,s)), 

where X(t,S(t,s),L(t,s)) is energy consumed per unit biomass and converted to 

growth. Y(t,S(t,s),L(t,s)) is energy consumed per unit biomass and allocated 

for birth ( for example if E(t, S, L) is the energy consumed per unit biomass and 

if"'( is growth due to a unit of energy consumed, then X(t, S, L) = "'(E(t, S, L) 

is the amount of energy consumed by a unit biomass and allocated to growth 

and 9 = sX(t, S, L) is the growth rate of an individual of size s). To simplify 

notation we will drop the arguments t and s. We write the equations governing 

the hierarchical size-structured population as follows. 

8tp(t,s) + 8s(sX(t,S,L)p(t,s)) - -d(t,S,L)p(t,s) s> I,t > 0 (2.6) 

sX(t, S, L)p(t,s) /S=1 - 100 

sY(t,S,L)p(t,s)ds, t> 0 (2.7) 

p(O,s) - <p(s), s ~ 1 (2.8) 
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Equations (2.6) - (2.8) will be referred to as Problem 1. Our first goal is 

to prove the existence and uniqueness of a solution of Problem 1 on an interval 

I = [0, T). This will he done by considering an associated problem given by the 

following equations. 

8t S + sX(t, S, B - S)8sS - G(t, S, B - S), s > 1 

S(t,s) = So(s) - is urjJ(u)du, (t,s) E r l 

S(t,s) - 0, (t,s) Ef2 • 

(2.9) 

(2.10) 

(2.11) 

Here fl = {(t,s) : t = D,s > I} and f2 = {(t,s) : t ~ D,s = I}. Parametrize 

f1 by t = 0, s = u > 1 and f2 by t = z ~ 0, s = 1, where B is the solution of the 

the ordinary differential equation 

B' - f(t,B) (2.12) 

together with the initial condition 

B(O) = 100 

srjJ(s)ds. (2.13) 

We refer to equations (2.9) - (2.13) as Problem 2. 

We will later show that for a certain choices of G and f, Problem 1 and Problem 

2 are equivalent. Let n = (-00,00), n+ = [0,00), nt = n+ x n+ x n+. For 

any two sets A and W, we use the standard notations CO(A, W), C1(A, W) and 

C2(A, W) to represent the set of all functions f : A -+ W that are continuous and 

have continuous first and second derivatives respectively. 

Definition 2.1.1 A solution of Problem 1 on an interval [0, T), ° < T < +00 is 

a function p for which 3 an increasing and C1 curve , through the point (t, s) = 

(0,1) that divides the region [O,T) x [1,00) into two subregions Al = {(t,s) : 

t > D,s> ,} and A2 = {(t,s): t > 0,1 < s < ,} such that p solves equations 

(2.6)-(2.8) V(t, s) E A1uA2, with P E C1(AI' n+)nC1(A2' n+)~ p E COOt;, n+)n 

CO(A2' n+). 
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In what follows we define what we mean by a solution of Problem 2 

Definition 2.1.2 A solution of Problem 2 on an interval [0, T), ° < T < 00, is 

a pair of functions Sand B for which there exists an increasing and Cl curve , 

through the point (t,s) = (0,1) that divides the region [O,T) x [1,(0) into two sub 

regions 1)1 = {(t, s) : t > 0, s > (} and 1)2 = ((t,8) : t > 0,1 < s < (} such that S 

satisfies equations (2.9) - (2.11) for all (t,s) E 1)1 U1)2 with 

S E Cl(1)b n+) n Cl(1)2, n+) n CO(1)1 U 1)2)and S E C2(1)b n+) n C2(1)2, n+) 

and B solves (2.12) - (2.13) on [0, T). 

A solution to Problem 1 or Problem 2 on [0, T] is defined similarly. Next we make 

some technical assumptions about Problem 1 and Problem 2. 

(pI) : G E CO(nt, n), X, d, Y E CO(nt, n+), and there exists a positive number 

do such that do < d(t,x,y) and 0 < X(t,x,y) V(t,x,y) E nt. 

(p2) : The partial derivatives of X, G, Y, and d with respect to their arguments 

exist and are continuous on nt with 

8x X(., x, y) - 8y X(., x, y) ~ 0, V(t, x, y) E nt. 

(p3) : (a) f E CO(n~, n) and the partial derivatives with respect to its arguments 

are continuous on n~. 

: (b) ifJ E CO(n+, n+), sifJ E Ll(n+, n+). 

Clearly from what is assumed in p3 about f and from the theory of ordinary 

differential equations, (2.12) has a unique solution satisfying the initial condition 

(2.13) with a maximal interval of existence [0, T)j T > 0. Henceforth, we shall re

fer to this interval as I. There are many theories about the existence and uniquness 

of local or global solutions to initial value ordinary differential equations of the type 

x = f(t, x), x E nn. In Lemma 2.1.1 we state one such theorem as given in [19]. 

In the following two lemmas which are proved in Appendix A, 1.1 is the sup 

norm. 
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Lemma 2.1.1 Suppose w(t, u) is a nonnegative and continuous function on an 

open connected set n c n 2 with (a, uo) E n and such that the initial value problem 

u = w(t,u), u(a) = Uo > 0 (2.14) 

has a unique solution u(t) > 0 on [a, b). If h : [a, b) x nn --+ nn is continuous and 

Ih(t,x)l::; w(t, Ix!), a <t < b,x E nn, (2.15) 

then the solution x(t), of 

:i; = h(t,x), Ix(a)l::; u(a) (2.16) 

exists on [a, b) and Ix(t)1 ::; u(t), t E [a, b) 

Lemma 2.1.2 Assume that G satisfies the conditions in pl and p2. Let B(t) 

be the unique solution of 2.12 on [a, b), a < b with initial condition B(a) > O. 

Suppose there is a scalar and nonnegative function go(t, u) continuous on [a, b) 

with IG(t, xl, x2)1 ::; go(t, Ix!), (t, Xl, X2) E [a, b) x n 2 and such that for any positive 

number k, the initial value problem u = go(t, u) + Mk, u(a) > 0 has a unique 

solution u(t) on [a, b - i), where Mk is an upper bound of f(t, B) on [a, b - i]. 
Then the initial value problem 

:i; = G(t, x, B - x), I(x(a), B(a) - x(a))1 < u(a) (2.17) 

has a unique solution on [a, b) . 

Notice that for the arbitrary function G(t, S, B - S) in (2.9), we can use the 

sufficient conditions in Lemma 2.1.2 to extend the solution of:i; = G(t,x,B - x), 

with initial value x(a) to a maximal interval of existence of B(t). However, this 

sufficient condition can be replaced by any other assumption when we consider a 

particular type of G as we will see later on in Chapter 3. 
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Lemma 2.1.3 Suppose that the initial density function ¢ given by (2.8) satisfies 

p3 (b) and that G satisfies the assumption in p1 and p2, then the solution S of 

the initial value problem 

~; = G(r,S,B - S), S(O, 0") = So(O") ...:...lCT s¢(s)ds (2.18) 

is increasing in 0" 

A proof about the existence/uniqueness theorems for a model that generalizes 

the Von Foerster-McKendrick equations for population balance law to include n 

structuring variables, was given by Tucker & Zimmerman [34]. We have several 

reasons for not applying their proofs to our model, some of which are the following. 

We do not want to require the vital rates in our model to satisfy the conditions 

given in [34], because it makes our model restrictive that can't be applied to several 

physical problems we have in mind. Particularly, in [34], the birth, death rates 

and the rate of change of growth with respect to a structure variable are required 

to satisfy global Lipschitz conditions, and also the death rate is assumed to be 

bounded. 

We will define two subregions Rl and R2 of 

{( t, s) : t > 0, s > 1} and restrict the analyses in the coming sections to one region 

or the other. Suppose that G satisfies the condition stated in 

Lemma 2.1.2. By the smoothness assumptions made on the functions X and Gin 

p2, the characteristic differential equations for equation (2.9) 

dt 
dw 
ds 
dw 
dS 
dw 

-

-

-

1 

sX(w,S,B-S) 

G(w,S,B - S) 

(2.19) 

(2.20) 

(2.21) 

with initial conditions t(O) = 0, s(O) = 1 and S(1) = 0 has a unique solution 

(t,s(t),S(t,s)) on [O,T). This is clear from the following discussion. First of all, 
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from (2.19) and the corresponding initial condition we get t = w. 

By Lemma 2.1.2, we conclude that (2.21) has a unique solution S(t) that is defined 

for all t, 0 < t < T. Clearly the second equation can be solved for s using the 

initial condition above to get s(t) = exp J~ X(u, S, B - S)du which is also defined 

for all 0 < t < T. Since X(t, S, B - S) is nonnegative, s(t) is increasing in t over 

the interval I = [0, T) and it divides the positive part of the ts-plane for 0 :5 t < T 

and s > 1 into two subregions (Fig. 1). We will denote this curve by 'l/ and refer 

to it as the" main characteristic" for (2.9) (in fact it is the main characteristic 

for (2.6) as well). Also, we will refer to the two subregions separated by 'l/ as Rl 

and R2 , where 

Rl - {(t,s):O:5t<T,s>'l/} 

R2 - {(t,s):O:5t<T,l<s<'l/}' 

(2.22) 

(2.23) 

Since we did not assume compatibilty condition to be satisfied by the initial 

function ¢, p(t, s) could have a discontinuity at (0,1) which propagates along the 

main characteirstic 'l/ through (0,1). There is no discontinuity at the point of 

intersection of r 1 and r 2 • So, the solution S(t, s) of equations (2.9) - (2.11) is 

continuous. 
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2.2 Existence and Uniqueness 

In this section we give the precise formulation of the local existence and unique

ness theorem and also state a theorem to conclude that the existence and unique

ness of solution of Problem 1 or Problem 2 implies that of the other. The proof of 

the following theorem appears in Appendix A. 

Theorem 2.2.1 Assume that p1, p2 and p3 hold. Let I = [0, T), ° < T < 00 be 

the maximal interval of existence for the solution B(t) of the ordinary differential 

equation (2.12) with initial condition (2.13). Suppose that go( t, u) is a function 

described in Lemma 2.1.2 with G(t, XI! X2) < go(t, Ix!), (t, Xl, X2) E [0, T) x R~ 

then, Problem 2 has a unique pair of solutions S( t, s), B( t) on [0, T). 

Next, we will state a theorem about the equivalence of Problem 1 and 

Problem 2. We want the initial population density <p to satisfy the following 

requirements in addition to what is given in p3(b). 

(p4) : <p satisfies one or both of the following 

(i) limx _ oo X2<p(X) = ° 
(ii) <p has a compact support in [1,(0). 

In the proof of our main Theorem 2.2.2 below, we will show amongest other 

things, the existence of a unique solution to Problem 2 assuming that Problem 1 

has one and vice versa. In order to do this and prove the equivalence of Problem 

1 and Problem 2, we require that f(t, B) and G(t, S, B - S) be defined as follows 

and 

f(t, B) ..:. foB {Y(t, z, B - z) + X(t, z, B - z) - d(t, z, B - z)}dz 

G(t, S, B - S) = loS {X(t, z, B - z) - d(t, z, B - z)}dz 

+ foB Y(t, z, B - z)dz 

(2.24) 

(2.25) 
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The following lemmas are proved in Appendix A. 

Lemma 2.2.1 Suppose that the initial population density function 4> satisfies 

p3(b) and p4, and that d and X satisfy p2. If p(t,s) is a solution of Problem 1, 

then lims_ooS2p(t,S) = 0. 

Lemma 2.2.2 Assume that pl, p2 and p3 hold. Suppose that f and G are defined 

by (2.24) and (2.25) respectively. If the pair S(t, s), B(t) is a solution of Problem 

2 on an interval [0, T), T > ° for 1 < s < TJ and s ~ TJ, then 

(a) ° < S(t, s) ::; B(t), "Is > 1, t E [0, T) and 

(b) S(t, s) --)0 B(t) as s --)0 00 for all t E [0, T). 

The following lemma is given in [12] with its proof. Although, here we take h 

to be a function of (t,x,y), the proof given in [12] for h(x,y) still works. 

Lemma 2.2.3 Suppose that h(t, x, y) E CO(Rt, R) is continuously differentiable 

in x ~ ° and y ~ 0, then 

100 

h(t,S(t,s),L(t,s))sp(t,s)ds= foB h(t,z,B-z)dz 

= foB h(t,B - z,z)dz 

with 8sS(t,s) = sp(t,s) and L(t,s) = B(t) - S(t,s). 

(2.26) 

Theorem 2.2.2 Suppose that f and G are given by (2.24) and (2.25) respectively. 

If the pair (S(t, s), B(t)) is a solution of Problem 2 on an interval 

[0, T), ° < T < 00, then the function p( t, s) defined by 

p(t, s) ..:. ~8sS(t, s) fort E [0, T), s ~ TJ and 1 < s < TJ solves Problem 1 on [0, T). 

Convesely, if p4 holds and if p is a solution of Problem 1 on an interval [0, T), 

° < T :5 +00, then Problem 2 has a solution pair (S, B), with S ..:. It ap(t, a)da 

and B ..:. It' a p( t, a )da defined on [0, T). 
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Remark 2.2.1 Notice that, for any two functions f and G satisfying the condi

tions stated in Theorem 2.2.1, there is a unique pair of solutions (8, B) of Problem 

2 on [0, T). By Theorem 2.2.2, if f and G are the particular functions defined by 

(2.24) and (2.25) respectively, this implies that Problem 1 has a unique solution p 

such that 

sp(t,s)=Os8(t,s), tE[O,T), s2::7], 1<8<7]. (2.27) 

The above two theorems guarantee the existence of unique solutions to 

Problem 1 and Problem 2 on the maximal interval of existence of B(t), which is 

the solution of (2.12) - (2.13). So if B(t) is defined globally, then so will p be 

globally defined. In the next chapter, we will state some condition on f that will 

guarantee the existence of a globally defined solution B(t). 

Remark 2.2.2 We like to remark that Theorem 2.2.2 implies the existence of a 

unique solution of Problem 1 on [0, T) for Al and A2 in Definition 1 given by 

RI and R2 provided that Problem 2 has a unique solution on the same region. 

However, the existence of a unique solution to Problem 2 was proved in Theorem 

2.2.1 assuming that the function G satisfies the condition in Lemma 2.1.2. For f 

and G given by (2.24) and (2.25) respectively, Lemma 2.2.2 (a) implies that the 

solutions 8(t,8) of (2.9) - (2.11) exists on [O,T) which is the interval of existence 

of B(t). Also, the fact that 8(t, 8) -+ B(t) for all t 2:: ° in Lemma 2.2.2 is used to 

prove Lemma 2.2.3 (see [11]). 

Concluding Remark 

Besides proving sufficient conditions for the existence and uniqueness of solu

tions of Problem 1, Theorem 2.2.2 provides a way to study the asymptotic dynamics 

of the model equations (2.6) - (2.8). It does this by showing that the dynamics 

of the total population biomass B(t) are governed by a scalar ordinary differential 



29 

equation (2.12). This is a significant step in view of the complexity of the integro

partial differential equations that appear in (2.6) - (2.8). It is by this means that 

we will analyze the applications in Chapters 4 - 6. 



Chapter 3 Global Existence and Asymptotic 
Dynamics 

3.1 Global Existence 

30 

In Chapter 2 we learned from Theorem 2.2.1 that the unique solution of equa

tions (2.9) - (2.11) exists on the maximal interval of existence [0, T) of B(t) which 

is the solution of (2.12) under the initial condition (2.13). Among the sufficient 

conditions used to obtain this result was the one stated in Lemma 2.1.2 about G, 

the right hand side of (2.9). In any case as long as B(t) exists locally what we 

conclude from Theorem 2.2.2 is that p(t, s) exists locally too. However, it is of 

biological interest to obtain a solution that is defined for all t > 0. 

In fact it is clear that death rate plays a major role in preventing a given 

population from exploding in a finite time, and hence causing population stability; 

One factor that could lead to a globally defined unique solution B(t) of (2.12) -

(2.13) is that for a large value of B, the average death rate over [0, B] dominates 

the average biomass obtained through birth and growth over [0, B]. This could 

be a consequence of some biologically meaningful assumptions such as a bounded 

resource uptake rate. Under certain conditions on the functions X, Y and d, we 

will prove the existence of a unique globally defined solution to Problem 2 and 

hence to Problem 1. The following hypothesis incorporates what we discussed 

above about the vital rates. 

(v) : limx-+oo ~f(t,x) < 00 

Throughout this section we will consider the particular functions f and G defined 

by (2.24) and (2.25) respectively. This assumption states, roughly speaking, that as 

the total population biomass becomes very large, the average population biomass 

gained through growth and birth is smaller than the average population biomass 
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lost through death. The following theorem states one condition under which the 

solution to (2.12) exists for all t ;::: 0 and 1 < s < 7Jj 7J < s. Recall that 7J is the 

main characteristic of (2.9). 

Theorem 3.1.1 Suppose that p1, p2 and p3 hold and that f satisfies 11. Then 

Problem 2 has a unique pair of solutions (S(t,s),B(t)) for all t > 0 and 

1 < s < 7Jj s > 7J. 

This theorem is proved in Appendix B the following corollary which is also 

proved in Appendix B leads to the conclusion that Problem 1 has a unique global 

solution. 

Corollary 3.1.1 Suppose that p1, p2, p3 and p4 hold and that f satisfies 11, then 

Problem 1 has a unique solution p( t, s ), defined for all t > 0 and 1 < s < 7J, s > 7J. 
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3.2 Asymptotic Dynamics 

The purpose of this section is to study the asymptotic dynamics of the density 

function p(t, s) assuming that the vital rates are explicitly independent of time. 

Unlike the study made by Cushing [12] about hierarchical age structured mod

els, our approach needs a simplifying assumption about the size specific growth 

rate. Gurtin and MacCamy [18] used linearization techniques to study the local 

stability of the density function for a nonlinear age structured model. Castillo

Chavez [5] applied the same method to get a result about local stability for a 

size-structured population. However, the nonlinearity due to the growth function 

makes the methods used in [18] and [5] difficult to apply to our model. We will 

study the global dynamics of the density function p( t, s) by considering a particular 

type of growth function. We begin with a theorem about the asymptotic dynamics 

of the solution of (2.12), when the birth, growth and death rates are explicitly 

independent of time. The proof of the theorem appears in Appendix B. 

Theorem 3.2.1 Suppose that the birth, death and growth rates are explicitly in

dependent of time and satisfy hypotheses pl and p2. Depending on the intitial 

condition B(O) = It wp(u)du, the solution B of the scalar differential equation 

(2.12) either grows monotonically without bound or monotonically equilibrates to a 

root Boo of f(B) = 0 as t -t 00. 

If B(t) equilibrates to a root Boo, what happens to the distribution p(t,s) as 

t -t 00 ? We will address this question under the further simplifying assumption 

that g = ,s, and the birth and death rates are explicitly independent of time, i.e., 

b = sY(S, B - S) and d = d(S, B - S). The dynamics of the total population 

biomass B(t) is governed by the autonomous ODE equation, (2.12), namely 

B' = f(B), 
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where from equation (2.24) 

Let 

f(B) = foBY(u,B-U)du+ foB(/-d(u,B-U))du. (3.1) 

A(B) - foBY(u,B-u)du 

V(B) - foB (f - d(u,B - u))du. 

The following theorem is proved in Appendix B. 

(3.2) 

(3.3) 

Theorem 3.2.2 Suppose that the growth rate is g = IS, the birth and death rates 

are explicitly independent of time and satisfy p1 and p2. If the total population 

biomass B(t) equilibrates to Boo as t -+ 00, then S(t,s) -+ yoo(s) and p(t,s) -+ 

poo (s) uniformly as t -+ 00 for s restricted to a compact subinterval of [1,00) where, 

A(B ) l!!.! 
Poo(s) = IS

oo 
exp ( - fo" d(yoo(w), Boo - yoo(w))dw) (3·4) 

and Yoo (s) is the solution of 

I [Boo 
Y = J

y 
{d(u, Boo - u) - I }du, y(l) = O. (3.5) 
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Chapter 4 Application 1 

4.1 Introduction 

Scramble Verses Contest Competition: One of the questions in theo-

retical population biology concerns the effect of the various forms of intra-specific 

competition on population stability. Although several authors have investigated 

intraspecific competition in age and size structured population, less attention has 

been given to intraspecific competition within a single species than to interspecific 

competition between species. 

It has been documented that there is a positive correlation between food size 

and body size of individuals in some species, like fish, lizards, waterbugs, snails 

to name some [40]. However, generally an increase in the density of a population 

enhances competition among individuals of the population for a limited resource 

pool. Individuals might compete for several resources such as food, space, shelter 

and mates. 

In this chapter we will be concerned with two types of intraspecific competi

tion: scramble and contest. These two types of competition seem to have been first 

proposed by Nicholson in [25]. Lomnicki [25] defined contest competition, using a 

general rank, as a situation in which large individuals limit the resource intake of 

smaller ones, but in which smaller individuals can not limit that of larger individu

als. In the case of scramble competition, however, every member of the population 

can have an effect on the resource intake rate of the rest of the members in the 

population. The competition for light between larger and smaller trees is a good 

example of contest competition and shows the significance of size in the resource 

securing process. Another example of contest competition is that experienced by 

parasites of different stages in infecting their hosts. Scramble competition is char

acterized by equal partitioning of resource among members of the population. It 
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is important to note that in this process of resource partitioning individuals of less 

fertility have a share, and as a result, the total population growth rate may be 

decreased. 

It has been mentioned in Chapter 1 that social hierarchy is one of the mecha

nisms that prevent the equal partition of resources among members of a population. 

Hence, an individual's position in a population hierarchy could have a significant 

influence on its ability to secure resources. Particularly, in contest competition, 

when the rank of an individual in the hierarchy is lowered, then its resource intake 

will decrease and this in turn could affect the vital rates of the individual. 

It is clear that the two types of competition we described above have influence 

on the dynamics of the total population size through their effects on an individual's 

vital rates of birth, growth and death. The size of an individual has a direct 

or indirect effect on its interaction with its environment [3, 15, 16, 40]. As an 

example of the importance of body size on the position of an individual in a 

size hierarchy, we can take the case of trees and the effect of their position in 

the size hierarchy to compete for light. Hence, a structured population model 

can be an effective mechanism to address problems about the dynamical effect 

of intra-specific competition on the population. In particular, models that use a 

hierarchical size ranking of individuals could be effective in studying intraspecific 

interactions (such as competition and predation within the population). 

Using the hierarchical model for a size-structured population in Chapter 2, we 

will study and compare the relative effects of contest and scramble competition. 

A similar study using an age-structured hierarchical model can be found in [12]. 

When we model the vital rates we consider two cases. In the first case we ignore 

the dynamics of the limiting resource and take the vital rates of an individual of 

size s to be functions of a weighted average of S(t,s)":' J88b sp(t, s)ds and L(t,s)":' 

J800 sp( t, s )ds. That is to say, an individual's vital rates are functions of the total 
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biomass of those individuals smaller and/or larger than itself. Using our result 

in Chapter 2, we will analyze the asymptotic dynamics of the total population 

biomass by means of a scalar ordinary differential equation. 

In the second case we take the dynamics of the resource into consideration. 

Our result of Chapter 2 will permit us to do a global analysis of the asymptotic 

dynamics of the total population biomass of a scalar ordinary differential equation. 

Again in this case, our result in Chapter 2 will permit as to obtain global results 

for the asymptotic dynamics of the total population biomass and the resource by 

means of a plane autonomous system of ordinary differential equations. 
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4.2 Contest and Scramble Competition 

In this section, we will present the detailed mathematical analysis of the dif

ferent dynamical effects of contest and scramble competition on the dynamics of 

a size structured, hierarchically modeled population. As we already mentioned it 

above, we will consider two cases. In the first case, the resource will be held fixed 

in time, and that is what we are going to discuss in this section. 

It is often the case that resource consumption rate increases at roughly the 

2nd - 3rd power of body length (see [41, 40]). Moreover, it is common to assume 

that birth and growth rates are proportional to the resource consumed per unit 

biomass [11]. In [35], the birth rate of an individual is assumed to be proportional 

to E, the total energy consumed. Following these assumptions we take the birth 

and growth rates of an individual of size s, denote by band 9 respectively, to be 

proportional to s (body volume or length cubed) and the total energy consumed. 

The death rate which is denoted by d, is defined to be a function of the a weighted 

average of Sand L. 

b sboE(aS + (1 - a)L), bo > 0 

9 - s,E(aS + (1 - a)L), ,> 0 

d - do6(aS + (1 - a)L), do> O. 

The constants bo and , are conversion factors of energy to birth and growth 

respectively. Here E and 6 are assumed to be a weighted average of Sand L. If 

a = 0 then the vital rates of an individual of size s depend on the total biomass 

of all individuals L of size larger than s. This is pure "contest" competition. On 

the other hand if a = i, the vital rates depend on the total population biomass 

B = L + S which implies pure scramble competition. These are extreme cases and 

as Lomnicki remarks, in general, populations experience a mixture of scramble 
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and contest competition. This is why we have assumed in our model that the vital 

rates are functions of a weighted average of Land S. So it suffices to restrict 

the competition parameter to the interval 0 :::; a < !. We make the following 

assumptions on the functions involved in the submodels defined above. 

El E E C2(n, n+),E(O) = 1,E' :::; O,E";::: O,E(oo) = 0 

E3 (E'(z))2 + (8'(z))2 #- 0, (E"(z))2 + (8"(z))2 #- 0, z E n+ 

Before we proceed to the analysis part of our model, we like to make some biological 

remarks about the above assumptions. The density dependent resource uptake rate 

decreases as the density of the total population increases. Therefore, according to 

our model this implies that the birth and growth rates of individual members will 

decrease. Obviously, the death rate of individuals increases with density. Based 

on these facts, we can see the biological relevance of the assumptions EI-E2. The 

assumption E(O) = 1 implies that bo and, are the perunit biomass production 

through birth and growth respectively. We apply the hierarchical size-structured 

population model given by equations (2.6) - (2.8) to study the dynamics of the 

total population biomass. We assume that the initial population density <I> satisfies 

p4. As we did while proving the converse of Theorem 2.2.2, we multiply (2.6) by 

s and integrate from s = 1 to s = 00 and get the following scalar ODE: 

{ 

1 
12 {(I-OI)B ((bo + ,)E(z) - do6(z))dz, 0:::; a < ! 

B'(t) = - a laB 
B B 

B[(bo + ,)E("2) - do8( "2)]' a = ! 
(4.1) 

B' (t) - BF(B, a) (4.2) 



with 

F(B,a) 

where 

_ (1 B2a)B JaB ~(z)dz, 
{ 

1 r(l-a)B 

~(2)' 

~(z) = (bo + ,)E(z) - do8(z). 

a- 1 
- 2' 

From E1-E3 it is clear to see that ~ satisfies the following 

a1 : ~(O) = bo +, - do 

a2 : ~'(z) = (bo + ,)E'(z) - do8'(z) < 0 \/z> 0 

a3: ~"(z)=(bo+,)E"(z)-do8"(z»O \/z>O. 
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(4.3) 

(4.4) 

We will make some remarks on ~ to be used in the proofs of the following theorems. 

But first we define the inherent net reproductive number 

, + bo 
n= . 

do 
(4.5) 

This is the expected number of biomass per unit biomass in its life time in the 

form of growth and reproduction at low population level. 

Remark 4.2.1 It follows from a2 that ~ is decreasing for all z and also from 

EI-E2 we get ~(oo) = -ds < O. By El and E2, ~(O) = bo+,-do. From (4.5) 

if n > I, then ~(O) > O. Hence, ~(z) has a unique positive root z = z*. 

The global dynamics of the nonlinear first order differential equation (4.2) is 

stated in the following theorem. 

Theorem 4.2.1 Suppose that ~ defined by (4.4), satisfies the conditions given 

by (al)-(a3). Let n be the inherent net reproductive number defined by (4.5). 

If n > 1, then equation (4.2) has a unique positive critical point Boo ( a) and it is 

globally asymptotically stable. On the other hand if n :5 1 then 0 is the only critical 

point, and B(t) ~ 0 as t ~ +00. 
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It is clearly seen from this theorem that the inherent net reproductive number n 

plays an important role in the study of population dynamics. Similar definitions 

of the inherent net reproductive number can be found in [9], [11] and [12]. 

The following theorem concerns the effects of contest and scramble competition 

on the equilibrium level of population biomass. 

Theorem 4.2.2 Let n, defined by (4.5) be greater than 1. Then, the critical point 

Boo(O:) is a decreasing function of 0: E [O,!] with a maximum at 0: = 0 (contest 

competition) and a minimum at 0: = ! (scramble competition). 

If n > 1, as the type of competition changes from pure scramble all the way 

to contest, the equilibrium level of the total population biomass increases and 

attains its maximum equilibrium level when the competition is pure contest. The 

mathematical analysis agrees to the theoretical results commented by 

Lomnicki [25]. From this theorem, we learn how the equilibrium level behaves as 

the value of 0: increases from 0 to !. 
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4.3 Competition for a Dynamic Resource 

In the previous section the dynamics of the resource function was not consid

ered. In this section we will approach the analysis of the dynamics of the total 

population biomass of a population practicing intraspecific competition in the pres

ence of a dynamic resource. We will do this by providing a submodel of the per 

unit size energy uptake rate E in the model of the previous section. Let R(t) be 

the resource supply rate and let U(R(t)) be the resource or energy uptake rate in 

the absence of competition. When there is competition, take the resource uptake 

rate to be 

E = C(o:S + (1 - o:)L)U(R), 

where as in the previous section, the fraction C(0:8 + (1 - o:)L) is a competition 

coefficient. Now assuming that the birth and growth rates of an individual of size 

s are proportional to the energy uptake rate per unit biomass and to s we model 

the vital rates for an individual of size s as in Section 4.2: 

Birth rate; b = wsC(0:8 + (1 - o:)L)U(R), and 

growth rate; 9 = "YsC(0:8 + (1 - o:)L)U(R). 

Here as before, wand "Yare conversion factors of resource consumed to growth 

and birth respectively. Note that 0: = 0 and 0: = ~ correspond to pure contest 

and pure scramble competition respectively. Finally, in this section we will make 

a further simplifying assumption, namely that the resource has a negligible effect 

on the death rate d = do > O. We also assume that U and C satisfy the following 

assumptions. 

Al : U E Cl(R, R+), U(O) = 0, U' 2:: ° 
A2 : C E C2(R, [0, 1]), C(O) = 1, C' < 0, C" > 0, C(oo) = O. 

Clearly band 9 satisfy hypotheses pI and p2. A2 implies that in the absence 

of competition the resource uptake rate per unit biomass of individuals is U(R). 
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Following the same procedure used in the previous section a parametric differential 

equation for the total population biomass B is obtained 

, {(w + ",,)C("2 )U(R) - do}B j 

{ 

B 

B = 1 (l-a)B 
1 _ 2a lB {(w + ..,,)C(z)U(R)}dz - daB 

To simplify notation we make the following substitution 

{ 

C(~)B j 

D.(B, a) = 1 l(l-a)B 
--2- C(z)dz j 
1- a aB 

",-1 ..... -2 

",-1 ..... -2 

(4.6) 

(4.7) 

We assume a predator-prey type of interaction to exist between the resource 

and the total population biomass. So, in the presence of population the resource 

function R(t) satisfies the differential equation 

R' = r(R) - U(R)D.(B, a). (4.8) 

Here we assume that in the absence of population the dynamics of the resource R 

is governed by the equation R' = r(R). And using (4.7) we rewrite (4.6) as 

B' = (w + ..,,)U(R)D.(B, a) - daB. (4.9) 

Using (4.8) and (4.9) we write the plane autonomous equation that governs the 

predator prey type of interaction between Rand B as follows. 

R' - r(R) - U(R)D.(B, a) 

B' - (w + ..,,)U(R)D.(B, a) - daB. 

( 4.10) 

(4.11) 

Suppose in the absence of population the resource level equilibrates to a level 

Ro. A simple submodel for this case is 

r(R) = (Ro - R)ro 
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where 1'0 > 0 is an exponential rate. In this case we rewrite (4.10) and (4.11) as 

follows 

R' - (Ro - R)ro - U(R)6.(B, a) 

B' - (w + ,)U(R)6.(B, a) - doB. 

( 4.12) 

(4.13) 

In this section we will refer to the region {(R, B) : R > 0, B > O} as the positive 

quadrant. In the analysis that follows, we will prove that a positive critical point 

exists and is an attractor when certain conditions are satisfied. In the absence 

of the population we have assumed that the resource equilibrates to Ro. So the 

inherent net reproductive number defined in the previous section will have the 

form 

(w + ,)U(Ro) 
n= . 

do 
( 4.14) 

Throughout this section we will refer to n defined above as the inherent net 

reproductive number of the population. The following lemma is used to prove our 

main result Theorem 4.3.1. The proofs of both appear in Appendix B. 

Lemma 4.3.1 The positive quadrant is forward invariant under the system of 

equations (4.12)-(4.13) and this plane autonomous system has no closed trajectory 

in the positive quadrant. 

Theorem 4.3.1 Suppose that U and C satisfy the requirements given in A 1-

A2. If n > 1, the system (4.12) - (4.13) has a unique positive equilibrium 

(Roo ( a), Boo ( a)) and this equilibrium is globally asymptotically stable in the positive 

quadrant. Moreover, if the initial total population biomass B(O) = It'stjJ(s)ds > 0, 

then B(t) -+ Boo(a) and R(t) -+ Roo(a). On the other hand ifn < 1 then the total 

population biomass B(t) -+ 0 and R(t) -+ Roo as t -+ 00. 

Remark 4.3.1 For n > 1, the equilibrium level Boo of the population biomass in 

this theorem is decreasing as a function of a. Hence, Boo(O) is a maximum and 
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B oo (!) is a minimum. This is verified in Appendix G, just after the proof of the 

above theorem. 

In this remark we summerize a significant result of this chapter. As mentioned 

in the introduction of this chapter, contest competition is a result of difference 

in rank which could be caused by the presence of a hierarchical organization of 

a population. On the other hand, scramble competition takes place when there 

is no hierarchical organization. So, from these two statements and the above 

remark, we conclude the following. Based on the predator-prey model considered 

a hierarchically organized predator has a strong effect in reducing the prey size 

compared to a predator with no such structure. This result supports the idea that 

a hierarchically organized predator could be a good means of biological control 

[17]. 

We like to make additional remark. In the above predator prey model, if the 

prey is allowed to grow logistically, there is a chance of getting a stable limit cycle 

(Fig. 8). We took specific functions U and C, namely; U(R) = R~c' C a positive 

constant and C(z) = e-dz , d a positive constant. In the absence of population 

we assumed the resource to grow logistically, i.e., R' = 1(1 - ~)R. Working 

numerically on the system of equations (4.10) - (4.11) which has the form 

R' R R (e-adB - e-d(l-a)B) 
- l(l- Ro )R-R+c d(1-2a) (4.15) 

B' Ro + c R (e-adB - e-d(l-a)B) 
- ndo( Ro ) R + c d(l _ 2a) - doB ( 4.16) 

for 0 < a < !, we managed to get a stable limit cycle (Fig. 8). We also got a 

periodic solution when a = ~. But, a periodic solution was not possible when the 

prey has a chemostat growth as it can be seen in Lemma 4.3.1. 
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Further Generalization 

It is clear that the results in the previous sections of this chapter are achieved 

without taking the concavity of the resource uptake rate into consideration. Also, 

the total resource is not considered to be splitted equally among the population 

practicing contest and scramble competition. 

If we assume that the resource is divided equally among the two populations, 

one of them practicing contest competition and the other one practicing scramble 

competition, then our conclusion about the effect of the two types of competitions 

will be dependent on the concavity of the function describing the resource uptake 

rate. The outcome obtained based on the concavity of the resource uptake rate 

leads to a result that opposes Lominick's conclusions, that an equilibrium level of 

a population is higher when it practices contest competition than scramble. We 

write a model that encorporates what we discussed about the resource and the 

resource uptake functions. 

Let Rand E be the functions representing resource and resource uptake rate 

respectively. The resource available to an individual of size s is Rc( S, L), where 

c is the competition coefficient and is assumed to satisfy loB c(z, B - z)dz :5 1 

this assumption implies that the total resource consumed by the population is not 

greater than R, that is, It Rc( S, L )sp( t, s )ds = loB Rc( z, B - z )dz :5 R. Since c 

measures the competition for R, we also assume the following 

c E Cl(R+, [0, 1]), c(o) = 1, c' < 0, c( 00) = 0. Then, the resource uptake rate by 

an individual of size s for the scramble and contest population is given by 

scramble: Esc = E(Rcsc(B))s 

contest: Ec = E(Rcc(L))s, E' > 0, E(O) = 0, where Csc and Cc are competi

tion coefficients for the scramble and the contest population respectively. 
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Assume that the total resource R is equally divided between populations prac

ticing scramble and contest competition. This assumption leads to 

ft RCsc(B)sp(t,s)ds = f1°O RCc(L)sp(t,s)ds and hence we get 

f: Rcsc(B)dz = foB RCc(B - z)dz = f: Rcc(z)dz which yields the identity 

1 (B 
csc(B) = B Jo cc(z)dz. (4.17) 

U sing the same idea as in the previous section, we write the submodels for the 

birth, growth rates of the scramble population as 

bsc = boE(R-Ji foB cc(z)dz)s and 

9sc = ,E(R-Ji ft cc(z)dz)s respectively. 

Similarly the birth and the death rates of the contest population are 

be = boE(Rcc(L))s, bo > 0 and 

9c = ,E(Rcc(L))s, ,> 0 respectively. 

In both modes of competitions, we ignore the effect of the resource on the 

death rate of the population and take the death rate to be a constant do > O. The 

scalar ordinary differential equations that govern the dynamics of the scramble and 

contest population are 

scramble: B' = [(bo + ,)E(R-Ji foB cc(z)dz) - do]B 

contest: B' = (bo + ,) foB E(Rcc(z))dz - doB. 

Define the inherent net reproductive number 

n - (bo+"Y)E(R) 
- do • 

If we replace bo +, by ;tli) and drop the subscript c from Cc (for simplicity), the 

above equations for scramble and contest will have the following form 

scramble: B' = dO[E(R)E(~ f: c(z)dz) - l]B 

contest: B' = dO[B;(R) foB E(Rc(z))dz - l]B. 

These equations are identical to those obtained for the age-hierarchical model 

[33]. Hence, all of the results obtained in [33] apply here too. We write the main 

results that follow from the analysis of these models. 
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First consider a constant resource R. 

In both populations scramble and contest, B = 0 is locally asymptotically sta

ble for n < 1 and if n > 1, B = 0 is unstable and there is a globally asymptotically 

stable positive equilibrium Boo (see Theorem 4.3.1). The comparison of the equi

libria is done based on the concavity of E. If E" < 0 (concave downward) and 

n > 1 from Jensen's Inequality [33] 

1 fB 1 fB 
B J

o 
E(Rc(z))dz < E(B J

o 
Rc(z)dz), VB> O. (4.18) 

But equilibria Bsc and Bc of the contest and scramble equations satisfy 

R lBoe 1 lBe E( R) E(-B c(z)dz) = -B E(Rc(z))dz =--
sco cO n 

(4.19) 

and moreover E(H If c(z)dz) and 13 If E(Rc(z))dz are decreasing in B hence, it 

follows from (4.18) and (4.19) that Bsc > Bc. So, when the resource uptake rate 

E is concave downward (such as Holling II type) the scramble population has a 

higher equilibrium level. 

If E" > 0 (concave upward), the Jensen's Inequality yields 

13 If E(Rc(z))dz > E(1 If Rc(z)dz), VB > O. From this, a similar analysis as 

above implies that Bsc < Bc> From the analysis so far we conclude that contest 

competition is more advantageous over scramble when the resource uptake rate 

is concave upward. If the resource uptake rate is concave downward, scramble 

population has an equilibrium higher than that of contest population. 

Hence, Lominick's conclusion that a contest mode of competition raises an 

equilibrium level higher than that of scramble competition can be valid if the 

resource uptake rate is concave upward. An example of this type of function is 

hollying III type for small resource level. 

For a population perturbed away from equilibrium by f:::.B, the resilience is 

the magnitude of the linearized eigenvalue dB ft (f:::.B) ~ d~ B' evaluated at the 
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equilibrium. Further investigation of the above models for the two modes of com

petitions leads to interesting results about their corresponding resilience. When 

n > 1 (sufficiently close to one), if the resource uptake rate E is concave down 

then, the contest population is more resilient, while a concave up resource uptake 

rate implies that the scramble population is more resilient. 
, 

Let Asc be the resilience ~~ of the scramble population at B = Bsc and let Ac 

be the resilience ~IJ: of the contest population at B = Bc. From the definition of 

Asc and Ac, it follows that 

Asc = ;V~)[Rc(Bsc) - I.c ft$C c(z)dz]E'(:'c ft$C c(z)dz) and 

Ac = ;r;)E(Rc(Bc)) - J
c 

foBc E(Rc(z))dz]. 

From this, using equation 4.19, we get the following 

Asc - Ac = ;fFi) ( {c( Bsc)R - I.c ft'c c( z )dz } E' (B~c ft'c c( z )dz) 

+ E(B~c foB,c c(z)dz) - E(Rc(Bc))). For the proof of the following theorem refer 

to [33]. 

Theorem 4.3.2 Let n > 1. If E" (R) < 0, then Ac < Asc whenever n is sufficiently 

close to 1. If E" (R) > 0, then Asc < Ac whenever n is sufficiently close to 1. 

Again from this theorem, the question "which mode of competition is more resilient 

?" is dependent on the concavity of the resource uptake rate. For n very close to 

1, a contest population is more resilient when the resource uptake rate is concave 

down, while a scramble population is more resilient when the resource uptake rate 

is concave up. 

A similar result is obtained for a dynamic resource R. Assume that the re

source is dynamically changing according to the formula R' = r(Ro - R). Also, 

assume that the resource has a negligible effect on the death rate. Without loss 

in generality take r = Ro = 1, this can be done by choosing appropriate resource 

unit. 
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The predator-prey model for the interaction between the resource and the pop

ulation used in the previous section has following forms 

R' - R loB 1- R - BE(B 0 c(z)dz) 

B' - R loB (bo + ,)BE( B 0 c(z)dz) - doB 

R' - 1 - R _foB E(Rc(z))dz 

B' - (bo + ,) foB E(Rc(z))dz - doB 

for the scramble and the contest populations respectively. Similar analysis yields 

the following result (for the details refer to [33]) 

Let n = (bo+;~E(l) > 1. If E" < 0 on (0,1), then Be < Bse and if E" > 0 on 

(0,1), then Bse < Be. From this and the fact that at any nonzero critical point 

(B,R), R = 1 - B~(l), it follows that Bse > Be implies Re > Rse and similarly 

Bse < Be implies Re < Rse. These mathematical relations lead to the conclusion 

that anyone of the populations (contest or scramble) with a greater equilibrium 

level results in a lower equilibrium level for the resource. 
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Chapter 5 Application 2 

Introduction Cannibalism, defined as intraspecific predation, is practiced by 

a wide variety of organisms. Some examples are protozoa, snail, copepods, mites, 

insects, fish, birds and mammals [16], [31]. 

The properties of cannibalism are vast and complex. One property is population 

regulation by means of which the population level is lowered. This can occur 

even in the presence of high noncannibalistic resource. When the resource level 

is low cannibalism rates in general increase. This is because individuals need an 

alternate source of energy in order to survive, grow and reproduce. Consequently, 

the population could manage to survive periods of extreme food shortage. This 

phenomenon is described as a " life-boat mechanism" of cannibalism (see [35] and 

cited references). Another phenomenon is that larger cannibals can indirectly gain 

access to resources which only smaller victims can obtain. 

Self regulation of population density can be a dynamical consequence of can

nibalism [16], [31]. In our model, however, we will deal with a density dependent 

resource uptake rate, so self regulation of the population density is a consequence of 

this assumption rather than cannibalism. However, we show that cannibalism can 

lower the population level when the average resource is high. We will also study 

the life - boat effect of cannibalism when the resource is periodically changing. 

Age is a commonly used structuring variable in cannibalism models. However, 

there is a considerable evidence that body size is equally important in cannibalistic 

activities [11, 16]. Victims are almost always smaller than cannibals. Cannibalism 

of egg and newly hatched young are, for example, common among many fish, in

sect and bird populations. An individual's position in the size hierarchy affects its 

ability to cannibalize members of the population and also its probability of being 

a victim of cannibalism. 
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With this in mind, we use the hierarchical size-structured population model given 

by (2.6) - (2.8), to construct a model of cannibalism. As mentioned above, can

nibalism can help individuals to obtain additional energy while at the same time 

increase their death rates. Thus, the practice of cannibalism can affect the sub

models for all of the vital rates of birth, growth and death. 

In our model we consider a periodic natural resource supply rate and use bi

furcation theory to prove that cannibalism has a "life boat effect" when the initial 

total population biomass and the inherent net reproductive number are not too 

small. At the end of the chapter some numerical examples are given to support 

some of our analytical results. 
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5.1 Modeling Intraspecific Predation 

As we mentioned in the introduction of this chapter, the presence of cannibalism 

can affect the vital rates. This will be accounted for in the sub-model for the birth, 

death and growth rates. 

We make use of the following notations in our sub-models. 

R(t) = resource supply rate per unit time 

U(R) = natural resource uptake per unit time and unit biomass 

Ene = energy gained from noncannibalistic resource per unit biomass 

Ee = energy gained from cannibalism per unit biomass 

E = Ee + Ene = total energy gained per unit biomass 

de = death rate due to cannibalism 

dne = death rate due to causes other than cannibalism 

d = de + dne total death rate 

b = birth rate 

g = growth rate 

As it is stated in the literature, the rate of cannibalism generally increases as 

the resource level decreases (See [31] & [16]). Based on this, we will assume that the 

energy uptake rate from cannibalism Ee and R(t) have reciprocal relation. Also, 

as stated earlier, vulnerability to predation is inversely related to size. This can 

imply that smaller individuals are more likely to be victims of cannibalism. For 

example, as we pointed it out in the introduction, cannibalism of egg and newly 

hatched young by adults is almost common with some animals. This will allow us 
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to assume that the energy gained from cannibalism Ee is increasing as S = S (t, 8 ) 

increases. Recall that S is the total population biomass of all individuals of size 

less than or equal to 8. So for a nonnegative increasing function cp and c > 0 we 

take 

E _ ccp(S) 
e - R(t) . 

The natural resource uptake rate U( R) can have any of the forms such as, 

Volt era, Holling, etc. To include density dependent effects, we multiply U(R) 

by m(B), where m is a decreasing function satisfying the assumption in (A4) 

below, and B is the total population biomass. Hence, the density dependent and 

noncannibalistic resource uptake rate is 

Ene = U(R(t))m(B). 

Based on the relation E = Ene + Ee, we define the total energy uptake rate per 

unit biomass by an individual of size 8 as 

E(t, S, L) = ccp(!g) 8)) + U(R(t))m(B). 

Similarly the total death rate d of an individual of size 8 is additively decomposed 

into two components d = de + dne , namely the death rate due to cannibalism 

de = 81/;(L( t, 8)) 

and the death rate due to noncannibalistic causes 

Here 1/; (L) is an increasing function of L. Note that since larger indi vid uals 

cannibalize smaller ones, the death rate of an individual of size 8 due to cannibal

ism is increasing with L(t, 8). As it is defined in Chapter 2, L is the number of 

individuals of size larger than or equal to 8. 
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In addition to being continuously differentiable in their domains, the functions 

R, cp, U, m, 'IjJ and dnc are assumed to satisfy the following hypotheses. Recall 

that R+ = [0,00]. 

(>.1) R: R+ -)- R+ is smooth and p-periodic 

(>'2) cp: R+ -)- R+, cp(O) = 0 and cp'(x) > 0 for all x E R+ 

(>'3) U: R+ -)- R+, U(O) = 0, U'(x) > 0 

(,M) m: R+ -)- [0,1], m(O) = 1, m(+oo) = 0, m'(x) < 0 

(>'5) 'IjJ: R+ -)- R+, 'IjJ(0) = 0, 'IjJ'(x) > 0 

Notation: [h] = ~ Je h(t)dt is the time average of hand 

< xI, X2 >= Je XI(t)X2(t)dt is the inner product of Xl and X2. 

According to Calder [41], resource consumption of an individual generally scales 

to body length to a power between two and three. Following this and the idea used 

in [35], we assume that growth and fertility of an individual are proportional to 

its body volume or body biomass s and the energy uptake rate per unit biomass. 

Thus, the birth and growth rates of an individual of size s are taken to be 

b(t, S, L) - f3E(t, S, L)s = f3(~~~) + U(R(t))m(B))s (5.1) 

g(t, S, L) - ,E(t, S, L)s = ,(~~~) + U(R(t))m(B))s, (5.2) 

where the constants f3 > 0 and, > 0 are conversion factors of energy to birth and 

growth respectively. The total death rate of an individual of size s is 

ccp(S) 
d(t, S, L) = 8'IjJ(L) + dnc { R(t) + U(R(t))m(B)}. (5.3) 

The dynamics of the density function p(t, s) is governed by the hierarchical 

size - structured model (2.6) - (2.8) studied in Chapter 2 with the submodels 
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(5.1)-(5.3). In this chapter, we will focus our study on the dynamics of the total 

population biomass B(t) of a cannibalistic population with the above vital rates. 

Following the proof of Theorem 2.2.2, we reduce equations (2.6) - (2.8) to an ODE 

for the total population biomass B, given by equation (2.6), namely 

B' (t) - B (({3 + ,)U(R(t))m(B) 

1 [B c<,o(z) ccp(z) ) 
+ B Jo {({3 + ,) R(t) - 8'1j;(B - z) - dnc ( R(t) + U(R(t))m(B))}dz 

(5.4) 

We define the expected total biomass produced by a unit biomass through birth 

and growth in its life time as 

({3 + ,)[U(R)] 
n = [dnc(U(R))] 

(5.5) 

which we refer to as the "inherent net reproductive number" of the population. 

Replacing (3 + , in (5.4) by what we get from this equation and denoting the 

coefficient of B on the right hand side of (5.4) by 91(t, n, B), where 

(t B) n[dnc(U(R))] U(R) (B) (5.6) 
91 ,n, - [U(R)] m 

+ ~ [B{n[dnc(U(R))] ccp(z) _ 8nl'(B _ ) _ d (c<,o(z) + U(R) (B))}d 
B Jo [U(R)] R(t) 'f/ z nc R(t) m z 

(5.4) reduces to 

B' (t) = B91(t, n, B). (5.7) 

Also, for our purpose later on we define a new parameter J1. in terms of the time 

a:verage of 91(t, n, 0), 

J1. .:... [91(t, n, 0)] = (n - l)[dnc(U(R))], (5.8) 
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where 9 (t n 0) - n[dndU(R))]U(R) - d (U(R)) 
1 ,,- [U(R)] nc • 

Notice that by ('\6), [dnc(U(R))] > ° hence, I' = ° if and only if n = 1. We 

replace n in (5.6) by [dncdi(R»] + 1 and rewrite equation (5.4) as 

where 

Let 

B'(t) - Bg1(t,p.,B) 

- B{91(t, 1', 0) + 91(t, 1', B) - 91(t,p.,0)}, 

( 
I' ) [dnc(U(R))]U(R) 

91(t, 1', 0) - [dnc(U(R))] + 1 [U(R)] - dnc(U(R)) 

p.U(R) [dnc(U(R))]U(R) _ d (U(R» 
- [U(R)] + [U(R)] nc 

(t) = [dnc(U(R))]U(R) - d (U(R)) 
ao [U(R)] nc , 

U(R) 
al(t) = [U(R)] 

7r(t, 1', B) = 91(t, 1', B) - 91(t, 1', 0). 

Using (5.10) - (5.12), we finally write equation (5.4) as 

B'(t) = B{p.al(t) + ao(t) + 7r(t,,,,B)}. 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

(5.13) 

We will analyze the dynamics of the total population biomass using this equa

tion. This will enable us to capture some of the properties of cannibalism which 

we state in the introduction of this chapter. 
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The Life-Boat effect of Cannibalism 

We will make use of bifurcation theory to show the existence and uniqueness of a 

branch of non-trivial p-periodic solutions in the neighborhood of (B, p.) = (0,0). 

At first we define two sets Z(p), Y(p) c GO('R+, 'R+) by 

Z(p) = the set of p-periodic functions that are continuous on 'R+ and 

Y(p) = the set of p-periodic functions that are continuously differentiable on 'R+ 

with norms 1.10 and 1.1t respectively defined by Izlo = 8Up[0,p]lzl, and 

Iyll = IYlo + IY'lo. 
Clearly Z(p) and Y(p) are Banach spaces under the norms 1.10 and 1.11 respec

tively. Define an operator L : Y(p) ~ Z(p) by 

Ly = y' - ao(t)y. (5.14) 

The proofs of the following lemma is given in Appendix D 

Lemma 5.1.1 The operator L defined by (5.14) is linear, bounded, has a nontrivial 

closed nullspace N(L) and range R(L) with dimN(L) and codimR(L) both finite. 

Each of N(L) and R(L) admits a continuous projection. 

Next we state the following theorem about the local bifurcation of periodic solu

tions. Its proof appears in Appendix D. 

Theorem 5.1.1 Suppose ao and al are analytic and defined from 'R+ into'R, the 

set of real numbers, and [aD] = 0, [all = 1 and 1f' : 'R~ x Y(p) ~ 'R that 1f'(t, p., 0) = 
o. The scalar p-periodic differential equation (5.13) has a branch of nontrivial p

periodic solutions (B, p.) E Y(p) x 'R in a sufficiently small neighborhood of the 

critical solution (B, p.) = (0,0) of the form 

(aJ B = B(t, f) = fBO + z(t, f), Z ofO(f2) and Bo = eJ;ao(s)ds 

(bJ p. = P.(f) = fP.1 +,O(f)"O ofO(f2) 

with P.l = [8B 1f'(t, 0, O)Bo] 
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Note that this theorem is valid for [all =F 0 and for its application we can require 

that [all > O. We would like to remark that the relation p = (n - l)[dnc(U(R))] 

given by (5.8) implies that the local bifurcation in Theorem 5.1.1 which occurs at 

(B, p) = (0,0) can be translated to the point (B, n) = (0,1). 

The following theorem together with Theorem 5.1.1 is used to conclude the 

" life-boat effect of cannibalism" in preventing the extinction of members of a 

given population. In our model this takes place when the inherent net reproductive 

number n is less than 1 but not too small, the resource level is low and the initial 

total population biomass is not very small. 

Theorem 5.1.2 Ifn < 1 and no cannibalism is practiced (c = 8 = 0), the trivial 

solution to (5.13) is globally asymptotically stable. 

This theorem which is also proved in Appendix D, implies that in the absence of 

cannibalism, the branch of non-trivial p-periodic solutions bifurcates supercritically 

from n = 1 (Fig. 4) and does not bend back (to values of n < 1) because, for 

n < 1, the only p-periodic solution of (5.13) when c = 0 = 8 is the trivial one 

(x = 0). 

In fact when there is no cannibalism this branch extends to the right without 

turning back. To make such a conclusion, it suffices to prove that in the absence 

of cannibalism, for each n > 1 (5.13) has a unique p-periodic solution. This result 

follows from the following lemma [20]. 

Lemma 5.1.2 Iff is Gl, p-periodic in t, decreasing in x for x > 0 and all t, and 

M > 0 such that f(t, x) < 0 for x ~ M and all t, then the equation 

x' = xf(t,x) 

with Jt f(t, O)dt > 0 has a unique positive p-periodic solution to which any other 

solution with x(O) > 0 approaches. 
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The dynamics of the total population biomass for (c = 0 = 6) is 

Let n > 1, define in(t, B) = n[dnc(U\'i)lk~(R)m(B) - dn(U(R)m(B)). in satisfies the 

following facts numbered (1) - (3). 

(1) limB-+oo in(t, B) = -dnc(O) < 0 hence, there is M > 0 such that in(t, B) < 0 

B > M 'Vt > O. 

(2) 8f[J~B) = n[dr~~~~f))]U(R)m' (B) - dnc(U(R)m(B))m' (B) < O. 

(3) in(t, 0) = n[d[~«~\f))]U(R) - dnc(U(R)) this implies that 

It in(t, O)dt = p(n-1)[dnc(U(R))] > 0, because n > 1. Thus, by the above Lemma 

5.1.2 Eq. (5.15) has a unique positive and stable p-periodic solution for each n > 1. 

This verifies the above fact; that is when there is no cannibalism, the branch of 

nontrivial p-periodic solutions extends without turning back. To get the positive 

effect of cannibalism while the resource level is very low, we take a resource func

tion R(t) = [R] + woRo(t), Ro(t) is p-periodic with 

[Ro] = 0 , -1 :5 Ro(t) :5 1 and 0 :5 Wo < [R]. 

To see the effect of low resource R(t) on the sign of 8B1l"(t, 0, 0), take [R] small 

enough so that m'(O)U(R(t)) + R(t) > 0 'Vi > O. This is possible since the term 

R(t) becomes very large when [R] is decreased. Also, since -,/ -d~c(U(R))U(R(t))m' (0) 

is bounded when R is bounded, it is clear that for small [R], the inequality 

- Cd~c~~~~(t))) _ d~c(U(R))U(R(t))m' (0) - ~ > 0 holds. Hence, for such a small 

value of R(t) we can see that 

( 
, c ) [dnc(U(R))] 

8B1l"(t, 0, 0) = m (O)U(R(t)) + R(t) [U(R)] 

- Cd~2%~ft)) - d~c(U(R))U(R(t))m' (0) - ~ (5.16) 

is positive. This implies that the average [8B1l"(t, 0, O)Bo] > 0 and hence 

/1-1 = -[8B1l"(t,0,0)Bo] < O. From Theorem 5.1.1, /1- = f/1-1 + ;O(f) < 0 for small f. 
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This implies that the bifurcation is sub critical (see Fig. 3). 

N ext we will examine the stability of the solutions on this bifurcating branch. 

A linearization of (5.13) at (a) and (b) in Theorem 5.1.1 yields 

y' = (JLal(t) + ao(t) + 7r(t,JL, B) + B8B7r(t, JL, B))y with y = B - B(e). 

Further linearization of 7r(t, JL, B) and 8B7r(t, JL, B) at (B, JL) = (0,0) yields 

y' = y (e(JLI + "Yo ( e))al(t) + ao(t) + 28B7r(t, 0, O)e(Bo + z(t, e) + O( e2
))), 

whose Floquet exponent is the average 

[e(JLI + "YO(e))al(t) + ao(t) + 8B7r(t, 0, O)e(Bo + z(t, e)) + 0(e2
)] 

- eJLl + 2e[8B7r(t, 0, O)Bo] + 0(e2
) 

- -JLle + 0(e2
). 

So, if e is very small and JLI = -[8B7r(t, 0, O)Bo] < 0 then, the bifurcation is 

subcritical (to the left of n = 1) and the positive solutions (B(t,e),JL(e)) on the 

bifurcating branch are unstable. 

If on the other hand, JLI > 0, i.e, n > 1, then the bifurcation is supercritical 

and the solutions on the bifurcating branch are locally asymptotically stable (Fig. 

4) As a result of this, in a close neighborhood (1 - eo, 1), eo > 0 of 1, solutions 

with an initial values greater than that of a periodic solution on the bifurcating 

branch corresponding to n E (1 - eo, 1) survive. Hence, we can conclude the life 

boat effect of cannibalism to save a population when the resource level is low, that 

could become extinct otherwise. 

In the following theorem we assume, in addition to what is made in (A2), 

that the energy uptake rate from cannibalizing victims of the population cp, has 

some saturation level, like some of the most commonly used energy consumption 

functions such as Holling types, etc. Moreover, we make some additional assump

tion on the death rate due to cannibalism 1/J and prove the existence of a p-periodic 
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solution of 

B'(t) = B{llal(t) + ao(t) + 1I"(t,Il,B)}, (5.17) 

where 1I"(t, p" B) is given by equation (5.12). These assumptions enable us to show 

that all solutions of (5.6) are bounded. But since zero is unstable for n > 1, 

a known theorem by Hall and Cocak [20] implies that these bounded solutions 

converge to some p-periodic solution. The proof of the following theorem is proved 

In 

Appendix D. 

Theorem 5.1.3 Suppose in addition to the assumption given in ()'2), cp(x) < k 

for all x E 1?-+ and some k> o. Iflimx ..... oo o?jJ(x) > ;~ (tL+[~uclmiR))]) and 

R(t) ~ ro > 0, then (5.17) has a p-periodic solution for all n > 1. 

As opposed to the noncannibalism case, we cannot conclude the uniqueness of a 

p - periodic solution to the equation with cannibalism. So far we have seen some 

of the positive effects of cannibalism that take place when the resource R is low. 

However, if cannibalism is practiced while the resource is relatively large, then it 

could cause the population level to be lower than otherwise. This is what we state 

in the following theorem, whose proof is given in Appendix D. 
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Theorem 5.1.4 Suppose in addition to the assumption given in (>'2), cp(z) ~ k 

for some positive constant k and all z E R+. Then, there are positive constants To 

and S with ro < R(t) such that if Be(t) and Bne(t) are the solutions of (5.17) with 

initial value Be(O) = Bne(O) > 0, for c = 0 = Sand c =P 0, S =P 0 respectively, then 

Be(t) ~ Bne(t). 

Remark 5.1.1 The conclusion we made in Theorem 5.1.1 about the direction and 

stability of a branch of nontrivial p-periodic solutions of equation (5.4), (c =F 0, 

S =P 0 is local, i.e., for n ~ 1. It is possible to see under some conditions, that 

there can not be a non-trivial p-periodic solution of (5.17), when n is very small, 

even if there is cannibalism. 

To see this suppose n > 0 is very small, say n ~ 2
1%, Z a large integer and suppose 

that 'l/; and R satisfy the assumption in Theorem 5.1.4. Clearly [dn[lW.J~))]m(B) is 

bounded. Then, if K1 is its upper bound, we get the inequality 

( 
y + 1) [dnc(U(R))] (B) < & A t t' 11k £ () d [dnc(U(R»] [U(R)] m _ 2%' ssume a sa ura Ion eve or cp z an 

also assume that R(t) > ro > O. These two assumptions together with (>.6) imply 

the inequality 

(t B) < 1 (T/ + [dnc(u(R))]ek) d Th' . t . . l' 91 , /1, _ 2% HI ro[U(R)] - O· IS In urn Imp 1es 

B(t) = B(O)exp(fo
t 
gl(s,/1,B(s))ds) < 

B(O) exp(fot (;z (/(1 + [dn;~~m1rk) - do)ds). 

We can take z large enough such that the integrand is negative. From this we 

conclude that B(t) -+- 0 as t -+- 00 for any initial value B(O) > O. 
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5.2 Example 

We consider a particular example and from it illustrate, by means of nu

merical simulation, some of the properties that are attributed to cannibalism in 

the literature. To this end, we take specific functions R, t.p, U, 7/;, dne as fol

lows: a periodic resource R(t) = r(I + asin(Ot)), with average r > 0 and period 

2;, -1 < a < 1; a density dependent resource uptake rate U(R) = uRe-uB(t) , 

U,O" > 0 constants; 7/;( L) = L; and !p( S) = S. Hence, the total death rate is 

d = de + dne = 8L(t, s) + dm + di+~m, where dm and ds are positive constants re

spectively representing the minimum and the maximum death rates due to natural 

causes. The growth and birth rates are g = s,E and b = sf3E respectively, where 

E = e~\t;» + ue-uB(t)R(t) is the total energy. (5.4) now becomes 

B' (t) = (f3 + ,) ( CB 2(t) + uR(t)B(t)e-UB(t») - d B(t) 
2R(t) . m 

R(t) (1 + e:.O) + uR(t)e-UB(t») 8B2(t) 
+(dm - ds)-c- Iog 1 + u!f,(t)euB(t) - 2 . (.'5.18) 

We have [dne(u(R))] = dm + d.-dm and fuR] = ur. 
v'(1+ur)2_(aur)2 

Hence, from (5.5) f3 + , = n[dncCuR)] = .!!.. (dm + d.-dm ) • 
fuRl ur J(1+ur )2 -(aur)2 

Thus, the 

differential equation above reduces to 

, n (d ds - dm ) ( CB2 B ( .)) B = - m + . + e-u Bur 1 + a sm Ot 
ur V(l + ur)2 - (aur)2 2r(1 + asmOt) 

8B2 r. (1 + r(1+~~inOt) + e-uBur(1 + aSinOt)) 
-dmB - -2- + (dm - ds)-(l + asmOt) log 1 (1 . 0) B 

C + ur + a sm t e-U 

The solutions of this equation is studied numerically for fixed values of parameters 

dm, ds, a, u, 0", 0, c and 8 and selected values of the parameters r, n, and 8 together 

with the initial condition Bo. For small average resource level r, the population 

biomass of the cannibalistic one is greater than that of the noncannibalistic (Fig. 

(5.19) 
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6). But we observed the contrary for larger values of r (Fig. 5). We also managed 

to see the life-boat effect of cannibalism (Fig. 7) for n < 1, the population biomass 

survives when there is cannibalism (c =f:. 0,8 =f:. 0), but it dies out in the absence of 

cannibalism (c = 8 = 0). In this chapter we studied a cannibalism model in which 

the resource supply rate is periodic. Using this model we were able to account 

for many of the properties attributed to cannibalism. First we proved that zero is 

asymptotically stable in the absence of cannibalism for n < 1. Then we showed that 

if there is cannibalism and if n is close, but less than one, there is a branch of non

trivial periodic solutions bifurcating sub critically from n = 1. From this it follows 

that in the presence of cannibalism there are values of n < 1, but not too small, for 

which populations with sufficiently large initial biomass will not go extinct. This 

is not true if cannibalism is absent. This is a form of the so called life-boat effect 

of cannibalism. However, if the inherent net reproductive number or the initial 

biomass B(O) are very small, the effect of cannibalism is not sufficient to prevent 

the extinction of the total population biomass (see Remark 5.1.1). Also, we showed 

analytically the existence of a p-periodic solution of equation (5.13) assuming a 

saturation level for the per unit biomass energy intake from cannibalism of victims 

(smaller individuals according to our model) of the population. 

As it is stated in the literature (see [16] and [31]) the presence of cannibalism 

can sometimes have a negative effect on the population dynamics. For example, 

if the average resource r is relatively large where c is kept fixed, then the energy 

extracted from cannibalism is very small, while the population suffers from the 

additional death due to the intraspecific predation. Therefore, when the average 

resource r is relatively large, cannibalism may cause the population biomass to 

be lower than it could be before the presence of cannibalism. This fact is proved 

analytically in Theorem 5.1.4 and a numerical result is shown by (Fig. 5). 
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Chapter 6 Application 3 

Special Case of our model 

As an application of Theorem 2.2.1 and Theorem 2.2.2, we will prove the global 

existence and uniqueness of a solution of the McKendrick equations used by 

Cushing [11]. The author used the model to study the dynamics of a cannibalistic 

population where the resource supply rate is constant in time, but did not prove 

that the model has a unique solution. Also, the reduction of the McKendrick 

equations in the density function pet,s) to an ordinary differential equation in the 

total population biomass has not been mathematically verified. 

In Chapter 2 the proof of Theorem 2.2.2 takes care of this case. The vital rates 

in [11] are special cases of the ones we used in the sub-models, Chapter 5. 

The McKendrick equations and the sub-models for the vital rates given in [11] are 

8t p(t,s) + 8s(sgp(t,s)) = -dp(t,s),t > O,s > 1 

sgp(t,S)ls=l = 1000 sbp(t,s)ds, with 

(6.1) 

b - s(3E 

9 - S'1E , 

where E = cS (t, s) + uR is the totality of the energy from cannibalism and other 

resources and (3, '1 > 0 are conversion factors of energy to birth and growth re

spectively. dne and de are death rates due to cannibalism and due to other natural 

causes respectively. Take X = '1E, Y = (3E and d = 8L + dne(E). For these par

ticular functions, equations (2.24) and (2.25) have the following forms respectively. 

feB) = ((3 + '1)uBR - It dnc(uR + cz)dz + H(3 + '1- ~)B2 

G(S, B - S) = '1(C~2 + uRS) - 8(BS - S;) + (3(C~2 + uRB) - It dnc(cz + uR)dz. 

R has been taken to be a constant, so, f and G are not explicitly dependent on 

time. 
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We will sum up what we want to do about the application of our theorems in 

Chapter 2 to the model used in [11] by the following theorem. 

Theorem 6.0.1 Suppose that (3 + 7 ::; ~ and dnc E Cl(R) then, Problem 2 with 

X, Y, G and f as given above, has a unique pair of solutions (S(t, s), B(t)) for all 

t > 0 and 1 < 8 < 77, 8 > 77 (TJ is the main characteristic of (2.9)). 

Proof: Clearly dnc > dm implies f(B) ::; ((3 +7)uRB - dmB + Hf3 +7 - ~)B2. 

Since (3 + 7 - ~ ::; 0, limB_co 1f(B) < 00. This implies that f satisfies V. The 

functions X, Y and d satisfy pI, p2 and p3. So the existence of (S(t,s),B(t)) for 

t E [0,(0) and 1 < s < 77 and 8 > 77 follows from Theorem 3.1.1.. 

Remark 6.0.1 Assuming that the initial density function p(O, 8) = <jJ(s) satisfies 

the hypothesis given in p4, we can conclude by Theorem 2.2.2 that Problem 1 

and Problem 2, with the functions X, Y, G and f as given above, are equivalent. 

Hence, Problem 1 has a global solution defined on Rl and R2. 

However, if f3 + 7 > % and Bo = B(O) > ({J;;{C-6' we can show that B(t) can 

not be extended for all t > O. First observe the inequality 

f(B) > H(3 + 7 - ~)B2 - Bds + dncB. 

Let !I(B) = ~((3 + 7 - ~)B2 - B(dnc - ds) and consider 

~~ = fl(U) with u(O) = Bo. The solution of this differential equation is u(t) = 
b ( Bo ) h k ({J+'Y)c-6 S 'f (3 + 6 d B 2d. £ 
k Bo+( #t-Bo)ekt ,were = 2 • 0, 1 7 > c an 0 > ({J+'Y)c-6' or 

any initial value Bo > 0, this solution will blow up at t = t In( B:iO:d.) which is a 

finite time. Thus, from the inequality f(B) > !I(B) and the fact that B' = f(B), 

u' = h(u), with u(O) = Bo, we get B(t) ~ u(t) and this implies that B(t) can not 

be extended for all time t > 0 .• 
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Chapter 7 Concluding Remarks 

Using the Mckendrick equations, we established a hierarchical model for a size

structured population. The vital rates (birth, growth and death rates) of an indi

vidual of size s depend on the total population biomass of all individuals of size 

greater and/or less than s. It is assumed that the birth and growth rates of an 

individual are proportional to its size. This assumption which was made following 

Calder [41], was helpful to reduce the non-linear hierarchical size-structured model 

to a decoupled ordinary differential equation in the total population biomass. De

spite the complexity of the model, by the virtue of an ordinary differential equation 

for the total population biomass, we managed to use it to study some biological 

problems. 

We did not require the initial data to be consistent with the boundary condition, 

because, this could exclude many functions that could be used to describe the initial 

condition p(O, s). The initial data is consistent with the boundary conditions if the 

function ¢> given by equation (2.8) satisfies the compatibility condition 

1 r>o 
¢>(1) = X(O,O, \II) it sY(O,So(s), \II - So(s))¢>(s)ds, 

where 

\II = 100 

u¢>(u)du, 80 (s) = 16 

u¢>(u)du. 

By taking the growth rate of an individual of size s to be a simple function 

s"'l, "'I > ° constant, we showed that if the total population biomass equilibrates as 

t ~ 00, then the density function p(t,s) equilibrates asymptotically. 

It is clear that time delay is not considered in our model. The boundary 

condition could be modified in different ways (see [12]) to include time delay and 

this could make our model applicable to real problems which actually need the 

use of time delay. The inclusion of time delay can have important dynamical 
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consequences especially in the study of many invertebrates like insects and lower 

vertebrates like fish. 

Basically our work has been restricted to a single species model, however, we 

presume that it can be extended to include more than one species. This extension 

can make the model ready to investigate problems dealing with interaction between 

hierarchically organized species, such as, predator-prey, interspecific competition, 

among others. Developing a multispecies hierarchical size-structured model is a 

problem which we plan to work in the future. Obviously the mathematical com

plexity of the resulting model will definitely increase, which may make it harder to 

deal with analytically. For example, though it is possible to reduce the one species 

model we used to an ODE in the total population biomass, the reduction of this 

modified and more complex model to a system of ODEs in the total population 

biomass of each of the species involved may not be straight forward. However, a 

numerical approach could be an option if analytical methods are not possible. 

Gurney and Nisbet [17] suggested, based on Lomnicki's general definition of 

hierarchy within a population, that under some circumstances, a hierarchically 

organized predator is a good means of biological control compared to a simpler 

predator with no hierarchical structure. The result we get in Chapter 4, assuming 

the prey to have a chemostat growth, agrees with this idea. 

As spelled out explicitly in the introduction, the McKendrick equations and 

their modifications do call for a great deal of mathematical techniques, and have 

found many applications in Biology. Some significant applications have been made 

in the study of epidemiology [21], demography [27] and cell growth [2, 29]. We be

lieve that despite the complexity of the mathematical analysis involved, our model 

can also be used to study quite a few number of biological problems. Especially the 

model could be useful to study the dynamics of populations in which variability 

with age is accompanied by size or physiological growth is correlated with change 
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in size (such as insect, fish, etc.), and those species where individuals of the same 

age may differ in size (like some plant species) [6]. 

While working with the application of the model to intraspecific competition 

(scramble and contest), we considered two cases; first a resource that is constant 

and then a resource that is changing in time. In both of these cases the equilibrium 

level of the total population biomass increases as a increases from 1 to ! when the 

inherent net reproductive number n is greater than one. This result is obtained 

without considering the concavity of the resource uptake function E, and with

out splitting the resource equally among the populations practicing contest and 

scramble competition. At the end of Chapter 4, we have discussed how these two 

assumptions affect the conclusion about the result of scramble and contest compe

tition. We are not sure about the effect of some environmental factors such as, for 

example, immigration and harvesting on the stability of the population practicing 

contest or scramble competition. 

In another application of the model we studied the dynamics of a cannibalistic 

population without considering the dynamical change of the resource. It would 

be interesting to consider a plane autonomous system for the total population 

biomass B(t) and resource level R(t) which is part of our future research plan. 

There are still many aspects of cannibalism that we didn't succeed in showing 

by using our model. Population oscillation, loss of entire size class, and multiple 

stable equilibria are a few among them. 

The understanding that emerges from these applications is useful in many ways. 

We are able to observe the dynamical behavior actually observed in some biolog

ical populations. The applications are good examples that reveal the relation be

tween significant parameters and the asymptotic dynamics of the total population 

biomass. 

Although several questions about the modification and application of the model 
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are yet to be answered, the mathematical analysis done here and the obtained 

results encourage us to conclude that this dissertation makes some remarkable 

contributions to the theory of population dynamics. 
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(Appendix A) 

Proof of Lemma 2.1.1 

To prove this lemma, we will make use of the following two facts which are 

proved in [19]. 

(i) If x(t) is a continuously differentiable n-vector valued function on [a,b], then 

the right hand derivative Drx(t) exists and Dr(lx(t)!) :5 Ix(t)l. 

(ii) If wet, u) is continuous on an open connected set n c R2 and is such that 

the problem it = wet, u), with initial value u(a), has a unique solution u(t) on 

[a, to) and if vet) is a solution of Drv(t) = wet, vet)) on [a, to) with v(a) < u(a), 

then vet) :5 u(t) on [a, to). Now we proceed to prove Lemma 2.1.1. Suppose that 

x(t) is a solution of (2.16) on [a, tl ), tl E (a, b) and that u(t) is a solution of (2.14). 

Then, from (i) and (2.15), Dr(lx(t)!) :5 Ih(t, x)1 :5 wet, Ix!). From (ii) we have that 

Ix(t)1 :5 u(t), t E [a, tl)' (.1) 

Suppose that x(t) cannot be extended beyond tl . This is possible only if 

lil'Ilt-+t-lx(t)1 = 00. But this contradicts (.1), because u(t) is bounded on [a, tl]' " 
1 

Proof of Lemma 2.1.2 

Let Xl = X, X2 = B - x then (2.17) is equivalent to 

Xl - G(t, Xl, X2) 

X2 - -G(t, Xl! X2) + J(t, Xl + X2) (.2) 

Let h(t, Xl, X2) be the right hand side of system (.2). Note that by the above 

relation between Xl and X2, J(t, Xl + X2) = J(t, B) and since B(t) is continuous on 

[a, b - l-], k > 0, by p3(a), J is bounded by a positive constant Mk on the closed 

interval [a, b-t]. Hence, Ih(t, Xl! x2)1 :5 go(t, Ix!)+.Nlk for (t, Xl, X2) E [a, b-t) X R2. 

By hypothesis, it = go(t, u)+Mk, u(a) ;;:: 0 has a unique solution on [a, b-t). Thus, 
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by Lemma 2.1.1, (.2) has a unique solution on [a, b - t]. Since k is arbitrary, x(t) 

exists on [a, b) .• 

Proof of Lemma 2.1.3 

Suppose 0"1 < 0"2, then since by p3(b) ¢; is nonnegative, it follows that 

80(0") = J: stjJ(s)ds is increasing, hence 80(0"1) ~ 80(0"2)' Let 8(1',0"1) and 8(1',0"2) 

be solutions of (2.18) corresponding to the initial conditions 80(0"1) and 80(0"2) on 

[0, T1) and [0, T2) respectively. If 80(0"1) = 80(0"2) then, by uniqueness of solution 

8( 1',0"1) = 8(1',0"2), l' E [0, T1) n [0, T2). 

If 80(0"1) < 80(0"2), since initially 8(0,0"1) = 80(0"1) < 80(0"2) = 8(0,0"2), it follows 

that 8(1',0"1) < 8(1',0"2) for each l' E [0, T1) n [0, T2). Otherwise, there is 1'0 such 

that 8(1'0,0"1) = 8(1'0,0"2) using this as an initial value for (2.18) we can get a 

contradiction to uniqueness of solution. Hence, 8(1', 0"1) ~ 8(1',0"2)' • 

Proof of Theorem 2.2.1 

We will prove that Problem 2 has a unique solution on the two regions separated 

by the main characteristic curve TJ. To make our conclusion we will take e = TJ, 

VI = Rl and V 2 = R2 respectively in Definition 2. 

Let t = £(1',0"), s = 8(1',0") and 8 = 8(1',0") denote the characteristic curve 

for (2.9) parametrized by l' with initial point (0,0", 80 ( 0")) on r 1 for 0" > 1 (recall 

that r 1 was parametrized by t = 0, s = 0",0" 2: 1). This characteristic curve satisfies 

the following initial value system of differential equations. To simplify notation we 

will drop the variables l' and 0". 

dt 
1, t(O, 0") = ° (.3) 

d1' -
ds 

sX(1',8,B - 8), s(O, 0") = 0" (.4) 
d1' -
d8 

G(1', 8, B - 8), 8(0) = 8(0,0") = 80(0") (.5) 
d1' -



Note that 

-::-a-:,-( t_, s-,:-) = det (:! 
a(r,u) as 

aT 
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:! ) = det ( 1 °
1

) # ° 
:; rl uX(O, 80 (u), B(O) - 80 (u)) 

Hence, r 1 is non-characteristic. We will prove that (2.9) has a unique solution 

8(t,s) = S(f(t,s),u(t,s)) on R1 using the system of equations (.3) - (.5). Let 

I = [0, T) be the maximal interval of existence for the solution B of (2.12) - (2.13). 

By Lemma 2.1.2, Eq. (.5) has a unique solution S(r,u), rEI. Clearly (.4) 

has a solution s(r,O') = uexp(f; X(u,S(u,O'),B(r) - S(u,u))du) defined for all 

rEI. Eq. (.3) has the obvious solution i(r, 0') = r. 
It remains to show the invertibility of 

s - s(r,u) 

t - i(r, 0') 

(.6) 

(.7) 

over R1 which gives C1 - functions r = f(t,s) and 0' = u(t,s). This will define the 

solution 8(t,s) = S(f(t,s),u(t,s)) of (2.9). From (.3) we see that r = f(t,s) = t. 
So it suffices to show the invertibility of (.6), (.7) in u. 

From (.4) we get 

s(r, 0') = O'exp{foT X(x, S(x, O'),.i(x, O'))dx} 

with L(x, 0') = B(x) - S(x, 0'). Hence, by p2 

as lot ax as ax aL lot - --a = {I + 0' (---a + a- -a )(x,O')dx}exp{ X(x,8,L)dx} 0' 0 a8 u L (J' 0 

and since at = - as we have au au' 

as lot ax ax as lot - --a ={1+0' (-- ---)-a (x,O')dx}exp X(x,8,L)dx. 
0' 0 as aL 0' 0 

(.8) 

Since ¢> is nonnegative by p3(b), from (2.8), 80(0') = f{' s¢>(s)ds is increasing. 

Also by Lemma 2.1.2, (.5) has a unique solution 8 = S(r,u), r E [O,r), for each 
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a > 1 by Lemma 2.1.3 S ( T, a) is increasing in a, and moreover * -~ ~ 0 by 

p2. From these facts it follows that :; > 0 and hence the Jacobian 

8s 8S) 8T 8(1 8s 
det ( = -- tf ° 

1 ° 8a 

on R1 • Therefore, by the Inverse Function Theorem, the pair of equations (.6) - (.7) 

has a C1-inverse; a = a(t,s) and T = t = f(t,s). The uniqueness of the solution 

8 1 = 8(f(t, s), a(t, s)) on Rl follows from the fact that the system of characteristic 

equations (.3) - (.4) has a unique solution. 

Now we will turn our attention to the existence of a unique solution of equation 

(2.9) over the region R2 with the boundary curve f 2 • We again use characteristic 

equations (.3) - (.5), now take an initial point from f 2 • 

Let t = l(z, I), s = s(z, I) and 8 = S(z, 1) be the characteristic curve parametrized 

by 1 and that passes through (z, 1,0) E r 2 for z > 0. This characteristic curve 

satisfies the following system. 

dt 
l' t(z,O) = z 

dl - , 
ds 

sX(t, S, B - S); s(z, 0) = 1 
dl -

dS 
G(t, S, B - S)j S(z, 0) = 0. 

dl -

Note that f2 is non-characteristic; this follows by pI from 

-,:-:8(:......;.,.t, ~s) = det ( :! ~~ ) = det (1 
8(z, 1) 8s 8s 0 

8z 81 r 2 

1 ) = X(z, 0, B(z)) 
X(z, 0, B(z)) 

(.9) 

(.10) 

(.11) 

For each initial point (z, 1,0) on f2 the system of equations (.9) - (.11) has a 

unique solution t = l(z, 1), s = s(z, 1) and S = S(l(z, 1), s(z, I)). 

Since we are again dealing with the same system of equations (.3) - (.5) except 

for the initial condition, we can repeat all of the arguments used to conclude the 
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existence/uniqueness of a solution to equations (.9) - (.11) to get a unique solution 

(t, s, S)j 

t = fez, I) = t + 1, s = s(z, 1), S = S(z, I) 

over R2 = {(t,s) : t E [O,T),l < s < 7}} for each initial point (z,l,O) on r 2 • To 

define a solution S as a function of t and s, we need to show the Cl- invertibility 

of 

t - f(z, 1) 

s - s(z, 1) 

(.12) 

(.13) 

giving z = z(t, s) and I = let, s) on R2. Which we do by showing that the Jacobian 

is nonzero in the region R2• From (.9), t = 1 + z hence, 

~; = -~~. From this and pl we see that the Jacobian 

8(t, s) 
8(z, 1) 

_ det (1 1 ) = 8s _ 8s 
8s 8s az 8z 
8% 81 

- 2sX(l, S, B(l) - S) > 0. 

By the Inverse Function Theorem, (.12) - (.13) has a Gl-inverse 

z = z(t, s), 1 = let, s) in R2. Thus, the unique solution over R2 of (2.9) with 

initial condition on r 2 is given by 

S2 = S2(t,S) = S(z(t,s),l(t,s)), t E [O,T), 1 < s < 7}. 

Define the solution of (2.9) by 

{ 

Sl(t, s), t E [0, T)j s > 7} 

S(t,s) = 
S2(t,S), tE[O,T)j l<s<7} 

(.14) 
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Using (.9) - (.11), we get ~~ = s~;;~s~s2) and ~; = G(t, S, B - S). From these 

two equations follows the differentiability of S with respect to t and s in Rl and 

R2 , there can be a jump of discontinuity across the main characteristic. 

The continuity of S(t, s) on Rl U R2 follows from the proof.'" 

Proof of Lemma 2.2.1 

Since we are interested in showing that S2p(t,S) vanishes for large values of s, 

there is no loss in generality in considering the region R l . Along any characteristic 

curve in Rl = {( t, s) : 0 ~ t < T, s > 7]}, P satisfies the differential equation 

dp 
- = -p(r,O')h(r,0') 
dr 

p(O, 0') = ¢>(O') , 0' > 1, 

(.15) 

where h(r, 0') = 8s(sX(r,S(r,0'),B(r) - S(r, 0'))) + d(r, S(r, 0'), B(r) - S(r, 0')) 

From this we get 

p(r, 0') = ¢>(O')exp{- foT h(u,s)du}, r E [O,T). (.16) 

By p2, h(u,s) is nonnegative thus, 0 < Ip(r, 0')1 ~ ¢>(O'). From the characteris

tic equation ~~ = sX(r,S,L), s(O) = 0' we have s = O'exp{fcJ X(u,S,L)du}. 

Keep r finite, and let 0' ~ 00 then, since X is nonnegative, it follows that s ~ 00. 

Assume on the other hand that s ~ 00, and that 0' remains bounded but, this 

implies that for r finite, O'expfcJ X(u,S(u,O'),L(u,O'))du is finite which is a con

tradiction. Hence, for a finite r, s ~ 00 if and only if 0' ~ 00. To conclude the 

proof take the limit of (.16) as 0' ~ 00 and apply p4 .• 



Proof of Lemma 2.2.2 

(a) Along any characteristic in the region Rb 8 satisfies 

d8 
dr = G(r,8,B - 8) 

8(0,0") = 1(7 u<p(u)du, 0" > 1 

and on the other hand from (2.12) - (2.13), 

dB 
dr = J(r,B) 

B(O) = 100 u<p(u)du. 
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(.17) 

(.18) 

Define U(r,O") = B(r) - S(r,O"), 0" ~ 1,r ~ 0, where B(r) and S(r,O") are 

solutions of (.17) and (.18) respectively. Then, from (2.24) and (2.25), 

dU rE 
dr = Jo (X(r,z,B-z)-d(r,z,B-z))dz 

- foS (X(r, z, B - z) - d(r, z, B - z))dz 

U(O, 0") = 100 
v<p(v)dv. 

(.19) 

The right hand side of (.19) can be written as JJ' {X(r, B-v, v) -d(r, B-v, v)}dv. 

Since the initial value U(O, 0") ~ 0, it follows that U( r, 0") ~ ° for all r > ° and 

0">1. 

Similarly along any characteristic in R2 , 8 = S(z, I) satisfies 

d8 
d[ = G(I + z,8,B(l + z) - 8) 

8(z,0) = ° (.20) 

and 

dB 
df(l + z) = J(l + z, B(l + z)) 

B(O) = B(z) ~ 0. (.21) 
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So, since 8(z, 0) ~ B(z), the above argument can be repeated to conclude that 

U(l + z, I) = B(z + 1) - S(z, 1) > 0,1 > 0 and each z ~ O. 

Hence, along any characteristic curve in RI we have B( r )-S( r, 0') ~ OJ r > 0,0' > 1 

and also in R2 , B(l + z) - S(z, 1) > 0,1 > 0, z ~ O. So, as we have seen it in the 

proof of Theorem 2.2.1, given any (t, s) in R I , the invertibility of the characteristic 

curve 

t - l(r, 0') = r 

s - s(r, 0') 

through (t, s) gives 0' = u(t, s) and r = f(t, s) = t. From this it follows that 

8(t,s) = S(f(t,s),u(t,s)) < B(t). (.22) 

By the same argument as above, the characteristic curve through any point (t, s) 

in R2 

t - l( z, 1) = z + 1 

s - s(z, 1) 

is invertible giving z = z(t, s) and 1 = /(t, s). Hence, 

8(t, s) = S(z(t, s), l(t, s)) = S(z, 1) ~ B(l + z) = B(t). (.23) 

These two inequalities imply that 8(t, s) < B(t), t E [0, T). The positivity of 

8(t, s) follows from 

~f > fl X(I+z,u,B-u)-d(l+z,u,B-u)du,z~ OinR2 ,and ~; ~ fl X(r,u,B

u) - d(r, u, B - u)du in RI and the fact that the solution of :~ = fl X(v, u, B

u) - d(v, u, B - u)du with initial condition 8(0) > 0 has a positivity property. 

(b) Since we are interested in the limit as s -+ 00 of U(t,s) for each t E [O,T), 

we take the region RI • Take tl E (0, T) for each r E [0, t I ] U(r,O') is bounded from 
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above by some positive number kl(r) (independent of sigma), this follows from 

the fact that 8( r, 0') :5 B( r). Hence, the integrand X(r, B - v, v) - d(r, B - v, v) 

is also bounded on [O,U(r,O')]. Let k2(r) be its least upper bound. From this 

and the result in (a), we get ° :5 U(r, 0') :5 U(0,0')exp{rk2(r)}. Therefore, since 

U(O, 0') -+ ° as 0' -+ 00, it follows that U( r, 0') -+ ° as 0' -+ 00. But 0' -+ 00 if and 

only if s -+ 00. Hence, U(t,s) -+ ° as s -+ 00 (note that U(t,s) = U(t,u(t,s)) = 

U(t,O')). This implies that 8(t,s) -+ B(t) as s -+ 00 for all t > 0. It 

Proof of Theorem 2.2.2 

Suppose that Problem 2 has a unique pair of solutions (8(t, s), B(t)) over 

[0, T)j ° < T :5 00, 1 < s < TJ and s > TJ. By Definition 2.1.2, if we take 

e = TJ, VI = Rl and V 2 = R2, 8 is continuously differentiable over Rl and R2 and 

continuous on RI U R2• Define a function p(t, s) by 

1 
p(t,s)=-8s8(t,s), tE[O,T) and l<s<TJ,s>TJ. (.24) 

s 

We will restrict the analysis to R I , as a similar argument implies the result for 

R2 • Since 8 is continuously differentiable over R1 , we can differentiate (2.9) with 

respect to s over Rl and use the identity sp = 8s8 to get 

s8tp + sXp + s88 (sXp) = 88 G(t, 8, B - 8). (.25) 

From (2.25) 88 G(t, 8, B - 8) = sXp - sdp Substituting these into (.25) and can

celling s, we get 

which is just (2.6) with L = B - 8. 

Moreover, sp(O,s) = 88 8(0,s) = 88 80 (s) = 88 J;u¢(u)du = s¢(s), s ~ 1, which 

is Eq. (2.8). We can use the same argument to see that p defined by (.24) over 

R2 satisfies equation (2.6). We also need to prove that p satisfies the boundary 

condition (2.7). 
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From (2.9) we have 

sX8sS I S=f+1 = -8tS I S=f+1 + G(t, S, B - S) I S=f+1' € > 0. (.26) 

From 8sS(t,s) = sp(t,s), for € > O,t > ° we get S(t,€+ 1) = I;+1sp(t,s)ds. 

Hence, 8tS(t, € + 1) -+ ° as € -+ 0, also from (2.25) and pI 

G(t,S,B - S) -+ G(t,O,B) = ItY(t,z,B - z)dz as s = € + 1 -+ 1. To prove 

that p( t, s) satisfies the boundary condition (2.7), observe that 1100 Y( t, S, B -

S)sp(t, s)ds = RI Y(t, S, B - S)ds + 11/00 Y(t, S, B - S)sp(t, s)ds using the defini

tion sp(t,s) = 8sS(t,s) we get 

Il1/(Y(t, S, B-S) %.S)ds+ 11/00 (Y(t, S, B-S) %)ds then using :, 105 Y(t, z, b-z)dz = 

Y( t, S, B - S) %. S. Hence using the fundamental theorem of calculus, the above in

tegral reduces to JoS(t,1/-) Y(t, z, B-z)dz+ JoS(t,oo) Y(t, z, B-z)dz-I;(t,1/+) Y(t, z, B-

z)dz. By the continuity of S across 'T/, the first and the last terms cancel and from 

Lemma 2.2.2 S(t, (0) = B(t). then as € -+ 0, (.26) reduces to 

sX(t,S,B-S)p(t,s)ls=1 = 100 

sY(t,S,B-S)p(t,s)ds 

which is (2.7). Thus, if we define p by 

{ 

~8SS1(t,S), (t,s) E Rl 
p(t,s) = 

~8sS2(t,S), (t,s) E R2 
0- 0 - 1 1( then pEe (Rl' R+) n C (R2' R+) n C (Rl' R+) n C R2, R+). So, P is a solution 

of Problem 1 by Definition 2.1.1. 

Conversely, suppose that p(t, s) is the unique solution of Problem 1 on an 

interval [O,T) ° < T < 00,1 < s < 'T/ and s > 'T/ • Define functions B(t) and S(t, s) 

by 

B(t) = 100 

up(t, u)du (.27) 

and 

S(t,s) = ls 
up(t,u)du. (.28) 
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Since p may be discontinuous across the main characteristic, "1 j we write (.27) as 

B(t) = 171 up(t, u)du + loo up(t, u)du. 

Differentiating B(t) with respect to t, we get 

, d"1 d"1 [71 
B (t) = "1 dt p(t, "1-) - "1 dt p(t, "1+) + it u8t p(t, u)du 

+ loo u8t p(t, u)du, (.29) 

where p(t,"1-) = limS _ 71- p(t, "1) and p(t,"1+) = lims _ 71+ p(t,"1)' Multiply (2.6) by 

s, integrate by parts from s = 1 to s = 00, make use of (.29) and Lemma 2.2.1 to 

get 

B'(i) = sX(t,S,L)p(t,s) IS=1 + 171 sX(t,S,L)p(t,s)ds 

+ loo sX(t,S,L)p(t,s)ds-100 

sd(t,S,L)p(t,s)ds. (.30) 

Then, using the boundary condition (2.7) and Lemma 2.2.3 (because, S( t, s) -+ 

B(t)) we finally get the differential equation 

, [B 
B (t) = 10 {Y(t, z, B - z) + X(t, z, B - z) - d(t, z, B - z)}dz. 

The right hand side of this equation is f(t, B) as .defined by (2.24). 

To complete the proof of the converse it remains to show that S defined by Eq. 

(.28) solves (2.9) with initial conditions (2.10) and (2.11) over the two regions Rl 

and R2 respectively. First consider the region R1, where s > "1 and write (.28) as 

l S 
up(t, u)du = 171 up(t, u)du + lS up(t, u)du. (.31) 

Now multiply both sides of (2.6) by s and integrate from 1 to s to get the following 

171 u8t p(t, u)du + lS u8t p(t, u)du + "1X(t,., ')"1p(t, "1-) 

-"1X (t,., ')"1p(t, "1+) + sX(t,., .)sp(t, s) - uX(t,., .)up(t, u) IU=l 

- 171 uX(t,., .)p(t, u)du -ls uX(t,., .)p(t, u)du = - ls 
up(t, u)du, (.32) 



where p(t,TJ-) = lims_ 71_ p(t,s) , p(t,TJ+) = limS _ 71+ pet,s) and 

X(t,.,.) = X(t, S, B - S). Differentiating (.31) with respect to t we get 
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dTJ dTJ r r 8tS(t,s) = TJP(t,TJ-) dt - TJP(t,TJ+) dt + it u8t p(t,u)du + J71 u8t p(t,u)du (.33) 

Since TJ is a characteristic curve for (2.6) we have * = TJX(t, S, B - S) and 

differentiating (.28) with respect to s we get 8sS(t,s) = sp(t,s). Therefore, using 

(.33), we reduce (.32) to 

8tS(t, s) + sX(t,., .)8sS(t, s) - uX(t,., .)up(t, u) Itt=l 

- 171 uX(t,., .)p(t, u)du - is uX(t,., .)p(t, u)du = - 1s 
d(t,., .)up(t, u)du. (.34) 

Using the boundary condition (2.7), we finally get 

8tS(t, s) + sX(t, S, B - S)8s S(t, s) = 100 

uY(t, S, B - S)p(t, u)du 

+ is uX(t, S, B - S)p(t, u)du - 1S 

ud(t, S, B - S)p(t, u)du. (.35) 

Using Lemma 2.2.3 reduce this to 

8sS(t, s) + sX(t, S, B - S)8sS(t, s) = laB Yet, z, B - z)dz 
S . 

+ 1Il. {X(t, z, B - z) - d(t, z, B - z)}dz 
2 
B 

+ 102 
{X(t, z, B - z) - d(t, z, B - z)}dz 

= laB yet, z, B - z)dz + loS {X(t, z, B - z) - d(t, z, B - z)}dz. (.36) 

Therefore, S satisfies (2.9) with G(t, S, B - S) defined by the right hand side of 

(2.25). Also in the region R2 where TJ > s, the function p is differentiable. Hence, 

following the same procedure (without breaking the interval from 1 to s into two 

parts as we did for region R 1 ) we get 

8tS(t, s) + sX(t, S, B - S)8sS(t, s) = 100 

uY(t, S, B - S)p(t, u)du 

+ is uX(t, S, B - S)p(t, u)du -is ud(t, s, B - S)p(t, u)du (.37) 
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The same lemma used above reduces this to (.36). 

Clearly 8(0,s) = Itup(O,u)du = Itwp(u)du = 80 (s) and 8(t,1) = 0 hence, 8 

satisfies conditions (2.10) and (2.11). By construction 8(t,s) is continuous on 

Rl U R2 and is twice continuously differentiable on Rl andR2. 

To conclude the proof take VI and V 2 in Definition 2.1.2 to be Rl and R2 

respectively, and, to be T/. If p(t, s) is a unique solution of Problem 1, by the 

result about existence it can be shown that any solution of Problem 2 is given by 

8(t, s) = I: up(t, u)du which implies the uniqueness of solution of 

Problem 2. Similar argument leads to the uniqueness of solution of Problem 1 

assuming that Problem 2 has a unique solution. " 
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Appendix B 

Proof of Theorem 3.1.1 

(i) The assumptions given in pI and p2 imply that f(t, B), given by (2.24) is 

differentiable in its domain. This condition implies the uniqueness of the solution 

of 

B' = f(t,B) 

on its maximal interval of existence. First we will prove that B(t) is defined for 

all t ;::: O. From the assumption given in V follow two cases; 

(1) limB_oo lif(t, B) = L > 0, L < 00; t > 0 

(2) limB_oo 1f(t,B):::; O;t ;::: 0 (possibly -00). 

Suppose that the maximal interval of existence of the solution B(t) of 

B'(t) = f(t,B), B(to) > O,to > 0 is [to,r),r < 00, then since B(t);::: 0, we have 

(3) : limt_T- B(t) = 00. 

So if (1) holds, then there exists Bl such that VB > Bl, lif(t,B) < 3; and also 

by (3) there exists rl such that B(t) > Bl for all t E (rl,r). , 
Hence, ~Nl < 3; t E (rl' r) which implies that B is bounded as t ~ r-, contra-

diction to what we assumed above. 

On the other hand, if (2) holds then there exists B2 such that B'(t) < 0 for all 

B > B2. But, from limt_T- B(t) = 00, there exists r2 with B(t) > B2, t E (r2,r) 

which implies that B'(t) < 0, t E (r2,r) and this contradicts the assumption 

limt_T- B(t) = 00. Hence, the maximal interval of existence of B(t) is [to, 00). 

Now it remains to J?rove that the solution of (2.9) - (2.11) exists for all t > 0 

and 1 < s < 77, s;::: 77. To do this all we need to show is that the characteristic 

equations (2.19) - (2.21) with initial conditions on r 1 and r 2 have global solutions. 

The global existence of the solution of ~; = G( r, S, B - S) follows from Lemma 

2.2.2.(a). Hence, the characteristic equations have global solutions. Since the 

conditions in pI, p2 and p3 are satisfied, the invertibility of equations (.6) and 
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(.7) over Rl and equations (.12) and (.13) over R2 can be concluded by the same 

argument used in the proof of Theorem 2.2.1 and from this follows the existence 

of a unique pair B(t),S(t,s) of solutions defined for all t ~ 0." 

Proof of Corollary 3.1.1 This Corollary follows from Theorem 2.2.2. Take 

[0, T) = [0,00). 

Proof of Theorem 3.2.1 

For any nonequilibrium initial point B(O) > 0, we have either (f(B(O)) > 0) 

(f(B(O)) < 0). The solution B(t) of (2.12) is increasing (decreasing) and if there is 

a critical point greater (smaller) than B(O), B(t) approaches the smallest (largest) 

equilibrium point. Otherwise, it will grow up monotonically without bound if 

J(B(O)) > O ... 

Proof of Theorem 3.2.2 

Let Boo be an equilibrium of B' = f(B), and suppose that B(t) --+ Boo as 

t --+ 00. Differentiating S along any characteristic curve (z, I), z = t - ~s and 

I = ~ s for 1 < s < T/ we get 

dS 8S 8S [s 
dz = at + ,s 8s = A(B(z + I)) + Jo ({ - d(u,B(z + I) - u))du. (.38) 

Which is a one parameter family of differential equation with parameter z > o. 
Keep I in a compact set and let z --+ 00 which implies that t --+ 00 from the relation 

z = t - ~s. Then, this yields the limit equation 

, [Y 
Y = A(Boo) + Jo ({-d(u,Boo-u))du (.39) 

as t --+ 00. Since f(Boo) = 0, from (3.1) we see that 

A(Boo) = -'D(Boo) = - 1too (, - d(u, Boo - u))du. Hence (.39) implies 

,[Boo [Y 
Y - - Jo ({ - d(u, Boo - u))du + Jo ({ - d(u, Boo - u))du 

[Boo 
- J

y 
(d(u, Boo - u) - ,)du, y(O) = O. (.40) 
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Let y(l) be the solution of this initial value differential equation. Define Yoo( s) ..:.. 

y(~S) = y(l). Clearly, the initial value y(l) = 0 is satisfied by Yoo. From theory 

of continuous dependence of solutions with respect to parameters, the solution 

S(z,l) = S(t - 1,1) of (.38) approaches Yoo uniformly as t ~ 00 for 1 restricted to 

a compact subset of [0,00). 

Solving (2.6) - (2.7) with growth rate given by s;, birth and death rates not 

explicitly dependent on time yields 

1 
¢(se-'Yt) exp ( - 1ci d(S, B(u) - S)(u, se-'YU)du), s > TJ 

p(t, s) = ~p(t _ ~s, 1) exp ( _ 1~r~/ d( S(t - ~s, w), B(t - ~S) - S(t - ~s, w) )dw) , (.4] 

l<s<TJ 

Notice that from (2.7), 

p(z,l) _ !. [00 sY(S, B - S)p(z, s)ds 
; 11 

- ~(117 sY(S,B - S)p(z,s)ds + ioo 
sY(S,B - S)p(z,s)ds) , 

and from the definitions of Sand L given by equations (2.4) and (2.5) respectively 

it follows that 

[11 [11 as it sY(S,B - S)p(z,s)ds - 11 Y(S,B - S) as ds 

- 117 ! (foS Y(v,B - v)dv)ds 

and 

ioo 
sY(S,B - S)p(z,s)ds = - ioo 

%s (foL Y(B - v,v)dv )ds. 

Hence, from these two results and the Fundamental Theorem of Calculus, 

p(z, 1) = ~{1oS(z'I7-) Y(v, B -v)dv+ 1oL (z,I7+) Y(B-u, u)du}, also note that by using 

a change of variable v = B - u, it is possible to see that 

10L Y(B - u, u)du = - 13-L Y(v, B - v)dv. Thus, these results lead us to 

p(z, 1) = ~{1oS(z'I7-) Y(v, B - v)dv - 1:-L (z,I7+) Y(v, B - v)dv}. But since S(z, s) is 
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continuous at 1], using S = B-L, it follows that lims -+lI- S(z,s) = lims->lI+ B(z)

L(z,s) = lims_ lI+ S(z,s). 

Therefore, p(z, 1) = ~ Jrf1(z) Y(v,B - v)du = ~A(B(z)). This implies 

p(t - ~s, 1) = ~A(B(t _ ~s)). 

Then finally, from (.41), if 1 < s < 7], 

p(t, s) = ~A(B(t - ~S)) exp ( - J~n.: d(S(t - ~s, w), B(t - ~S) - S(t _ ~s, w))dw). 

So if s > 1, and hence 1 = ~s is kept in a compact set then, from the uniform 

convergence of solution of (.38) to that of (.39), and the continuity of d and Y, it 

follows that 

p(t,s) ~ .A(~oo) exp ( - J~n.: d(Yoo(w),Boo - yoo(w))dw) uniformly as t ~ 00 .• 
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Appendix C 

Proof of Theorem 4.2.1 

We first proceed to show that F( B, a) given by (4.3) has a unique positive root 

for 0 ~ a < t, and n > 1. To do this we will show that ~~ (B, a) < 0 for all B > 0 

and a E [0, t], F(O, a) > 0 and also that F( +00, a) < O. 

BF(B ) = (1 - a)BK((l - a)B) - aBK,(aB) - f~k-a)B K(z)dz (.42) 
BB ,a (1- 2a)B2 

By the mean value theorem 

l
(I-a)B 

aB 
K,(z)dz = K,(e)(l - 2a)B 

for some e between aB and (1 - a)B. By (a2) K, is decreasing 

thus, K,(aB) > K(e) > K,((1 - a)B). This and (.43) imply that 

l
(I-a)B 

- K(z)dz < -(1 - 2a)BK,((1 - a)B). 
aB 

(.43) 

Therefore, from (.42), ~~(B,a) < aB[K((l-a)B)-K,(aB)] < 0, 0 ~ a < t. For 

a = ti ~~(B,a) = K,'(~) < O. Thus F(B, a) is a decreasing function in B for all 

a, 0 < a ~ t. Using L'Hospital's rule we get, F(O, a) ~ K,(O) = 'Y + bo - do > O. 

From Remark 4.2.1 K has a unique positive root when n > 1, thus for z > z*, 

K,(z) < 0, and this implies that f~k-a)B K,(z)dz < 0 for aB > z*. This gives 

that F(oo,a) < 0, it is therefore clear that F(B,a) has a unique positive root 

B = Boo. Boo is asymptotically stable because, ~~(Boo, a) < O. So, since this is 

a one-dimentional map that has only one positive critical point which is stable, 

the total population biomass B(t) monotonically equilibrates to Boo for any initial 

value B(O) > O. 

On the other hand, if n ~ 1, then there is no positive critical point since 

F(B,a) < 0 'VB > 0 and a E [0, t]. And moreover ~~(O,a) < 0 which implies that 

the total population biomass B(t) --? 0 for any initial value B(O) > O ... 
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The following lemma is used in the proof of Theorem 4.2.2. The prove is 

presented after it. 

Lemma 

Suppose that JC is the function defined by eqn. (4.4) above. 

If Boo = Boo (a) is a critical point of (4.2), then 

(.44) 

\/a E [0, t]. 
Proof 

Let el = z* - aBoo and 6 = (1 - a)Boo - z*, where z* is the root of JC. Suppose 

that 6 :5 6, then since JC is concave upward and decreasing it's slope at the point 

z* is less negative than that of the secant line through (aBoo , JC(aBoo)) and (z*, 0). 

This gives 

JC'( *) _ JC( aBoo) 
z > B . z* - a 00 

(.45) 

Again since JC is concave upward, the value of the tangent line to the graph of JC 

at the point (z*, 0) evaluated at (1 - a)Boo is less than JC((1 - a)Boo) and from 

this we get another inequality 

JC' (z*)((1 - a)Boo - z*) < JC((1 - a)Boo). (.46) 

The two inequalities (.45) and (.46) together with the assumption 6 :5 6 imply 

JC(aBoo) + JC((l- a)Boo) > JC'(z*)[6 - 6] 

proving the result given by Eq. (.44). 

Now consider the other assumption el < 6; clearly F(Boo, a) = 0 implies that 

z* E (aBoo , (1 - a)Boo), hence 

l (l-a)Boo 1z. l(l-a)Boo 
JC(z)dz = 0 =? JC(z)dz = - JC(z)dz. 

aBoo aBoo z· 
(.47) 



90 

Since I< is concave upward and decreasing, the area of the triangle with vertices 

(aBoo, JC ( aBoo)), (z*, 0) and (aBoo, 0) and the area of the region bounded by the 

graph of JC over the interval [aBoo , z*], satisfy the inequality 

1z • 1 
JC(z)dz < -2(z* - aBoo)JC(aBoo). 

OIBoo 
(.48) 

Similarly comparing the area of the triangle with vertices (z*, 0), 

((1- a) Boo , JC((l- a)Boo)) and ((1- a) Boo , 0) with the one between the graph of 

JC and the R axis over [z*, (1 - aBoo)], we get another inequality 

l
(l-OI)Boo 1 

- z. JC(z)dz > -2"JC(l- a)Boo((l - aBoo) - z*). (.49) 

Inequalities (.47), (.48) and (.49) yield e1!JC(aBoo) > -!6JC(1- a) Boo , and this 

together with the assumption 6 < 6 implies (.44). .. 

Proof of Theorem 4.2.2 

Consider F(B,a), the per capita growth rate in (4.2) and let Boo = Boo(a) be 

a nontrivial critical point of (4.2). Differentiate both sides of feB, a) = BP(B, a) 

with respect to a and evaluate at Boo to get 

aBoo M(Boo , a) 
aa = - %(Boo , a)' (.50) 

Since Boo is a nontrivial critical point, we have 

%(Boo , a) = Boo ~~(Boo, a) < O. Hence, MI(~~.OI) > 0 which implies that the sign 

of 8:: is the same as that of M(Boo , a). So it suffices to see the sign of the latter. 

feB, a) = 1_1201 I~~-OI)B JC(z)dz, then for 0 :5 a < ! 
af(B ) _ -Boo[JC((l - a)Boo) + JC(aBoo)] 
aa ,a - (1 - 2a) . 

So this, it is clear that (.50) will be negative if 

JC((l - a)Boo) + JC(aBoo) > 0, (.51) 
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But this follows from the above lemma. Hence, we conclude that the critical point 

Boo is decreasing as a function of a. Consequently, the minimum critical point is 

attained at a = !. This implies that in the case of scramble competition, the 

population equilibrates to a lower level whereas in the case of contest competition 

(a = 0) the population equilibrates to a higher level than the one for a = ! 
which means that Boo(O) > Boo(!). Thus, in the case of contest competition, the 

equilibrium level is greater than the one we get for scramble competition ... 

Proof of Lemma 4.3.1 

We start our approach to show that the positive quadrant is forward invariant 

by first showing that any triangular region in the positive quadrant with two edges 

on the Band R axes is forward invariant. Let k > 0 be a real number. We claim 

that the triangular region bounded by the coordinate axes R, B and the segment 

B = (w + "Y)(k - R) for 0 < R < k is positively invariant. Let (a,b) be the normal 

to the vector ( - k, (w + "Y) k) that forms the hypotenuse of the triangle, then the dot 

product (a, b).( -k, (w + "Y)k) = O. This equation is satisfied for (a, b) = (w + "Y, 1). 

Thus, the inward normal is (-a, -b) = (-(w + "Y), -1). 

Let (11, h) be the vector function on the right hand side of the system of equa

tions given by (4.12) - (4.13). The flow on the segment that forms the hypotenuse 

will point inward if the scalar product of (11, h) and the inward normal is positive. 

That is 

(11,12).( -(w + "Y), -1) > O. (.52) 

We will show that this is possible. From the system of equations given by (4.12) -

(4.13), the scalar product has the following form. 

Observe that 

(f j ).(-(w + ) -1) > { (w + "Y)(dok - roRe), do < ro 
17 2 "Y , - (w + "Y)ro(k - Re), do > roo (.53) 
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So pick k > ko = max{Ro, R3;Q} so that (.47) is positive. From this we con

clude that the triangular region bounded by the coordinate axes Rand Band 

the segment B = (w + ,)(k - R) for 0 < R < k is positively invariant for any 

o :5 a :5 !. 
In the following analysis we will rule out the existence of a closed trajectory 

in the first quadrant. This will prove that no trajectory in the first quadrant can 

have a closed orbit as it's omega limit set. To make use of Bendixon - Dulac 

criterion, we just have to show that the gradient V'( (11;2») does not change sign in 

the positive quadrant. 

_ ~{(Ro - R)To - U(R)f1(B, a)} 
8R B 
~{(w + ,)U(R)f1(B,a) - doB} 

+ 8B B 
TO u' (R)f1(B, a) 

- ---
B B 

+ (w+,)U(R)8~C~~(~,a)) (.54) 

It is given in A2 that C is decreasing, therefore its average A(~.a) decreases as B 

increases. Hence 8~(A(~.a») < O. Therefore (.54) is negative for (R, B) E R+ x R+. 

By Bendixon - Dulac Theorem this implies that there is no closed trajectory in 

the positive quadrant. " 

Proof of Theorem 4.3.1 

Clearly (Ro, 0) is a critical point of the system (4.12) - (4.13). We now proceed 

to find a positive critical point for this system. Any positive critical point should 

satisfy the pair of equations 

R _ Ro _ U(R)f1(B, a) 
TO 

(.55) 

nU(R)f1(B, a) 
U(Ro) 

B - (.56) 
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From .56 we get 6.(B, a)U(R) = BU£Ro) and from (.55) R = Ro - B~~:O), plug this 

in (.56) to get 

6.(B, a) U(Ro) 
B = nU(R _ BU(Ro»)' 

o nro 

(.57) 

The solution of this equation determines a positive critical point. We require the 

argument of U on the right hand side of (.57) to be positive. Hence, we take the 

interval I : a < B < ~%!)' 
The left hand side of (.57) is decreasing with value 1 at B = 0 and the right 

hand side is increasing with limit 00 as B ~ ~~ -. It also assumes the value 

~ at B = O. Hence, if n > 1, equation (.57) has a positive solution Boo. Solve 

for Roo from (.56), and obtain the positive critical point (Roo, Boo). On the other 

hand, the linearization of (4.12) - (4.13) at the critical point (Ro,O) with eigen 

values -TO and (n - 1)do, is a saddle for n > 1 having a stable manifold on the 

R-axis. Hence by Hartman-Grobman theorem [23], no orbit starting in the positive 

quadrant approaches the point (Ro,O), moreover there is no closed trajectory in 

this quadrant, therefore (Roo, Boo) is the omega limit set of any bounded trajectory 

with initial point in the positive quadrant. 

But if n < 1, (Ro,O) is the only critical point, and has negative eigen values, 

besides to this, there is no closed trajectory (Lemma 4.3.1) hence it is (locally 

asymptotically) stable. In particular the total population biomass B(t) will die 

out as t ~ 00 ,. 

Now we verify what we claimed in Remark 4.3.1. 

The right hand side of (.57) is independent of a so it suffices to show that the 

left hand side is decreasing as a increases from a to !. 

o 6.(B,a) J~l-a)B C(z)dz - B(1;2a){C((1_ a)B) + C(aB)} (.58) 
oa B = (1-2a)2 

2 
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Since C is concave upward, the area of the trapizoid formed by the secant line 

through (o:B, C(o:B)) and ((l-o:)B, C((l-o:)B)) is greater than the area formed 

by the graph of C over the interval [o:B, (1 - o:)B]. Therefore, :Ot ~(~,Ot) < 0 and 

this implies that the graph of the left hand side is lowered as 0: increases. This 

in turn causes the intersection point Boo with the graph of the right hand side to 

be lower. From this decreasing property the equilibrium level Boo is minimum at 

0: = ! and maximum at 0: = o. 
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Appendix D 

Proof of Lemma 5.1.1 

Clearly Ly = y' - ao(t)y is linear. The inequalities 

ILylo = SUp[o,p]ly' - aoyl :5 IY'lo + lalolylo :5 klyit, where k = max{laolo, I} imply 

that L is bounded. 

Ly = 0 has a non-trivial p-periodic solution Bo(t) = eI; ao(s)ds. Bo is p-periodic, 

to see this take t E [0, p] and then, Bo( t + p) = eI;+P ao(s)ds = eI; ao(s)ds eI/+P ao(s)ds. 

So it suffices to show that eI/+P ao(s)ds = elt ao(s)ds. 

Note that I/+P ao(s)ds = It ao(s)ds + I;+P ao(s)ds. Let y = s - p in the second 

integral to get I;+P ao(s)d.s = lci ao(s - p)ds = lci ao(s)d.s. Hence, 

I/+Pao(.s)ds = Itao(s)ds + lciao(s)ds = frfao(s)ds = p[ao(t)] = 0 by hypothesis 

this implies Bo(t + p) = Bo(t). 

Any solution of Ly = 0 is y = cBo for some c E R. So the null space of L is 

N(L) = {cBo, c E R} and its dimension is one. Let Yi E N(L) and Yi -+ Y then 

from the continuity of L, LYi -+ Ly and since LYi = 0, we get Ly = O. From this 

follows the closedness of N (L ). 

Next we will show that the range R(L) of L is closed. But first note that the 

adjoint of L, which we denote by La is LaY = y' + ao(t)y and LaY = 0 iff 

y = e-I;ao(s)ds. Let BOl(t) = e-I:ao(s)ds. This is the base of N(La) and since 

N(L) # {OJ, by Fredholm's alternative, I E R(L) iff I is in the orthogonal com

plement Nl.(La), which means that < I,Bol > = O. 

Hence, R(L) = {I E Z(p)j < I, BOI > = OJ. Let Ii E R(L) 

with Iii - 110 -+ O. Then, 0 < I < I, BOI > I = I < I - Ii + Ii, BOl > I = 

I < I - Ii, BOI > + < Ii, BOI > I :5 I leU -/i)Bol(t)dtl + I Ie liBol(t)dtl < 
II - lilo Ie Bol(t)dt + 0 -+ 0 as i -+ 00 so, since Z(p) is closed under the 1.10 norm, 

we see that I E Z(p) and hence I E R(L). 

Clearly Rl.(L) = N(La) = {CBoljC E R} which is closed and of dimension one 
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with base BOI and implies that Codim R(L) = dim RJ.(L) = 1. To complete 

the proof of the lemma, we need to prove that N(L) and R(L) admit continuous 

projection. 

Define PN = Y(p) ~ N(L) by PN(Y) = <lB~~io~o, this is a continuous pro

jection. Similarly we define a continuous projection P : Z(p) ~ RJ.(L) by 

P( ) 
_ <z,B;I>B;1 

Z - <B-1 B 1>· 
o ' 0 

Then 1- P is a continuous projection from Z(p) to R(L) . .. 

Proof of Theorem 5.1.1 

Let T: 'R.~ x n ~ Z(p) be defined by 

T(t, p" B) = BP,al(t) + B7r(t, p" B), where n is a small neighbourhood of zero in 

Y(p). Note that T(t, p" EB) = E{Bp,al(t) + B7r(t, p" EB)} = ET(t, B, p" E) and T 

and T are continuously differentiable. Obseve the following facts; 

),,7 : T(t,Bo,O,O) = ° 
),,8 :< 8I'T(t, Bo, 0, 0), Bol >:/= ° 

Lemma 5.1.1 implies the necessary hypotheses on L which are stated in HI and 

H2 in Cushing [8]. Similarly, ()"7) and (AS) imply that the assumptions in H3 and 

H4 of Cushing [8] are satisfied. Hence, Theorem 1 Cushing [8] implies that there 

exists an EO > ° such that equation (5.13) has a branch of non-trivial p-periodic 

solutions (B, p,) E Y(p) x 'R. of the form 

(a) B = B(t, E) = E{Bo(t)+ZO(t,E)}, for lEI < fo, and Zo: n('R.,fo,O) ~ NJ.(L), 

with zo(t, O) = ° Vt. 

(b) p, = p,(e) = e{p,l +/O(E)}, /0: n('R.,eo,O) ~ 'R., /0(0) = 0, and moreover, 

Zo and /0 are q > 1 times differentiable in e. To complete the proof, we just need 

to find P,l. Linearizing 7r at (t, 0, 0) yields 7r(t, p" B) = 7r(t, 0, 0) + 8B7r(t, 0, O)B ... , 

note that 7r(t, 0, 0) = 0. 

So from (5.13), B'(t) = B{P,al(t)+ao(t)+8B7r(t,0,0)B+0(B2)}. Now plug (B,p,) 



from (a) and (b) into (5.13) to obtain 

f(B~ + z~(t, f)) 
= f(Bo + Zo(t, f)) (f{ll l + /o(f)}al(t) + ao(t) + 8B7r(t, 0, O)f(Bo + Zo(t, f))). 

Then equating powers of f, we get 

B~ - ao(t)Bo, 

z~ - ao(t)zo + 8B7r(t, 0, 0)B5al + IltBo. 
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(.59) 

Since the homogeneous equation z~ - ao(t)zo = 0 has a non-trivial p-periodic 

solution, namely Bo, equation (.59) is solvable, by Fredholm's alternative, if the 

non-homogeneous part 8B7r(t, 0, 0)B3 + III BOal is orthogonal to the solution of the 

adjoint equation LaY = Y' + ao(t)y = 0 which we denoted by BOI in the proof of 

Lemma 5.1.1. Hence, < 8B7r(t, 0, 0)B5 + III BOa17 BOI >= o. From this it follows 

that [at(t)]lll = -~ < 8B 7r(t, 0, 0)B5, BOI > and finally since [all = 1 this yields 

III = -~ Ie 8B7r(t, 0, O)Bo(t)dt = -[8B7r(t, 0, O)Bo(t)]. ,. 

Proof of Theorem 5.1.2 

Let c = 8 = 0 then (5.13) reduces to 

B'(t) = B{ ([dcn(V(R»)} + 1) [d1iJrJW)]U(R)m(B) - iJ Irf dnc(U(R(t))m(B))dz}. The 

coefficient of B on right hand side is bounded by 

bt(t) = ([dnc(U(R))) + 1) [dul~ltW)lU(R(t)) - dnc(U(R(t))) and the average of bl is 

[btl = ([dnc(V(R))) + 1) [dnc(U(R))] - [dnc(U(R))] = 11. Hence, 

B(t) < B(O)efotblCs)ds = B(0)eI:(b1(s)-Jj)ds eJjt. Since [b1(s) - 11] = 0, efo
t
(bl(S)-Jj)ds is 

p-periodic. From this we can see that limt .... o eJjteI:(bl(s)-Jj)ds = 0 for 11 < 0, and 

from (5.8), 11 < 0 if and only if n < 1. Hence, B(t) -+ 0 as t -+ 00 for n < 1 and 

for any initial condition B(O) > o. ,. 
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Proof of Throrem 5.1.3 

First we will prove that the trivial solution B = 0 is unstable for n > 1. To see 

this linearize (5.13) at B = 0 to get 

B' = (I.tal(t) + ao(t))B. The stability of B = 0 depends on the Floquet exponent 

[lla1(t) + ao(t)] = Il and from (5.8), n > 1 if and only if Il > O. Hence, B = 0 is 

unstable. 

Now consider 91(t'Il,B) from (5.6) with n replaced by t't~;tJrAf>p] which we get 

from equation (5.8). Clearly 

gl (t, Il, B) < ([dnc(U(R»] + 1 ) U(1tlkn(B) + i3 It ([dnc(U(R))] + 1 ) ro[~~R)] - 87j;( B - z )dz 

= ([dnc(U(R»] + 1) U(1tlkn(B) + ([dncdi(R))] + 1) ro[~~R)] - ~ IoB 7j;(z - B)dz. 

The limit of this as B ~ 00 is negative. Because, by the L'hopital's rule, 

limB-+oo iI IoB 7j;(B - z)dz = limB-+oo "p(B) and by '\4, limB-+oo m(B) = 0 then, the 

the hypothesis of the theorem implies that limB-+co -8"p(B) + ([dnC(t(R»] + 1) cr~ < 
O. 

Following this we conclude that limB_oo gl (t, Il, B) < 0 and this implies that there 

is Bl that is large enough so that gl(t, Il, B) < 0, for B > B1. This implies that 

B' = Bg1(t, Il, B) < 0 for B > B1 and hence, every solution is bounded from above. 

We have also seen that the trivial solution is ustable for n > 1 thus, all solutions 

with initial values B(O) > 0 remain bounded. By [20], Theorem 4.11 these bounded 

solutions approach a p-periodic solution, but since B = 0 is unstable, this liming 

periodic solution is non-trivial. .. 

Proof of Theorem 5.1.4 

We begin the proof of the theorem by noting that 

n[dnc(U(R))]c<p(z) _ 87f;(B _ ) < n[dnc(U(R))]cK _ 87j;(B _ ) 
[U(R)] z - [U(R)]ro z . (.60) 
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We can take relatively large 8 and TO so that the inequality 

n[dnc(U(R))]cK _ 8~/'(B - ) < -d (0) 
[U(R)]TO 'I' Z - nc 

(.61) 

holds. For any B by "\6 

ccp(Z) 
-dnc(O) < dnc( R(t) + U(R)m(B)) - dnc(U(R)m(B»). (.62) 

From (.60), (.61) and (.62) follows 

n[d[~rA~m;)(z) - 81jJ(B - z) < dnc(~ + U(R)m(B)) - dnc(U(R)m(B)). This 

implies the inequality gl(t, n, B) ::; n[d[u\~~f))]U(R)m(B) - dnc(U(R)m(B)). 

Let g2(t, n, B) = n[d[u~~~f))]U(R(t))m(B) - dnc(U(R)m(B). 

In the absence of cannibalism (c = 8 = 0), we have B' = Bg2(t, n, B) and 

hence, B(t) = B(O)eJ: 92(s,n,B)ds the inequality B' = Bg1(t, B, n) < Bg2 (t, n, B) 

implies that B(t) = B(O)eJ: 91 (u,B(u),n)du < B(O)efo
t 
92(U,B(u),n)du. This concludes 

the proof of the theorem." 
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Figure Captions 

Figure 1: The region in the ts- plane {( t, s) : t > 0, s > I} is divided into two 

sub-regions R I , R2 by the main characteristic curve TJ 

Figure 2 : According to the properties of IC that we listed in (al), (a2) and 

(a3) in Chapter 4, the graph of IC is concave upward, decreasing with a unique 

root z* when n is greater than 1. 

Figure 3: When there is cannibalism, the bifurcation of non-trivial periodic 

solutions at (n, B) = (1,0) is subcritical. This is a micriscopic diagram (in the 

close neighborhood of n = 1), as we can conclude from Theorem 5.1.1 for (ttl < 0). 

Figure 4: For ttl > 0 in Theorem 5.1.1, the bifurcation of non-trivial periodic 

solutions of 5.13 is supercritical. This is also in a close neighborhood of n = 1 as 

in the case of figure 3. 

Figure 5: The graphs of the total population biomass B(t) for n > 1 when 

there is (a) cannibalism (c f; 0,8 i- 0), (b) no cannibalism (c = 0,8 = 0) are drawn. 

The total population biomass of the cannibalistic population is smaller than that 

of the noncannibalistic population. Selected parametric values are n = 1.5, r = 

60, a = 0.11, () = 0.1, u = 1.5,0" = 0.01, dB = 2.5, dm = 0.5, c = 3.76,8 = 0.02. 

Figure 6: The graph of the total population biomass B(t) when there is (a) 

cannibalism (c i- 0,8 i- 0) and (b) no cannibalism (c = 0 = 8), n > 0 are drawn. 

This graph shows that the total population biomass of the cannibalistic population 

is greater than that of the noncannibalistic population. Selected parameteric values 

are n = 1.5,r = 1.0,a = 0.11,() = O.I,u = 1.5,0" = O.OI,ds = 2.5,dm = 0.5. 

Figure 7: This is the graph of B(t) when there is (a) cannibalism (c f; 0,8 f; 0) 

and (b) no cannibalism (c = 0 = 8). This graph shows that cannibalism can pre

vent the extinction of population that could die out otherwise. Selected paramet

ric values are n = 0.989, r = 1.45, a = 0.087, u = 1.0, () = 0.1,0" = 0.0001, dB = 

11.0, dm = 1.5, c = 0.3434,8 = 0.9710,. 
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Figure 8: This is the graph of a stable limit cycle for the system given by 

(4.10) - (4.11), where the prey grows in a logistic manner. 

Selected parameteric values are a = 0.49, d = 0.001, do = 0.9, n = 1.0115, Ro = 
10.0,e = 0.1,1 = 1.0 and initial value, (R(O),B(O)) = (4.74442,2.44444). 
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Figure 4, Supercritical bifurcation 



104 
48.38292 

18.83693 
8.828888 

t 388.eaee 

Figure .5, The graph of B( t) for r = 60 with (a) cannibalism and (b) no cannibalism 
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Figure 6, The graph of B(t) for r = 1.0 with (a) cannibalism and (b) no canni
balism 
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Figure 7, The graph of B(t) for n = 0.989 with (a.) cannibalism and (b) no 
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Figure 8, A periodic solution for the p'redator prey model (4.10) - (4.11) when the 
prey has a logistic growth 



106 

REFERENCES 

[1] Beddington, J. R., Hassell, M. P. and Lawton, J. H.: The components of 

arthropod predation II. The predator rate of increase. J. Anim. Ecol., 45, 

165-185, 1976 

[2] Bell, G. I. and Anderson, E.C.: Cell growth and division I. A mathematical 

model with application to vell volume distribution in mammalian suspension 

cultures, Biophys.J., 7:329-351, 1967 

[3] Bacon, P. J.: Population dynamics : Models Based on Individual Growth, 

Resource Allocation and Competitive Eithology: Merlwood Research and De

velopment Paper, no. 88, Institute of Terrestrial Ecology, Grange-Over-Sands, 

Cumbria, England, 1982 

[4] Botsford, L. W.: The effect of increased individual growth rates on depressed 

population size. Amer. Nat., 117:38-63, 1981 

[.5] Castillo-Chavez Carlos: Linear and Nonliear Deterministic Character Depen

dent Models with Time Delay in Population Dynamics, Ph. D. dissertation, 

University of Wisconsin - Madison, 1984 

[6] Caswell, H.: Stable population structured and reproductive value for popula

tion with complex life cycles, Ecology, 63:1223-1231 

[7] Chan, W. -L. and Guo, B. -Z.: Global behavior of age - dependent logistic 

population models, J. Math. Bioi., 28:225-235, 1990 

[8] Cushing, J. M.: Nontrivial Periodic Solutions of Integrodifferential Equations, 

J. Integral Equations, 1:165-181, 1979 

[9] Cushing, J. M.: A simple model of cannibalism, lYlath. Biosci., 78:21-46, 1986 

[10] Cushing, J. M. and Jia Li: Juvenile verses Adult competition, J. Math. BioI., 

29:457-473, 1991 



107 

[11] Cushing, J. M.: A size-structured model for cannibalism, Theor. Populo Bioi., 

42(3):347-361, 1992 

[12] Cushing, J. M.: The d.yilamics of a hierarchical age-structured populations, 

J. Math. Bioi., 32:705-729, 1994 

[13] Chris Rorres : Stability of an age specific population with density dependent 

fertility, Theor. Populo Bioi., 10:26-46, 1976 

[14] Dewsbury, D. A.: Dominance rank, copulatory behavior and differential re

production, Quart.Rev.Biol., 57:135-159 

[15] Ebenmann, Bo, and Persson, L.: Size-Structured Populations: Ecology and 

Evolution. Berlin, Heidlberg, New York: Springer, 1988 

[16] Fox, Laurel, R.: Cannibalism in natural population, Ann. Rev. Eeol. Byst., 

6:87-106, 1975 

[17] Gurney, W. S. C. and Nisbet, R. M.: Ecological Stability and social hierarchy, 

Theor. Populo Bioi., 16:48-80, 1979 

[18] Gurtin, M. E. and MacCamy, R.C.: Non-linear age-dependent population 

dynamics, Arch. Rational. Meeh. Anal., 544:281-300, 1974 

[19] Hale, J. K.: Ordinary Differential Equations, New York, Wiley - Interscience, 

1969 

[20] Hale, J. K. & Cocak, Huseyin: Dynamics and Bifurcations: Spring-verlag, 

New York Inc., 1991 

[21] Hoppenstaedt, F.: Mathematical Theories of Population: Demography, Ge

netics and Epidemics, SIAM Conf. Series Appl. J\!Jath Philadelphia 1975 

[22] Hughes, T. P.: Population dynamics based on individual size rather than age 

a general model with a reef coral example, Amer. Nat., 123:778-795, 1984 



108 

[23] Lawrence Perco: Differential Equations and Dynamical Systems, Spring

Verlag New York, 1991 

[24] Lotka, A. J.: Elements of Physical Biolog, Baltimore: Williams and Wilkins. 

(re published as elements of Mathema:tical Biology. New York: Dover 1956) 

[25] Lomnicki, Adam: Population Ecology of Individuals, Monographs in Popula

tion Biology 25, Princeton University Press, Princeton, New Jersey, 1988 

[26] Maracati, P.: On the Global stability of the Logistic age-dependent population 

growth, J.Math. Bioi., 15:215-226, 1990. 

[27] McKendrick, A. G.: Applications of Mathematics to Medical Problems, Proc. 

Edin. Math. Soc., 44:98-130, 1926 

[28] Metz, J. M. and O. Diekmann: The dynamics of physiologically structured 

populations, Lec. Notes in Biomath, 68, Springer, 1986. 

[29] Murphy, L.: Density Dependent Cellular Growth in an Age Structured Colony, 

Comput. Math. Appl., 9:383-392, 1983 

[30] Nisbet, R. M. and Gurney, W. S. C.: The systematic Formulation of pop

ulation models for insect with dynamically varying instar duration, Theor. 

Populo BioI., 23:114-135, 1983 

[31] Polis, Gary, A.: The evolution and dynamics of intraspecific predation, Ann. 

Rev. Ecol. Byst., 12:225-251, 1981 

[32] Sinko, J. W., and Streifer, W.: A new model for the age-size structure of a 

population, Ecology, 48:910-918, 1967 

[33] Shandelle Hensen and Cushing, J. M.: Hierarchical models of intraspecific 

competition: scramble verses contest J. Math. BioI. To appear 

[34] Tucker, Susan, L. and Zimmerman, Stuart, 0.: A nonlinear model of popu

lation dynamics containing an arbitrary number of continuous structure vari-



109 

ables, SIAM J.Appl.Math., 48{3}:549-591, 1988 

[35] Van den Bosch, F., de Roos, A. M., and Gabriel, W.: Cannibalism as a life 

boat mechanism, J. Math. Bioi., 26:619-633, 1988 

[36] Vehulst, P. F.: Richerches mathematiques sur la loi d'accoroissemant de la 

population, Mem. Acad. Roy. BUl'xelles, 18 

[37] Von Foerster, H.: Some remarks on changing populations. In kenetics of cel

lular prolifiration. New York Grune and Stratton, 328-407. 

[38] Webb, G. F.: Logistic models of structured population growth. Comput. Math. 

Appl., 12:527-539, 1986 

[39] Werner, P. A. Prediction of fate from rosette size in teasel,Oecologia, 20:197-

201, 1975 

[40] Werner, E. E. and Gilliam, J. F.: The onogenetic niche and species interac

tions in siz-structured populations, Ann. Rev. Ecol. Syst., 15:393-425, 1984 

[41] William, A. Calder III, Size, Function, and Life History: Harvard university 

Press, Cambridge, Mass., 1984. 


