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ABSTRACT 

A finite element formulation for the shear-deformable analysis 

of beams, plates and shells, based on a strain energy expression defined 

in terms of total and flexural displacement components, is presented. 

The effects of transverse shear deformation are considered while the 

normal strain is neglected. The finite element representation requires 

independent descriptions of total and flexural displacement components. 

The flexural strain energy term involves second derivatives of 

flexural displacement component and thereby necessitates slope-compatible 

shape functions. This requirement is relaxed by adopting the 'discrete 

Kirchhoff' hypothesis for the flexural displacement component. 

An element of triangular shape is formulated for the analysis of 

laminated composite plates and shallow shells. Numerically exact inte

gration is employed in the calculation of element stiffness matrix and 

corresponding load vectors. The resulting finite element possesses 

twelve degrees of freedom at each corner node of the triangle. 

Numerical results obtained for an extensive range of thickness 

and planform aspect ratios, laminate configurations, mesh sizes, edge 

conditions, types of loading and geometry of the structure demonstrate 

the efficacy of the finite element formulation. The element is appli

cable to a full range of thickness ratios. 

The present formulation is employed for dynamic and stability 

analysis of beams, as a precursor to the inclusion of these effects in 

the analysis of plates and shells. 

xvi 



CHAPTER 1 

INTRODUCTION 

Beams, plates and shells are the primary flexural members in 

structural analysis and design. These represent particular configura

tions of a continuum in which a selected dimension will be small in 

comparison with the other physical dimensions. A beam can be simulated 

mathematically by a line element with an associated cross sectional 

area. A plate is visualized as a flat body and a shell is, in general, 

considered as a curved plate. Plates and shells are modelled as a 

surface with defined thickness at each point. The thickness itself is 

small in comparison with the other dimensions. 

The essential ingredients in the analysis of beams, plates and 

shells are 2~tablished by introducing simplifying assumptions into the 

equations of a three dimensional continuum. Understandably the predic

tions of such idealizations will be different from the true behavior. 

On the other hand, such assumptions result in simplification of the 

process by which solutions for practical problems can be established. 

These simplifications yield results which do not differ significantly 

from those obtained via exact equations for a defined range of the 

problem. The acceptability of such theories which are based on a set 

of approximations and their specific range of application is determined 

in terms of numerous geometrical and material parameters. 

1 



2 

In this study, our-attention is limited to linearly elastic 

materials for which the stresses are linearly related to strains by 

generalized Hooke's law. Further, the deflections are assumed to be 

small such that the use of a geometrically linear theory is permissible. 

The earliest developments in the analysis of flexural members 

were based on a common hypothesis. For a beam, it was assumed that the 

plane cross sections, which are normal to the neutral axis of the beam 

before deformation, will remain normal after deformation and do not 

warp. Analogously, it was assumed that the line elements which are 

straight and normal to the middle surface of a plate will remain 

straight and normal after deformation. A similar statement can be made 

for shells. The implications of such an assumption can be stated 

simply as "the transverse shear strains are assumed to vanish." In 

addition the normal strain is assumed to be zero and the effects of 

* normal stress are considered insignificant [88J . 

The theories based on such hypothesis are known as classical 

theories. The classical theory of beams is known by a variety of names 

such as elementary beam theory, engineering bending theory of beams or 

Bernoulli-Euler theory. The hypothesis on which classical theories of 

plates and shells are based upon is usually known as the "Kirchhoff-

Love" hypothesis. 

The classical theories of flexural members are widely used in 

engineering design. There exist many practical problems in practice, 

however, for which the results obtained from a classical theory may not 

*Numbers in brackets indicate references listed at the end. 
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be acceptable. For example, Bernoulli-Euler theory of beams loses its 

accuracy with increasing ratio of the height of cross section to the span 

of the beam. Similarly, the accuracy of the classical thin plate theory 

decreases with the growing thickness of the plate for a given planform. 

The errors are even more severe for general anisotropic materials for 

which the transverse shear modulus is too low compared to the extensional 

moduli of the material. Increasing rigidity of supports is another 

factor with respect to which the accuracy of classical theory decreases 

[57 J. 

The assumption of vanishing transverse shear strains can be 

considered as a constraint on the behavior of the structure, thus 

increasing its stiffness in the mathematical TIlodel. The effects of over

estimation of the stiffness of a structure appear as significant 

imperfections in the predictions of natural frequencies of vibration, 

buckling loads and in general dynamic response of the flexural member to 

an external excitation [86, l5J. 

A natural recourse would be to consider the member as a three 

dimensional continuum, thereby avoiding kinematic assumptions on the 

behavior of the structural element. It is well known, however, that such 

an approach would be prohibitively expensive for practical structures 

even with the modern methods of computer oriented structural analysis. 

In this background, those plate/shell theories which are more 

accurate than classical theories are particularly attractive alternatives. 

Their importance is enhanced by the increased applications of fiber 

reinforced composite materials. 



Theories which do not assume vanishing of transverse shear 

strains are commonly called 'refined theories.' For beams, 

Timoshenko [86J presented a formulation which accounts for transverse 

shear effects. For plates, several alternative formulations exist. 

Most popular among them are those due to Reissner [70J, and 

Mindlin [52J. Due to their close similarity, we may at times refer 

to them as the Reissner/Mindlin theory. Shells are analyzed by use of 

generalized versions of refined plate theories, where the generaliza

tion takes into account the influence of geometric curvatures in 

coupling in-plane and out-of-plane displacements. 

The normal strain or transverse contraction is also assumed to 

vanish and the effects of normal stress are assumed to be insignificant 

in the refined theories. This omission places a limit on the maximum 

thickness of the member in comparison with a span length for which the 

predicted solutions are in the vicinity of exact results. Hence, it is 

generally accepted that refined theories are applicable for moderately 

thick plates and shells. A quantitative demarcation between thin and 

thick plates can only be determined for a specified allowable quantity 

of error, particular material behavior, and the nature of boundary 

restraints. 

In what follows, our attention is focused on the analysis of 

plates. This is done with an understanding that most of the remarks 

made are applicable for beams and shells as well. 

A refined theory of plates differs primarily from the classical 

theory in the number of displacement variables which are necessary to 

describe the deformed state of a plate. At first, the displacements of 

4 
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a material point located at a distance from the middle or reference 

surface is assumed to be a function of the normal coordinate in terms of 

the rotations of the normal. Due to the "Kirchhoff-Love" hypothesis, 

the rotations of a normal in classical plate theory corresponds directly 

to the slopes of the deflected surface and they are obtained as first 

derivatives of lateral deflection. In refined theories of plates the 

rotations of the normal are independent of lateral deflection and the 

Kirchhoff constraints are therefore relaxed. The shear deformable 

theories differ from each other in the choice of displacement variables. 

For example, Reissner [70J employed the lateral deflection and shear 

strain quantities at a point, whereas Mindlin [52J used an approach 

which directly makes use of average rotation measures in two planes in 

addition to the lateral deflection. Panc [57J has devised another 

theory in which the components of deflection due to bending and shear 

are employed as displacement measures. Therefore, a qualitative 

difference exists in the formulation of a boundary value problem of a 

plate depending upon the choice of variables. 

The finite element method, due to its versatility and adapt

ability to automated structural analysis using digital computers, has 

been most widely used in the application of refined theories. The 

process of finite element discretization itself forms a new facet in 

the shear deformable analysis of flexural members. Choice of displace

ment measures in the refined theories, which form a basis for finite 

element models, has profound impact on the development and the nature 

of predicted solutions. Reissner, Mindlin and Panc's formulations 



therefore have their own merits and certain associated difficulties in 

the development of reliable finite element models. 

In the present study the displaced state of the plate is 

described using total and flexural displacement components. Investiga

tion of the merits of this selection forms an overall objective of this 

dissertation. More specific statements regarding the motivation for 

this study will be made at a later stage after reviewing the pertinent 

plate theories and the existing finite element formulations. The scope 

of the present study will be described in the following paragraphs and 

thereby the organization of this report is briefly described. 

6 

The basic relations required in the analysis of isotropic plates 

are given in Chapter 2. The classical, Reissner, Mindlin and Panc's 

theories are reviewed, highlighting the underlying kinematic assumptions. 

Then, the present formulation is described in comparison with the other 

theories. The equations of equilibrium and the boundary conditions are 

derived using the principle of minimum potential energy. The present 

formulation is shown to be a reformulation of Panc's component theory. 

Beginning with a description of Rayleigh-Ritz finite element 

method in Chapter 3, the plate bending element formulations of the 

aforementioned theories are reviewed. The influence of kinematic 

assumptions on the development of finite element representations is 

examined. A modified strain energy for the present formulation is 

developed to enable the construction of a CO continuous plate element. 

In the same chapter the details regarding the shape functions and 

numerical integration rules of two triangular plate elements are given. 



A review of Mindlin plate bending elements in Section 3.1.4 

reveals that special care is needed in order to correct the artificial 

stiffening of the idealized structure as the thin plate limit is 

approached. The popular techniques to alleviate the 'shear locking' 

phenomenon, described in the same section, necessitate investigation of 

each element for its particular characteristics to draw conclusions 

regarding their acceptability. The lower order numerical integration 

rules, used to soften the structure, may introduce spurious zero energy 

modes in an element. In spite of extensive attention by researchers, 

comprehensive guidelines for general development of elements, using 

several methods of curing the locking effect, have not yet appeared. 

In addition, effects of these techniques in nonlinear or dynamic 

response studies are not well established. Higher order descriptions 

for displacement variables, followed by numerically exact integration, 

is a more desirable approach but will result in the increase of number 

of degrees of freedom associated with the element. 

Reissner plate elements also require independent descriptions 

7 

for three displacement variables and the lateral deflection should be 

slope compatible across the element boundaries. Panc's formulation in 

terms of two partial deflections has remained almost unexplored ip the 

finite element analysis. The latter approach poses certain difficulties 

in the satisfaction of displacement boundary conditions in a conventional 

displacement based finite element model. 

The present finite element formulation is based on independent 

descriptions of the total and flexural displacement components. The 

"discrete Kirchhoff" hypothesis is used to relax the continuity 
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requirement on normal slope of the flexural displacement component. The 

full order of numerical integration is employed for stiffness and load 

vector evaluations. Therefore, the present approach is simple and 

requires fewer degrees of freedom per element than the existing 

formulations. 

Proceeding to the numerical evaluation of the derived elements 

for the case of isotropic plate problems, the present choice of total 

and flexural displacement variables is demonstrated to be preferable to 

the "component theory" in enforcing correct boundary conditions. The 

kinematic boundary conditions are discussed in Chapter 4. The finite 

element solutions obtained for several problems with varying levels of 

mesh refinement, thickness-to-span ratios, edge conditions and geometry 

of the plate demonstrate the efficacy of the approach. The presented 

elements are shown to be applicable to a full range of practical thick

ness-to-span ratios. The present numerical results are compared with 

available exact or alternative approximate solutions. 

More general problems of laminated composite plates and shallow 

shells are considered in Chapter 5. This provides us an opportunity to 

verify the applicability of the present formulation for coupled behavior 

between inplane and lateral displacements wherein the coupling may arise 

due to the anisotropic characteristics of the material or curvatures of 

the reference surface or a combination of both. The effects of shear 

deformation are more pronounced in structural elements of anisotropic 

materials than those of isotropic materials and therefore form a good 

set of verification examples for a shear deformable finite element. 
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In Chapter 6, static, dynamic and linear stability analysis of 

beams including shear deformation is considered. This forms a 

preliminary investigation of the proposed approach to the inclusion of 

transverse shear deformation in a finite element formulation for dynamic 

and stability analysis. The conclusions reached in the one-dimensional 

beam problems are in general applicable to the more general situations 

of plates and shells. 

The concluding remarks and recommendations for future study are 

given in Chapter 7. 



CHAPTER 2 

THEORIES OF ELASTIC PLATES 

A plate can be envisaged as a flat body, one dimension of which 

(viz., the thickness) is small in comparison with the other two. 

Theories of elastic plates are developed by introducing approximations 

into the equations of a three dimensional continuum. The basic assump

tions involved in each of the several variants, of the theory of elastic 

plates, playa key role in practical applications. 

Most popular among the existing theories are those due to 

Kirchhoff [see Ref. 88J, Reissner [70J and Mindlin [52J. Kirchhoff 

plate theory is also known as classical or thin plate theory. Among the 

less popular ones, a component theory due to Panc [57J is of particular 

interest in this study. Basic assumptions involved in these plate 

theories are highlighted in this chapter. 

The present formulation will be given in comparison with the 

other theories. A theoretical basis will, therefore, be established for 

a finite element model to be developed in Chapter 3. In view of the 

approximate method to be developed later, we will find the equations 

presented here as indispensable and that they provide a basis for 

discussion throughout. 

10 
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2.1 Basic relations in the analysis of isotropic plates 

In this section the basic relations necessary for the analysis 

of isotropic plates are developed. A rectangular cartesian coordinate 

system is chosen as shown in Fig. 2.1. The displacements associated 

with the spatial coordinates x, y and z are u, v and w respectively. 

2.1.1 Equations of an elastic solid 

For the element shown in Fig. 2.1, normal stresses are denoted 

by (J ,(J and (J. T ,T and T denote shearing stresses. These 
x y z xy xz yz 

components of stress at a point can be related to the components of 

E: liE -].lIE -].lIE 0 0 0 (J 
x X 

E: -].lIE liE -].lIE 0 0 0 (J 
y y 

E: -].lIE z -].lIE liE 0 0 0 (J 
z 

= (2.1) 
Yxy 0 0 0 1/G 0 0 T 

xy 

Yxz 
0 0 0 0 1/G 0 T 

xz 

Yyz 
0 0 0 0 0 1/G T 

yz 

where E, G, ].l are Young's modulus, modulus of rigidity and Poisson's 

ratio respectively. 

The components of strain are related to the displacements 

u, v and w as 

(2.2a) 



r---------~~x,u 

It-~ __ - d x ---111'--11 

y, v z,w T 
dy 

dz 

1 
CT'z 

Fig. 2.1 Coordinate system and positive stresses on a differential 
element 

12 
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dV 
(2.2b) E: =- , 

Y dy 

dW 
(2.2c) E: =- , 

Z dZ 

Yxy 
= dU + dV 

dy dX' (2.2d) 

YXZ 
= ~ + dW 

dZ dX' (2.2e) 

Yyz 
= dV + dW • 

dZ dy (2.2f) 

The shearing stresses satisfy the conditions of symmetry which 

result from equations of moment equilibrium. In the absence of body 

forces, the equations of equilibrium are 

dO dT dT 
~+~+~=O 
dX dy dZ ' (2.3a) 

dT dO dT 
-Ei.+~+-Ei.. = 0 
dX dy dZ ' 

(2.3b) 

dT dT dO 

dX
XZ 

+ dY
YZ 

+ dZ
Z 

= 0 . (2.3c) 

2.1.2 Stress-strain relations for a plate 

Considering ~ plate as a flat body symmetric with respect to 

x-y plane (see Fig. 2.2), particles in the plate are identified by 

coordinates (x,y,z) with -h/2 ~ Z ~ h/2 where h(x,y) is the thickness of 

the plate. The surface Z = 0 is called the middle surface of the plate. 

A plate of uniform thickness is considered in the following. 

Displacement 'w' will be assumed to be a function of X,y 

coordinates only. This implies that 

E: 
Z 

= dW = 0 
dZ 

and hence w(x,y,z) = w(x,y,o) w(X,y). 

(2.4) 
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z 

y 

------

Fig. 2.2 Geometry of a plate 



In addition to the assumption of Eqn. (Z.4) it is cornmon to 

ignore the effects of cr in Eqn. (Z.l). This will permit the use of 
z 

a simplified stress-strain law 

a 1 J..l 0 E: 
X x 

15 

E 1 (Z.5a) Z J..l 0 E: 
Y (1-J..l ) 

T 
(1-J..l) 

Yxy xy o 0 -Z-

1 0 

G (Z.5b) 

o 1 

where G = E/Z(l+J..l). 

Z.1.3 Stress resultants 

In the solution of plate problems the stress components are 

usually replaced by their corresponding stress resultants per unit 

length. The moments and shear forces are defined as 

M = x 

M = 
Y 

h/Z 
J cr z dz , 

-h/Z x 

-h/Z 

h/Z 
J cr z dz , 

Y 

(2.6<1) 

(Z.6b) 
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h/2 
M = f T Z dz, M = M 

xy -h/2 Xy yx xy 
(2.6c) 

h/2 
= f T dz, 

-h/2 xz 

h/2 
f T dz. 

-h/2 yz 

(2.6d) 

(2 .6e) 

The positive directions of these loads acting on an element of a plate 

are shown in Fig. 2.3. 

2.1.4 Equations of equilibrium 

Since the moments and shearing forces are functions of the 

coordinates x and y, the small changes of these quantities when the 

coordinates (x,y) change by the small quantities (dx,dy) should be 

accounted for. Thus, the equations of equilibrium in terms of the 

internal forces, as defined by Eqn. (2.6), and the lateral load 

(x,y) acting on an element 'h dx dy' (as in Fig. 2.3) take the form 

aM aM 
Qx = 0 x + -2Y 

ax ay 
(2.7a) 

aM aM 
-2Y + -2. Qy = o , ax ay (2.7b) 

aQ aQ x +~ + o . 
ax ay p (2.7c) 

Eqn. (2.7) represents the basis of the classical theory of plates as 

well as of other refined theories. 



/~/.~-----dx------··~I 
Qy 

Fig. 2.3 Moments and shears acting on an element of a plate 

17 
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2.1.5 Moment - curvature relationship 

For small deflection of plates under transverse loads there 

is no stretching of the middle surface. Therefore the strains are 

expressible in the form 

E K (X,y) x x 

E = Z K (x,y) (2.8) y y 

K (x,y) xy 

where K ,K and K ,quantities independent of z(to be defined at a later x y xy 
stage), are curvatures of deflected middle surface. Using Eqns. (2.8), 

(2. Sa) and (2.6) moments can be directly related to curvatures. Thus, 

r~ 
0 

D 1 0 (2.9) 

lo 0 
(l-ll) 

2 

3 2 
where D = Eh 112(1-1l ) represents the flexural rigidity of the plate. 

2.1.6 Shearing stresses and shear forces 

The stresses CJ ,CJ and T vary l'inearly through the thickness x y xy 

of the plate. The distribution of T and T are determined using xz yz 

Eqns. (2.3a) and (2.3b), subject to boundary conditions T = 0, xz 

T = 0 at z = ± h/2. This will result in quadratic variation of yz 

T and T with respect to the coordinate z. xz yz 
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However, the kinematic assumptions involved in the theories, to 

be discussed, require the shear forces Q and Q to be defined in terms x y 

of shear strains which are constant through the thickness. Hence, to 

account for the non-uniformity of transverse shear stresses through the 

thickness, an appropriate shear correction factor is employed. Thus 

Ghk o 

(2.10) 

o Ghk 

where k denotes the shear correction factor. 

2.1.7 Strain energy 

Eqns. (2.9) and (2.10) are now written in an alternative form 

M = D X, (2.lla) 

Q = E .r. (2.llb) 

where MT 
=LMx M MXyJ' Y 

(2.l2a) 

QT =L Qx QyJ, (2.l2b) 

T = Lyxz YyzJ' .r. 
(2.l2c) 

T 
=~x KXyJ' X K 

Y 
(2.12d) 

D [: 

lJ 

(l_:J D = 1 

0 

(2.12e) 

E :: Ghk~ :]. (2.12f) 

In these, superscript T denotes transposition of a vector. 
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Using the above equations the strain. energy can be written as 

U = Ub + Us (2.13) 

where U
b = ~ f X

T ~ X dA (2.13a) 
A 

and U = ~ f :J...T ~ :J... dA (2.13b) 
s 

A 

The variables Ub and Us represent the bending and transverse shear 

contributions to the strain energy respectively. 'A' stands for the 

area of the plate. 

2.2 Classical theory of plates 

The classical theory of plates is based on the assumption that 

transverse shear strains vanish, i.e., 

Yxz = 0 , Yyz = 0 (2.14) 

which when substituted into Eqns. (2.2e) and(2.2f) will yield 

dU dW 
a-z = - dX ' 

dV 8w a-z=-ay- (2.15) 

Integration of Eqn. (2.15) with respect to the variable z, under the 

initial condition u = 0, v = 0 at z = 0 provide 

dW (2.16a) u = -z -
dX 

dW (2.16b) v = -z -
dy 

Eqns. (2.15) and (2.16) are mathematical representations of the 

"Kirchhoff-Love hypothesis" on the rotation of normals. Straight lines 

originally normal to the middle surface will therefore remain straight 
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and normal after deformation under the conditions of zero transverse 

shearing strains. 

The non-zero strains of Eqn. (2.2) can now be expressed as 

E: = ZK , E: ZK , Y ZK 
X X Y Y xy xy (2.17) 

where a2w 
K --2 , x ax 

(2.l8a) 

a2w 
K --2 , y ay 

(2.l8b) 

2a 2w 
K ---xy axay (2.l8c) 

and corresponding moments are given by Eqn. (2.9). The stress com-

ponents ox' 0y and Txy are linear functions of the variable z in the 

form 

° = f (z,h) M (2.l9a) x x 

° = f (z,h) M (2.l9b) y y 

T f (z,h) M (2.l9c) xy xy 

where f (z,h) = 12 z/h3 

'The first two equations of equilibrium define the shear stress 

resultants as 

Qx 
a (/:'w) 

-D -
ax 

(2.20a) 

Qy 
a (/:'w) 

= -D-
ay (2.20b) 

8
2 

a2 
where /:, denotes the operator (- + -) 

ai a/ 
The third equation of 

equilibrium, with the aid of Eqn. (2.20), forms the governing equation 

for the bending of plate. Hence, 
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D ~~w = p. (2.21) 

The traction boundary conditions T = 0 T = ° at z = ±h/2 are xz 'yz 

satisfied by the shearing stress distribution 

3 2z 2 
T 

2h Qx [1 - ( 
h 

) ] xz (2.22a) 

3 2z 
2 

T = Qy [1 - ( ) ] yz 2h h (2.22b) 

The disregard of the deformation due to shear forces is equiv-

alent to the assumption of the material being rigid in the corresponding 

directions. Hence, as Timoshenko concluded, "We replace the actual mate-

rial of the plate, supposed to be isotropic, by a hypothetic material of 

no perfect isotropy [88]." While the stress analysis of plates is 

greatly simplified by this approximation, the classical plate theory 

differs significantly from the exact solutions with the increase of plate 

thickness. The need for a refined theory therefore is apparent. Many 

refined theories which incorporate the effects of shear deformation 

exist. Only a selected few of them will be discussed here briefly. 

2.3 Theory of plates including shear deformation 

With the assumption of E = 0, still being valid, the theory of 
z 

plates with transverse shear deformations included uses a generalization 

of the Kirchhoff-Love hypothesis. The straight lines originally normal 

to the middle surface remain straight but which is not necessarily 

normal to the deformed middle surface. 



It is desirable at this stage to express the displacement 

components of a point of coordinates (x,y,z) as 

u = z <Px (x,y) 

v = z <P (x,y) 
y 

w = w (x,y) 

where <P and <P are the rotations of the normal to the undeforrned x y 

middle surface in the x-z planes respectively. The positive 

directions of <p and <p are shown in Fig. 2.4. 
x y 

These rotations are related to the lateral displacement 

w (x,y) in classical plate theory only as 

<p = 
x 

dW 
dX ' 

<P = y 
dW 
Cly 

Eqn. (2.24) is often referred to as "Kirchhoff constraints." 

2.3.1 Reissner plate theory 

23 

(2.23a) 

(2.23b) 

(2.23c) 

(2.24) 

Reissner [70J, in his treatment of subject, included the effect 

of normal stress a in addition to the use of transverse shearing 
z 

strains Yxz and Yyz in the formulation. Hence the actual displacement 

quantities will be a function of all three spatial coordinates (x,y,z). 

The formulation of the plate theory is therefore accomplished by using 

average displacement quantities 

-h 
"2 

h 

f 2 W (x,y,z) 
2z 2 

[ 1 - (h ) J dz , (2.25a) 
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~--~------------------.- X,u 

normal to undeformed 
z,w middle surface 

Fig. 2.4 Positive directions of ¢x and ¢y 



12 
<Px = h3 

12 
tPy = h3 

h/2 
f uzdz 

-h/2 

h/2 
f vzdz 

-h/2 
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(2.25b) 

(2.25c) 

In order to enable eomparison of different theories, the following 

description of Reissner theory ignores the effects of normal stress and 

assumes that wR (x,y) = w (x,y). This simplification is usually known 

as a modified form of Reissner plate theory in literature [63, 57J. 

The general mathematical definition of tP and tP is used in most x y 

plate theories. Under the conditions of vanishing shear strains 

Eqns. (2.25b) and (2.25c) yield Eqn. (2.24) as a particular form. For 

a more general situation of warped cross sections, tP and tP of x y 

Eqn. (2.25) provide average rotation representation enabling the 

description of u and v as given by Eqn. (2.23). 

The rotations can also be considered as algebraic sum of slope 

in which normals remain normal (after deformation) and an additional 

slope due to transverse shear. Therefore, 

<Px 
Clw Qx 

= - Clx + Ghk (2.26a) 

tPy 
Clw ~ 
Cly + Ghk (2.26b) 

or 

tPx = _ Clw + 
Yxz Clx 

(2.26c) 



dW 
cl>y :c - - + Y dy yz 

which when substituted into Eqn. (2.23) provides 

u = z ( _ dW + 
Clx Yxz ) , 

v = z ( _ Clw + 
Cly Yyz ) . 

Hence, the non-vanishing strain components are Y ,Y ,and xz yz 

E: 
X 

Cl
2
w ClYxz ) z (-- +-- , 

Clx2 dX 

E: 
Y 

( Cl 2w ~ ) z 
- Cly2 + Cly , 

2 
Cl2w + ClYxz dYvZ Y = z ( - + ~ ) xy ClxCly Cly Clx . 
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(2.26d) 

(2.27a) 

(2.27b) 

(2.28a) 

(2.28b) 

(2.28c) 

The preceding equations are different from analogus equations 

of classical plate theory as the effects of transverse shear are 

included in the plate curvatures. The vector of curvatures and trans-

verse shear strains, of Reissner's plate theory, is given below. 

K 
X 

K 
Y 

K 
xy 

+ 

+~ 
Cly 

~ 
+ dX (2.29) 
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The equations of Kirchhoff plate theory are retrieved by substituting 

y = 0 and y = O. xz yz 

The strain energy of the plate, in Reissner's theory, is 

expressed in terms of w, y and y • Governing equations and Xz yz 

corresponding boundary conditions can be obtained by the application 

of 'principle of stationary potential energy.' The governing 

differential equations, which are 

D !:::.!:::.w h2 
[ (2-~) 

J !:::.p (2.30a) p 
10 (l-~) 

h
2 

!:::.Q - Qx 
D~ (!:::.w) h

2 
1 ~ (2.30b) = + 10 (l-~) 10 x ax ax 

h
2 

!:::.Q - Q :: D~ (!:::.w) h2 1 lE. (2.30c) 10 y y ay + 10 (l-~) ay 

represent an integration problem of sixth order. 

2.3.2 Mindlin theory of plates 

Mindlin [52J, in his treatment of flexural vibrations of elastic 

plates, proposed direct utilization of Eqn. (2.23) by considering w, 

¢ and ¢ as primary variables. The curvatures are therefore defined x y 

entirely in terms of rotations ¢ and ¢. The transverse shearing 
x y 

strains involve both wand ¢ or ¢ variables. Therefore, x y 

a¢ x 
ax aw + ¢ 
a<p tzl ax x 

= -.:i. and, = (2.31) 
ay aw 
a¢ a¢ yyz ay + ¢ 

Y x + -.:i. 
ay ax 
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Moments and shear forces are defined by Eqns. (2.9) and (2.10). The 

strain energy, in this case, is defined in terms of w, ¢ and ¢. The x y 

governing differential equations of equilibrium (2.7) are translated 

directly in terms of displacement quantities to get 

a
2

¢ 
(l-lJ) 

a
2

¢ a
2

¢ 
+ aw) D [ __ x + __ x + (l+lJ) ~ J - Ghk (¢ = o , 

ax
2 2 

ai 
2 axay x ax (2.32a) 

a
2

¢ a2¢ a
2

¢ 
+ aw) D [ ~+ (l-lJ) ~ + (l+lJ) __ x J - Ghk (¢y = o , 

ay2 2 ax2 . 2 axay ay (2.32b) 

2 2 a¢ a¢ 
Ghk [ a w

2 
+ a w

2 
+ ~ + ~ J + p = 0 . 

ax ay aX ay 
(2.32c) 

Mindlin plate theory has been most widely used in the deve1op-

ment of finite element models. 

2.3.3 Component theory of plates 

Pane [57J has presented a complete monograph of refined theories 

of elastic plates. One of them entitled "component theory," which 

results in governing equations separately for the components associated 

with transverse shear effects, is of particular interest here. This 

theory is also called as "successive approximations" or "iterative 

improvement" or as "theory of partial deflections" [60J. An outline of 

the theory can be drawn in the following stages. 

First approximation of the quantities corresponding to the 

flexure. This defines the classical theory of plates, as the transverse 

shearing strains are made to vanish. The displacement and stress 

quantities associated with the first approximation will be denoted by 

a subscript 'F'. 
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Second approximation estimates the influence of shearing strains 

corresponding to the shearing stresses of first approximation. Hence, 

the normals to the middle surface of the undeformed plate do not remain 

normal to the deformed middle surface. The quantities associated with 

this stage will be denoted by a subscript'S'. 

The third approximation (which is the final) corrects the 

transverse shearing stresses of first stage which were determined using 

Kirchhoff-Love hypothesis. As per Panc [57J, the determination of total 

transverse displacement is completed in the second stage itself. The 

improvements of third stage are only necessary to satisfy natural 

boundary conditions if required by the scheme of solution. 

As the results emerging from the second stage are sufficient to 

fulfill our objectives, third approximation will not be presented here. 

Referring the total effect of bending and shear by subscript 

'T,' the following relations emerge 

uT = uF + Us (2.33a) 

vT = vF + Vs (2.33b) 

wT = wF + Ws (2.33c) 

¢xT = ¢xF + ¢xS (2.33d) 

¢yT ¢yF + ¢yS (2.33e) 

Similar relations for stresses can be employed. The variables 

u, v, w, ¢ and ¢ , unaccompanied by any subscript hitherto in other 
x y 

theories, should be understood as total quantities uT' vT' wT' ¢xT and 

¢yT respectively. 
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2.3.3.1 First approximation. Adopting the Kirchhoff-Love hypothesis 

on the rotation of normals for the flexural component of displacement, 

viz. , 

dUF dW
F 

¢xF (2.34a) dZ -~ 

dVF dWF 
= ¢yF (2.34b) dZ dy 

yield the following relations which are as in classical plate theory 

2 2 

MxF -D [ 
d w

F 
+ )J 

a w
F ] 12z 

MxF 
dX

2 
al 

, GxF = --
h3 

(2.35a) 

2 2 

MyF -D [ 
a w

F 
+ )J 

a wF ] 12z 
HyF ay2 ax

2 , G
YF =7 (2.35b) 

2 

M -D (l-)J) 
d wF 12z 

M = 1 = --
xyF dXdY xyF h3 xyF (2.35c) 

d 3 
2 

QxF 
-D- (t.w

F
) 1 =- Q [1- (~) ] 

ax xzF 2h xF h 
(2.35d) 

3 
2 

QyF = 
d (t.w

F
) Q [1- (~) ] -D - 1 =-

dy yzF 2h yF h 
(2.35e) 

which will further lead to the governing equation of this stage 

(2.36) 

The first approximation represents a statically admissible state of 

stress in the plate as the equilibrium conditions of a volume element 

as well as the traction boundary conditions on the faces are satisfied 

iden tically. 
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2.3.3.2 Second approximation. In this the influence of the shearing 

strains corresponding to the stress of Eqn. (2.35d) and (2.35e) will 

be determined. The transverse shearing strains y Sand y S' given by xz yz 
dVS. dWS 
(~ + ay-) respectively, are equated to the correspond-

ing shear stress of first approximation to get 

QxF z [3 - (£)2J 
dW

S (2.37a) Us = -- - z--2G h h dX 

= QYF z 
[3 - (~)2J 

dW
S (2.37b) Vs - z 2G h h dy 

As the Kirchhoff-Love hypothesis is not invoked, the cross 

sections of the plate deform as given by Eqn. (2.37). In order to 

achieve vanishing bending strain energy due to ws ' the moments of 

second approximation are equated to zero. Thus, 

2 
dQxF d Ws 1 = -- ~ dX2 Ghk 

(2.38a) 

2 dQyF d Ws 1 

dy2 
=--

Ghk dy 
(2.38b) 

which will determine the governing differential equation of Ws as 

(2.39) 

In accordance with Us and Vs of Eqn. (2.37) average rotations 

of a normal corresponding to the second approximation are 

12 
¢xS = h3 

-h/2 

h/2 
J (2.40a) 
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h/2 

~yS = 12 f vs z dz 
h

3 
-h/2 

(2.40b) 

which could be reduced to a simpler form 

(2.4la) 

(2.41b) 

The stress components corresponding to the effects of transverse 

shear are given by 

2 2 2 SE d Ws d Ws _ 1 J o =- 2 
[- + )..1 -J z [ (.£) 

xS 12 (1-)..1 ) dX
2 dy2 h 5 

(2.42a) 

2 2 2 SE [)..1 
d Ws d Ws 

z [ (.£) _ 1 J o =- 2 
dX2 

+ -J , yS 12 (1-)..1 ) dy2 h 5 
(2.42b) 

2 
2 SE d Ws 

(.£) _ 1 J '[ = - 12 (1+)..1) dXdY 
z [ 

xyS h 5 
(2.42c) 

The first approximation has now been improved through the additional 

deflection of Eqn. (2.39), the rotations of Eqn. (2.41) and the 

stresses of Eqn. (2.42) which do not produce any additional moments. 

Eqn. (2.3c) and (2.3Sd - 2.3Se) will together yield an 

expression for the normal stress quantity 

o 
z 

3 
_.E. [2 _ 3 (2z) + (.£) J 

4 h h 

which satisfies the boundary conditions 0 
z 

o = -p at z = -h/2. z 

o at z =+h/2, or 

(2.43) 



2.3.3.3 Summary of component theory. The results of component 

theory at the end of second stage can be summarized as follows 

Governing Equations: 

DflflwF = P 

Ghk flwS = -p 

Rotation of normals: 

<P = y 

Curvatures: 

dX dX 

dW
F 

dW
S ------

dY dy 

2 () w
F 

K = 
Y - di 

2 
d w

F 
K = -2--
xy dXdY 

Shear strains: 

dW
S = --

dX 

dW
S = --

dy 

Strain energy: 
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(2.44a) 

(2.44b) 

(2.45a) 

(2.45b) 

(2.46a) 

(2.46b) 

(2.46c) 

(2.47a) 

(2.47b) 

It is observed that bending strain energy is expressed in terms 

of w
F 

only and the shear energy in terms of Ws only. A total potential 
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energy expression which will yield the same governing equations, 

derived above through equilibrium approach, has been suggested by 

Plantema [60J. That is, 

IT = U
b 

+ Us - J P (w
F 

+ w
S

) dA • 
A 

(2.48) 

Regarding boundary conditions, as Panc [57J concluded, "If the 

approximations are stopped at this (second) stage, then the same 

reduction in the number of boundary conditions must be employed as it 

is in classical plate theory (for wF)." 

2.3.4 Present formulation 

Discussion of different plate theories using a common set of 

notations and conventions, given hitherto, has clearly set the stage 

for introducing the present formulation. This is a reformulation of 

"component theory," presented earlier in terms of wF and ws ' using 

the variables w
T 

and wF. Investigation of the merits of this selection, 

particularly in the development of displacement based finite elements, 

remains as an overall objective of this thesis. 

Proceeding directly to the construction of strain vector, the 

curvatures and transverse shear strains are expressed as 

K 
X 

K 
Y 

2 
d w

F 
K =-2--
xy dXdY 

(2.49a) 

(2.49b) 

(2.49c) 
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dWT dWF 
'Y'XZ = (ax - ax) (2.49d) 

dWT dWF 
'Y'yZ = (---) 

dy dy (2.4ge) 

The total potential energy n of a plate under a distributed load 

of intensity p is 

(2.50a) 

where 

v = - f P wT dA . 
A 

(2.50b) 

We will limit our attention to the case of a rectangular plate, for 

the sake of simplicity in the application of variational calculus to 

derive governing equations, bounded by lines x = O,a and y = O,b as 

shown in Fig. 2.5. Application of the "principle of stationary 

potential energy" is represented by 

en = ° . (2.51) 

Using Eqns. (2.11-13) and (2.49-51), the governing equations are 

obtained as 

(2.52a) 

Ghk (2.52b) 

which are equivalent to Eqn. (2.44) of component theory. Each 

governing equation is now expressed in terms of both wT and wF. The 

list of boundary conditions, arising from Eqn. (2.51), is given below. 
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Fig_ 2.5 A rectangular plate under uniform load 
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3 3 aWT aWF a wF a wF a 
- [D {- + (2-1.1) 2} + Ghk {- - -}] owFI = o , 

ax3 axay ax ax 
x=o 

(2.53a) 

a3w 
3 

b a wF aWT aWF [D { __ F + (2-jJ) 2} + Ghk {- - -}] owFI = o , 
ay3 ayax ay ay 

y=o 

(2.53b) 

aWT aWF a 
Ghk (-- --) oW

T I 0 , ax ax (2.53c) 
x=o 

aWT aWF oW
T 

b 
Ghk (ay - ay) I = 0 , 

y=o 
(2.53d) 

2 2 b 

D [ 
a wF a wF a (OWF) --' + jJ -] 0 , 
ay2 ax2 ay y=o 

(2.53e) 

2 2 a wF a wF a (OW
F

) a 
D [ --+ jJ -] I = 0 , 

ax2 ax2 ax x-o 
(2.53£) 

2 

[2 
a wF (l-jJ) D aXay] oW

F = o . (2.53g) 
corners 

Eqn. (2.53) is highly informative in application of the 

approximate methods to the solution of problems. Extension of the same 

equation to non-rectangular regions and for non-homogeneous boundary 

values is straightforward but cumbersome. 

We will now rewrite Eqn. (2.53) in a more useful format. This 

is accomplished in two steps. The first of them is carried out by 

identifying force terms resulting in 



aM 
[(Q + xyF) _ Q ] oW

F xF ay x 

a 

I 
x=o 

aM b 
[(Q + XYF) _ Q ] oW

F 
I 

yFax y 

Q 
y 

-M x 

-M 
Y 

a 
oWT I 

x=O 

b 
oWT I 

a 
ax 

a 
ay 

y=o 

-2M oW
F xy 

o , 

o , 

a 
I 

x=o 

b 

I 
y=o 

corners 

y=o 

o , 

o , 

o . 
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o , (2.54a) 

o , (2.54b) 

(2.54c) 

(2.54d) 

(2.54e) 

(2.54f) 

(2.54g) 

In the second step, the underlined terms of Eqn. (2.54a) and (2.54b) are 

identified as effective Kirchhoff shear forces VxF and VyF respectively, 

just as in classical plate theory. This implies a reduction in the 

number of boundary conditions on wF and is in agreement with Pane's 

conclusions at the second approximation of "component theory." 



Further, by inspection, Eqn. (2.54) is reduced to its desired 

format, i.e., 

a 
(Ghk ¢xS) 8wF I 

(M ) c5¢ F x x 

x=o 

b 
c5wF I 

y=o 

o , 

b 

I o , 
y=o 

a 
I o , x=o 

b 

I o . 
y=o 

o , 

o , 
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(2.55a) 

(2.55b) 

(2.55c) 

(2.55d) 

(2.55e) 

(2.55£) 

Eqn. (2.54g) remains unaltered. A more detailed interpretation of 

these boundary conditions will be presented in Chapter 4. 



2.4 A note on boundary conditions 

If one intends to obtain exact solutions, based on anyone of 

the given variants of theory of elastic plates, both natural and 

kinematic boundary conditions have to be satisfied. Such natural and 

kinematic boundary conditions, for analysis of plates, have been 

discussed thoroughly in literature. A complete presentation of such 

conditions lies outside the scope of this thesis. However, kinematic 

boundary conditions which are necessary for the solution strategy 

adopted (in this work) will be discussed in Chapter 4. 

2.5 Available numerical results based on solution of 
differential equations 

40 

The numerical results of approximate solution schemes are always 

compared with the available experimental or exact solutions. Such 

exact solutions to the system of governing differential equations of 

equilibrium are available for a limited class of problems. For plates, 

exact solutions are based on Fourier series expansion of displacements 

in general. 

Series solutions of the exact elasticity equations are given 

by Srinivas and Rao [76J, for rectangular plates with simply supported 

or clamped edges. Salerno and Goldberg [71J have provided series 

solutions, for the case of a simply supported square plate under uniform 

load, based on Reissner's theory. Numerical results to several plate 

problems, based on Mindlin's theory, are given by Kant [45J. 

The differential equations of equilibrium may also be solved by 

Finite Difference approach. Speare [74J has provided finite difference 
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solutions, based on a number of plate theories, for a variety of support 

and loading conditions. 

Our objective of understanding and differentiating the under

lying kinematic assumptions of the different theories of elastic plates 

is adequately met in this chapter. We will continue the discussion of 

the relative merits of each of them, in the following chapters, with 

particular reference to finite element modelling. 



CHAPTER 3 

FINITE ELEMENT DISCRETIZATION 

So far, we have discussed four formulations of the plate bending 

problem in which shear deformation has been accounted for. Exact solu

tions, for a given problem, of governing equations of these theories 

should yield results which are either same or differ insignificantly 

from each other [57J. 

However, the basic difference in the choice of displacement 

variables, through which strain energy is expressed, has its own impact 

on the development of approximate methods of solution. We will explore 

the advantages and disadvantages of each of these theories with particu

lar reference to finite element method based on the assumption of 

displacements and minimization of potential energy. 

In this chapter, we will begin with a review of literature 

relevant to the present topic. Later, a modified strain energy expres

sion will be introduced which will effectively relax certain continuity 

requirements. Finally two triangular plate bending elements are devel

oped based on the present formulation. 

3.1 A brief review of literature 

The finite element analysis of plate bending problem has been the 

subject of substantial research interest as demonstrated by the number 

of papers which has appeared in the literature over the years. "The 

establishment of appropriate finite element representation," as 

42 
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Gallagher comments, "for plate and shell flexure presented some of the 

greatest challenges in the developmental history of this (finite element) 

method [37J." As such, the literature pertaining to this area is still 

growing continuously. The state-of-art, in this area, has been reviewed 

from time to time [5, 9, 35-37J. 

Plate bending elements are available in a variety of geometric 

forms like triangles, quadrilaterals and those with parametric represen

tation for the boundary of the element. Our primary interest will be 

the triangular representation. 

In formulating plate bending elements an assortment of varia

tional principles has been employed. However, the majority of 

formulations are based on assumed displacement fields and the stationary 

potential energy principle. Further, one can see a virtually endless 

stream of elements which differ by the number of nodes and/or the number 

of degrees of freedom per node. 

Our primary motive, in this section, is to understand the 

influence of kinematic assumptions, involved in the theories of preceding 

chapter, on the development of finite element representations. Hence, 

only those references which are directly relevant to the presentation of 

this thesis will be discussed. 

As noted earlier, finite element method based on the assumed 

displacement fields and minimization of total potential energy is our 

particular interest. The basics of this approach is summarized in the 

following subsection in order to complement further discussions. 



3.1.1 A summary of Rayleigh-Ritz finite element method 

A continuously distributed deformable body consists of an 

infinite number of material points and therefore it has an infinite 

number of degrees of freedom. The 'veIl known Ritz or Rayleigh-Ritz 

method is an approximate method by which such continuous systems are 

reduced to systems with a finite number of degrees of freedom. 
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In the Rayleigh-Ritz method, the components of displacements are 

approximated by functions containing a finite number of independent 

parameters. Such selected functions are continuous functions of the 

coordinates and they satisfy all the kinematic boundary conditions, but 

they do not necessarily satisfy natural (or static or force) boundary 

conditions. The parameters of such kinematically admissible functions 

are then determined so that the total potential energy, computed on the 

basis of the approximate displacements, is a minimum. 

The main difficulty of this procedure, in selecting kinematically 

admissible functions for arbitrary shape of the body and boundary condi

tions, is overcome elegantly by the finite element method. The displace

ment based formulation of the finite element method is often referred to 

as "Ritz Finite Element Method" due to its equivalence with Ritz or 

Rayleigh-Ritz procedure. 

The basic steps involved in the development of plate bending 

elements is common for all the variants of plate theories given in the 

preceding chapter. In what follows, we will only outline such steps. 

Additional details are readily available in standard textbooks (for 

example Gallagher [36J). 
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A plate of arbitrary geometrical planform, whose area is denoted 

by 'A', is imagined to be covered by a mesh of'N' sub-regions. Each 

sub-region is identified as an element and therefore there are N elements 

covering the entire domain. Then, the total potential energy is merely 

the sum of the potential energies developed in each element, i.e., 

11 

N 

L 

e=l 

11 
e 

where 11 , the potential energy of each element. The potential 
e 

energy is given by 

11 = Ub + Us + V , e 

where 

Ub ~ J XT Q X dAe 

A e 

U = ~ f J? E y dA -- e s A e 

V fp wT dA 
= - e 

A e 

(3.1) 

(3.2) 

(3.2a) 

(3.2b) 

(3.2c) 

In Eqn. (3.2c) we have assumed that a transverse load of intensity 'pi 

acts on the area of the element 'A I. The vector of curvatures X and 
e 

the transverse shear strains ~ are already defined for each plate theory. 

Depending upon the kinematic relations, the potential energy is expressed 

as a function of a set of displacement variables. Thus, 
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11 C 11 (W
F

) (3.3a) e e 

11 R 11 (wT' Yxz' Yyz) (3.3b) e e 

11 M = 11 (WT' <P x' <P y) , (3.3c) e e 

11 P 11
e

(w
F

, W
S

) (3.3d) e 

11 11 (wT' w
F

) (3.3e) e e 

where superscripts C, R, M, P denote classical, Reissner, Mindlin 

theories and component theory as described by Panc or Plantema, 

respectively. Eqn. (3.3e) pertains to the present formulation. 

A set of functions, usually polynomials, is chosen to define 

uniquely the state of displacement within each element in terms of its 

nodal displacements. One or more displacement variables are necessary 

in Eqn. (3.3) and therefore a set of functions is chosen for each of 

them resulting in a general nodal displacement vector d for the finite 
-e 

element. We will recall the following requirements on the assumption of 

displacement functions for the element to perform satisfactorily. 

The displacement function chosen should be such that 

a) it is continuous within an element, 

b) it does not permit straining of an element to occur when the 

nodal displacements are caused by a rigid body displacement, 

c) if nodal displacements are compatible with a constant strain 

condition, such constrain strain will be obtained, and 

d) displacement compatibility exists between elements. 
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The elements are assumed to be interconnected at a discrete 

number of nodal points situated on their boundaries. Hence, displacement 

compatibility is satisfied easily, in general, at the nodal points. 

However, with respect to the element interfaces it is well established 

that the strains determine the required order of continuity of displace-

ments. In the case of strains being defined by first derivatives, the 

displacements only have to be continuous. However, if strains are 

defined by second derivatives of deflections, first derivatives of these 

also have to be continuous [36, 97J. Finite elements which ensure con-

tinuity of displacements only are referred to as CO continuous elements. 

Similarly, those in which the first derivative of the deflection is 

continuous are called C1 continuous elements. 

The vector of curvatures and transverse shear strains for plates 

can now be defined uniquely within an element, in terms of nodal dis-

placements. Symbolically, this relation is expressed as 

d 
e 

(3.4a) 

e 
(3.4b) l.=B s 

d 

It remains only to compute the potential energy of the system 

using Eqns. (3.1) and (3.4) as 

N 

II = E 

e=l 

~ (dT K d) - dT F 
--e --e --e --e -e 

(3.5) 

where K is the element stiffness matrix and F is the work equivalent 
--e -e 

or consistent load vector of the distributed load over the element. 



The element stiffness matrix and load vector are, typically, 

defined in the form 

T 
dA f B T E B dA K = f ~ b 12. Bb + e A e A 

-s--s e 
(3.6) 

e e 

F f p !!T dA -e 
A 

e 
(3.7) 

e 

where N stands for the shape functions describing the displacement 

quantity 'w
T

' within an element in terms of nodal displacements. 

Eqn. (3.5) can be alternatively expressed as 

(3.8) 

where ~ is the vector containing the final collection of displacements 

of the connected system of elements, K is the global stiffness matrix, 

and F is the global generalized force vector. Concentrated loads, if 

any, can be conveniently added to their respective positions in vector 

F. On the application of principle of minimum potential energy 

Neq 

oIT 2: 
aIT M. 0 = a/::'. 1. 

(3.9) 

i=l 1. 

is obtained where 'Neq' is the number of degrees of freedom of the 

system. In order for this equation to be valid for arbitrary virtual 

displacements 'o/::' , 
i 

= 0 (3.10) 

is necessary. This equation leads us directly to a system of linear 

equations 

48 
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K ~ = F . (3.11) 

Prescribed boundary displacements, homogeneous or non-homogeneous 

or both can be incorporated by well known techniques [36] to get a 

modified system of equations 

K ~ = F (3.12) 

where K is now invertible. Once ~ is known, moments and shear forces 

can be readily obtained. 

The differential equations of equilibrium do not enter the 

analysis. Equilibrium is satisfied in an average sense [36]. 

Convergence to correct solution is obtained, in general, with the 

increase in number of equations. 

We will now relate the kinematics of plate theories of preceding 

chapter with the finite element procedure outlined above. At first, 

depending upon the presence of transverse shear deformation, the existing 

plate bending elements are divided into two groups as thin and thick 

plate elements. 

3.1.2 Thin plate elements 

The elements of this category adhere to the assumptions of 

classical plate theory, i.e., they are based on the Kirchhoff-Love 

hypothesis on the rotation of normals. The displaced state of the plate 

is characterized by a single variable, viz., the lateral deflection wT. 

The curvatures are second derivatives of deflection as seen in 

Eqn. (2.18). 1 Therefore, C continuity of assumed displacement field is 

required across the element boundaries. Those elements which satisfy 

C1 continuity requirements are called 'conforming' elements. 
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It is difficult, in general, to meet the compatibility require

ment of the first derivatives of deflection across the element 

boundaries. Hence, several 'non-conforming' elements have been derived. 

If such non-conforming shape functions satisfy the constant strain 

criterion and in addition pass the 'patch test' , then the element is 

assured of convergence [97]. 

C
1 

continuity requirement can be met in two ways for a triangular 

region. In one of them, the triangle is divided into three sub-elements 

and displacement in each sub-element is independently assumed. On the 

other hand, if one chooses a single displacement field, a complete 

quintic polynomial must be used. Specific references to these approaches 

can be found in Ref. [25] or [36]. 

The difficulty of imposing C
1 

compatibility has resulted in 

several alternative methods and all of these are oriented towards 

relaxing the continuity requirement. Such approaches can be classified 

into two groups: 

a) imposition of continuity as a constraint using either 

Lagrangian multipliers or penalty functions [68, 84, 85]. 

b) complete reformulation of the problem in terms of energy 

functiona1s which require CO continuity only 

The second category includes variational principles which employ assumed 

representations in the form of stress fields or both stress and displace

ment fields. Theoretical basis of such 'hybrid' concepts are discussed 

by Pian and Tong [58, 59]. 

In the recent literature a formulation of element, based on the 

'discrete-Kirchhoff' theory [29], has been demonstrated to be very simple 
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and effective [9J. In this, one begins with assumed shape functions for 

~ and ~ directly. The curvatures are defined as in Eqn. (2.31) of x y 

Mindlin plate theory. Transverse shear strain energy is neglected 

altogether. Thus, only CO continuity requirements need to be satisfied 

by the independent assumptions on ~ and ~. The rotations, which were x y 

independent so far, are related to the transverse displacement by 

imposing the Kirchhoff hypothesis (see Eqn. 2.24) in a discrete manner 

along the boundary of the element. Discrete Kirchhoff theory based 

element, as seen by Batoz's conclusions [9J, provides one of the most 

effective approximations to the classical theory of plates. We will use 

this development, to our advantage, at a later stage of this chapter. 

o 
The development of C plate bending elements which converge to 

thin plate solutions is thoroughly described in Refs. 33 and 34. 

3.1.3 Reissner plate bending elements 

The field equations of Reissner theory are used as guidelines 

for formulating these elements. The potential energy is a function of 

three variables wT' Yxz and yyz (see Eqn. 3.3b). 

A set of functions is chosen for each displacement variable 

independently to describe the state of displacement uniquely over the 

element domain. Their compatibility requirements are determined 

separately based on guidelines discussed earlier. 

The potential energy is defined in terms of the curvatures and 

transverse shear strains of Eqn. (2.29). This involves second deriva-

tives of deflection and first derivatives of y and y • xz yz 
1 

Therefore C 

compatibility of w
T 

and CO compatibility of y and yare required. xz yz 



If C
1 

compatibility requirement of w
T 

is violated, the total rotations 

~x and ~y are uniquely specified only at the mesh points and not along 

element interfaces. 

It is common, in literature, to present the element stiffness 

matrix in the form 

K = (K b + K ) -e - -se (3.13) 
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where K b is associated with the flexural strain energy term 'U
b

', and 

K is associated with the shear strain energy term 'u '. For Reissner 
s s 

plate elements, the shear contribution to stiffness is associated only 

with the variables y and y • xz yz 

Pryor, Barker and Frederick [63J have developed a rectangular 

plate element with five d.o.f. t at each nodal point. CO compatible 

representation of wT in the form of a 12 term polynomial is made use of. 

For y and y a bilinear function with four terms is employed. This xz yz 

results in a total of twenty d.o.f. per element. Using Eqn. (2.26), 

the d.o.f. at each node were finally chosen as LWT ~x ~y Yxz YyzJ· 

Results obtained for the problem of a rectangular simply supported plate, 

with varying thickness-to-side length ratio (h/a), are in good agreement 

with available series solution. 

Venkateswara Rao, Venkataramana and Raju [93J have developed 

a high precision triangular plate bending element based on Reissner's 

theory. They adopted the constrained quintic conforming representation 

of Cowper [25J for lateral deflection wT. The shear rotations are 

assumed to be complete cubic polynomials with ten terms. Using a 

t 
d.o.f. stands for degrees of freedom. 
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suitable local coordinate system, explicit integration is employed to 

obtain a stiffness matrix with 38 d.o.f. Two centroida1 d.o.f. are 

eliminated later by static condensation to get a (36x36) stiffness 

matrix. The d.o. f. at each node are 

ClWT ClWT 
2 2 2 

tT' 

Cl wT Cl wT Cl wT ClYxz ClYxz ay yz aYyzj 
ax 'ay , ax

2 ' axCly , ay2 
, 

Yxz 'ax-' ay Yyz ' ax ay . 

This element is fully conforming and has excellent convergence charac-

teristics for the range of problems studied. Moreover, the moments and 

shear forces are defined uniquely at each mesh point. However, the 

element stiffness computation itself is considerably expensive and will 

be even worse for shell situation. 

There are only a few elements based on this approach and the 

elements cited above are typical examples of this category. It is 

indeed difficult to obtain numerical results for an extensive range of 

problems, in terms of support conditions and aspect ratios of planform 

or thickness, in the published literature. 

3.1.4 Mindlin plate bending elements 

As seen in Eqn. (3.3c), independent displacement variables, for 

which shape functions have to be chosen, are the deflection and rotations 

of the normal to the undeformed middle surface in the x-z and y-z planes 

respectively. The curvatures and transverse shear strains are expressed 

in terms of the first derivatives of these variables. o Hence, only C 

compatibility is to be satisfied by the assumed functions for w
T

' <Px 

and <p. In addition to the relaxation of C
l 

continuity requirements 
y 

of classical plate theory, Mindlin approach includes the effects of 
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shear deformation. Such a two-fold advantage has made this approach 

most popular undoubtedly. 

Noticeably, the bending contribution to the stiffness matrix is 

defined in terms of the components of rotations of the normal only. The 

shear strain terms are given as summation of a first derivative of 

deflection and a corresponding rotation. This will not permit a straight 

forward reduction of the stiffness matrix to that of classical plate 

theory. 

Most elements of this group employ equal order representation for 

wT' ~ and ~. In general, very satisfactory results are obtained for x y 

thick plates. For a given plate, if the thickness is reduced, such that 

'thickness to a chosen planform dimension ratio' (h/a) approaches a 

value which is nearly zero, the transverse shear strains become insig-

nificant and it is natural to expect solutions closer to the classical 

plate theory. But Mindlin plate elements have a tendency to 'lock' as 

the thickness of a plate becomes very small. This behavior is i11us-

trated in Fig. (3.1). Due to its association with shear rigidity, the 

locking effect is commonly called as 'shear locking.' Therefore, 

special care must be taken to eliminate shear locking. 

Researchers have focused their attention in the recent literature 

to identify the sources of shear locking and to seek methods to improve 

the performance of the elements. Such improved solutions are expected 

to provide reliable numerical results for an extended range of thickness 

to span ratios. 

Several explanations have been offered regarding the sources of 

shear locking. A critical analyses of these hypotheses will not be 
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Fig. 3.1 Locking in finite element analysis of plates 
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attempted here. Hughes et. al. [39-41], Lee and Pian [47], Malkus and 

Hughes [48], Prathap and Bhashyam [61], Reddy [67-68], Stolarski and 

Belytschko [79], and Zienkiewicz et. al. [97-99] have discussed in a 

detailed manner the process of discretization and its association with 

shear locking. 
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A popular approach to alleviate the shear locking effects has 

been 'reduced integration' scheme. In this the structure is softened by 

lower order numerical integration rules [98]. An explanation of the use 

of reduced integration is most commonly discussed by considering the 

shear strain energy terms as penalty functions and the vanishing of 

shear strains as constraints. 

If exact or numerically exact integration rules are employed, the 

shear strain energy term produces two types of constraints which could 

be classified as true and spurious [61]. In a beam bending model, 

analogus to that of Mindlin plate element, the spurious constraint is 

demonstrated to yield a shear related bending energy while the true 

constraint is the desired Kirchhoff constraint [61]. It is the spurious 

constraint which has to be eliminated as it causes shear locking. Hence, 

one looks for an appropriate order of integration rule which eliminates 

spurious constraints while retaining the true constraints. While this 

is easier to achieve in a one-dimensional problem, a two-dimensional 

problem poses a considerable amount of difficulty. 

The selective or reduced integration technique when applied to 

two-node beam and four-node quadrilateral elements provides satisfactory 

results in the analysis of thin beams and plates [39, 40, 41, 61]. 



However, a triangular element based on similar concepts (see Batoz 

et. a1. [9J) has been found totally unacceptable. 
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Pugh, Hinton and Zienkiewicz [65J have discussed several elements 

based on the Serendipity and Lagrange family in interpolations. Reduced 

integration is usually employed with Serendipity elements and selective 

reduced integration is used with Lagrangian family of elements. The 

"heterosis" element of Hughes and Cohen [42J is one of the successful 

elements of this category. Therefore, it is necessary, in general, to 

investigate each element for its particular characteristics to draw 

conclusions regarding its acceptability. Moreover, the use of lower 

order integration rules produce, in general, spurious zero energy 

modes [20J. 

An alternative and a more general approach to cure the locking 

effect may be to use a modified He11inger-Reissner variational principle. 

This was attempted by Lee and Pian [47J. An equivalence of this alterna

tive approach to the reduced or selective integration schemes can be 

established in certain cases [9, 41J. 

Other alternative approaches such as penalty methods in terms 

of an artificial penalty parameter [67, 68J or energy balancing [32J 

have been proposed. A varying degree of success has been achieved in the 

application of several techniques to cure the shear locking effect. 

If one proceeds to the problem of a curved beam or shell, 

another mechanism, viz., "inp1ane or membrane locking" emerges [61, 79J. 

This will necessitate optimum integration rules for terms which couple 

bending and stretching. Similarly in a vibration analysis, the predicted 
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response is a function of integration schemes employed for inertia 

matrices [lOJ. 

An improvement in understanding of the discretization process 

involved in the application of a variational principle, where more than 

one independent field variable is required, is clearly seen as evidenced 

by a growing number of papers. However, clear and specific guidelines 

for general development of elements using the above mentioned techniques 

have not yet appeared. In addition, effects of these techniques in 

nonlinear or dynamic response analysis have not yet been ascertained. 

On the other hand, a more natural and direct approach would be 

to use higher order descriptions of displacements and rotations (within 

an element) accompanied by a numerically exact integration rule. This 

will, in general, improve the performance of the element for both thick 

and thin situations. Such exactly integrated triangular elements are of 

particular interest here. 

Noor and Mathers [56J have conducted a detailed study of shear 

flexible finite element models for laminated composite plates and shells. 

Two triangular elements were derived on the principle of minimum 

potential energy. The first element designated as "ST6" is formulated 

by assuming quadratic variation of u, v, wT' ~ and ~. For a degenerate 
x y 

case of isotropic plates there are 18 d.o.f. per element. The element 

itself has 6 nodes. The second element designated as "STlO" is based on 

cubic variation of each displacement quantity. Hence the element has 

30 d.o.f., for an isotropic plate situation, distributed over ten nodes. 

The performance of the higher order model was observed to be considerably 

less sensitive to variations in the thickness ratio than that of the 
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lower order element. Also, the total number of unknowns, required for 

a prescribed level of accuracy, was found to be less in the higher order 

than in the lower order models [56J. Murthy and Lakshminarayana [53] 

have developed a cylindrical shell element (designated as 8T3) based on 

cubic shape functions. This element has three nodes with 9 d.o.f. each 

for an isotropic plate situation. 

Triangular finite element approximations, based on Reissner/ 

Mindlin theory, which employ exact integration require higher order dis

placement fields for satisfactory performance in thin plate situations. 

The elements found satisfactory were those with 27, 30 or 36 d.o.f. per 

element. Lower order elements have a tendency to have severe "shear 

locking" constraints or produce certain level of ill-conditioning in 

the global stiffness matrix. 

While the elements discussed above were based on equal order 

interpolations for deflection and rotation components, the element of 

Ref. [14J uses a quadratic description for deflection and linear poly

nomial for rotations. The performance of this element is again not 

satisfactory for thin plates. 

Although a number of papers have appeared on the finite element 

analysis of thick plates, only a few of them provide the numerical 

results for stress resultants. There is a scarcity of numerical results 

in the published literature with respect to the stress resultants and 

edge conditions. A majority of the papers focus on the element 

behavior for thin plate situations. 
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3.1. 5 Component theory elements 

In this case Cl compatibility of w
F 

and CO compatibility of Ws 

is required. The bending contribution to stiffness is related entirely 

to the d.o.f. corresponding to wF and the shear contribution to those 

corresponding to wS. As partial deflections are used in the formulation, 

special care is needed in ensuring the application of proper boundary 

conditions (a more elaborate discussion will be presented in Chapter 4). 

There are few finite element models, in the published literature, based 

on this approach. 

3.1.6 Plate elements based on higher order theories 

The elements based on the theory of plates including transverse 

shear deformation, discussed hitherto, ignore the normal strain and 

assume a constant transverse shearing strain through the thickness. A 
-

shear correction factor, which has to be determined independently, was 

therefore necessary. Hence, refined higher order plate theories have 

been developed. 

The plate theory of Kant [45J is a typical example of this 

group. Kant employed linear variation of normal strain and quadratic 

variation of shearing strain through the thickness. The displaced state 

of the plate is defined in terms of six independent variables. Kant 

et. a1 [44J have developed a nine noded quadrilateral element using 

Lagrangian family of interpolation functions. The element has 54 d.o.f. 

Both the schemes of reduced and selective reduced integration have been 

used. 
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The inclusion of transverse normal strain and warping of cross 

sections is indeed desirable for very thick plates. However, as seen in 

the results of Ref. 44 and 45, the difference between lower order and 

higher order thick plate theories is almost insignificant for most 

practical thickness to span ratios. The cost of computation, however, 

increases significantly as the number of displacement variables (six in 

this case) determines the total d.o.f. in the structure. 

h Moreover, for extremely thick plates (such as - > 0.3) a direct 
a 

three-dimensional modeling is more appropriate. A description of such 

solid elements can be found in standard textbooks. Also, it is possible 

to reduce a general three-dimensional solid element to two-dimensional 

form via imposition of appropriate constraints. A description of the 

latter approach is given by Ahmad, Irons and Zienkiewicz [lJ. 

In the light of the above discussion, it is desirable to investi-

gate the present formulation for finite element representation of 

flexural behavior of plates. 

3.2 Relaxation of C
1 

compatibility requirement in the present 
formulation 

The mid-plane curvature terms of Eqn. (2.49), written in terms 

of w
F

' involve the adoption of Kirchhoff-Love hypothesis on the rotation 

of normals for the flexural displacement component. This leads to a 

bending contribution to the strain energy which is identically same as 

in the classical plate theory. With regard to wT' the presence of trans-

verse shear strains indicate that the normals to the middle surface of 

the undeformed plate do not remain normal after deformation. 



wT has to be CO compatible and w
F 

is required to be C1 

continuous. In what follows, we construct approximation for the 
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flexural displacement component which is expressed directly in terms of 

its derivatives, i.e., 

Sx 

aW
F 

(3.14a) = - ax 

s 
aW

F 
(3.14b) = -y ay 

Thus, the vector of curvatures associated with flexure and the 

vector of transverse shear strains is expressed as 

{ X} 

{ y} = 

as x 
ax 

as 
-Y.. 
ay 

as x 
ay 

aWT 
ax 

aW
T 

ay 

as 
+ -Y.. 

ax 

+ Sx 

+ r.-~y 

(3.1Sa) 

(3.1Sb) 

The curvatures of Eqn. (3.15), which allow for the development of CO 

continuous element, are used in conjunction with satisfaction of the 

constraints of Eqn. (3.14) at a discrete number of points in the element 

domain. 



63 

The curvatures and transverse shear strains of Eqn. (3.15) should 

not be misunderstood as those of Nindlin theory given in Eqn. (2.31). 

They differ by the constraints of Eqn. (3.14) on Bx and By' 

3.3 Formulation of triangular elements 

The objective of thjs section is to establish appropriate shape 

functions for B , Band wT' In accordance with Section (3.2), we will x y 

seek to define shape functions [NFJ which connect the Bx and By to a 

vector of element joint displacements {dF } as 

(3.16) 

We have adopted the shape functions for Bx and By from Ref. 9. The 

development of these is presented here, in brief, to highlight their 

salient features. 

3.3.1 Shape functions for Band B 
x y 

Fig. 3.2 shows the geometry of the element. The element geometry 

is defined by x and y coordinates of the three corner nodes of the 

triangle and its uniform thickness. A convenient local coordinate 

system (s-n) are chosen as shown in the same figure. sand n are the 

area coordinates of triangle L2 and L3 respectively. Hence they are 

scaled to vary between 0 and 1. The x and y coordinates are related to 

sand n as 
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y 

Fig. 3.2 Element geometry and coordinate system 



y = y + (y -y ) ~ + (y -y ) n 12131 
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(3.l7a) 

(3.l7b) 

and a transformation matrix between the partial derivatives of a quantity 

in these coordinate systems can be derived as 

a 
fll f12 

a 
ax a~ 

= (3.l8a) 

a f2l f22 a 
ay an 

where fll = (Y3 - Yl) / f , (3.l8b) 

f12 - - (Y2 Yl) / f , (3.l8c) 

f2l = - (x - x ) / f 3 1 , (3.l8d) 

f22 = (x2 - x ) / f , and 1 (3.l8e) 

(3.l8f) 

The three corner nodes have the coordinates (0,0), (1,0) and (0.1), 

respectively, in the (~,n) system. The mid-side nodes defined counter-

clockwise around the element boundary are located at (Yz,Yz),(O,Yz) and 

(Yz,O) respectively. Bx and By are assumed to vary quadratically over 

the element, i.e., 

6 
(3 = L N. B x i=i 

]. xi 
(3.l9a) 

6 
B L N. B yi Y i=i ]. 

(3.l9b) 



where S . and S . are the nodal values at the nodes i=1,2, •... 6. The 
X1 y1 

shape functions N., in (~,n) coordinates, are 
1 
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1 2 2 
(3.20a) N1 = 3~ - 3n + 2~ + 4~n + 2n , 

NZ 
= 2~2 _ ~ (3.20b) 

N3 = Zn
Z 

- n , (3.20c) 

N4 = 4~n (3.20d) 

4n -
2 (3.20e) N5 = 4~n - 4n 

2 (3.20f) N6 = 4~ - 4~ - 4~n . 

In order to enforce the constraints of Eqn. (3.14) along the 

element boundary, a cubic variation of wF along the sides is assumed. 

A (s,n) coordinate system, where the's' coordinate runs along the 

element boundary and the 'n' coordinate along the outward normal to the 

element sides (see Fig. 3.2), is chosen to describe the variation of wF 

along the sides. Thus, the slopes at the mid-nodes are 

3 
= - --w 

2£.. Fi 
1J 

+_3_ 
2£ .. 

1J 

with m denoting the mid-node of side ij and £ij the length of the 

side ij. For m = 4,5,6 the sides are designated by ij = 23,31,12 

respectively. The side lengths are given by 

£ .. 
1J 

where x .. 
1.J 

2 = (x .. 
1.J 

Z ~ + Yij ) 

x.) , and y .. 
J 1J 

(y. - y.). 
1. J 

(3.21) 

(3.22) 



aWF 
The slope (as-) varies quadratically along a side and the 

assumption of cubic variation of wF ' along the sides, is the property 

of a cubic polynomial on the element. However, in this particular 

formulation, there is no need to define an interpolation function wF 

over the entire element domain. 

The constraints of Eqn. (3.14) are to be enforced now in order 

to obtain Bx and By in terms of the desired nodal degrees of freedom 

which are: 

(3.23) 

where 0xF and 0
YF 

are defined in Fig. 3.2. They are related to wF as 
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o xF 

Clw
F =--

ay (3.24a) 

A few 

They 

o yF 

geometrical 

are 

aWF 
as 

= 
aWF 
an 

= 

(3.24b) 

relations are needed in enforcing the constraints. 

c 8 0 xF 

(3.25a) 

s -c 8 yF 

c -8 

(3.25b) 

8 c 



where C = -y .. / Q,.. and S 
lJ lJ 

x .. /Q,i .. The constraints of Eqn. (3.14) 
lJ J 

are imposed at: 

(a) the corner nodes as 

o 

i 1,2,3 (3.26) 

8 
aW

F 
0 +--

Y ay 
i 

(b) and the mid-side nodes as 

aw 
8 m+ (2)m = 0 m = 4,5,6. s as (3.27) 

aWF As (--) matches 8 at three points along each side, the constraints 
as s 

of Eqn. (3.14) are satisfied along the entire element boundary. 

The nodal d.o.f. given in Eqn. (3.23) does not have d.o.f. 

corresponding to the mid-side nodes. This is so, as the mid-nodes are 

eliminated by assuming a linear variation of 8 , i.e., 
n 

m 1 
8 = -2 (8 . + 8 .) ; m = 4,5,6. (3.28) 
n nl nJ 

Eqns. (3.17) to (3.28) lead us to the shape functions NF of 

Eqn. (3.16). Thus, 

8 H (I;, n) x -x 

= {d
F

} 

By H (I;, n) 9x1 
y 

2x1 2x9 

(3.29) 
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The functions Hand H , along with their derivatives with respect to --x -y 

~ and n, are explicitly given by Batoz et. ale [9J. Therefore, they are 

not repeated here. If follows from the above equations that w
F

' 

aW
F a;-' Ss and Sn are inter-element continuous. 

3.3.2 Interpolation function for wT 

Two finite elements will be developed in this cha.pter. Both of 

them use the same description of Sand S given in Eqn. (3.29). The 
x y 

difference between the two elements is in the choice of functions describ-

ing the total lateral deflection 'wT'. The elements, to be developed, are 

designated as THPLTl and THPLT2 respectively. 

3.3.2.1 THPLT1 element. As per the guidelines suggested in Ref. 61, use 

of the same shape functions for S 
x 

aW
T and -ax 

aW
T 

and Sy and ay- should improve 

the performance of the element for thin plates. Hence, for THPLTl, the total 

slopes SxT and SyT were related to a vector of element joint displacements 

dT as in Eqn. (3.29). Thus, 

1:::1 = [ 1!" (~,n) J {dT} 
H (~ , n) 
-y 

(3.30) 

2xl 2x9 
9xl 

where S = 
aWT 

and SyT 
aWT 

xT ax ay 
The vector of element joint 

displacements is given by 

(3.30a) 
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Adoption of the above view, implied in Eqn. (3.30), has a dis-

advantage in that the interpolation function for w
T 

is not available within 

an element. Therefore, distributed loads were treated with lumped 

approximations. 

3.3.2.2 THPLT2 element. In this we will use a direct interpolation for 

w
T

. A complete cubic polynomial with ten terms provides the necessary 

CO compatibility. As wF is approximated by shape functions equivalent to 

a cubic polynomial, use of a cubic polynomial representation for w
T 

is 

justified. Thus wT is assumed as 

(3.3la) 

The coefficients of ai' i = 1,10 are eliminated in terms of the nodal 

degrees of freedom 

(3.3lb) 

where the subscript C indicates the centroidal value. This will result in 

lxl IxlO 10xl 

The shape functions ~T are given in an explicit form by Gallagher [36J. 

A consistent element load vector can be easily evaluated using Eqns. (3.7) 

and (3.32) for handling distributed loads. One centroidal d.o.f. is 

removed, later, by static condensation (see Ref. 96 for details of 

static condensation). 
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3.3.3 Curvatures and shear strains in term~ of nodal displacement 

The curvatures associated with flexure, for both the elements, 

a·re obtained by substituting Eqn. (3.29) into Eqn. (3.15). This will 

provide 

fll lix,t; + f12 H --x ,11 

X = f 21 By,t; + f22 H {d
F

} 
-y,11 

(3.33a) 

3x1 
fll H t; + f H + f21 lix,t; + f H 9x1 

-y, 12 -y, 11 22 --x, 11 
3x9 

or symbolically 

(3.33b) 

The vector of transverse shear strains for THPLT1 are obtained 

using Eqns. (3.15) and (3.30). Thus, 

can be rewritten in terms of nodal displacements as 

:1..= 

2x1 

or symbolically 

2x18 18xl 

v = S d • 
-l.. -s-

(3.34a) 

(3.34b) 

(3.34c) 

For THPLT2 element the transverse shear strains are obtained 

by using Eqns. (3.15), (3.29) and (3.32). We get 
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::t..= 
2)(.1 

(3.35a) 

or symbolically 

1 
y = S - -s 

2 x 19 19)( 1 

(3.35b) 

The total vector of nodal displacements i 1 has a centroida1 

displacement in addit:i.on to the elements of vector d. With an under-

standing that the centroida1 displacement will be removed by static 

condensation, we will not distinguish between Sand S 1 or d1 and d 
-s - s 

in the rest of the element formulation description. 

3.3.4 Strain energy and element stiffness matrix 

The vector of curvatures and transverse shear strains are related 

directly to the nodal d.o.f. in the above equations. Substitution of 

these into Eqn. (2.13) yields the strain energy of the form 

(3.36) 

The terms on the right hand side of this equation correspond to the 

bending and shear strain energy respectively. In this, 

!b = J S T D S b cIA -b 
A 

(3.37a) 

T E !iF dA 
! FF = J !i F 

A 

(3.37b) 

! FT 
J N T E N 1 dA 

-F -T 
A 

(3.37c) 
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K TF = J N IT E N dA - T - - F A 
(3.37d) 

K.rT 
= J N IT E N 1 dA - T -- T A 

(3.37e) 

1 
where B. T denotes the derivatives of B.T in accordance with Eqn. (3.35) 

or (3.34). 

The 'ij'-th element of the stiffness matrix [K] is given by 

K .. = 
~J 

and hence 

;lu 
ad. ad. 

~ J 
(3.38) 

~FT ] 

!.rT 
(3.39) 

The bending contribution to the element stiffness matrix ~ is 

identically same as the staffness coefficients of the 'DKT' thin plate 

element of Ref. 9. If a condition iF = iT is imposed in Eqn. (3.36), 

the shear strain energy vanishes. The stiffness matrix, for a one 

dimensional situation, will be given in an explicit form in Chapter 6 to 

illustrate the salient features of the matrix. 

3.3.5 Numerical integration 

The integrals of Eqn. (3.37) are obtained by Gaussian numerical 

integration rule, viz., 

(3.40) 



where f is the function to be integrated over a triangle of area A, 

'~i' ni , ~i' are the area coordinates of the 'i'th sampling point, Ai 

is the weight associated with the sampling point and N is the number of 

sampling points. The formulas, given by Cowper [24J, are designed to 

exactly integrate complete polynomials of a given degree. The highest 

degree polynomial which a formula can integrate exactly is known as 

'degree of precision'. 
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An efficient computation of Eqn. (3.37) can be performed by using 

for each sub-matrix the scheme of numerical integration that is appropriate 

to the order of the polynomial being integrated. 

For THPLTl, the matrix .!b was evaluated by a three point integra-· 

tion rule and all other shear related stiffness terms were evaluated by 

a seven point integration rule. The degree-of-precision of these rules 

are 2 and 5 respec ti vely. 

A twelve point integration rule, with 6 as its degree-of-precision, 

has been employed in the evaluation of THPLT2 stiffness coefficients and 

load vector. A higher order formula than what is actually required has 

been used here as THPLT2 forms a degenerate case of a shell element (to 

be derived later). The integration schemes employed are numerically 

exact in both elements for all component matrices. 

In this chapter, two finite elements were developed based on a 

modified form of strain energy expression of the present formulation in 

terms of w
T 

and w
F

. Both elements are of triangular shape with six 

d.o.f. at each corner node. At a node, the d.o.f. are 



{'WT exT GYT w
F 

G
XF 

G
yF

} • This results in eighteen d. o. f. per 

element matching the ST6 element of Noor and Mathers [56J. 
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The formulation of the present elements is very simple and an 

efficient computation of the element stiffness matrix can be accomplished 

with the available techniques in standard textbooks. Moreover, the 

elements do not have interior or mid-side nodes and thus do not call for 

any special handling in assembly or solution routines. It now remains to 

evaluate the performance of the elements. 



CHAPTER 4 

NUMERICAL EXAMPLES IN THE ANALYSIS OF ISOTROPIC PLATES 

Our objective in evaluating the present elements, viz., THPLT1 

and THPLT2, for the case of isotropic plates, is to study their behavior 

in comparison with available exact or other finite element solutions. 

Kinematic boundary conditions are discussed for each problem. 

Numerical calculations were performed in single precision on 

"Data General - Eclipse" and "CDC - CYBER M175" computer systems for 

THPLT1 and THPLT2 elements respectively. An in-core solution routine 

based on Cho1esky reduction algorithm, for stiffness matrices assembled 

in a vector accounting for variable band-width of each row, is used to 

solve the system of linear equations. The finite element meshes that 

were employed are of the type shown in Fig. 4.1. Wherever admissible, 

symmetry of the structure is taken into account. The thickness-to-side 

length ratios considered range from 0.005 to 0.25 covering an entire 

range of thickness of structure relative to a p1anform dimension of most 

practical problems. Poisson's ratio is assumed to be 0.3 unless stated 

otherwise. A shear correction factor of k=5/6 is used throughout. 

4.1 Simply supported rectangular plates 

The problem of a simply supported rectangular plate has been 

extensively studied in the literature. The edge conditions are taken 

to be the vanishing of deflection, normal bending moment and tangential 

rotation quantities [44, 45, 71, 62J. An edge with these conditions 
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Fig. 4.1 Fi~ite element idealization 
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will be designated as 81 type of boundary. On an edge x= constant 

(see Fig. 2.5), these conditions are 

w = 0 , ~ = 0 and M = O. T Y x (4.1) 

In three-dimensional stress analysis [66J, Eqn. (4.1) is 

expressed in the form 

w = 0 , v = 0 and a = 0 • 
x 

The finite element formulation developed in the preceding 

(4.2) 

chapter is based entirely on assumed displacement functions in accordance 

with the principle of minimum potential energy. As such, only displace-

ment boundary conditions need be satisfied. The force boundary condi-

tion, M = 0 or a = 0 in this case, is satisfied approximately in the x x 

Ritz finite element procedure. The displacement boundary conditions to 

be imposed along the edge, in the finite element model, are 

wT = 0 and ~y = 0 . (4.3) 

The first condition w
T 

(x=c,y) = 0 implies that all the derivatives 

n 
d wT 
dyn 

(n=1,2) vanish along the edge. This can easily be incorporated in 

the finite element analysis. In the finite element procedure, a refer-

ence to an edge should be understood as all nodal points along the edge. 

Clearly, 81 corresponds to a support by a diaphragm which is 

rigid in its own plane but flexible to out-of-p1ane displacements. 

Hence the edge reaction includes a twisting moment}1 and vertical xy 

shear Q. Q will vanish as transverse shear strain y is zero along x y yz 

the edge. 



In the Reissner finite element models of Pryor, Barker and 

Frederick [63J, and Venkateswara Rao [93J edge conditions are stated 

as (for x = constant) 

W = 0 , cjJy = 0 , Yyz = 0 T , (Lt.4a) 

0 
dWT 0 0 or W = , = , Yyz = . T dy (4.4b) 

Eqn. (4.3) is directly applicable for Mindlin plate bending 

elements. On the other hand, if a finite element is developed based 

on Eqn. (2.48) of component theory, a condition such as w
T 

= 0 should 

be expressed in terms of basic variables of the formulation as 

(4.5) 

In the particular case of a simply supported edge of type Sl, 

Panc [57J, P1antema [60J and Speare [74J have demonstrated that the 

quantities wF and Ws can be made to vanish independently. Thus 

dWF dWS 
wF = 0 , ay- = 0 , Ws = 0 , dy = 0 along x c. (4.6) 

dWS The shear strain quantity Y is directly related to --- in the yz dy 

component theory. Hence the rotation cP , see Eqn. (2.26), vanishes 
y 

as desired. 

In the present formulation, based on independent approxima-

tions for w
T 

and w
F 

, the edge conditions along x = c 

0 
dWT = 0 0 

dWF 
0 W = , wF = --- = 

T , dy , dy 
(4.7) 

are identically equivalent to Eqn. (4.3) . The conditions of 

Eqn. (4.7) can also be obtained directly from Eqns. (2.55 a-f). 
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In Eqns. (4.4), (4.6) and (4.7), the shear stress resultant Qy 

vanishes at all nodes along the edge. Similarly, at the corner 

~ and Qy are zero. This is in agreement with the observations of 

Rajaiah and Rao [66J in their three-dimensional analysis. 

Evidently the boundary conditions on flexural displacement 

component wF' in Eqn. (4.6) and (4.7), are as in the classical theory 

of plates. The governing equation for w
F

' Eqn. (2.44a), is similarly 

identical to that of thin plate theory. As such, it is reasonable to 
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expect the present finite element formulation to predict both classical 

thin plate and Reissner/Mind1in theory results, as appropriate to the 

(h/a) ratios. 

In three-dimensional analysis, there are at least two ways of 

describing a simple support. Sl is one of them. The other type of 

boundary, designated as '82', is described as (again along x = c) 

or 

o ,a = 0 
x 

a = 0 xy 

o , M 
x 

o , M 
xy 

o . 

(4.8a) 

(4.8b) 

The transverse shear strains are inherently included with both 81 and 

82 type of supports in refined plate theories and three-dimensional 

analysis. The two types of boundary descriptions produce negligible 

differences within each other as far as maximum deflection and moments 

are concerned [44, 45, 63, 66J. The absence of twisting moment M xy 

along the edge in S2 type of support results in distribution of 

Q and Q which differ in character from Sl type of support. 82 type x y 

boundary introduces very steep gradients in stress quantities over a 

limited region of plate near the boundaries. Close to the corner, the 



S2 case shows negative distributed reactions which increase with 

decreasing thickness [63, 66J. 

It is possible to study a S2 type of support in the present 

formulation by letting wT = 0 only along the boundaries. As w
F 

is a 

non-zero quantity in this case, Eqns. (2.54a) and (2.54b) dictate that 

the shear stress resultants Q , x 

reaction of flexural component 

Q will be equal to y 

(Q F + aM Flay) and x xy 

the modified shear 

(Q F + aM Flax) y xy 

respectively, in the converged solution. A justification for this 

can be found in the comments of Rajaiah and Rao [66J or Salerno and 

Goldberg [71J. 

Similar statements can be made for edges where y is a constant 

by interchanging the subscripts for x and y. 
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The appropriateness of either Sl or S2 type of boundary condition 

for a given physical problem has remained, at best, an unresolved 

question. Mathematically, the thin plate edge conditions are equivalent 

to those of Sl [66J. As our objective is primarily to investigate 

moderately thick (due to the neglect of normal strain) and thin plates, 

only Sl type of boundary description will be used for a simple support 

in the numerical analysis. 

In what follows, we discuss the numerical results obtained by 

application of the present finite element formulation to 

a) a square plate under uniform load, 

b) a rectangular plate under uniform load, and 

c) a square plate with central point load. 
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4.1.1 Uniformly distributed load acting on the plate 

For the case of a uniform load acting on a square plate with 

simply supported edges, the maximum deflection is at the center of the 

plate, i.e., x = y = (a/2). In Table 4.1, the coefficients of maximum 

deflection (w Eh3/pa
4
), obtained at different levels of mesh refine-max 

ment, are compared with series solution of Reissner's theory [71J, 

Mindlin theory [45J and the exact analysis of Srinivas and Rao [76J. 

Table 4.2 compares the present solution with finite element results of 

Kant et. al. [44J, Pryor et, al. [63J and exact solution of Salerno and 

Goldberg [71J. A plot of these results is given in Fig. 4.2. 

As seen in Fig. 4.2, results from the THPLT2 element are more 

accurate than the THPLT1 element results. The converged solutions of 

THPLT2 are in excellent agreement with the series solution of 

Reissner's theory. 

THPLT1 provides an upper bound to the elasticity solution (see 

Table 4.1). This is due to a combination of the effects of using lumped 

loads and 'discrete-Kirchhoff' shape functions for wT' The latter is 

unnecessary from the variational standpoint of view. 

In Table 4.3, nondimensiona1ized deflection coefficient 

(W
F

Eh3/pa4) obtained at several levels of mesh refinement, using 

different finite element formulations, are compared with the classical 

plate theory. Both THPLTI and THPLT2 predict the deflection of 

classical plate theory for wF' The errors in wF are largely independent 

of (h/a) ratio for the THPLT1 element. Due to the selection of 



83 

TABLE 4.1 

CENTRAL. DEFLECTION COEFFICIENT OF A SIMPLY SUPPORTED SQUARE PLATE 
SUBJECTED TO UNIFO~MLY DISTRIBUTED LOAD 

(convergence study and comparison with series solutions) 

h/a 0.005 0.01 0.05 0.1 0.20 

3 4 wTmax Eh /pa 

2x2t 0.0448 0.0443 0.0451 0.0476 0.0575 

THPLTI 3x3 0.0457 0.0447 0.0451 0.0476 0.0570 

4x4 0.0447 0.0447 0.0451 0.0476 0.0569 

2x2 0.0162 0.0326 0.0442 0.0460 0.0532 

THPLT2 4x4 0.0403 0.0435 0.0447 0.0462 0.0523 

5x5 0.0426 0.0440 0.0447 0.0462 0.0522 

Soln. of 
Reissner Theory [7lJ 0.0444 0.0444 0.0449 0.0463 0.0522 

Soln. of 
Mindlin Theory [45J 0.0443 0.0466 0.0524 

Elasticity Soln. [76J 0.0449 0.0464 

Classical Plate 
Theory 0.04437 

t mesh in a quarter plate 



h 
a 

0.01 

0.05 

0.10 

0.20 

0.25 

TABLE 4.2 

COEFFICIENTS FOR CENTRAL DEFLECTION OF SIMPLY 
SUPPORTED SQUARE PLATES UNDER UNIFORM LOAD 

(comparison with alternative finite element solutions) 

3 4 w
T 

Eh /pa 
max 

44t Ref. 63 tt Ref. 
THPLTlttt * Kant et. al. Pryor et. al. THPLT2 

0.04Lf2 0.0434 0.0447 0.0440 

0.0447 0.0451 0.0447 

0.0461 0.0462 0.0476 0.0462 

0.0519 0.0524 0.0569 0.0522 

0.0562 0.0570 0.0566 

t 6x6 mesh (20, d.o.f. rectangular element) 

tt 4 elements in quarter plate (54 d.o.f. Lagrangian 
quadrilateral element) 

ttt 4x4 mesh (18 d.o.f. triangular element) 

* 5x5 mesh (18 d.o.f. triangular element) 

84 

Soln. of 
Reissner 
Theory 
Ref. 71 

0.0444 

0.0449 

0.0463 

0.0522 

0.0566 
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6.0 
- Rei.ssner soln. [71J 

-6- THPLT1 (4X4) 
5.6 -x THPLT2 (5X5) 

o Pryor et. 01. [63J 

5.2 

4.8 

4.4 
'0 

* 
Thin plate soln. = 4.437 

4.0 '--__ --'" ___ ....L-___ '--__ --I. __ ---' 

0.4 0.8 1.2 1.6 2.0 

(10 ~) 

Fig. 4.2 Central deflection of a simply supported square plate under 
uniform load 



TABLE 4.3 

FLEXURAL DISPLACEMENT COMPONENT OF A SIMPLY 
SUPPORTED SQUARE PLATE tINDER UNIFORM LOAD 

h 
a 

0.005 

2x2 0.0447 

THPLT1 3x3 0.0446 

4x4 0.0447 

2x2 0.0162 

THPLT2 4x4 0.0403 

5x5 0.0426 

Classical 
Plate Theory 0.0444 

3 4 
(wF Eh /pa ) max 

0.01 0.05 0.1 

0.0443 0.0443 0.0443 

0.0444 0.0444 0.0444 

0.0447 0.0444 0.0444 

0.0326 0.0442 0.0448 

0.0435 0.0445 0.0445 

0.0440 0.0444 0.0444 

0.0444 0.0444 0.0444 
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0.2 

0.0443 

0.0444 

0.0444 

0.0449 

0.0445 

0.0444 

0.0444 
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identically shape functions for w
T 

and w
F 

in THPLTl, the element predicts 

w
F 

without any signs of shear locking. 

In the case of THPLT2, the accuracy of prediction of w
F 

decreases 

as the thin plate limit is approached for a given mesh. This discretiz-

ation error vanishes rapidly with mesh refinement. 

At low values of (h/a), the calculated values of w
T 

and w
F 

(using both elements) are in close agreement with each other and with 

classical plate solution. 

The number of equations necessary to attain an equal level of 

accuracy by using THPLT2, Reissner plate elements of Venkateswara Rao 

[93J and Pryor et.al [63J are given in Table 4.4 for three (h/a) ratios. 

THPLT2 is found to be comparable in accuracy with the high precision 

element of Ref. 93. The THPLT2 has 18 d.o.f. while the high-precision 

element of Ref. 93 has 30 d.o.f. per element. Hence, a considerable 

saving in element stiffness computation is possible, without compromising 

accuracy, in the present formulation. 

In Fig. (4.3), the deflection ratio (wFEM/wR . ), of THPLT2 
e~ssner 

element and the Mindlin plate element of Ref. 14, is given as a function 

of number of equations. For the entire range of (h/a) ratios studied 

THPLT2 is found to be superior in accuracy and economical with respect 

to number of equations. 

The moment coefficients (M /pa
2
), (M /pa

2
) or (H /pa

2
) of a 

x y xy 

simply supported plate calculated by Salerno and Goldberg [7lJ (for 

several h/a and b/a ratios), or those calculated by Kant [45J, show 

little variation from classical plate solution. Similarly, Rajaiah 



Element 

* 

TABLE 4.4 

DEFLECTION PARAMETER OF A SIMPLY SUPPORTED SQUARE PLATE 
UNDER UNIFORM LOAD 

(accuracy vs. number of equations) 

3 4 wT Eh /pa 

THPLT2 Pryor et. al. [63J Rao et. al. [93J Reissner [71J 

88 

DOF/EL 18 20 (Rect.) t 36 (Series Soln.) 

h 0.05 0.0447 0.0447 0.0448 0.0449 - = 
a 

h 0.10 0.0462 0.0462 0.0463 0.0463 - = a 

h 0.20 0.0522 0.0524 0.0520 0.0522 - = 
a 

Neq. 108 245 112 

* DOF/EL = D.O.F. per element 

t Rect. = Rectangular element 



( 
WFEM ) 

WReissner 

1.0 

0.5 

• 

Symbol h/a 

• 0.005 
x 0.01 
0 0.05 
c 0.1 

A 0.2 

- THPLT2 
Bhashyam [14J 

0.0 L....-1._-L._-'-_.L----I_--L_-L-_..L-----JI---....L._..,., 

20 40 60 80 100 200 
Number of Equations --... ~ 

Fig. 4.3 Comparison of THPLT2 element with an exactly integrated 
triangular 1'1indlin plate element 
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and Rao [66] have demonstrated that the shear stress resultants are 

independent of thickness for Sl type support. 

The coefficients corresponding to normal and twisting moments, 

at different mesh sizes of THPLT2, are compared with series solutions in 

Table 4.5. In Table 4.6, similar moment coefficients are compared with 

that of a refined higher order plate bending element of Kant et. al. 

[44J. The moment coefficients of the latter vary over a wide margin 

with respect to the scheme of integration. Such behavior is common 

among elements based on Mindlin theory. The calculated values of moment 

coefficients, by using THPLT2, are in close agreement with series 

solutions. Fig. 4.4 presents a convergence study of moments with respect 

to the mesh refinement. Variations of Q ,M and Q with the coordinate x xy y 

axes are shown in Figs. 4.5, 4.6 and 4.7 respectively. The numerical 

values obtained in the present analysis are seen to be in good agreement 

with reference solutions of Kant [45]. The distribution of Q along an 
x 

edge as calculated by THPLT2 agrees favorably with the elasticity 

solutions shown in Fig. 4.8. 

Fig. (4.9) provides a convergence study of THPLT2 element for 

the case of a rectangular plate of aspect ratio 2 under uniform load. 

The significance of shear deformation is less pronounced than in a square 

plate. 

4.1.2 A square plate subject to a central concentrated load 

This example, i.e., a simply supported square plate under a 

central concentrated load, is one for which exact results of Reissner/ 

Mindlin theory have not been reported. The calculated maximum deflection 



h 
a 

0.005 

0.01 

0.05 

0.10 

0.005 

0.01 

0.05 

0.10 

0.005 

0.01 

0.05 

0.10 

TABLE 4.5 

MOMENT COEFFICIENTS FOR SIMPLY SUPPORTED SQUARE PLATE 
UNDER UNIFORM LOAD 

(comparison with series solution) 

(2x2) 

0.0198 

0.0423 

0.0505 

0.0503 

0.0198 

0.0423 

0.0505 

0.0503 

0.0191 

0.0414 

0.0627 

0.0638 

(M) / 2 x max pa 

(4x4) 

0.0472 

0.0496 

0.0483 

0.0483 

2 
(M) /pa y max 

0.0472 

0.0496 

0.0483 

0.0483 

(5x5) 

0.0480 

0.0482 

0.0481 

0.0481 

0.0480 

0.0482 

0.0481 

0.0481 

2 -(2M) /pa 
xy corner 

0.0562 

0.0629 

0.0651 

0.0652 

0.0613 

0.0643 

0.0652 

0.0652 

Soln. of 
Reissner Th. 

Ref. 71 

0.0479 

0.0479 

0.0479 

0.0481 

0.0479 

0.0479 

0.0479 

0.0481 

Classical 
theory 

0.065 

0.065 

0.065 

0.065 
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Mindlin theory solution of Ref. [45J for (h/a) ratios 0.005 to 0.2 

(M) /pa2 = 0.0478 . x max 
2 (M) /pa = 0.0479 y max 

-(M) /pa2 0.0324 xy corner 



h 
a 

0.005 

0.01 

0.05 

0.1 

0.2 

0.25 

TABLE 4.6 

SIMPLY SUPPORTED SQUARE PLATE UNDER UNIFORM LOADING 

(Comparison of moment coefficients with a 
refined higher order plate bending element) 

2tt ** 
(M ) /pa -(M )corner/pa 

2 
x max xy 

Present Ref. 44# Present Ref. 44 /1 
(THPLT2) (THPLT2) 

E+ * SO E+ * SO (5x5) R (5x5) R 

0.0480 0.0468t 0.0471 0.0482 0.0307 0.0317 0.0302 0.0319 

0.0482 0.0469 0.0471 0.0482 0.0322 0.0317 0.0302 0.0319 

0.0481 0.0326 

0.0481 0.0480 0.0472 0.0484 0.0326 0.0315 0.0299 0.0314 

0.0480 0.0487 0.0477 0.0488 0.0326 0.0304 0.0287 0.0302 

0.0480 0.0491 0.0480 0.0492 0.0326 0.0295 0.0279 0.0292 

+ Exact integration 
* Reduced integration 
o Selective integration 
.... h 
I Values for - = 0.001 

a 

# Values at nearest Gauss point 

tt Mindlin theory = 0.0479} f 
** Mindlin theory = 0.0324 or all h/a ratios 

considered 

\0 
N 



0.07_----------------------------. I 

0.06 

0.05 

(
_ M 2.\ 0.04 

pO Y 0.03 

0.02 

0.01 

·-0.005, x- 0.01, 0'(0.05 to 0.2) 

-D--'--tL--.:=rA------- /rr-==-
//(/ MXY) // ---

~/ po2 Corner 
II 

0.00 I 2X2 
4X4 

N 
5X5 

(M x or My/po2) 
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Fig. 4.5 Variation of Q
y 

along supported edge y/a = 0 
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h 
• THPLT2 (5X5); 0=0.2 

hIe 0.1 0.2 

I 0.300 0.329 

2 0.295 0.321 
3 0.268 0.294 
4 0.222 0.246 
5 0.146 0.164 

6 0 0 

0.25 0.5 

(~)-+ 

Fig. 4.8 Q /pa along a simply supported edge 
x 
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Fig. 4.9 Central deflection of a rectangular simply supported plate 
under uniform load 
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coefficients (100 wTD/pa
2

) are plotted as a function of (h/a) in Fig. 

4.10. Finite element results of Pryor et. al. [63J, Smith [73J, and 

Batoz et. al. [9J are also given in the same figure. The element formul

ation of Smith is based on an approximate Love's theory for moderately 

thick plates. SRI in Fig. (4.10) represents 'selectively reduced inte

grated' element of Batoz et. al. [9J. Corresponding numerical results 

are tabulated in Table 4.7. Very good agreement between the present 

and Ref. 63 results is observed. 

It is of interest here to mention that Mindlin theory predicts 

infinitely high deflection and bending moment for both thick and thin 

plates under a point load [65J. This, however, has not been observed 

in a Mindlin plate bending finite element model [9, 65J. 

For the case of a concentrated load, the finite element analysis 

indicates an increase in deflection due to transverse shear of 17% for 

a thickness ratio of 0.1. A distributed load gives an increase of 

4.4% for the same (h/a) ratio. Thus the influence of transverse shear 

on the maximum deflection is more pronounced for the concentrated load 

condition. 

In several of the examples THPLT2 was found to have better 

convergence characteristics than THPLTI. Moreover, THPLTI was imple

mented on a mini-computer of lower precision and insufficient high

speed memory. Hence, in order to reproduce reliable numerical results, 

only THPLT2 is used hereafter. 
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Fig. 4.10 Central deflection of a simply supported square plate 
under uniform load 
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TABLE 4.7 

CENTRAL DEFLECTION OF A SIMPLY SUPPORTED SQUARE PLATE SUBJECTED TO A CONCENTRATED LOAD 

* ** *** W D 2H (M ) midside 
h max xy Corner x --
a Pa2 P P 

THPLT2+ 
Smith ++ Pryor, et.a1. THPLTlt THPLT2 THPLT2 

(4x4) (6x6) Ref. 73 Ref. 63 (4x4) (6x6) (4x4) (6x6) 

0.01 0.0111 0.0115 0.01158 0.01170 0.01171 0.1220 0.1220 0.0063 0.0002 
(0.0111)0 (0.0115) (0.01159) 

0.0118 0.0120 0.01212 
0.05 (0.0115) (0.0116) 0.01174 0.01219 (0.01168) 

0.1220 0.1219 0.0092 0.0082 

0.0131 0.0133 0.01200 0.01353 
0.01357 

0.1219 0.1219 0.0108 0.0084 
0.1 (0.0115) (0.0116) (0.01168) 

* Classical theory = 0.0116 

** Classical theory = 0.1219 
**~" Classical theory = 0.0 

+ . 18 d.o.f. trlangu1ar element 

++ 6x6 mesh in quarter plate (20 d.o.f. rectangular element) 

t 4x4 mesh in quarter plate (18 d.o. f. triangular element) 

o Values in parenthesis indicate coefficients for wF 
...... 
0 ...... 
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4.2 Clamped sguare plate under uniformly distributed load 

The edge conditions for a clamped square plate are vanishing of 

deflection and rotations of a normal along the boundary [45, 74, 76J. 

Series solutions of three-dimensional exact elasticity equations for this 

problem are given by Srinivas and Rao [76J. Exact solutions based on 

Reissner or Mindlin theory are unavailable in the literature. 

Although a number of papers have appeared on the finite element 

analysis, of Reissner/Mind1in plates, the problem of a plate with its 

edges built-in is rarely discussed. Most recent papers are motivated 

to study 'shear-locking' phenomenon and a simply supported square plate 

is commonly chosen. 

Kant, Owen and Zienkiewicz [44J have calculated maximum deflec

tion and moment coefficients using a finite element model of a refined 

higher order plate theory in which normal strains are included. There

fore both reference solutions, available for comparison of present 

results, include the effects of normal strain and subsequent warping of 

cross sections. 

The incorporation of displacement boundary conditions for a 

clamped edge is easily accomplished in Reissner or Mindlin plate bending 

elements. However, in using a component theory, wF and Ws do not vanish 

independently at a clamped edge [60J; rather, their sum is zero. Hence, 

a finite element developed by independent assumptions on wF and Ws is 

not quite suitable for a general problem. One must resort to 

Langrangian multipliers or the penalty function method to enforce a 

boundary condition of the type (wF + ws)u=O, where 'u' represents a node 
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number. This poses undesirable computational difficulties. A similar 

statement can be made about imposition of vanishing normal rotations. 

Perhaps due to this difficulty, component theory has not found its way 

into finite element applications hitherto. In this section, we will 

show that the present formulation in terms of wT and wF is a natural 

solution to this problem. 

For a boundary x=constant, the edge conditions arising from the 

first variation of total potential energy (see Eqn. 2.55) can be 

recalled as 

where 

Qx oW
T 

= 0 x=c 
(4.9a) 

M olPxF 
= 0 

x x=c 
(4.9b) 

(GhkcJ>xS) oW
F x=c = 0 (4.9c) 

¢xT = ¢xF + ¢xs , and (4.l0a) 

¢xF (4.l0b) 

In order to obtain a non-zero Q along the edge, Eqn. (4.9a) 
x oWT requires w

T 
= 0, and subsequently ay- = 0, along the edge. Similarly 

the flexural component of rotation, viz., ¢xF should be equated to zero 

in order that moment M remains non-zero along the edge. For a clamped 
x 

edge the total rotation ¢xT should be equal to zero which therefore 

requires that cJ>xS = o. 

The shear related component of total rotation 'cJ>xS' appears in 

a force term and this has been underlined in Eqn. (4.9c). It should 
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be noted that the quantity 'Ghk' remains non~zero. Therefore, ~xS 0 

can be achieved, in a converged solution, by having a non-vanishing 

flexural displacement component w
F

. This will be shown as an acceptable 

approximation in the numerical studies that follow. 

In view of the above discussion the edge conditions to be 

specified, along x c, are 

aW
F o , and --- = 0 ax 

which will be called as 'Cl' type. 

(4.11) 

The boundary conditions corresponding to w
F 

are different from 

that of classical plate theory. It also implies non-zero twisting 

moments along a clamped edge, which is realistic and logical, when 

compared with classical plate for which M vanishes [60, 57J. xy 

With the aid of Eqn. (2.54g) and similar arguments as above, 

one can arrive at corner conditions as, 

w
F 

= 0 • (4.lla) 

Eqn. (4.11) and 4.lla) together define the boundary values completely. 

In addition, the effect of enforcing boundary conditions on w
F 

and its derivatives, as in classical theory, has been studied and 

reported with designation 'C2'. Here, the twisting moment M along xy 

the edges vanish as in the thin plate theory. C2 boundary description 

is similar in nature with that of Pryor's [63J clamped conditions of 

first type which enforce wT = 0, ~x = 0 and Mxy O. 

The coefficients of maximum deflection (w
T

D/pa4), obtained at 

several levels of mesh refinement, are compared with exact solutions 

of Srinivas and Rao [76J and finite element results of Kant et. al [44J. 
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Deflection coefficients corresponding to Cl converge to a 

slightly lower value than those of exact analysis. The small difference 

between present and exact analysis, shown in Fig. 4.11, (also Table 4.8) 

is largely due to the presence of normal strain in three-dimensional 

analysis. A maximum difference of 3.5 percent is obtained for a (h/a) 

ratio of 0.2. The increase in deflection due to transverse shear is 

about 64 percent for the (h/a) ratio of 0.2. 

The C2 boundary, known to be approximate apriori, provides a 

good approximation to deflection for h/a ratios up to 0.1. 

4 
In Table 4.9, the coefficients of flexural deflection (wFD/pa ) 

are compared with classical plate theory for Cl and C2 types of clamped 

conditions. As the restraints imposed on wF in C2 agree with that of 

classical plate theory, the deflection coefficient is seen to approach 

classical plate solution for all (h/a) ratios. In Cl, however, wT and 

wF are in close agreement with each other and with classical plate 

solution for lower values of (h/a) only. 

The moment coefficients at the center and at the mid-point of 

an edge are tabulated in Table 4.10. Good agreement is found, in 

general, with reference solutions. In contrast with the simply supported 

plate, moment coefficients of a clamped plate vary with (h/a) ratio as 

shown in Fig. 4.12. The elasticity solution indicates a reduction in 

the moment coefficient of about 11 percent, at the mid-point of an edge, 

for a (h/a) ratio of 0.2. The finite element results of Ref. 44 vary in 

over wide range with different schemes of numerical integration. 

Present solutions, corresponding to Cl boundary conditions, 

are demonstrated to converge monotonically to elasticity solution with 
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TABLE 4.8 

CENTRAL DEFLECTION OF A CLAMPED SQUARE PLATE UNDER UNIFORM LOADING 

h/a 0.005 0.01 0.05 0.01 

4 (w D/pa) x 1000 max 

2x2 0.215 0.541 1.220 1.445 
THPLT2 4x4 1.037 1.182 1.309 1.468 
(C1) 6x6 1.213 1.250 1.315 1.470 

2x2 0.166 0.536 1.267 1.524 
THPLT2 4x4 0.968 1.161 1.316 1.466 
(C2) 5x5 1.124 1.216 1.316 1.457 

Ref. 45# 
E 0.97 1.38 
R 1.28 1.52 
S 1.23 1.46 

Thin plate [88] 1.26 1.26 1.26 1.26 
Srinivas [76] 1.324 1.495 

If E E . • = xact lntegratlon 

R Reduced integration 

S Selectively reduced integration 

0.2 

2.055 
2.054 
2.054 

2.200 
2.024 
2.002 

2.06 
2.16 
2.11 

1.26 
2.134 

I-' 
o 
" 



Boundary 
Condition 

N 

h 
a 

0.005 

0.01 

0.05 

0.10 

0.20 

0.25 

Classical 
Plate 

TABLE 4.9 

COMPARISON OF C1 AND C2 CLAMPED CONDITIONS 
wFD 

IN PREDICTION OF (~ x 1000) AT CENTER 
pa 

C1 

4x4 6x6 4x4 

1.135 1.212 0.969 

1.178 1.246 1.161 

1.283 1.291 1.284 

1.364 1.368 1.297 

1.548 1.550 1.301 

1. 623 1.625 1.302 

1.26 

108 

C2 

5x5 

1.124 

1.218 

1.280 

1.286 

1.288 

1.288 



TABLE 4.10. MOMENT COEFFICIENTS FOR A CLAMPED SQUARE PLATE UNDER UNIFORMLY DISTRIBUTED LOAD 
h/a 0.005 0.01 0.05 0.10 0.20 

(M ) at centre/pa 
2 

x 
2x2 0.0048 0.0125 0.0267 0.0275 0.0284 

THPLT2 4x4 0.0208 0.0238 0.0240 0.0243 0.0250 
(C1) 6x6 0.0237 0.0237 0.0234 0.0240 0.0243 

2x2 0.0041 0.0128 0.0273 0.0277 0.0278 
THPLT2 4x4 0.0203 0.0238 0.0241 0.0241 0.0241 
(C2) 5x5 0.0228 0.0238 0.0236 0.0237 0.0237 

Ref. 45# 
E 0.0205 0.0228 0.0250 
R 0.0222 0.0228 0.0243 
S 0.0227 0.0236 0.0256 

Thin plate [88] 0.0231 0.0231 0.0231 0.0231 0.0231 
Srinivas [76] 0.0233 0.0244 0.0261 

-(M ) at mid-edge/pa 
2 

x 
2x2 0.0039 0.0106 0.0356 0.0410 0.0411 

THPLT2 4x4 0.0260 0.0338 0.0461 0.0463 0.0444 
(C1) 6x6 0.0371 0.0424 0.0480 0.0474 0.0454 

2x2 0.0028 0.0089 0.0372 0.0446 0.0472 
THPLT2 4x4 0.0230 0.0315 0.0474 0.0496 0.0503 
(C2) 5x5 0.0300 0.0373 0.0489 0.0502 0.0504 

Ref. 4511 
E 0.0177 0.0327 0.0337 
R 0.0308 0.0299 0.0277 
S 0.0399 0.0387 0.0359 

Thin plate [88] 0.051 0.051 0.051 0.051 0.051 
Srinivas [76] 0.0508 0.0493 0.0454 

IIVa1ues at nearest Gauss pt. of intr.; E=exact intr.; R=Reduced intr.; S=Se1ective intr. 
I-' 
0 
\0 
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mesh refinement. Moment coefficients corresponding to C2 type of 

boundary converge to the classical plate solution, with mesh refine-

ment, for all h/a ratios (see Fig. 4.13). The C2 type of boundary 

description seems to be analogous to that of a clamped-clamped beam 

under uniform load for which the Timoshenko beam theory provides 

moments and shears identical to that of Bernoulli-Euler beam 

theory [69J. 

Thus, it is seen that Cl boundary condition is an effective 

treatment of a built-in edge and the results so obtained are in agree-

ment with the three-dimensional elasticity solution. Hence, the present 

finite element formulation provides a reliable analytical tool without 

the use of special constraining techniques which are necessary in a 

conventional component theory. Furthermore, the present element has 

highly desirable convergence characteristics, even at low values of (h/a) 

with numerically exact integration of stiffness matrix. 

4.3 Square plate under uniform load with two opposite 
edges simply supported 

The following two examples consider the analysis of a square 

plate wherein x = o,a edges are simply supported. The other two 

boundaries, viz., y = o,b are either clamped or free. 

4.3.1 y=o,b edges clamped 

The two edges x = o,a are constrained by Sl type of support 

and the remaining edges by Cl type of support. Results of the THPLT2 

element along with that of the series solutions based on Mindlin theory 

and a refined higher order plate theory [45J are presented in Table 4.11. 
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Fig. 4.13 Moment at the mid-point of a clamped edge of a square plate 
under uniform load whose edges are built-in; C2 boundary 
conditions 
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TABLE 4.11 

DEFLECTION AND MOMENT COEFFICIENTS OF A SQUARE PLATE UNDER UNIFORM LOAD 
WITH TWO OPPOSITE EDGES SIMPLY SUPPORTED 

h/a 0.01 0.02 

CLAMPED ON THE REMAINING EDGES 

wD 
_c_ x103 

4 pa 

M 
~2 x10

2 

* 4x2 
THPLT2 8x4 

8x6 

Mindlin [45J 
Kant [45J 

4x2 
THPLT2 8x4 

8x6 

Mindlin [45J 
Kant [45J 

THPLT2 
4x2 
8x4 
8x6 

Mindlin [45J 
pa Kant [45J 

1.02 
1. 78 
1.84 

1.92 
1.92 

2.06 
3.22 
3.28 

3.32 
3.32 

1.12 
1.99 
2.29 

2.44 
2.44 

1.40 
1.86 
1.86 

1.93 
1.92 

2.84 
3.33 
3.35 

3.32 
3.32 

1. 78 
2.39 
2.37 

2.44 
2.44 

FREE ON THE REMAINING EDGES 

w D 
_c_ x103 

4 pa 

M 
-L2 x10

2 

* 4x2 
THPLT2 8x4 

8x6 

Mindlin [45J 
Kant [45J 

4x2 
THPLT2 8x4 

8x6 

Mindlin [45J 
Kant [45J 

THPLT2 
4x2 
8x4 
8x6 

Mindlin [45J 
pa Kant [45J 

1.24 
1.30 
1.30 

1.31 
1.31 

3.28 
2.94 
2.82 

2.69 
2.69 

1.16 
1. 23 
1.22 

1.22 
1. 22 

1. 25 
1.30 
1.30 

1.31 
1.31 

3.17 
2.81 
2.78 

2.68 
2.68 

1.19 
1. 22 
1.22 

1.22 
1.22 

0.01 

2.02 
2.13 
2.14 

2.21 
2.18 

3.53 
3.40 
3.42 

3.32 
3.34 

2.67 
2.61 
2.60 

2.58 
2.60 

1.30 
1.33 
1.33 

1.34 
1.34 

3.09 
2.81 
2.80 

2.56 
2.58 

1.23 
1. 23 
1. 22 

1.22 
1.22 

0.2 

2.78 
2.86 
2.87 

3.02 
2.93 

3.60 
3.42 
3.44 

3.30 
3.40 

3.10 
2.96 
2.94 

2.92 
3.01 

1.40 
1.42 
1.42 

1.45 
1.43 

3.12 
2.81 
2.80 

2.37 
2.44 

1.23 
1. 23 
1.23 

1.23 
1.23 

*Mesh for half plate. The values given are at the center of 
the plate. 
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4.3.2 y=o,b edges free 

No displacement constraints are prescribed along a free edge. 

Thus the edges y = o,b have no restraints in this problem wherein 

x = o,a are constrained by Sl support. The deflection and moment 

coefficients, given in Table 4.11, are at the center of the plate. 

In both problems, calculated values from the present element 

rapidly tend towards exact solutions with mesh refinement. 

4.4 Effect of boundary stiffness on the 
performance of the element 

In Fig. (4.14) the central deflection ratio (wT/w
e
), where we 

indicates the classical plate solution, is plotted as a function of 

(h/a) for all the four problems considered so far. The effect of 

increasing boundary restraint on the deflection due to transverse shear 

can thus be identified. 

The significance of transverse shear deformation increases 

steadily with boundary stiffness. If an error of about five percent in 

deflection estimates can be allowed, classical plate theory can be used 

for plates up to five percent th~ckness. The thin plate deflection 

estimates are, in general, more inaccurate than corresponding stress 

estimates. 

In Fig. (4.15) the effect of boundary stiffness on the conver-

gence rate of the present element 'THPLT2' is shown. The abscissa is 

indicative of one quarter of total number of elements for the whole 

plate. The ordinate, which is scaled to represent (WT/wRef .), can 

directly be real ted with percentage deviation of calculated values from 

the corresponding reference solutions. The change in boundary restraints 
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Fig. 4.14 Effect of buundary conditions on the significance of 
shear deformation in a square plate under uniform load 
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appear to have little effect on the performance of the element for thick 

plates. For thin plates, the boundary conditions have a visible 

influence on the accuracy at a specified number of elements. The rate 

of convergence, however, is mostly unaffected. 

4.5 A square plate supported at four corners 

The problem of a plate supported at four corners only is often 

chosen to demonstrate the absence of spurious kinematic modes (or 

mechanisms) in the finite element model. If such mechanisms are present 

in the element, unstable behavior will be seen due to the few boundary 

conditions on the structure. 

The particular plate analyzed is of square p1anform and the 

Poisson's ratio of the material is zero. Uniform loading and central 

concentrated load are considered separately. Non-dimensiona1ized 

deflection coefficients are presented for uniform load condition in 

Table 4.12. Finite difference solutions to Reissner's governing equa

tions for these problems were evaluated by Speare [74J. Fig. 4.16 

provides the central deflection ratio as a function of h/a parameter. 

Favorable agreement between finite-difference and finite element solu

tions indicate that the global stiffness matrix is well-conditioned for 

the range of h/a ratios studied. 

4.6 Skew and unsymmetric plates 

The geometry of a skew plate under uniform load is displayed in 

Fig. 4.17. The skew boundaries are assumed to be simply supported, for 

which both w
T 

and w
F 

are zero along the edge. One may also prescribe 



TABLE 4.12 

MAXIMUM DEFLECTION OF A SQUARE PLATE UNDER UNIFORM LOAD AND 
SUPPORTED AT FOUR CORNERS ONLY (~= 0.0, wT = wF = 0 AT CORNERS) 

Classical plate theory: 

0.25 

0.30 

4 
100wD/pa 

2.63 

2.49 

U8 
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oWT/OS and owF/os to vanish, where s is a coordinate in the direction 

of the edge, using appropriate transformations for the d.o.f. along the 

skew edges. This, however, is not done in the present analysis. 

In the absence of reference solutions based on Reissner/Mindlin 

theories a thin plate, for which the effects of shear deformation are 

negligible, is chosen. Along the boundaries y = (o,a), free and simply 

supported conditions are chosen separately. The results obtained, 

which are given in Table 4.13, compare favora~ly with Kirchhoff plate 

theory results. 

In the last example of this section (see Fig. 4.18), a rectangu-

lar plate with simply supported conditions on three edges and clamped 

conditions on the remaining edge is considered. Due to the planform 

aspect ratio (a/b = 2) and low thickness ratio of h/a < 0.01, shear 

deformation effects are negligible. As such the calculated values of 

central deflection converge monotonically to thin plate value. 

4.7 Twisting of a square plate 

The square plate is supported at three corners only as shown 

in Fig. 4.19. A vertical load is applied at the node numbered as 9. 

The exact thin plate solution with the data given in the same figure 

is M = M = 0 and M = -2.5 lb-in/in everywhere in the plate with x y xy 

w9 = 0.2496 and w5 = 0.0624 where the subscripts 5 and 9 denote the 

corresponding node numbers. This problem is usually used for thin 

plate elements in order to ensure their ability for representing stresses 

due to a constant twist. 
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TABLE 4.13 

DEFLECTIONS AND BENDING MOMENTS OF UNIFORMLY LOADED SKEW PLATES 

Boundary condo 

(y = o,a) 

* Grid Size 

4x4 

6x6 

8x8 

Classical 
Plate 
Theory [88J 

* 

wTD 
-at C 4 pa 

0.0621 

0.0685 

0.0710 

0.0708 

for whole plate 

Free Simply supported 

wTD wTD M max -at A -at C -2-4 4 pa pa pa 

0.0709 0.0082 0.0736 

0.0849 0.0089 0.0870 

0.0878 0.0092 0.0882 

0.0869 0.0094 0.0897 
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Fig. 4.18 Convergence of central deflection of a thin plate clamped 
on one edge and simply supported on other edges 
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Owing to the nature of stress distribution and boundary condi-

tions, this problem forms a severe test for shear flexible finite 

elements. Elements based on Mindlin or Reissner theory of plates have 

not been used to solve this problem. Thus, in the absence of exact or 

other approximate solutions based on refined plate theories, the results 

of THPLT2 will be compared with thin plate solution. 

In this final example of the chapter, we intend to bring out a 

very convenient feature of the present formulation in obtaining c1ass-

ical plate solutions. Table 4.14 illustrates the pattern of numbering 

global d.o.f. for a (2x2) mesh. Two sets of numbering are given which 

correspond to inclusion and omission of transverse shear deformation 

respectively. When shear effects are ignored, wT = wF' GXT = GXF and 

G
YT 

= G
YF 

are imposed throughout the plate by numbering the d.o.f. in 

a suitable manner as shown. Numerical results obtained for this case, 

(Table 4.15), for both deflections and stresses, are identically same 

as that of classical plate theory. Thus, a straightforward reduction 

of the stiffness matrix to classical plate theory is possible. 

While including the effects of shear deformation, shear force 

boundary conditions can be satisfied exactly along the free edges of 

dW
T 

dW
F 

the plate by imposing ax- = ax- conditions. This has 

not been done in the present analysis. Calculated numberical values of 

w
T 

and M are given in Table 4.16. The value of maximum deflection is 
xy 

about two percent higher than the classical plate solution. Twisting 

moment M approaches classical plate solution at all the nodes except 
xy 

the corner ones. The order of magnitude of the results is in agreement 



TABLE 4.14 

NUMBERING OF EQUATIONS FOR THE PROBLEM OF TWISTING OF 
A SQUARE PLATE 

Node No. Shear deformation 

included ignored 

wF 8 
xF 

8 yF wT 8 xT 8 yT wF 8 xF 8 yF wT 8 xT 

..t. 

1 0' 1 2 0 3 4 0 1 2 0 1 

2 5 6 7 8 9 10 3 4 5 3 4 

3 0 11 12 0 13 14 0 6 7 0 6 

4 15 16 17 18 19 20 8 9 10 8 9 

5 21 22 23 24 25 26 11 12 13 11 12 

6 27 28 29 30 31 32 14 15 16 14 15 

7 0 33 34 0 35 36 0 17 18 0 17 

8 37 38 39 40 41 42 19 20 21 19 20 

9 43 44 45 46 47 48 22 23 24 22 23 

to indicates suppressed d.o.f. 
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TABLE 4.15 

NUMERICAL RESULTS FOR TWISTING OF A SQUARE PLATE 
EFFECTS OF SHEAR DEFORMATION 

(THPLT2 mesh of 2x2 elements) 

Node wT(=WF) M M x Y 
inches 

1 0 10-12 10-11 

2 10-14 10-11 10-11 

3 0 10-14 10-11 

4 10-13 10-12 10-11 

5 0.0624 10-12 10-11 

6 0.1248 10-11 10-11 

7 0 10-12 10-12 

8 0.1248 10-11 10-11 

9 0.2496 10-11 10-11 

10-n indicates order of magnitude 

Solution of classical plate theory: 

Deflection at node 9 = 0.2496" 

M ~ M = 0 everywhere x y 

M = -2.5 1b-in/in everywhere xy 

127 

IGNORING THE 

-M 
xy 

1b-in/in. 

2.5 

2.5 

2.5 

2.5 

2.5 

2.5 

2.5 

2.5 

2.5 



Node 

* 1 

2 

* 3 

4 

5 

6 

* 7 

8 

* 9 
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TABLE 4.16 

NUMERICAL RESULTS FOR TWISTING OF A SQUARE PLATE INCLUDING THE 
EFFECTS OF SHEAR DEFORMATION 

wT (in) -M (lb-in/in) xy 

(2x2) (4x4) (6x6) (2x2) (4x4) (6x6) 

0 0 0 2.41 2.43 2.44 

0.0012 0.0011 0.0011 2.47 2.49 2.49 

0 0 0 2.52 2.54 2.54 

0.0012 0.0011 0.0011 2.47 2.49 2.49 

0.0631 0.0635 0.0636 2.48 2.50 2.50 

0.1251 0.1260 0.1262 2.52 2.50 2.50 

0 0 0 2.52 2.54 2.54 

0.1251 0.1260 0.1262 2.52 2.50 2.50 

0.2538 0.2542 0.2546 2.67 2.68 2.68 

* Corner points 
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with classical plate theory. Thus the absence of any artificial stiff

ening of the structure in the extreme limits of vanishing shear effects 

is clearly illustrated. 

4.8 Other boundary conditions 

A general plate boundary can be envisaged as being supported by 

translational and rotational springs throughout. The examples considered 

in the previous sections represent extreme values of the corresponding 

stiffness. For example, the stiffness of a translational spring is 

infinitely high for vanishing deflection and zero for that of a free 

node. Intermediate values of spring stiffness constitute elastic 

supports. Elastic support conditions are easily realized in finite 

element analysis by introducing 'spring' or 'boundary' elements [7J. In 

the present formulation translational springs are associated with 

wT d.o.f. while rotational springs are associated with ~xF or ~yF d.o.f. 

Externally applied point loads and moments are similarly 

associated with wT and ~xF or ~yF d.o.f. respectively. Prescribed non

zero displacements and rotations are treated in a similar manner. Thus, 

the edge conditions of all practical situations can be accomplished 

within the framework of 'stiffness' approach wherein variational prin

ciples are employed without any modifications to enforce kinematic 

constraints. 

Numerical results for a wide range of finite element meshes 

and thickness-to-span ratios, for isotropic plates with a variety of 

support and loading conditions, have adequately demonstrated the 

effectiveness of the element derived and thereby the validity of the 
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proposed approach to inclusion of transverse shear deformation. The 

proposed element is applicable to a full range of (h/a) ratios without 

resorting to techniques such as reduced integration and penalty 

functions. 



CHAPTER 5 

ANALYSIS OF LAMINATED COMPOSITE PLATES AND SHALLOW SHELLS 

The objectives of this chapter are to extend the earlier formu

lation for isotropic plates, in terms of wT and w
F

' to the analysis of 

laminated composite plates and shallow shells. We will directly proceed 

to the finite element formulation in which the strain-displacement and 

stress-resultant-strain relations are to be discussed. Finally, the 

derived element will be numerically evaluated by its application to 

several problems for which solutions are available in the literature. 

5.1 Introductory remarks 

Laminated composite structures find wide application in struc

tural components as they offer the advantages of high stiffness-to-weight 

ratio and the possibility of optimum design through the variation of 

several material parameters of each layer. Thus, a structure could be 

designed with a material that precisely matches the directional loading 

requirements in a structure. They evidence the behavior of isotropic, 

orthotropic or anisotropic materials depending on the particular 

configuration [4, lSJ. 

Basic theoretical developments of composite plates can be found 

in several textbooks (for example, Ashton and Whitney [4J, Calcote 

[lSJ). Generalization of isotropic plate and shell theory to the aniso

tropic case is given by Arnbartsumyan [2J. In parallel with isotropic 
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plates, classical laminated plate and shear deformable laminate theories 

are available. 

Similarly, a number of finite element models have been proposed. 

A review of the available theories and finite element models is given 

by Reddy [67]. Most of the available finite elements for plates are 

based on generalization of Mindlin thick plate theory for isotropic 

plates to arbitrarily laminated anisotropic plates. 

Typical examples of finite element a.pplication to the analysis 

of laminated composite structures can be found in the works of Mawenya 

and Davies [50], NoorandMathers [56], Murthy and Lakshminarayana [53], 

Pryor [62] and Reddy [67]. The triangular elements of these, based on 

numerically exact integration, formulated by Noor and Mathers, and 

Murthy and Lakshminarayana, have been discussed earlier. They were 

designated as ST3, ST6 and STIO elements. The total d.o.f. in each of 

them for the isotropic plate situation were 27, 18, and 30 respectively. 

Due to the independent assumptions on two more inplane variables, ST3, 

ST6 and STIO will now have 45, 30 and 50 d.o.f. respectively. 

An interesting problem that is encountered in the analysis of 

composite plates is the coupling between bending and stretching, which 

influences the structural response significantly. Another important 

aspect of the composite plate is the inclusion of shear deformation. 

Due to their low 'transverse shear modulus to inplane Young's modulus' 

ratio, the transverse shear effects are more significant than in homo

geneous isotropic plates. As transverse shear effects are more 

pronounced in anisotropic plates, laminated composite plate/shell 

analysis serves as a critical test for shear deformable finite elements. 
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In this context it is considerbd worthwhile to examine the present for-

mulation, in terms of total and flexural displacement components, for 

the analysis of laminated composite plates. 

In many structural applications, particularly in aerospace 

industry, shells constitute a major part of the whole structural system. 

A shallow shell theory can be incorporated in the present study at no 

extra cost. The results of such a study of the present element for 

shallow shell structures provide useful input for future developments of 

arbitrarily curved shell elements. 

5.2 Formulation of a triangular shear flexible finite element 
for laminated composite plates and shallow shells 

The present finite element development is in parallel to the 

formulations of Cowper et. al. [23J, Dhatt [29] and Noor et. al. [56J. 

with necessary modification of strain energy expression. Such modifica-

tion, in the inclusion of transverse shear deformation, is based on the 

findings related to THPLT2 element. Fig. 5.1 illustrates the geometry 

of the desired element and its coordinate systems. 

5.2.1 Kinematic relations 

In the present formulation the strains and curvatures can be 

related to the displacement quantities u, v, w
T 

and w
F

. u and v are the 

tangential displacements measured parallel to the x and y directions 

respectively. w
T 

and wF are the total and flexural transverse displace

ments respectively. 

The shell shape is defined by the height z(x,y) above the base 

plane (x-y). The strain displacement relations can be stated as 



z 

o Element nodes with degrees of freedom 

1. 
h 
T 

L u u,x U,y v v,x V'y wF 8xF 8YF wT 8xT 8YT J iii = I, 2,3 

• Midslde nodes used in defining shope functions 

Q xz 

Fig. 5.1 Laminated composite shallow shell element geometry and 
coordinate system 
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dU d
2

Z 
E: = - --W x dX dX2 T 

(5.1a) 

dV d2
Z 

E: = - --W 
Y dy dy2 T 

(5.1b) 

11: + dV 
2 

Yxy 
= 2~ wT ' dy dX dXdY 

(5.1c) 

2 
d wF 

K - - -2-x dX 
(5.1d) 

2 
d wF 

K = - -2-y 
dY 

(5.1e) 

2 
d wF 

K = -2--xy dXdY 
(5.1f) 

dW
T 

dWF 
Yxz 

=---
dX dX (5.1g) 

dWT dWF 
Yyz 

=-- - --
dy dy (5.1h) 

The shell curvatures are the only geometric quantities required 

for calculating the strain energy. They may be specified for an element 

directly. An alternative way of defining curvatures would be to calculate 

a function z(x,y) as a quadratic polynomial wherein the six constants are 

determined by specifying the height of the shell at the six nodes shown 

in the figure. This would imply the assumption of constant curvatures 

for an element. If the geometrical quantities such as the thickness and 

curvatures vary within an element, they may be specified at each sampling 

point of numerical integration. 
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In parallel with the development of isotropic plates, we con-

struct approximations for wF directly in terms of its,derivatives as 

- --ax 

13 = y 

which will modify Eqns. (5.ld-h) as 

as x 
K 

X 

K 
Y 

K xy 

Yxz 

Yyz 

= --ax 

as 
=~ 

ay 

as as 
=--E+~ 

ay ax 

oWT 
13 =-+ ax x 

aWT 
8 = -- + ay y 

(5.2a) 

(5.2b) 

(5.3a) 

(5.3b) 

(5.3c) 

(5.3d) 

(5.3e) 

Thus, the construction of a CO continuous element is facilitated. 

The constraints of Eqn. (5.2) are enforced at a discrete number of points 

in the element domain. The shape functions of 8x ' By and wT of THPLT2 

remain unaltered and are therefore directly adopted for the shell 

element. 

Complete cubic polynomials with ten terms are used for u and v. 

The nodal d.o.f. associated with the inplane displacements are as 

follows. 
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(5.4a) 

(5.4b) 

Substitution of appropriate shape function for u, v, w
T 

and 

S ,S enable the strain quantities to be expressed in terms of nodal x y 

displacements as 

E: x 

E: 
Y 

Yxy 

K 
X 

K 
Y 

v. xy 

8x1 

= 

N x 

0 

N y 

o 

o 

o 

o 

o 

0 

N 
Y 

N x 

o 

o 

o 

o 

o 

10 20 

0 

0 

0 

I 
H 

x 

H' 
Y 

H' 
xy 

H 
x 

H 
Y 

29 

2 
-~N 

Clx2 

2 
-~N 

Cly2 

2 
-~N 

ClxCly 

o 

o 

o 

N 
x 

N 
Y 

d 
u 

d 
(5.5) , 

v 

d 
wF 

d 
wT 

39 39x1 



138 

or symbolically 

e = b d • (5.6) 

In this N, Nand N represent the shape functions of a cubic poly-
x y 

nomial, and its derivatives in accordance with Eqn. (S.la-c). H , H , 
x y 

and H' , H' and H' denote the 'discrete-Kirchhoff' shape functions for 
x y xy 

s , S and their derivatives in accordance with Eqns. (5.3a-c). There 
x y 

are 39 d.o.f. per element at this stage. The matrix £ is sparcely 

filled and is defined in only two sets of shape functions. These 

features can be conveniently exploited for efficient computation. 

If we let the curvatures to vanish, the case of a plate is 

obtained and the geometric coupling between stretching and bending 

vanishes. More details regarding the shell theory adopted here are 

available in the works of Ambartsumyan [2J and Dhatt [29J. 

5.2.2 Relation between stress resultants and strains 

A basic lamina is considered as an orthotropic sheet in the state 

of plane stress. The principal material axes of a lamina are parallel 

and perpendicular to the fiber directions. The principal directions are 

named as longitudinal (L) and transverse (T) directional respectively 

(see Fig. 5.2). Using the material properties defined in principal 

directions and a stress transformation matrix, the constitutive relations 

for a lamina in the (x,y) coordinate system are 
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T (Transverse) 

z 

y 
L (Longitudinal) 

x 

Fig. 5.2 Principal directions of a lamina 
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r :X 
QU Q12 Q13 0 0 €: x 

Q1Z QZ2 QZ3 0 0 €: 
Y Y 

t Q13 QZ3 Q33 0 0 Yxy (5.7) xy 
- - -- - --

t 0 0 0 Q44 Q45 Yxz xz 

t 0 0 0 Q45 Q55 Yyz yz 

where Q .. are called the material stiffness coefficients. €: , €: 
1.J X Y 

and y represent the total strain quantities due to membrane strain xy 

components, bending strain terms and those which couple stretching and 

bending due to the geometrical shape. Further details of Eqn. (5.7) 

are standard and are readily available in Refs. 4 and 18. 

A laminate is a stack of laminae arranged with the principal 

directions of each lamina at different orientations so as to obtain the 

desired stiffness properties. The various layers of a laminate are 

assumed to be rigidly bonded together. 

The stress resultants and moment resultants per unit length are 

defined as 

h/2 
(N , N , N

XY
) = J (0 , o , t ) dz , 

x Y -h/2 x Y xy 
(5.8a) 

h/Z 
(M , M , MXY) = J (0 , o ,t ) z dz • x Y -h/2 x Y xy 

(5.8b) 

h/2 
(Qx' Qy) = J (t xz ' t ) dz . 

-h/Z 
yz 

(5.8c) 
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Substitution of Eqn. (5.7) into (5.8) will yield the following equation. 

N All A12 A13 I BU B12 B13 0 0 E: 
X x 

N A12 A22 A23 B12 B22 B23 0 0 E: 
Y Y 

N A13 A23 A33 B13 B23 B33 0 0 Yxy x 
- - - - - - --

M BU B12 B13 I DU D12 D13 0 0 K 
X X 

= 
M BI2 B22 B23 D12 D22 D23 0 0 K (5.9) y y 

M B13 B23 B33 D13 D23 D33 0 0 K xy xy - --
Qx 0 0 0 0 0 0 EU E12 Yxy 

Qy 0 0 0 0 0 0 E12 E22 Yxz 

or in a concise notation 

A B 0 E: -

BT D 0 X (5.10) 

0 0 E 1.. 

where the material stiffness components are given by 

h/2 2 (Aij , D .. ) m (1, (i,j = 1, 2, 3) (5.Ua) B .. , = J Q .. z, z ) dz , 
1J 1J 1J 

-h/2 

h/2 m dz (i,j 1,2 and a,S i+3, j+3) (5.Ub) E .. = ki kj J Qa S , = 1J 
-h/2 



in which m indicates a particular layer. 
(m) 

Thus, Q .. depend on the 
1.J 

material properties and fiber orientation of m-th layer. The k., 1. 
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i=1,2 parameters are the shear correction coefficients as defined by 

Whitney [95J. If there are 'n' layers in the lay-up, the Eqn. (5.11) is 

replaced by summartion of integrals over n-1aminae. Therefore, the 

material coefficients will be of the form 

A .. 
1.J 

B .. 
1.J 

D •• 
1.J 

and E .. 
1.J 

n 
l: 
m=l 

n 
= l: 

m=l 

n 
l: 
m=l 

n 
l: 
m=l 

Q~~) (h -h 1) , 
1.J m m-

Q~~) 
1.J 

(h3_h3 ) 
m m-1 

(m) 
Q

aS (h -h 1) k.k. m m- 1. .1 

(5.12a) 

(5.12c) 

(5.l2d) 

'h ' and 'h 'in these equations indicate that m-th lamina is 
m m-I 

bounded by surfaces z = hand z = h l' The nomenclature employed is 
m m-

demonstrated in Fig. 5.3 for a plate situation. 

Throughout this chapter, we will use the middle surface of a 

plate or shell as a reference with respect to which the heights hi are 

defined. 

5.2.3 Strain energy and the element stiffness matrix 

Using the equations (5.6) and (5.10), the element strain energy 

is expressed as 
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(0) un bonded 

m:n

f --- --hm 
--- --h m- I 

h 

z . ~ 1 

(b) bonded 

Fig. 5.3 Laminae identification for N-ply laminate 
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U = 1:. dT[ f bT C b dA] d 
2- --- -' 

A 
(5.l3a) 

where A B 0 

C = B D 0 (5.l3b) 

0 0 E 

and A denotes the area of the base triangle. Thus the area of the 

shell surface is approximated by its projected area. The integration is 

performed numerically by using a l2-point Gaussian quadrature rule. As 

the integration rule employed is numerically exact, there is no artificial 

softening of the stiffness of the structure. 

Just as in the case of plates, ij-th element of stiffness matrix 

is given by 

K .. = 
1.J 

The consistent load vector is readily obtained by calculating the 

(5.14) 

virtual work done by the applied loads in the u, v and w
T 

directions. 

Finally, the centroidal displacements are removed by-static condensation. 

This results in an array of (36x36) elements in the stiffness matrix with 

twelve d.o.f. at each node as shown in Fig. 5.1. 

Ambartsumyan [2J, in his treatment of shells, has stated thRt the 

approximations involved, in the strain-displacement relations and the 

integration of strain energy over a projected area, are valid for 

extremely shallow shells only. Under similar set of assumptions, Sinha 

and Rath [72] use a postulate that "a shell is considered to be shallow 

if its height is less than one-eighth of its base diameter." For 
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example, a shallow cylindrical shell will have its (b/R) ratio as less 

than one, where band R represent the chord length (span) and the radius 

of the shell respectively. 

5.3 Numerical examples 

In assessing the performance of the present element a number of 

problems involving stretching, bending and curvature effects of laminated 

plates/shells are considered. The calculated finite element results are 

compared with available analytical or alternative finite element solu

tions. Our particular emphasis is to establish convergence to true solu

tions under the effects of anisotropy, shear deformation and laminate 

configurations. 

The boundary conditions described for various supports in the 

analysis of isotropic plates are directly applicable here for d.o.f. 

associated with wF and wT. Support conditions for u, v and their deriv

atives with respect to the spatial coordinates are enforced so as to be 

in agreement with similar boundary conditions of reference solution for 

the particular problem under consideration. 

For the present case of anisotropic plates and shallow shells 

the effect of (h/a) ratio was studied for values of (h/a) less than or 

equal to 0.1. For (h/a) values much higher than 0.1, it would be 

desirable to conduct a three-dimensional stress analysis in order to 

achieve meaningful correlation between the actual behavior of the 

structure and its mathematical model [6]. The inclusion of transverse 

shear effects is necessary even for moderately thick plates/shells as 

corresponding classical solutions may not provide useful approximation 



to the displacements. The shear correction factors k., i 
1 

taken to be unity following Ref. 53. 

1,2 are 

5.3.1 Orthotropic laminate under uniformly distributed load 
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The plate considered is a nine-layered graphite-epoxy composite 

lay-up as shown in Fig. 5.4. vfuen a fiber orientation of 

(0/90/0/90/0/90/0/90/0) is chosen, the laminate behaves as an orthotropic 

plate, i.e., the matrix [B] is a null matrix. The total thickness of 00 

and 90
0 

layers is the same. As [BJ = [oJ 

only those d.o.f. as in THPLT2 are active. 

2 2 2 
and l2. = l2. = ~ = 0 

3x2 3i 3x3y 
Due to the symmetric nature 

of the problem, only one quarter of the plate is discretized. 

Analytical solution is given by Noor and Mathers [56J for the 

case of a simply supported plate. The calculated values of maximum 

deflection and moment coefficient at different levels of mesh refinement 

are given in Table 5.1. They are in close correspondence with series 

solution based on Mindlin type theory. For the lower value of h/ a = 0.01, 

the present solutions are compared with those of ST3, ST6 and STIO 

elements in Fig. 5.5. 

For the case of a clamped plate, the numerical results of SQH 

element, developed by Noor and Mathers [56J, are used as a standard for 

comparison. The SQH is a higher order displacement based finite element 

of quadrilateral planform with 80 d.o.f. per element. All the deriva-

tives of displacement variables which constitute the expressions for 

strains and curvatures are available at a node as d.o.f. Thus, unique 

values of stress resultants are readily obtained and averaging techniques 

are unnecessary. SQH element is perhaps the most accurate among a family 

of fifteen elements presented by Noor and Mathers. 
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Fig. 5.4 Characteristics of laminated Graphite-Epoxy plates 
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TABLE 5.1 

CENTRAL DEFLECTION AND MAXIMUM MOMENT COEFFICIENTS OF A SIMPLY SUPPORTED 
NINE-LAYERED SQUARE PLATE UNDER UNIFORM LOAD 

3 4 (wETh /pa ) x 1000 

h/a 0.01 0.1 

ORTHOTROPIC 

2x2 4.1695 6.0389 

Present 4x4 4.4500 5.8611 

6x6 4.4722 5.8340 

Ref. 56 4.4855 5.8483 

2 
(M )/pa 

x 

0.01 

0.0912 

0.0902 

0.0892 

0.0888 

0.1 

0.0936 

0.0901 

0.0890 

0.0842 
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Fig. 5.5 Convergence study for a simply supported, nine-layered, orthotropic square plate of h/a = 0.01 ~ 
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Fig. 5.6 provides the convergence study of central deflection and 

moment M at the center of a square clamped plate under uniform load. x 

Similar results of ST6, ST10 and ST3 elements are also plotted. 

In Figs. 5.5 and 5.6, comparison of the present element with 

ST6 is of particular interest as they have 18 d.O.f. in each for a 

symmetrically laminated plate. ST6 is based on an extension of Mindlin 

theory. The present element is found to provide better approximation to 

the actual solution than ST6 and is generally closer to ST3 or ST10 which 

have 27 and 30 d.o.f. respectively. The accuracy and convergence are 

seen to be superior to that of ST6 particularly for the lower value of 

h/a considered. 

It is also observed that for a given mesh, the present element 

is more accurate for thick plates than thin plates. Material orthotropy 

does not appear to have an adverse influence on the accuracy of the 

element. A closer examination of the convergence pattern for central 

deflection and maximum moment coefficient in Fig. 5.5 reveals that a 

coarse mesh of (2x2) elements predicts the moments somewhat more 

accurately than the total deflection. Table 5.2 shows this to be the 

case even for a simply supported isotropic plate of h/a = 0.01. 

This element behavior is attributed to the adoption of 'discrete-

Kirchhoff' shape functions for the bending strain energy. A clear 

evidence of this can be found in the numerical results obtained by 

Batoz [9J in application of DKT element to thin plate examples. DKT 

element was found to be more accurate with a mesh of (lx1) in relation 

to a mesh of (2x2) for several problems. The orientation of the elements 
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in a given mesh may also contribute to non-monotonic convergence char-

acteristics for the particular shape functions employed. 

However, refined idealizations of present elements providing 

higher number of elements than an array of (2x2) provides, in general, 

monotonic convergence for both deflections and stress resultants. Minor 

1 discrepancies, where they exist, are due to the relaxation of C con-

tinuity requirements to CO compatibility by the adoption of 'discrete-

Kirchhoff' hypothesis for the flexural deflection component. 

As shown in Table 5.2, the accuracy of the present element is 

significantly better for an othotropic plate than for the isotropic plate 

of the same h/a ratio. This is to be expected as the shear effects 

totally vanish for an isotropic plate of h/a = 0.01. For a given thick-

ness ratio, the inaccuracies associated with neglect of transverse shear 

effects is significantly higher for the orthotropic laminate than for an 

isotropic plate. For example, in a simply supported square isotropic 

plate of h/a = 0.1, the neglect of shear deformation causes the central 

deflection to be underestimated by 4.4 percent. Such inaccuracy in an 

orthotropic laminate, of the same planform and thickness ratios, is as 

high as 30 percent. 

5.3.2 Anisotropic laminates under uniformly distributed load 

A nine-layered graphite-epoxy angle ply laminate with fiber 

orientations of (8/-8/8/-8/8/-8/8/ -8/8) is chosen for two values of 8 

as 450 and 300 respectively. The material properties of a basic lamina 

are given in Fig. 5.4. Total thickness of 8 and -8 layers are equal. 

Due to the symmetry of lay-up, the bending-extensional coupling 
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TABLE 5.2 

PERCENTAGE ERRORS IN CENTRAL DEFLECTION AND MOMENT OF A SIMPLY SUPPORTED 
SQUARE PLATE OF h/a = 0.01 

Material Isotropic Orthotropic 

Percentage error in wT M wT M x x 

2x2t -26.58 -11. 69 -7.05 2.70 

4x4 - 2.03 3.55 -0.79 1.58 

5x5 - 0.90 0.63 

6x6 -0.30 0.45 

%diff. of analy. '" 0.0 0.0 0.31 '" 0.0 
Soln. from 
Classical theory 

% error = [(Predicted - Actual) / Actual] x 100 

t mesh size 
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stiffness coefficients Bij are equal to zero. But unlike the orthotropic 

laminate considered earlier, the coefficients Di3 ~ 0, where i = 1,2 , 

for the angle ply laminate. 

Simply supported laminate: Non-dimensionalized central deflec-

tion and moment coefficients at several stages of mesh refinement for 

two values of thickness ratio, hla = 0.1 and 0.01, for each angle 0 

considered are tabulated in Table 5.3. The reference solution used for 

comparison was calculated by Noor and ~1athers [56] using an 8x8 grid of 

SQH elements. Due to the anisotropic behavior of the plate the finite 

element discretization is performed over the whole plate. The present 

finite element mesh of (8x8) elements converges to the reference solution 

with negligible differences. But the number of equations to be solved 

is reduced by almost 40 percent in comparison with the SQH element. 

It is noteworthy that the moment coefficients between the two 

h i i d 'ff b I h 3 5 d 8 f 0 -- 45° and 30° a rat os 1 er y ess t an . an percent, or 

respectively, while the central displacement differs by fifty percent 

or more. 

Noor and Mathers [56], in their study, studied the effect of 

variations in 0 on the values of the displacement and the bending

moment resultant M with 0 < 0 < 45 0
• As per their conclusions, xx 

" .•. the case 0 = 450 leads to the highest degree of anisotropy and the 

maximum value of the shear deformation." Therefore, the anisotropic 

plate with0= 450 is a critical test for the present element. As 

demonstrated, the present element provides reliable estimates under the 

extreme influences of anisotropy and shear effects. Moreover, the 
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TABLE 5.3 

SIMPLY SUPPORTED NINE-LAYERED ANISOTROPIC SQUARE PLATE UNDER UNIFORM 
LOAD WITH FIBRE ORIENTATION (8/-8/8/-8/8/-8/8/-8/8) 

h/a 0.01 

* Present 2x2 1.6983 
4x4 2.3053 
4x6 2.3347 
6x6 2.3814 
8x8 2.3962 

Ref. [56J 8x8 2.4079 

* 4x4 2.579 
Present 6x6 2.677 

8x8 2.693 

Ref. [56J 8x8 2.7# 

* for whole plate 

# estimated from graph 

8 = 45° 

0.1 

3.7972 
3.7333 
3.7361 
3.7306 
3.7306 

3.7323 

8 = 30° 

4.028 
4.031 
4.031 

4.05# 

2 
(M /pa ) 

x c 

0.01 

0.0236 
0.0365 
0.0366 
0.0366 
0.0364 

0.0360 

0.0616 
0.0620 
0.0615 

0.1 

0.0361 
0.0370 
0.0370 
0.0364 
0.0360 

0.0350 

0.0633 
0.0610 
0.0580 
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present element belongs to an extremely limited class of exactly inte-

grated shear flexible models with 18 d.o.f. 

Clamped anisotropic laminate: Finally for the same composite 

layup with 0 = 45
0

, if clamped conditions are enforced along the boundary 

3 4 the maximum deflection coefficient (wTETh /pa ) x 10
3 

will be obtained 

as 2.647 and 0.988, for h/a ratios of 0.1 and 0.01 respectively, with an 

8x8 grid. There are no alternative numerical values for comparison. 

Similar coefficients of a clamped orthotropic plate are 2.319 and 0.963, 

and the present results for anisotropic plate are of similar order of 

magnitude. 

5.3.3 Coupled bending and stretching of composite plates 

The first example of this category is that of a two-layered angle 

ply composite square plate under a uniform load of 100 psi. Each layer 

is of equal thickness. The fiber orientations in the two layers are 

(0/-0). O -- 150 or 450 are 'd d t 1 cons~ ere separa e y. The plate has a side 

length of 10 inches and is simply supported along the edges. The material 

properties of the laminate are given in Table 5.4. As the laminate is 

unbalanced, the coupling between bending and stretching exists. As 

symmetry conditions cannot be invoked, the whole plate is discretized. 

The present finite element solutions, indicated in Table 5.4, 

are compared with the results of classical laminated theory of plates. 

It can be seen that the maximum values of u, v, wT' M and Hare xx yy 

predicted well in qualitative agreement with the classical theory. 

In the second example, the effect of global planform aspect 

ratio (a/b) on the performance of the present element is studied. The 



TABLE 5.4. DISPLACE}lliNTS AND BENDING STRESS RESULTANTS 
OF A TWO-LAYER ANGLE PLY LA}ITNATED GRAPHITE/EPOXY COMPOSITE SQUARE PLATE UNDER UNIFORM LOAD 

8 

N 

Wc 

UA 

VB 

M @ C 
xx 
( ~ 103) 

M @ C 
yy 2 
( ~ 10 ) 

y 

Ti--~---- -~~~- ---, 
10 B 

1
1 

I -I} 1 

: - -- -!------_II---+-X ".-- • I 
I • 10 

(-15/+15) 

4x4 6x4 6x6 CLT 

0.8786 0.8908 0.9002 0.893 

0.651x10 
-2 0.66x10 -2 0.72x10 

-2 0.77x10 

0.0311 0.0311 0.0324 0.0328 

1.161 1.169 1.167 1.142 

1.39 1.43 1.321 1.234 

CLT: Classical laminated plate theory 

EL = 40x10
6
psi, ET = 10

6
pSi, GLT 0.5x10

6 
psi. 

l11.T = 0.25, a = 10", h = 0.2" 

(-45/+45) 

4x4 6x4 6x6 CLT 

0.8767 0.8863 0.9096 0.915 

-2 0.0l39 0.0l39 0.0145 0.0148 

0.0l39 0.0140 0.0145 0.0148 

0.401 0.396 0.387 0.3681 

4.01 3.96 3.87 3.681 

f-' 
\.Il 
'-I 
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rectangular plate with simply supported edges is made out of two layers 

of Graphite-epoxy composite laminae. The lay-up is a cross-ply lamina

tj.on with fiber orientations of 0
0 

and 90
0 

respectively. A relatively 

coarse mesh of (4x4) elements for the whole plate is employed. Two 

values of (b/h) 10,20 are considered. The ratio (a/b) is varied 

in the range of 1 to 5. 

Exact series solutions for this problem were obtained by Sinha 

and Rath [72J based on a generalized Mindlin plate theory. The variation 

of central deflection coefficient is given as a function of (a/b) and 

(b/h) in Fig. 5.7. The present finite element results, indicated with 

circular or cross marks on the same diagram, are in excellent agreement 

with reference solutions. 

5.3.4 Shallow spherical shells 

At first, an isotropic spherical cap under uniform pressure is 

considered. The shell is freely supported on a boundary of square 

planform as shown in Fig. 5.8. The term freely supported as used here 

means that the lateral deflection and displacement along x axis are 

constrained to be zero along the edges y = constant. Similarly along 

the edges x = constant, 'v' and w
T 

are constrained. An exact solution 

in the form of a double sine series based on classical shallow shell 

theory is available for comparison of present finite element solution. 

The shell is analyzed for two values of Rt/L
2

, viz., 0.02 and 

0.005. Only one quarter of the shell is modelled as the problem has two 

planes of symmetry. The calculated numerical results, at several 

levels of mesh refinement, are presented in Table 5.5 for displacements, 
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Fig. 5.7 Nondimensionalized central deflection of rectangular aniso
tropic plates under uniform loading; effect of aspect ratio 
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Fig. 5.8 Isotropic spherical shell geometry 

160 



TABLE 5.5 

RESULTS FOR ISOTROPIC CAP PROBLEM 

Rt/L2 0.02 0.005 
Ref. Ref. 

N 3x3 4x4 4x5 [23] 3x3 4x4 4x5 [23] 

2 
1.024 -Etw /pR 1.011 1.011 1.010 0.97 1.039 1.036 1.000 c 

-ION /pR 5.100 5.035 5.035 5.049 4.599 4.977 4.981 5.002 
xxc 

10EtvB/ pRL 3.640 3.662 3.666 3.679 3.898 3.990 4.013 4.032 

-N B/pR 0.001 0.000 0.000 0.0 0.002 0.001 0.000 0.0 
xx 

-N B/pR 0.004 0.001 0.001 0.0 0.006 0.003 0.001 0.0 
yy 

-M B/pRt 0.017 0.000 0.000 0.0 0.006 0.011 0.020 0.0 
xx 

-M B/pRt 0.058 0.018 0.018 0.0 0.032 0.032 0.040 0.0 
yy 

-N A/pR 1.112 1.141 1.145 1.159 1.247 1.346 1.372 1.600 
xy 

-H A/pRt 0.065 0.080 0.083 0.106 0.022 0.032 0.036 0.106 
xy 

Ref. 23 results are based on Classical theory 
f-J 
0'1 
f-J 



membrane forces and moments at points A, Band C shown in Fig. 5.B. A 

comparison of the calculated values with classical solution reveals an 

overall agreement with respect to the order of magnitude. As Rt/L2 

approaches zero, the quantities Nand M at the corner become 
xy xy 
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logarithmically singular [23J. The present element predicts N closer 
xy 

to the reference value while M predictions for Rt/L2 
= 0.005 case are xy 

in significant error. 

In the next example, simply supported nine-layered graphite-

epoxy spherical segments (see Fig. 5.9) under uniform load are considered. 

Just as in the plate examples of previous sub-sections, both orthotropic 

and anisotropic lay-ups are studied. The details of fiber orientation 

are given in Fig. 5.9. For the orthotropic shell, Noor and Mathers [56J 

have established exact series solutions based on a generalized Mindlin 

approach. Their numerical results will be used as a standard for com-

paring the present finite element predictions for two thickness ratios, 

viz., 0.01 and 0.1. 

Convergence study for deflections and stress resultants is 

presented in Table 5.6. Clearly, the predicted values converge rapidly 

to the analytical solution. Comparison of the performance of the present 

element with 8T6 is given in Fig. 5.10. As in the case of plates, the 

present formulation is more desirable than 8T6 particularly for the 

lower values of h/a. In the same figure, the prediction of N using yy 

the present element is seen to be far superior to that of 8T6. This 

improvement can be attributed to the use of cubic displacement fields 

for u and v in the present formulation. 8T6 employs quadratic po1y-

nomia1s for u and v. 
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Fig. 5.9 Characteristics of laminated graphite epoxy shallow shells 
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TABLE 5.6 

CONVERGENCE STUDY FOR SIMPLY SUPPORTED NINE-LAYERED 
SPHERICAL SHELL UNDER UNIFORM LOADING 

h/a 0.01 0.1 

ORTHOTROPIC 

2x2 2.601 5.983 

E h3 3x3 2.684 5.850 
~V'c T x 1000 4x4 2.701 5.811 

4 4x5 2.701 5.797 pa 

Ref. 56 2.714 5.797 

2x2 211.1 6.176 

NyyC 
3x3 272.3 6.060 

x 100 4x4 287.7 6.169 
pa 4x5 291.3 6.223 

Ref. 56 300.5 6.285 

2x2 5.530 9.272 

Mxx 
3x3 5.379 9.032 
4x4 5.316 8.928 

-2 x 100 4x5 5.315 8.922 pa 

Ref. 56 5.239 8.348 

ANISOTROPIC 

2x2+ 4.9389E-4 3.5833E-3 
3 4x4 5.2640E-4 3.5444E-3 

wcETh 4x6 5.2472E-4 3.5472E-3 
4 pa Ref. 56 5.1703E-4 3.5415E-3 

+ for whole shell 
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In Fig. 5.11 the distributions of the transverse displacement 

and the stress resultants M and M obtained along the central lines yy xx 

are shown to agree very well with those of SQH element. 

For the second case of anisotropic shallow spherical segment under 

uniform loading, the converged solutions of SQH element are used as a 

standard for comparison. The predictions of present element converges 

to the reference values as given in Table 5.5. The convergence plot of 

Fig. 5.12 is based on the values given in Table 5.5. 

5.3.5 Cylindrical shells 

Fig. 5.13 illustrates the geometry of a cylindrical shell roof. 

The shell is supported by diaphragms at the ends but is free along sides 

y = constant. Only one quarter of the shell is discretized due to the 

symmetry and various uniform gridworks of elements are employed. The 

deformation of the shell and associated stresses are to be determined 

under the action of its self-weight. 

Exact solutions based on classical shallow shell equations are 

available in literature for this problem [23J. In such series solutions, 

solution integrals are evaluated over the actual shell surface rather 

than the base plane. In the present shear deformable finite element 

analysis the integrals are evaluated over the base plane. Thus, 

analytical solutions consisteflt with the approximations of present 

formulation are not available for comparison. 

Convergence plots of the most pertinent quantities of deflections 

and stresses are given in the Fig. 5.13. Such plots indicate monotonic 
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Fig. 5.12 Central deflection of simply su~ported, nine-layered, 
anisotropic shallow spherical shell 
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Included angle=80° 
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Fig. 5.13 Displacements and stress resultants for a cylindrical shell 
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convergence of finite element estimates to the numerical values which 

are of the same order of magnitude as in classical shell theory. 

The next and the final example deals with the transverse bending 

of simply supported, circular cylindrical shells made out of cross-ply 

o laminates with sequences of 0 and 90 plies. The following layer 

properties a~e used 

0.2 , ~LT = 0.25 . 

The geometry of the shell is shown in Fig. 5.14. A uniformly distributed 

load acts on the shell. Numerical results are obtained for central 

deflection of several laminate configurations. 

The bending-stretching coupling is well known to be maximum for 

a two-layer shell. Series solutions of Sinha and Rath [72J, for the 

governing equations of a generalized Mindlin theory, for nondimensional-

ized central deflection coefficient is shown in Fig. 5.14 as a function 

of b/R. The ratio b/R is assumed to vary in the range between 0 and 1. 

b/R = 0 represents a flat plate and b/R = 1 indicates the limiting value 

within which shallow shell theory is applicable. Two thickness ratios, 

viz., blh = 10, and 100, arp. chosen. Shear deformation effects are 

negligible for blh = 100. 

The present finite element estimates shown are in excellent 

agreement with the series solutions for blh = 100. But for blh = 10, 

the present results are slightly higher than exact solution. This 

difference between the two results is attributed to the use of different 

shear correction factors in the analysis. A comparison of the curves 

corresponding to the two values of blh dramatically illustrate the 
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Fig. 5.14 Nondimensionalized central deflection of square shallow 
cylindrical shell under uniform load showing thickness 
and curvature effects 



effects of neglecting the shear deformation for moderately thick 

anisotropic laminated shells. 

172 

The deflection decreases with the increase of curvature for the 

values of b/h considered. The effects of material coupling between 

bending and stretching reduces with the increase of number of layers. 

As the number of layers is increased, the solution should approach 

the results of an orthotropic laminate. The or tho tropic solutions are 

indicated in Figs. 5.13 and 5.14. 

Clearly, the curvature reduces the effects of material coupling. 

Fig. 5.15 illustrates the effects of increase in number of layers for a 

(b/h) value of 20. In each of the problems discussed above, the finite 

element results are in good agreement with the series solutions of 

Sinha and Rath [72J. 

We have evaluated the performance of the element over an exten

sive range of thickness ratios, p1anform aspect ratios, material 

behaviour, mesh sizes, edge conditions, types of loading and geometry of 

the structure. In each case, satisfactory results were obtained. 

A preliminary investigation of the extension of present formula

tion for free vibration and buckling analysis of a structure will be 

reported in the following chapter. 
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Fig. 5.15 Nondimensionalized central deflection of square shallow 
cylindrical shell under uniform transverse load showing layer 
effect 



CHAPTER 6 

STATIC, DYNAMIC AND STABILITY ANALYSIS OF BEAMS 

In spite of the nearly exhaustive investigation of the present 

formulation for static analysis of plates and shells, described hitherto, 

there are some salient features which have been either ignored or not 

highlighted. 

For example, the present formulation in terms of w
T 

and w
F 

required c1 continuity of displacement description. This requirement was 

bypassed in the numerical analysis by modifying the bending strain 

energy in analogy with 'discrete-Kirchhoff' theory. Although the 

approach yielded very satisfactory performance, it is still an approxima-

tion. Thus the true behavior of F.E.M. based on the original strain 

energy expression, and thereby meeting the variational requirement of 

C1 continuity, remains to be seen. This is indeed difficult, if not 

impossible., to accomplish for a two-dimensional surface. Further, a 

numerical comparison of the present approach with "component theory" was 

not possible. Finally, the discussion was limited to static stress 

analysis. Free vibrations and linear instability analysis, which are of 

equal importance in the design procedure, need to be considered. 

With these objectives in mind, the present formulation will be 

applied in this chapter to a one-dimensional situation, i.e., a beam 

bending problem including the transverse shear and rotary inertia 

effects. Conclusions of such a study are by and large applicable to 
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more general situations of plates and shells. A brief review of 

literature is given in the following section. 

6.1 A brief review of literature 

One dimensional counterpart of classical plate theory, i.e., 

Bernoulli-Euler theory of elastic beams is a convenient approximation 
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for slender beams. Limitations of Bernoulli-Euler theory become 

apparent as the thickness of a beam is increased for a given span length. 

Bernoulli-Euler theory for bending vibrations is known to give higher 

frequency values than those obtained by experiment for higher modes and 

even in the lower modes of thick beams. The range of applicability of 

beam theories can be extended by taking account of transverse shear 

deformations and, in the case of vibrating beams the supplementary 

effects of rotary inertia. The best known equations including the 

effects of rotary intertia and transverse shear are that of Timoshenko 

[86J. In these equations the effective transverse shear strain is taken 

as equal to the average shear stress on a cross section divided by the 

product of the shear modulus and a shear coefficient k. The shear 

coefficient k is a dimensionless quantity which is introduced to account 

for the fact that shear stress and the shear strain are not uniformly 

distributed over the cross section. 

An alternative derivation of Timoshenko's beam equations was 

presented by Cowper [2lJ by integration of the equations, of elasticity 

theory. This leads to a new formula for shear coefficient. Numerical 

values of the shear coefficient are available in Ref. 21. Timoshenko 



beam theory and Mindlin plate theory are based on similar kinematic 

assumptions. 
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A critical analysis of Timoshenko beam theory is available in the 

papers of Cowper [22J, Nicholson and Simmonds [55J, and Stephen [78J. 

Majority of the application of Timoshenko beam theory in the literature 

is for free vibaation analysi.s. Frequency equations for dynamic 

analysis of beams with various homogeneous boundary conditions are given 

by Trai11-Nash and Collar [91J, and Huang [38J. However, numerical 

solutions for frequencies and modeshapes are available for simply 

supported and cantilever beams only. 

The equations of a Timoshenko beam under initial stress have been 

discussed by Brunelle [15,16J and Sun [81J. Buckling coefficients were 

determined by Brunelle, and the effects of shear deformation were found 

to have a profound influence on the stability of the beam [15J. Sun [8lJ 

derived the equations of Timoshenko beam subjected to initial axial 

stress based upon three-dimensional theory of elasticity. Buchanan, 

Huang and Cheng [17J have addressed the problem of non-linear behavior 

of elastic bars considering the shear deformation. 

A number of different finite elements for Timoshenko beams have 

been published over the last several years and many reviews on this 

subject are available (see for example, Davis, Henshell and Warburton 

[26J, Dawe [28J, Chugh [19J, Thomas and Abbas [83J, Tessler and Dong 

[82J, and Bhashyam and Prathap[lOJ). The concept of reduced inegration, 

described earlier for plates, is used in the formulation of lower order 

beam elements [10,40J. A majority of the available elements are of 

higher order (cubic or higher) displacement descriptions followed by 
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exact or numerically exact integration. Application of finite element 

modelling to free vibration analysis of beams, considering effects of 

rotary inertia and transverse shear, is most common. Only a few of them 

make a mention of static analysis. The paper of Chugh [19J is perhaps 

the only one which discusses the buckling problem of Timoshenko beams by 

finite element method. 

Just as in the case of plates, one can use flexural and shear 

contributions to the displacement as basic variables. This approach, 

which is analogus to the component theory of plates, has been advanced 

by many researchers including Plantema [60J, Anderson [3J and Miklowitz 

[51J. A typical application of this component approach in finite element 

method, to the formulation of Timoshenko beam element, is given by 

Kapur [46J. 

It is of interest here to mention that Egle [31J gave the basic 

relations of a Timoshenko beam in terms of total deflection and bending 

component in an appendix to his report. This was not pursued, however, 

for either the finite element analysis of beams or plates. 

Apart from the most popular Bernoulli-Euler and Timoshenko 

theories, there have been a number of attempts to improve upon them. A 

notable contribution in this direction is made by Rehfield and Murthy 

[69J. In addition to the effects of shear deformation, they include the 

effects of normal strain. 

In this chapter, we intend to compare finite element models 

based on 
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a) Timoshenko theory [w
T

, ¢J 

b) Component theory [wF , wsJ, and 

c) Present formulation [wT, wFJ. 

The basic variables of each are indicated in brackets. 

For the sake of presentation the approaches given above are 

designated as WT¢, WFS and WTF respectively. The basic relations of each 

of them can be easily obtained by particularizing the equations of the 

corresponding plate theories given in Chapter 2. Hence, we proceed 

directly to the finite element analysis in the order of static, dynamic 

and stability behavior. 

6.2 Static analysis 

The finite elements for the WT¢, WFS and WTF formulations are 

derivable from the potential energy expressions of an element of length 

'1' with a distributed load of intensity 'p' per unit length. Thus, 

1 
WT¢: IT = "2 

WFS: IT 
1 

= -
2 

1 
WTF: IT = "2 

o 

1 
f EI 

o 

1 
f EI 

o 

(6.1) 
o o 

(6.2) 

1 dWT dWF 2 
+} f kGA (~ - ~) dx -

o o 

The terms on the right hand side of these equations represent flexural, 

shear strain energies and the potential of the external load 

respectively. E, G, k, I and A are Young's modulus, shear modulus, 
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shear correction factor, moment of inertia, and area of the cross section 

of the beam, respectively. 

Displacement description of two variables is necessary in each 

case. Cubic polynomial is chosen for each displacement variable as 

aWT aWT wT N 1 wT1 + N2 (~)1 + N3 wT2 + N4 (-a;z-) 2 (6.4) 

aWF aW F wF N1 wF1 + N2 (-a;z-) 1 + N3 wF2 + N4 (-a;z-) 2 (6.5) 

awS awS 
Ws N 1 wS1 + N2 (~)1 + N3 wS2 + N4 (-a;z-) 2 (6.6) 

¢ = N 1 ¢1 + N2 (.91.) 
ax 1 + N3 ¢2 + N4 

. a¢) tax 2 (6.7) 

where subscripts 1 and 2 denote the two end points x = 0,£ of a beam 

element. The shape functions Ni =1,4 are given by 

(6.8a) 

(6.8b) 

(6.8c) 

(6.8d) 
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6.2.1 WT~ element 

Substitution of Eqns. (6.4) and (6.7) into (6.1) yields the 

stiffness matrix and a work equivalent load vector for WT~ element. This 

stiffness matrix with 4 d.o.f. per node was used earlier by Thomas and 

Abbas [83J for dynamic analysis. As curvatures and transverse shear 

strain terms form the nodal d.o.f., force boundary conditions can be 

satisfied. In the present analysis displacement boundary conditions only 

are enforced in order to enable a consistent comparison with other 

elements. Satisfaction of both natural and kinematic boundary conditions 

was found to produce results which differ negligibly from an analysis 

where only displacement conditions are met. The end conditions for WT¢ 

formulation are as follows. 

Hinged: 

Clamped: 

w = 0 T 

Free: None 

6.2.2 WFS element 

(6.9a) 

(6.9b) 

(6.9c) 

Substitution of Eqns. (6.5) and (6.6) into (6.2) yields the 

stiffness matrix and load vector for WFS element. The element stiffness 

coefficients, of (8x8) array, was used earlier by Kapur [46J. Under-

standab1y the flexural and shear terms are uncoupled in the stiffness 

matrix. This formulation in terms of partial deflections has received 

an extensive analytical treatment by Anderson [3J and Mik10witz [51J . 

The boundary conditions proposed by Anderson and Kapur differ from each 

other and they are summarized as follows. 
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Anderson [3] Kapur [46] 

Hinge: wF + w = 0 . wF 
= 0, w = 0 (6.10a) S , 

S 

Clamped: + Ws 0 
aWF 0 

aWF 0 (6.l0b) wF = and -- = w = Ws = -- = 
ax F ax 

Free: 
awS 

0 
awS 

0 (6.l0c) -- = ; --= ax ax 

aws 
The condition a;- = 0 is actually a force boundary condition for a free 

end and one may obtain results which converge to the correct solution 

without imposition of this apriori. In accordance with the discussion 

of boundary conditions for a clamped edge in a plate, the end-conditions 

for a built-in support as suggested by Kapur are erroneous; the partial 

deflections do not vanish independently. lve will use these end condi-

tions, however, to bring out the nature of errors introduced by the 

application of improper boundary conditions. 

6.2.3 WTF element 

The present element is displayed in Fig. 6.1. The stiffness 

matrix of HTF can be obtained by substitution of Eqns. (6.4) and (6.5) 

into (6.3). The resulting (8x8) stiffness matrix is given explicitly 

on the following page. 

As in the case of plates, the stiffness can be presented in a 

partitioned form 

~ 0 !FF !FT 
[K] = + (6.11) 

0 0 !TF !rT 

where each submatrix on the right hand side has (4x4) elements. 
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Fig. 6.1 Beam element 
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As the same shape functions are used for wT and w
F

' the shear 

contribution reduces to 
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(6.12) 

(6.13) 

(6.14) 

The flexural sub-matrix ~ is identical to that of a conventional thin 

beam element based on a cubic polynomial for the single variable w. 

We recall that the total strain energy of a beam element is 

given by 

1 
U = "2 LE-F ~J (6.15) 
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where 

dT dW
F 

'"' LWFl (~)l -F 

dWF 
(~)2 J ' and (6.16a) 

dT 
LWTl 

dWT = (-ax-) 1 =T 
(6.16b) 

If we let 

£F = £T (6.17) 

the shear strain energy vanishes and only flexural strain energy is 

retained. This is the thin beam situation; a similar concept was 

demonstrated earlier for plates numerically at a global level in 

Section (4.7). 

The end conditions for WTF are used as follows. 

Hinged: 

Clamped: 

wT = 0, wF = 0 

dWF 
wT = 0, a;z- = 0 

Free: None 

They are in agreement with the boundary description suggested by 

(6.18a) 

(6.18b) 

(6.18c) 

Anderson [3J for the WFS formulation. WTF and WFS should therefore 

provide the same predictions for a given set of boundary conditions. 

The difference between them lies in the means of applying boundary 

conditions. One may have to use lagrangian or penalty constraint 

approach or some other transformation procedure in using 'WFS' element 

to prescribe the correct boundary conditions. 

The element stiffness matrix in each of the above formulations 

is an (8x8) array. All displacement variables have been described with 

the same set of shape functions. Thus, for a specified number of 
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elements the total number of d.o.f., before the imposition of homogeneous 

displacement boundary conditions, is the same for each formulation. 

After the boundary conditions are enforced, the differences in total 

number of equations to be solved at the global level between different 

formulations is of no practical significance. Thus, a comparison of the 

performance of these elements should be helpful in recognizing intrinsic 

advantages, of the corresponding formulations, if any. 

6.2.4 $imply supported beam under uniform load 

The geometric details of the beam and the solution of Timoshenko 

governing equations are given in Fig. 6.2. At x = L/2, the Timoshenko 

theory predicts the central displacement as 

( -L) W X= 
T 2 

5pL
4 

384EI [1 + ~k (1+~) 

where (5pL4/384EI) is the mid-point deflection of elementary beam 

(6.19) 

theory. The second term in the parenthesis is due to transverse shear 

flexibility. The bending moment and shear force at any cross section 

are solely determined by the equations of statics. 

An exact solution based on elasticity equations which will 

include the normal strain effect in addition to the transverse shear 

deformation provides the central displacement as [90] 

5pL
4 

384EI 
[1 + 48 (l-8185 ) 

25 

For the present formulation, a series solution can be 

established using deflections 

(6.20) 
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Fig. 6.2 Solution of Timoshenko beam equations for simply supported 
beam with uniformly distributed load 
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and upon minimization of-the potential energy yields 

4 L4 1 +L 1 5EL
4 

dF 
=~ ( 1 + ••. ) 

TI5FI 35 55 75 384EI , 
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(6.21a) 

(6.21b) 

energy 

(6.22) 

(6.22a) 

(6.23b) 

Thus, the Timoshenko beam solution is reproduced. In Table 6.1, 

a deflection ratio (dT/dE) or (wT/wE) is given for several values of 

(h/L) and two different Poisson's ratios. A shear correction coeffi-

cient k = 0.85 has been employed throughout this chapter in obtaining 

numerical results, as recommended by Cowper [21J for rectangular cross 

sections. 

Timoshenko theory overestimates the deflection for this case 

and differs by 1.2 percent from the elasticity solution for h/L = 0.3. 

Timoshenko theory has been found to provide either an overestimate or 

underestimate of stiffness depending upon the problem under 
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TABLE 6.1 

SIMPLY SUPPORTED BEAM WITH UNIFORMLY DISTRIBUTED LOAD 

(Comparison with elasticity solution) 

]..l = 0.25 ]..l = 0.3 

1.000 1.000 

1.000 1.000 

1.000 1.000 

1.001 1.002 

1.003 1.004 

1. 005 1.006 

1.007 1.009 

1.010 1.012 



consideration [69J. A similar statement can be made regarding the 

component and present approaches. 

2 In what follows, we use a = kGAL lEI as the parameter to be 

varied in the numerical assessment of finite elements. Clearly, as 

a + ~ the effects of shear deformation vanish and the solution of 

Bernoulli-Euler beam theory is approached. a will be varied in the 

range of 30 to 7000. In several figures, a subscript BE denotes 

Bernoulli-Euler theory. 

Finite element results based on WT~, WFS and WTF formulations 

are given in Fig. 6.3 using a four element idealization. The beam is 

assumed to be discretized by beam elements of equal length. The 

predicted deflection, bending moment and shear force are divided by 

corresponding values of elementary beam theory. Thus, as a is varied 

the ratio (wT/wBE) at mid-span indicates the significance of shear 

deformation and should be equal to unity as a +~. As for the ratios 

(M/~E) and (S/SBE), a value of unity for all values of a should be 

obtained since the problem is statically determinate. 

Each finite element provides excellent accuracy for (wT!wBE) 

for the entire range of a studied. The Timoshenko beam element 'WTq,' 

is almost free of shear locking as higher order displacement descrip-

tions are employed. 

The predicted values of bending moment and shear forces by 
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WTF and WFS elements are almost indistinguishable from the exact values. 

They are also independent of a as anticipated. But in the case of 
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Fig. 6.3 Simply supported beam under uniform load; Finite element 
solutions 
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* L WT¢(4) model, the coefficients (M/~E) and (S/SBE) at x = 2 and 0 

respectively, depart from the exact value of unity as the value of a 

is increased. The error in (S/SBE) is significantly higher than that in 

(M/~E)' When the number of elements is increased to eight, exact 

moment coefficients are obtained at all values of a but shear coefficients 

are still a function of a. A maximum error of two percent in (S/SBE) of 

\VT¢(8) is, however, negligible. 

Therefore, the shear locking effects are visible for moments or 

shears, if not for deflections, even in a higher order Timoshenko beam 

element. It must be emphasized here that this behavior does not reflect 

any deficiency of Timoshenko theory but is only due to the process of 

finite element modelling. Hence, the WTF formulation is more suited for 

development of finite elements. 

The results of the WTF(4) andWTF(8) models were practically the 

same but for the differences in insignificant digits. This indicates 

that the global stiffness matrices are well conditioned and thereby 

numerical round-off errors are minimum. 

6.2.5 Cantilever beam 

Exact solutions of Timoshenko beam equations for deflection, 

moment and shear forces are given in Fig. 6.4 for a cantilever beam with 

either a concentrated tip load or a uniformly distributed load of 

intensity 'pI per unit length. 

Finite element solutions for the case of a concentrated load at 

the free end of the cantilever are given in Fig. 6.5. Boundary 

* The number 4 within the parenthesis indicates number of 
elements. 
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6.4 Solution of Timoshenko beam equations for a cantilever beam with 
(a) concentrated tip load and (b) uniformly distributed load 



101 

(::E) 01 x=L 

(M~E) a (S:E) Exocl 

1·0 I ,I ' , , , I , ::-::: ~ 
10 100 1000 

a 

~ r 
PL 

3 
{ x

3 
3 x2} Px 

wT = 3EI - 2L3 +2" L2 +kGA 

10000 

s= P, M=P(x-L) 

o WTcp(3) 
J( WTF(3) 

Timoshenko soln. 

Fig. 6.5 Cantilever beam under point load; Finite element solutions 

I-' 
\0 
.p. 



195 

conditions for the clamped end are described in Eqns. 6.9, 6.10, and 

6.18 for WT¢, WFS and WTF elements respectively. A three element 

idealization provides exact solutions in each formulation. Three, four 

or eight element idealizations using WTF element do not differ from one 

another and are indicative of minimal round-off errors in the solution 

scheme. 

The boundary conditions suggested by Kapur for a built-in end, 

i.e., 
aWF w = w = --- = ° do not have any adverse effect as the beam is 

F S ax ' 
statically determinate. Thisapriori knowledge of the behavior of 

aW
F 

the beam can be used in the WTF model to enforce wT = wF = ~ = ° at 

the clamped end. In this case, a single element model provides exact 

solutions for all values of a. 

For the case of a distributed load acting on the beam (see 

Fig. 6.6) four element idealization provides accurate predictions of 

deflection. WTF and WFS models provide (M/~E) and (S/SBE) as unity 

irrespective of the values of a. However WT¢ element departs from the 

actual values of shear force as a is increased and thereby indicating 

that a refined mesh is necessary. 

6.2.6 Built-in beam under distributed load 

The geometry of the beam and the exact solutions of Timoshenko 

theory are given in Fig. 6.7. Noticeably, the bending moment and shear 

force at a cross section are independent of a for a uniform beam with 

built-in ends. Thus, Bernoulli-Euler and Timoshenko theories give 
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Fig. 6.7 Solution of Timoshenko beam equations for a clamped beam under 
uniformly distributed load 
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identical predictions of bending moment and shear force. Rehfie1d and 

Murthy [69J have made a similar observation in their analysis. 

\~en WT~ element is used, wT = ~ = ° at x=O,L are imposed. A 

four element model gives accurate values of deflection and bending 

moment but yields Rn error of about 13 percent in shear force for the 

highest value of a. This is corrected by a refined model of eight 

elements as shown in Fig. 6.8. 

Boundary conditions of vITF model at each end of the beam are 

given in Eqn. (6.18). Four and eight element idealizations provide exact 

values of deflection and force quantities for the entire range of a 

considered. 

As the moment and shear forces are as given by Bernoulli-Euler 

theory, the WFS model with the clamped conditions of Kapur (Eqn. 6.l0b) 

will yield correct solutions. One can, therefore, obtain identically 

similar results by using the WTF model with wT 
--- = 
dX ° at x=O,L. 

6.2.7 Propped cantilever under uniform load 

The beam shown in Fig. 6.9 has a built-in end at x=O and a hinge 

at x=L. The problem is statically indeterminate and unsymmetric. Exact 

solutions of Timoshenko beam equations are given in the same figure. All 

three quantities of interest, viz., wT' M and S are functions of a. 

Corresponding values of Bernoulli-Euler theory can be obtained by letting 

a = 00 

Results of an eight element idealization in each model are given 

in Fig. 6.10. (wT/wBE ) and (S/SBE) at x=L/2, and (M/~E) at x=O are 
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Fig. 6.9 Solution of Timoshenko beam equations for a propped cantilever 
beam under uniform load 
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chosen as the representative quantities for comparison. WTF and HT¢ 

elements show good correspondence with each other and with the exact 

solution of Timoshenko theory. 
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HFS element provides an underestimate of deflection. The bending 

moment and shear forces are as that of Bernoulli-Euler theory even for 

lower values of a. This discrepancy is due to the incorrect boundary 

conditions for a built-in edge suggested by Kapur (see Eqn. 6.10). For 

the lowest value of a considered, the error in deflection and force 

quantities are 8.6 and 7.5 percent respectively. Needless to say that 

the distribution of bending moment and shear force is approximated all 

along the length of the beam. An increase in the number of elements would 

not eliminate the errors due to improper boundary conditions. Hence, 

one has to use clamped end conditions as suggested by Anderson [3J. 

The distribution of bending moment and shear force along the 

length of, the beam are given in Table 6.2 for two extreme values of a. 

Finite element results of WT¢ and WTF models, at two levels of mesh 

refinement, are also given. For a specified number of elements HTF is 

clearly more accurate for shear forces and is of same accuracy as WT¢ 

for bending moments in general. 

In the four basic examples analyzed, HTF emerges as a very desir

able formulation when compared with WT¢ and WFS. In what follows, HTtP 

and WTF elements will be applied to dynamic and stability analysis. 
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TABLE 6.2 

BENDING MOMENT AND SHEAR FORCE DISTRIBUTION IN A PROPPED CANTILEVER 

x/L 0 0.25 0.5 0.75 1.0 

a = 51.084 

Exact 0.236 -0.010 -0.132 -0.129 0.0 

WTCP(4) 0.236 -0.011 -0.133 -0.129 10-4 

WTCP(8) 0.236 -0.010 -0.132 -0.129 10-4 

WTF(4) 0.230 -0.010 -0.140 -0.139 0.01 

WTF(8) 0.234 -0.011 -0.134 -0.131 0.001 

2M a = 5108.64 
- pL2 

Exact 0.25 0.0 -0.125 -0.125 0.0 

WT<P(4) 0.242 -0.009 -0.134 -0.134 0.008 

WTCP(8) 0.249 -0.003 -0.127 -0.128 0.001 

WTF(4) 0.242 -0.010 -0.135 -0.135 0.010 

WTF(8) 0.247 -0.003 -0.127 -0.128 0.001 

a = 51.084 

Exact 1.236 0.736 0.236 -0.264 -0.764 

WTCP(4) 1.254 0.739 0.236 -0.267 -0.782 

WT¢(8) 1.238 0.734 0.236 -0.261 -0.766 

WTF(4) 1.236 0.736 0.236 -0.264 -0.764 

WTF(8) 1.236 0.736 0.236 -0.264 -0.764 

2S a = 5108.04 pL 

Exact 1.250 0.750 0.250 -0.250 -0.750 

WTCP(4) 1.586 0.744 0.25 -0.244 -1.087 

WTCP(8) 1.261 0.25 -0.760 

WTF(4) 1.250 0.75 0.25 -0.25 -0.75 

WTF(8) 1.25 0.75 0.25 -0.25 -0.75 
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6.3 Free vibration analysis 

We will consider the beam as an ideal elastic structure in which 

no internal damping forces exist. Thus the structure may vibrate, after 

initiation of motion, without the application of external forces for an 

indefinitely long period. Each point in the structure is assumed to 

execute a harmonic motion about a position of static equilibrium. The 

frequency of ostillation is called as natural frequency. The deflected 

configuration, in which the motion of each point is harmonic and the 

vibration has a specific natural frequency, is naIled natural mode. The 

knowledge of natural modes and frequencies facilitates the formulation 

and solution of equations of motion for the dynamic response of a 

structure under external excitation. 

The displacement variables are assumed in a variable-separable 

form 

(6.24a) 

~ = ~(x) f(t) (6.24b) 

(6.24c) 

where f(t) represents a harmonic function of time, such as 
iwt e , with 

cyclic frequency of w. 

Further, the equations of motion or dynamic equilibrium can be 

established by using Hamilton's principle which is stated as [43J 

(6.25) 

where L is the Lagrangian or kinetic potential of the system. For 

natural vibrations of ideal structures Lagrangian is defined as 
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L = T-U (6.26) 

where T,U represent the kinetic energy and the strain energy of the 

structure respectively. As per Eqn. (6.24), the strain energy terms of 

Eqns. (6.1) to (6.3) are unaffected except for multiplication by f(t). 

For a Timoshenko beam the kinetic energy is given by 

T 1 f£ . 2 dx + ! = 2 m wT 2 
o a 

£ 2·2 
f mp <P dx (6.27) 

where m,p are the mass per unit length and radius of gyration of the 

beam respectively. A dot on the displacement quantities denotes differ-

entiation with respect to time variable. The terms given on the right 

hand side of Eqn. (6.27) correspond to transverse and rotary (or 

rotatory) inertia respectively. 

Upon substituting for w
T 

and <P from Eqns. (6.4) and (6.7), the 

kinetic energy can be expressed in terms of nodal velocities as 

1 T=-
2 

(6.28) 

where d stands for a vector of nodal displacements of a beam element. 

[M] is commonly referred to as consistent mass matrix and in this case 
e 

is known more appropriately as inertia matrix. 

With the aid of above equations, the equations of motion of a 

finite element model can be obtained as 

([K] (6.29) 

where [K] , [M] , {q} are global stiffness, inertia matrices and dis-

placement vector respectively. The set of n homogeneous algebraic 

2 
equations in q with w unknown constitute a characteristic value or 

eigenvalue problem. The vector {q} corresponding to a particular natural 
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frequency w is called eigenvector. The number of natural modes which 

may be determined is equal to the total number of d.o.f. In the 

numerical analysis, a FORTRAN subroutine entitled "NROOT" (available 

in Scientific Subroutine Package of IBM) is u::ed and the underlying 

algorithm is the Jacobi method [7J. 

In WTF formulation, the kinetic energy term 
. 

Q, Q, dW 
1 2 1 2 

T = - J m ..:rT dx + J mp (2)2 dx (6.30) 
2 2 dX 

0 0 

is used to obtain the inertia matrix. Substitution of strain energy 

and kinetic energy terms into Eqn. (6.25) will give the Euler equations 

of motion. In each formulation two equations, which are coupled in the 

corresponding displacement variables, are obtained. Further, one may 

eliminate anyone of the two variables to obtain a single fourth order 

differential equation governing the general motion of the beam under 

inertia loads arising from its own motion. Following the steps, outlined 

above, will lead to 

where 

WT<jl; r wT = 0 

WTF; r wT = 0 

r = n4 + n2 
A 

or r<jl = 0 

or r w = 0 
F 

(8 + R) - A (1 - A8R) 

n = did; , ; = x/L, 

2 
8 = I/o., R = (p/L) , and 

A 2 4 mw L /EI. 

(6.31) 

(6.32) 

Thus, governing differential equation is unaltered by the selection of 

different displacement variables. 



An interesting outcome of this exercise is implicit in 

Eqn. (6.32). r w = 0 is not a governing equation of vibrating F 

Bernoulli-Euler beam. Hence, even for the circumstances in which the 

207 

end conditions on wF terms are as in conventional beam theory, w
F 

should 

not be understood as a modeshape of elementary beam. This is in contrast 

with the observations in static analysis and such a difference has its 

origin in the nature of coupling in the equations of motion. 

Apart from the correction to the effects of overestimation of 

stiffness and underestimation of inertia in Bernoulli-Euler theory, 

Timoshenko beam theory is characterized by the appearance of a new 

spectrum of frequencies. The frequency spectra is usually classified 

into two types, viz., lower and higher spectrum. For a general beam, the 

displacements in lower spectrum are obtained in terms of trigonometric 

and hyperbolic functions as in the case of an elementary beam. The dis-

placement of the beam in the higher spectrum is definedinpurelytrigono-

metric form. Such a change in the mode has been used as a criterion to 

classify the frequency spectra [16, 91]. A more in-depth study of fre-

quency spectra and particular characteristics of modes in different 

regimes can be found in the papers of Huang [38J, Traill-Nash and 

Collar [91J, and Bhashyam and Prathap [10]. 

We will consider the vibration of a simply supported beam as an 

example for application of WTF formulation in determining the frequencies 

and modes of both lower and higher spectrum. Following the analysis of 

Huang [38], the mode shapes assumed as 

= a sin (nTIs)sinwt (6.33a) 

= b sin (nTI~)sinwt (6.33b) 
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satisfy both kinematic and natural boundary conditions. The constants 

'b' and 'a' determine the relative magnitudes of total and flexural 

displacements respectively. 'n' is the number of half sine-waves 

along the length of the beam. With the aid of equations given heretofore 

it is relatively straightforward to obtain the frequency parameter. 

Thus, 

(6.34) 

where ~ = 1 + n2
7T

2 
(B+R). The term under the square root sign remains 

positive always. Therefore A is obtained as a positive real quantity 

for specified values of R, a and n. The quantity S is related to R as 

B = (E/kG)R. 

A closer examination of Eqn. (6.34) reveals that for a given 

value of n, two frequency parameters can be calculated. Those values 

of A which are greater than (~/2aR) belong to the higher spectrum and 

similarly A < (~/2aR) characterizes the lower spectrum. The calculated 

numerical values of ~, a and b are given in Table 6.3. The constants 

a and b follow the norm ;-(a2 + b2) = 1. ~ and k are chosen to be 0.3 

and 0.85 respectively. The paramater IR is varied in the range 0.04 

to 0.12. An increase in the value of I:R indicates higher predominance 

of transverse shear and rotary inertia effects. 

The given frequency parameters are exact for all modes in the 

two spectrums. A particular mode n=O has no lateral deflection and is 

identified as a pure shear mode of A = (lIaR) by Brunelle [16J. For 

n>O, it is apparent that wT and wF are of like sense (of same sign) for 



lower spectrum of frequencies and are of opposite sense for higher 

spectrum. wT and wF predominate in the lower and higher spectrum 

respectively. These observations are in general agreement with the 

available exact solutions of Timoshenko theory [91]. 

Table 6.4 contains the non-dimensional frequency parameters 
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~ for hinged-hinged, hinged-fixed, fixed-fixed, and fixed-free beams 

with ~ = 0.3, k = 0.85 and p/L ratios of 0.04, 0.08 and 0.12. The 

present ·finite element results were obtained by using four element 

idealization. They are compared with the available results of Bhashyam 

and Prathap [10] wherein the frequency parameter was established by 

extrapolation of finite element results for 9 and 18 element idealiza-

tions. WTF predictions for frequencies are observed to be accurate. 

The modeshapes obtained are in agreement with the finite element solu-

tions of Ref. 10. 
ClwT ClwF 

Shear deformation effects vanish if we let wT = wF and ~ = Clx 

at all the nodes. This constitutes a case where transverse and rotary 

inertia terms are added to the strain energy of elementary beam. Present 

finite element solutions obtained for this case, with four elements, are 

compared with the Bernoulli-Euler beam frequencies in Table 6.5. 

Frequency spectrum given in Table 6.3 to 6.5 presents a complete picture 

of the vibrations of beam at different stages of improvement in math-

ematical modelling. The corrections due to shear are far greater than 

the corrections due to rotatory inertia. 

It is of analytical interest here to observe that a straight-

forward reduction of stiffness coefficients to Bernoulli-Euler theory 

is not possible in WT¢ elements. 



210 

TABLE 6.3 

FREgUENCY PARAMETERS AND MODE SHAPES FOR SIMPLY SUPPORTED BEAMS 

Higher spectrum Lower spectrum 
n /...1/2 a -b /...1/2 a b 

iR=0.04 

0 357.3570 1.0 O. 
1 368.5073 .9999 .0151 9.5708 .6905 .7233 
2 398.9915 .9986 .0533 35.3588 .6454 .7638 
3 442.9846 .9948 .1014 71.6563 .5827 .8127 
4 495.6868 .9888 .1495 113.8451 .5134 .8581 
5 554.0820 .9812 .1928 159.1353 .4456 .8953 
6 616.3892 .9732 .2299 205.9911 .3837 .9235 
7 681.5205 .9654 .2609 253.5815 .3297 .9441 
8 748.7822 .9581 .2865 301. 4575 .2837 .9589 
9 817.7007 .9515 .3076 349.3750 .2450 .9695 

10 887.9419 .9457 .3250 397.2065 .2127 .9771 

/R=0.08 

0 89.3394 1.0 O. 
1 99.7480 .9986 .0533 8.8397 .6454 .7638 
2 123.9217 .9888 .1495 28.4613 .5134 .8581 
3 154.0973 .9732 .2299 51.4978 .3837 .9235 
4 187.1952 .9581 .2865 75.3644 .2837 .9589 
5 221.9855 .9457 .3250 99.3017 .2127 .9771 
6 257.8645 .9362 .3515 123.0981 .1629 .9866 
7 294.4902 .9290 .3700 146.7120 .1276 .9918 
8 331.6482 .9236 .3834 170.1543 .1022 .9948 
9 369.1978 .9194 .3933 198.4489 .0833 .9965 

10 407.0435 .9162 .4007 216.6207 .0691 .9976 

iR=0.12 

0 39.7064 1.0 O. 
1 49.2205 .9948 .1014 7.9618 .5827 .8127 
2 68.4877 .9732 .2299 22.8879 .3837 .9235 
3 90.8555 .9515 .3076 38.8194 .2450 .9695 
4 114.6066 .9362 .3515 54.7108 .1629 .9866 
5 139.1168 .9261 .3772 70.4238 .1139 .9935 
6 164.0879 .9194 .3933 85.9772 .0833 .9965 
7 189.3577 .9149 .4038 101.4077 .0632 .9980 
8 214.8304 .9117 .4110 116.7463 .0495 .9988 
9 240.4460 .9093 .4161 132.0156 .0397 .9~92 

10 266.1665 .9076 .4198 147.2330 .0325 .9995 
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TABLE 6.4 

FREQUENCY PARAMETERS (A1/2) OF LOWER SPECTRUM 
FOR BEAMS WITH VARIOUS END CONDITIONS 

F-Free HH HF FF n 

WTF(4) WTCP WTF WT<jJ WTF WT<jJ WTF WT<jJ 

p/L = 0.04 

1 3.47 3.47 9.59 9.57 14.40 14.37 19.99 19.93 

2 20.09 20.04 35.59 35.34 42.51 42.15 49.35 48.83 

3 51.12 50.66 72 .80 7l.52 79.92 78.39 86.58 84.92 

4 89.75 88.37 12l.53 113.35 128.4 119.3 135.4 125.0 

p/L = 0.08 

1 3.34 3.32 8.88 8.84 12.27 12.22 15.77 15.74 

2 16.39 16.29 28.71 28.45 31.68 3l.35 34.31 33.83 

3 37.05 36.70 52.11 5l.46 53.88 53.17 55.56 54.81 

4 59.21 58.28 78.26 75.27 79.06 76.05 80.05 76.63 

p/L = 0.12 

1 3.15 3.13 8.01 7.96 10.20 10.13 12.39 12.37 

2 13.13 12.98 23.07 22.88 24.30 23.99 25.34 24.78 

3 27.91 27.67 39.15 38.81 39.51 38.98 39.99 39.52 

4 41.68 39.72 56.08 54.68 55.57 54.71 55.91 55.80 

F-Free = Fixed-Free (or Cantilever) 

HH = Hinged-Hinged 

HF = Hinged-Fixed 

FF = Fixed-Fixed 
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TABLE 6.5 
\ 

FREQUENCY PARAMETERS FOR BEAMS WITH VARIOUS END CONDITIONS 
CONSIDERING THE ROTATORY INERTIA ONLY 

n F-Free HH HF FF 

WTF(4) BE WTF BE WTF BE WTF BE 

P/L = 0.04 

1 3.51 3.52 9.84 9.87 15.36 15.12 22.29 22.37 

2 21.58 22.03 38.61 39.48 48.85 49.96 60.34 61.67 

3 58.84 61. 70 85.0 88.83 99.81 104.3 115.2 120.9 

4 111.2 120.9 156.4 157.9 177 .3 178.3 205.2 199.9 

P/L = 0.08 

1 3.50 3.52 9.75 9.87 15.16 15.12 21.96 22.37 

2 20.30 22.03 35.96 39.68 45.22 49.96 55.52 61.67 

3 51.47 61. 70 73.13 88.83 85.30 104.3 97.67 120.9 

4 90.33 120.9 123.2 157.9 138.4 178.3 158.4 199.9 

P/L = 0.12 

1 3.48 3.52 9.60 9.87 14.84 15.12 21.43 22.37 

2 18.62 22.03 32.55 39.48 40.64 49.96 49.53 61. 67 

3 43.94 61.70 61.10 88.83 70.93 104.3 80.75 120.9 

4 72.86 120.9 96.42 157.9 107.8 178.3 122.7 199.9 
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6.4 Linear stability analysis 

A precise definition of this class of problems and a description 

of solution scheme are available in standard textbooks such as those of 

Gallagher [36J and Cook [20J. Our present objective is to establish a 

'geometric stiffness matrix' for WTF element while focusing our atten-

tion on the flexural behavior accounting for transverse shear effects. 

The construction of a geometric stiffness matrix will enable the calcul-

ation of critical loads at which buckling of the beam occurs. In 

general, this is accomplished by the addition of higher order terms to 

the linear strain displacement relations. Of particular interst are 

those higher order terms which relate membrane strains to lateral 

deflection and rotation quantities. 

The equations of a Timoshenko beam under initial stress have 

been usually derived by adding a strain component to the axial strain 

defined solely in terms of wT. This additional term l/2(dw
T

/dx)2 is 

non-linear in the transverse displacement and represents the stretching 

of a differential element of initial length 'dx' after the deformation. 

Sun [81J has established the equations of a Timoshenko beam 

under initial stress based on the governing equations of three dimen-

sional theory of elasticity. This differs qualitatively from the 

earlier simplified approach and the difference is evidenced by the 

presence of a 'curvature term,' of the form 1 z2(a~/ax)2, in addition 

to the usual terms, viz., , for axial strain. 

The strain energy expression of Sun [81J is 
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1 
Q, 

(li) 2 1 
Q, dW Q, aWT 2 

U = - f EI dx +- f kGA (-.1:.+9)2 dx +R. f (ax-) dx 2 dX 2 dX 2 
0 0 0 

Q, p (li)2 + tk 2 f I dx (6.35) ax 
0 

where P is the axial force (considered positive when tensile) and 

tk is a tracer constant. tk will be unity when 'curvature' effects 

are considered and will be zero otherwise. The equivalent strain 

energy expression for the WTF formulation is 

1 Q, 
U = - f EI 

2 
o 

o 

Q, 

f I 

dx + 1. 
2 

o 

Q, 

f 

dx. 

o 

Q, dWT 2 
f (-) dx 

ax 

(6.36) 

The above strain energy can be expressed in terms of nodal 

displacements of an element by using the shape functions of Eqns. 

(6.4) to (6.7). Thus, 

1 U=-
2 

{d} T ([K] + P [K]) 
g e 

{d} (6.37) 

where [K] is the stiffness matrix defined earlier and [K ] is the 
g 

geometric stiffness matrix. 

Following the variational conditions governing the stability 

of a structure, the buckling loads are determined by an equation 

similar to Eqn. (6.29), in which the inertia matrix is replaced by the 

geometric stiffness matrix and P = -P 
cr 

is used. Hence, a characteristic 
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value problem with critical loads as the eigenvalues is defined. In 

analogy with vibration analysis two sets of buckling loads, correspond-

ing to predominently flexural and shear modes, can be anticipated. 

This has been demonstrated earlier by Sun [8lJ and as per the discus-

sions therein critical laods corresponding to the first mode of 

vibration (or lower spectrum) only will be obtained if curvature terms 

are dropped, i.e., tk = O. The critical loads corresponding to the 

higher spectrum of vibration modes is always higher than that for the 

lower spectrum. Consequently, Sun concluded that lithe buckling loads 

for the second mode is of little practical interest [8lJ.1I As such, we 

will determine only the lowest critical load at which buckling occurs. 

Numerical calculations are performed with WTF and WT¢ elements 

using four elements in each case. The cantilever, hinged, built-in and 

propped cantilever beams are chosen. For each of them a is varied in 

the range of 40 to 5200. Both cases of tk = 0 and tk = 1 are analyzed 

to bring out the significance of curvature effects. The critical load 

is non-dimensionalized with respect to the critical load of correspond-

ing elementary beam-column. Tables 6.6 to 6.8 present the predicted 

critical load coefficients (P Ip), where P is the Euler buckling load, cr e e 

along with other available numerical results. The ratio (P Ip) is cr e 

either less than or equal to 1. For the lowest value of a considered, 

the reduction in the critical load as a percentage of Euler load is 

given below. 
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a = 40.068 (P - P ) x 100/P 
e cr e 

Cantilever 7.4 

Simply supported 23.8 

Propped cantilever 39.9 

Built-in 53.7 

Transverse shear effects are again well pronounced for the beam 

with maximum boundary restraints. It should be noted that reduction in 

buckling loads of even higher magnitude than indicated above is possible 

if one departs from the conventional isotropic materials. In such a 

case the ratio (E/G) will be an important parameter and dramatic reduc-

tions in buckling loads may occur even for slender beams [16J. 

The effects due to the curvature terms, i.e., tk = 1, vanish as 

a + 00. For lower values of a, the buckling load obtained by tk = 1 is 

lower than that corresponding to tk = O. In this study, a maximum of 

ten percent difference is observed between the two cases. 

In Table 6.9, the first five values of critical load coefficients 

1,5, are given. The results of WTF and WT¢ elements 

differ by a maximum of two percent. 

In this chapter, the efficacy of the WTF formulation is demon-

strated for static, dynamic and stability analysis. The essential 

ingredients for the study of nonlinear static behavior, effects of 

initial stress on vibration and dynamic response to a general excitation 
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have been established. The conclusions of this chapter are applicable 

to plates and shells in general. 



TABLE 6.6 

CRITICAL LOAD COEFFICIENTS FOR CANTILEVER 

t = k 

WTF(4) 

40.068 0.943# 

51.084 0.955 

100.0 0.976 

204.324 0.989 

641. 414 0.995 

5108.64 0.997 

40.068 0.802 

51.084 0.839 

100.0 0.911 

204.324 0.953 

641. 414 0.982 

5108.64 0.998 

* P 1 cr -=---
P P e e 

1 + kGA 

AND SIMPLY SUPPORTED BEAMS 

0 

* Timoshenko 
Solution [89J 

Cantilever 

0.942 

0.954 

0.976 

0.988 

0.996 

1.0 

Simply Supported 

0.802 

0.838 

0.910 

0.954 

0.985 

0.998 

P 
e 

, f.I 

t = 1 k 

WTF(4) 

0.927 

0.941 

0.967 

0.985 

0.994 

0.997 

Beam 

0.762 

0.803 

0.887 

0.939 

0.987 

0.998 

0.3, k = 0.85 

218 

WT<jJ(4) 

0.926 

0.940 

0.969 

0.984 

0.994 

0.998 

0.762 

0.802 

0.886 

0.939 

0.987 

0.997 



40.068 

51.084 

100.0 

204.324 

641.414 

5108.64 

TABLE 6.7 

(p /P) FOR A CLAMPED-HINGED COLUMN 
cr e 

t = 0 
k 

t = 1 
k 

WTF(4) WTF(4) 

0.644 0.601 

0.698 0.656 

0.819 0.784 

0.902 0.878 

0.974 0.965 

0.997 0.995 

2 
P = 7T EI 

e (0.699L)2 ~ = 0.3, k = 0.85 

219 

WT<P(4) 

0.601 

0.655 

0.783 

0.877 

0.964 

0.995 



40.068 

51.084 

100.0 

204.324 

641.414 

5108.64 

WTF(4) 

0.505 

0.567 

0.721 

0.842 

0.955 

1.0 

p 
e 

TABLE 6.8 
p 
pcr FOR A CLAMPED-CLAMPED BEAM 

e 

t = 0 
k 

t = 
k 

If Brunelle [16J WTF(4) 

0.495 0.464 

0.556 0.522 

0.710 0.675 

0.833 0.806 

0.940 0.938 

0.992 0.997 

, jJ 0.3, k = 0.85 

If 2 uses a shear correction factor of (n /12) 
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1 

WT¢(4) 

0.463 

0.520 

0.672 

0.801 

0.934 

0.998 
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TABLE 6.9 

FIRST FIVE EIGENVALUES OF A CLAMPED-CLAMPED BEAM 

(a::c 40.068, k = 0.85, ).l a: 0.3) 

pn Q,2/EI 
cr 

n 

WTF(4) WTtP(4) Percentage 
difference 

1 18.341 18.278 0.34 

2 23.631 23.507 0.54 

3 30.084 30.084 0.0 

4 32.094 32.082 0.04 

5 36.084 35.378 1.61 

p1 Q,2/EI 4 
2 = 7T 

e 



CHAPTER 7 

CONCLUDING REMARKS 

In this study a finite element formulation for the analysis of 

beams, plates and shells, based on a strain energy expression defined in 

terms of total and flexural components of transverse displacement, has 

been presented. The formulation accounts for the effects of transverse 

shear deformation while the normal strain is assumed to vanish and the 

effects of normal stress are assumed to be negligible. The flexural 

strain energy term involves second derivatives of flexural displacement 

component and thereby necessitates slope-compatible shape functions to 

describe the same. This requirement is relaxed by adopting the 

'discrete-Kirchhoff' hypothesis for the flexural displacement component. 

A triangular finite element has been developed for the analysis 

of laminated composite plates and shallow shells. The full order of 

numerical integration is employed for stiffness and load vector evalua

tions. The present element has twelve degrees of freedom per node for 

the general case of a shell. For the degenerate case of symmetrically 

laminated plates, the element has six degrees of freedom per node. The 

element does not have any interior or mid-side nodes. 

The performance of the element has been evaluated for an exten

sive range of thickness ratios and planform aspect ratios, material 

behavior (viz., isotropic and anisotropic), mesh sizes, edge conditions, 

types of loading and geometry of the structure. In each case, 

222 
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satisfactory results were obtained. A global view of the numerical 

results presented shows that the present finite element possesses the 

desirable characteristics of a finite element model in its accuracy, 

convergence for displacements and stresses, and economy in terms of 

element stiffness computation and number of equations necessary for a 

specified level of accuracy. The successful application to a variety of 

problems, for which alternative solutions were available, has thus proven 

the element to be reliable for practical applications. 

The present finite element is applicable to a full range of prac

tical thickness-to-span ratios without resorting to techniques such as 

reduced integration. The element exhibits desirable convergence char

acteristics irrespective of the predominance of transverse shear effects. 

The numerical examples considered demonstrate the absence of spurious 

constraints (which lead to the artificial stiffening of the structure) in 

the extreme limits of vanishing shear effects. 

Those numerical examples in which the transverse shear modulus is 

much smaller than the extensional moduli illustrate the effectiveness of 

the proposed approach at higher predominance of transverse shear effects. 

The present element is shown to be reliable for situations in which 

in-plane and out-of-plane displacements are coupled, due either to the 

anisotropic behavior of the laminate and geometric curvatures indepen

dently or the combined effects of both. 

As the element utilizes numerically exact integration and no 

artificial softening of the stiffness of the structure is attempted, 

subsequent improvement of the finite element formulation to include 
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nonlinearities in material and geometric behavior is facilitated. So 

also is the analysis of arbitrarily curved shells. 

The efficacy of the present formulation is illustrated in dynamic 

and stability analysis by considering the problem of a beam. The conclu-

sions arrived at in the one-dimensional beam problems should be generally 

applicable to the more general situations of plates and shells. 

7.1 Recommendations for future study 

1) In Section 3.3.1, the mid-side nodes were eliminated by assum-

ing a linear variation of the normal rotation quantity corresponding to 

the flexural component of displacement (see Eqn. 3.28). This will inhibit 

the complete quadratic behavior of Sand S while the first derivatives x y 

of total lateral displacement are varying quadratically. The performance 

of the element can be improved to obtain better accuracy for stress 

resultants and for lower thickness ratios than considered in the present 

analysis (which is h/a = 0.005) by abandoning Eqn. 3.28 and retaining 

three mid-side nodes with one rotational degree of freedom at each. 

2) The present formulation was motivated towards the construction 

of a finite element which requires the intere1ement continuity of only the 

displacement. Towards this end, the flexural strain energy was modified 

by using the 'discrete-Kirchhoff' hypothesis. 

An alternative formulation which employs the curvatures and trans-

verse shear strains of Eqn. 2.49 directly, thereby satisfying slope 

compatibility requirement across the element boundaries for the flexural 

displacement component, would be a useful exercise. In this approach, it 

is recommended that same shape functions for both total and flexural 
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displacements be employed. It is anticipated that such a formulation 

will provide accurate predictions even for extremely thin situations, such 

as (h/a) = 1.OE-4, with numerically exact integration. 

3) The performance of the present element has been encouraging in 

all relevant aspects in the linear analysis of laminated composite plates 

and shells. Therefore, the extension of the formulation to include the 

effects of nonlinearities in the geometric and material behavior will be 

a fruitful development. 

4) The curvilinear coordinates of a surface may be employed to 

express the strain-displacement relations of an arbitrarily curved shell 

based on the kinematic assumptions of present approach to develop an 

efficient curved shell element which includes the effects of transverse 

shear deformation. 

5) A natural extension of the present formulation will be the 

study of dynamic response of a structure subject to a general excitation, 

accounting for the effects of transverse shear and rotatory inertia. 

6) Traditionally, the analysis of stiffened plates are based on 

the assumptions of classical theory for the behavior of plates and 

stiffeners. The present beam and plate elements can be employed to 

investigate the static and dynamic response of stiffened plates including 

the effects of transverse shear. 
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