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ABSTRACT 

Numerical investigations of heat transfer in single and multiple thick

walled pipes and countercurrent pairs are used to deduce relationships between 

fluid and solid temperatures needed to develop more accurate thermal models of 

living ti3sue in the extremities. 

A structural model of heat transfer in living tissue is developed using 

currently available anatomical and physiological data for the extremities. In order 

to improve the heat transfer basis of thermal modeling under in vivo conditions, 

four heat transfer problems based on structures found in the extremities are solved 

using in vivo parameters-the thick-walled pipe and countercurrent pair, and the 

multiple thick-walled pipes and countercurrent pairs-are studied. 

Low resolution numerical models are devised to approximate the thick

walled pipe and the non-concentric thick-walled countercurrent pair in square 

geometries. A constant heat transfer coefficient at the fluid-solid interface ad

equately approximates the fluid and solid temperatures for moderate flow con

ditions (Peclet number of 10 <ope < 1000). In the thick-walled countercurrent 

pair, countercurrent exchange and fluid-solid thermal interaction are found to act 

simultaneously, giving rise to imperfect countercurrent exchange. 

Fluid and solid temperatures in the multiple thick-walled pipes and 
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pairs near the outer boundary resemble those of the single thick-walled pipes and 

pairs. The countercurrent pairs near the center also exhibit imperfect counter

current exchange. In cylinders with L * > 1 containing multiple countercurrent 

pairs, the shapes of the temperature profiles cannot be distinguished from the 

temperature profile shapes of cylinders containing multiple thick-walled pipes. 

Fluid and solid temperatures in multiple parallel pipes may be ap

proximated with a field equation which has the same form as the Pennes' bioheat 

equation. Unlike Pennes' equation, the coefficients for the blood thermal energy 

term quantify the dependence of the amount of thermal energy transferred be

tween blood and tissue with the geometry of the blood the flow rate through the 

dimensionless axial length L *, and the dimensionless axial coordinate x* . 

Comparisons of structural model temperatures with available in vivo 

temperature studies show that blood and tissue temperatures are consistent with 

fluid and solid temperatures of either multiple unpaired pipes or multiple coun

tercurrent pairs embedded in a solid cylinder. Further improvements of the basis 

for in vivo heat transfer modeling are crucially dependent upon more extensive 

comparison with three-dimensional in vivo studies. 
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The cure and control of cancer must be considered one of the highest 

priorities of modern medicine and current medical research. There are twenty 

active scholarly journals devoted to various aspects of cancer and its treatment 

as well as many papers appearing throughout the literature of medicine, biology 

and physiology. Hyperthermia is one method of treatment under investigation, 

both alone and in combination with drug and radiation therapies. Hyperthermia 

may be defined as the application of energy to tumors in an attempt to selectiyely 

raise the tumor to a temperature that kills the cancerous tissue. In the years 1975 

to 1989, six large international symposia were held for studies of hyperthermia. 

Thermal stress has been known to impact cancerous tissue for mil

lenia. Planned thermal stress applications date back to the oldest medical writ

ings. Hippocrates (400 BC) and Galen (200 AD) record the use of very primitiye 

hyperthermia treatments for surface tumors in the form of red-hot irons and 

chemical caustics (Storm 1983). Around the beginning of the twentieth century 

other modes of heating, such as very hot baths (Storm 1983) and passing high 

frequency currents through tissue (Nagelschmidt 1926) were used for tumor treat

ment. Currently microwaves (Durney 1987, Ettinger 1987) and ultrasound (Hunt 

1987, Roemer 1987) are being used for hyperthermia treatments. Spontaneous 

heat treatments in the form offeyers also occur. After the Renaissance, numerous 
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case reports appeared of spontaneous tumor regression after fevers of about 40°C 

lasting for several days. These fevers were due to various infectious diseases, in

cluding tuberculosis, malaria, influenza and erysipelas (a strep infection) (Storm 

1983). Evidence of tumor remissions after fevers was clearly documented in the 

last half of the nineteenth century (Storm 1983). Planned febrile therapy was 

pursued into the twentieth century by Rohdenburg (1918), Nauts, Fowler, and 

Bogatko (1953) and others. In the middle of the twentieth century a consensus 

was reached that the thermal stress itself, and not the agent causing the thermal 

stress, effectively killed the tumor. 

Why tumors are more sensitive to thermal injury than non-malignant 

tissue is not completely understood. In-depth biological studies, summarized 

and reviewed by Song (1982), Bull et al. (1982), Robinson, McCulloch, and 

';Velton (1982) and Reinhold and Endrich (1986), indicate that various abnormal 

physiological conditions present in tumors enhance the impact of thermal stress 

and inhibit the repairs that would take place in normal tissue. Although both 

normal and malignant tissues are subject to thermal injury, some normal tissue 

will tolerate temperatures 1°C to 3°C higher than some malignant tissue, recover 

and repair the damage from thermal injury (Song 1982, 1983). The 100v blood flow 

often present in tumors inhibits cooling of the tumor by the blood, resulting in 

higher temperatures within the tumor than within the normal tissue surrounding 

it. 

Concurrent with biological research, use of the observed effect on tu

mors is being incorporated into clinical practice. As febrile therapy is hazardous 
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to the organism, systemic (whole body) hyperthermia without resort to an in

fectious agent is being applied to disseminated disease (Bull et al. 1982). For 

localized disease, research efforts are directed toward enhancing the effectiveness 

of localized hyperthermia treatments (Jain 1983). 

Localized H vperthermia and Thermal Modeling Applications in Living Organistlls 

Localized hyperthermia treatments are subject to four commonly ac

cepted principles. First, the extent of thermal injury is a direct function of both 

the tissue temperature elevation and the duration of its application, with as lit

tle as 0.5°C difference in temperature resulting in a substantial difference in cell 

killing (Song 1983). Second, a tissue response to thermal stress known as ther

mal tolerance precludes treatment repetition closer together than about 100 hours 

(Field and Anderson 1982). Third, for the thermal treatment to be successful by 

itself, all of the tumor must be subjected to a lethal thermal injury (Storm 1983, 

Jain 1983). Finally, the organism must be left in good enough condition to re

cover from the treatment, requiring that normal tissue be shielded from excessive 

thermal injury (Storm 1983, Bull et al. 1982). 

The above principles make the following conditions desirable for local

ized hyperthermia treatments. Normal tissue will tolerate temperatures between 

approximately 30 and 45°C depending on the tissue type. Localized hyperther

mia temperature levels range from approximately 42 to 45°C (Song 1983). As 

a consequence of the first principle, hyperthermia temperature levels should be 

maintained within a range of 42-45°C to an accuracy of about 0.5°C for periods 
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of time up to about three hours (Dickson and Calderwell1980, Jain 1980). The 

second principle requires that treatments be done correctly with few (if any) trial 

runs, as immediate repetition is not effective. The last two principles combine 

to require good control of the location of the temperature elevation in order to 

minimize the damage to normal tissue. In light of the above facts, localized 

hyperthermia treatment requires the application of temperatures controlled to 

within approximately 0.5°C or better over a time interval of a few hours within 

spatial boundaries defined preferably to half a centimeter or better, depending 

on the types of normal and malignant tissue involved. These constraints suggest 

the need for good treatment planning before the treatment begins, the use of 

real-time monitoring devices for safety during the treatment and the desirability 

of good evaluation procedures after the treatment has ended. 

Successful treatment planning is vitally dependent on predicting the 

temperatures which will occur in the tumor and surrounding tissue during the 

local application of thermal energy. An accurate thermal model of the heat trans

fer processes in the body must be used to predict the tumor and tissue tempera

tures. In the case of a living organism, monitoring the temperature field during 

treatments is challenging, as it is not possible to insert an unlimited number of 

temperature probes in the patient, and non-invasive temperature monitoring in 

tissues more than a few millimeters under the skin is not available (Hahn 1987). 

Thus, real-time estimation of temperatures in areas not directly measured by 

the temperature probes is also dependent on the accuracy of the models used to 

describe the tissue temperature. Post-treatment evaluation employing temper-
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atures recorded during the treatment may be used to assess the validity of the 

treatment planning models and study blood flow response of the body under in 

vivo thermal stress. Post-treatment evaluation need not be available in real-time 

and may use the more detailed models used in treatment planning. 

Mathematical modeling of the temperature field can be profitably 

applied to treatment planning, temperature monitoring and retrospective evalu

ation, if accurate, practical mathematical heat transfer models for living tissue 

can be found. Heat transfer in a living organism depends on blood vessel geome

try, blood flow within the vessel network, internal organ geometry, tissue thermal 

properties and body surface geometry. As the anatomy and physiology of each 

organ varies somewhat from individual to individual, general information from 

anatomical and physiological studies should be supplemented with information on 

the particular individual before and during treatment. Due to the complexity of 

living organisms, explicit inclusion of all blood vessels and other details of tissue 

structure in a mathematical thermal model is not practical. A simple mathemat

ical thermal model which still yields accurate temperature results would be very 

useful for hyperthermia treatments. 

If an accurate, practical, mathematical thermal model for application 

to hyperthermia is developed, an ideal treatment may be pictured as follows. The 

information from angiograms, CT scans, X rays and other diagnostic techniques 

performed on the particular individual to be treated could be combined with 

the results of more detailed laboratory studies on the normal and malignant 

tissue to be treated in order to yield an accurate mathematical model for use 
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in treatment planning and evaluation. The mathematical representation for a 

particular treatment would be formulated by a combination of man and computer. 

The temperature fields for various treatment methods could be computed and a 

full plan of treatment made. Temperatures recorded during the treatment are 

used to monitor the tumor and normal tissue, and can provide additional checks 

on the model. Then the recorded temperatures can be reinserted into the models 

for a retrospective evaluation of the effectiveness of the thermal treatment. 

An Overview of Thermal Modeling in Living Tissue 

In order to gain a perspective on attaining accurate thermal model

ing in living tissue, it is helpful to briefly review past and current solutions to 

the problems encountered in thermal modeling of living tissue, as well as recent 

advances which may be used to improve the current models. Modern thermal 

modeling of body temperature had its beginnings in studies conducted just be

fore and during World 'War II which investigated the prevention of damage to feet 

and hands in cold climates. A number of experiments were performed comparing 

skin temperature, blood temperature and rectal temperature (Love 1948, Bazett 

et al. 1948, Holling 1939). Many qualitative explanations of the phenomena ob

served were proposed, from the effects of conduction being paramount (Gagge et 

al. 1938) to the effects of convection being considered most important (Burton 

and Bazett 1936). The importance of arterial blood precooling due to artery-vein 

pairing was speculated upon as well (Bazett et al. 1948). None of these early 

qualitative models were useful in quantitative studies of tissue temperature. 
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Around the time of World War II, the need for a model useful in quan

titative studies of temperatures in living tissue was perceived. Lack of detailed 

anatomical information on blood vessel size and arrangement and physiological 

data on blood flow presented a great obstacle to quantitative studies. In addition, 

including all of the blood vessels as distinct structures required computations far 

beyond the limited capacities of the available mechanical and electronic comput

ers. A model was needed which required little detailed knowledge of the sizes 

and arrangements of blood vessels and which used equations for temperature 

computations amenable to analytical solutions. 

In an effort to devise a model useful for quantitative tissue temper

ature studies, Pennes (1948) performed a series of experiments which recorded 

temperatures in muscle by drawing a thermocouple through the forearms of vol

unteers. Pennes modeled the arm muscle tissue as an isotropic homogeneous 

solid. Pennes derived a thermal energy equation for living tissue by combining 

Fick's second law of diffusion and Fick's perfusion equation (Fick 1870). Blood 

flow effects on tissue temperature were included in the thermal energy equation as 

a continuous source/sink of thermal energy with its strength dependent upon the 

difference between blood and tissue temperature and the total ,·olume of blood 

passing through the tissue volume per unit of time. Assuming that the arterial 

blood entered the tissue at the body core temperature and that complete thermal 

equilibration between blood and tissue took place only in the smallest, most uni

formly spaced vessels, Pennes adjusted the model's single blood flO\\7 parameter 

until the computed tissue temperature agreed with the measured tissue temper-
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ature to within about O.5°C over the entire thermocouple path. The resulting 

blood flow fell in the lower part of the ranges measured by other methods. He 

recomputed the tissue temperature assuming incomplete thermal equilibration 

between blood and tissue and found blood flow rates to the arm in the upper 

ranges of those measured by other experimenters. 

Pennes' model represented an advance over earlier studies, which as

sumed either blood flow or conduction to be negligible and had little quantitative 

application. The assumptions he made had distinct advantages in that unknown 

details of the blood flow were not required to model temperatures in tissue. Such 

little known areas as behavior of blood as a fluid in vivo, capillary geometries, 

time variations in the blood flow due to drugs, thermal stimuli and vasomotion did 

not require further study to begin studying tissue temperatures. As computers 

were in their infancy at the time, complicated heat transfer problems associated 

with large, blood-carrying structures were difficult to solve. Thus, excluding their 

influence on the computed temperatures made the problem tractable. 

Other experimenters have recorded tissue and body temperatures and 

compared them to the results of Pennes' model and thermal energy equation ap

plied to all or parts of the body. For example, Gordon, Roemer, and Horvath 

(1976) used Pennes' uniform solid model and thermal energy equation for con

nected regions of the body as a whole to evaluate a thermal control model for 

the body's response to cold. Comparison between model temperatures and ex

perimental results for skin and rectal temperatures gives agreement to within 

1.5°C everywhere but the hands and feet. The transient total arm blood flow 
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from their model which results in good temperature agreement with in vivo tem

perature data agrees with observed total arm blood flow to within experimental 

error (5% to 20%). The predicted transient cardiac output lies between 99% and 

125% of observed cardiac output. Emery and Sekins (1982) studied temperature 

profiles of human thighs in response to microwave heating. Their detailed models 

give excellent agreement in the deeper muscle layers and agreement to within 2°C 

in tissues within one centimeter of the surface for a total temperature range of 

about 15°C. Good agreement between model blood perfusion and blood perfusion 

measured by 133Xe clearance was achieved by adjusting the arterial temperature 

in the fat and muscle layers. 

The advent of modern, high-speed computers with large memories has 

allowed inclusion of some observed physiological effects in the equation resulting 

from Pennes' model. Since analytic solutions are not required, blood perfusion, 

extent of thermal equilibration and arterial temperature may be made to vary 

arbitrarily over space and time and nonlinear effects may be introduced. However, 

modeling has usually been done by assuming complete thermal equilibrium is 

achieved and manipulating parameters dependent on blood perfusion and arterial 

temperature to duplicate already observed temperature distributions. Cravalho 

et al. (1980) discuss the use of Pennes' equation in the design of thermal protocols 

for local hyperthermia treatments. However, it has been claimed that equally 

satisfactory temperature distributions may be produced by different values of 

perfusion, degree of thermal equilibration behveen blood and tissue, and arterial 

blood temperature (Lagendijk, 1987). 
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As computer capabilities and knowledge of the body have increased, 

allowing more complex thermal models to be applied to living tissue, researchers 

have developed thermal models more closely rooted in heat transfer studies. A 

number of investigators have predicted the temperatures of the blood in an in

dividual vessel, in one pair of vessels in countercurrent flow and in the solid 

surrounding the vessels using basic heat transfer studies already available. La

gendijk (1982) and Chato (1980) have performed numerical and semianalytical 

studies incorporating the effects of large vessels. Lagendijk (1982) and Lagendijk 

et al. (1984) have estimated the effects of larger (d > 250jl) vessels on tissue 

temperature. Chato discusses countc'cur!"ent exchange between proximate arter

ies and veins, resulting in decreased arterial blood temperature. Although heat 

transfer theory indicates that blood and tissue should reach the same temper

ature in vessels with diameters ranging from 40jl to 400jl, the precise location 

in the vessel network where blood and tissue reach the same temperature is still 

under study (Chato 1980, Chen and Holmes 1980, Weinbaum et al. 1984). 

The above studies of individual unpaired vessels and countercurrent 

vessel pairs have been used to develop thermal energy equations for use in thermal 

models approximating tissue as either a solid or a porous medium which may have 

anisotropic properties) but which does not include blood vessels as identifiable 

structures. Chen and Holmes (1980) suggested modifying the conductivity in the 

diffusion term of Pennes' thermal energy equation to reflect increased anatomical 

knowledge and explicitly including advective terms in addition to the Pennes 

perfusion term now used. Weinbaum et al. (1984) and Jiji et al. (1984) have used 
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anatomical and in vivo temperature studies of rabbit thighs to devise an altered 

thermal energy equation for application t.o superficial tissues. They conclude 

that, in deeper tissues, incomplete countercurrent exchange accounts for most of 

the thermal energy transferred from arterial blood in thermally significant vessels 

(40-300JL diameter). They develop a model based upon blood vessel geometry and 

blood velocity which results in a thermal energy equation model which includes all 

effects of blood now upon tissue temperature in an anisotropic conductivity term. 

Both of the above alternatives to Pennes' model and thermal energy equation 

allow inclusion of more quantitative a.."1atomical and physiological information in 

thermal models of living tissue which do not include blood vessels as identifiable 

structures. 

No reports of computational studies using Chen and Holmes' model 

have appeared in the literature to the author's knowledge. No experimental or 

in vivo studies have used Vveinbaum and Jiji's model, as described in vVeinbaum 

et al. (1984) and Jiji et al. (1984), for temperature prediction. Several reports of 

computational studies using '\Veinbaum and Jiji',s model to estimate temperature 

in tissue cylinders have appeared in the work of Song et al. (1988) and Zhu et 

al. (1988). All of the computational studies using Weinbaum and Jiji's model 

require a fixed temperature boundary condition in the core of the tissue cylin

der, as no distributed source of thermal energy equivalent to the Pennes arterial 

temperature term is included in Weinbaum and Jiji's modified conduction equa

tion. In clinical or experimental applications, the correct centerline temperature 

value is not obvious, and '\Veinbaum and Jiji's model cannot be used for accurate 
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predictive treatment planning models at present. 

All of the thermal models discussed above are dependent upon mea

sures of blood perfusion and thermal equilibration between the blood and tissue 

for determining temperatures in living tissue. For tissues smaller than whole or

gans the methods in use e33Xe clearance, thermal clearance, microsphere trap

ping, etc.) give estimates of blood perfusion which often generally agree but may 

differ. If the estimates of blood perfusion differ, one cannot determine which 

method gives the most accurate estimate (Lifson 1981). Methods of determining 

the degree of thermal equilibration between blood and tissue are less well estab

lished than methods of determining blood perfusion. This deficiency is due to 

lack of basic heat transfer studies of the geometries and conditions present in the 

body and lack of in vivo studies with sufficient supporting anJ.tomical information 

to map the structures present where the tissue temperatures are observed. 

In summary, Pennes' model and thermal energy equation can repli

cate measured in vivo temperatures by adjustment of the blood perfusion and 

arterial temperature parameters to achieve agreement with measured tempera

tures. The models of '\Veinbaum and Jiji and Chen and Holmes are relatively new 

and untried. The combination of problematical perfusion estimation and l:.ck of 

information on the particulars of how blood and solid achie\'e thermal equilibrium 

does not encourage the use of the models currently available for prediction of in 

vivo temperature fields. 
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Progress Toward a Predictive Model of Living Tissue Heat Transfer 

In order to plan hyperthermia treatments, a model which can reliably 

predict in vivo temperatures is needed. In order to develop a model with the 

capability to accurately predict temperatures in living tissue, three conditions 

must be met. First, in order to provide a known basis for the temperature 

predictions, sufficient anatomical and physiological information must be available 

for an accurate description of the geometry, thermal properties and ranges of 

parameters which characterize the heat transfer occurring in a particular organ 

or tissue. Second, the relationship between fluid and solid temperatures and 

boundary temperatures must be determined by heat transfer st.udies of idealized 

geometries and parameters characteristic of those found in the tissue. Third, the 

relationships discovered between fluid, solid and boundary temperatures by the 

heat transfer studies must be compared with in vivo temperatures in order to 

check the applicability of the model studies to conditions present in the tissue. 

Progress toward the development of a predictive model has been impeded by 

lack of supporting anatomical and physiological information, lack of adequate 

models and thermal energy equations to describe temperatures in living tissue 

and lack of detailed in vivo measurements of solid and fluid temperatures. Efforts 

to remove each of these impediments to the development of a predictive model 

will be discussed in this section. 

After a hiatus of about seventy years, anatomists are again studying 

blood vessels with diameters larger than a few tens of microns and smaller than 

a few millimeters, and their arrangements in tissues and organs. This is coming 
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about because these vessels are suspected to be far more responsible for flow 

regulation in the smaller structures than was originally thought (Johnson 198;). 

In 1950, the anatomy of the largest blood \"essels had been studied by surgron~ 

for centuries and was well known. The very smallest vessels had bccn studied 

by physiologists since the late nineteenth century and that body of knowledge 

was established and growing. On the other hand. knowledge of \1\scular size~ and 

arrangements for blood vessels with diameters smaller than a few millimeters and 

larger than a few tens of microns was extremely limited if it existed at all. Recent 

advances in technology and renewed interest in related topic~ in anatomy and 

physiology have created opportunities to significantly improve the models of h('nt 

transfer in living tissue for this range of \"esse! sizes. A fairly complete st.udy of 

qualitative anatomical arrangements with sufficient quantitative information for 

use in heat transfer studies is available for skeletal muscl<, (Myrhage and Eriksson 

1980). Quantitative information sufficient to devise heat transfer studi('s of other 

tissues is not immediately available in the literature. 

A number of newly developed blood flow measurement. methods show 

great promise for vastly expanding quantitative knowledge of blood flow in tisS1H'. 

At the time of Pennes' work, knowledge of blood perfusion was limitf'd to pkthys

mograph studies of the extremities and flowmeter studies of large vessels. Stllrij(,S 

of blood flow in the smallest transparent vessels with the light mirroscopr \w'n' 

in their infancy (Krogh 1919). Now physiologists arc beginning to examinf' t.}w 

details of blood flow using newly developed quantitative and qualit.at.iv(' methods 

(Baker and N astuk 1986). Technological advances have allowrd tIl<' mrHSlln'nwnt 
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of blood velocity profiles in the larger .... essels by various methods (Caro et al. 

1974). Measurements of blood velocities in smaller vessels, particularly in skeletal 

muscle, have been made by a number of investigators (Fronek and Zweifach 19ii, 

Sparks 1978, Lund et al. 198i). Miniaturization of flowmeters allows long term 

flow measurements under physiologically normal conditions (Armstrong 1983). 

Positron emission tomography and nuclear magnetic resonance techniques haye 

potential for use in non-im'aSive, real-time perfusion monitoring if the proper in

dicators can be found (Armstrong 1983). Improved models to predict blood flow 

patterns and velocities in non-transparent blood vessels too small for flowmeter 

measurements are being devised and tested by a number of investigators. 

Numerical solutions of the three-dimensional heat transfer problems 

encountered in the body are within reach. Currently, thermal energy field equa

tion models with either isotropic or anisotropic properties are used to describe Iiy

ing tissue temperature. Inclusion of anatomical and physiological data in Pennes' 

thermal energy equation is difficult (Chen and Holmes 1980, \\Teinbaum et al. 

1984, 'Wissler 1987). The alternative thermal energy equations for living tissue 

developed by Chen and Holmes and by V/einbaum and Jiji can incorporate more 

quantitative anatomical and physiological information. Estimates of the effects 

of countercurrent exchange and fluid flow direction have also been incorporated 

into both of the alternative thermal energy equations. The increased complexity 

of the thermal energy equation and the more detailed description of the tissue 

studied result in three-dimensional problems which are more difficult to solve. 

Computers and numerical algorithms capable of solving such heat transfer prob-
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lems are now readily available to users in many fields. 

A recent detailed study of in vivo temperature profiles in skelC'tnl 

muscle in rabbit thighs which includes fluid, solid and boundary temperature's 

measured simultaneously in tissues where the position of the blood vesst'ls is 

determined by the experimenter has been made by Lemons (1986). Lemons' 

high resolution temperature profiles and postmortem anatomical data nrC' ,l.!;ooci 

and detailed enough to allow comparison to the results of heat transfer studies. 

Only one other in vivo study which can be used for comparison with the fe'sults 

of more complex thermal models is available. It is the study originlllly IlUHl!' 

by Pennes (1948) of the skeletal muscle in the forearms of human w)lunt('('rs. 

Pennes' experimental study contains just enough temperature and Rnatomint! 

information to allow its use as a comparison for model heat transfer st,udi('s. 

As the next step, temperatures found using the alternative mod('ls 

and thermal energy equations proposed by Chen and Holmes and by Weinhaum 

and Jiji should be compared to in vivo temperatures measured by PemH's awl 

Lemons. However, great controversy has arisen over the a<;sumptioIls US(·c! 1.0 

relate the fluid and solid temperatures in the alternative models, particularly that 

of \Veinbaum and Jiji. Wissler (1987) gives a good summary of the argumcnt!-io It 

is prudent to briefly review the assumptions made to develop the thermal ('Iwrgy 

equations in order to determine how this controversy may be rcs()lv(~(l. 

All of the thermal energy equations applied to living tissue! makc~ (·i· 

ther direct or indirect use of various simplifying approximations common in }jl',lf. 

transfer studies. With the exception of Penncs' equation, tIle th(~rrnal (~rwr1l,y 
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transferred by blood in the vessels to the solid tissue is estimated using known 

engineering solutions for heat transfer in pipe flow. In the case of an indi"idual 

unpaired vessel, the assumption of no axial conduction in fluid and solid made 

in all of the studies applied to the body limit the application of the predicted 

temperature profiles, entrance lengths and other measures of heat transfer ef

fectiveness to vessels larger than 250J.l in diameter. For vessels with diameters 

below 250J.l, the Pec1et number is less than 100, and axial conduction is no longer 

negligible (Munakata 1975, Hennecke 1968). All of the studies of countercur

rent vessel pairs make use of a paired line source and sink to approximate the 

fluid and solid temperatures. All but one of the studies of countercurrent pairs 

(Baish 1986) assume negligible interaction between blood and tissue in counter

current pairs, and average the blood and tissue temperatures in tissue perfused 

by smaller vessels. The approximation of modeling countercurrent pipes in a con

ducting medium by use of a paired line source-sink for the medium-sized blood 

vessels (40J.l < d < 400J.l) where significant heat transfer between blood and tissue 

is predicted to take place (Chato 1980, Chen and Holmf'5 1980, Weinbaum et al. 

1984) is not necessarily valid (Shah 1988). 

If thermal energy equation models are to be used to predict in vivo 

tissue temperatures, the thermal energy equations used should reflect the results 

of basic heat transfer studies of blood vessels and the tissue surrounding them 

which are designed to examine the basic assumptions made in developing the 

thermal energy equations. The basic heat transfer studies of blood vessels and 

the tissue surrounding them should not make the following four ac;sumptions 
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without critical evaluation. They should not neglect axial conduction, should 

not approximate countercurrent pairs with paired line sources and sinks, should 

not use a constant heat transfer coefficient at the fluid-solid interface and should 

not use a single temperature for blood and tissue. 

Basic heat transfer studies of the blood vessels and surrounding tis

sue which do not make the four assumptions of the preceding paragraph require 

the use of a structural model. A structural model is a model in which the fluid

carrying structures-pipes-are explicitly embedded within the solid. For both 

blood vessels and pipes embedded within a solid, three distinct ad\"antages are 

inherent in this structural method. First, pipes may be placed in relatively arbi

trary positions within the solid and connected by explicit fluid pathways. Second, 

fluid and solid temperatures are directly a\"ailable throughout the region under 

study. Third, the solid and fluid temperatures are found simultaneously with few 

preliminary assumptions concerning the relative importance of countercurrent 

exchange, the interaction of multiple vessels within the boundary or the overall 

effects of the boundaries on the tissue temperatures. If distinct fluid and solid 

temperatures could be found without making many assumptions concerning the 

relative importance of the heat transfer processes present, the determination of 

which simplified thermal energy equations are appropriate for estimating tem

peratures in living tissue would be straightforward. 

Some studies of unpaired pipes exist which do not assume that axial 

conduction is negligible or make only the most basic assumptions concerning 

heat transfer at the fluid solid interface (in particular, 1fori et al. 1974). Ko 
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heat transfer studies of a countercurrent pair of non-concentric, separated pipes 

embedded in a conducting medium of finite extent without use of the paired line 

source-sink approximation have been reported in the literature or are known to 

exist by two experts well acquainted with work in the field (Shah 1988, Blackwell 

1988). No studies of multiple parallel unpaired pipes or multiple parallel paired 

pipes in countercurrent flow embedded in a finite conducting medium have been 

reported under thermal conditions characteristic of the blood vessels in the body 

(Catton 1988). Thus heat transfer studies which might be used to more accurately 

determine the relationship between fluid and solid temperatures under conditions 

found in the body have not been performed, and the validity of the assumptions 

made in developing the presently available thermal energy equations to describe 

heat transfer in living tissue is subject to question. 

The status of the pursuit of a predictive model for heat transfer in 

living tissue may be stated as follows. Recent studies have made available anatom

ical and physiological information of sufficient scope and detail for one tissue

skeletal muscle. Heat transfer studies of situations which might be expected to 

accurately reflect the conditions found in living tissue in the body are not avail

able for use in relating fluid, solid, and boundary temperatures. A limited number 

of in vivo thermal studies in skeletal muscle are available for comparison to the 

results of heat transfer studies made to reflect body conditions in skeletal muscle. 

A logical course of action at this point is to conduct basic heat transfer studies 

reflecting the conditions present in skeletal muscle to determine the relationship 

between fluid, solid, and boundary temperatures, and to check the consistency of 
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the relationships found between predicted temperatures and temperatures mea

sured in vivo in skeletal muscle. Since understanding of the thermal interaction 

between fluid and solid under the conditions present in skeletal muscle is very 

limited, the models studied will be very simple. 

Description of the Dissertation 

This work will use anatomical and physiological information to con

struct heat transfer models incorporating blood vessels as distinct structures 

which reflect conditions present in living tissue. Four heat transfer studies will be 

performed, and the results used to make a preliminary comparison of the blood 

and tissue temperatures under conditions found in living tissue as predicted by 

the heat transfer studies to the in vivo temperatures measured by Pennes and 

Lemons. The results of the heat transfer studies will be used to examine a new 

thermal energy equation for use in solid models without explicit inclusion of blood 

vessels. 

The first part of the dissertation, however, will construct a three

dimensional model explicitly including blood vessels as separate structures for use 

in studies designed to explore heat transfer in living tissue. In Chapter 2, quali

tative and quantitative anatomical and phJsiological data from skeletal muscle in 

the extremities iE idealized into a structural model made up of explicitly-included 

pipes embedded in a solid. Four three-dimensional heat transfer problems of one 

or more pipes embedded in a solid are extracted from the structural model. The 

geometrical, thermal and fluid flow characteristics are determined and clearly 
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stated. In Chapter 3, the numerical and computational tools to be used in the 

structural model are tested and the limits of the model's use are stated. 

In the second part of the dissertation, heat transfer studies are per

formed using the models developed in Chapter 2. Chapter 4 contains the results 

of a study of fluid and solid temperature in the thick-walled pipe problem de

scribed in Chapter 2, the solution of which is approximated by the computational 

tools described in Chapter 3. Chapter 5 describes the fluid, solid and boundary 

temperature relationships for an isolated countercurrent pair of pipes embedded 

in a solid medium of finite extent. The fluid and solid temperatures of multiple 

parallel unpaired pipes embedded in a solid are shown in Chapter 6. Chapter 7 

shows the relationship between fluid, solid, and boundary temperatures for mul

tiple parallel countercurrent pairs embedded in a solid. Included in Chapters 6 

through 7 are discussions of possible thermal energy equations for use in undiffer

entiated thermal energy equation models of living tissue which reflect the results 

of the heat transfer studies presented. 

In the last part of the dissertation, a comparison is made of the results 

of the heat transfer studies presented in this work to in vivo temperatures. The 

impact of the work on thermal modeling in living tissue is discussed. Chapter 8 

presents studies of the temperature profiles seen in in vivo studies and compares 

in vivo temperature profiles to multiple parallel structure solid and fluid tem

peratures. In Chapter 9, the applications of the work to heat transfer studies, 

field equations, structural models, and in vivo studies are summarized. Needed 

supporting work and future work are suggested. 
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CHAPTER 2 

THE SKELETAL MUSCLE PROTOTYPE 

In this chapter I will describe the skeletal muscle prototype used to 

study heat transfer in living tissue, develop from the prototype a structural model 

for skeletal muscle, that is, a model where blood vessels are included as distinct 

structures, and extract from the structural model four heat transfer problems 

for study in this work. A general structural model for all living tissue would be 

difficult to develop due to the diversity of blood vessel geometry and fiow, as 

discussed in Appendix B. A single tissue type for which sufficient information 

on the anatomy, physiology and thermal properties is available and for which 

detailed observations of in vivo tissue temperatures have been made is the ideal 

candidate from which to develop a prototype. I have selected skeletal muscle in 

the extremities for a prototype, as anatomical, physiological and thermal property 

data found in the literature are more complete for skeletal muscle than for any 

other tissue. 

As a first step in the construction of a structural model based on the 

skeletal muscle prototype, a description of skeletal muscle is presented. Available 

quantitative and qualitative data on blood vessel arrangement and blood fiow in 

the skeletal muscles of the extremities is extracted from the anatomy and phys

iology literature. Thermal properties of blood and tissue and viscous properties 

of blood are extracted from the bioengineering literature. Estimates are made for 
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blood velocities in blood vessels where data is vague or absent. Next, the blood 

flow characteristics and thermal properties of the blood and tissue are used to 

make a preliminary assessment of the hydrodynamic and thermal entry lengths of 

the fluid flow in the blood vessels. Finally, blood vessels and muscles are idealized 

into a structural model of pipes embedded in a solid from which heat transfer 

problems may be extracted. 

The arrangement of blood vessels and surrounding skeletal muscle 

tissue suggest four heat transfer problems consisting of fluid-carrying pipes em

bedded in a conducting solid. The regular spacing of blood vessels of similar 

size and function in the tissue suggests the first two problems, the thick-walled 

pipe and the thick-walled countercurrent pair, as idealizations of the individual 

capillaries and artery-vein pairs, respectively. In skeletal muscle, blood vessels of 

the same size are often parallel to each other, suggesting that skeletal muscle may 

be modeled using thick-walled pipes or countercurrent pairs stacked together to 

form arrays of parallel pipes and countercurrent pairs embedded in a solid. ~vful

tiple parallel thick-walled pipes and multiple parallel thick-walled countercurrent 

pairs are the last two problems. The four heat transfer problems above are char

acterized by surrounding solid thicknesses 5 to 20 times the arterial diameter, 

pipe lengths 20 to 100 times the arterial diameters, number of arteries within 

the tissue enclosed by the boundary of the surrounding solid between 6 and 200, 

Reynolds and Peclet numbers below 1000, and thermal properties of both fluid 

and solid nearly identical to those of water. 

Each heat transfer problem has applications to developing better 
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models of heat transfer in living tissue. The thick-walled pipe studies may be 

used to assess the applicability of the constant heat transfer coefficient in the in 

vivo regime and identify the blood vessels in which heat transfer is conduction

dominated. The thick-walled countercurrent pair studies may be used to assess 

the validity of the paired line source-sink approximation in in vivo countercur

rent exchange and to predict the effect of countercurrent exchange upon fluid and 

solid temperatures under in vivo conditions. The studies of multiple thick-walled 

pipes and countercurrent pairs may be used to determine when blood and tissue 

can be represented by one temperature, allowing description by a simple thermal 

energy equation. The multiple countercurrent pairs studies may be used to assess 

the relative importance of fluid-solid thermal interaction and countercurrent ex

change in the extremities and to determine when blood vessels must be explicitly 

included in the description of heat transfer in living tissue. 

Vascular Architecture and Blood Flow in Skeletal Muscle 

Skeletal muscle cells are arranged in long, parallel fibers, bundles of 

fibers called fasciculi, groups of fasciculi, and parallel super groups of fascicllli 

called muscles. A network of blood vessels supports the biological needs of the 

muscle cells with arteries taking blood to the tissue, 'Veins returning blood to 

the heart and capillaries governing the exchange of nutrients and wastes with 

the muscle cells. Capillaries and terminal arteries and 'Veins are the smallest 

vessels and are intimately involved in nutrient transport. Secondary and primary 

vessels transport blood from arteries outside the muscle to the terminal arteries 
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and collect blood from the terminal veins and return it to veins outside the 

muscle. Supplying vessels and named vessels transport blood from the heart to 

the arteries entering the muscles and collect blood from veins leaving the muscles 

and return in to the heart. The blood vessels are described below, starting with 

the capillaries and ending with the named large vessels. 

Networks of capillaries connect the smallest arteries to the smallest 

veins and govern molecular transport between blood and muscle fibers. The cap

illaries are found in the endomysium surrounding the muscle fibers and penetrate 

into the thin layers of connective tissue called perimysium which surround the 

fasciculi, as shown in the cross section perpendicular to the muscle fibers in Figure 

2.1a. Figure 2.1b shows an enlargement of a capillary network within a muscle. 

In Figure 2.1b, the muscle fibers are horizontal, parallel to the capillaries. The 

capillaries have diameter d '" lOp and are spaced about lOOp apart (Myrhage 

and Eriksson 1980). 

Blood cells and plasma flow through the capillary network. In addi

tion, the capillary walls seep plasma into the surrounding fasciculi. The lymphatic 

system drains away some of the plasma which seeps through the capillary walls 

and carries it to large veins in the body's trunk. Lymphatic flow, as a measure of 

net transcapillary flow, is about 2 to 4 liters per day. Total cardiac output is 5.8 

liters per minute. Since the whole body lymphatic flow to blood perfusion ratio 

is 0.0005 for 4 liters of lymph flow (Milnor 1980), for thermal modeling purposes 

it is safe to assume that no fluid crosses the capillary walls into tIle solid tissue. 

The major function of the capillaries is to maintain a constant, im-
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Figure 2.1. The capillary beds of skeletal muscle. a) A cross section perpendicular 

to the muscle fibers and the capillaries showing the structures present. The 

sketch is based upon Myrhage and Eriksson (1980). b) Upper: Schematic of the 

capillary bed in skeletal muscle. Lower: Flow in the capillary beds of skeletal 

muscle. ArrO\vs into and out of the planes show the direction of fiow. Arrowed 

lines indicate the position of the planes in the capillary bed shown at the top of 

the figure. The figure is from Lund et al. (198i). and is used with permission. c) 

Idealization of the capillaries and terminal vessels as a manifold. 
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mediately available supply of nutrients to whichever muscle fibers need them. 

The capillaries branching from different terminal vessels interconnect, forming 

the manifold idealized in Figure 2.1c. There is no polarity of flow direction, that 

is, flow occurs in both directions along the muscle fibers (Lund et al. 1987), as 

shown by the flow vectors indicated on the planes in the lower portion of Figure 

2.1b. Capillary walls are transparent and red blood cell velocities in the capil

laries may be measured by analysis of motion pictures taken in vivo. Red blood 

cell velocities in the capillaries are v < 1mm/sec (Sparks 1978, Myrhage 1978, 

Fronek and Zweifach 1977, Schmid-Schoenbein and Zweifach 1975). The flow in 

the capillaries is characterized by a central core of cells moving at a uniform speed 

surrounded by a lubricating plasma sleeve-a velocity distribution approximately 

that of slug flow (Gaehtgens 1977). Capillary blood flow is subject to significant 

local control and is not pulsatile (Lipowsky and Zweifach 1974). 

From the narrow areas of perimysium surrounding the fasciculi, cap

illaries empty into the terminal arteries and veins in the wider areas of the per

imysium surrounding the groups of fasciculi, as illustrated in Figure 2.1a. The 

terminal vessels are oriented perpendicular to the fascicular axis. The terminal 

arteries and veins are either loosely paired or unpaired. Terminal arteries and 

veins have diameters in the ranges 10Jl < d < 50Jl and 20Jl < d < lOOJl, respec

tively. The terminal vessels are spaced on the order of 1mm to 2mm apart along 

the secondary vessels, as indicated in Figure 2.1b and Table 2.2. 

The terminal arteries act as the connecting pipes between the the 

capillary manifold of Figure 2.1c and the secondary arterial manifold of Figure 
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2.2c. The terminal veins connect the capillary manifold to the secondary venous 

manifold of Figure 2.2c. Thus the flow in the terminal arteries is polar in its 

direction away from the secondary arterial manifold. Similarly for the terminal 

veins, the flow is polar toward the secondary venous manifold. Terminal ves

sel walls are transparent and velocity profiles using red blood cell velocity may 

be measured across the vessel diameter by analysis of motion pictures taken in 

vivo. Red blood cell velocities in the terminal arteries range from 3mm/sec to 

10mm/sec, as found by a number of investigators (Fronek and Zweifach 19i7, 

Schmid-Schoenbein and Zweifach 1975, Sparks 1978). Velocity profiles become 

more parabolic in shape with increased lumen diameter and show well established 

parabolic profiles for d > 50J1. (Schmid-Schoenbein and Zweifach 1975). Venous 

red blood cell velocities range from 1mm/sec to 4mm/sec (Schmid-Schoenbein 

and Zweifach 1975). Blood flow in terminal vessels is subject to local control and 

shows no evidence of pulsatile flow (Lipowsky and Zweifach 1974). 

The capillary beds are fed and drained through the connecting ter

minal vessels by the long secondary arteries and veins, as illustrated in Figure 

2.2b. The secondary vessels are arranged parallel to the fasciculi. The smaller 

secondary arteries (50J1. < d < 70J1.) are found in the wider areas of perimysium 

between the fasciculi as shown in Figure 2.2a. The larger secondary arteries 

(100J1. < d < 250J1.) are found in the wider areas of connective tissue called con

nective septa which divide the muscle into groups of fasciculi as shown in Figure 

2.2a (Myrhage and Eriksson 1980). The secondary arteries and veins are spatially 

paired, with each artery wall almost in contact \'lith the wall of its accompany-
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ing vein. Diameters of the accompanying veins for the secondary, primary and 

supplying vessels are not systematically reported. However, Lemons (1986) and 

Williams et al. (1989) indicate that the accompanying veins have diameters be

tween one and three times the diameters of the arteries. 

The major function of the secondary vessels is to maintain a constant, 

immediately available supply of blood to whatever part of the muscle needs it. 

The secondary vessels' interconnections shown in Figure 2.2b are so thorough that 

circulatory support of the muscle may be accomplished through the relatively 

small vessels supplying supplemental fiow at each end of the muscle after ligation 

of the major blood supply to the muscle (Myrhage and Eriksson 1980, Haimovici 

1980). Although the fiow pattern in the secondary vessels is parallel to the muscle 

fibers, the polarity of the fiow direction is ambiguous, as in the capillary network. 

Secondary vessels are not transparent and not large enough for study of individual 

vessel blood velocities with fiowmeters. For this reason, directly measured blood 

velocity data is not available. 

Figure 2.2b illustrates the support of the secondary vessels by the 

next larger order of vessels called the primary vessels (arterial diameter 200p < 

d < 40011). The primary vessels are located in the connective septa which divide 

the muscle into groups of fasciculi. The primary vessels are oriented either per

pendicular or, in some muscles, oblique, to the axes of the fasciculi. The primary 

vessels enter the secondary vessels at regular intervals of about 0.5 cm to 1 cm 

along the length of the secondary vessels. Close countercurrent pairing occurs in 

the primary vessels. All of the primary and smaller vessels are found within the 
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Figure 2.2. Basic vascular architecture of skeletal muscle. a) A cross sf',tion 

perpendiC1!lar to the secondary vessels and the muscle fibers showinl-!; the strt1f

tures present. The figure is from Myrhage and Eriksson (1980). and is llsed with 

permission. b) Schematic of the overall arrangement of the intramuscular vessels. 

The figure is from Myrhage and Eriksson (1980). and is used with permission. r) 

Idealization of the primary and secondary arteries and veins ac; two manifolds ill 

countercurrent fiow. 
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muscle itself. 

The primary arteries and veins connect the extramuscular artcrics 

and veins to the secondary arterial and venous manifolds, respectively. Like 

the flow in the terminal arteries, flow in the primary arteries has polarity from 

the outer boundary of the muscle into the muscle. Similarly, for the primary 

veins, the blood flow has polarity from the inner part of the muscle out of th(' 

muscle. The primary vessels are not transparent and are too small to allow 

direct measurements of blood velocity within an individual vessel. No dircct 

observations of velocity profiles or pulsatile flow ure available. 

All of the vessels larger than the primary vessels (d > 0.5 mm) an' 

found in the connective tissue areas called fascia which surround the muscle's 

themselves. In smaller animals, such as the cats studied by Myrhage and Eriks· 

son, the extramuscular vessels branch from the named largest vessels, with both 

the named vessels and the branches being few in number, as shown for the' cat, 

in Figure 2.3a. In larger species such as man, the number of unnamed hrandlC's 

from the named largest vessels is greater (\Villiams et al. 198!») and the unnarnl'c1 

branches themselves, shown in Figure 2.3b, are larger (0.5 mm < d < 2.0 mrn), 

a few centimeters long and a few centimeters apart (Williams et al. l!)S!). The~ 

unnamed branches will be called supplying vessels after Myrhage and Eriksson 

(1980). The size and arrangement of the vessels outside the muscles is dep(·ncll~nt. 

on the species and the area of the extremity studied, and will also vary som(~w}ltJt. 

from individual to individual. The supplying vessels originate: pcrpcndirulnr or 

oblique to the named vessels and, after traveling oblique or p<lrallr:! to tlw mllsrl(· 
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axis, branch into the primary vessels. For the supplying vessels, two paths of 

venous return are possible. First, like the primary arteries, supplying arteries 

are paired with supplying veins which follow paths back to the larger veins deep 

within the extremity. Second, an alternate network of veins empties into large 

named veins near the skin. 

The supplying arteries and veins may be looked upon as the extra

muscular extension of the primary arteries and veins in that they act as con

necting pipes between the major named vessels and the secondary arterial and 

venous manifolds within the muscle. Blood flow in the supplying vessels has po

larity into and out of the muscle. Supplying vessels are not transparent. The 

supplying vessels are large enough for flow measurement in an individual vessel 

using miniaturized flO"lvmeters, but existing measurements ha,·e not been made in 

skeletal muscle (Anderson 1981, Armstrong 1983). No measurements of velocity 

profiles are available. Pulsatile flow is present in the supplying arteries (\Villiams 

et al. 1989). 

In the extremities, a very few major named arteries and veins bring 

blood to and carry blood away from the muscle and other tissues present. The 

major named blood vessels are well documented in medical and anatomical trea

tises and number fewer than three or four large arteries and fewer than three 

or four large veins in almost any cross section perpendicular to the axis of the 

limb (Haimovici 1980). In addition to the named major arteries, collateral cir

culation arteries are present to bypass occluded arteries (Strandness 1980) and 

maintain equal blood flow over the limb's muscles. Figure 2.4a shows the larger 
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Figure 2.3. Supplying arteries in the cat and man. a) Supplying arteries coming 

from the named arteries in the thigh into the muscles of the thigh in the cat. 

The figure is from ),Iyrhage and Eriksson (1980). and is used "'ith permission. b) 

Supplying arteries coming from the brachial artery in the arm into the muscles 

of the arm in man. In the arm, the brachial artery supports all of the supplying 

yessels, ~ ear the elbo\\". the brachial artery divides gi""'ing rise to more than one 

named major vessel for the forearm. The figure is from HaimO\'ici (1980), and is 

used with permission. 
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named arteries and collateral circulation for the arm in man. The named veins 

vary in arrangement from unpaired veins under the skin to multiple veins close 

to one artery. The named veins under the skin shown in the cross sections in 

Figure 2.4b and 2.4c act as an alternate venous return path during exercise or 

hot conditions and rejoin the deep veins near the junction of the extremity with 

the trunk. In cases of multiple countercurrent veins surrounding one artery, the 

individual veins are smaller than the artery (Williams et al. 1989). The named 

vessels are parallel to the extremity axis with total length on the order of the 

extremity length. Lumen diameters are on the order of a few millimeters. 

Blood flow in the named vessels follows well established patterns along 

the extremity, deviating only when the main vessels are occluded and the extrem

ity blood flow is carried by the collateral circulation. Vessel diameters are large 

enough in the largest named vessels to allow study of velocity profiles with hot 

film anemometry (Caro et al. 1974). Blood velocity profiles in branches of the 

aorta emptying directly into the major named extremity arteries are parabolic 

with peak velocities of 1,000 mm/sec to 1,600 mm/sec, and a time-mean cross

sectional averaged velocity of 100mm/sec to 200 mm/sec (Caro et al. 1974). 

The blood velocity data are summarized in Table 2.1. Arterial veloci

ties are available from several sources. Velocities in the veins are seldom reported. 

Estimates of blood velocities reported from direct observation are not available 

for any vessels except the major artery from the heart to the extremity and the 

terminal vessels. The observed red blood cell velocities in the capillaries and 

terminal vessels must be adjusted in order to estimate the velocity of the red 
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Figure 2.4. :\ amed major ,·essels in the arm in man. a) Named major and 

collateral arteries in the arm in man. The figure is from Haimovici (1980). and 

is used with permission. b) Cross section of the arm in man showing the artery

,·ein pairs and the large surface '·eins. The figure is from 'Villiams et al. (1989). 

and is used ,,·ith permission. c) Cross section of the forearm in man showing 

the multiple artery-vein pairs and the surface veins. The figure is from Pennes 

( 1948). 
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blood cells and plasma combined, as described in the discussion in the following 

paragraph. After adjustment of the observed red blood cell velocities, velocity 

estimates in vessels where observed blood velocities are not available will be made 

using a method based on the geometry of the vascular network and then checked 

for consistency with observed blood velocities. 

Reported blood velocities must be adjusted to find cross-sectional 

averaged velocities which are consistent with conservation of mass between vessel 

orders of different sizes. The flow of whole blood through the capillaries is marked 

by the red blood cells traversing the capillary more rapidly than the plasma by a 

factor of approximately two (Caro et al. 1974). Thus the measured red blood cell 

velocities in the capillaries must be corrected by a factor of about 1/2 to estimate 

the cross-sectional ayeraged velocity of whole blood (Fronek and Zweifach 19i7). 

In the terminal arteries and veins the ratio of red blood cell to plasma velocity 

shrinks from about 2/1 to about 1/1 as a parabolic velocity profile is established 

across the blood vessel diameter (Schmid-Schoenbein and Zweifach 1975, Caro et 

al. 1974). As anticipated from their larger diameters, velocities in the terminal 

veins are less than half those in the terminal arteries, as shown in column 3 in 

Table 2.1. The corrected velocities are presented in column 4 of Table 2.1. For 

the large blood vessels where pulsatile flow is present, the peak centerline velocity 

and the cross-sectional averaged velocity vary over the cardiac cycle. The time

mean cross-sectional average velocity is used exclusively in this work, and a range 

of values for the major vessels to the extremities is shown in columns 3 and 4 

(Caro et al. 1974). 
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Table 2.1. Blood Velocity Data 

Vessel g Vob .. Veorr ns/nL + 
Veqn2.2 

order (mm/sec) (mm/sec) observed (mm/sec) 

Capillaries "" 8J,labe $lbe $ 0.5 10 -lOOab 

Terminal 15 - 50J,labe $ lobe $8 4 -16ab 

arteries 

Terminal 30 - 100J,labe $ 4be $3 4 -16ab 

veins 

Secondary 100 - 250J,la - 4-8G* 16 
arteries 

Primary 200 - 500J,la - "" 8a 32 
arteries 

Supplying .5 - 2.0 mmod_ 10 - 40d 64 
arteries 

Named 3 -5 mmd 120 - 160e 120 - 160e 128 
arteries 

+ branching ratio BR=2 (eqn. 2.1) 

• number of secondary segments entered by primary branches 

a cat. Data is consistent with other species. Observed velocities are red 

blood cell velocities. Myrhage and Eriksonn (1980) 

b cat. Data is consistent with other species. Observed velocities are red 
blood cell velocities. Fronek and Zweifach (1977) 

e rat. Data is consistent with other species. Observed velocities are red 
blood cell velocities. Schmid-Schoenbein and Zweifach (1975) 

d man. Quantities estimated using the diagrams of Williams et a1. (1989) 

e man. Time-mean cross-sectional averaged velocities from hot film 

anemometry. Caro et al. (1974) 
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Blood velocities in vessels for which there is no velocity data are 

estimated using time-mean cross-sectional averaged velocities, vessel diameters, 

branching ratios and conservation of mass. Of these quantities, the branching 

ratio requires description. The branching ratio is the ratio of the total lumen 

cross-sectional area of a group of smaller vessels to the total lumen cross-sectional 

area of the larger vessels that supply them with blood, as 

(2.1) 

where ns and nL are the number of smaller and larger vessels, respectively, and 

rs and rL are the lumen radii of the smaller and larger vessels. Column 5 in 

Table 2.1 cOlltains the ratio ns/nL, that is, the observed number of branches of 

the vessel order in the first column of the table which arise from a single vessel 

of the next larger vessel group. Using values of the lumen diameter and ns/nL 

within the ranges indicated in columns 2 and 4 of Table 2.1, it is found that a 

branching ratio of BR = 2 may be applied to each vessel order. 

Conservation of mass is used to deduce the velocity in a larger blood 

vessel order from the velocity in a smaller blood vessel order. Inserting blood 

velocity and blood vessel diameters into the equation for conservation of mass 

gives 

(2.2) 

where Vs and VL are the time-mean cross-sectional averaged velocities for the 

small and large vessels. Column 6 in Table 2.1 contains the estimated velocity 
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in the secondary and larger vessels using a velocity of 8mm/sec for the terminal 

arteries and a branching ratio of 2 for each vessel order in Table 2.1. Note that a 

velocity estimate of 128mm/sec results for the named artery using this method. 

This velocity is consistent with observed blood velocities in the major arteries 

leading to the extremities. As indicated previously, observed velocities in veins 

larger than the terminal veins are seldom available. However, using the data 

(Lemons 1986, \Villiams et al. 1989) indicating that the lumen radii of the veins 

are one to three times larger than the lumen radii of their accompanying arteries 

and assuming that the veins carry the same mass flow as their accompanying 

arteries, application of conservation of mass as in equation (2.2) with BR = 1 

may be used to estimate the velocity in the vein accompanying any selected artery. 

An alternate method of estimating blood velocity uses measures of 

blood perfusion, that is, volumetric blood flow per unit volume of tissue. Blood 

perfusion measurements are usually made with clearance methods which are 

based on Fick's equations describing the diffusion of non-reacting chemical sub

stances through a medium. For tissues smaller than whole organs, the methods 

in use (133Xe clearance, thermal clearance, microsphere trapping, etc.) give esti

mates of blood flows which may agree, or may differ by as much as 100% (Lifson 

1981, Perl and Hirsch 1966, Utley et al. 1974). In the event of disagreement, 

it is not always possible to determine which method yields the most accurate 

estimate of blood flow (Lifson 1981, Utley et al. 1974). For this reason, blood 

perfusion measurements are not used to determine the blood velocities in Table 

2.1. An extended discussion of the difficulties in application of clearance methods 
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to various organs is presented in Appendix C. 

Table 2.2 summarizes the blood vessel size, arrangement and velocity 

data used in the structural model of skeletal muscle. Table entries determined 

using equation (2.2) and inferred entries using data from other vessel groups in 

Table 2.2 are enclosed in parentheses. Included in Table 2.2 are vessel diame

ters, lengths, spacing and pairing arrangements (columns 2 through 5) and blood 

velocities with information on flow direction, velocity profile and pulsatile flow 

in the blood vessels (columns 6 through 9). Data indicating the sizes and ar

rangements for the primary and secondary vessel orders is a rarity in that the 

three-dimensional arrangements of vessels of this size vessel are seldom mapped. 

Hampering the three-dimensional mapping of medium-sized blood vessels are the 

cumbersome and tedious methods of analysis by thin section measurement. The 

author suggests the use of an alternate method based on the techniques of close 

range photogrammetry as being a faster and easier method of analysis. This 

method is described in Appendix D. 

Table 2.3 presents a summary of thermal property values for whole 

blood and skeletal muscle. The thermal properties of both blood and muscle are 

approximately those of water with a small admixture of lipid. Also included in 

Table 2.3 is the magnitude of the metabolic (chemical) heat source within skeletal 

muscle at two activity levels, which will be needed in Chapter 8. In the work that 

follows, the values of the thermal properties for blood will be used for both fluid 

and solid. In the numerical studies and analytical work, the thermal properties 

influence the solutions through the dimensionless Peclet and Nusselt numbers. 
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Vessel Diameter Length SQacing Pairing Velocin' Direction Profil," 

mm/sec of Flow 
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terial Blood Vessel Parameters 

Direction 
of Flow 

II, ¢:}! 

.1., +-b 

1I,¢:}b 

.1. or '\., 
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'\. or II hdp 
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Profile Variability Estimated 

Re 

Slug!kl Steady! < 0.003 

transi tion to Steady! 0.003 - 0.1 
Paraholick 

(Parabolic) (Steady) 0.1 - 1.5 

(Parabolic) (Pulsatile) 1 - 3 

(Parabolic) Pulsatilee 6 - 30 

ParaholicC PulsatileC 100 - 250 

Estimated 

Pe 

< 0.1 

0.1 - 2.5 

2.5 - 40 

25 - 75 

150 - 750 

2500 - 6250 

taken from Fronek a.."1d Zweifach (1977) 
taken from Myrhage and Eriksson (1980) 

range estimated from Table 2.1 

taken from \Villiams et al. (1989) 

Caro et al. (1974) 

Lund et al. (1987) 

measured from 1Iyrhage and Eriksson (1980) Figs. 3 and 6 

measured from ~1yrhage and Eriksson (1980) Fig. 2 

Schmid-Schoenbein and Zweifach (1977) 

Gaehtgens (1977) 

~Iyrhage (1977) 

Haimovici (1980). See also Figure 2.3h. 
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As shown in Table 2.3. blood is considerably more viscous than w:\

ter, even though its thermal properties are nearly identical to those of water. In 

addition, as the diameter of the pipes in which it flows decreases to capillary di

ameters, the Fahraeus-Lindqvist (1931) effect causes a corresponding increase in 

the apparent viscosity of blood by an order of magnitude. This effect occurs h<,

cause blood is a non-Newtonian suspension of non-rigid blood cells in 8 compkx 

solution of water and \a.rious organic species. The viscous properties of blood 

are reflected in the velocity profiles discussed above. The non-Newtonian velocity 

profile of blood is most strongly exhibited in vessels with diamC't.en, l<,ss than a 

few red blood cell diameters (d $ 50/L) (Gaehtgens 19ii, Alhrecht d 81. lD7D). 

The velocity in the capillaries is nearly constant with radius, closC'ly npproxinwt

ing slug flow (Gaehtgens 1977). The velocity profile smoothly approarllC's tlw 

Newtonian velocity profile in the terminal vessels. For vessels larger than tllf' 

terminal vessels, the velocity profile is nearly Newtonian-that. is to say paraholic 

and characteristic of laminar flow. Turbulence is not reportC'd in normal vC'ss{·ls 

in the extremities. The Prandtl number, Pr = via, for blood is 25 (Vidor aIHI 

Shah 1976). 

Six important observations about the blood vessels in skeletal m1lscle 

may be made from Figures 2.1-3, Tables 2.2 and 2.3 and the s1lpplC'ment.ary datil 

about veins presented above. The first three observations arc about blood vC'sspl 

arrangements. The second three observations are about blood flow, and blood 

and tissue thermal properties. First, many of the blood vessels arc Approximat.C'ly 

parallel to the extremity axis. Second, all arteries larger than t}w t.crminnl flrf,('rips 
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Table 2.3. Summary of Viscous and Thermal Property Data 

Property Symbol 

Thermal conductivity k 
cal/sec-C-cm 

Specific heat cp 

cal/gm-C 

Density p 
gm/cm3 

Thermal diffusivity 

cm2 /sec 

viscosity cm2 /sec l/ 

Prandtl number+ Pr 

Metabolism qm 
cal/gm-sec 
resting 

maximal 

*Taken from Sekins and Emery (1982). 
aWeast (1972). 

bFolkow and Neil (1971). 

Value 

Blood Tissue* H"Q(~ic)a 

1.31 x lO-h 1.53 X 10-3 1.50 X 10-3 

0.87* 0.895 1.00 

1.0* 1.05 1.00 

1.43 x 10-3* 1.62 X 10-3 1.50 X 10-3 

3 x 1O-2b 6.9 X 10-3 

25+ 4.6 

1.6 x 10-3 

29 x 10-4 

+ A value of Pr = 25 is measured by Victor and Shah (1976). A value of 

Pr = 21 is consistent with the values of Q and l/ for blood quoted in this table. 

are closely paired with veins in countercurrent flow. Third, the blood vessels 

within the same order (e.g., capillaries, secondaries, etc.) tend to be arranged 

almost parallel to each other and to be regularly spaced. Fourth, blood flow is not 

turbulent, with velocity profiles changing from slug to parabolic in the terminal 

arteries and veins (Schmid-Schoenbein and Zweifach 1975). Fifth, the thermal 

properties of blood and tissue are nearly identical. Last, the pulsatile nature of 
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the flow is damped out by the time the blood reaches the secondary arteries and 

resumes in the large veins near the heart (earo et al. 1974). In addition to the 

quantitative data in Tables 2.2 and 2.3, the structural model should reflect as 

many of these six important observations as possible. 

Idealization of the Structural Model from the Skeletal Muscle Prototvpe 

Skeletal muscle is made up of blood-carrying vessels embedded in a 

matrix of non-flowing cells. Thus, skeletal muscle may be idealized as pipes 

carrying fluid through the surrounding solid. Using the data summarized in 

Figures 2.1-3 and Tables 2.2 and 2.3 and the important observations at the end of 

the preceding section, a structural model of pipes embedded in a solid is developed 

from the skeletal muscle prototype. The heat transfer between the fluid and solid 

and between the countercurrent pairs in the model's pipes is discussed first. The 

pipe geometry and simplifications which are applied to it are discussed afterward. 

Fluid flow and heat transfer in the structural model. 

Of the three observations on blood flow and blood and tissue thermal 

properties, two are incorporated into the structural model in this work. The ve

locity profiles used in the structural model are not computed from first principles, 

but fixed at the values and shapes found in vivo which are appropriate for the 

part of the vascular network under study, as listed in Table 2.2 and stated in the 

fourth observation. To simplify the study of heat transfer in the terminal vessels, 

both slug and parabolic velocity profiles will be studied for the smaller vessels 

to attempt to bracket the actual situations found in vivo. As noted in the fifth 
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observation and the data in Table 2.3, the thermal properties of the blood and 

tissue are nearly identical. Therefore, in the structural model, the thermal prop

erties of the fluid in the pipes and the surrounding solid are assumed to be equal 

to those of blood. Inclusion of pulsatile flow as noted in the sixth observation 

will be left to future investigators. 

The flow in the pipes of the structural model must be characterized in 

order to estimate how much thermal energy is transferred between the fluid and 

the surrounding solid. The amount of thermal energy transferred is determined 

by the temperatures in the fluid and surrounding solid and the shapes of thl' 

velocity and temperature profiles with the fluid. The high Prandtl number for 

blood in Table 2.3 indicates that the fluid velocity profile shape develops much 

more rapidly than the fluid temperature profile shape. Since the fluid velocity 

and temperature profile shapes develop at different rates, the establishment of 

a constant velocity profile shape, i. e., hydrodynamically developed flow, and a 

constant temperature profile shape, i. e., thermally developed flow, are studied 

separately. If the flow is thermally developed, a constant heat transfer coefficient 

may be used at the fluid-solid interface, resulting in considerable simplification of 

temperature computation in the structural model. The Reynolds and Pcclet num

bers are used to evaluate the velocity and temperature profiles within the fluid 

and hm ... they change as the fluid travels down the pipe. All of the mathematical 

symbols used in this work are listed and defined or the definitions referenced in 

Appendix A. 

Hydrodynamically developed flow implies that the velocity profile 
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does not change as the fluid travels down the pipe. In the terminal and smaller 

vessels, this is observed to be approximately the case. In the larger vessels where 

the flow is approximately Newtonian, the assumption of hydrodynamically de-

veloped flow must be examined. Since the length required to establish hydrody-

namically developed flow is dependent on the flow velocity and fluid properties, a 

dimensionless length is used to estimate where hydrodynamically developed flow 

is established. If the dimensionless pipe length, L+ = L/(DhyRe), is much greater 

than the dimensionless hydrodynamic entrance length, L ty ' hydrodynamically

developed flow is probably present in the pipe. Using the estimate of Atkinson et 

al. (1969) for the dimensionless hydrodynamic entrance length for a Newtonian 

fluid, 

L+ _ Lhy 0.59 + 0.056Re 
hy - DhyRe - Re 

where Re = uDhy/v, Lty < 0.105 for Re > 6. As the dimensionless length, 

L+, is greater than 0.1 for all of the vessels in the Newtonian flow regime in 

skeletal muscle in Table 2.2 except the largest named vessels, hydrodynamically 

developed flow probably exists in the extremities for all vessels smaller than the 

largest named vessels. 

Thermally developed flow implies that the temperature profile does 

not change as the fluid travels down the pipe. Since the thermal entrance length, 

that is, the length required to establish thermally developed flow, is dependent on 

the flow velocity and the fluid's viscous and thermal properties, a dimensionless 

length is used to estimate where thermally developed flow is established. If the 
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dimensionless pipe length, L- = L/(DhyPe) where Pe = UDhy/ex = RePr, is 

more than the dimensionless thermal entrance length, L;h' thermally developed 

flow is probably present in the pipe. For very low Peclet number (Pe < 1), 

axial and radial conduction dominate the problem, making the Row thermally 

developed within a few vessel diameters of the fluid entrance of a vessel a few 

tens of diameters long (Williams 1985). In thin-walled circular tubes or elliptical 

tubes of low eccentricity all of the dimensionless thermal entrance lengths for 

Pr > 5 and Pe > 10 are, according to Shah and London (1978), L;h < 0.05. 

For most of the vessels in skeletal muscle in Table 2.2 smaller than the named 

vessels, L - > 0.05. Thus, the thin-walled tube studies indicate that, for all but the 

named vessels, flow is probably thermally developed as well as hydrodynamically 

developed over all but a small fraction of the vessel length. 

For thick-walled pipes, the boundary condition at the fluid-solid in

terface governs fluid-solid interaction, and thus fluid and solid temperatures. 

Fluid-solid thermal interaction at the fluid-solid interface is exactly described 

by matching the temperature and heat flux across the fluid-solid interface along 

with a non-slip (zero velocity) condition at the fluid-solid interface. If the flow 

is thermally developed, the heat transfer problem may be simplified by using 

a constant heat transfer coefficient to describe the thermal energy flux at the 

fluid-solid interface. In the thick-walled pipe, Mori et al. (1974) have demon

strated that varying the ratio of fluid and solid thermal conductivities alters the 

development of the radial fluid temperature profile along the length of the pipe 

and, consequently, the dimensionless thermal entrance length. The level in the 
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vascular network where thermally developed flow is achieved and the use of a 

constant heat transfer coefficient can be justified must be determined. This will 

be done in Chapter 4. 

For countercurrent vessel pairs, heat transfer occurs between each 

member of the countercurrent pair as well as between the fluid and the sur

rounding solid. Perfect countercurrent exchange does not affect the average 

surrounding solid temperature at all. In perfect countercurrent exchange, the 

countercurrent pair is usually approximated by a line source and sink of equal 

strength (Chato 1980, '\Veinbaum et al. 1984, Jiji et al. 1984). However, since 

kF/ks ~ 1, Pe < 1000 and the two fluid streams are not concentric, counter

current exchange may compete with fluid-solid thermal interaction, lowering the 

temperatures of fluid flowing through a cold solid matrix more than would oc

cur for purely countercurrent flow and giving rise to imperfect countercurrent 

exchange. In imperfect countercurrent exchange, the average surrounding solid 

temperature may be changed. Questions of the effectiveness of countercurrent 

exchange and fluid-solid thermal interaction as heat transfer processes under in 

vivo conditions, and the applicability of the paired line source-sink approxima

tion to real blood vessels, are central to determining fluid and surrounding solid 

temperatures for countercurrent flow, and will be studied in Chapter 5. 

Geometrv of the structural model. 

Figure 2.5 shows a simplified sketch of the structural model in a sec

tion of an extremity. The structural model shown in Figure 2.5 has incorporated 
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the observations on vascular architecture discussed at the end of the preceding 

section. Many of the pipes are parallel to the extremity axis as indicated in the 

figure. Pipes of similar size and function are arranged parallel to each other. 

The veins are closely paired to the arteries for all vessels larger than the terminal 

vessels. In order to simplify Figure 2.5, the secc::.:k~y vessel manifolds are drawn 

as vessel pairs and the capillary vessel manifolds and terminal vessels are deleted. 

Four heat transfer problems are extracted from the structural model 

in Figure 2.5 in order to study heat transfer in living tissue. The two simplest 

problems are those of the thick-walled pipe and the thick-walled countercurrent 

pair. The next most complex problems are those of the multiple parallel thick

walled pipes and the multiple parallel thick-walled countercurrent pairs. Further 

interesting: unexamined heat transfer problems which may be extracted from the 

structural model such as branching in pipes and varying sizes of pipes within 

a cross section will not be examined in this work. Dimensionless parameters 

characterizing the geometry of the pipes and thermophysical properties of the 

fluid and surrounding solid for each heat transfer problem will be discussed below. 

The ranges of dimensionless parameters stated in Table 2.4 are appropriate for 

the heat transfer problems extracted from the structural model of Figure 2.5. 

The application of the four heat transfer problems to the structural 

model requires a major assumption, which will now be discussed. For the capil

laries, a homogeneous and isotropic conducting solid probably approximates heat 

transfer in the surrounding solid very well. For vessels larger than the capillaries, 

the surrounding medium is not strictly a homogeneous and isotropic conducting 
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Figure 2.5. Simplified representation of the geometry of the structural model de
rived from the skeletal muscle prototype. A section of an extremity containing 
pipes representing vessels in skeletal muscle is shown. A large central countercur

rent pair of pipes carries fluid to all of the other pipes shown. Pipes representing 

vessels smaller than the secondary vessels are not shown in order to simplify the 
figure. 
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Table 2.4. Heat Transfer Problems from the Structural Model 

Problem L* &A. Il.S.. RwlR, By IR, y profile & 

Thick-walled > 25 < 20 ,...,0 10 Slug or 1 
Pipe Parabolic 

Thick-walled 0.1 20 0.2 10 1-3 Parabolic 1 

Countercurrent -10 -1000 -1.0 
Pair 

Multiple 0.1 20 0 10 Parabolic 9-49 

Thick-walled -10 -200 
Pipe 

Multiple 0.1 20 0.2 10 1-2 Parabolic 9-49 
Thick-walled -10 -200 -1.0 
Coun tercurrent 
Pairs 

solid, as blood flows through the smaller vessels embedded in the surrounding 

material. In the case of blood vessels larger than the capillaries, blood in the 

smaller vessels embedded in the surrounding tissue cylinder is moving at a lower 

velocity than the blood in the larger vessels, and may be moving slowly enough 

for heat transfer in the medium surrounding these vessels to be conduction dom-

inated. Approximating the surrounding tissue cylinder for vessels larger than 

the capillaries with an isotropic and homogeneous conducting solid is the sim-

plest possible representation of the tissue which may be applied to the structural 

model and should be tested before it is eliminated from consideration. All of 

the heat transfer studies in Chapters 4-7 will be made with the assumption that 

the surrounding medium is an isotropic and homogeneous conducting solid. The 

application of this assumption to heat transfer in the structural model and the 

skeletal muscle prototype is discussed in Chapter 8, where the heat transfer re-
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sults from Chapters 4-7 are compared with the available in vivo temperature 

studies. 

The thick-walled pipe illustrated in Figure 2.6 is the simplest single

structure heat transfer problem extracted from the structural model. The thick

walled pipe problem is applied to the smallest vessels at low Peclet numbers to 

test the limits of applicability of the thermally developed flow assumption. The 

geometry of the thick-walled pipe may be characterized by its length, L, its outer 

wall radius Rw, and the pipe lumen radius Rp (RA or Rv for an artery or vein 

specifically). The pipe length and outer wall diameter, L and 2Rw, may be 

formed into dimensionless parameters by division by the pipe lumen diameter, as 

L/(2Rp) and Rw / Rp. The vessel length in units of lumen diameters, L/2Rp, 

ranges from about 100 in the capillaries to about 30 in the named vessels. If 

the outer wall radius is estimated as half of the vessel spacing, the ratio of outer 

wall radius to pipe lumen radius, Rw / Rp, varies from about 5 in the capillaries 

to about 20 in the primary and supplying vessels to about 30 in the largest 

vessels. For the named vessels, the radius of the surrounding tissue cylinder is 

the radius of the entire limb. Results of the thick-walled pipe problem studies 

will be presented in Chapter 4. 

The thick-walled countercurrent pair illustrated in Figure 2.7 is the 

other single structure heat transfer problem extracted from the structural model. 

The thick-walled countercurrent pair has application to all vessels larger than 

the terminal vessels. As a matter of convention in this work, the name "artery" 

shall be applied to the member of the countercurrent pair with hot entering 
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Figure 2.6. Thick-walled pipe geometry. The geometrical parameters governing 
the temperature distribution in the fluid and surrounding material are L/(2Rp) 
and Rw / Rp. The lower panel shows the square geometry substituted for the cir
cular vessel geometry in order to construct the multiple thick-walled pipes problem 
of Figure 2.8. 
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fluid and the name "vein" shall be applied to the countercurrent pipe with cold 

entering fluid. The thick-walled countercurrent pair problem is characterized by 

the artery-vein spacing, 5, shown in Figure 2.7, the lumen radii, RA and Rv, of 

the artery and vein, respectively, the outer wall radius Rw and the pipe length L. 

Using the notation indicated in Figure 2.7, the artery-vein spacing is compared 

to the vessel lumen radii as 

t:.S=(RA+Rv)/S. (2.2) 

For a vessel pair with walls in contact, S ~ (RA + Rv) and t:.S :::: 1. If an 

unpaired vessel is looked upon as the limiting case of a vessel infinitely far from 

its partner, S -t 00 and t:.S -t O. All countercurrent pairs in the structural 

model have 1 $ Rv / RA $ 3, in agreement with the anatomical data summarized 

in Table 2.2. As a matter of com·ention in this work, Rw / RA will be used 

to indicate the dimensionless measure of the outer wall radius for the thick

walled countercurrent pair. The dimensionless length will be formed with the 

arterial diameter as L/(2RA ). The thick-walled countercurrent pair problem will 

be discussed in Chapter 5. 

The remaining two heat transfer problems are designed for application 

to an entire extremity cross section and are formed using arrays of the thick-walled 

pipe and the thick-walled countercurrent pair geometries. In order to stack the 

thick-walled components together, it is useful to substitute square cross sections 

for the round cross sections in the pipes, as shown in the lower panels of Figures 

2.6 and 2.7. The radii Rw, Rp, RA and Rv become half of the side of the square 

cross section. The multiple thick-walled pipes problem is shown in Figure 2.8. It 
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Fignre 2.7. Thick-walled countercurrent pl'lir geometry. The geometrical parame
ters governing the temperature distribution in fluid and surrounding material are 
!:l.S, RvIRA' RwlRA and LIRA. The lower panel shows the square geometry 
substituted for the circular countercurrent pair geometry in order to construct 

the multiple thick-walled countercurrent pairs problf"m-of Figure 2.9. S is the 
distance bet.ween the vessel centers. 
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is studied in Chapter 6. The multiple thick-walled countercurrent pairs problem is 

illustrated in Figure 2.9. The multiple thick-walled countercurrent pairs problem 

is studied in Chapter 7. The problems in Figures 2.8 and 2.9 are characterized 

by the appropriate preceding dimensionless groups and the number of parallel 

thick-walled pipes or thick-walled countercurrent pairs within the cylinder cross 

section, Na-. In this work, problems with Na- = 9, 25 and 49 will be studied. 

An additional geometrical parameter, Rc = ../Na-Rw, is useful in the thermal 

energy equation studies in Chapters 6 and 7. 

The multiple parallel thick-walled countercurrent pairs problem has 

application to all vessels larger than the terminal vessels and smaller than the 

major named artery entering and supplying the extremity. The multiple parallel 

thick-walled pipes problem is studied in a range of Peclet numbers typical of 

the countercurrent vessels because (1) fluid-solid thermal interaction competes 

with countercurrent exchange, requiring determination of the temperatures of 

fluid and solid due solely to fluid-solid thermal interaction in multiple parallel 

pipes for comparison with the temperatures in multiple parallel countercurrent 

pairs and (2) the diameters of the countercurrent veins are 2 to 3 times those 

of the countercurrent arteries, reducing the venous Peclet number so the venous 

blood temperatures may mimic solid temperatures as found by Lemons' (1986) 

in vivo experiments. Thus it may be possible to simplify the structural model by 

substituting the multiple thick-walled pipes problem for the multiple thick-walled 

countercurrent pairs problem in some instances. 

The final two heat transfer problems represent a considerable simpli-
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Figure 2.8. Multiple thick-walled pipes problem. The geometrical parameters 
governing the temperature distribution in the fluid and surrounding material are 

Rw / Rp, Nt7 and L/ Rp. The parameter Rc = IN(TRw is also useful. 
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Figure 2.9. Multiple thick-walled countercurrent pairs problem. The geomet
rical parameters governing the temperature distribution in the fluid and sur

rounding material are tl.S, Rv/RAl Rw/RAl NfT and L/RA. The parameter 

Re = ylNfTRtl' is also useful. 
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fication when applied to the larger pipes in the structural model pipe network in 

Figure 2.5. The application to larger pipes is attempted for two reasons. First, 

studies of the thick-walled pipe and thick-walled countercurrent pair in Chap

ters 4 and 5 indicate that heat transfer in the secondary and smaller vessels is 

conduction dominated so that these vessels may be dropped from the structural 

model. Second, in vivo data shows that arteries with diameters smaller than 

those typical of the primary arteries are not thermally distinguishabie from the 

surrounding tissue (Lemons 1986). For example, if the vessel spacings of the large 

vessels of Table 2.2 are compared to an estimated arm diameter of 10-15cm, the 

number of larger arteries within a cylinder cross section of the structural model 

may be estimated as varying from 1 for the major named arteries to 100 for the 

primary arteries. This simplification greatly reduces the number of structures in 

a cross section perpendicular to the extremity axis, as indicated by the small N (1' 

'''alues in Table 2.4. 

Questions Answered Using the Problems from the Structural Model 

Studies of each of the four problems described in Table 2.4 are used to 

resolve questions concerning heat transfer in the thermal regime and geometrical 

configurations present in the body which are not easily addressed using currently 

existing heat transfer studies. The conclusions drawn from the heat transfer 

studies are used to deduce relationships between fluid and solid temperatures in 

the extremities needed for more accurate thermal models of living tissue. First, 

the conclusions of the heat transfer studies for each of the four problems are 

summarized. 
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Studies of the thick-walled pipe fluid and solid temperatures in Chap

ter 4 are used to explore fluid-solid thermal interaction under in vivo conditions. 

It is demonstrated that the thermally developed flow assumption and consequent 

application of the constant heat transfer coefficient at the fluid-solid interface are 

valid for all thermally significant pipes in the structural model. In addition, the 

thermal entrance length for fluid and solid temperatures is shown to be shorter 

for slug flow than for parabolic flow. Heat transfer in thick-\valled pipes with 

Peclet numbers in the range of those for the terminal vessels and capillaries is 

shown to be conduction dominated. 

Studies of the thick-walled countercurrent pair in Chapter 5 are used 

to demonstrate three conclusions which bear on heat transfer in the structural 

model. First, the approximation of the paired line source-sink of equal strength 

used in the past to represent countercurrent pairs is shown to be of questionable 

validity in the structural model of the extremity. Second, only pairs of pipes 

of length L * < 1.0 show fluid and solid temperatures resembling those typically 

associated with perfect countercurrent exchange. For L * > 1.0, fluid and soEd 

temperatures resemble those found in a thick walled pipe. Third, heat transfer in 

all countercurrent pipes in the secondary vessel range is shown to be conduction 

dominated. These three conclusions are also very important to the development 

of thermal energy equations for living tissue. 

Studies of multiple parallel thick-walled pipes in Chapter 6 are used 

to gauge the difference between fluid and solid temperatures when more than 

one unpaired pipe is embedded in a solid of finite size. First, it is demonstrated 
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that fluid and surrounding solid temperatures are approximately equal near each 

pipe not adjacent to the cold outer wall for Nu ~ 25. Second, a simple thermal 

energy equation resembling Pennes' equation is shown to approximate fluid and 

solid temperatures for 20 < Pe < 200. It is also demonstrated that the pipes 

near the outer boundary have temperatures like those of the single thick-walled 

pipe in Figure 2.6. 

In studies of multiple parallel thick-walled countercurrent pairs In 

Chapter 7, the impact of countercurrent exchange on fluid and solid temperatures 

under in vivo conditions is estimated. First it is demonstrated that countercur

rent pairs with L* > 1.0 produce solid temperature profiles whose shapes are 

indistinguishable from those of multiple thick-walled pipes for Nu ~ 25. Thus 

countercurrent pairs in the range of the primary vessels may be represented as 

multiple thick-walled pipes and a simplified thermal energy equation. Second, it 

is demonstrated that fluid and solid temperatures are critically dependent upon 

individual pair orientation and position for all cases with Nu < 25 and for all cases 

with L * < 1.0. In this group of cases, which includes pipes in the ranges found 

in the servicing and major named vessels, the pipes must be included explicitly 

in the structural model. 

The results of the studies in Chapters 4-7 are combined with the in 

vivo data presented in Chapter 8 to separate the blood vessels into three categories 

based on blood and skeletal muscle temperatures. In the first category. blood and 

solid temperatures are equal and heat transfer is conduction-dominated. The 

secondary and smaller vessels are in this category, and need not be included in 
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the structural model of the skeletal muscle prototype. In the second category 

are blood vessels which carry blood at nearly the same temperature as the solid. 

but in which the blood flow measurably affects the solid temperature. as in the 

primary vessels. For vessels in the second category, explicitly including the vessels 

as pipes in the structural model may not be necessary since the blood and solid 

temperatures are nearly the same. The blood and tissue temperature may be 

approximated, possibly by using a thermal energy equation which includes a term 

quantifying the thermal energy transferred between blood vessels and tissue. A 

modified form of Pennes' equation is shown to be a viable candidate for the 

thermal energy equation. The third category includes vessels where blood and 

solid temperatures are measurably different, as in the supplying and named major 

vessels. Vessels in the third category should be included as distinct structures in 

models of living tissue. 

The comparisons in Chapter 8 also indicate that use of a homogeneous 

and isotropic conducting solid for the embedding medium of the third category 

vessels should not be rejected as invalid in the extremities without more precise 

in vivo studies. Thus, the structural model may be simplified and a great stf'P 

to\\"ard a practical model for temperature prediction in living tissue may be taken. 

The remaining questions concerning the form of the thermal energy equation 

which best represents heat transfer in the embedding solid must be resoln·d by 

detailed, three-dimensional in vivo studies. 
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CHAPTER 3 

A NUMERICAL METHOD FOR THE STRUCTURAL MODEL 

A three-dimensional numerical method for computing fluid and solid 

temperatures for the structural model problems described in Chapter 2 is de

scribed in this chapter. Due to the necessity of determining the relative impor

tance of conduction, convection, fluid-solid thermal interaction and countercur

rent exchange, this numerical method is used in Chapters 4-7 to solve all of the 

problems described in Chapter 2. Cartesian geometry is used in the numerical 

method because the same method is used for all of the problems in Chapter 2 

and cylindrical symmetry is not present in the thick-walled countercurrent pair, 

multiple thick-walled pipes and multiple thick-walled countercurrent pairs prob

lems. 

Explicitly including many thick-walled pipes and thick-walled coun

tercurrent pairs in a numerical model, as is needed for the study of the multi

ple thick-walled pipes and countercurrent pairs problems in Figures 2.8 and 2.9, 

requires the use of a low resolution approximation for the pipes. High resolu

tion approximations for the pipes consume too much computer resources using 

presently available equipment for computation of fluid and solid temperatures for 

multiple thick-walled pipes and countercurrent pairs problems. 

As no analytical comparisons are available for thick-walled pipes with 

a square cross section, alternate standards are used for determining whether the 
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approximations used in the numerical method produce acceptable results. For 

the Cartesian, low resolution approximations used in the numerical method for 

the structural model, acceptable results are measured by two standards. First, 

a change in resolution for the same problem should not result in a significant 

change in fluid and solid temperatures. Second, the fluid and solid temperatures 

for the square geometry approximation must resemble those of available analytic 

and numerical fluid and solid temperatures found in previous work for closely 

comparable problems in cylindrical cross sections. 

Two low resolution Cartesian numerical approximations for embed

ding square cross section pipes in a surrounding solid are developed and inves

tigated. The first approximation is the constant heat transfer coefficient pipe 

embedding approximation. This approximation uses a constant heat transfer co

efficient at the fluid-solid interface of a thick-walled pipe and a constant velocity 

over the lumen radius. Resolutions of 0.5 :::; 2Rp/ Llx :::; 4.0 adequately reproduce 

corresponding fluid and solid temperatures for the analytic solution of a constant 

heat transfer coefficient thick-walled pipe in a circular cylindrical geometry solved 

by the current author. For resolutions of 2Rp / Llx > 4.0, the fluid velocity profile 

may be used with matched temperature and flux at the fluid-solid interface, as 

demonstrated in Appendix G. The second approximation is the linked pipe em

bedding approximation. This approximation applies the constant heat transfer 

coefficient pipe embedding approximation to each pipe in a parallel pair with 

lumen walls two or fewer nodes apart. For each pipe in the linked pair, the linked 

pipe embedding approximation is subject to the same resolution constraints as 
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the constant heat transfer coefficient pipe embedding approximation. Tht> linkt'd 

pipe embedding approximation is particularly useful for countercurrent pairs with 

Rv / RA ~ 1 and fl.S ~ 0.5. 

The Numerical !\lethod 

The three-dimensional numerical method is based upon the thermal 

energy equation in a Cartesian geometry control volume. In order to obtain fluid 

and solid temperatures, the thermal energy equation. 

(3.1 ) 

must be soh-ed, where qx, qy and q; are the sums of the fluxes due to nIl heat 

transfer mechanisms along the coordinate axes, and thermal energy is slIpplic'd at 

the rate Q per unit volume per unit time. If the medium is moving, the' the'rmn! 

energy flux in the x-direction is q x = - k ~~ + pCp U x T, and the thermal (,IH'r~y 

flux in the y-direction and .:;-direction are written in a similar form. For n flI0Vill,L'; 

medium, <,quation (3.1) may be written as 

(3.2) 

to include the conduction, advection and volumetric sources fmmd in t}w sk(·)l'ta) 

muscle prototype. 

The numerical equations used to approximate the solution of ('qua-

tions (3.1) and (3.2) will be constructed using the control vol1lme ~ppr()~rh of 

Jaluria and Torrance (1986). For the control volume in Figurf> 3.1, t}w tlwrmrJ) 
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Figure 3.1. Control volume used to develop the node equations for the three
dimensional numerical method. The integral equations are those of the control 
yolume approach of Jaluria and Torrance (1986). 
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energy equation (3.2) is integrated as shown in the lower part of Figure 3.1. The 

first derivatives at each control volume face are approximated using a two point 

difference between values of the quantities at the node points in the centers of 

the control volumes on opposite side of the control volume face pictured. The ad

vection terms are approximated using upwind two point differencing as described 

by Roache (1982) between the values of the temperatures at the nodes on either 

side of the control volume face. Since each of the first derivatives, velocities and 

temperatures is approximated as constant over each of the control volume faces, 

the surface integrals are approximated by the product of the integrand as eval

uated at the control volume face and the area of the face. The volume integrals 

are approximated by the product of the integrand e ... -aluated at the node within 

the control volume and the volume of the control volume surrounding the node. 

In principle, structures of almost any size may be placed at any point 

in the field. The general equation of Figure 3.1 may be simplified as warranted by 

conditions present in any particular problem to which it is applied. Solution of a 

set of many node equations like the equation in Figure 3.1 may be made easier 

by a shrewd choice of numerical solution method and automated organization 

of the input data by the computer. The directional properties of the Alternat

ing Direction Implicit (ADI) method of Douglas (1962) simplify the numerical 

approximation of the directional properties of the embedded pipes. The ADI 

method for three dimensions is described in more detail in Appendix E. 

The computer code for the three-dimensional ADI solver was written 

for the Cyber 175 at the University of Arizona Center for Computing and In-
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formation Technology and subsequently revised for use on the Cyber 205 at the 

John von Neumann Center at Princeton. The code is described in Appendix F. 

Also included in Appendix F is a description of the automated data input rou

tines for multiple pipe problems. After preliminary tests on the Cyber 175, all 

three-dimensional calculations were made with the Cyber 205. Results of the pre

liminary tests consisting of numerical solution of equation (3.2) in parallelepipeds 

using the three-dimensional ADI computer code compared to analytic solutions 

of the same cases of equation (3.2) are found in Appendix G. 

The Embedded Pipe Approximations 

The low resolution approximation for embedding an unpaired pipe 

in a solid and the low resolution approximation for embedding a closely spaced 

countercurrent pair in a solid are described and evaluated in this section. The 

square cross section pipes are embedded in the surrounding solid using the form 

of the thermal energy equation in equation (3.1) and the control volume approach 

of Figure 3.1. The overall validity of each square cross section pipe embedding 

approximation is evaluated by the comparison of test case solutions with solutions 

of a comparable problem in cylindrical geometry. 

Test cases for evaluation of the embedded pipe approximations shall 

be limited to steady state problems where an outer boundary of fixed temperature 

encloses a cylinder with one or more parallel structures inside because analytical 

solutions for comparable problems in cylindrical geometry are available for use 

as comparisons for many problems of this kind. The fluid inlet temperature is 
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independent of r. The fixed fluid inlet temperature case must be considered 

an approximation to the situation in the body, as the temperature at which the 

blood enters the vessels is not held constant but adjusts to the surrounding tissue 

conditions and reacts to the upstream fluid conditions. 

The most accurate fluid and solid temperatures for the thick-walled 

pipe are probably those resulting from a solution of the conjugated problem. A 

conjugated problem consists of a fluid and solid in contact for which the fluid and 

solid temperatures are found simultaneously, as discussed by Shah and London 

(1978). A solution to the conjugated problem for a thick-walled pipe in cylindrical 

geometry was made by Mori et al. (1974). An estimate of the resolution needed 

to produce accurate numerical solutions of the conjugated problem for the square

geometry thick-walled pipe was made. In order to estimate the lowest possible 

resolution needed to produce fluid and solid temperature solutions which did not 

vary significantly as the resolution of a parabolic velocity profile changed within 

the pipe, a square-geometry test case was devised with matched temperature 

and flux at the pipe fluid-solid interface and a velocity profile that was approxi

mately parabolic as function of radius in the lumen. The test case is stated and 

the numerical solutions of the test are presented in Appendix G. Comparison of 

fluid-solid interface temperatures for resolutions in the range 2 $ 2Rp / l:l.x $ 8, 

where l:l.x = l:l.y = l:l.z is the node spacing, show that 2Rp / l:l.x ~ 6 is the 

minimum usable resolution for approximating parabolic velocity profiles. This 

resolution is too high to permit expeditious numerical solutions of the multiple 

thick-v,ralled pipes and countercurrent pairs problems in Figures 2.8 and 2.9. Thus 
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a heat transfer coefficient approximation was investigated as a possible simpler, 

yet accurate method. 

The constant heat transfer coefficient pipe embedding approximation 

A low resolution approximation using a constant heat transfer coeffi

cient (constant Nusselt number) at the fluid-solid interface is developed for use 

at all resolutions less than the 2Rp / ~x ~ 6 required in order to approximate 

fluid and solid temperatures with a parabolic velocity profile, as studied in Ap

pendix G. The constant heat transfer coefficient fluid-solid interface boundary 

requires use of only a bulk mean fluid temperature and a mean velocity. Thus, 

the low resolution required for expeditious calculation of temperature in the mul

tiple structure problems shown in Figures 2.7, 2.8 and 2.9 is practical with this 

embedding approximation. 

In Chapter 4 the results of this approximation at low Peclet number 

are compared to the results of the matched temperature and flux embedding 

approximation at low Peclet number in order to determine under what conditions 

the two approximations give equivalent solutions. Since the study in Chapter 4 

shows that the matched temperature and flux embedding approximation and the 

constant heat transfer approximation give equivalent solutions, the constant heat 

transfer coefficient embedding approximation is used exclusively for unpaired 

pipes and in the pipe embedding approximation used for countercurrent pairs in 

Chapters 5-8. 

A test case using the constant heat transfer coefficient approximation 

is stated in Figure 3.2. The constant heat transfer coefficient is incorporated 
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by use of the Nusselt number, Nu = 2Rp h/k. The particular geometry and 

boundary conditions in Figure 3.2 were chosen for comparison with the analytical 

solution of the comparable cylindrical problem which follows. The analytical 

solution is available for all values of N u and Rw / Rp. However, the values N u = 4 

and Rw / Rp = 10 are extensively used in the remainder of the work and the 

evaluation of the constant heat transfer coefficient pipe embedding approximation 

is presented in ndail for this case. In the test case in Figure 3.2 and the analysis 

in equations (3.3-6), axial conduction in the fluid and solid is not included in 

order to match the conditions of a simple cylindrical case which has an analytic 

solution. The fluid-solid interface falls between nodes, as illustrated in the insert 

in Figure 3.2. 

The range of resolution 0.5 ~ 2Rp / D.x ~ 4 is realized using three dif

ferent node placements within the pipe. For vessels with 2Rp/ D.x > 1, a version 

of the heat transfer coefficient model using more than one nonzero velocity node 

in the fluid is constructed in Figure 3.3. The seemingly unneccessary compiexity 

of multiple non-zero yelocity nodes within the pipe lumen simplifies computation 

of fluid and solid temperatures for the countercurrent pairs of unequal size which 

are studied in Chapter 5. For the multinode vessel shown in Figure 3.3, a mean 

velocity is used for all of the fluid nodes and the fluid-solid interface must coincide 

with the control volume boundary, that is 2Rp / D.x = 2, 3 or 4. For the single 

node pipe case in Figure 3.4, the pipe fills one control volume, i. e., 2Rp = D.x. 

An ayerage velocity it is chosen for the single node pipe. For the lowest resolution 

case in Figure 3.5, the pipe diameter is 2Rp / ~x < 1 and the fluid-solid interface 
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Fluid: (
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kF ay2 + a=2 - pcpu ax = 0 for IYI, I=! ::; Rp 

e(O, y, =) = 1 for IYI, 1=1 ::; Rp 

a8 
ax (L, y,.:) = 0 for Iyl, 1=1 ::; Rp 

. (a28 . (28) Solid: ks -a 2 + -a·' = 0 for Rp::; !YI. i=i ::; Rn' 
y =-

Cond uctivity: l,s = kF 

Outer B. C.: 
ae 08 
ax (O,y,=! = ax (L,y,.:) = 0 for Rp::; Ivl·I.:I::; Rw 

e(x.±Rn-,.:) = 8(x,y,±Rw) = 0 

Interface B. C.: 

Be, . -
+ks ay Islx. +Rp . .:) = h[0Is(x. +Rp,.:) - 8 F1.I)] for 1=1 < Rp 

ae -
+ks a.: Is(x. y. +Rp) = h[8Is(x, y, +Rp) - 8F(.T)] for Iyi < Rp 

" B8,. R h r8 I -,. . - . S -;::;- IS ( .T. - • P . .:) = - s( x. - R p . .:) - e F I .T I: for ~ = ~ < R p oy . . . 

B8 -
-ks a.: Is(x. y. -Rp) = h[8Is(x, y. -Rp) - 8F(X)] for iy: < Rp 

Figure 3.2. Test case for the thick-walled pipe with constant heat transfer coef

ficient at the fluid-solid interface. The velocity used is the bulk mean velocity_ 

Fluid and solid thermal conducti .... ities are equal. The lower left panel indicates 

the placement of the nodes for the resolutions of the pipe shown in Figures 3.3-3.5. 
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does not coincide 'with the control volume surface. An average velocity u is cho

sen for the single node pipe and applied over the fraction of the node within the 

pipe. 

For all of the fluid and surrounding solid in Figures 3.3-3.5, the node 

equations are found using the thermal resistances of the fluid and solid between 

the nodes, as described in Kreith (1973). For the control volumes in Figure 3.3 

lying within the fluid and not adjacent to the fluid-solid interface, the y-direction 

and z-direction equations include only conduction, as shown in equation (G.3b). 

For laminar flow, this is physically correct. 'Vhen the pipe does not fill one 

control volume, nodal equations for the pipe and its adjacent control volumes 

may be developed using the thermal resistances for composite material (Kreith 

1973). For the control volumes containing the pipe and one of its adjacent nodes, 

the combination of resistances for the vessel and the solid tissue above and below 

it, and the resulting nodal equations are shown in Figure 3.5. 

In order to simplify computation, an approximation to the value of 

the fluid temperature needed for the convection term in the resistance equations 

has been used in the nodal equations for each realization of the constant heat 

transfer pipe embedding approximation in Figures 3.3-5. For the case in Figure 

3.3, the fluid temperature at the node adjacent to the pipe wall, e p, is used to ap

proximate the fluid temperature in the resistance equations across the fluid-solid 

interface. For the cases in Figures 3.4 and 3.5, the pipe centerline temperature, 

e p, is used for the fluid temperature in the convection term of the resistance 

equations. This is the only choice for pipes with only one computational node 
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Ay [0P - 1 - 0p-2 Sp - SP-l ] Ay 
-qy,P-l k~xAz = - Ay/(k~xAz) + Ay/(2kAxAz) + 1/(hAxAz) kAxAz 

( 1 + 3NU/2) ( Nu ) 
= +0P-2 - 1 + Nu/2 0 p - 1 + 9p 1 + Nu/2 

_gyP ~y =[ 0p-0p-l + 0P+1-0p] Ay 
, k~x~z Ay/(2k6xAz) + 1/(h6x6z) 6y/(k~x6z) k6x6.z 

= 0 ( Nu ) _ _ (1 + 3NU/2) 
+ P-l 1 +Nu/2 ep 1 + Nu/2 + ep+l 

6x = 6y = 6z 

Figure 3.3. Control volumes and nodal equations for the constant heat transfer 
coefficient pipe embedding approximation at resolution 2Rp /6x = 2, 3 or 4. 
The fluid-solid interface is indicated by the shaded surface. The How is along the 
positive x-axis pointing out of the page. The nodal equations are found using 
the thermal resistance method of Kreith (1973). For nodes whose boundaries 

are entirely within the fluid like the node for e P+l, a conduction equation like 
equation (G .3b) is used. For all pipe nodes with an interface in the z-direction, 
including those at the corner of the pipe, the equations in the z-direction are of 
the same form as those in the y-direction. Within the pipe, the equation used in 
the x-direction is like the advection-diffusion equation in equation (G.6b). 
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6y [9P - 1 - 9P-2 9p - ep-J ] 6" 
-q •. p-t k6r6z = l!J.y/(k6rl!J.z) + 6y/(2k6x6z) + 1/(h6x6z) k6x6z 

(
1 + 3Nu/2) ( Nu ) = +ep-2 - 1 + Nu/2 9p-l + 9p 1 + Nu/2 

6y [9p -9p- 1 ep+1-9p] 6y 
-q •. p k6r6z = 6y/(2k6r6z) + 1/(h6r6z) + 6y/(2k6x6z) + 1/(h6x6z) k6x6z 

= +9p-l C + ~U/2) - 29p (1 + ~u/2) + ep+1 (1 + ~U/2) 
6x = 6" = 6z 

Figure 3.4. Control volumes and nodal equations for the constant heat transfer 
coefficient pipe embedding approximation at resolution 2Rp / 6.x = 1. The fluid
solid interface is indicated by the shaded surface. The flow is along the positive 

x-axis pointing out of the page. The nodal equations are found using the thermal 
resistance method of Kreith (1973). For the pipe node and the adjacent nodes in 
the z-direction, the equations in the z-direction are of the same form as those in 

the y-direction. Within the pipe, the equation used in the x-direction is like the 

advection-diffusion equation in equation (G.6b). 



Rkl Conduction resistance in control volume (c. v.) P - 1. 

Area=~x ~z, Length=~y /2 
Rk2 Conduction resistance in c. v. P left of the fluid-solid interface, 

Area=~x2Rp, Length=(~y - 2Rp )/2 
Rk3 Conduction resistance in c. v. P abo\"e and below the pipe, 

Area=~x(~z - 2Rp), Length=~y/2 

Rh Convection resistance, 

Area=.6.x2Rp 

node 
P-l 

Resistam'c between nodes P and P-l 

Node bo1Dldary Fluid-sol id interface 
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-qy,P-l t:l.y = [ (8P-1-8p_2) + 8p-8 p_1 t:l.y 
kt:l.x~z t:l.y/(k~xt:l.z) (t:l.y - D/2)/(k~x~z) + RkRh/(RIc + Rh)] kt:l.x~z 

= -(8p-l - f)P-2) + (f)p - 8p-d[.iYu term] 

~y [ 
-qy,P k~xfj.z = 

(~y - D/2)/(kt:l.xt:l.z) + RIcRh/(Rk + Rh) 

+ f)P+l - Sp t:l.y 
(~y - D /2)/(kt:l.x~z) + RkRh/(Rk + Rh)l kt:l.xt:l.z 

= -'- e p-! - 28 P +- e 2+1 )f_iYu ter:r.:~ 

~x = ~y= ~z 

[~+(¥-~)] 
Rkl + Rk2 = kb..;t:l.z = (b..y - D/2)/(k~xD.z) 

RI.:3 = D/(2k(b..z - D)t:l.x) Rh = 1/(h2Rpfj.x) 

Ric = Rk3 D = 2Rp 

U'iu term] = NuD/b..z 
. Nu(Dt:l.z - D2 /2)/ ~z2 + N"DI(2(tlz2_Dtlz)~z) 

Nu /(2(~='_Dtlz) )+1/( Dtl:1 

t:l.x ~ 
-qx,P = (+8pu - 2f)p + f)PD) + Pec (8pu - 8p) 

kfj.yb..z fj.yt:l.z 

iib..x 
Pec= --

Q 

Figure 3.5. Control volumes and nodal equations for the constant heat trans

fer coefficient pipe embedding approximation at resolution 2Rp / t:l.x < 1. The 

nodal equations are developed for fluid flow confined to the fraction of the control 

volume containing 8 P indicated by the shaded surface and along the positive x

a.."(is pointing out of the page. The nodal equations are found using the thermal 

resistance method of Kreith (1973) for a composite material. A diagram of the re

sistances between the node containing 8 P-l and the node containing f) P is in the 

left panel. For the pipe node and the adjacent nodes in the z-direction. the equa

tions in the z-direction are of the same form as those in the y-direction. \Vithin 

the pipe. the equation used in the x-direction is like the advection-diffusion equa

tion in equation (G.6b) with an adjustment for the area \\;thin the pipe. D2. 

being smaller than the area of the node. ~y~z. as shown in the equation for the 

flux in the x direction. 
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within the fluid. Other approximations are possible, but the equations used in 

Figures 3.3, 3.4 and 3.5 are the simplest possible approximations. In all other 

cases, inclusion in the nodal equation of temperatures from nodes not adjacent to 

the node solved for in order to more accurately approximate the fluid and solid 

temperatures leads to node equations which cannot be used in the tridiagonal 

solver in the ADI code described in Appendix F. 

In Figure 3.6, the bulk mean fluid temperature is compared for 

2Rp / ~x = 0.5, 0.8, 1, 2, 3 and 4. These particular resolutions were used because 

they yielded integer numbers of nodes for the pipe radius Rw. The bulk mean 

fluid temperature as a function of x* for the multiple fluid node case in Figure 

3.3 is found by averaging the numerically computed temperatures of the nodes 

within the fluid at the chosen value of x*. The bulk mean fluid temperature 

for the single fluid node cases in Figures 3.4-5 is assumed to be equal to the 

numerically computed fluid node temperature. 

The impact of changing the resolution of the pipe, 2Rp/~x, on the 

solution for the constant heat transfer pipe embedding approximation in the range 

0.5 ~ 2Rp/~x ~ 4 is seen in Figure 3.6. For the bulk mean fluid temperature, 

the approximation made for 2Rp / ~x = 1 gives a higher temperature than the 

approximations made for higher and lower values of 2Rp / ~x. The numerical 

0F(X*) for 2Rp/~x = 0.5, 0.8, 1,2,3 and 4 vary by at most 5% of the total 

temperature range of the system, with the approximation for 2Rp / ~x = 1 being 

the most different from the majority of the solutions. 

In the solid, the temperature solutions vary noticeably but not unac-
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SF(X·) Thick-walled pipe with constant Nu = 4 
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.6 
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Legend 
.4 o 2Rp/~x = 0.5 

+ 2Rp/~x = 0.8 
x 2Rp/~x = 1.0 

.2 * 2Rp/ ~x = 2.0 
o 2Rp/ ~x = 3.0 

.0 2Rp/~x = 4.0 
- - - Equation (3.5) 

0 
0 .1 .4 .5 .6 

Figure 3.6. SF as a function of x· for 0.5 :5 2Rp/~x :5 4 for the constant 

heat transfer coefficient pipe embedding approximation. Rw/Rp = 10, Nu = 4 
and Pe = 50. The bulk mean fluid temperature of the analytic solution in 
the cylindrical thick-walled pipe in equation (3.5) is included for comparison 
purposes, with 0 0 = 1 and 0 w = O. 
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ceptably with resolution. Solid temperatures for 2Rp/Ax = 0.5, O.S. 1, 2.3 nnd 

4 from solid nodes on the line at x· = 0.2, 'Y = 0 and Rp < z :5 Rw in Figure 3.2 

are shown in Figure 3.7. The profiles at x· = 0.2 are a representative sample of 

those found at other values of x·. For the solid temperature, the approximation 

made for 2Rp / Ax > 1 gives higher temperatures than the approximations made' 

for lower values of 2Rp/!l.x. Again, the numerical 0s(r,x·) for 2Rp/~:r = 0.5. 

0.8, 1, 2, 3 and 4 vary by at most 5% of the total temperature range of the system. 

In order to further assess the acceptability of the constant heat. tran:-;-

fer coefficient pipe embedding approximation, an analytical solution for the COlll-

parable cylindrical problem is used for comparison. Although Chato (1980) and 

Chen and Holmes (1980) each present parts of the solution to this problem, w,j-

ther gives a complete statement of the solution for both fluid and solid in t.erms of 

the parameters used in the current work. The cylindrical constant heat traIlsf('r 

coefficient problem is stated as 

. 18(80) SolId: ks; 8r r 8r = 0 for Rp :5 r < Rw 

Outer B. C.: E>(x, Rw) = 0w for x ~ 0 

Fluid Inlet: SF(X = 0) = 0 0 (3.3 ) 

Velocity: u(r) = 11 for r :5 Rp 

ae -
Interface B. C.: ks 8r Is(x,Rp) = h[E>s(x,Rp) - E>F(X)] 

For a constant heat transfer coefficient, h, at the fluid-solid interfac(! (coTlf>tant 
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9s(x·, r) Thick-walled pipe with constant Nu = 4 
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Figure 3.7. es(r,x· =0.2) for 0.5 ~ 2Rp/A ~ 4 for the constant heat transfer 
coefficient pipe embedding approximation. Rw / Rp = 10, Nu = 4 and Pe = 50. 
The solid temperatures presented are on the line x· = 0.2, Y = 0 and Rp < z ~ 
Rw in Figure 3.2. The solid temperature of the analytic solution in the cylindrical 

thick-walled pipe in equation (3.6) is included for comparison purposes, with 

8 0 = 1 and en- = o. 
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N u), the energy balance on the fluid is 

where the direction of flow is along the positive x axis. 

The solution of equation (3.3) gives the bulk mean temperature in the 

fluid as a function of x· as 

SF(X·) - ew 
eo _ E>w = exp[-8x· /(2/Nu + In(Rw/Rp))] (3.5) 

where x· = x/2RpPe and Nu = hD/k. The temperature in the solid as a 

function of r and x· is found by the current author to be 

r • - • 2/Nu + In(r/Rp) - • 
0s(Rp'x )=E>F(X )-2/Nu+ln(Rw/Rp)(8F(x )-E>n') (3.6) 

Equation (3.6) gives solid temperatures equal to those found by Chato (1980) 

and Baish (1986). The development of equations (3.5) and (3.6) is presented in 

Appendix H. 

The analytical solutions of equations (3.5-6) included in Figures 3.6 

and 3.7 demonstrate that the numerical solution from the constant heat transfer 

coefficient pipe embedding approximation closely follows the fluid and solid tem-

peratures from the comparable cylindrical problem analytical solution. Although 

the resolution which most closely approximates the fluid and solid solutions is 

2Rp / Ax = 0.5, the other resolutions also give acceptable results. As shown in 

Figure 3.6, the numerical bulk mean temperature solution is closest to the ana-

lytical solution of equation (3.5) for 2Rp/Ax = 0.5 and 2Rp/6x = 2, 3 and 4. 
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Figure 3.8. The bulk mean fluid temperature, aF(X·), for 50 $ Pe $ 1000. 
The analytical solution for the fluid temperature in the cylindrical constant heat 
transfer coefficient thick-walled pipe in equation (3.5) is included for comparison, 
with eo = 1 and ew = O. For the solutions above, Nu = 4, Rw / Rp = 10 and 
2Rp/~x = 1. 
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As shown in Figure 3.9, the numerical solid solution is closest to the analytical 

solution of equation (3.6) for 2Rp / ~x =5 1. 

The constant heat transfer pipe embedding approximation exhibits 

similar behavior at other Peclet numbers. This is briefly demonstrated by ex

amining the x· dependence of the bulk mean fluid temperature for the range of 

Peclet numbers 50 =5 Pe =5 1000 at the resolution 2Rp / ~x = 1.0 shown in Figure 

3.B. All of the computed solutions at Peclet numbers 50 =5 Pe =5 1000 fall near 

the same curve, so the solution does not vary much with Peclet number over 

the range 50 < Pe < 1000, but depends primarily on x· for the same resolution 

2Rp/~x. 

The linked pipe embedding approximation. 

The linked pipe embedding approximation uses the constant heat 

transfer coefficient pipe embedding approximation above for each of the two 

pipes. A control volume may not contain more than one pipe in order to explic

itly compute separate arterial and venous temperatures. The pipe embedding 

approximation developed may be used with co current or countercurrent flow, 

but only countercurrent flow will be used in this work. In Chapters 5 and 7 the 

countercurrent pair pipe embedding approximation is used for studies of coun

tercurrent pairs without resort to the paired line source/sink approximation used 

by previous investigators. 

A test case using this approximation is shown and stated in Figure 

3.9. Since the countercurrent pairs in the structural model are closely spaced and 

the resolution is low, the energy conservation equations describing both of the 
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09 -
+ ks oy Is(x, -S/2 + RA'Z) = h[9Is(x, +RA'Z) - 8 A(x)] for Izi < RA 

a9 -
+ ks oz Is(x, y, +RA) = h[81 + RA) - 9A(X)] for - S/2 - RA < y < -S/2 + RA 

09 -
"'- .l:s oy Is(x, -S/2 - RA,Z) = h[9Is(x, -RA,Z) - 9 A(x)] for Izl < RA 

08 -
- ks oz ,sex, y, -RA) = h[9Is(x, y, -RA) - 8A(X)] for - S/2 - RA < y < -S/2 + RA 

09 
+ ks ay Is(x, S/2 + Rv, =) = h[9Is(x, +Rv,.:) - 6v(x)] for 1=1 < Rv 

09 -
+ ks OZ Is(x, y, +Rv) = h[els(x, y, +Rv) - 8v(x)] for S/2 - Rv < y < S/2 + Rv. 

ae 
- ks oy Is(x, S/2 - Rv, z) = h[9Is(x, -Rv, z) - 6v(x)] for Izi < Rv 

09 
- ks OZ Is(x, y, -Rv) = h[8Is(x, y, -Rv) - 6v(x)] for S/2 - Rv < y < S/2 + Rv 

Figure 3.9. Test case for the thick-walled countercurrent pair. Bulk mean veloci

ties are used with the constant heat transfer coefficient case of Figure 3.2 in each 

pipe in the pair. 

_. -' - -"'- -------
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control volumes containing the pipes contain fluid temperatures and heat transfer 

coefficients from both of the pipes in the pair. The particular geometry and Peclet 

number in Figure 3.9 was selected in an attempt to most closely approximate 

the solution of the comparable problem in cylindrical pipes approximated by line 

sources available in the literature (Chato 1980). The wall temperature was chosen 

to be the average of the two fluid inlet temperatures to most closely approximate 

the case chosen from the literature for comparison. For the test case in Figure 

3.9, axial conduction is not included in the fluid or solid in order to match the 

available solution in the literature as closely as possible. Node placement for the 

test case of Figure 3.9 and the resulting node equations are presented in Figure 

3.lD. 

In order to test the acceptability of the countercurrent pair pipe em

bedding approximation, comparison is made between the numerical solution and 

the analytical solution for a paired line source/sink by Chato (1980) supple

mented by the formulation of Weinbaum et al. (1984). Chato begins his analysis 

of a countercurrent pair with the paired line source-line sink solution of Awberry 

(1929). He simplifies the analysis by assuming that perfect countercurrent ex

change bet,veen the two vessels occurs without any thermal interaction between 

the fluid streams and the outer boundary of the surrounding solid. He also as

sumes that the energy exchange between the two vessels is not impacted by any 

exchange of fluid between the two vessels through the smaller circulatory path-

ways. 

For a pair of vessels with equal flow rates, Chato finds the arterial 
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t:..y 
i] kt:..xt:..z 

t:..y 

~z + Rk,vRh,F/(Rk.,· --- Rh.,) kb.::b.:: 

[N] .YuvDv / t:..z 
uv tenn = ----------------------~~~~~~~~------

Nuv(Dv.6.z - D2 /2)/.6.z2 + .NuvDv/2(~:2_Dv~:)~: 
V ,\ uV/2(~:2_Dvt::.z)+1/Dvt::.z 

fly 

t:..z + Rk,vRh,V/(Rk,\' + Rh,v)] kt:..xt:..z 

for DA = Dv t:..x = .6.y = flz 

DA = 2RA 

Figure 3.10. Node placement for the countercurrent pair embedded pipe approx

imation using the constant heat transfer coefficient pipe embedding approxima

tion for the pipes. In this example the pipes are in adjacent volumes. In general. 

2Rp / ~x does not have to be the same for both pipes. For the interfaces in the 

::-direction. the equations in the z-direction are of the same form as those in the 

::-direction in Figure 3.5. 'Vi thin the pipe. the equation used in the x-direction is 

like the advection-diffusion equation in equation (G .6b) with an adjustment for 

the area within the pipe. D2. being smaller than the area of the node. ~y.6.::. 
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and venous bulk mean fluid temperatures as 

o (X) = e (0) + (0A(0) - ev(L)) X 
A A 1 + IINo 

(3.7) 

e (X) = 0 r(L) + (0A(0) - 0v(L)) (1 - X) 
v \ 1 + IINo 

where X = x I L and No = 1+In[i~~;(~S)2J' Chato's temperature for the sur-

rounding solid due to a line source-sink is equal to a more compact formulation 

by 'Weinbaum et al. (1984) as 

8(X,y,z) - 0A(X) 
= 

0v(X) - 8.4(X) 
(3.8) 

1 In ([(11 ~S) + J(11 ~S)2 _1)]2(z2 + Y S)]) 
4cosh-l(I/~S) (YS)2 + z2 

where Y S = J(11 ~S)2 - 1 + y. 

Comparison between the numerical solution and the solution of equa-

tions (3.7) and (3.8) is made at high Peclet number for a short thick cylinder 

(Pe = 1000, L* = 0.03 and RwlRA = 30) where near perfect countercurrent 

exchange may be expected to occur. Figure 3.11 shows the artery and vein tem-

peratures as a function of X = xl L using the approximation of Figure 3.10. 

The difference in the outfall temperature between Chato's solution in equation 

(3.7) and the computed fluid outfall temperature is 0.2% of the total tempera-

ture range of the system. Compared to the change in fluid temperature during 

the transit of the pipe of 10% of the total temperature range of the system, this 

small difference between the two solutions indicates excellent agreement between 
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the numerical and analytic solutions at high Peclet number. The solid temper

ature isotherms computed simultaneously with the fluid temperatures in Figure 

3.11 are shown in Figure 3.12. Also included in Figure 3.12 are the experimental 

temperatures found by Lemons (1986) for the solid in an experiment simulating 

perfect countercurrent exchange. The difference between the analytical solution 

in the solid in equation (3.8), Lpmnns' experimental temperatures in the solid 

and the solid temperatures in Figure 3.12 are less than 3% of the temperature 

range of the system for the solid within 5 tube diameters of the countercurrent 

pair of pipes. 

Tests of differences due to changes in resolution were not performed 

for three reasons. First, tests to measure changes in temperature due to changes 

in resolution were not deemed imperative, as the previously tested constant heat 

transfer coefficient pipe embedding approximation is used directly in the con

struction of the countercurrent pair. Second, the results above are in very good 

agreement with the experimental results of Lemons for a similar problem which 

are detailed in Chapter 5. Third, the pipe spacing required for comparison be

tween the numerical method solution and the analytical solution could not be 

realized with one pipe per node at lower resolution, and tests at higher resolution 

required an impractical number of nodes in the thick-walled countercurrent pair 

cross section. 
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SA.(x/L), Sv(x/L), Thick-walled countercurrent pair with constant Nu = 4 

1~~q}'~~~ 
.8 

Legend 
.6 0- SA. 

~ 
X - SV ICD 

~ 

~ - Equation (3.7) 1<0 

.4 -

x/L 

Figure 3.11. 0A.(x/ L) and Sv(x/ L) for Pe = 1000 simulating perfect countercur
rent exchange between the vessels. L * = 0.03, Rw / RA. = 30, N UA = N U v = 4, 
and ~S = 1/2. The analytic fluid temperature solution included for compari
son is that of Chato (1980), as quoted in equation (3.7), with 0A(0) = 1 and 

8v(L) = O. 
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Figure 3.12. 9s isotherms at x/L = 1/2 for Rv/RA = 1, 2RA/6x = 1/2, 
Pe=1000 and Rw/RA = 30. The vessels have spacing 65 = 1/2 for comparison 
with Chato (1980) and Weinbaum et aL (1984). The analytical solid temperature 
solution included for comparison is that of Weinbaum et al. (1984) as quoted in 

equation (3.8). The numerical solid temperature comparisons are along the lines 

indicated by the labels "a" and "b" at xl L = 1/2, Y = +S/2, RA < z ::; Rw 
and x/ L = 1/2, Y = -S/2, RA < z ::; Rw in Figure 3.9. The experimental solid 
temperatures included for comparison are those of Lemons (1986). The computed 

solutions, originally computed scaled from 0 to 1 have been rescaled to match the 

scaling from -1 to + 1 used in Lemons' experimental data. 
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Capabilities and Limitations of the Numerical Method 

Using the analytical comparisons available in the literature and re

stated in this chapter, I have demonstrated that the numerical method used with 

the constant heat transfer coefficient and linked pipe embedding approximations 

is acceptable for the investigation of temperature solutions for the heat transfer 

problems in Chapter 2. The major strength of the numerical method is that 

individual structures can be explicitly inserted at a definite location and their 

impact upon the surrounding solid examined without an a priori assumption of 

the relative magnitudes of the effects of the various heat transfer processes in 

action. The approximation of embedded pipes in Figures 3.3-3.5 and 3.11 can 

be applied to any number of vessels embedded within the solid going parallel to 

any coordinate axis as the separation of the vessel centers is an integer number 

of nodes. 

The cylindrical constant heat transfer coefficient problem solution in 

equations (3.5-6) and the perfect countercurrent exchange fluid temperature so

lution in equation (3.7) are found to be useful comparisons for fluid and solid 

temperatures and estimators of thermal energy transferred between the fluid and 

the solid. They are used (as appropriate) for the thick-walled pipe and coun

tercurrent pair studies in Chapters 4 and 5 as comparisons with numerical fluid 

and solid temperature solutions. In addition, the fluid temperature solutions are 

used (as appropriate) to estimate thermal energy transferred between the fluid 

and the solid in the development of the effectiveness ratios for fluid-solid thermal 

interaction and countercurrent exchange in the thick-\valled pipe study in Chap-
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ter 5 and in the development of the alternative thermal energy equations from 

the multiple thick-walled pipe and countercurrent pair studies in Chapters 6 and 

7. 

Subject to the limitations discussed in this chapter, the numerical 

method may be used to compute fluid and solid temperatures for the problems 

shown in Figures 2.6-9 for all of the values of Pe, L*, !:l.S, Rw / RA and R\' / R.4 

found in Table 2.4. The limitations encountered are not too restrictive to pre

clude application to the physical regimes present within skeletal muscle. For the 

constant heat transfer coefficient pipe embedding approximation, resolutions in 

the range 0.5 ~ 2Rp /!:l.x ~ 4 give solutions which are near those of the compara

ble problem in cylindrical geometry. The resolution of the linked pipe embedding 

approximation is governed by the same limits as found for the constant heat 

transfer coefficient pipe embedding approximation. 

The Pec1et number range over which the constant heat transfer co

efficient pipe embedding approximation may be applied under conditions found 

in living tissue remains to be determined. This determination is important be

cause the constant heat transfer coefficient pipe embedding approximation has 

sufficiently modest resolution requirements to allow routine computation of so

lutions for more than one pipe embedded in a solid. In Chapter 4, the constant 

heat transfer coefficient pipe embedding approximation is demonstrated to gi\"e 

fluid and solid temperature solutions equivalent to those of thick-walled pipe in 

cylindrical geometry with matched temperature and flux at the pipe fluid-solid 

interface for Nusselt number of about 4 and Peclet number greater than about 10. 
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Thus, the constant heat transfer coefficient pipe embedding approximation and, 

by extension of the Chapter 4 comparisons, the countercurrent pair pipe embed

ding approximation based upon it, will be used for all of the multiple structure 

fluid and solid temperatures computed for the dissertation. 
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CHAPTER 4 

THE THICK-WALLED PIPE 

It is necessary to determine the Peclet number and Nusselt number 

values at which the constant heat transfer coefficient pipe embedding approxi

mation and the conjugated problem give equivalent solutions for the thick-walled 

pipe problem described in Chapter 2. In Chapter 4, two major results are estab

lished using the constant heat transfer coefficient pipe embedding approximation 

and the conjugated thick-walled pipe problem. First, the effect of fluid flow on 

solid temperatures at very low Peclet number (Pe < 10) is found to be small. 

The results will be used in Chapter 8 to estimate the effect of the blood flow 

in the smaller vessels on tissue temperatures. Second, the applicability of tIl(' 

constant heat transfer coefficieni pipe embedding approximation of Ctapt.cr 3 to 

the low Peclet number regime (10 < Pe < 100) for skeletal muscle conductivitic!i 

and geometries presented in Table 2.4 is demonstrated. The second result is vi

tal, as the conjugated problem presented here for cylindrical thick-walled pipes 

and studied as a test case in Appendix G for square thick-walled pipes rcc111in's 

too much resolution for convenient application to the multiple pipes probl(!ms in 

Chapter 2. 

The cylindrical heat transfer coefficient problem without axial wn

duct ion has been extensively used by previous workers (Chato 1080, Chen and 

Holmes 1980, 'Weinbaum and Jiji 1985) to estimate the effects of blood flo\\" on 
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tissue temperatures. Throughout this work, axial conduction is included in the 

fluid and the solid for both the cylindrical conjugated problem and the square 

cross section constant heat transfer coefficient problem. This is done because 

neglect of axial conduction in the fluid for Pe < 100 is not considered advisable 

by Kays and Crawford, (1980) and because Mori et al. (1974) have demonstrated 

that axial conduction in the solid causes changes in the fluid-solid interface tem

perature for thick-walled pipes. Axial flux is also found to be significant relative 

to radial flux in the areas near the center of the square cylinders for the multiple 

thick-walled pipes and countercurrent pairs problems. 

Comparisons of fluid and solid temperatures for the thick-walled pipe 

conjugated problem with a parabolic velocity profile were made for Pe = 5 and 

Pe = 15 to demonstrate the low bulk mean solid temperatures found for thick

walled pipes with Pe < 10. It is argued that the inclusion of axial conduction 

in the thick-walled pipe problem results in decreased solid temperatures as a 

function of x· for Pe < 10 from the solid temperatures found at Pe > 10. 

The effect of slug flow on the fluid and solid temperatures at low Pcclct 

number (Pe < 10) is to further reduce the lowered fluid and solid temperatures 

found for parabolic flow at low Peclet number. Fluid and solid temperatures 

for a slug flow velocity profile with the same mass flow rate were compared to 

those for a parabolic flow velocity profile and matched temperature and flux at 

the fluid-solid interface. Bulk mean fluid temperatures are found to decay more 

rapidly with x· for slug flow than for parabolic flow. Solid temperatures are also 

lower when slug flow is present than they are in the presence of parabolic fiow. 
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Slug flow velocity profiles are found in the terminal and smaller vessels where 

Pe < 10. 

Comparisons were made between the solutions of the thick-walled pipe 

conjugated problem and the analytical solution of the cylindrical constant heat 

transfer coefficient problem without axial conduction in equations (3.5-6). Bulk 

mean fluid temperatures as a function of x· are above those predicted using the 

cylindrical constant heat transfer coefficient problem without axial conduction. 

Bulk mean solid temperatures are below those predicted using the constant heat 

transfer coefficient cylindrical problem temperatures in equations (3.5-6). 

Comparison of fluid and solid temperatures from the cylindrical thick

walled pipe conjugated problem and the constant heat transfer coefficient pipe 

embedding approximations described in Chapter 3 indicates that for Pe ~ 10, 

a constant heat transfer coefficient pipe embedding approximation with . axial 

conduction in the fluid and solid is acceptable for use in describing fluid and 

solid temperatures in a thick-walled pipe. This conclusion is supported by the 

good agreement between the the thermal equilibration length, x· , the bulk mean 

solid temperature at x·, e s( x·) and the fluid-solid interface temperatures for 

Pe ~ 10 for the cylindrical conjugated problem and the square cross section pipe 

embedding approximation from Chapter 3. 
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Effects of Fluid Flow on Thick-walled Pipe Problem Temperatures for Pe < 20 

Since axial conduction in fluid and solid in the thick-walled pipe may 

not be neglected a priori, a determination of fluid and solid temperatures in the 

thick-walled pipe is made which includes axial conduction in fluid and solid. Since 

blunted velocity profiles are observed in vessels with Pe < 5 as indicated in Table 

2.2, fluid and solid temperatures in the thick-walled pipe are determined for both 

parabolic velocity profile and slug flow. Fluid and solid temperatures must be 

determined simultaneously, as done for the pipe embedding approximations in 

Chapter 3. Results of both of the above computations are to be applied to the 

in vivo data in Chapter 8. 

Solutions for the thick-walled pipe conjugated problem with conduc

tion in the solid but not in the fluid and parabolic velocity profile in the fluid 

are reported in the literature. Luikov et al. (1971) present a complex closed 

form series solution without numerical results for the case of the thick-walled 

pipe problem stated in equation (G.8). Mori, et al. (1974) solved the case of 

the thick-walled pipe problem with conduction in the wall and present the only 

available numerical results, some of which are used for comparison in Appendix 

G. Mori and his co-workers found that if the wall is thin or the conductivity of 

the solid is high in relation to the fluid, Nusselt numbers are close to those of 

the limiting case of the constant fluid-solid interface temperature. If the wall is 

thick and the solid thermal conductivity is on the order of that of the fluid, the 

Nusselt numbers fall between those found for constant fluid-solid interface flux 

and the constant fluid-solid interface temperature cases. 
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The conjugated problem for a cylindrical thick-walled pipe at Pe < 20 

was solved using a model and numerical method previously used by the author for 

Pe < 2 (Williams 1985, Williams and Roemer 1984). A statement of this cylin-

drical cross section problem with matched temperature and flux at the fluid-solid 

interface and axial conduction in the fluid and solid is presented in Figure 4.1. 

The numerical implementation is discussed in detail in a previous work ('Villiams 

1985). As the total pipe lengths used are as short as L* = L/(2RpPe) = 1.2 

for equally spaced computational nodes, tests to determine the influence of the 

downstream boundary were made using exponentially stretched coordinates in 

the axial direction, as described by Roache (1982). For Pe < 20 (L* > 1.2), the 

downstream boundary condition had an effect on the fluid and solid temperatures 

of less than 3% at any position within the cylinder. 

The estimate of blood flow impact on tissue temperature will be made 

using the bulk mean fluid temperature, the bulk mean solid temperature and the 

fluid-solid interface temperature. The bulk mean fluid temperature is defined as 

(4.1) 

The bulk mean solid temperature is defined in this work as 

Gs(x*) = (R2 1 R2) fRw 0s(x*, r)2r.rdr. 
1i' W - P JR p 

(4.2) 

The bulk mean fluid and solid temperatures for the numerical results are com-

puted by substituting the appropriate discretization sums for the integrals in 

equations (4.1-2). 
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Fluid: kF(- + -- + -) - pcpu(r)- = 0 for r < Rp . 

ar2 r ar ax2 ax 

Conductivity: ks = kF 

Outer B. C. '5: e(O, r) = 1 for r :5 Rp 
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Parabolic profile: u(r) = umar(l- r2IR~) for r:5 Rp 

Geometry: L 2: 30Rp 

Rw = 10Rp 

Pe :5 20 

Figure 4.1. Cylindrical conjugated problem for the thick-walled pipe. Solutions 
are found for both slug flow and parabolic velocity profiles. A simple closed form 

solution is unavailable. This problem was previously solved by Williams (1985) 

for Pe < 2. Solutions reported in the current work are for 1 < Pe < 20. 
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If axial conduction is significant, thermal energy from a length !:::J.x of 

the fluid solid-interface may cross the outer boundary over a length greater than 

!:::J.x. As a sample of the effect of this phenomenon on fluid and solid temperatures, 

Figure 4.2 illustrates the variation of the bulk mean solid temperature E>s and 

the bulk mean fluid temperature E> F with x· for Pe = 5 and Pe = 15. The bulk 

mean fluid temperature in equation (3.5) and the bulk mean solid temperature 

in equations (3.6) and (4.2) for the cylindrical constant heat transfer coefficient 

problem without axial conduction are included in Figure 4.2 for comparison. As 

the Peclet number increases from 5 to 15, both bulk mean temperatures, E>F(X·) 

and 0 s( x·), increase. However, 0 s( x·) increases more than 0 F( x·), approaching 

the bulk mean solid temperature for the case without axial conduction. For 

Pe = 5, thermal energy which crosses the fluid-solid interface along a length of 

pipe !:::J.x crosses the outer wall along a greater length of the outer wall than occurs 

at Pe = 15. Thus the bulk mean solid temperature at Pe = 5 is significantly 

lower than the bulk mean solid temperature at Pe = 15. The large change in 

solid temperatures for Pe ? 5 indicates that the impact of axial conduction on 

the solid temperature at low Peclet number is measurable. 

In skeletal muscle, as the vessel size increases from the capillaries to 

the secondary vessels and Peclet number increases from about 0.01 to about 5, the 

fluid velocity profile changes from slug flow to laminar (parabolic) flow. Slug flow 

conditions increase the velocity close to the fluid-solid interface, increasing the 

thermal energy transferred between the fluid and the solid. The fluid and solid 

temperatures of vessels with blunted velocity profiles, that is, "elocity profiles 
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Figure 4.2. eF(X·) and 0s(x*) for Pe = 5 and Pe = 15 with Rw/Rp = 10 and the 
parabolic velocity profile in the fluid. Fluid and solid bulk mean temperatures 
are computed from solutions of the cylindrical conjugated problem of Figure 

4.1. The solutions for the cylindrical constant heat transfer coefficient problem 
without axial conduction in equations (3.5) for the bulk mean fluid temperature 
and equations (3.6) and (4.2) for the bulk mean solid temperature are included 
for comparison. In equations (3.6), 0 0 = 1 and 0w = O. 
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between those of slug and laminar flow, are expected to fall between the solu

tions of the cylindrical conjugated problem in Figure 4.1 for slug and parabolic 

velocity profiles. The vessels with blunted velocity profiles have diameters in the 

range 20j.t < 2Rp < 70j.t. Figure 4.3 contains a comparison of fluid and solid 

temperatures for slug flow and parabolic velocity profiles for the problem stated 

in Figure 4.1 at Pe = 5. For 0F(X*), es(x*) and 0s(x*,Rp) all of the slug flow 

temperatures are near but below those of the parabolic velocity profile. 

In order to determine the difference between predictions by previous 

workers for the cylindrical thick-walled pipe problem without axial conduction 

and the cylindrical thick-walled pipe problem results which include axial conduc

tion leading to the phenomena illustrated in Figures 4.2 and 4.3, a comparison 

is made between the blood and solid temperatures found by previous investiga

tors and the results of the current work. In previous work, the fluid and solid 

temperatures are estimated using the cylindrical thick-walled pipe with constant 

heat transfer coefficient at the fluid-solid interface, parabolic velocity profile and 

no axial conduction in fluid or solid. This problem has been studied by Chato 

(1980), '\Veinbaum et al. (1984) and Chen and Holmes (1980) for conditions 

present in the body. The fluid and solid temperatures found are presented in 

equations (3.5-6). 

In a brief digression, two quantities chosen as bases of comparison are 

discussed. The first is e-folding length of the bulk mean fluid temperature, that 

is, the thermal equilibration length. The thermal equilibration length when axial 
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1 

Figure 4.3. A comparison of fluid and solid temperatures for the cylindrical 
conjugated thick-walled pipe problem of Figure 4.1 with slug flow and parabolic 
velocity profiles. Computations are made with 2Rp/ Llx = 10 for a pipe with 

Pe = 5 and L* > 5. 



Table 4.1. Comparison of x·TE Computed from Various Formulations 

Nu = 4, Rw/Rp = 10, kF = ks 

Investi~ators 

Chato (1980) 

Chen and Holmes (1980) 

Weinbaum and Jiji (1984) 

Equation (4.3), current author 

x·T E estimate 

0.348 

0.350 

0.350 

0.350 

conduction is not included is found from equation (3.5) as 

X·
TE = [7\~ + ln R

R
W

]/8. 
.nU p 
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(4.3) 

The thermal equilibration length, x·TE , is the measure of fluid-solid thermal 

equilibration most commonly used by previous investigators of heat transfer in 

the body. Thermal equilibration lengths using the formulations of previous in-

vestigators and the formulation in equation (4.3) for Nu = 4, Rw/Rp = 10 and 

kF = ks are presented shown in Table 4.1. The thermal equilibration length, 

x·T E, for the constant heat transfer coefficient problem without axial conduction 

is nearly the same when estimated using equation (4.3) or the formulations of 

any of the investigators in the preceding paragraph. 

The second basis of comparison is the bulk mean solid temperature 

at the thermal equilibration length, e s( x·T E). For the cylindrical constant heat 

transfer coefficient problem in equations (3.3-6), the bulk mean solid temperature 



gives the overall solid temperature without axial conduction present in the fluid 

or solid. For the cylindrical constant heat transfer coefficient case, 

(?/Nu) + InC&!:..) - 1 
8s(x·TE ) = 8F(x·TE ) [1 _ - Rp 2]. (4.4) 

(2/Nu) + [neil;) 

The bulk mean solid temperature, 8s(x·TE ), is found by combining equation 

(3.6) with equation (4.2) and evaluating at x· = x·TE . None of the previous 

investigators have used the solid temperature as a basis for e\-aluation of the 

impact of blood flow on tissue temperature. 

Use of the comparisons in equations (4.3-4) requires selection of a 

value for the heat transfer coefficient in the form of the Nusselt number. In making 

the choice of Kusselt number, both the experimental and theoretical work of other 

investigators and the numerical results of the pipe embedding approximations are 

considered. 

The numerical results of Mori et al. (1974) indicate averae;f' Nusselt 

numbers for the thick-walled pipe problem falling between those of constant fluid-

solid interface temperature (N u = 3.65) and constant fluid-solid interface flux 

(Nu = 4.365). The most carefully selected values of Nu for blood are those of 

Chato (1980), who uses the results of the blood in tube heat transfer studies 

of Victor and Shah (1976). All of the Nusselt numbers chosen by the previous 

investigators for use in the body, including those of Chato, fall in the range 

4.0 < Nu < 4.25. 

Figure 4.4 shows the bulk mean fluid temperature as a function of 

x· for 0.1 ::; N u ::; 00, 2Rp / fl.x = 1 and Pe = 100 and computed using the 
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constant heat transfer coefficient pipe embedding approximation of Chapter 3. 

Note that the bulk mean fluid temperature variation with Nusselt number over 

the physically reasonable range of 3 =:; N u =:; 10 is quite small. The results from 

computations for one value of Nusselt number in this range may be considered as 

indicative of the solutions for other values of Nusselt numbers in the same range. 

In light of the above evidence, the value N u = 4 was chosen for 

further studies using the constant heat transfer coefficient fluid-solid interface, 

as it has been extensively used by other modelers (Chato 1980, \Veinbaum and 

Jiji 1985), is midway between the Nusselt numbers for constant wall temperature 

and constant wall thermal flux for laminar flow as indicated by Mori's studies 

and is supported by studies of thermal properties of flowing whole blood flowing 

in tubes for D > 501l (Victor and Shah 1979). 

Figure 4.5 shows the dependence of x·TE and 0s(x·TE ) upon Peclet 

number for slug flow and parabolic velocity profiles. As would be anticipated 

from the nature of the fluid inlet boundary condition, Figure 4.5 shows that the 

computed x·TE for both velocity profiles for the cylindrical conjugated problem 

in Figure 4.1 are longer than those computed from equation (4.3) for Pe =:; 2. 

This illustrates the impact of axial conduction from the fixed temperature nodes 

at the fluid entry point for Pe =:; 2. The low bulk mean solid temperature, 

0S(x·TE ), for both velocity profile cases for Pe < 10 further illustrates the 

impact of axial conduction in reducing solid temperatures at low Peclet number. 

For both velocity profiles, x·TE values do not extend beyond 8Rp for Pe < 10. 

For the zero velocity case, where no x· measure is possible, the e-folding length 
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Figure 4.4. e F( x·) for the square cross section constant heat transfer coefficient 
problem in Figure 3.2. 0.1 < Nu < 00. For the solutions above, Pe = 100, 

Rw/Rp = 10 and 2Rp/tlx = 1. 
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occurs at 1.5Rp. 

The fluid thermal equilibration length, Xp.TE, for slug flow is shorter 

than x·TE for parabolic velocity profile flow. The bulk mean solid temperature 

at the fluid thermal equilibration length, 0 s(x·TE ), is also lower. For Pe > 2, 

the x·TE's for slug flow are shorter than those computed from equation (4.3) and 

those computed numerically with parabolic velocity profiles in the fluid. 

Axial conduction in the fluid and solid has the effect of reducing the 

solid temperature for Pe < 15. The results in Figure 4.5 indicate that the impact 

of the fluid on the solid temperature at low Peclet number in the body when 

the effects of axial conduction are included is even less than that predicted by 

preyious investigators who did not include axial conduction. The narrowing of 

the difference between the solid temperatures from the cylindrical conjugated 

problem in Figure 4.1 and the solid temperatures from the analytical comparison 

without axial conduction in equation (4.4) as shown in Figure 4.5 indicates that 

the effects of axial conduction on temperature in the solid are reduced in compar

ison to the effects of radial conduction in the fluid and solid as the Peclet number 

increases from 5 to 15. For Pe ~ 15, the small difference between the solid tem

perature for the conjugated problem with axial conduction and the analytical 

solution in equation (4.4) without axial conduction indicates that the effects of 

axial conduction in the fluid and solid on fluid thermal equilibration length haye 

been minimized. 
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Figure 4.5. x·TE and 9 s(x·TE ) as a function of Peclet number for the cylindrical 
cc~jugated problem of Figure 4.1 with slug flow and parabolic velocity profiles. 
The thermal equilibration length, x·TE , from equation (4.3) and the bulk mean 
solid temperature at x·TE , 9S(x·TE ) from equation (4.4) for the cylindrical 
constant heat transfer coefficient problem without axial conduction are included 
for comparison. In the solid, Rw / Rp = 10 for all cases. The Nusselt number 

is fixed at Nu = 4 in equations (4.3) and (4.4). For the zero velocity case, the 
e-folding length occurs at 1.5Rp. 
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Application of the Constant Heat Transfer Coefficient Approximation 

Due to limits imposed by the need for expeditious calculations, low 

resolution pipe embedding approximations like the constant heat transfer coef

ficient pipe embedding approximation in Chapter 3 must be used to study the 

multiple parallel pipe problems in Chapter 2 at low Peclet number (Pe < 100). 

Fluid and solid temperatures from the square cross section constant heat trans

fer coefficient pipe embedding approximation are compared to those from the 

cylindrical conjugated problem in Figure 4.1 in order to determine when the two 

problems give equivalent results. In addition, comparison is made to the values 

of x*TE and 0 x (*TE) in equations (4.3) and (4.4) to determine the differences 

between the results of previous workers and the results determined here. 

A direct comparison is made between the fluid and solid temperatures 

for the square cross section constant heat transfer coefficient pipe embedding 

approximation in Figures 3.4 and 3.6 and the cylindrical conjugated problem in 

Figure 4.1. As in the cylindrical conjugated problem described in Figure 4.1, 

axial conduction is included in both fluid and solid for the square cross section 

constant heat transfer coefficient case. For the cylindrical conjugated problem, 

the parabolic velocity profile is used. In the constant heat transfer coefficient case 

in Figure 3.2, the equations for the solid and fluid are altered to include axial 

conduction, as 
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( 4.6) 

In light of the discussion in the preyious section, lVu = 4 is used for the con-

stant heat transfer coefficient problems. For all of the numerical solutions in this 

chapter, L ~ 30Rp and RHr = 10Rp. 

Due to an upper limit of Pe ~ 20 for convenient computation of 

the cylindrical conjugated problem in Figure 4.1 and a lower limit of Pe ~ 10 

for convenient computation of the square cross section constant heat transfer 

coefficient pipe embedding approximation, comparison calculations will be made 

for 10 ~ Pe ~ 20. The upper limit to computation for the cylindrical conjugated 

problem is imposed by the effects of the downstream zero flux end boundary 

condition upon the fluid and solid temperatures at Pe > 20. The lower limit to 

computation for the square cross section constant heat transfer coefficient pipe 

embedding approximation is imposed by the degradation of the fluid and solid 

temperature solutions from those shown in Chapter 3 due to insufficient resolution 

in x· which is observed when ~x/(2RpPe) > 0.1. 

Fluid and solid temperatures of the square cross section constant heat 

transfer coefficient pipe embedding approximation and the cylindrical conjugated 

problem in Figure 4.1 for Pe = 10 are shmvn in Figure 4.6. The fluid bulk 

mean temperatures indicate good agreement between the square cross section 
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Fi,?;ure 4.6. e F( x·) and e s( x·) for the cylindrical conjugated problem in Fig
ure 4.1 and the constant heat transfer coefficient fluid-solid interface case. The 
constant heat transfer coefficient fluid-solid interface case of Figure 3.2 is as mod

ified by equation (4.6). All of the computations are made with Rw / Rp = 10 and 
Pe = 10. For the square cross section constant heat transfer coefficient case, 
N u = 4 and the 2Rp /.6x = 1 formulation of Figure 3.4 are used for the calcula
tions. 
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pipe embedding approximation and the cylindrical conjugated problem solutions. 

The bulk mean solid temperatures for both cases are also in good agreement with 

each other. For all of the temperatures studied, the results agree to better than 

5% of the total temperature range of the system for all positions in the pipe. 

The good agreement of results of the cylindrical conjugated problem 

and the square cross section constant heat transfer coefficient pipe embedding 

approximation over the entire range 10 ~ Pe ~ 20 is shown by the variation of 

x*TE and es(x*TE) with Peclet number plotted in Figure 4.7. The values of 

x*TE and es(x* = x*TE) for Pe ~ 10 from the square cross section constant 

heat transfer coefficient pipe embedding approximation are within 10% of the 

values for the cylindrical conjugated problem for Pe ~ 10. For the entire range 

of Peclet numbers, the values of x*T E are in good agreement. As the Peclet 

number approaches 15, es(x*TE) for the computed cases approaches a value of 

about 0.20. The approximately constant value of es(x*TE) for Pe ~ 15 indicates 

that, for a segment of pipe of length ..6. x * , the fraction of thermal energy leaving 

the fluid and conducted through the solid in the axial direction has assumed a 

constant value as a function of x*. 

Included for purposes of comparison are the values for x*TE and 

es(x*TE) for the cylindrical constant heat transfer coefficient problem in Chap

ter 3 as found in equations (4.3) and (4.4). Comparison of the results of the prob

lems studied in this chapter and the analytical cylindrical constant heat transfer 

coefficient problem used by previous im·estigators indicate that, for Pe > 10, the 

fluid-solid equilibration lengths of the current study and those found by previous 
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Figure 4.7. x·TE and 0s(x·TE ) as a function of Pec1et number for the cylindrical 
conjugated problem and the constant heat transfer coefficient fluid-solid interface 
case. The constant heat transfer coefficient fluid-solid interface case of Figure 
3.2 is as modified by equation (4.6). All of the computations are made with 
Rw / Rp = 10 and Pe = 10. For the constant heat transfer coefficient case, 

Nu = 4 and 2Rp/!:l.x = 1. Rw/Rp = 10. Values of x·TE computed from 
equrttion (4.3) and E>S(x·TE ) computed from equation (4.4) for the cylindrical 

const.ant heat transfer coefficient problem are included for comparison. 
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investigaters using analytical selutiens are in agreement to' within a few percent 

of the total temperature range of the system. 

Conclusiens 

Cemparison of the results of the cylindrical conjugated problem so

lution and the analytical cylindrical constant heat transfer coefficient problem 

solution in equations (4.3-4) do not yield appreximately equal fluid and solid 

temperatures at low Peclet number, as indicated by the discrepancies between 

the values of thermal equilibratien length, x·T E, and bulk mean solid tempera

ture at the thermal equilibration length, E>s(x·TE ), shown ill Figure 4.5. Thus, 

the studies in this chapter indicate that the cylindrical cenjugated problem of 

Figure 4.1 should be used for vessels with Pe < 10. However, the impact of fluid 

flow en solid temperatures fer Peclet number lower than about 10 is shown to' 

be less than that predicted by the analytical cylindrical censtant heat transfer 

coefficient problem, both for parabolic flew and slug flew. Axial cenductien is 

shown to have measurable effects on both fluid and solid, as shown in Figures 4.2 

and 4.5. 

The comparisen ef fluid and solid temperatures fer slug flow and 

parabelic velocity profiles in Figure 4.3 indicates that slug flew is more effective 

than parabolic velecity flew in ceoling the fluid. Figure 4.5 also indicates that 

slug flow pipe fluid-solid thermal equilibration lengths are shorter than those for 

parabelic velocity flew. Thus a shorter vessel length is required for fluid and solid 

to achieve the same temperature for slug flow vessels than fer parabolic velocity 

------ -- -
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profiles vessels. 

For Pe > 10, fluid and solid temperatures from the square cross 

section constant heat transfer coefficient pipe embedding approximation agree 

with the results of the cylindrical conjugated problem with parabolic velocity 

profile to within 5% of the total temperature range of the system for all x*, 

as demonstrated in Figure 4.6. Figure 4.7 further demonstrates the agreement 

between the two formulations for Pe ~ 10 for thermal equilibration length and 

bulk mean solid temperature. Thus as Pe ~ 10 in all of the studies to follow, the 

constant heat transfer coefficient pipe embedding approximation will be used in 

throughout the remainder of this work to compute fluid and solid temperatures. 
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CHAPTER 5 

THE THICK-WALLED COUNTERCURRENT PAIR 

In Chapter 5, the thick-walled countercurrent pair is studied using the 

linked pipe embedding approximation in Chapter 3. No previous investigators 

have studied the thick-walled countercurrent pairs without resort to the paired 

line source-sink formulation in one form or another. In the line source/sink 

formulation, the outfall fluid temperature values depend on the dimensionless 

distance between the fluid inlets, L*. The effects of fluid-solid thermal interaction 

are either neglected or fixed at a value which does not depend upon L *. As 

will be shown, both the outfall fluid temperatures and the relative importance 

of fluid-solid thermal interaction and countercurrent exchange depend upon the 

dimensionless distance between the fluid inlets, L * , of the countercurrent pair for 

the linked pipe embedding approximation. This difference between the solutions 

of the line source-sink formulation and the physical situation actually present in 

low Peclet number countercurrent pairs embedded in a finite medium as modeled 

by the linked pipe embedding approximation has not been noted by previous 

investigators. 

A phenomenological study of thick-walled countercurrent pairs IS 

made under three sets of conditions reflecting the finite size of the surrounding 

medium in the extremities. Studies of the case where the outer wall temperature 
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is the average of the arterial and venous inlet temperatures shows that counter

current exchange is not perfect in the presence of a solid outer boundary condition 

at a finite distance. Even in the presence of this boundary condition which mim

ics the solid temperature assumed to be present for the line source/sink model, 

imperfect countercurrent exchange is still observed. Study of the case where the 

outer wall temperature is fixed at the cold venous inlet temperature shows that 

fluid-solid thermal interaction becomes increasingly the dominant heat transfer 

process as the pair increases in L *, leading to fluid and solid temperatures like 

those of the thick-walled pipe for pairs with L· > 0.8. Studies of the case where 

the outer wall is cold (0w = 0) and the venous inlet temperature is allowed to 

assume the temperature of the surrounding solid at the arterial outfall-a situa

tion which must occur at some point in the extremity vascular tree-show that the 

fluid outfall temperatures are dependent on the local conditions near their outlet 

as well as their own inlet temperatures, and that fluid-solid thermal equilibration 

is achieved for L* > 0.8. 

The results of the phenomenological study are used to develop a math

ematical description of fluid temperatures in thick-walled countercurrent pairs. 

The relative importance of countercurrent exchange and fluid-solid thermal in

teraction is quantified by comparison of the computed fluid outfall temperatures 

with the fluid outfall temperatures predicted by Chato's theoretical work for per

fect countercurrent exchange (equation 3.7) and by the single thick-walled pipe 

cylindrical constant heat transfer coefficient problem (equation 3.5). The result

ing effectiveness ratios indicate where the countercurrent pairs may be treated 
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as imperfect countercurrent pairs and where the countercurrent pairs may be 

treated as modified thick-walled pipes. The effectiveness ratios are demonstrated 

to be dependent only on geometry and L *. They are shown to be usable for the 

prediction of fluid outlet temperatures for other combinations of fluid inlet and 

solid outer boundary temperatures. 

The findings are compared to the predictions made by previous in

vestigators using the line source-sink formulation. Comparison with the work 

of previous investigators shows the current study to give thermal equilibration 

lengths for long (L* > 0.8) countercurrent pairs in agreement with the work of 

Baish (1986), who also includes fluid-solid thermal interaction in his formulation. 

Since the studies of the thick-walled countercurrent pair in this chapter demon

strate that the boundary conditions are vitally important in determining the fluid 

and solid temperatures, the determinations of fluid and solid temperatures made 

without consideration of the boundary conditions, as done by Weinbaum and Jiji 

(1985), must be reevaluated. In particular, thermal energy balance equations de

veloped using assumptions mathematically equivalent to perfect countercurrent 

exchange must be reviewed, as perfect or near perfect countercurrent exchange 

cannot be assumed to take place under the thermal conditions assumed to exist 

in the extremities. 
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The Thick-walled Countercurrent Pair Problem: Phenomenology 

The thick-walled countercurrent pair problem as encountered in the 

extremities may be approximated with the following three sets of boundary and 

venous inlet conditions. In the first set of conditions, the outer wall temperature 

is equal to the average of the arterial and venous inlet temperatures. These 

conditions are approximated in the center of the thickest parts of the extremity. 

This first set of boundary conditions mimics the classic problem studied by all 

previous investigators with the line source-sink approximation. In the second 

set of conditions, the outer wall temperature is equal to the cold venous inlet 

temperature. These conditions are encountered near the surface of the extremity. 

The cold outer wall, cold venous inlet case may be studied with Baish's (1986) 

formulation, but Baish did not explore this case in detail in his study. In the third 

set of boundary conditions, the venous inlet temperature is allowed to assume 

the local solid temperature at the arterial outlet and the outer wall temperature 

is fixed at the coldest temperature in the thick-walled countercurrent pair, that 

is, 0w = O. For smaller vessels where arterial blood may reach the temperature 

of the surrounding solid during its transit of the vessel, the surrounding solid 

venous inlet temperature condition is present. The surrounding solid venous 

inlet temperature problem is unexplored by previous investigators. 

The thick-walled countercurrent pair problem is stated in Figure 3.9. 

As in Chapter 3, assumptions concerning the relative importance of fluid-solid 

thermal interaction and countercurrent exchange are not made. Inside the outer 
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boundary arterial, venous and solid temperatures are not fixed at preselected val-

ues. Fluid and solid temperatures are found simultaneously. Using the linked pipe 

embedding approximation, a constant heat transfer coefficient at the fluid-solid 

interface is used for both of the embedded pipes. The mass flow rate in each ves-

sel of the countercurrent pair is the same. For computations where Rv / RA > 1, 

each vessel's Peclet number is different, as Pev = (Rv / RA)-l PeA. Comparison 

between arterial and solid temperatures for the thick-walled countercurrent pair 

and fluid and solid temperatures for the thick-walled pipe is found to be instruc-

tive. For this reason, the wall thickness ratio of the thick-walled countercurrent 

pair is computed with the arterial radius, that is, RlV = Rw / RA . 

Three sets of modifications to the problem statement in Figure 3.9 will 

be made in this chapter. In the first modification, axial conduction is included in 

the fluid and solid due to the low Peclet numbers studied, as discussed in Chapter 

4. For all computations made in Chapter 5, the solid equation in Figure 3.9 is 

modified as 

(5.1a) 

and the fluid equations are modified as 

(5.1b) 

The remaining two modifications to the outer wall temperature and the venous 

inlet temperature will be discussed as they are needed for the study. 



The Averaged Fluid Inlet Temperature Wall Temperature Case: 

8w = [84(0) + Sv(L*)J/2 = 0.5 
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In qualitative terms, when RA :::; Rv and IUAI :: Iuvl perfect counter

current exchange is characterized by (1) fluid temperatures which vary linearly 

with axial distance, (2) equal change in fluid bulk mean temperatures from in

let to outlet for both pipes in the pair, (3) bulk mean solid temperatures which 

are approximately the average of the two fluid inlet temperatures and (4) solid 

isotherms which resemble the double bull's eye shown in Figure 3.12. In quanti

tative terms, Chato's work as quoted in equation (3.7) yields fluid temperatures 

for perfect countercurrent exchange. Of the three sets of boundary conditions in 

this chapter, the average fluid inlet temperature wall temperature case as applied 

to the thick-walled countercurrent pair most closely mimics solid temperatures 

assumed to exist for perfect countercurrent exchange. The purpose of the fol

lowing presentation is to demonstrate that, even under conditions under which 

perfect countercurrent exchange is likely to be approximated, it does not occur. 

Figure 5.1 shows 8v(xIL), 8A(xIL) and Ss(xIL) for three values 

of L * for the thick-walled pipe problem of Figure 3.9 as altered by equations 

(5.1). The fluid and solid temperatures for the averaged fluid inlet temperature 

wall temperature case in Figure 5.1 are examined for evidence of perfect coun

tercurrent exchange. The fluid temperatures 'vary linearly with xl L. The change 

in arterial and venous temperatures between inlet and outfall are equal to each 

other to better than 2%. Also, the bulk mean solid temperature is approximately 

the average of the fluid inlet temperatures throughout the length of the pair. For 
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the short thick-walled countercurrent pair, the bulk mean fluid and solid temper

atures qualitatively resemble those of countercurrent exchange, as discussed in 

the preceding paragraph. The arterial and venous outfall temperatures predicted 

by Chato for perfect countercurrent exchange are included for comparison. As 

L * increases, the arterial outfall temperatures fall even lower than those pre

dicted for perfect countercurrent exchange and the venous outfall temperatures 

are higher. The quantitative comparison of the numerically-computed arterial 

outfall temperatures with the arterial outfall temperatures predicted by perfect 

countercurrent exchange shown in Figure 5.1 indicates that fluid-solid thermal in

teraction is also present, resulting in changes in fluid temperature over the transit 

of the pipes greater than those due to perfect countercurrent exchange. 

Figure 5.2 illustrates the effect of fluid-solid thermal interaction on 

the solid temperature at xl L = 0.1, 0.5 and 0.9. The double bull's eyes of Figure 

3.14 are seen only for L* ::5 0.15 and only at xl L = 0.5. Even for L* = 0.03 

at xlL = 0.1 and 0.9, slightly asymmetric double bull's eyes are seen, with the 

larger diameter isotherms surrounding the pipe which is nearest its inlet. As L * 

increases and the two fluid inlets get farther apart, the solid isotherms show more 

pronounced asymmetries. For L* = 0.3 at L* = 0.1 and 0.9, the solid isotherms 

show decreased evidence of the presence of the member of the countercurrent pair 

which is not near its thermal entrance region. 

For the short thick-walled countercurrent pairs in this section whose 

boundary condition most closely mimics conditions for perfect countercurrent ex

change in a finite medium, the qualitative signs of perfect countercurrent exchange 
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are present. However, closer examination of the fluid and solid temperatures re

veals that the changes in fluid bulk mean temperatures are greater than those 

of perfect countercurrent exchange because both members of the countercurrent 

pair are undergoing heat transfer between the fluid and the outer boundary. In 

addition, although the bulk mean solid temperature approximates that of perfect 

countercurrent exchange, the solid isotherms clearly show entrance regions simi

lar to those found in fluid-solid thermal interaction in single thick walled pipes. 

Thus under conditions where the surrounding solid is of a finite size. counter

current exchange augmented by fluid-solid thermal interaction occurs instead of 

perfect countercurrent exchange. 

The Cold 'Vall, Cold. Venous Inlet Temperature Case: 

0w = 8dL*) = 0 

The solid and fluid temperatures for the average outer wall temp('r

ature of the previous section indicate that the fluid undergoes measurable fluid

solid thermal interaction with the outer wall. Due to its simplicity, the cold wall. 

cold venous inlet temperature boundary case is studied in the next section of 

this chapter in order to determine the relative importance of fluid-solid thermal 

interaction and countercurrent exchange. For the solutions in this s('ction. axial 

conduction is included as in equations (5.1). The outer wall temperature of the 

thick-walled countercurrent pair problem in Figure 3.9 is set equal to the venous 

inlet temperature, as 

9v(L*) = 0w = O. (5.2) 
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For the large range of L * and vessel sizes in Table 2.2 to be studied. R\I" / RA = 10 

to reflect conditions in the vessels smaller than the named vessels. As in the 

previous section, the following examples are examined for evidence of perfcct 

countercurrent exchange. The examples are also examined for e\'idence of the 

thick-walled pipe solution characteristics of (1) exponential fluid temperature 

decay with x*, (2) decaying bulk mean solid temperatures with x* and (3) singlc 

bull's eye solid isotherms. 

Figure 5.3 shows 0 A(x*) and 8s(x*) for four values of Peclet numb('r 

and consequently L * for the thick-walled pipe problem of Figure 3.9 as altered 

by equations (5.1-2). The bulk mean arterial and solid temperatures for a thick

walled pipe representing the artery without the accompanying vein are included 

in Figure 5.3 for comparison. For Pe 2:: 100 and thus L* < O.i, the artery temper

atures approximate a linear variation with x*, as found in perfect countercurrmt 

exchange. For Pe ~ 100 and thus L* 2:: 0.7, the artery temperatures mimic the' 

exponential decay observed for the fluid temperatures in the thick-walled piIH' 

problem. The bulk mean solid temperatures for the thick-walled countercurn'nt 

pair are near but lower than those found for the thick-walled pipe in Chaptn 4. 

Note in particular that for L* 2:: O.i, the primary dependence of fluid and solid 

temperatures is on x*. 

Figure 5.4 shows 8v(x/L), 0A(X/L) and 8s(x/L) for four values of 

L* for the thick-walled pipe problem of Figure 3.9 as altered by equations (5.1-

2). The change in arterial and venous temperatures between inlet and olltfrtll 

are not equal, with the difference between the change in arterial and W'fjOllS 
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Figure 5.3. Bulk mean arterial and solid temperatures as a function of x· for 

the cold wall, cold venous inlet case, ew = ev(L·) = O. The rp.sults of th~ 
thick-walled pipe for the artery with the same wall thickness but without thf! 
accompanying vein are included for comparison. For the ca'5es in thf! figurf' , 

Rw/RA = 10, Rv/RA = 1, L/2RA = 70, Nu = 4 and 60S = 1. 
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temperatures increasing as L* increases. The bulk mean solid temperature is 

not the average of the fluid temperature at any x / L as predicted for perfect 

countercurrent exchange, but is close to the outer wall temperature. The arterinl 

and venous temperatures predicted by Chato for perfect countercurrent exchange 

are included for comparison. Both the arterial and venous outfall temperatures 

are lower than those predicted for perfect countercurrent exchange. For L· 2:: 

0.7, SA begins to show exponential-like dependence on x· instead of linear-like 

dependence on x / L. 

Figure 5.5 shows solid isotherms at x/L = 0.1,0.5 and 0.9 for L* = 

0.175 and 1.4. The upper series of boxes shows isotherms around a thick-wnll('o 

countercurrent pair with lengt~ L * = 0.175. The distortion in the isotherms 

due to the vein is apparent. The isotherms have shifted to surround the artery, 

while the cold vein has kept the solid on the side of the plane where the vein is 

positioned near the temperature of the outer boundary. The lower series of box('s 

shows isotherms around a thick-walled countercurrent pair with length L* = 1.4, 

which are strikingly similar to those of the thick-walled pipe. The distortion in t}w 

isotherms due to the vein is minimal. Although the isotherms for the thick-walkd 

countercurrent pair in Figure 5.5 are very similar to those of the thick-walled pipp, 

the bulk mean solid temperatures for the thick-walled countercurrent pair shown 

in Figure 5.3 are lower than the bulk mean solid temperatures for the thick-walled 

pipe. The cold bulk mean solid temperatures for the thick-walled countercurrnct 

pair indicate that the solid temperature for the thick-walled countercurrent pair 

is reduced by the presence of the cold return flow in the vein. 
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Figure 5.4. Bulk mean arterial. venous and solid temperatures as a function of 

xlL for the cold walL cold venous inlet case, 9 w = 8v(L*) = O. The predictions 
of artery and vein outfall temperatures made by Chato (equation (3.7)) for perfect 

countercurrent exchange are included for comparison. For the cases in the figure. 

RwlRA = 10, RvlRA = 1, LI2RA = 70, Nu = 4. tl.S = 1 and 2RAltl.x = 1. 
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Figure 5.5. Solid isotherms for thick-walled countercurrent pairs with the cold 

wall. cold venous inlet case 8w = ev(L-) = O. The contours are normalized 

for a temperature range of 0.0 to 10.0. Due to the symmetry of the solutions. 

half planes are shown. For the cases presented. Rw / RA = 10. Rv / R.4. = 1. 

Lj2R.4 = iO. Nu = 4 and ~S = 1. 
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The deviation from perfect countercurrent exchange is more obvious 

for the cold wall, venous inlet temperature case than for the averaged fluid inlet 

wall temperature case. Fluid-solid thermal interaction is strong enough to de

press the artery temperatures noticeably below those of perfect countercurrent 

exchange. For the vein, the fluid temperatures are below those predicted for coun

tercurrent exchange, due to simultaneous fluid-solid thermal interaction with the 

cold outer boundary. As demonstrated in Figure 5.3, for longer L*, dependence 

of fluid and solid temperatures is primarily on x* as found in the thick-walied 

pipe, not on x / L as found in perfect countercurrent exchange. 

The Cold Wall, Surrounding Solid Venous Inlet Temperature Case: 

8w = 0, 8v(L*) '" esfr '" 0, L*) 

The longer L * thick-walled countercurrent pairs of the cold wall, cold 

venous inlet temperature case demonstrate the probable existence of countercur

rent pairs where the artery and possibly the vein are thermally distinguishable 

from the solid at the arterial inlet but bec('lme thermally indistinguishable from 

the surrounding solid over the length of the pair. In the cold wall, surround

ing solid venous inlet temperature case, the next smaller vessels in the vascular 

network may have been deleted from consideration in heat transfer studies be

cause they have fluid temperatures indistinguishable from the surrounding solid 

temperature over their entire length. In addition to being of interest for its ap

plication to countercurrent pairs achieving fluid-solid thermal equilibration, the 

cold wall, surrounding solid venous inlet temperature case may be compared to 
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the results of the previous section for long L* in order to demonstrate the depen

dence of fluid outlet temperatures on conditions local to the fluid outlet as well 

as their own inlet temperature. 

For the solutions of the cold wall, surrounding solid venous inlet case, 

axial conduction is included as in equations (5.1). The outer wall temperature 

of the thick-walled countercurrent pair problem in Figure 3.9 is set equal to the 

the coldest temperature in the thick-walled countercurrent pair, that is, 0w = O. 

The range of L * and, as a consequence, vessel sizes in Table 2.2, to be studied 

reflect conditions in the vessels smaller than the named vessels, the wall thick

ness ratio is set to Rw / RA = 10. The examples presented are examined for 

evidence of the thick-walled pipe solution characteristics of (1) exponential fluid 

temperature decay with x*, (2) decaying bulk mean solid temperatures with x* 

and (3) single bull's eye solid isotherms. Since the artery and vein are not ther

mally distinguishable from the solid near the arterial outlet, the venous fluid inlet 

temperature is not fixed at an arbitrary value but follows the temperature of the 

surrounding solid at the venous inlet, as 0v(L*) ~ 0s(r ~ O,L*). 

The cold wall, surrounding solid venous inlet temperature case de

tailed in Figure 5.6 allows the artery and vein to end within the solid tissue 

rather than emptying across the boundary. The problem statement is that of the 

thick-walled countercurrent pair in Figure 3.9 as altered by equations (5.1-2). In 

addition, the artery and vein are ended 6RA short of the L end of the square 

cylinder. The vein inlet is approximated by an upwind difference in the axial 

direction between the vein node nearest the L end of the pipe and the solid node 
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adjacent to the vein node nearest the L end of the pipe. This distance, equal 

to three or more computational nodes, was found to give smooth computational 

solutions. For the ends of the artery and vein in the region indicated by the 

dotted lines in Figure 5.6, the solid conduction equation is used to replace the 

embedded pipes. 

Examination of the L * = 1.4 case in Figures 5.3-4 indicates that for 

L* > 0.7, fluid-solid thermal equilibration may occur. Figures 5.7a and 5.7b 

show the bulk mean arterial, venous and solid temperatures for the cold wall, 

surrounding solid venous inlet temperature for L* = 1.4 and 3.5. The tempera

tures for the corresponding cold wall, cold venous inlet temperature case in the 

previous section and the constant heat transfer thick-walled pipe in Chapter 4 

are included for comparison. The long L * solutions for the cold wall, surround

ing solid venous inlet temperature cases resemble the solutions of the thick-walled 

pipe in that fluid and solid temperatures are primarily dependent on x* , as shown 

for thick-walled pipes with different lengths in L* in Figure 3.5. However, as in 

the cold wall, cold venous inlet temperature case, the effects of countercurrent 

flow must be included in the description of long thick walled countercurrent pair 

temperatures. 

Figure 5.8 shows solid isotherms for the cold wall, surrounding solid 

venous inlet case fluid temperatures presented in Figure 5.7. Included for com

parison are the solid isotherms for the same x* value for the corresponding cold 

wall, cold venous inlet case and the thick-walled pipe case. Even more than in 

the cold wall, cold venous inlet case, the solid isotherms duplicate the isotherms 
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0v(x = L - BRA) upwind difference from 95(L - 4RA) 

Figure 5.B. The thick-walled countercurrent pair case with arterial outlet and 
venous inlet within the solid tissue. The sketch shows the changes from the thick
walled countercurrent pair problem of Figure 3.9 near the venous inlet. The solid 

conduction equation is applied in the region near the venous inlet shown by the 
dotted lines. Fluid is input to the vein at the temperature of the computational 

node in the solid immediately upstream. The vein inlet is approximated by an 

upwind difference in the axial direction between the vein node nearest the Lend 
of the pipe and the adjacent upwind solid node. 
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Figure 5.7a. 9A{X*), 9v(x·) and 9s(x·) for a thick-walled countercurrent pair 
at Pe = 20 and L· = 3.5 with the cold wall, surrounding solid venous inlet tem
perature as detailed in Figure 5.6. The corresponding temperatures for the cold 

wall, cold venous inlet temperature case for Pe = 20 and L* = 3.5 are included 
for comparison purposes. Also included for comparison purposes are the fluid and 
solid temperatures for the constant heat transfer coefficient thick-walled pipe in 
Chapter 4 for the artery without the accompanying vein embedded in a solid wall 

of the same size. The bulk mean solid temperature for the constant heat transfer 

coefficient thick-walled pipe lies on top of the bulk mean solid temperatures for the 

thick-walled countercurrent pair. For the cases here, Rw/RA = 10, Rv/RA = 1, 

Lj2RA = 70, Nu = 4, AS = 1 and LA/2RA = 67. 
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Figure 5.7b. 8A(X*), 9v(x·) and 9s(x*) for a thick-walled countercurrent pair 
at Pe = 50 and L· = 1.4 with the cold wall, surrounding solid venous inlet tem
perature as detailed in Figure 5.6. The corresponding temperatures for the cold 

wall, cold venous inlet temperature case in Figure 5.4 are included for comparison 

purposes. Also included for comparison purposes are the fluid and solid tempera
tures for the constant heat transfer coefficient thick-walled pipe in Chapter 4 for 
the artery without the accompanying vein embedded in a solid wall of the same 

size. For the cases here, Rw/RA = 10, Rv/RA = 1, L/2RA = 70,. Nu = 4, 

6.5 = 1 and LA/2RA = 67. 
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of the thick-walled pipe, showing little evidence of the presence of the vein. How

ever, for both thick-walled countercurrent pairs the isotherms surrounding the 

pair indicate colder temperatures near the artery than for the thick-walled pipe, 

presenting further evidence of lowered solid and fluid temperatures due to the 

presence of countercurrent flow. 

It is noteworthy that for dimensionless distance between the artery 

and vein inlets of L* > 1, the corresponding thick-walled pipe thermal entrance 

regions for the vein and the artery, i. e. x* 5 x*TE, do not overlap. Thus for 

both of the cold outer wall cases, as L * increases, the arterial, venous and solid 

temperatures near the venous inlet approach each other and the cold venous inlet 

and surrounding solid venous inlet conditions become equivalent to each other. 

The agreement between the results of the cold wall cold venous inlet case and the 

surrounding solid venous inlet temperature case supports the conclusions that (1) 

fluid-solid thermal equilibration is achieved for L* > 1 and (2) for L* > 1, fluid 

outfall temperatures are dependent upon local conditions at the outfall where 

the effect of the outer wall temperature dominates rather than their own inlet 

temperatures. 

Summarv of Observed Thick-walled Pipe Phenomena 

The phenomenological study of the thick-walled countercurrent pairs 

shows the following three phenomena. First, for short L *, the choice of outer wall 

temperature as the average of the two fluid inlet temperatures gives rise to the 

phenomenon of fluid temperatures which qualitatively resemble those of perfect 
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countercurrent exchange but are not quantitatively consistent with perfect coun

tercurrent exchange. Second, although countercurrent exchange is important fOf 

short countercurrent pairs, L· < O. i, interaction with the outer boundary also hns 

significant impact on fluid and solid temperatures, giving rise to a phenomenon 

which the current author labels imperfect countercurrent exchange. Third. the' 

overwhelming importance of fluid-solid thermal interaction with the out.ef bound

ary for L· > O. i gives rise to the phenomenon of countercurrcnt pairs ha.ving fluid 

and solid temperatures very similar to those of the thick-walled pipes studied in 

Chapter 4, but colder than those of the thick-walled pipes due to the preSt'Il('(' of 

countercurrent flow. 

The term "imperfect countercurrent exchange" is chosen by the' CUf

rent author in order to stress the fact that countercurrent exchang(· is ill com

petition with fluid-solid thermal interaction under the conditions studied in thi~ 

work. Jiji, vVeinbaum and Lemons have labeled a similar phenomenon "slightly 

incomplete countercurrent exchange" (Jiji et al. 1984). The two phenomena mlly 

be distinguished in that the current author believes that Jiji and his co-work"rs 

would consider the averaged fluid inlet wall temperature cases to lw cxamJ>lr~ of 

"complete" countercurrent exchange, since no net deposition of thermal c'nrrJZ;Y 

to the solid occurs. The current author considers the countercurrent CXdHlIiJZ;(' 

in the averaged fluid inlet wall temperature cases to be "imperfect", sinC'(' t.lw 

change in artery and vein temperatures during the transit of thc! thick wall(·d 

countercurrent pair exceeds that predicted by perfect count"rcurrent rxrhanJZ;(' 

due to simultaneously occurring fluid-solid thermal interaction. 
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Quantif,;ng the Relath-e Effecth-eness of HeRt TrRnsfer Pro('esses in the' Extrrmjt\: 

The fluid and solid temperatures for t.he thick-walled ("ounkn'UlTt'ut 

pair seen in Figures 5.1-4 and 5.6- i show solut.ions whidl rest"'lllblt~ thost' of tIlt, 

thick-walled pipe and solutions which appear to be a blend of both perft'l,t COUll

tercurrent exchange and thick-walled pipe cases. This evidenCt' indicllks thnt 

thick-walled countercurrent pairs may be dh'ided into two regilllt"'s dt'JH'lldill~ 

on relative effectiveness of fluid-solid thermal interaction and countercurrt'ut t'X

change. 

For any description of countercurrent exchang(, in tht' t'xtrt'llIit iI'S 

which is to reflect the phenomena demonstrated in the previous S('ct.iOIl, tIll' 

following conditions must be met. First, since for all cases stucii('d with short L·, 

arterial and venous bulk mean temperatures and solid tC'mpc'rnt.ul'(,s nn' distill

guishable, all three temperatures must estimated using a method which indud('s 

the effects of pipe fluid-solid thermal interaction and count.('rcurr('ut (·xc-hllll,!!;('. 

Second, although the bulk mean artery and solid temperatur<'s huv(' It d<'I)('llci('I)('(' 

upon x* similar to that found for the thick-walled pipe for long L * as showll ill 

Figures 5.3, 5.7-8, the fluid and solid bulk mean temperatures an' Jow('n'd fl'OlI1 

those of the thick-walled pipe by the presence of countercurrent. flow. III t.his 

section, an approximation for the fluid temperatures is proposed for ('ach of tlll'~-w 

L* regimes. 
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The Short Thick-walled Countercurrent Pair: L * < 0.8 

For all short thick-walled countercurrent pairs studied, fluid-solid 

thermal equilibration is present in a way which alters the fluid and solid tem

peratures associated with perfect countercurrent exchange. The solutions for 

thick-walled countercurrent pairs with simultaneous countercurrent exchange and 

fluid-solid thermal equilibration are difficult to describe with either the solution 

for perfect countercurrent exchange or the cylindrical constant heat transfer co

efficient solution, since perfect countercurrent exchange is not present and fluid

solid thermal interaction is not completely dominant. 

For the short (L * < 0.8) thick-walled countercurrent pair with either 

of the outer wall conditions studied, the effectiveness of fluid-solid thermal in

teraction and countercurrent exchange must be estimated in order to determine 

fluid temperatures. A measure of the relative effectiveness of fluid-solid thermal 

interaction and countercurrent exchange is developed from the thermal energy 

balance on the thick-walled countercurrent pair. For the thick-walled counter

current pair problem in Figure 3.9, a thermal energy balance on both the fluid 

and the solid of the thick-walled countercurrent pair may be made as 

Ein = mAcF0A(0) + mvcFedL*) 
(5.3) 

= Eout = mAcF0A(L*) + m\'CFeV(O) + ~Ew. 

where ~Ew is the thermal energy conducted across all faces of the outer bound

ary. Rearrangement of equation (5.3) gives 

(5.4 ) 
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In all the cases studied, 68 A measures the total thermal energy lea\"-

ing the artery and entering the solid and the vein. The cold wall, cold venous 

inlet temperature case is examined in more detail because the net changes in fluid 

temperatures due to each of the effects of countercurrent exchange and fluid-solid 

thermal interaction separately are more easily estimated using this case. In the 

cold wall, cold venous inlet temperature case, 0w = E>v(L*) = O. Thus if 

the artery were absent, fluid-solid thermal interaction would have no effect upon 

the vein temperature. Thus A8v may be looked upon as a measure of the net 

thermal energy exchanged between the artery and the vein by countercurrent 

exchange. The net thermal energy leaving the artery due to fluid-solid thermal 

interaction, .6..8FS, may then be estimated as 

(5.5 ) 

if rnA = rnv. \Vith equations (5.4-5) the computed solutions of the cold wall, 

cold venous inlet temperature case can be used to estimate the fractions of the 

total thermal energy transferred from the artery by countercurrent exchange and 

by fluid-solid thermal interaction for cases where fluid-solid thermal interaction 

and countercurrent exchange are both active. 

If estimates of the arterial and venous outfall temperatures could be 

made using a simple combination of the existing analytical solutions for per-

feet countercurrent exchange and the cylindrical constant heat transfer coeffi-

cient thick-walled pipe, predicting arterial and venous outfall temperatures when 
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both fluid-solid thermal interaction and countercurrent exchange are acting on 

the thick-walled countercurrent pair would be most convenient. Measures of the 

effectiveness of countercurrent exchange, ecc, as compared to Chato's perfect 

countercurrent exchange solution in equation (3.7) and fluid-solid thermal in

teraction, eFS, as compared to the cylindrical constant heat transfer coefficient 

thick-walled pipe solution in equation (3.5) for use in such a combination of so

lutions are devised as follows. 

The effect of countercurrent exchange on fluid temperatures is quan

tified by taking the ratio of the computed fluid outfall temperatures to the fluid 

outfall temperatures predicted by Chato's theoretical work for perfect counter

current exchange (equation 3.7). The effect of fluid-solid thermal interaction on 

fluid temperatures is quantified by taking the ratio of the computed fluid outfall 

temperatures to the fluid outfall temperatures predicted for the thick-walled pipe 

cylindrical constant heat transfer coefficient problem (equation 3.5). The result

ing ratios, which the current author calls "effectiveness ratios" , indicate where the 

countercurrent pairs may be treated as imperfect countercurrent pairs and where 

the countercurrent pairs may be treated as modified thick-\valled pipes. An esti

mate of each of the effectiveness ratios will be made for the cold wall, cold venous 

inlet temperature cases of the thick-walled countercurrent pair as follows. In the 

following discussion, "( CW)" is used to indicate quantities computed particularly 

for the cold wall, cold venous inlet case. 
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For the effectiveness of countercurrent exchange relative to that of 

perfect countercurrent exchange in the cold wall, cold venous inlet case, 

(CW) = ~ev(CW) 
eee AS' 

.u - pee 
(5.6) 

where ~epee = eA(~~~~~o(L·) from equation (3.7) for perfect countercurrent 

exchange. For the effectiveness of fluid-solid thermal interaction relative to that 

of fluid-solid thermal interaction in the thick-walled pipe, if mA = m \', 

(CW) 
_ ~Ew(CW)/(mAcF) 

CFS - -
~eTWp,A(CW) 

(5.7) 

where ~eTWp,A is the change in temperature during the fluid transit for the 

thick-walled pipe. Using equations (5.4-5) in equation (5.7), 

, 
~e (CH')(l _ ~ey(ew» 

A ~E> ... tCew) - ----~~----~~~~ 

(5.8) 

~eTWp,A(CW) 

drical constant heat transfer coefficient thick-walled pipe equation (3.5). The 

thick-walled pipe change in fluid temperature is subscripted for the artery, since 

the outer wall temperature and the venous inlet temperature are equal and 

~eTWp,V = o. 

Figure 5.9 shows the relative effectiveness ratios of equations (5.6) and 

(5.8) for Rv/RA = 1, Rw/RA = 10 and ~S = 1 as computed for the cold wall, 
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cold venous inlet temperature case. Also included is the ratio of the change in fluid 

temperatures for the cold wall cold venous inlet temperature case. It is interesting 

to note that the effectiveness ratio for countercurrent exchange dips below the 

effectiveness ratio for fluid-solid thermal interaction at L * on the order of 0.8. As 

motivated by the results of the phenomenological study shown Figures 5.1-5 and 

5.7-8, the division of the thick-walled countercurrent pair solutions into two types 

at L * of about 1 may be interpreted as being reflected in the effectiveness ratios 

seen in Figure 5.9. The ratio of the changes in fluid temperatures is always less 

than 0.6 for 0.8 $ L * $ 7 and is evidence that even at short dimensionless lengths 

L* « 1, fluid-solid thermal interaction is an effective means of thermal energy 

transport for thick-walled countercurrent pairs with a cold outer wall boundary 

condition. 

For L* < 0.15, ccc(Clr) is about 1, indicating that the maximum 

possible thermal energy transfer to the vein by countercurrent exchange is taking 

place. Although the effectiveness ratio for countercurrent exchange is about 1 

for the shortest pipes, the temperature ratio, 6.8v(CW)/.6.8A (C1V), is approx

imately 0.6. The question arises as to ho,v countercurrent exchange can cause a 

vein outfall temperature like that of perfect countercurrent exchange while the 

change in arterial outfall temperature is almost twice as much as the vein tem

perature. Insight into this apparent contradiction is given by examination of 

the diagram in Figure 5.10. Figure 5.10 contains a diagram of the temperature 

differences present at x / L = 0 and x / L = 1 in the thick-walled countercurrent 

pair of L* = 0.07 (Pe = 1000) in Figure 5.4. Although the change in arterial 
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used in this figure, Rw / RA = 10, 6S = 1, N u = 4, Rv / RA = 1 and 2RA/6x = 
1. 
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temperature is on the order of twice the change in venous temperature, the dif

ference between the arterial and venous temperatures, 0 A (x/L) - 0v(x/L), at 

any point in the pair is always greater than 75% of the total temperature range of 

the system. Likewise, the difference between the artery and the outer wall tem

peratures, 8A(X/L) - 0w, is also always greater than 75% of the temperature 

range of the system. Thus, the temperature differences which govern the amount 

of thermal energy transferred from the artery both to the vein by countercurrent 

exchange and across the outer boundary by fluid-solid thermal interaction are 

large. In contrast, the difference between the vein and the outer wall temper

ature, 0v(xjL) - E>w, is always less than 10% of the total temperature range 

of the system. Thus, the temperature difference which governs the amount of 

thermal energy transferred from the vein across the outer boundary by fluid

solid thermal interaction is much smaller than the temperature difference which 

governs the amount of thermal energy transferred from the artery to the vein 

by countercurrent exchange. Therefore a nearly-equal amount of thermal energy 

leaves the artery for both the vein and the outer boundary while the vein receives 

the energy from the artery but neither transfers much energy to nor receives any 

energy from the outer boundary. 

Over the range 0.15 < L* < 0.8, the countercurrent exchange effec

tjveness ratio, ecc( CvV), falls from 1.0 to 0.6 and the fluid-solid thermal inter

action effectiveness ratio, eFs(CIV), rises from 0.4 to 0.6. Thus, as L* and eFS 

increase and eCC decreases, the change in fluid temperature shifts continuously 

from approximating that found in countercurrent exchange to approximating that 
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Figure 5.10. Diagram of the differences between the arterial, venous and outer 
wall temperatures for the L* = 0.07 case shown in Figure 5.4. The magnitude of 
the temperature differences at x / L = 0 and x / L = 1 is indicated on a sketch of a 
lengthwise slice containing the artery and the vein. 
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found for a thick-walled pipe. The ratio of the changes in fluid temperatures, 

.6.0v(CW)/.6.0A(CW), falls from 0.6 to 0.4. These ratios reflect the increas

ing importance of fluid-solid thermal interaction with increasing L * seen in the 

phenomenological studies. 

If the effectiveness ratios of equations (5.6) and (5.8) are dependent 

only on geometry and L * and not on the differences between the arterial, venous 

and outer boundary temperatures, they may be determined for one geometri

cal configuration with a fixed outer wall temperature for a straightforward case 

like the cold wall, cold venous inlet temperature case and used to predict the 

fluid outfall temperatures for other combinations of fluid inlet and outer wall 

temperatures in the same geometrical configuration. A brief demonstration of 

the dependence of the effectiveness ratios from the cold wall, cold venous inlet 

temperature case of equations (5.6) and (5.8) upon L* and not x" in the same 

geometry used for the cold venous inlet cold wall temperature cases in Figures 

5.3-5.8 is presented below. 

If effectiveness ratios similar to those in equations (5.6) and (5.8) but 

applicable to all combinations of boundary and inlet temperatures exist, they 

may be used in an energy balance on an artery and vein with arbitrary inlet 

temperatures and a constant arbitrary outer wall temperature. The equations 

for arterial and venous temperature changes may be written as 

(5.9a) 

(5.9b) 
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The first term in each equation is the change in temperature due to countercurrent 

exchange and has the same magnitude for artery and vein. The second term in 

each equation is the change in temperature due to the artery or vein undergoing 

fluid-solid thermal interaction. 

Note in equations (5.9a-b) the indication of the cold wall, cold venous 

inlet temperature case, (CW), is not present. If the hypothesis is correct that the 

effectiveness ratios are dependent upon geometry and dimensionless length L· 

alone, then the effectiveness ratios for the general case should be equal to those 

found for the cold wall, cold venous inlet temperature case, that is 

CFS = cFs(C1V) 

In order to test the dependence of the effectiveness ratios on geometry and di

mensionless length L· alone, the effectiveness ratios computed with equations 

(5.6) and (5.8) and presented in Figure 5.9 are inserted into the equations (5.9) 

and applied to the average fluid inlet temperature wall temperature case with 

R~)RA = 1, Nu = 4, b..S = 1 and Rw/RA = 10 corresponding to the geom

etry of the cold wall, cold venous inlet temperature case used to estimate the 

effectiveness ratios in Figure 5.9. For the averaged fluid inlet temperature case, 

b..0TwP,A = b..0TwP,v since the outer wall temperature is the average of the 

fluid inlet temperatures. 

The changes In arterial and venous temperatures predicted using 

equations (5.9) with the effectiveness ratios computed for the cold wall, cold 
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venous inlet temperature case in Figure 5.9 are compared to the numerically 

computed values for the average fluid inlet temperature wall temperature case 

with the same values of Nu, Rv/RA, 6.S and Rw/RA. Figure 5.11 shows the 

results of the comparison of predicted and computed fluid outfall temperatures. 

Predicted and computed fluid outfall temperatures agree to better than 2% of the 

total temperature range of the system in every case studied. The good agreement 

between predicted fluid temperature change and numerically computed fluid tem

perature change for the averaged fluid inlet wall temperature case supports the 

conclusion that the effectiveness ratios computed for the cold wall, cold venous 

inlet temperature solutions may be applied to other combinations of boundary 

and fluid inlet temperatures with the same geometry and L* values. 

Long Thick-walled Countercurrent Pairs: L * > 0.8 

For L* > 0.8 as shown in Figure 5.9, 6.0v/6.0A ~ 0.37, indicating 

that fluid-solid thermal equilibration has assumed a greater role in heat transfer in 

the thick-walled countercurrent pair than for countercurrent pairs with L * < 0.8. 

In the phenomenological study, fluid and solid temperature solutions resembling 

those of the thick-walled pipe are seen, as shown in Figures 5.3-4 and 5.7-8. 

This is understandable because the axial distance over which both artery and 

vein undergo fluid-solid thermal interaction with the cold outer wall is larger 

for pairs with L * > 0.8 than for the countercurrent pairs with L * < O.S. The 

increased role of fluid-solid thermal interaction in determining fluid temperatures 

indicates that a modified thick-walled pipe model may be useful in describing 
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Figure 5.11. Arterial temperature change during a vessel transit for L* $ xTtf'P 

and ew = (Sv(L*)+SA(O))/2. For the arterial and venous temperature changes, 
Do8v = Do9A for both predicted and computed values. The computed values are 

connected by a solid line. For all of the pairs in this figure, Rw / RA = 10, N u = 4, 

Rv/RA = 1 and DoS = 1. 
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fluid temperatures in walled countercurrent pairs with L* > 0.8. For longer 

vessels with L * > 0.8, the dominance of fluid-solid thermal interaction and the 

demonstrated dependence of fluid temperatures on x* makes the application of 

fluid-solid thermal equilibration length as a basis of comparison of the effect of 

fluid flow on solid temperatures credible. 

The possible application of a modified version of the constant heat 

transfer coefficient thick-walled pipe problem to longer thick-walled countercur-

rent pairs is explored through comparison of the arterial fluid-solid thermal equi-

libration length for the square cross section constant heat transfer coefficient 

thick-walled pipe, indicated by x~fp, and the artery of the cold wall, cold ve

nous inlet case, indicated by x*l§c. For a fixed value of wall thickness, Rvl' / RA , 

the variation of x*.l §c with pipe spacing, 6S, and ratio of the venous and arterial , 

pipe radii, Rv / RA, is shown in Figure 5.12. For the data in Figure 5.12, arterial 

temperatures like those shown in Figure 5.3-4 are computed for Rw / R.4. = 10, 

Rv/RA =1, 2 and 3, 6S ~ 1 and various L* between 0.7 and 7.0. For the artery 

of the thick walled countercurrent pair, x*l§c occurs when 8A (x*.l§c) = e- l . 

For RF / R.4. = 1, the arterial fluid-solid thermal equilibration lengths 

as a function of L * for 6S = 0, 1/3, 2/3 and 1 are shown in the box on the left in 

Figure 5.12. As the artery-yein spacing increases and 6S approaches zero, XA~§C 

approaches x1r.fp. The arterial thermal entrance length, XA~§C' also approaches 

the yalue of x1#p as L * increases and eCC continues to decline. The effect of 

increasing Rv / RA is shown in boxes in the center and on the right in Figure 

5.12 for Rv / RA = 2 and Rv / RA = 3 respectively. The increase of x*Jlc with 
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Figure 5.12. xtlc/x':f~p as a function of L* and ~S for thick-'walled counter

current pairs with R". / RA =1, 2 and 3. For the thick-walled pipe and counter

current pairs, Rw / RA = 10, N u = 4 and L / D = 70. The fluid-solid thermal 

equilibration length for the thick-walled pipe, xT{fp, is computed for the con

stant heat transfer coefficient square cross section thick-walled pipe in Chapter 

4. 
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increasing L" and decreasing AS seen for R\r / RA = 1 is repeated for R\· / RA =2 

and 3. 

As R\, / RA increases, the maximum possible effect of countercurrent 

exchange appears to decrease. This effect is most apparent in Figure 5.12 for 

Rv / RA = 3, where thermal equilibration lengths for closely spaced vessels such 

as AS 2: 2/3 approach those of widely spaced vessels such as AS :$ 1/3. As 

Rv / RA increases, the velocity in the vein drops since the mass flow rate is the 

same for the artery and the vein. As the velocity in the vein decre8.5es, conduction 

plays an increasingly important role in thermal energy transfer between the "('in 

and the surrounding solid and between the vein and the artery, and the effect of 

countercurrent exchange is reduced from that observed in pipes where RF / RA = 

1. 

For countercurrent pairs with L" > 0.8, the impact of fluid-solid ther

mal interaction seen in the phenomenological studies supports the application of a 

modified solution of the cylindrical constant heat transfer coefficient thick-walled 

pipe solution in equations (3.5-6). A shorter thermal equilibration length must be 

used to approximate the fluid and solid temperatures. The thermal equilibration 

lengths for the countercurrent artery in Figure 5.12 indicate that x"lgC/XT~{ip is 

always 70% or more. The measurable impact of the outer boundary temperature 

on fluid temperatures in the thick-walled countercurrent pair motivates two pre

dictions about the effects of outer boundary temperature on the temperatures for 

long multiple thick-walled countercurrent pairs. First, longer L" multiple coun

tercurrent pairs embedded in a conducting medium may be expected to show fluid 
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and solid temperatures much like those of multiple unpaired pipes embedded in 

a conducting medium. Second, for shorter L· multiple countercurrent pairs. the 

effects of fluid-solid thermal interaction on fluid and solid temperatures may be 

expected to vary from pair to pair depending on the pair's proximity to the outer 

boundary. 

Comparison with Thick-walled Countercurrent Pair Results in Preyious \Vork 

All previous studies of countercurrent flow in the biological heat trans

fer literature are based upon the paired line source-sink concept stated in Morse 

and Feshbach (1953). All of the studies neglect axial conduction in the fluid 

and solid and assume the artery and vein walls are isothermal. All of the stud

ies except Baish's study assume that fluid-solid thermal interaction is negligible 

and that the vessels exchange thermal energy primarily with each other, that is. 

perfect countercurrent exchange. This assumption greatly simplifies the solution 

of the fluid stream temperatures and is made in the design of heat exchangers 

(Kays and London, 1964). The results of four heat transfer studies applied to 

blood vessels will be compared to the results of the current study. 

Chato's (1980) insightful analysis using the line source/sink model 

clearly shows the forms of solution for perfect countercurrent exchange occur

ring between two countercurrent pipes undergoing no interaction with any outer 

boundary. His fluid solution is stated in equation (3.7) with the solid solution 

in equation (3.8). Chato, (correctly in the author's opinion) does not gi\'e any 
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thermal equilibration lengths for countercurrent pairs, as fluid-solid thermal equi-

libration does not occur in perfect countercurrent exchange. Chato's solution has 

been used as a comparison throughout this chapter. 

Weinbaum and Jiji (1985) also have analyzed the countercurrent pair 

using the line source/sink approximation. Although they state that imperfect 

countercurrent exchange is occurring, the assumptions made that (1) the solid 

is the average of the fluid temperatures and (2) that the thermal flux from the 

countercurrent pair to the solid is negligible are equivalent to the assumptions 

of perfect countercurrent exchange made by Chato. The equations they use give 

identical results to those of equations (3.7-8). All thermal resistance between 

the countercurrent pair is removed, that is, N u = 00 between the vessels as 

noted by Baish (1986). They have computed countercurrent fluid-solid thermal 

equilibration lengths based on the formula 

(5.10) 

In the case studied by \Veinbaum and Jiji and described with equation (5.10), the 

outer wall temperature has no effect on the fluid or solid temperatures and the 

"thermal equilibration length" is due solely to countercurrent exchange between 

the vessels. 

The results of this chapter do not support the assumption that perfect 

countercurrent exchange occurs under extremity conditions, even for the high 

PecIet number, short L * countercurrent pairs. The bulk mean solid temperatures 

presented in Figure 5.1 for the averaged fluid inlet wall temperature case and 
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in Figures 5.3-4 for the cold outer wall, cold venous inlet temperature C'as(' <il) 

not support the assumption that the solid is at approximately the a\"erage of t h(' 

artery and vein temperatures. The fluid temperatures and solid isotherms showl1 

in Figures 5.1-5 and 5.7-8 do not support the assumption that fluid-solid thC'rmal 

interaction between the countercurrent pair and the solid is negligible. 

In the only available experimental study of countercurrent exchnnp;{' 

under conditions like those found in the body, Lemons (1986) set up a labora· 

tory model of a countercurrent pair comprised of water flowing in glass tubes 

embedded in gelatin. Lemons' experiments were performed in an {'nvironm(,l1t 

conducive to effective countercurrent exchange, that is, all of the outer boundllri('s 

were insulated except the fluid inlets and outlets and, as an added pr(,C'Ctutiol1, 

the room ambient temperature was held at the average of the warm and cold flllie! 

inlet temperatures. This boundary condition closely approximates the boundary 

condition postulated for perfect countercurrent exchange, but does not mat r!J 

the in vivo extremity boundary conditions. The Peclet number of the tubC's was 

greater than 500 and L* < 0.08. Applying Weinbaum and Jiji's study for pipe's 

of equal diameters, Lemons found solid temperatures in agreement witb cCI'H1t.iOJI 

(3.8) for x / L = 0.5. 

For pipes of unequal diameter, Lemons' experimental results sbow 

that the larger cold pipe of lower Peclet number has less effect on the solid U'fn

perature than the smaller hot pipe at higher Peclet number. This observfttiou 

is consistent with the apparent decreased effect of countercurrent ('xchang(~ upon 
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fiuid-solid thermal equilibration lengths with increasing R\· / R.-\ noted. in Fig:-

ure 5.12. In his summary, Lemons states that fluid temperatures for difft'l't,llt 

boundary conditions or in the presence of thermal gradients would be murh mOrt' 

difficult to predict. The impact of the boundary conditions upon fluid nnd solid 

temperatures noted in the current study also supports Lemons' cautionary COll-

elusion that a change in boundary conditions would result in a mort.' difficult 

application of the \Veinbaum and Jiji (1984) theordical ft'sults to tht, countt'r-

current pair experiment. 

Baish (1986) uses the line source/sink approximation for countt'rc\ll'-

rent exchange between the pair of pipes and allows conduction to take plact' 

between the countercurrent pair and the outer wall. Baish includes connterc\ll'-

rent exchange and fluid-solid thermal interaction by a cle\·er superpositioll of 

solutions for a line source/sink countercurrent pair and a thick-walled pipt' with 

the countercurrent pair lumped together into an equivalent singh-- c{,Iltml pip(·. 

Baish's equations for fluid and solid temperature solutions are not possibh· to 

present in any brief and readily understandable form using the notation of the 

current author. Baish develops shape factors based on the thick-walled COIIII-

tercurrent pair geometry to express the relative importanc{' of pipe fluid-!iOlicl 

thermal equilibration and countercurrent exchange for N u = 4 and N u = 00. H(' 

computes the countercurrent fluid-solid thermal equilibration lc'ngth as 

TE 1rrTPbCbu 
XCC = k(shape factor)' 

(5.11 ) 
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The results for the thick-walled countercurrent pair cases for AS > 0.8 are shown 

to agree with the results of Baish's analysis in the discussion following. The 

results of the current study also support Baish's contention that fluid and solid 

temperatures may be predicted using parameters dependent on the geometry and 

flow rate. In the current study, How rate is included in the dimensionless axial 

length, L*. 

A quantitative comparison of '.he work of Baish (1986) and Wein

baum and Jiji (1985) to the results of the current study is made using the ratio 

x*l§c/xrWp used in Figure 5.12. For the work of Baish and 'Weinbaum and Jiji, 

the ratio x*,{§c/xr1Vp is found using the value of xr1fp which they computed 

in their own studies. As noted in Chapter 4, the fluid-solid thermal equilibration 

lengths for the single pipe for Chato (1980), \Veinbaum and Jiji (1984), Chen 

and Holmes (1980), Baish (1986) and the cylindrical thick-walled pipe constant 

heat transfer problem described in equations (3.3-6) are equal to each other to 

within 5%. Figure 5.13 shows comparison of x*Z§c/x1.#p as a function of AS 

for the current study and the studies of vVeinbaum and Jiji and Baish quoted 

in this section. Since dependence on L * for the countercurrent pair is not in

cluded in the formulations for thermal equilibration lengths of other studies, the 

results in Figure 5.13 are extracted for L* of about 1. Both Baish and \Veinbaum 

and Jiji include dependence on ~S for countercurrent pairs with Rv / RA = 1. 

Baish includes dependence on Rw / RA in his study, and his results are quoted 

for Rw/RA = 10. 
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Figure 5.13. xtec(l:1S)/x'T'{ffp as a function of l:1S for Rv/RA = 1, 2 and 3 for 

the data in Figure 5.12 with ew = ev(L* = 0). Values of xt8c/x1rJp com
puted with equation (5.11) by Baish (1986) and with equation 5.10 by Weinbaum 
and Jiji (1985) and using values of xf{~p computed by Baish and Weinbaum and 
Jiji rec:ped!vely are included for comparison. In the figure, L* = 1:0 for the 

computed data. Rn; / RA = 10 and N u = 4 for the computed data and Baish's 

study. 
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Weinbaum and Jiji overpredict the impact of countercurrent exchange 

on the thermal entrance length. This observation is also made by Baish, who 

attributes Weinbaum and Jiji's results to the use of pipe fluid-solid interface 

formulations equivalent to Nu = 00 instead of Nu = 4. Baish's countercurrent 

fluid-solid thermal equilibration lengths are in good agreement with those of the 

current study for ~S > 0.8 For widely spaced countercurrent pairs (DoS --+ 0), 

Baish's ratios do not approach unity as expected. This is due to the fact that 

Baish's combination of the line source/sink formulation and fluid-solid thermal 

interaction requires that the artery and vein always be lumped together. Any 

differences between the exchange of thermal energy between the artery and the 

outer boundary and between the vein and the outer boundary are not recoverable. 

The inability of Baish's altered line source/sink model to approach the limiting 

case ofthe unpaired pipe indicates that the line source/sink model should not be 

applied for larger pair spacings. 

Conclusions 

This study demonstrates that countercurrent exchange occurring un

der extremity conditions is not perfect, even for very short L * pairs. The deviation 

from perfect countercurrent exchange increases with increasing L *. Therefore the 

influence of the outer boundary temperature on the fluid and solid temperatures 

can not be neglected for the thick-walled countercurrent pair. For L * < 0.8, fluid 

temperatures in the thick-walled countercurrent pair may be approximated using 
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a simplified formulation based on Chato's perfect countercurrent exchange solu

tion and the cylindrical constant heat transfer coefficient solution. For L· > 0.8, 

a thick-walled pipe solution with x·TE shortened to x(Jl may be used to esti

mate the fluid temperatures, as done by Baish (1986). Local solid temperatures 

must be estimated using both the fluid and the outer boundary temperatures. 

Baish's (1986) studies of the thick-walled countercurrent pair which 

include fluid-solid thermal interaction effects are in good agreement with the 

studies in this chapter for closely spaced pipes (6.S > 0.8). Baish's use of the 

line source/sink formulat.ion to approximate countercurrent exchange does not 

allow the application of his work to more widely spaced pipes. The assumption 

made by other investigators that perfect or near perfect countercurrent exchange 

occurs in living tissue is not supported by this study of extremity conditions. 

Thus the thermal energy balance equations developed by Weinbaum and Jiji 

(1985) and others which do not include interaction with the outer boundary in 

determination of the fluid temperatures must be reevaluated. 

The results in this chapter indicate that any study of primary and 

larger vessels must include the effects of both pipe fluid-solid thermal equilibra

tion and countercurrent exchange. Since the boundary temperatures have sig

nificant influence on the fluid and solid temperatures, the boundary conditions 

and geometries encountered under in vivo conditions must be carefully approxi

mated. For the primary and supplying vessels, this means that a study of heat 

transfer in multiple parallel thick-walled pipes and thick-walled countercurrent 

pairs is required to understand heat transfer in the extremities. In light of the 
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importance of fluid-solid thermal interaction and, as a consequence, boundary 

temperatures in determining fluid and solid temperatures, the multiple thick

walled countercurrent pairs may be expected to exhibit the effects of fluid-solid 

thermal interaction in altered fluid temperatures and higher solid temperatures 

as compared to those predicted by perfect countercurrent exchange. In addition, 

the effects of fluid-solid thermal interaction on fluid and solid temperatures may 

be expected to vary from pair to pair depending on the pair's proximity to the 

outer boundary. Both of these effects of fluid-solid thermal interaction upon fluid 

and solid temperatures are seen in the multiple thick-walled countercurrent pairs 

fluid and solid temperatures presented in Chapter 7. 
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CHAPTER 6 

MULTIPLE THICK-WALLED PIPES 

The evidence in Chapter 5 points to the use of a modified thick-walled 

pipe as a simple approximation for long countercurrent pairs. In this chapter, 

computations are p.,erformed for multiple thick-walled pipes embedded in a finite 

solid using the constant heat transfer coefficient pipe embedding approximation 

described in Chapter 3. The results of the multiple thick-walled pipes studies are 

to be used in Chapter 7 as a comparison for multiple thick-walled countercurrent 

pair studies. 

A phenomenological study is performed by the current author, as no 

studies explicitly including multiple parallel thick-walled pipes under moderate 

Peclet number conditions are known to the author or to authorities in the field 

with which the author has consulted (Shah 1988, Catton 1988). The phenomeno

logical study shows five not demonstrated previously. First, dependence of fluid 

and solid temperatures upon dimensionless axial distance x· is confirmed for pipes 

that are in the same position in a solid body with the same width measured in 

pipe lumen diameters and with the same number of pipes within the cross sec

tion. Second, the dependence on x· varies with the position of the pipe in the 

solid cylinder. Third, the fluid and solid temperatures depend upon the overall 

size of the solid cylinder. Fourth, the amount of thermal energy transferred from 

the fluid to the solid decreases as a function of distance from the outer boundary. 
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Lastly, the axial conduction flux is equal to or greater than the radial conduction 

flux in the central area of a bundle of pipes embedded in a finite solid. 

An alternative thermal energy equation resembling Pennes' (1948) 

thermal energy equation is developed to simplify estimation of fluid and solid 

temperatures within the multiple thick-walled pipes cylinder. Using approxima

tions motivated by the results of the phenomenological study, fluid and solid 

temperatures estimated with the alternative thermal energy equation depend 

upon both x· and distance from the central axis. The alternative thermal energy 

equation has the form of Pennes' thermal energy equation, but the coefficients are 

dependent upon x·. Pennes' thermal energy equation contains a blood thermal 

energy term which is larger near the boundary than the center but it is incapable 

of reflecting dependence on x· in its original form. 

The results of the phenomenological study are compared to the al

ternative thermal energy equation solution and to the solution for a uniformly 

distributed source. The uniformly distributed source gives a solution with a func

tional dependence on the distance from the central axis that is inconsistent with 

that of the multiple thick-walled pipes solutions. Comparison of the fluid and 

solid temperatures predicted by the alternative thermal energy equation with the 

fluid and solid temperatures found in the phenomenological study show mod

erately good agreement for all values of distance from the central axis and for 

0.3 ~ x· ~ 1.0. This result offers some explanation for the successes of Pennes' 

thermal energy equation in describing temperature in living tissue. 
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The Multiple Parallel Thick-walled Pipes Problem 

The phenomenology of the multiple thick-walled pipes problem is 

studied by comparing the fluid and solid temperatures, the local differences be

tween the fluid and solid temperatures and the ratio of axial conduction flux to 

radial conduction flux in the solid between the pipes for the geometries illus

trated in Figure 6.1 with the moderate Peclet number values Pe = 20, 50 and 

100. Comparison of the fluid and solid temperatures for different Peclet numbers 

demonstrates the dependence of the fluid and solid temperatures on x* and po

sition with respect to the boundary. A study of the local differences between the 

fluid and solid temperatures shows that local fluid-solid temperature differences 

depend upon distance from the outer boundary and not x* for pipes not adjacent 

to the outer boundary. The ratio of axial conduction flux to radial conduction 

flux in the solid between the pipes demonstrates the relative importance of'axial 

conduction in the central region of the square cylinder. 

In order to approximate multiple parallel pipes embedded in a finite 

solid, single thick-walled pipes like those in Figure 3.2 are stacked together as 

shown in Figure 6.1. For the cases studied in this chapter, the outer wall temper

ature is chosen as ew = 0 to reflect the colder skin temperatures usually present 

in the extremities. Axial conduction is included in the solid and fluid as in the 

thick-walled pipe modified in equation (4.6), and a constant heat transfer coeffi

cient is used at the fluid-solid interface for each pipe. The exact geometries and 

boundary conditions used for the multiple parallel thick-walled pipes case studied 

in this chapter are stated in the equation box in Figure 6.1. The indi .... idual cases 
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studied are indicated by the number of pipes in the square cylinder cross section, 

NeT. As indicated in Figure 6.1, square cylinders with NeT = 9, 25 and 49 will 

be studied. The width of the square cylinder corresponds to the diameter of a 

similar round cylinder with an equal number of embedded pipes. The cylinder 

width, 2Rc, is measured in lumen diameters, 2Rp, and is dependent on the width 

of the individual thick-walled pipes, 2Rw, and the number of thick-walled pipes 

across the width of the square cylinder. 

A slice through the center of the square cylinder perpendicular to the 

pipe axis is indicated in Figure 6.1(a) on the cross section sketchs for each case 

studied. The double lines on the slice for NeT = 49 in Figure 6.1(a) enclose a line 

of nodes containing a row of pipes which includes the central pipe. In the figures 

and studies which follow, fluid and solid temperatures, differences between fluid 

and solid temperatures and ratios of conduction fluxes for each N u case will be 

taken from the line of nodes containing the central pipe and corresponding to the 

line of nodes within the double lines in Figure 6.1a. A map of the nodes in the 

slice in Figure 6.1a is enlarged in Figure 6.1b with the naming convention and 

relative positions for the fluid and solid temperatures. 

Figure 6.2 shows the bulk mean fluid temperature as a function of 

x*, Peclet number and position of the pipe within the cylinder for Nu = 9, 25 

and 49. The pipes are labeled as indicated in Figure 6.1b. In order to remove 

unneeded complexity from the figure, points are plotted with different symbols 

to indicate pipe position. For each pipe position, the temperatures for Pe = 20, 

50 and 100 are all plotted in the same symbol. Any notable differences due to 
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Figure 6.1. Problem statement for the multiple parallel thick-walled pipes case. 

The incividual t>ipe~ .. :nd :b.e!T." S'J11~'" ading solid are like the constant heat trans

fer coefficient embedding approximation of Figure 3.2. The nodal equations are 

devised for 2Rp / UX = 1, as in Figure 3.4. 2Rw is the width of a thick-walled 
pipe, as in Figure 3.2. 2Rc is the width of the entire cylinder in pipe lumen di

ameters. Section A illustrates the overall three-dimensional geometry and shows 

cross sections of the square cylinders studied. Section B maps the fluid and solid 

finite difference nodes between the double lines in Section A, which are studied 

in the text. The solid nodes to be studied labeled "Outer:' are halfway between 

the outer wall and the pipe labeled "Outer:'. The remaining solid nodes to be 

studied are halfway between pipes. The statement!' in the equation box apply to 

all multiple thick-walled pipes cases studied. 
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Peclet number are labeled near the plotted curve. 

For the fluid temperatures, the strongest dependences are upon x* 

and position of the pipe within the cylinder. The pipes labeled "Outer" for all 

N u cases and the pipe labeled "Central" for the N u = 9 case show temperature 

curves mimicing an exponential decay of fluid inlet temperature with increasing 

x*, as seen in the thick-walled pipe in Chapter 4. The remaining pipes show 

linear temperature dependence on x*. In addition, fluid temperatures for pipes 

in similar positions show dependence on N u . The most striking example of this 

is the temperature of the pipe labeled "Central", which increases steadily with 

increasing Nu . This increased fluid temperature is due to the increasing distance 

from the cold outer wall. 

Some dependence on Peclet number is shown for the pipes labeled 

"Central", "Inner" and "Inner (near Outer)" for N u = 25 and 49. The Peclet 

number dependence of the bulk mean fluid temperatures is most pronounced at 

Pe = 20 for the pipes labeled "Inner" and "Central" for Nu = 49. The solid near 

these inner pipes also shows the largest ratio of axial to radial conduction flux in 

Figure 6.5. For the case Nu = 9, the points for all of the Peclet numbers lie on 

the same curve for each pipe position. For the pipes labeled "Outer" in the 1\,7 u 

= 25 and 49 cases, points for all of the Peclet numbers lie on the same curve for 

each pipe position. 

As with the fluid temperatures, the temperatures in the solid be

tween the pipes show their strongest dependences upon x* and position of the 

pipe within the cylinder. Figure 6.3 sho\vs the solid node temperatures for each 
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Figure 6.2. Bulk mean fluid temperature, e F( x·), as a function of position within 

the cylinder and Nu for the square cylinders as indicated in Figure 6.1 for Pe = 20. 

50 and 100. Pipe positions are labeled as in Figure 6.lb. Temperatures for pipes 

at different positions within the cylinders are indicated with different symbols. 

The fluid temperatures for different Peclet numbers are indicated by label (e. g .. 

"Pe = 20") for the pipes labeled "Inner", "Inner (near Outer)" and "Central" for 

Nu = 25 and 49, where the temperature differences between Peclet number cases 

are greatest. The data for each Peclet number spans a different range in x· due 

to the use of the Peclet number for normalization in the axial direction. As stated 
in Figure 6.1. all pipes are 70 lumen diameters long. 





193 

N(T case labeled as in Figure 6.1b. The solid positions label{'d "Oukr" for nil 

cases and the solid position labeled "Central" for the N(T = 9 case show t{'mpe'ra

ture curves which follow the exponential-like decay of fluid inlet temperAture' with 

increasing x· seen in Figure 6.2. The remaining solid temperatures show liIwnr 

temperature dependence on x· , with slight flattened areas near the {'nd bounclnry 

due to the zero flux boundary condition at the cylinder ends. The solid te'II1IH'I"

atures at similar positions show dependence on N (T similar to that shown by tIl!' 

fluid temperatures. The most notable example of this is the' temp('rntur(' of the' 

solid near the pipe labeled "Central", which increases st('adily with in("re'n~ill~ 

N (T' This increased solid temperature is due to the increasing distan("(' from th' 

cold outer walls. 

Some dependence on Peelet number is shown for the solid posi t i()ll~ 

labeled "Central", "Inner" and "Inner (ncar Outer)" for Nt7 = 25 aIlCi 49. TIl!' 

Peelet number dependence of the solid temperatures is most proflO1uH'C'cl at Pt· 

= 20 for the pipes labeled "Inner" and "Central" pipes for N(T = 49, rdJc.rt.ill,ll; 

the large differences in the ratio of axial to radial conductioIl flux sc'c'n in Fi,ll;lIrc' 

6.5. For the case N (T = 9, the points for all of the Peelet nllrnlwrs lie em t.lw s;uw' 

curve for each solid position. For the pipes labeled "Out(!r" in tlw N" = 2!J awl 

49 cases, points for all of the Peelet numbers lie on tbe same: cur\'(~ for c'arb :~()ljd 

position. 

Except for the pipes immediately adjacent to the cold 01lt.c~r w;111, 

the major dependence of fluid-solid temperature difference is on di!o>t.<1n r (· frrJllI 

the cold outer wall. Figures 6.4a-c show the difference betw(~(~n fluid <In,] krJlirl 
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Figure 6.3. Solid temperature, e s( x·), as a function of position within the cylin

der and Nt? for the square cylinders as indicated in Figure 6.1. The solid positions 

are those labeled as indicated in Figure 6.1b. Temperatures for the solid between 

the pipes at positions within the cylinders are indicated with different symbols. 

The solid temperatures for different Peclet numbers for the same spatial position 

are indicated by label (e. g., "Pe = 20") for the pipes labeled "Inner", "Inner 

(near Outer)" and "Central" for Nt? = 25 and 49 where the differences between 

Peclet number cases are greatest. 
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temperatures for each pipe and the solid node with the corresponding label near 

it in Figure 6.1b. For x* greater than about 0.25, temperature difference is not a 

strong function of Peclet number. With the exception of the outer pipe, the fluid

solid temperature difference is approximately constant with x* as well. Figure 

6.4d shows typical fluid-solid temperature differences at x* = 0.5 for all of the 

Nu cases as a function of distance from the outer wall in units of pipe lumen 

diameters. The largest fluid-solid temperature differences and thus the largest 

heat transfer rate between fluid and solid are found in the pipes near the wall. 

In the interior regions of the cylinder, the fluid-solid temperature differences are 

small and the heat transfer rate between fluid and solid is small. As N u increases, 

the difference between fluid and solid temperature for pipes the same distance 

from the outer wall remains the same. For the central pipe in the Nu = 49 case, 

fluid and solid have almost reached the same temperature and the heat transfer 

rate between fluid and solid is almost zero. 

For the pipes labeled "Outer" and their near-by solid lines with the 

same label, there is a pronounced dependence of fluid-solid temperature difference 

on x·. The fluid-solid temperature difference is large for x· < 0.5 and nearly the 

same for every pipe labeled "Outer" for each value of N u . For the pipes labeled 

"Inner (near Outer)", "Inner" and "Central" and their corresponding solid lines 

for all cases, the dependence of fluid-solid temperature difference on x· and Peclet 

number is weak, especially for x· greater than about 0.25. Although dependence 

of the fluid and solid temperatures separately on N u is noticeable, dependence of 

the fluid-solid temperature difference on Nu is weak. 



, ~F - as Multiple Thick-walled Pipe, N rr = 9 SF - as Multiple Thick-walled Pipe. 
1 . 

.4 

.2 

+ Central 

[] Outer 

.2 

Ncr = 25 

: Cenlral 
pInner 
11 Outer 

~~~.;,;;o;.;."""~.'.' .~ ... ~~~-~.~.~ 

It:l 
0 

1/ 
• Ii ..., 

c:: 
fI) 

CD 
I 
:... 

10 

d. 

SF - as at x· = 0.5 Multiple Thick-walled Pipe 
.5 . 

0 N.,. = 9 

.4 ~ No' = 25 
c 
0 !l NG' = 49 

.3 

C 

.2 

.1 c 

0 

°0 20 30 10 
Vall dr.lancl--tu •• n Ol .. et.re 

40 





196 

Lick-walled Pipe, NiT = 25 SF - as Multiple Thick-walled Pipe, NiT = 49 

.75 
d 

Nd = 25 

:- Central 
pInner 
11 Oul.r 

1.25 

.8 
N = 49 
d 

+ Central 
C Inn,r 
X Inner (near Ouler) 

[J Outer 

C.~~ii~.25~;;~~~ac::::S:::::1i'25::j 
xl 

Figure 6.4. Fluid-solid temperature difference, E>F(X*) - as(x·), as a function 

of position within the cylinder and N(f for the square cylinders shown in Figure 
6.1. Fluid-solid temperature differences are between pipes and solid lines with the 

same labels as in Figure 6.1b. Sections a-c show fluid-solid temperature differences 

for all pipes over the length of the cylinder. Section d shows typical fluid-solid 

temperature differences for x· = 0.5 for each N(f case as a function of distance 
from the outer wall in units of lumen diameter, 2Rp. 

------_._------
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Figure 6.5 shows the ratio of axial conduction flux to radial conduction 

flux in the solid nodes of Figure 6.1 b as a function of x / L. The ratio of axial to 

radial conduction flux was calculated as 

Fl R· _ ~e(axial) _ T(i+l,j,k)-T(i,j,k) 
ux abo - ~e(radial) - T(i,j + 1, k) - T(i,j, k)" 

The radial direction for the flux ratio computations is always positive from the 

center of the cylinder out toward the wall. The axial direction for the flux ratio is 

always positive from the fluid inlet toward the fluid outlet. For all solid positions 

except the position labeled "Outer" near the cold outer wall, as the Peclet num· 

ber decreases and L * increases, axial conduction becomes increasingly important 

compared to radial conduction. In the central regions of the cylinders with Nu 

= 25 and 49, axial conduction flux is greater than radial conduction flux for all 

Peclet numbers studied. Conduction flux ratios are not strictly comparable as a 

function of x* due to the impact of the zero flux boundary conditions at the ends 

of the cylinders upon the observed flux ratios. 

The above study demonstrates that the fluid and solid temperatures 

are most strongly dependent upon x*, position within the cylinder and overall 

cylinder size. The fiuid·solid temperature differences and thus the rate of heat 

transfer between the fluid and the solid are most strongly dependent upon dis-

tance from the outer boundary. The dependence upon Peclet number is weak 

for all quantities studied except conduction flux ratios, where the end boundary 

conditions may bias the results. 
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Figure 6.5. The ratio of axial conduction flux to radial conduction flux at the 

solid nodes as a function of position within the cylinder and N u for the solid 

nodes as labeled in Figure 6.1b. The conduction fluxes are calculated using the 

temperature differences between adjacent nodes in the radial and axial directions. 

as discussed in the text. The conduction fluxes are computed at the solid positions 

labeled in Figure 6.1b. The conduction flux ratios at different positions within 
the cylinders are indicated with different symbols. The conduction flux ratios for 

different Peclet numbers are indicated for the pipes labeled "Inner", "Inner (near 

Outer r and "Central" for N u = 25 and 49 where the differences between Peclet 
number cases are greatest. The impact of the zero flux end boundary conditions 

are apparent. 
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A Thermal Energy Equation for Multiple Thick-walled Pipes 

The goals in the development of a thermal energy equation for mul

tiple thick-walled pipes are to find a simpler approximation for fluid and solid 

temperatures based upon pipe geometry and fluid flow conditions and to shed 

light on possible reasons for the modest success of Pennes' equation in approx

imating overall tissue temperatures. The structural model used to approximate 

the multiple thick-walled pipes problem above does not give an estimate of the 

overall medium temperature nor does it lend itself to analytic solution. It is not 

easily applied to situations such as those found in the body where the placement 

of the pipes within the solid is not precisely known. Estimating overall medium 

temperatures and fluid and solid temperatures by use of an equation which does 

not require explicit placement of pipes within the solid both lends itself to an

alytic solution and is more readily applied to multiple thick-walled pipes ·cases 

where a precise determination of the pipe positions is difficult. 

A brief overview of the Pennes' thermal energy equation is given in 

order to put the development of the alternative thermal energy equation used to 

approximate the thick-walled pipes into context. Pennes' thermal energy equation 

is of interest because it is the most commonly used equation to describe tissue 

temperature and because its form resembles the form of the alternative thermal 

energy equation developed to approximate the temperatures in the multiple thick

walled pipes problem. Discussion of the work of investigators who have used 

countercurrent exchange to develop field equations (\Veinbaum and Jiji 1985, 

Chen and Holmes 1980) is deferred until Chapter 7 where multiple countercurrent 
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thick-walled pairs are studied. 

The alternative thermal energy equation developed incorporates the 

most important results of the phenomenological studies, namely (1) the x· de

pendence of fluid and solid temperatures (2) the dependence of fluid and solid 

temperatures on overall cylinder radius and (3) the decrease of the heat transfer 

rate between fluid and solid with increasing distance from the outer wall. The 

alternative thermal energy equation resembles Pennes' thermal energy equation 

in form but has different coefficients. Although not explicitly computed by the 

thermal energy equation, an estimate of the fluid temperature at any point is 

made using the temperature of the medium from the thermal energy equation 

and the equation for the fluid temperature which was used to develop the alter

native thermal energy equation. 

Previous \Vork-Pennes' Equation 

The thermal energy equation most commonly used to approximate 

temperatures in living tissue is that of Pennes (1948). Pennes has assumed that 

(1) the tissue contains no structures such as blood vessels or other tubes with 

directional fiow, (2) neither the blood flow term nor the conduction term is domi

nant and (3) blood fiow is conserved, neglecting the transcapillary and lymphatic 

flow. Pennes combined Fick's second law of diffusion and Fick's perfusion equa

tion. Fick's perfusion equation states that the rate of change in concentration for 

any conserved substance is the difference between what is present in the arteries 

going into the tissue and what is present in the veins draining the tissue. 
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Fick's diffusion and perfusion equations are summed as 

where C is the substance concentration, D is a diffusion coefficient and F is the 

mass flux of the fluid flowing through the vessels. Pennes applied Fick's equations 

to thermal energy with C = pCpS to get 

(6.1) 

where Q includes metabolic sources and externally applied sources, tV is the mass 

flux of the fluid per unit volume of tissue and E is a factor governing the degree 

of pipe fluid-solid thermal equilibration between blood and solid. Note that the 

sign of the diffusion term in equation (6.1) has been corrected from the sign of 

the diffusion term in Pennes' paper in his equation (5). 

Pennes' thermal energy equation incorporates the blood temperature 

directly into the thermal energy equation (6.1). Alternative thermal energy equa-

tions which do not include the blood temperature, such as the alternative thermal 

energy equation developed by Weinbaum and Jiji (1985), depend on enhanced 

conduction from the boundaries as the sole heat transfer process acting in the 

medium. If conduction is the sole heat transfer process acting in the medium, the 

boundary conditions determine the problem's solution. The correct choices for 

the boundary temperatures at the fluid inlet end of the cylinder for a conduction-

only problem which may be used to approximate the temperature solution for 

the multiple thick-walled pipes problem are not obvious. Similar problems are 
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encountered in the application of porous medium equations, where the boundary 

conditions and the fluid flow rate determine the solution of the problem. Again, 

the correct choice for the upstream boundary temperature for use in a compari

son between the solutions of the multiple thick-walled pipes cases and a case of 

similar geometry and flow approximated with a porous medium equation is not 

obvious. 

In most applications of Pennes' thermal energy equation, the yenous 

blood and tissue temperatures Tv and T are assumed identical. It is also assumed 

that E = 1. Heat transfer from the arterial blood to the solid occurs if T < TA . 

For E = 1, pipe fluid-solid thermal equilibration between blood and tissue is 

complete. E = 0 implies no thermal energy has left the blood and entered the 

solid tissue. For many applications, arterial temperature is held constant in time 

and often held constant in space as well. 

Pennes' thermal energy equation has been somewhat satisfactory in 

its ability to predict overall medium temperatures away from sizable blood ves

sels. Pennes examined the validity of the equation by applying it to his studies of 

human forearm temperatures. After adjusting the factor E in equation (6.1) gov

erning the degree of pipe fluid-solid thermal equilibration, he found moderately 

good agreement between predicted and observed temperatures. The blood flO\\' 

values consistent the adjusted E factor 'values were also consistent with blood flow 

values documented in the physiology literature. In a well done (and more closely 

controlled) experimental study designed to produce conditions under which the 

Pennes' thermal energy equation would be valid, Baish (1986) created a phan-
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tom made by embedding in gelatin a large number of parallel equally spaced glass 

pipes with co current flow. "Vater was passed rapidly through the pipes, approxi

mating a uniform sink. The measured temperatures are in good agreement with 

temperatures predicted by Pennes' thermal energy equation. 

Selection of the coefficient values for the terms in in equation (6.1) 

which will give good approximations of fluid and solid temperatures is the major 

difficulty in applying Pennes' thermal energy equation. Determination of the yal

ues of the coefficients which best approximate the fluid and solid temperatures for 

any particular application often requires experimental verification or comparison 

to the results of parameter studies for the application under study. 

An Alternative Thermal Energv Equation 

An alternatiye thermal energy equation with a term dependent upon 

local fluid-solid temperature differences is developed using the results of the phe

nomenological study of the nluliiple thick-walled pipes. A major aspect of the 

development of the alternative thermal energy equation is the application of sim

ple concepts in a straightforward manner to the problem under study. The results 

of the phenomenological study suggest the use of the thick-walled pipe fluid tem

perature dependence upon x· in determining the heat transfer rate between the 

fluid and the solid. The heat transfer rate between fluid and solid is constant 

with x· for all but the pipes adjacent to the outer boundary as shown in Figure 

6.4, motivating development of the alternative thermal energy equation using a 

volume average of the heat transferred from the fluid to the solid during thr 
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transit of the pipe. 

A basic thermal energy equation including conduction and the effects 

of the fluid flowing in the pipes upon the solid temperature may be written as 

ae kt"72e energy from pipes per unit time 
pcp - = v - + -----="------';.....;;..-..;;-.----

at volume of medium 
(6.2) 

The character of the solution for equation (6.2) is determined by the form of the 

term describing the energy input from the pipes into the surrounding medium. 

Since the axial conduction flux is greater than or comparable to the 

radial conduction flux in the center of the cylinder, as shown in Figure 6.5, the 

heat transferred to the solid near the fluid inlet is distributed axially as well 

as the radially. In order to include this effect in a simple fashion, the thermal 

energy input per unit volume from one pipe for a thick-walled pipe of length x is 

estimated by dividing the total thermal energy input to the solid from the fluid in 

the pipe during the fluid transit from the inlet to x, by the total thick-walled pipe 

volume from the inlet to x. Note that the second term on the right hand side of 

equation (6.2) will be a function of x in the simple approximation described here. 

Using the change in fluid temperature during the transit of the thick-walled pipe 

from the cylindrical constant heat transfer coefficient model in equation (3.5) as 

an estimate of the heat transferred to the solid from the fluid, the thermal energy 

input from the pipe per unit volume for use in equation (6.2) is found as 

(6.3) 

where eA(O) is the bulk mean fluid temperature at the entrance of the pipe, 
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xT~fp is the thermal equilibration length for the thick-walled pipe as ddin('d in 

equation (4.3), Rp is the radius of the pipe lumen and Rn- is the radius of tIl<' 

thick-walled pipe. 

Dh·iding equation (6.3) through by k, substituting in the relation in 

equation (6.2) for the energy from the pipes and setting the local ,-alu(' of thl' 

solid temperature equal to the pipe wall temperature as en- ~ e, equation (G.2) 

becomes 

In equation (6.4), the fluid thermal energy term in equation (6.2) is writtm in 

terms of x·. 

The alternative thermal energy equation (G.4) is depend('nt upon pip!' 

geometry, flow and distance from the outer boundary, as found in the ph('nom('Ilo-

logical study. The temperature that is computed is an "overall medium tcmp('rn-

ture", since separate fluid and solid temperatures are not computC'd. "Th('ow'rall 

medium temperature" is dependent upon pipe geometry and flow through tIl(' x· 

and Rp / Rw dependence in the coefficient of the blood thermal energy (last) 

term. The overall size of the cylinder influences the solution through positioniIl~ 

of the boundary. The blood thermal energy term is also a function of fluid-solid 

temperature difference, as in the phenomenological study. 

Equation (6.4) resembles Pennes' (1948) thermal energy eq1lation 

(6.1). Pennes' coefficients, the equilibration factor E and the product of t.lw 

perfusion (mass flux per unit volume) and the fluid specific heat UJCF may lw 



~OG 

identified with the coefficients to the terms in equation (6.4) as 

(6.G) 

Using the volume averaging of the thermal energy deposited in tIw solid dut' to 

blood flow, Pennes' equilibration factor has been quantifi<'d and tIlt' nlltNN flux 

per unit volume has been computed from anatomical and physiologicru dat.ll. 

A Simple Comparison for Multiple Thick-w(!U('d PjP('S 

A simple comparison is made between th(' result.s of tIw pIWIIOIll('1l0' 

logical study and the solution of the alternative thermal ('ner~y ('quation (6.4) f('1" 

a right circular cylinder with boundary conditions comparabl(' to thos(-' in Fi~1\I"(' 

6.1. Comparisons are made for the fluid and solid temperature-'s. T(-'mp('rat,1In' 

profile shape for an "overall medium temperature" is measured qtll1utitllt.iVl'ly 

using the normalized full width at half maximum and a meastln' of tllC' profil" 

flatness. 

If the explicit axial conduction term is neglcct(!(l and tlJ(' out.('r wall 

temperature is a fixed value, equation (6.4) may be solved tlsiug a solution Im:·wr! 

on the solution used by Pennes (1948). Pennes' solution is qll()t(~d in (~(111ld.iorl 

(9) of Pennes (1948) and rewritten in the current author's notation l1S 
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where Aem is the temperature change due to metabolism. For metabolism <ina = 

0, Pennes' solution used as the solution of equation (6.4) for the temperature 

within a right circular cylinder with zero outer wall temperature, 9( R = Rc) = O. 

is 

1 ( fI& ,. \ 
e(r x·) = e (0) [1 _ 0 V -;- Rw 2ff; J] 

, A 1 ( fI&.lh: .. ) , 
o V i·- Rw 2Rp 

(6.7) 

where 10 is a modified Bessel function of order 0 and e = (1 - e- z• /zi-;:p). This 

is done to allow an analytic solution and in hopes that most of the effccts of 

axial conduction upon the amount of thermal energy coming in to the solid from 

the pipes has been included in the average thermal energy per unit volume ill 

equation (6.2). The solution of equation (6.7) is much like the solution to Pc-mH's' 

equation as quoted above. Unlike Pennes' equation, the solution of equat.ioll 

(6.4) in equation (6.7) varies with x· as well as radius. The pipe position lahdc'd 

"Central" in Figure 6.1b corresponds to r = 0 for the right circular cylinder. The 

radius for the right circular cylinder is measured in units of lumen diamctc>rs of 

the embedded pipes, as was done for the square cylinders in Figure G.l. 

Equation (6.4) does not allow a direct estimate of the fluid tempc'r-

ature. One estimate of a fluid temperature consistent with the overall medium 

temperature computed with equation (6.4) may be made by using the overall 

medium temperature at the position of the pipe in x· and r as a wall tempe·ra-

ture for the thick-walled pipe fluid temperature in equation (G.3). Using equation 

(6.3) with the solid temperature from equation (6.7) to solve for the fluid t(:m-
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perature results in the relationship 

The estimate of the fluid temperature in equation (6.8) will be used in the com

parisons of the fluid and solid temperatures from the phenomenological study to 

those estimated by the alternative thermal energy equation developed here. 

The shape of the O\'erall medium temperature profile for the alter

native thermal energy equation is taken from the analytic solution of equation 

(6.7) for the value of x* and cylinder radius Rc desired. For the phenomeno

logical studies, an estimate of the o\'erall medium temperature is made using a 

smoothed solid temperature, 0s(x*, r). The smoothed solid temperature profile, 

o s(x*, r), belies the presence of the individual pipes and makes application of the 

shape measures discussed in the preceding section to the computed temperatures 

appropriate. 

A sample smoothed solid temperature profile to be studi('d with the 

shape measures is the curve labeled "Profile 1" in Figure 6.G. The fraction of t1)(' 

cylinder diameter spanned by the temperature profile at half maximum illustratccl 

in Figure 6.6 is the normalized full width at half maximum, FW H M. The full 

width at half maximum will be less than half of the width of the entire cylinder 

for an exponentially decaying solid temperature profile as a function of radius 

like that of the thick-walled pipe in Figure 3.7, half of the cylinder width for a 

linear ramp between the edge and the center, and greater than half of the cylinder 

width for a temperature profile like that in Figure 6.6. 
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Figure 6.6. A sample overall medium temperature profile, 9s(x·, r), from the 
phenomenological study. The solid line labeled "Profile 1" shows temperatures 
from the finite difference solver on the line of nodes through the solid half way 
between the line of pipes containing the central pipe and the next outermost line 
of pipes. The position of the line of nodes for Profile 1 is indicated in the lower 
panel. The dotted line labeled "Profile 2" shows temperatures on the line of 
nodes indicated in Figure 6.1b containing the central pipe. The two ~easures of 
the temperature profile shape, full width at half maximum, FWHM, and flatness, 
FLAT, are indicated on the Figure. 
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The flatness measure of the temperature profile near the center of the 

cylinder, FLAT, is defined as 

FLAT = E>s(x, 0, 0] - E>s(x, 0, Rc/2) 
9s(x, 0, 0) 

(6.9). 

A broad square temperature profile would give a flatness measure of nearly 0. 

Pointed temperature profiles such as that of the thick-walled pipe solid temper-

ature in Figure 3.7 would give a flatness measure approaching 1. The flatness 

measure is more sensitive to the shape of the central areas of the temperature 

profile than the full width at half maximum. 

An estimate of E> s( x· , r) is made using the line of nodes half way 

between the line of nodes containing the central pipe in Figure 6.1b and the 

next plane of pipes, as indicated in the insert in Figure 6.6. All estimates of 

e s( x· , r) for this chapter v:ill be made using solid temperatures like Profile 1 

in Figure 6.6. Numerical smoothing techniques were deemed unnecessary for 

the current study, but may be useful in future work. A by-eye estimate using 

the temperatures on the line of nodes between the double lines in Figure 6.1 is 

sufficient to estimate an overall medium temperature, but this approximation is 

inconvenient computationally. The by-eye estimate and Profile 1 in Figure 6.6 

were found to gi .... e the same value of E> s( X*, r) to within 2% or better of the total 

temperature range of the system for all square cylinders with Nu greater than 

about 9. For square cylinders with Nu = 9, the two methods give values of 0s 

which agree to with 5% or better of the total temperature range of the system. 

Figure 6.7 shows values of the normalized full width at half maxi-
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mum, FWHM, and the flatness measure of equation (6.9) for the phenomeno

logical study cases in Figure 6.1 and for the alternative thermal energy equation 

solution in equation (6.7) for cylinder diameters corresponding to those used in 

the phenomenological study. The correspondence between the geometry for the 

multiple thick-walled pipes studies and the right circular cylinder used in the 

solution of the alternative thermal energy equation is that the diameter of the 

right circular cylinder is equal to the width 2Rc of the parallelepiped. The val

ues of FW H M and FLAT for uniform thermal energy deposition in the right 

circular cylinder computed from the solution in Carslaw and Jaeger (1959) §7.9.1 

are indicated on Figure 6.7 for comparison. 

In the multiple thick-walled pipes case, the fluid thermal energy is 

not deposited uniformly across the cylinder, especially near the pipes' entrances. 

The values of FIV H AI and FLAT for the phenomenological study cases and 

the alternative thermal energy equation solutions are near but not equal to the 

values for a uniform source. For both the alternative thermal energy equation 

solutions and the phenomenological study smoothed solid temperature profiles, 

the full \vidth at half maximum increases with increasing N rr • This is consistent 

with the observed fluid-solid temperature differences being dependent only upon 

distance from the outer boundary, as shown in Figure 6.4. 

Figure 6.8 shows comparisons of the solid temperatures in Figure 6.3 

to the solution of equation (6.7) for N rr = 9,25 and 49. The solutions for Pe = 50 

from the phenomenological studies in Figures 6.2-4 are selected for comparison 

to the modified Pennes' equation solutions as typical examples of fluid and solid 
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Multiple Thick-walled Pipe, as Shape Parameters 

.8 g. g, FWHM 
§. 

~/' 
o· ~a • O • 
Le,end 

.6 0- N" = 9 --c <>-N,,=25 ~ 
I 

0- N" = 49 uniform source I 
I 
I 

:t= 
• - N" = 9, eqn (6.7) 5 

.4 '-'-
• - N" = 25, eqn (6.7) 
• - N" = 49, eqn (6.7) FLAT 

• • 9- ~! .2 0 i 0. • Q' O. 
§ 

0 
.2 .4 .6 .8 1 1.2 

xf 

Figure 6.7. Full width at half maximum, FWHM, and the flatness measure, 
FLAT, of equation (6.9) for the phenomenological studies and the alternative 
thermal energy equation solution as a function of x*. The alternative thermal 
energy equation solution results are indicated by filled symbols. The alternative 
thermal energy equation solution is for a right circular cylinder with cold outer 
wall temperature in equations (6.7-8). Included for comparison are the values 
for uniform thermal energy deposition over the right circular cylinder with zero 

outer wall temperature for the solution in Carslaw and Jaeger (1959) §7.9.1. For 

a uniform source, F1V H J.l = 0.75 and FLAT = 0.25. 
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temperature found in the range 0.3 =:; x· =:; 1.0. The agreement between the 

numerical solutions and the solutions to equation (6.7) is quite good considering 

the simplicity of the approximations involved. The solid temperature goes to zero 

as x· goes to zero. This occurs because the thermal energy input from the pipe 

as computed in equation (6.3) goes to zero as x· goes to zero. 

Figure 6.9 shows comparisons of the fluid temperatures computed for 

pipe positions in the right circular cylinder corresponding to the pipe positions 

in the square cylinder in Figure 6.1. The fluid temperatures are computed using 

equation (6.8). The agreement between the two sets of fluid temperatures is 

quite good. The estimates of equation (6.8) are consistently less than those of 

the phenomenological study, with the best agreement for the outer pipes and 

the worst for the pipes labeled "Central'''' and "Inner" for Nu = 49. The fluid 

temperature from the alternative thermal energy equation goes to unity as x· 

goes to zero. This occurs because the thermal energy leaving the pipe goes to 

zero as x· goes to zero. 

Figure 6.10 compares the fluid-solid temperature differences from the 

modified Pennes' equation solutions in equations (6.7-8) to the fluid-solid tem

perature differences from the phenomenological study in Figure 6.4. The fluid

solid temperature difference from the alternative thermal energy equation goes 

to unity as x· goes to zero. This occurs because the thermal energy leaving the 

pipe and entering the solid goes to zero as x· goes to zero. The agreement for 

the fluid-solid temperature differences is poor. Although the fluid and solid tem

peratures given by the modified Pennes' equation are not inconsistent with those 
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Figure 6.8. Solid temperatures from the alternative thermal energy equation com

pared to the solid temperatures from the phenomenological study. The alternative 

thermal energy equation results are indicated by circled symbols. The solid tem

perature from the alternative thermal energy equation goes to zero as x* goes to 

zero. The positions of the solid temperatures used are labeled as in Figure 6.1b. 

The alternative thermal energy equation solution is for a right circular cylinder 

with cold outer wall temperature in equation (6. i). The phenomenological study 

solid temperatures are those for Fe = 50 in Figure 6.3c. 
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Figure 6.9. Fluid temperatures consistent with the alternative thermal energy 

equation compared to the fluid temperatures from the phenomenological study. 

The alternative thermal energy equation solution results are indicated by circled 

symbols. The fluid temperature from the alternative thermal energy equation 

goes to unity as x· goes to zero. The fluid temperatures are for pipe positions 

labeled as in Figure 6.1b. The fluid temperatures are computed with equation 

(6.S), and consistent with the alternative thermal energy equation solution for a 

right circular cylinder with cold outer wall temperature solution in equation (6.i). 

The phenomenological study fluid temperatures are those for Pe = 50 in Figure 

6.2c. 
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found in the phenomenological study, the discrepancy in the fluid-solid temper

ature differences indicates that the method of estimating the fluid temperature 

in equation (6.8) and/or the method of estimating the thermal energy deposited 

in the medium by the fluid flow in equation (6.2) is flawed. A more accurate 

fluid temperature estimate may be made by taking into account the change in 

the temperature of the surrounding solid during the fluid's transit of the pipe. 

This might be done by allowing the value of 0w used in equation (6.3) to vary 

with x* and computing the fluid temperature by integration along the fluid path 

as done by Kays and Crawford (1980) in Chapter 8, pages 117-124. 

The alternative thermal energy equation is an acceptable simple ap

proximation for the overall medium temperature profile shape and the fluid and 

solid temperatures found in multiple thick-walled pipes. The good agreement 

between the multiple thick-walled pipes studies and the alternate thermal energy 

equation solutions at least partially explains the success achieved by Pennes' 

thermal energy equation in approximating temperatures in living tissue and ex

perimental temperatures presented by Baish (1986) and other workers. The poor 

prediction of fluid-solid temperature differences requires a better estimate of the 

fluid temperature than found in equation (6.8), perhaps one which includes the 

change in temperature of the surrounding solid with x*. 
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Figure 6.10. Fluid-solid temperature differences from the alternative thermal en

ergy equation solution compared to the fluid-solid temperature differences from 

the phenomenological study. The alternative thermal energy equation solution re

sults are indicated by the circled symbols. The pipe and solid positions are labeled 

as in Figure 6.1b. The alternative thermal energy equation fluid-solid temperature 

differences are taken from the results in Figures 6.S and 6.9 for a right circular 

cylinder with cold outer wall temperature in equation (6.7 -S). The fluid-solid tem

perature difference from the alternative thermal energy equation goes to unity as 

x· goes to zero. The phenomenological study fluid-solid temperature differences 

are those for Pe = 50 in Figure 6.4. 
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Conclusions 

For the multiple thick-walled pipes studied in this chapter. fluid nnd 

solid temperatures have been demonstrated to be a function of x·, position within 

the cylinder and overall cylinder radius in units of pipe lumen diameters. Th(' 

rate of heat transfer between the fluid and the solid flow has been shown to 1)(' 

a function of distance from the outer boundary in lumen diameters only. A way 

from the cold boundary, the fraction of the flux out of any volume clement dUl' to 

axial conduction was shown to be greater than the flux out of the volume eleIlH'nt 

due to radial conduction. 

An alternative thermal energy equation has been developed that. sim

plifies the estimation of overall medium temperatures. The equation is lib· 

Pennes' thermal energy equation in form but has coefficients with x- d('IH'Il

dence based on pipe flow parameters and geometry. A simple comparison wit.h 

an analytic case gives satisfactory agreement for temperature profil(' shap<' for 

the overall medium temperature and fluid and solid temperatures. 

The results of the phenomenological study and the predicted fluid awl 

solid temperatures from the alternative thermal energy equation ar(' WW(! ill t.}J(" 

following chapter to gauge the impact of countercurrent exchange upon multil'l,' 

countercurrent pairs embedded in a finite solid. 



CHAPTER i 

MULTIPLE THICK-\VALLED COUNTERCURRENT PAIRS 

In this chapter, arterial, venous and solid tempernturt's ltft' fouut! 

for multiple thick-walled countercurrent pairs using tht' coIlstnllt Ilt'llt. t.rllllsf,'!' 

coefficient linked pipe embedding approximation dt'scribt'd ill (,hllpt,,!, 3. COlli 

putations of arterial, venous and solid temperatur('s for coulltl'rcUfrt'llt plli!'s t'llI 

bedded in a finite solid are made without r{'sorting to paired liIlt, SOUI'(,,'/sillk 

approximations. The results for the multiple thick· walled COUIltt'I'CUITt'lIt. piliI'=-> 

are compared to the results for the multipl{' thick-wnlh'd pipes. TIJ(' III t.t'l'Il II t i\',' 

thermal energy equation de\'cloped for th(' multiplt, thick-walled pip,'s is /llft-n,d 

to include the effects of imperfect count('rcurrrnt excllllllgl'. Sollltiolls of tIl!' Itl 

ternate thermal energy equations including tll" effccts of ('ount('I'('urn'ut I'XdJllIlj!;" 

are compared to the results of the numerical studies. 

A phenomenological study is performed, as no stllciil's t'xplieitly 111-

eluding multiple parallel thick-walled countercurrent pairs witll fllOcl'·flt!.t· P'·I'II'!. 

number flows are known to the author or to authoritics ill tlw fi('I(i with wlJidl tljl' 

author has consulted (Shah 1988, Catton 1988). Stlldi(~s of Ulultiplt· tllj('k- willI,·d 

countercurrent pairs are made with both the cold w~rj()llS illld cOlldjtjoll awl tIll' 

surrounding solid venous inlet conditions from Chapter ~. 

For all of the multiple thick-wall'?d count('rcurr(~nt pHil'S ~i1S"H, ('(JIIII 

tercurrent exchange is imperfect. Since the out'?r cylind(-r wall is mId, tlw c}Ji1!lW' 
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in arterial temperature during the cylinder transit exceeds that which occurs ill 

perfect countercurrent exchange. The change in venous t.emperature during tht, 

cylinder transit is less than that which occurs in perfect countercurrent exchangt>. 

The change in arterial temperature during the cylinder transit exceeds the change 

in venous temperature during the cylinder transit. For all of the multiple coun

tercurrent pairs cases studied, the full width at half maximum and flatness of th(' 

smoothed solid temperature profile are indistinguishable from full width at half 

maximum and flatness of the multiple thick-walled pipes cases. A way from tht' 

outer boundary, the ratio of axial conduction flux to radial conduction flux is tht' 

same as or greater than that which was found for the multiple thick-walled pip(>s 

in Chapter 6. As L* decreases, the axial conduction flux decreases in importanc(' 

with the increasing importance of countercurrent exchange for all of the> multi

ple thick-walled countercurrent pairs cases, but does not become negligible until 

L* :5 0.35 (Pe = 200). 

The dependence upon L * observed in the single thick-walled counter

current pairs is also observed for multiple thick-walled countercurrent pairs. For 

long pairs, L * > 0.8, the strongest dependence of fluid and solid tempt'ratuf('s 

is upon dimensionless axial distance, x*, and radial position. High axial con

duction and venous temperatures nearly equal to surrounding solid temperatur(>s 

are observed in long L* pairs for both venous inlet temperature conditions. For 

short pairs, L * < 0.8, the fluid and solid temperatures for the two venous inlet 

temperature conditions diverge from each other. For the short L· cases with cold 

venous inlet temperature, fluid and solid temperatures are colder that those of 
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the long L * multiple countercurrent pairs and multiple thick-walled pipes cases. 

For the short L* surrounding solid venous inlet temperature case, solid and fluid 

temperatures are warmer than those of the long L * multiple countercurrent pairs 

and colder than those of the multiple thick-walled pipes cases. 

The alternative thermal energy equation developed for multiple thick

walled pipes in Chapter 6 is altered for use with multiple thick-walled countercur

rent pairs. The approximations of averaging the fluid thermal energy deposited 

over the cylinder length and assuming a slow change in solid temperature in the 

axial direction to estimate the wall temperature which were made in equation 

(6.3) are used to estimate the amount of thermal energy transferred from the 

fluid to the solid. Three versions of the alternatiye thermal energy equation (6.4) 

for multiple thick-walled pipes are developed to approximate solid temperatures 

for the different L * regimes in thick-walled countercurrent pairs. First, a short

ened fluid thermal equilibration length, xcTJ, is used in the alternative thermal 

energy equation developed for the multiple thick-walled pipes in order to ap

proximate long L * cases. Second, the fluid-solid thermal interaction effectiveness 

ratio developed for the thick-walled countercurrent pair is combined with the ap

proximation that the veins and solid are at the same temperature to develop an 

equation to approximate long L * and surrounding solid venous inlet temperature 

cases. Third, both arterial and venous temperatures are incorporated into the 

alternative thermal energy equation in order to approximate short L· cases. All 

of the alternative thermal energy equations include heat transfer between the 

fluid and the solid as Pennes'-type terms. 
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A simple comparison is made between the results of the phenomeno

logical study and the predictions of the three versions of the alternative thermal 

energy equations for a right circular cylinder. The solid and arterial tempera

tures predicted using the thermal energy equation with the shortened thermal 

equilibration x*lcE length are too high. The thermal energy equation with the 

fluid-solid thermal interaction effectiveness ratios and the approximation that the 

veins and solid are at the same temperature predicts the solid temperatures with 

moderate success for the long L * cylinders. For the short L * cylinders, the in

corporation of arterial and venous temperatures within the alternative thermal 

energy equation gives moderately good predictions of solid temperature near the 

fluid inlet. 

In all cases, the approximation that the solid temperature does not 

change much over the pipe length decreases the accuracy of the estimate of the 

fluid and solid temperatures made for the simple comparison. Since the axial 

change in solid temperature over the length of the cylinder is greater than it is 

for the multiple thick-walled pipes cases, the approximations made to compute 

the fluid temperature by simple means are not as successful as they were for 

the multiple thick-walled pipes cases. The full utility of the alternative thermal 

energy equations developed to approximate the multiple thick-walled countercur

rent pairs temperatures must be further evaluated with methods which include 

the axial change in solid temperature. 
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The Multiple Parallel Thick-walled Countercurrent Pairs Problem 

The phenomenology of the multiple thick-walled countercurrent pairs 

problem is studied for the geometries illustrated in Figure 7.1 for cylinder lengths 

L* =3.5, 1.4, 0.7 and 0.35 (moderate Peclet number flows Pe =20, 50, 100 and 

200). In order to approximate multiple parallel countercurrent pairs embedded 

in a finite solid, thick-walled countercurrent pairs like those in Figure 3.11 are 

stacked together as shown in Figure 7.1. For the cases studied in this chapter, 

the outer wall temperature is chosen as 0w = 0 to reflect the colder skin tem

peratures usually present in the extremities. Axial conduction is included in the 

solid and fluid as was done for the thick-walled countercurrent pair in equations 

(5.la-b). A constant heat transfer coefficient is used at the fluid-solid interface 

for each pipe. Both the cold venous inlet temperature case and the surrounding 

solid venous inlet temperature case detailed in Figure 5.5 are studied. 

The exact geometries and boundary conditions used for the multiple 

parallel thick-walled countercurrent pairs case studied in this chapter are stated 

in the equation box in Figure 7.1. The individual cases studied are indicated by 

the number of countercurrent pairs in the square cylinder cross section, N (T. As 

indicated in Figure 7.1, square cylinders with N(T =9, 25 and 49 will be studied. 

The width of the square cylinder corresponds to the diameter of a similar round 

cylinder with an equal number of embedded countercurrent pairs. The cylinder 

width, 2Rc, is meaSured in artery lumen diameters, 2R.4. The cylinder width 

is dependent on the width of the individual thick-walled countercurrent pairs, 

2Rw, and the number of thick-walled countercurrent pairs across the width of 
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the square cylinder. 

A slice through the center of the square cylinder perpendicular to the 

countercurrent pair axis is indicated on the sketch of the cross section for N fT = 49 

in Figure 7.1(a). The double lines indicate a line of nodes containing a row of 

countercurrent pairs which includes the central countercurrent pair. In the figures 

and studies which follow, arterial, venous and solid temperatures, differences 

between arterial, venous and solid temperatures and ratios of conduction fluxes 

are taken from the line of nodes containing the central pipe corresponding to the 

line of within the double lines in Figure for each NfT case. A map of the nodes 

in the slice in Figure 7.1a is enlarged in Figure 7.1b with the naming convention 

and relative positions for the arterial, venous and solid temperatures. 

Effectiveness of Countercurrent Exchange 

The countercurrent exchange occurring in the multiple thick-walled 

countercurrent pairs is not perfect. Fluid-solid thermal interaction is taking place 

between the arteries, veins and surrounding solid. In all cases studied, the change 

in arterial and venous temperatures during the fluid's transit of the cylinder 

exceeds that predicted by perfect countercurrent exchange. Figure 7.2 shows the 

change in arterial temperature during the transit of the cylinder for the cold 

venous inlet temperature and surrounding solid venous inlet temperature cases. 

The arteries studied are those indicated in Figure 7.1b. For the surrounding 

solid venous inlet temperature cases, the venous inlet temperature varies with 

position of the vein within the cylinder. Thus the change in arterial temperature 
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Figure 7.1. Problem statement for the multiple parallel thick-walled countercur

rent pairs case. The individual countercurrent pairs and their surrounding solid 

are like the constant heat transfer coefficient linked pipe embedding approxima

tion of Figure 3.11. 2Rw is the width of a thick-walled countercurrent pair, as in 
Figure 3.11. 2Rc is the width of the entire cylinder in artery lumen diameters. 

2RA. As indicated in the equation box, both the fixed cold venous inlet tempera

ture case in Figure 3.11 and the surrounding solid venous inlet temperature case 

detailed in Figure 5.5 are studied. Section A illustrates the overall three dimen

sional geometry and shows cross sections of the square cylinders studied. Section 

B maps the artery, vein and solid nodes between the double lines in Section A 

which are studied in the text. The solid nodes to be studied labeled "Outer" are 

halfway between the outer wall and the countercurrent pair labeled "Outer". The 

remaining solid nodes to be studied are halfway between countercurrent pairs. The 

statements in the equation box apply to all multiple thick-walled countercurrent 

pairs cases studied. 
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is measured as [8A(O) - 0A(L)]/[eA(0) - ev(L)] for all of the countercurrent 

pairs in order to make a comparison with ehato's perfect countercurrent exchange 

predictions in equation (3.7). In every case, the change in arterial temperature 

is greater than that predicted using ehato's (1980) model. 

Figure 7.3 shows the change in venous temperature during the transit 

of the cylinder for the cold venous inlet temperature cases. The veins stud

ied are those indicated in Figure 7.lb. For the surrounding solid venous inlet 

temperature cases, the venous inlet temperature .... aries with position of the .... ein 

within the cylinder. Thus the change in venous temperature is measured as 

redO) - 0v(L)J/[0A(0) - 0~'(L)] for all of the countercurrent pairs in order to 

make a comparison with ehato's perfect countercurrent exchange predictions in 

equation (3.7). For the short L * pairs away from the cold boundary, the change 

in venous temperature is greater than that predicted by ehato's perfect coun

tercurrent exchange model as sep!, in the arteries. This phenomenon is seen for 

single countercurrent pairs in the a .... eraged fluid inlet temperature wall temper

ature cases in Figure 5.2. For the long L * pairs and those pairs near the cold 

outer boundary, the change in venous temperature is less than that predicted 

using ehato's (1980) model due to fluid-solid thermal interaction between the 

relati .... ely cool vein and the still colder surrounding solid as seen for the single 

countercurrent pair cold wall cases in Figures 5.3-4. 

In all cases studied, there is a net loss of thermal energy from the 

countercurrent pair to the surrounding solid. Figure 7.4 shows the difference be

tween the change in arterial temperature and the change in .... enous temperature 
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Figure 7.2. The ratio of the change in arterial temperature to the difference be-

tween arterial and .... enous inlet temperatures, [0A(O,y,Z) - 0A(L,y,z)]/ 
[0A(O,y,Z) - 0v(L.y,z)] as a function of position within the cylinder and .T\'u. 

Changes in arterial temperatures for both cold venous inlet and surrounding solid 

venous inlet temperature cases are shown. The change in arterial temperature is 

measured at the artery positions labeled in Figure i.lb. The venous inlet tem

peratures are for the vein paired with the artery. For sections a-c. the change in 

arterial temperature is shown as a function of distance from the left outer bound

ary in units of artery lumen diameters. 2R..\. for Nu = 9. 25 and 49 respectively. 
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Figure i.3. The ratio of the change in venous temperature to the difference be

tween arterial and yenous inlet temperatures, [ev(O, y . .:) - eve L. y . .: )j/ 
[0A(O,y,Z) - ev(L,y,z)] as a function of position within the cylinder and SO'. 
Changes in venous temperatures for both cold venous inlet and surrounding solid 

venous inlet temperature cases are shown. The change in yenous temperature is 

measured at the vein positions as labeled in Figure i.lb. The "enous inlet temper

ature is for the vein paired with the artery. For sections a-c. the change in venous 

temperature is shown as a function of distance from the left outer boundary in 

units of artery lumen diameters. 2RA , for NO'=9. 25 and 49 respectively. 
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during the cylinder transit for each of the countercurrent pairs indicated in Fig

ure 7.1b. The difference between the change in arterial and venous temperatur('s 

is always positive and decreases ~·ith distance from the cold outer boundary. For 

the surrounding solid venous inlet temperature condition, the difference betw('('n 

the change in arterial temperature and the change in venous temperature during 

the cylinder transit is never below 0.1. The difference approaches z(,ro only for 

the inner countercurrent pairs for N tT ~ 25. Although the difference between the 

arterial and venous temperature changes approaches zero and mimics the behav

ior due to perfect countercurrent exchange, the change in arterial temperature 

indicated in Figure 7.2 and the change in venous temperature indicated in Figure' 

7.3 shows that perfect countercurrent exchange is not achieved. 

Solid Temperature Profiles 

In this section, the solid temperature profile shape for the multiplc 

thick-walled countercurrent pairs cases is shown to be indistinguishable from 

that found for the multiple thick-walled pipes cases. This shows that rate of heat 

transfer between fluid and solid depends upon distance from the outer bOllndnry 

in a way similar to that found for the multiple thick-walled pipes. It also indicatcs 

that a similar thermal energy equation might be used to describe temperaturr-s 

for both problems. 

Sample smoothed solid temperature profiles to be studied with tJw 

shape measures are the curves labeled "Profile I" in Figure 7.5. Figure 7.5 shm ... ·s 

two sample profiles comparing the temperatures on the line of nodes containing 
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Figure 7.4. The difference between the change in arterial temperature and the 

change in venous temperature over the cylinder transit, ~E>.4 - ~e v, as a function 

of position within the cylinder and NiT for the countercurrent pairs in the square 

cylinders shown in Figure 7.lb. The difference between the changes in arterial and 

venous temperature is measured at the countercurrent pair positions labeled in 

Figure 7.lb. Differences between the changes in arterial and venous temperature 

for both cold venous inlet and surrounding solid inlet temperature cases are shown, 

For sections a-c. the difference between the change in arterial temperature and th(· 

change in venous temperature is shown as a function of distance from the outer 

boundary in units of artery lumen diameters. 
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the countercurrent pairs in Figure 7.1b with the line of nodes labeled "Profile I" 

in the insert in Figure 7.5. Note that the profiles in Figure 7.5 are not symmetric 

about the centerline of the cylinder. This is due to the placement of the artery 

with the vein between it and the outer wall near one boundary and the placement 

of the artery next to the outer wall at the opposite boundary. The asymmetry of 

the profile is most pronounced at low NO'. 

For the multiple thick-walled countercurrent pairs studies, an estimate 

of a smoothed solid temperature or "overall medium temperature" , e s( x· , r), is 

made using the line of nodes half way between the line of nodes containing the 

central pair in Figure 7.1b and the next plane of pairs, as indicated in the insert 

in Figure 7.5. All estimates of e s{x·, r) for this chapter will be made using solid 

temperatures like Profile 1 in Figure 7.5. Numerical smoothing techniques were 

deemed unnecessary for the current study, but may be useful in future work. A 

by-eye estimate using the temperatures on the line of nodes between the double 

lines in Figure 7.1 is sufficient to estimate an overall medium temperature, but 

this approximation is inconvenient computationally. The by-eye estimate and the 

"Profile I" estimate in Figure 7.5 were found to give the same value of E>s(x*, r) 

to within 3% or better of the total temperature range of the system for all square 

cylinders with NO' > 9. For square cylinders with NO' ~ 9, the two methods gi\'e 

values of e s( x·, r) which agree to with 6% or better of the total temperature 

range of the system. 

Temperature profile shape for a smoothed solid temperature profile 

is measured quantitati\'ely using the normalized full width at half maximum. 
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Figure i.5. Sample smoothed solid: cmperature profiles, 0 s( x·. r), from the phe

nomenological study of multiple thici .. -walled countercurrent pairs. The solid line 

labeled "Profile 1" shows temperatures on the line of nodes through the solid half 

way between the line of countercurrent pairs containing the central countercurrent 

pair and the next outermost line of countercurrent pairs. The position of the line 

of nodes for Profile 1 is indicated in the insert. The dotted line labeled "Profile 

2" shows temperatures on the line of nodes indicated in Figure i.1b containing 

the central countercurrent pair. '\-<llues for the three measures of the tempera

ture profile shape, full width at h<llf ma.-.::imum (FWHM), flatness (FLAT) and 

asymmetry (ASYM) are indicated for each profile presented. 
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FW H M, the profile flatness, FLAT, from Chapter 6 and a measure of the asym-

metry, ASY M. The fraction of the cylinder diameter spanned by the temperature 

profile at half maximum illustrated in Figure 7.5 is the normalized full width at 

half maximum, FW H M, as used in Figure 6.6. The flatness measure of the tem-

perature profile near the center of the cylinder, FLAT, must be altered slightly 

to take into account the asymmetry of the multiple thick-walled countercurrent 

pairs temperature profile. Equation (6.9) is used with the average of the two 

temperatures at ±Rc /2, to define FLAT for asymmetric profiles as 

FLAT = 8s(x,0,0) - 0.5[8s(x:O,+Rc/2) + Gs(x,O, -Rc/2)]. 
0s(x, 0, 0) 

The asymmetry is defined as 

ASY.M = Gs(x,O,O) -18s(x,~,+Rc/2) - 0s(x,0,-Rc/2 )1. 
0s(x,0,0) 

(7.1) 

(7.2) 

The smoothed solid temperature profiles for the multiple thick-walled pipes cases 

in Figure 6.6 have ASY At = 0. 

The shape of the smoothed solid temperature profiles for the mul-

tiple thick-walled countercurrent pairs do not vary significantly from those of 

the multiple thick-walled pipes. Figure 7.6 shows the normalized full width at 

half maximum, FlY H Af, the flatness measure of equation (7.1), FL.4.T, and the 

asymmetry measure of equation (7.2), ASY.M, for the phenomenological study 

cases in Figure 7.1. The values of FHlHAf, ASYM and FLAT for uniform 

thermal energy deposition in a right circular cylinder and for the multiple thick-

walled pipes from Figure 6.7 are indicated on Figure 7.6 for comparison. The 
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values for the multiple thick-walled pipes cases are dependent upon x*, and thus 

only the range in FW H M and FLAT are indicated at x I L = 0.6 on the plot. 

The values of FW H M and FLAT for the multiple thick walled countercurrent 

pairs phenomenological study cases are near but not equal to the values for a uni

form source. As found for the multiple thick-walled pipes cases, the fluid thermal 

energy is not deposited uniformly across the cylinder, especially near the arterial 

inlets. 

The Importance of Axial Conduction 

The relative importance of axial conduction in the central region of 

the square cylinder decreases as the effectiveness of countercurrent exchange in

creases. Figure 7.7a shows a sample of the ratio of axial conduction flux to 

radial conduction flux as a function of x / L in the solid nodes of Figure 7.1 b for 

N u = 49 and L * = 3.5. The conduction flux ratio is computed in the same man

ner as those in Figure 6.5. In the region 0.2 < x I L < 0.8, the conduction flux 

ratio is approximately constant for all solid positions, Peclet numbers and values 

of N u. As found for the multiple thick-walled pipes cases, conduction flux ratios 

are not strictly comparable as a function of x* due to the impact of the zero flux 

boundary conditions at the ends of the cylinders upon the obsen'ed flux ratios. 

For the multiple thick-walled countercurrent pairs, axial conduction 

in the solid is negligible, that is, less than half of radial conduction flux, only 

near the outer boundary and at L* ~ 0.35. In Figure 7.7b-d the conduction flux 

ratio at xl L = 0.5 is shown for both the venous inlet conditions for N u =9, 25 
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Figure 7.6. Full width at half m<:lximum. Fl·V II.U. the flatness measure, FLAT. 
of equation (7.1) and the asymmetry measure. ASY.;U. of equation (7.2) for the 

phenomenological studies as a function of xl L. The dotted line in the NO' = 25 

and 49 cases separate the values of AS}'"JI from the values of FLAT. Included 

for comparison are the values for uniform thermal energy deposition over the 

right circular cylinder with zero \\"<:111 temperature for the solution in Carslaw and 

Jaeger (1950) §7.9.1. Also indicated arc the range of \-alues for the multiple thick

walled pipes presented in Figure G.7. For uniform thermal energy deposition. 

FWHAI = 0.75. ASYAI = 0 and FLAT = 0.25. For the multiple thick-walled 

pipes. ASY!vI = O. 
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I( :ltio at x /!. = 0.5, Multiple Conduction Flux Ratio at xlL = 0.5, Multiple 
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Figure 7. i. The ratio of axial conduction flux to radial conduction flux in the 

solid nodes as a function of position within the cylinder and Ncr for the multiple 

thick-walled countercurrent pairs. The conduction fluxes are measured at the solid 

positions as labeled in Figure i.lb. Conduction flu-\: ratios for both cold venous 

inlet and surrounding solid '"enous inlet temperature cases are shown. The con

duction flux ratios at different positions within the cylinders are indicated with 

different symbols in section a for ~V (7 = 49 and L· = 3.5. The conduction flux 

ratios for different Peclet numbers are indicated by label for the pairs labeled 

"Inner". "Inner (near Outer)" and "Central" for N(7 =25 and 49 where the differ

ences between Peclet number cases are greatest. The impact of the zero flux end 

boundary conditions are apparent. For sections b-d. the dependence of conduction 

flux ratio at x / L = 0.5 upon distance from the outer boundary in units of artery 

lumen diameters. 2RA , is shown for N(7 = 9. 25 and 49 respectively. 
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and 49. The relative importance of axial conduction decreases as L * decreases 

for both cold venous inlet and surroWlding solid temperature venous inlet cases. 

For long L* multiple thick-walled countercurrent pairs, axial conduction is more 

important relative to radial conduction than in the multiple thick-walled pipes 

cases. 

L * Dependence 

Comparison of the arterial, venous and solid temperatures for differ

ent Peclet numbers demonstrates the dependence of the arterial and solid tem

peratures on x* and position with respect to the boundary for long cylinders, 

L* > 0.8. Figure 7.8 shows the bulk mean arterial temperature as a function of 

x*, L* and position of the countercurrent pair within the cylinder for N rr =9, 

25 and 49. Figure 7.9 shows the bulk mean venous temperature for each N rr 

case. Figure 7.10 shows the solid node temperatures for each N rr case labeled as 

in Figure 7.lb. The arterial, venous and solid nodes are labeled as indicated in 

Figure 7.lb. 

The long L * countercurrent pairs, where fluid-solid thermal interac

tion is more important than countercurrent exchange, have the same tempera

tures as a function of x*, especially in the x* region close to the arterial inlC't. 

In Figure 7.Sa, sample arterial temperatures are plotted as a function of x· with 

different symbols to indicate countercurrent pair position. The differences due 

to Peclet number are labeled near the plotted curve. As demonstrated in Figure 

i.Sa, for arteries at the same radial position in long cylinders (length L· > 0.8), 
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Figure 7.9. Bulk mean venous temperature, 8v(x· = 0.35), as a function of 

position within the cylinder and .I.Y(7 for the square cylinders in Figure 7.1. Vein 

positions are labeled as in Figure i.lb. The venous temperatures at x· = 0.35 

are plotted as a function of distance from the left outer boundary in artery lumen 

diameters. 2RA , with temperatures for different L· values indicated by different 

symbols. Temperatures for both the cold venous inlet temperature case and the 

surrounding solid venous inlet temperature case are included. 
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Figure 7.10. Solid temperature. 0s(x· = 0.35), as a function of position within 

the cylinder and N tT for the square cylinders in Figure 7.1. The solid positions 

are labeled as indicated in Figure 7.1b. The solid temperatures at x· = 0.35 are 

plotted as a function of distance from the left outer boundary in artery lumen 

diameters. 2RA , with temperatures for different L* values indicated by different 

symbols. Temperatures for both the cold venous inlet temperature case and the 

surrounding solid venous inlet temperature case are included. The solid temper

atures at x· = 0.35 for the corresponding multiple thick-walled pipes cases from 

Figure 6.3 are included for comparison. 
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the arterial temperatures are most strongly dependent upon x*. For L * = 0.35 

(Pe = 200), the dependence upon x* for pipes in the same position in the cylinder 

is not like the the x* dependence noted at longer L * and lower Peclet number. 

In order to demonstrate in compact form which values of L* and 

pipe position give rise to dominant fluid-solid thermal interaction and which 

pairs give rise to effective countercurrent exchange, the arterial, venous and solid 

temperatures at x* = 0.35 are plotted in Figures 7.8b-d, 7.9b-d and 7.lOb-d, 

respectively, as a function of position within the cylinder and N tr • For L* > 0.8, 

arterial, venous and solid temperatures for both venous inlet conditions at x* = 

0.35 are nearly identical. 

For both venous inlet temperature cases, the arterial, venous and solid 

temperatures diverge from the x* dependence found for L * > 0.8 as L * falls below 

0.8, especially for N tr ~ 25. The arterial, venous and solid temperatures for the 

cold venous inlet temperature case show decreasing temperatures with decreasing 

L *, as the fluid in the vein is entering at the cold outer boundary temperature. 

The arterial, venous and solid temperatures for the surrounding solid venous inlet 

temperature case show increasing temperatures with decreasing L *. In this case, 

fluid enters the vein at the surrounding solid temperature-a temperature which 

increases as the vein position becomes farther away from the cold outer boundary. 

The higher venous inlet temperatures result in higher arterial, venous and solid 

temperatures than those for the cold venous inlet temperature case, but not as 

high as the fluid and solid temperatures found for the multiple thick-walled pipes 

cases. 
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In Figures 7.7 and 7.9, the arterial and solid temperatures at x* = 0.35 

for the corresponding multiple thick-walled pipes cases are plotted for compari

son purposes. The multiple thick-walled countercurrent pairs temperatures are 

all colder than the multiple thick-walled pipes temperatures. The multiple thick

walled countercurrent pairs temperatures closest to the multiple thick-walled 

pipes case temperatures are the short L*, surrounding solid venous inlet tem

perature cases temperatures due to the high solid temperatures near the venous 

inlet and correspondingly high venous inlet temperatures. The multiple thick

walled countercurrent pairs temperatures farthest from the multiple thick-walled 

pipes case temperatures are the short L *, cold venous inlet temperature return 

temperatures. 

Fluid Thermal Energy Deposition in the Solid 

In this section the arterial-venous, arterial-solid and venous-solid tem

perature differences are demonstrated to be nearly constant as a function of x I L, 

indicating that the amount of thermal energy transfered from the fluid to the 

solid is constant over the length of the cylinder. Constant differences bet,,·een 

the arterial~ venous and solid temperatures as a function of x I L are seen for all 

values of L * and ] . .,r u studied for all radial positions except the position labeled 

"Outer". Figure 7.lla shows a sample plot of arterial-venous temperature differ

ence as a function of xlL for Nu = 49 and Pe = 50. Figure i.12a shows a sample 

plot of arterial-solid temperature difference as a function of xl L for Nu = 49 and 

Pe = 50. Figure i.13a shows a sample plot of venous-solid temperature difference 
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as a function of x / L for N t7 = 49 and Pe = 50. The countercurrent pair members 

and solid nodes are labeled as in Figure 7.lb. 

The increasing difference between arterial and venous temperatures 

with decreasing L * indicates increasing countercurrent exchange is taking place 

between the members of the countercurrent pairs. Figures 7.10b-d show the dif

ference between arterial and venous temperatures for each countercurrent pair 

at x / L = 0.5. The arterial-venous temperature difference is constant as a func

tion of position within the cylinder for countercurrent pairs of the same Peclet 

number for the cold venous inlet temperature case. The constant arterial-venous 

temperature indicates that for the cold venous inlet temperature case the amount 

of energy transferred between the artery and vein by countercurrent exchange is 

the same everywhere within the cylinder. For the surrounding solid venous in

let temperature case, the arterial-venous temperature difference declines as the 

temperature of the venous inlet increases. For the surrounding solid venous inlet 

temperature case, the amount of thermal energy transferred by countercurrent 

exchange between the artery and the vein is dependent upon position within the 

cylinder because the venous inlet temperature depends upon position within the 

cylinder. 

The decrease in arterial-solid temperature difference with distance 

from the outer boundary indicates that fluid-solid thermal interaction decreases 

with distance from the outer boundary. This was also seen in the multiple thick

walled pipes. Figures 7.12b-d show the difference between arterial and solid 

temperatures at x/L = 0.5 for each artery and the nearby solid node with the 
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Figure i.ll. Arterial-venous temperature difference, 8A(xl L) - 8v(xl L), as a 

function of position within the cylinder and Nu for the square cylinders shown in 

Figure 7.1. Arterial-venous temperature differences are between the countercur

rent pair members with the same labels in Figure i.lb. Section a shows a sample 

of arterial-venous temperature differences as a function of xlL for Nu = 49 and 

L* = 1.4 (Pe = 50). The constant value of 8 A - 8v with xl L is seen at all 

radial positions except the position labeled "Outer" for all values of L * and IV u 

presented in the Figure. Sections b-d sho\\" arterial-venous temperature differences 

for x I L = 0.5 for each N u case as a function of distance from the outer \vall in 

units of artery lumen diameter. 2RA. 
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Figure i.12. Arterial-solid temperature difference, 8A(xIL) - 8s(xIL), as a 

function of position within the cylinder and Nf7 for the square cylinders shown in 
Figure i.I. Arterial-solid temperature differences are between the artery and the 

solid node with the corresponding label shown in Figure i.1b. Section a shows a 

sample of arterial-solid temperature differences as a function of xl L for Nf7 = 49 

and L* = 1.4 (Pe = 50). The constant value of 8 A - as with xlL is seen at all 

radial position.s except the position labeled "Outer" for all values of L * and N f7 
presented in the Figure. Sections b-d show arterial-solid temperature differences 

for x I L = 0.5 for each Nf7 case as a function of distance from the outer wall 
in units of artery lumen diameter. 2RA . The filled squares are the fluid-solid 
temperature differences for the multiple thick-walled pipes case data in Figure 

6.4d in positions corresponding to those of the arteries. 
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Figure 7.13. Venous-solid temperature difference, Elv(xj L) - 0s(x/ L), as a func

tion of position within the cylinder and ]V tr' for the square cylinders shown in 

Figure 7.1. Venous-solid temperature differences are between the vein and the 

solid node with the corresponding label shown in Figure 7.1b. Section a shows a 

sample of venous-solid temperature differences as a function of x I L for N u = 49 

and L* = 1.4 (Pe = 50). The constant yalue of 0v - 0s with xlL is seen at all 

radial positions except the position labeled "Outer" for all values of L* and Na 
presented in the Figure. Sections b-ci show venous-solid temperature differences 

for x I L = 0.5 for each N tr case as a function of distance from the outer wall in 
units of artery lumen diameter. 2R.4 • 
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corresponding label in Figure 7.lb. The fluid-solid temperature difference for the 

multiple thick-walled pipes case in Figure 6.4d is plotted on the Figures 7.l2b-d 

for comparison purposes. The arterial-solid temperature difference varies with 

position in the cylinder for countercurrent pairs of the same Peclet number for 

both venous inlet temperature cases in a way reminiscent of that seen in the 

multiple thick-walled pipes case. At very long L *, the arterial-solid temperature 

difference is very low and constant, since the artery is at the solid temperature 

over most of the cylinder length. 

The differences between venous and solid temperature indicate that 

the yein may function as either source or sink of thermal energy for the solid. 

However, only for the short L* pairs near the center of the cylinder does the 

vein function as a sink of thermal energy for the solid. Figures 7.13b-d show the 

difference between venous and solid temperatures for each vein and the nearby 

solid node with the same label as a function of x*, L * and position within the 

cylinder. For the surrounding solid venous inlet temperature return cases and all 

of the pairs labeled "Outer", the venous-solid temperature difference is always 

greater than zero and the vein is a source of thermal energy for the solid or is 

neutral with respect to the solid. 

Summarv 

The above study demonstrates that countercurrent exchange is al

ways imperfect in the multiple thick-walled countercurrent pairs cylinders (Fig

ures 7.2-4). It also shows that the overall solid temperature profile shape is not 

distinguishable from that of the multiple thick-walled pipes cases using the shape 



248 

measures F1VHM, FLAT and ASYM (Figure 7.6). As found for the multiple 

thick-walled pipes cases, axial conduction does not become negligible compared 

with radial conduction away from the cold outer wall until L* ::; 0.35 (Pe 2:: 200) 

as shown in Figure 7.7. For cylinders with L * > 0.8, the arterial, venous and 

solid temperatures are strongly dependent upon x* position within the cylinder 

and overall cylinder size, as was seen for the multiple thick-walled pipes (Figures 

7.8-10). For cylinders with L* < 0.8, arterial, venous and solid temperatures are 

strongly dependent upon L* and venous inlet temperature condition, as shown 

in Figures 7.8-10. The constant differences as a function of x / L between the 

arterial, venous and solid temperatures in Figures 7.11-13 indicate that the rate 

of thermal energy deposition in the multiple thick-walled countercurrent pairs 

is constant over the length of the cylinder. For both venous inlet temperature 

cases, arterial-solid temperature differences and thus amount of thermal energy 

deposited in the solid are strongly dependent upon L*, as shown in Figure 7.12. 

For the surrounding solid venous inlet temperature condition, dependence upon 

distance from the outer boundary is also seen in Figure 7.12. 

A Thermal Energv Eguation for Multiple Thick-walled Countercurrent Pairs 

The goals in the development of a thermal energy equation for mul

tiple thick-walled countercurrent pairs are to find a simpler approximation for 

arterial, venous and solid temperatures based upon pipe geometry and fluid flow 

conditions and to shed light on possible reasons for the modest success of Pennes' 

equation in approximating overall tissue temperatures. The structural model used 
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to approximate the multiple thick-walled countercurrent pairs problem above does 

not give an estimate of the overall medium temperature nor does it lend itself to 

analytic solution. It is not easily applied to situations such as those found in the 

body where the placement of the pipes within the solid is not precisely known. 

Estimating overall medium temperatures and fluid and solid temperatures by use 

of a thermal energy equation which does not require explicit placement of pipes 

within the solid both lends it;elf t.o analytic solution and is more readily applied 

to multiple thick-walled countercurrent pairs cases where determination of the 

pairs' positions and orientations is difficult. 

Discussion of the work of investigators who have incorporated the ef

fects of countercurrent exchange in thermal energy equations is limited to that 

of '\Veinbaum and Jiji (1985), since their thermal energy equation drops use of a 

Pennes'-type blood thermal energy term entirely and is based totally upon coun

tercurrent exchange. A brief discussion of the Pennes' thermal energy equation as 

applied to countercurrent exchange is gi\'en. Pennes' thermal energy equation is 

of continuing interest because its form resembles the form of the alternative ther

mal energy equation developed to approximate the temperatures in the multiple 

thick-walled countercurrent pairs problem. 

Three approximations are applied to the alternative thermal energy 

equation developed in Chapter 6 in order to incorporate the effects of imperfect 

countercurrent exchange. In the first approximation, the shortened thermal equi

libration length suggested in Chapter 5 for application to countercurrent pairs 

with L· > 0.8 is incorporated into the equation de\"eloped in Chapter 6. The 
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second and third approximations are applied to an alternative thermal energy 

equation which includes the effects of both the artery and the vein upon the 

overall medium temperature. In the second approximation, the venous tempera

ture is assumed to be equal to the solid temperature. This yields a thermal energy 

equation which includes the effectiveness ratio for fluid-solid thermal interaction 

in Chapter 5, but does not include any dependence upon L·. In the third ap

proximation, dependence upon both arterial and venous temperatures is included 

in the alternative thermal energy equation. The third approximation includes all 

of the most important functional dependencies noted in the phenomenological 

studies, namely (1) the x / L and L· dependence of overall medium temperatures, 

(2) the dependence of overall medium temperatures on cylinder radius and (3) 

the decrease in the deposition of thermal energy in the medium as a function of 

distance from the outer wall. The three thermal energy equations incorporating 

imperfect countercurrent exchange resemble Pennes' thermal energy equation in 

form but ha\"e different coefficients. 

Previous \Vork-Vieinbaum and Jiji's and Pennes' Equations 

\Veinbaum and Jiji (1985) have introduced a thermal energy equation 

for heat transfer in living tissue with the contribution from the blood to the 

thermal energy balance based solely upon countercurrent exchange. Using mass 

and energy equations for a control volume penetrated by n countercurrent pairs 

per unit area, a thermal energy equation for a solid with embedded countercurrent 
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pairs is written as 

e is the overall medium temperature or mean tissue temperature. e A and e v 

are the arterial and venous temperatures. In the first right hand side term, q.4. 

and qv are the conduction fluxes from the artery and vein respectively, as 

(7.4) 

and s is the length along the vessel path. In the second right hand side term of 

(7.3), gA is the thermal energy deposited in the solid due to fluid flow between 

the countercurrent pair vessels. The third term, qm, is the metabolic energy 

production in the tissue. 

vVeinbaum and Jiji quantify the potential sources of thermal energy 

for the tissue on the right hand side of equation 7.3 as follows. First, the term due 

to fluid exchange between the artery and vein is shown to be small in comparison 

to the vessel conduction flux term. For the conduction fluxes from the artery and 

vein, it is hypothesized that the local temperature field near countercurrent pairs 

is determined mainly by conduction in the neighborhood of the ,·essels and the 

vessels exchange thermal energy only with each other (Nu --+ (0), giving 
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Therefore, if e is then the conduction field temperature generated by the coun-

tercurrent pair as observed at some distance from the pair-an "average tissue 

temperature", 

(7.5) 

where rl is a factor based on the shape factors for two closely spaced, unequally 

sized vessels. 

Weinbaum and Jiji use equation (7.5) to close equations (7.3-4), giving 

a thermal energy equation of the form 

(7.6) 

In equation (7.6), r2 is a shape factor for the countercurrent pair and kii,ef! is 

an effective conductivity dependent on geometry and flow. The direction cosines, 

ii and ii, are aligned with the blood vessel path through the tissue. The effective 

conductivity, kij,ef!, is defined as 

2 

kii,ef! = k(8ij + 4;k2nR~kiPe2iilj). 

For a vessel pair along a coordinate axis, an enhanced conductivity is predicted 

in the vessel direction. The first term on the right hand side of equation (7.6) 

is dependent upon the curvature of the vessels through the derivative of the 

direction cosine, and will be zero for straight segments. 

Weinbaum and his co-workers have made pioneering contributions 

to the development of a thermal energy equation for living tissue. Their work 
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incorporates the effects of blood flow and vessel geometry upon tissue temperature 

within the thermal energy equation. Weinbaum and his co-workers are making 

further modifications in the basic equation (7.6) to include effects of unequally 

sized vessels, axially tapered limb radius, etc. (Zhu et al. 1988, Song et al. 1988). 

In deriving their thermal energy equation, Weinbaum and Jiji have 

made in previous work, and continue to include in current work (Song et al. 1988) 

one assumption which is not supported by the results of the phenomenological 

study. Weinbaum and Jiji's closure hypothesis states that little heat transfer 

occurs between the blood and tissue with most of the heat transfer occurring 

between the artery and vein in the countercurrent pair. As a consequence of 

this assumption, the tissue temperature is an average of the arterial and venous 

temperatures, a condition which is approached only in the central regions of the 

largest ]Vcr cylinders. This hypothesis is not supported by the phenomenologi

cal study results for the multiple thick-walled countercurrent pairs cases. Their 

closure hypothesis definitely can not be applied to the pairs labeled "Outer" in 

Figure 7.1b or the Ncr = 9 cylinders. 

Weinbaum and Jiji's equation (7.6) may be applied to tissue with flow 

in any direction relative to the coordinate axes. The most recent work available 

to the current author applies equation (i.6) to flow in the radial direction from 

the center of a cylinder out toward a cold outer boundary (Song et al. 1988). 

The current author does not know of an application of their equation to flow in 

the axial direction along the center of a cylinder with a cold outer boundary. 

Application of \Veinbaum and Jiji's equation to the multiple thick-

--- ----
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walled countercurrent pairs problem requires overcoming a major practical diffi

culty. Weinbaum and Jiji's thermal energy equations contains no blood flow term 

dependent upon blood temperature. Conduction from the boundaries is the sole 

heat transfer process acting in the tissue. If conduction from the boundaries is 

the sole heat transfer process acting in the tissue, the boundary conditions deter

mine the solution. The current author does not know how to determine boundary 

temperatures at the fluid inlet end of the cylinder for a conduction-only problem 

which may be used to approximate the temperature solution for the multiple 

thick-walled countercurrent pairs problem. This difficulty has also been noted by 

Wissler (1987). 

Pennes' thermal energy equation and other similar equations are less 

difficult to apply in practice because the blood thermal energy is incorporated 

directly into the tissue volume by use of a blood temperature-dependent term. 

Pennes' original equation (equation (6.1)) included the effects of both artery and 

vein through the difference between the arterial inlet and venous outlet temper

atures. Any special effects due to countercurrent exchange or any differences in 

the rate of heat transfer between each countercurrent pair on the tissue could be 

included through the equilibration factor E. 

The reason for the success of Pennes' equation in describing temper

atures in living tissue has not been well examined. The major insight in Pennes' 

analysis was the direct incorporation of the of local blood-tissue temperature dif

ference into the equation for the rate of thermal energy deposition from the blood 

into the tissue. This is indeed the situation for pipes and countercurrent pairs 
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embedded in a solid. Pennes examined the applicability of his equation (6.1) by 

applying it to his studies of human forearm temperatures where countercurrent 

exchange between veins and arteries was taking place. After manipulation of 

the values of the equilibration factor, E in equation (6.1), he found moderately 

good agreement between predicted and observed temperatures and blood flows 

consistent with values observed by physiologists. Considering the insensitivity 

of the overall solid temperature profile shape to the particulars of the fluid-solid 

thermal interaction and countercurrent exchange mechanisms demonstrated in 

Figure 7.6, his success is not too surprising if the a~~umption that the local tissue 

temperature depends on the local blood-tissue temperature difference i~ made. 

Alternative Thermal Energy Conservation Field Equations with Imperfect 

Countercurrent Exchange 

The shortened thermal equilibration length and the equilibration ra

tios discussed in Chapter 5 for the thick-walled countercurrent pair are incor

porated into the thermal energy equation developed for multiple thick-walled 

pipes. This is done for two reasons. First, the dependence of solution type, i. 

e., a solution similar to the thick-\valled pipe solution as opposed to a solution 

similar to the perfect countercurrent exchange solution, upon L* found in the 

single thick-walled countercurrent pairs is also found in the multiple thick-walled 

countercurrent pairs. Second, the multiple thick-walled pipes and countercurrent 

pairs cases have very similar smoothed solid profiles and possibly similar heat 

transfer rates between fluid and solid. Since the arterial-venous, arterial-solid 
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and venous-solid temperature differences are constant with xl L for all but the 

pairs labeled "Outer" in Figure 7.1b, the heat transfer rate is constant with xl L. 

Thus, the development of the alternative thermal energy equation using a volume 

average of the amount of thermal energy deposited by the fluid during the transit 

of the pipe is attempted. 

The basic thermal energy equation including conduction and the ef-

fects of the fluid flowing in the pipes upon the solid temperature may be written 

as done in equation (6.2). Three ways of incorporating the heat transfer between 

fluid and solid into the alternatiye thermal energy equation are presented below. 

The simplest way to estimate the change in fluid temperature during 

the transit of the cylinder is to use the shortened thermal equilibration length 

suggested in Chapter 5. 'With the shortened thermal equilibration length, x*ll, 

equation (6.4) becomes 

1 ae 2 - • / .T E R}, 1 1 
-- = V' e + (0A(0) - e)(l - e-x Xcc)_ . (i.7) 
Q fJt RW x* (2Rp)2 

where x(]l is estimated using the results in Figure 5.10. This approximation 

may be acceptable for long L * where the vein is at the solid temperature. No 

dependence upon L * or yenous temperature is included in this equation. 

If the venous and solid temperatures are assumed to be equal, the 

effects of countercurrent exchange upon arterial temperature may be alterna-

tively estimated using the fluid-solid thermal interaction effectiveness ratio from 

equation (5.8) as used in equation (5.9a). Altering the change in fluid tempera-

ture used in equation (6.3) to include the fluid-solid thermal interaction ratio in 
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equation (5.8), equation (6.4) becomes 

Here no dependence upon L * is included except through the effectiveness ratio. 

This approximation may be useful for the long L* cases with either venous in-

let temperature case, as dependence upon x* is noted for long L * cases in the 

phenomenological study results. 

In order to use the alternative thermal energy equation with shorter 

L * cases, both arterial and venous temperatures must be included in the estimate 

of the heat transfer rate between blood and solid. \\Then the effect of the vein 

must be explicitly included, an equation like equation (6.3) for the vein is also 

needed. Equation (6.4) may be altered to include the ,"ein as 

1 ae ') - . / .T E R~ 1 1 -- = \7-e + (0 A (O) - e)cFs(l- e- z ZA,TWP) ____ _ 

Q at R~v x* (2R.4)2 

(7.9) 

In equation (7.9), cFS is the fluid-solid thermal interaction ratio for thick-walled 

countercurrent pair in Figure 5.8 and equation (5.8). The coefficient for the 

(E>dL*) - e) term contains two exponential terms because the venous temper-

ature change is written in terms of the x* used for the artery. This is done to 

allow computation of solutions to equation (7.9) in a single x* variable. If it is 

assumed that the artery and vein are the same size and carry the same fluid flow, 

th *TE - *TE en X A TWP - xVTWP' , , 
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If the artery and vein terms are multiplied and divided by the factor 

(1 - e-L
o /xTV:p), equation (7.9) becomes 

where 

1 a0 2 - ---a = v 0+[fA 0 A (0) + fv0v(L*) - (fA + 1- fv)G)] 
G' t 

fv 
(L O 0)/ oTE (1- e- -x XTWP) 

(1 -Lo/x·TE ) - e TWP 

(7.10) 

(7.11) 

A further multiplication and division of the second term on the right hand side 

of equation (7.10) with the factor (fA + 1 - Iv) results in the equation 

, (7.12) 

In equation (7.12), dependence upon L *, x* and both fluid temperatures is in-

eluded in the thermal energy equation. 

The altered alternative thermal energy equations in equations (7.7), 

(7.8) and (7.12) contain the major dependencies found in the phenomenological 

study of multiple thick-walled countercurrent pairs. The overall temperature of 

the medium, 0, is dependent upon pair geometry and flow through the x*, L* 
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and RA/ Rw dependence in the coefficient of the blood thermal energy (last) 

terms. The dependence upon venous inlet temperature is included in the blood 

thermal energy term coefficient. The overall size of the cylinder influences the 

solution through positioning of the boundary. 

Equations (7.7), (7.8) and (7.12) resemble Pennes' thermal energy 

equation (6.1) in that the blood thermal energy term is also a function of fluid

solid temperature difference. Pennes' equilibration factor, E, and the product of 

the perfusion (mass flux per unit volume) and the fluid specific heat WCF may be 

identified with the coefficients to the terms in equation (7.7), (7.8) and (7.12) as 

previously done in Chapter 6. For the first time known to the author, Pennes' 

equilibration factor has been quantified for countercurrent exchange. 

A Simple Comparison for Multiple Thick-walled Countercurrent Pairs 

A simple comparison is made between the results of the phenomeno

logical study and the solution of the alternative thermal energy equations for a 

right circular cylinder with boundary conditions comparable to those in Figure 

7.1. The solution to the alternative thermal energy equations give a local value 

of an "average fluid and solid" or "overall medium temperature'~ in the cylinder. 

The cylinder radius for the right circular cylinder corresponds to t3e width of 

the multiple thick-walled pipes parallelepiped, 2Rc, in Figure 7.1. In general, 

estimates of solid temperature are less successful for the multiple thick-walled 

countercurrent pairs than for the multiple thick-walled pipes. The current au

thor attributes this discrepancy to the fact that axial solid temperature changes 
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are greater over the length of the cylinder, as will be shown in Figure 7.16. A 

numerical or analytical solution which includes axial conduction and/or makes 

a better estimate of thermal energy deposited from the fluid into the solid, as 

discussed in Chapter 6, may result in better agreement between overall medium 

temperatures and solid temperatures from the multiple thick-walled countercur-

rent pairs problem. 

Comparisons are made for the arterial and solid temperatures for 

the shortened fluid-solid thermal equilibration length approximation in equation 

(7.7). If the explicit axial conduction term is neglected and the outer wall tem-

perature is E>w = 0, the solution may be found using Pennes' solution as was 

done for equation (6.7). The solution of equation (7.7) for the temperature within 

a right circular cylinder is 

I ( II& r ) 
8(x· r) = 8 (0) [1 _ 0 V ;-;- Rw 2J'f; ] 

, A I ( II&..&:..-) , 
o V XO Rw 2RA. 

where 10 is a modified Bessel function of order 0 and 

./ .TE 
E = (1 - e- x Xcc). 

(7.13) 

(7.14) 

The arterial temperature may be estimated by using the value of 8( x· , r) from 

equation (7.13) as was done for the multiple thick-walled pipes in equation (6.S), 

as 

(7.15) 

This is done to allow an analytic solution and in hopes that most of the effects 

of axial conduction upon the amount of thermal energy coming in to the solid 
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from the pipes has been included in the average thermal energy deposition per 

unit volume in equation (7.7). 

The solution of equation (7.7) in equation (7.13) is much like the 

solution to Pennes' equation with the same assumptions for the same geometry. 

Unlike Pennes' equation, the solution of equation (7.7) in equation (7.13) with 

equation (7.14) varies with x· as well as radius. The countercurrent pair labeled 

"Central" in Figure 7.1b corresponds to r = 0 for the right circular cylinder. 

The radius for the right circular cylinder is measured in units of arterial lumen 

diameters, as was done for the square cylinders in Figure 7.1. The solu:ions of 

equations (7.13-15) are compared with the arterial and solid temperatures from 

the phenomenological study for long multiple thick-walled countercurrent pairs. 

In order to make the comparison, the shortened 'alues of x*Jl found for long 

thick-walled countercurrent pairs in Chapter 5 and shown in Figure 5.11 are used 

in equation (7.13-15) to compute the arterial and solid temperatures from the 

alternative thermal energy equation. 

Figure 7.14 shows comparisons of the overall medium temperatures 

computed from equations (7.13-14) with shortened thermal equilibration lengths 

in the range 0.75 ~ x*ll / x¥;f.p ~ 0.80 for 1'1a =9, 25 and 49. The solutions 

for Pe = 50 (L* = 1.4) for both the cold venous inlet temperature and the sur

rounding solid venous inlet temperature cases from the phenomenological studies 

of the multiple thick-walled countercurrent pairs are selected for comparison to 

the alternative thermal energy equation as typical examples of arterial and solid 

temperature found in the range 0.3 ~ x· ~ 1.0. The agreement between the 
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numerical solutions and the solutions of equations (7.13-14) with the shortened 

thermal equilibration length is moderately good for solid nodes labeled "Outer" 

considering the simplicity of the approximations used to acquire the solution. 

For the remaining solid nodes, the agreement between the predicted solid tem

peratures and the temperatures in the phenomenological study deteriorates with 

increasing Nu . For the solid nodes labeled "Central", no amount of shortening 

of the thermal equilibration length will produce solid temperatures that match 

those observed in the phenomenological study of the multiple thick-walled coun

tercurrent pairs. 

Figure 7.15 shows comparisons of the arterial temperatures computed 

for countercurrent pair positions in the right circular cylinder corresponding to the 

countercurrent pair positions labeled in Figure 7.1b. The arterial temperatures 

are computed using the overall medium temperature from equations (7.13-14) 

in equation (7.15) with the shortened thermal equilibration length x<JJ. The 

agreement between the two sets of fluid temperatures is not bad for the arteries 

labeled "Outer". The temperatures computed from equation (7.15) are consis

tently higher than those of the phenomenological study, with the best agreement 

for the pairs labeled "Outer" and the worst for the pairs labeled "Central" and 

"Inner" for Nu = 49. 

The use of the shortened fluid-solid thermal equilibration length in 

equation (7.7) and its solution in equations (7.13-14) contributes to the failure of 

this approximation to represent overall medium temperatures for long L* mul

tiple thick-walled countercurrent pairs. Use of the shortened fluid-solid thermal 
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Figure 7.14. Overall medium temperatures from the alternative thermal energy 

equation with a shortened thermal equilibration length compared to the solid 

temperatures for the multiple thick-walled countercurrent pairs from the phe

nomenological study. The alternative thermal energy equation results are indi

cated by circled symbols. The two alternative thermal energy equation curves are 

for x~E /x1~p = 0.75 and 0.80. The positions of the solid temperatures used 

are those labeled in Figure 7.lb. The alternative thermal energy equation solu

tion is for a right circular cylinder with cold outer wall temperature in equations 

(7.13-14). The phenomenological study solid temperatures are those of the cold 

\'enous inlet temperature and surrounding solid venous inlet temperature cases 

for P e = 50 (L· = 1.4). 
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Figure i.15. Arterial temperatures computed using the o,·erall medium temper

ature from the alternative thermal energy equation based upon shortened fluid

solid thermal equilibration length compared to the arterial teI:lperatures from the 

multiple thick-walled countercurrent pairs phenomenological study. The alterna

tive thermal energy equation solution results are indicated b:· circled symbols. 

The two curves for the alternative thermal energy equation temperatures are for 

x(JcE / x¥~p = O. i5 and 0.80. The arterial temperatures are for pair positions 

labeled in Figure i.lb. The arterial temperatures are computed with equation 

(i.15). The phenomenological study arterial temperatures are those for the cold 

venous inlet temperature and surrounding solid venous inlet temperature cases 

with Pe = 50. 
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equilibration length in the estimate of the thermal energy deposited in the solid 

in equation (6.3) results in more thermal energy being deposited over the same 

length x· in equation (7.7) than was deposited for the thick-walled pipes case 

approximation in equation (6.4). Increased thermal energy deposition results in 

higher overall medium temperatures from the shortened fluid-solid thermal equili

bration length alternative thermal energy equation, not the lower overall medium 

temperatures which are implied from the results of the phenomenological studies. 

Part of the failure of equations (7.13-15) to describe the arterial and 

solid temperatures in Figures 7.13 and 7.14 may be attributed to an increase in 

the rate of axial temperature change for the multiple thick-walled countercurrent 

cases over that of the multiple thick-walled pipes cases. Figure 7.16 shows the 

change in solid temperature along the lines of nodes indicated for the solid in 

Figure 7.1b between the arterial inlet end and the arterial outlet end. As the 

number of countercurrent pairs within the cylinder increases, the change in solid 

temperature between the two ends along any line of nodes increases when the 

solid is not near the outer wall. The change in solid temperature for the com

parable multiple thick-walled pipes solid node lines indicated in Figure 6.1 b is 

included for comparison. For the long L· countercurrent pairs, the change in 

solid temperatures is comparable between th(· !nultiple thick-walled pipes and 

the multiple thick-walled countercurrent pairs. For the short thick-walled coun

tercurrent pairs, the change in solid temperature is higher than for the multiple 

thick-walled pipes. The increased axial change in solid temperature decreases the 

goodness of the approximation that the axial change in solid temperature is slm\" 
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over the cylinder length. 

A simple comparison is derived for the alternative thermal energy 

equation (7.8) which includes the effects of countercurrent exchange in its esti-

mate of overall medium temperatures by use of the fluid-solid thermal interaction 

effectiveness ratio in Figure 5.8 and equation (5.8), but does not explicitly include 

venous temperatures. If the explicit axial conduction term is neglected and the 

outer wall temperature is 0w = 0, the solution of equation (7.8) for the temper-

ature within a right circular cylinder is as in equation (7.13), but with 

(7.16) 

Again, this is done to allow an analytic solution and in hopes that most of the 

effects of axial conduction upon the amount of thermal energy coming in to the 

solid from the pipes has been included in the average thermal energy per unit 

volume in equation (7.8). 

The solution of equation (7.13) using equation (7.16) is much like the 

solution to Pennes' equation where the same assumptions are used in the same 

geometry. Unlike Pennes' equation, the solution of equation (7.8) in equation 

(7.13) using equation (7.16) varies with x* as well as radius. Dependence upon 

L * is included only within the effectiveness ratio for fluid-solid thermal interaction 

EFS. The value for EFS is taken from Figure 5.8 and is '" 0.6 for all L* > 0.12. 

The countercurrent pair labeled "Central" in Figure 7.1b corresponds to r = 0 for 

the right circular cylinder. The radius for the right circular cylinder is measured 

in units of lumen diameters of the embedded pipes as for the square cylinders 
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in Figure 7.1. The solution of equation (7.13) using equation (7.16) is compared 

with the solid temperatures from the phenomenological study for long multiple 

thick-walled countercurrent pairs. 

Figure 7.17 shows comparisons of the overall medium temperatures for 

to the solution to equation (7.13) using equation (7.16). The solutions for Pe = 50 

(L* = 1.4) for both the cold venous inlet temperature and the surrounding solid 

venous inlet temperature cases from the phenomenological studies of the multiple 

thick-walled countercurrent pairs are selected for comparison to the alternative 

thermal energy equation as typical examples of the solid temperature found in the 

range 0.17 ~ x* ~ 0.7. The agreement between the numerical solutions and the 

solutions to equation (7.13) using equation (7.16) which includes the fluid-solid 

thermal equilibration factor of equation (5.8) is moderately good considering the 

simplicity of the approximations involved, especially for the Outer solid nodes 

and the N u ~ 25 cases. 

As the change in solid temperature along the cylinder, 8(0, y, z) -

8(L,y,z), shown in Figure 7.16 increases, the goodness of the approximation of 

solid temperatures by the alternati,·e thermal energy equation (7.7) decreases. 

This phenomenon is most apparent in the countercurrent pairs near the centers 

of the larger Nu cylinders. Figure 7.18 shows a comparison of all the surrounding 

solid venous return condition results with the solution of equation (7.13) with 

equation (7.16) at x* = 0.35. Also included for comparison in Figure 7.18 are 

the solutions for the multiple thick-walled pipes equation from Figure 6.8. As L * 

decreases, the axial change in the solid temperature decreases as sho\yn in Figure 
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Figu.l.·e 7.17. Overall medium temperatures from the alternative thermal energy 

equation which includes the fluid-solid thermal interaction effectiveness ratio of 

equation (5.S) compared to the solid temperatures for the long L· multiple thick

walled countercurrent pairs from the phenomenological study. The alternative 

thermal energy equatlo:l results from equation (7.13) with equation (7.16) are 

indicated by circled symbols. The positions of the solid temperatures used are 

labeled as in Figure I.lb. The alternative thermal energy equation solution is 

for a right circular cylinder ,,,ith cold outer wall temperature in equation (7.13) 

with equation (7.16). The phenomenological study solid temperatures are those of 

the cold venous inlet temperature and surrounding solid venous inlet temperature 

cases for P e = 50 (L· = 1.4). 
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7.16 and the solid temperatures approach those predicted using equation (7.13) 

with equation (7.15). 

A simple comparison for a short L·, cold venous inlet case which 

must include both arterial and venous temperatures (equation (7.12)) is made. 

If the explicit axial conduction term is neglected and the outer wall temperature 

is ew = 0, the solution of equation (7.12) for the temperature within a right 

circular cylinder is like equation (7.13), but requires use of both the arterial and 

venous temperatures as 

(7.17) 

wi th 

(7.1S) 

As before, this is done to allow an analytic solution and in hopes that most of 

the effects of axial conduction upon the amount of thermal energy coming in to 

the solid from the pipes has been included in the average thermal energy per unit 

volume in equation (7.12). 

The solution of equation (7.17) with equation (7.18) is much like the 

solution to Pennes' equation using the same assumptions in the same geometry. 

Dnlike Pennes' equation, the solution of equation (7.12) in equation (7.17) using 

equation (7.18) varies with x· and L· as well as radius. The countercurrent 

pair labeled "Central" in Figure 7.1b corresponds to r = 0 for th(' right circular 

cylinder. The radius for the right circular cylinder is measured in units of lumf'n 
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diameters of the embedded arteries, as was done for the square cylinders in Figure 

7.1. The solution of equation (7.17) with equation (i.18) is compared with the 

solid temperatures from the phenomenological study for short multiple thick-

walled countercurrent pairs. In order to make the comparison, the \-aIue of fluid-

solid thermal interaction effectiveness ratio from equation (5.8) and Figure 5.S 

are used in equation (i.18) to compute the predicted temperatures. 

Figure 7.19 shows comparisons of the overall medium temperatures 

for the solution to equation (7.17) with equation (7.18) for N tr = 9, 25 and 49 with 

some results of the phenomenological study. The solution for Pe = 100 (L· = O. i) 

for the cold venous inlet temperature case from the phenomenological studies of 

the multiple thick-walled countercurrent pairs are selected for comparison to the' 

alternative thermal energy equation as typical examples of arterial and solid 

temperature found in the range 0.17 =:; x· =:; 0.35. For the solid nodes labeled 

"Outer" in Figure 7.1b, the agreement between the numerical solutions and the 

solutions to equation (i.17) with equation (7.18) is moderately good considering 

the simplicity of the approximations made. For the remaining solid nodes, tll(' 

agreement between the predicted solid temperatures and the temperatures in th(> 

phenomenological study becomes moderately good near the arterial inlet a::d aot 

good at all near the venous inlet. 

Use of the shortened fluid-solid thermal equilibration length concept 

from Chapter 5 in the alternative thermal energy equation (7.7) does not yield 

an acceptable approximation for the arterial and solid temperatures found in the 

multiple thick-walled countercurrent pairs. The alternative thermal energy equa-
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Figure 7.19. Overall medium temperatures from the alternative thermal energy 

equation with both arterial and venous influences included compared to the solid 

temperatures for the short L * multiple thick-walled countercurrent pairs from 

the phenomenological study. The alternative thermal energy equation results 

of equation (i.16) with equation (7.17) are indicated by circled symbols. The 

positions of the solid temperatures used are those labeled in Figure i.1b, The 

phenomenological study solid temperatures are those of the cold yenous inlet 

temperature case for Pe = 100 (L* = 0.7). 
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tion making use of the fluid-solid thermal interaction effectiveness ratio of equa

tion (5.8) with the approximation of equal venous and solid temperatures does 

show some promise for use in approximating long L * cylinder overall medium tem

peratures and possible application to cylinders with the surrounding solid venous 

return condition. For the cold venous inlet condition at short L*, the equation 

including both arterial and venous temperatures shows some promise for use in 

approximating solid temperatures. The disparity between the alternative ther

mal energy equation temperatures and the structural model temperatures with 

increasing x / L in Figures 7.13, 7.17 and 7.19 is due to the decreasing accuracy 

of the constant wall temperature approximation for the entire length of the solid 

surrounding the pipe made for the equation (6.4). The large change in solid tem

perature along the length of the cylinder makes use of the alternative thermal 

energy equations difficult without a more sophisticated method of dealing with 

the change in solid temperature with x / L. 

Conclusions 

In this chapter, multiple thick-walled countercurrent pairs fluid and 

solid temperatures ha,'e been demonstrated to be a function of x* , radial position 

within the cylinder and overall cylinder radius in units of pipe lumen diameters 

for long (L* > 0.8) cylinders (Figures 7.i-9). For short (L* < 0.8) cylinders, 

dependence of fluid and solid temperatures is upon L *, radial position within the 

cylinder and overall cylinder radius. In all cases, the shape of the smoothed solid 

temperature profile for multiple thick-walled countercurrent pairs as estimated 
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using the technique illustrated in Figure 7.5 is not distinguishable from that of the 

multiple thick-walled pipes, as shown in Figure 7.6. The difference between the 

arterial, venous and solid temperatures, an indicator of the amount of thermal 

energy deposited in the solid due to the countercurrent flow, has been shown 

to be a function of both distance from the outer boundary in lumen diameters 

and L*, as shown in Figures 7.10-12. The arterial-solid temperature difference is 

smaller than the fluid-solid temperature difference found in the multiple thick

walled pipes cylinders for all values of L* and Nu studied. Away from the cold 

boundary, the importance of axial conduction is like that of the multiple thick

walled pipes in Chapter 6 for long L * cylinders and decreases with decreasing L * , 

as demonstrated in Figure 7.7. 

The results of the phenomenological study indicate that the assump

tion of incomplete countercurrent exchange made by Weinbaum and Jiji is the 

right concept to apply to heat transfer in living tissue, but the particular real

ization of incomplete countercurrent exchange included in their thermal energy 

equation (7.6) does not include the dependencies upon L * noted from the phe

nomenological studies. In practice, the application of 'Weinbaum and Jiji's ther

mal energy equation to the multiple thick-walled countercurrent pairs cases is 

difficult due to the difficulties in chosing suitable boundary conditions to approx

imate the inlet and outlet conditions for the artery and vein. 

The alternative thermal energy equation developed in Chapter 6 for 

the multiple thick-walled pipes cylinders is altered to describe the solid tem

peratures in the multiple thick-walled countercurrent pairs cylinders with some 
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success. The equation is like Pennes' thermal energy equation in form but has 

coefficients with x· and, in the case where both artery and vein are explicitly 

included, L· dependence based on pipe flow parameters and geometry and the 

effectiveness of countercurrent exchange. 

A simple comparison of the phenomenological study results with the 

solution of an analytic case for the alternative thermal energy equation gives sat

isfactory agreement for radial temperature profile sh~pe for the overall medium 

temperature for equations (7.8) and (7.12) which include the effects of counter

current exchange on overall medium temperatures through use of the fluid-solid 

thermal interaction effectiveness ratio and the arterial and venous inlet temper

atures. The current author attributes the discrepancies between temperatures 

predicted by the alternative thermal energy equations (7.8) and (7.12) and phe

nomenological study temperatures to the crude approximations made for the 

simple comparison. The author predicts that agreement between the results of 

the phenomenological study and the solutions of the alternative thermal energy 

equations (7.8) and (1.12) may be improved by, incorporating the axial change in 

solid temperature into the estimators of the thermal energy transferred from the 

fluid to the solid which are used with equations (1.8) and (7.12). The comparison 

of the overall medium temperature computed using the shortened thermal equili

bration length alternative thermal energy equation (7.7) to the phenomenological 

study solid temperatures for multiple thick-walled countercurrent pairs does not 

support the use of a shortened fluid thermal equilibration length for estimation 

of the overall medium temperature. 
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It is particularly noted that since the shape of the overall medium 

temperature profile found for the multiple thick-walled pipes and countercurrent 

pairs cylinders are not distinguishable from each other, any distinction between 

the multiple thick-walled pipes and countercurrent pairs models may not be made 

using the temperature profile shape. Any distinctions between multiple thick

walled pipes and countercurrent pairs models must be made on the basis of fluid 

inlet, fluid and solid temperatures. 
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CHAPTER 8 

IN VIVO TEMPERATURES AND THE STRUCTURAL MODEL 

In this chapter, the results of the structured model studies for single 

and multiple thick-walled pipes and countercurrent pairs are compared with the 

blood and tissue temperatures observed in in vivo studies. Two bodies of exper

imental data are available for comparison purposes. The first data set consists of 

measurements from the forearms of human volunteers taken by Pennes (1948) at 

the end of the Second \Vorld \:rar. The second data set consists of measurements 

made in rabbit thighs by Lemons (1986). 

It is demonstrated that metabolism alone cannot account for more 

than 10% of the observed temperature difference between the skin and the center 

of the extremity. Therefore blood flow must be responsible for most of the ther

mal energy deposited in resting muscle. Comparison of numerical temperatures 

and in vivo temperatures on an absolute temperature basis is not possible due 

to the poorly determined blood inlet temperatures in the in vivo studies and 

the sensitivity of the structural model temperatures to blood inlet temperatures 

demonstrated in the multiple thick-walled pipes and countercurrent pairs studies. 

The shape of the observed in vivo temperature profiles is consistent 

with those found in the multiple thick-walled pipes and countercurrent pairs 

studies of Chapters 6 and 7. The arterial-tissue and venous-tissue temperature 

differences measured by Lemons are also consistent with those found in the mul-
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tiple thick-walled pipes and countercurrent pairs studies. The vessels which show 

no difference between blood and tissue temperatures in the in vivo data are those 

shown to be too small to be thermally distinct by the single thick-walled pipe 

studies in summarized in Figure 4.5. 

In Vivo Data 

Two in vivo experimental studies by Pennes (1948) and Lemons (1986) 

with some supporting blood temperature and anatomical data are available. 

These studies may be used as limited comparisons for the multiple thick-walled 

pipes and countercurrent pairs studies. The comparisons are limited by three 

deficiencies in the data which are do not allow precise comparison to multiple 

thick-walled pipes and countercurrent pairs models. First, the exact inlet tem

perature for the arterial and venous blood is unknown. Second, the supporting 

anatomical information for both studies is insufficient to allow placement of all 

thermally significant vessels in the extremity cross section. Third, the position 

along the vessel axes in either x· or x / L is unknown. 

Pennes' In \·i\·o Studies 

Pennes (1948) original experiments were performed on human fore

arms under room temperature conditions. Pennes measured temperature profiles 

perpendicular to the forearm axis, estimated arterial inlet temperatures and pro

vided limited anatomical information on structures near site of the temperature 

measurements. The temperature profiles were taken by drawing a thermocouple 

on a wire through the forearm in a path made by a hollow needle. Brachial artery 
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temperatures were measured by puncturing the artery and inserting a thermo

couple. 

Samples of Pennes' low resolution temperature profiles are shown in 

Figure 8.1. The data presented in Pennes paper is too low in resolution to allow 

direct study of blood-tissue temperature differences. The temperature of the 

brachial artery is suggested for use as an arterial inlet temperature. In general, the 

temperature of the brachial artery is about 1 ° above the deep tissue temperature, 

and the total tissue temperature range is about 5°C. 

Pennes' experiment is well documented enough to estimate the path 

that the thermocouple traveled through the forearm. Figure 8.2 shows a trans

verse section from the middle forearm with the thermocouple path traced over 

the arm cross section. Five smaller named arteries appear in the forearm cross 

section. Human blood vessel arrangement and number is somewhat \a.riable in 

the forearm (,Williams et al. 1989). Variations in artery and vein position and 

number for the large vessels in the forearm are likely to occur. No supporting 

anatomical data is available for the individuals studied to allow precise vessel po

sitions to be determined. Estimates of the ratio of the surrounding tissue cylinder 

radius to the artery radius vary with the position of the artery in the forearm. 

Lemons' In Vivo Studies 

Lemons (1986) measured temperature profiles in rabbit thighs per

pendicular to the thigh axis, estimated blood-tissue temperature differences and 

prO\·ided detailed anatomical information for structures near the site of the tem-
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Figure 8.1. Pennes' (1948) observed temperature profiles in the human forearm. 
The skin was exposed to still air at about 24°C. The air temperature remained 
constant for each profile recorded but varied for different temperature profiles. 
The small numbers in parentheses next to the temperature curves are Pennes' 
data identification numbers. 
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Figure 8.2. Anatomical structures in the human forearm near the thermocouple 
path for Penncs' (1948) data. The number of artery-vein groups in the forearm 

cross section is about 5. The sketch was made by the author combining the data 
of Williams et al. (1989) and Pennes (1948). The blood vessels indicated in the 

sketch are the largest blood vessels in the forearm where the data in Figure 8.1 

was recorded. All of the arteries indicated are small named arteries in the size 

rnnge O.5mm< 2RA <3mm, as indicated in Table 2.2. 
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perature measurements. Lemons' data consists of high resolution temperature 

profiles taken through the thick muscles of rabbit thighs using fine wire thermo

couples. After in vivo temperatures were measured along the path of the wire, 

a piece of the wire was left in place and the animals were sacrificed in order to 

retrieve detailed anatomical data. The blood vessels were filled with polymer and 

the polymer was allowed to harden. The thigh tissue was clarified with glycerine 

and cut into thin sections. The wire path was traced and positions of nearby 

arteries and veins were measured. 

A sample profile from Lemons' data is presented in Figure 8.3. A 

large, asymmetric temperature peak associated with the large saphenous vein is 

included in the data. For his experiments, temperature profiles were observed in 

both cold and warm room conditions. For the warm room, the total tissue tem

perature range was about 4°C. For the cold room, the total tissue temperature 

range was about 12°C. 

Lemons estimated blood temperatures from the local temperature 

measurements made near the vessel wall. The femoral arterial temperature was 

not directly measured. All arteries are within 0.5° of the local tissue tempera

ture. The lower panel in Figure 8.3 shows blood-tissue temperature differences 

presented by Lemons. Lemons computed a smoothed profile by fast Fourier 

smoothing the tissue temperature data. He subtracted the smoothed tissue tem

perature from the observed temperature near the vessel to get blood-tissue tem

perature differences. Blood-tissue temperature differences were measured for the 

same vessels under both warm and cold room conditions. 
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Figure 8.3. Lemons' (1986) observed temperature profiles in the rabbit thigh. 

The top panel shows the tissue temperature profile. The middle panel shows the 

positions of blood vessels found by post mortem thin section studies. The lower 

panel shows the blood-tissue temperature differences from the smoothed tissue 

temperature profile. The skin was exposed to still air at a temperature of 28°C. 

The dotted line in the left portion of the profile is an estimate of the temperature 

profile without the saphenous \'ein made by the current author b:' reflecting the 

right hand side of the profile about the centerline. The figure is from Lemons 

( 1986). and is used with permission. 

y 



285 

Figure 8.4 shows the anatomical structures within the rabbit thigh 

cross section and the path of the thermocouple through the thigh. Lemons'sketch 

of the blood vessels near the thermocouple path is also presented. The number 

of vessel groups near the thermocouple path is about 6, if the large saphenous 

vein is excluded. The vessel groups are approximately evenly spaced across the 

thigh cross section. The supporting anatomical data shows the vessels to be of 

the approximate size and spacing of the supplying vessels described in Table 2.2. 

A crude estimate of the spacing of blood vessel groups across th~ profile using an 

average of the sizes of the thermally detected arteries yields a Rw / RA for the 

artery of about 10. 

Comparison with the Structural Model Studies 

In both Pennes' and Lemons' obsen'cd temperature profiles, the tem-

perature rise from the skin to the center of the extremity is on the order of 2_50 C. 

Metabolic heating is the first source considered to be responsible for the temper-

ature rise. However, for resting muscle in the in vivo studies, this sourC(~ accounts 

for only a fraction of the effect. Using the analysis of Carslaw and Jaeger (1 !);jO ) 

§7.9.3, for a right circular cylinder with a uniform source 

'R2 q w 
Tmax = 4ks (1 + 2k/Rwh), 

where h is the heat transfer coefficient between the cylinder surface and tlw 

surrounding medium and the thermal properties are those of skeletal musd(~ in 

Table 2.3. The source, q, is the metabolism for resting muscle in Table 2.3. If 
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Figure 8.4. Anatomical structures in the rabbit thigh and blood vessels near the 

thermocouple path for Lemons' (1986) data. The anatomical sketches are by 
Lemons, with blood vessels somewhat enlarged by the current author for clarity. 

All of the blood vessels indicated except the saphenous vein are deduced from the 
data reported by Lemons to be in the size range O.3mm < 2RA < 1.1mm, similar 
to the servicing vessels and smaller named vessels in Table 2.2. The .rabbit leg 
cross section is from Lemons (1986), and is used with permission. 
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h=0.359x10-3 cal/sec-oC-cm2 (Sekins et al. 1982) for the skin-air interface, the 

maximum rise for a human forearm 10 em in diameter under resting conditions is 

0.4°. Thus blood flow is the major warming mechanism for skeletal muscle under 

resting conditions. 

A cursory examination of the in vivo temperature profiles in Figures 

8.1 and 8.3 shows that the shape of the temperature profile is not that of the 

approximately exponential decay from a single embedded vessel or the source-sink 

profile from a single countercurrent pair. In an overall sense, the temperature 

profiles r~semble that of a uniform source, much as the multiple thick-walled 

pipes and countercurrent pairs cases' temperature profiles. The path of Pennes' 

thermocouple may not ha\·e taken temperatures immediately adjacent to any of 

the major vessels, but the tissue temperature profile was almost certainly shaped 

by their thermal presence. Only in the case of the large saphenous vein in the 

rabbit thigh can a tissue temperature profile resembling the single thick-walled 

pipe solid temperature profile be seen, and then only on the side of the profile 

measured where the saphenous vein is located. 

The tissue temperature profile has been shaped by more than one or 

two large blood vessels. Three comparisons are made between the in vivo data 

and the results of the structural model studies presented in Chapters 4-7. First, 

the shapes of the in vivo temperature profiles are compared to the smoothed 

solid temperature profile shapes in Chapters 6 and 7. Then the observed blood

tissue temperature differences are compared to the arterial-solid and venous-solid 

temperature differences in Chapter 7. Finally, the sizes of the vessels in the in vivo 
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data which are thermally distinct are compared to the sizes which are predicted 

to be thermally distinct by the single thick-walled structure studies in Chapters 

4 and 5. 

Tissue Temperature Profile Shape 

Comparisons are made between the in vivo tissue temperature profile 

shape and the smoothed solid temperature profile shape for the multiple thick

walled pipes and countercurrent pairs studies. Comparisons between in vivo 

data and numerical study temperatures on an absolute temperature basis are not 

made, since they require require knowledge of the exact arterial and venous inlet 

temperatures and knowledge of the position in x· or xlL with respect to the 

vessel inlets where the in vivo data was recorded. 

In Lemons' data, the large saphenous vein has had an apparent ther

mal impact on the shape of the entire profile. The presence of the large, hot 

vein distorts the temperature profile due to the surrounding vessels of the next 

smaller order. The overall shape of the temperature profile in the absence of the 

large saphenous vein may be estimated from the right hand side of the profile. 

It is assumed that the centerline tissue temperature in the absence of the large 

saphenous vein would be approximately equal to the observed centerline temper

ature. The dotted line on the left hand side of the temperature profile in Figure 

8.3 shows a symmetric estimate of the temperature profile without the saphenous 

vein influence using the right hand side of the profile. 

Figure 8.5 shows the profile shape measures FlVHAl, FLAT, and 



289 

ASYM for Pennes' and Lemons' data. The ranges of FWHM, FLAT and 

ASY M found for the multiple thick-walled pipes and countercurrent pairs studies 

at N tT = 9 and 49 are indicated on the figures for comparison purposes. These 

values of NtT are selected to approximate the values of about 6 for the forearm in 

Pennes' data and about 36 for the rabbit thigh in Lemons' data. The full width at 

half maximum and the flatness measure are not as sensitive to the exact position 

and orientation of the vessels as the asymmetry measure. From its definition 

attached to particular radial positions, the asymmetry measure should be more 

variable than the flatness and full width at half maximum. This is especially 

true for cylinders with smaller numbers of structures within a cross section where 

temperatures are most sensitive to the exact position of the pipes. 

Pennes' temperature profiles yield full widths at half maximum in the 

range predicted by the NtT = 9 cylinders in Chapters 6 and 7, as shown by the 

bar graph in Figure 8.5a. The rabbit thigh temperature profile has a normalized 

full width at half maximum of between 0.80 and 0.85, within the range found 

for the N tT = 49 cylinders in Chapters 6 and 7. Figure 8.5b contains the flatness 

measured for each half profile available from Pennes' data. Because the boundary 

temperature on each side of the centerline for Pennes' data is different, the flatness 

for each half of the temperature profile is estimated measured individually. A 

majority of the half profiles give flatness measures consistent with the N t7 = 9 

cases for the multiple thick-walled pipes and countercurrent pairs cases. The 

profile flatness measure for the rabbit thigh profile is between 0.1 and 0.2, which 

is consistent with the flatness measures of the N t7 = 49 multiple thick-walled pipes 
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Figure 8.5. FW HJ1. F LA.T. and A.SYJ1 for the in vivo data of Pennes (1948) 

and Lemons (19861. The profile shape measures are shown in bar graphs. as the 

position of the profiles in x" or x I L cannot be determined. The full width at 

half maximum, FiT" H J1 is found as shown in Figures 6.6 and 7.4. The flatness. 

FLA.T. for Lemons' data is found as in equation (7.1). For Pennes' data. the 

flatness is found for each half profile due to the difference in skin temperature at 

each end of the profile. The asymmetry, A.5YJ1. is found as in equation (7.2). 

Included for comparison are the range of values found in the multiple thick-walled 

pipes and countercurrent pairs studies. as indicated by the heavy bars with their 

accompanying ]\~17 values drav.-n on the graphs. Samples of Pennes' temperature 

profiles are shown in Figure 8.1. Lemons' published data is shown in Figure 8.3. 
An asymmetry value for Lemons data is not estimated due to the pronounced 

impact of the saphenous vein upon the teIllperature profile. 
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and countercurrent pairs cylinders. Figure 8.5c shows the asymmetry measure 

for Pennes' data compared with the asymmetry data from the multiple vessel 

models. The asymmetry data shows more variation, as expected, but most of the 

data is within the range for multiple thick-walled pipes and countercurrent pairs 

cases with Nu = 9. 

Blood-Tissue Temperature Differences 

From the set of brachial artery, skin and tissue maximum tempera

tures in Pennes' data, blood-tissue temperature differences for the tissue "center

line" temperatures may be estimated. The difference in the temperature of the 

brachial artery and tissue centerline t.emperature for Pennes' data ranges from 

0.0° C to 1.0° C. For a blood temperature to skin temperature range of about 

3 - 5° C, as estimated from Pennes' temperature profiles, the differences between 

the brachial artery temperature and the centerline tissue temperature differences 

are on the order of 20% or less of the total tissue temperature range. The Pennes' 

blood-tissue temperature differences are within the range of the multiple vessel 

model predictions. 

Comparing the arterial-tissue and venous-tissue temperature differ

ences in the Lemons' in vivo data with the arterial-solid and venous-solid tem

perature differences in the multiple thick-walled pipes and countercurrent pairs 

studies requires that either the normalization used in the multiple thick-walled 

pipes and countercurrent pairs studies be removed or the in vivo data be normal

ized. In the case of removing the normalization from the multiple thick-walled 
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pipes and countercurrent pairs study temperatures, a temperature range in de

grees Celsius must be estimated from the in vivo data. Since the arterial inlet 

temperature is not known, this is not possible. The same lack of arterial inlet 

temperature renders impossible normalization of the in vivo data to the outer 

boundary and arterial inlet temperature in the same way that the multiple thick

walled pipes and countercurrent pairs data were normalized. 

In order to make a comparison between fluid-solid and blood-tissue 

temperature differences, Lemons' in vivo data are normalized to the centerline 

temperature of the tissue temperature profile. The saphenous vein temperature 

is not considered indicative of the arterial inlet temperature which was present in 

the rabbit thigh at the time of the measurements. The multiple thick-walled pipes 

and countercurrent pairs data are normalized to the maximum of the smoothed 

solid temperature profile at x· = 0.35, since the shortest multiple thick-walled 

countercurrent pairs cylinder in Chapter 7 has length L· = 0.35. This choice of 

x· is admittedly arbitrary. 

Figure 8.6 shows normalized arterial-tissue and venous-tissue tem

perature differences taken from Lemons' data. The arterial-tissue temperature 

differences fall at the lower end of the arterial-solid temperature differences found 

for the multiple thick-walled pipes and countercurrent pairs in Chapters 6 and 

7. The venous-tissue temperature differences are centered in the range for the 

venous-solid temperature differences computed for the multiple thick-walled coun

tercurrent pairs in Chapter 7. Both arterial-tissue and venous-tissue temperature 

differences are less for cold ambient temperature conditions than for warm am-
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bient temperature conditions. This is due mainly to the increased temperature 

difference between the skin and the center of the extremity. 

Sizes of Thermallv Distinct Vessels 

Lemons' blood-tissue temperature differences may be compared with 

the results of the single thick-walled pipe and thick-walled countercurrent pair 

studies to estimate the size at which blood vessels reach the same temperature 

as the surrounding tissue. This information is used to estimate the size at which 

vessels may be dropped from consideration in the structural model. Table 8.1 

shows the estimated ranges of L * for the capillaries and arteries of the coun

tercurrent pairs using data from Table 2.2. Each vessel order will be examined 

in light of the results of the in vivo data and the single thick-walled pipe and 

countercurrent pair studies in Chapters 4 and 5. 

As seen in Figure 8.6, Lemons found no arteries smaller than the 

secondary arteries (2RA < 100J.L) which were thermally distinguishable from the 

surrounding tissue. For the capillaries and terminal vessels of Table 2.1, Pe < 5 

and L * > 25, and the blood temperature should follow the tissue temperature 

very closely for more than 95% of the vessel length. This result supports the 

conclusion from the summary of the thick-walled pipe results in Figure 4.5 and 

the thick-walled countercurrent pair results in Figures 5.7 and 5.12 that all blood 

vessels with Pe < 10 and L* > 3 are conduction dominated and need not be 

included in the structural model. 

Although some arteries in the secondary and primary vessel size ranges 
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Figure 8.6. Normalized blood-tissue temperature differences as a function of ves

sel diameter for Lemons' (1986) in vivo data. The position of the temperature 

measurement in x" or x / L cannot be determined. Normalization is done using 

the skin temperature as minimum and the centerline temperature as maximum 

for the data in Figure 8.3. The y-axis range of arterial-tissue and venous-tissue 

temperature differences for the plots below are within the range of the arterial

solid and venous-solid temperature differences for the multiple thick-walled pipes 

and countercurrent pairs studies. 
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Table 8.1. Approximate L * Ranges for Arteries. 

Arterv 2RA LI2RA Pe L* 

Capillaries 8/1- "" 100 <1 >100 

Terminal 10-40/1- 25-100 1-5 5-100 

Secondary 100-250/1- 20-100 6-35 0.6-16 

Primary 200-400/1- 50-100 30-200 0.25-3 

Supplying .5-1mm 30-100 150-650 0.05-0.80 

Named 3-5mm 50-100 1000-3000 <0.05 

reported in Table 2.2 are reported by Lemons as thermally distinct, no secondary 

veins in the size range in Figure 2.2 are found by Lemons to be thermally distinct. 

If one uses the commonly made observation that veins within a pair are usually 

larger than arteries, the smallest thermally distinct vein reported by Lemons falls 

within the upper end of the size range for primary veins. Venous temperatures 

for the L * > 0.8 countercurrent pairs in both multiple and single thick-walled 

countercurrent pair studies are equal to solid temperatures. Thus arterial, ve

nous and tissue temperatures should equalize during the travel of blood through 

the primary and secondary vessels. 

For most of the supplying vessels, imperfect countercurrent exchange 

will occur. Arterial, venous and tissue temperatures will be distinct and the 

tissue temperature will be influenced by arterial and venous temperatures and 

outer boundary temperatures. The estimation of venous inlet temperatures for 
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this order is '"ery important, as shown by the differences in arterial. "enous and 

solid temperatures between the cold ,'enous inlet and surrounding solid "enous 

inlet temperature return cases for the multiple thick-walled countercurrent pairs. 

The largest named ,"essels are short enough in L· to ha\'e temperatures 

resembling those of imperfect countercurrent exchange at short L·, as shown in 

Figure 5.4 and 5.5, The difference between the ,'enous inlet temperature and 

the outer boundary temperature is important in the named \"esscls as shown 

in Figures 5.1-5 and Figures 7.S-10. Thus, an accurate estimation of \"enous 

outlet temperature in the supplying vessels. which is used as the \"enous inlet 

temperature for the named vessels, is needed to make accurate estimates of blood 

and tissue temperatures. For at least some of the supplying and all of the named 

\'essels, explicit inclusion in the structural model will be necessary. 

Conclusions 

The results of the in vivo data comparison to multiple vessel model 

temperature profiles do indicate that the model is worthy of future study. Both 

of the in vivo studies present temperature profiles which are consistent wit.h 

multiple thick-walled pipes and countercurrent pairs solutions. The estimated 

arterial-tissue and venous-tissue temperature differences from Lemons data ar(' 

also consistent with the arterial-solid and venous-solid temperature diffcrenc('s 

reported in Figures 7.12-13 for the multiple thick-walled countercurrent pairs 

cases. 

Comparison of the temperature profile shapes for the structural model 
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studies and the in vivo data does not rule out the possibility that the O\'erall tis

sue temperature profile may be determined predominantly by the largest \'cssds 

in the cross section. In the forearm, comparison of structural model studies with 

anatomical data and Pennes' temperature profiles does not support rejection of 

the possibility that the multiple larger vessels such as the radial and ulnar arteries 

and the collateral circulation determine the temperature profile. It is the consid

ered opinion of the current author that for the rabbit thigh temperature profile 

reported by Lemons, the large saphenous vein and the supplying vessels probably 

shape the temperature profile more strongly than any other vessd orders. 

Questions remain as to absolute comparison with in vivo data. S<'

lection of the x* used for structural model multiple vessel comparison was done' 

in an enlightened but arbitrary manner. Branching has not been incorporat<'d 

into the multiple vessel model. No three dimensional in vivo temperature profiles 

are available with which to compare solutions from branched model geomctrif's. 

Lemons' thin section anatomical measurements encountered vessels lying within 

or at a low angle to the thigh sections perpendicular to the extremity cross S(',

tions so rarely that no analysis was performed upon blood vessel branch(·s. 

The agreement between the in vivo blood and tissue temperature data 

and the profile shape and blood-solid temperature differences for the multipl(' 

thick-walled pipes and countercurrent pairs cases does not rule out the use of 

a structural model like the thick-walled pipe and countercurrent pair mo(kls 

containing a relatively small number of larger vessels embedded in a medimn 

described only by conduction and neglecting any contribution du(' to fl1lid fir)w in 
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the smaller structures. Nothing in the in vivo measurements of blood and tissue 

temperatures by Pennes (1948) and Lemons (1986) precludes use of such a model 

to approximate in vivo temperatures. 

A major caution must be stated at this point. No in vivo temperature 

data is available for non-resting muscle. No in vivo data taken under hyperther

mia conditions has sufficient supporting anatomical data to allow comparison 

with structural model studies. The view of tissue temperature as being deter

mined solely by the position of and flow in the larger structures may not be 

applicable to hyperthermia and non-resting applications. 



CHAPTER 9 

CONCL USIOKS 

In this work numerical inyestigations of heat transf('r in singh' and 

multiple thick-walled pipes and countercurrent pairs arc used to deduc(' r('latioll

ships between fluid and solid temperatures which are ne('ded in ord('r to d('wlop 

more accurate thermal models of li,-ing tissue in the extremities. Applications of 

the numerical study results to single thick-walled pipe and count('rcurn'Ilt. piliI'. 

multiple thick-walled pipes and countercurrent pairs. th('rmal C'IlC'r1!;Y C'qulltioll 

studies and structural model studies arc summariz('d bdow. NOll<' of the appli

cations stated below are known by the author or the authorities with whom tIl(' 

author (Shah 1988, Catton 1988) has consulted to have been pr('viotlsly Illlldt". 

A summary of comparisons to other work is then pres('ntcd. Finally, sug1!;('stiolls 

are made for future work. 

Single Thick-walled Pipe and Countercllrrl"nt. Pajr Applications 

It has been demonstrated that low resolution numerical pipe ('Jl11wd

ding approximations are acceptable for the im-estigation of heat transfc'r prob

lems important in living tissue. For the constant heat transfer coefficient tit tIll" 

fluid-solid interface, comparison of the numerical results with the cylindrical CCHI

stant heat transfer coefficient solution in Figures 3.8-9 indicates tlwt n'solutjow, 

of 0.5 ~ 2Rp / ~x ~ 4 may be used to predict fluid and solid t(~rnp('ratllT(~!oI jJl 
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the thick-walled pipe. Comparisons of a square cross-section conjugated prob

lem with the work of Mori et al. (1974) in Figure G.2 indicate that at least 5 

non-zero velocity nodes within the fluid (2Rp/ ~x = 6) for an explicitly included 

parabolic velocity profile must be used to predict fluid and solid temperatures in 

the thick-walled pipe. 

Studies of the thick-walled pipe fluid and solid temperatures demon

strate that the thermally developed flow assumption and consequent application 

of the constant heat transfer coefficient at the fluid-solid interface give fluid and 

solid temperatures equhalent to those found for the cylindrical conjugated prob

lem for all thermally significant pipes in the structural model, i. e. Pe > 10 

(Figure 4.5-6). The use of the constant heat transfer coefficient at the fluid-solid 

interface allows the approximation of the pipe cross section with as little as one 

node. 

A model of a non-concentric countercurrent pair embedded in a solid 

has been developed. The model gives good agreement with fluid and solid temper

atures predicted by perfect countercurrent exchange theory (Figures 3.13-4) and 

experiment (Figure 3.14) when set up to approximate the boundary conditions 

and Peclet numbers present in the theoretical and experimental studies. 

Studies of the thick-walled countercurrent pair demonstrate that coun

tercurrent exchange under extremity conditions is not perfect, even for very short 

L* pairs. Fluid-solid thermal interaction competes with countercurrent exchange 

in all cases studied, yielding measurable deviations from the fluid and solid tem

peratures predicted using the assumptions of perfect countercurrent exchange. 
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The deviation from perfect countercurrent exchange increases with increasing 

LOO. Because fluid-solid thermal interaction is always important, the influence of 

the outer boundary temperature on the fluid and solid temperatures can not be 

neglected for the thick-walled countercurrent pair. Local solid temperatures must 

be estimated using both the fluid inlet and the outer boundary temperatures. In 

addition, the geometry of the problem and the scale of the structures relative to 

the outer boundary must be included. 

For single thick-walled countercurrent pairs, two types of solutions are 

observed. For long LOO (> 0.8) countercurrent pairs, the fluid and solid tempera

tures resemble the solution of the thick-walled pipe. The dependence of the fi'.!id 

temperature is upon xOO and the solid isotherms show little evidence of the vein 

(Figures 5.3, 5.5, 5.7 and 5.8). For the short L" « 0.8) countercurrent pairs, 

the fluid and solid temperatures resemble those seen in perfect countercurrent 

exchange. The axial dependence of the fluid temperature is approximately linear 

and the solid isotherms show the presence of the vein (Figures 5.1-5). 

For short single thick-walled countercurrent pairs, LOO < 0.8, fluid 

temperatures in the thick-walled countercurrent pair may be approximated us

ing a simplified formulation based on Chato's perfect countercurrent exchange 

solution and the cylindrical constant heat transfer coefficient solution. For long 

single thick-walled countercurrent pairs, LOO > 0.8, a thick-walled pipe solution 

with xooTE shortened to x,(!l may be used to estimate the fluid temperatures, as 

done by Baish (1986). 
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Multiple Thick-walled Pipes and Countercurrent Pairs Applications 

A model of multiple pipes and non-concentric countercurrent pairs 

embedded in a solid has been developed. The model has been applied to L * 

(Peclet number) regimes of 0.35 ~ L* ~ 3.5 (20 ~ Pe ~ 200), which are deduced 

to exist in solid muscle from studies of the anatomy and physiology literature 

summarized in Chapter 2 and Table 2.2. The spacing of Rw / RA = 10 used 

in the structural model studies is typical of that deduced from the anatomical 

studies summarized in Chapter 2 to exist in the body. 

As seen for single thick-walled countercurrent pairs, perfect counter

current exchange as measured by the change in fluid temperatures during the 

cylinder transit is neyer achieved (Figures 7.2-4). Complete countercurrent ex

change as defined by \Veinbaum and Jiji (1985) is approached in the central 

regions of the 1",Tu = 49 cylinders with short L* (Figure 7.4). 

As seen for single thick-walled countercurrent pairs, multiple thick

walled countercurrent pairs exhibit solutions similar to the multiple thick-walled 

pipes solutions for long L * pairs and solutions similar to countercurrent exchange 

solutions in Figures 5.1-5 for short L* pairs. Multiple thick-walled pipes fluid and 

solid temperatures have been demonstrated to be a function of x* , radial position 

within the cylinder and overall cylinder radius in units of pipe lumen diameters 

(Figure 6.2-3). Likewise, multiple thick-walled countercurrent pairs fluid and 

solid temperatures have been demonstrated to be a function of x*, radial position 

within the cylinder and overall cylinder radius in units of pipe lumen diameters 

for long L* cylinders (Figures 7.8-10). For short L* cylinders, the temperature 
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dependence is upon x / L and L·, radial position within the cylinder and overall 

cylinder radius in terms of artery lumen diameters. 

The multiple thick-walled countercurrent pairs solutions are sensitive 

to the difference between the outer boundary temperature and the venous inlet 

temperature, as demonstrated by the comparisons £luid and solid temperatures 

for the cold venous inlet and surrounding solid venous inlet temperature cases in 

Figures 7.8-10. In addition the noticeable asymmetry of £luid and solid tempera

tures for N" = 9 indicates that £luid and solid temperatures are dependent upon 

individual pair orientation and position for cases with few pairs in the cylinder 

cross section (Figure 7.5a). 

In the multiple thick-walled pipes cases, the local difference between 

£luid and solid temperatures has been shown to be a function of distance from 

the outer boundary in lumen diameters only (Figure 6.4). For the multiple thick

walled countercurrent pairs cases, the difference between £luid and solid temper

atures is a function of cylinder length L· and venous inlet temperature as well 

as distance from the outer boundary (Figures 7.11-13). The local arterial-solid 

temperature difference in multiple thick-walled countercurrent pairs cylinders is 

decreased from that of the multiple thick-walled pipes cylinders in every case 

studied. 

Away from the cold boundary, the fraction of the £lux out of any 

volume element due to axial conduction was shown to be greater than the £lux 

out of the volume element due to radial conduction in the multiple thick-walled 

pipes and countercurrent pairs cases (Figure 7. i). Axial conduction is most im-
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portant near the center of the multiple thick-walled pipes cases away from the 

cold boundary. The importance of axial conduction in the multiple thick-walled 

countercurrent pairs is like that of the multiple thick-walled pipes for long L· 

cylinders and decreases with decreasing L·. 

Thermal Energy Equation Applications 

The results in this chapter indicate that any approximation of fluid 

and solid t.emperatures for multiple pipes or countercurrent pairs embedded in a 

solid for primary and larger yessels must include the effects of both pipe fluid

solid thermal equilibration and countercurrent exchange. Since the boundary 

temperatures have significant influence on the fluid and solid temperatures, the 

boundary conditions and geometries encountered under in vivo conditions must 

be carefully approximated. For the thermal energy equations approximating tem

peratures in living tissue, this means that the results of heat transfer studies for 

multiple parallel thick-walled pipes and thick-walled countercurrent pairs can not 

be ignored in developing thermal energy equations for the extremities. 

An alternative thermal energy equation has been developed that in

cludes both countercurrent exchange and fluid-solid thermal interaction effects. 

The equation is like Pennes' thermal energy equation in form but has coeffi

cients with x· dependence based on pipe flow parameters and geometry and the 

effectiyeness of countercurrent exchange. The alternative thermal energy devel

oped describes the fluid and solid temperatures in the multiple thick-walled pipes 

cases and the solid temperatures in the multiple thick-walled countercurrent pairs 
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cylinders with some success. 

Blood vessels which carry blood at nearly the same temperature as 

the solid but in which the blood flow measurably affects the solid temperature, 

i. e., the primary and supplying vessels with L· of about 1, are the most viable 

candidates for approximation by a thermal energy equation in the author's opin

ion. The alternative thermal energy equation developed in this work is a viable 

candidate for the thermal energy equation to describe fluid and solid tempera

tures in tissue containing the primary and supplying vessels. For smaller vessels, 

conduction so thoroughly dominates the heat transfer processes that inclusion in 

a field equation using any processes beyond conduction is unnecessary. For larger 

vessels, the low number of vessels and/or countercurrent pairs in an extremity 

cross section renders fluid and solid temperatures too sensitive to exact place

ment and orientation to allow approximation by the inclusion of large vessels in 

a thermal energy equation. 

In studies of multiple parallel thick-walled countercurrent pairs it is 

demonstrated that for Nu ~ 25 countercurrent pairs produce temperature profiles 

whose shapes are indistinguishable from those of multiple thick-walled pipes. 

For the same outer boundary conditions and arterial inlet temperatures, the 

distinguishing factors between the multiple thick-walled pipes solutions and the 

multiple thick-walled countercurrent pairs solutions lie in the local temperature 

differences between the fluid and solid as a function of x·. The indistinguishable 

profile shapes for the multiple thick-walled pipes and countercurrent pairs indicate 

that the rate of heat transfer between the fluid and solid has the same qualitati\-e 
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radial dependency for thick-walled pipes and countercurrent pairs, but does not 

have the same quantitative radial dependence. Thus the mathematical form of the 

blood thermal term for both thick-walled pipes and thick-walled countercurrent 

pairs should be similar. Only the coefficients of the blood thermal energy term 

will vary with geometry and flow. 

Structural Model Applications 

In this work, a structural model has been proposed consisting of ex

plicitly modeled blood vessels embedded in a non-flowing medium. If all of the 

blood vessels are explicitly modeled, the model is too complex to be of practi

cal use in modeling large tissue volumes such as the extremity. A very simple 

structural model may be made by explicitly including only a relatively small 

number-between 10 and 100, for example-of the largest blood vessels. The com

parisons of the multiple thick-walled pipes and countercurrent pairs studies with 

the in vivo data indicate that use of a relatively small number of vessels and 

vessels pairs embedded in a homogeneous and isotropic conducting solid may not 

be rejected as invalid in the extremities without more precise in vivo studies. 

In order to simplify the structural model, the issues of what vessels 

can be deleted from consideration and what equation is best used to approximate 

thermal energy transfer in the embedding solid must be resolved. The results of 

the studies of thick-walled pipes and countercurrent pairs in combination with the 

in vivo data suggest division of the blood vessels into three groups. In the first 

vessel group, blood and solid temperatures are equal and both temperatures are 
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conduction dominated. In the second vessel group are blood vessels which carry 

blood at nearly the same temperature as the solid, but the blood flow (convection) 

measurably affects the solid temperature. The third vessel group includes vessels 

where blood and solid temperatures are measurably different from ea~h other and 

exact positioning of the vessel within the tissue is critical. 

The first vessel group are included in the conduction term used in the 

embedding equation for all of the vessels. Examination of the in vivo data in 

light of the single thick-walled pipe summary in Figure 4.5 and the single long L * 

thick-walled countercurrent summary in Figure 5.12 indicates that, under resting 

muscle conditions, all blood vessels smaller than the secondary vessels may be 

deleted from any inclusion in the structural model because they are entirely 

conduction dominated. Most of the secondary vessels are also long enough in L* 

to be good candidates for deletion from inclusion in the structural model. 

In the second vessel group, further studies must be made to determine 

whether it is best to approximate the fluid and solid tempera.tures with structures 

embedded in a conducting medium or an altered equation ior the embedding 

tissue. The primary and small supplying vessels must be included in the structural 

model, either explicitly or by approximation by inclusion in a thermal energy 

equation. For the second vessel group, the solid temperature is significantly 

influenced by both the vessel temperatures and the outer boundary temperatures. 

In the primary and small supplying vessels, equal fluid and solid temperatures are 

most likely to be achieved, as illustrated in Figures 5.7a-b and 7.7a. Since equal 

fluid and solid temperatures are achie'.red in this vessel group, the primary vessels 
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are, in the author's opinion, good candidates for including in the structural model 

by altering the equation used to approximate the embedding solid for vessels 

larger than the primary vessels. A precise determination of which thermal energy 

equation best represents heat transfer in the embedding solid-the tissue-must be 

resolved by detailed, three dimensional in vivo studies. 

The third vessel group includes those vessels which are too large, carry 

too much blood and are too few in number to be easily approximated by anything 

less than explicit modeling as fluid-carrying structures. Some of the supplying 

vessels may require explicit inclusion as vessels, and the named vessels must be 

included explicitly as vessels in a structural model. Arterial, venous and solid 

temperatures will be distinct and the solid temperature will be influenced by both 

vessel and outer boundary temperatures. The accurate estimation of venous inlet 

temperatures for the third vessel group is very important, making the estimation 

of venous outlet temperature in the second vessel group important as well. 

The results of comparisons with the multiple thick-walled pipes and 

countercurrent pairs structural models with in vivo blood and tissue temperature 

data do not preclude the use of a structural model containing a relatively small 

number of larger vessels embedded in a medium described only by conduction 

and neglecting any contribution due to fluid flow in the smaller structures to ap

proximate temperatures in the extremities. The in vivo measurements of blood 

and solid temperatures by Pennes (1948) and Lemons (1986) are consistent with 

this finding. It is particularly noted that since the radial shape of the overall 

medium temperature profile noted for the multiple thick-\valled pipes and coun-
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tercurrent pairs cylinders are not distinguishable from each other, any distinction 

between the multiple thick-walled pipes and countercurrent pairs models may not 

be made using the radial temperature profile shape. Any distinctions between 

multiple thick-walled pipes and countercurrent pairs models must be made on 

the basis of fluid inlet, fluid and solid temperatures. 

Comparisons with Previous Work 

The results of the multiple thick-walled pipes and countercurrent pairs 

studies and their comparison with in vivo temperatures indicates that Pennes' 

direct incorporation of the local blood-tissue temperature difference into the equa

tion for the rate of thermal energy deposition from the blood into the tissue is a 

fundamental part of the description of heat transfer in living tissue. The radial 

shape of the temperature profile from the alternative thermal energy equation 

compared to that of the multiple thick-walled pipes cases in Figure 6.7 and the 

comparison of radial temperature profile shapes in with the multiple thick-walled 

countercurrent pairs in Figure 7.6 and with the in vivo data in Figure 8.5 both 

support this assertion. In this work, the coefficients to be used in a Pennes-type 

equation ha .... e been quaIltified in terms of blood vessel geometry and flow rate. 

Axial dependence upon x· is included in the coefficient for the alternative ther

mal energy equations in this work. Pennes did not study axial variation in fluid 

or solid temperatures for use in his equation. 

The results of the phenomenological study indicate that the assump

tion of slightly incomplete countercurrent exchange made by \Veinbaum and Jiji 
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is approximately correct. However, the particular realization of incomplete coun

tercurrent exchange included in their thermal energy equation is equivalent to 

the realizations of complete and perfect countercurrent exchange and does not 

include the dependencies noted from the phenomenological studies of the thick

walled countercurrent pair and multiple thick-walled pipes and countercurrent 

pairs. The assumption that complete, perfect or near perfect countercurrent ex

change occurs in living tissue is not supported by this study of structural models 

under extremity conditions. Thus the thermal energy balance equations devel

oped by 'Weinbaum and Jiji (1985) and others which do not include interaction 

with the outer boundary in determination of the fluid temperatures must be 

reevaluated. In practice, the application of '~leinbaum and Jiji's thermal energy 

equation to the multiple thick-walled countercurrent pairs cases is difficult due 

to the author's inability to chose suitable boundary conditions at the fluid inlets. 

Baish's (1986) studies of the thick-walled countercurrent pair which 

use a line source/sink pair and include fluid-solid thermal interaction effects are 

in good agreement with the studies of the thick-walled countercurrent pair for 

closely spaced pairs, that is, I:lS > 0.8, as shown in Figure 5.13. Baish's use 

of the line source/sink formulation to approximate countercurrent exchange does 

not allow the application of his work to more widely spaced countercurrent pairs. 

The results of the in vivo data comparison to multiple vessel model 

temperature profiles do indicate that the structural model is worthy of future 

study for application to in vivo temperature prediction. In order to apply model 

results to in vivo temperature prediction, good determinations of fluid inlet tem-
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peratures, blood flow rates in the named vessels and named and supplying vessel 

positions must be made available. 

In order to be considered to be in agreement with observed in vivo 

temperatures, the fluid and solid temperatures found by the structural model 

should fall within a selected tolerance of temperatures found in in vivo studies. 

An acceptable tolerance needs to be selected after consideration of the accuracy 

of temperatures measured within the body. Temperatures within the body range 

from about 30°C to about 50°C, if hyperthermia ranges are included. Lemons 

(1986) data indicates that in vivo temperatures may be measured to an accuracy 

of about 0.2° C in vivo. Since an overall temperature range of as much as ten 

to twenty degrees Celsius is present, and in vivo temperatures may be measured 

to a few tenths of a degree Celsius, a detectable difference between structural 

model predictions and observed in vivo temperatures is between 1 % and 5% 

of the total temperature range between maximum blood inlet temperature and 

minimum blood inlet or boundary temperature found in the tissue volume under 

study. 

Since no in vivo temperature data is available for non-resting muscle 

and no in vivo under hyperthermia conditions has sufficient supporting anatom

ical data to allow comparison with structural model studies, the vie\v of tissue 

temperature as being determined predominantly by the position of and flow in 

the larger structures may not be applicable to hyperthermia and non-resting ap

plications. Good three-dimensional in vivo data will assist in determining how 

best to apply the structural model under conditions found in hyperthermia and 
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non-resting conditions. 

Suggestions for Future Work 

The alternative thermal energy equations developed in this work show 

some promise for application to multiple parallel structure heat transfer prob

lems. They need to be investigated using comparisons which do not use the 

approximations of negligible axial conduction and slow change in axial temper

ature. Although not as simple as Pennes' original equation and requiring more 

knmvledge of the position of vessels within the tissue, they do not present the 

difficulties in application encountered in thermal energy equations without any 

blood thermal energy term. 

Further study of branching needs to be incorporated into the multiple 

vessel model. Very preliminary studies of simple branches have been made by 

the current author. A more rigorous study is needed, especially for the vessels in 

the third vessel group which must be explicitly included in the tissue and for the 

branching which occurs between the vessels in the second and third vessel groups. 

In order to tailor the application of any studies of branching pipes embedded in 

a solid to in vivo studies, both quantitative and qualitative anatomical data on 

branching is needed. 

Future comparisons between structural model studies, thermal energy 

equation studies or any other heat transfer studies require more extensive in vivo 

data. The fluid inlet temperatures must be measured. The positions of all of 

the large vessels in the cross section must be determined. The yariation in vessel 
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position and size and the position of branches must be known for the estimation 

of x* and x / L for the vessels. In addition, temperature profiles at more than 

one x* or x / L position are needed to determine the importance of countercurrent 

exchange and fluid-solid thermal interaction in living tissue. 
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APPENDIX A. SYMBOLS USED THROUGHOUT THE 'WORK 

The following table represents an effort to minimize confusion over the 

heavy use of symbols in this dissertation. Notation is uniform over the dissertation 

except as indicated by reference to a particular page or chapter within a table 

entry. 

Symbol 

ADI 

D 

E 

L* 

Table A.l Symbols Used throughout the '\Vork 

Description 

Alternating Direction Implicit method 

specific heat at constant pressure 

diameter 

Pennes' thermal equilibration factor 

hydraulic diameter 

fluid flow from artery to vein through tissue 

thermal conductivity 

direction cosine 

length of (tissue) cylinder in vessel direction 

hydrodynamic entrance length, length to establish 
hydrodynamically developed flow. see page 65 

normalized pipe length, L/(DhyPe) 

thermal entrance length, length to establish 

thermally developed flow, see page 66 



Symbol 

No 

Nu 

Pe 

Pr 

Q 

q 

r 

RA 
Rk 

Rh 

Rp 

Rv 

Rw 

Re 

RHS 

S 

s 

t 

T 

u,U,v,W 

x,Y,Z 

Table A.l Symbols Used throughout the '''ork-Continued 

Description 

total number of pipes or countercurrent pairs 

in a structure or extremity cross section 

direction 

heat transfer effectiveness, = 4L* Nu,Chato (1980) 

Nusselt number, = hDhylk 

Peclet number, = uDhyla = RePr 

Prandtl number, = via 
volumetric thermal energy source strength 

thermal energy flux 

metabolism 

radius 

artery lumen radius 

thermal resistance due to conduction 

thermal resistance due to forced convection 

pipe lumen radius 

vein lumen radius 

outer wall radius 

Reynolds number 

right hand side 

space between vessel centers, see Figure 2.7 

length along the vessel path 

time 

temperature 

velocity 

mean velocity 

Cartesian coordinate axes 

315 



Symbol 

x· 

w 

x 

a 

/1, /2 

~s 

11 

P 

~ 
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Table A.l Symbols Used throughout the \Vork-Continued 

Description 

dimensionless a>.,;al distance 

The dimensionless axial distance, x· = x/ DhyPe, where Dhy 
is the hydraulic diameter and Pe is the Peclet number, is as

sociated with estimates of the thermal entry length. There 
is considerable confusion in texts and the literature between 

x· and the Graetz number, G:: = pu.4.cF/kL. The Graetz 

number has been given various other definitions, including be
ing defined as x·, to the chagrin of Shah and London (1978). 

Here, Pe = UDhy/O' = RePr. 

blood perfusion per unit volume 

normalized x-coordinate, x/L 

Greek and 1'!athematical 

thermal diffusion coefficient, = 1.../ cpP 

shape factors for two closely spaced, unequally 

sized vessels, \Veinbaum and Jiji (1985) 

vessel spacing measure for counter current 

pairs, = (r A + rv)/ S 

node spacing 

effecti"eness ratio. See Chapter 5. 

thermal equilibration coefficient for alternative thermal 
energy conservation field equations. See Chapters 6-7. 

normalized temperature, = (T - Tmin)/(Tmax - Tmin ) 

normalized bulk mean temperature 

normalized smoothed solid temperature as shown in 

Figures 6.6 and 7.5. 

kinematic viscosity 

density 

gradient 



Symbol 

yr. 

yr2, yr. yr 

TE 

:{overbar) 

* 

±1,±2 

A 

b 

CC 

C\V 

F 

FS 

k 

h 

o 

S 

SS 

P 

V 

\V 

X,Y,Z 

(j 

Table A.1 Symbols Used throughout the \Vork-Continued 

divergence 

Laplacian operator 

Description 
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In this work, the use of the symbol yr in an operator implif'!' 
that the axial term is not set to zero. 

Superscripts 

thermal equilibration 

bulk mean temperature 

quantity normalized with the diameter and 

Peclet number, as in x· above 

Subscripts 

node number subscripts 

arterial 

blood 

countercurrent exchange 

cold wall, cold venous inlet countercurrent pair case 

of the fluid 

fluid-solid thermal interaction 

conductivity 

convective heat transfer coefficient 

vessel inlet 

of the solid 

surrounding solid venous inlet countercurrent pair ca<;(', 

shown in Figure 5.G 

pipe or inner wall, i. e., solid-fluid interface 

venous 

Wall, outer wall for thick walled problem 

in the x, y or z direction 

of the square cylinder cross section 
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The ultimate goal of a study of this type is a general structural model 

which may be applied to all tissues and organs. If a general structural model 

is to be developed, two facts must be carefully considered. First, data on th<' 

arrangement of the thermally significant vessels of tissues other than skel<,tal 

muscle is spotty due to lack of organized pursuit. Second, the available data 

indicates that the geometry, boundary conditions, metabolic source strengt 11, 

blood vessel architecture, and blood flow velocity and directionality vary grc·at.ly 

from one organ to the next. 

The lack of anatomical information is due in great part to the activi

ties of the eminent embryologist and physiologist of the early twentieth ("<'nt my, 

Franklin Payne Mall. Mall, a highly respected teacher of anatomy and embryol· 

ogy, revolutionized the teaching of anatomy by insisting that students personally 

perform dissections as opposed to the then current practice of merely ohs('rvin,l!; 

them and undergo a substantial research training as a prelude to an acacl(~mir 

career (Huber 1918). He transformed research in anatomy by introducing th(~ 

concept that an optimally functioning small unit dictates the overall structure' of 

an organ, as opposed to the gross overall morphology being of paramount (Sabin 

1918, Talbott 1970). Due to Mall's entirely appropriate direction of tlw study 

of physiology to the smallest structures-the business end of the organ- almost all 



319 

work on the architecture of medium sized vessels too small for surgical concern 

and too large to be incorporated in the basic working structures of the organ 

ceased. 

A table of vascular anatomy found in ,\Vhitmore (1968) has been hel\\'

ily used to represent typical vascular parameters. General conclusions about heat 

transfer have been based on this data set which has been presented in the lit

erature as "typical" of the blood .... essels in the body. 'Whitmore extracted his 

data from Green's article in the Handbook of Phy~iology (Green 1964). Greell 

extracted his data from Mall's original paper on dog intestinal vasculature (!\Jall 

1887). It should be noted that Mall's original article is often misreferenced. The 

list of references contains the complete correct reference (Mall 1887). 

The data in Whitmore's table is made up of blood vessel lengths, 

diameters and spacings for various arteries and veins ranging from the capillari('s 

to the aorta, with no data for .... essels in the medium sized orders. The> numher 

of vessels and total cross sectional area quoted in 'Whitmore's table are Mall's 

results multiplied by 40. The factor of 40 was introduced by Green (1944) to 

extrapolate the relative number of vessels and their relative dimensions in the 

human circulatory system. The vessel lengths quoted in Green are not necessarily 

the accepted values for any particular organ. All of the tabular data on vessel 

diameters and numbers quoted by 'Whitmore except the aorta and vena cava 

are from the intestinal villi and associated muscle and support structures in th(~ 

intestinal wall. The only data in Mall's work not taken from the small intestine is 

a brief summary of arteriole, capillary and venule counts in the skeletal musd(' of 
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the diaphragm. The diaphragm muscle data is not quoted by Green or 'Vhitmore. 

The remainder of Mall's muscle data are for the smooth muscle running around 

and along the small intestine. 

The paper on intestine by Mall (1887) and one other work by Mall 

on the liver (Mall 1906) which contains a brief compendium of vessel counts on 

other organs are, to the author's knowledge, the only papers in existence with 

extensive vessel counts and measurements over entire internal organs. A table 

based on more recent work including in vivo measurements has been compiled 

by Caro et al. (1974). Only the measurements for the very largest vessels like 

the aorta are presented in the tabulation by Caro et al., along with a summary 

of arteriole, capillary and venule data from smaller mammals. Measurements 

of the vascular structures in bat wings are found in Wiedeman (1963). For the 

blood vessels in skeletal muscle there is a small, very detailed series of papers by 

Myrhage (Myrhage 1977, 1978; Myrhage and Eriksson 1980) with measurements 

taken from cats. 

Since the small structures are variable from organ to organ, the gross 

structure of the vascular tree is also variable from organ to organ (~1all, 1906). 

In general, vessel sizes, number densities and surface areas in the diaphragm, 

intestinal wall smooth muscle and striated (skeletal) muscle differ by as much 

as an order of magnitude (Lundgren 1978, Sparks 1978). Detailed, quantitative 

data on the sizes and arrangements of blood vessels larger than the capillaries 

and too small for surgical concern is for the most part non-existent. Myrhage 

and Eriksson's study of skeletal muscle may be viewed as the exception which 
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proves the rule. 

When Pennes developed the bioheat transfer equation for use in ther

mal modeling, a combination of lack of anatomical data and limited modeling 

capability lead him to make use of assumptions about the movement of diffusible 

substances in living tissue developed by Fick (1870). Use of Pennes equation con

tinued without significant change until about 1980 when several thermal modelers 

(Chato 1980, Chen and Holmes 1980, Wulff 1980) began to reexamine the bases 

of the bioheat transfer equation. Simple studies of blood temperature using heat 

transfer commonly applied to single, thick walled pipes and countercurrent pairs 

were made using the most readily available body of data on blood vessel di

ameters, spacings and lengths. However, due to a lack of detailed anatomical 

information, the data extracted by Green from Mall's paper on dog intestine has 

had more influence on basic theoretical studies of thermal transport in living 

tissue than other bodies of vascular data. Since thermal transport mechanisms 

act primarily in medium sized vessels, Mall's impact on the data used to support 

thermal modeling has been profound. 

Some data of a more descriptive nature are available for various organs 

of the body. A sampling of the data shows that blood vessels are arranged in a 

variety of patterns with various metabolic rates, blood flow patterns, blood flow 

rates and boundary conditions present. First, a very brief general statement of 

conditions common to the body as a whole is made. Then, in order to more 

clearly indicate the range of conditions likely to impact temperature fields and 

small-scale thermal response in the body, brief descriptions of geometry and blood 
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flow patterns in four tissue types follow. Following the description of each tissue, 

the potential thermal impact of blood flow geometry on heat transfer in that 

tissue is discussed. 

Some very basic statements about blood vessel arrangements are made 

first. Since all of the organ must be fed, cleaned and often warmed or cooled by 

the blood, vessels in a normal tissue are arranged in a regular pattern that is 

approximately uniform within any single organ. Blood vessel arrangement pat

terns vary considerably from organ to organ, from dense nodular arrangements 

in the lung alveoli and kidney glomeruli to the highly parallel vessels in skele

tal muscle. The smallest vessels are single and spaced five to twenty diameters 

apart (Johnson 1987). Most vessels larger than 50/1 in diameter are grouped in 

countercurrent pairs, with each pair on the order of ten diameters apart (Johnson 

1978). The exceptions to the general tendency to countercurrent pairs occur in 

the very largest vessels, like the aorta and vena cava, and in the liver. Although 

countercurrent pairing of larger vessels is common to most organs, the geomet

rical relationships between the countercurrent pairs of different sizes varies from 

organ to organ. Vessel spacings and arrangements vary sufficiently from organ to 

organ to preclude any general statements concerning the shape, size and blood 

flow pattern in the tissue region around a vessel beyond those which ha .... e been 

made in this paragraph. 

The first tissue type to be examined more closely is that of skeletal 

muscle. Skeletal muscle in the extremities is the best known organ presented here, 

having extensive studies of all sorts available in the literature. The beginning of 
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Chapter 2 gives a more complete description of the flow patterns and blood ,oessel 

geometries of skeletal muscleo The largest vessels are well documented in medical 

and anatomical treatises and are few in number in anyone limb (Haimovici 1980). 

A high degree of parallelism is present in large and small vessels. 

Skeletal muscle in the extremities is characterized by long countercur

rent blood vessels of decreasing size arranged in parallel to each other and to the 

extremity axis within a cylinder bounded by a usually cooler external environ

ment. Interaction with the external environment is by conduction modulated by 

skin blood flow and evaporation of sweat. The major idealized thermal configura

tion to be studied is that of multiple countercurrent pairs arranged parallel to an 

outer cylindrical boundary. The small-scale response of skeletal muscle may have 

directional properties due to the alignment of the blood vessels. However the 

blood flow may not exhibit a definite polarity of flow due to the multiple inlets 

and outlets of the same size along the length of the small-scale vessels (Figure 

2.2). 

The heart muscle circulation is similar to that of skeletal muscle in 

that the vessels run in the direction of the muscle fibers and parallel to each 

other. The larger vessels of the coronary circulation are extensively studied, 

supporting great progress in cardiac surgery (James 1978). The large cardiac 

vessels are relatively few in number and are placed on the surface of the heart 

muscle. The medium-sized vessels penetrate the heart muscle layers and give 

rise to capillaries running parallel to the muscle fibers. The capillaries are very 

long, with interconnections through the entire length of the muscle. The capillary 
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spacing is about four vessel diameters-somewhat less than half that of skeletal 

muscle. 

As the heart is embedded in a significant mass of surrounding tissue, 

the outer conduction boundary is interacting not only with the external envi

ronment but also with the surrounding organs which may vary considerably in 

temperature from very warm conditions in the liver to conditions in the lungs, 

\vhich are notably cooler than the liver. The inner boundary may be modeled as 

the fluid-solid interface in a large bore, thick-walled pipe. However, heat transfer 

between the hot blood from the liver in the right side chambers and the cool 

blood from the pulmonary circulation in the left side chambers is potentially 

complex and should be investigated. The heat transfer between the blood in the 

heart chambers and the blood in the large vessels of the cardiac muscle circula

tion is also potentially complex and bears further examination. The small-scale 

thermal response of the tissue appears to require directionality of flow within the 

equation, and possible polarity of flow, as the perfusion is relatively high and 

the capillaries are so thoroughly interconnected that flow may actually proceed 

diagonally across a network of parallel vessels (Bassingthwaighte et al. I9i4). 

The kidney is a highly perfm::d, :lO:l-r.1Uscular organ embedded deep 

within the body. The outer boundary is a conduction boundary interacting only 

distantly with the external environment. Figure B.I contains photographs of a 

vascular cast of a mammalian (rat) kidney made as described in Appendix D. 

The upper photograph in Figure B.I illustrates the vessels near the surface of 

the kidney in the renal cortex. The lower photograph in Figure B.I illustrates 
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urine collects to drain into the bladder. The large blood vessels occur near the 

outer surface and are approximately equally spaced, but radiate from a central 

location on one side of the organ. The artery-to-vein path in the kidney consists 

of a highly convoluted glomerulus followed in series by an extended capillary 

network parallel to the loop of Henle, as discussed by Johnson (1978). 

As the larger blood vessels are closer to the outer conduction boundary 

than the center of the kidney, the temperature of the surrounding tissue should 

impact and be impacted by the blood temperature of the kidney. Normally, the 

kidney is encased in fat, which is a good insulator. The kidney is also comprised 

of a perfused outer shell and fluid filled inner chamber, but the fluid in the 

inner chamber is slow moying and should be at or very near the temperature 

of the blood, as the urine is extracted from the blood. The small-scale thermal 

response of the kidney should vary substantially between the functional regions 

of the kidney. In the long, peri tubular capillaries, the impact of blood flow 

on the tissue temperature is probably minimal. The convoluted blood vessels 

in the glomeruli may respond as point sources or sinks due to the geometrical 

concentration of blood vessel surface area, as noted by Perle and Hirsch (1966). 

These source/sinks are positioned close to the larger vessels in the cortex and 

may interact thermally with the large vessels. 

Like the blood vessels of skeletal muscle, the liver blood vessels per-

meate the entire volume of the organ. The liver blood vessels radiate out from 

a central hub. Figure B.2 sho\\·s a photograph of a rat liver vascular cast made 
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Figure B.I. Two views of vascular casts of the (kidney) renal artery 
network in a rat. The upper photograph is a view taken from the side 
of the cast which shows the arteries near the outer surface of the 
kidney. The lower photograph is a view taken from the end of the cast 
showing the hollow central space where the urine collects for drainage 
into the bladder. Casts were made by A. V. LeBouton. Photographs were 
made by the author for use with the photogrammetric method described 
in Appendix D. 
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in the same manner as the kidney cast in Figure B.1 (LeBouton 1986). The cast 

was made by injecting the portal vein, which carries nutrient rich blood from 

the intestinal tract, with acrylic. The blood vessels are filled to the level of the 

sinusoids. The hepatic arteries, which carry the oxygenated blood from the heart 

and lungs, runs in cocurrent pairs with the portal veins carrying nutrient rich 

blood from the intestines. The blood from the hepatic arteries and portal veins 

empties into the sinusoids, which are the equivalent of the capillaries, as dis

cussed Elias and Sherrick (1969). The sinusoids drain into the sublobular veins, 

which collect into several large vessels and empty into the vena cava near the 

heart. The sublobular veins are not parallel to the other hepatic vessels. The 

outer boundary of the liver is connected by conduction indirectly to the external 

em"ironment. The liver circulation is made up of a paired cocurrent circulation 

of hepatic arteries and portal veins drained by sublobular veins which are not 

spatially paired to the incoming vessels-an unexplored heat transfer problem. As 

details of the 'vascular arrangement are not well known and the metabolic source 

is very strong and presumably well distributed over the organ, neither the large 

scale nor the small-scale thermal response of the liver is immediately apparent. 

All of the organs discussed in this appendix differ in their vascular 

geometries and boundary conditions. The variation in impact of blood flow ge

ometry on tissue temperature is summarized at the end of Appendix B. The 

variety of boundary conditions and large blood vessel arrangements presented in 

Table B.1 does not directly indicate that a single simple temperature model may 

be applied to all organs. The variety of small-scale structures and arrangements 



328 

Figure B.2. A vascular cast of the (liver) portal vein network in a 
rat. The cast was made by A. V. LeBouton. The photograph was made by 
the author for use with the photogrammetric method described in 
Appendix D. 
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found in the organs studied here does not obviously support any single model for 

thermal response. 

Since the small-scale structures, large-scale geometry and boundary 

conditions present in the organs vary and the dearth of heat transfer studies 

noted in the introduction for skeletal muscle applies equally to the geometries 

and conditions for other organs summarized in Table B.1, a general structural 

model can not be developed at this time. An examination of the vascular anatomy 

indicates that the heat transfer in each organ should be examined indh-idually 

by models and checked with in vivo studies to select the best thermal models for 

application to each organ in the body. It is inappropriate to develop a general 

structural model based on data for a single organ or an conglomeration of data 

deemed "typical" for a collection of organs. 

--------



Table B.l. Summary of Organ Geometries and Blood \"essc: .... :~:~: 

Skeletal Muscle Cardiac Muscle 

solid cylinder ellipsoidal shell 

Boundaries 

Inner: Symmetry High Convection 

Outer: Conduction or Convection Conduction 

Metabolism 

Large Vessels 

Arrangement 

Small Vessels 

Arrangement 

Estimated Perfusion 

low-high 

Countercurrent Pairs 

II cylinder axis 

Parallel to large scale 

3.8-77ml/min/100gm* 

+ Perry and Parker (1981) 

* Ganong (1973) 

med-high 

Countercurrent Pairs 

shell branching from hub 

Parallel to large scale 

extensive cross connection 

83-600ml/min/100gm * 

Kidn,.,· .. 

low 

Counte:-,·; ':·U.' 

in shell :·:-::::c 

Perpenc·.··.:,;lr 
large \',,~ .. 

420m: 
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:ries and Blood Vessel Arrangements 

Kidne". Liver Intestine 

ellipsoidal shell solid ellipsoid Coiled Cylindrical shell 

Low Convection Symmetry Low Com-ection 

Conduction Conduction Conduction 

low medi urn to very high low 

Countercurrent Pairs Cocurrent pairs Countercurrent Pairs 
in shell branching in tree branching and unpaired veins 

from entrance artery from entrance artery along outer boundary 

Perpenciicular to branching from network with extensi\-c 
n large \-essels large vessels loops into tissue folds 

into intestine lumen 

420ml/min/lOOgm* 120ml/min/lOOgm+ 25ml/min/lOOgm+ 
.. - - --..-..... 
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APPENDIX C. MEASUREMENT OF BLOOD FLOW IN LIVING TISSUE BY 

THERMAL AND NON-THERMAL TECHNIQUES 

In order to study heat transfer in living tissue, the amount of blood 

flowing within the vessels must be determined. Both the blood velocity in the 

vessel and the amount of blood passing through a tissue volume may be measured 

in order to estimate the amount of blood flowing within the vessels. In this 

appendix, terms used to describe the amount of blood flowing in vessels will be 

defined and ideal methods of measuring blood flow discussed. Some techniques 

used to measure the amount of blood flowing in the vessels are briefly described 

and the acc~racy of the measurement techniques are assessed. Special attention is 

given to thermal measurement techniques which have been based on assumptions 

concerning heat transfer in living tissue. 

The term "blood flow" is used in a general sense to denote all kinds of 

measurements of the amount of blood flowing in vessels. In a more specific sense, 

the term "blood flow" is used to denote measurements of the amount of blood 

flowing in the vessels themselves. Thus measurements of blood flow in the more 

specific sense are usually in terms of velocity or mass flux within a vessel or group 

of vessels. The term "perfusion" is used to indicate the volume of blood passing 

through a unit mass of tissue during a unit time. Perfusion is a small scale tissue 

quantity, intended to estimate blood flow in the basic functioning structures of a 

tissue. It is most commonly in units of milliliters per minute per 100 grams. 
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From the clinical point of view, desirable characteristics of blood flow 

measurement have been described by Jacobson (1981). Jacobson states that 

measurements of blood flow should be primarily quantifiable, accurate and re

producible, and that the quantifiability, accuracy and reproducibility should not 

be dependent upon the rate of flow being measured. Secondary, but highly desir

able, characteristics of blood flow measurements include the ability to measure 

blood flow under physiologically normal conditions and in a minimally invasiYe 

manner with few if any unverifiable assumptions. Other valuable criteria in

clude ease of application, low cost, a sound theoretical basis in both physics and 

physiology and lack of dependence upon or interference with other measurements 

taking place concurrently. From the point of view of this work, Jacobson's clinical 

criteria are good measures for application. 

In V1VO measurements of blood flow in the sense of velocities and 

mass flow rates are currently made using two very basic techniques. For small 

vessels, in vivo microscopy may be applied. To perform in vivo microscopy. 

a thin tissue is left attached to the body and placed over a light microscope 

stage. Photographs, motion pictures or video recordings may be made of the 

blood flow. The velocity and mass flow rate for the blood in the vessels may 

be deduced by measuring the progress of an indicator across the screen. The 

primary indicator used is the red blood cell. In vivo microscopy gives detailed 

information and is reproducible, quantifiable and accurate. However, it is highly 

invasive, can not currently be used in a physiologically normal state and can only 

be applied to relatively transparent tissue areas and blood vessels (Guth 1981). 
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Difficulties are encountered in determining mass flow rates from the red blood cell 

velocities because the red blood cells and plasma flow at different rates and the 

velocity profile of the blood as a suspension of non-rigid particles is highly non

Newtonian in character in as the small, transparent vessels (Schmid-Schoenbein 

1977, Gaehtgens 1977). 

For large, non-transparent vessels of outer diameter greater than about 

0.5 mm, which may be surgically exposed, flowmeters may be used to measure 

velocities and mass flow rates. In these large vessels to which flowmeters are 

applied, non-Newtonian effects on the velocity profile are minimal. Sensors ha\"(' 

been designed for which the impact of non-axisymmetric flow is minimized. Al

though the introduction of the sensor is highly invasive, sensor miniaturization 

has allowed implantation and later measurement under approximately normal 

physiological conditions both in the viscera (Charbon and Mark 1981, Ander

son 1981) and in the heart (Armstrong 1983). The remaining criteria for good 

blood flow measurements are well satisfied by flowmeter techniques. Continuo1ls 

measurements are easily obtained. 

For very large vessels a few millimeters in diameter or larg(>r, cath(>tf'rs 

may be easily inserted and flow velocity sensors may be introduced into the 

lumen to measure blood velocities directly. As with flowmeter techniques. the 

method fulfills many of Jacobson's criteria for good blood flow measurement. 

Measurements may be frequently repeated, but require rezeroing the sensor for 

each measurement. Although not requiring surgery, the method is invac;iw·. Care 

must be taken to keep the sensor sterile, calibrated, in the correct position v.;it h 
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respect to the vessel wall and direction of Bow and to keep the sensor from 

partially occluding the lumen and thus changing the nature of the Bow (Granger 

and Bulkley 1981). 

All of the above techniques are direct-measurement techniques with 

well-understood theoretical bases yielding data that may be directl~- to de\-isc 

structural models. None of the direct-measurement techniques yield quantities 

which may be incorporated in heat transfer field equations, such as Pennes' hio

heat transfer equation, without the introduction of assumptions concerning the 

distribution of the blood Bow over the organ or tissue. 

Perfusion measurement techniques are used to assess the blood flow 

distribution over the organ on a smaller scale. Perfusion measurements are mAne 

using indicator dilution, mechanical trapping, physiological clearance and indi

cator washout techniques. Thermal energy may be used as an indicator and 

thermal perfusion measurements have been made using both indicator dilution 

and indicator washout techniques (Bowman 1985). 

All of the indirect-measurement techniques are based on the princi

ples of substance conservation. In order to apply the substance conservatioll 

principles, five requirements should be fulfilled. First, the total amount an(1 

distribution of the substance measured must be known at the beginning of tlJ(' 

experiment. Second, the amount of substance introduced should not, in g('n('ral, 

physiologically impact the system by altering the blood flow. Third, the blood 

flow and overall volume of the system must remain constant. Fourth, all of th(' 

escape routes of the substance from the system must be quantified. Last, thr 
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substance can not change position after it has reached the measuring sit<', or 1)(' 

stored and released again O\'er the course of the experiment. For endl nlt'thnd, 

at least some of the above assumptions cannot be checked directly. A \'C'f)' brit·f 

qualitative description of several techniques currently in use is presentt·d bdow. 

In order to use indicator dilution techniques, a known mass of fluid 

containing the indicator is injected into the lumen of a blood v('ss('1. The nIllO\lllt 

of indicator in the blood is measured at a site downstream from th(' iuj(,<'tiou 

site. The perfusion principles devised by Fick (1870) and used by Pennes (10-iS) 

to develop the bioheat transfer equation (6.1) are used to dc-rivc thl' supportill,ll; 

equations for the analysis of indicator dilution blood perfusion mC'RSUf('nwnts 

(Perry and Parker 1981). 

Numerous indicators have been used, as th(' npplicntioll of indiclltor 

dilution techniques to blood flow was first made in the 1800's (Stewart IS0i). 

The indicators commonly used are dyes, thermal cnergy, physiolop;ically illl'rt. 

substances like para-aminohipparic acid (PAR) and radioactive lal)(,lpd blood 

cells and macromolecules. Comparisons between indicator dilution mC't.llOcls lilld 

flowmeter measurements can show good agreement when the tissue st.lIcii('d has 

uniformly distributed flow and steady conditions arc present. Tlw Tf']H'1.it.ioll fl'!' 

quency of the measurements is dictated by the character of the indicator wwd. 

Thermal dilution measurements may be repeated rapidly. R()w(~ver, tlw c's('alli' 

routes of thermal energy from the system are not always car;ily qllantifi(~d, siuC(' 

thermal energy is easily transferred between blood and tiSS1J(~ clnci bd.wc~('n "IH\

tiallv associated vessels not included in the blood flow path het.w~~n t.Ill" intrr/. 
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duction and measurement sites. 

Mechanical trapping of microspheres (5p. < d < 20p.) in the small 

vessels is most effective for capillary beds arranged in parallel such as the lin'r 

and least effective for capillary beds arranged in series, such as the kidney. A 

known number of radioactively labeled or visually distinguishable microspheres 

are introduced into the lumen of a relatively large blood vessel up stream of 

the measurement site. After introduction, the microspheres are counted. This 

almost always involves the death and dismemberment of the organism, limiting 

microsphere trapping measurements to experimental animals (Lifson 1981). The 

measurements are not repeatable, but do precisely indicate where the blood went, 

if the microspheres do not mm-e during the course of the experiment. Compar

isons of perfusion measured using simultaneous indicator dilution and indicator 

washout methods, including thermal dilution and washout methods, and mechan

ical trapping methods often give good agreement, but when the measurements 

of perfusion by the various methods do not agree, there is no method of deter

mining which value is more correct (Lifson 1981). In some organs, there is ample 

reason to doubt that any of the minimum requirements for good blood perfusion 

measurements are met due to the path way of the blood vessels and the natllf(' 

of the blood flow within them (Shepherrl et al. 1981). 

Physiological clearance techniques may be used to measure perfusion 

in an organ where a substance is completely or nearly completely removed from 

the blood and excreted in one pass of the blood through the organ. The gov

erning equations for this measurement technique are also developed from Fir.k's 
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perfusion principles. Examples of substances used for clearance measurement s 

are PAR in the kidney, carbon monoxide in the lungs and aminophyrine in the 

stomach. The substance is transfused into the blood and concentration in thc 

excreted fluid or exhaled air is monitored. If the cardiac output is known and the 

blood is well mixed with the substance to be excreted, the fraction of the cardiac 

output through the vascular bed remO\'ing the substance may be determined. The 

measurement is nondestructive and repeatable (Kauffman and Grossman 1981) 

and can be used to study the impact of various physiological stimuli on the per

fusion in the working structures of the target organ. However, a substance must 

be found which may targeted to an organ which will empty the substance into 

an accessible place and which will not be highly impacted by varying body COIl

ditions which can not be easily controlled. Comparisons of perfusion measurC'd 

by trapped microspheres, thermal washout and clearance methods give variable 

agreement (Cheung 1981, Perl and Hirsch 19(6). 

In indicator washout techniques, a known quantity of a highly dif

fusible substance such as thermal energy or inert gas is introduced into the tissue. 

The substance used is highly diffusible into the blood and carried away by tIl(' 

blood at a rate dependent on the perfusion. The decrease in concentration of tIlt' 

substance over time is described using the Fick's perfusion principle and yirl<ls 

an exponential decay curve (Lundgren 1981). If the diffusion of the substanc:e 

into the blood proceeds at different rates in different structures in the tissue or 

is not spatially uniform over the measured area, the decay curve will not be a 

single exponential curve. In the case of multiple exponential curves, a compart-
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mentalized model should be used with curve stripping and non-linear regression 

analysis (Bulkley et al. 1981). In both cases, a partition coefficient reflecting the 

composition of the tissue and an assumption governing the equilibrium between 

concentrations of the indicator in blood and tissue is required to analyze the data 

(Kety 1960). An example of thermal washout technique application is found in 

Betz et al. (1966). For thermal washout measurements of blood perfusion, the 

partition coefficient is assumed to be unity and various assumptions are made 

about the difference between blood and tissue temperatures. As illustrated in 

Table C.1, differences in thermal properties do exist behveen blood and tissue 

rendering partition coefficients and equilibrium coefficients which are not equal 

to unity possible. The impact of the difference between blood and tissue thermal 

properties on perfusion measurements needs to be assessed. The consequences of 

glossing over the difficulties discussed in this paragraph for any indicator washout 

technique have been discussed by Klocke and Wittenberg (1972) who state that 

" ... our suspicion is that agreement between actual flow and flow calculated from 

a single exponential is basically fortuitous". 

The major sources of error in the indicator washout method are rooted 

in non-uniformities in the spatial and temporal distribution and amount of blood 

flow, the rate of diffusion into the blood by the various tissue components and 

uncertainties as to the difference in concentration of the substance between the 

blood and tissue. If the knowledge of the partition coefficients for the system 

is imprecise, and the difference in substance concentration between blood and 

tissue can not be determined, perfusion is not uniquely determinable from the 
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Table C.l. Ranges of Thermal Property Data in Living Tissue 

Property Symbol Value 

Blood Tissue* H.,O(3iC) 

Thermal conductivity k 1.31x10-3 1.26x10-3 - 1.50x10-3 

cal/sec-C-cm 1.53x10-3 

Specific heat cp O.8i 0.83- 1.00 

cal/gm-C 0.93 

Density p l.0 1.00- l.00 
gm/cm3 1.06 

Thermal diffusivity 1.43x10-3 1.33x10-3- 1.50xlO-3 

cm2 /sec 1.62x10-3 

*Non-adipose, soft fluid-filled tissue, that is, excluding bone, fat and 

lung. Taken from Sekins and Emery (1982). 

data using indicator washout techniques (Lundgren 1981). 

Disparities in perfusion measurements found by thermal and other 

methods are often encountered. Each of the perfusion measurement techniques 

discussed in this appendix vary in reliability and accuracy from organ to organ. 

All of the techniques are based on at least one unverifiable assumption or are 

dependent upon information that is not easily available and thus not recorded. In 

light of these facts, the discrepancies between the perfusions measured by indirect 

methods is not surprising. In the case of thermal methods, the exceedingly leaky 

and unexplored system to be measured does not enhance the of the assumptions 

applied. Thus, the technique applied to measure blood perfusion in any particular 

organ must be selected with extreme care. 

As nearly as the author can judge from the reports in the literature, 

clearance methods are reliable and reasonably accurate when they can be used. 
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They must be applied very carefully and the extraction ratio should be mea

sured in the course of the experiment (Beeuwkes and Brenner 1978). Flow meter 

methods can also be very accurate in estimating perfusion in a tissue if all of 

the blood inputs to the tissue can be quantified and the structure of the organ 

is sufficiently uniform to allow a simple mass averaging technique to be used 

for perfusion estimation. Indicator dilution, indicator washout and microsphere 

trapping methods can be in very good agreement with each other or not very 

good agreement with each other, with no method of determining which method 

is yielding correct answers. None of the above bodes well for the indiscriminate 

application of thermal perfusion measurement techniques or indeed any indirect 

perfusion measurement technique to all organs of the body in order to acquire 

perfusion information accurate enough for use in thermal modeling. 

As illustrated in Appendix B, a variety of vascular arrangements oc

cur with potential for varying thermal impact upon tissue. It is the author's 

hypothesis that the vascular arrangement and geometry impacts the small and 

large scale tissue heat transfer and can not be ignored. Perfusion estimates made 

using thermal methods are of interest because all thermal blood perfusion mea

surements to date have based the interpretation of the data on the Pennes bioheat 

transfer equation and Fick's perfusion principles, which are not capable of includ

ing any variations in vascular arrangement but the most crude capillary densities. 

Thus the success or failure of the perfusion measurements may indicate something 

about the applicability Pick's perfusion principles to thermal energy as an indica

tor substance. In an effort to assess possible impacts of blood vessel geometry on 
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the applicability of Fick's perfusion principles to thermal energy as an indicator, 

a discussion of sample thermal blood perfusion measurements made using two 

or more blood perfusion measurement techniques in the organs described in Ap

pendix B follows. As few instances of the simultaneous measurement of perfusion 

with a thermal indicator method and a non-thermal method exist, the discussion 

is brief. In each case, a comparison of the perfusion measured by thermal and 

non-thermal techniques is presented. 

Perfusion measurements made in the kidney using a thermal probe 

(Perl and Hirsch 1966) indicate that the renal cortex is highly perfused and the 

medulla has low perfusion in agreement with other methods of estimating perfu

sion. Perl and Hirsch (1966) compared predicted thermal washout blood perfusion 

from a transiently heated probe with that found by PAH (para-aminohippurate) 

clearance in the kidney. As perfusion increased, the bioheat transfer equation 

underestimated the PAH perfusion by a factor of 2. After altering their equation 

representing thermal energy flow in tissue to include compact regions of high 

perfusion at the spacing of the afferent arterioles in the glomeruli, a higher and 

more accurate perfusion rate was predicted for the renal cortex region. Clearance 

methods using P AH are considered reliable measures of kidney blood perfusion in 

the renal cortex. Perl and Hirsch's measurements may be interpreted as tending 

to support the hypothesis that vascular arrangement on the small scale alters the 

model needed to accurately represent small-scale heat transfer in tissue. 

Arkin et al.(1986) have compared blood flow measured by thermal 

clearance techniques and blood flow measured by microspheres for the liver. The 



342 

perfusion measurement by injected microspheres into the hepatic artery mea

sures only the arterial perfusion which is constant and low. The thermal probe 

measurements measure higher rates which include flow from the portal vein. As 

indicated in Appendix B, the liver circulatory pattern is highly complex, and its 

organization in the middle vessels unstudied. The thermal properties of such a 

system require considerable further study, which requires input on anatomical 

organization and flow patterns for a complete resolution of the problems encoun

tered in making perfusion measurements using thermal probes. It is also true that 

neither of the indirect perfusion measurement methods used is deemed reliable. 

Arkin et al.'s liver perfusion data argues neither for nor against the hypothesis 

that vascular arrangement impacts small-scale heat transfer in tissue. 

Due to the regularly spaced arrangement of \"essels in parallel in skele

tal muscle, a probe path perpendicular to the vessel axes should give good per

fusion measurements by the thermal probe technique. The original experiments 

by Pennes (1948) measured temperature through the arm with a thermocouple. 

The perfusion value required to produce the measured temperature through the 

muscle in the human forearm is in the lower range of the normal perfusion values 

found by the plethysmographic method. Good general agreement between pre

dicted and measured temperatures was found for the tissue. Pennes explored the 

sensitivity of his formulation and found it possible to duplicate his temperature 

curves while varying perfusion and completeness of equilibrium over a range of 

a factor of two for each of these parameters. Sekins et al. (1982) find excellent 

agreement between the perfusion found by 133Xe wash out and the perfusion 
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found by thermal probe for human thighs. It should be noted that both Pennes 

(1948) and Sekins et al. (1982) chose the arterial blood temperature which de

termines the difference in indicator concentration between blood and tissue with 

great care. Sekins et al. used two arterial temperatures, and two different re

gional perfusions in order to duplicate thigh temperatures. Thus in the tissue 

where conditions most closely fulfill the as::;ulnptions used in indirect perfusion 

measurement techniques, the thermal washout technique can give good results. 

Xenon washout measurements of perfusion in muscle give values that can corre

late well with metered flow provided that little fat is present and multiexponential 

analysis is used (Sparks 1978). Again, neither of the perfusion measurements used 

is deemed highly reliable and the measurement argue neither for nor against the 

hypothesis that vascular arrangement impacts heat transfer in tissue on a small 

scale. 

Due to the highly parallel nature of the vessels, good results might 

be expected from thermal measurements of blood perfusion in myocardium. Her

nandez et al. (1979) predicted time varying temperature profiles in heart muscle 

during hard work (high contractility and myocardial ischemia) using thermal 

.... \'ashout techniques. Their results, reanalyzed by Eberhart, Shitzer and Her

nandez (1980), give temperature profiles in agreement with those measured, but 

at predicted perfusion rates substantially lower than the flowmeter and micro

sphere measurements taken simultaneously. The microsphere measurements are 

not deemed very reliable. However, the heart is perfused uniformly to a good ap

proximation and careful flowmeter measurements on isolated areas of the heart 
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muscle were made. An assumption of incomplete thermal equilibration between 

blood and cardiac muscle would give a higher perfusion estimate. Perhaps the 

close vessel spacings and high flow rates impact the approximation of complete 

equilibrium being achieved in the capillaries. The hypothesis that vascular ar

rangement impacts heat transfer in tissue on a small scale may be supported by 

the Hernandez et al. measurement of cardiac perfusion. 

For the two tissues where measurements of blood perfusion generally 

deemed reliable are available for comparison to measurements of blood perfusion 

using thermal techniques, the results of the comparison tend to support the hy

pothesis that vascular arrangement impacts the small-scale heat transfer in living 

tissue. Application of Fick's perfusion hypothesis to thermal energy as an indica

tor of perfusion is not supported by the most reliable evidence currently available 

to the author. Further experiments which include perfusion measurements of 

high reliability need to be performed in order to determine the best description 

of thermal behavior for use in modeling thermal energy flow on the small scale. 
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APPENDIX D. A PHOTOGRAMMETRIC METHOD FOR MEASURING 

BLOOD VESSEL ARRANGEMENTS 

The author discovered while devising the heat transfer studies de

scribed in Chapter 2 that very little measurement of the lengths, diameters and 

arrangements of vessels larger than 50J.l in diameter and smaller than 2 mm in 

diameter had been performed for the reasons cited in Chapter 1 and Appendix 

B. Methods currently in use for measurement of anatomical arrangements and 

dimensions invoh'e the examination of thin sections (thickness '" 500 J.l) taken 

from a tissue which has been injected with an opaque substance such as India 

ink and then clarified with glycerin. This tissue clarification technique, due to 

Spaetholz, has been in use since the late nineteenth century (Mall 1887). The 

sections are then measured under a microscope and the measurements reduced 

using a technique of stereomorphometry. The stereomorphometric methods used 

to extract information on blood vessel geometry and arrangement from the thin 

sections is quite accurate, but messy and time consuming. The techniques used in 

fixing the tissue result in tissue shrinkage and distortion of the tissue dimensions. 

The author examined some vinyl acrylic casts of rat liver and kidney 

vessels made by injection of the polymer into the large blood vessels entering 

the organs and masseration of the surrounding tissue. Photographs of two of 

these casts are presented in Figures B.I and B.2. The casts are between 1 and 

5 cm. across and stiff enough to retain the spatial relationships of the vessels. 
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The smallest vessels filled by the polymer are approximately the diameter of a 

fine human hair, that is a few tens of microns. The size and arrangement of the 

vessels present in the casts encouraged the author to investigate photogrammetric 

measurement techniques for studying the casts which did not require sectioning 

the organ or working from fragments of the organ studied. 

Photogrammetry is based upon the fact that the coordinates of any 

point in the object space may be computed in three dimensions from the position 

of the point in the image space on two or more photographs, if the orientation 

of the camera with respect to the object and the internal optics of the camera 

are well known. The basic geometrical and mathematical details of the process 

are described by Moffitt and Mikhail (1980). The traditional photogrammetric 

camera, the metric camera, is a fixed focus, flat field camera which makes ref

erence marks on the film for ease of data reduction. Metric cameras are large, 

very expensive and seldom used for close-range work, due to their limited focal 

adjustments. 

Close-range photogrammetric techniques are derived from photogram

metric methods used in aerial mapping (Karara 1985). The techniques of close

range photogrammetry have been used in a number of medical applications 

(Karara 1985), including measurement of faces for plastic surgery (Gross and 

Savara 1985) and casts of heart chambers for use in the design of artificial valves 

(Karara 1974). Close-range photogrammetric measurements employ precise mea

surements of a number of photographs of the same object made from different 

points of view. 
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Close-range photogrammetry is done using a good commercially

available camera in one of two ways. In the first method, the camera is mounted 

in a carefully controlled geometry and very carefully calibrated with photographs 

of well known objects. The object under study is then photographed in the focal 

plane without any readjustment of the camera as described by Brown (1971). 

In the second approach, a three dimensional object of well-quantified size and 

shape used as a control space is photographed with the object to be studied. The 

photographs are then measured, usually on a planimeter or digitizing tablet, and 

the measurements reduced by a matrix transformation technique such as those 

developed by Abdel-Aziz and Karara (1971) and Faig (1975). 

The poorly-known interior optical configuration of the camera used 

for to make the photographs does not prevent the ·use of photogrammetry if a 

computer is available to solve a rather large system of linear equations. The size 

of the system is determined by the number of known points in the object space 

which are measured on the photographs and the number of photographs taken. A 

minimum of 11 points in each of two photographs is required. Double the number 

of points gives more satisfactory accuracy in the coefficients of the transformation 

matrix. To a first approximation, the matrix of transformation is linear and the 

coefficients of the matrix may be obtained by solving a system of linear equations 

using the coordinates of the points in the object space which are fixed and known 

and the coordinates of the same points in the image space measured from the film 

or prints of the film. After a first estimate of the transformation coefficients is 

acquired, correction may be made for image distortion. Seldom is any correction 
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beyond second order required, and second order terms are usually very small. 

After the transformation coefficients are determined from photographs of the 

object used as a control space, coordinates of the unknown object in the same 

photographs are operated upon by the transformation matrix and the positions of 

points on the unknown object relative to points in the control space are recovered. 

The author chose to use Karara's Direct Linear Transform algorithm. 

The Direct Linear Transform technique gives accuracy from about 151l in the 

image plane for a Kodak Instamatic Camera to about 51l in the image plane for 

a good single lens reflex camera or metric camera. The use of metric cameras or 

the performance of extensive separate calibrations is not required to achieve the 

accuracy stated here. Accuracy in the object space is dependent on the image 

size, and thus the distance of the object from the camera. The micro vessel 

(smallest vessel) image size is on the order of IOOIl. Using the estimate of a 5J1 

error in the image plane, the error in image space is about 5% of the size of the 

smallest object recorded. For the photographs presented in Figures B.1-2, an 

initial object space error estimate of 201l is made from equations 15-18 of Karara 

and Abdel-Aziz (1974). 

The reduction program is one developed by Karara at the University 

of Illinois at Champagne for use on a small IBM computer. The program has 

been updated to Fortran 77 and revised to better use the Cyber series computers 

and the digitizing tablet available at the University of Arizona Health Sciences 

Center. It is currently able to reduce 4 simultaneous photographs. It requires 14 

input control points common to all of the photographs under to study to develop 
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the coefficients for the Direct Linear Transform algorithm. 

A preliminary set of photographs was made to gauge the practical 

implementation of the technique. Photographs were made of the vascular casts 

and of a bent wire model of known dimension. The Stage 1 control space set 

up was made as follows. The object to be measured was held in place using 

forceps clamped on a micromanipulator with a heavy base used for microscopic 

work. A sheet of glass was placed on top of a sheet of graph paper under the 

micromanipulator. The micromanipulator, glass, paper and blocks were arranged 

on a tray and the tray was placed on a small photographic stage designed for 

copying documents. A preliminary study was performed by photographing the 

object mounted on the micromanipulator and three precisely made metal blocks 

placed on the glass sheet in the same frame. In order to get photographs from t\\·o 

different viewpoints, the tray containing the cast, blocks and graph paper was 

slipped from one side of the photographic stage to the other without disturbing 

the objects on the tray. 

Results of measurements of the sample photographs indicated that 

the casts could be photographed clearly and the photographs could be enlarged 

for measurement on a digitizer. For large cylinders or vessel joints wider than a 

line on the graph paper, a small dot of white paint is helpful in order to measure 

the same point on the object in each photograph or measurement repetition. 

Results using the Stage 1 setup measuring the wire model of known dimensions 

indicated that the technique under the crude conditions described above measured 

the segments of the wire model to better than 0.3 centimeters on average, or 
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better than ten percent. Table D.l presents a summary of the Stage 1 results. 

Errors were much greater for segments of the model closely aligned to the camera 

optical axis, as indicated by the measurements marked "Parallel" in the Optical 

axis column in Table D.l. The large errors for segments nearly parallel with the 

optical axis demonstrated that a larger and more rigid control space (comparison 

object) was needed to improve accuracy for all object segments. 

A second set of measurements was made using a Stage 2 control space. 

For the second set of measurements, a stage was built in the shape of the corner 

of a box and mounted on a platform which could between positions on a track. 

Graph paper was fixed to each plane of the box corner and the angles between 

each of the planes carefully measured. The stage was placed on the document 

copying stage. A set of five photographs was made for reduction which contained 

no object but only the control space of the stage. Photographs have been made 

of the wire model and kidney and liver casts. The current author estimates from 

preliminary results using the Stage 2 set that better than one percent accuracy 

on the wire model has been attained. Due to time constraints, no further work 

has been done with this promising technique. 



351 

Table D.1. Photogrammetric Measurements of a Wire Model Pho
tographed on Stage 1. 

All lengths reported in centimeters. 

Wire Measured Measured Orientation 
Segment Length, Length, of Segment to 
Number Micrometer Photogrammetrv Optical axis 

1-2 1.35 1.02 
2-3 2.14 2.32 
3-4 1.98 
4-5 2.32 2.32 
5-6 1.33 0.86 Parallel 
6-7 1.42 1.38 
7-8 2.30 2.39 
8-9 2.18 1.28 Parallel 
9-10 3.32 4.06 
10-11 3.50 3.29 
11-12 1.66 1.28 
12-13 1.68 

13-14 2.58 5.82 Parallel 
14-15 2.29 4.72 Parallel 
15-16 2.27 1.94 
16-17 1.84 1.91 



APPENDIX E. A BRIEF DESCRIPTION OF THE 

ALTERNATING DIRECTION IMPLICIT METHOD 

Computations for this dissertation were made using the three dimen-

sional Alternating Direction Implicit method of Douglas (1962). This method 

has been applied to operators other than t.he Laplacian by Aziz and Hellums 

(1967) in their three dimensional studies of laminar natural convection. The ADI 

method is stable for large time steps and, for large numbers of nodes, converges 

more rapidly than successive over rela.'Cation and a number of other commonly 

used methods (Birkhoff et al. 1962). A recent im·estigation by Thibault (1985) 

has compared ADI methods to explicit and implicit methods and found the ADI 

method used in this work to be the preferred method for very large systems of 

equations when compared to other explicit and implicit methods. Thibault based 

his comparison upon relative accuracy, ease of programming, computation time 

and core storage requirements. The large amounts of memory and time required 

for the use of an implicit solver in cases of approximately one million nodes may 

make run scheduling and turn around more problematical than using less mem-

ory for a shorter time period. With the development of even larger and faster 

machines than those currently available, direct or explicit methods may become 

a plausible alternative for future applications. 

The symbols used in the following discussion are defined in Table E.l. 



Symbol 

a 

A 

b 

B 

c 

C 

d 

D 

e 

f 

FDE 

i,j, k 

PDE 

Table E.1. Symbols Used in Appendix E 

Description 

coefficient in general linear second order 

partial differential equation (PDE) 

coefficient in general linear second order 

finite difference equation (FDE) 

coefficient in general linear second order PDE 

coefficient in general linear second order FDE 

coefficient in general linear second order PDE 

coefficient in general linear second order FDE 

coefficient in general linear second order PDE 

coefficient in general linear second order FDE 

coefficient in general linear second order PDE 

coefficient in general linear second order PDE 

finite difference equation 

node indices of x, y and z directions respectively 

partial differential equation 

Greek and Mathematical 

function used in ADI method including terms 

that do not depend on the derivatives 

second order linear operator, = Az + Ay + A:; 

coefficient in FDE for terms dependent on T(i,j,k) 

acceleration parameter for the ADI method 

Subscripts and Superscripts 

i, j, k node point indices 

n, n ± 1, n ± 1/2 time step number 

353 



354 

The equation to be solved is 

aT 
A T = -atTt + c.p(x, y, z, t, T) 

where A is a second order linear operator of the form 

and c.p is a function of the variaHes but not the deri\a.tives. Each dimension 

within the operator is then "split" in a manner very similar to the Crank-Nkolson 

equation, as 

in the x direction. Here, nand n+l indicate the time steps and the * indicate's tll(' 

fractional time step taken by the x operator. Splitting the y and:: dire'ctions in 

turn, and simplifying and rearranging the resulting equations yields tlw SNl'H'n('(' 

of equations for a complete time step as 

(Ax - ~t )T:+l = -(Ax + 2Ay + 2A; + ~t )Tn + 2c.p(x, y, z, t, T) (E.l(J) 

(E.JlJ) 

( E.1r) 

Putting the operators into finite difference form gives for eq1lation 

(E.la) 
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(£.2) 

with equations (E.1b) and E.1c) realized similarly. The formulation in <'quation 

E.2 limits the use of the ADI method to finite difference approximations which 

can be used with three or fewer nodes in a particular direction. It should 1)(' 

possible to extend the ADI method for use with finite differeIlce approximations 

requiring more than three nodes in each direction. A block five diagonal solY<'r has 

been developed by Bauer and Reiss (1 9i2) and could be tested in the' algori t hm 

with minimal inconvenience. Use of a five diagonal SOh'Cf would allo\\' us(' of mon' 

sophisticated upwind differencing schemes for advection terms. 

For the thermal energy equation with convection and conductioIl 

terms, the time step is incorporated into equation E.2 by use of an Rccclf'ra-

tion factor, e. The acceleration factor can be fixed, or cycled through a serif'S of 

values as discussed by Douglas (1962). The optimal choice of (! is a resrarch topiC' 

in itself (Roache 1981, Peaceman and Rachford 1955). The thermal diffllsivity. 

0:', is incorporated into the acceleration factor with the time st('P as 

which is dimensionless. In this way, physical quantities are rclat(,d to tJlf' aC'("(·I-

eration factor used with the thermal energy equation. 
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When fixed temperature points are included explicitly among the' 

nodes to be solved, equations E.l become 

B x T* C' . k) 2~x2T* ( .. k) 
ijk n+1 2,), • - ~ n+1 2,), • 

(E.3a) 

B y T* (. . k) - 2~y2 T* C' . k) - BY rrt (. . k) - T (. . k) 
ijle n+1 2,), ~t n+1 2,), - ijle.J. n 2,), e n 2,), (E.311) 

(E.3r) 

where 

B x BY B: 
ijk = Ijle = ijle 

For certain values of e and Bfjle' the ADI algorithm diverges. Typical behavior is 

illustrated in Table E.2. In equations (E.3), if e and Btjle are comparabl(! in V<1hw, 

the coefficients inserted into the tridiagonal algorithm are small and tlw syst(!frI 

of equations solved is ill conditioned. The values of (! and Bt)k do not aff(!r:t. t}w 

solutio!l Tn+1(x,y,z,t). If the difference between (! and B:}1e for eVl'!ry n()rll~ is 

large enough to yield a wcll-conditioned system of equations, the correct SOlllt.i(Jfj 

is consistently obtained. One must choose the values of (! and Bt}1c ar.t:ordingly. 

In this work .. BX Ie was chosen to be unity and 0 wac; selected betwr~(!n 0.4 ~fj(1 O.~ 
I) • -

by experimentation. 
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Table E.2 Convergence Behavior of the ADI Solver 

(/2 - B~.,,) IJl /2 Bfj/t Convergence 

+1 1 1 Converges 4 2 4 

+0.2 1 0.3 Diverges 2 

+1 1 1 Diverges 6 2 3 

+0.15 1 0.35 Diverges 2 

-0.2 0.1 0.3 Barely Converges 

1 1 1 Converges -2 2" 

5 1 i Converges -"6 2 3 
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APPENDIX F. PROGRAMS NOVJET AND SETUP 

The three dimensional ADI solver, NOVJET, and its partially

automated input writing routine, SETUP, were written by the author to make the 

computations described in this dissertation. Programs NOVJET and SETUP are 

currently written in FORTRAN 77 and are portable to most computers. Compu

tations for this dissertation were done on the Cyber 205 at the John von Neumann 

Center in Princeton, New Jersey. The code is vector compatible. 

Initial input files are generated by a separate program SETUP. NOV

JET determines the number of iterations performed and gracefully terminates 

the solver, calling a routine to write output files. The output files can be used 

as input files to continue the iteration at the point where calculations previously 

were stopped. Inputs, outputs and memory requirements are described below. 

Each subroutine in NOVJET and SETUP is described following the descriptions 

of input, output and memory requirements. Symbols encountered in Appendix F 

which are not encountered in the remainder of the work or are defined differently 

are listed in Table F .1. 

Program NOVJET 

Memory requirements for program NOVJET may be estimated from 

the following equation 

Memory'" 2N!ar + 20N!ar + 50000. (F.l ) 



Symbol 

a 

A 

b 

B 

c 

C 

d 

D 

FDE 

RHS 

A 

Table F.1 Symbols Used in Appendix F 

Description 

coefficient in tridiagonal algorithm 

coefficient in general linear second order 

finite difference equation (FDE) 

coeffi~ient in tridiagonal algorithm 

coefficient in general linear second order FDE 

coeficient in tridiagonal algorithm 

coefficient in general linear second order FDE 

coefficient in tridiagonal algorithm 

coefficient in general linear second order FDE 

finite difference equation 

right hand side 

Greek and Mathematical 

coefficient in tridiagonal algorithm 

coefficient in tridiagonal algorithm 

coefficient in tridiagonal algorithm 

coefficient in finite difference equations for 

terms dependent on T(ij,k) 

second order linear operator, = Ax + Ay + Az 
Au indicates anyone of the directional parts of A. 

acceleration parameter for the ADI method 

Subscripts. Superscripts 

i,j, k node point indices 

n, n ± 1, n ± 1/2 time step number 
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N maz is the maximum number of nodes in any direction, currently set at 81. Cur

rent conditions at the von Neumann Center allow moderate turn around (clock 

time) of less than 24 hours and sometimes less than one hour for a full 81x81x81 

system allowed to run for 200 iterations. Dependent on the exact boundary and 

internal conditions, 200 iterations for a system of this size often yields a conver

gence measure of less than 10-4 in less than 5000 cpu seconds. Run time and large 

page faults are minimized if the common blocks ISOL UT 1 ,/NETV\7KI ,/LBCPT I, 

and IPULLET 1 are grouped on large pages of 65,536 (=216 ) words per page. 

Control sequences for memory allocation vary with each operating system and 

are best determined by consultation with local experts on the particular system 

used. The practical node limit for expeditious calculations on the Cyber 175 is 

on the order of 25 nodes in each direction in three dimensions. The practical 

node limit for expeditious calculations on the Cyber 205 is between 80 and 100 

nodes in each direction for three dimensions. 

Contents of the input and output files used are summarized here. Files 

5,7 and 8 are input files and all remaining files are output files. All are ASCII 

(human readable) files. File 5 is a basic input file with contents as listed in Table 

F .2. Information marked with an asterisk is read in but not used for computation 

on the Cyber 205. File 7 contains all information used in the solution except the 

initial temperatures. V\7ith only an update to the number of iterations performed, 

it is copied into output file 11. File 8 contains the initial temperatures. Files 7 

and 8 are generated initially by program SETUP. File 11 contains all necessary 

input information except temperatures, (! values and iteration limits. The final 



Table F.2 Program NOVJET File 5 Organization 

Record 1. Title of run, 80 characters. 

Record 2.· File names of input files 7 and 8 and output files 11 and 15. 

Record 3.· File access types for files in Record 2. 

Record 4.· File status types for files in Record 2. 

Record 5. IPNO(8),IPRFL(8) 
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IPNO(l) number of iterations before check of fluid temperature convergence 

IPNO(2) number of checks of fluid temperature convergence 

IPNO(3) number of direction to be used for the title of the output file. 

"x"=l, "y"=2, "z"=3. 

IPNO( 4) number of e values to be used in a cycle of iterations (up to 12) 

IPNO(5-8) currently unused 

IPRFL print flags as described in the code comments 

Record 6 and 7. RHOTER(16) 

RHOTER(l) convergence tolerance on the iterations 

RHOTER(2) convergence tolerance for fluid temperatures 

RHOTER(3) spacing tolerance for file matching 

RHOTER( 4) time limit in seconds-used for graceful termination 

RHOTER(5-(4+IPNO(4»)) values of e 



362 

resultant temperatures are written into output file 15. Files 11 and 15 can be 

used as input to resume iteration. Files 6, 21, 22, 23 and 24 are record keeping 

output files which are not intended for resubmission. File 6 contains general 

records such as file headers and iteration information. Files 21, 22, 23 and 24 

are generated only when debugging print flags are set. These debugging files can 

take up thousands of disk blocks! 

Subroutine Descriptions 

SUBROUTINE BADDER(f),RHS,AuTn, Tn, Nu) performs the operations for the 

right hand sides of equations (E. 1 b) and (E.1c) as 

BADDER is called by TSITER and calls no other subroutines. 

FUNCTION CRMS(Tn,Tn+1,Nz) forms the sum of the squares of the point-by

point differences between the previous and current iterations for the 

points input. The sums are accumulated elsewhere for use in deter

mining the root-mean-square change between iterations for conver

gence measures. CRMS is called by TSITER and HTRANS and calls 

no routines. 

SUBROUTINE DELOP(Tn,RHS,Nu) computes the value of the Au operator in the 

direction requested, as 

RHS(i) = A(i) * T(i - 1) + B(i) * T(i) + C(i) * T(i + 1). 

DELOP is called by TSITER and INRSET and calls no routines. 
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SUBROUTINE DFUNCT(D,Nx,Ny,Nz ) DFUNCT puts a source into the solver 

from a user-supplied function, D = f ( x, y, z). 

SUBROUTINE DSIDE(e,Tn,RHS,Nx ) computes the RHS of equation (E.la) as 

RHS(i) = -2(4)(i) * Tn(i) + D(i» + RHS(i) + eTn(i) 

DSIDE is called by TSITER and calls no other routines. 

SUBROUTINE FADDER(j,RHS,AuTn,Nu) adds the y and z direction operators 

to the RHS of equation (E.la). TSITER sets f = -2. FADDER is 

called by TSITER and IKRSET and calls no routines. 

SUBROUTINE FLIP(Ne,flag) rotates the cube of temperatures and the cube of 

RHS's stored in common block jSOLUT jin forward (clockwise) sub

script rotation (flag<O) or backward (counterclockwise) subscript ro

tation (flag>O). FLIP is called by TSIT.t:rl. and HTRANS and calis 

no other routines. Ne = max(Nx, Ny,N:J 

SUBROUTINE F,\VRIT is called by the main program. It opens all files and reads 

their contents into the appropriate storage arrays. It also expands the 

fixed temperature and varying matrix coefficients into flags used by 

LINE'CP in the course of execution to set up the AU's, BU's and CU's 

for use in the equation solver. 

SUBROUTINE INRSET(e,print flag, output unit number) sets up the initial values 

of AzTn to start the ADI algorithm in TSITER. This routine calls 

DELOP, LINEUP and FADDER. 

SUBROeTIXE INSET puts the number of nodes in each direction into the ?\CT 
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array. It also checks for mismatches in number of nodes and node 

spacing between the input files. 

SUBROUTINE LINEUP(Nfile, Nplane , Nline, NptlJ/line, NlinelJ/plane, NplanelJ, print 

flag) inserts the AU, BU, cu, D and q> coefficients into the solver. Nfile 

indicates the direction of the current file, with the remaining param

eters as in Table F .2. i, j, and k are the x, y and z node numbers 

for the line currently being set up. The logic extracts from the arrays 

NUMPT and NUMFIX the number of varying AU's, BU's and CU's 

and fixed temperatures within the line being set up. For example, if 

NUMPT(5,6,2) = 6 then in file orientation 2 (y subscript first) line 

5, plane 6 has 6 ABCu's that vary from the default values input in AB

CLN. If NU.MPT( ) < 0, then the entires line is set to the ABCPU 

values indicated by INUMPT( )1. NUMFIX indicates fixed temper

ature values in the same manner. See the discussion in Appendix E 

about using the solver for a discussion of the use of fixed temperatures. 

If the entire line is not set to a single set of values, then the default 

ABCu 's from ABCLN for the appropriate direction are preset. If sin

gle points need to vary from the preset values, their point numbers are 

extracted from array NODNUM(l,i) or NUMTMP(l,i) and the loca

tion of the varying values from NODNUM(2,i) or NuMTMP(2,i). The 

varying values are stored in ABCPU(1-3,NODNUM(2,i)) and TEM

PER(Nu~\'ITMP(2,i)). DFUNCT is called for the x direction only to 

fill the D array. 
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SUBROUTINE L\\TRIT writes the final output files and prints out checking in-

formation. The flags for LINEUP computed from the input files are 

returned to their original state. 

SUBROUTINE SWAP(X,Y,Nu ) writes array Y over array X. No routines are called 

from s\\rAP. S\VAP is called by TSITER. 

SUBROUTINE TRIDIG The tridiagonal algorithm of Carnahan et al. (1969) is 

used to solve each fractional time step. The solution is overwritten 

on the GAMMA array and returned to TSITER. The tridiagonal al-

gorithm is written as 

RHS1 
11 = 

{il 

RHSi - Ai/i. 
Ii = Pi ,Z = 2,3, ... N 

The algorithm is recursive and not inherently vectorizable for a single 

line of nodes. However, multiple lines of nodes can be computed 

simultaneously and the code for simultaneous computation vectorized 

as described by Petersen (1983). Petersen's algorithm is compatible 

with both CRAY and Cyber supercomputer architectures. 
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SUBROUTINE TSITER(e,RMS,3 print fiags,2 logical unit numbers) Subroutine 

TSITER performs one complete time step in the ADI algorithm. The 

step starts with AzTn already computed and stored in XX in the z 

file orientation. The steps are as follows. 

1. Rotate XX and RHS to y orientation. Call LINEUP and DELOP for 

AyTn then add AyTn to RHS. 

2. Rotate XX and RHS to x orientation. Call LINEUP and DELOP for 

AxTn and DFUNCT for D and PHI terms. Accumulate AxTn and D 

and PHI terms to RHS. Add {l terms for the split time step. Solve 

the x direction equations (F.la) for T,;'+l' Store in RHS. 

3. Rotate XX and RHS to the y orientation. Add e terms for the next split 

time step. Soh'e the y direction equations (F.lb) for T,;'+l' Store in 

RHS. 

4. Rotate XX and RHS to the z orientation. Add (l terms for the final split 

time step. Solve the z direction equations (F.lc) for Tn+1• Compute 

the R~!S change from the previous iteration stored in XX. \Vrite Tn+1 

into XX and compute AzTn for the next iteration and store in RHS. 

This procedure is called from the main program once for each time 

step and is repeated until the main program stops it. 

SUBROUTINE TWEAK(e,B, BP,Npt .. ) This subroutine adds the (l term coefficient 

to the left hand side of the equations. It is called by TSITER and 

calls no other subroutines. 

SUBROUTINE HTRANS(RMS,print fiag,unit number) Currently, this subroutine 
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computes the RMS temperature change in the fluid only. 

Program SETUP 

Setup routines for input can be written in many ways for NOVJET. 

The current routine, SETUP, is described below. Program SETUP generates the 

input files for program NOVJET. The inputs are designed to be as user-friendly 

as possible. However great attention to detail is required, as minor inconsistencies 

and crude formulations will cause the solver to diverge or give incorrect results. 

The inputs are difficult to debug, and faulty input is the source of almost all errors 

made in using this code. Memory requirements can be estimated using equation 

(F.1). Time requirements are on the order of 400 seconds or less, depending 

heavily on the uumber of vessels and joints in the problems to be solved. A 

substantial fraction of this time for cases with large numbers of node points is 

taken up in file transmission. 

The input to SETUP is in file 5 and is organized as in Table F .3. 

The first four records contain general information. Then, for each direction, the 

default A, B, C and D coefficients are input. Currently, D is input in this manner 

only for certain boundary applications. For example, for the record KS, NEE, A, 

B, C, D input is read as 2, 10, -l.0, 2.0, -l.0, 0.0. This causes equation for nodes 

2 through node 10, to have A, B, C and D set as -1.0, 2.0, -l.0 and 0.0. Separate 

each direction with a blank record and input in order the parameters for the x 

direction, then the y, then the z. Insert a blank record after the z direction input. 

Directions for fixed temperatures on each face are input next. For 
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Table F.3 Program SETUP File 5 Organization 

Record 1. Print flags for debugging input IPFL(2-9) 

Record 2. TS starting temperature for the tissue 

TMAX estimated maximum temperature 

TMIN estimatf'!d minimum temperature 

DELX x node spacing 

DELY y node spacing 

DELZ z node spacing 

QMAX maximum source in 'Wattsfcm2 

DELT not currently used. 

Record 4. Number of x nodes, y nodes and z nodes. 

Group 2 records. x, y and z direction default A's, B's, C's and D's. 

Group 3 records. Boundary plane conditions. Six records, fixed. 

Group 4 records. Fixed temperature nodes. 

Group 5 records. Joint numbers and positions. 

Group 6 records. Pipe specifications. 
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example, for the record NSX, NSY, NSZ, NEX, NEY, NEQ, NTMPP AND 

TEMP with input read as 1, 1, 1, 10, 10, 1, 2, 36.0, the face coordinates are 

NSX $ nx $ NEX, NSY $ ny $ NEY and NSZ $ nz:5 NEZ and NTMPP 

is the number of TEMP in and array of fixed temperatures. If NTMPP is zero, 

then the default coefficients for the direction normal to the face are presumed to 

apply. A record must be input for all six boundary faces. 

Single node conditions are then input as NX, NY, NZ, NT, TEMP 

where NX, NY, NZ is the node for the fixed temperature and NT is the number of 

TEMP in the fixed temperature array. Again, if NT is zero, the default condition 

is assumed. Follow the list of fixed temperature nodes with a blank record. 

The joint positions are then input as joint number, x-node number, 

y-node number and z-node number. Joints are used for any pipe of diameter less 

than 2.6. x . Insert a blank record at the end of the joint list. 

The pipes are now input. The basic form of the input is NSX, NSY, 

NSZ, NTS, NEX, NEY, NEZ, NJTF, P(1-4) for each pipe, one pipe per record. 

The inputs are deciphered as follows. If NTS>O, then the pipe is started at joint 

number NTS. (The beginning coordinates are not used.) If NTS $ 0, then the 

dpipe is started at node NSX, NSY, NSZ. If NTS < 0, then the temperature 

number INTSI is used as the input fluid temperature for the pipe. 

If NJTF>O, then the pipe ends at joint NJTF. 

If NJTF :5 0, then the pipe ends at node NEX, NEY, NEZ. 

If NJTF<O, then the diameter of the pipe is INJTFI nodes. 

This diameter includes only nodes where the velocity is not zero, that 
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is no wall nodes. P(1-4) is a velocity profile starting at the central node or nodes 

for NJTF<O. Otherwise, 

P(l) = Nu 

P(2) = ufo: 

P(3) = tube diameter 

P( 4) = outer wall diameter 

If the tube diameter is greater than box, then P(l) is the central velocity. Allowed 

diameter values are D ~ box and D = 2box for KJTF ~ 0, and D = (n + l)box 

where n = 2,3,4,5,6, 7andS for NJTF < o. The pipe input is ended by a blank 

record. 

Subroutine Descriptions 

XSET, YSET and ZSET insert the fluid temperatures into the initial temperature 

array and the A, B, C coefficient array. 

JOINER, YJOI~ and ZJOIN determine the A, B and C coefficients at the joints 

and insert these coefficients into the A, B, C coefficient array. 

XTRACT, YTRACT and ZTRACT condense the coefficient arrays into a series of 

flags for compact storage. 

SPACED puts the non-default A, B, C coefficients into holding arrays. The A, B, 

and C coefficients are determined as discussed in Chapter 2. 

JFILL determines which pipes are coming into a joint and from which direction. 

ORDER determines how many infall and outfall pipes are present for use by JFILL. 
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APPENDIX G. 

BASIC TESTS OF THE THREE-DIMENSIONAL ADI SOLVER 

Test cases for evaluation of the three-dimensional ADI solver shall 

be limited to steady state conduction problems and simple steady state pr0blems 

where both conduction and convection are present. Analytical solutions are avail-

able for comparison for many problems of this kind. Temperatures found using 

the three-dimensional ADI solver described in Appendices E and F are compared 

to temperatures found by analytical methods for test problems of conduction and 

combined conduction and forced convection. Each problem is precisely described. 

The analytical solution is presented and compared to the numerical solution. 

For pure conduction, the numerical solutions were found for a paral-

lelepiped with a pair of opposite faces held at fixed temperatures and the remain-

ing faces having a zero-flux boundary condition. Although computations were 

carried out in three dimensions, the problems studied are one-dimensional. The 

conduction problem on a parallelepiped is stated as 

2 • 
ks"V 0 + Q = ° 
e(o,y,z) = 1 

e(x,y,z) = ° 
8e 80 80 8e 
8y (x,O,z) = 8y (x,Y,z) = 8z (x,y,O) = 8:: (x,y,Z) = 0 



o $ x $ X, 0 $ y $ Y, 0 $ z $ Z (G.l) 

The analytical solution of equation (G.l) is 

0(x) - e(X) x QX2 x X 2 

0(0) - e(X) = 1 - X + 2k(0(0) - e(X)) [X - (X) ]. (G.2) 

For use in the ADI solver in Appendix E, conduction flux in a node is realized as 

-ky_(0(i,j, k) - e(i,j - 1, k)) tl.~~Z + ky+(0(i,j + 1, k) - 0(i,j, k)) tl.~~z 

-k:_(0(i,j,k) - e(i,j,k _1))tl.~~X + kr+(0(i,j,k + 1) _ 0(i,j,k))tl.~~x 

= -Qtl.xtl.ytl.z, (G.3a) 

where k_ and k+ are conductivities upstrp.am and downstream of the node (i,j,k). 

For a simple case with all k's equal and equally spaced nodes, 

+0(i -1,j, k) -20(i,j, k)+0(i + l,j, k)+0(i,j -1, k) -20(i,j, k)+ e(i,j + 1, k) 

+e(i,j, k - 1) - 20(i,j, k) + 0(i,j, k + 1) = _ Q(~x)2. (G.3b) 

The problem stated in equation (G.l) was repeated for temperatures 

fixed on the y = 0 and y = Y faces and then the z = 0 and z = Z faces. 

There were eleven nodes between opposite faces, inclusive of the end points. In 

each case, numerical solutions were found for Q = 0 and Q =I- O. For each of the 
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combinations of fixed temperatures listed in the previous sentence, the ADI solver 

produced normalized temperatures in agreement with the analytical solution in 

equation (G.2) to the eight decimal places examined. 

For simultaneous convection and conduction, the advection-diffusion 

equation is used to compute temperatures in the material. A simple problem 

using the advection-diffusion equation is stated as 

0(0, y, z) = 0 

0(X,y,z) = 1 

ae ae ae 88 
ay (x,O,z) = ay (x,Y,z) = oz (x,y,O) = az (x,y,Z) = 0 

o $ x $ X, 0 $ y $ Y, 0 $ z $ Z (GA) 

Computations were carried out in three dimensions, although the problem is 

one-dimensional. The analytical solution is 

e(x) - e(x) _ 1 - e-xu / o 

0(X) - 0(0) - 1 - e- Xujo ' 
(G.5) 

\Vith velocity in the z direction only and k uniform in all directions, equation 

( G A) is realized as 

-k(0(i,j,k) - 0(i _1,j,k»~~~z + k(e(i + l,j,k) - 0(i,j,k»~~~z 

-k(0(i,j,k) - 0(i,j _1,k»~~~z + k(e(i,j + l,k) - 0(i,j,k»~~~Z 
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-k(0(i,j, k) - e(i,j, k -1)) ~~~x + k(0(i,j, k + 1) - 0(i,j, k))~~~x 

-pcpu(0(i,j, k + 1) - 0(i,j, k))~y~x = 0 (G.6a) 

For a simple case with all spacings equal 

e(i,j -1, k) - 20(i,j, k) + 0(i,j + 1, k) + 0(i -1,j, k) - 20(i,j, k) +0(i + l,j, ".) 

+(1 + Pec)e(i,j, k + 1) - (1 + Pec)0(i,j, k) + 0(i,j, k - 1) = 0 (G.6b) 

where Pee = uAx/a, a computation cell Peclet number. 

The problem stated in equation (GA) was repeated for temperatures 

fixed on the y = 0 and y = Y faces with velocity in the y-direction and for 

temperatures fixed on the z = 0 and z = Z faces with velocity in the z-direction. 

The computation cell Peclet number was varied from 1 to 500. Twenty-one nodes 

were placed between opposite faces, inclusive of the end points. The solutions 

from the three-dimensional ADI solver have the same accuracy as a function of cell 

Peclet number as the two-dimensional ADI solver discussed in Williams (1985). 

For each of the fixed temperature and velocity configurations in the previous 

sentence, the three-dimensional ADI solver produced normalized temperatures in 

agreement with the analytical solution to better than 5% in all nodes. 

Since all of the heat transfer problems shown in Figures 2.6-9 contain 

pipes with a square cross section, a test case was devised which approximated 

a pipe with square cross section embedded in a parallelepiped. Matched tem

perature and flux at the pipe fluid-solid interface and a velocity profile that was 

an arbitrarily chosen function of position in the lumen radius were used in the 
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test case. The test case is shown and stated in Figure G.1. The particular ge-

ometry and velocity in Figure G.1 was selected because a solution of a roughly 

comparable cylindrical problem is available in the literature. Axial conduction is 

included in the solid, but not in the fluid in order to match the available problem 

solved in the literature as closely as possible. At the fluid-solid interface nodes. 

the velocity is zero. Nodes are placed in the pipe lumen as indicated in the inset. 

The velocity profile stated in Figure G.1 is not a solution of the Na\"ier-

Stokes equation. A better approximation of the axial fluid velocity occurring in 

a square cross section pipe is 

(G.7) 

The approximation in equation (G.7) was determined by Natarajan and Laksh-

manan (1972) by comparison with the exact series solution. Howe\"er, since com-

parison was to be made with a problem in cylindrical geometry with parabolic 

velocity profile and lines of constant velocity concentric within the pipe cross 

section, the velocity profile in Figure G.1 was chosen to be parabolic along the 

y = 0 and z = 0 axes and the square-geometry version of "concentric" within the 

pipe cross section. The solution was computed over the entire domain, as the usc 

of zero flux conditions in more than one dimension was found to greatly decreas(' 

the rate of convergence of the ADI solver. 

For the square cross-section pipe test case in Figure G.!, resolutions 

of 2Rp / ll.x < 6 are unacceptable. Figure G.2 presents the fluid-solid interfa("(' 

temperature from the problem in Figure G.! at the nodes of the fluid-solid intf'r-
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Fluid: ),:Fl ~ -+- ~) - PCptllY':)T = 0 for IYI.I:I :::; Rp 

vy- v':- vx 

e(o.y . .:) = 1 for lyl.I.:I:::; Rp 

~~ (1. y . .:) = 0 for I y I. I: 1 :::; R I' 

Solid: ks\"2e = 0 for Rp < jyi. ::: < Ru' 

ae ae, , , ,_ 
Outer B. C.: ax (O.y.:) = ax (1.y.:) = 0 for RI' ~ lyl· i=!:::: Ru-

0(x.±Rn·.:) = e(x.y.±RlI·) = 0 

Velocity profile: lilY.':) = llmarf(y.:) for !u:. i:l :::; Rp 

f \ y. ::) = [1 - (!II R p ) ~] for.:: ~ !!I i 

f(y·:) = [1- (:/Rp)~] for ':; > 1!li 

Conductivity: ks = "'F 
InterfaceB.C. : 
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D0 08, 
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Figure G.!. }.Iatched tt.:mperature and fiux test case for the square cross-section 

thick-\"'alled pipe. The yelocity profile is parabolic. with Peelet number of 500, 

Fluid and solid thermal conductivities are equal. The doubled line indicates the 

position of the fluid-solid interface temperatures used for comparison with the 

results of Mon et al. (1974). The insert shows a sample node placement for 6 

nonzero velocity nodes within the fluid. or 2Rp/6x = i, 
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face indicated by the doubled line on Figure G.l. As resolution is decreased, the 

number of nonzero velocity nodes across the lumen diameter falls and the approx-

imation of the parabolic velocity profile becomes less accurate. Approximations 

using fewer than five nonzero velocity nodes in the fluid, 2Rp / ~x < 6, do not give 

acceptable results, as the computed solution for fewer than five nonzero velocity 

nodes is much less than the solution at higher resolution. 

The results of the square cross-section pipe test case were compared 

to the numerical solution of the comparable cylindrical problem found by Mori 

et al. (1974). The problem they solved is stated as 

1 8 ( 8e) 8e 
Fluid: kr;. 8r r 8r - pcpu(r) 8x = a for r < Rp 

E>(O, r) = 1 for r ~ Rp 

. 82 e 18e 82 E> 
SolId: kS (-8 2 + --8 + -8 2) = a for Rp ~ r < Rw 

r r r x 

8E> 8E> 
Outer B. C.: 8x (0, r) = 8x (L, r) = a 

E>(x,Rw) =0 
(C.S) 

Velocity: u(r) = umax(l- r2 /R~) for r ~ Rp 

Conductivity: ks = kF 

Interface B. C.: eIF(X, Rp) = els(x, Rp) 

A simple closed form solution is unavailable. Mori et al. (1974) assumed that 

the fluid-solid interface temperature could be represented by a power series with 
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Figure G.2. Numerical fluid-solid interface temperatures computed at several 
different values of 2Rp /6x for the matched temperature and flux test case for 
the square cross-section thick walled pipe of Figure G.l. Solutions are computed 

for kF = ks, Rw/Rp = 1.0 and Pe=500. The solution of Mori et aI .. (1974) is 
included for comparison. 
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unknown coefficients. They found the fluid solution by superposing the Graetz 

solution as described by Kays and Crawford (1980). The solid solution was found 

by solving the equation for the solid in equation (G.8) with the temperature at 

the fluid-solid interface allowed to vary with x. Both the temperature and flux at 

the fluid-solid interface were written in terms of the power series coefficients, so 

the temperatures and fluxes could be matched across the fluid-solid interface and 

the coefficients of the power series representation of the interface temperature 

found by Gaussian elimination. 

The available comparison indicates that the square cross-section test 

case in Figure G.1 yields a solution for Cartesian geometry which closely fo110"·s 

the solution of a roughly similar conjugated problem in cylindrical geometry. 

Comparison of fluid-solid interface temperatures along the doubled line in Figure 

G.l and fluid-solid interface temperatures extracted from Mori's work is shown in 

Figure G.2. The computed solution tracks Mori's solution to within ~e ~ 0.05 

(5% of the total temperature range) for five or more nonzero velocity nodes within 

the fluid. 



380 

APPENDIX H. AN ANALYTIC THICK-WALLED PIPE COMPARISON 

An analytic solution for fluid and solid temperatures in the thick-

walled pipe with a constant heat transfer coefficient at the fluid-solid interface is 

detailed in this appendix. Although Chato (1980) and Chen and Holmes (1980) 

each present parts of the solution to this problem, neither states a complete 

solution for both fluid and solid temperatures in terms of the parameters used 

in the current work. The use of a set of relations similar to equations (3.5-6) 

and (H.1-3) is implicit in the work of Chen and Holmes (1980) but is not stated 

explicitly there. 'Weinbaum et al. (1984) do not incorporate the wall resistance 

into their assessment of the problem. Chato (1980) includes wall resistance in a 

very similar fashion, but develops a more complex equation for the bulk mean 

fluid temperature based on the physical property data of Victor and Shah (1974). 

Equation (3.6) yields the same temperature profile found in Chato's work. 

The thick-walled pipe in Figure 2.6 is modeled with radial conduction 

only in the solid and a constant heat transfer coefficient at the fluid-solid interface. 

The cylindrical constant heat transfer coefficient problem is stated in equation 

(3.3) in the text. For a constant heat transfer coefficient at the fluid-solid interface 

(constfu'"lt Xu), the energy balance on the fluid is 

(3.4) 

where the direction of flow is along the positive x-axis. No axial conduction is 
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present in the fluid. The outer wall and fluid entrance temperatures are fixed. 

The flux equation for an annulus in the solid of radius r at axial distance x 

and the thermal energy conservation equation for the fluid are used to determine 

the fluid-solid interface temperature Sex, R p ), the bulk mean fluid temperature 

8F(X) and the solid temperature SCx, r) where Rp < r < Rw. 

At every x, the resistance to radial energy flow between the fluid and 

the outer wall is the sum of the resistance due to convection 

(H.1a) 

between the fluid and the fluid-solid interface and the resistance due to conduction 

Rk = In(Rw / Rp) 
2r.k dx 

(H.1b) 

between the fluid-solid interface and the outer wall. The thermal energy flux from 

the fluid to the outer wall is equal to the thermal energy flux from the fluid-solid 

interface to the outer wall as 

(H.2) 
(es(x, Rp) - en' )dx 

-

where x > O. The thermal energy fluxes in equation (H.2) are found using the 

thermal resistance method (Kreith, 1973). 

Using equation (H.2), the fluid-solid interface temperature may be 

written in terms of the outer wall temperature, ew as 

(H.3) 
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The fluid-solid interface temperature from equation (H.3) is substituted into equa

tion (3.4). Using the fluid entrance temperature condition 0F(O) = 8 0 and 

solving for 0 F( x) yields 

0F(X·) - 0w = (8 0 - 8w)exp{ -8x· /[(2/Nu + In(Rw/Rp)]} (H.4) 

where x· = x/(2Rp Pe) and Nu = h2Rp/k. Equation (H.4) is then rearranged 

into equation (3.5). 

The temperature for any value of Rp < r $ Rw in the wall can be 

found using the fact that the flux across any two cylinder radii must be equal, as 

q(x,rd = q(x,r2) ::} q(x,Rw) = q(x,r) ::} 

(0F(X) - 8w)dx (0F(X) - 0s(r,x))dx 
-

Rk(Rw) + Rh 
(H.5) 

where Rk(Rvl/) is as stated in equation (H.lb) and 

Using the definitions of Nu and x, and combining equations (H.2) and (H.5) 

yields 

- [ 2/Nu+ln(r/Rp) ] -
8s(r,x)=8F(X)- 2/Nu+ln(Rw/Rp) (8F(X)-0w). (H.6) 

Equation (H.6) is rewritten in terms of x· in equation (3.6) and can be used to 

make comparisons with any node in the wall. 
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Chato (1980) and Baish (1986) find the solid temperature to be 

Equation (3.6) gives solid temperatures equal to those found from the equation 

used by Chato and Baish. 
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