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ABSTRACT 

The general principles of continuum mechanics such as conserva

tion of mass, conservation of momenta, first and second law of 

thermodynamics are applicable to all materials irrespective of their in

ternal constitutions. These principles alone do not provide sufficient 

equations to obtain solutions for any boundary value problems. The addi

tional equations are provided by the constitutive laws. 

There are many groups of constitutive theories. Of them, the 

theory of plasticity describes rate independent nonlinear and inelastic 

behavior of materials. 

A placticity-based constitutive law is proposed herein for geo

logical materials. The model, however, may also be used for other 

frictional materials. A generalized approach is followed in formulating 

the proposed constitutive model. The technique can be used to construct 

plasticity-based constitutive models for any other materials. 

A series of laboratory tests are performed on cubical soil speci

mens using a truly triaxial testing device. The testing device is such 

that the samples can be subjected to a general three-dimensional state of 

stress. 

The test data is used to determine the material constants asso

ciated with the proposed constitutive model. The model is then verified 

by back-predicting the stress-strain curves obtained from the laboratory. 



xxiF 

As a final step, the proposed constitutive model is implemented 

into a three-dimensional finite element procedure. A number of boundary 

value problems are analyzed using the proposed model. The results are 

compared with the observation. It is found that the proposed model can 

effectively characterize the nonlinear and inelastic response of fric

tional materials. Although the proposed model is investigated with 

respect to soils, it can also be applied for concrete, rocks, etc. 



CHAPTER 1 

I NTRODUCTI ON 

General 

The principles of continuum mechanics such as conservation of 

mass, conservation of momenta, first and second law of thermodynamics are 

applicable to all materials, irrespective of their internal constitu

tions. These principles alone do not provide sufficient number of . 

equations to solve a boundary value problem. Additional equations are 

provided by the constitutive laws·.which relate the response of a material 

to the imposed action. For stress-defo.nnation problems under isothermal 

condition, the constitutive laws define the relations between the stress 

and the strain. 

There are several groups of constitutive theories. The purpose 

of .each theory is to describe the behavior of .certain class of materials 

under some ideal conditions. Theory of .linear elasticity, for example, 

describes responses of .thCtse materials for which a stress-free initial 

state exists and stress is a unique 1 inear function of ,strain. Theory of , 

plasticity, on the other' hand, describes rate independent inelastic be-
, , 

havior of materials •. In this dissertation, only constitutive laws based 

on the theory of plasticity are considered. 

1 



Numerical methods such as the finite element method are often 

used to solve a wide variety of soil-structure interaction problems. 

Since geological materials are highly nonlinear and inelastic, proper 

constitutive models are necessary to obtain accurate solutions from such 

numerical schemes. Although numerous constitutive models are available 

at this time, none of these models is general enough to characterize be

havior of a class of materials under complex loading conditions. As a 

result, many researchers are currently engaged in developing new and im

proved constitutive models for broad classes of engineering materials. 

The primary objective of the present study is to develop a gen

eralized constitutive model based on the theory of plasticity. Although 

such models can be used for a wide range of materials, in this disserta

tion their applications to geological materials are emphasized. 

Assumptions 

It is mentioned earlier that every constitutive model is based 

upon certain assumptions and is applicable for only ~ limited class of 

materials under certain specified conditions. In the present study, the 

important assumptions made are the following: 

i) The material is initially isotropic and remains isotropic 

during plastic deformation. 

ii) The rate of loading is slow enough to disregard the inertia 

effect. Thus, the deformation can be considered as quasi

static. 

2 



iii) The system under consideration is in an isothermal condi

tion. Thus, the temperature does not enter into the 

constitutive equations as an explicit state variable. 

3 

iv) Deformations are small enough to disregard the nonlinear 

terms in the strain displacement relations; that is, no geo

metric nonlinearity is considered in the formulation of the 

constitutive theory. 

v) Elastic and plastic deformations are uncoupled. This may be 

true when small deformations are assumed. Thus, the total 

deformation at any material point can be linearly decomposed 

into elastic and plastic parts. 

Scope and Objective of the 
Present Study 

Most soil-structure interaction problems are complex and in many 

situations the closed-fo,rm solutions are intractable. This is mainly due 

to the nonlinear and inelastic.behavior of $oils and the complex inter

action effects between the structures and the foundations. As a result, 

numerical methods are often used for the analyses of ,this class of prob

lems. Among various numerical solution schemes, the finite element 

technique is widely used because the material nonlinearities and the in

teraction effects can be easily included in such procedure. To obtain 

reasonable solutions from any numerical scheme, appropriate constitutive 

models are necessary along with the proper nonlinear solution techniques. 
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Constitutive laws based on the theory of .linear and nonlinear 

elasticity cannot describe the behavior of geological materials with 

reasonable accuracy. This is due to the fact that the behavior of geo

logical materials is highly nonlinear and depends upon the history of 

deformations. The theory of plasticity describes rate independent non

linear and inelastic responses of materials. Thus, constitutive laws 

based on the theory of plasticity can be effectively used to characterize 

the behavior of geological materials. 

The accuracy of .the solutions of boundary value problems using 

any constitutive model is highly dependent upon the values of the mate

rial constants associated with the model. As a result, appropriate 

labora~ory tests are necessary to determine these material constants. 

The objectives of the present work are sunmarized below: 

i) To develop a generalized constitutive model based on the 

theory of plasticity'which eliminates some of th~ drawbacks 

of .the available plasticity models. The model describes 

the rate independent inelastic behavior of materials which 

are isotropic initially as well as during plastic deforma

tion. The model is developed using a general procedure 
. . 

suggested by Desai (1980). 

ii) To determine the material constants associated' with the 

model using laboratciry test data fO.r a number of .different 

. soils~ The testing devic~ used' is a stress-controlled 

cubical triaxial device (Desai et al. 1980;. Sture and Desai, 



1979). A number of conventional tests are performed on an 

artificial soil (Desai et a1. 1982). 

iii) To implement the proposed constitutive model into a three

dimensional E3-D) finite element procedure for solving 

soil-structure interaction problems. 

5 

iv) To verify the proposed constitutive model with respect to 

the laboratory test data. It is mentioned earlier that the 

material constants associated with the model are determined 

from the laboratory tests. The proposed model is then used 

to back-predict the stress-strain response curves from 

which the material constants are determined. 

v) To solve some boundary value problems using the 3-D fi,nite 

element procedure with the proposed constitutive model and 

compare the results with the observations. 

Summaries of Various Chapters 

Chapter 2 of ,this dissertation is devoted to describing some fun

damentals of the theory of plasticity and to reviewing some of the 

existing plasticity-based constitutive models for soils and other en

gineering materials. 

Chapter 3 is devoted to explaining the proposed constitutive model 

based on the, theory of plasticity. First of ,all, the yield condition is 

assumed using a generalized technique'proposed 'by Desai (1980). This is 

followed by the description of the hardening behavior during'inelastic 
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deformation. Although the proposed constitutive model may be usef for 

a wide range of materials, in this dissertation its application to geo

logical materials is emphasized. 

Chapter 4 describes the general procedure to determine the mate

rial constants associated with the proposed model. A set of experimental 

stress-strain response curves for an artificial soil (Desai et al. 1982) 

are presented along with the details of the testing device and the tech

niques of sample preparation. Material constants are determined for 

three different types of soils. 

Chapter 5 is devoted to verifying the model with respect to the 

laboratory test data. To do this, an integration routine is developed 

using the proposed constitutive model. Details of the numerical tech

niques are also described in this chapter. Chapter 6 describes the 

general formulation of the finite element equations and the nonlinear 

solution techniques. 

Chapter 7 is devoted to presenting some applications of the pro

posed constitutive model. A three-dimensional finite element procedure 

is used to solve some boundary value problems; namely, the cubical test 

sample under a variety of loading conditions, a strip footing and a 

soil-tool system. For each problem, the finite element result is com

pared with the laboratory observations. 

Finally, a summary of the current work is presented in Chapter 8. 

Recommendations for extensions and modification of the present approach 

are also given in this chapter. 



CHAPTER 2 

REVIEW OF SOME EXISTING LITERATURE 

Some Fundamentals of Plasticity Theory 

Plasticity is that branch of the constitutive theory which de

scribes the time independent nonlinear and inelastic behavior of 

materials. Formulation of any constitutive law based on the theory of 

plasticity should, in general, include the following four phases: 

i) yield condition 

ii) stress-elastic strain relationship 

iii) flow rule 

iv) hardening rule. 

In this section, these phases will be explained in details. 

Yield Condition 

The yield condition is generally a scalar condition expressed in 

terms of stress, which when satisfied at a material point, signifies ini

tiation of inelastic response. Consider the uniaxial stress-strain curve 

as shown in Fig. 2.1. Up to the point A on the stress-strain curve, the 

behavior is linearly elastic; that is, when unloaded, it retraces the 

loading curve. When the stress level goes beyond point A~ the material 

experiences irreversible straining. It can be seen from Fig. 2.1 that 

when the material point is stressed up to point B and unloaded, it follows 

7 
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a path B-C which is obviously different from the loading curve. In this 

case, the material point does not go back to its initial undeformed 

state even when the stress is totally removed, and experience a perma

nent deformation. The point A on the stress-str:ain curve is called the 

elastic limit and the corresponding stress level is called the yield 

stress and is denoted by 0y (see Fig. 2.1). Thus, for a uniaxial stress

deformation problem, the yield condition can be expressed in the form, 

F::o-oy=O (2.1) 

where 0 is the state of stress at any stage of loading history. It is 

evident from Eq. (2.1) that as long as F < 0, 0 < 0y' the behavior is 

elastic. When F ~ 0, 0 = 0y and the material point starts yielding. 

Although yield condition for uniaxial case is quite simple, its counter

part for mu1tiaxia1 stress state is not so simple. One of the main 

reasons for this is that for the multiaxia1 case there are~ in general, 

nine components of stress at a material pOint and while some of these 

components are increasing, the remainder of them could decrease. The 

idea of yield condition for uniaxial case is generalized for mu1tiaxia1 

problems by constructing a scalar valued function whose arguments are all 

the nine components of the stre~s tensor, 0ij. Although the yield con

dition is exp1 icit1y expressed in terms of .the state of stress, for 

materials which show strain hardening (this will be explained later), it 

may also be a function of plastic work, WP, history of plastic strain, 
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Eij, and other tensor valued as well as scalar valued internal variables 

(Schapery, 1968). Symbolically, it can be written in the form, 

F = F (a1·J" E'~, WP, a"k ,n1' n2' ... nN) = 0 lJ lJ •.• 
(2.2) 

where aij is the stress tensor, Eij is the plastic strain tensor, 

a:'k is a tensor valued internal state variable and n
1
, (i = 1, 2, ••• iJ •.. 

N) are scalar valued internal state variables. In Eq. (2.2), the con-

stant N defines the total number of scalar valued internal state 

variables. It is important to note here that the physical interpreta

tions of the internal variables, both tensor valued and scalar valued, 

may be difficult. In the case of solids, these may be related to the 

growth of microcracks due to the deformation. For example, the density 

of these microcracks may be treated as a scalar valued internal variable. 

This is sometimes termed as dislocation density. It is observed that the 

growth of these microcracks is directional. This progressive growth of 

the microcracks may be treated as a tensor valued internal variable 

(Tokuoka, 1983). 

The equality given by Eq. (2.2) is the general yield condition 

for any mechanical system under isothermal condition~ For thermomechani-

cal systems, the yield condition is also a function of the temperature. 

For a constitutive theory to represent a material adequately, 

certain physical and mathematical requirements should be satisfied. 

These are called the axioms of continuum mechanics (Eringen, 1967). De

velopment ofa constitutive theory which will satisfy all the axioms of 



11 

continuum mechanics is a formidable task. Howeve,Y', certain axioms are 

basic and should be satisfied by all constitutive models. Details of 

these axioms are beyond the scope of this dissertation and can be found 

in the works of Truesdell (1965); Truesdell and Noll (1965); Eringen 

(1962, 1967). In this dissertation, only the axiom of objectivity (also 

known as the axiom of spatial isotropy) is used which states that the 

constitutive equations should be form invariant under all rigid motions 

of the spatial frame of reference (Eringen, 1967; 1971). Physically, 

this means that a mechanical process is independent of the choice of the 

spatial reference frame. 

For an initially isotropic material, there is no preferred di

rection. Thus, when the axiom of form invariance is invoked, any 

constitutive functional should remain invariant under all orthogonal 

transformations (Eringen, 1971). Hence, the yield function, F, should 

obey the following condition: 

(2.3) 

where the prime denotes the tensor quantities in the rotated reference 

system. Equation (2.3) may be too general to formulate any practically 

useful constitutive law. For simplicity, it is assumed that the yield 

function, F, does not depend on any tensor valued internal variables. 

Thus, Eq. (2.3) can be rewritten as, 
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(2.4) 

In Eq. (2.4), F is a scalar valued function of two tensor valued argu

ments. According to the theory of scalar valued functions of tensor 

arguments, Eq. (2.4) will be satisfied when F is expressed in terms of 

the direct as well as the joint invariants of stress tensor, 0ij' and 

the plastic strain tensor, Ei~ (Rivlin and Ericksen, 1955; Eringen, 1962; 

Leigh, 1968; Spencer, 1971; Spencer and Rivlin, 1959; Baker and Desai, 

1981; Desai and Siriwardane, 1983); that is, 

(2.5) 

where 

Ji (i = 1, 2, 3) = Direct invariants of the stress tensor, 0ij' 

IP ( ) = Direct invariants of the plastic strain tensor, i i = 1, 2, 3 

K 4) = Joint invariants of the stress and the j (j = 1~ 2, 3, 

plastic strain tensor. 

For any two second order tensors, total number of ,independent invariants 

are ten, six direct invariants and fO,ur joint invariants. This can be 
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proved by invoking the·ealey-Hamilton theorem (Spencer, 1971; Eringen, 

1967 and 1969; Leigh, 1968). Using index notation, Ji , I~ and Kj can be 

explicitly expressed as, 

I P = .,. P 
1 "'i i 

L,P =-21 €.~ €.~ 
.. lJ Jl 

(2.6) 

An initially isotropic material, when deformed plastically, devel

ops anisotropy which is called the induced anisotropy. This is because 

plastic flow is directional and generates a.new material at every stage 

of ,loading history. To include such induced anisotropy in the 
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formulation, the yield function should be made a function of .the joint 

invariants, Kj • !his is necessary because the joint invariants reflect 

the mutual orientation of the stress and the plastic strain. For 

example, in a nine-dimensional space, K1 is the scalar product of two 

vectors, crij and Eij, and thus represents the angle between these two 

vectors. The other joint invariants may also be explained. It should 

be mentioned here that when the joint invariants are not included, the 

principal directions of the stress and the plastic strain tensor will be 

coincident and represents a material which is isotropic initially as well 

as during plastic deformation. 

Stress-Elastic Strain Relationship 

According to the definition of plasticity, the plastic deforma

tiQn occurs while the stress level remains unchanged. Thus, at any 

pOint, the stress is related to the elastic part of the total strain 

only. Since the stress-strain relations are nonlinear and inelastic, 

piecewise linearity is assumed and the incremental stress is related to 

the incremental elastic strain through the generalized Hooke's Law: 

(2.7) 

where dcrij = incremental stress, 

e dEij = elastic part of the total incremental strain, dEij , and 

Cijkl = elastic constitutive relation tensor. 
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When small deformation concept is used, the elastic recovery may be 

assumed to be 'independent of any inelastic deformation. For such case, 

the total incremental strain can be linearly decomposed into elastic 

part and plastic part (Hill, 1950). That is, 

d£ l' J' = d£.~ + d£.~ 1J 1J (2.8) 

where superscripts Ie' and 'pI refer to elastic and plastic strain, re-

spectively. Using Eq. (2.8) in Eq. (2.7), the incremental stress, dcrij , 

can be written in the following form: 

(2.9) 

Equation (2.9) will be used later on to derive explicit forms of consti-

tutive equations. 

Flow Rule 

Flow rule defines the incremental plastic strain, d£ij. The word 

'flow' is justified because for an elastic-perfectly plastic material, 

when the stress level exceeds the elastic limit by an infinitesimal 

amount, the material is assumed to flow like a fluid maintaining a con

stant state of stress. 

In the theory of plasticity, incremental plastic strain is de

fined by assuming the existence of a function, Q, called the plastic 

potential. In general, the plastic potential, Q, is a function of the 

state of stress, crij , and the incremental plastic strain is proportional 



to the gradient of Q. Introducing a constant of proportionality, n., 
dEi~ can be expressed as {Hill, 1950}, 
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(2.10) 

where A > O. 

It may be noted that the plastic potential function, Q, is 

similar to the fluid potential, h. According to the Darcy's law, the 

velocity of fluid flow through a porous medium is proportional to the 

gradient of the fluid head (potential); that is, 

v=kl.!l aL ·{2.11 } 

where v is the velocity of fluid and k is the coefficient of permeability 

of the porous medium. It is evident that Eq. (2.10) is analogous to 

Eq. (2.11). 

Plastic Stability. For a uniaxial case, a material is said to be 

stable in the plastic range when the stress is a monotonically increasing 

function of the plastic strain (Fung, 1965). Figure 2.1 shows a uniaxial 

stress-strain curve. This can be replotted as stress-plastic strain 

curve when the elastic strains are subtracted from the total strain. 

Figures 2.2 and 2.3 show two typical plots of stress and plastic strain. 

A material point is stable in the plastic range when the plastic work 

done by an increment of stress, dO", is positive. Referring to Fig. 2.2, 

the area ABC should be positive. Mathematically, this can be expressed as 
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(2.12) 

The case of unstable plastic state is shown in Fig. 2.3 where dO'ode:P < o. 
The case of dO'odgP = 0 represents a perfectly plastic state and is the 

limiting case of stable material. 

This idea of plastic stability was generalized by Drucker (1951, 

1956, 1959) for multiaxial state of stress through his famous stability 

postulates. Details of Drucker's definition of stability and its conse

quences will be explained in this section. 

Drucker'sStability Postulates. Consider a body in equilibrium 

wi th a homogeneous state of stres.s, 0', , • 
lJ 

Now let an external agency 

slowly apply an incremental stress, dO'ij' and then slowly remove them. 

The original configuration of the body mayor may not be restored after 

the cycle of application and removal of stresses (Malvern, 1969). During 

loading, the incremental stress, dO'ij' causes an incremental strain, 

de: ij • If the material is assumed to be deformed inelastically under that 

stress, upon unloading, only incremental e~ astic strain, de:
l
, ~, will be 
J 

recovered. Now Drucker's stability postulates can be phrased as follows: 

1. Work done by the external agency during application of the 

stress increment, dO'ij' is positive; i.e., 

dO', , de:, , > 0 
lJ lJ 

(2.13) 

2. Net work performed by the external agency over the cycle of 

application and removal of stress is nonnegative. It may' be noted that 



b 

" III 
III 
QJ 
~ 

+.l 
(/') 

" III 
III 
QJ 
~ 

+.l 
V') 

A do 
I cil I 
I I 

I I 
I I 

I Area ABC > a I 
I I 

I I 
P I I 

I do.dE: > a 
I 
I I 
I I 
I I 
I I 
I I 

--1 dE:P ~ Strain, P E: 

Figure 2.2. Uniaxial Stress-Plastic Strain Curve for Stable 
Plastic Material 

Elastic 
Limit 

A 

Area ABC > a 

P do .dE: > a 

Strain, / 

Figure 2.3. Uniaxial Stress-Plastic Strain curve for Unstable 
Plastic Material 

18 



when the stress is brought back to the original state, the elastic 

strain is recovered fully if small deformation is assumed. Thus, the 

unrecovered strain (dEij - dEi1) may be called the incremental plastic 

strain, dEi~' Thus, the second postulate can be represented by the 

following inequality: 

19 

dO.
J 
.• dE.~ > 0 

1 lJ -
(2.14) 

In a nine-dimensional Euclidean space, the product dOij.dEi~ is a 

scalar product of the stress and the plastic strain vectors and is a 

measure of the plastic work done in a multiaxial state of stress. Thus, 

the product do ... dE.~ is analogous to do dEP for the uniaxial case. 
lJ lJ. 

Consequences of Drucker's Postulates. There are two major con-

sequences of the stability postulates defined above. They are 

1. The yield surface, when plotted in the stress hyper space, 

must be a convex hyper surface. The word hyper is used above to indicate 

,that the stress space is composed of more than three independent coordi

nates. For example, when the stress tensor, 0ij' is symmetric, that is, 

0 .. = 0·. 
lJ Jl 

(2.15) 

the stress hyper space is a six-dimensional Euclidean space. 

2. The incremental plastic strain, dEij, should be normal to the 

yield surface at the loading point. 
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The proof of these consequences is straightforward. Consider an 

incremental stress, daij , and the corresponding incremental plastic 

strain, dEi~' at a material point. In a nine-dimensional space, da;j 

and dE;j can be viewed as vectors ,as shown in Fig. 2.4. Denoting the 

included angle to be ~, the scalar product of daij and dEi~ can be 

written as 

(2.16) 

where denotes the norm. It;s evident from Eg. (2.16) that the sign 

of (daij dEij) is controlled by the sign of cos~. Thus, to satisfy in

equality in Eq. (2.15), cos ~ has to be nonnegative; i.e., 

cos ~ ~ 0 (2.17) 

This implies that the included angle, ~, should be an acute angle; i.e., 

1T 1T 
--<~<?; 2- -&.. 

(2.18) 

Let P be a point on the yield surface as shown in Fig. 2.4. The incre

mental stress, daij , and the incremental plastic strain, dE;j, are shown 

as vectors at the point P. Now consider a hyper plane AB normal to the 

vector, dEij, at the point P. It is evident from Fig. 2.4 that as long 

as the stress vectors, da'J" lie below AB, the inequality (2.1?) will 
1 ' 

always be satisfied. It may be mentioned here that the incremental 

stress vector may be anywhere within the yield surface. Thus, to satisfy 
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the requirement that all the stress vectors (in the stress hyper space), 

dcrij , be bounded by the hyper plane AB, the yield surface has to be a 

convex surface and be tangential at the point P to AB, which proves that 

dEi~ is normal to the yield surface at the loading point. This is called 

the normality rule of plasticity. Thus, if F is a yield surface, the in

cremental plastic strain, dEi~ is proportional to the gradient of F; that 

is, 

dE.~ = A. aF 
lJ acrij 

(2.19) 

Comparing Eq. (2.19) with Eq. (2.10), it is found that Q = F. 

It is important to note here that, in general, a real material 

may not be stable in the sense of Drucker1s definition. Thus, the plas

tic potential, Q, may not be identical to the yield function, F. This 

results in two kinds of plasticity formulations: (a) associative plas

ticity where it is assumed that Q = F, and (b) nonassociative plasticity 

where Q * F (Mroz, 1963; Lade, 1975; Prevost, 1977; Ohashi et al. 1975; 

Shiratori et ale 1979, Desai and Siriwardane, 1980; Baker and Desai, 

1982). In this dissertation, only associative plasticity concept is 

utilized. 

Hardening Rule 

As stated earlier, a material point is plastically stable if ,the 

stress at that point is a monotonic function of the strain (Fung, 1965). 

This is shown schematically in Fig. 1.1. Unlike a perfectly plastic 
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material, a real material shows some increase in stress even after the 

elastic limit. This is called the work or strain hardening. Such be

havior may be attributed to the microstructural rearrangements as well as 

locking of crystals during plastic deformations (Hill, 1950). Hardening 

rules are intended to define the process of strength gain in a material 

due to permanent straining in comparison to perfectly plastic response. 

In the theory of plasticity, there are three kinds of hardening rules: 

1. Isotropic hardening 

2. Kinematic hardening 

3. Anisotropic hardening. 

In this secti~n, these hardening rules will be explained in detail. 

Isotropic Hardening. Isotropic hardening concept dates back to 

the development of work-hardening plasticity theory (Hill, 1950). In 

this rule, it is assumed that the yield surface expands uniformly in the 

stress space. There are no rigid rotations or translations of the yield 

surface. Referring to the uniaxial stress-strain response, as shown in 

Fig. 2.5, this rule ca~ be explained as follows. 

The point A on the stress-strain curve represents the elastic 

limit. Thus, the initial yielding occurs when the stress state reaches A 

and the corresponding yield surface is denoted by FO', From A to B, the 

material point hardens as plastic deformation continues. The yield sur

face FO expands to Fl at point B. When unloaded from point B, and 

continued in the reverse direction, the material point responds elasti

cally until it reaches the point C, s~ch that laBI = lacl. When the 
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reverse loading is continued from C up to a point D, again plastic de

formation occurs and the yield surface Fl changes to F2 at point D. 

Thus, as plastic deformation continues, the elastic limit increases, and 

the yield surface expands isotropically without changing its origin. A 

real material, however, starts yielding in the reverse loading far be

fore the stress level reaches the point C. This phenomenon is known as 

the Bauchinger effect (Hill, 1950; Fung, 1965; Malvern, 1969) and is 

caused by the anisotropy induced by the plastic deformation. The major 

drawback of isotropic hardening rule is that it cannot characterize the 

Bauchinger effect when load reversals occur. However, for monotonic 

loading process, this hardening rule may be adequate. 

Kinematic Hardening. This hardening rule was introduced by 

Ishilinsky (1959) and Prager (1955, 1956) and is known as Prager's kine

matic hardening rule. It is assumed that the yield surface does not 

change its size but translates in the stress space as a rigid body during 

the inelastic straining process. Figure 2.6 shows uniaxial representa

tion of the kinematic hardening rule. Initial yielding starts when the 

stress reaches point A and the corresponding yield surface position is 

denoted by FO' During loading from A to B, the yield surface tt'anslates 

as a rigid body and becomes F1 at point B. When the system is unloaded 

from point B and loaded in the reverse direction, yielding starts at 

point C as shown in Fig. 2.6. In this case laci < laBI. During further 

reverse loading from point C to D, the material deforms plastically and 

the yield surface F1 moves downward and becomes F2 at point D. Although 
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kinematic hardening rules predict Bauchinger effect, the yielding in re

verse loading starts too soon which may not be the case with real 

materials. 

Anisotropic Hardening. This rule is the com~ination of isotropic 

hardening rule and the kinematic hardening rule. It is assumed that the 

yield surface expands as well as translates in the stress space. How

ever, the shape of the yield surface remains the same. Fi~"re 2.7 shows 

the uniaxial representation of the anisotropic hardening rule. As usual, 

the material yields at point A and the corresponding yield surface is FO. 

During loading from A to B, the yield surface expands as well as trans

lates upward and becomes Fl at point B. During reverse loading, the 

material yields at C. However, from B to C, material behavior is purely 

elastic and thus the yield surface remains unchanged up to point C. When 

the reverse loading is continued, the yield surface expands further and, 

at the same time, translates downward. At pOint D, the yield surface be

comes F2• Since plastic deformation is irreversible, the expansion of 

the yield surface is monotonic; i.e., the sizes of the yield surfaces 

monotonically increase. Referring to Fig. 2.7, it may be represented by 

the following condition: 

(2.20) 

where RO' Rl •••• RN denote the sizes of the yield surfaces Fa, Fl··· FN, 

respectively. The shape of the yield surfaces, however, remains the same. 
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In general, anisotropic hardening rule describes Bauchinger 

effect better than kinematic hardening rule. However, the anisotropic 

hardening rule described above is the simplest possible anisotropic rule. 

Improved anisotropic models are proposed Qy many researchers such as 

Mroz (1963, 1967, 1972, 1978, 1979); Baltov and Sawczuk (1965); 

Iwan (1967); Prevost (1977, 1979); Dafalias and Popov (1978); Baker and 

Desai (1982); and many others. 

General Plasticity Models 

Although the theory of plasticity was originally evolved to de

scribe behavior of metals in the inelastlc range, its application to 

geological materials is also extensive. In the first part of this sec

tion, a review of general plasticity models will be described. This will 

be followed by the plasticity models developed to characterize nonlinear 

and inelastic behavior of geological materials. 

General Developments 

Tresca (1868) proposed that the metals yield when the maximum 

shear stress reaches the value of shear stress for yielding in uniaxial 

loading. One of the major drawbacks of Tresca yield criterion is that it 

does not include the effect of the intermediate principal stress. More

over, when geometrically represented in two or three-dimensions, Tresca 

(1868) yield criterion plots as a discontinuous surface which poses 

difficulty when associated plasticity theory is adopted. Because at the 

point of discontinuity the gradient vector is nonunique, the direction of 

the incremental plastic strain vector cannot be determined uniquely. 



Von Mises criteria (1913) may be considered as a generalization of the 

Tresca criteria which states that a material point under multiaxial 

state of stress yields when the second invariant of the deviatoric 

stress tensor (defined below), J2D becomes equal to a constant, k2; 

that is, 

30 

_ 2 
J 2D - k (2.21) 

where k can be obtained from uniaxial tension or compression test or 

from pure shear tests. If a pure shear test is performed, the constant 

k is equal to the shear stress at yield. For uniaxial tension or com

pression test, k is equal to cry/l3, where cry is the yield stress in 

uniaxial tension or comp,ression. Figure 2.8 and 2.9 show geometric 

representation of Tresca and von Mises yield conditions in two and 

three' dimensions~ respectively. The term J2D in Eq. (2.21) is defined as 

where 5ij is the deviatoric stress tensor. Denoting the total stress 

tensor by crij , 5ij can be expressed as 

(2.23) 

where Q;j = Kronecker's delta. 
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1 ~f i = j 
cS •• = 

lJ 
(2.24) 

o if 

As mentioned earlier, the yield condition for an initially iso

tropic material, in general, can be expressed in terms of three 

invariants of the stress tensor. von Mises's yield condition, however, 

utilizes only the second invariant of the deviatoric stress tensor. A 

more general form may be obtained when the yield condition is expressed 

in terms of the second and the third invariants of the stress tensor 

(Osgood, 1947; Fung, 1965). It may be mentioned that metals are almost 

frictionless materials; that is, shear strengths of metals are not depen

dent on the applied mean pressure. Thus, the yield conditions for metals 

should be independent of the first invariant of the stress tensor, J1, 

where J1 is defined as 

(2.25) 

The yielding of frictional materials, on the other hand; is dependent 

largely on the mean (confining) pressure, J1/3. 

Although a continuous yield surface is necessary when normality 

rule is adopted, it is observed experimentally that at an active loading 

point the yield surface can be discontinuous. In the past, attempts were 

made to include such discontinuity in the formulation (Koiter, 1953; 

Budianski, 1959; Kliushnikov, 1959). 

It is implicitly assumed in the yield conditions of Tresca and 

von Mises that the yield strength of materials is the same in both 



tension and compression. In fact, any yield condition which is a qua

dratic in terms of stresses always implies this condition unless some 

additional constraints are imposed. This behavior may be valid for 

metals. Geological materials, on the other hand, may show entirely 

different responses in tension and compression. For example, the 

strength of dry cohesionless soil under uniaxial tension may be almost 

zero while in compression it is significant. The yield conditions of 
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Tresca and von Mises, wr~n applied to strain-hardening materials, always 

imply isotropic hardening rule. Thus, Bauchinger effect, which is 

commonly observed in metals, cannot be represented by these models. As 

mentioned earlier, IshilinskY (1954) and Prager (1956) introduced the 

idea of kinematic hardening where the yield surface translates in the 

stress space as a rigid body. Mathematically, such yield condition is 

expressed as 

F (cr .. - a .. ) = k2 
lJ lJ 

(2.26) 

where aij is the position vector of the center of the yield surface in a 

nine-dimensional space formed by the components of the stress tensor, 

aij , and k is a material constant which defines the size of the yield 

surface. To complete the formulation, a translational rule for the yield 

surface is to be specified. Prager (1956) proposed that the yield sur

face translates in the direction of incremental plastic strain, de:ij. 

Introducing a constant of proportionality, c, Prager expressed daij as 
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(2.27) 

Figure 2.10 shows a schematic of the Prager1s kinematic hardening rule. 

The translational rule given by Eq. 2.27 is not invariant with respect to 

reductions in dimensions of the stress space (Perrone and Hodge, 1957; 

Shield and Ziegler, 1958). In other words, if the yield surface in nine

dimensional stress space translates normal to the yield surface (Eq. 2.27 

implies this when associated plasticity concept is used), the two-

dimensional yield surface in biaxial state of stress does not do so 

(Ziegler, 1959). Ziegler (1959) modified Prager1s translational rule by 

assuming that the instantaneous translation of the yield surface occurs 

in the direction of the radius vector connecting the center of the yield 

surface with the stress point (Fig. 2.11). Mathematically, this can be 

written as 

da.. = dJl (cr.. - a ... ) 
lJ . lJ lJ (2.28) 

where dJl is a scalar constant of proportionality and governs the magni

tude of instantaneous translatio~, To ensure that the movement of the 

yield surface occurs in the direction of the radius vector (crij - aij ), 

dJl should be always positive. The scalar constant, d~, in Eq. 2.28 is 

determined from the condition that a stress point in loading always re

mains on the yield surface (Ziegler, 1959). In other words, loading from 

one plastic state must lead to another plastic state (Fung, 1965). The 
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kinematic hardening concept of Prager is extended by Hodge (1957) to in-

clude simultaneous expansion and translation of the yield surface. 

In all the models described so far, it is assumed that the ini-

tial shape of the yield surface remains invariant during the entire 

hardening process. However, it is observed experimentally that the yield 

surfaces not only expand and translate in the stress space but also 

change their shapes continuously (Philips and Sierakowski, 1965; Philips 

and Eisenberg, 1966; Justusson and Philips, 1966; Philips, 1973; Philips 

and Weng, 1975; Baltov and Sawezuk, 1965; Ohashi, Kawashima and Yokochi 

1975; Shiratori, Ikegammi and Yoshida, 1979). Many researchers proposed 

different models to include such shape changes. Baltov and Sawczuk 

(1965) introduced the idea of an anisotropic tensor whose coefficients 

are functions of the history of plastic deformation. Using a von Mises

type yield condition with kinematic hardening, Baltov and Sawczuk (1965), 

proposed that, 

(2.29) 

where Nijkl is the anisotropic tensor. Although Eq. 2.29 allows for the 

change of shape of the yield surface, it is not quite general in form. 

For example, if a material is initially isotropic, Eq. (2.29) represents 

an initial yield surface which is a hyper sphere. Subsequently, when 

plastic strains are induced, the hyper sphere changes to a hyper ellip

soid. The idea of Baltov and Sawczuk (1965) is extended later by 

Backhaus (1968) and Williams and Svensson (1970). Experimental results 
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obtained by Williams and Svensson (1970) show that the shapes of the sub

sequent yield surfaces are dependent upon the values of the plastic 

strains. Thus, both the si7.e and the shape of the yield surface should 

be made functions of the deformation history. Ohashi et al. (1975) and 

Shiratori et al. (1979) presented a formulation utilizing the idea of 

Ilyushin (1954) who proposed a method of formulating the plastic behavior 

of materials by means of a functional relation in tensor space. Details 

of this approach are beyond the scope of the present research. 

The kinematic hardening rule introduced by Ishilinsky (1954) and 

Prager (1956) is called a linear strain hardening law because the size of 

the yield surface remains invariant. Mroz (1967) and Iwan (1967) 

generalized this for nonlinear strain-hardening by introducing the con

cept of a field of work-hardening moduli associated with a family of 

nested yield surfaces. Figure 2.13 shows a schematic of the nested yield 

surfaces to describe the uniaxial cyclic stress-strain response, 

Fig. 2.12. Conceptually, since a material hardens continuously, an in

finite number of nested yield surfaces is necessary to describe the 

deformation process. For practical purposes, a finite number of yield 

surfaces is used, assuming the stress-strain response to be piecewise 

linear. The idea of Mroz (1967) and Iwan (1967) has significantly in

fluenced the developments in modern plasticity. Many researchers adopted 

this concept and presented formal plasticity models for metals and geo

logic materials (Prevost, 1977, 1978, 1979; Dafalias and Popov, 1975, 

1977; Krieg, 1975). Prevost (1977) fo.rmal ized the nested yield surface 
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concept for clay under undrained conditions. Subsequently, Prevost 

(1978, 1979) also extended and modified it to describe the behavior of 

soils under drained conditions. Dafalias and Popov (1975, 1977, 1979) 

introduced the idea of bounding surface plasticity model which can be 

considered a modification of Mroz's anisotropic hardening concept. How

ever, only two surfaces are considered in this formulation and the field 

of work-hardening moduli is represented by a single function which de

pends on the history of deformation. Thus, the work-hardening modulus 

changes continuously in the bounding surface models. A similar idea is 

also proposed by Krieg (1975). 

It is mentioned earlier that the yield conditions for initially 

isotropic materials should be expressed in terms of six direct invariants 

and four joint invariants of the stress and the plastic strain tensors. 

These invariants are defined in Eq. (2.6). Shrivastava et al. (1972) and 

Baker and Desai (1981) presented formulations of anisotropic hardening 

theories using the joint invariants, Kj (j = 1, ..• 4) as defined in 

Eq. (2.6). Baker and Desai (1981) proved that the maximum induced ani

sotropy possible in an initially isotropic material is orthotropic 

anisotropy and such anisotropy can be included in the formulation if the 

yield function is expressed in terms of the joint invariants as well as 

the direct invariants. 

Selection of an appropriate form for the yield function may be 

difficult for many engineering materials. Desai (1980) suggested a gen

eral procedure to choose the yield functions and the plastic potential 



functions from a general polynomial in terms of the stress invariants, 

Ji (i = 1, 2, 3), as defined by Eq. (2.6). 
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Associated plasticity laws can adequately describe the behavior 

of materials which can be assumed to be almost frictionless. Metals are 

good examples of such materials. It is observed experimentally that for 

frictional materials such as dry sand, the incremental plastic strain 

vector is not normal to the yield surface (Lade, 1975). Thus, nonasso

ciated plasticity laws should be used for this class of materials. In 

the past, many researchers have developed constitutive models using non

associated plasticity theory (Lade, 1979; Prevost, 1978; Desai and 

Siriwardane, 1980; Baker and Desai, 1982; Desai and Faruque, 1983). De

tails of these developments are given by Desai and Siriwardane (1983). 

It is important to note that the yield surface may also be viewed 

as a closed surface in the strain space. Such idea was originally pro

posed by Green and Naghdi (1965). Subsequently, Naghdi and Trapp (1975) 

and others have developed formal plasticity models using the strain space 

instead of stress space. Recently Yoder and Iwan (1981) developed a 

model using the concept of nested yield surfaces in a strain space. In 

this dissertation, strain-space plasticity formulations are not con

sidered and thus no details of these models are given. 

All the models discussed so far are based on the assumption that 

at a material point a closed yield surface exists, separating the elastic 

and plastic states. However, the concept of a yield condition and its 

representation as a surface in the stress space (Prager~ 1951) may not 

eyist physically. Thus, it should also be possible to construct 
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constitutive laws to describe rate independent inelastic behavior of 

materials without assuming the existence of a yield surface. Valanis 

(1971) presented such a model where history dependency in tne formulation 

enters through a pseudo time scale known as intrinsic time. By defini

tion, intrinsic time is a combination of physical time and a derived time 

related to the permanent deformation. For rate independent behavior, 

time drops out. The intrinsic time is defined in such a way that it is a 

monotonic function of deformation. Thus, this can uniquely identify each 

state of the material for loading as well as unloading and reverse 

loading conditions. The theory proposed by Valanis (1971, 1975) is known 

as endochronic theory. Although Valanis first used the intrinsic time in 

a formal constitutive model, it was Schapery (1966, 1969) who originally 

introduced the idea of intrinsic time in a slightly different form. En

doc~ronic theory is also extended and used for concrete and for 

geological materials (Bazant and Bhat, 1976; Valanis and Read, 1980; 

Bazant and Krizek, 1976). 

Plasticity Models for Geological Materials 

Coulomb (1773) proposed that the granular materials fail by de

veloping a plane of failure when the shear stress on that plane becomes 

equal to a limiting value~ LL' defined as 

cr - cr 
LL = c +' ( .1 2 3) tan <p (2.31) 

Equation (2.31) is the well-known Mohr-Coulomb criteria .. It may be noted 

that Eq. (2.31), when plotted in the principal stress space, represents 
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as irregular hexagonal pyramid. Figure 2.14 shows the cross-section of 

this surface on the ~-plane which passes through the origin of the prin

cipal stress space. It is evident from Eq. 2.31 that the Mohr-Coulomb 

criteria does not include the effect of the intermediate principal 

stress. A generalization of Mohr-Coulomb criteria is proposed by Drucker 

and Prager (1952) where all the principal stresses are considered. 

Drucker-Prager criteria can be expressed as 

where a and k are the material constants. k has a meaning similar to co

hesion and a is similar to the term tan ~ in the Mohr-Coulomb criterion. 

Equation (2.32) represents a right circular cone whose axis is the space 

diagonal as shown in Fig. 2.15. On the ~-plane, it plots as a circle and 

is shown in Fig. 2.14. Equation (2.32) may also be plotted on fJ 2D - J1 
plane where it plots as a straight line with a slope of a and intersec

tion of k with the fJ 2D axis. This is shown in Fig. 2.16. Drucker

Prager criterion may also be thought of as a generalization of von Mises 

crit~ria where the effect of mean pressure is included. 

Although Drucker-Prager criterion includes the effect of mean 

pressure, it has severe limi~ations. For example, the model does not 

permit any plastic volume change under pure isotropic compression state 

of stress. Also, under a combined stress path, it always predicts plas

tic volumetric expansive strains if normality rule is adopted. 

Consequently, this model may overpredict the observed dilatant behavior 

of some granular materials. 



von Mises Yield 
Criteria 

Mohr-Coulomb Yield 
Criteria 

Figure 2.14. Mohr-Coulomb and Drucker-Prager Yield Criteria 
on 1T-Plane 

44 



Figure 2.15. von Mises and Drucker-Prager Yield Criteria in 
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To predict the plastic volume change under pure hydrostatic com

pression, Drucker, Gibson and Henkel (1957) introduced the idea of a 

circular yield cap in addition to the failure surface. This is shown in 

Fig. 2.17. In addition to IJ2D - J1 space, the yield surface can also 

be plotted on triaxial plane. Triaxial plane is a plane in the principal 

stress space which makes equal angles with the O2- and 03- axes and con

tains 0 1- axis. 01' O2, 03, described above, are the principal stresses 

such that 

(2.33) 

Sometimes, plotting of the yield surface on the triaxial plane may be 

more meaningful. Figure 2.18 shows a schematic of the Drucker, G~bson 

and Henkel's (1957) yield condition on triaxial plane. It is seen that 

the circular yield cap plots as a dome on this 'plane. It may be men

tioned here that the hardening behavior of materials can be represented 

by this model by allowing the caps to expand in the stress space. Thus, 

conceptually, the addition of the cap allows for plastic volume change 

during pure hydrostatic compression. However, experimentally, it is ob

served that the linear failure surface and the circular shape of the 

yielding cap may not compare with the experimental data with reasonable 

accuracy. Subsequently, several extensions and modifications of the cap 

model are proposed for geological materials (DiMaggio and Sandler, 1971; 

Sandler and Rubin, 1979; Roscoe and Burland, 1958; Roscoe, Schofield and 

Wroth, 1958; Lade, 1977; Desai, Phan and Sture, 1981). 
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Roscoe and his co-workers (1958) developed a plasticity model 

based on the findings of Rendulic (1936) and Hvorslev (1936, 1938), and 

it is widely known as the critical state model. The underlying founda

tion of this model is the concept of critical void ratio or critical 

density. When a soil sample is subjected to a general loading, it goes 

through phases of progressive yielding. This process of yielding con

tinues until the material reaches a critical void ratio, after which the 

void ratio remains constant and the sample experiences large shearing 

strain and finally collapses. The critical state points from a variety 

of different stress paths when plotted on q-p plane fallon a straight 

line known as the critical state line. The slope of this line is a mate

rial constant. Figure 2.19 shows a typical critical state line on q-p 

plane where q is the difference between the major and the minor principal 

stresses, and p is the effective mean (confining) pressure. Although 

critical state line defines the ultimate state of a material point in 

combined loading, for representing plastic volume change behavior under 

pure hydrostatic compression, the critical state model utilizes the idea 

of the cap, as mentioned earlier. 

A number of constitutive models are developed using the concept of 

crittcal state of granular materials; for example, granta grave,l, cam 

clay and modified cam clay models (Schofield and Wroth, ,1968; Desai and 

Siriwardane, 1983). In each of these models, the shape of yield cap is 

different. In the modifi,ed Cam Cl ay model, the assumed cap plots as an 

ellipse on q-p plane (Fig. 2.19) (Schofield and Wroth, 1968). 
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DiMaggio and Sandler (1971) proposed a modified form of cap 

model foY' geological materials. As mentioned earlier, the linear failure 

surface in the IJ2D - J1 plane overpredicts the dilatancy for granular 

materials. DiMaggio and Sandler (1971) proposed an exponentially de

caying failure surface as given below: 

_ _ -BJ1 Ff = IJ 2D - A + C e = 0 (2.34) 

where Ff is the failure condition and A, Band C are the material con

stants for failure. Figure 2.20 shows the geometric representation of 

Eq. (2.34). It is evident from Eq. (2.34) that for large positive (com

pressive) value of J1, the exponential term becomes negligible compared 

to the constant A and thus the failure surface becomes asymptotic to a 

limiting surface given by 

IJ2D = A (2.35) 

Equation (2.35) is similar to the von Mises yield condition for elastic

perfectly plastic materials. That is why the asymptotic limit of the 

failure surface is termed as Mises limit. To represent the plastic volu

metric changes under hydrostatic compression, DiMaggio and Sandler (1971) 

proposed an elliptical yielding cap. This is shown .in Fig. 2.20. The 

yielding cap starts from the J1-axis and ends at the failure surface 

where its slope is zero. The cap intersects the J1-axis perpendicularly. 

This is necessary to ensure that a state of pure hydrostatic stress will 
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Figure 2.20. Schematic of the Cap Model Proposed by DiMaggio 
Sandler on IJ2D - J1 Space 
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cause only volumetric plastic deformation when associated plasticity 

theory is used. For hardening materials, the cap expands in such a way 

that the ratio of the major and the minor axes of the ellipse remains 

invariant. This ratio is known as the shape factor and is a material 

constant. It is important to note here that in this model the hardening 

behavior of geological materials is described by the history of volu

metric plastic strain only. DiMaggio and Sandler (1971) assumed an 

exponential relation between the mean pressure, p and the volumetric 

1 t · t' p. p as lC s raln, EV ; l.e., 

where Wand D are the constants that describe hardening. In Eq. (2.36), 

it is assumed that the mean pressure, p, is positive when compre?sive. 

The constants Wand D are determined entirely from a hydrostatic compres

sion test. 

Lade (1975, 1977) proposed a form of cap model to characterize 

the inelastic behavior of cohesionless materials based on laboratory test 

data. Again, this model also consists of a curved failure surface and a 

circular cap. Figure 2.21 shows the curved failure surfaces as well as 

the yielding caps on the triaxial plane. The curved failure surface is 

expressed as a function of J1 and J3 only. It may be noted that the 

third stress invariant, J 3, reflects the combined effect ofJ1 and J2. 

Thus, it may be justified to form a failure surface without using the 



Conical Yield Surface 

Hydrostatic 
Axis 

Figure 2.21. Location of Yield Cap Relative to Conical Yield 
Surface Shown in Triaxial Plane 
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second invariant of the stress tensor, J2. It is assumed that during 

hardening, both the failure surface and the yielding cap expands. Lade 

(1975) used the plastic work, WP, as the hardening parameter, where wP is 

defined as 

(2.37) 

Figure 2.22 shows a schematic of the failure surface on the octa

hedral plane which is more like a triangle with rounded corners and 

curved edges. This is consistent with the observed yield surfaces for 

brittle materials (Lade, 1983; Schreyer and Babcock, 1983). However, the 

cross-section of a yield surface on the octahedral plane is always circu

lar if the third invariant, J3, is not used to form the equation of the 

yield surface. Use of J3 is also found in the works of Matsuoka and 

Nakai (1974), Davis and Mullenger (1979), Desai (1980), Desai and 

Faruque (1983). 

The models which are described above constitute only a small part 

of the entire class of plasticity models. Developmental work in this 

area is still continuing and new models are being proposed for metals, 

geological materials, concrete and other materials (Ghaboussi and Momen, 

1982; Mroz, et al., 1981; Pietruszczak and Mroz, 1979; Smith and Cheatham, 

1980; Desai and Siriwardane, 1980; Desai and Faruque, 1983). A detailed 

account of all these works is beyond the scope of this dissertation. A 

comprehensive review of all these models is given by Desai and 

Siriwardane (1983). 



Figure 2.22. Sections of the Conical Yield Surface and 
the Yield Cap on the Octahedral Plane 
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CHAPTER 3 

PROPOSED CONSTITUTIVE LAWS 

General 

In classical plasticity, the yield condition is represented as a 

surface in the stress space. Although alternative formulations such as·

endochronic theory and strain-space plasticity are available, the clas

sical concept is still extensively used. In the classical plasticity, 

the yield function is explicitly represented in terms of the state of 

stress while the hardening behavior is characterized by irreversible 

strain and other internal variables. When initial material isotropy is 

assumed, the yield function can be expressed in terms of the three in

variants of the stress tensor. 

The idea of expressing the yield function as a polynomial in 

terms of certain powers of the stress invariants was proposed by Desai 

(1980). It was shown that a majority of the available yield criteria, 

both classical and recent, are derivable from this polynomial concept. 

Thus, a general polynomial representation of the yield condition is a 

valid and rational approach. The greatest advantage of this technique is 

that it gives one the flexibility of forming appropriate yield conditions 

fo.r different materials. This can be achieved by using various truncated 

forms of .the polynomial or by selecting appropriate terms of the poly

nomial using an optimization procedure. 

5? 
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The necessity of new developments in the area of constitutive 

modelling comes from the fact that none of the available models is gen

eral enough to provide a basis to characterize the behavior of different 

classes of materials under a variety of loading conditions. Thus, dif

ferent constitutive models are required for different materials as well 

as for different histories of loadings. The technique proposed by Desai 

(1980) can provide significant flexibility in terms of choosing appro

priate yield conditions for plasticity-based constitutive laws. It 

should be noted here that some of the terms in the polynomial can be dis

carded at the outset, depending upon particular characteristics of given 

material(s). For example, the yielding of metals is not affected by the 

presence of moderately high isotropic compression or tension. Thus, the 

yield conditions for metals can exclude terms containing the first in

variant of the stress tensor. On the other hand, the yielding of 

geological materials is highly dependent on the mean pressure. Dry co

hesionless soil (sand), for example, derives most of its shear strength 

from the applied mean pressure. The yield criteria for such materials 

should include terms containing first invariant of the stress tensor. 

This is necessary to properly simulate the material behavior, under a com

bined isotropic and deviatoric stress condition. 

PolYnomial :Representation'of , 
, the Yield'Cbndition 

As stated earlier, the yield conditions, F~ for an initially iso

tropic Baterial can be expressed in terms of the invariants of the stress 

tensor. Mathematically, 



(3.1a) 

where J1, J2, J3 are the three stress invariants given by 

(3.1b) 

crij is the stress tensor, and F (Jl~ J2, J3) is the yield function. 

Equation (2.1a), when plotted in the stress space, generates a closed 

surface. The interior of that surface represents elastic states. Any 

state of stress which falls on the surface causes incipient plastic flow. 

The yield function, F (J1, J2, J3), can be represented as a poly

nomial in terms of the stress invariants J1, J2 and J3. However, a more 

appropriate form can be obtained when F (J1, J2, J3) is expressed as a 

polynomial in terms of J1, J2
1/ 2 and J3

1/ 3• This is originally suggested 

by Desai (1980). The advantage of using the set J1, J2
1/ 2 and J3

1
/
3 

is 

that one can obtain consistent dimensions of the terms in the yield 

function. Following Desai (1980), the yield function F (J1, J2
1
/ 2, 

J3
1/ 3) can be written as 
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a J J 1/3 + J 1/2 J 1/3 + 
7 1 3 as 2 3 

(3.2) 

1/2 1/3 + a19 J 1 J
2 

J 3 + ••••.•.••• 

It may be noted that the yield function can be expanded up to any desired 

order. The constants, ai (i = 1, 2, .•• n), in Eq. (3.2) are material re

sponse functions. In general, all the material response functions can be 

expressed in terms of .the history of deformation as well as a number of 

other tensor-valued and scalar-valued internal variables. Thus, ai (i = 

1, 2, •• ·.n) can be expressed as, 

(3.3) 
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where fdEij = history of plastic strain, wP = fcrij dEij = plastic work, 

aij .. = tensor-valued internal state variables, and 111' 112 ... nN = scalar

valued internal state variables. It should be emphasized that, for 

implementation purpose, explicit forms of all chosen response func

tionals are required. However, selection of appropriate forms can be 

tedious and, at the same time, difficult. Thus, usual practice is to use 

only a few material response functions while a majority of ails will be 

assumed to be material constants. 

The yield function given by Eq. (3.2) is expanded in terms of the 

invariants of the total stress tensor. A more convenient form may be ob

tained if J 2 and J3 in Eq. (3.2) are substituted by J 2D and J3D where 

J 2D and J 3D are the second and third invariants of the deviatoric stress 

tensor, respectively. Using index notations, J2D and J3D can be ex

pressed in the form, 

and 

J 2D = -21 5.. 5 .. 
lJ Jl 

1 
Sij = crij - 3 °kk Qij (deviatoric stress tensor). 

(3.4) 

Desai (1980) chose a number of truncated forms of .F (J1, J2, J3) 

and evaluated them at ultimate (stress) condition for four different 

materials and for diff.erent stress paths. It may be noted that the ulti

mate condition is defined by the asymptotic value of .the stress in the 

stress-strain response curve, as shown in Fig. 3.1. Of .all the forms 

Desai (1980) used, the form· 



------

Ultimate (Stress) 

-~f-- L;~i_on __ 

Strain, e: Strain, e: 

Figure 3.1. Ultimate Condition Shown for a Typical 
Stress-Strain Response 

," 
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J J 1/3 
1 3 = C 

J 2 
(3.5) 

essentially showed an invariant value of C at the ultimate conditions for 

all the materials. It is important to note here that the form given by 

Eq. (3.5) is not the only form which assumes an invariant value at ulti

mate condition. It is possible to construct a number of other such forms 

by choosing appropriate terms from the polynomial given by Eq. (3.2). 

Lade.(1975, 1977) and Matsuoka and Nakai (1974, 1982) have proposed 

similar forms guided by the experimental behavior of cohesionless soil. 

Davis and Mullenger (1979) derived a failure condition for granular mate

rials using hypoelasticity (Truesdell, 1965; Eringen, 1962; Desai and 

Siriwardane, 1983) and critical state (Roscoe et al., 1958) concept. 

However, all these conditions can be derived from the general polynomial 

(Eq. 3.2) by selecting appropriate terms. 

Proposed Constitutive Model 

A large number of plasticity models for geological materials are 

available at the present time. Of them, critical state (Roscoe et al., 

1958, 1963, 1968; Schofield and Wroth, 1968) and Cap Models (DiMaggio and 

Sandler, 1971; Sandler et al., 1976; Sandler, 1976; Sandler, 1983) are 

widely used. The model proposed by Lade (1975, 1977) also allows for 

work-hardening and nonassociative behavior. One of .the major drawbacks 

of .all these models is that the yielding is controlled by two separate 

yield functions which intersect each other with a slope discontinuity. 
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This results in nonuniqueness of the normals at the point of intersec

tion. In the associated theory of plasticity, the incremental plastic 

strain is assumed to be normal to the yield surface at the loading point. 

Thus, the direction of incremental plastic strain is not defined at the 

point of intersection of the two yield surfaces (see Fig. 3.2). This 

problem can be eliminated if a single yield surface (function) is used 

instead of two or multiple yield surfaces. 

On the basis of the form given by Eq. (3.5) (Desai, 1980; Desai 

and Faruque, 1983), the following form of the yield function is proposed: 

(3.6) 

where J2D = second invariant of the deviatoric stress tensor, J1, J3 = 

first and third invariants of the total stress, respectively, k = 

measure of the cohesive strength of the material, and a, 8, y = material 

response functions. 

As discussed earlier, generally, all the response functions 

should be made functions of the history of deformation and other inter

nal variables. Explicit forms of all the response functions are 

difficult to choose. Thus, only a few of the response functions will be 

made history dependent and the remaining will be treated simply as mate

rial constants. In this study, only 8 will be made function of the 

history of deformation while a, y, k are assumed to be material con

stants. It may be noted that a, y and k will be evaluated considering 

the'~ltimate condition of a material. The response function' 8 is called 



Discontinuity 

Figure 3.2. Typical Example of Two Yield Surface 
Plasticity Model 
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the growth or evolution function. in general, the functional form of S 

can be written in the following form: 

(3.7) 

The arguments of S are defined in Eq. (3.3). The var1able T in Eq. (3.7) 

is the temperature. Assuming isothermal condition, the dependence of S 

on temperature can be eliminated. In general, a large list of history 

dependent parameters can be chosen to express the growth function S. In 

this study, however, S will be made function of a single parameter, ~, 

defined as, 

(3.8) 

It is evident from Eq. (3.8) that ~ is the trajectory of the plastic 

strain in a nine-dimensional Euclidean space formed by the compone~ts of 

the plastic strain tensor, Eij. The parameter ~ will be termed as the 

growth parameter. Since the scalar product of two vectors is always 

positive (provided the coefficients are all real), the growth parameter ~ 

is always positive. Thus, ~ will be unique for a particular plastically 

deformed state of a material point. The total plastic strain trajectory, 

~, may be expressed in terms of ,spherical and deviatoric components, ~V 

and ~D~ respectively. These are related to each other through the fol

lowing equation: 
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(3.9) 

( )2 p P where d~O = de.. de .. 
lJ lJ 

deij = dEi~ - ! dEkk 0ij is the incremental deviatoric plastic 

strain tensor and dEkk is the incremental volumetric plastic strain. 

Thus, Sv and So can be explicitly written as 

- l!d P ~v - - Ekk 
13 

(3.10) 

(3.11) 

It may be noted that the combinations of ~, Sv and ~O will form a better 

basis compared to ~ alone to describe the growth function S for plasti

cally hardening materials. As an alternative to ~, the plastic work, 

WP, may also be used. This parameter, however, is not investigated in 

this study. 

Properties of the Proposed Yield Function 

According to the stability postulates of ,Drucker (1951), mate

rial point is stable in the plastic range when the plastic work done by 

an increment of stress, doij , is nonnegative; i.e., 



dcr"J' dE. ~ > 0 
'J -
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(3.12) 

The above inequality forces the yield surface to be a convex surface in 

the stress space. In this study, only stable plastic materials will be 

considered and, thus, the yield function should plot as a convex surface 

in the stress space. When the stress tensor is symmetric, there are six 

independent components of stress, and the yield surface is a hyper sur

face in a six-dimensional hyper space made up of the six components of 

stress. Figure 3.3 shows these six components of stress in a three

dimensional Euclidean space. It is difficult to visualize a hyper 

surface in a six-dimensional space. Thus, the yield surface will be 

mapped onto different two-dimensional spaces to investigate its con

vexity. Although theoretically infinite number of such planes may be 

constructed, only three planes will be considered here; namely, tri

axial plane, a plane formed by IJ 2D and J1 and the octahedral pla~e. It 

may be noted that the octahedral plane is normal to the plane formed by 

IJ 2D and J1• 

Figure 3.4 shows a schematic of the proposed yield function on 

the IJ 2D - J1 space. It is seen that the yield surface is convex. More

over, it intersects the J1-axis at right angles. ~his is consistent with 

the definition of ,associated plasticity because for an initially iso

tropic material, a state of ,hydrostatic compression should cause only 

volumetric plastic strain. The plot is given for an ideal cohesionless 

material, that is assuming k = O.O~ Obviously the convexity of the pro

posed yield surface is largely dependent upon the values of the material 
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constants a, y and the growth function S. Appropriate ranges can be de

termined by considering the length of intersection with the J1-axis. At 

the point of intersection with the J1-axis, the state of stress is purely 

spherical. Thus, the deviatoric stress invariants J 2D and J3D vanish. 

When specialized for this case, the yield condition takes the form, 

(3.13) 

and the length of the intersection is given by 

vf 2 J - 3 + 3y 2 + 3k 
1 - 2(3r-S) [2(3r-S)] (3a-S) (3.14) 

For cohesionless materials, k = 0 and Eq. (3.14) reduces to the form: 

J --1L-1 - (3a-S) (3.15) 

It is evident from the Eqs. (3.14) and (3.15) that the intercept is posi

tive as long as (3a-S) ~ 0 for all y>O. When (3a-S) = 0, the intercept 

becomes infinite. When (3a-S) <0 for y>O, the yield function plots as a 

concave surface in IJ2D - Ji space. Thus, the ranges of a, y, S for a 

convex yield surface are the following: 

y > 0 . 

a > 0 . ·(3.16) 
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The case of S = 3a represents the ultimate yielding of a material point, 

and defines the upper limit of the growth function S. The lower limit 

of S is associated with the elastic limit of a material. For materials 

whose elastic 1 imit does not exist, that is the ela"sto-plastic deforma

tion starts from the very beginning, the theoretical lower limit of S is 

- 00. When S = - 00, the yield surface becomes a singular surface. Thus, 

the range of S is 

(3.17) 

Plots of the proposed yield function on the octahedral plane and 

the triaxial plane are shown in Figs. 3.5 and 3.6, respectively. It is 

seen that it plots as a convex surface in all the spaces and thus satis

fies the convexity requirements. 

Over the past few years, it has been argued that a yield surface 

which is convex in different sub spaces may not be convex in a general 

six-dimensional stress space. However, there are theorems to prove the 

convexity of a function of several variables mathematically (Yang, 1980). 

The yield function, F, will be a convex function in the six-dimensional 

stress space if the Hessian matrix of .F is positive semi-definite. 

Mathematically, this can be expressed as 

Hessian of F = Ho(F) (3.18) 

where the subscripts i and j range from 1 to 6. It should be noted that 

in Eq. (3.18),01' 0"2' 03 represents the three normal stresses while 
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Figure 3.5. Typical Sections of the Yield Surface on 
the Octahedral Plane for Various J 1 
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0"4' 0"5' 0"6 represents three shear stresses. The condition given by 

Eq. (3.18) is analogous to the second derivative of a single variable 

function. It is well known that such a function is convex when the sec-

and derivative of that function is positive semi-definite. 

Evolution Function, 8 

As mentioned earlier, S, SV and So will be used as growth parame

ters. Various forms of S (s, sv' sO) will be assumed and investigated 

in the light of experimental observations for a number of (cohesionless) 

soils. 

The selection of an appropriate form for S (s, sv' sO) cannot be 

made in an arbitrary manner. First of all, the variation of S with re

spect to its arguments should be observed from actual test data. Any 

particular form of S (s, sv' sO) should then be selected guided by the 

observed behavior. Before adopting any particular form of S (s, sv' sO), 

some terminologies should be defined. 

Ultimate Yield. This is the state of a material point after ex

periencing infinite amount of shearing strain. For all practical 

purposes, this state will be considered to occur at a large value of 

shearing strain. This condition can be stated by the following 

inequaiity: 

So ~ M (3.19) 

where M is a large positive number. Inequality (3.19) can be restated in 

the font!, 



where M is similar to M. Throughout this dissertation, the second 

statement of the ultimate yielding will be used. 
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(3.20) 

It should be noted that the terms 'failure ' and 'critical state l 

mayor may not coincide with the ultimate yielding condition. 

Hardening. When a material point is subjected to a load level 

beyond the elastic limit, inelastic deformations set in. Elastic

perfectly plastic materials essentially flow under a constant stress 

level at which the inelasticity starts. However, most materials exhibit 

some increase in strength even after inelastic deformation. This process 

of strength gain is termed as hardening. In crystalline materials, hard

ening is caused due to the reorientations and locking of the crystals 

during permanent straining. 

As discussed in Chapter 2, basically there are three kinds of 

hardening models available in the theory of plasticity; namely, isotropic 

hardening model, kinematic hardening model and anisotropic hardening 

model. For quasi-static monotonic loading process, the isotropic hard

ening model can work well. However, when load reversals occur, kinematic 

or anisotropic hardening models may be more appropriate. In this study, 

only isotropic strain hardening concept will be utilized. 

As mentioned earlier, the growth function can be plotted from ac

tual test data before adopting dny particular form. Figure 3.7 shows the 

typical variation ofB as a function of the growth parameter,~. To fit 

this observed behavior, a hyperbolic relationship between B and ~ is 

assumed: 
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(3.21) 

where Su = value of S at ultimate yielding ,= 3a, Sa = material constant 

for hardening, i = material constant which identifies the initial size of 

the yield surface, and f (~) = function defining hardening. 

The following restrictions should have to be imposed on f (~): 

f (~) = 0, when ~ = 0 

f (~) + ~, when ~ + w 

f (~) ~ 0, when ~ ~ 0 

(3.22) 

Thus, when f (~) +~, S (~) + Bu' which is the ultimate value of the 

growth function, B (~). An additional restriction is necessary if soft

ening is to be excluded from the formulation. This additional 

restriction is such that f (~) has to be a monotonically increasing 

function of~. A variety of different forms are possible for f (~). 

For simplicity, it will be assumed, 

(3.23) 

where n is a material constant defining hardening. Thus, the explicit 

fonm of the growth function S can be expressed as, 

S 
e = e (~) = e [1 - a ] 

u i + ~n 
(3.24) 

The materials for which elastic limit do not exist, the parameter i = O. 

Most soils exhibit inelastic response from the very beginning of the 

loading process. Thus, for soils, it may be justified to assume i = O. 
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Equation (3.24) may not be suited for materials which exhibit 

very small volume change compared to shearing. As discussed earlier, 

when S is expressed in terms of ;, ~V and ~o' a more general form of the 

growth function can be obtained. Since a large number of combinations 

of ~, ;V and ~o are possible, an experimental study should be done using 

these parameters before selecting the form of the growth function, S 

Motivation for Selecting S(;, ~V' ~o)' It is mentioned earlier 

that the parameters ~V and ;0 are the volumetric and the deviatoric part 

of the total plastic strain trajectory,~. The relationship between 

these three parameters, ~, ~V and ~o' is given by Eq. (3.9). Now con

sider two ratios, rV and rO' such that, 

~v 
r =-V ; 

(3.25) 

The ratio, rO' describes the deviatoric behavior of a material 

point during inelastic straining. An initially isotropic material, when 

subjected to purely hydrostatic state of .stiC!;!), experiences only volu

metric defo.rmations. For such condition, ~o = a and consequently rD = O. 

On the other hand, for purely deviatoric behavior (in the case of non

frictional materials), the parameter rD will be always unity. It may be 

noted here that besides these two limiting aspects, rO has a special 
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meaning when the critical state concept is used. According to the 

critical state theory, a frictional material will experience change in 

volume for a particular mean pressure till the time it reaches a critical 

volume. Subsequently, there wi11 be no more volume change and the mate

rial will experience large shear strains until it fails. Thus, permanent 

volume change is limited while the deviatoric plastic deformations accu

mulate in an unbounded manner; that is, at the critical state ~D » ~v 

and the shear intensity factor, rD approaches unity. Theoretically, when 

~D + 00, rD tends to unity. For all practical purposes, however, critical 

state of a material point (frictional) will be defined by the inequality, 

(3.26) 

where E is positive and 8« 1. 

The ratio, rV' describes the plastic volume change behavior 

under a general loading history. It is well known that metals are elas

tic in bulk up to a moderately high hydrostatic state of stress. Thus, 

for metals, ~v = a and rV = a and plastic behavior is purely deviatoric. 

On the other hand, geological materials such as soils show significant 

plastic volume change under hydrostatic state of ~tress. Assuming the 

materials to be initially isotropic~ a hydrostatic state of stress will 

cause only volumetric plastic strain. Under this condition, ~D is always 

zero and the parameter, rV' is always unity. 
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When the volumetric and deviatoric plastic deformations are 

coupled, both rV and rD become less than unity. However, there is a 

unique relation between these two parameters. Figures 3.8 through 3.12 

show rV - rD plots for five different soils and for variety of tests. It 

is e.vident from these figures that during a combined loading process the 

parameters rV and rD are uniquely related. Thus, it is possible to use 

one parameter out of rV and rD along with ~ to characterize the actual 

hardening process. It may be noted that a combination of rV and rD may 

also be used instead of rV or rD' For example, it is possible to define 

a parameter, r t , such that 

r =./r 2 + r 2 
t V D (3.27) 

The parameter, r t , in Eq. (3.26) defines the radius vector as shown in 

Fig. 3.13. It is evident from Fig. 3.13 that the value of r t is less 

than unity as long as both rV > 0 and rD > O. When one of these parame

ters vanish, rt becomes unity. 

Although anyone parameter among rV' rD and rt may be used, in 

this study the parameter, rD, is used along with ~ to express the growth 

function,S. Referring to Fig. 3.7, the following form of .13 (~, rD) is 

assumed: 

(3.28) 
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where 9 (rO) is an unknown function defining the shearing behavior. For 

purely volumetric behavior, rO = 0 and the unknown function, 9 (rD) in 

Eq. (3.28) should be unity. Thus, g (rO) may be expressed as 

(3.29) 

where 

(3.30) 

Assuming i = 0, Eq. (3.28) can be written in the form, 

(3.31) 

where Sa and nl are constants for hardening and are determined from iso

tropic compression tests. Once ea and n1 are determined, the unknown 

function gl (rO)' called the shear participation function, can be plotted 

from actual test data for a given F. Typical plot of gl (rO) on a func

tion of rO is shown in Fig. 3.14. Based on this observation, 91 (rD) is 

assumed in the f~rm, 

(3.32) 

In Eq. (3.32), Sb and n2 are constants defining hardening and are deter

mined entirely fr,om tests where volume and shear behavior is coupled, for 

example~ conventional triaxial compression tests. 
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Elasto-Plastic Constitutive Relations 

In this section, the relationship between the incremental stress, 

daij and the incremental plastic strain, dsij' will be derived. Index 

notations will be used throughout the entire section; however, the final 

relationship will also be given in a matrix form. 

The stress-elastic strain relationship can be written in the form 

(3.33) 

where Cijkl is the elastic constitutive relation tensor. dsk~ = elastic 

part of the total incremental strain, dsk1• Assuming small strain, the 

total incremental strain, dskl can be linearly decomposed into elastic 

and plastic part as 

(3.34) 

where the superscripts e and p refer to elastic and plastic, respectively. 

Using Eq. (3.34) into Eq. (3.33), the incremental stress, da . . , can be . lJ 
written as 

(3.35) 

FlbW Rule. The flpw rule defines the incremental .plastic strain. 

When associated plasticity law is considered~ the incremental plastic 

strain vector is .normal to the yi~ld surfa.ce~ F, at the loading point 

·' 
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(Desai and Siriwardane, 1983). Thus, dEi~ is proportional to the gra

dient of F with respect to stress, 0ij; that is, 

p _ aF 
dE .. - A -a-

lJ 0ij 
(3.36) 

where A ~ 0, and is obtained from the condition that the stress point 

always remains on a yield surface. This condition is known as the con

sistency condition (Prager, 1951; Desai and Siriwardane, 1983). 

Mathematically, it is given by the equality, 

dF = 0 (3.37) 

In Fig. 3.15, two yield surfaces, F1 and F2, are shown. F2 is the yield 

surface which is reached from Fl beca~se of an increment of stress, doij . 

Thus, F2 can be written as 

(3.38) 

Initially, the stress state, 0i31), which is on F1, satisfies F1 = O. 

When the stress changes to 0.(2) = 0.~1) + d0
1
o

J
o , the yield surface 

lJ lJ 

changes to F2. If 0i32) is to be on F2, the requirement is that F2 = O. 

From Eq. (3.38), it is evident that this will be satisfied when dF = O. 

In the present study, the yield function is a function of .both stress as 

well as the trajectory of .the plastic strain,~. Thus, the consistency 

condition can be restated as 



Origin of Stress 
Space 

Figure 3.15. Typical Example of Yield Surfaces for a 
Hardening Plastic Material 
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of . of 
dF = -0- do .. + ol:" dr,; = 0 

0ij lJ '" 
(3.39) 

Substituting dEi~ = A o;~., dr,; can be written as 
1J 

(3.40) 

of of 1/2 . 
(ao .. 00 .. ) 1n Eq. (3.40) is the length of the gradient vector in the 

1J lJ 
stress space and is denoted by YF' Thus, 

(3.41) 

Utilizing Eqs. (3.35), (3.36), (3.39) and (3.41), the proportionality 

constant, A, can be expressed as 

..1L C dEk' 1 00.. ijkl 
A - lJ 

-~ C ~ _ Y of 
OOpq pqrs oOrs F'ar,; 

(3.42) 

Substituting the expression of A back into Eq. (3.35) along with 

Eq. (3.36), the incremental stress-strain relationships for a work

hardening elasto-plastic material is obtained as 

e-p do.. = C .. kl dEkl 1J lJ . 
(3.43) 

where Cijk~ is the elasto-plastic constitutive relation tensor and is 

given by 
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(3.44) 

In matrix notation, Eq. (3.44) can be writte~'as 

(3.45) 

When F = F (J l , J20 , J30 ), the gradient of F with respect to aij can be 

expressed as 

~ = E.L tS + ...1L S + -1L (S S 2 J 0 ) oaij oJl ij oJ20 ij oJ20 i k kj -"3 20 ij (3.46) 

where O;j = Kronecker's delta and Sij = deviatoric stress tensor. 

Alternative Forms of Yield Conditions 

The general polynomial function (Eq. 3.2) permits choice of a 

number of approximate (truncated) forms. Thus, several alternatives to 

the proposed yield condition, Eq. (3.6), are possible; a few of these 

forms are listed below: 

(3.47) 

(3.48) 
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(3.49) 

In all these forms, S is assumed to be the growth function while 

y, k and v are material constants. It is important to note here that 

the constants y, k and v are determined considering the stress state at 

the ultimate condition of a material point. 

The requirements for these functions are that i) they should 

plot as convex surfaces in the stress space, ii) they should intersect 

the J1-axis at right angles for initially isotropic and associative 

materials. Fortunately, all the above functions satisfy these two re

quirements and, thus, can be used as yield functions. Figures 3.16 

through 3.23 show the plots of these yield functions in IJ2D - J1 space 

as well as on octahedral plane. It may be noted that the triaxial plane 

is similar to the IJ 2D - J1 plane and may be obtained by rotating the 

IJ2D and J1 axes. 

It is evident from the Figures 3.16 to 3.23 that all the yield 

surfaces are convex and intersect the hydrostatic axis (J1-axis) at 

right angles. 

The growth function,S, in all the alternative forms essentially 

varies in the same manner as discussed earlier. However, its limits are 

different. The following section is devoted to explain the growth func

tion 3 S, for the yield condition given by Eq.(3.47). The growth 

functions for the other two forms are similar and have the same limits. 
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Figure 3.19. Plots of the Alternative Yield Function, F(1), 
on the Octahedral Plane 
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Figure 3.20. Plots of the Alternative Yield Function, F(2), 
on the Octahedral Plane 



Figure 3.21. Plots of the Alternative Yield Function, F(3), 
on the Octahedral Plane 
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Growth Function, 81 
Consider the case of cohesionless soils. Thus the constant 

k1= 0 and Eq. (3.47) reduces to the form 

(3.50) 

For purely hydrostatic state of stress, J2D = 0 and J3 = J/!3 and 

Eq. (3.50) becomes 

Equation (3.51) defines the intercept with the J1-axis. 

and 8, this intercept can be expressed as 
1 

(3.51) 

In terms of y 
1 

(3.52) 

Equation (3.52) when interpreted with respect to the convexity of the 

yield function (Eq. 3.47), the following restrictions result: 

(3.53) 

The condition ~ = 0 defines the ultimate condition ofa material under a 

complex state of stress. At that point, the intercept with the J 1-axis 

becomes infinite. When f\ ~ 0, the yield function plots as a concave sur

face in v'J2D - J1 space and, thus, violates the consequences of the 

stability postulates of Drucker (1951). Considering the above conditions 
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with respect to the convexity of the yield function, the range of Sican 

be written as 

(3.54) 

It may be noted here that when Sl= 00, the intercept with the Jl-axis 

vanish and the yield surface becomes a singular surface. 

It is mentioned in the previous ?ection that, in general, the 

growth function can be a function of a large number of history dependent 

parameters. However, for simplicity, the growth function, Sr is ex-

pressed as a function of a single parameter, S, where s is the trajectory 

of the plastic strain vector as defined by Eq. (3.8). To select an 

appropriate function form of Sl(s), variation of Slwith respect to the 

growth parameter, S, should be plotted from actual laboratory test data. 

A typical plot is shown in Fig. 3.24. As mentioned before, the effect 

of stress path can be included in the formulation if the growth function 

is made function of two parameters, sand rD as defined earlier. Guided 

by the experimental behavior, the following form of Sl (s, rD) can be 

assumed 

(3.55) 

where the superscript (1) is used to emphasize that these material con

stants are diff.erent from the ones used before. The form of .the function 
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Figure 3.24. Typical Variation of S as a Function of(l) 
~ for the Alternative Yield Function, f 
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gl (1) (rO) can be assumed in a similar manner as defined by Eq. (3.32); 

that is, 

n (1) 
g (1) (r ) = S (1) r 2 
lOb D (3.56) 

where Sb (1) and n2(1) are the material constants defining the hardening 

behavior during plastic deformation. 



CHAPTER 4 

DETERMINATION OF MATERIAL CONSTANTS 

General 

The proposed constitutive model has a number. of material con

stants including the Young's modulus, E, and the Poisson's ratio, v. 

Determination'of such constants for any material requires a comprehensive 

series of laboratory tests with number of loading, unloading and re

loading cycles. The characteristics of the test series depend on the 

type of material, field conditicns and on the available testing 

facilities. 

The proposed constitutive model is, in general, applicable for 

any frictional material. In this dissertation, however, only geological 

materials will be considered. 

Three different soils are considered here to obtain the material 

constants associated with the proposed constitutive model. These are 

i) a silty sand, ii) an artificial soil and iii) an agricultural soil. 

The stress-strain responses for the artificial soil are presented in the 

following section. The test data for the silty sand and the agricultural 

soil are taken from Desai et ale (1982) and Markle (1981). 
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Laboratory Testing 

Testing Device and Stress Paths 

The test apparatus is a stress-controlled truly triaxial device 

where the sample can be subjected to a three-dimensional state of stress 

(Desai et al. 1981; Sture and Desai, 1979; Desai et al. 1982). The cu

bical sample is 4x4x4 inches (10.16xl0.16xl0.16 cm) in size (see 

Fig. 4.1) and is loaded by air pressure through the six faces of the 

apparatus. The applied stre~!)es in each direction can be controlled in

dependently. Linear variable differential transformers (LVDT) probes are 

used to measure the displacements at each face. There are three such 

probes on each face of the apparatus. An lIexploded view ll of the device 

is shown in Fig. 4.2 (Desai et al. 1982; Sture and Desai, 1979). 

The testing device is capable of applying loads following any 

arbitrary stress path. Thus, it is ideally suited for testing geologi

cal materials because their stress-strain responses are highly path 

dependent. As a result, the parameters obtained from such test data 

would be more representative of the field conditions compared to the con

ventional cylindrical triaxial tests in which only a limited number of 

stress paths are possible. Although any arbitrary stress path may be 

followed, usually some well-defined tests are perfo,rmed. Figure 4.3 

shows the stress paths which are generally used fo,r testing geological 

materials such as soils (Desai et al. 1981). 
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Description of the Soil and Sample Preparation 

The device is used to perform a series of tests on an artificial 

soil. The soil consists of 50% Florida Zircon sand and 50% Fire clay; 

10% of No.5 SAE mineral oil is added to the mixture (Desai et ale 1981; 

Mould, 1979). Oil is used instead of water to eliminate the influence of 

moisture changes during prototype tests and sample preparation. 

Figure 4.4 shows the grain-size distribution for the artificial soil. 

The tests are performed under completely drained condition. It 

is observed that the soil is highly compressible and almost cohesionless. 

Sample Preparation. The samples are prepared using a device de

veloped by Desai and Munster; a detailed description of the device is 

given by Munster (1981). The main aim of the device is to achieve a con

stant density, YO' for all the materials. To prepare the sample, a 

desired density, YO' is selected and the corresponding amount of soil is 

measured. This soil is poured into a 4x4x4 inches (10.16x10.16x10.16 cm) 

cubical steel mold and vibrated. The vibration helps the soil to settle 

uniformly in the vertical direction. A hydraulic jack with a 4x4 inches 

(10.16x10.16 em) square piston head is then used to compress the soil down 

to 4 inches (10.16 cm) of depth, which makes an exact 4x4x4 inches 

(10.16x10.16z10.16 em) cubical soil sample with a selected density, YO' 

In the present series of ,tests with artifi,cial soil, the density used is 

2 gmjcc. It may be noted here that upon removing the piston, the soil 

elastically rebounds. However, .such elastic rebound is small for most 

soils. This can be adjusted by compressing the sample to a height 

slightly less than 4 inch (10.16 cm). This, however, requires few trials. 
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Test Results 

The stress-strain responses of the artificial soil, as obtained 

from the truly triaxial device, are described in this section. 

Figure 4.5a shows the test results for a hydrostatic compression (He) 

test. It is seen from Fig. 4.5a that the strain in the vertical direc

tion is substantially less than the strains in the lateral directions. 

This may be due to the fact that the sample is made by compressing the 

soil in the vertical direction. Although an isotropic soil sample is in

tended, some anisotropy during sample preparation is unavoidable. There 

are two unloading-reloading cycles in the test. The slopes of the un

loading-reloading curves are used to calculate the elastic parameters as 

well as the plastic part of the total strain. As seen from Fig. 4.5a, 

the soil is highly compressible. However, the upward bending trend of 

the stress-strain (see Fig. 4.5a) curves shows that the material hardens 

significantly under pure hydrostatic compression. Figure 4.5b shows the 

mean pressure-volumetric strain curve. It may be mentioned here that the 

volumetric strain is obtained by adding the three normal strains. 

Figures 4.6, 4.7 and 4.8 show the stress-strain responses for 

three conventional triaxial compression (CTC) tests at confining pres

sures of ,10 psi (68.9 kpa), 15 psi (103.35 kpa) and 20 psi (137.8 kpa), 

respectively., In these tests~ the stresses in the lateral directions, 

CJ2 and CJ3 are kept constant (equal to the confi,ning pressure, 0'0)' while 

the vertical stress, °1, is, incr.eased in small increments. It is re

ported by Desai et al. (1980) and also observed from present series of 
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tests that the artificial soil creeps significantly when left at a par

ticular load level. Since plasticity-based constitutive theories 

describe only time independent material behavior at each load increment, 

the waiting time before the reading was only 4-5 minutes. There are two 

unloading-reloading cycles which are used to calculate the plastic 

strains during straining. 

Figure 4.9 shows the results of ~ simple shear test (55) per

formed at an initial confining pressure, aO' of 20 psi (137.8 kpa). The 

test is carried out by loading the sample hydrostatically up to 20 psi 

(137.8 kpa) and then shearing it in such a way that the mean pressure 

remains constant at 20 psi (137.8 kpa). To do this, the stress compo-

nent, a2' is kept constant. The stress component, a1, is then increased 

while a3 is decreased simultaneously by the same amount. Again, 

unloading-reloading cycles are used to calculate the plastic strains and 

the elastic parameters. The test is terminated when the strain in the 

vertical direction reached a value of about 8%. 

Figure 4.10 shows the stress-strain response from a conventional 

triaxial extension (CTE) test. This test is performed at an initial con

fining pressure of 10 psi (68.9 kpa). In this test, the stress component 

a1 (vertical stress) is kept constant while the lateral stresses a2 and 

a3 are increased by the same amount. 

In all the tests excepting the hydrostatic compression (HC) test, 

the three components of strains are plotted as a function of the octa-

hedral shear stress, Loct. Thus, the plastic strains fO,r each compon~nt 
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can ,be calculated very easily. It is also evident from the Figs. 4.6 . 

through 4.10 that at a density of 2 gm/cc this soil is highly 

compressible. 

Limitations 

Test Apparatus. The testing device used here is intended for 

testing samples under a three-dimensional state of stress such that the 

directions of principle stresses are always coincident with the direc

tions of principal strains. Thus, the device is not suitable for 

studying the rotations of the principal directions of strains with re

spect to the principal directions of stresses. Such behavior may be 

important for studying induced anisotropy of materials. 

In its present form, the device is capable of performing the 

tests only in the principal stress space. Thus, no shear stress can be 

applied directly to the sample. 

Finally, since the device is a stress-controlled device, the 

softening behavior cannot be simulated. 

Sample Preparation. It is intended to obtain an initially iso~ 

tropic sample for the current test series. However, the sample 

preparation technique adopted here may cause anisotropy in the sample due 

to greater compaction in one direction. The degree of such anisotropy is 

dependent upon the intensity of compaction. 



125 

Procedure for Determining Material Constants 

There are nine material constants associated with the proposed 

model as described in Chapter 3. These constants can be classified into 

three categories: 

1) Elastic Constants 

E, v 

2) Constants for Ultimate Yielding 

a, y, k 

3) Constants for Hardening 

Sa' n1' Sb' n2 

A number of tests will be required to obtain these material constants for 

a specific material. Detailed procedures for determining these constants 

are described below. 

Elastic Constants. There are two elastic constants for an iso

tropic material, Young's modulus, E and Poisson's ratio, v. It may be 

noted that bulk modulus, K and shear modulus, G, may also be used. It 

will be assumed that unloading and reloading is elastic. Thus E and v can 

be found from the slopes of the unloading-reloading curves. Although any 

test can be used for this purpose, only hydrostatic compression test and 

conventional triaxial compression tests will be used to determine E and v. 

When the hydrostatic compression test data is plotted as mean pressure vs 

volumetric strain, the slope of the unloading-reloading curve gives the 

bulk modulus, K, where K is related to E and v through the fO,llowing 

equation: 
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E 
K = 3 (1 - 2v) (4.1) 

To obtain E and v explicitly, a second equation is needed. A conven

tional triaxial compression (CTC) test data will be used for this 

purpose. In a CTC test, the cell pressure, 02 (= 03)' is kept constant 

while the axial stress, 01' is increased. The corresponding strains are 

axial strain, E1, and lateral strain, E3 (= E2). When the eTe test re

sults are plotted as (01 - 03) vs 2 eEl - E3), the slope of the 

unloading-reloading curves gives the shearing modulus, G, where 

G - E 
- 2 (1 + v) (4.2) 

Using Eqs. (4.1) and (4.2), E and v can be obtained explicitly. 

An alternative to the above procedure is to obtain E and v di

rectly from a eTe test. To do this, a eTe test data is plotted as 

(01 - 03) vs E1 and (01 - 03) vs E3• The slopes of the unloading

reloading curves of the first plot give the Young's modulus, E, while the 

slopes obtained from the second plot giVe~. Thus, dividing the slope of 

the first curve by the slope of the second curve, Poisson's ratio, v, may 

be obtained. 

It may be noted that the Young's moduli of ,granular materials are 

frequently functions of ,the effective mean pressure. When more than one 

test is available, it is a good idea to obtain E value from all the tests 
, ' 

and then take a weighted average value. However~ it is also possible to 

express the Young's modulus, E, as a function of the mean pressure. 
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Constants for Ultimate Yielding. These constants are a, y and k. 

Physically, the constant k measures the cohes'ive strength ofa material 

at zero normal stress. Thus, it is possible to obtain k prior to any 

major calculations. For example, for a cohesionless material, the con

stant k vanishes. However, in general, k can be determined along with a 

and y, using any suitable regression technique. 

As mentioned in Chapter 3, the state of ultimate yielding of a 

material point for F in Eq. 3.6 is realized when the growth function, S. 

assumes a value of 3a. At that state, the yield condition takes the 

following form: 

(4.3) 

There are only three material constants in Eq. (4.3). These constants 

may be obtained by evaluating Eq. (4.3) at ultimate condition for three 

different tests. Frequently, however, number of tests provided are more 

than the number of constants to be determined which makes the problem 

overdeterminate. A large list of optimization techniques (Fox, 1979) are 

available to solve for such system of equations. Although a least square 

technique may not be very efficient, it will be used to obtain the mate

rial, constants because of its simplicity. The following steps are 

required to obtain a, y and k: 

1) Determination of the principal stresses, °1, °2, °3 at 

ultimate yield for all the tests available. 
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i1) Calculation of J1, J 2D and J3 from aI' a2 and 03. This is 

done for every test. 

Ill) Equation (3.3) may be written as 

(4.4) 

where L J = represent a row matrix. Equation (4.4) is then evaluated 

at ultimate yield for every test. If N number of tests is used, the 

final set of equations are 

[A] = {B} 

where [A] = known coefficient matrix (NX3) 

{B} = known vector (NX1) 

(4.5}·' ... 

In general, N > 3 in Eq. (4.5). To solve for a, y, k2, any least square 

algorithm can be used. 

Constants for Hardening. The growth function, S, (Chapter 3) is 

written as 
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(3 = (3 u (4.6) 

where rD = ~D/s. 
The constants for hardening are 

Sa' nl' Sb and n2· 

These four constants are detennined in two steps. In the first step, Sa 

and nl are detennined using the hydrostatic compression test data. 

Determination of Sa and n1. An isotropic material, when sub

jected to pure hydrostatic state of stress, experiences only volumetric 

defonnation. Thus, sD = 0 and ~ = ~V. Consequently, Eq. (4.6) reduces 

to 

Sa 
13 = 13 (1 - --) u n-

~V 1 

Rearranging, 

Taking natural log on both sides of Eq. (4.8), one obtains. 

~n (Sa) - n1 ~n (~V) = ~n (1 - ~ ) 
u 

(4.7) 

(4.8) 

(4.9) 

Equation (4.9) represents a straight line when plotted in ~n (1 - ~) - ~n 
Su 

(~v) space as shown in Fig. 4.11. Then Sa and n1 are obtained from the 

intersection and the slope of the straight line, respectively. The fol

lowing steps are required to obtain Sa and n1 from the laboratory tests: 



Figure 4.11. Typical Plot of ~n (1 - ~) vs -~n (sv) for 
u 

Hydrostatic Compression Test 
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i) Mean pressure, p, vs volumetric strain, £v' curve is drawn 

from an.HC test (Fig. 4.12). A number of points, say N, 

are chosen on the test curve. Using this unloading modu

lus, another curve, P-sV (Fig. 4.13), is obtained such that 

N 
Sv = ~ E 

13 i=1 
(4.10) 

where i~ £v denotes the ith incremental plastic volumetric 

strain. 

ii} For every pOint on the P-sV curve, the mean pressure p (or 

J1/3) and the corresponding sv is noted. 

iii} The magnitude of the growth function for any state of stress 

can be obtained from the yield condition. For hydrostatic 

compression stress paths, J2D = J3D = 0, and the yield con

dition reduces to the form 

2 
2 (3J 1 2 

F = aJ1 - -3--- - yJ1 - k = a (4.11) 

Since a, y and k are available, the growth function, (3, can 

calculated fr.om the following relationship: 

v k 2 (3 = 3 [a - ~ - (-) ] J 1 J 1 
(4.12) 

For N number of points selected on the p(J1/3) vs Sv curve, 

the growth function, (3, is calculated. 
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iv) For N number of points, R.n (1 - ~ ·)and R.n (~V) are calcu
u 

lated. The corresponding points are noted on in (1 - ~) 
Su 

vs in (~V) space. 
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v) A straight line is drawn through these points in a least 

square sense as shown in Fig. 4.11. The slope of the 

straight line gives the. constant n1• The intercept with the 

in (1 - ~ ) axis represents in (Sa)' from which Sa can be 
u 

obtained. 

Determination of Sb and n2. Since Sa and n1 are known, Eq. (4.6) 

may be written in the form 

(4.13) 

Taking natural log on both sides of Eq. (4.13) 

(4.14) 

. 
Equation (4.14) can now be used to determine Sb and n2' The following 

steps are.involved in the calculation of Bb and n2' 

i) A number of tests are selected~ Since conventional triaxial 

compression tests are commonly performed, a number of these 
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tests at var-ious confining pressures may be used. However, 

the procedure is general and applicable for any stress path. 

Hence, although the following steps are explained with re

gard to a eTe test., they are also valid for any other path. 

ii) A typical stress-strain curve for a eTe test is shown in 

Fig. 4.14. A number of points, say N, are selected on the 

loading portion of the stress-strain curve and the stresses, 

O"i (i = 1, 2, 3) and the corresponding strains, e: i (i = 1, 

2, 3) at each point are noted. It is important here to note 

that the strains e:1 (or stress 0"3) refer to the directions 

Z, X and Y, respectively (see Fig. 4.1). 

iii) Using the slopes of the unloading-reloading curve, e:i
P (i = 

1, 2, 3) are obtained at each point where the superscript p 

denotes plastic. From e:i P (i = 1, 2, 3), the incremental 

plastic strain ~e:iP (i = 1, 2, 3) between any two adjacent 

points is obtained. 

iv) At every point, ~; and ~;D are then calculated using the in

cremental plastic strains, ~e:iP (i = 1, 2, 3), where 

(4.15) 

and 

(4.16) 
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v) Total ~ and ~D at j th point is then calculated according 

to the following equations: 

and 

j . 
~. = ~ + L 6~1 
J 0 i=1 

j . 
~D. = L 6~ 1 

J i=1 0 

(4.17) 

(4.18) 

where j refers to the point at which the quantities are cal

culated. 6~i and 6~Di in Eq. (4.18) denote the ith 

increments of ~ and ~D' respectively. ~O is the value of ~ 

corresponding to the initial confining pressure, aO' at 

which shearing started. 

vi) The stress invariants J1, J2D and J3 are computed at each of 

N points from the known stresses, ai (i = 1, 2, 3). 

vii) The magnitude of a is then calculated from the yield condi

tion at each point using the equation 

vi i i) 

(4.19) 

, e' . 
R,n (rD) and tn [ 1 - ' "a ] are computed at', each 

n1 
~ (1 - a/au) 

of ,the N points~ where rD = ~D/~' These are then 
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plotted in the 1n (rO) - 1n [ 1 - n1 space. A 

. ~ 

typical plot is shown in Fig. 4.15. 

ix) A straight line is drawn through the points in a least 

square sense. The slope of the line gives n2 while the 
S 

intercept with 1n [ 1 nl a J axis provides Sb' 
~ (1 - ~) 

Su 

The genera 1 procedure out 1 i ned above may be used fo.r hand ca 1 cu

lations. The process, however, is extremely tedious and time consuming. 

Moreover, chances of errors are also· high if proper care is not taken 

during hand calculations. To avoid such difficulty, the whole procedure 

is computerized. The inputs to the computer code are the data for the 

discretized points on the stress-strain curves obtained from the labora

tory tests. The code calculates the material constants for ultimate 

yielding as well as for hardening. The code has provisions for various 

plots when proper options are used. It may be noted that the code does 

not calculate the elastic parameters, E and v. These parameters can be 

calculated from the slopes of the unloading-reloading curves of various 

tests. In this dissertation, the above mentioned code is used to obtain 

parameters for three different soils. These are explained in the fol

lowing sections. 
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Material Constants for the Artificial Soil 

Description of this soil is given in the section entitled 

"Laboratory Testing. II The test results are presented in the Figs. 4.5 

through 4.10. Since the properties of this soil are already described 

in a previous section, they will not be repeated here. 

Elastic Constants (E, v). Elastic constants are determined from 

the slopes of the unloading-reloading curves of HC and CTC tests. There 

are three CTC tests at three different confining pressures. It is ob

served that the E values obtained from all tests are different. This may 

be explained by the fact that the elastic moduli for granular materials 

are function of confining pressures. A number of E is obtained and then 

an average value is detennined. The following values are found: 

E = 4000 psi (27560 kpa) 

v = 0.35 

Constants for Ultimate Yield (a, y, k). It is mentioned earlier 

that the artificial soil is almost cohesionless. Thus, k = 0 is assumed. 

a and yare determined using the computer procedure. Five tests are con

sidered for this purpose. The values of ,the material constants are given 

below: 

a = 0.162 

y ~ 1.542 p~i (10.6 kpa) 

k = 0.0 psi (0.0 kpa) 
. . 

COJi~tatits:f6.r.Aardening·(/3~~.ni,·Sb~:n2). Figure 4.16 shows the 
. . 

plot which provides the. values' of ,Sa and nt.The remaining constants, 
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Sb and n2 are determined from Fig. 4.17. The values of the constants 

arc 

Sa = 0.00217 

n1 = 1.376 

Sb = 0.723 

n2 = 0.660 
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It may be noted that the plots are obtained from the computer. Thus, no 

hand calculations are used to obtain the constants for hardening. 

Material Constants for a Silty Sand 

This soil is obtained from Urban Mass Transportation Administra

tion (UMTA) test section at Pueblo, Colorado (Desai et a1. 1982). The 

grain size distribution curve for this soil is shown in Fig. 4.18. The 

soil is well graded and has an optimum moisture content of 9% (Desai et 

a1. 1982; Janardhanam, 1980). 

Five tests, including the hydrostatic compression (HC) test, are 

used to obtain the material constants associated with the proposed model. 

, Details of these tests are given by Desai et a1. (1982), Janardhanam 

(1980), Siriwardane (1980) and Munster (1981). Table 4.1 shows the 

densities and moisture contents fO,r these tests. 
. . . ...... . 
Eli:lstitConstailts (E~'v). Elastic constants are determined from 

, , ' 

the unloading-reloading curves of ,the Hydrostatic Compression (HC) test 

and the Conventional Triaxial Compression' (CTC) test. The val ues of the 

Young ' s,Modu1us, E and the, Poisson'sRatio~ 0, are 
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Test 

HC 

CTC 

SS 

CTE 

TC 

Table 4.1 Densities, Moisture Contents and 
the Initial Confining Pressures 
for the Tests on the Silty Sand 
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Density Moisture Content Initial Confining 
(gm/cc) (%) Pressures 

(~si} 

1.86 9 

1.92 9 10 (68.9 kpa) 

2.07 9 20 (137.8 kpa) 

2.02 9 20 (137.8kpa) 

2.03 9 25 (172.25 kpa) 



E = 9386 psi (64670 kpa) 

v = 0.36 
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Constants for Ultimate Yield (a, y, k). These material constants 

are determined considering the stress state at ultimate yield for CTC, 

55, CTE and TC tests. The computer code is used to obtain the constants 

a, y and k. The procedure uses least square optimization technique to 

obtain an average value of all the constants. The values of a, y and k for 

the silty sand are as follows: 

a = 0.156 

Y = 3.007 psi (20.7 kpa) 

k = 0.0 psi (0.0 kpa) 

Constants for Hardening (Sa' nl' Sb' n2)' As mentioned earlier, 

the constants Sa and nl are determined from the hydrostatic compression 

(HC) test. The remaining tests are used to obtain the average values of 

the material constants Sb and n2' Although these constants can be deter

mined by hand calculations, the computer procedure is used here to obtain 

from the computer code where the slope of the straight line is nl and the 

intercept with the ordinate is tn (Sa) (see Fig. 4.19). The values ob

tained are 

Sa = 0.000617 

nl = 1.0544 

The constants Sb and n2 are also obtained using the computer pro

cedure. Figure 4.20 shows the computer plot which is used to obtain Sb 

and n2' The values of the constants are as follows: 
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. ab = 0.854 

n2 = 0.802 

Material Constants for an Agricultural Soil 
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The agricultural soil is obtained from the grounds of Virginia 

Tech Agricultural Field Station. The soil is a well-graded orange sandy 

silty clay with occasional rock fragments. Optimum moisture is found to 

be about 20% (Markle, 1981). The specific gravity of the agricultural 

soil is approximately 2.65. The tests were carried out" in the multiaxial 

cubical device described at the beginning of this chapter. A total of 

seven tests are used to determine the material ~onstants. Densities and 

moisture contents for all the tests are presented in Table 4.2. 

Elastic Constants (E, v). The elastic constants are determined 

from the unloading-reloading curves of HC and the CTC tests. Average 

values of E and v are 

E = 4100 psi (28249 kpa) 

v = 0.35 

Constants for Ultimate Yield (a, y, k). The material has very 

little cohesion and, thus, k is assumed to be zero. a and yare determined 



Test .. 

HC 

CTC 

CTC 

CTC 

SS 

TC 

TE 

Table 4.2 Densities, Moisture Contents and 
the Initial 'Confining Pressures 
for the Tests on the Agricultural 
Soil 

Density Moisture Initial Confining 
(gm/cc) Content Pressure~ 

(%) . (psi) 

1.37 . 11.2 

1.36 11.2 2.5 (17.23 kpa) 

1.36 11.1 5.0 (34.45 kpa) 

1.38 11.4 . 10.0 (68.9 kpa) 

1.37 10.7 5.0 (34.45 kpa) 

1.37 10.7 5.0 (34.45 kpa) 

1.39 10.9 5.0 (34.45 kpa) 
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from six tests using the computer procedure mentioned earlier. The fol

lowing values are obtained: 

ex. = 0.216· 

Y = 1.425 psi (9.82 kpa) 

k = 0.0 psi (p.O kpa) 

Constants for Hardening (Sa' nt, Sb' n2)· The constants Sa and 

n1 are obtained from the hydrostatic compression test. Figure 4.21 shows 

the plot which is used to obtain Sa and n1. The material constants Sb 

and n2 are obtained from all tests except HC test. Figure 4.22 shows an 

average curve which gives the .values of Sb and n2. The values of the 

hardening constant are as follows: 

Sa = 0.00125 

n1 = 1.173 

Sb = 0.808 

n2 = 1.00 

Comments on the Material Constants 

The elastic constants, E and v, can be determined from the slopes 

of .the unloading-reloading curves fr.om a test. In this dissertation, 

only HC and CTC tests are considered for this purpose. As mentioned 

earli~r, the Young's modulus of .soil generally varies with confining 

pressure. Thus, a single number for .E may not be appropriate; rather E 

should be expressed as a fu.nction of .the confi.ning pressure. 
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The remaining constants for the proposed model are determined 

using a computer procedure. The inputs to the program are the dis

cretized stress-strain data for the tests as well as the principal 

stresses at ultimate yielding. Ultimate yielding is defined by drawing 

an asymptotic line to the final range of the stress-strain response curve 

for any test. The advantage of using the computer procedure is twofold. 

Firstly, it eliminates the errors which may occur during hand calcula

tions. Secondly, it calculates the material constants in a very short 

period of time. The computer procedure also gives detailed ouput of the 

computed plastic strains, EiP (i = 1, 2, 3), values of the growth func

tion, S, values of ~, ~V and ~D at every point along with various plots. 

Thus, the user may use these o~tputs to calculate the material constants 

manually. 

In the previous sections, the material constants for three dif

ferent soils are obtained. A comparison of the values of the material 

constants for these soils is given in Table 4.3. 

Finally, the accuracy of .the material constants can be estab

lished by back-predicting the stress-strain responses from which they are 

determined. The following chapter is devoted to the verifi.cation of .the 

proposed model. 



Material 
Constant 

Elastic 
Constants 

Constants 
for 

Ultimate 
Yielding 

Constants 
for 

·.Harde·ning . 

. . . . . . 

Table 4.3 Comparison of ~he Material Constants 
Obtained for the Artificial Soil, the 
Silty Sand and the Agricultural Soil 

Artificial Silty Agricultural 
Soil Sand Soil 

E 4000 psi 9386 psi 4100 psi 

(27560 kpa) (64670 kpa) (28249 kpa) 

'V 0.35 0.36 0.35 

0.162 0.156 0.216 

y 
1.542 psi 3.007 psi 1.425 psi 

(10.6 kpa) (20.7 kpa) (9.8 kpa) 

0.0 psi 0.0 psi 0.0 psi 
k 

(0.0 kpa) (0.0 kpa) (0.0 kpa) 

Sa 0.00217 0.000617 0.00125 . . ... 

·n1 1.376 . ·1.0544 1.173 

So' .. 0 • .723.·. . . . . 0.854 . . . .. . .0.808 . . . 
, ..... , . • , • d • • • • • 

:~2'- : . . 0.660. . . . . . 0.802 ... .. .1.000 . 
. . . . . . . . . . . . . 
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CHAPTER 5 

VERIFICATION OF THE MODEL 

General 

This chapter is intended to verify the proposed constitutive 

model with respect to the cubical triaxial test data for a number of 

different soils. The parameters obtained in Chapter 4 will be used to 

back predict the stress-strain responses obtained from the laboratory 

mainly for a silty sand, an artificial soil and 'an agricultural soil. To 

do this, an explicit relation between the incremental stress and the in

cremental strain is optained using the proposed constitutive law. In 

matrix notation, this can be written as 

(5.1) 

The vectors, {da} and {dE} have six independent components and the details 

are given in Appendix A. The coefficients of the 6x 6 elasto-plastic 

constitutive matrix, [C]e-p are also given in Appendix A. Equation (5.1) 

describes a set of nonlinear differential equations involving the stress 

and the strain. To obtain the relations between the stress and the 

strain at any stage of loading, Eq. (5.1) is to be integrated; that is, 

{cr} = l{dcr} = I[C]e-p {dE} (5.2) 
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In general, [C]e-p is a function of .the previous state as well as the 

current state of the material. For simplicity, it is assumed that the 

elasto-plastic constitutive relation matrix, [C]e-p, can be explicitly 

found from the previous state of the material; that is, the actual non

linear stres~-strain response can be approximated by a piecewise linear 

stress-strain curve as shown in Fig. 5.1. Thus, Eq. (5.2) can be 

approximated by the following summation: 

(S.3) 

where {cro} is the vector of initial stresses, and N denotes the total 

number of linear segments used to approximate the actual nonlinear 

stress-strain behavior. 

computer Procedure to Numericallr Integrate 
the Incremental Stress-Strain Re ationships 

A computer procedure is developed using Fortran IV language to 

perform the numerical integration in Eq. (S.3). Some of the important 

features of this integration routine are discussed below: 

i) The increments of strain, {de:}, obtained .from a numerical 

scheme such as the finite element method may not be small 

enough to represent the actual nonlinear stress-strain 

behavior with reasonable accuracy. Thus, the computed 

stresses using Eq. (5.3) may be far from being accurate. 

There are a number of techniques available to correct the 

stresses within an increment; for example, Newton-Raphson's 

," 
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method, the slope of .the curve appears in the denominator. 

Thus, when the slopes are small or zero, this method does 

not work. Secant iterative method is an improved version 

of Newton-Raphson's method where the actual slope is sub

stituted by its finite difference approximation. This 

technique is used by Sandler and Rubin (1979) for the Cap 

model. However, this technique may not converge, depending 

upon the type of nonlinearity and the value of the conver

gence tolerance. These difficulties can be avoided when 

subincrementation technique is used. In this technique, the 

total increment of strain is subdivided into a number of . 

smaller increments called the subincrements. The elasto

plastic constitutive relation matrix, [C]e-p, is updated at 

every subincremental level. This updated [C]e-p matrix is 

used to compute the subincremental stress from the current 

·subincrement of strain. Total stress is then computed by 

summing up all the subincrements of stresses. Thus, 

Eq. (5.3) can be rewritten' i n the fo 11 owi ng fom: 

where Ns denotes number of subincrements in a particular in

crement, i{~(~E}}j represents the jth subincrement of strain 

'for the ith strain increment and i[C]j:i represents the up

dated elasto-plastic constitutive matrix at the end of the 



(j-l) th subincrement of the ith strain increment. 

Figure 5.2b shows a schematic of the subincrementation 

technique for one increment of strain. 
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Ths accuracy of this technique entirely depends 

upon the size of the subincrements. It is observed from a 

number of numerical experiments that a reasonable accuracy 

may be obtained when the following criterion is satisfied 

(see Fig. 5.2a): 

(5.5) 

This criteria is followed throughout the dissertation. 

ii) It is mentioned in Chapter 3 that the hardening behavior is 

characterized by the trajectory of the plastic strain 

vector, ~, and a stress path factor, rD = ~D/~, where ~D is 

the deviatoric part of ~ as defined by Eq. (3.11). For the 

first load increment, both ~ and ~D are zero since no de

formation history prior to this load increment is known. 

The hardening parameters, ~ and ~D are assumed. However, 

these initial values of ~ and ~D can be quite important and 

can be selected by performing a parametric study. In the 

present study, the following initial values of ~ and ~D are 

used: 

~ = e 
(5.6) 

~D = e/1DD 
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where e = 0.0001. It is important to note here t~at the 

initial values as defined by Eq. (5.6) may not be suitable 

for all geological materials. Thus, for every new material, 

a parametric study should be made to establish these ini

tial values. 

iii) Geological materials such as soils have very small tensile 

strength compared to the compressive strength. In fact, 

fJr all practical purposes, most soils are considered as 

no-tension materials. Thus, plasticity analyses for soils 

are often limited to compressive state of stress only. In 

an actual boundary value problem, some region of the soil 

domain may go into tension without failing the entire sys

tem. As a result, proper tension checks are important for 

a boundary value problem involving soil media. The fol

lowing procedure is used when a material point goes into 

tension: 

To check whether a material point is in a state of . 

tension or not, the first invariant of the stress tensor, 

J1, is calculated. If J1 < 0, it is understood that the 

material point is in a state of tension. In general, it is 

possible to assign a finite value of tensile strength, t, 

for soils. The first invariant of the stress tensor, J 1, is 

then compared with the tensile strength, t. When 
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(5.7) 

regular plasticity analysis is performed, and when 

(5.8) 

it is assumed that the material is incapable of sustaining 

any shear stress. For such a condition, the calculated J1 
is replaced by t and the deviatoric stress, Sij' is set 

equal to zero. 

It may be noted that for no-tension materials, t = O. 

Thus, the stress should be zero at that material point. 

Under this condition, the material loses all its stiffnesses. 

In this program, this is accounted for by specifying a small 

value of the Young's modulus, E, in the form 

Eactua1 
Esma1l = 500 (5.9) 

where Eactual is the initial value of the.Young's modulus 

for the soil. 

In general, the Poisson's ratio, v, should also be 

changed. In this study, however, the Poisson's ratio is 



kept the same When tension cutoff criteria is satisfied. 

Thus, the shear modulus, G, is also reduced by a factor 

of 500. 

v) Equation (5.4) shows how the stresses are computed when 

strains are given as input. For stress-controlled tests, 

it is more appropriate to compute the strains from stress 

inputs. For such case, Eq. (5.4) can be inverted to 

obtain 

N N N s. . 
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{£} = E 6£ = E E l[D]~-P 1{6{6cr)}. 
i=l i=l j=l J-1 J 

(5.10) 

where N is the number of stress increments, Ns is the number 

of subincrements in each stress increment, i[D]:-P1 is the 
J-

e1asto-p1astic compliance matrix for the (j-1) th subincre-

ment and i{6(6cr)}j is the jth subincrement of stress. The 

superscript i in Eq. (5.13) denotes the ith stress incre

ment. It may be noted that Eq. (5.13) is used to 

back-predict a number of triaxial tests for three different 

soils. These results are presented in the following 

sections. 

Verification With Respect to a Silty Sand 

Thematerial constants for this soil are given in Chapter 4. The 

computer procedures discussed earlien are used to back-predict some of the 

stress-strain response:curves obtained from the cubical triaxial tests. 
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The densities, Yo' and the moisture contents for these tests are presented 

in Table 4.1. It is important to note that the material constants used 

here are the average values obtained from five different tests, as dis

cussed in Chapter 4. 

~omparison of Stress-Strain Responses 

Figure 5.3 shows the comparison of the prediction and the ob

servation for a hydrostatic compression (HC) test. It is seen from 

Fig. 5.3 that a good agreement is achieved between the prediction and 

the observation. 

Figure 5.4 shows the stress-strain response curves for a conven

tional triaxial compression (CTC) test. The initial confining pressure, 

ao' for this test is 10 psi (68.9 kPa). The experimental results are 

also plotted in the same figure for comparison purpose. It is seen that 

the predictions compare well with the experimental results. 

Figures 5.5 through 5.7 show the comparison of the stress-strain 

responses for a simple shear (SS) test, a triaxial compression (TC) test 

and a conventional triaxial extension (CTE) test. Initial confining 

pre~sures for the simple shear (S5) test and the conventional triaxial 

extension (CTE) test are 20 psi (137.8 kPa). For the triaxial com

pression (Te) test, the initial confining pressure is 25 psi (172.25 kPa). 

It is evident from Figs. 5.5 through 5.7 that the predictions from the 

model compare well with the experimental results. 
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Comparison of Volumetric Responses 

Conventionally, the volumetric strain, CoV' is plotted with re

spect to the axial strain, Col; in this dissertation, Col is the strain in 

the vertical z-direction as shown in Fig. 4.1 in Chapter 4. For a gene

ral loading path, the use of Col may not be meaningful. For example, in 

a conventional triaxial extension (CTE) test, 0'1 is kept constant and 0"2 

and 0'3 are increased by the same amount. Thus, for a CTE test, Col be

comes tensile. On the other hand, for a conventional triaxial com

pression (CTC) test, Col is compressive. These changes in the silgn of Col 

for different tests may cause difficulty in interpreting such plots. As 

alternatives to the axial strain, Col' the vulumetric strain, CoV' may be 

plotted with respect to the trajectory of the total strain, ~T' and the 

ratio IJ20/Jl where 

l 2 2 2 
~T = Col + Co 2 + Co 3 (5.11) 

and Jl is the" first invariant of the stress tensor, O'ij' and J20 is the 

second invariant of the deviatoric stress tensor, Sij (see Chapter 2). 

For purposes of comparison, the volumetric strain, CoV' is plotted 

with respect to all the above three alternatives. 

Figures 5.8 through 5.11 show CoV - Col plots for CTC, SS, TC and 

eTE tests. Experimental results are also shown on the same plots. 

Figures 5.12 through 5.15 show the plots of volumetric strain with re

spect to the trajectory of the strain, ~T,"for the same tests. 

Alternatively, the CoV - IJ20/J1 plots are shown in Figs. 5.16 to 5.19. 
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It is evident from these plots thqt the predictions compare well with 

the experimental data. 

Comparison of rV - rn Plots 
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In general, the rV - rn plots describe the effect of stress 

paths during plastic deformation. Details of this plot are given in 

Chapter 3 along with five such plots obtained for five different soils. 

In this section, such rV - rO response curves are predicted for the four 

stress paths using the proposed constitutive model. 

Figures 5.20 through 5.23 show the predictions of .rV - rO re

sponses for a CTC test, an 55 test, a TC test and a CTE test. The 
. . 

experimental results are also plotted in the same figures. It is ob

served that good agreement is achieved between the predictions and the 

experimental results. 

Verification with Respect to An Artificial Soil 

The material constants for this soil are given in Chapter 4. The. 

description of the soil is also presented in the same chapter. A number 

of stress-strain response curves are predicted and compared with the ex

perimental results. 

Comparison of Stress-Strain Responses 

Figure 5.24 shows the comparison between the predicted and ob

served stress-strain responses for a hydrostatic compression (HC) test. 

It is seen that the comparison is good. 
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Figures 5.25 through 5.27 show the stress-strain response curves 

for conventional triaxial compression (CTC) tests at initial confining 

pressures of 10 psi (68.9 kPa), 15 psi (103.35 kPa) and 20 psi 

(137.8 kPa), respectively. In all the figures, the ordinate represents 

octahedral shear stress, Toct ' and the abscissa represents the principal 

strain components in percent. Experimental results are also plotted in 

the same figures for comparison purposes. Figure 5.28 shows comparison 

of the predicted and the observed stress-strain response curves for a 

simple shear (55) test. Initial confining pressure for this test is 

20 psi (137.8 kPa). The stress-strain response curves for a conventional 

triaxial extension (CTE) test is shown in Fig. 5.29. The initial con

fining pressure for this test is 10 psi (68.9 kPa). The experimental 

results are also plotted in the same figure. 

It is evident from Figs. 5.24 through 5.29 that the predicted 

stress-strain responses are in agreement with the experimental results. 

Comparison of Volumetric Responses 

Figures 5.30 through 5.34 show plots of EV - ;T for three conven

tional triaxial compression (CTC) tests, one simple shear (55) test and 

one conventional triaxial extension (CTE) test. The specifications of 

these tests are given in Chapter 4 and will not be repeated here. It is 

seen from these figures that the model predicts greater dilatancy than 

observed experimentally for the artificial soil. In spite of this, the 

correlation between the model predictions and observations is reasonable. 
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Figures 5.35 to 5.39 show the EV - IJ20!J1 plots fO.r the same 

tests discussed previously. For comparison purposes, experimental re

sults are also plotted in the same figures. Again, the di1atant behavior 

predicted by the model is quite different from the observations. 

Figures 5.~O through 5.44 show the rV - rO plots for the above 

mentioned tests. 

It may be important to note that the artificia1 soil is highly 

compressible and shows significant creep behavior when subjected to load. 

Thus, the total strain obtained from the tests can be expressed as 

(5.12) 

where EI denotes the total inelastic strain which can be expressed as 

(5.13) 

where EC is the creep strain and EP is the plastic strain. In general, 

separation of the inelastic strain, EI , into plastic and creep parts 

requires knowledge of defining the creep behavior of the material. The 

creep behavior of materials is beyond the scope of the present study. 

Thus, the total inelastic strain, EI , is considered to be EP• The inac

curacy in the predictions may be partially attributed to this fact. 

Verification'withRespect to an Agricultural Soil 

A total of seven tests are used to obtain the material constants 

for this soil. These tests are listed in Table 4.2. The moisture con-

tents and the densities of these tests are also presented in the same 
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table. The material constants for this soil are given in Chapter 4. The . . 

following sections are intended to compare the predicted stress-strain 

responses with the experimental observations for a number of tests. 

Comparison of Stress-Strain Responses 

Figure 5.45 shows the comparison of the predicted and the ob

served stress-strain responses for a hydrostatic compression (HC) test. 

In Fig. 5.45 the ordinate represents mean pressure while tha abscissa 

represents the volumetric strain in percent. The volumetric strain fo,r 

this test is determined by summing the three principal strain 

components. 

Figure 5.46 shows the stress-strain responses for a conventional 

triaxial compression (CTC) test. Initial confining pressure fo,r this 

test is 5 psi (34.45 kPa). Experimental results are also plotted in the 

same figure. The ordinate in Fig. 5.46 represents octahedral shear 

stress and the abscissa represents the strain in percent. It may be 

noted that the strains are assumed to be positive when compressive. 

Figure 5.47 shows the predicted stress-strain response curves for 

a simple shear test. Experimental results are also plotted in the same 

figure. Similar comparisons for triaxial compression (TC) test and the 

triaxial extension (TE) test are shown in Figs. 5.48 and 5.49, respec

tively. It is evident from the Figs. 5.45 through 5:49 that the model 

predictions are in close agreement with the observations. 
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Test for the Agricultural Soil (aD = 5.0 psi) 
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Compari son of Vol umetri c Respon'ses 

Figures 5.50 throu~h 5.53 show the EV - ~T plots for a CTC, SS, 

TC and TE test, respectively. An alternative to this is EV - IJ20/J1 
plot. Figures 5.54 to 5.57 show the EV - IJ20/J1 plots for the same 

tests. Experimental results are also plotted for comparison purposes. 

It is seen that a reasonable agreement is reached between the predictions 

and the observations. 

Comments 

Three diffe.rent soils are considered for the verification of the 

proposed model. The material constants associated with the model are 

determined for each soil using a number 'of different tests for that 

soil. These material constants are used to back-predict the stress

strain responses of a selected number of tests for every soil. It is 

evident from these back-predictions that the model can represent the 

responses of geological materials with reasonable accuracy. 
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CHAPTER 6 

FINITE ELEMENT METHOD 

General 

Most soil-structure interaction problems respond nonlinearly when 

subjected to external loads. In general, such nonlinearity can be classi

fied into three groups: 1) geometric nonlinearity which arises from the 

nonlinear terms in the strain-displacement relationships, 2) material non

linearity which is caused by the nonlinearity of the constitutive 

equations, and 3) boundary nonlinearity which arises because of .the non

linear interaction effects between two bodies in contact. In geomechanics 

such nonlinearity is also caused by the presence of joints, weak planes, 

faults, etc. 

For most soil-structure interaction problems, closed-form solu

tions cannot be obtained. Thus, numerical techniques are oft.en used. 

Among all available numerical techniques, the finite element method is one 

of the most efficient and versatile numerical methods. The versatility of . 

the fi.nite element method derives mainly fr.om its capability of ,including 

nonlinearity in the solution of boundary yalue problems in a simple manner. 

Besides., the method is also capable of handling inhomogeneity and irregu,. 

lar geometry quite effectively. Furthermore, in geomechanics., the method 

allows one to include such factors as insitu stres.s, different types of 

loading, stress paths and interface conditions. 
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Many boundary value problems in geomechanics are truly three

dimensional in nature. Thus, two-dimensional idealizations of this 

227 

class of problems may not yield sufficiently accurate solutions when the 

finite element technique is used. Thus, three-dimensidnal finite element 

procedure is often required for some problems in geomechanics. 

Three-dimensional finite element procedures allowing for mate

ria.l~ geometric and boundary nonlinearities for problems in geomechanics 

have been developed and described by Phan (1979), Desai et al. (1982), 

Siriwardane (1980).. The procedure and code used in this study are de

rived from these works with a number of modifications, particularly the 

implementation of the proposed constitutive model. The following sections 

are devoted to describing different aspects of the three-dimensional 

finite element procedure. 

Finite Element Formulation 

Nonlinear problems are oft.en solved using an incremental method. 

In this method, the total load is disctetized into a number of small in

crements, say N. The solution at every load increment is obtained by 

assuming the system to be linear within that load increment. The ri.nal 

solution is then obtained by summing up all the incremental solutions. 

Most soil-structure interaction problems are stress path dependent; 

that is, the response of ,the system is dependent upon the, past history of 

loading~ Thus~ the current solution of .the problem depends on the known 

value~ of the static and the kinematic variables at the,end of the previous 

load step. when incremental method is used'. 
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Let nand n+1 be two consecutive load steps such that all the 

static and kinematic variables are known at n (see Fig. 6.1). The objec

tive is to obtain solutions for these variables at load step n+1. For 

quasi-static problems under isothermal condition, the static and kine

matic variables are the stresses, a •. , the strains, E .. , and the 
lJ lJ 

d . 1 h n n n n+1 n+ 1 lSP acements, u .• T us, a .. , E.· ,u. are known and a.. ,E.. , 
1 lJ lJ 1 lJ lJ 

ui
n+1 are unknown where the superscripts nand n+1 denote the load steps 

at which they are calculated (see Fig. 6.1). Assuming the load incre-
n+1 n+1 n+1 n ments to be small, aij ,Eij ui can be written in terms of aij , 

n n Eij ,ui as follows: 

n+1 n a
1
•
J
· = a.. + b.a .. lJ lJ 

E .. n+ 1 = E .. n + b.E .. 
lJ lJ lJ 

(6.1) 

n+1 n u1' = U· + b.u. 
1 1 

where b. denotes incremental quantity from step n to n+1. Thus, b.aij , b.sij 
and b.Ui are the basic unknowns between two consecutive load steps. Once 

these quantities are determined~ Eqs. (6.1) can be used to obtain the 

solutions at step n+1. 

It is important to note here that constitutive equations are re

quired to obtain solution of ,any boundary value problem. For a nonlinear 

and inelastic syste~, the constitutive equations are also history depen

dent~ Thu,s, for any load step n+1, the constitutive equations are also 



Load Step n+1 

v 

Load Step n 

v 

,.1-------------....... X2 

Known: 

Unknown: 

Figure 6.1. Schematic of the Configurations of a Body 
at Load Steps nand n+1 
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unknown. Usually, this diff,i,culty is avoided by evaluating the consti

tutive equations at the end of the previous load step, n. Thus, the 

relation between ~aij and ~Eij can be written as 

(6.2) 

n where Cijkl is the constitutive relation tensor at load step n. 

Principle of Virt~al Work 

Within the context of small deformation assumption, the principle 

of virtual work at step n+1 can be written as (Desai and Abel, 1972) 

fa~:l 0 E~:l dV = f~+l 0 u~+l dV + 
lJ lJ 1 1 

V V 

~~+1 0 u~+l dS 
S 1 1 

(6.3) 

where fi denotes the prescribed body forces, Ii denotes the prescribed 

surface tractions, V is the undeformed volume of the system, S is the un

deformed surfa,ce area of ,the system and 0 denotes variation. Referring to 

Eqs. (6.1), 0 E~;l and 0 ur1 can be reduced to the forms 

n+1 OE .. =O~E .. 
. lJ lJ 

o u~+l = 0 ~u. 
, 1 ' 1 

(6.4) 
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It should be mentioned here that the variations of E~. and u~ vanish be-
lJ 1 

cause these are known quantities. Using Eqs. (6.1) and (6.4), the 

principle of virtual work can now be expressed in the form 

J (oJ • ~ + llcr .. ) 0 llE.. dV = J ~+ 1 0 llu. dV + 
lJ lJ lJ 1 1 

V V 
(6.5) 

JT!+ 1 0 llu. dS 
1 1 

S 

Rearranging the terms, Eq. (6.5) can be written as 

(6.6) 

where 

o llW = Jf~+1 0 llu. dV + JT~+1 0 llu. dS 
1 1 1 1 

(6.7) 

V S 

Using the constitutive equations given by Eq. (6.2), the prin

ciple of ,virtual work at step n+l can be written as 

In matrix fo.r!JI., 
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J 0 {tie:} T [C]n. {tie:} ·dV = J <5 {tiu} T (nn+1 dV + 

V V 
(6.9) . 

J 0 {~u}T {f}n+1 dS - J 0 {~e:}T {a}n dV 
S V 

where {tiE} is strain vector of order 6 x 1, [C]n is the 6 x 6 constitu

tive relation matrix at load step n,· {tiu} is the 3 x 1 displacement 
- n+1 - n+1 vector, {f} and {T} denote the body force and surface traction 

vectors of order 3 x 1, respectively, {a}n is the stress vector of order 

6 x 1 at step n and the superscript T denotes transpose • 

. Equation (6.9) represents the virtual work principle at load step 

n+1. Finite element equations are now developed using this equation. 

Finite Element Equations 

Equation (6.9) is yalid at any point in the continuum. In the 

finite element method, the domain is discretized into a number of finite 

elements as shown in Fig. 6.2 and the unknowns are evaluated at the nodal 

points of these elements. Thus, it is necessary to express Eq. (6.9) in 

terms of .the nodal unknowns for each element. A brief .discussion of how 

the finite element equations are formulated is given here. Details can be 

found in standard texts on the fi.nite element method (Zienkiewicz, 1977; 

Gallagher, 1975; Desai and Abe.l, 1972; Bathe and Wilson, 1976). 



Finite 
Element 

Discretized 
Domain 

Figure 6.2. Typical Discretization of a Domain Using 
Finite Elements 
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(6.10) 

where m is the nodal index and ranges from 1 to M which is equal to the 

total number of nodes in the element, Nm is the interpolation function at 

node m and ~q~ is the incremental displacement of node m in the direc

tion i. It may be noted that the repeated index, m, in Eq. (6.10) 

represents summation over all the nodes (M) of the element. Thus, 

Eq. (6.10) can be written as 

M NM ~qi .. 

Equation (6.10) can also be written in matrix notation as 

£~u} = [N] {~q} 

where {~q} is a vector of order 3M x 1 and [N] is a matrix of order 

3 x 3M. 

Assuming small deformations, the incremental strains can be 

written. as 

1 [
. a~u . Mu; ] 

A _ ., + .J 
LlEij -"2 ax:- ax:-

J 1 

where Xi refe,r to the. coordinate axes (see Fig. 6.1) •. 

(6.11) 

(6.12) 

(6.13) 

Sub~tituting Eq. (6.10) into Eq~ (6.13), the incremental strain 

fr.om step n to n+1 is expressed' as 
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1 [aNm m . aNm m 1 
b.€:. •• = -2 -ax b.q. + -ax b.q. 

lJ j' i J J 
(6.14) 

In matrix notation 

{b.c.} = [B] {b.q} (6.15) 

where [B] is the strain-displacement transfonnation matrix of order 

6 x 3M. 

Us~ng the Eqs. (6.12) and (6.15), the virtual work principle can 

be written as 

o {b.q} T (f [B] T [C]n [B] dV) {b.q} = 
V 

-0 {b.q}T (I [B]T {o}n dV 
.V 

Rearranging terms in Eq. (6.16) 

where 

(6.16) 

(6.17) 



[k]n = r [B]T [C]n [B] dv 
V 
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(6.18) 

(6.19) 

(6.20) 

In Eq. 6.17, [k]n is the element stiffness matrix at step n, 

{Q}n+1 is external load vector at step n+1 and {Qo}n is the internal load 

vector at step n. Since the virtual displacement is arbitrary, 0 {~q}T 

can be cancelled out from both sides of Eq. 6.17. The final equation can 

be written in the form 

[k]n {~q} = {Q}n+1 _ {Q }n 
o (6.21) 

Equation 6.21 shows the stiffness equations for a single finite 

element only. To solve any boundary value problem, the stiffnesses of all 

the elements are calculated and assembled to obtain global stiffness equa-

tions; that is, 

(6.22) 

where {Lir} "denotes the vector of all the nodal unkilowns of the entire 

system. The load vectors {R}n+1 and {Ro}n are defined as 
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Ne 
nl}n+l = E {Q}~+l 

i=1 ' 
(6.23) 

where Ne denotes the total number of .elements of the system. 

Equation (6.22) represents a system of simultaneous linear equa

tions which can be solved by using any numerical scheme such as the 

Gaussian elimination. However, appropriate boundary conditions are to be 

introduced before solving them. 

It is important to note that the derivation of .the stiffness 

matrix, [k]n and the load vectors, {Q}n+l and {QD}n require integration 

over the domain of the element. Usually these integrations are difficult 

to perform by hand. Thus, for most problems, numerical integration is 

used. Details of numerical integration schemes are given by Zienkiewicz 

(1977) and Desai and Abel (1972). 

Variable-Node Hexahedral Element 

A variable-node isoparametric hexahedral element is used to dis

cretize a three-dimensional continuum. The number of .nodes can vary from 

8 to 21 as shown i.n Fig. 6.3. Details of .this element are given by Bathe 

and Wilson (1976). 

Although the element can have any number of .nodes between 8 to 

21, in this dissertation o~ly ~ight-noded brick elements are used~ 
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'Nonlinear'Numerical Techniques 

There are basically two methods which are used in the nonlinear 

finite element analyses; namely, the incremental method and the itera

tive method. Brief descriptions of ,these methods are given below: 

Incremental Method 

In the incremental method, the load is divided into a number of 

increments, say N, as shown in Fig. 6.4. To compute the response of ,the 

system at a load step n+1, the stiffness matrix at step n is used. Thus, 

equilibrium is not satisfied exactly. However, accuracy of this tech

nique depends on the size of ,the load increments and the type of 

nonlinearity. Figure 6.4 shows the schematic of incremental solution 

technique. 

It is important to note that the incremental technique provides 

the whole history of deformation in contrast to iterative technique which 

yields only the final solution of the problem. The following section is 

devoted to describing the'iterative technique. 

Iterative Method 

In the iterative method~ the total load is applied at a time and 

iterations are performed to satisfy equilibrium. There are various 
, ' 

iterative schemes that can be used to satisfy equilibrium. Ofthern, the 

Newton-Raphson method is commonly used. 'In this method, the stiffness is 

modifi,ed at the beginning bf ,every iteration as shown in Fig.' 6.5. 



T -----------

+-----
+--
~Ql 

Load-Displacement 

Simulated Load
Displacement Curve 

goes from 1 to N 

~~----------------~ 
Displacement, u 

Figure 6.4. Symbolic of the Incremental Technique of 
Nonlinear Analysis 
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Figure 6.5. Schematic of the Newton-Raphson 
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Figure 6.6. Schematic of the IInitial Stress I 
Iterative Technique 
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As an alternative to this, Zienkiewicz et al. (1969) proposed an 

approach called the 'initial stress' method, also known as modified 

Newton-Raphson method. In this method, the stiffn~ss matrix is kept 

constant while the load vector is modified at the beginning of-every 

iteration. A schematic of 'initial stress' method is shown in Fig. 6.6. 

It may be noted that for the same convergence tolerance, number of itera

tions required for 'initial stress' method is higher than that req~ired 

by Newton-Raphson method (Desai and Abel, 1972). 

Although the iterative scheme satisfies equilibrium quite ac

curately, it does not yield the history of deformation. It only provides 

the final response of the system. Thus, often elasto-plastic analyses 

are performed using a combination of the incremental technique and the 

iterative technique. Figure 6.7 shows a schematic of the incremental

iterative scheme. 

In the present study, an incremental-iterative scheme is adopted 

such that the stiffness matrix is modified at every equilibrium iteration. 

Interaction Effect 

In the finite element method, the body under consideration is 

assumed to be continuum. This is valid for domains which consist of ,only 
, , 

one type of ~aterial and do not contain any joints or discontinuities. 

Most problems of $tructural mechanics can be treated as continuum prob

lems. Soil':'structure interaction problems, on the other hand, oft,en 

include such discontinuities in the form of joints or interfa,ces; that 
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Figure 6.7. Schematic of the Incremental-Iterative 
Technique 
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is, contact surface between two dissimilar materials. Figure 6.8 shows 

some examples of interfaces and jOints in soil-structure interaction 

problems. 

In an actual defo,rmation process, the interface region may ex

perience relative slip or separation (Desai, 1981; Desai et al. 1983). 

Thus, the interface region needs special elements to model. 

There are a number of interface elements available at this time 

to use in the finite element analysis (Goodman et al. 1968; Ghaboussi 

et al. 1973; Desai, 1974 and 1975; Herrmann, 1978; Katona, 1978; Heuze 

and Barbour, 1982; Desai, 1981; Desai et al. 1983; Faruque, 1980; 

Siriwardane, 1980; Lightner, 1981; Zaman, 1982). 

In the present study, a three-dimensional 8-noded thin interface 

element is used. The thin-layer interface element is proposed by Desai 

(1981). Subsequently, this element has been used in a number of static 

and dynamic analysis (Desai et al. 1983; Siriwardane, 1980; Lightner, 

1981; Zaman, 1982). Figure 6.9 shows an 8-noded three-dimensional inter

face element used in the present analysis. 

The important features of this interface element are the 

fO.ll owi ng : 

1) The thickness of .the interfa.ce element is small compared to 

the other dimensions. However, a parametric study .is re

quired to select an appropriate thickness fo,r the. interface 

element. It is fo.und that an aspect ratio between' 0.01. and 



Structure 

Interface 

a) Retaining Wall Structure 

Interface 

Geologic 
Media 

b) Building Structure 

Structure 

Figure 6.8. Typical Soil-Structure Interaction Problems 
Showing Joints and Interfaces 
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Actual Nonlinear Response 
Curve from a Direct Shear 
Test 

Relative Displacement, u 

Figure 6.10. Typical Shear Stress vs Relative Displacement 
Curve Obtained from a Direct Shear Test 
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0.001 yields reasonable solution. The aspect ratio is de

fined by t/B where ti is the thickness and B is the average 

width of the interface element. 

2) In general, the stiffness properties of the interface element 

are quite different from the properties of the adjacent con

tinuum elements. In this study it is assumed that the normal 

stiffness of the interface element is the same as other 

regular soil elements; however, the shearing stiffness, Kci' 
in the plane of the interface is different. In general, the 

shearing stiffness of ,the interface is determined by per

forming a series of direct shear tests at various ,normal 

loads. For each test, shear stress, T, is plotted as a func

tion of ,the relative displaceme'nt, u, as shown in Fig. 6.10. 

The slope of the T-U curve provides the shearing stiffness, 

Ks, of the interface. Assuming the thickness of the interface 

to be t;, the shearing modul us, Gint , for the interface can be 

written as 

(6.24) 

3) To check the conditions of ,the interface element, the normal 

stress., an" and the shear stress, T, on the plane of ,the 

interface element are calculated. With these values of o'n 

and T., three conditions are checked; that is, 



a < 0 n 

a > 0; T ~ C + a tan ~ nan 
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(6.25) 

(6.26) 

(6.27) 

where Ca is the cohesion or adhesion and ~ is the friction 

angle for the interface material. In the case of interfaces 

between the dissimilar materials, ~ is the angle friction 

between these materials and can be obtained from direct shear 

tests. 

The inequality an < 0 (assuming compressive stress to

be positive) signifi,es that the interface .element is in sepa

ration mode. When this condition occurs, both the normal 

stiffnesses of the interface element are set equal to a small 

number. In this study, this is definec by dividing the 

original stiffness by 500. When an )i 0 and T > Ca + an tan ~, 

the interface element is in a state of slip; however~ no 

separation has occurred. For this case, the shearing stiff

nesses are reduced to small values; however, the normal 

stiff.n.esses are kept the same. 

The inequalities, on > 0 and T < ca + an tan ~ signify 

that the interfa,ce element has suff,ered neither separation nor 

slip~ 'In this case, no changes are made in the values of the 

stiffnesses of the interface element. 



'Impl~mefitatiO~:Of:th~.Proposed 
Constitutiv~ Model 
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The proposed constitutive model is implemented into a three

dimensional finite element procedure developed by Phan (1979) and Desai 

et al. (1982). Although the procedure is capable of including both mate-

rial and geometric nonlinearities, only material nonlinearity is 

considered for the present study. Besides :the proposed model, the pro

cedure also includes the following constitutive models: 

1) Linear elastic model 

2) Drucker-Prager model 

3) Critical state model 

4) Cap model (Sandler type.) 

5) Modified Cap model. 

Descriptions of these models are given in Chapter 2. 

This finite element procedure is used to solve a number of ,boun

dary value problems using various constitutive laws. The following 

chapter is devoted to describing the results ofa number of boundary 

value problems. 



CHAPTER 7 

APPLICATIONS 

General 

As discussed previously, for many problems of Geomechanics closed 

form solutions cannot be obtained. Thus numerical techniques are often 

used for the analyses of this class of problems. Among all the Numerical 

methods, the finite element method is extensively used for the problems 

of Geomechanics. Main reason for this is that the finite element method 

can easily include such complexities as material nonlinearity, stress 

path dependency, inhomogeneity, anisotropy, irregular boundaries etc. 

The finite element procedure described in Chapter 6 is used to 

obtain solutions for a number of boundary value problems in Geomechanics. 

This Chapter presents the results of the finite element analyses along 

with the corresponding experimental observations. 

Simulation of the Triaxial Tests by the 
Finite Element Method 

A number of .triaxial tests on a Silty sand (as described in 

Chapter 4) are simulated by using the finite element procedure and the 

proposed constitutive model. The material constants for the Silty sand 

are also listed in Chapter 4. Since the state of stress and the strain 
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can be assumed to be homogeneous within the triaxial specimen (although 

local inhomogeneity may occur due to the directional nature of the plas

tic straining as described by Mroz, 1963), the sample can be represented 

by a single three-dimensional brick element. Because of the symmetry 

conditions about all three axes, only 1/8 th of the sample is considered 

as shown in Fig. 7.1. The boundary conditions are also shown in the same 

figure. 

Hydrostatic Compression (HC) Test 

This test is simulated up to a mean (confining) pressure of 80.0 

psi (551.2 kpa) with increments of 5.0 psi (34.45 kpa). To satisfy. equi

librium of .the overall system only two iterations are performed at each 

increment level. Figure 7.2 shows the comparison of the prediction and 

the experimental result for the hydrostatic compression (HC) test. It is 

seen.that a reasonable agreement is reached between the prediction and 

the observation. 

Conventional Triaxial Compression (CTC) Test 

The initial confining pressure for this test is 10 psi (68.9 

kpa). To simulate this test, the sample is loaded hydrostatically up to 

10 psi (68.9 kpa) and sheared following the conventional triaxial comp

ression (CTC) test path. ~hat is, the lateral stresses, 0"2 and 0"3' are 

kept constant while the vertical stress, 0"1' is increased. ~wo incremen

ts are· used to simulate the 10 ~si(68.9 kpa) initial confining pressure. 



Dimensions in inches 

Figure 7.1. Finite Element Mesh to Model the 
Cubical Soil Specimen 

253 



-.,... 
\I) 

c.. 

c.. 
.. 

QJ 
s-
:::J 
\I) 
\I) 
QJ 
s-

o... 
c 
ItS 
QJ 

:=:: 

80.0 

Experimental 

60.0 ~- .<)- Predicted 

YO = 1.86 gm/cc 

. 1.0 psi = 6.89 kpa 

40.0 

o.o~ ______ ~~ ____ ~ __ ~~ __ ~ ______ ~ ______ ~ 
0.0 0.5 1.0 1.5 2.0 

Volumetric Strain, EV 

Figure 7.2. Finite Element Simulation of Hydrostatic 
Compression (HC) Test ·for the Sil ty Sand 

254 



255 

Subsequently, the vertical stress, 0'1' is increased with increments of 

3.0 psi (20.£7 kpa). 

Figure 7.3 shows the comparison of the finite element results 

and the experimental results for the conventional triaxial compression 

(CTC) test. It is seen that the prediction is in agreement with the 

observation. It may be noted that for the CTC test the the finite ele

ment prediction is less accurate than the prediction made in Chapter 5. 

This may be explained by the facts that in the finite element analysis 

the sizes of the stress increments are langer and only two iterations 

are performed to satisfy equilibrium at each increment level. 

Simple Shear (55) Test 

This test is performed at an initial confining pressure of .20.0 

psi (137.8 kpa). Thus the sample is loaded hydrostatically up to 20.0 psi 

(137.8 kpa) and then sheared following the simple shear (55) test path. 

In the simple shear test, 0'2 is kep~ constant at the initial confining 

pressure. The vertical stress, 0'1' is increased while 0'3 is decreased 

by the same amount. 

Hydl10static phase of the test (up to 20.0 psi confining pressure) 

is simulated with increments of 5.0 psi (34.45 kpa). During Shearing the 

vertical stress, 0',1' is increased in increments of .2.0 psi (13.78 kpa) 

and 0'3 is decreased by the same amo~nt. 

To satisfy' :the overall equil ibrium of .the sample. , fo.ur itera

tions are performed at each increment level. It is observed' that for any 
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test other ~han the hydrostatic compression test, equilibrium does not 

satisfy with reasonable accuracy if .the number of iterations per load 

step is less than four. This observation, however, may not be valid for 

all soils. In general, this should be established when dealing with a 

new soil. 

Figure 7.4. shows. the stress-strain response curves for the 

simple shear (55) test obtained from the finite element analysis. Exper

imental results are also plotted in the same figure for comparison. 

Conventional Triaxial Extension (CTE) Test 

This test is performed at an initial confining pressure of 20.0 

psi (137.8 kpa). Four 5.0 psi (34.45 kpa) increments of stress are used 

to load the sample hydrostatically up to 20.0 psi (137.8 kpa) • During 

shearing, the vertical stress, cr1' is kept constant at 20.0 psi (137.8 

kpa) while 02 and cr3 are increased equally using 3.0 psi (20.67 kpa) str

ess increments. 

Figure 7.5 shows the predicted stress-strain response curves for 

the conventional triaxial extension test obtained from the finite element 

analysis. Experimental results are also plotted in the same figure. It is 

seen that the comparison between the prediction and the observation is 

reasonably accurate. 

·5trip·Fbbtin9 problem 

In general, it strip footing problem can be considered as a two

dimensional plane strain problem. In this study, however, a three-
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dimensional fi,nite element procedure is used to analyze this strip 

fO,oting problem. The plane strain condition is simulated in the 3-D 

finite element procedure by constraining the nodes in the direction 

nonnal to the plane of defonnation. 
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Ph an (1979) analyzed this strip footing problem using a number 

of different constitutive models and compared these results with the 

laboratory observations. The soil used for this study is the artificial 

soil as described in Chapter 4 of this dissertation. The density of the 

soil used for the laboratory testing is 2 gm/cc. Details o·f the Device 

and the testing program are given by Phan {1979} and Desai et al {1982} 

and will not be repeated here. 

In this study the same problem is analyzed using the proposed 

constitutive model. The, results are compared with the laboratory obser

vation. To verify:;the effectiveness of the proposed model, the finite 

element results obtained by using the Cap model (DiMaggio and Sandler, 

1971) is also compared with the current solution. 

Figure 7.6a shows the dimensions of the rigid footing and the 

soil used for the laboratory testing. The width of .the footing is 3.0 

inches while the thickness is 0.75 inches. 

The finite element mesh for this problem is shown in Fig. 7.6b. 

Since the footing is symmetric about the vertical axis passing through 

the center of ,the footing, only one half of the domain is discretized 

and used fo,r the finite element analysis. A total of 21 eight-noded 
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brick elements are used to model the footing and the surrounding soil. 

The corresponding number of nodes is 64. In the present analysis a total 

of six load increments are used with two iterations per load step. This 

is consistent with the analyses performed by Ph an (1979). 

The material constants used for the present analysis are the 

following {also presented in Chapter 4}: 

E = 4000 psi (27560 kpa) 

\l = 0.35 

ex = 0.162 

Y = 1.542 psi (10.6 kpa) 

k = 0.0 psi (0.0 kpa) 

Sa= 0.00217 

n1 = 1.376 

Sb= 0.723 

n2= 0.660 

Figure 7.7 shows the comparison of the load~displacement res

ponse obtained from the present analysis and the laboratory observation. 

The finite element analysis of the same problem using the Cap model is 

also plotted in the same figure for comparison (Phan, 1979). It is obs

erved that that the present analysis is in close agreement with the 

experimental results and the finite element results using Cap model. 

Figures 7.8 and 7.9 show the displacement fi,elds of ,the soil 

medium at 7.5 ~si (51.68 kpa) and 15.0 psi (103.35 kpa), respectively. 
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It is seen from these figures that the directions of .the movement of the 

the soil particles bend towards the right as the load is increased. 

Three-Dimensional Soil-Tool Interaction 

The behavior of a tool moving in soft soil is complex because of . 

the three-dimensional interaction effects and the nonlinear and inelas

tic characteristics of the soil mass. There is no closed form solutions 

. for such problems. Thus numerical methods such as the finite element 

method is often used to obtain solutions for these problems. 

Prototype tests are conducted in a soil-bin facility to deter

mine the draft force (force acting opposite to the direction of the mov

ement of the tool) on the tool as a function of the resultant horizontal 

displacement (Desai et al, 1982). It may be noted that the artificial 

soil described in Chapter 4 is used for the testing purpose. The appro

ximate density of the soil was about 2.0 gm/cc. Details of the tests and 

the testing facility'are given by Durant (1979) and Durant et al (1979). 

All tools used for the tests are made of cold-rolled steel 0.5 

inches thick. The height and the width of the tools are. varied for 

different tests. 

In the present study, one particular test is simulated using 

the finite element procedure mentioned earlier. The proposed constitu

tive model is used to characterize the nonlinear and inelastic behavior 

of the artifi~ial soil. The material constants for this soil are given 

in Chapter 4 and will not be repeated here. The tool is 2X4 inches in 
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dimensions as shown in Fig. 7.10. The finite element mesh used for the 

current study is also shown in Fig. 7.10. There are 300 nodes and 180 

eight-noded isoparametric hexahedral elements including 7 thin-layer 

three-dimensional interface elements. The degrees-of-freedom in the x

direction (the direction of the movement of the tool) at the far ends of 

the mesh are constrained. However, it is found that the effect of fixing 

the degrees-of-freedom in this direction do not cause significant diffe

rence in the results in contrast to releasing these degrees-of-freedom. 

This may be due to the fact that the significant deformations occur only 

in the vicinity of the tool. 

Figure 7.11 shows the comparison ~f the load-displacement res

ponse obtained from the present study with the experimental results. The 

load-displacement response obtained from finite element analysis using 

Cap Model is also plotted in the same figure for comparison (Phan, 1979). 

It is evident from Fig. 7.11 that the response obtained from the present 

analysis agrees with the Cap Model solutions. However, there is signifi

cant difference between the observed response and the present analysis. 

This may be due to the fact that only two equilibrium iterations are per

formed at each load level. 

In order to understand the mechanism of soil-structure inter

action, the displacements of the soil body and the tool are plotted at 

various sections for a load of 100 lbs. Figures 7.12 through 7.16 

show the displacement fields at various sections. 
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CHAPTER 8 

SUMMARY AND CONCLUSIONS 

The general principles of mechanics are applicable to all mate

rials, irrespective of their internal constitution. These principles 

alone do not provide sufficient number of equations to obtain solution 

of any boundary value problem. Additional equations are obtained by 

considering the internal constitution of the material. 

There are many groups of constitutive theory, details of which 

are beyond the scope of the present study. Among them, the theory of 

plasticity describes the rate independent nonlinear and inelastic be

havior of materials. 

Geological materials often show nonlinear and inelastic response 

when subjected to external loads. Thus, the theory of plasticity can be 

eff~ctively used to characterize the constitutive behavior of geological 

materials. 

A large number of constitutive models are available at this time 

for geological materials. However, many of these models have inherent 

drawbacks. Thus, there is need for new developments in this area. 

In the present study, a generalized approach is used to derive 

constitutive models for geological materials. The method, however, can 

be applied to other materials as well. Although any number of constitu

tive,models can be established, in this study, only one form is fully 

investigated. 
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The. proposed model has a number of material constants. Labora

tory tests are required to determine these material constants. A series 

of triaxial tests are performed on an artificial soil using a cubical 

triaxial apparatus. The device is such that the samples can be sub

jected to three-dimensional state of stress by applying air pressure 

through the six open faces of the device. Besides the artificial soil, 

test data for a silty sand and an agricultural soil is also used (Desai 

et al. 1982, Markle, 1981). Details of the parameter determination are 

given in Chapter 4. 

Using the test data for these three materials, the constants of 

the proposed model are determined. Table 4.3 shows a comparison of 

these material constants. These constants are then used to back-predict 

the stress-strain response from which they are calculated. 

Finally, the proposed constitutive model is implemented in a 

three-dimensional finite element procedure. The finite element proced

ure is then used to obtain solutions of a number of boundary value 

problems. 

Based on the investigation presented herein, the following con

clusions can be made: 

1) Appropriate constitutive laws are required to obtain reason

able solutions for many problems in geomechanics. Available 

constitutive models may not adequately characterize the be

havior of many engineering materials. Thus, new and improved 

constitutive models are necessary. 
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In the current research, a generalized approach is 

used to develop constitutive models within the fr.amework of 

plasticity theory. Although the present study is limited to 

geological materials only, the approach can also be used for 

developing constitutive models for other engineering mate

rials such as concrete. 

2) The proposed constitutive model plots continuous and convex 

in IJ2D - J1 space. Thus, the normal to the yield surface at 

any pOint can be defined uniquely. Many available plasticity 

models such as critical state and Cap model represent the 

yielding process by two separate surfaces which intersect 

each other with slope discontinuity; that is, the normal at 

the point of intersection is nonunique. This arises diffi

culty when associated plasticity laws are used. 

3) The proposed model is verified with respect to the triaxial 

tests on a number of different soils. Both stress-strain be

havior and volumetric behavior are compared. It is observed 

that the model predicts accurately the behavior of .the silty 

sand. However, for the artificial soil, the model seems to 

overpredict dilatancy during shearing. It may be mentioned 

that the artificial soil is highly compressible and shows 

strong creeping during testing. It is observed that the model 

predictions deviate from the observations when the strain in 

the axial direction is of the order of 9-10%. 
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The deviations of .the model predictions fr.om the ex

perimental results may be attributed to these facts. 

4) The proposed constitutive model is implemented into a three

dimensional finite element procedure. The finite element 

procedure is used to solve a number of boundary value prob

lems. The numerical results are compared with the 

corresponding experimental observations. It is found that 

the proposed constitutive model can adequately characterize 

the nonlinear and inelastic behavior of a class of geological 

materials. 

5) Besides the proposed constitutive model, a three-dimensional 

thin-layer interface element is also developed and implemented 

. in the finite element procedure mentioned earlier. It is ob

served that for soil-structure interaction problems, the 

thin-layer interface element can adequately represent the 

interaction behavior. 

6) Alternative forms of yield conditions are proposed (Chapter 3) 

which may be used instead of the proposed model. Further work 

is necessary to establish these alternatives and to explore 

their capabilities fully. 



where 

APPENDIX A 

DERIVATION OF ELASTO-PLASTIC CONSTITUTIVE 
RELATIONS FOR THE PROPOSED MODEL 

The yield function is written as 

cr.
J
. in Eq. (A.2) is the stress tensor. 

1 . 

The evolution function is expressed as 
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{A.I} 

.(A.2 ) 

(A.3) 

{A.4} 

(A.S) 

{A.6} 



where 

_ P P 1/2 
~ - f (de:.. de: .. ) lJ lJ 

P _ P 1 P 
de .. - de: .. - ~ de:kk 0 .. lJ lJ ~ lJ 

Consistency Condition 

dF = 0 

Using chain rule of differentiation, 

where 

dF = 2L dO".. + !E d~ + ~ dr = 0 dO"ij lJ d~ drO 0 

P P 1/2 d~ = (de:.. de: .. ) lJ lJ 

Using the definition of rO given by Eq. (A.8), 
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(A. 7) 

(A.8) 

(A.9) 

(A.10) 

(A.ll) 

(A.12) 

(A.13) 

(A.14) 
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Assuming associated plasticity, the incremental plastic strain, de:i~' 

can be expressed as 

P at' de:.. = A. -a -'-lJ crij 
(A.1S) 

where A ~ 0 governs the magnitude of .the incremental plastic strain. 

Using Eq. (A. is) , 

(A.16) 

(A.l?) 

where 

_ aF aF 1/2 
Y F - (acr. .. • acr.) 

lJ lJ 
(A.18 ) 

Y = [(-1L) ~-1L) ]1/2 
FO acr.. 0 acr.. 0 lJ lJ 

(A.19) 

The t~rm (aaF) is the deviatoric part of acraF • 
crij 0 ij 

Using Eqs. (A;16) and (A.l?) in Eq. (A.14), drO can be written as 

(A.20). 
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. Using the defi,nition of .rO given by Eq. (A.8), drD can be written 

as 

(A.21) 

Using the expressions for d~ and drD, the consistency condition 

can now be written as 

(A.22) 

Incremental stress, dcrij , is related to the incremental'elastic 

strain, dEij, through the generalized Hooke's Law; that is, 

(A.23) 

.. 
where Cijkl is the fourth order elastic constitutive relation tensor. 

Assuming small deformation, the incremental strain, dEij , can be written 

as the sum of incremental elastic strain, dEij, and incremental plastic 
p. strain, dEij , that is, 

de .. = dE.~ + dE.~ 
lJ lJ lJ 

(A.24) 

Using Eqs. (A.IS), (A.22), (A.23) and (A.24), the unknown A can be ex-

pressed as 
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_1£_ c dE:kl acr.. ijkl 
:\ - lJ . 

- aF G 2E.._- H 
acrpq pqrs acrrs 

(A.25) 

where H defines the hardening behavior and is given by 

(A.26) 

e-P Finally, the elasto-plastic constitutive relation tensor, Cijkl' can be 

written as 

c _1£_ _1£_ c 
e-P ijmn acrmn acruv uvkl 

c,.J.kl = c,.J.kl - a~ F - '-C _a __ H 
acrpq pqrs acrrs 

(A.27) 

Using chain rule of differentiation, the gradient tensor, a~~-' can be 
lJ 

written as 

_1£_ = 2£.._ 8 + _1£_ s + _1£_ "( s . s 2 J 8 ) 
acrij aJ 1 ij aJ20 ij aJ30 ik kj - 3 20 ij 

Using the form ofF given by Eq. (A.1), 

~~1 = 2aJ1 - 27 ~32/3 (27 J3 + 6Jl J2D + J13) - y 

2S J 2 
_1£_=1- 1 
3J2D . 9 J 2/3 

3 

aF _ s Ji_ 

aJ3o - - 3 J 2/3 . 
. 3 

(A.28) 

(A.29) 

(A.30) 

(A.31) 
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Evaluation of H requires two derivatives, ~~ and ~~. Using the form 
o 

of evolution function, S, given by Eq. (A.6), these can be expressed in 

the following form: 

where 

aF = _ J J 1/3.M 
a~ 1 3 a~ 

Thus, the incremental stress-strain relationships can be written as 

In matrix form, Eq. (A.36) can be written as 

fda} = [C]e-P {de} 

(A.32) 

(A.33) 

(A.34) 

(A.35) 

(A.36) 

(A.37) 



285 

where 

(A.38) 

(A.39) 

and 

(,~.40 ) 

The gradient fector, {~~}, is 

(A.41) 
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