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ABSTRACT 

The goal of this dissertation has been to develop a method 

that enables one to calculate accurate, rigorous lower bounds to the 

eigenvalues of the standard nonre1ativistic, spin-free Hamiltonian 

for an atom with N electrons. Lower bounds are necessary in order to 

complement upper bounds obtained from the Hartree-Fock and Ray1eigh

Ritz methods. Without accurate lower bounds, it is impossible to 

estimate the error of the approximate values of the energies. By 

combining two heretofore distinct methods and using the symmetry 

properties of the Hamiltonian, this goal has been achieved. TI1e 

explanation of this procedure in the dissertation can be broken into 

three separate parts. 

The first part provides the necessary background information 

about two distinct techniques for calculating lower bounds to atomic 

energies. The first of these is the method of intermediate problems, 

originally developed by Weinstein and Aronszajn, and later applied to 

atoms by Baz1ey, Fox, and several others. Aronszajn's method 

consists of forming a sequence of Hamiltonians Hk, k = 1,2, ... , whose 

corresponding eigenvalues form a sequence of lower bounds to the 

eigenvalues of the original Hamiltonian H. Bazley combined this 

method with the use of Temple's inequality to obtain lower bounds to 

the ground state energy of the helitun atom which agreed to five 

viii 
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significant figures with a Rayleigh-Ritz upper bound of helium. This 

met.hod broke down for atoms larger than helium, due to the stability 

of essential spectra under compact perturbations. A decade after the 

initial successes with helium, Fox developed a method which displaced 

the essential spectra. Further advances have been hindered by the 

use of the only apparent base operator, H0 , the hydrogenic part of H, 

to form a "base problem" for the Fox-Aronszajn technique. 

The second technique, the effective field method, was 

developed by Grosse, Hertel, Lieb, and Thirring. It provides a lower 

bound operator to the interelectron repulsion term in H that is of 

the form of a sum of separable potentials. This enables one to 

reduce the eigenvalue problem for the lower bound Hamiltonian to a 

sum of single particle operators. For various choices of the 

"effective potential" in the Hamiltonian, Grosse, Hertel, Lieb, and 

Thirring solved this problem numerically for a few large neutral 

atoms. They obtained bounds which differed in relative error by, at 

best, about 10 percent from the corresponding upper bound energies 

for these atoms. 

The second part of the dissertation explains how to combine 

the two above techniques to form a new base operator. By using a 

class of Eckart potentials, in particular the Hulthen potential, one 

may construct an explicitly solvable base problem from the effective 

field method, if one uses the method of intermediate problems to 

calculate lower bounds to non-S states. The base problem is then 
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suitable as the starting point for the method of intermediate 

problems with the use of the Fox-Aronszajn technique. Lower bounds 

for· the ground states of the neutral atoms from Z=3 (lithium) to Z=30 

(zinc), determined from the new base problem, are presented. These 

results are already comparable to the TI1omas-Fermi energies and are 

better than these energies for the smaller atoms. 

The third part provides the theoretical background and a 

practical procedure for determining the physically realizable spectra 

of the intermediate operators. This is important in the discussion 

of many-electron problems since, in general, the resolved spectra of 

the intermediate operators does not coincide with measurable 

experimental data in a direct way. The procedure is accomplished by 

restricting the Hamiltonian to subspaces of proper physical symmetry 

so that the resulting lower bounds will be to eigenvalues of physical 

significance. 



CHAPTER 1 

INTRODUCTION 

Since the publication of SchrOodinger's w'ave equation in 1926, 

a fundamental test of the nonrelativistic quantum theory has been to 

generate solutions of this equation \vhich yield the spectra of 

atoms. By introducing a configuration space with a full set of 

coordinates for each particle of the many-particle atomic system, the 

required solutions were determined to be the stationary states given 

by the solutions to the eigenvalue problem H '¥ = A'¥, where H is 

the Hamiltonian of the system. In addition, these solutions had to 

satisfy certain boundary conditions and symmetry requirements. The 

values of A, the discrete spectrum of the operator H, were then 

the energies of these atoms. 

Unfortunately, only the eigenvalue problem for the simplest 

atom, hydrogen, could be solved exactly. Consequently, the physicist 

has had to resort to approximation methods. Most of these methods 

have been based on the variational principl2 for the Rayleigh 

quotient. These include the various Hartree-Fock methods [35] and 

the method of configuration interaction [67] (or, equivalently, the 

Rayleigh-Ritz method). These methods are well-known to produce 

rigorous upper bounds to the eigenvalues of II, provided that 

precise numerical techniques are used. In practice, such methods 
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have determined ground state atomic energies that are within 1% to 2% 

relative error of the experimentally rletermined ground state energies 

for atoms larger than helium. However, these upper bound methods 

cannot give any information about the difference between the upper 

bounds and the true eigenvalues of H • Furthermore, although the 

above mentioned relative errors are impressive (after all, these are 

many-body problems), the accuracies are completely inadequate for the 

calculation of many physical quantities of vital interest to quantum 

chemists, such as excitation energies, ionization energies, bond 

energies, etc. 

What is needed to complete the spectral analysis are accurate 

lower bounds to the eigenvalues of H • Such lower bounds would 

enable one to rigorously bound the eigenvalues of H and therefore 

determine how valid the Hamiltonian is for describing atomic 

systems. For instance, we could then calculate the magnitude of 

corrections to the energies and therefore ascertain what kind of 

modifications are required in the model. Furthermore, accurate lower 

bounds should assist in determining whether electronic shells are 

predicted by the Schrodinger equation which includes the effect of 

the electrons on one another. Traditionally, the shell structure of 

the atom has been an assumption based upon treating the interelectron 

repulsion term in the Hamiltonian with perturbation techniques. 

Although these techniques have been very useful in describing the 

qualitative behavior of the splitting of spectra due to the electron 

2 



interactions, they are quantitatively too inaccurate to be useful for 

the computation of atomic energies. 

A considerable amount of effort has gone into developing and 

using methods that yield lower bounds to atomic spectra. Prior to 

1960, the methods used in the physical literature were essentially 

based on inequalities usually involving the calculation of 

expectation values of H2 • The best of these methods turned out to 

be Temple's inequality [68], derived in 1928, which provides a 

rigorous lower bound to the lowest eigenvalue of H, Al . 

Unfortunately, it requires an adequate lower bound to the first 

excited state, A
2

, which presumably is just as difficult to obtain 

as A 1 is. Nevertheless, semiempirical bounds to eigenvalues were 

determined by using experimental values for A
2

• Clearly there is a 

complete loss of rigor in such cases. 

Hhile the above work {.raD being done, there was signtficant 

progress toward the calculation of lower bounds to eigenvalues in the 

mathematics literature. In 1937, A. Heinstein developed a method for 

finding lower bounds to the eigenvalues of certain differential 

operators (see [7l~ for references). In 1948, N. Aronszajn extended 

and simplified these methods by using the properties of compact self

adjoint operators in Hilbert space. Heinstein's method, as well as 

the Rayleigh method, is based on the use of constraints. In 1950, 

Aronszajn [2] developed a method of approximation wherein one uses 

simpler differential operators to construct a sequence of 
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intermediate problems. However, Aronszajn's method \o1aS very 

difficult to implement numerically. 

A major breakthrough occurred in 1959 when Fazley [6], using 

Aronszajn's method of intermediate problems, was able to compute good 

lower bounds for helium. He ~o1as able to make Aronszajn' s method 

numerically feasible by using a special choice of projecting vectors 

in the technique. By combining these bounds with the use of Temple's 

inequality, Bazley obtained a lower bound for the ground state of 

helium that agreed to five decimal places to1ith the corresponding 

Rayleigh - Ritz upper bound [5]. 

However, Bazley's method breaks down as soon as the technique 

is applied to lithium (the next atom after helium in the periodic 

table). The mathematical reason for this is the stability of 

essential spectra under compact perturbations. He briefly explain 

this in more detail. Aronszajn's technique for the Hamiltonian H 

requires expressing H as the sum of tl010 operators: HO, the base 

problem operator, and H' , the residual operator. HO has the 

property that it is self-adjoint, explicitly resolvable, and 

satisfies the inequality HO .. H. H' is a symmetr.ic, positive 

operator. Using these facts, intermediate operators Hk = HO + 

H'pk may be formed, where pk 1s a finite rank projection operator 

and k is the dimension of the subspace onto which it projects. The 

resulting resolution of the intermediate operators ~c results in a 

4 



sequence of inequalities·that are satisfied by the lower eigenvalues 

of these operators: 

Herein, is the ith eigenvalue of the base problem 

is the i th eigenvalue of the intermediate problem 

k k 
H 1jJ = A 1jJ, a nd A i is the ith eigenvalue of H, which is, of 

course, unknown. The atomic Hamiltonian H may be decomposed in the 

above manner by letting nO be its "hydrogenic" part and letting 

H' be the interelectron repulsion operator. As explained above, 

Bazley was very successful in using this decomposition of H for 

helium. However, for lithium, it turns out that the essential 

spectrum of no has points belm .. the least poi nt of the spectrum of 

the whole operator H. Since the operator H'pk is compact, by a 

classical result due to Heyl, the essential spectrum of Hk is the 

same as the essential spectrum of HO. As a consequence, Aronszajn's 

method cannot be used to find accurate lower bounds to the 

eigenvalues of H. 

This difficulty remained until 1972, when Fox [31] produced a 

mathematical procedure which could circumvent this problem. Using 

abstract separation of variables, he was able to construct families· 

of intermediate operators which used noncompact, infinite rank 

perturbations. This led to workable numerical procedures with the 

5 



potential to displace essential spectra. Soon afterward, Fox and 

Sigillito [32] demonstrated that this new method worked for radial 

lithium, a simplified model for lithium which retained the 

difficulties that occurred with the full lithium operator. In spite 

of this success, attempts to apply Fox's method to the full lithium 

operator were unsuccessful [60]. This was because the essential 

spectrum of the base operator H0 was not displaced far enough. 

Recent progress has been made, however, by D. Freund in his doctoral 

thesis [34]. Freund obtained rigorous lower bounds for the Li+ ion 

and was able to displace the essential spectrum above the 

experimental ground state energy of lithium. This demonstrates that 

Fox's method can indeed be used to find accurate rigorous lower 

bounds to the ground state of lithium. 

All of the above methods used, ostensibly, the only base 

problem operator available, the hydrogenic Hamiltonian The 

approach to the problem of finding accurate lower bounds for many-

electron atoms in this thesis utilizes the construction of a new base 

operator H0 • In order that this base problem, H~ =A~ , be 

better than that using the hydrogenic operator 0 Hh , it should yield 

higher lower bound energies than those of H0 and have eigenvectors 
h 

that are at least as easy to work with as those of 0 
Hh , so that the 

resulting application of the above methods is computationally 

feasible. Such a base problem has, in fact, been developed. Indeed, 

with rather straightforward numerical calculations, we have formed a 
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base problem which provides grouno state lower bound energies that 

are comparable to the celebrated Thomas-Fermi energies [29]. 

Furthermore, the eigenfunctions of the new base problem are simpler 

than those of the hydro genic operator In addition, as will 

become apparent in the latter part of the thesis, there are further 

advantages to the new base problem over that formed with HO • These 

advantages will be made clear during the discussion of the resolution 

of the intermediate operators formed with nO. 

Also provided in this thesis is both the theoretical 

background and a practical procedure for determining the physically 

realizable spectra of the intermediate operators. This is important 

in the discussion of many-electron problems, since, other than for 

the smallest atoms (Z .. 3), the resolved spectra of the intermediate 

operators will not coincide with measurable experimental data in any 

direct way [64]. This situation may be handled by restricting the 

Hamiltonian to subs paces of proper physical symmetry so that the 

resulting lower bounds will be to eigenvalues of physical 

significance. 



CHAPTER 2 

THE ATOMIC PROBLEM 

2.1 The Atomic Eigenvalue Problem 

The eigenvalue problem that determines the stationary states 

of a many - electron atom is the time independent Schrodinger 

equation: 

(2.1) H '¥ A '¥ , 

where H is some suitable atomic Hamiltonian operator and A is a 

constant. He are interested in determining the eigenvalues and 

eigenfunctions of the eigenvalue problem (2.1) to as high an accuracy 

as possible in the non-relativistic approximation with Coulomb 

interaction only. For convenience, we will also assume an infinitely 

massive nucleus. 

Choosing atomic units, the Hamiltonian may then be written 

as: 

N 
(2.2) H L + 

i=l 

where Z is the nuclear charge, N is the number of electrons, 

r
i 

Itil is the distance of the ith electron from the nucleus, and 
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lt1 
- t j I is the magnitude of the distance between the ith and jth 

electrons. The second sum in (2.2) is over all pairs of electrons 

only once and excludes the case i j, i.e., it may also be expressed 

as: 

l N N 
I I 2 . 1 . 1 1= J= 

1 
i * j 

Our case of primary concern in the computational work will be that of 

neutral atoms, that is, when N = z. This restriction is not assumed 

in the theory of this section, however. 

The purpose of the remainder of this section is to describe 

the mathematical characteristics of the operator H and its 

spectrum. Before doing this, it is important to mention that 

although there is no spin dependent term in (2.2), spin does play a 

role in determining both the domain of H and its spectrum. This is 

because of the Pauli exclusion principle, which restricts the domain 

of the Hamiltonian to subspaces with certain realizable symmetry 

properties, thereby coupling the electron spin to the electrostatic 

energy term. These physical symmetry requirements and their 

consequences will be discussed in detail in section 2.3. For the 

present discussion, we will exclude spin from the domain of H. 



space 

The domain of the operator H is contained in the Hilbert 

L2 (~3N), which is isomorphic to the N-fold tensor product 

10 

L2CIR3) €) ... @ L2(1R3). H is evidently a symmetric operator on the 

dense subspace of 

H, the 3N-dimensional Laplacian, 

essentially self-adjoint on 

and 

The kinetic energy term in 

- V ~ , is semi -bounded and 

The potential energy terms 

are locally square 

integrable, real-valued measurable functions. By Kato's theorem 

[58], H is essentially self-adjoint on In addition, since 

the potential energy terms in (2.2) are g-bounded with respect to the 

3N-dimensional Laplacian (i.e., relatively bounded with relative 

bound arbitrarily small), H is also semi-bounded. Following the 

usual convention, the unique self-adjoint extension of H will also be 

denoted by H. 

Since His self-adjoint, its spectrum, a(H) , is a subset of 

the real line in a: . Also, since H is a relatively bounded 

perturbation of the 3N-dimensional Laplacian, we know that a(H) is 

bounded from below and unbounded above. Obtaining further 

information, however, is more difficult. 

Operators of the same general form as H have been studied in 

a series of papers by Zislin and Sigalov [75,64,77], who obtained 

significant results on the essential spectrum and on the existence of 

bound states. In particular, for the cases of neutral atoms and 

positive ions, i.e., N ~Z, it has been demonstrated that the lower 
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part of o(H) is discrete (isolated eigenvalues of finite 

multiplicity) and that the ground state energy is nondegenerate. 

These negative eigenvalues form an infinite sequence increasing to a 

limit point A 
00 

(in physical parlance called the ionization 

potential), which is the least point of the essential spectrum of 

H. In 1960, Zislin showed that the essential spectrum for the 

Hamiltonian given by (2.2) consists of the half-line [A
00

, 00 ) , 

where: 

A 
00 

A . 
J 

min {A • 
J 

j l, ••• ,N} , 

(.) 
mi n {A £ o ( H J ) } 

and H(j) is the Hamiltonian of the system consisting of all but the 

jth particle. In 1965, Zislin and Sigalov [77] proved the same 

result for the restrictions of the Hamiltonian to the symmetry 

subspaces corresponding to the irreducible representations of the 

symmetry group of the system. This symmetry group will be described 

in Section 2.3. Many others have obtained similar results for more 

general N-particle systems. Additional results along the lines of 

Zislins' have been obtained by Sorgens [42] and Uchiyama [70]. 

It has been shown that negative ions (when N > Z) may have 

only finitely many bound states below the continuum and possibly none 
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at all (see [65,76]). We will restrict our considerations, however, 

to only those eigenvalue problems for which N < Z. 

2.2 The Central Field Approximation 

As stated in the introduction, the basic difficulty in 

finding approximate solutions of the Schrodinger equation with the 

Hamiltonian (2.2) is that the interelectron repulsion term, 

N + + -1 I I r i -r ·1 ' is too large to be treated as a perturbation of the 
i<j J 

hydrogenic Hamiltonian: 

(2.3) 

It turns out, however, that considerable progress can be made by 

making the assumption th'at the interelectron repulsion term contains 

a large spherically symmetric component. In fact, the validity of 

this assumption is borne out by upper bound calculations that are of 

the type discussed in section 2.5. We are thus led to construct a 

potential energy function, Veri)' which is a spherically symmetric, 

single particle operator, which is meant to represent an 

approximation to the actual potential energy of the ith electron 

moving in an averaged field due to the nucleus and the other N-l 

electrons. Under the above assumptions, we can now decompose H in 

(2.2) into a sum of operators: 

(2.4) H 
N 

I 
i=l 

_lv 2 + V(r.)) + H' , 2 i 1. 



where H' is given by: 

N N z N 
1 

(2.5) H' - I V(r.) - I + I 
i=l 1 i=l ri i(j jti- tjj 

H' is to be treated as a perturbation of the operator: 

N 

(2.6) I + 
i=l 

N 

I 
i=l 

"o 
H. 

1 

13 

Since H0 is a sum of single particle operators, 
"o 
Hi , 1 t;; i t;; N , we 

are able to retain the notion of individual states of motion for the 

electrons. This means we can consider the state of an atom as a 

whole to be determined by an aggregate of the states of the 

electrons, taking into consideration their mutual interactions via 

the term H' • In this approximation, with the appropriate form for 

V, and with the proper physical symmetry requirements, one can 

account for several of the details of the systematics of atomic 

spectra (cf. [20]). These include an explanation of the gross 

properties of the periodic table and an establishment of selection 

rules for radiative transitions. Because much of the analysis done 

on the Hamiltonian H in this thesis will depend on the mathematical 

characteristics of a Hamiltonian of the type H0 , some of the 
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specific details of the central field approximation will be given in 

this section. 

By using an argument based on the idea of screening (see 

[20], pgs. 159, 160), a large part of the effect of the mutual 

repulsion of the electrons can be allowed for by starting with an HO 

in which Veri) has the asymptotic properties: 

(2.7) 

where C is a positive constant. He will assume that Veri) has 

these properties for the rest of this section. 

The operator HO is a separating operator on: 

N 
(2.8) ® If! 

i=l 

N 
® L 2CIRh _ L2 CIR.3N ) , 
i=l 

where:: denotes "isomorphic to". This means we may write HO as a 

sum of part operators 

(2.9) 
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where each acts on the i th factor space # i and is the 

identity operator on the kth factor space. The reader is referred to 

Appendix A.3 for further details about such an abstract separation of 

variables. Thus, on each ~i , we have the part operator: 

(2.10) = + 

Because the potential is spherically symmetric, it is natural to go 

over to spherical coordinates. Then each factor space # i = L2CIR3 ) 

is isomorphic to the space 
2 

L (Q ,ll ) , where 

n = { ( r ,e ,q> ) 0 :ro;; r < + oo, 0 :ro;; e ~ n , 0 :ro;; 4> < 2 n} is a closed 

subset of ~3 and: 

(2.11) ll (B) 
2 J B r s i rf) d r d6 d<P 

is the Lebesgue-Stieltjes measure defined on the Borel subsets of 

3 
Q , i.e. , B £ t8 Q • This isomorphism is obtained from the unitary 

transformation: 

f(x,y,z) + f(r sine cos 4>, r sine sin <P, r cos e) 

2 
onto L (Q ,ll ) • Note that f satisfies the periodicity 

condition: f(r,e ,0) = f(r,e ,2 n). We now define the sets: 

(2 .12) 1R+ [ o, + oo) c ~1 , sz ( 0 , 'TT ) X [ 0 , 2 'TT ) C ~2 , 



and the Lebesgue-Stieltjes measures: 

(2.13) 

ll (B) r 

ll (B) s J B sin8d8d<j> 

16 

Here, d w is the usual area measure on the sphere s2 • Hence, the 

2 
space L (n,ll) is isomorphic to the tensor product: 

(2.14) 

Now let D = C
00 

(JR3 '0) be the c 00 functions with compact support 
0 

away from the origin. By (2.14), we may consider each y £ L 2 (1R3) 

a function of r and the angular variables 8, cp on the sphere s2. 

In terms of these variables, 

(2.15) 

Define D' to be the set of functions in D which are finite linear 

combinations of products x(r)y(8,<j>). Because of the isomorphism 

(2.14), D' is dense in L2(1R3). On functions of the form 

as 



(2 .16) ( _ _!_o2 + 
2 vi 

1 1 d 2 d 
[- -2 (-2 -d r. -d-)+ V(r.)] x(r.) y(81. ,<j>1.) 

r. 1 ri 1 1 
ri 1 

1 
- -X (r ) Fiy(8 i ,¢ 

1
.) , 2r: i 

1 

where Bi is the Laplace-Beltrami operator on L2(s2) , which upon 

suppressing the subscript i , is given by: 

(2.17) B 
1 

sirn + 

B is essentially self-adjoint and negative on 
00 2 

C (S ) , has only 

discrete spectrum of finite multiplicity, and has corresponding 

17 

00 

eigenfunctions that are C (see [58]). These eigenfunctions are the 

well-known spherical harmonics Y~m(e ,<j>), given by: 

(2.18) 

0,1,2 •.. , m -~ , -~ + 1 , • • • '~ , 

where 
m 

P.R. (u) 
th 

are the associated Legendre functions of the m order, 

and are given by Rodrigues' formula: 



(2.19) 
dt+ m 2 t 
--- (u -1) , m 
dut+ m 

0,1,2, ••• 

The spherical harmonics {Y~m(8,~)} form a complete orthonormal 

basis in L2(s2 ,d w). The eigenvalues are given by 

k~ -~(~ + 1) and the corresponding eigenspace has dimension 

2t+1. 

Now suppose we choose the basis {Rr(r.) Y (ei,~i)}~ on 
c; 1 n ...,,n 

the factor space ~ito be {Rt;,(ri)Ytm(ei,¢i)}t;,,lm 

- Rt;,(ri) @Ytm(ei,<f>i) , where RF.:(ri) lies in 

18 

D(At) 1'\ D(--1- )C L
2 (~+, ri2dr1), and A1 is the radial operator: 

r. 
1 

(2.20) 

Here ~ is an index to be described shortly. If we let 1 w i denote , 

the identity operator on the angular part of f+ i, 

1 
[(A. G) I . ) + (- --2 

@ B
1
.)] • 

1 cu, 1 
2r. 

1 

(A.Rr(ri))G)YI) (8. ,¢.) + 
1 z; ~m 1 1 

1 
( - 2 r ~ R ~ ( r i ) ) @ ( B i Y tm ( e i , ~ i ) ) (A.R~(r. ))IX'Yn (9. ,¢.) + 

1 ..., 1 ~ ~m 1 1 

1 

(_!_
2 

Rr(r.))@(t(i+1)Y
11 

(8
1

,¢.)) 

2 c; 1 ~m 1 
r. 

1 
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[(A. + R, (t+ll) {E) I ] • 
1 2 2 w ,i r. 

1 

so that in this choice of basis, the ith 

factor space operator H~ is the one-dimensional radial Schrodinger 
1 

operator with "effective" potential: 

(2.21) V ( r . ) + R, (t + 1 ) 
1 2 , 

2ri 

times the identity operator acting on the space L2(s2 ,d w). The fact 

that the operator (-1/2r:)B. essentially becomes the multiplication 
1 1 

2 
operator -kt/2ri in this basis will be an important fact that is 

used in chapter six. In summary, if we let KR, be the eigenspace 

corresponding to the 
th 

R, eigenvalue, kR, ' we may write: 

(2.22) 2 + 2 ~ 2 2 
L ( JR , r d r ) \251 L ( S , d ul ) 

seen that on each factor space, 

By defining 
1 2 

- - V + V(r) 
2 

is: 

(2.23) 
1 1 d 2 d kR, 

[-- (-- r -) + V(r) --]®I 
2 r2 dr dr 2r2 w 

00 

DR, ::: D' (l LR, ' we have 

restricted to DR, 



It is straightforward to conclude (see [58] and Appendix A.3) that 

1 2 - -v + VCr) is essentially self-adjoint on D' and therefore on 
2 + 

COO (JR3 '0) if we can show that for each 9-, A - k9- /2r2 is 
o 

essentially self-adjoint on COO (JR+) C L 2(JR+ r 2dr) • 
o ' 
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Now consider the eigenvalue problem for the radial operator: 

(2.24) \l R , 

defined on one of the radial factor spaces L2 (JR+,r2dr). For locally 

square integrable central potentials with the properties (2.7), it 

follows as a consequence of Weyl's theorem [58] that the energy 

spectrum is discrete for \l < 0 and essential for \l" O. For a 

prescribed value of ~ , it is customary to enumerate the discrete 

states of a particle in ascending order of energy by a principal 

quantum number n which takes on the values £+1, £+2, •••• 

Thus, in general, the eigenvalues \l depend just on nand 

£ : \l oR,' and have corresponding radial eigenfunctions RoR, (r). 

Comparison of central field models with empirical results have 

determined that, as a rule, the greater the sum n + £ , the greater 

the electron energy. 

Recalling the 2 £ + 1 degeneracy corresponding to a given 

£ value is accounted for by the (magnetic) quantum numher m (see 

(2.18», we see that the solution to the discrete eigenvalue problem 

for HO consists of one-electron functions: 
i 



(2 .25) 

called central field orbitals. If we let ai = (n. ,~. ,m.) and 
1 1 1 

+ 
ri = (ri,ei,~i) , then the general solution of the eigenvalue 

problem for H0 , H0~ 0 = E ~ 0 , consists of product wavefunctions 

(2.26) 

with corresponding energies E given by: 

N 
(2.27) E I 

i=l 

We complete a description of the central field model by 

anticipating some of the results of the next two sections. We 

introduce a two-valued spin-function s(s) , where s is the spin 

21 

quantum number, into the central field orbitals (2.25) to obtain spin 

orbitals: 

(2.28) 
+ 

~ _
0 

( r ) s ( s ) . 
liJ(,m 

Herein, the new quantum number s assumes the values ±_!_ 
2 

The 

purpose of introducing spin in this manner is to satisfy the Pauli 
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exclusion principle, which in its original form required that no two 

electrons can have the same set of four quantum numbers (n,~,m,s). 

By noting that we have modified the domain of H0 so that: 

D(Ho)CL2(1R3N)@ <J:2N ~ (L2(1R3) ® C2) ® 
N times ® (L2(1R3) ®C. 2), 

the Pauli principle restricts this domain to special subspaces of 

D(H0 ), Pauli subspaces, which are determined by the total spin of the 

system. With the methods of the next two sections, spin orbitals of 

the type in (2.28) can then be used to construct total wave functions 

!
0 

of the N-electron system described by ll0 • 

The above procedure produces a distribution of electrons in 

atomic orbitals which satisfies the "Aufbau" principle of atomic 

structure, i.e., in the ground state of a system described by H0 

the electrons occupy those orbitals permitted by the Pauli principle 

and which result in the lowest total energy. The distribution of 

electrons with respect to n and ~ is known as a configuration. 

Electrons in orbitals with the same values of n and ~ are said to be 

equivalent. The maximum number of equivalent electrons for a 

particular value of ~ is 2(2~+1), the product of the orbital and 

spin degeneracies. A complete assembly of equivalent electrons is 

known as a closed shell. Orbitals with a common (n,~) pair are said 

to form a shell. Specifying the occupation of a given shell by the 
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symbol nR, p , where p is the number of electrons, we may assign to 

each. atomic state an atomic configuration. Huch of the structure of 

the periodic table can be described by assigning configurations to 

each element in the table. For example, letting s,p,d, ••• stand for 

the t values 0,1,2, ••• , the configuration : ls2zs 22p6 designates the 

ground state of the neon atom. 

We have seen that the energy of an atom described by H0 is 

completely determined by an electronic configuration of the type just 

described. However, when H' is included as a perturbation of H0
, 

this is no longer the case. When H' is present, it is possible for 

electrons in a given configuration to have various energies depending 

on the mutual orientations of the orbital and spin angular momenta of 

the individual electrons. We say that the energy of a configuration 

splits into terms with which specific values of the total orbital 
+ + 

angular momentum L and total spin ang.1lar momentum S are 

associated. 

2.3 Symmetries of Atomic Hamiltonians 

Group theory enables us to classify the states of a physical 

system entirely on the basis of its symmetry properties and without 

carrying out an explicit solution of the dynamical equations. For 

the purpose of solving atomic eigenvalue problems, this means we must 

determine all of the geometrical symmetries of the Hamiltonian 

used. Whether we can solve the eigenvalue problem exactly or resolve 

it with the use of approximation techniques, ~¥e must rletermine the 
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empirically relevant spectra. This is done by restricting the 

Hamiltonian to its physically realizable subspaces, i.e., those 

subspaces of eigenstates which are invariant under the group 

operations corresponding to the appropriate symmetries. 

+ + + + 
The eigenvalue problem H(~) '!' (s) = A '¥ (s) , where s is a 

vector in the configuration space IR.3N (jp cC. 2N , is invariant under 

the transformations of the symmetry group G if it preserves its form 

under the operations: 

(2.29) 

where g £ G. Thus we have the requirement that H(gt) = H(t) • 

Furthermore, if ~A(t) is an eigenfunction of H corresponding to the 

eigenvalue A then Pg~A(t) is also an eigenfunction of H 

corresponding to the same eigenvalue, so that HP ~A = A P ~A 
g g 

PgH ~A ·Hence the operators Pg commute with the Hamiltonian: 

(2.30) 0 . 

In practice, when T.Ye have to solve a quantum-mechanical 

problem, we often must work with incomplete and non-orthonormal sets 

of functions. It is easy to shoH that the invariance condition 

H(gt) = H(t) retains its form provided a unitary representation of 

the group G is realized on the chosen set of functions. In such 
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cases, the symmetry of the system under a group of transformations 

can be expressed as: 

(2 .31) 
0 ' 

where {D(g) : g E G} form the unitary representation of G • 

Suppose {wA <t)}m 
1 

is a m-fold degenerate set of linearly k k= 

independent eigenfunctions belonging to the same eigenvalue A • 

Then we have: 

(2 .32) 

when P g acts on any of the m independent A 
'iJk • Thus, the m 

independent eigenfunctions of H associated with the eigenvalue A 

(which span the eigenspace corresponding to A ) are the basis 

functions for the m-dimensional representation fA of the group 

G. In physical applications, almost all such representations rA 

can be reduced to irreducible representations, so that we can 

state: If the Hamiltonian H has symmetry group G , the 

eigenvalues of H may be classified according to the irreducible 

representations of G and the degeneracy of the eigenvalues is equal 

to the dimensionality of the irreducible representation to which the 

eigenfunctions belong. 
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In this thesis, we are interested in the symmetry groups of 

the Hamiltonians H0 in (2 .6) and H in (2 .2). Since there are no 

spin-dependent terms in these operators, we will defer spin 

considerations until later. As mentioned in section 2.1, however, 

spin will play a role in determining the physically realizable 

subspaces. 

We first observe that both H0 and H possess permutation 

symmetry, i.e., they are left invariant under any permutation of the 

coordinate vectors + 
ri This symmetry corresponds to the physical 

principle of indistinguishability: a physical system is dynamically 

invariant with respect to the interchange of any two electrons. 

Secondly, both H0 and H are invariant under rotations- but they 

are not quite the same class of rotations. H0 is invariant under 

the rotation of any one of the coordinate vectors + • r. , 1n fact, it 
1 

is left invariant if all of the coordinate vectors are simultaneously 

rotated by different rotations. The Hamiltonian H has less 

symmetry than H0 does, because of the interelectron repulsion 

term. H will be invariant only when all of the + 
ri are rotated in 

the same way. Finally, both of these operators are invariant under 

inversion of the coordinates + + 
: r + -r . 

Thus, ignoring spin, the symmetry group of H0 can be 

represented in the form of a direct product of N three-dimensional 

orthogonal groups and the permutation group for the space variables: 
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(2.33) 
0 

G = 01 ( 3 ) X • • • X ON ( 3 ) X SN • 

The symmetry group of H is the subgroup of G0 given by: 

(2.34) G 0(3) X SN , 

up to isomorphism. 

Since G is a subgroup of G0 , we may give a simple group-

theoretic explanation of the term structure mentioned at the end of 

the last section. Since the orders of irreducible representations of 

a subgroup cannot exceed the orders of the irreducible 

representations of the group, splitting of the levels of H0 may 

occur when adding the perturbing term H' (see (2.5)) to obtain 

H. Of course, this assumes that the terms of the "perturbed" problem 

for H can be uniquely associated with the eigenvalues of H0 • That 

this is true follows from the "splitting theorem" given in the next 

section. Further details concerning the term structure of H are 

also given there. 

We must now impose the Pauli exclusion principle. Succintly 

stated, this empirically based principle demands that the wave 

function ~ is either symmetric or antisymmetric under the 

permutation of any two electrons. The Pauli principle requires that 

the only physical solutions of the atomic eigenvalue problem are 

those that are basis functions for the one-dimensional antisymrnetric 
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representation of SN • This principle is a physical law which is 

int~mately connected with the fact that electrons obey Fermi-Dirac 

statistics [41]. He will call the symmetry classes of functions in 

L2 (~3N) that transform in a way consistent with the Pauli principle 

Pauli subspaces. 

Let us now decompose the operator H with respect to the 

above mentioned symmetries. We begin with the full rotation group 

0(3), also known as the rotation-inversion group. It is the direct 

product, S0(3) x C(3), of the connected Lie group S0(3) of proper 

rotations in ~3 with the inversion group C(3). The latter group 

consists of two elements {E,I} corresponding to the identity and 

inversion with respect to the origin in ~3 • If we parametrize a 

proper rotation in terms of the Euler angles a,S ,y, then t' = gt , 

where g(a,S ,y) is the orthogonal rotation matrix with determinant 

equal to +1. When we vary a,S ,y continuously, we obtain S0(3). 

Using the fact that the group SU(2) is homomorphic to S0(3) [73], 

we may obtain the irreducible representations, D(Z)(g), Z = 

0,1,2, ••• , of S0(3). They form a subset of the irreducible 

representations n(j)(g), j 
1 3 

0, i' 1, I' ... ,obtained from SU(2), 

which have matrix elements: 

(2.35) D(j) ( ) 
m'm g 

L ( -1 )\1 ( j-hn) ! ( j -m) ! ( j+m' ) ! ( j -m' ) ! 

A A ! ( j+m-A)! ( j-m' -A)! (m' -m+A)! 

im'a B 2j+m-m' -2). ( . S )m' -m+2A imy 
e (cos2) .s~nz e 
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wit9 m',m = -j, -j+1, ••• ,j The dimension of D(j)(g) is (2j+1) 

and the character is: 

(2.36) 1 w 
sine j + i)W /sin(-2) 

where w is the angle of rotation abont any axis. He will dcnote by 

'. the basis functions for D(j)(g) , which transform according to: 
Jm 

(2.37) = \ D(j) ( ) 
Pg' jm L m'm g '¥ jm' 

m' 

The half integer values of j that occur in the formulas 

above will be of interest when we consider spin. Although not done 

here, we mention that the transformation properties of the spin 

functions ~(3) in (2.28) can be obtained directly from the 

representation D(1/2)(g). 

When we consider only the integer values of j, 

R, = 0,1,2, .•• , we then obtain the canonical basis {Y
2m

}, given by 

(2.18), for the representations D(2)(g). By (2.37), the spherical 

harmonics Y2m transform according to: 

(2.38) 
(2) 

P Yn (6, <P) = I D , (g) Ynm' (El, <p) , 
g ~m m' m m ~ 

where m', m = -2, -2 + I, ••. , 2. He will show that for each value 
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of 9. we have an irreducible subspace D(9.) of dimension 2 9. + 1, 

whi.ch corresponds to the eigenspace discussed in section 2.2. 

For a rotation g around the z-axis through the angle ~ , 

we have: 

(2.39) D (9.)(g) _ im'~ 
m'm - °m'me , 

where o m'm 
is the Kronecker delta: o 

m'm 
1 if m' m, il nd o 

if m' *" m. 

Let T(g) be a unitary representation of SO(3) on the 

Hilbert space ++ defined by: 

(2.40) 
+ + -1+ 

(T (g )'jI )( r l' "', r~!) = IjI (g r 1 
-1+ 

, "', g r N) , 

and denote by dg the invariant measure on SO(3) (see [53]). 

Define the operators: 

(2.41) rf m'm 
(9.) 

(29.+1) J SO(3)Dm'm(g) T(g) dg, 

which are bounded linear operators on 1+ = L2(JR3N). It is 

straightforward to show that these operators satisfy: 

(2.42a) 9. 
T(g)E , 

m m 



(2.42b) 

(2.42c) 

(2.42d) 

Ff, T(g) mm 

t * E m'm 

0 0 ~ 
rt sm m' t 

where * indicates the adjoint of the operator. 

The operators are orthogonal projections on the 

m' t pairwise orthogonal subspaces H n = E , , H , and the operator 
N m m 
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is a partial isometry lvi th initial space I+ : and final space 

The projection 

is given by: 

(2.43) t 
E 

on the subspace: 1+ = t 
t ' I @#; 

m' =--t 

( 2t + 1) f SO ( 3 ) ; R, (g) T ( g )d g, 

where is the character of the representation D (R, ) • 

Since the operator H commutes with the representation 

T(g) and hence with the operators 

00 

(2.44) H 

in which the operators 
m' 

HR, , m' 

equivalent. 

~, , we obtain a decomposition: 
m111 

-R, , ••• , t are unitarily 



00 

It is easy for us to show that # I GJI+. Let 

If ;R, ~' , -R, If ;R, , m 

R, =0 R, 

and X m' E: -R, ' ... , R, ; then the x_t E: 

2£ + 1 vectors generate a subspace of I+ 2 

invariant under T(g) , and: 

with the matrix of T(g)lh in the basis {x_R,, .•• ,xR,} being 

X -R, 

{ D(R,) (g)} • These basis vectors are of course the spherical 
m'm 

harmonics { Y } R, m m=-R, , ••• ,£ • 
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Let V be the unitary representation of the inversion group 

on ~ defined by: 

(2.46) 
+ 

(V (a)'!') ( r 
1

, 

where a= +1 corresponds to the element E E: C(3) and a= -1 

corresponds to the element IE: C(3). The inversion group C(3) has 

two one-dimensional irreducible representations; the projection 

operators on the subspaces If 
y 

corresponding to these 

representations are: 



(2.47) P. 
y 

1 
2 

[V(1) + yV(-1)], 

where y = ±1. 

Since the operators T(g) and V(a) commute, so do the 

operators Ff and R • Hence the operators Ff R are 
m'm y m'm' y 
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m' m' u. 
projection operators on the subspaces H 9.-y = H 9., (l f:+y of TT , and 

the operators ~ R are partial isometries with initial spaces 
m'm y 

If ~y and final spaces U m' • 
9.,y The operators H m' 

9.-y 
for 

m' = -9.,, -9.,+1, ••• ,9., are unitarily equivalent. For 
.u. -9., 

x_R. s IT 9.-y , the 

_1. LL -9., 
vectors x = E. nr for 

m' m' ,-9., 9.-y 

for the representation D (9.,) G) B 
y 

m' = -9.,, ••• , 9., generate a basis 

with the matrix: 

y-1 

{ D~~~ (g)} a-
2
-

Let us consider the permutational symmetry of H . Let S 

be a representation of the symmetric group SN on the Hilbert 

space /:r = L2 (JR3N) defined by: 

(2.48) 
-+ 

l£'(r -1 , 
a ( 1) 

-+ 
... , r 1 ). 

a (N) 

Clearly S(a) is a unitary operator on H for every a s SN • From 

standard group representation theory [73], it follows that H- can 

be decomposed into a direct sum of subspaces ff 1 , ... , ~r 
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associated with the irreducible finite-dimensional representations 

E( 1 ~, ••• , E(r) of SN, such that each ~i reduces S(o), and: 

On the subspace Hi, Si(o) is an ei- multiple of the 

representation E(i). Since their explicit construction is somewhat 

complicated, let's suppose we have the representations E(i) at hand 

[53]. This will be all we need here in order to decompose H as we 

did for the rotation group. 

We define the operators: 

(2.49) 1, ... ,ei 

It is easy to verify that the bounded linear operators 

(2.50a) 
i 

S(o )Pld 

(2.50b) pi 
ld 

S(o) 

(2.50c) 

(2.50d) 

e. 
1 

I 
v=l 

e. 
1 

I 
).I =1 

. * p1 
ld, 

T"O(i) pi 
.c.vk (a) 

vt 

E(i)(o) 
Jl.}.l 

pi 
lqJ 

satisfy: 
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As before, the conditions (2.50c) and (2.50d) imply that the 

i 
operators Pkk are orthogonal projections on the pairwise orthogonal 

subspaces H ~ = P!k H , and the operator P!.R, is a partial 

isometry with initial space H 1 e~nd final space If ~. 
1 k 

On the subspace: Hi = L H . , define the projection 
k=1 

1 

given by: 

(2.51) x.(a)S(a) 
1 

where is the character of the representation E(i). Then, 

(2.52) H 2:63 1+. , 
i 1 

where the sum is over all irreducible representations E(i) of SN. 

Since H commutes with S(a), HS(a) = S(a)H, aESN , it 

follows that HP!.R, P!.R, H for k,.R. 1,2, ••• ,ei. For k=.R., the 

u..k 
subspaces rr i are invariant under H and we obtain a 

decomposition: 

(2.53) H LG) H. 
. 1 
1 

H. 
1 

and for k t .R., (2.50c) and (2.50d) give: 
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which means that the operators 
k 

Hi , k =1 , • • . , e i , are unitarily 

equivalent. 

Finally, let and put x. 
J 

Then 

(2.50a) gives: 

S (o )x. 
J 

E (i)( ) 
• 0 X , 

'VJ \) 

which means that the vectors xl' • • • ' X generate a subspace 
p 
-i 

f of /::f. invariant under S (a) and s (a) j f E(i)(o). Those 
xl l xl 

irreducible representations E(i) of SN that do not violate the 

Pauli principle will be discussed a little later in this section. 

Since our physical system has both rotation - inversion and 

permutation symmetry, we may further reduce our Hamiltonian H . We 

will use the fact that since the representations S(o), T(g), and 

V(a) commute, the operators Pkis' E~ and R 
m'm ' y 

commute. 

i E~ The operators P and R are proJ·ections on the 
kk' m 'm' ' y 

b J.L km 
1 

=- J..L k " Ll. In 
1 

.J.../. f LL d su spaces rr i~y rT i , 1 rr ~ fl 7"r' y o ", an the operators 

pi ~ R = QUy ks m'm y - ksrn'm are partial isornetries with initial spaces 

J...L sm km' krn' 
rr i~y and final spaces #+ i~y . The subspaces H i~y reduce H. 

In fact, since: 

H km' 
i~y 

. ~ 

pklk E ' ,R f:/, , m m y 



we may define the operators: 

km' 
so that H.n is the closure of its restriction to 

1J~.Y 

If km 
1 

() d:JO (:rn.3N). For all allowed values of the indices, the 
iR.y 0 
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km' sm 
operators HiR.y and H~y are unitarily equivalent via the operator 

iR.y 
Q , i.e., 

ksm'm 

iR.y 
Qksm'm 

Thus, H is decooposerl as: 

00 

(2.54a) 

where: 

(2.54b) 
;i ~ \ km' 
L L L. G) Hll . 

k=l m' =-R, y=±l y 

This is the decomposition of H into the subspaces of functions 

belonging to the irreducible representations of the symmetry group 

S0(3) x C(3) x SN. The operators HiR.y acting on the subspaces: 

(2.55) 
ei R. 

~ I I G>l+~' 
k=l m' =-R, y=±l y 



corr~spond to the representations: 

(2.56) 

If we let 
1 -2 

xl E: 1+' ,then the vectors: 
,-R.. Uy 

form a basis of the representations (2.56) with the matrix: 

(2.57) {~!) (o)} x {D~~~ (e)} x CL 

y-l 
-z 

J. .. L hn' A function in the subspace rr:o is said to have orbital 
J.JYy 

angular momentum quantum number .Q.., magnetic quantum nwnber m' , 

even parity if y = +1 and odd parity if y = -1. The spectral 
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analysis of the operators H· o J.",y 
is the same as the spectral analysis 

km' 
H.o ,k=l, ••• , e., m' = -.Q.., -2+1, ••• , R.., since 

J.",y J. 
of the operators 

these latter operators are all unitarily equivalent and have the same 

spectrum as HUY • 

He begin our discussion of spin by constructing the spin 

space K. It is formed by taking the product of N sets Ki , each 

of which consists of 2 elements CLi,a i 
i=1, •.. ,N 

K = Kl x K2 x ••. x K
N

· Thus K is a set consisting of 2N 



elements. We then define t 2 (K) to be the 2N-dimensional space of 

comp~ex-valued functions on K with the inner product: 

(f,g) = L: f(k) g(k) 
ksK 

If we let si be the function in t 2 (k) defined by: 

-1, xi = a i 

+1' xi = S i ' 

then an orthogonal basis for t 2(K) is formed by the 2N pairwise 

orthogonal functions: 

0,1 ' i 1 , ••• , N. 

We define a representation S(o) of SN on 2 2(K) by 

setting: and then 

extending by linearity to t 2 (K). S(o) is a 2N-dimensional 

reducible representation of SN ; it is reduced by the pairwise 

orthogonal subspaces: 
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where {<j>
1 

functions <1>1' 

{1 } 

{s1 ,s2, ••. ,sN } 

{s1s2,s1s3, ••• ,s1sN,s2s3,s2s4, ••• ,sN-1sN} 

<1> } denotes the subspace of K generated by the 
m 

. . . ' <I> • m 
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Thus, if we define the representation of the symmetric group 

(N) S( o) I Ki, 
N 

of dimension as si (o) then, S(o) 2: (I)s (o). 
i . 0 i 1= 

The representations si are reducible except for S 1 ( o) and S N ( o) , 

which are equal to the trivial representation o + 1, for all o. In 

Wigner [73], it is shown how to further reduce the representations 

Si into inequivalent, irreducible representations F(k), k=O, 

N N N ... , [zl, of dimension (k) - (k_1 ) • From these representations, we 

will be able to construct the physically realizable representations 

When we introduce functions of the spin coordinates s 1 , ••• , 

sN, we must include the half-integral values of j given in 

(2.35). So we now define a unitary representation U(g) of SU(2) 

and also define operators Ej as in (2.41) with 
m'm 

. 0 1 1 3 
J= ' 2 ' ' 2 ' . . . . All of the same properties of these operators 

hold as before, and we have: 



(2.58) 

where hj is 

and the Ej 
m'm' 

subs paces hj 
m' 

representation 

(2.59) 

()() 

1 3 H=IShj j=O, 1' ' 2' 2' j 

the direct sum: 

. 

j 

hj I $hj,, 
m'=-j m 

are projection operators on the 

As 

U(g), 

before, every subspace hj 

and 

()() 

U(g) =I G> u(j) (g) , 
j 
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... ' 

painvise orthogonal 

reduces the 

where U(j)(g) = U(g)jhj. Of course, the spherical harmonics are no 

longer the basis functions for the n(j) • 

The symmetry group of H including spin is thus given by 

(2.60) SU(2) x C(3) x SN , 

where the elements of the groups SN and SU(2) are represented by 

· t L2(lR3N) ~ n 2(r~) • un1 ary operators on ~~ r ... 

The representation of SN is given by ~ (a) = S(cr) 

x S (cr) , where S(cr) is the previously defined representation on 
s 

2 3N L (lR ) , and: 



f(s _
1 

, ••• , 
(J (1) 

s ) 
CJ-l(N) 

The representation l((g) of SU(2) is given by lt(g) 

U(g) x U (g) , where Us(g) acts on 
s 

,...., 2 ~ 2 
2 (s ) (8) ••. \;:>' .Q, (s ) as the operator 

1 N 

Us (g), where: 
N 

-+ u (g) u 
si 

2 
X, ( sl' • • • ' sN) 

for i=l, .•• , N. Since inversions do not affect the spin 

coordinates, the representation of C(3) is given by 

-y (a) = V(a) (jJ I • 
s 

The decomposition of H according to the symmetry group 

(2.60) is somewhat lengthy; it is given in the notes by Balslev 
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(3]. For the purposes of this thesis we will not need the explicit 

decomposition of H , but only need to describe those subspaces of 

functions which form a basis of the representations of (2.60). This 

is because our Hamiltonians possess the same symmetries as H , so 

that the decomposition of these Hamiltonians will be equivalent to 

restricting them to these subspaces. He finish this section by 

describing these subspaces. 

Let us consider permutation symmetry first. Suppose 

<li

1
(r-+

1
, -+r ) 11, (+r +r ) 

T ••• ' N ' T2 1' ••• ' N ' are eigenfunctions 

corresponding to an eigenvalue of H which belong to an irreducible 
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representation of SN • Then, 

(2.61) 

If • • •, f N 
2 

is a complete set of functions of 

we may form the product functions 1JJkfA belonging to ,J. (a), i.e., 

An orthogonal set of functions {fA} which belong to irreducible 

representations of SN with regard to the operators Ss was given 

Y1 YN 
earlier as :s1 ••• sN , whereyi = 0, 1 and i = 1, •.• ,N. 

Denoting the functions of the kth degree which belong to the Ath row 

of p(i) by gA~i), we have: 

(2.62) 

where: 

F
(i) (i) 
A 'A (a) gA 'k 

0 i = (Ni· ) - (ir-~1) N and i = 0 , •.• , k or N-k • 

[73], substitution of the functions 0 s. ,2y -1 for 
J 

(2.63) S (a ) f ( S ) = L A, ~ ~ ) (a ) * f ( S ) 
s All A, 1\ 1\ All 

Following Wigner 

y 
s . 

J 
results in: 
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where, if g represents the function with respect to the substituted 

variables, we have: 

N i) 
N 

S) 
,.., (i) (--

f (S) 
(- -

f 2 "' 2 
gA.k N 

so that 
All 

g 
N ' and, 

A ,k- z A '2 + J.l 

(~ - i) 
N 

F(i)(a) * 
(- - S) 

= A(S)(a) * A 2 2 
(a) so that F (a) . For 

N even, S and J.l are integers; for N odd, they are half-

integers. There should be no confusion here about the index S; it 

will be clear from its use that it is not the representation S(a). 

The functions form a complete orthogonal set of functions of 

s, where: 

(2.64) jJ = -s, -s + 1 , •.. ' s 

s N N 
1, 

1 
0 = , ... ' or 

2 2 2 
, 

where 
N 

(_1 ) = 0, by convention. 

He may now write: 

(2.65) 0 (a } 1• f ( S) = \ \ E ( i) (a )A( S) (a)''' f ( S) 
;(do' "'k All ~, ~ , k 'k --,.. 'A. "'k' A. 'l.l ' 

so that the functions ~ f (S) transform according to the direct 
k AJ.l 

product E(a) x A(S)(a)* • Thus, regarding permutation symmetry 
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alone, we conclude that our eigenfunctions of H are expressible as 

the linear combinations: 

(2.66) \ '" f (S) 
L ckS 'A '~' k All 

k, S ' ,A ,ll ll 

If we now impose the Pauli principle, the eigenfunctions of 

physical states must belong to the antisymmetric representation with 

respect to .J- (o). Thus, 

(2.67) ,.Z. (o ) '¥ £ '¥ 
0 

where £ = + 1 or - 1 depending on whether o is an even or an odd 
0 

permutation. Functions which satisfy (2.67) are called antisymmetric 

functions. If we define the associated representation: 

(2. 68) 

we find that the requirement that '¥ be antisymmetric results in: 

(2.69) 

which vanishes upon summation over all permutations o (by the 

orthogonality relations) unless E(i)(o) is equivalent to A(S')(o). 

Since a similarity transformation of E(i)(o) is merely a particular 
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choice of the linearly independent eigenfunctions ~k' we may take 

E(i) (o) x<s)(o) • The number S corresponding to the 

representation A(S) is called the total spin quantum number. 

Substitution of x<s) into (2.69) for E(i) and summation over a then 

produces the antisymmetric linear combinations of the ~ f (S) 
k :\~ 

(2.70) 

where 

A. ' • 

'¥ A = \ b \ ,,, f ( S ) t ~ i 'l'k lql , 

ck'S':\ ,~ = oSS'ok':\ ,b~ and b~ is independent of S' ,k', and 

Thus, to the 2S + 1 values of~ there correspond 2S + 1 

linearly independent antisymmetric functions: 

(2.71) 

Hence we have the recipe for constructing antisymmetric 

functions from the spatial eigenfunctions ~ 1 ,w 2 , .•• that correspond 

to an eigenvalue of H. ~ve multiply the ~k belonging to the kth row 

of 
-(S) 

by a function f (S) of which belongs to the kth row A lq.i 
s 

of the associated representation A(S)* and add these products over 

all k. 

Now we consider rotational symmetry. Since the rotational 

symmetry group of H for the spatial eigenfunctions is isomorphic to 

S0(3), which is a subgroup of the rotational symmetry group of H0 , 

S0(3) x ••• x S0(3), r,.re associate an orbital quantum number 1 with 
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the eigenfunctions of H. This means that the spatial eigenfunctions 

ljJkm satisfy: 

(2.72) U(g) ljJkm = L D~~~ (g) ljJkm' , 
m' 

where the values of L are obtained by reducing the direct product of 

the representations corresponding to each particle: 

c~N) 
X • • • X D (g) • 

The details of hmv this reduction is performed will be discussed in 

the next section. Thus, the spatial functions ljJkm satisfy (2.72) 

and: 

(2. 7 3) S(o) ljJ, 
KID 

Clearly, the introduction of the spin coordinates does not affect 

spatial symmetry. Hence the functions as well as the 

ljJkm , satisfy (2.72) and (2.73) so that they must belong to a 

representation of the rotation group, i.e., 

U(g) ~ U (g)f(S) 
km s All 

U (g)~ ••• J"X'U (a), 
sl ~ ~ sN o 
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(2.74) 

where ~ =- S, -S + 1, ••• , s. Thus the functions of the spin 

coordinates s 1 , ... ' sN which belong to the representation A(S)* 

(! - S) 
F 2 

with respect to permutations also belong to the 

representation D(S) of the rotation group. In fact, they belong to 

the direct product A(S)* x D(S), since: 

(2. 7 5) s u f (S) = I 
s s AJ.I 

~ ' 
D (S)( ) S (o)f (S) 

J.1 'u g s AU' 

It is important to observe that the total spin quantum number S 

reflects not just the symmetry with respect to permutations of the 

variables, but also symmetry with respect to rotations of the spin 

coordinates. 

Using (2.71), we form antisymmetric combinations of the 

Since (2.71) can be constructed for each m, we obtain 

the (2S + 1)(2L + 1) functions: 

(2.76) m = -L, •.• , L 
u -s ' ... 's 



Under application of the rotation operator ll(g), we find that the 

states ~SL transform under rotations according to the direct 
llm 

product D(L) x n(S) • These are the eigenfunctions of H that 
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correspond to the term structure. The linear combinations of these 

functions which correspond to a given total angular momentum (see the 

next section) are the physically realizable states of an atomic 

system described by H . 

2.4 Angular Momentum 

We have seen that our fundamental Hamiltonian: 

N 
H I 

i=l 
( - ~ 172 

2 vi 

N 
~)+I 
ri i(j 

1 

is invariant under a rotation of both spatial and spin coordinates. 

This means that the eigenstates of H are unchanged by the action of a 

rotation operator: 

(2.77) P (w, n) 
g 

iwn • j 
= e 

where w is the angle of rotation and n is the direction of the 

axis of rotation. Here j is a generalized angular momentum, i.e., 

its components Jx , Jy , and Jz are symmetric operators which 

generate (or form the algebra of) the rotation group 50(3). Thus Pg 

is a unitary operator. By taking two rotations in succession and 



+-J then reversing the order, we may show that the components of 

satisfy the commutation relations: 

(2.78) 
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where E~m is the antisymmetric unit tensor of rank 3. If we define 

the total angular momentum operator from: 

(2.79) J2 J 2 + J 2 + J 2 
X y z 

+ 2 we may show that J commutes with every component of J , i.e. , 

[J2,J] = 0, lJ = x,y, or z. It follows from these commutation 
lJ 

relations that there exist simultaneous eigenfunctions of J 2 and 

any one of the components of 

satisfy: 

J2 '¥ j = j(j+1) 
(2.80) 

m 
1 3 

j 0, 2' 1, 2' 

+-
J, say J • 

z 

'Pj J '¥ j 
m z m 

m 

These functions, 

m '¥ j 
m 

j, -j+1, ... , j 

The 'Pj are, in fact, the basis functions for the irreducible 
m 

representations D(j) discussed in the last section. 

+ 

'i'j 
m ' 

The two types of angular momenta J that are physically 

significant in our atomic eigenvalue problem are the orbital angular 

~ + 
momentum Land the spin angular momentum S. From the above, we thus 

have operators 2 ? L , 1 2 and s-, 52 1-1ith corresponding eigenvalues L, 

M1 and S, Ms, where L is the total orbital angular momentum 
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quantum number and S is the total spin quantum number. Of course, 

-+ 
only the integer values of j given in (2.80) correspond to L· 

It may be shown by a direct calculation [15] that the 

-+ -+ 
operators L and S each separately commute with H. Hence, from 

the last section, we may conclude that the eigenfunctions of H are 

basis functions for the irreducible representations n(L) and 

n(S) of S0(3) • We proceed to explain how to obtain those 

representations from the single particle states corresponding to 

solutions of H0 • 

Each single particle orbital has associated with it an 

orbital quantum number .£. and a spin quantum number s . \~e will 

consider just the orbital momenta in detail since spin is treated in 

exactly the same way. Suppose particle i has spatial wave function 

and particle j has wave function 

o -+ Ll_ 
<Pn . .£. .m.<rJ.) £ ff· . 

J J J J 
Under simultaneous rotations, the product 

function 4>
0 

4>
0 

(recall ai = (n.~.m.)) transforms according to the 
ai aj 1 1 1 

reducible representation 
(.£. i) (.£. • ) 

D x D J • This product 

representation may be decomposed into the irreducible representations 

(.£. • +R, • ) (~ • -1-i • -1) ( j.£. • - ~ ., ) 
l J 1 J 1 J D , D , ••• , D : 

(2.81) 
(.£. • ) 

D 1 
(~ .) 

X D J 
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where L is the quantum number of the two particle system. If T is 
(2. ) (2 . ) 

the similarity transformation which reduces D 1 
x D J then the 

basis functions for the representations u(L) are given by: 

(2.82) 'l'L 
m 

n. m. 
l' J 

The elements of T, TLm = 
2 i2. 

t J are vector coupling coefficients (or 
Lm 

Clebsch- Gordan coefficients), written commonly [20] in the form 
R, iR, j 

tLm (R, . R, • m. m .12 iR, . Lm) • 
1 J 1 J J 

Because of the linear independence of 

the 

are 

~ 0 ~ 0 T - 0 for 't'a 't'a ' Lm -
i j 

given by [73]: 

m :/: mi + mj . The coupling coefficients 

(2.83) (R, .R, .mim .,R. .R. .Lm) 
1 J J 1 J 

cS 
m,m.+ m 

1 j 

(R, . -+£ . -R, ) ! (R,-+£ . -R, • ) ! (R, ~ . -R, . ) ! ( 2R, + 1) 
1 J 1 J J l 

(R,~. ~ .+1)! 
1 J 

k (-1) I(R.i+ m.)!(R..- m.)!(R, .+ m.)!(R, .- m.)!(~+ m)!(R,- m)! 
\ 1 1 l J J J J 
L. k!(R..~ .-R.-k)!(R..- mi-k)!(R, .+ m.-k)!O,-R. .+ rn.+k)!(R.-R..- m.+k)! k 1 J l J J J l 1 J 

where m. = R, • ,R. . -1 , ••• , -R, . , m . = ~ . , ~ . -1 , ••• , -~ . , and 
l l l l J J J J 

m = R,, R,-1, •.• ,-R. • The matrix T has been chosen to be real, 

since it is not uniquely determined in the reduction of 
(R, . ) (R, . ) 

D 1 x D J (see Wigner [73]). 
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It turns out to be convenient to use the Wigner 3-j symbol, 

defined by: 

(2.84) 

in expressing the coupling of angular momenta. They have numerous 

useful symmetry properties that can be exploited in working out 

practical examples. An excellent reference that lists these 

properties is Edmonds [27]. Equation (2.R2), using the 3-j symbol, 

may then be expressed as: 

(2.85) 'l'L 
m 

R..-t.-m !. R..! 

(-1) J 
1 L IZR-+1 (m~ m~ -m) <P~. <P~. 

m. ,m. 1 J 1 J 
l J 

The eigenfunction 'l'L is referred to as an eigenfunction in the 
m 

coupled representation and the product function <P
0 

<P
0 

as an 
a. a. 

l J 
eigenfunction in the uncoupled representation. For the two electron 

system, 'l' L . . f . f h 1s an e1gen unctlon o t e operators 
m 

and L 2 , 

+ + + 
where L = L1 + L2 . Hence the satisfy the equations (2.80) for 

For the case of N particles, we reduce 
(!N) 

X ••• X D -

to by reducing pairs of representations 
(R. . ) (R, • ) 

D 1 x D J 

according to (2.81) in succession. Unfortunately, the resulting 

eigenfunctions 'l'L are not uniquely determined by specifying the 
m 
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A-0 • 
't' ' 1 a. 

orbitals = 1, ... ' N, but depend on the details of the 
1 

coupling scheme, i.e., the order in which the individual angular 

momenta are coupled pairwise. The notation we will use to indicate a 

particular coupling scheme is that of Sobelman [67]. ~LM( L1L2 [L'],L
3

) 

indicates, for instance, that one first couples the angular momentum 

+ + +' +' + + 
L1 to L2 to obtain L and then couples L with 1 3 to obtain L. 

Hence, ~llf(L1 L2 [L'],L
3

) F 'l'LM (L1 ,L2L3 [L"]), for example. Two 

such eigenfunctions are unitarily related, however. For this 

example, 

(2.86) 

where the coefficients (L1L2 [L'],L3 !L1 ,L2L3 [L"]) 

(-1) 
1 2 3 I (2L '+1) (2L"+1) 

1 2 L +L +L +L {L L 

L
3 

L 
L] 
L" , 

and the quantity in braces is a 6-j symbol, also defined in [67]. 

Thus, the coupling of angular momenta can be regarded as the 

transformation of an orthonormal system of functions belonging to a 

given energy level into another orthonormal system belonging to the 

same level. 
(R,1) 

D X ••• x 

The case of reducing the direct product 
(.t N) 

D results in forming generalized Clebsch-Gordan 



t 1 ••• t N 

T1m , which can be expressed in terms of the coefficients 

usual ones in (2.83). For details the reader is referred to [43]. 

As was mentioned earlier, the addition of spin angular 

momenta is performed in the same manner as for orbital angular 

momenta. From the last section, we know that the 2N product 

functions u1u 2 .•• uN transform according to the reducible 
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(1/2) (1/2) 
representation D x ... x D • As done above, we reduce this 

direct product to L (±) D(S), where S is the total spin quantum 

number, and pick out the linear combinations 'l'sH s 
that transform 

according to the irreducible components u(S) • The eigenfunctions 

of H which correspond to a given 1,S pair then form the 

degenerate set of (21 + 1)(2S + 1) states describing a term: 

'l' 1SN1Ms = 'l' L.\11 'l' SMs · 

Of course, in constructing these states from the 

eigenfunctions of H0 , we have not yet applied the Pauli 

principle. To satisfy the Pauli principle, we must antisymmetrize 

the wave functions 'l'LSM M . This procedure is tedious but 
L S 

straightforward. In particular, application of the principle results 

in specifying only one value of S with each value of 1. 

Specification of a term is done with the symbol: 2S+l1 , where 2S + 1 

is the multiplicity of the term. The technique of antisymmetrization 

that will be referred to is explained in Sobelman [67]. He will 

refer freely to this reference whenever the need arises. In 

addition, we note that it is easy to show that the parity of a term 



L: R, i 

is given by (-l)i Many times a + or - sign is added as a 

superscript in the term symbol to indicate the parity. 

-+ 
The combining of individual orbital momenta to form L and 

-+ 
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then the combining of individual spin momenta to form S results in 

-+ -+ -+ -+ 
the total angular momentum J : J = L + S. This is known as the LS 

coupling approximation. Because we are interested in calculating the 

eigenvalues of the operator H , this "approximation" (called that 

because of the neglect of spin terms in H ) is actually exact. 

Thus, when it is convenient to form eigenfunctions corresponding to a 

given J ' we must reduce the direct product n(L) X n(S) ' i.e., 

IL+Sl 

I (f)D(J) 

I L-si 

We then obtain the eigenfunctions: 

'¥ LS.TI1 

Whether we choose to express the eigenfunctions of H in the uncoupled 

representation or in the coupled representation '!'LS~i is 

purely a matter of convenience. 

Recall that the term structure is a consequence of adding the 

interaction H' to H0 , thus splitting the energy configuration 

described by H0 • In order to associate with each term a given 

energy level, we cite the "splitting theorem" as given in Heine [38]: 

If H , H0 , and H' are all invariant under a group G of 
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symmetry transformations, and if the eigenfunctions of an energy 

level of Ho transform according to the repesentation 

N 
(!)D(j), D =I where the n(j) j = 1, .•• ,N , are the irreducible , 

j=l 
components of D , then the greatest splitting that the perturbation 

H' can cause is into N levels. The eigenfunctions of each of these 

split levels transform according to a sum of the D(j) such that 

each D(j) is associated with one of the split levels. 

The coupling formalism described above is essentially a 

synthetic technique for constructing wavefunctions of pure angular 

momentum for a composite system of N particles. Although 

straightforward, when dealing with more than three particles it 

becomes rather cumbersone and involves coupling components of the 

system in a somewhat artificial arrangement. For these more 

complicated systems, Lowdin [50] has developed an alternative 

analytical method which deals with the system as a collective 

whole. We have seen from section 2.3 that the wavefunction ~ for a 

complete system of particles is resolvable in a unique way into 

-+ 

orthogonal components of pure angular momentum J associated with 

different quantum numbers. L"owdin's technique consists of 

constructing projection operators which project out the component of 

the desired symmetry type from ~ . It has been applied successfully 

to various physical models ([17,21]). As the reader will suspect, 

one can derive the standard symmetric formulas for the Clebsch-Gordan 

coefficients and connect Lowdin's procedure with the group 

theoretical approach of the previous section [16]. 
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Lowdin's technique is of interest to us since it can assist 

us in determining the physically realizable eigenfunctions for a 

system of particles with the Hamiltonian (2.2) (see section 7.2). We 

close out this section by providing the essential details of this 

technique. 

+ 
Let J be a generalized angular momentum of the type 

discussed at the beginning of the section. If we define the raising 

and lowering operators J+ and J_ as: 

(2.87) J + iJ J J - iJ 
X y X y 

then from (2.79) we have 

and: 

(2.88) 
J'l'j =/(j-m)(j+m+lf 'l'mj+l 

{ + ~ 
J 'l'J =I (j+m)(j-m+l) 'l'j 

- m m-1 

where we have implicitly chosen the Dirac phase convention (see 

[26]). 

An arbitrarily given function 'l' can always be resolved into 

components 

as follows: 

(2.89) 

c. 'l' j , 
Jm m 

where the 'l' j 
m 

'l' = L: L: 
j m 

satisfy the equations (2.80), 

c. 'l' j • 
JID m 

Herein, the summations go over all possible values of j and rn • 



By observing that 0 and that {J - m} 'l'j 
z m 

0 , 

we may form the operators: 

0. (J2) II J 2-k(k+l) 
J k * j j(j+l)-k(k+l) 

(2.90) 

II J - ~ 
0 (J ) z 

Gl z ll '* m m - ll 

which will annihilate all components in (2.89) except 
j 

c . '¥ • 
Jm m 

cjm '¥~. Since 02 = 0, the self-adjoint 

operators in (2.90) are projection operators. 

Now, let us assume that '¥ is an eigenfunction of J 2 with 

specific quantum number m (these are always easy to construct) and 

let m ~ 0 , since a negative m value is handled by reversing the 

z-axis. Then the possible j values range from j = m up to a value 

jmax , which is evaluated by the addition rules given earlier. Only 

the annihilation factors corresponding to these values have to be 

included in Oj , so that replacing k by k + m and letting n = 

jmax - m , we have: 

(2.91) 0. 
JID 

k '* j-m 
II 

k=O,n 

J
2
-(J +k)(J +k+l) z z 

( j-rn-k) ( j+m+k+ 1) 

where we have used the fact that these operators act only on 

eigenfunctions '¥ such that J
2

'¥ = m '¥ • Using (2. 78) and (2 .87), 

we can further derive the expansion theorem (see [51], pg. 970): 
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(2.92) o. 
Jffi 

(2j+l) (j+m)! 
(j-m)! 

jmax -j 
I (-l)v 

v = 0 

j-m+v j-m+v 
J_ J+ 

v! (2j+v+l)! 

which can be directly applied to a function ~ • The result may be 

checked by ascertaining whether it is annihilated by {J
2 

- j(j+l)}or 

by {J_J+ - (j-m)(j+m+l)} 

Since, for a fixed j , the ~j 
m are all related by the 

raising and lowering formulas (2.88), it is convenient to start with 

the principal case m = j ; in this case one merely checks the 

relation: 

J+{ 0 .. ~} 0 . 
JJ 

N 
If the system is composed so that j = I 

i=l 

N N 

+ 
J., thenwe have: 

1 

(2.93) J 
+ I 

i=l 
J (i) 
+ 

J I J Ci) 
i=l 

and the operators J~ and J~ in Ojj may be expanded 

symmetrically using the polynomial theorem. In fact, for the case of 

+ + + 
two components : J = J 1+ J 2 , use of the binomial theorem with the 

equations (2.88) yields the standard coupling formula (2.82). 

In applications, when we consider finite dimensional 

subspaces of the Hilbert space it , we construct matrix 

representations of the projection operators in (2.90). For N-

electron atomic systems, the underlying subspaces are usually spanned 

by products (or antisymmetrized products) of spin orbitals. Using 
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these matrix representations, we may then construct the normalized 

eigenfunction corresponding to the term 2S+lL with quantum numbers 

ML, Mg • Examples of this technique are given in [51]. ~ve ~.;rill 

refer to this method again in Chapter 7. 

2.5 Survey of Upper Bound Techniques 

The calculation of upper bounds to atomic eigenvalues is 

achieved by what is known in the physics literature as the 

"variational method". This terminology has arisen from the fact that 

the problem of minimizing the expectation value of the Hamiltonian H: 

(2.94) (H) f '¥ H '¥ dt,; 

subject to the constraint condition f¥'¥dt,; 1 , \-There t,; is the 

configuration space of the wavefunction '¥ , is equivalent to solving 

the Schrodinger equation (2.1). Indeed, let o'¥ be a variation 

of '¥ • Then requiring that (H) be a minimum reduces to the 

requirement that o(H) = 0 , i.e., 

f ~ H '¥ dt,; + f \¥ H o '¥ dt,; 0 • 

Since H is self-adjoint, this can be written as: 

(2 .95) f o'±' H¥ dt,; + f W H¥ dt,; 0 . 
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l1e must satisfy (2 .95) for all variations ff and o'¥ satisfying 

the condition: 

(2.96) 0 . 

Using Lagrangian multipliers, we may combine equations (2.95) and 

(2.96) into the equation: 

f o '¥ ( H - A ) '¥ d~ + f 8"P ( H - A ) '¥ d~ 0 • 

Since this equation is satisfied by all independent variations 

<S'f and o'¥ , we conclude that (H - A) '¥ = 0 and (If - A) '¥ = 0 • 

The simplest and most direct variational method is the 

Rayleigh-Ritz method, also known as the "linear variational 

method." The theoretical foundation for this technique is given in 

Appendix A.l. The practical evaluation of the ground state energy 

using the Rayleigh-Ritz method involves choosing a "trial function" 'i' 

containing a numher of unknown parameters a,S, ... and then 

minimizing the function: 

J (a ,S , • • ·) = J 'l' (~ ;a ,S , • • ·) H 'l' (~ ;a ,S , •• ·) d~ 

with respect to the parameters, so that: 

aJ 
a a 

aJ 
as 

0 
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which determine minimizing parameter values a ,8 ' . . . . 
0 0 

Usually the 

choice of the trial functions is based upon a qualitative analysis of 

the solutions, taking the symmetry of the problem into account. For 

"good" choices of the trial functions, experience has shown that even 

for a relatively small number of parameters, the number A 
0 

= J(a ,8 , ••• ) will be close to the experimentally determined 
0 0 

ground state energy for simple atoms (see Davydov [24]). Much more 

accurate results for helium were obtained by Kinoshita [45], \<Tho used 

a large number of parameters. 

Following the standard Rayleigh-Ritz procedure, an upper 

bound to the energy of the first excited state is then determined by 

minimizing: 

J 1 (a ,S , ••. ) 

over all those normalized trial functions ~ 1 that are orthogonal to 

~. This procedure is continued to obtain the higher level bounds 

A 1 ,A 2' • • • • 

In atomic and molecular problems, one common application of 

the linear variational method is the configuration interaction (CI) 

method (see Schaefer [63]). For the Hamiltonian (2.2), the CI method 

uses trial functions that are antisymmetrized linear combinations of 

spin orbitals, called Slater rleterminants, or, in many cases, linear 

combinations of them. They are formed as follows: if we have spin 



orbitals ~ 1 ,~ 2 , ••• ,~N, then an antisyrnmetric function determined 

fro~ the orbitals is given by: 

(2.97) 

where the 

'¥ 

1 

INT 

a 

~ 1 (1) ~1(2) ~ 1 (N) 

1 ~ 2( 1) ~ 2(2) 

INT 
~N(1) ~N(2) 

is a no rrna 1 i z at ion factor and , in ~ i ( j ) the 

subscript i indicates the quantum number ai and the j index 

represents the spatial coordinates. '¥ may also be obtained by 
a 

operating directly upon the product ~ 1 ~ 2 ... ~N with the 

antisymmetrization operator tL : 

(2.98) C( = 
1 L .3 (a) 

IN! a 

where ~(a) is the permutation operator (2.67) which permutes the 

+ + 
coordinates x 1 , ..• ,xN and a is its parity. 

When one uses all the determinants of the appropriate type 
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which one can make from the given spin orbitals, one has a "complete" 

CI problem. Otherwise, the problem is "incomplete." The solution of 

the complete CI problem, for even a few spin orbitals, amounts to a 

prohibitively great computational task (e.g., for 10 electrons and 20 

spin orbitals, one must form 184,756 Slater determinants). Because 

of this, the physical literature is replete with "partial CI" 
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calculations involving selections of what are considered to be the 

mos~ important configurations. 

The alternative approach for doing upper bound calculations 

for many-electron atoms is the self-consistent field method, 

developed by Hartree [37] and later refined by Slater [66] and Fock 

[30]. In the so-called Hartree-Fock scheme, the most popular 

approach, one combines the variational principle o<H> = 0 with the 

antisymmetry requirement (2.67). The total wavefunction ~ is then 

approximated by a single Slater determinant, as in (2 .97). ,.;re now 

introduce the concept of reduced density matrices [30] in order to 

concisely summarize the Hartree-Fock procedure (see, for example, 

[72]). 

M 

Suppose an operator M can be expressed in the form: 

H 
0 

N N 

+ I M. + ~' L' 
i=l 1 

. i,j=l 

N 

M + 1 \f 
ij 3T L Mijk 

i,j,k=l 
+ . . . , 

where M0 is a constant, Mi a single particle operator, Mij a 

two particle operator, etc., and the primes indicate that the 

summations are over all pairs, triples, etc., only once. By defining 

the density matrices (for normalized \¥) as: 
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the diagonal elements of which have simple probabilistic 

interpretations, and using the symmetry requirement (2.67), we can 

obtain the formula: 

<M> 
(2.100) 

Herein, we have introduced the convention that the operators H1 , 

+ + 

M12 , ..• , operate only on the unprimed coordinates x1 ,x2 , .•. , and 

that after performing these operations, one sets + ' - + + ' x1 - x1,x2 

etc., before integrating. For the Hamiltonian (2.2), we have: 

(H) + '+ 1 I 2 + , I+ 3 r < xl xl) 3 
- 2 '11 r (xl x1 )d xl - z J r 1 d x1 

(2.101) 

It is sufficient to know the second-order density matrix 

x
2 

, ••• , 

because from it we can rletermine the first-order 

density matrix: 

(2.102) 

For the density ~atrix of order N, we have: 



(2.103) 

where p is the density matrix: 

(2.104) 
+ + 

p(x.',x.) 
1. J 

p satisfies the relations : 

1 + ' + -- det p(x. ,x.) 
INT 1. J 

2 
p = p and Tr(p) = N • Repeated 

integration of (2.103) using these relations yields the general 

formula: 

(2.105) 

so that for the particular cases r 1 and r 2, we have: 

(2.106) 

From (2.101) and (2.106), we may now write: 

<H> 

(2.107) 
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from the principle o (H) 0 ; with this, we then obtain the 

Hartree-Fock equations: 

(2.108a) 

(2.108b) HHF 

where P12 
+ + permutes x1 with x2 . The eigenvalues e:k are "spin-

orbit energies" which usually are given physical meaning via 

Koopman's theorem (Lindgren and Morrison [49], pg. 115). From 

(2.107) we may express the Hartree-Fock energy as: 

(2.109) 

Since the atomic system being considered has a high degree of 

symmetry, we may expand solutions to (2.108) in terms of the 

spherical harmonics Y.£-m (8 ,<f>): 

00 .Q, 

(2.110) I I 
.£, =o m=-.Q, m 

s 



Because of the spherical symmetry, this expansion will reduce to a 

single term or a few terms depending on the particular angular 

momentum state of interest. The remaining problem is to determine 

the radial functions Rktmm • 
s 
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The Hartree-Fock equations (2.108) form a system of nonlinear 

integra-differential equations which can be solved using Hartree's 

self-consistent field technique. This procedure consists of starting 

with some initial functions ~k (o) , evaluating the corresponding 

potentials in (2.108a), and then solving the eigenvalue problem 

(2.108b) to obtain new functions ~k(l), with which one then repeats 

the procedure until there is convergence to a specific solution. We 

can now either evaluate the R(r) functions by numerical integration 

(as Hartree did), or attempt to expand the R(r) in terms of a fixed 

complete set of radial functions ~ (r) : R(r) y 

that is expanded in a complete basis. 

= L a ~ (r) , so 
y y y 

Such expansion 

techniques were refined by Roothaan [62] and are simplified further 

by considering the density matrix p to be the fundamental quantity 

in the calculations. 

A considerable amount of effort has gone into using the 

Hartree-Fock method and various modifications of it. An excellent 

numerically oriented text on the subject that gives state of the art 

results is C. Froese-Fischer's text [35]. 

Although the Hartree-Fock method has been very reliable in 

giving upper bounds to the ground state of atoms (within 1 to 2 



percent of experimental values) there still remain many inadequacies 

in the technique. Perhaps the most significant of these inadequacies 

is that energy level calculations are still not accurate enough to 

determine quantities of primary importance to quantum chemists (see 

[72J). 
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CHAPTER 3 

THE METHOD OF INTERHEDIATE PR013LEHS 

3.1 The Construction of Intermediate Operators 

As was mentioned in the Introduction, there are ,essentially 

two types of intermediate problems for calculating lower bounds to 

eigenvalues. There are those that are obtained by adjusting 

constraints and those that are obtained by constructing intermediate 

operators. We will be concerned with the latter type of problems, 

which were introduced by N. Aronszajn [2]. 

The theory of this chapter deals with a class rif self-adjoint 

linear operators that are defined on a dense subspace of a complex 

Hilbert space If. In particular, they are bounded from below and have 

spectra the lower part of which consists of isolated eigenvalues of 

finite multiplicity. Following Heinstein, we will denote the class 

of such operators by k . The least point of the essential 

spectrum, if any, of these operators is denoted hy "00. For the cases 

where there is essential spectrum, 1.00 is thus either a nonisolated 

eigenvalue, an isolated eigenvalue of infinite multiplicity, or a 

point of the spectrum which is not an eigenvalue. 

We are concerned with solving intermediate problems for 

Hamiltonians of the type discussed in the previous chapter. From 

section 2.1, we know these are of class ...&- • He therefore proceed 

to present the theoretical extensions of Aronszajn's methods as 
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developed by Bazley and Fox ([5] ,[8]) for calculating lower bounds to 

the discrete spectra of these operators. 

Assume A £ ,&- Let (A , u ) be the eigenpairs 
~ ~ 

corresponding to the lower part of the spectrum of A, so that: 

(3.1) A~ u~ , ll 1, 2' ••• 

for A 1 ' A 2 ~ • • • < \o Suppose that A can be written as: 

(3.2) A 

where A0 is a resolvable self-adjoint operator with spectral 

resolution Eo 
A 

and A' is a positive symmetric operator. The 

domain of A is D(A) D(A0 ) () D(A'). He further assume that Ao 

d ' 0 ...... ' 0 an /\1 ""' 1\2 ,.;;; ••• with corresponding eigenfunctions 

We have then that 

and (A0 u,u) ~ (Au,u), for all u £ D(A) • Thus, hy the rnonotonicity 

principle (Appendix A.l), it follows that: 

(3.3) A 0 
.;;;; A , ~ 1, 2, . . , and A 0 

,.;;; A 
~ ~ 00 00 

The operator A0 is called the base operator and the eigenvalue 

problem for A0 is called the base problem. 

Aronszajn's method is to approximate A' with a finite rank 

operator in order to produce intermediate operators {Ak} which are 
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finite rank perturbations of the base operator A0 
• These operators 

satisfy the chain of inequalities: 

(3.4) 
0 k k+l 
A~ ••. ~A ~A " ••• (A,k 1,2, ••. , 

so that their eigenvalues are intermediate lower bounds to those of 

A • We proceed to construct these operators. 

We begin by forming the inner product [u,v] defined on 

D(A') by: 

(3.5) [u,v] (A'u,v) • 

The completion of D(A') in the norm generated by this inner product 

Ll_ '. is a Hilbert space ~ be a linearly independent 

set of vectors in D(A') (since A' is positive, the vectors 

{A'pi} are also linearly independent). We define Pk to be the 

projection in ~' onto the span of the first k elements of {pi} , 

i.e., onto 

Therefore, 

(3. 6) 

sp {pi} 

i=l, ••• ,k 

Pkv 

for arbitrary v £ H' . 

k 
I 

i,j=l 

Here the 

of the matrix inverse of the matrix 

[v,p.] b .. pj ' 1 1J 

constants bij are the elements 

{(A'pi,pj)} . Hence we have a 
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sequence of finite dimensional subspaces tPk , satisfying: 

(3.7) ~ 1 c .A:) 2 c ~ k k+l 
rr rr · • • C lr c tP C ... C D(A') , 

w·here tP k = pk( 1:/-'), for each k • Thus, 0 ~ P
1 ~ ••• ~ Pk 

~ Pk+l ~ ••• ( I , where I is the identity operator in H ' · We 

may now form the intermediate operators: 

(3.8) 1, 2' ... 

where k is the order of the intermediate operator. For an 

arbitrary vector w s D(A') , 

k 
(3.9) I 

i,j 
(w ,A' p.) b .. A' p. 

l lJ J 

so that A 'Pk may be extended to all of l=f as a symmetric, compact 

operator. Since the operators A'Pk are symmetric and bounded, the 

operators Ak are self-adjoint on D(Ak) Since A'Pk 

is compact, the limit points of the spectra of the operators are 

the same as those of A0 [58]. Finally, by Bessel's inequality in 

Ff' , we have: 

k k+l 
0 ~ ••• ( (A'P u,u) ~ (A'P u,u) ~ ••. ~ (A'u,u) , 

so that we obtain the inequalities (3.4), and, 



(3.10) A 0 ~ • • • ..; A k < A k+ 1 ( • • • ..; A , ll 
ll ll ll ll 

1 '2' ... 

We now solve the eigenvalue problems for the intermediate 

operators Ak for those eigenvalues which lie below A0 (cf. [9]). 
00 

By using (3.8), we may express the eigenvalue equation for Ak, Aku 

Au , in the form: 

(3.11) 

k 

k - A'P u 
k 

I 
i,j 

(u,A'p. )b .. A'p .• 
l lJ J 

Denoting I (u ,A' p. )b .. by a . , we must solve the equations: 
i=1 l lJ J 

k 

- I 
j=1 

(3.12) k 
I a.(p.,A'p) 

j=1 J J m 

a .A 'p. 
J J 

(u,A'p ) 
m ' m 1,2, ••• ,k. 

If A i cr(A0
) , and RA is the resolvent operator for A0 , the 

equations (3.12) reduce to finding the zeros and poles of the 

Weinstein-Aronszajn determinant: 

(3.13) det [ (p . + R_ A' p., A' p ) ] 
J · A J m 

0 . 

The eigenvectors are given by: 

(3.14) u 
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For the case that A = A 0 for some l.1 , the conditions for a solution 
ll 

are a little more complicated. Let the eigenspace corresponding to 

A~ be spanned by the eigenvectors {v1, ••. , v~} · Then, in 

addition to (3.12), we must have: 

k 
(3.15) L a.(A'p., v. k) 

J J 1-
j=l 

0 ' i k+ 1' k+2' 0 • 0 ' k+R, • 

These conditions lead to the requirement that: 

(3o16) det 
[

(p j 

(A'p.,v. k) 
J 1-

(v A 'p.) . k' J- 1 

0 
0 ' 

where ~o is the restriction of the resolvent operator for A0 to 
ll 

the orthogonal complement (in /:f) of the eigenspace corresponding to 

A o • 
ll 

The multiplicity of Ao 
ll 

as an eigenvalue of 

the nullity of the matrix in (3.16). 

is given by 

In spite of the meromorphic character of the determinant in 

(3.13), it is in general very difficult to find its zeros and 

poles. This is because the resolvent operator RA for the base 

problem is given in terms of infinite sums or integrals: 

(3.17) I 
ll 

As a consequence, numerical computation of the eigenvalues and 

eigenvectors for Ak was impossible for problems of physical 

interest for many years o Fortunately, Bazley in 1959 [6], and then 
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soon afterward Bazley and Fox [9], were able to produce methods of 

computation which reduced the resolution of the eigenvalue problem 

for Ak to solving finite algebraic problems. In addition, Gay [36] 

in 1964 was able to reduce the problem to finding real eigenvalues of 

a nonlinear, finite matrix eigenvalue problem by avoiding the use of 

the resolvent. However, this latter technique seems to introduce as 

many new difficulties as the original problem has, except for some 

problems which are ideally suited to it. 

Since we shall use the methods developed by Bazley and Fox, 

the remainder of this chapter is devoted to their exposition. 

3.2 The Hethod of Truncation 

We define the nth order truncation of the operator A0 hy 

the equation: 

(3.18) 
0 0 

+ A n+ 1 ( I - EA o ) 
n 

h ,o< 0 d h h 1 d w ere An An+
1 

, an w ere t e reso utions of the i entity for 

Ao,n are given by: 

(3.19) 
E~ , A < A ~+1 

0 
I , A i+l ~ A 

i=1,2, .•• 

For operators A0 of type ~ , with eigenpairs 



(3.20) 

where u e: D(A 0 ) • 

l-Je see that A0 'n is a finite rank perturbation of scalar 

multiplication on Ff . Thus each operator Ao,n is bounded and 

symmetric, in fact, Ao, n ( , o I 
I\ n+ 1 ' 

0 0 
(A. ' u ) ' ll ll 

l.l = 1 , 2 , • • • , n , wi t h 

and has eigenpairs 

as an eigenvalue of 

infinite multiplicity. From the spectral theorem, for each u e: # , 
we have: 
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( ' o -A. o ) f oo d(E ) 0 
I\ n+2 n+ 1 A. o -0 A. u, u ~ ' 

n+2 

and for each u e: D(A0 ) , 

Therefore, the truncation operators satisfy the inequalities: 

(3.21) A 0 
' 
1 ( • • • ( A 0 

' n ~ A 0 
' n+ 1 ( • • • <; A 0 

, n = 1 , 2 , • . 

It is also useful to define the truncation remainder: 

(3.22) fA: (A - A ::+1 ) dE 
0 

(A ) 

n+1 
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which is many times used to improve computational work involving the 

truncation operator. is an unbounded, self-adjoint operator 

F h -Ao,n urt ermore, is 

o o .J.L nonnegative and has kernel equal to E (An+1 ) ?r • 

We may now form the new intermediate operators Ak,n by 

using Ao,n as the base operator: 

(3.23) Ao,n + A'Pk , k,n 1 '2, •.. 

These are bounded, symmetric, monotonically increasing (in both k 

and n) operators: 

A k, n ( A k, n+ 1 ( . • • ~ A k ~ • • • ( A 

(3.24) 

A k, n ( A k+1, n ( •.• ( A o, n + A, ( ••• ~ A 

which yield the eigenvalue inequalities: 

A k,n ( 
Ak,n+1 

( . . . ( Ak ( . . . ~ A 
ll ll ll ll 

(3.25) 
' ll 1 '2' ••. ' Ak,n ( Ak+1,n 

( . . . ( A 
ll ll 1-1 

-.:vhere Ak,n is the 
ll 

ll th eigenvalue of Ak,n . 
vle can resolve the spectral problem for Ak,n just as in 

section 3.1. The purpose of truncation, i.e., the advantage obtained 



in forming the intermediate operators (3.23), is that the resolvent 

operator of Ao,n is now given by the closed expression: 

n 
(3.26) I 

II =1 

Following the procedures for the eigenvalue equation Ak,llu = AU as in 

the last section, if u is an eigenvector corresponding to a value A 

not in cr(Ao,n), then the necessary and sufficient condition for A 

to be an eigenvalue of Ak,n is that it be a root of the equation: 

(3.27) 

The corresponding eigenvectors are 

(3.28) 

where the 

(3.29) 

k 
u = - I a

J
• R~A'Pj 

j=l 

satisfy the equations: 

k 
I a]. (p]. + ~ A'p]., A'Pm) 

j=l 
0, m 

Now suppose is an eigenvalue of 

corresponding eigenspace spanned by {vI' .•. ,v~} 

o . 

1,2, ••. ,k. 

with 

Then the 

multiplici ty of AO 

II 
as an eigenvalue of Ak,n is equal to its 

multiplicity as a root of the equation: 
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(3.30) det 

« 
p" + R~ A' p ", A' p ) 

J A J r 

(A'p.,v 1) J r-c 

(v" k' A 'p )J r' r 

o 

where j, r = 1,2, ... , k The eigenvector u of Ak,n 

corresponding to 

(3.31) u 

).,0 

~ 
is given by: 

where the constants ~" satisfy the conditions: 
J 

Ie k+2 
I ~J" (pJ" + R~o A'PJ"' A'Pr ) 

j=1 A 
~ 

+ I ~"(v '-Ie' A' P ) 
j=Ie+l J J r 

(3.32) 
Ie 
I ~"(A' P ", vI) 0 

j=1 J J r-c 

o 

o 

where r = 1,2, •.. ,k in the first condition and r = k+l, .•• , k+2 in 

the second condition. The resolvent is the finite sum: 

(3.33) 

where the functions PI, P2' are chosen arbitrarily. If we 

let U be the span of all eigenvectors determined for the values 

of A not equal to 0 
A n+l , then the spectral subspace of Ak,n 

associated with 0 
A n+l is U 1 
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He have seen that using Ao,n as a base operator means that 

for any choice of the ' pi s, A'p may be expressed as a known i 

linear combination of the eigenvectors of A0 
• In the next section, 

we will choose particular functions with which to obtain a 

finite algebraic problem, without having to truncate the base 

operator A0 • ~"e will find, however, that it is not always possible 

for such a choice of functions to work. When this occurs, we use the 

method of truncation. 

A very useful software package for implementing the method of 

truncation was developed by C. Beattie [11]. The title of this 

package is DETI1ET. 

3.3 Bazley's Method of Special Choice 

N. Bazley [6] introduced a simple way to solve the eigenvalue 

problem for Ak : 

(3.34) >.. u , k 1 '2, ••. 

He made the assumption that A0 possesses at least k eigenvalues 

whose corresponding normalized eigenvectors u~ belong to the 
J 

range of the operator A' • For self-adjoint operators A' for 

instance, this assumption is satisfied if (A'u,u) ~ y(u,u) for some 

positive constant y (since zero would then belong to the resolvent 

set of A'). He then made a special choice for the functions pi: 
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(3 .35) (A ,)-1 0 
Pi = ui 'i=l, ••• ,k 

With this choice, (3.34) hecomes: 

(3.36) 
k k 

Aou + L L 
i=l j=l 

0 0 
(u,u.) b .. u. 

J J1 1 
AU 

where bji is the matrix inverse to that with elements (ui0
, Pj). 

We may now resolve the problem (3.36). 

If 0 
UR, is an eigenfunction of A0 which is not used in 

forming any 3 35 A
k 0 0 0 according to ( • ) , then uR, = A uR, , 

0 
UR, is an eigenfunction of Ak with eigenvalue 

suppose that (3.36) has solutions of the form: 

(3.37) u 
m 

k 

I 
r=l 

CL 
r 

(m) 
u 

r 
0 

A o 
R, 

so that 

If we 

where each u 0 
r defines a Pr according to (3.35), then (3.36) 

reduces to the matrix eigenvalue problem: 

(3.38) 
k 
L {[Aro_A]Ojr+bj~ (m) 

CL • 
J 

0 , 1 ( r ( k 

j=l 

where is the Kronecker delta. The solution of (3.38) yields k 

eigenvalues and eigenvectors for Ak . By (3.38), these eigenvectors 

are linearly independent. In [7], it is shown that we have 

determined all the eigenvalues of Ak • 
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t\'e summarize the special choice procedure: 

(a) k of the eigenvalues of Ak are the roots of: 

(3.39) 0 ' 1 ( i,j ~ k ' 

0 where bij is the element of the matrix inverse to { (ui, pj) } 

(b) all other eigenvalues of Ak are eigenvalues >.. 
0 whose 
r 

corresponding eigenfunctions ur0 were not used in forming the Pi' 

1 < i < k • 

(c) Ak has essential spectrum identical to that of A0 • 

Because the eigenvalues determined from (3.39) are not 

necessarily the k lowest eigenvalues of Ak , we must arrange the 

A.'s obtained from (a) and (b) into a nondecreasing sequence: 

,k(,k~,k~ /\1 /\2 /\3 ~ •••• The ordered spectrum then gives lower bounds 

that satisfy the inequalities: 

(3.40) >.. 
0 ~ • • • ~ >.. k ~ >.. k+ 1 ~ • • • ~ >.. , ll , k > 1 • 

l-1 l-1 l.1 l.1 
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CHAPTER 4 

APPLICATIONS OF INTERMEDIATE PROBLEMS TO THE ATOMIC PROBLEM 

4.1 Applications to Helium 

The first major breakthrough in applying the method of 

intermediate problems to atomic eigenvalue problems was due to 

Bazley[5]. He was able to calculate highly accurate rigorous lower 

bounds to the eigenvalues of the nonrelativistic, spin-free 

Hamiltonian for helium. He achieved this by first using his method 

of special choice (section 3.3) to obtain lower bounds and then 

improved these bounds with the use of Temple's inequality. A short 

time later, Bazley together with D. W. Fox developed the method of 

truncation for Aronszajn's method ([9] and section 3.2), which was 

also applied to helium [8]. The purpose of this section is to 

outline these applications and summarize the results. 

The Hamiltonian for helium is given by: 

(4.1) H '!' 

where '!' £ L2 (~6 ) and the subscript i indicates reference with 

respect to the coordinates t., i=1,2. 
1. 

To take advantage of the 

symmetries of H in (4.1), we shall restrict ourselves to S states 

of parahelium. This means that the eieenfunctions of H 
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corresponding to these states will be symmetric in r 1 and r2 and 

depend only on the variables r 1 , r 2 , and r 12 • 

If we neglect the interaction term 1/r12 in (4.1), we then 

have the operator: 

(4.2) 

which is of class _..8, • 

1 2 
--'I 2 1 

.!_ 'I 2 
2 2 

Since ' - -1 
H = r12 

2 2 

is a positive definite 

operator, we may then use the eigenvalue problem for H0 as a base 

problem. 

Upon restriction to the above mentioned subspace, the 

eigenfunctions of H0 are given by: 

(4.3) 

where the elements R are normalized hydrogen radial wave 
n9, 

functions, P9, is the ,Q,th normalized Legendre polynomial, e
12 

is 

-+ + 
the angle between r 1 and r 2 , and N is a normalization 

constant. The corresponding eigenvalues are: 

-2(-1 + _1) 2 2 , 
nl n2 

each with multiplicity max(n1 , n2) • A continuous spectrum, 

beginning at -2, overlaps the discrete spectrum and extends to 

infinity. 



The lowest part of the spectrum of H0 consists of the 

eigenvalues: 

(4.4) "A~ 
1 -2(1 + >)' 1=1,2, ... ' 

with corresponding eigenfunctions given by: 

(4.5) 

where i ::> 2. Since /..~ ~ "Ai, i=1,2,3, ••. , where Ai is the ith 

eigenvalue of (4.1), then, by (4.4), we have: 

(4.6) 

Using the method of special choice, Bazley solved a third 

order intermediate problem by projecting on the vectors pi 

for i = 1,2,3, where the ~i are given in (4.5). He then 

calculated on a computer the nine matrix elements -1 0 0 
( (H' ) ~ . ' lJl • ) 

1 J 

for i,j = 1,2,3. Upon finding the inverse matrix bij (see section 

3.3) and solving (3.39), he obtained the roots (in atomic units): 

(4.7) -3.063 -2.165 -2.039 
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0 Since -2.039 was greater than A
4 

= -2.125 , he then obtained the 

first three ordered eigenvalues of H3 = H0 + H'P3 : 

(4.8) -3.063 , A~3 ) -2.165 , A~3 ) -2.125 • 

Thus, 

( 4. 9) -2.165 ~ Az 

Using Rayleigh-Ritz upper bounds that were calculated by Kinoshita 

[45] and Coolidge and James [22], Bazley concluded: 

-3.063.;; Al .;; -2.9037237 

(4.10) 

-2.165 ~ A2 ~ -2.1458 

Although he could have proceeded to do yet higher order 

intermediate problems, Bazley decided to use Temple's formula [68]: 

(4.11) A ~ ( H ,, ,,, ) - ( H 1V , H 1jJ ) - ( H 14J '14J ) 2 
1 '+' ''+' A* - ( H 1jJ ,ljJ) ' 

where 1jJ £ D(H) and lllJl II = 1 , to improve his third order lower 

bounds. Here, A* must satisfy the inequality: 

(H 1jJ ,ljJ) <A*~ A2 • By using the values determined by Kinoshita for 

(H ljJ,H ljJ) and (H ljJ~) and taking A*= -2.165 , Bazley obtained 

the bounds: 



(4.12) -2.9037474 ~ 1.. 1 ' -2.9037237 

Kinoshita required the use of a 39-term (80 parameter) test function 

to obtain the upper bound in (4.12). 

For the method of truncation (sect:ton 3.2), Bazley and Fox 

solved the eigenvalue problem for the intermediate operators H1 ' 1 

and H2 ' 2 where: 
' 

(4.13) 

For the operator Hl,l, they chose the vector 

Then equation (3.27), when optimized with respect to B, yielded the 

lower bounds: 

(4.14) 

corresponding to B = 15. For 

(4.15) 

-2.5 ~A. 
1 

i=2,3, •.• , 

2 2 H ' , they chose the vectors: 
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where the choice for p1 corresponded to another vector for H1 ' 1 

with optimal parameter value 1.5 (see [8]). Upon solving the problem 

for H2,2, Bazley and Fox determined that: 

(4.16) -3.0008 ~ Al < - 2.9037 

Hence, for helium, they obtained a better lower bound for Al by 

solving a second order intermediate problem with (4.13), than Bazley 

did by solving a third order intermediate problem using special 

choice. 

It would be remiss on the author's part not to mention that 

lower bounds to the helium atom have been determined by using the 

bracketing-function method of Lowdin [52]. The bounds, found by Choi 

and Smith [19] and Wilson and Reid [74], are actually in many cases 

more accurate than those above. The reason for this seems to be 

because the method accounts better for continuum effects [61]. 

However, these alternative methods encounter fundamental difficulties 

when applied to atoms larger than helium, as do the techniques 

described in this section (see the next section). l~e shall not 

discuss these other methods any further, since we do not use them in 

any of the subsequent development. 

4.2 The Essential Spectrum Problem and Fox's Method 

There is a fundamental difficulty that occurs when we try to 

apply the methods of Chapter 3 to atoms larger than helium. Recall 
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that Aronszajn's method forms an intermediate operator uk by adding 

a finite rank operator H'Pk to the base operator H0 • Thus, by a 

classic result of Weyl [58], the essential spectrum of Hk is 

identical to the essential spectrum of H0 • This is the difficulty; 

it turns out that the next largest atom after helium, lithium, has an 

experimentally determined lowest energy which lies above the least point 

of the essential spectrum of the hydrogenic base operator H0 • 

Consequently, although Hk does provide rigorous lower bounds to the 

eigenvalues of H (given by (2.2)), we cannot expect accurate lower 

bounds to the eigenvalues of H no matter how many projecting vectors 

pi are used. This basic drawback remained an obstruction to further 

progress for ten years after the initial successes with helium. In 1972, 

Fox [31] developed a numerically workable method which had the potential 

to displace essential spectra. The remainder of this section outlines 

this method. 

Fox constructed resolvable intermediate operators which utilized 

infinite rank projections. These noncompact perturbations make the 

necessary movement of cress(Hk) possible. The hasic idea is to 

approximate the pairwise interaction terms in H, ~~. 
1 

+ ,-1 - r. ' 
J 

by 

finite rank operators formed according to the usual Aronszajn procedure 

on If i 0 Hj · Since the domain of the Hamiltonian H lies in the 

Hilbert space # 1 €) . • · €) H~J' the projection associated with the above 

operators is of infinite rank on L2CIR3tT). This .is because the 
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projection consists of a tensor product of the projection on 

~j with identity operators on the remaining factor spaces 

proceed by summarizing the construction and resolution of these 

intermediate operators. Hereafter, we will refer to the method to 

follow as the "Fox-Aronszajn technique". 

We have the usual decomposition: 

(4.17) H 

where H0 is self-adjoint and H' is nonnegative, symmetric, and 

closeable on a dense subset of H . Both H0 and H are assumed to be 

of class ~ • H0 separates into resolvable self-adjoint part operators 

H~ in Hi , i.e., for u = u1 ® ... ® uN s D(H0
) , we have: 

(4.18) 0 
H u H~u 1 €) ... @uN + u 1 @H~u2 G) ... €) uN + 

0 
+ u1 G) • • • @uN-1@ HN uN 

Therefore, the lowest eigenpairs for 

(4.19) 

)..1. )..1. 

pO 
tl ' 

0 
u 

)..1 

(A. o o) 
)..1' UJ..! ' 

are of the form: 

h h . (' 1. u . 1. ) w ere t e pa1.rs Ai , 
1 

are the eigensolutions of the part 

operators on H i: 



(H~ - A~) ui 0 ll = 1, 2, ... 
(4.20) 1 

A1 ~ A: ~ . . . ' A ess 
i 1 i 

If we let vij (i < j) be the isomorphism taking H 1 e 
CE)#N to lfi®l+j&>#3® ... ~#N (see Appendix A.3), then Vij 

corresponds to the formal interchange of variables: and 
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Now let Hij denote a symmetric, nonnegative multiplication operator 

which is closeable on a dense domain Dij C # i ® H j • For our 

purposes, we then assume that H' in (4.17) can be written as a sum of 

pairwise couplings: 

(4 .21) H' I 
i(j 

H •• 
1J 

-1 
where: H .. = V .. [H .. ® ( (&) I ) ]V.. • The operator H.. is 

1J 1J 1J +. • m 1J lJ 
m -r 1,J 

essentially self-adjoint on a core in L2(lli3N). 

We continue by choosing a family of linearly independent vectors 

and then forming k P .. , the ortr.ogonal projection with 
1J 

respect to the inner project generated by Hij • It follows that the 

family { Hk } where .. k, 1J 
k H .. P .. , consists of bounded operators of 

1J 1J 

finite rat~, which are increasing with k and bounded above by Hij" 

Thus we have the operators: 

(4.22) 
"k 
H •. 

1J 

-1 k 
Vi . [H .. @ ( €) I ) ]V .. 

J 1J + • • m 1 J m -r 1, J 
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defined on 'If. (4.22) permits us to define the operators 
k 

{H }k e:K ' 

where: 

"k 
H I 

i(j 

" kij 
H .• 
1J 

Here k is a multi-index vector with N(N-1)/2 components kij such 

that k
1 

( k
2 <=> k:. ( ki

2 
.• K is the set of all such k • 

lJ J 

Our family of intermediate operators, {Hk}k , then consists of 

the operators: 

(4.23) 

which satisfy the inequalities 

The resolution of the operators in (4.23) depends on the choice 

of the vectors We shall sketch here how to resolve the 

when it is possible to make a special choice of these vectors, much like 

what was done in section 3.3. In Chapter 7, we will use the method of 

truncation because of limitations that arise from using the method of 

special choice. However, the formal analysis of resolving the 

intermediate operators is essentially the same in either case • 

Assume that the collection of vectors 
.R, 

{Pi j} .R, can be chosen so 

that the range of H~. is contained in the tensor product of a subspace 
1J 

spanned by a finite number of eigenvectors of H~ with a similar 

subspace formed by eigenvectors of Hj· Then, H .. P .~ is a finite linear 
1J 1] 
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~. ~. 

combination of products of the form ui
1 @ ujJ (see (4.20)). If Ms is 

the linear span of those eigenvectors of H0 needed to form at least s 

one HijPlj, then R(H~j) C 1'YI. i (8} 1?lj • Reducing subs paces for Hk are 

then of the form "P/. = ?Z,l 0 'Z 2 ® ... €) ?z N' where 'l i = 112i or 

1 m .. 
1 

They form a complete family. The resolution of the spectral 

problem for Hk on these spaces follows next. 

7IL is of type r if it has r factors mi . There are (~) 
different subspaces of type r so that * decomposes into 2N 

orthogonal reducing spaces (see section 7 .1). For r < N, let m = m,1 (ff) 

Then Hk is given by: 

(4.24) (Ho 
-l, ••• ,r,l + Hk ) ®I + 

l, ... ,r l, ..• ,r,2 

I l, ••• ,r,l 
Ho 
l, ... ,r,2 

where: 

Ho 
l, ••• ,r,l 

I 
l, ••• ,r,l 

I 
l, ... ,r,2 

I €) ... €) I 
r+l N 

Ho 
l, ... ,r,2 

N N 
L v ~ 1 

[ H~ ® ( ® I ) ] v. 
i=r+l m =r+l m 1 

m :f:i 
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We then have the following : (a) (H0 + ~k ) on the 
1 ..• ,r,1 1, .•. ,r 

finite dimensional space 11/. 1 (2) •.• ® 1n.r is equivalent to a symmetric 

matrix, which one resolves by diagonalization; (b) H
0 is 
1, ... ,r,2 

1 1 
resolved by separation of variables on 1'rL r+1 6) · · · (]) m N • 

Thus the complete resolution of the spectral problem for Hk 

consists of the diagonalization of 2N - N - 1 symmetric matrices, and we 

have: 

(4.25) 

where the 

1, 2' ... 

A 's are the eigenvalues of H. 
ll 

k 
A ~ A ess ess 

4.3 Application of Fox's Method to Atoms 

The natural first choice for the demonstration of the 

effectiveness of the Fox-Aronszajn technique is the lithium atom. 

However, because of the complexities of dealing with angular momentum, 

Fox and Sigillito [32] chose to apply the technique to a simplified, 

"radial" method of lithium. This model is obtained by restricting the 

Hamiltonian H to the subspace R of functions that depend on the radii 

alone. This is accomplished by defining the following orthogonal 

projection on R: 

-N 
Pf (41T) If dwldw2 ••• dwN 

for any f E L2 (~3N) • Thus the effect of P is to take the mean over 
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the angular coordinates. The Hamiltonian for the radial model is then 

given by HR = PHP • On smooth functions in R , we then have the 

operator: 

where: 'iJ 2 
r. 

1 

N 

I 
i=l 

1 a 2 a 
----r 
r.2ari i ari 

1 

+ 

and 

HR has a spectrum which is very similar to the spectrum of H , 

including the difficulties involving the essential spectrum, but it 

leads to considerably simpler computational \vork. Upon completion, the 

numerical results yielded the required displacement of the essential 

spectrum and gave lower bounds to the desired discrete energies of the 

model. 

Subsequently, numerous attempts, particularly by Reid [59],[60], 

were made to apply the Fox-Aronszajn method to the lithium atom. 

Although the essential spectrum was displaced in these attempts, it was 

never moved beyond the ground state of the lithium atom. Finally, after 

about a decade, Freund [34] in 1982 succeeded in displacing the 

essential spectrum far enough to calculate accurate lower bounds to the 

ground state of lithium. He achieved this feat by including the 

truncation remainder (see section 3.2) in the intermediate operator 

construction and by choosing projection vectors from a complete set of 

vectors on ~ • Freund also calculated rigorous lower bounds for the 
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Li+ ion. He promises numerical results for the full lithium atom in 

the near future. 

The mathematical technique of adding the truncation remainder to 

the intermediate operators which Freund used was first discussed in a 

paper by Bazley and Fox [10]. Since we use it in section 7.1, we refer 

the reader to that section for an explanation of the details. 



CHAPTER 5 

THE EFFECTIVE FIELD METHOD 

5.1 The Effective Field Inequality 

In this section, we will prove the fundamental theorem that 

enables us to create an alternate base problem to the hydrogenic base 

problem of the previous chapter. This theorem was first proven in 

1975 by Hertel, Lieb, and Thirring [40], and was used to calculate 

lower bounds to the ground state energy of a few many-electron 

atoms. A more sophisticated proof of the theorem was given in 1979 

by Thirring [69], but understanding it requires more mathematical 

machinery than the first proof does. For the sake of maintaining 

simplicity, we will present a modified version of the earlier proof. 

We first need the following definition. A continuous 

function f on ~n that has the property that 
+ + 

{ f(xi - xj )} ij is a 

positive definite matrix, for all ~1 , ••• , ~ £ ~n, is a function of 

positive type. The class of functions of positive type in the space 

of C 
00 

functions of rapid decrease, S<~n), forms a convex cone 

which is closed under multiplication. Particularly important is the 

fact that any function with an integrable nonnegative Fourier 

transform is of positive type. Indeed, by Bochner's theorem [56], 

the set of Fourier transforms of the finite, positive measures on 

~n is exactly the cone of functions of positive type. The 
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definition of functions of positive type can be extended in a natural 

way to distributions [56]. 

We can now present the theorem: 

Theorem. Let 
+ v(x) be a potential of positive type and suppose the 

real function "'(+x) i h F · f f 1 i bl 
~ s t e our1er trans orm o a rea ntegra e 

function. Then, 

N 3 ... 2+ N 

L ~ ( ~ ) - !. J d k [ ~ ( k) + N ~ (k) ] ~ L v ( ~i -~ . ) ' 

i=l i 
2 (2n ) 3 v(k) i(j J 

where ".-v" denotes the Fourier transform. 

Proof. We have that: 

+ 
v(x) 

and 
.-r + 
lK• X 

e 
"' + 
v(k) 

where "*" denotes complex conjugate. Consider the sum: 

N N d 3k k + + 

I ... .... I J i • ( x -x ) "' + 
v(xi-xj) 

(2rr )3 
e i j v(k) 

i,j=l i,j=l 

d
3

k 

+ + + + 
N ik•x N -ik• X. 

= J L 
i I J ~(k) 

(2n )3 
e e 

i=l j=l 



f d3k ~(t~) 
(2n ) 3 

N 

I 
i=l 
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I 2 • 

The above integrals are of course over all of ~3 ; let us break the 

last one above into two parts as: 

+ - + -
where S = { k : cb (k) * 0 } (the closure of S, S, is the support of 

cb). We then obtain the inequality: 

3 -2 + 

f d k <I> (k) 
3 -

( 2n) v(k) 

N 

I 
i=l 

N 
\ + + 
1.. v(xi-xJ.), 

i,j=l 

where the integral is over the set S, and we have rewritten the 

integrand for the following reason. If we define: 

dll 
d3k ; 2 (k) 

(2rr )3 ~(k) 
and 

then from Schwarz's inequality: 

N 

I 
i=l 

ik·~i ~(k) 
e --

; (i~) 



it follows that: 

N 

I 
i,j=l 

+ + 
v(x.- x.) 

1 J 
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We have assumed that the measure in the denominator above is finite, 

since otherwise we get a trivial inequality. Thus, 

N 

I 
i,j=l 

+ + 
v(x.- x.) • 

1 J 

If we now subtract the nonnegative term: 

3 - 2 + -1 
[I d k 

3 
~ <k )j 

(21T) v (k) 

N 3 -2 2 
+ d k ~ (k.) I L ~ (xi) - J 3 --~ 

i=l (21T) v(k) 
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from the left hand side of the last inequality, we get: 

Since is finite, in fact, given by I 

N d
3

k -z -
I + -}I [ ! ~k) + Nv(k) ] ~ (x.) 

(2rr )3 
( 

i=1 
1. v(k) 

1 
N 1 + 

N 
L v(~.- + I + + 

2 
X.) - - Nv(O) v(x.- X.) 

i,j=1 1. J 2 i(j 1. J 

Now, in order to find a lower bound to the Coulomb repulsion 

energy: 

we bound the singular potential 1/l ~ I from below 

+ + 1 
by a potential v(x) of positive type: v(x) ( --- • We then obtain 

,~, 

from the above theorem our fundamental inequality: 



(5.1) 
N N 
I ~(~i)-NA( I 

i=l i(j 

where A is the constant: 

(5.2) 
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1 

We shall call (5.1) the effective field inequality, following the 

terminology of Grosse, Hertel, and Thirring [39], who named the 

technique that uses the above inequality the effective field 

method. This is because ~ is an essentially arbitrary real 

effective field. Following suit, for the remainder of the thesis, 

the above fundamental theorem will be called the effective field 

theorem. The potentials + 
v(x) 

+ 
and ~ (x), which must be chosen to 

satisfy the conditions of the effective field theorem, are called the 

subsidiary potential and repulsion potential, respectively. The name 

for 
+ 

~(x) follows from the fact that \vhen we apply (5.1) to atoms, 

we are essentially replacing the repulsive Coulombic potential in the 

Hamiltonian by a sum of the ~ 's minus a constant. The details of 

these applications are given in the next section. 

A possible method of determining the best possible lower 

bound from (5.1) would be to try to minimize the A constant over 
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+ 
all admissible subsidiary potentials v(x). However, it seems 

too difficult to calculate analytically the density function 

~(k) 0 and l!cl-1 + which minimizes satisfying ) ) v(x) ) 0 , 

fact, for the forms of ~ that have been chosen in practice 

[39], and Chapter 6), it can be shown that A is a positive 

functional in v for which no admissible minimizer exists. 

(5.3) 

5.2 Applications of the Effective Field Method 
to Many-Electron Atoms 

A useful choice for the subsidiary potential is: 

+ 
v(x) 

1-e- lll~l 

I~ I 
1-e- ll r 

r 

to be 

~(k), 

A. 

( [ 40] , 

where r = ~~~ and ll is some positive constant. 
+ 

v(x) has the 

Fourier transform: 

(5.4) 

A repulsion potential 

given by: 

+ 
~(x) 

2 41Tll 

that should be physically realistic is 

In 



(5.5) 
+ 

~(x) 

+ 

I 3 'p(x') 
d X 

~~-~·' 
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+ 
where p(x) is the electron density function. The reason why (5.5) 

+ 
should be a reasonable potential is because ~(x) satisfies 

Poisson's equation with charge density + 
- p ( x) : 

(5.6) + 
- 4np (x) 

+ 
By using the convolution theorem, we find that ~(x) has the Fourier 

transform: 

(5.7) 

We are now ready to evaluate A 
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3 3 - 2 3 
1 I d k 41T f - ~ 

1
2 1 I d k 41T fp (k) I + .!..

2 
I d k ~<i<) 

2N 3 Z p ( K) + 2N 3 2 3 
(2rr) ll (2rr) k (2rr) 

If we use Parseval's relation, 

+ 
and the fact that v(O) = ll (simply expand (5.3)), we then obtain: 

With the use of Fubini's theorem, the second term in A can be 

rewritten: 
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3 - + + + 
1 d k lm p ( k) ~ i k • x] + J d~x [J c: p(x) 

(Z.rr )3 k2 

+ 3 + + 
p ( x) = J d x ~ ( x )p ( x) , 

so that we arrive at the convenient form for A: 

(5.8) A= 2~ {4~ J fp(~)l2 d3x + J d3x ~(~)p(~) + ~N} • 
~ 

+ 
Since ~ is a free parameter in v(x) , we may immediately 

determine the optimal subsidiary potential of the type (5.3) for a 

given p (1i:) (or ~ (1i:)). Differentiating A with respect to ~ , we 

obtain: 

(5.9) 
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Let us specialize to the case of a radially symmetric 

repulsion potential ~(r). 
r 

If we define the function X (r) = Z ~ (r), 

we then have: 

2 1 d 2 
V ~ = - - (r~) 

r 2 
dr 

We can now express the integrals in A in terms of X (r). For the 

first term in (5.8) (recall that the primed variables refer to the 

primed coordinate system, i.e., they are not derivatives), 

substituting 
+ 1? 

P (x) = - liiT V-~, we get: 

Z f ctl f oCYJ 

( l+x-+x' I )-1 The last term here follows from expanding by the use of 



the addition theorem for spherical harmonics: 

1 
00 

I 
R. =0 

41T 
ZR-+1 

m=-R. 

where r> , r< are the greater and lesser values of the pair 

<1~1, ~~'I) , respectively, and the orthogonality relation: 

f Y* Y dn - o o Since o• 2 "'(r') = (Z/r) d
2
x(r') 

R.m R. 'm' - R.R.' mm' • v '~~ dr'2 

last term above becomes 

which, when simplified, gives: 

(5.10) f 3 + + 
d x' <ll(x')p(x') 2Joo(dx12 

Z 0 JrJ dr • 

For the second term in (5.8), we have: 

110 

the 
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41T
2 

f 3 2 + 4-rr co 2 v 2~ 2 
d x p (x) = 2 J dQ J 0 r dr [- 4iT ] , so: 

~ ~ 

(5.11) 

Substitution of (5.10) and (5.11) into A then gives the final 

result: 

(5.12) 
1 2 co 

A = 2N { Z f 0 
rt-, 2 z 2 co d 2 2 

( '-'Aj f (-X) } dr; dr + ; 0 dr 2 dr + N ~ • 

Grosse, Hertel, Lieb, and Thirring have tried various 

potential types for ~(r). For all of them, the resulting 

Schrodinger equation could only be solved numerically on a 

computer. Thus, the eigenfunctions were not determined 

analytically. Analytical forms of the solution, however, are 

precisely what are needed for our purposes of using the effective 

field method (see Chapter 6). 

In [40], Hertel, Lieb and Thirring used the Tietz 

approximation to the Thomas-Fermi potential [29] for neutral atoms, 

given by: 



(5.13) (N-l) 
r+2a 

2 ' (r+ a) 
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to be ( 2N
9 ) 1/3 so where a is a nonzero constant. They chose a 

that the Tietz potential would yield numerical results as close as 

possible to those of the Thomas-Fermi function. The calculation of 

A for (5.13) gave: 

The computer solution of the one-particle Schrodinger equation with 

spherically symmetric potential - z/l lc l + <llT(lc): 

was calculated and lower bounds to the ground state energy of a few 

neutral atoms were determined. The values published in [40] were for 

the atoms Ne, Ca, Zr, Nd, and Hg. The results obtained for the 

larger atoms were numerically closer to the upper bounds than the 
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Thomas-Fermi values. For the smaller atoms, the results were 

comparable to those obtained frolu the use of the Thomas-Fermi method 

(cf., [29]). See Table 1. 

In '[39], Grosse, Hertel, and Thirring tested many other types 

of potentials for the case of the krypton atom, Z = 36. Little 

numerical improvement was obtained over the interpolated value they 

would obtain by using (5.13), except in one case. Unusually good 

results were observed for the choice: per) = c exp(-1.56r). No 

explanation for this anomaly was given. 

The Thomas-Fermi model, which has been shown to be exact in 

the limit as Z + 00 (Lieb and Simon, [48]), yields an energy 

asymptotic to EN-l / 3Z-2 '" -0.77 for large Z, ~Yhere E is the 

ground state energy in atomic units. In spite of the fact that the 

relative error (in comparisor. with upper bound values) using the 

above method decreases with N, this asymptotic limit value was still 

far away from the lower bound values even for N = 80 (N = Z for 

neutral atoms). 



114 

Table 1. 

Ground State Energies (measured in atomic units) 

Atom N 
ALB AUB ATF AH 

Ne 10 -164 -129 -166 -200 

Ca 20 -793 -677 -836 -1000 

Zr 40 -3910 -3540 -4200 -5400 

Nd 60 -10000 -9130 -10800 -14400 

Hg 80 -19600 -18100 -21200 -28100 

In Table 1, N is the number of electrons. The values ALB 

are the lower bound energies given in [69]. The upper bound values 

AUB were obtained from the Atomic Data and Nuclear Data Tables 

[25]. These were calculated with the use of the Hartree-Fock 

technique (see section 2.5). The Thomas-Fermi values ATF are given 

in [29]. The last column in Table 1 lists the ground state energies 

AH determined by ignoring the interelectron repulsion term, 

altogether. They are the values obtained from the "hydrogenic" 

Hamiltonian: 

N 

I 
i=1 

(-!..v 2 -~) 
2 i ri 



All of the numerical values in Table 1 are rounded off to three 

significant digits, consistent with the reported accuracy in the 

above mentioned papers. 
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CHAPTER 6 

THE NEW BASE PROBLEM 

6.1 Construction of the New Base Problem 

From the effective field method, we have obtained a lower bound 

to the interelectron repulsion term given by: 

(6.1) 

+ 
We were then free to choose a subsidiary potential v(x) and a 

+ 
repulsion potential ~(x) which were subject to the conditions of 

the effective field theorem. For the choices: 

(6.2) 
+ 

v(x) + f 3 ~ (x) = d x' 
+ 

p (x') 

we obtained: 
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(6.3) A = 2~ {
4
; J jp(~)l 2 

d
3

x + J p(~)~(~) d
3
x + 1JN} , 

ll 

where N A is the second term in (6.1). Upon choosing ~ to be a 

function of r = ~~~ only, optimizing A with respect to ll for a 

given ~, and then letting 
r x (r) = Z ~ (r), we then had the result: 

1 { 2 f oo 2 z2 
oo 2 

A = 
2

N z 
0 

[x ' ( r ) ] d r + 2 J 
0 

[x " ( r ) ] d r + N ll } , 

(6.4) ll 

with: 

To form the new base problem, we rewrite our original 

Hamiltonian as the sum of a separable operator H0 and the residual 

operator H' : 

(6.5) H 
N 

I 
1 2 Z N 1 

( - -v --) + I --
i=1 2 i ri i(j ~~.- ~.I 

N 

I 
i=l 

[ - 1 v 2 
2 i 

N 

z 
r. 

1 

(N A - I ~(ri))] 
i=1 

1 J 



Our base problem is then the eigenvalue problem: 

(6.6) 
N 

'i 
i=l 

[- .!. v 2 
2 i 

From the effective field inequality, we know that 
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(H0 1JJ,tlJ) < (HijJ,IJJ) and (H'1J;,1~) > 0, for all y s D(H'). Thus, H' 

is nonnegative. \ve will find that for the choice of repulsion 

potential we will make (section 6.3), H' is in most cases a 

strictly positive operator (see section 7.1 and Appendix A.S). In 

the next chapter, we will use H' to construct intermediate 

operators of the type discussed in Chapter 4. 

Since H0 is a separable operator on ~ 

ith factor space operator is given by: 

(6.7) H~ 
1 

_21 viz - ~ + ~(r.) -A • 
ri 1 

N 
® #., the 
i=l 1 

Recall from section 2.2 that solving the eigenvalue problem for 

on lf 1 reduces to finding the eigenvalues and eigenvectors of the 

radial Schrodinger equation for all 2, given by: 
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(6.8) 1 (-1-~ r 2 ~) W o + 
2 2 dr1 i dr. i 

r i l. 

z R, (R. + 1) 0 0 0 
- - + ~ (r.) -A + 2 ] Wi = A .lJJ. , 

ri l. 2 l. l. 
ri 

defined on the radial factor space This equation, 

once solved for the eigenvalues Ao 
i 

and eigenvectors 0 w i, determines 

the solutions of the base problem (6.6). 

There are essentially only four known types of potentials for 

which the radial Schrodinger equation can be solved explicitly for 

all R. and all A. These are the square well, harmonic oscillator 

well, Coulomb potential and the -4 r potential. However, we can 

obtain exact solutions for the S-wave (R,=O) equation for many other 

types of potentials. We will use two particular such potentials for 

the form of ~ in section 6.3 in order to produce a base problem 

(6.6) which can be solved for the R.=O case. In order to construct 

a complete base problem, we observe that the centrifugal potential 
kR, 

- 2r2 
is a positive multiplication operator for R. ) 0. This 

enables us to form intermediate operators of the type constructed in 

Chapter 3 and therefore obtain approximate eigenvalues and 

eigenfunctions for the nonzero R. states. The resulting 

intermediate problems can then be used as base problems for the 



original eigenvalue problem H ~ =A~· From the intermediate 

problems for R. * 0, we obtain the rigorous lower bounds ~0 
i 

eigenvalues Ao 
i 

along with the corresponding eigenfunctions 
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to the 

Adding this information to that obtained for the R. = 0 case, we 

will have completed the resolution of our new base problem 

H0~ 0 = ~ 0~0 • The details of this procedure are the subject of the 

next section. 

6.2 The Application of Intermediate Problems to the 
Construction of the Base Problem 

This section is devoted to the explanation of how to construct 

base problems H0 ,P 0 = A 0~ 0 of the type described at the end of the 

last section. By the analysis of the central field problem given in 

section 2.2, we may produce the eigenvalues and eigenfunctions of 

such problems by solving the spectral problem for the operator: 

k 

( Ai - 2r ~ z) G) Iw ,i 
1 

on the i th factor space Hi' where Ai is the operator: 

(6.9) A. 
1 

1 ( 1 d 2 d 
2 -2 dr ri dr ) 

ri i i 
+~(r.) -A 

1 
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Let us suppose that we have solved the problem 

£~ (namely, for the case ~ 0), and have obtained the 

eigenpairs (Ei,j' ~i,j), where j is the index numbering the 

eigenvalue. Following the method in section 3.1, we construct the 

kth intermediate operator on the ith factor space, Hik,O, as 

follows. Let { Pj} be a finite set of linearly independent vectors 

contained in 
2 

D(- k~/2ri ), which is dense in 2( + 2 ) L lR ,r i dr i • 

Define pik to be the orthogonal projection with respect to the 

i d t (,,, k~ A-) ·-1 sp k< P · > i th nner pro uc "', - --2- "' onto J- , ••• , J n e space 

2 + 2 Zr i . 2 ( + 2 ) 
L (lR ,ri dri). The intermed1ate operator on L ~ ,ri dri is then 

defined as: 

(6.10) H k,O 
i 

A -~P k 
i 2 2 i r. 

1 

A. + ~ (~+1) P k 
1 2 i 

2ri 

so that on ff i we have the intermediate operator: 

(6.11) 

From the results of Chapter 3, we obtain the following chain of 

inequalities: 
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(6..12) HiO, 0 ( • • • ( H k, 0 ( H. k+ 1 , 0 ( 
i 1 

... ( 

Since the index k may have different values on different 

factor spaces, on each H i 

operator 

the kth lower bound operator 

there corresponds an intermediate 

ki. This means that in reconstructing 

k,O 
H from the intermediate factor 

operators, the symbol k (without subscripts) will stand for a 

generalized index with length !kl = k 1 + ••• + kN, so that: 

(6.13) H k,O 
N 

2 
i=1 

A ki ,0 
H. 

1 

n 
2 

i=1 

-1 ki,o 
V. [H. (&}( €) I )]v. 

1 1 ~· m 1 
m r1 

If we let ki,kj be two such generalized indices, where ki ( kj 

means that ki ( kj , for all m, then: 
m m 

k 1 0 ki 0 ki+1 0 kj 0 0 
(6 .14) H ' ( ••• ( H ' ( H ' ( • o o ( H ' ( • o • ..; H , 

which yields the inequalities: 



1 
(6.15) A.k ,O 

~ 

For each k, 

operator Ho 
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( ... ( 

the kth lower bound operator in (6.13) forms a base 

for a base prohlem Ho~ o= ~ o~ o. 

The above intermediate operators defined on H are built 

from factor space operators that depend on the value of the angular 

momentum quantum number t. Hence, in order to produce the proper 

lower bounds to the eigenvalues of H0 , we must combine the discrete 

spectra of the intermediate operators Hik,O for different values 

of t. Recall from section 2.3 that fl can be decomposed into a 

direct sum of irreducible subspaces, each corresponding to a 

different value of t : 

00 

(6.16) 

where the spherical harmonics { y } 
tm m=-t, ••• ,t generate a subspace 

of l:f t invariant under rotations. The projection rf onto the 

subspace is given by (2.43). Using we obtained the 

orthogonal decomposition of the Hamiltonian H as: H = 
00 

L t9 Ht • The operators H~ possess the rotational symmetry of 
t=O 



124 

H since the symmetry group of H is isomorphic to S0(3). Thus, on 

· ~ kO 
each factor space 7T i' Hi ' possesses the same rotational symmetry 

group as H. Hence we can define the projection onto the 

subspace #. 0 
1 ,,~~, 

of as we did on H : 

R, 

I 
m=-R, 

ER, 
i,m'm' (2R,+1) I xi R,(g)T(g)dg 

S0(3) ' 

We then have the decomposition: 

(6.17) 

Therefore, for the operator Hik,O on ~i' we have: 

(6.18) 

where 
k,O 

H. o 
1,,~~, 

H k,O 
i 

is the ith factor space intermediate operator on the 

subspace corresponding to angular momentum R,. From section 2.2, 

D' was the set of functions in C
00 

(IR3 ' tJ ) that are finite 
0 
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linear combinations of products R~ (r) 0 Y1 m(8 ,cp) and 11 = 

L2(~+,r2dr)QP Kt' where ~ is the eigenspace corresponding to 

R, • Hk,O 
i,R. 

is the same as the operator 

D'n L 
R, 

where 

From (6.18), we see (Reed and Simon [58]) that the spectra of 

Hik,O consists of the sum of the spectra of the component operators 

that operate on each R, subspace: 

(6.19) 

Thus the spectrum on each # i for the intermediate operator H k,O 
i 

can be found, in principle, by solving the intermediate problem for 

the operator (6.10) for every value of R, and then adding the 

spectra according to (6.19). 

the eigenvalue problem for 

In practice, however, we need to solve 

k 0 H. ' for only a few values of R, , 
1 

depending on the particular term of interest. 

The discrete spectrum for Hk,O is produced by applying the 

Aufbau principle in accordance with the Pauli exclusion principle. 

This means that we calculate the energies from equation (2.27) that 

are allowed by the Pauli principle. We have seen that for operators 

of the same type as Hk,O, the imposition of the Pauli principle 

amounted to having a specific configuration scheme describing the 
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state of interest. The configuration schemes that will be of primary 

computational interest to us are those of the ground state. These 

are well known [67]. 

Hhen we wish to form intermediate problems using Hk,O as 

the base problem operator, we will have to determine all of the 

possible terms that can be built from a particular configuration 

scheme. For configuration schemes consisting of inequivalent 

electrons, this is done by applying the general rule for addition of 

angular momenta (equation (2.81». Use of this rule for 

configurations containing equivalent electrons, however, will produce 

states not allowed by the Pauli principle. In general, if a 

configuration consists of several groups of equivalent electrons, it 

is necessary to first find the allowed terms of each group 

separately, and then to find the terms of the complete configuration 

scheme by the addition rule. The construction of properly 

symmetrized, coupled eigenfunctions of the base operator Hk,O 

corresponding to these terms then follows. This procedure is rather 

tedious and only rather simple cases will be worked out in this 

thesis (see section 6.4). 

The remainder of the chapter is devoted to the explicit 

formation of base problems of the type discussed above. 
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6.3 Useful Potentials for the Construction of the Base Problem 

There is an entire class of potentials for which the radial 

Schrodinger equation may be solved for the ~ = 0 case. These are 

the Eckart potentials [54]. They have the general form: 

-ria -ria 
(6.20) V(r) V e V __ ~e __ -. __ ~ 

1 I+ce-r/a + 2 (l+ce-r/a)2 ' 

where VI' V2 , c, and a are constants. Two particularly special 

cases of these potentials are the exponential potential, 

corresponding to VI = -Va and V2 = c = a: 

(6.21) V (r) 
e 

-ria - V e a 

and the Hulthen potential, which corresponds to the choices VI 

-Va' c = -1, and V2 = a: 

(6.22) 
-ria 

e 
- Va -ria· 

I-e 
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The exponential potential has physical relevance because, for 

appropriate choices of the paramenters v0 and a, we can 

approximate the Thomas-Fermi potential by such a function (see 

section 5.2 and Csavinszky [23]). The Hulthen potential has been 

used for an approximate atomic potential by scattering theorists for 

many years [54]. Furthermore, with the proper choices of v0 , it can 

be made to satisfy the desirable asymptotic properties (equation 

(2.7)) for the central field approximation. Because of this 

property, the Hulthen potential will be the potential that we use for 

computations. 

The choice of ~(r) which corresponds to one of these 

potentials is given by: 

(6.23) ~ (r) = ~ + V(r) 
r 

The resulting equation to be solved on each factor space for t 0 

is given by A~ = E~, where A is given in (6.9). It will be 

convenient to rewrite (6.9) as: 

(6.24) 1 1 d
2 

- [- - ( r~ ) ] + V ( r )~ = E ~ , 
2 r dr2 
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where e: = e: - A is the eigenvalue of A with corresponding 

eigenfunction ~· The methods of solving (6.24) for the potentials 

(6.21) and (6.22) are given in Flugge [28]. The reader is referred 

to FlUgge for the details of solving (6.24) with the potential 

(6.21). We will now proceed to solve (6.24) for the Hulthen 

potential case in detail. We will continue to suppress the i 

subscript until we have solved (6.24). 

Substitution of the Hulthen potential into (6.23) yields for 

(6.24) the eigenvalue problem: 

(6.25) 
1 1 d2 -r/a 

- 2 [ - -2 (rep ) ] - V 0 e -rIa ~ = e: ep ' 
r dr 1-e 

with the boundary conditions: ep(r + oo) = 0 and 

2 2 ep e: L ((O,oo),r dr) • By defining cp ( r) _ rep ( r) , setting 

r x =- , and defining the parameters: 
a 

(6.26) 2 
(l 

2 2V 
0

a ) 0 , 



we then obtain the equation: 

(6.27) 
2- 2 ? 

.!...t.+(-a +s ... 
dx

2 

-x 
e -x) ~ = 0 • 

1-e 

Further substitution of z e-x results in the equation: 

(6.28) 
2- -

z2 q + z 1z- + (- a2 + S 2 1 :z) <P 0 , 
dz 

which is subject to the boundary conditions: 

(6.29) cf>(z+O) 0 <f>(z+1) 0 . 

- a By putting cp = z (1-z)w(z), we may transform (6.28) into the 

hypergeometric equation: 

(6.30) z(1-z)w" + [ (2a+1)-(2a+3)z]w'-(2a+1-s 
2

)w 0 , 
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which has the general solution [28]: 

(6.31) 

w(z) = c
1 2

F
1 

(a + 1 + y ,a + 1 - y, 2a + 1;z) + 

-2a 
c

2
z 

2
F

1 
(-a + 1 + y ,-a + 1 - y, -2a + 1;z) , 

where y = /a
2 

-+t3 
2 

The first boundary condition in (6.29) for 

131 

a > 0 results in the requirement that c2 = 0. By the use of the 

identities for the 2F1 functions (cf., Abramowitz and Stegun [1]), 

it may be shown [28] that the second boundary condition in (6.29) 

requires that: 

(6.32) a- y - n n = 1,2,3, ••• , 

with the corresponding unnormalized solutions of (6.27) given by: 

(6.33) q>(x) 
"""ClX -x -x 

e (1-e )
2

F
1

(2a+1+n,1-n,2a+1;e ) . 
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Thus, from (6.33), we see that the hypergeometric series 

solutions reduce to polynomials in the variable -x e • From (6.32), 

we find that: 

(6.34) 

0 2 ) n2 so that for a ) 0, we must satisfy the condition ~ in order 

for eigenvalues to occur. This condition also determines the number 

of eigenvalues for a given potential well depth. From the 

definitions of a 2 and s2 , we can now write the equation for the 

nth eigenvalue of (6.25): 

(6.35) € 
n 

Choosing the Hulth~n potential for a central field potential always 

results in a net upward shift of the energy levels from the Coulomb 

problem alone. Indeed, the choice of v0 which satisfies the 

requirement that the potential (6.22) behave as the Coulomb potential 

-Z/r at the origin is v0 = Z/a. When substituted into (6.35), we 
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obtain: - _i_ + ~ - n2 > z2 - --- , where the latter term is 
2n2 2a 8a2 2n

2 

the nth eigenvalue of the corresponding hydrogenic potential. The 

inequality holds because of the requirement that 

2Za ) n
2 

2 2 e > n , i.e., that 

From (6.35) we obtain the eigenvalues of A: 

(6.36) 

where A is given by (6.4): 

1 { 2 oo 2 z2 
oo 2 

A = 2N Z I 0 [x ' ( r)] dr + 2 I 0 [x " ( r)] dr + N 1-1} • 
ll 

We now proceed to calculate A • 

For the Hulthen potential (6.22) and neutral atoms (N=Z), we 

first determine x(r): 

(6.37) r 
x(r) = z~(r) 

v0r -r/a 
= 1- _____ e __ ~-

Z l-e-r/a • 

Differentiation of x(r) gives: 



v0 -r/a -r/a 
X' (r) = -Z [ - e + (E-) _e_-r--=-

1_e-r/a a (1-e-r/a)2 

2 -r/a v0 
- e 

X "(r) = - [ _a_~-
Z ( 1-e-r/a)2 

-r/a re 2 -2r/a 
re ] ----- . 

a2(1-e-r/a)3 

An antiderivative of the first integral in A is: 

(6.38) 
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2 
_ 2 r + __ r _ _,,----- r 2 2 1 re-r/adr 

----;-:----=-3 -6 ra - 3a J -r/a 
3 2a(1-e-r/a)2 

a I } , 
3(1-e-r a) 

3a(1-e-r a) 1-e 

while an antiderivative of the second integral in A is: 
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(6.39) 

2 
2 vo 6 

J [x " ( r) ] dr { ----.----=-
= z2a 5(1-e-r/a) 2 

4 + 
5(1-e-r/a)3 

23r r 1 

15a(1-e-r/a)2 + 1Sa- 15(1-e-r/a) 

2 
8r + ___ r_--,--

5a(1-e-r/a)4 2a2 (1-e-r/a) 2 

-r/a -r/a 
2 

2 
_1_ J _re_--=-_ dr + re + ~--r----:---:-
1Sa2 1-e-r/a 1Sa(1-e-r/a) a 2 (1-e -r/a)4 

From these antiderivatives, we obtain: 

(6.40) 

(6.41) 
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The value of ~ is given by: 

(6.42) ( 2Z ) 1 I 3 [ J 0 oo [x " ( r) ] 2 d r ] 1 I 3 • 

Substitution of (6.40), (6.41), and (6.42) into A yields: 

(6.43) 
1 5 2 2 zvo 213 1 2 113 

A = 2Z { ( 6 - ~ 8) v o a + ( ---::0 ( 6 - ~ o) 
2 I a 

2 2 
2Z v 0 1 I 3 1 n 2 1 I 3 

+ ( a ) ( 6 - 90) } • 

Thus, for v0 = Zla, we have the energy level equation for the 

eigenvalue problem A <f> = £ <f> : 
n n n 

2 2 2 2 
£ = _ ~ ( 2Za -n ) _ _!_ { ( ~ _ ~) ~ + 

n a 2 n' 22 a 2Z 6 18 a 

(6.44) 

which simplifies to: 



(6.45) e: 
n 

z2 n2 z 
= - -2-- -2- + 2a (l-A) ' 

2n 8a 

where A (not to be confused with an eigenvalue - it has no 

superscripts or subscripts) is given by: 

(6.46) ( 
~ - n 2 ~ + 3 ( 2Z ) -2 I 3 1 n 2 1 I 3 
6 18J ( 6 - 90) 

From (6.45), we see that A= ZAI2a • The eigenfunction that 

corresponds to the eigenvalue £ 
n 

is: 

r -a 
n a 

(6.47) <f>n = Nn _e_r __ (1-;rla) 2F~(2a +1+n,1-n,2a +1;e 
... n n 

r 
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where Nn is the normalization constant for <P • The normalization 
n 

integral is J 0
00 

l<t>n(r)l
2

r 2dr, so that for each n we have the 

normalization condition: 

-2a r r r 

( 6 . 4 8) N n 2 J 
0 

00 

e n a ( 1-e- ; ) 2 
2 
F 

1
2 ( 2a n + 1 +n, 1-n, 2a n + 1 ; e a) d r 1 • 
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The constants Nn are calculated for the first few eigenvectors of 

A in Appendix A.4. The value of a is given by: 
n 

(6.49) a 
n 

2Za-n2 

2n 
= 

Za 
n 

n 
2 

If we wish to construct a potential with k eigenvectors, we 

simply set ak+l = 0. The value of a given by this condition will 

then yield k bound states with energies less than zero. Hence, we 

may adjust the size of the potential so that it contains the minimum 

number of states necessary to obtain a rigorous lower bound to the 

original base problem eigenvalue. Such adjustments are made by 

varying the value of the length parameter a. The value of a, or 

equivalently, the minimum number of states, must be carefully 

determined so that the eigenvectors obtained from the intermediate 

problems H k,OW k,O = A. k,OW k,O "have room" to lie in the 
i i i i 

potential. This means that we must construct a potential well deep 

enough to comply with the Pauli exclusion principle. 

The purpose of the above precaution becomes evident when we 

try to choose the constant a so that the total energy in the 

t = 0 subspace, determined by adding the energies given by (6.45), 
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is a maximum. Except in the cases where the ground state lower bound 

can be completely determined from the t = 0 subspace solutions (i.e., 

for small Z), the optimizing value of a is too small. That is to 

say, for these values of a, there is insufficient room in the 

potential for the bound states that occur from solving the 

intermediate problems on the t * 0 subspaces. This last statement 

may be verified by using the formulas given below. 

We now finish the base problem by applying the method of the 

2 + 2 previous section. On L (~, ri dri)' we have the intermediate 

problem Hk,O l/Jk,O =A. k,Ol/Jk,O. 
i ,t i i i . 

(6 .50) - .!. (....!_ ~ r 2 _d_ )'llk,O 
2 2 dri i dr. i 

ri 1 

z 
a 

-r.ia 
1 

e Wk,O A W~,O 
-r./a i - 1 

1 
1-e 

The techniques for solving this eigenvalue problem are provided 

Chapter 3. Since 
-k 

/2r
2 

is a multiplication t operator, its 

in 

inverse is simply 2 
-2r /kt • This means that the method of special 

choice is particularly easy for the problem (6.50). For this reason, 

we will use the method of special choice instead of truncation (see 

section 3.3). 
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Let us summarize the procedure for the eigenvalue problem 

(6.50). The computational results obtained by using the Hulthen 

potential are given in the next section. 

The special choice vectors are given by: 

(6.51) 2r2 
p n Jl, (Jl, + 1) <f> n, n=l, 2, ••. , k , 

where <f>n is given in (6.47). Also needed are the matrix elements: 

(6.52) (p ,<f> ) 
n n 

Once we have calculated the elements bnm of the matrix inverse to 

that formed from the inner products (6.52), we then determine the 

roots of the equation: 

(6.53) det [ (£ - A k ' 0 ) o + b J 
n nm nm 

0 , 1 ( n,m ( k • 

We have now determined all of the eigenvalues of H~:~ ; they are 

either the roots A~,O of (6.53) or eigenvalues £ whose 
n 

corresponding eigenfunctions ~ were not used in (6.51). ·.y n 

eigenvectors belonging to the roots A k,O 
j 

are given by: 

k 
(6.54) L 

m=l 

The 



where each A
'*'m 

defines a by (6.51), and the coefficients 

are determined by the equations: 

(6.55) 
k 
I [ (t: - >.. k' 0 )o + b ]a ( j) 

m=1 n mn mn m 
0, 1 ( n ( k • 
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The programs BASEPROB and EIGENVALUE provided in Appendix A.4 

were written by the author to calculate the eigenpairs 

(E , Wk,O ) • Using these programs, one may obtain the eigenvalues n i ,! , n 

£ n for the values of ! necessary to form the ground state and 

several of the excited states for the atoms Z=3 (lithium) to Z=30 

(zinc). EIGENVALUE also provides the eigenvector coefficients 

necessary to form the eigenvectors w~'? according to (6.54) that 
1 ,~ ,n 

correspond to the £ • 
n 

With the eigenpairs (E , ~ki,? ), we may construct the total n ,~ ,n 

eigenfunctions of the configurations desired by following the methods 

of Chapter 2. As an example, wavefunctions corresponding to a couple 

of states of beryllium (Z=4) are provided in the next section. 



6.4 Computational Results for the New Base Problem 
using the Hulthen Potential 
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In this section, we will present some of the computational 

results for the new base problem using the Hulthen potential. An 

explanation of how to determine the ground state and excited state 

energies will be given, along with a tabulation of the lower bound 

energies for the standard atomic ground state configurations. 

Energies not tabulated are readily obtainable from the output of the 

programs provided in Appendix A.4. In addition. we will demonstrate 

how to determine the lower bound energies and their corresponding 

eigenfunctions for a particular example, the beryllium atom. 

The Pauli exclusion principle provides us with the knowledge 

of how many levels are required to form certain states for a central 

potential. Recall from equation (6.49), that to construct the 

adjusted Hulthen potential Vh(r) - A with k levels, we must set the 

value of a equal to: 

(6.56) a = 
(k+l )2 

2Z ' k 2,3, ••• 

We will now show that, by varying the scale parameter a, or, 

equivalently, the number of levels k, we may adjust the potential so 

that the total energy corresponding to a given configuration is a 

maximum. Consider the cases of lithium and beryllium. In the S 

subspace, we merely add up the total energies (according to (2.27» 

determined by the ground state configurations ls228 1 and 1s2282 , 
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respectively, and then maximize these energies with respect to a. 

Unfortunately, this method runs into trouble as soon as we try to 

determine the energies for configurations possessing nonzero ~ 

states. In these cases we must construct a potential which will 

accomodate all of the levels corresponding to a configuration. For 

the case of a central potential, and also for the case of when we are 

only finding lower bounds to the nonzero ~ states, the hydrogenic 

configuration scheme that is commonly accepted (see [20]) may not be 

adhered to. This means a trial and error method of first choosing a 

and then calculating the single particle energies Enp, End' ••• , n 

2,3, ••• , is necessary. Practice has shmm that there is a simple 

guideline to follow for the first several atoms (Z i 20). The ground 

state energies for these atoms may always be calculated if we choose 

at least Ie levels when the energies Ekp ' Ie = 2,3, ••• , are required. 

For the Ekd energies, more levels may be required, since the 3d 

states may lie above the 4s states, for instance. This is due to the 

well-known fact that, for central potentials, the energies order 

themselves according to the sum n. + ~ (see Weissbluth [72], pg. 

393). A 2p state must still lie above a 2s state, hm.;rever, because 

I 
one adds the positive centrifugal energy -z to the particle 

r 
described by the 2s state. This can be proven for the base problem 

potential by applying the monotonicity principle (see Appendix A.I) 

to the original radial equation (6.8). Thus, for the new base 

problem, the calculation of a lower bound to a 2p state which lies 
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below a 2s state means that the lower bound calculation has not 

yielded a highly accurate lower bound, i.e., it cannot be due to the 

fact that we are using a central potential. Such a situation can be 

remedied though, because we can ahvays return to the hydrogenic 

configuration scheme with the new base problem. This is done by 

choosing the parameter a (or, equivalently, the number of levels) 

large enough. This is because the central potential for the base 

problem in this limit returns to the Coulomb potential, i.e., 

-~-+~(r) -I\. z 
r a 

- rIa e 

I
-rIa 

- e 

Z 
r 

as a + 00. 

Rigorous lower bounds to the energies for the standard ground 

state configurations of the atoms lithium (Z = 3) through zinc (Z = 

30) are given in Table 2 on page 1"15'. The lower bounds were 

calculated using the programs in Appendix A.4 on a Data General 

Eclipse S230 using double precision (about 15 significant figures). 

Several test cases indicated roundoff error did not amount to the 

loss of more than 5 significant figures using the eigenvalue -

eigenvector package provided. Table 2 displays the lower bound 

values rounded off to eight decimal places and compares them with 

Hartree-Fock upper bounds, rounded off to six places (as in the 

reference), for the same configurations. The source for the H8rtree-

Focle data was the Atomic Data and Nuclear Data Tables [25]. 



TABLE 2. 

BASE PRU~LEM LO~ER BOUNDS VS. hARTREE-FOCK JPPER HOUNDS 

ALL ENERGIES ARE IN ATD~IC U~ITS 

ATO~ LO~ER BOUND UPPER BOUND 

Z: 3 

l= 4 

Z= 5 

Z: b 

Z: 7 

l= 8 

Z= 9 

Z=10 

l=ll 

Z=12 

Z=13 

Z=14 

Z=15 

Z=l6 

·-9.2242056 

-17.673473 

-30.567295 

-47,588024 

-•17.13'3783 

•l3U,79535 

-171.13049 

-213,45266 

-258,55118 

-310,01191 

•3o7.13o39 

-7,43273 

-37,65970 

•5!.!.29o20 

-128.54700 

-lo1.ci5900 

•241,87700 

-340,64900 

-397,47901) 

A TO~ LOwER 80U··JO UPPC.R t:30UI'.D 

Z=17 -574.73853 

Z=18 -oso. 762'J2 

Z=19 -768.29558 

Z:20 -857.72265 -676.75801) 

Z=21 -759.73600 

Z=22 -1065.3'::11.15 

Z=23 -1179,2312 •Y42,80400 

Z=24 -1043.1400 

Z=25 •1427.8360 

Z=26 

Z=27 -1705.2156 -1381.3100 

Z=2ti -1855,o5rH -1506.8200 

Z=29 -2012.5311 - 1 b 3 8 • q b ll 0 

l=30 -2177.7777 -1777,8500 
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TABLE 3. 

GROUND STATE ATOMIC ENERGY TABLE (IN ATOMIC UNITS) 

ATO~ BASEPRQtjLE~ UPPER dOUND P~EVIOUS L8 THOMAS•FER~'<'I M'fOROGENIC 

----------·· ----------- ·----------
____ .. _______ 

-----·----
l= 3 -9,22 •7,iJ3 •9,98 •10.10 

Z= '4 •17,67 •14,60 •19,50 •20,00 

l= 5 -30,60 •24,50 •32,90 •3LI,iJO 

Z= b •iJ7,60 •37.70 •50,30 •5/J,OO 

l= 7 •o9,60 -54,30 ·72,10 -79,60 

l= 8 -97,10 •7'-'.80 •98,"'0 •112.00 

l= 9 -131,00 •99,LIO •130,00 •152.00 

Z=lO •171.00 •129,00 •164,00 •166,00 •200,00 

Z=11 -213.00 •1b2,00 •207,00 •249,00 

Z=12 -259.00 -200.00 •253,00 •304,00 

l=13 -310,00 •2iJ2.00 •305,00 •366,00 

Z=14 •3o7.00 •289,00 -363,00 •436,00 

Z=15 •430,00 -341,00 •427,00 •512.00 

Z=to -499,00 -397,00 •496,00 •597,00 

l=l7 -575,00 -<.459,00 -571,00 •690,00 

l=l8 •657,00 -527.00 •653,00 •792.00 

Z::t9 -768.00 •599.00 •740,00 •89/J,OO 

Z=20 •1:357,00 -677.00 •793.00 •835,00 •1000,00 

Z=21 -958,00 •760,00 -935.00 -1130,00 

l=22 -1060.00 •848,00 -1040,00 •121.40,00 

Z=23 -1180,00 •943,00 •1160,00 •1360,00 

Z=24 -1300,00 -1040.00 •1280,00 •1iJ80,00 

Z=25 -1430,00 •1150.00 •1400,00 •1oOO,OO 

Z=26 •1560,00 •1260.00 •1540,00 -1730,00 

Z=27 -1710.00 -1380.00 •1680,00 •1870,00 

Z=28 •1860,()0 -1510.00 •1830.00 -2010,00 

l=29 •2010.00 •1o40.00 •1990.00 -2160.00 

Z=30 -2180,00 -1780.00 •2150,00 •2310.00 
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On page 146,the bounds mentioned above are again listed, 

along with the Thomas-Fermi energies, the pr~viously calculated lower 

bounds (section 5.2), and the energies of the hydrogenic base problem 

for the cases Z = 3 to Z = 30. All of these values have been rounded 

off to three decimal places, consistent with the accuracy of the 

previously calculated lower bounds from (40], [69]. The references 

for these values were given at the end of section 5.2. 

We now consider in detail the example of the beryllium 

atom. Table 4 on page 148 lists the base problem output for this 

case. The number of levels indicates the value of k. For each value 

of k, there is a list of eigenvalues, normalization constants, and 

eigenvector coefficients. The eigenvalues En and A~,O , k = 2,3,4, 

of equations (6.45) and (6.50) are relabeled for convenience in terms 

of the shell designation (n,~). The normalization constants N(n) 

given in the table are the constants N in (6.47). The eigenvector 
n 

coefficients 
( . ) 

a J 
m 

, m = 1, ••• ,k., of the jth eigenvector given by 

(6.54) have also been relabeled. The shell designation (n,~) 

identifies the j index value and the second index in each 

ALPHA(~;m) is them value. Of course, all the values in the table 

were calculated in double precision and then rounded off to eight 

decimal places. 

To illustrate the relabeling, let k = 4 (4 levels), for 

instance. Then the eigenvector corresponding to the single particle 

energy E(2p) is given by: 



TAHLE 'l, 

A SAMPLE OF THE dASE PROBLE~ OUTPUf: 
E!GEN~ALUES A~0 E!GE~VECTOR COEFFICIENTS FOR THE BERYLLIU~ ATOM 

E(n, I) IS THE EIGENVALUE OF THE (n, 1) SHELL (IN A,LJ,) 

N(n) IS THE NOR~ALIZATION CONSTANT FOR THE n•TH S•STATE EIGENVECTOR 

A L? H A ( n 1 ; k ) I S THE K - T H E I G E ·~ V E C T 0 R C 0 E F F 1 C I E .-.J r F 0 R T rl E:. C n , 1 ) SHE L L 

T~O LEVELS: EC1s) = •7,3408400 

------ EC2s) = -1.6371364 
E(2p) = •1.9617673 
EC3o) = -1.1701956 
,'IJ(l) = 154,91933 
,\1(2) = 8,6399327 

THREE LEVELS: E(ls) : -7.6049169 

------ EC2s) = •1,6986670 
EC3s) = •,74380587 
EC2p) = ·2,2890295 
N(l) : 31,937439 
N(2) : 38,340579 
N(3) : 5,2736957 

FOUR LEVELS: E(ls) : •7,7399469 
------ EC2s) = •1.7783469 

EC3s) = -.73123576 
EC4s) = •,431946~7 
EC2pJ = •1,6205851 
EC3o) : •,97136406 
EC4p) : •,41990362 
NCl) = 49,9599e4 
N(2) : 100,33709 
N(3) : 12,351058 
N(4) : 1,1866642 

ALPHA(2o;1) : 0,90463327 
ALPHA(2p;2) : 0,42619087 
ALPHA(3p;1) : 0,42619087 
ALPHA(3p;2) : •,90463327 

ALPHA(2p;l) : 0,12964067 
ALPHA(2p;2) : •,78597067 
ALPHA(2p;3) : 0.60451916 

ALPHA(2oil) : -,42039616 
ALPHA(2p;2) : •,84253112 
ALPHA(2p;3) : 0,33669947 
ALPHA(2p;4) = 0,00646874 
ALPHA(Sp;1) : •,46285809 
ALPHA(3p;2) : 0,51825935 
ALPHA(3p;3) : 0,71909709 
ALPHA(3p;4) : ·,00830741 
ALPHA(4p;l) : -.00433955 
ALPHA(4p;2) : -,00873005 
ALPHA(4oi3) : •,00805303 
ALPHA(4oi4) : •,99992005 
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~4,0 
2p = 

4 

I 
m=l 

ALPHA(2p;m) ~ m (-.42039616)~1 

+ (-.84253112) ~2 + (0.33669947) ~3 + (0.00646874) ~4 ' 

where the ~i's, i = 1,2,3,4, are given by equation (6.47). 
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With the data provided by Table 4, we may now calculate lower 

bounds to the energies corresponding to various beryllium 

configurations. Some of these lower bounds, or base problem 

energies, are tabulated in Table 5 on pages 150-151. Superscripts in 

the configurations are indicated in parentheses, so that, for 

instance, the configuration ls22s22pl is written in the table as 

ls(2)2s(l)2p(l). The least point of the essential spectrum in the 

independent particle approximation is determined by allowing a 

particle in the outermost shell of the ground state configuration to 

become ionized. For the base problem, this means we replace an 

outermost particle's energy in the ground state by ~ and then 

calculate the resulting total energy, E1p. These values are also 

given, for each value of k, in Table 5. 

For the case of 4 levels, we have listed all the 

configurations possessing energies that lie below E1p. Notice that 

in this case the energies have ordered themselves according to the 

hydrogenic configuration scheme, as expected from remarks made 

earlier. In such cases, the lowest energy that may be calculated 



TABLE S. 

COMPARISON OF SO~E BERYLL!U~ ~ASE PROBLEM ENERGIES FOk DIFFERENT LEVELS 

T~O LEVELS: 1s(2)2s(2) 

EClsl=-7.3408400 
EC2sl=-1.o37131l~ 

TOTAL ENE~GY:-17.955953 

1s(2)2s(1)2p(1) 

EClsl=-7.3408400 
EC2sl=·1.o371364 
E(2p):•1.9617673 
TOTAL ENERGY:-18.280584 

LEAST POINT OF ESSENTIAL SPECTRU~ 

THREE LEVELS: ls(2l2s(2) 

EClsl=•7.o049169 
EC2sl=-l.o986670 
TOTAL ENE~GY:-18.607168 

ls{2)2p(2) 

E(lsl=-7.6049169 
ECZsl=-2.2890294 
TOTAL ENE~GY:-19.787893 

1sC2)2s(l)2p(l) 

EC1sl=•7.6049lh9 
EC2sl=·1.6986670 
EC2P)=·2.2890294 
TOTAL ENERGY:-19.197530 

ls(2)2s(1)3s(1) 

EC1sl=-7.oLJ09169 
E(2sl=-1.6986o70 
EC3sl=·0.74385087 
TOTAL ENERGY:-17.652307 

LEAST POir~T OF ESSENTIAL SPECTRUM 

-17.338669 

-17.482168 
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TABLt: S, (CONT,) 

FOUR LEVELS: 1s(2)2s(2) 

E(ls)=~7.7399469 

E(2s)=•L,7783469 
TOTAL ENERGY:-19,035563 

ls(2)2s(l)2p(1) 

ECls)=-7,7399469 
E(2s)=-1.7783469 
EC2p):•l,b205851 
TOTAL E~ERGY:·l~.878826 

1sC2J2p(2) 

ECls):-7,7399469 
EC2p):•l,b205851 
TUTAL ENERGY:-18,72106~ 

ls(2)2s(1)3s(l) 

ECls)=-7.7399469 
EC2s)=•l.7783469 
EC3s):•Q,7312357 
TOTAL E~ERGY:-17,989476 

ls(2)2p(1)3s(1) 

E(ls):•7,7399469 
EC2p):•t,6205851 
EC3sJ=-o. 7312357 
TOTAL ENERGY:-17,831715 

LEAST POI~T OF ESSENTIAL SPECTRUM 

151 

-17.625483 
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will always have the standard atomic ground state configuration. 

Thus possible confusion in the base problem model caused by the 

evaluation of inadequate lower bounds to the nonzero t states will 

have been eliminated. 

We must now construct the wavefunctions for the base 

problem. The construction of multiplet wave functions (i.e., those 

belonging to particular terms 2S+lL), from Chapter 2, involves the 

coupling of angular momenta and antisymmetrization. Since we are 

dealing with only four electrons in this example, we will produce a 

couple of the wavefunctions in the most direct way possible, using 

the methods of sections 2.3 and 2.4. For larger atomic systems, a 

more sophisticated approach is necessary (cf. Sobelman [67], Chapter 

5 and Lowdin [51], pgs 966-976). When writing down the 

eigenfunctions of J and Jz, where J is L or S, we will use the 

notation of Chapter 2. 

First, in the scheme where we couple angular momenta 

pairwise, in order to antisymmetrize eigenfunctions ~~J , of J and 

Jz, we may apply the symmetrization or antisymmetrization operators: 

(6.57) 
1 

12 

where P1z interchanges the coordinates of particles 1 and 2. The 

sequence for constructing the wavefunctions for the base problem from 

the spin orbitals ~nR.ms = <t>~ 0 (r) YR.m(e ,<f>)F,;(s) is then as follows: 
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(1) construct eigenfunctions of s2 and Sz and then apply 1B and tt to 

s s 
form functions 'l' H 0 and 'l' M Q. which are symmetric and 

s '0 l s, 
antisymmetric, respectively; (2) construct eigenfunctions of L2 and 

L L 
Lz and then apply t3 and t2. to form functions 'l' M_ .._and 'l' M Q.; (3) 

_L,..,. L' 

finally, construct an antisymmetric wave function from the results of 

( 1) and (2). Of course, to form eigenfunctions of J and J , we use z 

equation (2.85) of section 2.4. The only business remaining before 

we can form the base problem wavefunctions is to determine which 

terms are possible for each configuration. We will not discuss this 

technique here, but refer the reader to Condon and Shortley [20]. 

Referring to the four level case in Table 5 (page 151), 

consider the configurations ls 22s 2 (the ground state) and ls 22p2 • 

For the configuration ls 22s 2 , the only term possible is 1s, which 

means that L = S = 0. For this term, we first consider just the 

closed shell ls 2 • If we let the subscription ~i(s) indicate that 

particle i has spin s (where s positive indicates spin up and s 

negative indicates spin down), then we may form the antisymmetric 

spin function: 

0 
'l' 0 a. 

' 
2 

There are three different symmetric spin functions. The function 

= 'l'o 
0 

is symmetric, i.e., 0 
'l' 0,~. 



Thus, the resulting wavefunction for 1s2 is: 

1 

; 
2 [~1<}) ~2(- }) - ~1(- }) ~2(j)J <P1s0( 1 ) 4>1s0( 2), 

which may be written as the Slater determinant: 

'¥ 2 
1s 

1 

12 
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Following a similar procedure for the 2s 2 configuration, we may then 

combine these wavefunctions to form a single Slater determinant for 

the wavefunction for the configuration ls 22s 2 : 

1 

2 r6 

00 
'¥00 a_ 

' 
1 

4> 2 s 0 ( 1 )~ 1 ( 2) 
1 

<Pzso< 2 )~ z<z) 
1 

4> 2 s 0 ( 3 )~ 3 ( 2) 
1 

4>2so< 4 )~4 <2) 
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For the configuration 1s22p2 , things are much more 

complicated. There are three terms: 1s, 3P, and 1n that may be 

formed which comply with the Pauli exclusion principle. There are 15 

different wave functions for this configuration; 9 of them for the 

term 3p, 6 of them for the term 1n, and only one for the term 1s. 

Since one compares eigenvalues that lie in the same subspace, we will 

give here only the wavefunction corresponding to the 1s term for the 

configuration 1s22p2. It is the wavefunction for the first excited 

state of the beryllium base problem that lies in the S subspace. We 

obtain: 

'¥ 
1s 

2
2p 2 

00 
'¥ 00 a. , 

1 
<P 1 s 0 ( 1 )~ 1 ( 2) 

1 
<P 1 s 0 ( 1 )~ (- 2) 

1 
<P 2pl ( 1 )~ 1 (2) 

1 
<P 2p-1 ( 2 )~ 1 (- 2) 

1 1 1 1 
1 <P 1 s 0 ( 2 )~ 2 ( 2) <P 1 s 0 ( 2 )~ 2 (- 2) <P 2p 1 ( 2 )~ 2 ( 2) <P2p-1 ( 2 )~2<- 2) 

6 1 
<P 1 s 0 ( 3 )~ 3 ( 2) 

1 
<P 1 s 0 ( 3 )~ 3 (- 2) 

1 
<P 2pl ( 3 )~ 3 ( 2) 

1 
<P2p-1( 3 )~3<- 2) 

1 
<P 1 s 0 ( 4 )~ 4 ( 2) 

1 
<P 1 s 0 ( 4 )~ 4 (- 2) 

1 
<P 2 p 1 ( 4 )~ 4 ( 2) 

1 
<P2p-1( 4 )~4(- 2) 

1 
<P !sO ( 1 )~ 1 (2) 

1 
<P1so ( 1 )~ 1 (- 2) 

1 
<P 2 pl ( 1 )~ 1 (- 2) 

1 
<P2p-1 ( 1 )~ 1 (2) 

1 
<P 1so <2 )~ 2 <z) 1 

<P1s0(2 )~2(- 2) 
1 

<P2pl( 2 )~2(- z) 1 
<P2p-1 (I)~ 2 <z) 

1 
<P 1 s 0 ( 3 )~ 3 ( 2) 

1 
<P 1 s 0 ( 3 )~ 3 (- 2) 

1 
<~>2p1 < 3 )~3<- 2) 

1 
<P 2 p -1 ( 3 )~ 1 ( 2) 

1 1 1 
<I> 2p-l ( 4 )S 4 ( t) <P 1 s 0 ( 4 )~ 4 ( 2) <P 1 s 0 ( 4 )~ 4 (- 2) <I> 2 p 1 ( 4 )~ 4 (- 2) 
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1 
<P1s0( 1 )~1 (2) 

1 
<P1s0( 1 )~1 (- z) 

1 
<~> zpo <1 )~ 1 <z-) 

1 
<Pzpo( 1 )~1 (- z) 

1 1 1 1 
<P1sO(Z)~2 (2) <P1sO(Z)~2(- z) <Pzpo< 2 )~z <z) <Pzpo(Z)~z<- z) 

1 
<P1s0( 3 )~3(2) 

1 
<P1so< 3 )~3(- z) 

1 
<P 2p0 <3 )~ 3 (-2) 

1 
<~>zpo< 3 )~3<- z) 

<P1s0( 4 )~ (.!_) 1 1 1 
2 <P1s0( 4 )~4 (- 2) <Pzpo< 4 )~4(2) <Pzpo< 4 )~4 <- 2) 

where <P 1 (i) = <j>_0 (ri) Y0 (8.,<j>.), i = 1, ••• ,4. 
n m u1v ~m 1 1 



CHAPTER 7 

INTERMEDIATE PROBLEMS WITH THE NEW BASE PROBLEM 

7.1 Construction of the New Intermediate Operators 
using the Fox-Aronszajn Method 

We have the Hamiltonian: 

-
H 

where H0 is the base problem operator whose resolution gave rigorous 

lower bounds to the eigenvalues of the operator: 

In H 

N 
(7.1) I 

i=l 

(7.2) H' 

N 

I 
i=l 

[- l V 2 - ~ + ~(;.) - A] 
2 i r. 1 

1 

we have the operators: 

N 

I 1 

i(j 
+ 

157 

N 
{NA - L 

i=l 

+ 1 
<I>(r.)J • 

l 

and 
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In this section, we will construct intermediate operators which have 

eigenvalues that are lower bounds to the eigenvalues of H and 

therefore to those of H = H~ + H' • 

Two important points should be made about the way H' is 

expressed in (7.2). First, although H' is a nonnegative operator, 

the single particle terms on the right hand side of (7.2), in 

general, are not. For the purpose of formulating intermediate 

operators, this would complicate matters (but not invalidate their 

use, see section 3.1). Secondly, it is desirable to express H' in a 

form which is clearly invariant with respect to coordinate 

permutations, so that the intermediate operators possess the proper 

Pauli reducing spaces. A convenient way to circumvent these two 

difficulties is to write H' as the following pairwise sum: 

N 
(7.3) H' = I 

i(j 

N 

I 
i(j 

H •• ' 1J 

N -1 
I v iJ" [H ~ . @ ( <& I ) ]V .. 

i(j 1J m 1J 
m t- i,j 

H' is a nonnegative, symmetric, and closeable operator defined on a 

dense domain D(H')C~. Hence, from Chapter 3, we know that if the 

least point of the essential spectrum of the base problem lies above 

an upper bound for the first point of the discrete spectrum of H, 
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(here His the original Hamiltonian, i.e., not H), then a standard 

Aronszajn-type projection could be applied directly to approximate 

the least eigenvalue of H. However, since this does not occur for 

any choice of base problem to date, we need to use the infinite rank 

(Fox-Aronszajn) procedure as described in Chapter 4. 

The multiplication operator H!. in (6.3) is symmetric and 
1J 

closeable on a dense domain D(Hfj) :: Dij C If i €) Hj. Depending on 

the values of the parameters Z and a, i.e., on the particular atom of 

interest and the number of levels used in the base problem, Hfj may 

or may not be nonnegative. As demonstrated in Appendix A.S, it can 

always be made nonnegative by the addition of a number y, which is in 

turn subtracted from the base problem. This results in the 

subtraction of the number 1 2 N(N-1)y from the base problem 

eigenvalue. For the case of neutral atoms, this is unnecessary for 

the first few atoms, and is a rather small number in comparison with 

the magnitude of the base problem eigenvalues for most of the rest of 

them. For a tabulation of the values of y, see Appendix A.S. 

Finally, by [57], the operator 

adjoint on a core 

A 

H~. 
1J 

is essentially self-

We now have enough 

mathematical machinery to construct intermediate operators. Recall 

how we approximate the operator Hfj , densely defined in~, by 

using the method of special choice. We use a family of vectors 

{p
1
. tJ.} n of the form (H' .)-1('¥0 €) '¥0

) in the pairwise factor 
N iJ l.1 \) 

spaces lfi ® lfj, where '¥~ and '¥~ are eigenvectors of the base 
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problem. The resolution of the problem then proceeds in similar 

fashion to the theory outlined in section 4.2. However, there are 

drawbacks in using the method of special choice with the new base 

problem. First, we only have a few eigenvectors corresponding to the 

discrete spectrum to work with if we choose a so that the energy of 

the given configuration is a maximum. Secondly, the method of 

special choice lacks the convergence criteria needed to calculate 

-arbitrarily accurate lower bounds to the eigenvalues of H [12]. 

Consequently, we will construct comparison operators using the method 

of truncation including the operator (Section 3.2 and [12]). 

Let E0 (A) be the spectral family associated with H0 and let 

be the eigenvalues of H0 that lie below a (H0
) 

ess 

[E1 p,oo) , where E1 p is the least point of the essential spectrum of 

H0 • We order the eigenvalues of H0 in a nondecreasing sequence 

, o , o Ao 
Al ( A2 ( ••• ( k ~ Recall that when H0 is of class~, 

the truncation of order n of H0 may be expressed in terms of the 

eigenvalues 

(7.4) H0 'n 

A0 and corresponding orthonormal eigenvectors 
ll 

+ 

'¥
0 as: 
ll 

Also recall that Ho,n is a bounded self-adjoint operator on ~ which 

is the same as H0 on U = E0 (A~+l)~ , and any subspace of ~ which 

contains U will be a reducing space for no,n. In (7.4), the base 
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problem eigenpairs ( I. o '!'o) 
ll' ll 

that will be used are those obtained in 

Chapter 6. 

Because we wish to minimize our loss of spectral information 

from the base problem, we will modify the method of truncation as it 

is presented in section 3.2. We will include the truncation 

remainder H0 'n (section 3.2) in our analysis [31]. As a result, we 

may write the Hamiltonian H as: 

-(7.5) H where: 

( 7. 6) 
N -1 L Vi [ H~ 'n ® ( <&) I ) ] V. 

i=1 m * i m 1 

N 

I 
i=1 

is the truncation operator defined in terms of its truncation part 

operators H~,n on the factor spaces ~i. The truncation remainder 

H o,n , which is an unbounded self-adjoint operator, has a 

decomposition similar to that in (7.6). 

We are now ready to construct intermediate operators. We 

begin by choosing two sets of vectors 
k co 

{q }k=1 and { fl, }co which 

generate the finite dimensional subspaces: 

sp {qk} 
- k=l, ... ,a 

s -p ij 

pij fl,=1 , 

fl, 
sp {pi.} 

- 2=1, ••• , B J 
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where, in our applications, B will be chosen the same for different 

pairs i, j. We have that ~a C D(H0
) C f+ for each a and that 

1J' ~. C D(Hi' . ) C N-i ® H. for each B , where 1 ~ i < j < N. In 
1J J J 

order to easily resolve the spectral problems to be constructed, we 

further require that: 

and 

where ra and rre are subspaces of ~ , each of which is expressible 

as the span of a finite number of known vectors of ~. 

We can now define the projections associated with the 

a 4') e 
subspaces -=> and cr .. 

'-\ 1J 
as follows: 

and B 
P •. 

1J #. @ If. + fPiB. ' 
1 J J 

where Qa is orthogonal with respect to H0 'n and Pfj is orthogonal 

with respect to H!. . With these projections, we can form the 
1J 

operators H0 'n Qa and H! .P~ .• 
1J 1J 

The operators H! .P~. 
1J 1J 

are 

symmetric and defined everywhere on Hi (&) Hj, so that by the 

Hellinger-Toeplitz theorem, they are bounded and therefore self-

adjoint. Furthermore, if M is any subspace of Ari containing 

IT B , then H l j Pi~ (M @ M) C M ® M and 

Hj_jP~j (M @ M)l C Hj_jP~j (ITS @ ITS)l = 0 • Thus, any 



163 

subspace of ~ i (8> H j containing ITS ® ITS is a reducing space 

for Hi' .P~. 
J 1J 
The operators H0 'nQa have unique, bounded self-adjoint 

extensions on~, again by the Hellinger-Toeplitz theorem. Clearly, 

any subspace containing ra is a reducing space for H0 'nQa • 

The action of the operators -o,n a d , S i H Q an H •• P •• on vectors n 
1J 1J 

their respective domains can be easily written down using the 

constructions of Chapter 3. For instance, the action of H! .PiS. 
1J J 

on 

a vector u £ #i ® Hj, using the family of vectors 

given by: 

9, 8i. 
{pij}Jl,=r , is 

s . . 
(7.7) = 

1J 9, 

I (u,H!. piJ.) b9,q HiJ·P{J. 
R,,q=l 1J 

where b9,q is the Gram matrix and 

9, s s 
R(Hfj pij) C IT (8) IT • 

With the above families of finite rank operators, we can 

construct families of noncompact operators by using the projections: 

(7.8a) 

(7.8b) 

a 
Q i 

" s 
p .. 

1J 

-1[ a v. Q. ® ( ® r ) ] vi 
1 1 m *i m 

m *i,j 
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where 1 ~ i < j < N • These projections are defined on the whole 

Hilbert space II = 1+1 0 ® J::I..N, so that we may define 

- A A As 
H~ ,n Q~ and H~ .Pi. 
~ ~ ~J J on the noncompact perturbing operators 

orders a and B, respectively. With these operators, we finally 

define the family of intermediate operators: 

(7.9) -naB 
H 

N 
Ho,n + L 

i=1 

N 

2: 
i(j 

The operators in (7.9) are clearly bounded, self-adjoint, 

smaller than H , and increasing in the parameters n, a, and B· 

Since iinaB possesses both permutational and rotational symmetry, 

of 

i.e., it commutes with the operators S(a), T(g), and V(a) defined 

in section 2.3, it is reduced by the same rotationally invariant 

Pauli subspaces as H • Thus, -naS H decomposes with respect to 

these symmetries the same way that H does. This fact turns out to be 

very useful in the subsequent analysis of the next section. For now, 

we work out the demonstration that the family of operators (7.9) are 

computationally resolvable. To do this, we elaborate on the material 

discussed in section 4.2. 

We begin by defining the subspace: 

( 7 .1 0) 
~ naB _ a B 
'''-* = s p {U, r , II } 
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and then construct subspaces of~ expressible in the form: 

(7.11) M 

where '71 i either equals ;nnaS or its orthogonal complement 
Yn naS 

1 . As in Fox [31], the subspace M is said to be of type r, 

denoted by Mr, if it contains f factors 171naS • There are 

( N ) 
r 

different subspaces of this type. 

Since ln. naS QV /!lnaB is a subspace containing 

rr 13 ® rr 8 , it reduces ~naS 
furthermore, ''' also 

reduces Ho,n and H0 'nQa , so that every term in the sum defining 

HnaB is reduced by a subspace of the form Mr. Therefore, 

is reduced by them. This means that the subspaces in (7.11) 

decompose lrinto a complete family of 2N orthogonal reducing 

-naB H 

spaces. Since the spaces )t i' 1 ~ i ~ N, are all copies of each 

other, there are (N) isomorphic copies of Mr. Consequently, the r 

restrictions of llnaB to them are unitarily equivalent, which means 

that any reduction of unaS to a subspace of a given type is 

isomorphic to the reduction of HnaS to any other subspace of the 

same type. From this, we see that it is sufficient to analyze -naB 
H 

on each of the N+1 subspaces M of distinct type, since one can then 

resolve HnaB on the others using the unitary equivalence. Since 

the factor operators maintain the symmetries of the original 
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operator, we may further reduce the intermediate operators to the 

physically realizable subspaces of the subspaces M. The details of 

this procedure are given in the next section. 

To assist one's intuition, a more physical description of the 

above discussion can be given [34]. Let Mr 
i,j, 

be the subspace 

(7.11) of type r with 7l i' 7lj equal to m_naS and with 

7?k mnaS 
1 

for k * i 'j' ••• . If we think of an arbitrary state 

'lJi contained in #-i as describing a particle, then Mr 
i, j ••• is 

the subspace of ~ with r particles, where particles i,j, ••• , 

etc. lie in the subspaces )??naS and the other particles (if any) 

)??naS lie in , '{ 
1 

• Since each factor space can be expressed as: 

(7.12) k-JnaS ~JnnaS i=l ,,, i 1 \XI i , , ... , N , 

we can write out ~ as: 
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(7.13) 

~ "'11M netS) ~ ( "1Nt netS R-. ~ net~ "1oM netS 6C\ n.. ~netS) 
••• \!JI ''' N 1 W ''t1 1 ~ "' 2 u ,,,_ 3 1 ~ ••• ~ "' N 1 

M31 2 3 G) • . . (±) MN1 • 
' ' , ••• ,N 

The direct sum in (7.13) shows explicitly the 2N orthogonal 

reducing spaces described earlier. Now, define number operators (see 

[34]) as follows: 



"""'naB N+ _ number of particles in the subspace ,,~ 

""""'naS N __ number of particles in the subspace ,,~ 
1 

N _ number of particles in ~ 

168 

Since HnaS commutes with N+ and N_, it follows that the number 

of particles in each subspace ?'n. naS and 11t naS is conserved. 
1 

This 

is the equivalent physical description of the mathematical fact that 

the above decomposition of Af is into N+l distinct types of 

reducing spaces, namely N , M • 

As explained in section 4.2, we can determine the spectra of 

Hna8 by resolving the spectral problem on each of the factor 

spaces. The resolution of the factor operators on each of the 

spaces Mr splits into two parts by the separation of variables. 

One part has a known spectral resolution and other part is on a 

finite dimensional space. We finish this section by showing this in 

greater detail. 

On the single subspace of type 0, M0 , HnaS reduces to the 

o ~naS operator H ,n, because for ~i E '~i 
1 

, the part operator 

o n Hi' satisfies: 

scalar multiple 

each term 

>..~+lwi , so that Ho,n reduces to the 

Subspaces of type 1 are easy, since on MI 

vanishes. Consequently, -naS H reduces to a 

factor operator H0 'n + H0 'nQa on 1tt naG , which is isomorphic to a 
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matrix operator, and to 
o n ..,_, nat3 

Hi' on the other spaces ''~k 1 , k :/: i, 

each of which again give the scalar multiple 
0 

An+l • 

On the (~ ) subspaces of type 2, M2, the spectral problems 

begin to yield information beyond that obtainable from the base 

problem. Hnat3 now essentially reduces to the factor operator: 

-naB 
H •• 
l,J 

_ H0 'n® I. + I.® H~,n + H' pf3 
i J 1 J ij ij 

on the finite dimensional space nt naB .e-.. m. naS 
i Viii j 

the spectral problem for Rna~ on /li ® H-J., 
i,J 

-naB 
H •• ~iJ. l,J 

The resolution of 

where ,,, ""'- naS IC\ m, naS 
o/ij E "'i ~ j ' is thus equivalent to diagonalizing a 

matrix. On the remaining factor spaces, llnaB reduces to the scalar 

multiple 0 
(N-2):An+l • We continue this procedure for every possible 

type of reducing space. For the (N ) subspaces Mr, separation of 
r 

variables yields a factor operator defined on a r-fold tensor product 

of ~naS and a trivial factor which reduces to scalar 

multiplication by 0 
(N-r) An+l The nontrivial factor operator is 

equivalent to a matrix of rank Dr, where D =dim ~naB, so that it 

may be resolved by solving an eigenvalue problem on a finite 



dimensional space. 
-naS 

On the unique reducing space of type N, H 
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reduces to an explicitly resolvable finite rank operator, i.e., one 

only needs to solve the finite matrix eigenvalue problem: 

-naS N 
H ~ = A~, where ~ £ M • 

It is important to observe before closing this section that 

along the way to resolving -naS H , the matrix eigenvalue computations 

will also resolve intermediate ion Hamiltonians, 

1 ' ~ ( Z-1, defined as for 
-naS 
H , from the Hamiltonians: 

-
(7.14) H(~) 

0 .R, 

H( D) + I 
N i<j 

where is the base problem operator for particles, and 

1 ' .R, ( Z-1. The eigenvalues for the operators in (7.14) will be 

rigorous lower bounds to the corresponding eigenvalues of the 

operators [12]: 

.R, 
.!_ '1/2 z 

H(.R,) I [- - -+ ~(t1 ) - A] 
2 i r. 1=1 l. 

(7.15) .R, 

I 1 1 , + + ) 2A J + [I+ + I ~-1 L~(ri) + ~(rj) + .R,-1 . 
i(j r -r 

i j 



7.2 Determination of the Physically Realizable Spectra 

In the previous section, we explained how to resolve the 

intermediate operators HnaS of equation (7.9) on the reducing 

subspaces M, but we didn't give the details of the reduction of 

HnaS onto the physically realizable subspaces of M. In this 

171 

section, we will explain how to determine the physically realizable 

spectra of -naS H , given an important assumption. Let PPR be a 

projection onto a physically realizable subspace of~- We will 

assume that, in the process of resolving the intermediate operator 

unaSp , the least point of the essential spectrum of the physical 
PR 

Hamiltonian HnaSPPR will be moved above the eigenvalue for which we 

desire a lower bound. Comments about this assumption will be made at 

the end of this section. 

The physically realizable states of an atomic system 

described by the Hamiltonian HnaS are the (2S + 1)(21 + 1) 

a given term 2S+1L • This is because 

SL 
~M M that correspond to 

S L -naS H has the same symmetry 

antisymmetric combinations of the functions 

group as the original Hamiltonian: 

H 

From the results of section 2.3, we found the functions ~SL may be 
Ms~ 



expressed in the form: 

(7.16) - L, ••• , L 

- s, ... , s 

where 
SL 
~kML is the spatial eigenfunction of HnaS belonging to 

A(S)(o) = E(i)(o) the kth row of the associated representation 
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"-~ and the spin function fkM belongs to the kth row of the adjoint 
s 

representation A(S)*(o) • In (7.16), the quantum numbers m,~ of 

section 2.3 are now relabeled as ML, M5 • Physically realizable 

states which are linear combinations of functions of the type (7.16) 

were constructed in section 6.4 for two different configurations of 

the beryllium base problem. Both of these eigenfunctions belong to 

the term ls. Before explaining how to reduce the operator -naS H , we 

first digress to explain how this problem has been treated and 

applied using the group theoretic approach in a simplified setting. 

In the procedure used by Fox and Sigillito [32] on the radial 

lithium problem (see section 4.3), the subspaces of functions were 

only radially dependent. This means that they could avoid the 

complexities that occur in treating angular momenta. They were able 

to reduce their intermediate Hamiltonians (formed to calculate lower 

bounds to the eigenvalues of the Hamiltonian HR of section 4.3) 

onto the Pauli subspaces of L2 (~3N). These reducing subspaces were 
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described entirely in terms of the associated representations of the 

symmetric group SN (of course, N=3 for lithium). Since each 

equivalence class of associated representations is in a one-to-one 

correspondence with the value of the total spin S (more accurately 

called the "multiplet system" S, since the term spin is usually 

associated with angular momentum), Fox and Sigillito used S to 

characterize the Pauli subspaces for each class. Having a matrix 

(i) ei 
expression {Ek2 (o)}k, 2=l of the class of representations 

equivalent to an irreducible representation of of dimension 

2 
they then constructed the ei operators i Pk

2 
defined as in equation 

(2.49). The operators P~k were then orthogonal projections of 

L 2 (~3N) onto the ei mutually orthogonal isomorphic subspaces 

JJ.k i H rr i = Pkk • Since the original Hamiltonian H commutes with each 

Pt2 , the subs paces # ~ were reducing for H. Thus, by the 

results of section 2.3, the restrictions of H to each were 

unitarily equivalent to each other, so that only one spectral 

analysis of H was necessary for each class of irreducible 

representations of s3 • Since the radial projection PR of section 

4.3 commutes with each Pt2, the radial subspaces PR H~ were 

reducing for the radial Hamiltonian HR = PRHPR • Using the partial 

isometries restricted to R (the radial subspace of 12(~9)), 

the restrictions HR to PR H ~ and to PR # ~ were then unitarily 

equivalent. 
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With the above information, Fox and Sigillito constructed the 

Pauli subspaces for each Mr using the partial isometries 

restricted to R. They then resolved the intermediate operators 

HkR on each of the Pauli subspaces of the reducing subspaces of 

type r, taking advantage of the above mentioned equivalences. 

Let us temporarily ignore spin and consider the resolution of 

the intermediate Hamiltonians Hna8 in (7.9) on the physically 

realizable subspaces of L2 (m3N). This problem can be treated in a 

manner similar to what Fox and Sigillito did with radial lithium by 

using the results of Chapter 2. In order to do this, we now have to 

reduce the -naB H onto the subspaces of 1 2 (lR3N) belonging to the 

irreducible representations of the symmetry group S0(3) x C(3) x SN. 

These reducing subspaces, formed from the solutions of the base 

problem (without the spin factors), may be described in terms of the 

E(i)(o) x D(~)(g) x R given in section 2.3. 
y 

representations He 

will call these reducing subspaces "rotationally invariant Pauli 

subspaces". 

Each equivalence class of the associated representations of 

S0(3) x C(3) x SN is in a one-to-one correspondence with a triple 

(S,L,y) (Wigner [73], pg. 182), where S is the multiplet system, 

L is the total angular momentum, and y is the parity. Thus, we 

may use a triple (S,L,y) to characterize the rotationally invariant 

Pauli subspaces of each class. The next step consists of forming the 

matrix expressions {E~!)(o)} x {D~~~(g)} x Ry' which are equivalent 
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to the irreducible representations of S0(3) x C(3) x SN' and then 

constructing the 
2 2 

2ei(2t+l) Partial isometries Qity = 
ksm'm 

Pi Et R , for each value of i, t, and y necessary. The ks m'm y 

operators Qity are therefore the orthogonal projections of kkmm 

L2 (~3N) onto the 2(2t+l)ei mutually orthogonal isomorphic 

JJ_ km 
subspaces ~ ity (see section 2.3). 

In order to reduce the operator HnaS on the subspaces 

it is important to realize that the subspaces Mr by themselves are 

not invariant under projections onto the rotationally invariant Pauli 

subspaces, unless r is either zero or N. Let ~ denote the kth 

subspace of type r. It is the span of all subspaces of type r, 

r r 
sp N {Mk} _ M 

k=l' ••• ' ( ) r 

which is invariant. Thus the appropriate reducing subspaces for 

-naB H are the rotationally invariant Pauli subspaces of the spaces 

r 
M • Nevertheless, the analysis is performed most easily by solving 

the spectral problem for -naS 
H on one of the subspaces (k 

fixed) and then obtaining the resolution on the others by using the 

fact that the subspaces # km reduce -naS That is, since the iR.y H . 
restrictions of 

-naS 
each subspace u km unitarily H to 

iR.y 
are 

equivalent to each other, only one spectral analysis of -naS H is 
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necessary for each class (S,L,y) of the irreducible representations 

of S0(3) X C(3) X s . 
N 

We then combine the spectral analyses on the 

equivalent subspaces to obtain that on their span Mr 

finally project onto the rotationally invariant Pauli subspaces of 

Mr 

and 

Clearly the above mentioned resolution procedure is extremely 

complicated and we didn't discuss how to handle the inclusion of spin 

in the problem. For the reduction of -naB 
H onto the physically 

realizable subspaces, spin must be taken into account. Using the 

group theoretic technique, we would have to reduce the Hamiltonian 

-naB 
H that belong to the 

irreducible representations of the symmetry group 

SU(2) x C(3) x SN, and then construct the appropriate partial 

isometries, etc., needed to resolve -naB H • Although such a 

procedure could be performed, it is obvious that a less cumbersome 

method is desired. Working with the new base problem, there is an 

equivalent, alternate approach to determining the physically 

realizable spectra of -naB H , which we now present. 

We will take advantage of the following important facts in 

simplifying the procedure of reducing -naB 
H • First, in the presence 

of full symmetry (i.e., including spin), we can restrict our 

considerations to only the antisymmetric subspaces of L2(~3N) ~ 

t 2 (K), as opposed to using both symmetric and antisymmetric basis 

vectors in the reducing subspaces. Second, since we are dealing with 
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determinantal wavefunctions, we will find it convenient to use 

Lowdin's projection operator formalism (section 2.4) instead of the 

group theoretical operators as constructed above. Recall that these 

two approaches have been demonstrated to be equivalent [16]. 

Finally, the base problem we use enables us to construct 

eigenfunctions belonging to terms 2S+lL associated with each base 

problem configuration at the beginning of the application of the Fox-

Aronszajn technique. Since our resolution procedure involves 

"tracking" functions belonging to specific symmetry classes, this 

will reduce the dimension of the resulting finite dimensional 

eigenvalue problems. The hydrogenic base problem, on the other hand, 

has the so-called "accidental degeneracy" problem, which makes such 

tracking very difficult. The hydrogenic base problem has eigenvalues 

which are degenerate with respect to the quantum number ~. In order 

to identify eigenfunctions belonging to a given symmetry class, it 

would be necessary to construct mutually orthogonal basis vectors in 

each n-eigenspace prior to doing intermediate problems of the type we 

have discussed. This degeneracy problem has long plagued the 

resolution of spectra using the upper bound methods, as well. 

We begin the method by choosing the projecting families 

{qk}~=l C L
2

(1R3 ) @t
2

(K) and {p:j}~~l C [L 2 (JR3)® 

~2 (K)] @ [L2 (JR3) ® ~2 (K)], with the constraint that 

sp
2 

{H! .p~} C. rrS (&) rrS, where rrS is a S-dimensional subspace with an 
s lJ 

explicitly known basis {tv}S which includes spin. It will also 
v=l' 
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be desirable to choose these families to satisfy density hypotheses 

(se~ Appendix A.2) in order to satisfy the criteria required for the 

convergence of the Fox-Aronszajn method. Essentially, we require 

that {tv} be dense in L2(:JR3)@ t 2 (K) and that {qk} be dense in 

w2, 2 (IR3) €) t 2 (K), where "12, 2 is the Sobolev space with norm 

[ 2 J jnjwj 2d3x] 1/ 2 [57]. With these choices, we define the 
ljl~2 

subspace 1't naS :: sp {U, reX, ITS}, where ITS is given above and 

rCl = sp {~o,nqk}. 
k=1, ••• ,a 

We next construct the subspaces Mr by forming the 

products 1l 1 @ ••• @ "l N as described in the last section, and then 

antisymmetrize the basis vectors of the r-fold tensor product spaces 

7lt naS ® · · · ® 1n.naS using the antisymmetrization operator a = 
1 

(N!)- 2 L~(o) (section 2.5). We continue by resolving the 
0 

appropriate factor operator on a subspace for some k, which 

results in solving a matrix eigenvalue problem of dimension 

r (n+a+S) • Using the unitary equivalence of the subspaces 

~, k=1, ••• , (~ ), we then obtain the resolution of -naS H on 

Mr Finally, we project the solutions we have obtained on Mr 

onto the eigenspace corresponding to a given term 2S+1L by using 

the Lowdin projection operators 

= -S, ••• , S, where the projection operators 

and 

OJM were given in 
J 

section 2.4. Thus, for the orbital angular momentum L, we have the 

operators: 



(L~)! 
(2L+1 ) 

L
MAX

- L L-ML+ v L-ML+ v 
L_ L+ 

I (-1) v -------
v=o v! (2L+v+1)! 

For a given N, a simple formula for the highest quantum 
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number ~AX (consistent with the Pauli principle) which occurs in 

(7.17) is: 

N even 
(7.18) LMAX 

N odd 

For the spin angular momentum, we have 

It is not necessary to use the formula (7.17) for all of 

the ML values directly'. It is computationally more expedient to 

consider the principal case ML = L, which gives: 

(2L+1) ! 
LMAX-L LV LV 

v - + I (-1) v!(2L+v+1)!' 
v=O 

and then to express the operators L_, L+ in terms of one-electron 

operators ~+ and ~ as: 
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L 

The raising and lowering operators £+ and £_ satisfy the 

equations (2.88). He then apply the projection 0LL directly to the 

linear combinations obtained from resolving 
-naS 
H on and 

compute the other compo~ents with the use of the operators L_. The 

reader is referred to [51] for the details of how to construct the 

matrix representations of the projections 0LH
L

' 0SM
S

' and for 

examples of how to apply them. 

The eigenvalues of Hn~S on the physically realizable 

subspaces of r-{ are of infinite multiplicity if r"* N. As a 

result, the spectral information obtained from resolving iinaS 

these subs paces of r M , r=O,I, ••• ,N-I, determines the physical 

on 

essential spectrum, crP (tinaS ), completely. Now, we are primarily 
ess 

concerned with the movement of the least point of the essential 

spectrum, inf cr!ss (HnaS
), above the eigenvalue to which we wish to 

find a lower bound. Consequently, only the lowest eigenvalue 

belonging to the proper symmetry class for the first N eigenvalue 

problems needs to be computed (r = O,I, ••• ,N-l). All of the 

eigenvalues of HnaS of finite multiplicity are computed by the 

resolution of I-InaS th N on e space lor • Thus, given the assumption 

about the movement of inf cr
P (HnaB ), the physically realizable 
ess 



eigenstates of HnaS are determined from the projections onto the 

proper symmetry class of the eigenfunctions of 
-naS 
H on MN. 

The use of the term "proper symmetry class" in the above 
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paragraph obviously refers to which particular (S,L) antisymmetric 

subspace we are interested in. For the case of closed shell and 

closed shell ±1 (i.e., one electron more or less than a closed shell 

configuration), the term corresponding to the ground state is obvious 

from the angular momentum coupling rules. Let such a term be 

2S'+l1 ,. Since the ground state is nondegenerate, identification of 

the ground state lower bound simply requires determining the lowest 

eigenvalue of HnaS in the (S',L') antisymmetric subspace of 

MN. Unfortunately, identification of which term corresponds to the 

ground state for a general open shell configuration is much more 

difficult. This is because there are several different terms that 

correspond to such a configuration and there is no a priori reason to 

argue which term corresponds to the ground state. If one suspends 

the notion that shell structure is essential to understanding the 

spectra of atoms described by the Hamiltonian H (a somewhat 

distasteful idea to physicists), one in principle can mathematically 

determine the ground state by finding the lowest eigenvalue of any of 

the possible symmetry classes. Of course, this rather pragmatic 

alternative has the difficulty of having to compute all such 

eigenvalues. 
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Finally, a reminder is necessary about the assumption of the 

movement of inf op (HnaS). Recall that the resolution of the 
ess 

operators yields lower bounds to the operator IT = H0 + H' < 

H. Thus, although we may determine fairly accurate lower bounds 

using the operator H (especially in the cases of the larger atoms, 

where the base problem ground state energy is already very nearly the 

Thomas-Fermi energy), further computations to improve the base 

problem eigenvalues will probably be required in order to move 

inf ~p (H-naS) b · 1 f H f h" h d . 
v a ove an e1genva ue o L or w 1c we es1re a 
ess 

lower bound. 

7.3 Computations Necessary for a Particular Example: 
The Beryllium Atom 

The purpose of this section is to illustrate the kind of 

computations that are necessary in order to apply the theory of the 

last two sections to an actual example. We will use the neutral 

beryllium atom (Z=4) as an example, since we have already resolved 

the base problem operator for this case in Chapter 6. In order to 

determine the analytical behavior of the base problem eigenfunctions, 

we will begin by explicitly computing some of the spatial orbitals 

for beryllium. The normalized spherical harmonics that are used are 

given in [72]. 

Consider the case of 4 levels (k=4). From (6.47), the 

spatial eigenfunctions corresponding to the S-wave (t=O) single 

particle energies Ens' n=l,2,3,4, are: 



E3s <P3 

E4s <P4 

r 

a) 1 

/4n 

96 
-- r 

(49.959984) r-1 [e 25 

fu 

104 
--r 

_ e 25 J 

r r r 
- a - -(a +1)- 2a2+3 

= N(2) r-1 [e 2 a_ e 2 a] [1 _ e a] 

/4n 2~B 

21 29 37 

(
100._33709) -1 - 25 r 58 - 25 r 33 - 25 r 

r [e -- e +- e ] 
/4n 25 25 

- <P - 1JJ4,0 
3s0 3s (r) Yoo (S,<f>) 

64 88 
12.351058) -1 - 7s r -- r 

( r e e 75 J 
f4TT 

8 16 

. [1 
56 -25r 217 -Er] 

- T9 e + 209 e 

<P4s0 = 
,4,0 (r) Yoo (e,q,) - '¥4s 
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9 17 
--r --r 

(1.1866642) r-1 [e 25 _ e 25 ] 

f4TI 

8 
s7 - zsr 2871 

• [ 1- TIe + 442 e 

16 
zsr 24 

11803 e - zst-"] 
1547 

184 

The hypergeometric functions in the above formulas are given 

by the finite series formula [1]: 

where (a) 
n 

r 

2F1 (2ak + 1 + k, 1- k, 2~+ 1; e a) 

k-1 
I 

n=O 

(2ak + 1 + k)n(1 - k)n 

(2~ + 1)n 
e 

nr 
a 

a(a + 1) (a+ 2) ••• (a+ n- 1) and (a) _ 1 • 
0 

The Enp energies are, for each n, three-fold degenerate 

because of the different possible values of the magnetic quantum 

number m. The orbitals corresponding to any particular configuration 

are automatically orthogonal, however, because of the orthogonality 

of the spherical harmonics. For example, corresponding to the 2p 

energy, we have the three eigenstates: 

4 
( I ALPHA(2p;m) ~m) Y11 

m=1 
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[(-.42039616)~1 + (-.84253112)~2 + (0.33669947)~3 

+ (0.00646874)~4 ] [-/J ei~ sine ] 

~2p0 '"24p,o(r) Y (e ~) 
'I' 10 , 't' = 

( I ALPHA(2p;m)~m) [J4! cos e] 
m=1 

4 13 i ( I ALPHA(2p;l!l) ~ ) [ ~~-8 - e- ~ sin e J 
m=1 m n 

Similar formulas hold for the eigenfunctions belonging to the 3p and 

4p energies. 

In spite of the fact that the use of the method of special 

choice has the limitations discussed in section 7.1, there is at 

least one advantage in using it. That is, with the computation of 

the base problem eigenfunctions complete, we would have all the 
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information necessary to proceed with the calculations. We would 

choose the family of vectors 
R, 

{pij}R, in (7.7) to be of the form 

(Hi'.)-1 
('¥

0 (8) '¥
0

) in the pairwise factor spaces lfi ® l::fJ .• 
J ll \) 

Herein, Hij is given by (7.3) and the '¥: and '¥~ are eigenvectors 

formed from spin orbitals (using the above spatial orbitals) as in 

Chapter 6. From (7.7), we see that the calculation of primary 

difficulty for the use of special choice is the Gram matrix: 

(7.19) 

where the inner product includes summations over the spin factors 

(section 2.3 and [20]). The eigenvectors in (7.19) are essentially 

linear combinations of products of spin orbitals. Therefore, if we 

assume that the spin factors have already been summed over, then the 

evaluation of the matrix elements in bR,q reduces to being able to 

do the quadratures: 

' -1 
(7.20) ((Hij) I ~n R, m 

]J,V ll ll ll 
~ , I ¢ ~ ) n R, m n ,R. ,m , n ,R. ,m , 

\) \) \) ' ' ll ll ll \) \) \) 
ll , \) 

From the form of the base problem eigenfunctions, we have that the 

vectors 
m 

p .. have the general form: 
lJ 

Nllv 
(7.21) 2 

r 

- y r. 
I e ll 1 

]J,V 
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where N is a normalization constant and the constants y and y 
ll \) 

ll \) 

depend on the values of the parameters and a. Using (7.21), the 

inner products in (7.20) may be further reduced to finite sums of the 

integrals: 

-yr. -yr. 

Joo Joo JTI Jn J2nJ2ne lJ 1e V J 
o o o o o o Yt m (ei,¢i)Y~ m (SJ.,¢J.) • 

llJ.l \)\) 

' -1 - y ,r. 
( 

j.l 1 
Hij) e e 

-(y + y ,)r. 
e 1-1 1-1 1 

-(y + y ')r. 
e v v J 
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(7.22) 

-r./a -r /a 
i 

__ 1_{L+L-~(e +e 
N-1 r. r. a -ri/a 

J )} + 2i\ ]-1 
-r ./a N-1 

1 J 1-e 1-e J 

We now consider the computational aspects of the use of the 

method of truncation including the operator. We must decide upon 

explicit choices for the projecting families k a t s2 

{q }k=1 and {pij}t=1 

used in forming the intermediate operators 
-naB H in (7.9). These 

choices are equivalent to choosing appropriate bases for the finite 

di i 1 b a d a i d . ~naS mens ona su spaces r an IT~ conta ne 1n ''( • The basis 

for ra is of the form 

explicitly known basis 

{~'nqk}~=1 , and for rrS, we require an 

v s {t }v=1 • In order to assure convergence of 

the spectra, we must further require that the vectors k v 
q , t also 

satisfy the proper density hypotheses [12], to be discussed next. 

Taking spin into account, the convergence criteria presented 

in Appendix A.2 must be modified as mentioned in the previous 

section. We will draw upon two papers by Klahn and Bingel ([46], 

[47]) to make the necessary modifications. Let the radially 
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dependent orbital set {~~(r)}:=l be complete in L2 (1R3 ); then the 
N 

set of all N-fold product functions { _rr ~~(j)(rj)}:(j)=l is 
J=l 

complete in L2 (~3N) [46]. A similar result holds for a complete set 

in w2,2(1R3). Recall that the finite set of all possible N-fold 

product functions of {a(s), S(s)} , where a(s) and S(s) are one-

particle spin functions, forms a complete set in SN (section 2.3). 

By multiplying each of these functions with each one of an N-fold 

product set generated from the basis 
00 

{ lll (r)} we will have 
T'iJ 1J=l t 

constructed the set of all possible N-fold product functions 

including spin: {~ }. By [46], if the basis {~} is complete in 
r ~ 

L2 (~3 ) or w2 , 2 (~3 ), then the set {~r) is complete in L2 (:IR3N) (8) 

.R.2(K) or w2,2(~3N) (8) .R. 2 (K), respectively. In addition, applying 

the antisymmetrization operator GZ gives the set of all Slater 

determinants that can be formed from { ~ } : { 1> } = {tl. ~ } . 
~ v r 

We 

then have the result [46], that if { '" }

00 

is complete in L2 (m3 ) or 
't'll ll=l 

w2 , 2 (1R3), then the set of all possible Slater determinants that can 

be constructed with the basis {~~} is complete in the subspace of 

all antisymmetric functions of L2 (JR3N) (&l t2(K) or w2,2(~3N) (.&) 

.R,2(K), respectively. 

It is especially convenient for us to choose bases for the 

subspaces ra and ITS consisting of spatial orbitals of the type 

~ n (r) = R n(r) Yn (8,~) , like those of the base problem 
n)l,m n.~~, .~~,m 

eigenfunctions, so that the subsequent Lowdin projection technique is 

easy to use. From [47], there is a condition on the radial functions 
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{Rn2(r)}n EI(t)' where I(t) is a set of indices for each fixed 2 = 

0,1,2, ••• , which guarantees that the orbital basis: 

(7.23) {ljJ n (r) nNm 

is complete in L2 (~3 ). This condition is that {rR (r)} I( ) nt n E R., 

must be complete in L2 (~+) for each t. In order for the orbitals in 

(7.23) to be complete in w2, 2(JR3), the sets of radial functions 

{RnR.,(r)}n EI(t) must be defined for each t = 0,1,2, ••• , such that: 

{r[c _ 1 d
2 

_ 1 d + t(t+l) ] R (r)} 
2 dr2 r dr 2r2 nt n EI(t) 

is complete in 1 2 (~+) for any C > 0 and each t = 0,1,2, •••• 

From the form of the base problem eigenfunctions, it seems 

most natural to choose Slater-type orbitals: 

a(n)+t 
Rn

2
(r) = r exp[- ~(n,t)r] 

for the radial functions in the basis {ljJ n (r)}, where ~(n,t) are 
nNm 

suitably chosen orbital exponents and the a(n) play the role of 

"generalized" total quantum numbers. In fact, in [47] the 

completeness of the basis {r2exp [-~(n,t)r] Y2m(8,~)} in L2 (m3), for 

all n ) 1, t ) 0 and lml ~ t, is demonstrated for the cases when 

the positive sequences {~(n,t)}:=l satisfy the conditions: 
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(a) {~(n,~)}:=1 has an accumulation point ~(~), 0 < ~(~) < oo , 

00 

for each~= 0,1,2, ••• , or (b) {~(n,~)}n=1 has a monotonically 

increasing subsequence 
-1 

{~(ni,~)} with I ~ (n.,~) oo, for 
ni ~ 

ni oo 

Furthermore, if the sequences {~(n,~)}n=1 each~= 0,1,2, •••• 

satisfy condition (a), then the basis 

also complete in w2,2(~3). 

~ 
{r exp [- ~(n,~)r]Y~m(6,¢)} is 

With the above specific choices for the orbitals 

w~ = wn~m , we then form the basis including spin, {~n~m} ' which 

is complete in either L 2 (~3N) ® ~2 (K) or w2 , 2 c~3N) ~ ~2 (K), or 

both, depending on which of the above conditions ((a) or (b)) is 

satisfied by the radial functions Rn~(r). Finally, we form the set 

of Slater determinants { ci\) = { a. ~n~m} , which are complete in the 

antisymmetric subspace of either L2(~3N) (?9 ~2 (K) or w2,2(JR3N) (8) 

~2 (K), or both. 

Now suppose we let 
n+a+B na8 

{um}m=l be a basis for~ consisting 

of vectors of the type above and the base problem eigenfunctions. 

Hence each Urn, m = 1, ••• , n +a+ 8, is an antisymmetrized product of 

spin orbitals. According to Beattie [13], all the matrices that are 

required to resolve HnaB (prior to projections onto the subspaces of 

a given symmetry class (S,L)) may be generated from the computation 

of the following three matrices: 



(7.24) s {(u., u.)} 
1 J 

which are lexicographically ordered. See Beattie [13] for the 

details of how to solve the resulting matrix eigenvalue problems 
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using the matrices R, S, and T. It should be mentioned that Beattie 

does not include the spin functions in his treatment of this 

resolution problem. Presumably, since the inclusion of spin results 

in simple finite sums over the spin variables in the above inner 

products (i.e., those in R, S, and T), the adjustments necessary to 

his arguments to include spin will be minor, and, more importantly, 

will not alter the structure of the resolution process. Also needed 

in the resolution process is the determination of the eigenvectors of 

H
-naB MN on • Although straightforward from the computation of R, S, 

and T, this task will, in practice, be very tedious. 

Since the elements in the basis for ??tnaB are simply 

products of spin orbitals, the evaluation of the matrix elements in 

the matrices R and S will be fairly easy. The difficult job will be 

finding the multi-dimensional integrals that occur in the matrix 
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elements of T. Ignoring the sums over the spin variables, the 

integrals that occur in these matrix elements reduce to the form: 

-(~.+ ~!)r. 
J J J 

-ri/a 
1 { ~ + L _ ?__ (e + 

N- 1 ri r. a -r./a 
J 1-e 1 

-r./a 
e J 

-r./a )} 
1-e J 

Notice that these integrals are essentially the same kind of 

integrals that arise from the use of the method of special choice 

(see (7.22)). This is an extra bonus, since the evaluation of the 

above integrals will give immediate improved lower bounds from the 

method of special choice as well as set up the resolution of 

using the above truncation method. 

-naS H 

There does not exist at present any computer code in quantum 

chemistry that can compute the integrals in (7.22) or (7.25) either 

directly or with minor modifications. However, it may be possible to 
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use iterative techniques based on perturbation theory applied to 

integrals involving the non-inverted operator Hij ([55] and a 

private communication). This method is generally used in CI methods 

and has the advantage that the integrals required can be obtained 

relatively easily. Parts of the integral may then be obtained using 

existing code by separating angular and radial parts and using the 

orthonormality properties of spherical harmonics. The resulting 

separated integrals will then either be one-dimensional or at most 

two-dimensional. The author is currently engaged with the evaluation 

of these integrals. 



APPENDICES 

A.1 Variational Techniques for Eigenvalue Approximation 

This appendix summarizes variational techniques that apply to 

operators of class ~ (see section 3.1). Operators of this class 

encompass most of those that occur in the eigenvalue problems of 

mathematical physics and engineering. The classical characterization 

of the lower eigenvalues of such operators is provided by the 

following theorem due to Rayleigh and Weber, which is given in the 

text by Weinstein and Stenger [71]: 

Theorem A.1.1 The eigenvalues of H £~are given by: 

A 
n 

min 
u ED(H) 

<Hu,u) 
(u,u) 

min <Hu,u> 
u ED(H) (u,u) 
(u,u.) = 0 

J 
j=l,2, ••• ,n-1 

where uj is an eigenvector of H corresponding to Aj• The proof of 

this theorem is also provided in [71]. 

195 



196 

Theorem A.l.l enables us to find an upper bound to the lowest 

eigenvalue of H by choosing a vector Uo £ D(H) , Iluoll = 1, and 

then calculating <Huo ' uo>. We then have the potential to improve 

the upper bound by choosing an orthonormal sequence of vectors 

{ui};=l £ D(H) and then calculating the lowest eigenvalue of the 

sequence of matrices: 
n 

{<Hui , ~{>}i,k=l ' n=l,Z, •••• 

Unfortunately, however, computing upper bounds for the higher 

eigenvalues A
Z

' A
3

, ••• requires knowing the eigenvectors of H, 

which are usually not known. 

The following result, due to Poincare+ (see [71]), improves 

on Theorem A.l.l by relating the eigenvalues of H to the eigenvalues 

of a finite-dimensional restriction of H: 

Theorem A.l.Z Let ~ be a n-dimensional subspace of D(H) and let Pn 

be the corresponding orthogonal projection onto~. Then the 

n 
nontrivial eigenvalues {Ai}i=l of PnHPn satisfy: 

This theorem is also proven in [71]. A direct consequence of these 

inequalities is the following minimax principle: 



Theorem A.1.3 The lower eigenvalues of Hare: 

A 
n 

min 
dim 'P = n 
-f:J C D(H) 

max 

ue: *' 
<Hu,u) 

<u,u) 
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With the minimax principle, we have a characterization of An which 

does not require the eigenvectors in order to characterize the 

eigenvalues. 

An alternate characterization of the lower eigenvalues of H 

is given by the well-known Courant-Weyl maximin principle: 

Theorem A .1 .4 The lower eigenvalues of H e: ~ are given by: 

A n 
max 

dim 1P n-1 
min <Hu,u) 
ue: 1P 1 <u ,u) 

This principle is usually harder to work with in practice than the 

minimax principle, because of the fact that ~ 1 is usually of 

infinite dimension. 

We have now established the theoretical basis for the 

Rayleigh-Ritz method, which is a direct procedure for computing 

nonincreasing upper bounds for an arbitrary (finite) number of 

eigenvalues for any operator of class~ • Because of its practical 

importance, we both state and prove it: 
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Theorem A.1.5 (Rayleigh-Ritz) Let aocn(H) be ann-dimensional 

subspace and let Pn be the orthogonal projection onto~. If 

( A 
n 

are the ordered eigenvalues of H, then the 

eigenvalues of PnHPnl,, ~ 1 ~ ~2 ~ ••• ~ ~n, satisfy the 

inequalities: 

1, ••. , n. 

Proof. By the maximin principle, PnHPnl, has eigenvalues given by: 

cp 

> 

max 

1, ..• , 

max 

max 

min 
u £ tP 1 

u £ [ (p1 , ••• , cf>k -1 ] 
<Hu,u) 

<u,u) 

u £ 

min 
u £ '"P 

1 
<Hu, u) 

[cp1, •• ,cpk-1] <u,u) 

<Hu,u) 
<u,u) 

max min 
u e: J)(H) 

1 
~1, ••• , ~k-1 £ * u £ [ ~1, ••• , ~k -1] 

<Hu, u) 
<u,u) 
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The third equality uses the fact that <u,P ~> = (u, ~> for u £ 7' . 
n 

In order to find the error made in approximating the 

eigenvalues of H by upper bounds to the eigenvalues, it is necessary 

to obtain complementary lower bounds to the eigenvalues. 

Unfortunately, there are severe computational difficulties involved 

with the variational procedures for obtaining lower bounds. These 

difficulties are intimately connected with the infinite 

dimensionality of the '"I' 1 used in the maximin principle. For 

details, see [12]. 

Also as a direct consequence of the maximin principle is the 

monotonicity principle: 

Theorem A.1.6 (Monotonicity Principle) Let H1 and Hz be two 

0 1 2 operators of class~ with lower eigenvalues {~i} and {~i}, 

respectively. Suppose H1 ~ H2 (i.e., D(H1 ) j D(Hz) and 

<H1u,u) ( <H2u,u) for every u £ D(H2)), then: 

~~ ( ~~ for each i . 



A.2 Convergence Results for Intermediate Problems 
of the Fox-Aronszajn Type 
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This section summarizes convergence results for the type of 

intermediate problems presented in the thesis which displace 

essential spectra, i.e., those of the Fox-Aronszajn type [31]. The 

basic references for results of this kind are c. Beattie's doctoral 

dissertation [12] and a recently presented paper [13]. We are 

particularly interested in intermediate operators of the type in 

equation (7.9): 

(A.2.1) -naS H 
N 

Ho,n + I 
i=1 

N 

I 
i(j 

For these operators, we desire the criteria necessary to guarantee 

convergence to the eigenvalues of the operator H. 
In [13], Beattie treats classes of operators which include 

operators of the type (A.2.1). He demonstrates that convergence of 

all estimates to the appropriate eigenvalues of H can be guaranteed 

by the proper choices for the families of projecting vectors used in 

(A.2.1). We now present a summary of his results. 

Beattie requires that the original Hamiltonian H be of the 

form: 



0 (A.2.2) H = H + H 
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where ~ ) 0 is a constant. He assumes that both H0 and H are 

of class ,.i. and that: ( 1) V 1 , V 2 are Ka to class potentials 

(contained in L2(~3) + [L
00

(ffi3 )]£), (2) v2 ) 0 a.e. and symmetric 

in ~3, and (3) H0 is computationally resolvable to arbitrarily 

high precision. He then forms the intermediate operators: 

= Ho,n + Ho,n Qa + HPS 

(A. 2. 3) 
(Ho,n + ijo,nQa) ® I

2 
(&) ••• ®IN+ Il ® (Ho,n + jjo,nQa) 

r,;.. ~ ~ ( o,n -o,n a) 
\;!)/ • •• ~IN + ••• + I 1 ~ I 2 \;,)' ••• ® H + H Q 

where is the pairwise operator 

L2 (~3 ), and where the projections are formed with projecting families 

{ } d {p2} qk an similar to those used in Chapter 7. He includes 

the constraint condition on the choice of {p 2} sp { 2 C 2 H •. pi.} s 1J J 

n6 ® n6 , for some S-dimensional subspace ITS c L 
2

(IR3) that has an 

explicitly known basis s {r
2

}1 • Beattie's criteria for the 

convergence of the estimates from the operators (A.2.3) to the 
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desired eigenvalues of H is that: 

(A.2.4) 

where w2,2 (m3) is the Sobolev space of order 2 [57]. There may be 

a further requirement on the family {r£} in order to assure that 

p~j E L2(m3 ) ® L2(:IR3 ); for instance, exponential decrease at 

infinity. Beattie [13] also presents suitable families of trial 

vectors which satisfy these criteria. References concerning the 

proof of convergence with the above criteria are also given in [13]. 

A.3 Abstract Separation of Variables and Tensor Products 
of Hilbert Spaces 

The following definitions and theorems are given in Reed and 

Simon [56] and Berezanski! [14]. See these references for proofs of 

the theorems. 

Definition A. 3.1 Let H 1 and /+ 2 be two Hilbert spaces with 

vectors u1,v1,••• and u 2,v2, ••• , resp. Define L as the linear 

span of the formal products u1 ® u2 , where 

= u1 ($) (A.u2) = A.(u1 (g) uz), with A. an arbitrary scalar. For elements 
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of the form u 1 (&) u 2 , the inner product in L is defined as: 

and we extend this by linearity to all of L. The completion of L 

with respect to this inner product is the tensor product of ~l 

and /:1-2 and is denoted as /4 1@ #2 • 

Theorem A.3.1 If {~k} and {¢ } 
.£. 

are orthonormal bases for the 

Hilbert spaces Nl and lfz , respectively, then {~k@ ~.£.} is 

orthonormal basis for Ill® #2. 

an 

Definition A.3.2 Let H1 and Hz be densely defined operators on 

the Hilbert spaces ~l and Af2 , respectively, and let D(H1 ) and 

D(H2 ) be their respective domains. D(H1 ) <.'&) D(H 2 ) will denote the 

set of all finite linear combinations of the products 

i j i j 
u 1 ® uz , where u1 £ D(H1 ) and uz £ D(H

2
). H1 ~Hz is defined on 

D(H1 ) {iS) D(Hz) by: 

and then extended by linearity. If H1 and Hz are closable 

operators on # 1 and # 2 , then the tensor product of H1 and 

Hz is the closure of the operator H1 (29 Hz defined on D(H1 ) @ 
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D(Hz) • The closure is also denoted by H1 @ Hz • 

Theorem A.3.Z If H1 and Hz are bounded on the Hilbert spaces 

lf1 and If Z , then f I H1 ® Hz II = II H1 II II Hz II · 

The above definitions and theorems have obvious generalizations to 

arbitrary finite tensor products of spaces and operators. 

Definition A.3.3 Let ~1 and Jfz be two Hilbert spaces and let 

H1 and Hz be operators with domains D(H1 ) and D(Hz) which are 

dense in 1+1 and lf2 , respectively. If Il and Iz are the 

identity operators in spaces #1 and #z , then the operator H 

on H1®Jfz defined by: 

is said to admit a separation of variables, i.e., H is separable 

on 

operators of H 

The operators H1 and Hz are called part 

on /::? 1 and # 2 , respectively. 

Theorem A.3.3 If the part operators H1 and Hz given above are 

self-adjoint, then the closure of H is self-adjoint. 
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Theorem A.3.4 If H1 and H2 are self-adjoint, then the self-

adjoint closure of H has resolution of the identity: 

where and are the resolutions of the identity corresponding 

to the operators H1 and Hz , respectively. The above integral 

converges in a weak sense. See [14]. Clearly, the resolutions of 

the identity corresponding to the operators H1 @ Iz and I 1 @ Hz 

are the operators 

The above results again have obvious extensions to finite 

tensor products of Hilbert spaces: # 1 ® ... ® l:fN. 

In the body of the thesis, there are defined two 

isomorphisms vi and vij , both defined on the finite tensor 

product lf1 ® ... ®fiN · Let ui s Hi, i = 1, ••• , N • Then the 

actions of Vi and Vij on a vector u = ul ~ uz ® ... ® uN s 

If 1 ® #z ® • · · (!} # n are defined by: 

V. (u
1 
® ... @ u ) 

1 N 

N 

ui ~ ( ® uJ.) 
j1:i 
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Let the operator H be separable with part operators Hi in ~i· 

Then using the operators Vi,i=l, ••• ,N, we can express the action 

of H on a vector u = u1 G) ••• ® uN as: 

Hu 
N l N 
I v- [H.®(® I.)]v.u 

i=l i 1 j*i J 1 

H 1 u 1 ® • • • (g) UN + u 1 (iC} H 2 u 2 (8) • • • {f) uN 

+ • . . + u 1 @ u 2 @ • • • €) HNuN • 

Similar expressions using the operators Vij are given in the 

thesis. 

A.4 Formulas and Programs used in the New Base Problem Computations 

This appendix consists of three programs: BASEPROB, INVERT, 

and an eigenvalue-eigenvector program called EIGENVALUE. BASEPROB 

contains the analytical results of the matrix element calculations 

necessary to resolve the base problem and then evaluates these 

results for various values of Z and N (the number of levels in the 

potential). During its execution, it calls INVERT, a subroutine 

which inverts a given matrix. INVERT, in turn, calls two standard 
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double precision library subroutines: DECOMP and SOLVE, which are 

given in the reference text Forsythe, Malcolm, and Moler [33]. 

The eigenvalue-eigenvector program used in the calculations 

was adapted from the textbook by Carnahan, Luther, and Wilkes [18]. 

It uses the Jacobi method for symmetric matrices, which is a standard 

algorithm used in resolving eigenvalue problems. Of course, all 

computations performed in EIGENVALUE were in double precision. 



C PROGRAM:BASEPRO~ 
C CALCULATION OF BASE PROBLEM PARAMETERS AND ~ATRIX ELE~ENTS 

COMPILER DOUBLE PRECISIO~ 

C THE COMPILER OOUBLE PRECISION COMMAND IS USED ON ThiS SYSTE~ 
C TO CONVERT ALL CONSTANTS , VAHIABLES , AND Llb~ARY FUNCTIONS 
C USED IN THE PROGRAM TO DOUbLE PRECISION 

REAL A(lO,lO),C(lOJ,D(lOJ,E(lO),F(lO),X,Y,P 
~EAL A!NV(10,10) 1 d(10,10),CONO,~ORK(10),SU~(l0),TOTAL(10) 
INTEGER NOI~,FLAG 

INTEGER I,J,N,K 
NO HI: 10 

C ~ IS THE ~UMBER OF LEVELS USED I~ THE BASE PROBLE~ POTENTIAL 
N:~ 

z:u.o 
DO 120 ~M:3,30 

C l IS TrlE ATOMIC NUM~EH 
Z:FLOAT(M'-1) 
. .,RITEC12,5) L 

5 FORMAT(lX,"Z:",DlO.Sl 
Y:FLOAT(N) t1 
PI=3.141592b5358979323 

C X IS THE SMALL LAMBDA VALUE 
x:((5.0/b.O)•(PI**2.0l/18.0)+((2.0**(•2.0/3.0)+2.0•*(l.0/3.0)) 

1 *((l.O/b.O)•CPI**2)/90.0)**(1.0/3.0))*Z**(•2.0/3.0) 
~~ R I T E ( 1 2 , 1 0 ) X 

10 FO~MAT(lX,"SMALL LAMBDA :",025.15) 
C F(~) ~ILL DENOTE THE VALWE OF ALPHA(K) GIVEN IN EQUATION (49) 
C IN SECTION b.3 

DO 2 0 K: 1, •'J 
F(K):((Y**2.0)/(2.0•K))•(KI2.0) 

2U CONTINUE 
DO 30 I=l,•\J 

~RITEC12,40) I,F(!l 
30 CONTINUE 
40 FOR~AT(9X,"F(",I1,"):~,020.15) 

DO 50 ·"~=lrN 
C CALCULATE THE S SU~SPACE ENERGIES: 

E(M):((Z**2.0)/CY••2.0l)•(Cl.O•X)•(FLOAT(M)**2.0/C2.0*Y•*2.0))) 
1 •CCZ•*2.0l/C2.0*FLGAT(~)*•2.0)) 

50 CONTINUE 
DO 60 I:l,•'>~ 

~HITEC12,70) I,ECil 
bO CONTINUE 
70 FORMATC9X,"L=O ENERGY:",1X,"EC",Il,"):",025.15) 

CCll=C2.0•F(2)+3.0J/C2.0•FC2l+1.0) 
CC2l=C2.0•C2.0*FC3J+4.0)l/C2.0•FC3)+1.0) 
CC3):((2.0*F(3)+4.0)•(2.0•F(3)+5.0J)/(2.0*C2.0*F(3)+l.Ol 

1 •C2.0*FC3)+2.0)) 
CC4):(3.0•C2.0•F(4)+S.O)J/(2.0•FC4)+l.Ol 
C(5):(3.0*(2.0•F(4)t5l•C2.0•F(4)+6.0)) 

1 /(2.0•C2.0•FC~l+l.0)*{2.0*F(4)+2.0)) 
C(6):((2.0*F(4)+5.0l•C2.0*F(4)+6.0)•C2.0•F(4)+7.0)) 

1 /((2.0•F(4)+1.0)*(2.0*F(4)t2.0l•C2.0•FC~l+3.0)) 
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C WE NU~ CALCULATE THE NOR~ALilATION CONSTANTS: 
0(l):(OSQRT(2,0•ZJ/Yl•CCt.0/(2,0•F(1)))•(2,0/C2,0•FCll+1,0)) 

1 +(1,0/(2,0•F(ll+2,0))l••<C·l.0)/2.0) 
0(2):(DSQRfC2,0•ZJ/Yl•CCC1,0/C2,0•FC2)))•(2.0/(2,0•FC2)+1.0)) 

1 +(1,0/(2,0*F(2l+2.0)))•2,0•C(1)•((1.0/(2,0•F(2)+1,0)) 
1 •(2,0/(2,0*F(2)+2,0))t(l,0/(2,0•F(2)+3.0)))t(C(l)**2,0) 
1 *((1,0/(2,0*FC2l+2,0l)•(2,0/(2.0•F(2)+3,0))+ 
1 (l,O/C2,0*F(2)+~,0l)ll~•<C•l.Ol/2,0) 
0(3):(~SQRT(2,0•Zl/Yl•(((l,O/C2.0•F(3)))•(2.0/(2,0*F(3)+1.0)) 

1 +(1,0/(2,0*F(3J+2.0)))•2,0*C(2)*((1,0/(2,0*F(3)+1.0)) 
1 •(2.0/(2,0*F(3)+2,0))+(1,0/(2.0•F(3)+3,0)))+(2,0*C(3) 
1 +C(2)**2.0)*((1,0/(2,0*F(3)+2,0))•(2,0/(2,0*F(3)+3,0)) 
1 tC1,0/(2,0•FC3l+~.o)))•2,0•CC2l*C(3)*((1,0/C2,0•FC3)+3,0)) 
1 •(2,0/(2,0•F(3)+4,0))+(1,0/(2,0*F(3)+5,0)l)+(C(3)**2.0) 
1 •CC1,0/(2,0•FC3)+4.0))•(2,0/(2,0•FC3)+5,0))+ 
1 (1,0/(2,0•F(3)+6,0)l))**((•l.0)/2,0) 
0(4):(DSQRT(2.0•Ll/Yl•CC(1,0/(2,0•F(4)))•(2,0/(2,0•F(4)+1,0)) 

l +(l,0/(2,0•F(4)+2,0)))•2,0•C(4)•((1.0/(2.0*F(4)+1,0)) 
1 •(2,0/(2.0•F(4)+2,0l)+(l.O/C2,0•F(4)+3,0)))+(2,0•CC5) 
1 +C(4)**2.0)*((1,0/(2,0*F(4)+2,0))•(2.0/C2.0•F(4)+3,0)) 

+(l,O/C2.0*F(4)+4,0)))•2,0*CCC4l•CC5)tC(o))* 
((l.0/(2,0•F(4)+3,0))•(2,0~(2,0•F(4)+4.0))t(l.O/C2.0 

•F(4)+5)))+(C(5l••2.0+2,0•C(J)•CC6ll•C(l,0/(2,0•F(4) 
+4,0))•(2.0/C2,0•FC4)+5,0)J+(l.O/C2.0*F(4)+o,0))) 
-2.0•CC5)*C(b)*((l,0/(2,0*F(4)+5.0))•(2.0/C2,0•FC4)+6,0)) 
+(1,0/(2,0•f(4)+7,0)))+(C(6)••2.0)•((1.0/(2,0•F(4)t6,0)) 

•(2,0/(2.0•F(4)+7,0))+(1,0/(2,0•F(4)+8,0))))**((•1,0)/2,0) 

C DEFINE T(l,J),S(I,J,K): 
T(l,J):(l.O/(C2.0•FCiltFLOAT(J))**3.0))•(2.0/CC2.0•FCil 

1 +FLOAT(J)+l,0)**3.0))+(l,0/((2.0•FCil+FLOAf(J)+2,0)**3.0)) 
S(I,J,K):(t.O/CCF(Il+F(Jl+FLOAT(K))**3•0))•(2,0/CCFCI) 

1 +F(J)+FLOAT(K)+l,0)**3,0))+(1,0/((F(!)+F(J)+FLCAT(K) 
1 +2.0)*•3.0)) 

C THE ~ATRIX ELE~E~TS A(I,Jl ARE : 
A(l,ll=(D(l)•*2.0l*(Y**o.0/(4,0•Z••3,0)l•TC1,0) 
A(2,2):(0(2l••2.0)*(Y••6,0/(4,0•Z••3,0))*(T(2,0)•2,0*C(1) 

1 •T(2,ll+(C(l)**2,0)*T(2,2)) 
~(3,3):(D(3)••2.0l•CY**6.0/(4,0*Z**3.0))*(T(3,0)•2.0•CC2) 

t •T(3,1)+2.0•CC3l•rC3,2J·2.0*CC2J•C(3J•TC3,3)+(C(2)**2.0) 
1 •TC3,2)+(C(3)••2.0l•TC3,4)) 
AC2,1):(0(2J•u(l))*(i**6.0/(4,0•Z••3,0ll•(S(2,1,0) 

1 -CCll•SC2tltl)l 
A(l,2):A(2,1) 
A(3,1):(U(3)•0(l))*(Y••o,0/(4,0•l••3,0))*(S(3,l,O)•C(2) 

1 •SC3,1,l)+C(3)*S(3,1,2)) 
A(l,3):A(3,1) 
A(3,2):(0(3)*0(2))*(Y**6.0/(4,0•Z••3,0))*(S(3,2,0) 

l •(CC2l•C(3l+C(l))*S(3,2,l)+(C(l)*C(2)•C(1)*C(3))*S(3,2,2)) 
A(2,3):A(3,2) 
A(1,4):(0(4)*D(l))*CY••6,0/(4,0*Z**3,0))*(S(4,1,0) 

1 -CC4)•SC4,l,lJtCCS)*S(4,l,2)•CC6)•S(4,l,3l) 
A(4 1 l):A(l,4) 
A(2,4):(D(4)*D(2))*(Y*•o,0/(4,0*Z**3.0))*(S(4 1 2,0) 

1 •(C(4)+C(l))*S(4,2,1)+(C(5)+C(4)•C(l))*S(4,2,2) 
l •(C(o)+CC5)•C(l))*S(4,2,3)+(C(6)•CC1))*S(4,2,4l) 
A(~ 1 2):A(2,4) 
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A(3,4):(0(4)*0(3))•CY••b.0/(4.0•Z**3.0))*(S(4,3,0) 1 •(C(4)TC(2))*S(4,3,1)+(C(5)+C(4)*CC2J+C(3))*S(4,3,2) 1 •(C(6)+C(5)*C(2l+C(4)*C(3))•S(4,3,3)+CC(6)*C(2l 1 +CC5l*C(3))*S(~,3,4)•(C(6)*C(3))*S(4,3,5J) A(4,3):A(3,4) 
A(4,~):(C(4)**2.Ul•CY••o.O/C4.0*Z**3.0))•(T(4,0) 1 •2.0*C(4)*T(4,1)+(2.0*C(S)+C(4l••2.0)*T(4,2) 1 •2.0*(C(6)+C(4)*C(5))*TC4r3)+(CC5)**2.0T2.0*C(4)*C(6)) 1 *T(4 1 4)·2.0*C(5)*C(o)*T(4,5)+CCC6)**2.0)*T(4,o)) 

DO 80 I=l,IIJ 
~RITEC12r90) I,DCil 

80 CONTINUE 
90 FOR~AT(9X,"~OHM CU~STANT:" 1 1X,"D(",I1,"):",025.15l DO 100 1=1,, ... 

DO 100 J:1,N 
~HITEC12rl10l I,J,ACI,Jl 

lOu CONTINUE 
llu FORMAT(9X,"~ATRIX ELEMENTS:",lX,"A(",Il,",",Il,"):",D25.15) CALL INVERT(NDIM,N,A,AINV,~ORK,CG~O,FLAG) .AIRITEC12tl30J COND 
130 FORMAT(9X 1 "COND:",D2S.l5) 

IFCFLAG.EQ.O) nRITEC12,140) 
140 FORMAT(9X,"MATRIX IS SINGULAR") 

IFCFLAG.EQ.OJ GU TO 120 
DO 150 I=l,N 

(JO 150 K=l,N 
~RITEC12,l60J I,K,AINV(I,Kl 

150 CONT!I'-4UE 
t o o F u"' ,-1 A T c 9 x , " F oR L = 1 : " , 1 x , " A r N v c " , r 1 , " , " r 1 , " l = " , o 2 5 • 1 s l C DIAG(I,IJ IS THE DIAGONAL ELEMENT IN THE DETERMINANT C EQUATION (53) IN SECTION 6.3 

Do 1 7 0 I = 1 , ,·~ 
Su~Cil=ECil+AINV(I,IJ 
rlHITEC12,180) I,I,SUM(I) 

170 CONTINUE 
180 FURMAT(9X,"FUR L=l:",lX,"DIAG(",Il,",",Il,"):",025.15)· l)U 190 I=1,N 

D 0 1 9 0 J: 1 , i~ 

~(I,Jl=3.0*AINVCI,Jl 
~~ITEC12,210J I,J,BCI,J) 

lqO COlHII'IUE 
210 FO~~ATC9X,"FOH L=2:",1X,"B(",I1 1 ",",Il,"):",D25.15) DO 200 I=t,N 

TOTAL(ll=ECil+B(I,IJ 
/jRITE(12,220) I,I,TOfAL(I) 

200 CO~JTI"JLJE 
220 FOHMAT(lX,~Fu~ L=2:",1X,"DIAGC",Il,",",Il,"):",025.15) 120 C(J,~Tl!'JUE 

CLOSE 12 
STOP 
EI'JO 
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C THIS PROGRA~ IS CALLED BY BASEPROB TO IN~ERT THE MATRICES 
C THAT ARE CU~PUTEO IN ~ASEPROB ; THIS PROGRAM CALLS A STA~-
C OAHD LIBRARY ~HICH SOLVE~ A SYSTE~ OF LI~EAR EQUATIONS US• 
C I N G S U B ~ 0 U fi N E S C A L L E D DE C 0 f'-1 P M J 0 S 0 L v E ( SEE R E F E. R t: ill C 1: (61] ) 

SUH~OUTINE !NVERTCND!M,N,A,Al~V,wORK,CONO,FLAG) 

COMPILER DOUBLE PRECISION 
REAL A(NDI~,N), AINV(NOIM,N), CONO 
REAL H(lQ),~ORK(lO),CONOPl 

INTEGER IPVTClO),FLAG 
CALL 0 E C 0 f"' P ( ''HJI r-1 , N , A , C 0 N i), I P V T, I" 0 R K ) 

FLAG : l 
CONOP 1 :CO~~D+ 1. 0 
IFCCONOPl.NE.COND) GO TO 10 
FLAG ::: 0 
~ETURf·~ 

10 DO 150 1:1,~ 

IFCI.EJ.2) GO TO nO 
IF<I.EQ.3) GO TO 70 
IFCI.EQ.~) GO TO 80 
t3(ll=1.0 
tH2l=O.O 
~(3):0.0 

tH~l=O.O 
Go ro go 

60 8(1)=0.0 
8(2)=1.0 
8(3)=0.0 
:3(4):0.0 
GO TO 90 

70 tHtl=o.o 
t:H2):0.0 
8(3)=1.0 
8(4):0.0 
Go ro go 

ao i;j(ll=o.o 
b(2l=O.O 
~(3)=0.0 

!:3(4)=1.0 
90 CALL SOLVE(NUIM,~,A,d,IPVT) 

o a 1 o o " = 1 , ~~ 
100 AliVCI,~l : ~(K) 

150 CO:\JTli\IUE 
RETURN 
E1'JU 
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C EIGE~VALUE,EIGENVECTUR PROGRAM 
C JACOBI ~ETH0D (SY~METRIC MATRICES ONLY) 
C THIS PROGRAM PROVIDES SA.'~PLE OUTPUT FOR UflE OF THE. AT01'AS 

COMPILER DOUbLE PRECISION 
RE4L A(20,20),T(20,20),A!K(201,E(20) 
DO 5 1=1,20 

00 5 J=l,20 
T(I,J):O.o 
A(I,JJ=o.o 

5 CONTINUE 
N:4 
l Tr'1AX :50 
EPSl:O.OOOOOOOOOl 
EPS2:0.0000000001 
EPS3:0.00001 

C THE A(I,Jl ENTRIES BELOW ARE THOSE COMPUTED IN BASEPHOB: 
A(l,1):1.57651325941549 
A(l,2l=·.729889794010112 
A(l,3):2.tb579086154063 
A(1,4):•.0197343367882825 
A(2,2):•1.33829974786217 
A(2,3):•.2U52030177045ol 
A(2,4):.0128385741799343 
A(3,3):.570392629837862 
A(3,4):•.0155832578273712 
A(4,4):•.41980455972l479 
NMl=N•l 
~RITE<12rl0) N,ITMAX,EPSlrEPS2,EPS3 

10 FQH~AT(lX,"N:",I2/1X,"ITMAX:",I4/lX,"EPS1=",Dl5.10/ 

1 1X,"EPS2:",015.10/1X,"EPS3:",015.10) 
l)(J 50 I= 1 'I~ 

~RITEC12,20) (A(!,J),J:l,N) 
30 CO,~Tit~~uE 

20 FO~MAT(lX,"STARTiilG MATRIX A lS:",3XrD25.15) 
C SET UP INITIAL ~ATRIX T,COMPUTE SIGMAl,S 

SIG~-'~Al:O.O 

OFFDSQ:O.O 
DO 40 I=l,N 

SIG~Al=SIG~Al+A(I,I)•*2 

TClriJ=l.O 
IP1=I+1 
IFCI.GE.Nl GO TU 50 
DO 40 J=IPl,N 

UFFDSU:OFFDS~TA(l,J)**2 

40 CONTINUE 
50 S:2.0*0FFDSQ+SIGMA1 

C a E GIN J A C 0 ;-; l ITER AT I 0 ,,. 
DO 300 ITER=l,ITMAX 
DU 200 I=l,Nr-11 

lPl=I+l 
00 200 J:IPl,N 

Q:OABS(A(!,l)•A(J,J)) 
C COMPUTE SIN,COS OF ROTATION ANGLE 

IFC~.LE.EPSll GO TU 60 
!F(DA~S(A(!,JJJ.LE.EPS2) GO TO 200 
P:2.0*A(l,J)*Q/(A(l,l)~A(J,J)) 
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SPQ:OS~~T(P~P~Q•J) 

CSA:OSURTCCt.O•J/SP~l/2.0) 

SNA:P/(2.0-CSA*SP~) 

GJ TO 70 
60 CS~=l.O/DSrJRT(2.0J 

SNA:CSA 
70 CU:'-JTINUE 

0 l.) 1:3 0 K: 1 , i~ 

t10LO~I=TCK,I) 

T(K,I):t10LDKI*CSA~T(K,Jl•S~A 

T(K 1 J):t10LDKI•SNA•T(K,Jl*CSA 
8 0 C UN T I .~ U E 

C COMPUTE ~E~ ELE~ENfS QF A lN RO~S I,J 
0 0 11 0 K: 1 , ~~ 

IFCK.GT.J) GO TO 100 
AIK(K):A(!,K) 
A(l,K):CSA•AIK(K)~S~A*A(K 1 J) 

IFCK.NE.JJ GO TO 90 
A(J,K):SNA•AIK(K)•CSA*A(J,~) 

90 GO TO 110 
100 HOLDIK:A(l,K) 

A(l,K):CSA*HULDIK~SNA•A(J,K) 

A(J,~J=~NA•t10LOlK•CSA•A(J,~) 

110 CO.'HINUE 
C COMPUTE NE~ ELEI"ErHS OF A IN COLU('IINS l,J 

A!K(J):SNA•Al~(!)•CSA•A!K(J) 

C ~HE~ K IS LARGER THAN I ••• 
DO 130 t<.:t,J 

IFCK.LE.Il GO TO 120 
A(K,J):SNA•AIK(Kl•CSA*A(K,J) 
GO TO 130 

120 HOLDKI:A(K,l) 
A(K,Il=CSA•HOLDKI•SNA•A(K,J) 
A(K,J):SNA•HOLDKI•CSA•A(K,J) 

130 CU•HINUE 
ACI,J):O.O 

200 CONTINUE 
C FI~D SIGMA2 FOR TRANS A , TEST FOR CONVERG 

SIGMA2=0.0 
DO 11.10 I=t,r~ 

E(!):ACI,IJ 
SIGMA2=SIGMA2?E(Il••2 

140 CONTINUE 
IFCl.ODO•SIG~Al/SIGMA2.GE.EPS3) GO TO 210 
~RITEC12,150) ITEH,SIGMA2,S,N 

150 FORMATC1X,"CO~V HAS OCC~RHED,~IT~:"/1X,"ITER:",I5/1X, 

1 "SIG~A2:",Dl5.10/1X,"S:",D15.10/1X,"N:",I5) 

~RITEC12,1o0) CE(l),I:l,N) 
160 FORMAT(lX,"EIGENVALUE IS:",3X,025.15) 

uo 170 I=l,fll 
~RITEC12,180l CACI,J),J:l,Nl 

1 7 0 C 0 :'H I N U E 
180 FO~~AT(lX,"FINAL TRANS MATRIX IS,BY ~O~S:rt,3X,D2S.l5) 

.';RITEC12,185) 
lBS FORMAT(lX,"EIGENVECTORS ARE THE COLU~~S OF THE T ~ATRIX:") 

0 0 1 q I) J = 1 , i'J 

~RITEl12,195) (TCI,J),[:t,N) 

213 



lqO CONTl1>llJE 
.195 FOHMATC1X 1 "T MATRIX BY COLUMNS:",3X,D25.15l 

STO? 
220 FORMAT(lX,"lTER:",IS,SX,"SIGMAl:",DlS.lO,SX,"SIG~A2=",utS.l0) 

SIG,..,At:SIGMA2 
300 COi'-ITlNUE 

C IF ITER EXCEEDS IT~AX, NO CONVERGENCE 
~RITEC12,230) ITER,S,SIGMA1 1 SIGMA2 

230 FURMAT(lX,"NO CUNVERGENCE,~ITH"//2X,"ITER:",I5,2X, 
1 "S:",015.10/3X,"S!GMAL:",Dl5.10,2X,"SIGMA2:",D15.10// 

1 3X,"THE CURRENT A ~ATRIX IS:") 
DO 240 I=l,N 

~RITEC12,250) CAC!,J),J:1,N) 
240 CO~H!NUE 
250 FGHMATC1X,D25.15) 

1\RITE(l2,260) 
260 FORMAT(lX,"CURRENT T ~ATRIX IS:") 

DO 270 I=l,N 
~RITEC12,280) CTCI,J),J:t,~l 

2.70 COi'nli'-iU£ 
280 FOR~AT(5X,D25.15) 

CLOSE. 12 
STUP 
E i~U 
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A.S Nonnegativity Condition for the Fox-Aronszajn Method 

We require that each term in the pairwise sum: 

N 

(A.5.1) I 
i(j 

1 
H' [I+ + I r -r 

i j 

be nonnegative. If this does not occur for some values of the 

parameters N, Z, and a , then to each term in (A.5.1) a constant 

y > 0 must be added and then subtracted the same number of times 

from the base problem. 

Since the smallest value of I+ + ,-1 r -r 
i j 

occurs when the 

+ + 
vectors ri,rj are anti-parallel, i.e., when 

necessary and sufficient condition that each term in H' be 

nonnegative is that the value of: 

(A.5.2) II(r.,r.) 
1 J 

1 1 (~(r.) + ~(r.)) + ~ 
N-1 1 J N-1 

be nonnegative. Substituting the functional form of ~(r), and 

assuming N = Z (neutral atoms), we must then extremize the 

function: 
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1 -r./a 

(A.5.3) 
1 z 1 -e 1 a 

IT(ri,rj) ri+ Z-1 [-- -r ./a + 
r. ri J 1-e 1 

1 -r ./a 

1 
- e J 

A a ] r -r./a a , 
j 1-e J 

where we have used the fact that A ZA./2a is a constant dependent 

upon Z and a • 

We now proceed to show that the function ~(r) is a 

monotonically decreasing function with maximum value Z/2a at the 

origin. 

For r > 0 , ¢'(r) < 0 is equivalent to: 

-r/a 2 
e < a 

( 1-e-r/a)2 ;z substituting 
r 

a = a , we obtain: 

- a 
e 

- a 2 
(1-e ) 

< ~ ~ a2e- a< ( 1-e- a)2 ~ a2 < (ea/2 _ e- a/2)2 

a 

~ < sinh ~ , a > 0 , 

which is always true. Near the origin, 



-r/a 
e a 

-r/a ~ r 
1 -e 

1 r 3 
2 + 12a + O(r ) , so that 

Z Z a 1 r 3 Z 
~ ( r) = - - -( - - - + - + 0 ( r ) ) = Za as r -+- 0 , r a r 2 12a 

and, we also observe that ~'(r) < 0 at the origin. 
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In addition, ~(r) is concave up for all r > 0, as can be 

seen by writing ¢"(r) in the form: 

With this, putting x = r/a , we want the following inequality: 

3 -x 
2 

_ x e 

(1-e-x)3 



00 

2 ( 3x) n + 6x n > 
n! 

00 

2: 
n=O 

3 n 3 n 

(x (2x) + ~) + 
n! n! 

00 

2: 
n=O 

oo n-3 n oo 

\ ( 2 n x ) , 
L (n-3)! X + (n-3)! + L 

n=3 n=O 

n 
6( 2x) + 2 ~ 

n! 

n 
6(2x) + 2 

n! 

(A.S.S) 2(3)n + 6 > 6(2)n + (1+2n-3)n(n-l)(n-2) • 
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This inequality clearly holds for sufficiently large n in order to 

determine the value of n beyond which this inequality is always 

true, rewrite (A.S.S) as: 

The value of n after which the last term on the right hand side 

decreases is the value of n for which: 

1+2n-2 
--- (n+l)n(n-1) 

3
n+l 

1+2n-3 
--- n(n-l)(n-2) 

3n 

(1+2n-2 ) (n+ 1) 
~------=~~- < 1 ~ 
3( 1 +2 n-

3 ) (n-2) 
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n-3 n-2 
3 ( 1 + 2 ) ( n-2) > ( 1 + 2 ) ( n+ 1 ) ~ 

n-3 
2n + (n-8) • 2 > 7 , 

so that n ) 8 is sufficient. By checking directly, we obtain 

equality in (A.S.S) for all values of n up through 6, and find the 

proper inequality holds for n = 7. Thus we obtain ~"(r) > 0 for r 

) 0, and the graph of ¢(r) can now be drawn (see Fig. 1 on the next 

page). 

Returning to the nonnegativity condition: 

(A.S.6) 

we see that this will always hold in the triangular region determined 

by: 

(A.S. 7) 

which is obtained by substituting the maximum value of ¢(r) into 

(A.S.S). By now maximizing ~(r) along the line 

may obtain another triangular region r. +r. =k 
l J 

r. + r =a , we 
l j 

whether or not 



Figure 1. 

Behavior of the repulsion potential ~(r). 

r ~ (r) 
I 

z ! 
2a \ 

~ \~ 
I ' : ''., 

t 

-- .......... 

--------------... -· ' 7 r 

Figure 2. 

Triangular regions guaranteeing nonnegativity. 

r. 
J 

a 
2 

a k 

------------~" / r. 
l 
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this iterative procedure may be continued over the entire (ri,rj) 

plane depends on the parameter values (Fig. 2). 

It turns out that we can obtain all of the required behavior 

by determining n along these lines r.+r.=k. 
1. J 

In particular, 

by defining: 

(A.S.8) IT(r) _ IT(r,k-r) , k ) 0 , 

we have: 

1 -r/a 1 
k-r 

---ze ---ze a 

n' (r) 
1 z a z a 

Z-1 2 ( 1-e-r/a)2 
+ 

2 ( 1-e-(k-r)/a)2 r (k-r) 

Z~l [ ~'(k-r) - ~'(r) J • 

Now let 
k then for r < k-r, <I>' (r) < ~' (k-r) because r E (0,2); , 

-
~"(r) > 0 so that IT'(r) > 0 At k II' (r) 0 and II r = 2 ' 

obtains a maximum there (i.e., at k k 
(2'2)) Thus, along each line 

ri + rj k , II has the behavior shown in Fig. 3. Note that II 

obtains its minimum value along the axes. Thus, if II is negative 



Figure 3. 

Behavior of n(r) 

r. 
1'2 

k 

k ; 
2 • 

------...----------- -·----·--·-· ------------> r 
k k / i 

2 
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in some region of the (ri,rj) plane, its smallest value may be 

determined by minimizing II along either axis (by symmetry). 

So, let ri + 0 and consider: 

1 -r ./a 
1 z 1 

-e J (1-2 :\) 
(A.S.9) II(r.) II(O,r.) 

a + - =-- Z-1 2a 
J J r. r. 

1 -r./a J J -e J 

-r ./a 
1 z 1 e J + _z__ _1 1 

(Z-1)r. + Z-1 a -r./a Z-1 a(:\- Z) • 
J 1-e J 

Suppressing the j index, we have: 

(A.S.10) 

so that: IT'(r) 

II' (r) -
1
-- Z-1 

1 Z e-r/a 

r2- a2 ( 1-e-r/a)2 ] ' 

2 
z(r2) ~ 

a 
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r 
a=

a 
we must simply find 

the roots of: 
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(A.5.11) cosh o 

and the positive root of this equation is the minimum value of IT(r) 

on By direct calculation, we find that (A.5.11) has a root in 

the interval [l,Z + 1], for Z ~ 3 • This root value, r /a , was 
0 

obtained by bisection and is tabulated along with the minimum value 

of necessary to guarantee nonnegativity of IT for all 

cases of interest in the table that follows. In addition, the value 

of y necessary to yield nonnegativity is included. In those cases 

where y is negative, IT is positive. The parameters that are 

tabulated are listed in (A.5.12) below. 
1 

z (A - -) 
He have: II(r) IT 1(r) 

2 where: + Z-1 a 

1 z 1 -r/a 
IT 1(r) 

e Letting 
(Z-l)r +--- -r/a Z-1 a 

1 - e 

min ITl (r) on JR.+ , then, II(r) ~ 0 ~ 

z (A- I) 
MO + Z-1 f - (z:l) Ma ' 

so that 

(A.5.12) 

a 

.2 
J 

a = 22 
j 2,3,4,5 

1 Z-1 
A0 = 2 - (--

2
--) M0a (actually independent of a) 
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1 1T2 1/3 
5 2 3 (6- 90 ) 

(-6 - 1T18) + 
(22)2/3 

z 1 
(z-1) (;) <>-o - >-) y 

The table to follow was calculated using a program that 

called a standard package for determining the zeros of a function, 

ZEROIN. See [33] for details. 



l= 3 
LA1'-1dOA: 

J=2 

J=3 

A: 

l A~'t30 ALl: 
GA·'-!MA: 

A= 
LAMt3DAlJ: 
t;At-1MA: 

J:4 
A: 
LAMBDAU: 
GAMMA: 

J=S 
A: 
LAi'At30AO: 
GAMMA: 

Z= 4 
LAII'ItWA: 

J=2 
A: 

J=3 

LAM~DAO= 

GAMMA: 

A: 
LAMHOAO: 
GAMMA: 

J=4 
A: 
LA.'<~t:WAU: 

GA,MviA: 

J:S 
A: 
LAI'-H:IOAU: 
GA~1MA: 

l= 5 
LAMbDA: 

J=2 
A: 
I..AMt30AU: 

GAl-··'-' A: 

J=3 
A: 
LAMdOAL): 
GA,'.4MA: 

J=4 
A: 
LAMtjOAU: 
GAMI'w1A: 

J:S 
A: 
LAMBI)AlJ: 
GAIIAi~ .A= 

Z= 6 
LAI'w1BOA: 

J=2 
A: 
LAI'w1bDAO: 
GAi'.lr-AA: 

J=3 

,6346904983199560 00 

.6666666666666670 00 

.~a48408873711440 00 
-.1571616246348280 00 

.1500000000000000 01 
,5648408873711430 00 

•,698496109488122D-Ol 

.2666666666666670 01 

.5648408673711440 00 
-.3929040615870680•01 

,4lo66o666o66667D 01 
.5648408873711440 00 

-.2514585994157240-0t 

.5736669817319390 00 

,5000000000000000 00 
.5443957683004470 00 

-,7805656928397630-01 

,112500000000000U 01 
.5443957683004470 00 

-,3469ld085706561D·01 

.2000000000000000 01 

.5443957683004470 00 
-.1951~14232099410-01 

.312500000000000C 01 
,544395768300447G oo 

-,124890510854362D-0l 

.5337687016617950 00 

.~000000000000000 00 

.5333784t6017918C no 
-.1219o42637116400•02 

,9000000000000000 00 
.533378~160179180 00 

-.5420633942739540-03 

.1600000000000000 01 
0 5 3 3 3 7 8 ~ 1 6 0 1 7 9 1 8 0 I) 0 

-,30U9106592791320•03 

.250000000000000u 01 

.S33378416017918G 00 
-.1951428219386440-03 

.5052993425137280 00 

.3333333333333330 00 

.52o552853279311D oo 

.7a5l263875610070•0l 

.75000000000000UO 00 
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LAMI30AO: 
GAj\llfAI\: 

.52655d85327Q~llU 00 

.3400561722493360-01 
J=~ 

A: .1333333333333330 01 
,5265528532793110 00 
,1Q1281~9b~902~2D-Ol 

LAMI:jQAU: 

A: 
LAI"ii'jQAU: 
GAMMI\: 

l= 7 

,2083333333333330 01 
,5265528532793110 00 
.1224202220097610-01 

LAMtiOA: .~837864130427770 00 
J=2 

A: .28S71428571~286u uo 
.5219378447~08990 no 
.155785012B08lblD 00 

LA~HDALJ: 

GAi-'f'o'IA: 

J=3 
A: 
LM'80AU: 
GAMMA: 

.o42857142857l430 ou 

.5219378447508990 00 

.6923778347029380-0t 
J=~ 

A: .1142857142857140 01 
.5219378447508990 uo 
.3894625320204030-01 

LAI'<IHO AO: 
GAMMA: 

J:S 
A: 
LAMt:WAl): 
GAt-AM A: 

l= 8 
LAM1:3DA: 

.17~5714285714290 01 
,5219378t:!4750ti99D uo 
.2492560204930580-01 

J=2 

J=3 

J=4 

J:S 

l= q 

A: 
LAMI:30AU: 

.2500000000000000 00 

.5186237574835880 00 

.236o4832~776176D un 

A: .So2500000000000D UO 
LA~BUAU: ,51db237574835880 00 
GAMMA: .1051770341227450 00 

A: ,1000000000000000 01 
LAMdDAO: ,518623757483588u 00 
GA~MA: ,591o208169404400•01 

A: .1Sb250000000000D 01 
LA~SDAQ: .518o237574835ci~D 00 
GA~MA: .3786373228~18820•01 

LA~BDA: .4531250689136810 00 
J=2 

A: .2222222222222220 CO 
LAM~OAU: ,Slbl365754796740 00 
GAMMA: .3189~57519903380 00 

J=3 
A: ,5000000000000000 00 
LAM~OAU: .Slo1365754796740 00 
GAMMA: ,1417758897734840 00 

J:4 
A: .88888d88888R889D 00 
LA~bOAO: .5tbl3b575479b74D 00 
GA~MA: .797~8937997Sd440•01 

J:S 
A: .1388b8688888880D 01 
LA~BDAO: .Slbl365754796740 00 
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GA;.tf'-4A: ,5103932031845410•01 
Z=tO 
LAMt;OA: ,4~17225945123140 00 

J=2 
A: ,20JO~OOOOOU00UOO 00 
LAr~t30AO: ,51~20596899250oD l.i 0 

GAI•11"'!\: ,402o~5413773b47v OG 
J=3 

A: ,45000U0000000000 00 
LAMbOAu: .5142059689925060 1)0 

GAMMA: .178971295012821U 0 1) 

J=4 
A: .8000000000000000 00 
LAMt3DAU: .5142059689925060 00 
GAMI'..4A: .1006713534447120 00 

J=5 
A: .1250000000000000 0 1 
LAM80Au: ,5142U59689925Uo0 ou 
GAt-H.1A: ,64429666204o155D-01 
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Z=11 
LAMBDA= .432U755Sl169335D 00 

J=3 
A: .~09U909QQ090909D ()Q 

l-"'i•iHO AO: .~126oo951723298u !)0 

GAMM~= .21o701321489~47D 00 
J=4 

A: .7272727272727270 00 
LAr"'t30AO= .S12666951723298U 00 
GAfvl~IA= • 12 1 8 9 4 4 9 3 3 3 7 8 7 0 I) I) Q 

J=S 
A= .11363o363o3o3o4D u 1 
L Af\o'BO A 0: .51266o95172329b0 oo 
GAMMA: .18012475/3623700-01 

Z=l2 
LAMt:jl)A: .4237880220784800 00 

J=3 
A: .3750U00000000000 00 
LAi<~tjOAO: .5114133518322360 00 
GA~,t·1A: .2549100501927440 1) I_) 

J:4 
A: .6o66oo666o6o6o7D 00 
LAMBOAO: .5114133518322360 00 
GAt-1'AA: .14338b9032334180 00 

J=S 
~= .104lo66666ooo67D 0 1 
LA."1r30AU: .511413351832236C 00 
GAM"'A= ,917676180~9387oC•01 

l=t.5 
LAF-180A: ,41o5773145952660 00 

J=3 
A= ,34ol5384615384oO 00 
L£11'-ojDAO: .Sl03738731l~080C uo 
GAf•P.t A: ,29354~4o8o946obD I)() 

J=4 
A: .6153846153846150 1) 0 
LAMdOAU: .5103738731130890 00 
GAMMA: .1651210248907510 00 

J:S 
A: .9615384615384o2D 00 
LA{'41t;0AO: .5103738731130890 GU 
GAI'IIMA: ,1056774559300800 00 

Z=14 
LAMI:H)A: ,4102357257358030 ou 

J=3 
A: .321~28571428571C 0(1 
LAI"!t;QA(j: .S094989329t2B83u GO 
G~i'N»~A: .3325741642172240 ()() 

J=~ 
A: .5714285714285710 ou 
LA~BDALJ: .509498932912~830 00 
GA'~r.., A: .1870729673721890 uo 

J=S 
A: .8928571428571430 00 
LAMBU~O= .5094989329128830 00 
GAl-1M A: .11972o699118201D 00 

Z=lS 
LArAt3QA: .404oOo92q62538oD 00 

J=3 
A: • 3 0 0 0 0 0 0 0 0 0 t) 0 f) () 0 0 00 
LAi•IBDAU: .5087530234571870 iJO 
GAMMA: .37t950335lt57lbu DO 
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J:tJ 
A: .5333333333333330 00 
LAr~BOAO= .5087530234577870 00 
GAH\IA: .209222063502SQOD (• 0 

J=S 
A: ,833333333333333U 00 
LAMBDAO: .50R7S3023457787D 00 
GAI--MA: .133902120b41o5oD (lQ 

Z=16 
LA•II1o0A: ,399570R23~916o~D uo 

J=3 
A: ,2812500000000000 00 
LAiV.bOAO: ,S0bl10075101394D 00 
GAM~ A: .~11645161660S900 00 

J:4 
A: ,50000UOOOOOOOOOD 00 
L~lw'6DAO: .5081100751013940 00 
GAI"·MA: .2315504034340820 00 

J:S 
A: .7812500000000000 uo 
L:.~'<~dDAO: ,508110075101394u 00 
GA~r.cA: ,148t92258197~12D 00 

Z=17 
LA:At30A: ,39503347907581~0 00 

J=3 
A: ,2b470588235294tu 00 
L A~>'r,l)A Q: ,50755U532926942U ou 
GA:v~r·'A: .4516309522635550 oo 

J=4 
A: ,4705882352941180 :) 1) 

LAMt30AQ: .5075505329269420 00 
G,H~MA: .2540424106482500 00 

J=S 
A: .735294117h47059D i)O 

LA"'c0Au: ,50755053202o942U GO 
~A,Iwi!VA: ,1625871428148800 00 

l=l8 
LAt-AtiD~= .3909202892926440 00 

J=3 
A: • 2 5 0 0 0 0 0 0 0 0 0 0 0 0 ') D 00 
LAMBOAO: .S07059452694o72D 00 
GA,YIMA: .~918835155850620 00 

J=4 
A: ,4444444444444440 00 
LA(Yit-30AO: ,507059452o94o720 00 
GAtY>MA: .276684~77Slo597D QO 

J=S 
A: .6944444444444440 uo 
LA"'bDAO: .5070594526946720 01) 

GAf"'MA: .l77v78065610b22D 00 
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Z=19 
LA~tiOA: .3871711782394530 00 

J=4 
J,\: .4210526315789~70 00 
LA ~..~t3u A 0= .sooo2~2252677o~D 00 
GAMMA: .2994o~o595o4U30D Oli 

J=5 
A: .o578947368~2105D 00 
LAf-.ltiDAO: .5066252252677640 00 
GAM~ A: .1916573821209790 uo 

Z=20 
LAMtiOA= .383737180~330590 00 

J=4 
A: .4000000000000000 00 
LA.'Y1f:3DAO: .5062387007344860 00 
GA~MA: .3223724215827020 ()(j 

J:5 
A: .625U000000000000 00 
L.AM80Al): .5062387007344860 00 
GA~IMA: .2063183498129290 00 

Z=21 
LA/w1tWA: .3805779515308000 00 

J=4 
A: .3809523809523810 on 
LAM6DAO: .5058925737424910 00 
GA~·~A: .345398u2747o972u 00 

J:5 
A: .59~2380952380950 00 
LAMBOAQ: .5058925737424910 I)(_) 

GA."1MA: .2210549935R1422D 00 
l=22 
LAMBDA: .3776599240445250 00 
J:4 

A: .3o363o3o3636364C 00 
L.AMbDAO: .~055809437058750 00 
GAMMA: .3685343661672220 00 

J=5 
A: .5681818181818180 vO 
LAMBOAU: .5055809437058750 00 
GAMMA: .2358619943470220 00 

Z=23 
LAMBDA: .3749549226992880 00 

J=4 
A: .34782o08695o522D on 
LAMI:30AO: .50529899~6263070 :) (} 

GA~'-~A: .39177280709~8240 \) 0 
J:5 

A= .5434782o08695o5D 00 
LAM1:30AO: .50529~9~46263070 00 
GAl-1M A: .25073459o543247D uo 

Z=24 
LAM~OA: .372~391078o7933D 00 
J:4 

A: .33S333333333333D 00 
LAMBOAU: .5050427583237590 00 
GAt·1MA: .41510707968780~0 00 

J:S 
A: .5208333333333330 OQ 
LAI-1fj0 AO: .5050427583237590 00 
GAi"''-1A: .2656oa531000194D 1.) 0 * 

l=25 
LAH80A: .3700921o06o921oD 00 
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J=~ 
A: .320000000000000D 00 
LAt-lt:;OAO: .S0480893o6516820 00 
GA:.11'¥'A: .~3853117246896o0 1)0 

J:S 
A: .soooouoooooooooo 00 
LAr.,tlD AO: .5048089368516820 00 
GAI•11-1A: .280o5995038013~9 (•!) 

Z=~o 
L.AM8DA: .~6789oo467965650 00 

J=a 
A: ,3076923076923080 !)!) 

LA~t:WAO: .5045947675756090 ()I) 

GAr·1,'-1A: .~&2039oao233171J 00 
J:S 

A: .4807692307692310 00 
LA~t30AO: .5045q4767575o090 00 
GAIO!fo1A: .29570537~8692290 00 

Z=27 
LAMI:30A: .3o5d375147323d80 ou 

J=a 
A: .29629~2962962960 :;o 
Li-~MoOAO: .sou397919451o~90 ') 0 
GAo•!•"' A: .aas627572309333v 1) 0 

J=':i 
A: .~o29o29629o29o30 00 
LAI"ltWAU: .SOa397919451o49U •J u 
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