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ABSTRACT 

The scattered radiation fields in spherical planetary atmo-

spheres have been considered by a new method which is called the 

Quasi-Spherical method. This method is applicable to planets with 

radii which are much larger than the height of their atmospheres. 

The scattering of 0.5 ~m radiation in a conservative and 

vertically inhomogeneous atmosphere has been discussed. Results 

comparing the emerging radiation from plane-parallel and spherical 

models for the earth's atmosphere have been presented for four dif-

ferent aerosol distributions in addition to the normal molecular 

composition. These results indicate measurable differences on the 

order of 10 to 300% as the angle of observation and/or the angle of 

incident sun falls within 10° from the horizon. Also, the obtained 

results in the spherical atmosphere show that additional layers of 

aerosols in either the stratosphere or the troposphere can be detected , 

by satellite or aircraft radiometric measurements, while the plane-

parallel atmosphere does not permit such a detection. 

The accuracy of the obtained results by the present method can 

be increased by increasing the number of spherical shells in the spher-

ical atmosphere. The emerging radiation in homogeneous and inhomoge-

neous Rayleigh atmospheres as computed by the Quasi-Spherical and the 

Monte Carlo methods compare quite well. 

x 



By applying the divergence theorem it was shown by the present 

method that the total flux in the spherical atmosphere is conserved 

within 1.351%. 

xi 



CHAPTER I 

INTRODUCTION 

Electromagnetic wave propagation and scattering phenomena in 

the atmosphere has been of great interest for a long time. The geom

etry and composition of the atmosphere affect the resulting scattered 

and absorbed radiant energy from the sun. Usually the atmosphere is 

assumed to consist of spherical particles of different size distribu

tions where the density of these particles varies with height in addi

tion to the normal molecular composition. Because of the complexity 

of this problem most of the analyses of the radiation field use a 

plane-parallel geometry. In the past three decades several methods 

have been developed to solve the radiative transfer equation in a 

plane-parallel atmosphere. A review of these methods can be found in 

Van de Hulst's (1980) recent book. So far, the Monte Carlo (or random 

walk) method is the only technique that has been used in obtaining solu

tions in spherical and plane-parallel atmospheres. The basic partial 

differential equation of radiative transfer in a spherical geometry 

was derived by Lenoble and Sekera (1961). Since the resulting equation 

has no known analytic solution for the intensity distribution, several 

investigators such as Sobolev (1975) and Wilson and Sen (1980 a and b) 

have obtained approximate solutions in terms of the moments of intensity. 

Also, the much easier problem of isotropic scattering in thermally 

emitting spherical atmospheres has been based on the moments of 

1 



intensity. These types of solutions do not give the angular distribu

tion of the intensity which is desirable in many applications. 

2 

Herein, we introduce a new numerical method which is called the 

Quasi-Spherical method to solve the radiative transfer equation in 

spherical planetary atmospheres. This method will be applied to a 

spherical atmosphere which includes, for example, aerosols and mole

cules with various vertical distributions. The results indicate that 

the plane-parallel geometry is not adequate when the angle of the sun 

and/or the angle of observation is within 10° from the horizon. Fur

thermore, these results reveal that in satellite and aircraft radio

metric measurements of the intensity distribution, vertical 

inhomogeneities, such as stratospheric and tropospheric layers can 

be detected in a spherical atmosphere, while the same is not true for 

a plane-parallel atmosphere. 

The Quasi-Spherical method is used in computing the scattered 

radiation fields in a spherical atmosphere which is divided into sev

eral spherical shells of homogeneous volume extinction coefficient. 

This method is quite fast and can easily include vertical inhomoge

neities. Because of the approximate nature of the new method, the 

accuracy of the numerical solutions can be increased by increasing the 

number of spherical shells. For each thin spherical shell the solution 

of the radiative transfer equation in a plane-parallel atmosphere is 

employed, but the actual spherical geometry is used to determine the 

various angles and optical depths appearing in the solution. This 

approach is valid as long as the height of the atmosphere is much 
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smaller than the radius of the planet. As the case in a plane-parallel 

atmosphere a Gauss-Seidel iterative technique (see Herman and Browning, 

1965) that uses a linear fit for the intensity distribution as a func

tion of optical depth (see Herman et aI, 1980) is used in determining 

multiple scattering, but in the present case, corrections for the spher

icity are included. 

Chapter II presents the radiative transfer equation and its 

formal solution. It gives a brief discussion of the radiation fields 

in a plane-parallel and horizontally homogeneous atmosphere illuminated 

by plane-parallel solar radiation. Also, it discusses the solution to 

the radiative transfer equation in a spherical atmosphere. 

The formulation of the Quasi-Spherical method is given in Chap

ter III. In addition, the obtained results in spherical molecular at

mospheres, both vertically homogeneous and inhomogeneous are compared 

to the Monte Carlo method. As a limiting case, the radius of the earth 

is increased by one hundred times and the resulting intensities are 

compared to those in a plane-parallel conservative atmosphere, 

The Quasi-Spherical method is applied to conservative spherical 

atmospheres in Chapter IV. The difference between the results in plane

parallel and spherical atmospheres are discussed. By applying the 

divergence theorem the conservation of total flux in a spherical atmos

phere is examined. 

Summary and conclusions are given in Chapter V. Finally, 

Appendix A presents the method used in obtaining the optical depth as 

a function of height. 



CHAPTER II 

FORMULATION OF THE PROBLEM 

The analysis of the radiation field in a planetary atmosphere 

which emits, scatters and absorbs radiant energy has been of great 

interest for a long time. The fundamental equation that governs the 

behavior of the radiation field is the Radiative Transfer Equation. 

The solution of this equation is described by an integro-differential 

equation which is very difficult to solve, but has a relatively simple 

mathematical form. The advent of digital computers has helped in ob

taining solutions to the problem. 

Two assumptions are usually made in the study of radiative 

transfer in planetary atmospheres: (1) that the atmosphere consists 

of plane-parallel layers, and (2) that these layers are illuminated by 

plane-parallel solar radiation over their entire extent. These assump

tions are actually valid as long as the solar radiation and/or the an

gles of observations are sufficiently high above the horizon. This fact 

will be examined at a greater depth in the next two chapters. On the 

other hand, if the angles of observations and/or the solar radiation are 

near or below the horizon, the spherical nature of the atmosphere must be 

taken into consideration. 

In this chapter we begin by presenting the radiative transfer equ

tion and its formal solution. Next, we will discuss the radiation field 

in a plane-parallel and horizontally homogeneous atmosphere illuminated 

4 
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by plane-parallel solar radiation. Finally, the solution of the radia-

tive transfer equation in spherical geometry will be discussed. 

Radiative Transfer Theory 

The transfer of energy through a medium is described by the 

Radiative Transfer Equation, also called the Transport Equation. The 

equation is based on the principle of energy conservation and the con-

dition of thermodynamical equilibrium. For a complete discussion and 

derivation of the Radiative Transfer Equation the reader is referred to 

the textbooks by Chandrasekhar, 1960; Sobolev, 1963; lshimaru, 1978; 

and others. The basic differential equation is given by 

(2.1) 

where ds is an infinitesimal length along the direction of radiant 

energy. The monochromatic specific intensity, lA' is the radiant power 

which is associated with single wavelength, A, per unit area normal to 

the direction of the radiant power, per unit element of solid angle 

containing the radiant power. The total volume extinction coefficient, 

~A' at a given wavelength, is the extinction cross-section per unit 

volume of the medium. The source function, J A, at a given wavelength, 

usually includes all sources that contribute to the intensity lA in any 

given direction. Since throughout this dissertation we will be con-

cerned in finding the intensity at one wavelength, the subscript A will 

be dropped. 
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The formal solution to Eq (2.1) can be readily obtained, and 

it has the following form 

(2.2) 

where ,(s,s~) is the optical thickness of the material along a particular 

direction between the points s and s~ as illustrated in Fig. 2-1, defined 

as 

,(s,s~) = fSKT(S)dS 

s 

(2.3) 

Physically, the integral term in Eq (2.2) expresses the contri-

bution to the intensity at any given point in a given direction resulting 

from the emission of all points, s~, along the line of sight attenuated 

by the factor exp~,(s,s~)] to allow for absorption and/or scattering by 

the intervening medium. The first term in Eq (2.2) represents the con-

tribution to the intensity resulting from the incident radiation at the 

boundary (i.e., s=O) attenuated by the factor exp[-,(s,O)]. Since the 

source function in a scattering atmosphere depends on the intensity 

distribution, the integral in Eq (2.2), in general, cannot be evaluated 

analytically. However, for isotropic scattering the source function is 

independent of direction and the integral can be easily evaluated. Ac-

cordingly, the intensity depends on the geometry, the sources and the 

composition of the medium in question. 
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o 

Fig. 2-1. Optical depth between points s~ and s. 



8 

Radiative Transfer in a Plane-Parallel Atmosphere 

For a plane-parallel and horizontally homogeneous scattering 

atmosphere the radiative transfer equation (2.1) becomes 

-cose dI(z,e,p) = 
KT dz 

(2.4) 

where e denotes the zenith angle measured from the local upward-pointing 

normal to the planet's surface (i.e., z-axis), and ~ is the azimuthal 

angle measured from a suitably chosen x-axis. 

To simplify the previous equation we introduce the normal optical 

thickness defined by 

(2.5) 

where T is usually zero at the top of the atmosphere and increases down-

ward reaching a total optical thickness of 'T at the planetary surface. 

Substituting Eq (2.5) into Eq (2.4) yields 

dI(T,~,p) ( ) ( ) 
-~ d, = I T,~,~ -J T,~,~ (2.6) 

where ~=cose, assuming the atmosphere is illuminated by a plane-parallel 

source, such as the sun. By solving Eq (2.6) for the downward traveling 

intensities at the optical depth , we obtain 



-T/lJ. JT = I(O,-lJ.,~)e + F (O,-lJ. ,~ )P(T',lJ.,-lJ. ,~-~ ) o 0 0 0 0 0 

-T'/lJ. -(T-T')/lJ. 
e 0 e dT' 

lJ. 

P(T' ,lJ.,lJ.' ,~-V)e -(T-T')/lJ.dT'dlJ.'d~', O<·lJ.~l 
lJ. 

(2.7) 

In the above equation, lJ. and ~ correspond to the direction of 
o 0 

the incident solar flux, F , and P(T,lJ.,lJ.',~-~') is the scattering phase 
o 

function at the optical thickness T which expresses the fraction of the 

intensity scattered from the incident direction lJ.', ~' to the scattered 

direction lJ.,~. The first integral in Eq (2.7) represents single scat-

tering, while the second integral represents multiple scattering. Thus, 

the downward traveling intensities at the optical thickness T in a giv-

en direction consist of three terms: incident, single scattering and 

mUltiple scattering. 

Similarly, the upward traveling intensities are given by 

-(TT-T)/lJ. 
= I(-rT,lJ.,CP)e 

I
T -T'/U -(T'-T)/U 

+ TF (O,-lJ. ,CP )P(T',lJ.,-lJ. ,~-~ )e °e dT' 
o 00 00 --

T lJ. 

(2.8) 

9 



The expression for the upward traveling intensities include; incident, 

single scattering and multiple scattering terms, as the case of the 

downward traveling intensities. Using Eqs (2.7-8) and suitable bound-

ary conditions enables one to determine the intensities in a plane-

parallel atmosphere. 

Radiative Transfer in a Spherical Atmosphere 

Determining the diffused or the scattered intensity in a spher-

ical atmosphere requires obtaining a solution to the radiative transfer 

equation in spherical geometry. The geometry of such a problem is il-

lustrated in Fig. 2-2. F is the incident plane-parallel solar radia
o 

tion from the sun on a planet of radius R. The position of a point in 

the atmosphere is specified by a radial distance r and an angle a (the 

angle between the radius vector and the direction toward the sun). The 

direction of radiation is characterized by the local zenith angle e and 

the local azimuthal angle~. Consequently, the intensity is a function 

of four independent variables, namely; r, a, e and~. The desired dif-

ferential equation which was given by Lenoble and Sekera (1961) and 

Sobolev (1975) has the following form: 

cose
a

a

r
I + sinesinp l! _ sine 1..!. _ cotasinesin~ n .. -K (I-J) 

r aa r ae r a~ _. T (2.9) 

In the absence of the source function, J, the above equation 

reduces to a homogeneous partial differential equation which has no 

known analytic or closed form solution. Therefore, the more complica-

ted problem of analytically solving Eq (2.9) in the presence of the 

10 
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Fig. 2-2. Illustration of the geometry in a spherical atmosphere. 
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source function is virtually impossible. Although, in principle, an 

approximate solution can be obtained by finite difference procedures, 

it is deemed impractical due to the required computer storage and com-

puting time. 

Because of the complexity of Eq (2.9) only few approximate 

solutions have been attempted. The resulting solutions are given in 

terms of the mean, the flux and the higher order moments of intensity. 

The introduction of the moments of the intensity reduces Eq. (2.9) to 

a simpler differential equation which depends only on the variables r 

and a. Sobolev (1975) discussed the problem of anisotropic scattering 

in a spherical atmosphere which is illuminated by a plane-parallel 

source. He obtained an approximate solution in terms of the moments 

of intensity in an atmosphere in which the volume extinction coefficient 

is exponentially varying or constant with altitude. Wilson and Sen 

(1980a,b) used a three stream method based on the moments of intensity to 

compute brightness in an inhomogeneous, optically thin and spherically 

symm~tric atmosphere in which the extinction coefficient decreases ex-

ponentially with altitude. 

rf the medium of the atmosphere has a spherical symmetry (i.e., 

ar ar aa = ~ = 0), then Eq (2.9) becomes 

ar sinS ar 
cosSar - -r---ae = -KT(r-J) (2.10) 

Several investigators have obtained analytical and numerical 



approximate solutions to Eq (2.10). Most of these solutions are con-

cerned with isotropic scattering in thermally emitting atmospheres. 

Chandrasekhar (1960) discussed briefly the solution to Eq (2.10) and 

pointed out the similarities between the plane-parallel and the spheri-

cally symmetrical cases. Chapman (1966) considered the formal solution 

-3 
for a gray atmosphere for the special case where ~=r . Hummer and 

Rybicki (1971) developed a computational method that involves iteration 

-n / on the "Eddington Factor," and presented results for KT=r ,n=3 2, 2 

and 3. Leong and Sen (1972) discussed a probabilistic model for time-

dependent transfer problems in an inhomogeneous, isotropically scatter-

ing, spherical shell medium. Schmid-Burgk (1975) applied an integral 

equation that utilizes the moments of intensity through extended atmo-

spheres and shells of spherical symmetry assuming that the volume ex-

tinction coefficient is a known function of radius. Later, Simonneau 

(1976) presented an approximate method without restricting KT to radial 

variations, and solved for the intensity in the inward and the outward 

radial directions for conservative and non-conservative atmospheres. 

Vnno and Kondo (1976) used a modified Eddington approximation to formu-

13 

late a two stream model of the intensity in a medium that has KT varying 

radially. The problem of isotropic scattering in an atmosphere with 

spherical symmetry, which is illuminated by a plane-parallel source, was 

considered by Minn and Sobolev (1963). 

To summarize, there is no exact or analytic solution to the 

radiative transfer equation in a spherical atmosphere. Furthermore, the 

much easier problem with spherical symmetry cannot be solved in closed 



form. So far, only approximate solutions have been obtained in aniso

tropic and isotropic spherical atmospheres. Most of these solutions 

are given in terms of the moments of intensity which do not give the 

angular distribution of the intensity. 

14 



CHAPTER III 

QUASI-SPHERICAL METHOD 

Plane-parallel geometry has been used in the study of light 

scattering in a planetary atmosphere because of its relative simpli

city. However, such geometry is inaccurate in certain applications. 

In this chapter, a new method; the Quasi-Spherical method, 

will be introduced to study scattering of light in spherical atmospheres. 

This method will be limited to a planet with a radius much larger than 

the height of its atmosphere. 

First, the formulation of the Quasi-Spherical method will be 

discussed in detail. Next, the obtained results in a homogeneous mo

lecular (Rayleigh) spherical atmosphere will be compared to the Monte 

Carlo method. Finally, as a limiting case, the radius of the earth 

will be increased one hundred times and the results compared to the 

resulting intensities in a plane-parallel atmosphere. 

Mathematical Formulation 

The Quasi-Spherical method will be used in obtaining an approx

imate solution to the integro-differential equation of radiative trans

fer in a scattering spherical atmosphere when the radius of the planet 

is much larger than the height of its atmosphere. Basically, this 

method assumes that a small portion of the atmosphere is locally 

15 



plane-parallel, and uses the exact spherical geometry to obtain the 

appropriate optical thicknesses as well as other geometrical factors. 

We shall assume that a planet of radius, R, is illuminated by 

parallel solar irradiance, Fo' and the height of its atmosphere is h
T

, 

and has a total normal optical thickness of 'T. The atmosphere is 

divided into N, spherical shells, each having a homogeneous volume ex-

tinction coefficien~ KT" 

The geometry of the problem in the case of downward traveling 

intensities in the plane of incident solar radiation is depicted in 

Fig. 3-1. The ith layer is the spherical shell bounded by the optical 

thicknesses 'i+1 and 'i' or equivalently, between the heights zi and 

zi+1. For convenience, the azimuthal angle, ¢, is measured from the 

plane that coincides with that of the incident sun, while the zenith 

angle, e, is measured from the normal to the surface of the earth at 

the observer location, P. The local zenith angle along the line of 

sight, e£, is the angle between the line of sight XP and the local 

i i+l 
normal. For example, e£ and e£ are the local zenith angles at the 

d b f h .th I . I top an ottom 0 t e ~ ayer, respect~ve y. Likewise, the local 

zenith angle along the solar beam, e , is the angle between the local 
s 
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normal and a beam from the incident solar radiation. Along the line of 

signt XP there are (i+1) local solar zenith angles down to the ith 

i+l For example, e is the local solar zenith angle at the bottom 
s 

layer. 

f h .th I o t e ~ ayer, 

(or the bottom of 

while ei is 
s 

the (i_1)th 

that angle at the top of the ith layer 

layer), and so on. Because of spherical 

symmetry, the angle ei is independent of the azimuthal angle ¢, but ei 
£ s 



,.....---; LOCAL NORMAL FOR 

e, I I /; 
OBSERVER AT POINT P 

THE EARTH 

o 

Fig. 3-1. Geometry of a spherical atmosphere in the plane of incident 
radiation for downward traveling intensities. 
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depends on~. The geometrical lengths along the line of sight, XP, and 

the solar beam, QT, within the ith layer are £. and ~s., respectively. 
l. l. 

Furthermore, the sum of the solar beam penetration within each layer 

along the solar beam, QT, is si' or mathematically, 

i 
s. = L ~s., i=I,2, .•• N 

l. j=1 J 
(3.1) 

Applying the law of sines to triangle OPQ in Fig. 3-1 yields, 

and 

e_e i +1 
(Xi+1 = £ 

Hence, by using Eqs. (3.2-3), while varying the height zi+l 

i+1 
can determine all angles e£ along the line of signt XP. By using 

Eq (3.3), the angle ei +1 can be found from 
s 

ei +1 cos 
s 

(3.2) 

(3.3) 

one 

(3.4) 

After determining the angle ei +1 one can calculate the remaining 
s 

local zenith angles along the solar beam QT (see Fig. 3-1), for example, 

i .-1 e = Sl.n 
s 

. ei
+1] Sl.n 

s 

Proceeding to calculate the length £i we get 

(3.5) 
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(3.6) 

where 

Similarly, ~s. is determined by 
1 

where 

~s. 
1 

~8 
s 

For an observer positioned anywhere along the normal to the 

(3.7) 

earth's surface, the singly scattered intensity, I , in the direction 
ss 

(8, ~) is the total contribution of scattering from incident solar radi-

ation into that direction, attenuated until reaching the observer. 

Since the incident intensities in the downward direction at the top of 

the atmosphere are zero, the singly scattered intensity at the earth's 

surface is given by 

I (z=O, 8, ~) 
ss J

L F P(.Q., 
o 0 

0::;;8::;;111 2 

8, e , 
o 

-T (.Q.) -(T -T ) 
s L.Q. 

~)e e KT(£)d.Q., 

(3.8) 

where d9. is an infinitesimal length along the line of sight, L is the 

total geometrical length of the line of sight measured from the top of 



the atmosphere to the observer's position, while K
T

(£) is the total 

extinction coefficient along £. The optical thicknesses Ts and T£ are 

measured along the solar beam and line of sight, respectively. The 
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scattering phase function from the solar beam into the direction (8, ¢) 

is represented by P(£, 8, 8 , ~). Likewise, the upward traveling sing
o 

ly scattered intensities at the top of the atmosphere in the direction 

(8, ~) that intersects the earth's surface are given by 

-T (£) -T 
s .~ () d e e KT R 1, (3.9) 

where the first term on the righthand side is the contribution from 

ground reflection. Without loss of generality, we assume the scatter-

ing phase function P(£, 8, 8 , ~) does not vary along the line of 
o 

sight. The resulting simplified integrals in Eqs (3.8-9) cannot be 

evaluated analytically, contrary to the situation in a plane-parallel 

atmosphere. Usually, numerical integration schemes are employed to 

evaluate these integrals, but such approaches are very sensitive to 

geometrical or optical length of the line of sight. Consequently, the 

computing time will vary considerably depending on the length of the 

integration path. Instead, by assuming a segment of the atmosphere is 

locally flat or plane-parallel, one utilizes the analytically integra-

ble results in evaluating the layer contribution to the singly scattered 

intensity. In fact, such an assumption is acceptable as long as the 

height of the atmosphere is much smaller than the radius of the planet 
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. . Ad' I h' th I . I d . .. 1n quest10n. ccor 1ng y, t e 1 ayer s1ng y scattere 1ntens1ty 1n 

the downward direction (see Fig. 3-1) is 

I (T i+1 8 ) ss Q, , ,<p F P(8, 8 , 
o 0 

(3.10) 

where the optical thickness from the top of the atmosphere to the top 

of the ith layer along the solar beam QT is expressed as 

i-I 
T 

s = (3.11a) 

Here, KTj is the homogeneous volume extinction coefficient within the 

jth spherical shell. Also, the solar optical thickness within the ith 

layer is given by 

[n
i 

= KT·f:.s. s 1 1 
(3.11b) 

Similarly, optical thickness along the line of sight within the ith 

layer is given by 

(3.llc) 

i 
The "effective" cosine, ~oe' of the solar elevation angle is defined by 

i 
~oe 

f:.z. 
1 = --

f:.s. 
1 

(3.12a) 



22 

Also, the "effective" cosine of the elevation angle of the line of sight 

is given by 

i 
/:'z. 

1. 
l1e = 

Q.. 
(3.12b) 

1. 

Therefore, the singly scattered intensity, I ,at point P is the sum 
ss 

of all the layer contributions along XP attenuated to the observer, 

that is, 

(3.13) 

Similarly, the expression for upward traveling singly scattered in-

tensities at point P, as illustrated in Fig. 3-2a for a line of sight, 

AP, that intersects the planet's surface can be obtained as follows 

where 

I (0, e, cj» 
ss 

N ( . ) 
L Iss ~T~, e, cj> 

i=1 

FP(e,e, 
o 0 

. i 
1. -T 

cj> ~e . )

)J e s 

1. + J. 
)Joe )Je 

(3.14) 

(3.15) 

In general, the solar optical thickness T does not vary linears 

ly along any line of sight. However, the above mentioned approach im-

plies uniform solar penetration along the segment QA of the line of 

sight from the top of the ith spherical shell between the points A and B 
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Fig. 3-2a. Geometry of a spherical atmosphere in the plane of incident 
solar radiation for upward traveling intensities. 
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to the top of the atmosphere, as shown in Fig. 3-2b (i.e., AC and BT 

and all between distances are equal). Of course, this introduces an 

error in the layer contribution to singly scattered intensities. AI-

though the error increases as the angles of observation and incident 

sun approach the horizon, it can be reduced by increasing the number 

of spherical shells in the atmosphere. It is interesting to note that 

if T varies linearly along the line of sight, the resulting layer cons 

tribution has the same form as Eqs (3.10 and 3.15). 

So far we have considered the cases in which the line of sight 

for upward traveling beams intersects the planet's surface and in the 

process penetrates each spherical shell once. However, due to the 

sphericity of the atmosphere, all the lines of sight above the tangent 

to the planet's surface will go through the whole atmosphere penetrat-

ing each spherical shell twice with the exception of one. For example, 

the line BP in Fig. 3-2a illustrates this situation in the plane ~=O. 

The layer singly scattered intensity is found by applying Eq (3.15) to 

every segment of line of sight within each layer except the deepest 

penetrated layer. Here, rather than assuming uniform solar penetration 

to the top of the ith layer, a weighted distribution will be assumed. 

The solar optical thicknesses at the two edges of the ith layer are mul-

tiplied by a factor of ~, while the one at the midpoint is multiplied 

by ~; i.e., T = T +T 4 + T 2. i (t b) / m/ 
s s s s 

In addition, the "effective" cosine 

expressions are modified as follows 



Fig. 3-2b. Illustration of SOlar penetration from the top of the 

atmosPhere to a sPherical shell along a POrtion QA of the line of Sight Xp in Fig. (3-1). 
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m ~z 
, 

~oe = ---
~sm 

(3.16a) 

m ~z 
, 

~e = ----
~i/2 

(3.16b) 

where 

and ~sm is the solar beam within the ith layer evaluated at the mid-

point. 

In the past two decades several methods have been developed to 

solve the problem of radiative transfer in plane-parallel atmospheres. 

Basically, these methods vary in calculating multiple scattering, be-

cause single scattering is analytically determined. A review of the 

various methods can be found in Van de Hulst's (1980) recent book. So 

far, as noted by Lenoble (1977), the Monte-Carlo method is the only 

technique that has been used in both spherical and plane-parallel 

atmospheres. 

Herman (1963 and 1965) introduced a Gauss-Seidel iterative 

technique over optical depth to solve the problem of radiative transfer 

in a plane-parallel atmosphere. Since then several refinements were 

introduced, such as the Fourier expansion in azimuthal angle (see Dave 

& Gazdag, 1970; Herman and Browning, 1975), more recently, the semi-

analytical technique to integrate the radiative transfer equation over 

optical depth (see Herman et aI, 1980). Herein, we will use a linear 

fit to the intensity distribution as a function of optical depth in con-

junction with the Gauss-Seidel iterative technique and apply the semi-

analytic technique referred to above. 
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The scattering in a spherical atmosphere is a split boundary 

problem, as is the case in plane-parallel atmospheres, whereby the in

cident downward traveling intensities at the top of the atmosphere are 

zero and the upward traveling intensities at the bottom are usually 

obtained from the ground reflectivity or albedo. The problem is set up 

by dividing the atmosphere into several spherical shells. Each shell 

is assumed to have a uniform volume extinction coefficient. Singly 

scattered intensities are computed by the method outlined earlier. 

Rather than computing these intensities in all directions of interest 

at each level, we will compute them at the top and bottom of the atmo

sphere, namely, at points X and Y (see Fig. 3-3). Then the intensities 

for a particular level as measured along the line of sight from either 

the top or the bottom of the atmosphere are shifted to the normal line 

XY. Fig. 3-3 illustrates this situation in the planes ~ = 0
0 

and 180
0 

for the nth level at the observer's location P. For example, the dmm

ward traveling intensity b along the line of sight that reaches X is 

assumed to equal the intensity b~ at point P, and similarly the inten

sity c~ is set equal to c. Likewise, the upward traveling intensity a 

along the line of sight that reaches Y is assumed to equal a~ at P. 

These assumptions will be used in determining multiple scattering. 

Even though the shifting of intensities is an approximation, it seems 

to be valid as long as the radius R is much larger than hT which makes 

the levels in the atmosphere nearly flat over the region from which most 

of the multiply scattered light comes from, and the maximum angle of 

shifting, as measured at the center of the planet, very small (i.e., 



~ 
x 

R 

o 

Fig. 3-3. Shifting of intensities in the azimuthal plane (0°, 180°) 
for multiple scattering. 
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for R = 6370 km, hT = 50 km and e = 85°; a <4°). Furthermore, for max 

an atmosphere with relatively small 'T' the contribution of single 

scattering dominates that of multiple scattering and consequently the 

error due to shifting of intensities for computing multiple scattering 

introduces a much smaller error in the total intensity. However, for 

an optically thick atmosphere the shifting of intensities may not be 

valid since the total intensity is dominated by multiple scattering. 

In fact, the intensities in such a situation can be calculated at each 

level along the normal line without shifting by the method outlined 

earlier in this section. The disadvantage in this procedure lies in 

the large increase of computing time in comparison with the procedure 

that uses shifting, and in the complexity of properly establishing a 

finite grid system. 

In the Gauss-Seidel iteration scheme the singly scattered in-

tensities are used as an initial guess. Then, starting from the top 

of the atmosphere, the downward traveling intensities at the second 

level are computed by assuming a linear fit for the intensity distri-
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bution over the layer and at the same time updating the previous guess. 

This procedure continues until the ground is reached; meanwhile all 

the intensities in the downward direction have been updated. Accord-

ingly, the intensity at the second level due to multiple scattering in 

the direction (e, ~) is 

= r~ 
27T 7T 

I I p(e, 
o o 0 

sine "'de "'d~ '" , o<e~7T/2 (3.17) 
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The evaluation of the second and third integrals will be done numeri-

cally; that is, replacing those integrals by summation over e~ and ~~ 

and at the same time taking an average value within each summation 

interval for the scattering phase function pee, e~, ~-~). In addition, 

we will assume a linear distribution for the intensity as a function of 

optical thickness, that is 

where a is a constant that depends on optical 
n 

intensities at the top and bottom of the layer 

(3.18) 

thickness as well as the 

in question [io e.. an • 

n = 1, 2, 3 •• .]. In order to generalize the applica-

tion of Eq (3.17) we replace superscripts 2 by (n+l) and 1 by n. Now, 

substituting Eq (3.18) into Eq (3.17) and analytically integrating over 

TQ, yields 

~~j J
k 
f rnI(T~ :aj. Ok) + Bn+! I (T~+! · a; .Ok) ] 

.p (0. li; .o-ok) (cosa ;-cosa;+!) Mk} (3.19) 

(3.20a) 

1 ( -l:IT~) 
1 - e (3.20b) 
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where 

Consequently, the diffused or scattered intensity in the downward direc

tion at the (n+1)th level during the downward pass in the iteration pro-

cedure becomes 

I..n+l ) I\T£ ,8,cp 

(3.21) 

To begin the upward pass in the iteration scheme the upward traveling 

intensities at the ground level are determined by knowing ground reflec-

tivity or albedo, A, and the total downward flux, F
D

, which is the sum 

of the diffused downward flux, Fd and the unscattered flux F us Assum-

ing the ground is a Lambertian reflector, the resulting upward traveling 

intensity is 

I(z=O,8,CP) = A 
7T 

where the diffused downward flux is defined as 

I
27TI7T

/2 F d = I (TL' 8, cP )cosesin8d8dCP 

° ° 

(3.22) 

(3.23) 

and the unscattered flux F into a particular direction as seen by an 
us 

observer along the normal line at the top of the atmosphere is a func-

tion of the angles 8 and cP, and is defined by 

F (8,CP) us = ~osFo e 
-T (8,CP) 

s (3 .. 24) 



where ~os is the cosine of the local zenith angle at the planet's sur

face, and T is the solar optical thickness from the top of the atmo
s 

sphere to the planet's surface. 

The iteration procedure in the upward direction begins by 

invoking the boundary condition at the ground [i.e., Eq (3.22)] and 

assuming a linear distribution for the intensity as function of opti-

cal depth as well as using the latest updated downward traveling in-

tensities. Again during the upward pass we will update only the 

upward traveling intensities. The resulting upward traveling intensi

ties at the nth level during the upward pass can be written as 
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7T /2:;:;;e:;:;;7T (3.25) 

h I ' I 'I at the nth levell's defl'ned by were mu tlP e scatterlng ms 

(3.26) 

In the above expression the intensities at levels n+1 and n are multi-

plied by the coefficients Sn and Sn+1' respectively. Thereby, the 

coefficients role in Eq (3.26) is the opposite of that in Eq (3.19). 

The Gauss Seidel iteration in the upward pass continues until the top 

of the atmosphere is reached. This iteration procedure is repeated up 
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and down the atmosphere until the intensities converge to within a pre

scribed value. 

Checking Results and Procedure 

In a complex mathematical formulation of physical phenomenon 

such as that of scattering of light in a spherical atmosphere, usually 

the non-analytical solutions are obtained by numerical methods. The 

validity of the assumptions that were made during the formulation as 

well as the accuracy of the numerical solution can be checked either 

experimentally or by other methods. So far, the numerical results for 

this problem have been obtained only by Monte Carlo Methods. Collins 

et al (1972) used backward Monte Carlo calculations to characterize 

the emerging polarized radiation from spherical atmospheres, while 

Blattner and Wells (1973) used the same method to study the effect of 

neglecting polarization in molecular and turbid atmospheres. In addi

tion, they discussed briefly the resulting error in using plane-paral

lel atmospheres in place of a spherical atmosphere and investigated the 

influence of dust layers at various altitudes on the color ratio during 

twilight. Also, Blattner et al (1974) used the backward Monte Carlo 

method to present results of sky radiation during twilight in a molecu

lar plus ozone atmosphere. Whitney et al (1973) introduced a new method 

which leads to discretization of the integro-differential equation of 

radiative transfer. This method was applied to plane-parallel and 

spherical atmospheres. The resulting intensities in the plane-parallel 

atmospheres showed an error on the order of 5 to 10% when compared with 

Coulson's (1960). In addition, the resulting intensities in a spherical 
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atmosphere were compared with those obtained by the backward Monte Carlo 

method, but tne comparison was inconclusive since the results appeared 

on semi-log paper where errors up to 100% are barely noticab1e. Further-

more, Whitney's calculations were limited to a very small range of obser-

vation angles. Unfortunately, this leads us to believe that Whitney's 

et a1 (1973) results cannot be used in checking results, particularly 

in a spherical atmosphere. Recently, Marchuk et a1 (1980) discussed the 

application of the Monte Carlo methods for obtaining numerical solutions 

in direct and inverse problems of radiative transfer in a spherical 

atmosphere. 

In this dissertation we will neglect polarization since the 

introduced error in the scattered intensities due to neglect of po1ari-

zation is relatively small (see Blattner et a1, 1973). 

Consider a homogeneous molecular or Rayleigh spherical atmo-

sphere with TT = .25. This unrealistic atmosphere is chosen to check 

the emerging total scattered intensities obtained by the present Quasi-

Spherical method against those intensities obtained by the backward 

Monte Carlo method. In addition, such an atmosphere simplifies eva1u-

ating the singly scattered intensities by numerical integration methods, 

in order that these intensities may be compared with those obtained by 

the Quasi-Spherical method. Incidentally, it is very important to use the 

exact input parameters in the problem of scattering in a spherical atmo-

sphere because the solution is nonlinear. The following input parameters 

are chosen: R = 6378.4 (km), hT = 50 (km), F = TI and e = 84.26°. 
o 0 
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The scattering phase function in a Rayleigh atmosphere is given 

as 

PR(~) = __ 3 __ (1.0 + COS2~) 
167T 

where the scattering angle ~ is obtained from 

cos ~ cos6cos6' + sin6sin6'cos~ 

(3.27) 

(3.28) 

We begin by calculating the emerging singly scattered intensi-

ties from the top and the bottom of the atmosphere. Originally, the 

atmosphere was divided into ten spherical shells of equal optical thick-

nesses and the height distribution for these shells was based on a ver-

tically nonhomogeneous distribution of density in a Rayleigh atmosphere. 

The resulting geometrical thickness of the top spherical shell was ap-

proximately 34 (km). In order to obtain a finer resolution in the in-

tensity profile we divide the top shell into ten sub-shells of equal 

heights above the tangent height for the zenith angle 6 = 95°; e.g., 

h R ( __ 1 __ - 1.0) or h = 24.364 km. Nonetheless, when considering tan = , sin6 tan 

the homogeneous Rayleigh atmosphere we retained the height distribution 

from the non-homogeneous case. This assumption was not necessary but 

it simplified inputing the height distribution as a function of optical 

depth to our model. The zenith angle for the transmitted intensities 

varies between 0° and 90°, while for the reflected intensities it varies 

between 90° and 180°. In our calculations we considered the zenith 

81°, ... 89.0° for the transmitted intensities and 91°,91.5°,92°, 
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intensities. Furthermore, we computed the intensities for the azimuthal 

angles 0°, 30°, 60°, 90°, 120°, 150° and 180°. Notice, the azimuthal 

plane 0° and 180° is a plane of symmetry in our problem, due to the 

spherical geometry and the nature of the solar radiation. Accordingly, 

the intensities for the azimuthal angles between 180° and 360° will not 

be computed. Eqs (3.13 and 14) were used in calculating the singly 

scattered intensities by the Quasi-Spherical method, while Eqs (3.8 and 

9) were used for the same intensities by numerical integration. In the 

numerical integration scheme, each line of sight is divided into several 

segments. Also, the solar radiation at the midpoint of each segment is 

determined. Then, by replacing the integration in Eqs (3.8) and (3.9) 

with a summation we obtained the singly scattered intensities. Further

more, the number of segments is increased until convergence is ensured. 

Now, the two different methods of calculation are used in the homogen

eous Rayleigh atmosphere. Transmitted and reflected singly scattered 

intensities as a function of zenith angle in the plane of incident solar 

radiation are shown in Figs. 3-4 and 5, respectively. These figures in

dicate almost identical results as obtained by the two methods. In fact, 

the results obtained by the Quasi-Spherical method have higher values 

than those obtained by the numerical integration method at one end of 

the abscissa, while the opposite behavior occurs at the other end. For 

example, for e = 5° and 89° in Fig. 3-4 the differences are on the order 

of +1.5% and -1.4%, respectively. However, by increasing the number of 

the spherical shells from 20 to 30 the corresponding differences de

crease to ±1.0%. Such behavior is expected and, in fact, is consistent 
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Fig. 3-4. Transmitted singly scattered intensities in a homogeneous 

Rayleigh atmosphere. 
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with the observation that was made in the previous section. Therefore, 

the Quasi-Spherical method gives relatively accurate values for single 

scattering and moreover, the accuracy increases by increasing the number 

of spherical shells. 

After computing single scattering we proceed to calculate the 

total emerging radiation at the top and the bottom of the homogeneous 

Rayleigh atmosphere by the iteration method that was outlined earlier. 

Also, the emerging total radiation in the same atmosphere, but a plane

parallel or flat atmosphere is computed. The resulting intensities in 

both spherical and flat plus the ones obtained in a polarized spherical 

atmosphere by the backward Monte Carlo method (see Collins et aI, 1972 

and Blattner, 1981) are shown in Fig. 3-6 through Fig. 3-14. Figs. 

3-6 and 7 show the transmitted intensities as a function of zenith 

angle when A = 0.0 for the azimuthal planes (00, 180 0) and (30 0, 150 0), 

respectively. Similarly, Figs 3-8 and 9 show the ~ransmitted intensi

ties when A = 0.8. It is noticed that the transmitted intensities in 

the spherical atmosphere are always higher than those in the flat one. 

This is primarily due to the smaller attenuation in the spherical case. 

As expected, when 80 ~ 90 0 in a Rayleigh flat atmosphere the transmit

ted intensity profile is almost symmetrical about 8 = 0.0 0 
for each 

azimuthal plane. Such behavior is evident for both ground reflectivi

ties A = 0.0 and 0.8 as depicted in Figs. 3-6 through 3-9. On the other 

hand the transmitted intensity profile in the spherical atmosphere is 

not symmetrical and, in fact, has higher values for the zenith angles in 

~ = 00 and 30 0 
than those in ~ = 150 0 and 180 0. For example, in 
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Fig. 3-6 for e = 85° and A = 0 we have I(~=Oo) = 0.143 and I(~=1800) 

0.112. Likewise, in Fig. 3-8 for the same angle but A = 0.8 we have 

I(~=Oo) = 0.17 and I(~=1800) = 0.138. Consequently, the asymmetry as 

well as the higher values of intensities in the spherical atmosphere 

are attributed to the spherical geometry. Moreover, the figures show 

a dark~ning effect (or limb darkening) toward the horizon in both flat 

and spherical atmospheres, however, this effect is less pronounced in 

the spherical case. By comparing the transmitted intensities in the 

flat Rayleigh atmosphere with and without polarization as illustrated 
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in Fig. 3-8, it is noticed that the intensities with polarIzation are 

larger than those without polarization as the zenith angle approaches 

90° while the opposite situation occurs as e approaches 0°. This leads 

us to believe that a similar behavior occurs in the spherical atmospher~ 

As illustrated in Figs. 3-6 through 3-9, the comparison between the 

transmitted intensities as computed by the Quasi-Spherical and the back

ward Monte Carlo methods are quite good for e less than 70°, while for 

e larger than 70° the obtained intensities by the Monte Carlo method are 

increasingly higher than those obtained by the Quasi-Spherical method. 

For example, for e = 85° the percent difference is about 10% in ~ = 0° 

and 30°, but it is much smaller in ~ = 150° and 180°. These differences 

are due partially to neglecting polarization in the calculations by the 

Quasi-Spherical method. Also, the approximations in evaluating single 

and mUltiple scattering contribute to these differences in addition to 

the inherent statistical fluctuation in the Monte Carlo calculations. 

Furthermore, as is the case in most complicated computer programing, 



there is always a chance of programing errors in both methods. Later 

on we will discuss a limiting case especially designed to check for 

such errors. Recently, Blattner (1981) recomputed the transmitted 

intensities with and without polarization in the homogeneous Rayleigh 

atmosphere. His results show a similar behavior to that in the flat 

atmosphere as far as the polarization effect is concerned and the dif-

ferences between the obtained results for the spherical atmosphere by 

t OO the two methods have decreased. For instance, a 8 = 85 and ¢ = 0 

the percent difference is reduced from 10.6% to less than 5% as shown 

in Figs. 3-6 and 3-10, respectively. 
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For the above mentioned atmosphere, the reflected intensities 

as a function of zenith angle in the azimuthal planes (0°, 180°) and 

(30°, 150°) and for A = 0 and 0.8 are given in Figs. 3-11 through 3-14. 

In these figures we notice a reduction in the differences between the 

computed intensities by the Quasi-Spherical and the backward Monte Carlo 

methods particularly close to the horizon (i.e., 8 z 90°). Because of 

the spherical geometry, the major difference between the reflected in-

tensities in the flat and the spherical atmospheres is the peak in the 

intensity profile at about 8 = 92.5°. Also, as the ground reflectivity 

increases from 0.0 to 0.8 the differences between the corresponding in-

tensities in the flat and spherical atmospheres are increased as illus-

trated in Figs. 3-11 through 3-14. Thus, the transmitted and reflected 

intensities as computed by the backward Monte Carlo method agree quite 

well with those obtained by the Quasi-Spherical method and, in fact, a 



better agreement will result if polarization is included in the latter 

method. 
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Next, a vertically inhomogeneous Rayleigh atmosphere is con

sidered with TT = 0.1. Basically, this is the same atmosphere that was 

considered by Marchuk et al (1980), but again the polarization is neglec

ted in the Quasi-Spherical method. Here, we set 8
0 

= 53.13°, hT 100 

(km) and R = 6370 (km). Transmitted and reflected intensities for 

flat and spherical atmospheres in the azimuthal plane (0°, 180°) are 

shown in Figs. 3-15 through 3-18. Figs. 3-15 and 3-16 show the trans

mitted intensity as a function of zenith angle when A = 0.0 and 0.25, 

respectively. In these figures the Monte Carlo results (see Marchuk 

et aI, 1980; Table 4.28, p. 144) are almost identical to those obtained 

by the Quasi-Spherical method and the very small differences can be at

tributed to neglecting polarization in the latter method. Similarly, 

the reflected intensities for A = 0 are shown in Fig. 3-17. As expec

ted, in this more realistic Rayleigh atmosphere the intensities in the 

spherical case at about 8 = 90° are orders of magnitude smaller than the 

ones in the flat case. Furthermore, the results of the Monte Carlo 

method agree quite well with those obtained by the Quasi-Spherical 

method for all the zenith angle except when 8 is less than 110°. Here, 

we suspect the disagreement is caused by positioning the observer at 

100 (km) rather than 250 (km). Since it was not clear as what is the 

height of the observer in Marchuk's model, we did not change the height 

of the observer in our calculations. Because of physical considera

tions, one expects the reflected intensity to peak about the line of 
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sight tangent to the earth's surface in an optically thin atmosphere. 

This was confirmed by considering hT 50 (km) in addition to hT 100 

(km). In the first case the reflected intensity peaked at about e 

97°, while in the second case it peaked at about e = 100°. Accordingly, 

if hT = 250 (km) one expects the reflected intensity to peak at about 

e = 106° which will bring our results much closer to Marchuk's between 

the zenith angles 90° and 110 0
• Meanwhile, when the ground reflectivity 

is increased to 0.25 (see Fig. 3-18) the differences between the reflec-

ted intensities as computed by the two methods have increased in con-

trast with the good agreement that was observed in the case of zero 

ground albedo. Since in our comparison with Collins et al (1972), the 

change in the ground albedo did not affect the resulting good agreement 

in the reflected intensities, we suspect that Marchuk is not consider-

ing properly the effect of the reflected radiation from the earth's 

surface. 

Checking the results obtained by the Quasi-Spherical method 

against those obtained by the Monte Carlo methods indicates that this 

new method of computation is accurate. Also, the intensity profiles 

are smooth as illustrated in Figs. 3-6 through 3-18, since this method 

does not suffer from the inherent statistical fluctuations of the Monte 

Carlo methods which was evident in the results of Collins et al (1972) 

and Marchuk et al (1980). Above all the computing time of this method 

is quite fast when compared with that of the Monte Carlo methods. For 

example, in the case of a homogeneous Rayleigh atmosphere the computing 

time which includes compiling and execution times for the emerging 



radiation in the spherical atmosphere is less than 90 seconds on CDC 

Cyber 175. Unfortunately, the computing time was not reported for the 

Monte Carlo calculations. 

As the radius of the spherical atmosphere approaches infinity, 

the geometry of the atmosphere becomes essentially plane-parallel. 

So by increasing the radius of the earth by one hundred times, but 

still employing the quasi-spherical method, the resulting intensities 

should, in principle, be identical to those obtained in the plane-par

allel or flat atmosphere. This situation provides a way to check the 
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procedure of the Quasi-Spherical method and helps to check for computer 

program:ing errors. Now, consider a vertically inhomogeneous conserva-

tive atmosphere. Also, let the angle of the incident sun be equal to 

85°, since for this low angle the differences between the results for 

spherical and flat atmospheres are much larger than those for a high 

angle of the sun. Moreover, assume hT = 50 (km), R = 100R ,R = 6370 
o 0 

(km), Fo = 1.0, A = 0.1 and TT = .195. Here, the atmosphere consists 

of aerosols plus molecules. The total Rayleigh optical depth is TR = 

0.145, while the total aerosol or Mie optical depth is T 0.05. The 
m 

comparison between the transmitted intensities in both flat and spheri-

cal atmospheres at the zenith angles 5°, 15°, •.. , 75°, 85°, and for the 

azimuthal angles 0° and 180° are given in Table 3-1. By comparing 

these intensities it is obvious that their values are very close and, 

certainly, the maximum percent difference is less than 0.3%. Similarly, 

in Table 3-2 the reflected intensities are compared in both flat and 

spherical atmospheres at the zenith angles 95°, 105°, ... , 165°, 175°. 

Again the intensities in both atmospheres are almost identical except 



Table 3-1. Comparison of transmitted intensities in plane-parallel and spherical atmospheres for 
TT = .195. (Special Case for R - 100R

o
). 

e 

50 

15
0 

25 0 

35 0 

45 0 

55 0 

65 0 

75 0 

85 0 

L'l1% 

rjJ = 00 

I (spherical) I (flat) 

.0056646 .0056528 

.0063387 .0063256 

.0075860 .0075702 

.0096097 .0095895 

.0128659 .0128385 

.0184452 .0184051 

.0294199 .0293539 

.0602395 .0600983 

.1452139 .1448291 

I (spherical) - I (flat) * 100 
I (spherical) 

L'l1% 

.209 

.208 

.208 

.210 

.213 

.218 

.225 

.235 

.266 

<I> = 180
0 

I (spherical) I (flat) L'l1% 

.0054541 .0054428 .209 

.0056523 .0056405 .209 

.0063418 .0063286 .208 

.0075612 .0075456 .206 

.0094789 .0094597 .203 

.0124391 .0124144 .199 

.0172257 .0171926 .192 

.0257159 .0256704 .177 

.0374014 .0373674 .091 

lTI 
00 



Table 3-2. Comparison of reflected intensities in plane-parallel and spherical atmospheres for 
TT = .19~ (Special Case for R = 100B

o
)' 

¢ = 0
0 

e I (spherical) I (flat) 
0 

95 .1305647 .1294264 

0 

105 .0481665 .0479484 

0 

115 .0267085 .0266174 

0 

125 .0175482 .0174967 

0 

135 .0127344 .0127004 

0 

145 .0099223 .0098975 

0 

155 .0082297 .0082102 

165
0 

.0072757 .0072591 

0 

175 .0068693 .0068543 

~I% I (spherical).- I (flat) * 100 
I (spherlcal) 

<I> = 180
0 

I1I% I (spherical) I (flat) I1I% 

.879 .0681166 .0680084 .159 

.455 .0336242 .0335885 .106 

.342 .0215861 .0215583 .129 

.294 .0156173 .0155944 .147 

.268 .0121117 .0120921 .161 

.251 .0098447 .0098276 .174 

.238 .0083405 .0083251 .185 

.228 .0073896 .0073751 .196 

.218 .0068974 .0068832 .207 

i 

I 

I 

, 

i 

I 

I 
I 
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I 
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close to the horizon where the sphericity effect is important. The 

maximum percent difference in Table 3-2 occurs at e = 95° and ~ = 0° 

and is on the order of 0.88%. 
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Thus far, the Quasi-Spherical method has been developed to 

study the problem of scattering in a spherical atmosphere. This method 

is applicable to a planetary atmosphere when the height of the atmo

sphere is much smaller than the radius of the planet. The emerging 

radiation in homogeneous and nonhomogeneous Rayleigh atmospheres as 

calculated by the Quasi-Spherical and the Monte Carlo methods compare 

quite well, particularly if polization is neglected in the Monte Carlo 

calculations. Also, the emerging radiation in the conservative spheri

cal atmosphere of LT = 0.195 converges to that of the flat atmosphere 

when the radius of the earth approaches infinity. 



CHAPTER IV 

APPLICATIONS AND DISCUSSION 

Many branches of science including radio communications, meteo

rology, astronomy, nuclear physics, geophysics, aviation and others 

require reliable information on the composition and behavior of the 

earth's atmosphere. Freque~tly, such information may be obtained 

through an accurate interpretation of the measured skylight. For a 

long time ground and balloon based measurements have been used. More 

recently, however, satellite and rocket based measurements have also 

been used. For the past three decades most analyses of measurements 

have been based on the application of the radiative transfer equation 

for a plane-parallel atmosphere. Sometimes this leads to a wrong 

interpretation of the physical nature of the atmosphere. These errors 

result primarily from the neglect of the sphericity of the atmosphere. 

It will be shown in this chapter that as long as the solar zenith angle 

is smaller than 75° the neglect of the sphericity of the atmosphere 

introduces no detectable errors in a ground based measurement. How

ever, in the case of satellite based measurements the flat atmosphere 

gives erroneous results for zenith viewing angles close to the horizon 

at all solar zenith angles. Furthermore, a spherical atmosphere must 

be considered in analyzing measured skylight during twilight. Rozenberg 

(1966) has developed techniques for obtaining the distribution of 
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aerosols and other particles as a function of height during twilight, 

particularly in the upper parts of the atmosphere. The accuracy of the 

inferred information is highly dependent on the application of the radi

ative transfer equation to a spherical atmosphere. In addition, the 

analyses by various workers of several existing measurements of sky

light during twilight are dependent upon using a realistic and economi

cal method of solution to the problem of light scattering in the spher

ical atmosphere, and as a result, quantitative analyses have yet to be 

performed. 

The Quasi-Spherical method will be used in this chapter to 

characterize the scattered light in a conservative and vertically in

homogeneous atmosphere containing aerosols and molecules. Again, polar

zation and absorption will be neglected in all calculations. For both 

spherical and plane-parallel atmospheres the emerging 0.5 ~m radiation 

will be presented for several zenith angles of incident sunlight. Flux 

conservation in the spherical atmosphere will also be examined. Finally, 

the changes in the transmitted and reflected intensities resulting from 

the inclusion of a stratospheric aerosol layer and two tropospheric 

aerosol pollution models will be discussed. 

Further modification of the Quasi-Spherical method to include 

ray bending and refraction, which are very important when the angle of 

incident sunlight is close to grazing, can be used to analyze, for exam

ple, Coulson's (1980 and 1981) recent series of measurements of skylight 

at the zenith during twilight on the island of Hawaii. This task is not 

undertaken at this time and will be left for future work. 
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Scattering in Spherical and Plane-Parallel Atmospheres 

The application of the radiative transfer equation to both plane-

parallel and spherical conservative atmospheres is considered in the 

absence of absorption for the case of 0.5 ~m radiation. The aerosols 

are composed of non-absorbing spherical particles. The index of re-

fraction of these particles is assumed to be 1.54. The electromag-

netic radiation scattering parameters for a spherical particle are 

computed from the Mie scattering formulae. Mie scattering theory is 

well known, and it has been discussed by several authors, for example, 

Stratton (1941) and Van de Hulst (1957). The size distribution of 

aerosols is chosen to be Junge type and is given by 

dN 
dr 

Cr-(V + 1) r. ~r~r 
mln max (4.1) 

where N is the number of particles per unit volume of radius rand C is 

an arbitrary constant and the value of v is assumed to be 2.5. The 

size of aerosols is assumed to vary from r. = .02 ~m to r = 5.02 mln max 

~m with increments of .04 ~m. Fig. 4-1 illustrates the normalized dis-

tribution of aerosols and molecules per unit volume as a function of 

height which are obtained from Elterman's (1968) report (See Table 4.11, 

p. 32). On a clear day in Tucson, Arizona, a typical value of the total 

optical depth of aerosols T is taken to be 0.05 at 0.5 ~m wavelength, 
m 

and the total optical depth of molecules, TR, is 0.145. Thus, the 

total normal optical depth, TT' is defined as 

(4.2) 
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The method of obtaining the height distribution as a function of optical 

depth will be discussed in appendix A. 

The computations of Rayleigh and Mie scattering phase func-

tions in terms of the scattering angle are performed for the angles 

0
0 

through 180
0 

at one degree increments. Then, the resulting value 

of the phase function for the scattering angle that corresponds to the 

midpoint of the zenith and azimuth angular interval of the incident and 

scattered beams is used as an average value for the whole interval. 

However, in the case of Mie scattering in the forward and backward 

directions an average value over all the angular interval is used in-

stead of that at the midpoint. Also, normalization of the scattering 

phase functions are insured by applying an appropriate normalization 

in computing multiple scattering. Furthermore, the scattering phase 

function within each layer in the single and multiple scattering terms 

is composed of a weighted swn of the Rayleigh scattering phase function, 

PR, and the Mie scattering phase function, Pm' which is equivalent to 

P 
~TRPR + ~Tm~m 

~Tm + ~TR 
(4.3) 

where ~TR and ~Tm are the Rayleigh and Mie optical depths, respectively, 

for the layer. For details of this procedure see Herman and Browning 

(1965). 

The emerging radiation at the top and bottom of both spherical 

and plane-parallel atmospheres is computed at the previously mentioned 

zenith and azimuthal angles (see Chapter III). The height of both atmo-

spheres is assumed to be 50 km. In addition, each atmosphere is 



divided into ten layers of equal optical depths. Also, the following 

parameters are assumed: F = 1.0, A = 0.1 and R = 6370.0 km. The o 

Quasi-Spherical method as outlined in the previous chapter is used in 

obtaining results in the spherical atmosphere, while a semi-analytic 

66 

Gauss-Seidel iterative method that uses a linear fit for the intensity 

as a function of optical depth is used in the plane-parallel atmosphere 

(for details see Herman et aI, 1980). For an observer located at the 

top of the spherical atmosphere the lines of sight with zenith angles 

between 90° and 97.155° do not touch the ground. Since the geometrical 

thickness of the top layer is relatively large, the atmosphere above 

the tangent height (ht = 24.33 km) of the e = 95° line of sight is an 

divided into 9 layers of equal heights to improve the resolution of the 

intensity profile as a function of height and scanning angle. 

Convergence in the iteration procedure was obtained in 5 passes 

up and down the atmosphere, and the total computing time for both plane-

parallel and spherical atmospheres on The University of Arizona CDC 

Cyber 175 was less than two and one-half minutes. 

Downward traveling beams at the viewing zenith angles 65°, 75° 

and 85° for both atmospheres as a function of optical depth in the plane 

of incident sun of angle 85° are shown in Fig. 4-2. It is noticed that 

near the top of the atmosphere the intensities at each zenith angle in 

the flat model are larger than those in the spherical one. However, as 

the optical depth increases the results of the two models gradually 

approach one another eventually crossing, and subsequently the resulting 

intensities of the spherical atmosphere become increasingly larger than 
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those of the flat atmosphere. Furthermore, the differences between the 

results of fhe two models increase as the viewing zenith angle in-

creases. For example, on the ground (i.e., 'T = .195) at e = 65°, 75° 

and 85° the percent differences are on the order of 10%, 13% and 16%, 

respectively. It is interesting to note that the height of the point 

at which both models give identical values decreases for increasing 

zenith angle. Near the ground the attenuation in the spherical atmo-

sphere is smaller than that in the flat one which explains the resulting 

higher values of intensity in the spherical model. However, the larger 

values of intensity in the flat atmosphere near the top can be contri-

buted to adding more multiple scattering to the total intensity with 

very little attenuation when compared with that in the spherical atmo-

sphere. Similar to Fig. 4-2 a comparison of upward traveling beams in 

b h fl d h . 1 h e 95°, 105° and 115° . ot at an sp er1ca atmosp eres at = 1S shown 

in Fig. 4-3. The major difference appears in comparing the intensity 

profiles at e = 95° which corresponds to a line of sight that goes 

through the atmosphere without touching the ground. At the top of the 

atmosphere the intensity of the spherical model is much smaller than 

that of the flat atmosphere, for instance, I(flat) = .129 and I(spheri-

cal) = .053 (see insert in Fig. 4-3). Here, the flat model gives er-

roneous results for the real atmosphere. Conversely, the spherical 

model gives results that are in agreement with physical intuition. The 

intensity increases from a minimum value at the top of the atmosphere 

to a maximum value of 0.1966 at , = 6.67 x 10-4 or h = 35.74 km, then 

decreases monotonically until reaching the line of sight that touches 
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the ground where a discontinuity in the intensity profile could occur 

depending on the ground reflectivity and the total optical depth. 

Moreover, the upward traveling beams for all the zenith angles in the 

spherical atmosphere, with the exception of 8 = 95° near the top of 
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the atmosphere, lie higher than those in the flat atmosphere and the 

corresponding relative differences increase as the zenith angle ap

proaches the horizon. This behavior occurs in large part because the 

attenuation in the flat atmosphere is larger than that in the spherical 

atmosphere. Hence, the sphericity effects as a function of optical 

depth are more evident for upward traveling beams, particularly near 

the horizon. Similar observations about the intensity in both atmo

spheres as a function of optical depth can be made for the other 

azimuthal angles. However, for solar angles less than 85° these 

differences become smaller. 

Since the application of the radiative transfer equation to a 

plane-parallel atmosphere is relatively simpler and more economical 

than that in a spherical atmosphere, it is desirable to determine when 

the application of the plane-parallel model is valid, particularly in 

finding the emerging radiation from the top and bottom of the previ

ously mentioned atmosphere for all solar zenith angles. For example, 

it is desirable to determine the error in ground based measurements of 

skylight that results from considering a plane-parallel geometry for 

the atmosphere instead of a spherical one. Our results indicate that 

the two models give almost identical transmitted intensities for a high 

solar zenith angle in all azimuthal planes. However, as the solar 
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zenith angle approaches the horizon the difference between the results 

of the two models become increasingly larger. This behavior is illus-

trated in Figs. 4-4 through 4-6 which show the transmitted intensities 

as a function of zenith angle in the azimuthal plane (0°, 180°), due 

to incident sunlight at 8 
o 

5°, 75° and 85°, respectively. The peak 

in the intensity profile in each figure is due to the aureole or for-

ward scattering of aerosols in both models. As shown in Figs. 4-4 and 

4-5 the resulting transmitted intensities in both models are almost 

identical. However, differences on the order of 10 to 30% occur when 

8 = 85° in the azimuthal plane (0°, 180°) as depicted in Fig. 4-6. 
o 

Similar observations can be made about these intensities in the other 

azimuthal planes, for example, Fig. 4-7 shows the transmitted intensi-

ties in the azimuthal plane (30°, 150°). Further illustration of the 

nature of these differences can be shown when a fixed viewing zenith 

angle is considered for varying solar zenith angle. As an illustration, 

the transmitted intensities in both models in the azimuthal plane (30°, 

150°) away from the aureole at the solar zenith angles 5° through 85° 

are shown in Fig. 4-8 for the viewing zenith angle 8 = 88°, 80°, 75° 

and 45°. It is clear that noticable differences in the transmitted 

intensities occur for 8 = 80° and 88°. Here the flat model shows 

higher values than the spherical one for 8 <75° and the opposite be
o 

havior occurs for 8 >75°. For example, at 8 
o 0 

150
0 

the intensity in the flat model is about 1.5% larger than that in 

the spherical one at 8 = 80° and 88°, while at 8 = 85° and ~ = 30° the 
o 

intensity in the spherical model is larger than that in the flat one 
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on the order of 11.8% and 20.8% at 8 = 80° and 88°, respectively, (see 

, t' F' 4 8) B t f ~ 150° the t diff 1nser 1n 19. - . u or ~ = percen erences are 

smaller than that in <p = 30°. At 8 = 88° the percent difference is on 

the order of 10.9%, while at 8 = 80° it is 6.5%. Therefore, neglecting 

the sphericity of the earth's atmosphere in a ground based radiometric 

measurement does not introduce measurable error until the solar zenith 

angle becomes larger than 80°. 

Most scanning radiometric measurements on a satellite or space-

craft are confined to scan angles that do not include lines of sight 

penetrating through the atmosphere without touching the ground. The 

SAGE experiment is one exception to this type of measurement (see Chu 

and McCormick, 1979). For example, to improve the accuracy of the in-

verted data from the SAGE experiment, multiple scattering in the spher-

ical atmosphere must be taken into consideration. For other satellite 

experiments, if one wishes to increase the range of the scan angle so 

they include lines of sight that do not touch the ground, the scatter-

ing in a spherical atmosphere must be examined. 

To determine the received radiation in a simulated satellite 

experiment located at the top of spherical and plane-parallel atmo-

spheres, the scattering atmosphere which was mentioned earlier is con-

sidered. The reflected intensity in both atmospheres as a function of 

zenith (or scan) angle in the azimuthal plane (0°, 180°) at the solar 

zenith angles 8 = 5°, 75° and 85° are shown in Figs. 4-9 through 4-11, 
o 

respectively. Fig. 4-12 is the same as Fig. 4-11 except <p = 30° and 

150°. At the top of the spherical ~tmosphere looking along the 
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horizon (i.e., e = 90°), for all practical purposes, there are no par-

ticles to scatter light. Consequently, one expects no scattering of 

light or reflected intensity in that direction. In fact, as shown in 

Fig. 4-9 through 4-12 all the reflected intensities very close to the 

horizon for all azimuthal angles in the spherical atmosphere are almost 

zero, conversely the intensities in the flat atmosphere are orders of 

magnitude larger than those intensities in the spherical atmosphere 

which indicates a gross error in this situation in using the flat 

model for the earth's atmosphere. As the scan angle moves away from 

the horizon towards the normal line in the plane of incident sun T£(8) 

increases to a maximum value which occurs at the scan angle that cor-

responds to the line of sight tangent to the earth's surface. After-

wards, T£ decreases to a minimum value at e = 180°. Similar changes 

in T£ occur in all the other azimuthal planes. It is apparent that in 

an optically thin atmosphere the intensity profile as a function of scan 

angle follows the changes in T£, as illustrated in Fig. 4-9 through 

4-12. At the tangent scan angle (i.e., e = 97.155°) a discontinuity in 

the intensity profile may result from the abrupt change in T£ and from 

the contribution of the reflected radiation at the ground. Although 

the discontinuity is not apparent in the presented results, it would be 

more noticable when the ground albedo becomes large and/or the total 

normal optical depth becomes relatively small. Because of the spheri-

city of the atmosphere, shadowing effects on the incident sunlight 

occur between ~ = 90° and 180° when e is slightly less than 90°, and 
o 

are expected to become more evident as the sun descends below the 



horizon. When 8 = 5°, (refer to Fig. 4-9) the magnitude of the peak 
o 
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intensities in the spherical atmosphere are almost identical in ~ = 0° 

and 180°. This means that the intensity profile is almost symmetrical 

about 8 = 180°. In fact, this observation can be made about the other 

azimuthal planes, and about the solar zenith angles that are less than 

However, as 8 approaches the horizon the sphericity and shadowing 
o 

effects become more pronounced as illustrated in Fig. 4-10 and 4-11. 

Here, as 8 increases from 75° to 85° the ratios of the peak intensi
o 

ties at ~ = 0° and 180° increase from 1.36 to 2.91, respectively. Sim-

ilarly, in Fig. 4-12 the ratio of the peak intensities at ~ = 30° and 

150° is 1.975 which has increased from 1.2 at 8 = 75°. In other words, 
o 

the asymmetry in the intensity profile about 8 = 180° increases as the 

angle of the incident sun approaches the horizon. A comparison between 

the profiles of the intensity for varying scan angles, away from the 

horizon, at the top of both flat and spherical atmosphere reveals lar-

ger values for the intensities in the spherical atmospheres. Again, 

these differences become larger as the solar zenith angle approaches 

the horizon, because of less attenuation in the spherical atmosphere. 

Similar behavior was also noticed during the earlier analyses of the 

transmitted intensities. For example, for 8 = 5° and ~ = 0° the per
o 

cent difference is about .08%, but when 8 = 85° it becomes much 
o 

larger and it is on the order of 11%. 
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Flux Conservation in a Spherical Atmosphere 

In a non-absorbing atmosphere the divergence of the flux den-
~ 

sity vector, F, must everywhere vanish. Hence, by applying the 

divergence theorem we obtain 

(4.4) 

where n is an outward pointing unit vector on the closed surface S, 

and V is the total volume inside S. From Eq. (4-4) we can see that the 

sum of all the normal components of the flux density through any closed 

surface inside a non-absorbing atmosphere must vanish. Because of the 

symmetry in the geometry of a plane-parallel atmosphere, it is clear 

that the emerging normal flux densities through the top and bottom sur-

faces of a rectangular volume inside the atmosphere are of equal magni-

tudes but pointing in opposite directions. The same holds true for 

the other sides of the rectangle. Conversely, in a spherical atmosphere 

there is no symmetry as far as the rectangular surface is concerned. 

Consequently, the normal flux densities through the opposite sides of 

the rectangle are not equal, but the total flux must be conserved. 

Therefore, the normal flux density through the top and bottom of a 

spherical atmosphere may result in gain or loss depending on the angle 

of the incident solar radiation, the gain/loss being compensated for by 

an equal loss/gain through the sides. 

To examine the problem of flux conservation in a spherical 

atmosphere, let us consider the conservative and vertically 
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inhomogeneous atmosphere that was described in the previous section of 

this chapter. The normal components of the flux density through the 

top and bottom of the atmosphere along the local normal are computed 

for 8
0 

= 5°, 15°, •••• , 85°. The diffuse downward flux density, F
d

, on 

the ground is computed by numerically integrating Eq (3.23). Also, the 

diffuse upward flux density, F , at the top of the atmosphere is numer
u 

ically evaluated, and it is defined as 

2n n 

Fu = J J I(T£=o,e,~) cosesin8ded~ 
o n/2 

(4.5) 

where I(T
2 

= O,e,~) is the upward traveling intensity at h
T

. Further-

more, the unscattered flux density, F ,is obtained from Eq (3.24), us· 

while the normal component of the incident solar flux density, F , at 
n 

hT is given by 

F = F cose 
n 0 0 

(4.6) 

The resulting normal flux densities on the top and bottom of the atmo-

sphere for the various solar zenith angles appear in Table 4.1. In ad-

dition, the percent loss or gain in the flux density, ~F%, that appears 

in the last column in Table 4-1 is obtained as follows 

~F% (4.7) 

Because of the spherical geometry and the nature of the incident 



Table 4-1. Flux densities at various sun angles in a conservative 
spherical atmosphere with TT = .195. 

e F F Fd F liF% 
0 n u us 

5° .9961947 .1501104 .1161993 .8190986 +2.44 

15° .9659258 .1472811 .1141985 .7893938 +3.06 

25° .9060308 .1419255 .1121738 .7309923 +3.16 

35° .8191520 .1341316 .1094826 .6459179 +2.98 

45° .7071068 .1240022 .1054275 .5372571 +2.76 

55° .5735764 .1116576 .0994737 .4093533 +2.42 

65° .4226183 .0968980 .0905741 .2685513 +1.63 

75° .2588190 .0780903 .0753661 .1264276 -0.67 

85° .0871557 .0461758 .0416896 .0170511 -16.95 
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sunlight, there is a flux loss for 8 = 50 through 65 0 while a flux 
o 

gain for 8 = 75
0 

and 85
0 

(see Table 4-1). 
o 
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For convenience, we proceed to determine the total flux through 

the upper hemisphere that faces the sun. This includes the hemispheri-

cal surfaces at the top and bottom of the atmosphere as well as the 

donut shaped surface perpendicular to the plane of the sun. The total 

flux, Br, through a hemispherical surface is given by 

(4.8) 

~ 

where F is the radial component of F at a spherical surface of radius 
r 

~ 

r. Note that in the spherical geometry the normal component of F is 

equal to F. By making use of the azimuthal symmetry the ¢-integration 
r 

is Eq (4.8) becomes trivial. However, the integration over 8 will be 

done numerically, since it cannot be done analytically. Here, the range 

of the angle 8 will be divided into 9 equal intervals, and an average 

value for F will be taken at the midpoint of each interval. According
r 

ly, Eq (4.8) becomes 

(4.9) 

where F is the average radial flux density in the nth interval, and 
r 

en = (8
n 

+ 8
n
+1)/2. By neglecting the total flux through the donut 

shaped surface perpendicular to the plane of the incident sunlight, we 
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obtain the percent of the total flux loss, 6Jt%, in the sunlit hemi-

sphere by the expression 

$inc - (I-A) 
= --

$. 
(4.10) 

l.nc 

where 6. and $ are the total incident and upward diffused fluxes 
l.nc u 

at r = R+h
T

, respectively. jrd is the total diffused downward flux, 

while 6 is the total unscattered flux. Both '~d and $ are eva1u-
us us 

ated at r = R. By using Eq (4.9) in conjunction with Table 4-1 we ob-

tain the following: 

$ 
u 

:¥ us 

2n(.1004929)(6420)2, 

2n(.3578318)(6370)2, 

$d 2n(.0875631)(6370)2, 

.~ = 2n (.5019099)(6420) 2. 
l.nc 

Now, substituting these values into Eq (4.10) yields 

1.351% 

Therefore, the total flux in the spherical atmosphere is conserved 

(4.11) 

within 1.351%. This is primarily due to the neglect of the total flux 

through the donut shaped surface perpendicular to the plane of the sun, 

which requires the consideration of the twilight phenomenon, beyond the 

scope of the present work. 

Scattering due to Stratospheric 
and Air Pollution Layers 

The scattering of light in the earth's atmosphere due to the 

modification of the distribution of aerosols to include additional 

vertical inhomogeneities will be examined. Unless otherwise noted, all 



89 

the input parameters of the conservative and vertically inhomogeneous 

atmosphere at A = 0.5 ~m that were described in the first section of 

this chapter will be used in this section. Here the original normal-

ized distribution of aerosols, N l' and molecules, N as aero so molecule' 

shown in Fig. 4-1 will be referred to as Case I. 

A layer of volcanic dust in the stratosphere may be modelled 

by increasing the density of aerosols by five times between the heights 

of 18 and 23 (km). The addition of such a stratospheric layer to 

N 1 of Case I is illustrated in Fig. 4-1, and it will be reffered aeroso 

to as Case II. Likewise, Case III is obtained by adding to N 1 aeroso 

of Case I an air pollution layer that starts at the height of 5 (km) 

and increases exponentially until reaching the ground (i.e., z = 0) 

where the density is doubled as shown in Fig. 4-1. Similarly, Case IV 

described a homogeneous layer of air pollution near the ground that 

has twice the original aerosol density and a thickness of 1 (km). The 

distribution of molecules as shown in Fig. 4-1 will also be included 

in Cases II, III and IV. For case I , 
m 

.05. However, adding the 

above modifications results in increasing 'm and consequently 'T. 

Hence, the resulting total Mie or aerosol optical depths are 0.057, 

0.268 and 0.116 for cases II, III and IV, respectively. The atmosphere 

in case I was divided in 10 layers of equal optical depth and addition-

ally the top layer was divided into 9 layers of equal heights above 

h • So the total number of layers for case I was chosen to be 20. 
tan 

Since 'T for case II is increased only slightly, the total number of 
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layers is chosen to be 20 analogous to case I. However, for cases III 

and IV the total number of layers is taken to be 30 and 25, respectively. 

The characterization of the scattered radiation for the addi-

tional three cases that were mentioned above is obtained by applying the 

Quasi-Spherical method to the spherical atmosphere and the semi-analytic 

technique which was discussed in the first section of this chapter to 

the plane-parallel or flat atmosphere. The transmitted intensities in 

both flat and spherical atmospheres for each case show analogous behav-

ior to that of case I. Again, analyzing these intensities indicate 

larger differences between the results of spherical and flat atmospheres 

for each case as the solar zenith angle and/or the viewing zenith angle 

approaches the horizon. To illustrate this situation for cases II, III 

and IV at 8 = 85° the transmitted intensities in the azimuthal plane 
o 

(0°, 180°) for varying zenith angle are shown in Figs. 4-13, 14 and 15, 

respectively. All these figures show higher values for the intensities 

in the spherical atmosphere due to smaller attenuation in the spherical 

geometry. Although the results of both models track each other closely 

(see Fig. 4-13 through 4-15) for most of the zenith angles, the two re-

suIts become further apart as 8 gets close to 90°. For example, at 

8 = 85°, ~ = 0° and 8 = 5° the percent differences for cases II, III 
o 

and IV are 11.4%, 12.5% and 11.8%, respectively. Likewise, when 8 = 88° 

the corresponding percent differences for the same cases are 25.6%, 

44.8% and 27.4%. Note that for intermediate total optical depth, 'T = 

0.261, the intensity in the aureole in both geometries has the highest 

value as depicted in Fig. 4-15. Furthermore, the intensity in the 
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aureole has the lowest value, as shown in Fig. 4-14, for the largest 

LT due to the dominance of the attenuation ?ver scattering at large LT' 

To examine the effects of including stratospheric and tropospheric 

aerosol layers on a ground based measurement of skylight, we show in 

Fig. 4-16 the resulting transmitted intensities in the spherical atmo

sphere for cases I through IV as a function of zenith angle at 8 = 85° 
o 

and ~ = 30°. Here the intensity profile in the spherical atmosphere 

is similar to that in the flat atmosphere, but the corresponding values 

of the intensities are higher. Therefore, in a ground based measure-

ment the spherical geometry does not assist in determining the presence 

of additional vertical inhomogeneities in the distribution of aerosols. 

Next, consider a scanning radiometer on a satellite or space-

craft that is located at hT 50 (k~) for cases II, III and IV. The 

received radiation for case I has been discussed earlier for varying 

sun angles. Analogous to case I, the comparison between the reflected 

intensities in the flat and spherical atmospheres reveals large differ-

ences for 8 close to 90°. However, as the solar zenith angle approaches 

the horizon the reflected intensities for the scan angles that corre-

spond to lines of sight not touching the ground in the spherical 

atmosphere show noticable changes because of the introduced homogene-

ities. But these intensities in the flat model fail to detect any 

vertical inhomogeneity. Fig. 4-17 shows at 8 85° the reflected in
o 

tensities in both flat and spherical atmospheres for case II for vary-

ing zenith angle in the azimuthal plane (0°, 180°). Similarly, Fig. 

4-18 and 19 show the reflected intensities for cases III and IV, 
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respectively. It is interesting to note that for case II the peak 

value of the reflected intensity for ~ = 0° is about twice that of 

case I (see Fig. 4-11 and 17). Also, case III and IV show two peaks 

in the intensity profile for ~ = 0°, as illustrated in Fig. 4-18 and 

19. The jump in the intensity profile after the first peak occurs 

just as the observer sees the top of the tropospheric aerosol layers. 

To enhance our understanding of the various changes that result from 

the inclusion of stratospheric and air pollution layers we compare 

the reflected intensities in the spherical atmosphere for cases I 

through IV at e = 85°, ~ = 0° and 900<e~135° as illustrated in 
o 

Fig. 4-20. Here the reflected intensities for all these cases are 

indistinguishable for the scan angles between 90° and 95°. However, 

99 

the interesting changes in the intensity profile occur between 8 = 95° 

and 97.155°. Furthermore, for larger scan angles the reflected in-

tensities are affected primarily by the total optical depth. As 

shown in Fig. 4-20 for 8>100° the reflected intensities of case III 

have the largest values followed by case IV, II and I. The intensity 

profile of case I and II have a maximum value at 8 = 96° and 95.5° 

with I = .19 and .326, respectively. Just before the scan angle sees 

the stratospheric layer a large increase in the received radiation is 

noticed. Also, comparing the results of cases I and III indicates al-

most identical values up to 8 = 97°. Afterwards, the intensity of 

case III shoots up until reaching a maximum value of 0.25 at 8 = 

97.155°. This sudden jump coincides with the penetration of the lines 

of sight into the pollution layer between the height of 5 (km) and the 
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ground. Similarly, comparing the results of cases I and IV shows a 

discontinuity in the intensity profile of case IV at e = 97.155°. 

Again, this corresponds to receiving scattering from the 1.0 (km) 

layer of pollution on the ground. Such situations can also happen 

at the same scan angle if the ground has a very high reflectivity. 

Consequently, as the sun approaches the horizon a satellite or space-

craft based measurement of skylight results in distinct changes in the 

presence of additional vertical inhomogeneities, such as volcanic 

dust or air pollution layers. 

Flying aircraft or balloons at different altitudes may be used 

to detect vertical inhomogeneities in the earth's atmosphere. This 

can be accomplished by monitoring the upward traveling beams at a fixed 

zenith angle near the horizon in the plane of incident solar radiation. 

The resulting upward traveling beams in the spherical model at e = 95° 

when e = 85° and ~ = 0° as a function of height for the previously o 

mentioned four cases are shown in Fig. 4-21. The sphericity of the 

atmosphere and the changes of the optical depth determines the shape 

of the upward traveling beams at various heights. In our problem 

h = 24.33 (km) is the height at which the line of sight of e = 95° tan 

touches the earth's surface. Above h
t 

none of the lines of sight 
an 

reach the ground, while below it all the lines of sight intersect the 

ground. In fact, as shown in Fig. 4-21 the shape Qf the intensity 

curve of cases I and II shows a discontinuity at that height. In ad-

dition, the intensity varies linearly close to the top and bottGffi of 

the atmosphere. The intensities of case II are larger than those of 
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case I at all heights, because of more scattering in the upward direc

tion. Furthermore, the peak in the intensity curve at z ~ 42 (km) for 

case II is due to the upward scattering from the stratospheric layer. 

Between the heights 50 and 33 (~m) the intensities of case III are about 

the same as those in case I. Then, as the scattering from the pollution 

layer below z = 5 (km) starts reaching the observer at z ~ 32 (km) the 

intensity increases from .2 to 0.25 as shown in Fig. 4-21. Also, as 

the height of the observer approaches the top of the pollution layer 

(i.e., z = 5 km) the intensity curve shows a second peak at z ~ 6 km 

then decreases almost linearly until reaching the ground. The inten

sity curve of case IV indicates similar behavior to that of case III, 

whereby the intensities of case IV are smaller and the peak occurs at 

z ~ 2 (km). Since the scattering from the 1.0 (km) homogeneous pollu

tion layer does not reach the observer until z ~ 25 (km), the intensi

ties of cases I and IV are practically the same between z = 50 and 27 

(km). 

The scattering of 0.5 ~m radiation in a conservative and ver

tically inhomogeneous atmosphere has been discussed. Results of com

paring the emerging radiation from plane-parallel and spherical models 

have been presented for four different aerosols' distributions. In all 

cases a measurable difference, 10 to 40%, in a ground based measurement 

due to the neglect of the sphericity of the atmosphere occurs when the 

incident solar radiation and/or the angle of observation reaches 80° to 

90°. Also, in a satellite radiometric measurement, the plane-parallel 

model gives wrong results and, in fact, two to three orders of magnitude 
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differences between the two models in intensity values at e ~ 90 0 are 

obtained. Furthermore, the introduction of stratospheric dust and 

air pollution layers into the distribution of aerosols can be detected 

by a scanning radiometer on a satellite and by a flying aircraft or 

balloon at different altitudes. In addition, it was shown that the 

total flux in a spherical atmosphere is conserved within 1.351% by 

the present Quasi-Spherical method. 



CHAPTER V 

SUMMARY AND CONCLUSIONS 

The analysis of the radiation field in a scattering atmosphere 

has been presented. Since the integro-differential equation of radi

ative transfer in spherical geometry has no known analytic solution, a 

new method which is called the Quasi-Spherical method was introduced to 

obtain a numerical solution to the problem of scattering in a spherical 

atmosphere. So far, the Monte Carlo (or random walk) method is the 

only method that has been used in obtaining a solution to this problem. 

The Monte Carlo method is very slow and suffers from statistical fluc

tuations, while the Quasi-Spherical method is fast and has no statisti

cal fluctuation. Nonetheless, the new method is limited to a planet 

with a radius much larger than the height of its atmosphere. Although 

polarization and absorption can be easily incorporated into the Quasi

Spherical method, we have neglected to include them in all the consid

ered situations in this dissertation. 

The emerging radiation in homogeneous and inhomogeneous molec

ular (Rayleigh) atmospheres have been considered. For a homogeneous 

molecular atmosphere with 'R = .25, 8
0 

= 84.26° and A = 0.0 and 0.8 

the reflected and transmitted intensities as computed by the Quasi

Spherical and backward Monte Carlo (see collins et aI, 1972) methods 

105 
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are almost identical except close to the horizon where differences on 

the order of 11% have resulted partially due to the inclusion of polar

ization by the latter method. However, if polarization is neglected 

in the backward Monte Carlo (see Blattner, 1981) calculations the re

sults show a better agreement, particularly close to the horizon where 

the differences are reduced to 5%. Similarly, the comparison between 

the resulting transmitted and reflected intensities by the Quasi-Spher

ical and Monte Carlo (see Marchuk et aI, 1980) methods in a vertically 

inhomogeneous molecular atmosphere with TR = 0.1 and 8
0 

= 53.13
0 

shows 

also indistinguishable results. As a limiting case, the emerging radi

ation in a conservative spherical atmosphere with TT = .195 as calcu

lated by the new method converges to that of the plane-parallel 

atmosphere as the radius of the planet is increased by one hundred times. 

Information on the composition of the earth's atmosphere by 

remote sensing methods is usually based on analyzing the measured sky

light. For the past three decades such analysis has employed a plane

parallel model rather than a spherical one for the earth's atmosphere, 

because of its simplicity. The resulting scattered radiation by the 

two models reveals measurable differences for the transmitted and re

flected intensities when the solar zenith angle and/or the angle of 

observation is within 10
0 

of the horizon. The 0.5 ~m scattered radi

ation in both plane-parallel and spherical atmospheres with TT = .195 

that includes aerosols and molecules has been discussed. In ground 

based radiometric measurements of skylight the obtained results in the 

spherical atmosphere are 10 to 30% higher than those in the 



107 

plane-parallel atmosphere when e = 85°, but the negligible differences 
o 

occur for e ~75°. Furthermore, a scanning radiometric measurement of 
o 

skylight by a satellite at the top of both atmospheres of 50 (km) 

height shows 200 to 300% differences between the two results at e = 90° 

for all solar zenith angles, with appreciable differences between the 

two atmospheres existing for all observation angles between e = 90° 

and 97°. In addition, the obtained results in the spherical atmosphere 

show that additional layers of aerosols in the stratosphere and tropo-

sphere can be detected, for example, either by satellite or aircraft 

radiometric measurements while flat atmospheres do not permit such a 

detection. Therefore, the application of the Quasi-Spherical method 

to the earth's atmosphere provides a tool to analyze radiometric 

measurements from satellite or spacecraft experiments. Finally, it 

was shown by the present method that the total flux in the spherical 

atmosphere is conserved within 1.35%. 

In this dissertation, we intended to introduce the Quasi-Spher-

ical method to be used in the study of the scattering problems in 

planetary atmospheres. Therefore, we have not considered tne effects 

of polarization and absorption in these atmospheres. Also, multiple 

scattering can be determined more accurately, particularly for LT>1.0, 

by using the singly scattered intensities along the local normal in-

stead of shifting them as done in the present work. In addition, fur-

ther modifications of the Quasi-Spherical method, such as ray bending 

and refraction are needed to study the problem of twilight. 



APPENDIX A 

DETERMINATION OF OPTICAL DEPTH 

The definition of the normal optical depth, T, was given in 

Eq (2.5). Usually, T consists of two components due to scattering 

(i.e., Rayleigh and Mie) and one component due to absorption. Another 

way of expressing any component of T at the height z is given by 

= cJoo Joo Q(n,A,r)~(r)N(z)drdz 
z 0 

(A.1) 

where C is a constant and Q is the spectral scattering or absorption 

cross section of a spherical particle of radius r and index of refrac-

tion n. ~ is the size distribution function and N is the number of 

particles as a function of height, z. 

Usually, in a direct problem the height distribution of par-

ticles is assumed to be known. Here, we will assume a normalized den-

sity of molecules and aerosols after the work of Elterman (1968) as was 

shown in Fig. 4-1. Furthermore, we will assume that the total molecular 

and aerosols optical depths at the ground (i.e., z = 0) are known. Con-

sequently, Eq (A.1) reduces to 

= Cl(A) foo N(z)dz 
z 

= foo S(z,A)dz 
z 
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(A.2) 
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where Cl is a constant which is equal to the product of C by the result 

of the integration over r, while S is the volume attenuation coefficient. 

Using the normalized distribution and the known attenuation coefficient 

at the ground S(O, A), we can determine the new attenuation coefficient 

as follows 

S(z, A) 0(0 "\) N(z) 
IJ , /\ N(O) (A.3) 

Then the integration in Eq (A.2) is performed by applying the trapezoi-

dal rule which yields 

TA(Z) (A.4) 

i=1,2, ..• 

Since Elterman's data are given at discrete values of height, 

for intermediate heights or optical depths the interpolation is per-

formed by assuming a linear logarithmic variation for T as a function 

of z, that is 

z = a£nT+b (A.5) 

where a and b are constants that depend on the data points at the two 

ends of the interval in question. 
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