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ABSTRACT 

Three fundamental problems of mechanical reliability are 

addressed. (1) computing the probability of failure, Pf' of a 

component having design factors with known statistical distributions 

and a limit state with a closed form algebraic expression (2) com­

puting the probability of failure of a component having design 

factors with known distributions and a limit state which can only be 

expressed by a computer algorithm, and (3) deriving safety check 

expressions in a "design by reliability" approach. 

An algorithm for generating estimates of Pf is presented. 

The method is an extension of, and demonstrated to be a significant 

improvement to, the widely used Rackwitz-Fiess1er (R-F) method --

a fast and efficient numerical method for performing reliability 

ana1ysis~ Comparisons were made for numerous examples, it was found 

that the error in Pf' using the proposed method, is typically about 

half of the error in R-F estimates. 

A method was proposed for computing Pf when the relationship 

between design factors can be defined only using a computer algo­

rithm, e.g., finite element analysis. A second order polynomial is 

constructed, using a simple curve fitting routine, to approximate the 

limit state in the neighborhood of the design point (i.e., a point 

xv 



close to the most likely value of the design variables at failure). 

Then the R-Fmethod can be applied easily. It is demonstrated that 

this scheme is much faster than the Monte Carlo method in producing 

reasonable estimates of Pf' 

Methods of deriving safety check expressions for design codes 

and design criteria documents are studied. A Level I format employ­

ing partial safety factors derived from Level II methods is used to 

construct the safety check expressions which are suitable for code 

development. The procedures are demonstrated using numerous examples 

which include the problems where the limit states are complicated, 

i.e., the limit states are not explicitly defined. 



CHAPTER 1 

INTRODUCTION 

1.1 Evolution of the Probabilistic Design Approach 

It has been traditional in design practice, particularly in 

published codes and requirements, to use a safety check expression 

for a structural or mechanical component of the form 

R 
S < 2!. 
n v 

(1.1) 

in which Sand R are nominal stress and strength ,respectively. v 
n n 

is a factor of safety (v > 1). It is a single factor which accounts 

for all sources of uncertainty. Some examples are given in Table 1.1. 

The ratio R /v is sometimes called working stress, or allowable 
n 

stress and a code which employs such forms is called working stress 

design (WSD) or allowable stress design (ASD). In fact,this term 

is really the design strength. In general, safety factors can be 

applied either to strength, as in Eq. 1.1, or to the load (or stress). 

In the case of fatigue,factors of safety have been introduced by 

increasing the design life. 

Factors of safety are used simply to insure safety in light 

of the uncertainties which are known to exist in a mechanical or 

structural design problem. Uncertainty can be roughly divided into 

statistical uncertainty (e.g., where data is ~vailab1e on material 

1 
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TABLE 1.1 

TYPICAL VALUES OF SAFETY FACTORS 

Safety Factor, v' 

(applied to yield strength) 

Machinery Between 1.5 and 2.0 

Pressure Vessels* 1.6 

Civil Structures 1.7 steel 

6.0 wood 

* v 4.0 relative to ultimate strength. 



behavior, or loading environment) and nonstatistical uncertainty, 

i.e. that associated with assumptions made in the mathematical model. 

Typically, values of safety factors are based on engineering experi­

ence and intuition. WSD is generally effective and has served the 

engineering profession well, but it is suspected that it often 

results in over-designed components, an indication of the caution 

exercised by designers and the responsible authorities. Moreover, 

WSD produces systems in which components may have significantly 

different levels of risk. As a result, an optimum balance between 

reliability and economy is not always achieved. 

In order that design criteria may be formulated more ration­

ally to produce "optimum designs", a probabilistic and statistical 

approach has been suggested more than three decades ago by 

Freudenthal (1947). Serious interest in the systematic application 

of probabilistic and statistical methods to design developed after 

the mid-1950's. For example, the ASCE Task Committee on Factors of 

Safety were formed in 1955. This committee attempted to incorporate 

statistics into considerations for deriving safety factors. A 

summary of the final report of the Committee was published in 1966. 

Summaries which trace the evolution of thought in probabilistic 

design include the papers by Freudenthal (1956), Kececiog1u and 

Cormier (1964), Freudenthal-, Garre1t and Shinozuka (1966), Cornell 

(1969), Ang and Cornell (1974), Haugen and Wirsching (1975), Ravindra 

and Galambos (1978), Shinozuka (1983), and the books by Thoft­

Christensen and Baker (1983) and Ang and Tang (1984). 

3 



Some of the advantages of adopting the probabilistic design 

approach are: 

(1) Reliability i"s a more reasonable index of structural 

performance than the conventional safety factor. 

(2) The effect on risk of making a design modification 

can be quantified. 

(3) Factors which have nonstatistical uncertainty can be 

treated as random variables. Their effect on design 

4 

can be quantified and their relative importance assessed. 

A rational basis for decisions regarding research pro­

gram is available. 

(4) All components can be designed to a balanced level of 

risk, thereby producing a more efficient system. 

(5) Probability based information on mechanical performance 

can be used to develop rational policies towards 

pricing, warranties, spare parts requirements, etc. 

In conclusion, probabilistic design approach has the promise of pro­

ducing better engineered design, i.e., a design that is more safe, 

reliable and cost effective. 

1.2 Basic Definitions 

A limit state is a state beyond which a structure, or com­

ponent, can no longer fulfill function for which it was designed. 

The limit states may be divided into tW( main groups, i.e., (1) ultim­

ate limit states corresponding to the maximum load-carrying capacity, 

and (2) service limit states related to the normal use and durability. 



Ultimate limit states can be reached as a result of, e.g., buckling 

due to instability, fatigue, etc. Service limit states can be 

reached as a result of excessive deflections, vibrations, etc. For 

a detailed description of structural behavior all possible limit 

states should be taken into consideration (Leporati, 1979). 

Let ~ = (Xl' X2 ' ••. Xn ) denote the vector of design factors 

which are, in general, random variables. The limit state function 

or failure function, g(~), of the basic design variables can be de­

fined such that the event of failure is, 

g(~) < 0 (1. 2) 

The limit state or failure surface defines the boundary between the 

"safe" and "failed" region in the design parameter space; g(~) = O. 

The probability of failure may be defined as 

where 

In general, the probability of failure can be written as 

fX(x l , x2 '···xn ) 

the joint probability density function 

n the failed region 

(1.3) 

(1.4) 

5 
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Computation of Pf by Eq. 1.4 is called the, "full distributional 

approach". The complexity of this multiple integral depends upon the 

number of the design variables, the form of the joint probability 

density function (pdf) and the form of the limit state which defines 

the integration domain. In a general design pToblem,however, solu­

tion to Eq. 1.4 is a practical impossibility. The theme of this 

dissertation is to explore efficient schemes for evaluating Pf. 

Consider an alternative formulation of this problem. The 

condition of failure can be written as 

Strength (R) < Stress (S) (1.5) 

where R is a vector of the design parameters governing design 

strength and S is a vector of the design parameters governing applied 

stress. Note that it is often an arbitrary decision which side of 

the expression a single variable should be placed. The vector of all 

the design factors is 

x (R, S) (1. 6) 

and the limit state function is 

g(X) Strength (R) - Stress (S) (1.7) 

A fundamental limit state in probabilistic design involves a 

single strength and a single stress variable. The limit state func­

tion is 
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g(X) R - S (1. 8) 

and the limit state is 

R = S (1. 9) 

The probability of failure can be computed as (Eq. 1.4) 

where f RS is the joint pdf of Rand S. Assume that Rand S are 

statistically independent, Eq. 1.10 can be simplified as 

where 

(1.11) 

(1.12) 

is the cumulative distribution funcLion (cdf) of the random variable 

R. Similarly, Pf can also be formulated as 

(1.13) 

The dimension of the integral reduces to one. Some closed form 

solutions exist, and simple integration is always possible. In the 

special case where Rand S are both normally distributed, a closed 

form solution is 

(1.14 ) 



in which 

s = (1.15) 

where ~ is the standard normal cdf, ~ and cr denote the mean and 

standard deviation, respectively; the subscripts identify the vari-

able. S is defined as the safety index which is inversely related to 

Pf' i.e., larger S implies smaller Pf or higher reliability. A 

closed form solution is also available when Rand S are both 

lognorma11y distributed, and is widely applied. 

But as indicated above, both the strength and the stress 

may be a complicated function of several design paramet!;.rs. Horeover, 

the limit state may not have an explicit form. Therefore, approxi-

mation techniq~es are usually required to estimate Pf. 

1.3 Classification of Reliability Methods 

Reliability methods are used for two basic problems, (1) to 

assess the safety of an existing design, and (2) to develop safety 

checking algorithms for design codes. The two are intimately 

related. Methods of reliability and safety checking have been 

divided into three broad cases depending upon the degree of sophisti-

cation applied to the treatment of the problems (Rackwitz, 1976), 

8 



Level 3: The full distributional approach. The statistical distri-

butions of all design factors are given. The exact probability of 

failure is computed as Eq. 1.4. If Pf < Po' the maximum allowable 

Pf' the design is considered safe. 

Level 2: Approximations are made to either Pf or an index of reli­

ability. Distributions of the design factors may be known; perhaps 

only the mean and standard deviation are given. Ge~erally, an 

idealization of the failure domain is required. 

Levell: An appropriate degree of reliability is provided for an 

element by applying "partial safety factors" to nominal values of the 

major variables. In the simplest form, a single factor of safety is 

used, e.g., Eq. 1.1. A simple example illustrating the partial 

safety factors format is yS < ~R where y is a load factor and ~ n- n 

is a resistance factor (Ravindra and Galambos, 1978). 

Typically, a full distributional approach is impractical for 

all but the simplest cases. A Monte Carlo simulation is possible, 

but the simulation can become very costly particularly for the low 

values of Pf typical of structural problems. For this reason, 

research efforts have been emphasized in recent years to develop 

approximate methods, i.e., Level 2 and Levell methods. 
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1.4 The Goal and the Scope of the Present Study 

The general goal of this study is to develop improved Level 2 

and Level I methods for design of a single element structure. In 

general, it will be assumed that all design factors have known dis­

tribution functions. In Chapter 2 which follows, the reliability 

approximation methods are reviewed and their performance (in partic­

ular, the Rackwitz-Fiessler and Chen-Lind algorithms) are examined. 

In order to provide "exact" solutions for comparison purposes, a 

computer program was also developed to compute Pf by numerical inte­

gration for two variable (n = 2) cases. When n ~ 3, a Monte Carlo 

program (written by Colleen F. Kelly) was used to estimate Pf. 

In practical design problems, it is not uncommon that the 

limit state function cannot be expressed by a closed form algebraic 

expression. The design parameters may be related through a differ­

ential equation, or a system of equations, etc. Very of ten ,the 

limit state can only be defined using a numerical algorithm, e.g., 

Runge-Kutta method, local strain analysis, finite element analysis, 

etc. Reliability analysis using existing Level 2 methods would be 

extremely difficult or costly. Presented in Chapter 3 is a method 

to solve this class of problem, i.e., the cases where g(~) is not 

explicit. An example involving fatigue reliability analysis is 

solved using the proposed method. 

10 
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In Chapter 4, a new algorithm for Level 2 reliability analysis 

is developed. The method attempts to produce improved Pf estimates 

relative to the Rackwitz-Fiess1er and Chen-Lind methods based on the 

assumption of a linear limit state at the design point. A computer 

code was developed using this proposed rumerica1 algorithm. 

Methods of constructing partial safety factors (the Level 1 

reliability method) are investigated in Chapter 5. This chapter 

describes procedures of establishing design requirements which employ 

advanced Level 2 methods. A code was written to compute partial 

safety factors based on the "design point" (at or near a point where 

the failure is most likely to occur) concept. Numerous examples are 

studied which include the cases where the limit states are not ex­

plicitly defined. 

It is noted that statistical independence between each 

design random variable is assumed in this study. This, however, 

does not limit the methods to be applied to dependent variable cases 

because an orthogonal transformation can be made to replace the 

correlated variables by uncorre1ated variables (Hasofer and Lind, 

1974). 

Recognizing the problems associated with the uncertainties, 

more experimental data are now available for statistical analysis. 

In analyzing the cycles to failure fatigue test data for many 

materials, it has been observed that enormous scatter of the data 

exists with coefficient of variations (standard deviation/mean) 



ranging typically from 20 to 70% (Wirsching and Wu, 1983). This 

observation strongly supports the relevance of reliability methods 

by suggesting that the approximate mathematical model to describe 

fatigue design factor is a probabilistic one rather than a deter­

ministic one. This is a major reason that fatigue reliability 

problem is emphasized in this study. However, the methods and 

procedures developed are general, and can be equally applied to any 

mode of mechanical or stru~!ural failure. 

12 



CHAPTER 2 

REVIEl-l OF THE -RELIABILITY ANALYSIS METHODS 

2.1 Introduction 

Numerous methods have been suggested to describe structural 

reliability using a "reliability index" or "safety index" analogous to 

factor of safety. For example, a "safety index", S, based on the 

Mean Value First Order Second Moment (MVFOSM) theory was suggested 

(Cornell, 1969) and adopted in Mexican (Rosenblueth and Esteva, 1971) 

and Canadian (Parimi and Lind, 1976) code proposals. Subsequently, 

a principal criticism of this method was that the safety index is 

not invariant with respect to the mechanical formulation of the limit 

state. The invariance problem was later solved by Hasofer and Lind 

(1974) who introduced the concept of generalized safety index, as a 

"better" measure of the reliability. However, because the method 

requires only the mean and standard deviation of each design variable 

as input, no direct relationship between reliability and the safety 

index can be described. An exception is when the limit state is 

linear and the random variables are all normally distributed. 

To extend the concept of the safety index, Rackwitz and 

Fiessler (1978) suggest that non-normally distributed variables can be 

transformed to "equivalent" normal variables in the Hasofer-Lind 

analysis. The refined safety index B is obtained through a convergent 

numerical process. An approximation to the actual pr.obability of 

13 



failure is provided by letting Pf =~(-S), where ~ is the standard 

normal distribution. The theory behind this well-known R-F algorithm 

was later formally investigated by Ditlevsen (1981) who called it 

the "principle of normal tail approximation". Chen and Lind (1982) 

refined the Rackwitz-Fiessler method by employing an additional scale 

parameter for the equivalent normal distribution. A more accurate 

approximation of the original distribution is promised. 

The performance of the R-F and the C-L algorithm, both 

methods of "fast probability integration", are considered to be 

effective and accurate for general reliability purposes in design. 

The methods are fast in that numerical integration of Pf is avoided 

and require much less computation time compared with a Monte Carlo 

solution. Both algorithm may be categorized as "first order" 

reliability analysis method because the estimation of Pf has assumed 

that the limit state is linear at the design point. 

"Second order" reliability analysis methods which estimate Pf 

by assuming a quadratic (second order) limit state on the standardized 

normal coordinates have also been suggested (Fiessler, Neumann and 

Rackwitz, 1979; Breitung, 1983; Tredt, 1983). Because a more accurate 

description of the limit state is used, the improvement of Pf estima­

tion over first order method is promised. However, the techniques are 

in general very complicated and are relatively inefficient compared 

with first order methods. 

14 



In the remaining of this chapter, all the methods mentioned 

above will be reviewed. In particular, the performance of the R-F and 

C-L methods will be carefully examined. 

2.2 Monte Carlo Method 

In this work, Monte Carlo simulation will be used primarily 

as a research tool to provide a comparison basis, the procedures used 

in this study will be described herein. 

Define 

z = g(~) (2.1) 

The event of failure is g ~ 0, where g is the failure function. The 

vector of n design factors is X. The procedure of obtaining an 

estimate of Pf is as follows: (1) generate a random sample of size 

K for each of the n design factors; (2) obtain a random sample of 

size K of gi from the sampled ~'s using the functional relationship, 

g(~); (3) sort the g's and construct the empirical distribution 

function of g; (4) then Pf = P(g ~ 0). The estimate of Pf can be 

established by using a probability plot. The probability plot allows 

extrapolations to be made into low probability regions. But the cost 

of Monte Carlo can be substantially reduced by using as an estimate 

where n is number of observations of g less than zero. 
o 

(2.2) 
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In theory, very accurate Pf estimates may be obtained by 

generating large samples (K). However, for structural and mechanical 

problems, it is usually not economical to do so because the exact 

-3 -6 Pf is typically small (e.g., 10 to 10 ). A very large sample size 

would be required to yield sufficiently small confidence limits on 

Pf. The cost also increase depending upon (1) the number of design 

factors, and (2) the complexity of g(~). If g(~) is not explicitly 

defined, the cost becomes especially excessive. Nevertheless, the 

method is easy to apply and is able to provide Pf estimates for very 

complicated problems. Therefore, Monte Carlo is a valuable tool for 

research and for design. 

2.3 Mean Value First Order Second Moment Method 

Evaluation of Pf using the multiple integral (Eq. 1.4) 

requires that all the distributions of X are known. In many cases, 

only the mean and standard deviation are known to a reasonable degree 

of accuracy. Often, there is not enough evidence to define the 

16 

distribution type. To provide a "measure" of reliability, "mean value 

first order second moment reliability method" (MVFOSM) may be used 

(Cornell, 1969). The method utilizes the mean and standard deviation 

(relates to second moment) of each design variable and a Taylor series 

expansion to linearize the failure function at the "mean" values. The 

safety index is defined as 

(2.3) 



where 

2 
cr. 

1 

(2.4) 

(2.5) 

and where ~ is a vector of mean values, o. is the standard deviation 
1 

of the X. variable. 
1 

Although only mean ~z and standard deviation crz of Z are 

considered, the safety index defined in Eq. 2.3 provides a reasonable 

reliability measure. In general,a large value of S implies a larger 

reliability or smaller risk, Pf' as illustrated in Fig. 2.1. There­

fore, the safety index plays the same role in probabilistic design 

as does the safety factor in conventional design. However, the 

relationship between Sand Pf is not known exactly except for some 

special cases. 

For example, assume that (1) all X. are normally distributed, 
1 

and (2) the limit state function has the linear form. Let 

Z a + 
o 

n 
L a.X. 

i=l 1 1 

where a and a. are constants. From probability theory, Z is also 
o 1 

a normal variable with 

~z a + o 

(2.6) 

(2.7) 

17 



n 2 2 
C1

Z E a. C1. 
(2.8) i=l l. 

l. 

which are the same as Eq. 2.4 and Eq. 2.5. The failure con-

dition is Z < 0 and the probability of failure is 

Z - II II 
P(Z .::. 0) P( Z < ~) (2.9) Pf 0 -C1 

Z Z 

and 

cH -(3) 
llZ 

Pf P(- -) (2.10) 
°z 

which provides a convenient "normal format". Thus (3 is inversely 

related to Pf given by Eq. 2.10. A plot using Eq. 2.10 is provided in 

Fig. 2.2 to show the relationship between (3 and Pf. 

An exact functional relationship between (3 and P
f 

can also be 

obtained when (1) all Xi have lognormal distributions, and (2) g(~) is 

a multiplicative function of ~, 

n 
n 

i=l 
a 

o 

a. 
X l. 

i 
(2.11) 

where a and all a. are constants. Note that g(~) is defined such 
o l. -

that the failure condition is g .::. 1. For example, if a limit state 

is R(strength) S(stress), two equally valid formulations of g(~) 

are 
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Figure 2.1 Density Function for Z. 
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This shows that, 

in general, a large value 

of f3 implies a smaller PC 
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R - S o (2.12) 

and 

R 
g(~) = S = 1 (2.13) 

where Eq. 2.13 is suitable in the present derivation. To find t~c 

safety index, let Z = In g, 

z In a + 
o 

(2.14) 

The failure condition is Z < o. Because X. is lognormal, it follows 
1. 

that In X. is normal. Therefore, this "lognormal format" becomes 
1. 

identical to the normal format. Let Y. = In X., the mean and 
1. 1. 

standard deviation of Y. are 
1. 

-
Ily. In X. 

1 
1 

CJ ~ln(l + 
Yi 

-

C~) 
1. 

(2.15) 

(2.16) 

where X. and C. are the median and coefficient of variation (COV) of 
1. 1. 

X .. Using Eq. 2.15 and Eq. 2.16, 
1. 

IlZ 

n 
In ( IT 

i=l 

a. 
- 1. a X. ) 

o 1. 
(2.17) 
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2 

1n[ ~ (1 + C7)ai ] 
i=l 1. 
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(2.18) 

and Pf is given by Eq. 2.10 with a = ~z/crZ' Because the lognormal 

distribution plays an important role in probabilistic design, the 

lognormal format is particularly useful. For example, in fatigue 

design, some of the important equations tend to be multiplicative 

(e.g., Wirsching, 1981). 

Owing to its operational simplicity, the MVFOSM method has 

advantages in practice. However, it has been criticized that the 

distributional information (i.e., the type) of the design variable 

can not be used even if available. Consequently, the relation between 

Sand Pf is not known. The other criticism, and the major one, was 

that S fails to be invariant to equally valid formulations of the 

limit state. 

To illustrate the invariance problem, consider that a siwp1e 

tension member with cross-sectional area A has to withstand an applied 

loading Q. The strength is R and the stress is S = Q/A. The limit 

state can be formulated in two ways. 

z R - Q/A o (2.19) 

z RA - Q o (2.20) 
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Assume that Q is deterministic, R and A are random variables, it can 

be sho~m (Fig. 2.3) that evaluation of S using MVFOSM method may 

produce a different value in each case. Therefore, S is dependent 

upon how the designer formulates the limit state. The lack of 

invariance problem was overcome by the following advanced method. 

2.4 The Hasofer-Lind "Minimum Distance" Method 

Hasofer and Lind (1974) introduced the "generalized safety 

index" as a solution to the lack of invariance problem. The method 

is described as follows: 

1. Define reduced variables 

x. - ~. 

u. 
l. 

l. l. 

cr. i = 1, n (2.21) 
l. 

in which ~. and cr. are the mean values and standard 
l. l. 

deviations. u
i 

is therefore a random variable with zero 

mean and unity standard deviation. 

2. Using Eq. 2.21, transform the original limit state, 

g(~) = 0, to the r~1uced limit state 

o (2.22) 

3. Neasure the "minimum distance" (defined as the general-

ized safety index, S) from the origin of the axes, on the 

reduced coordinate system, to the failure surface, i.e., 



24 

LOAD, Q STATISTICS OF DESIGN VARIABLES 

R 'V (62, 6.2) 

A'V (2.80, .14) 
STRENGTH, R C%P CROSS 

Q = 100 SECTIONAL 
AREA, A NOTE: No distribution is 

T assumed for the design 
variables. 

FAILURE FUNCTION 

FORMULATION 1 FORMULATION 2 

Z = R - Q/A Z=RA-Q 

MEAN AND STANDARD DEVIATION OF THE FAILURE SURFACE 

J.l Z = J.l R - QIJ.lA J.l Z = J.lRJ.l A - Q 

= 26.286 = 73.60 

2 (~) 2o!)~ 222 2 ~ 
°z = (oR(l) + °z = (OR (J.lA) + °A(J.lR) ) 

J.lA 
= 6.452 = 19.41 

PROBABILITY OF FAILURE 

S J.lZ/oZ = 26.286 
S = J.lZ/oZ 

73.60 
= 6.452 

=--
19.41 

= 4.07 = 3.79 

Note: Both expressions ,of Z are equally valid descriptions of 
the failure surface (or limit state). But each gives a 
different reliability. 

Figure 2.3 Example of Lack of Invariance in MVFOSM Format. 



min, / ~ 
V i=l 

2 
".l 

i 

The point on the failure surface which defines B is 

(2.23) 

called the "design point" (or safety-checking point). 

Consider a special case in which all X. are normally 
~ 

distributed and the limit state is linear as defined in Eq. 2.6, the 

reduced limit state applying Eq. 2.21 becomes 

(a+ 
o 

a + o 

n 
l: 

i=l 
a. (u.cr. + 
~ ~ ~ 

n n 
l: 

i=l 
a.)J.) + 
~ ~ 

l: a.cr.u. 
i=l ~ ~ ~ 

(2.24) 

From theory of calculus, the minimum distance, B,from the origin to 

the "hyperplane" is 

n 
a + l: a.)J. 

0 i=l ~ ~ 

B 

-{~1 
(2.25) 

2 2 
a. cr. 
~ ~ 

where the numerator and the denominator are precisely )JZ and crZ' 

respectively, as defined in Eq. 2.7 and Eq. 2.B. Therefore, B is the 

sam~ as derived from MVFOSM method and an exact relationship between 

Pf and B is given by Eq. 2.10. Under other conditions, however, Pf 

computed using Eq. 2.10 can only be interpreted as a "notional" 

probability of failure. 
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The Hasofer-Lind safety index is invariant because the exact 

failure surface are considered, while linearization of the failure 

surface at mean values is required using MVFOSM method. To find the 

minimum distance for a nonlinear limit state, an optimization 

routine may be used to solve Eq. 2.22 and Eq. 2.23. For a simple two 

variable case, S may be determined graphically. An example is pro-

vided in Fig. 2.4, where Rand T are the random variables having 

mean values and standard deviations of (45, 3) and ~O, 2), respectively. 

S may also be found by iteratively solving the following equations 

(Leporati, 1979, p. 46). 

A 
i 

u* 1 

(~)~* 
n (a ) 2 

j:l ~ ~* 

SA. 
1. 

A S) = 0 
n 

(2.26) 

(2.27) 

(2.28) 

where the partial derivatives are calculated at the design point, ~*, 

A. are the direction cosines of the vector that defines the design 
1. 

point. Applying the method, a design would be considered as safe, if 

S > So' the target safety index. The target safety index is the mini­

mum allowable, specified for a safe design. The method is justified 

as follows: it is assumed that most of the joint probability 
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Limit state function: 

Reduced variables: 

R - 45 
u1 = 3 

u = 
2 

T - 20 
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(a) Space of Basic Variables 

Reduced limit state gl(~) 

Design Point: 

ut -2.5 

u~ 2.0 

(b) Space of Reduced Variables 

Limit State 

g(~) = 0 

40 50 

Figure 2.4 An Example of Computing the Generalized Safety Index. 
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density will be concentrated in the "hypersphere", in the space of 

reduced coordinates, having radius S (within the sphere is the 

safety domain). Therefore, S relates closely to the reliability. 

Moreover, the use of the reduced variables ensures that the measure­

ments along the different directions in the reduced coordinates will 

be nondimensiona1 and comparable. 
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In conclusions, the Hasofer-Lind method provides a reasonable 

index of reliability which is invariant to the formulation of the limit 

state. However, this method uses only the mean and standard 

deviation .. Even if distributional information is available, it must 

be discarded. It is precisely this criticism of the Hasofer-Lind 

method which motivated the development by Rackwitz and Fiessler 

described in the next section. 

2.5 Rackwitz-Fiess1er (R-F) and Chen-Lind (C-L) Algorithms 

Rackwitz and Fiess1er (1978) suggest a method which extends 

the Hasofer-Lind safety index concept to accommodate distributional 

information of the design factors. This method transforms a non­

normal distribution into "equivalent" normal distribution by adjusting 

the mean and standard deviation so that the cdf and pdf of the origi­

nal and the equivalent distributions are equal at the design point. 

The detailed scheme as implemented in this study is summarized in 

Appendix A. The original University of Arizona computer program for 

the Hasofer-Lind safety index was written by Vannoni (1979). and 



extended by Kelly (1981) to include the R-F equivalent distribution 

concept. Limit states with design factors having normal, lognormal, 

Weibull and extreme value distributions can be analyzed using this 

program. The program produces a safety index ~ which in turn pro­

duces reasonably accurate estimates of Pf using Eq. 2.10 (Ellingwood 

et al.,1980). 

An extension of the R-F scheme was proposed by Chen and 

Lind (1981). This method uses a three-parameter (scaled) equivalent 

normal distribution. The scale factor was used to match the slope 

of the pdf, in addition to cdf and pdf, at the design point. It was 

anticipated that this C-L method can produce more accurate estimates 

of Pf than does R-F. The detailed scheme as implemented in this 

study is summarized in Appendix B. The University of Arizona program 

mentioned above can also accommodate the C-L method. 

The performance of the R-F and the C-L algorithms for 

estimating probability of failure, was carefully examined (Wu et al., 

1983). Examples which include failure functions having linear or 

nonlinear limit states with design factors having various combina­

tions of distributions are presented in Appendix C. Following are 

the conclusions drawing from the observations. 

In general, the Rackwitz-Fiessler (R-F) and Chen-Lind 

(C-L) estimates of the safety index ~ and probability of failure Pf 

are reasonably close to the exact values. Results for linear and non­

linear limit states suggest that the R-F and C-L methods are 

practical alternatives for computing probabilities of failure. 
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Because the C-L algorithm uses an additional parameter, the 

scheme has the promise of improving R-F estimates. In some cases, 

C-L performed better than R-F. But, in general, one cannot conclude 

from the evidence presented here that one method consistently produces 

better Pf estimates than the other. 

Perhaps the most important attribute of both R-F and C-L is 

its efficiency in terms of computer time as compared to the numerical 

integration or Monte Carlo technique. In making such comparisons, 

it is valid only to compare central processing unit (CPU) time as 

the measure of efficiency because the compilation and input-output 

time is a fixed overhead in the computational process. Running on the 

CYBER 175, R-F is approximately seven times as efficient as the 

equivalent numerical integration method for problems involving two 

variables. For complex non-linear limit states, examples have shown 

that R-F is approximately 50 times as efficient as Monte Carlo. In 

practice, values of Pf lower than thqse used in some examples 

would be more typical, and Monte Carlo may even be substantially 

slower. 

2.6 First Order Versus Second Order Reliability Methods 

In general, reliability analysis can be performed by trans-

forming the basic variables, X., to the standard normal variables, u .. 
~ ~ 

The transformation is (Rosenblatt, 1952) 

u (2.29) 
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and the inverse transformation is 

X -1 J Fx [¢(u) ( 2. 30) 

For example, if X has a type I extreme value distribution with mean 

~ and standard deviation a, Eq. 2.29 is 

u -1[ -e ¢ e 

The inverse tranformation is 

1.283(X -~) - 0.5772 
a J 

X [ -ln[-ln¢(u)] - 0.5772 J + 
1.283 a ~ 

(2.31) 

(2.32) 

By substituting X. into the original limit state function, g(~), the 
1 

transformed limit state function, g 1 (~), can be formulated. However, 

the inverse transformation is generally nonlinear; its form can be 

extremely complicated. The mathematical and numerical problem may 

be extremely complicated and for non-continuous distribution 

functions, it is even impossible. 

By a Taylor series expansion of Eq. 2.29 at the design point, 

(considering linear terms only), it can be shown (e.g., Leporati, 

1977, p. 66) that the transformation is approximated by equating the 

cdf's and the pdf's at the design point, precisely the R-F scheme. 

To obtain the minimum distance, 8, the R-F algorithm is recognized 

as efficient because it does not require the knowledge of the exact 
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limit state in the u space. More importantly, the equivalent normal 

concept avoids the difficulties associated with the inverse trans-

formation. 

Note that the R-F and C-L methods are called "first order" 

methods because they assume that the limit state is linear at the 

design point in computing Pf' The shortcoming of the R-F method is 

that Pf = 4>(-13) is exact only if the "transformed" limit state is 

linear. The error increases if, (1) the original distribution 

function deviates significantly. from the normal, and (2) the original 

limit state is highly nonlinear. As suggested by Fiessler et al., 

(1979), the curvature caused by the distribution transformation may 

overrule those given by the mechanical problem. Fig. 2.5 shows how 

a linear limit state, on the x space, may become very nonlinear, on 

the u space, due to a non-normal variable. The problem with the R-F 

method motivated studies of the quadratic limit state fOLrnulations. 

The linea.r limit state, gl = 0, and the "hypersphere", with 

radius, 13, as illustrated in Fig. 2.6 for a two dimensional case, 

construct the bounds for the exact Pf for convex failure surface, 

(2.33) 

where x2 is the chi-squared distribution with n degrees of freedom. 
n 

Because the upper bound is usually too conservative, improvements to 

the first order method have been suggested by various authors to use 

the higher order limit state a.pproximation. For example, Ditlevsen 
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Original linear limit state g(~) 

Xl: Weibull; ~ = 20, cr = 1.2. 

X2 : Normal; ~ = 10, cr = 3.0. 

Transformed limit state 

-3 -2 

o 

4 

3 

= 3.07 2 

1 

-1 

Figure 2.5 Exact Transformation of a Linear Limit State. 
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Figure 2.6 The Bounds of the Probability of Failure for Convex 
Failure Surface. 
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(1976) developed sharper bounds by inscribing and circumscribing the 

limit state with rotational paraboloids. Horn and Price (1977) 

investigated the error of the linear approximation by studying an 

approximating hypersphere with radius corresponding to the mean 

curvature in the design point. In general, if the shape of gl is 

completely known, it is possible to choose a most suitable approxi-

mating limit state (e.g., a parabolic, elliptical or hyperbolic) to 

generate sharper bounds. 

To avoid the arbitrariness of the choice of a suitable 

approximating limit state, Fiessler et al., (1979) investigated 

several possible forms of the quadratic limit state, 

n ag(u) 
gl(~) ~ au. (u. - u~) 

i=l 1 1 
1 

u* -

2 

+1 
n a g(~) 

*)2 ~ 2 (u. - u. 
2 i=l 1 1 

au. u* 1 

2 
n-l n 

a g(~) 

+ ~ ~ au.au. (u. - u~)(u. - u~) 0 (2.34) 
i=l j=i+l 1 J 

~* 
1 1 J J 

where the partials are evaluated at the design point, ~*. The general 

formulations of computing Pf are provided on the basis of the noncen­

tral chi-square distribution and other distributions of quadratic 

forms (Imhof, 1961; Johnson and Kotz, 1970; Ruben, 1962 and 1963; 

Press, 1966). Approximation solutions for rotational paraboloids and 
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hyperspheres have been provided which require the curvature informa-

tion of the limit state in addition to the minimum distance. 

Breitung (1983) derived an asymptotic formula 

lin Pf 
S~ 

n-1 
H-S) TI 

i=l 

1 
-Z 

(l-SK. ) (2.35) 
l. 

where K. are the main curvatures at the design point. Tvedt (1983) 
l. 

derived two approximation formulas by approximating the failure 

surface with a parabolic surface at the design point which give more 

closer bound than Eq. 2.35. 

Because a more accurate information of the limit state is 

used, these second order methods have the promises of consistently 

producing better estimates of Pf relative to the first order methods. 

However, these schemes are more complicated because the formulations 

are made on the transformed space and require second partial deriva-

tives of gl' Therefore, the methods are expected to be more time­

consuming than the first order methods, particularly when the limit 

state is complicated and the number of the design variables is high. 

Furthermore, the inverse cdf transformation may be computationally 

difficult for some statistical distribution functions. 

In the literature, only several simple examples have been 

presented (Fiess1er et al.,1979; Breitung, 1983; Tvedt, 1983). The 

evidence is not entirely convincing that quadratic methods could 

produce consistently accurate results relative to other methods. As 

an example, it has been shown that due to the "non-normality" of the 
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basic variables, an originally linear limit state can become drasti­

cally distorted on the u space such that more than one "local" minimum 

distance exist which then requires the method of "multiple point 

checking" (Hohenbichler and Rackwitz, 1981). This suggests that,some­

times,a higher than second order approximation may be required to 

accurately describe the limit state even if there is only one local 

minimum distance. 

On the other hand, the first order methods of R-F and C-L 

seem to perform well in many engineering applications in spite of the 

linear approximation. First order methods are easy to program and 

computer costs are negligible. The more complicated inverse problem 

of computing partial safety factors (discussed in Chapter 5) for 

different design is easily programmed. It appears that it would 

be a formidable task to produce a general purpose code which would be 

easy for designer to use. Moreover, a partial safety factor program 

to be used for code development may be even an order of magnitude more 

complicated when using the second order methods. Therefore, first 

order reliability methods, featured by conceptual simplicity and 

efficiency, may be more practical than the second order reliability 

methods for general engineering design purpose. 

In Chapter 4,an algorithm will be proposed which provides 

improvement to the R-F procedure for estimating Pf so long as the 

"original" limit state is approximately linear in the neighborhood 



of the design point. Nonlinearity problems resulting from non-normal 

distributions are reduced relative to R-F. The proposed method of 

the design factors retains the important feature of the first order 

methods, i.e., no inverse transformation is involved. 
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CHAPTER 3 

A METHOD OF RELIABILITY ANALYSIS WHEN THE LIMIT STATE 
HAS NO EXPLICIT FORM 

3.1 Introduction 

Addressed in Chapter 2 was the problem of estimating the 

probability of failure (Pf) for a structural or mechanical component 

whose design factors are modelled as random variables, and where the 

failure function had an explicit algebraic form. The goal of this 

chapter is to perform reliability analysis for the case where rela-

tionship between the design factors for a particular mode of failure 

is so complicated that it can be defined only using a computer algo-

rithrn, e.g., finite element analysis, local strain analysis. Methods 

described in Chapter 2 i.e., the Rackwitz-Fiessler and Chen-Lind 

cannot be applied unless the failure function is explicit. Monte 

Carlo simulation is able to provide approximate solutions to Pf for 

this difficult problem. Unfortunately, Monte Carlo is costly, 

particularly when additional computation must be made to define the 

limit state. To compound the problem, very large sample sizes are 

required in order to get sufficient resolution in the tail areas to 

approximate the low probabilities typical of structural application. 

To overcome the practical limitations of Monte Carlo, a 

simple, and easily constructed, second degree polynomial which 

approximates the complicated limit state in the neighborhood of the 
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design point is suggested. A simple curve fitting routine provides 

an analytical form which relates the design variables at selected 

points. Then the R - F scheme can be used to estimate Pf' 

An example presented herein is a computation of reliability 

for a fatigue problem for which the local strain approach is used to 

determine cycles to failure in a notched member to which a constant 

amplitude oscillatory load is applied. A closed form expression of 

cycles to failure N as a function of the remaining design factors 

does not exist, and a computer program is the only practical way of 

computing N. The details of computing fatigue initiation life is 

described by Collins (1981) and by Fuchs and Stephens (1980). 

The failure function of the local strain analysis could be 

expressed implicitly as 

s h(Of' Ef, N, •• ) (3.1) 

in which S is the applied stress, of and Ef are fatigue strength and 

fatigue ductility coefficient respectively. Given that the design life 

is N , the event of failure is (N<N ) and the limit state is (N=N ). 
o - 0 0 

If the closed form expression of h were given the R-F algorithm 

could be used effectively to estimate Pf given (N=No)' The scheme 

presented here is to construct an approximation of h in the neighbor-

hood of the design point and then use the R-F method. But the pro-

cedure is general and can be applied to any mode of structural or 

mechanical failure. 
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Computer costs for a Monte Carlo solution would be excessive 

because the local strain program would have to be run for each random 

sample point (maybe 10,000 times). A limited Monte Carlo analysis is 

employed later to check the results of the proposed method. 

3.2 Polynomial Approximation to Failure Function 

If the implicitly defined failure function can be approxi-

mated by a simple (e.g., polynomial) equation, S can be determined 

effectively using R-F a1ogrithm. The entire process of computing S 

and then P
f 

is summarized by the block diagram of Fig. 3.1. The 

method will be developed and demonstrated by solving a sample problem. 

Assume, in general, that there are n + 1 variables involved 

in a failure function expression 

(3.2) 

Assume also that the failure function is differentiable with contin-

uous partial derivatives in the whole domain. By expanding it at a 

point e = (ao ' aI' 

nomial results: 

g(~) g(~) 

2 
(X. - a

i
) 

1 

a ) by Taylor series, the following poly­
n 

n 
~ +1 

n ~ + r (Xi - a.) L ax. 1 2 ax: i=O 1 i=O e 1 a 

n-l n a2 
+ r r g 

(Xi - ai)(Xj - a.) ax. ax. J i=O j=i+l 1 J e 
+ H.O.T. (higher order terms). (3.3) 



Specify the random design factors. 

(The distribution types and parameters.) 

! 
Select several points for each variable 

where a solution is desired. The points 
~ 

should embrace the design point, but one 

has to guess where that will be. 

~ 
Obtain a solution, using computer analy-

sis, at each one of the selected point Improve the accuracy 

sets. of 13 by selecting 

1 more appropriate 

Curve fitting: Use a polynomial to points uSing design 

approximate the failure function. The point values. 

limit state is thereby defined. 

l 
The R-F algorithm is applied to com-

pute the design point and safety 

index, s. 

~ 
The estimate of the probability of 

failure is P
f 

= <H -13) • 

Figure 3.1 Block Diagram for Computation of the Safety Index, B, 
when the Failure Function is not Available as a Closed 
Algebraic Form. 
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In order to compute a using an optimization scheme of the R-F 

algorithm (Appendix A), it is necessary to rewrite the equation such 

that anyone of the variables is a function of the remaining 

variables. Thus Eq. 3.2 becomes, when one chooses X , 
o 

such that the failure function is 

gQO o 

By substituting Eq. 3.5 into Eq. 3.3, it follows that 

X 
o 

n-l n 

I + 1. ~ a
2

h 

I 
(X - a.) t.,,-

~ i 1 2 i=l ax: 
1 §. 

(3.4) 

(3.5) 

2 
(X. - a.) + 

1 1 
E E (X. - a.)(X. - a.) 

1 1 J J i=l j=i+l 

+ H.O.T. 

Deleting the higher order terms and simplifying, 

X 
o 

a: + 
o 

n-l n 

n 
E 

i=l 

n 2 
('(. (X. - a.) + E a: +. (X. - a.) 

1 1 1 i=l n 1 1 1 

(3.6) 
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+ E E <X( i) C+l)+. (X. - a.)(X. - a.) (3.7) 
i=l j=i+l n -"2 1 J 1 1 J J 
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in which the ~'s are defined by comparing Eq. 3.6 and Eq. 3.7, each 

~ (except ~ ) relates to each partial-derivative term in Eq. 3.6. In 
o 

the last term of Eq. 3.7, the subscript of ~, denoted by k, is 

k = n(n + 3)/2. Therefore, the total number of terms, k + 1, equals 

(n + 2)(n + 1)/2. Eq. 3.7 can be further simplified as 

k 
X ~ + L: ~. Y. (3.8) 

0 0 i=l l. l. 

in which Y. = X. a. (for i 1, n) 
l. l. l. 

(X. 
l. 

a. ) 
l. 

2 
(for i n + 1, 2n) 

(X. - a.)(X. - a.) 
l. l. J J 

(for i = 2n + 1, k) 

This is the familiar multiple linear regression model in which Y. are 
l. 

independent random va~iables. [The model is lineaL in the parameters 

(the ~'s) regardless of the shape of the surface it generates.] The 

least square normal equation may be written in matrix notation as (see 

e.g., Montgomery, 1982) 

(3.9) 

in which 
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[YJ (3.10) 

1 Yml m2 Ymk 

i::l (Xo)l 

(Xo)2 

[ aJ ,[X J 
0 

Note that there are k + 1 normal equations, one for each of the un-

known a,. m is the number of observations or data sets. Given the 
l. 

data sets Y" and (X )., the solution will be the least square 
l.] 0 l. 

estimators, a
i

• 

3.3 Selection of Data Points 

Assume that the failure function is to be approximated by a 

truncated polynomial equation. In a general data analysis problem, 

data obtained from experiments are subject to random errors. 



A statistical analysis of estimators a. are required to validate the 
1. 

model. In such cases, accuracy of the model will be heavily depend-

ent upon the sample size, m. In this study, however, the data sets 

Y .. ,(X ). are those values which satisfy the exact failure function. 
1.J 0 1. 

Therefore, smooth functions are anticipated and statistical analysis 

is not necessary. The number of data sets for curve fitting can be 

chosen relatively small. More precisely, the minimum number of data 

sets (m) is equal to the number of a
i

• 

The key to constructing an effective approximating model is 

to choose, for curve fitting, data points (centered around the ex-

panding point a) from a domain that is relatively small to give 
'" 

satisfactory agreement between the exact and the approximating limit 

state, but wide enough to cover the unknown design point. When R-F 

algorithm is used, the model need be accurate only in the region of 

the design point rather than the whole domain. If the expanding 

point, a, which must be chosen at the outset, is relatively close to 
'" 

the design point, "accurate" results can be expected. 

In the general case, the design point may be difficult to 

predict in advance. However, it is reasonable to assume that design 

point values of stress variables would be greater (may be much 

greater) than its mean or median. Similarly, design point values of 

strength variables would be less than its mean. Hence, one can at 
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least make a reasonable first guess of the neighborhood of the design 

point. Another observation which is useful is that the failure 

functions are expected to be relatively smooth and unlikely to have 



discontinuities or other significant nonlinearities in the neighbor-

hood of the design point. Therefore, it seems reasonable to use a 

quadratic polynomial model to approximate the failure function. On 

the other hand, it is worth mentioning that Pf = ~(-S) is a good 

approximation when the limit state surface can be approximated by a 

tangent hyperplane at the design point. In such cases it is 

evident that a quadratic model will be sufficient to approximate 

the limit state in the region close to the design point. 

As an example of solving a. using a mimimum of data points, 
1 

consider the case where there are four design variables involved. 

If the quadratic polynomial without interaction terms (or mixed 

terms, e.g., (Xl - a
l

) • (X
2 

- a
2
), ... etc.) is chosen, the model 

is 
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(3.11) 

The expanding point a has been chosen and it is required to compute 

the estimates, a
o 

••• a
6

• Thase estimates can be computed by 

calculations relating the design parameters at the following specific 

points. 



Xl X2 X3 X 
0 

a
l a

2 
a

3 (Xo)l 

al + llXI a
2 

a
3 (Xo)2 

a
l 

- llXI 
a

2 
a

3 (Xo)3 

al 
a

2 + llX
2 

a
3 (Xo)4 

a l 
a

2 
- llX 

2 
a

3 (Xo)S 

a l a
2 

a
3 

+ llX
3 (Xo)6 

a
l 

a2 a
3 

- llX
3 (Xo)7 

The llX. 's must be chosen. They must be large enough to embrace the 
J. 
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design point, but not too large so as to introduce significant errors 

in the polynomial approximation. Here the analyst must again use his 

intuition. 

Finally, the estimates of ~'s are computed by noting the 

following: " is the value of at the expanding point; and " 
~ X ~l ~4 0 0 

" can be determined when X = a
2 

and X = a
3

, . etc. Thus, ~. can 
2 3 J. 

be determined from the above seven data sets by choosing appropriate 

values of + llX. which define the range of data for each variable. 
- J. 

In general, one can solve n. using matrix operations CEq. 
J. 

3.9), where Y matrix for the example is 
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1 0 0 0 0 0 0 

I £lX1 0 0 £lX2 
1 0 0 

1 -£IX 1 0 0 £lX2 
1 0 0 

[ Y ] = 1 0 lIX
2 

0 n £lX
2 

0 (3.12) v 2 

I 0 -£lX2 0 0 £lX2 
2 0 

I 0 0 £lX3 0 0 £lX2 
3 

I 0 0 -£lX3 0 0 £lX2 
3 

If the interaction terms are included, a minimum of three 

more data sets are required to determine 
A 

a
7 

to ag• As an example, 

Xl X2 X3 X 
0 

a1 + £lX
I 

a
2 

- £IX 
2 0 (Xo)a 

a
1 - £IX 1 0 a

3 + £lX3 {Xo)g 

0 a
2 

+ £lX2 
a

3 
- £IX 

3 (Xo)10 

Similar tables can be easily constructed when the number of design 

variables (n + 1) is greater than four. In general, the minimum num-

ber of data sets required is 2n + 1 if the interaction are excluded, 

and is {n + 2)(n + 1)/2 for a complete quadratic equation. 

When using the minimum number of data points to generate the 

model, the values at the data points of the model are exact. Then 

the curve fitting procedure described above is actually an effort of 

trying to approximate the exact surface by interpo1Rtion. To deter-

mine suitable values of the three data points for each variable, 

namely, the expanding point and the other two points which define the 
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"interpolation range," consider the following example. Assume that a 

stress random variable has a known distribution, but no information 

is available about the value of the design point. As shown in Fig. 

3.2, a decision is made to choose the interpolation range from the 

median of X (data point 1) to the value of X where its cdf is 0.9999 

(data point 3), and let the expanding point to be in the middle (data 

point 2). For a strength variable, points 2 and 3 should be chosen 

at the left tail region. In doing this, it is anticipated (as a 

first approximation) that the design point will lie within the inter­

polation range. To improve the approximation, a new range may be 

chosen if the design point lies outside this range in the first 

reliability computation by the fast probability integration tech­

nique. As demonstrated later, it is thought that one or two tries 

will be sufficient for generating satisfactory results. 

In the first attempt, ~n general, one would like to choose a 

wide interpolation range to ensure that the range will cover the 

design point. However, it is obvious that a wider interpolation 

range may result in poorer approximation. In addition, if signifi­

cant nonlinearities exist in the range, the quadratic curve or surface 

may turn into an inappropriate direction very fast which may result 

in a problem of obtaining unreasonable design po~nt. It is helpful 

to have a good physical feel of the problem. Consider the example of 

fatigue reliability analysis mentior.ed before. For a given life N, 

fatigue strength (defined bye) should increase if crf being increased. 

In other words, de/dcri should always be positive. Suppose a linear 
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Figure 3.2 An Example of Choosing Data Points for Generating Curve 
Fitting Model (Stress Variable Case). 
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polynomial model is chosen. As a first approximation, the data 

points (E., crf'., ••• ) will be fitted by a straight line on the 
1. 1. 

two dimensional coordinates plane (e.g., E - crf plane). But the 

data are exact, and it follows that the sign of aE/acrf will be pre­

served. Hence, the linear model is excellent in preserving the 

basic functional relationships between strength and stress variables. 

In general, however, the quadratic model is more appropriate 

because of the wide range of good fit of the failure surface. But it 

is also clear that the slopes or (first) partial derivatives of a 

second degree equation can be positive, negative, or zero. 

Therefore, when a "strictly monotone" nonlinear function is approx-

imated by a quadratic equation, it is no longer a strictly monotone 

function. As a result, there exist certain domains in which a 
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strength variable will behave like a stress variable, and vice versa. 

Consequently, there is a possibility that the design point will con-

verge to the undesirable domain where very poor approximation of the 

limit state is unavoidable, resulting in unreasonable design point. 

Therefore, it is important to examine the model before calculating S. 

3.4 Validating and Improving Polynomial Approximating Model 

Instead of checking the result of the curve fitting by 

plotting, it is more efficient to calculate the "effective domain" of 

the model ~l1here the basic functional relationships mentioned above 

are preserved. As illustrated in Fig. 3.3 the effective range can be 

determined for each variable by calculating the value at which the 

partial derivative is zero. For instance, recall Eq. 3.11 for a 
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Quadratic Polynomial Fit 

• Data Points for Interpolation 
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Figure 3.3 Definition of the Effective Range for the Quadratic 
Polynomial Curve Fitting Model. 
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quadratic polynomial with no interaction terms. Consider X as the 
o 

dependent variable, and Xl' XZ' X3 as the independent variables. 

From the conditions ofaXo/aXi = 0, the "critical points" of Xi 

denoted by (X.) are 
1 cr 
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(3.13) 

(Xz)cr 
ct 2 

aZ - Zct
5 

(3.14) 

(X3)cr 
ct3 a

3 - Zct
6 

(3.15) 

Thus, the effective range can be easily determined. Similar results 

can be immediately inferred when more design variables are involved. 

By introducing interaction terms to form a complete quadratic 

equation, Eq. 3.13 is replaced by 

Considering the extremes of the interpolation range where Xi 

± bXi for Xz and X3' Eq. 3.16 beco~es 

(3.16) 

a. 
1 

(3.17) 



therefore, at least at one of the extremes, (Xl) will be 
cr 
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-I 1 -I~flXI 2a.
4 

3 
(3.18) 

which is at best, equal to the value obtained from Eq. 3.13. Similar 

arguments can be used for the other Xi' and for the case of more 

variables. Thus, while the introduced interaction terms have the 

promises of improving the accuracy of the model, the effective range 

becomes smaller. 

A general rule regarding the quality of the polynomial 

expression is that the model is good if all (X.) are located well 
1. cr 

outside the interpolation range (See Fig. 3.3). It is clear that 

the effective range will be much wider than the interpolation range 

if the failure function is approximately linear in the interpolation 

range. On the other hand, when (X.) lies inside the data range, 
1. cr 

it is implied that significant nonlinearity exists in the interpola-

tion range. A "bad fit" results in some region of the interpolation 

range. Likely the fit is worse in the "extrapolation range". 

Using the information of effective range, there are several 

ways of overcoming this "nonlinearity problem": (a) Restrict the 

value of the variable within its effective range. This will be 

demonstrated in the following example of the fatigue life reliability 

analysis; (b) Use linear model as a first approximation followed by 

a quadratic model using more appropriate interpolation range; (c) 

Use a piecewise (splines) model by splitting the interpolation range. 



In the limiting case, any curve can be considered as connected by a 

series of straight lines. 

These methods are useful when a range of Pf need be 

estimated, and a single quadratic curve is unable to provide a good 

fit in the relatively wide domain because of the nonlinearity of the 

failure function. For the case of single design-point checking 

problem, "range reduction" can be very effective simply because a 

narrower interpolation range always provides a better effective 

range. 

In conclusion, it is thought that generally the quadratic 

polynomial curve fitting is an appropriate method to approximate the 
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failure function. Furthermore, becuase the interaction terms tend to 

reduce the effective range and more data point sets are required for 

modelling, it is recommended that a quadratic polynomial model with-

out the interaction terms may be adopted for an efficient estimation 

of Pf and the design point values. Using a minimum amount of data 

points, this model will be applied in the following example to 

demonstrate its effectiveness. It will be shown that critical values 

(x.) , are useful for validating and improving the model. Finally, 
l. cr 

it is believed that accurate S can be effectively obtained through 

the "design-point searching" and the "interpolation-range reduction" 

processes regardless of the complexity and nonlinearity of the 

failure function. As mentioned previously, p = ~ (-S) provides a 
f 

reasonable estimate of Pf. For the case of single design-point 



checking problem, it is possible, after several iterations, to obtain 

better approximation of Pf by calculating the probability contents 

bounded by quadratic surface. 

3.5 Example - Fatigue Life Reliability Analysis 

Demonstrated here is tile general method of producing a quad-

ratic polynomial model where interaction terms are neglected. The 

sample problem involves fatigue reliability using local strain 

analysis to predict life. A zero-to-peak : constant amplitude load 

producing the nominal stress history as shown in Fig. 3.4 is applied 

to the notched member. The peak stress S is not known exactly, and 

is considered to be a random variable. 

To simplify the reliability problem, assume that only a f, 
Ef and S (applied nominal stress range of a constant amplitude 

process) are random variables. The remaining parameters are constant. 

It will be assumed also that the mean stress effect is negligible due 

to stress relaxation; a = O. It is important to note that in the 
o 

example which follows, it is possible, with no extention of the 

theory, to include, for example, k
t

, A, s, and even ao as random 

variables. A depiction of the basic equations of local strain 

analysis is provided in Figs. 3.5 and 3.6. Fig. 3.5 shows that 0 and 

E are determined from Neuber's rule and the cyclic stress-strain 

curve. Fig. 3.6 illustrates the relationship between strain arnpli-

tude at the notch (Ea) and cycles to failure (N) for a given of and 

Ef. Both of and Ef are considered to be random variables, describing 

the scatter in fatigue data. 
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crf b c 
= --(2N) + E'(2N) 

E f 

10-3~~~~~ .. ~~~~~~~~~~~~~w-~ .. ~ 
100 

Cycles to Failure, N 

Figure 3.6 Strain Life Curve for Case A (Using Median Value of 
crf and Ef).· 
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Three different applied stress conditions are examined using 

the proposed method described herein. The results are compared with 

those using Monte Carlo method where 100 samples are generated in 

each case to plot the empirical cdf. 

Case A: 

The material analyzed is Waspa10y B at 1000 degrees F. The 

median nominal stress is S = 310 MPa (45 ksi). The data is tabulated 

in Table 3.1. To obtain wide range of effectiveness of the po1y-

nomia1 fit, data points are chosen as described in Fig. 3.7. 

Cycles to failure N is computed using a local strain analysis 

program. Seven data sets for curve fitting (analysis is repeated 

seven times) are given in Table 3.2. Because the relation between S 

and N is extremely nonlinear, log N, instead of N, will be defined as 

a basic variable to "linearize" the function. Once the data sets are 

generated, any variable can be treated as the dependent variable. In 

this example, S was chosen 

S a + a1 (cr' - a1) + a
2 (E' - a

2
) 

0 f f 

+ a
3 

(log N - a3) + a4 (crf - a
1

) 2 
+ as (Ef - a

2
) 2 
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+ a
6 

(log N - a
3

) 2 (3.19) 

where the expanding point values, a., can be found in Table 3.2. By 
l. 

the transformation of Y
I 

= crf - aI' etc., as defined in Eq. 3.8, S 

can also be written as 



Table 3.1 Data Information for Example 

(a) Random Variables 

I Parameter Distribution Type Median Coefficient of Variation 

S lognormal 310.2 Mpa a 
0.20 

(45 ksi) 

a' lognormal 1841 MPa 0.05 f (267 ksi) 

e:' f lognormal 3.47 0.43 
I 

a 

S :: 414 MPa (60 ksi) for Case B, S :: 551 MPa (80 ksi) for Case C 

(b) Constants 

I Parameter 

Kt 

b 

E 

(J 
o 

Value 

3.0 

-0.0843 

206820 MPa 
(30,000 ksi) 

° 

Parameter Value 

s 0.108 

c -0.9126 

A 1518 MPa 
(220.4 ksi) 

.. 
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Figure 3.7 How the Expanding Point ~ and the Data Points were 
Chosen for Generating the Quadratic Polynomial Model. 
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Table 3.2 Data Point Sets for Curve Fitting 

Set Number S, in MPa of' in MPa e:' f 
log10N, in cycles (b) 

1a 497.7 1674 2.069 3.859 

2 310.2 1674 2.069 6.191 

3 685.1 1674 2.069 2.935 

4 497.7 1507 2.069 3.611 

5 497.7 1841 2.069 4.149 

6 497.7 1674 0.668 3.644 

7 497.7 1674 3.470 3.984 

Interpolation 310.2-685.1 1507-1841 0.668-3.47 2.935-6.191 Range 

a Expanding point 

bcomputed using a local strain analysis program originally written by W. R. Brose. 

i 

(J\ 

"'" 
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s (3.20) 

Therefore, ui can be solved simultaneously from Eq. 3.9 where the Y 

matrix can be constructed using data in Table 3.2. The result is: 

s = 497.7 + 0.268 (of - a l ) + 20.8 (Ef - a 2) 

2 - 168 (log N - a
3

) + 0.000027 (0' - a ) 
f 1 

2 2 - 4.52 (Ef - a2) + 37.5 (log N - a
3

) (3.21) 

Now examine the quality of the polynomial expression. Con-

sider the effective range for each independent variable. Using Eqs. 

3.13 to 3.15, the values at as/ao
f 

= 0, etc., are 

(Of' Ef , log N)cr (-3290, 4.4, 6.1) 

The value of (0' ) 
f cr 

is negative implying the nonlinear effect of of 

is very small. The value of (Ef)cr when compared with the interpola-

tion range of Ef shown in Table 3.2 also suggests that the nonlinear 

effect of Ef is not significant. Thus, the quadratic model seems to 

be satisfactory for of and E
f 

in the chosen ranges of interpolation. 

The value of (log N) is close to the interpolation range implying a 
cr 

moderate nonlinear effect of log N in its chosen range. 

The R-F algorithm was used to compute Pf for several values 

of N. The results are shown in Table 3.3. It is noted that the 
o 

highest value of log N is chosen to be 5.5, a values less than 
o 

(log N) , 6.1. This point is inside the interpolation range and 
cr 



Table 3.3 Results of the Reliability Analysis for Case A Using the Proposed Method 

I Design Point Probability of 

INo (cycles) Log N S, in HPa ' • MP e:' failure, % 
0 

of' ln a f 

3,160 3.5 605 1779 2.88 0.026 

10,000 4.0 520 1785 2.95 0.34 

31,600 4.5 454 1793 3.04 2.2 

100,000 5.0 407 1802 3.13 7.3 

316,000 5.5 378 1810 3.21 14.2 
--- -

0\ 
0\ 



reasonable Pf estimates are expected. There is no limitation for 

choosing lower log N. The values listed in Table 3.3 are in the 
o 

range where comparisons can be made with Monte Carlo results, i.e., 

where the lowest passib1e estimate of Pf is about 1%. Observing that 

all the estimated design point values in Table 3.3 are well within 

the interpolation range shown in Table 3.2 one notes that perhaps 

accuracy could be further improved by reducing the interpolation 

ranges. 

Monte Carlo was used as an independent check on the quality 

of results of the proposed method. Unfortunately, each trial re-

quires running the local strain analysis program with a random sample 

of S, of' and Ef. This process is extremely costly and inefficient. 

Therefore, only a sample of size 100 was obtained. 

Computed values of Pf from the R-F algorithm are plotted in 

Fig. 3.8. The empirical cdf generated from Monte Carlo method is also 

plotted on the same lognormal probability paper. Assuming that the 

Pf of the present method are accurate, the upper and lower 1% points 

for the maximum likelihood estimator (MLE), p, of p are given. The 

calculation is similar to that of a confidence interval for the bino-

mia1. If the circled points in Fig. 3.8 are accurate, then there is 

a 98% chance that p obtained from an experiment would lie in the 

interval shown. Even though the algorithm used to estimate Pf was 

really (i - ~)/n, not exactly the MLE, the evidence of Fig. 3.8 

suggests good agreement between the present method and Monte Carlo. 
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Figure 3.8 Reliability Analysis of Fatigue Life (Case A); A Comparison 
of the Present Method with Monte Carlo. 



The median of S in this case was sufficiently small so that 

generally the deformation of the material is in the elastic range. 

However, because S has a large coefficient of variation, some plas­

ticity is expected for samples having a higher than average stress. 

The plasticity effect (Ef term) could be important in highly stress 

specimens. Hence, the lower tail of the cdf of N is not a straight 

line as it would be on lognormal paper if S were deterministic. This 

exercise demonstrates that extrapolating Pf using Monte Carlo results 

will likely produce inaccurate estimates of Pf. This is a principal 

reason why the number of simulations should be larger when the Pf to 

be estimated is smaller and why Monte Carlo can be so expensive. 

Case B: 

The data is the same as in Case A (See Table 3.1) but the 

median of nominal stress is increased to 414 MFa (60 ksi) so that 

more cyclic plasticity is expected at the notch. 

The data points for S are (414, 663, 913) MFa. The method 

for computing these was described in Fig. 3.7. Following the same 

procedures as in Case A, seven data points were obtained. The 

expanding point of log N is 3.0, and the data of log N ranges from 

2.5 to 4.7. 

The result of the curve fit, choosing S as the dependent 

variable, is 
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S = 663 + 0.217 (of - al ) + 106 (Ef - a2) 

2 - 425 (log N - a3) + 0.000074 (of - a
l

) 

70 

2 2 
- 34.1 (Ef - a2) + 164 (log N - a3) (3.22) 

The values at as/doi = 0, etc., are 

Again, both (of)cr and (Ef)cr values are well outside the interpola­

tion range shown in Table 3.2 implying satisfactory effective ranges 

However, (log N) is inside the interpolation range 
cr 

(2.5, 4.7), suggesting the possibility of a poor fit in some regions 

because of significant nonlinearity between S and log N in the 

interpolation region. Therefore, in forming the limit states of Eq. 

3.22, values of log N should be limited to, say,4.0 as higher errors 
o 

may result for larger log N . 
o 

The design points and Pf for several values of log No were 

computed using the same method as described for Case A. The results 

of this first approximation is shown in Table 3.4(a). Values of the 

Pf are plotted on Fig. 3.10. 

The fact that the (log N) value lies inside the interpola­cr 

tion range implies that the degree of nonlinearity between Sand 

log N is significant in this range. A higher degree polynomial 

equation is required to improve the fit unless the range can be 

reduced. Suppose, for instance, the goal of the reliability analysis 

of log N ranges from 3.0 to 4.5. The design point information 
o 



Table 3.4 Results of the Reliability Analysis Using the First Approximating Model, and the Data 
Range for Generating Second Approximating Model (Case B). 

(a) Results Using First Approximating Model 

I Design Point Probability of 

N (cycles) log N S, in MPa crf, in MPa e:' failure, % 
0 0 f 

1,000 3.0 658 1806 1. 75 0.19 

1,778 3.25 587 1811 1.95 1.14 

3.162 3.5 539 1816 2.20 3.97 
I 

5,623 3.75 508 1820 2.47 8.93 

10,000 4.0 490 1823 2.69 14.2 
----

( ,- , -- -- -- - ---

Variables Data Range Expanding Point 

S, in MPa 655 - 448 551 

crf, in MPa 1806 - 1834 1820 

e:' 1. 75 - 2.80 2.275 
f 

a 3.15 4.58 3.686 log N -

aCorresponding Values 
I 

-...J 
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Function. 
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Figure 3.10 Reliability Analysis of Fatigue Life (Case B); A Comparison 
of the Present Method with Monte Carlo. 



generated from the first approximation (Table 3.4(a» reveals that 

the interpolation ranges may be reduced to generate improved, second 

approximation. It should be emphasized that when only point estimate 

is required (e.g., log N 
o 

3.0), the interpolation range for the 

second approximation can be made very small so that the quadratic 

model becomes a good approximation. In this study, however, the 

narrower interpolation range is chosen to be wide enough to cover 

the region of log N of interest in this study. 
o 

Using the design point information in Table 3.4(a), the new 

and reduced interpolation ranges are determined as shown in Table 

3.4(b). The improved quadratic model becomes: 

S = 551 + 0.212 (crf - a1) + 19.3 (Ef - a2) 

2 - 165 (log N - a
3

) + 0.00074 (crf - a
1

) 
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2 2 
- 4.08 (Ef - a2) + 55.1 (log N - a

3
) (3.23) 

where the expanding point values can be found in Table 3.4(b). The 

values at as/ooi = 0, etc., are 

(crf, Ef , log N)cr = (390, 4.6, 5.2) 

By comparing these values with the interpolation ranges shown in 

Table 3.4(b) it is found that the effective ranges for all three 

variables are satisfactory, suggesting that the model has been im-

proved. To demonstrate the improvement made in the model, the exact 

and the approximate S - N curves are drawn in Fig. 3.9 for both the 



first and the second approximation (Note: Values of cr' and E' are at 
f f 

the expanding point). The figure clearly shows that the model is 

much better when (log N) lies outside the interpolation range 
cr 

suggesting that (log N) ,etc., which defines the effective range, cr 

is a convenient index of "measuring" the quality of the model, and 

the degree of nonlinearity in the failure function. 

The new design points and the associated Pf using Eq. 3.23 

are shown in Table 3.5. The design point values of E' as well as 
f 

the value of S when log N = 3.0 are outside the data ranges indicat­
o 

ing the extrapolating values of Eq. 3.23 are being used. However, 

these values are well within the effective ranges and closer to the 

interpolation range. Therefore, it is not unreasonable to assume 

that good approximation can still be obtained. 

Values of Pf of the improved model are also plotted on Fig. 

3.10. Following the same procedure as in Case A, a 98% interval on 

the estimates of Pf is constructed which covers the Monte Carlo 

results. The improvement of the model seems justified. By using 

more appropriate data ranges or splitting the data range into two 

parts, accurate Rackwitz-Fiessler values of a can be obtained for a 

wide range of fatigue life. For a specified single value of design 

life, it is believed that no more than two tries are necessary to 

obtain satisfactory results. 
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Table 3.5 Improved Results of the Reliability Analysis for Case B Using the Proposed Method. 

I Design Point 
Improved 

First I 
INo (cycles) 

Estimates 
log N S, in MPa of' in MPa e:' pf' % of Pf' % 0 f 

1,000 3.0 700 1808 3.05 0.34 0.19 

1,778 3.25 645 1810 3.08 1.12 1.14 

3,162 3.5 596 1814 3.13 2.96 3.97 

5,623 3.75 555 1817 3.18 6.43 8.93 

10,000 4.0 520 1821 3.23 11. 7 14.2 

17,782 4.25 493 1825 3.28 18.2 -----

31,622 4.5 472 1828 3.32 24.7 -----
- -----

""-I 
0\ 



Case C: 

For the previous examples, the median nominal stress is 

further increased to 551 MPa (80 ksi) so that even more cyclic plas-

ticity is expected. Otherwise, the parameters are the same as in 

Cases A and B. 

Applying the same methods as described in previous cases, the 

data points for S are (551, 885, 1218) MFa. The corresponding 

expanding point value of log N is 2.55, and the interpolation range 

of log N is from 2.05 to 3.48. The result of the curve fit is: 

s = 885 + 0.133 (of - a
l

) + 210 (€f - a2) 

2 - 702 (log N - a
3

) + 0.000012 (af - a
l

) 
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2 2 
- 77.1 (€f - a2) + 370 (log N - a3) (3.24) 

The values at as/aaf = 0, etc., are 

(af , €f' log N)cr = (-3870, 3.43, 3.5) 

Thus, satisfactory effective ranges of af and €f result. The value 

of (log N) is approximately equal to the value at right end of the 
cr 

interpolation range suggesting that the range of interpolation of S 

is too wide. To improve the model, a decision can be made to reduce 

the interpolation range either before or after the design points are 

estimated using Eq. 3.24. The method of improving the accuracy 

through range reduction process has been demonstrated in Case B, 

therefore it is not repeated here. 



To obtain the first estimation of reliability analysis of N, 

several values of log N are chosen to form the limit states. The 
o 

highest value is restricted to 3.25 which is somewhat less than the 
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value of (log N) • The design points and Pf using R-F algorithm are cr 

shown in Table 3.6. The values of Ef and of indicate that cyclic 

plasticity indeed plays the dominant role in the region of high Pf' 

Pf values are plotted in Fig. 3.11. A 98% interval on the estimates 

of Pf' and the Monte Carlo results are also plotted. It is noted 

that for this high stress case, lower tail cdf of N should approach 
o 

a straight line on the lognormal paper if the elasticity effect is 

being neglected. Thus, the result of the first estimation is 

reasonable. 

3.6 Summary and Conclusion 

A numerical procedure is proposed for estimating risk for the 

case when the failure function is not available as a closed algebraic 

form. The safety index B is computed by the R-F algorithm after the 

failure function is approximated as a simple polynomial equation. 

The proposed method is described by the following step-by-step 

procedures (refer to Fig. 3.1). 

1. Specify the random design factors. 

2. Make a somewhat conservative but reasonable first guess 

of the design point to define the range of interpolation. 

Select several points from the range for each variable 

where a solution is required. 



Table 3.6 Results of the Reliability Analysis for Case C Using the Proposed Method. 

Design Point Probability of 

N (cycles) log N S, in MPa ' • MP £' failure, % 
0 0 

of' 1n a f 

178 2.25 927 1825 1.25 0.015 

316 2.5 786 1828 1.46 0.28 

562 2.75 706 1831 1. 75 1.8 

1000 3.0 663 1833 2.06 5.7 

1778 3.25 641 1834 2.30 10.5 
--------------- --------- --- ------ ---
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Figure 3.11 Reliability Analysis of Fatigue Life (Case C); A Comparison 
of the Present Method with Honte Carlo. 



3. Solve the failure function, using computer analysis, to 

obtain a solution at each one of the point sets selected. 

The data sets for curve fitting are thereby provided. 

4. Obtain a polynomial equation using a curve fitting 

technique. It is recommended that a quadratic equation 

without the interaction terms may be adopted for an 

efficient estimation. 

5. Check the quality of the polynomial (e.g., define 

effective ranges) as an aid in forming the limit state 

where a reasonable agreement betweeen the exact and the 

appro~imating equation can be anticipated. A reduction 

of the ranges of the selected points may be required 

if the failure function is highly nonlinear in the 

selected interpolation range. 

6. Apply R-F algorithm to the approximating limit state to 

compute the design point and B. 

7. Compare the design point values with the ranges of the 

selected points. To improve the approximation in the 

region of design point, go to step 2, but adjust the 

values and ranges of the points for each variable. In 

general, accuracy can be improved by reducing the ranges 

which should still embrace the design point. 

8. Estimate the probability of failure using Pf ~(-B). 
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As demonstrated by the exam~le, agreement of the proposed 

method with Monte Carlo is considered to be good. Because the pro­

cedure is much faster than Monte Carlo, the method is thought to be 

particularly useful in any mechanical or structural problem where 

computer analysis is required to relate the random design variables. 
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CHAPTER 4 

A NEW ALGORITHM OF kELIABILITY ANALYSIS 

4.1 Introduction 

Assume that the failure function, g(~), which describes the 

event of failure for a given mode (e.g., buckling, fatigue) has an 

explicit form of the design variables. It is assumed that each 

design variable X has a known distribution function (cdf), F(x) and 

density function (pdf), f(x). The variables are independent. It is 

required to estimate the probability of failure, Pf' (or reliability). 

Methods of estimating Pf were summarized in Chapter 2. A new method 

of computing Pf is proposed here. It is demonstrated that this scheme 

will consistently produce P
f 

estimates as good as Rackwitz-Fiess1er 

(R-F). In many cases, the estimates are significantly better than 

R-F. 

As described in Chapter 2, and in Appendix A, the R-F method, 

an extension of the Hasofer-Lind technique, transforms the non-normal 

design variables into equivalent standard uncorre1ated normal 

variables at the design point. Assuming a linear limit state, at the 

design point, the probability of failure can be estimated using 

Pf = ~(-S). An extension of the R-F method proposed by Chen and Lind 

(C-L) (1982), employs three, instead of two, parameters to construct 

the equivalent normal distribution. In a study of the performance of 
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the approximation algorithms (Appendix C), it was observed that C-L 

does not seem to consistently produce better estimates of Pf than 

R-F, despite th~ [act that the equivalent normal, based on three 

parameters, is able to approximate the original distribution more 

closely in the neighborhood of the design point. A possible reason 

for the apparent inconsistency is that when the original distribution 

cannot be fitted well over a wide region, the forcing of the more 

exact fitting at the design point, in some cases, may cause larger 

errors in the cdf in the region not too far away from the design 

point; the error introduced in those regions may outweigh the 

accuracy gained in the vicinity of the design point. 

A different approach is proposed herein. An approximation 

method which fits the functions over a sufficiently wide region 

using a least square technique is studied. The function involved in 

the method includes not only the cdf of the variable which is to be 

transformed, but also the joint pdf of the rest of the variables. 

Such a function is more closely related to the probability of failure. 

Therefore, an "optimum" estimate may be obtained. 

84 

The proposed scheme was applied to numerous examples, includ­

ing linear, as well as non-linear limit state functions with design 

factors having various combinations of the distributions (normal, 

lognormal, Weibull and Type I extreme value). It was demonstrated 

that the method produces an equivalent normal such that the error of 

Pf estimate due to the "normalization" approximation may be 



significantly reduced. The additional cost (over R-F) for applying 

this "new" algorithm, in terms of the computer time, is estimated to 

be less than 0.1 second CPU time for each non-normal variable when 

running on the CYBER 175 system. 

4.2 Approximating Known Distribution Functions 

Consider a non-normal random variable with cdf of F(x) and 

pdf of f(x). The R-F method constructs equivalent normals by equating 

* the distribution and density function at the design point, x , 

* Hx) 

* <p(x ) 

* F(x ) 

* f(x ) 

where ~ and ~ are the equivalent normal cdf and pdf. 

(4.1) 

(4.2) 

Chen and Lind introduced a three parameter normal distribu-

tion function A~(x), where A is a constant, to fit F(x), f(x) and 

df(x) * * ~ , at x if x is at the lower tail of the pdf. When the design 

point is at the upper tail, A~(x) and F(x) are replaced by A(l-~(x» 

and l-F(x), respectively. The equivalent normal function should fit 

the original function better in the region near the design point. 

Because the design point is near the maximum joint pdf of the design 

factors, a better fit near the design point, in some cases, is 

sufficient to produce a better estimate of Pf. On the other hand, it 

is not uncommon that the equivalent normal distribution must be 

accurate over a relatively wide region around the design point to 

85 



ensure a good estimate of Pf. In such cases,a better fit using C-L 

algorithm cannot guarantee an improvement of Pf estimate over R-F. 

To illustrate the problem, consider a simple linear limit 

state function 

R - S (4.3) 
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Where Rand S are strength and stress variables, respectively. Assum-

ing R is Weibull with ~R = 20, oR = 1.2, and S is normal with ~S = 10, 

Os = 3.0. The probability of failure, assuming Rand S are mutually 

independent, is 

(4.4) 

The integrand FR$S is plotted in Fig. 4.1 where the area under the 

curve is Pf. It is shown that R-F transformation of FRto ~R produces 

an exact fit of FR~S and its slope at the design point. The fit, 

however, is effective only over a relatively small range of x. But 

the fit can be considered only fair over the whole range of FR$S 

values. As a result, there is 17% error in estimating Pf using R-F. 

It is interesting to note that in order to have an accurate Pf 

estimate, the equivalent normal ~R should fit the original distribu­

tion FR e~ually well even when x is greater that UR, thus demon­

strating the importance of a good fit over a "wide" range. 

* By fitting also fl(x ), C-L algorithm produces a better fit 

at the design point, consequently the error have been cut by 
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Figure 4.1 Illustration of the R-F Method and the Proposed Method in 
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approximately half of the R-F estimates (Appendix C). It is noted 

that in this example R-F result under-estimates the exact Pf while 

C-L over-estimates the Pf. In some other cases, e.g., when the 

stress, S, has an extreme value distribution with small coefficient 

of variation, the region that contributes to Pf (Eq. 4.4) becomes 

even wider and the performance of both R-F and C-L becomes worse. It 

can be concluded that it is, in general, impossible to find an equiva­

lent normal distribution which fits the original distribution closely 

over a sufficiently wide region. It is possible, however, to reduce 

the accuracy of the fit near the design point in exchange for a 

generally better fitting over the whole region, and therefore, a 

better Pf approximation. It is this policy which is pursued in the 

present method. 
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A better fit of FR by ~R should consider the whole FR~S 

function which is more closely related to Pf. This can be done by 

fitting a curve, A~R~S' using the least squares criterion, which mini­

mizes the total deviations from the FR~S function. The goal is not to 

directly minimize the error under the FR~S curve, but to eliminate the 

possibilities of the high deviations in the region other than that near 

the design point. Using the least square scheme described below, an 

improved approximation to the integrand is established. This curve is 

also drawn on Fig. 4.1 Due to the cancellation effect of the positive 

and negative deviations in the fitting, the error of Pf has been 

reduced to 2.5%. 



In the following, the method proposed is basically the first 

order method, i.e., a linear limit state g(~) = 0 is assumed and no 

inverse cdf formulations, as described in Chapter 2, are required. 

Similar to the C-L algorithm, the method attempts to find better 

equivalent normal distributions. The method is, however, different 

from the C-L method in that a "weighting function" is introduced, 

and a least-squares scheme is used to fit the original cdf in a 

relatively wide region. 

4.3 A New Method of Determining Equivalent Normal Parameters 

The method suggested here for constructing the equivalent 

normals utilizes the R-F results. Consider a limit state function 

g(~) involving n independent random variables which is linearized at 

the design point, 

a + 
o 

n 
L 

i=l 
a.X. 

l. l. 
(4.5) 

Three equivalent normal parameters (A, ~N' ON) for each Xi are found, 

one by one, by applying a numerical scheme such that 

n 

( TI A.) IQ ~u(~)d~ 
i=l l.. 2-

(4.6) 

where Q
l 

is the failure region on the original coordinates, ~, and Q2 

is the corresponding failure region on the reduced coordinates, ~, in 

which 

U. 
l. 

(4.7) 

89 



90 

Using Eq. 4.7, the transformed limit state function gl(~) is also 

linear. A minimum distance, denoted as 0, on the u space can be 

found, and Pf is estimated by 

n 
( n A.) 4J( -0) 
i=l 1. 

A gene:calized safety index, p, Call. be defilled as 

(4.8) 

(4.9) 

In applying the least squares scheme, the original function 

is the product of the original cdf and a "weighting function" that is 

constructed from the initial R-F results. The approximating function 

is the product of the new equivalent normal cdf and the same weighting 

function. 

In the following, the method will be developed starting from 

a two-variable case and then extends to the high dimensional cases. 

Each variable, X.,will be identified either as a "strength" variable 
1. 

or a "stress" variable using R-F results. When the reduced design 

point value u~ is negative (i.e., x~ < ~Ni)' Xi is defined as a 

strength variable, otherwise X. is a stress variable. 
1. 

Consider a limit state function involving a strength variable 

Xl and a stress variable X
2

, the failure probability is 

(4.10) 

in which the integration is to be performed on xl axis, and x
2 

is 

evaluated according to the limit state. In the first step, assume 



that the R-F results are obtained, and Eq. 4.10 is approximated by 

pI 
f 

(4.11) 

in which the "prime" denotes that the normal functions are evaluated 

using R-F equivalent normal parameters. Another approximation of Pf' 

denoted as Pf' uses Fl instead of ~i in Eq. 4.11, 

pIt 
f 

(4.12) 

Thus only one approximation, ~2' is involved in Eq. 4.12. Now con­

sider reconstructing ~i by a three-parameter normal cdf, Al~l. The 

integrand Fl~2 in Eq. 4.12, as illustrated in Fig. 4.1, will be 

curve-fitted by Al~1~2 such that Eq. 4.12 becomes 

pIt 
f 

(4.l3) 

where Al may be considered as a "scale factor" of ~l. It seems 

obvious that Al~l has more flexibility than ~I to fit Fl more closely 

in a region that is critical for Pf calculation. 

The error sum, E, of two curves, Fl~2 and A~1~2' is 

(4.14) 

which is a function of AI' ~NI' aNI. These three parameters need be 

found to minimize the error sum, 
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Min: E 

Subject to g(~) o (4.15) 

and may be solved using suitable minimization routine. However, the 

process may be somewhat time consuming. In the following, the 

problem is simplified by imposing two constraints to Eq. 4.14. 

A reasonable choice of putting constraints to E is to fit cdf 

and pdf at the design point, i.e., 

* M(u ) * F(x ) 

* * where 4> (u ) and <j> ('1 ) are the "s tandardized" normal cdf and pdf, 

(4.16) 

(4.17) 

* * respectively, evaluated at u = (x - ~N)/aN. From Eq. 4.16, the 

* standardized normal variate, u , is computed first for any given A, 

* u 

aNI can be found from Eq. 4.17, 

* <j>( u ) 
A f (x*) 

(4.18) 

(4.19) 

* ~Nl can be calculated using Eq. 4.7 after u and aN are determined, 

llN * x * u a (4.20) 
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~N and ~N are used to evaluate ~(x). Therefore the error sum 

(Eq. 4.14) reduces to a function of one variable only. A value of Al 

with the corresponding ~Nl and ~N1 which minimize E are the resulting 

three "optimum" parameters. 

The above formulation has assumed that Xl is a strength 

variable. If Xl is instead, a stress variable, Eq. 4.12 should be 

written as 
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(4.21) 

which will be approximated by 

(4.22) 

Therefore, the only changes that have to be made are to replace Fl by 

(1 - F1) and replace ~1 by (1 - ~1) in Eq. 4.14 and Eq. 4.16. Also 

Eq. 4.18 becomes 

* * u ~-1 [ A - (1 - F(x » ] 
A 

(4.23) 

After A1~1 is generated, the same procedure is applied to the 

X
2 

variable. Afterwards, the minimum distance, 0 can be generated 

using the derived equivalent normal mean values and standard devia-

tions. The probability of failure and the generalized safety index 

are computed using Eq. 4.8 and Eq. 4.9. 
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The procedures suggested above can be easily extended to the 

cases involving more variables. Assume that the initial R-F program 

has been run and the R-F equivalent normal parameters are computed. 

To find three parameters for Xl' X2 through Xn terms in Eq. 4.5 may 

be added together to form a new variable, defined as Y. Let 

Y a"X2 + ... + a X 
L. . n n (4.24) 

Because X2 to Xn are "normal", Y is normal. Eq. 4.5 becomes 

(4.25) 

and the probability of failure, assuming Xl is a strength variable, is 

approximated by 

p" 
f 

(4.26) 

Therefore the problem can still be solved on a two dimensional coor-

dinates. Furthermore, it will be shown later that $2 can be easily 

established using design point information. 

Before a numerical scheme is devised to evaluate the error 

sum conviently, it must be pointed out that the error of $i(Y) in 

Eq. 4.26 does not necessarily affect, proportionally, the Pf estimate. 

The reason is that Eq. 4.26 (or a modified form for stress variables) 

is applied to all the n variables, and Pf is not computed until all 

the equivalent normal parameters are obtained. 
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In R-F method, only the value of f2 at the design point plays 

a role in the analysis. In the present method, it is suggested that 

the entire f2 function approximated by an equivalent normal pdf ~~ 

obtained from R-F analysis be considered. The reason for including ~2 

is that FI~2 over a wide region of xl is closely related to Pf and is 

able to provide more information, compared with a single design point, 

for a better fitting of Fl. 

The R-F result provides a good fit in the neighborhood of the 

design point. Therefore, it can be expected that ~i would be close to 

f2 in the region near the de'Sign- point. ~i may be less accurate outside 

the region, but F2f2 is also getting smaller and less important. In 

general, it is expected that FI~i is able to describe Flf2 closely in 

a relatively wide region, for example, a region which contains 80% of 

the total Pf. In applying the least squares scheme the fitting range 

should then cover a sufficiently wide region of xl. 

Although the goal is to fit FI , ~i is included for the curve 

fitting. Therefore, cl>i is the "weighting function" mentioned above. 

It is a function which provides the information on the relative 

importance of the FI function; e.g., a high value of FI is not 

necessarily considered important if ~2 is very small, etc. 

4.4 A Numerical Scheme of Finding Equivalent Normal Parameters 

The error sum for a strength variable X is 

E f~ [ (A~(x) - F(x)) ~'(y)J2dx 
-~ 

(4.27) 
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in which F and Aif> denote the "original" and the "transformed" cdf, 

respectively, and ~' is the R-F estimate of the joint pdf of the 

other variables. 

The problem is solved numerically by choosing N "equally 

spaced" x values to approximate E by a suxmnation, 

N 
E L [(Aif>(x.) 

j=l J 
F(x.»~'(y.)]2 ~x 

J J 
(4.28) 

where ~x may be deleted in the minimization procedure because it is a 

constant. Instead of choosing x. directly, one can pick equally 
l. 

spaced points from the R-F limit state on the reduced coordinates as 

shown in Fig. 4.2 in which the reduced variable of X is defined as 

(4.29) 

where p and a are the R-F equivalent normal mean and standard 

deviation of X. Note that if PN and oN are used in Eq. 4.29 then the 

reduced variable is defined as u (Eq. 4.7). In Fig. 4.2, P is the 

design point, OP defines the R-F safety index S. The limit state in 

the figure can be constructed using only S and the directional angle, 

6, which can be computed as 

6 
* -1 I z J cos (---) 

S 
(4.30) 

* in which z is the design point value. For any point j on the limit 

state, the corresponding z. can be computed as 
J 



L Initial Approximation Range 

z. 
J 

X-II j ~ 

cr 

L 
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N 

o z 

Figure 4.2 Determining the Initial Approximation Range and Points on 
the Limit State using R-F Results. 
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* z. = z + Ir.lsine 
J - J 

(4.31) 

in which r. is the distance measured from the design point P to the 
J 

jth point on the limit state as shown in Fig. 4.2. The corresponding 

cp'(y.) is 
J 

1 = -- e 
rz:rr 

2 

and the corresponding xj ' using Eq. 4.29, is 

x. 
J 

l.l + z.cr 
J 

(4.32) 

(4.33) 

Because the limit state is linear, it is clear that x. will be equally 
J 

spaced. 

The "initial" approximating range on the limit state, denoted 

as L, and the number of points, N, as shown in Fig. 4.2 should be 

chosen such that the "discrete" F.cp~ function can fully describe the 
J J 

"continuous" Fcp' function. The approximating range is determined as 

follows. The joint pdf at the design point, which is assumed to be 

near maximum on the limit state, is 

(4.34) 

and the joint pdf at a point j is 

8
2 + 2 r. 

J 
(cp' ) . 1 2 =- e 
~ J 21T 

(4.35 ) 
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Dividing Eq. 4.35 by Eq. 4.34, 

2 r. 
(cf). _J 

-.:.::.....:..J - e 2 
(2')* - (4.36) 

For j = 1 or j = N (the two end pOints), the above ratio should be 

sufficiently small to ensure a sufficiently wide region that contains 

essentially the whole Pf contents. For example, if L = 8, at the 

ends of the approximating range r. = ±4, the ratio is 0.003, which is 
J 

considered small enough. For L = 16, the ratio -14 is 1.2 x 10 . A 

more accurate requirement for having a sufficiently wide L is that 

the ratio of F.$~ to (F$') for j 
J J max 

1 and j = N should be small, 

say less than 20%. In this study, the "reduced" approximation range 

and points are defined by the following criteria 

Fj$j 
( ') > 0.2 for j Fcp * 

(4.37) 

< 0.2 for j 1 or N 

* which is illustrated in Fig. 4.3, where (Fcp') is evaluated at 

j = (N + 1)/2; NA and NB are the end points of the reduced approxima­

tion points. N is chosen as N - 1 = 5L. For example, if L = 8, then 

N = 41. When the directional angle e approaches n/2, the approxima-

tion range of z approaches L, and ~x is the widest for a fixed N 

points, therefore maximum ~z (i.e., L/(N - 1» is 0.2 and maximum ~x 

is 0.20 (0.20 per point). 



Design Point 

Reduced 
Approximation 

Range 

Figure 4.3 Define Reduced Approximating Range and Points. 
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It is noted that in Eq. 4.37, F$' evaluated at the design 

point is in general not the peak value. The value, 0.2, in Eq. 4.37 

is considered as a "reasonable" choice. It should be small enough to 

cover most of the area under the F$' curve. On the other hand, less 

points are needed to be included in minimizing E if the value is 

chosen large. It has been observed that the resulting Pf estimates 

are nearly the same when the value changes to 0.1. 

It is important to note that in the present method, either 

Eq. 4.37 must be satisfied or R-F equivalent normal parameters be 

* used. When z is very small such that 8 near n/2, it may require 

a very large L (a.g. L > 16) to satisfy Eq. 4.37, however, this 

implies that the variable has very low sensitivity; it does not con-
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tribute to S. In this study L is first chosen as 8 for each variable. 

choose L 

1 or NB = N (Eq. 4.37 is not satisfied), the next step is to 

16 and N = 81. If the criteria is still violated, it will 

be assumed that R-F result for the variable is already reasonable; no 

further improvement is necessary. It was found that L 8 is usually 

an effective choice and L = 16 is wide enough for almost every example 

examined. 

In general not all of the N points have to be included in 

minimizing E. For example, if N = 41, the reduced approximation 

points may be determined as, e.g., from NA = 10 to NB = 30. Only 

theae points need to be included in Eq. 4.28, i.e., Eq. 4.28 reduces 

to 



NB 
E L [(A<P(x.) 

j=N J 
A 

_ F(x.»cj>~]2 
J J 
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(4.38) 

In the final step, the values of E are computed for different values 

of A. Because F(x.) and $~ are computed immediately after R-F results 
J J 

are obtained, only ~(x.) have to be recomputed using Eq. 4.18 to Eq. 
J 

4.20 in the minimization process. The value of A which minimizes E 

can be found using a suitable optimization routine or other efficient 

search procedures. As described before, minor modifications are 

required if X is a stress variable. 

It should be noted that there is a lower limit for A. For a 

strength variable, because 

therefore 

* <p(u ) 
* F(x ) 

* A > F(x ) 

A 
< 1 

Similarly, for a stress variable, 

* A > 1 - F(x ) 

(4.39) 

(4.40) 

(4.41) 

When a basic variable is not significantly non-normal, the scale A may 

be close to unity. 
-2 In application, A's as small as 10 have been 

observed for strength variables, large A's such as 10
8 

have been 

generated for a stress (EVD) variable. In both instances, the 
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variables are significantly non-normal. However, in such extreme 

cases, it was observed that the accuracy of A is not very critical and 

it is more efficient to stop the minimization process as soon as E 

stabilized. 

4.5 Summary Procedures 

The above numerical scheme was employed to develop a user-

oriented reliability program. The input of the new program (Appendix 

D) are the distributional information (type code and the distribution 

parameters) of the n design variables and the limit state. The auto-

mated numerical procedures for computing the generalized safety index 

and Pf estimate may be summarized as follows: 

* * 1. Generate R-F e and z.; z.(i = l,n) are used to identify strength 
~ ~ 

(z~ < 0) and stress (z~ > ,0) variables. 
~ ~ 

2. Calculate r. (Fig. 4.2) for L = 8 and N = 41; j 1,N. 
J 

3. Calculate the directional angle, 8 (Eq. 4.30). 

4. Compute z. and ~~ (Eq. 4.31 and Eq. 4.32). 
J J 

5. Compute x. (Eq. 4.33) and F(x.); replace F by 1 - F for a stress 
J J 

variable defined in Step 1. 

* 6. Calculate F.~~ and f(x ), (j = (N + 1)/2 is the design point); 
J J 

* compare each F.~~ with (F~') to determine the end points, NA and 
J J 

N
B

, of the reduced approximation points using Eq. 4.37. If 

N = 1 or N = 41, Land N increase to L = 16 and N = 81, then go A B 

to step 2. In the second iteration, if NA = 1 or NB = 81, skip 

step 7, and use R-F equivalent normal parameters in step 9. 



7. Use an optimization routine to minimize E (Eq. 4.38) where x. are 
J 

defined in step 5, and ~(x.) are evaluated using ~N' and oN' 
J ~ ~ 

determined from Eq. 4.18 to Eq. 4.20 for any assigned A (replace 

~ by 1 - ~ in Eq. 4.38, and replace Eq. 4.18 by Eq. 4.23 for a 

stress variable defined in step 1). Three parameters A., ~N' 
~ ~ 

and 0Ni are found after E stabilized. 

8. Repeat step 2 through 7 for each non-normal variable. 

9. Find the minimum distance, 0, using ~Ni and 0Ni (i = 1, n). 
n 

10. Pf = TI A.~(-o) where A. = 1 for normal variables. 
i=l ~ ~ 

-1 11. The generalized safety index is computed as 8 = -~ (Pf)' 

4.6 Examples 

A computer program was developed (Appendix D) to examine the 

performance of the proposed numerical scheme. Three non-normal 

statistical distributions can be transformed to equivalent normal 

distributions in the current version of the program. For the purpose 

of brevity, the following notation is used to represent the distribu-

tions throughout; Normal (N), Lognormal (LN), Weibul1 (WEI), Type I 

Extreme Value distribution of maximum (EVD). 
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The following examples compare Pf estimates as computed by 

R-F and the present method with the values obtained by numerical inte-

gration and Monte Carlo. Numerical integration is used for two 

variables; Monte Carlo is used for three or more variables. 

The estimate of Pf using Monte Carlo is 
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(4.43) 

where K is the sample size and n is the number of samples within the 
o 

A 

failure domain. Noting that p is the maximum likelihood estimator 

(MLE) for the binomial parameter, the upper and lower 1% confidence 

limits of p denoted as Pu and PL respectively, are calculated. Using 

-1 A 

p, an "equivalent 13" is evaluated as e = -~ (p). 

The examples include linear as well as nonlinear limit states 

with design variables having various combinations of the four distri-

butions. 

Example 1. The limit state function is 

g(~) = R - (L + D) (4.43) 

where R is a strength variable, Land D are the stress variables. The 

distributions of R, Land D are shown in Table 4.1. 

For a Monte Carlo solution, K = 100,000 samples are 

generated. The number of g values less than zero is 350. According 

to Eq. 4.42, the estimate of Pf is P = .0035. The 98% confidence 

limits are calculated as PL = .0031 and Pu = .0040. The R-F estimate 

is .0028, and the present method generates an estimate of .00335. 

Comparisons of the above three methods are summarized in Table 4.1. 

Example 2. This example is a fatigue problem involving the general 

strain - life relationship to define fatigue strength 

(4.44) 



Table 4.1 A Summary of Example 1 

-DATA 

Failure Function' g = R - (L + D) 

Failure Event (g ~ 0) 

Variable Distribution Mean Standard Deviation 

R 

L 

D 

(a)Mediall 

(b)COV 

-MONTE CARLO RESULTS 

Sample Size, K 

Number of values 

Estimate of Pf' f 

WEI 50. 5.0 

EVD 10. 2.0 

LN 20.(a) 0.15(b) 

100,00C 

of g ~ 0, no 350 

= (n /K) 0.0035 
0 0 

-DESIGN POINT (point on failure surface which is approximately the 
"most probable" value) 

Variable R-F Proposed 

R 34.60 34.39 

L 11.13 10.98 

D 23.46 23.41 

-COMPARISONS OF SAFETY INDEX AND PROBABILITY OF FAILURE 

Safety Index, B Prob. of Failure, 

R-F 2.77 2.82 E-3 

Proposed 2.71 3.35 E-3 

Monte 2.70 3.50 E_3a 

Carlo 

a. 98% confidence limits: PL - 3.1 E-3, Pu = 4.0 E-3 

Pf 
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The failure function may be written as 

(4.45) 

where the strain amplitude E is identified as a strength variable, 
a 

and the service strain amplitude ES is identified as a stress vari-

able. Substituting Eq. 4.44 into Eq. 4.45, the failure function is 

of the form 

(4.46) 

For this case, three design parameters ES' crf and Ef are 

considered as random variables with the distributional information 

given in Table 4.2. The constants are b = -0.1007, c = -1.017 and 

E = 30 ksi. Also the fatigue life is N = 10,000. 

For a Monte Carlo solution, K = 500,000 samples are gen-

erated. Comparisons of R-F, present method and Monte Carlo are 

summarized in Table 4.2. 

Example 3. This example involves a cylindrical pressure vessel having 

an external torque, T, and internal pressure, P. Failure occurs when 

Von Mises stress exceeds the yield strength, R. When numerical values 

of diameter, thickness are introduced into the stress, the limit state 

function is of the form (McLain, Kelly and Wirsching, 1982) 

g(X) (4.47) 
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TABLE 4.2 

A Summary of Example 2 

-FAILURE FUNCTION 

cr ' 
g = : (2N)b + Ef (2N)c - ES 

-DESIGN VARIABLES 

Variable Distribution Hean Std. Dev. 

ES EVD .0015 .00015 

cr ' f LN 310.* .43* 

E' f LN 9.14* .05* 

*Median and COV 

-DESIGN POINT 

Variable R-F Proposed 

ES 1.641 E-3 1.591 E-3 

cr' f 1.022 E+2 9.818 E+l 

E' 
f 

9.094 E+O 9.097 E+O 

-COMPARISONS OF SAFETY INDEX AND PROBABILITY OF FAILURE 

Safety Index, f3 Probe of Failure, Pf 

R-F 2.88 1.98 E-3 

Proposed 2.87 2.07 E-3 

Monte 2.86 2.l3 E_3b 

Carloa 

a. Sample Size = 500,000 
b. 98% Confidence limits, PL 1.98 E-3, Pu = 2.29 E-3 
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where the design parameters R, P and T have the distributional inform­

ation given in Table 4.3. 

K = 100,000 samples are generated for a Monte Carlo solution. 

Comparisons of R-F, present method and Monte Carlo are summarized in 

Table 4.3. 

Example 4. This is an example used to demonstrate a second order 

reliability method developed by Tvedt (1983). The failure function 

which is associated with a simple structure can be written as 

All six variables are lognormally distributed with medians and 

coefficient of variations given in Table 4.4. 

(4.48) 

The result of a Monte Carlo simulation with K = 200,000 

yields a Pf estimate of p = .0121. The 98% confidence limits are cal­

culated as PL = .00115 and Pu = .00127. R-F estimate is Pf = .0094, 

and the present method has an estimate of P
f 

= .0121. Summary results 

are given in Table 4.4 (the results of the second order methods are 

Pf = .01233 using a "three term formula", and Pf = .01215 using a 

quadrature approximation). 

Example 5. Following is an analysis of the basic case where the 

limit state is linear. 

R - S (4.49) 

Comparison of R-F, present method and the numerical integration compu­

tations is made for two different cases. The results are presented 



110 

TABLE 4.3 

A Summary of Example 3 

-FAILURE FUNCTION 

g = R - 1300 p2 + 1. 92 T2 

-DESIGN VARIABLES 

Variable Distribution Mean Std. Dev. 

R WEI 48.0 3.0 

P LN .987* .16* 

T EVD 20.0 2.0 

*Median and COV 

-DESIGN POINT 

Variable R-F Proposed 

R 39.31 38.60 

P 1.092 1.104 

T 24.87 24.20 

-COMPARISONS OF SAFETY INDEX AND PROBABILITY OF FAILURE 

Safety Index, S Prob. of Failure, Pf 

R-F 3.09 .988 E-3 

Proposed 2.95 1.60 E-3 

l-lonte 2.96 1.54 E_3b 

Carloa 

a. Sample Size = 100,000 
b. 98% Confidence limits: PL 1.28 E-3, Pu 1.86 E-3 
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Table 4.4 A Summary of Example 4 

-DATA 

Variables Distributions Median C.O.V. 

Xl LN 119.4 .1 

X2 LN 119.4 .1 

X3 LN 119.4 .1 

X4 LN 119.4 .1 

X5 LN 383.1 .3 

X 6 LN 478.9 .3 

-DESIGN POINT 

Variable R-F Proposed 

Xl 117.3 117.0 

X2 115.2 114.5 

X3 115.2 114.5 

X4 117.3 117.0 

X5 55.53 55.53 

X6 83.57 82.89 

-COMPARISONS OF SAFETY INDEX AND PROBABILITY OF FAILURE 

Safety Index, B Prob. of Failure, Pf 

R-F 2.35 .941 E-2 

Proposed 2.25 1.21 E-2 

Monte a 2.25 1.21 E_2b 

Carlo 

a. Sample Size - 200,000 
b. 98% Confidence Limits, PL ~ 1.15 E-2, Pu = 1.29 E-2 
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in Table 4.5. Each case represents a different combination of 

strength and stress distributions. The numerical integration results 

were computed using Simpsons's rule over a sufficiently wide region, 

and are considered as "exact" solution. 

Example 6. The simple strength-stress relationship is extended to the 

cases where the stress is a non-linear function. 

k 2, 3, 4 (4.50) 

Where Vk is identified as the "stress" function, S. The relationship 

between ~'s and a's for S and V is constructed using the truncated 

Taylor series expansion, 

~S (4.51) 

(4.52) 

where the partials are evaluated at ~V. 

The following cases are the same as in the previous study 

(Appendix C), but only part of the cases where R-F have larger errors 

are examined here for comparison purpose. Values of 8 and Pf for 

various combinations of distributions and different k are summarized 

in Table 4.6. 

4.7 Conclusions 

The Rackwitz-Fiessler algorithm is efficient in estimating 

probability of failure because the exact transformation, ~(u) = F(x), 



TABLE 4.5 

Example 5; Comparisons of Reliability Calculations 

Limit State Function g = R - S; ~R = 20 and ~S 10 for both cases 

OR Os 

3.0 3.0 

2.0 2.0 

1.2 1.2 

3.0 1.2 

1.2 3.0 

3.0 3.0 

2.0 2.0 

1.2 1.2 

3.0 1.2 

1.2 3.0 

Safety Index, a 

Case A; R Weibull, S = EVD 

Numerical R-F Proposed Integ. 

2.048 2.136 2.041 

2.757 2.855 ! 2.754 

3.897 3.992 3.914 

2.614 2.681 2.644 

2.365 2.404 2.381 
----

Case B; R = Weibull, S Normal 

Numerical R-F Proposed Integ. 

2.207 2.217 2.206 

3.086 3.093 3.086 

4.502 4.504 4.503 
, 

2.649 2.647 2.649 

3.020 3.075 3.028 

Probability of Failure, Pf 

Numerical R-F % Proposed Integ. Error 

2.031 E-02 1.633 E-02 19.6 2.064 E-02 

2.920 E-03 2.152 E-03 26.3 2.946 E-03 

4.873 E-05 3.269 E-05 32.9 4.546 E-05 

4.479 E-03 3.667 E-03 18.1 4.095 E-03 

9.027 E-03 8.102 E-03 10.2 8.637 E-03 
---

Numerical R-F % Proposed 
Integ. Error 

1.366 E-02 1.329 E-02 2.7 1.369 E-02 

10.14 E-04 9.878 E-04 2.6 10.13 E-OI.. 

3.353 E-06 3.332 E-06 0.6 3.346 E-05 

4.038 E-03 4.061 E-03 0.6 4.037 E-03 

1.263 E-03 1.050 E-03 16.9 1.232 E-03 

% 
Error 

1.7 

0.9 

6.7 

8.5 

4.3 
----- -

% 
Error 

0.3 

0.0 

0.2 

0.0 

2.5 
I-' 
I-' 
UJ 



Table 4.6 Example 6; Comparisons of Reliability Calculations 

Failure Function, g • R - S • R - vk ; ~R - 20 and ~S - 10 in all cases 

(a) Distributions 

Case R dist. V dist. k oR as 

1 LN EVD 2 3.0 1.2 

2 WEI EVD 2 3.0 3.0 

3 WEI EVD 2 1.2 1.2 

4 WEI EVD 3 3.0 3.0 

5 WEI EVD 3 3.0 1.2 

6 WEI EVD 4 3.0 3.0 

7 WEI EVD 4 3.0 1.2 

(b) Comparisons of Safety Index, B, and Probability of Failure, Pf 

Safety Index, B Probe of Failure, Pf 

~ase Numerical R-F Proposed Numerical R-F % Proposed 
Integ. Integ. Error 

1 3.178 3.205 3.192 7.432 E-4 6.755 E-4 9.1 7.080 E-4 

2 1.931 2.029 1.959 2.676 E-2 2.126 E-2 20.5 2.506 E-2 

3 3.619 3.695 3.649 1.478 E-4 1.100 E-4 25.6 1.317 E-4 

4 1.187 1.232 1.210 1.175 E-1 1.090 E-1 7.2 1.131 E-1 

5 2.005 2.120 2.044 2.248 E-2 1.700 E-2 24.3 2.047 E-2 

6 0.903 0.933 0.921 1.831 E-1 1. 753 E-1 4.3 1. 785 E-1 

7 1.603 1.681 1.641 5.441 E-2 4.643 E-2 14.7 5.051 E-2 

114 

% 
Error 

4.7 

6.4 

10.9 

3.7 

8.9 

2.5 

7.3 
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is approximated by finding the equivalent normal parameters consistent 

with the Hasofer-Lind safety index concept. As described in Chapter 

2, the estimate of Pf is sufficiently accurate for practical engineer­

ing problems as long as the design variables are not significantly 

deviate from the normal and the limit state is not extremely non­

linear. 

The proposed method is conceptually as simple as the first 

order reliability method, however, more reasonable equivalent normals 

may be constructed by solving an optimization problem. As demon­

strated by the examples, much better Pf estimates than the R-F method 

may be produced for the originally linear limit states even when the 

design variables are significantly non-normal. For the more compli­

cated nonlinear limit states, better Pf estimates are also observed. 

Because the present method has assumed that the original 

limit state is linear, the estimate of Pf may be less accurate for 

highly nonlinear limit states. However, highly nonlinear limit states 

seems to be rare in many engineering applications (as suggested by 

Fiessler et aL, 1979, the curvature at the design point seldom exceeds 

0.05). Furthermore, modelling errors (non-statistical uncertainty) 

are difficult to assess; therefore, extreme accuracy does not seem to 

be necessary. In general, the error of Pf estimate due to the 

"normalization" approximation may be significantly reduced applying 
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the present method. For highly nonlinear limit state, the differences 

in Pf estimates between the R-F and the present method may be con­

sidered roughly as a "measure" of the possible error introduced by the 

R-F equivalent normals. 

The proposed algorithm is simple; minor programming work was 

required to modify a R-F program. The additional cost (ove~ R-F) , in 

terms of CPU time, is estimated to be less that 0.1 second for each 

non-normal variable when running on the CYBER 175 system. 



CHAPTER 5 

ESTABLISHING THE DESIGN REQUIREMENT 

5.1 Introduction 

Methods described in the earlier chapters provide estimates 

of the probability of failure Pf of an existing design. The limit 

state function and statistics of the design variables must be known. 

The reliability analysis produces the safety index S, an estimate of 

Pf' and t~e design point which is at or near the point where the 

failure is most likely to occur. 

The inverse problem is to construct a design rule which pro­

vides a specified reliability or target safety index. Such rules or 

statements typically reside in design codes and design criteria doc­

uments. As described earlier, methods of safety checking have been 

divided into three broad classes, namely Level 3, Level 2 and Level 

1. This chapter addresses the problem of developing Levell safety 

check expressions using Level 2 methods to derive partial safety 

factors. In general, the goal of this chapter is to provide a frame­

work for constructing prescriptions for safe design which are in a 

familiar form for designers. As a ground rule, it is established 

that designers are not going to be required to apply probability 

theory. 

The conventional working stress design (WSD), uses a single 

factor of safety, v, to establish a design rule or safety check 
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expression, 

S 
n 

R 
n <­

v 

in which Sand R are nominal values. and v > 1. A reliability 
n n 
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(5.1) 

based safety check expression which employs partial safety factors 

(PSF's) applied to each variable has been developed by Ravindra and 

Galambos (1978). Load and resistance factor design (LRFD) has the 

basic form 

yS < ~R (5.2) n - n 

where y and ~ are the load and resistance factors respectively. In 

theory, a format in which each design factor has its own PSF has the 

promise of providing more efficient designs relative to WSD. Methods 

of probabilistic design are employed to derive the PSF's, y and ~. 

More sophisticated safety check expressions using PSF's have been 

discussed in CIRIA report (1977), and by Thoft-Christensen and Baker 

(1983). 

Consider the general "design by reliability" problem in which 

the maximum probability of failure is specified. In such cases, it 

is usually necessary to iterate (performing reliability computations) 

with respect to one of the design parameter, e.g., beam width. But 

in general, there may be several major design parameters in the limit 

state function. As a result, there are infinite possible combina-

tions of the design values which have the same target reliability; 
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the design problem becomes intractable. It is, therefore, necessary 

to establish a systematic and simplified procedure for safety 

checking. It would be desirable to be able to derive a safety check 

expression of the form 

g(yX ) > 0 
-~ - (5.3) 

where y is a vector of partial safety factors, and ~n is a vector of 

nominal values of the design factors. The PSF's should be derived 

from reliability considerations. 

Using design point values resulting from reliability analy-

sis, the partial safety factors can be derived such that there is a 

PSF associated with each basic variable, e.g., y as in Eq. 5.3. 

PSF's so derived should be constants. In general, however, each PSF 

depends on the values of the parameters of all the design variables, 

and on the form of the limit state function. Therefore, if the 

design requirements were to be expressed in terms of PSF's, it would 

be necessary to express the PSF's in terms of parameters. While the 

PSF approach enjoys current popularity, other possible forms of the 

safety check expression are also investigated in this study. Because 

PSF's are not all independent, it was found that a safety check 

expression relating only the independent design parameters seems more 

appropriate than the one using PSF's. In an exmnple involving limit 

state function R = L + D, where R, Land D are design random vari-

.ables, it was demonstrated that only one design curve is required 

using the suggested procedure; three PSF curves are required to 
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define the safety check expressions. A generalized procedure is 

suggested to define the independent design parameters. The resulting 

safety check expression may be constructed using the "design surface" 

which separates the design parameter space into safe and failed 

region. 

The study was extended to the design problems where the limit 

state function cannot be expressed in closed form. Applying the 

method suggested in Chapter 3, the limit state function is approxi-

mated by one or more second order polynomials, and then used to 

derive the safety check expressions. The suggested procedures are 

demonstrated using examples including dynamics problems and fatigue 

reliability problem. But the procedures are general, and may be 

applied to other design problems which require a complicated computer 

program to relate the design parameters. 

5.2 The Design Point 

Define the limit state as g(~) = 0, where X = (Xl ,X2,·· ,Xn) 

is a vector of basic design variables with mean ~. and standard 
~ 

deviation cri , g(~) is defined so that 

g(~) < 0 defines failure region 

g(~) > 0 defines safe region 

A goal of design is to select ~ so that g > O. 

Define the reduced coordinates as 
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X. - jJ. 
~ l. 

a. (5.4) 
l. 

The u. all have zero mean and a unit standard deviation. The corres­
l. 

ponding limit state on the reduced coordinates system is 

o (5.5) 

which divides the safe and failed region in the u space. The design 

point is defined as the point on the reduced limit state .which is 

closest to the origin, i.e., the design point is associated with the 

minimum distance, S, which is defined as the generalized safety 

index. 

Assume that all X. are normally distributed, the joint prob­
l. 

ability density can be expressed as, using Eq. 5.4, 

where 

1 -n/2 1 
(21T) 0 a 0a 000 a 

I 2 n 

2 
u 

n 

(5.6) 

(5.7) 

If (u
1

, u
2

, .. u
n

) is a point on the reduced limit state, ~ becomes the 

geometric distance measured from the origin to gl~O. From Eq. 5.6, max-

imum fx(~) occurs when ~ is a minimum, i.e. , when 6 = S. Thus, it can 

be concluded that the design point, assuming all X. are normal vari-
l. 

ables, is a point of maximum :erobabilit}: of failure densit}:. 
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(or maximum likelihood point). Because the design point defines the 

set of variables at which the failure is most likely to occur, it 

provides a rational means of choosing partial safety factors. 

If one or more design variables are non-normal, the design 

point is usually defined after the variables are "normalized" using 

e.g., Rackwitz-Fiess1er (R-F) algorithm. The design point found 

using R-F scheme is in general not the maximum likelihood point. In 

fact, Horne and Price (1976) have shown that for determining of a 

true maximum probability density point for the non-normal cases, the 

original distribution should be approximated by a normal distribution 

such that (1) the pdf, and (2) the derivative of pdf, are equal. It 

has been suggested (Shinozuka, 1983) that the point of maximum likli­

hood be used as the design point for non-normal cases; a procedure was 

suggested to find the safety index using maximum likelihood point. 

In this study, procedures of deriving the partial safety 

factors and the safety check expression will be addressed. The R-F 

design point, which is an approximating maximum likelihood point, 

will be used to define partial safety factors as described in the 

following section. 

5.3 Definition of Partial Safety Factors (PSF's) 

In general all design parameters involved in a limit state 

function can be considered as random'variab1es. In practice, some 

parameters such as geometric variables are usually treated as 
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deterministic because they have small variances. The random vari-

abIes may be separated into either the strength variables (R
i

, 

failure when too small) or the stress variables (S., failure when too 
~ 

large), and the limit state function can be expressed as 

g(~, ~, ~) (5.8) 

where 

R (R
l

, R2,· ., RR,) } random 
S (Sl' S2"" S ) m 

A (AI' A
2

, .. , '\) deterministic 

The limit state is g(X) = 0, and a safe design results when g(~) ~ 0. 

Assume that nominal values (R . and S .) are given for all 
n~ n~ 

design variables. Nominal values can be defined in several ways 

(Wirsching, 1981). 

1. As a central tendency; e.g., mean, median, most likely value, or 

"best estimate". 

2. As the extreme value in a sample, e.g., for strength, the 

smallest value observed. 

3. As the extreme value in a sample plus a little "breathing room". 

4. By a lower (or upper) tolerance limit or prediction interval. A 

simplified version of this form for two variables Rand S is 

R 
n 

(5.9) 
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(5.10) 

where ~R' ~8 are the means, ~ and K8 are the specified constants (in 

design practice, often values of 2 or 3 are chosen). C
R

, C
8 

are the 

coefficient of variations of Rand 8, respectively. Thus in general 

Rn (strength) has a value less than ~R and 8
n 

(stress) is greater 

than ~8 because nominal values are always chosen on the safe side of 

a distribution. 

In general, the safety check expression can have the form 

R Rnn 
C
o( nl N 8 8 A t\) 0 , •. -- , Y 81 nl'" Y 8m run' 1'" > 

YR1 YRR. 
(5.11) 

for a safe design where 

R. nominal value of R. 
n1 1 

8. nominal value of 8. 
n1 1 

The P8F's (y's) are defined so that they will tend to be greater than 

unity. Note that a P8F is identified with each variable. 

If all variables in Eq. 5.8 have known distributions, a 

safety index S as well as the design point can be determined by the 

reliability analysis methods described before. Conversely, by 

adjusting the variables such as A., it is possible to obtain a 
1. 

design that satisfies a given design goal (i.e., given a S or Pf)' 

The design point is on the failure surface and therefore. satisfies, 

g(~*, ~*, ~*) o (5.12) 
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Comparing Eq. 5.11 with Eq. 5.12, the PSF's are defined as 

(5.13) 

(5.14) 

A computer program has been developed to determined the PSF's 

(Appendix E). An undetermined design parameter can be automatically 

found to achieve a given design goal. PSF's are determined using 

design point information. 

To illustrate how the PSF's can be derived as used in the 

safety check expression consider the following simple linear limit 

state cases. 

Example 1. A bar having a cross sectional area A is subjected to a 

harmonic loading Q(t) as shown in Fig. 5.1. Assume that Q(t) causes 

only elastic deformation and that no endurance limit exists, fatigue 

strength can be defined as 

K (5.15) 

The material is Waspoloy B with m = 11.86; K is a random 

variable having lognormal distribution with K = 3.04 x 10
28 

ksi and 

C
K 

= 0.65. The fatigue stress amplitude is given as 

S 
g 
A 

(5.16) 
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Figure 5.1 Median S - N Curve for Example 1. 
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where Q is the loading amplitude. Q is assumed to be lognormally 

distributed with Q = 10 ksi and C
Q 0.2. Substituting Eq. 5.16 into 

Eq. 5.15 provides an expression for cycles to failure, N, which is 

a random variable because K and Q are random variables. 

The design life is given as N , and the probability of 
o 

failure is 

peN < N ) 
- 0 

(5.17) 

The target safety index is given as S = 3. The goal is to find the 
o 

PSF's and derive the safety check expression. 

To solve the problem, assume, for the moment, that the design 

6 life equals 2 x 10 cycles. The limit state becomes 

K (5.18) 

By adjusting A (a deterministic parameter), S = 3 can be achieved. 
o 

The result of the reliability analysis is shown in Table 5.1 where 

A = 0.249. 

Substituting the design point values of Table 5.1 into 

Eq. 5.18, 

2 X 10
6 1.78 Q 11.86 

( 0.249) 
K 

1.55 

where it has been assumed that Q (stress) and K (strength) are 

defined as nominal values Q and K • n n 

(5.19) . 
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TABLE 5.1 

RESULTS OF EXAMPLE 1 

Failure Function: (2.E+06)*(Q/A)**11.86 = K 

Design Variables 

Variable Distribution Nominal Mean/Median COV 

K log .30400E+29 .30400E+29 .65000 

Q log .10000E+02 .10000E+02 .20000 

Note: The median is specified for a lognormal variable only. 

Design Point 

Partial 
Variable Reduced Value Basic Value Safety Factor 

K XR(l) = -.73579 X(l) = . 19642E+29 1.5477 

Q XR(2) 2.90845 X(2) = . 17788E+02 1. 7788 

Safety Index, Beta = 3.00 

Scale Factor, A = .24878E+00 
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The design is considered safe for any choice of design 

parameters which satisfy 

(5.20) 

where 

1. 78 

1.55 

Note that K is a strength variable. Y
K 

is defined as a factor which 

divides this variable so that it will tend to be greater than one. 

If the nominal values are defined differently, then the yls should be 

adjusted accordingly. 

For a chosen material, K is determined. If it is assumed 

that CQ and CK are fixed, then for other values of Q or No' the 

minimum required area A can be calculated directly from Eq. 5.19 

without having to perform additional reliability analysis. In other 

words, the yls would remain the same for other values of Q and N • 
o 

This conclusion is obvious if N , Q and A in Eq. 5.20 are grouped 
o 

together and treated as a single variable, 

It is known that when N 
o 

2 x 106 and Q 

(5.21) 

10 ksi, then A 0.249, 
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therefore 

2.12 x 1025 
(5.22) 

The safety index is 3 so long as Eq. 5.22 is satisfied, and the PSF's 

will be the same. It is noted that Eq. 5.22 actually provides an 

alternative design equation which does not involve PSF's. 

A design S - N curve may be constructed using Eq. 5.20 which 

can be written as 

N 
o (5.23) 

where S Q/A. By substituting values of YQ, YK and K, and taking 

logarithms on both sides of Eq. 5.23, 

log N 
o 

25.29 - 11.86 log S (5.24) 

Thus the S - N design curve based on PSF's is a straight line on the 

log - log coordinates as shown in Fig. 5.2. By substituting K and S 

into Eq. 5.15 (or by letting the y's = 1 in Eq. 5.23), the "median 

line" is derived as 

log N 
o 

28.5 - 11.86 log S 

Given a S, N is 10gnormally distributed with CN 

y log N 

(5.25) 

C
K 

= 0.65. Define 

(5.26) 
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Figure 5.2 Design (8 - N) Curve of Example 1. 
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the standard deviation of Y can be calculated as (Wirsching, 1981) 

0.2577 (5.27) 

With the median curve as a reference, the lower 2a,design curve, 

using Eq. 5.27, is determined as 

Y log N - 0.5154 (5.28) 

Similarly, a 30 design curve may be found. The median, 20 and 30 

design curves are also drawn in Fig. 5.2 for comparisons. 

Example 2. This example involves three design random variables. The 

limit state is 

AR BD + L (5.29) 

where R is a strength variable, D and L are stress variables repre-

senting "dead" load and "live" load, respectively. A and Bare 

undetermined deterministic parameters. A can be thought of as a 

member size where R is unit strength. B can be thought of as a 

factor defines the ratio of D to L. But in general, A and B can 

be considered as design parameters (or scale factors) to be deter-

mined in a design process. 

Assume that R, D and L are specified, then A can be adjusted 

to achieve the reliability target if B (a constant) is also specified. 

Using the procedures as illustrated in Example 1, PSF's can be found 

for each variable and a safety check expression can be found as 
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R 
A(~) > B(yDD ) + YL L (5.30) 

YR - n n 

But the PSF's will be functions of B. This problem will be examined 

further in the next section. 

In general, PSF's may be determined using reliability analy-

sis by varying one design parameter. If there are several design 

parameters, it is necessary to fix (assume) all except one of the 

parameters. A procedure must be devised to systematically change the 

parameters to establish design requirement. 

5.4 Other Forms of Safety Check Expression 

5.4.1 Formulation of Safety Check Expression when COV's are Known 

In previous section, it has been assumed that the nominal 

values of the design random variables (R . and S .) are given and 
n1 n1 

the design target is achieved by adjusting one of the deterministic 

parameters (A.) • 
1 

In many design problems, the coefficient of varia-

tions are known. Then it is also possible to adjust the nominal 

values to achieve the reliability target. 

When the COV of a design variable X is specified, X can be 

defined as 

X jJI (5.31) 

where jJ is the mean of X, I is a random variable with unit mean and 

the same COV as X. Consider a limit state which involves n random 
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variables and k design constants, 

o (5.32) 

Using the definition of Eq. 5.31, it can be expressed as 

o (5.33) 

Note that all V. are deterministic values and may be adjusted to 
1 

achieve the reliability target. Therefore, V's have similar meaning 

as A's and it is convenient to express Eq. 5.33 as 

g(ll" .. I ,Al,···A.. ,A, 'l""A, , ) n -lc KT KTll 
o (5.34) 

where (~l""~n) are replaced by (~+l""~+n)' 

Using Eq. 5.34, the safety check expression may be derived 

in the same way as described in the previous section, but more scale 

factors, A., are involved. An example is provided in the following. 
1 

Example. The limit state is 

R L + D (5.35) 

which can be written as, using Eq. 5.31, 

(5.36) 

where R
l

, Dl and Ll are random variables having unit mean values. 

~R' ~D and ~L are mean values, but can be considered as scale 

factors. 
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By adjusting ~'s, the design goal may be reached. Consider-

ing the mean values (all unity) as the nominal values, the safety 

check expression is 

> (5.37) 

the y's are found by performing reliability analysis. If nominal 

values are other than mean values, only y's will be different. 

5.4.2 Safety Check Expressions Without Using PSF's 

In general, a PSF, y., associated with a basic variable X. 
~ ~ 

depends not only on the statistical parameters of X., but also on 
l. 

the parameters of the other design variables. Yi also depends on the 

form of the limit state function; moreover, there is a PSF on each 

basic variable. Therefore, the safety check expression may not 

always be convenient for practical use in design. It may be more 

suitable to use the safety check expressions that involve only the 

design parameters. 

To demonstrate the problem, consider the example of Eq. 5.35, 

dividing by ~L' Eq. 5.36 becomes 

Define 

~R llD 
-R =-D +L 
llL 1 PL 1 1 

A 

(5.38) 

(5.39) 
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and 

B = lJn 
lJL 

(5.40) 

Then 

(5.41) 

Assume that R, nand L are normally distributed with C
R 

= 0.1, 

Cn = 0.2 and CL = 0.3. To obtain the PSF's, specify either A or B 

first and adjust the other one to achieve the reliability target 

The results of y. as a function of B are shown in Fig. 5.3 
~ 

where the relationship between A and B is also drawn. It can be 

concluded from the figure that, in general, y. may be complicated 
1. 

continuous function of B. Therefore, it may be necessary to dis-

cretize the three PSF functions in a published formal version of the 

design rule. In the following, an alternative approach for deter-

mining safety check expression will be discussed. 

Consider Eq. 5.3, the safety check expression is 

(5.42) 

Multiply the equation by YR' it is noted that the equivalent of two 

PSF's are required, 

(5.43) 
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Figure 5.3 The Relationship Between the Partial Safety Factors and 
the Design Parameters. 
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YR, YD and YL can be found from A and B. It is equivalent to say 

that the safety index can be deterulined using only A and B. This 
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suggests a possibility of expressing the design requirement in terms 

of the design parameters without using PSF's. Also the expression is 

expected to be simpler because it involves only independent design 

parameters (in this example there are two). 

Thus to determine the design requirement it is only necessary 

to relate A and B. A curve of A vs. B as shown in Fig. 5.4 can be 

considered as a design curve where each point on the curve represents 

a design of B = 3. The design curve separates the A. B space into 

safety and failed regions. A safety check expression may be formu-

lated as 

A ~ feB) (5.44) 

or 

The above procedures can be applied to other cases. For 

example, consider the limit state 

R = D + L (5.46) u 

where there are four random design factors, R, U, Land D. The 

safety check expression can be formulated as 
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Figure 5.4 A Design Curve. 



Multiplying by YR/L
n

, 

or 

R 
n 

U L 
n n 

> 
R 

YRYuYn (L
n

) + YRYUYL 
n 
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(5.47) 

(5.48) 

(5.49) 

where A and B are the scale factors. Note that there are four PSF's, 

but Eq. 5.49 requires only the relationship between two parameters, A 

and B. Therefore, only one design curve is required. 

The above exercises provide a procedure by which the number 

of independent scale factors can be defined. And, in general, the 

safety check expression can be formulated as 

f(A) > 0 (5.50) 

where 

m number of scale factors needed 

f(~) = 0 may be considered as a "design surface" which separates the: 

design space into safe and failed region. The number of scale 

factors m is established on an individual case basis. 
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The safety check expression needs to be written as illustrated by the 

above examples. If m is large, f(~) will become complicated. In 

practice, it may be necessary to simplify the process by identifying 

several "major" design parameters (in the limit, only one design 

parameter need to be determined) and specify the values for the other 

minor parameters, thereby reducing the number of m. 

5.5 Design Requirement for More Complicated Limit States 

In practical design, it is not uncommon that the limit state 

function cannot be expressed by a closed form expression. The design 

parameters may be related through a differential equation which has 

no closed form solution, or related by a system of linear or non-

linear equations; the limit state function can be defined only using 

a numerical algorithm, e.g., Runge-Kutta method, local strain analy-

sis, etc. In such cases, reliability analysis might become extremely 

difficult or inefficient. 

Applying the method developed in Chapter 3, a procedure is 

suggested and illustrated by the following examples to establish 

design requirements for the complicated limit state cases. 

Example 1. Consider a mass, M, subjected to a suddenly applied 

2 _t2 
force, Qt e , where Q is the amplitude and t denotes time. The 

equation of motion is 

2 _t 2 
= Qt e (5.51) 

with initial conditions y(O) = y(O) = 0, where y is the displacement. 
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Assume that Q and M are random variables and define the 

design target as 

t ) < p 
o 0 

(5.52) 

That is, the probability that the displacement of the mass greater 

than a specified value, y , at a specified time, t , should be less 
o 0 

than p • 
o 

The displacement function can be expressed implicitly as 

y f(M, Q, t) (5.53) 

But it can be related only using a numerical algorithm. To find the 

design requirement, a limit state relating the design variables can 

be formulated as 

g = fey t) M 0' 0 
(5.54) 

Assume that for y = 10 and t = 5, there is a corresponding value of 
o 0 

Q/M. Applying the Runge-Kutta method to integrate the equation of 

motion and a tria1-and-error procedure to force the solution through 

(y , t ), it can be found that the solution is Q/M = 5.835. This is o 0 

illustrated in Fig. 5.5. Thus, the limit state which originally is 

in the form of a differential equation reduces to a simple linear 

limit state, 
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Figure 5.5 Displacement as a Function of Time Using the Runge-Kutta 
Method. 
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5.835 M = Q 

which relates the random design variables Q and M. 
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(5.55) 

Assume that the COV's of Q and M, denoted as CQoand CM' 'are 

known. The mean (or nominal) values of both variables may be adjusted 

to achieve the design goal. Applying the procedure described before, 

Eq. 5.55 is written as 

(5.56) 

where Ml and Ql have unit mean values, Al and A2 are scale factors 

representing the mean values of M and Q. Eq. 5.56 may be further 

simplified as 

AMI QI 
(5.57) 

where 

5.835 Al 
A = 

A2 
(5.58) 

thus only one scale factor involved in Eq. 5.57. The PSF's are 

determined by adjusting A. For example, assume that Q, Mare nor-­

mally distributed with C
M 

= 0.05, C
Q 

= 0.2 and 8
0 

= 3, it can be 

found, by performing reliability analysis, that YM = 1.061, 

Y
Q 

= 1.554 and A = 1.649. The safety check expression considering 

nominal values as the mean values, is 
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5.835 ~M 

~Q YM ~ YQ (5.59) 

or, in the form similar to the limit state, 

(5.60) 

An alternative safety check expression without using PSF's, can be 

written by requiring, 

A > 1.649 (5.61) 

Or, in terms of Al and A2 (Eq. 5.58), 

5.835 A1 
A ~ 1.649 (5.62) 

2 

or, after replacing the mean values for Al and A2 

~ 

~ > 0.282 (5.63) 
~ -Q 

This is the simplest form of f(~) ~ 0 as defined in Eq. 5.50. The 

number of scale factors, m, is one. 

Example 2. Assume that a damper with damping coefficient C is 

attached to the simple mass system described in Example 1. The equa-

tion of motion of the system (Fig. 5.6) is 

2 _t 2 
Qt e (5.64) 



-y y(O) = y(O) 

- ...... Q(t) 

Design Goal: Pf = P(y ~ 10 I t 5) < 0.0014 

Figure 5.6 Illustration of Example 2. 

2 _t2 
Qt e 
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The initial conditions and the reliability goal are the same as in 

Example 1. 

The purpose of the analysis is to find the design requirement 

of C, given M and Q. Assume all three variables are normally distri-

buted with ~M = 2, CM = 0.05 and ~Q = 10, CQ = 0.2; also Cc = 0.1. 

The basic design requirement is that the target safety index S = 3. 
o 

This translates to a maximum allowable probability of failure, 

p = ~(-S ) = 0.0014. In this example, the requirement is, 
o 0 

P(y ~ 10 I t 5) < 0.0014 (5.65) 

It is noted that the assumption of normal distributions are made for 

easier illustration. The procedures of the analyses are similar if 

non-normal distributions are involved. 

M, Q and C are related by the differential equation (Eq. 

5.64). The limit state is non-linear and cannot be expressed in a 

closed form, i.e., 

geM, Q, C) o (5.66) 

is not available explicitly. 

As suggested in Chapter 3, an approximating second order 

polynomial limit state can be constructed easily which relates M, Q 

and C in the region near the design point. Although the design 

point is difficult to predict accurately, a reasonable narrow region 

may be estimated from the following analysis. 

Transform the basic variables to the reduced variables, 



u. = 
1. 

i = 1, 3 
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(5.67) 

where i = 1, 2 and 3 denote M, Q and C respectively. At the design 

point, 

(5.68) 

therefore 

lu~1 < S 
1. 0 

i = 1, 3 (5.69) 

i.e., the reduced design point values, u~, for each variable cannot 
1. 

be greater than S (usually much smaller than S). Another condition 
o 0 

which is in general true for design point values of the reuuced coor-

dinates is 

and 

u* < a 

u~ > a 
1. 

for a strength variable (5.70) 

for a stress variable (5.71) 

Using Eq. 5.69 to Eq. 5.71 and Eq. 5.67, the possible design point 

(basic) values are limited as 

~ - S cr < x* < ~ o 
for a strength variable (5.72) 
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and 

11 < x* < 11 + f3 C1 
o 

for a stress variable (5.73) 

Eq. 5.72 and Eq. 5.73 define the bounds that bracket the design point. 

On the basis of engineering judgement and experience, further reason-

able reduction of the range over which the approximating polynomial 

should function is possible. As an example, there is only 

one stress variable Q, but two strength variables, M and C. Also Q 

has the largest COV. Therefore, it is expected that uq is likely to 

be greater than, say 1. Then the range of xS becomes 

(5.74) 

Thus, the "guessing" range of xQ reduced by one standard deviation. 

It is suggested that the initial guessing of the ranges should be 

chosen carefully. If the limit state is highly nonlinear, the range 

should be chosen relatively narrow and it should still cover, approx-

imately, the design point, so that the approximating limit state will 

be reasonably close to the exact limit state in the chosen range. 

Consider Q and M as the independent parameters and C as the 

dependent parameter, the limit state (Eq. 5.66) can be expressed as 

C f(Q, M) (5.75) 

To construct a second order polynomial equation to approximate 
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Eq. 5.75, three points for both M and Q are chosen which are shown in 

Fig. 5.7. Point 1 and point 3 Q~e the bounds of Eq. 5.72 (for M) or 

Eq. 5.74 (for Q); point 2 is in the middle for both variables. Using 

three data points of both Q and M, five sets of Q and Mare deter-

mined as shown in Table 5.2. For each selected set, a corresponding 

value of C is solved numerically from the equation of motion (Eq. 

5.64). A trial-and-error procedure is required as described in 

Example 1. The results of five solutions of C are shown in Table 

5.2. 

Using the data sets of Table 5.2, a second order polynomial 

equation (without the mixed terms) can be constructed using curve 

fitting method, 

C 0.259 - 0.43 (M - 1.85) - O.0222(M - 1.85)2 

+ 0.074(Q - 14) - O.Ol(Q - 14)2 (5.76) 

where the values "1.85" and "14" are the Taylor's "expanding points", 

and are chosen as the midpoints defined in Fig. 5.7. 

Define 

C (5.77) 

where C
l 

has unit mean value, and A is the mean value of C. By per­

forming the reliability analysis, it is found that A = 0.371 is the 

solution for 8 = 3.0. The design point and the PSF's when nominal 
o 

values are the mean values are listed in Table 5.3. 
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TABLE 5.2 

DATA POINT SET FOR GENERATING FIRST APPROXIMATING ~iODEL 

Set Number Q M C(b) 

1(a) ~ + 20 = 14 ~ - 1. 50 = 1.85 0.259 

2 ~ + 20 = 14 ~ - 30 = 1. 70 0.323 

3 ~ + 20 = 14 ~ = 2.00 0.194 

4 ~ + 30 = 16 ~ - 1. 50 = 1.85 0.403 

5 ~ + a = 12 ~ - 1.50 = 1.85 0.103 

aExpanding Points 

b Computed Using Runge-Kutta Method 



11-3a ll-l. Sa II 

Basic Value, M 

Basic Value, Q 

Figure 5.7 Define Three Points for Each Design Parameter to 
Construct Approximating Limit State. 
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TABLE 5.3 

RESULTS OF THE RELIABILITY ANALYSIS USING FIRST APPROXIMATING MODEL 

Q M C 

Design Point 15.57 1.915 0.3444 

Partial Safety(a) 1.557 1.044 1.078 
Factor 

Mean Va1:le 10.0 2.0 0.371 

aNominal Value = Mean Value 
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From the results presented in Table 5.3, it is seen that the 

chosen interpolation range (the range covered by points 1 and 3 in 

Fig. 5.7) indeed cover the design point for all three design varia­

bles. However, the expanding points do not correspond to the design 

point values very well. Therefore, there should be some question 

regarding the accuracy of the reliability analyses based on Eq. 5.76. 

In general, the approximating model can be improved by reduc­

ing the interpolation range using the "old" design point as the 

midpoint. To demonstrate this, new data sets are established as 

shown in Table 5.4 in which the interpolation range of Q and Mare 

chosen 0.440 and 1.00, respectively. Applying the curve fitting 

scheme again, the "new" model for C is 

C 0.35 - 0.373(M - 1.915) 0.66(M - 1.915)2 

+ 0.076(Q - 15.57) - O.Ol(Q - 15.57)2 (5.78) 

It is noted that the expanding points are the design point values of 

the old model (Table 5.2). 

Using the new model, the results of the reliability analysis 

are shown in Table 5.5. The mean value of C is A = 0.378, which is 

very close to the previous value (0.371). The PSF's are also approx­

imately the same as of the first model. Moreover, the design point 

values are near the new expanding points. Thus, the present model 

seems to be accurate at least in the region near the design point. 
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TABLE 5.Lf 

DATA POINT SET FOR GENERATING SECOND APPROXIMATING MODEL 

Set Number Q M C(b) 

l(a) 15.57 1.915 0.3504 

2 15.57 1.865 0.3674 

3 15.57 1.965 0.3301 

4 15.13 1.915 0.3179 

5 16.00 1.915 0.3792 

aExpanding Points. 

b Computed Using Runge-Kutta Method. 



156 

TABLE 5.5 

RESULTS OF THE RELIABILITY ANALYSIS USING SECOND APPROXIMATING MODEL 

Q M C 

Design Point 15.60 1.923 0.3496 

Partial Safety(a) 
1.560 1.040 1.08 Factor 

Mean Value 10.0 2.0 0.378 

~ominal Value = Mean Value 
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The results suggest that even the first approximating model is 

effective. A check was made to confirm that the fleffective ranges", 

defined in Chapter 3 covers the chosen interpolation ranges for the 

first approximating model. Therefore, the construction of the 

second model here was unnecessary. It was used only to demonstrate 

the effectiveness of the second order polynomial model and the scheme 

of reducing the interpolation ranges. 

A safety check expression, using Eq. 5.78 and Table 5.5, can 

be written as 

llM 
> 0.35 - 1.373 (1.04 - 1.915) 

llM 2 
- 0.66(1.04 - 1.915) + 0.076(1.5611

Q 
- 15.57) 

- 0.01(1.5611Q - 15.57)2 (5.79) 

where it is noted that the expression is derived based on llM = 2.0 

and llQ = 10. For additional sets of llM and llQ' different PSF's are 

expected. Therefore, depending on the different design situations, 

the possible range of llM and llQ should be defined, and then discre­

tized. Thus, more than one safety check expression, in the forms 

similar to Eq. 5.79, are required. Each corresponds to certain 

applicable ranges of llM and llQ. 

Instead of using multiple checking expressions, it is 

possible to use a single design curve in the form of 
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(5.80) 

As just found, ~C = 0.378 if ~M/~Q = 0.2. For other possible values 

of ~j/~Q corresponding values of ~C must be found, and a design curve 

of ~C vs. ~M/~Q may be constructed. Also it is possible to approxi­

mate Eq. 5.80 by, e.g., a polynomial equation, which may be more 

convenient for design checking. 

Example 3. The procedure described in Example 2 can be extended to 

the general one degree of freedom system with the equation of motion 

..... 

My + Cy + Ky Q(t) (5.81) 

where K is the spring constant (or stiffness). The design require-

ment is related to the displacement, y, or the stress generated in 

the spring. If Eq. 5.85 is nonlinear, a step-by-step integration 

scheme may be required to evaluate y. The limit state function, 

given y = y at t = t , can be written as 
o 0 

K f(M, C, Q) (5.82) 

which is only implicitly defined. Applying the same procedures as in 

Example 2, a second order equation can be generated using seven points. 

Therefore, Eq. 5.81 needs to be solved seven times. The safety check 

expression can be generated using the derived PSF's. An alternative 

safety check expression in the form of (or other suitable forms), 
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may be found similarly as described in the previous example. In 

general, several approximating second order limit states may be 

required to cover the design parameter space effectively. 

It is natural to extend the problem to a multiple degree of 

freedom system where the equations of motion, in matrix form, a~e 

(5.84) 

In general, a finite element program has to be used to relate the 

design parameters. The entire process of generating the design 

requirement may become very complicated because too many design para-

meters involved. However, if a relatively small number of design 

parameters can be identified as the major design factors, and specify 

other design parameters, then the procedures described may be applied 

to relate those chosen variables and to establish design rules. 

Example 4. Consider the fatigue reliability problem described' in 

Chapter 3 where a harmonic load (zero-to-peak) is applied to a 

component. The stress in the bulk of the material remains elastic, 

but there is cyclic plasticity at the notch (Fig. 3.1). Random 

design factors include (a) the stress amplitude S reflecting 

statistical scatter in load data and modelling errors, and (b) the 

fatigue strength coefficient cri and fatigue ductility coefficient 

Ef representing scatter in material fatigue behavior. 
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The limit state can be implicitly expressed as 

S (5.85) 

but the design parameters can only be related using a complicated 

local strain analysis program. Note that cycles to crack initiation, 

N, is uncertain because it depends on other factors which are uncer-

tain. Given the service life, N , the probability of failure is 
o 

(5.86) 

The data of the design parameter is assumed to be the same as in 

Chapter 3. (Table 3.1). However, in the present example, the median 

of S, S, is not specified and may be adjusted to achieve a relia-

bility goal. 

for S 
o 

Assume that it is required to establish design requirements 

4. The service life N specified can range from 10
2 

to 10
6 

o 

cycles. Several approximating limit states may be needed because 

when the range of N is wide, the exact limit state, which is 
o 

highly nonlinear in the present example, cannot be approximated 

closely using a single quadratic equation. 

The procedure of establishing the design requirements may be 

devised as follows: 

(1) Choose several median values of S, denoted as S .• 
J 

(2) For each Sj' select a data set of S, crt 
f 

and Ef. 

(3) Solve N using a local strain program for each set in step 2. 



(4) Construct a second order polynomial equation using data in step 

2 and step 3. 

(5) Repeat step 2 to step 4 to construct j equations. 

(6) For each equation, substitute appropriate N values and perf0rm 
o 

reliability analysis to find S which satisfies the reliability 

goal. 

To illustrate the above procedure, the analysis performed in 

Chapter 3 may be used. Three values of S, (310, 414, 551) MPa, are 

chosen. For each S, three points were selected for each of S, 0' 
f 
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and Ef Where the chosen interpolation ranges are ~ ± 40 (on log basis) 

for all three variables. These ranges are the bounds of the design 

point values for S = 4. These may be too conservative and may be 
o 

made smaller as described in Example 2. 

Seven points of the limit state are needed to construct a 

second ord~r equation. Using a local strain program, seven corres-

ponding N values are found. The smallest and the largestNvalues 

define the interpolation range of N. The results of the curve 

fitting are summarized in Table 5.6 where for each S. (j = 1, 3) 
J 

the interpolation ranges of N are also shown. 

Because each of the constructed quadratic limit state is 

responsible for a certain range of the design parameters, the ranges 

of N in Table 5.6 provide the bounds within which the corresponding 

quadratic limit state is a better approximation. 



(b) 

-S 

310 Mpa 

414 MPa 

551 MPa 

TABLE 5.6 

INTERPOLATION RANGE OF N AND APPROXIMATING LIMIT STATE 
FOR THREE STRESS LEVELS 

(a) 

S 
Interpolation Range 

of N 

310 MPa 8.7 x 102 
- 1.5 x 106 

(45 Ksi) 

414 HPa 1.4 x 103 - 4 
(60 Ksi) 3.8 x 10 

551 MPa 2 3 
(80 Ksi) 1.1 x 10 - 3.0 x 10 

Approximating Limit State (First Approximation) 
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S = 498 + 0.268(oi - a1) + 20.8(Ei - a ) - 168(log N -2 3.86) 

+ O.000027(oi - a1)2 - 4.52(Ei 2 2 - a 2) + 37.5(1og N-3.86) 

S = 663 + 0.217(0£ - a1) + 106(Ei - a2) - 425(log N - 3.0) 

+ 0.000074(0£ - a
1

) 2 - 34.1(Ef 
2 2 - a2) + 164(log N-3.0) 

S = 885 + 0.133(0£ - a1) + 210(e:£ - a2) - 702(log N- 2 .. 55) 

+ 0.000012(oi - a1) 
2 

- 77.l(E£-
2 ') 

a2) + 370(log N- 2.55) .... 

Note: a1 = 1674; a2 = 2.069 



For example, let N = 200 cycles. A better quadratic limit o 

state appears to be the case of 8 = 551 MPa because the range of N 

for this case well covers N . 
o 

Table 5.6 should be used for NO 

tion is a better choice when N 
o 

Therefore, the third equation in 

200. Similarly, the second equa-

4 10 cycles. 

To derive the design requirement, let 
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8 (5.87) 

where A is the median of 8 and 8
1 

has unit median and the same 

coefficient of variation as 8(C
S 

= 0.2). Thus, A is the scale factor 

to be adjusted, S = A. As an example, assume S = 3.0, a reliability 
o 

analysis using R-F algorithm may be used iteratively for finding A. 

It was found that A = 621.5 MFa for N 
o 

200 and 13 = 3.0. The 
o 

design point values and the PSF's, based on median values, are listed 

in Table 5.7. The safety check expression is 

-, -, 
of E: f 

Ys8 ~ 885 + 0.133(1.007 - 1674) + 210(2.364 - 2.07) 

crt 

- 702(log No - 2.55) + 0.000012(1.0~7 - 1674)2 

~, 
f 2 2 

- 77.1(2.364 - 2.07) + 370(log No - 2.55) (5.88) 

By substituting ~f and ~f into Eq. 5.88. 

-S < 621.5 (5.89) 



TABLE 5.7 

RESULTS OF THE RELIABILITY ANALYSIS FOR 
N = 200 AND S = 3.0 

o 0 

S cr' f 

Design Point 951 MFa 1828 MFa 

(a' Partial Safety ) 1.53 1.007 
Factor 

Median Value 621.5 MFa 1841 MFa 

aNomina1 Value = Mean Value 
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E: ' f 

1.467 

2.364 

3.47 



which is an alternative design requirement of S for N 
o 

200 and 

13 = 3. o 

By substituting different values of N to the appropriate 
o 
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limit states, using Table 5.6, PSF's as a function of N can be deter-

mined. Alternatively, the S - N design curves for different 13 
o 

(e.g., 13
0 

= 3, 13
0 

= 4) may be constructed using results similar to 

Eq. 5.89. An improvement of the results may be necessary, the pro-

cedures are the same as described in Example 2 where the design point 

information is used to de';:ermine the "new" interpolation ranges and 

the approximating limit states. 

5.6 Summary 

The design point derived using Level 2 reliability analyses 

methods, e.g., Rackwitz-Fiessler, provides a rational basis of 

defining partial safety factors and constructing the corresponding 

safety check expression. In this chapter, the R-F method was used to 

demonstrate procedures for establishing the safety check expression. 

A computer program was developed (Appendix E) which automates the 

process. Other Level 2 reliability methods (e.g., the numerical 

algorithm proposed in Chapter 4) may also be used. 

It has been demonstrated that each PSF is ,in general, 

dependent on all the design variables, and it may be necessary to 

discretize the PSF's in a published formal version of the design rule. 
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In general, safety check expressions using PSF's are desirable 

because consistent standards of reliability can be reasonably 

achieved with statements in a safety factor format familiar to 

designers. 

Because PSF's are in general related, it is possible to 

simplify the design rule by using a safety check expression which 

involves a smaller number (compared with the number of PSF's) of 

independent parameters or scale factors defined earlier. Given a 

target safety index, a design surface may be constructed which 

separates the design parameter space into safe or failed design 

regions. Several examples have been presented which showed that 

a design rule using a design surface may be more convenient than a 

safety check expressions using PSF's. 

When COV's are known, it has been shown in the examples that 

several design factors may be grouped as a single scale factor. This 

is especially convenient when a limit state is in a multiplicative 

form, 

g(~) = a o 

n a. 
IT X.

1 = 1 
i=l 1 

(5.90) 

where a's are constants and COV's of X. are given. By letting X. = 
1 1 

~iIi' where each Ii has unit mean value, Eq. 5.90 becomes 

a 
o 

n a. a. 
11= 1 IT ~. I. 

i=1 1 1 

(5.91) 



or 

n a. 
A II 1.l. 
i=l l. 

1 

where A is a scale factor which is a function of all the ~'s, 

A 
n a. 

l. 
a II ~i 

o i=l 
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(5.92) 

(5.93) 

Because all I. are completely defined, there is a value of A, denoted 
l. 

as A , such that S = S. Therefore, the design surface, using Eq. 
o 0 

5.93, is 

n a. 
l. 

a II ~i 
o i=l 

A 
o 

(5.94) 

which is an equation similar to the form of the limit state, and may 

be called a "deterministic design equation" for S = S. For differ­
o 

ent S there is a different A. Note that a safety checking o 0 

equation, using Eq. 5.94 can be defined by identifying whether A is 

a "strength" or a "stress" variable. A corresponding equation using 

PSF's is 

n a. 
l. 

a II (i'.~.) 
o i=l l. l. 

1 (5.95) 
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By comparing Eq. 5.93 and Eq. 5.95, 

A 
n a. 

1 
IT y. 

i=l 1 
1 (5.96) 

Therefore, an equivalent of only one PSF is required. It may be more 

convenient to use Eq. 5.94 for reliability design without using all 

the n PSF's. For general design problems, however, the method of 

approach for establishing the design requirement has to be tailored 

to the prublem. 

Finally, for the complicated limit states which have no 

closed form expressions, the method proposed in Chapter 3 has been 

applied to approximate the limit state; then PSF's and the design 

requirement are derived using Level 2 reliability method. Because a 

Monte Carlo solution would be extremely costly in searching for a 

design, the procedure suggested is thought to be particularly usef~l 

for the problem where a costly computer analysis is required to 

relate the design variables. For example, in the fatigue reliability 

design problem, if the specimen differs from cases for which Neuber's 

rule has been verified, elastic-plastic finite element analysis may 

be required to relate the stress and strain in a local strain analy-

sis (Dowling, 1983). 



CHAPTER 6 

SUMMARY AND CONCLUSIONS 

The theme of this study was to develop and apply the efficient 

reliability algorithms for component design problems, in particular, 

the fatigue reliability analysis and design problem. The study has 

been focused on the first order reliability methods because of their 

efficiency. 

A major problem addressed in this study is that of computing 

'the probability of failure Pf for a structural component whose design 

factors are random variables. The relationship between the design 

factors is not explicitly defined. Level 2 reliability methods 

cannot be applied directly. A method is proposed to approximate the 

limit state by a second order polynomial constructed using a simple 

curve fitting routine. An effective procedure is suggested to select 

the points relating the design variables. A fatigue reliability 

problem (Chapter 3), which requires a complicated local strain analy­

sis program to relate the design variables, was presented. Also 

investigated were the dynamics problems (Chapter 5) in which the 

design variables must be related using a numerical algorithm for 

solving a differential equation. Because the method suggested can be 

applied to any mode of structural or mechanical failure, and is much 

faster than the Monte Carlo method in producing good estimates of Pf' 

it is particularly useful for the problem where a costly computer 
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analysis is required to relate the design variables. As an example, 

non-linear, finite element structural analysis may have to be used 

for computing the cyclic stress-strain response of hot-section com­

ponents such as turbine blades and vanes (Kaufman and Hunt, 1982). 
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There appears to be no substantial operational difficulties 

in applying the above method to the "design by reliability" problem. 

In fact, if the target safety index is not too high, the bounds of 

the "guessing" design point can be chosen relatively narrow, and the 

approximating quadratic limit state would be effective for generating 

accurate results. Note that in the reliability design problem, the 

method is even more efficient than the Monte Carlo because in general 

the reliability analysis must be performed many times to reach the 

design target. Furthermore, it would be very difficult to find the 

design point using Monte Carlo method. 

Assume that the limit state has a closed form algebraic form 

and that all the design variables have known statistical distribu­

tions, the performances of the first order ~e1iabi1ity methods (i.e., 

R-F and C-L methods) for estimating the generalized safety index and 

Pf have been examined. Upon investigating a large number of cases, 

it was found that these methods do well for realistic problems 

resulting in usually less than 20% error in Pf and much less in S. 

Another first order method is proposed in Chapter 4. The 

method is developed as an improvement to the R-F and C-L methods. 

It was thought that when a variable is non-normal, a more reasonable 

way of fitting the original cdf by an equivalent normal cdf would be 
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to use a least square technique. In addition, the estimate of the 

joint pdf of the other variables is included in the scheme to provide 

the range (which contains most of the Pf contents) for an effective 

curve fitting. As demonstrated by the examples, the error in Pf is 

usually less than 10% (typically about half of the error in R-F 

estimates). 

It seems that use of quadratic limit states have the promise 

of consistently producing better estimates of Pf relative to first 

order methods. However, there is no strong motivation for extending 

the above proposed method to a second order code for the following 

practical reasons: 

1. First order methods seems to perform well. They are easy to 

program and computer costs are negligible. The more complicated 

inverse problem of computing partial safety factors (PSF's) is 

easily programmed. 

2. By contrast, the second order computational algorithms seems to 

be extremely complicated and relatively inefficient. It seems 

that it would be a formidable task to produce a general purpose 

code which would be easy for designers to use. Then a partial 

safety factor program to be used for code development may be 

even an order of magnitude more complicated. 
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3. As described in Chapter 2, the evidence on behalf of the second 

order method is not entirely convincing. Monte Carlo simulation 

must be used for "exact" values of Pf for complicated limit 

states and for three or more variables. But Monte Carlo tends 

to be inaccurate and checking results of second order methods 

is risky. 

4. Modelling error (non-statistical uncertainty) plays an important 

role in the design problem which is certainly true of fatigue. 

Statistical models for modelling error are always arbitrarily 

chosen. Also, even when data is available, there is seldom a 

sufficiently large sample to point to a particular statistical 

model. Therefore, efforts spent for obtaining extreme accuracy 

may not be justified. 

The R-F algorithm has been applied to demonstrate the pro­

cedure of establishing PSF's and the safety check expression using 

the design point information. Because PSF's are functions of all the 

design variables, it is suggested that sets of PSF's should be pro­

vided to establish a design code. Each set of PSF's represents an 

equal safety design. Other forms of the safety check expression are 

investigated. When COV's are known, it has been shown that it is 

possible to construct a simplified design surface by grouping several 

design factors into one design parameter or scale factor, thereby 

reducing the number of the independent design parameters. However, 

reducing the scale factors must be established in an individual case 

basis. 
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In conclusion, it is demonstrated that the reliability 

analysis algorithms are well developed to provide good Pf estimate 

efficiently for complicated limit states. The reliability by design 

problem using design point concept is also well defined. However, it 

is thought that a design code using PSF's may not be convenient when 

there are too many PSF's involved. It is,therefore, suggested that 

further investigation may be neces~ary to provide a general, reason­

able and efficient method of generating design codes for the 

components. 



APPENDIX A 

THE RACKWITZ-FIESSLER (R-F) ALGORITHM 
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APPENDIX A 

THE RACKWIT7.-FIESSLER (R-F) ALGORIT~1 

The algorithm prop~sed by ~Qckwitz and Fiess1er (1978) has 

been extensively described in recent literature (Ellingwood et a1., 

1980; Thoft-Christensen and Baker, 1982). The procedure for ca1cu-

1ating the R-F algorithm safety index can be summarized as follows: 

1. Define each design factor, X. (i = 1, n) and its 
1 

corresponding probability distribution F. and f. 
1 1 

denotes to cdf and pdf of X. respectively. 
1 

2. Define reduced variables 

i 1, n 

where (~., cr.) = mean and standard deviation of X. 
111 

respectively. 

3. Define the limit state in reduced variables 

o 

where u 

(A.1) 

(A.2) 
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4. :Hake an initial estimate of the safety index 

(A.3) 

subject to gl(~) = o. 

5. Calculate the corresponding design po5.nt, x*, 

* x. = 
J. 

* U.C1. + 1.1. 
1. J. J. 

i = 1, n (A.4) 

6. Calculate the mean and standard deviation of the 

equivalent normal distribution for each non-normal 

variable 

(A.5) 

).JNi 
* -l[. * ] = x. - 4> F. (x.) oN. 
J. J. 1. J. 

wh~re ~ = standard normal pdf and ~ standard normal 

cdf. 

7. Define the new reduced variables 

I u. 
J. 

(A.6) 
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8. Calculate a new estimate of the safety index 

f3 l 

subject to gl(~') = o. 

9. Repeat steps 6 through 10 until the difference 

where t is the "error". In this study, the value 

t = 0.001 was used. 

(A.7) 

(A.8) 

10. The probability of failure is calculated using f3 f3N 

cI>(-S) (A.9) 
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APPENDIX B 

THE CHEN-LIND (C-L) ALGORITHM 

Chen and Lind (1982) proposed an extension of the R-F 

algorithm by using a three parameter approximation. The third para-

meter is established by imposing the condition that at the design 

point the slopes of the pdf are equal (in addition to cdf and pdf) for 

both the original and transformed distribution. 

As in the case of the R-F method, the C-L scheme requires an 

equivalent normal distribution to be fitted to the non-normal variate 

by an appropriate choice of parameters. In addition to ~ and a, a 

third parameter A is introduced by the C-L method. 

The three conditions used to compute ~, a, and A are: 

1. cdf's are equal 

* F(x ) = A~(u) , For Lower Tail Approx. 

* 1 - F(x ) A[l - ~(u)J, For Upper Tail Approx. 

2. pdf's are equal 

* A f(x ) = - ¢ (u) a 

3. Slopes of the pdf's are equal 

* f'(x ) Au - -- ¢ (u) 2 a 

(B.l) 

(B.2) 

(B.3) 
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where ~ is the design point, l\ is the reduced variable, and "A" is the 

third parameter that introduced to "scale" the normal distribution. 

A relationship can be found between reduced value u and 

* design point x as: 

* * u~(u) F(x )f'(x ) 
$(u) = - [f(x*)]2 

q For Lower Tail Approx. 

(B.4) 

* * uH-u) 
$(u) 

[1 - F(x )] f'(x ) 

[f(x*)]2 
q, For Upper TailApprox. 

* Given a design point x , a corresponding u can be found from Eq. B.4. 

Three parameters are determined as: 

cr 
* uf(x ) ---*-

f' (x ) 

* x - ucr 

* A = F(x ) , For Lower Tail Approx. 
~(u) 

* l-F(x ) 
H-u) 

, For Upper Tail Approx. 

(B.5) 

(B.6) 

(B.7) 

The iteration process is the same as described in R-F algo-

rithm. The probability of failure is approximated by 
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n 
H-B) II Ai 

i=l 
i 1, 2, ... n (B.8) 

where A. = 1 for the design variables that have normal distributions. 
l. 

Note that here B is not the safety index, but the minimum 

distance measured from the origin to the failure surface on the 

"scaled" reduced coordinates. However, an "equivalent safety index" 

can be found from Pf' i.e., 

(B.9) 

Because in some cases, n. could be a very large number, B 
l. 

will also become large (e.g. B : 102, or even higher). To avoid 

numerical problems the stop criteria of iteration process is defined 

as 

IBN - BN-1 1 < 0.0001 when B < 4 

and 

IBN - BN-il 
< 0.001 when B > 4 

BN-1 

An option can be added to the R-F program for problems having 

variables with Weibull and EVD distributions. In order to compute 

* reduced value u from the design point x more efficiently, Chen and 

Lind introduced a polynomial approximation formula shown below. 



182 

1. For Iql < 0.656 

7 
u = sgn (q) L 

i=l 
(B.lO) 

where 

a l 0.8009, a
2 = 0.4338, a = 1.14, a4 -3.46 3 

a = 10.186, a6 = -13.241, a 7 7.9528 5 

2. For Iql > 0.656 

b + bIt 
sgn(q) (t 0 + b4) (B.ll) u = 2 1+b

2
t+b

3
t 

where 

t = 1-2ln(1 - IqlT 

and 

b 5.343, bl = -1. 8521, b2 -0.414 
0 

b3 0.0442, b4 = 4.925 

B.lO and B.ll were used in developing the program, but later it was 

found that B.ll is not appropriate for the case when Iql approaches 1 

which could happen in some cases (e.g. when an EVD variate has a 

small COV such that, at the approximation point, the slope of the pdf 

is V~Ly srr.all). Because in these cases the corresponding lui is very 
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large (lui> 10), the following formula was proved to be very useful 

in avoiding numerical difficulty, 

"'(-lui) = c!>Cu) (1 _ l +.l.- _ 15 + 105 _ ) 
... u 2 4 6 8 + ... (B.12) 

u u u u 

By using Eq. B.12, 

1 -
1 3 15 -+---+-2 4 6 (B.l3) 

u u u 

When Eq. B.13 is truncated at 4 
u • the following approximation can be 

obtained, 

u = 
_ 11 + 11 - 12(1 - 191 

sgn(q) V 2(1 - Iql) For lul»l 

(B.14) 

Eq. B.14 was employed in the program when Iql > 0.985 where the 

corresponding lui ::: 8. As a comparison, let q = .999998. The value 

of u using Eq. B.14 is u = 707 while u = 106 if Eq. B.ll is used. 

Another numerical problem was faced when values of u (and 

therefore 6) became large. When computing ~(u) or 4>Cu), one needs 
2 

to 1 1 -u./2 h' h the computer set to zero when u > 21.5. ca Cll ate e 1 , W 1C 

Again, this problem was solved by using Eq. B.12, expressed as 

4> (-u) 

2 -u /2 
e 1 1 3 15 

(~ - 3" + 5 - 7 + - ... ) (B. 15) 
u u u 
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2 -S2/2 
By holding all the -u /2 and computations, the probability e i e 

of failure is modified to 

n 2 2 2 
.•• )/2 

4>(-S) IT A. Ae-(S - u1 - u2 - (B.16) Pf 
i=l 1. 

222 and can be easily calculated because (S - u
1 

- u2 - .•• ) is approxi-

mately zero. 

The C-L algorithm cannot be applied to the uniform distribu-

tion because the slope of the pdf is zero. Thus it is not surprising 

* that in some cases where the slope f'(x):: 0, numerical difficulties 

occur. This situation can only be improved by using double precision 

computation. 
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Numerous examples have been examined to investigate the pcr-

formance of R-F and C-F algorithms for estimating the safety inde~ 

S and probability of failure Pf (Wu et aI, 1983). Examples 

included the linear as well as nonlinear limit states with design 

factors having various combinations of distributions. It was con-

eluded that the algorithms are efficient compared with numerical 

integration or Monte Carlo simulation. The accuracy is considered 

excellent in many cases. lIowever, in some cases the agreement can 

only be considered as fair. It was also found that C-L algorithm, 

w~ich uses an additional parameter to construct the equivalent 

normal, did not show improvement over R-F in many cases. The 

problems of inconsistency motivated the development of an algorithm 

described in Chapter 4. Included herein are those examples examined 

which are related to the examples used in Chapter 4. 

In the following, the examples compare Sand Pf as computed 

by the R-F and C-L methods with the values obtained by numerical 

integration and Monte Carlo. Monte Carlo was described in Chapter 2. 

Numerical integration is used for cases ~Yhich involve two (stress 

and strength) variables. A computer program using the Romberg inte-

gration method (z.g., Hornbeck, 1975) was used to evaluate 
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(C.l) 

The lower limit value of x = 0.1 was used to avoid singularities in 

the function to be integrated. The upper limit value was arbitrarily 

chosen as ten times the standard deviation of the "strength" tenn 

plus the mean strength, or ten times the standard deviation of the 

"stress" tenn plus the mean stress, whichever is the greater. Upon 

obtaining Pf' the "equivalent" e is computed as the inverse of the 

standard nonnal cdf. This will be compared to the generalized S as 

computed by R-F or C-1. 

A demonstration of the quality of the numerical integration 

program is provided in Table C.l. For the case where the failure 

function is g = R - S, and Rand S are normal, 

(C.2) 

This is the exact solution of T~ble C.l. 

The examples involve four distributions of the design 

variables; Nonnal, 1ognonnal, Weibull and Type I Extreme Value Dis-

tribution of maxima (EVD). 

Example 1. Consider a failure function of the fonn 

g(~) R - (1 + D) (C.3) 
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TABLE C.l 

DEMONSTRATION OF THE QUALITY OF THE NUMERICAL INTEGRATION ROUTINE 

Failure Function; g(R, S) = R - S 

R ~ Normal; S ~ Normal 

11 = 20' 11 = 10 
'"'R ' '"'s 

Safety Index, S Probability of Failure 

as aS 
Numerical Exact Integ. 

Numerical Exact % Error Integ. ~(-S) 

3.0 3.0 2.3575 2.3570 9.211 E-03 9.222 E-03 0.1 
2.0 2.0 3.5357 3.5355 2.035 E-04 2.035 E-04 0.0 
1.2 1.2 5.8921 5.8926 1.903 E-09 1.908 E-09 0.3 
3.0 1.2 3.0952 3.0949 9.844 E-04 9.844 E-04 0.0 
1.2 3.0 3.0953 3.0949 9.839 E-04 9.844 E-04 0.1 



The event of failure is g ~ 0. Table C.2 defines the distribution 

of each of the random variables R, L and D. 

For a Monte Carlo solution, K = 10,000 random values of g 

were generated. The number of g values less than zero is denoted as 

n . The fraction of the number of values less than zero, 
0 

f 
0 

n /K 
0 

(C.4) 

is an estimate of the probability of failure. The results are given 

in Table C.2. 

The empirical distribution function of g is plotted in Fig. 

C.l; this process is automated. The scales are those of normal 

probability paper, with the ordinate being values of the standard 

normal variate z. Thus, the cdf of g is F = ¢(z). The value of z 
g 

at g = 0 can be interpreted as the negative value of the safety 

index, -s. Then p = ¢(-S). Results of this example are presented 
f 

in Table C.2 and Fig. C.l. 

Example 2. Following is an analysis of the basic case where the 

limit state is linear. 

R - S 0 (C.S) 

Comparison of R-F, C-L, and the numerical integration computation is 

made for two cases. The results are presented in Table C.3. Each 

case represents a different combination of strength and stress dis-

tributions. 
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Table C.2 A Summary of Example 1 

DATA-

Failure Function: gaR - (L + D); Failure Event (g ~ 0) 

Variable Distribution Mean Standard Deviation 

R Weibull 50. 5.0 

L EVD 10. 2.0 

D Lognormal 20. (a) 0.15(b) 

(a)Median (b)COV 

MONTE CARLO RESULTS-

Sample Size, K 10,000 

Number of values of g ~ 0, no 35 

Estimate of Pf' fa = (no/K) 0.OU35 

Safety Index 6 from Probability 2.70 Plot (Figure C.l) 

Estimate of Pf from chart 0.0035 
Pf = 01>(-6) 

DESIGN POINT-

Variable R-F C-L 

R 34.60 33.91 

L 11.13 10.20 

D 23.46 23.72 

COMPARISONS OF SAFETY INDEX AND PROBABILITY OF FAILURE-

Safety Index, B Prob. of Failure, Pf 

R-F 2.77 .0028 

C-L 2.66 .0039 

Monte 
2.70 .0035 Carlo 



CI .. 

c 

q 
I 

CI 
ri 
I 

CI 
I-i 
I 

a 

T 
-~.O 

Failure Function 

g = R - (L + D) 

P{g 2. 0) 

I P = 4>(-2.70) 0.0035 ,r f 
f 0.0035 

0 

-10.0 0 !o.o aD.O :.:1.0 '10.0 

g 

Figure C.I Example of Monte Carlo Simulation; Empirical cdf of g. 
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aR as 

3.0 3.0 
2.0 2.0 
1.2 1.2 
3.0 1.2 
1.2 3.0 

3.0 3.0 
2.0 2.0 
1.2 1.2 
3.0 1.2 
1.2 3.0 

TABLE C.3 

EXAMPLE 2; COMPARISONS OF RELIABILITY CALCULATIONS 

Limit State Functions g R - S; ~R = 20 and ~S 10 for all cases 

SAFETY INDEX, B PROBABILITY OF FAILURE, Pf 

Case A; R Weibu11, S EVD 

Numerical R-F C-L Integ. 
Numerical R-F % C-L Integ. Error 

2.048 2.136 2.004 2.026 E-02 1.633 E-02 19.4 2.252 E-02 
2.757 2.855 2.701 2.915 E-03 2.152 E-03 26.2 3.455 E-03 
3.897 3.992 3.845 4.866 E-05 3.269 E-05 32.8 6.007 E-05 
2.616 2.681 2.588 4.447 E-03 3.667 E-03 17.5 4.823 E-03 
2.365 2.404 2.298 9.026 E-03 8.102 E-03 10.2 10.79 E-03 

Case B; R Weibu11, S Normal 

Numerical R-F C-L Integ. 
Numerical R-F % C-L Integ. Error 

2.207 2.217 2.205 1.366 E-02 1.329 E-02 2.7 1.373 E-02 
3.086 3.093 3.080 10.14 E-04 9.878 E-04 2.6 10.15 E-04 
4.502 4.504 4.502, 1. 353 E-04 3.33~ E-06 0.6 3.351 E-05 
2.649 2.647 2.648! 4.038 E-03 4.061 E-03 0.6 4.042 E-03 
3.020 3.075 2.993 1.263 E-03 1.050 E-03 16.9 1.383 E-03 

--- ------ -_._---

i~ 
Error 

11.1 
18.5 
23.4 
8.5 

19.5 

% 
Error 

0.5 
0.07 
0.06 
0.1 
9.5 

I-' 
\0 
N 
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Example 3. The simple strength-stress relationship is extended to 

the case where the stress is a non-linear function. 

(C.6) 

where V
2 

is identified as the "stress" function, S. The relationship 

between ~'s and a's for S and V for this example and the ones to 

follow is constructed using the truncated Taylor series expansion. 

Considering S = f(V), then 

~S (C.7) 

(C.B) 

where the partials are evaluated at ~V. In this example, S 
2 V and 

~S (C.9) 

Comparisons of the 8 and Pf computations are summarized in 

.i'able C.4. 

Examele 4. Consider the non-linear failure function 

(C.IO) 



Table C.4 Example 3; Comparisons of Reliability Calculations 

Limit State Function g = R - V2 , ~R = 20 and 

~ = 10 in all cases (S = V2) 

3.0 3.0 

2.0 2.0 

1.2 1.2 

3.0 1.2 

1.2 3.0 

3.0 3.0 

2.0 2.0 

1.2 1.2 

3.0 1.2 

1.2 3.0 

3.0 3.0 

2.0 2.0 

1.2 1.2 

3.0 1.2 

1.2 3.0 

I 
I 

I 

S 

SAFETY INDEX, 8 

Cue A; i • 1I0=a1, V • 1I0noal 

Humerical 
R - F Integ. 

2.237 2.256 

3.335 3.347 

5.538 5.547 

3.081 3.090 

2.696 2.699 

Cue B; It • Loanonaa1, V - EVD (S • V2) 

N1.!!!!er!eal I R - F I c - L lnteg. 
liumerical 

Integ. 

2.004 2.013 1.991 2.252 E-02 

2.653 2.659 2.644 3.991 E-03 

3.676 3.679 3.668 1.181 E-04 

3.177 3.204 3.156 7.432 E-04 

2.137 Z.139 2.134 1.629 E-02 

Cue C; R - We1bull, V - EVD (5 • V
2

) 

Humerical R-F C - L mteg. 
liumerical 

Integ. 

1.931 2.028 1.905 2.676 E-02 

2.579 2.672 2.546 4.967 2-03 

3.617 3.694 3.591 1.478 P.-04 

2.593 2.682 2.593 4.750 E-03 

2.133 2.163 2.060 1.646 E-02 

--

PROJlAllILITY OF FAILURE, P f 

Hlllleric.l 
It - F % Error Integ. 

1.263 E-02 1.203 E-02 4.8 

4.263 E-04 4.096 E-04 3.9 

1.520 E-08 1.483 E-08 2.4 

1.033 E-O) 1.004 E-03 2.8 

3.511 E-03 3.477 E-D3 1.0 

R-F % C - L Error 

2.206 E-02 2.0 2.323 E-02 

3.925 P'-03 1.7 4.090 E-03 

1.176 E-04 0.4 1.221 E-04 

6.792 E-04 8.6 8.003 E-04 

1.623 E-02 0.4 1.640 E-02 

R-F Z 
C - L Error 

2.126 £-02 20.6 2.837 E-02 

3.769 E-03 24.1 5.467 E-03 

1.108 E-04 25.6 1.646 E-04 

3.658 Z-03 23.0 4.754 E-03 

1.526 E-02 7.3 1.969 E-02 
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Z 
Error 

3.1 

2.5 

3.4 

7.7 

0.7 

Z 
Error 

6.D 

10.1 

10.5 

0.1 

19.6 



where V
3 

is identified as the "stress" function, S. Relationships 

between the means and standard deviations of S and V are established 

by Eqs •. C.7 and C.B. Comparisons of Sand Pf computations are pro­

vided in Table C.5. 

Example 5. Consider the non-linear failure function, 
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g(X) (C.11) 

where V4 is identified as the stress function S. Relationships 

between the means and standard deviations of S and V are established 

by Eqs. C.7 and C.B. Comparisons of Sand Pf computations are pro­

vided in Table C.6. 



Table C.5 Example 4; Comparisons 

Limit State Function g 

~S = 10 in all cases; 

of Reliability Calculations 

R - V
3 

11 = 20 and 

(S V3) 
, '"'R 

SAFETY INDEX, S PROBABILITY OF FAILURE, P
f 

Case A; R - Noma1, V - Normal 

Numerical 
R - F Integ. 

1 
!lumerica1 

Integ. R - F % Error 

3.0 3.0 1.179 1.193 1.192 E-01 1.163 E-01 2.4 

2.0 2.0 1. 750 1.759 4.008 E-02 3.927 £-02 2.0 

1.2 1.2 2.900 2.905 1.868 E-03 1.840 E-03 1.5 

3.0 1.2 2.348 2.374 9.430 E-03 8.801 E-03 6.7 

1.2 3.0 1.233 1.235 I 1.087 E-01 1.082 £-01 0.5 

case B; R - Weibu11, V • EVD 

Numerical 
R - F C - L Integ. 

Numerical 
R - F 

% 
C - L Integ. Error 

3.0 3.0 1.187 1.231 1.123 1.175 E-01 1.090 E-01 7.2 1.307 E-U1 

2.0 2.0 1.581 1.622 1.508 5.688 E-02 5.240 E-02 7.9 6.571 E-02 

1.2 1.2 2.242 2.273 2.173 1.250 E-02 1.150 £-02 8.0 1.488 E-02 

3.0 1.2 2.005 2.120 1.996 2.248 E-02 1.701 £-02 24.3 2.298 £-02 

1.2 3.0 1.232 1.247 1.115 1.089 E-01 1.061 £-01 2.6 1.324 E-Ol 
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% 
Error 

11.2 

15.5 

19.0 

2.2 

21.6 



Table C.6 Example 5; Comparisons of Reliability Calculations 

Limit State Function g R - v4, ~R ~ 20 and 

~~ = 10 in all cases; (S = V4) 
" 

SAFETY INDEX, S PROBABIL!TY OF FAILURE, P
f 

Case A; R • Normal, V • Normal 

Numerical R - F Integ. 
Numericsl R-F % Error Integ. 

3.0 3.0 0.803 0.814 Z.107 E-Ol 2.077 E-Ol 1.4 

2.0 2.0 1.188 1.195 1.173 E-01 1.159 E-01 1.2 

1.2 1.2 1.968 1.972 2.453 E-02 2.430 E-02 0.9 

3.0 1.2 1. 776 1.800 3.787 E-02 3.588 E-02 5.3 

1.2 3.0 0.824 0.826 2.047 E-Ol 2.043 E-Ol 0.2 

Cese B; R • Weibull, V • EVD 

Numerical R - F C - L Integ. 
Numerical R - F % 

C - L Integ. Error 

3.0 3.0 0.903 0.933 0.817 1.831 E-Ol 1. 753 E-Ol 4.3 2.068 E-Ol 

2.0 2.0 1.198 1.226 1.103 1.154 E-Ol 1.101 E-01 4.6 1.350 E-Ol 

1.2 1.2 1. 713 1. 735 1.623 4.337 E-02 4.131 E-02 4.7 5.228 E-02 

3.0 1.2 1.603 1.680 1.571 5.441 E-02 4.643 E-02 14.7 5.808 E-02 

1.2 3.0 0.926 0.936 0.783 1. 772 E-Ol 1.745 E-Ol 1.5 2.165 E-Ol 
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% 
Error 

12.9 

17.0 

20.5 

6.7 

22.2 
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APPENDIX D 

A COMPUTER PROGRAM FOR COMPUTING PROBABILITY AND FAILURE OF 
GENERALIZED SAFETY INDEX USING A CURVE FITTING ALGORITHM 

A proposed numerical algorithm presented in Chapter 4 has 

been used to estimate the probability of failure Pf and generalized 

safety index S. A block diagram of a computer program which auto-

mates the calculations is provided in Fig. D.I. 

The input of the program includes, (1) the distribution in-

formation, i.e., the type code, mean (or median) and coefficient of 

variation (COV) for each of the design factors, and (2) the limit 

state g(X) = 0 which need be written as 

199 

X. 
1 

(D.I) 

where X. can be any of the variables involved in the limit state. 
1 

Four distributions are included in the current version of the pro-

gram, namely, normal, lognormal, Weibull and Type I extreme value 

distribution of maxima (EVD). It is noted that the program has been 

designed in a format such that the inclusions of other distributions 

is easy. 

The principal output of the program includes Pf' S and the 

design point information as shown in Table D.l for an example with 

limit state 



x~-~ -1 Iz~1 
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J 
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Figure D.l Summary Numerical Procedure for the New Algorithm. 



TABLE D.l 

Example of Program Output 

Limit State G(R,S) = o. R=L+D 

Variable 

R 

L 

D 

Design Variables 

Transformation 

WEIBULL 

EVD 

LOG 

Mean/Median 

.50000 E+02 

.10000 E+02 

.20000 E+02 

COV 

.10000 E+OO 

.20000 E+OO 

.15000 E+OO 

Note: The median is specified for a lognormal variable only. 

Design Point 

Variable Reduced Value 

R XR(l) = -2.99143 

L XR(2) = .82044 

D XR(3) = 1. 20737 

Safety Index, Beta = 2.7112 

Probability of Failure = .33556 E-02 

Basic Value 

X(l) .34388 E+02 

X(2) = .10979 E+02 

X(3) .23409 E+02 
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R L + D (D.2) 

This example has been presented in Chapter 4. 

Another print·-out is the information regarding the original, 

R-F equivalent normal and the three-parameter equivalent normal cdf 

(cumulative distribution function). The information can be used to 

observe the significance of the "non-normality" of the variable and 

to compare the fitting of cdf using R-F and the new algorithm. For 

example, Table D.2 is the cdf information of variable R in Eq. D.2. 

The REL.ERR. (relative error) is defined as 

REL.ERR. 

REL.ERR. 

(jl'(x) - F(x) 
F(x) 

M(x) - F(x) 
F(x) 

x 100% , R-F algorithm (D.3) 

x 100% , New algorithm (D. 4) 

where F(x) is the original cdf, ~'(x) and (jl(x) are the normal cdf 

using the equivalent normal mean and standard deviation of R-F and 

present nlethod. It can be seen that in the reduced approximation 

range (from NA 13 to NB = 31), REL.ERR. using the R-F method are 

all negative. Therefore, the R-F estimate of Pf will tend to be 

less than the exact value (assuming Land D are already normalized) 

due to the non-normal distribution of R. On the other hand, REL.ERR. 

using the proposed method have both negative and positive signs which 

tend to cancel the error of the Pf estimate. Furthermore, it is 

obvious that the absolute errors of REL.ERR. are less than R-F 



Table D.2 Comparisons of the Cumulative 
Distribution Function 

... --
R-F Method 

-
NX. (0) X(b) CDF(X) (c) ClJFNOR(X) (d) REL.ERR. (e) 

13 .28635 E+02 .73715 E-03 .69979 E-03 -.50685 E+01 
14 .29380 E+02 .10039 E-02 .96205 E-03 -.41641 E+01 
15 .30126 E+02 .13565 E-02 .13120 E-02 -.32787 E+01 
16 .30871 E+02 .18194 E-02 .17749 E-02 -.24464 E+01 
17 .31617 E+02 .24230 E-02 .23819 E-02 -.16992 E+01 
18 .32362 E+02 .32052 E-02 .31710 E-02 -.10669 E+01 
19 .33107 E+02 .42125 E-02 .41882 E-02 -.57686 E+OO 
20 .33853 E+02 .55018 E-02 .54879 E-02 -.25365 E+OO 
21 .34598 E+02 .71428 E-02 .71343 E-02 -.11865 E+OO 
2-2 .35344 E+02 .92195 E-02 .92020 E-02 -.18972 E+OO 
23 .36089 E+02 .11833 E-01 .11776 E-Ol -.48076 E+OO 
24 .36834 E+02 .15105 E-01 .14954 E-Ol -.10014 E+01 
25 .37580 E+02 .19180 E-01 .18343 E-Ol -.17568 E+01 
26 .38325 E+02 .24225 E-01 .23560 E-01 -.27471 E+01 
27 .39070 E+02 .30441 E-01 .29234 E-01 -.39678 E+01 
28 .39816 E+02 .39057 E-01 .35999 E-01 -.54094 E+01 
29 .40561 E+02 .47336 E-01 .43995 E-Ol -.70574 E+01 
30 .41307 E+02 .58576 E-01 .53367 E-01 -.88930 E+01 

r-lJ. .42052 E+02 .72109 E-01 .64254 E-Ol -.10893 H02 

Scale E .10000 E+01 Mean E .54229 E+02 Std. a .80112 E+01 

Proposed Method 

NX. X CDF(X) CDFNOR(X) REL.ERR. 
J3 .28635 E+02 • ·,3715 E-O:l .73309 E-OJ -.55074 E+O() 
J4 .29380 E+02 .10039 E-02 .99504 E-03 -.87!!37 H()() 
15 .30126 E+02 .13565 E-02 .13425 E-02 -.10329 E+01 
16 .30871 E+02 .18194 E-02 .18003 E-02 -.10503 E+01 
17 .31617 E+02 .24230 E-02 .23997 E-02 -.96264 E+OO 
18 .32362 E+02 .32052 E-02 .31796 E-02 -.79883 HOO 
19 .33107 E+02 .42125 E-02 .41878 );-02 -.5850<) E+O() 
20 .33853 E+02 .55018 E-02 .54828 E-02 -.34508 E+OO 
21 .34598 E+02 .71428 E-02 .71356 E-02 -.10011 E+OO 
22 .35344 E+02 .92195 E-02 .92315 E-02 .13088 E+OO 
23 .36089 E+02 .11833 E-Ol .U872 E-Ol .33133 HOO 
24 .36834 E+02 .15105 E-Ol .15179 E-01 .48719 E+OO 
25 .37580 E+02 .19180 E-Ol .19292 E-01 .58705 E+OO 
26 .38325 E+02 .24225 E-01 .24376 E-Ol .62236 E+OO 
27 .39070 E+02 .30441 E-Ol .30620 E-Ol .58766 HOO 
28 .39816 E+02 .38057 E-Ol .38240 E-01 .48080 E+OO 
29 .40561 E+02 .47336 E-01 .47480 E-01 .30319 E+OO 
30 .41307 E+02 .58576 E-01 .58611 E-01 .60057 E-Ol 
31 .42052 E+02 .72109 E-Ol .71936 E-01 -.23930 E+OO 

Initial Approx. Range = 8.0 Initial Points a 41 
Design Point NX = 21 
Scale = .47750 E+01 Mean :tI .62242 E+02 Std. = .93110 E+01 

Note~: (a) Numbers of the approximation points. 
(b) Basic values of the design variab1· .•• 
(c) F(x). cdf of X. 
(d) ~'(x) for R-F method and M(x) for the proposed IT.ethod. 
(e) Percent error of the equivalent normal cdf relative to 

F(x). 
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results in the approximation range, suggesting that a better fit of 

A~(x) than ~'(x) (of R-F) has been achieved. The results of Land D 

variables, not included herein, showed the same tendency. Conse-

quently, the R-F estimate of Pf (0.0028) is less than the present 

method (0.0033). A Monte Carlo solution (100,000 samples) produces 
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an estimate of 0.0035, the 98% confidence limits are (0.0031, 0.0040). 

The relatively time-consuming part of the computation in 

applying the new algorithm is the minimization routine which deter-

mines the three equivalent normal parameters, A, P
N

, and aN. An 

optimization routine (Conve.rse, 1970) was modified and used in the 

program which starts with A = 1, and automatically goes back and 

forth to search for an optimum A which minimizes the error sum E 

(Fig. D.l). The scheme is effective but may not be the most 

efficient one, particuiarly when A is very different from unity. It 

is possible to cut down the computation time, if necessary, by using 

a quadratic estimation procedure (e.g., Powell, 1964) which 

successively predicts the solution of A. However, unless a variable 

is significantly non-normal, the number of iterations for finding A 

is usually reasonably small in the present program. For example, 

the values of the scale factors, A., for R, Land D of Table D.l 
]. 

are 4.77, 1.25 and 1.28 respectively. The corresponding numbers of 

iteration are 31, 16 and 19, respectively. The CPU time including 



R-F computation is 0.3 second. After observing numerous examples, 

it was estimated that the additional cost (over R-F) for applying 

the present algorithm is less than 0.1 second for each non-normal 

variable. 

205 



APPENDIX E 

A COMPUTER PROGRAM FOR COMPUTING PARTIAL SAFETY FACTORS 
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APPENDIX E 

A COMPUTER PROGRAM FOR COMPUTING PARTIAL SAFETY FACTORS 

Consider a limit state function 

o (E.l) 

A is a scale factor and is deterministic, e.g., a geometric parameter. 

X. are the design random variables having known distributional 
1 

information. A computer program was developed which uses a bracketing 

proceaure followed by a quadratic curve fitting scheme to find the 

value of A such that the safety index, S, equals the desired target 

safety index, denoted as S. Design variables can have anyone of 
o 

four distributions; normal, lognormal, Weibul1, or Type I extreme 

value (EVD). 

The program computes S and the associated design point using 

the R-F (Rackwitz-Fiess1er) algorithm which employs an optimization 

routine (Converse, 1970). 

Partial safety factors (PSF's) defined as 

Design point value of X. 
1 

Nominal value of Xi 

are obtained after design point values are found. 

(E.2) 



208 

By assigning a value to·the scale factor, A, the limit state 

is completely defined, and the safety index can be obtained by solving 

the following constrained optimization problern~ 

in which 

subject to 

U. 
l. 

g (Xl' ••• , AX., ••• X ) 
l. n 

i 1, n 

(E.3) 

o 

(E.4) 

~. and o. are the equivalent normal means and standard deviations, 
1. l. 

calculated using R-F algorithm. Note that Eq. E.3 can be reduced to 

an unconstrained optimization problem if the limit state were written 

as 

f(X
2
,···,AX., ••• X) 

l. n 

The set of values of X. which minimize the safety index are the 
l. 

design point values, and are used to compute the PSF's. 

Procedures of Calculating Scale Factor, A 

(E.5) 

According to the definition CEq. E.3), 8 can only be positive 

or zero. The relationship between 8 and A can in general be described 

by Fig. E.l, in which it is shown that given a target safety index, 
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Curve 1 Curve 2 

Scale Factor, A 

Figure E.l The Relationship between Safety Index and Scale Factor. 



eo' there are two solutions, Al and A2 . However, only one of A. is 
1. 

correct, depending upon whether A is identified witt> a "strength" 

variable or 3 "stress" variable. For example, if A multiplies a 

strength variable, e will be an increasing function of A (curve 2), 

then A2 is the solution. 

In order to adopt a curve fitting scheme to find the scale 

factor more efficiently, it is necessary that the points sampled 

are all from the correct curve, i.e., from curve 1 or curve 2, but 

not both. From Fig. E.l it seems reasonable to start from A , a 
o 

value of A associates with zero safety index e. 

The procedures of calculating the scale factor using a 

quadratic curve fitting model are as follows: 

1. Calculate starting scale factor A 
o 

Assume that all X. are normally distributed. If the 
l. 

* design point values, X., are the mean values, i.e., 
1. 

* then II = 0 for all i (Eq. E.4), and 8 

Substituting ~. into Eq. E.S 
1. 

(E.6) 

o (Eq. E.3). 

therefore, A is the value which satisfies Eq. E.7. A 
o 0 

may be solved using any suitable trial-and-error method. 

An efficient solution-is to use the same optimization 
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routine adopted for finding the safety index a. The only 

difference is that in the present problem there is onl::,.. 

one unknown variable, A. By varying A, there is a 
o 

value, Ao' associates with "minimum distance", a, in 

which a = o. Finally, if X. is non-normal, it is 
~ 

assumed that Eq. E.6 is a good approximation and may be 

used to generate equivalent normal mean which replaces 

ll. in Eq. E.7. 
~ 

Bracketing the target safety index. After A is found, 
o 

A is continuously doubled (or halved) to increase a until 

a > a. The last two values of A which bracket a define 
- 0 0 

the initial interpolation range for the quadratic curve 

fitting. 

3. Quadratic curve fitting. A third value of A which is 

inside the interpolation range must be chosen. Three 

values of A and the corresponding a's are used to 

construct a second order equation, 

(E.8) 

After n. are found, the interpolated (or guessed) value 
~ 

of A , for a = a are 
o 0 

A 
o 

- a ) 
o (E.9) 
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in which one of the two roots, inside the interpolation 

range, is the desired answer. A safety index a using the 

guessed A value is then calculated and compared with a . o 0 

If two values of a are approximately equal (defined by 

a stop criteria), A is the solution. If not, the inter-· 
o 

polation range of A is reduced. and an improved guessing 

value of A is found using Eq. E.8 and Eq. E.g. The 
o 

process is repeated until the stop criteria is satisfied. 

In general, only several interations are required because 

the interpolation range is continuously reduced (which 

still brackets a ), and therefore, the interpolated A 
o 0 

converges to the exact A very fast. Examples of this 
o 

program and the subsequent construction of a safety check 

expre~sion are provided in Chapter 5. 
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