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ABSTRACT 

The central goal of this dissertation is to develop a simple 

but powerful theory to handle a problem which arises in management 

situations where an optimal'ly exploited, system at steady state is 

subjected to a set of continuous, persistent and unpredictable 

disturbances emanating from the system's environment. Such 

disturbances drive the system out of steady state. The question that 

arises in such a situation is whether there exists any additional 

control which can be imposed on the disturbed system in order to 

drive it back to the steady state and maintain it there for all 

future time? 

We show in this dissertation that such a control is possible 

provided bounds for the disturbances are known. We develop the 

additional control using concepts from reachability and the so-called 

Liapunov's "second method". 

We further develop some theory concerning certain problems 

which arise in generating the boundary of the reachable set, aR(.) 

using the controllability maximum principle. In generating aR(·) 

several boundary controls may be used to generate different parts of 

aR(·). We show that all the parts of aR(·) are polygonally 

connected. We also show that for a second-order system if an 

equilibrium pOint under constant control is hyperbolic and lies on 

aR(.), it is asymptotically stable. 

xii 
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Further, in persistently disturbing a system, it is desirable 

to have some idea about the boundedness of the disturbed system. If 

the system is bounded then a boundary can be generated using 

controllability maximum principle. We give some theory and 

discussion on how to test such boundedness for linear, quasilinear 

and a case of a nonlinear system. 

The last two chapters of this dissertation show how the 

theory is applied to a second-order system; in particular to a 

second-order grazing system. 



CHAPTER 1 

INTRODUCTION 

1.1. Some Aims Vis-a-Vis a Problem 
in Exploiting a System 

Often in the management of a system that is being exploited, 

the manager wants to have an input into the system so that he can 

influence its behaviour. He also has several aims that he wants to 

car~ out in reference to his system. We will assume that he has 

three broad aims: 

1.1.1. 

1.1.2. 

He wants to make certain that in the presence of small 

initial state perturbations, the system does not drift from 

a desirable steady state to an undesirable one. 

Secondly, he wants to maximize some exploitation index for 

the system. Therefore, among all possible steady state 

exploitation levels, he wants the one(s) which maximizes his 

per unit yield from his system. 

The manager may attach a direct value, like cash, to the 

yield or he might measure the value of his yield indirectly via a 

product or by-product from the yield. 

1.1.3. His third aim is to maintain any tentative steady state 

exploitation level in spite of arbitrary but bounded 

environmentally induced disturbances. Therefore, in the 

event that perturbations persistently drive the system out 



of steady state, he wants to be able to drive it back and 

maintain it at the steady state. 

The manager may fail to realize these and/or other aims fully 

because natural systems, especially ecosystems, may be subjected to 

many diverse outside disturbances. The disturbances are generally 

persistent and larger than the initial state perturbations. In 

reference (11) B. S. Goh puts it this way in reference to 

ecosystems. uIn the real world ecosystems are subjected to large 

perturbations of the initial state and system dynamics." We assume 

here that these disturbances only affect some of the intrinsic 

parameters that help govern the system dynamics. Further, their 

influence can be measured. We also assume that while these 

disturbances are larger than initial state perturbations, they are 

bounded and the bounds are known. 

In short, therefore, the manager is faced with the problem of 

maintaining a system at an optimal steady state in the presence of 

large, persistent but bounded disturbances from the environment. 

1.2. Proposed Solution 

To get a handle on this problem one needs, first to 

approximate the system dynamics by a model. Modelling a physical 

phenomenon, inexact as it may be, is not only desirable but 

imperative if we are to understand the inner workings of a complex 

system. To quote N. Keyfitz in reference (17), "no model, no 

understanding". Colin W. Clark in reference (29), p.97, asserts that 

2 



"if we want to predict the consequences of interference with some 

natural system, there is no alternative but first to model the 

system". Because models are not an exact replica of the physical 

system they attempt to portray, Clark in the same reference, points 

out that some scientists discredit their usefulness. 

In reference (11) B. S. Goh, however, points out the 

desirability of having a "wide range of models in order to achieve 

different purposes". He illustrates how one physical system can be 

modelled in different ways in order to achieve different levels of 

understanding of the dynamics of the system. 

For the purpose of our analysis we use differential equations 

to analyze the "extreme" behaviour of a randomly disturbed system. 

The classical method of studying perturbations in a nonlinear system, 

is to approximate its behaviour by linearizing the system in the 

neighborhood of a steady state. Then to use the local behaviour of 

the linear system to approximate the behaviour of the nonlinear 

system near the steady state. Such analysis proves to be suitable 

for many systems, but only for small initial state perturbations. 

The type of perturbations we study here are, however, large and 

persistent. To handle such persistently disturbed systems we need a 

different methodology. Before we give a precise definition of this 

metholdology we must first give some preliminary definitions. 

As shall be made clear in the next chapter, the type of 

models we want to use in managing a persistently disturbed system are 

3 



the so-called controlled models. In short, a controlled model 

consists of two types of variables: First, are the state 

variables. These variables represent the internal dynamics of the 

system; they are usually denoted by 

n x(·)e:XCR 

where X is the state space. Then there are the control 

variables. These are the input variables into the system dynamics 

from the system's environment; they are generally denoted by: 

m u(')e:UcR 

where U is the control space. The control variables mayor may not 

be mani pul able by the manager; so that u(·) may represent a "noi se" 

(a disturbance) on the system; or it may be an inmput function which 

the manager deliberately introduces to the system in order to 

influence its behaviour. So to refer generally to a control we will 

use u(·) e: U; to refer specifically to a disturbance we use 

s(·) e: S and to refer specifically to an input function by a manager 

we use v(.) e: V. 

We note that the control u(.) e: U mayor may not have any 

influence on a given system. 

4 



We now define the type of control variable that we use in 

this dissertation. 

1.2.1. Admissible Control 

A control u(.) € Rm is said to be admissible if and only 

if it is defined, piecewise continuous and u(·) € U for 

all time t € [O,T]. See reference (21) p. Rl. 

In order to analyze persistently disturbed systems we need to 

use the concept of vulnerability, which we now define. 

1.2.2. Vulnerability 

A system is said to be vulnerable during the time interval 

[O,T] with respect to the set {U,S,Z,T} if there exists 

an admissible control u(.) € U C Rm, which can drive the 

system from some initial state S(O) C X to an undesirable 

state Z(T) C X during the time interval [O,T]. 

Otherwise, a system is nonvulnerable. 

T. L. Vincent and J. M. Skowronski point out in reference 

(29), p.VII, that vulnerability is as central to the analysis of 

systems under such large and persistent disturbances as stahility is 

for systems under initial state perturbations. 

W. J. Grantham points out in reference (29), p.52, that the 

question of how vulnerable a system is to outside disturbances "may 

best be answered by determining the reachahle set" of the system from 

x* = (xi,x2) € X, under all possible admissible controls. 

5 



The reachable set, R(x*), is the set of all points for 

which one can find an admissible control which can drive the 

controlled system from x* to any member of R(x*) in finite 

time. In Chapter 2 we make this concept precise. 

If the trajectories of the disturbed system are bounded in 

X, then by using the controllability maximum principle in reference 

(12) we can generate the boundary of the reachable set, aR(x*). As 

Grantham explains in reference (29) p. 153, "no system trajectories 

can cross or even reach aR(x*) from inside the reachable set 

R(x*)". If for some point x(O) E aR(x*), there exists a control 

u*(.) E U which will drive the system along the boundary of 

R(x*), then such "boundary trajecetories" may be used to 

geometrically describe aR(x*). Such a control u*(·) is termed a 

boundary control. In Chapter 2, Section 2.4.0 we give only the 

salient points of the principle. More on the principle is given in 

reference (12). 

Much work has been done on vulnerability by such researchers 

as T. L. Vincent (reference (26)), B. S. Goh and M. E. Fisher 

(reference (8)). Also much work has been done on the reachable set 

concepts by the same researchers and others like W. J. Grantham 

(references (12) and (27)). The work has resulted in very useful 

insights in answering the fundamental question, "vJhat happens when a 

system is disturbed or controlled from some desirable state?" The 

natural sequel to this question is, "What can be done to drive a 
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disturbed system back to the desirable state and maintain it there 

for all future times?" As we will see in Chapter 3, some work has 

been done in answer to this question. Needless to say, the two 

questions above are at the core of sound management of systems under 

persistent disturbances. 

It is our intention in this dissertation to study the last 

question. We want to demonstrate how the reachable set concept 

together with Lyapunov's "second method" can be used to maintain a 

persistently disturbed system at desired state. The approach is 

simple to implement but very powerful. 

1.3. The Approach 

We want to deal with the problem of a persistently disturbed 

system from two levels: first, in Chapters 2 and 3 we deal with the 

problem at the n-dimensional level. At this level we develop some 

theory that we then use in later chapters. A good part of Chapter 2 

is concerned with some basic definitions and theory that we obtain 

from literature and use in later sections. The latter part of the 

chapter is devoted to developing new extensions to some of the theory 

in the earlier part of the chapter. These new extensions are also 

used in the latter chapters. Chapter 3 is devoted to developing a 

control which when introduced to the disturbed system, renders the 

latter controllable to its initial state and maintainable there for 

all future time. 
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Chapters 4 and 5 are devoted to a second-order system under 

persistent disturbances. Second-order systems have the decided 

advantage of being geometrically tractable. Chapter 4 looks 

generally at how the theories of Chapters 2 and 3 can be applicable 

to a general second-order system. Chapter 5 looks specifically at 

how the theory applies to a second-order grazing model. 

! 
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CHAPTER 2 

BASIC THEORY WITH SOME EXTENSIONS 

2.1. An Overview 

The purpose of this chapter is to give preliminary theory 

relative to reachability, stability, optimality and other related 

topics. These concepts are basic to our study in the ensuing 

chapters. Proofs for theorems taken from literature will not be 

given, however, necessary reference will be provided. 

The approach in this chapter is, first to give a general 

mathematical representation of the dynamics of a physical system. 

This is done in Section 2.2. Then in Section 2.3 we give basic 

definitions that are used generally throughout the dissertation. 

Thirdly, Section 2.4 is concerned with additional fundamental 

definitions together with related theory. Fourth, and lastly, in 

Section 2.5 we give extensions to some of the theory in Section 2.4. 

2.2. Physical System Representation 

2.2.1. General Representation 

The dynamics of a physical system can often be represented 

mathematically by the folowing type,of a differential 

equation 

x(t) = F(x(t)); t € [0,00) 
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x(O) = Xo 

where 

(b) is the state vector 

and X is the subset of the state space. 
T Xo = (x 10 ,x 20' ••• , xnO) is the initial condition for the 

system. Vectors and points in Rn will generally be 

represented by unsubscripted letters like x, y or u. 

Particular vectors will be indicated by such symbols as 

II II - , 11*11 , over the letter. Subscripts on 

variables will refer to coordinates of a vector. 

(c) Rn (the set of all positive + 
vectors in Rn) is sometimes called the positive orthant. 

For the most part x(t) 

. otherwise stated F(.) will be a 

R~ to R~. 

will be a vector in Rn and unless + 

C1 function(l) from a space in 

In referring to physical systems we will generally be using 

the term dynamical systems. We now want to make precise what is 

meant by this term. 

2.2.2. A Dynamical System 

A dynamical system is a C1 map. R x X ~ X where X is 

(l)A C1 function is a function that is once continuously 
differentiable. 
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Examples 

an open set of Euclidean space and the map, ~t(·):X + X 

satisfies: 

(a) ~O(·):X + X is the identity map. 

(b) ~t· ~s = ~t(~s(x)) = ~t+s(x) for each t, s in R. 

(a) Let ~:R x X + X be defined by <p(t,x) = eAtx; so that 

<pt:X + X can be represented by ~t = etA. Clearly <PO = 1 

is the identity operator and e(t+s)A = etAe sA • Hence <p(.) 

defines a dynamical system. 

(b) The dynamics of an ecological system (without erratic 

behaviours) is an example of a dynamical system, (reference 

(11), p.15). 

(c) Autonomous systems(l) of differential equations like (2.1) 

are also known as dynamical systems, (reference (13)). 

Every dynamical system gives rise to a differential equation 

but not every differential equation represents a dynamical system, 

(reference (15)). It is, therefore, appropriate to represent such 

systems as ecological systems by the autonomous differential equation 

(2.1). 

(l)A system like (2.1) is autonomous, which means that 
F does not depend explicitly on time. 
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2.3. Basic Definitions 

Definitions 2.3.1 to 2.3.11 refer to the differential 

e.quation (2.1). 

2.3.1. A Solution 

The solution of the system (2.1) is a C1 map 

~t(x):X + X (or x(t):X + X) 

satisfying the following two conditions: 

(a) <Pt (x) = Xu (the initial condition) 
o 

d ( b ) df( <Pt (x)) = F ( <Pt (x)) for t I:: R. 

The collection of maps {<pt(·)}teR (or simply <Pt (·)) is 

called the flow corresponding to the differential equation 

(2.1). The flow is also called the solution curve or the 

trajectory of the system. To emphasize conditions (a) and 

(b) of 2.3.1, the flow is sometimes written as 

2.3.2. An Equilibrium Point 

A point x* e Rn is called an equilibrium point for (2.1), 

at t = to if and only if F(x*) = 0 for all t ~ to. The 

point x* is also called a stationary point, a lixerl point, 
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a singular point, a ~ or steady state for (2.1). All 

these terms are used interchangeably in this dissertation. 

2.3.3. The Linear Operator 

aF. 
DF(x) =-' 

aX j (x=x*) 
i, j = 1, 2, ••• , n 

is called the linearization of F(x) at the equilibrium 

point x = x*. 

2.3.4. A Hyperbo 1 i c Equil i bri um Point 

The singular paint x* of (2.1) is hyperbolic if DF(x*) 

has no eigenvalues with real part zero • 

2.3.5. A Ball, '8", about a Point 
.... 
x 

Let .... n 
x £ R and oX n 

£ R • Then a ball about 
.... 
x is the 

set: 

B = {x + oxilioxil < £ for fixed 0 < £ < co}. (1) 

2.3.6. An Isolated Equilibrium State 

The fixed point x* of (2.1) is isolated if there exists a 

(1)1111.11 11 stands for the Euclidean norm in this 
dissertation. A vector space, X, enrlowed with a norm is 
said to be normed. 
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ball BC Rn about x* such that ~ contains no other 

fixed points of (2.1) except x*. 

2.3.7. A Stable Equilibrium Point 

The fixed point x* of (2.1) is stable if for every ball 

~ about x* there is a ball ~1 C W about x* such that 

every solution x(t) of (2.1) with initial value 

x(O) E WI is confined in ~ for all 

t > 0; that is, nearby solutions of x* stay nearby. 

2.3.8. An Attractor 

A fixed point x* of (2.1) is an attractor if there is a 

ball N about x* such that any solution curve starting in 

N tends towards x* as t + ~. 

2.3.9. The Basin of Attraction 

For the attractor x* the union of all solutions curves 

of (2.1) that tend towards x* is called the basin of 

attraction for x*; denoted by B(x*). 

2.3.10. Asymptotic Stability 

A fixed point x* of (2.1) is asymptotically stable if it 

is stable and an attractor. A sufficient condition for 

asymptotic stability is that all the eigenvalues of 

DF(x*) have negative real parts. 
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2.3.11. A Sink 

A sink is an asymptotically stable equilibrium point. 

2.3.12. Connectedness 

A set S e Rn is connected if there do not exi st two 

nonempty disjoint open sets 01 and 02 in Rn such 

that S = 01 U 02. 

2.3.13. An Interior point of S 

The point x E Rn is interior to S eRn if there exists a 

ball ~ eS about x that contains only points of S. The 

set of points interior to S is denoted by' Int(S). 

2.3.14. An Exterior Point of S 

The point x E Rn is exterior to S eRn if xiS and if 

there exi sts a ba" lj e Rn about x such that 

~ n S =~. The set of exterior points to S is denoted by 

Ext (S). 

2.3.15. A Boundary point of S 

The point x E Rn is a boundary point of S e Rn if x is 

neither interior to S nor exterior to S. Alternatively, 

every ball Be Rn about x has at least one point in 

Ext(S) and one point in Int(S) provided Ext(S) and 

Int(S) are non-empty. The set of all boundary points of 

S is called the boundary of S, denoted by as. 

15 



2.3.16. A Closed Set 

A set that contains all its boundary points is closed. The 

closure of S, denoted by Cl(S), is defined as 

Cl (S) = Int(S) U as. 

2.3.17. An Open Set 

An open set is a set that does not contain any of its 

boundary points, (S = Int(S)). 

2.3.18. A Bounded Set 

A set S eye Rn is bounded in Y if there exists a 

ball Bey such that S C B. 

Now suppose q, (.) 
t 

is a flow of (2.1) and q, (.) 
t 

traverses 

aB from Ext(B) to Int(B). It is, therefore, obvious 

that every solution of (2.1) that starts in S is bounded 

in Y. 

2.3.19. A Complement of S 

A set sew C Rn is a complement of the set SeW c Rn 

if ~ n S = 4> and ~ U S = W. Note that if Sis a 

complement of S, then S is a complement of ~. The 

complement S of S in W is denoted by \~ - S = S. 

2.3.20. A Regular Point 

Let X c Rn be defined by g(x) = 0 and h(x) 0, 

where g(.):Rm + Rn and h(.):Rm + Rq are C1, 
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A point x* € X is a regular point of X if and only if 

there exists a ball B about x* such that: 

(a) the set B n X contains neighboring points to x*. 

(b) g(.) and h(.) are C1 on B n X. 

(c) The tangent cone(1) T to X at x* consists of 

exactly those vectors e satisfying the relations: 

ag(x*)e = 0 and 
ax 

,. 

ah ( x*) ) o. ( 2) -ax--"-e 

2.4. Basic Theory 

In this section we give some definitions and theorems 

(without proof) from the literature. The proofs are given in the 

references. 

2.4.1. Consequences of the C1 Nature of F(·) 

The fact that F(·) in (2.1) is C1 results in some 

essential fundamental theory that we want to highlight and 

use. 

(a) The Lipschitz Condition. A function 

open set in the normed vector space 

n F: ~I ~ R , W an 

is said to be 

(1)For X C Rm, with x* Cl (X), the set of points 
T = {e E: Rm\e is tangent to X at x*, is a tangent 
cone to X at x*. 
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Lipschitz on W if there exists a constant number 

KeRn such that 

II F (x) - F (y) II ( K II x - y II 

for every x, y in W. K is called the Lipschitz 

constant for F. 

A function F(·) is locally Lipschitz at x* if it is 

Lipschitz for all x and y in some ball around 

x* e: X. 

Theorem 2.1. Let the function F:W + Rn be C1• Then F 

is locally Lipschitz. 

(The proof is in reference 15, p. 163). 

(b) Existence, Uniqueness, Dependence and Extendibility of 

x(t). The next theorem is a combination of three 

separate theorems in reference (15). In essence the 

theorem states that if F(.) in (2.1) is C1, then 

(2.1) has a unique solution in some interval of 

t, with to as its interior point. Further, the 

solution continuously depends on the initial conditions 

and can be uniquely extended to its maximum domain of 

existence.(l) 
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Assumption for Theorem 2.2. If W is a ball in the normed 

vector space X, and in (2.1) F:W + X is a Cl map and Xo E W, 

then 

Theorem 2.2. (i) (Existence and Uniqueness): with the 

assumptions in 2.4.1 above, there exists some a > 0 and a unique 

solution of (2.1): 

x(t):(-a,a) + W 

of (2.1) satisfying the initial condition 

x(O) = xO. 

(The proof is on p. In4 of reference (15).) 

(ii) (Continuous Dependence on Initial Conditions): with the 

assumptions in 2.4.1 let K be a Lipschitz constant for F(.), and 

let y(t) and x(t) be solutions of (2.1) on the closed interval 

[t o,t1]. Then for all t E [to,t 1] 

(I)Maximum 
ball in R 
containing 
(2.1) and 

Domain of Existence: For each Xo E W (W is a 
) the rei sam a x i mum 0 pen i n t e r val ('~t ,(3) E R 
t = 0 on which there is a solution x(t) of 
x(O) = xO· 
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(The proof is on p. 169 of reference (15).) 

(iii) (Extending Solutions): with assumptions in 2.4.1 

above, let y(t) be a solution of (2.1) on a maximum open interval 

J = (a,e)C R with e <~. Then given any compact(l) set KC W 

there is some t E (a,e) with y(t) i K. 

(The proof is on p. 172 of reference (15).) 

2.4.2. Connectedness 

In this section we formalize, in summary, certain intuitive 

notions. First we give the following definition: 

(a) A metric space is a set M with a real-valued 

function d(x,y) on M x M called a distance function 

satisfying the properties: 

(i) d(x,y)) 0; d(x,y) = 0 if and only if x = y 

(ii) d(x,y) = d(y,x) 

(iii) d(x,z) ( d(x,y) + d(y,z). 

Our intuition tells us that certain metric spaces seem to be 

composed naturally of pieces which are separate or disconnected from 

each other. 

(b) A connected metric space: A metric space X is 

connected if there do not exist two nonempty Qisjoint 

open sets 01 and 02 such that X = 01 U O2• 

(l)A set is compact if it ;s closed and bounded. 
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(c) Polygonal connectedness: A subset A of Rn is 

polygonally connected if any two points of A can be 

joined by a broke~ line(l) lying entirely in A. 

Theorem 2.3. An open subset of Rn is connected if and only 

if it is polygonally connected. 

(The proof is in reference (18), p. 68.) 

Theorem 2.4. If F is a continuous function from a metric 

space Ml to the metric space M2 and if A is connected in M1, 

then F(A) is connected in M2· 

(The proof is in reference (18), p. 67.) 

2.4.3. Stability 

The classical stability theory, that is summarized in this 

section, is used mainly to study small initial state perturbations on 

systems at steady state. We summarise, in particular, the 

linearization method and the Liapunov procedure. 

(a) Given DF(·), the linearization of F(·) in a 

nonlinear system (2.1) we can approxi~ate its behaviour 

near its zero, x*, by an analysis of the following 

linear system: 

. 
Sx = DF(x*)8X 

(l)A broken line consists of a finite number of straight 
line segment joined end to end. 
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ox(O) = oxO (2.2) 

where DF(o) is a constant n x n matrix and ox is 

the variable in the linear system (2.2). 

The solution for (2.2) is given by: 

(2.3) 

As we have seen, the general solution for (2.1) is a map, 

which we write as: 

(2.4) 

The following theorem relates the solutions (2.3) and (2.4). 

Theorem 2.5. (Hartman-Grobman). If x* is a hyperbolic 

equilibrium point for (2.1), then there exists a continuous map with 

a continuous inverse, h, defined on some ball, W, about x E Rm 

locally taking trajectories of the nonlinear flow of (2.1) to 

those of the linear flow ox(t) of (2.2). The map preserves the 

sense of the trajectories and can also be chosen to preserve 

parametrization by time. 

(The proof is on p. 244 in reference (14).) 

Theorem 2.5 above is one of the fundamental theorems of 

dynamical systems. It enables us to talk about the local behaviour 
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of the non-linear system (2.1) near a hyperbolic point by analyzing 

the behaviour of the equivalent linear system (2.2) near the point. 

The next theorem gives classification for the equilibrium 

points of (2.1) by analyzing the eigenvalues of OF(x*). 

Theorem 2.6. The equilibrium point x* of equation (2.1) 
is: 

(i) stable if there are no eigenvalues of DF(x*) with positive 

real parts and those with zero real parts are simple. 

(ii) asymptotically stable (a sink) if all eigenvalues of 

DF(x*) have n~gative real parts. 

(iii) unstable if at least one of the eigenvalues of DF(x*) has 

positive real part. 

(The proof is in reference (15), p. 187.) 

We summarize the theory in Theorem 2.5 and 2.6 in Table 2.1. 

Another method which has been popularized by such authors as 

R. E. Kalman and J. E. Bertram, (reference(16)), especially in 

problems associated w{th stability in design and control systems is 

the so-ca 11 ed "second-method" of L i apunov. 

(b) A Liapunov function: Let x* E X be a equilibrium 

point for equation (2.1). Let V:R n + R be a 

continuous function defined in X eRn, differentiable 

on X - x* such that: 

(i) V(x*) = 0 and V(x) > 0 if x"* x* 

(ii) ~(x) = ~t(V(x)) ~ 0 in X - x* or 
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(iii) ~(.) < 0 in X - x*. 

Then V(·) is called a Liapunov function. 

Table 2.1. Summary of Theorems 2.5 and 2.6. 

Equilibrium point oX = 0 
of linearized system (2.2) 

Stable node 

Unstable node 

Saddle point 

Stable focus 

Unstable focus 

Center 

Equilibrium point x = 0 of 
nonlinear system (2.1) 

Stable Node 

UnstablE' noele 

Saddle point 

Stable focus 

Unstab 1 e focus 

? 

Theorem 2.7 (Liapunov Theorem). Given V(.) as defined in 

2.4.3(b) above: 

(1) If V satisfies conditions (i) and (ii) then x* is 

stable. 

(2) If V satisfies conditions (i) and (iii) then x* is 

asymptotically stahle. 
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(The proof is on p. 193 of reference (15).) 

Theorem 2.7 has the particular strength that it can be 

applied loc~lly as well as globally (provided X = Rn) concerning 

the stability of (2.1) without solving the equation. 

However, the disadvantage lies in that it provides no cut

and-dried method of finding V(x). In the case of mechanics or 

electrical systems, energy is often used as a Liapunov function. For 

ecosystem models there is no "energy" as such. However, B. S. Goh in 

reference (11) has given several suggestions for good candidates for 

Liapunov functions. 

2.4.4. Controlling a System 

In this section we want to introduce an important variation 

of system (2.1). We then give some definitions and give some theory 

on controllability, reachability and the boundary of the reachable 

set. 

Suppose the dynamics of a physical system is represented by: 

~(t) = f(x(t),u(t)) 

(2.S) 

x(O) = Xo and t E [0,00) 

where 

(a) x(·) is defined under (2.1) 
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(b) u(.):[D,~J + UC Rm is the control variable and U is the 

control space; thence system (2.5) is an example of a 

controlled differential equation. 

(c) f(.):R~ x Rm + Xc Rn is assumed to be C1 so that for 

constant u(·) systems (2.1) and (2.5) are equivalent. 

Then the solution of (2.5) is a function 

~t(xo'u(.)) = x(·) that satisfies (2.5) and its initial conditions. 

We will reserve the words orbit and trajectory to refer, 

particularly, to this type of solution. 

Some preliminary definitions: 

(a) An initial state (point): Let ~t(xO'u(.)) he a 

solution for (2.5) in Rn. The set 

~t(xD'u(.)) = x(D), is called an initial state (set) of 

the system. A single member of x(O) is called an 

initial point of the system. In fact only one initial 

point may be of interest in the analysis of a problem. 

(b) A terminal set (point): If ~t(xo'u(.)) is a solution 

for system (2.5), the set 'T(xO'u(.)) = x(T) is called 

a terminal set of the system. One member of the 

terminal set is a terminal point. 

One of the central questions in control theory is whether a 

control u(t) can be found which will transform the initial state 

x(O) of system (2.5) to some desired terminal state x(T) in finite 
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time. This question is related to two important concepts in control 

theory: controllability and reachability which we now define. 

(c) Controllability: Given the following: 

(i) A class of admissible controls u(·) E U. 

(ii) The time interval [O,TJ, T > O. 

(iii) The system (2.5) whose orbit is 

I!'t(xo'u(.)) = x(t). 

An initial point x* E X for (2.5) is controllable to a 

terminal set x(T) if there exists a point x E x(T) and an 

admissible control u*(·) £ U such that for some t E [O,TJ and 

u*(·) E U, 1jJt(x*,u*(.)) = x. The set of an such points x* is 

called the controllable set C(x). 

2.4.5. Reachability 

Given the hypotheses in 2.4.4(c) above, a point x E Rn is 

reachable from an initial point x* E Rn of (2.5) if for 

t E [O,TJ there exists an admissible control IT(·) E U such that 

tJit ( x * ,u ( . )) = x. 

The set of all such points x is called the reachable set 

R(x*). 

The solutions tJit(x,u) may be bounded away from certain 

regi ons in X. In such a case there is then a boundary. 
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2.4.6. Boundary of the reachable set 

Central to management of systems under persistent 

disturbances are two questions: 

(i) Is the controlled system bounded relative to some 

desirable initial point x* E X? We ad~ress this 

question in Section 2.5.1. 

(ii) Secondly, given that a boundary exists, how does one 

find the bounda~ of the reachable set? To answer 

this question we give the controllability maximum 

principle of Grantham and Vincent. 

In 1975 Grantham and Vincent, reference (12), designed a 

method to generate aR(x*) called the controllability maximum 

principle. We simply state some of the salient points of this 

principle. Let the controlled system be given by (2.5), viz: 

. 
x = f(x(t),u(t)) 

x(O) = Xo 

(2.6) 

where f(·) and the variables are defined under (2.5). 

Assume that: 

(i) There exists a boundary trajectory 
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x*(t) (2.7) 

for system (2.6). 

(ii) There exists a corresponding admissible control 

u*(.) E U which maintains system (2.6) on the 

boundary of the reachable set, aR(x*). 

Then write: 

and the Hamiltonian 

H(A,x,u) T = >.. f(x,u), 

then there exists a nonzero continuous solution: 

n A(·):[O,T] + R 

to the adjoint equations: 

(2.8) 

~T = _ aH[>..(·),x*(·),u*(·)] = r(>..(.),x*(.),u*(.)) (2.9) 
ax 

such that 
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H(X,x*,u) ~ H(X,x*,u*) = 0 (2.10) 

for all t e: [O,TJ. 

The proof of this principle is found in reference (12). The 

principle gives necessary conditions for a control u*(.) e: U to 

generate a trajectory which lies in aR(x*). ~Je do this by solving 

systems (2.6) and (2.9) simultaneously and always satisfying (2.10). 

We see as a consequence of equation (2.10) that aR(x*) is 

not reachable from the interior of R(x*). Secondly, any control 

u*(·) that drives a system on aR(x*) must have started the system 

on aR(x*). 

2.4.7. Pareto Minimization 

As stated in Chapter 1 the manager wants to attain a maximal 

performance (output) index for his system. Often this index is 

vector-valued. We want to draw from literature some of the pertinent 

theory pertaining to the maximization (or minim'ization) of a multi

objective function. 

In optimizing a vector-valued cost function the concept of 

optimality takes on a different meaning than in the case of a scalar 

cost function. We make this fact clear in the following discussion: 

Let XC Rn be the state space in which minimization is 

performed. We state the minimization problem as 

min G(x) 
xeX 

(2.11) 
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subject to 

gi(x} = 0 for all i e: N1 = {l, ••• , n} (2.12) 

hj(X} ;> 0 for all j e: N2 = {l, ••• , q} (2.13) 

where is an r-dimensiona1 vector, 

unlike a scalar function in the case of scalar minimization. 

He assume that sca 1 ari zat ion, say by an averagi ng scheme of 

the components of G(x}, is not possible because the components are 

noncommensurab1e. One is, therefore, required to find a "minimum" 

for the multi-objective function (2.11). Vincent points out that it 

would not be an adequate generalization to seek an "utopia" point 

where all the components of (2.11) are simultaneously minimized. See 

reference 27, p. 71 and references (27) and (30). We defi ne a 

"minimum" point in the sense of a Pareto-minimal point. 

(a) A Pareto-minimal (undominated) point: A point 

x* e: X is a Pareto-minimal point for a vector-valued 

function G(x} = [G 1(x}, ••• , Gr(x}]T if and only if 

there does not exist a point x e: X such that 

G(x} (G(x*). Where the notation 

11(11, is due to the economist, Lin (reference (20)). \ole 

write 
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G(x) "< G(x*) (2.14) 

to mean that the value of G(.) at x is IIpartially 

less than ll its value at x*, meaning: 

(b) Partially less than: If Gl and G2 are two vectors 

of the same dimension with scalar components 
1 

[G1 ' 
1 T ••• , Gr ] and 2 

[G1 ' 
2 T ••• , Gr ] , respectively, then 

G1 "< G2 if and only if 1 G? for all we say G . .;; 
1 1 

i [1, r] and 1 2 for at 1 east one e: ... , G. < G. 
J J 

j e: [1, ... , r] where 11.;;11, 11<11 are the standard 

ordering in the set of numbers. 

It is clear that function G1 would be more prefered in a 

minimization problem than G2.So then in vector minimization one 

seeks to eliminate those points x e: X which are inferior (dominated 

by) to the Pareto-minimal point(s). It is, therefore, conceivable 

that an infinite number of points would constitute the undominated 

set. 

We next want necessary conditions that will lead to the 

Pareto-minimal point(s) in X. To that end we first define the 

following cones at x* e: X, as in reference (27), p. 84. 

ml T aG(x*) - } C = {x e: R x = n ---ax---,n > 0 

(2.15) 
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{ ml ATag(x*) + JlT ah(x*) K = X f: R x = ax ax' ,p ;;. 0 and Jl T h ( x*) = o} 

where the functions G(.), g(.) and h(·) are given in (2.11), 

(2.12) and (2.13), respectively. The cones C and K are the cost 

and constraint cones, respectively. 

We then give the following theorems whose proofs are in 

reference (27). 

Theorem 2.8 (Lemma 2.5 in reference (27)). If x* f: X is a 

regular point in X, then the tangent cone T to X at x* is 

given by: 

T = K*. 

(The proof is in reference (27), p. 41.) 

Theorem 2.9 (Lemma 3.5 in reference (27)). If x* E: Xis a 

local Pareto-minimal point for a vector-valued function G(.):X + Rr 

that is C1 at x*, then 

C~ n T = Q 

where T is the tangent cone to X at x*. 
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(The proof is in reference (27), p. 85.) 

Theorem 2.10 (Theorem 3.2 in reference (27)). cg n K* = ~ 

(K* = T) if and ony if C n K * ~. 
(The proof is in reference (27), p. 86.) 

We summarize these three theorems in Secti,on 2.4.7 by the 

following statement: At a regular point, x* E X, if x* is a 

Pareto-minimal point, then the cost cone, C, and the constraint 

cone, K, must intersect at x*. We use this fact in Chapter 4. 

Before concluding this section we want to point out that 

though the theory in this section is geared towards minimization, it 

can be used for maximization by simply negating the cost function. 

2.5. Some Extensions to the Theory 

2.5.1. Introduction 

The goal of this section is to provide some observation and 

theory in two areas we have defined and discussed in Section 2.4 

above; the areas are boundedness of a solution of a controlled system 

and the boundary of the reachable set, aR(*). 

2.5.2. Roundedness 

Under Section 2.4.6 we posed two questions that concern a 

manager of a physical system which is under some persistent control, 

like a disturbance. The first question, which we now want to answer, 

is whether the manager can know whether the system is hounded or 

not. Before we answer this question we want to define boundedness. 

34 



(a) Definition. System (2.5) is said to be bounded in 

X c: Rn if there exi sts a ba 11 B c: X sllch that every + 
solution of (2.5) with initial point in B remains in 

B for all future times. 

To answer the question of boundedness we use the Liapunov 

stability theory we stated in Section 2.4. We first examine a linear 

system with nonlinear control function; that is a quasi-linear 

system. We then state a lemma. for a linear system with linear 

control. Then using the ideas from the quasi-linear and linear 

systems, we give some theory concerning the boundedness of a special 

class of nonlinear systems with nonlinear control. 

(b) Linear system with nonlinear control function. Let the 

uncontrolled linear system be given by: 

x = Ax (t) 

x (0) = xo (2.1f)) 

where, A:Rn 
+ Rn is a stable n x n constant linear 

map. x e: X C Rn is a state vector in the state space 

X. t e: [O,co) is the time. 

Let the controlled system be given by: 

x = Ax ( t) + 9 ( x ( t ) , u ( t ) ) 
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x (0) = xo (2.17) 

where A, x and t are the same as in system (2.16). 

g(.):Rn x Rr 
+ X is a C1 function; 

u(.):[O,~J + U C Rr is the control vector and U the 

control space. 

We note that the right side of (2.17) is C1 in X, 

therefore according to Theorem 2.2 the solution of 

(2.17) exists and is unique. 

Theorem 2.11. Assume that: 

(i) x* E XC Rn is a global sink for system (2.16), 

(ii) there exists a finite constant vector 

9 E Rn such that 

g i ( .) "9i for all x EX, U ( .) E LJ 

and 'i = 1, 2, ••• , n. 

Then system (2.17) is bounded in X. 

Proof. With no loss of generality we can translate system 

(2.15) so that x* = o. 
Let V(x):Rn 

+ R be a suitable Liapunov function for 

(2.16). Then for the linear system (2.16) one can define 

(t.~.1R) 



where V(.) is positive definite and P is a n x n symmetric 

matrix; see reference (16). 

Then according to Theorem 2.7 

v ( x ) = ~t V ( x ) T • T = 2x Px = 2x PAx < O. 

Now using the same V(x) = xTpx for (2.17) and differentiating 

yi el ds 

V(x) 
T • T 

= 2x px = 2x P(Ax + g(x,u)) 

Since by hypothesis g(.) ~ g, then: 

(2.19) 

'( T T -V x) ~ 2x PAx + 2x Pg. (2.19)1 

In (2.19)1 2xTpAx < 0 by (2.19); also this term grows quadratically 

T- ( with x. However, the term 2x Pg in 2.19)1 grows linearly with 

x. Therefore, for some 1 arge IIx II, V( x) < O. Hence there exi st a 

B(O) with sufficiently large radius E > 0 such that the vector 

field in (2.17) crosses a level surface V(x) = k in 

13"(0) from outside in. Therefore, (2.17) is bounded in X. 

(c) Linear system with linear control functions. Let the 

uncontrolled system be given by (2.16) ana the 

controlled system by: 
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. 
x = Ax(t) + Bu(t) (2.20) 

where B:Rr + X eRn is a stable constant linear map. 

All other variables are defined in system (2.17). 

Corollary 2.1. If we assume that there exist constant 

vectors~, u e: U such that u. .. u. ( .) .. U. 
-1 1 1 

for all i = 1, 2, 

••• , n. Then (2.20) is bounded in X. 

Proof. The proof follows immediately from Theorem 2.11 by 

letting 9 = Bu. 
(d) Nonlinear system with nonlinear control function. We 

only consider the special case where the control 

function enters the uncontrolled system additively. 

Let the uncontrolled system be represented by: 

• A 

X = f(x(t)) 

(2.21) 

x(O) = xO 

where, all variables are defined under system (2.17). 

f(.):R: + R: is a C1 map (not necessarily linear) of 

the state space to itself. 

Let the controlled system he given by: 
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x = f(x(t)) + g(x(t),u(t)) (2.22) 



x(O) = xo 

where, all variables and g(.) are defined under 

(2.17). 
A 

f(.) is defined under (2.21). 

Let x* € X be an asymptotically stable equilibrium 

point for system (2.21), and assume that V(.):R n 
+ R+ 

is a suitable Liapunov function for (2.21). By Theorem 

2.7: 

~(x) = 'IV • x = 'IV • f(x) < O. (2.23) 

(i) First, consider now the derivative of V(x) for 

system (2.21) as applied to (2.22) 

A A 

V (x) = 'IV • (f (x) + 9 (x, u)) = vv • f ( x) + 'IV • 9 ( x, u) • 

To guarantee houndedness of the solution of (2.22) we 

require that for all x in some V(x) = k > 0 in a 

hall lr(x*) 

~ (x) = 'IV • f ( x) + 'IV • 9 (x, u) " O. (2.24) 

A 

Note that since by (2.23) 'IV· f(x) < 0 everywhere 

in X if for the second term in (2.24) the following 
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inequality holds: 

'VV • g(x,u) .. 0 (2.25) 

for every x € X on the level surfce V(x) = k, then 

in (2.24) V(x) < 0 for all x on V(x) = k. It is 

then obvious that if we let the radius of the ball 

'8"( x*) be equal to 

sup IIxll, 
X€V(x)=k 

then (2.22) is bounded in X since no trajectories of 

(2.22) starting in V(x) = k can leave ~(x*). 

(ii) We now state a sufficient condition for system (2.22) 

to be bounded in X. 

Theorem 2.12. Assume that x* is an asymptotically stable 

equilibrium point for (2.21). Let V(.) be a suitable Liapunov 

function for x* a sufficient condition for (2.22) to be bounded 

in X, is that for some sufficiently large k at each x on V(x) 

= k, 

IIg(.)1I .. IIproj"vVIl. 
f 
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Proof. (hypothesis). So 

,. 
II VV II II 9 ( • ) II ~ I vV • fl. 

Then by the Schwarz inequality 

,. 

I vV • 9 ( • ) I " II vV 1111 9 C· ) II " I vV • f I 
(2.26) 

,. 

IVV • g(·)1 " IVV • fl· 

It then follows from (2.23) that if (2.26) is satisfied so is (2.24). 

2.5.3. The Boundary of the Reachable Set 

In this section we prove that the boundary of the reachable 

set, aR(x*) is connected. We assume that system (2.5) is bounded 

and boundary control, u*(t) E U exists to generate the boundary of 

the reachable set, aR(x*); x* E X is an initial point for system 

(2.5). 

(a) Connectedness of aR(x*). Let the controlled and 

adjoint systems used in the controllability maximum 

principle be given by (2.5) and (2.9), respectively; 

viz: Controlled system: 
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• x = f(x(t),u(t)) 

(2.27) 

x(O) = xO' 

Adjoint system: 

~ = f(A(t),x~(t),u*(t)) 

(2.28) 

where x, t, u and f are given under system (2.5) 

and A = (AI' ••• , An) €: A eRn is the adjoi nt vector 

and A is the adjoint vector space. 

T( • ): Rn n 
x R+ x Rr 

+ Rn is a C1 function. Since the 

two maps in (2.27) and (2.28) are C1 , we can define a 

continuous map 

Q:A x X x U + aR(x*) (2.29) 

where Q = {f,f}. 

Lemma 2.2. If A, X and U are connected, so is 

r = A x X x U. 

Proof. Since there is a 1 - 1 correspondence between the 

elements of A and the first coordinate elements, A, of the 



product space f, we can define a homeomorphism(l) 

Now suppose f = 01 U 02 where 01 and 02 are non-empty disjoint 

open sets. 

Let Al be the set of all elements of A in 01 and A2 

be the set of all elements of A in °2· 

Then fi
1

(A1) and fil(A2) in A are disjoint, by proof of 

Theorem 2.4. And fi
1

(A1) U fi
1

(A2) = A. But this contradicts the 

assumption that A is connected. Therefore, no such sets 01 and 

02 exist in f. 

Note that either the second or third components of f can be 

used in the proof. 

Theorem 2.14. Let, A, X and U be defined under system 

(2.5); and 11 be defined by (2.29). If the boundary, aR(x*) of 

the reachable set for system (2.5) exists, it is connected. 

Proof. From Lemma 2.2 f is a connected set. Therefore, 

the continuous map, n:r + aR(x*), maps from a connected set to 

aR(x*) • 

(l)A homeomorphism is a continuous map with a continuous 
inverse. 

43 



By Theorem 2.4, aR(x*) is connected. That completes the 

proof. 

Corollary 2.1. Under the hypotheses of Theorem 2.14 aR(x*) 

is polygonally connected. 

This corollary follows directly from Theorem 2.3. since we 

are in Rn. 
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CHAPTER 3 

A CONTROL TO MAINTAIN A DESIRED 
STEADY STATE 

3.1. Introduction 

The goal of this chapter is to develop a simple but powerful 

management strategy for controlling a system that is under persistent 

disturbances. We use ideas from reachability together with 

Liapunov's "second method ll for stability. 

In system (2.5) we refer generally to the input function 

u(.) E U as a control. The control u(.) may consist of several 

input functions. To emphasize this fact we redefine system (2.5) as 

follows: 

• x = f(x(t),v(t),s(t),p) 

( 3.1 ) 

x(O) = xO 

where x(.) E X, t e: Rand f(.) are defined under system (2.5). 

v(.) e: ~ c Rm is the control used to stabilise the system 

without the uncertain disturbances. s(.) e: Sc Rm is the "noise" or 

uncertain disturbances on the system. We assume that s(·) is not 

directly manipulable by the manager; p e: Rn is the additional 

control used to establish the steady state as oesigned under the 

v(·) control. 
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We assume that, through some procedure, an optimal constant 

control v € ~ has been found; so that the system's performance 

index, without the uncertainties, is optimal at some isolated sink 

x* € X. A procedure for optimizing a vector-valued cost is set out 

in Section 2.4.7. It is clear that if the disturbances s(.) € S in 

(3.1) vanish, the additional control p € Rn also vanishes. 

Therefore, we let the optimally performing system at x* € X be 

given by: 

x = f ( x ( t ) ,v) 

(3.2) 

x (0) = x* 

where all the variables are defined under (3.1) and 

" n m n f(·):R x R + X c R + + 

is a C1 function. 

Suppose it is desirable to have system (3.2) at the 

asymptotically stable x* E X; it follows that in the presence of 

small initial state perturbations the system would stabilize back to 

x* E X. 
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3.2. Disturbing the System 

Many systems, for example ecosystems, are usually subject to 

disturbances which are different from the usually studied initial 

state perturbations. The assumptions about the disturbances below 

will make this fact clear. These disturbances enter the stable 

system (3.2) and drive it away from the desired state x* E X. 

3.2.1. The Disturbances 

We make the following assumptions about the disturbances: 

(a) They are persistent. 

(b) They are functions of time; so that the stationary points for 

(3.2) are lost as soon as the disturbances are introduced. 

(c) Their net effect on the system is quantifiable and bounded. 

(d) Lastly, we assume, as Lee and Leitmann in reference (19), that 

the disturbance functions enter the system additively. 

3.2.2. The Disturbed System 

Consider system (3.1) with p = 0 and v = V, where V is 

constant. Then using the assumption that these disturbances enter 

system (3.2) additively we now write the disturbed system as: 

x = t(x(t),v) + g(x(t),s(t)) 

(3.3) 

x(O) = x* 
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where (0) X X €, t € R, s(.) € Sand v(.) € ~ are defined under 

(3.1). f(.), and v € V are defined under (3.2). 

g(.):R~ x Rm + X c R~ is a C1 function. 

We make the following assumptions concerning system (3.3): 

(a) s(.):R + S C Rm the disturbance vector is hounded; so that 

there exist constant vectors ~, S € S such that 

s. " s.(·) .. s. for all 
-1 1 1 

= 1, 2, ... , n. 

(b) The disturbance space S contains the zero vector sl = ¢ so 

that g(x(t),sl) = ~ and, therefore 

f(x(t),V) + g(x(t),sl) = T(x(t),v). 

(c) For any constant s* € s, f(x(t),v) + g(>«t),s*) = 0 defines 

an isolated equilibrium point x € X. 

(d) There exists a constant vector function 9 € R~ such that 

g.(.) .. g. for all i = 1, 2, ••• , n. 
1 1 

(e) And lastly, we assume that the system (3.3) is bounded in X. 

Therefore, the reachable set and the boundary of the reachahle 

set, aR(x*), are well defined. 

3.3. Controlling the Disturbed System 

The "second method" of Liapunov is often used to provide a 

general approach to design and analysis of control systems: for 
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example Kalman and Bertram in 1960, (reference (16). Leitmann, 1983 

has, further developed this type of analysis for use with systems 

subject to uncertainties. For example in 1983 Lee and Leitmann in 

reference (19) made use of a previous result obtained by Corless and 

Leitmann, (reference (4)) in 1981 to stabilize a system similar to 

(3.3), without the restriction given here on g(o). However, their 

analysis requires a transformation of the state variahles in order to 

design the controller. We show here that this transformation can be 

avoided if one can use the reachable set concepts, given in Section 

2.4, together with Liapunov's "second method "• 

3.3.1. The Liapunov Function 

We assume that a suitable Liapunov function V(x) is known 

for the undisturbed system (3.2). Since the equilibrium point 

x* E X is assumed to be an isolated sink, from Theorem 2.7 we 

conclude that: 

V(x*) = 0 

~(.) = vV • r(x(t),v) < 0 

for all x * x* and x is in some compact subset of X. 

(3.4) 
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3.3.2. The Additional Control 

If adding a control to (3.3) makes it controllable then the 

disturbed but controllable system with additional control is given by 

x = r(x(t),v) + g(x(t),s(t)) + p (3 .. 5) 

where all variables are given under (3.1); f(.) is defined under 

(3.2); g(.) is defined under (3.3). 

The following theorem gives sufficient conditions for the 

control p to maintain the disturbed system in an e > 0 

neighborhood of the optimal, sink x* e X for (3.2). Let 

p. = max . I g . ( x ( t ) , s ( t ) ) I 
1 xeCl(R(x*)) 1 

= 1, 2, ••• , n. (3.6) 

se5 

Theorem 3.1. Let x* e cl(R(x*)) C X be an isolated sink 

for system (3.2) and an initial point for the disturbed system 

(3.3). Let e > 0 be a sufficiently small radius of a ball B (x*) 
e 

with center at x*. Adding the control 

= 1, 2, ... , n (3.7) 

to (3.3), (to obtain (3.5)) provides a sufficient condition for any 

X e Cl(R(x*)) to be controllable to B (x*) using (3.7) and for 
e 

(3.5) to be maintainable in Be(x*) for all future time. 
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Before proving this theorem, we note that there are two parts 

to it. The first part involves the controllability of all points in 

Cl(R(x*)) to B (x*). This part says that the disturbed system 
e: 

(3.5) can be driven by adding p forming (3.5) from any point in 

Cl(R(x*)) to x*. The second part says that system (3.5) can be 

kept in an e: > 0 neighborhood of x* for all future time. 

Proof of Theorem 3.1. The proof is by construction. 

As mentioned in Section 3.3.1 V(x) is a suitable Liapunov 

function for the undisturbed system (3.2). 

Now using the same V(x) on the disturbed but controllable 

system (3.5) and differentiating we obtain: 

~(x) = 'IV • [r(x(t),v) + g(x(t),s(t)) + p] 

(3.8) 

= 'IV • r(x(t),~) + 'IV • g(x(t),s(t)) + 'IV • p. 

For (3.5) to be controllable to B (x*) 'V(x) in (3.8) must 
e: 

be negative. The first term of (3.8) is negative, by (3.4). If, 

therefore, the last two terms of (3.8) are nonpositive under the 

control (3.7), equation (3.8) is negative. Using (3.6) on equation 

(3.8) we obtain: 

'IV • P = - I p. ~sgn~ = - I p ·I~I· 
i=11 aX i aX i i=11 ax; 

(3.9) 
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Similarly, for the middle term in (3.8) 

"IV • g(.) 

By (3.6) 

for all x e: Cl (R(x*)). 

n aV 
= L -g.(.). 

i =1 aX i 1 

for all = 1, 2, '." n (3.10) 

Hence by (3.4), (3.9) and (3.10) equation (3.8) is negative; 

which completes the proof. 

We note that since x* is not a sink for (3.5) its 

trajectories will not approach x* asymptotically. The numerical 

solution instead "chatters" in the neighborhood of x*. However, 

since V(x*) = 0 and is positive definite with respect to x* e: X, 

every trajectory of (3.5) starting in Cl(R(x*)) is maintainable in 

B (x*). 
e: 

In the next chapter' we show how thi s theory is used for a 

second order system. In Chapter 5 we apply the theory of this 

chapter to a grazing situation. 
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CHAPTER 4 

MAINTAINING A SECOND-ORDER SYSTEM 
AT A DESIRED STATE 

4.1. Introduction 

The goal of this chapter is to illustrate how Theorem 3.1 is 

used in a two-dimensional system. The reason for the choice of a 

second-order system is that it is amenable to geometric 

representation and analysis. Further, there are several examples in 

literature where the concepts of reachability have been used. 

First, we give a general two-dimensional model and then 

establish stable regions for it by using constant controls 

vI and v 2 € V. By using Pareto minimization we optimize it. To 

simulate the onset of the disturbances on the physical system we 

introduce "noise" to the model. Assuming boundedness for the 

disturbed system, we show how the controllability maximum principle 

is used to generate the boundary of the reachable set. Finally, we 

add additional control to maintain the system at the optimal state. 

The last section of the chapter concerns the stability 

conditions of equilibrium points of the disturbed system on aR(x*). 

Let the controlled second-order system be: 

xl = 9 1 (x l' x 2 ' vI' (Xl ) ; xl (0) = xl 0 
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(4.1 ) 

where aI' a2, € R are the intrinsic parameters governing the 

behaviour of the system; g. (o):R2 x R + XC Rare C1 functions , + 

= 1, 2; x = (x 1,x2) € X C R~ is the state space. Xo = x(O) = 

(xI0,x20) is the initial conditions for (4.1). v =(v 1,v2) € g C R2 

is the control for stabilizing and optimizing system (4.1). 

4.2. Stability Analysis 

The different control values (v1,v2) in (4.1) yield 

different stationary points. From (4.1) we form the following 

equations and then solve them in order to find these points 

(4.2) 

The equilibrium points (x1,x2) lie at the intersections of 

the graphs for the two equations in (4.2). At these intersection 

points the rates of change for xl and x2 are zero. 

A systems trajectory in the vicinity of an equilibrium point, 

(x1,x2) may be determined from the linear perturbation equation: 
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ag1 ag 1 • aXI aX2 oXI oX I 

(4.3) = • oX2 ag2 ag 2 oX2 
aXI aX 2 

where oX I and oX 2 are the small initial state perturbations in 

the neighborhood of the equilibrium state (xl ,x2); all pa rt i a 1 

derivatives are evaluated at the equilibrium points. 

The eigenvalues for the linear map (4.3) are given by the 

characteristic equation: 

which yields 

2 agl ag2 ag l ag2 
A _ - (- + -) A + ( ) ( ) aX I aX2 aX I aX2 

which is of the form: 

1.
2 - bA + c = 0 (4.4) 

where 



Stability requires that in (4.4) 

A < 0; hence b < 0 and c > o. (4.5) 

In a two-dimensional model it is easy to identify geometrically the 

regions in X where the stability criteria, (4.5) are satisfied. 

Figure 1 below illustrates this phenomenon. 

Figure 1 is obtained from a second-order prey-preditor 

system. To obtain the different regions in X we first solve and 

graph the equations b = 0 and c = 0; then at each region we test 

for the signs of equations c and b in (4.4) above. We note that 

in Figure 1 region TCDE is the only stable region. 

4.3. Optimality of System 

The goal of this section is to find vI and v2 that enable 

the system to give "maximum" yield. 

Suppose there are a several number of criterion functions 

that are used to measure the performance of system (4.1). Therefore, 

the cost function is vector-valued and hence "maximality" is 

interpreted in the Pareto-minimal sense. 

Let the constraints on the cost functions be of two types: 

the equality and inequality constraints. The equality constraints 

arise from the fact that optimality is constrained only to 

equilibrium points. The latter constraints come from the minimum 
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PREY 

Figure 1. Stability region for a second order prey-predator system. 

Taken from Vincent (reference (26)); only stable region 
at b < 0 and c > O. 
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output requirements that are expected of the system. To that end let 

the optimization problem be 9iven by: 

Max: 

. 
Gr (x1,x2,v1,v2) 

subject to: 

. 
hr (X1,x2,v1,V2) ~ 0 

where 91 (.), 92(') and all the variables are defined under 

equation (4.1) 

= 1, 2, ... , r. 

(4.6) 

(4.7) 
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We seek pairs of constant values (v
1
,v2) such that the 

performance index (4.6) subject to constraints (4.7) is maximized in 

the Pareto sense. Suppose the cost functions (4.6) together with the 

constraint set (4.7) define regular points in X. Then from lemmas 

in Section 2.4.7, the regular points where, the cost and constraint 

cones satisfy the condition: 

form candidates for the Pareto-minimal set. This set may consist of 

only one point. In such a case we talk of a Pareto-minimal point. 

We illustrate a non-Pareto-minimal point in Figure 2 below. 

In Figure 3 we illustrate a Pareto-minimal point. These figures are 

taken from Vincent et al., reference (27). 

4.4. Disturbing the System 

Having optimized the performance of the system we can now 

write (4.1) as: 

(4.8) 

where (v
1
,v

2
) are the controls which render system (4.8) optimal at 
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Figure 2. Cost and constraint cones at a non-Pareto-minimal point. 
Taken from Vincent et al~ (reference (27)}. Note that at 
y, C n K = <1>; hence y is a non-Pareto minimal point. 

~- 0 ,-

Figure 3. Cost and constraint cones at a Pareto-minimal point. 
Taken from Vi ncent et ala (reference (27)). Note that at y 
o 

Co n T = ~ ~ C n K f. cjl. Hence y is a Pareto-illinilllal point. 



the stable equilibrium x* = (xi,x2). We assume x* is a sink for 

(4.8). 

4.4.1. The Disturbances 

The persistent disturbances are assumed to affect only the 

parameters of the system additively; that is, 

A 

al (t) = al + SI(t) 

A 

a2(t) = a2 + S2(t) t E [O,T], T > 0 

where s(e):R + S C R2 is the vector of disturbed parameters. 

aI' a2 E R are given in system (4.1). 

(4.9) 

We assume that there are constant vectors a, b E S such 

that 

a(s(·)"b 

where S is the space of disturbances. 

4.4.2. The Disturbed System 

With introduction of the disturbances (4.8) now becomes: 
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(4.10) 

where all functions and variables have been defined in (4.8) and 

(4.9). 

We assume that system (4.10) is linear in s, thus: 

A 

Xl = gl(x1,x2,v1,a1) + gl(x1,x2)sl 

(4.11) 

A 

x2 = g2(x 1,x 2,v2,a2) + g2(X 1'X2)S2 

where gA(.):R2 x R2 + R2 is a C1 function and all other functions 
+ + 

and variables are defined in (4.8) and (4.9). 

We assume that there exist real constants ~1' and 92 such 

that for the disturbance functions: 

We then examine if the disturbed system (4.11) is bounded 
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in X. If so, we can then generate the boundary of the reachable 

set, aR(x*). 

4.5. Boundedness and aR(x*) 

4.5.1. Boundedness 

In a two-dimensional space it is easy to see the full import 

of inequality (2.26) in the proof of Theorem 2.12. We want to 

illustrate it geometrically as well. Let the suitable Liapunov 

function for the undisturbed system (4.8) be 

Then by Theorem 2.7 

(4.12) 

(4.13) 

Using the same V(x1,X2) on the disturbed system (4.11) anrl 

differentiating: 

(4.14) 
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According to inequality (2.26) in the proof of Theorem 2.12 

the sufficient condition for the disturbed system (4.11) to he 

bounded is: 

(4.14)1 

It is obvious in (4.14) that if (4.14)1 is true along some 

V(x 1,x2) = k1 > 0, then the first term of (4.14) is large~ than or 

equal to the second term for the same k1• Since by (4.13) the first 

term is always negative, then ~(x1,x2) in (4.14) will be negative 

along the level curve V(x 1,x2) = k1 > 0; which in turn implies that 

(4.11) is bounded. We now want to illustrate this phenomenon in a 

diagram. 

It is evident from Figure 4 that no trajectories of the 

disturbed system can escape from V(X1,X2) = k1. However, since 

V(x1"x2) = k2 intersects aR(x*) the trajectories in Int R(x*) 

could be going in vairious directions depending on the different 

constant values 5(·) € S and the initial points in Int R(x*). 

4.5.2. The Reachable Set 

Assume that the disturbed system (4.11) is bounded and that a 

pair 5(.) = (51,52) € S exists such that 5(.) keeps the solution 

of (4.11) on the boundary of the reachable set. Then as explained in 

Section 2.4.6 we can use the controllability maximum principle to 

generate the boundary. 
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X, 

Figure 4. Trajectories of disturbed system and level curves for (4. 11). 

Trajectories of (4.11) cross V{x) kl from outside in 
showing boundedness of (4.11). 



To that end let the adjoint variables be: 

(4.15) 

Then the Hamiltonian function is 

The adjoint system is then 

. aH A A 

A1 = -ax
1

- -a[A1(91 (e) + S191(e) + A2(92(·) + S292(e))]/ax1 
(4.17) 

e aH A A 

A2 = - 1G<2- -a[A1(91 (e) + S191(e)) + A2(92(·) + S2 92(e))]/ax2• 

Then by inte9rating system (4.11) jointly with (4.17) and 

always seeking to maximize H(.) to zero, we generate the 

boundary. The principle requires that the initial point for the 

integration be on the boundary. Hence without an a priori knowledge 

of a point on aR(x*) it may be difficult to start the integration 

usin9 the principle. However, if boundary control u(e) E U (or 

5(·) E S) is constant the equilibrium points corresponding to this 

control may lie on aR(x*) and would be a natural point to start the 

system. 
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Fisher and Goh in reference (8) found that in competition 

models the equilibrium points associated with the boundary 

disturbance, s lie on aR(x*). In Sectin 4.7 we prove that 

equilibrium points which lie on aR(x*) are stable provided they 

satisfy certain conditions. For now we note that since the 

disturbances s1(') and s2(')' respectively enter the disturbance 
" A 

functions g1(') and g2(') linearly, a switching strategy is 

necessary in the implementation of the principle. Such strategy is 

gi ven by 

where _ aH 
<11 - as- and 

1 

(4.19) 

An example of a boundary, aR(x*), which is generated by the 

principle using strategy (4.19) is given in Figure 5. 

The equilibrium points A, B, C and D correspond to the 

four possible pairs of extremal values for the control. The arrows 

on aR(x*) indicate the sense in which each segment of aR(x*) is 

generated. Even though the different pieces of aR(x*) are 

generated separately, as would be expected from Theorem 2.14 they are 

connected. 
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Figure 5. Boundary of the reachable set. 
Trajectories of disturbed system with additional control move 
towards x*. 



4.6. Maintaining the Disturbed System 

Having generated aR(x*) for system (4.11), we want to use 

Theorem 3.1 to drive it back to x* and maintain it there. We 

assume here, as we did in Chapter 3, that additional control can be 

added to system (4.11) to render it controllable. Thence let the 

disturbed but controllable system be given by: 

(4.20) 
,. 

X2 = 92(x1,x2,v2,a2) + g2(x1,x2)s2 + P2 

where all the variables and functions are defined under (3.1). 

Let V(X1,X2) be a suitable Liapunov function for the 

undisturbed system (4.8); so that V(x*) = 0 and ~(x) < 0 for 

x * x*. Therefore, 

(4.21) 

for x * x*. 

As we did in Section 4.5.1 we use the same V(x) for system 

(4.20) and take the derivative to get: 

(4.22) 
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. av av aV 
+ s 2 ~x 2 ( .) + PI - + P 2 -. 

a 2 aX1 aX2 

Since (4.20) must be controllable to x* ~(x) in (4.22) 

must be negative. The first two terms of (4.22) are negative by 

(4.21). So we see th~t the last four terms must be non-positive. 

As in equation (3.6) we let 

(4.23) 

Then by Theorem 3.1 the sufficient control, P = (Pl,P2) is: 

aV 
PI = -Plsgn [ax] 

1 
(4.24) 

aV 
PI = -P2sgn [ax]· 

2 

In Figure 5 we show a sketch of the following example where 

such a control is used. 
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This example shall be discussed fully in Chapter 5. 

4.7. The Eguilibrium Points on aR(x*) 

4.7.1. Introduction 

We mentioned in Section 4.5.2 that the equilibrium points for 

the disturbed system (4.11), that lie on aR(x*) provide a natural 

starting point for generating the boundary, aR(x*) using the 

controllability maximum principle. 

Several observations have been made concerning the nature of 

the equilibrium points for controlled systems. In 1980 Vincent 

(reference (29)), observed that in a two-species prey-predator model 

for Krill and Whale, the linear map of the system evaluated at the 

equilibrium points on aR(x*) (or in Int (R(x*)) has negative, 

real eigenvalues. Fisher and Goh (reference (8)) made a similar 

observation for two-species prey-predator, host parasite and 

competition models. 

In this section we prove several lemmas and a theorem 

concerniny equilibrium points on aR(x*). 

As we have done before, we want to refer generally to a 

control u(.) E: U, with no distinction as to whether it is a "noise" 

or is a deliberately introduced input function. 
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To that end let the controlled system be given by: 

where all variables, 9 (.) 
1 

are defined in (4.1). 

u1(·) and u2(·) e; U are control variables on the system. 

(4.25) 

Let x e; aR(x*) be an equilibrium point for (4.25) relative 

to the constant boundary control u = lu2'u2) e; U. 

4.7.2. Eigenvalues at Equilibrium Points on aR(x*) 

In system (4.25) write g(.) = [g1(·),g2(·)]. Therefore the 

linear map evaluated at x is 

ag i 
Dg(X) - aX

j 
x=x i, j = 1, 2, (4.25)1 

Lemma 4.1. Let x e; aR(x*) be a hyperbolic equilibrium 

point for system (4.25) relative to some constant boundary control 

u = (u1,u2) e; U. Then the linear map Dg(x)lx=x for (4.25) has real 

eigenvalues. 

Proof. sup~ose Dg(x)lx=x has complex eigenvalues. then 

the flow oX = eDg(X)toxo' as defined by equation (2.4), spirals 

into (or out of) x. 

72 



By Hartman (Grobman's) Theorem (Theorem 2.5), the 

trajectories of (4.25) near x also spiral into (or out of) x, 
which implies that for some t > a the solution of (4.25), with· 

initial point in R(x*), crosses aR(x*). But this contradicts 

reachability. Hence eigenvalues of Dg(x) are real. 

4.7.3. Stability of x on aR(x*) 

Suppose the control space U contains the identity 

control,(l) u
1 

= (u lI ,u 2I ); so let the undisturbed system from 

(4.25) be given by 

(4.26) 

where all the variables and 91(·) and g2(-) are given in (4.25). 

Let x* = (xi'x'2) be a sink for (4.26), (that is, 

independent of control); and B(x*) be the basin of attraction for 

x*. We suppose that the reachable set, R(x*) and its boundary, 

aR(x*) exist for (4.25). Let ~t(x,u) indicate the solution 

(orbit) for (4.25). 

(l)Identity control is the control that transforms the dynamics of 
the controlled system back t its uncontrolled form. In many 
instances the identity control is called the zero control (i.e., 
uI = ). 
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Lemma 4.2. If X E R(x*) is not an equilibrium state for 

(4.25) relative to any fixed control U E U, then there exists some 

x * X, and ~ E R(x*), such that ; E R(x). 

Proof. Since x E R(x*) then there exists tl E [O,T] and 

U E U such that starting (4.25) at x* 

'i't (x,iJ) = x. 
1 

Then from the continuity of flow (Theorem 2.2) (and the fact that 

is not an equilibrium state) there exists t2 > tl such that 

which completes the proof. 

'i't (x,u) = x * x 
2 

-x 

Lemma 4.2 says that the reachable set for any non equilibrium 

x E R(x*) exists and can be extended. 

Lemma 4.3. Let x* = (xi,x2) be an initial point for the 
~ 

disturbed system (4.25); and let x E R(x*). Then for the same 

[O,T] and U, R(x) c R(x*). 

Proof. Suppose the contrary is ture so that there is 
'" 

X E R(x) and x i R(x*). Since x E R(x*) then there exists 

u* E U and tl E [O,T] so that, with the initial point x* for 

(4.25) 
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( *) - .... 'l!t x,u - x. 
1 

(4.27) 

And since by assumption x € R(x), then for t2 € [O,T], u € U and 

initial point x for (4.25) 

(4.28) 

Since (4.25) is a dynamical system, (4.27) and (4.28) imply that 

~ € R(x*), which contradicts the assumption that ~ i R(x*). Hence 

R (x) =- R ( x*) • 

Next let x € R(x*) and R(x) be a bounded reachable set 

from x. 

Lemma 4.4. Let x* = (x* x*) 
l' 2 be a sink for (4.26) and 

B(x*) be the basin of attracti on for x*. If R(x*) '= B(x*), then 

R(x*) = R (x), for any X € R(x*). 

Proof. Since x € R(x*) by Lemma 4.3 

R(x) ::. R(x*). 

By hypothesis 

R(x*) c B(x*). (4.29) 

Since U contains the identity control, it follows that: 
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B(x*) c C(x*) (4.30) 

where, C(x*) is the controllable set to x*. Therefore, from 

(4.29) and (4.30), 

R(x*) ~ C(x*). (4.31) 

It then follows from Lemma (3.4) in reference (9) that: 

R(x*) = R(x). 

From the analysis in Lemmas 4.2, 4.3 and 4.4 we note that every point 

of R(x*) has R(x*) as its reachable set whenever U contains the 

identity control and x* is a sink. 

In the'next theorem we shall consider an equilibrium point 

for system (4.25) under constant control u ~ U that is on the 

boundary of the reachable set. 

Theorm 4.1. Let x = (x1,x2 ) ~ aR(x*) be the only 

equilibrium point in Cl(R(x*)) for (4.25) under constant control 

U E: U. If x is hyperbolic and aR(x*) is compact, then x is 

asymptotically stable 

Proof. If x is hyperbolic it is a spiral, a source, a 

saddle or a sink. We know it is not a spiral from Lemma 4.1. We 

shall rule out the remaining possibilities in a series of lemmas. 
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Lemma 4.5. Let x € aR(x*) be a critical point for (4.25) 

relative to the boundary control u € U. Then no closed orbit, y 

can enclose x. 
Proof. This Lemma follows from the fact that R(x*) is 

positively invariant and a closed orbit enclosing x € aR(x*) would 

contain points in Ext(R(x*)), thereby violating reachability. 

Lemma 4.6. Let x € aR(x*) be the only critical point for 

(4.25) in Cl(R(x*)) relative to the constant control 

u € U. Then the reachable set R(x*) contains no closed orbit, y, 

relative to u € U. 

Proof. Suppose such y exists in R(x*). Then it follows 

from Theorem 16 of reference (1) that y contains at least one 

equilibrium state. By assumption x is the only critical point for 

(4.25) relative to IT € U and by Lemma 4.5 no closed orbit encloses 

x. Then such y does not exist in R(x*). 

We are now ready to prove that it is not a source. 

Lemma 4.7. Let x = (x1,x2) € aR(x*) be a critical point 

for the controlled system (4.25), under constant (boundary) control 

u € U. If x is a hyperbolic critical point and is the only 

critical point in Cl(R(x*)) for (4.25) under boundary control 

U € U, then x is not a source. 

Proof. The proof is by contradiction. Suppose x is a 

source. Therefore, both eigenvalues of Dg(x) are positive. Let 
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xo e:: aR(x*) be an initial point for (4.25). Since R(x*) is 

pos it i ve ly invariant relative to (4.25) under U, 'l't(x,u), the flow 

of (4.25), is in R(x*) for all ° .. t. Since Cl(R(x*)) is 

compact and positively invariant, by Proposition (b) on page 240 of 

reference (15) the L (xo) is in Cl(R(x*)). Assuming that L (xo) 
w w 

is nonempty by the Poincare'-Bendixon Theorem (Theorem 1.8.1 in 

reference (13), L (xo) contains a critical point or is a closed 
w 

orbit. 

But by assumption there is no other critical point in 

Cl(R(x*)) besides X; and by Lemma 4.6 there is no closed orbit 

in R(x*). Hence, x is the only possible critical point in 

L (xo). But that is not possible if we assume x to be a source. 
w 

So we have a contradiction. We' conclude that X is not a source. 

In the next few paragraphs we want to present some 

preliminary concepts which have much bearing on the theory that 

follows. 

First we define the local stable and unstable manifold of 

x, W~ oc (x) and WU (-) loc x , respectively, as foll ows: 

s - ,. 
Wloc(x) = {x e:: KIIYt(x,u) + x as t + 00, and 

" 'l't(x,u) e:: K for all t ;;. o} 

W~ oc (x) 
" = {x e:: Klli't(x,u) +x as t + _00 , and 
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~ 

~t(x,u) € K for all t ( o} (4.32) 

where KC Rn is a neighborhood of the fixed point x and u € U 

is a constant control. 

It is useful to note that since R(x*) is positively 

invariant, so is Cl(R(x*)). This follows from continuity with 

respect to initial conditions. 

Next we give the following definition. 

Definition 4.1. A homoclinic orbit, H(X), is an orbit that 

connects a fixed point x to itself. 
~ 

Lastly, before we state the next lemma, we define Dg(x) to 

be the linearization of (4.25) under constant control u € U, 

evaluated at the critical point x. 

Next we want to show that Y is not a saddle. We show this 

by contradiction. 

Suppose x is a saddle with one eigenvalue of Dg(x) 

positive and the other negative. Since x is a hyperbolic critical 

point by Hartman1s Theorem (Theorem 2.5), there is a homeomorphism 

from the orbits of (4.25) near x to those induced by the linear map 

Dg(i). 

It then follows from the Stable Manifold Theorem in reference 

(13), p. 13 that for the two dimensional saddle, there exists a one 

dimensional stable and a one dimensional unstable manifold, Wfoc(x) 

and wU
l (x), (respectively) near x. oc 
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We note that each manifold is made out of two parts: 

To show that x is not a saddle it suffices to show that 

W~ and W~ are empty. K can be chosen small enough that there are 

only two possibilities for WU and Wu: + 
{l) One of WU or WU lies entirely in Cl(R(x*)). + -
(2 ) Both WU 

+ and WU lie entirely in Ext(R(x*)). 

If this were not true WU 
+ (or W~) would enter and exit Cl(R(x*)) 

in any small neighborhood of X, which contradicts its positive 

invariance. 

Now we show that the two cases each lead to a contradiction. 

Lemma 4.8. Under the same assumptions for x and aR(x*) 

as in Lemma 4.7, if in addition x E aR(x*) is assumed to be a 

saddle for (4.25), then W~oc(x) has no points in common with 

Cl(R(x*)). 

Proof. Without loss of generality assume that 

W~CC1(Rx*)). Let x EW~. It follows by Proposition (b) on page 

" 240 of reference (15) that L (x) C Cl(R(x*)). By the Poincare l
-

w 
,. 

Bendixon Theorem (Theorem 1.8.1 in reference (13)), L (x) 
w 

contains 

a critical point or is a closed orbit. By Lemma 4.6 it cannot be a 

closed orbit. And since x is the only critical point in 
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" Cl(R(x*)) for (4.25) under U E U, then x = L (x). It follows then 
w 

that x has a homoc1inic orbit as shown in Figure 6 or 7. 

We recall that Now let 0 > ° be small enough that 
" the vector field in the neighborhood, No(x) n R(x*) points only in 

one direction (away from x). Such a choice of 0 is possible from 

continuity of flow near W~. Let N (x) 
E 

be a small neighborhood of 

" x such that No(x) n N/x) t- <p. 

Define a cone ~ = {x E R(x*) n N (x)}. Let 
E 

xo E ~ n NE(x) n No(~). See Figure 8. Then draw a local section, 

xo " u S through to x E W+. Note that the vector field along 

No(~) n S points only in one direction (away from x) • 

Then we foll ow an orbit 'l't(x,u) of (4.25) from the initial 

point xo• Due to the vector field at xO, 'l't(x,u) moves away from 

x. By extendibi1ity of orbits (Theorem 2.2) 'l't(x,u) can be 

extended in 

invariant, 

R(x*). Since C1(R(x*)) is compact and positively 

L (xO) c C1(R(x*)). By Poincare'-Bendixon Theorem 
w 

L (xO) is a closed orbit or contains a critical point. By Lemma 4.6 
w 

there is no closed orbit in R(x*). 

't(xo,~) lies arbitrarily near x 

,. 
Therefore, x E L (x). 

w 

for large enough t. If it is 

close enough it will cross S between xO and ; for some T > t, 

at xl. See. Figure 8. 

Let L c S be the line segment joining xO and xl and 

D be the region enclosed by 't(x,u) and L. 
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Fi2ure 6. aR(x*) as a homoclinic orbit. 

Figure 7. Stable and unstable manifolds in a(x*) with honoclinic 
orbi t H. 
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Figure 8. The positively invariant region D. 
Arrow on L shows direction of the vector field. 



Since the vector field across L pOints from Int(D) to 

Ext(D), Cl(D) is negatively invariant. Therefore, by Proposition 

(b), p. 240 of reference (15) for any x E Cl(D), L (x) C Cl(D). 
ex 

By 

the Poincare'-Bendixon Theorem L (x) is a closed orbit or contains 
ex 

a critical pOint. But as we have seen above neither exist in 

R(x*); so we have a contradiction. 

It follows that there cannot be a homoclinic orbit in 

Cl(R(x*)). Therefore, W~ ~ Cl(R(x*)). 

Next we want to show that W~ or WU cannot be in 

Ext(R(x*)). 

Lemma 4.9. Under the same assumptions for x and aR(x*) 

as in Lemma 4.8, Wl
u (x) - x cannot lie entirely in Ext(R(x*)). oc 

Proof. Define a set C = {x E Ext(R(x*)/"X - x" = E}, where 

E > 0 is a small real number; see Figure 9. 

Assume that wU
l (x) lies entirely in Ext(R(x*)). Let the oc 

two portions of aR(x*) near x be labelled aR(x*)1 and 

aR(x*)2· 

We note that, with this assumption, the four parts of the two 

manifolds (together with the two portions of aR(x*) near x) must 

be arranged in such a way that one of the w~ (or W~) is adjacent 

to a portion of aR(x*). By "adjacent" we mean that vJ~ (or W~), 

aR(x*) and C enclose an open region 6, such that the 

intersection of Cl(e) with any part of W~oc(x) or W~oc(x), 

t Wu (or Wu_),,' t F f WU WU • excep + s emp y. or suppose none 0 or +' S 
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Figure 9. Stable and unstable manifolds entirely in Ext(R(x*)). 



adjacent to a portion of aR(x*). Since x is assumed to be a 

hyperbolic saddle, the structure of the manifolds near x would 

violate Hartman's Theorem (Theorem 2.5). 

Therefore, with no loss of generality, assume that w~ is 

adjacent to aR(x*)l; see Figure 9; otherwise, if Wu- (other than 

w~) is adjacent to a portion of aR(x*) we close w~. 

Let x e: WU n C + ' and 0 > 0 be a small real number such 

'" that No (x) is a small neighborhood of x and the small arc 

'" S = c n No(x) is transverse to the vector field, f. To say that 

sec is "transverse" to f means that f(x) I:. C for all x e: S. 

In parti cul ar f(x) '" 0 for x e: S. Such a choice of 15 is assured 

by the conti nuity of flow near u W+. 

Let Xo e: S n 6. Then we follow the trajectory, '¥t (xO,u) 

of (4.25) as t + -co. Let 

X e: w! n {xlIlX - xII = e:}. 

Pick a small neighborhood M of x not containing x. From 

the structure of the flow near x, which is given by Hartman's 

theorem, '¥t(xO'u) e: M for some large negative t. 

First we note that since WU is adjacent to aR(x*), then + 

w~ n Cl(e) =~. Secondly, note that there are three possible 

locations for w!: 
( 1) W! C I nt (R (x*) ) • 
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(3) W! C Ext(R(x*)) as in Figure 9. 

Third, we note that in all three cases, since x E aR(x*), ~t(xO'u) 

must intersect Int(R(x*)). But that contradicts the fact that 

R(x*) is positively invariant. Therefore, W~ (or W~) 

~ Ext(R(x*)). 

This completes the proof of Theorem 4.1. 

We note that in Lemma 4.8 we prove the following. A 

homoclinc orbit connecting a hyperbolic equilibirum point to itself 

encloses at least one equilibrium point. 
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CHAPTER 5 

MAINTAINING AN OPTIMAL GRAZING LEVEL 

5.1. Introduction 

Consider a mixed pasture which consists of one grass and one 

legume. By the word "mixed" we mean that each plant type (grass and 

legume) is seeded in such a way that it grows randomly between the 

other. 

Several herbivor.es of the "same type" graze on the pasture. 

By "same type" we mean that the animal populaton is more or less 

homogeneous as far as their food intake is concerned. 

The environment where the pasture is located is subject to 

many unpredictable fluctuations in the temperature and rainfall. The 

bounds on the resul tant 'effect of these fl uctuat ions are known a 

priori. 

The goals of the manager of the pasture coincide with those 

given in Chapter 1; viz. 

(a) He wants to graze the pasture at such a level that, with all 

things equal, the combined dynamics of the plants and 

herbivores is at steady state. 

(b) He wants to have an optimal number of herbivores grazing in the 

pasture in order that he maximizes the steady state yield from 

the animals. The yield might be in the form of milk, meat, 

etc. We assume that the yield per animal is in direct 
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proportion to the amount and quality of nutrients the animal 

eats, barring its physical limitations. 

(c) Lastly, he wants to maintain his optimal steady state yield 

despite the environmental fluctuations. 

There could be several reasons why a manager would want to 

have a mixed pasture. We only mention two. The first one is 

nutritional. Animals like humans need a balanced diet. This comes 

from eating a variety of food stuffs with different food values. The 

different grasses provide the needed variety for the herbivores. 

Secondly, while the legumes are a good source of the protein that the 

animals need, they have the tendency to cause ruminants to bloat if 

fed to the latter fresh. However, if the animals are fed the grass, 

in addition to the legume, the chances of bloat are greatly 

reduced. The grass provides the extra dry matter, which the animals 

need to avert bloat. 

The procedure for analyzing this problem is first to 

approximate the dynamics of the interactions of the members of the 

ecosystem by a model. Then following the same steps as in Chapter 4, 

we establish stable regions for the model using constant control. 

Then we find optimal steady state grazing levels. We then introduce 

disturbances to the optimally performing system. After testing the 

disturbed system for boundedness we generate aR(x*). Lastly, using 

Theorem 3.1, we design the additional control which drives the 

disturbed system back to its optimal state and maintain it there. 
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5.2. The Model 

5.2.1. Dimensionalized Model 

The following model is due mainly to I. Noy Meir (reference 

(23)). It is essentially a Lokta-Volterra competion model with 

harvest rate terms, d1~ 

Let the dynmaics of the system be given by 

where (N 1,N2) € X c R; and N1 and N2 are the respective 

abundances of the legume and grass; c1 and c2 E R+ are the 

(5.1) 

intrinsic growth rates for the legume and grass, respectively. 11 

and 12 are, respectively, the saturation levels for the legume and 

grass; 0.12 € R is the interference factor on c1 (or C2) due to 

the crowding effect by the grass (or 1 egume) ; d1 and d2 € R+ are 

the respective consumption rates of N1 and N2 per herbivore unit; 

v is the number of herbivore units grazing on the legume and grass. 

Note that for v = 0 equation (5.1) represents the natural 

dynamics of the legume and grass. Also at low abundances of Nl 

and N2 function (5.1) represents exponential growths of the legume 

and grass. If we multiply out the right hand side of (5.1) and let 

v = 0 we notice the following: the second terms, 
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-C2N~/I2' refer to the interference on the growth rate of the legume 

(grass) by the increased abundance of the legume (grass). The last 

terms, -cl Nl N2/I l and -c2Nl N2/1 2, refer to the interference on 

the legume (grass) by the increased abundance of the grass (legume). 

The grazing rate functions as expressed by dl~ and 

are independent of Nl and N2. This assumes that the rate at which 

the legume and grass are eaten by the animals is constant. 

5.2.2. The Non-Dimensionalized Model 

We non-dimensionalize model (5.2) by the following variable 

transformation 

and- T = tc 1 
(5.1)1 

where xl, x2' v and T are the non-dimensionalized variables 

corrsponding, respectively to the abundances of the legume and the 

grass, the herbivore level, and time. By letting 

(5.l)" 

the non-dimensionalized grazed model becomes 

. 
xl = gl(xl ,x2,v) = xl(l - xl - a12 rx2) - d1v; xl (0) = xlO 

(5.2) 
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We note that v (the herbivore units) is the control that the 

manager uses to influence the natural dynamics of the ungrazed 

system. The ungrazed system can be written straight from (5.2) as: 

. 
91 (xl'x2) x1(1 - xl - Q12 rx2); xl (0) 

-
xl = = = xlO 

(5.2)' 
. 

92 (xl'x2) ~x2(1 - x2 - Q12 xl/ r ); x2(O) x2 = = = x20 • 

The following values for the parameters in (5.2) are based on 

computer simulation runs using the model 

Q12 = .5, r = .9, ~ = .35, d
l 

= .17, d2 = .06. (5.2)" 

To find the equilibrium points for system (5.2)' we solve the 

equations 

A A 

g 1 ( .) = 0 and g 2 ( .) = 0 

which yield one equilibrium point in .67) • It 

can be shown that this equilibrium point is a global sink in R2 +. 

5.3. Stability Regions for Grazed System 

For each constant v in (5.2) each of the following 

equations generates a curve in 
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(5.3) 

The curves are called isoclines. The points where the isoclines 

intersect are the equilibrium points. 

To identify the stable equilibrium points, we examine the 

eigenvalues of the following linear system, as in equation (4.3) of 

Chpater 4 

agl a9l 
• oXl aX2 o xl oX l (5.4) = • ag2 ag2 o x2 oX2 aXl aX 2 

where OX l ' oX 2 are small derivations in the equilibrium values 

of xl and x2, respectively. All partial derivatives are 

evaluated at the equilibrium point for (5.2). 

The eigenvalues of the linear map in (5.4) are given by 

equation (4.4) viz. 

A2 - bA + c = 0 

where band c are defined Jnder the same equation (4.4). And 

since according to (4.5) stability requires that b < 0 and c > 0 
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we first identify the curves in R2 where b = 0 and c = O. 
+ 

Therefore, using system (5.3) to evaluate band c as defined by 

(4.4), we get: 

(5.5) 

Then writing x2 in terms of xl in (5.5) and substituting 

the parameter values from (5.2)" gives: 

X2 = -1.90xl + 1.17 

Using equation (5.6) we draw the regions shown in Figure 

10. Stable equilibrium points could only be in the region where 

b < 0 and c > 0 

(i.e., TCQ in Figure 10). 

(5.7) 

We then solve for v in the first equation of (5.3) to get: 
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Figure 10. Stability regions. 

Stable region only at TCQ. 



(5.8)1 

Then substituting the result into the second equation of 

(5.3) we get the following single equation: 

.39xI - (.02x2 + .39)x1 + .35x2 - .35X~ = O. (5.8) 

Equation (5.8) yields all the points in the R~ plane that 

are equilibrium points relative to the different constant values of 

v in (5.3). 

The curves labelled E01 and E02 in Figure 11 are the 

graphs of equation (5.8). Note that only the short segment OP of 

E01 is the stable region, TCO in Figure 11. Therefore, only 

equilibrium points on OP are stable. 

5.4. Equilibrium Point Optimality 

Having found all the stable equilibrium points in Section 5.3 

above, we now determine the stable point (or points) which yield 

maximal performance index for the herbivores. As mentioned in 

Chapter 4, the performance index is assumed to be a function of the 

proportional amounts and value of the nutrients in the animals 

diet. We assume that the pasture provides all the nutrients the 

animal needs in as far as the latter affects the performance index. 

Therefore, the manager wants to choose a grazing level (or levels) 
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Figure 11. Stable equilibrium points. 

Stable equilibrium points only on QP in TPCQ. 
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v g V such that optimality with respect to the total nutrient intake 

for the animals is satisfied •• 

According to Or. W. H. Brown, the animal nutritionist at the 

School of Agriculture at the University of Arizona, by and large the 

quality of an animal's diet is based on three categories of 

nutrients: protein (P), dry matter (OM) and total digestible 

nutrients (TON). 

The figures below are obtainable from Ensminger and Olentine, 

reference (7). Because of its popularity as a leguminous feed, 

figures for alfalfa are used for the legume. Figures for Bermuda are 

used for the grass. The reason for the choice of Bermuda is that it 

is a hardy grass; further from the figures below it does provide a 

fair amount of dry matter that the animal needs in order to avert 

bloat. 

Therefore, let the legume contain 

24% dry matter (OM) 

4.7% protein (P) 

14% total digestible nutrients (TON). 

Let the grass contain: 

39% dry matter (OM) 

3.6% protein (P) 

(5.9) 
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23% total digestible nutrients (TON) 

An average size beef animal has the following approximate 

minimum daily requirements for these nutrients 

O.M. Protein TON 

22 lb/day 1.16 1 b/day 10 1 b/day (5.10) 

To formulate the objective function we note from equation 

(5.3) that at an equilibrium point the per unit time herbivore 

herbage intake is given by: 

for the legume 

(5.11) 

Y2 = d
2
v/r for the grass. 

Then,using the data in (5.9) together with the equations in 

(5.11) we define the following vector-valued objective function: 

Min: G1 (.) = -(. 24Y l + .39Y2) (OM) 

G2(·) = -(. 05Y 1 + •04Y 2) (P) 

G3(·) = -(.14Y1 + .23Y2) (TON). 

(5.12) 

We note in (5.12) that the negative signs on the functions on 

the right make this optimization problem a maximization one, even 
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though it is stated as a minimization problem. That is, we are 

maximizing each of the dietary inputs. 

This maximization is to take place subject to a number of 

constraints. Equation (5.8) must be satisfied in order to ensure 

that maximization is done at equilibrium points. 

(1) So the first constraint is given by equation (5.8). 

Then to limit the optimization to the stable equilibrium 

points (i.e, segment OP in Figure 11) we need two inequalities. 

From (5.5) and (5.7) we must have c > 0 and from (5.3) one of the 

equations must be included as an inequality constraint. Therefore, 

the next two constraints are: 

(5.13) 

(3) .32X~ + (1.4x 1 - .86)x2 + .35 + .39xi - .90x 1 > O. 

Three other inequality constraints come from the minimum 

daily requirements for the nutrients in (5.10). Each of the 

equations in (5.12) must be greater than or equal to the minimum per 

unit herbage requirements in (5.10). We scale the data in (5.10) by 

multiplying each figure by 0.17. Then using the scaled data and 

equation (5.12) we obtain the following constraints: 

100 



(4) •24Y l + .39Y2 - 3.74v ;> 0 (OM) 

(5) •05Y l + .04Y2 - .20v > 0 (P) (5.14) 

(6) .14Yl + .23Y2 - 1.7v > 0 (TON). 

To have the objective functions in (5.12) and the constraint 

functions in (5.13) and (5.14) written in terms of xl and x2 

only, we substitute equation (5.8) into each of these functions. Then 

we plot the constraints in R; as shown in Figure 12. Notice in 

Figure 12 that constraints (3), (5) and (6) are automatically 

satisfied if the constraints (1), (2) and (4) are satisfied. We also 

notice in the same Figure 12 that, as mentioned earlier, optimization 

is constrained to the small segment OR on E01· 

Therefore, using the parameter values (5.2)", the final form 

of optimization problems is: 

Min: G1 ( • ) = .24x1 + 2 .24x1 + .19x1x2 - .14x2 + 2 .14x2 (OM) 
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G2 ( • ) -.05x1 + 2 + .03x1x2 - .Olx2 + 2 (P) (5.15) = .05x1 .01x2 

G3 ( • ) -.14x 1 + 2 +.10x 1 x2 - .08x2 + 2 (TDN) = .14x 2 .08x 2 

Subject to: hI ( • ) = -.19x 1x2 + .35x 2 - 2 .35x2 ~ 0 



c=o 
(3) 

0'4- j.Q 

Figure 12. The six constraints and the optimization segment QR. 

Constraints (3), (5) and (6) are automatically satisfied 
when (1), (2) and (4) are satisfied. Hence will be 
omitted. 
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g ( • ) 
2 2 

= .39x1 - (.02x1 + .39)x1 + .35x2 - .35x2 = 0 

Next we evaluate the constraint cone, K and the cost cone 

C on QR (in Figure 12). Note that from the definition of the 

constraint cone, K in (2.15), K is only defined at the end 

points, 0 and R of the segement QR. Further, at each end 
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point K is evaluated using only the constraints that are active at 

the endpoint. It is, therefore, clear that the only candidates for a 

Pareto minimum in OR are the end points, 0 and R. The 

coordinates for these points are, respectively, (.73, .59) and (.72, 

.56). 

Then, using the definition of the cones in (2.15), we write 

the constraint cone, K as: 

(5.16) 

where only the first and second terms apply at 0 and the first and 

third terms apply at R; the symbol "[ J" indicate a vector. Then 

KI(.73,.59) = A[.17,-.08J + IJ 1[-·11,.20J (5.17) 



104 

and is shown at 0 in Figure 13. Also 

KI(.72,.56) = X[.16,-.06] + ~2[·58,.96] (5.18) 

and is shown at R in Figure 14. The cost cone, C is given by: 

(5.19) 

Then 

which is the cost cone, C shown at 0 in Figure 13. Also 

which is shown at R in Figure 14. 

It is apparent then from Figures 13 and 14 that C K * ¢ 

only at R; which, according to Theorem 2.10 shows that R(.72,.56) 

is the only Pareto-minimal point. 

Using these optimal state values in the first equation in 

(5.3) and solving for V, yields V = 0.11 as the optimal grazing 

level. 



Figure 13. Constraint 

Note that 
point. 

(K) and cost (C) 

C n K = cjJ so that 
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cones at Q. 
Q is not a Pareto-minimal 
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Figure 14. Constraint (K) and cost (C) cones at R. 

Note that k n C f 9) at R; so R is the only Pareto
minimal point. 



Having maximized the grazing level at the steady state 

(.72,.56), we want next to simulate the effect of the environmental 

fluctuations by introducing disturbances to the optimal system. 

5.5. Disturbing the Optimal System 

The optimal system at the optimal steady state is given by: 

where v E ~ is the optimal grazing level at x* = (xi,x2) 
= (.72,.56). 

(5.22) 

Due to fluctuations in the environment, the steady state 

cannot be maintained without some additional control on system 

(5.22). To simulate the fluctuations we introduce disturbances 
A A 

sl (.), s2{·) E S, to the intrinsic growth rates c1 and c2 of 

system (5.1). We assume that these disturbances only affect these 

growth rates additively, thus: 

A A 

c1{·) = c1 + sl{·) 

(5.23) 
A A 

c2{·) = c2 + s2(·) t E [O,TJ, T > 0 

where ~{. ):R ~ S c R2 is the disturbance vector ~(.):R ~ S c R2 
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is the disturbed new growth rates; c1, c2 E R+ are the original 

growth rates. 

We assume that these disturbances are larger than initial 

state perturbations and are persistent. Further, we assume that 

there exist constants, b E S such that 
,. 

for every a, a .. s(·) .. b 
,. 
s ( • ) E S. 

Then the disturbed system is given by: 

• 
,. ,. ,. 

N1 = (c1 + sl(·))N1(1 - N1/I1 - a12 N2/I1) - d1 v 

(5.24) 

• 
,. ,. ,. 

N2 = (c2 + s2(·))N2(1 - N2/12 - a12N1/I2) - d2v 

,. 
where s ( • ) is defined under (5.23) and all other variables are 

defined under (5.1). 

By using the variable transformations in (5.1) I and (5.1)" we 

nonqimensionalize (5.24) to yield the following disturbed system with 

its initial pOint at the optimal steady state, 

(5.25) 

where 5
1
(.), 5

2
(.) E S are the nondimensionalized disturbances and 

Ii is the optimal grazing level. 
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Using unpublished forage data provided by Or. W. R. Kneebone 

in the College of Agriculutre at the University of Arizona, we 

established the following nondimensionalized ranges for the 

disturbances: 

-.74 ~ sl (.) ~ 1.35 

(5.26) 

Having disturbed the optimal system we then want to check its 

boundedness; if it is bounded we shall then generate the boundary of 

the reachable set using the controllability maximum principle. 

5.6. Boundedness for the Disturbed System 
and the Reachable set 

5.6.1. Boundedness for the Disturbed System 

First we expand the disturbed system (5.25), and then work 

with the expanded form: 

• 
xl = xl(l - Xl - a 12rx2) - dlY + sl(·)x l (l - Xl - a 12rx2) 

(5.27) 

x2 = sx2(1 - x2 - a 12xl /r) - d2v + s2(·)x2(1 - x2 - a12/rx1)· 

System (5.27) can be written as 



,. 
x2 = 92(xp x2,v) + 52(. )g2(xp x2) 

where 5(·) = s2(·)/S and g1 (.) and g2(·) are the grazed 

functions defined under (5.2); and 91 (.) and 92(·) are the 

ungrazed functions defined under (5.2) I. 

(5.27)1 

As in Section 4.5, to check the boundedness of (5.27) we seek 

a Liapunov function V(x1,x2), for the stable and optimal system 

(5.22). Then we use V(x1,x2) with the disturbed system (5.27). 

As suggested by B. S. Goh, (reference (11)) we let 

2 
= 2: c.(x. 

. 1 1 1 1= 
x'lr 

1 

x· . 1) xil n(~ 
1 

where cl and c2 are arbitrary constants, and 

(5.28) 

(xi,x2) = (.72,.56) is the optimal sink for system (5.22). It can 

be shown that V(x 1,x2) in (5.28) is a suitable Liapunov function 

for (5.22) with ~ < 0 in some region enclosing (xi,x2). 
Then using V(x1,x2) from (5.28) on the disturbed system 

(5.27) and letting c1 = c2 = 1 we get: 

( 5.29) 
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For the solution of (5.27) to be bounded in 

in (5.29) must be negative along some level curve V(x1,x 2) = k 

enclosing x*. 

From (5.27) and {5.27)1 we note that 

A 

gl ( .) = gl ( .) - d1 V 

Then using (5.30) on (5.29) and simplifying we get 

(5.30) 

(5.31) 

From the optimization in Section 5.4 we found that V = .11 

and from (5.2)" d1 = .17 and d2 = .06. Therefore, in (5.31) 

(nearest 100th). (5.32) 

Also in (5.31) we note from the ranges of sl(·) and s2(·) 

in (5.26) that 
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Then we substitute (5.32) and (5.33) into (5.31) and 

evaluating ~(x1,x2) along level curves of V(x1'x2) = k; for 

k = .16 we found that O(x1,x2) is negative along the level 

curve. But ~(x1,x2) was both positive and negative for 

k ~ .0002. 

(5.33) 

These numerical results do not provide a closed form proof 

that (5.27) is bounded in some region about x*; but they provide 

sufficient information to show that the disturbances do disturb 

system (5.27) out of x* and that the disturbed system is bounded. 

5.6.2. The Boundary of the Reachable Set 

From the analysis in Section 5.6.1, we then can use the 

controllability maximum principle to generate aR(x*). For the 

disturbed system (5.25) the Hamiltonian equation is: 

As in (4.17) we write the adjoint system for (5.31) as 

(5.34) 
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As prescribed in (4.19) the switching functions are: 

aH 
A1 x1(1 - xl - .45x2) 0'1 =-= 

as 1 

aH 
A2x2(1 - x2 -.56x1)· 0'2 = aS

2 
-

Then using the swtiching criteria in (4.19) and the 

disturbance ranges in (5.26) we obtain the following switching 

strategy : 

and s2{·) 
if 0'1 < 0 

= 1.71 if 

- .18 if 

(5.35) 

(5.36) 

(5.37) 

The question of where to start the simultaneous integration 

of (5.25) and (5.35) in order to generate the boundary, we note that 

in {5.2)1 the dynamics of the legume and grass growing together gives 

rise to the competition model. As mentioned in Section 4.5.2 Fisher 
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and Goh, in reference (8), observed that in competition models the 

equilibrium points associated with the extremum values of s(·) in 

(5.26) lie on aR(x*). We show the four disturbed equilibrium points 

in Figure 15. They are labelled A, B, C and O. x* is the 

optimal steady state prior to the disturbances. 

Having determined these points we use the controllability 

maximum principle to start the system at these points and generate 

parts of aR(x*). According to Theorem 2.14 and its Corollary, 

aR(x*) is polygonally connected. Therefore, as expected, all the 

parts of aR(x*) generated this way connect together to form a 

connected boundary, as shown in Figure 16. 

In Figure 16 and Table 5.1 below we show the switching 

strategy, as was used to generate aR(x*). The four disturbed 

equilibrium points are A, B, C and O. At AI and 0 1 

additional switching takes place. 

The arrows in Table 5.1 indicate the direction of 

integration. We found that there was no boundary disturbance 

(sl,s2) E S that could drive the system, using the controllability 

maximum principle, from points Band O. 

The question arises as to whether there exists a disturbance 

in S such that 0l(t) = 0 and 02(t) = 0 on a nonzero interval of 

[O,TJ. Such a disturbance is called a singular disturbance. To 
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Figure 15. Isoclines for di sturbed system (5.25). 
The system is used with the extremal values (5.26). 
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Figure 16. Reachable set, R(x*), with aR(x*). 

The control switches at A, AI, 0 1
, 0, C, and B. 



Table 5.1. SWitching order. 

Seg. Part of aR(x*) Boundary Disturbance 

1 A + AI 1.35 .71 

2 A + B - .74 -.18 

3 C + B .74 -.18 

4 C + 0 1. 35 .71 

5 0 1 + 0 1. 35 .71 

6 AI + 0 1 1.35 -.18 

investigate this possibility we form time derivatives 0l(t) and 

02(t) and set them equal to zero. Viz.: 

• aol • ao l • aol • 
0 °1 = FAI +-x l +-x2 = 

1 aX l aX 2 
(5.3R) 

• ao2• ao2• ao2 • o. 
°2 = aTA2 +~ + --=x = 

2 aXl 1 aX2 2 

Then using (5.5), (5.25), (5.36) and (5.37) to expand (5.38) 

and rearrange terms, yields the following homogeneous system with 

Al and "2 as the independent variables: 
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A1 [·02n3 + .45X1n1 (·35 + S2) - .01] + A2[.9x2n2(.35 + S2)] = 0 

(5.39) 

where 

Since the determinant of the coefficient matrix in (5.39) 

does not vanish for any x € Cl(R(x*)) and s € S, we conclude that 

the only solution for (5.39) would be h1 = h2 = 0, which 

contradicts the controllability maximum principle. Therefore, there 

is no singular control. 

5.7. Maintaining the Disturbed System 

In Section 5.6 we generated aR(x*) for the disturbed system 

(5.25). In this section we want to use Theorem 3.1 to design a 

control p = (Pl,P2) which we can append to (5.25) in order to 

maintain stability at the optimal sink x* = (.72,.56). Assuming, 
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like in Chapter 4 that we can append a control, p = (P1,P2) to 

(5.25) to make it controllable, let the disturbed but controllable 

system be given by: 

(5.40) 

The Liapunov function for the undisturbed optimal system (5.22) is 

9iven by (5.28) with (xi,x2) = (.72,.56). 

We let 

(5.41) 

where 91 (.) and 92(.) are as shown in (5.27) and (5.27) I j viz.: 

" 
91(·) = x1(1 - xl - .45x2) 

(5.42) 
" 
92(·) = .35x2(1 - x2 - .56x1)· 
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It can be shown by elementary calculus that the equations in (5.45) 

each have a critical point in Ext(R(x*)). Therefore, since each of 
,., 

92(·) is continuous in the compact subset Cl(R(x*)) gl ( • ) and 

of X, they each have a maximum in aR(x*). 

From numerical calculations of 91 ( .) and 92(·) in 

aR(x*) we obtained the following results: 

P2 = .004. (5-.43 ) 

By Theorem 3.1 the desired control is 

(1 
__ .72) PI = -.11 sgn 

xl 

4 (1 _ .56). 
P2 = -.00 sgn x

2 

Then the disturbed but controllable system is given by: 

(5.44) 

(5.45) 

x2 = x2(1 - x2 - .56x1)(.35 + s2(·)) - d2v - .004 sgn (1 - .;:). 
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In Figure 17 we show how the constant extremal disturbances 

in (5.26) drive the system (5.25) from the optimal state 

(xi,x2) = (.72,.56). They, however, cannot drive the system out of 

aR(x*). Then in Figure 18 we show how the additional control in 

(5.45) drives the system back to (xi,x2) = (.72,.56) and maintain it 

there. 
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Figure 17. Effect of extremal disturbances (5.26) on (5.25). 

Broken lines are trajectories of disturbed system (5.25) . 

• 



TR ~:) E C To R I E s 
S':I 5'T f: "" (5' Ltq) 

Figure 18. Effect of additional control on disturbed system. 
Broken lines are orbits of disturbed system with 
additional control. 

123 



REFERENCES 

1. Andronov, A. A., E. A. Leontovich, I. I. Gordon and A. G. Maier, 
(1973). Qualitative Theory of Second-Order Dynamic Systems, 
John Wiley and Sons, Inc., New York. 

2. Brauer~ F. and J. A. Nohel, (1969). The Qualitative Theory of 
Ordinary Differential Eguations, W. A. Benjamin, Inc., New 
York. 

3. Brogan, W. L., (1974). Modern Control Theory, Quantum, New 
York. 

4. Corless, M. J. and G. Leitmann, (1981). "Continuous State 
Feedback Guaranteeing Uniform Ultimate Boundedness for Uncertain 
Dynamic Systems", IEEE Trans. Automat. Contr., Vol. AC-23, No. 
6. 

5. DaCunha, N. O. and E. Polak, (1967). "Constrained Minimization 
Under Vector-Valued Criteria in Finite Dimensional Space", J. 
Math. Anal. Appl., 19, No.1. 

6. Denni s, Robert, (1981). "Management of Parenni alI rri gated 
Pastures", Cooperative Extension Service, University of 
Arizona, College of Agriculture, Tucson, Q420 and Q421. 

7. Ensminger, M. E. and C. G. Ol.entine, Jr., (1978). Complete 
Feeds and Nutrition, Clovis, Calif. 

8. Fisher, M. E. and B. S. Goh, (1980). "Nonvulnerability of Two 
Species Interactions", Lecture Notes in Biomathematics, Vol. 4, 
pp. 133-150. 

9. Gayek, Jonathan, (1984). "Approximati ng Reachable Sets for a 
Class of Linear Systems Subject to Bounded Control ", Ph.D. 
Dissertation, Program in Applied Mathematics, University of 
Arizona, Tucson, Arizona, U.S.A. 

10. Goh, B. S., (1976). "Nonvulnerability of Ecosystems in 
Unpredictable Environments", Theoretical Population Biology, 
10, pp. 83-95. 

11. Goh, B. S., (1980). Management and Analysis of Biological 
Populations, Elsevier Scientific Publishing Company, New York. 

124 



12. Grantham, W. J. and T. L. Vincent, (1975). "A Controllability 
Minimum Principle", J. Optim. Theory and Applications, 17, pp. 
93-114. 

13. Gunkenheimer, John and P. Holmes, (1983). Nonlinear 
Oscillations, Dynamical S~stems and Bifurcatlons of Vector 
Fields, Applied Mathematlcal Sciences, Sprlnger-Verlag, New 
York, Inc., Vol. 42. 

125 

14. Hartman, Philip, (1964). Ordinary Differential Eguations, John 
Wiley and Sons, Inc., New York, London, Sydney. 

15. Hirsch, M. W. and S. Smale, (1974). Differential Equations, 
Dynamical Systems and Linear Algebra, Academlc Press, Inc., New 
York. 

16. Kalman, R. E. and J. E. Bertram, (1960). "Control Systems 
Analysis and Design via the "Second Method" of Liapunov. A 
Continuous Time System", J. Basic Engineering, Vol. 81-82, pp. 
371-393. 

17. Keyfitz, N., (1977). Applied Mathematical Demography, Wiley
Interscience, New York. 

18. Kuller, G. Robert, (1969). Topics in Modern Analysis, 
Prentice-Hall, Inc., Englewood Cliffs, N. J. 

19. Lee, C. S. and G. Leitmann, (1983). liOn Optimal Long Term 
Management of some Ecological Systems Subject to Uncertain 
Disturbances",Int'l. J. Syst. Sci. 

20. Leitmann, G., (1978). "Guaranteed Ult imate Boundedness for a 
Class of Uncertain Linear Dynamical Systems II , IEEE Trans. 
Automat. Contr., Vol. AC-23, No.6. 

21. Leitmann, G., (1981). The Calculus of Variations and Optimal 
Control, Plenum Press, New York and London. 

22. Lin, J. G., (1977). "Proper Inequality Constraints and 
Maximization of Index Vectors", J. Optim. Theory and Appl., 21, 
No.4. 

23. Noy-Mei r, I., (1981). "Th eo ret i ca 1 Dynami cs of Compet i tors 
Under Predation", Oecologia (Berl), 50, pp. 277-284. 

24. Raven, F. H., (1978). Automatic Control Engineering, McGraw
Hi 11, New York. 



25. Vidyasagar, M., (1978). Nonlinear Systems Analysis, Prentice
Hall, Inc., Englewood Cliffs, New Jersey. 

26. Vincent, T. L., (1980). "A Vulnerability Analysis of a Prey
Predator Model Under Harvesting", Lecture Notes in 
Biomathematics, Vol. 40, pp. 112-132. 

27. Vincent, T. L. and W. J. Grantham, (1981). Optimality in 
Parametric Systems, John Wiley and Sons, Inc., New York. 

28. Vincent, T. L. and G. Leitmann, (1970). "Control-Space 
Properties of Cooperative Games", J. Optim. Theory and Appl., 
6, No.2. 

29. Vincent, T. L. and Janslaw M. Skowronski, (1980). Editors, 
Renewable Resource Management, Springer-Verlag, Berlin, 
Heidelberg, New York. 

30. Yu, P. L. and G. Leitmann, (1975). "Compromise Solutions, 
Domination Structures and Salikuadzes Solution", Multicriteria 
Decision Making and differential Games, Ed., Plenum, New York. 

126 


