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PREFACE
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I have waited ten years for this occasion to thank Elias Toubassi
for investing many summer hours in my mathematical education, despite the
fact that at that time the Riemann integral was still more my foe than
friend.

I hope this work proves worthy of the confidence which my wife,

my parents, Elias Toubassi, and John Falmer have expressed in me.

iii



TABLE OF CONTENTS
Page
ABSTRACT...Cl....0.0..0.........C.l.......l......‘....... v

INTRODUCTION.....Q...'..........Q....l..;...........‘...Ol 1

CHAPTERS
1.
The restricted unitary group, Ur"""" 9
2. ~
The affine extension Ur. evesessenssessees 20
3. N .
The adjoint action of Ur' escessssssosesse 25
4, R
The predual coadjoint action of Ur' seess 37
5.
The restricted orthogonal group Or""" 50
6. A
The spin extension and or' - ¥ |
7.
The predual coadjoint aection for Spinsesses 65
8.
The basic representation. cececcecscscccses 74
9.
Measures in infinite dimensional
Grassmann ManifoldSe secesessccsccccaccaas 91
Part 1: The key lemma
Part 2: Invariant measures
Part 3: The analogue of Gausian
measure
10.

The inner product for the basic
representatione esesevssosccsccssccscccese 124

REFERENCESI.O..‘...........‘..'....'........Q........... 127

iv



ABSTRACT

The representation theory of infinite diﬁensional»groups is in its
infancy. This paper is an attempt to apply the orbit method to a particular
infinite dimensional group, the spin extension of the restricted unitary
group.

Our main contribution is in showing that various homogeneous spaces
for this group admit measures which can be used to realize the unitary

structure for the standard modules.



INTRODUCTION

In the theory of affine Lie algebras, it is commonplace to embed
the loop algebra in the algebra of all sz matrices of the form
(aij)' where (aij) has only finitely many nonzero diagonals — a loop

: +N
of the form | AKCK corresponding to the periodic (Toeplitz) matrix
. =N

4 4 4,
Ay | A b . -

The affine extension of the loop algebra is then induced by a certain
central extension of this Lie algebra of nonperiodic matrices.

This paper primarily concerns applying the orbit method to a
Banach Lie group which corresponds. to the central extension of the
nonperiodic matrices. Some of the results are analogous to thosa known
for affine Lie algebras, as we will point out below. Virtually all of
this paper is based in one way or another on the works of_David Shale
and Graeme Segal.

Here is a description of the contents:

Chapters 1 and 5 concern the restricted unitary group, U_, and

r

the restricted orthogonal group, Or, respectively. The group 0r was

discovered by Shale: 0r consists of those orthogonal operators which,
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~as automorphisms of.the Clifford algebra,.are implementable in a certain
spin representation. As matrices the elements.of 0, have the
form g -.(% g), where b is almost finite dimensional (Hilbert-
Schmidt). The extension to which we referred earlier is defined by the
spin representation. To understand the representation (and hence the
extension), it is useful to view 0, as the product of the
subgroups {(* 7)} and {(% 2): a = 1 + trace class}. Reconstructing
0r analytically from this decomposition occupies most of Chapter 5
(that the latter subgroup is naturally a Banach Lie group seems quite
amazing to me). Analogous produgt decompositions are considered for
U. 1in Chapter 1.

Chapter 2 concerns the affine extension of U., and Chapter 6
concerns the extension of 0, defined by the spin representation.
These extensions (over the connected components of U, and O,
respectively) can be realized in two essentially equivalent ways:
(1) as Baer products of groﬁps, or (2) as quotients of semidirect
products. The first realization is due to Graeme Segal (althcugh I do
not know if he thinks of his model as a Baer product of groups). It
has ;he distinct advantage that it restricts to a model for the affine
extension of loops in a natural way. The second is useful for computing
the adjoint action, and it also is natural from the viewpoint of an
analogy with Mackey's normal subgroup analysis. Since this viewpoint is
quite attractive and only implicit in tﬁe paper, I would like to briefly

explain.

Suppose G 1is a group, N 1is a normal subgroup, 6 is a G
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orbit in the dual of N, L is a fixed representation in 8, and G; is

the stabilizer. For our analogy, ﬁodulo a few details, one should think
of G = O0(HR), N = 0;(HR) = {g ¢ O(HR): g = 1 + trace class}, 6 the
orbit of spin representations, L = fixed spin representation, and Gj =
Or’ the corresponding restricted orthogonal group. The first problem
in normal subgroup analysis is that of extending L from N to Gy
The extent to which this is possible is measured by the so-called ﬁackey
obstruction, F, a central unit circle extension of GL/N which is
characterized by the condition that L does extend to a representation
of the Baer product of F and (unit circle) x G. If L is realizable
via the orbit method, say L corresponds to f ¢ n* (E.” Lie algebra

of N), then the Mackey obstruction is generally the middle group of

the sequence

1+ Nf/N-;- > Gf/N-; > cf/Nf + 1,
where Ng is the kernel of the character corresponding to £. This
basically follows from the fact that L can be extended to the
semidirect -product N x; Gg, for the quotient of the semidirect by the
kernel of the extension of L is the Baer product of Gf/Nf and (unit
circle) x G, hence the assertion follows by uniqueness of the Mackey
obstruction. In terms of our analogy,

i/2

£ = _1/2] » G = {(a ;) € Or}, which is isomorphic to a full

unitary group U(W,), and the Mackey obstruction is given by



U W,) : u(w,) u(w, )

1+ /sul(w+) *F= /sul(w+) * /ul(w+) * 1

where SU, (W) = {q ¢ Uy(W,): det g = 1}. The Baer product

Su is basically the realization of Segal.
1

The semidirect product is 0,(Hp) x, Uw,).

U U
of ( I/SUI) x 0 and F = "/

Of course, as we mentioned before, this paper concerns
principally the orbit method applied to the extensions of . Ur and
Or’ not the full orthogonal group (although this ﬁay be interesting).
Hence we have suppressed the viewpoint just expressed. At any rate the
reader is forewarned of my preoccupation with semidirect products.

One of the details we overlooked above is that the spin
representation for O0;(HR) is projective; spin is a faithful ordinary
representation for the double cover of OI(HEQ,. usually
denoted Pin_. It also turns out to be necessary to extend spin (by
continuity) from 0; to a subgroup (0.)x which we refer to as the
predual of 0r (because on the level of Lie algebras, it literally is
the predual); the corresponding double cover of (Or)* is denoted
Ping,. To show the representation extends we have chosen to use (in a
nonessential way) a theorem of my adviser, John Palmer, which is an
analogue of the Nelson analytic vector theorem for the spin
representation. It asserts that the Lie algebra of 0r can be
represented projectively by skew-adjoint operators on a common dense

group invariant domain. I have included it because it seems quite
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satisfying technically, although we have not found any applications for
which it is essential.

In Chapter 3 the adjoint action for the affine extension of
U. 1s computed in two ways: (1) by simply integrating the infinitesimal
action and (2) by using the semidirect product formulation.

Chapters 4 and 7 are devoted to the coadjoint action restricted
4to preduals for the extensions of Ur and Or, respectively. There is
an interesting feature shared with affine algebras: the problem of
parameterizing predual coadjoint orbits of U, is quite intractable,
while fhe corresponding problem for affine predual orbits (those
consisting of functionals which dé not vanish on the center of the
extension) is tractable. In the case of affine algebras the fundamental
result of Frenkel and Segal is that each smooth affine orbit contains a
constant loop. In our case the fundamental result is that each affine
predual orbit contains a diagonal operator.

That the usual Borel-Weil comstruction can be extended to this
infinite dimensional setting to realize the representations
corresponding to the integral predual orbits has basically been observed
by Robert Boyer and Graeme Segal (Boyer has constructed models for the
representations which vanish on the center of the extension, while Segal
has constructed the analogue of the basic representation for affine
algebras - the general case is just a mixture of the two). The analogue
of this construction for affine Lie algebras 1s apparently soon to be
published in a forthcoming book by Graeme Segal and A. Pressley.

The most important part of this paper concerns the unitary
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structure of the representations above. The idea is contained in the
geometric quantization interpretation for the Segal-Bargmann
construction of the oscillator representation: view the representation
space as holomorphic sections of a line bundle divided by a fixed
nonvanishing section, i.e. as holomorphic functions on the base space;
now recover the usual inner product via the L2 inner product relative
to Gaussian measure, The key point here is that this works in infinite
dimensions, since the polynomials of a finite number of variables are
dense. In our case there does not exist a nonvanishing section, but we
persist anyway, realizing the representation on a space of me:omorphic
functions. In graph coordinates these turn out to depend on finitely
many variables. The relevant measure is an analogue of Gaussian measure
in infinite dimensional flag manifolds.

We have chosen to work this out in the single case of the basic
representation. The base space is then a Grassmann manifold, for which
the notation is less cumbersome than for a more general flag manifold.

Chapter 8 contains all the relevant differential geometric
background.

Chapter 9 contains the relevant measure theory, as well as some
additional work on invariant measures in infinite dimensional Grassmann
manifolds.

How the invariant measures arise is easy to motivate. Suppose
H 1is an w-dimensional (¢)' Hilbert space, Gr(n, H) the Grassmann
manifold of n-dimensional subspaces of H, ;[$¢“, H)X the set of

nonsingular linear maps (so-called admissible bases), and w the
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projection maij(¢n, B)X » Gr(n, ﬁ):L + Range (L). The space Gr(n, H)
is a.homogeneous space for U(H), and an invariant finitely additive
measure v, can be obtained ip the following manner: the normal
distribution n on L(¢“, H) is invariant with respect to the action
of U(H) by composition; simply put vp = T,(n).

The approach fails for the Grassmann manifold corresponding to
the basic representation, for the analogue of the principal bundle of
admissible bases above now has infinite dimensional fiber. One way to
resolve this difficulty is to observe that Vg above is actually a
cylinder measure in graph coordinates. This approach does generalize.
Moreover it suggests how to construct the measures which aré germaine to
representation theory.

To establish invariance, quasi-invariance etc;, it proved useful
to use Irving Segal's algebraic integration theory.

In the final Chapter (10) it is established that the correct
inner product is yielded by our analogue of Gaussian measure in a
Grassmann manifold.

Notation.

For linear sets of operators the subscripts 1 and 2 will denote
those which are trace class and Hilbert~Schﬁidt, respectively. For
example ;LZ(H+, H.) will denote all Hilbert-Schmidt operators from
H, to H_, ‘EJ(H) will denote the operators in u(H) (the space of
skew-adjoint operators) which are trace class.

For groups of operators the subscripts 1 and 2 will denote those

of the form 1 + trace class and 1 + Hilbert-Schmidt, respectively. For
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example UI(H) will denote the unitary operators on H of the form 1 +
trace class.
Lie groups will be denoted by capital letters, while Lie
algebras will be denoted by small underlined letters. For example
O(H) will denote the orthogonal group, while o(H) will denote the Lie

algebra of (bounded) skew-symmetric operators.



CHAPTER 1
THE RESTRICTED UNITARY GROUP

In this section we &efine the restricted unitary group, Ui,
and an important normal subgroup of Ur’ (Ur)*’ which we think of as
the predual. Each of these groups can be viewed as the unitary group of
a Banach *—-algebra. This provides their analytic structure.

The group U. can also be viewed as a subgroup of the
restricted orthogonal group, O,, discovered by Shale in [Shale, 1] (we
introduce O, in section 5). In this way the group (U.)g, the
identity component of Ur’ can naturally be viewed as the generator pf
the hidden symmetry in the Kadomtsev~Petviashvili (KP) hierarchy, when
this symmetry is formulated in the context of the spin representation
(see [Date, 1]). The work of Sato et al on the KP hierarchy was
recently clarified in [Segal, 2], where a group denoted GL,.g is
identified as a natural group of symmetries of a space of solutions to
the KP hierachy. The group GLr wﬁich we define below is the Hilbert-
Schmidt analogue of GL oge

Throughout the next 4 sections, H,_ and H_ A will
denote «o-dimensional complex Hilbert spaces, H = H+ + H_, and Q* are

the self-adjoint projections for H,, respectively. We will

Ht
abbreviate gf(H), GL(H), etc. to g4, GL, etc.

If £ ¢ g we will often write

E= ($ g)’



- where a(g) = Q£ Q,, etc. If g € GL we will often write

a b
g " (c d)’
where a(g) = Q. g Q, etc.
Suppose g = (2 :) e U, Then .

@ hE =@ s he(d

yields the equations

(l.1) aa* + bb* = cc* + dd* = a*a + c*c = b*b + d*d = 1

(1.2) ca* + db* = a*b + c*d = 0.

(1.3) Definition.

10

(1) 8 _ = {e e gt : B(E) and vy(E) are Hilbert-Schmidt}.

(11) w =uflge .
(ii1) 6L, = 6L g2 X
(iv) U =vulg .

(v) Sym_ = Symfl g& .

(1.4) Definition. For £ ¢ g& 2 &= ($ g)’

el = 1 Pl + 16 Py
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(1.5) It g = (3 :) € GL_, then

a b
( d) = g = (c ).
.- This implies a and d are Fredholm, and index (a) + index (d) = 0

(1.6) Proposition.

(1) j:43 r with the usual adjoint operation and ' . 'r is a Banach
*-algebra with identity.

(ii) GL, is an open subset of g r" and equipped with the

induced complex analytic structure, GL,. is a complex Banach Lie group

r
with Banach Lie algebra gf e
(1ii) U, 1is a Banach Lie subgroup of GL,. with Banach Lie

subalgebra u r’

(iv) The map U. x Sym_ -+ GL_ given by
(g, &) » g » exp (£)

is a diffeomorphism.
(v) The connected components of Ur and GLr are indexed by

the function

g + index a(g).

B
Proof. (i) Suppose &;j € gL . and Aj = ( ] 5j), Bj = (“j j). Then
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|£,6,). = |44, +BB,|_ + |43, + 3,8],

<Al lagl, + 18 1L1Bo . + 185118505 + [B],]4,],
. < ('Allm + |A2|2)(‘A2|m + IBz|z)’

< 'B:llZ

(1) and (iii) GL, is the group of units and U, is the group

because |B o (1) is now clear.

il
of unitaries for the Banach *-algebra with identity gf . These are
basic examples of Banach Lie groups (see [De la Harpe, 1]).

(iv) follows from polar decomposition.

(v) The map GLt +Z given by g + index a(g)

is a continuous homomorphism, because

a(ggy) = a(g))algy) + blgy)elgy),

and b(gl)c(gz) is compact. It suffices to show the kernel of this
map, (GLr)O’ is connected.

Suppose index a(g) = 0. GL. is open in gf " and GL(H+) is
dense in Fred (H,). This implies we can move continuously in GL,

from g to an element 8 € GLr with a(gl) invertible. We then have

1

The subgroups {(: 1) e 6L} and {(J
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implies there is a continuous path in GL. from g; to 1. This

proves (v) for GL?. |
To conclude the proof, thanks to (iv), it suffices to verify
that index a(g exp(£)) = index a(g), whefe g€ Ui and £ ¢ sym_.
But exp (5)'> 0 implies a(exp (£)) > 0. Hence index
a(g exp (£)) = index a(g) + index exp (£) = index a(g).//
The trace functional can be used to identify preduals for the

linear spaces in (l.1). We next show these preduals have nice Lie

properties.

(1.7) Definition.
(1) (Eﬁi)* = {£ ¢ gﬁf: a(¢) and d() and trace class}
(11) (21-)* = En(ﬂr)*
(112) (L), = {1 + 5 e s g e (B2),}

(iv) (Ur)* ={l+teUtte fgéf)*}

(v)  (sym ), = sym N (_g_&r)*

(1.8) Definition.

For £ + 1l ¢ 05&5)+¢ 1’5 = (: g)’ ]E + x1'* = ,(a 6)|f+|(u 8)'2+|A|

(1.9) Proposition
gL +¢ 1
(1) (-—})* with the usual adjoint operation and ' |* is a
Banach *—-algebra with identity.

*
(i1) ¢ x (6L_), is an open subset of CQ&}]: ¢ 1, and equipped
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with the induced complex amalytic structure, (GL.)x i1s a complex

Banach Lie group with Banach Lie algebra Eg&i)*°
(1i1) (U.)x is a Banach Lie subgroup of (GL.)x with Banach
Lie subalgebra (u_ ).

(1v) The map (U ), x (Sym ), » (GL)), given by
(8, £) + g exp (§)

is a diffeomorphism.
(v) (GLr)* and (Ur)* have the same homotopy type
as GL(, ¢); in particular, both are connected.
(vi) (6L.)x and (U.)s are normal subgroups of GL, and

Uy, respectively.

Proof. (1) Suppose E; ¢ (), and A = (3 s ) B
618504 = 1aj8, +BBy[ + |a3, + B, ,

<faylilagly + (B gyly + (ol fB,l, + 3,154l
<oyl la,], + 1B, 1,08,05 + (81,18, 1, + [3,],18,],

= Igll*lgzl*'

The nontrivial inequality |BlBZII < lB1l2|Bz|2 follows easily from a
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classical s-number inequality due to Weyl (see Corollary 4.l on page 49
of [Gohberg,‘ll). (1) is now clear.

(11)-(iv) see (1.6).

(v) This follows from a theorem of Geba. For a statement of
the theorem, see page 116 of [De la Harpe, 1].

It is very easy to prove (GL.)x (and hence (U,.)y) is
connected. Suppose g ¢ (GLr)*' Since a(g) = 1 + trace class, there
exist arbitrarily small finite rank perturbations of a(a) which are
invertible. This implies we can move continuously in (GLr)* from g

to a g ¢ (GLr)* with a(gl) invertible. The proof is now completed in
the same manner as (v) of (l.6).

(vi) By (v) it suffices to check that g £ g-1 is
in Eé&i)* whenever £ ¢ GE&})* and g € GL_. This is obvious
because GE&i)* is an ideal in gt //

Ifge (GLr)o’ then a(g§ is an index zero Fredholm operator,
implying a(g) has a polar decomposition. This has important group
theoretic consequences, which we now describe.

As a basic reference for no;ation and basic results concerning
semi-direct products of groups, we will use [Varadarajam, 2, section
3.15]. Identify GL(H,) x GL(H.) with the subgroup {(a d) € GLr}'

GL(H,) x GL(H.) acts by conjugation on (GLr)*. Denote this action

by t, and form the semidirect products

(U X, (U(H) x U(H))) and (GLr)* xt(GL(H+) x GL(H_)).
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The multiplication is given by

(21,91)(g2,97) = (glqlgqu'l,qlqz)-
(1.10) Proposition. The sequences
1o U E) x U E) 3 (1) x 0 x 0@ ¥ @), +1
1+ GL(H,) x 6L, (H_) E (6L,), x, (GL(E) x GL(E_)) 3 (6L.), + 1

are exact sequences of Banmach Lie groups, where i(K) = (K -,K),

and 7(g,K) = g « K.

Proof. Consider the first sequence. We first show 1 is surjective.
Suppose g = (: 3) € (Ur)o' By (1.5) both a and d are index
zero. This implies there are unitary operators q; and qy

satisfying a = qllal, d= qzld,, and

q,]ala”} bq q
(L g=( 0 ¢ )
cq 4 qzldlq 2 2
By (l1.1) (|a| ldl) = (l—c*c l-b*b)l/z . This implies |a| and 'd' are

of the form 1 + trace class. If 'al and Id' are invertible, this is

obvious: in fact (1.1) shows that

g (Il la])
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is an analytic map into GLl(H+) x GLI(H_), because the square root is

an analytic map on positive operators in this group. In

*
general ¢ ¢ = | » Where each By is a one dimensional

el
5 <1, and ) Aj < =, Then
la| =1-z2(1-v1-2a )2

.projection, 0 < A

178

0<1~-/1-~- Aj <1-(1- Aj) = Aj'

Similarly, Idl = ] + trace class. The surjectivity of 7 now follows

o Also (1 - <1- Aj implies

M

This shows |a' = | + tracz class.

from (1.11).

Near 1 ¢ (U,), the polar decomposition of (¢ 4) uniquely
determines the decomposition (1.12). This defines a local cross-section
for w. Analyticity of the cross-section follows from (l.l), as we
remarked above.//

For purposes of comparison with [Segal, 1], we need to introduce

a normal subgroup between (U.)y and (U.),.

(1.12) Definition.

(1) n¢ = {(: g) eglt a is trace class}
T
(i1) n=uq _¢
(1i1) N¢ = {[2 3) eGL: a=1+trace class}

(iv) N = Uf} N¢

(1.13) Definition.

por 0 Denboac b [LEE )2 il ol sl + G ®)

2.
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(1.14) Proposition

(1) 2} + ¢ 1 with the usual adjoint operation and 'I is a
Banach *-algebra with identity. |

(i1) N¢ is a Banach Lie subgroup of the group of uﬁits
of Ef + ¢ 1 with Banach Lie algebra EF'

(11i) N is a Banach Lie subgroup of N¢ with Banach Lie
subalgebra n.

(;v) N and N¢ are connected.

(v) N and N¢ are normal subgroups of U. and 6L,

respectively.

Proof., (i)=-(iii) and (v) can be verified in the same manner as the
corresponding claims of (1.9).

(iv) slight modification of (1.10) shows that the sequence
10, @), xuE) Inst
1Y+ r'* "t -
is an exact sequence of Banach Lie groups, where U(Ht) are identified
a 1
with {( 1) € Ur} and {( d) € Ur}’ respectively. This shows N is
connected. The same argument works for NF,//

(1.15) Proposition. The sequences

) IS UI(H+) + N X, U(ﬂ+) > (Ur)O > 1



1+ GLI(H_'_) + N X, GL (H+) > (GLr)"+ 1

are exact sequences of Banach Lie groups,
-1 .
where 1(K) = ((k 1),(k 1)), and w(g,K) = g o (K 1).

The proof of (1;15) is the same as that of (1.10).

19



CHAPTER 2
THE AFFINE EXTENSION OF Ur.'

If we view the restricted unitary group, U as a subgroup of

r’
the restricted orthogonal, O0,, of Shale (see section 5), then the spin
representation defines a nontrivial extemsion of U,.. An abstract model
for the corresponding extension of (GL.)y is conmstructed in [Segal, 2,
section 3]. In this section we describe the extension for U, and

GL., and we relate these extensions to (l.ll).

We first discuss the extensions for the connected components,

(GLp)o and (U)o, following [Segal, 2].

(2.1) Definition.
(1) Efr is the group of all pairs (g, q) in (6L )g x
GL(H,) satisfying a(g)q—l -lel.
(11) ﬁr is the group of all pairs (g,q) in (U.)q x U(HD
satisfying a(g)q-l -1leg Ll.
Identify Ul(H+) and GLI(H+)
with {1} x Ul(H+) and {1} x GLI(H+), respectively.

Let Eﬁr > GLr denote projection onto the first factor. The sequences
d ‘" )
1+ UI(H+) *> Ur > (Ur)0 > 1

20
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(2.2)

1- GLI(H+) > 55; I (GLr)O + 1

are exact.

(2.3) Definition.
A ~
(1) Ur = Ur / SUI(H+).
~N
(11) GL_ = &tr / sL (&),
Denote the coset containing (g, q) by [g, ql.
N
Ur and éit are central extensions of (U.)y and (GLr)O
-~ * -~
by 1(% U (&) / SU(H,)) and ¢ (3 6L () / SL (H)), respectively.
Let 0f = {g e (6L ),:a(g) is invertible},
and 6 = e¢{\ur. Analytic cross-sections for the

a ~
projections Ur L3 Ur and GLr L4 GLr over § and e¢ are given by

(2.4) T1:6>T, T(g) = g, a(@],
N
and rg e‘l: »GL_, I'(g) = [g, a(g)],
respectively, where q(g)la(g)l is the unique polar decomposition of

a(g). In the coordinates

6¢ X ¢*,

e

(2.5) n-l(e) =ox1I, n-l(et)

multiplication is given by

(gl’ll) i (g2’>\2) = (glng’}\l}\z c(gl’gz))
and
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respectively, where the multipliers are given by

- -1 ‘
(2.6) C(g),gp) = det a(g)lalgylalg;g;) ", g; ¢ (6L )4
and  c(g},8y) = det q(sl)q(gz)q(glgz)'l
= phase of ‘C(gl,gz), gj € (Ur)O'
Now we consider the problem of how to define the extensions

:j e} for H

over U. and GL.. Fix an orthonormal basis {e:l
with {ej:j > 0}< H_. Define the shift operator S by S(ei)= ej41°

The operator S is in U,, and index a(S) = -l.

(2.7) Lemma. Conjugation by S on (U.), (respectively, (GLr)O)
1lifts to an automorphism of Ur (respectively, 6ir) which is the

~ *
identity on I = Ul(H+) / SUI(H+) (respectively, ¢ )e
Proof. We use the notation in (2.1). PFor (g,q) in ﬁr’ define

o(g,0) = (sgs™", 8(q)),

where S(q) = a(S)q a(8)* + e*) x eye Because a(S5)* a(S) =1, S(qyq9)
= 8(q;)S(qy), implying ¢ is an automorphism of ﬁ;. If (l,q) is in
U;(H,), then o(l,q) = (1, S(q)), and det S(q) = det q. This implies
that ¢ induces an automorphism of ﬁr’ the quotient of ﬁr by SU;(H),
which is the identity on I, the quotient of Uj(H;) by SUl(H4).

This argument also works for GL..//

This lemma implies that there is a central extension of U,
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by I whose identity component is Ur.'The cyclic group generated by S

can be identified withZ. If t denotes the action of conjugation by
powers of S, then U. can be identified with (U)o x £« The
central extension of U, by I can be ‘identified with ﬁr xoiz.
We now make the connection between the central
‘extension ﬁr + (Ur)O and our work on semidirect products in section 1.
The central extension ﬁr + (Ur)O is not exact, i.e. ﬁr is not a
semidirect product of I and (U.)g. The utility of the
extension ﬁr * (Ur)O is that it is exact. In facg the extensions (2.2)
are equivalent to the extensions in (1.15). The map inducing the

equivalence is given by
(2.8) N x, UH) » T
(- P G PR (G [ GO Y
This map also induces an isomorphism
N¢ x, GL(H) » &L _ .
Combining this with an analyticity argument as in (1.10) we have
(2.9) Proposition. The sequences

i T o
1+ SUl(H+) >N X, U(H+) *> Ur »1
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S SLI(H+) > N¢ X, GL(H+) > GLr + 1

are exact sequences of Banach Lie groups,
where 1(R) = ((K 1) ( 1))s and 7 is given by (2.8).

Finally, we note that the automorphism g of U in (2.7) 1lifts
to an automorphism of N x U(H+). The 1ift, also denoted by ¢, is

given by

(2.10) og, (T ) = (ses™h, s(T [)s7h).
It's interesting to note that o does not lift to (Up)x x¢

(U(H,) x U(H.)).



CHAPTER 3
THE ADJOINT ACTION OF ﬁr'

Let ér denote the Lie algebra of ﬁr' Bacause ﬁr is a central
extension of U, by 0, ér is a central extemsion of u, by iR.

The local cross-sections (2.4) of the
bundles ﬁr + (Ur)b and aLt + (GLr)O determine vector space splittings
of ér’ viewed as the tangent space at 1 of ﬁr > éLr. These splittings

are identical in the sense that the diagram

drl & & dPl
4 —> &4

commites. This is because for £ e L a(etg) and q(ets) agree up to

first order. In the coordinates (2.5) we thus have

Er = ET x1i1R ’-5&r =-E&r X #.
We claim that in these coordinates the bracket is given by
(3.1) [(513131)’ (52’132)] = ([51’52]’ i{31 + 89 + W(gl’gz)})’
where the infinitesimal cocycle is given by

(3.2) iw(gl’gz) = trace {[“(51)’“(52)] - “([gisgzl)}°

25
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If Ej €W, then

1w(g,,E,) = -21Im trace B(£,;) v (&,).

To verify (3.2)'we must first determine, at least up to second
order, the exponential map for the group éLr in the coordinates (2.5).
Suppose £ ¢ 5&{. In the coordinates (2.5),
exp (tg, 0) = (ete, ¢(t)), where ¢(0) = 1, ¢'(0) = O, The

multiplication (2.6) implies
$(t+s) = ¢(t)¢(s)deta(etg)a(esg)a(etgesg)—l,
$'(t) = ¢(t)f(r),

where f(t) = trace {a(f) - a(etg)-lla% a(etg]},

$"(0) = £'(0) = trace {a(E)z - “(52)}‘

We thus have

2
exp(t£,0) = (%5, 1+ L er{a(e)? - o(£?)} + ot?))

Let exp(tgj, 0) = (etgj, )

exp(tg;, 0) exp(tg,, 0) exp(-tg;, 0) exp(-tg,, 0)
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)

tE, tE, -tf, -tf tg, t&, ~tE, =t&, _. tE
e _le 2e 1 2 1e 2e le 2) la(e 1

tg
e °, det {afe e 2

Ja(

-t
. ale 2

Jale )} 8;(£)6(£)4, (=t)pp(-1)).

We can now simply compute

tE, tE, -tE, -t
1, dy2 1 722 1 24-1
7 @) egrle e e e )T = - a([5)15,]),
tE te -t ~tE
1, dy2 1 2 1 2
5 ('E) 't=Oa e Jale “Jale Tlale )

= [a(g;)salgy)] = algd) = a(g))% + a(6d) - oft,)?,

7 ()% ooty ®)85(£20, (028, (-2)
2 2 2 2
= trace {a(El) - a(El) + a(Ez) - 0(52)}»

This verifies (3.2).

Let A = (i -1)' A direct computation and (1.2) shows that

-1 —ck * —ck *
(3.3) g [ang]=2 (_3*2 :*:) =2 ( g*: :*:) ’

where g = (2 2) is unitary.

(3.4) Proposition. The adjoint action of Ur on u. +1R factors

through (U.)g and is given by
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g*(g, is) = (gss-l, a(g,g) + is), '

where a(g,£) iS given by -

* *
a(g,£) = - trace {(-ﬁ*: :*:) E}.

This formula is also valid for S and ¢ as in (2.7) (and their powers).
We will give two proofs. In the first we simply integrate the
infinitesimal action. In the second we use the éemidirect product

approach.

Proof 1. Since our formula for the adjoint action must project to the

usual adjoint action for (U.)g, we have

g*(g, ig) = (gsg-l. a(g,g) + is),

where a(g,t) is linear in &,

(3:3)  alg,8,38) = a(g;8,E gzl) + a(g,,8),

and

d_
ds

Substitute g, = " and g, = e into (3.5). By (3.6) we have
1 2

(3.6) | oo 2(e°5E) = 1W(n,E).

| M) = 1u(n, Mg &7,



and

(3.7) 'a(etn,g) = i fg w(n,e3"t e *Mds.

In particular, if g = etn is in U(H,) x U(H),

(3.8) a(g,*) =0,

B .sn a(s) b(s)
Jo lLet el = (c(s) d(s)) *

Now assume n = ('B*

We have

d b b b
G @ N N Ve C Y.

Suppose first that £ = (* (). By (3.2)

win,e®"t e ®") = -2 In trace g Y(esng e-sn)
(3.10) = -2 Im trace B(caa* + dSb*)

= -2 Im erace {(*F L 00 b

By (3.9) d
(a*Bc ) . - -d-s— (c*)c
b*gd d 00"
b* ds (b)
Moreover (a*Bc b*Bd) is self-adjoint: by (1.2) and (3.9)
a*g _ ,c*pa kda*
( ¢ b*Bd)* = (c ’ d*s*b) = (c ? B*a*b)
-3%b *gc
= ( 2o -B*c*d) = (a P b*Bd) *

This implies

29
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(a*ac d (-c*c

) =3 )
bred’ "7 q b*b

It follows from this, (3.10) and (3.7)
tn =-ckc a
that a(e ",£) = =1 Im trace {( pip)( )} This agrees with
Proposition (3.4) because the trace is pure imaginary. '
B
Now suppose £ = ( * 1]. By (3.2)
—81

w(n,esng e ) = -2 Im trace B Y(esng e M

(3.11) a =2 Im trace B(-d*B*a* + cgb*)
*pd 1
= -2 In trace {(yage =" )(‘Bi‘ )} .
d(b) d(a*)
( a*Bd) ( a* ds )a( B+ ds b)
b*Bc b* d_(a.). ..__.d(b*) a_B*
ds ds

B
The trace of (“8* B)(‘B* 1) is real. So (3.11) now shows
1

- *
w(n,e®g ¢ %) = - %;-Im trace (y, 2 b](

)
Ji
But this trace is pure imaginary; so by (3.7) we again obtain (3.4).
We have now shown that (3.4) is valid for g ¢ (Ur)O of the
form £ = exp (¢ 6) Or g = exp ('B* B). By using (3.3) it's easily
checked that (3.4) satisfies the equation (3.5). This implies (3.4) is

valid for products of group elements of the
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formg = exp (* ;) or g = exp ( B). This proves (3.4) for (U,)
) -g . P . r/0»
since (U.)y 1s generated by products of this form.
We now consider the shift operator, S, and the
automorphism, ¢, of the central extension ﬁr +> (Ur)O'
a b -c*¢ a*b

Let § = (c d)' The operator ( b*a b*b) is the self-adjoint projection

for #e_l. We must show

(3.12) Ado((g,O)) = (sgs'l, - <Ee_jse ) .

By definition of our identification u_ = u +R,

(50 =55 |,oo [e5550(e™D)],

where a(etg) = q(etg)la(etg)l is the unique polar decomposition (t

small), Let q = q(etg). This implies

M _(£,0) = 3 | up o([e50a])

= ¢ lemols 577, (0]

d

=3t |t=0[3et55'1,q(8et55°1)][1, q(s.atgs'l)'l s(q)].

d

= (Sgs-l,O) + (0, i3 det q(SetES-l)-IS(q)).

le=0

The inverse of this determinant is the phase of

At) = det a(set®s™ly scaet®)) L.
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d
We will show Z= ,t-O A(t) = <& e_1s e_1>. Since <¢ e_;, e_;> 1s pure

imaginary and A(0) = 1, this will imply (3.11).

Direct calculation shows

a(sets7l) s (a(ety)]

= a(8)a(8)* + b(S)c(e H)aets) La(s)*

+ a(s)betE)es™ly + bs)acet)e(s™).

With respect to the ordered basis {---, e =" e, e } for

0

H,, the matrix of this operator is
\

tg
<e e_p» e_1>

where X is a row vector representing a(S)b(etE)c(S-l) and Y is a
column vector representing b(S)c(etE)a(etE)-la(S)*.

The determinant of this matrix is

tg -yt .
ee_j, e >~-X ¥

= <etge~1, e_,> - trace {a(S)b(etg)c(S-l)b(S)c(etg)a(etg)-la(s)*}
The trace term is O(tz) as t + 0 because

be™) =t (&) + 0(t?), e(e®®) = ty(&) + 0(t?) and
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aefH™! =1 + 0(t) as t + 0. This shows

d

Et‘ lt-o A(t) = <§ e_l, e_ p

1

Because (3.4) satisfies (3.5), the validity of (3.4) for S

and ¢ implies the validity of (3.4) for all powers of S and o. //
Proof 2. By (2.9) we have exact sequences
1+ SUl(H+) + N xt U(H+) > Ur 9 |
0+su,(H)+nx u(H)QEu +iR + 0
—_] "+ -t ="+ -T °
If £ ¢ n, then
t t t -1
v (%%, 1) = [e"%, a(e®)][1, a(e®)7],
where a(etE) = q(etg)la(etg)l. This implies

an(g, 0) = (& = g |pagtet a(e™®)

= (g, - trace a(£))

1f (" ;) eu (H), then q((1, (e D)) = [(e™ ), & tuplying
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So we have

(3.13) an(g, (" 0)) = (g+ (" 0)s - trace «(€))
The adjoint action for N x, U(H,) 1is given by

e (° 1)>(£’(n o))
(3.14)

-1 -1
= (gl(q 1)(5+(n 0))(q '1)-1g-i - (qnq 0)’(qnq 0))

B
$

g£=8 (g 1), - where g enN and (g 1) € U(H+), By

(3.13) ((2 ;

to £ by dm. By (3.14)

. (C
Now suppose g ¢ (U ), and § (Y ) e U_. Write

), (a 0)) is an element in nx, Eﬁﬂ+) which is mapped

(6,00 = arfhdey (oo (5 (* o))
~amfee - (1 ) (0 )
= (g¢ g-l, ~ trace{a(g & g-l) - qaq-l})
= (g & 3-1, - trace{aaa* + bya* + apgb* + bdb* - quq-l}).
To see that this agrees with (3.4), we must verify that
(3.15) trace (;c*ca) = trace (aca* - qaq-l)

Because a(gl) = 1 + trace class, we can write a = q(1 + T), where

T is trace class. By (l.1), a*a =1 -c*¢ = (1 + T)*(1 + T), implying
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=c*c = T + T* + T*T,

We now have

trace (aca* - quq-l)
= trace (q(l + T)a(l + T)*q-1 - qaq-l)
= trace (Ta + aT* + TaT*)

= trace (-c*ca).
This verifies (3.15).

Now consider S and o¢. By (2.10) ¢ lifts to the automorphism

of N x, U(H+) given by
(2,5 (¢ ,)) = (sg,57%, s(@ )57
) gl’ 1 ‘ ( gl L1 ( 1 )'
This implies
| -1 n -1
do(g, (M o)) =(s&87, (" ()87,

and
s*(g, 0) = dn{do(($ %), (a 0))}
- ar{(sC 87, s(* s}

= (s.g S-l, - trace a(S(g g)s"l])



= (s g s7!, - trace < & e_» ep>)

This agrees with (3.4) by (3.11).//
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... CHAPTER 4

THE PREDUAL COADJOINT ACTION FOR ﬁr'

Let G Be a connécted Lie group with Lie algebra g. We will
say that a functional ¢ ¢ g* is admissible for G if there is a
character X of G¢, the Stabilizer of ¢ in G for the coadjoint
representation, having differential i¢| g (for the groups we shall
consider, this definition agrees with tﬂ; definition of admissible in
[Pukanszky, 1, Section 2.1]). If G is simply connected, Kostant
discovered an attractive geometric criterion: ¢ is admissible if and
only if w¢, the Kirillov symplectic 2-form on Ad§(¢), defines an
integral cohomology class in H2(Ada(¢), R).

According to the orbit method, the irreducible representations
of G should correspond to pairs (Ad5(¢), X), where ¢ and X are as
above. The method is a complete success for compact and type I solvable
Lie groups and it can be modified to yield a good description of the
basic representations for many other classes of finite dimensional
groups (see [Pukanszky, 1]). It aiso seems useful for the classical
Banach Lie groups as well (see [Boyer, 1]).

In this section we consider an invariant subspace for the
coadjoint action of ﬁr’ the predual. This approach and the results are

similar to those in [Segal, 1, Section 8]. This is hardly surprising,.

since the extension Ur + (Ur)o can be used to realize the affine

37
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extensions for loop groups (see [Segal, 1, Section 7D. The results in

’

[Boyer, 1] are also relevant.

In this section QEE)* will simply denote the Banach space - we
will not use the Lie structure. Some of what follows can be interpreted
in terms of Mackey's normal subgroup analysis, but we will not make this
explicit here. |

Identify u. with ‘2; +iR by using the vector space

splittin A
P £ 2r + iR of u in Section 3. By (3.4) the coadjoint action

of Ur factors through (U.), and is given by
g (9.1%) = (48 + 2% 0 a(g ™, +), A%,

where ¢g denotes the coadjoint action of U.. This is also valid for
(all powers of) S and ¢ as in (2.7)s

Each A* determines an invariant hyperplane.

First consider the hyperplane determined by A* = 0, The action
then reduces to the usual coadjoint action for Ur’ The
predual (Er)* can be viewed as a subspace of 2: via trace, and it is
invariant under the action.

Fix an orthonormal basis {ej:j e#} for H
with {ej: j > 0}G H_. We first note that it is not the case that
each (U.)g orbit in (Er)* contains a diagonal operator (e.g. the orbit
containing ('8* B), where g is not trace class). This precludes a
"nice" parameterization of the coadjoint orbits in (Er)*° However, it's

easy to see that the admissible functionals in the predual are finite
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rank and have spectrum contained in 1Z. From this it follows that each
admissible orbit for (Ur)o in the predual contains a unique diagonal
operator £ of the form & e = i nyeys where P e &,
0< L € eoe € Moo and LY € eee ¢ Mo < 0. In matrix form

TN ’

i

with respect to the ordered basis {..,e ,..,eq,e_jseee}

Let n > 0. Let w, denote the functional corresponding to

il
nxn

LA the functional corresponding to

nxn

Then £ above can be written uniquely as

(4.0) g = z Ajw )

where the )\, are nonnegative integers.

3
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Now fix A*(it) = 1. If we project from the hyperplane

determined by A* to 2{, then the coadjoint action is carried into the

affine action given by

(401) g*¢ = ¢g + ag,

where ag is the functional

(4.2) ag(E) = (-1)a(g-1,€) = trace (i
By (3.3)

-bb* ac*
ca* cc*)g)'

-bb* ac* 1 -1
eat cor) =78 AE - M),

and this element is in the predual (u.), of u . We will view (u ), as
a subspace of u* via trace.
ﬁ
Fix an orthonormal basis {ej:j e2} for H

with {e .:j > 0} =H,. This induces a unitary representation of Perm (%),

h|
the permutations of Z.

(4.3) Proposition. (i) The predual (Er)* is invariant under the

affine action (4.1). In the predual the action is given by
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(ii) Each orbit for (Up)g 1in the predual contains a diagonal
operator (with respect to {ej}).

(1iii) Two diagonal operators gl and Ez are in the same

(U)o orbit if and only if there is g ¢ Pern () () (U ), such that

1 ,y.-1 1
g6, +3 Mg =g t5A.

(iv) A diagonal operator £ defines an admissible functional
for ﬁr if and only if v(-i)g is integral.

(v) Each admissible orbit for ﬁr contains a unique £ of the
form
o

E=8*(z W),

373

where the A 5 are nonnegative integers, and the wy are as in (4.0).

Proof. (i) follows from (4.1) and (4.2).

(ii) Suppose £ ¢ (3!_ )*. The essential spectrum
of ¢ +% A is {i: -12'-} (compact perturbation does not alter essential
spectrum). We can list the eigenvalues, repeated according to

multiplicity, iAj, jeR, with A, >0 for j > 0and A, < 0 for j < 0.

3 h|

Then Aj +:!:%as jrto,
The eigenvalues of (g +-%- A)z, repeated according to

multiplicity, are -Azj, j eR. We now have

2 1
(€ + % A)® = - 7 + Hilbert Schmidt,
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implying
1 2 2 1- 21 2
- = - P .
} |4 A jl § Iz Ajl Iz Aj, o
This implies
1 2 1 2
(48)  Jls+a]+ D52 <o
j<0’2 1 350 2 yl” <=
because for j < 0,[% - Ajlz is bounded and always larger than %-, and
for § > 0, I%-+ Ajlz is bounded and always larger than-% .

If we choose a unitary operator g so that
1 =1
g(E =7 Mg oy = ey, JeR,

it follows from (4.4) that

g(5 +5 A)g™ =5 A + Hilbere-Schuidt

Multiply this equation on the right by g. It then follows that

el = (g b(8)) = milbert-schmide,
and g € Ur'

If the index of a(g) is n, replace g by S% (S 1is the
shift operator of (2.7)). We now have g ¢ (Ur)o, and g * § is still
diagonal., This proves (ii).

(ii1) (&) is clear.
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(=) Suppose g ¢ (Ur)O and g(;l +-;- A)g-l equals Ey +-;- A
Since 1 + % A and 52 + % A have the same (discrete) spectra and
multiplicities, there is a unitary operator g) which commutes
with £y + % A and satisfies g,8 ¢ Perm @#). We will show that g; 1is
in (U.)g. This will prove (iii).

The equation [g,, £, +-§ A] = 0 implies that g; is in U..

' Since B(gz +-;-A) = Y(gz +-% A) = 0, the equation
[gl, g, +-% A] implies [a(gl), £, +% A} = 0, i.e. the eigenspaces
of £, + -i- A are invariant under a(g;).

Now consider the special case when 1/2 1is not an eigenvalue
for 6(&2 +-% A). In this case the restrictions of a(gy) and g; to
the 1/2 eigenspace of a(gz + % A) are identical. In particular the
index of a(gl) restricted to the 1/2 eigenspace is zero. The other
eigenspaces ?f a(gz + % A) are always finite dimensional. Hence the
index ;>f a(gl) restricted to any eigenspace is zero. This implies
index a(gl) = (0, and g € (Ur)O'

The general case can be reduced to this special one. For if
i/2 1is an eigenvalue of 6(52 +%- A), i/2 has finite multiplicity.
For n sufficiently large, i/2 will not be an eigenvalue
of s(sn(gz +-;-A)S-n), and the special case implies S"g;S™ 1is in
(Ur)O’ This proves g € (Ur)O and (iii).

(iv) By definition £ corresponds to the réal linear functional

a
~ -

of u =u +1R given by

L

¢(E,‘1,ir) = trace £ El + T.
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The admissibility of ¢ is invariant under the coadjoint action, and it's

‘ easily checked that the integrality condition on the eigenvalues

of (1)t 1s invariant under the affine action of 'Ur in the predual.
Now suppose that (-i)£ has integer eigenvalues. By applying a

finite permutation and the shifting operator, we may

assume §(& + -i- A) ==1/2 and =-1/2 1is not an eigenvalue

for o +% A).
Let o ?21- s Hpseoeshty denote the distinct spectral values

of a(g + -%- A), BysPyseeesP, the corresponding spectral projections.

For j > 0, Pj is finite rank. We can identify U(lel,_) with
i@ 1) eUE) xUH): a=1 on (PjH_JL}.

The stabilizer of £ in (Ur)O is the direct product of U(H_) and
the U(PjH+). Because the cross-section I' of (2.4) is a homomorphism
restricted to U(H+) x U(H_), it follows that the stabilizer

of £ in Ur can be identified with the direct product

(4.5) X U(P,H ) xU(H ) x I,

g 3T
where 1 is identified with U;j(H;) modulo SU;(H;) by determinant.
Moreover this product decomposition is comsistent with the
identification of u with u. + 1R where IR is identified
with u,(H,) modulo su,(H)) by trace. The operator £ vanishes on PgH,

and H_. On PjH+ £ =in 1, where n ¢ . The functional 14 restricted
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to u(P

jH+) is given by

i$(n) = -n trace (n), °

and this is the differential of det™, This shows ¢ is admissible.

Now suppose there is a character, X, for the stabilizer
of £ in ﬁr satisfying dX = i¢. Let i) be a nonzero eigenvalue
of a(g). If 1(A +-%J is an eigenvalue of §(E +'% A), it has finite
multiplicity. By applying the shift operator we can suppose i(A +-%J is
not an eigenvalue for §(& +-%).

Let P be the spectral projection for £ corresponding

to i\. The stabilizer of £ in (Ur)O contains U(PH). A4s in (4.5), the

stabilizer of £ in Ur contains the subgroup
U(PH+) x [,
On the Lie algebra of U(PH+), i¢p is given by
i¢(n) = =) trace (n).

Since determinant generates the character group of U(PH,), this
implies A must be an integer. This completes the proof of (iv).

(v) We begin by noting that if n # 0, s? acts freely on the
orbits of (U.)y. For otherwise there would

exist £ ¢ (Er)* and g ¢ (Ur)O such that



46
SPe+g0) s =gle+g0)g

This implies g 1S® commutes with £ +'% A. But in the proof of (iii) we

showed that [g_lsn, £ +-% A] = 0 implies gL

st ¢ (Ur)O’ a contradiction.
It follows that S9 * g, and sk g, are in distinct orbits

for (Ur)O whenever j # k.
Now suppose £ has the form I Ajw3. Then (-1)(E +-% A) has the

matrix form

(4.6) M =

where the vy are half

integers, é;< V, S eee £V, and V) < ees S V_ < -'% + Since the
eigenvalues in the upper block are positive and orderéd, and the
eigenvalues in the lower block are negative and ordered, any
permutation, acting by conjugation, which preserves this form actually
commtes with g +.% A. Combined with the free action of §, this proves

that if El and gz are both of the
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form sk*(z Ajwj), and ;1 énd. 52 are in the same obit for (U.)g,

then 51 = 52.
If (-i)t is diagonal and integral, then (-1)(5 +-% A) has the
matrix form
1/2 1 l
— ,
(-1/2) 1

where A 1is diagonal and half integer valued. It's now obvious that we
can conjugate by a finite dimensional unitary to. arrange

that (~1)(& +-% A) has the form, SkMS'k, where M 1is the matrix in
(4.6). This completes the proof of (v).//

A few additional comments are in order concerning the preceding
proposition (4.3).

First we remark that (ii) and (i1i) can be used to show that the
coadjoint orbits can be reasonably pafameterized.

In (4.3) we considered only the hyperplane corresponding
to s\*, where s = 1., Parts (i)-(iii) of (4.3) can easily be modified
to apply to any hyperplane corresponding to a nonzero s. Thus the
coadjoint orbis in any hyperplane, except the hyperplane corresponding
to s =0, can be reasonably parameterized.

The hyperplanes containing admissible functionals correspond to
integral s. For s equal to a nonzero integer, all of (4.3) is
basically valid.

We now want to discuss some aspects of the connection between

admissible orbits in the predual and representations.
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Again, first consider the hyperspace corresponding }
to s\*, where 8 = 0, We described a canonical form for admis;ible
functionals in (4.0).

Suppose £ = I Ajo as in (4.0). In [Boyer, 1] the orbit method
is applied to construct an irreduciﬁle representation corresponding
to ¢ for the subgroup Uy(H) of (U.)g. This construction actually
yields a representation for (U.)qg.

This is basically a comsequence of

. @)

; : 0
(4.7) U, (H)/ = / .
20, (m), ()],

To check (4.7), since (Ur)0 is the product of UZ(H) and U(H+) X
U(H_)% and [(Ur)O]E contains U(S*kﬂt) for K sufficiently large, it
suffices to check that U(H*) is the product of UZ(Ht) and U(Stkﬂt).
Let q ¢ U(H+), and let q = (é g) with respect to the decomposition

H = SkH+ + gpan {ej: 0<j <k}, The B, C and D are finite rank,
and A is Fredholm of index zero as in (1.5). The proof of (1.10) then
shows that we can write q as the product of an element from U(SkH+)

and an element from U,y(Hy).

It follows from (4.7) that

(6L, (H) x ¢)/ = ((6L), x ¢)/ ,
2 ¢ GLy(H) r’0 ¢ [(GLr)O]5

where [(GLr)O]E is the complexification of [(Ur)O]g’ and the other
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notations are as in [Boyer, 1, Section 2]. This shows that Boyer's

construction does yield a representation for (Ur)O'



CHAPTER 5
THE RESTRICTED ORTHOGONAL GROUP

Our goal in sections 5-7 is to carry out the program of sections
1-4 for the spin extension of the restricted orthogonal group. The
extension will be considered in section 6.

In this section we define the restricted orthogonal group,

Or, and a normal subgroup of Or, (Or)*, which we think of as the
predual. These groups are naturally Lie groups in the same manmer as
the unitary groups in Section 1.

The operators in 0r are distinguished by the fact that they
can be realized as automorphisms of the Clifford algebra by unitary
operators in a certain Fock representation. This was discovered by
Shale and Stinespring in [Shale, 1]. We will review this in the first
part of this section.

Our basic references for Clifford algebras and Fock
representations will be [Plymen, 1] and [Bratteli and Robinson, 1]. The
duadratic form we use to define the Clifford algebra is %-the form used
in [Plymen, 1l].

Let H be an « ~dimensional real Hilbert space, and W = H¢.
Conjugation in W will be denoted by either w or Pw. The complex
symmetric extension of the H inner'product to W will be denoted

by (¢ , * ). The complex Hilbert space structure for W induced by

50
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the H inner product will be denoted by  » , ¢ >, These forms are

related by
(o,o).(o’Po).

Let C(W,P) denote the complex Clifford algebra over H,
i.e. C(W,P) 1s the C* completion of the *-algebra generated by 1
and W subject to the relations

v W, + WoW, = (wl, wz)l, w? = wj,

where wj e We C(W,P) is a simple C* algebra, and O(H) acts
naturally as a group of automorphisms of C(W,P). The real C*-algebra
generated by 1 and H will be denoted by C(H).

Suppose A is an H complex structure. That

is, A € O(H) and Az

= -1 . Let
<%,y >A = S(x, y) +1i S(x, Ay),
where x, y e Hand S is the H inner product. This form

converts (H, A) into a complex Hilbert space. The unique state of

C(H) such that

1
wilxy) =5 <%, ¥ 1
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for x, y ¢ H 18 the Fock state relative to A. It is known that 'wd is

pure. The irreducible *-representation of C(H) associated to wy by
the GNS construction is the A-Fock representation (see [Plymen, 1,
Section 3] for references),

The A-Fock representation can fe realized in the following
way. Let W* denote the +i eigenspace of A in W. Let A(W+) denote the
completion of A(W,) for which {wilA...Awik:i1 Ceee <4} 48 an
orthonormal basis whenever {wi} is an orthonormal basis for W,.
For w ¢ W, left multiplication by w in A(W,) has
_ norm lwl. Let p(w) denote the closure of this operator

in A(W+). For w ¢ W, let p(w) = p(w)*, and now extend p by linearity

to W. Then
p(wl)p(wz) + p(wz)p(wl) = (wl,wz)l

and p(wj)* = p(ﬁﬁ), whenever w3 € W. Hence p extends to a *-
representation of C(W,P). The state defined by p is w; (see
[Brattelli and Robinson, 1, Section 5.2] for details].

The set of H complex structures coresponds bijectively to the
space of maximal (+,+) -isotropic subspaces of W. The correspondence
is given by A + w+ = 41 eigenspace of A. These spaces are homogeneous

spaces for O(H). We will let A denote either of these spaces.

Following Shale and Stinespring, define

O(H,A) = {g e O(H):[g,A] 1is Hilbert-Schmidt},



53
where A ¢ A.

The next proposition follows from results in [Shale, 1]
(although it is credited to Manuceau and Verbeure in [Plymen, 1,

Section 3]).

(5.1) Proposition. (i) If A e A, then g ¢ O(H), as an automorphism
of C(W,P), preserves the unitary isomorphism class of the A-Fock
representation if and only if g ¢ O(H,A).

(11) If A, € A and g ¢ O(H) satisfies g Algm1 = A

3 , then

2

g OCR,A g = OCH, A,).

(11i) If we fix A ¢ A, then the
inequivalent A-Fock representations are parameterized by the orbits
of O(H,A) in A.

Now fix A e A . Let W-.b denote the +i eigenspace of A. With

respect to the decomposition W = W+ +W_, let GL., U etc, be defined

r’
as in (1.3).

The preceding proposition implies that O(H,A) = O(H) [\ Ur’ and
up to isomorphism this group is independent of A.

In what follows we will consistently identify real operators
on H with their complex linear extemsions to W. These extensions are

characterized by the property that they commute with P, The matrix of

an extension has the form C _‘:], where b = PbP, a = PaP,
a
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(502) Definition.

(1) 01: =o(M) () g&,

—r
(11) o =o(H)[\ g8,
(ii1) of = 0(W) | GL_

(iv) 0r = O(H) ﬂ GLr

(5.3) Proposition.

(i) Of is a complex Banach Lie subgroup of GL, with Banach
Lie subalgebra 04: .
-

(i1) O, 1is a banach Lie subgroup of Of and of U.,

(i1i) The map 0, x (Symr[\ gr) * OF given by

(g, &) + g exp (§)

is a diffeomorphism,.

(iv) Orn (Ur)O’ and the connected components of 0, are

parameterized by the function given by

g + parity of dimension (ker a(g)).

Proof (i) _gt is a closed Banach subalgebra of 82 and it is

complemented in gL, by the closed complex subspace of g%, consisting of
operators which are symmetric with respect to the form (e,e). Part (i)

follows from this (see [De La Harpe, 1]).

(ii) Since 9, is the real part
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of Y and gf =0, + (gfﬂ Symr), we can argue as in (i).
(i11) This follows from polar decomposition.
(iv) See [Carey,'2].//

We now introduce fhe preduals.

(5.4) Definition.
(1) v(gf)* = o (g2),
(11) (o )x = o(®) N (g8.)s
(111) (of)* = (W) N (6L ),

(1) (0_), = OCH) [} (6L),

(5.5) Proposition.
(1) (Of)* is a complex Banach Lie subgroup of (GLr)*.
(i1) (Or)* is a banach Lie subgroup of (Of)* and of (U.)ge
(1i1) The map (0), x (gf)l\ Sym_ + (Of)* given by
(g, &) » g exp (§)
is a diffeomorphism.
(iv) (0.)% and (0¢)* have the same homotopy type as 0(», R).
(v) (0p)x and (Or)* are normal subgroups of O,

and Of, respectively.

Proof. (i)=-(iii) can be proved by the same arguments as in (i)-(iii) of
(5¢3).
(iv) This follows from the theorem of Geba ([De La Harpe, 1,-

Page 116]), which states that if we fix a basis, then the induced
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mappings U 0(n, no-—»(or)* and g 0(n,¢) + (Of)* are homotopy

equivalences.,
(v) This follows from (v) of (1.9).

The following proposition is a consequence of (1.10).

(5.6) Proposition. The sequences
{
L > U (W) » (0.)y x, UMW) » 0, 1

1+ GLI(W+) +> (Of)* X, GL(W+) +> Of + 1

are exact sequences of Banach Lie groups.



CHAPTER 6

THE SPIN EXTENSION AND 6r

In fiﬁite dimensions the spin representation defines a 2-fold
covering of O(n). An analogue in infinite dimensions is that
the A-spin representation defines a 2-fold covering of 6r, the extension
of 0, induced by ﬁr + Ur' This is proved in (6.11).

We continue with the notation of the previous section. In

particular the complex structure A is fixed. By (i) of (5.l1), there is

'a projective representation p of O, satisfying

(6.1)  olg() = U p(w)U?,

where g ¢ Or, weW, and U ¢ U(K(W+)) with ;(g) =0 e« (I «1).

(6.2) Definition. Pin is the group of all unitaries U satisfying
(6.1) for some g ¢ Or° Spin is the subgroup of Pin covering SO..

Let N denote the number operator in A(W+), i.e. N 1is the
self-adjoint extension of the operator defined on A(W,) by N=n
on AP(W+), n » 0. Let D(N) denote the domain.

John Palmer has proven the following

(6.3) Proposition. There is a map from o, into skew-adjoint operators

on A(W+), E + dp(E), having the following properties:

tdp(&)

(1) if g = etg and U=¢e , then g and U satisfy

57
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(6.1);

(11) the domain of dp(E) contains D(N), and dp(E) is
essentially skew-adjoint on A(W+);

(1i1)  dp(E) maps A(W,) into D(N), and D(N) is invariant
under Spin; and

(iv) 4if we normalize dp(Z) by requiring <dp(g)l, 1> = 0, then

<dp(£))1, dp(E,)1> = 3 trace B(E)) B (£,),

and on A(W.),
[dp(gl):dp(gz)] = dD([Elagzl) 'il' trace ([a(&l),a(ﬁz)] = a([El,Ezl))-

By (iv) of (5.3), 0, is contained in (Ur)o. Let 6r denote
the inverse image of Or in reference to the
projection ﬁr +> (Ur)O' Part (iv) of the preceding proposition and (3.2)
hint that at least locally Pin is a double covering of 6r'

Identify U(W,) with {(a _Je Or}' By (1.10) the sequences

a

1+ SUI(W+) + (Or)* X, U(W+) > 0r + 1

(6-4)

1+ UI(W+) > (Or)* X, U(W+) > Or > 1

are exact sequences of Banach Lie groups.
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Because Sping, the double covering of (SO.)%, 1s connected and

simply connected, we can form the semidirect product Spin, X, uw,).
Our goal is to show that there is a surjective strong operator

continuous homomorphism
p: Spin, X, U(W+) + Spin.

This will then be used to show that Spin is a double covering of SOr.

Recall that

(0. )y = { ) eo.:a 1is trace class}.

»f a
Rl »

For £ ¢ (gr)*, normalize dp(&) in (6.3) by requiring
<dp(¥)1, 1> = = 5 trace a .

Part (iv) of (6.3) implies that dp is a "homomorphism".

It is well known that dp restricted to QJ(H) exponentiates to a
uniform operator norm continuous representation of Pinhf the double
cover of 01. This is because 01 is the subgroup of orthogonal
transformations which define inner automorphisms of C(W,P) (see
[Shale, 1] or [Plymen, 1, Section 3]5.

Our representation p on Spin, is an extension of the spin
representation for Spinj. To check that this extension exists, it

suffices to check that we have the right kind of continuity. This is
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accomplished by lemma (6.6) below, for which we now prepare motation.

Fix an orthonormal basis {wi, 1 > 1} for W, The set {Fi} is
an orthonormal basis for W_, and we have the canonical anticommitation

relations

{wi,wj} = {'Gi,‘v?j} 0, {wi,aj} = (wi,;j) = Gij'

We identify O(2n,¢) with thosé operators in O(W) which are the
identity on the (gomplement of span {wi ﬁj:i < n}. The Lie
algebra 2(2n, ‘2) can be identified with the quadratic elements of
C(W,P) generated by {wi ,?i:i < n}. The precise correspondence is éiven

by
(645) £+-1-ZB W, +aIa [w w]+l£y w.w
2 13717 2 b 5 R S | 2 ij7 13’

where £ = ($ g) e o (2n, ¢), and Bij = <B 'V;i,wj>, etce (This is the
inverse of the map ¢ in [Plymen, 1, Section 2]). The double cover of
S0(2n, R), Spin (2n, R), can be identified
with {exp (£): £ € 0 (2n, R )}, where exp (£) is viewed as an element
in the Clifford algebra. For g ¢ o (2n, R), dp(g) is identical
to p(§), where £ is viewed as a quadratic elet_nent: in C(W,P).

Let B and B; be normal neighborhoods of 0 in (S0,
and _g__g_l(w+) , respectively. Assume that B is a ball (so that finite

rank operators are dense in B), and if £ ¢ B, then a(eg) € exp (Bl).
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(6.6) Lemma. For £ in B,

1

dp(E) - 1/2
1 = (det a) exp( ¥ Zyq¥; A w&)
i E a b - -]
where e” = f; ;J, Z=ba °, and the branch of the square root is

determined by analytic continuation from 1 in exp(ﬁi).

Proof. Suppose £ € 0(2n, R). We have

If ne B1 and exp(n) = a, then by (6.5)

cdr(8) _ exp@% ) zijp(wi)p(wj))expﬁé an*ijp([wi,wj])) |

= (det DY ( y 2,30, A Wi)
The exponential function is continuous as a map 32(W+) *> R(W+). Since
Z is a continuous function of £, and the finite rank operators in B
are dense in B, (6.6) is valid for all £ € B. //
For g ¢ (spinr)*, let g denote the projection of g in
(SOr)*. For £ ¢ (§9r)*, let exp (£) denote the exponential of £ in
(Spin.)y.

(6.7) Definition. For £ ¢ B, p(exp (£)) = edp(g).
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(6.8) Proposition. (i) p is a local strong operator continuous
representation.
(i1) p extends uniquely to a strong operator continuous

representation of (Spin.)y.

Proof. (i) Lemma (6.6) shows that p is strongly continuous on 1.
If 8 € exp (B) and g,g, = g4, then p(g;)o(g,) = A p(gy) for
gsome A ¢ Il This implies

(6.9)  <o(8,)1, o(2 ;)1> = Mo(g4)L, .

If the §j are in Spin (2n, R), then A = 1, By taking limits in (6.9)
and using strong continuity of 1, we can conclude that A is always l.
This shows p is a local representation.

To establish continuity, it suffices to establish continuity on
the dense set of vectors C(W,P) 1. But because the orthogonal group
acts continuously on C(W, P), it suffices to check continuity on the
vacuum, l. As we noted above, this follows from (6.6).

(ii) See [Varadarajan, 1, Section 2.6].
(6.10) Definition. For (g, q) ¢ Spin*xt U(W+),

o(g, 9) = p(g)e(q),

where p(q) is the closure of the unique automorphism of the algebra

A(W,) which extends q.
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Since the group SUj(W;) 1is simply comnected, the inverse image

of SUI(W+) in Spiny is a trivial two sheeted covering of SU;(W.).

Identify SUI(W+) with the identity component of this covering.

(6.11) Proposition. (i) p is a strong operator continuous
representation of S("“"* *s Ulw,) .

(i1) The sequence
| 1
) S SUI(W+) > Spin*xt U(W+) + Spin » 1

is an exact sequence, where 1i(q) = (q-l, q).

(iii) Spin is a double covering of SOr.

Proof. (i) p is actually a homeomorphism of U(W;) with the strong
topology and p(U(w+»vdxh the strong topology. Together with (6.8),
this implies that p is strong operator continuous,

The intertwining property

oy @) = o(@o(@el@) !

is obvious for q ¢ U(W+) and g ¢ Spin (2n, R). By continuity it is
also valid for é € Sping. This implies p is a representation.

(ii) To show that p is a surjective, it suffices to
show I « 1 < Image (p). If g € Spin, and g = (q a-) € Ul(H+), where

g 1is the orthogonal projection of g, then by (6.6)
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6.12)  p(3 La) = p(&) o) - (det )% . 1.

This shows p is surjective.

If p(3,9) = p(&)p(q) = 1, then'g * = (¢ 7
where q ¢ Ul(w+). By (6.12), q ¢ SUl(W+). Since the odd element of the
kernel of w:Spin, + (sor)* is mapped by p to =1, g must be in the
identity component of n-l(SUl(W+)). This shows 1(SU;(W,)) is the
kernel of p.

(111) Since Spiny x. U(W,) is a double cover of SO, x;

u(w), (ii) and (6+4) imply that the map Spin + §°r given by -

(6.13)  p(@p(a) > [g(* ), al,
where g ¢ Spin,, q € U(W+) and w(g) = g, is a well-defined double
covering.//

If [g, q] € 6r, and g and U satisfy (6.1), then conjugation
by U defines an automorphism of Spin which covers conjugation by
[g, q]« This is analogous to Lemma (2.7). This can be used to show

that (iii) can be upgraded to state that p is a double cover of Or.



" CHAPTER 7
THE PREDUAL COADJOINT ACTION FOR SPIN

Proposition (6.11) and the closing remark in section 6 imply
that the adjoint action of Pin factors through Gr. The results of
section 3 determine the adjoint action of 6r. We will use these results
to classify the admissible coadjoint orbits for Spin in the predual.

Identify o, + iR with ér by using (3.1), and identify o*. +
(iR)* with é:. The coadjoint action of Gr factors through 0r and is

given by
g* (6, 2%) = (68 + 2% 0 alg™), ), %),

where a(g_l,E) = i trace (a _15), a_ ='é(g A g-1 -~ A), and % denotes .
the usual coadjoint action gor Or.g

Each A* determines an invariant hyperplane.

First consider the hyperplane determined by A* = 0. The action
then reduces to the usual coadjoint action for O,.. THe predual(gt)*
can be viewed as a subspace of o%*, via-VZtrace, and it is invariant
under the action.

Fix an orthonormal basis {wj:j eEE+} for W Tﬁen
{...,wn,...,wl;ai,...,ag,...} is an ordered orthonormal basis for W,

For n » 1, let «_ denote the functional whose matrix is given by

n
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nxn
-il *
nxn
0

As in section 3, it is easy to check that each admissible orbit
for S0, in the predual contains a unique element of the form
y 0
(7.1) g=] Ay,
where the Aj are nonnegative integers.
.Now fix A*(it) =-§ « The action in the A* hyperplane is

equivalent to the affine action in er given by

1 -1
(7:.2) g*¢ = ¢g +'§ a(g 5 ).
We have chosen \* to be %-of the A* in section 3 because Spin is a
double cover of SOr.
*
View (gr)*, the predual, as a subspace of o via %-trace.
Fix an orthonormal basis {w

]

an orthonormal basis for W. This induces a representation of

:j » 0} for W,. Then {wj, 33} is

Perm (&),

(7.3) Proposition (i) (g{)* 1s invariant under the affine action (7.2)

of Or' The action is given by

1 1
g*E=g(t+35 Mg -3A

(ii) Each orbit for SOr contains a diagonal operator.
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(1ii) Two diagonal elements 51 and 52 are in the same SO,

orbit if and only if there is g ¢ Perm (2 )N S0, such
that g * 51 = Ezo

(iv) A diagonal £ corresponds to an admissible functional for
Spin i1f and only if (~i)Z has integral eigenvalues.

(v) Each admissible orbit for Spin contains a unique £ of the

form

n
§+ RS [,

where the A, are nonnegative integers, the wj are as in

|
(7.1), e =0or 1, and R 1is the transposition which interchanges

w

n+l and wn-i-

1.
Proof. (i) is clear.
(ii) Suppose £ is in the predual. We
have & + -% A eo(H), and § +é A has discrete specrum. This implies
we can find a unitary operator g commuting with -P which

diagonalizes £ + -% A with respect to {w 37 Fj}.

Let g(g + % A)g-le = :l).jwj ,).j e R, Because g(g + -%- A)g.—1
commutes with P,
1 “l= _ . =
g(e +3 Ag wj = ixjwj.

Define a relection g; by gl(wj) = 'v'fj if Aj < 0 and gl(wj)= vy
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otherwise. The operator g) commutes with P. Replace g by 818

We now have a g ¢ O(H) having the property that the eigenvalues
of og( +% A)g-l) are of the form i), A; > O. We can now repeat the
argument in (ii) of (4.3) to conclude that g ¢ Or'

If g is not in S0, we can modify g by a fin;Lte odd
permutation commuting with P (e.g. switch W] and 371 and fix the

complement) to obtain an appropriate g € SOr. This proves (ii).

(1ii) (&) is clear.

1 -1 1
(=) Suppose g ¢ SOr and g(gl +3 g = £, +5 A
There is a g € O(H) which commutes with 52 +% A and satisfies

g8 € Pernm (2) N 0o(H). As in (111) of (4.3) g € 0r and a(g;)
commutes with a(gz + -%- A). If kernel (a(gl)) is even dimensional, then
we are done. Suppose otherwise.

Let {iA j} denote the distinct eigenvalues of a(g, + -%- A), and

let Pj denote th spectral projection corresponding to iAj.
If i j is not an eigenvalue for '&(gz +—;- A), then g; commutes

with Pj » implying a(gy) = g; on PjQ. Hence there is an iA j which

is also an eigenvalue for ofg, +'% A)e

If a(l-;z +% A)w = i\,w,, replace g; by the produce of g;

|2 j e
and the transposition which interchanges wz and Fﬂ,’ This new g;- is
in S0, commutes with £, +-%- A, and satisfies g;g ¢ Perm ()N 80_..

This proves (iii).
(iv) Let & be a diagonal element in the predual, and let ¢
denote the corresponding real functional on 2.

We first determine the structure of (SOr)E.
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If iy is a nonzero common eigenvalue of

a(E +é— A) and ofE +%—a\), then so is -ip, and ip # =-1ip.
Since a(f + é— A) and ot +-:12 A) have finitely many common eigenvalues,
if any, by applying elements in O, N\ Perm (#) to switch eigenvalues
of a(g + 11: A) and (& + % A), we can assume o + %- A) and (€ +-%- A) do
not have any common nonzero eigenvalues. By applying elements in
U(W,) (] Perm (#), we can assume that zero eigenspace of a(f +-% A) is
the span of {wa:j < k}.
Let 1u0 --%, iul,... be the distinct nonzero points in the
spectrum of u(E +-% A), Pj the corresponding spectral projections.
Identify S0(2n, R) with
g e (SOr)*:g =1 on {wj, Egzj < k} }. Also view U(PjW+) as a
subgroup of U(W,) = {(q EJ £ sor} in the same manner.
We -now compute stablizers. The stabilizer of £ in §O. 1is the
subgroup of elements which commute with & +-% A, i.e.

(so)), = { X u(p,W,)) x so(2k, R).
T’k (j>0 j+)

To describe the stabilizer of £ in SOr, we use the notation in
(2.3). Identify {[1,q] ¢ SOr} with 1 via determinant. We then have

the direct product decomposition

(sor)E = (jicor(u(pjw+))) x {[g, 1]:g € SO(2K, B) } x 1,

where T is the cross-section in (2.4).
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The stabilizer Sping is the product of

t:he. p(U(PjW+)), p(Spin(2k, R)), and I * 1. It follows from (6.13) that

the projection of Spin_ onto (SO) E‘is given by

3

(X)o@0 -+ 1) » (X 2(g))) e,
j>1 j»l

where q € U(ij+), g e Spin (2%, R} and IA' = 1, This implies that

Spin, = ( X p(U(PjW+))) x p(Spin (2k, R))(m « 1),

N

where the intersection of p(Spin(2k, R))and T « 1 is [# 1}.

Now suppose that X 1is a character of Spin,_ having

13
differential i, .

A

The Lie subalgebra of p(U(PjW+)) in 80 = -§-9-r + iR 1is

u (BW,) = {(" 7 O:ineu (ij+)}.

On this subalgebra i¢ is given by

3" R 0> g erace (6 (M)

=-xj trace (n).

This implies )‘j e .

If K > 1, then the commutator subgroup of Spin (2K, R) is all

of Spin (2K, R). This implies X(-1) = 0. But



expg, [(0, 1t)] = [1, eit]
r

1:/2.

exPSpin[(O’ it)] = e 1 71

X(e'®e 1) = e!f (recall a*[(0, it)] - §).

So we must have K < 1,

If K= 1, then because S0(2, R) = U(¢ W),

sping = (X o002, 0)) x o(0(f ) x (8- 1),

and the argument above implies A, is integral. So all the A, are

1 3

integral.
The converse follows easily from the explicit form for Sping,

Spin, = ( X o(U(PW,))) x (m - 1).
¢ o
This proves (iv).
(v) Suppose (-i)£ is integral and diagonal. The matrix

of (~i)(& +-% A) has the form

=
-,

>
-

where eventually all Mg = %-. We can conjugate by an element from

U(W+) to obtain an equivalent matrix of the form



| Yo . n

=8

| (-1/2)']:

1
Where5< ,unl Qo0 el 'ulln
If an even number of y 5 are negative, we can conjugate by an

even number of transpositions to obtain the equivalent matrix

(/31

T,
=Lyl

[(-1/9X

n
This is the matrix of an operator of the form (-i)(z )‘j j + -;— A), where

the A i are nonnegative integers.
If an odd number of uj are negative, we can conjugate by an even

number of transpositions to obtain the equivalent matrix

(1 |

-1/2
[ul

- 'ull

-lull.'—'u |
21/2 |

{(- AR
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This is the matrix of an operator of the form (-i)(R * ] Aoy * %-A).

This shows tht each admissible orbit for Spin contains an

operator of the form

e 1
R™ % .
L ¥y
4 1
Now suppose £ = R® * § Ajwa . Then (-1i)(€ + E'A) has the matrix
form
(I
v
n°*.,

(AR
where the vj are half integers and'% < v, € eeef e Any permutation
in S§0,, acting by conjugation, which preserves this form actually
1

commutes with £ + = A . This proves (v).//

2



CHAPTER 8
THE BASIC REPRESENTATION

The next 3 sections of this paper concern a certain measure~
theoretic aspect of the representation theory for the group ﬁr’ which
was introduced in Section 2.

In Section 4 we singled out a class of integral coadjoint orbits
for the group ﬁr’ and at the end of Section 4 we indicated that the
works of [Boyer, 1] and [Segal, 2] demonstrate that the corresponding
representations (via the orbit method) can be realized in Hilbert spaces
consisting of holomorphic sections of certain homogeneous hermitian line
bundles for the group ﬁr' The question of interest to us is whether the
global inner product in these representation spaces can be realized by
integrating the local inner products of the sections.

Ideally, we would like to find a ﬁr-invariant measure on a
completion of the base space, i, so that the global inner product has

the form
(8.1) <o,,0,> = f§<al,az5'g dv(b),

where < , >b denotes the local inner product in the fiber over the
point b im the base space, and <°1’°23~ denotes a v-measurable

b
extension of the function <°1’°2>b to the completion of the base, B. To

extend the function <°1’°2>b from the base to B in a reasonable way, one

74
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would expect that <°1’°2>b should be approximable, in some sense, by
functions of finitely many variables. This turns out to be possible for
the spaces in [Boyer, 1]; unfortunately, a normalization problem |
precludes the existence of the measure v (see Theorem 2.4 of
[Boyer, 1]). For the space in [Segal, 2] the functions <ol,02>b are not
approximable. However, it turns out that there is a canonical
section ¢ (the highest weight vector for the representation) having the
properties: (1) u = <g,0>v can be interpreted rigorously as a quasi-
invariant cylinder measure, and (2) <cl,02><a,o>-1 is approximable by

functions of finitely many variables. Hence (8.1) should be replaced by

the well-defined expression

<01,o >

2 by~
(8.2) <oy,0> = f§(<'°"?>'§") dy .

In this sense the space in [Segal, 2] can be interpreted as a space of
square integrable holomorphic sections.,

In the next section, Chapter 9, we will discuss the
measure p, and in Chapter 10 we will consider (8.2). The purpose of
this chapter is simply to prepare the way for Chapters 9 and 10. We
will review the construction in [Segal, 2] and also some background
material. We begin with the finite dimensional analogue of the
construction in [Segal, 2],

The mth fundamental representation of SU(N, ¢) is the
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representation of SU(N, ¢) on the space A@(¢N), the space of

homogeneous tensors of degree m in the alternating algebra. The
Borel-Weil theorem says that this representation can also be realized as
the action of SU(N, ¢) on the holomorphic sections of a homogeneous
line bundle for SU(N, ¢). Our firsf task in this chapter is to make
this precise.

Let ¢N =V =V_+ V_ be an orthogonal decomposition, where
dimn (V.) = m. As is our custom, we will write g ¢ GL(V) as a matrix,

g = (2 3):

with respect to the decomposition V = V_+ V_.
Let X be the holomorphic character of {(2 2] e SL(V)} given
by

a b

X(2 D) = der (@) = dec()7! .

The group {(® 2)} has a right holomorphic action on SL(V) x ¢ given

by

(8.3) (8,1) « g, = (eg;s X-l(gl)x),

where g ¢ SL(V) and g ¢ {(z :) € SL(V)}. The quotient
SL(V) x ¢/{(a 3] e SL(V)}, denoted by SL(V) Xg ¢, is a homogeneous

holomorphic line bundle for SL(V).
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Since SL(V) is the product of the groups SU(V) and
{(a :) e SL(V)}, SL(V) Xy ¢ is a homogeneous bundle for SU(V), hence

SL(V) x$ = SU(V) xx°1: ,

where X, denotes the restriction of X to {(* d) e SU(V)}, and

a
Su(Vv) xxo¢again denotes the quotient SU(V) x #/{( d) € SU(V)} with
respect to the action in (8.3) (see [Wallach, 1, section 5.2]). The
point of this is that it's clear there is a SU(V) invariant hermitian

structure on sSu(v) Xy ¢ defined by
0
<[g’A1]’ [g’)\2]> = A]..-A-z ’

where [g,Aj] e SU(V) xx¢.

For purposes of comparison with [Segal, 2], we note there is a
third, more geometric, realization of this bundle. If N =1 + m,
let Gr(n,V) denote the homogeneous space for SL(V) consisting of

all n dimensional subspaces of V. The bundle

_ _ n
Det(V+,V) = Det = RCICRD) AT(W)

is a homogeneous line bundle for SL(V), where
g o wlA...A wo=g W Aeeeh g » ws g€ SL(V), and w5 e We The
isotropy subgroup for the fiber over V, is {(® :) e SL(V)}, and the

action is given by XL, This implies that
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SL(V) x, ¢ = Det = Det*(V,,V)

where Det* denotes the dual bundle, ll_Ap(W)*.
The holomorphic sections of SL(N,¢) Xy ¢ correspond to

holomorphic functions on SL(N, ¢) which satisfy

(8.4)  P(ggp = X l(g))¥(g),

a
where g;, g ¢ SL(V) and g, = (01 dl). The corresponding section is
1

given by
(8.5) ope + {(* DN = & Fe) - {(* D)L

The action of SL(V) on sections corresponds to the, left regular
representation of SL(V) on functions.satisfying (8.4).

If F is holomorphic on SL(V), then F 1is determined by its
restriction to SU(V), denoted f. If F also satisfies (8.4), then

f satisfies

£(gg)) = X g8 DE(g)
(8.6)

B =
o o) +£=0

whenever g,g, € SU(V), g, = (a d)’ and (g g) e s4(V) is viewed as a

left invariant differential operator on SU(V). Conversely, if f is
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a C* function on SU(V) satifying (8.6), then f extends to a

holomorphic function on SL(V) xxo ¢ which corresponds to ¢, in (8.5)

F
is given by

og(e + {(® JN = (& £&) - {(* Pl

We are now prepared to construct the map which intertwines the
actions of SL(V) on A™(V) and holomorphic sections of SL(V) Xy ¢.
Let( , ) denote the complex bilinear pairing between AT(V)

and its dual, A®(V)*, and let T denote the dual representation of

SL(V) on AW(V)*,

If e_pyeesse_) 3s an orthonormal basis for V., then

a =
(C d) ° e_mA eee A e-l det(d) e-m A eee A e_lo

If ¢ 1s the functional which is one one_ A ... A e and vanishes on

the orthogonal complement, then it follows that
a b -1
(80 7) T( d) L ¢ = (det d) ¢ .

Now suppose V & A™(V). Let Fy be the holomorphic function on

SL(V) defined by

(8.8) Fy(g) = (V, T(g) ¢).
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The equation (8.7) implies Fy satisfies (8.4), i.e. that Fy defines

a section of SL(V) Xy #- The intertwining property follows directly from
the definition of the dual representation (the mapping is actually

equivariant for all of U(V) =~ the multiples of 1 can be checked
directly). Since both representations are irreducible, the mapping is
an isomorphism (for a proof of irreducibility, see [Wallach, 1].

Let v denote the unique probability measure on Gr(n, V) which

is invariant under the action of SU(V). For each ¢ > 0, we can
define SU(V) invariant inner product on the space of sections

of SU(V) xx0¢ by

01509> = ¢ [ <a;(W),0,(W)>dv(W)

(8.9) = ¢ [ (£,8,)(Wdv(w),

where °j is the section corresponding to the function fj.
We wish to determine the unique constant c¢ for which our

intertwining map v » fv is an isometry, i.e. for which e_mA...Ae_1 will

correspond to a section of norm one.

Let VisesesVy be an orthonormal basis for AP(V), G ssees0 the

d
corresponding sections of SU(V) x X, ¢. IfW=g. Vo, ge SU(V), then

Ioj(W)I2 = I(VE,T(g)¢)'2 = |<v5,g ce_heeite > 2
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§ Ioj(W)l = } |<vj, g * e_mA...Ae_1>| =]

c=Ye | Ioj(W)Izdv(W) ) lvjl2 = d
3 h]

Since d = (:), we have

> = (ﬁ) f 0,5 0y>dv for any v, ¢ A"(v).

(8.10) <w,,v
1 Am(V) 3

2
We now turn to the construction in [Segal, 2].
Let H=H_ +H_, where Ht are =~dimensional complex Hilbert
space, as in chapters 1-4 and [Segal, 2, section 2]. We will consider

the Hilbert-Schmidt Grassmannian, rather than the compact Grassmannian

defined in [Segal, 2, section 2].

(8.11) Definition. Gr is the set of all closed subspaces W of H
satisfying ‘

(1) Q:W =+ H, _ is Fredholm, and

(11) Q_:W » H_ is Hilbert-Schmidt.

It's verified in [Segal,. 2, Lemma 2.2] that GL., the
restricted general linear group defined in chapter 1, acts on Gr. We
now verify that Ur actg transitively on Gr.

Suppdse W e Gr, Part (ii) of (8.11) implies that W, and W_
are o-dimensional. So we can find g ¢ U(H) with g - H+ =W,

The diagrams



B, —E W H-————-)W

Nl NG

show that ¢ is Hilbert-Schmidt and a is Fredholm. To

show g ¢ Ur’ we can assume index (a) = 0, We then can find a finite
rank operator F such that a + F is invertible. Using (l.l) and

(1.2) (which simply saysg = (a 2) is unitary), we have

a*b + c*d = 0
= at(a+F)(a+F) b+ ctd =0
= (1 ~ c*c + a*F)(a + F)_lb + c*d =0
=  (a+ 7' 1s Elbert-Schmidt

= b is Hilbert=-Schmidt.

Thus g ¢ Ur’ and Gr is a homogeneous space for U. and Gl_.

Let 8 denote the set of W ¢ Gro, the H_ component of Gr,

which are transverse to H_. A holomorphic coordinate is defined

on 8 by mapping W ¢ U to the unique Z sALZ(H+, H_) satisfying

= graph (Z). The elements in (GLr)O act by linear fractional maps
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in the coordinate ;LZ(H+,H_):

g(W) = graph ((dZ + c)(a + bZ)'l),

whenever W and g(W) are transverse. This can be used to show that
Gr is a holomorphic space and that GL,. acts holomorphically.
The coordinate map W + Z can also be interpreted as a cross-

section over 6 for the map GLr + Gr given by

g > g -'H+.

1

This is because W = graph(Z) = (Z

1) * H .. The manifold Gr is thus an

analytic quotient of GLr.

The derivative of 1 of the locally defined mapping
exp({( B) eu}) +J (4, 0 ):g + graph(g « H,)
Y -r + - +
is given by
(7)o ugd s Lm0 (L F) > v
Y -r +="y ,
The inverse function theorem implies that Gr 1is also an analytic

quotient of U..

The hermitian form on {(Y B) 8~5r} given by
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)) =tr Yo*Yy

is invariant under the adjoint action of the H, stabilizer in

ﬁr, {@ d)}; This implies that Gr is a hermitian symmetric space
for U.. In particular there is a (Ur)O invariant metric on each
component which induces the original topology (see [Klingenberg, 1,
Theorem 1.9.5]).

In [Segal, 2, section 3] the Det* bundle is constructed, and
it's shown that”aLr (as in (2.3)) acts on Det*. By the preceding
paragraph, Det* is a homogeneous bundle for aLr and ﬁr' The isotropy
subgroup at H_ is {[g,q] ¢ aLr: g = (a 3)}. The action of thié

subgroup on the fiber over H,_ 1is given by
(8.12) X([g,ql) = det q a 1.
This implies that the maps Ur X # + Det* and GLr X ¢ + Det* given by

([ng]gx) > (W,A):

where w 1s the admissible basis gq-l, factor to yield isomorphisms

A

GL_ xy ¢ = ﬁi xxo ¢ = Det*,

where XO denotes the restriction of X.

The usual hermitian structure on Ur X ¢,
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<([g’Q]"§1?’ ([E’Q]332)>[g’q] = )‘1)\2:
is invariant under the right action of the isotropy subgroup,
{lgsal € U:g-= (2 d)}, hence defines a U_ invariant hermitian
‘structure on Ur Xy ¢ « In the geometric terminology of [Segal, 2], this
0

corresponds to
<5205 (00,000 = A Ay,

where w 1is an isometric admissible basis for W ¢ Gr0 (noté'that a.
subspace in the H,_ component of the compact Grassmannian in

[Segal, 2, section 2] will admit an isometric admissible basis if and
only if it is in the Hilbert-Schmidt Grassmannian).

Fix an orthonormal basis {c,:j ¢Z} for H with

h|
{ej:j > 0}c:.H+. As in [Segal, 2, segtion 8], let S, denote the set
of all increasing integral sequences {s(i): i > 0} such that s(i) =1
for all but finitely many i. If s ¢ SO, the complement of s in i,
S¢, can be viewed as a decreasing integral sequence {sc(j): j < 0} such

that s%(j) = j for all but finitely many j. Define the linear

operator Ug by

if 330

®s(3)
(8.13) U (ey) =4 1f §5<0 .

s¢(4)
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It's clear that
LA 1 and Us € (Ur)O'
As in [Segal, 2, section 8] we define the Plucker section

corresponding to 8 ¢ S0 by
(8.14) os(W) = (w, det (Usw)),

where w 1is an admissible basis for W. Viewed as a section

of Ur xxo¢ > O corresponds to the function on Ur given by
(8.15) £_([g,q]) = det a(U_g)a™".

The section corresponding to the identity sequence is the canonical
section ¢ of [Segal, 2, section 3]. The section Oy is just the

translate of ¢ by the (Weyl group) element Us:

o = [US, 1] ¢« o,
where [g, q] ¢ o denotes the usual action of the group element [g, q]
on the section ¢,

Following [Segal, 2, appendix], we now show that the bundle Det*
is essentially a completion of the (direct limit of the) finite
dimensional Det* bundles described in the first part of this section.

Lef V=V.+V,, where V* are n-dimensional subspaces of H ,

+
respectively. We view GL(V) embedded in GL.(H) via the mapping



a b ‘ a I b
= ( ) * c I d

where the former matrix is the decomposition of g with respect to
V=V, +V,, and the latter matrix is the decomposition of g with

respect to
H= (B =V)+V +V_+( -V).

We also view GL(V) as a subgroup of GLr via g » [g, 1].
‘The character X which defines the bundle Det* (see 8.12))

restricts to X(g) = det a(g)-1 on GL(V). This yields

GL(V) x, ¢+ ELr xy §
d d

GLV/ o by (CLo/ ooy

or, in more geometric language,

Det*(V+, V) +> Det*
Gr(V+, V) + Gr0
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These embeddings are isometric.
The basic representation of ﬁr 1s essentially the action
of ﬁr on the holomorphic sections of Det*, although to obtain a unitary
representation one must restrict this action to the 22 span of the
Plucker sections defined by (8.14). If s ¢ So then U, defined in
(8.13) is in U(V) for some V with V,_ = span {ej: 0< 3 <n} and

V. = span {e,: -n < j < 0}, and hence the Plucker section o, restricts

3
to the corresponding Plucker section of Det*(V,, V). .

This is used in [Segal, 2, appendix] to describe how the basic
representation is equivalent to thé action of ﬁr on the zero charge
space of a certain spin representation.

In Chapter 10 we will show that the 22 span of the Plucker
sections can also be singled out méasure-theo%etiéally as the subspace
of holomorphic sections which are square integrable in a certain
sense. For the construction of the measure, which is carried out in the
next chapter, we will need the following facts which we have established
in this chapter: \

(8.16) The canonical section o= Ogs where s e S, is the identity)

0
corresponds to the function f on ﬁr given by f£([g,q]) = det a(g)q"1

(by (8.15)). Hence its local norm is given by
o(0) = |o(u)|2 = det a(g)*a(e),

where g » H+ =Ue GrO.
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(8.17) Suppose V =V, + V_, where V*‘= H* are n-dimensional. - The

U(V) equivariant isomorphisw
.AP(V) + holomorphic sections of Det*(V,, V) defined by (8.8)
maps V = e_, Aeeed e to the restriction of ¢ to Det((V+, V). For

if.g e SL(V),
Fv(g) = (g-le_nA...Ae_1,¢) a det d(g-l) = det a(g).

This last equality is a general fact true for
any g € SL(¢n + ¢m) of the form g = (2 3 where a 1s nxn and
d is mx me For if * denotes the star operator

in A({:n + ¢m) relative to the standard basis {ej}, then for g ¢ SU(V)

and €+ '- ElAﬁoern, E_= €n + leoern + m’
det a(g) = <g € e+>

=<g*e_, *e_

= (-1)"RFgF ¢_, e

= (DM g e, >
=<ge_, €

= det d(g)* = det d(g-l).
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This is valid for g € SL(V) by analytic continuation. A little

reflection shows that this is properly interpreted as a fact asout the
spherical functions of contragradient representations.

If g € U(V), then g ¢« ¢ is also a section of Def*(V+,V), and
it corresponds to g » e“nA...Ae_l. Hence the global inner product

formula (8.9) implies

c [ <g e+ 0,02dv = <g e_ Aecede_jse_Aeeche ;> = det d(g)
Gr(V+,V)

where ¢l = [ pdv = (22)-1 by (8.10).
Gr(V+,V)



CHAPTER 9
MEASURES IN INFINITE DIMENSIONAL GRASSMANN MANIFOLD

In this chapter we construct the cylinder measure p which will
be used to write the global inner product of sections of Det* as an
integral of local inner products (see the introduction to the preceding
section).

A priori it appears that p must live on (a completion of) the
nonlinear space Grg in (8.11)s Fortunately, it turms out that p is
actually supported on (a completion of) a single coordinate patch
modelled on J:Z(H), where H is an «-dimensional complex Hilbert
space. Granted this, p can be described briefly as follows.

Let ej,ej,sss be an orthonormal basis for H. We will write
opefators on H as matrices with respect to this ordered basis. Let
H, = span {ej: j < n}, and vieW'J:(Hn)CoJ:z(H) in the obvious manner,

i.e. 1f Z is an n x n matrix representing an operator on Hi, then

Z » Z % 5 s

where the latter matrix repreéents a Hilbert-Schmidt operator on H.
This embedding is orthogonal with respect to the: usual (trace) inner

product, and

91
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Ly

whenever n < N,

The measure p will be essentially determined by a finitely
additive measure, Hps living on.I.z(H). In turn the fimitely additive
measure Wp is essentially defined by its orthogonal projections onto the
spaces JZan). If P:;LZ(H)ﬁhil(Hn) is orthogonal projection,

then P*"F = W where

| du!;(Z) - cdety(l + z*Z)'Z“'ldmn(Z)

and m, denotes Lebesgue measure.

For this definition to make sense, it must be checked
that My projects to Hy whenever n < N. Our proof of this relies on the
fact that as a coordinate patch for Gry), i,z(H) is "almost” a
homogeneous space for the restricted unitary group.

We have divided this chapter into three parts. In part I we
will establish certain facts needed to establish the existence of
various measures. In part II we will discuss an invariant measure on
Gro. This measure does not seem to be of any practical importance,
despite the fact its mere existence is quite a surprise. Finally, in

part I1I we will consider the measure Hpe
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PART 1

Let R* be w-dimensional complex Hilbert spaces, and H = H_+ H_.

As in the previous section, Grg will denote the Grassmannian of all
closed subspaces W of H such that
(1) Q: W->H, is Fredholm of index zero, and
(i1) Q.: W-~>H_ is Hilbert=-Schmidt,
where Q* are the self-adjoint projections for H*, respectively. Gro is
a homogeneous space forAthe groups (Ur)O and (GLr)O consisting of

unitary and invertible operators, respectively, having the matrix form

»

with respect to H = Hy + H., where a is Fredholm of index 0, and
b and c¢ are Hilbert-Schmidt.

If V is a closed subspace of H, we
let V-.!: =V H* and QV. QZ denote the self-adjoint projections

onto V, V* respectively.

(9.1) Definition. A subspace V of H is admissible if
(i) V 1is finite dimensional,
(1) V=V _+V_, and

(1i1) dimn (V,)= dim (V_).



Suppose V 1s admissible.

map

(9.2) g+Q gQ +(1-a",

i.e.
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We embed GL(V) in (GLr)O via the

b
g=(c &

where the former matrix is the decomposition of g with respect to V =

v, + v,

and the latter matrix is the decomposition of g with respect

to H= (H - V) + V, +V_+ (B.- V). , ’

Let Gr(V+,V) denote the homogeneous space of U(V) and

GL(V)

V,.

i.e, if U = g(H+), g € GL(V), then

consisting of all subspaces of V having the same dimension as

We embed Gr(Vy, V) in Grg via the map

b
(2 PR A

Of fundamental importance is the fact that in graph coordinates
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the map (9.3) 1s of a very simple form. The graph coordinate (at H,)

for Grp is the map ;LZ(H+, H.)=>Gry given by
Z=)graph (Z).

The graph coordinate at V,_ in Gr(V_,_, V) 1is similarly defined. 1In

these coordinates the embedding Gr(V,, V)-—)Gr0 is given by

(9.4) z > Q" 2 q,
vhere Z ¢ L (V,, V_). If we identify Z with the matrix (~—{—) with
respect to V=7V _+V_, then as in (9.2), the mapping Z + QX YA Q_Y_ is

given by

Viewing Z as a matrix in this manner will simplify some later
computations.

Although not of great importance here, it's worth noting that
the map (9.4) is isometric in two very different senses: it's clearly an
isometric embedding of the Hilbert space ;L(V o V_) into the Hilbert
space LZ(H+, H_), while it's also the coordinate expression of the
isometric embedding Gr(U+, V)—)Gro, where Gr(V+, V) and Gr, are

viewed as hermitian symmetric spaces.
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Graph coordinates is the linearization of Grg anﬁc Gr(vy, V)
we spoke of in the introduction. The sense in which.;L(V+,jV) is
almost a homogeneous space of U(V) is this: the complement of graphs
(over V) in Gr(Vy, V) has measure zero. This may require
explanation. ‘

Since a homogeneous space of a locally compact group admits just
one equivalence class of quasi-invariant measures with respect to
absolute continuity, there is an unambiguous notion of measure zero on
such a space (see [Varadarajan, 1, page 25]). For homogeneous spaces of
Lie groups, measure zero 1s determined locally by Lebesgue measure in
any coordinate system.

The standard cell decomposition of Gr(V+, V) (see [Griffiths,
1,page 194]) implies that the complement of graphs in Gr(V,, V) is a
finite union of submanifolds, each of which has measure zero. Hence the
complement of graphs has measure zero.

An alternate proof is to note that the graphs are the image
of {(: :) € GL(V): det a # 0} under the map GL(V)~>Gr(V,, V) given

by g->g(V,). This is because g = (2 g) can be written in the.form

if and only if det a # 0. The complement of this set of operators in

GL(V) has measure zero with respect to Lebesgue measure, which is
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quasi-invariant for GL(V). This also implies the complement of graphs.

in 6r(Vy, V) has measure zero.

We are now prepared to prove the key fact which we will use to
show that Uy projects to Moo

Let V be admissible, and let W be admissible or equal to

H, Assume that V&»W, and let P be the self-adjoint projection

froml(W_,,, W_) to 1(V+, V).

(9.5) Proposition. Suppose g ¢ GL(V). If U and g(U) are graphs

over W,, then
g(P(U)) = B(g(1)),

where in the right hand side of this equation we view g as an elemeént

in GL(W), using (9.2). If W is admissible, then almost everywhere
goP=Po g,

where we view P: Gr(Wy, W)*>Gr(V,, V) as a map which is defined
almost everywhere.
Proof. Let U = graph (Z), and let z = P(Z) = Q‘_’ Z QY_ .

With respect to the decomposition W = (W+ - V+) + V+ +V

+ (W_ - V), we have



g= = ’
[ d :
1 \\ C | D
0 I 0
Z= T - . .
* | *

In graph coordinates g acts by a linear fractional map. We

must show

(9.6) P{(C + DZ)(A + BZ) '} = (c + dz)(a + b2) "

We first find (A + BZ)~l.

A+BZ =

\
% 4
1]

* Ja + b2

-1
(9.7) (A + Bz)-l * (a+b2) .




This now implies

C(A*BZ)-I - * |(at+bz)
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—
S~

= =T , and
* |e(atbz)
-1 | ::-‘ (a+bz)-'1
DZ(A+BZ) " = = 7
’ | =

* dz(a+1>z)m1
%

This proves (9.6).//
Property (iii) of an admissible subspace V,
dimn V, = dimm V_, 1is not necessary in the preceding proposition.

This proposition does not seem to say anything about the
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geometry of Gr(V,, V)Q-,Gr(w_'_, W), since g 1s not restricted to be
unitary.

PART II

To illust:r.ate'the usefulness of (9.5), we will now comstruct a
finitely additive cylinder measure, vg, in i o(H;, H.). This finitely
additive measure is of intrinsic interest, although not of practical use
in this paper.

If V is admissible, let vy denote the unique u(v)
invariant probability measure in Gr(V4, V). The measure v, is of

v
" course concentrated in the graphs, i.e. i(V_,_, v.).

(9.8) Proposition. If V and W are admissible, VCyW, and P:
i(w_,_, W_)-QL(V.'_, V_) the self-adjoint projection, then P, (vw) = Vye
Proof. Py (vw) is a probability measure on Gr(V,, V). It suffices to
show Py (vw) is a U(V) invariant measure. But this follows

immediately from (9.5) and the U(W) invariance of vyt
g*(P*vw) = P*vw) = P*(vw)s

whenever g € U(V). //

If V is admissible, let P" denote the self-adjoint

projection iz(H.f., H-)"’i—(V.p V..
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(9.9) Definition. A subset ECJ,(H,, H) 1is an admissible cylinder

get 1f
E = (?")"U(E),

where V is admissible and Ey is a Borel subset of jL(V+, v.)e
Because any two admissible subspaces are contained in a third
admissible subspace, the adm;ssible cylinder sets form a finite
algebra. A standard argument shows that the admissible cylinder sets
.generate the g-algebra of all Borel sets in ;£2(H+, H_) (see [Ruo, 1,
page 75]).
Thanks to (9.8), we can now consistently define a finitely

additive measure on the admissible cylinder sets by requiring

(9.10) By(vp) = vy,

for all admissible subspaces B.

(9.11) Lemma. The finitely additive measure Vp is invariant under the
subgroup G of (U,.); generated by operators which are either of the

form g = 1 + finite rank or of the matrix form g = (a d)'

Proof. Suppose g = (a d)' If V is admissible, then g maps

Gr(Vy, V) to Gr(g(V),, g(V)), and a tramsport of structure argument

implies that g*(vv) = Vo) Hence

g(v
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Py (8yvp) = g*(P§
implying vp = 8va°
Now suppose g = 1 + finite rank, say g ¢ U(V), where V is
admissible. If Z ¢ iz(n+, H_), then g(graph (Z)) is also a graph if

and only if a + bZ is invertible by (9.7),

{z: g(graph (Z)) is not a graph}

= (¢ )ze (V,, V.): a +bZ is not imvertible},

which is an admisible cylinder set of Vp measure zero. This together
with (9.5) implies that

goM=p", g a.e. [vpl,

on JLQ(H+, H)), and Pzg*vF = v,» Whenever W is admissible and
contains V. Since any admissible cylinder set is of the

form (PW)-I(EW), where W is admissible and contains V, it follows
that g,vg = vpe  This proves (9.11).//

The finite algebra of admissible cylinder sets is not invariant
under all of (Ur)O', This is identical to a difficulty one encounters
in attempting to prove that the finite Gauss measure on a real Hilbert
space is translation quasi-invariant.

One way to resolve this difficulty for Gauss measure is to
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complete the Hilbert space with respect to a measurable norm. .On such a
' completion the finite Gauss‘measure can be extended to
a‘o-finite measure on fhe o-algebra of all Borel sets. For example if
the Hilbert space is réalized as H10[0, 1!, the space of absolutely
continuous functions vanishing at 0 and having square integrable
derivative, then an appropriate completion is Cp[0, 1] with the
uniform norme The completion of the Gauss measure is then Wiener
measure, and Cameron and Martin explicitly showed that Wiener measure is
quasi-invariant under translations by elements in HIO[O, 1],

It seems very plausible to me that the appropriate completion
of Grp 1is a certain Grassmannian associated to a measurable nérm
completion of H. However, as of this writing, I have not yet verified
this. This conjecture will be discussed further in (9.22) below.

A more efficient approach, perhaps, to the question of (Ur)O
invariance is provided by the algebraic integration theory in [Segal,
1], In this theory emphasis is placed more on the random variables and

less on the measure space.-

(9.12) Definition. A function ¢ on ;LQ(H+, H.) is an admissible tame
function if ¢ = d o PV, where V is an admissible subspace and ¢ is a
bounded Borel function on ;L£V+, V..

For ¢ and V as in (9.12), let
(9.13) E(¢) = E_(¢) =[ ¢ dvy.
By (9.8) E(¢) does not depend on the choice of V. If Qﬂ denotes the

algebra of all admissible tame functions, modulo null functions relative
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to E, then (WE) is a (complex) integration algebra as in

[Segal, 1]. (%, E) can also be viewed as the direct limit of
integration algebras (’l"v, EV), where V is admissible, 'U‘V is all
bounded Borel functions on i(V,,_, V.), and Ey is the integral with
respect to Vy (see [Shale, 2]).
We now repeat the statement in [Shale, 2] of the

(9.14) Segal Representation Theorem. If (U, E) is an integration
algebra, then there is a probability measure space (“,')[, v) and a
representation ¢ + ¢(x) of V' as bounded measurable functions (modulo

null functions) on M, such that for each ¢ in v,
E(¢) = [ ¢(x)dv(x).

Further m is the smallest g-ring with respect to which the functions
in ‘\!‘ are measurable. Finally the measure algebra of M, that is m
modulo the ideal of null sets, is uniquely determined by an s E)e

The condition that m is the smallest o~-ring with respect to
which the functions in 'U‘ are measurable is equivalent to a number of
other conditions: 'U‘ is weak* dense in Lw(v), 'U\ is dense in
LP(v), 1 < P { », among others (see [Segal, 1, page 433]).

Tﬁe statement that the finite measure vp is invariant under G
is equivalent :t:o the assertion that the map g + g¥,
where g*$ = ¢ o g—l, is a representation of G by automorphisms of

(¥, E).

Since ’v‘ is dense in LP(V), each g* extends to an isometry
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of LP( v), 1’ ¢ P { o, Moreover the map

(9.15) g + g* ¢ Isom (LP(v))
is a representation of G.
In chapter 1 we show that (U.)y has the structure of a Banach

Lie group.

(9.16) Lemma. With G in the relative topology, (9.15) 1is strong

operator continuous.

Proof. It suffices to verify strong continuity on a dense set in
LP (v) «» The subset of 1 consistiné of functions which are of the
form ¢ = & o PV (as in (9.12)), where ¢ is a uniformly continuous
function, is dense in 1P (and hence in -LP (v)) « Fix a function ¢ in
this subset. .
Since 6r; 1is a hermitian symmetric space for (Ur)O’ there is
a global Riemannian metric d(e,¢) on Gry which induces the original
topology and is invariant under (U.), (see [Klingenberg, 1, Theorem
1.9.5]). We also view d(+,¢) as a metric on Lo(H,, H).
Now suppose {gn} is a sequence in G which converges to 1.
Given ¢ > 0, there is a § > 0 such that d(Zl, Zz) < § implies

that |¢(Zl) - ¢(ZZ)| < ¢ for all Z, ¢ Lz(H+, H_). There is an N such

J
that n > N implies that d(gn e Z, Z) < § whenever Z and g, * Z are

in Lp(Hy, H.)s If n > N, then

J oo - ol'e - Jycw,, w_ylese = ol o,
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for some admissible subspace W, since g;¢ and ¢ are admissible., It
follows that

1/pP <

Ig:¢ - ¢|LP < (ess sup lg:¢ - ¢|P) €

s
This proves that (9.15) is strong operator continuous.//

This subgroup G is actually demse in (U.)ge For (1.1l)
implies tht (U;)y is the product of {(* g)} and Uy(H), and it's
known that operators of the form 1 + finite rank are demse in Uy(H)
(this is clear on the Lie algebra level, and the exponential map is
onto Uy(H); see [de la Harpe, 1, pagell¥ ). Since the map g + g* from
G into Isom (LP (v)) is strong operator continuous, it follows that
this map extends to a strong operator continuous representation of
(Ur)o by isometries of P (v) (we will use g + g* to denote the

extension).

(9.17) Lemma. For each g ¢ (Ur)O’ g* restricts to an automorphism of

the integration abgebra (Lw(v), f(-)dv).

Proof. We know that for g ¢ G, g 1s an automorphism of the
integration algebra (ME). Because multiplication of functions is

continuous as a map from 1.2 X 1.2 to Ll, it follows that

(9.18) g*(¢p¥) = (g*¢)(g*y)

for ¢, ¥ ¢ L2 and g e G. Strong continuity implies that (9.18) is also
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valid for g ¢ (Ur)O' Hence for ¢ ¢ L and g ¢ (Ur)o’ g*¢ is also

in L” and 'g*¢'“ < |¢|w, since

| [(e*)e av] = | [ ¢ g vav] < FIMEA

whenever ¥ eqy. The fact that g + g* is a representation now implies
that each g* actually restricts to an isometry of L”. It's trivial to
check that the involution ¢ + E is preserved. This proves (9.17).//

We have proven the following

(9.18) Proposition. Let (WE) be the integration algebra defined in
(9.13) and the ensuing paragraph. Let (N:”l, v) be any probability
measure space realization of (M, E? as in the Segal Representation
theorem, (9.14). The map ¢ » Isom (LP(v)) in (9.15) extends to a strong
opérator continuous representation of (Ur)o by isometries of
LF (v) , for each 1 < P < w, This map also restricts to a
representation of (U.)q by automorphisms of the integration
algebra (L"(v), [ (e)dv).

We now list a number of remarks concerning v and related

measures.

(9.19) Remark., The integration algebra (W, E) depends upon the
distinguished point H+ € Gro. Given any point U+ € Gro, there is an
integration algebra (W(U,), E(U,)) associated to the graph coordinate

at U+, constructed in the same manner as (W, E).
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Now view U, E) + (L°(v), [ ()dv). If g ¢ (Ur)0 satisfies
g + H = U, then the map g*(W, E) » (1KU+), E(U,)) given
by g*¢ > ¢ 0 g-l, where ¢ ¢ V, is an isomorphism of integration
algebras.
It follows that every point in {g*¢: g € (Ur)O’ ) 5111 can be
viewed as an admissible tame function in some graph coordinate system,

and moreover that (L“(v), f (s)dv) is a "global"” integration algebra

which does not depend upon the choice of H.

(9.20) Remark. It's clear that we may associate invariant intggration
algebras to the other components of Gr, using the same graph
coordinate technique. The group U, acts as a group of automorphisms
of the direct sum (see (8,11) and (1.3) for the definitions of Gr

and U, respectively).

(9.21) Remark. Suppose n is a positive integer. The graph
coordinate technique yields an invariant integral for the Graésmannian
Gr(n, H) consisting of all n-dimensional subspaces of H. This
invariant integral is related to one conmstructed in [Shale, 2], and we
will describe this connection below.

To obtain the existence of the integral from our (graph
coordinate) point of view, let H,_ be a fixed n-dimensional subspace,
and define a subspace V of H to be admissible if

(i) Vv is finite dimensional, and

(1) V=H_ +V_  (V_= vi) H_, as before).
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Proposition (9.5), the simple fact that linear fractional maps commute

with certain orthogonal pégjections, is valid in this context, and it
implies the existence of the integral for admissible tame functionms
(relative to the graph coordinate system at Hj).

Concerning invariance of the integral, the only changes are for
the better. First, it is not necessary to restrict the unitary
operators; all of U(H) acts on Gr(n, H). Second, the integration
algebra (W(H.), E(H;)) is invariant under all of U(H). This is
because all of U(H) 1is generated by operators which are either of the '
form 1 + finite rank or of the matrix form (2 ) » relative to
H = Hy + H_, Hence the integration algebra (W(H;), E(H;)) does not
depend upon the choice of H,.

In [Shale, 2] it is shown that there is an invariant integral in
Isom (Hy, H), the space of isometries of H, into H. This space is
a U(H+) principal bundle over Gr(n, H), and Shale's invariant
integral pushes down to Vps the cylinder measure our technique yielded

above.

(9.22) Remark. In the case of 6r(n, H), it is easy to describe an
appropriate "completion" which supports a countably additive extemnsion

of v In fact we may choose Gr(n, B), where B is any

F L]
measurable norm completion of H.
We first note that via graph coordinates Gr(n, B) 1is a nice

analytic manifold which is modelled on;L(¢n, B/¢n). Here ¢n may be

identified with any n-dimensional subspace of B, for the fact that any
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finite dimensional subspace of B 1s complemented easily implies that

if ¢n - Bjﬁy B, then B/B; and B/Bp are anlytically equivalent via a
linear map.

L (4, H) 1s a Hilbert space with measurable norm
completion i[#n, B). Hence there is a countably additive extension of
Qauss measure defined on the Borel g-algebra of i_,(#n, B). Let
i(f':n » B)' denote the regular maps, i.e. those which are 1-1. The

complement of this set has measure zero, for it is equal to

(9.23) !;I] L ei(¢n, B):ByL 1s not 1-1}, where {P } 1s a sequence of
finite rank projections which converges to 1 strongly, and each of these
sets 18 a cylinder set of measure zero.

It is knowtthat every unitary operator in H can be extended
uniquely to a measurable transformation of B which is defined almost
everywhere and preserves the extension of Gaussian measure. Hence
U(H) acts (almost everywhere) by composition on the space i“:n’ B), and
this action leaves invariant the subset of regular maps.

We have the commutative diagram

L@ mr — L@, )

(9.24) lﬂu lnB

6r(n, H) —> Gr(n, B),
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where the U(H) .equivariant projections L and Tp are given by

L + Range (L).

If Vg 18 the extension of Gaussian measure toJl(#n, B)', then

(wB)*(vG) is a model for the extension of Ve

To see this, fix the n~dimensional subspace H; of H, and

let V be an admissible subspace as in the preceding remark, (9.22),

and assume also that QY extends continuously to B. The projection
pef(m, B) »J(8,,V )iz >Q'2

then extends to an operator
pif(H,, B) +J(H,, V)iz » Q2

(B_ = ﬁ_ in B). The complement of graph coordinates

;L§H+, B) + Gr(n, B) has measure zero relative to (nB)*GVb), since

the nB-inverse image is

Lefam, ®: 1= 2) anddet a=o

" (the matrix is with respect to B = H_ + B_), and this set is seen to

have Vg Deasure zero by the same argument as in (9.23). It's now easily

checked that the following diagram is (almost everywhere) commutative:
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(9.25) L an

Gr(n, B) ~P—-=, 6r(n, V) ..

where Pr: L » QVL. It follows that the P-projection of (my),(v,) is the

invariant probability measure, since the Pr-projection of v, is Gaussian

G
neasure in J(¢°, V), and the my~Projection of Gaussian measure is the
invariant probability measure.

(9.26) Remark, Let V =V_+V_, where dimn (V)) = n ami

dimn (V_) = m. We will indicatev two ways of computing Vy in the graph

coordinate system i(\/+, V.), relative to Lebesgue mesure Mye

The first method is geometric.
Suppose Z ¢ J~(V+, V_), and choose g ¢ U(V) such that

g(2) = (dz + c)(a + b2)™! = 0. Then
dyy(Z) = constant . detm(dglz)dmv(Z).
where dg denotes the differential. This differential is given by
dg|zzi(V+,V__) +1_(V+,V_):B + dp(bZ + a)'-1 = dpa*,
since Z = b*a*~! and (bZ + a)a* = bb* + aa* = 1. Using (l.1) and

(1.2), one can compute that 1 + Z*Z = (a*a)-'1 and 1 + 22*% = (d*d)-l.

It follows that
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detp (g » dpa*) = |det¢(8 + dBa*)I2

= |(det @)"(det a*)®|?
=det (1+2%2) " 0,

The constant can be computed by the Wirtinger theorem (see

[Griffiths, 1, page 171]). The Plucker. embedding is the mapping given

by
Gr(Vy, V=>PQANVI)0=> PCujheeitn),

where U = span {uj}. Let e),.ss,e, be an orthonormal basis for V.

In graph coordinates the mapping is given by
;L§v+,v_) > (elA...AeniL:Z > (e1 + Zel)A...A(en + Zen),
and the differential at V, 1is given by
J,v) - (elA...Aen)'L:B + Bejhegheeche, +ouut eheehBe .
This differential is an isometry with respect to the trace norm on

iﬁUi,V-) and the usual inner product on A(V). Since the Plucker

embedding 1is U(V) equivariant, it now follows from [Griffiths, 1, pgs.

30-31] that
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det(l + 2#2) " dm(z) = ((nm)l)-l(wm)n-m,

where w is the associated (1, 1) - form for the Fubini-Study metric.
The degree formula for Gr(n, V) im [Stoll, 1, page 11] now implies

that
[ det(l + 2%2) ™" Bam(z) = [ ((om)!) "L (nu)™®

= ((nm)!)-lnnm degree (Gr(n, V))

- “n-m' n g 1 !
+o-qr °

q=0
1
Thus for ¢ € L (vv),

n-1
(9.27) [ pdvy =v ™ T -(1%'-!3—'3)—'- [ §(2) det(l + 2#2) ™ Pdn(2).
q=0

The second method of computing vy uses the fact that Vy is the

projection of Gaussian measure.
Recall from (9.25) that we have the U(V) equivariant

projection
nv:l({:“, V)' » 6r(n, V): L » Range (L),

In graph coordinates Ty is given by
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i(V_._, N +i(V+, V):L+2Z =y a-l,

a O
where L = (Y 0) with respect to V=1V _+V_,
Thus for ¢ ¢ Ll(vv),

[ #(2)dv(2) = g (o) [ oy o He t  *an(Ly,

To express this in terms of Z, we note that L = a + Za and that the

real Jacobian of the mapping (Z, «) + o + Za is det(a*a)m. It follows

that
(9.28)
-n(n+m) - étra*u -'%tra*Z*Za
[6(Z)avy(2)=n " [6(2){[e e det (at*a) "dm(a) }db(2)

- u-n(n+m)f¢(Z){fe-tr(l+z*z)“°*det(a*a)mdm(a)}dm(z)
= 7R 14 7y (e TR0 g ( (14242) ~Lata) Mam( (14242) Y 20) }dm(2)
= o RO e o (ke () | fo(2)det (14242) ™ an(2)
We now follow the presentation in [Mehta, 1, se¢,12.1] to
compute the "moment” w-nzf e-tra*“det(a*q)mdm(a). In this calculation

a is parameterized by its spectrum {zi} and other auxiliary

parameters. Since det(a*a)m does not depend upon these auxiliary



116

parameters, it follows from the discussion in [Mehta, 1, sec. 12.1] that

2
2 -

s fe-tr“*adet(a*a)mdm(a) - Kfn’zilzme g 'zl-zjlzndm(zi)

i<3

2
2|z - 1-1_ j-1

- Kn!fnlzilzme 1 [det(z," "z, )1<i’J<n]Hdm(z

1
2 = i=1_ j-I 'Izilz
‘= Kan! det(['zi' 2, z,0 e dm(zi))1<i,j<n

= Rn! det (6, w(m+j~1)!)

84 1<i,j<n

n
=Kn! 0 w(wkj=1)!
j=1

-1 _ -1 n 2
Here K " =K T I j!

i=1

Plugging this into (9.28), we again obtain (9.27).
PART III

We now begin the description of the measure Hpe We will use the
notation established in the first part of this chapter (in particular,
Hy 1is fixed - the measure Hp depends on the choice of H+).

Define a function p on Gry by |

a b

(9.29) p(g « H)) = det aa*, where g = (c d) € (Ur)O' IfU=g+H

+
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is a graph, say U = graph (Z), then (l1.1) and (1.2) can be used to show
p(U) = det(1l + Z*Z)-l. If U 4s not a graph (relative to H+),

then p(U) = (,

(9.30) Lemma. Suppose U is an admissible subspace and U ¢ Gry is a

graph. Then

p(g + U) _olg + B+ 1)
p(U U.U)

p(P

for all g € U(V).

]

Ao

Proof. Let g =

N ORRO)
.C(g Digs

0

as in the proof of (9.5). Choose h ¢ (Ur)O g0 U=nh . H+ = graph (Z),
where Z = C(h)A(h)-l. By continuity of p, we can supose that Z is

finite rank. Then

—-z-y—p(ﬁ ; D - i;:t—‘ﬁﬁ%;l’ﬁ‘m%i = |det A(gn)a(n)![?,

and A(gh)A() ™ = Ag) + B(g)C(Am) ™! = A(g) + B(g)z.
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Let PVZ = z, 80 that Z = % > « Then
* *
1 |
A(g) + B(g)Z = 2 + 2 .
I x| *
1 0
- * a + bz

This implies that
|det (a(g) + B(g)2)|? = |det (ale) + b()2)|%

A repeat of the first part of this proof, with h above replaced by
an h ¢ U(V) satisfying h » E+ = graph (z), shows that the right hand
side of this last equation is p(g ¢ graph (z))/p(graph (z)). This proves
(9.30).// |

Recall that Vy is the unique probability measure on Gr(V,, V)
which is invariant with respect to the action of U(V). Let ty be the
probability measure obtained by normalizing p o Yy
(9.31) Proposition. Let V and W be admissible subspaces, VW,

and P: ;L(W+, W_)-DJL(V+, V_.) the orthogonal projection.
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Then P*(uw) = tye

Proof. Supose g ¢ U(V). Then from (9.5) and (9.30), it follows that

x (Pyiyy) = Pylgyuy) = By {(g*e)v,}

Pko* *
- _Pspo Pyluy) = E_pﬁ. Pyluy)s

i.e. P*(uw) is a quasi-invariant measure haviné the same Radon-Nikodym
derivative (for every g € U(V)) as Mye Using the fact that
P*(uw) and uy are mutually absolutely continuous, this is easily seen
to imply (9.31).//

We can now consistently define a finitely additive measure on

the admissible cylinder sets by requiring that
\)
P*(“F) = uv’

for all admissible subspaces V.
Our development of the quasi-invariance properties of Up (and
its completion) will parallel our development of the invariance

properties of v

F.
First, for g ¢ (Ur)O and U ¢ Gro, define
& v
(9.32) p(g, U) ='2;Tﬁj-— . For g ¢ U(V), where V is an

admissible subspace, the restriction of p(g, «) to Gr(V,, V) is the
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Radon~-Nikodym derivative of g*(uv) relative to My For g of the matrix

1.

form g=(a d)’ p(g, )
Since the finitely additive measures vp and ¥p have the same
(admissible cylinder) sets of measure zero, it's easy to modify the

argument in (9.11) to prove

(9.33) Lemma. The finitely additive measure Mg is quasi-invariant
under G. The Radon-Nikodym derivative of by relative
to up is p(g, *).

Form the integration algebra (Ut E) = fun Eu)’ i.e. i is the
algebra of all admissible tame functions (relative to Q+),
and E = Eu is the expectation relative to Mpe Let (M,‘ﬁh u) be any
pfobability space realiation of 'ﬂﬂ, E) as in the Segal representation
theorem, (9.14).

Suppose g ¢ U(V), where V is an admissible subspace. By
(9.30), p(g, *) = po(g, Pv(-)) on graph subspaces. This does not quite
imply that p(g, ¢) is inllﬁ, since p(g, ) is not bounded. However,
since the projection Y can clearly be represented as a measurable
function on (M, M, u), p(g, °*) can be represented as a measurable
function. This is also the case for any g € G, since we can always
write g = g8y, wﬁere g = (a d)’ gy € U(V), for some admissible
V, and p(g, °*) = p(gz, ).

Let g + g* denote the representation of G as automorphisms
of ‘l? defined by g*p = ¢ © g-l. In the terminology of [Segal,bpages

449~-450], it follows from (9.33) that g + g* is a representation of G
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by absoluteiy continuoﬁs transformations of a’,E), or, equivalently,

that g +» uP(g), 1< p < =, where

(9.34) “P(g)(‘b) = g*pp(g, .)I/P’ beV,

gives rise to a representation of G by isometries of LP(u).

(9.35) Lemma. g + nf(g) is a strong operator continuous

representation of G.

Proof, As in (9.16), it suffices to prove strong continuity on ¢ & of
the form ¢ = ¢ o Pv, where ¢ is uniformly continuous.
Suppose g, +14n G, For fixed n, there is an admissible

W such that

1
fM,wp(gn)¢ - ¢|Pdu = f‘8§¢ (g, > of - ¢'Pduw

S 1
< flgxe|(oce s )P = 1 an, + flgte - ofFan,

P -11P - +|P
< |¢'m|np(gn)-1 llp + ess sup Ig;¢ ¢'
In (9.16) we showed thatthe second term tends to zero. Hence we
can assume ¢ = l.
We can also assumelP = 2, For if this case is established, it
then follows that p(gn, -)p + 1 almost everywhere [u] and
1/242

that 'p(gn, . + 1 is a sequence of integrable functions which
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converge a.é. to an integrable function (= 2). Since
|p(gn’ .)I/P - 1|p < p(gn, ¢) + 1, we can apply a well-known
generalization of the Lebesgue convergence theorem (see [Royden, 1,
pg. 89]) to conclude that np(gn) el 1 in Lp(u).
Our proof in the case p = 2 depends upon chapter 1 and the
line bundle comstructions of the preceding section.
First we factor g, as in (1.11), g, = g'n * 4 where
g'n = ] + finite rank, g'n +1in (Ur)* (in particular,
d(g'n) =1+ Tn’ where T, * 0 in trace norm), and g, is of the
'

*
form (-TT--4%). Since m,(g ) ¢ 1 = my(g' ) ¢ 1, we can assume g = g' .

If we fix n, then

Hlotegs M2 = 1]%an = [)(ER)Y2 - 1) 2,

- ¢, ”(g*np)l/z _ p1/2'2de’

where Cy 1is the normalizing constant for the measure
pdV s i.e,,. Cw = f pdeo

It follows from (8.16) that
2
p(U) ,o(U)IU

where ¢ denotes the canonical section of the Det* bundle. Hence

1/2

(%) 20 = |og™ 0|
g U
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= |(g « W

where g ¢ o denotes the action of [g, 1] on o. It follows that
1/2 1/242 2
[(e* 0)™'° = %% = | |(g, + DW= |a(W)]]
2
< (g, + (@) - oM,

To show G, [ 'gn . q- a'de + 0, it suffices to show
C, J <g, + 0, o> dv, > 1. But by (8.17)
Cy / <g, * 0, 0> dv, = det d(g ), and this does converge to 1.//
Strong continuity of np implies that np extends to a strong
operator continuous representation of (Ur)o' by isometries
of L'(u), 1< p <o
For all g ¢ G, p(g, *) = nl(g)(l) is an Ll(u) function. By
taking a strong limit we can interpret p(g, ¢) as an element
of Ll(u) for all g ¢ (Ur)O' For ¢ ¢ Ll(u) and g ¢ (Ur)O we can

define g*¢ to be the measurable function satisfying

(9.36) ul(g)(¢) = g% p(g, *) (a.e.[p]). Obvious modifications of

the proof of (9.17) now yield

(9.37) Lemma. The map from g to the restriction of g*
to Lw(u) defines a representation of (Ur)o by absolutely continuous

transformations of the integration algebra (L™ (u), [ ()duw).



CHAPTER 10

In this section we will show that the measure u constructed in
the previous section can be used to construct the inner product for the
basic representation of ﬁr on holomorphic sections of Det*, The general
method applies to many other highest weight representations, but we will
confine our discussion here to this single example.

We first expose a certain technical problem. Suppose ¢ is a
holomorphic section of Det*. According to the inﬁroduction of Chapter |

9, we should define the global L2 norm of ¢ by

(o,c)U
(10.1) (0,0) = [ = du(U),

where this may be infinite. The problem with this definition is that
the function Egé;%g is defined on Gro,' while the measure lives on a
certain "completion“, M, of Grpy. Before we can integrate we must
establish that our function can be extended in a reasonable fashion to a
measurable function on M.

As of this writing, I do not know whether an arbitrary
holomorphic section of Det*, or even one with (o,¢) bounded, can be
reasonably extended.

In the case of Det* we know which sections should be "L2" -

the 22 linear combinations of Plucker sections. We will show that

(10.1) makes good sense for this space of sections.

124
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To accomplish this, we need a slight refinement of (9.30).

Recall that the weight function p is given by
D(U) (OO’UO)U’

where 9% is the canonical section of Det* corresponding to the function
on ﬁr given by £4([h,q]) = det a(h)q'l. Suppose that g ¢ U(V), where
V is admissible, and identify g with [g,1] ¢ ﬁr'
(10.2) Lemma. The ratio fgfgf;l is a function on Gr, and as a

0
function of the graph coordinate 2 e-Lz(H+, H_), it depends only on

z = pVz,

Proof. By the proof of (9.30), if U=h » H,_ = graph (Z), then

£(lhal)  gor a(gh)q”!
fo( (h,q}) det A(h)q-l

= det A(g) + B(g)Z
= det(a + bZ).
This proves (10.2).//

Fix the orthonormal basis {ej} for H as in the paragraph

preceding (9.13). If 81s 8y € SO’ then US1 and Us2 defined by
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(9.13) will be in U(V) for some admissible V. By the preceding

lemma, the function

is a function of PVZ, i.e. it is an admissible tame function. Hence
it can be extended to a measurable function on M in a canonical

fashion, and we have

(Us » s ) (Os » I )
1 2 1 2
j___________ dy = f — duV
MooP Gr(u,n °
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