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ABSTRACT 

Several formal asymptotic expansions for a pair of coupled 

reaction-diffusion equations, constructed by Kapila and Aris for 

small time and large time, assuming discontinuous initial data, are 

rigorously justified. the system studied models the diffusion and 

reaction of chemical species, where the reaction is of the form 

A + B + C. The solution of the system can be represented as a power 

series expansion in time, which is shown to converge for 

time < k = 0(1). When the diffusion coefficients are equal, and the 

initial distribution is symmetric, it is shown that the reactant 

concentrations tend to a known steady state in appropriately rescaled 

variables. When the coefficients are unequal and the initial 

distribution is not symmetric, then the concentrations are shown to 

be monotonic in space and the magnitude of their spatial derivatives 

to possess an upper bound which decreases exponentially as the 

distance from the site of the initial discontinuity. In the 

asymmetric case, it is also shown that the average of the reaction 

function vanishes as time +~. A number of other mathematical 

questions associated with the asymptotic expansions, such as 

. existance, uniqueness, and boundedness of solutions to various 

nonlinear equations, are also studied. 
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CHAPTER 1 

INTRODUCTION 

Systems of partial differential equations of the form 

(l.la) 

(l.l.b) 

arise naturally in the study of chemical reactions (where a and 

b are scaled concentrations of chemical species), combustion, and 

population biology. In all of these contexts, the functions fl 

and f2 are usually nonlinear, which generally precludes analytic 

solution. In realistic problems, the constants c1 and c2' which 

represent (scaled) diffusion rates, are usually positive and unequal, 

so that these equations must be treated as a system. 

We will consider a system of the form (1.1), with 

discontinuous initial conditions of the form 

a(S,T = 0) = lao when s < 0, 0 when s > O} (1.2a) 

b(s,T = 0) = {O when s < 0, bO when s > OJ, (1.2b) 

and we will examine the behavior of solutions of (1.1) and (1.2). 



We will consider the situation where a(~,~) and b(~,T) in 

(1.1) and (1.2) represent concentrations of the reactants A and 

B, respectively, when A and B undergo the simple irreversible 

reaction A + B + C. If we assume that the reaction rate is much 

faster than either of the diffusion rates, then the behavior near 

~ = 0 may be examined by appropriately rescaling ~ and ~ in 

order to remove the explicit reaction rate from the problem. This 

leads us to consider the problem on the unbounded domain (~,T) E R 

x [o,~), where the boundary conditions are 

lim a(~,T) = lim b(~,~) = 0, 
~~ ~+-~ 

lim a(~,T) = aO' lim b(~,~) = 1. 
~- ~~ 

The reaction functions f1 and f2 have the form 

(1.2c) 

(1.3) 

Our results relate to the asymptotic behavior of (1.1)-(1.3) for 

small T and for large T. 

In particular, we will rigorously show that solutions of 

(1.1)-(1.3) exhibit an initial smoothing of the discontinuity in 

(1.2), which takes place on a small time scale, and that such 

behavior is described by a series representation for the solution in 
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powers of T, which converges to the solution for T less than a 

known constant. The proof of this fact does not make use of 

properties of f1 and f2 more specific than 

"antiquasimonotonicity", i.e., the fact that 

(1.4 ) 

and the fact that for b fixed, fl and f2 are Lipschitz in a, 

and the fact that the reverse also holds. Hence, such results may be 

proven for a broad range of reaction functions f1 and f2' and 

need not be restricted to the particular ones chosen in (1.3). The 

tools used to accomplish this are comparison theorems for partial 

differential equations of parabolic type, and for second order 

ordinary differential equations, of the kind discussed in Protter and 

Weinberger (1967). 

We will also rigorously show, by the use of a Lyapunov 

functional, that for the symmetric case where c1 = c2' the solution 

of (1.1), (1.2), and (1.3) tends toward a known limiting function of 

the single variable n = ~T-1/2 as T +~, i.e., that 

lim [a(~,T) - g1( 172)] = 0 
t+~ t 

lim [b(;,t) - g2( 172)] = 0 
t+~ t 

(1.5) 

for known functions g1 and g2. 

3 



A similar but weaker and more qualitative result is shown 

when the diffusion rates are unequal, i.e., when c1 ~ c2• Here, the 

methods used are "invariant rettangle" theorems such as those 

discussed by Weinberger (1975), together with ordinary differential 

equations for quantities like 

(1.6) 

(where E is any function of a(;,T) and b(;,T) such that the 

integral exists and is finite) which hold for solutions of (1.1) 

through (1.3). Such equations are generated by methods similar to 

those used while seeking Lyapunov functionals, (Alikakos 1980), but 

prove useful in situations where V(T) can not be shown to be 

strictly decreasing. 

In addition, the asymptotic expansions calculated by Kapila 

and Aris (Kapila 1983) for T (0(1) will be rigorously shown to be 

valid to arbitrarily high order, since this expansion is in fact 

shown to constitute the convergent power series referred to earlier. 

Kapila and Aris also calculated two asymptotic expansions, to 

describe the behavior of solutions of (1.1) through (1.3) as T + ~. 

An "outer expansion" calculated for n) 0(1), described diffusive 

. behavior for the system, while an "inner expansion" calculated for 

n < 0(1) described the rection modelled by (1.3). We will show 

rigorously that in the case where· c1 = c2, the outer expansion is 
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indeed valid to leading order, and its first term describes the 

system behavior as T + m. We will also show that for c1 = c2' the 

solution of the 'boundary value O.D.E. which yields the first term of 

the inner expansion exists and is unique, as a direct consequence of 

the recent work of Holmes (1982). 

Further, we will show, by a comparison theorem argument, that 

the second order term in Kapila and Aris' expansion is in fact zero, 

and that this induces a simplified set of equations for the next 

several terms. 
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CHAPTER 2 

DESCRIPTION OF THE PROBLEM 

The System of Reaction-Diffusion Equations 

A. Kapila and R. Aris (1979) (see also Kapila 1983) considered 

the problem of a pair of reactants A and B, whose concentrations are 

given as a'(x',t') and b'(x',t') respectively, which react with one 

another by the simple irreversible reaction A + B + C, where the 

product C is inert, and effectively leaves the system. Here 

time = t' > 0, and both A and B diffuse in one dimension. Here 

also, x' is the position in (one-dimensional) space. Since Kapila and 

Aris assumed that the reaction is governed by mass-action kinetics, they 

obtained a pair of modelling equations of reaction-diffusion type, 

(2.la) 

( 2 .1b) 

where Ka is the diffusion rate of A and Kb is the diffusion 

rate of B, and K is the chemical reaction rate. Further, they 

supposed that the system lives in the region -L < x' < L, and that 

at x' = 0, the reactants are separated by a barrier that dissolves 

at t' = 0, so we have the initial and boundary conditions 
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aa I ab ' - -° at Xl = ±L, (2.1c) ax'" - ax'" -

al(xl,O) = {ab when Xl < 0, ° when Xl > OJ, (2.1d) 

b'(X',O) = {O when Xl < 0, bO when Xl > OJ. (2.Ie) 

The further assumption was made that the reaction rate is much faster 

than the diffusion rate. Hence, after the scalings 

K t l al K Xl 
X :: L' 

b b' a l 0 a 
t ::"7r' b::~, a::~, aO :: br' c:: le' 

L 0 0 0 b 
(2.2) 

we get the system 

(2.3a) 

2 
~ -~ = -lab, at ax~ e: 

(2.3b) 

!! = ~ = 0 at X = ±I, ax ax (2. 3c) 

a(x,O) = {aD when x < 0, 0 when x > OJ, . (2.3d) 

b(x,O) = {a when x < 0, 1 when x > Ol. (2.3e) 
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Such a system can arise naturally in any chemical, biochemical, or 

combustion problem where two chemical species are intermixed by 

diffusion and react. For instance, a simple example is that of a 

precipitation reaction, where species A and B are dissolved in 

some fluid and begi n mixing at t = 0, and react to form an inert 

precipitate C. A similar system arising from a gas-liquid 

absorption problem, but with continuous initial conditions, was 

studied by Pao (1979). In order to study the behavior of the 

solutions of equations (2.~), in the limit as £ + 0, i.e., as 

(reaction rate/diffusion rate) + =, Kapila and Aris introduced the 

scaled variables 

t 
T =-, 

£ 

x 
~ =-. 

.f€ 

(2.4a) 

(2.4b) 

In these variables, the diffusion operators in (1-3) are rewritten as 

follows: 

(2.5a) 

(2.5b) 

and in the limit as £ + 0, (2.3) corresponds to the new system 
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aa a2a 
at - 7 = -ab, ( 2.6a) 

ab a2b (2.6b) - - - = -ab aT a;2 ' 

lim a( ;, T) = aO' (2.6c) 
;+-00 

limb(;,T) = 1, (2.6d) 
;+00 

1 im a( ;,T) = lim b( ;, T) = 0, (2.6e) 
1;+00 ;+_00 

a(I;,T = 0) = aOH(-I;), (2.6f) 

b(I;,T = 0) = H(I;), (2.6g) 

where 

H(x) _ {a when x < 0, 1 when x > a} 

(2.7) 

= Heaviside step function. 

Note that this last scaling neatly removes £ from the problem. 

Note also that the conditions 11;1 + 00 have changed from Neumann to 

Dirichlet type, as a result of matching to the "undisturbed" initial 

conditions at T = 0, as II;I + 00. 
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Equations (2.6) constitute the problem which Kapila and Aris 

studied by use of matched asymptotic expansions. We will study this 

problem with various comparison theorems, and with Lyapunov 

functionals. We will seek to obtain bounds on the solutions of 

(2.6), hopefully in terms of Kapila and Aris' expansions, and we will 

show that the lowest-order terms in these expansions are limiting 

solutions toward which the solutions of (2.6) tend, as 

T + a and T + =. 
In particular, we will exploit the fact that when we set 

b = 1 - B in (2.6), we get a system of equations which is 

"quasimonotone" in the sense used by Bernfeld and Lakshmikantham 

(1974). We will see that this allows the problem to be attacked with 

comparison theorems which apply to such "quasimonotone" systems of 

reaction-diffusion equations, and that such an approach both 

describes the qualitative behavior of (2.6), and justifies many of 

Kaila and Aris' results in a rigorous way. 

We must first summarize the results found by Kapila and Aris, 

and develop a few additional results which they had not reported. 

Then, we must quote the comparison theorems which we will use in the 

main body of the work. In the chapters that follow, we will prove 

existence of a solution for (2.6), as well as existence of solutions 

to the boundary value problems used by Kapila and Aris to define some 

of the terms in their asymptotic expansions. Then, we will 

investigate how solutions of (2.6) may be bounded for T = 0(1), and 

their asymptotic behavior as T + 0 and T + =. 
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Asymptotic Expansions for Small T 

A second scaling, which replaces ~, is defined by 

n =.L - , 

and in the new variables nand T, 

a _ 1 a 
~ - IT an' 

fi 
( 2.8) 

( 2. 9a) 

a a2 a 1 a2 n a a 1 D = - - c~ = - - -[ c~ + ~ -] = - - ..!.L ( 2. 9c) 
c aT at~ aT T an~ ~ an aT T c' 

where 

(2.10) 

After we rewrite Dc in the form given by (2.9c), and multiply 

(2.6a) and (2 06b) by T, we get the system 

lim a(n,T) = a a 

(2.11a) 

(2 ol1b) 

(2011c) 

11 



lim b(n,T) = 1, (2.lld) 
n+co 

lim a(n,t) = lim b(n,t) = O. (2.lle) 
n+co n+-co 

Note that we have not transformed (2.6f) and (2.6g). We will see 

shortly that the small -t approximation automatically satisfies 

(2.6f) and (2.6g). 

Kapila and Aris propose the form 

(2.12a) 

( 2.12b) 

for an asymptotic expansion of the solution of (2.6) which should be 

valid for small t. We get equations for the coefficients 

~n(n) and bn(n) by substituting (2.12) back into (2.11a) and 

(2.11b), and then equating coefficients of like powers of T. When 

we do this, we get a heirarchy of equations as follows: 

(2.13.0a) 

lim aO(n) = aO' lim aO(n) = 0, (2 .13.0b) 
n+-co n+co 

( 2.13.0c) 
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... ... 
lim b0(n) = o, lim b0(n) = 1, 
n+-oo n+oo 

... ... ... 

(Lc - 1)a1 = a0b0, 

... 
(L1 - 1)b1 = a0b0, 

... 
(Lc - 2)a2 = a0b1 + a1b0, 

... 
(L1 - 2)b2 = a0b1 + a1b0, 

A A 

lim a2(n) =lim b2(n) = 0, 
jnj+oo fnf+oo 

... 
lim a (n) 
In I +oo n 

... 
= lim b (n) = 0, 

fnf+oo n 

n ~ 1, 

n ~ 1, 

n ~ 1. 

(2.13.0d) 

(2.13.la) 

(2.13.lb) 

(2.13.1c) 

(2.13.2a) 

(2.13.2b) 

(2.13.2c) 

(2.13.n,a) 

(2.13.n,b) 

(2.13.n,c) 

Now, equations (2.13.0) have closed form solutions, in terms 

of the complementary error function. Define (Abramowitz and Stegun 

1964) the functions 

2 z -s 2 
erf(z) = --J0e ds, 

fTI 
(2.14) 
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2 
erfc(z) = ~;e-s ds = 1 - erf(z). (2.15) 

Define the repeated integrals of the error function recursively: 

C1erfc(z) :: - ~zerfC(z) (2.16a) 

IOerfc(z) :: erfc(z), (2.16b) 

Inerfc(z) :: f;I n-1erfc(s)dS. (2.16c) 

Then (Abramowitz and Stegun 1965) the differential equation 

2 
E..:l. + 2z~ - 2ny = 0 
dz2 dz 

(2.17) 

has the general solution 

y(z) = Alnerfc(z) + Blnerfc(-z), (2.18) 

where A and B are arbitrary constants. If we let 

z =_n_ z_n 
c - 2rc' = 2' 

(2.19) 

in (2.17) and (2.18), then we see that (2.13.0) is the n = 0 case 

of equation (2.17), and so after we fit the resulting general 

14 



15 
,. ,. 

solutions for aO and bO to the boundary conditions (2.12.0b) and 

(2.13.0d), we find that 

(2.20a) 

(2.20b) 

Then 

,. ,. 
Lemma 2.1. The expansions a( n,r) and b(n,T) formally 

satisfy (2.6f) and (2.6g). 
,. ,. 

Proof. If we assume that a(n,T) and b(n,T) have the form 

given by (2.12), then 

A II. It. ,.. 

lim a(n,T) = aO(n}, lim b(n,T) = bO(n), (2.21) 
T+O T+O 

but when we make use of (2.8) to return to ; - T coordinates, 

aD aO lim ;O( ;J = lim ~rfC(-~-) = {r lim erfc(z) when ; > 0, 
T+O It T+O 21Ci z+-oo 

(2.22) 
a 
~ lim erfc(z} when ; > O} = aOH(-;}. 

z+oo 

Similar reasoning yields 



and we are done. 

Asymptotic Expansions for Large T and n = 0(1) 

Here, Kapila and Aris proposed the form 

00 

b(n,T) ~ o(n,T) - L Dn(n)T-n = 0o(n) + D1(n)T-1 + O(T-2) 
n=O 

(2.23) 

(2.24a) 

(2.24b) 

for an asymptotic expansion of the solution of (2.6), which should be 

valid for T + 00. If we assume that the expressions (2.24) may be 

differentiated termwise, then when these are substituted back into 

(2.6), we lose the initial condition, and get a heirarchy of 

equations for the coefficients a and b when we equate 
n n 

coefficients of like powers of T-
k• These equations are 

(2.25) 

(2.26.0a) 

lim aO = aO' lim ao = 0, (2.26.0b) 
n+-oo n+oo 

(2.26.0c) 
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1 im DO = 0, 1 im DO = 1, (2.26.0d) 
n+-m n+m 

and, in general, 

lim an(n) = lim b (n) = 0, n > 1. (2.26.n,c) 
Inl+co Inl+co n 

Note that (2.25) implies ao(n) = 0 or bo(n) = d for any fixed 

n. 

For the symmetric case where aO = c = 1, we can use the 

fact that the initial discontinuity occurs at n = 0 to surmise that 

ao(n) = a when n > 0, ao(n) * a when n < 0, (2.27a) 

bO(n) = a when n < 0, bo(n) * 0 when n > 0, (2.27b) 

on the basis that this is the only kind of behavior that is 

physically reasonable. When (2.27) is substituted back into 

(2.26.0), we find that the left-hand side of (2.26.0a) is zero for 

n > 0, and a similar result holds for (2.26.0c), hence 

(2.28a) 

17 



(2.28b) 

Lemma 2.2. When aO = c = 1, we have 

( 2.29a) 

(2.29b) 

Proof. Use mathematical induction. Now, using (2.28) to 

simplify (2.26.0), we have 

( 2.30a) 

(2.30b) 

If we assume that both aO and DO are continuous at n = a (this 

is the assumption made by Kapi1a and Aris) then we have the boundary 

conditions 

1 im ao( n) = 1, 
n+-co 

( 2.30c) 

lim Do(n) = 1. (2.30d) 
n+co 

Now use of (2.17) with n = 0, (2.18), and (2.14) through (2.16) 

yields 
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ao = -H( -n}erf(~}, (2.31a) 

so for n < 0, ao > 0, and for n > 0, DO > O. 

Assume now that (2.29) holds for all n (m. Then when 

n > 0, equation (2.26.n,a) yields 

(2.32) 

and since bO > 0, am+1 = O. Similar reasoning with (2.26.n,b) 

yields bm+1 = 0 for n < 0, and we are done. 

At this pOint, it becomes clear that a discontinuity occurs 

in the slopes of ao and bO at n = 0, and since the series terms 

all exhibit the behavior described by Lemma 2.2 for any fixed T, 

then we see a discontinuity in the slopes of a and 0 at n = O. 

Thus, we find that we cannot apply Ll to the series for 

a and b, so we use the time-honored trick of introducing another 

"inner" expansion about the pOint where the first expansions 

a and b lose validity, to describe the system behavior there. 

Kapila and Aris did this by assuming that an inner "reaction 1ayer" 

expansion, valid for large T and n = o(l), is needed to smooth 

the power series (2.24) near n = O. This is also seen to be 

necessary because for c = aO = 1, Lemma 2.2 has a drastic 

simplifying effect upon the equations (2.26), which give the 
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coefficients in the expansions a and Om In fact, we get 

1 im an = 0, an (n) = 0 for n > 0, 
n+-CC) 

lim 5n = 0, on (n) = 0 for n < O. 
n~ 

(2.33a) 

(2.33b) 

(2.33c) 

(2.33d) 

Note that the modified equations (2.33) for the an's and on's are 

utterly unaffected by the reaction term -ab in the original 

system. To expect reaction to play no role whatever for t large 

is physically unreasonable, to say the least, and so we need an inner 

"reaction expansion" in order to model the reactive behavior at all, 

as L + 00. 

In the process of calculating this expansion, it must be 

matched to the expansion (2.24), and there is no a-priori reason to 

assume that higher-order terms in (2.24) are not needed for this. 

Hence, to conclude this section, we will describe and compute the 

higher-order terms in (2.24) when c = aO = 1, which were not 

computed explicitly by Kapila and Aris, and we will then draw some 

elementary conclusions about the behavior of (2.12), in the symmetric 

case where c = aO = 2. 

We find from Kamke (1942) that if we let 
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(2.34a) 

(2.34b) 

and let z be given by (2.19), then (2.33c) becomes 

(2.35) 

whose general solution is 

for constants k1,n and k2,n. Now (2.34b) forces k2,n = O. Hence 

we can simplify (2.36) after relabeling, and we find that 

n ) 1, (2.37) 

where (Abramowitz and Stegun 1965) h2n _1(z) is the 2n - list 

Hermite polynomial of z, a polynomial of order 2n - 1 containing 

only odd powers of z. The constants cn must be determined by 

matching. Similarly, 

n ) 1. (2.38) 

Thus, the Maclaurin Series for bn(n) (n > 0) and for 
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an(n) (n < 0) contain only odd order terms in n. Furthermore. we 

have shown 

Lemma 2.3. When c = aO = 1, each term in (2.24) is 

continuous forall n € R. Further, when n > 1, the derivatives 

do 
and dnn exist and are continuous for all n € R, and 

d2j) 
and __ n exhibit, at worst, a finite jump discontinuity at 

dn2 

n = 0 and exists for all n * O. Thus, L1an and L1bn exists 

and are continuous for all n * 0, and exhibit, at worst, a finite 

jump discontinuity at n = O. 

The Asymptotic Expansion for Large T, n = 0(1), 
and c = aO = 1 

In order to correctly prescribe the large -T reaction 

expansion indicated above, we need to define a new "stretched 

variable", which is taken to be 1;, defined by 

->. n = 1;1: , >. > 0, (2.39) 

so that when n = O(T->') + 0, then I; = 0(1). This should expand the 

discontinuity at n = 0 for closer examination, and describe 

behavior which is assumed to be principally reactive rather than 

diffusive near n = O. 

Applying (2.39) to (2.8), we note that 
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t = ~T((2A-l)/2) (2.40) 

a _ (2A-l)/2 a2 
'IT - T ~' (2.4la) 

(2.41b) 

(2.41c) 

Then, after multiplying the T and matching to (2.24), (2.6) becomes 

(2.42a) 

2 
T[~ + ab] _ T2A a b

2 
+ (2A-l)~ab = 0 

aT at 2 at ' 
(2.42b) 

lim a(t,T) = lim+ a(n,T), lim b(~,T) = lim+ O(n,T), 
t+~ n+O t+~ n+O 

(2.42c) 

lim a(t,T) = lim a(n,T), lim b(t,T) = lim O(n,T), 
t+-~ n+O- t+-~ n+O-

(2.42d) 

where a and b are defined to be the expansions (2.24). Kapila 

and Aris assumed that in the inner reaction zone, 

~ 

a(t,T) ~ a(t,T) - L an(t)T-nA 
n=1 

~ 

b(t,T) ~ b(t,T) - L bn(t)T-nA• 
n=1 

(2.43a) 

(2.43b) 
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When a and 5 are substituted back into (2.42) and the left hand 

side of (2.42) is multiplied by T as indicated, (2.42b) becomes 

- -A - -2A (-3A - - -2A+1 - - - - -3A+1 -Ab
l
T - 2Ab2T + 0 T ) + a1b1T + (a1b2 + a2b1)T 

+ O(T-4A+1) = _ (2A-1)t ~-A (2A-1) db2 -2A 
2 dl; L - 2 ~ (2.44 ) 

2- 2-
3A d b1 A d b2 0 -1 

+ O(T- ) -~ -~ - O(T ). 
dl; dr; 

Now in order for the largest order reactive term in (2.44), 

a161T-2A+1, to match the largest order term on the right hand side 

d26 
of (2.44), the diffusive term - ~A, we must have -2A + 1 = A, 

dl; 
so 

1 1/3 -1/3 
A = 3' I; = nT n = I;T , ( 2.45) 

and we can now match coefficients of like powers of T in (2.44) to 

yield a heirarchy of equations for the coefficients 0n(l;) in 

(2.43b). A similar calculation with (2.42a) yields the same A and 

a similar set of equations for the coefficients a (I;) in (2.43a). 
n 

Now, in order to specify conditions for the a~'s and b~'S as 

. II;I +~, we must use (2.37) and what we know about the Maclaurin 
2 

series of the error function and e-Z , to write a and b as a 

series in nand T, and then rewrite the series as a new series in 

I; and Tusing (2.39) and (2.45). For example, 
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..., . 1 1 3 5 
b( n , T) = H( n)[ -=-( n - 12'1 + O( n )) 

m 

1 3 5 -1 -2 + c 1 (n - 4" + O( n )}t + O( T)T ) ] 

_ H( )[1 " ->. 1 3 -3>. + O( -5>.)) + c ( ->.-1 1 3 -3>.-1 - r; ~ r;T -r~i; T T 1 r;T - ~ T m 

(2.46) 

1 -1/3 1 3 -1 -4/3 -5/3 
= H(r;)[-r;T - ---?; T + C1r;T + O( T )]. 

rn 12m 

Now we have a similar result for a(n,T), and the coefficients 

an(r;) and bn(r;) are given by 

f.ifa 
lim (~) = 1, lim al = 0, 
r;+-~ r;+-~ 

lim 61 = 0, 
r;+-~ 

. 1rrb1 11m (-r; ) = 1, 
r;+co 

2-d a 
2 - 6 -

-2 = a 1 2 + a 251 ' 
dr; 

(2.47.1a) 

(2.47.1b) 

(2.47.1c) 

(2.47.ld) 

(2.47 .2a) 

(2.47.2b) 
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(2.47.2c) 

n > 3, (2.47.n,a) 

n > 3, 

where (2.47.n,c) and (2.47.n,d), which are matching conditions 

similar to (2.47.l,c) and (2.47.l,d), must be extracted from 

(2.46). In particular, 

12f.ifa3 1 im ( 3) = 1, 
r;+-co r; 

1 im 63 = 0, 
r;+-co 

1 im 64 = 0, 
r;a+-co 

lU1TD 3 lim ( 3) = 1, 
r;+co -r; 

15 
1 im (.f-) = 1. 
z;+oo 1 Z; 

For both (2.47.1) and (2.47.2), we note that 

(2.47.3,c) 

(2.47.3,d) 

(2.47,4c) 

(2.47.4,d) 

(2.48a) 

(2.48b) 
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so that, after two integrations and the use of the limits with 

(2.48), 

( 2.49a) 

(2.49b) 

where Kapila and Aris developed (2.49a) from (2.48a), and this author 

developed (2.49b) using the same aproach. Another extension of 

Kapila and Aris' original work uses (2.47.n) to find the recursion 

(2.50) 

We can use induction with (2.50) to compute the differences 

6 - a, as long as we have boundary conditions from (2.46) to use 
n n 

in the integrations. In particular, it can easily be shown that 

3 
6
3 

- a
3 

= _..l-
12f.iT . 

(2.51) 

(2.52) 

Since c1 comes directly from (2.37) and (2.38), we must find it by 

matching a and 0 to a and b. 
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Kapila and Aris noted that a numerical solution exists in the 

literature for a1 and 61• Let y and f(y) be defined by 

(2.53a) 

and then (2.47.1a) and (2.47.1c) become 

d2f 2 1 2 
~=f -11' 
dy 

'(2.53b) 

This equation was solved numerically by Friedlander and Keller 

(1963). In addition, if we let 

(2.54a) 

define wand g, then (2.53) and hence (2.47.1a) and (2.47.1c) 

become 

6 = ",2 2 
2 \AI - 9 , 

dw 
9 + -Iwl as Iwl + ~ (2.54b) 

whose solution was shown by a later worker (Holmes 1982) to exist and 

to be unique, if we impose the physically necessary condition 

that a1(O) ) O. Thus, both a1 and 61 exist and are unique. 

Additional results for the large -t expansions, which 

depend on comparison theorems or Lyapunov functionals, will be given 

in Chapter 4. 
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Several Comparison Theorems 

Theorem 2.1. Suppose that for a second order differential 

operator 

d2 d 
I. = ~ + g(x)-

dX!: dx 
( 2.55) 

we have the problem 

(I. - h(x))y(x) = f(x) ( 2.56a) 

1 im y( x) = a (2.56b) 
X+-CO 

lim y(x) = b (2.56c) 
x+co 

where h(x) > O. Then if we have a function u(x) which satisfies 

(I. - h(x))u(x) > (I. - h(x))y(x) ( 2.57a) 

lim u(x) , lim y(x) (2.57b) 
x+-co x+-co 

lim u(x) , lim y(x) ( 2.57c) 
x+co X+co 

then 

u(x) (y(x), for all x e: R. ( 2.58) 



Furthermore, if we have a function v(x) which satisfies 

(if - h(x))v(x) < (if - h(x))y(x) (2.59a) 

lim v(x) lim y(x) (2 .59b) 
x+-= x+-= 

lim v(x) ) lim y(x) (2.59c) 
x+= x+= 

then 

y(x) < v(x), for all x e R. ( 2.60) 

Proof. In order to prove this result, we will make use of a 

similar result on a bounded interval. Choose some e > 0, and then 

call 

u (x) = u(x) - e. 
e 

( 2.61) 

Now from (2.57b) and (2.57c), there exist xo(e:) and x1(e:) with 

xo(e:) < x1(e), such that 

(2.62b) 
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Now using (2.61) and (2.57a), 

(;£ - h( x) ) u (x) = (if - h( x) ) u( x) - (if - h( x) ) e = (if - h( x) } u( x) 
e 

( 2.63) 

+ h(x)e ) (if - h(x))u(x) ) (if - h(x))y(x}. 

Now, (2.62) and (2.63), together with the analog of Theorem 2.1 on a 

bounded interval [xO(e),x1(e)] (Theorem 2.10 in Protter and 

Weinberger 1967) yields 

( 2.64) 

Now fix x. From (2.62b), we see that if we choose e* sufficiently 

small, we can find and xo(e*) and an x1(e*} such that 

x e [xO(e),x1(e}] and for that x, from (2.64), 

u(x) - e* < y(x). (2.65) 

We may use the definition of the limits in (2.62b) to choose e* 

such that e < e* implies xo(e) < xO(e*) < x < x1(e*) < x1(e), 

hence by the same reasoning that produced (2.65), 

u(x) - e < y(x), o < e < e*, (2.66) 

so that in the limit as e + 0, we have 
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u(x) < y(x). (2.67) 

The choice of x for which (2.67) holds is arbitrary, so (2.67) 

holds for all x, and we have (2.58). Similar reasoning yields 

(2.60). 

Theorem 2.2. (Aronson and Weinberger 1978). Let u(x,t) 

and v(x,t) be bounded continuous functions defined in n x [O,T], 

where n is a subset of Rn and in fact, we may have n = Rn. 

Suppose, for some function g which is uniformly Lipschitz 

continuous in R and for constants {c.}~ l' that we have 
1 1= 

au n au av n av 
~ - ~u - L c· ~ - g( u) < ~ - ~v - L c· ~ - g( v) 
01. • 1 1 aX. 01. • 1 1 aX. 

1= 1 1= 1 

(2.68a) 

u( x, 0) < v( X, 0) inn (2.68b) 

u(X,t) < v(x,t) in an x [O,TJ, if n * Rn, (2.68c) 

then 

u(X,t) < v(x,t) in ~ x [O,T]. ( 2.69) 

If, in addition, 

u(X,O) < v(x,O) in an open subset of n (2.70) 
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then 

u(X,t) < v(X,t). (2.71) 

Proof. See Aronson and Weinberger (1978). Similar results 

are also proved by Aronson and Weinberger (1975). 

Now, suppose that we are studying a system of reaction-

diffusion equations of the form 

e: {I, 2, ••• , n} (2.72) 

where the gradient is taken with respect to x = (xl' ••• , xm), the 

functions fi are defined for (x,t) e: ~ x R+, bounded for 

(vuo,u) in bounded sets, and Lipschitz continuous in VUo and u, 
1 1 

uniformly in X. Furthermore, assume that either 

or 

E. :: 0 
1 

(2.73a) 

m m ( i ) a2 m (i ) a 
Ei = oL L aJ

ok (x,t)axoax + oL aJo (x,t)axo' (2.73b) 
J=lk=l J k J=l J 

which has continuously differentiable coefficients in fi x R+, and 

is elliptic. We also need, for (x,t,u) and (x,t,u) in some 

set T, 
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fi (x,t,p,u) > fi (x,t,p,u), i £ {l, 2, ••• , n}, (2.74) 

when U
j 

> uj for all j "" i. This is the Ilquasimonotonicity" 

referred to· previously. Suppose that (2.72) holds for 

(x,t) £ n x R+, and that if n is bounded and E. "" 0, then the , 
boundary an of n has local representations which involve 

functions whose second derivatives are uniformly bounded. If n is 

bounded and Ei "" 0, we also assume that the boundary conditions for 

(2.72) have the form 

au. 
a.(x,t)---a' + ~. (x,t)u. = b,.(x,t) for x £ an 

, " 1 1 

where :" is the outward normal deri vat i ve at an, ai> 0, 

(2.75) 

~. > 0, , 
and ai + ~i "" a for x. £ an, and each ai' ~i' and bi is 

continuously differentiable for x £ an. 

When a subset S of Rm x R is open, define a regular 

subsolution.!!. of (2.72) as a functon u:S + Rn with continuous 

partials with respect to t and second partials with respect to 

components of x such that 

~. + 
~-t~ - E.u. < f.(x,t,vu. ,u.) for (x,t) £ S n (n x R ). 
a ,-, , -, -, 

(2.76) 

Define a subsolution of (2.72) to be the maximum (defined 

componentwise) of a set of regular subsolutions of (2.72). Define 

supersolutions similarly, except that here the (componentwise) 
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minimum is taken. A subsolution of (2.75) is the maximum of a 

collection of functions ~(k), for each of which (2.75) becomes 

( k) 
a.!!.i ( k) 

Qi--av- + 13i.!!.i 'bi(x,t) for x & an (2.77) 

and a supersolution of (2.75) is similarly defined. Then we have the 

foll owing 

Theorem 2.3. (Fife and Tang 1981). Let.,!!. be a subsolution 

of (2.72) and (2.75) if an * $, and let u be a supersolution of 

the same problem, on the closure Q of Q = n x (O,T). Let the 

set T for which (2.74) holds be either 

T = T 1 = {( x, t, u) : u > u( x, t) ,( x, t) & Q} (2.78a) 

or 

T = T2 = {(x,t,u):u , u(x,t),(x,t) & Q}. (2.78b) 

, 
If we choose T = T l' then assume.,!!. and V~ are bounded. If we 

choose T = T2' asume that u amd vu are bounded. Assume also 

. that .,!!., u, U, and all of the regular subsolutions u{k) and 

regular supersolutions aU.) from which.,!!. and a are made up, have 

a common uniform modulus of continuity. Then, if 
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.!!( x, 0 ) , a( x, 0 ) (2.79) 

then 

.!!( x, t) < n( x , t ) i n Q. ( 2.80) 

Proof. See Fife and Tang (1981, 1983). 

Similar results have been proven by Protter and Weinberger. 

(1967), Sattinger (1975), Fife (1979), and Terman (1982), for systems 

of equations. However, all of these results require 

quasimonotonicity of the reaction functions as in (2.74). Fife and 

Tang (1981) developed a version of Theorem 2.3 which does not require 

quasimonotonicity, but the necessary inequality is much stronger. 

All of the authors cited above except Fife and Tang (1981, 1983) and 

Terman (1982) require that the domain be bounded, so that (2.75) must 

be used. 

Note that the reaction function on the right-hand sides of 

(2.6a) and (2.6b) does not exhibit the quasimonotonicity required by 

the condition (2.74). In fact, since a(~,i) and b(~,i) are 

scaled concentrations and thus nonnegative, we must have 

h< -ab) = -b < 0, -k< -ab) = -a < O. (2.81) 

However, we can define a new variable 

(2.82) 
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and using this variable to replace b, (2.6a) and (2.6b) become 

aa a2a - - c-2 = a{ B-1 ) 
aT a~ 

aB a2B 
- - -2 = a{ 1 - B). aT a~ 

(2.83a) 

(2.83b) 

Now when we examine the right-hand sides of (2.83),we find that 

~a{B - 1)] = a ) a (2.84a) 

ia[a(l - B)] = 1 - B = b ) 0, (2.84b) 

and we now have quasimonotonicity of the reaction functions as (2.74) 

requires, for the new equations (2.83). Suppose we use Theorem 2.3 

to find a pair of subsolutions.! and! for (2.83) with 

a (a and B (B. Then, if we reverse (2.82) and call 

6( ~,T) :: 1 -1!( ~,T) ( 2.85) 

then since 1! (B, we have 

(2.86a) 

o( ~'L) ) b( ~,L ) • (2.86b) 
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Now the differential inequality necessary for (2.86), (2.76), becomes 

( 2.87a) 

(2.87b) 

after use of (2.85). There is an apparent correspondence between 

(2.81), which specifies a kind of "antiquasimonotonicity", a pair of 

differential inequalities of the type seen in (2.87), which would 

seem to suggest that we should seek a subsolution for (2.6a) at the 

same time that we seek a supersolution for (2.6b), and the actual 

consequence of the differential inequalities (given similiar 

inequalites when T = 0), that such a pair exists. This 

correspondence is not accidental, and holds for a general class of 

such problems described in 

Theorem 2.4. (Terman 1981). Suppose the functions 

f(xst,u,v) and g(x,t,u,v) are defined for 

(x,t,u,v) € R x [O,T] x R x R, and are Lipschitz continuous with 

respect to u and v. Suppose u(x,t), v(x,t), ~(x,t), v(x,t), 

their first partials with respect to t, and their second partials 

with respect to x are defined and continuous for all 

(x,t) € R x [O,T]. Suppose 
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f(x,t,u,v*) > f(x,t,u,v), g(x,t,u*,v) > g(x,t,u,v)' 

(2.88) 

when u* < u, v* < v, 

.!!,(x, 0) ( u(x,O), v(x,O)) v(x,O) for all x e: R (2.89) 

and that for positive constants d1 and d2, that 

(2.90a) 

(2.90b) 

for all (x,t) e: R x (O,T). Then 

.!!(x,t) (u(x,t), v(x,t)) v(x,t) (2.91) 

for all (x,t) e: R x (O,T). 

Proof. See Terman (1982). 

All of these results are consequences of the strong maximum 

principle. Another sort of consequence is anyone of a number of 

"invariant rectangle" results. Such a result was reported by Chueh, 

Conley, and Smaller (1977), but we will quote a result that is 

somewhat simpler to apply. 
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Theorem 2.5. (Weinberger 1975). Suppose that for 

U = (u1, ••• , um) '€ Rm and x = (xl' ••• , xn) ERn, we have the 

system of weakly coupled semilinear parabolic equations 

k E {l, ••• , m}, 

where f is uniformly parabolic~ and all of the functions aij 
1 and bi are Holder continuous with Holder exponent greater than 2. 

Assume that (2.92) holds on a domain D, where the boundary aD 

of D is of class c1,v, v E (0,1). Assume that the vector field 

F(U,x,t) = (f1, ••• , fm) is uniformly Holder continuous in x and 

t and Lipschitz continuous in U, for (x,t) E D x (O,T], and 

that U(x,t) is some solution of (2.92) which is continuous in 

U x [O,T] and bounded and Holder continuous on 0 x {O} and 

aD x [O,T]. Then, if the subset S of Rm is closed, convex, and 

P • F(U*,x,t) (0 for (x,t) € D x [O,T] (2.93) 

for any outward normal P at any boundary point u* of S, and 

if U(x,t) lies in S for all (x,t) E 0 x {a} u aD x [O,t], 

then U(x,t) lies in S for all (x,t) E 5 x (O,T]. 

Proof. See Weinberger (1975). 
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CHAPTER 3 

THE INTEGRAL OPERATOR AND ITS PROPERTIES 

In order to prove that solutions of (2.6) exist, and to 

develop additional estimates of these solutions which are not 

obtainable from the comparison theorems quoted in Chapter 1, we need 

to define the integral operator which is, in a sense, the "inverse" 

of the differential operator Dc. We know that when 

D y(~,T) = f(~,T), 
C 

then (Friedman 1964) 

~ € R, 

y(~,T) = JRk(~ - x ,T)YO(lCx )dx c c c c 

T > 0 

+ JTOJRk(~ - X,T - s)f(/cx ,s)dx ds c c c 

~ :: L, 
c .;c x = ~ c - .;c. 

( 3 .1a) 

( 3 .1b) 

( 3. 2a) 

(3.2b) 

( 3. 2c) 

The function k(~,T) is usually referred to as the "heat kernel". 
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Since expansions (2.12) and (2.24) use n - T variables 

rather than ~ - T variables, we would like to rewrite (3.2a) in 

terms of nand T. This is easily done, by means of a change of 

variables in (3.2a), for Xc and s to Yc and s, where 

Xc 
y ::-, 
c IS 

~c 
n ::-. 
c It 

dx ds = sl/2dy ds 
c c ' 

Then if we rewrite y as a function of nand T, 

y(n,T) = fRk(~ - x ,T)YO(X )dx c c c c 

1/2 1/2 2 
T IS ( nc T -y C S ) 

+ fafR exp( - 4() )f( lSy ,s)dy ds. 
211f{ T-S)' T-S C C 

( 3.3a) 

(3. 3b) 

(3.4 ) 

For our problem, the first integral simplifies. Using (2.6f) and 

(2.6g), and thinking of both a and b as functions of nand T, 

so using (2.6) and (3.4), 

42 



(3.6b) 
( 1/2 1/2 )2 

• exp(- nt 4(;:~) )a(y,s)b(y,s)dyds. 

Lemma 3.1. If Y is a solution of 

~ € R, t ) a (3.7a) 

y(;,O) = Yo(;)(3.7b) 

1/4(n~) 
then if g(nc) = o(e ), there exists a function F(n) such 

that 

(3.8) 

Proof. Using (3.4), we have 

(3.9) 
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Now, when we let 

S u :
T-S 

then after algebraic manipulation, we see that 

_ TU 
S - 1+u" T - 1 T-S - + U, 

ds - TU 

- (l+u) 2 

so 

and (3.9) becomes 

1/2 n + 
Y = fRk(~ - x ,T)Yo(lCx )dx + fo~fR 1 U U 2[n 1 

c c c c 2/~ (l+u)n+ 

44 

( 3.1 Oa) 

(3.10b) 

( 3.lOc) 
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n 
= f k( ~ - X ,T)Y (lex )dx + Tn+1 f f 1 € _u--::"lr"'T 

R ceO c c R+ R 7Vn (1+u)n+2 

and after inspection of the second integral in (3.11), we are done. 

Theorem 3.2. Any solution for equations (2.6) must satisfy 

(3.12) 

Proof. Using (2.9c) and (2.13) 

( 3.13a) 

and 

lim ao(n) = a(~,T = 0) = aoH(-~). 
T+co 

( 3.13b) 

Furthermore, 

,. 
D1(0) = 0 ( - aO • 0 = 0 (3.14a) 

o ( b(;, T = 0) = H(;). ( 3.14b) 



Hence, Theorem 2.4 yields the first of the two equations (3.12). The 

second is proven in the exact same manner. 

The following existence-uniqueness result, for the system 

(2.6), i~ non-standard, since (2.6) is defined on an unbounded 

interval, and since the initial data is discontinuous. For this 

reason, it is appropriate to give the full details of the proof. 

Theorem 3.3. A solution for (2.6) exists and is unique. 

Proof. We will break up [O,~) into subintervals where we 

can show existence by iteration, and then juxtapose these. For some 

initial time T = T, let 

Of course, both aT and bT may be assumed to satisfy (2.6c) 

through (2.6e). 

(3.15) 

Using the heat kernel as in the constructio~ of (3.2), we 

find that for T) T, any solution of (2.6) would also satisfy 

(3.16a) 
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(3.16b) 

- I~IRk(; - X,T - s)a(x,s)b(x,s)dxds. 

We can construct an iteration scheme from (3.16) as follows: 

a 1(;,T) = IRk(; - x ,T - T)aT(x )dx n+ c c c c 
(3.l7a) 

- fTTIRk(; - x ,T - s)a (x ,s)b (x ,s)dx ds, n > 1 c c nc nc c 

(3.l7b) 

- IrIRk(; - X,T - s)an(x,s)bn(x,S)dxds, n > 1 

a = {O when a , 0, a when a € [O,aOJ, aO when a > aO} n n n n n (3.l7c) 

b = {O when 0 ,0, b when 0 € [0,1J, 1 when b > 1} n n n n n (3.17d) 

(3.17e) 

Now for a(;,T) (and the same argument holds for b), 
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(3.18) 

so, from Holder's inequality, we have 

The inner integral in (3.19) may be evaluated using a result from 

Gradshteyn and Ryzhik (1965), after we rewrite the integral, letting 

A = s - T and using (3.3), and then we have 

A nc2T -Yc2 A+2ncT1/2YcA 1/2 
• _1_fT-T [ ]J [ ] 2{; 0 T_T_Aexp - 4(T-T-A) RexP 4(t-T-A) dYcdA 

(3.20) 

= _1_ • sup I a b - a b I 
21rr ~€R,s€[T,TJ nil n-1 n n 2 

f t -T A [ ncT J2/n (t-T-A) [ ncT ] 
• 0 T_T_Aexp - 4{t-T-A) fA exp 4(T-T-A) dA. 

After massive cancellation, we find that 
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(3.21) 

= (T - T) sup la 1b 1 - a b I. 
[ ] n- n- n n 

~€R,s€ T,T 

Now, we must bound lan-1bn-1 - anbnl by differences of successive 

iterates an and bn• Note that if a b ~ a 1b l' n n n- n-

la b - a b I = a b - a b = a b - a b n-1 n-1 n n n n n-1 n-1 n n n n-1 
(3.22) 

+ a b 1 - a 1b 1 = a (b - b 1) + b l{a - a 1) n n- n- n- n n n- n- n n-

so that 

(3.23) 

since an and bn are both bounded above, from (3.17c) and 

(3.17d). This reflects the fact that the function f(a,b) = -ab is 

Lipschitz continuous in (a,b), in ~1 norm. Consequently, since a 

result similar to (3.21) may be obtained for Ibn+1 - bnl, 

(3.24) 
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As a consequence, for T - T < M = ~in(l,~), the mapping defined 
aD 

by (3.17) is a contraction maping on S = {(a,b);a € [O,aO]' 

b € [0,1]}, a subset of the Banach space of continuous uniformly 

bounded functions on R x [O,M], and therefore posesses a fixed 

point (a*,b*), where 

a* = lim an(~,T), 
n+~ 

b* = lim bn{~,T), 
n~ 

which is a solution of (3.16) and hence of (2.6a) and (2.6b). 

(3.25) 

Note that we did not fix T in the preceeding argument. 

Hence, our result, that the iteration scheme given by (3.17) is a 

contraction mapping on S, holds for any interval of width less 

than M. Let the kith interval Ik = [k21M,~], where 

M = lmin(1,ao1) and k € Z+. By use of the previous work, we find 

that the iteration scheme described by (3.17) is a contraction 

mapping on each such interval Ik, and hence, by juxtaposition of 

these intervals, on all of R+. Since the mapping an + an+1 given 

by (3.17) contracts to a fixed point on each Ik, we can use the 

fixed-point function a*(~,T) on Ik, evaluated at 

T =~, as the initial condition for the iteration scheme on Ik+1, 

and thus we can extend our fixed-point solution on Ik to the union 

of Ik and Ik+1• We get the fixed point solution a* on all of 

R+ by repeating this procedure. 
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Now, all we need to show is that this fixed point, given by 

(3.25), satisfies (2.6c) through (2.6e) in each Ik" Call 

(3.26a) 

(3.26b) 

so that a* = A - A*. First, we will show that A satisfies 

(2.6c). Then, we will show that A satisfies (2.6e). Finally, we 

will show that as Inl + m, A* + O. This will yield the result that 

our fixed point a* = A - A* satisfies (2.6c) and (2.6e), and we 

will then be able to conclude that (a*,b*) is a solution for the 

system (2.6). 

We will now show that A satisfies (2.6c). We know, by 

hypothesis, that aT and bT both satisfy (2.6c) through (2.6e). 

Fix ~c' and use the change of variables 

x-~ 
U =_c_ - , 

21t-T 
x = 21t - Tu + ~ c 

with Ho1der 's inequality (Royden 1963) to get 

(3.27) 

(3.28) 
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We may assume aT(~} < aO since we are juxtaposing intervals, and 

aT(~} = a*(~,T} from the previous interval [ki2M,kilM], and 

a* < aO from (3.17c). Hence, since the integrand in (3.26a) is 

always nonnegative, A € [O,aOJ. But also, from some small ~ > 0, 

since the integrand in (3.28) is nonnegative, we have 

2 
I{t,~c'~} - f1/~ .!...e-u a (2h-Tu + ~c}du 

-1/0 -h T 
(3.29) 

.; A(~C,T) < aO· 

Now, since aT satisfies (2.6c), then for any € > 0, there exists 

a ;* such that 

Fix this e, to get a ~*(e). Then for any ~ > 0, let 

~c < ;* - 2'~-T, so that when u e [- i,i], x = ~c + 2{T-T < ~*, 
2h-T and aT(x} e [aO - e,aoJ. Then, for all ~c < ~*(e) - -0-' 

(3.31) 

As we let 0 + 0, we can see (3.29) to find that 

(3.32) 

52 



But since this is true for every e > 0, A satisfies (2.6c), i.e., 

lim A(;,T) = aO' (3.33) 
;+-00 

Now, we need to show that A satisfies (2.6e). Since aT 

satisfies (2.6c), then for any e > 0, there exists a 

;+(e) such that when ~ > ~+, 0 ( aT(~) < e. Fix this £, and 

+ 2iH 1 1] then for any 6 > 0, let ~c > ~ +-0-' so when u e [- iV6" 

then x = ~c + 2~u > ;+, and aT(x) £ [0,£]. A result in 

Abramowitz and Stegun (1965) may be simp1ifed to yield a useful 

consequence, which may also be shown by application of Theorem 2.1 to 

equation (2.17), namely, that 

z > O. 

Now, using (2.15), (3.34), and the fact that when 
1 1 u £ [- 6'6]' aT(;c + 2f.[:Tu) (e, we have 

(3.34) 

1/6 u2 2 Joo _u 2 
o ( A(;C,T) (J e- a (; + 2r-r:Tu)du + - l/.1'aOe du -1/0 T c In U 

2 2 
( ef1/6 1-eu du + a e-(l/o) 

-1/0 .;; 0 
(3.35) 

2 
( e + aOe -1/0 • 
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As before, letting 6 + 0, 

o < lim A(; ,T) < € 
; +00 c 
c 

(3.36) 

but the fact that this holds for all € > 0 yields 

(3.37) 

so that A satisfies (2.6e). A virtually identical argument can be 

used to show that if we define b = B - B* in the same fashion as 

(3.26), then B satisfies (2.6d) and (2.6e). 

We will now prove what we earlier assumed, that 

aT € [O,aOJ. In fact, we will prove a stronger result. Call 

k-1 
\ =TM' 

1 . -1 
m =2'",n(1,aO ) 

as in the previous argument. From (2.6f), when k = 0, 

Now, a* and b* are solutions of the differential equations 

corresponding to (3.26), namely 

D a* = D b* = -a*b* c 1 ' 

(3.38) 

(3.39a) 

(3. 39b) . 
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The same argument that gave Theorem 3.2 yields the result that 

(3.40a) 

(3.40b) 

Therefore, this holds when t = Tl =;. But here, aT = a*(;,T1) 
1 

and bT = b*(;,T1), since we are juxtaposing intervals, and so we 
1 

A A 

have aT £ [O,aO] and bT £ [O,bO]. The same comparison-theorem 
1 1 

A A M 
argument gives a* £ [O,ao] and b* £ [O,bO] for t £ [2,M]. It is 

now clear that mathematical induction may be used to extend this from 

the interval [Tk,Tk+1J to [Tk+1,Tk+2], and we finally arrive at 

(3.41 a) 

(3.41b) 

We may now complete the proof or existence by showing that 

1 im A* = 0, 
1;1+(1) 

(3.42) 

which is the final step in showing that a* satisfies (2.6c) and 

( 2 • 6e ) • Now, 
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= aO lim erfc(z}erfc(-z} = aO • 2 • 0 = 0 
Izl+m 

and since both a* and b* are nonnegative, 

lim a*b* = o. 
I ~I +«» 

The same argument that showed (3.33) and (3.37), with the minor 

change that replaces (3.27) with 

x-~ _ c 
U :--, 

2h-s 

yields 

hence we have (3.42). 

(3.43) 

(3.44) 

(3.45) 

The same argument can be used to show that b* satisfies 

(2.6c) and (2.6d). 

Now, we will show uniqueness. Suppose we have two 

solutions, (a,b) and (a+,b+), which satisfy 

+ + a = a and b: b when T" T (3.47a) 

56 



a * a+ or b * b+ when T e (T,T + e), e > O. (3.47b) 

Use (3.6) to express the difference between these, for T > T. Say 
+ 

that a * a, for T > T. Then 

Using Holder's inequality and integrating, as we did to get (3.21) 

from 3.18), we find 

+ 
la - al ' (T - T) sue la(;,s)b(;,s) 

;eR,se[T,T] 
(3.49) 

+ + I - a (;,s)b (;,s) • 

The same reasoning that yielded (3.23) gives 

(3.50) 

so that 
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(3.51 ) 

• [ sup la+ - al + ao sup Ib+ - bl], 
~£R,s£[T,T] ~£R,s£[T,T] . 

but for T - T < M, this requires 

so that a+ = a, b+ = b, and the solution (a,b) is unique. 



CHAPTER 4 

BOUNDS AND ASYMPTOTIC BEHAVIOR FOR T < 0(1) 

Results for the Asymmetric Problem 

We already have a set of bounds for a(~,T) and b(~,T) 

valid for all T, from Theorem 3.2, namely, 

(4.1a) 

(4.1b) 

We can improve on the lower bounds in (4.1), and get a new set of 

lower bounds in terms of ~l(n) and b1(n) from (2.12) and 

(2.13.1). In order for these to have meaning, however, we must know 

whether the boundary value problem (2.13.1) has solutions 
.. .. 
a
1 

and b1, and whether they are unique or not. We can determine 

existence by the use of a-priori bounds on the solutions of (2.13.1), 

and a result from Bernfeld and Lakshmikatham (1974), which follows. 

Definition 4.1. Let f:D x R x R + R, and let 

f E C[D x R x RJ. Let both A and B map D + R, A(x) ( B(x) 

on D, and both A and B E C[D]. Suppose that for 

xED = [c,dJ, A(x) ( u(x) (B(x) and ul(x) E R, we have 

If(x,u,u')1 (h(ju'j) 
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(4.2) 



+ + + where h:R + Rand h e c[R]. If 

Jco sds 
A iiTST > max B(x} - min A(x} 

xeD xeD 

where 

A = max[IA{c)-B{d)I,IA{d)-B{c)l] 
d-c ' 

we say that f satisfies Nagumo's Condition on 0, relative to 

A(x} and B(x). 

Theorem 4.2. Assume that f(x,u,u ' ) satisfies Nagumo's 

condition on [-d,d] for each d > 0, with respect to 

A(x) and B(x), where A(x) (B(x). Suppose that we know that 

A(x) ( u(x) ( B(x) 

where 

u"(x) = f(x,u,u ' ). 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

·Then there is a solution of (4.6) on R such that (4.5) holds on R. 

Proof. See Bernfeld and Lakhshmikantham (1974). 

60 



Note that Theorem 4.2 assumes that a-priori upper'and lower 

bounds to the solutions of (4.6) are known. This suggests that the 

following results be shown before we proceed further. 

Lemma 4.3. Suppose, for any n ~ 0, that 

(Lc - n)u(n) = g(n), (L1 - n)v(n) = g(n) 

1 im u( n) = 
Inl+oo 

1 im v( n) = 0 
Inl+oo 

where 

o < g(n) < kE(n), k ~ 0 

a :: max( l,c), ~ :: mi n( 1 ,c ) • 

Then, any solutions of (4.7) must satisfy 

-k E(n) < u < 0, 
~(J + n) 

-k E(n) < v < O. a(k + n) 

Proof. Since zero fullfills (4.7b), and LeO = 0 < g(n) 

= Leu by (4.8), we have 

( 4.7a) 

(4. 7b) 

(4.8a) 

(4.8b) 

(4.9a) 

(4.9b) 
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u( n) < 0 (4.10) 

as an elementary consequence of Theorem 2.1, and a similar result 

for v(n) holds for the same reason. Now 

since a > c implies c-1 > a-I, and a > 1 implies 1 > a-I. 

Hence, 

1 n2 1 1 1 (L - n)E(n) = -c[---2 + ---4 (- - -) + n]E(n) < -8[---2 + n]E(n) c a aC a a (4.l2a) 

1 2 1 1 
(L1 - n)E(n) = -[2a + ~a(1 - -a) + n]E(n) , -8[2a + n]E(n). (4.12b) 

Now, we are in a position to use Theorem 2.1 to establish a lower 

bound for u(n) and v(n), using (4.12), as follows: 

(Lc - n) i-k) E(n) > kE(n) > g(n) > (L c- n)u(n), 
8(2a + n) 

. lim i(l-k )E(n) = 0 = lim u(n), 
I n I +1» 2a + n I n I +1» 

( 4.l3a) 

(4.13b) 

62 



and we have (4.9a) directly from Theorem 2.2. Similar reasoning 

yields (4.9b). 

Corollary 4.4. Suppose, for any n > 0, that 

(L1 - n)z(n) = h(n) (4.14a) 

lim w(n) = lim z(n) = a 
Inl+= Inl+= 

(4.14b) 

where E(n) is given by (4.8b), and 

-kE(n) < h(n) < O. ( 4.15) 

Then, any solution of (4.14) must satisfy 

(4.16a) 

(4.16b) 

Proof. This follows as an immediate consequence of Lemma 

4.3, by letting u(n) = -w(n) and v(n) = -z(n) in Lemma 4.4. 

We are now in a position to use Theorem 4.2 to show existence 

and uniqueness for the problems described in Lemma 4.3 and Corollary 

4.4, and describe some elementary geometric properties of the 

solutions. We will then use this result to show existence and 
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uniqueness of the coefficients a (n) and 6 (n) in the series 
n n 

expansion (2.12), given by the differential equations (2.13). 

Theorem 4.5. The boundary value problems given by equations 

(4.7) and (4.8) have solutions which exist and are unique. The same 

holds for the problems given by (4.14) and (4.15). 

Proof. Since Ig(n)1 is bounded above by a finite upper 

bound kE(n), and (4.9a) gives a similar bound for u{n), then when 

we call 

f( n,u ,u I) = - B....u I - nu + g( n) 
2c 

and when we restrict n € [-d,dJ for some d) 0, then 

If{n,u,u')1 ~ 2k +~IUII. 

This is precisely the form needed for condition (4.2), for the 

problem given by (4.7) and (4.8). Then Nagumo's condition is 

satisfied on [-d,d] if 

max B(n) 
[-d,d] 

1 k 
min A(n) = max ]"(1 )E{n) 

[-d,d] n€[-d,d] 2a + n 

k 
= < Jco sds 
e (k + n) A (2k + ~s) 

(4.17) 

( 4.18) 

(4.19a) 
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1 
A = 7cf1ax[j A( -d) - B( d) I , I A( d) - B( -d) I] 

(4.19b) 

since the lower bound A(n) and the upper bound B(n) = 0 for 

u(n) are given by (4.9a). But (4.19) is trivially true, since for 

finite A, the integral on the right-hand side of (4.19a) has a 

positive integrand, but blatantly fails to converge to a finite 

value. All that is required for Nagumo's condition, for this 

problem, is that 

( 4.20) 

which is trivial, for finite k, since a> 1. Thus, by Theorem 

4.2, a solution u(n) exists for (4.7a) which satisfies (4.9a). 

Since u(n) satisfies (4.9a), it also satisfies (4.7b), and so we 

have existence. If a second solution u*(n) exists for (4.7), then 

by subt ract i on, 

(L - n)( u - u*) = 0, c lim (u-u*) = O. 
Inl+co 

( 4.21) 

However, zero is both an upper and a lower bound for u - u*, by 

Theorem 2.1, and so u = u*, and our solution is unique. We get 

existence and uniqueness for v(n) in (4.9) by setting c = 1 in 
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(4.17) and (4.18), and repeating the rest of the ar'gument as 

written. We get existence and uniqueness for w(n) and z(n) in 

(4.14) by setting u(n) = -w(n) and v(n) = -z(n) in (4.9). 

NOw, we can use the results developed so far, to prove 

existence and uniqueness for the coefficient functions in the 

expansions (2.12). 

Theorem 4.6. The coefficients a (n) and 6 (n) in the 
n n 

series (2.12), given by equations (2.13), exist, are unique, are 

bounded, and further, 

a (n) < 0 and 6 (n) < 0 if n is odd. n n 

In addition, there is a C ) 0, for each n) 1, such that 
n 

(4.22a) 

(4.22b) 

(4.23) 

Proof. We will prove the result for the coefficients a (n) 
n 

in (2.12a), and the same arguments will hold for the coefficients 

bn(n) in (2.12b). We will proceed using mathematical induction. We 

first need an upper bound for aobo• We can do this using (3.34). 

Since ~o € [O,aO] and bo e [O,IJ, we have 
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(4.24a) 

(4.24b) 

so 

(4.25) 

Now, since aobO is the right-hand side of (2.l4.1a) and (2.l4.1b), 
,. ,. 

we have existence and uniqueness of a1(n) and b1(n) by Theorem 

4.5. Furthermore, Lemma 4.3 yields 

(4.26a) 

(4.26b) 

Now, suppose that for all integers k € [1,n-1J, we have constants 

Ck such that 

(4.27) 

in addition to 

,. ,. 
ak ( n) .. a and bk (n) .. a if k i seven (4.28a) 
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(4.28b) 

Suppose n is odd. Then from (2.13n,a), (4.27) and (4.28), 

(4.29) 

so that Lemma (4.3) yields 

( 4.30) 

and we have (4.27) for k = n, with 

If n is even, then (2.14.n,a), (4.27) and (4.28) yield 

and, from Corollary 3.4, we get 

( 4.33) 



with en given by (4.31). The same arguments and limits hold for 

the coefficients bn(n). Hence, we have (4.27) and (4.28) ho1dng for 

all k > 1, by mathematical induction. Furthermore, examination of 

(4.29) and (4.32) shows that the behavior of the right-hand side of 

(2.14.n,a) and (2.14.n,b) is of the kind described by (4.8) for n 

odd, and by (4.15) for n even, and hence Theorem 4.5 yields 

existence and uniqueness of a (n) and b (n). n n 
With a slight increase in computational overhead, we can 

prove a slightly stronger result than (4.27) and (4.28), namely, 

Lemma 4.7. We have, for finite n, and n > 1, 

( 4.34a) 

(4. 34b) 

2 
E(n) = e-n /4a, a = max(c,l), ~ = min(c,I). 

Proof. All that needs proving in (4.34) are the strict 

inequalities. For Inl < 0, we have ~o(n) > 0 and bo(n) > 0 as 
A A 

a clear consequence of (2.15) and (2.20), so ao(n)bo(n) > O. If 
A 

there exists some n = n* such that (say) a1(n*) = 0, then since 

a1(n) (0 and (Lc - l)a1 > 0, a local maximum must exist at 
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... ... 
n = n*, so a1(n*) = ai(n*) = 0, and 

(4.35) 

which contradicts the existence of a local maximum at n*. Hence 

~l < 0, and the same reasoning yields b1 < O. Now suppose 

(4.36) 

for all Inl < co and all 1, k < n. Now if ~n(n*} = 0, then, as 
... 

before, a local extremum occurs at n = n*, so a~(n*} = 0 as 

well, and 

(4.37) 

But from (4.36) and (4.28), the right-hand side of (4.37) is strictly 
... 

positive if n is odd, so an(n*} cannot be the relative maximum 
... 

whi ch is requi red by the fact that an (n) ,0 for all n e: R. 

Similarly, if n is even, the right hand side of (4.37) is strictly 
... 

negative and an(n*} cannot be the local minimum required by the 

fact that ~n(n} > a for all n e: R. In either case, ~n(n} ¢ 0 

for all finite n. The same reasoning holds for bn(n}. Hence, 

(4.36) holds for k = n, and is therefore established, by induction, 

for all n>1. 
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In order to obtain bounds for a(~,t) and b(~,t) from the 

terms of (2.12), we can use comparison theorems. 

Theorem 4.8. We have the following lower bounds on solutions 

of (2.6): 

,. ,. 
!(n,t) = max[O,ao + aot] < a (4.38a) 

,. ,. 
~(n,t) = max[O,bO + bIt] < b, (4.38b) 

,. ,. 
where aO' aI' bO' and b1 are given by (2.12), (2.14.0), and 

(2.14.1). 

Proof. We know, from Theorem 3.2 and equations (4.1), 
,. ,. 

that a < aO and b < boo Then if ! is some subso1ution 

corresponding to the superso1ution 0 = bo' then (2.89) and (2.90) 

require, for Theorem 2.4 to hold, that 

,. ,. 
Dl bO = a ) -!bO' (4.39a) 

,. 
!(t = a) < aOH(-~}, bO(t = a} = H(~}, (4.39b) 

.where the equalities hold from earlier results, and the inequalities 

prescribe !. We can render (4.39) more tractable by noting that 

bO ) 0, and if ! < a < ~o' then -~obo < -!bO' so we can replace 

(4.39) by the sufficient conditions 
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1im,!= aoH(-~). 
T+O 

Now, Lemma 3.1 and equation (3.5a) yield the result that 

( 4.40a) 

(4.40b) 

a = fRaOk(~ - x ,T}H(-x )dx + TF(n} = ao(n} + TF(n}. (4.41) - c c c c 

When we substitute (4.41) back into (4.40a), we find that 

lim F(n) = 0, 
Inl+CXI 

with (4.42a) following from the fact that we would like 

lim TF(n) = lim (a - ao) = o. 
Inl+m Inl+m 

(4.42a) 

(4.42b) 

( 4.43) 

But (4.42) is just a rewritten version of (2.14.1a) and (2.14.1c), 

so that 

( 4.44) 

However, when we substitute (4.44) into (4.41), we note that if 
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b1{n*) < 0 for any n* E R, then for t large enough, we can get 

! < 0, which contradicts (4.40a). Hence, we take as a subsolution 

the maximum of the zero subsolution we already know, and the 

subsolution given by (4.41) and (4.44), to get our result. The same 

reasoning for ~ (b establishes (4.38b). 

Corollary 4.9. In the nonsymmetric problem, where we may 

have a
O 
* 1 and c * 1, the approximation scheme (2.12) for small 

t is valid to leading order as t + 0, i.e., 

(4.45) 

Proof. This result follows from inspection of (4.1), (4.38), 

and (4.34a). 

These results are interesting because all we need to know 

about the reaction functions f1(a,b) = f2(a,b) = -ab to prove them, 

once we have existence and uniqueness for a1 and b1, is that 

both f1 and f2 are strictly nonpositive, "antiquasimonotone" in 

the sense of (2.81), in order for the upper bound ao ) a to imply a 

lower bound ! (b, and do not explicitly depend on t, so we can 

use Lemma 3.2. We also need jump initial conditions for the problem, 

in order to get upper bounds ao(n) and bo(n) which are functions 

of n only, so that we can use Lemma 3.2. Thus, given expansions of 

the form (2.12), the bounds (4.38) hold for any pair of reaction-
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diffusion equations whose reaction functions and initial conditions 

satisfy the above requirements. 

If we make use of the reaction function for our particular 

problem, we can prove a much stronger result. 

Theorem 4.10. There exists a constant K, which may be 

evauated explicitly, such that when T < K-1, the series (2.12) 

converge to the solution of (2.6). 

Proof. We will find a K such that when Cn is given by 

(4.34), 

C (Kn+1 
n ' (4.46) 

Ann so lanT I ( KE(n}(Kt), and our result will follow directly. We 

will also have 

It is clear from (4.34c) and (4.46) that when 

,---aao 
K ) V T2(i+f)~· 

n = 1, we need 

·Now suppose (4.46) held for all k ( n - 1. Then using (4.34c) 

again, we need 

n-2 
Kn+1) 2a [(a + l)Kn + L Kk+1+n-k] 

a(1+2an) 0 k=l 

(4.47) 

(4.48) 
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(4.49) 

where we need to show the first inequality. 

All that we need for (4.49) is, after division of Kn and 

rearranging, that 

2a(ao+1 ) 
K ~ 4a+/3 • 

So we have our result if we set 

2a(ao+1) ~ 
K = maxi 4a+/3 'V-(I+2ara1• 

(4.50) 

(4.51 ) 

Now, both series (2.12) are majorized by geometric series of the form 

(4.52) 

which converges for It I < K-1, so both series (2.12) also converge 

for ITI < K-1• 

Now we need to show that when (2.12) converges, it converges 

to the solution of (2.6). It will suffice to show that when (2.12) 

converges, it ;s a solution of (2.6), for then, we have convergence 

of (2.12a) to a(~,T) and convergence of (2.12b) to b(~,T) by 
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uniqueness of solutions to (2.6). Consider the partial sums of 

(2.12), which we call 

n ,. k 
T:: Lbk(n)r. 
n k=O 

(4.53a) 

(4.53b) 

We need to show, when t < K-1, where K is given by (4.51), that 

(4.54a) 

lim (D1Tn + SnTn) = O. 
n+oo 

(4.54b) 

This will yield our result. Now, using (2.9c) and (1.14.0), 

and (2.13.n) gives 

n-1 k,.,. k 
OS = - L ( L a.bk .)t . 
c n k =0 j =0 J -J 

(4.56) 

Now, by direct multiplication of series, 

n -1 k,.,. k 2n n,." k 
S T = L ( L a.bk .)t + L ( L a.bk .)t (4.57) 
n n k=O j=O J -J k=n j=k-n J -J 
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so 

2n n,. ,. k 
o S + S T = L ( La. bk .}r . 
c n n n k -n . -k J -J - J--n 

(4.58) 

Now we will use (4.47) to show that the series on the right hand side 

of (4.58) vanishes as n + m. Direct use of (4.47) yields 

I ;.bk · 'KE(n) ~ Kk = (2n - k + 1)Kk+1E(n). (4.59) 
j=k-n J -J j=k-n 

Substitution of this equation into (4.58) gives the first inequality 

in 

2n 
IDcSn + SnTnl ' KE(n) L (2n - k + l)(Kr)k 

k=n 

2n 
, KE(n) L (k + l)(Kr)k 

k=n 

(4.60) 

while the second inequality follows from the fact that n' k , 2n 

in the middle series of (4.60).. Hence 

10 S + S Tnl ' KE(n) I (k + l)(Kr)k 
c n n k=n 

( 4.61) 
m n-1 

= KE(n)[ L (k + l)(Kr)k - L (k + l)(Kr)k]. 
k=O k=O 

But differentiation of the geometric series yields 
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I (k + 1)(Kt)k = K 2' 
k=O (l-Kt) 

(4.62) 

and (4.62) converges when It I < K-1• Hence, the right-hand side of 

(4.61) vanishes when It I < K-1, since the quantity in brackets is 

just the difference of (4.62) and one of its partial sums. Thus, the 

series (4.58) vanishes as n +~, we have (4.54a), the same argument 

yields (4.54b), and we are done. 

Results for the Symmetric Problem 

It should be noted that for the symmetric problem, when c = 

aO = 1, and hence a = 1, we can improve slightly on the 

convergence estimate prescribed by t < K-1 where K is given by 

(4.51). 
5 

t < 4' 

4 Here, we have K = 0' and so we have convergence when 

but we can do slightly better. 

Corollary 4.11. When c = aO = 1, the series given by 

(2.12) converge to the solution of (2.6) when t < ~. 
Proof. The proof is the same as that of Theorem 4.10, except 

that bounds similar to (4.47) are somewhat simpler to establish, due 

to the symmetry. Since c = 1, Lc = L1, aO = 1, and a = 1, . both 

. (4.8b) and (4.12) may be simplified 

2 
) __ e-n /4, E(n (4.63a) 

(4.63b) 
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2 2 
e-n /4 = (L

1 
_ n)(- ~-n /4). (4.63c) 

Furthermore, we can improve slightly on our estimate (4.25) for 

We can use this, (2.13.0), (2.20), (2.16a), and (4.63c) to find that 

so by Theorem 2.1, 

(4.66) 

Now, using (2.14.1) and (4.63), 

'so by Theorem 2.1 

(4.68) 



We proceed as before. Assume that for k < n - 1, we have a 

constant C such that 

Then, we require C to satisfy the second inquality in 

(4.69) 

By symmetry, (2.20), and (2.15), and a trivial variable change, we 

find 

This simplifies (4.70). Now since 
2 2 -n /2 -n /4 e < e , (4.70) hol ds if 

1 + (n - 2)C < (2n~l)c, ( 4.72) 
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so c) i yields (4.70). But (4.68) requires 

c) ~ 
V3ii (4.73) 

which is stronger, so when C =~, we have (4.69) for all k) 1. 

The rest follows as in the proof of Theorem 4.10. 
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CHAPTER 5 

ASYMPTOTIC BEHAVIOR AS T + = 

Reaction Zone Results for the Symmetric Problem 

We will use Theorem 2.1 to develop several qualitative 

results for the first three terms of the inner reaction zone series 

(2.43) which will simplify their first few partial sums, and help to 

understand the nature of the reactive behavior of (2.6), for 

T > 0(1). 

Theorem 5.1. Both a1(~) and D1(~) are strictly positive 

and concave upwards, for all ~ € R. Further, when 

- -1/2 h r -1/2 ~ < 0, a1 > -1T ~,and w en ~ > 0, ul > 1T ~. 

Proof. Note, using (2.53) and (2.54), that if we set 

- _ 2-2/3 -1/3( ) a - 1T w-g 1 
(5.la) 

_ 2-1/3 -1/6 w - - 1T ~, (5.1b) 

then when we use (2.49a) to decouple (2.47.1), we get the equation 

studied by Holmes (1982); 

g + -Iwl as /wl + =. (5.2) 
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Now, Holmes proved that 9 does not cross the curve F(w) = -Iwl. 

When we use (S.2) to translate this result into (a1,t) variables, 

we find, since we impose a1(O) > 0, that we obtain 

t > 0 (S.3a) 

r; --, (S.3b) 
Tn 

so we have strict positivity for a1• Using the symmetry of the 

problem, we have 

r; " 0 (S.4a) 

r; > O. (S.4b) 

d2a 1 Now, since both a1 > 0 and b1 > 0, a1b1 > 0 and so ---2-- > O. 
dr; 

Hence, a1 is strictly concave upwards, and the same is true of 

1)1· 

It is easy to use this last result to estimate how quickly 

a1 + 0 as r; + ~. 

Corollary S.2. The following holds, when Ai(t) is the Airy 

function (Abramowitz and Stegun 1965): 
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(5.5) 

Proof. We know, form (5.4b), that for ~ > 0, 

(5.6) 

Let z = n-1/6~, and call A(z) = Airy function of z, which 

satisfies Airy's differential equation (Abramowitz and Stegun 1965) 

in z. When rewritten in t, this gives 

2-d a1 ,.. _ d2A 
- -.La > 2 - -4. = O. (5.7) 
dt2 {; 1 dt {; 

When we impose a1(0) (A(O), and the proper limit as z + = on 

Airy's differential equation, we get (5.5). The approximation comes 

from the leading order term in the asymptotic expansion for the Airy 

function, valid as z + =. 
We can also use Theorem 5.1 to massively simplify the second

order term in (2.43). 

Corollary 5.3. We have 

(5.8) 
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Proof. We know that 

-
lim a2(z;) = O. 

1z;1+= 

Both a1 > 0 and 01 > 0, so a1 + 01 > 0 for all Z; € R. In 

order to find a minimum for a1 + b1, use the symmetry of the 

problem to set 

(5.9) 

(5.10) 

In order for D1(z;) to have positive concavity throughout R, we 

must have 0i(z;) increasing in Z;, and so (5.10) can only hold if 

Z; = -z;, i.e., if Z; = O. Since the concavity of 1)1 at Z; = 0 is 

positive, we have our minimum of a1 + 1)1 at 201(0). Hence, if 

B satisfies 

d2B _ 
-2 - 2b1 (O)B = 0, 
dz; 

'then 

lim B(Z;) = 0 
1z;1+= 

(5.11) 
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{5.12} 

However, {5.11} clearly has the solution B = 0, and so Theorem 5.1 

gives a2 (0. However, trivially, since 

-
then a2 > 0, and so a2 = O. We have 15"2 = 0 for the same 

argument. 

This result permits simplification of the generating 

equations {2.47.3} for a3 and 03. 

Corollary 5.4. a3 and 03 are given by 

lim b3{~) = lim a3(~} = 0 
~+-= ~+= 

. 12m a3 . 12m 15"3 
llm( 3 )=llm( 3 )=1. 
~+-= ~ ~+=-~ 

Proof. Substitute (5.8) into {2.47.3}. 

{5.14a} 

{5.14b} 

{5.14c} 

{5.14d} 
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Asymptotic Behavior for the Symmetric Problem 

We can construct a Lya'punov function for (2.6), when c = aO 

= I, that will show that a + aO and b + DO as T + m. In order 

to do this, we must make use of the symmetry of the problem. Define 

,. ,. 

A :: a - aO' B :: b - boo ( 5.15) 

,. 
Now, since (2.13.0) holds, we have DlaO = 0, and so 

(5.16a) 

A (T = 0) = B (T = 0) = 0 (5.16b) 

1 im A = 1 im B = O. 
Inl+m 'Inl+m 

(5 .16c) 

Hence, A = B, and (5.16) may be simplified using this and (4.71), 

to yield 

(5.17a) 

A(T = 0) = lim A(n,T) = O. 
Inl+m 

(5.l7b) 

In order to construct a Lyapunov functional for (5.17), we need to 
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show that certain integrals converge. In order to do this, we need 

bounds for A and :~. 

Lemma 5.5. When A(n,T) satisfies (5.17), then 

2 hl 1 -n /4 1 n -r '" -rrfc( 2 ) '" A(n,T) '" O. (5.18) 

Proof. The first inequality is an elementary consequence of 

(4.25) and (4.63a). To prove the second and third, note that Theorem 

3.2, (5.15) and the fact that A = B, give us the pair of 

inequalities 

(5.19a) 

A 1 n 
-bO = --rrfc(-'2) '" A", O. (5.19b) 

When we take the supremum of these two lower bounds as a new lower 

bound, we get (5.18). 

We now need to establish a result similar to Lemma 5.5 for 

~~. In order to obtain this result, we need the following estimation 

theorem. 

Theorem 5.6. (Jones, 1979). Suppose u(x,t} € Rm, x € Rn, 

and u is a solution of the system of equations 

88 



(5.20a) 

k = 1, 2, ••• , m, (5.20b) 

where (x,t) € 0 = Q x [O,T] or (x,t) € 0 = Q x [O,~). We may let 

Q = R. Let 0 be closed, and 01 be a subset of the interior of 

o. Then there is a constant, depending on the distance from aD 

to 01 and on P = [c1,d1] x [c2,d2] x ••• x [cm,dm], such that 

m 
sup L Ivukl 
01 k=1 

Proof. See Jones (1979). 

m 
( C • sup L lukl. 

o k=1 
(5.21) 

This is a standard result. Similar inequalities for the 

scalar problem are given in Fife (1979), as elementary consequences 

of the Schauder estimates (Friedman 1964). We will use this to bound 
aA 
an· 

Lemma 5.7. For any T > 0, there is a constant C(T) such 

that 

T ) T. (5.22) 
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Proof. We use Theorem 5.6 on (5.17), which satisfies its 

hypotheses. Now, (5.21) becomes 

Then substitution of (2.9a) and (5.18) into (5.23), and 

multiplication by T1/2, yields (5.22). 

(5.23) 

Now, we are in a position to give a Lyapunov function for 

(5.17), as an integral which is known to converge by the estimates 

of A and ~~ just arrived at, and use it to show 

a + ao and b + 00' 

Theorem 5~8: When ao(n) and bO{n) are given by (2.26.0), 

and c = aO = a = 1, then 

(5.24) 

Proof. Consider the functional 

where f satisfies (5.17a). The integrals of the two terms converge 

separately, by Lemmas 5.5 and 5.6, so (5.25) converges for 

T > T > O. Note that 
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(5.26) 

Using integration by parts on the second integral in (5.26), we find 

that 

(5.27) 

and since f satisfies (5.17a), we can rewrite the second integral 

as 

(5.28) 

'So, we find that V(f) is a Lyapunov function for (5.17) (see Henry 

1981). Hence, by the invariance principle of LaSalle (Henry 1981), 

we find that 
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lim A(n,t) 
t+oo 

e: Maximal i.nvariant subset of {u e: R x R+:d~~U) = o}. 

(5.29) 

But then, referring back to (5.28), this requires that as t + ~, 

2 ,.. ,. 
lim A{n,t) e: {f:f + f + aObO = O}. (5.30) 
t+oo 

Solving the quadratic equation in (5.30) explicitly, using the fact 

that erf(z) is an odd function, (2.15), and (2.20), we find that 

if f is given by the quadratic in (5.30), then (5.30) becomes 

1 im A(n,t) = - i(l - lerf(i)l) = - ~rfc(¥). (5.31) 
t+oo 

When we recover a and b from A via (5.15) and the fact that 

A = B, we get (5.24). 

It should be noted that (5.18) cannot be shown using Theorem 

2.2 or Theorem 2.4, since we would have to show ao < a, and, in 

(n,t) variables, that ;~ < O. The differential inequalities 

necessary for this task do not hold. 

We can, however, improve on (5.22), and so find bounds for 
aA at and L1A, using various comparison theorems. This will 

generally involve taking the appropriate partial derivative of (5.17) 

to find a ne~ system of reaction-diffusion equations which includes 
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(S.17) and a new P.O.E for the partial we wish to bound. Therefore, 

before this project is begun, a few commutation relationships between 

partial differential operators should be set down. 

Lemma S.9. Calling 

2 
L =c a +n!... 
c - ~ "2" an 

a a2 a 1 o =--c-=---=t. c - aT a~2 aT T C' 

we have the following commutation relationships: 

Furthermore, 

~=L +O!... aT c ~-c c aT 
T 

4 = (L + l)~ an c c 2 an 

~ = (D - L)~. 
an c c 2T an 

(S.32a) 

(5.32b) 

(5.33a) 

(5.33b) 

(5.33c) 

(5.33d) 

Proof. Equations (S.33a), S.33b), and (5.33c) are 

established by straightforward calculation. Equation (5.33d) is a 

trivial consequence of (4.64). 
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Theorem 5.10. Taking (2.9b) into account, we have 

aAl < 0 aT (~,T) 
(5.34) 

so that 

aA/ < !.. aA aT (n,T) 2T an· (5.35) 

Proof. Call 

W - aAl = aT (~,T)· (5.36) 

Now, a reaction-diffusion equation for W may be found by taking 

~T of (5.17a), and noting that ~T in (~,T) variables commutes 

with DC" Thus 

(5.37) 

but (2.20), (2.16), (2.15), and (2.14) yield 

(5.38) 

so we get 
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2 
D1W = -(2A + l)W - -.Jl.e-n /4erf(~). (5.39) 

4{;T 

As a consequence of Corollary 4.11, we can find W(T = 0) in (n,T) 

coordinates. Since (5.15), (2.12), and Corollary 4.11 yield 

(5.40) 

then in (n,T) coordinates 

,. 
W(n,T = 0) = a1(n). (5.41) 

We will proceed using Theorem 2.5, so we must work in (~,T) 

coordinates, since the coefficients of the partials in D1 are 

uniformly Holder continuous in (~,t) coordinates, and are not so in 

(n,t) coordinates. Hence, we must modify (5.41) before we use it. 

We need to show 

W(~'L=O) (0 (5.42) 

and then we are done, since this places (A,W) in 

·S = {(A,W)IW <; O} initially, and S is an invariant set for the 

system composed of (5.17) and (5.39). This last result holds since 

2 

I I n -n /4 (n) D1W as = D1W W=O = -~ erf 2 (0 
4liiT 

(5.43) 
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by {5.30}, (5.31), and Lemma 5.5, and hence by Theorem 2.5, so once 

{A,W} e: S, {A,W} will remain in S. But note that (2.9b) yields 

and using {5.15}, {2.12}, and Corollary 4.11 as before, we get 

Now, using {5.33b} and {4.64}, we have 

2 
L (1 - .!l .L) = L - L ( .!l) 0 !.. - ~ !.. - 2!..(.!l) 0 _a_ 
1 2 an 1 1 2 an 2 1 an an 2 an2 

so, using {2.13.1}, {2.20}, {2.16}, {2.15}, and {2.14}, 

2 2 
= _~-n /4r/2e-S ds) O. 

{5.44} 

{ 5.45} 

(5.46) 

{ 5.47} 

2n 0 2 
Since Theorem 4.6 yields the fact that ;1 = O(e-n /4) as n + m, 

then 
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.. 
.. aa1 lim (a1 -1-a -) = O. 

Inl+oo n 
(5.48) 

Now, (5.47) and (5.48), together with Theorem 2.1, give the result 

that 

and we are done. 

... 
.. aa 1 W(~'L = 0) = a
1 

_.!l_ < 0 2 an (5.49) 

Now, we can use the basic result of Lemma 5.7 to allow the 

use of Theorem 2.2 to improve on the result of Lemma 5.7. 

Theorem 5.11. If A satisfies (5.17), then 

I ~~I 
Proof. Call 

U = aA 
- an' 

(5.50) 

(5.51) 

Direct use of (5.33b) with (5.17) gives a reaction diffusion equation 

for U, which;s 

(5.52) 

so after use of (2.20), (2.16), (2.15), and (2.14), we have 
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(1 ) 1 -n2
/4 (n) Dl U = 2T - 2A - 1 U + 2ft erf "2 ' (5.53a) 

lim U(n,T) =0, 
Inl+O) 

U(n,T = 0) = O. (5.53b) 

Lemma 5.7 tells us that U is bounded for T finite and bounded 

away from zero, so all we need to conclude (5.50) from Theorem 2.2 is 

bounded ness of U near T = 0 and 

(D - L + 2A + 1)( -~ _n
2 
/4) ( (Dl - 21 ... + 2A + I)U 

1 2T 2[; • 

2 
((D _L+ 2A + 1)(~-n /4) 

1 2T 2.,1; 

(5.54) 

which use of (5.32), (4.36b), (5.53a), cancellation, and division 

reduces to 

-(2A + 1) ( erf(I) ( (2A + 1). (5.55) 

But from (5.18) and (2.15), we get the second inequality in each of 

the foll ow; n9: 

erf(~) ( erf(¥) ( 2A + 1 (5.56a) 

(5.56b) 
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where the first inequality comes from the fact that the error 

function is odd, and nonnegatiVe for n > O. Combination of these 

inequalities yields (5.50). Now, all we need is boundedness of U 

near T = O. When (2.12) converges, we may find U by taking ~n 

of (2.12) termwise. Call 

(5.57) 

and when (2.12) converges, 

(5.58) 

Now we get equations for the un's by using (5.33b) with (2.13). In 

particular recalling how we established (5.53a) and using symmetry 

and (4.71), 

(5.59a) 

n > 2 (5.59b) 

(5.59c) 

We immediately have 
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and so Theorem 2.1 yields 

If we suspect that when C is the one given in the proof of 

Corollary 4.11, 

c ) /frr, 

then try 

d > 1 

(5.60) 

(5.61) 

(5.62) 

(5.63) 

and check to see if this can be proven by induction. The proof goes 

through as that in Corollary 4.11 did. Here, the equation we get 

instead of (4.72), after use of the summation of a finite geometric 

series, is 

1 + 2C ( (d 2 - d)C. {5.64} 

When we choose d = 3, we find we need C) i, which is 

automatically given by {5.62}. Hence, by the same reasoning that 
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yielded Corollary 4.11, all the coefficents u (n) exist and are 
n 

unique, and (5.58) is majorized by a convergent geometric series and 

hence converges for T < ~C. Since (5.58) is majorized by a 

geometric series, we can choose T sufficiently small so that 

1 
T <; 6C (5.65) 

and we have boundedness for U(n,T) near T = O. Now, we are done. 

Theorem 5.12. When A satisfies (5.17), then 

(5.66) 

Furthermore, for some constant d(T) depending only on T > 0, 

T > T. ( 5.67) 

Proof. First, we need boundedness of L1A for finite time, 

so we can proceed to prove (5.66) using Theorem 2.2 and what we 

already know about A and ~~. We will use Theorem 5.6 to estalbish 

this. Consider (5.17) and (5.53) as a system of P.D.E.ls in A 

and U. We know not only that (A,U) begins in the rectangle but 

remains in the rectangle [- ~,O] x [- __ 1 __ , __ 1 __ ] for all T > 0 by 
2m 2m 

Lemma 5.5 and Theorem 5.11, so (5.20b) is clearly, trivially 

satisfied. Then we have, for some T > 0, that for T > T, 
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sup (I;AI + I;UI) < C(T),[1/2 sup (IAI +Iuj) 
'[>T n n T>O 

(5.68) 

from Lemma 5.5 and Theorem 5.12. Hence, for some constant d(T), 

and we have (5.67). For boundedness of llA near T = 0, we note 

that when (2.12) converges to a, we have 

from (2.13.n), and this may be bounded for '[ small enough by use of 

(4.69), as follows: 

-1 
T < C • 

Boundedness of llA for T > C-1 comes from Theorem 5.11 and 

(5.67). Hence, we can now use Theorem 2.2 to establish (5.66). 

·Since L1 commutes with itself, we find that 

(5.71) 
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Note that if G = G(n,T), 

2 
L ( F ( G)) = F II ( G )(l§. ) 2 + F I (G) a G + ]F I (G)!2 
1 an ~ z' an 

(5.73) 

so when we call 

(5.74) 

then when we use (4.65), we get the partial differential equation 

2 
D T = -(2A + l)T _ 2(aA)2 + ~-n /2 

1 an 2n (5.75a) 

T(n,T = 0) lim T(n,T) = O. 
Inl+CIl 

(5.75b) 

In order to establish (5.66) using Theorem 2.2, all we now need is 

2 
_2(~~)2 + ~ne-n /2 ) O. (5.76) 

·But use of (5.50) allows us to bound the left hand side of (5.76) as 

foll ows: 

2 2 2 
_2(aA)2 + ~-n /2 ) _ ~-n /2 + .l-e-n /2 = 0 (5.77) 

an 2n 2n 2n 
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so (5.76) holds, and we are done. 

Corollary S.13. When A satisfies (5.17), then in (n,T) 

variables, we have 

2 ,.,. aA n aA 
-A - A - a b < - < - - • . 0 0 aT 2 an 

Proof. From Theorems 5.12 and 5.5, 

and we have (S.78). 

Asymptotic Behavior for the Nonsymmetric Problem 

When we do not assume c = 1, then we lose the use of 

(5.78) 

Theorem 5.6, and we also lose the use of Lyapunov functionals such as 

(5.25). For this reason, we have a much more limited set of tools 

available to construct estimates with. We can, however, find bounds 

for ~~ and ;~ by fairly complex calculation (at least, for the 

bound on their magnitude) involving the integral equations (3.6), and 

elementary use of Theorem 2.5. 

Lemma 5.14. When a and b satisfy (2.6), we have 

!! < 0 an ' ~) 0 
aT • (S.80) 
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Proof. Let 

aa 
P ::~, 

ab 
Q ::~. (5.81) 

Now, we generate equations for P and Q by taking ~; of (2.6) to 

find 

ap a2p aQ aQ 
at - c~ = -aQ - bP = at -~ 

,. 
aaO P{;,T = 0) = lim (if") .;; 0 

T+O 
,. 

abO 
Q{;,T = 0) = lim (if") ) 0 

T+O 

lim P{;,T) = lim Q(;,T) = O. 
1;1+= 1;1+= 

(5.82a) 

(5.82b) 

(5.82c) 

(5.82d) 

Now, (5.82) admits an invariant region S = {{P,Q):P .;; O,Q > O} by 

virtue of Theorem 2.5, since when Q = 0 and P.;; 0, then the 

vector field (-bP,-bP) points into S, and when P = 0 and 

Q ) 0, then the vector field (-aQ,-aQ) points into S. Since 

(5.82b) and (5.82c) start (P,Q) in S, (P,Q) lies in S for all 

T ) 0, hence 

aa "'IT .;; 0, ,b > 0 
a~ 

(5.83) 
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and we get (5.80) by multiplying T1/2 and using (2.9a). 

Theorem 5.5. When we define 

(5.84a) 

then when a and b satisfy (2.6), we have 

(5.84b) 

(5.84c) 

a Proof. We take an of (3.6a), after rearrangement, to find 

that 

(5.85) 

The rest of the proof is an estimate for I(T,nc ). First, we will 

,use the estimate (4.25) for ~obO' together with the fact from 

Theorem 3.2, that a £ [O,~o] and b £ [O,bO]' and transformations 

(3.10), to bound I(T,nc) as follows: 
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Call 

J(n u) :: f In {1 + u)1/2 - y u1/21' eRe c 

2 
1 112 1/2 2 -y /4a 

• exp ( - 4[ ne (1 + u) - Ye u ])e c dy c. 

If we set 

(1+ )1/2 nc u 
E :: - 2au ' 

then (5.87) simplifies to 

, 1/2 
dx = u dy 

n~(l+u) 
F:: 4au 

c' 
D = au+l 

- 4au 

(5.87a) 

(5.87b) 

(5.87e) 

'This can be integrated by completing the square. Let J = J- + J+, 

where 
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+ ~DJ +exp[-Dx2 + Ex - F]dx 
R 

1/2 - _ ( E) E)2 E2 u J = f _ -x + 2D exp [-D (x - 2D + 4D - F]dx 
R 

E 2 - 2Df _exp[-Dx + Ex - F]dx. 
R 

When we let z = O(x - k)2, we find that 

2 
u 1/2J = kxp (L - F)fCXI e -zdz 

D 4D E2/40 

2 2 
+ E -F(fCXI -Ox +Exd JCXI -Ox -Exd ) 20e Oe x - Oe x • 

((5.88a) 

(5.88b) 

(5.88c) 

We find the second and third integrals in terms of complementary 

error functions. We see (Gradshteyn and Ryzhik 1965) that 

2 2 
J

CXI -Ox +Exd fCXI -Ox -Exd Oe x - Oe x 

fIT E2/40 E E = --e [erfc( - -) - erfc(-)]. 
2~ 2~ 2~ 

This may be simplified using (2.15) and the fact that the error 

function is odd. We finally have 

(5.89) 
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After substitution from (5.87b) and massive simplification, we find 

that 

2 4 1/2 -n (u+1)/4au 
J= aU e c 

au+1 

(5.91 ) 

We can use the definitions of a and S to remove c from (5.91), 

then substitute into (5.86) and find that 

(5.92) 

Since 0, u , 1 + U and u1/2 , (1 + u)1/2 , (1 + u), we can 

simplify the integral in (5.92) still further. When we integrate, we 

find that 

(5.93) 

and find (5.84b) holds. The same reasoning yields (5.84c), and we 

are done. 
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We will now show a qualitative and much weaker version of 

what Theorem 5.8 and equation (2.25) showed quantitatively for the 

symmetric problem, that there is a sequence {Ti }1=1' with Ti +~, 

such that a(n,Ti )· b(n,Ti ) + O. We will first compute a bound for 

la - ;01, and then use this, together with a differential equation, 

to get our result. 

Lemma 5.16. When aO solves (2.13.0) and a .solves 

(2.6), then there is a constant D > 0 such that 

T ) D. (5.94) 

Proof. Note that Theorem 4.8 and (4.26a) yield an upper 

bound for aO - a which is somewhat more manageable than one 

involving a1: 

n ( 0 

n > 0 

aoa 
D = f3 (2 a+ 1) • 

Now, call N = N(T) the point where 

2 
DTe-N /4a = 1, 

(5.95a) 

(5.95b) 

(5.95c) 

(5.96) 
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then since N < 0, 

N = -2'~(ln(Dt))1/2. (5.97) 

Then 

(5.98) 

The third integral in (5.98) may be evaluated by use of (2.16c), 

together with a result from Abramowitz and Stegun (1965): 

(5.99) 

The first integral may be evaluated by use of the approximation 

formula (3.34), together with (2.15); and simplified with (5.96), to 

yield 

2 2 
fN Dte-n / 4adn = Dt2~fN/2Iae-s ds = Dtlnaerfc(- __ N __ ) 

_00 _ _00 210 
(5.100) 

2 
c-:-. -N /4a ,......-, DTrnae = rna. 

We get (5.94) by substitution of (5.100) and (5.99) into (5.98), 
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since the first inequality in (5.94) is a trivial consequence of 

Theorem 4.8. 

A second lemma, unnecessary in the proof of our main result, 

does exhibit an interesting relationship between the variables in 

this problem. In its proof, we will develop a formula which will be 

useful later. 
~ 

Lemma 5.17. When aO and bo solve (2.14.0), and a and 

b solve (2.6), then 

(5.101) 

Proof. First, we will use (2.6) and integration by parts to 

establish a formula which will yield differential equations for 

integrals such as those in (5.94) and (5.101). Let E(a,b,n) be a 

twice differentiable function of a, b, and n, explicit in a 

and b. Then call 

(5.102) 

Of course, in order for V to exist for a given T, we must know, 

'preferably by estimates of E(a,b,n), that this integral will in 

fact converge to some finite value. Now, using (2.6), and vector 

calculus, 

112 



(5.103) 

The matrix product in the second integral must be evaluated, and then 

it must be integrated by parts twice, to yield 

+ lJ !l(~ ~ + ~ ~)d T R 2 aa an ab an n 

After the third integral is integrated by parts, we have 

dV aE aE 1 1 - = J (- + -)( -ab)dn - -J Gdn - -V. dT R aa ab '[ R 21' 

(5.104a) 

(5.104b) 

(5.105) 

This ;s similar to the calculation in A1ikakos (1980), except that 

'A1ikakos considered systems of the form 

i E {l, ••• , n}, (5.106) 
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while our problem is two-dimensional, and has somewhat more involved 

and less tractable elliptic operators of the form ~c' in the 

(n,T) variables we have chosen. 
,.. ,.. 

When we let E = aO - a - bO + b in (5.102), substitute this 
,.. 

into (5.105), and note that in (n,T) coordinates, a(n,T = 0) = aO 
,.. 

and b(n,T = 0) = bO' we have 

,.. ,.. 
V = JR(aO - a - bO + b)dn (5.107a) 

dv 1 - = --v dT 2T (5.107b) 

V( T = 0) = O. (5.107c) 

This problem clearly and triva1ly has the solution V = O. When we 
,.. ,.. 

rewrite V, and note that both aO - a ) 0 and bo - b ) 0, we 

have (5.101). 

We are now ready to prove the qualitative result described 

earlier. 

Theorem 5.18. There is a sequence {Ti }7=1' with no upper 

bound, such that 

lim a(n,T. )b(n,T.) = 0, for all n € R 
. 1 1 
1 +CO 

( 5.108) 

for solutions a and b of (2.6). 
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,.. 
Proof. Let E = aO - a in (S.102), then (S.10S) yields 

(S.109a) 

dv 1 . 
dT + 2TV = JRabdn (S.109b) 

V(O} = 0 (S.109c) 

with the last equation holding by the same argument that established 

(S.107c). When we call 

(S.llO) 

then we can use Lemma 5.16 to rewrite (5.109b) as 

u - (~+ [aln(DT}]l/j __ ~ __ U 
T T aT' T ) D (5.ll1) 

where the constant k is obtained from the right-hand side of 

(5.94). Suppose there exists aT> 0 such that for T > T, V is 

strictly increasing. If not, then we can always find a Ti' larger 

·than any set T > 0, such that V'(Ti } = 0, and then (5.109b) and 

Lemma 5.16 yield 

1 k+[aln(DTi )]1/2 
u (T ) = -v < -----=----i 2Ti Ti 

(5.ll2a) 
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so 

~imu(Ti)=O. (5.112b) 
1+00 

If, for T > T, V is strictly increasing, then suppose also for 

T* large enough, that for T > T*, U is bounded away from zero, so 

u ) 2~ for some constant ~ > O. Then for T) T = max(T,T*,T**}, 

where T** is given by any solution of the inequality 

we have 

so 

~T** - lalnLdl**] > k, 

av o < ~ < aT' 

V(T} + ~(T - T) < V(T} 

(5.113) 

(5.114) 

(5.115) 

and for T large enough, this clearly contradicts Lemma 5.16. Hence 

when V is strictly increasing U may not be bounded away from 

. zero. So, in either case, there is a sequence {Ti }, with no 

greatest member, such that 

lim fRa(n,T.)b(n,L. )dn = 0 
+00 1 1 Ti 

(5.116) 
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and we have (5.10S) from continuity of a(n,T) and b(n,T) in n. 

In order to show that 'the limit in (5.10S) exists 

independently of the sequence {T.}, that is, that 
1 

lim a(n,T)b(n,T) = 0, 
T+OO 

(5.117) 

we would need to make use of the differential equation we get when we 

let E = ab in (5.102), so that 

dU + ~ + f (a + b)abd = - c+1 f ~ ~ dT 2T R n T R an an n (5.11Sa) 

(5.11Sb) 

Unfortunately, this requires an estimate for ;~ and ;~ which is 

o(T1/ 2), sharper than that afforded by Theorem 5.15. The truncation 

of the upper bound from Theorem 4.S, which yields (5.94), cannot be 

justified here. We cannot get ;~ < 0 without this, at least, since 

the right-hand side of (5.11S) must be nonnegative. 

Though we do not have enough information to show that 

U + 0, as T + 00, we can use the differential equation (5.109), 

'together with Lemma 5.16 to describe the behavior of the average of 

U, as T + 00. 

Theorem 5.19. When we define the average value of f(s) 

between 0 and T by 
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f[T} = ~J~f(S)dS, (5.119) 

then when U = fRabdn, we find that 

1 i m 1f{'"=rT = o. (5.120) 
T+co 

Proof. When we integrate (5.109) directly to get V, we 

find 

(5.121) 

so, dividing by T and using Lemma 5.16, 

1 1/2 . 1 aD 1/2 limtf~s U(s)ds = 11m ""J72(-+ fia+ 2raln (DT)) = O. (5.122) 
T+1lO T+1lO T 2.r; 

Now using (4.25), we can bound UTTT above in the following fashion: 

~ 1f1 1
J

T 
U\T/ = T oU{s)ds +T 1U{s)ds 

(5.123) 

so 
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(5.124) 

We get (5.120) by taking the limit of both sides and using (5.122). 



CHAPTER 6 

CONCLUSIONS 

We have shown that the initial discontinuity 

(6.1a) 

b(r = 0) = H(~) (6.1b) 

in the system 

(6.1c) 

(6.1d) 

where the boundary conditions at I~I = ~ are given by (2.6c) 

through (2.6e), is smoothed out by a principally diffusive process 

for T (O(l), in the special case where 

(6.2) 

More precisely, Theorems 3.2 and 4.8 yield the result that 

(6.3a) 
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(6.3b) 

where a = max(I,c), and 

(6.4) 

Similar results hold for b(n,T). 

" Once we have existence and uniqueness of a, b, aI' and 
" bl , the results (6.3) and (6.4) follow from arguments which use the 

maximum principle and its consequences almost exclusively. However, 

we do not need (6.2) in order to get (6.3) and (6.4). All we really 

need to know about fl and f2 is that both are negative, 

"antiquasimonotone" in the sense of Chapter 2, do not depend 

explicitly on T, are differentiable and uniformly Lipschitz 

continuous with respect to a and b, that both fl and f2 

vanish when a = 0 or b = 0, and that 

(6.5) 

If we are willing to use (6.2), then Theorem 4.10 tells us 
,. ,. 

that the series representations a(n,T) and b(n,T) in powers of 

T, obtained by Kapi1a and Aris (Kapi1a 1983) actually converge to 

a(n,T) and b(n,T) when T < K-I = 0(1). Here, K is given by 
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A A A A 

(4.51), and the coefficient functions an and bn in a and b 

are given by (2.13). 

It should also be noted that it is by no means clear that we 

must use (6.2) to obtain this convergence result. If we proceed 

without the "alternating series" result in the statment of Theorem 

4.6, we can prove a single result (which replaces both Lemma 4.3 and 

Corollary 4.4) which places an upper bound on the absolute value of 

solutions of (4.7). If we then suppose that fl and f2 are 

uniformly Lipschitz continuous and analytic with respect to a and 

b, vanish when a = 0 or b = 0, and that there exist constants 

{dn}~=o such that 

(6.6) 

and that the same holds for partials of fl and f2 with respect 

to b, then the rest of the proof of Theorem 4.6 goes through as 

before. In particular, (4.23) still holds. The only open question 

left is whether or not we can perform an operation analogous to 

proving the first inequality in (4.49). 

If we assume (6.2) and that the problem is symmetric i.e., 

c = aO = 1, then all we obtain by restricting c = aO = 1 is a 

larger lower bound for the radius of convergence of the series 
,. ,. 
a and b •. 
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As T + m, Kapila and Aris calculated two different sets of 

asymptotic expansions, of the.form a, given by (2.24), and a, 
given by (2.40) and (2.43), for the approximate solution of (6.1) and 

(6.2). Here, a is constructed for n =0(1) and T + m, and a 
is constructed for n < 0(T-1/ 3) and T + m. The expansion a 
describes diffusive behavior, and a describes an inner "reaction 

zone" where most of the chemical reaction takes place. 

Results for a and b were obtained for the symmetric 

problem. We found that the first order terms in (2.40), a1 and 

01' exist, are unique, and decrease exponentially as ~ + m and 

~ + _m respectively. We found that the second-order terms in 

(2.40), a2 and 02' are identically zero, and that this simplifies 

the generating equations for the next several terms in (2.40). 

For the symmetric problem, we showed, by use of the Lyapunov 

functional (5.25), that ao(n) and bo(n) are limiting states 

towards which the system tends as T + m. More specifically, we 

showed that 

lim [a(T,n) - ao(n)] = 0, (6.7) 
T~ 

with a similar result holding for b(n,T). Unfortunately, the 

symmetry of this problem is intimately involved in the proof. No 

Lyapunov functional could be found for the asymmetric problem. We 

also found, from Theorem 5.10 and as an elementary consequence of 
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Theorem 5.11, that in n - T variables, 

(6.8a) 

2 l..e -n / 4 (!! ( O. 
Ii an (6.8b) 

Another set of bounds on ~~ is give by Corollary 5.13. 

For the asymmetiic problem, we had to be content with more 

qualitative estimates. 

From Lemma 5.14 and Theorem 5.15, we found that ~~ is 

2 
negative, ~~ is positive, and both are of O(T. exp(- ~a2))' as 

Inl +~. Monotonicity of a and b are shown by an invariant 
2 

region argument, while the O(T. exp(- ~)) portion follows from 
4a 

the direct calculation of an integral. These results will hold for 

more general reaction functions than (6.2), subject to the 

restrictions that 

and 

(6.9a) 

(6.9b) 
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which is stronger than antiquasimonotonicity, that (6.5) holds and 

that fl and f2 are both negative. 

In order to get a limiting result similar to, but more 

qualitative than, (6.7), we must use the result, unrelated to the 

bounds on ;~ and ;~, that for some 0 > 0, 

,.,. 1/2 o < JR(aO - a)dn < O(ln(O'[) ). (6.10) 

This result, together with the kind of calculations used to seek 

Lyapunov functionals (Alikakos 1980), are sufficient to obtain an 

averaging result, that 

1 im {J~fRabdnds = O. (6.11) 
'[+00 
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