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PROLOGUE 

"Though these represent serious discrepancies, Hill and colleagues 

have in the past demonstrated great capacity to explain the failure of 

other observers .•. to confirm his results". 

--P.H. Dittmer (1911). 

"For the low-order p-modes (periods> 20 min), our predicted 

surface velocities are much smaller than those indicated by the 

observations of Hill, Stebbins, and Brown (1915) and Brookes, Isaak, 

and van der Raay (1916). What is the reason for the discrepancy between 

the theoretical predictions and the observational results? ... the 

observations either are in error or have been misinterpreted. This 

seems to us to be the most plausible explanation •.. " 

-- Goldreich and Keeley (1911b). 

xi 



ABSTRACT 

This work investigates the response of the solar atmosphere to 

mechanical and thermal driving due to global solar oscillations. It was 

discovered that the coupling of thermal and mechanical modes was very 

important in reconciling theoretical predictions of the expected change 

in the solar limb due to solar" oscillations and experimental 

observations of the variability in the solar limb darkening function 

undertaken at SCLERA (Santa Catalina Laboratory for Experimental 

Relativity). The coupling between the thermal and mechanical modes 

occurs mainly due to the nonlocal nature of the radiation field. 

Previous theoretical calculations that used approximations for the 

radiative transfer that ignored the nonlocal nature of the radiation 

field predicted expected temp~rature perturbations (compared to the 

fluid displacement) that were much too small to be observed. Much 

larger ratios were found when the radiative transfer was treated 

properly. 

A par~icular solar oscillation can be influenced by the 

presence of a large number of other modes, if these modes can change 

the average properties of the medium. If the basic nonlinear equations 

are statistically averaged, the influence of the "mean field" can be 

investigated. This nonlinear effect can become important in the 

analysis for single modes in the upper photosphere. 

xii 



CHAPTER 1 

INTRODUCTION TO SOLAR OSCILLATIONS 

1.1 Description of the solar interior and atmosphere 

The sun, the closest star in our local neighborhood, shows a 

variability over an extreme range of time scales (from Ghz microwave 

pulsations in the corona to 1010 years for nuclear evolution) and over 

a distance scale from below the present resolution to full disk. In the 

time range of two minutes to three hours, the sun is observed to be a 

low amplitude multimode pulsator. 

The observed oscillations at the solar surface can be used to 

infer the behavior of deeper regions of the sun. These deeper regions 

(which are unobservable because they are opaque to all electromagnetic 

radiation) control the future luminosity variations of the sun. Solar 

luminosity variations have an important (but subtle) effect on the 

terrestria~ climate. Any long term national or worldwide agricultural 

policy (and the concomitant political strategies) would need a 

reasonable prediction of future solar luminosity changes (or at least 

an assurance that any changes were sufficiently small so as not to 

affect those policies). 

The need for long term predictions of solar behavior is 

hampered by several lacunae in our knowledge of the solar interior, 
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exemplified by two paradoxes: the "neutrino paradox" and the "faint sun 

paradox". 

The Brookhaven Solar Neutrino Experiment was designed to directly 

observe the nuclear processes in the solar core and get a determination 

of the solar central temperature by measuring the solar neutrino 

luminosity (Davis and Evans 1978). However, there was a substantial 

difference between the observed neutrino luminosity and the theoretical 

neutrino luminosity predicted by stellar evolution codes for a one 

solar mass star. The most recent experimental value for the terrestrial 

capture rate of astrophysical electron neutrinos above background is 

2.2 + 0.4 SNU (SNU is an abbreviation for solar neutrino unit. 1 SNU = 

10-36 neutrino captures per target atom per second), while the best 

current standard solar models give an estimate of 7.0 ~ 3.0 SNU (see 

Bahcall, et al. 1980 and Fillippone and Schramm 1982). This 

disagreement between the observed and the predicted neutrino capture 

rates for solar electron neutrinos has been termed "the solar neutrino 

paradox". Since reasonable modifications to the standard assumptions 

involved in computing a solar model were not successful in resolving 

the disagreement, several non-standard solar models were constructed. 

None of these ad hoc exotic models, however, has generated any 

widespread enthusiasm in the astrophysical community (see Davis and 

Evans 1978, and Rood 1978, for a review of these models). 

The zero age main sequence luminosity predicted for a one solar 

mass star (the solar luminosity 4.6 x 109 years before the present) is 

approximately 70% that of the present luminosity. Climatologists had 
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predicted that a drop of only 10% in the present solar luminosity would 

lead to a permanent glaciation of the earth (that could be removed only 

by a drastic increase of the solar luminosity to 1.3 times that of its 

p~esent value), so that a slow monotonically increasing luminosity 

predicted by the standard solar model seemed to be inconsistent with 

the paleoclimatic and fossil records that indicated a warm ice~free 

earth (and, indeed, with even casual observations). This inconsistency 

between the stellar evolutionary codes and the paleoclimatic records 

has become known as the faint sun paradox (Newkirk 1980). 

Any solution to these paradoxes is constrained by the apparent 

success of the standard evolution codes to reproduce the H-R diagram 

and the evolution of stars in galactic clusters. Although the 

resolution of the neutrino paradox might reside in elementary particle 

physics and more sophisticated paleoclimatic models might resolve the 

faint sun paradox, at present the questions are still unanswered. 

Since the neutrino par~dox indicates the possibility of a severe 

deficiency in our knowledge of fundamental processes, new and very 

expensive neutrino experiments have been promoted as a basic necessity 

in the search for a fundamental understanding of the universe. 

Fortunately, neutrinos are not the only available probes of the solar 

I interior. Low order acoustic and gravity modes observed at SCLERA have 

ISCLERA is.an acronym for the Santa Catalina Laboratory for 

Experimental Relativity by Astrometry, a facility jOintly operated by 

the University of Arizona and Wesleyan University. 
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sizable amplitudes in the deep solar interior. The study of these modes 

raises the prospect of perfurming a limited inverse problem sufficient 

to determine the gross internal structure of the sun in the same manner 

that geophysicists have utilized seismic waves to probe the earth. This 

pursuit has come to be termed helioseismology (Christensen-Dalsgaard 

and Gough 1976). The low order modes also provide an additional 

measurement of differential rotation as well as any fossil magnetic 

field (which may still be present in the solar interior) through the 

precise spacing of split modes. The large number of observed modes 

permits one to infer these quantities throughout the entire sun, since 

different modes have contributions that can be localized to different 

parts of the sun (see Hill, 80S, and Goode 1982). The low order modes 

could also provide an alternate mechanism for the transport of energy 

out of the solar core as first discussed by Hill (1975). 8y reducing 

the central temperature through this additional transport mechanism, 

the difference between the computed and observed neutrino luminosity is 

decreased, alleviating somewhat the neutrino paradox. 

Ultraviolet spectra and X-ray flux measurements by the 

International Ultraviolet Explorer and the Einstein X-ray Observatory 

demonstrated the ubiquitous presence of hot outer layers around stars. 

Perhaps most surprising was the wide diversity in EUV and X-ray fluxes 

from stars of the same spectral type (Linsky 1980). This shows that 

stars must also be classified by their non-radiative energy sources as 

well as the traditional classification by gravity, effective 

temperature, and composition. 
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The known properties of the sun are: the solar radius Re , the 

i solar mass Me' the solar luminosity Le, the solar abundances Ae, the 

solar surface differential rotation n(e), the eleven-year activity 

cycle, the current mass loss, the current neutrino luminosity (as 

inferred by terrestrial capture rates), and the presence of global 

oscillations. The values of these properties (as well as some useful 

fundamental constants, conversion factors, and relevant time scales) 

are displayed in table 1.1. The existence of granulation suggests a 

sub-surface convection zone. The existence of a hot overlying 

atmosphere suggests the presence of some n?n-radiative flux of energy 

from or propagating through the surface. In contrast to certain early-

type magnetic stars, there is no measurably large permanent magnetic 

field exhibited at the solar surface, but magnetic structures are 

plentiful. There is an interesting "dermatology" on the solar surface, 

most often associated with the magnetic elements. 

The solar interior can only be understood by constructing solar 

models. The two probes that we have of the solar interior, the neutrino 

flux and the observed surface oscillations, have to be interpreted 

through the use of constructed solar models. The oscillations, for 

example, are perturbations of an equilibrium model, and the static 

model that is to be perturbed must first be constructed. The 

equilibrium model is called a "standard solar model" if it is evolved 

from a ZAMS one solar mass star using the usual assumptions in stellar 

evolution codes, i.e. hydrostatic equilibrium, mixing-length theory for 
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TABLE 1.1 

A TABLE OF USEFUL PHYSICAL CONSTANTS, SOLAR PARAMETERS, CONVERSION 
F ACTORS AND T IMESCALES . 

Unless otherwise stated the references are Allen (1973) and Cohen and 
Taylor (1973). Numbers in parentheses correspond to one standard 
deviation uncertainty in the final digits of the quoted value. 
Timescales were computed using the standard solar model CD82. 

PHYSICAL AND MATHEMATICAL CONSTANTS: 

Speed of light in vacuo: c 

Constant of gravitationa : G 

Gas constant: R 

Stefan-Boltzmann constant: oR 

Pi: 1T 

2.99792458(2) x 1010 cm/sec 

6.6726(5) x 10-8 dyn cm2/g2 

8.31441(26) x 107 erg/deg mole 
-5 2 4 5.67032(71) x 10 erg/em deg sec 

3.14159265358979323846 •.. 

Euler-Mascheroni constant: YE ~ 0.57721566490153386061 ... 

SOLAR PARAMETERS: 

Solar Radius: R .. 
0 

Solar Mass: M = 
G 

Solar L' . t b umlnOSl y L ~ 
0 

Solar Surface Gravity: 

Effective Temperature: T eff,0 

Solar Equatorial Rotationc : n = o 

Solar Mas's Loss d 
~e : 

Solar Composition e 
X : 

Y 
Z 

10 6.9599(7) x 10 cm 

1.989(2) x 1033 g 

}.826(8) x 1033 erg/sec 

3.848(2) x 1033 erg/ sec 

2.7398(4) x 104 cm/sec2 

5770 K 

2.90(2) x 10-6 rad/sec 

3 x 10-14 M / 
0 

yr 

73.4 
24.9 

1.7 



CONVERSION FACTORS: 

1 ~m 

1" of arc 

SOLAR TIMESCALES: 

(R 3/GM)1/2 

t c 

t nuc 

TABLE 1.1 (continued) 

725.3 km 

period of the fundamental 

convection zone thermal inertia 

Kel vin time 

nuclear evolution timef 

Eddington-Sweet timeg 

a) See Luther and Towlep 1982. 

7 

1593.8 sec. 

64.1 min. 

1 .06 x 105 yrs. 

2.41 x 107 yrs. 

1010 yrs. 

1.1 x 10~2 yrs. 

b) The first value given is that of Allen 1973. The second value is 
that obtained from Willson, et ale 1981. Two results are quoted since 
the luminosity may vary. 
c) See Scherrer and Wilcox 1980. 
d) See ~irker 19~1. 
e) See Christensen-Dalsgaard 1982. The solar abundances usually quoted 
are those of Withbroe 1971. 
f) See Cox 1980. 
g) This estimate was computed assuming uniform rotation at the observed 
equatorial rate. 
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convection, initial composition equal to the current surface 

composition, slow changes in nuclear equilibrium, no significant 

internal circulations and no significant fossil magnetic fields. 

Different "standard solar models" can be generated by using different 

opacity tables or different integration techniques in the evolution 

codes. The usual constraint is that the evolved model with the current 

estimated solar age have the observed mass, radius, and radiative 

luminosity of the sun. J~rgen Christensen-Dalsgaard kindly supplied us 

with an evolved standard solar model, which is referred to in this 

diss~rtation as CD82. (For details concerning the code that generated 

this model consult Christensen-Dalsgaard 1982). 

In CD82, the temperature and density both decrease monotonically 

as one travels (metaphorically) from the sun's center to the surface. 

The temperature declines from a central value of 1.48 x 107 K to 5800 K 

at the surface, while the density drops from a central value of 150.62 

g/cm3 to 2.7 x 10-7g/cm3 at the surface. Almost all of the mass of the 

sun is contained within'O.6 R® of the sun's center. If we call the 

region in the su~ below 0.6 R® as the "deep interior," the region 

between 0.6 R® and Re as the "envelope," and the tenuous outer layers 

above 1 R0 as the "solar atmosphere," then the envelope has negligible 

mass compared to the deep interior and the atmosphere has negligible 

mass compared to the envelope. The thermal inertia of the deep interior 

is two orders of magnitude larger than the envelope, while the thermal 
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inertia of the envelope is 105 larger than the atmosphere. The mass 

concentration, which is defined to be the central density divided by 

the mean density, is 106.9 for this model. 

The sun can be described as consisting of four major regions: the 

core, the intermediate radiative zone, the convection zone, and the 

atmosphere. These divisions are based on the character of the energy 

generation and transport. The core is that region where the energy is 

generated by nuclear burning. The core also has a variable mean 

molecular weight caused by the depletion of hydrogen. The core is 

contained within 0.27 He of the sun's center. In the intermediate 

radiative interior, the main energy transport is by radiation. When the 

temperature gradient that would occur if radiation were the only 

transport mechanism exceeds the adiabatic temperature gradient, 

convection becomes a more efficient energy transport mechanism than 

radiation. The convective region in late-type stars like the sun lies 

in the envelope. The convective region in the sun lies between 0.72 He 

and 0.99 R8 in CD82. Other standard solar models will have different 

thicknesses for their convection zones. The conventional treatment of 

" convection uses the mixing-length formalism developed by E. (Bohm-) 

Vitense (1953). This theory contains an adjustable parameter, called 

the mi xing-length, which is the ratio of the "mean eddy length scale" 

to the local pressure scale height. One of the major uncertainties in 

constructing stellar models is the lack of a more complete treatment of 

the steady-state properties of convection. The convective transport is 
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usually so efficient that the steady state temperature gradient is 

driven to the adiabatic temperature gradient. However, near the visible 

surface of the sun, but still within the convection zone, radiation 

once again becomes an important energy transport mechanism, since the 

hot subsurface material can couple to regions where the radiation can 

freely escape. In this very thin region, the steady-state temperature 

gradient greatly exceeds the adiabatic temperature gradient, and the 

super-adiabatic region is formed. In the photosphere, radiation in the 

visible continuum (and in a good number of lines) can freely escape 

from the sun and convection is suppressed. Oscillations from the solar 

interior, that can penetrate the solar photosphere, can be detected by 

intensity changes or mass motions in the solar photosphere. 

This dissertation will concentrate solely on processes occurring 

in the solar atmosphere, except in this chapter. Although the dominant 

excitation and damping mechanisms and the asymmetries that give rise to 

mode splitting and the structural features that lie at the heart of the 

inversion procedure for performing helioseismology occur in the solar 

interior, the oscillations are actually detected in the solar 

atmosphere. It will be shown that there are defects in the usual 

treatments of solar oscillations that reflect on the detectability of 

the solar signals. 

One can describe the solar atmosphere as consisting of four major 

regions: the photosphere, the chromosphere, the transition region, and 

the corona. These divisions are based on the character of the energy 

dissipation and transport. Various models of the solar atmosphere are 
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discussed in chapter four. Using the chromospheric model of Vernazza, 

Avrett, and Loeser (1981) and the corona model of McWhirter, Thonemann, 

and Wilson (1975) the temperature in the solar atmosphere can be 

described as decreasing in the photosphere from 6420 K to a minimum of 

4170 K, rising gradually in the chromosphere, rapidly in the transition 

zone, and becoming almost constant in the corona at a value of 2.36 x 

106 K. The base of the photosphere is taken to be the depth of unit 

optical depth for electromagnetic radiation at wavelength 0.5 microns 

(5000 A). The division between the photosphere and the chromosphere is 

now commonly taken to be the depth of the temperature minimum. The 

temperature structure of the chromosphere deviates from the structure 

one would suspect for radiative equilibrium. This indicates the 

presence of some sort of non-radiative energy flux. It is obvious that 

one needs a non-radiative energy input to maintain the million degree 

corona. The division between the chromosphere and the transition zone 

4 is made at a temperature level of 2.5 x 10 K (see Athay 1981). The 

temperature gradients are so large in the transition region that the 

energy transport is dominated by conduction of heat from the corona. 

The top of the transition region occurs at a temperature level of 

6 1 x 10 K. The hot tenuous corona outputs energy in the form of 

radiation, conductive heat flux to the chromosphere, and a mass flow 

(called the solar wind). The chromosphere, trans~tion region~ and 

corona are basically inhomogeneous, and one dimensional models are 

inadequate to fully describe these regions. The behavior of the 
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oscillations in the photosphere and lower chromosphere hopefully can be 

modeled without the inclusion of horizontal inhomogeneities in the 

equilibrium model. Energy deposition is enhanced near magnetic 

structures. Whether the non-radiative energy flux is in the form of 

twisted magnetic fields or is channelled by the magnetic field is not 

" completely clear at the current time (see Bohm-Vitense 1984). 

The solar interior and solar atmosphere is described in more 

detail in the two NASA monographs: The Quiet Sun by Edward Gibson and 

The Sun As A Star, edited by Stuart Jordan. 

1.2 Solar and stellar oscillations 

An oscillation in the sun or a star will depend on radial and 

angular coordinates. It would be convenient to separate out these 

dependencies. One can argue that this should be possible for the sun 

(and any other slowly rotating star). The sun's equator rotates 

approximately once every 25 days. A nontransient magnetic field, which 

would be direct evidence for a fossilized primordial magnetic field, 

does not seem to be present on the solar surface. The visual obiateness 

of the sun is quite small (see Hill and Stebbins 1975, and Hill, Bos 

and Goode 1982). Spherical symmetry for the sun can be assumed for 

convenience. If the sun does have a large fossil field or a rapidly 

rotating core, then the angular dependence of the perturbation 

quantities will no longer be spherically symmetric, but in that case it 

might still be useful to expand the eigenfunctions in terms of 
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spherical harmonics. For spherical symmetry, one can expand a general 

scalar quantity, y, in the form: 

y(r,a,<j>,t) ( 1. 1 ) 

where r, a, and <p are the usual spherical coordinates, f is a radial 

function specified by the index n (which is usually the number of 

radial nodes), y~(a,<j» is the usual spherical surface harmonic and cr is 

the frequency of the perturbation designated by the indices n, ~, and 

m. If Y is a scalar associated with an eigenfunction, n is called the 

order of the mode, ~ is the degree of the mode (or the spherical 

harmonic index) and m is the order of the spherical harmonic. The m 

values are integer values between -~ and ~, and for each i there are 

2~+1 m states. Unless rotation or magnetic fields break the azimuthal 

symmetry, the m states are all degenerate and cr only depends on nand 

~. Oscillations observed at SCLERA are low order and low degree (i.e. n 

and ~ are small) because of the spatial filtering of the measurement 

process as discussed by Hill and Caudell (1979). 

A vector quantity can be expanded in terms of spheroidal and 

toroidal unit vectors: 

L a(r)(SPh) ;(SPh) + _L_ b~t~r(r) ~ ( 1 .2) 
n~m n~m n~m ~,m ~,m i,m 



where 

and 

~(SPh) 
nR.m 

'l' 
~ ,m 
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~r Y~ Vr + r ~h V Y~ 

V ( ~ Y~ ) x (r/Irl) ( 1 .4) 

(This expansion is in the notation of Unno, Osaki, Ando and Shibahashi, 

1979. For a discussion of spheroidal and toroidal vector fields, see 

Chandrasekhar 1961, Appendix III.) A linear analysis.of spheroidal 

modes only provides ~ n times some arbitary constant (usually fixed 
n'N,m 

by a normalization). The an's are either determined by a non-linear n,N,m 

analysis or by observation. The observations at SCLERA are spheroidal 

modes (see 80S 1982), so the toroidal component will be ignored. 

What wave modes should orie expect for the sun? To get a system to 

oscillate, one needs a return force. In an idealized setting, a type of 

oscillation, a "pure mode", can be produced by a single return for;e, 

ignoring the complications due to the other possible modes. Pressure 

acts as a return force when a parcel is compressed. The pure mode that 

arises from changes in the pressure gradient is called a p mode or an 

acoustic mode, and in the limit of short wavelengths is equivalent to 

sound waves. 80uyancy acts as a return force for the internal gravity 

modes (or g modes), and for the f mode (which in the limit of short 
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wavelengths acts like ordinary deep-water surface waves and can be 

called the surface-like manifestation of the internal gravity modes). 

Bouyancy return forces are also involved in "discontinuity" modes which 

arise if there are any sharp gradients in the density and are like 

internal boundary gravity waves that sometimes occur in fjords and 

, 
estuaries. Tension in magnetic fields generates Alfven waves. 

Centrifugal and gyroscopic forces giye rise to inertial waves. (The r 

or toroidal mode is an inertial mode. Rossby waves are surface-like 

inertial waves that arise from the effects of spherical curvature that 

induces a horizontal gradient in the vertical coriolis vector.) Thermal 

and viscous "modes" usually are not truly oscillatory and are 

associated with the diffusion of heat and momentum. These diffusive 

modes remove discontinuities in temperature and velocity. The thermal 

modes are discussed at length in chapter two of this dissertation. 

When several forces act in concert, one can have "mixed" modes, 

such as magneto-acoustic or inertial-gravity modes. Only acoustic-

gravity modes, that is acoustic modes modified by gravity or gravity 

modes modified by compressional effects, will be discussed. The mixing 

of acoustic and gravity modes with magnetic modes is likely to be very 

important in the upper chromosphere, but the density in the upper 

chromosphere is so small that it only contributes a negligible amount 

to changes in the limb darkening function through which the 

oscillations are observed at SCLERA. Only those wave modes that 

manifest themselves in the photosphere and low~r chromosphere will be 
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considered. Dispersion relations for acoustic, gravity, magnetic and 

various mixed modes can be found in Stein and Leibacher (1974). 

In the frequency range of one hour to a few minutes one expects 

only the global p, f, and g modes to be important. Consequently, 

magnetic modes, toroidal modes, Rossby waves, viscous modes, 

discontinuity modes and toroidal-like dynamo modes are ignored. 

The theoretical analysis of stellar pulsations was probably 

initiated by Lord Kelvin's investigation of the oscillations expected 

for a homogeneous incompressible sphere (Thompson 1863). This mode was 

a divergence-less, curl-less surface wave which can be identified with 

the f mode of more realistic stellar models. 

The adiabatic radial pulsations of a homogeneous sphere were 

investigated by A. Ritter (1879). He found that the value for the 

fundamental radial pulsation to be: 

2 
a (3Y - 4) g /R s s 

( 1 .5) 

where Y is the specific heat ratio and g /R is the ratio of surface 
s s 

gravity to the stellar radius, a combination that occurs quite 

frequently in the study of stellar pulsations. For the sun, the value 

of 2~ I Re/ge is 166.9 minutes, the fundamental period the sun would 

have if it were a homogeneous sphere with a specific heat ratio of 5/3. 

The radial pulsations of a star are acoustic in nature and are called p 

modes. 
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Rosseland (1931, 1932) addressed the problem of non-radial modes 

in a heterogeneous incompressible model. Pekeris (1938) solved for the 

full spectrum of modes for the homogeneous compressible model. A new 

mode, albeit unstable, driven by buoyancy forces appeared, which is now 

designated as the g mode. The stable counterpart to the g is called 

+ the g mode, which in the limit of small wavelengths becomes identical 

to the internal gravity modes familiar from oceanographic studies. 

(These gravity modes should not be confused with gravitational waves 

which arise from an oscillatory quadrupole mass distribution in general 

relativistic theory. The gravitationai waves propagate at the speed of 

light, whereas the group velocity of the internal gravity waves is much 

less than the local speed of sound.) The present terminology of p, f, 

and g modes was established by Cowling (1941). 

The global interior modes of the sun are shown in figure 1.1. This 

figure was constructed from eigenfrequencies supplied by J6rgen 

Christensen-Dalsgaard. The positive frequencies are separated into 

three distinct groups. The modes labeled p are the acoustic modes of 
n 

order n, where n is usually the number of radial nodes (not including 

the central node). The frequencies increase with order and degree. The 

p modes hav~ been extended down to their radial analogue. The 

fundamental is connected to P1 and the first harmonic to P2~ 

The unique f mode forms the demarcation between p and g modes. The 

f mode is essentially nonradial and only has nontrivial eigenvalues for 

i > 2. 
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The eigenfrequencies for g1 form an upper bound for the g modes. 

The order index n for g usually equals the number of radial nodes. 
n 

Frequencies for the g modes decrease with index n, but increase with 

degree !. The g modes are essentially nonradial and exist only for 

! > 1. 

If a star is not dynamically stable, exponentially growing modes, 

which are designated as p modes, can occur. The p modes are normally 

not of interest except for the pre-main sequence contraction and very 

brief catastrophic episodes. If a star has a buoyantly unstable region, 

e«ponentially growing solutions called g modes can occur at the onset 

of convection. Due to nonlinear coupling of these modes, it is probably 

not productive to consider turbulent convection as a superposition of 

g modes, except at the onset of convection. Smeyers (1966) has a 

thorough discussion of these modes. The g modes shown in figure 1.1 as 

dashed lines are only drawn schematically. 

How do these p, f, and g modes behave as a function of radius for 

the sun? Linear nonadiabatic eigenfunctions for the oscillations were , 

computed by Phil Goode using a code based on Saio and Cox (1980). Shown 

in figure 1.2a is a g7 mode! = 6, which would correspond to one of the 

global g modes observed at SCLERA. The relative radial and horizontal 

displacements are shown. (The relative radial displacement has been 

normalized to unity at the surface.) Figure 1.2b displays a long-period 

p mode P1 ! = 8. The g modes are localized in the interior, while the p 
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modes are localized successively closer to the surface as ~ and n 

increase. The high degree five minute. oscillations observed in small 

apertures penetrate only the extreme outermost layers of the sun (see 

Berthomieu et al. 1980). 

The oscillatory property of the medium can be determined locally 

through a dispersion relation: 

D(a, k) o ( 1 .6) 

where a is the angular frequency and k is a wavenumber whose horizontal 

component is given by: 

[~(~ + 1)]/r2 
( 1 .7) 

and whose radial component, k , can be defined through the dispersion 
r 

relation. The distance between two radial nodes, called r 1 and r 2 , is 

given by: 

1T ( 1 .8) 

The turning points between evanescent and propagating behavior occur 

2 when k changes sign. Three characteristic local frequencies control 
r 

these turning pOints. The three frequencies are the Lamb frequency: 
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the Brunt-Vaisala frequency (Vaisala 1925 i and Brunt 1927 ).: 

g[ 1_ ~L!!LE 
r 1 dr 

~L!lL2 ] 
dr 

and the local acoustic cut-off frequency: 

+ 

where r is the Eckart coefficient given by: 

2 r 

r
1 

is the adiabatic coefficient: 

r 1 
d ln P ------
d ln P I ad 

g is the gravitational acceleration: 

g 
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( 1 .9) 

(1.10) 

(1.11) 

(1.12) 

(1.13) 

(1.14) 
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c is the adiabatic sound speed, r is the radius, and P and p are the s 

undisturbed pressure and density of the equilibrium model. The local 

acoustic cut-off frequency is usually quite close and slightly above 

the buoyancy frequency, NBV ' Because of this near equality, sometimes 

only the buoyancy frequency is displayed to show the propagation 

properties of the stellar model. The Lamb frequency is exceeded when an 

initially vertically propagating oscillation has been completely 

refracted away from the vertical and into the horizontal direction. 

(Radial modes are not refracted in this manner. For t = 0, the Lamb 

frequency is zero.) Acoustic modes with eigenfrequencies lower than the 

local acoustic cut-off frequency or the local Lamb frequency are 

evanescent. The buoyancy frequency is the natural frequency of a 

buoyant parcel of gas performing vertical oscillations. Gravity modes 

with eigenfrequenci~s greater than the local buoyancy frequency are 

evanescent, since this frequency is the maximum frequency that a 

buoyancy driven oscillation can obtain. The Lamb frequencies for t = 1, 

2, 4, and 20 and the buoyancy frequency for the solar model CD82 are 

shown in figure 1.3. (The squares of the frequencies have been 

nondimensionalized by multiplication with the factor [R3e/GMeJ .) This 

type of diagram is called a propagation diagram because the regions 

where oscillations can propagate are clearly delineated. Gravity modes 

2 can propagate in the region below the NBV curve, while acoustic modes 

can propagate to thfr right of the L~ curves. One can see that acoustic 
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modes with high ~ value are more confined to the surface than acoustic 

modes with low t. The gravity modes are confined more or less to the 

interior, depending on the eigenfrequency. There is an upper bound for 

the eigenfrequency for the interior g modes given by the maximum value 

of NBV in the solar interior. For the standard solar model CD82, the 

maximum value of NBV in the solar interior is 2.950, which corresponds 

to a period of 35.50 minutes. The buoyancy frequency is zero (or 

imaginary) in the convection zone, and the interior g modes must tunnel 

through the convection zone in order to be observed on the solar 

surface. 

The theory of stellar pulsations was developed to describe the 

large amplitude pulsation phenomenon in Cepheids. The observed solar 

oscillations are qualitatively different than those observed in 

Cepheids. Dziembowski (1980), in his survey of pulsations in different 

stellar models, emphasized the striking difference in the pulsation 

properties of high amplitude, few radial mode giant stars, with a well

defined instability strip in the H-R diagram, and the low amplitude, 

multimode nonradial pulsations of dwarf stars, whose instability strip 

is not so well-defined (possibly due to the difficulty of detecting low 

amplitude modes). The analysis of the large number of low amplitude 

modes in the sun may involve a great deal more subtlety than the few 

large amplitude modes in the Cepheids. 

The development of stellar pulsation theory is well documented in 

five books. The early work done br Eddi~gton can be found in 

Eddington's treatise The Internal Constitution of the Stars (1926). 
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Radial oscillations of stars are treated in detail by Rosseland in the 

monograph The Pulsation Theory of Variable Stars (1949). The standard 

reference in the theoretical treatment of variable stars is the review 

article "Variable Stars" by Ledoux and Walraven in volume 51 of the 

Handbook of Physics (1958). Modern developments can be found in the 

book Nonradial Oscillations of Stars by Unno, Osaki, Ando, and 

Shibahashi (1979) and J. P. Cox's book Theory of Stellar Pulsation 

( 1 980) . 

1.3 The five minute oscillations of the sun 

The observation of oscillatory motion on the sola~ surface 

detected in canceled velocity spectroheliograms was reported by 

Leighton (1960, 1961) as an unexpected result in his program to observe 

the solar granulation velocity fields. Although the reports of 

oscillatory motion initially met some skepticism, they were confirmed 

by the observations of Leighton, Noyes, and Simon (1962), and Evans and 

Michard (1961, 1962). The apparently random oscillatory motion with a 

period near five min/utes was treated as a purely solar atmospheric 

phenomenon driven primarily by convective motion, and in some analysis 

it was assumed that this motion could be identified with the heating 

mechanism for the solar atmosphere. The nature of the oscillations, 

whether they were acoustic or gravity waves, was the subject of some 

controversy in the 1960's and early 1970's and this controversy will be 

briefly reviewed in chapter 2, which is in part concerned with the 
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radiative damping of gravity waves. The five minute modes are now 

firmly established to be global acoustic pulsations. 

The observations of Frazier (1968) were the first to show spatial 

and temporal structure in the five minute oscillations. The 

oscillations were found to be confined to two patches on the horizontal 

wavenumber versus frequency power spectra (the 'k - w' diagram). The 

superposition of a large number of modes gave rise to a picture of 

apparently random oscillatory motion with a period near five minutes. 

These modes were often referred to as 'the five minute oscillation' and 

were considered to be a purely local solar atmospheric phenomenon. The 

evanescent behavior of the modes indicated that the five minute 

acoustic modes were not an important heating mechanism for the solar 

atmosphere. 

The possibility that the high-degree five minute modes might be 

global non-radial p-modes driven by the kappa or the delta mechanism 

(described in section 1.6) was raised by Ulrich (1970), Leibacher and 

Stein (1971), and Wolff (1972). A linear non-adiabatic stability 

analysis of p-mode oscillation in the sun using stellar pulsation 

I 

theory by Ando and Osaki (1975) sho~ed'that if the five-minute 

oscillations were global modes there would be a definite ridge 

structure if the necessary spatial and temporal resolution were 

obtained. The necessary spatial resolution to show the ridge structure 

was achieved by Deubner (1975) and by Rhodes, Ulrich, and Simon (1977). 

This observed ridge structure was in impressive agreement with that 

predicted by Ando and Osaki (1975). This structure in the k - w diagram 
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had possibly as many as ten ridges'with the lowest ridge identified as 

the f mode (see Deubner et al. 1979). The total number of modes can be 

estimated with ~ values between 200 and 600 with a 2~ + 1 m degeneracy 

for each ~ and a lower limit of six ridges: 

~2 
no. of modes> n nJ (2~ + 1) d~ 

r ,1\,1 
6[ ~ (~ + 1) J600 == 1.9 x 106 

200 

In a postscript to his report of definite structure in the five 

minute modes, Deubner-(1975) noted that the computed eigenfrequencies 

of Ando and Osaki (1975) were systematically above the concentration of 

power in the ·observed power spectra. He suggested that modifications in 

the model solar envelope might have to be made to achieve agreement 

between theory and observation. The analysis of the sensitivity of the 

p-mode structure to the model envelope suggested to Ulrich and Rhodes 

(1977) that the fundamental parameter characterizing the p-mode 

structure was the assumed entropy of the adiabatic zone, and that the 

observed oscillations could determine the temperature adiabat in the 

convection zone. This analysis was.repeated using more elaborate 

envelope models by Lubow et al. (1980), Berthomieu et al. (1980), and 

Scuflaire et al. (1981). The theoretical eigenfrequencies were found to 

be predominantly determined by the depth of the convection zone, and 

seemed to predict a deep convection zone. 

An internal differential rotation should destroy the axisymmetry 

of the high degree p-modes. The resultant splitting in the 
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eigenfrequencies was used by Deubner et al. (1979) to infer a modest 

increase in rotational velocity in the convection zone. The magnitude 

and direction of increase of the differential rotation has application 

to the sub-surface currents assumed in solar dynamo theory. 

Current researchers can clearly resolve the five minute modes 

down to a velocity amplitude of 6 mm/sec and observe these p-modes at 

different heights in the solar atmosphere (see Duvall and Harvey 1983). 

(Figure 1.4 was kindly supplied to me by Jack Harvey and can be found 

in Harvey and Duvall 1983). One can compare this figure with the 

theoretical global modes shown in figure 1.1. Figure 1.4 shows possibly 

as many as twenty-two ridges with ~ values between 1 and 170. The 

advantage of the high degree five minute modes is the high spatial 

resolution that allows one to unambiguously identity the modes. 

However, the high degree five minute modes are limited to only the 

outer five percent of the solar envelope and so can not determine 

deeper solar structure. The low degree five minute modes can penetrate 

deeper into the sun and the long period oscillations can probe the core 

directly. 

A review of the early experimental and theoretical work on the 

five minute modes can be found in Gibson(1973) and Stein and Leibacher 

(1974). More recent developments in experimental techniques and 

theoretical understanding of these modes are covered by Rhodes et al. 

(1981). 
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1.4 Long period oscillations of the sun 

The general theory of relativity developed by Einstein has 

solutions which violate Mach's principle. Brans and Dicke (1961) found 

this·to be philosophically unsatisfactory and proposed ~n alternate 

formulation for a general theory of relativity that directly 

incorporated Mach's principle by the inclusion of an additional long 

range scalar field ~. However, the three classical tests of general 

relativity seemed to have ruled out any significant interaction for the 

long range scalar field. One of these tests is the perihelion shift of 

Mercury which is sensitive to the solar gravitational quadrupole 

moment. In the spring of 1963, H. Hill, H. M. Goldenberg and R. Dicke 

designed and constructed a solar heliometer that utilized a rotating 

aperture to allow a geometrically fixed amount of integrated light from 

the solar limb to fallon a photocell. The oblateness of the sun could 

then be inferred from the second harmonic of the photoelectrically 

recorded signal. Dicke and Goldenberg (1967) reported a value of the 

fractional difference of equatorial and polar radii that implied an 8% 

discrepancy between Einstein's predicted value for the excess 

perihelion shift of Mercury and the observed value. Dicke and 

Goldenberg's oblateness measurement and their interpretation did not go 

unchallenged for long. 

The criticisms of the Princeton oblateness measurement can be 

grouped into two general areas. The first major criticism was that 

fluid instabilities generated by the internal differential rotation 



33 

could redistribute the angular momentum within the known age of the 

sun. The second criticism pOinted to the obvious qualitative difference 

in the topology of the magnetic field at the pole and the equator and 

the observed surface differential rotation and claimed that levels of 

equal intensity did not correspond to the isopotential surfaces. 

After his appointment at Princeton was terminated, Hill and 

graduate student Carl Zanoni moved to Wesleyan University where they 

decided to design a telescope capable of observing the gravitational 

deflection of starlight in daylight. The site selection for the new 

telescope was in the Santa Catalina mountains near Tucson, Arizona. The 

construction of the telescope was completed in 1970 (see Hill 1970). 

It had been planned to use the solar diameter as a benchmark 

length to accurately calibrate the astrometrical distances involved in 

the starlight deflection. Since there is no geometrical sharp edge to 

the sun, a consistent integral definition of the edge of the solar 

limb, the Finite Fourier Transform Definition (FFTD), was developed 

(see Hill, Stebbins and Oleson 1975). The finite Fourier transform of 

the solar intensity, G(u), as a function of radial distance u measured 

tangentially from the line of sight with scan amplitude a is: 

F(G;q,a) = f·5 G(q + a sinns) cos2ns ds -.5 (1.15) 

The solar edge is defined to be located at the radial distance qo that 

gives a value of zero for the integral transform. The advantage of the 
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FFTD is that it is easy to implement and as an integral transform is 

less sensitive to atmospheric noise than a differential definition 

would be. 

Since a measurement of the solar diameter was necessary for the 

determination of starlight deflection, a solar oblateness determination 

seemed natural. An early attempt to measure the solar oblateness in the 

spring of 1972 revealed the presence of a small, but significant, 

difference between the equatorial and polar limb darkening functions. 

This excess equatorial brightness might create a false oblateness 

signal and it warranted further study. 

Taking into account this excess equatorial brightness,' a new value 

of the solar oblateness was obtained which, within the accuracy of the 

measurements, was consistent with the supposition that the sun rotated 

uniformly in its interior at the surface rate (see Hill and Stebbins 

1975). 

Extraneous "noise" appeared in the data of the solar oblateness 

studies which was interpreted as local movements of the solar 

atmosphere, possibly related to the well-known 5 minute oscillations 

(see Brailey 1974). Hill and Stebbins presented a contributed paper on 

solar oblateness which contained implicit evidence of global 

oscillations at the Seventh International Conference on General 

Relativity and Gravitation in Tel-Aviv, June 23-28, 1974 (see J-P. 

Richard 1975, figure 10). 

The persistence of the scatter in the solar oblateness data and 

its presence in both limbs suggested to Henry Hill the possibility that 
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the extraneous noise was in actuality global modes of the sun. At the 

Seventh Texas Symposium on Relativistic Ast:ophysics in Dallas, 

December 1974, the scatter in the SCLERA data was re-interpreted to be 

the result of coherent motion of the whole sun (see Hill and Stebbins 

1975). 

Further measurements were obtained by Hill, Stebbins and Brown at 

SCLERA. A power spectrum of polar diameter measurements was presented 

at the Eighth International Conference on Atomic Masses and Fundamental 

Constants held in Paris in June 1975 (see Hill, Stebbins and Brown 

1976). An analysis of power spectra for measurements taken in 1975 can 

be found in Brown (1977) and Brown, Stebbins and Hill (1978). An 

equatorial power spectrum of measurements made in 1978 can be found in 

Caudell, et al., 1980. A detailed analysis of this power spectrum can 

be found in Caudell, 1980. The best observations of solar oscillations 

at SCLERA to date were performed in 1979 by Randy Bos using an improved 

solar detector that allowed more detailed spatial information. A 41 day 

time span for the observations permitted the detection of individual 

normal modes for the oscillations (see Bos 1982, and Bos and Hill 

1983). A small sample from the 1979 data set, kindly supplied by R. 

Bos, is shown in figure 1.5. In figure 1.5, A and B refer to the power 

observed at the individual limbs so that A + B is the power observed 

through both limbs and A - B is the difference in power between 

opposite sides of the sun (for more details consult Bos 1982). Solar 

diameter measurements were also taken in 1983 and in 1984, but these 

measurements haven't been fully analyzed at the 9urrent time. 
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Figure 1.5. A segment of the SCLERA 1979 power spectrum. 
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Seven rotationally split multiplets were identified in the 1979 

data set with each multiplet giving information abQut the differential 

rotation in different parts of the solar interior. This information was 

interpreted to mean that the solar interior was rapidly rotating at six 

times the surface rate (Hill, Bos and Goode 1982). 

The observations at SCLERA are very controversial, both 

observationally and theoretically. The implications for solar physics 

are so important that the various controversies must be addressed. It 

is shown in section 7 of this chapter that the observations at SCLERA 

are well-founded experimentally but difficult to reconcile with 

observations taken with different experimental techniques. The 

theoretical difficulties are discussed and some of the problems are 

resolved in this dissertation. 

The detection of a long-period solar oscillation with a period of 

160 minutes was reported by Severny et al. (1976) from observations at 

the Crimean Astrophysical Observatory and by Brookes et al. (1976) at 

the Observatoire du Pic du Midi. The Russian group used a modified 

solar magneto-spectrometer to observe the Fe I 5124 A line and the 

British group used a resonant scattering spectrometer for the 589 nm Na 

and 769.9 nm K lines. Both groups carne to the conclusion that the peak 

in the observed power spectrum represented the fundamental mode of a 

homogeneous sun. A homogeneous solar model is not dynamically stable to 

the Kelvin-Helmholtz instability and would re-adjust its structure on 

the time-scale of hours. Christensen-Dalsgaard and Gough (1976) 
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suggested that it was more likely that this mode was a quadrupole g-

mode. 

Observations at the Stanford Solar Observatory reported by 

Scherrer et ale (1979, 1980) and at the geographic south pole reported 

by Grec, Fossat and Pomerantz (1980) independently confirmed the 

existence of the 160 minute solar oscillation in phase with 

observations at Crimea. The 160 minute periodicity also appears in 

solar'radioemissions (Kotov et ale 1983). The period has been 

determined to be 160.0095 + 0.001 minutes (Scherrer and Wilcox 1983). 

The fact that there is only ~ oscillation present with 'any amplitude 

in the magneto-spectrometer data remains mysterious. 

Five minute solar oscillations of low degree have been reported 

in integral (whole-disk) sunlight Doppler shifts by Claverie et ale 

(1979, 1980); Grec, Fossat and Pomerantz (1980); Scherrer et ale 

(1983); and Duvall and Harvey (1983). Low degree solar oscillations 

have also been discovered in the integral solar irradiance from the 

'Active Cavity Radiometer Irradiance Monitor reported by Woodard and 

Hudson (1983). These low degree modes are particularly valuable in 

determining the properties of the solar envelope and in clarifying the 

mode identification of the SCLERA power spectrum. 

1.5 Theoretical and experimental criticism 
of observations at SCLERA 

It was recognized almost from the beginning that if the 

observations at SCLERA represented solar oscillations, those 
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oscillations would be low order, low degree global oscillations 

carrying significant information about the solar interior (see Hill 

1978; Christensen-Dalsgaard and Gough 1976; and Iben and Mahaffy 1976). 

However, the observations at SCLERA have generated considerable 

controversy. The criticisms of the observations at SCLERA can be 

categorized as either lack of experimental confirmation, problems in 

the intercomparison of different measuring techniques or theoretical 

difficulties in interpreting the spectra as global solar oscillations. 

When observed with low frequency resolution, the whole disk 

Doppler measurements show a Gaussian-looking peak centered about five 

minutes with very little power in the long period range (see Dittmer 

1977, and Grec and Fossat 1977). The SCLERA power spectrum when viewed 

with low frequency resolution appears to be relatively flat over the 

entire frequency ~ange from one hour to five minutes (see Caudell et 

ale 1980). In addition to displaying a qualitatively different shape in 

the frequency domain, the whole disk Doppler measurements also give 

upper limits to the observed radial velocities to be expected at the 

limb (and thus the physical displacements that one could observe). The 

upper limit in the power spectrum for the whole disk velocity 

measurements at 28 minutes reported by Grec and Fossat (1977) is 1.5 

2 2 2 2 m Isec Imhz and that reported by Dittmer (1977) is 0.5 m Isec Imhz. 

These numbers can be converted to an equivalent diameter displacement 

(in milli-arcsec/sec/bin size) by the relation: 

6d (Pv/~·725.3)·spatial filtering·bin size conversion, (1.16) 
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where P is the period, v is the magnitude of the velocity, and 725.3 is 

the conversion from meters to milli-arcseconds. The spatial filtering 

factor is a means of accounting for the different detector efficiencies 

in detecting the different spherical harmonics associated with the 

solar oscillations viewed on the solar disk (see Hill 1978). One can 

note that the diameter measurements will favor long period oscillations 

2 since the power spectrum incorporates a factor of P when compared to 

the Doppler measurements. The oscillatory power in the apparent solar 

diameter reported by Brown et al. (1978) for the 1976 SCLERA 

observations was 28 (milli-arcsec)2/ 30 ~hz. Ignoring spatial filtering 

considerations, this is a factor of 25 above the upper limit reported 

by Grec and Fossat (1977). Recent measurements with excellent frequency 

resolution by Duvall and Harvey (1983) place even tighter constraints 

on the upper limit since these authors report the detection of a signal 

with a typical amplitude of only 5 cm/sec between the frequencies 410 

and 480 ~hz. This can be compared with the reported oscillatory power 

in the apparent solar diameter by Bos and Hill (1983) of 2.4 (milli-arc 

2 
sec) /30 ~z at a 30 ~hz frequency interval at 450 ~hz. The discrepancy 

(if the SCLERA measurements are taken to mean actual physical 

movements) is a factor of about 441. 

The FFTD is sensistive to changes in the limb darkening function 

as well as physical movements of the sun (see Stebbins 1975, and Brown 

et al. 1978). Changes in intensity are mainly manifestations of changes 

in the temperature. The ratio of temperature perturbation to the 
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physical displacement depends on the boundary conditions used in solar 

pulsation theory. Ledoux and Walraven (1958) give two solutions for an 

adiabatic vertically propagating wave in a plane isothermal atmosphere 

of the form: 

E;;+ (1.17) 

where E;; is the nondimensionalized Lagrangian perturbation'of the radius 

and z is the height in the atmosphere. The beta plus solution 

corresponds to an incoming, or reflected, propagating wave. The beta 

minus solution is an outgoing propagating wave. An analysis of Hill, 

Rosenwald, and Caudell (1978a) of solar oscillations estimated the 

ratio of the associated nondimensionalized temperature perturbation of 

the beta minus solution to E;;_ to be of the order unity, but the same 

4 
ratio for the beta plus solution was of the order of 10 . The beta plus 

solution is usually discarded in stellar pulsation theory since the 

solution grows rapidly without bound in the z direction. Hill, 

Rosenwald and Caudell (1978a) argued that for a geDeral solution one 

must retain both solutions since the proper boundary conditions on the 

solar oscillat~ons as they ascend into the chromosphere is poorly 

known. Dittmer (1977) and Brown (1977) re-stated the traditional 

argument that the beta plus solution was "noncausal" since it 

corresponded to incoming signals from infinity. However, the modes are 

not propagating but evanescent in the solar atmosphere. Brown (1977) 
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and Keeley (1977) emphasized the difficulty of adjusting the reflection 

property of the ~olar atmosphere so that the solar diameter 

measurements could still detect the beta plus solution with the 

apparent magnitude seen. 

The search for long period oscillations in intensity fluctuations 

was undertaken by Livingston et al. (1977) using whole disk 

measurements of brightness fluctuations from the temperature sensitive 

line CI 5380. Livingston et al. (1977) found no long period brightness 

fluctuations greater than 0.7 K. Another search by Musman and Nye 

(1977) using a 4 by 8 grid at disk center found no long period 

brightness fluctuations greater than 0.3 K (although the spatial 

filtering for their experimental apparatus makes it difficult to 

compare with the SCLERA measurements). Beckers and Ayres (1977) made 

whole disk observations of the Ca II K-line and found intensity 

fluctuations to be at least an order of magnitude below that quoted by 

Brown et al. (1978). Long period oscillations were not detected in 

measurements of the whole disk solar irradiance viewed from space (see 

Woodard and Hudson 1983). 

The discrepancy between the various observors can be partially 

explained by the difference in the detector efficiencies since the 

different experimental set-ups viewed different depths in the solar 

atmosphere and had different spatial filters. The spatial filter of the 

SCLERA measurements allows the detection of solar oscillations having 

values of the spherical harmonic index up to about·60, which is much 

larger than one can obtain with whole disk measurements (see Hill 
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1978). Even if the spatial filtering could explain the lack of 

experimental verification, what could account for the striking 

difference in the shape of the spectrum of the Doppler measurements 

versus the solar diameter measurements? It has been repeatedly 

suggested that the SCLERA measurements originate in the transparency 

fluctuations in the earth's atmosphere and hence the five minute modes 

haven't been detected in the solar diameter measurements because 

extraneous noise has covered up the frequency peak at five minutes (see 

Dittmer 1977; Fossat et ale 1977; Grec and Fossat 1977; Clarke 1978; 

Fossat and Grec 1978; Grec et al. 1979; and Fossat et al. 198.1). An 

alternate explanation is that the intensity fluctuations in the solar 

limb darkening function do not behave in the same manner as the Doppler 

shifts viewed at disk center. 

Goldreich and Keeley (1977a,1977b) argued that the solar 

oscillations detected could not exist because their analysis failed to 

find a sufficient driving mechanism to overcome the large radiative 

damping in the solar interior. The claim by Hill and Caudell (1979) 

that g modes with ~ values near 20 were present in the SCLERA spectrum 

also engendered some criticism. Dziembowski and Pamjatnykh (1978) and 

Christensen-Dalsgaard (1980) argued that low order g modes with 

moderate values for ~ would be effectively trapped in the solar 

interior and would probably not be excited. Since the presence of a 

detectable signal at the solar surface would imply tremendous 

amplitudes for these modes in the solar interior, if these modes were 

present they could carry a sizable fraction of the solar flux. 
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Similar criticisms have been directed at the 160 minute 

oscillation. Using a modified magnetograph spectrometer similar to the 

Russian apparatus, the observations of Dittmer (1977, 1978) did not 

reveal the presence of a long period solar oscillation at 160 minutes. 

Brookes et ale (1978) found no clear evidence in their new data run of 

the existence of their previously reported 160 minute oscillation. 

Spectral decomposition of the total irradiance viewed from space also 

did not reveal this mode (see Woodard and Hudson 1983). Worden and 

Simon (1976) suggested that the 160 minute oscillation originated in 

the sloshing of supergranulation cells and was not a global oscillation 

at all. Fossat and Grec (1978), Grec and Fossat (1979) and Stenfro 

(1978) suggested that the original observations of the 160 minute 

oscillation were due to sampling errors or atmospheric transparency 

fluctuations. They emphasized the coincidence of the observed period 

with 1/9 of a day, strongly suggesting that the observed period was a 

subharmonic of a diurnal terrestrial atmospheric effect. It is 

interesting to note that there is a very strong peak at 1/9 of a day in 

the linked power spectra of pressure fluctuations over the Santa 

Catalina Mountains (see 80S et ale 1984). Besides the criticisms based 

on lack of experimental collaboration or possible terrestrial noise 

sources, several theoretical studies pointed out the difficulty in 

exciting the low degree g modes. An analysis by Goldreich and Keeley 

(1977a, 1977b), although strictly speaking only applicable to radial 

modes, demonstrated that turbulent convection was an inefficient source 

of driving for low order solar oscillations trapped in the interior 
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where radiative damping is large. A similar analysis by Dziembowski and 

Pamjatnykh (1978) argued that low order g modes would be effectively 

trapped in the solar interior and would probably not be excited. A 

linear stability analysis by Keeley (1980) showed that radiative 

damping below the convection zone overwhelms both £ and kappa 

mechanisms. There is substantial excitation from convective turbulence 

but it fails by seven orders of magnitude to excite even a velocity as 

low as 1 cm/sec at the sun's surface. Considering different initial 

perturbations to a solar model, Kosovichev and Severny (1983) concluded 

it was improbable that the peak in the power spectrum at 160 minutes 

was an excited g mode. 

Although the existence of the 160 minute oscillation as a solar 

phenomena is well established, the explanation for the origin and 

driving mechanism for the mode remains in an unsatisfactory state. It 

is interesting to note that the 160 minute peak in the power spectrum 

of Grec et ale (1980) is surrounded by even larger peaks of unknown 

origin. Grec et ale (1980) argue that these peaks are random noise, yet 

only the pre,vious reports of a solar oscillation at 160 minute give 

this peak any significance. Scherrer and Wilcox (1983) argue that the 

associated peaks are also of solar origin. 

1.6 Driving mechanism for global solar oscillations 

If one examines the response of a physical system to an 

arbitary initial disturbance with the use of a Laplace transform, the 
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discrete modes can be summed in the form I AkexP(okt). If the real 
k 

parts of all the Ok are negative, the system ·is stable with respect to 

those discrete modes. If one of the Ok has a positive real part, then 

the system is unstable with respect to that mode. If the eigenfrequency 

has a finite imaginary part as well as a positive real part, the system 

is said to be overstable. The search for driving mechanisms for solar 

oscillations essentially consists of looking for physical processes 

that can give rise to overstabilities. 

The instabilities can be characterized by the e-folding time for 

instability once it has occurred. On this basis one has dynamical, 

vibrational or secular instabilities. Dynamical instabilities act on 

the dynamic timescale which is either the period of the fundamental (64 

minutes) or for rotational instabilities the average rotation period 

(2~/n). Any criteria for dynamic stability must be satisfied by a star 

since otherwise large scale motions would quickly restore equilibrium. 

Stellar pulsations have a linear growth or decay rate that lies between 

the dynamic timescale and the Kelvin-Helmholtz timescale (107 years for 

the sun). Secular instabilities proceed on the thermal or viscous 

diffusion times. The thermal timescale for the sun is about 10 7 years 

and the diffusion timescale is 1013 years (which is greater than the 

age of the Universe). 

Eddington (1926) introduced the concept of a work integral to 

determine stellar vibrational instability in the form: 



P M 
W J dt .J 

o 0 
dM 

r 
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(1.18) 

wher'e P is the period, M is the mass contained in a volume with radius 
r 

r, and EN is the nuclear generation rate. If the work integral is 

positive, the pulsation is excited. Although individual regions may 

drive a pulsation, whether the pulsation is present or not depends on 

the integral of the driving and damping throughout the entire star. 

It seemed at first that the temperature sensitivity of nuclear 

generation rates could drive the pulsations seen in Cepheids since an 

increase in temperature by a pulsation would increase the energy 

generation which would increase the amplitude of the pulsation. This is 

called the E mechanism. However, Epstein (1950) showed that for 

Cepheids the amplitude of the fundamental was so small in the nuclear 

generation region that the E mechanism was completely inadequate to 

overcome the radiative damping in the rest of the star. 

Zhevakin (1953) and Cox and Whitney (1958) suggested that 

pulsations that had a reasonable amplitude in the region of second 

helium ionization could be driven by an opacity mechanism, called the 

kappa mechanism, since the ionization caused the opacity to increase 

with temperature which would block radiative flux and cause an increase 

in the gas temperature in phase with the pulsation. 

An alternate driving mechanism was proposed by Moore and Spiegel 

(1966) and Souffrin and Spiegel (1967) for the solar five minute modes. 

It was suggested that in the super-adiabatic region a gas element that 
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was displaced upwards by an oscillation would be much hotter than its 

surroundings and would radiate enough energy so that when it reached 

its original position it would be much colder than its surroundings 

(and when displaced downwards would receive energy from the radiation 

field sufficient to be hotter when it returned to its equilibrium 

position). This is called the delta mechanism. 80th the kappa and delta 

mechanism rely on the oscillation feeding off the radiative flux and 

not surprisingly disappear when one considers a gas in radiative and 

thermal equilibrium. 

The theory of aerodynamically generated sound was developed by 

Lighthill (1952) and Proudman (1952) to predict (and possibly control) 

aircraft noise. The magnitude of the convective motions needed to 

evaluate the terms in the Lighthill-Proudman theory could be obtained 

from the mixing length theory of convection formulated by Erika Vitense 

in 1953. After the discovery of the 5 minute oscillations, it was 

natural to expect that these oscillations were somehow driven by 

turbulent motions in the convection zone. The definite computation of 

the Lighthill mechanism by Stein (1967, 1968) showed that the maximum 

. acoustic flux should occur with a period in the range of 20 to 60 

seconds and not at 300 seconds. This is not surprising given the 

mismatch between the length and time scales for convection (at its 

maximum efficiency for producing acoustic energy) and the five minute 

modes. Supergranulation has a length scale corresponding to spherical 

harmonic indices in the range of 300 to 400. Small scale granules that 

are most effective in driving acoustic motions have ~'s in the 4000's. 
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The observed high degree five minute modes have ~'s in the range 200 to 

1000. As elaborated by Goldreich and Keeley (1977a, 1977b), turbulent 

convection shouldn't be very effective in driving low degree solar 

oscillations due to the same mismatch in length scales. 

In very hot stars, it is possible that sound waves can be driven 

by the gradient in the radiation pressure interacting on the wave-

induced variations in the opacity. This is a distinctly nonlocal 

interaction of the acoustic wave with the radiation field and is 

discussed by Hearn (1972) and Carlberg (1980). The radiation pressure 

in the solar atmosphere is much too small to drive acoustic waves in 

this manner. 

The observed large amplitude variable stars are either giants, 

like the Cepheids, or slightly evolved upper main sequence stars. It is 

natural to suspect that a star that isn't oscillating with a large 

amplitude· must be stable because the natural limiting processes for a 

star that is linearly overstable involve nonlinear processes that are 

only efficient for large amplitude variations. So the lower main 

sequence stars were suspected to be all stable with respect to low 

order low degree modes (which could be observed from a distance). When 

nonradial pulsation eigenfunctions for low mass stars became available, 

+ it became apparent that large amplitudes for g modes could be found in 

the central nuclear burning region because the relatively deep 

+ 
convection envelope could trap the g modes in the interior (see Robe 

1968). The report by Davis et ale (1968) of a solar neutrino d€ficiency 

provided an incentive to re-study the stability of the solar core. 
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Fowler (1972) suggested that periodic mixing of the solar core might be 

an effective mechanism to reduce the present neutrino luminosity, since 

mixing of fresh hydrogen from the perimeter of the core would help 

sustain it against the hydrostatic pressure at a lower temperature. 

" This suggestion revitalized the relatively old speculation of Opik 

(1950) that ice ages were the result of periodic secular instabilities 

in the solar core. Using a point criteria for overstability due to 

gradients in hydrogen and 3He , Dilke and Gough (1972) argued that the 

+ 
sun could be overstable to low order g modes. This analysis was 

criticized by Dziembowski and Sienkiewicz (1973) who pOinted out that 

only a global analysis could determine if the low order g modes were 

overstable, since these modes were not localized in the core and could 

easily be stabilized by the radiative dissipation in the rest of the 

sun. Evolutionary models for a one solar mass star in the central 

hydrogen burning phase were investigated by Dziembowski and Sienkiewicz 

(1973) for vibrational stability against low order g modes using a 

quasi-adiabatic analysis. No stability for any of the models was found. 

A defect in the analysis of Dziembowski and Sienkiewicz (1973) was 

the incorporation of only the static sensitivity of the energy 

generation rate. According to Christensen-Dalsgaard et al. (1974), the 

dependence of the nuclear energy generation rate on the 3He abundance 

helped destabilize the sun against a few low order g modes in some 

previous epochs. This conclusion was reached also by the vibrational 

stability analysis of Noels et al. (1975), Boury et al. (1975), Unno 
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(1975) and Shibahashi et ale (1975). The analysis of Christensen

Dalsgaard and Gough (1975) and Goldreich and Keeley (1977a) strongly 

suggested that g modes were easily suppressed by the radiative 

dissipation in the sun. A recent study by Saio (1980) stated that the 

g2 (80 minute period,! 

epoch. 

1) could be excited even at the present 

These stability analyses show that only a few g modes with periods 

around 70 to 80 minutes can be excited in the present age of the sun. 

Clearly this conclusion is in conflict with the observed rich spectrum 

in the SCLERA data, the observed 160 minute oscillation seen in Doppler 

measurements and the claims of some observers of long period 

oscillations with very low amplitude Doppler shifts. 

A linear nonadiabatic stability analysis of p-mode oscillations in 

the sun, using the Eddington approximation for radiative transfer, was 

published by Ando and Osaki (1975). This analysis found overstability 

for a wide range of nonradial p-modes with! values from 10 to 1500 and 

periods centered around 300 seconds. The main driving mechanism was 

identified as the kappa mechanism operating in the superadiabatic 

region. The results of this analySis seemed to be in good agreement 

with observation, but the analysis was very sensitive to the detailed 

structure of the model solar atmosphere. The stability of the radial 

p-modes was later investigated by Goldreich and Keeley (1977a, 1977b). 

When damping by turbulent viscosity was included, all radial modes were 

predicted to be stable. The effects of convection on the high-degree 

five-minute modes were also investigated by Berthomieu et ale (1980), 
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who found that the f and all the p modes (P1 to P5) at ~ = 200 and 500 

were stable when convection was included in the stability analysis. The 

overstability of the five minute modes has also been investigated by 

Antia et al. (1982). A region in the diagnostic diagram centered around 

five minutes was found to be overstabilized by the simultaneous action 

of the kappa mechanism and the convective delta mechanism. The f and P1 

modes were found to be stable, however, and the dominant driving carne 

from the action of the turbulent heat conductivity which was 

constructed from an admitted simplified prescription for time-dependent 

compressible convection. 

In a recent analysis, Christensen-Dalsgaard and Frandsen (1983) 

found that when deviation from radiative equilibrium was included in 

the stability analysis, the driving of solar p-modes due to the kappa 

mechanism was strongly suppressed. 

Linear stability analysis of p-modes in the sun seems to predict 

that all or most of these modes should be stable (or at least 

delicately dependent on loosely determined properties of the turbulent 

convection). Since the well-documented 5 minute modes from ~ = 0 to 

2000 are observed, these modes must be excited by some mechanism. 

Since the stability considerations involve the interactions of the 

pulsations with convection, which is still poorly understood, and 

correctly predict the existence of the non-controversial 5 minute modes 

only when the parameters in the simplified time-dependent convection 

theory are properly adjusted, it seems precipitous to dismiss the 

SCLERA power spectrum based on the alleged inability of the sun to 
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excite the observed modes. Continental drift and the Milankovitch 

astronomical theory of climatic change 'were both attacked on the 

supposed insuffucie~cy of a suitable driving mechanism. Instead of 

saying that the solar oscillations observed at SCLERA must be spurious 

since the known driving mechanisms are 1nsuffucient to drive global 

oscillations in the relevant frequency range. one can simply say that 

the driving mechanisms for these modes are poorly understood. 

1.7 Experimental evidence in favor of 
long period. solar oscillations 

Despite the criticisms leveled at the contention that long 

period solar oscillations manifest themselves in the diameter 

measurements taken at SCLERA. there exists strong internal evidence in 

the SCLERA measurements that the oscillatory power is solar in origin. 

Although the oscillations present in the 1973. 1975 and 1978 

show some internal consistency, the 1979 data set has much more 

information about the spatial and temporal behavio~ of the long period 

oscillations observed at SCLERA. Improvements in the solar detector and 

a longer time span for the observations gave-a much better signal-to-

noise ratio than the previous data sets. Individual normal modes were 

re~olved in the 1979 data, but not in the previous data sets (see 80S 

and Hill 1983). For this reason, the strongest arguments for the 

detection of global solar oscillations in the SCLERA data can be found 

in the analysis of these observati6ns (see 80S 1982). 
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In the time range of one hour to five minutes, there are perhaps 

10 inner gravity ridges and 20 acoustic ridges. Since the SCLERA solar 

detector has a spatial filtering that doesn't exclude modes until the 

spherical harmonic index exceeds a value of about 50, the number of 

modes that could contribute to the SCLERA power spectrum is of the 

order of 40,000 modes. The power spectrum is thus expected to be very 

rich and complex. Phil Scherrer has commmented that the spatially 

unresolved power spectra of the time series generated by low period 

solar oscillations is equivalent to "a cross-section of an unmowed 

lawn". 

Since individual modes were resolved only in the last data run, 

the reproducibility of the observed frequencies of oscillation from one 

data set to another has been shown to hold only in the statistical 

sense. Coincident rates for unresolved peaks from one data set to 

another (and from segments of data sets) has been reported to be very 

. much above what one would expect from random noise (see Brown et ale 

1978, Caudell 1980, and Bos 1982). 

The best argument for the solar origin of the SCLERA power 

spectrum is the high degree of phase stability over extended periods of 

time. A re-examination of the 1973 data set by Caudell and Hill (1980) 

found statistically significant temporal phase coherence for six 

different peaks. The temporal coherency for 12 peaks in the 1978 data 

set reported by Caudell et ale (1980) was sufficient to imply that 

these modes were temporally coherent for at least the total length of 

the data set (18 days). The probability that a similar temporal 
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coherence could arise from a noncoherent source was estimated to be 

(0.008)12 using a Monte-Carlo ~pproach (see Caudell 1980, and Hill, 

80S, and Caudell 1983). The temporal coherence for selected long period 

peaks in the 1979 data set was found by 80S (1982) to be equal to or 

greater than the data length set of 41 days. It should be noted that 

density oscillations in the earth's atmosphere are not coherent for 

long periods of time unless they are associated with subharmonics of a 

day which has a clear signal not found in the SCLERA spectrum. 

An identification of the low order modes by Hill (1984a) has 

revealed a consistent k - w diagram that agrees very favorably with the 

theoretical solar eigenfrequencies of Christensen-Dalsgaard (1982). 

This k - w diagram is shown in figure 1.6. It would be difficult to 

identify individual modes in such a way as to obtain such a detailed 

pattern if the data set consisted only of random noise. 

Other arguments confirming the nonrandom solar origin of the 

reported oscillations in the apparent solar diameter can be found in 

80S (1982) and Hill, 80S, and Caudell (1983). 

The major obstacle in reproducing the SCLERA spectra at other 

observation sites has been the absence of another telescope dedicated 

to the observations of changes in the solar limb darkening. This 

problem will soon be a thing of the past since Stebbins and Wilson 

(1983) have reported taking solar limb measurements at the pole. 

Although the spatial filtering is different, there should be a 

significant correlation between the SCLERA 1979 data set and th~ data 

taken at the south pole. Also the SCLERA measurements taken in 1983 and 
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1984 in which individual peaks can be resolved can be compared to the 

1979 data. The solar limb data at the pole and the new measurements at 

SCLERA have not yet been fully analyzed. However, there exists very 

tight constraints to which this data must conform in order to show the 

existence of internal gravity waves, since the damping time for 

internal gravity waves is expected to be on the order of 105 to 107 

years (see Unno, Osaki, Ando and Shibahashi 1979, p.241). Indeed there 

is some indication in the SCLERA spectrum of 1979 that the coherence 

time increases sharply as the period increases (see Bos 1982). This 

means that the low period peak structure for individual resolved modes 

must be reproducible from one data set to another within the resolution 

element (and with due consideration to the difference in the window 

functions). 

Since the power spectrum reported at SCLERA does seem to 

represent solar phenomenon, there clearly exists a distinct need to 

address the various theoretical criticisms directed at the observations 

in order to better understand the origin and nature of the 

oscillations. In particular, it is necessary to transcend the usual 

simple treatments of radiative transport that are adequate to describe 

solar pulsations in the deep interior, but become questionable in the 

solar atmosphere. 



CHAPTER 2 

LOCAL ANAYLSIS OF RADIATIVE DAMPING 

2.1 Introduction 

Long period oscillations are detected in the solar atmosphere 

through changes in the observed solar radiation intensity. The 

distribution of the temperature perturbation, and hence the observed 

intensity fluctuation, in the atmosphere and its appearance at the 

solar limb will depend on how the response of the atmosphere to a 

disturbance is damped by dissipative processes. The unsteady motion of 

a fluid will result in changes in the velocity, density, pressure and 

temperature away from their steady state values. Radiation of electro

magnetic energy between adjacent fluid parcels will transport energy 

away from regions with an excess temperature, which radiate more 

intensely, to cold regions, which radiate less. For dynamically and 

thermallY,stable atmospheres, radiative transport will smooth out 

temperature gradients and damp out unsteady fluid motions. In the solar 

atmosphere, radiative damping of oscillations (compared to viscous and 

conductive damping) is the main dissipative mechanism. The traditional 

approach to radiative damping of fluid motions either approximates the 

radiative transport as depending on the local fluid parameters or their 

derivatives or relies on the one well-known analytic solution derived 
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by E. A. Spiegel in 1957 for radiative damping in an infinite 

homogeneous gray absorbing medium. The limitations in'the traditional 

approximations and the necessary background needed to transcend these 

limitations is discussed in this chapter. 

One of the criticisms that will be raised against the traditional 

approximations to radiative damping is the lack of inclusion of the 

nonlocal nature of the radiation. If the average mean free path of a 

photon (abbreviated henceforth as mfpp) is larger than variations in 

the fluid parameters, it will be necessary to consider the nonlocal 

nature of the radiation field. This is analogous to the case in 

hydrodynamics when the mean free path of a particle becomes comparable 

to the size of the system under consideration so one needs to go beyond 

the usual continuum description to a Boltzmann equation formulation. 

The main cause of variation of the fluid parameters in an equilibrium 

atmosphere is due to gravity. A spherical atmosphere will be stratified 

in a radial direction due to gravity. A plane-parallel model atmosphere 

will be stratified in the vertical direction. Nonradial, or horizontal, 

inhomogeneities will be caused by magnetic fields, Coriolis forces, 

fluid motions (such as convective overshoot) or topological 

considerations (such as orographic flow). One method of characterizing 

these variations is to use scale heights. The local scale for a 

quantity Q in the ith direction is defined by: 

[Cl ln Q/Cl x.J-1 
1 

(2.1) 
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The scale height, just like phase velocity, is not a vector quantity. 

Sometimes a local scale height is expressed simply as a scalar, HQ, 

with the implicit understanding that the direction of stratification is 

used. 

In rarefied gas dynamics, the parameter that characterizes the 

division between the diffusion regime and the transport regime is the 

Knudsen number: 

Kn mean free path of a particle/characteristic length. (2.2) 

The inverse radiation Knudsen number is the Bouguer number: 

-1 
Bu mfpp (process s) / characteristic length 

The characteristic length in a radiation problem for a steady flow' 

would be the apparatus size or a scale height for the atmosphere. The 

characteristic length for an unsteady flow is usually chosen to be the 

wavelength of a Fourier component of the perturbation. Process s is 

either a scattering or absorption event. A small Bouguer number is an 

indication that the radiation can no longer be treated as a purely 

diffusive process. 

The importance of radiation on a particular fluid flow is 

determined by another dimensionless parameter, the Boltzmann number, 

defined by: 
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Bo convected enthalpy flux/ radiant energy flux (2.4) 

times some given numerical factor. Radiation plays an important role in 

the gas dynamics of the flow if the Boltzmann number is small. 

Although an elementary discussion of radiative transport and the 

wave properties of fluids is given, it is assumed that the reader has 

had some previous exposure to the theory of radiation transport and 

hydrodynamics. The best introductory books that I have found for 

radiative transfer are Mihalas (1978) Stellar Atmospheres, Pomraning 

(1973) Radiation Hydrodynamics, Liou (1980) An Introduction to 

" Atmospheric Radiation, and OZiyik (1973) Radiative Transfer. These 

books are oriented towards an audience interested in stellar 

atmospheres, very high temperature regimes, planetary atmospheres and 

engineering problems, respectively. It is useful to know the literature 

on these subjects since radiative damping of unsteady motion is a topic 

common to these disciplines. 

Lighthill's (1978) Waves in Fluids and Gossard and Hooke (1975) 

Waves in the Atmosphere are excellent introductory textbooks for the 

wave properties of fluids. 

Textbooks or monographs specifically devoted to radiation gas 

dynamics are Vincenti and Kruger (1965) Introduction to Physical Gas 

Dynamics, Pai (1966) Radiation Gas Dynamics and Mihalas and Mihalas 

(1984) Foundations of Radiation Hydrodynamics. 
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2.2 The Basic Equations of Hydrodynamics and Radiative Transfer 

The basic equations nee~ed to investigate motions in a fluid 

system are the usual conservation laws of mechanics and thermodynamics 

applied to a fluid element. The conservation laws are those of mass, 

momentum and energy (see Unno 1965, and Cox 1980). ~otation, magnetic 

fields, viscosity and nuclear and chemical reactions are not 

incorporated into these equations in ord'er to keep the discussion at a 

manageable level. 

The continuity equation, the equation for the conservation of 

mass, is: 

Dp/Dt + P V • v o 

where p is the mass density, v is the velocity of the fluid element, 

and 

D/Dt a/at + v· V (2.6) 

is the material derivative. Conservation of momentum can be expressed 

as: 

p Dv/Dt - V:P p V 'I' 
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where P is the total pressure tensor, which is the sum of the gas and 

radiation pressure tensors, and ~ is the gravitational potential. If 

viscosity can be ignored and if the radiation is isotropic, the tensor 

divergence of the pressure tensor can be expressed as the gradient of a 

scalar. 

The energy equation is derived from the first law of 

thermodynamics: 

p de (P/p)dp p dq dQ (2.8) 

where e is the internal energy per unit mass for both matter and 

radiation, and dQ is the heat input. (For cool stars like the sun, the 

radiation momentum tensor can be ignored compared with the gas pressure 

and the total pressure is considered to be a scalar). The heat input 

per unit time can be expressed as: 

~Q/dt P E 
S 

v • F 
E (2.9) 

where ES is the sum of the energy sources and FE is the sum of the 

energy fluxes. If the gas is in local equilibrium, one can use 

thermodynamic relationships to expand the specific internal energy in 

terms of the other state variables. Expanding e in terms of P and T, 

one obtains: 
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pc CdT - V 'd(T/P) dP] P a 
dQ (2.10) 

where c is the specific heat at constant pressure and V d is the 
p a 

adiabatic temperature gradient. This is the form of the energy equation 

that will be used to discuss stellar oscillations since it is a 

convenient formulation for computing stellar oscillatory quantities 

when the independent variables are P and T as discussed by Unno (1965). 

Using the thermodynamic identity, the energy equation can be 

written as: 

pT dS = dQ (2.11) 

where S is the entropy. An "adiabatic" wave equation is a wave equation 

derived from the conservation equations in which perturbations in the 

entropy have been set equal to zero. 

Under the stated assumptions, the basic equations hold for a wide 

range of circumstances. These equations must be supplemented by several 

other equations that specify the state of the fluid and the transport 

coefficients. These supplementary equations are the equation of state, 

Poisson's equation, the equations for ionization, charge conservation, 

chemical balance, expressions for the energy fluxes and the associated 

transport coefficients and the appropriate boundary conditions. 

The interaction of radiation with the fluid motion appears in the 

momentum equation through the gradient of the radiation pressure. It is 

introduced into the energy equation through the divergence of the 
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radiative flux and the convective derivative of the radiation energy 

density. The continuity equation is influenced by the transfer of 

radiation indirectly through the equation of state. 

Certain aspects of the theory of radiative transport are discussed 

next. If the reader is familiar with the theory of radiative transfer, 

he (or she) may want to proceed to the next section. 

Radiative transport is usually presented in terms of angular 

moments of the specific intensity. The specific intensity, I, is 

defined to be the amount of energy transported at r in the angular 

direction Q at time t and centered around wavelength A per unit area, 

solid angle, wavelength and time. The unit vector Q has Cartesian co-

ordinates (cos~ cos6, sin~ cos6, sin6) and commutes with the spatial 

gradient. The zero order moment, called the mean intensity, is defined: 

(2.12) 

The radiation energy density at wavelength A is related to the mean 

intensity by: 

(41T/C) JA(r,t) (2.13) 

where c is the speed of light. The first order moment times 41T is the 

wavelength-dependent radiative energy flux given by: 
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f II. Q dQ (2.14) 

The components of the second moment are given by: 

(2.15) 

The total radiation pressure tensor, PH' is related to the tensor K by: 

co 

[4n f K(A) dA J/c 
o 

(2. 16) 

The radiation force that enters into the momentu~ equation is the 

tensor divergence of the radiation pressure tensor: 

(2.17) 

The specific intensity can be obtained through the equation for 

radiative transfer: 

(l/c) [aI/ atJ + Q • IJ I 
A 

(2.18) 

where n is the total emissivity and X is the total extinction 

coefficient. The radiative transfer equation, 'henceforth abbreviated as 

RTE, .i s the Bol t zmann equation for the propagation of noninteracting 
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particles at the speed of light in an absorbing and scattering medium 

(see Sampson 1965). If QoV vanishes along a certain direction, the RTE 

becomes singular along that direction. In a one dimensional system 

along a direction ~, the transport operator, (1/c) ala t ~ ~ al ax, is 

a simple first order wave propagation operator discussed at length by 

Whitham (1974, chapter two). 

The source function, SA' is defined to be: 

(2.19) 

so the RTE becomes: 

+ Q 0 V I 
A 

(2.20) 

For the time-independent specific intensity in a static stellar 

atmospheric model, the first term on the L.H.S. of equation 2.20 will 

vanish. For a specific intensity with a harmonic dependence expressed 

as exp[i(wt + kox)], one can compare the relative size of the first 

term to the second term in the RTE: 

w/ke v Ie 
p « , (2.21) 

since the phase speed of ~coustic-gravity waves is much less than the 

speed of 1 ight. It is reasonable to drop the (1 Ie) a I a t term in the 
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RTE for the solar atmosphere. Dropping this term in the RTE is called 

making the "quasi-adiabatic approximation" since one ignores extremely 

high frequency phenomena. This term can be important for extended 

atmospheres such as planetary nebulae. When the quasi-adiabatic 

approximation is not made, other wave modes appear since the order of 

, 
the system of equations is increased (see Delache and Froeschle 1972, 

, 
and Froeschle, 1973, 1977). 

The total extinction coefficient (sometimes) can be separated into 

two contributions: 

+ (2.22) 

where K is the absorption coefficient per unit mass and a is the 

scattering coefficient per unit volume. The two most important 

continuum scattering processes in the solar atmosphere are Thompson 

scattering and Rayleigh scattering. These continuum scattering 

processes make up only a small part of the total opacity in the lower 

solar atmosphere and will be ignored. Since the symbol k is used to 
I 

represent the wavenumber for an oscillation, sometimes X will be used 

to designate pK, the absorption per unit volume. The absorption 

coefficient is the sum of continuum sources (free-bound and free-free 

atomic transitions which are smooth continuous functions of the 

frequency except for threshold ionization jumps) and line sources 

(bound-bound atomic transitions that are strong functions of the 
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frequency near the resonance frequency). Line opacities contain both 

"absorption" and "scattering" events in a way that is difficult to 

separate the two effects (see Mihalas 1978). The opacity in the core of 

a line can be orders of magnitude larger than the continuum opacity at 

the same frequency. 

A useful approximation for the opacity for nearly homogeneous 

atmospheres is the N band-model approximation (a generalization of the 

Milne-Eddington opacity type): 

N 

I 
i=1 

<l.(v) 8.(r) 
1 1 

<l.(v) < 1 
1 

(2.23) 

where <l. is the frequency dependency of the ith band and 8. is the 
1 1 

positional dependency (which is a function of the temperature and 

pressure of the static model). The band model approximation is most 

useful when 8. is independent of the band number (which is not the case 
1 

for a stellar atmosphere). A gray opacity is a one band model opacity 

in which <l is independent of the frequency. A picket-fence model 

opacity is a multi-band model in which <l. take on constant values for 
1 

set frequency ranges. An empirical model for the opacity which 

approximates the infrared behavior of some common gases is the 

exponential band model that has <l exponentially decreasing on either 

side of a specified central frequency. Band models are gross 

abstractions of the real non-gray opacity and have for the most part 
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been supplanted by large computer programs that do line by line 

integration, but band models are useful for understanding the effects 

of the frequency dependence of the opacity on radiative transport in 

idealized atmospheres. 

The average mean free path of a photon can be defined in terms of 

the absorption coefficient as: 

-1 
(pK ) 

v 
(2.24) 

The nonlocality of the radiation field is manifested in two ways. If 

the source function were approximately constant over the region of one 

mfpp and' locally controlled, the radiation field could be characterized 

by the local conditions. Since photons can escape from a stellar 

atmosphere, the source function will be depth dependent and a photon 

with a large mfp will sample portions of the atmosphere with different 

source functions. This nonlocality in the radiation field which is due 

to a finite mfpp and atmospheric gradients occurs even if the source 

function is locally controll~d. The second way in which a radiation 

field can fail to be completely coaracterized by the local conditions 

occurs when the source function is nonlocally controlled. The pure-

scattering Schuster-Schwarzschild atmospheric model is an example in 

which there might be no gradients in temperature or pressure, but the 

source function is nonlocally controlled. These effects are discussed 

at length by Thomas (1'965). 
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In certain situations, the source function can be usefully 

approximated. If a system, such ~s a blackbody cavity, is in strict 

thermodynamic equilibrium (abbreviated as TE), then the radiatkon field 

is isotropic and only depends on the temperature of the system. In TE, 

the intensity, mean intensity and source function are all equal to the 

Planck function, B, times the square of the index of refraction: 

(2.25) 

where 

(2.26) 

with 

y hc/(kAT) 1.43879 (AT)-1 (A in cm.) (2.27) 

Unless stated otherwise, the index of refraction is assumed to be 

unity. The Planck function Bv is related to BA by: 

B 
v 

The temperature derivative of the Planck function is given by: 

(2.28) 
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(2.29) 

The frequency-integrated Planck function (called the blackbody 

steradiancy) is given by: 

<XI 

B f (2.30) 
o 

where aB is the Stefan-Boltzmann constant. It follows immediately that: 

dB/dT (2.31 ) 

If the system is not in TE, but the density is sufficiently large 

so th'at collisions maintain a Maxwellian distribution for the ion and 

electron velocities, the system is said to be in local thermodynamic 

equilibrium (abbreviated as LTE). In LTE with no scattering, the source 

function is assumed to be given by: 

(2.32) 

If the system is in LTE, but not TE, the radiation field is no longer 

isotropic and the frequency-dependent mean intensity is no longer equal 

to the source function. In LTE, the atomic populations 'are determined 
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by the local temperature in accordance with the Maxwell and Saha-

Boltzmann distribution laws. 

In LTE with scattering, the source function is given by: 

s = 
A 

+ 

where w is the single-scattering albedo. 

(2.33) 

If the density is not sufficiently large to maintain LTE, the 

source function and the atomic level populations are dependent on the 

radiation field. If the system is not in LTE, then it is said to be in 

non-local thermodynamic equilibrium (abbreviated as NLTE). If the gas 

is in NLTE, the collisional and radiative transition rates must be 

computed explicitly to derive the radiation field. The source function 

for a NLTE line can be quite involved (see Mihalas 1978, and Ivanov 

1969). 

The theory of radiative transport can be viewed as a special case 

of the more general theory of particle transport which includes neutron 

diffusion. Analytical solutions to very simple idealized problems in 

neutron transport. have their counterparts in radiative transfer. A 

discussion of neutron transport theory which contains material that can 

be used for radiative transfer is given by Davison (1958). The 

correspondence between neutron and radiative transport is discussed in 

Kourganoff (1952), Stewart (1967) and Duderstadt and Martin (1979). 
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Stellar atmospheres are spherical in nature. However, it is 

usually easier to solve radiative transport problems using a 

plane-parallel approximation and Cartesian coordinates (x,y,z). The z 

direction is choosen to be opposite the direction of the local 

gravitational acceleration. The plane-parallel approximation is 

reasonable when the length of the region that contributes to the 

intensity along the line of sight is smaller than the radius of 

curvature of the atmosphere. For intensities at the extreme limb, the 

spherical nature of the atmosphere must be considered. In Cartesian 

coordinates: 

f(rjn) f(x,y,zj~,e) (2.34) 

with 

n • z (2.35) 

and 

~~cos e Q • x (2.36) 

In Cartesian coordinates, the quasi-static RTE is: 
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+ 11 - lJ 2 [ cose d lAid x + sine 3 lAta y ] 

Consider the radiation inside an arbitrary three-dimensional 

rectangular enclosure. The quasi-static RTE must be decomposed into six 

equations for the radiation arriving from the volumes of the six 

pentahedrons defined by the walls. If no additional assumptions are 

made about the geometry or the static medium, no further 

simplifications can be made on the RTE. If the horizontal walls are 

removed to infinity, only two equations need be considered since any 

direction (other than a = ~/2) will eventually intersect either the top 

or the bottom wall (and with the additional assumption that the source 

function is bounded so that the infinitely removed horizontal walls 

will not contribute to the specific intensity for e = ~/2). 

If the atmosphere is stratified in the z direction so that the 

static model parameters only depend on the z coordinate, n·~ can be 

replaced by lJd /dZ in the RTE. The astrophysical convention is adopted 

so that lJ is the cosine of the angle between the direction of the 

radiation and the positive z axis and is positive looking out of the 

atmosphere towards empty space (the upwelling direction). If the 

atmosphere is stratif~ed, the atmosphere is no longer isotropic since 

the stratification defines a direction in space. 
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If one divides both sides of the quasi-adiabatic RTE by the total 

extinction coefficient, the RTE for a plane-parallel atmosphere can be 

written as: 

(2.38) 

where LA is the optical depth defined by: 

(2.39) 

where ds is a path element between the points r, ~ (x, ,y, ,z,) and r 2 = 

(x 2 'Y2,Z2). The negative sign indicates that the optical depth is 

defined to be zero at the top of the atmosphere and the coordinate 

system is defined as increasing in value with height. The optical depth 

is a measure of the spatial length in terms of the mfpp. An optical 

path length is thin if L < , and thick if L > ,. If the opacity only 

depends on the z coordinate, then: 

(2.40) 

Equation 2.40 does not apply to atmospheres with horizontal 

inhomogeneities (which might be induced by nonradial oscillations). 
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In a full-space, the optical depth has a range (-00, 00). In a 

half-space, the optical depth is confined to the region [0,00) and a 

finite space has a range for the optical depth of [O,t o]' where to is 

the optical depth of the slab. An atmosphere with infinite spatial 

extent, might correspond to a half-space in optical depth after the 

transformation from spatial coordinates to optical depths if the total 

opacity decreases sufficiently rapidly with height. An infinite 

homogeneous atmosphere is a full space in both spatial extent and 

optical depth. An infinite homogeneous atmosphere possesses constant 

properties looking along any direction from the point of observation, 

but an atmosphere with a boundary ( a half-space) has a reduced 

symmetry, even if ic is unstratified, since there exists a naturally 

defined direction (the normal to the boundary). 

An expression for the divergence of the radiative flux can be 

obtained by integrating the RTE over angle and wavelength. If the 

opacity is isotropic then: 

4~ 

f 
o 

and the flux divergence is given by: 

v • F R 

(2.41) 

(2.42) 
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If one includes an isotropic sc~ttering coefficient in the total 

opacity, the source function for thermal emission in LTE with a 

coherent i50tropic scattering is: 

+ (2.43) 

The radiative flux divergence under the above assumptions becomes: 

'i/ • F 
R 

011 

(2.44) 

The radiative flux divergence given by equations 2.42 or 2.44 is 

central to the discussion of radiative damping because it is the 

divergence of the radiative flux that enters into the equation for 

energy conservation. 

For a plane-parallel stratified atmosphere, a formal solution for 

equation 2.38 can be obtained for the direction ~ > 0: 

+ 

t 
f 0 SA (t, ,~) exp(-[ t, - tJ/lJ) dt,llJ 

t 

and for the direction lJ < 0: 

(2.45) 



t 
f SA (t1 ,ll) exp([ t - t, Jill) dt,/ll 

o 
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(2.46) 

These equations are only formal solutions since the source function 

must be specified throughout the region of integration. If the sys~em 

is not in LTE, the source function depends on the intensity and must be 

solved for simultaneously with the intensity. No~ only the source 

+ functions but also the boundary surface intensity functions, I>.(to,ll) 

and I~(O'll)' must be given to solve for the specific intensity. In 

general the boundary surface intensity functions depend on the spectral 

transmis~ion, emission and reflection properties of the boundaries (see 

It 

Ozi~ik 1973). Here only two different boundary conditions are 

considered. If the enclosure has opaque black walls at temperatures T, 

condition will be used for the static temperature distribution inside a 

slab in chapter three. 

The appropriate boundary conditions for the surface intensity 

functions for a plane-parallel semi-infinite stellar atmosphere proceed 

from assuming that there is no incident flux into the atmosphere from 
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space so that I~(O,~) is equal to zero. One also assumes that the 

source function grows at a rate less than exp(L) so that the 

contribution to the intensity from t = = is vanishingly small. Under 

these conditions, the forward intensity ~ > 0 ) is: 

(2.47) 

and the backward intensity ( ~ < 0) is: 

(2.48) 

For an atmosphere with azimuthal symmetry, the mean intensity is: 

1 
2 

(2.49) 

If the expressions for the intensities given by equation 2.47 and 2.48 

are substituted into the equations for the specific intensity moments, 

assuming azimuthal symmetry, one obtains the Schwarzschild-Milne 

representation for the intensity moments: 

1 
2 o 

f (2.50) 



and 

1 
2 o 

CD 

J 
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(2.51) 

CD 

(2.52) 

where F is the z-component of the flux vector, K is the zz component of 

the second moment tensor, K, and sgn(x) is a function which is 1 if x 

is positive and -1 if x is negative. The functions E1 and E2 are 

exponential integral functions which are discussed in appendix B. (The 

limits given above are for a semi-infinite atmosphere in optical depth. 

If one has an infinite homogeneous atmosphere, the limits would be from 

- CD to + CD.) A perturbation of the intensity moments in the 

Schwarzschild-Milne representation would only be valid for radial 

oscillations since the expressions for the moments are only valid for 

azimuthal symmetry. The perturbed mean intensity for a non-radial 

oscillation must be obtained from the more general expression given by 

equation 2.37. 

For black-body boundary conditions with temperature T1 at optical 

depth to(~) and temperature T2 at optical depth zero, the 

Schwarzschild-Milne representation for the intensity moments are given 

by: 



and 

1 
2 

1 
2 

o 
f 

f 
o 
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+ + 

(2.53) 

, (2.54) 

Problems in radiative transfer (and most other areas of physics) 

can be solved either a) analytically, b)with drastic approximations to 

the basic equations or c) numerically. Analytic solutions are the most 

desirable since they show directly how the physical system is dependent 

on the variables at hand. Analytic solutions, however, are rare and 

usually apply only to certain very unrealistic cases. Analytic 

solutions can be used as benchmarks for calibrating the results of the 

other two methods. It is sometimes possible to get an analytic or 

numerical solution to a reduced set of, equations that one hopes has 

incorporated the major behavior of the system described by a more 

complicated system of equations. Of course, one then needs to concern 

oneself on how accurate the approximations are to the actual 
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situations. The truncated set of equations has the advantage that it is 

still possible to see the behavior of the solution as various 

parameters are changed. A full numerical solution can handle very 

realistic cases, but at the expense of having a solution only for a 

particular set of values for the parameters given and being more 

expensive in terms of computer time. 

There exists a well-known exact solution to the RTE for a gray LTE 

atmosphere in RE. A gray atmosphere has an opacity that is independent 

of wavelength: 

K(p,T) 

The condition for RE for a gray atmosphere is: 

J(r) ,. J 
o 

CD 

B(r) J 
o 

(2.55) 

(2.5'6 ) 

, 
An effective temperature for a stellar atmosphere is defined in terms 

of the surface flux for an isothermal atmosphere (black-body) by: 

F(O) 1TB(O) (2.57) 

The effective temperature for the sun is approximately 5770 K. The 

solution for the gray atmosphere is: 
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J(t) (2.58) 

where q(t) is the Hopf function that satisfies the integral equation: 

q(t) -t + 1 
2 o 

00 

f (2.59) 

The value of q(oo), which is equal to 0.710446 ... , is called the 

"extrapolation length" in neutron transport theory. 

Mark (1947) derived an exact closed form expression for the Hopf 

function using the Wiener-Hopf method. The temperature distribution in 

a gray atmosphere follows from equation 2.56 and 2.58: 

4 3Teff[t + q(t)] 14 (2.60) 

The method of expansion in terms of singular eigenfunctions 

developed by Case (1960) has been used to obtain exact solutions in 

certain very idealized cases. An exact solution for radiative transfer 

in an LTE atmosphere in RE with a uniform picket fence opacity was 

derived by Siewert and Zweifel (1966). The singular eigenfunction 

" expansion technique was also employed by Ozi~ik and Siewert (1969) to 

obtain a solution to the radiative transfer equation for a plane-

parallel, emitting, absorbing and isotropically scattering medium 

between two reflecting boundaries. This solution was later expanded by 
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II 

Yener, Ozi~ik and Siewert (1976) to include a uniform picket fence 

opacity. 

Since. the number of known exact solutions is very small and 

moreover onl'y sol ut ions for very idealized opaci ty sources are given, 

either approximate methods of solution or numerical techniques must be 

used to solve radiative transfer problems for more relevant cases. One 

early approximate method was to attempt to reduce the nongray case to a 

gray case using mean opacities. The radiative flux divergence can be 

expressed as: 

'iJ • F 
R 

where Kp is the Planck mean opacity defined by: 

f 
o 

co 

K B (T) dv / 
v v f 

o 

co 

B (T) dv 
v 

and K
J 

is the absorption mean opacity defined by: 

f 
o 

co 

K J dv / 
v v f 

o 

co 

J dv 
v 

(2.61 ) 

(2.62) 

(2.63) 
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Unfortunately the absorption mean opacity can only be evaluated after 

the mean intensity has been determined. The Planck mean is useful for 

evaluating the emission of radiation when the emitting gas is optically 

thin. For the optically thick case, a more useful mean is the Rosseland 

mean opacity defined by: 

f 
o 

CaB (T)/aT]/K dv 1 v v f 
o 

[a B (T) la T] dv 
v 

(2.64) 

The Planck mean is determined by regions of large opacity (i.e. strong 

lines) while the Rosseland mean weights regions of low opacity more 

(i.e. the continuum). (A more quantitative discussion on the effects of 

lines on the mean opacities can be found in Armstrong and Nicholis 

1972). Since a direct mean is always larger than a harmonic mean, it 

should be expected that the Planck mean will be larger than the 

Rosseland mean. In fact, the Planck mean forms an upper bound on the 

Rosseland mean since KR < 1.053 Kp as shown by Armstrong (1962). (The 

reason that the number in the equality is greater than one is that the 

weight functions for the two means are different.) For any realistic 

opacity source, the Planck mean is always larger than the Rosseland 

mean. In the presence of extensive line blanketing, the Planck mean can 

be orders of magnitude larger than the Rosseland mean. If one has an 

expression that involves a mean opacity, such as a Newtonian damping 

time, then it makes a large difference which mean opacity one uses. 

Moreover, since the pressure and temperature dependence of the lines 
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and continuum are different, the pressure and temperature dep~ndence of 

the mean opacities will differ. In fact, in some circumstances, the 

temperaturi derivative of the Rosseland mean opacity has the opposite 

sign to the derivative of the Planck mean with respect to temperature 

(see Abu-Romia and Tien 1967). 

Introducing radiative nonequilibrium into gasdynamical problems 

produces such a complicated system that usually certain approximations 

are adopted for the radiative flux divergence. Consider a system which 

is optically thin along any direction to the boundaries. In this 

system, there is very little attenuation of the intensity within the 

medium and the radiation field is dominated by the intensities incident 

at the gas boundaries. This is the transparent gas approximation. If in 

addition to being optically thin, there is no significant incoming 

radiation from the boundaries and the amount of absorption of radiation 

is much less than the source term (the radiation is emission-

dominated), the radiative flux divergence can be expressed as: 

v • F 
R (2.65) 

where n is the emissivity. This is the emission approximation for 

radiative transfer. If one constructs a RTE that corresponds to this 

approximation, one finds: 

n • V I 
A 

(2.66) 
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which is the equation for quasi-static free-streaming. The RHS of 

equation 2.65 is always positive and greater than zero ,so the emission 

approximation is incompatible with the assumption of RE. Situations in 

which it would be appropriate to use the emission approximation would 

include laboratory shock tubes containing a low density transparent gas 

which has been elevated in temperature by the passage of a shock wave 

or a thin magnetic flux tube in the solar corona which has been heated 

by some nonradiative flux. If the source function can be approximated 

by the Planck function, the emission approximation for the radiative 

flux divergence becomes: 

'V • F 
R 

(2.67) 

This is called the Planck limit or the optically thin gas 

approximati.on. 

In the solar interior, the mfpp is very small and the source 

function can be closely approximated by the local Planck function. In 

the opaque interior, a reasonable approach would be to expand the 

source function as a Taylor series in terms of the optical depth: 

(2.68) 
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When this expansion is inserted into equations 2.14, 2.47, and 2.48 and 

only the lowest order terms are kept, the radiative flux can be 

approximated as: 

(2.69) 

This is the diffusion approximation. For the computation of a stellar 

model or the radiative damping of stellar oscillations in the stellar 

interior where the mfpp is very small, the diffusion approximation can 

be expected to be sufficient to account for the interaction of the 

radiation field. In the optically thin atmosphere, one would expect the 

diffusion approximation to fail to accurately represent the radiation 

field since the expansion is now in terms of the inverse of a small 

quantity. That this is the case is seen from the fact that the 

diffusion approximation predicts a radiative flux of zero at the 

temperature minimum. 

An improvement over the diffusion approximation is obtained by 

expanding the specific intensity angular dependence in terms of 

spherical harmonics (for a stratified medium): 

~ 

I [(2n + 1)/4~] I~(Z,t) Pn(~) 
naO 

(2.70) 

where P (~) are Legendre polynomials. Keeping only the first two terms n 

and using the definitions of the mean intensity and radiative flux 

given by equations 2.12 and 2.14: 
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+ (2.71 ) 

If one multiplies the RTE by n.n. and integrates over all solid angles, 
1 J 

one obtains: 

F· 
>. 

(2.72) 

Taking higher order moments of the RTE just introduces new variables so 

the system of equations never closes (which is similar to the closure 

problem that occurs'in turbulence theory or the theory of kinetic 

equations). If one uses the approximation to the specific intensity 

given by equation 2.71 in the definition of K in equation 2.15, one 

gets: 

(2.73) 

where 0 .. is the Kronecker delta function. If equation 2.73 is inserted 
lJ 

into equation 2.72, one obtains the classical Milne-Eddington 

approximation for the radiative flux: 

(2.74) 
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Comparing the Eddington approximation to the diffusion approximation, 

the only difference seems to be the replacement of the Planck function 

by the mean intensity. In the radiative interior of a star where the 

difference between the mean intensity and the local Planck function 

becomes vanishingly small, the two approximations are equivalent. In a 

stellar atmosphere where the radiation field can Qe decoupled from the 

local gas conditions, the Eddington approximation will be more accurate 

than the diffusion approximation since the gradient of the mean 

intensity is directly proportional to the gradient of the radiation 

energy density (see equation 2.13), but this is not true for the Planck 

function (unless the system is in TE). The Eddington approximation 

incorporates some aspects of the nonlocal nature of the radiation field 

since the mean intensity is a nonlocal quantity. It should be expected 

that the Eddington approximation will be least accurate in the stellar 

atmosphere where .the radiation field becomes anisotropic so that more 

terms need.to be added to the expansion given by equation 2.71 to 

adequately represent the radiation field. The Rosseland mean opacity is 

usually used in conjuction with the Eddington approximation, but an 

examination of equation 2.74 shows that the appropriate mean opacity to 

use is not the Rosseland mean but a Rosseland-like mean opacity where 

the mean intensity replaces the Planck function. The latter mean 

opacity, however, is not as accessible as the Rosseland mean. 

Another common approximation for the radiative flux is the 

differential approximation used to describe acoustic propagation in a 

radiating gas (see, ~raugott 1963 and Vincenti and Kruger 1965). This· 
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approximation is most easily obtained by taking the gradient of the 

radiative flux divergence given by equation 2.44 and replacing the 

gradient of the mean intensity by its Eddington approximation given by 

equation 2.74: 

O(VS) + O[(B - J)·V(ln X)], (2.75) 

where the integral operator 0 has been defined as: 

(2.76) 

Normally the depth dependent kappa term in equation 2.75 (the second 

term on the RHS) is dropped. The diffusion limit can be obtained from 

the differential approximation by dropping the first term on the LHS of 

equation 2.75, which should be zero if the system is in RE. The 

emission approximation is obtained by dropping the second term on the 

LHS of equation 2.75 which contains the square of the opacity, 

integrating along the path of the gradient and dropping the constant of 

integration (see, Traugott 1963 and Unno and Spiegel 1966). 

Some numerical techniques for solving problems in radiative 

transfer are discussed in chapter 3. 
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2.3 Adiabatic Acoustic-Gravity Waves 

The wave modes that have been identified with the oscillatory 

power in the SCLERA power spectrum are p modes (acoustic or sound 

waves) and g modes (internal gravity or buoyancy modes). These modes 

propagate nonadiabatically in the solar atmosphere. Adiabatic 

propagation of acoustic-gravity modes is easier to understand and 

simple analytic solutions exist for adiabatic propagation of waves in 

certain idealized cases. These simple cases have been used to try to 

describe solar oscillations and it is necessary to see how the 

nonadiabaticity has affected the waveform in the solar atmosphere. In 

order to make the problem more tractable, the medium in which the waves 

propagate is assumed to be inviscid, nonrotating, nonmagnetic with no 

nonoscillatory flows. 

Small amplitude waves are derived from the basic equations by 

considering small departures of the fluid parameters from their 

equilibrium values and neglecting the product of small quantities. 

There are two traditional ways of describing these departures: the 

Eulerian and the Lagrangian perturbation. 

The Eulerian perturbation, which is designated in this 

disserta~ion by a prime ('), is the difference between the fluid 

quantity Q in the perturbed flow and the unperturbed flow at the same 

spatial position and time: 

Q' Q (r,t) 
p 

(2.77) 
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where the ,subscript 0 stands for the unperturbed, or equilibrium, value 

for Q and the subscript p stands for the perturbed flow. The Lagrangian 

perturbation, designated by 0, is the difference between the value for 

Q in the perturbed flow and the unperturbed flow following the motion 

of the same fluid element: 

oQ Q (r ,t) - Q (r,t) 
p p 0 

To first order, the two variations are related by: 

oQ Q' + (or) • 'VQ 
o 

(2.78) 

(2.79) 

The Eulerian perturbation commutes with the spatial derivative but 

not the material (or Lagrangian) derivative: 

[ , , a/a xJ Q o [ , , D/DtJ Q .;. 0 (2.80) 

while the Lagrangian perturbation does commute with the material 

derivative (to first order) but does not commute with the spatial 

derivative (see Lynden-Bell and Ostriker 1967). The Eulerian 

perturbation of a product of fluid quantities is given by: 

(ab)' = a'b + a b' o 0 
+ a'b' (2.81 ) 



The perturbation of a ratio: 

r ~ 
b 
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(2.82) 

is most easily obtained by multiplying through by b and using the 

product rule: 

b • r' a' r • b' r' • b' (2.83) 

For adiabatic waves in a stellar atmosphere, one needs the 

equations for continuity, momentum, and an adiabatic relationship for 

the chosen variables. It is'convenient to use the formulation of the 

stellar hydrodynamic equations given by Ando and Osaki (1975). The 

equation of continuity is: 

ap/ at + 'iJ. (pv) o (2.84) 

and the momentum equation is: 

P dv/dt - 'iJp + P g (2.85) 

where g is the gravitational acceleration. 

A static radially symmetric atmosphere in RE obeys the hydrostatic 

equation: 



dP/dr - pg 
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(2.86) 

where g is the magnitude of g. For a spherical atmosphere, the Eulerian 

and Lagrangian perturbations of scalar quantities are assumed to be of 

the form: 

P'(r,e,<p) L p~(r) y~(e,<p) exp(iat) 
n,g"m 

and vectors are expanded as: 

or(r,e,<p) 

with 

L 
n,g"m 

or n,g"m 

(2.87) 

(2.88) 

or .. [or(r),orh(r) d/de,(orh(r)/sine) d/d.<p] y.~(e,<p) exp(iat).(2.89) n,g"m N 

For a plane-parallel atmosphere, the Eulerian and Lagrangian 

perturbations of scalar quantities are assumed to be of the form: 

P'(x,y,z) L P'(z) exp[i(k x + k Y - at)] n,k,k n x y x y 
(2.90) 

where n is the number of nodes in the z direction. Vectors are expanded 

as: 



with 

or(x,y,z) = L n,k ,k x y 

or = [ox(z),oy(z),oz(z)] exp[i(k x + k y - at)]. n,k ,k x y x y 
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(2.91) 

(2.92) 

If the plane parallel atmosphere has no inhomogeneities in the 

horizontal direction, the x and y wavenumbers frequently occur together 

in the form of a horizontal wavenumber, kh : 

+ (2.93) 

The correspondence between the horizontal wavenumber for a plane-

parallel atmosphere to the spherical harmonic t values for a spherical 

atmosphere is given by the relation: 

(2.94) 

This relation is derived by noting that the horizontal part of the 

eigenfunction for the plane-parallel case obeys the relation: 

+ k2 
] exp( ik x 

h x + ik y) 
y o (2.95) 
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with 

(2.96) 

whereas the non-radial part of the eigenfunction for the spherical case 

obeys the relation: 

+ o (2.97) 

Multiplying equation 2.95 by r2 and equati~g the expressions in the 

brackets in equations 2.95 and 2.97 gives the relation 2.94. 

The state variables are expanded into the form: 

p P + pI 
o 

(2.98) 

where P is the equilibrium model pressure. These expanded state 
o 

variables are substituted into the continuity and momentum equations. 
I 

The perturbed quantities are assumed to be very small compared to the 

equilibrium model quantities and products of two or more perturbations 

are dropped from the resulting perturbed linearized continuity and 

momentum equations: 

cr( op/p + 'iJ .. or ) o (2.99) 
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and 

2 cr p or -(p'/p)VP + VP' + p g' (2. 100) 

The linear relationship between Eulerian and Lagrangian perturbations 

for small quantities has been used in the above equations to put them 

in a more compact form. In the solar atmosphere, it is reasonable to 

adopt Cowling's approximation which consists of dropping the term g' in 

the perturbed momentum equation. 

A dynamical time-scale for the sun is easily deduced from 

dimensional arguments to be proportional to: 

(2.101) 

This time-scale can be used to nondimensionalize the frequency, cr: 

w (2.102) 

For a spherical atmosphere, one can simplify the equations by 

introducing the nondimensional variables, x, p, and 8: 

x orlr (2.103) 

p P'/pgr (2.104) 



9 = oT/T 

the equilibrium model parameters: 

v = -(d In P)/(d In r) = pgr/P 

V =(d In T)/(d In P)I eq. 

and the thermal quantities: 

v = ad (d In T)/(d In P)ladiabatic 

a = (0 In p)/(o In P)IT 

o a -(0 In p)/(o In T)I T P 

100 

(2. 105) 

(2·.106 ) 

(2.107) 

(2.108 ) 

(2. 1 09 ) 

(2.110) 

(2.111) 

(2.112) 

(2.113) 
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with M , the mass enclosed within a sphere of radius r, given by: 
r 

M 
r 

r 
41T f pr2 dr 

o 
(2.114) 

U and V are the dimensionless variables of stellar structure 

theory (see Chandrasekhar 1939). The influence of radiation on the 

thermal quantities is discussed in chapter three. In the solar 

atmosphere, U is approximately zero, V is about 5000 and c1, a, 0T are 

approximately unity. 

The equation of state can be used to eliminate op: 

oplp ~ (a ln p)/(a ln P)IT"(OP/P) + (a ln p)/(a ln T)lp"(OT/T) 

a V (p - x) (2.115) 

since from equations 2.79, and 2.107: 

oP/P V(p - x) (2.116) 

For an oscillation with finite period, the equation of continuity 

becomes: 

(oplp) + 
-2 2 r d(r or)/dr o (2.117) 
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The radial component of the momentum equation can be written as: 

2 po or -(p'/p) dP/dr + dP'/dr (2.118) 

The horizontal component of the momentum equation can be used to 

eliminate orh ~rom equation 2.117: 

P' (2.119) 

Using these relations and the identity: 

[d In (pgr)]/[d In r] U + (2. 120) 

the perturbed continuity and momentum equations can be written as: 

r (dx/dr) (2.121) 

and 

. (2.122) 

The adiabatic condition can be used to obtain a relation between 

x, p and S. The adiabatic condition pan be written as: 



and 

where 

1 ~E 
P dt 

1 ~I 
T dt 

1 ~I 
T dt 

r - 1 
3 

1 ~.e 
r 1 p dt 

1 92 ( r 3 - 1) p dt 

(d ln T)/(d ln P)ladiabatic 

Using the definition of the adiabatic sound speed, 

r
1 

[Pip] 

Equation 2.123 can be rewritten as: 

dP 
dt 

To first order in oT: 

103 

(2.123) 

(2.124) 

(2.125 ) 

(2.126) 

(2.127) 

(2.128) 



T -1 d(OT)/dt 
o 
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( 2.129) 

where T is the unperturbed temperature. One can take the linearized o 

Lagrangian perturbation of equation 2.125 with the result: 

(2. 1 30 ) 

If one assumes that the unperturbed model has no significant 

nonoscillatory flow (convection must be treated separately), the 

adiabatic condition becomes: 

d9/dt Vad d[ V(p - x) ]/dt (2.131) 

If one ignores the zero frequency component (the thermal mode), the 

Lagrangian temperature perturbation for the adiabatic condition is 

given by: 

9 (2. 1 32) 

since any constant of integration will be absorbed into the static 

model temperature. When equation 2.132 is substituted into equations 

2.121 and 2.122, the perturbed continuity and momentum equations can be 

rewritten as: 



r (dx/dr) - Ax - Bp 

and 

r (dp/dr) - Cx - Dp 

where 

A 

B n 

C + 

and 

D u 

o 

o 
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(2.133) 

(2.134) 

(2.135) 

(2.136) 

(2.1 37) 

(2.138) 

The equations for a plane-parallel atmosphere can be put in the same 

form as equations 2.133 and 2.134, but the values for A, B, C, and D 

will be different. 

Instead of the adiabatic condition, one can investigate 

nonadiabatic isothermal propagation. Defining r
T 

and V
T 

by: 



d(ln P) / d(ln P)IT 

and 

'i/ '" T (d In T) / (d In P)IT .. 0 

the isothermal condition can be written as: 

and 

1 9E 
P·dt 

1 dT 
T dt o 

Using the definition of the isothermal sound speed, 

Equation 2.141 can be rewritten as: 

dP 
dt 

106 

(2.139) 

(2.140) 

(2.141) 

(2.142) 

(2.143) 

(2.144) 
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The same assumptions that led to equation 2.132 for adiabatic 

conditions, now produce: 

e o (2.145) 

for the isothermal condition. The perturbed continuity and momentum 

equations for nonadiabatic isothermal propagation can be put in the 

same form as equations 2.133 and 2.134, but the values for A, S, C, and 

D again will be different. 

Defining the vector q by: 

q (p;or;p;e) (2.146) 

one can write the system of equation for the linear adiabatic waves as: 

M ( al at; al ax; al ay; al az; A; B ; C; ••• ) q o (2.147) 

where the matrix M depends on the static model parameters, A, S, etc., 

as well a~ the temporal and spatial derivatives. A local dispersion 

relation is obtained by the substitution: 

M ( a 1 at; aI ax; aI dY; aI az; A ; B ; C; ••• ) - M ( i (jJ; i k ; i k ; i k ; A ; S ; C; ••• ). ( 2 • 1 48 ) 
x y z 

Since the static model parameters will in general depend on 

position, the local dispersion relation will change with position. For 
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a stratified medium whose static model parameters only depend on the 

radius (or height), the horizontal wavenumbers will be independent of 

position. A local dispersion relation will only give a classification 

of the types of modes to be expected. To solve for the propagation of 

waves in a stratified atmosphere, one must use the original system of 

equations subject to the appropriate initial or boundary conditions. 

For a neutral, nonmagnetic and nonrotating atmosphere with no 

solid boundaries, the nontidal adiabatic wave modes can locally be 

classified as acoustic or gravity modes. 

A pure acoustic mode can be obtained from the basic equations by 

considering a homogeneous isothermal medium without gravity or solid 

boundaries or density interfaces so that both internal and surface 

gravity modes are eliminated. The continuity equation i~ unchanged. The 

momentum and energy equations for such a medium simplify to: 

and 

P Du/Dt 

DP 
Dt 

- V P (2.149) 

(2.150) 

If one takes the Eulerian perturbation of these equations and 

neglects the products of small quantities, the resulting equations are: 



and 

apt/at + 

p (au' fat) 
o 

(Clp'/dt) 

p '1. u' o 

- '1 p' 
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o (2.151) 

(2.152) 

(2.153) 

Taking the time derivative of equation 2.151 and the spatial derivative 

of e qua t ion s 2. 1 52 and 2. 1 5 3 and e U. min a tin g p' and u' fro m the 

equations, the resulting differential equation for p' is: 

[ a / at ] • [ a2/ at 2 2 
t::. c ] p' s 

where t::. is the Laplacian given by: 

t::. Q ('1 • '1) Q 

o (2.154) 

(2.155 ) 

Equation 2.154 is third order in a/at and second order in a/ax. The 

first term in the brackets in equation 2.154 is the thermal wave 

propagator and the second term is the acoustic wave propagator. If the 

frequency of the wave is not zero, the first time derivative can be 

dropped. The equation that remains is recognized to be the classical 

hyperbolic wave equation. If the sound speed is independent of position 
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and only one dimension, x, is considered, the acoustic wave equation 

can be factored into: 

o (2.156) 

A factor of the form (a/at + C a/ax) is a wave operator with wave speed 
w 

c • A factor of the form a/at can be written as (a/at + 0 • a/ax), so w 

it is a wave operator with wave speed zero. A factor of the form a/ax 

is a wave operator with wave speed infinity. Wave speeds of zero or 

infinity are clear indicators of the presence of diffusive effects • . 
If one takes the Fourier transform of equation 2.156 with respect 

to space: 

co 

F[p'(r,t)] p(k,t) (2n)-3/2 J p'(r,t) exp(ikor) d3r , (2.157) 

and a second transform with respect to time: 

co 

F[p(k,t)] (2n)-1/2 f p(k,t) exp(iwt) d3r (2.158) 
-co 

the dispersion relation for pure harmonic acoustic waves in a 

homogeneous medium is obtained: 



1 1 1 

o (2.159) 

where k is the magnitude of the vector k: 

k • k + + + (2.160) 

The Fourier decomposition of equations 2.151 through 2.153 shows 

that the density, pressure and velocity perturbations for a propagating 

acoustic wave are all in phase. The phase relationships derived from 

the Fourier decomposition are polarization relations and are useful in 

matching the wave properties across a boundary. 

The group velocity, v : 
g 

v 
g 

dwldk 

and the phase "velocity", vp' whose ith component is given by: 

v~ 
1 

(2.161) 

(2.162) 

have the same magnitude, namely the isentropic sound speed c . Since s 

the phase velocity is independent of the magnitude and direction of k, 

acoustic waves in a homogeneous medium are isotropic and nondispersive. 
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Internal gravity waves, on the other hand, are dispersive and 

anisotropic. 

The isothermal propagation of a pure acoustic wave is obtained by 

using equation 2.144 instead of equation 2.150. The dispersion relation 

for a pure acoustic wave propagating in a homogene?us medium is given 

by: 

[ 2 2 2 .. -
(JJ - c

T 
k J P o (2.163) 

In contrast to acoustic waves, gravity waves will not propagate 

isothermally. 

A simple medium in which both acoustic and gravity waves co-exist 

is a stratified isothermal atmosphere. The equation for hydrostatic 

equilibrium is: 

'V p p g (2.164) 

If p and g are both assumed to be constant, then equation 2.164 can be 

immediately integrated to give the usual result for hydrology. The 

density in a gaseous atmosphere under the influence of gravity is not 

constant. If the density is a separable function of pressure and 

temperature, equation 2.164 can be solved for the pressure distribution 

if the temperature distribution is known. For an ideal gas: 

p IJp/RT (2.165 ) 
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where R is the universal gas constant and ~ is the mean molecular 

weight. For a plane-p,arallel atmosphere composed of an ideal gas, the 

pressure is given by: 

z 
p(z) p(zo) exp[ -z! [~(z) g(z) I RT(z)] dz 

o 

z 
p(zo) exp[ - ! dz IH (z)] 

Zo p 
(2.166) 

where H is the pressure scale height. For a well-mixed, neutral, p 

isothermal atmosphere with constant gravitational acceleration: 

pip 
o 

pi p 
o 

exp[ -z/H ] (2.167) 

where H ~ ~g/RT is the pressure (or density) scale height. The speed of 

sound for an isothermal atmosphere composed of an ideal gas is given 

by: 

gr
1

/H 

The buoyancy frequency is given by: 

-g [ 'iJ In p eq 'iJ In Pad ] 

(2.168) 

(2.169) 
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which just states that the return force for a stable atmosphere is the 

gravitational acceleration times the density difference between an 

adiabatically displaced parcel and the equilibrium density. For an 

ideal gas, the density changes are: 

d(ln p) d(ln p) + d(ln~) - d(ln T) (2.170) 

If the velocity of an oscillating fluid element is much less than the 

local speed of sound, pressure equilibrium is maintained and the 

difference between the pressure in the parcel and the medium is zero so 

the first term on the RHS of equation 2.170 is dropped. If the mean 

molecular weight is constant, equation 2.169 can be rewritten as: 

- g [.'iJ In Tad 'iJ In T ] eq (2.171) 

For an isothermal atmosphere, the second term on the RHS of equation 

2.171 vanishes. For an adiabatic displacement of a gas parcel, the 

pressure is related to the density by: 

pip 
o 

(2.172) 

Using the equation for hydrostatic equilibrium, the ideal gas law, and 

the def ini t ion of the speed of sound, -the buoyancy frequency for an 

isothermal atmosphere is given by: 
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(r1 - 1) gH/ r1 (2.173) 

For an atmosphere with a constant density scale height, the wave 

energy density is conserved for adiabatic propagation if p' and p' 

1/2 -1/2 scale as Po and if v' scales as Po (see Eckart 1960). It is 

. . d . bl '/2 I -1/2 I d convenlent to lntro uce new varla es v, = Po v, P1 = Po p an 

-1/2 P1 ~ Po p'. The linearized perturbed balance equations can be 

expressed as the matrix equation: 

I a/at 0 a/ax aldy a/az-1/2H I I P1 (2.174) 

I 0 aldx aldt 0 0 I I P1 

I' 0 a/ay 0 a/at 0 I I u, 0.0 

I g a/az-1/2H 0 0 a/at I I v1 
I I I 

2 a/at (P1-1)g I I I-csa/at 0 0 w1 
I I I 

The matrix elements all commute with each other for an isothermal 

atmosphere. The differential equation that arises for each scaled 

variable is ~he same and can be easily obtained by taking the 

determinant of the matrix: 

o. (2.175) 
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The first bracketed term in equation 2.175 is the adiabatic thermal 

mode propagator. The second bracketed term is the acoustic-gravity wave 

propagator. Fourier transforms of equation 2.175 give the dispersion 

relation: 

(2.176) 

where wa is the acoustic cut-off frequency for an isothermal atmosphere 

given by: 

c 1(2H) s 
(2.177) 

The acoustic-gravity wave propagator can be written in the form of a 

" Schrodinger-type equation: 

+ o (2.178) 

where ~ is any of the scaled variables. A piecewise isothermal 

atmosphere will act like a medium with a piecewise potential, k (z), z 

and the methods familiar from quantum mechanics can be used to solve 

for the wave pro~agation (see Stein 1966, and Mihalas and Toomre 1981). 

If the temperature distribution is not isothermal, the matrix 

elements will not commute and the dispersion relations for the scaled 
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variables will'not be the same. The matrix elements will not commute 

even for an isothermal atmosphere if the damping is not constant (see 

Volland 1967). If the dispersion relation is not the same for the 

different variables, the variables will possess phase shifts relative 

to each other that will change with height, resulting in refraction and 

reflection of the waves. 

Three different regimes are apparent from the dispersion relation. 

If 

w > [i 
a 

+ (2. 1 79 ) 

then waves which are acoustical in nature will propagate. If 

(2.180) 

then waves which behave as internal gravity waves can propagate. In the 

region between the two curves given by the equalities in equation 2.179 

and 2.180, waves do not propagate and are evanescent. This same 

classification scheme exists for nonisothermal atmospheres, although 

the local dispersion relation may be somewhat distorted. 

The propagation of waves in a general stratified atmosphere can be 

discussed in terms of the solution to the differential equation for the 

displacement. A second order equation for x alone can be obtained from 

equations 2.133 and 2.134. First solve equation 2.133 for p: 



p B-1(r 9~ - Ax) 
dr 
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(2.181) 

and substitute this equation into equation 2.134. After some elementary 

algebra, one obtains: 

where 

f 

and 

g 

+ 
2 (g/r )x 

A + D + (d In B)/(d In r) 

o 

AD BC - r (dA/dr) + A (d In B)/(d ln r) 

(2.182 ) 

(2.183) 

(2.184) 

A second order equation for p alone can be obtained in the same 

fashion. The second-order differential equations for x and p will be 

different if the coefficients A, B, C, and D are not constant with 

radius. If the second-order differential equations governing x and p 

are not the same, x and p can change relative phase with height, which 

can result in the wave being .reflected at some critical level in the 

atmosphere. The long-period waves under consideration are assumed to be 

evanescent throughout the region under observation and the question of 

reflection is not addressed. 
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The second order homogeneous differential equation given by 

equation 2.182, will have two solutions which are designated as x+ and 

x_. T?ese two solutions correspond to the beta-plus and beta-minus 

solutions di~cussed by Ledoux and Walraven (1958), Ando and Osaki 

(1975), and Hill, Rosenwald and Caudell (1978a). For an isothermal 

atmosphere, the form of the beta plus and beta minus solutions are well 

known (see Ledoux and Walraven (1958) and equation 2.195 below). The 

solutions for p+, p_, e+, and e can be obtained from the solutions x+ 

and x and with equations 2.132 and 2.181 for adiabatic propagation. 

For isothermal propagation, the equations can again be cast in the same 

form as the adiabatic equations and one can use the same classification 

for the solutions where p and e are determined through 2.145 and 2.181 

Newtonian damped waves can also be cast in the same form as shown 

below, resulting in the same classification. These two modes are 

mechanical modes. The thermal modes have been suppressed. The thermal 

modes appear algebraically through equation 2.132 (or 2.145) for these 

idealized cases. 

Equation 2.182 is a special case of the general second order 

differential equation: 

o (2. 185 ) 

which can be put in ·"normal form": 



+ 
2 q (r) u o 

by the substitution: 

u(r) 

and 

2 
q (r) 

r 
w(r) exp( 1 J P(~) d~ ) 

2 

Q(r) (dP/dr)/2 

II 
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(2.186) 

(2.187) 

( 2 • 1 88 ) 

(see Goldstein and Braun 1982). The Schrodinger-like equation 2.186 

2 will have an oscillatory type solution when q > 0 and an evanescent 

(exponential or hyperbolic) type solution when q2 is negative. If q2 is 

positive, it can be interpretted as a radial wavenumber for the 

transformed variable IIUIl • 

One can approximate equation 2.182 by replacing fer) and g(r) by 

mean values for the region under consideration. Equation 2.182 with 

constant coefficients for f and g is a Fuchsian equation whose general 

solution, the sum of two solutions multiplied by arbitary constants, is 

known to be: 

6+ 
x = C r + 

g 1 
(2.189) 



or 

with 

x 
g 

- 2 q(r) 

+ C2 In(r) ] 

4 g 
2 (2rq) 

and B+ and B are the roots of the indicial equation: 

(f + 1) B + g o 
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o ) (2. 190 ) 

(2.191) 

(2.192) 

(see again Goldstein and Braun 1982). The parameter q(r) can be 

considered to be the local radial wavenumber for x at the position r. 

Only in a few iGealized cases will f and g be independent of the radius 

and the solution given is only a gross approximation to the actual 

solution. 

Wave propagation in an atmosphere can be approached either 

analytically, by approximating the wave equation, or numerically. Only 

a few exact solutions exist for atmospheric wave propagation and these 

solutions are only valid for idealized temperature distributions. The 

theory of atmospheric wave propagation dates back to Laplace (1825). 

The solution for wave propagation in a u~bounded, plane-parallel, 
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constant gravity, isothermal, density-stratified atmosphere was derived 

by Rayleigh (1890) and Lamb (1908). In terms of the Fourier components 

of the unscaled velocity, the solution can be expressed as: 

where 

v z 

ik z 

where k is given by equation 2.176 and: z 

+ (g/w) 

(2.193) 

(2.194) 

(2.195) 

(2.196) 

The solution for vertically propagating waves in an atmosphere 

with a constant temperature gradient was obtained by Lamb (1932) and 

Pekeris (1937) in terms of Bessel functions. Pekeris (1948) also 

derived the solution for a wave propagating at an oblique angle to t~e 

vertical for an atmosphere with a constant temperature gradient in 

terms of confluent hypergeometric functions. This solution was 

reformulated in terms of the more a9cessible Whittaker functions by 
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Eckart (1960) and Leibacher (1971). Groen (1948) obtained exact 

solutions in terms of hypergeometric functions when the density profile 

had a tanh(z) functional form. Gossard and Hooke (1975" give solutions 

for multiple homogeneous layers. Exact solutions for wave propagation 

in a plane-parallel atmosphere with an exponential temperature 

distribution with height have been published recently by Campos (1983a, 

1983b). Radial motion in a spherical atmosphere with a constant 

temperature gradient can be described in terms of Bessel functions (see 

Brown 1977). 

Wave propagation in realistic atmospheres can be solved onl~ by 

'-
approximating the wave equation or using numerical techniques. One 

approximation of the wave equation is the use of Hamilton's equations 

for ray tracing. This technique, which is analogous to geometric 

optics, is a reasonable representation for the propagation of the wave 

if the scale heights for the atmosphere are much larger than the 

wavelengths of the wave (see Landau and Lifschitz 1959; Whitham 1974; 

or Lighthill 1978). Ray tracing is used primarily for waves with very 

large wavenumbers. Another approximation to the wave equation is the 

WKB approximation frequently used in quantum. mechanics. If the "local 

vertical wavenumber" does not have a large second derivative with 

respect to the spatial co-ordinates and if the coupling between 

downward and upward propagating (or evanescent) modes is not too large, 

the WKB approximation is a reasonable representation for the wave 

" " motion (see Froman and Froman 1965; Einaudi and Hines 1970; and Fels 

1982). The WKB approximation is discussed further in chapter three. 
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A common numerical technique for computing acoustic-gravity wave 

propagation is the use of multiple isothermal homogeneous layers (see 

Pfeffer and Zarichny 1962; Pierce 1966; Stein 1966 and Reddy 1969). 

Since the WKB approximation used in chapter three is implemented by 

using multiple layers with constant coefficients, the boundary 

conditions for the two situations are similar. For the multiple 

isothermal homogeneous layers, continuity of velocity, pressure, 

temperature and heat flux perturbations are used to determine the 

interfacial conditions and the exact analytic solution for the wave-

propagation in a homogeneous atmosphere is used inside each layer. 

The multiple layer version of equation 2.182 with N plus one 

positions, r 1 ,r2 •..• r N+ 1 ' is given by: 

+ , (i=1, .•• N) (2.197) 

whose solution with the help of equation 2.189 is given by: 

ti=1, •.. ,N) (2.198) 

The coefficienta, C," and C2 ", can be determined by demanding 
1 . 1 

continuity for the vertical displacements at the N interfaces and the 

continuity of the normalized Lagrangian pressure perturbation (to 

prevent infinite accelerations at an interface). 
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The boundary conditio~s that are imposed on the oscillation are 

applied to the first and last zone. The bottom boundary condition 

depends on whether one has a rigid or an oscillatory boundary. For a 

rigid boundary: 

o (2.199) 

whereas for an oscillatory boundary: 

t; exp(icrt) (2.200) 

where t; is the amplitude of the displacement at the fixed frequency of 

the imposed oscillation. The top boundary condition is usually taken to 

be: 

o (2.201 ) 

under the assumption that no energy sources lie above rN+1' so that 

energy propagation can only be upward at this point. If instead one 

chooses to specify: 

o (2.202) 
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an entirely different mode is selected. The modes selected by the top 

boundary conditions 2.201 or 2.202 are designated as global outgoing or 

incoming solutions. The two modes that can be obtained by patching 

together pieces of r 
8+ 

and r respectively are designated as local 

outgoing and incoming solutions. The spatial derivatives of the local 

solutions at a node are not necessarily continuous. 

The global modes obtained using the boundary conditions 2.199 and 

2.201 or 2.202 will be nontrivial only for specific values of the 

frequency. This eigenvalue problem gives the natural frequencies for 

the modeled atmosphere. The boundary condition given by equation 2.200 

specifies the driving frequency and the waveform obtained using this 

boundary condition can be considered as the response of the atmosphere 

to a mechanical driving at that frequency. It is assumed that interior 

global modes excite the solar atmosphere at certain discrete 

frequencies that are determined as an eigenvalue problem for the entire 

sun. 

The analysis given here is concerned with the response of the 

solar atmosphere to periodic forCing, since the observed 

eigenfrequencies of the sun are determined mainly by the adiabatic 

interior and not by the natural frequencies of the solar atmosphere 

alone. 

A second numerical technique is the coupled equation method that 

utilizes a transformation matrix to diagonalize the original equations 

into normal mode form (see Clemmow and Heading 1954; Yeh and Liu 1972 

and 1974). The formal solution to the matrix equation is an integral 
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equation whose first approximation is usually taken to be the WKB 

approximatian (see Yeh and Liu 1974) so one can view the coupled 

equation method as an extension of the WKB approximation. 

Adiabatic waves have been computed for the solar atmosphere by 

Stein 1966, Mihalas1979 and Mihalas and Toomre 1981. The linearized 

adiabatic wave equation can be reformulated into an eigenvalue problem 

where the wave-propagator is a time-symmetric Hermitian operator so 

that the eigenfunctions' are orthogonal and the eigenvalues are real 

(see Cox 1980). The inclusion of the nonadiabatic terms destroys the 

time symmetry and the wave-propagator is no longer Hermitian. The 

nonadiabatic terms in the wave equation due to radiative transport are 

discussed in the next section. 

2.4 Perturbation of the Radiative Flux Divergence 

The energy equation (using T and P as independent variables) 

can be written as: 

T DP 
P Dt pE - ~ • F E Q (2.203) 

where E represents energy sources and sinks and Q is the heat-loss 

function times the mass density. The heat-loss function can be 

expressed as: 



Q pe: v . F 
R 
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v . Fnr (2.204) 

where FR is the flux of radiant energy and F is the non-radiant nr 

energy flux. No sources or sinks for energy will be incorporated into 

the following analysis so the term involving e: will be dropped. The 

Eulerian perturbation of the energy equation is: 

pc (~I - V I ~E), 
P Dt ad P Dt Q' 

To first order, one has: 

(QI) , 
Dt a (T ' ) I at + v' • VT 

and 

On QJ' Q'/Q 

a(oT)/at 

(2.205) 

(2.206) 

(2.207) 

which is sometimes used to save space in typing the equations. If the 

system is in RE, the second term on the RHS of equation 2.204 will 

vanish. 

If Q were to depend only on the local values of T and P, the 

Eulerian perturbation of Q could be written to first order as: 



Q'/Q = ~_1!Lg I P (T'/T) a In T 
+ ~_1!Lg IT (P , IP) a In P 

~_!~:Lg IT (oP IP) a In P 
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or • V'Q. (2.208) 

However, for a radiating gas, the perturbed heat-loss function is an 

integral in space over the perturbed temperature and pressure and can 

not be expressed in such a simple form. 

The form of the nonradiative flux is not well known. In the face 

of this difficulty, one can adopt the assumption: 

V' • F' nr o (2.209) 

Although this is not a very satisfactory solution, a more detailed 

analysis with some assumed nonradiative tran~port mechanism (shock 

waves or magnetic effects) would vastly complicate the analysis with no 

guarantee that one has chosen the correct mechanism. 

One also assumes that the static stellar photosphere is thermally 

stable so that: 

Q o (2.210) 

Otherwise, the static model evolves on the thermal timescale. The 

thermal timescales for stellar atmospheres are sufficiently short that 
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it should be reasonable t6 assume thermal stability in the absence of 

mass motions. This assumption means that the second term on the RHS of 

equation 2.205 is zero. 

Starting from the quasi-static RTE, there are two ways the 

perturbed radiative flux divergence can be obtained. Since the Eulerian 

perturbation will not change a fixed direction in space, it will 

commute with n. The Eulerian perturbation of the RTE, the radiative 

flux divergence equation , and the first two angular mom~nts of the 

specific intensity are: 

and 

J' 
A 

F' 
A 

v • F' 
A 

(f I~ dn)/41T 

J I~ n dn 

+ J' ) 
A 

(2.211) 

(2.212) 

(2.213) 

(2.214) 

The perturbation of the radiative flux divergence can be obtained from 

either equation 2.214, if one has an expression for the perturbed mean 

intensity, or from equation 2.213, if one has an expression for the 
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perturbed intensity. The perturbed RTE can be expressed in the same 

form as the unperturbed RTE: 

where 

q' 
A 

S' 
A 

X(q'-I') 
A A A 

+ (In X )'·(S -A A 

(2.215) 

(2.216) 

Even if the source function for the perturbed RTE is isotropic, the 

effective source function for the perturbed RTE is not isotropic unless 

the specific intensity is also isotropic. The specific intensity is 

approximately isotropic if the medium is approximately isotropic within 

a therma1ization depth, but certainly the specific intensity is not 

isotropic near any boundary where the medium changes drastically within 

a therma1ization depth. 

If one ignores pressure and velocity fluctuations and assumes LTE 

for the radiation field, the truncated perturbed energy equation 

becomes: 

pCp (~T/at) - 'l • F' 
R 

and the effective perturbed source function becomes: 

(2.217) 



q' 
A 

+ X (8 - I )]·[T'/T] T A A 

132 

(2.218) 

Using equation 2.215, 2.217 and 2.218, one can derive the integro-

differential equation for the intensity: 

+ 

co 

f dA 
o 

41T 
f I~ 0 dO 
o 

(2.219) 

Unfortunately, one can see that this integro-differential equation 

couples the radiation at different wavelengths into one equation. One 

could integrate the initial equations over wavelength but this just 

introduces several ill-defined mean opacities. If one assumes that the 

opacity is gray, it is possible to integrate over the wavelengths, 

resulting in: 

41T 
f I' 0 dn. (2.220) 
o A 

One can also get an integro-differential equation for the 

perturbed temperature if one has a formal solution for the perturbed 

intensity. Aside from the trivial case of a black-body cavity in TE, 

there does not exist exact analytic solutions for even"the static 

intensity in more than one dimension (see Duderstadt and Martin 1979). 
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Nevertheless one can make an approximation to obtain a formal 

expression for the perturbed intensity in more than one dimension (see 

Rybicki 1965; Jones and Skumanich 1980; Logan and Hill 1980; and 

Christensen-Dalsgaard and Fransden 1983). In this approximation, one 

assumes that the perturbed mean intensity for a plane-parallel 

azimuthally symmetric static atmosphere can be expressed as: 

I'(r,Q) I'(z,n) exp( ik x + ik Y x y 
(2.221 ) 

In neutron transport, this approximation is called the buckling 

approximation (see Case and Hazeltine 1970). To simplify the 

exposition, the radiation field is assumed to be in LTE, opacity 

fluctuations are ignored, and the coordinate system is rotated in the 

hor i zontal plane so that the "buckling" in the perturbed intensi ty is 

along the x direction. Under these assumptions, the perturbed RTE 

becomes: 

[ Q (a/az) + ik Q ] I 
z x x A 

X (B' - I') A A A (2.222) 

whose formal solution, under astrophysical boundary conditions, is 

derived in the same way that the formal solution for the static 

intensity is obtained, by finding the appropriate integration factor. 

The formal solution is given by: 
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I~(r,n)= fTlimitexP[(T - t)/~ + ikx(Z - z)tan(8)cos(~)] Bi dt/~.(2.223) 
T 

where T is the opt i cal depth along the 1 ine of sight and Tl · . tis 
1m1 

equal to zero if ~ is negative and equal to infinity if ~ is positive 

(see Christensen-Dalsgaard and Fr~nsden 1983). The linearized perturbed 

Planck function can be written as: 

(2.224) 

where kh is a horizontal wavenumber and r h is the projected horizontal 

distance of r from the origin. If one confuses the "buckling" parameter 

for the perturbed intensity with the horizontal wavenumber for the 

perturbation in the temperature, equation 2.223 reduces to: 

Z(T) 
f expeCt - t)/~ ] {8B,/8T] T'(z) X, dz I~. Z(Tlimit ) 1\ 1\ 

(2.225) 

which can be re-written as: 

(2.226) 
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which is consistent with the form given by equation 2.221. The 

perturbed mean intensity in the buckling approximation becomes: 

1 21T 
J~(r) [ f d~ I~(z,~) f exp[ ik z tan(e)cos(~)J d~ ] 141T, 

-1 A 0 x 

If one uses the definition of the zero-order Bessel function: 

21T 
f exp[ ixcos(~)J d~/21T 
o 

equation 2.227 can be expressed as: 

1 
2 

1T 
f sinCe) de Ii(z,e) J o[ kxz tan(e) ] 
o 

(2.227) 

(2.228) 

(2.229) 

In the buckling approximation, the perturbed mean intensity is only a 

function of the height and not the horizontal position. The buckling 

approximation assumes that the imposed variation in the source function 

will induce the same variation in the specific intensity. This 

assumption is reasonable when the radiation is opaque, since then the 

specific intensity will reflect its local environment. In the optically 

thin atmosphere, this a~sumption becomes questionable. Due to the 

inherent difficulty in the subject, multi-dimensional radiative 
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transfer will not be pursued further and only radial (or vertical) 

oscillations will be considered. 

For vertical oscillations in a plane-parallel atmosphere, the 

perturbed mean intensity can be obtained by perturbing the 

Schwarzschild-Milne represantation for the mean intensity. If one 

considers only a gray gas with the radiation field in LTE and ignores 

fluctuations in opacity, pressure and velOCities, the resulting 

integro-differential equation for the temperature is: . 

aT'/at + T'/TN 

where 

CD 

[1/2TNT3] f T~(t) T'(t ) E1(lt -T I )dt, 
o 

(2.230) . 

. (2.231) 

which is a Newtonian damping time defined with a gray opacity. The 

integro-differential equation given by equation 2.230 is related to the 

claSSical Biberman-Holstein integral equation that describes the 

imprisonment of resonance radiation (see Biberman 1947; Holstein 1947; 

Chandrasekhar 1950 (chapter 8); van Trigt 1969; and Gay 1978). 

In very simple cases, the integro-differential equation for one-

dimensional temperature relaxation can be solved by using the Wiener-

Hopf method (see Gierasch 1969) or by using an expansion in terms of 

singular eigenfunctions (see Cheng and Leonard 1971). An exposition of 
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the Wiener-Hopf method can be found in Noble (1958) and in Roos (1969). 

The singular eigenfunction expansion technique is expounded in the text 

by Case and Zweifel (1966). 

If one approximates the radiative flux divergence by an expression 

that only depends on the local temperature perturbation or its 

derivatives, the integro-differential equation is replaced by a partial 

differential equation. If one does not ~gnore the pressure and velocity 

fluctuations, the result is the addition of more partial derivatives 

with respect to space and time to the system of equations corresponding 

to introducing the acoustic-gravity modes in addition to the thermal 

mode. 

Regardless of what assumptions one uses for the coupling of the 

radiation field with the fluid motion, one can define the local 

radiative damping rate to be: 

[ V • F ]'/(pc T') R p (2.232) 

since the expression on the RHS of equation 2.232 has the units of 

inverse time. One could also have used the Lagrangian perturbation to 

define a local damping rate. The local radiative damping time is just 

the inverse of the radiative damping rate: 

(2.233) 



138 

The local radiative damping t~me (or rate) can be estimated 

without solving either integro-differential or partial differential 

equations. The simplest way to do this is through dimensional analysis. 

If one uses the rate at which the thermal energy of a gas parcel loses 

energy by thermal radiation, one can derive an estimate for the 

radiative damping which is some "numerical factor times the Newtonian 

damping time given by equation 2.231. Gierasch, Goody and Stone (1970) 

estimate the radiative relaxation time for large scale circulation in 

planetary atmospheres by the ratio of the atmosphere's thermal energy 

content, pCpTo' to the average heating rate due to incident solar flux, 

F, given by: 

t s [pc T ] I [F(1 - a)/4H] p 0 
(2.234) 

where a is the albedo and H is an isothermal pressure scale height at 

the average emission temperature T • o 

Going beyond simple dimensional analysis, the radiative damping 

time can be estimated by perturbing" the usual approximations for the 

radiative flux divergence in stellar atmospheres. Restating the usual 

approximations for convenience, the emission approximation is given by: 

v • F 
A 

the diffusion approximation by: 

(2.235) 
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(2.236) 

and the Eddington approximation: 

(2.237) 

where fE(r) is a variable Eddington factor, which approaches the value 

of one third when the radiation becomes opaque. 

The Eulerian perturbations of equation 2.235 through 2.237 are 

given by: 

v • F' 
A 

for the emission approximation; 

v • F' 
A 

for the diffusion approximation; and 

v • F' 
A 

(2.238) 

(2.239) 

(2.240) 

for the Eddington approximation, respectively. In the emission and 

diffusion approximations, the perturbed radiative flux only depends on 

the local static model parameters and the local value of the perturbed 
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variables or their derivatives. The perturbed Eddington approximation, 

on the other hand, includes the mean intensity. and its perturbation, 

which depends on global properties of the medium. Consequently, 

estimates of the radiative damping time are more difficult to evaluate 

using the Eddington approximation than using the other two 

approximations. The use of these approximations to estimate the 

radiative damping time, presented from a historical perspective, is 

discussed next. 

An early investigation of the effect of thermal radiation on the 

diabatic propagation of sound waves was made by Stokes (1851) as an 

attempt to settle the long-standing and acrimonious debate over whether 

sound waves propagated with the adiabatic sound velocity, c , as s 

proposed by Laplace or by the isothermal sound velocity, cT' suggested 

by Newton. Stokes modeled the radiative damping term as linearly 

proportional to the temperature perturbation: 

- 'iJ • F' 
R 

-aT' (2.241 ) 

This is called "the Newtonian approximation" for heat conduction, since 

Newton (1701) used this approximation to model the cooling of a fluid 

subject to a draft. Writing the energy equation with this approximation 

as: 

-aT' (2.242) 



it is apparent that the quantity: 

pc la p 
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(2.243) 

has the dimensions of time and is called the Newtonian radiative 

damping time. The relaxation of a temperature wave (neglecting induced 

velocity and pressure fluctuations) using the Newtonian approximation 

obeys the equation: 

aT'/at - T' /T 
N 

(2.244) 

This equation is just equation 2.230 with the RHS set equal to zero. 

This equation has the simple solution: 

T'(r,t) T'(r,O) exp( -t/TN) (2.245) 

so the temperature perturbation relaxes exponentially with time and has 

no spatial wavelength dependence. If a Fourier transform with respect 

to time is performed on equation 2.245, the result is: 

til -ifT 
N 

so the phase velocity is: 

(2.246) 



v 
p 

w/k = -i/(T k) N 

and the group velocity of the pure thermal mode is: 

aw/ak o 
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(2.247) 

(2.248) 

The thermal mode in the Newtonian approximation does not transport 

energy. 

There are three non-equivalent ways to obtain an expression for a 

Newtonian damping time. The first way, which is equivalent to a 

perturbation of the emission approximation, is to assume that the 

perturbation in the mean intensity is much less than the perturbation 

in the source term in the expression for the flux divergence. This will 

be the case if the wavelength of the imposed perturbation is much 

smaller than the average mean photon path length so that in the optical 

depth integration for the perturbed mean intensity there are a large 

number of positive and negative contributions that cancel out. A 

Newtonian damping can be derived from this assumption if the emissivity 

only depends on the local temperature and pressure. To simplify the 

analysis, LTE is assumed. The perturbed flux divergence is given by: 

+ f 
o 

(2.249) 
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With the assumption that J~ is equal to zero, and defining the 

quantities XT and Xp by: 

and 

(a In X A) / (a In P) IT 

the perturbed radiative flux divergence can be written as: 

where 

- 'iJ • F' .. 
R 

41T f 
o 

+ I4 [p'/P] 

co· 

co 

and XpL is the Planck-like mean opacity defined by: 

(2.250) 

(2.251 ) 

(2.252) 

(2.253) 

(2.254) 
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[J XA (aBA/aT) dA ] / [J (aBA/aT) dA ] 
o 0 

(2.255) 

which can be compared to the Planck mean opacity defined in equation 

2.62. The integrals I3 and I4 determine the non-gray response of an 

atmosphere to temperature and pressure 'perturbations. The integral 13 

will be equal to zero if the atmosphere is in strict TE (so that J A is 

equal to B
A
), if the opacity has no temperature dependence, or if the 

temperature derivative of the opacity is independent of frequency and 

the atmosphere is in RE (I
4 

will be equal to zero under similar 

conditions involving the pressure instead of the temperature). If the 

radiation is opaque over the entire spectrum or if the temperature 

dependence of the opacity is sufficiently weak, I3 could be quite small 

compared to the term arising from the perturbation in the source 

function. If I3 is positive, opacity fluctuations due to changes in the 

temperature will oppose the emission cooling and will reduc~ the 

radiative damping rate. If I3 is sufficiently positive, t~e atmosphere 

could be thermally unstable to small temperature fluctuations. If I3 is 

negative, the opacity fluctuations increase the radiative damping rate. 

In the solar atmosphere, I3 is negative throughout (see figure 4.6). 

For the solar atmosphere, the dominant averaged non-gray effect arises 

from temperature perturbations and not the pressure perturbations. 
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If the opacity fluctuations are ignored, the Newtonian radiative 

damping time is given by: 

(2.256) 

This damping time can be related to the dimensionless Boltzmann number 

which is defined as four times the ratio of the convected enthalpy flux 

to the radiant energy flux: 

Bo 4pc c T / [ uRc ] P s 
(2.257) 

where uR is the radiant energy density and c is the speed of light. The 

Boltzmann number is a measure of the effectiveness of radiation in 

controlling the dynamics. If the radiation is in TE, the Boltzmann 

number is: 

Bo (2.258) 

For a simple acoustic wave with angular frequency wand wavenumber k 

propagating in a homogeneous atmosphere, the dispersion relation gives: 

w c k s (2.259) 
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then the Boltzmann number can be expressed as: 

Bo (2.260) 

The first term in the parentheses in equation 2.260 is the 

nondimensional Bouguer number: 

Bu (2.261) 

Spiegel (1957) called the Bouguer number the optical thickness of the 

perturbation, which it is for harmonic waves in a homogeneous medium. 

The Bouguer number is not an optical thickness that can be used to 

specify a position in space. It is better to regard the Bouguer number 

as a nondimensional number that is equal to the ratio of the spatial 

scale of the perturbation to the spatial scale of the radiation, which 

can be used to characterize the local damping of waves in a radiating 

atmosphere. A Bouguer number can be given a wavelength dependence for a 

non-gray atmosphere by defining: 

and a three-dimensional character by defining: 

Bu. 
1 

(2.262) 

(2.263) 
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It would be better to use the inverse ratio f6r the Bouguer number for 

multi-dimensional problems, since then a vector quantity could be 

defined, but the trad~tional definition was defined for one-dimensional 

propagation where such considerations do not matter. 

If one perturbs the emission approximation (in LTE) ~ the result 

is: 

- V • F' R - 4~ (X B' + X' B) P P 

If one uses the identity: 

X' B P f X' B, d>" o >.. A 
+ X ) B' P 

(2.264) 

(2.265) 

an expression similar to equation 2.252 is obtained where 13 and 14 are 

defined with only the Planck function in the integral. The assumption 

that perturbed mean intensity is equal to zero is not the same as 

assuming that mean intensity is also zero, so the expression given by 

equation 2.252 would be more accurate than ~he expression for the 

perturbed flux divergence derived directly from the emission 

approximation. 

The radiative damping rate of waves with very large wavenumbers is 

easy to estimate using equations 2.232 and 2.252, since in this limit 

the perturbed mean intensity will indeed approach zero. However, in the 
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limit of large wavenumbers, the damping due to viscosity and molecular 

thermal conductivity become competitive processes. 

The second method for obtaining a value for the Newtonian damping, 

termed th~ "cooling to space approximation", arises from a neglect of 

re-absorption of radiation and only considers the escape of radiation 

through the boundaries (see Rodgers and Walshaw 1966; Sasamori 1972; 

Nervshev and Shev 1974, and Gay and Thomas 1981). Starting with 

equation 2.249 and perturbing the Schwarzschild-Milne representation 

for the mean intensity for a finite atmosphere of optical depth to 

(ignoring any contributions from radiation incident on the boundaries 

from outside the atmosphere) and ignoring all opacity fluctuations, the 

perturbed radiative flux divergence becomes: 

-V·F' R 

co t 
4~of dA .X A[ ~ of 0 81(t~) E1(lt A-L AI )dt A - 81(L A)]· (2.266) 

If 81 is only a weak function of the optical depth, it can be removed 

from the optical depth integration, resulting in: 

-V·F' R 

co 

-[4~ f dA xA[d8A/dT] {E
1 

(LA) + E2(to - LA)} ] T' 
o 

. (2.267) 

Defining the probability of escape for a thermal photon from position 
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co . 
xpL[dB/dT]Pesc(Z1'Z2) = f d>' X>.[dB/dT] E2(1't">.(Z1) - 't">.(z2)1), (2.268) 

o 

and the height of the atmosphere as zh' the "cooling-to-space" 

approximation for the perturbed radiative flux divergence is: 

The first term on the RHS of equation 2.269 is a "cooling-to-space" 

term and the second term is a "cooling-to-ground" term. Traugott (1977) 

designated the "cooling-to-space" approximation as a "large-scale" 

Newtonian approximation versus the emission approximation given by 

equation 2.252 which he called a "small-scale" Newtonian approximation. 

The emission approximation is independent of the dimensions of the 

atmosphere, but the "coolirig-to-space" approximation depends on the 

escape of the photons through the boundaries and so depends on the 

optical depth of the atmosphere. Since E2(x) is equal to or less than 

one, the "cooling-to-space" damping rate will always be less than the 

"emission approximation" damping rate. 

A third Newtonian damping time can be computed that includes re-

absorption of radiation if one has a program that accurately evaluates 

the static flux divergence (see Dickinson 1973). If one assumes a 
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spatially constant temperature perturbation ~T added to the equilibrium 

temperature, T , the radiative damping rate can be approximated by: eq 

iJoFR'/(PCpT')= lim(~T + 0) [iJoF (T + ~T) - iJoFR(T )J/(pci ~T), (2.270) R eq eq p 

where the limit process is constrained by the accuracy of the program 

that generates the equilibrium model. The Newtonian damping rate given 

by equation 2.270 is limited to large-scale vertical propagating waves. 

Numerical procedures for calculating the Newtonian damping coefficients 

for the terrestrial atmosphere can be found .in Rodgers and Walshaw 

(1966), Lindzen (1970) and Lindzen and Blake (1971). 

Lord Rayleigh (1878) extended Stokes (1851) discussion of 

radiative damping to the opaque limit by considering a diffusion 

equation for the radiative transport similar to the equation for 

molecular conductivity: 

a Tic) t (2.271) 

The Eulerian perturbation of equation 2.271 gives: 

d T' /d t (2.272) 

where the perturbation in D has been eliminated by assuming that the 

steady state is iA equilibrium. If a spatial Fourier transform is 
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applied to equation 2.272 with the assumption that rand tare 

separable variables, the result is: 

T' (k, t) 
2 T'(k, 0) exp( -Ok t) (2.273) 

Contrary to the Newtonian damping in the emission approximation, the 

damping rate in the diffusion approximation is scale dependent and goes 

to infinity in the limit that the wavenumber goes to infinity. This 

shows that the diffusion approximation is incompatible with the 

Newtonian approximation. In the diffusion approximation, the damping 

rate goes to zero when the wavenumber goes to zero. 

The inverse spatial Fourier transform of equation 2.273 produces: 

T'(r,t) 2 exp( -Ir - rl 140t) T'(r ,0), o 0 
(2.274) 

This is just the usual Gaussian spreading of a random walk process that 

is associated with the diffusion of the photons. 

The di!fusion coefficient, 0, for the diffusion approximation can 

be evaluated using equation 2.249. The mean intensity in the diffusion 

approximation is given by: 

(2.275) 

The Eulerian perturbation of equation 2.275 is given by: 



J' 
A 

= S' - 2 [X' / X ] (J -A A A A 
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+ 

If equation 2.276 is substituted into equation 2.249, the perturbed 

radiative flux divergence in the diffusion approximation is given by: 

" - F' R 
= 41T 

CD 

f dA { X'-(J - S ) o A A A 

It is disconcerting that the term that is directly related to the 

opacity fluctuations enters into the diffusion approximation with the 

opposite sign to what it has in the emission approximation. If 

derivatives and fluctuations of the opacity can be ignored, the 

perturbed radiative flux divergence can be written as: 

- " - F' R 

CD 

== 41T fdA [ (1 /3 X A) - [ ,,2S ~ ] 
o 

(2.278) 

The Laplacian of the perturbed Planck function can be written as: 
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(2.279) 

If the scales associated with the gradients in the temperature are much 

larger than the wavelength of the perturbation, equation 2.278 can be 

approximated by: 

- '1 • F' 
R 

CD 

== 41T J d>" [ (1 /3 X A) • (a B A Ia T) '12T , ] 
o 

(2.280) 

Under these assumptions, the diffusion coefficient defined by equation 

2.272 can be evaluated as: 

D 

where XR is the Rosseland mean opacity that has been defined by 

equation 2.64. 

The diffusion approximation is frequently used to compute the 

radiative damping of stellar pulsations where the flux is given in the 

form: 

- D '1 T (2.282) 

The Lagrangian perturbation of this flux divergence then enters into 

the work integral in the form: 
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M . * 
(~/Period) J dM r Re { (oT IT)·o(E - [V • FR]/p)}. (2.283) 

o 

This expression ca~ be manipulated so that it is given in terms of the 

oscillation variables (see Gabriel et ale 1974; chapter 17 of Cox 1980; 

and section 22 of Unno et ale 1979). 

The Eddington approximation can also be used to describe the 

radiative damping of the thermal mode. Goody (1960) and Traugott (1977) 

used the Eddington approximation to describe the terrestrial diurnal 

thermal response (app~oximating the atmosphere as a gray homogeneous 

atmosphere). For a gray atmosphere with Eddington factor equal to one-

third, the temperature response can be obtained from a differential 

equation derived by eliminating F and J from the system of equations: 

and 

pc [oTlot] 
p 

v . F 

v . F 4~X (B - J) 

3x F 

Solving equations 2.284 and 2.285 for J, one finds: 

J 8 + (1/4~X) pc [aT/at] 
p 

(2.284) 

(2.285) 

(2.286) 

(2.287) 
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If equation 2.287 is substituted into equation 2.286, which in turn is 

inserted into equation 2.284, a differential equation for the 

temperature can be obtained: 

(2.288) 

For a homogeneous atmosphere, the Eulerian perturbation of equation" 

2.288 produces: 

(2.289) 

An examination of equations 2.244, 2.272 and 2.289 shows that for a 

homogeneous gray atmosphere, ignoring constants of integration, the 

Eddington approximation incorporates both the emission and diffusion 

approximation in the limit that the gray opacity goes to zero or 

infinity respectively (see Unno and Spiegel 1966). However, for one 

dimensional motion in a homogeneous gray atmosphere, the exact equation 

is given by equation 2.230. The harmonic analysis of equation 2.230 

produces transcendental functions whereas the harmonic analysis of the 

Eddington approximation for this idealized case given by equation 2.289 

only gives rise to polynomial functions. Wilson (1968) criticized the 

analysis of Unno and Spiegel (1966) by noting that the Eddington 

approximation did not go over to the emission limit when the atmosphere 

was stratified. 
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If one takes into consideration the wavelength dependence of the 

radiation, the Eddington approximation given by equation 2.286 really 

depends on a particular wavelength, whereas the energy equation given 

by equation 2.284 contains an integration over all the wavelengths. 

This mixing of different spectral regions complicates the analysis. 

Some aspects of the non-gray problem can be easily treated by following 

the prescription of Traugott (1966) who approximated the non-gray 

system of equations by: 

'iJ • F J) (2.290) 

and 

(2.291 ) 

so that equation 2.288 becomes: 

+ (2.292) 

where 

n (2.293) 
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is a measure of the non-grayness of the medium. For a gray atmosphere, 

n is equal to one. 

The Green's function appropriate for using the Eddington 

approximation for transient problems in a plane-parallel slab can be 

found in Chang and Kang (1970). The appropriate expression for the work 

integral for stellar pulsations when one uses the Eddington 

approximation can be found in Keeley (1980). Christensen-Dalsgaard and 

Frandsen (1983) have examined the consequences of assuming various 

values for the Eddington factor in the solar atmosphere. 

In 1957 Spiegel derived an exact solution for the three-

dimensional quasi-stationary radiative damping of the thermal mode in 

an infinite homogeneous gray non-scattering atmosphere in LTE and RE. A 

simple derivation of this radiative damping time can be found in Stein 

and Spiegel (1967). Following their discussion, one writes the 

perturbed flux divergence for a gray atmosphere in LTE and RE as: 

- 'iJ • F' 
R 41TX • (J' - B') (2.294) 

If the source function is isotropic, it is convenient to express 

the mean intensity in a volume integral form (called the Peierl 

representation): 

f d3r [X,,(r) S,,(r) exp{ - 'dro ,r)}]/[41T I'ro - r12], (2.295) 
V 
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where the volume integration is over the entire region of radiating 

material and contributions from external sources incident on the 

boundaries of the relevant volume have been excluded (see Rybicki 1965, 

and Pomraning 1973). This expression is especially useful for an 

infinite homogeneous medium, since the integration over angles becomes 

trivial and there are no complicated integration limits arising from a 

truncation in the integration due to boundaries. Spiegel (1957) noted 

that the opacity fluctuations in the perturbation of the mean intensity 

given by equation 2.295 cancelled out (and the opacity fluctuations 

arising from the opacity that multiplies the difference of the mean 

intensity and the source term auto~atically vanishes under the 

assumption of a gray atmosphere in RE). 

f K(x - x) T'(x,t) d3 x 
V 

(2.296) 

where LN is the gray Newtonian damping time and K(x) is a kernel 

function given by: 

K(x) 2 
[X exp( -xlxl)J/[4~ Ixl ] o(x) (2.297) 

The integral given by equation 2.296 is the convolution of the kernel 

function given above and the temperature perturbation. If one takes a 

spatial Fourier transform of equation 2.296, uses the convolution 

theorem for Fourier transforms and the definition of the radiative 
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damping time given by equation 2.232, the radiative damping time for a 

harmonic wave of total wavenumber k in a gray infinite homogeneous 

atmosphere in LTE is given by: 

-1 (X/k) tan (k/X) ] (2.298) 

where Spiegel's (1957) derivation of the Fourier transform of the 

kernel function has been used. The ratio (X/k) is recognized as a 

Bouguer number. For small values of the Bouguer number (large 

wavenumber or small opacity), the Spiegel damping time approaches the 

Newtonian d.amping time. For large val ues of the Bouguer number, the 

Spiegel damping time approaches the value given by 31N(X/k); which is 

the diffusion limit (see equations 2.272 and 2.281). The Spiegel 

damping time thus has the correct limits for an infinite homogeneous 

atmosphere. This damping time was also independently derived by Smith 

(1957) and Golitsyn (1963). A simple derivation of this result limited 

to one-dimensional motion can be found in chapter three, section two. 

The radiative damping time derived by Spiegel depends on the 

global properties of the atmosphere, since one integrates over the 

entire space to arrive at the result. However, in an infinite 

homogeneous and isothermal atmosphere wi thout scat ter i ng there' is no 

distinction between local and nonlocal properties of the atmosphere. In 

order to apply Spiegel's radiative damping time to a stratified 

nonisothermal atmosphere, one must ignore the gradients in density and 
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pressure, so Spiegel's damping time is limited in its implementation to 

nearly homogeneous portions of the atmospheres or waves with small 

wavelengths, so that the global propert~es of the atmosphere are not 

important in the radiative damping. In this sense, the analysis of 

radiative damping of waves that divides the atmosphere into zones which 

are assumed to have constant properties and then applies the expression 

for the Spiegel damping time for each separate zone is a local 

analysis, even though the derivation of the Spiegel damping time for 

its idealized atmosphere is nonlocal. 

When the expression for the quasi-adiabatic radiative damping rate 

for harmonic waves in an infinite homogeneous isothermal gray-absorbing 

atmosphere in LTE and RE is extrapola~ed to oscillations in a real 

atmosphere, certain limits in its applicability must be considered. The 

limitations on the use of this damping time for realistic atmospheres 

can be discussed by considering separately each one of the assumptions 

that went into the derivation. Real atmospheres are non-gray and 

nonisothermal. At any particular position in the atmosphere, the 

optical depth from deep space is finite (even if it is very large). 

Eigenfunctions in stratified atmospheres are not harmonic waves since 

the stratification introduces a height (or radial) dependence to the 

wave amplitude. The domain of applicability for the Spiegel damping 

time will depend on the local gradients in the static model temperature 

and opacity compared to the wavenumber of the oscillation. Since these 

gradients are not always sufficiently small, various attempts have been 

made to extend this analysis to more realistic cases. 
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pressure, so Spiegel's damping time is limited in its implementation to 

nearly homogeneous portions of the atmospheres or waves with small 

wavelengths, so that the global properties of the atmosphere are not 

important in the radiative damping. In this sense, the analysis of 

radiative damping of waves that divides the atmosphere into zones which 

are assumed to have constant properties and then applies the expression 

for the Spiegel damping time for each separate zone is a ~ocal 

analysis, even though the derivation of the Spiegel damping time for 

its idealized atmosphere is nonlocal. 

When the expression for the quasi-adiabatic radiative damping rate 

for harmonic waves in an infinite homogeneous isothermal gray-absorbing 

atmosphere in LTE and RE is extrapolated to oscillations in a real 

atmosphere, certain limits in its applicability must be considered. The 

limitations on the use of this damping time for realistic atmospheres 

can be discussed by consideripg separately each one of the assumptions 

that went into the derivation. Real atmospheres are non-gray and 

nonisothermal. At any particular position in the atmosphere, the 

09tical depth from deep space is finite (even if it is very large). 

Eigenfunctions in stratified atmospheres are not harmonic waves since 

the stratification introduces a height (or radial) dependence to the 

wave amplitude. The domain of applicability for the Spiegel damping 

time will depend on the local gradients in the static model temperature 

and opacity compared to the wavenumber of the oscillation. Since these 

gradients are not always sufficien~ly small, various attempts have b~en 

made to extend this analysis to more realistic cases. 
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Goody (1964) noticed that if the opacity had the same frequency 

dependence everywhere, the radiative damping time derived by Spiegel 

(1957) could easily be extended to the non-gray infinite homogeneous 

case by formally inserting a frequency dependence into Spiegel's 

expression and then integrating over frequency. The resulting damping 

time can be conveniently written as: 

(2.299) 

where the Goody-Spiegel effective absorption coefficient is given by: 

(2.300) 

If the wavelength dependent Bouguer number, XX/k, is consistently 

small, the Goody-Spiegel mean opacity asymptotically approaches the 

Planck-like mean opacity and when the wavelength dependent Bouguer 

number is consistently large, the Goody-Spiegel mean opacity approaches 

a value given by the inverse of the Rosseland mean opacity times 

(k
2 /3), which is equivalent to the diffusion approximation (see Goody 

1964; Gille 1968; and Ginzburg 1980). Goody and Belton (1967) used the 

Goody-Spiegel mean opacity for CO2 to compute the radiative relaxation 

times for Mars. Sasamori and London (1966) investigated the radiative 

decay of small temperature perturbations in the terrestrial atmosphere 
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where the opacity was modeled by a constant Elsasser band model. If the 

wavelength dependence of the opacity is not constant everywhere in the 

atmosphere, the non-gray effects can only be incorporated numerically 

into the analysis of radiative damping. 

Ulrich (1970) derived an ad hoc modification to the Spiegel 

damping time for waves in the solar atmosphere that mixed in the 

"cooling-to-space" approximation to account for the finite optical 

depth of the atmosphere. An exact expression for the radiative damping 

rates for one-dimensional harmonic waves in a semi-infinite homogeneous 

atmosphere with either a gray or an exponential band model opacity was 

derived by Nelson and Edwards (1973) and Nelson (1979) (see also 

chapter three, section two). Nelson and Edwards (1973) and Nelson 

(1979) found that the radiative damping time for a semi-infinite 

homogeneous atmosphere was one-half the value it would have for an 

infinite hom~geneous atmosphere. So one can say that a boundary (with 

radi~ting boundary conditions) increases the radiative damping rate. 

This conclusion was also reached by Prinn (1977) and Gryanik (1982a) 

who also examined the effect of a finite optical depth on the radiative 

relaxation rates. 

Prinn (1977) incorporated the density stratification into his 

analysis and found that the d~nsity stratification decreased the 

computed radiative damping times. Gryanik (1982b) found that the 

temperature stratification increased the radiative damping time. 

Obviously, to determine the net effect of including modifications to 

the radiative damping times due to stratification in density and 
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temperature, a non-gray opacity, and the escape of photons through a 

boundary, will req~ire a numerical analysis for any realistic 

atmosphere. 

Gay (1978) and Gay and Thomas (1981) emphasized that, since the 

radiative damping rate increases near a radiating boundary, harmonic 

waves are not eigenfunctions for radiative damped waves even in the 

case of a finite homogeneous atmosphere. Eigenfunctions can be obtained 

only by returning to the original integro-differential equation. The 

scale dependence of the radiative damping rates in the middle 

terrestrial atmosphere has been recently discussed by Fels (-1982). 

In its favor, the Spiegel damping rate is valid for three 

dimensional perturbations, whereas most of the modifications to this 

damping time only apply to one-dimension. An exception is the use of 

the Eddington approximation to compute the infrared cooling rates for 

two-dimensional thermal perturbations in a nonuniform atmosphere by 

Traugott (1977). 

In the upper layers of stellar or planetary atmospheres deviations 

from LTE become important. Deviations from LTE are difficult to include 

even in the computation of the static atmosphere, nevertheless, 

standard methods for treating departures from LTE in stellar 

atmospheres have been developed (see Mihalas 1978). Due to the inherent 

difficulties, not much work has been done on radiative damping of 

acoustic-gravity waves with the inclusion of NLTE effects in the 

perturbed radiation field. The temperature relaxation in hot structur~s 

in the solar atmosphere (active regions and flare l6ops) due to 
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radiative cooling losses (including NLTE effects) has been extensively 

studied (see Curtis 1963; Cox and Tucker 1969; McWhirter, Thonemann and 

Wilson 1975; and Canfield, Fisher, and McClymont 1983). Although these 

studies were not directed at investigating the damping of mechanical 

waves, one could derive damping rates for these processes from the 

given radiative cooling times. 

The need to consider the breakdown of LTE for CO 2 in the 

terrestrial mesopause was emphasized by Houghton (1977). Allen et al. 

(1979) discussed the sensitivity of estimates of the radiative damping 

rate in the terrestrial mesopause on the values assumed for the 

collisional relaxation time for CO
2 

due to the breakdown of LTE. A more 

thorough analysis of the radiative cooling of fluid motions in the 

terrestrial middle atmosphere was attempted by Wehrbein and Leovy 

(1982) who perturbed an accurate radiati ve equilibrium algori thm that 

incorporated the effects of departure from local thermodynamic 

equilibrium in the radiation field. 

The contribution of individual lines to radiative damping rates 

, 
has also been studied by variou~ researchers. Le Guet (1972); Froeschle 

(1973); Kutepov and Shved (1978), Shved (1978) and Shved and 

Utyakovskiy (1983) developed the formalism for treating radiative 

damping from simple two-level atoms. This analysis was extended to 

include complete frequency redistribution and transitions to the 

, 
continuum by Froeschle (1977). Giovanelli. (1978, 1979) emphasized the 

importance of line radiation on the radiative damping rates in the 
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solar chromosphere. Since a gas whose radiation field is not in LTE 

radiates less efficiently than a black-body cavity, the 'inclusion of 

NLTE effects on radiative transfer usually results in a decrease in the 

radiative damping rate. 

NLTE effects are neglected in this dissertation when the nonlocal 

formalism is applied to the solar atmosphere. The departure 

coefficients for H tabulated in Vernazza, Avrett and Loeser (1981) for 

solar model C are all close to one in the solar photosphere, which 

indicates that LTE is not too bad an assumption in the solar 

photosphere, at least for the continuum. 

In the solar temperature minimum, the temperature drops low enough 

for molecules to form. The presence of molecules raises the possibility 

of photochemical acceleration of the radiative damping rate. Craig 

(1950) speculated that radiative-chemical coupling might amplify the 

radiative damping rates due to the temperature sensitivity of the 

Chapman' reactions for ozone. This possibility was confirmed by the 

analysis of Lindzen and Goody (1965) and Blake and Lindzen (1973) who 

showed that catalytic reaction control of the photochemical equilibrium 

ozone mixing ratio in the stratosphere would increase the computed 

damping rate for temperature relaxation. This photochemical 

acceleration of the radiative damping rate was further investigated by 

Strobel (1977); Frederick (1981) and Hartmann (1981) who found that the 

actual change in the damping rates depended in a complicated manner on 

the scale of the perturbation and the scale of the ozone layer. Of 

course, in the solar atmosphere molecules like CO and not 0
3 

would be 
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the most likely species to playa dominant role in the possibility that 

photochemical reactions might enhance the radiative damping rate. 

Carbon monoxide was found to be an important IR opacity source in the 

solar temperature minimum (along with the combined effect of CH, NH, 

OH, CN and SiO) by Dragon and Mutschlecner (1980). That CO might be 

photochemicallY,coupled to large scale motions in the solar atmosphere 

is indicated by its observed extreme temporal variability (see Markov 

et .al. 1979). 

For an incompressible, homogeneous, inviscid atmosphere the only 

"waves" present are the nonadiabatic thermal modes. A general 

discussion of the thermal waves (also called temperature or entropy 

waves) c~n be found in Zel'dovich and Raizer (1967, Volume II), 

Souffrin (1971), and Mihalas and Mihalas (1984). The terrestrial 

diurnal thermal wave is discussed in Goody (1960) and Gierasch (1969). 

In the context of the laboratory experiments, a fluctuating thermal 

source induces thermal waves in addition to acoustic waves. Radiation 

induced thermal waves have been investigated by Long and Vincenti 

(1967), Cogley and Vincenti (1969), Cogley (1969), and Chapman, Compton 

and Vincenti (1973). The coupling of thermal waves and mechanical waves 

has been studied by Volland (1967) and Zhugzhda (1983) • 

. The equilibrium state of a fluid is dynamically stable if it is at 

minimal energy compared to any adiabatic inviscid displacements. An 

adiabatic inviscid displacement ignores any perturbation in the 

diffusion of thermal or viscous energy. On a longer timescale, viscid, 

nonadiabatic displacements can occur giving rise to secular 
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instabilitites. Thermal diffusion smooths out temperature fluctuations 

and allows a slowly displaced parcel of gas to adjust to its new 

surroundings so that the parcel feels a reduced buoyant force. In a 

stable environment, reducing the buoyant force makes the equilibrium 

state less stable. In an unstable convective equilibrium, the decrease 

in the negative value of the square of the buoyancy frequency reduces 

the vigor of the convection and radiative transfer helps stabilize an 

unstable situation. 

Normally, thermal modes are a diffusive phenomena and are 

associated with little mass motion. If the medium is thermally 

unstable, the thermal modes can grow explosively and are associated 

with large scale mass motions. In analogy to gravity waves, one can 

distinguish between plus and minus thermal modes. The demarcation 

between these modes gives the criteria for thermal stability. Thermal 

stability criteria have been developed by Parker (1953), Field (1965), 

Defouw (1970) and Nelson (1972). 

The neutrino paradox discussed in chapter one instigated an 

investigation of the thermal stability of the solar core. The secular 

stability of hydrogen burning main sequence stars was assured by the 

great disparity in the thermal time scale over the dynamical time scale 

according to Jeans (1928). Any buildup in thermal energy could be 

adjusted by an expansion or contraction of the star. The pressure and 

density for degenerate matter is relatively insensitive to temperature 

changes and in certain circumstances, the helium core flash for 

example, this leads to dynamically unstable states, since the pressure 
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change cannot compensate for rapid thermal changes. The question of the 

thermal stability of nondegenerate stars was reopened by Schwarzschild 

and Harm (1965), who found that a nuclear burning shell could be 

spherically unstable if it was thin enough. Kippenhahn (1967) argued 

that it was indeed possible for nonspherical secular instabilities to 

develop in chemically inhomogeneous layers in stellar nuclear-burning 

regions. Although more advanced stages in the sun might be thermally 

unstable, Schwarzschild and Harm (1973) and Defouw et al. (1972) found 

the current sun to be secularly stable against radial perturbations, 

and Rosenbluth and 8ahcall (1973) found it to be thermally stable 

against nonradial perturbations. Recently, the stability of evolving 

solar models against nonradial thermal modes was re-investigated by 

Saio et al. (1980), using the stability criteria derived by Gabriel and 

Noels (1976) for more massive main sequence stars, and using a more 

realistic solar model. The existing standard solar models were found to 

be thermally stable even allowing the He 3 abundance to deviate from its 

equilibrium value in the layers outside the core. 

2.5 Radiatively Damped Acoustic-Gravity Waves 

The nonadiabatic propagation of acoustic-gravity waves in the 

terrestrial atmosphere was throughly investigated in the 1960's due to 

the need to detect above ground testing of nuclear weapons (see Pfeffer 

and Zarichny 1962) •. The wealth of information coming from plarietary 

exploration from spacecraft added an impetus to study the radiative 
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damping of large-scale circulations in planetary atmospheres. The 

controversy that followed the discovery of the five-minute oscillations 

in the solar atmosphere brought out the need to analyze radiative 

damping in the solar atmosphere. 

A simple model that was constructed to investigate the effect of 

thermal radiation on the propagation of plane acoustic waves was the 

one-dimensional "signaling problem". A semi-infinite medium is driven 

by perturbing an infinite plane wall either mechanically, by moving the 

wall, or thermally, by periodically heating the wall. The problem then 

involves determining the propagation of the "signal", that is, the wave 

that is induced in the medium by the perturbation of the wall, in a 

radiating and absorbing medium that can radiate away the energy of the 

wave in the form of thermal energy, and can absorb the radiation given 

off by the wall. 

An anaylsis of the signaling problem for the propagation of plane 

acoustic waves in a radiating gas using the differential approximation, 

which one recalls is related to the classical Eddington-Milne 

approximation, by Baldwin (1962) and Vincenti and Baldwin (1962) gave 

rise to a fourth-order equation for the wavenumber (at fixed 

frequency). In addition to the modified acoustic waves traveling in the 

positive and negative directions respectively, there also appeared two 

heavily damped "radiation-induced" waves traveling in both directions. 

The "radiation-induced" wave is equivalent to the thermal mode under 

discussion. Lick (1964, 1967) extended the analysis by using the 

hierarchy technique developed ,by Whitham (1959) (see also chapter ten 
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of Whitham 1974) to'investigate the short and long-time behavior of the 

fourth-order differential equation developed by Vincenti and Baldwin 

(1962). The space-damping of a given initial temperature distribution 

was also investigated by Viskanta and Bathla (1967) and Olfe and 

DePlomb (1970). 

An exact solution to the problem of the propagation of small 

periodic disturbances in a gray homogeneous gas with the radiation 

field in LTE and neglecting opacity fluctuations was obtained by Cheng 

and Leonard (1971) who employed Case's method of expansion in terms of 

singulaF eigenfunctions. In their exact solution, Cheng and Leonard 

(1971) found a damped continuum mode in addition to the usual two 

discrete modes propagating in a set direction away from the wall. The 

continuum mode was associated with the radiation-induced thermal mode 

and was damped heavily away from the boundary. The continuum mode does 

not exist. in the analysis based on the diffrential approximation. 

» 
Chang, Kim, and Ozi~ik (1973) extended the analysis of Cheng and 

Leonard (1971) to include the effect of scattering modeled by a 

constant single scattering albedo. To date, these are the only two 

exact solutions for this problem and since they only apply to 

homogeneous atmospheres, the damping of gravity waves can not be 

incorporated into this analysis. 

A discussion of the signaling problem can be found in Vincenti and 

Kruger (1965); Lick (1967) and Penner and Olfe (1968). A thorough 

review of the research that was published in the 1960's on the coupling 
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of radiation and fluid motion involved in the signaling question can be 

found in Vincenti and Traugott (1971). 

The radiative damping of acoustic-gravity waves in planetary 

atmospheres has been investigated by several different authors using 

the damping rates discussed in the previous section. The nonadiabatic 

propagation of acoustic-gravity waves with Newtonian damping was 

investigated for simple atmospheric models by Souffrin (1966) and for 

more realistic models by Lindzen (1970) and Lindzen and Blake (1971). 

Spiegel's (1957) expression for the radiative damping rate was 

used by Stein (1966) and Stein and Spiegel (1967) to discuss the 

radiative damping of acoustic waves. Instead of concentrating on the 

spatial dependence of the resulting dispersion relation, which involves 

a transcendental function, these authors examined the time dependence 

of the resulting dispersion relation, which gives a cubic for the real 

value of the frequency. The first root corresponded to the thermal mode 

and the other two roots corresponded to the modified acoustic mode 

traveling in the positive and negative directions (for fixed value of 

the wavenumber). These authors found that the radiative dissipation 

(defined as the ratio of wI to wR) was only large in the transition 

region between adiabatic and isothermal propagation. Gille (1968) 

investigated the acoustic wave propagation in a non-gray radiating 

atmosphere in the same manner as Stein and Spiegel (1967) by using the 

Goody-Spiegel damping time given by equation 2.299. Gille (1968) found 

that the propagation of acoustic waves in a non-gray atmosphere could 

not be successfully modeled by one or a few gray coefficients. 
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A review of the work on radiative damping of fluid motions in 

planetary atmospheres from the Russian sources can be found in Shved 

(1978). More recent theoretical discussions on the radiative damping of 

acoustic-gravity waves and long wavelength modes in different model 

atmospheres can be found in Gryanik (1982b), Zhugzhda (1983) and 

Alimandi and Visconti (1983). 

After the discovery of the five-minute oscillations, a controversy 

arose about the proper ·classification of the observed waves. Since the 

early observations had a poor spatial resolution, it was not possible 

to determine exactly where in the diagnostic diagram the five-minute 

oscillations were concentrated. Acoustic waves and internal gravity . 
waves both had their proponents (see Gibson 1973, and Stein and· 

Leibacher 1974). In favor of traveling gravity modes in the solar 

atmosphere causing. the observed Doppler shifts were the estimates of 

Meyer and Schmidt (1967) and Stein (1966) that the driving of internal 

gravity waves by convective overshoot. was more than sufficient to 

explain the inferred mechanical flux. A powerful argument against 

small-scale traveling internal gravity waves in the solar photosphere 

was developed by Souffrin (19Q6, 1972) and by Stix (1970). Consider an 

ideal gas isothermal atmosphere with a constant Newtonian damping time. 

The energy equation can be expressed as: 

- 1/t N (2.301) 

The local dispersion relation for the scaled variables now becomes: 
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1] + 

(2.302) 

where 

s (2.303) 

If TN is allowed to approach infinity, the above local dispersion 

relation reduces to the adiabatic dispersion relation for acoustic-

gravity waves in an isothermal atmosphere. If TN is set equal to zero, 

the above dispersion relation reduces to the dispersion relation for 

acoustic waves in a stratified medium. In the limit that TN goes to 

zero, gravity waves disappear. A stronger criteria can be developed 

directly from the dispersion relation. Setting k2 equal to zero in 
z 

2 equation 2.302 and solving for kh , the curves in the diagnostic diagram 

are given by: 

a + i b (2.304) 
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where the variables a and b are the real and imaginary parts of the 

resulting ratio. If one solves for the real part of the horizontal 

wavenumber: 

. [ a + (2.305) 

This leads to the two conditions for the existence of a real part to 

the horizontal wavenumber: 

i) • a > 0 (2.306) 

and 

ii) . (2.307) 

These conditions are satisfied for the acoustic branch. However, for 

low frequency waves, the second condition is equivalent to requiring 

that NtN be greater than one if the frequenby is taken to be real ~see 

Souffrin 1966) and greater than one-half if the frequency is complex 

(see Stix 1970). In the lower solar photosphere, the product of the 

" "" Brunt-Vaisala and the Newtonian radiative damping time is very small, 

so that gravity waves would be heavily damped in this region. The 

implication of this argument is that the observed five-minute modes 

could not be traveling internal gravity waves because such waves would 
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not be able to penetrate through the region of heavy damping. The 

validity of applying a radiative damping rate that was derived for an 

idealized homogeneous atmosphere to the solar atmosphere was questioned 

by Thomas, Clark and Clark (1971). Clark and Clark (1973) and Schmidt 

and Stix (1973) re-opened the question of the existence of either 

trapped or traveling internal gravity waves in the solar atmosphere by 

arguing that the net damping over a region was important and not just 

the local rate: The importance of computing the net driving or damping 

for determining whether a given oscillation actually exists has long 

, 
been recognized for stellar pulsations (see Aure 1971, and Cox 1980). 

Clark and Clark (1973) also noted that if the radiative damping time 

was short in the photosphere, then convective overshoot would reach 

greater heights in the solar atmosphere and could drive gravity waves 

at these heights where the radiative damping rate was reduced. 

The controversy became mute when better spatial resolution of the 

five-minute modes revealed that the modes were evanescent in the solar 

atmosphere and were not either traveling acoustic or gravity waves. The 

spatially resolved observations displayed a pronounced ridge structure 

that could only be the result of the trapped subphotospheric global 

acoustic modes. 

Traveling internal gravity waves in the solar atmosphere generated 

by mechanical driving from convective overshoot by a single granule 

would be difficult to observe. The small granules have a spatial size 

tha t corres po'nds to a spherical harmonic index of approximately 4000, 

so the driven gravity waves would only be small-scale features in the 
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solar atmosphere. Due to spatial filtering, these excited gravity waves 

could only be detected in observations with high spatial resolution and 

through small apertures. However, since gravity waves .travel at an 

oblique angle with respect to the vertical, the wave would move out of 

the region under observation unless the disturbance was accurately 

tracked. Nevertheless, observations of traveling gravity waves in the 

photosphere and the chromosphere have been claimed. Deubner (1974) 

found some indication that internal gravity waves were generated 

following the appearance of the cell development of individual 

granules. Cram (1978b) presented preliminary evidence for internal. 

gravity waves of low spectral power, but his observations were too 

short in duration to fully resolve the waves. Recently, ~efinitive 

evidence for the existence of traveling internal gravity waves in the 

solar atmosphere has been claimed by Hill, Goode, and Stebbins (1982) 

, 
and Dame, Gouttebroze and Malherbe (1984). 



CHAPTER 3 

RADIATIVE DAMPING OF FLUID MOTIONS: NONLOCAL EFFECTS 

3.1 Introduction 

The equations that describe the interaction of radiation with 

fluid motions are integral-differential equations. These equations can 

not be reduced to differential equations by simple differentiation. The 

approximations to the radiative flux that treat the influence of the 

radiation as dependent on the local thermodynamic quantities or their 

derivatives and reduce the integral-differential equations to 

differential equations were discussed in the previous chapter. Analytic 

solutions to very simple model media are derived in this chapter that 

show how the presence of a radiating boundary and inhomogeneity in the 

source term affects the radiative damping of fluid motions. A numerical 

technique, position dependent Gaussian quadrature, that highlights the 

non-local aspect of the radiation, is given in this chapter to treat 

more realistic atmospheres. The formalism for treating radiative 

damping in stellar atmospheres is developed in this chapter. 

It is not the intention of the author to engage in mathematical 

overkill, an endeavor that the author is ill-suited to pursue. 

Nevertheless, it is necessary to discuss briefly the spectral theory of 

operators'in Hilbert space in order to warn the reader of the 

177 
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mathematical difficulties that have been covered up. To ensure 

completeness, one needs to define the restrictions on the class of 

expandable functions one can use as eigenfunctions of the problem at 

hand. Consider the eigenvalue problem for small amplitude oscillations 

in a star: 

(3.1) 

where L is a linear nonadiabatic operator, ~, is an eigenfunction, and w K 

Wk is a complex eigenfrequency. If Lw is a linear differential operator 

(for example the adiabatic wave operator or the wave operator that 

results from the approximations to the perturbed radiative flux 

divergence discussed in the previous chapter), then it might suffice to 

adopt the usual assumption that these eigenfunctions belong to the 

class, L2 , of all 'complex-valued square-integrable (in the Lebesgue 

sense) functions such that: 

< (3.2) 
o 

A separable Hilbert space can be constructed from this class by 

defining a suitable inner product and norm. (The eigenfunction for an 

oscillation propagating vertically in an infinite inhomogeneous 

stratified atmosphere is not necessarily square-integrable, although it 
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is no worse than a function of exponential order. These eigenfunctions 

can be transformed into square-integrable functions by multiplication 

with some positive power of the density. The set of all possible 

renormalized eigenfunctions can then be Ilsed as elements of the Hilbert 

space.) However, if L is an integral-differential operator, it is w 

necessary to consider the set of expandable functions to be the set of 

continuous linear functionals on the space of test functions obeying a 

" Holder condition (see Muskhelishvili 1953, or Case and Zweifel 1967, 

appendix G). 

The spectrum of a bo~nded operator on the elements of the Hilbert 

,space can be decomposed into the union of three diSjoint sets: The 

point (or discrete) spectrum, the continuous spectrum and the residual 

spectrum (see Naylor and Sell 1982). The linear wave-operator for 

damped oscillations is not necessarily self-adjoint due to the 

inclusion of the non-adiabatic terms. However, the wave-operator is at 

least a normal operator in the sense that it commutes with its adjoint. 

The residual spectrum of a normal operator is empty (see Naylor and 

Sell 1982). For radiatively damped oscillations, one need only consider 

the point and continous spectrum. Since the analysis of Case (1960), it 

has become clear that the integral-differential equations describing 

the transport of radiation have singular modes and continuous 

eigenvalues. A complete set of modes used to expand some initial 

perturbation contains both types of spectra. 

In the Signalling problem discussed in the last chapter, the 

analysis based on the kernel method or the Eddington approximation 
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revealed only the two non-singular modes (see Vincenti and Baldwin 

1962, and Penner and Olfe 1968). However, a more complete anaiysis by 

Cheng and Leonard 1971, revealed the presence of singular modes and a 

continuous spectrum associated with the thermal mode. One should expect 

that any treatment that incorporates fully the nonlocal aspect of the 

radiation field will have continuous eigenvalues as well as discrete 

ones. 

The nonlocal aspect of the radiation field on the fluid motion 

can be approached either analytically or numerically. The next section 

discusses very simple cases analytically in order to clarify the 

processes at work. The numerical technique used in the treatment of 

radiative damping for more realistic cases is discussed in the third 

section of this chapter. 

3.2 Exact Solutions to Radiatively Damped Harmonic Waves 

One can derive exact analytical solutions for very simple 

atmospheres using the analytic continuation of the F functions 

.discussed in appendix B. Although these solutions do not apply to any 

real atmosphere, they can be used as benchmarks for more complicated 

cases. 

The simplest case that one can start with is a homogeneous 

isothermal (at temperature TO) non-scattering gray plane-parallel 

atmosphere in LTE stratified in one dimension with radiating 

boundaries. The static mean intensities are easily deriyed using the 
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Schwarzschild-Milne representation (2.50) and the F functions discussed 

in appendix B: 

1 
2 

for an infinite atmosphere, 

1 
2 

co 

for a semi-infinite atmosphere, and 

1 
2 

t 
JOB E1(it - ti) dt 

o 

(3.4) 

for a slab of optical thickness t . From equation 3.4 and 3.5 it is o 

seen that the semi-infinite and slab homogeneous non-scattering gray 

plane-parallel atmospheres are not in radiative equilibrium. Since 1 
2 
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1 2 E2(·8) is approximately equal to 1110, one can say 

that the presence of radiating boundaries induces a deviation from RE 

within a boundary layer less than one mfpp. 

For a homogeneous isothermal (at temperature To) non-scattering 

gray plane-parallel atmosphere in LTE stratified in one dimension with 

black-body boundary conditions with temperature T1 at optical depth 

zero and temperature T2 at optical depth to' the static mean 

intensities are derived using the appropriate Schwarzschild-Milne 

representation (2.53): 

J(t) + (3.6) 

for an infinite atmosphere, 

J(t) + 

for a semi-infinite atmosphere, and 

for a slab of optical thickness t . From equations 3.7 and 3.8, one 
. 0 

sees at once that if the walls are at the same temperature as the 
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medium, the medium is in RE with J(T) equal to 8(To) as it must, since 

one then has a black-body cavity in TE. 

If the walls in a slab are not maintained at the same temperature 

and the only energy transport is through radiation, there will be a 

temperature jump between the walls and the adjacent medium even if the 

medium is in RE. This follows since the medium must have some 

temperature gradient between the walls and a gas element 

infinitesimally close to the wall will receive radiation at the wall 

temperature in one hemi-sphere but the radiation coming from the gas 

within one mfpp in the other hemisphere will arise from gas elements at 

a temperature different from the adjacent wall (see Heaslet and Warming 

" 1965 and the discussion on page 321 in Ozi~ik 1973. Houghton 1977 

briefly discusses the temperature discontinuity at a planetary surface 

if the atmosphere is in radiative equilibrium). Of course, radiation is 

not the only energy transport mechanism and molecular conductivity will 

smooth out any truly sharp temperature distribution. 

Atmospheres with a prescribed source function more complicated 

than a constant can sometimes be eaiily evaluated using the F 

functions. Consider a gray atmosphere whose source function obeys the 

relation: 
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with s real. If the atmosphere is infinite or semi-infinite, then s 

must be restricted to values less than one, otherwise the contributions 

from gas elements infinitely far removed do not vanish and the 

quantities describing the radiation field become infinite. Physically 

observable quantities should be finite. However, stellar and planetary 

atmospheres are not infinite in extent and this restriction on s arises 

from the mathematical model used to represent the atmosphere. For an 

infinite atmosphere with freely radiating boundaries, the mean 

intensity is: 

Sl -Sl e [F, (oo,s) + F, (l,-S)J + e [F 1 (oo,s) - F, (l,S)J, (3.10) 

and 

~ 
B 

S1 e [F, (oo,s) + 

for a semi-infinite atmosphere and 

2 
B 

J ( 1) 

(3.") 

+ (3.'2) 

for a slab of optical thickness t • One can also consider a gray o 

atmosphere whose source function obeys the "diffusion-like" relation: 
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(3.13) 

which can be written as: 

limit (s + 0) ~s [ Boexp( s·t") ] (3.14) 

Using the derivative formula for Fl (see equation B.75): 

a F 1 (x , s ) la s [e(s-1)x - lJ/(s-l) (3.15) 

one immediately sees that for the semi-infinite atmosphere with a 

diffusion-like source function, the mean intensity is given by: 

and 

2 
8 

J ( t) + 

+ 

-t 
e 

-t .!. e e 
-t 

o 

(3.16) 

for a slab of optical thickness t • For any prescribed source function o 

which is an analytic function of the optical depth, one can obtain the 

gray mean intensity using the generalized F functions and the 
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identities in appendix B to the limits of one's patience. The Hopf 

function is not an analytic function and can not be obtained in this 

manner. 

Besides helping to fix the temperature distribution, the static 

mean intensities that have been derived playa role in determining the 

response of the atmosphere to opacity fluctuations as will shortly be 

shown. 

These expressions for the wavelength-integrated mean intensities 

are also valid for the wavelength dependent quantities. Since a gray 

opacity will be assumed to derive damping rates, the wavelength 

dependence has been dropped. 

A vertical perturbation induces a perturbation in the mean 

intensity in a gray atmosphere with freely radiating boundaries of the 

form: 

J' (r) 1 O[ fb S(t) E
1
(lt - 11) dt J' 

2 a (3.18) 

The induced perturbation for opaque boundaries will depend on the 

change in the incident radiation intenSity as well as the temperature 

and pressure dependence of the emission, reflection and transmission 

properties of the boundaries. This complication could be important for 

the radiative damping of planetary waves (see Prinn 1977) or for 

engineering problems (see Nelson 1979), but it is not important for 

stellar atmospheres and so will not be pursued. Ignoring nonlinear 
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correlations in the opacity fluctuations, equation 3.18 can be written 

as: 

If the gray source term could be written as a function of the 

local thermodynamic parameters: 

S S(T,P) (3.20 ) 

then the dimensionless perturbed source function can be easily derived 

using the chain rule: 

S'/S ST" (T'/T) + Sp" (P'/P) (3.21 ) 

where: 

( <3 ln S ) I ( <3 ln T) I P (3.22 ) 

and: 

(<3 ln S ) 1(<3 ln P) IT (3.23 ) 

The perturbed source function can now be written as: 



8'/8 8 (e + 
T 

V'V x) 
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+ (3.24) 

using the transformation between Eulerian and Lagrangian variables: 

T'IT e + V'V x <3.25 ) 

and 

P'IP Vp <3.26 ) 

In LTE, the source function is equal to the Planck function which is a 

function only of the local temperature. The dimensionless perturbed 

gray source function in LTE is given by: 

8'/8 B • (T' IT) 
T <3.27 ) 

where BT is the logarithmic temperature derivative of the wavelength 

integrated Planck function (see equations 2.30 and 2.31): 

d(ln B)/d(ln T) 4 (3.28) 

Recalling the definition of the optical depth between the heights z1 

and z2: 



z2 
t f PK dz (z2 > z 1 ) 

zl 

the perturbed optical depth is given by: 

z2 
t' f [(pK)'/(pK)] pK dz 

zl 

The opacity perturbation to first order can be expressed as: 

where 

and 

1<:' 

K 
= 

T' 
KT • T + K (8 + V'i/x) 

T 
+ 
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(3.29 ) 

(3.30 ) 

(3.31 ) 

(3.32 ) 

(3.33 ) 

Using the expression for the Eulerian perturbation of the density: 

p'/p aVp (3.34 ) 
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the Eulerian perturbation of the volume absorption is: 

From the definitions of the optical depth and its perturbation given by 

equations 3.29 and 3.30, it immediately follows that: 

t'(att=O) o 

and 

dt'/dt 

The perturbation in the exponential integral can be written as: 

[ dE 1 ( I t - t I ) I d (t - t) ] (t' - t') 

[ dE 1 ( I t - t I ) I d t ] (t' - t') 

_[e- It - ti/it - tl ]sgn(t - t)·(t' - t'), (3.38) 

where t' is the change in the optical depth due to changes in the 

opacity of the fixed position of the gas element specified by the 

optical depth t and the second equality follows from the fact that t is 
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fixed. Part of the expression for the perturbed mean intensity given by 

equation 3.19 involves the integral: 

b b 
I(1)= J S(t) Ei(lt-11)dt= 

a 
J S ( t )[ dE 1 ( I t - 1 I ) / d t ] ( t ' -1' ) d t . ( 3 . 39 ) 

a 

Integration by parts using equation 3.37 produces: 

I( 1) 

- Jb [9~ (t' - 1')dt + S dt'] E
1

( It - 11) dt. 
a dt 

(3.40 ) 

The integrated terms in equation 3.40 are equal to zero if the limits 

on the integration go from - ~ to + ~. For a semi-infinite gr~y 

atmosphere, the integrated terms are given by: 

and fora slab of optical depth t by: 
o 

t 

(3.41) 

[S(t)E1(lt-11)(t'-1')]loo =1'S(0)E1(1)+ (t; -1')S(to )E 1(to- 1). (3.42) 
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In terms of the optical distance from a wall, the integrated terms in 

equation 3.42 are symmetric with respect to the influence of the 

boundaries. The integrated terms that arise from opacity fluctuations 

are easily understood as the change in the contribution from the 

boundaries due to a change in scale caused by the change in opacity. 

The perturbed mean intensity is affected by the boundaries just as the 

static mean intensity (see equations 3.4 and 3.5), but the "width" of 

the boundary layer depends on the spatial properties of the 

perturbation as well as the mfpp of the radiation field. 

U5ing equations 3.19 and 3.40, the perturbed mean intensity can be 

written in the form: 

JI (r) = 1 
2 

b 
f [ S I ( t) - ~~ (t I - T I) ] E 1 ( I t - T I ) d t + 

a 

~ [S(t) E,(lt - Til (t l 
- TI) JI~ 

Spiegel (1957.) showed that the contribution to the perturbed mean 

intensity due to fluctuations cancelled out for linear harmonic waves 

in an infinite three-dimensional gray homogeneous (for both temperature 

and opacity) atmosphere in LTE. It can be seen from equation 3.43, that 

if the source function is independent of position (and mean intensity), 

then the contribution to the perturbed mean intensity due to opacity 

fluctuations only occurs through the boundary terms for vertical 

oscillations in a gray stratified medium. This conclusion is 
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independent of any assumed positional dependence of the opacity. For an 

inflnite stratified medium with constant source function, the opacity 

fluctuations cancel out. 

The most general perturbation consistent with the assumption of 

azimuthal symmetry in a plane-parallel atmosphere (which was used to 

derive the Schwarzschild-Milne representation for the mean intensity) 

is an arbitrary function of the height. Since one can always decompose 

an arbitrary function of the height into a Fourier integral or a 

Fourier series, a useful perturbation to consider (for a homogeneous 

atmosphere) would be a linear harmonic wave of the form: 

6 6
0 

exp( at + iks) (3.44) 

where 6 is the amplitude of the wave, a is the damping rate, t o 

represents time, k is a vertical wavenumber and s is a vertical path 

length in the direction of increasing positive optical depth (along the 

direction of negative ~). In general s is defined by: 

s (3.45) 

For a constant temperature distribution, it doesn't matter whether one 

uses T', oT, (T'/T) or (oT/T) since these quantities will all be 

related to each other by a multiplicative factor which' can be absorbed 
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into the amplitude. For a nonconstant temperature distribution, the 

form of the perturbation will matter. 

In order to obtain some simple exact solutions, the assumption of 

constant opacity and LTE is adopted. The harmonic perturbation in the 

temperature can now be expressed as: 

6 

where the Bouguer number, B , has been introduced: 
u 

B 
u 

(3.46) 

To simplify the problem even more, one can also assume a 

homogeneous isothermal non-scattering gray plane-parallel atmosphere. 

The perturbed source function under these assumptions can be written 

as: 

B' 4B (6 + VVx) 4B [6 exp( at + iB ,)] 
o u (3.48) 

since VV is equal to zero for an isothermal atmosphere. The pertu~bed 

mean intensity can be expressed as: 

1 
2 

b 
f ~B [6

0 
exp( at + iBu')] E,(I,o - ,I)d, + 

a 



1 [8 E (I, - ,I) (,I -, I) Jib 
2 1 0 0 a 

For an infinite atmosphere, the perturbed mean intensity is: 
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(3.49) 

JI(, ) = 2B[e exp( at + iB , )J 
o 0 u 0 

f exp[iB u(' - 'o)J E1( I, - lol)d" 
a> 

= 2 8 e(, ) [F
1

(a>,iB ) o u + (3.50 ) 

From the analytic continuation of the F functions given in appendix 8: 

JI(, ) = 4 8 e(, ) (B )-1 arctan( 8 ) 
o 0 U U 

(3.51 ) 

This result is simply the result Spiegel obtained for a three-

dimensional medium with the magnitude of the total wavenumber replaced 

by the magnitude of the vertical wavenumber (as it must since vertical 

oscillations are a special case of the more general three-dimensional 

harmonic waves). 

The perturbed mean intensity for a semi-infinite atmosphere 

follows in the same manner as for the infinite atmosphere: 

JI(, ) = 2B[e exp( at + iB , )J 
o 0 u 0 

f + 
o 
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(3.52 ) 

The first term on the LHS of equation 3.52 can be evaluated using 

equations B.53 and B.63 from appendix B: 

2 arctan(B )J/B + i[ cos(B 1 ) E,(10 ) + Ci(l ,B 1 ) JIB u u uo 0 uo u , (3.53) 

where Ci, and si, functions are exponential cosine and sine integral 

functions defined in appendix B. The asymptotic behavior of the 

expression given in equation 3.53 as a function of 1 can be obtained o 

using the limits in appendix B and the limit (for fixed k): 

(limi t t + 0) t' E, (t) + 0 (3.54) 

The limit given by equation 3.54 is obtained by noting that t' 

approachs zero at least as rapidly as t does, as can be seen from 

equations 3.30 and 3.36. Physically one would expect that the effective 

change in the optical depth of a gas element relative to the boundary 

(due to opacity changes) will be zero for a position on the boundary. 



One can see that for the semi-infinite atmosphere: 

4 8 [arctan(8 )J/8 • 
u u 
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(3.55 ) 

In this limit, the perturbed mean intensity of the semi-infinite 

atmosphere is the same as that for an infinite atmosphere, because the 

boundary effects disappear when the boundary is removed infinitely far 

away. Using the above limits, one also notes that: 

limit (. + 0) [J'(. )/6(.)J +. 
000 

2 8 [arctan(B )J/8 + 
u u 

i 8 [In(1 + 82 )J/8 u u (3.56 ) 

The frequency-pulling term [In(1 + k 2 )J/(2k) goes to zero as k 

approaches either zero or infinity and has a maximum of 0.40237 at k 

equal to 1.9803. 

If the position of the gas element is not at the boundary or 

infinitely far removed from the boundary, opacity fluctuations 

influence the perturbed mean intensity through a change in the optical 

depth of the position of the gas element relative to the boundary. 

Using equations 3.30 and 3.35, one can express .; as: 

.' o o 
• J 0 [(KT - 0T)6 + (a + Kp)Vp J d. <3.57 ) 
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If one ignores pressure fluctuations and assumes that KT and 0T are 

constant (as they should 'be for a homogeneous medium), then: 

L I 

o exp( iB L) dL 
u 

+ i[B L J/2) [sin([B L J/2)J/B u 0 u 0 u 

= (KT - 0T)' 8 [sin(B L ) - i(1 - cos[B L J) JIB u 0 u 0 u (3.58 ) 

This expression becomes proportional to LO if Bu is zero and goes to 

zero if B goes to infinity. 
u 

If one requires that the perturbation either has a set value 

imposed on the boundary or goes to zero at the boundary, then' the 

appropriate harmonic disturbance would be: 

8 8
0 

exp( at) sin(BuL). (3.59) 

But these expressions are just the real and imaginary parts of the 

perturbation given by equation 3.46, so one takes the real or imaginary 

parts of the expressions given by equations 3.52, 3.53 and 3.58. One 

notes that the influence of the sin(BuL) perturbation on the perturbed 

mean intensity goes to zero as L goes to infinity. This is due to the o 



199 

odd symmetry of sin(ky) E1 (Iyl) in an infinite atmosphere. One also 

notes that at the boundary, the cos(B ,) perturbation induces a 
u 

perturped mean intensity that is only half the value it would have for 

an infinite atmosphere in accord with the diacussion given by Nelson 

and Edwards 1973, and Nelson 1979. 

For a slab of optical thickness T, the perturbed mean intensity, 

with the harmonic perturbation given by equation 3.46, is given by: 

2B[e exp( crt + iB , )J o u 0 

=·2 B e(,) [F,(-r, -iB) o 0 u 

o 

T 
J 

+ 

e xp [i B (,-, ) J E 1 ( I, - , I) d, 
u 0 0 

+ 

F,(T - , ,iB )J o u + 

(3.60 ) 

The first term on the RHS of equation 3.60 can be evaluated using 

equation B.63 as: 

B [F,(, ,-iB ) + F,(T - , ,iB )J u 0 u 0 u 2 arctan(B ) + sin(B , ) E1(, ) + 
u u 0 0 

si(l ,B , ) + sin(B [T -, J) E1([T - , J) + si([T - t J,B [T - , J) + o uo u 0 0 0 u 0 
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i [ cos(B [T - ~ J)E,([T - ~ J) + Ci([T - ~ J,B [T - ~ J) -u 0 0 0 u 0 

cos (B , ) E, (, ) 
u 0 0 

Ci(, ,B , ) J 
o u 0 

(3.6' ) 

In the limit that T and ~ both approach infinity with T »~ , o 0 

one recovers the expression for an infinite atmosphere. In the limit 

that T approaches infinity with ~o remaining fixed at some finite 

value, one recovers the expression for the semi-infinite atmosphere. In 

the limit ~o goes to zero, one finds that expression 3.6' becomes: 

B [F,(O,-iB ) + F1(T,iB )J u u u arctan(B ) + sin(B T) E,(T) + 
u u 

+ si(T,B T)+ i[cos(B T)E,(T) + Ci(T,B T) - [In(' + B2)J/2J.(3.62) u u u u 

, 
The boundary term ~s given by the expression 2 T' B E,(T). The value 

for T' is given by equation 3.58 with ~ replaced by T. In the limit ,. 
o 0 

approaches T, one obtains the same expression as 3.62 except that the 

imaginary part changes sign. The boundary term due to changes in the 

opacity is again given by the expression ~ T' B E,(T). 

One can require that the perturbation go to zero at both 

boundaries by using a sin(k ,) perturbation, where the wavenumber is 
n 

quantized by: 



k n [ n ~ ]/T 
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(3.63) 

However, as shown below (and in Gay 1978; Gay and Thomas 1981; and Gay 

1984), when radiative damping is included, harmonic waves are 

eigenfunctions only in the case of an infinite homogeneous atmosphere. 

In order to investigate radiative damping with a nonconstant 

source term, one can use the exponential gray source term defined by 

equation 3.9 with s real and less than one. From equation 3.43, one 

sees that the opacity fluctuations which are not related to the change 

in the effective optical depth of the boundaries occur through a term 

which is proportional to a static Bouguer number given by (S dS/d1). 

For an exponential source function, the static Bouguer number is just 

the exponential coefficient. The perturbation now assumes the form: 

B' 4 B o 
S1 e [8 - x (s1/4) ] (3.64) 

In order to simplify the results, motions induced by the thermal 

perturbation are ignored so the term involving x in equation 3.64 will 

be dropped. 

For a semi-infinite atmosphere with a harmonic temperature 

perturbation and freely radiating boundaries, the perturbed mean 

intensity is: 
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JI(l )= 2B [a exp(at + iB 1 )J 
000 u 0 

J 
o 

co , 
- B s 
2 0 

J Sl e (3.65) 
o 

For the harmonic perturbation that has been given (and assuming again 

that KT and 0T are constant): 

l' - T' o exp( iB T) dl 
u 

(KT - 0T)·a exp(at + iB 1 ) [ exp( iB [1 -1 J) - ,J/iB • (3.66) 
o u 0 u 0 U 

If KT or 0T is not constant but some function of the temperature, that 

dependence must be inserted into the integral in equation 3.66. The 

parameters KT and 0T will be assumed to be constant for convenience. 

J' (1 ) 
o 

-2' B [a(l )J [4 J 
00

0 

co 

co 

eSl exp[iB (1 - T )JE,(il - T i )dl + 
U 0 0 

[is/BuJ(KT-oT) J eSl [exp( iBu[1-1
0
J)·- 'JE,(il - Toi)dl 

o 
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[ilB ] ( KT-C
T

) [exp ( iB T ) - 1] E 1 (T )] ] 
u u 0 0 

! B [8(T )exp(sT )] [ 4 F
1

(OO,S + iB ) + 4 F
1

(T ,-S - iB ) + 
20 0 0 u 0 u 

(3.67) 

An examination of the above equation reveals that in the limit the 

Bouguer number becomes very large, the opacity fluctuations vanish. 

From equations B.66 and B.67 in appendix B, one finds: 

2 2 ±ST 
F1(T,~ S + ik) =[ + s/2(s + k )] [2e COS(kT) E1(T) + 

] + 

[e*ST sin(kT) E
1

(L) + si[-(-1 + S)T,kT] + arctan[-k/(-1 + s)] ] 

2 2 In[(1 - S ) + k ] ] + + 
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si[-(-l + s)T,kTJ + arctan[k/-(-l ~ a)J J <3.68 ) 

Not only does a nonisothermal atmosphere have a contribution to the 

mean intensity from opacity fluctuations but also the width of the 

boundary layer in which the boundary influences the perturbed mean 

intensity is enhanced if the temperature increases inward. 

For a slab of optical depth T, the perturbed mean intensity is: 

J'(T )= 2B [8 exp(at + iB T )J o 0 0 u 0 

T 
J 

ST e 

1 B s 
2 0 

T 
J 

o 
S1' e 

o 

(1"- 1") E (11' - l' I) d1' 
o 1 0 

+ 

=.1 B [8(1' )exp(s1' )J [ 4 Fl (T-1' ,s + iB ) + 4 Fl (1' ,-s -iB ) + 20 0 0 0 u 0 u 

[is/B J(KT-oT)[F
1

(T-1' ,s +iB )-F
1

(T-1' ,S)+F
1

(1' ,-s-iB )-F
1

(1' ,-s)+ u 0 U 0 0 u 0 

[ [exp(iB l' )-lJE
1

(1' )+[exp(iB [T-1' J)-lJeSTE
1

(T-1' )J/s J, (3.69) uo 0 u 0 0 
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which involves terms similar to the terms for a semi-infinite 

atmosphere, except that there are contributions from both boundaries. 

With enough patience, one can extend this analysis to the case 

where the static temperature is any analytic function of the optical 

depth, assuming that the resulting integrals actually exist, by 

expanding the function in terms of a Taylor series and using the 

derivatives of the F functions as shown in appendix B. In practice, the 

resulting Taylor series will be difficult to manipulate unless the 

function is an exponential or a low order polynomial. 

The mean intensity and its perturbation in spherical geometry 

involve terms like L times E1 (I L - LO I), which can be evaluated by 

taking the appropriate derivatives of the F function. 

From the discussion in chapter two, one can express a radiative 

damping time as: 

The Eulerian perturbation of the divergence of the radiative flux for a 

gray atmosphere is given by: 

'iJ • F' 
R 

[X'/X] ( 'iJ • F
R

) + 41T X (B' - J') (3.71 ) 

If the system is in RE, the first term on the RHS of equation 3.71 will 

disappear. The radiative damping time for linear harmonic waves can be 
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determined for the simple cases given above by substituting into 

equations 3.70 and 3.71 the expressions for the flux divergence (given 

by the difference between the unperturbed mean intensity and integrated 

Planck function) and the perturbed mean intensity. The radiative 

damping time for an infinite gray atmosphere is given by: 

"C-
1 [1 - B -1 arctan(B )] 

N u u 
(3.72 ) 

where "CN is the Newtonian damping time defined by: 

(3.73 ) 

For the semi-infinite isothermal gray atmosphere, the non-

radiati ve equilibrium term in' the 'expression for the radiati ve damping 

time is given by: 

[X'iX] 4TI X (B - J) 

(3.74) 

Using equations 3.52, 3.53, 3.58, 3.70, 3.73 and 3.74, one can derive 

an expression for the radiative damping time for a gray semi-infinite 

isothermal atmosphere in LTE: 
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Because the radiative damping for harmonic waves is a function 

of optical depth for the semi-infinite atmosphere, harmonic waves will 

not maintain their shape with time, since the perturbation will be more 

heavily damped at the boundary than in the interior. With the inclusion 

of radiative damping, only an infinite homogeneous atmosphere has 

eigenfunctions which are harmonic waves. 

The radiative damping times for harmonic disturbances in the 

other model atmospheres that have been mentioned can be obtained in the 

same manner. In order to obtain the correct eigenfunctions, or to go to 

more realistic cases, more powerful mathematical techniques or 

numerical solutions are needed. 

3.3 Position Dependent Gaussian Quadrature 

Analytical solutions are available only for very unrealistic 

atmospheres. Numerical techniques must be used if one wants a solution 

for a real atmosphere that incorporates nonlocal effects. There exists 

a large number of computational methods that can be employed to solve 

for the transfer of radiation in an atmosphere (see Lenoble 1975, and 

Mihalas 1978). Some of these techniques can be modified to solve for 
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the perturbed radiative quantities. The most common numerical 

techniques for solving Fredholm equations of the second kind are: 

• the Galerkin method (inner product evaluation of trial function 

expansions), 

• the collocation method (matrix evaluation of trial function 

expansions) , 

• quadrature methods (quadrature evaluation of the integral and 

matrix inversion). 

These methods and other techniques for solving integral equations are 

discussed by Baker (1977). 

Ordinary Nth order Guassian quadr~ture of the integral of the 

function f(x) over the interval [a,bJ with weight functi.on M(x) is 

given by the expressions: 

b 
f f(x) • M(x) dx 

a 

N 

L 
j=1 

w. f(x.) 
J J 

+ err (f) (3.76 ) 

where w. is the jth weight coefficient and x. is the jth zero (or root) 
J J 

of the polynomial associated with M(x) in the interval [a,bJ and err (f) 

is the truncation error (which is the difference between the integral 

and the sum and hopefully uniformly approachs zero as N is increased). 

The class of functions to be used in equation 3.76 is naturally 

restricted to those functions whose weighted integrals actually exist. 
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A quadrature method for solving integral equations was constructed 

" by Nystrom (1930). Consider a Fredholm integral equation of the second 

kind given by: 

b 
f(x) g(x) + J K(y,x) fey) dy 

a 

An approximate solution is obtained by replacing the integral by a Nth 

order quadrature rule: 

n 
f (x) n g(x) . + L Wj K(Yj ,x) f(Yj) 

j =1 
(3.78) 

th where f is the N order quadrature approximation to f(x). Hopefully, n 

(limit n -+ co) f (x) -+ 
n 

f(x) <3.79 ) 

A set of N equations can be generated from equation 3.78 by evaluating 

the parameter x at the position of the n quadrature roots: 

<3.80 ) 
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Letting the subscript i run from 1 to n gives n equations in th~ n 

unknowns, f(y.) that can be solved by matrix inversion. Values for f(x) 
1 . 

with x equal to x. are obtained by interpolation. If the kernel is a 
1 

displacement kernel so that K(x,y) only depends on the difference, 

x - y, and if one has a reasonable trial function for f(x), a more 

effective iterative method can be constructed for low order quadrature, 

as described below. 

In plane-parallel stratified atmospheres, moments of the specific 

intensity are given in terms of integrals of exponential integral 

functions: 

y(t) f 
a 

(XI 

f (x) • E (j x - t \) dx 
n 

(3.81 ) 

The specific intensity itself involves Laguerre-type integrals: 

(XI 

y(t) f f(x) exp( -Ix - tl) dx (3.82) 
a 

Radiative transfer between two fixed infinite plane-parallel walls 

separated at an optical depth of t involve similar integrals except o 

that the interval is now [O,to]. Integrals of the form 3.81 and 3.82 

can be evaluated using ordinary quadrature by first splitting the 

interval into two regions, [O,t] and [t,t ] (where t is either t or 
u u 0 
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~), and then transforming the variables. The roots and weight 

coefficients for the ordinary Gaussian quadrature then become implicit 

functions of the optical depth. It is more convenient to allow the root 

and weight coefficients to be explicit functions of t (or for a plane-

parallel enclosure, explicit functions of t and t ): o 

J f (x) E i ( I x - t I) dx 
o 

N 

~ 
j=1 

w. . (t ~ f ( x . . ( t )) + err ( f ) . 
1,J 1,J 

The roots and weight coefficients in equation 3.83 can be 

evaluated using a monomial moment technique similar to the method 

described by Stroud (1974). The moments are easily evaluated for weight 

functions that obey a two-term' recurrence relation. A detailed 

discussion of the methods used to find the roots and weight 

coefficients for Gaussian quadrature with weight function E , along 
n 

with tables for the coefficients, error analysis and references to the 

literature can be found in Rosenwald (1984) and Rosenwald, Hill and 

Logan (1984). Figure 3.1 (from Rosenwald, Hill and Logan 1984) shows 

the one-point Gaussian quadrature coefficients for the Laguerre 

integral given by equation 3.82. One notices immediately that in the 

optically thin regime, the specific intensity arises primarily from a 

region one optical depth away, a well known rule of thumb. Figure 3.2 

(also from Rosenwald, Hill and Logan 1984) shows the one-point Gaussian 

quadrature coefficients for weight function E1. At the surface, the 
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primary contribution to the mean intensity arises from an optical depth 

of one half. The reason for this is that light rays away from the 

upwelling direction have a contribution one optical depth away along 

the line of sight which is only a factor ~ of the forward direction 

(limb darkening effect) and: 

, 
J j.l dj.l 1/2 (3.84 ) 

o 

For an optically thick region, the effective contribution to the mean 

intensity will be closely centered around the local optical depth. The 

drop in the root for the one-point quadrature for E, shown in figure 

3.2 comes from the contribution from the back direction which moves the 

evaluation point closer to the local optical depth. The weight 

coefficients for the one-point quadratures are easily obtained by using 

a constant test function, f(x) = a constant, in equation 3.82 and 3.83. 

For the exponential: 

co 

w 1 (t) f exp( -Ix - tl) dx 
o 

and for the expoential integral E : 
n 

w 1(t)= J 
n, 0 

co 

E (I x - t'l) dx n 
2 
n 

2 exp ( -t) 

En+ 1 (t) (3.86 ) 
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The asymptotic behavior of the weight functions in figures 3.1 and 3.2 

are in agreement with these relations. 

Consider the Fredholm integral equation of the second kind given 

by: 

f(x) g(x) + 
b 

f E1(lx - yl) fey) dy 
a 

(3.87 ) 

Let f
i

+
1 

be the i + 1th iterative solution starting from a trial 

. 
solution f (which may be g(x) or an adiabatic' or Newtonian damped 

o 

solution). Then the Nth order position-dependent Gaussian quadrature 

approximation to equation 3.87 is given by: 

f i +1 (X) g(X) + 
N 
I wj(X)fi(Yj(X)) 

j=1 
(3.88) 

, 
The dependency of the roots and weights on the interval [a,b] has been 

suppressed for convenience. One then chooses M pOints in the interval 

[a,b] (the spacing depending on the interpolation scheme to be used) 

and evaluates f i +1 (xm). Interpolated values of fi+1 are used to 

evaluate f i +2 and so on. The solution can be said to have converged 

when: 
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(3.89 ) 

where E is a predetermined convergence criterion factor. 

The utility of the position dependent Gaussian quadrature to solve 

problems in radiative transfer is demonstrated by using a one-point 

Gaussian quadrature, the least accurate of the quadratures, to solve 

some traditional problems in radiative transfer. 

The formal solution for the temperature profile T as a function of 

optical depth, 1, for a non-scattering, emitting and absorbing planar 

slab of finite optical thickness 1 is given by: o 

" 

(3.90 ) 

(see Ozi~ik 1973). The index of refraction is represented by n, 0B is 

+ 
the Stefan-Boltzmann constant, I and I are the upper and lower 

hemispheric radiation intensities (which depend on the emissive and 

reflective properties of the boundary), and e is a function defined by 

the integral equation (in the band model approximation): 

1 

+ L O e(t)K
1
(11-tj)dt 

o 
<3.91) 
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The index of refraction is assumed to be unity. 

The kernal functions, K1 and K2 , were defined in chapter two. For 

a gray absorbing medium, Kn is simply equal to En. The net radiative 

flux, F , assuming radiative equilibrium, is given by: 
r 

where 

F 
r 

Q 

+ 
Q [ ~I (0) 

1 

1 - 2 f 0 e(t) E
2
(t) dt 

o 

(3.92) 

Approximate numerical solution of equation 3.91 is obtained from 

Gaussian quadrature by converting the integral equation into a 

functional equation. The functional equation can be solved by iteration 

if a suitable trial solution can be found. 

As a comparison to a known solution, consider the case of a semi-

infinite gray-absorbing atmosphere in radiative equilibrium whose exact 

solution is well-known (see Mihalas 1978): 

+ (3.94) 
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where q(T) is the Hopf function which is a solution to the integral 

equation: 

+ 1 
2 o 

T . 

J [ t + 

The one point Gaussian approximation can be obtained from the equation 

for the radiative flux for a planar gray atmosphere: 

00 

2 J.B ( t ) • E 2 ( i t - T i ) d t - 4 
o 

T 

J B(t)'E2Cit - Ti)dt, (3.96) 
o 

where B is the frequency integrated Planck function. The condition for 

radiative equilibrium constrains the flux to be a constant independent 

of the optical depth. The one point Gaussian approximation to the flux 

equation is: 

where 

and 

F r 

y 



z 

The solution is easily seen to be 

B 1 F [ T 
4 r 
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(3.99 ) 

+ (3. 1 00 ) 

where Q(T), the one-point Gaussian Hopf function, obeys the 

relationship: 

[ 1 + [ 1 (3.101 ) 

Q(T) can be solved by iteration, but it converges extremely slowly even 

using accelerated convergence techniques. Table 3.1 compares the one 

pOint Gaussian Hopf function to the exact solution. The Hopf function 

can also be approximated, using equation 3.95, by the functional 

equation: 

where 

t 
r 

T + E
3

(T) 

2-----E;(~) (3.102) 

(3.103) 
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Table 3.1. Comparison of one point Gaussian and exact Hopf functions. 

Opti ca 1 
Depth 

o.as 
0.10 

0.20 

0.40 

0.50 

o.sa 
1.00 

l.SO 

aFrom Mihalas (1978). 

h , 
(1 Pt. Gaussian) ( uact) a 

0.593611 0.6107'58 

0.6054SJ. 0.627919 

0.621751 O.SJ-9550 

0.648097 0.57"3090 

0.663987 - 0.685801 

0 •. 57'3576 0 .59353d. 

0.684058 0.5985J.O 

a •. ?02814 0.705130 
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Unfortunately, the iterative solution to this equation also converges 

very slowly, if at all, even in the optically thin region. This slow 

convergence is due to the Gaussian quadrature root coupling in the 

optically thick region, in which the functional equation reduces, in 

effect~ to an identity which has poor convergence properties. 

In the application of the Gaussian quadrature method to 

oscillations in a stellar atmosphere, the optically thick region must 

be treated separately. Nariai (1980) supplemented his Gaussian method 

with a diffusion approximation in the optically thick region. 

The quadrature method is especially effective for solving 

radiative transfer problems in optically thin slabs. The universal 

theta functiqn for radiative transfer in a planar gray-absorbing slab, 

given by equation 3.91, was accurately evaluated by Heaslet and Warming 

(1965) using the tabulated X and Y functions of Chandrasekhar (1950). 

The theta function can be easily evaluated for an optically thin gray 

slab using the one point Gaussian quadrature method. The theta 

functions, produced by iteration, are shown in figure 3.3; they compare 

very well with those shown in Heaslet and Warming (1965). If one uses 

.5 E2(t) as an initial trial function, the convergence for an optically 

thin slab is quite rapid. The value for the heat flux constant, Q, 

given by equation 3.93, can also be easily evaluated by Gaussian 

quadrature approximation of the integral of the theta function. Table 

3.2 compares the values for Q given by Heaslet and Warming (1965) with 

the one point Gaussian quadrature approximation obtained by spline 

evaluation of the one point Gaussian approximation theta function., 
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Figure 3.3. Universal theta function for a' gray medium. 
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Table 3.2. Comparison of the heat flux constant, Q, for a gray medium 

with different optical thicknesses. 

Octi C.l.i 
Oe~1:n 

·J. L 

J.Z 

a.J 

a.~ 

0 : · ·-
a.s 

0.3 

~.a 

Q 
~~ : ?'t.. Gauss~ an ) 

tJ . 3'157 

0.84.91 

o.i939 

a .. iil.SJ. 

rJ .10:1 

J.6oE6 

J.oass 

a • .::oJ 

aFrom Heaslet and Warming (1965). 

0 ..... --·='.!.: / 

C.8J.?l 

J.7'93d. 

J .;-~:s 

0. 70+'] 

C .6&7Z 

c • .so4s 

0 • .5532. 
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Despite the fact that the one point approximation, the least accurate 

of the Gaussian quadratures, has been used twice in succession, the 

results seem to be accurate for optically thin slabs. 

An examination of figure 3.3 shows that there is a mismatch 

between the temperature of the fluid adjacent to the walls and the 

temperature of the walls if the energy is entirely transpor~ed by 

radiation. This "radiation slip" in the temperature ceases to exist 

when molecular conduction is allowed. If conduction were the 

predominant mode of energy transport, the temperature gradient for a 

homogeneous slab would be a constant. The inclusion of radiation 

reduces the temperature gradient in the bulk of the material and gives 

rise to large temperature gradients in the boundary layers. The change 

in the temperature profile influences the onset of fluid instabilities. 

For a nongray slab, Crosbie and Viskanta (1970a) used various 

simple band models to evaluate the K1 and K2 functions. Chandrasekhar's 

X and Y functions were then used to evaluate the nongray theta 

functions. One can easily evaluate the theta functions for an optically 

thin slab for various band models if a continuous smooth function can 

be assumed for the kernels, K, and K2• The iterative one point Gaussian 

solutions for the theta functions for a one band exponential model are 

shown in figure 3.4. A nongray effect on radiative transfer in a slab 

can be seen by contrasting figure 3.3 with 3.4. The values obtained 

compare accurately with those in Crosbie and Viskanta (1970a). The 

values for the heat flux constant, Q, for the one band exponential 

model are given in table 3.3 and compared to those of Crosbie and 
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Figure 3,~, Universal theta function for a medium with an exponential 

. band model opacity, 
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Table 3.3. Comparison of the hea t flux constant, Q, for a nongray 

medium with different optical thicknesses. 

Opti ca 1 
Depth 

O. l 

0 .2 

0.3 

0.4 

o.s 
o.s 
o.s 
1.0 

0 
(1 Pt. Gaussian ) 

:J . 90917 

0 .32978 

0.75817 

0.69259 

0.63193 

a .5754.1 

0.47259 

0.38077 

aFrom Crosbie and Viskanta ( 1970 ) . 

0 a 
( S<ac: ) 

] . ?0 917 

'] .3297:: 

0. 75805 

0 .592: ~ 

].53152 

Q.57479 

a .47141 

0 • .37890 
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Viskanta (1970a). Again it is seen that, even with two successive one 

pOint Gaussian approximations, the values are accurate for an optically 

thin slab. 

For a medium that is conducting as well as radiating? one can 

impose the steady-state condition that the divergence of the radiative 

and conductive flux be zero: 

v • (Frad + F d) con o ( 3 . 1 04 ) 

For a one-dimensional planar medium in the band model approximation, 

this equation can be expressed as: 

1 [ '{I4 K ( ) 2 1 2 t + 

t 
f 0 '{I 

4 (t) K1 ( I t - t P dt ] 
o 

+ 

(3.105 ) 

subject to the boundary conditions (when N is greater than zero): 

and 

'{I(O) 

'{I(t ) 
o 

T 11T 2 (3.106) 

(3.107) 
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" where T1 and T2 are the temperatures at the walls (see Ozi~ik, 1973), 

the variable ~ is the normalized temperature: 

(3.108) 

and N is the conduction to radiation parameter defined by: 

N (3.109) 

where K is some characteristic mean opacity, k is the thermal 

conductivity of the medium. 

The thermal conductivity of a gas is a function of density and 

temperature. Only for a homogeneous, isothermal gas will the conduction 

to radiation parameter be a constant. If the gradients in temperature 

and density are small, one can approximate the conduction to radiation 

parameter as a constant. Under this assumption, the steady-state 

solution for a gray absorbing planar slab with combined radiation and 

conduction was solved numerically by Viskanta and Grosh (1962). 

Viskanta and Grosh (1962) integrated equation 3.105 twice with respect 

to optical depth and imposed the boundary conditions given in equations 

3.106 and 3.107. The reformulated equation (generalized to include 

nongray effects in the band model approximation) is given by: 



T 

G(T) + (1/2N) f 0 

o 

where G(t) is defined by the relation: 
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(3.110) 

where T is the ratio T to TO and S is the dimensionless radiosity 

evaluated at the two boundaries. Figure 3.5 shows the one point 

Gaussian approximation solution to the steady-state temperature 

distribution for a gray absorbing, emitting slab with combined 

radiation and conduction, unit optical depth, unit index of refraction 

and black boundaries. 

The solution was obtained by iteration, starting with G(T) as a 

trial function and using cubic spline interpolation. When the value of 

the conduction to radiation parameter was reduced ~elow 0.2 1 the 

iterated solution displayed large oscillatory behavior and did not 

converge well (however, no special effort was made to force 

convergence, since there was no intention to use the solutions other 



230 

1.00 

UJ. a: 
~ 
l- .sa < N=O .. O a:. 
UJ. 
a;. 
~ 
UJ.. 
l-

en 
r.n 
UJ. 
-L 
% 
0--(,C 

z ~=IO LIL 
~ -= -.. -f.. --3- .sc 

0.0 O~Z 0.4 0.6 o.s 1.0 

"r/r¢ 

Figure 3.5. Temperature distribution for combined conduction and 

radiation in an absorbing, emitting gray slab. ~1 ~ 0.5 and ~2 ~ , .0. 

The planar slab has unit optical depth. 
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than as an example of what could be done with the most simple Gaussian 

quadrature). These solutions agree well with those shown in Viskanta 

and Grosh (1962). 

The steady state temperature distribution for an absorbing, 

emitting slab with combined radiation and conduction for the 

exponential band model opacity is shown in figure 3.6 for unit optical 

depth. A nongray effect on the temperature distribution for combined 

radiation and conduction can be ascertained by comparing figure 3.5 

with figure 3.6. 

As a test of the accuracy of the Gaussian quadrature for stellar 

atmospheres, J
A 

- BA was computed for a fifty zone gray atmosphere with 

Teff set equal to 5770 K constructed using the Atlas stellar atmosphere 

program (see Kurucz 1970). The mean intensity was evaluated at zone 25, 

corresponding to an optical depth of 0.1, using one, two and six point 

Gaussian quadratures on the expression: 

1 
2 o 

J (3.112) 

The results are shown in figure 3.7 where the Gaussian quadrature is 

compared to the integration matrix method used by Kurucz (1970). There 

seems to be little improvement in going from two to six point 

quadrature, but the two and six point quadratures compare well with the 

integration matrix approach. Both the Gaussian quadrature and the 

integration matrix approach become inaccurate at the boundaries of the 
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Figure 3.7. Comparison of the computed values for J A - SA versus 

wavelength using integration matrices and one, two and six point 

Gaussian quadrature for a gray atmosphere. 
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prescribed model unless one has a well-defined extrapolation procedure 

to extend the model. 

3.4 Radiative Damping of Stellar Atmospheric Motion 

The radiative damping of linear global oscillations in stellar 

atmospheres can be treated using the position dependent Guassian 

quadrature discussed in the previous section. The perturbed continuity 

and momentum equations are the same as the adiabatic equation given in 

section 2.3: 

r dx/dr 

and 

r dp/dr + <3.114) 

The perturbed energy equation, however, must be writter with a 

more complete description of the radiative transfer. Following the 

discussion in chapter two, the perturbed energy equation is: 

where 

iac pT [ (oT/T) 
p Vad (oP IP) ] - V • F' 

R 
<3.115) 



- I7·F' 
R 

With the definitions: 

w = 

8 8TIT 

and 

8P/P V(p - x) 

the energy equation can be written as: 

iwI '[8 - 17 dV(P - x)] o a 

where 

- 17 • F' 
R 
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(3.116) 

(3.117) 

(3.118) 

(3.119) 

(3.120 ) 

(3.121) 

and Ld is the dynamical time-scale defined in chapter two. In equation 

3.116, the Eulerian perturbation of the volume absorption is a 

wavelength dependent version of the expression given by equation 3.35. 



Defining the integral operator 0 as: 

41T f 
o 

QO 

the perturbed radiative flux divergence can be rewritten as: 

- V·F' 
R 

where 

and 

I .. O(J - 8) 
1 
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(3.122) 

(3.124) 

(3.125) 

(3. 1 26 ) 

(3.127 ) 

(3.128) 
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The evaluation of the l's is accomplished by quadrature over frequency. 

The quadrature evaluation of 1
1

, 12 , 13 or 14 does not affect the 

character of the integral-differential equation, but quadrature 

evaluation of I
J

, transforms the integral-differential equation into a 

functional difference equation since I
J

, contains the perturbed 

variables. The evaluation of these integrals is discussed in chapter 

four for a solar model. One can note that: 

- V • F R (3.129) 

describes the deviation from RE of the atmosphere. If the atmosphere is 

strictly in RE, then I, will be identically zero. The integral 12 would 

give the Newtonian damping of an oscillation if the other frequency 

integrals were set equal'to zero. If the emission approximation was 

used for the divergence of the radiative flux and opacity fluctuations 

were ignored, only the 12 term would survive in equation 3.123. The 

integrals 13 and 14 give the direct opacity fluctuations (as opposed. to 

the opacity fluctuations implicit in I
J

,) that give rise to the kappa 

mechanism when the Eddington approximation is used. I
J

, describes the 

fluctuations in the self-absorption. 

Unlike the gray case, the integrals involving the direct opacity 

fluctuations, I3 and 14 , will not be zero even if the atmosphere is in 

RE. The condition for RE is given by: 



(XI 

o 

whereas the integral I3 is defined by: 

= 41T f 
o 

(XI 

238 

C3.1 30) 

(3.131) 

If KT is frequency independent (or zero) then equation 3.130 implies 

that I3 is zero. In stellar interiors in RE, J A asymptotically 

approaches BA so that the integrand in 3.131 becomes small for each 

wavelength. However, in a stellar atmosphere in RE, even though the 

product KA(J A - BA) must integrate to zero over wavelength, J A can 

deviate significantly from BA (see Dumont 'and Heid~ann 1973, 1976 or 

Vernazza, Avrett and Loeser 1976.) 

In the integrals defined above it has been assumed that the source 

function was equal to the Planck function. If the gas is not in LTE, 

one could formally replace the symbol B by S. In LTE, I2 takes on the 

value: 

C3.1 32) 

One can form the dimensionless time ratio: 
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(3.133) 

where ~N is the Newtonian radiative damping time. Ando and Osaki (1975) 

defined a similar parameter, c4, which is four times the ratio Io/I2 

with the Planck-like mean opacity replaced by the Rosseland mean. 

Using equation 3.133, the perturbed energy equation can be 

expressed as: 

where 

and 

E 
P 

E x 

E P + E x + I
J

, 
p x 

+ 

-i V'V dUlI a 0 

+ 

+ 

V(aI 1 

+ 

(3.134 ) 

(3.135 ) 

+ (3.136) 

(3. 1 37) 

Neglecting induced velocity and pressure perturbations induced through 

the equation of state in the continuity and momentum equations, the 

relaxation of a thermal perturbation follows, immediately from equa t i on 
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3.135 if one sets x and p equal to zero. Neglecting changes in the 

self-absorption, the Newtonian damping time for an atmosphere not in RE 

with opacity fluctuations follows from setting Ea equal to zero: 

( 3 . 1 38 ) 

The variable e can be eliminated in the continuity and momentum 

equations by using equation 3.135 resulting in: 

r dx/dr - Ax - Bp (3.139) 

and 

r dp/dr - Cx - Dp (3.140) 

where 

A (3.141) 

B n aV (3.142) 

C + 



and 

D 

E = 
J 
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(3.144) 

C3.145) 

Equations 3.139 and 3.140 appear to be a second-order system of 

differential equations. However, the term EJ contains an integral over 

space of the variable e which is related to x and p through equation 

3.134. Repeated differentiation of these equations will not produce a 

0ecoupled differential equation for x or p unless SJ has been 

apprOXimated as a differential. 

The perturbation of the mean intenSity for vertical perturbations 

in a plane-parallel stratified atmosphere is derived from the Eulerian 

perturbation of the mean intenSity given by: 

1 
2 

which results in: 

CXJ 

J 
o 

(3.146) 

J~C't:,,)=~ J dt,,[ [S~CtA)+X~/X"J;:1Clt,,- \"I)+S"Ct,,)E,Clt,,- \"I)J.C3.147) 
o 
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The wavelength dependent versions of equations 3.36 and 3.37 are given 

by: 

and 

t'(t =0) A A 

Defining: 

6t L -
A 

o 

the last term in equation 3.147 can be written as: 

Integration by parts of equation 3.151 produces: 

(3. 1 48 ) 

(3.149) 

(3. 1 50 ) 
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ex> ex> 

(3.152 ) 

The integrated terms have been eliminated by assuming that the source 

function sufficiently distant from the star goes to zero and that the 

source function is bounded so that the asymptotic behavior in the 

-x interior is controlled by E,(x) which vanishes as e Ix as x approaches 

infinity. When"equation 3.152 is substituted into equation 3.141, the 

result is: 

ex> 

Ji(L A) 2 ~ of dt A[ Si(t A) - [dSA(tA)/dtAJ'I~tl I JE1(I~tl). (3.153) 

If the source term could be written as a function of the local 

thermodynamic parameters: 

S = 
A 

(3.154) 

then the dimensionless perturbed source function could be written as a 

wavelength dependent version of equation 3.24. In LTE, the source 

function is equal to the Planck function which is a function only of 
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the local temperature. The dimensionless perturbed source function in 

LTE is given by: 

B • (T'/T) T 

where BT is the wavelength-dependent logarimthic temperature derivative 

of the Planck function (see equation 2.31). 

If the source function is not in LTE, then the source function 

will depend on the radiation field which is intrinsically nonlocal and 

neither equation 3.154 nor equation 3.155 will apply. If the source 

function is not in LTE, then the most straightforward method of 

computing the pertubation in the source function involves computing the 

source function using the collisional and radiative transition rates 

with and without the perturbation imposed on the static atmosphere. 

Since the actual form of the perturbation will depend on the perturbed 

source function, an iterative scheme would have to be used. Clearly 

this method is impractical unless the number of opacity sources is 

severely restricted. Alternate approximate methods for obtaining the 

perturbed source function can be found in Houghton (1977), Shved (1978) 

and Wehrbein and Leovy (1982). Because the assumption of LTE introduces 

such vast simplicity into the problem of radiative damping of small 

·amplitude waves, LTE will be assumed in the rest of this dissertation. 

In LTE, the perturbed mean intensity is given by equation 3.153 

with the Planck function replacing the more general source function. 

The optical depth derivative of the Planck function is given by: 



245 

The difference in the perturbed optical depth is given by: 

(3.157) 

The perturbation in the opacity in the above expression can be 

evaluated using a wavelength dependent version of equation 3.35. The 

perturbed mean intensity can now be expressed as: 

Approximations to the integral definition of the perturbed mean 

intensity are fundamentally different in character to the 

approximations to the integrals defined by equations 3.124 to 3.127. 

Different approximations for the integrals 11 to I4 will alter the 

numerical values for the parameters in the system of equations, but 

different approximations for the integral 1J, will give rise to a 

different system of equations. The order of an integral equation 

approximated by unevenly spaced Gaussian quadrature is not well-

defined. In the optically thick region for the one-point Gaussian 

quadrature, the difference between the quadrature root and the optical 
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depth is only a very small positive quantity, so a one point Gaussian 

quadrature approximation of the perturbed mean intensity could be 

considered as introducing one order into the system of equations in the 

optically thick regime. The diffusion limit introduces two orders into 

the system of equations, so in order to match the diffusion solution, 

the Gaussian quadrature must be at least of order two. 

The N-point Gaussian quadrature approximation to the perturbed 

mean intensity given by equation 3.158 is: 

where 

1 
2 

(3.159) 

(3.160) 

and z1 now refers to the depth for ti' the optical depth position 

dependent root coefficient. The quantity between the vertical bars in 

equation 3.160 can be approximated using the mean value theorem: 

z 
I z( X ~ dz I.. X ~ • It i - t >,1 (3.161) 
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where x~ is a value of X~ at some intermediate optical depth between ti 

and LA' The appropriate optical depth is not known a priori. If the 

perturbation has several nodes in the interval between ti and LA' then 

the value for the integral in equation" 3.160 will be sensitive to the 

choice of the optical depth in evaluating x~. Howev~r, if the 

perturbation varies smoothly or is evanescent in the interval between 

ti and LA' then a reasonable choice for the appropriate optical depth 

to evaluate x~ will be the average of the optical depths: 

-t. 
1 

1 
2 

(t. + 
1 

if the perturbation doesn't grow or decay too rapidly. 

(3.162) 

The one pOint Gaussian quadrature approximation to the perturbed 

mean intensity is given by: 

where 
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[Vv/(pK~r)Jlt~lt1-~~IB[(KT - 8T)(8 + VVx) + (a + Kp) Vp Jlt~(3.164) 

where w1 is the one-point weight coefficient evaluated at 1~1 t1 is the 

one-point root and ta is the average of l~ and t 1 . From the above 

equations it is apparent that the wavelength dependent perturbed mean 

intensity can be written as the linear combination: 

with th~ last three terms arising from the opacity fluctuations. 

Multipling by 4TIPK~ and integrating this expression over wavelengths 

gives the one-point Gaussian quadrature approximation for I
J

,: 

where 

I = 
5 (3.167) 

o (3.168) 
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I = 
7 

(3. 1 69 ) 

C3.170) 

I = 
9 

(3.171) 

(3.172) 

and 

(3.173) 

The single and double brackets stand for very complicated averages of 

the oscillatory quantities which are dependent on the quantity to which 

the average is applied. For example: 

<6> 

and 
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«e» (3.175) 

These definitions of the bracketed terms are not very useful since one 

would have to compute an extremely large number of quantities for each 

iteration of the program to determine the response of the atmosphere to 

an oscillation. If the oscillation is evanescent, it is possible that 

one might choose an appropriate optical depth to evaluate the 

oscillatory quantities in these averages (which is why the brackets 

weren't labeled with a more cumbersome notation). In this approximation 

for the wavelength integrated perturbed mean intensity, the value of 

I
J

, doesn't vary very rapidly in the optically thin region as can be 

seen from the behavior of the one-point Gaussian root shown in figure 

3.2. Since it is the term involving J' that complicates the system of 

equations for radiative dampi.ng, if J' can be considered as 

approximately constant, then the integral-differential system of 

equations can be considered as an "inhomogeneous" equation with E
J 

and 

I
J

, acting as the inhomogeneous parts in the system of equations. 

A homogeneous system of equations can be obtained from equations 

3.134, 3.139 and 3.140 by setting E
J 

and I
J

, equal to zero: 

r dx/dr - Ax - 8p o (3.176) 

and 
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r dpldr - ex - Dp o (3.177) 

and 

E x + E P x p (3. 1 78 ) 

These equations have the same form as the adiabatic equations discussed 

in chapter two except that the coefficients have an added "Newtonian 

damping" term. 

A second order inhomogeneous equation for x oan be obtained from 

equations 3.139 and 3.140 in the same manner that the second order 

homogeneous equation was derived in ch~pter two. One first solves for 

p: 

Ax (3.179 ) 

This equation is now substituted into equation 3.140 resulting in: 

where 

[B 

[fir] dx/dr + 2 [g/r ] x 

D - (d ln Bid ln r) 

Q 

+ (3.181) 
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The general solution to equation 3.180 can be expressed as: 

+ ( 3 . 182 ) 

where the particular solution can be written as: 

x (r) - x (r ) 
p p 0 

r 
- x .! [x_Q/W] dr + 

+ r o 

r 
x_' r ! [x+Q/W] dr, (3.183) 

o 

(see Ross 1974) where W is the Wronskian of x+ and x defined as: 

W(r) (3.184) 

and r is a convenient position to evaluate x . If x (r ) is equal to o p p 0 

zero, one can write equation 3.183 as: 

x (r) 
p 

(3, 1 85 ) 

The constants c+ and c_ in equation 3.182 can be adjusted to satisfy 

the boundary conditions on xG' An alternate method is to write equation 

3.182 as: 

1 ] x + x ,(3.187) ,- p 



with 

X (r) 
p 

r 
- x • f [x_Q/WJ dr + 

+ r 
+ 

and r+ and r are defined by: 

and 

c 
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r 
x_·r~ [x+Q/WJ dr (3.188 ) 

(3.189 ) 

( 3. 1 90 ) 

so the boundary conditions can be absorbed into the limits, for the 

particular solution. The general solution is written in the form of 

equation 3.187, since it is assumed that the physical solution will 

behave like x_ because the solution x+ has unacceptably large values in 

the upper solar atmosphere. A general solution will have both x+ and x 

solutions depending on the boundary conditions. If there is substantial 

reflection, x will be present. Since the basic equations have been 
"" 

linearlized, a normalization constant can be adjusted to fix the value 

of xG to the observed amplitude at some position in the atmosphere 
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(assuming that one can successfully invert the observations to infer a 

value for the amplitude at some position). The general solution for p 

and 9 can be obtained from equations 3.134 and 3.179 once xG is known. 

The homogeneous solutions, x+ and x_, can be numerically 

approximated using the WKB approximation. Starting with the homogeneous 

second-,order equation for x gi ven by equations 2.182-2.184: 

+ 
2 (g/r )x 

One assumes a solution for x of the form: 

x her) exp[ $(r) ] 

The derivatives of x are given by: 

dx/dr ( d(ln h)/dr + d$/dr) x 

and 

o (3.191) 

(3.192) 

When equations 3.192-3.194 are substituted into equation 3.191, 

the result is: 
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(fir) [ d(ln h)/dr + d$/dr ] (3.195) 

The term involving dh/dr can be eliminated by setting: 

d$/dr f I (2r) (3.196 ) 

Using equation 3.196, equation 3.195 can be written as: 

2 2 gJ - h d $/dr (3. 197 ) 

If one now assumes an expression for h of the form: 

h ~ exp( 0(r) ) (3. 198) 

one can replace the differential equation 3.197 by the differential 

equation for 0: 

222 
d 0/dr + (d0/dr) 

d0/dr ± (1/2r). y1/2 

(3.199) 

(3.200 ) 
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where 

y 4g + 2f 2r df/dr (3.201) 

From equ~tions 3.192 and 3.198, one sees that the WKB approximation for 

the homogeneous solution is given by: 

exp( f 
r o 

r 
~± dr) (3.202) 

where x has unit amplitude at the position r and ~ is given by: 
± 0 ± 

~± [f ± (3.203) 

From the form for the dimensionless displacement perturbation given by 

equation 3.202, it is apparent that the solution will be evanescent if 

Y is positive and propagating if Y is negative. When Y is zero, one has 

a turning point for the WKB, which requires special attention. The 

validity of this WKB approximation can be examined for consistency for 

each case by checking whether or not d20/dr2 is indeed much less than 

(d0/dr)2 after one has an approximate solution for 0. 

The WKB approximation for the displacement amplitude as a function 

of radius can be used to examine the sensitivity of the homogeneous 
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solution to the nongray character of the radiation and the possible 

deviation from RE. From equations 2.183, 2.184, and the definition of 

the atmospheric parameters given by equations 3.141 through 3.144, the 

integrals I 1 , I3 and I4 enter directly into the WKB solution. To 

demonstrate the qualitative aspects of these contributions for strictly 

pedagogical purposes, one can perform a binomial expansion of equation 

3.203. Keeping only the first two terms in the expansion, one obtains 

the apprDximation for ~ given by: 

where the parameter s is given by: 

s (3.205 ) 

The parameter s contains the contributions from the nongray integrals 

and the flux divergence and is a measure of their importance for 

radiative damping. Nongray effects and the departure from radiative 

equilibrium must certainly be incorporated into the system of equations 

for the evanescent wave in order to accurately predict the waveform in 

the atmosphere when s is large. In chapter four, the value for the 

solar atmosphere is found to be sufficiently large that these 

contributions to the radiative damping must be kept. The Lagrangian 
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temperature perturbation for the homogeneous solution can be expressed 

as: 

[8 E - A E ] x + r E dx/dr x p ± P 
(3.206) 

When s 'is relatively large, one can approximate the Lagrangian 

temperature perturbation using.equation 3.204: 

(r ~_ (3.207) 

The Eulerian temperature perturbation follows from equation 3.207 using 

the linear relationship between the perturbations: 

(T'/T) (3.208) 

These expressions can be compared to the usual results when the nongray 

effects and departure from RE is neglected. In that case, setting I., 
I 

I3 and I4 e~ual to zero in equation 3.204, one finds that the remaining 

terms are approximately: 

and 

2 (c,w )/r (3.209) 



(TIlT) x 
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(3.210) 

consistent with the conclusions of Hill, Rosenwald and Caudell (1978a). 

The temperature perturbations differ substantially depending on the 

treatment of radiative transfer if s is large. The binomial expansion 

given by 3.204 is not a good representation of the original integrand 

and so one should compute the integrand numerically. The binomial 

expansion was only given as device to clarify the role of the parameter 

s that will be later evaluated for the solar atmosphere. The actual 

homogeneous solutions were obtained by numerically integrating equation 

3.202 using 3.203. 

After developing a numerical method, the position dependent 

Gaussian quadrature, and a procedure for dealing with the radiative 

damping of evanescent waves, it is only natural to apply this formalism 

to a stellar atmosphere. In the next chapter, the radiative damping of 

oscillations in the solar atmosphere and their radial waveform at the 

solar limb is investigated. 



CHAPTER 4 

DAMPING OF WAVES IN THE SOLAR ATMOSPHERE 

4.1 Introduction 

Long period global solar oscillations are reflected at the base 

of the photosphere. These modes are evanescent in the solar atmosphere. 

Tqe temperature perturbation associated with the evanescent oscillation 

will give rise to intensity fluctuations at the solar limb that can be 

detected by solar diameter measurements using the Fourier transform 

edge definition used at SCLERA. Waves that are not reflected may 

dissipate some of their energy in the lower solar atmosphere and 

contribute to the overall energy balance of the solar photosphere. It 

is necessary to go beyond the simple models considered in the previous 

chapters to adequately describe these processes and compare 
. 

observations to theoretical predictions. 

The radiative damping of waves in the solar atmosphere has been 

studied by a number of investigators. These studies include Whitney 

(1963), Noyes and Leighton (1963), Moore and Spiegel (1964), Stein 

(1966), Souffrin (1966, 1972), Stix (1970), Ulrich (1970), Thomas, 

Clark and Clark (1971), Clark and Clark (1973), Brown (1977), Dittmer 

(1977), Kalkofen and Ulmschneider(1977), Schmieder (1977a,b), 

Giovanelli (1978, 1979), Mihalas and Toomre (,1981, 1982), and 

260 
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Christensen-Dalsgaard and Frandsen (1983). The early descriptions were 

mainly an attempt to model the observed properties of the five minute 

modes in terms of either acoustic or gravity waves and have been 

discussed in chapter two. A brief review of some of the more relevant 

studies is given to demonstrate the various techniques that can be used 

on this problem and to contrast those methods with the one used in this 

dissertation. 

Estimates of the radiative damping time in the seminal paper by 

Spiegel (1957) established the importance of radiative damping for 

solar atmospheric motions. Whitney (1963) investigated the response of 

the solar atmosphere to a sinusoidal input by numerical integration of 

the integro-differential equation for a gray atmosphere in LTE. The 

solar atmosphere was modeled by a gray atmosphere with an effective 

temperature of 5760 K. Brown (1977) estimated the FFTD response to 

photospheric oscillations using a six-slab approximation to the HSRA 

and radiative damping by the Newtonian approximation. (HSRA stands for 

the Harvard-Smithsonian Reference Atmosphere, see Gingerich et al. 

1971). Brown (1977) concluded that for low frequencies the FFTD signal 

should be substantia.lly the same as that obtai ned from the ampl i tude 

for photospheric dispiacements. Dittmer (1977) also estimated the FFTD 

response to photospheric oscillations using the equations from Noyes 

and Leighton (1963) for an isothermal atmosphere, the HSRA atmosphere 

for model parameters, and radiative relaxation time for an infinite 

homogeneous atmosphere from Spiegel (1957) as modified by Ulrich (1970) 

to account for the finite optical depth of the atmosphere. Dittmer 
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(1977) concluded that the damped mechanical solution corresponding to 

the adiabatic beta minus solution could not be detected by diameter 

measurement techniques at SCLERA. Mihalas and Toomre (1982) 

investigated the propagation of gravity waves in the solar atmosphere 

using the Vernazza, Avrett, and Loeser (1976) solar model and Newtonian 

damping. Schmieder (1977a) modeled the propagation of linear 

hydrodynamical motions in the solar atmosphere using the HSRA model 

solar atmosphere and a transfer matrix for radiative transfer at six 

different wavelengths. Schmieder (1977a) asserted that the influence of 

radiative dissipation and the presence of a temperature gradient was 

important below an optical depth of .01 (at a wavelength of 5000 A). 

The validity of the Eddington approximation to describe solar 

oscillations was maintained by Christensen-Dalsgaard and Frandsen 

(1983) who used a modified version of solar model C of Vernazza, 

Avrett, and Loeser (1981) and a gray opacity. With the use of a 

variable Eddington factor, Christensen-Dalsgaard and Frandsen (1983) 

found that the oscillatory frequencies for solar oscillations were 

relatively insensitive to the details of radiative transfer in the 

solar atmosphere. The present work differs from these investigations by 

the inclusion of 400 frequencies and the adoption of a more recent 

semi-empirical solar model. The adoption of certain approximations in 

order to make the problem more tractable, in particular the use of only 

a one dimensional solar model and the neglect of magnetic effects, may 

reduce the relevance of the the present study to describe the actual 

physical phenemona occurring on the sun. Although it may be necessary 
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in the future to extend this discussion to include multi-dimensional 

modeling and magnetic effects, the results given here can be viewed as 

an initial study of nonlocal effects on radiative damping in the solar 

atmosphere. 

The formalism developed in chapter three for the radiative 

damping of waves in stellar atmospheres is used to compute waveforms 

for oscillations evanescent in the solar atmosphere. These oscillations 

will appear as intensity fluctuations at the extreme solar limb. A limb 

program was constructed to display the shape of the intensity 

fluctuations as a function of radial distance measured inward from the 

limb. The magnitude of the expected FFTD signal of the projected 

perturbed limb darkening function was computed to sUbstantiate the 

sensitivity of the measurements at SCLERA. 

4.2 Numerical Evaluation of Static Model Parameters 

Consider the expression for the perturbed radiative flux 

divergence: 

This expression contains in addition to the oscillatory variables, x, p 

and a, solar model parameters such as V and V, thermodynamic parameters 

such as a and 0T' and integrals involving radiative transfer such as I, 
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and I
J
,. Before the response of the solar atmosphere can be computed, 

these static model parameters must be evaluated. 

The adopted solar model to compute the static model parameters was 

that of Vernazza, Avrett, and Loeser (1976) (henceforth designated as 

VAL76) since it was a relatively recent one-dimensional model of the 

solar photosphere and has been utilized frequently in the astrophysical 

literature. VAL76 is a 24 zone model of the sol~r photosphere extending 

from a height of 800km to -75km relative to the origin given by unit 

optical depth for a wavelength of 0.5 microns. In order to help 

minimize boundary effects on the computation of the radiative 

integrals, this model was augmented to a 50 zone solar model from a 

height of 1065km to -1126km by matching the model to the chromospheric 

solar model C of Vernazza, Avrett, and Loeser (1981) (henceforth 

designated as VAL81) and the solar interior of Christensen-Dalsgaard 

(1982). The matching was accomplished by using the matching function 

technique described by Christensen-Dalsgaard (1982) and utilizing the 

program ATLAS6 to compute additional quantities not available in the 

supplemental models. 

Solar opacities were computed from the stellar opacity program 

ATLAS6, which was modified to apply only to the solar atmosphere. An 

earlier version of the stellar atmosphere program, ATLAS5, is discussed 

in detail by Kurucz (1970). The bound-free opacities of H, He, CI, MgI 

and Si I were adapted directly from ATLAS 6. The bound-free absorption 

for Al I and FeI was taken from tabular data in Dragon and Mutschlecner 

(1980). The chemical composition of the solar photosphere was taken 
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from Withbroe (1971). The coding for ATLAS6 was kindly supplied by Andy 

O'Dell. 

Since the number of lines in the solar atmosphere is enormous, 

representing the line opacity as the sum of all the individual lines is 

numerically untenable. There are many ways to model the line absorption 

(see Vardya 1966). Aside from ignoring the line opacity or using only 

one or two lines, the most convenient available numerical 

representation is given by the opacity distribution functions that have 

been complied for a large number of lines (with temperatures and 

pressures appropriate for stellar atmospheres). In order to avoid 

detailed line by line computation of the line opacity, Strom and Kurucz 

(1966) introduced a statistical procedure for computing the line 

blanketing. For a given frequency range, the line opacity is re-

arranged into a monotonically increasing function of frequency. The 

total line opacity, 1 , is represented as: 
v 

1 
f l(p) dp 

o 

N 
I 

i=1 
(4.2) 

where 1 . is the transformed "height" in probability space of the 
Vl 

corresponding line opacity magnitude with weight w . and the sum on the 
Vl 

RHS of equation 4.2 is a numerical approximation to the probability 

integral. One can define optical depths using these opacity 

distribution functions as: 



L . 
\11 

P (K + 1.) dz 
\I \11 

The mean intensity is given by: 

J (\I,A\I) 
\I 

1 
f J (p) dp 
° \I 

N 

L 
i=1 
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(4.3) 

w . J . 
\11 \11 

(4.4) 

where J\li is the mean intensity determined by the optical depth L\l1 

given by the expression: 

J . ~ 
\11 

1 
2 

co 

f B (t) E
1
(lt - L .1) dt ° \I \11 

(4.5) 

when the line is assumed to be in LTE and scattering is ignored. 

Further information about opacity distribution functions can be found 

in Querci, Querci, and Kunde (1971), Carbon (1974) and Kurucz (1979). 

The opacity distributions used in this work are the result of the 

statistical representation of atomic line opacities selected from a 

list of 1,760,000 lines compiled by Kurucz, Peytremann and Avrett 

(1973). The opacity distribution functions for lines in LTE appropriate 

for the solar atmosphere were supplied on magnetic tape by Ingmar 

" Furenlid. The opacity distribution functions are tabulated as a 

function of temperature and electron number for set frequency ra~ges. 

The frequency intervals and the temperature and electron number grid 
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can be found in Kurucz (1979). Kuruzc kindly supplied information on 

magnetic tape transfer and the proper use of the opacity distribution 

functions. 

The opacity distribution functions compiled by Kurucz at a fixed 

frequency range and gird element consist of ten line opacity functions, 

1 , and their associated weight functions, w , for n = 1 to 10. The n n 

value for the opacity distribution function that has a small value for 

the subscript n corresponds to the line opacity. arising from the wings 

of the line, while the value for the In with a subscript n near the 

value 10 arises from the line cores. The difference between In and 1 10 . 

for a fixed frequency interval and grid element can be several orders 

of magnitude. The flux divergence is assumed to be proportional to the 

sum L w 1 (J, - B,). 
n n n An A • 

Vernazza, Avrett and Loeser (1976) used Kurucz's opacity 

distribution function with n set equal to 4 and with a weight equal to 

one. They found that they could get reasonable agreement in their solar 

model using this model for the solar line opacity. Kurucz in a private 

communication cautioned against this use of the opacity distribution 

function since the line distribution functions were derived to be used 

in a different manner. The opacity distribution functions were used in 

the same manner as Vernazza, Avrett and Loeser (1976) since the same 

opacities that were used to construct the equilibrium model should also 

be used to investigate its perturbation. The complete formalism of 

Kurucz was initially used in incorporating the line blanketing effects 
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but was found to be sensitive to numerical errors when used with the 

adopted radiative transport code. This numerical problem arises from 

the fact that 1 (J - B) ~or the larger n values consists of a very 
n n 

large opacity multiplying a very small difference, while for small n 

one has a small value multiplying a large difference. 

The opacity distribution functions compiled by Kurucz were 

obtained from lines in LTE. The assumption that the lines are in LTE 

becomes less valid as one moves up into the solar atmosphere and the 

introduction of NLTE effects reduces the blanketing effect of the 

lines. This factor might help justify the ad hoc procedure used on the 

opacity distribution functions by VAL76. 

Using ATLAS6, the continuum and line opacities were computed for 

the 50 zone solar model described above. Figure 4.1 displays the 

continuum and line opacities (n = 4) between 1600 and 6600 A for a 

temperature of 4750K, a 
. -2 

pressure of 17000 dyn cm and a density of 

5.5 x 10-8 gm/cm 3 corresponding to a height of 250 km in the semi-

empirical solar model M from VAL76. This figure is in agreement with 

figure 3 of VAL76. 

A grid of five temperatures and five different pressures was 

constructed around each of the zonal temperatures and pressures in the 

solar model. This grid was used to obtain the temperature and pressure 

derivatives of the opacity at each of the zonal values. The grid values 

were adjusted until the computed opacity derivatives were independent 

of the size of the grid. The derivatives were obtained using the linear 
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Figure 4.1. Continuum and line opacities versus wavelength for the 

conditions existing a~ a height of 250 kilometers above the base of the 

photosphere in VAL76 solar model M. 
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coefficient in the cubic spline interpolation. Since the computed 

derivatives might be sensitive to the method used for the 

differentiation, four other differentiation techniques were used and 

gave comparable results (to within .1 percent or less). The line 

opacities were stored as a function of temperature and electron number. 

ATLAS6 was used to compute the opacities for each of the grid values 

and then a cubic spline was used to differentiate the result. ATLAS6 

was also used to compute the pressure and temperature derivatives of 

the electron number so that the opacity derivatives could also be 

computed using the chain rule for partial derivatives. This other 

method also produced comparable results. Figure 4.2 displays the 

temperature derivative of the total opacity (the continuum and the 

opacity distribution function at k = 4 with a weight equal to one) at 

the temperature and pressure for solar model M at a height of 250 km as 

a function of the wavelength of the radiation. The temperature 

derivative is very negative in the region dominated by the ionization 

of the metals. 

The negative opacity derivative with respect to the temperature 

can be seen in the temperature dependency of the major opacity sources. 

Figure 4.3 shows the contribution to the opacity from H as a function 

-2 of temperature at a pressure of 17,000 dyn cm . Figure 4.4 shows the 

opacity distribution functions as a function of temperature for the 

same pressu~e. The top line corresponds to the line core and the bottom 

line corresponds to the extreme wing in the line. 
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Figure 4.2. Derivative of the total opacity with respect to 

temperature versus wavelength for the conditions existing at a height 

of 250 kilometers above the base of the photosphere in VAL76 solar 

model M. 
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Figure 4.4. The·opacity distribution functions for the line opacity 

versus temperature. 



274 

Figure 4.5 shows the pressure derivative of the opacity as a 

function of the ·wavelength. It is apparent that the opacity is more 

sensitive to the temperature than it is to the pressure. 

It is also necessary to compute the mechanical and thermal 

quantities in the pulsation code. The equilibrium model parameters, U, 

V, c" n, and V can be computed using the adopted 50 zone solar model 

and spline differentiation. The thermal quantities, cp ' Vad , a, and 0T' 

are more complicated and involve the thermodynamics of the radiating 

(and ionizing) atmosphere (for the temperature and pressure values of 

the adopted solar model). 

The thermodynamics of a radiating gaa has been explored only for 

relatively simple cases. Consider the expression for the radiation 

pressure: 

[ f dA 
o o 

4~ 

f I, n.n. dn J/c 
A 1 J 

(4.6) 

Even if one assumes LTE and azimuthal symmetry, the radiation pressure 

is clearly a tensor. Because the pressure is a tensor, the usual 

expressions for the thermal parameters such as Vad: 

(d In T)/(d In P)\adiabatic (4.7) 
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become problematic. The thermal parameters arose from the manipulation 

of the energy equation in which the pressure was assumed to be a 

scalar. The correct form to use for the energy balance comes from the 

theory of thermodynamics of a continuous media (see Truesdell 1969): 

dE/dt dT/dt + D + Q (4.8) 

'where E is the total internal energy, T is the total (reversible) 

strain energy, D is the total dissipative power and Q is the heat 

energy (assuming that Cauchy's first law is valid, that local ~aSS is 

conserved and that the medium is nonpolar). If the source function is 

not assumed to be in LTE, a statistical approach is required. The 

nonlocal nature of the radiation surely plays an important part in the 

thermodynamics of a radiating gas not ·in TE. The inclusion of this 

aspect of the radiation field would unduly complicate the problem under 

consideration since one would (at the very least) have to introduce the 

more complicated energy equation given by equation 4.8 instead of the 

one that was used in chapter three. 

Even for a radiating gas in TE, the radiation pressure is not 

really a scalar but instead it is an isotropic diagonal stress tensor. 

However, in this case the radiation pressure can be treated as if it 

were a scalar. Following the discussion in Cox and Guili (1968) or 

Mihalas and Mihalas (1984), one can derive expressions for the thermal 

parameters for a radiating and ionizing gas in TE. As an example, one 

can consider the derivation of ~ad' The energy equation is given by: 
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dE + P dV dQ (4.9) 

Using a constitutive equation of the form: 

E E(p,T) (4.10) 

and the equation of state given by: 

d(ln p) XT d(ln T) + X dOn p) 
p 

(4.11) 

and the adiabatic condition that dQ is equal to zero, one can derive: 

X T (aE/aT) ] p p 
(4. 12) 

. with 

(a ln p)/(a ln T)v (4.13) 

- (a ln p)/(a ln V)T (4.14) 

and 

(aE/a ln P)T - (Pip) (4.15) 
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For a radiating and ionizing nondegenerate, nonrelativistic, 

monatomic gas with no negative ions, the pressure and internal energy 

per unit mass is given by (see Cox and Guili 1968): 

p (4.16) 

and 

E (3/2) (1 + y) nkT + 
4 

+ aT /p (4.17) 

where y is the mean degree of ionization. Expressions for the thermal 

parameters for the simple case of one element in one ionization stage 

can be found in chapter 9 of Cox and Guili (1968). Computational 

techniques for including more elements and stages of ionization CRn be 

found in chapter 15 of Cox and Guili (1968). The computational method 

-for including negative ions, which includes the important case of H , 

can be found in Vardya (1965). Thomas et al. (1971) gave a simplified 

description of the thermal parameters based on the assumption that only 

the ionization of hydrogen was important. This simplified description 

was adopted for this initial exercise. The thermodynamic parameters 

used by Ando and Osaki (1975) are given by: 

+ (~/2) , . (4.18) 
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+ (~/4) (5 + 2X/kT) (4.19) 

and 

'Vad [5 + (~/4)(5 + 2x/kT)2 J/[2 + (~/2)(5 + 2X/kT)J, (4.20) 

where X is the hydrogen ionization potential given by: 

X/k 1 .578 x 105 K (4.21 ) 

and the parameter ~ is given by 

(4.22) 

with ~, the fractional hydrogen ionization, given by: 

+ (4.23) 

r, the ratio of the electron pressure to the gas pressure without the 

electron pressure: 

r P I[P e g 
(4.24) 
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and v is the number fraction for hydrogen. The parameters ~, v, and r 

are computed from the adopted solar model. The specific heat at 

constant pressure is given by: 

with 

and 

2 c s 

3C2(~+2)[1 + [~/(6~+12)J(3 + 2x/kT)2 J/(4T) 
s 

r 1 pi p 

(4.25) 

(4.26) 

r
1

=[5 +(~/4)(5 + 2x/kT)2J/[3 + (~/4)[(3+2X/kT)(5+2X/~T)-4X/kTJ J.(4.27) 

Numerical evaluation of the integrals IO to I 10 proceeds directly 

from the adopted 50 zone solar model and the ATLAS6 opacity program 

modified to accept Gaussian quadrature for the mean intensity. The 

easiest of the Ii's to evaluate is Io given by: 

I o (4.28) 
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IO at zone i is the product of the zone density, specific heat and 

temperature divided by the fixed dynamical time. The normalization 

integral, I 2 , defined by: 

I = 2 
4TI f 

o 
(4.29) 

is evaluated for each zone by computing the integrand and storing it in 

a matrix that is then integrated over wavelength. The opacity, which is 

the sum of the continuum and line opacity distribution function at k=4, 

is evaluated using the ATLAS6 program for 400 frequencies from 800 A to 

43314 A. Since the same opacities are used for all the I. 's, they were 
1 

stored in a separate file to avoid redundant computation. The 

integration over wavelength is performed using a forward-backward 

parabolic fit (see Kurucz 1970, section 2.5). The divergence for the 

radiative flux: 

I1 = 4TI f 
o 

(4.30) 

is evaluated in the same way except that in addition one needs a method 

for computing the mean intensity. The mean intensity for a plane-

parallel stratified atmosphere in LTE is: 



.1 
2 

co 
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(4.31) 

The 6-point Gaussian quadrature approximation to the mean 

intensity given by equation 4.31 is: 

(4.32) 

where the Planck function at the Gaussian ~oot is evaluated by a 

stretched cubic spline fit. The six-point Gaussian roots and weight 

coefficients were obtained from tables generated by Rosenwald (1984). 

The evaluation for the non-gray integrals I3 and I4 proceed in the same 

m~nner. The integrals IO to I4 enter the equations in the form Ii/I2 

which is a convenient normalization. Figure 4.6 shows these normalized 

integrals for the solar photosphere. It is seen from this figure that 

although I O' I1 and I4 are essentially positive for the solar 

atmosphere, I3 which is the non-gray temperature term, is negative in 

the solar atmosphere. A "damping time" can be defined by the ratio: 

(4.33) 
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Figure 4.6. Values for the normalized radiative integrals IO/I2' 

I,/I 2 , I3/12' and I4/I2 versus the logarithm of the optic~l depth at a 

wavelength of 0.5 microns. 
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where Ld is the dynamical time defined in chapter two. A parameter 

defined from the radiative integrals that indicates the importance of 

deviation from RE and the non-gray effects is given by: 

s V[ (a - Va)1 + VI + 
T 1 3 (4.34) 

Both tI (in seconds) and the parameter s are displayed in figure 4.7. 

The sensitivity of the integrals I., with i equal to 1 through 4, 
1 

with respect to the choice of the frequency range and the particul~r 

frequencies was investigated. The computed values for the integrals 

were sensitive only at the .1 ~ercent level when the frequencies were 

decreased to only 200 frequencies or if the wavelengths were changed by 

the constant addition of 10 A. The wavelength range was important if it 

was decreased from its present value by a factor greater than two. 

The integrals for the perturbed mean intensity, I5 to I 10 , are 

slightly more complicated but essentially involve the same computation. 

For example, the evaluation of I5 defined by: 

I = 5 2~ J 
o 

(4.35) 

are evaluated for the same wavelengths with the one-point Gaussian root 

and weight coefficient evaluated from the method given in chapter three 

for the optical depths computed by the sum of the continuum and line 
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opacities (n = 4) for each wavelength. The Planck function and its 

derivative is evaluated by cubic spline interpolation. I7 is evaluated 

the same way as IS. Only slightly more complicated are the integrals 

for th~ opacity fluctuations in the mean intensity, I8 through I,O. The 

radiative integral I8 which is defined by: 

with 

and 

y 

t a 

21T f 
o 

CD 

+ 

(4.36) 

(4.37) 

(4.38) 

are evaluated in the same manner as I5 and I7 except that in addition 

there is a multiplicative factor of (KT - 0T) which is evaluated at the 

"mean" optical depth tao The integrals I9 and I,O are evaluated in a 

similar manner. Figure 4.8 displays the values for the normalized 
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integrals I5 through I,O divided by I 2 · The integrals I 7 , I9 and I,O 

have been divided by 1000. 

4.3 Is the Solar Atmosphere in Radiative Equilibrium? 

In the last section, the value for I
1

, which is proportional to 

the radiative flux divergence, was found to be nonzero in the solar 

atmosphere. This can be due to either inaccuracies in the radiative 

transfer code or to physical processes in the solar atmosphere that 

drive the atmosphere away from radiative equilibrium, abbreviated as 

RE. Deviations from RE can affect the waveform of the pulsation in the 

solar atmosphere. The solar atmosphere has been studied in detail and 

so one can ask several questions: whether the solar atmosphere is in 

RE, where deviations from RE become important, and the relative 

magnitude of these deviations to other terms in the description of 

solar oscillations. 

Theoretical models of a stellar or solar atmosphere have almost 

always utilized the "classical" assumptions of hydrostatic equilibrium 

and RE. RE is characterized by a divergenceless radiative flux. The 

energy balance equation for a static, steady-state atmosphere is given 

by: 

v • F + 
rad 

v • F 
nr 

o (4.39) 
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where F is the non-radiative energy flux. Under conditions of static nr 

equilibrium, the divergence of F will be small if the divergence of 
r 

F is small. The condition for RE in static equilibrium will occur nr 

when the energy flux is entirely carried by the radiation field and 

also when the energy flux is entirely carried by non-radiation 

processes. For spherical geometry, the condition for RE means that r2 

times the radial component of the radiative flux is constant with 

radius, and for a plane-parallel atmosphere, the radiative flux is 

constant with height. A theoretical model for the temperature structure 

in the outer layers for a star whose atmosphere is assumed to be in RE 

can be constructed using the radiation transport equations. The 

accuracy of the theoretical model is constrained by the sophistication 

of the radiative transfer code. RE stellar models can be classified by 

the assumed surface value for gravity, the effective temperature and 

the chemical composition. In most cases, RE stellar models can be 

constructed that fit observed whole disk stellar continuum radiation 

sufficiently well (see Gray 1976). 

The temperature in theoretical models of stellar atmospheres 

assumed to be in RE and LTE is usually a monotonically decreasing 

function of radius. Even invoking an extreme case of the Cayrel 

mechanism for a stellar atmosphere in NLTE, but still in RE, the 

maximum obtainable temperature after the initial decrease in the 

photosphere is the radiation temperature of the most transparent part 

of the continuum, which is less than or equal to the effective 
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temperature. The effective temper~ture of the sun is 5770 K, and that 

temperature is exceeded in the middle chromosphere, transition region 

and corona. 

Where does the departure from RE first become important in the 

sun? This question arises in the context of how much energy is 

deposited in the solar atmosphere by shock waves. Ulmschneider (1974) 

argued that any dissipation of non-radiative energy would raise the 

local temperature, and so the temperature minimum would be an upper 

limit for the RE boundary temperature. The subsequent chromospheric 

rise would correspond to a departure from RE. Praderie and Thomas 

(1976) and Ayres (1980) criticized this procedure, since they argued 

that NLTE effects could cause part or all of the low chrornospheric 

temperature rise. 

Athay (1970)- demonstrated that it was possible for the line 

blanketing effects to overwhelm the rise in temperature due to 

departures from LTE in the lines. Detailed NLTE calculations for the 

effect of lines on the solar temperature distribution have been 

performed only on a few lines (see Athay 1970 and Ayres and Linsky 

1976). The cumulative effect of a large number of lines in NLTE on the 

solar temperature distribution is not known at present due to the 

extreme computational difficulty of the problem. It appears to be 

unlikely that detailed NLTE line blanketing effects on the solar 

temperature distribution will be available in the near future. 

Observations by Athay and White (1978) of velocity fluctuations in 

the middle chromosphere with the OSO-8 satellite revealed an estimated 
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4 -2 -1 
resolved flux of only 1 x 10 ergs cm s . Although this is only a 

lower limit to the true flux, it is a clear indication that sufficient 

wave energy flux to heat the upper chromosphere and corona may not 

exist. Another indication is the upper limit estimated by Athay and 

White in which the total wave velocity is equated to the observed 

microturbulence propagating at the local sound speed. The inferred 

energy flux was still too low. Observations 0f Doppler shifts in Ca II 

and Mg I lines gave Mein and Schmieder (1981) an inferred mechanical 

flux at the top of the photosphere of only 2 x 103 ergs cm-2 s-1. The 

results of ultraviolet spectra and X-ray flux measurements by the 

International Ultraviolet Explorer and the Einstein X-ray satellite 

suggested that hotter outer layers were almost a ubiquitous feature of 

stars. Chromospheres and coronas in late-type stars, from F5 to K 

spectral types, are expected on the basis of the short-period acoustic 

heating theory, since these stars have vigorous convective envelopes. 

However, for e.arly type stars that have convective cores and radiative 

envelopes, the presence of observed excess EUV and X-ray flux suggest 

that some alternate non-radiative energy flux must also be present in 

stars (see the review by Linsky 1980). The heating of low chromospheres 

seemed to be in very good agreement with the acoustic wave heating 

" theory (see Bohm-Vitense 1984). The need to introduce "microturbulence" 

to account for the broadening of solar and stellar spectral lines 

indicates the presence of a mechanical flux in these atmospheres. It is 

possible that there exist more than one heating mechanism for different 
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spectra-type stars. The current popular heating mechanisms for the 

solar atmosphere (see Kuperus, Ionson and Spicer 1981) are either 

acoustic or gravity waves modified or channeled by magnetic fields in 

the middle chromosphere or magnetic heating processes (including the 

dissipation of electric currents in nonpotential magnetic field 

configurations or recombination of opposite polarity field lines). 

The most straightforward method to ascertain the location in the 

sun where departure from RE becomes important would be a direct 

comparison of theoretical solar models constructed under the assumption 

of radiative equilibrium and semi-empirical models which are 

constructed to best fit the intensity data with RE not being assumed. 

The theoretical solar models available through the astrophysical 

literature are those of Athay (1970), Peytremann (1974b), Bell et al. 

(1976) and Kurucz (1979). Athay constructed a model solar atmosphere 

using a small but select number of solar lines in NLTE. Kurucz's solar 

model, henceforth designated as KUR79 , was constructed as one of many 

model atmospheres using the program ATLAS6 assuming plane parallel 

geometry, hydrostatiC equilibrium, line blanketing using opacity 

distribution functions with a large number of line (of order 106), 

lines and continua in LTE, no molecules in the equation of state and RE 

in the outer layers. The solar models of Peytremann (1974b) and Bell, 

et al. (1976) were also constructed as one of a grid of stellar models. 

The construction techniques used for these models can be found in 

Petrym~nn (1974a) and Gustafsson et al. (1975). A comparison of the 
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different theoretical RE solar models can be found in Kurucz (1979) and 

in Rutten and Cram (1981). 

The semi-empirical solar models available through the 

astrophysical literature are those of Gingerich et al. (1971), Ayres 

and Linsky (1976), VAL76, Sasri et al. (1979) and VAL81. The semi

empirical model of Ayres and Linsky was based on the empirical emission 

cores and wing intensities of the.Ca II and Mg II resonance lines in 

NLTE and computed on the basis of a partial redistribution formalism. 

The temperature minimum for their model was approximately 4450 K. This 

temperature minimum is much largep than other recent semi-empirical 

models. The semi-empirical model of VAL76 was based on a wide variety 

of ultraviolet, visible and infrared solar contina central intensities, 

whole disk flux measurements and limb-darkening in the infrared. 

Deviations from LTE are only c?nsidered for H , H, CI and 8i I. Other 

continuum sources and lines (using Kurucz's opacity distribution 

functions in the manner described above) are treated in LTE. 

Microturbulent velocities are used to account for observed line 

broadening. The temperature minimum in VAL76 is 4150 K. The multi

dimensional semi-empirical models of Sasri et al. (1979) are based on 

Lyman-alpha line profiles and intensities treated in NLTE and using the 

partial redistribution formalism. The temperature minimum is given as 

4460 K, however, the Lyman-alpha data are relatively insensitive to the 

region of the temperature minimu~, and the model of this region was 

simply adjusted to match the earlier solar model of Ayres and Linsky. 

Using 8kylab data, VAL81 constructed multi-dimensional semi-empirical 
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solar models to represent the inhomogeneous structure of the 

chromosphere. Their model C, which represents the average quiet sun, is 

quite similar to VAL76 in the region where they overlap. The 

temperature minimum of model C of VAL81 is 4170 K. 

Of the many theoretical and empirical models that could be 

juxtaposed, KUR79 will be compared against VAL76. KUR79 is a relatively 

recent theoretical solar model and in addition was constructed using an 

opacity code similar to the one used in this dissertation and VAL76 is 

a one dimensional solar model that was adopted as the empirical solar 

model in the radiative damping calculations since it was readily 

available when the initial computations were performed. These choices 

are not too arbitary, since both KUR79 and VAL76 are solar models that 

have been frequently cited in the astrophysical literature. 

If one compares the temperature structure of VAL76 to KUR79 versus 

log of the optical depth, shown in figure 4.9, one notices that the RE 

model predicts a cooler atmosphere than the semi-empirical model for an 

-4 optical depth less than 1.06 x 10 , which indicates a nonradiatively 

heated chromosphere. (The difference in the optical depth scale used by 

KUR79 and VAL79 has been ignored. Kurucz seems to have used only the 

continuum opacity at 5000 A, whereas VAL76 used part of the line 

opacity as well as the continuum.) The sharp decline in the temperature 

with height in KUR79 is due to the inclusion of line blanketing. 

Between optical depths .0516 and .000106, the semi-empirical model lies 

below that of the RE model. If this temperature deficient is real, it 

is somewhat surprising, because no dissipation of non-radiative energy 
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could produce this difference. Theoretical calculations of the 

nonlinear propagation of acoustic waves in solar type stars by 

Ulmschneider et ale (1977) predict that as much as 90 per cent of the 

initial acoustic wave energy produced in the convection zone is 

dissipated in the photosphere below the temperature minimum, due to 

radiative dissipation. So one would expect the semi-empirical model to 

lie above the RE model. The amount of energy involved is not 

insignificant. The maximum temperature difference below the temperature 

minimum is 263 K and occurs at an optical depth of .00065 (at 

wavelength 5000 A). Using the flux relation for a gray atmosphere, this 

represents a 27 per cent change in flux. 

The amount of mechanical dissipation needed to heat the 

photosphere and the chromosphere can be calculated from the excess 

radiation loss from those regions. A large excess radiation loss would 

definitely indicate deviation from RE. Athay (1966) argued that in the 

low chromosphere the dominant radiation losses were from the H ion and 

the hydrogen Balmer series. Unfortunately there exists a controversy on 

how to compute the radiation loss from H and how important NLTE and 

population effects are in the computation (see Osterbrock 1961; Athay 

1966, 1970; Gebbie and Thomas 1970; Ulmschneider 1970, 1974; Praderie 

and Thomas 1972, 1976; Jordan 1977; Kalkofen and Ulmschneider 1977; 

Ulmschneider and Kalkofen 1978; Ayres 1980; and Chapman 1981). 

According to VAL81 , the dominant cQntribution to the net radiative 

cooling rate in the chromosphere arises from Lyman-alpha, Ca II and Mg 

II, so the controversy on the heating contribution to the chromosphere 
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based on the H opacity might have been ill-founded. However, below the 

temperature minimum, H becomes a significant opacity source and the 

bound-free H cooling rate is negative. Using a cubic spline fit to the 

data tabulated in VAL81 , the integrated net cooling rate for bound-free 

H between opti cal depths .479 and 4.1 x 10-5 is -4.4521 x 108 ergs 

cm-2 s-1. This net radiative gain is an order of magnitude greater than 

the net radiative loss in both the chromosphere and corona. 

Since there is an important difference between the semi-empirical 

and the theoretical model, one might ask if there is some flaw in one 

or the other model. The semi-empirical model of VAL76 (as in any model 

based in part on observations) has some finite error associated with 

the temperature structure (in both the temperature and the optical 

depth). The temperature minimum for VAL76 was based on continuum 

observations in the infrared region 100 to 200 microns and in the UV 

near 0.16 microns. The temperature uncertainty in the infrared 

measurements lies in the lack of temperature sensitivity in the Planck 

function in the Raylelgh-Jean.s region. In the UV, deviations from LTE 

make the radiative transfer problem somewhat uncertain. The UV 

measurements are sensitive to the electron densities (which might be in 

error), and to the detailed NLTE populations of Fe and Si, which might 

be closer to LTE than assumed. Discussions of these possibilities can 

be found in Samain (1980) and in VAL81. According to Kalkofen and 

Ulmschneider (1979), the experimental error in the determination of the 

temperature in VAL76 was + 100 K. There are considerable temperature 
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differences due to inhomogeneities in the network as can be seen in 

VAL81, where the temperature minimum in a dark point within a cell is 

3900 K, whereas the temperature minimum in a very bright network 

element is 4440 K. One would expect the temperature minimum in a 

horizontally averaged solar model to have a variation less than this. 

The temperature minimum that best fits the center to limb behavior of 

first-overtone vibration rotation transitions of solar carbon monoxide 

was found by Ayres (1978) to be no higher than 4200 K. 

The theoretical model KUR79 can be criticized for not treating the 

line transfer problem in its most intricate formulation and for not 

including a large number of molecular lines. Athay's model, which is a 

NLTE model with a small but select number of lines, is quite close to 

the Kurucz model and exhibits the same trend in temperature. At an 

-4 optical depth of 3 x 10 , the temperature in Athay's model lies 41 K 

above that of KUR79. Since the tnclusion of NLTE effects to lines is 

supposed to increase the RE model temperature according to Gebbie and 

Thomas (1970), the addition of NLTE effects to the lines in KUR79 

should not make it closer to the semi-empirical model in the 

temperature minimum. Molecular bound-bound transitions could add to the 

line blanketing and decrease the temperatures predicted by KUR79. 

Molecular t~ansitions (especially CO lines) might account for the so-

called "missing opacity" in the solar UV continuum and therefore 

constitute an important opacity source which should be included in any 

RE model (see Dragon and Mutschlechner 1980). Unfortunately, to include 

all these additional details in a theoretical RE solar model would be a 
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formidable exercise. The one component semi-empirical and theoretical 

models that are available all display the same difficulty in the 

temperature minimum region. 

If the temperature difference is not the result of a fault in the 

semi-empirical model or the RE model then possibly one can attribute 

the discrepancy to dynamical effects. In their attempt to construct a 

theoretical solar model including shock wave dissipation of acoustic 

waves, Ulmschneider et al. (1977) found a depression in the predicted 

time averaged temperature structure which they interpreted as due to 

the nonlinearity in the Planck function (which varies as T4). If one 

takes the case where the mechanical flux is small, the temperature will 

oscillate around the temperature set by the condition of RE, which is 

designated as TRE • As the amplitude of the wave increases, the energy 

transport can still be determined by the radiation field, but the 

temperature oscillations need no longer be small. The time averaged 

temperature (assuming sinusoidal waves) then becomes: 

(4.40) 

where x is equal to (6T/TRE ). However, if TRE were equal to the 4250 ~ 

and the time averaged temperature were equal to the observed 

temperature minimum of 4150 K, then from equation 4.40, x would be 

approximately equal to .43 and 6T would be 1785 K, which might be 

construed as unreasonably large for the temperature fluctuation in the 
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waves. B. Mihalas (1979) found that large temperature perturbations 

were associated with gravity waves and this dissertation argues that 

due to the coupling of mechanical waves with the thermal modes, one can 

obtain large temperature perturbations in the solar atmosphere so this 

mechanism may actually apply. 

The evidence for traveling gravity waves in the solar atmosphere 

was discussed in chapter two. If there are traveling gravity waves 

which dissipate in the temperature minimum, then the possibility arises 

that the temperature minimum might be dynamically cooled as discussed 

by Blumsack and Gierasch (1973) as a possible mechanism at work in the 

Martian atmosphere and by Walterscheid (1981) for the terrestrial 

atmosphere. If one neglects pressure and opacity fluctuations and 

considers a truncated thermodynamic equation for the time averaged mean 

state of the-form: 

c ca ( pv ' T' ) /a z ] 
p z - V • F 

R 
(4.41 ) 

From this equation one can see that the change in the mean state 

temperature induced by the waves depends on the ~eight variation of the 

vertical flux of sensible heat. If the dissipation of the wave is not 

too severe, the vertical variance of the temperature is large (in order 

2 to insure the constancy of the wave flux pv' ) and the LHS of equation z 

4.41 is positive which contributes a warming to the temperature. In a 

region of strong dissipation, one can no longer demand that the wave 



301 

flux be constant and it is possible for the LHS of equation 4.41 to be 

negative, causing a local cooling of the region. However, the above 

equation is only heuristic since there should be another term on the 

RHS that gives the divergence of the wave flux and whether dynamic 

cooling occurs depends on the interplay of the three terms (and so 

becomes dependent on how one models the nonlinear terms in the 

mechanical wave flux). 

Allen (1978) argued that limb-darkening measurements indicated the 

need to use a multi-component solar model in the lower photosphere. 

VAL81 modeled the solar atmosphere using six components. Chapman (1981) 

argued that the sun was permeated by magnetic flux tubes to'the extent 

that one should at least consider a two component model for the sun 

(magnetic and non-magnetic regions). A multi-component RE solar model 

is not available in the literature to compare to VAL81 so it is not yet 

possible to access whether the addition of several components to the 

solar model can resolve the discrepancy between theoretical and semi-

empirical models. 

One might object that the deviations from RE can not be too large 

since the non-radiative flux as determined by the net radiative loss in 

-4 the chromosphere and corona is only 10 of the radiative flux. However, 

it is the divergence in the fluxes that determines the temperature 

structure and not the absolute magnitude of the fluxes. From equation 

4.39 and the definitions of 11 and 12 , one can derive: 
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(riFT) (dF Idr) + 2 (F 1FT ) nr nr (4.42) 

where FT is the radial component of the sum of the radiative and 

nonradiative flux, and L, the solar luminosity at radius r, is given 

by: 

L (4.43) 

In the Eddington approximation in terms of the coefficients c 2 and c 4 

defined in Ando and Osaki ('975), the ratio (4~r2I2/L) is equal to 

c
2
/c 4 • This ratip is always positive and is proportional to the ratio 

4 -pT Ip (where p is the mean density). In the sun, this ratio is very 

large in the interior and decreases as one moves up in the atmosphere. 

When the ratio is large, only an unreasonable divergence in the 

nonradiative flux would cause I,/I 2 to deviate from zero. For the solar 

atmosphere, computed values for this ratio are given in table 4.'. The 

ratios are small in the photosphere and decrease dramatically as one 

moves into the chromosphere. The value of I,/I
2 

is shown in figure 4.8. 

When I,/I
2 

is negative, as it is in the lower photosphere, the non-

radiative flux decreases with height. In the upper photosphere, the 

value of I,/I 2 is positive so one might infer that the non-radiative 
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TABLE 4.1 

2 Ratio of 4nr' 12 to the solar luminosity 

===========================================================e======== 

IZone I Optical 
2 

Depth 4nr 12/L 

--------------------------------------------------------------------
1 2.20 E-05 4.63 E-11 
2 2.77 E-05 4. 19 E-11 
3 3.53 E-05 3.93 E-11 
4 4.73 E-05 4.98 E-11 
5 7.35 E-05 9.43 E-11 
r 1. 45 E-04 2.00 E-10 0 

7 2.19 E-04 2.98 E-JO 
8 3.36 E-04 4.55 E-10 
9 8.08 E-04 1. 09 E-09 

10 1. 92 E-03 2.78 E-09 
1 1 4.45 E-03 6.83 E-09 
12 1. 01 E-02 1. 73 E-08 
13 2.23' E'!.02 4.26 E-08 
14 4.79 E-02 1.02 E-07 
15 1.00 E-01 2.39 E-07 
16 2.04 E-01 5.74 E-07 
17 4.23 E-01 1. 77 E-06 
18 6.93 E-01 4.27 E-06 
19 1.00 E-OO 8.80 E-06 
20 1. 38 E-OO 1. 75 E-,05 
21 2.00 E-OO 4.61 E-05 
22 3.07 E-OO 1. 54 E-04 
23 4.94 E-OO 5.22 E-04 
24 8.16 E-OO 1. 92 E-03 

--------------------------------------------------------------------
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flux increases with height. The small values of the ratio 4~r212/L 

allow deviation from RE without requiring an unreasonably large 

dissipation (or generation) of nonradiative flux. 

A preliminary theoretical investigation into the effects of 

deviation from LTE on the temperature structure of a stellar atmosphere 

when RE was not assumed can be found in Cram (1978a). 

As long as the discrepancy between the RE solar 'models and the 

semi-empirical models is real, no matter its origin, it has a definite 

effect on the eigenfunctions in the solar atmosphere as shown in the 

next section. Observations of the eigenfunctions might be used as a 

diagnostic tool to determine the actual deviation from RE at the 

temperature minimum. In case the discrepancy is not real, the 

sensitivity of the response of the solar atmosphere to the assumption 

of deviation from RE has also been evaluated ~y setting 11 equal to 

zero in the analysis that follows. 

4.4 The Wave Profile in the Solar Atmosphere 

It is assumed that the photosphere is driven by global solar 

oscillations impinging on the base of the photosphere. The 

determination of the response of the solar atmosphere to this driving, 

including the radiative transport terms discussed in section 4.2, is a 

very complicated problem. It was decided to concentrate only on the 

effects in the solar atmosphere. This decision precluded the type of 
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analysis performed by Christensen-Dalsgaard and Fransden (1983) who 

investigated the sensitivity of the eigenfrequency of global solar 

oscillations to changes in the variable Eddington factor in the solar 

atmosphere. 

The homogeneous solutions are obtained using the WKB approximation 

as discussed in chapter three. First, ~+ is determined zone by zone 

using equation 3.203 and then x+ are determined by numerical 

integration using equation 3.202 and the parabolic integration 

technique in ATLAS6. The values for p+ and 8+ are then computed from x+ 

using equations 3.176 and 3.178. The minus and plus, homogeneous 

solutions for a periodic forcing at 60 minutes as a function of the 

optical depth (with wavelength of 0.5 microns) is displayed in figures 

4.10 and 4.11. The optical depth scale is from VAL76. Both solutions 

have been normalized so that x or x is real and equal to unity at an 
+ -

optical depth of 0.1. The lower part of the diagram in figure 4.10 

gives the magnitude of x, p and log (T'lT), whereas the upper part 

gives the phase of x, p and T'lT relative to zero phase for x at 

optical depth 0.1. Comparing figure 4.10 and 4.11, one notices that the 

variables plotted all have a greater variation in the plus homogeneous 

solution than in the minus homogeneous solution. For both solutions, 

the values for x and p are comparable. In the minus homogeneous 

solution, x is nearly equal to p throughout the entire region plotted. 

The value for T'lT for both solutions is an order of magnitude or 
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larger than x, but TIlT for the minus solution is nearly flat compared 

to the plus solution. 
. 

The initial computations were performed with a very large period. 

However, it was later decided to use periods within the acoustic 

spectrum of the sun since the radiative transfer is given only a one-

dimensional treatment and gravity waves are essentially nonradial. The 

validity of the WKB approximation for the homogeneous solution was 

checked for long period oscillations. For oscillations with a period of 

9600 seconds, the condition for self-consistency for the WKB 

approximation given immediately prior to equation 3.200 was found t~ be 

satisfied except for the first two zones in the VAL76 solar model M. 

The intensity fluctuations arising at a height in the sun corresponding 

to the last two zones in VAL76 do not .contribute anything to the 

observed changes in the limb darkening function and so problems with 

the WKB approximation for this region were not considered to be 

important. The sensitivity of the WKB approximation to the number of 

zones was also checked by using even or odd zones from VAL76. The 

decrease in zones produced changes in the magnitude of x, p and TIlT in 
I 

the WKB approximation for the reduced 12 zone modei compared to the 24 

zone model. For a period of 9600 seconds, the maximum change was a 

factor of 2.2 in TIlT at an optical depth of one due to a change in the 

position of the local minima (see figure 4.10). The changes in x, p and 

TIlT were usually less than 50 per cent. Although the WKB approximation 

does seem to be sensitive to the number of zones, the reduction of 

zones from 24 to 12 would be expected to produce some change and since 
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one expects the accuracy to increase with the number of zones, one 

would not expect to see any greater variation in the values for the 

parameters than the factor of two quoted. 

The solutions in the interior were obtained from Rosenwald (1984). 

These solutions, which are used for optical depths greater than 0.423, 

were generated using the linear equations from Ando and Osaki (1975) 

(or see equations.5.9 to 5.13), who used the Eddington approximation. 

The numerical techniques and boundary conditions are discussed in 

Rosenwald (1984). This system of equations give rise to four 

eigenvectors which are summed to give the general eigenfunction. The 

four solutions correspond to two mechanical and two thermal modes. 

These solutions are labeled UR1 ' UR2 ' UR3 and UR4 . For a period of one 

hour, the four interior solutions are displayed in figures 4.12 to 

4.15. These four figures are UR1 ' UR2 ' UR3 and UR4 for a period of one 

hour, with figures 4.12 and 4.13 corresponding to the mechanical modes 

and figures 4.14 and 4.15 corresponding to the thermal modes. One can 

compare figures 4.12 and 4.13 to figures 4.10 and 4.11 (Please note 

that the optical depth scales are not t~e same in the two sets). It is 

obvious that UR1 corresponds to the minus homogeneous solution and UR2 

corresponds to the plus homogeneous solution. The Eulerian perturbed 

temperature decreases sharply with height in UR1 , while T'/T is nearly 

flat in UR2 • The two thermal modes shown in figure 4.14 and 4.15 have 

much larger ratios of log (T'/T) to x than do the mechanical modes. 

These interior solutions are not eigenfunctions for the sun since the 
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Figure 4.12. The interior solution, UR1 • The period is sixty minutes. 
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Figure 4.13. The interior solution, UR2 • The period is sixty minutes. 
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Figure 4.15. The interior solution, uR4 . The period is sixty minutes. 



314 

outer boundary conditions have not been specified. The outer boundary 

conditions are changed by the strong coupling of the mechanical modes 

with the thermal modes due to the small value of the radiative damping 

time. If there is an eigenfunction at the given period, it will be a 

linear combination of these solutions. 

The response of the solar atmosphere to mechanical and thermal 

driving given by the four interior solutions can be evaluated using 

equations 3.145, 3.166, 3.181, 3.188 and the condition that there be no 

incoming component at the last zone (see equation 2.181). These 

responses are· labeled Up1 ' Up2 ' Up3 ' and Up4 with the numerical 

subscript indicating which interior mode has been used to compute the 

inhomogeneous term given by equation 3.181. These solutions for the 

response of the solar atmosphere to oscillatory driving at a period of 

one hour are shown in figures 4.16, 4.17, 4.18, and 4.19 respectively. 

These solutions have also been normalized so that x is equal to one at 

an optical depth of 0.1. The largest values for T'lT occur in the 

fourth mode shown in figure 4.19. 

To obtain a general solution, it is necessary to match the 

interior solutions to the responses computed in the solar atmosphere. 

The problem of matching damped waves through a region where the damping 

is numerically treated differently is reflected by a similar problem in 

the static case. Near the boundaries of some enclosed radiating gas, it 

might be appropriate to use the emission approximation since the 

radiation field is optically thin within one mfpp of the boundaries and 

the presence of thermal conduction will drive the system away from RE. 
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Figure 4.17. Up2 ' the response of the solar atmosphere to the interior 

solution UR2 . 
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However, the emission approximation must be matched to the diffusion 

approximation across some thermal boundary layer if the medium is 

optically thick in the interior. An examination of equations 2.67 and 

2.69 shows that the diffusion approximation contains two more spatial 

derivatives than does the emission approximation. An ad hoc procedure 

for matching the two approximations was presented by Sampson (1965) who 

proposed a function for the optical thickness that changes smoothly 

from the optical thickness given by the Planck mean at small optical 

thicknesses to an optical thickness given by the Rosseland mean at 

larger optical thicknesses. The method of singular perturbation theory 

was used by Ahluwalia and Im (1982) to obtain the static temperature 

structure in the optically thick limit for a specified incident 

radiation. The thermal layer matching problem for oscillating stars is 

discussed by Jones and Robert (1979) for very simple polytropic models. 

For more realistic atmospheres a more tractable method is desired. For 

the solar oscillations under consideration, a general solution is 

assumed to be of the form: 

(4.44) 

which is to be matched with a linear combination of the inner solutions 

of the form: 

(4.45) 
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where the a's are complex coefficients. Since the linear theory does 

not specify the amplitude of the oscillation, one can set a_ equal to 

(1.0, 0.0) with the understanding that the amplitude of UQ at a 

specified optical depth will have to be determined through 

observations. 

Wojciech A. Dziembowski noticed that one of the thermal modes 

(which has been designated as UR4 ) has a rapid decrease in amplitude in 

the region where the integration was initialized. If this trend were 

extrapolated into the solar interior, this thermal mode would have an 

unacceptably larg~ amplitude in the interior. Due to this behavior, the 

fourth solution was rejected and a4 was set equal to zero. 

With three complex coefficients, it is necessary to have three 

complex conditions. The continuity of x, p and a was adopted as the 

matching conditions since these the solutions are expressed directly in 

terms of these variables. For the Eddington approximation, the 

continuity of j is assured by the continuity of x, p and a through the 

relation: 

j (4.46) 

(see Ando and Osaki 1975). Equating the linear combination given by 

equation 4.44 to that given by equation 4.45 and using continuity of x, 

a, and p at a specified optical depth results in a homogeneous 

algebraic six order system of equations that can be solved by matrix 
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inversion. From a consideration of the one-point Gaussian quadrature, 

one estimate for th~ appropriate optical depth for the transition 

between the diffusion regime and the transport regime for the mean 

intensity would be approximately one-half (see chapter three, section 

three). The tabulated optical depths for VAL76 does not include one 

half. The closest optical depth given is 0.423. Matching coefficients 

(a" a 2 and a
3

) for the solutions in the solar atmosphere corresponding 

to a driving period of one hour is given in table 4.2. The ratio of the 

outgoing to incoming mechanical mode is approximately 3~8 in the 

combination. Since the solution Up's have been computed assuming an 

outgoing behavior, the fact that the first mechanical mode is favored 

is to be expected. The ratio of the mechanical outgoing solution to the 

thermal solution is approximately one. One can see that continuity of 

the variable e brings in a considerable amount of the thermal solution. 

The sensitivity of the matching coefficients to the choice of the 

optical depth where the matching t~kes place was investigated. The 

matching coefficients for an optical depth of 0.693 for a driving 

period of one hour are also tabulated in table 4.2. Although the 

coefficients have changed, the linear combination that results from 

using these matching coefficients are actually quite comparable. 

The matched solution for the response of the solar atmosphere to a 

forced driving at a period of one hour was obtained by using the 

matching coefficients given in table 4.2 for an optical depth 6f 0.423 

and using equation 4.44. This matched solution is shown in figure 4.20. 
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TABLE 4.2 

Matching coefficients for solar eigenfunctions with period of one hour 

Matching coefficients for optical depth 1 ~ 0.423 

=========~========================================================== 

No. 

2 

3 

No. 

2 

3 

Magnitude 

7.0457 

1 .8588 

6.391,9 

Phase (in degrees) 

-50.538 

80.354 

131.050 

Matching' coefficients for optical depth 1 ~ 0.693 

Magnitude 

6.3096 

2.1539 

5.1863 

Phase (in degrees) 

-48.398 

93;305 

132.610 
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This solution has a large ratio of T'/T to x, although T'/T itself is 

relatively flat. 

This same procedure was used for ,a driving period of twenty 

minutes. The matching coefficients for solutions with a period of 

twenty minutes at an optical depth of 0.423 are given in table 4.3 and 

the matched solution is shown in figure 4.21. In order to investigate 

the importance of the non-gray and non-radiative equilibrium effects on 

the matched solutions, the parameters 11 , 13 and 14 were set equal to 

zero. Matching coefficients for this situation are given in table 4.3 

and the matched solution is displayed in figure 4.22. It can be seen 

that qualitatively, the solutions shown in figure 4.21 and 4.22 are the 

same. The relative phases of x, p and e are much smaller if one assumes 

that the atmosphere is in RE. If the relative phase of x to e were 

accurately determined as a function of height in the atmosphere for the 

long-period oscillations, one might be able to measure the deviation 

from RE for the solar atmosphere independent of the detailed 

calculations for excess radiation losses. 

The nondimensional Eulerian temperature perturbation was found to 

be relatively flat for the matched solutions for driving at one hour 

and at twenty minutes. To obtain a different type of behavior, the 

outgoing homogeneous Newtonian damped solution for a driving period of 

five minutes using the WKB approximation is displayed in figure 4.23. 

It can be seen that the temperature perturbation increases with height 

for this solution. The solutions shown in figures 4.20, 4.21, 4.22 and 
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TABLE 4.3 

Matching coefficients for solar eigenfunctions with period of twenty 
minutes 

Matching coefficients for optical depth 1 = 0.423 

===================================================================== 

No. 

2 

3 

No. 

2 

3 

Magnitude Phase (in degrees) 

3.7789 -94.187 

1 .0919 49.615 

3.5955 110.000 

Matching coefficients for optical depth 1 = 0.423 

The integrals I 1 , I3 and I4 have been set equal to zero 

Magnitude 

4.0088 

0.5753 

3.9844 

Phase (in degrees) 

-103.100 

2.820 

97.536 



FiguFe 4.21. Matched solution for the response of the solar atmosphere 

to mechanical and thermal driving with a period of 20 minutes. 
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Figure 4.23. The response of the solar atmosphere to mechanical and 

thermal driving with a period of five minutes using Newtonian damping. 
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4.23 all have been normalized so that x is (1.0,0.0) at an optical 

depth of 0.1. Since the equations have been linearized, the other 

nondimensional variables scale with the value given for x. 

These theoretical solutions can be used to infer the expected 

changes in the limb darkening function detected in the measurements 

taken at SCLERA. A program to compute the changes in the limb darkening 

function due to prescribed changes in temperature and pressure is 

described in the next section. 

4.5 Solar Oscillations Observed at the Limb 

The observed intensity at the solar limb at a terrestrial 

observatory is a convolution of the intrinsic limb darkening function 

of the sun and the transfer function for the instrument and the 

terrestrial atmosphere. The intrinsic limb darkening function is 

obtained by the expression; 

J SA[T(P,S)] eXP[-1 A(p,S)] XA(p,s) ds (4.47) 
-~ 

where s is the path length, p is the impact parameter from disk center, 

S is the source function at wavelength A, and the temperature, T, slant 

optical depth, 1, and opacity X are measured along the line of sight 

(see Mihalas 1978). In the above expression, it has been assumed that 

the observer is at + ~ and that the gas is in LTE. For the solar limb, 

it is more convenient to use the projected radial distance inward, u, 
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from some arbitrarily chosen position. Choosing the reference position, 

Rf , to be the radius of the top of the last zone in the 50 zone solar 

model discussed in section 4.3, the impact depth, up, is defined to be 

Ru - p. Since the radiation has been assumed to be in LTE, the source 

function in equation 4.47 is set equal to the Planck function. If the 

solar atmosphere is subdivided into a large number of zones with 

constant properties, the limb intensity can be approximated by the 

expression: 

I 
i 

B.(A) d. 
1 1 

(4.48) 

where the sum is over all zones intersected by the line of sight 

including zones that are intersected twice if ~heir contribution is 

greater than some set cut-off (that i~ if one can see through the 

atmosphere), B. is the Planck function, which only depends on the zone 
1 

number i, and d. is a "contribution" function for zone i. The function 
1 

d., which depends on the impact depth, is given by: 
1 

d n 

t 
f n exp( -t) dt 

t n- 1 
exp( -t 1) n- (4.49) 

where t n- 1 is the accumulated slant optical depths from the previous n 

- 1 zones and tn is approximated by: 
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(4.50) 

where Ln is the slant distance for zone n. Since Ln is larger than 

Ln- 1 , the di's are all positive. Along the solar equator for an impact 

depth of u and a zone width of ~, one can calculate the slant distance 
p 

by the expression: 

where 

L n 

+ ± (-u ~). n 

(4.51 ) 

(4.52) 

Contributions to the limb intensity from upper reaches of the solar 

atmosphere and from the deep interior are negligible since for very 

small slant optical depths, d is approximately equal to the slant n 

optical depth of zone n which is very small, and for large slant 

optical depths, d is the difference of two very small numbers. n 

Using the 50 zone solar model, opacities from ATLAS6, Kurucz's 

opacity distribution functions with k = 4, and the approximation give~ 

by equation 4.48, the intensity at the solar limb was computed for an 

optical wavelength of 5~00 A. Figure 4.24a displays this computed limb. 

The intensity was normalized so that a value of one was assigned to the 
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optical depth for a particular position on the limb. The wavelength of . 

the radiation is 5400 A. 
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intensity at the last impact depth chosen. It would be natural to 

define the zero impact depth to be the position where the limb rapidly 

increases from zero, however, the scale has been moved to allow for 

seeing. This computed limb agress remarkably well with the 

parametrization of the Rogerson (1959) limb given by Stebbins (1975, 

pp. 35-36). The effect of seeing was modeled as a Gaussian process: 

~(u) 
222 exp( -u 1(2a )J/[(2~) aJ (4.53) 

where the distance u is measured in arc seconds and the seeing 

parameter, a, was chosen to be equal to 2 arc seconds. The observed 

limb is given by the convolution of the transfer function and the 

actual limb. If only seeing is considered in the transfer function: 

G(u) f ~(Ix - ul) IA(X) dx (4.54) 
-m 

The computed limb including 2 arc 'second seeing is displayed in figure 

24b. The time-average effect of the seeing is to smooth out sharp 

gradients in the intensity. Figure 24c is discussed in the next 

section. If one defines the effective optical depth of the atmosphere 

to be the vertical optical depth which corresponds to a unit slant 

optical depth at impact depth u, the effective optical depth can be 

evaluated by a simple modification of the limb-darkening program. This 

effective optical depth is shown in figure 24d. This figure can be used 
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to determine the position in the solar atmosphere that can roughly be 

considered to produce the intensity that is seen at the given impact 

depth. This figure can be compared to the one given by Durney and 

Werner (1971), who used the Bilderberg model atmosphere (see Gingerich 

and de Jager 1968). From figure 24d, one can see that viewing the solar 

atmosphere along the limb in effect stretchs processes occuring 

radially in the photosphere along a long horizontal scale. 

The perturbation in the limb intensity due to imposed 

perturbations in the temperature and pressure can be evaluated by 

perturbing the approximation for the limb intensity given by equation 

4.48: 

+ B. d!) 
1 1 

(4.55) 

where the perturbation in the Planck function and in the contribution 

function is linearized. To first order: 

[exp( -t)]' - t' exp( -t) 

so the perturbed contribution function is given by: 

d' n t~ exp( -tn ) t' exp( -t ) 
n-1 n-1 

The perturbed optical depth can be conveniently expressed as: 

(4.56) 

(4.57) 
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(4.58) 

The geometric considerations for the perturbed limb are the same 

as for the static limb so the limb darkening program can be suitably 

modified to compute the perturbed intensity seen at the limb. The real 

part of the perturbed limb darkening due to the response of the solar 

atmosphere to a radial disturbance with a period of 60 minutes, at a 

wavelength of 5400 A, is shown in figure 4.25. The perturbation of the 

limb has been normalized by setting its maximum value in the region 

shown equal to one. The static limb, normalized in the same manner, has 

also been included in the figure for comparison. Both the static limb 

and its perturbation have been convolved w~th a 2 arc second Gaussian 

seeing. Qualitatively, the perturbed limb appears to be similar in 

shape to the limb. The real part of the perturbed limb darkening due to 

the response of the solar atmosphere to a radial disturbance with a 

period of 20 minutes is shown in figure 4.26. The response of the solar 

atmosphere to a radial disturbance with a period of 20 minutes when the 

integrals I 1 , I3 and I4 have been set equal to zero is not shown 

because it is nearly identical to the one shown in figure 4.26. 

Although the magnitude of the variables change, the real part of the 

perturbed limb darkening is very close to being identical. The real 

part of the perturbed limb darkening due to the imposition into the 

solar atmosphere to a Newtonian damped radial oscillation with a period 

of 5 minutes is shown in figure 4.27. This perturbed limb has a peak at 

the limb similar to those found by Hill, Rosenwald and Caudell (1978a). 
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F-igure 4.25. The static limb and its normalized perturbation when the 
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4.6 Comparison with Observations 

The observations at SCLERA refer so changes in the inferred 

solar edge determined through a finite Fourier transform (see Stebbins 

1975; Hill, Stebbins and Oleson 1975, and Hill and Caudell 1979). The 

edge of an observed intensity distribution, G(u), is defined to be the 

zero of the integral: 

F(G;q,a) 
1 

0.5 * f G(q + a sin [TIs/2] ) cos TIS ds, (4.59) 
-1 

where q is a reference radial distance from the sun's center (that is, 

a chosen impact depth for the integral F), and a is the scan parameter, 

which is one half of the total width of the region being integrated. 

The scan is measured in the same units as q. This phase sensitive 

detection technique is called the finite Fourier transform definition 

of the ed~e, abbreviated hencefqrth as FFTD. The value of q that 

corresponds to a zero of the integral F is called a "lock-on" point and 

is designated as q • Since this definition of the edge is an integral o 

definition, it depends on the global properties of the limb and, 

compared to a differential technique, it is much less sensitive to 

noise from terrestrial atmospheric fluctuations (see Stebbins 1975 and 

Hill, 80S, and Caudell 1983). The FFTD integral given by equation 4.59 

is understood to be in the time domain and is integrated over the 
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period of one scan. This integral can be transformed to the spatial 

domain with the result (see Caudell 1980): 

a 
F(Gjq,a) f G(u) W(Ujq) du (4.60) 

-a 

where the weighting function W(Ujq) is de~ined by: 

W(Ujq) cos[ 2 arcsin[(u - q)/a] ] (4.61 ) 

This weighting function is easily recognized to be a Chebyshev 

polynomial of the first kind. One notes that measurements with equal 

time intervals do not correspond to equal inferred spatial (impact 

parameter) interv~ls. Figure 4.24c displays the static solar limb as it 

would be observed in equal time intervals given by the sinusoict'al scan. 

The weight factor cos[ns] is superposed in order to show visually how 

the FFTD determines a lock-on pOint for a limb. If one imagines moving 

the cosine curve relative to the static limb, a movement to the right 

will cause the positive section of the curve to be multiplied by a 

larger value for the limb darkening, but it will increase the sum of 

the two negative sections even more and so the value for the integral 

will become negative. A relative displacement of the cosine curve to 

the left will decrease the value of the limb under the positive portion 

of the curve, but it will decrease even more the values under both 

negative sections and so the integral will become positive. 
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A FFTD program, written by Leon Yi, was used to obtain the lock-on 

points for various scan amplitudes for the constructed static solar 

limb at a wavelength of 5400 A. The lock-on pOints for the static solar 

limb for the scan amplitudes of 27.2, 20.4, 13.6 and 6.8 are given in 

table 4.4 for the a limb seen outside the earth's atmosphere and in 

table 4.5 for a static Gaussian seeing of 2 arc seconds. The static 

seeing affects the lock-on pOints at the centi-arc second level. The 

change in the lock-on points from its static value for various imposed 

oscillations is also tabulated. The intensity at the limb and its 

perturbation were combined in the form: 

+ 0.01 * Iperturbed(u) (4.62) 

and the change in the lock-on pOint given by: 

(4.63) 

was evaluated using the FFTD program. The amplitude of 0.01 was chosen 

so that the addition of the perturbation would not distort the limb and 

yet produce a reasonable value of the relative change of the lock-on 

pOints so that shape effect of the different oscillations could be 

compared. These results are tabulated in tables 4.4 and 4.5. In these 

tables, the upper entry is the change induced by the addition of the 

perturbation and the lower entry is the change induced by its 

subtraction •. The response of the solar atmosphere to a theoretical 
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TABLE 4.4 

Changes in the lock-on pOints due to imposed oscillations 

(Perfect seeing) 

==============a======================================================= 

PERIOD (in minutes) 
SCAN LIMB 

60 20A 200 I 5 
----------------------------------------------------------------------
larc.sec larc.sec b. x .01 b. x .01 b. x .01 I b. x .01 

27.2 5.5067 

20.4 4.3221 

13 .6 3.1541 

6.8 2.0251 

-6.305 
6.508 

12.813 

-4.279 
4.569 

8.848 

... , .356 
1 .918 

3.274 

"'0.615 
0.620 

1 .235 I. 

-8.432 
8.675 

17. 107 

"'5.826 
6.320 

12.146 

"'1.955 
2.397 

4.352 

"'1 .025 
1 .025 

2.050 

"'8.623 
8.884 

17.507 

"'5.914 
6.434 

12.348 

"'1 .959 
2.410 

4.369 

"'0.994 
0.995 

1.989 

-15.106 
15.610 

30.716 

"'10.569 
12.356 

22.925 

"'3.834 
5.895 

9.729 

"'2.759 
2.557 

5.316 
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TABLE 4.5 

Changes in the lock·on pOints due to imposed oscillations 

(with 2 arc second seeing) 

===================================================================== 

PERIOD (in minutes) 

60 I 20A 20D 5 
....... ~--------------------------------------------------------------
larc.sec larc.sec I fj x .01 I fj x .01 fj x .01 I fj x .01 

27.2 5.4957 

20.4 4.3407 

13.6 3.1729 

6.8 2.0201 

-3.293 
3.372 

6.665 

-2.414 
2.474 

4.888 

-1.512 
1 .551 

3.063 

-0.628 
0.645 

1.273 

-4.438 
4.547 

8.985 

-3.354 
3.442 

6.796 

-2.213 
2.275 

4.488 

-1 .033 
1.066 

2.099 

-4.534 
4.647 

9.181 

-3.406 
3.495 

6.901 

-2.220 
2.282 

4.502 

-1 .004 
1 .036 

2.040 

-10.028 
10.230 

20.258 

-8.091 
8.278 

16.369 

-5.852 
6.016 

11 .868 

-3.202 
3.322 

6.524 



344 

Newtonian damped five minute disturbance produces a perturbed limb 

darkening function which is peaked at the edge and whose shape has a 

greater detectability than the more limb-like long-period modes. 

(However, keep in mind that the perturbed limb has been normalized so 

that only the relative shape is being examined. The calibration 

necessary to get the absolute change in the lock-on pOints is discussed 

below). One notices that regardless of the absolute calibration, the 

change in the lock-on pOints increases with increasing scan amplitude. 

A 180 degree phase shift produces a small asymmetry in the relative 

change in the lock-on points. This asymmetry is on'the order of one 

tenth the value of 'the change due to the oscillation. The introduction 

of seeing produces a noticeable effect on the relative lock-on pOints. 

A time dependent seeing could introduce significant power into the 

observed changes in the limb-darkening function, however, Hill, 80S and 

Caudell (1983) conclusively demonstrate that the vast majority of the 

signal is solar in origin and does not have the properties 

characteristic of terrestrial atmospheric fluctuations. 

If one assumes a value for the dimensionless displacement x to be 

-6 10 , the maximum value for the perturbed limb intensity compared to 

-2 the intensity at the disk center, I' II , is 1.5772 x 10 for the one m c 

-2 hour disturbance, 2.9219 x 10 for the twenty minute disturbance, 

-2 2.8202 x 10 for twenty minutes omitting non-gray and NRE effects, and 

-2 0.08251 x 10 for the Newtonian damped five minute mode. The static 

limb was also normalized to one at an impact parameter of 35 arc 
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seconds. The value for the static limb at 35 arc seconds compared to 

the value at the disk center for radiation with a wavelength of 5400 A 

is .55972. To obtain an absolute measure of the expected FFTD signal 

for a given observed Doppler displacement, one would have to multiply 

the entries in tables 4.4 and 4.5 by the factor: 

~q (actual)=~q (table)* 55.972* (I' II ) * (x per bin size)/10-6 .(4.64) 
o 0 m c 

For example, if one takes a 30 ~Hz region around five minutes and 

assumes that the total dimensionless Doppler displacement for this bin 

size is approximately 10- 6 , the expected FFTD power, at a scan 

amplitude of 6.8 arc seconds, is 1.44 (milli-arc seconds)2. This 

compares well with the result shown in figure 4.1.1 of Bos (1982) which 

gives a power of approximately 2 (milli-arc seconds)2 for this region. 

In order to be consistent with the SCLERA power spectrum, the total 

dimensionless Doppler displacement for the long period modes must be at 

least two orders of magnitude below that found for the five-minute 

region. This is consistent with the upper limit found by various 

observers for these oscillations (see Dittmer 1978; Scherrer and Wilcox 

1983; and Duvall and Harvey 1983). The reduction in the oscillatory 

power from 28 (milli-arc second)2 /30 ~Hz reported by Brown et ale 

(1978) to 2.4 (milli-arc Second)2/30 ~Hz reported by Bos and Hill 

(1983) is directly related to the different scan amplitudes used. The 
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scan amplitude used by Brown et al. (1978) was 27.6 arc seconds, while 

Bos and Hill (1983) computed the lock-on pOints off-line using a scan 

amplitude of 6.8 arc seconds. The relative change in the lock-on pOints 

given in table 4.5 predicts a slightly larger change in power from the 

observed factor of 11.7, but given the uncertainties in the numerical 

evaluation of the terms incorporated into the theory, this result 

demonstrates that the incorporation of nonlocal effects into the 

radiative damping of the oscillations is in the correct direction to 

bring theory and observation into agreement. 

The large temperature perturbations associated with the matched 

solutions shown in figures 4.22 to 4.24 occur primarily due to the 

coupl ing of the mecha'nical and thermal modes, which can be considered 

to be caused by the short radiative damping time in the photosphere. 

These large temperature perturbations give rise to intensity 

fluctuations at the solar limb that are consistent with those observed 

at SCLERA. The traditional analysis that ignores this coupling 

predicted a significant disagreement between the results reported by 

the researchers a~ SCLERA and the results reported by observers using 

Doppler shift measurements. Recently, Zhugzhda ~1983) has shown that 

for an idealized isothermal atmosphere temperature waves playa 

significant role in the dynamics and should not be ignored in the 

analysis of the radiative damping of waves. 

The various problems that arise when one wants to compare the 

results of several groups of observers using different experimental 

techniques to detect solar oscillations is thoroughly discussed by Hill 
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(1978). Hill (1984b) has recently shown that the SCLERA power spectra 

is consistent with the observed frequencies for the five minute modes 

seen by various observers when the proper classification of the modes 

has been made. A total of 184 modes has been resolved and classified in 

a consistent manner. The large number of classified modes speaks 

against the assertion that the power spectrum is strongly contaminated 

by noise. 



CHAPTER 5 

NONLINEAR EFFECTS 

5.1 Introduction 

The density of the solar atmosphere drops off exponentially 

with height and the displacement amplitude of an adiabatic oscillation 

will increase dramatically in the atmosphere. This suggest that 

nonlinear effects might be important in the solar atmosphere and might 

account for the discrepancy between the traditional linear theoretical 

eigenfunctions and the observations at SCLERA. In fact,· observations by 

Stebbins et ale (1980) indicate the presence of nonlinear effects in 

the solar atmosphere. Since the observed di&placement amplitude in 

Doppler measurements for the five minute mode is about 5 x 10-5 of the 

solar radius at an optical depth of .1, one would reasonably consider 

nonlinear effects involving the products of such small amplitudes to be 

insignificant. However, Hill (1978) raised the possibility that the 

large value of the density and temperature perturbations and even 

larger value of the opacity perturbation allow nonlinear effects to be 

important when the collective rms temperature is large. The presence of 

the thermal mode in the solar atmosphere, with its large ratio of 

temperature perturbation to displacement, can certainly contribute to a 

large temperature perturbation even· when the displacement amplitude is 
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small. Hill, Rosenwald and Caudell (1978b) discuss nonlinear effects 

appearing at third order as' a possible origin of the anomalous boundary 

conditions implied by the detection of long period solar oscillations 

(see Hill, Rosenwald and Caudell 1978a, and Rosenwald and Hill 1980.) 

The presence of the pressure and temperature fluctuations of the 

five minute modes must change the effective medium seen by the other 

modes. These fluctuations can be averaged assuming some particular 

model for the statistical correlations to ascertain their effect on the 

pressure, temperature and opacity of the chosen solar equilibrium 

model. Each mode can be viewed as an independent linear mode sitting in 

a medium changed by the "mean field" caused by the existence of all the 

othe~ modes. This physical picture allows one to develop linear 

equations that incorporate some of the nonlinearity in the response of 

a particular mode to the presence of the other modes. A defect in the 

usual linear analysis would be demonstrated by a significant difference 

between the computed solution for the linear mode with and without the 

mean field. 

The mean field calculation ignores specific correlations between 

the modes and effectively homogenizes the influence of the other modes, 

hence some possible important nonlinear effects (such as parametric 

resonance, self-excitation, etc.) are not included in this treatment. 

In particular, mode coupling of gravity waves in the deep interior is 

not considered (see Dziembowski 1982, 1983) for a review of this 

problem) . 
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5.2 Basic Equations 

The basic equations for nonadiabatic radial oscillations in the 

radiative atmosphere with the radiative transfer treated by the 

Eddington approximation (as formulated by Ando and Osaki 1975) are 

and 

a pia t + 'V. (pv) o 

p a via t 

pc ( 91: 
P dt 

J 

- 'Vp + pg 

T 
P 

- (4/3pK) IIJ 

c 
+ 

__ E 
41TK 

dP 
dt 

dT 
dt 

- 1T 'V • F 
R 

T 
P 

9~, 
dt 

(5.1) 

(5.2) 

(5.4) 

(5.5) 

where 'Vad = (a ln Tla ln P) lad' the adiabatic temperature gradient, and 

the other symbols have their usual meanings (see Ando and Osaki 1975, 

or chapter two of thi~ dissertation). The symbol FR now stands for the 

astrophysical flux and not the physical flux used in the previous 

chapters. The Eddington approximation is adopted for convenience. 



351 

Eulerian perturbations, denoted by primes ('), are used exclusively 

since the lihear conversion between Lagrangian and Eulerian 

perturbations can no longer be assumed~ 

A real expansion, of the physical quantity s is assumed to be of 

the form 

s' (r,e,<j>,t) 

where 

f 2.,m 

+ 

L [s1 (r) fn (8,<j» cos(a n t + m<j> + <l>s ) 
n,2.,m n,.Q.,m N,m n'N,m n,2.,m 

s2 n (r) fn (8,<j» sin(a n t + m<j> + <l>s )] 
n'N,m N,m n'N,m n,Q.,m ' (5.6) 

m m (-1) I [2~+1/4~]·[r(2.-m+1)/r(2.+m+1)] PQ.(cpSS), 

and P~(COS8) is an associated Legendre polynomial with the usual 

angular spherical harmonic indices Q. and m. The subscript n stands for 

the overtone number of the node. <l>s n is a random phase associated 
n'N,m 

with the mode (n,2.,m) and physical quantity s. The superscripts, 1 and 

2, refer to the Eulerian perturbations associated with cos(at) and 

sin(at) respectively. The sets (n,.Q.,m) and (n,~,m) are designated by k 

and k for convenience. We define a nondimensional frequency wand five 

nondimensional variables y, p, S, j and f by: 



-iv'/ra 
k k 

J' Jk' /J 
k 

fk F'/F k s 
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(5.8) 

where F is the total energy flux, Fs is the surface flux and i = I-i 

has been introduced as a bookkeeping device for the coupling between 

the cos(at) and the sin(at) terms and to facilitate comparison with the 

linear theory. By linearizing equations 5.1 to 5.5 and using only 

Eulerian perturbations for radial oscillations, one obtains: 

r dy/dr (5.9) 

r dp/dr + + (5.10) 



r dj Idr 

r df/dr 

j 

where 

~L1giY~l + 
d ln r 

V(a + K + 
P 

+ 

+ 1 - V'iJ(4 + 5 ) 
T 
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(5.11) 

(5.12) 

(5.13) 

(5. 1 4) 

which is identically zero when the Eddington approximation is valid and 

was included into equation 5.11 to make it formally identical to the 

expression given by Ando and Osaki (1975) when the variables are 

linearly transformed to their system of variables. The thermodynamical 

quantities a, 0T' 'iJ, etc., have been defined in chapter two. The kappa 

derivatives and the c 's are defined by: 
n 

icL!U3 

M 1M 
r 

UM c T/(L t d ) r p s 

(5.15) 

(5.16) 

(5.17) 



and 

K 
P 

4 41TacrT /(3pKL ) 
s 

~ In K 
(~-----) I a In T P 
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(5.18) 

(5.19) 

(5.20) 

(5.21 ) 

where K is taken to be the Rosseland mean opacity. The equilibrium 

model of 8ahcall et al. (1973) was used to evaluate these quantities 

for the solar interior. Turbulence, viscosity, rotation and magnetic 

fields have been neglected. 

5.3 Averaging Procedure 

The oscillations have a phase depending on initial conditions. 

If the oscillations are randomly excited one can expect these phases to 

be random with respect to each other. An ensemble average can be 

defined as: 
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1T 

< f > J f(eI» p(eI» del> (5.22) 

where p(cI» is a probability distribution for the phases that is 

normalized by the condition: 

1T 

J p(cI» del> (5.23) 

For random phases, p(eI» equals 1/21T. Properly speaking, one should have 

a finite sum over phases, which is why equation 5.22 has an approximate 

sign instead of an equal sign, but it is reasonable to replace the'sum 

by an integral since the number of five minute modes is exceedingly 

large (see chapter one). As~uming statistical independence of the 

modes: 

(5.24) 

and similarly for higher order correlations. Other assumptions can be 

made about the statistical correlations of the modes, but the resulting 

expressions have been handled using field theoretical techniques more 

sophisicated than the method used in this chapter (see Carnevale and 

Martin 1982). 



Some useful averages are: 

< COS(Ok t + m~ + ~k) cos(o_t + m~ + ~_) > 
k k 

< sin(ok t + m~ + ~k) sin(o_t + m~ + ~_) > 
k k 

1 0 
2 

1 0 
2 

< sin(ok t + m~ + ~k) cos(o t + m~ + ~_) > 0 
k k 
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k,k 

(5.25) 
k,k 

as can be shown by trigonometric expansion and application of 5.22. All 

odd power combinations of cos(ok t + m~ + ~k) and sin(ok t + m~ + ~k) 

average to zero. 

The Eulerian perturbation of the product of two variables a and b 

is given by: 

(ab)' a'b + ab' + alb' (5.26) 

The mean-field equations are obtained from the basic equations 5.1 

through 5.5 by taking the Eulerian perturbation, multiplying the 

resulting equations by cos(ok t + m~ + ~k) and sin(ok t + m~ + ~k) 

respectively, where the subscript d denotes the selected oscillation of 

interest, and averaging. The average of three variables aft~r the above 

procedure is expressed in the form (using p, K, and T as our three 

variables): 



where 

and 

p' 
d 

K'T' ( (----) ) 
KT 
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+ (5.28) 

(5.29) 

The variables p' and K' must be expanded in terms of our chosen 

variables. Both p and K are assumed to be functions of T and P. A 

general expansion for K' is given by: 

K' 
S 

K 

where 

K e + T s 

IE a2
K 

K aT ap 

(5.30) 

(5.31 ) 

(5.32) 
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Third order expansions in K are neglected since the average of a third 

order quantity of a single mode is quite small and only the collective 

sum of all the modes is considered to be significant. Fifth order terms 

involve either a single sum over k of four variables or the product of 

two terms, each term involving one sum as in equation 5.29. The fifth 

order terms that have only one sum over k are smaller than the third 

order terms by a factor of the square root of the number of modes and 

the fifth order terms involving products were found to contribute less 

than 1% of the dominant third order term in any particular coefficient. 

The averages given by equation 5.29 are rapidly decreasing 

functions of depth and assume their largest values in the top of the 

photosphere. A linear expansion for P suffices since the second order 

thermodynamic derivatives for the density (ppp' PpT' and PTT ), defined 

in the same way as for the kappa terms, are exceedingly small in the 

last zone of the particular model atmosphere used here. The linear 

expansion for the density perturbation is given by 

p'/p aVp - 0 e T (5.34) 

These expansions for the density and the opacity are substituted into 

the averages involving p and K in the mean field equatio~s. 
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5.4 The Influence of the Mean Field on an Individual Mode 

The mean field equations are derived in appendix A. The 

relevant equations are A.5, A.14, A.52, A.61 and A.71. These equations 

are only formal equations unless there is a procedure for evaluating 

the averages involved, since the averages contain the unknown solution 

to the equations that need to be solved. One description of the 

physical situation can be obtained by assuming that the averages are 

given and the resulting equations merely express the linear equations 

for a perturbation in a new medium. For example, the momentum equation, 

given by A.14 can be rewritten as: 

(5.35) 

Contrasting this equation with equation 5.10, one can see that the 

presence of the other modes can be expressed as a change in the 

equilibrium constants of the solar model. An alternate formulation is 

to write the mean field equations in the vector notation: 

d (5.36) 

where 

q (y,p,e,j,f) (5.37) 
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An estimate of the influence of the mean field on the linear modes 

is given by the percentage change in the matrix elements with and 

without the mean field: 

[T .. (mean field) - T .. (static model) J/T .. (static model) 
lJ lJ lJ 

These percentage changes range from less than 10-5% to 19% near the top 

of the photosphere. 

The ensemble average has terms like Re(p, • 6,). These averages 
K K 

involve the solutions to the mean field equations, which unfortunately . 

contain the unknown averages. As a first approximation, one can take 

the linear solutions of equations 5.9 to 5.13 and insert these 

solutions into the averages. This produces an iterative linearization 

of the mean field equations. If the solutions to the new linear 

equations 'do not differ substantially from the original linear 

solutions, this procedure is consistent. If the new solutions do 

differ, one can iterate the procedure until one has (hopefully) 

convergehce in the iterated solution. It is assumed that the major 

contribution to the ensemble averages comes from the five minute 

acoustic modes whose linear variables are predominantly in the radial 

direction. The temperature and pressure perturbations of these modes 

are assumed to only have a weak dependence on the spherical harmonic 

indices.2 and m (see Hill, Rosenwald and Caudell 1978a). With these 
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assumptions, the sums involved in the averages can be evaluated by 

invoking the addition theorem~ 

and noting 

l: (2.2. + 1) 
n,.2. 

l: 
n.2.m 

[1/41T] (2.2. + 1) 

N number of modes 

so that the ensemble average becomes: 

((pa)) 

(5.38) 

(5.39) 

(5.40) 

where P5' etc., are oscillatory quantities which are evaluated as the 

value of the quantity at the root mean sq~are of the maximum of the 

envelope of the five minute oscillations. The linear solutions were 

normalized so that the velocity amplitude at an optical depth of .001 

was equal to km/sec for the sum total of the five minute 

oscillations. The nonadiabatic equations in the Eddington approximation 

have four solutions, two mechanical and two thermal modes. The two 

thermal solutions are ignored and only the influence of the mean field 

on the mechanical modes is considered since these two modes are the 

ones usually selected in the traditional approach for pulsations. As 
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discussed in chapter two, the adiabatic equations have two solutions, 

denoted as beta plus and beta minus. The two m~chanical solutions for 

the nonadiabatic equations can be put into correspondence with the two 

adiabatic modes and the terminology carried over to these solutions. 

The general solution can be written as a linear combination of these 

two solutions. 

The numerical integration of the fourth order system of 

differential equations was treated by a Fehlberg Fourth-Fifth Order 

Runge-Kutta routine written by H. A. Watts and L. F. Shampine, 

utilizing the Godunov-Conte technique of parallel shooting. The opacity 

and K were obtained through the use pp 

of the equation of state and bicubic spline interpolations (IMSL 

routines DSCEVU and ISCICU) within the King IVa mixture opacity tables 

of Cox and Tabor (1976). The imposed boundary conditions are identical 

to those of Hill, Rosenwald and Caudell (1978a). The computed solutions 

were not sensitive to the exact value chosen for the outer boundary 

condition on j. The proper boundary conditions may be difficult to 

choose because of the existence of a significant nonlinear effect at 

the boundary where the conditions are to be imposed. 

Using the program described in Hill, Rosenwald, and Caudell 

(1978a) the linearized equations given by equations 5.9 to 5.13 were 

first solved for a radial solar eigenfunction near 25 minutes from an 

optical depth of L = 3 x 10", T = 3 x 10 6 K to an optical depth L = 

10-3 , T - 4680 K . (The program was supplied to me by Ross Rosenwald). 
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These solutions were used to generate the averages needed for the mean 

field equations. The program was modified to include the averages and 

mean field solutions were obtained for 25 minutes. The changes in the 

displacement variable, which can be related to the physical velocity by 

multiplication with the frequency of the oscillations, between the 

linearized equations and the mean field equations were minuscule. Thus, 

the displacement and the velocity were insensitive to this nonlinear 

effect up to an optical depth of 10- 3 . However, the temperature 

perturbation was sensitive to the mean field. The Lagrangian 

temperature perturbation with the mean field terms is shown in figure 

5.1. The Lagrangian temperature perturbation without the mean field 

terms is shown in figure 5.2. The difference between these two 

temperature perturbation profiles is shown in figure 5.3. The 

difference is most noticeable at the base of the photosphere and in the 

upper photosphere. Presumably the effect of the mean field would 

continue to increase beyond the last zone in the model atmosphere 

chosen. The beta plus solution is shown in figure 5.4. The difference 

shown in figure 5.3 has the same shape as the beta plus solution. This 

means that one can account for the collective nonlinear effect of the 

other modes by adjusting the admixture of beta plus to beta minus in 

the general linearized solution. The effect shown in figure 5.3 can be 

ascribed to a 2 percent admixture of beta plus to the original beta 

plus. Thus the linearized equations can be used to describe 

eigensoluti,ons in the solar atmosphere below optical depth 10-3 

including the mean field effects by not arbitrarily dismissing the beta 
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Figure 5.1. Dimensionless Lagrangian temperature perturbation, oT!T, 

versus the logarithm of the optical depth for the linear twenty-five 

minute B minus mode. The dimensionless parameter x has been normalized 

to unity at an optical depth of 0.001. 
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Figure 5.2. Dimensionless Lagrangian temperature perturbation, oTIT, 

versus the logarithm of the optical depth for the nonlinear twenty-five 

minute 8 minus mode. The dimensionless parameter x has been nor~alized 

to unity at an optical depth of 0.001. 



366 

32.0 r----..,....---~--___,--------

28.0 

24.0 

20.0 

f- !6.0 
............ 
r-
'<l 

12.0 

8.0 

LOG T 
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five minute 8 minus mode dimensionless Lagrangian .temperature 

perturbation versus the logarithm of the optical depth. 
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Figure 5.4. Dimensionless Lagrangian temperature perturbation, oT/T, 

versus the logarithm of the optical depth for the linear twenty-five 

minute B plus mode. The dimensionless parameter x has been normalized 

to unity at an optical depth of 0.001. 
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plus solution. This may not be true higher in the atmosphere. The 

significant point to be made is that the change in coefficients of the 

linear solutions by the mean field of ten percent at the top of the 

atmosphere on the whole defaults the cavalier attitude towards 

nonlinear effects in the solar atmosphere. 

The averaged equations (in the Eddington approximation for the 

radiative transfer) given by A.5, A.14, A.52, A.61 and A.71, are not 

limited to the assumption of a mean field but can be used to model the 

averaged nonlinear effects of any interaction of the modes as long as 

one has a method of computing the statistical averages. The same 

equations can be used to model the effect of turbulence as well, with 

the averages acting in the same way as the classical Reynolds stress 

terms. 



APPENDIX A 

DERIVATION OF THE MEAN FIELD EQUATIONS 

The mean field equations which are used in chapter five of this 

dissertation are derived from the full set of non-linear equations by 

assuming certain statistical correlations among the oscillations in the 

same way that the Prandtl mixing length theory can be used to linearize 
. 

the equations for turbulence by the assumption of certain forms for the 

effecti ve "eddy viscosity" and "eddy thermal conducti vity" in terms o~ 

the gradients of the steady state quantities. The four first order mean 

field linear differential equations of the nonadiabatic radial 

oscillations are derived from the Eulerian perturbation of the 

equations for continuity, conservation of momentum, conservation of 

energy and the Eddington approximation for radiative transfer. The 

nonlocal treatment of the radiative transfer would ~nduly complicate 

the analysis. For a more complete derivation of the linear equations 

under these assumptions one should consult Ando and Osaki (1975). The 

continuity equation can be perturbed as: 

ap'/ap + v' • Vp + P V • v' o (A.1) 

Setting v~ = iayr and dividing by ipa: 
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1 a 3 - --(r y) 
. 2 a r 
r 

The perturbed equation of state: 

p'/p a.Vp 

and its spatial derivative: 

a.V 

allow one to derive the first equation: 

where: 

e: a.V 

(e: - 1) y -
d 

2 - 'Vo V 
T 

+ 
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o (A.2) 

(A.4) 

(A.5) 

(A.6) 

and the subscript 'd' refers to the designated projected mode. There 

are no averages of nonlinear terms in equation A.5. Next, the radial 

component of the momentum equation is perturbed: 

p av'/at + p'v' av'/ar r r r dP'/dr pIg (A.7) 
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Dividing equation A.7 by pg and employing the equation of hydrostatic 

equili brium: 

dP/dr - pg 

the definition of the variable p: 

pI (pgr)p 

and the identity: 

where 

SL!!}_1£6!:2 
d In r 

one obtains: 

+ 

a.V 

u 

e~ p - (nS + a.V) p + r 92 
dr . 

(A.S) 

(A.9) 

(A.10) 

(A.11) 

(A.12) 

The frequency 0, is associated with the displacement Y1 and the 

frequency °2 is associated with the displacement Y2' The nonlinear term 
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in equation A.12 is rewritten with the help of equations A.3, A.4, and 

A.5 into the form: 

+ (A.13) 

Averaging equation A.12 yields: 

(A.14) 

where 

(A.15) 

+ (A.16) 

aV«yp)) (A.17) 

and the double parentheses stand for the average 

etc. (A.18) 
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In the above average, a dimensionless frequency, w ,has been c 

extracted from the sum over k with the assumption that the major 

contribution comes from modes whose periods are clustered closely 

around some central frequency w • . c 

The perturbation of the energy equation can be expressed as: 

-(~ V·F)'P - (~ V·F)P'. (A.19) 

In radiative equilibrium, V • FR is equal to zero and the surface 

luminosity can be related to the surface flux by: 

L s (A.20) 

so that the radial part of the divergence of the flux perturbation is 

given by: 

One expression which will re-occur is: 

(p 91: 
dt 

V T dP )' 
ad- dt 

(A. 21 ) 
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- V'iJ d(6+1 )[0 p - yo (1 - 1 _a.E~ __ )]] 
a p y VP 3ln r ' 

(A.22) 

1 _3_T __ ' __ 
It is necessary to express T-

3 ln r 
1 ~ P' and - _10:. ___ _ 

P a ln r 
j.n terms of our 

original variables. The linear equations can be utilized to evaluate 

these expressions, since the linear equations will eventually be used 

to evaluate the averaged terms in the mean field equations to obtain a 

first order iterative solution. The linear equations for nonadiabatic 

radial oscillations are: 

r dy/dr 

r dp/dr 

r dj/dr 

r df/dr 

j 

where 

(e: - 1) y - aVp + 0 6 
T 

+ 

4V'iJ[ y'¥ 

+ 

- (a + K ) Vp 
p 

+ (0 - K )6 - f + T T 

Vpl/ad) 

(4 + 

+ 

-1 iwc 4) 

(A.23) 

(A.24) 

j], (A.25) 

(A.26) 

(A.27) 

(A.28) 
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and 

(A.29) 

A useful identity is: 

+ Va.S (A.30) 

Taking the spatial derivative of equation A.27, one obtains: 

r dj/dr 

(A. 31 ) 

where 

(A.32) 

and 

(A.33) 
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If equation A.31 is equated to equation A.25 and equations A.23 and 

A.24 are substituted into the resulting expression, it follows that: 

+ (A.34) 

where 

(A.35) 

(A.38) 

. 
The term involving the pressure perturbation can be manipulated into 

the form: 

r 9f' 
P dr 

The identities: 

d(ln P)/d(ln r) I eq 

+ SL!!L2 
d ln r 

- V 

+ (A. 39 ) 

(A.40) 



377 

and 

'" n -8 
(ex + l)V (A.41 ) 

and equation A.24 are used to simplify equation A.39: 

(A.42) 

where 

(A.43) 

h6 '" 2V (1 - U) - exV 
2 (A.44) 

(A.45) 

Defining: 
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(A.48) 

(A.49) 

(A.50) 

and 

(A.51 ) 

permits the average of equation A.19 to be written simply as: 

(A.52) 

where 

+ 



V(a. + 1)«yp)) )] 

2 2 
- a.V « p ))] + 
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(A. 53) 

(A.54) 

(A.55) 

(A.56) 
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(A.57) 

The perturbation in the radial component of the equation for radiative 

transfer in the Eddington approximation is given by: 

(3pKF)' - (4 dJ/dr )' 

Dividing equation A.58 by 3PKF, we obtain: 

!S' + 
t( 

n' F' t: + _ + 
p F 

lE~!S~l + l!S~E~l + le~!S~E~2 
pK ,KF pKF 

9~~~9!: 
dJ/dr 

The ratio K'/K needs to be expanded to second order in p and 9: 

K' 
S 

K 
K 9 + T s 

K Vp + 
P s 

The average of equation A.59 is: 

+ + 

(A.58) 

(A.59) 

(A.60) 
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(A.51 ) 

where 

(A.52) 

and 

2U + + (A. 53) 

The second order kappa derivatives enter the mean field equations 

only in the combination U given above by equation A.53. The maximum 

value for U that was found in the present investigation for the solar 

atmosphere was 5.8 x 10- 2 at an optical depth of 10-3. 

Equation A.58 applies only to radiative transfer. Since the 

integration for the eigenfunction extends through the solar convection 

zone, equation A.51 must be modified to account for the perturbation in 

the convective flux. The radial component in the total flux can be 

decomposed into: 

F Frad + F conv (A.54) 
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The relationship between luminosity and flux permits ·us to write: 

L s 

L rad 
2 2 

41T r F d ra 

L conv 
(A.65) 

(A.66) 

Since there exists no universally recognized procedure for 

treating time-dependent convection, the interaction between convection 

and pulsation is difficult to model. For convenience, the interaction 

between convection and pulsation is set equal to zero. However, even 

for this simple choice, there exists some ambiguity, since one can 

neglect either the Lagrangian or the Eulerian perturbation of the 

convective flux, or the Lagrangian or the Eulerian perturbation of the 

divergence of the convective flux. These procedures produce different 

results, as discussed by Gabriel (1980). Ando and Osaki (1975) chose to 

neglect the Lagrangian perturbation of the convective luminosity. If 

one tries to be consistent with Ando and Osaki, one would have to 

derive expressions for the spatial derivative of the convective flux 

from a theory of convection (such as the mixing-length theory). A 

different procedure was adopted here. This procedure demands that the 

linear equations A.23 through A.27 agree with those of Ando and Osaki 

(1975) when convection is included. To first order, one has: 



F' __ reg 
F rad 

Second order corrections appear through terms like: 

[ (~~ + 
K 

e~ 
p 

F' ] 
F 
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(A.67) 

where the perturbations in the opacity and density are first order and 

those in F are second order. The second order perturbations in F can be 

obtained by subtracting the first order terms in equation A.21 and 

requiring the perturbation in the convective flux to approach zero 

outside the convection zone. The perturbation in the radiative flux up 

to s~cond order is: 

F' __ reg 
F rad 

222 
4VVc5( QTKT6 - Vd P 6 - aK V p + 6 ssp s 

• (A.68) 

The second order terms appearing in equation A.68, which are 

evaluated only in the convection zone, make an insignificant 
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contribution relative to the dominant nonlinear terms in equation A.61 

because there is a sharp drop-off in magnitude of the nonlinear terms 

as a function of radial depth. 

The perturbation in the mean intensity can be expressed as: 

41T(JKP) I (A.69) 

The last term in equation A.69 has the same form as equation A.22. 

The perturbation in T4 can be written· as: 

+ + + (A.70) 

Di vi ding equation A. 69 by JKP' and employing the same manipulations 

used to obtain the previous mean field equations, the expression for 

the perturbed mean intensity is: 

+ + (A.71) 

where 

T .. 
JJ 

(A.72) 
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T. 
JY 

(A.73) 

(A.74) 

= 4 + 

- ~ KT « pj ) ) + 4)l (A.75) 

(A.76) 
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The mean field equations are A.5, A.14, A.52, A.61 and A.71. If 

one solves A~71 for ad algebraically and substitutes that solution into 

the other mean field equations, one obtains four first order linear 

homogeneous differential equations in the four variables y, p, j, and· 

f. 



APPENDIX 8 

EXPONENTIAL INTEGRALS, F FUNCTIONS, AND NONGRAY KERNELS 

The exponential integral functions are defined on the positive 

real axis by: 

CD CD 

E (x) = n J 
1 

-n -qx 
q e dq = xn- 1 J e-tt-ndt 

1 
J 

n-2 -x/IJ 
IJ e dIJ. (8.1) 

Differentiation yields: 

dE (x)/dx n -E 1 (x) n-

x o 

The exponential integrals satisfy the recurrence relation: 

nE 1 (x) n+ 
-x e xE (x) n 

The asymptotic behavior for large x is: 

E (x) 
n 

-x e Ix 

For integer n greater than 1, the value at the origin is: 

387. 

(8.2) 

(8.3) 

(8.4) 



E (0) n 
. -1 

(n - ,) 

The function EO(Z) is defined as: 

-z 
e I z 

In the complex plane: 

z 
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(8.5) 

(8.6) 

[ I arg z I < 'IT ] (8.7) 

with a branch cut along the negative real axis from the origin to -w. 

Values for negative real numbers can be defined by the auxiliary 

function: 

Ei(x) ( x > 0) (8.8) 

where P stands for the Cauchy principal value. The connection between 

E, and Ei is given by the Plemelj formula: 

(limit e: + 0) E, ( -x ± ie:) -[ Ei(x) ± i1TJ. ( e: > 0) (8.9) 



For small z, with larg zl < ~, El (z) has the expansion: 

- Y - log(z) + 
E l: 

n ... l 

n-l n 
(-1 ) z / (n • r (n+ 1 ) ) 

where YE is the Euler-Mascheroni constant given by: 

.57721566490153386061 .... 
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(B.l0) 

(B.l1) 

and the branch cut in the log is the same as in E1 . El (x) has a 

logarithmic singularity at the origin so that strictly speaking E1(0) 

does not exist. Properties of the exponential integrals are further 

explored in Kourganoff (1952). Abramowitz and Stegun (1972) give 

tabulations of the exponential integrals as well as polynomial and 

rational approximations which are suitable for numerical calculation. 

Algorithms for evaluating the exponential integral can be found in Todd 

(1954) and in Stegun and Zucker (1974). A more extensive program for 

computing E (x), with x real, can be found in Amos (1980a,b). A program 
n 

for computing values for Ei(x) can be found in Paciorek (1970) and in 

Stegun and Zucker (1976). A table of integrals involving El (x) can be 

found in Geller and Ng (1969). 

Integrals of the form f xk E (x) dx can be evaluated using the 
m 

identity derived from the recurrence relation (equation B.3): 
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q k E (q) = (-1) kE k (q) (m) k + e - q 
m m+ 

k-1 
\' (-1)j qk - j - 1 ( ) 
L m j' 

j=O 
(8.12) 

for k < m: 

k k k-1. ( . ) 
- E ( ) :I (-1) E ( q ) ( m ) + e - q \' ( - 1 ) J q- m - J ( ) ( 8. 1 3) q m q m-k -k L m -(j+1)' 

j=O 

where the Pockhammer symbols have been introduced: 

(n) . 
±J 

r(n ± j )/r(n) (8.14) 

where r(n) is the gamma function (defined by equation 8.15 with 

r(n + 1) equal to n factorial for integer n) and k has been assumed to 

be positive. If k > m, then q-kE (q) still exists but the recurrence n 

relation can no longer be used.since it is not valid to divide by n 

when n has been reduced to zero. One can use the definition of the 

gamma function: 

r(k + 1) (8.15) 
o 

and the incomplete gamma function: 
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r(k + 1, x) (8.16) 
x 

to evaluate the integral over the sums in equation 8.12. The 

exponential integrals are related to the incomplete gamma function by: 

E (z) 
n 

zn - 1 r(1 - n, z) 

It follows from equations 8.15 and 8~16 that: 

r(k + 1) r( k + 1, x) 

From equation 8.2 and 8.5, it follows that: 

co 

J 11k 
o 

and: 

co 

so that: 

(8.17 ) 

(8.18) 

(8.19) 

(8.20) 



f 
o 

x 
1 
k 
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Ek+ 1 (x) (B. 21 ) 

Analytic continuation' of the El functions (in a useful form) 

follows from an expansion of the identity ·(see Abramowitz and Stegun, 

1972, or use the first form of the definition of the exponential 

integral given in equation B.l ): 

- Ci(x) + i si(x) (B.22) 

where Ci and si are cosine and sine integral functions defined by: 

00 

Ci(z) f [cos(t)/t] dt ( 1 ar g z 1 < 1T ) (B.23) 
z 

and 

00 

si(z) f [sin(t)/t] dt ( .1 car g z 1 < 1T ) (B.24) 
z 

Two useful integrals involving these functions are (with the real part 

of a greater than zero): 

00 

fe-at Ci(t) dt -1 2 
- (2a) In (1 + a ) (B.25) 

o 



and 

00 

fe-at si(t) dt 
o 

-1 
- (a) arctan(a) 

From equation B.l, with z = x + iy ( x and y real): 

E (z) 
n - Ci (x, y) + i si (x, y) n n 
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(8.26) 

(8.27) 

where Ci and si are the exponential cosine and sine integral n n 

functions defined by: 

and 

Ci (x,y) 
n 

si (x,y) n 

f 

f 
1 

-xt n [e cos(yt)/t J dt 

-xt n [e sin(yt)/t J dt 

It is apparent from their definitions that: 

Ci (x,-y) 
n 

Ci (x,y) 
n 

- Re[ E (z) J, n 

Im[ E (z) J. n 

(8.28) 

(8.29) 

(8.30) 



sin(x,-y) 

Gi, (O,y) 

and 

si,(O,y) 

- si (x,y) 
n 

Gi(y) 

si(y) 
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(8.3' ) 

(8.32) 

(8.33) 

. The subscripts from Gi, and si, will be dropped for convenience. The 

exponential cosine and sine integral functions can be distinguished 

from the ordinary cosine and sine integral functions by the number of 

arguments used. From equation 8.6, one has: 

e-x [y sin(y) - x COS(Y)]f[x2 
+ y2] 

e-X [y cos(y) + x sin(y)]f[x2 
+ y2] 

From equations 8.28 and 8.29, one can easily derive: 

a [G i ( x , y ) ] fa x n 

a [s i ( x , y ) ] fa x n 

- Gi 1 (x,y) n-

- si , (x,y) n-

(8.34) 

(8.35) 

(8.36) 

(8.37) 



and 

a[Ci (x,y)]/ay n 

a[si (x,y)]/aY 
n 

- si 1 (x,y) n-

Ci 1 (x,y) n-
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(8.38) 

(8.39) 

The functions -Ci and si satisfy the Cauchy-Riemann equations. 
n n 

Therefore, the functions Cin and sin are harmonic functions and obey 

Lapl~ce's equation. From equation B.3, one has: 

and 

n si 1 (x,y) n+ 

- n Ci l(x,y) n+, 

-x - e sin(y) 

-x e cos (y) + 

+ 

x Ci (x,y) + n 

x sin(x,y), (8.40) 

ysi (x,y). n 
(8.41 ) 

Values for si 1 and Ci 1 can be inferred from tables 5~6 and 5.7 in 

Abramowitz and Stegun, 1972. A Fortran program for evaluating si and Ci 

can be found in Stegun and Zucker, 1976. 

The asymptotic behavior of the radiative damping terms given in 

chapter three involves the asymptotic behavior of the exponential and 

exponential cosine and sine integral functions for small and large 

values of their arguments. In the limit that t approaches infinity, 
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E,(t), t • E,(t), si(t, kt) and Ci(t, kt) all approach zero. In the 

limit that t approaches zero, both t· E,(t) and sin(kt) • E,(t) 

approach zero. In this limit, one also has that: 

(limit t -l- 0) si(t, kt) -l- - arctan(k) (8.42) 

and 

(limit t -l- 0) [cos(kt) E, (t)+ Ci(t,kt)J -l-
2 [In(' + k )J/2 .(8.43) 

The last two limits are obtained from equation 8.28 and 8.29 by 

expanding the integrands around small values for x and y. 

An important function for radiative damping in finite gray 

atmospheres is the finite Laplace transform of the exponential 

integrals introduced by King ('9'3): 

J 
o 

"[ 
st 

e En(t) dt = J , 
co 

-n -'r(u-s) du u [, - e J/(u-s), 

or alternatively (see Chandrasekhar, '950): 

, 
J d~ ~ ~[' - exp(-"[(~ - ~))J/(~ - ~) 

o 

(8.44) 

(8.45) 



The F functions obey the recurrence relation: 

SFn+1 (t,S) eSt E 1 (1') - (1In) 
n+ 

+ 
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(B.46) 

From their definition, it is obvious that the value for F (a,s) is n 

automatically zero. For real sand n = 1, the values for F1 are given 

by: 

(B.47) 

and 

51' ( 11 s)[ e E 1 ( 1') - E 1 ( l' ( 1-s)) - ln ( 1-s) ] s < 1 

+ In(T) + s = 1 (B.48) 

s > 1 

(see Geller and Ng 1969, and van de Hulst 1980). From the asymptotic 

expansion for E (x) for large values of x given by equation B.4 and the n 

definition for the F functions, F (=,s) will diverge at least n n 
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logarithmically unless Re(s) < 1. Special values for the semi-infinite 

interval are: 

- (lis) In(1 - s) (B.49) 

(B.50) 

and 

In 2 (B. 51 ) 

Tables for the F functions can be found in Chandrasekhar and Breen 

(1948). Analytical continuation of the F functions into the complex 

plane follows from the analytical continuation of the exponential 

integrals. Consider the Fourier transform of E, (Ixl) which is equal to 

CD 

ikx I I f dx e E,(o x ) = 
-CD 

-1 
o + 

The analytic continuation of equation B.49 gives: 

(B.52) 
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and 

-, k arctan(k), (8.54) 

so that: 

0) 

f dx e ikx E,(alxl) ~ 2k-'tan-'(k/a)= (In[(a+ik)/(a-ik)] )/ik. (8.55) 
-0) 

From equations 8.53 and 8.54 and Euler's formula for the 

exponential of a complex number it follows that: 

and 

0) 

f sin(ky) E,(y) dy = (2k)-' In[' + k2] 
o 

f cos(ky) E,(Y) dy = 
o 

-, k arctan(k) 

2n f y sin(ky) E,(Y) dy = 
o 

_d_2n_ 2 
(In[' + k ])/2k, 

dk 2n 

(8.56) 

(8.57) 

(8.58) 
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2n-1 J y cos(ky) EJ(Y) dy g~~-1 -1 ( ) ] ) [k arctan k . (8.59 
dk 2n- 1 o 

Equations 8.56 and 8.57 can also be inferred from equations 8.25 and 

8.26. The analytic continuation of equation 8.49 can also produce (with 

a < 1 and real): 

F1(CD, a ± ik) = - (a ± ik)-1 In[1 - (a ± ik) ] 

Again employing Euler's formula for the exponential of a complex 

number, it follows from equation 8.60 that: 

CD 

J eay sin(ky) E1(y) dy 
o 

2 2 2 2 2 2 
= [a/(a + k )] arctan[k/(1-a)] - [k/2(a + k )]In[(1-a) + k ]. (8.61) 

and 



Q) 
f eay cos(ky) E1 (y) dy = [F1(Q),a + ik) + F1(Q),a - ik)J/2, 

o 
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2 2 2 2 2 2 = [k/(a + k )J arctan[k/(1-a)J - [a/2(a + k )]In[(1-a) + k J. (8.62) 

The value for F1(t,±ik) can be derived from equation 8.48: 

+ 

i [In(1 + k2 ) - 2 cos(kt) E1(t) - 2 Cih,kt) ]/(2k). (8.63) 

From the symmetry properties of the functions Ci 1 and si 1 given by 

equations 8.30 and 8. ~1 lit follows tha.t: 

t 2 
f Sin(kY)E1(y)dy =[In(1 + k ) - 2COS(kt)E1(t) - 2Ci(t,kt)]/(2k),(8.64) 

o 

and 

t 

f COS(ky)E
1

(y) dy = [sin(kt) E
1
(t) + si(t,kt) + arctan(k) ]/k. (8.65) 

o 

With only a little algebraic manipulation, one can show that: 



l' 

f eay cos(ky) E,(y) dy ~ Re[ F,(1', a + ik) ] 
o 
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2 2 a-r 2 2 
~[a/2(a + k )]{2e COS(k1')E,(-r) + 2Ci[('-a)1',k-r]- In[(' - a ) + k ] } + 

2 2 a-r . [k/(a + k )] {e sln(kT)E,(T) + si[('-a)1',kT] + arctan[k/('-a)]},(8.66) 

and 

1: 

f e
ay 

sin(ky) E,(Y) dy = Im[ F,(-r, a + ik) ] 
o 

2 2 a1' 2 2 =[-k/2(a + k )]{2e COS(k-r)E,(T) + 2Ci[('-a)1',kT] -In[(' - a ) + k ]} + 

Using equations 8.36 and 8.37 (and a lot of tedious algebra), one can, 

if desired, obtain the values for the integrals: 

T 
f yn eay cos(ky) E,(y) dy = 

o 
(8.68) 



and 

1" 
f yn eay sin(ky) E1 (y) dy 

o 
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(8.69) 

Using equation 8.46, one can generate the values for F (1",s), with 
n 

n greater than 1, for complex s to the limits of one's patience. 

Another natural extension of the F functions, implied by equations 

8.58, 8.59, 8.68 and 8.69, is given by: 

where P (q) is an 
m 

th m order polynomial in q: 

(8.70) 

(B.71) 

Assuming that the sum and the integrals all converge, one can also 

express these generalized F functions in terms of the F functions and 
n 

the incomplete gamma functions using equations 8.12 to 8.21: 



m 
L a

k 
[ (_1)k r(k+1) Fk+1(x,s) 

k=O 
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+ 

k-1 
L (-1)j r(j+1) [r(k-j) - r(k-j,(1-s)x)]/(1-s)k - j]. (B.72) 

j .. o 

One can also use: 

so that: 

F (x,s;P ) n m 

f 
o 

x 
esq 

E (q)dq n 

In analogy to equation B.3, one has: 

a F (x, s )/a s 
n 

[ e (s-1 ) x - 1] / (s-1 ) 

k k [d 1 ds ] F n ( x , s ), ( B .73) 

(B.74) 

nF n+1(x,S) (B.75) 

which can be used consecutively to also derive equation"B.72. 

In t~e gray atmosphere, the wavelength integrated moments also 

obey the Schwarzschild-Milne representation. For the non-gray 

atmosphere, the wavelength integrated moments are not usefully 

represented as a single integration, however, in special cases 



405 

involving band models, it is possible to approximate the energy 

equa~ion using kernel functions defined by (see Crosbie and Viskanta, 

1970a,b): 

f a~(v)El[a.(v)t] dv/Y. 
~v 1 1 1 

where the opacity is given by the band model: 

PK (r) 
v 

N 
[ L ai(v)] S(r) 

i=l 
a.(v) < i 

1 

(8.76) 

(8.77) 

where the frequency independent optical depth in equation 8.76 is 

defined as: 

and Y. 'is defined by: 
1 

(8.78) 

(8.79) 

For the one band gray model with a equal to one, K, reduces to E,. 

Higher order kernels can be defined up to an arbitary constant by: 
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dK (x)/dx = -K 1 (x) n n- (B.80) 

The constants of integration can be fixed by requiring K
2

(0) to be 

equal to one and K (0) to be equal to zero for n > 2. For the n 

exponential band model the kernel functions were determined by Morizumi 

( 1970) to be: 

1 -t -t 2 2 [E
1
(t) - e It + (1 - e )/tJ (B.81 ) 

-t 
(1 - e )/t ] (B.82) 

and using equation B •. 80 one can also easily obtain: 

E 1 (t) - (In (t) + Y E + ~) ] (B.83) 

and 

(B.84) 

An alternate definition or K1E (x) is: 
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1 
f g(x,ll) dll (B.85) 

o 

where 

g(X,Il) [ -xl Il ( ) 2 e x + Il 
-x/ll 2 

Il (1 + xe ) ] I IlX (B.86) 

Asymptotically for large x: 

(B.87) 

and 

1/x (B.88) 

so that an integral of K2E over a semi-infinite range will diverge 

logarithmically. This can also be seen by noting that the integral will 

involve values of K3E.F~om equation B.83, one easily sees that K3E 

diverges logarithmically. One can also derive the analog to equation 

B.11 for K1E (x): 

-x e + 1 
2 

(B.89) 
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The F functions can also be generalized by introducing the finite 

Laplace transform of the nongray kernels: 

"[ 

fest K (t) dt 
o n 

It immediately follows from equation B.80 that: 

f 
o 

"[ 

K (t) dt = 
n 

so for the exponential kernel: 

and 

(B.90) 

(B.91) 

(B.92) 

(B.93) 

Since t- 2 eat diverges as t approaches infinity if a is any positive 

number, it can be seen from equations B.81 and B.90, that F1E (ro,s) 

will not be defined for Re s > O. 

In order to evaluate F1E ("[,s), one could use the identity: 
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<Xl 

L (_1)n tn/[ (n + 2) ·r(n + 1) J. (8.94) 
n=O 

However, it is much easier to use the analog to equation 8.46: 

SFKn+1(1,S) 
s"! 

e K 1(1)n+ 

so that F1E (x,s) becomes: 

K (0) 
n 

+ (8.95) 

The analytic continuation of F1E proceeds directly from the analytic 

continuation of F1 and the exponential integrals. 



EPILOGUE 

"You may bel ieve me, gentle reader, when I tell you that I could 

willingly desire this book, which is the child of my brain, to be the 

fairest, the sprightliest, and the cleverest that could be imagined; 

but I have not been able to contravene the law of nature which would 

have it that like begets like.~ 

- Cervantes, Don Quixote (The Viking Press, New York, 1949) 

"We're all bozos on this bus!" 

- Firesign Theatre 

"There was once a brainy baboon 

Who always breathed down a bassoon 

For he said 'It appears 

That in billions of years 

I shall certainly hit on a tune' " 

Sir Arthur S. Eddington, 1935, New Pathways in SCience, 

Cambridge University Press, London. 
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