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ABSTRACT 

An incoherent CO 2 laser radar, or lidar, system using 

a tunable CO2 TEA laser has been developed, along with ana

lytical techniques to permit the determination of atmos

pheric transmittance and aerosol backscatter from multi-angle 

lidar returns. This work has been motivated by the need for 

a more complete knowledge of the optical properties of the 

atmosphere in the 9 to 11 ~m spectral region. Results of 

preliminary observations are discussed. 

CO2 lidar systems have been used before to measure 

backscatter and transmittance. Here, a new analytic method 

is developed, applicable to the 8-12 ~m window region in 

conditions of high visibility, when the aerosol component of 

extinction is negligible compared to the molecular component. 

In such cases the backscatter sensed by the system is due to 

the atmospheric aerosol while atmospheric transmittance is 

determined by molecular species such as carbon dioxide and 

water vapor. It is not possible to assume a functional 

relationship between backscatter and extinction, as required 

by many previous analytic techniques. Therefore, a new solu

tion technique based on a weighted, non-linear least squares 

fit applied to multi-zenith angle lidar returns has been 

developed. It is shown how constraints may be applied to rule out 

x 



xi 

solutions which are unlikely on ~ priori grounds. An error 

analysis and a discussion of proper weighting techniques are 

presented. 

A CO 2 lidar system capable of acquiring multi-angle 

returns was developed, which included a gain-switching ampli

fier to compress the dynamic range of the return signal. The 

entire system is operated under computer control and data 

acquisition and storage are fully automated .. A laser pulse 

energy monitor allows sequential returns to be averaged to 

reduce signal fluctuations. 

Preliminary observations with the system have demon

strated the capability of acquiring and averaging hundreds 

of returns on a routine basis. The return signal was observed 

to have fluctuations of 20 to 50% from shot to shot, due to 

atmospheric fluctuations. This result indicates signal 

averaging will be necessary to reduce signal fluctuations to 

levels where the multi-angle solution method may be applied. 



CHAPTER 1 

INTRODUCTION 

Lidar systems have been developed for a number of 

different applications since the early 1960's. At first 

used only in a qualitative way to map the distribution of 

particulates in the atmosphere, diverse techniques based on 

phenomena such as differential absorption and Raman scatter

ing have enabled many parameters of meteorological and 

environmental interest to be measured quantitatively. Among 

these have been temperature, pressure, humidity, wind 

velocity and trace gas concentration (Hinkley, 1976). A 

proposal has even been made to develop a portable, ground

based lidar system to perform all the functions of a 1 km 

meteorological instrumentation tower (Schweisow, 1983). 

Among the most difficult problems to date have been 

measurements of the atmospheric aerosol. (In this paper 

'atmospheric aerosol,' or often just 'aerosol,' will be used 

to refer to particulate matter which is suspended, however 

temporarily. in the atmosphere.) The atmospheric aerosol 

plays an important role in radiative transfer, in cloud 

formation and in atmospheric chemistry. Air pollution often 

takes the form of solid or liquid aerosols. The aerosol 

1 
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largely determines the visibility of the atmosphere and 

greatly affects the performance of many optical systems 

designed to operate over long paths through the atmosphere. 

Optical remote sensing is presently the only approach avail

able which allows the atmospheric aerosol to be studied in 

situ, without perturbation. Lidar has the unique ability to 

make rapid measurements over a large volume of space with 

high spatial resolution. 

The 8-12 ~m 'window' region, where the atmosphere is 

relatively transparent, has become a focus of research in 

recent years with the development of reliable CO 2 lasers and 

sensitive infrared detectors. Systems using CO2 lasers are 

now being developed for use as rangefinders, trackers and 

active imaging systems. A proposal has been made (Lawrence 

et al., 1981) to place a large, coherent CO 2 laser on an 

orbital platform for the purpose of mapping global winds. 

The return signal would be due to backscattering from the 

atmospheric aerosol. Present knowledge of the optical char

acteristics of the aerosol in this spectral region is not 

sufficient to predict the performance of these systems. 

The properties of the atmosphere in the window region 

are especially important with regard to radiative transfer. 

There is a small but significant absorption in the window 

region, due primarily to carbon dioxide and water vapor. 

While carbon dioxide can be treated as a well-mixed gas, 
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water vapor exhibits a high degree of spatial and temporal 

variability. The earth emits radiation as a blackbody, with 

the emission peaked in the window region. Thus the distribu

tion of water vapor can have important meteorological and 

climatic impacts. Under conditions of high turbidity the 

atmospheric aerosol can also have significant impact. The 

effect of the aerosol can vary, depending on whether the 

particles are primarily scatterers or primarily absorbers. 

Measurements of the properties of the aerosol in the window 

region have been very sparse, however. Mean global values 

of the volume backscatter coefficient, for example, are 

uncertain within an order of magnitude. Seasonal and geo

graphical variation is even less well understood (Kent et al., 

1983b). 

Lidar is ideally suited to study the optical proper

ties of the atmosphere. Until recently, though, few systems 

had been built for this purpose to operate in the window 

region. The primary quantities sensed by a pulsed lidar 

system are extinction, or transmission, and backscatter. In 

general, both of these have components due to the molecular 

and particulate components of the atmosphere. In the 

visible, atmospheric extinction is due primarily to molecular 

and particulate scattering whereas in the infrared the 

extinction may be due to either molecular absorption, or to 

aerosol absorption and scattering, or to a combination of 
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both. Backscatter in the 8-12 ~m region is due solely to 

aerosols. Molecular backscatter is negligible at these 

wavelengths due to the inverse fourth power wavelength depen

dence of Rayleigh scattering. 

The presence of a significant amount of molecular 

absorption in the infrared poses an experimental problem: 

if the extinction due to the aerosol is to be determined, it 

must be separated from the molecular component of extinction. 

Visibility in Tucson is generally greater than 50 km. In 

these situations the aerosol extinction is only a few per

cent of the molecular extinction (Steinvall, Bolander and 

Claesson, 1983), even under the conditions of low humidity 

characteristic of the desert environment. It would be quite 

difficult to determine the molecular component of extinction 

with sufficient accuracy to allow the determination of such 

a small aerosol component. As an indication of the diffi

culty involved, the best laboratory measurements of the 

water vapor absorption coefficients at CO 2 laser frequencies 

carry an uncertainty of ± 5% (Shumate et al., 1976). Thus 

it seems probable a determination of the aerosol extinction 

coefficient using a lidar technique will be limited to 

conditions of high turbidity, where the aerosol extinction 

is a significant fraction of the total. 

The typically clear atmospheric conditions in and 

around Tucson, due to its location in a desert environment, 



5 

imply that transmission will be determined primarily by 

molecular absorption and that backscatter will be due to the 

atmospheric aerosol. In terms of data analysis, backscatter 

and transmission will be independent unknowns. If slant

path returns at two or more angles are recorded and analyzed 

under the assumption of horizontal homogeneity, vertical 

profiles of backscatter and extinction can be determined from 

the lidar data alone. 

This dissertation develops a slant-p~th lidar tech

nique to measure atmospheric transmission anct backscatter in 

the 8-12 ~m window region in the conditions cf high visibility 

characteristic of this area, and reports on the design and 

construction of a CO 2 1idar system to perform these measure

ments. Results of preliminary observations are also reported. 

It is hoped this work can be extended to provide a way of 

separating the aerosol and molecular components of extinction 

when measurements are made in turbid conditions. 

The next chapter discusses the physical principles 

underlying 1idar and reviews the history of atmospheric 

transmission measurement, with particular emphasis on the 

different methods that have been used to solve the 1idar 

equation and previous lidar work using CO 2 lasers. Chapter 3 

develops a new solution method for transmission and back-

scatter based on slant path data, under the assumption of 

horizontal homogeneity. An error analysis is also performed 
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in Chapter 3, in light of the expected violation of the 

assumption of horizontal homogeneity. Chapter 4 presents the 

details of the lidar system designed and built to perform 

these measurements. Chapter 5 discusses preliminary observa

tions made with the system. The last chapter gives conclu

sions and suggestions for further development of the 

technique. Two appendices give details of the optical design 

of the lidar. 



CHAPTER 2 

BACKGROUND 

2.1 Brief History of Atmospheric 
Transmittance Measurement 

While atmospheric backscatter is of relatively recent 

interest, there has been a long-standing interest in measure-

ments of atmospheric transmittance. The transmittance of the 

atmosphere was first determined in 1725 by Pierre Bouguer 

(1760), from a measurement of the relative brightness of the 

moon at two elevations. This was one of the first applica-

tions of Bouguer's law of exponential attenuation, which is 

known more commonly in this country as Beer's law, after the 

19th century German scientist August Beer. James Forbes, 

while studying the attenuation of the solar flux in passing 

through different masses of air, noticed a systematic devia-

tion from the exponential behavior predicted by Bouguer's 

law (Forbes, 1842). An explanation for the discrepancy was 

not possible at the time due to a lack of knowledge about the 

nature of infrared radiation. It was not understood until 

much later that, due to the presence of atmospheric absorp-

tion bands, Bouguer's law can be applied only to monochroma-

tic radiation. Indeed, the wave theory of light in use at 

7 



that time did not yet include the concept of spectrally 

selective absorption. 
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It was left to Samuel Pierpont Langley, perhaps 

better known for his association with the Smithsonian Insti

tute and the development of heavier-than-air flight, to 

capitalize on the scientific advancements of the mid-18th 

century. He waS the first to emphasize the spectral depen

dence of the atmospheric absorption and the importance of 

making spectral transmittance measurements (Langley, 1884). 

Langley also initiated the technique of plotting the natural 

logarithm of solar flux versus airmass, making a separate 

plot for each wavelength measured. The slope of a line 

fitted to points plotted in this way corresponds to the 

spectral optical depth, and the intercept at zero airmass 

corresponds to the natural logarithm of the exo-atmospheric 

spectral solar flux. This type of plot is now commonly 

referred to as a Langley plot. Abbot and Fowle (1908) 

applied this technique in a solar observation program to 

monitor the solar constant conducted under the auspices of 

the Smithsonian Institute, which eventually provided a record 

of atmospheric transmittance in the visible and near-infrared 

stretching over several decades. In recent times the tech

niques of solar radiometry have been refined by atmospheric 

physicists studying the optical characteristics of the atmos

phere (Shaw, Reagan and Herman, 1973) and by astronomers 



concerned with atmospheric effects in stellar photometry 

(Young and Irvine, 1967; Young, 1974). 

9 

vfuile the sun is a convenient, stable source for 

these types of measurements, it does have several drawbacks. 

The most important, perhaps, is that its position cannot be 

controlled and it is not possible to make vertically resolved 

measurements. Two techniques using artificial sources have 

been developed since the first world war which overcome these 

limitations: double-ended long-path transmittance measure

ments and single-ended measurements using either continuous 

or pulsed sources. 

In a long-path transmittance measurement a detector 

is placed some distance away from a calibrated source and a 

measurement of the radiance cf the source at the detector 

position permits a determination of the transmittance over 

the path. Normally the path is a horizontal one due to the 

need for equipment at both ends of the path. Quantitative 

long-path transmittance measurements were made as early as 

the 1920's, using spark sources (Schaeffer, 1922) and 

mercury arc lamps (Dawson, Granath and Bulbert, 1929) in 

conjunction with quartz spectrographs. In the 1950's Baum 

and Dunkelman (1954) studied transmission in the ultraviolet 

using a xenon arc and a quartz spectrograph. Careful spec

trometric studies of transmission in the infrared using 

carbon arc sources were conducted by Taylor and Yates (1957) 
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of the Naval Research Laboratory (NRL) and by Arnulf and 

others of the Institut d'Optique in Paris (Arnulf et al., 

1957). Soon after the invention of the laser, in 1960, laser 

sources were applied to long-path transmittance 'measurements 

at specific laser frequencies (Long, 1963). The long-path 

measurement technique has perhaps been carried furthest in 

work conducted by the Air Force Geophysics Laboratory (AFGL, 

formerly the Air Force Cambridge Research Laboratory) and 

NRL in support of the development of computer codes to compute 

atmospheric transmittance at both high and low spectral reso

lutions (McClatchey and D'Agati, 1978; Kneizys et al., 1983). 

A large number of field measu~ement programs have been con

ducted by both AFGL and NRL in a number of different infrared 

spectral regions using CO 2 , CO, HF, DF and Nd:YAG lasers 

(Kelley et al., 1976; Dowling, 1976; Haught and Cordray, 

1978) . 

Single-ended measurements have been used to measure 

transmittance along vertical paths and to study the distri

bution of particulates in the atmosphere. Light scattered 

from vertically pointed carbon-arc searchlights was used in 

the 1930's to observe haze layers as high as 10 km and to 

study the variation in density of the upper atmosphere 

(Hulbert, 1937; Johnson et al., 1939). This technique was 

used as late as the mid-1960's, by El terman (1966, 1968), 

who performed an impressive study of the vertical extinction 
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profile of the atmospheric aerosol, to a height of 35 km. 

A high-intensity spark source in conjuction with an optical 

ranging technique was used in England to measure cloud height 

(Jones, 1949). In fact, the term 'lidar' was coined in 

reference to this type of device (Middleton and Spilhaus, 

1953), long before the invention of the laser. The term was 

derived from 'radar' to describe a system using light, rather 

than radio waves, for the detection and ranging of distant 

objects. The spark source technique was further developed 

by Stevens, Horman and Dodd (1957) and by Horman (1961) to 

make single-ended, spatially resolved atmospheric transmit

tance measurements. The techniques developed anticipated 

in almost every way those later developed in conjunction 

with laser-based systems. 

The development of the Q-switched ruby laser provided 

a source of much higher spectral radiance than spark sources 

and interest soon turned to systems using pulsed laser 

sources. Today, the term 'lidar' is generally used to de

scribe any of a class of instrument having a laser as a 

source and utilizing the scattered light from remote gases 

and particulates to make spatially resolved measurements of 

atmospheric parameters. The first lidar observation 

reported measurements of atmospheric parameters. The first 

lidar observation reported in the open literature was by 

Fiocco and Smullin (1963), who used a Q-switched ruby laser 
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to detect scattering from the mesosphere. At about the same 

time, Ligda (1963) made observations of the troposphere. 

The earliest studies used the lidar observations in a quali

tative manner to detect aerosol layers in the clear atmos

phere (Collis, Fernald and Ligda, 1964), measure the height 

of inversion layers (Masterson, Karney and Hoehne, 1966), 

study the formation and dissipation of clouds (Collis, 

Fernald and Alder, 1968), track the dispersion of smokestack 

plumes (Hamilton, 1966) and to measure density profiles of 

the upper atmosphere (Bain and Sandford, 1966; Kent, Clemesha 

and Wright, 1967). 

Soon after these demonstrations of the basic feasi

bility of the lidar concept, efforts were turned toward 

development of quantitative techniques. Sarrdford (1967) 

measured transmission through the lower atmosphere by study

ing the variation of lidar returns from a height of six km 

as a function of elevation angle. Ottway, Wright and Kent 

(1971) used the same technique to produce vertical profiles 

of transmittance to a height of 26 km. Hamilton (1969) 

applied the technique to the boundary layer, measuring back

scatter and extinction to nearly a kilometer with a vertical 

resolution of a few tens of meters. Barrett and Ben-Dov 

(1967) measured aerosol mass concentration in support of a 

study of air pollution. By assuming unity transmittance over 

a path length of interest, they determined aerosol back-
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scatter from the 1idar return. A simple aerosol model then 

allowed them to relate observed backscatter to aerosol mass 

concentration. Viezee, Uthe and Collis (1969) measured 

atmospheric transmittance along slant paths under conditions 

of low visibility. They employed several methods of analy

sis, assuming homogeneous backscatter in one and an analytic 

relationship between backscatter and extinction in another. 

Davis (1969) also made the assumption of a simple relation 

between backscatter and extinction to measure backscatter 

and transmittance profiles of cirrus clouds. 

All the above work was performed using ruby lidar. 

Brown (1973) used a GaAs diode laser array to measure the 

trans'ali ttance of fog in the near-infrared. Al though a CO 2 

lidar had earlier been used to measure atmospheric back

scatter (Brandwie and Davis, 1972), the first single-ended 

measurement of transmittance using a CO2 lidar was not made 

until the late 1970's (Murray, ,Williams and van der Laan, 

1978). The analysis methods alluded to above and recent CO 2 

lidar work will be taken up in detail later in this chapter. 

2.2 Physical Principles 

2.2.1 The Lidar Equation 

A pulsed lidar system typically consists of a 

pulsed laser, optics to direct the laser beam into the 

atmosphere, receiver optics to collect the backscattered 
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energy and direct it onto a photodetector, and some sort of 

signal processing electronics to display or store the signal. 

The instantaneous strength" of the signal depends on the 

atmospheric backscatter and the transmittance of the atmos-

phere between the lidar and the scattering volume. The 

lidar equation can be written: 

J ct/ 2 8(R)T2(R)~T(t-2R/c) 
P(t) = (Top tAr) R2 

dR 
0 

(2 -1) 

where the two-way transmittance, T2 (R) , is given by: 

and 

P(t) = received power at time t 

Topt transmittance of the lidar optical system 

Ar = effective lidar receiver area 

8(R) volume backscatter cross-section (m- 1sr-
1

) 

at range R 

~T(t') = laser output power at time t' 

c = speed of light 

o(s) = volume extinction coefficient (m-
1

) at range s 

The expression for received power assumes the field of view 

of the receiver is large enough to view the entire volume 

illuminated by the laser pulse and that the scatterers are 



randomly distributed within the scattering volume. The 

equation applies strictly only to ranges beyond where the 

pulse becomes fully focused onto the detector; near-range 

behavior will be discussed in a later chapter. 

A laser pulse of duration T has a finite length, 
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CT. The range interval from which signals are received at 

a given instant is half this long, however, due to the two

way path traveled by the energy. If we assume the laser 

pulse is short enough that the atmosphere may be considered 

uniform over the length of the scattering volume and that 

range effects may be ignored, we can move S, T2 and R2 

outside the integrand of Eqn. 2-1. The integral over the 

pulse profile can then be replaced by PCT/2, where P is the 

average pulse power. Since PT is equal to the pulse energy, 

J, Eqn. 2-1 may be rewritten, in terms of the power return 

from range R: 

2 
peR) = (T A )JcS(R)T (R) 

opt r 2R2 
(2-2) 

Equation 2-2 will be the basis for the discussion in this 

chapter and the next. Baker (1983) has investigated the 

case where the atmosphere cannot be considered homogeneous 

over the length of the scattering volume. 



2.2.2 Molecular Scattering 
and Absorption 

16 

In general, a light beam propagating through the 

atmosphere is attenuated by absorption and by the scattering 

of energy out of the beam. Both factors have components due 

to particulates and to the molecular constituents of the 

atmosphere. Molecular scattering is characterized by the 

familiar equation for the Rayleigh volume scattering coeffi-

cient, oR (Penndorf, 1957): 

where Ns is the molecular number density at standard tempera

ture and pressure (STP), N is the molecular number density 

at any atmospheric temperature and pressure, Pn is the 

depolarization factor, n is the refractive index of standard s 

air at STP and A is wavelength. The important point here 

is the inverse fourth power dependence on wavelength. The 

Rayleigh scattering cross section decreases rapidly as the 

wavelength increases and becomes negligible in the 8-12 ~m 

region in comparison with particulate scattering, even in 

very clean air. 

Molecular absorption, on the other hand, is quite 

significant in the window region, even though the window is 

characterized by relatively low absorption compared with 
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nearby spectral regions. Figure 2-1 shows atmospheric trans

mittance due to molecular absorption through a 10 km hori

zontal path at sea level in a spectral region including the 

10.59 wm CO2 laser line (McClatchey and Selby, 1974). The 

spectrum has been computed from the absorption parameters of 

the relevant molecular absorption lines with enough frequency 

resolution to be essentially infinite. As can be seen, the 

atmospheric molecular absorption exhibits very fine struc-

ture. Hundreds of lines lie within the window region. 

12 16 . 
A CO2 laser using the C 02 lsotope, the most common 

naturally occurring isotope, may be line-tuned to a large 

number of lines between 9.1 wm and 10.8 wm. The lines belong 

to the P and R branches of the 9.4 pm and 10.4 wm vibrationa1-

rotational bands and are regularly spaced due to the rota-

. 12 16 
tiona1 symmetry of the CO 2 molecule. USlng the C 02 

isotope, the laser frequencies coincide with the atmospheric 

CO 2 absorption lines and attenuation of the beam by atmos

pheric CO 2 is unavoidable. The other significant contribu

tion to molecular absorption at the laser frequencies is from-

water vapor. While there is a strong ozone band at 9.6 wm, 

ozone concentrations in the troposphere are too low to be 

significant. A number of other gases have absorption lines 

in this spectral region--such as N20, S02' ammonia and 

several f1uorocarbons--but are normally found only in trace 

amounts. 
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In the troposphere, molecular absorption lines 

exhibit pressure broadened linewidths due to collisions of 

molecules with both their own species' and with foreign 
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species. In the approximation of collisions with infinitely 

short interaction times, the absorption constant for a single 

transition has a Lorentzian frequency dependence: 

k(v) ~ eE(l/kTo-l/kT) 
7T 

with: 

y(P,T) 
2 2 (v-v) + y (P,T) o 

where v is the transition frequency, S is line strength, o 

E is the lower state energy for the transition, y(P,T) is 

the pressure and temperature dependent line width and y is o 

the linewidth at standard pressure and temperature, (P ,T ), o 0 

and b is a species-dependent constant determined experiment-

ally. When lines are closely spaced, the absorption at a 

given frequency is the sum of contributions from the nearby 

lines: 

k (v) 
Si E.(l/kT -l/kT) 

L - e ~ 0 
i 7T 2 2 (v-v.) + y. (P,T) 

o~ ~ 

(2 - 3) 

Values of the line parameters of the various atmos

pheric molecular species have been compiled on magnetic tape 

(McClatchey et al., 1973), allowing molecular absorption at 
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any frequency to be computed using Eqn. 2-3, with the appro-

priate temperature and pressure corrections to the line 

strengths and widths. Normally, in the infrared, it is 

sufficient to include transitions within 20 cm- l of the 

frequency of interest. Pierluissi, Gibson and Hall (1980) 

have performed an analysis of the error involved in computing 

slant path transmittance in this way due to uncertainties in 

the tabulated line parameters and in the temJerature and 
! 

pressure data used. Making reasonable estim~tes of uncer-

tainties in the line parameters and meteorological data, 

they concluded that errors of about 20% shou.d be expected 

in the absorption coefficients computed. In practice, 

computed values seem to agree within 20-30% (If values deter-

mined from transmittance measurements with a CO2 lidar in 

the free atmosphere (Post, 1982). 

As laser radiation has a finite spectral bandwidth, 

the laser spectrum, strictly speaking, must be integrated 

over the absorption lineshape to obtain an absorption coeffi-

cient for the laser line. The fundamental limit to the 

spectral width of the emission from a laser arises from 

random phase shifts caused by spontaneous emission (Jacobs, 

1974). This limit can be on the order of 1 Hz or less. In 

practice, the effective linewidth is due to shifts in the 

optical path length of the resonator due to either mechanical 

vibration or the resonator mirrors or to changes in density 
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and refractive index of the lasing medium. This last effect 

tends to be the most important in CO 2 TEA lasers, often 

sweeping the resonant frequency through several megahertz 

during a pulse of a few microseconds duration (Willetts, 

1982). Since the linewidth (FWHM) of the atmospheric CO 2 

lines in the 9-11 ~m region is about 4 GHz, the laser line

width can be taken to be infinitely narrow and centered on 

the atmospheric CO 2 absorption line. 

Water vapor has a strong vibrational-rotational band 

at 6.3 ~m and a pure rotational band extending from 11.1 to 

250 ~m, but only a few irregularly spaced lines between 9 

and 11 ~m, which may be avoided by judicious choice of laser 

wavelength. There is a continuum absorption in the window 

region due to water vapor, however, which limits transmis

sion even in regions free of absorption lines, as can be 

seen in Fig. 2-1. The source of this continuum absorption 

has been attributed to the presence of water dimers, (H 20)2' 

and to the far wings of the neighboring strong water bands 

(Suck et al., 1982). The presence of water dimers in the 

atmosphere in the concentration necessary to produce the 

continuum absorption has not been demonstrated conclusively, 

however, and application of the simple Lorentz lineshape to 

calculate the contribution of the strong water bands to the 

absorption in the window region fails to account for the 

correct magnitude and temperature and pressure dependencies 
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of the continuum. A lineshape function modified to better 

reflect the dynamics of the water vapor self-broadening 

interaction agrees qualitatively with the observed behavior, 

however (Nordstrom and Thomas, 1980). Recent experimental 

work indicates both mechanisms may make significant contri-

butions to the continuum absorption, with the contribution 

from dimers being more important than that from collisional 

broadening at room temperature and below (Loper, O'Neill and 

Gelbwachs, 1983). At present, the source of the continuum 

has not been sufficiently well defined theoretically and an 

empirical model is used in conjunction with experimental 

values. 

The continuum absorption has wavelength, density and 

pressure dependencies. The most recent modei for the 

absorption coefficient due to the continuum, kH 0 (v), is 
2 ' c 

expressed in the relation (Kneizys et al., 1983): 

Ps Pf = ps vtanh(hcv/2kT) [poCs(\),T) + ~f(V,T)] 

with (2-4) 

hc/k = 1.43879 K/cm- l 

where T is temperature (K), v is wavenumber, and (ps/po) and 

(pf/po ) are number density ratios for water vapor and foreign 

gases, respectively. The parameter Ps is the water vapor 

density, Pf is the density of all other molecular species and 

p is the total number density at 1010 mb and 296 K. The o 
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2 -1 parameters Cs and Cf (cm fcm -mol) are temperature and 

frequency dependent absorption coefficients for the self-

broadened and foreign-broadened components of the continuum. 

Figures 2-2 and 2-3, taken from Kneizys et al. (1983), show 

values for C
s 

and Cf derived from experimental measurements 

(Burch, 1970; Burch, Gryvnak and Rembrook, 1971; Burch and 

Gryvnak, 1978; Burch and Gryvnak, 1979). 

2.2.3 Aerosol Scattering 
and Absorption 

While atmospheric molecular absorption can be calcu-

lated with sufficient accuracy for many purposes, using the 

approach outlined above, the present state of aerosol model-

ing is much less advanced. The atmospheric aerosol consti-

tutes a complex, dynamic system with numerous sources and 

sinks. Particles are found with a wide variety of composi-

tions and shapes, ranging in size over many orders of magni-

tude. Condensation and sublimation from gases formed in 

combustion processes produce submicron particles composed 

largely of carbon, sulfates and nitrates. Natural sources, 

such as forest fires and volcanoes, are important, as well 

as anthropogeni~ sources, such as coal-fired power plants 

and automobiles. The action of the wind on the ocean surface 

injects large numbers of sea spray particles into the atmos-

phere, traces of which can be found far inland as salt (NaCl) 

particles. Erosion by wind transports large amounts of 
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soil-derived dust into the atmosphere. These particles are 

generally larger than a micron and composed of quartz, 

calcite and various silicate clays (Lindberg, 1975). ~lliile 

particles formed by condensation or sublimation are often 

spherical, or nearly so, particles formed by erosion pro

cesses tend to be irregular in shape. Other formation 

processes result in particles in the shape of rods, fibers 

and chains of smaller particles. 

Most of the particles which remain in the atmosphere 

for any length of time have radii in the range 0.01 to 20 ~m. 

Particles in the range 0.08 to 1 ~m are most important in 

the scattering of visible light (Junge, 1958) while particles 

larger than 1 ~m are most important when radiation in the 

8-12 ~m spectral region is considered. Small particles tend 

to coagulate into larger particles. This process is very 

efficient for particles smaller than 0.01 ~m and newly formed 

small particles rapidly disappear as they become part of 

larger particles. Coagulation ceases to be effective for 

particles larger than about 0.1 ~m. Because the sources for 

large particles are at or near the earth's surface, the upper 

limit to particle size is determined by the balance between 

the upward particle flux due to eddy diffusion and the down

ward flux due to gravitational settling. This upper limit 

is fairly abrupt as the terminal velocity of the particle 

increases as the square of the particle radius. Particles 
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larger than 20 ~m are quite rare any significant distance 

from their source, as they normally remain airborne only a 

short time (Junge, 1958). Particles of organic origin 

(fungi, spores, etc.) larger than 20 ~m have been observed 

to have significant residence times in the atmosphere; 

however, due to their low density (Junge, 1972). 

The optical properties of small particles depend on 

their size, shape and composition. Due to the diversity- of 

the atmospheric aerosol, simplifications must be made to 

make calculations of aerosol optical properties tractable. 

A common approach is to treat the aerosol as a collection of 

spherical, homogeneous particles, allowing analysis by exact 

theory. This approach will be presented, followed by a 

discussion of some of the limitations of the approach and some 

of the alternate approaches which are available. 

A rigorous solution for the scattered field of a 

plane monochromat~c electromagnetic wave incident on a homo

geneous sphere was developed by Gustav Mie (1908). The 

solution was ini~ially applied to a single sphere, of arbi

trary diameter, but the theory may also be applied to any 

collection of homogeneous spherical particles as long as they 

are randomly distributed and separated by distances large 

compared to the wavelength. This ensures there are no 

coherence effects and the total scattered radiance is the sum 

of the scattered radiance due to each particle. The solution 
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for the scattered field of a single particle is a complicated 

boundary value problem involving expansions of the incident 

plane wave and the scattered field in terms of spherical 

harmonics and matching terms at the particle boundary. The 

solution is quite involved and has been treated elsewhere in 

great detail (Stratton, 1941; van de Hulst, 1981; Born and 

Wolf, 1980). Only the results will be discussed here. 

Rather than discuss the scattered field directly, it 

will be convenient to define several cross sections. Con-

sider a monochromatic electromagnetic plane wave of irradi-

ance E incident on a particle. Define Wa as the rate at 

which energy is absorbed from the plane wave by the particle 

and Ws as the rate at which energy is scattered out of the 

plane wave into other directions. We may then define cross 

sections for absorption, Cabs' scattering, Csca ' and 

extinction, Cext : 

W IE a 

C = C + C ext abs sca 

where these cross sections have dimensions of area. We may 

also define a backscatter cross section, Cb , in terms of 

W180 , the energy scattered into a cone of infinitesimally 

small solid angle centered about the backscatter direction. 



Because Wl80 has units of energy per steradian, the back

scatter cross section: 

has units of area per steradian. 
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Often it is convenient to speak of the efficiency of 

scattering, absorption or extinction. The efficiency is 

defined as the area-normalized cross section: 

Qabs C b /nr 
2 

a s 

Qsca C sca/nr 
2 

Qext 
2 

C t/nr ex 

where r is particle radius. The efficiency expresses the 

effective particle cross section as a fraction of its 

geometric cross section. The optical behavior of small 

particles can be unexpected. Efficiencies for particles 

whose size is on the order of magnitude of the incident 

wavelength, for example, are often greater than unity. 

Mie scattering, strictly speaking the phenomenon of 

light scattering from homogeneous, spherical particles, 

depends only on particle size, refractive index and the 

wavelength of the incident field. Expressions for the Mie 
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cross sections are written in terms of infinite series expan-

sions (van de Hulst, 1981): 

and 

C 
sca 

00 

= 2n I (2n+l)( 1a 12 + 16n12) 
k 2 h=l n 

00 

2; I (2n+l)Re{an + bn } 
k n=l 

c = C - C abs ext sca (2-5) 

where k = 2n/A. The cross sections have units of area. 

Bohren and Huffman have presented an expression for back

scatter efficiency, Qb' derived from }1ie theory (Bohren and 

Huffman, 1983): 

1 / I (2n+l) (-l)n(a _ b ) /2 
x 2 n=l n n 

(2-6) 

which has the units of sr- l . The parameter x is known as 

the size parameter: 

x = 2nr/A 

and is dimensionless. The coefficients an and bn in Eqns. 

2-5 and 2-6 are complicated functions of, the Riccati-Bessel 

functions, but ultimately depend only on the complex refrac-

tive index of the particle, m = n + in", and the size para-

meter. If the particle is embedded in a medium whose index 

is different from unity, m is replaced by the ratio mimI and 



A is replaced by A/ml' where ml is the complex refractive 

index of the surrounding medium. 
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Mie extinction and backscatter efficiencies are 

plotted versus log particle radius (in microns) in Figs. 2-4, 

2-5, 2-6, and 2-7 for two different materials, one having a 

complex index of 3.070 + iO.7 and the other with complex 

index 2.28 + iO.035. These indices correspond to soil

derived dust (Volz, 1973) and to quartz (Peterson and 

Weinmann, 1969), respectively, at 10.6 wm. Both these 

materials are expected to be major constituents of the atmos

pheric aerosol in the Tucson area. All of the curves exhibit 

monotonic increasing behavior versus particle radius for 

sufficiently small particles. This is the small particle 

regime, often called the Rayleigh region, where the particles 

are much smaller than the wavelength pf the incident radia

tion. For larger particles the curves become more complex. 

Interference between the incident beam and forward scattered 

light produces a series of regularly spaced maxima and minima 

in the curve. Excitation of the normal electromagnetic modes 

of the sphere by the incident wave produce an irregular fine 

structure superimposed on the large-scale oscillations. In 

the curves for dust it can be seen that much of the structure 

is damped out when absorption increases to the point where 

little of the incident radiation is transmitted through the 

particle. 
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If we consider particles for which Imxl «1, the 

expansion in Eqns. 2-5 and 2-6 maybe approxim3ted by just 
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the first few terms of the expansion. Including terms of 

order x4 or less, we arrive at the following approximations 

for the Mie absorption, scattering, backscattering and extinc-

tion efficiencies (Bohren and Huffman, 1983): 

2 4x3 2 
Qabs 

4x 1m {m -l} [1 + 1m {m -l}] 
m2+2 

-3-
m2+2 

Qsca 
8 x4 Irn2_l 12 

= 3" 
Im

2
+21 

4x4 
Im2_l 12 

Qb = 

Im
2+21 

(2 -7) 

For sufficiently small x, the expression for the absorption 

efficiency reduces to: 

If the term (m2 -l)/(m2+2) is constant over some wavelength 

interval, we have: 

for sufficiently small particles. This shows the inverse 

fourth order wavelength dependence of the Rayleigh extinction 
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cross section for cases where extinction is dominated by 

scattering. \\Then absorption dominates extinction, the depen

dence will be a simple and reciprocal one. It can also be 

seen from Eqn. 2-7 that the scattering and backscattering 

efficiencies differ by only a numerical constant. For suffi-

ciently small particles, then, the scattering cross section 

may be determined directly from the backscatter cross section. 

Up to this point we have been discussing scattering 

from a single, spherical particle. The lidar return from a 

given range is typically due to a large number of aerosol 

particles within the scattering volume at an instant in time 

(see Eqn. 2-2). To calculate the extinction and backscatter 

sensed by the lidar system we must integrate the appropriate 

Mie cross section over the aerosol size distribution. Define 

an aerosol size distribution, n(r), in terms of number of 

particles per unit volume in the size range r to r + dr. 

Then we have: 

a A = foo Cext(r/A,m)n(r)dr 
0 

SA 
roo 

Cb(r/A,m)n(r)dr (2-8) 
J 0 

where a A is the volume extinction coefficient, with units of 

m- l , and SA is the volume backscatter coefficient, with 

units of (m-sr)-l. Both coefficients are wavelength depen-

dent, as indicated by the subscript. When plotted with 



38 

respect to wavelength, however, these coefficients do not 

show the fine scale structure of the single particle curves. 

The fine structure is smoothed out when the cross section is 

integrated over a size distribution as the maxima from par-

tic1es of one size tend to compensate for the minima in the 

curve for particles of another size. 

The size distribution of the aerosol is an important 

parameter in regard to the optical properties of the aerosol. 

Different aerosol populations having the same total mass but 

different size distributions can have radically different 

optical properties. It was once thought the portion of the 

atmospheric aerosol larger than 0.1 ~m could be described by 

a single, coherent size distribution of the form (Junge, 

1958) : 

dN 
d(log r) = const 

rb 

where dN/d(log r) is the particle number density per log 

radius interval and b is a constant near 3. Later work 

determined that b has a value near 6 for particles larger 

than 10 ~m (Junge, 1971). ~~i1e this form of distribution 

function is still often used to represent a mean global 

aerosol distribution, it has been recognized that this func-

tion does not adequately represent the structure in local 

aerosol size distributions. It has been found that a bimodal 

or trimoda1 model of the aerosol is much more useful, each 
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mode being characterized by a log normal distribution of the 

form (Lenob1e and Brognicz, 1984): 

dN = d(1og r) 
-1/2 1n r/rm 2 

e (In s ) 
g 

where NT is the total particle number density, rm is the 

median radius of the mode and 1n s is the standard deviation 
g 

of 1n r. The existence of two stable modes has been identi-

fied, one containing submicron particles primarily derived 

from coagulation and condensation processes and the other 

containing particles larger than a micron. Mean radii fall 

near 0.1 ~m for the smaller mode and near 1 ~m for the larger 

model (Wi11eke and Whitby, 1975; Patterson and Gillette, 

1977; Hagard et a1., 1978). An additional mode has been 

observed when local aerosol sources are present and aerosol 

loading is heavy. In the atmospheric boundary layer in urban 

areas the aerosol size distribution can exhibit enormous 

variation over periods of a few hours due to the presence of 

numerous local sources of different types. In such cases, 

accurate modeling of the aerosol becomes very difficult. 

In order to investigate the contribution of different 

portions of the aerosol size spectrum to backscatter and 

extinction of 10.6 ~m radiation, an experimentally determined 

size distribution was used to compute backscatter and extinc-

tion as a function of particle size using Mie theory. The 
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size distribution used, shown in Fig. 2-8, was measured at 

a height of about 10 meters above the open ocean and contains 

components due to the tropospheric background aerosol, sea 

spray and wind-borne dust originating in the Sahara desert 

(Junge, 1972). This distribution was used, not because we 

have reason to suspect the presence of a marine aerosol in 

the atmosphere over Tucson, but because special care was taken 

to measure the portion of the size spectrum larger than 10 ~m. 

The concentration of the larger particles is often not meas

ured very accurately because the extremely low concentration 

of these particles makes it difficult to collect a statisti

cally significant sample. 

Backscatter and extinction coefficients were computed 

as functions of the upper limit of integration using Eqn. 

2-8. Dave's DAMIE and DBMIE routines were used to compute 

the backscatter and extinction efficiencies (Dave, 1968). 

Computations were performed for a real refractive index of 

1.55 and imaginary refractive index values, nt' = 0.0, 0.001, 

0.01, 0.05, 0.1 and 0.5. The results are shown in Fig. 2-9. 

The bars represent the size region responsible for 80% of 

the total backscatter or extinction. That is to say, par

ticles in the region to the left of the bar contribute 10% 

of the total and particles to the right contribute another 

10%. The mark within the bars indicates the median particle 

size, where half the total backscatter or extinction is due 
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to smaller particles and half is due to larger particles. 

It can be seen that a small portion of the total aerosol 

size spectrum shown in Fig. 2-8 is responsible for most of 

the backscatter and extinction. Particles smaller than 

0.1 ~m are totally insignificant despite having the highest 

number concentrations. The dominant size region is 1 to 5 

~m, with the range shifting to slightly smaller particles 

as the particle absorption increases. This behavior is 

quite different from that in the visible, where particles 

between 0.1 and 1 ~m are the most important. 

The discussion to this point has been in terms of 

spherical, homogeneous particles. This simplification can 

lead to serious errors in predicting the properties of the 

atmospheric aerosols, however, as most particles in the 

natural aerosol are neither spherical nor homogeneous. Non

spherical particles generally exhibit scattering behavior 

markedly different from spherical particles. Backscatter, 

in particular, is highly shape-dependent. Holland and Gagne 

(1970) measured irregular quartz particles and found back

scatter an order of magnitude less than that predicted for 

the equivalent spherical particles using Mie theory. 

Exact solutions for the scattered field from several 

regular shapes other than spheres have been developed. These 

include infinite cylinders (Larkin and Churchill, 1959) and 

spheroids (Asano and Yamamoto, 1975). Several approaches to 
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treating scattering from irregular particles have been 

developed but the methods are only useful for near-spherical 

particles or for very small particles (Bohren and Huffman, 

1983). At present there is no exact method to compute scat

tering from general irregular particles. Some success has 

been demonstrated, though, in modeling distributions of 

irregular particles by size and shape distributions of 

randomly oriented spheroids (Hill, Hill and Barber, 1984). 

The effects of particle asphericity for 10.6 ~m 

radiation may be minimal, however. Heintzenberg and Welch 

(1982) have stated that shape effects are generally not 

significant for size parameters less than 3 to 5 and that 

Mie calculations based on spheres of equivalent volume are 

adequate. As pointed out by Kent et al. (1983a), and as can 

be seen in Fig. 2-9, most of the backscatter and extinction 

of 10.6 ~m radiation is due to particles with size parameters 

less than 3 to 5. Therefore Mie theory is probably adequate 

except near strong absorption lines, such as those found in 

quartz and ammonium sulfate near 9 ~m, where Mie theory leads 

to serious errors (Bohren and Huffman, 1983). 

The last problem to be mentioned in connection with 

aerosol modeling is that of mixed composition aerosols. 

Similar problems are encountered whether the aerosol is com

posed of homogeneous particles of several different composi

tions or of a single type of inhomogeneous particle. 
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Typically a measurement of an aerosol will be made to deter-

mine some sort of effective complex refractive index. The 

problem is that the scattering processes are not linear in 

terms of the optical constants involved and effective indices 

cannot necessarily be applied meaningfully to an experimental 

situation other than the one in which they were measured. 

For example, an effective index measured by an absorption 

technique might be quite different from the effective index 

measured from a scattering technique. 

The current understanding of the atmospheric aerosol 

is that it is composed of a number of materials which are 

weakly absorbing (nil = 0.0 - 0.001) in the visible and a 

small amount of carbon, which is strongly absorbing (Lindberg, 

1975; Yasa et al., 1979). Several authors have reported the 

results of calculations based on Mie theory with effective 

refractive indices computed in various ways (Lindberg, 1975; 

Bergstrom, 1973; Gillespie, Jennings and Lindberg, 1978; 

Ackerman and Toon, 1981). The consensus is that an aerosol 

composed of a weakly absorbing component and a strongly 

absorbing component can exhibit markedly different optical 

behavior depending on whether the absorber is present as 

discrete particles, is distributed homogeneously throughout 

all the particles, or whether it forms the core of the 

particles or coats the surface. Therefore, simply having a 

compositional breakdown of the aerosol is not sufficient to 



predict the optical properties. Something must also be known 

about the structure of the aerosol particles. These effects 

may be less important in the infrared. Because most aerosol 

constituents exhibit some absorption in the infrared, the 

contrast between the most absorbing and least absorbing 

components is probably somewhat less than in the visible. 

2.3 Interpretation of the Lidar 
Return Signal 

The fundamental problem in the interpretation of 

lidar returns lies in the determination of backscatter and 

transmittance from the lidar return signal, P(R). Returning 

to the lidar equation: 

peR) (2-2) 

we see that all the information about the atmosphere which 

can be extracted from the lidar return is contained in the 

backscatter and transmittance terms. Most lidar remote 

sensing techniques begin with the measurement of a return 

signal at a single wavelength and the determination of back-

scatter, transmittance, or both from that signal. The back-

scatter and transmittance profiles may then be analyzed, 

perhaps in conjunction with returns from other wavelengths, 

to obtain other quantities such as aerosol loading and trace 

gas concentration. The discussion here will be limited to 



the problem of determining backscatter and transmittance 

from a single-wavelength lidar return. 

To extract backscatter and transmittance from the 

lidar return, we must measure the pulse energy, J, and use 
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some sort of calibration procedure to determine the value of 

the term (ToptAr ). We can then define a normalized return, 

2 U(R), which depends only on the unknownsS(R) and T (R): 

U(R) (2-9) 

where T2 (R) is a function of the extinction coefficient, 

() (R) : 

Because Eqn. 2-9 involves two unknowns, some kind of assump-

tion must be introduced to allow a solution for S(R) or 

T2 (R) to be obtained from the lidar return alone. Depending 

on the experimental circumstances, a number of different 

assumptions may be invoked. Looking at the problem from a 

mathematical point of view, a lidar return containing N data 

samples involves N equations of the type of Eqn. 2-9, with N 

knowns and 2N unknowns. The system of equations is thus 

underdetermined and additional conditions must be imposed to 

make a unique solution possible. This view will be pursued 
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further in the next chapter. Here we will review several 

solution methods which have been developed for visible lidar 

systems. 

Let X(R) be the logarithm of the ratio of the range-

and energy-normalized return from range R and reference range 

R : 
o 

X(R) 
2 

= In( R P(R)J ) 
R2p(R )J 

o 0 0 

2 and T (R ) can be determined in some way, we can o 

evaluate (3(R) and T2 (R) at any arbitrary range relative to 

their values at Ro since, from Eqn. 2-2: 

X(R) 
2 

= In ( (3 (R) T (R) ) 

(3(R )T 2 (R ) o 0 

Note that the term (ToptAr) drops out, as it is a system 

constant. Taking the derivation of X(R) with respect to 

range, we get: 

dX 1 dB 2 (R) 
dR = B (R) dR - 0 

(2-10) 

If the atmosphere is homogeneous, backscatter is constant 

and the normalized return X(R) may be analyzed directly to 

obtain the extinction coefficient profile: 

o (R) dX 
= -1/2 dR' 



49 

This so-called 'slope method' was first used by Viezee, Uthe 

and Collis (1969) to measure extinction in fog and light rain. 

The major drawback to this approach is that errors 

are introduced into the determination of the extinction coef

ficient if backscatter inhomogeneities are present which arp. 

large enough to make 1/2(1/S)dS/dR significant compared to 

a(R). In the case of clear atmospheres characterized by low 

extinction values, significant errors may be introduced by 

even very small backscatter fluctuations. Further, the method 

cannot be used over slant paths where one would expect signi

ficant backscatter gradients. If the aerosol concentration 

decreases with height, anomalously high extinction values 

will be obtained. The method does seem to have some limited 

application in measuring extinction coefficient profiles in 

conditions of low visibility. Brown (1973) used the method 

to measure transmittance through fog, which is usually found 

in stable, homogeneous airmasses. Steinvall, Bolander and 

Claesson (1983) applied the method to the analysis of CO 2 

lidar returns. They observed the method gave reasonable 

extinction values for rain and snow but was unreliable in 

clear atmospheres. 

An assumption which is less restrictive is that back

scatter and extinction are related in some way. By intro

ducing some functional relationship between backscatter and 

extinction, we may convert Eqn. 2-10 into one involving only 
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a single unknown. This approach to the interpretation of 

the lidar return was first described by Barrett and Ben-Dov 

(1967), although the solution had been derived some time 

before in connection with the determination of rainfall by 

microwave radar CHitschfeld and Bordan, 1954). 

Curcio and Knestrick (1958) and Fenn (1966) have 

shown that backscatter and extinction may be related approxi-

mately by a relation of the form: 

S(R) = const ak(R) (2-11) 

I 
where k is a constant which depends on the optical wavelength 

, 

and the characteristics of the atmospheric aerosol. This 

relation was derived empirically from measurernents made with 

pulsed searchlights in the 1950's and early 1960's. Substi-

tution of this relation into Eqn. 2-10 results in: 

dX k do 
- = ~ ":'In - 2a(R) 
dR a \1\') uR 

which is a nonlinear differential equation in one unknown 

that can be solved vJithout too much difficulty. Following 

the notation of Klett (1981), the solution has the form: 

a (R) 
exp [ (X-Xo/k] 

(2-12) 1 2 fR exp[(X-X )/k]dR' 
Co k J 0 

R 
0 

where X X(R ) and a aeRo) . 
0 0 0 
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Although quite attractive from a theoretical view-

point, the solution in this form has not been found to be 

very useful. As has been pointed out (Hitschfeld and Bordan, 

1954; Klett, 1981), the extinction at the reference range, 

Ro ' must be determined with unreasonably high accuracy to 

maintain the accuracy of o(R). Both the numerator and 

denominator of Eqn. 2-12 decrease with range beyond R , with 
o 

the ratio remaining roughly constant. As range increases, 

the denominator becomes a small number which is the differ-

ence of two large numbers, one of which is the experimentally 

determined value 0 , which is subject to error. Another 
o 

source of error is noise in the lidar return, which causes a 

certain a~ount of random fluctuation in the integrated return. 

Thus the solution for oCR) tends to be unstable. Klett (1981) 

recognized the source of the instability in the Hitschfeld-

Bordan (H-B) form of the solution and presented a more 

satisfactory formulation: 

where X m 

oCR) = 
1 + 2 

K 

exp[(X-X )/k] m 

f
R , 

m exp [X-Xm) /k] dR 
R 

o(R ). Here the extinction coefm 

ficient is determined for R < R , rather than for R > Ro as - m 

in the H-B formulation. 

The Klett solution is much more stable than the H-B 

solution in optically thick atmospheres where the integral 
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integral of exp[(X/Xo)/k] is nearly as large as k/2oo' In 

the Klett solution, o(R) is determined by the ratio of two 

numbers which become increasingly larger away from the refer

ence range Rm, and the importance of the value of the boundary 

condition ° becomes increasingly less as R decreases. m 

Klett (1981) performed numerical experiments using inhomo-

geneous model atmospheres with extinction values typical of 

those found in fog, clouds, and rain. The results indicated 

the Klett solution to be quite stable in the presence of 

signal noise and errors in the determination of am and k, 

performing much better than the H-B solution in similar 

circumstances. Using extinction values characteristic of 

clear air, however, the Klett and H-B solutions were found 

to be equally susceptible to errors in the boundary condi-

tions (om or 0
0
), 

The Klett formulation has proven to be quite popular. 

It has been used to determine extinction profiles in foe 

(Measure, 1982) and in clouds and rain (Lentz, 1982). In 

these conditions of low visibility the method has permitted 

accurate determination of extinction profiles varying over 

several orders of magnitude using only crude estimates of 

am' It has also been used in conditions of high visibility 

(Kunz, 1983; Steinvall, Bolander and Claesson, 1983), even 

though it is not expected to be as stable as in optically 

thick atmospheres. In both studies cited the boundary 
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condition, am' was determined using the slope method to ana

lyze the 1idar return over a range interval where the atmos-

phere appeared to be homogeneous. As Kohl (1978) has pointed 

out, this is not a sufficient condition for atmospheric 

homogeneity. Thus errors could have been introduced into the 

extinction profile by inaccurate values for a. Steinva11, m 

Bolander and C1aesson (1983) compared the analysis of CO 2 

1idar returns using the slope method and using Klett's solu

tion. In clear air (a ~ O.l/km) they found discrepancies of 

up to 30% between the two methods. 

The relation expressed in Eqn. 2-11, upon which both 

the H-B and Klett solutions depend, is one between backscatter 

and extinction from both the molecular and the particulate 

components of the atmosphere. Curcio and Knestrick (1958) 

determined a value of 0.66 for k, based on measurements using 

visible light. The non-unity value of k reflects the varying 

importance of the aerosol and molecular contributions to the 

backscattering process. At 10.6 ~m molecular backscatter is 

several orders of magnitude less than aerosol backscatter, 

even in very clean air. Further, aerosol extinction is 

negligible compared to molecular absorption under conditions 

of high visibility which are typical of the Tucson area. 

Thus, backscatter and extinction are effectively uncoupled, 

with backscatter determined by the aerosol and extinction by 

the molecular components of the atmosphere. There is no 
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a priori reason to expect any strict functional relationship 

such as that of Eqn. 2-11 between backscatter and extinction. 

A simple calculation shows that in this case, typical 

atmospheric conditions result in values of k which are height 

dependent. Assume a model atmosphere where the extinction 

has an exponential height dependence, with scale height H: 

o(z) = o(O)e- Z
/

H . 

Writing Eqn. 2-11 in terms of height-dependent parameters, 

with proportionality constant S: 

8(z) = S[o(z)]k(z) 

we can solve for k(z) to obtain: 

k(z) 

if k(O) = 1. 

[ s(z) 
ln "i3(O) 0(0)] 

z 
ln 0 (0) - H 

(2-13) 

Now consider two different atmospheres. The first 

will have low humidity with most of the extinction due to 

carbon dioxide. The aerosol will be homogeneous to a height 

of 2 km due to being trapped by an inversion layer, so 

8(z) = 8(0). Above the inversion layer we have 8(z) = O.lS(O). 

The second atmosphere will have higher extinction, due largely 

to water vapor, and a homogeneous aerosol with 8(z) = S(O). 

Table 2-1 contains the parameters for the two models and 
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Table 2-l. Height dependence of parameter k. 
-'--~-

CO 2 H2O 

0(0) O.l/km 0.3/km 

H 7 km 2 km 

k(z) 

z(km) CO 2 H2O 

0 1 1 

l. 99 0.88 

2.0 0.55 

2.01 l. 78 

4.0 l.6 0.38 



shows the variation of k(z) for the two models, computed 

using Eqn. 2-13. From this we see we might expect factors 
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of 2 variation in k(z) over the operational range of our CO 2 

lidar. The Klett solution may be useful in the analysis of 

CO 2 lidar returns in clear air in spite of these findings. 

The use of a solution based o'n the relationship of Eqn. 2-11 

is not very satisfying, however, when that relationship fails 

completely to describe the true behavior of the atmosphere. 

Fernald has provided another reformulation of the 

Hitschfeld-Bordan solution (Fernald, 1972; Fernald, Herman 

and Reagan, 1972). He assumes separate relationships 

between molecular backscatter and extinction, SM and oM' and 

particulate backscatter and extinction, Sp and 0p: 

where SM can be shown to have the value of 8n/3 using Rayleigh 

scattering theory. From this, Eqn. 2-2 may be rewritten 

explicitly in terms of molecular and particulate components 

using B = Sp + SM and ° = 0p + oM. The resulting equation 

can be solved for Sp(R) in terms of Sp' SM(R), 0M(R) and 

the return signal, P(R). The molecular backscatter and extinc-

tion coefficients may be calculated sufficiently accurately 

from the density profile of a standard atmosphere. The 
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dependence on 8p is weak and a solution for 8 p and Bp (R) is 

arrived at iteratively using the total aerosol optical depth 

of the atmosphere as determined from solar radiometer meas-

urements as a boundary condition. The basic failing of this 

method when applied at 10.6 ~m is that it does not allow for 

molecular absorption. When molecular absorption is present, 

8M becomes an unknown and a solution for particulate back

scatter is not possible without additional information. 

Another class of solution methods exists, which shall 

be referred to here as multi-angle methods. Rather than 

assuming a relation between backscatter and extinction, as 

in the methods just discussed, a horizontally homogeneous 

atmosphere is assumed. If horizontal homogeneity is satisfied 

perfectly, 8(z) and cr(z) are constants for fixed height z. 

We can then write an angle-dependent version of Eqn. 2-9: 

U(z,e) = s(z)e-2seceT(z) (2-14) 

where e is the zenith angle and T(Z) is the optical depth to 

height z. The log ratio of these normalized returns from a 

given altitude and at two different angles ~ives the optical 

depth through the atmosphere to that altitude: 

T (z) = 

(2-15) 
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In practice, the atmosphere is not perfectly horizontally 

homogeneous and the above two-angle solution for optical 

depth is not useful due to errors introduced by atmospheric 

fluctuations. If we take measurements at many angles, we 

can write an equation of the fo'rm of Eqn. 2-15 for each pair 

of angles and perform a least-squares fit to determine T(Z). 

Although first applied to lidar returns by Sandford (1967), 

this is essentially no different from the Langley plot tech

nique used to analyze solar radiometer data which was devel

oped in the 19th century (Langley, 1884). This multi-angle 

solution technique has been used by Hamilton (1969) and 

Russell and Livingston (1982) to measure extinction profiles 

in the atmospheric boundary layer. Spinhirne developed a 

multi-angle version of Fernald's solution for use with a ruby 

lidar (Spinhirne, 1977; Spinhirne, Reagan and Herman, 1980). 

The intention was to use least-squares smoothing to reduce 

the effect of atmospheric inhomogeneities on backscatter and 

extinction values determined using Fernald's solution. 

Based on the review presented here, it was deter-

mined that a multi-angle approach using least-squares smoothing 

had the potential to become a useful technique for the analysis 

of CO 2 lidar returns for backscatter and extinction. The 

development of this new solution will be treated in the next 

chapter, along with an error analysis and a discussion of the 

assumption of horizontal homogeneity. 



CHAPTER 3 

MULTI-ANGLE SOLUTION TECHNIQUE 

An incoherent lidar return offers just one piece of 

information at each range interval sampled: the amplitude of 

the return signal. This signal is dependent on two unknowns: 

the atmospheric backscatter and extinction. Additional infor

mation is required to permit a determination of both these 

unknown quantities. At CO 2 laser wavelengths the atmospheric 

backscatter is due solely to the particulate matter in the 

air, even under very clean conditions. Visibilities in the 

Tucson area are typically greater than 50 km and the aerosol 

extinction coefficient is expected to be only a few percent 

of the total extinction (Steinvall, Bolander and Claesson, 

1983). Under normal conditions, then, the CO 2 lidar beam 

experiences backscatter arising from the particulate compo

nent of the atmosphere and extinction arising from the 

molecular component. Therefore, solution techniques involv

ing the assumption of a relationship between backscatter and 

extinction, such as that of Klett (1981), cannot be used. 

To obtain sufficient information to determine both 

backscatter and extinction, we assume the atmosphere is hori

zontally homogeneous. Now, instead of characterizing each 

59 
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point in space by unique backscatter and extinction values, 

the atmosphere is divided into horizontal slices with each 

slice characterized by a backscatter and an extinction value. 

Because of fluctuations in humidity and in aerosol concentra-

tion, there is a certain amount of horizontal variation in 

backscatter and extinction. By making observations at multiple 

zenith angles, we obtain several samples from this popUlation 

and can determine the average backscatter and extinction 

values by applying a least squares fit to the lidar data. 

This chapter presents a potentially useful least 

squares technique for extracting backscatter, S, and optical 

depth, T, from multi-angle CO 2 lidar returns. Extinction 

may then be obtained from the slope of the optical depth 

profile: 

T(Z) = ~T(Z) 
~z 

though random fluctuations in T(Z) make the use of simple 

differencing unreliable. The least squares technique to be 

developed differs from the simple multi-angle methods which 

have been used previously (Sandford, 1967; Hamilton, 1969) 

in that special care has been taken to perform the least 

squares fit properly, taking into account the statistical 

nature of the signal fluctuations to be expected. As will 

be shown, this requires a non-linear procedure. The tech-

nique differs from that of Spinhirne (1977), who also 



developed a non-linear least squares approach, in that no 

functional relationship between backscatter and extinction 

is assumed. 
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A non-linear, weighted least squares solution for 

backscatter and optical depth at one sample height will be 

developed first. This is followed by an error analysis of 

the method. A discussion of proper methods of weighting the 

least squares fit will be presented based on this analysis. 

The last section of the chapter extends the least squares 

method to operate simultaneously on all the data from a set 

of slant path measurements, which allows smoothing in the 

vertical direction as well as in the horizontal. This ex

tended least squares method determines the entire vertical 

profile of backscatter and extinction in one step. Because 

the method involves mUlti-angle data from all sample heights 

simultaneously it will be referred to as a two-dimensional 

method, in contrast to the earlier least squares method which 

involves data from only one sample height at a time. It 

will be shown how constraints may be introduced into the 

two-dimensional approach to rule out non-physical solutions. 

It is possible to choose the constraint to perform vertical 

smoothing, in addition to the horizontal smoothing provided 

by the unconstrained least squares technique. This should 

be a powerful method of decreasing the influence of atmos

pheric inhomogeneity and signal noise on the solution, 
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leading to improved backscatter and optical depth determina

tions. 

3.1 Non-linear Least Squares Solution 

This solution for backscatter and optical depth will 

be based on lidar returns from several zenith angles at a 

single height, z, as sketched in Fig. 3-1. The form of the 

lidar equation to be used here is the normalized version: 

U(z,S) = S(z)e-2 secST(z) (2-14) 

where U(z,S) represents the normalized return from height z 

and zenith angle S. The return will exhibit random fluctua

tions due to random variations in atmospheric humidity and 

aerosol concentration and also to the electronic noise of 

the signal detection and processing system. For the time 

being, the electronic noise will be assumed -to be negligible. 

This condition will always be satisfied if one considers 

returns from ranges sufficiently near the lidar receiver. 

The volume backscatter coefficient, S, depends on 

aerosol size distribution, shape and composition, but the 

major fluctuations in S are due simply to changes in aerosol 

concentration. These random fluctuations occur both spati

ally and temporally. Although the level of humidity fluctua

tion to be expected in the horizontal is unknown, it will be 

assumed that most fluctuation in the lidar return is due to 

fluctuation in S. While backscatter is averaged only over 
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Fig. 3-1. Measurement geometry for least squares solution 
method. 
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the length of the lidar pulse, the optical depth is an 

integral of the extinction over the path between the lidar 

system and the scattering volume. Optical depth fluctua-

tions will be smoothed by this integration process. Further, 

since extinction is rather weak in the clear atmospheres 

under consideration, the effect of extinction fluctuations 

on transmittance", T(R), is expected to be slight. 

Spinhirne, Reagan, and Herman (1980) report root-mean

square (RMS) horizontal variations in S of 5 to 15%, measured 

with a ruby lidar. They attribute these fluctuations to eddy 

scale turbulence. Zuev et al. (1977) studied backscatter 

inhomogeneity at 0.6328 ~m with helium-neon lasers and found 

fluctuations of 50% over spatial scales of a few hundred 

meters. Post et al. (1982) report the mean value of S varies 

less than 10% in 50 seconds when measured with a CO 2 lidar 

having a range resolution of 0.3 to l.O km. 

These results, while inconclusive, indicate that 

signal averaging will be required in order to allow transmit

tance to be determined over range intervals of a few hundred 

meters. By time-averaging a number of returns at each angle 

e., we can reduce the fluctuation in the lidar return signal. 
J 

The symbol U(z,e.) may represent single returns or averaged 
J 

returns. Averaging cannot be used to reduce signal fluctua-

tions to arbitrarily low levels, however. Because the 

statistics of the atmospheric aerosol are nonstationary, the 
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average value of S(z) changes over time. If the averaging 

is continued for long periods of time, the root-mean-square 

variation of the signal will decrease more slowly than the 

reciprocal of the square root of the number of returns aver-

aged. Further, the time-average of S(z) may vary in the 

horizontal. 

The assumption that signal fluctuatio~s are due pri

marily to backscatter fluctuations rather than humidity 
, 

fluctuations is rather important when considering the proper 

way of averaging the signal. It is well knowrl. that the log 

of the average is not equal to the average of:the log (Young, 

1974). If A is a log-normally distributed random variable 

with standard deviation a, for example, it cary easily be shown 

that: 

- -- 2 In A - In A = a /2 . 

Assume the optical depth to height z is constant, but back-

scatter at point (z,8.) is inhomogeneous with fluctuations 
J 

being normally distributed about the mean value SCz,8j). 

Then we must time-average the return: 

U(z,8.) 
J 

-2 sec 8.'1(z) 
S(z,8.)e J 

J 

to obtain an unbiased estimate of the mean, U(z,e.). If, on 
J 

the other hand, backscatter at height Z is homogeneous, with 

constant value ~ (z), '.Jhile optical depth at point (z, (I.) is 
J 
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inhomogeneous with fluctuations normally distributed about 

the mean value T(z,8 j ) we must time-average the logarithm of 

the returns to avoid the introduction of a bias into our 

estimate of the mean of the normalized return: 

A similar problem arises when we apply a least 

squares method to multi-angle data to determine average back

scatter and optical depth values. Equation 2-14 represents 

a model describing the behavior of the normalized lidar 

return. The model assumes the atmosphere is horizontally 

homogeneous and ignores the presence of electronic noise. 

Following this model we could determine backscatter and opti

cal depth at any altitude from returns at two angles. This 

would allow us to write two equations which could be solved 

simultaneously for the unknown constants, T(Z) and 6(z). This 

model, of course, only approximates the actual situation. 

Due to atmospheric inhomogeneity and electronic noise, 

U(z,e) is a random variable and the solution for backscatter 

and optical depth is subject to error. 

Using a least squares method we may incorporate spa

tial smoothing, as well as temporal smoothing, by estimating 

average values of the unknown parameters of the model from 

measurements at a number of different angles. In the least 

squares method we make the assumption that the best estimates 
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of the unknowns are the values which minimize the sum of the 

squares of the deviations between the data, U(z,e.), anr'l the 
J .'-

model, u"(z,e.), where: 
J 

u*(z,e.) = s*(z)e- 2 sec 
J 

"k "k 

(3-1) 

Here, T and S are our estimates of the mean values of the 

unknown optical depth and backscatter at height z. We will 

introduce the notation Uj to represent the normalized returns 
.'-

U(z,e.), and U~ to represent the value predicted for U
J
' by 

J J 

our model. Define the residual, r., to be the difference 
J .'-

between Uj and uj, where Uj is a random variable. Then the 

least squares principle states that the sum of squared resi-

duals: 

(3-2) 

is minimized when U. is equal to the average value of U. 
J J 

(Hamming, 1962). If the probability distribution of U. is 
J 

symmetric this average value is also the most probable value 

of U
j

. If the probability distribution of Uj is skewed, 

however, the average no longer coincides with the most prob-

able value. If, for example, Uj is log normally distributed, 

as in the case where the fluctuations in Uj are due to nor

mally distributed fluctuations in T(Z), then the residual 

must be formed using logarithmic quantities: 
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2 * 2 Ir. = Ie.ln u. - In U.) 

. J . J J 
J J 

to ensure the least squares solution is unbiased. 

With these introductory matters out of the way, we 

may proceed with the derivation of the least squares solution 

for optical depth and backscatter. Assuming that signal 

fluctuations are due to fluctuations in S, we use the resi-

dual of Eqn. 3-2 as a means of estimating average backscatter 

and optical depth values. The least squares method assumes 

all observations are taken from populations with the same 

variance (Bevington, 1969). In case this condition i~ not 

fulfilled, we will weight the sum of squared residuals by the 

variance of the observation, 00.: 
J 

2 * 2 2 Ir. = Ieu. - U.) IoU 
j J j J J j 

0-3) 

The nature of this variance will be discussed in the next 

section. 

The standard least squares approach is to write 

Eqn. 3-3 as: 

~'~ 2 2 
~r~ = ~eU. - S* -2sec8.T ) IoU 
~J ~ J e J j 
J J 

and then form so-called 'normal equations' by taking deriva-
·k ·k 

tives with respect to T and B and setting the resulting 

expressions equal to zero. Solving the normal equations for 
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"k 
T and 

-'-
S", we obtain the values which minimize the sum of 

squared residuals. This represents the minimum-error fit of 

the model to the data. The nonlinear nature of Eqn. 3-1 

prevents any simple solution of the normal equations, however. 

The normal equations could be solved using a nonlinear tech-

nique, such as a Newton-Raphson method, to search for a solu-

tion. It was decided instead to linearize the model equation 

(Eqn. 3-1), using a Taylor expansion and discarding nonlinear 
~'~ ~'r 

terms, allowing a simple solution for T and S . 

We can linearize Eqn. 3-1 by expressing it as a Taylor 

expansion about a point (TO, So) and dropping all terms higher 

than first order in T and S (Bevington, 1969). With this in 
",( "k 

mind, we now write U (z,e.) as U (T,S). Writing: 
J 

where T and S are the differences between the true average 

values, T and S, and the initial estimates, TO and 
o 

T . A 

least squares solution for T and S then allows us to improve 

our initial estimates. An iterative least squares procedure 

will give successively better approximations of the true 

average values. 
-,-

The expansion of UA(T,B) about (TO,SO), to third 

order, is: 
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'Ok j'( 

(TO,SO)[l £ 0 
U (T,S) .- U + - T y- S'T'ye- YT 

SO 

(T'y)2 ( ., ) 2 0 

+ + S' T 1. e- YT 
2 2 

. ] (3-4) 

Dropping all but 

the linear terms and the constant, we are left with: 

-'-

U~'~(TO,SO)[S~ + 1 - T'y] 
S 

(3-5 ) 

where U"(T,S) is our linear approximation to the model of 

Eqn. 3-1. 

Is Eqn. 3-5 a useful approximation of the model? We 

can look at the importance of the higher order terms of 

Eqn. 3-4 if we assume that T' and S' are of the same order of 

magnitude as T and S. If the secant values to be used in the 

experiment range from 1 to 5, then the te~ms S'/So and (T'y) 

are both on the order of unity. The terms of Eqn. 3-4 which 

include: 

o 
S'e- YT 

will be insignificant compared to the terms in (T'y) as S' is 

on the order of 10- 7 . Dropping these higher order terms in 

B', we are left with: 
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which can be written more compactly as: 

U~I( (TO, So) [S ~ + e -YT '] . (3-6) 
S 

Equation 3-6 is essentially equivalent to Eqn. 3-1 as only 

insignificant terms containing S' have been dropped. Compar

ing Eqn. 3-6 with our linearized expression in Eqn. 3-5, we 

see that ignoring the higher order terms is equivalent to 

making a linear approximation to the exponential exp(-yT'). 

This should be a safe procedure, as the exponential and its 

linear approximation have slopes of the same sign and the 

exponential is a smooth function with no local minima. Iter-

ation using the linear approximation should converge smoothly. 

Equation 3-5 represents a linear approximation to 

Eqn. 3-1. A more convenient notation for the linearized 

expression will be introduced here: 

where 

U~ 
J 

a. 
J 

_,-
U'.' 

J 
U~ + a.S' + b.T' 

J J J 

o 
00 -y.T 
fJ e J 

o -y.T 
e J 

(3-7) 
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and: 
0 

b. = 130 -y.T -y. e J 
J J 

y. = 2 sec 8. 
J J 

The least squares solution for T and 13 proceeds as follows. 

vJe make an initial guess for TO and 130. Optical depth may be 

estimated from surface humidity and carbon dioxide concentra-

tion. This estimate of optical depth may then be used to 

estimate backscatter from the lidar return itself. We then 

form the sum of squared residuals, inserting our linearized 
?'r 

expression for Uj into Eqn. 3-2: 

(3-8) 

As before, U. is the normalized lidar return from height z 
J 

and zenith angle 8 j . The choice of values for aU. will be 
J 

treated later, but it is often appropriate to let 0 U ex u .. 
j J 

Taking the derivative of the sum of squared residuals 

(Eqn. 3-8) with respect to T' and 13' and setting both equal 

to zero results in the two equations: 

Ia. (u. u? a.S' - b.T')/0~ = 0 
. J J J J J . 
J J 

Ib. (u. - u? a .13' - b.T')/0~ = 0 
. J J J J J . 
J J 
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These are the normal equations, two linear simultaneous 

equations which can be easily solved for T' and 13'. Defin-

ing the following quantities: 

La. b. lou2 
. J J . 
J J 

L(u. 
. J 
J 

° 2 u.) a. IoU 
J J . 

J 

'i' ° 2 SUB = ~(UJ. - U.)b.lou J J J j 
(3-9) 

the least squares solution for T' and 13' can be written: 

T' 

13' 

SABSUA - SASUB 
2 

SAB - SASB 

SABSUB - SBSUA 
2 

SAB - SASB 
(3-10) 

The values for T' and 13' computed using Eqn. 3-10 

are added to the initial estimates, TO and S°, and the new 

estimates are used to update the quantities in Eqn. 3-9. 

New solutions for T' and (3' are computed and the procedure 

is repeated until the sum of squared residuals becomes suffi-

ciently small. The entire procedure may be repeated at each 

height for which there is multi-angle lidar data. The result 
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will be vertical profiles of average backscatter and optical 

depth values which characterize the region of the atmosphere 

from which the data was collected. 

A numerical experiment was conducted to investigate 

the convergence properties of the least squares solution. 

A model atmosphere was constructed using separate exponential 

height profiles to describe the distribution of water vapor, 

carbon dioxide and aerosol in the atmosphere. A random number 

generRtor was used to add normally distributed fluctuations 

to the aerosol and water vapor profiles. Lidar returns from 

the model atmosphere were computed and the non-linear least 

squares solution applied to the return from a height of one 

kilometer, where the mean values of optical depth and back-

-8 -1 -1 . scatter were 0.103 and 0.368 x 10 m -sr , respectlvely. 

The solutions for average backscatter and optical depth could 

then be compared with the average of the model values. 

The solutions for " and B' were found to converge 

to zero in just a few iterations in most cases. If the ini-

tial estimates of optical depth or backscatter are too large 

or too small, the solution blows up. The region of conver-

gence has been found to include the ranges: 

< 20B 
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in the presence of 25% horizontal fluctuation in model back-

scatter values and 10% horizontal fluctuation in water vapor 

extinction values. Here, T and 8 are the averages of the 

actual values used in the model atmosphere. 

An alternate approach to the solution technique just 

outlined would be to take logarithms of Eqn. 3-1 to obtain: 

In U. = In B-2 sec S.T 
J J 

which has the advantage that it is linear in In 8 and T. 

The sum of squared residuals could then be formed directly: 

I(ln U. - In 8 + 2 sec S.T)2 
j J J 

(3-11) 

where the least squares solution yields average values of 

In 8 and T. If backscatter has Gaussian statistics, a bias 

will be introduced into the value of 8 determined. If we can 

assume the majority of the fluctuation in the return signal 

is from backscatter fluctuations, it may be possible to 

determine the magnitude of the bias from the data, by comput

ing (In U - In U). 

Even if the statistics of the backscatter are not 

Gaussian, as has been assumed up to this point, the nonlinear 

solution of Eqn. 3-10 still gives the average value of 8. 

If the probability distribution of 8 is not symmetric the 

average value of B will not correspond to the most probable 

value, however. For example, if the backscatter statistics 
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are log normal, as has been suggested by Post (1978), the 

logarithmic equation approach of Eqn. 3-11 leads to the most 

probable value of S, while th~ solution of Eqn. 3-10 would 

give the average value. 

A final note must be added concerning the determina

tion of the extinction cross section from optical depth. In 

principal, the extinction profile is just the derivative of 

the slope of the optical depth profile and may be. obtained 

by differencing. In practice, the presence of random fluc

tuation in the data, due in part to signal noise and in part 

to atmospheric inhomogeneity, makes simple differencing 

unreliable. A number of techniques are available for the 

differentiation of experimental data. Most techniques involve 

fitting a continuous curve to the data and analytically dif

ferentiating the curve. Because the data is noisy, the fit 

is made in a least squares sense to provide some degree of 

smoothing. Various types of functions may be fit to the data. 

Among the more popular are polynomials (Anders sen and Bloom

field, 1974) and splines (Reinsch, 1967; de Boor, 1978). A 

constrained least squares technique, based on some sort of 

~ priori knowledge, may be required to improve the fit. The 

possibilities are nearly endless. 

Another approach is to transform the problem of 

differentiation into a problem of solving a Fredholm integral 

of the first kind (Ivanenko and Naats, 1981; Zuev and Naats, 



77 

1983). One may then draw on a large body of work concerned 

with methods of inverting this integral (Tikhonov, 1963; 

Twomey, 1977). 

3.2 Error Analysis 

Standard propagation of error analysis will be applied 

here to investigate the accuracy of the non-linear least 

squares solutions for T and B described in the previous 

section. First, consider a quantity A which has a functional 

dependence on several measured quantities, mj: 

A = f (ml , m2' . . .). (3-12) 

The propagation of errors from the m. to the derived quantity, 
J 

A, may be computed using (Bevington, 1969): 

= I ( 'dA ) 2 2 + 2 ) I 0 2 ('dA) (~) 
. 'dm °mJ' '.- . m .. 'dm. 'dm. 
J j ~ J ~J ~ J 

(3-13) 

h 2. 
were a A ~s the variance of the average value of A and the 

2 
a are the variances of 

mj 
the measured quantities, m.. The 

J 

partial derivatives may be computed from Eqn. 3-12. The 

2 
covariances, represented by am .. will be assumed to be zero 

~J 

in the following discussion. 

As an example, we can look at the dependence of the 

lidar return, peR), on fluctuations in atmospheric backscatter 

and optical depth and errors in measuring beam angle and pulse 

energy. Applying this method of analysis to the lidar equa

tion (Eqn. 2-2), we obtain: 
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(°:)2 + (~J)2 + y2 0 ; + (Y1tan e)20~ 
(3 -14) 

where we have assumed independence between all the sources 

of error. If backscatter fluctuations range from 10 to 50% 

as has been reported in the literature (Post et al., 1982; 

Zuev et al., 1977), then it is not difficult to measure pulse 

energy, J, and zenith angle, e, with enough precision to make 

these error terms negligible. Therefore, we will assume 

that pulse energy and beam angle are measured without error. 

Since U(z,e) is obtained by normalizing the lidar 

return, p(z,e), by terms which'are considered error free, 

the expression for the variance of U(z,e) has the same form 

as that for the variance of P(z, e ). A source of error not 

included in Eqn. 3-14 is the electronic noise of the detector 

and the signal processing system. Anticipating results to 

be presented in Chapter 4, this noise can be assumed to be 

independent of the, signal. Adding an error term representing 

electronic noise and dropping the two insignificant terms, 

we have: 

(3-15) 

where the signal-to-noise ratio, SNR, is defined as the ratio 

of the time-averaged return, p(z,e), to the noise of the 

detector and the signal processing system, expressed as an 
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equivalent input flux. We must weight an observation at 

angle e. by the standard deviation of the observation, aU., 
J J 

so that all observations may be treated as coming from the 

same parent population. Assume that the backscatter vari-

2 . 1 d h· 2 d . 1 1 11 ance, 0
13

, optlca ept varlance, aT' an nOlse eve are a 

independent of zenith angle for a given height. Then the 

backscatter term" (013/13)2, is constant with respect to angle 

while the optical depth term, y
2

02, increases as the square 
T 

of sec e. Because peR) is inversely proportional to range 

squared and R = z sec e, the signal-to-noise ratio decreases 

roughly inversely proportional to sec2 e for a fixed height. 

If one of the three terms in Eqn. 3-15 dominates .the other 

two, it is only necessary to weight the least squares fit 

2 
using relative values of aU .. Thus we may use: 

J 

2 U~ aU. (X J 
J 

if backscatter fluctuations dominate, and: 

if optical depth fluctuations are dominant. If two or more 

terms in Eqn. 3-15 are significant, then absolute values of 

the individual terms are needed to weight the least squares 

fit correctly. If a number of lidar returns are recorded at 



80 

each zenith angle, the variance of the normalized signal, 

a~., may be determined directly from the data. 
J 

Continuing with the analysis of the accuracy of the 

* solution for optical depth and backscatter, define T * and S 

as the estimates given by the nonlinear least squares tech

nique of the true average values at height z, T and B. 

* * Ideally, T = T and B = B. Following Eqn. 3-13, the vari-
I 

ances of our solutions are: 

~ 

2 
I 

(dT")2a 2 
a 

* dUo U. T j J J 

* 2 I(~~)2a2 (3-16) 
a * . dUo U. B J J J 

where we have assumed the covariance between different angles 

is zero. This is likely, due to the space and time intervals 

between data collected at different zenith angles. 

The derivatives in Eqn. 3-16 may be computed from 

Eqn. 3-10. At any stage of the least squares iterations, we 

have: 

and: 

* S 

where TO and SO are the estimates derived in the previous 

iteration cycle and T' and S' are the most recently computed 

corrections. Since TO and SO are constants, we have: 
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i'~ 

aT' ,h 
au. = au. (3-17) 

J J 
and: 

··k 
~ as = 

aUj au. 
J 

It is straightforward to evaluate the derivatives of T' and 

S' from Eqns. 3-9 and 3-10. Of the terms in Eqn. 3-9, only 

SUA and SUB are functions of Uj . Substituting the expressions 

for SUA and SUB into Eqn. 3-10 and taking derivatives with 

respect to Uj ' we obtain: 

aT' = W. 
J 

~= 
au. 

J 

Using these expressions and Eqn. 3-17 to evaluate Eqn. 3-16, 

we arrive at expressions for the variances of our least 

squares solutions: 

2 SA 
a ~'r 2 

T SASB - SAB 

2 SB 

where the notation is the same as that of Eqn. 3-10. Writing 

these expressions explicitly in terms of TO and So, we have: 



2 
a jl~ = 

T 

o 2 -2Y.T 
y.e J 

I J 
. 2 
J aU· 

J 

_2Y.T O 

y.e J 2 - <I J ) ] . 2 
J aU. 

J 
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(3-18) 

As the iteration proceeds, TO and SO are continually updated, 

becoming better estimates 

2 
At the same time, a * and 

T 

of the average atmospheric values. 

0'2* show the decreasing variances 
S 

of the successive approximations. 

A series of numerical experiments was carried out to 

determine the accuracy of the least squares solutions for 

optical depth and backscatter, Eqn. 3-10, using the same 

approach as was used to test convergence. A random number 

generator was used to add normally distributed fluctuations 

to the aerosol and water vapor profiles of the model atmos

phere. Atmospheric carbon dioxide was taken to be horizont

ally homogeneous. It was assumed that the electronic noise 

of the 1idar system was negligible so that all random 
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fluctuation in the lidar signal was due to atmospheric inhomo-

geneity. Multi-angle lidar returns were computed for sixty 

random perturbations of the same model atmosphere and the 

returns analyzed to obtain sixty values of backscatter and 

optical depth. Averages and standard deviations of the 

solutions were computed from this set of sixty optical depth 

and backscatter values. The procedure was repeated, varying 

the experimental conditions. 

The results of the numerical experiments are surnrnar-

ized in Tables 3-1 and 3-2. Table 3-1 compares average 

optical depth and backscatter values of the model atmosphere, 
·k 'Ok 

T and S, with the least squares solutions, T and S , as the 

atmosphere becomes increasingly inhomogeneous. The first 

two columns of the table list fractional standard deviations, 

6x = ax/x, of the fluctuations applied to the backscatter 

profile, 6
S

' and to the water vapor profile, 6
H20

, in three 

different experiments. The remaining columns give the aver-

age and the fractional standard deviations of the least 

squares solutions for optical depth and backscatter computed 

in each of the three experiments. All of the solutions in 

these three experiments were computed from a set of five 

lidar returns, using the return from a height of 1 kilometer 

at each of five angles, sec e 1, 2, 3, 4, 5. 

It can be seen, first of all, that the uncertainty 

in the least squares solutions increases roughly in proportion 
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Table 3-1. Effect of atmospheric inhomogeneity on the 
accuracy of the multi-angle solution. -- Model 
values: ~ = 0.1032; and ~ = 0.368 x 10-8 j(m-sr). 

L'ls 
_i'~ 'k 8 

L'lH 0 T L'I -'- S x10 j(m-sr) L'I S ~', 
T " 2 

0.01 0.01 0.1029 0.016 0.368 0.010 

0.10 0.02 0.1005 0.167 0.362 0.104 

0.30 0.05 0.0929 0.689 0.335 0.371 
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Table 3-2. Effect of choice of angles on the accuracy of 
the mu1 ti-angle solution. -- Mode.1 values: 
T = 0.1032; ~ = O.368x10- 8 /(m-sr); LH 0 = 0.02; 
and LS = 0.10. 2 

--k -'- 8 
T L ,'~ S"x10 / (m·-sr) Lp./~ T 

Two returns at each 
of five angles, sec 8 0.1032 0.096 0.365 0.066 
= 1, 2, 3, 4, 5 

Five returns at sec 8 
= 1, five returns at 0.1028 0.075 0.364 0.051 
sec 8 = 5 

One return at each 
of ten angles, sec 8 0.1033 0.051 0.365 0.064 
= 1, 2, 3, 4, 5, 6, 
7, 8, 9, 10 

Five returns at sec 8 

= 1, five returns at 0.1036 0.037 0.364 0.045 
sec e = 10 
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to the increase in backscatter fluctuations. Further, the 

uncertainty in the solution for optical depth is larger than 

that for backscatter, even though the fluctuations in atmos-

pheric backscatter have been taken to be larger than the 

fluctuations of the concentrations of the gases which deter

mine the optical depth. Signal fluctuations due largely to 

backscatter inhomogeneity introduce a large uncertainty into 

the determination of optical depth. Thus, the lidar return 

at each measurement angle must be time-averaged, to reduce 

signal fluctuations, before applying the least squares 

solution method. 

2 If the nature of the signal variance, GU.' is known, 
J 

Eqn. 3-18 can be used to choose the optimum angles for the 

slant path measurements. The complicated form of Eqn. 3-18 

makes it difficult to draw any general conclusions, however. 

Instead, the same type of numerical modeling as discussed 

above was used to investigate the dependence of the uncer

tainty in the least squares solution for optical depth and 

backscatter on the measurement angles chosen for the slant 

path experiment. 

Table 3-2 compares the uncertainty in the least 

squares solutions when 10 lidar returns are distributed among 

measurement angles in different ways. All of these experi

ments were conducted using a model atmosphere with 6S = 10% 

2%. As might be expected, including returns from 
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larger angles increases the accuracy in the determination of 

optical depth. In practice, signal fluctuations due to 

electronic noise of the lidar receiver limit the usefulness 

of returns taken from increasingly greater ranges as the 

zenith angle is increased. 

Another conclusion which, apparently, may be drawn 

from the results shown in Table 3-2 is that it is more effi-

cient to take returns from just two angles, e . and e , 
mln max 

rather than from a number of angles spread between e . and mln 

8max ' This conclusion arises from the way in which the 

numerical experiment was carried out. \Vhen normally distri-

buted fluctuations were added to the aerosol and water vapor 

concentrations at a given height, it was done in such a way 

that the statistics of the atmosphere were horizontally 

homogeneous. Figure 3-2 illustrates this situation, where 

isopleths of constant aerosol backscatter are drawn versus 

altitude z and horizontal range x. The bar over S(x,t) 

indicates a time average. Remember that backscatter fluc-

tuations are equivalent to fluctuations in aerosol concen-

tration. It is seen in this figure that although the 

instantaneous value of the backscatter varies with range x, 

the time-average is horizontally homogeneous. Thus each of 

N lidar returns can be treated as a sample from the same 

population, independent of the measurement angle, and the 

results of Table 3-2 indicate it is more efficient to perform 
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1 
z 

~S(X,t) =c1 

(S (x, t) 

Fig. 3-2. The case of horizontally homogeneous time-averaged 
backscatter. 
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this sampling by taking half the returns looking vertically 

and the other half from some larger angle, rather than 

spreading the measurements over a number of intermediate 

angles. The same result can be shown analytically for a 

linear least squares method (Frieden, 1983). The most effi

cient division of samples between the two angles depends on 

the variances of the observations at the two angles (Young, 

1974) . 

It is not expected that the statistics of the actual 

atmosphere will be horizontally homogeneous, however. Not 

only the instantaneous fluctuations of backscatter and 

optical depth are expected to be horizontally inhomogeneous, 

but also the time averages. Therefore, to maximize spatial 

averaging it is preferable to spread the lidar measurements 

over a number of angles rather than concentrating them at 

just two. 

3.3 Two-dimensional Multi-angle Solution 

The solution discussed above is essentially a one

dimensional solution. Data at height z from various slant 

ranges are analyzed to provide a solution for backscatter 

and optical depth at height z. We compute vertical profiles 

of backscatter and optical depth by repeating the solution 

method at a number of different heights. It was shown in 

the previous section that the solutions for optical depth 
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given by the least squares solution method can be subject to 

rather high uncertainty. By recasting the basic nonlinear 

least squares solution in a form allowing solutions for the 

entire vertical profiles of backscatter and optical depth to 

be determined simultaneously, we may introduce ~ priori 

information on the behavior of the optical depth profile and 

reduce the uncertainty of our determinations. 

The one-dimensional least squares solution already 

developed performs spatial averaging in the horizontal, but 

no averaging is performed in the vertical as data from each 

sampling altitude is considered separately. By using a 

solution technique involving all the available data at one 

time, indicated by multiple sample heights in Fig. 3-3, we 

can introduce spatial smoothing in the vertical. The intro-

duction of this smoothing could result in greatly improved 

performance of the solution technique. The general approach 

will be outlined here, but detailed results will not be 

presented. 

The key to the two-dimensional approach is to write 

an equation of the form of Eqn. 3-7 at each height zi: 

u. . U~. + a. . B! + b .. T : 
lJ lJ lJ l lJ l 

where: 
o 

U~ . B . e - Y j T i 
lJ l 



z 
n 

zn_l~------------~--------~~--------~~-----------

zn_2~--------f-----~~-----?~----------------------

Fig. 3-3. Measurement geometry for two-dimensional least 
squares solution method. 
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and: 

a .. 
lJ 

b .. 
lJ 

o -y. T. = e J 1 

o = a -Y.T. -y.S.e J 1 
J 1 

y. = 2 sec S .. 
J J 

Our normalized return from (zl"S,) is U .. , and U~. is our 
J lJ lJ 

estimate of it, as before. These equations may then be 

collected into matrix form. The whole system of equations 
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can be solved, using a least squares approach, to determine 

vertical backscatter and optical depth profiles. First we 

will show how the equations may be put in matrix form. 

Forming 

zi' we 

At each sample point (z.,S.) we may form the residual: 
1 J 

the 

have: 

r .. 
lJ 

a 
U .. - U .. 
lJ lJ 

a .. S! - b .. T! . 
lJ 1 lJ 1 

residual for each of m samples taken 

Uil 
a 

a·1S! b·1T! ril = Uil 1 1 1 1 

Ui2 
a a· 2 s! b· 2 T! r i2 = - Ui2 - -1 1 1 1 

Ui3 
0 a· 3s! b· 3T ! r i3 = - Ui3 - -1 1 1 1 

r
l
' m U. - UO 

- a. 0: - b. T~ 1m im lm~l 1m 1 

at height 



We may express this entire set of equations in the form of 

a matrix equation: 

where: 

-+ 
r· l 

A· _l 

-+ -+ -+ 
U. - U. - A.x 

1. l _l 0 

r ril 

r i 2 

r i3 

r. lm 

rail 

ai2 

a i3 

l 

b il 

b i2 

b i3 

a. b. lm lm 

u. l 

-I 

r Uill r U~l l 
Ui2 

0 Ui2 

Ui3 
u. l U~3 

[:il and 
-+ x. l 

Combining data from n different heights, we can write a 

general matrix equation: 

~ = R - A-;' 

where: 
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r -+ l 1-+ -+0 l 1-+ I r l UI UI x ' 
I 

-+ -+ Vo -+ r 2 U2 - x2 2 
-+ -+ -+ -+ -+0 -+ -+ 
r = r3 R = U3 U3 x = x3 

-+ V -+0 -+ r U x n n n n 

and: 

r 0 0 0 1 
I ~l 

~2 0 

A 0 0 ~3 

o ~n 

where 0 indicates a submatrix, all of whose elements are 

zero. 

This general matrix equation now contains all the 

information from a set of slant path measurements at mangles 

-+ 
and n different heights. The vector R contains the differ-

ences between the normalized 

estimates of the data, U~. = 
~J 

lidar data, Uij and our 

o -y.T? -+ S.e J~. The vector x 
~ 

ini tial 

contains 

the parameters (Ti,Si) we wish to use to correct our initial 

estimates, (T~,S~). The least squares solution for ~ mini

mizes the norm of r, defined as: 



-+ -+T-+ \r2 
norm r = r r L n n 
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h -+T. h f -+ were r lS t e transpose 0 r. Using the correction terms 

-+ 
contained in x to update the model values, U .. , the elements 

lJ 
of R will tend to decrease in magnitude. We may repeat the 

procedure, obtaining new correction terms, continuing until 

:;:t (0 0) the elements of K converge to zero. The elem~nts li,6 i 

used in computing the U~j in the final iterat~on will then 

be our least squares estimates of the vertical profiles of 

backscatter and optical depth. 

-+ 
The least squares problem, then, is tp find x such 

that the sum of squared residuals is minimizeO. As in the 

one-dimensional solution, the sum of squared ~esiduals must 

be weighted by the variances of the observations. Therefore 

we introduce the diagonal matrix W: 

I 

o 

W= 

o 



whose diagonal elements, 

normalized observations, 

2 
aU .. ' 

lJ 
U ... lJ 
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are the variances of the 

The relative magnitudes of 

these variances may be estimated from ~ priori information, 

or from the data itself. This form of W assumes the observa-

tions have uncorrelated fluctuations. If this assumption is 

not valid, the off-diagonal elements will not all be zero. 

Written in matrix form, the weighted sum of squared residuals 

is: 

(3-19) 

where W- l is the inverse of W. 

We may use standard matrix techniques to minimize 
~ ~ . 

¢ with respect to x. The differential of r wlth respect to 

the kth element of ~, xk ' is (Bronson, 1969): 

_d_(R 
d~ 

~ 

Ax) 
~ 

= -Ae 
- k 

where ~k represents a vector whose kth element is unity, all 

others being zero. To find the minimum of ¢ we take its 
~ 

derivative with respect to x and set equal to zero: 

o . 

As the first and third terms are merely transposes of each 

other, as are the second and fourth terms, this expression 
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is equivalent to: 

(3-20) 

The weighted least squares solution for ~ may be obtained by 

computing the inverse of ATW-IA and premultiplying both sides 

of Eqn. 3-20 by it to obtain: 

If all observations have equal variance, W becomes the 

identity matrix and Eqn. 3-20 becomes simply: 

T A it 

which has the solution: 

-+ 
At this point, we have a solution for x, which 

(3-21) 

(3-22) 

contains pairs of correction terms, (Ti,S~), to our estimates 

of optical depth and backscatter at each of n sample heights. 

Equation 3-21 is completely equivalent to the solution for 

T' and S' of Eqn. 3-10, the only difference being that here 

the solution is written in terms of a matrix equation involv-

ing all sample heights simultaneously. The solution is now 
-+ 

in a form, however, where constraints on x may be introduced, 

allowing improved accuracy in the determination of the optical 

depth and backscatter profiles. 
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A simple constrained least squares technique was 

introduced by Levenberg (1944) as a means of controlling 

instability in certain non-linear least squares procedures. 

He introduced a constant damping factor K which was applied 

to a least squares .problem of the form of Eqn. 3-22 in the 

following manner: 

(3-24) 

-+ 
where ~ is the identity matrix and f is some vector to be 

solved for. The damping factor K adds a small constant value 

to the diagonal elements of ATA which has the effect of 

avoiding near-singular conditions sometimes experienced in 

computing the inverse of ATA. 

This constrained least squares approach may be 

generalized considerably. Uncertainty is introduced into 

our determination of f because random error in R removes the 

condition of equality in the relation: 

Af = R, 

-+ 
and we are left with a family of reasonable solutions for f. 

The weighted least squares solution of Eqn. 3-21 represents 

one way of determining the most probable solution out of this 

family of solutions. It may be possible to improve on the 

least squares solution, however, in cases where uncertainty 

is large, by incorporating additional information into the 
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problem to narrow the family of likely solutions. Leven-

berg's constrained least squares approach can be viewed as 

a Lagrange multiplier solution to the least squares problem. 

From this point of view the problem is to minimize: 

-+T -1-+ -+T-+ 
¢ + Kq = r ~ r + Kf f 

where K is an undetermined Lagrange multiplier. We arrive 

at Eqn. 3-24 by finding the minimum of ¢ + Kq in the standard 

way: 

~(¢ + Kq) 0 . 
,,-+ 
df 

In essence, by finding the (unconstrained) minimum of ¢ + Kq 
-+ -+T-+ 

we are minimizing the norm of f, f f, subject to the condi-

• -+T -1-+ 
t~on that r W r is held constant at some small value, which 

is determined by the value chosen for K. 

This approach can be generalized by choosing func-

-+ 
tions other than the norm of f for q. One popular choice has 

been to minimize the sum cf squared second differences: 

which is equivalent to searching for the smoothest solution 

-+ 
for f (Phillips, 1962; Tikhonov, 1963; Twomey, 1963). Other 

types of constraints have also been used, such as the sum of 

squared first differences, (fn - f n _l )2, and the sum of 
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variances, 
- 2 

(fn - f) , depending on the nature of the problem 

(Twomey, 1977). It is best to impose a constraint which can 

be justified on physical grounds. 

Any of these constraints, which are linear constraints, 

can be formulated in terms of a general constraint matrix, H, 

defined by: 

q 

Equation 3-24 may then be generalized in terms of this con-

straint matrix to give: 

(ATA + KH)£ ATR - - -
which has the solution: 

Further, constraints may be applied to only a portion of f, 

or a number of different constraints may be applied to f 

simultaneously if desired. Mikhail and Ackermann (1976) 

have discussed some of the sophisticated techniques which 

have been developed to handle complex constrained least 

squares problems. 

As an example of this approach applied to our problem 

of determining optical depth and backscatter profiles, we may 

choose to apply a smoothness constraint to the determination 
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of the optical depth profile, T*(Z), and leave the backscat-

ter profile unconstrained. This is a reasonable approach, 

as we would not expect significant, small spatial scale 

fluctuations in atmospheric water vapor or carbon dioxide 

concentration in the absence of localized sources. By vary-

ing the magnitude of the constant K we may vary the degree 

of smoothing forced on the solution for optical depth. In 

integral form our smoothness constraint may be written: 

q 

where Z is the maximum height at which our slant path data 

is analyzed. In discrete form this becomes: 

q (3-25) 

,,;'~ 

where Ti is our estimate of the optical depth to height zi' 

as before. This may also be put in the form: 

q (3-26) 



102 

where: 
r -'-l T" 

1 

L";~ 
n 

and: 

r 1 -2 1 0 0 l 
I 

-2 5 -4 1 0 

1 -4 6 -4 1 0 
L 

0 1 -4 6 -4 1 0 

o o 1 -2 1 

Matrix L is defined by Eqn. 3-25 and Eqn. 3-26. The deriva-

tion of this smoothing matrix has been discussed in more 

detail by Twomey (1977). Using Eqn. 3-19 and Eqn. 3-26, our 

problem now is to minimize: 

(3-27) 

.J .. + -+,\ 
but first we must write q in terms of x rather than T . 

Defining the new vectors: 
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r- SO l r ~'~ l 
1 61 
0 ii, 

II II 
SO 

2 S~ 
-+0 

'(0 
-k -k 

x = and x = l2 2 

SO i'( 

S n n 

L l~ ;': 
l n 

-+ -+"k -+0 define so that x = x x we may a ne'V] constraint matrix, , 

M, such that: 

·~tT L-;~I~ -+_'_ T _,_ 
~, -+~\ 

q -- = x Mx 

By inspection, M may be derived from ~. by inserting elements -
with value zero between adjacent elements of L, so that: 

rO 0 0 0 0 0 0 1 
I 

0 1 0 -2 0 1 0 

0 0 0 0 0 0 0 0 

0 -2 0 5 0 -4 0 1 0 

0 0 0 0 0 0 0 0 0 0 

M = 0 1 0 -4 0 6 0 -4 0 1 0 

0 0 0 0 0 0 0 0 0 0 0 

0 1 0 -4 0 6 0 -4 0 1 0 

o oj 
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-)0-"/\ -+0-+ 
Expanding x into x + x, we may now rewrite Eqn. 3-27 in a 

form suitable for differentiation: 

(cp + Kq) 
~ ~ T -1 ~ ~ 

(R - ~x) W (K - Ax) 

~ 

Taking the derivative of this quantit/ with respect to x and 

setting equal to zero gives: 

which may be rewritten as: 

(ATW-lA + KH)~ = ATW-lR _ KM~o 
- - -

The optical depth-constrained weighted least squares solution 

~. h for x ~s ten: 

(3-28) 

One remaining computational problem is that of 

computing the inverse of the matrix (ATW-lA + KM) in Eqn. 

3-28. While the dimension of this matrix may be quite large 

in practice, it has the advantages of being positive definite 
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and of being sparse; that is, most of the elements of the 

matrix are zero. Efficient algorithms for inverting positive 

definite matrices have been developed. Several of the ap

proaches have been discussed by Lawson and Hanson (1974) and 

Dongarra et al. (1979). 

Using Eqn. 3-28 in our iterative least squares solu

tion rather than Eqn. 3-21 allows us to constrain the 

solution for the optical depth profile to be smooth. This 

constraint acts to control numerical instabilities in the 

solution. The use of non-linear constraints could provide 

another means of controlling instability of the solution. 

Examples of non-linear constraints would be to force the 

solution for the optical depth profile to be non-negative or 

to be monotonically increasing. Although much more compli

cated than the use of linear constraints, least squares 

solutions involving non-linear constraints have been devel

oped and implemented in computer codes (Lawson and Hanson, 

197Lf; Haskell and Hanson, 1981). The use of non-negativity 

constraints has been to be a powerful method of improving 

least squares techniques (Zhou and Rushforth, 1982). 

This concludes the discussion of methods for analyz

ing CO2 lidar returns. The next chapter will describe the 

design and construction of a CO 2 lidar system suitable for 

acquiring multi-angle returns which may be analyzed by the 

techniques which have been discussed. 



CHAPTER 4 

THE LIDAR SYSTEM 

4.1 Overview 

A lidar system is conceptually quite simple. A 

pulsed laser is used as a light source and the intensity of 

the light backscattered from the atmosphere is detected by 

an optical receiver and recorded. As the problem set before 

us was to measure atmospheric characteristics in the 8-12 ~m 

window, it was natural to choose a grating-tunable CO 2 TEA 

(Transversely Excited, Atmospheric pressure) laser, a conve

nient high-radiance infrared source, around which to design 

the system. Use of a grating in place of one of the reso

nator mirrors 'allows operation on any of a large number of 

CO 2 absorption lines in the region between 9.1 and 11.0 ~m. 

The receiver is a 17.5 inch (0.445 m), F/4.58 

Newtonian telescope. As the system was not intended to be 

mobile and has a small field of view there was little 

incentive to use a more complicated compact design with 

better off-axis performance. A coaxial design was chosen, 

with the outgoing beam and the receiver aligned to the same 

optical axis (see Fig. 4-1). A field lens is placed at the 

focus of the telescope to image the telescope primary onto 

a cooled photoconductive HgCdTe detector. 
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The signal processing chain consists of a low noise 

preamplifier, a gain-switching amplifier which varies its 

gain automatically to compress the dynamic range of 

the lidar signal, a Biomation 1010 waveform recorder which 

performs analog to digital conversion, and a PDP-ll/23 which 

stores the data recorded by the Biomation and is also used 

for data analysis. Other components of the system include a 

beam expander to reduce the divergence of the laser beam, an 

energy monitor to measure pulse energy and a spectrum analyzer 

to monitor the lasing frequency. The system components are 

presented schematically in Fig. 4-1. This portion of the 

system is located in a laboratory on the top floor of the 

Physics and Atmospheric Science (PAS) building on the Univer

sity of Arizona campus. The outgoing beam is directed 

through a hatch in the roof of the PAS building. 

To make multi-angle measurements it was necessary to 

place two large plane mirrors on the roof of the building 

(Fig. 4-2). One mirror is fixed in place and the other can 

be rotated to scan the beam in elevation. Since the system 

is coaxial the mirrors also receive the backscattered light 

and direct it to the receiver telescope in the laboratory. 

The laser chosen was a Lumonics 103-2 CO 2 TEA laser. 

It is grating-tunable and employs an unstable resonator to 

operate in the fundamental transverse mode. As the laser 

uses the same common CO 2 isotope found in the atmosphere, 
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Fig. 4-2. Scanning system. 
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the laser lines coincide with the atmospheric CO 2 absorption 

lines. The grating is used to tune the laser emission to a 

particular line. 

Various components of the lidar system are pictured 

in Figs. 4-3 through 4-5. Figure 4-3 shows all the optical 

components except the scanning mirrors, which are on the roof. 

The receiver primary is at the bottom of the white barrel, 
I 

facing upward. Figure 4-6 is a view in the direction of 

propagation of the lidar beam. System specif~cations are 

given in Table 4-1. 

4.2 Optical System 

4.2.1 Scanning Mirrors 

The lidar system was designed to maximize the signal-

to-noise ratio of the lidar return. Maximizing the signal-

to-noise ratio meant choosing a low noise detector and a 

laser with high pulse energy, and making the receiver primary 

as large as possible. The largest primary mirror within the 

budget of the project turned out to be a 17.5 inch (0.445mro) 

diameter, F/4.58 parabola. Of necessity, the scanning mirrors 

on the roof must be larger than the primary to avoid vignet

ting the receiver. Making allowances for alignment error 

and oblique angles of incidence, the minimum mirror size is 

24 x 32 in 2 (0.61 x 0.81 m2). A conventional optical-quality 

flat this large would be 5 to 6 inches (12 to 15 cm) thick, 



Fig. 4-3. Lidar transmitter and 
receiver optics. 
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Fig. 4-4. Lidar signal processing 
system. 
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Fig. 4-5. Scanning mirrors. 
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Fig. 4-6. View in the direction of the beam path. 



Table 4-1. Lidar system specifications. 

Laser: Lumonics 103-2, CO 2 TEA, grating-tunable 

max. pulse energy - 4 J (center lobe) 

peak power - 30 ~~ 

pulse-to-pulse reproducibility - + 5% 

pulse length - 0.5-15 ~s 

prf - 0.1-1 Hz 

beam size - 3 x 3 cm2 

divergence - 0.6 mr (center lobe, 50% energy) 

3.0 mr (90% energy) 

spectral range - 9.1-11 ~m 
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Beam expander: 2.sx magnification, tilted component design 

Receiver: 

17.5 inch (.445 m), F/4.s8 Newtonian telescope 

field lens - F/l germanium singlet 

field of view - 6 mr (full angle) 

Detector: photoconductive HgCdTe, 77 K 

size - 2 x 2 rnrn2 

peak wavelength - 11.2 ~m 

cutoff wavelength - 13.8 ~m 

Scanning mirror: 

size - 24 x 32 in2 (0.61 x 0.81 m
2

) 

scan speed - 0.9s o /sec 

scan range - -10° to 105° (beam elevation angle) 

scan resolution - + .63 mr 
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weigh over 150 kg, require a massive support structure and 

cost in excess of $10,000. An alternate solution was indi

cated. 

Since the system operates at 10 ~m in an incoherent 

mode, the surface flatness tolerance is much looser than for 

a system operated in the visible or where diffraction-limited 

performance is required. If inexpensive mirrors introduce 

some divergence, it is only necessary to increase the 

receiver field of view to compensate. It was hoped that 

mirrors of the required size could be made of ordinary 1/4 

inch float glass if supported properly. Because the mirrors 

are used to scan the beam in elevation, they must be mounted 

so as to be free to rotate on an axle through the centerline 

of the mirror (see Fig. 4-7c). Further, the mirror and its 

support must be rigid enough not to sag as they rotate. 

The first approach tried was to take a 1/4 inch 

float glass front surface mirror and stiffen it by bonding 

to a similarly sized piece of aluminum jig plate with RTV 

silicone sealant. The structure is sketched in Fig. 4-7a, 

showing silicone rubber pads about 1 inch (2.5 cm) in diam

eter spaced on 6 inch (15 cm) centers bonding the glass to 

the aluminum plate. It was discovered that 3/8 inch 

(.95 cm) jig plate was not stable enough to ensure a flat 

mirror surface. The plate would sag when placed in a 
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Fig. 4-7. Scanning mirror construction. -- (a) Nirror 
backed with 3/8 inch jig plate; (b) Mirror/ 
honeycomb/plate glass sandwich; and (c) Com
pleted mirror structure. 
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horizontal position and developed warps over a period of 

time. At this point another approach was tried. 
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A very stiff, light structure was fabricated out of 

a 1/4 inch front surface float glass mirror, a 1.5 inch (3.81 

cm) thick slab of aluminum honeycomb (type CR lll-ACG-l/4-

5.2P, Hexcel Co., Casa Grande, AZ), and a sheet of ordinary 

1/4 inch float glass obtained from a paint and glass store. 

The honeycomb comes in 4 x 8 ft
2 

(1.22 x 2.44 m2 ) -sheets in 

various thicknesses, with the thickness of the slab controlled 

to .001 inch (.0254 rom) or better. The structure was fabri-

cated on a granite surface plate. The front surface mirror 

was placed face down on the surface plate, to ensure flat

ness and the back was coated with a structural epoxy (Scotch-

weld structural adhesive, type 22l6A/B, from 3M). The honey-

comb slab was then placed on it. One side of the float glass 

plate was coated with a layer of epoxy and placed on top of 

the honeycomb to form a sandwich (Fig. 4-7b). The structure 

was then weighted down, forcing the float glass mirror to 

conform to the surface plate, and left to cure. The result 

was a structure 2 inches (5 cm) thick, very stiff and weigh-

ing only about 15 kg. 

The mirrors were tested using a modified Foucault 

knife-edge test. This test provided a simple yet very 

sensitive method of measuring the mirror flatness. The test 

setup is shown schematically in Fig. 4-8. The setup is 
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similar to that of the conventional knife-edge test (Malacara, 

1978) except that the light source is collimated so that a 

flat surface may be tested. In this case the 17.5 inch para

bola was used in place of the lens indicated in the figure. 

The parabola was first tested using a conventional knife-edge 

test and found to be diffraction-limited, ensuring that 

aberration in the mirror would not affect the results of the 

plane mirror test. 

The test was conducted in the same way as the con

ventional knife-edge test. A light source is focused on a 

knife edge and the knife edge is then placed at the focus 

of the collimator, near the optic axis. As the knife edge 

is moved transversely it produces a changing shadow pattern 

on the test surface. The motion of the shadow boundary 

allows the surface aberration of the piece under test to be 

measured. We are primarily interested in the angular depar

ture of the mirror surface from a uniform plane, rather than 

surface height variations, as this will tell us the angular 

aberration induced in the lidar beam by the mirror. 

As illustrated in Fig. 4-8, the slope of the portion 

of the mirror surface at the shadow boundary can be simply 

related to the displacement of the knife edge from the optic 

axis: 

68 6y / f 
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where 68 is 'the surface slope, f is the focal length of the 

collimating mirror and 6y is the displacement of the knife 

edge from the optic axis. In practice, any convenient point 

can be used as a reference and the relative displacements 

measured. 

The knife-edge test on the two mirrors fabricated 

showed peak-to-peak slope variations over the mirror surfaces 

of 0.5 mr and 0.9 mr. The larger variation in the one mirror 

was due to the presence of a large 'wrinkle' in the surface, 

about a foot long and few inches wide near the center of the 

mirror, which apparently was not pressed out by the surface 

plate. Outside this area, the flatness was comparable with 

the other mirror. The honeycomb mirrors exhibited no gross 

surface curvature or sagging as had the jig-plate mirrors. 

There was a small-scale ripple, however, in the float glass. 

Even over areas of only one square inch, the peak-to-peak 

slope variation was measured to be 0.15 mr and this probably 

represents the limit to improvements in this type of mirror. 

Their performance was judged acceptable for our purposes 

however. 

4.2.2 Singlet Field Lens 

A field lens was incorporated into the design to 

increase the field of view (FOV) of the receiver. Because 

the laser pulse may exhibit 'hot spots' which vary from shot 
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to shot, and also to relax alignment tolerances, it is 

desirable to have the receiver FOV somewhat larger than the 

divergence of the transmitted beam. 

There is a theoretical limit, which can be derived 

from thermodynamic considerations, to the maximum FOV which 

can be achieved in a detection system with a fixed entrance 

pupil diameter, .D, and detector size, d. This limit can be 

expressed in a formula (Smith, 1978): 

D8/nd .:: 1 

where the detector is immersed in a medium of index nand 

is the half-angle field of view. In our system the detector 

is placed in a vacuum so the expression is simply: 

D8/d .:: 1 . (4-1) 

An examination of the FOV required of the receiver 

will give the minimum detector size required. Naturally, 

the detector should be as small as possible to minimize noise. 

The field lens must then be designed to match the receiver to 

the detector in the most efficient manner. 

Aberrations in the optical system will act to increase 

the divergence of the laser beam and increase the FOV needed 

by the receiver. The only components in the optical system 

contributing significant aberration are the large steering 

flats. These contribute divergence both to the outgoing beam, 

and to the incoming backscattered radiation. The contribution 
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to the outgoing beam will be smaller, as the transmitted beam 

only uses a small portion of the mirror surface. The peak

to-peak slope variation of the mirrors over the region used 

by the outgoing beam was measured and found to be roughly 

half the peak-to-peak variation over the entire surface. The 

divergence imparted to the beam is twice the peak-to-peak 

slope variation of the mirror. 

Table 4-2 gives worst-case estimates of divergence 

in the transmitted beam and the received (incoming) beam. 

The far-field beam pattern of the laser is a modified Airy 

pattern, with more of the energy diffracted into the rings 

than in an Airy pattern. The central lobe is 0.6 mr (full 

angle) and contains about half the beam energy. The full 

divergence is 4 mr, containing 95% of the beam energy. To 

this, the steering flats add another 4.2 mr for a total of 

8.2 mr. At the time the system was designed, the largest 

commercially available HgCdTe detector was 2 x 2 mm2 Put

ting this value and the diameter of the primary into Eqn. 

4-1, we see the theoretical maximum FOV is 9.0 mr. It was 

felt that a realistic design goal for the FOV was two-thirds 

of this, or 6 mr. Therefore a beam expander (discussed in 

the next section) was added to the system in order to 

decrease the beam divergence. A magnification of 2.5 was 

chosen which cut the divergence of the laser beam from 4 mr 

to 1.6 mr. The total divergence was reduced to 5.8 mr, and 



Table 4-2. Lidar divergence budget. 

First steering flat 

Second steering flat 

total 

Laser 

Steering flats 

total 

Receiver 

2xO.9 mr 

2xO.5 mr 

Without 
Expander 

4.0 rnr 

4.2 mr 

8.2 mr 

Transmitter 

2xO.4 mr 

2xO.3 mr 
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Total 

2.6 mr 

1.6 mr 

4.2 mr 

With 
Expander 

1.6 mr 

4.2 mr 

5.8 mr 
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it seemed a field lens could be designed to give a FOV this 

large. 

The first order design considerations for the field 

lens will be discussed with reference to Fig. 4-9, showing 

relationships between the receiver primary, the detector and 

the field lens, with marginal and chief rays drawn in. The 

field lens is placed at the focus of the primary and the 

detector is placed so that the primary is imaged onto it by 

the field lens. Because the detector is so much smaller than 

the primary in this case, the detector-to-field lens separa-

tion, ~, is very nearly equal to the focal length of the 

field lens, f~. The F-number of the field lens is determined 

by the FOV desired and the detector size. The principal ray 

trace shows: 

while the chief ray trace shows the field lens diameter, Do' 

is related to the half-angle FOV by: 

D = 
9~ 

28f 
P 

Using the appropriate values for D, d, f and 8, we get p 

f.Q, = 9.16 mm and DQ, = 12.2 mm, for a 6 mr FOV. 

A doublet was designed out of ZnSe based on these 

specifications (see Appendix A), and a custom optics house 

was found to fabricate the lens. Indefinite manufacturing 
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Fig. 4-9. First-order receiver design. 
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delays, however, prompted purchase of a germanium singlet, 

available as a stock item, to be used until the doublet was 

delivered. This singlet was used for the experiments de

scribed in this dissertation. 

Infrared-transmitting single-element lenses made of 

germanium and zinc selenide are carried in stock by optical 

manufacturers. They are bent for minimum spherical aberra

tion and have anti-reflection CAR) coatings which provide 

high transmission in spite of the high index materials. 

Germanium is preferred for a single element lens as the 

higher index gives less than half the third order spherical 

aberration of a similar zinc selenide lens. The fastest 

lenses which could be found in stock were Fil with focal 

lengths of either 5 rom or 12.5 rom. This limited selection 

of lenses forced us to compromise the performance of the 

receiver. 

A field lens with a focal length of 12.5 rom would 

match a circular detector 2.7 rom in diameter to the primary. 

Using our 2 rom square detector, about 40% of the energy falls 

outside the perimeter of the detector. A 5 rom diameter Fil 

lens has a focal length short enough that the image of the 

primary falls entirely within the perimeter of the 2 mm 

detector but the smaller diameter of the lens reduces the FOV 

to 2.45 mr, resulting in a loss of about 60% of the back

scattered energy, in addition to making the system very 
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sensitive to slight changes in alignment. The 12.5 mm lens 

was chosen as the better of two evils and is sketched in 

Fig. 4-10 with chief rays drawn corresponding to a 6 mr FOV, 

and a 2 mm detector placed at paraxial focus. This field 

lens allows us to operate with nearly the optimum FOV calcu

lated above but with about half the effective receiver area 

provided by the "doublet field lens. The 12.5 mm singlet was 

AR-coated with a standard narrowband coating, peaked at 

10 ~m, and mounted inside the detector dewar. 

4.2.3 Tilted-Component Beam Expander 

As described in the previous section, a beam expander 

was added to the system to reduce the laser beam divergence 

by a factor of 2.5 This reduced the total divergence (Table 

4-2) enough that the transmitted beam would be completely 

within the receiver field of view. In order to maximize 

throughput, approaches using lenses or having obscurations 

were discarded. Lens systems also become prohibitively 

expensive when the beam size is larger than a few inches. A 

common approach is the Hersenne system using two confocal 

off-axis parabolic mirrors: one convex and the other concave. 

This design has no obscuration and provides diffraction

limited performance when the field of view is small. As 

shown in Fig. 4-11, the system can be viewed as one where 

normal parabolic mirrors are positioned on-axis and the beam 
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Fig. 4-10. Singlet field lens. 
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is incident off-axis. The unused portions of the mirrors 

are then cut away. This approach tends to be quite expensive 

as the parent surfaces for the mirrors must be much larger 

than the portions which are actually used. 

Another approach is the tilted-component beam 

expander. Not as common as off-axis expanders, tilted

component beam expanders are a class of systems where each 

component is assumed to be rotationally symmetric and is 

centered on its vertex. Each component is given its own 

coordinate system, in which aberrations are calculated, and 

is assigned a marginal and a chief ray. The co~ponents are 

assembled into a system in such a way that the chief rays 

define the optic axis of the system, Fig. 4-12. Thus, al

though each component is centered on the optic axis, it may 

be tilted at a large angle with respect to that axis and the 

aberration on-axis becomes a summation of the axial and field 

aberrations of each component. The component tilts may be 

adjusted to compensate the field aberrations on-axis. Note 

in Fig. 4-12 that the input and output beams are not parallel. 

This is a characteristic feature of tilted-component designs. 

Buchroeder (1970, 1976) and Tatian (1973), among 

others, have discussed the tilted-component design concept, 

concentrating largely on narrow-field focal systems such as 

telescopes. Buchroeder (1970) states that, in general, n 

elements are sufficient to correct perfectly for n aberra-
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tions in the center of the field. The solutions, however, 

may not be useful. Formulae for the third order aberrations 

in afocal tilted-component systems are developed in Appendix 

B. It is shown that three elements are necessary to correct 

exactly for coma and astigmatism along the system axis. 

King (1974), in fact, has presented a three-element tilted-

component beam expander design. 

A number of two-element tilted-component beam expan-

der designs were investigated. It was found that only two 

elements are needed to correct coma and astigmatism suffi-

ciently to give diffraction-limited performance, provided 

spherical aberration is kept small by using components with 

relatively large F-numbers. This was due to a number of 

fortuitous factors, including the small field needed and the 

long wavelength. The system design, while not particularly 

elegant, was straightforward and fairly simple. 

In afocal systems, angular aberration, defined as the 

full angular width of the blur spot, is a more convenient 

measure than transverse ray aberration. From Appendix B, 

the equations for the on-axis angular aberrations in a 

bilaterally symmetric two-element system due to the three 

significant third order aberrations are: 

spherical aberration 
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13 11 
1 81 

I 
axial = 

l6F2 --+ 82 sagittal coma M 

1 82 

8
2 

13111 = IT +-.1:.+ axi-'3.l medial astigmatism - M 2 

(4-2) 

where M is the system magnification in the plane of tilt, F 

is the F-number 'of the two components and 81 and 82 are their 

tilt angles with respect to the reference axis. The con

stants 0Il and 012 depend on the type of component and its 

shape. For a spherical mirror they are equal to unity, and 

for a parabolic mirror they are equal to zero. These equa

tions assume the second element has positive power. In the 

expressions for spherical aberration and astigmatism, the plus 

sign is chosen if the first element has positive power and 

the minus sign if the power is negative. If the tilt angles 

are relatively small, the magnification in the planes parallel 

and perpendicular to the plane of tilt is nearly the same. 

Finally, the angular diffraction blur is: 

I3 diff = 2.44"A/D 

where D is the size of the exit pupil of the system. 

It is seen from Eqn. 4-2 that to control astigmatism 

we must choose one component to be positive and the other 

negative. Spherical aberration can be controlled by using 

parabolas or by increasing the F-number of the system. With 

this in mind, the second element was chosen to be a concave 
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parabola and the first element a convex spherical mirror made 

by aluminizing a plano-convex lens. Both components were 

inexpensive and readily available. 

Given a magnification of 2.5 and an input beam size 

of 35 mrn, an F-number-larger than 3 is required to ensure the 

that spherical aberration is less than the diffraction blur. 

To find the tilt angles which correct properly for coma and 

astigmatism, we set Srr and Srrr equal to zero and solve the 

set of two simultaneous equations for 8 1 and 82' Unfortu

nately, the only solution is a trivial one: 81 = 82 = 0, which 

gives us a conventional on-axis system with a central obscur

ation. Buchroeder (1970) reached the same conclusion for a 

two-element tilted-component telescope design. 

It was found that if 82 is chosen just large enough 

to move the first mirror out of the beam path, a value can be 

found for 81 which drives the astigmatism on-axis to zero and 

makes coma acceptably small. A nominal F-number of FIB was 

chosen for the trial design and angles 81 and 82 chosen as 

described above. Angle 82 was then held fixed and 81 was 

optimized with CODE-V (Optical Research Assoc., Pasadena, CA). 

The optimum value of 81 chosen by CODE-V was nearly the same 

as given by Eqn. 4-2 and resulted in correction of coma and 

astigmatism to levels well under the diffraction limit of 

the system. 
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The final beam expander design was F/8.9 due to the 

availability of stock components (Fig. 4-13). A plane mirror 

was added to fold the beam so the expander could be fitted 

into the available space on the optical table. Specifications 

for the final design are given in Table 4-3. 

Since the method used to design the beam expander 

considered only third-order aberrations, and these only on

axis, it was essential to do a thorough performance analysis 

using both ray traces and a diffraction analysis. CODE-V 

was used to compute spot diagrams, based on real ray traces, 

and to compute the point spread function of the system. The 

spot diagrams showed a blur circle (90% encircled energy) with 

a diameter of 0.070 mr on-axis and 0.073 mr at 1.7 mr field 

angle, corresponding to a FOV about twice that required. 

This compares with a diffraction blur of 0.29 mr at 10.6 ~m, 

using an exit pupil diameter of 87 mm. The centroids of the 

spots were shifted about 0.025 mr from their Gaussian posi

tions. This shift was constant across the field. These 

results agree fairly well with the predictions of Eqn. 4-2 

and lead us to expect nearly diffraction-limited performance. 

The results of the diffraction analysis are shown in 

Fig. 4-14. This plot represents the intensity profile in the 

far field of the beam expander output, oriented so the Y

direction is along the direction of the mirror tilts, corres

ponding to a plane wave input at 10.6 ~m. Note the slight 
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Table 4-3. Beam expander specifications. 

F-number 8.9 Input beam size 35 mm 

Magnification 2.5 Exit beam size 87 mm 

Focal Length Separation Tilt (deg) 

Folding flat 00 41.9 
381 mm 

Sphere -311 mm 8.2 
465 mm 

Parabola 776 mm 5.1 
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asymmetry in the profile in the Y-direction. This is evi-

dence of anamorphic behavior introduced by the tilted compo

nents and is characteristic of tilted-component systems. A 

means of quantifying the performance is the Strehl ratio, 

defined as the ratio of the intensity at the peak of t~e 

diffraction pattern of an aberrated image to that at the peak 

of an unaberrated, diffraction-limited image (Smith, 1966). 

A perfect, diffraction-limited system would have a Strehl 

ratio of unity and a Strehl ratio of 0.8 corresponds roughly 

to a quarter wave of wavefront aberration for the common 

aberrations. For the beam expander, the Strehl ratio was 

computed to be 0.992 on-axis and across a 1° field (2° FOV) 

in the X-direction. The ratio dropped to 0.990 at 1° off

axis in the Y-direction. Thus the system is diffraction

limited. 

A tolerance analysis, performed by changing the mirror 

separation and mirror tilts and then computing spot diagrams, 

showed diffraction-limited performance could still be 

expected with errors in mirror separation of + 1 mm and 

errors in tilt of ± 1/2 degree in either mirror, assuming 

the mirrors were adjusted so they were still centered on the 

beam. The completed expander was aligned and tested in a 

double-pass configuration using a Zygo interferometer, which 

is a commercially available interferometer of the unequal 

path type (Malacara, 1978) using a HeNe laser as the source. 
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An interferogram of the expander taken after the final align

ment (Fig. 4-15) shows about 4 fringes of aberration (at 

0.6328 ~m) corresponding to a single-pass peak-to-peak wave

front aberration of 1.26 ~m. The aberration appears to be a 

mixture of coma and astigmatism (Malacara, 1978). This is 

quite good, as it represents only about one-tenth of a wave 

of aberration at the design wavelength, and ,grees well with 

the wavefront aberration predicted by CODE-V in a wave optics 

calculation. 

In retrospect, the expander was overdesigned. A less 

conservative design could have produced a muc more compact 

system by using faster mirrors. The conservative design did, 

however, result in a system that is relatively forgj~ing of 

alignment errors. Most important, the tilted-component 

approach gave us a diffraction-limited expander at a cost of 

only $100 for components, compared to a cost of several 

thousand dollars for an equivalent Mersenne system using 

off-axis parabolas. 

4.3 Lidar Electronics 

The signal processing and control electronics are 

outlined in Fig. 4-16, with specifications given in Table 4-4. 

The lidar system was designed to be run automatically, under 

the control of a PDP-llj23 minicomputer, as meaningful data 

analysis often rests on the averaging of hundreds of returns 
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Fig. L~-15. Beam expander interferogram. 
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Table 4-4. Specifications for signal processing system. 

Detector (77 K, 50 rnA bias, field lens in place): 
resistance - 34.5 ohms (295 K background) 

bandwidth - 500 kHz, extended to 2.5 MHz 

peak responsivity - 253 V/W 

noise - 3.38 nV/Hz l / 2 

D* - 1.5 x 1010 cm-Hz l / 2 /W 

Preamplifier: 

143 

gain - lOx, to 500 kHz, 6 dB/octave boost above 500 kHz 

dynamic range - 110 dB 

Gain-switching amplifier: 

number of stages - 7 

stage gains - 1.0, 4.88, 4.69, 4.50, 4.60, 2.07, 1.0 

stage bias (V) - 2.67, 2.65, 2.65, 2.26, 2.75, 2.08, 
0.01 

total gain - 981 

input impedance - 50 ohms 

Biomation 1010 waveform recorder: 

digital word length - 10 bits 

A/D conversion window - + 2.5 V 

digitization accuracy - + 2.5 mV 

sample acquisition time - 30 ns 

sampling interval - 200 + .025 ns 

Data storage and analysis: 

PDP-ll/23 with 20 Mbyte hard disk 
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involving tens of thousands of data points. The software 

running the experiment allows the operator to initialize the 

parameters of the experiment such as the number of shots 

desired and scan angles to be used. 

The signal processing chain consists of a 77 K, 

photoconductive HgCdTe detector, a high slew rate preampli

fier, a gain-switching amplifier (GSA), a Biomation 1010 

waveform recorder, an auxiliary memory to record the status 

of the GSA stages at the time of each sample, and timing logic 

which synchronizes the operation of the various components. 

Except for the detector and preamplifier, this portion of the 

electronics was constructed primarily for another lidar 

system under development in our laboratory and details are 

available elsewhere (Wissell, 1983). Only the basic function 

of this circuitry will be discussed here. 

The detector is of the photoconductive type and can 

be thought of as a variable resistor whose resistance varies 

inversely with the optical flux incident on it. A constant 

current source supplies a 50 rnA bias current to the detector 

and the changing voltage across the detector is sensed and 

amplified by a preamplifier. The preamplifier and bias 

current supply are shown in Fig. 4-17. The constant current 

source has an effective impedance of 20 k0. As the voltage 

across the detector is directly proportional to the bias 

current, a massive amount of filtering has been applied to 
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the supply lines of the current source to isolate it from 

fluctuations in line voltage. The detector resistance is 

34.5 ohms looking at a 295 K background, but decreases 

several ohms in response to the peak lidar return. This 

variable resistance in series with the 20 k~ effective impe

dance of the current source causes the bias current to vary 

slightly, proportional to the strength of the lidar return. 

This bias current variation is predictable and is less than 

1/2%. 

The detector signal is amplified by an AC-coupled 

operational amplifier used in an inverting configuration. 

An HOS-050 operational amplifier is used to provide high slew 

rate, fast settling time, low noise and large dynamic range. 

A 130 pf capacitor in parallel with the input resistor of 

the operational amplifier provides a high-frequency gain boost 

of 6 dB/octave above 500 kHz. This extends the frequency 

response of the detector from 500 kHz to beyond 2 MHz. The 

HOS-050 is followed by an HOS-IOO buffer operational ampli

fier used to drive 5 meters of coaxial cable between the 

preamplifier and the rest of the electronics. 

The gain-switching amplifier (GSA) consists of five 

amplifier stages in series which can be switched in or out 

of the signal path. Filters are placed in the GSA to give a 

bandwidth of 2 MHz. Initially, when the lidar signal is 

large, none of the stages is switched in. As the lidar 
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signal decays the stages are switched in automatically, one 

by one, to maintain a reasonable signal level at the input 

of the Biomation. This results in several orders of magni

tude of signal compression and results in much more accurate 

digitization of low level signals than would otherwise be 

possible. As the Biomation stores each digitized signal 

value, an auxiliary memory stores a three bit word indicating 

the number of GSA stages in use so the gain switches can be 

taken out later. 

A pulse from the PDP sent to the laser control unit 

initiates the experiment by firing the laser. The data 

collection sequence is triggered by a pulse from a pyroelec

tric detector monitoring the laser output. Timing circuitry 

then sends a pulse allowing the GSA to begin switching and 

tells the Biomation when to begin sampling. Data sampling 

can be delayed to begin between zero and 99 ws after the 

laser pulse is detected to allow sampling to begin at various 

ranges. The digitized data for a complete return is dumped 

onto a 20 Mbyte hard disk connecting to the PDP-ll/23. 

The pyroelectric detector is also used to monitor the 

pulse energy ann, connected directly to a 100 MHz oscillo

scope, it can be used to monitor pulse shape. The detector 

is normally connected to an integrator, a peak-reading 

sample-and-hold and a Fluke digital voltmeter (DVM). The 
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Fluke DVM is interfaced to the PDP-II/23 and the pulse energy 

is recorded automatically along with the lidar return. 

The PDP also controls scanning of the beam. An 

optical encoder is attached to the axle of the scanning mirror 

on the roof and outputs a train of pulses when the axle 

rotates. The encoder has an extra output channel with the 

sole function of providing a pulse when the encoder is rotated 

past a fixed reference position. This reference pulse is 

used to zero a counter circuit. The circuit then counts 

pulses and allows the computer to know the orientation of 

the mirror. The computer is also connected to the motor 

driving the mirror and a brake, allowing complete control 

over the mirror scanning operation. There is a manual mode 

which allows an operator to switch the motor on and off to 

scan the mirror manually. Magnetic limit switches are built 

into the mirror support to prevent damage to the mirror or 

the support structure in case of a failure in the control 

system. 

4.4 System Alignment 

Several features have been designed into the system 

to permit the receiver to be aligned with respect to the 

transmitted beam. These include a helium-neon laser, a 

Foucault knife-edge tester and a periscope. The helium-neon 

beam can be co-aligned with the CO 2 laser beam and used to 
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align the transmitter portion of the system. The Foucault 

knife-edge tester is used to align the receiver portion of 

the system. 

Co-alignment of the two laser beams will be discussed 

in reference to Fig. 4-18. With the glass beamsplitter 

removed, a plane mirror is placed to direct the CO 2 beam to 

a 5 meter focal length focusing mirror. A second plane 

mirror, placed after the focusing mirror, directs the beam 

to a target placed at the focus of the beam. The CO 2 laser 

is fired, producing a burn mark in the target. The glass 

beamsplitter is then placed in the center of the CO 2 beam 

path and adjusted so the helium-neon beam follows the path 

of the CO 2 beam and strikes the burn mark on the target. 

This ensures the two beams are parallel. The beams can be 

co-aligned to within a few tenths of a milliradian in this 

way. 

Figure 4-19 shows the mirrors involved in the align

ment of the transmitter and the receiver. The steering 

mirror on the roof directly above the receiver is rotated to 

an approximately horizontal position to be used as a refer

ence. Diagonal mirrors A and B are adjusted so the helium 

neon beam is centered on the mirror surfaces and is reflected 

off the mirror on the roof back onto itself. The optical 

axis of the transmitter is now perpendicular to the plane 

defined by the mirror on the roof. 
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Fig. 4-19. Transmitter/receiver layout (side view). 
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The receiver is aligned with respect to this same 

reference plane using a Foucault knife-edge tester. The 

knife-edge tester is basically a light bulb which is brought 

to focus on the edge of a razor blade. The knife-edge tester 

serves as a point source which is placed at a position equiv

alent to that of the HgCdTe detector by a removable folding 

mirror, labeled'D in Fig. 4-19. The various components of 

the receiver are then adjusted so the beam from the knife

edge tester is autocollimated off the plane mirror on the 

roof and comes back to focus on the razor blade. After 

alignment is complete, the folding mirror, D, is removed. 

As a check on the alignment of the transmitter with respect 

to the receiver, a periscope consisting of two pentaprisms 

(labeled C in Fig. 4-19) can be used to direct the helium

neon beam around the diagonal mirror of the receiver onto 

the primary and to the detector, at the focus of the receiver. 

The final step in the alignment procedure is illus

trated in Fig. 4-20. In operation, a germanium beamsplitter 

is placed in the path of the CO 2 beam to reflect about 1% 

of the pulse energy to a diffuse target via a series of two 

folding mirrors. A fast pyroelectric detector samples the 

radiation scattered by the target. The signal from the pyro

electric detector is used to trigger the Biomation to start sampling 

and to monitor the relative pulse energy. The helium-neon 

beam is used to position the germanium beamsplitter and the 
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two folding mirrors so the sampled beam falls on the proper 

portion of the target. When this is done, the glass beam

splitter is removed and the system is ready for operation. 

4.5 Performance Calculations 

The lidar system is sensitive to signals backscat

tered from ranges between several hundred meters and several 

kilometers, depending on the concentration of aerosol in the 

atmosphere. Because the system is focused at infinity, the 

system is less sensitive to backscatter very near the re-

ceiver. The scattering volume must be many tens of receiver 

focal lengths away before the energy becomes fully focused on 

the field lens. As range increases, the signal decreases, 

somewhat faster than 1/R2 due to absorption, and eventually 

becomes less than the system noise. An extensive series of 

calculations based on a modified version of the lidar equa-

tion (Eqn. 2-2) was performed in the course of designing the 

system. The results were used to predict the maximum range 

of the system under different atmospheric conditions and to 

investigate tradeoffs between different design approaches. 

In the following sections the effect of defocus on the near-

range return will be considered, noise sources in the system 

will be discussed and performance calculations will be pre-

sented indicating the useful range which may be expected of 

the system. 
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4.5.1 Near-Range Return 

The standard lidar equation (Eqn. 2-2) is based on 

the assumption that all the energy collected by the receiver 

primary is focused onto the detector and predicts an inverse 

range squared behavior for the signal which goes to infinity 

as the range decreases to zero. It is necessary to modify 

this equation, however, if it is desired to aralyze lidar 

returns from short distances since, near the receiver, the 

inverse range squared dependence is modified py several fac

tors. Radiation backscattered from short distances is not 

focused onto the field lens, but at a point behind it. Thus 

the field lens, and ultimately the detector, intercept only 

a portion of the energy collected by the receiver. Also, 

the central obscuration in the receiver casts a shadow onto 

the primary and at short distances the size of this shadow 

is range-dependent, becoming larger at shorter distances. 

In noncoaxial systems the overlap of the transmitted beam with 

the receiver field of view is incomplete at short distances 

resulting in an additional loss. 

The effect due to defocus at near ranges can be esti

mated quite simply. The following simplifications are made: 

the receiver primary is represented as an aberration-free 

thin lens; diffraction effects are ignored; and the laser 

pulse has infinitesimal length and diameter. The field lens 

is designed to image the receiver primary onto the detector; 
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thus any ray from the primary incident on the field lens will 

reach the detector. By calculating the fraction of the 

energy collected by the primary which is incident on the 

field lens, we arrive at an estimate of the fraction of 

energy reaching the detector. 

Radiation backscattered from the pulse at z is imaged 

at point z' (see Fig. 4-21) where z and z' are related by 

the thin lens equation: 

1 
Z' 

1 
f 

1 
z 

(4-3) 

where f is the focal length of the primary. The size of the 

light cone at the field lens, located one focal distance from 

the primary, is given by: 

H z' - f , D 
z 

where D is the diameter of the primary. Substituting for z' 

using Eqn. 4-3, we arrive at: 

H 
fD 
z 

Assuming uniform energy density within the light cone, the 

fraction of the energy in the cone incident on the field lens 

is: 
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Fig. 4-21. Parameters for defocus correction. 
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where d is the field lens diameter. 

Evaluating this expression with the proper values 

for our system, it is found to go to unity at a range of 

about 80 meters, where the focal plane is located about one

hundredth ofa focal length behind the field lens. Allowing 

for the finite diameter of the beam, we can expect radiation 

backscattered from ranges beyond about 100 meters to be fully 

focused by the receiver. The range dependence of the central 

obscuration can also be estimated fairly simply, but the 

effect is much smaller than that of defocus and will not be 

discussed here. 

A more exact calculation of the signal loss at short 

distances due to defocus has been discussed by Harms, Lahmann 

and Weitkamp (1978) and in Harms (1979), where the effect of 

the central obscuration is also considered. These calcula

tions, however, rely on knowledge of the exact intensity 

distribution within the laser pulse as it propagates. Due 

to the difficulties of performing these calculations cor

rectly, only the portion of the return from beyond the range 

where the backscatter becomes fully focused was analyzed so 

that near-range corrections to the lidar equation need not 

be considered. Sasano et al. (1979) discuss a method of 

determining the correction experimentally, assuming the atmos

phere is homogeneous. 
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4.5.2 Background Noise 

The maximum range of the system is determined by the 

point where the signal-to-noise ratio becomes unusably small. 

Thus the minimization of noise in the detector and the signal 

processing electronics is a major design consideration. Even 

an ideal, noise-free system would still be limited, however, 

by the photon noise of the radiation incident on the detector. 

The observation of optical radiation is a statistical process 

where the photons obey Poisson statistics. Thus a constant 

flux of photons with power ¢ has a standard deviation of /~, 

which leads to a root mean square fluctuation of the detector 

voltage: 

(4-4) 

where e is the electronic charge, Rd is the detector resis

tance, R is the detector responsivity (VjW) and ~f is the 

bandwidth over which the detector output is observed. The 

expression above is valid for a photoconductive detector. 

The photon noise for a photovoltaic detector is smaller by a 

factor of the square root of two. 

The lidar detector is sensitive not only to the back-· 

scattered laser radiation, but also to thermal emission and 

scattered sunlight from the portion of the atmosphere within 

the field of view of the receiver. As the lidar pulse prop

agates outward, the backscattered signal eventually becomes 
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smaller than the photon noise of the sky background. At this 

point the signal flux is much smaller than the background 

flux, so the photon noise is determined only by the sky 

radiance. The magnitude of this sky radiance will be dis

cussed here and the various sources of noise in the detector 

and the electronics will be discussed in the next section. 

The detector is sensitive to wavelengths shorter than 

14.5 ~m. The responsivity peaks at 11 ~m and decreases 

approximately linearly to near zero at 3 ~m. The detector is 

filtered only by the germanium field lens, which transmits 

only wavelengths longer than 2 ~m. Under clear skies, the 

radiance due to scattered sunlight is less than that due to 

atmospheric emission for wavelengths longer than 3 or 4 ~m 

(Bell et al., 1960), so we may ignore the contribution of 

scattered sunlight to the sky background. 

There are strong absorption bands on either side of 

the 8-13 ~m window region: the 6.3 ~m water vapor band and 

the 15 ~m carbon dioxide band. Strong absorption indicates 

high emissivity and the atmospheric emission in these bands 

approximates that of a blackbody at the ambient air tempera

ture, independent of elevation angle. Because absorption in 

the window region is much lower, the emission here is not 

black but depends on the absorber concentration and tempera

ture along the path and on elevation angle. As elevation 
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angle increases, the atmospheric path becomes shorter and 

emissivity decreases. 

Temperatures in Tucson can reach 45 C in June and 

July and commonly drop to 5C or less at night in the winter. 

Thus the emission outside the 8-13 ~m window can be modeled 

as that from a blackbody at a temperature between 5 and 45 C 

(277 and 316 K). vfuile it is more difficult to estimate 

representative values for the sky radiance within the window 

region, upper and lower bounds can be derived from measure-

ments made at a high, dry location in Colorado and a humid 

location in Florida (Bell et al., 1960). The emission within 

the window can be approximated as having a flat spectrum, 

2 
with radiance varying between extrema of 75 Wlm -sr-~m and 

2 875 1~/m -sr-~m as humidity, temperature, and elevation angle 

vary. 

The effective flux, ~, collected by the detector 

is given by: 

~ = A~roo T t(A)r(A)L(A)d 
Jo op 

where A and ~ are receiver area and solid angle, respectively, 

Topt(A) is the spectral transmittance of the optics, rCA) is 

the spectral responsivity normalized to have a peak value of 

unity and L(A) is the spectral sky radiance. The transmit

tance of the optics was chosen to be, optimistically, 0.9. 
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The sky radiance was modeled as having a constant value 

within the 8-13 ~m window and having a blackbody spectrum 

elsewhere. The integration was performed numerically, and 

indicated the effective background flux ranges from 48 ~W 

to 213 ~W over the range of temperature and humidity levels 

expected in Tucson. Using these values in Eqn. 4-4, we 

obtain a noise voltage due to the sky background ranging 

between 0.73 ~V and 1.6 ~V, given a detector peak responsiv-

ity of 253 V/W and a 2 MHz bandwidth. This noise could be 

reduced substantially with the addition of an infrared narrow 

bandpass filter but, as is shown in the next section, this 

noise is not significant in comparison with sources of noise 

within the system electronics. 

4.5.3 System Noise 

There are many sources of noise in electro-optic 

systems. Aside from the photon noise of the optical signal 

itself, discussed in the previous section, these include 

Johnson noise, VJ , generation-recombination noise, VGR , l/f 

noise, VI / f , and amplifier noise, VA· The total system noise, 

including photon noise, can be written: 

V
2 

V
2 

V
2 + 2 + V2 + V2 + Fl/f n J GR A ph 

Johnson noise arises from the random motion of charge carriers 

in a resistive element and is expressed by (Nyquist, 1928): 
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where k is Boltzmann's constant, T is detector temperature, 

Rd is detector resistance and 6f is the electrical frequency 

bandwidth. Generation-recombination noise results from the 

random generation and recombination of charge carriers. 

There are, in general, components due to thermal and to 

optical generation of carriers but in cases where the detec-

tor is not background limited and the thermal component 

dominates, a simple model for the generation and recombina-

tion of thermally generated carriers gives the noise voltage 

spectrum (Limperis and Mudar, 1978): 

where Vb is the detector bias voltage, N is the average 

number of free charge-carriers in the de.tector, and T is the 

carrier lifetime. The noise voltage spectrum of l/f noise 

is inversely proportional to the frequency, hence the name. 

Because of this behavior, the capacitor coupling the detector 

to the preamplifier effectively blocks the l/f noise as it 

passes only frequency components above 120 Hz. Van Vliet 

(1958, 1967) has presented a comprehensive discussion of the 

general properties of noise in photodetectors. 

Although the detector noise was too low to be meas-

ured directly, the manufacturer quotes a figure of 3.8 
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nV/Hz
l

/
2 

measured at 10 kHz with a 295 K background. Assum-

ing a flat noise spectrum between 120 Hz and the -3 dB point 

of the gain switching amplifier at 2 MHz, this figure gives 

an expected detector noise voltage of 4.8 ~V. The Johnson 

noise from art equivalent 34 ohm resistor at 77 K is 0.53 ~V. 

The remainder of the noise can be attributed to generation-

recombination noise. 

The preamplifier and the gain switching amplifier 

(GSA) also contribute noise to the signal. These various 

noises are lumped together as amplifier noise. Ideally, 

the preamplifier and GSA will contribute a negligible amount 

of noise to the signal compared to the detector. The noise 

of the preamplifier/GSA combination was measured to be 28 ~V, 

referred to the preamplifier input, over a 900 kHz bandwidth 

with a 34 ohm termination on the preamplifier input. This 

is the effective bandwidth of the GSA when all six stages 

are switched into the signal path. The noise of the detector/ 

preamplifier/GSA combination was measured to be 35 ~V. 

Assuming the noise sources are uncorrelated, this would give 

a detector noise of 21 ~V or about six times what would be 

expected from the manufacturer's quoted noise value of 3.38 

nV/Hzl/2. 

Even though the detector noise is much larger than 

expected, the system is still limited by preamplifier noise. 

The maximum of 1.6 ~V photon noise expected from the sky 
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background is negligible compared to the electronics noise 

of the system. The detector noise voltage expected,4.8 ~V, 

has been used to compute signal-to-noise ratio vs. range in 

the next section. This represents the limit of performance 

which may be achievable with improvements in the system 

electronics. 

Radio frequency energy radiated by the CO 2 TEA laser 

provided a different sort of noise problem. The large 

electrical currents used to create the population inversion 

in the laser also create large electromagnetic fields in the 

laboratory for the fraction of a microsecond after the laser 

is triggered during which they flow. It was found these 

fields were high enough to saturate portions of the analog 

electronics and produce erratic triggering of the digital 

timing logic. The interference was reduced to acceptable 

levels by enclosing all analog electronics in sealed metal 

boxes, running low level signals through copper tubing with 

the ends of the tubing soldered to BNC connectors and placing 

opto-isolators at key points to break ground loops. The laser 

head was enclosed in a Faraday cage made of woven brass 

screen and the cage was wrapped in aluminum foil. The power 

cable to the laser head was also wrapped in aluminum foil 

and tied electrically to the Faraday cage. 
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4.5.4 Range Calculations 

The useful range of the lidar system depends on the 

distance the laser pulse propagates before the return signal 

decreases to where it is comparable in magnitude to the 

system noise. Signal averaging can extend the useful range 

to a degree, but the time interval over which signal averag

ing may be conducted is limited as the statistics of the 

atmosphere are not stationary. A few trial calculations of 

SNR vs. range are presented here based on the parameters of 

the lidar system and two representative atmospheric models. 

These calculations are intended to estimate the useful range 

of the lidar system and to illustrate some of the scaling 

laws involved. 

The lidar return signal is computed using Eqn. 2-2: 

peR) 
2 

T A J cS(R)T (R) 
opt r 2R2 

(2-2) 

where peR) is the power returned from range R. This is 

converted to voltage by multiplying by the detector respon

sivity, R : 

VCR) =RF(R). 

The two-way transmittance, T2(R) , along a path with zenith 

angle e is computed from the relation: 



where R = Rl + 6R and 6Ti is the optical depth between 

heights z = R cos e and zl = Rl cos e due to absorbing 

species i. Two absorbing species were considered: water 
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vapor and carbon dioxide. The aerosol absorption was assumed 

to be insignificant relative to the molecular absorption. 

Water vapor and carbon dioxide were both assumed to have 

homogeneous horizontal distributions and to have exponential 

height profiles: 

where H. is the scale height. Given this simple distribution 
l 

function, the expressions used for the incremental optical 

depths, 6T i , were determined by analytically integrating: 

to obtain: 

The backscatter coefficient was also given an exponential 

distribution function: 

-z/H 
s(z) = s(o)e p 

The SNR was computed by dividing the return signal voltage 

by the root-mean-square noise voltage of detector. Table 
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4-5 lists the parameters for the lidar system and the atmos

pheres used in the calculations and curves showing SNR vs. 

range are given in Figs. 4-22 and 4-23. Two model atmospheres 

were considered, one representing a very dry atmosphere, 

typical of Tucson most of the year, and the other represent

ing the maximum moisture content of the atmosphere found 

during the summer Tucson rainy season. On the figures these 

are labeled the 'dry' and the 'wet' models. The aerosol 

backscatter coefficient was chosen to be representative of 

values for the atmospheric aerosol which have been measured 

with CO2 lidars in other locations (Post et al., 1982; 

Bilbro, 1981). 

The numerical modeling experiments discussed in 

Chapter 3 using the mUlti-angle least squares solution method 

indicate that signal fluctuations must be less than 30% for 

the method to be able to determine optical depth with reason

able accuracy. Thus, a SNR of 5 or greater will be required 

for use of the method. Figure 4-22 shows the SNR falling to 

5 at a range of between 1.6 and 2.0 km for horizontal paths, 

depending on the amount of water vapor in the air. Figure 

4-23 shows the SNR falling to 5 at a range near 1.2 km for 

vertical paths, with little dependence on water vapor concen

tration. It can be seen from Eqn. 2-2 that, at a given 

range, the SNR scales linearly with laser pulse energy and 

with atmospheric backscatter coefficient. Increasing the 
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Table 4-5. Parameters for model calculations. 

Lidar parameters: 

Transmittance of optics, Topt 

Receiver area, Ar 

pulse energy, J 

Detector responsivity, R 

Detector noise 

Atmospheric parameters: 

Aerosol backscatter, S(O) 

Aerosol scale height, Hp 

CO2 extinction coefficient, 0co (0) 
2 

CO 2 scale height, HCO 2 
H20 extinction coefficient, 0H 0(0) 

2 
'dry' model 

'wet' model 

H20 scale height (both models), HH ° 
2 

0.5 

0.075 2 m 

1. 0 J 

253 VjW 

4.8 uV 

-7 1 1.0xlO (m- sr) -

1 km 

0.075 km- l 

7.5 km 

0.04 km- 1 

0.22 km- 1 

2.0 km 
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Fig. 4-22. SNR VB. Horizontal range. 
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Fig. 4-23. SNR vs. vertical range. 
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pulse energy from 1 to 4 joules will roughly double the 

range of the system. Typical values of the backscatter 

coefficient in the Tucson area are unknown, thus the actual 

range of the system may be quite different from that indi

cated here.-

Figure 4-24 shows the increase in vertical range 

which may be achieved by averaging 25 shots together. Assum

ing the returns are uncorrelated and the statistics of the 

atmosphere are stationary, the SNR should improve by a factor 

of five. The range at which the SNR falls to 5 increases 

from 1.2 km to 1.8 km. 
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Fig. 4-24. SNR improvement by signal averaging. 
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CHAPTER 5 

SYSTEM PERFOR}'T.ANCE AND PRELIMINARY 
OBSERVATIONS 

This chapter describes the performance of the lidar 

system and presents the results of preliminary observations 

which were made with the system over the period of a week, 

in June 1984. These observations concentrated on acquiring 

returns from different zenith angles under different atmos

pheric conditions with the purpose of testing the capabilities 

of the system and of obtaining information on the inhomogene

ity of the atmosphere. These preliminary results show a 

large amount of signal avera~ing will be required to reduce 

signal fluctuations to a point where the multi-angle solution 

method detailed in Chapter 3 can be applied. 

5.1 System Parameters 

Some of the parameters of the operational lidar 

system will be discussed here briefly. These include para-

meters of the laser such as pulse length, energy and wave-

length, and the accuracy of the range calibration and energy 

normalization of the lidar returns. 

Laser pulse length, pulse rate, energy and wavelength 

may be varied by the operator of the system. The spatial 

174 
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resolution available from the system can be controlled some

what by varying the gas mixture fed to the CO 2 laser. The 

laser normally operates on a mixture of carbon dioxide, 

helium and nitrogen. If the nitrogen is removed, a pulse 

several tenths of a microsectond long is obtained. Figure 

5-1 shows a pulse profile measured with the pyroelectric 

detector when the laser was operated \vithout nitrogen. The 

horizontal scale is 50 ns per division. When nitrogen is 

added to the gas mixture, the pulse length increases as well 

as the pulse energy. For the measurements to be described, 

an indicated nitrogen flow rate of 0.6 SCFH (standard cubic 

feet/hour) was used, which gave a pulse about 4 ws long with 

an energy of 3 J. This was about five times the energy 

obtained with no nitrogen in the mix. The profile of this 

longer pulse is shown in Fig. 5-2. This profile was measured 

by recording the lidar return from Tumamoc Hill, a tall, 

steeply sloping hill about 5 km from the lidar system. The 

flat top results from the gain-switching amplifier going into 

saturation because it is unable to follow the rising edge 

of the pulse. This longer pulse length decreases the spatial 

resolution of the system, but increases the range by more 

than a factor of two over the pulse without nitrogen. 

The Eiomation waveform recorder is driven by an 

external clock which controls the sampling rate. Hhen the 

pyroelectric detector sees the rising edge of the outgoing 
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Fig. 5-1. Laser pulse profile, no nitrogen, 50 ns/div. 
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Fig. 5-2. Laser pulse profile, 0.6 SCFE nitrogen. 
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laser pulse it sends a trigger signal to the clock, which 

initiates sampling. There is some small delay between the 

time this" trigger signal is sent from the pyroelectric 

detector and the time the clock is triggered. Thus, when the 

first sample is taken the laser pul"se is already some distance 

away. In order to range-normalize the lidar returns properly, 

this time delay must be measured. This was accomplished by 

measuring the time-of-flight to Tumamoc Hill. The distance 

to the hillside is known within 200 meters. This range cali

bration has shown the pulse travels about 250 meters before 

the first sample is taken. 

The lidar returns must be energy-normalized before 

they can be averaged. The energy monitor, using the pyro

electric detector to sample the pulse energy, shows the 

standard deviation of the laser pulse energy to be about 1%. 

The laser wavelength may be tuned from 9.2 to 10.8 ~m. 

This allows the investigation of spectral properties of 

atmospheric transmission and backscatter, which will be dis

cussed in the next chapter. All of the observations described 

here used the P20 line at 10.591 ~m. 

5.2 Observations 

The observations to be discussed here were taken on 

the 20th, 22nd and 26th of June, 1984. The observations on 

the 20th were taken about four o'clock in the afternoon, under 

clear skies. Visibility was high, greater than 75 km, with 
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winds out of the west varying from 5 to 7 mls with gusts to 

10 m/s. It was a hot, dry day with a dry bulb temperature 

of 35 C and a dewpoint of 2 C. 

The observations on 22 June, 1984 were taken between 

5:45 AM and 7:00 AM, commencing just after local sunrise, 

which was about 5:30 AM. Winds were low, from 0 to 2 mls out 

of the north. Visibility was very high, estimated at greater 

than 90 km to'the south, although a brownish haze layer was 

visible to the northwest. The dry bulb temperature was 22 C 

with a dewpoint of 7 C. 

The observations on 26 June; 1984 were again made in 

the morning, between 9:00 AM and 9:30 AM. Winds were again 

very calm, varying from 0 to 2 mls out of the south. The air 

was unusually hazy, with visibility estimated at 30 km. The 

humidity was quite high, for Tucson, with a dry bulb tempera

ture of 28 C and a dewpoint of 18 C. Thin clouds at an 

altitude near 5 km began moving into the field of view of the 

system towards the end of the measurement period, and appeared' 

on several of the vertical lidar returns. 

The observations on 20 June consisted of a series of 

200 returns with the lidar aimed vertically. A series of 171 

returns was collected on 22 June, also with the lidar pointed 

vertically. This number of returns represented the largest 

block of data which could be written to the hard disk at that 

time. These two sets of measurements were performed to test 
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the smoothing effect of averaging large numbers of returns. 

On 22 June and 26 June, observations were made at a number of 

different zenith angles. On each day, a set of ten returns 

was collected at each of the six zenith angles, having secant 

values of 1, 2, 3, 4, 5 and 10. An additional set of hori

zontal returns was collected with the lidar aimed at Tumamoc 

Hill, 5.2 km away, at an elevation angle of about one degree. 

All of these returns were acquired using a laser pulse rate 

of 1 Hz, so that a set of 10 returns was collected in 10 

seconds and the series of 200 returns was collected in just 

over 3 minutes. 

Representative returns are shown in Figs. 5-3, 5-4, 

5-5 and 5-6. Figures 5-3 and 5-5 show horizontal returns 

from Tumamoc Hill. Figure 5-4 shows a vertical return in 

clear air and Fig. 5-6 shows the v~rtical return from a cloud 

at an altitude of just under 5 kilometers. These plots 

represent la-shot averages of the range- and energy-normalized 

lidar return signal voltage. As can be seen, there is a very 

large near-range return which decreases rapidly to a value 

which is nearly constant with ranee when plotted here as a 

range-normalized return. This large 'hump' in the range

normalized return may be attributed in part to anomalously 

high backscatter near the lidar system and in part to back

scattering from mirrors and other hard surfaces in the system, 

both of which cause scattering from the tail of the laser 
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Fig. 5-3. Range-normalized return from Tumamoc Hill, 6/22/84. 
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Fig. 5-5. Range-normalized return from Tumamoc Hill, 6/26/84. 
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Fig. 5-6. Range-normalized return, vertical, 6/26/84. 



185 

pulse to distort the shape of the lidar return in the first 

kilometer or so. This portion of the return must be ignored 

when analyzing the data. Gaps in the curves presented in 

these figures represent dropouts in the signal caused by the 

GSA being unable to switch gain stages in and out fast enough 

to maintain the input to the Biomation within its AID conver-

sion window. 
I 

Figure 5-7 shows a single, range-normalized return, 

from the vertical direction. Figures 5-8 an~ 5-9 show the 

reduction in signal fluctuation achieved by areraging 10 and 

then 100 returns. To study the portion of the return due to 

atmospheric backscattering, the portions of tpese returns 

beyond 1.4 km range were rescaled and plotted, in Figures 5-10, 

5-11 and 5-12. The magnitude of the fluctuations in the 

return was characterized by computing the standard deviation 

of the normalized return, Ui , from each sample height, zi: 

/ 
= VI 

n 

(U. - 'IT.) 2 
In l 

N - 1 

from a series of 100 returns. From this it was seen the 

fluctuations in the single return, Fig. 5-10, are due to 

system noise for ranges beyond about 2 km and the signal-to

noise ratio drops to one at about 2.5 km. Fluctuations in 

the return at ranges nearer than 2 km are due to atmospheric 

fluctuations. These atmospheric fluctuations were computed 

to have a fractional standard deviation of 20% or more, based 
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Fig. 5-10. Range-normalized return, vertical, single shot, 
6/20/84. 
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Fig. 5-11. Range-normalized return, vertical, 10-shot 
average, 6/20/84. 

190 



E 
.;.: 

.j..J 

..c:: 
0'> 

.,-i 
Q) 

::r: 

Fig. 5-12. 

4.9 

4.2 

3.5 

2.8 

2.1 

1.4 

0.7 

0.01~----.--------r-------'--------~------~--

0.000 0.003 0.006 0.009 0.012 

Normalized Return 

Range-normalized return, vertical, 100-shot 
average, 6/20/84. 

191 



192 

on sampling at a 1 Hz rate. Assuming that optical depth 

fluctuations are negligible, these fluctuations would be 

attributed to fluctuations in aerosol concentration. Pro

gressing from Fig. 5-10 to 5-11 to 5-12, it is seen that 

system noise is decreasing approximately in proportion to the 

inverse of the square root of the number of shots averaged. 

Signal fluctuations due to atmospheric inhomogeneity are also 

smoothed considerably. Thus, averaging many shots reduces the 

apparent system noise level and enables the atmospheric return 

to be estimated accurately to higher and higher altitudes as 

more shots are averaged. 

As a test, the slope method discussed in Chapter 2 was 

used to estimate the atmospheric extinction from the hori

zontal returns of 22 June and 26 June, assuming a horizontally 

homogeneous atmosphere. These estimates were compared with 

estimates derived from surface humidity values. Dry bulb and 

dew point temperatures recorded during the observations were 

used to compute water vapor partial pressures of 7 torr for 

22 June and IS torr for 26 June. Using the water vapor 

absorption coefficient values measured by Shumate et al. (1976) 

for the P20 line, the water vapor extinction coefficients were 

estimated to be 0.07S/km and O.22/km for the two days. 

Kelley et al. (1976) report that the extinction coefficient 

of atmospheric carbon dioxide for the P20 line is about 

O.07S/km. Adding this to the water vapor extinction coeffi-



cient, we arrive at expected extinction values of O.lS/km 

and 0.29/km for 22 June and 26 June, respectively. 
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Range-normalized returns, U(R), from two points 

separated by 900 meters were used to compute the atmospheric 

extinction coefficient using the expression: 

Extinction coefficients of 0.37/km and O.SO/km were obtained 

in this way, from the horizontal returns of 22 June and 

26 June, respectively. These values seem rather high compared 

to the values computed from surface humidity values. The 

discrepancy could be due to a violation of the assumption of 

backscatter homogeneity made in the derivation of the above 

expression. The discrepancy would be explained by the pres

ence of a decreasing aerosol gradient, which would tend to 

make extinction appear to be larger than it actually is. 

Finally, Fig. S-13 compares la-shot averages of range

normalized returns taken on 26 June at two zenith angles, 

secand 1 and secant 2, plotted versus height. Only the 

portion of the return from above 1 km altitude is shown. The 

effect of attenuation at the larger zenith angle is apparent. 

Because the return at a given height from secant 2 is from 

twice the range as the return from secant 1, the return from 

secant 2 is much noisier. Even on a day such as this, with 

relatively high extinction due to water vapor, the system 
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noise affects the signal as much as attenuation. This indi-

cates many more returns will have to be averaged to reduce 

signal fluctuations to a point where extinction coefficients 

may be accurately determined. 



CHAPTER 6 

CONCLUSIONS 

This dissertation has discussed analytical methods 

for determining atmospheric backscatter and transmission from 

CO 2 lidar returns and has presented details of the design and 

development of a CO 2 lidar system capable of making the re

quired measurements. Previous methods for deriving transmis

sion and backscatter have relied on assumptions which are not 

generally valid in the infrared. The multi-angle solution 

method presented in Chapter 3 represents a first step toward 

the development of accurate methods of measuring transmission 

and backscatter profiles with infrared lidar systems operating 

in conditions of high visibility. A method of adding con

straints to the basic least squares approach has been outlined 

which allows ~ priori information to be included in the solu

tions for backscatter and transmission. This should improve 

the usefulness of the method by discriminating against solu

tions which are non-physical. Further work along these lines 

will undoubtedly result in much improvement of the technique. 

As indicated by the experimental results shown in the 

previous chapter, the system in its present condition is 

useful for monitoring atmospheric backscatter and transmis-

19G 
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sion. The system has been shown to have high sensitivity and 

the ability to accurately acquire signals ranging over several 

orders of magnitude. Automatic operation of the system under 

computer control has been demonstrated, permitting the col

lection and processing of hundreds or thousands of returns in 

a single experiment. This ability will allow significant 

improvements in signal-to-noise ratio through signal averag

ing, which will be required to apply the multi-angle solution 

technique. 

It appears that a major problem in applying the multi

angle solution technique will be low signal-to-noise ratios 

of the returns from larger zenith angles. Although returns 

have been obtained from vertical ranges of greater than 3 km, 

the increasing range of returns from larger zenith angles 

limits the application of the multi-angle solution to low 

altitudes. The presence of the anomalously high near-range 

return prevents the acquisition of meaningful data from ranges 

of less than a kilometer, further restricting the altitude 

range to which the solution may be applied. Several improve

ments to the system can be suggested which should result in 

increasing range. Replacing the germanium singlet field lens 

with zinc selenide doublet discussed in Appendix A should 

double the backscattered flux collected onto the detector. 

System noise levels are presently much higher than anticipated 

initially; one would like the system to be limited by the 
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inherent noise of the detector rather than noise of the fol

lowing electronics. Further refinement in design of the 

detector preamplifier should provide significant reductions 

in noise. At present, the apparent magnitude of the detector 

noise is not understood; a significant decrease, to a level 

near that quoted by the manufacturer, should be possible. 

Taking all these factors together, it should be possible to 

increase system signal-to-noise ratios by a factor of six or 

eight, which would have a major impact on the usefulness of 

slant path returns. Another option would be conversion of 

the system to heterodyne operation, which could increase 

signal-to-noise ratios by several orders of magnitude but would 

require redesign of nearly the entire system. 

The precise cause of the near-range 'hump' in the 

return is not understood at present. Further diagnostic work 

is necessary to determine the origin of this feature and a 

method for either eliminating or correcting for it. If this 

can be accomplished, it should be possible to incorporate data 

into the multi-angle solution from ranges as near as a few 

hundred meters. 

A calibration of system responsivity is required to 

allow an absolute determination of the atmospheric volume 

backscatter coefficient. The best method of calibrating a 

system of this type is to measure simultaneously the laser 

pulse energy and the integrated return from a diffusely re-
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flecting target, whose reflectance has been accurately charac

terized (Kavaya et al., 1983). If the target is placed far 

enough from the system that the return from the target is 

fully focused on the detector, yet close enough that the 

effect of atmospheric absorption may be ignored, the system 

responsivity can be determined in an absolute sense. A system 

calibration was intended to be part of this work, but had to 

be postponed due to delays in the preparation of a suitable 

target. 

The capabilities of the system suggest a number of 

different investigations which might be conducted. If a 

relation between aerosol backscatter and aerosol extinction 

at 10.6 ~m can be established independently of lidar measure

ments, then backscatter values derived from CO 2 lidar data 

could be used to monitor aerosol extinction also. Such a 

relationship, of course, would depend on aerosol composition 

and size distribution, and the variability of the relation 

would have to be determined through testing of representative 

samples of the local aerosol. 

One can determine the concentration of selected gases 

in the atmosphere from the difference in the lidar return at 

two nearby wavelengths, one of which is absorbed strongly by 

the molecular species of interest and the other which is not 

strongly absorbed (Schotland, 1964). This technique, known as 

differential absorption lidar (DIAL), has proven to be very 
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successful for remotely sensing the concentration of a variety 

of gases (Hinkley, 1976). Petheram (1981) has pointed out 

that DIAL techniques are sometimes subject to error due to 

the spectral dependence of aerosol backscatter which can give 

rise to substantial differences in backscatter cross sections 

at the two wavelengths used. Combining DIAL techniques with 

the multi-angle solution developed here would allow backscat
I 

ter at each of the two wavelengths to be determined accurately, 

in cases where horizontal homogeneity could be, assumed, allow-

ing improved determination of trace gas concenltrations. In 

particular, differential absorption technique1 have been used 

to measure water vapor profiles (Murray et al.i, 1976; Baker, 

1983). Use of a DIAL technique to Ineasure wayer vapor pro

files in conjunction with multi-angle determinations of 

backscatter and total extinction could allow separation of 

molecular and aerosol components of the total extinction, if 

the aerosol extinction was a significant enough component of 

the whole. 

Although this dissertation has been concerned with 

the development of a CO 2 lidar system, the lidar group at the 

Institute of Atmospheric Physics also operates a XeCl excimer 

laser, operating at 308 nm, and a tandem dye laser, consisting 

of a pair of tunable dye lasers operating at two wavelengths 

somewhere in the visible or near-infrared. In combination 

with the CO 2 lidar, these other systems offer the potential 
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of conducting several types of multi-wavelength investigations. 

Whereas the CO 2 lidar is restricted to operation in the lowest 

few kilometers of the atmosphere due to its reliance on aero-

sol backscatter, the other systems experience strong returns 

from molecular scattering as well as from aerosol scattering 

and have vertical ranges of many kilometers, extending into 

the stratosphere'. Measurement of multi-wavelength aerosol 

backscatter ratios such as: 

8 (10.6) 

8 10.308) 
p 

in the lower atmosphere would allow backscatter at CO 2 wave

lengths to be estimated from dye and excimer laser returns 

from altitudes beyond the range of the CO 2 system. 

The initial purpose of the system was, of course, to 

study the spectral behavior of transmission and backscatter 

in the 9 to 11 ~m region. Of special interest is the possi-

bility of determining aerosol composition from the spectral 

behavior of backscatter, as has been proposed by a number of 

researchers (Volz, 1973; Mudd, Kruger and Murray, 1982; Yue 

et al., 1983). One feature of this spectral dependence which 

may be useful to remote sensing system designers is a predic-

tion of enhanced backscatter from the atmospheric aerosol near 

9 ~m due to bulk absorption resonances in quartz and ammonium 

sulfate, two COmTI10n aerosol constituents, quartz being an 
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important component of clay-derived aerosols. This effect 

has been observed with laboratory-generated sulfuric acid 

and ammonium sulfate aerosols, but has not yet been investi

gated in the free atmosphere (Mudd, Kruger and Murray, 1982). 

In conclusion then, the CO 2 lidar system which has 

been developed represents a remote sensing tool with a wide 

range of potential applications. 
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DOUBLET FIELD LENS 
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A carefully optimized ZnSe doublet field lens was 

designed using the CODE-V optical design program (Optical 

Research Assoc., Pasadena, CA), although the lens was not 

received from the manufacturer in time to be used in the 

trial runs made with the system which have been reported 

here. The first order design of the lens followed the same 

development as that of the singlet lens described in Chapter 

4. In this case, however, a custom design allowed us to 

choose the optimum first order parameters. The first order 

parameters specified were: 

8.8 rnrn F#: 0.62 

EPD: 14.25 mm Design wavelength: 10 ~rn 

giving a 7mr FOV and De/d = 0.78. The effective focal length 

(EFL) was chosen to be 8.8 rnrn, giving a chief ray height of 

0.96 mm and a paraxial image slightly smaller than the 

detector so that small amounts of aberration would not cause 

any loss of energy. ZnSe was chosen, as it allows better 

correction for spherical aberration than germanium in a two

element design (Smith, 1978). 

The lens was input to the CODE-V optimization routine 

as a doublet with the power split equally between the two 

elements and each element bent for minimum third order 

spherical aberration. The element separation was fixed at 

0.1 rnrn. The optimization was set up to treat the parabola 
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as the object and the detector as the image plane. This 

technique is justified as the parabola is diffraction-limited

and does not contribute aberration to the system. Initially 

the object plane was placed at infinity as this produced 

better convergence of the optimization. After an acceptable 

optimized solution was found, the object plane was moved to 

coincide with the parabola and a minor re-optirnization was 

performed. 

The resulting lens is shown in Fig. A-I. The design 

is typical for a doublet field lens using a high index mater

ial (Kingslake, 1978). The first lens has fairly shallow 

curvatures while the second lens has very steep curvatures. 

In fact, the last surface tends to a hemisphere as the F

number decreases. The third surface is nearly aplanatic and 

the last surface is roughly concentric with the detector, 

meaning the marginal ray is nearly perpendicular to the 

surface. Thus the second element contributes relatively 

little spherical aberration in spite of its steep curvatures. 

At this stage a vendor was found (Spectron Optical, 

U.K.) who could fabricate the lens, and all four radii of 

curvature were adjusted slightly to match tooling in stock. 

The lens thicknesses were then re-optimized, holding the radii 

constant. This gave a lens with slightly better performance 

and became the final design. The specifications of the final 

design are given in Table A-I. 
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Fig. A-l. Doublet field lens. 
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Table A-I. Doublet field lens specifications. 

EFL: Haterial: ZnSe 

BFL: 

8.80 rnm 

5.47 rnm Design wavelength: 10.0 ~m 

Image distance from rear surface: 5.40 mm 

Coating: Anti-reflective, all four surfaces 

Paraxial image height: 0.96 rnm 

Semi-field angle: 6.20 

Entrance pupil diameter: 14.25 rnm 

Aperture stop: first surface 

Location: vertex of first surface 

Surface Radius of Curvature Thickness 

1 13.591 mm 
2.61 rnm 

2 25.088 
0.10 

3 5.33 
2.20 

4 5.08 
5.40 

Image 
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This lens was thoroughly analyzed in terms of per

formance and the effect of manufacturing errors on the 

performance. It was specified that the vendor would coat 

all four surfaces with a standard narrowband anti-reflective 

coating having transmittance greater than 95% between 9 and 

11 ~m. A transmission analysis performed with CODE-V showed 

the lens transmittance would be lowered only 1 or 2% from 

this value due to the steep lens curvatures. While the 

curvatures are quite steep, the rays have relatively shallow 

angles of incidence over most of the lens surfaces so the 

coating remains quite effective. 

It was difficult to come up with a figure of merit 

for the lens so its performance could be easily characterized. 

As the purpose of the lens is to collect energy and direct it 

onto the detector, rather than form an image, large aberra

tions can be tolerated. In fact, given the low F-number 

desired, a large amount of aberration is unavoidable and 

makes criterion based on wavefront aberrations rather ambigu

ous. A criterion based on collection efficiency was finally 

settled on which seemed most appropriate for predicting the 

actual performance of a design in the intended application 

and also proved a useful criterion in tolerancing the lens. 

We want to calculate how much of the energy trans

mitted by the field lens is lost. That is, the amount of 

energy in the image that does not reach the detector. This 
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will be discussed in relation to Fig. A-2. Define a polar 

coordinate system with the angle e defined as shown in Fig. 

A-2. Imagine an ideal, Gaussian image of the receiver pri

mary mirror falling on the detector as a uniformly illumin

ated circle of radius R2 , where R2 is equal to the Gaussian 

chief ray height. Now consider the mapping of this Gaussian 

image into the real image produced by a lens having a certain 

amount of aberration. Assume the aberration is rotationally 

symmetric and that it acts in such a way that an infinitesim

ally thin annulus at radius r is mapped into an annulus of 

width H centered at r + or. This mapping must conserve 

energy, and for simplicity assume the annulus of width H has 

uniform brightness. 

Spot diagrams were constructed using CODE-V to ana

lyze various versions of the field lens. It was found that, 

roughly speaking, the heights of the blur spots, H, were 

independent of field position for spots in the outer portion 

of the image (see Fig. A-3). Displacement of the blur spots 

from the Gaussian positions was quite small compared to the 

size of the blur spots. -Therefore we can characterize the 

lens aberration by or and H where both parameters have 

constant values with respect to the image coordinates, (r,8). 

Define R3 as the maximum radius of the aberrated 

image and RI as the maximum radius such that all elements of 

the Gaussian image within RI can be mapped into the portion 
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Fig. A-2. Image geometry. 
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of the real image lying on a circular detector of radius R. 

Thus there is no loss of power when elements of the Gaussian 

image within Rl are mapped into the real image. We can write 

Rl and R3 as: 

Rl = R - or - H/2 

and: 

where we assume that the radius of the Gaussian image, R2 , 

is less than or equal to the detector radius, R. With these 

concepts defined, we can develop an expression estimating 

the loss of image power for a given level of aberration. 

If the irradiance on the detector is a constant value, 

E, then the total power in the image is EnR~ and the power in 

an infinitesimally thin annulus of the Gaussian image at 

radius r is E2nrdr. This annulus is mapped into an annulus 

of width H centered at r + or with an area 2nH(r + or). If 

r is larger than Rl , the outer edge of this annulus will 

extend beyond the edge of the detector. The area contained 

in the portion of the annulus outside the detector is: 

for r greater than Rl and the fractional area of the annulus 

lying outside the detector is: 



[(r + or + H/2)2 - R2] 
2'TTH(r + or) 
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(A-I) 

In practice, the aberration was always small enough 

that this fraction was less than unity so we need not con

sider the case where the Gaussian annulus is mapped into an 

annulus lying completely outside the detector. The total 

power in the image which is not collected by the detector can 

be computed by multiplying the energy in a Gaussian annulus 

at r by the fraction of the power in the annulus lost upon 

mapping (Eqn. A-I) and integrating over r between the limits 

Rl and R2 . Dividing by the total power in the image, we 

arrive at an expression for the fraction of the image power 

lost due to aberrations of the field lens, which can serve 

as a measure of the lens efficiency: 

L - ~ I
R
2(r + or + H/2)2 - R2 rdr 

c - R2 R 2H(r + or) 
2 1 

Evaluating this expression with the help of standard integral 

tables, we get: 

L 
c 

R3 R3 
1 [2 - 1 or + H 

HR2 3 + 2 
2 

R2 + or 2 2 2 3 
+ In(R + or)·(26o r - or6 + R or - or )] 

1 



214 

where 

6 = or + H/2 . 

We can simplify this complicated expression by real-

izing that or and 6 are of about the same magnitude and are 

roughly an order of magnitude smaller than R. Dropping terms 

which involve products of or and 6, we arrive at: 

R3 3 

L 
1 [ 2 

- Rl or + H . [(R2 
2 = 

HR2 3 + 2 + or) -c 
2 

- R2(R + R2 0r 
R2 + or 

- R
l

) In(R or) ] 2 1 + (A-2) 

which is an expression for the fraction of image power lost 

using a circular detector of radius R. 

The detector used in our lidar system is square, 

2 x 2 rom 2 , so more of the image power will be collected than 

if a 2 rom diameter circular detector had been used. Define R 

as one-half the length of a side of a square detector. Then 

as long as R3 is less than 2R there will be four sectors, 

centered on the four corners of the detector, where all the 

power in each sector of the image is collected. If an angle 

81 is defined by cos 81 = R/R3' as shown in Fig. A-4, the 

angular width of one of these sectors, labeled ABC, is 

90°-28 1 , Thus the fraction of the image area from which power 

is lost is reduced by the factor: 
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B 

Fig. A-4. Image geometry, square detector. 
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4(90 - 28 1 ) 81 
1 - 360 = 45 

This is still an overestimate of the power lost, however. 

For each Gaussian annulus at r, for r less than R2 , there is 

a radius-dependent value of 81 which goes to zero as r 

decreases to Rl . Further, less energy is lost in the four 

sectors between the corner sectors than with the circular 

detector. The correction factor varies from unity to zero 

as 8 varies from zero to 81 . The form of this correction 

factor makes the expression for the image power lost using a 

square detector too difficult to integrate analytically. A 

useful estimate can be made, however, by applying a simple 

correction factor to Eqn. A-2, derived for a circular 

detector. 

We want to make an estimate of an angle 8eq which 

will allow us to estimate the image power lost, by multiply-

ing Eqn. A-2 by (8 eq /45). Looking at Fig. A-4, we want to 

draw a radius at 8eq in such a way that the regions CJF and 

EFB have equal areas (and equal power by our assumption of 

uniform irradiance). Here, the length of segment AC is equal 

to R3 . If we draw a tangent to the inscribed circle at D to 

intersect CB at G, we can draw a radius which bisects the 

segment CG at J and define angle BAF as 8eq This produces 

two regions, CJF and EFG, with roughly equal area. Our 

assumption treats the area CJF as incident on the detector 
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and EFB as not incident. As EFB is larger than CJF, this 

overestimates the loss somewhat. By a straightforward appli

cation of analytic geometry, 8eq is found to be given by the 

relation: 

where 8 1 

1 - R3/R 
= tan 81 + 

2 sin 81 

-1 = cos R/R3 , as before. When 81 is small, the ratio 

(8 181) is very nearly equal to 0.75, and this is a fairly eq 

good estimate for all values of 81 less than 45 degrees. 

Thus an estimate of the fraction of the power contained in 

the image which is not incident on the detector is: 

L sq 

.75 81 = L --
c 45 

using Eqn. A-2 for Lc' 

(A-3) 

During the process of optimizing the field lens, Lsq 

was used as the figure of merit to indicate the performance 

of the lens as an energy concentrator. In order to evaluate 

Lsq ' CODE-V was used to produce spot diagrams at 0.8 of the 

image radius and at the edge of the image. Values for Hand 

or were estimated from this. As the blur spots do not have 

uniform brightness, H was taken to be equal to the diameter 

enclosing 90% of the energy in the spot and or to be the 

displacement between the Gaussian image point and the centroid 

of the circle enclosing 90% of the energy in the spot. Values 
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of H, or and L for the final design are given in Table A-2 sq , 

based on spot diagrams calculated through focus. The values 

labeled 6f are displacements of the detector plane from the 

plane of best focus. Values of Lsq were obtained by using 

the full-field values of H and or. The final design turned 

out to have good collection efficiency even though the blur 

spot diameters are quite large by normal standards. This 

analysis, of course, does not consider losses due to reflec-

tion. 

We can also determine the depth of focus of the 

system from the data in Table A-2, which shows that in order 

to keep the power lost from the image to less than about 3% 

the detector must be placed within 0.15 rom of the plane of 

best focus. The lens was optimized at 10.0 ~m to equalize 

the performance across the desired spectral range of 9.2 to 

10.6 ~m. The performance at 9.2 ~m is similar to that at 

10.6 ~m except that the plane of best focus has shifted by 

0.05 mm. This is due to a slight change in focal length 

caused by a 0.3% change in the refractive index of ZnSe 

between the two wavelengths. A shift of the focal plane by 

+ 0.025 rom does not significantly affect the lens performance 

as this is much smaller than the depth of focus. 

A tolerance analysis performed on the doublet with 

CODE-V showed the major effect of manufacturing errors in 

fabricating and mounting the lens would be to alter the 
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Table A-2. Doublet field lens performance at 10.6 ~m. 
-- All dimensions in millimeters. 

0.8 Field Full Field 

6f H or H or L (%) sq 

-0.30 0.86 0.00 0.78 0.03 11. 2 

-0.15 0.50 0.00 0.43 0.00 3.2 

0.00 0.16 -0.01 0.12 0.01 0.17 

0.15 0.25 -0.02 0.37 -0.01 1.9 

0.30 0.62 -0.02 0.73 -0.06 3.1 
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effective focal length of the lens, producing a shift in the 

plane of best focus, without significantly affecting the 

aberration balance. Table A-3 shows the tolerances on the 

radii of curvature of the lens surfaces, R, the lens center 

thickness, t, the lens separation, T, the. back focal distance 

(BFD) , and the focal shift produced by each of these errors. 

The BFD is the distance between the rear surface of the lens 

and the detector. Its tolerance reflects the uncertainty in 

the length of the lens mount, which determines the lens

detector separation. 

Cornmon manufacturing tolerances on a lens of this 

type are + 0.001 inch on radius of curvature and + 0.002 inch 

on center thickness. Table A-3 shows the second lens of the 

doublet is much more sensitive to manufacturing errors than 

the first and, in light of the tolerances mentioned above, 

the thickness of the second lens is probably the most criti

cal. Based on the depth of focus determined above, we can 

tolerate a focal shift of + 15 rnm. Assuming the manufactur

ing errors are uncorrelated, we can estimate the total error 

expected in the focal length of the doublet by taking the 

square root of the sum of the squares of the individual focus 

shifts. This gives us a value of + 0.12 rnm, which is 

acceptable. 
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Table A-3. Doublet field lens tolerances. 

Tolerance Focal Shift 

First lens: Rl + 0.001" + 0.01 nun 

R2 + 0.001" + 0.01 nun 

tl + 0.004" + 0.05 nun 

Second lens: R3 + 0.001" + 0.06 nun 

R4 + 0.001" + 0.06 nun 

t2 + 0.001" + 0.06 nun 

Separation T 0.0-.004" + 0.01 mm 

BFD + 0.001" + 0.02 nun 
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Many optical systems are constructed such that all 

the components are centered on a straight line and the entire 

system is rotationally symmetric about this line. Other 

classes of systems exist, however, which lack this symmetry 

and which have advantages over symmetric systems in certain 

applications. An important advantage of the unsymmetric 

approach in optical systems used with lasers is that an all

reflective system can provide diffraction-limited performance 

without obscuration of the laser beam. This appendix will 

look at the properties of one class of unsymmetric systems, 

the tilted-component systems, and develop equations for the 

third-order axial aberrations in an afocal tilted-component 

system. This development owes a heavy debt to a study of 

general tilted-component systems presented in the Ph.D. 

dissertation of Richard Buchroeder (1976). 

A tilted-component system will be defined here as one 

where the components are centered with respect to a reference 

axis which is a ray path, either real or paraxial, and gener

ally are not perpendicular with respect to this ray path. 

Thus, in a mirror system, this reference axis is not a single 

straight line but several line segments connected to each 

other at the mirror vertices. The components themselves are 

rotationally symmetric, though the system lacks axial symmetry 

due to the tilts applied to the components. Because only 

symmetric, centered elements are used, the fabrication and 
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alignment of the system can be much simpler than for an 

unsymmetric system using off-axis elements. Although tilted

component systems can be designed using decentered or wedged 

components, these will not be considered here. 

First Order Behavior 

An ideal optical system is one in which a figure in 

object space is transformed perfectly into an image which is 

geometrically similar to it, in the sense that every point 

in object space corresponds to one and only one point in 

image space, straight lines are transformed into straight 

lines and curves are transformed into curves of similar shape. 

It can be shown that a transformation of this type must belong 

to a class known as projective transformations (Born and Wolf, 

1980). Although real optical systems do not exhibit such 

perfect imaging, save a few trivial cases, they may still be 

described, to a first approximation, by a transformation of 

this type. 

Let (x,y,z) be the coordinates of a point in object 

space, referred to an arbitrarily positioned coordinate 

system, and let (x' ,y' ,z') be the coordinates, referred to a 

second arbitrarily positioned coordinate system, of its 

conjugate in image space. A general projective transforma

tion relating conjugate points in the two spaces is given by 

(Born and Wolf, 1980): 



225 

+ alx + bly clz + d l x' = (B-l) 
D 

a 2x + b 2y + c 2 z + d2 y' = 
D 

a3x + b 3y + c 3 z + d 3 z' = 
D 

and: 

D = aox + boY + coz + do ' 

where the a., b., c. and d. are constants dependent on the 
l l l l 

definitions of the coordinate systems and on the optical 

system. In an afocal system, finite values of (x,y,z) always 

correspond to finite values of (x' ,y' ,z'). Therefore the 

denominators in Eqn. B-1 must be nonzero for any point in 

object space, which is possible only if a o = bo = Co = o. 
Following a line of reasoning similar to that of 

Buchroeder (1976), we can simplify the transformation rela-

tions much further, without any loss of generality. We want 

to define the z and z' axes such that they are conjugates; 

this requires the constants c l , d l , c 2 and d 2 to vanish. 

If we want the origins of z and z' axes to be conjugate, the 

constant d3 must also be zero. The general expressions have 

now been reduced to: 

x' = (B-2) 
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y' 
a 2x + b 2y 

= d 
0 

a 3x + b 3y + c 3z 
z' d 

0 

If we rotate the coordinate systems about their 

respective z-axes so that the y-z and y'-z' axes are conju-

gates and the x-z and x'-z' axes are also conjugates, the 

constants b l and a2 also vanish. Finally, if the angular 

magnification is to be a constant of the system the constants 

a3 and b 3 must be zero. Making the trivial simplification 

of absorbing the constant denominators in Eqn. B-2 into the 

constant in the numerator, we arrive at: 

x' = Zx (B-3) 

y' = By 

z' ~ Cz 

which relate conjugate points in the object and image spaces 

of a general tilted-component system. It can be seen that 

the constants A and B represent the transverse magnification 

in the x- and y-directions, respectively. In a rotationally 

symmetric system we could argue from symmetry that A and B 

must be equal. This analysis has shown, however, that in 

tilted-component systems A and B are generally independent 

and unequal. Thus these systems are anamorphic by nature. 

Otherwise, the projective transformation described by 



Eqn. B-3 is the same as that for an afoca1 rotationally 

symmetric system. 
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The heights and angles of paraxial rays are also 

important first order properties. It can be readily shown 

that, to first order, these are not affected by tilting the 

components (Buchroeder, 1976). This result means that, to 

first order, ray paths through a system are unaffected by 

tilts applied to the components. Thus the ordinary first 

order design equations can be used to layout a ti1ted

component system. A detailed discussion of these and other 

first order properties of tilted-component systems has been 

presented by Buchroeder (1976). 

We have seen that the only major difference between 

the first order behavior of tilted-component systems and of 

rotationally symmetric systems is the anamorphic behavior of 

tilted-component systems. Thus the first order properties 

of a tilted-component system can be determined in much the 

same manner as those of a conventional symmetric system. A 

complication is added, however, by the fact that the compo

nent tilts must be chosen not only to avoid obscuration of 

the beam path by the components in the system and to satisfy 

other first order requirements, but also to control the 

aberration introduced by the component tilts. Thus a prelimi

nary aberration analysis is necessary to perform the system 

layout. Simple equations allowing the third order aberration 
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contributions of the tilted components to be calculated will 

be developed below. Once the first order layout has been 

determined so that aberrations are controlled to third order, 

the system can be optimized using one of the commonly avail-

able computer design codes such as ACCOS-V or CODE-V. Due 

to the difficulty of calculating the third order field aber-

rations and higher order aberrations in tilted-component 

systems, it is usually not possible to predict the true 

system performance without exact ray tracing, which is best 

performed by computer. 

Aberrations in Tilted-component Systems 

The wavefront aberration function, W, for the third 

order aberrations is commonly written (Helford, 1974): 

W(x,y,H) 

where x and yare coordinates in the exit pupil, h is the 

marginal ray height ,at the exit pupil, and H is the height 

of the Gaussian image point in the image plane, normalized to 

unity at the edge of the field. The constants Sl through S5 

are the Seidel aberration coefficients, corresponding to 
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spherical aberration, coma, astigmatism, Petzval curvature 

and distortion, respectively. The expansion shows the field 

and aperture dependencies of the various aberrations, while 

the magnitudes are determined by the Seidel coefficients which 

depend on first order ray properties and the surface curva

tures and indices of refraction of the components in the 

system. 

Several simplifying assumptions will be made in 

developing expressions for the third order aberrations of a 

tilted-component system. Since the development will be within 

the context of laser beam expanders, only afocal systems will 

be considered. As the required field of view in such systems 

is very small, we can approximate that the chief ray goes through 

the center of each component. In third order aberration 

theory the aberrations arising from the different components 

in a system are independent. We can calculate the aberra

tions arising from each component independently and add them 

together to determine the total aberration. Because we may 

assume the chief ray goes through the center of each compo

nent, we may calculate the aberration of each component as 

if the stop were in contact. Finally, we will consider 

systems having tilts in one plane only, so that the system 

has bilateral symmetry. In the more general case, which might 

be termed a 'skewed-component' system, there is no plane of 

symmetry and the aberration contributions from each surface 
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must be added vectorially, resulting in a much more compli

cated set of equations. When the tilts are restricted to one 

plane, the components share a common meridian and the aberra-

tions from each component add algebraically. 

The third order properties of a tilted-component 

system are not changed if we replace lenses by their thin 

lens equivalents and unfold mirrors by placing a plane mirror 

in contact with the vertex. The ray serving ~s the reference 

axis will then pass through the centers of the! elements 

undeviated. It is most convenient to analyze Ithe aberrations 

of a tilted-component system by constructing a local axis at 
, 

each component which is perpendicular to it a~d calculating 
, 

the third order aberrations in the normal way with respect 

to this local axis. As will be shown, the abJrrations with 

respect to the reference axis can easily be calculated once 

the aberrations of the until ted component are known. Making 

the following definitions: 

n refractive index 

y, y marginal and chief ray heights at a surface 

u, u marginal and chief ray angles 

Q Lagrange invariant, n(uy - uy) 

i, i marginal and chief ray angles of incidence on 

a surface 

c surface curvature 
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where ray heights and angles are defined in relation to some 

reference axis. The Seidel coefficients for a single, 

until ted spherical mirror or thin lens can be written 

(Welford, 1974): 

Sl 
2 u' !:!.) = -(ni) y(-, -

n n spherical aberration 

S2 = (t)Sl coma 

S3 = (f)2Sl astigmatism 

S4 _0 2 c ( 1 - 1:.) , Ii' n 
Petzva1 curvature 

SSp = (f)3 S1 distortion (B-4) 

where unprimed and primed quantities refer to values before 

and after refraction (or reflection), respectively. Here, 

SSp is distortion as measured on the Petzva1 surface, rather 

than on the Gaussian image plane as is customary. 

The above expressions for the Seidel coefficients of 

a single surface can be put in a more convenient form, in 

terms of the power of the element, ¢, and constants 0i called 

structural aberration coefficients (Shack, 1978). Using the 

general relations: 

ni nyc + nu ni = nyc + nu 

u' = u - yq, 
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the expressions can be written: 

51 
143 

= 4" y cP 01 

52 
132 

= "2 uy cP all 

53 
-2 2 

= u Y cpoIII 

54 
122 

= n u y cpoIV 

5 = 
3 

(B-S) 5p 2u YOV 

where the constants 0i depend on the type of component and 

the conjugates at which it is used. For spherical or para

bolic mirrors the 0i have particularly simple forms, being 

either constants or simple functions of the conjugates at 

which the mirror is used (see Table B-1). Expressions for 

the structural aberration coefficients of thin lenses can 

also be developed, though the ,forms become much more compli-

cated. 

We now have convenient expressions for the third 

order aberrations of an untilted component. As discussed 

earlier, the first order ray paths through a system are inde-

pendent of component tilts. It can also be shown that, to 

first order, when a component is tilted neither the marginal 

ray angle nor the marginal ray height at the component is 

changed. It follows from the relation: 

ni = nyc + nu 
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Table B-1. Structural aberration coefficients. 

Spherical Mirror Parabolic Mirror 

or y2 0 

orr -y -y 

°rrr 1 1 

°rv -1 -1 

°v 0 0 

Y 
u t + U 

u t 
- U 
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that the marginal ray intercept angle is not affected either. 

The only effect of tilting the component by an angle 8 is to 

change the field position fTom i to (i + 8). Thus the varia-

tion of aberration in the meridian of a tilted component 

becomes (Ruben, 1964): 

81 = 8 1 

8 2 
(i + 8)8 = i 1 

8 3 = (i :~)28l 

8 Sp 
(i + 8)3 8 = i 1 

with respect to the reference axis, where 8 is the tilt angle 

of the component and i is the chief ray angle of incidence 

for the untilted component. The Petzval term has been left 

out as it is independent of tilt. If we consider only the 

axial ray, i = 0 and this set of equations reduces to Eqn. 

B-4, the only difference being that the tilt angle, 8, has 

replaced the field angle, i. Because the chief ray goes 

through the center of the component, u = r and by replacing 

U by 8 in Eqn. B-S, we obtain expressions for the aberration 

of a tilted component along the reference axis. 

Assuming the image plane of a system is in a medium 

of index 1, the transverse ray aberrations, EX and E y ' are 

related to the wavefront aberration function by: 



E 
X 

-R 8W 
8x 

-R 8W 
8y 
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where R is the radius of a spherical wavefront centered on 

the Gaussian image point and the center of the system exit 

pupil. In afocal systems, where R goes to infinity, it is 

more convenient to define angular ray aberrations: 

8W 
- 8x a 

y 

which describe the angular deviation in image space between 

a real ray and a ray through the Gaussian image point. 

The very narrow field of view required in a beam 

expander means we need only consider the aberration in the 

center of the field. The variation in aberration across the 

required field will be small, and if the aberration can be 

corrected on the axis it will be sufficiently well corrected 

for the preliminary design. Only the aberrations at zero 

field will be calculated and these will be termed the 'axial 

aberrations.' We will define Si to be an axial angular aber

ration, corresponding to the full angular width of the blur 

spot due to the ith third order aberration at zero field. 

Welford (1974) has given expressions relating the angular 

aberrations to the Seidel coefficients: 

spherical aberration, minimum 

circle 
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SII 
S2 

sagittal = coma 2h 

SIll = 
S3 

medial astigmatism 11 

°v = ~ distortion. (B-6) 2h 

The expression for distortion uses a different symbol to 

emphasize the point that distortion results not in a blurring 

of the Gaussian image point but merely in a displacement from 

its Gaussian position. 

When the components of a system are tilted in one 

plane only, the aberrations in the direction of tilt and 

perpendicular to it must be studied separately. Usually, 

however, the aberrations in the direction of tilt are much 

larger and it is only necessary to study them in that direc-

tion. Using Eqns. B-S and B-6, we can now write expressions 

for the axial angular aberrations in the direction of tilt 

of a general, afocal, bilaterally symmetric tilted-component 

system. If 8. is the tilt with respect to the reference axis 
J 

of the jth component, we have: 

1 I y. 2y. 3 
SI = ~(T) a lj I"2"B" . 

J J 

1 'i' 
S.y. 2y. 2 

SII ~l(~) = 
16 L h f. a llj 

j J 
2 

1 8.y. 2 . 
SIll = 2 ~ ~(~)alllj 

J J 

°v 0 (B-7) 
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where h is the marginal ray height at the system exit pupil. 

Distortion is zero because of the approximation that the 

chief ray goes through the center of each element. It can 

be seen that varying component tilts provides a powerful 

means of controlling aberrations as the aberration contribu-

tion of each surface may be varied independently of the others. 

These equations have an especially simple form in an 

afocal system composed of 2 mirrors due to several relation-

ships between the parameters. If M is the transverse magni

fication in the direction of tilt and F. is the F-number of 
J 

the jth component: 

h 

the expressions for spherical aberration, coma and astigma-

tism at zero field become: 

1 a 

BI [+ --1l + 0'12] 
l28F3 - M 

1 81 + 82 ] SII = 
l6F2 

[- -M 

1 82 
2 

BIll [± 1 + 2F M 82 ] . 
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The plus signs correspond to mirrors with positive power and 

the minus signs to mirrors with negative power. It can be 

seen that spherical aberration and astigmatism will be lower 

if one mirror is positive and the other negative than if both 

mirrors have power of the same sign. It is interesting to 

note that if the second mirror is parabolic, the spherical 

aberration is due only to the first mirror. If the F-number 

of the system is held constant while the magnification in-

creases, the angular spherical aberration decreases. This is 

because the exit pupil diameter increases while the wavefront 

aberration remains constant, thus causing the angular aberra-

tion to decrease. 

To correct both coma and astigmatism perfectly at the 

center of the field, we require: 

and: 

which are incompatible conditions. If a third element is 

added, its tilt angle provides a third variable and both 

aberrations can be corrected perfectly at zero field. Buch-

roeder (1970) shows this same characteristic in ti1ted-

component telescopes. Two elements alone, however, can 

provide a significant reduction of both aberrations. 
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Although this completes the analysis necessary to 

design the tilted-component beam expander, two additional 

topics are worthy of brief mention: the field behavior of 

the third order aberrations, and scaling laws of afocal tilted-

component systems. 

We have developed expressions for the axial aberra

tions of an afocal tilted-component system, but have said 

nothing about the field behavior. Looking at a 2-mirror 

afocal system and making use of the relation i l = Mi 2 , we 

find the variation of aberration along the direction of tilt 

is: 

1 [-
el 82 ] 

l6F
2 -+ 

M 

(8 1 + .,. ) 2 
1 II 

+ i2)2] SIll 2F [± M 
+ (8

2 

We find coma is independent of field angle rather than linear 

and, when the field angle is much smaller than the tilt 

angles of the components, astigmatism has a linear dependence 

with field rather than the normal squared dependence. The 

theory of field aberrations of tilted-component systems is 

related to the theory of aberrations of misaligned symmetric 

systems. 
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Finally, a word about scaling. Looking at Eqn. B-7, 

we see that as long as scaling is done so as to keep angles, 

F-numbers and magnification constant the aberration balance 

will be maintained. If we scale diameters and focal lengths 

of all the components proportionally, we can match a system 

to a desired input beam without affecting the aberration 

balance. The magnification cannot be altered, though, without 

requiring the component tilts to be readjusted. 
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