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ABSTRACT 

Two-dimensional numerical simulatons of ablatively accelerated 

thin-shells subject to Rayleigh-Taylor instability are presented. 

Res~lts for both single wavelength and multiwavelength perturbations 

show that the nonlinear effects of the instability are evident mainly 

in the IIbubble ll rather than the "spike." Approximate roles for 

predicting the dominant nonlinear mode-mode interactions, which limit 

shell performance, are also discussed. The work concludes with a 

discussion of recommendations for future work in this area. 

xvi 



CHAPTER 1 

INTRODUCTION 

The implosion of small spherical pellets containing a mixture 

of fusionable fuel to thermonuclear burn conditions using lasers or 

charged particle beams has been proposedl - 3 as a posisible 

inexhaustible source of energy for the future. This, type of fusion 

energy is referred to as inertial confinement fusion' (ICF) because 

useful amounts of fusion energy can be liberated by sing the pellet's 

inertia to confine, ignite and burn the reacting fuel. 

The choice of deuterium-tritium (D-T) for the fusion fuel in 

current investigations is due to the fact that this combination of 

hydrogen isotopes is most readily brought to reaction. 4 The 

thermonuclear reaction for D-T is expressed as: 

o +T+ n +a + 17.6 MeV 

where approximately 80% of the liberated energy is associated with the 

neutron (n), and approximately 3.6 MeV with the alpha par'ticle ( a ). 

Theoretical calculations3,5-8 have shown that the only 

efficient way to obtain useful amounts of fusion energy without 

placing excessive requirements on the amount of driver (laser or 

charged particle) energy is to greatly compress the D-T fuel in order 

to ensure sufficient reaction rates to ignite and burn the fuel. 

1 



Numerical simulations3 have shown that O-T densities in the range 103 

to 104 times O-T liquid density are required for the economic 

feasibility of this process. Theoretical calculations have also 

shownB,9 that a significant reduction in the required driver energy 

can be obtained only if the central region, "microcore", B of the fuel 

is brought to ignition temperatures, (4 to 10 KeV), while the 

remaining surrounding fuel layers are highly compressed but cold. 

A number of ICF pellet designs have been proposed to achieve 

these desired fuel conditions. Figure 1, adapted from Ref. 10, 

schematically displays a number of these proposed pellet designs. The 

actual details of the hydrodynamics, energy transport and 

thermonuclear burn taking place during the pellet implosion depends on 

the details of the particular pellet design. However, there is a 

basic phenomenology COlTlTlon to all pellet designs. In order to 

familiarize the reader with this phenomenology and the terminology 

associated with a pellet implosion, we briefly discuss a 

representative laser driven implosion of a pellet design similar to 

Type IV of Fig. 1. Throughout the discussion, numerical examples 

obtained using the one-dimensional Lagrangian laser fusion sinulation 

code LILAC1! are presented for the implosion of this sample pellet. 

Inertial Confinement Fusion Pellet Implosion 

The pellet considered for this discussion is displayed in Fig. 

2. The pellet consists of a void region extending from the origin to 

some radius R. ,followed by a layer of cryogenic O-T of thickness lnner 

2 

~ RO_T. This fuel layer is surrounded by a layer of low Z (where Z ;s 



I 

P Solid fuel (s.'.) 

\ 
r 

IV 

High Z & p , 
p ~LOWZ B.'. conduction 

material 

r 

II 

B.'. 

r 

V 
;""Solld or 

gaseous fuel 

r 

III 
Solid or gaseous fuel 

r 

/HI9hZ «. P 

/LowZ 
¥' conduction 

material 

Fig. 1: Five common types of spherically symmetric inertial 
confinement fusion pellets. 
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DT 

"Void" 

Fig. 2: Schematic representation of the inertial confinement fusion 
pellet considered for the numerical example presented in the 
text. 
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5 

the atomic number} ablator material, such as polyethylene (CH2), or 

lithium hydride (LiH), etc. of thickness /). Rabl • This type of pellet 

is referred to as a single shell design with an initial aspect ratio 

Ao (Ao = R//). R}, where /). R equals /). Rabl , and R is the mid-point 

radius of the low Z ablator material. In general, spherically 

symmetric numerical and analytic calculations12-16have shown that 

pellet performance increases with increaSing initial aspect ratio Ao' 

Typical values of Ao under consideration are of the range 

10 < Ao ~ 100. 

Initially the laser light is incident on the outer solid 

surface of the pellet (Router) where it interacts with the low Z 

ablator material. 17 ,1B The pellet surface temperature rises rapidly 

due to complicated absorption process~s forming a plasma. The rapidly 

rising temperature results 'in a thermal front and hydrodynamic 

rarefaction wave which propagate inward through the pellet. As a 

result of the rarefaction, plasma begins to expand outward from the 

initial pellet surface. During the expansion, a density profile 

forms. The laser energy is deposited in a region in this profile 

where the electron density is less than or equal to the critical 

density. The critical density (nc) is the density at which the 

electron plasma frequency equals the laser frequency and is given 

approximately byB: 

n ~021 A (un) -2cm-3 
c J1. 

where AJ1. is the laser wavelength in microns (un). The absorption of 

the incident laser energy near the critical density occurs by 



processes referred to in the literature as either (1) classical 19-21 

or (2) anomalous. 22-30 

Classical absorption (inverse bremsstrahlung) results from 

collisions between electrons oscillating in the field of the incident 

electromagnetic wave and background ions. The collisions which 

exchange momentum between the species convert the directed motion of 

the electrons in the wavefield to random (thermal) motion. In 

addition to this classical absorption, experimenta1 22 ,23 and 

theoretical predictions24-30 show that other absorption (anomalous) 

processes also take place. (For the remainder of this discussion we 

assume that the predominate mode of laser energy absorption is 

classical.) 

While laser energy is absorbed, material is continuously 

ablated from the over-dense pellet surface (density much greater than 

the critical density), the ablation surface. The ablation is caused 

by thermal energy flow primarily due to electron conduction, from the 

critical surface to the ablation surface. Provided the electron 

distribution function is Maxwellian and the mean free path of 

electrons with velocity two to three times the thermal velocity is 

short compared to the thermal gradient length, the energy flow can be 

described in' terms of classical electron thermal conduction,31,32 with 

the conductivity given by K = KO Te5/2. As illustrated in Fig. 3 the 

position of the critical surface is time-dependent. Figure 3 shows 

the location of the critical and quarter critical (ncf4) densities, 

(the region in which most of the incident energy is absorbed by in

verse bremsstrahlung), and the ablation surface as a function of time. 

6 
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The ablation surface is conveniently defined as the location of the 

peak in the plasma pressure. Between the critical and quarter 

critical surface. the plasma is approximately isothermal. Near the 

ablation surface the temperature profile exhibits a sharp thermal 

front structure33 provided nonlocal energy deposition due to 

radiation34 ,35 and suprathermal electrons,35-37 in this region is 

unimportant. The temperature and density profiles typically peak near 

the ablation surface. Figure 4 displays the temperature (electron) 

material density and pressure profiles calculated in the numerical 

simulation during an early phase of the implosion. The ablation 

pressure produces inward hydrodynamic motion of the cold pellet 

material. 

It is useful to discuss the desired conditions for the O-T 

fusion before discussing additional details of the sample implosion. 

Consider two methods which achieve ignition and thermonuclear burn. 

The first, uniform ignition, brings the entire fuel volume to both 

high density and temperature. The second, central ignition, brings 

the entire fuel volume to the high density but only the inner portion 

of the fuel is brought to a high temperature. The second method has 

been shown to require less energy to produce fusion energy yield 

equivalent to that resulting from uniform ignition. 9 Further, these 

calculations and others3,38,39 have shown that while one must achieve 

compressions high enough to assure suffecient reactions once ignition 

occurs, very high compression is not desirable due to the large 

expenditure of energy required by electron degeneracy effects. 40 
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Fig. 4: Temperature ( ), material density ( .... ), and plasma 
pressure (----) profiles at an early stage of the pellet 
implosion. 
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Further, simulations also show that excessive compression is 

unnecessary since fuel depletion during the burn eventually limits the 

pellet yiel d. 9 

The question of how to achieve a high fuel compression has 

been investigated by a number of researchers. 3,4,12-16,39,40 

Theoretical analysis shows that pellet compressions sufficient to give 

a large fusion yield cannot be produced by a single shock. 8,41-44 It 

has been shown numerically3,8,40 that increasing the ablation pressure 

as a function of time, will produce large fuel compressions and a hot 

central fuel region. By temporally shaping the laser pulse (see Fig. 

5) it is possible to control the ablation pressure thereby driving the 

she'll so that the entir,r; i im~'('Iding fuel mass reaches the center at 
," . 

approximately the same time. 

In Fig. 6, we illustrate an example of this behavior by 

plotting the Lagrangian interface locations of the discrete fluid 

zones used in the one-dimensional (LILAC) simulation as a function of 

time. Ablated material appears as trajectories which increase in 

radius with time, while imploded material is represented by 

trajectories which decrease in radius with time. The interface 

locations between the fuel and low Z ablator material as a function of 

time are seen in Fig. 7. Also shown in Fig. 7 is the inflight aspect 

ratio as a function of time. The inflight aspect ratio is defined as 

R(t)/ t:. R(t) where t:. R(t) is the separation di!:tance between two 

surfaces of equal density (usually taken to be the original low Z 

ablator material density) and R(t) is the mean radial position of 

these surfaces. (The infl ight aspect ratio is similar in definition 
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to the initial aspect ratio (Ao); however, 6 Rand R are now functions 

of time.) In Fig. 7 the inflight aspect ratio initially increases in 

time due to shock compression and rises rapidly to its peak value near 

the time of peak laser power (see Fig. 5). After this peak, the 

inflight aspect ratio decreases rapidly due to shell thickening caused 

by spherical convergence. 

It can be seen from Figs. 6 and 7 that the entire fuel mass 

collapses to the origin at nearly the same time. As the inner portion 

of the fuel reaches the origin, its kinetic energy is converted into 

internal energy. The surrounding fuel continues to move inward 

increasing the fuel compression and resulting in the formation of a 

strong shock which further increases the fuel density and temperature. 

The conversion of kinetic energy to thermal energy and the shock 

heating of the center results in the central fuel region reaching 

ignition temperature while the surrounding fuel is relatively cold and 

dense. 

This final configuration results in the central portion of the 

fuel burning thereby releasing 14 MeV neutrons and 3.6 MeV alpha 

particles. Provided the density of the surrounding cold fuel is high 

enough and the thickness of the cold fuel region is less than the mean 

free path required for alpha particle energy deposition, the alphas 

deposit their energy in the surrounding fuel material. 8,9 This alpha 

particle energy deposition (bootstrap heating9) leads to a propagating 

thermonuclear burn through the remaining cold fuel, thereby increasing 

the burn fraction. The important quantity which determines the 

efficiency of the burn and bootstrap heating of ICF targets ;s the 
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product of the fuel density p and the radius R. g For ICF pellets a 

p R product on the order of unity is sought. For pR near .3 g/cm2 the 

alpha particles released from the fusion reactions deposit a large 

fraction of their energy in the surrounding fuel. (A pR product of 

unity is insufficient for neutron energy deposition and is neglected 

in our discussion. B) 

Radiation and conduction losses from the fuel region, and 

hydrodynamic disassembly, quench the burn in this simulation before 

the entire fuel mass is consumed. An additional loss mechanism is 

energy deposition by reaction products outside the fuel region. 

Hydrodynamic disassembly of the pellet is demonstrated in Figs. 6 and 

7 by trajectories of increasing radius at late times. 

This sample implosion exhibits many of the basic processes in 

inertial confinement fusion pellet implosions. The discussion and 

LILAC simulation presented assume spherical symmetry. However, 

departure from spherical symmetry inimplosions are expected to arise 

from a variety of effects. 

One important cause of nonuniform implosion) perhaps resulting 

in failure of the pellet to ignite and burn is the Rayleigh

Taylor45-48 instability. The growth of this instability and the 

resulting effects on an ablatively accelerated shell form the major 

topics of this thesis. 

The Rayleigh-Taylor instability occurs at the interface of a 

heavier fluid superposed over a lighter one when the heavier fluid is 

accelerated by the lighter fluid. The acceleration causes ripples at 

the interface to grow until the heavier fluid eventually falls through 



the lighter. In inertial confinement fusion pellet implosions, a 

modified version of this instability occurs during two phases of the 

pellet implosion. The Rayleigh-Taylor instability occurs in these 

systems when and where the acceleration is in the same direction as 

16 

the local density gradient. This rese~hles the case of a heavy fluid 

above a lighter one in a local gravitational field. The situation 

first occurs near the ablation surface, as illustratjd in Fig. 8 where 

the radial acceleration plays the role of gravity. The low density 

fluid is the material which has been ablated from th~ shell while the , 

heavy fluid is the remaining dense shell material. The inward 

acceleration causes ripples near the ablation surfact to grow unstably 

in time. All of the pellet types pictured in Fig. 1 are subject to 

this instability which we refer to as the "outside" ~aYleigh-TaY10r 

in stab i 1 i ty . 

The second occurrence of the Rayleigh-Taylor instability 

(referred to as the "inside" Rayleigh-Taylor instability) takes place 

when the fuel reaches the center and the resulting pressure decel

erates the remaining inwardly moving pellet mass. All of the pellet 

types shown in Fig. 1 are subject to this instability, even pellets 

composed of pure O-T (pellet Types I and II in Fig. 1) if opposing 

density and pressure profiles exist during the deceleration phase. 

Outside Surface Rayleigh-Taylor Instability 

The outside surface Rayleigh-Taylor instability places severe 

constraints on pellet design. Simple estimates of Rayleigh-Taylor 

unstable growth based on classical arguments can be made to estimate 



the maximum initial aspect ratio of a pellet which might be expected 

to implode successfully. The classical Rayleigh-Taylor instability 

conditions (Fig. 8) are analogous to that of a shell accelerated 

inward by ablation pressure. Assume the amplitude of a ripple of the 

interface between two fluids in the classical case can be expressed 

as: 

E;; = E;; 0 exp (ikx + yt), 
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where x is the coordinate parallel to the interface, k is the 

perturbation wave number k= 2n /A where A is the perturbation 

wavelength and E;;o is the inital perturbation amplitude. If the fluids 

are incompressible and inviscid, and if the thickness of the fluid 

layers are large compared to the ripple wavelength A then y , the 

. linear growth rate of the instability is given by46,48: 

y = (a gk)\ 

where a is the Atwood number (p u - P L)/(P u + P L)' P is the fluid 

density where the subscripts u (L) refer to the upper (lower) fluid 

densi ties and g is the accel eration. For A > 0, (p u > P L)' 

instability results. 

To the extent that the classical result for the linear growth 

rate y is at all applicable to the ablative case of Fig. 8 the 

assumption that the heavy fluid is much more dense than the lighter 

fluid, ora =1, is a good approximation. (Referring to Fig. 4 it can 

be seen that the density between the peak density and the density 

outside the peak ablation pressure is of the order 100.) 



Heavy 

~ = ~ e 'Yt 
I 

~g at .( 
or /'; 

~r 

2 1f a 1/2 
'Y = ( ~ ) 

r 
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Shell Failure Based on Classical Arguments 

From the classical theory of the linear growth rate (y ), 

estimates can be made of the conditions under which pellet failure 

should occur. The definition of shell failure is not yet well 

understood; however, it is expected that failure of a pellet would 

occur if a surface ripple amplitude (~ ) became on the order of or 

larger than the inflight shell thickness. Given this definition for 

the criterion of failure, from the definition of the aspect ratio, 

A = RI 6 R, the perturbation amplitude of failure ~f is given by 

~f = 6 R = RIA. 
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(1) 

It is important to note that the quantities R and A are not those at 

the initial time, but at the time of failure t f . To obtain an 

estimate of the maximum initial aspect rates Ao it will be necessary 

to define a IIworstll wavelength perturbation. (The worst wavelength is 

the fastest growing mode that causes the pellet to break-up.) It can 

be seen from the expression for y that the linear growth rate 

increases with k. However, the depth of penetration of a mode into 

the fluid from the unstable interface goes as k-1• 46, 48 Numerical 

simulations have shown that the worst modes tend to have k's of the 

order or equal to 6 R-1, where 6 R is the shell thickness. 10 ,49,50 

Therefore, defi ning the worst value of k as kw ~ 6 R-1, or in 

the spherical case one can defi ne an worst ~ , (k ~ ~ IR for large 

~ ), then from Eq. (1) 

-1 R R 
~ f = kW = g;- = "A 

w 

(2 ) 



The substitution of Eq. (2) into the expression for y gives the 

linear growth rate of the worst mode: 

yw=[~]~ 
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(3) 

Note that A in Eq. (3) is the inflight aspect ratio and not 

the intial aspect ratio. Substituting Eq. (3) into the expression for 

S gives the amplification of the worst mode as, 

~ = ~o exp [~ ] .. t . (4 J 

Some ,important conclusions about So can be seen from Eq. (4). The 

larger t becomes, the longer the instability has to grow, and the 

smaller So must be to prevent pellet failure. 

The question arises as to how the initial surface ripples of 

amplitude So appear in the first place. The initial surface ripples 

can be caused by pellet imperfections during target fabrication, 

(surface finish), or the result of nonuniform energy deposition. (For 

the purpose of this discussion the initial ripples will be assumed to 

arise from surface imperfections.) 

One can use Eq. (4) to obtain an estimate of the minimum value 

of So and the maximum value of t which will result in a s less than 

sf for a given pellet implosion. In defining the maximum time an 

unstable mode has to develop, it is instructive to refer to the 

numerical simulation described previously in this chapter. One could 

define t max as equal to the implosion time tI given roughly as 
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where tI is the time required for the shell to reach the origin if it 

implodes with a constant acceleration g. However, note in figs. 6 and 

7 the low Z ablator does not travel all the way to the origin, so the 

use of tmax equal to tI js pessimistic. In this simulation the low Z 

ablator does travel more than half-way to the origin, see Fig. 7. (In 

high compression ICF systems, the outer shell surface typically 

travels over half way to the origin, as in our numerical example.) 

Therefore, for this discussion we define tmax to be equal to t I/2. 

Next, we express the growth of the unstable perturbation in terms of 

the initial aspect ratio Ao instead of the inflight aspect ratio A. 

Recall the behavior of the inflight aspect ratio A, (Fig. 7), to first 

increase by about a factor of 4 due to shock compression, then to 

increase more gradually due to the rising ablation pressure to some 

maximum value, then to decrease with the shell density before a final 

rapid decrease occurs due to spherical convergence. It is during the 

period when A and the acceleration are largest that the shell is most 

vulnerable to break up due to large k (1 ) fast-growing modes. 

Conservatively, we choose A to be equal to 4Ao' and R = Ro. (Note 

that our choice of tmax ' A, and R will tend to underestimate the 

growth of unstable modes.) Substituting into Eq. (4) and solving for 

; 0 yields: 

R 
; = ~ exp 
o 0 

AR 
= -r exp 

~ tJ J 
( 5) 
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Notice that g, the acceleration, has cancelled out. Equation (5) can 

be used to estimate; 0 given Ao and Ro' As a numerical example of 

the required surface finish obtained from Eq. (5), consider a pellet 

whose initial aspect ratio is 25 and whose initial radius is 400 

microns. Equation (5) yields a value for; 0 less than or equal to 

3.4xlO-7 cm; if Ao were equal to 100 and Ro equal to 400 microns the 

resulting value of; 0 is; o~ 7.2ll0-llcm. Without going into 

particular details of the possible spectra of shell surface 

perturbations responsible for; 0' it can be seen from these estimates 

that Rayleigh-Taylor unstable growth places severe restrictions on the 

surface finish. 

linearized calculations presented in Ref. 10, which included 

ablative effects, obtain amplifications which are smaller than those 

obtained using the classical growth rate analysis. However, they were 

within an order of magnitude of these simple estimates cited above. 

From the more realistic calculationslO it was found that Ao must be 

less than or equal to 5 to avert shell breakup. 

Simulations have shown that pellet performance (yield) for 

designs for which Ao~ 5 are disappointing. Therefore, anything that 

can be done to relax this shell aspect ratio restriction is very 

important. In this dissertation, results are presented for two

dimensional numerical simulations performed to determine both the 

linear and nonlinear evolution of single frequency Rayleigh-Taylor 

unstable modes and their effect on ablatively driven thin shells. In 

addition to these results, the effect of multi-frequency Rayleigh

Taylor unstable growth on thin shells is also presented. From the 



simulations, estimates which include the effects of ablation on both 

the linear and nonlinear mode evolution, are obtain2d for the maximum 

initial aspect ratio which can be employed in ablatively driven 

implosions. 

The remainder of this dissertation is divided into four 

chapters and two appendices. Chapter 2 is devoted to an introductory 

discussion of the linear and nonlinear development of Rayleigh-Taylor 

unstable flow. Included in the discussion of the linear development 

are the effects of viscosity, surface tension, thermal conduction and 

mass ablation on the determination of linear growth rates. The 

discussion of the nonlinear mode development is restricted to 

classical nonablative behavior. 
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In Chapter 3, the two-dimensional hydrodynamic program used in 

the simulations presented in this dissertation is introduced. Along 

with a brief description of the computer code, test problems 

pertaining to the linear development of Rayleigh-Taylor unstable 

growth which were used to check the accuracy of the numerical 

techniques are also presented. 

Details of the linear and nonlinear mode evolution of both 

single and multi-frequency two-dimensional calculations are presented 

in Chapter 4. An effective measure for determining shell lifetime in 

the presence of unstable modes is given. 

In Chapter 5 we summarize the results of Chapter 4. 

for the maximum aspect ratio which can be employed are given. 

Estimates 

We 

conclude with a discussion of topics pertaining to Rayleigh-Taylor 



unstable growth in ablatively driven imploding systems which merit 

further research. 

The two appendices are devoted to a detailed description of 

two-dimensional computer program used in this study. Appendix A 

describes the numerical techniques used in the program. Appendix B 

contains a variety of sample problems calculations used to test the 

two-dimensional program. The calculated results are compared to the 

analytic solutions where possible to determine the accuracy of the 

numerical techniques. 
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CHAPTER 2 

PHENOMENA ASSOCIATED WITH RAYLEIGH-TAYLOR INSTABILITY 

Studies of Rayleigh-T~lor instability and related phenomena 

span approximately the last 100 years. A comprehensive review of 

Ray1eigh-T~10r instability research would be a formidable if not 

impossible task. The discussion presented in this chapter consists of 

a description of the basic phenomenology associated with Ray1eigh

Taylor unstable flow. Throughout, we discuss how various physical 

properties affecti n9 Ray1eigh-Taylor growth may affect inertial 

confinement fusion pellet designs. The reader is referred to the 

references for additional details not discussed as part of this 

thesis. 

Interfac ia 1 Stab i1 i ty 

Two important instability phenomena are associated with the 

behavior of an interface between two fluids. The first, the Ke1vin

Helmholtz instability, 51-54 occurs when there exists a tangential 

velocity discontinu"ity across the interface. The second, the 

Rayleigh-Taylor instability occurs when two superposed fluids of 

different densities are accelerated in a direction perpendicular to 

their interface. The interface is unstable when the acceleration is 

directed from the lighter fluid toward the heavier. 45 -48 Actually, 

this instabili~ was investigated long before Taylor's analysis, but 
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the first quantitative correlation of theory and experiment was made 

by Taylor,46 (theoretical) and Lewis,47 (experimental). 
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The two instabilities may be present simultaneously at a fluid 

interface. The Rayleigh-Taylor instability is important when there 

exists large differences in density across the interface while the 

Kelvin-Helmholtz instability is important when the two fluids are of 

nearly equal density. We concentrate our discussion on the Rayleigh

Taylor instability. The Kelvin-Helmholtz instability 'is referred to 

when it has an important effect on the development of the Rayleigh

Taylo'r unstable flow. 

Rayleigh-Taylor Instability 

Experimental observations of the growth and development of 

Rayleigh-Taylor unstable flow were first conducted by Lewis. 47 l.ewis 

observed the time dependent behavior of the Rayleigh-Taylor 

instability at a gas-liquid interface for sinusoidal perturbations 

with wavelength A accelerated at g1 = 30 g (g= 9.8 m/sec2) to 75 g 

for distances ranging from 5A to 15A. Lewis discussed his results 

from these experiments by categorizing the phases of the Rayleigh

Taylor instability as: 

(1) "an exponential increase in ampl itude as given by 

the first-order46 theory until the amplitude is 

about 0.4A • 

(2) a transition stage during which the amplitude 

increases from 0.4A to 0.75A and the surface 

disturbance changes to the form of round-ended 



columns of air penetrating into the liquid which 

forms narrow upstanding columns in the interstices 

(3) a final stage of penetration through the liquid of the 

air columns at a uniform velocity proportional to 

,I g1-g• II 
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These results apply, with a few restrictions, in cases for which the 

two fluids densities are very different so that the Kelvin-Helmholtz 

instability is unimportant. Secondly, the experiments were limited to 

the case where only one dominate sinusoidal initial perturbation was 

initialized at the fluid interface. Birkhoff55 points out that two 

further IIphases ll may be expected. These were not observed in Lewis's 

experiments due to the fact that the columns were not observed for 

distances of many wavelengths. The two further phases listed by 

Bi rkhoff are: 

(4) lIa stage in which the boundaries of the air columns will 

deform irregularly under the influence of Helmholtz 

instability and the growth of vorticity, until 

(5) the IImixing zone ll separating the two fluids is turbulent 

and must be analyzed (like turbulence) by statistical 

methods. II 

Thus, the development of a Rayleigh-Taylor instability at a 

fluid interface can be expected to pass through an initial small 

amplitude phase, phase 1, followed by phases during which the 

perturbation amplitude becomes large compared to its initial 

amplitude. These five phases can be lumped together under two broad 

categories: the first is the small amplitude or linear growth regime, 
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(phase one); the second, (phases two through five) the large amplitude 

or nonlinear growth regime. 

Small Amplitude (Linear) Growth Regime 

The starting point for most analytical treatments of fluid 

interface stability is a linear perturbation analysis of the dynamic 

equations governing the motion of the two fluids, one on each side of 

an inter·face and the motion of the interface itself. The 1 inear 

analysis is considered valid as long as the interface perturbations do 

not become large compared to the wavelength of the perturbation. 

The result of such a perturbation analysis is expressed as 

follows 56 : 

where the variables in Eq. (2.1) are given by, (see Fig. 9): 

(2.1 ) 

a - the (complex) phase velocity for a wave traveling in 

the x direction ~ = ~ ei 2~ (A - at) • 
o 

~ - perturbation amplitude 

~ -0 
initial perturbation amplitude 

A - perturbation wavelength 

t - time 

Pl - density of fluid 1 

" P2 - density of fluid ~ 

Ul - velocity of fluid 1 

U2 - velocity of fluid 2 

g - acceleration 



y 

Fluid density = p 2 
Average velocity = V2 
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----~--------~--------~~------------------~~x 

Fluid density = p 1 
Average velocity = V1 

Fig. 9: Interface disturbance separating two fluids of different 
density and average speeds. 



Several cases of physical interest concerning the interfacial 

instability can be identified. Consider P2 = PI' corresponding to a 

discontinuity in the velocity (shear layer) in a homogenous fluid. 

Equation (2.1) reduces to: 

a = U2 + Ul + i U2 - UI 
2 2 
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Unless U2 = Ul (no shear), the quantity a has an imaginary part, 

resulting in exponential growth of interfacial waves in time. This is 

the simplest form of the Kelvin-Helmholtz instability associated with 

a discontinuity in tangential velocity across a fluid interface. 

Equation (2.1) shows that a large density difference reduces the 

growth rate of the Kelvin-Helmholtz instability. In the limit of the 

Atwood number (PI - P2/ PI + P2 ) equal to unity, the Kelvin

lielmholtz instability vanishes. 

If one considers a fluid at rest Ul = U2 = 0, but having 

density differences across the interface, Eq. (2.1) becomes 

(2.2) 

The nature of the behavior of the interface, subject to the conditions 

used to derive Eq. (2.2) can now be seen. When PI is greater than P2 

(heavy fluid on the bottom, see Fig. 9) a is real and therefore the 

interface is stable to disturbances. However, for PI less than P2' a 

is imaginary and the interface is unstable (purely exponential 



growth). This interfacial instability is the Rayleigh-Taylor 

instability. 

yielding 

where: 

and: 

Equation (2.2) can be rearranged for the unstable case 

y = linear growth rate 

k=2 Tr / A 

p 1 - P 2 
p 1 + p 2 

= ex = Atwood number 
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(2.3) 

This equation, (2.3) for the Rayleigh-Taylor unstable growth rate of 

an interface separating two incompressible, inviscid fluids is often 

referred to as the "classical" Rayleigh-Taylor linear growth rate, and 

was used in our failure estimates in Chapter 1. For a constant 

acceleration, the growth rate, as a function of wave number k, goes to 

zero as k approaches zero and to infinity as k~. The "classical ll 

linear growth rate serves as a convenient reference when considering 

the effects of other physical fluid properties, such as surface 

t~nsion or fluid viscosity, on the interfacial instability. 
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In the following sections we consider the effects of a variety 

of fluid properties on the Rayleigh-Taylor linear growth rate. 

Surface Tension 

The preceding treatment neglected forces arising from 

interfacial surface tension between two superposed fluids. The 

dispersion relation for the case of two incompressible inviscid fluids 

superposed over one another with surface tension (T) included is given 
b 48,57,53. y • 

2 = gk r2 
- PI k

2
T ] (2.4) y 

I' + I' g(p + I' ) 
2 1 2 1 

From Eq. (2.4) for I' 1 > I' 2' the interface is stable for all wave 

numbers (k). For I' 2 > I' 1 the arrangew~nt can be unstable, but 

surface tension stabilizes those wave numbers greater than some cut 

off wave number (kc) given by48: 

kc = [( I' 2 - I' 1) gfT ] ~ (2.5) 

An additional difference between the "classical" 1 inear growth 

rate and the growth rate given by Eq. (2.4) is that surface tension 

results in a mode of maximum instability km
48 : 

km = kc f /3 (2.6) 

for which the maximum growth rate is given by 
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Fluid Viscosity 

The treatment of the effects of viscosity on the interfacial 

stability has been considered by a number of authors. 48 ,57-59 In the 

limit k + 0 the linear growth rate has the same asymptotic behavior as 

obtained in the absence of viscosity. (This result is to be expected 

since the viscosity should not affect the long wavelength modes.) As 

k + 00 the asymptotic behavior of the growth rate can be shown to 

approach48: 

where ex: 2 and ex: 1 are given by P2/(P2 + PI) and Pl/(p2 + PI) 

respectively. 

From the asymptotic behavior of the 1 inear growth rate some 

conclusions about the effects of fluid viscosity on Rayleigh-Taylor 

unstable flow can be deduced. First, consider fluid viscous effects 

wi th ex: 2 > 0:: I whi ch is unstable to di sturbances for all wave numbers k. 

Secondly there is a wave number corresponding to a mode of maximum 

growth. 

When surface tension is included together with fluid 

viscosity, a cut off wave number kc exists for which disturbances with 

wave numbers greater than kc with 0::2 > 0:: 1 are stable. 48 Furthermore, 

the wave numbers which are stabilized are the same as those obtained 

when fluid viscosity is neglected. 
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Fluids of Varying Density 

Many studies have been carried out to determine the effect of 

replacing fluids of uniform density PI and P2 by a fluid whose spatial 

density profile is given by some simple analytic function. 48 ,60-62 Of 

these, the study by Lelevier, et al. 62 is of interest ot inertial 

confinement fusion. For an infinite incompressible fluid subject to 

an acceleration g in the y direction having initial density profiles 

P2 + 1/2 op eey , y < 0 

where 

f3 = density scale length 

op = PI - P2 ' 

the following linear growth rate is obtained: 

y = [c k + B ~k ~ PI 

6

/ P2) ] ~ 
The linear growth rate y goes to a constant as k approaches infinity. 

Thus, the sw~ll wavelength behavior for an exponential density profile 

is quite different from that given by the classical case. 

Effects of Fluid Properties with Respect to ICF Designs 

The simple estimates of linear Rayleigh-Taylor unstable growth 

given by "classical" incompressible inviscid theory places severe 

design constraints on inertial confinement fusion pellets. Any 



physical effects which reduce the linear growth rate is of 

considerable importanc~. 

Viscosity 
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The viscosity of a fully ionized gas has been analyzed by 

Bragnskii. 32 In the region of the ablation surface (Chapter 1) it is 

reasonable to expect that Ti = Te' Thus ion viscosity will be large 

compared to the electron viscosity near the ablation surface; however, 

the ion viscosity is too small to play an important role in reducing 

linear growth rates for wavelength' of interest. 8 

Surface Tension 

The use of shell materials which exhibit large sh~~r strengths 

may result in a reduction in linear growth rate similar to that 

illustrated by surface tension. If materials having large shear 

strengths could be used as an ablator, it might be possible to reduce 

the growth rate or stabilize wavelengths of interest. 16 However, if 

the ablator shell is thin, longer wavelength modes could still prove 

disruptive during implosion. To date, the question of how low 

temperature material strength properties affect Rayleigh-Taylor 

unstable growth has received little attention. A definitive statement 

on the possible effects of material strengths to mitigate Rayleigh

Taylor linear unstable growth cannot be made at this time. However, 

considering the high temperatures usually encountered in ICF designs, 

it is unlikely that these unproven techniques are likely to be of 

value. 
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Finite Density Gradients 

The use of finite density gradient lengths does ~ppear to be a 

plausible mechanism to reduce linear Rayleigh-Taylor unstable growth 

during pellet implosions. The growth rates derived by Lelevier et 

al. 62 have been the basis for proposed density profile, modifications 

near the ablation surface, (adjusted by the use of soft x-rays and/or 

suprathermal electron preheat), to help mitigate the effects of the 

Rayleigh-Taylor instability.63 Early numerical simulations performed 

using this density adjustment approach have shown linear growth rate 

reductions when compared to values of linear growth rates obtained 

when density profile modifications were not attempted. 63 

Thermal Conduction and Mass Ablation 

The effects of thermal conduction and mass ablation on 

Rayleigh-Taylor unstable growth, while of limited interest before the 

advent of inertial confinement fusion,64 have been of considerable 

interest in inertial confinement fusion research. 

The added complexity of thermal diffusion and mass ablation 

make an analytic treatment of these effects on the Rayleigh-Taylor 

instability difficult. Most information on the effects of thermal 

conduction and mass ablation on Rayleigh-Taylor linear growth rates 

has been obtained by the use of complicated and elaborate numerical 

techniques. 10 ,49,50,65-71 Numerical treatments of the growth rates 

have included full two-dimensional simulations treating the coupled 

hydrodynamics and heat flow,44,50,67,71 and one-dimensional linear 

b · l' 10,65-67 pertur at10n ana YS1S. 
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Calculation of the growth of unstable Rayleigh-Taylor modes 

during an implosion using linear perturbation analysis requires 

calculating the temporal and spatial evolution of a perturbation about 

the one-dimensional, spherically symmetric flow. In spherical 

geometry, the first order equations are obtained by expanding the 

angular dependence of variables in the fluid equations in spherical 

harmonics Vf (e, ¢). The various first-order quantities then appear 

in the form f11 (r,t) • vr (e ,¢), where fu, is one of the first order 

quantities of interest (e.g., Pu,' the density, Tu" temperature, 

V1rt , and~, velocity and displacement respectively). The system of 

coupled differential equations for the flJl. IS is degenerate with 

respect to m and decouples with respect to 1. The different modes can 

now be identified by their 1 numbers. Solution consists of numerical 

integration in time of the system of equations for the f lJl. I S for as 

many 1 IS as desired. The zero-order quantities, the fo(r,t)l s , which 

describe the spherically symmetric implosion, appear as coefficients 

in the system of equations for the flJl. IS and can be computed 

simultaneously or computed previously and stored. The number of 

parameters which must be modeled during a given pellet implosion, and 

the necessity to examine a wide range of fusion target designs, 

requires a large number of numerical simulations to cover the range of 

interest. 

Recently, calculations have been performed to determine 

instantaneous 1 inear g' owth rates b.ased on one dimensional solutions 

obtained f(om steady flow models. 50 ,72 Stea/jy flow analysis reduces 

the large parameter space to a two parameter family (e.g., the ratio 
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of the peak shell density to the density at the isothermal sonic point 

( Pp/ Ps) and i which is effectively a measure of the relative 

importance of spherical divergence and acceleration in determining the 

flow in the sonic region). 

Steady flow is a reasonable approximation if the time required 

to establish the flow between the pellet ablation surface and energy 

deposition region is less than the characteristic implosion time. 50 ,72 

Further, simple estimates show that the linear Rayleigh-Taylor growth 

time, (T= l/y), is short compared to implosion times for the 

wavelengths of interest. The stationary flow model of ablation does 

allow for material convection through the ablation front on time 

scales both longer and shorter than the linear unstable growth times. 

These simulations are useful because a large range of parameter space 

can be investigated without the computational cost of the more exact 

methods of Refs. 10 and 65 through 67. Results for the linear scaled 

growth rate Y (y = y rs/vs where rs and Vs are the location and 

velocity of the isothermal sonic point respectively) as a function of 

1 using steady flow analysis are shown in Fig. 10. The ratio (rs/vs) 

represents a characteristic convection time for the ablative flow. 

This time is longer than the time required for the flow through the 

ablation front because r represents almost the full radius of the s 
system. Consequently, solutions with Y » 1 should not be greatly 

affected by ablation. 

Figure 10 displays interesting results of the Rayleigh-Taylor 

growth rates in the presence of thermal conduction and mass ablation. 
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Fig. 10: Growth rates obtained for perturbation calculations _ 
performed for three stationary flow solutions with Pp = 50. 
The classical growth rates are also shown for each 
of the three stationary flow solutions. 
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The growth rate spectrum exhibits a peak in the growth rate followed 

by a decline until some number above \'1hich modes are stable. In 

addition to the thermal conduction and mass ablation effects, finite 

gradient length effects also contribute to a reduction in below 

classical growth. The decrease in the growth rate past the peak value 

and stabilization, however, is an effect of the former. The growth 

rate spectrum from the stationary model of ablation (Fig. 10) is 

consistent with that obtained using first-order calculations based on 

time dependent perturbation calculations. 10 

Our discussion illustrates that finite density gradient scale 

lengths, mass ablation, and electron thermal conduction are important 

processes in reducing Rayleigh-Taylor linear growth rates in ICF 

applications. These linear studies while showing reduced linear 

growth rates have shown that growth rates for modes of interest are 

still large enough to be of concern in ICF pellet design applications. 

Large Amplitude (Nonlinear) Growth Regime 

We now turn to a discussion of the large amplitude (nonlinear) 

phase of Rayleigh-Taylor unstable growth. The effects of viscosity 

and surface tension are suffiCiently small so that we m~ neglect them 

in this analysis. 

A concern in nonlinear Rayleigh-Taylor analysis is the time 

dependent behavior of both the heavy fluid falling through the light 

fluid, the "spike, II and the light fluid rising through the heavy 

fluid, the "bubble, II see Fig. 11. The IIbubble and spike" terminology 

arises from the expected three-dimensional appearance of unstable 
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a b c 

Prof; 1 es of the densi ty i'nterface for various Atwood numbers 
b)' The interface is initially perturbed as y = 
O.lAcos(2TxA) and the fluids are at rest. (a) Ct = 0.1/2.1, 
(b) ex = 1/3, and (c) ex = 1. 
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growth development. Most analyses of nonlinear evolution of Rayleigh

Taylor unstable growth have been carried out in two dimensional planar 

geometry, where the "spikes" become "curtains" and the "bubbles," 

"archways. II 

When the density difference between two fluids is large, 

experimenta1 46 results show that the spikes fall freely under gravity 

over a travel distance given by 0 = 1/2 get - tl)2. Experimentally, 

the bubbles are seen to rise with a constant velocity proportional to 

~. When the density difference between the two fluids is small, the 

bubble rise velocity still follows the ~ scaling, but the spikes 

fall more slowly. Furthermore, the spikes are subject to Kelvin

Helmholtz spike fluid roll up. Figure 11 qualitatively illustrates 

the phenomena, discussed above. 

Analysis of the nonliner evolution of Rayleigh-Taylor unstable 

flow has been carried out analytically by Ingraham,73 and Emmons, et 

al. 74 These analyses do not apply to very large amplitudes. 

(k ~ -1/2 TIL Enunons et ale 74 carried out their analysis to third 

order in amplitude. In the absence of surface tension and viscosity, 

their results can be summarized as follows: 1) An asymmetric growth 

of the surface, where the bubble becomes progressively broader while 

the spike becomes progressively narrow was observed. 2) An amplitude 

dependence, which results in varying interfacial distortions, 

depending on the initial amplitude, was noted. 3) Cases for large 

initial amplitude, result in earlier asymmetric interface behavior 

than cases of small initial amplitude. Very large amplitude behavior 

cannot be obtained by these analytic methods. 
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Large amplitude effects have been examined by a number of 

researchers both experimentally and theoretically. Analysis of 

cylindrical bubbles in rectangular tubes for P2/p1 = ~ have been 

performed by Garabedian75 and Birkhoff and Carter. 76 The bubble rise 

velocity in both studies was given by VB = F IgA where F is the Froude 

number CUI Igrr) and A is the perturbation wavelength. Garabedian 

deduced a lower bound for F = 0.236, while Birkhoff and Carter found 

the lower bound for F to be 0.23 + 0.01. 

The spike behavior has also been examined both analytically 

and experimentally. These results show that the spike is left behind 

by the fluid, thus relative to the acceleration field the spikes are 

simply in free fall. 

Birkhoff55 presents a review of a number of analytic models 

which attempt to predict the nonlinear behavior of both the bubble and 

spike. 

Most recent analysis of large amplitude Rayleigh-Taylor 

unstable growth has been carried out using numerical hydrodynamic 

simulation techniques. The pioneering calculation of a single 

frequency large amplitude mode was carried out by Harlow and Welch 77 

using the marker in cell technique for an incompressible inviscid 

fluid (P2/P 1 = ~). The conclusions of Harlow and Welch can be 

summarized as follows: 1) The spike was observed to go into free fall 

with an acceleration equal to that imposed in the problem. 2) The 

bubble velocity was found to reach a constant velocity in agreement 

with Garabedian75 at the latest times available from the simulations. 

3) Agreement with the third order result of Emmons et al. 74 was noted 



for the latest times available from the analytic results. 

(The agreement was found to get worse as time increased; however, the 

authors postulated that at later time higher order terms not included 

in the theory were responsible for the disagreement.) 
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Daly78 extended the marker in cell techniques to consider 

cases for an Atwood ratio less than one. Daly considered three 

density ratio cases, 1.1:1, 2:1'and 10:1. For the inviscid cases 

considered, Daly's results showed that the growth rate of the 

instability increase with the density ratio in agreement with linear 

theory. Asymmetry in the bubble and spike shapes which increase with 

the density ratio was observed. As the density ratio was decreased 

the Kelvin-Helmholtz instability was found to be increasingly 

important. For a density ratio of 10:1, no evidence of the Kelvin

Helmholtz instability was observed. Finally, Daly noted that the low 

density ratio cases result in a constant velocity, rather than a 

constant acceleration, spike evolution. When compared with linear 

theory, Daly's results exhibit a strong departure from the linear 

theory, even at early times. Linear theory and simulation compared 

well only for the high density ratio cases. Daly concluded that 

results were due to the near equality of the body acceleration and the 

nonlinear convective terms even near the start of the simulation, and 

thus the nonlinear effects were important at all times. 

Recent numerical simulations using accurate and 

computationally efficient boundary integral methods have been 

performed. 79 These simulations follow the nonlinear development of 

the Rayleigh-Taylor instability to the largest amplitudes published 
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(k~ ~ 12) while still retaining their numerical accuracy. Results 

obtained by this study for a = 1 cases show that the linear growth of 

the spike and bubble depart from values predicted by linear theory at 

very early times, with the bubble departure occurring first. The 

spike behavior at late times exhibits. free fall, although an overshoot 

in spike acceleration was found which depends on the initial amplitude 

of the perturbation. The bubble rise velocity was given by F I9r with 

F = 0.23 ~ .01 in agreement with Birkhoff and Carter. 76 

Thus far we have considered only single wavelengths when 

discussing the nonlinear development of Rayleigh-Taylor unstable 

growth. White80 investigated a series of two-frequency Ray1eigh

Taylor instabilities pf an inviscid incompressible fluid-vacuum 

interface. White studied many combinations of amplitude and 

wavelengths and concluded that there was no easy way to express his 

result. Individual short wavelengths were affected differently, 

depending on their location or phase relative to the longer 

wavelength. Two frequency calculations have also been performed as 

part of this dissertation. Restating White's discussion of two

frequency behavior provides the background for the discussion in 

Chapter 4 of the two-frequency simulations. White notes: 

liThe short wave located in the long wave bubble 
or spike experiences acceleration from the long wave 
motion in addition to the constant acceleration g. 
If the short wave motion is referred to a coordinate 
system with the vertical acceleration of the long, 
the basic equations remain unchanged except for the 
additional time-dependent potential from the long 
wave motion. In the long wave, upward early 
acceleration of the bubble augments 9 and causes more 
rapid growth of the short waves. In the long wave 
downward accelerating spike, the g is reduced 



accordingly and the short wave growth is diminished. 
If the initial amplitude of the short wave is small, 
most of the short waves will be swept into the long 
wave spike region where no growth can occur. 

For points in between the extreme regions, the 
equations should be referred to a system that 
undergoes rotational as well as translational 
acceleration. In this case the basic equations are 
not invariant and cannot be used in the form 
developed. The growth for intermediate short waves 
is intermediate to that at the ends of the waves so 
no new important behavior is anticipated here." 
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CHAPTER 3 

NUMERICAL METHODS 

A brief introduction to the numerical hydrodynamic program, 

DAISY,49,50,81 dev~loped for this study, is presented in this chapter. 

Results of numerical simulations of Rayleigh-Taylor unstable flows in 

the absence of thermal conduction performed with DAISY are also given. 

Introduction to the DAISY Numerical Hydrodynamics Program 

DAISY is a finite difference two-dimensional, Lagrangian 

hydrodynamic and heat flow code. The hydrodynamic equations used in 

DAISY are formulated in R-Z (cylindrical) geometry for an inviscid, 

compressible fluid. The fluid is represented by a number of discrete 

triangular zones, (referred to as the mesh or grid), in the R-Z plane 

each of which is assumed to have rotational symmetry about the Z axis, 

see Fig. 12. Dynamic properties such as accelerations (AR, AZ) and 

velocities (VR, VZ) are defined at all triangle vertex points. The 

mass associated with a triangle, which remains constant throughout the 

simulation, and the fluid thermodynamic properties are defined at zone 

centers. 

In order to familiarize the reader with the basic solution 

procedures used in DAISY, a brief discussion of the program logiC is 

presented here. The reader is referred to Appendix A of this 
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z 

Fig. 12: DAISY computational mesh. 



dissertation for the details of the DAISY hydrodynamic and heat flow 

algorithms. 
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The solution procedure used in DAISY can be divided into three 

broad categories: 

(1) hydrodynamic motion 

(2) thermal transport 

(3) determination of the thermodynamic properties of the 

fluid. 

The hydrodynamic motion of a given vertex point (I,K) is found 

by determining the pressure differences across the six triangle 

interfaces surrounding the point (I,K), see Fig. 12. These pressure 

differences are expressed, by lever law relations, as vector forces 

(FR, FZ) at that vertex point (I,K). The acceleration at the (I,K) 

point is determined by the vector addition of the six forces acting 

about the point divided by the mass associated with it. The mass 

associated with a given vertex point (I,K) is defined as the mass 

associated with the volume obtained by connecting the six surrounding 

zone area centroids (one third the sum of the three R locations 

composing the triangle). The displacement of each vertex point is 

obtained by explicitly integrating in time the finite difference82 

formulation of the Lagrangian equations of motion. The numerical 

integration can proceed using a time step limited by the numerical 

stability Df the hydrodynamic finite difference equations,83 together 

with the additional physical requirement that all volumes remain 

positive. Once new positions are determined for the vertex points, 

new zone volumes and therefore, densities, can be calculated. 



For problems involving thermal transport, the next major 

section of the program solves for the fluid temperature distribution. 

The solution for the temperature distribution is obtained by 

implicitly integrating the finite difference representation of the 

thermal conduction equation in the Lagrangian frame using either 

analytic or tabular expressions for the specific heat and 

conductivity. The finite difference equations and implicit 

integration procedure is discussed at length in appendix A. 

Having obtained the new time step densities and temperatures, 

the equation of state is used to determine the required thermodynamic 

quantities for each zone, (pressure, internal energy, etc.). 
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The results of completing these three major procedure subtasks 

constitutes a complete time step. The solution procedure is then 

repeated until the simulation is completed. 

Numerical Simulation of Rayleigh-Taylor Unstable Flow 
in the Absence of Thermal Conduction 

In this section we present results obtained with DAISY for 

test problems related to Rayleigh-Taylor unstable flow. These test 

problems were performed to: I} Determine whether linear growth rates 

obtained using DAISY agree with the analytiC result of Eq. (2.3). 

2} Determine the sensitivity of the numerical results for (l) above to 

mesh resolution in both the Rand Z direction. 

As discussed in Chapter 2, a slab of incompressible material 

of density p 1 accelerated in a direction perpendicular to its 

interface by a material of a lower density p 2' is unstable to 



perturbations of the interface of wave number ky = 2n/Ay. The 

exponential growth rate is given by: 
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(3.1) 

Linear Rayleigh-Taylor Instability Test Problems 

For a = 1, a gas of uniform material densith (PI)' pressure Po 

and thickness 8X lies between two rigid parallel slip surfaces at y=O 

and y = Ymax = ~/2, (see Fig. 13) where Ay is the perturbation 

wavelength. At the left vacuum boundary, the pressure is set to Po 

while that at the right boundary is set to zero. To minimize finite 

thickness effects46 we choose ky8X »1. The equation 0: state for 

these tests assumes a perfect gas with the ratio of specific heats set 

to ten to approximate an effectively incoMpressible fluid. 84 To 

compare DAISY results with linear theory a perturbation is applied at 

the left vacuum-gas interface. 

The perturbation we apply is a displacement of the grid 

locations of mass points in the slab. We choose the applied 

perturbation, A, to be incompressible (so that the target density and 

mass is held constant) by choosing the form 

(3.2) 

where ~ is a vector potential. The simulations were carried out in 

planar geometry where the unperturbed target surfaces correspond to 

the surfaces x=const. The perturbation is given by Eq. (3.2) with 



Perturbed 
Interface 
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0.0 Xmax 

x 

Fig. 13: Initial problem set-up for DAISY Rayleigh-Taylor sample 
problems (without thermal conduction). 
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it = ZBZ where 

and xm is the left vacuum gas interface location. The choice of the 

divergence-free perturbation ensures that we do not place the fluid in 

tension or compression, avoiding transients not of interest in the 

present study. 

For Iky(x-xm>J »1, the perturbation Eqs. [(3.2),(3.3)J has 

the form of the linear Rayleigh-Taylor mode45 ,48 at a density 

discontinuity between two superposed fluids, and is a smooth function 

of x at smaller I ky(x-xm)l. Of the forms of Bz that we have lIsed, 

with given values of ~y~' Eq. (3.3) causes the least transient 

disturbance immediately after initialization. 

The initial amplitude-to-wavelength used for these test cases 

was ~o/~ =0.001 to assure initial linear growth. Shock transients 

are avoided by allowing the gas slab to expand freely to the right. 

The acceleration of the slab (Po>O) is not initiated until the 

rarefaction reaches the left vacuum-gas boundary. 

The linear growth rates are determined using: 1) The bubble 

center (Y=Ay/2) minus spike tip (y=O) spearation distance as a 

function of time; or 2) the rms deviation of the given "I-line" where 

an "I-line" is a grid line intially perpendicular to the y-axis. Both 

methods give essentially the same linear growth rates for the cases 

considered. The results of these calculations for a wide range of 

perturbation wave numbers (k ) and varying resolution are shown in 
y 

Fig. 14, normalized by the analytic growth rate Yclassical' 
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Fig. 14: Linear growth rates for the Rayleigh-Taylor instability 
calculated by DAISY for varying resolution compared to 
analytic resul ts. 



A resolution of sixteen zones per wavelength is adequate to determine 

the linear growth rate to better than 10% over the entire ky range 

considered. 
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During the nonlinear growth phase of the instability, fluid is 

drained out of the region of the bubble into the spike. Since the 

numerical program is Lagrangian, the computational fluid zones 

themselves also exhibit this behavior as the mode evolves. If too few 

zones are used in the y direction, the bubble will become poorly 

resolved as the simulation proceeds. In some cases, where mode 

amplitudes are such that only one to two zones are left in the bubble 

region near a give III-line," a very flat bubble and sharp corners at 

the base of the spike result. In cases where the grid is initially 

set up with more zones in the region near the bubble than in the 

region near the spike, unless care is taken to resolve the spike 

structure initially, the spike suffers from poor resolution early in 

time and does not recover from this poor resolution as the mode 

evolves. Numerical simulations show that good resolution of both the 

spike and bubble regions, without rezoning during the run requires a 

zoning resolution in the y direction on the order of 72 zones per 

wavelength. This zoning requirement is consistent with highly 

accurate Lagrangian vortex sheet simulations reported by Baker et 

ale 79 

The results of these hydrodynamic test problems, and others, 

given in Appendix B of this dissertation, as well as the zoning 

considerations discussed have confirmed the program's ability to 

numerically model hydrodynamic flows of interest in this study. 
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Extensive testing of the thermal conduction algorithms in DAISY 

including some test cases given in Appendix B, have also shown that 

the DAISY results agree well with problems for which known analytic 

solutions exist when both uniform and nonuniform (distorted) grids are 

used. 

In the next chapter we present numerical results for both the 

linear and nonlinear evolution of Rayleigh-Taylor unstable flows in 

the presence of thermal conduction. 



CHAPTER 4 

NUMERICAL SIMULATION OF THE LINEAR AND NONLINEAR 
EVOLUTION OF RAYLEIGH-TAYLOR UNSTABLE FLOWS IN 

THE PRESENCE OF THERMAL CONDUCTION 

In this chapter we present numerical results for both the 

linear and nonlinear evolution of Rayleigh-Taylor unstable flow in the 

presence of thermal conduction and mass ablation. The chapter is 

subdivided into b~o sections, the first devoted to results obtained 

for the evolution of single frequency Rayleigh-Taylor unstable flow, 

the second devoted to results for the evolution of two-frequency 

Rayleigh-Taylor unstable flow. Throughout this chapter we also 

present qualitative comparisons of the evolution of Rayleigh-Taylor 

unstable flow in the presence of thermal conduction and ablation with 

that of a classical, inviscid, incompressible fluid layer with =1. 

Nonlinear Evolution of the Single Frequency 
Rayleigh-Taylor Instability 

The full two-dimensional simulations carried out with DAISY were 

performed as follows. A planar slab of fully ionized perfect gas 

material (carbon Z = 6) was accelerated between two rigid parallel 

slip surfaces by ablation pressure. The ablation was driven by a 

constant absorbed laser irradiance (W/cm2) deposited at a critical 

density of nc = 1021cm-3. The original slab thickness and material 

density chosen were 3.0 m and 2.0 g/cm3 respectively. The numerical 
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simuhtions begin in one dimensional planar geometry with the laser 

incident from the right, accelerating the target in the negative x

direction. The one-dimensional simulation is run until a quasi-steady 

ablative flow is established near the shell ablation surface. The 

time at which quasi-steady flow is obtained is defined as the time at 

which the separation distance between the location of the peak shell 

density and the location of the isothermal sonic point, (the location 

in the flow where the fluid veloc~ty, as measured in the frame in 

which the ablating shell is stationary, is equal to the isothermal 

sonic velocity) is nearly constant. 50 ,72 Once quasi-steady flow is 

established, the flow profiles are transferred from the one

dimensional program to the two-dimensional program. At this time, 

referred to as t I , a perturbation of the form discussed in Chapter 3 

is applied to the shell ablation surface, where xm in Eq. (3.3) is now 

the location of the maximum density of the ablating shell at tI in the 

simulations discussed in this Chapter. 

One could begin the calculations in two-dimensions, from time 

equals zero by applying perturbations to the slab's original outer 

surface. This type of initial value problem, while of interest in its 

own right, is dominated initially by early time transients77 ,85 and 

mode reversal due to mass nonuniformities, which were not of interest 

in the present study. We are primarily interested in following 

unstable mode evolution near the ablation surface, and our 

initialization setup procedure avoids the two-dimensional 

computational cost associated with simulating the early time behavior. 
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The zoning requirements in the y-direction were discussed in 

Chapter 3. The requirements for the zoning in the x-direction are 

dictated by the need to resolve the steep pressure, temperature, and 

density profiles which determine the mass removed from the shell. 

Thus, the required resolution in x is dependent on the laser 

irradiance and target materials under consideration. For the study 

presented here, laser irradiances are varied between 3xl014 and lx1015 

w/cm2, resulting in a zoning requirement in the x-direction on the 

order of 250 to 300 zones uniformly spaced. (We use equal zoning in x 

to minimize numerical errors associated with mass differences between 

adjacent zones.) The total number of zones required were on the order 

of 9,000 for the single-frequency cases and 11,000 for the two 

frequency cases. 

A one-temperature description for the thermal conduction has 

been employed in this study. In order to compare our results with the 

steady flow results of Refs. 50 and 72, we use a ln A=5 in the 

Spitzer-Harrn expression for the electron thermal conductivity.31 When 

the restrictions of constant ln A and Z are removed, the effective 

irradiance required to achieve the same fractional ablative mass 

removal is of the order of a few times 1014 W/cm2• 

Corresponding to these irradiances (-lUI4 W/cm2) for 1.05 ~m 

light the effect of suprathermal electrons is smal1 29 and is not 

included in our simulations. Since our principal interest is the 

unstable behavior of ablatively accelerated targets, particularly 

those driven by lasers of wavelengths 1 ~m light for -1014 W/cm2 or of 

order 1015 W/cm2 for 0.35 ~m light, neglect of these suprathermals is 
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justified. Furthermore, we have used an uninhibited thermal electron 

transport model. 86 Because we are interested in moderate irradiances 

and the behavior of instabilities near the ablation surface, i.e., far 

from the critical surface, the use of inhibited transport models would 

have little or no effect on our results. 87 

The use of the relatively high laser irradiances levels was 

chosen to treat cases close to the burn through limit for the target 

considered. It is in this limit that the effect of electron thermal 

conduction on linear and nonlinear Rayleigh-Taylor unstable mode 

development is expected to be important. 10 

Figure 15 displays the unperturbed one-dimensional time 

history of the density and temperature profiles for an irradiance of 

1015 W/cm2 on a 3.0 ~m thick carbon slab (Z=6, ln A=5). For this 

irradiance, Fig. 15 illustrates that the slab would be consumed by 

ablative mass remova1; burn through time (tb) at approximately 140 

psec. 

Figure 16 illustrates a portion of the grid used in the two

dimensional simulation for the 1015 W/cm2 case at initial time tI = 60 

psec. It can be seen that the density of zones is quite high in the 

region of the shell at the initialization time, (the solid black 

region in the figure). In Fig. 16, and all other figures of DAISY 

grid plots in this paper, we note that the critical surface, where the 

absorption of the laser energy occurs, is far to the right of the 

plotted region, (corresponding to a density of approximately 

3.0x10-3g/cm3). This is a consequence of the quasi-stationary profile 
. 50 72 established for the choices of irradiances used 1n our examples. ' 
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Fig. 15: Time sequence of temperature and density profiles for the 
one-dimensional simulations of the laser drive ablation of a 
311m fully ionized carbon slab in planar geometry. The 
laser is incident from the right, and the irradiance at the 
critical surface is 1015 W/cm2• Note that by 166 psec, the 
laser burns through the slab, as indicated by the drop in 
the peak of the density profile. 
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Fig. 16: Mesh plot illustrating the two-dimensional DAISY grid at the 
time a perturbation is initialized (60 psec) at the ablation 
surface. The figure illustrates a distortion of wavelength 
2.5 ~m with an amplitude-to-wavelength value ~O/Ay = 0.1. 
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Figure 17 illustrates the linear growth rate as a function of 

wave number obtained from the two-dimensional code (DAISY) together 

with the stationary ablative flow perturbation results of Ref. 50. In 

the results plotted in Fig. 17, the two-dimensional calculations were 

initialized with an amplitude-to-wavelength ratio, to/~ = 0.001 in 

order to ensure that linear effects would result. (In Chapter 3, we 

illustrated the agreement between small amplitude DAISY calculations 

and analytic results for sev~ral test cases.) It can be seen that 

both the DAISY results and the steady flow results show growth rates, 

Y, lower than those given by the classical theory [ Ycl= Jbt 

(ka(t»)~dt/t]Where aCt) is the time dependent acceleration calculated 

at the ablation surface. 

The growth rates obtained using DAISY were found by 

determining th difference between the positons of the p = 2.0 g/cm3 

contours at the bubble center and spike tip as a function of time. We 

note that if a different value of density, e.g., 1.0 g/cm3 or 1.5 

g/cm3 instead of 2.0 g/cm3, is chosen to measure either ~x, the shell 

thickness, or the amplitude of the unstable modes then the results for 

the growth rate obtained using the DAISY code change by no more than 

5%. It is not reasonable to choose much lower density values because 

one then moves significantly away from the ablation surface. As a 

second check on our procedure, the alternative prescription introduced 

in Chapter 3, where the unstable mode amplitude was measure using the 

rms value of the time evolution of Lagrangian markers along a given 

"I-line,1I gave values in essentially exact agreement with the present 

procedure with a density of 2.0 g/cm3• 
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From Fig. 17 it can be seen that the DAISY results for the 

linear growth rates lie between 27 < P < SO where Pp is a single 

parameter characterizing the stationary solutions of Refs. 50 and 72. 

This parameter is defined as the ratio of maximum density in the shell 

to the isothermal sonic pOint density and is a function of I, Z, p, 
-etc. At the time of initialization the value Pp from the unperturbed 

one-dimensional simulation is approximately 3S. Steady flow results 

have shown that P p is a sensitive function of target conditions, 

irradiance, etc. Indeed the growth rates of the stationary flow 

model, which compare quite closely with published time dependent 

perturbation solutions10 compare quite closely with the present time 

dependent DAISY results. 

Both the DAISY and steady flow results indicate that the most 

dangerous (disruptive to the shell) single frequency mode, i.e., the 

mode defining the local maximum in the linear growth rate spectrum, 

occurs when the product of kyAX, where A x is the thickness of the 

ablating shell, is approximately unity. 

For the 1x1015 W/cm2 irradiance case, (whose A x at time tI is 

approximately 0.5~ m as measured between the P =2.0 g/cm3 front and 

rear surface contours), the peak in the growth rate occurs for a 

wavelength of approximately 1.7S~ m. We now show detailed results for 

two wavelengthsA y = 2.S~ m andA y = 1.0~ m, which bracket the growth 

rate maximum. 

Figure 18 displays mesh plots of the time evolution of the 

unstable flow caseA y = 1.0~ m,~ 01 y = 0.1 and k~ x> 1.0. 



66 

In all mesh plots shown, only those grid lines "I-lines" in the DAISY 

calculations are illustrated which were initially in the plane of the 

unperturbed slab target and therefore initially vertical.) These lines 

show the distortion of the slab and are easier to follow, at the 

expense of omitting some information (by omitting the other two 

families of grid lines). Figure 19 shows the time evolution of the 

density contours for this same case. Figures 18 and 19 display that 

the mode evolves into the usual bubble and spike form of the classical 

Rayleigh-Taylor instability.47,79 It can further be seen from Fig. 19 

that both the front and back surfaces of the shell appear to be 

laminar. This laminar structure is evident from the time independent 

ordering of the density contours. In addition, the density contours 

on the front surface show no evidence of vortex sheet roll-up which 

would be expected if Kelvin-Helmholtz (K-H) like instability50-53 were 

present. 

Figures 20 and 21 illustrate the evaluation of the mesh and 

density contours for the Ay = 2.5 ~m, tolAy = 0.1 case. For this case 

ky~x is on the order of unity. Comparing Figs. 18 and 19 to Figs. 20 

and 21 it can be seen that there are both qualitative and quantitative 

differences between these two wavelengths. The density contours for 

the 2.5 ~m case also show a laminar structure, but note the formation 

of an anti-spike at the rear surface of the shell in Figs. 20 and 21. 

The cause of this anti-spike appears to be a high pressure region 

which forms in the region behind the spike structure and causes 

material to be pushed backward, thus leading to the small jet or anti

spike structure near the shell rear surface. The bubble evolution for 
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the Ay = 2.5 ~m case is much broader and flatter in appearance 

compared to Fig. 18 for the 1.0 ~m case. 
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Figure 22 illustrates the evolution of the density and 

temperature contours together with the velocity vector (wind) plots, 

relative to the center of mass, for the 2.5 ~m wavelength case shown 

in Figs. 20 and 21. In fig. 22, the wind plots show that material 

near the spike tip is being convected rapidly towards the laser with 

no Kelvin-Helmholtz instability leading to roll-up of spike material. 

(For all the cases presented in this paper, roll-up was not 

obaserved.) In order to minimize numerical errors, no remeshing 

(rezoning) was used in our computations. Reduced irradiances from the 

values considlered here may result in significant K-H instability and, 

hence significant roll-up of spike material. Without such roll-up, 

the Lagrangian DAISY code requires no remeshing. The close spacing of 

the temperature and density contours near the spike tip (Fig. 22), in 

contrast with the wide spacing near the top of the bubble region 

indicated higher ablation near the spike. The results plotted in Fig. 

22 also illustrate that the zoning resolution in the region of 

interest even at late times in the simulations is quite adequate to 

resolve the details of the spike and bubble structure of the unstable 

flow. In particular, from either the cont~ur plot C,' t~~ wind plots 

of Fig. 22, it is seen that thermal, velocity, and density scale 

lengths are resolved over many grid locations. Such resolution is 

required in order to ensure that numerical diffusion effects are not 

responsible for our observed results. 
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Fig. 22: Time evolution of the density (g/cm3), temperature (eV) and 
velocity flow field for a 'AY = 2.5 lJm, f,;o / 'AY = 0.1 
perturbation on the carbon slab irradiated at 1015 W/cm2. 
Velocity vectors are shown only for those zones whose 
density is less than 1.0 g/cm3. 
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To illustrate the unstable growth of a perturbation, we plot 

the difference between the positions of the p = 2.0 g/cm3 contours at 

the bubble center and spike tip as a function of time. These results 

are illustrated in Fig. 23 for the two unstable cases of Ay = 1.0 ~m 

and Ay = 2.5 ~m. (We note that if a different value of density, e.g., 

1.0 g/cm3 or 1.5 g/cm3 instead of 2.0 g/cm3, is chosen to measure the 

amplitude of the unstable modes then the results for the growth rate 

obtained using the DAISY code change by no more than 5%.) 

It can be seen that both examples exhibit the theoretical 

linear temporal behavior (cosh yt) early in time, followed by 

decreased growth resulting in an approximately quasi-stationary large 

amplitude behavior. For the 1.0 ~m perturbation note that ablation 

actually burns off the tip of the spike during the simulation as 

evidenced by the decrease in the spike minus bubble amplitude late in 

time. This overshoot feature has been observed in a number of 

simulations. 

The finite spike amplitude illustrated in Fig. 23 does not 

mean that the unstable mode has saturated in the sense that fluid has 

stopped moving from the region of the bubble into that of the spike. 

On the contrary, examination of the fluid velocity profiles (not 

shown) show that material is continually being brought from the region 

of the bubble into the spike before being convected away from the 

shell. Figure 24 shows this effect graphically. The unperturbed 

shell thickness as a function of tiw~ is compared with the shell 

thickness at the center of the bubble for the 1.0)Jm and 2.5 ~m 
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Shell thickness, measured in units of the shell thickness at 
tI at the bubble center (thickness as determined in Fig. 23) 
for both the 1.0 ~ m perturbation (see Fig. 19), shown by 
the dashed curve, and the 2.5 ~ m perturbation (see Fig. 21) 
shown as a solid line. For reference, the shell thickness 
of the unperturbed case is shown (dotted line) to illustrate 
the time dependence of shell thickness due to ablation 
alone. 
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cases. (The bubble thickness is determined by determining the 

distance separating the P = 2.0 g/cm3 contours at the front and back 

surfaces at the bubble center.) It can be seen that the h y = 1.0 ~ m 

case is thinning at a rate slower than the 2.5 ~ m case. For both 

cases, thinning proceeds at a rate significantly greater than that due 

to ablation alone, (unperturbed case). 

An important feature of these simulations is a nonlinear 
I 

effect due to finite amplitude. Figure 25 displays the spike tip 

minus bubble center separation for two initial ampl iitude-to-wavelength 

ratios for a single wavelength h y = 2.5 ~ m. The lirradiance 

considered in the case shown in Fig. 25 is a 3x1014 !w/cm2• The figure 

shows that for f;; oIA y = 0.1 the departure from line,arly unstable 

growth (roll-over) occurs at an amplitude of approxi:mately 1.5 ~ m. 

However, thef;; oIA y = 0.03 case is seen to show a roll-over at 

approximately 0.8 ~ m. This same finite amplitude phenomenon has been 

seen over a range of laser irradiances. Figure 26 shows that for the 

same value of mode wavelength and amplitude-to-wavelength, for an 

irradiance of 1015 W/cm2, the finite amplitude behavior is similar to 

that observed for the lower irradiance example, as illustrated in Fig. 

25. 

The finite initial amplitude effects are principally due to 

the nonlinear mode evoluation in a finite thickness fluid layer. A 

linear analysis of the Rayleigh-Taylor instability of a liquid layer 

of finite thickness, where the liquid is initially at rest, yields a 

growth rate independent of a shell thickness. 46 Further, the linear 
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approximately 250 psec. Note that the initial amplitude of 
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linear growth (dashed lines) occurs. 
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Fig. 26: Spike amplitude as a function of time for a 2.5 ~ m 
perturbation with different initial amplitude-to-wavelength 
ratios (see Fig. 25). The absorbed laser irradiance is 1015 
W/cm2. The dashed curves indicate the spike amplitudes 
predicted using a linear growth rate. 



analysis shows that the two free surfaces of the finite thickness 

shell are effectively "decoupled ll when kh ~ 2n 13, where k is the 

wave number and h is the shell thickness. From the slopes of the 

dashed curves in Figs. 25 and 26, it is apparent that the linear 

growth rates for the unstable modes simulated are equal, but the 

amplitude at which the nonlinear behavior begins is not the same. 

Figures 26 and 27 show that the shell thickness at the bubble 

center has the same value when departure from linear growth occurs. 

Transition to nonlinear evolution does not occur at values of ~ IA y 

near 0.4, as observed for ideal infinite mass fluid layers,47,55,77 

but at lower values for a finite thickness shell. For the case of 

79 

Fig. 25, nonlinear behavior occurs at ~ IA y - 0.2 and 0.1 for initial 

values of ~ olA Y = 0~1 and ~ olA y = 0.03 respectively. For the 

higher irradiance case of Fig. 26, nonlinear behavior occurs at 

~ IA y - 0.2 and 0.1 for the same initial ~ olA y' in approximate 

agreement with the results of the lower irradiance case. 

Some insight into the nature of the flows discussed above is 

obtained by comparing our ablative results with those obtained by an 

efficient numerical technique79 used to study the Rayleigh-Taylor 

instability of inviscid, incompressible, layered flows. The latter 

method relies on the representation of the density interface between 

two ideal incompressible inviscid fluids as a velocity dipole layer 

across which the fluid velocity has a continuous normal component but 

a discontinuous tangential component. The numerical procedure uses an 

iterative technique to obtain a solution of the integro-differential 

equations describing the interfacial motion. 
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Fig. 27: Shell thickness, defined as in Fig. 24, as a function of 
time for the two different initial amplitudes (see Fig. 26) 
of a 2.511m perturbation. For the solid curve, ~of>..y = 0.1; 
for the dashed curve ~of>..y = 0.03. The dotted line 
illustrates the shell thickness for the unperturbed case. 
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From our observation that Kelvin-Helmholtz roll-up does not 

occur (see e.g. Fig. 22), we consider only the Atwood number, a = 1, 

case, i.e. a fluid layer in vacuum for a finite fluid layer. We do 

not claim that roll-up cannot occur in ablatively accelerated targets; 

indeed we would expect such behavior if the irradiances were 

significantly lower than those used in this thesis because the density 

gradients would tend to be smaller and mass convention rates lower 

near the ablation surface. Additional research is required to 

determine, quantitatively, the behavior of the lower irradiance cases. 

The choice a = 1 avoids Kelvin-Helmholtz roll-up in the ideal fluid 

calculations. 

Results obtained using the latter technique are displayed in 

Fig. 28 for an infinite fluid layer (Fig. 28a) and a fluid layer of 

finite thickness (Fig. 28b). Both calculations are performed in units 

for which the wavelength A equals 2n , and the local acceleration is 

due to a constant gravity (g = 1) directed along the negative y-axis. 

The form of the lower interfacial perturbation is given by y = -O.02n 

cosx, and the time is measured in units of (2A la g)~ where a = 1. 

Figure 28a displays the semi-infinte thickness case where the familiar 

nonlinear bubble and spike structure is apparent. Figure 28b displays 

the finite thickness case at the time when the spike amplitude is 

approximately equal to that of the infinite fluid case. 

It can be seen from Fig. 28 that there are large differences 

between the two cases. In the finite fluid layer (Fig. 28b), the 

bubble velocity is actually decreasing at the time illustrated, which 
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Fig. 28: Plot of the interface(s) of the a = 1 Rayleigh-Taylor 
instability of layered flow of an ideal fluid. On the left, 
we plot the case for an unstable semi-infinite fluid layer 
interface at a late time (t=(2 A fa g)~ = 3.025). Note that 
the nonlinear "bubble and spike" structure of the mode is 
fully developed. Plotted on the right is the instability of 
an ideal finite fluid layer (initial thickness unity), at 
t = 5.02 when the spike amplitude is nearly the same 
magnitude as for the semi-infinite case. 
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is in contrast to the constant bubble rise velocity found in the semi

infinite fluid case (Fig. 28a). Note that the finite fluid layer 

exhibits a broader, flatter bubble than that observed for the semi

infinite fluid layer, and more nearly resembles the bubble structure 

seen in the DAISY simulations presented for the 2.5 p m cases. The 

anti-spike behavior. evident in the III-line ll mesh and density plots 

for the 2.5 P m cases (Figs. 20 and 21) is a prominent feature of the 

large amplitude nonlinear evolution of the unstable finite fluid 

layer. The mesh plots and density contours for the 1.0 P m case 

(Fig~. 18 and 19) correspond in an approximate way to Fig. 28a, where 

no anti-spike is observed and the bubble structure appears rounder 

than the longer (2.5 P m) wavelength case. In Fig. 29 we illustrate 

the time evolution of a unit thickness Rayleigh-Taylor unstable fluid 

layer. The initial amplitude-to-wavelength ratio is -0.02 and the 

wavelength is 2n • The time evolution of the spike closely resembles 

the temporal spike evolution of the DAISY simulations shown in Fig. 

20. The agreement is only qualitative, however, because the initial 

;olAy value for Fig. 20 is considerably larger than that of the ideal 

fluid layer illustrated in Fig. 29. This difference is to be expected 

due to the large linear classical growth rate of an ~ = 1 instability 

which is apparent in Fig. 17: The ideal fluid more rapidly approaches 

an amplitude-to-wavelength ratio value of 0.1 due to linear growth 

than does its ablative analog. 

The similarities between the DAISY simulations results and the 

classical results for ~ = 1, shown in Figs. 18, 20, 28 and 29 are 
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Fig. 29: Time evolution of the unit thickness finite layer Rayleigh
Taylor instability before formation of the anti-spike. 
Initially AlA = -0.02 for this example. 
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exploited further in the next section to aid in understanding the full 

two-dimensional simulations of two frequency Rayleigh-Taylor 

instability. 

Nonlinear Evolution of the Two-Frequency 
Rayleigh-Taylor Instability 

We now present results obtained for two frequency Rayleigh

Taylor unstable flow. Recall from Chapter 2 that no universal 

parameter characterizing the multi-frequency Rayleigh-Taylor 

instability appears to exist. 80 Unstable flow problems for each case 

must be analyzed separately, even for the semi-infinite inviscid 

incompressible fluid cases. There is an additional complication which 

enters into the ablative cases due to the finite amplitude effects 

which complicate the finite shell thickness effects discussed in the 

previous section. However, by considering a series of these two 

frequency cases, it is possible to identify the most serious cases. A 

comparison of the simulation results obtained for the classical 

inviscid incompressible cases suggests how to identify the potentially 

most disruptive coupling failures in laser fusion target design 

studies. 

Figures 30 and 31, show the simulation results for the 

ablatively driven case for a two frequency Rayleigh-Taylor unstable 

flow. The wavelength and initial amplitudes considered were 2.5 ~ m 

and 1.25 vm for which ;01 ~ = 0.1 and -0.025 (ky ~o = n IS) and 

n I 20) respectively. It can be seen by comparing Figs. 20 and 30 that 

there is a large difference in the nonlinear evoluation due to the 
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Fig. 32: Time evolution of the two-frequency instability of a unit 
thickness ideal fluid layer. Here A y = 3T • A2 = 1T and 
All A 1 = -0.02, A21 A 2 = 0.005. Compare the mode structure 
with that of the single-frequency example illustrated in 
Fig. 29. 
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addition of the shorter wavelength. For the two frequency case, the 

spike contains a larger amount of material than does a single 

frequency mode (Fig. 20). Comparisons of the density contours 

illustrate this point, (Figs. 21 and 31). Note that the bubble region 

is flatter in the two frequency case, and the spike is correspondingly 

broader and contains a larger portion of the shell mass. 

Figure 32 shows results for a two-frequency Rayleigh-Taylor 

unstable case obtained using the boundary integral technique for an 

inviscid incompressible fluid, with AlIA 1 = -0.02 and A2/A 2 = 0.005 

for A = 2n ,n respectively. Note that the addition of a second 

wavelength of very small initial amplitude in the ideal fluid case 

leads to the same qualitative behavior of a broader spike containing a 

larger shell mass fraction, (compare Figs 30 and 32). 

An important consequence of the two-frequency instability is 

seen by observing the shell thickness at its thinnest location as a 

function of time. In Fig. 33, we illustrate the time dependent shell 

thickness for an irradiance of 1015 W/cm2• The solid line in Fig. 33 

is the same as the solid curve displayed in Fig. 24 for the single 

frequency simulation. The shell subjected to the two-frequency 

instability thins much more rapidly. 

Figures 34 and 35 illustrate a two-frequency Rayleigh-Taylor 

mode where ~o/A y for the shorter wavelength has been increased to 

-0.05. An effect of the increased initial amplitude of the shorter 

wavelength is to open up the spike of the fundamental (long 

wavelength) mode. The result of spike opening is to move more mass 
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Shell thickness (c.f. Fig. 24) at the bubble center as a 
function of time for the 1015 W/cm2 DAISY simulations. 
Solid curve: the single-frequency perturbation with A y = 
2.5 ~ m (~ 0/ Ay = 0.1). Dashed curve: the two-frequency 
perturbation (A 1 = 2.5 ~ m, A 2 = 1.25 ~ m with ~01/ Ayl = 
0.1, ~ 02/ Ay2 = -0.025. Dotted curve: evolution of the 
unperturbed shell thicknrss. 
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DAISY IlI-line ll mesh plots illustrating the two-frequency 
perturbation (Ayl = 2.5 1.I m, Ay2 = 1.25 1.I m) where the 
initial amplituae to wavelength ratio of the harmonic is 
large co~ared to the fundamental (E:01/ ~l = 0.025, 
~ Q2/ >:Y2 = -0.05). The absolute initial ampl itudes of each 
mode are equal. Note the growth of the bubble due to the 
harmonic in the spike of the fundamental. 
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Fig. 35: Initial DAISY "I-line" mesh configuration at initializatiog 
and time evolution of the density contours for the I = 101 
W/cm2 two-frequency simulation of Fig. 34. 
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out through the spike and into the higher temperture region where it 

is ablated away. The density contours displayed in Fig. 35 illustrate 

the enhanced mass a5sociated with the spike by comparison with Fig. 

21. Figure 36 illustrates a similar effect observed for the inviscid 

incompressible fluid case. In Fig. 36 we have increased the 

amplitude-to-wavelength ratio for the shorter wavelength from 0.005 to 

0.01. Note that the harmonic bubble appearing in the spike occurs in 

this case in approximately the same way observed in the full two-

dimensional simulations. 

It can be seen from these examples, in agreement with White,80 

that the relative amplitudes of the fundamental and harmonic determine 

the complicated nonlinear bubble and spike structure. In Figs. 37 and 

38 we show a two-frequency result for the same laser irradiance (1015 

W/cm2) but different wavelengths. The long wavelength is 2.0 II m and 

the short wavelength 1.0 II m. For this case we have chosen a large 

initial amplitude for the short wavelength ~ 0/ Ay = 0.05 (1.0 II m) 

and -0.10 for A = 2.0 II m. The evolution of the instabil ity exhibits 

evidence of mode coalescence. Plotting the spike location for the 

shorter wavelength as a function of time shows that it is convected 

towards the spike of the longer wavelength mode. The effect of the 

coalescence does not tend to increase shell lifetime, as illustrated 

by shell thinning rates. 

The tendency of the multi-frequency instability to cause shell 

failure due to the thinning is illustrated in Fig. 39 for the three 

ablative examples of the two frequency cases we have discussed. 
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Fig. 36: Time evolution of the two-frequency instability of a unit 
thickness ideal fluid layer with an enhanced harmonic 
initial amplitude. In this example A 1 = 2n, A 2 = nand 
All Al = -0.02, A21 ~ = 0.01. 
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Fi g. 37: DAISY II 1-1 ine ll mesh plots ill ustrating a two-frequency 
instability with a harmonic initial amplitude large compared 
to the fundamental. In this example A Y1 = 2.0 II m, XY2 = 
1.0 II m with E:011 Xvl = 0.05 E; 021 Xv2 = -0.1. 
The irradiation is 1015 W/c~. Note the evidence of mode 
coalescence by comparing the bubble width which appears at 
the fundamental spike location at 75, 85, and 100 psec. 
The same type of coalescence can also be seen in Fig. 34. 
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Fig 38: DAISY "I-line" mesh configuration at initialization and the 
time evolution of the density contours for the two-frequency 
instability of Fig. 37. 
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Fig. 39: Shell thickness (as in Fig. 24) at the bubble center as a 
function of time, for two-frequency DAISY simulations with 
A 1 = 2.5 ~ m and A 2 = 1.25 ~ m, for different initial 
amplitudes: (A) ~011 Ayl = 0.025, ~ 021 Ay2 = -0.05, 
(8) ~011 Ayl = -0.05, ~ 021 Ay2 = -0.05, and 
(e) ~oll AYI = 0.05, ~ 021 A02 = -0.1. 
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Of the three cases, it can be seen that the harmonic frequency acts to 

decrease the shell lifetime when compared to the single frequency case 

alone. Note that for a fixed initial value of ; 01 Ay for the 

fundamental mode (curves B, C of Fig. 39), increasing the initial 

amplitude to wavelength of the harmonic results in a shorter shell 

lifetime. This result is part of the two frequency instability analog 

of the finite initial amplitude effect discussed in the previous 

section. Additionally, for a fixed relative ;o/~ for the fundamental 

and harmonic, note that larger initial amplitudes also result in 

shorter shell lifetimes, (compare curves A and C of Fig. 39). 

This same qualitative observation can be made from Fig. 40 

for the inviscid incompressible fluid, where nonlinear mode evolution 

results in a more rapid thinning of the shell when compared to the 

single mode case, (compare curves A and B of Fig. 40). Further note 

from the figure that enhancement of the shell thinning effect also 

results from larger initial values of AI Ay for the harmonic (compare 

curves Band C of Fig. 40). 

It can be seen from the preceding cases that the mode 

structure which evolves when considering multi-frequency and finite 

amplitude effects can become very complicated. However, the 

determination of the shell thinning rate at its thinnest portion even 

for these complicated mode structures still allows one to determine 

the disruptive nature of the unstable mode evolution. 
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Fig. 40: Thickness at the bubble center as a function of time for 
various two-frequency ( Al = 2n , A 2 = n ) boundary 
integral calculations of an ideal fluid layer initially of 
unit thickness (A) All Al = -0.02, A21 A2 = 0.0, 
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CHAPTER 5 

SUMMARY AND CONCLUSIONS 

In this chapter we summarize the numerical results presented 

in Chapter 4. We also present an estimate of the effective shell 

lifetimes obtained from our simulations and compare these lifetimes to 

those obtained from estimates based on linear theory results. 10 ,50 The 

rules we present to predict the dominant nonlinear mode-mode 

interactions which limit shell performance are particularly relevant 

to the practical problems of design of inertial confinement fusion 

targets. 

We conclude this chapter with a discussion of future areas of 

research pertaining to the nonlinear dev~lopment of Rayleigh-Taylor 

unstable flows central to the goals of inertial confinement fusion 

target design and performance. 

Single Frequency Rayleigh-Taylor Linear Growth Results 

The linear growth rates obtained in this research show 

substantial reductions in the growth rates for the potentially 

disruptive short wavelength modes when compared with "classical" 

estimates. Recent linear perturbation treatments,10,49,50 which 

include the combined effects of compressibility, heat flow and 

convection, also exhibit a reduction of linear growth rates in 

agreement with our results. 
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The general features of the linear growth rate spectrum 

obtained when ablative effects are included can be summarized as 

follows: For large perturbation wavenumbers (ky) the ablative 

effects, finite density gradients, mass ablation, etc., cause a local 

maximum in the linear growth rate spectrum followed by a decrease in 

the growth rate in contrast to the predictions for a classical 

inviscid incompressible fluid. Further linear perturbation results 

show ablative effects can result in a cutoff wavenumber above which 

modes are stable. The actual wavenumber of maximum growth and cutoff 

are dependent on a number of parameters, e.g., target composition and 

laser irradiance. However, despite the reduction of growth rates over 

a large portion of the unstable wavelength spectrum the plateau region 

of the spectrum, still possess growth rates sufficiently large that 

target failure for moderate inflight aspect ratio shells is predicted 

by extrapolation of their linear results. 

Therefore, knowledge of the linear growth rate spectrum, for a 

given target design, is an essential first step in assessing target 

performance. From the unstable spectrum, a determination of the 

nonlinear evoluation of disruptive modes is an important second step 

which must be carried out numerically to deterr.1ine target behavior. 

Nonlinear Evolution of the Single Frequency 
Rayleigh-Taylor Instability Results 

The detailed results of Chapter 4 for the nonlinear evolution 

of two unstable modes which bracketed the wavenumber of peak linear 

growth, for the laser irradiance and target composition considered are 

summarized as follows: 
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Unstable Mode Saturation 

Our simulations together with recently reported results,BS 

show that the nonlinear evolution of a single unstable mode exhibits a 

spike amplitude saturation due to ablative mass removal. This 

saturation is identified by a departure from exponential growth where 

a period of relatively constant spike minus bubble separation occurs, 

(Figs. 23, 25 and 26). The effects of laser irradiance on the 

saturated spike amplitude can also be seen in Figs. 25 and 26. For 

the same perturbation wavelength it can be seen that the lower 

irradiance case Fig. 25 saturates at a larger amplitude than the 

higher irradiance case shown in Fig. 26. For some of the smaller 

wavelength cases considered in the 1015 W/cm2 cases (A < 2.5 ~ m), y 

an ablative burn back or overshoot of the spike amplitude is observed. 

This overshoot, was observed in a number of examples to exhibit a 

short period of oscillatory spike size changes followed by a period 

during which the splke size remained relatively constant in time. It 

is important to note that this overshoot, or spike burn off, did not 

result in mode stabilization. 

Center of Mass Motion of the Shell 

The simulations show the important results that both the 

center-of-mass motion and the acceleration of the shell are virtually 

unchanged by the presence of the unstable Rayleigh-Taylor mode until 

ablative rupture of the shell occurs. In Fig. 41 we plot the 

difference between the center-of-mass positions for an unperturbed 

calculation and a perturbed calculation ( ~ / A = 0.1, A = 2.5 ]..1m) o y y 
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Fig. 41: Time history of the difference between the x center-of-mass 
location between the perturbed A= 2.5 11 m ~o/ Ay = 0.1 case 
and the unperturbed case. 
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as a function of time. In Fig. 41, the center-of-mess of the she11 is 

calculated from the average of all zones whose density exceeds half 

the original material density (i.e., 1.0 g/cm3). For all the 

calculations presented in this paper, we have employed equal mass 

zoning, so the plotted displacement is also the mass weighted 

displacement. The center-of-mass for the unperturbed calculation 

moves more than 20 ~m while the difference plotted in.Fig. 41 reaches 

a maximum of only 0.4 ~m. For other perturbation calculations 

presented in this paper this difference is even less than the case 

illustrated in Fig. 41. In the unperturbed case, the ablation rate is 

lower than that measured at the tip of the spike in the perturbed 

case. It is, however, higher at the locations corresponding to the 

bubble. This can be seen in Fig. 22 to be due to temperature 

differences in the ablated material near the target surface. The net 

effect on this behavior is the nearly constant saturation observed in 

the amplitude of spike-to-bubble distances in Figs. 25 and 26. 

Additionally, although the effective mass of the perturbed shell is 

less, the ablation process is less efficient in accelerating the 

center-of-mass of the system. The numerical results show that a 

correspondingly larger amount of energy is invested in flufd flow from 

the fluid region near the bubble into the spike interior, as opposed 

to motion normal to the target surface. As a consequence of this 

difference in kinetic energy partitioning, the center-of-mass motion 

of the perturbed and unperturbed cases is nearly constant (within 5% 

of each other for the simulations reported here) unless ablative 

rupture occurs. 
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Mode Stabilization and Disruptive Nature 

The determination of the shell thinning rate at its thinnest 

point, (bubble center), is found to be an effective measure of the 

effect of the nonlinear evolution of an unstable mode on an ablatively 

accelerated shell. For all cases considered in this study the 

unstable mode was found to evolve continually in time, even though 

spike saturation had occurred. Fluid motion in the shell interior 

showed that fluid is being brought from the .region of the bubble into 

the spike region throughout the simulation. This was graphically 

displayed in the shell thinning plots shown in Figs. 24 and 27. The 

analysis of the shell thinning rate for the cases considered show that 

the longer wavelength modes are more disruptive. (The authors of Ref. 

88, also arrive at a similar conclusion from their analysis.) This 

conclusion was based on the 2.5 ~m perturbation results. To 

illustrate that the conclusion is of general applicability, we plot 

the growth rates for five wavelengths for the 1015 W/cm2 irradiance 

case in Fig. 42. Displayed in Fig. 42 are the spike tip minus bubble 

center distances for wavelengths of 1.0, 1.5, 2.5, 3.0, and 3.5 

microns. From Fig. 42 it can be seen that there is little difference 

in the nonlinear evolution of the two longer wavelength modes when 

compared to that of the 2.5 ~m case discussed in Chapter 4. 

For the laser irradiances considered, 3.0x1014 to 

1.0x1015W/cm2, we found no evidence of Kelvin-Helmholtz instability on 

the front surface of the ablating shell. This was shown by the time 

independent ordering of the density contours on the front surface, 

Figs. 19, 21 and 22. The velocity gradients found near the ablation 
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Fig. 42: Time evolution of spike amplitude for five different 15 
perturbtion wavelengths for a carbon slab irradiated at 10 
W/cm2. Note from the linear growth rate spectrum, (Fig. 
17), that both longer and shorter wavelengths than the 
1.5~ m (k = 4.2 x 104 cm-I ) case corresponding to the local 
maximum and they (k) spectrum are represented. The largest 
unstable amplitudes occur for the longer wavelengths. 
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surface were to low to overcome the destabilizing acceleration due to 

the pressu,'e gradients, also found by the authors of Ref. 88. 

However, velocity vector plots like that shown in Fig. 22 show that 

ablated material is directed away from the target surface over the 

entire front surface. Again we reiterate that at lower irradiances 

Kelvin-Helmholtz roll-up of spike material may occur due to lower 

ablation rates and smaller density gradients. 

Finite Amplitude Effects 

The initial finite amplitude effect of Chapter 4 is 

principally due to nonlinear mode evolution in a finite thickness 

fluid layer. A linear analysis of the instability of a finite fluid 

layer initially at res,t by Taylor46 shows linear growth rates 

independent of the fluid layer depth (h). Taylor's analysis shows 

that the two free surfaces of the fluid layer effectively "decoupled" 

for kh > ar 13, where h is the original thickness of the layer. Our 

results, in agreement with Taylor's analysis, show significant finite 

thickness effects when 1/3 < k; x < 3. The growth rates given by the 

slope of the dashed lines of Figs. 25 and 26 are equal for the 

unstable modes. However, the amplitude at which a mode departs from 

linear growth A y is not the same even though the initial perturbation 

wavelength are. This transition to nonlinear behavior does not occur 

at the value conventionally given for ideal semi-infinite fluid 

layers, ~ lAy':: 0.4,47,77 but for kyll x~ 1 is found to be 

consistently lower. For the lower irradiance case of Fig. 25 the 

values of amplitude-to-wavelength at which the nonlinear growth begins 



are approximately 0.25 and 0.1 for initial amplitude-to-wavelength 

values of 0.1 and 0.03 respectively. The higher irradiance case of 

Fig. 26 has approximately the same values of the amplitude-to

wavelength ratios when departure from linear growth is observed as 

those found for the lower irradiance cases of identical initial 

amplitude-to-wavelength values. 

Comparison with Classical Finite Fluid Motion 
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The differences which occur in the nonlinear evolution between 

unstable cases for which kyLl x< 1 and kyLl x> 1 can be attributed 

to finite shell mass effects. These differences have a classical 

analog as ilustrated in Fig. 28. The semi-infinite fluid layer case 

(Fig. 28a) shows the usual bubble and spike structure as well as the 

expected temporal behavior of the spike in free full and a bubble 

having a constant rise velocity. However, for the classical case of a 

finite fluid layer for which kyLl x= 1, Fig. 28b, the nonlinear 

development is seen to be different from the semi-infinite case. At a 

time of comparable spike amplitude, the structure of the bubble is 

broader than that of the semi-infinte case. The spike shape is also 

seen to be different between the two cases. 

By comparison it can be seen that the two ablative cases 

discussed in Section 4.1 show these same qualitative differences. The 

1.0~ m case for which kyLl x< 1 resembles the semi-infinite fluid 

layer case, Fig. 28a, while the 2.5~ m cases (kyLl x- 1), 

corresponds more closely to the finite fluid layer case. It is 

interesting to note that the jetting or "anti-spike ll behavior seen for 



109 

the longer wavelength cases studied can also be seen in the finite 

fluid layer classical case, Fig. 28b. The understanding of the 

formation of this anti-spike may prove to be important due to its 

possible effects during pusher deceleration, i.e., fuel pusher mixing 

or further unstable growth of this anti-spike structure, (see 

Chapter 1). 

In summary, our results for the single frequency unstable 

cases show: (1) The center-of-mass motion of the shell is virtually 

unchanged by the presence of the Rayleigh-Taylor unstable structure. 

(2) F~r the laser irradiances considered, a laminar structure of both 

the front and back surfaces of the shell is observed. (3) Unstable 

modes continue to evolve in the nonlinear regime and result in a 

decreased shell thickness in the region of the bubble center compared 

to the unperturbed ablated shell thickness. (4) A finite amplitude 

effect due to the ablation process shows that the amplitude-to

wavelength ratio ( ~/ Ay) at which the departure from linearly 

unstable growth occurs decreases as a function of the initial value of 

~o/ Ay' This shows that improved surface fabrication can lead to 

larger shell lifetimes for a fixed shell aspect ratio. {5} The most 

globally disruptive single frequency modes are those for which ky 6x 

is of order unity (ky6X ~ 1.3 for the 2.5 ~ m case and ky6X = 3 for 

the 1.0 ~ m case). (6) Larger ablation rates (resulting from higher 

absorbed irradiances) can extend the effective aspect ratio of a shell 

before ablative rupture due to nonlinear mode evolution occurs, but at 

the expense of hydrodynamic efficiency. 



Nonlinear Evolution of the Two Frequency 
Rayleigh-Taylor Instability Results 
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The Chapter 4 results, and the discussion in Chapter 2, shows 

that a universal parameter by which the development of two frequency 

Rayleigh-Taylor unstable flow can be characterized does not appear to 

exist. The development of the unstable flow structure depends on the 

amplitude and phase of the short wavelength harmonic with respect to 

the fundamental. An added complexity found in the ablative cases is 

due to the finite amplitude effects discussed in the previous section. 

As shown in Chapter 4 and noted by White,80 depending on the 

initial phase and amplitude of a periodic disturbance and its 

harmonic, there is evidence of mode-mode coalescence during the 

nonlinear growth phase. This is seen in Fig. 30, where the shorter 

wavelength is entirely swept into the spike of the fundamental which 

results in a larger mass in the spike than that found for the single 

frequency fundamental disturbance. Determination of the short 

wavelength spike locations for the cases displayed in Figs. 34 and 37 

show that the spike tips of the short wavelength mode approach one 

another. 

As in the single frequency cases, no mode stabilization was 

found. In fact, a dominant effect of the shorter wavelength harmonic 

is to effectively open or enhance the spike of the fundamental lending 

to increased shell thinning rates over that of the pure fundamental 

mode alone, Figs. 33 and 39. 

It is important to note that the classical simulations of a 

fluid layer display, qualitatively, the same characteristics of 
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nonlinear growth as thelr ablative analogs. This is an important 

observation. To carry out a large parameter search of the effects of 

multi-mode nonlinear development on pellet performance using two 

dimensional simulations would require an unacceptably large 

expenditure of time and computer resources. A full two dimensional 

simulation can first be carried out to determine the effective Atwood 

number for a given choice of parameters. Using this effective Atwood 

number classical fluid simulat~ons would then be used to identify 

nonlinear interactions. Once important mode-mode interactions have 

been identified, (by determining shell thinning rates), full two 

dimensional simulations can be carried out on the more important 

cases, thus saving a large amount of computational time. 

The major differences between the ideal fluid cases considered 

and the ablative cases are twofold: (i) The linear growth rates for 

the ideal finite fluid layer tend to be larger than those for ablative 

compressible cases, (see Fig. 17). (ii) The ablative cases exhibit a 

linear growth rate curve with a local maximum in contrast to the 

monotonic curves for ideal fluids. This latter effect can be included 

in the ideal fluid model in an approximate way by including 

stabilizing terms, such as a surface viscosity. 

However, classical Newtonian viscosity in the interior of the 

fluid cannot be used to reduce the growth rate as it gives rise to a 

diffusion of vorticity into the fluid interior and away from the 

boundary. The latter effect must be treated by solution of the full 

Navier-Stokes equations. 
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For our simulations, we have shown that the ideal fluid 

calculations predict the most important effects of shell thinning and 

mode-mode interactions. For the range of ky~ x space of interest, the 

use of smaller values of ~o/ 1y in the classical simulations than 

those employed in the ablative cases result in quite similar nonlinear 

mode structure for both the single- and two-frequency examples. 

In summary our results for the two-frequency unstable cases 

show: (1) The complicated mode structure which develops is dependent 

on phase an initial amplitude of the harmonic on the fundamental. 

(2) For the two-frequency cases considered, the effect of the shorter 

wavelength is to increase the mass flow by opening up the spike of the 

fundamental and thereby increase the shell thinning rate over that due 

to the fundamental alone. (3) With care in the set-up of the 

classical analog cases, classical techniques can be used to examine 

mode-mode interactions. This approach yields a large computational 

savings compared ~/ith full two dimensional numerical simulation, and 

is a useful aid to identify important multi-frequency cases. 

Effective Shell Lifetime 

The finite amplitude effect observed in Figs. 25 and 26 

determines the effective lifetime of the shell. In determining the 

time scales of interest it is useful to define a burn through time for 

the shell, defined as ~ = (fu ~)-1 where m is the shell mass. 

However, for this definition to be quantitatively meaningful, it is 

necessary to unambiguously define the effective time dependent shell 

mass, (m) in the formula which is to be associated with the 
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acceleration of material due to ablation. We define m to be the sum 

of the mass over all zones whose density exceeds half of the initial 

shell density. The quantity tb is the dimensional time required to 

characterize ablative time scales. Since the simulations we are 

describing are in planar geometry, there is no implosion time, but in 

practice one can think of tb as being approximately equal to the 

implosion time. 50 This is a consequence of the stationary model of 

ablation, in analogy with a simple rocket model, maximum transfer of 

absorbed energy to the imploding shell is achieved when the ablated 

fraction of the shell at culmination is of the order of 80%.50,87 

Although in our simulations the ablation rate is highest at 

the spike tip, ablation still proceeds along the entire front surface 

of the shell and ablative rupture occurs first at the thinnest portion 

of the shell. We identify the final failure mode as ablative rupture 

as opposed to hydrodynamic rupture because at late times in the 

simulation the density at the thinnest portion of the shell drops as 

the temperature rises. This effect is analogous to the burn through 

illustrated at late times in the one-dimensional calculation of Fig. 

15. Ablative rupture is enhanced by the instability because when the 

shell thickness at some position approaches a small fraction of its 

original thickness, it tends to burn through there. Thus, an 

effective measure of shell lifetime, which is shorter that tb when 

perturbations are present, is the time required for shell material 

(whose density exceeds half of the initial shell density in accordance 

with our definition of m in the expression for t b) to achieve a 

limiting thickness at the thinnest portion of the shell. A reasonable 
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value of the limiting thickness is 20% of the initial shell thickness. 

The tacit assumption is that the irradiances chosen are sufficiently 

high so that additional shell thinning not included in the one

dimensional ablation calculations will result in shell burn through 

for most designs. Alternatively, the simulations can be continued to 

burn through at the shell's thinnest positions, and in some cases this 

has been done. The choice of 20% of the initial thickness results in 

substantial computational savings and has been found to be 

satisfactory in carrying out the simulations reported here. 

The nearly constant bubble rise velocity observed allows one 

to estimate the effective lifetime of the perturbed shell by 

extrapolation to the 20% thickness time, see Figs. 26 and 35. The 

procedure for estimating the effective aspect ratio which may be 

successfully employed, based on the present analysis where shell 

thinning to 20% is employed as our definition of failure, is to 

determine the number of times the shell moves, in units of its 

thickness at the time of initialization t I , before the shell minimum 

thickness becomes 20% of its original thickness. 

Safe Aspect Ratios 

The structure of the density profiles observed in Figs 19 and 

21, as indicated by their laminar shape and time-dependent ordering 

(as opposed to disordered or turbulently mixed profiles) suggests that 

the upper limit of aspect ratios imposed by instability on these 

systems can be extended to higher values than previously deduced on 

the basis of extrapolation from linear theory. The predictions from 
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linear theory limited initial aspect ratios to values of the order of 

five or less. 10 ,65,66 

In applying the results of simulations of planar slabs to 

spherical shells, it should be understood that planar geometry 

corresponds to the limit of large aspect ratio. As the aspect ratio 

decreases, the spherical divegence of the ablative flow, relative to 

the shell acceleration, becomes increasingly important in determining 

the character of the flow. Calculations with the stationary flow 

model of ablation indicate that for burn through times resulting in 

good hydrodynamic effeciency, acceleration plays a dominant role and 

the planar approximation is valid, provided the inflight aspect ratio 

is of the order of or greater than 30. 50 (In Ref. 50, the 

dimensionless parameter ~ is effectively a measure of the importance 

of acceleration relative to divergence.) 

Although it is the initial aspect ratio of the target that is 

most often quoted in discussions of spherical target design and 

performance, it is the inflight aspect ratio of the shell that is of 

importance in determining the stability properties of the shell to 

Rayleigh-Tylor instability.50 (The inflight aspect ratio is defined 

by r(t)/ 8r(t) where 8 r(t) is the separation distance between two 

surfaces of equal density (the original shell material density) and 

r(t) is the mean radial position of these surfaces.) 

To estimate the largest inflight aspect ratio which may be 

successfully employed, which we refer to as the safe aspect ratio Q, 

we use the present analysis of planar slabs (where shell thinning to 

20% is employed as our definition of failure) to determine the 
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distance the shell moves when it achieves this minimum safe thickness 

normalized by its thickness when the perturbation is initially 

applied. 

As an example of this procedure for estimating Q we consider 

the case where I = 1015 W/cm2 and the perturbation wavelength A is y 

2.5 ~ m. From Fig. 17, it is seen that this mode is more dangerous 

for the same initial amplitude to wavelength ratio, than the shorter 

wavelength mode with A y = 1.0 ~ m. At the initialization time, the 

unperturbed shell thickness is of order 0.5 ~ m which results from 

compression and ablation of the original 3.0 ~ m shell. The 

simulation shows that the shell thickness at the bubble center is 

0.1 ~ m at time 115 psec when the shell has moved 16.1 ~ m, so the 

safe aspect ratio Q is approximately 32. For the smaller initial 

amplitude perturbation, a reduction by approximately a factor of three 

in initial amplitude effectively increases the shell lifetime by about 

20 psec and results in a safe aspect ratio of nearly 40. The longer 

effective lifetime of the shell is apparent by reference to Fig. 27, 

where we plot the shell thicknesses as a function of time for the 

unperturbed case and for the ;01 Ay = 0.10 and ;01 Ay = 0.03 perturbed 

cases. Relating the safe inflight aspect ratio to the more 

conventionally employed init1al aspect ratio, the above Q's correspond 

to an initial aspect ratio of approximately ten. For example, this 

value of the initial aspect ratio is obtained by dividing 3 ~ m (the 

shell thickness at t = 0) into the 30 ~ m the center-of-mass has moved 

before failure for the 2.5 ~ m wavelength (;01 Xy = 0.03) simulation. 

Thus the range of initial aspect ratios which may be used is extended 
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from five, based on conjecture from linear theory,10 to approximately 

twice that value. 

Surface Finish Requirements 

It may appear that the amplitude to wavelength ratios in the 

examples seem large compared with present fabrication capabilities. 

We point out that the initial (t = O) target surface finish 

requirements are substantially more restrictive. Extrapolation from 

tI to t = 0, using the linear growth rate (indicated by the slope of 

the dashed lines in Fig. 23) and accounting for the approximately 10 

psec startup time (corresponding to the early time behavior of the 

cosh yt linear theory result) which occurs prior to exponential 

growth, results in an initial fabrication tolerance which is 20 times 

more restrictive than the ~ 01 Ay ratio at t I • This argument is only 

approximate. The initialization procedure employed to study the 

stability of the ablation surface in this paper neglects early time 

transient effects10 ,85 which may change the present estimates, but 

only by a factor of order two or so. Furthermore, nonlinear effects 

can be avoided by requiring the initial surface finish to be smoother, 

typically~ o/Ay~ 0.1 for k(:4r lAy} over the entire range, 

1/3 < k t:. x < 3. 

In summary, two quantities are important in determining the 

unstable behavior of a finite fluid layer: 1) the amplitude-to-

wavel ength rati 0 of the mode ( ~ 01 A y)' which fixes both the growth 

rate and the penetration depth of the mode,46,48 and 2) the amplitude-

to-l ayer thi ckness rati 0 of the mode (for fi xed ~ 0 1 A y' thi sis 
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equivalent to specifying kil x). The choice ~ IA < 0.1 to avoid o y 
nonlinear initial behavior is based on the results of Fig. 17 by 

examining the linear growth rates (e.g., see Fig. 26) obtained by 

increasing the amplitude-to-wavelength ratio in DAISY simulations 

until the observed growth rates no longer agree with those of Fig. 17. 

This procedure unambiguously determines the range of validity of 

linear mode evolution, given the insensitivity of the growth rates to 

il x discussed above. Reference to Fig. 17 shows that the linear 

growth rates over this range in k are nearly equal. On the basis of 

this observation, one may argue that the initial surface finish 

required, based on the smallest wavelength of interest, reduces the 

initial tolerance by another factor of 3, resul ting in initial ~ / A Y 

values to avoid nonlinear effects of order 5xlO-4 or less. 

These estimates indicate that surface fabrication requirements 

are sufficiently restrictive so that the nonlinear effects we are 

discussing are of importance in present and proposed inertial fusion 

implosion experiments. 

Effects of Irradiance and Convergence 

For the lower irradiance case illustrated (1 = 3xl014 w/cm2), 

the ablation rate is sufficiently small that the burn through time of 

the unperturbed system is greater than 250 psec. The effective aspect 

ratios which may be employed for this system are smaller: for the 

2.5 ~ m perturbation whose initial amplitude-to-wavelength ratio 

~ol Ay is 0.1 (IcE; - 1T 15), Q - 20, and for the smaller initial 

amplitude case, ~ol Ay = 0.03 (k~o - 1T 116.67), Q - 30. These 
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~o/ Ay values at tI are reduced by approximately the same factor (25 

to 30) as in the higher irradiance example when extrapolated from tI 

back to t = O. It is significant that the lower ablation rate is less 

effective in mitigating the unstable mode behavior. This result was 

inferred by extrapolation in Ref. 10, and more recently illustrated 

using both linear analysis and numerical simulation. 49 ,88 (In ref. 88 

it was also demonstrated that the predominant smoothing mechanism is 

due to nonlinear thermal conduction and not to convective 

stabilization. 89 Results from this research are in agreement with this 

finding.) The velocity gradients near the ablation surface (e.g. see 

Fig. 22) are never large enough to overcome the destabilizing 

acceleration due to the pressure gradient in these examples. Although 

higher irradiances may' effectively increase the aspect ratio which may 

be successfully employed, the irradiances required may result in a 

decreased hydrodynamic efficiency for the implosion. This results 

from the burn fraction of the shell being higher than that which is 

required to obtain maximum hydrodynamic efficiency. 

Target performance may be degraded by the inability of a 

highly distorted shell to act as a pusher that efficiently delivers 

its kinetic energy to the fuel at the time of peak compression. The 

effects of converging geometry on the behavior of target implosion 

systems in the presence of the types of shell distortion seen here 

require further investigation. It is plausible that successful target 

reoptimization can be achieved by calculations which consider the 

combined effects of nonlinear shell distortion and convergence. 
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Concl us ions 

This ~esearch has shown various effects of multi-frequency 

unstable perturbations and demonstrated the utility of methods such as 

the boundary integral method to identify the important effects of the 

multi-frequency unstable gro\,/th on ICF target implosions. The use of 

classical fluid results can serve as a first order estimate for the 

unstable ablative compressible problem. 

Plots of the amplitude of an unstable fluid layer at its 

thinnest position as a function of time have shown that multi

frequency effects are most important for a combination of modes in the 

range 1/3 < k l!,x < 3. Although k values larger than those at the end 

of this range have enhanced linear growth rates in the classical case, 

the penetration depth of these modes is less and therefore are less 

globally disruptive. Furthermore, a full ablative determination of 

the unstable spectrum indicates that the effects of thermal conduction 

substantially reduce the growth rate for large k modes (k l!,X > 3), and 

they are therefore not important in failure considerations for 

ablatively accelerated shells. By comparison with the full 

simulations, we have demonstrated that it is important to consider 

only a portion of the unstable spectrum to estimate the worst case 

effects. 

We summarize our results as follows: 1) The multi-frequency 

results are consistent with the single frequency results as reagrds 

the laminar structure observed for both the anterior and posterior 

surfaces of the shell of the laser irradiances simulated. 2) The 

addition of a second harmonic wavelength results in an increased rate 
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of shell thinning when compared with the shell thinning rate of the 

fundamental mode alone. 3) Initial tol ~ values are important in 

determining mode evolution; tol ~ values of order of 0.1 or more for 

a mode result in the dominance of nonlinear effects. 4) Mode 

coalescence appears to occur but does not appear to result in 

decreased bubble rise velocities in a finite fluid shell. 5) The 

comparison of the classical inviscid incompressible results with the 

full ablative compressible simulations illustrates t~e qualitative 

agreement between the nonlinear evol uti on of these dilverse Rayl ei gh-, 
; , 

Taylo~ unstable modes. 6) For the ablative cases, inflight aspect 

ratios as high as 40 may be used by going to higher irradiances, at 

the expense of hydrodynamic efficiency, before ablative rupture 

occurs. 

The use of one-dimensional simulations to obtain the rate of 

shell thinning due to mass ablation can be used together with ideal 

fluid results which determine acceptable initial tal A values for 

components fo th unstable modes in the range 1/3 ~ k !SJ< ~ 3. Shell 

thinning effects, calculated using classical fluid results, due to the 

Rayleigh-Taylor instability alone give a first order estimate of the 

enhanced rate at which an unstable ablatively accelerated shell will 

thin. 

The thinning rates, as a function of time, should be measured 

in units of the classical growth rate. The number of growth times 

required for an unstable shell to reach a limiting thickness may then 

be used to estimate the effects of the instability in the ablative 

case by rescaling the resulting time in units of the ablative linear 
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growth times (e.g., see Fig. 17). This procedure allows one to 

estimate an enhanced thinning time, to be subtracted from the thinning 

time due to ablation alone. This computationally efficient method 

significantly reduces the overhead required to assess the surface 

finish and shell irradiation uniformity requirements for the success 

of ablatively driven laser fusion pellets. 

Areas for Future Research 

Our estimates of the required surface finish, (and 

illumination uniformity) to keep the Rayleigh-Taylor instability near 

the ablation surface of the pellet within the linear growth regime, 

for the worst wavelength mode, shows the importance of understanding 

the nonlinear evolution of unstable modes. Proper attention to the 

hydrodynamic stability may make it possible to keep the more globally 

disruptive modes within the linear growth phase, or just into the 

nonlinear phase, during the initial acceleration period before 

spherical convergence effects become important. 

The planar geometry used in this analysis can be expected to 

give a good representation of unstable growth before convergence 

effects become important for targets whose initial aspect ratio is 

greater than thirty. An understanding of the effects of spherical 

convergence on Rayleigh-Taylor unstable growth and nonspherical shells 

during pellet implosion is an important topic for future 

investigations. 

The effects of shell thickening during the period of strong 

spherical convergence on Rayleigh-Taylor unstable growth depends on 
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the linear growth rate spectrum for a given target design. The rate 

of shell thickening due to convergence may shift the most dangerous 

wavelength from relatively fast growing modes early in time to 

wavelengths with smaller linear growth rates during the later phase of 

the implosion. 

The results of a linear analysis, for a given target design, 

will dictate which questions concerning the strongly convergent period 

will have to be answered: 1) If unstable growth is still important 

during the strong convergence phase an analysis, such as the one 

undertaken for this study, will have to be performed to determine the 

effects of Rayleigh-Taylor unstable growth during this phase of the 

implosion. 2) If during the strong convergence phase the importance 

of Rayleigh-Taylor unstable growth is reduced, due to the worst mode 

shifting to slower growing modes, questions pertaining to the dynamics 

of a deformed pusher will still have to be answered. The efficiency 

of kinetic energy transfer to the fuel for a pusher whose shape has 

been deformed due to both instability and other nonspherical implosion 

effects is an important topic for future investigation. The 

dependence of kinetic energy transfer efficiency on pusher 

nonuniformity will dictate the amount of unstable growth which can be 

tolerated for modes whose disruptive nature is global to the shell. 

The results of this analysis may even lead to the requirement that the 

more globally disruptive modes be kept within the linear growth phase 

during the pellet implosion. 

Finally, there are a number of questions which must be 

addressed concerning the pusher deceleration phase of the 



implosion. 70,90.91 Depending on the target design the pusher-fuel 

interface will become Rayleigh-Taylor unstable during deceleration. 

Some of the questions which must be discussed in detail are: 
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1) Unstable linearlO and nonlinear growth of the inside pusher-fuel 

interface. 2) Mixing of the pusher and fuel material caused by 

unstable growth or the anti-spikes formed due to outside surface 

unstable growth. 3) Effects of increased inside pusher surface area 

on thermal, change particle and radiative losses from the fuel during 

the burn phase of the implosion.89 

Several studies have considered the effect of Rayleigh-Taylor 

unstable growth on high gain systems. 70,84,92 The effects of 

Rayleigh-Taylor unstable growth on the yield of ignition requirements, 

due to burn quenching via high Z mixing and increased energy losses 

were found to be dependent on the pellet design and the mode of 

ignition. To date little is known about the effect of Rayleigh-Raylor 

unstable growth on marginal ignition systems. 



APPENDIX A 

DAISY COMPUTATIONAL MODEL 

In this appendix, we summarize some of the unique features of 

the DAISY computer code. Several features of the DAISY code, in 

particular the formulation of the hydrodynamic equations and electron 

thermal conduction on a distorted triangular mesh, are presented in 

some detail. 

DAISY is a two-dimensional Lagrangian code which employs 

triangular zoning in cylindrical (R-Z) geometry. 

Hydrodynamics 

The axis symmetric Eulerian equations for the flow of an 

inviscid compressible fluid in cylindrical geometry are: 

.Q.Q + uap + yap = _p (all + 2! + ~) 
at ar az ar ar r 

..2.!:!. + u~ + v~ = 1 aP 
at ar az p ar 

av + av + av _ 1 aP 
at uar v az - - p az 

P = P(v,E) 
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(Al) 

(A2 ) 

(A3) 

(A4 ) 

(A5) 
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where u is velocity in the radial (r) direction, v the velocity in the 

axial (z) direction, p the fluid density, P the fluid pressure (due to 

ions and electrons), E the fluid specific internal energy, and v the 

fluid specific volume (1/ pl. Equations (AI) through (A4) are the 

Eulerian form of the fluid dynamic equations. In this formulation, 

the dependent space variables are referred to by a coordinate system 

fixed in space. 

Equation (AS) the equation of state, relates various unknowns 

in Eqs. (AI) through (A4). The specific form of the equation of state 

[Eq. (AS) ] used in this thesis was that of a perfect gas. 

The alternative Lagrangian formulation of the fluid dynamic 

equations is obtained by expressing the flow variables in terms of a 

coordinate system which follows a fluid element. This Lagrangian 

formulation is used in DAISY and is discussed in detail below. 

An advantage of the Eulerian formulation in numerical 

simulations of fluid flow problems results from the ability to treat 

flows of arbitrary distortion. However, difficulties arise in 

treating flows containing either non-rigid boundaries or interfaces 

between fluids possessing different thermodynamic properties. 

Eulerian formulations of flows composed of materials of different 

thermodynamic properties can suffer from nonphysical diffusion rates 

of materials across interfaces. A second diffic~lty arises when flow 

discontinuities, for example, shocks, occur on length scales small 
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compared to the fixed grid spacing being used in the Eulerian 

simulation. 93 ,94 Oscillations develop which destroy the accuracy of 

the solution in these situations. These are avoided in a Lagrangian 

code by placing coordinate lines along material interfaces and non

rigid boundaries. The advantage of the Lagrangian formulation is well 

recognized in one-dimensional simulations. 95 

Many advantages of Lagrangian codes still apply in multi

dimension problems, but additional techniques must be included with 

the basic algorithm to assure accurate solutions for distorted flow 

problems. A Lagrangian formulation will yield reasonable good flow 

definition throughout the simulation, provided that care is taken to 

represent accurately the initial flow conditions in one dimension. 

Multi-dimensional simulations which define the initial flow conditions 

accurately may, however', have areas of poor resolution as the 

simulation proceeds. The limitation of large distortions can be 

overcome by the use of rezoning techniques. 96 ,97 Compressible flow 

problems which require continuous rezoning due to large flow 

distortion or turbulence, may suffer from nonphysical diffusion of 

fluid thermodynamic properties, thus making simulation results 

questionable. 

The desire to simulate flow problems which may contain 

materials of different thermodynamic properties, together with the 

requirement that we maintain an ability to model large scale flow 

distortions, resulted in the adaption of the Lagrangian formulation of 



the fluid qynamic equation in DAISY. A treatment of compressible 

distorted flow problems without the need for continuous rezoning is 

facilitated by the use of a triangular zones, (in the RZ plane) to 

represent the computational mesh. 

Lagrangian Ijydrodynamic Equations 

Lagrangian equations result from a change of variables from 

the Eulerian coordinates (r,z,t) to the Lagrangian coordinate 

(R,Z,t'). The transformation of the derivatives, 

~r I a,t' ~z I r,t' ~t I r,z 

(where quantities to the lower right of-the vertical bars are those 

which are held fixed), appearing in the Eulerian equations are 

obtained using the Jacobian, 
J - a(r,z,t) = 

- alR,L,t') 
a(r,z) 
a (R,Z) 

where we have used, t' = t. 

The partial derivatives in the Eulerian equation result in: 

Similarly, 

a( pZ,t) = 
a{r,z,t) 

= 

a( ,z,t) 
a(R,Z,t') 
a(r,z,t) 
a(R,Z,t') 

1 a( ,Z) 
'J a(R,Z} 

~Z I r, t 
1 

= - 'J 
a ( ,r) 
a{R,L) 
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(A6) 

(A7) 



The Eulerian time derivatives m~ be written as: 

a I - 1 a ( ,r,z) 
at r,z - 'J a(t,R,2) 

_ 1 [a(r,z) a 
-;r a (R,l) n R,Z 

a(r,Z)a + a(r,z) a ] 
a(t,Z)aR a(t,R) a7 . 

Where the terms a(r,z)/ a(t,Z) and a(r,z)/ a(t,R) in Eq. (A8) are 

given by 

a(r,z) = ar az 
in t, Z) at az 

and 
a (r,z) = ar az 
a (t,R) IT aR 

respectively. 

Making the Lagrangian identifications aR/at = u and az/at = v, 

Eq. (A8) becomes 

~tl a a va = IT R,Z - uar r,z az 
or 

~tlr,z + U • 'iJ = hi R,Z 
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(AS) 

which expresses the relationship between the Eulerian and Lagrangian 

time derivatives, 

where 

u = 
,.. ,.. 

ue + r 

and ~r,z are unit vectors in the rand Z directions respectively. 
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The transformation of the continuity Eq. (AI) yields 

P = Vo (A9) 

Po V 

where Po and Vo represent the density and cell volume, respectively, 

at time t = O. The Lagrangian momentum equations, Eqs. (A2) and (A3) 

result in the acceleration in the r- and z-directions given by: 

1 ap 1 ap az ap ~) .!:. aR = = - -P ar Po aR az al aR R 
(Ala) 

and 
1 ap 1 ap ar ap ~) .!:. aZ = = - - -
P az Po aR az az aR R 

(All ) 

The energy Eq. (A4) becomes 

dE = -peN . 

Equations (A9) through (A12) along with Eq. (AS) represent the 

required (Lagrangian) set of equations needed for a two-dimensional 

(R,Z) Lagrangian hydrodynamic formulation. We now describe the finite 

difference form of these equations used in DAISY. 

Figure 43 represents the basic computational grid used in 

DAISY. The fluid is defined by a number of discrete zones, each of 

which has fluid thermodynamic and kinematic properties associated with 

it. The DAISY triangular zones lie in the RZ plane. Thermodynamic 

properties, e.g., pressure, density, and temperature are defined at 

triangle centroids and are assumed constant throughout the entire 
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triangle zone. Kinematic quantities, e.g., acceleration, velocity, R . 
and Z positions are defined at vertex points indicated by the black 

dots in Fig. 43. Each vertex point, also referred to as inertial mass 

points, has an index marker notation, (I,K). which labels the zone on 

the two-dimensional Lagrangian grid. The zone accounting logic used 

in DAISY assigns two additional quantities to each vertex point. The 

zone type 1 and 2 illustrated in Fig. 43. Each vertex pOint also has 

three panels PI, P2, and P3 (see Fig. 43) associated with it. Thus 

using this notation, conservation of mass Eq. (A9), becomes 

~ Po(I,K) Vo(I,K) 
P(I,K) Y(I,K) 

The volume of triangular Lagrangian zone V(I,K) is given by: 

V(I,K) ~ rc(I,K) A(I,K) (per radian) 

where rc(I,K) is the centroid of the area for zone (I,K) and A(I,K) ;s 

the cross sectional area in the RZ plane for zone (I,K). 

The quantities rc(I,K) and A(I,K) are computed as follows: 

For the three vertex points which ~f;ne a zone (rl' zl)' (r2' z2)' 

and (r3, z3', see Fig. 44, the area centroid rc(I,K) is: 

rc(I,K) E i (r1 + rZ + r3'· 

The cross-sectional area A(I,K) is given by: 

where ~1 and !2 are the two panel vectors indicated in Fig. 44. 

(A12) 
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a: 

z 

Fig. 43 Triangular (DAISY) computational mesh. 
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(1-1, K-1) I 
a: (r2,z2) I 

I 
I r c (I, K) 

I 
I 
I 
I 
I 

z 

Fig. 44 DAISY zone vertex quantities used in determination of a zone 
cross sectional area and volume. 
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Expressions which define the sign conventions for these quantities 

are: 

,.. ,.. 
Rl = (r2 - rl)r + (z2 - zl)z 

and 
,.. " 

R2 = (r3 - rl)r + (z3 - zl)z 

The treatment of the momentum equation, Eqs. (AlO) and (All), 

are more complicated. The dynamic variables are located at the 

inertial mass points (vertices) of a zone. There are six zones 

surrounding a given inertial mass point and six panels emanating from 

each inertial mass point across which pressure differences can exist. 

The radial and axial accelerations at each inertial mass point are 

obtained by determining the Rand Z components of the total force 

acting at each inertial mass point and then dividing by the mass 

associated with the point. The mass can be obtained in a variety of 

ways, but the simplest is to use the mass associated with the volume 

obtained by connecting the area, centroid of the six surrounding 

zones, as illustrated in Fig. 45. (Since the entire grid is composed 

of triangular zones with only six zones surrounding a given inertial 

mass point, the method described will account for all the mass on the 

grid. ) 

The force on a given panel is obtained by assuming that the 

pressure difference between two adjacent zones acts uniformly along 

the panel separating the two zones. The resultant force distribution 

due to the pressure difference across a panel then results from linear 



interpolation (Le q a "lever" law) along the panel. A differential 

area element of a panel dAp (Fig. 46) is 'defined by: 

dAp = (rl + ~)d t , 

and the pressure difference across the panel by 

The force at (rl , zl) due to this pressure difference ~p is given by 

integrating the pressure per unit area across the panel: 

~tT t F( r z) = ~p (1 - ~t) dAp 
I' I 0 

The acceleration is obtained by summing the respective Rand Z force 

components due to the six panels and dividing by the mass associated 

with the point being considered: 

135 

(AI3) 

where Mass(I,K) is the mass associated with inertial mass point (I,K). 

The velocity and displacement for a given point are obtained by 

integrating, the Lagrangian equations of motion in time: 

du dv (A14 ) 
dt = aR at = aZ ' , 

and 
dR dZ = v. = u at , (fE 
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(I, K+ 1) 

(1-1, K) 

(1+1, K-1) 

(I, K-1) 

Fig. 45 Inertial mass determination scheme on DAISY mesh. 
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Fig. 46 Force determination on a panel between points Rl and R2 on 
the DAISY mesh. 
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To integrate Eq. (A14) forward in time recall that the 

numerical stability properties of the finite difference equations must 

be considered. There are two categories of methods which can be used 

to finite difference initial value problems, explicit and implicit 

time-stepping methods. Defining nand n+1 to represent time cycles 

corresponding to time t and time t+ ~t respectively, an explicit 

method gives the solution for an unknown quantity at time n+1 directly 

in terms of know quantities at time n. An implicit method requires 

the solution of a set of simultaneous linear equations to obtain an 

unkown quantity at time n+1. The use of an implicit method for 

solving Eqs. (A12) allows one to choose a time step ~t of arbitrary 

size, based solely on the conditions for accuracy required in the 

solution. 82 ,9B For numerical simulations of incompressible fluid flow, 

implicit methods are more useful. The use of an implicit scheme in 

problems for which finite sound speeds are of considerable importance 

may suffer from poor resolution of the short time scale hydrodynamic 

motion. As discussed in Chapter 1 of the text, the effects of finite 

sound speeds are of considerable importance in problems for which 

DAISY was developed. Hence, an explicit method of solution for Eq. 

(A14) was chosen for the use in DAISY. 

The use of an explicit time-stepping method for solving Eq. 

(A14) requires (for numerical stability) an upper bound on the 

hydrodynamic time step. A stability criterion similar to that due to 

Courant, Fredricks and Le~B3 is used in DAISY. This stability 

critrion has been found adequate for most problems we have considered. 



For an explicit forward EulerB2 method for equations similar to Eq. 

(A14) Courant, Fredricks and Lewy demonstrated that for numerical 

stability the following stability condition must be satisfied, 
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(A15) 

where 

Cs - sound speed in a zone 

6 x - length across a zone 

The time step used in DAISY is heuristically similar to Eq. (A15) by a 

slight redefinition of 6X: The 6X in Eq. (A15) is replaced by the 

minimum of the three perpendicular lengths for zone vertex points to 

the opposite panel. The perpendicular lengths 6X are: 

x = 2.A(I,K) 

6 i I ifi I 
where A(I,K) is the zone cross-sectional area Eq. (A12), and Ri is 

the length of panel opposite the inertial mass point( i). The minimum 

6X; for each zone is determined, for use in Eq. (A15). 

A second hydrodynamic time step restriction is not due to 

numerical stability directly but rather to nonumiform flow conditions. 

For flow velocities and accelerations which change rapidly through the 

grid, care must be taken that a given inertial mass point not pass 

through the panel op~usite from it (resulting in a negative volume). 

This zone crossing time step is: 



the ~xi's are as before. (Note, Fig. 47, that the ~xi's do not have 

to be physically located within the zone.) 

The velocities U1 ' U2 ' and U3 are relative velocities of 

the inertial mass pOints,ll, ;Land 3 in1the direction of their 

respective perpendicular distances. U. is obtained from 
'1 
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where Vi is the velocity vector at point i and Ri represents the unit 

vector perpendicular to the panel opposite the in{rtial mass point. 

The two hydrodynamic time step restrictions are determined for each 

computational zone and the actual time step used is set equal to the 

minimum time step obtained over the entire grid. The explicit first

order finite difference forumulation used in DAISY consists of a leap 

frog scheme98 for which positions (R,Z) are known at whole-interger 

times and velocities are known at half-interger times. 

Figure 48 illustrates the situation at the end of the nth time 

step for which the indicated quantities are known. The marching 

scheme first calculates the accelerations, a~ and a~ by solving Eq. 

(AI3). Since Eq. (A13) involves quantities at time n, the 

accelerations are determined explicitly by a single pass through the 

mesh. The accelerations are used to obtain half-interger time step 

velocities which are used in turn to calculate whole time positions: 
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Fig. 47 Example of three possible perpendicular distances associated 
with a given zone on the DAISY mesh. 
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Fig. 48 DAISY computational time line. 
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where 

V~+1/2 = V~-1/2 + a~ 

Vn+1/2 = Vn-1/ 2 + a~ Z Z zu 

and new positions are then determined: 

Rn+1 = Rn + Vn+1/2I::.tn+1/2 
R 

zn+1 = 
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(Al5) 

(A17) 

Once the new mesh positions [ given by Eqs. (Al7)] are obtained, new 

densities are found from Eq. (A9). To complete a hydrodynamic cycle, 

the new density is used in an equation of state [ Eq. (AS) ] ' to 

determine the new pressures. 

We now address some of the advantages of the triangular zoning 

over quadrilateral zoning for simulating distorted flow problems. If 

care is taken in choosing the time step, it is not possible for a 

triangle to invert (turn inside out resulting in a negative volume) 

without the fluid pressure going to infinity as the zone volume tends 

to zero. Quadrilateral zones can generate several pathological zone 

distortions known as99 "bow ties," illustrated in Fig. 49, or 

"bomerangs." In the case of "bow ties" only part of the zone volume 

is negative, although the net zone volume can still be positive. 

Unless partial volume checks are performed, a simulation using 

quadrilateral zones may proceed, even in the presence of a large 

number of pathological zones. The results of such a simulation are of 

questionable validity. If partial volume checks are performed, 
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INSIDE OUT 

Fig. 49 Comparison of possible zone compressions between a 
quadrilateral zone and trianular zone. 
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rezoning can be used to avoid bow ties and boomerangs, but the problem 

of a nonphysical diffusion of values due to rezoning must be 

considered. It must also be noted that a reduction in the time step 

size alleviates some problems associated with pathological zones, but 

in some cases, the actual flow properties results in these types of 

zones. Therefore, the time step reduction results in an increase in 

computer time before the difficulties occur. 

Shock Discontinuities 

Equations (AI) through (A4) apply to the smooth part of a 

flow, i.e., without shocks, or to the flow region between shocks. The 

conservation laws admit discontinuous solutions. The development of 

shock wave theory was based, historically on determining the 

discontinuous solutions to the equations. IOO Mathematically a flow 

discontinuity can be regarded as the limiting case of large by finite 

gradients across a layer whose thickness tends to zero. 

The application of the conservation laws of mass, momentum, 

and energy at a shock discontinuity result in the Rankine-Hugoniot 

relations,IOO which give the jump conditions across a shock. 

The conservation relations, formulated as differential 

equations, and solved numerically in flow simulations suffer from the 

difficulty that only one-sided derivatives exist on each side of a 

shock. The jump conditions across the shock serve as supplemental 

relations on internal boundary conditions to make the solution unique. 

The actual use and implementation of these jump conditions in a multi

dimensional Langrangian hydrodynamic code are extremely complicated. 82 
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When dissipative mechanisms such as viscosity and heat 

conduction are considered, the shock discontinuity is replaced by a 

thin transition layer. This transition layer thickness (for a strong 

shock) will be comparable to the molecular mean free in the gas. 100 In 

numerical simulations of fluid-flow problems~ a resolution on length 

scales on the order of a molecular mean free path is prohibitive. Von 

Neumann and RichtmyerlOl devised an approximate dynamic method that 

eliminates discontinuities in the equations and damps out oscillations 

in numerical computations. This method introduces a dissipative 

mechanism which smears out the discontinuity at a shock front by 

replacing it with a thin transition layer in which the pressure, 

density, and temperature vary rapidly, but in a continuous manner. 

Von Neumann and Richtmyer introduced this smearing by using an 

artificial viscosity term, q, which is added to the differential 

conservation equations. 

Form of the Artificial Viscosity Term (g) 

The form of the artificial viscosity used should have the 

following features when incorporated into a numerical solution: 99 ,lOl 

1. Differential equations (with a dissipative mechanism 

included) should apply everywhere in the interior of flow, 

with no internal boundary conditions required. 

2. The basic conservation laws expressed by the Rankine

Hugoniot conditions should be obtained. 

3. Shocks should manifest themselves as approximate 

discontinuities in p , P, and T. 
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4. The thickness of a smeared shock should be independent of 

',he shock strength and material through which the shock is 

traveling. 

5. The artificial viscosity should be independent of 

homogeneous expansions or contractions over the medium. 

That is, in general, it is desirable that 

thermodynamically reversible processes not give rise to 

shock formation. 

6. The velocity component, parallel to the shock front in a 

medium, should be continuous. 

7. Angular momentum should be conserved. 

8. There should be no artificial viscosity for a velocity 

field under rigid rotation. 

One of the one-dimensional forms proposed by Von Newmann and 

RichtmYer for q is expressed by: 

where 

l 2 
q = v 6u 
q = 0 

v - specific volume 

lSu > 0 
> 

lSu - 0 

IS u - change in velocity across a zone 

(AlB) 

a2 - constant (related to the number of 

computational mesh points the shock will be 

smeared) . 
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It was shown by Von Newmann and RichtmYer that the inclusion 

of q into the momentum and energy equations (by adding the q term to 

the zone fluid pressure) satisfied most of the desired properties. 

Condition 2 is satisfied, provided the dimensions over which the shock 

is smeared is small compared to other dimensions. Schulz99 has shown 

that condition 5 is not satisfied by the Von Neumann-RichtmYer one

dimensional viscosity. (For a complete discussion of points 6, 7, and 

a relating to multi-dimensional simulations, the reader is referred to 

Schultz. 99 ) A number of different expressions have been developed to 

incorporate the concept of artificial viscosity in multi-dimensional 

hydrodynamics. After investigation of several forms (e.g., Refs. 99, 

101, 102) the form for the artificial viscosity most satisfactory in 

DAISY is similar to the scalar form suggested by Von Neumann and 

RichtmYer. The expression for the non-zero contribution by q used in 

DAISY is similar to that given by Eq. (Ala), 

(A19 ) 

where a2 is a constant, v is the specific volume, and Vl is the 

velocity of an inertial mass point along the perpendicular from the 

inertial mass point to the panel opposite that point. 

The scalar form of the artificial viscosity of Eq. (A19) 

satisfies a number of the desired features. Conditions 1 through 4, 

as well as 6, are met by this form. Conditions 5, 7, and a are not; 

however, conditions 7 and a are related to flows for which turbulence 



may be important. Lagrangian codes are not suitable for problems 

involving turbulent flows. In this work, the deficiency of q to 

conditions 7 and 8 is not expected to be of importance. 
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To determine if q, the artificial viscosity, has a non-zero 

value in a given zone, a volume check is performed to determine 

whether the zone is compressing or expanding. If it is expanding, q 

is set to zero. If a zone is contracting, a further check that the 

maximum perpendicular velocity (relative to the frame in which the 

zone centroid is at rest), used in Eq. (A19) has a component across 

the zone is required. The q term, is assumed constant over the entire 

zone and added to the zone fluid pressure to determine the 

accelerations [Eq. (A13) ] term in the momentum equation. It is 

interesting to note that some of the virtues of triangular zoning have 

been incorporated into quadrilaterial codes by the use of triangular 

sUbzoning. 103 Frequently, difficulties are encountered when simulating 

shocks passing through quadrilaterial grids containing long thin 

zones. Shocks incident at a slight angle to a long thin zone result 

in small displacements of the vertex point and a large change in the 

zone volume. The volume change gives rise to a large artificial 

viscous pressure and a large total zone pressure and energy increase. 

On the next cycle, vertex points on the opposite side of the zone will 

begin to move outward from the zone center. This motion may be purely 

artificial, depending on the propagation speed and direction of the 

shock. One simple fix is to use more zones so that long thin zones 
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will not occur. This approach, however, may be prohibitive due to 

computer storage and time limitations. P.L. Brown and K.B. Wallick103 

have shown that by breaking a quadrilateral zone into four triangular 

subzones and partitioning the shock's energy, more physically 

realistic behavior can be obtained. For a shock entering a zone that 

is subzoned the artificial viscous pressure, as well as the energy 

change associated with the shock heating are confined locally to those 

triangular subzones in the affected region. Schulz's99 method of 

defining four viscous pressures per zone (one per panel) appears to be 

basically the same procedure for confining the viscous pressure to the 

compressed region of a zone for at least one cycle. However, the 

energy addition is then distributed throughout the entire zone. 

Boundary Treatment-Hydrodynamics 

The treatment of hydrodynamic boundary conditions in DAISY is 

accomplished without any special treatment of the momentum equation at 

boundaries. The momentum equation, requires vertex point positions 

and velocities, and a zone-centered pressure. Non-rigid boundaries 

are treated by assuming the pressure is zero (or prescribed in some 

applications) in the region outside the fluid computational mesh. 

Once the pressure outside the computational mesh is determined, all 

quantities necessary to evaluate Eqs. (A13), (A14) are known. Non

rigid boundaries do not require the extension of the computational 

grid, just the storage of the external pressure. 
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Slip surfaces, surfaces along which one component of the 

velocity is zero for all time, are handled without changes to the 

momentum equation algorithm. The slip surface is obtained by setting 

the desired components of the acceleration at such a surface to zero 

for time t > O. 

Energy Diffusion 

The energy conservation equations used in DAISY result from 

the first law of thermodynamics using 
• • • 
E + pv = S (A20 ) 

• 
where E is the rate of increase of the internal ener9¥ of the system, 

pv the rate at which work is done on the system, and ~ is the rate at 

which heat is entering the system. 

The internal energy E can be written as a function of v and T, 

where T is the temperature: 

C aT + (P + a E I ) a v _ as ( A21 ) 
vR F\) T R-CTt 

where Cv is the specific heat at constant volume. For a single 

species system, 5 includes diffusion of heat from one point to another 

by thermal conduction, sources in the system (e.g., laser energy 

deposition), and radiative losses. 

Including electron thermal diffusion and the sources Eq. (A21) 

becomes: 

C DT = V· (KVr) + 5' vut 
(1.22) 

where 5' is the external source plus the work, and K is the electron 

thermal conductivity. 
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For the problems simulated with DAISY, in this thesis, the 

form of the electron thermal conductivity is that given by Spitzer and 

Harm32 for which the tenverature dependence varies as T5/2. 

For a two-dimensional grid convosed of equal size (6x) 

orthogonal zones, a Taylor series expansion of T about + 6x/2 gives a 

representation of the tenverature gradient accurate to second order in 

(6X/2) located at a pOint midway between zone according to the central 

di fference formula: 

T(x + 6X
) 

2 

6x 1 6X 2 
= T(x) + -T' (x) + -(-) T"(x) + ••• 

2 2 2 

( AX 6x 1 6X 2 
T x - -2) = T(x) - "2T' (x) - 2'T) T"(x) + ••• 

(A23) 

(A24 ) 

AX 
where x is the position half-way between zone centers, T(x ~ Z-) is the 

teJTi)era ture at center of zone 2 (zone 1), and AX is the mesh spac ing. 

On a triangular grid the only time this definition of the gradient can 

be applied is when the grid is cOlJ1)osed of equilateral triangles. 

In cases of highly distorted triangular zones, it may be 

possible that the temperature gradient formed in this manner will 

actually pass through a third zone and two zone interfaces (see Fig. 

50) not associated with the flow of energy between the two zones under 

consideration. For this case, Eq. (A25) gives an unacceptable 

expression for the temperature gradient. 



Fig. 50 Highly distored triangular grid showing that Eq. (A25) for 
VT would yield a poor and unphysical result for the heat 
flux. 
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Another problem in the forlTlJlation of the tel11'erature gradient 

given above is that it does not take into account the possible 

influences of any of the surrounding IIcornerll zones, but considers 

only the zone directly adjacent to it.104 The method developed for 

DAISY to solve the thermal diffusion equation was derived to give an 

accurate representation of the gradient on a distorted mesh, and also 

include the effects due to IIcornerll zones. 

The method used in DAISY consists of a co!Tbination of both 

finite difference and methods more closely related to finite elements. 

Referring to Fig. 51, temperatures in a zone are defined at the area 

centroid and at the three vertex pOints. The tel11'erature at a vertex 

point is defined as the average of centroid teJ1l>eratures of the six 

surrounding zones. Other weighing schemes for determining the vertex 

point temperature, such as angle or area weighing, have been used. 

However, for the R~leigh-T~lor simulations presented in this thesis, 

the added complexity of these alternative schemes was not warranted 

because they did not significantly changer the results of cOl11'arion 

test cases. The temperature is assumed to vary linearly between a 

centroid and a vertex point. The telT1lerature gradient across a panel 

is found by determining where the perpendicular bisector of a panel 

intersects a tel11'erature branch line, (see Fig. 52) to determine the 

two linearly interpolated temerpatures of interest, and then dividing 

the difference by the separation distance of the two intersection 

points. 
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Fig. 51 Vertex and centroid temperatures on the DAISY mesh. 
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Fig. 52 Interpolation procedure for temperature gradients in DAISY. 
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The form of the temperature gradient depends upon which branch 

lines the panel perpendicular bisector intersects. The temperature 

gradient for the four such possible cases are as follows (see Fig. 53): 

(a) For 11 < 1 12 and 12 < 1 12 

l1x1 
2 = 

x1(1/2) 

1 -11 

(1/2 - 11)T + (1/2)T 
Tl 

v2 c1 = 1 - 11 b1 

I x
2

(1/2) 
l1x2 = (1 - 311

2
) 

(1/2 .• 12)T + (1/2)T 

Tl 
v2 c2 

= (311 - E
2

) b2 
and (lIb - Tlb ) 

l1T = 2 1 
(lh I + fix I ) 

2 1 

(b) For 11 > 1 /2 and 12 > 1 /2 

l1x 2 1 = 
Xl (1 12) 

11 

(1 1 - 1 12 )T + (112 )T 

Tb 
2 VI c1 

= lC l 1 

l1 x 2 
x2 (1/2) 

= 
[2 2 

(1 2 - 1 12 )T + (1 /2 )T 

Tb 
2 VI c2 

= lC l 2 
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fig. 53 DeterminatiOn of temperature gradient across a zone 

interface in OAlS~. 



then 

2 2 
(~x2 + ~xl ) 

VT = 

2 1 
(Tb - Tb ) 

2 1 

where, Tb 1 is the telll>erature at the intersection point of branch 
1 

line 1, zone 1, Tb 2 the telll>erature at the intersection point of 
1 1 

branch li ne 2, zone 1, T b J. the tel1l>era ture at intersec tion point of 
2 

branch" line 1, zone 2, T 2 the telll>erature at intersection point of b2 
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branch line 2, zone 2; Tv the temperature at vertex point 1 (see text 
1 

for definition); T the telll>erature at vertex point 2 (see text for 
v2 

defi nition), T temperature defined at area centroid of zone 1, Tc 
c1 2 

temperature defined at area centroid of zone 2, J1. - length of panel 

from vertex point 1 to point 2, J1.1 - length along panel from vertex 

point 1 to intersection point of normal to panel from zone 1 area 

centroid, J1.2 - length along panel from vertex point 1 to intersection 

point of normal to panel from zone 2 area centroid, ~x1 is the normal 

di stance from the branch 1 ine intersection point in zone 1 to panel, 

~x2i the normal distance from branch line intersection point in zone 2 

to panel. The two other possible cases are: 

c) J1.1 > J1. /2 and J1. 2 > J1. /2. 

d) J1.1 < J1. /2 and J1. 2 < J1. /2. 

By using the correct form of intersection point temperature and the 

normal from the intersection point to the panel, the expression for 

the temperature gradient for these final two cases can easily be 

derived. We :;tate the results: 

c) For J1. 1 > J1. /2 and J1. 2 < J1. /2 the tel1l>erature gradient is, 



(T
b 

1 _ Tb 2) 160 
'VT = 2 1 

(llx 1 + llx 2) 
2 1 

d) For the final case ~1 < ~ /2 and ~2 > ~ /2 resulting in 

2 1 
(Tb - Tb ) 

VT = 2 1 
(llx 2 + llx 1) 

1 1 

Although the temperature gradient sill retains the simiple form llT/llx, 

it is now non-local in that it takes into account both grid distortion 

and the influence of surrounding "corner" zones. 

Equation (A22) is nonlinear in that K, the thermal 

conductivity is a function of temperature. We solve Eq. (A22) by 

linearizing the diffusion term, (KVT) by evaluating the thermal 

conductivity K using the temperature from the previous time step and 

assuming that the conductivity remains constant during one time cycle. 

The thermal conductivity, a zone centered quantity, is interpolated to 

the panel by averaging the conductivities on opposite sides. 

The numerical stability time step limit imposed by the 

diffusion equation may be many orders of magnitude smaller than that 

required by the hydrodynamic equations. The severity of this 

restriction is overcome by employing an implicit time stepping 

procedure for the diffusion Eq. (A22). 

To illustrate the restrictions imposed by diffusion for an 

explicit procedure, consider a one-dimensional mesh of constant mesh 

spacing llx for the case of constant thermal diffusivitya:K/CV• Using 

Fourier analysis82 of the explicit forward Euler approximation of 



aT _ a2T 
at - a? 

yields a limiting value of ~t given by82: 

2 

~t < I::.X za 
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( A26) 

(A27 ) 

Consider the example of a zone containing a D-T mixture at 103eV at 

liquid density (0.2 g/cm3) and ~x = 10-4cm. Using Cv = 1.54x1011 

ergs/eV, and K ~ 1.33 x 1016 ergs/cm-sec-ev gives ~t - 6xlO-14 sec 

from Eq. (A29). The corresponding Courant time step condition given 

by Eq. (A15) for a perfect gas requires a time step of order 3xlO-12 

seconds. This simple example illustrates the difficulty and expense 

of an explicit time stepping procedure for the thermal diffusion 

equations in problems of interest in this thesis. 

Although poor resolution of short time scale diffusion 

processes result from the use of an implicit time stepping procedure, 

(since the time steps required by hydrodynamic considerations are 

likely to be greater than the characteristic thermal diffusion time in 

many low density high temperature regions of the mesh), we are not 

usually interested in following the details of the diffusion process 

in these regions. Rather we require a series of quasi-static 

equilibra obtained by an implicit method in these regions. Note that 

an implicit procedure does allow for an accurate treatment of thermal 

diffusion in low temperature, high density regions, where the thermal 

diffusion and hydrodynamic time step criteria are comparable. In 

order to insure the accuracy desired in problems of interest in this 

thesis, the time step in DAISY is additionally limited to values 
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limiting the change in terrperature between successive time steps to a 

set value, usually 10 to 20 percent. 

In ana logy with the DAISY hydrodynamics, there are two type 

identifiers associated with a given (I,K) point. Each zone, depending 

on whether it be a type 1 or 2 has a slightly different combination of' 

corner zones which determine terrperature gradient. Referring to Fig. 

54 there are thirteen possible triangles which can enter in the 

calculation of the heat flux for an individual triangle. However, due 

to topological differences, triangle types as specified by the type 

identifier, the resulting matrix equation to be solved in an implicit 

forw~lation has fifteen non-zero diagnonals. Figure 55 illustrated 

the form of the matrix equation obtained. From Figs. 54 and 55 it is 

seen that a Type 1 triangle results in zero entries in the diagonals 

labeled A and E, which Type 2 triangles gives zero entries in the 

diagonals labeled K and O. In general, the other remaining thirteen 

diagonals for a triangle are nonzero. 

The solution of a matrix this size tIJI by NM where N(M) is the 

nUnDer of zones in Z(R} by means of matrix inversion techniques such 

as Incomplete Cholesky-Conjugate Gradient Methods105 was found to be 

prohibitive due to the core memory requirements (3OMN) for the ICCG 

method. The solution procedure adapted in DAISY is successive over

relaxation (SOR}.106 SOR is an accelerated convergence variation of 

the Gauss-Seidel method for solving a set of linear algebraic 

equations, a first approximation to the solution is used to calculate, 

successive approximants recursively. An iterative procedure is 
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~/ 
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Fig. 54 Combination of neighboring zones contributing to the heat 
flux for a Type I and Type II triangular DAISY zone. 
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• 

Fig. 55 Resulting matrix for DAISY thermal diffusion scheme. 



convergent when the difference between the exact solution and the 

successive approximations, the residuals, tend to zero as the number 

of iterations increase. Consider a set of m linear algebraic 

equations. 
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+ a2mXm = b2 (A28 ) 

+ 

written in matrix form as: 

Ax = b 

Equations (A28) can be written as 

(I - L - U) x = b 

where 

a 
a21 a 

-L = a31 a32 a 
amI am2 anvn_1 O 

a a12 aI3 aIm 

-u = a a a23 a2m 
a am+m 

a a a a a 

and I is the unit matrix of order m. Land U represent lower and 

upper null triangular matrices. 
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Us ing Land U, the Gauss-Seidel iteration method is: 

xn+1 = Lxn+1 + Uxn + b (A29) 

where the superscript denotes the iteration nunDer. The change in x 

between two iterations (xn+1 - xn) is often referred to as the 

correction to x or the displacement vector. Sometimes the corrections 

to xn are systematically too large or too small. Fo~ such cases, it 

would be expected that if xn were under-corrected or lover-corrected 

one might achieve a better successive approximates tO
i 

xn, and reduce 

the nUnDer of iterations required for convergence. Replacing Eq. 

(A29) with 

xn+1 = xn + w(Lxn+1 + Uxn + b _ ~n) (A30) 

where w, the relaxation parameter, is usually a real ipositive nUnDer 

between 0 and 2.0 defines the the SOR procedure. For w less than 1 

the method is termed "under-relaxed." Note that w =1 reduces the SOR 

iteration to the Gauss-Seidel iterants. 

The Gauss-Seidel and SOR method replace Xn by Xn+1 as soon as 

Xn+1 becomes available. As each new Xn+1 is obtained, the 

corresponding value of Xn replaced by the new value xn+1 and used in 

the remaining calculations of iteration n+1. Successive over

relaxation in DAISY is performed using a relative error convergence 

criterion: 

xn+1 _ xn 

xn 
< E 

where E is chosen typically in the range 10-4 to 10-6 depending on the 



problem. (If xn equals zero and absolute convergence criteria ~f 

E < xn+1 - xn is used). 
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The choice of the over relaxation parameter w has an important 

influence on the number of iterations required for the SOR iterations 

to converge to a given accuracy (see Fig. 56). For simple problems it 

is possible to obtain an optimum w with a minimum amount of effort. 

However, due to the complex nonlinear diffusion algorithm on the 

distorted mesh, the optimum relaxation parameter (w) is obtained using 

a brute force approach: During a simulation w is obtained internally 

in DAISY by monitoring the number of iteration required for 

convergence for a trial w; trial w's are then continually adjusted to 

maintain optimal results. 

Thermal Conduction Boundary Treatment 

The proper boundary conditions for electron thermal diffusion 

is the zero gradient boundary condition at a vacuum-fluid interface. 

To accommodate this no-flux condition, it is necessary to extend the 

computational grid when computing temperature gradients near a vacuum 

interface (lighost cells"). See Fig. 57. The ghost cells are used 

only to enforce the boundary condition, and do not affect material 

zones in the problem. 

Concluding Comments Regarding Triangular Zoning 

Triangular zones have many advantages over the more commonly 

used quadrilateral zoning in two-dimensional modeling of distorted 

flows. In concluding, however, we note there are some difficulties 
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Fig. 56 Typical plot of number of SOR iterations versus SOR 
relaxation parameter ( w ). 
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Fig. 57 Location of ghost cells with respect to the DAISY logical 
mesh. 
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encountered using triangular zoning. The inability of triangular 

zones to obtain a nega,tive volume enables distorted flow problems to 

be simulated for very long problem running times. If insufficient 

zone resolution is used, the problem will run, but severe zone 

distortion results in inaccurate solution of the finite difference 

equations. Therefore, either very fine zoning is required to avoid 

severe grid distortion or periodic or continuous rezoning will have to 

be performed for some applications. It has been found in that very 

fine zoning in the region of greatest flow distortion eliminates the 

need for rezoning in all of the problems used in this thesis, and a 

large number of other applications using DAISY. However, some 

applications do require rezoning of areas of the distorted mesh, 

although much less frequently than for similar runs done with 

quadrilateral zoned codes. 

We illustrated the ability for the triangular code to handle 

highly distorted flow problems throughout this thesis. In the next 

appendix we show comparisons of DAISY simulations for problems with 

know analytic solutions. 



APPENDIX B 

TEST PROBLEMS 

In this appendix, we present comparison of known analytic 

solutions and their corresponding numerical simulations obtained using 

DAISY to illustrate the accuracy and flexibili~ of the numerical 

schemes we have developed. Comparisons are given for both 

.hydrodynamic and thermal diffusion problems. 

Hydrodynamic 

Planar isothermal and adiabatic rarefactions are numerically 

simulated by initializing a gas of uniform density, temperature and 

sound speed (po' To' Co) in a half space 0 <X! xo' This gas is 

bounded on the left by a fixed wall and on the right by a movable 

piston. Planar flow is obtained by specifying the upper and lower 

constant R surfaces to be slip surfaces. At time t = 0 the movable 

piston is withdrawn (moved to the right). 

adiabatic perfect gas equation of state: 

P = P C..E..;V 
o Po 

In this test, an 

(Bl) 

where P is the pressure Po is a reference pressure, p is the density, 

Po is a reference density, and y is the ratio of specific heats, is 

used. Both Po and Po are set to the initially uni form pressure and 

densi~ of the fluid on the mesh at t=O. 
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In plane geometry, this flow may be determined analytically, 

and is self similar. 107 ,108 The analytic expressions for density (p) 

and velocity (v) as a function space, x, and time t, for the 

isothermal (y = 1) and adiabatic (y = 5/3) rarefactions are: 107 

(A) isothermal rarefaction 

density 

P = Po e[-(x + Co t)/co tJ 

= p o 

velocity 
x 

v = t + Co 

= a 
where x is measured from the initial gas vacuum interface location xo' 

(8) adiabatic rarfaction 

density 2 

P = Po [ 1 - q~~) (1 + Co't) ] y-I 

= p o 

= 0 

velocity 

v = __ 2 __ (C + x/t) 
y+l 0 

= 0 

x > 

x > - c t o 

x < - c t o 



In Figs. 58 and 59, we illustrate the success of DAISY by 

plotting the velocity and density profiles at various times for the 

isothermal (y = 1) and adiabiatic (y = 5/3) rarefactions. In both 

cases, the initial conditions used in DAISY were to set the density 

equal to 2.0 g/cm3 and the temperature 0.5 ev. 
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Two dimensional hydrodynamic simulations were presented in 

Chapter 3 of the text when discussing the linear and nonlinear 

development of Rayleigh-Taylor unstable flow problems. These problems 

consisted of comparisons of the linear growth rates, for Rayleigh

Taylor unstable flow problems, simulated with DAISY against analytic 

results. (The reader is referred to Chapter 3 of this thesis for 

those results.) 

Shock Hydrodynamics 

The following problems test of the DAISY hydrodynamics 

algorithm when shocks are present in the flow. We use the artificial 

viscosity q described in Appendix A. 

The first problem is that of a shock wave propagating into a 

gas initially at rest. The gas is assumed to have an initially 

uniform density and temperature of 1.0 g/cm3 and 0.25 eV respectively. 

An ideal gas is confined in a rigid box, (R=O and R=Rmax axes act as 

slip axes in R, where Vr = 0 for time t ~ 0 and the Z = 0 and Z = Zmax 

axes act as slip axes in z where Uz = 0 for time t > 0). The ratio of 

specific heats for this problem is 5/3. The grid spacing used is 

uniform in both Rand Z. The gas column is 35 microns long. At time 

t = 0, the last 5 microns is assumed uniformly heated resulting in a 



-- DAISY 

co 80 psec 
Ci 2.5 r------~...., 
~ 

X -u 
CI) 
(I) -E 
u -> 

1.5 

0.5 

--- Analytic 

80 psec 125 psec 155 psec 
.----"""I:I""""----~...., -ME 2.0 

u -0) -> 1.0 
t
e;; 
Z 
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~ 0.0 L..I...--L~~~ 
0.0 1.0 2.0 0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0 4.0 

Z (pm) Z (pm) Z (pm) 

Fig. 58 Velocity and density profiles at various times for the 
isothermal rarefaction test case. 



.-- DAISY 

~ 85 psec 
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-ME 
u ....... 
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85 psec 
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1.0 

0.0 '-----'-_....1...-----1._..;;, 

0.0 1.0 2.0 0.0 

- - - Analytic 

105 psec 125 psec 

1.0 2.0 0.0 1.0 2.0 

Fig. 59 Velocity and density profiles at various times for the 
adiabatic rarefaction test case. 
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pressure jump across the Z = 30 microns interface of P/Po = 2xl05• 

This large pressure difference causes a strong shock to propagate 

toward the left. In the limit of a strong shock, P/Po + m, the 
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d • t' . (PI) .. enSl Y JUmp 1S -- = 4 when y = 5/3, where PI 1S the denslty behind 
Po 

the shock and Po the density of the gas at rest. lOO Numerical results 

with DAISY result in a planar shock travel ing toward the left with 

density jump of 3.97. The propagation velocity of a shock wave 

through the undisturbed fluid is given by:lOO 

02 = l PI - Po 
o "0 - "I 

(82) 

where 0 is the shock velocity, PI is the pressure behind the shock, Po 

is th~ pressure in the still gas, "I is the specific volume behind the 

shock. 

Inserting the values from DAISY for Po' PI' Po and PI' a shock 

velocity of 1.55 x 108 cm/sec is obtained using Eq. (B2). The shock 

propagation velocity observed in DAISY was determined by computing the 

time it takes for the shock front to pass two points separated by some 

distance ~Z and dividing the separation distance ~Z by that time. In 

this simulation the shock front is determined by the location of 

density of 3.0 g/cm3 along a given constant III-line. II DAISY gives a 

shock velocity of 1.53xl08 em/sec. for our test case, within 1.5 of 

the analytic answer. 

A second test of the shock hydrodynamics in DAISY results by 

repeating the problem above but now, instead of an initially uniformly 
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spaced mesh, the grid is initially perturbed. The perturbation 

app'/ied is the same as discussed in Chapter 3 of the text. In Fig. 

60, we show constant "I-lines" to display the applied perturbation for 

a wavelength in R of 10.0 microns with a maximum amplitude of 0.5 

microns. Fig. 61 shows a time sequence of contour plots for the 

density of 3.0 g/cm3 which is used to mark the sharp rise at the shock 

front. The shock front does not align itself with the grid 

perturbation but remains planar as it propagates from the right to 

left as it should. Figure 62 displays a plot of the density at the 

X=O (left hand) wall as a function of time for the shock propagation 

through both the unperturbed and perturbed grids. The three lines on 

each plot represent the density at constant locations along the wall 

(Y=O, Y=Ymax/ 2' and Y=Ymax ). The shock arrival time at the left hand 

rigid wall is not affected by the imposed grid perturbations, and 

further, for the perturbed grid case, the arrival time of the shock at 

the left hand wall is independent of height. 

Nonlinear Thermal Diffusion 

The differencing scheme used in DAISY for solving the thermal 

diffusion equation have been tested for a variety of problems, 

including both linear109 (K = const.) and nonlinear100 (K = KoTn) 

thermal wave propagation. The results for a thermal wave due to an 

instantaneous plane source propagating into cold material having a 

nonlinear conductivity with n=5/2, (both Cv and p = ), const. is shown 

in Fig. 63. 
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20.0 
Illl\ Il \\ \\~ 

E 
::a. -> 

X(pm) 

Fig. 60 III-line ll mesh plot of perturbed grid used in the shock test 
problem. 
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Time = 13 psec 

2 

Time = 24 psec 

4 

0.0 35.2 

X (pm) 

Fig. 61 Positions of the p = 3.0 c/cm3 contours as a function of 
time for the perturbed grid shock problem. 



Fig. 62 
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Unperturbed Grid 

Po 
Y = Yma• 

Pma• 

~ 
0 
Z 
w 

Y = Yma/2 C 
Po 

Pma• 

y=o 
Po t-----......,....-----:---J 

Perturbed Grid 

Po 
Y = Ymax 

Pmax 
> ... 
in z w 

Y = Yma/2 C 
Po 

Pmax 

y=o 
~ ~ ___ ~ _____ --:-_.-J 

o 10 20 

TIME (psee) 

Shock arrival time for at three Y levels Y=O. Y=Ymax /2. and 
Y=Ymax ) for shocks of equal strength propagating through an 
unperturbed grid of overall length Xo and through the 
perturbed grid shown in Fig. 60 of length Xo. 
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000 DAISY Analytic 

Time = 2 Time = 3 -> 400 Q) -w 
a: 300 
:;) 
l-e 200 a: 
w 
Q, 100 :E 
w' 0 

I-
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Z Z 

Fig. 63 Nonlinear thermal wave propagation test case. Open circles: 
DAISY results. Sol id curves: Analytic results. 
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For this problem, ~Y/Ax for each zone is 10. This ratio is a 

challenging test case because only equilateral triangle ~Y/~ = 1.16}, 

avoid contributions from all thirteen triangles, (see Fig. 54). The 

ratio of the time step to the explicit time step required for the 

diffusion equation exceeded 200 for the results plotted 'in Fig. 63. 

The code results typically conserve energy to better than 0.1% in 

these examples, and the thermal front location is in agreement with 

the analytic result100 to within one grid-point location. 

It must be noted that these test cases consist of testing the. 

finite difference algorithms for hydrodynamics and conduction 

separately. It is assumed that if the finite difference algorithms 

work properly individually, they will continue to do so coupled. 
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