
AN INTERACTING BOSON MODEL OF CLUSTERING
IN NUCLEI: ALPHA-PARTICLE CLUSTERING IN

HEAVY NUCLEI (NUCLEAR STRUCTURE, SU(3) LIMIT,
ALPHA-DECAY, E1 TRANSITIONS, ACTINIDES).

Item Type text; Dissertation-Reproduction (electronic)

Authors DALEY, HENRY JOSEPH.

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 21:26:42

Link to Item http://hdl.handle.net/10150/187823

http://hdl.handle.net/10150/187823


INFORMATION TO USERS 

This reproduction was made from a copy of a document sent to us for microfilming. 
While the most advanced technology has been used to photograph and reproduce 
this document, the quality of the reproduction is heavily dependent upon the 
quality of the material submitted. 

The following explanation of techniques is provided to help clarify markings or 
notations which may appear on this reproduction. 

1. The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. This 
may have necessitated cutting through an image and duplicating adjacent pages 
to assure complete continuity. 

2. When an image on the film is obliterated with a round black mark, it is an 
indication of either blurred copy because of movement during exposure, 
duplicate copy, or copyrighted materials that should not have been filmed. For 
blurred pages, a good image of the page can be found in the adjacent frame. If 
copyrighted materials were deleted, a target note will appear listing the pages in 
the adjacent frame. 

3. When a map, drawing or chart, etc., is part of the material being photographed, 
a definite method of "sectioning" the material has been followed. It is 
customary to begin filming at the upper left hand comer of a large sheet and to 
continue from left to right in equal sections with small overlaps. If necessary, 
sectioning is continued again-beginning below the first row and continuing on 
until complete. 

4. For illustrations that cannot be satisfactorily reproduced by xerographic 
means, photographic prints can be purchased at additional cost and inserted 
into your xerographic copy. These prints are available upon request from the 
Dissertations Customer ServiCes Department. 

5. Some pages in any document may have indistinct print. In all cases the best 
available copy has been filmed. 

University 
MicrOfilms 

International 
300 N. Zeeb Road 
Ann Arbor, MI48106 





8504115 

Daley, Henry Joseph 

AN INTERACTING BOSON MODEL OF CLUSTERING IN NUCLEI: ALPHA· 
PARTICLE CLUSTERING IN HEAVY NUCLEI 

The University of Arizona 

University 
Microfilms 

International 300 N. Zeeb Road, Ann Arbor, MI48106 

PH.D. 1984 





PLEASE NOTE: 

In all cases this material has been filmed in the best possible way from the available copy. 
Problems encountered with this document have been identified here with a check mark _";_. 

1. Glossy photographs or pagE:!S __ 

2. Colored illustrations, paper or print 

3. Photographs with dark background __ 

4. Illustrations are poor copy 

5. Pages with black marks, not original copy ___ 

6. Print shows through as there is t~xt on both sides of page 

7. Indistinct, broken or small print on several pages / 
S. Print exceeds margin requirements __ 

9. Tightly bound copy with print lost in spine 

10. Computer printout pages with indistinct print 

11. Page(s) __ 9....;2"'--__ lacking when material received, and not available from school or 
author. 

12. Page(s) seem to be missing in numbering only as text follows. 

13. Two pages numbered . Text follows. 

14. Curling and wrinkled pages __ 

15. Dissertation contains pages with print at a slant, filmed as received ___ _ 

16. Other ____________ , ______________ _ 

University 
Microfilms 

International 





AN INTERACTING BOSON MODEL OF CLUSTERING 

IN NUCLEI: 

ALPHA-PARTICLE CLUSTERING IN HEAVY NUCLEI 

by 

Henry Joseph Daley 

A Dissertation Submitted to the Faculty of the 

DEPARTMENT OF PHYSICS 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

1 984 



THE UNIVERSITY OF ARIZONA 
GRADUATE COLLEGE 

As members of the Final Examination Committee, we certify that we have read 

the dissertation prepared by ~He~n~r~y~J~o~s~e~p~h~D~a~l~e~y ________________________ _ 

entitled AN INTERACTING BOSON MODEL OF CLUSTERING IN NUCLEI: ALPHA-PARTICLE 

CLUSTERING IN HEAVY NUCLEI 

and recommend that it be accepted as fulfilling the dissertation requirement 

for the Degree of Doctor of Philosophy 

Dr. Bruce Barrett~~&;f:== //-1 s-- g''f 
/" " Date 

D S· d K"hl ct( ~/' rf:31 J A ./ J/t'- ,I) - g "'j r. 19ur 0 er ")) /(~lI\./V ~ . 
. / Date 

Date 

Dr. 
Date ) 

Dr. Henry Hill 1~~ ({- L S- Y) 1 
Date 

Final approval and acceptance of this dissertation is contingent upon the 
candidate's submission of the final copy of the dissertation to the Graduate 
College. 

I hereby certify that I have read this dissertation prepared under my 
direction and recommend that it be accepted as fulfilling the dissertation 
requirement. 

Dr. Bruce Barrett e.~~ 
Dissertation Director Date ; i 



STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of 
requirements for an advanced degree at The University of Arizona and is 
deposited in the University Library to be made available to borrowers 
under rules of the Library. 

Brief quotations from this dissertation are allowable without 
special permission, provided that accurate acknowledgment of source is 
made. Requests for permission for extended quotation from or 
reproduction of this m~nuscript in whole or in part may be granted by 
the head of the major department or the Dean of the Graduate College 
when in his or her judgment the proposed use of the material is in the 
interests of scholarship. In all other instances, however, permission 
must be obtained from the author. 

SIGNED: 



PREFACE 

This dissertation developed out of a collaboration betw~en myself 

and Professor Franco Iachello. I am very grateful to Professor Bruce R. 

Barrett, my advisor, for initiating and encouraging such a 

collaboration. I was very fortunate to be able to spend a substantial 

amount or time conducting this research at the Kernfysisch Versneller 

Instituut 

University. 

hospitality 

(KVI), Groningen, The Netherlands, and at the WNSL, Yale 

I would like to thank Professor R. H. Siems sen for the 

extended during my visits to the KVI, and Professor D. A. 

Bromley for my visits to the WNSL. 

There have been many people that have expressed an interest in 

this work. I would like to thank T. Otsuka, R. Bijker, Y. Alhassid, K. 

T. Hecht, J. P. Vary, R. H. Siemssen, A. M. van den Berg, J. Wood, A. D. 

Jackson, A. B. Balantekin, M. Gai, G. Leander, C. Druce, and A. Barfield 

for interesting and helpful dis~ussions. 

I would like to thank Elaine Segura for typing the manuscripts 

for publication. 

I would also like to thank all my friends and family, 

particularly my sister Patty, for encouragement and support throughout 

the years. 

iii 



TABLE OF CONTENTS 

LIST OF ILLUSTRATIONS 

LIST OF TABLES • 

ABSTRACT •• 

1. INTRODUCTION 

2. THE INTERACTING BOSON MODEL 

2.1. 
2.2. 

2.3. 
2.4. 

The U( 6) Model (IBA-l) • • • • • • 
Dynamical Symmetries of IBA-1 ••••• 

2.2.1. The U(5) Limit •••••• 
2.2.2. The 0(6) Limit •• 
2.2.3. The SU(3) Limit ••.•• 

The Geometry of IBA-1 •••• 
Extensions and Generalizations of IBA-1 •••• 

2.4.1. The Octupole Mode 
2.4.2. The Proton-Neutron IBA • 
2.4.3. IBA-3 and IBA-4 •••• 

3. THE MOLECULAR (ROTATION-VIBRATION) BOSON MODEL • 

Page 

vii 

xii 

xiii 

1 

4 

5 
7 
8 
9 
9 

13 / 
15 
16 
17 
18 

20 

3.1. The U(4) Model of Diatomic Molecules. 20 
3. 1. 1. The O( 4) Limi t • • • • • 22 
3.1.2. The U(3) Limit. • • 24 

3.2. More Complex Molecules • • • • • • • • • .26 
3.2.1. Triatomic Molecules ••••• 26 
3.2.2. Tetra-atomic Molecules • • • • • 27 
3.2.3. Polyatomic Molecules • • • • • • • • •• 27 

3.3. Nuclear Quasimolecules • • • • • • • • • • 27 

4. THE FORMAL PRESENTATION OF AN INTERACTING BOSON MODEL OF 
CLUSTERING IN NUCLEI • • • • • • • • • • • 

4.1. The General n-Cluster Problem in IBA-1 • 
4.1.1. The na Problem ••• 
4.1.2. The U(6) g U(4) Hamiltonian 
4.1.3. The SU(3) Limit •••• 
4.1.4. Transition Rates ••••••• 

4.2. Coexistence of Configurations and 
Configuration Mixing • • • •• •• • • 

4.2.1. The SU(3) Limit •••••• 
4.2.2. Transition Rates • 

iv 

29 

30 
34 
35 
41 
49 

69 
71 
75 



v 

TABLE OF CONTENTS--Continued 

Page 

4.2.3. EO Transitions · · · · · · · 86 
4.3. a-Decay and a-Transfer Reactions 87 

4.3.l. The SU (3) Limi t · · · · 88 
4.3.2. Coulomb Coupling · · · · · · 89 
4.3.3. Coexistence · · · · · · · · · 90 
4.3.4. Two-Nucleon Transfer · · · · · 92 

4.4. Conclusions · · · · · 94 

5. a-CLUSTERING IN HEAVY NUCLEI · · · · · · · · 96 

5.1. The Application of the Model to the 
Actinide Region of Nuclei · · · · · · · · · · · 98 

5.1.1. Coupled Quadrupole-Dipole 
Deformed Nuclei · · · · · · 100 

5.1.2. Coupled Quadrupole-Deformation and 
Harmonic Dipole Modes · · · · 104 

5.1.3. Coexistence and Configuration 
Mixing • · · · · · · · · · · 105 

5.2. Energy Levels . . · · · · · · · · · · 108 
5.2.1. General Systematics · · · 108 
5.2.2. Positive Parity States · 113 
5.2.3. Negative Parity States · 121 

5.3. Electromagnetic Transitions · · · · · 134 
5.3.1. Electric Quadrupole Transitions · · · · 135 
5.3.2. Electric Dipole Transitions 142 
5.3.3. Electric Octupole Transitions 152 
5.3.4. Magnetic Dipole Transitions · · · · 156 

5.4. Other Observables · · · · · · · · · · · · 156 
5.4.1. Electric Monopole Transitions · · · · · 157 
5.4.2. Two-Nucleon Transfer Reactions 160 
5.4.3. S-Wave a-Decay and 

(d,6Li ) Reactions · · · · · · · 164 
5.4.4. D-Wave a-Decay · · · · · · · 168 
5.4.5. P-Wave a-Decay · · · 171 
5.4.6. The "Anomalous" El Hindrance 

in 236 U · · · · · · · · 174 
5.5. Dis cllssion and Conclusions · · · · 178 

6. FUTURE DIRECTIONS . . · · · 181 

6.1. a-Cluster Phenomenology · · · · 181 
6.1.1. Triaxiality · · · · 181 
6.1.2. The U(5) -+ SU(3) Transitional 

Regions · · · · · · · · · · · · 182 
6.1.3. Applications to Light Nuclei · · · · · · 182 



6.2. 
6.3. 
6.4. 
6.5. 

TABLE OF CONTENTS--Continued 

6.1.4. What is the General Nature of 
a-Clustering? •••• 

High-spin Studies ••••• • • • • 
Nuclear Quasimolecules • • • • • • • 
The Microscopic Structure of the Bosons 
Conclusion • • • • • 

APPENDIX A: CASIMIR INVARIANTS • 

REFERENCES • • • • • • • • • • • 

vi 

Page 

183 
183 
184 
185 
185 

187 

188 



Figure 

1. 

2. 

3. 

4. 

5. 

6. 

LIST OF ILLUSTRATIONS 

lloed is an example of a nucleus with U(5) symmetry 

196pt is an example of a nucleus with O(6) symmetry 

lS6Gd is an example of a nucleus with SU(3) symmetry 

An example of a typical ~(4) spectrum ..... 
A non-overlapping three-cluster system 

1T Some of the important band-heads, labeled (A~)K , 

Page 

1O 

11 

14 

• • 25 

32 

obtained for the NT = 25 (1 a.) configuration ••••••• 46 

7. Energy levels for some (17,0)0- and (15,1)1- states 

8. 

9. 

vs. ~, with Kab = -90 keV for all cases 

(E1- :: 0 was used) • • • • • ••• 
1 

Energy differences 

••••• • 48 

• Q ••• • 50 

(17,0)0- bands using Eq. (4.42), for (15,1)1- using 

Eq. (4.43), and for {12,2)0+ using Eq. (4.44) 

10. B(E1)/(a~)2 vs. L- for the (17,0)0-'" (16,0)0+ 

transitions of the NT = 10 10. configuration 

11. - + - + The ratios RL- = B(E1;L ... (L+1) )/B(E1;L ... (L-1) ) vs. 

L- for the SU(3) and strong coupling cases 

12. The ratios R1-, R
3
-, and R

5
- as a function of 

•••• 55 

•... . 62 

.... . 63 

I; (Kab = -90 keV, NT = 10 and M = 2) ••••••••••• 64 

vii 



viii 

LIST OF ILLUSTRATIONS--Continued 

Figure Page 

13. The ratios a) R , b) R , and c) R vs. boson 
1- 3- 5-

number NT for the 1a configuration (Kab = -90 keY, 

NT = 10) • • • • • • • • • • • • • • • • ••• 66 

14. The ratios R+ and R- vs. Ln for the SU(3) and 

strong coupling cases • • • • 67 

15. Schematic diagram for some electromagnetic transitions in 

SU(3) for some important states • • 68 

16. The partial configuration mixing matrix for the lowest 

energy Oa and 1 a configurations • • • • • • •••• 72 

17. Configuration mixing for the (20,0)oa and (16,0)1a 

subblock vs. b.K' (y = -45 keY, ~ = 590 keV) •••••••• 76 

18. Ba~kbending plot for the mixed (20,0)oa and (16,0)1a 

irreps with 11K' = 6.0 keY and ~ = 590 keY 

19. B (E 1) vs. L - for Eq. (4.76) (the dashed lines) and 

Eq. (4.77) (the so lid lines) • • • • • • • • • • 

••••• • 77 

20. 
+ + , The ratios R vs. L as given by Eq. (4.80) with ~ = a2 ~ . . . 

21. The effect of mixing on R
L
-, given by Eq. (4.86) is 

demonstrated with a) b.K' = 4.0 keY, b) 11K' = 2.0 keY, 

c) 11K' = 0.0 keY, d) 11K' = -2.0 keY, y :: -45 keY and 

• 81 

• 83 

~ = 590 keY . . . . . . . . . . . . . . . . . . . . • • 84 . 



ix 

LIST OF ILLUSTRATIONS--Continued 

Figure Page 

configuration mixing • • • • f) • • • • ...•.. . 85 

23. The energy spectrum for a nucleus with quadrupole 

deformation, dipole deformation, and a large quadrupole-

quadrupole interaction coupling them •••• 102 

24. Comparison of the experimental and S.C. ratios R
L

- vs. 

neutron number for the ooRa, 90Th, and 92U isotopes •• '06 

25. 

26. 

+ -The 0a and 0, band-head systematics vs. neutron 

number for the osRa, 90Th, 92U, and 9ltPU nuclei. 

The solid lines are empirical fits 

+ Systematics for the experimental energy of the 2, 

+ -state relative to the 0, state and the 3, state 

• '09 

relative to the , ~ ••••••••••• • • • • • • • • • • • ", 

• • 21. Systematics of the experimental ratio of theE 4+/E 2t . . , 
(open figures) and (E

3
; - E ,,)/E21 (solid figures) 

vs. neutron number • • • • • • • • • • • • • • c • • • • to 

28. Comparison of the ground-band energy levels to the pure 

isotopes 

29. Comparison of experimental and theoretical energy levels 

of 230Th 

• • "2 

· . ,,4 

• • , 11 



x 

LIST OF ILLUSTRATION~--Continued 

Figure Page 

30. + Calculated trend of the 0a band in the BMA for the 

vibrational and rotational limits • • • • • • '20 

31. The empirically determined parameters -y' and ~ vs. 

32. 

33. 

34. 

35. 

neutron number for the limit for the 8t1Ra, 90Th, 

'1T Experimental vs. theoretical energy levels for the K = 

0-, and K'1T - 1- bands of 23t1pU - 1 
'1T Experimental vs. theoretical energy levels for the K = 

0-, and K'1T - ,- bands of 230Th 
- 1 . . . . . . . . ... 

'1T -Experimental vs. theoretical (lines) K = 0, 

123 

• • • 125 

• • • 128 

energy levels for the BaRa (triangles), 90Th 

(circles), 92U (squares), and 9~PU (inverted 

triangles) nuclei • • • • • • • 129 

'1T -Experimental vs. theoretical (lines) K = " 

levels for the limit for the BeRa, (triangles), 90Th 

(circles), and 92U (squares) nuclei . . . . . . . . . . • • 130 

36. The parameters K;a' K~ a' and e:p which were 

determined empirically 132 

37. The empirically determined parameters Kab and Kd 133 



Figure 

38. 

LIST OF ILLUSTRATIONS--Continued 

+ + Experimental vs. theoretical (curve) B(E2; 0
1 

+ 21) 

for the 90Th (circles), 92U (squares), 9~PU 

xi 

Page 

(inverted triangles), and 96Cm (diamonds) nuclei •••• 136 

39. Experimental vs. theoretical (curve) ratios R
L

- as a 

function of L- ••••• 148 

40. Experimental vs. theoretical (line) X(O~ + O~) 

for the 90Th (circles), 92U (squares), and 9~PU 

(inverted triangles) nuclei • • • 159 

41. Experimental vs. theoretical (curve) cross sections for 

+ the population of the 0a state in the (p,t) reaction 

relative to the ground state (in %) 

42. ( + + RHF 01 + 0 a) vs. A •••••••••••••• •• 

163 

165 

43. The reduced widths for the ground state to ground state 

a-decay are compared to the theoretical values in the 

U(5) and SU(3) limits 167 

44. + + RHF(O 1 + 21) for SItPo(x), 86 Rn (diamonds), 88 Ra (triangles), 
90Th (circles), and 92U (squares) compared to theory •• 170 

45. + -RHF(01 + ',) for 88Ra (triangles), 90Th (circles), 

92U (squares), and 94PU (inverted triangles) vs. 

the empirical curve used to determine 2a mixing •••• 175 

46. 1T -An estimate of the mixing of the 2a K = 01 band 

with that of the ,a (in %) • • • • • • • 176 



LIST OF TABLES 

TABLE PAGE 

I. Test of t;he band mixing approximation (BMA). 119 

II. The empir'ically det.ermined parameters y' and th (in keV). 122 

ill. The empir"ically deiter-mined parameters K~a' K~a' K
ab

, 

and Ep fQr the BoRa, 90Th, 92U, and 9ltPu isotopes (in keV). 131 

+ + 2+ ... 0+) IV. The expe~'imental l1atio Ry = B(E2; 2 ... 02)/B(E2; , y y , 

for 230Tq and 230 U 'compared to the a-cluster model in 

the BMA, the IBA, ~nd the RVM. . . , 139 

+ + 2+ ... 0+) V. The experimental natio B(E2; 2a ... 0,)/B(E2; , 1 

compared to the a~cluster model BMA predictions for 

230Th anq 238U• ' ,I ' , , • , , , , • , • , • , , • , ,141 

VI. The experimental "atios R
L

- for 238pU compared to 

the a-clllster SU(3) and SC limits. , , , , , , , . , , . 143 

VII. The experimental r,'atios RL _ for 220Ra compared to 

the usua;l Alaga (or SC) values, the octupole-phonon model 

with Cor~olis coup;ling, and the a-cluster model with 

Corio lis coupling. 1 , , , , , , , , . , . . , , 

Vill. The experimental r,'atios RL _ for 230Th compared to 

the Alagp. (or SC) ,values, and the a-cluster model (with 

Corio lis coupling) I with and without configuration mixing 

effects. 

IX. 

xii' 

145 

147 

155 



ABSTRACT 

A general interacting boson model of clustering in nuclei is 

presented. The model is then specialized to the case of n identical 

a-clusters [U(6) ~ U(4»), followed by a detailed study of the SU(3) 

dynamical limit. Many useful formulae are derived in this limit. The 

general problem of coexistence and configuration mixing is discussed, 

and a useful SU(3) band mixing approximation (BMA) is presented. 

Formulae for the case of two mixed configurations are derived. The 

method of calculating the matrix elements for two-nucleon transfer 

reactions is demonstrated, and formulae for a-decay reduced widths are 

given. This model is then utilized for the study of the systematic 

trends of the data available for actinide nuclei. Most of the results 

presented here are for the well-deformed even-even mass actinides with 

A<242; however, some trends in going to the spherical region and to 

larger A are studied. Tests, based on experimental data, are presented 

to discriminate between different limits of this model, and between this 

and other models. The limit of the model presented here satisfies all of 

the experimental tests found, while all other competing models were 

found to have serious deficiencies. This phenomenological study 

indicates that 

understanding 

Suggestions for 

a-clustering effects are of fundamental importance for 

the structure and dynamics of actinide nuclei. 

future research are made, some of which are based on 

preliminary work that has already been done. 

xiii 



CHAPTER 1 

INTRODUCTION 

The atomic nucleus is quite fascinating in its wide variety of 

effects. It is a many-body system whi.ch cannot be treated exclusively 

as a continuous di'stribution of matter, nOL can it be treated as a 

one- or two-body system. Surface effects, due to the finite size, are 

extremely important. Also, a wide variety of single-particle-like and 

collective properties are known to be present. , 

Pairing correlations, which lead to superfluidity, are known to 

be very important. This is analogous to BeS pairs in an electron gas, 

but there is also the rather unique possibility of forming correlated 

quartets due to the fact that there are four internal degrees of freedom 

of a nucleon rather than just two as with electrons. 

This also suggests the possibility that clusters may form in 

nuclei. Such clustering could be the ground state equilibrium 

situation, or it may occur as an excited configuration of the nucleus. 

This dissertation represents the culmination of research aimed at 

increasing our understanding of the role of clustering in nuclei. 

Theoretical studies have always been hindered by the fact that easily 

applicable, versatile models of clustering in nuclei have not been 

available. Data are available that clearly indicate that clustering 

does play some fundamental role in the structure and dynamics of many 

nuclei. 

1 
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There is thus a very definite need for models which can easily 

describe the structure and dynamics of nuclei in which there are 

clusters. Such a versatile model is presented, here. The collective 

quadrupole modes of the nuclei are described by means of The Interacting 

Boson Model [1], and the dipole modes of the many-cluster nuclear system 

are described using the molecular boson model. Strong coupling between 

these modes and coexistence of different cluster configurations in the 

same nucleus can all be dealt with using this model. 

In Chapter 2 The Interacting Boson Model 

molecular boson model is described in Chapter 3. 

is reviewed. The 

The cluster model is 

presented in a general form, and then specialized for the study of 

a-clustering with regard to later applications to the actinides in 

Chapter 4. Chapter 4 is meant to be a formal presentation of the model 

as well as giving a detailed description of the method. of deriving 

needed expressions in a aynamical limit of the model. 

In Chapter 5 the model is applied to the even-even mass actinide 

region of nuclei, and some additional formulae are derived. The 

simplicity and usefulness of the model becomes quite clear in Chapter S. 

This region of nuclei was, in fact, the impetus for the development of 

the cluster model. All of the data agree with this application of the 

model, including many data that have defied all attempted explanations 

to date. This may be the first adequate description of the actinide 

data, and thus may be a solution to this long standing problem that 

first surfaced thirty years ago [2] and has been the subject of much 

debate ever since then. 



3 

In Chapter 6 future developments of the n-cluster model are 

suggested, with emphasis on the a-cluster model. 



CHAPTER 2 

THE INTERACTING BOSON MODEL 

There are now two, perhaps complementary, models of collective 

nuclear structure which have each proven to be useful. The Liquid Drop 

Model (LDM) was introduced phenomenologically in 1952 by Bohr and 

Mottelson [3},. and The Interacting Boson Model (IBM) of Arima and 

Iachello [4], which was also introduced phenomenologically (in 1974). 

The LDM is based on the oscillations of a liquid drop (the work 

of Rayleigh) around its equilibrium shape. Thus, one starts with 

classical continuum mechanics, which has a very clear geometrical 

connection, and then proceeds to quantize the model. After quantizing 

the classical Hamiltonian, one must then solve the resulting 

Schrodinger-like equation to obtain the eigenvalues and eigenvectors. 

Conversely, the IBM is quantized at the outset, with an algebraic 

rather than a geometrical bias. The eigenvalues and eigenvectors are 

easily found by diagonalizing matrices which are quite manageable on 

present-day computers. The geometrical content of the IBM is not 

immediately obvious, but can be found by taking the classical limit of 

the Hamiltonian [5,6]. 

The IBM assumes that the dynamics and structure of the nucleus 
~ 

can be described by means of the residual interactions among highly 

correlated nucleon pairs. There are then a number of approximations 

that go into constructing a specific form of the model: For this reason, 

and also in order to avoid confusion with the well-known acronym IBM, I 

4 
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will refer to this model as the interacting boson approximation, or IBA 

for short. The acronym IBA is also commonly used in the literature for 

this model. 

In the IBA it is assume that only pairs of nucleons (or holes) 

outside of major proton and neutron closed shells are "active," the 

remainder being an inert core. In order to obtain the correct moments 

of inertia in the LDM one must also include an inert core with 

superfluid motion of nucleons around it. The correlated pairs are then 

treated as bosons in the IBA with the boson commutation relations being 

exactly satisfied. In the simplest form of the model s- and d-bosons 

are the only bosons that are considered to be important, and no 

distinction between proton and neutron bosons is made (IBA-l). The 

total number of bosons N is equal to the number of active pairs and is 

assumed to be conserved. The n-fermion problem becomes an N = n/2 boson 

problem classified as the totally symmetric irrep of U(6). 

2.1. The U(6) Model (IBA-l) 

The scalar s-boson (1=0) and the five components of the 

quadrupole d-boson span a six-dimensional space which has group 

structure U(6). The Lie algebra associated with this group can be 

generated from the 36 bilinear products 

(ji ={at a } 
mm' jm jIm' ' 

(2.1) 

where j, j' 0, 2 and m, m' are the z projections of j, j' 



• 
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respectively. 

dissertation. 

Second quantized notation will be used throughout this 

Note that %t = stand at = dt • 
2m m 

The most general IBA-l Hamiltonian containing only I-body and 

2-body boson interactions is 

a 

a a 1 aa a a 
~ E:nnn'Gmm ' + T ~ ,umm' nn 'Gmm ' Gnn ' 

mm' Mm 
(2.2) H 

nn' 

which is not written in "normal" order. A straightforward application 

of the boson commutation relations can be used to put this in normal 

order; however, the form of Eq. (2.2) permits one to take advantage of 

the u(6) Lie algebra associated with the U(6) group. 

aa a 
If the parameters E:mm , and Umm'nn,are chosen such that the 

Hamiltonian is written in terms of the Casimir invariants (see Appendix 

A) of U(6), which are scalars under the U(6) group of transformations, 

the eigenfunctions can be classified according to the irreducible 

representations (irreps) of U(6) [7}. The Hamiltonian is then diagonal 

in this basis [8,9}. Similarly, if Eq. (2.2) also includes terms which 

are Casimir invariants of a subgroup of U(6), the Hamiltonian is still 

diagonal if the eigenvectors are classified according to the irreps of 

the subgroup contained in each irrep of U(6). This process can be 

repeated for a whole chain of subgroups. 

The canonical group chains 

SU(n) :;'SU(n-l) ••• -:::>SU(l) 

and (2.3) 

O(n)::>O(n-l) ••• ::>0(2) 
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are of interest for their mathematical simplicity (Gel'fand-Cetlin 

basis), but are not always of physical interest. There are three IBA-l 

group chains of physical interest. 

2.2. Dynamical Symmetries of IBA-l 

The Hamiltonian given in Eq. (2.2) is more general than what is 

usually required. If the nucleus in question is considered to be an 

isolated system with no external fields, the the total angular momentum 

is conserved. In group theoretical language one would say that the 

Hamiltonian is an 0(3) scalar and therefore each U(6) group chain 

considered will contain 0(3) as a subgroup. Therfore, the conserved 

quantity is L2 [the quadratic Casimir invariant of 0(3») and the label L 

for the irreps of 0(3) is a good quantum number. 

The Hamiltonian will be said to have dynamical symmetry if each 

eigenstate is uniquely classified by good quantull'. numbers characterized 

by a particular group chain with the Hamiltonian written in terms of the 

group or subgroup scalars. If one insists that a complete set of 

commuting operators be used in this labeling scheme, one finds that each 

relevant group chain provides an orthonormal basis. The search for 

dynamical symmetries ~hen leads to immediate and elegant solutions to 

problems of physical interest. 

One should point out that exact dynamical symmetries are rarely 

expected for a particular physical system, but often symmetry breaking 

can be included as a small perturbation. Even if the sYmmetries are 

badly broken the corresponding basis may still be useful as a basis in 

which one would then diagonalize the Hamiltonian matrix. 
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The three physically relevant dynamical symmetries of the IBA-1 

are 

{ 

U(5):>0(5) :;)0(3):>0(2) 

U(6):> SU(3) :>0(3) :>0(2) 

0(6) :>0(5)~0(3):>0(2) 

(2.4) 

which will be referred to as the U(5), SU(3), and 0(6) limits 

respectively. The U(5) and 0(6) limits will only be briefly reviewed 

while the SU(3) limit will be dealt with in more detail. 

2.2.1. The U(5) limit 

This limit of IBA-1 is discussed in much detail in Ref. [10]. 

The energy eigenvalues are 

+ e [n d (n d + 3) - \i (\i + 3)] + y [L (L+ 1) - 6n d ] (2.5) 

where N, nd' \i, L, and m label the irreps of U(6), U(5), 0(5), 0(3), and 

0(2), respectively. The additional label n6 [11) is needed to uniquely 

classify each irrep of 0(3) contained within a given irrep of 0(5). The 

terms dependent on N are not given in Eq. (2.5), since they contribute 

only to the binding energy. 

This limit corresponds to an anharmonic oscillator in five 

dimensions, in which there are collective quadrupole oscillations about 
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a spherical equilibrium shape. An example of a spectrum with U(5) 

symmetry is shown in Fig. 1. 

2.2.2. The 0(6) limit 

A detailed discussion of this limit can be found in Ref. [12]. 

The excitation energies are 

E(N, a, 1", \lb.' L, m) tA(N - a)(N + a + 4) 

1 + 6B1"(1" + 3) + CL(L + 1) (2.6) 

where N, a, 1", L, and m label the irreps of U(6), 0(6), 0(5), 0(3), and 

0(2), respectively. In this case the additional label needed for the 

O( 5) ::> O( 3) reduction is called \lb.. 

This limit is similar to the y-unstable deformed rotor of Wilets 
"""" 

and Jean [13]. An example of a spectrum with 0(6) symmetry is shown in 

Fig. 2. 

2.2.3. The SU(3) Limit 

The excitation energies in this limit [14] are given by the 

expression 

E(N, A, tl, K, L, m) (~Kd- K') L(L + 1) 

2 2 
- Kd[A + tl + Atl + 3(A +ll )] (2.7) 

where N, (A, ll), L, and m label the irreps of U(6), SU(3), 0(3), and 

0(2), respectively. Note that Kd and K' are parameters. 
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The qua~tum number K was introduced by Elliott [15] to completely 

label all L contained within each (A, ~) of SU(3). This labeling does 

not provide an orthonormal basis. In the remainder of this dissertation 

the orthonormal basis of Vergados [16] will be used with the additional 

label called K. The complete set of commuting operators needed for this 

classification were found by Judd, et al. [17]. 

The totally symmetric irrep of U(6) will be denoted [N]. This 

decomposes into irreps of SU(3) according to the following algorithm: 

I (O,N) if N is even 
[N] ~ (2N,O) ~ (2N-4,2) ~ ••• ~ 

(2,N-l) if N is odd 

I (O,N-3) if N is odd 
• (2N-6,O) • (2N-IQ,2) ~ •••• 

(2,N-4) if N is even 

{ (O,N-6) if N is even 
~ (2N-12,O) • (2N-16,2) ~ •••• 

(2,N-7) if N is odd 

~ . . . (2.8) 

The quatum, number for the SU(3) :>0(3) reduction takes on the values 

K '" min{A'~} , min{A'~} - 2, ••• ,lor O. (2.9) 

If L occurs in a given irrep only once, it is assigned the smallest K. 

If it occurs twice, each 'is uniquely labeled with the two smallest 

values, etc. 
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Therefore, for a given irrep (A,~)K 

L = K, K + 1, K + 2, ••• , A + ~ + x, (2.10) 

where 

{

min{d -K • if A and ~ r 
x ... 

min{K} - K + 1 if A and ~ = an even integer. 

an even integer 

If K - 0 and A+~ is an even integer, then all odd L are 

excluded. If K'" 0 and A + ~ is an odd integer, then all even L are 

excluded. 

An example of a spectrum with SU(3) symmetry is shown in Fig. 3. 

This corresponds to a rigid rotor with axial symmetry. 

2.3. The Geometry of IBA-l 

In the preceeding section the geometrical content of each 

dynamical limit was stated. This was possible because methods have been 

developed such that the classical limit of the IBA-l Hamiltonian can be 

found [18]. 

The classical limit of IBA-l can be found by taking the 

expectation value of the Hamiltonian using coherent states. For the 

group G a SU(6) the stability subgroup is H - U(S) t U(l) since only the 

totally symmetric irrep [N] is being considered. This can be defined by 

N considering a maximum weight state \N,max> - \s > such that for all 

elements heG of the subgroup He G 
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I icf>(h) 
hIN,max> = N,max>e 

where ~h) is a phase factor. The coherent state is then defined as 

I N,z> • zl N,max> 

where z is an element of the coset G/H. Therefore, the associated 

geometric space is the compact ten-dimensional coset space 8U(6)/U(5), 

whose coordinates parameterize the 8U(6) coherent states. These are the 

ten dynamical variables for the IBA; i.e., the five generalized 

coordinates and conjugate momenta. 

The classical limit of each of the three dynamical symmetries has 

already been studied. The semiclassical descriptions given in the 

preceeding section were found to be valid, but not exact. 

Attempts have also been made to transform the IBA-l Hamiltonian 

into a differential equation in coordinate representation by making use 

of coherent states in the projective realization [19]. 

2.4. Extensions and· Generalizations of IBA-l 

In the preceeding sectioqs the most basic 'features of the IBA 

were outlined. Exact solutions for three physically important limits 

have been studied. In these limits selection rules and matrix elements 

are readily obtainable by standard group theoretical techniques [5]. 

The IBA has perhaps been most useful in applications to transitional 

nuclei since it is very difficult to use the LDM in such cases. 
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In addition to the extensively studied collective quadrupole 

mode, nuclei exhibit other collective and particle-like degrees of 

freedom in the "low-lying" energy region. There have been many 

extensions and generalizations of IBA-1 to study such effects by means 

of similar algeraic structures. Only a few of these extensions will be 

outlined. 

2.4.1. The Octupole Mode 

The Qccurance of low-lying negative parity states in many nuclear 

mass regions has led to the belief that such states are due to 

collective octupole surface vibrations [20]. There are many 

difficulties with this interpretation, and, therefore, theoretical 

interest has often been rekindled by the availability of new data. The 

IBA has been generalized to include a collective octupole mode [14] by 

allowing one s- or d-boson to form an f-boson. For more details 

regarding differences between the geometrical approach and that of the 

IBA see Ref. [21]. 

A simple form of the general Hamiltonian .for this extended 

version of IBA-1 is 

H H + E: + e N - Z Q(2). Q(2) 
d d f 2 f 

(2.11) 

where Hd is the IBA-1 term, 
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cj2) (st d + dt ;)(2) - 17 (cIf xci) 
"2" 

and E
f

, 0
f 

and 22 are parameters. In the U( 5) limi t this leads to a 

single 3- state as the lowest octupole phonon excitation. In the SU(3) 

limit four approximately rotational bands result from coupling a single 

f-boson to the ground band. These bands are labeled K = 0-, 1-, 2-, 

but are not exact SU(3) irreps. The eigenvalues and 

eigenvectors corresponding to Eq. (2.11) must be found numerically or 

for limiting cases. 

Some problems arose in the study of El transitions using this 

model. A thorough study of this problem has not yet been done. 

2.4.2. The Proton-Neutron IBA 

Thus far, no distinction has been made between protons and 

neutrons. The IBA was developed to study medium and heavy mass nuclei 

for which the neutrons and protons occupy separate major shells. It is 

then assumed that pairs of protons form s - and d -bosons, while pairs 
TT TT 

of neutrons form s - and d -bosons. 
\) \) 

This model has U (6) ~ U (6) 
TT \) 

symmetry and is called IBA-2 [22,23]. 

Only the completely symmetric irreps of each U(6) are used so 

that 

[N ] e [N ] :J ~ [N - i, i] 
TT \) $i 

(2.12) 

where N = N + N and the sum is over permissable irreps. 
TT \) 

The fully 
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symmetric irrep [N,Oj is the only one possible in IBA-l and is found to 

be the most important irrep in IBA-Z. 

The IBA-Z was developed because it has a closer connection to the 

microscopic shell model picture. It is also believed that 'IT-boson- v-

boson interactions are much stronger than the interactions among like 

bosons. The phenomenologically determined IBA-2 parameters follow much 

simpler trends than the corresponding IBA-1 parameters for reasons which 

are qualitatively underst~od in terms of the nuclear shell-model. There 

have been many successes in establishing a connection between the shell 

model and IBA-Z, but there still remains much work to be done [Z4]. 

2.4.3. IBA-3 and IBA-4 

It has become customary to classify IBA-Z states according to the 

reduction 

U (6) ~ U (6) :>U(6) 8 SU(Z) 
1T v 

(Z.13) 

such that each irrep of Eq. (2.12) can be classified by a spin-like 

quantum number called F-spin. This is analogous to isospin. Of course, 

F - (N - N )/2 is fixed for a given nucleus. 
z 'IT v 

The maximum F-spin is 

for [N,Oj and has the value F = N/Z. The rest follows in direct analogy 

to isospin. 

For cases in which protons and neutrons occupy the same major 

shells, it may not be valid considering only T m +1 bogons. Elliot and z -

White have generalized the IBA to include the T = 0 component of T = 1 
z 
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in forming a proton-neutron boson [251. The U(6) irreps can then be 

classified according to 5U(3) rather than 5U(2). This has been called 

IBA-3. 

5ince rrv-bosons are now being considered, clearly one can also 

form T = 0, T = 0 bosons and define an intrinsic boson spin 5 = 
z 

1. 

This generalization has been considered by Elliott and Evans [261 in 

which the U(6) irreps are classified according to another U(6) which 

contains as a subgroup a Wigner supermultiplet type of classification 

[27]. This generalization has been called IBA-4. 

IBA-3 and/or IBA-4 should be considered for the study of the 

collective modes of light nuclei (e.g., ZONe). Such considerations may 

be of importance in microscopic studies of the a-cluster model presented 

in this dissertation. 

In the next chapter the molecular boson model for the description 

of rotation-vibration spectra of molecules will be reviewed. This is 

also an algebraic approach, but there is no correlation between the 

number of bosons and the number of atoms. 



CHAPTER 3 

THE MOLECULAR (ROTATION-VIBRATION) BOSON MODEL 

The great success and simplicity of The Interacting Boson Model 

has spawned many ideas, some of which extend to fields of study other 

than nuclear structure. The algebraic techniques have been developed 

for the study of diatomic [28,29J and triatomic molecules [30,31J, and 

the approach to study polyatomic molecules has been outlined (32). 

There is no connection between the number of bosons and the number of 

atoms in the molecule. In the molecular models the bosons are analogous 

(or identical) to phonons. 

Irrespective of this distinct physical difference between the 

bosons of the molecular models and of the IBA, the algebraic simplicity 

along with the known geometrical content provides one with powerful 

tools. 

3.1. The U(4) Model of Diatomic Molecules 

Diatomic molecJles are classic exa~ples of dipoles, therefore one 

constructs an interacting boson model for diatomic molecules from s*

and p*-bosons (also called a and TI in the literature for molecules, but 

the former notation will be used throughout this dissertation). The 

symmetry group is U(4) which has the U(3) W U(l) stability subgroup. 

The associated geometric space is the compact six-dimensional coset 

space SU(4)/U(3), whose coordinate's parameterize the SU(4) coherent 

states [33,34]. 

20 
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The 16 bilinear products· 

(j, j' 0, 1) (3.1) 

generate the algebra u(4). Note that bo ::: s* and b 1m::: p*. The most 

general U(4) Hamiltonian, including only 1-boby and 2-body boson 

interactions, is 

:E 
nun' 

+ ~:E 
rom' nn' 

U
bb 

G
b 

mm'nn' rom' 

b bb where £ I and U , ,are the interaction strengths. 
nun nun nn 

(3.2) 

It is conceivable that higher than 2-body terms will be needed in 

many applications. The fact that a compact group U(4) is the dynamical 

group indicates that the total number of bosons is conserved. If that 

number is chosen to be large enough, this may be valid. 

The compact U(4) also indicates that the spectra are discrete and 

that there are a finite number of states. Noncompact extensions may 

lead to the possibility of including the continuous unbound states 

within the framework of this model [32]. 

It will be assumed that the molecule is an isolat~d system and 

thus the Hamiltonian Eq. (3.2) will be constrained to be an 0(3) scalar. 

There are two dynamical symmetries that include 0(3) as a subgroup, 

these are 



1
· 0(4):l0(3)':>0(2) 

U( 4):::> 
U(3) :::>0(3) ::>0(2) 

These will be referred to as the 0(4) and U(3) limits respectively. 

3.1.1. The 0(4) Limit 

22 

(3.3) 

The Hamiltonian symmetrized according to the 0(4) limit can be 

written 

H (3.4) 

where 

and 

J"Jt .j., - (l) L :=: V "-\ pl. p) 

Terms which are dependent only on the total number of bosons M, and 

constant terms have been left out of Eq. (3.4). That is, terms 

dependent on the U(4) Casimir invariants do not appear in Eq. (3.4). 

The form of Eq. (3.4) is the most common one used in the 

literature [321, but the first term can be rewritten as 

P t4 • P ==! [2M (M + 2) - C 41 4 8. 
(3.5) 

The eigenvalues of the quadratic Casimir invariant of 0(4) in the basis 

of the 0(4) chain are 



C 
4 

2a( a + 2) 

The energy eigenvalues for Eq. (3.4) are 

E(M, v, L, m) = nv(M - v + 1) + KeiL(L + 1) 

23 

(3.6) 

(3.7) 

where M, a, L, and m label the irreps of U(4), 0(4),0(3), and 0(2), 

respectively. The quantum number v is defined as 

v :: (M - a )/2 (3.8) 

which is analogous to the vibrational quantum number of a typical 

rotation-vibration spectrum. 

The group reduction is very simple for this chain. Only the 

totally symmetric irrep of U(4) occurs within this model and is labeled 

[M), where M is the total number of hosons. For a given [M) one finds 

a = M, M - 2, • • • , 1 or 0 (3.9) 

The rest of the chain is canonical. One finds 

L ... 0, 1, 2, ••• , a (3.10) 

and the 0(2) quantum number m takes on the usual Lz values. 
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The classical limit of Eq. (3.4) leads to the interpretation that 

this Hamiltonian corresponds to a system with a dipole equilibrium 

deformation, but there are higher-order differences between the 

classical limit of Eq. (3.4) and the classical rigid rotor 

simple harmonic vibrations [33,34]. A typical spectrum is 

undergoing 

shown in 

Fig. 4. The value of M is usually chosen such that the bands continue 

beyond the dissociation limit. 

Note that more general Hamiltonians can be written as functions 

of the U(4), 0(4), and 0(3) Casimir invariants; any arbitrary polynomial 

in the Casimir invaria-ts is still diagonal in this basis. There are 

also symmetry constraints to impose on the wave functions if both atoms 

in the molecule are identical. 

3.1.2. The SU(3) Limit 

If the Hamiltonian Eq. (3.2) is symmetrized along the U(3) group 

chain, the energy eigenvalues are 

(3.11) 

where the constant terms for a given M have been neglected. 

The reduction from the totally symmetric irrep [M] to U(3) is the 

canonical reduction 

[M] ~(M,O) ~ (M-l,O) ~ ••• ~ (1,0) • (0,0) (3.12) 

where the Elliott SU(3) labels (~, ~) are being used, and tp "" ~. This 
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reduction leads only to the totally symmetric irreps of SU(3). The 

reduction to 0(3) then follows as a special case of that given in 

Subsection 2.2.3. 

This limit corresponds to a harmonic oscillator, such that the 

ground state has a spherical equilibrium shape if it is the np = 0 state 

(e:p , a p ' Kb >0). The U(3) limit of U(4) will be used in this way in 

the remainder of this dissertation. 

3.2. More Complex Molecules 

One promising feature of the algebraic approach is that it may 

provide simple· analytic solutions to problems dealing with polyatomic 

molecules. Work has only begun in this direction [32]. 

3.2.1. Triatomic Molecules 

It has been suggested [30,31] that the dynamical group for a 

triatomic molecule is U1 (4) ~ U2(4) with a 12-dimensional associated 

coset space. There are many group chains to consider [32], but the 

chain 

seems to correspond to linear triatomic molecules. More details can be 

found in Ref. [32]. 
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3.2.2. Tetra-atomic Molecules 

The dynamical group for tetra-atomic mole~ules [32] has been 

taken as U
1
(4) ~ U

2
(4) ~ U

3
(4) with an associated 18-dimensional 

space. The chain 

coset 

U1(4) (lI U
2
(4) 0 U

3
(4):>01(4) 0 02(4) 6} 03(4) 

:>012(4) (lJ 03(4):>0(4);>0(3):>0(2) 

seems to describe a linear tetra-atomic molecule. 

3.2.3. Polyatomic Molecules 

(3.14) 

The dynamical group for (k+l)-atomic molecules has been taken as 

U (4) ~ U (4) ~ ••• , U (4) 
12k 

since the associated coset space is 6k-dimensional. 

3.3. Nuclear Quasimolecules 

It has long been known that heavy-ion scattering of specific 

projectiles off specific targets leads to unusually long-lived 

resonances (e.g., 12C +12C) [36]. Iachello proposed [37] the use of the 

0(4) limit of the U(4) model in studying such quasimolecules, and Erb 

and Bromley (38) applied it to the available data for the 12 C + 12 C 

resonances. 

Resonances in Ct-scattering for 16 ° + Ct, 21!Mg + Ct, and 2S Mg + Ct 

have been analyzed by Cseh [39] using both limits of U(4). Work is 

still in progress concerning this problem [40]. 
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One major drawback of these studies is that the structure of the 

nuclei are neglected with only the dipole degrees of freedom being 

considered. It seems very likely that such studies would benefit from 

the subject of this dissertation. 

In the next section the general method for studying a many 

cluster system is presented. In general, each cluster can have a 

structure described by U(6) and they may couple and interact with each 

other. This procedure constitutes a further development of the U(6) and 

U(4) models; taking advantage of the features of both. In the specific 

problem of a-clustering it is conceivable that the U(4) bosons are more 

similar to the U(6) bosons than to the more abstract phonon-type bosons 

of the molecular models. The role of four-body correlations in 

determining the structure of these bosons is being studied [41]. 



CHAPTER 4 

THE FORMAL PRESENTATION OF 
AN INTE'RACTING BOSON MODEL OF CLUSTERING IN NUCLEI 

The important role of a-clustering in nuclei has been 

recognized since the very early days of nuclear physics [42]. In fact, 

one of the first nuclear structure models treated the nucleus as an 

aggregate of a-particles with, at most, three unclustered nucleons 

[43]. Such extreme assumptions are no longer believed to be valid, but 

fairly recent nuclear matter calculations indicate that a-clustering 

should be expected in the surface region of nuclei [44J. 

Numerous studies of a-clustering effects in light nuclei have 

been carried out [42]; however, such efforts have been limited 

primarily to this region. In extending such studies to other mass 

regions, for example to the actinide region, the structure of the 

nucleus must be taken into account. The Interacting Boson Model (mM) 

[10,12,14,21] has proven to be quite successful in its description of 

collective properties of the nucleus. Similar techniques have been 

developed to treat the dipole degrees of freedom of diatomic 

molecules [28,29]. A recent proposal [45] was to combine these two 

techniques to study a-clustering in a phenomenological manner. 

The development of the model through applications to the 

actinide region has led to a coexistence approach in which little or 

no static dipole deformation is present [461 

29 
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This model will now be presented in its general form, except 

no distinction will be made between proton, neutron, and even possibly 

proton-neutron bosons [25,26J. It 'is hoped that the presentation is 

sufficiently general so as not to obscure any potential regions of 

application. Much emphasis is placed on the SU(3) dynamical limit of 

this model due to the extreme usefulness of the corresponding basis 

for the study of deformed nuclei. 

The method of calculation is developed in such detail that 

additional expressions should be obtainable in a similar manner. Many 

expressions that are expected to be useful have been derived. Some 

general trends of these expressions are presented; however, no 

comparison with experimental data is made. Only general aspects of 

the model and mathematical preliminaries are presented here. 

Extensive applications to the actinides have been made and will be 

presented next chapter. 

In Section 4.1 the general problem of an n-cluster system is 

discussed. The coexistence of configurations with different numbers 

of a-clusters and the mixing of those configurations is then taken up 

in Section 4.2. Finally, the method of calculating a-decay and a

transfer probabilities is developed in Section 4.3. 

4.1. The General n-Clu6ter Problem j.n IBA-l 

Consider the general problem of a system of n distinguishable, 

spatially extended overlapping clusters. There are a total of (n-1) 

independent displacement vectors between the center-of-mass of each 

cluster and every other cluster which can be described by a 
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(4.1) 

boson model [30] (see Fig. 5). The internal structure of each cluster 

can be described by the usual IBA-1 U(6) Hamiltonian if the quadrupole 

modes of excitation ,.lre considered to be the dominant ones. 

Therefore, the general problem is one of 

U
1
(6) ~ U

2
(6) 8 ••• Q U

n
(6) 8 U,(4) Q U

2
(4) Q 

symmetry. 

The total number of bosons Ni of Ui (6) is chosen in the usual 

way such that Ni simply counts the total number of fermion particle 

(or hole) pairs in the valence shells. There is in general no such 

correspondence made for the total number Mj of the Uj (4) bosons. 

There are many ways to break the general symmetry expressed above, 

the simplest of which can be classified according to a particular 

subgroup, or possibly a chain of subgroups. This leads to a "lifting" 

of the degeneracies. 

One possibility is 

where the labels [Ma , Mb, Mc ' Md] classifying the irreducible 

representations (irreps) of U(4) can be found using the ~tandard 
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r· I 

Fig. 5. A non-overlapping three-cluster system. 

For nuclei, R, and R2 are expected to be R, = R2 = ri· 
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technique of the reduction of outer products. 

The totally symmetric irrep of U(4) is [M,O,O,O], where M :: Ma 

For identical bosons labeled M" M2, ••• , Mn_, for the 

totally symmetric irreps of U,(4), U2(4), ••• , Un_,(4), this is the only 

irrep that should be considered out of the additional irreps which are 

not totally symmetric. In this limit the total number of bosons M for 

an n-cluster system is always greater than the total number of bosons 

for the n-1 cluster system. The irreps which are not totally 

symmetric may be of importance if there are truly distinguishable 

clusters, such as an a-cluster vs. 160, etc. Choosing [M,O,O,O] of U(4) 

assumes that each cluster can be taken on an equal footing aside from 

the spatial extent and internal structure of the cluster. 

For a system of n a-clusters interacting with each other and 

the nucleus, one can ignore the U2(6) g ••• Un (6) products. This is due 

to the fact that each a-cluster is assumed to be a spherical, tightly 

bound system with the internally excited levels occuring at energies 

very large relative to those of interest. The problem then reduces to 

one of U(6) " U(4) symmetry where, for convenience, M 'will be chosen 

equal to the number of "particle" bosons removed to form a-clusters. 

This assumption simplifies the problem tremendously due to the fact 

tha t the total number of bosons NT = N + M is conserved for any 

permissable number of a-clusters, as long as NT counts particle 

bosons. Bosons excited from the core are neglected in this study and 

should be addressed in future studies. Clearly, M chosen in this way 

increases linearly as the number of a-clusters increases. For no a-

clusters (designated Oa) M = 0, for one a-cluster (' a) M = 2, etc. 
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Also note that compact Lie algebras are ~ssumed at the outset. 

As is evident from the above discussion, there is no reason to 

believe that the microscopic structure of the bosons of U(6) are the 

same, or even similar, to that of the U(4) bosons. The microscopic 

structure of the bosons will not be discussed in this chapter. It is 

felt that the above simplification of the problem retains all of the 

important properties which one would desire for such a 

phenomenological model. 

4.1.1. The na Problem 

The na problem in the U(6) 0 U(4) IBM will be treated as an NT 

= N + M boson conserving model. The number of U(4) bosons (M = 2n) 

are counted as previously discussed, and t:'e number of U(6) bosons N 

are found knowing NT. Furthermore, Nand M are each conserved in a 

given configuration of n a-clusters. 

The 36 bilinear products (boson number conserving) of the six 

boson operators 

(j = 0,2) 

generate the Lie algebra of U(6), and the 16 bilinear products of the 

four boson operators 

t ttt *t 
b = {s , Pm } jm (j = 0,1) 

(4) _. (atjm)t generate the Lie algebra of U • The Hermitian conjugates a
jm 

-
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and bjm = (b ;m) t are defined in the usual way, and use will be made of 

the spherical tensors a. = (-1 )j-m a j Jm -m 
and b = (_"j-m b

j 
• The 

jm -m 

creation and annihilation operators given above are assumed to satisfy 

the boson commutation relations 

[ajm, t 
Ojj' 0mm' aj'm'] = 

[a. , ,] t t 
0 a., = [a. , a , ,] = Jm Jm Jm jm 

(4.4) 

[bjm, b ~, ,] = 0jj' 0mm" J m 

and 

[bjm, b., ,] t t 0 = [b. , b j'm,] = J m Jm 

exactly. All a-bosons commute with the b-bosons. 

There are many equivalent ways in which the general 

Hamiltonian describing the interactions among the bosons can be 

written. This will be written first in second-quantized normal order 

and then in terms of the generators of U(6) and U(4). 

4.1.2. The U(6) Q U(4) Hamiltonian 

The general Hamiltonian can be written as 

where Ha involves only interactions between t -
ajm(ajm ) 

(4.5) 

bosons, Hb 

involves· only b-boson interactions, and Hab are the interactions 
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between a-bosons and b-bosons. 

Each term can be written as a sum of one-body, two-body, 

three-body, •• : interactions, as follows: 

H=K+V+ ••• 
a a a 

(4.6) 

where the K's are one-body interactions, and the V's are two-body 

interactions. Only one and two-body terms will be retained in the 

expansion. Note that there is no one-body interaction Kab which 

conserves N and M separately. In fact, all interactions Hab which are 

n-body with n-odd vanish by this restriction. 

Anyone-body operator in second quantized notation is 

K = L 
q,s 

<qIKls) . b t b 
q s 

and any two-body operator can be written 

V = L L 6 6 t <qrIVlst> b t b t b
t 

b 
q~r s~t qr s q r s 

(4.8) 

where 6qr = (1+0qr )-1/2 and 6st = (1+Ost)-1/2. The one-body term Ka 

can be constructed as 
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K L 12j+l <jlIK IIj> t . a. ) = (a jm a j,m a Jm 

= e: fi + e:d fid ( 4.9) 
s s 

where e:s :: <j=OIIKallj=O> and e:d :: <j=21IKa llj=2> 15. It is assumed that 

the Hamiltonian is an 0(3) scalar. In a semi-empirical approach, e:s 

and e:d are used as "free" parameters determined from the experimental 

data. All of the matrix elements can, in general, be parameterized as 

in the Ka example above. 

Neglecting the constant terms which contribute only to the 

binding energy, the Hamiltonian can be written 

+ 

r. t t (2) - - (2)1(0) 
+ U2L[d x B] x [d x s] J 

U ]
(0) 

1 u [t t](O) [- -](0) +- S xs xsxs 
2 0 

(4.10a) 



*t -* t-
Hb = e: .(s • s ) + e: (p • p) 

5 P 
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, * [[ t t](O) [-ff -*](0) 
+ 2 Vo P x P x 5 X 5 

.t *t (0) - - (0)](0) 
+ [5 X 5] x [p x p] 

.r.[ t *t (1) - -* (1)](0) 
+ u 1 ~ P x 5] x [p x 5 ] 

1 .u[ *t itt (0) -it -it (0)](0) 
+ -u 5 X 5] X [5 X 5 ] 

2 0 
(4.10b) 

and 

+ L W
L 

(2L+1) 1/2[[d t x p t](L} 
L:1,2,3 

- - (L) x [d x p] 

(O) 

[ t dt](L) [- -](L)] +p x xpxd 
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There are, in general, nine Ha terms, seven Hb terms, and seven. 

Hab terms. Many of these terms are not important and can be 

eliminated in specific studies. There are cases in which only a few 

parameters are of importance due to dynamical symmetries. It is 

easier to take advantage of such symmetries if one writes the 

Hamiltonian in terms of the generators of U(6) and U(4). 

The 36 bl1near products 

G
a , = a t a (j,j' = 0,2) mm jm j'm' 

are the generators of U(6). The 16 bilinear products 

generate the algebra of U(4). Taken together, the 52 bilinear products 

generate the algebra of U(6) ~ U(4). 

The most general Hamiltonian in terms of these generators, 

considering only one-body and two-body interactions, is 
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I a a I b b 
H = e: , G , + e: , G , 

llll' W W llll' W W 

1 I uaa, Ga , Ga , + 
2 llll VV' ll).I vv , 

1111 
vv' 

1 I bb Gb b 
+ U llll' VV' 

, G , 
2 ll).I vv , 

W 
\lV' 

1 I ab Ga Gb (4.11) + u llll 'vv' ll).I' VV' 2 , 
1111 
VV' 

However, the generators G can be written in many ways and 

this is not the most convenient. For the cases of interest, the 

Hamiltonian will be written as an 0(3) invariant, and therefore the 

generators will be written as the 0(3) tensors 

and 

Ga(k) (jj') 
K 

Gb(k) (jj') 
K 

t -b ](k) 
= [b j x j' K 

The commutation relations are 

(4.12) 
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'i' (2k+ 1) 112 (2k'+ 1) 112 (kKk'K'lk"K") 
= k'~K" 

X (_1)k-k' [(_1)k+k'+k" {kk'k"l (k") 0j'j" aa
K 

(jj"') 
j''' jj' 

(4.13 ) 

!kk'k"l·.r aa(k")( "j')] 
u jJ" ,,, K" j 

j"j'j 

a similar expression for the a
b

, but with "a" replaced by "b" and 

(4.14 ) 

It is straightforward to determine the structure constants from these. 

4.1.3. The SU(3) Limit 

There are three dynamical symmetries of' mA-1 which describe 

the bulk of the nucleus, 

l
U(5) :::> 0(5) ::> 0(3) ::> 0(2) (I) 

U(6)::> SU(3) :::> 0(3) ::> 0(2) 

0(6) ::> 0(5) ::> 0(3) ::> 0(2) (m) 

(II) ( 4.15) 

and two dynamical symmetries which describe the dipole degrees of 

freedom 

U(4) 
{

U(3) :::> 0(3) 

0(4) ::> 0(3) ::l 0(2) 

:::> 0(2) (IV) 

(4.16 ) 

(V) 
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The ch:ain (IV) describes harmonic motions of the clusters, but with no 

static dipole deformation. The chain (V) describes a system with a 

permanent molecule-like dipole deformation. The chain (n), which 

describes prolate deformed structures, coupled to the chain (IV) is the 

primary topic of this chapter. There are now two important 

possibilities which will be presented: (1) the chain 

(4.17) 

which, in general, must be studied by numerical diagonalization of the 

Hamiltonian matrix, and (2) the chain 

which has simple analytic solutions. The subscripts "a" and "b" were 

used to indicate that the algebra is realized using only "a" or "b" 

bosons. No subscript appears where a single combined desc'ription 

occurs in which both "a" and "b" bosons are used to form the 

generators. The step SU
a

(3) 9 U
b

(3) was included to emphasize that 

the linear Casimir invariant of U
b

(3) may be used. Some results in the 

limit (4.17) have been reported [46], and are similar in many respects 

to the results obtainable from the limit (4.18). 

The eight generators of SU (3) are 
a 



and 

while the nine generators of U
b

(3) are 

ab(O) 
0 

: 
[t -](0) 
p X Po 

ab( 1) 
K 

: Lb 
K 

:/2[pt xp](1) 
K 

and 

ab(2) Qb(2) t - (2) 
: = [p x P]K K K 

The eight generators of SU(3) are 

a(1) 
K = LK = /;0 [d t x d]~ 1) + /2 [p t x 

and 

a(2) t- s td)~2) ± 11 (dtx d)(2) = (d s + 
K 2 

-(1) 
P]K 

± 13 
2 
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( 4.19) 

(4.20) 

(4.21) 

(t -)(2) p x p , 

which can easily be found from the commutation relations. The energy 

eigenvalues for the SU(3) limit (4.18) can be written in terms of the 

Casimir invariants as 

E = 
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+ 
Kab 2 

4 C O .. ,ll) + K:'L(L+ 1) (4.22) 

where 

is the quadratic C~simir invalriant of' SU(3). The linear and quadratic 

Casimir invariants of Ub(3) clre simply written in terms of the number 

* of p -bosons. The SU(3) quadratic Casimir invariant can be related to 

the generators (4.19), (~.20), 'and (4.21) as 

The wave fiunctions alre labeled as 

1T 
I[N], [M]; o..,l,t) , n ; (A.,ll) K; L ; m> 

a p p 

(4.23) 

where K is the SIJ(3) ::::> 0(3) label introduced by Vergados [16] and p 

stands for any ~dditional quantum numbers needed to label any 

repeated ()..,ll)'s. The reduction of the inner product U(6) ::::> SU(3) is 

well known [14, 15]~ while th$t of U(4) => U(3) is simply np = 0,1,2, ••• , 

M. The irreps. of SU(3), i.e;" those labeled O .. ,ll) p' are found by taking 

the outer produc~s ()..,ll)a 6a (np'O) for which Young diagrams can be 

used. 

From char~cter anal'ysis it is clear that there is a dimension 

check 
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(4.24 ) 

where n[f] is the dimension of (A,}.!) a' neg] is the dimension of (np,O)b' 

n[h] is the dimension of each (A,}.!) obtained, and a[h] is the number of 

times a given irrep. (A,}.!) occurs. The dimension of an irrep. of SU(3) 

is 

(4.25) 

which is easily found using the Weyl formula [47]. 

As an example, coupling (A,lJ,)a to (1,O)b yields 

(4.26) 

with obvious restrictions when A and/or }.! are equal to zero. 

Using Eq. (4.22), one can then calculate the spectrum for a 

given N and M assuming that the parameters are known. Some of the 

rotational bands obtained in this way are shown in Fig. 6. 

Befot'e proceeding to derive expressions for other important 

observables, an important digression is to compare the limit (4.17) to 

the "SU(3)" limit. In the former the interaction terms between 

a-bosons and b-bosons are of the general form G~(k) • G~(k). One may 

suspect that quadrupole-quadrupole interactions are important and thus 



Fig. 6. 

Schematic Level Diagram 

(26,1)1+ 

A = 238 

NT= 30/2 = 15 

N = 13 M = 2 , 

(22,1)1-

(21,3)1- (21,3)3-

3- ---l--
<27.0)0- €p ___ t __ 
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1T 
Some of the important band-heads, labeled (A~)K , obtained for 
the NT = 25 (, ex) configura tion. 

Rotational levels are built on top of each band head as is 
+ -indicated for the lowest states of the (26,0)0 and (27,0)0 

irreps. 
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( 4.27) 

was previously used [46]. Replacing this expression with Casimir 

invariants for SU(3), one finds that 

1 La. L bJ • 2 
(4.28) 

Notice that the last term in Eq. (4.28) breaks the symmetry of the 

chain (4.18). If one were to add an interaction to eliminate this term~ 

the symmetry would then be restored. 

In Fig. 7 the effect of this term on some of the energy levels 

is demonstrated. The interaction term (4.28) has been taken as 

+ (4.29) 

where ~ is a free parameter. Notice that ~ determines the coupling of 

the 0 .. +1,0)0- and the (A-1,1)1- bands as in Coriolls coupling [3]. 

Fortunately, due to very restrictive selection rules, i.e., Eq. (4.29) 

does not permit these specific irreps. to couple to any other irrep., 

simple analytic expressions can be derived for this important case. 

This will be presented in more detail in the next chapter and a 

forthcoming publication [48]. 
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Fig. 7. Energy levels for some (17,0)0- and (15,1)1- states vs. 1:;, with 
Kab = -90 keV for all cases (E

1
- = 0 was used). 
1 
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Energy differences between adjacent levels of ()..+ 1,0)0- are 

shown in Fig. 8. 

4.1.4. Transition Rates 

In the SU(3) limit (4.18) matrix elements can be calculated in 

a way analogous to the familiar techniques used in an 0(3) coupled 

basis. The wave functions can be written 

1T 10..,).1) , (n ,0); 0,,).1) KL m> 
a p p 

1T 
«A,).I) K 1 m; (n

p
,0)1

b 
mbl(A,).I) KL m>p(4.30) a a a a 

where the first factor on the right-hand side of Eq. (4.30) is a 

generalized coupling coefficient [16]. The Racah factorization lemma 

[7] can be used to factor this coupling coefficient into two terms, 

1T < (A,).I) K 1 m; (n
p
,0)1

b 
mbI<A,).I) KL m>p a a a a 

(4.31 ) 

= «A,).I)a Ka 1a; (n
p

,O)9.
b

II<A,).I) KL 1T> P <9J
a 

ma; 1b mb IL1Tm> • 

The second term on the right is an ordinary Clebsch-Gordon coefficient 

for the 0(3) ::> 0(2) reduction, and the first term on the right is the 

isoscalar factor for the SU(3) ::> 0(3) reduction. Notice that the 

isoscalar factor (ISF) above is independent of m. The convention of 

Hecht [49] and Vergados [16] is used for the label p, which differs 
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from that of Moshinsky [50]. 

Irreducible tensor operators can be defined in the usual way 

[L\), 
T( A,ll)] = L «A,ll) K'L'm+vIL I(A,ll) KLm) 
KLm K',L' V 

x T (A,ll) 
K'L'm+\) , (\)=0, ±1) 

and 

[QV' 
T(A,ll) 

= L «A,ll) K'L'm+vIQ I(A,ll) KLm) 
KLm , L' \) K , 

x T(A,ll) 
K'L'm + V ' 

(V:O, ±1, ±2) • 

The Wigner-Eckart theorem is 

« A "ll") K"L"m "IT(LA,ll)1( A 'll')K'L'm') 
K m 

= 

(4.32a) 

(4.32b) 

(4.33) 

where the triple bar matrix elements are independent of K, L, and m. 

This notation is introduced to distinguish between ordinary 0(3) 

reduced matrix elements and cases of further reduction. The eight 

generators of SU(3) transform as the eight-dimensional SU(3) tensor 

T( 1,1), i.e., 

T
(1,1] L\) 
1\) - 12 



and 

T(1,1J _ IT Q 
2\1 ..J"3 \I ' 
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(4.34 ) 

where the label K = 1 is not needed. A different normalization from 

that of Vergados is used here. Equations (4.32) can now be written 

L <(A,~)KL; (11)R.II(A,~)K'L'>P=1 
K'L' 

Some other important SU(3) tensors are the 3-dimensional 

T (10) = p t (4.36) 
b 1m m 

and 6-dimensional 

tensors. 

T (20) - st 
a 00 -

T (20) = d t 
a 2m m 

(4.37) 

Now selection rules and matrix elements are obtainable with 

little effort if the operators are SU(3) tensors. 

The most general one-body electromagnetic transition 

operators of the U(6) 8 U(4) model can be written as follows: 

T(EO) 

(4.38a) 
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- t -* Itt - (1) (4.38b) 
T(E' ) = a,[p x s + S x p]m 

T(M1) at[d t x d]~1) + 
+ t - (1) (4.38c) 

= b,[p x p]m 

T(E2) t - t - (2) b [d t d](2) 
= a2

[d x s + S x d]m + x 
2 m 

t + c
2
[p :JC 

- (2) 
P]m (4.38d) 

T(M3) t x d](3) (4.38e) = a
3
[d 

m 

T(E4) t - (10 
(4.38r) = a

4
[d X d] 

m 

For the case in which b;2 = ± /712 a
2 

and c
2 = ± /3/2 a

2
, the 

E2 transition operator becomes 

(4.39) 

where 

are SU(3) generators. The selection rules are f::.X = 0, f::.~ = 0; f::.K '= 0, 

±2; and f::.L = 0, ±', ±2. Note that, along with Lv, these operators move 

one through the SU(3) weight space. The matrix elements are 

straightforward to calculate, such as 



«A,0)LIIQ(2)II(A,0)L+2> = -if «A,0)L+2; (1,1)211(A,0)L) 

x 

where 

(1 1) l2 2 2 ]1/2 «A,ll)lIIT ' III(A,ll» = "3(A + II + All + 3A + ~ll) 

can be used along with the· SU(3) ::> 0(3) !SF to yield 

B(E2; L+2 ... L) (L+2)(L+1) (A-L) <A+L+3) 
(2L+5)(2L+3) 

for the (A,O)K=O transitions. This is the expected resultl [14J. 
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(4.40) 

(4.41) 

(4.42) 

It is immediately evident that transitions along the o.+n,O) 

band will be enhanced. over those of the o..+n-1,O) bp.nd, aLS can be seen 

in Fig. 9. Similarly, all B(E2)'s can be calculated usingl the operator 

(4.39), as long as the isoscalar factors are avaLj.able. Some other 

results are presented below: 

For transitions within the ().1) band, 

where L = even integer. 



- C\I C\I_ 

45 

40 

35 

30 

W C\I 25 
- c m-

20 

55 

Fig. 9. 2 1T . 
Values of B(E2)/(a2) vs. L for the (16,0)0+ and (17,0)0- bands 
using Eq. (4.42), for (15,1)1- using Eq. (2.43), and for (12,2)0+ 
using Eq. (4.44). 



and 

For transitions within the ().2) irrep one finds 

B(E2; K:O+, L+2 ... K=O+, L) 
(L+ 1 )(L+2) 

(2L+3) (2L+5) 

(L-1) L(L+3) (L+4) 

(2L+3)(2L~5)(L+2)(L+ 1) 

B(E2j K:O+, L-2'" K:2+, L) : 3(a
2

)2 (L+1)(L+2) ().-L+2)(A-L+4) 
(2L-1 )(2L-3) 
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x ()'+2)(A+3) , (4.46) 

[2().+2)2_(L-2)(L-1)] [2( A+2)2_L(L+ 1)] 

where A-L : even integer in Eqs. (4.44) through (4.46). Notice that E2 

TI + TI + transitions are nonvanishing between the K : 2 band and the K : 0 

band for a given (A,2). 

It is also of interest to calculate the corresponding diagonal 

matrix elements, such as 

Q(L):: /16TI a «)'O)LLIQ(2)ICAO)LL) 
~ 5 2 0 

(4.41) 

• I 
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where the (A+n,O) band is seen to have a larger quadrupole moment 

than the (A+n-1,O) band, etc. 

If one uses an arbitrary linear combination of the generators 

G:(2) and G~(2), rather than G~2), as the E2 transition operator, the 

selection rules are then relaxed somewhat while analytical 

expressions can still be derived. Writing such an operator as 

T(E2) (4.48) 

and using the Wigner-Eckart theorem, leads to 

x «A"") IIIT(1, nlll(A' ') > 0 " , 
l.I a l.I a Xb Xb 

+ C U«A" ")(A' ')(A' ') (A" ") • (1 1) (A'l.I') ) 
2 l.I l.I l.I b l.I a' , P1 P2 ap3P4 

(4.49) 

where X - {( A,l.I)KLm}. The additional labels Pi will not be required in 
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the following calculations. As an example, the E2 matrix elements 

1T 
along the K = 0- band are 

«AO)( 1,0); (A+ 1,0)LIIT(E2)11( AO)( 1,0); (A+1,0)L+2) 

= -F «A+1,0)L+2; (1,1)-211(A+1,0)L) 12L+1 

x{a
2 

U(( A. 1,0)( A. 1,D}CAD}(1,D}; (1,1 }(AD» <CAD}IIIT( 1, 
1 }IIICAD}>(\~' X~ (~.5D) 

• 02 U( CA. 1 ,0)( A. 1 ,D}( 1,0)( AD}; (1,1)( 1,0»« 1 ,D) IIIT( 1 ,n III( 1 ,D}>IiX~' X~} • 

Making the various substitutions leads to 

B(E2; K=O- ,L+2 + K=O-,L) 

x (A-L+1) (A+L+4) , 

(L+1) (L+2) 

(2L+3) (2L+5) 

(4.51) 

which clearly reduces to Eq. (4.42) for c2 :: a2 and (A+1) +).. Using 

the operator (4.39), one finds that E2 transitions between the 

0.+1,0)0- band and the (A-1,1)1- band are forbidden. However, this is 

not the case if one makes use of the operator (4.48). Such crossover 

transitions can be calculated exactly by making use of Eq. (4.49), 

leading to 
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L(L+2) 
(2L+3) (2L+5) 

x (A+L+2) (A+L+4) , (4.52) 

which clearly vanishes if c2 = a2. 

Expressions for the magnetic dipole transitions can also be 

derived by taking advantage of the tensor property of the operator. 

b+ (+ ,-For example, if the parameter 1 = a, )/y 5, then one can write 

T(M1) = J ;1T gL (4.53) 

where L = La + Lb are the three remaUdng generators of SU(3). Since 

the Lm are also the generators of 0(3), it is clear that they can only 

change the m quantum numbers in steps of one, leaving all other 

quantum numbers unchanged. Therefore, the only non-vanishing matrix 

elements are 

U '/2 
= " 4n g[L(L+ 1) (2L+ 1)] (4.54) 

Making use of the more general form (4.38c) and using techniques 

near ly identical to that of Eq. (4.49), one then find s that the M 1 

transitions between the (A+',O)O- band and the (A-1,1)'- band are 



60 

non-vanishing, for example, " 

(4.55) 

A characteristic feature of cluster models is that electric 

dipole transitions are generally expe"cted. Fortunately, the matrix 

elements using Eq. (4.38b) are quite simple to calculate. Noting that 

pt transforms as an SUb(3) tensor 

pt = T(10) 
1m 

and making use of the SU(3) U-functions once again, one finds 

B(E1; K=O-,L .... K=O+,L+1) 

B(E1; K=1-,L .... K=O+,L+1) 

and 

B(E1; K=1-,L .... K=O+,L-1)" 

- 2 = (a 1) 

- 2 
= (a 1) 

- 2 
= (a 1) 

n .. s 

n .. 
s 

n .. 
s 

n .. s 

2(L+1) (A-L+1) 
(2L+1) (A+1) 

2L 
(2L+ 1) 

2L 

(2L+ 1) 

2(L+1) 
(2L+ 1) 

(A+L+2) 

0,+1) 

(A-L+1) 
(A+1 ) 

(4.56a) 

(4.56b) 

(4.56c) 

(4.56d) 

where ns. = M - np. Notice that T(En is not constructed from SU(3) 

generators and thus (A,)J) can change. In fact, fulp = ±1 and llL = 0, ±1 
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where there obviously must be a parity change going" from the initial 

to the final"state (lTilTf : -1). The B(E1)'s of Eqs. (4.56) are shown as 

a function of L in Fig. 10 and compared to the values for the strong 

coupling limit, Eq. (4.17), with an interaction term of the form of Eq. 

( 4.27). 

Absolute E1 transition rates are usually very difficult to 

measurej however, ratios such as 

and 

1\-

: B(El; K:O-, L .... K:O+, L+1) 

= 

= 

B(El; K:O-, L .... K=O+, L-1) 

(L+l) 
L 

B(E1 i 
B(E1j 

O.-L+1) 
<A+L+2) 

K: 1-
3 L .... K=O+s 

K:1-, L .... K:O+, 

0.+L+2) 
(A-L+1) 

L+1) 

L-1) 

(4.57) 

(4.58) 

are readily available. Note that these expressions involve no model 

parameters and depend only on the assumption that the exact SU(3) 

symmetry is valid. 

These ratios are shown as a function of L in Fig. 11 and 

compared with the strong coupling values. The dependence of these 

ratios on l;; is demonstrated in Fig. 12. Recall that this interaction 

varies the coupling of the K = 0- and K : 1- bands analogous to the 
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CD 
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- 2 -Fig. '0. B(E1)/(a,) vs. L for the (17,0)0- ... (16,0)0+ transitions of 
the NT = 10 1a configuration. 

The SU(3) values are indicated by a solid line and satisfy the 
upper non-energy weighted sum rule •. The corresponding strong 
coupling (S.C.) values are indicated by a dot-dash line and ·are 
obtained with C = 0 and Kab = -90 keV. 
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• 
1.2 ~. S.C. --. • • 

~ • G 

a:: 0.8 

0.4 

0.0 
3- 5'- 7- 9- 11- 13- 15- 17-

LV 

Fig. 11. The ratios R
L

- = B(E1;L- -+ (L+1)+)/B(E1;L- -+ (L-1)+) vs. L- for 
the SU(3) and" strong coupling cases.' 

Kab = -90 keV was used; NT = 10 and M = 2. 
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Fig. ,~. The ratios R,_. R~_, and R5- as a function of l'; (K'ab = -90 
keV, NT = '0 and 11 = 2). 
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Corio lis coupling. From Fig. 13 one can see that the SU(3) values R
L

-

go over to the Alaga rule for A + ~ as a consequence of the fact that 

the ISF's become exactly equal to the corresponding Clebsch-Gordon 

coefficients in this limit. 

There are also experimental values for ratios of electric 

dipole and electric quadrupole transitions for many cases in which 

there are no data for the absolute transition rates. In the SU(3) 

limit, such ratios originating form the K : 0- band are 

8 
: 

3 

B(E1i K:O-. L + K:O+. L-n 

B(E2; K:O-, L + K:O-, L-2) 

(A+1) 

(A-L+3) 

while those originating from the K : 0+ band are 

8 
: 

3 

B(E1i K:O+. L + K:O-, L-n 

B(E2; K:O+, L + K:O+, L-2) 

n .. 
s 

(2L-1 ) 

L-1 

These ratios are shown as a function of L in Fig. 14. 

(4.59) 

(4.60) 

Fig. 15 summarizes in a schematic manner the important 

electromagnetic transitions which are expected in the SU(3) limi~. 
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Fig. 13. The ratios a) R _, b) Rr; and c) R,,_' vs. boson number NT 
for the 1a conf1~ration (K

ab 
= -90 keV, NT = 10). 
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+ - 1T Fig. 14. The ratios Rand R vs. L for the SUO) and strong coupling 
cases. 



Schematic Transition Diagram 
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Fig. 15. Schematic diagram for some electromagnetic transitions in 
SU(3) for some important states. 

The Ml transitions are for the symmetry breaking case (1I.55), 
but the symmetry breaking E2 transitions, EQ. (1I.52), are not 
shown. 
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The foregoing discussion dealt primarily with a single 

configuration in which it was assumed that n = M/2 identical 

a-clusters were present. Coexistence of configurations in which the 

number of clusters present may depend on the excitation energy, is 

believed to be of fundamental importance in applications to nuclei. In 

the following section a simple method of treating such coexistence is 

presented. 

4.2. Coexistence of Configurations and Configuration Mixing 

Assuming that the ground configuration of a given nucleus can 

be described by the usual IBA-1 model and that the la-cluster 

configuration occurs at some excited level, followed by the 2a-cluster 

configuration at a higher level, etc., the Hamiltonian of the entire 

system is then 

H = HO + H 1 + H2 +... + H a a a na 

(4.61) 

where the Hia describe the ith configuration and Vij describe the 

interactions between the ith and jth configurations. The \a are of 

the form (4.10) such that Nand M are each independently conserved. 

Even though all H
ia 

are assumed to have the form (4.10), there is, in 

general, no reason to insist that identical interaction strengths be 

used for each configuration. It was also assumed that the Oa 

configuration interacts only with the la configuration, while the la 
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can also interact with the 2a. and no others, etc., as indicated by the 

notation of Eq. (4.61). 

Therefore, due to the counting scheme presented in Section 4.1, 

the mixing Hamiltonian must be of a form such that Nand M are each 

changed by 2 with the constraint that NT = N + M is conserved. The 

most gene~al two-bodY Hamiltonian which can be constructed within the 

framework of the U(6) ~ U(4) model satisfying these requirements is 

-~ itt Itt (0) - - (0) t t (0) -It -It (0)](0) v. .' = Y 1 [s x s] x [s x 5] + [s x s] x [s x s ] 
1.,l. 

~ t t (0) - (0) t t (0) - - (0)](0) 
+Y

3
L[p xp] x[sxs] +[s xs] x[pxp] (4.62) 

~ (2) - - (2) t t (2) - - (2)](0) 
+ Y 5 L[p t x p t] x [d x d] + [d x d] x [p x p] 

where there could, in general, be different sets of parameters {Yk, 

k= 1,6}i,1' for each V 1,i'. 
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4.2.1. The SU(3) Ljmit 

The most important term of Eq. (4.62) is believed to be the y 1 

term, and therefore the mixing Hamiltonian will be taken as 

V u[ *t *t](O) [- -](0) [t t](O) _-* _*](0)](0) 
. . 1 = Y s x s x s x s + S x S x ls x s • 
~,~+ 

(4.63) 

As a further simplification, it will be assumed that only two 

configura tions need be considered; tha t is, the na and (n+ 1)a 

configurations. Furthermore, Hna and H(n+1)a are each assumed to be 

in the SU(3) limit such that only the mixing term Eq. (4.63) breaks the 

SU(3) symmetry, thus mixing some of' the na bands with those of the 

This configuration mixing problem has very simple analytical 

solutions if one makes a very reasonable approximation. Once the 

mixing Hamiltonian matrix has been constructed for the lowest energy 

state, which is to be diagonalized in the SU(3) basis, this becomes 

obvious. Note that the s*t operators are "diagonal" in this basis and 

provide the selection rule 6np = 0. Using the fact that st transforms 

as an 'SU (3) tensor, as given by Eq. (4.37), allows one to establish all 
a 

non-vanishing matrix elements, the most important of which are given 

in Fig. 16 for Oa and 1 a mixing [denoted (Oa) ~ (1 a)]. The method of 

the division of two irreps. was used to establish this matrix. For 

example, the (AO) band of na [denoted (AD) ] has only diagonal matrix 
na 

elements and a non-vaniShing Off-diagonal matrix element with the (A-

4,0) (n+ na band. It has no other non-vanishing matrix elements. 
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Configuration Mixing Matrix 

nQ 0<1 la 0<1 1<1 Oa 
( A,pJ (2N,0) (2N-4,0) (2N-4,2) • •• (2N-8,2) (2N-8,4) 

q~ X X - - - • • • 
(2N,b) 

la ·X X * - * • • • 
(2N-4~0) 

0<1 - * X X - • • • 
(2N-4~2) 

1<1 - - X X * • •• 
(2N-~2) 

0<1 

* * X • • • - -(2N-8,4) 
• • • • • • 

• • • • • • • • • • • • • • • 

Fig. 16. The partial configuration mixing matrix for the lowest energy 
On and 1n configurations. 

The large matrix elements are indicated by an "X"; the small 
ones by an "ft". The matrix elements which vanish due to 
selection rules are indicated by a "_fl. 
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However, the (1.-4,0)( 1) band can also connect to the (1.-4,2) and 
n+ a na 

(A-B,4) bands, although such matrix elements are very small compared na 

to the former ones. 

If the small off-diagonal matrix elements are neglected, the 

mixing matrix reduces to block-diagonal form and, therefore, the 

problem reduces to the diagonalization of as many of the small blocks 

as is desired. This will be called the band-mixing approximation 

(BMA). 

The off-diagonal matrix element of the lowest energy 

submatrix is 

x <[N] (2N,0)11[2] (4,0); [N-2] (2N-4,O» 

x IS «2N,0)LII(4,0)0; (2N-4,0)L> <LmIOO; Lm> 
3 

where the tensor property 

( 4.64) 

[1](2,0) 
st = T

OOO 
(4.65) 

for the U(6) ::> SU(3) :::> 0(3) ::> 0(2) chain was used. Note that the fully 

reduced matrix elements 
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(4.66) 

depend only on the U(6) labels. The isoscalar factors for U(6) ::> SU(3) 

are easily derived [51,52], and the one used in this case is equal to 

unity, as is the ordinary Clebsch-Gordon coefficient. Note that both N 

and M refer to the na configuration in the above. 

where 

and 

The mixed energy levels are then 

f(L,N) _ 
[

(2N+L+ 1 H2N+L-1 H2N-LH2N-L-2)]1 /2 • 
(2N-3)(2N-1) 

(4.67) 

(4.68) 

(4.69) 

The notation B.E. stands for binding energy. The parameter 6~ is 

convenient, since the difference in binding energy of the na and (n+1)a 

configuration is removed and thus gives the energy of the (n+ 1)a 

relative to that of the na ground state. 
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The wave functions can now be written 

IL,> = -sin (6L}e-iIIJl2 Ina; L> + cos (6L)eiI./J/2 l(n+1}aj L> (4.70) 
2 2 

and 

where the mixing angle 6L is given by 

{4.72} 

and a condensed notation is being used for the SU(3) wave functions 

(4.30). The phase angle is 1T for y < 0 and 0 for y > 0, and will be 

taken as 0 in this chapter. 

The mixed energy leve Is for the (Oa) CU (1 a) case are given in 

Fig. 17 as a function of tJ.K'. Notice that for particular tJ.' values and a 
tJ.K' values, band crossing occurs thus suggesting that backbending may 

occur for the proper conditions. An example of such a backbending 

calculation is shown in Fig. 18. Increasing the strength y "washes 

out" the backbending behavior, as is demonstrated by the curve labeled 

"b". 

4.2.2. Transition Rates 

The matrix elements presented in Section 4.1 can now be used 

along with the wave functions (4.70) and (4.71) to demonstrate the 

effects of the configuration mixing on the electromagnetic transition 

rates. The mixed E2 transition rates along the ground band are 
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Fig. 17. Configuration mixing for the (20,0)0 and (16,0), subblock vs. 
AI(' (y = -45 keV, ~ = 590 keV). a a 

The 20+ state of oa is pure and parallels the pure oa 18+ 

state. 
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Fig. 18. Backbending plot for the mixed (20,0)0 and (16,0)1 irreps. 
with 6.K' :: 6.0 keV and ~ :: 590 keV. a a 

The mixing strength used was a) y :: -25 keV, and b) y :: -65 
keV. 



B(E2; L+2 -+- L) 

x [ a
2 

sin 

+ a~ cos 

=..2 (L+ 1 )(L+2) 
4 (2L+3)(2L+5) 

( aL ) aL+2 ' 
sin (--) ((2NT-LH2Ny+-L+3) 

2 2 

(aL ) aL+2 ' 
cos (--) ((2NT-L-4)(2Ny+-L-1) 

2 2 
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r (4.73) 

where ~ for the (n+1)a configuration may in general be different from 

that of a
2

• If a
2 

= a~, the mixing tends to decrease the B(E2)'s due 

to the lower boson cutoff for the (n+1)a configuration. 

A similar expression can be written for the transitions in the 

higher energy band as 

B(E2; L+2 -+- L) 

x [ a2 
cos 

+~ sin 

=..2 (L+ 1 )(L+2) 
4 (2L+3)(2L+5) 

(aL) cos ( aL+2 ) 
2 2 

( aL ) ( aL+2 ) sin 
2 2 

1(2N-L)(2N+L-I·3) 

1(2N-L-4)(2N+L-1) 

where N refers to the na in both cases. 

r 
Also of interest are the interband transitions. 

(4.74 ) 

For this 

example, transitions from the upper to lower bands, of the two-band 



calculation are 

B(E2; L+2 .. L) = 1 (L+ 1 )(L+2) 
4 (2L+3)(2L+5) 
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(4.75) 

For L « 2N, these inter band transitions are very small 

compared to the transitions along a band, but they are clearly not 

strictly forbidden. 

The study of transitions such as presented in Eqs. (4.73) 

through (1l.75) would very likely yield a great deal of information 

concerning the structure of the Oa and of the 1a configurations and 

the mixing between them. Additional information can be obtained from 

1T 
the E1 tran.sitions between the K = 0- band and the two mixed bands 

(4.70) and (4.71). 

For example, transitions to the ground band are 

B(E'; K=O-,L .. K=O+,L+1) - 2 = (a 1) 

x cos2 (eL+1) 
2 

2(L+1) (2N1-L-3) 

(2L+ 1) (2NI':' 3) 

(4.76) 



2 6L-1 
x cos (--) 

2 

- 2 = (a,) 

- 2 = (a 1) 
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~ (2N+L-2) 
2L+1 (2N-3) 

(4.77) 

2(L+1) (2N-L-3) 

2L+1 (2N-3) 

(4.78) 

~ (2N+L-2) 
2L+1 (2N-3) 

The trends of these transitions are shown in Fig. 19. Notice 

that the mixing affects the high spin values very strongly, whereas 

the low spin states are only mildly affected. Ratios such as Eq. 

(4.78) divided by Eq. (4.76) are seen to depend only on the mixing of 

the Oa and 1a configurations. Such ratios are extemely difficult· to 

determine experimentally, however, the ratios 

R+' = B(E1; K=O+,L ... K=O-,L-1) 

B(E2; K=O+ ,L ... K=O+ ,L-2) 
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Fig. 19. B(E1) VS. L- for Eq. (4.76) (the dashed lines) and Eq. (4.77) 
(the solid lines). 
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Mixing effects are included with a) ilK' = 4.0 keV, b) ilK' = 
2.0 keV, c) ilK' = 0.0 keV, and d) ilK' = -2.0 keV (y = -45 keV, 
~ = 590 keV). 



8 -)2 = -(a 
3 1 

2L 1 (2Nr L-2) 2 8L 
(---) - cos (-) 

L-1 (2NT-3) 2 
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(4.80) 

for transitions involving the ground band are experimentally available 

(see Fig. 20). Although such ratios provide additional information, the 

interpretation is not as simple as the previously mentioned case of E1 

ratios. Also, the appropriate ~ should be used in such studies. 

It is also very simple to include mixing effects on ratios 

such as in Eq. (4.57) 

= (L+1) (2NrL-3) cos2(8L+ 1/2) 

L (2NT+L- 2) cos 2(8L_ 1/2) 
(4.81) 

where the notation is consistent with that of Eq. (4.57). The ratios 

of the form (4.81) yield information concerning the relative mixing 

along the band (Fig. 21), however, one must bear in mind that Eq. (4.81) 

assumes the SU(3) symmetry. Note that the dependence of the ratios 

(4.81) are not as sensitive to the mixing as are the corresponding 

B(E1)'s. The dependence of RL _ on l'iK' is further demonstrated in Fig. 

22. 
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Fig. 20. The ratios R+ vs. L + as given by Eq. (4.80) with a2 ;: a2· 

Mixing effects are included such that a) AK' = 4.0 keV, b) 
AK' ;: 2.0 keV, c) AK' ;: 0.0 keV, d) 6.1<:' ;: -2.0 keV, 'Y = -45 

keV, and ~ ;: 590 keV. 
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Fig. 21. The effect of mixing on R _p given by Eq. (4.86) 1.s 
demon.strated with a) luc' = ~.O keV, b) 6K' = 2.0 keV, c) 6K' 
= 0.0 keV, d) 6.K' = -2.0 keV, y = -45 keV and tti = 590 keV. 
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Fig. 22. Dependence of R,_. R
3
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mixing. . 
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4.2.3. EO Transitions 

The most general one-body EO operator within the U(6) ~ U(4) 

model is given by Eq. (4.38a). The first two terms will give rise to 

transitions between bands such as (71.,0) and (71.-4,2) ,which are of 
na na 

such simil::).r structure that one would expect such transitions to be 

comparatively small. Furthermore, these terms contribute very little 

to transitions between different configurations due to cancelling 

effects similar to that of Eq. (4.75). 

The important operator to consider is 

T(EO) ( 4.82) 

which is diagonal in a given configuration. However, the matrix 

elements for transitions between the two bands given by the wave 

functions (4.70) and (4.71) are 

aL aL = c s1o(----) cos(--) 
022 

x [,!(M+1)(M+2) - /M(M+1)] (4.83) 

where the operator (4.82) was used. For the case in which the mixing 

(Oa) Q (1 a) is considered, this becomes 

aL aL 
<L,IT(EO)IL

2
> = 12 c 5in(-) C05(-) 

022 
(4.84) 
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which demonstrates that large EO transitions are expected to occur 

between configurations. This is what should be expected based on the 

nature of EO transitions. 

Notice that the matrix elements (4.83) depend only on the 

amount of mixing of the two configurations; and, therefore, 

quantitative measurements of such transitions can be used to determine 

the L dependence and/or the NT dependence of the mixing. The 

experimental EO transitions can also help identify different coexisting 

configurations in a somewhat qualitative sense. 

4.3. a-Decay and a-Transfer Reactions 

An attractive feature of this model is that a-decay and 

a-transfer probabilities are simple to calculate and lead to clear 

int.erpretations. The model yields information on how the structure of 

the nucleus affects such probabilities. 

In general, the parent nucleus and the daughter nucleus may 

each require a general description in terms of the .Hamiltonian (4.61). 

Different parameters may be required for each nucleus. 

After having diagonalized both matrices, i.e.; for the initial 

nucleus and for the final nucleus, one must then calculate matrix 

elements connecting the two sets of wave functions using an 

appropriate operator. It is assumed that the a-decay and transfer 

occurs as a one-step process. Therefore, due to the simple counting 

scheme adopted, the operators must change M by two. This is a 

consequence of the fact that it was assumed that each a-cluster 
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contributes two bosons to the total M. A second a-decay would 

decrease M by another two, etc. Changing N by two would correspond 

to a two-step process which is extremely unlikely. 

The simplest operators satisfying these conditions are 

-(0) -if -*](0) 
+ aJp x 

- (0) 
AO = ao[s x s 0 p]O (4.85a) 

-( 1) 
a [s* - (1) 

A = x p] jJ 1 jJ 
(4.85b) 

and 

-(2) a
2
[p x - (2) 

A = p]jJ jJ 
(4.85c) 

and the Hermitian conjugates for a-particle stripping such as (6L1,d) 

reactions. One should recall that the b-bosons describe the dipole 

degrees of freedom and not the internal motions of the four particles 

which make up the a-cluster. 

4.3.1. The SU(3) Limit 

The general problem must be solved numerically and will not 

be discussed here. Considering single configurations in the SU(3) 

limit, as in. Section 4.1, selection rules and matrix elements are 

easily obtainable. For the case of S-wave a-decay, there are two 

terms to the operator (4.85a); the first term must satisfy the 

selection rule &1 p = 0, while the second term must satisfy the 

selection rule &1p = -2. In the "SU(3)" limit, the ground band is 

al ways np = 0 and, therefore, the second term in (4.85a) does not 

contribute to decays between the lowest energy bands. 
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Similarly, the P-wave and D-wave CL-decays from the ground 

state are absolutely forbidden. Thus, the important matrix elements 

for CL-decay are 

= CL
O 

IM(M-1) (4.86) 

and, therefore, the reduced width for CL-decay is 

(4.81) 

For the nCL + (n-1)a decays, the S-wave reduced width should increase 

quadratically as n increases. The other non-vanishing matrix elements 

are not of immediate interest. 

4.3.2. Coulomb Coupling 

It has long been known that Coulomb interactions between the 

decaying a-particle and the daughter nucleus are very important [53], 

particularly if the a-particle carries away some net angular 

momentum. Such decays should depend on the structure of the nuclei 

and are thus naturally suited for study using the U(6) 0 U(4) model. 

To reproduce and study such effects with this model, one 

couples the operators (4.38) to those of Eqs. (4.85). This results in 

many possibilities in which the a-particle can carry away angular 

t d it n 7T 0+ 0- 1 + 2+ 3+ 4+ 5±, 6+. momen um an par y N = , , -, -, -, -, It is clear 
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that many of these operators are expected to have very small matrix 

elements. For exampl~, the coupling by magnetic multipole fields is 

expected to be small, since the a-particle has no intrinsic spin. 

In contrast, the coupling to the electric quadrupole field is 

expected to be very important, and therefore 

(4.88) 

is expected to be the most important oeprator for D-wave a-decay from 

the ground state of the parent nucleus. 

Other important examples are 

-(1) [ ](1) B = 81 
T(E1) x AbO) (4.89) 

1J 
U 

and 

-(4) [ -(0)],4) (4.90) B = 84 T(E4) x AO • 
U 

1J 

These matrix elements can be calculated using the techniques of 

Section 4.1. 

4.3.3. Coexistence 

If there is coexistence of configurations, the techniques of 

Section 4.2 can be employed. For the (A,O) ~ (A-4,0)( 1) example, 
na n+ a 

one obtains wave functions {IL 1>, IL 2>} for the parent nucleus and {<L,I, 

<L21l for the daughter nucleus, both of which are of the form (4.10) 
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and (4.71). Clearly then 

(4.91) 

for the O~ + O~ reduced width. The reduced hindrance factor is 

(4.92) 

, 
where 9

0 
for the daughter nucleus, and 9

0 
for the parent nucleus, are 

both of the form (4.72). The operator (4.85a) was used along with the 

matrix elements (4.2). It is interesting that Eq. (4.92) is independent 

of the parent nucleus in the exact 5U(3) limit and depends only on the 
, 

mixing angle 90• 

Using the operator (4.88) leads to 

2 9~ eO 2 

°0; 00 2 sin(-) cos(-) 
RHF(O+ + 2+) 2 2 = = (-) e' 1 1 2 82 e2 °2; Sin(~) cos("2) 

2 

where N' = NT when (00) ~ (10) mixing is assumed. The form of Eq. 

(4.93) is somewhat more complicated than the other cases; however, the 
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= <[N]IIIT[1]III[N-1J) <[N] (2N,O)II[1] (2,O)j[N-1] (2N-2,0» 

x < (2N,0 )LII (2,0 )0;(2N-2,0 )L) 

- ]'/2 = iN I (2N-L)(2N+L+') 
3(2N-' )(2N) .-

and, therefore, the corresponding spectroscopic factors for ground-

band-to-ground-band transitions in the single configuration scheme of 

Section 4.' are 

2 (2~-L)(2~L+1) = (P+o) '~r nr' 
6(2Nf-1) 

(4.97) 

where N! is the total number of bosons for the final nucleus. A 

similar expression is obtained for the (p,t) reaction 

(4.98) 

.- + 
where Po and Po are parameters. 

Considering configuration mixing, as in Section 4.2, there will 

once again be cancelling of two terms for the 0; (p, t) and (t,p) 
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reactions. This does not necessarily mean that these states are not 

strongly populated. It should be recalled that two configurations of 

very different structure were mixed, and thus coupling to the EO 

operator Eq. (4.82) may be important. Neglecting the terms of the 

form (4.97) and (4.98), which almost cancel, the spectroscopic factors 

now become 

and 

x [(2NT-L-4)(2Nf+L-3)] 
3(2~-5) 

- + + - 2 2 A.: 2 8L 
F (L ~ L > ( ) i ( VL> () 1 ~ 2 = 0'0 s n 2" cos "2 

x [(2~-L-2) (2~L-1 >] 
3(2~-3) 

+ where 0'0 and 0'0 are empirically determined parameters. 

4.4. Conclusions 

(4.100) 

A new approach to study clustering phenomena in nuclei was 

presented in this chapter. The a-clustering SU(3) limit provides an 

extremely useful basis to work in if the nucleus being studied is 

prolate deformed. This is true whether a given nucleus possesses such 

an lIexact" symmetry or not since the important symmetry breaking term 
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~ mixes a small number of bands. Of course, the SUa (3) and/or Ub (3) 

~ymme~try may be broken, thus leading to more complicated situations 

~hich may be simpler to study in another basis. 

Detailed applications of the SU(3) limit w~ll be presented in 

trhe nlext chapter. This work is a phenomenological approach, and thus, 

~ffor1ts concerning the microscopic interpretation of the model have 

qnly begun. Furthermore, the study of high spin states in deformed 

qucleJL may benefit from the techniques presented here if the 

~xcitcLtion of particles from the doubly magic core 1s considered to be 

qf imlPortance [54,55]. 

It :1..'3 hoped that this new model will stimulate both 

t,heorletical and experimental studies so as to clarify the role of 

qlustl:!ring "in" nuclei. 



CHAPTER 5 

a-CLUSTERING IN HEAVY NUCLEI 

The interacting boson model has proven to be very successful 

in its description of the low-lying collective properties of medium 

and heavy mass nuclei [1]. Nonetheless, the simplest version of this 

model does not account for all observed effects. The nuclear matter 

calculations of Brink and Castro [44] indicate that a-clustering is 

energetically favorable in the surface region of nuclei. One must 

then confront the question of whether clustering effects are 

important to include in studies of nuclear ground states and low-lying 

excitations. 

In addition to the considerations of the nuclear matter 

calcula tions one should expect- a-clustering in actinide nuclei due to 

the very fact that a-particles are emitted. Even though it is 

undeniable that a-clustering must occur (in some sense of the word 

"clustering"), the relative importance of these effects to the 

understanding of low-lying spectroscopic properties must be 

demonstrated. It will be shown that by including the most important 

effects due to a-clustering, a phenomenological explanation of all 

known actinide data in the energy region ~1.5 MeV of even-even mass 

nuclei is possible. No other model known to the authors can explain 

all of the data in such a simple and natural manner. 

96 
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The general aspects of the model [45,56] were presented in the 

previous chapter [57]. This was presented as a general tool, but with 

emphasis on techniques needed for the applications that follow. 

The first studies were conducted numerically using the 

computer program ALPHA [58]. Essentially all of the results presented 

here will be based on analytic expression~ due to the great amount of 

physical insight gained from thi!l approach. In this way, the method of 

application should be quite lucid without the need to accept numbers 

coming from a "black box." More detailed studies than those presented 

here will have to be conducted numerically. This work should serve as 

a guide for such future studies. 

In Section 5.1 the basic assumptions made in applying this 

model to the actinides are stated along with a discussion of the 

experimental support. The remainder of the paper also offers 

additional detailed support with much emphasiS placed on features of 

this model which distinguish it from other models. From a pragmatic 

point of view, the fact that such a complete description of the 

available data can be made with such a simple approach, should be 

considered very. fortunate, and advantage should be taken of this in 

future studies. 

In Section 5.2 the model is applied to the energy levels with 

emphasis on the well-deformed region. The Corio lis coupling matrix 

elements are derived thus permitting studies for arbitrarily large 

boson number. In Section 5.3 the electromagnetic transition rates are 

studied and contrasted with the predictions based on other models. In 

Section 5.4 electric monopole transitions, reduced widths for a-decay, 
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relative (d, 6Li) cross sections, and relative (p, t) cross sections are 

all calculated and compared to the experimental data. It is shown 

that there is a consistent mechanism to account for the "gradual" 

+ -three orders of magnitude change in RFH(O, ... ',) over many nuclei, and 

the sudden 3 or 4 orders of magnitude hindrance of B(E1)'s in 236U as 

compared to 238U or 238PU. 

5.1. The Application of the Model to the Actinide Region 
of Nuclei 

The new feature of nuclear structure contained within this 

model is that the dipole mode of the cluster-nucleus (di-nuclear) 

system is considered in lowest order. The higher mul tipolarity modes 

of the dinuclear system have been neglected. The fact that the dipole 

mode is of odd mul tipolarity and the. very important quadrupole mode 

is of even multipolarity, indicates that both positive and negative 

parity states will be present in energy spectra produced by such a 

model. Both positive and negative parity states are observed in the 

lOW-lying spectra of the actinides and thus this very general test is 

satisfied by the model. 

It has long been kpown that the quadrupole mode of the bulk 

of the nucleus exhibits extremely collective behavior in the actinides 

that are away from closed shells. It is accepted that these nuclei, 

characterized by very collective B(E2) rates, possess large quadrupole 

deformations in their ground states [SUa (3) limit]. One may then 

wonder whether the dinuclear system possesses a stable dipole 

deformation somewhat analogous to a diatonic molecule [Ob (4) limit], or 

whether this dipole system. has a harmonic nature [U
b 

(3) limit]. 
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Comparisons to the available data in the actinide region have led to 

the latter interpretation [46]. 

One may also ask if the clustering occurs predominantly in the 

ground state or as a coexisting configuration which may mix with the 

ground state. Also of interest is the number of a-clusters present in 

a given configuration. 

The fact that the reduced width for a-decay is nearly 

constant in the well deformed actinide region, rather than increasing 

as the neutron number (n) increases, implies that the number of a

clusters in the ground state is constant. Also, any sUbstantial 

decrease in the number of bosons [59] associated with the ground 

configuration would destroy the success enjoyed by the interacting 

boson model; maximum "condensation" of valence nucleons into a

clusters can then be ruled out. Therefore, it is assumed that the 

ground configura tion is an ordinary mA configuration (designa ted Oa) 

and that the la configuration coexists and mixes with the Oa 

configuration. Once assuming Oa for the ground configuration and that 

it takes energy to form the la configuration, it is natural to assume 

that it takes more energy to form 2a and that la is the intermediate 

step in forming 2a. 

are: 

The basic assumptions for applications in the actinide region 

i) Little or no static dipole deformation exists in the ground 

states. 

11) The ground configuration is mostly Oa and mixes with the low 
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la configuration. 

In the remainder of this section the basic evidence in support 

of these assumptions will be presented. 

5.1.1. Coupled quadrupole-dipole defor.med nuclei. 

The general U a (6) 9 U
b 

(4) Hamil tonian for a single 

configuration is 

(5.1) 

where Ha' H
b

, and Hab are given up to two-body terms, by Eqs. (5.10). 

For the case in which there is a large quadrupole deformation [SU (3) 
a 

limit] one can take H to have the form 
a 

where 

and 

Ha = IC Q (2) • Q (2) + (IC' + ] ICd) L • L 
da a a 8 a a 

± 17 (dtd) (2) 
2 

(5.2) 

If there is a large dipole deformation [Ob(4) limit] one can take Hb as 

(5.4 ) 

where 
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and (5.5) 

Due to the fact that one expects K~ .. K~ a large Hab interaction 

should be expected and will be taken of the form 

H = 13 K Q (2) • Q (2) + 2K'bL • L 
ab 2 ab a b a a b 

(5.6) 

where 

( t -)(2) = p x p 

and it will be assumed that K~b = O. 

A typical spectrum for such a choice of Hamil tonian is shown 

in Fig. 23. For a rotor with static dipole deformation (or octupole, 

or any odd multipolarity) one expects the ground band to follow the 

sequence L IT = o+, '-, 2+, 3-, + -4 , 5 , ••• The presence of quadrupole 

deformation and strong coupling (H
ab

) leads to a similar trend but 

with the positive and negative parity states displaced somewhat with 

respect to each other. 

Notice that the bands with K ~ 0 occur as parity doublet bands 

which are slightly displaced with respect to each other. This is the 

expected result based on the physical interpretation of the 
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Coupled Quadrupole - Dipole Spectrum 

1.5 
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4+ 2- 6+ 
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La 2:t" 
0+ 

-> 
Q) 

::E -* 5-
w 

0.5 
3-

---6+ ,-
4+ N = 6 

M=4 
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Fig. 23. The energy spectrum for a nucleus with quadrupole 
deformation, dipole deformation, and a large quadrupole
quadrupole interaction coupling them. 

These were calculated using ALPHA with the following choice 
of parameters: Kd = -35.0 keV, ~ = 8 keV; n = 400 keV, Kb = 
50 keV; 1312 Kab = -80.0 keV. . 
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Hamiltonian Eqs. (5.1) to (5.7). If one compares the basic - features of 

this spectrum to the quadrupole deformed actinides strong 

disagreement is seen. There is no KlT = 1+ band in the same energy 

region (lower in this case) as the KlT = 1- band. The bands with K i. 0 

IT 
are not experimentally observed as parity doublets and the excited K 

+ IT + - + = 0 band does not occur in appro-ximately the L = 0 , 1 , 2 , 

sequence. 

The observed spectra display a pattern to be expected from a 

Hamiltonian in which the odd multipolarity mode is of the "phonon" 

type such that there is little or no static deformation of this odd 

multipolarity. The basic pattern of the observed spectra rule out all 

Hamiltonians of such an extreme form. 

The case can be made stronger by comparing calculated 

transition ratios, such as 

= B(E1; L - .... (L + It) (5.8) 
B(El; L- .... (L - 1)-) 

to the experimental values. 

For the case corresponding to the calculations of Fig. 23 the 

values R
1
- = 2.94 and R

3
- = 3.70 were obtained. For the 10 case R,_ = 

4.42 and R
3

_ = 9.75. These values disagree with the experimental 

values; they were found to be extremely sensitive to the interaction 

strengths chosen, and to the boson numbers Nand M. Wild fluctuations 

by many orders of magnitude are typical for such model predictions. 
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This behavior is in contrast to the nearly constant experimental 

values. 

The E1 operator used for these calculations was of the form 

T(E1) - ( t • *t-)(1) = a, p s + 5 p (5.9) 

and th~refore the parameter a~ cancels for ratios given by Eq. (5.8). 

Since there are no model parameters involved in the ratios (5.8) they 

provide a very sensitive test of the model Hamiltonian. One is led to 

conclude, once again, that the Hamiltonian using Eq. (5.4) is not valid 

for applications to the actinide nuclei. 

5.1.2. Coupled Quadrupole-Deformation and Harmonic Dipole Modes 

Instead of taldng Hb to be of the form (5.4) it will now be 

assumed that II = 0 and K~b :: K', and 

(5.10) 

where 

-np = pt • p (5.11) 

This corresponds to the U
b

(4) ::::> U
b

(3) limit in which there is no static 

dipole deformation. A typical spectrum for such a Hamil tonian is 

given in Fig. 6 (the details can be found in Chapter 4). This will be 

referred to as the strong coupling (SC) limit. Notice that the bands 

are not expected to systematically occur as parity doublet bands. For 

1T -special choices of the interaction strengths the K = 0 band can come 
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1T + 1T-very low in energy, and the K = 1 and K = 1 bands could in fact be 

degenerate in energy. This would then be an accidental degeneracy and 

would not indicate that there is static dipole deformation. Even 

though such an energy spectrum could be very deceiving the 

electromagnetic transition rates, and also other observables, can 

easily discriminate between the two very different situations. 

The ratios (5.8), calculated using the operator (5.9), are 

compared to the experimental values in Fig. 24. Clearly, the 

experimental values are in very good agreement with the theoretical 

values. The small but significant deviations can also be reproduced in 

this limit. The calculated ratios are essentially the same as the 

well known Alaga rule for the octupole phonon model. The largest 

deviations of R1-, as calculated by this model in the SC limit, from 

those of the Alaga rule were 2 % • For large boson number the SC 

values typically are within = 0.1% of the Alaga rule. 

Based on the general features of the energy spectra and the 

ratios RL _ it is clear that the U
b 

(3) limit is the most relevant one. 

The limit of the model in which the dipole deformation predominates is 

strongly ruled out by these comparisons to the actinide data. 

5.1.3 Coexistence and Configuration Mixing 

It has been assumed tha t the ground configura tion is 00. and 

that the 10. coexists and mixes with Oa.. 

The negative parity states must be associated with the 10. 

configuration, or the 20., etc., but not with the Oa.. One may then 

wonder whether other bands .associated with the 10., etc. can be 



106 

92 U 

2 
SC (8) 

- ------- ---- - (Gm)(Gl-~---- ----
SC (8) 

(iii) (Ill 

G RI 
1'1 R3 

0 

90Th 

2 
SC -------

0 

0 SC 

o ,-----------
0::: 

128 132 136 140 144 148 

Neutron Number 

Fig. 24. Comparison of the experimental and S.C. ratios R
L

- vs. neutron 
number for the oaRa, 90Th, and 92U isotopes. . 

The data are from Refs. [60, 63-65]. The points in parentheses 
have large uncertainties or questionable multipolar1ty. The 
dashed line is to be compared to the open figures and the 
solid line to the solid figures. 
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identified and offered in support of the coexistence hypothesis. There 

are strong reasons to believe that the first excited leTr = 0+ band is 

an "intruder" band and is not the B-band. 

Tr + 
The L = O2 state has been found to have an unusually large 

cross section for the (p,t) reaction relative to that of the o~ state 

(= 15%). In the SU(3) limit of IBA-1 cross sections such as these 

vanish. These same states generally have small reduced hindrance 

factors for a-decay and are strongly populated in (d, 6Li) reactions 

[61,62]. These data not only support the coexistence hypothesis but 

also suggest that a-clustering does indeed play an important role. 

Furthermore, the ratios B(E2', 2+ ~ 0+)/B(E2' 2+ ~ 0+) have been 
y 2 'y 1 

measured for both 230Th [63] and 238U [64]. These ratios were found to 

be very small, which is in complete contradiction to the IBA and 

+ Rotation-Vibration Model (RVM) predictions if the 02 is assumed to be 

+ the "S-band-head." The case is rather strong that the O
2 

states in at 

least most of the well deformed (i.e., quadrupole deformation) 

actinides are "intruders" and are not the "B-band,s." These will be 

treated as predominantly la states and will be denoted as the 

O+ •. band. 
a 

There are also qualitative features of the data that support 

such an assignment. The O~ states tend to decay strongly to the le
Tr = 

0- band (e.g., 228Th and other nuclei in this mass region). EO 

transitions from the o~ to O~ indicate that the charge distributions 

differ for these states, as they must for Oa and 1 a in the actinide 

region. The moments of inertia of the o~- band and of the O~-band 

both tend to be larger than that of the O~ band and generally agree 



108 

with each other once Corio lis coupling of the o~ and 1~ bands 1 .. s taken 

into account. 

Since all of the known observables tend to supp~rt the 

approach outlined in this section the remainder of this paper will be 

devoted to a quantitative study of this approach. The CalC\.llations 

will be kept as simple as possible as long as no physical con~ent has 

to be sacrificed. 

S.2. Energy Levels 

In this section the band mixing approximation (BMA), presented 

in the preceding chapter, will be utilized. It will be assuI\led that 

the ground configuration is mostly Oa and that the intruder 14 mostly i 

1a. No other configurations will be considered in this section.. Cases 

in which Ha corresponds to the exact mA-1 SUa (3) limit for both Oa 

and 1a are of interest here; although, some Ua (5) results will be 

presented such that the expected trends for transitional nu~~lei are 

bracketed by the two limits. 

5.2.1. General Systematics 

The band heads of 0; and o~ are plotted vs. neutron number in I 
Fig. 25. 

Notice the remarkable systematic trends as a fun~~tion of 

neutron number (n,,). 
1T 

The minimum of the K = 0- band at n" = 136 has I 

been the subject of much debate [66-71]. Increasingly complex octupole 

models have been constructed to explain this, but all st~ll have 

discrepancies when compared to the experimental data. Ta~ing this 

trend alone as proof of dipole, or octupole, etc. deformp.tion is 
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clearly dubious. No other observables support such an approach, and 

IT 
thus the low K = 0- band can be considered as an accidental near 

degeneracy. + The 0u band is seen to come at ~, MeV with a sharp dip in 

SUa (3) transition region followed by a subsequent rise in 

the heavy region. 

+ The rapid drop in energy of the 2, (Fig. 26) is characteristic 

of such a phase change. The energy of the first 3- state relative to 

,~ is seen to be nearly constant. If one plots the ratios E
4
+/E

2
+ as , , 

a function of neutron number, the phase change from the vibrational 

limit to the rotational limit is very clear (Fig. "[(). Cases in which 

this ratio is ~3.0 will be considered here. 

If one plots (E
3
; - E,,)/E

2t 
as a function of n", it can be 

seen that the rotational limit is never reached. What is meant by the 

rotational limit ii:l this case is the value that should be reached if 

the K IT = 0- band had the same moment of inertia as the ground band. 

If the O--band results from coupling a phonon to the ground band, one 

should expect this limit to be reached. However, if the KlT = 0- band 

is a "phonon" coupled to some other band (O~ in the approach taken 

here) one should not, in general, expect this "limit" to be reached; 

although, it may be reached under certain specific conditions. 

It has been suggested that Coriolis coupling between the 

negative parity bands may account for this discrepancy. There are now 

sufficiently precise data for energy levels, and the ratios RL- in 

some cases, to exclude this explanation for those cases. This point 

will be developed in detail in the next sub-section. 
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and represents the simple limit of a phonon coupled to a 
rigid rotor. The data are from Refs. [60, 65, 67, 72, 73]. 
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5.2.2. Positive Parity States 

In order to apply the model to the K1T = O~ band, Eq. (5.2) will 

be used and the parameter 

_ K' 
a 

(5.12) 

is the only one now needed. This parameter will be chosen such that 

the E2+ is fit to within ±O.4 keV. Such a calculation leads to a pure 
1 

L(L+1) prediction. A comparison to the experimental values is given in 

Fig. 28. This is a graphic demonstration of the relative degree of 

symmetry brealdng that may be expected for the various nuclei being 

considered. 

The configuration mixing has a minor effect on these values. 

The largest corrections are for 221tRa• A nearly uniform 1.4 % of the 

excitation energy should be subtracted for each energy level in this 

case. This correction has been neglected. For the cases considered 

here, the mixing of the lowest Oa band with the lowest 1a band tends 

to shift the entire bands with very little distortion. 

The term in the Hamiltonian that mixes these two 

configurations was taken to be 

(5.13 ) 

Since mA-1 is being used, no distinction has been made between the 

proton and neutron bosons (s1T and s\)1 respectively). One must 

construct an a-cluster from two protons and two neutrons with the 

four-proton and four-neutron possibilities being excluded. Therefore, 
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Fig. 28. Comparison of the ground-band energy levels to the pure 
SUa (3) limit for the eeRa, 90 Th, 92U, and 9ltPu isotopes. 

The data are from Ref. [60]. 
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one should bear in mind that Eq. (5.1 3) means 

(5.14 ) 

Usually, trends along an isotope chain for a fixed proton number will 

be studied. It is then convenient to define 

(5.15) 

where NT = N + M is the total number of bosons (1/2 the number of 

valence fermions). This is an approximate compensation to a~count for 

the fact that an IBA-1 model is being used rather than an IBA-2 model. 

The matrix elements are calculated by the method described in 

Chapter 4, and thus one obtains the result 

(5. '6) 

where 

(5.17) 

~ is the 1a energy, relative to the oa ground state, and 

(5.18) 
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Thorium-230 will now be taken as a detailed example. This case was 

chosen for the following reasons: 

,) High precision experimental data for the most relevant 

observables are now available. 

2) It is a reasonably good SUa (3) example up to LTI = 10+. 

3) A = 230 is the maximum A value that can be studied using the 

present version of the computer program ALPHA. 

The parameters /),,' = 525 keV and y' = -109 keV were chosen a 

such that the experimental energy splitting EO+ - E + was reproduced 
2 0 1 

(to within ±0.4 keV) while assuming a mixture of =9 % (1 a) @ 9' % (Oa) 

in the ground state. The latter condition was chosen from the 

+ systematics of the reduced hindrance factors for a-decay to the 02 

+ {i.e., the 0 a). The parameter K~ a = 6.25 keV was chosen solely from a 

fit to the negative parity states. The parameter Koa = 8.00 keV was 

fixed by the experimental energy difference E + - E
2

+. The results of 
2a 1 

this calculation are shown in Fig. 29. 

Notice that the symmetry breaking in the experimental 

spectrum is small but measurable. The fact that the K~a' determined 

solely from the negative parity states, leads to an agreement with the 

+ + experimental 0a-band equal in quality to that of the O,-band supports 

+ . TI - TI 
the claim that the experimental 02-band, the K = a 1-band, and the K 

= '~-band are indeed all members of the 1a configuration. 

The program ALPHA was used to test the validity of the BMA. 

First, ALPHA was used to reproduce the results of Fig. 29 by mixing 

only the lowest energy state of Oa with that of 1a.. Then the B-band 

of Oa was set to 1.6 MeV, since there is a 0+ state observed at that 
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6+ 89~ 
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2+ 672 
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1('111"= 0: 

0.0 0+ 0 0+ 0 

Fig. 29. Comparison of experimental and theoretical energy levels of 
230Th• . 

The calculations were done in the Oa ~ 1a BMA. The data are 
form Ref. [63J. 
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energy. The four lowest states were then mixed with parameters 

identical to those of Fig. 29. The mixture (in %) of the eight SU(3) 

irreps into each of the four lowest energy 0+ states can be found in 

Table I. 

+ + 
The 0ex is shifted downward by 19 keV to 616 keV. Since the 01 

state still remains almost perfectly pure two-band mixing, a slight 

adjustment of t/ and/or y' would yield essentially the original wave 
ex 

function. + + 
The ° ex (i.e., °

2
) has less than a 2 % ad mixture of the Oex B-

band. For studies in which this mixing is of concern, it may be 

adequate to include it by means of perturbation theory. Notice that 

+ + the two 8-bands (03 and 04) have similar simple compositions. 

If one holds 6~ and y' constant, the trend of EO~ vs. NT is 

very similar to that of the experimental trend. To calculate Eo~ in 

the U(5) limit [U(5) for both Oex and 1 ex], the procedure is the same, 

except 

(5.19) 

replaces f(O,NT) in Eq. (5.16). The Eo~ first increases in energy; there 

should then be a somewhat abrupt drop in energy in the U(5) + SU(3) 

transition region, which is followed by an increase in energy for 

increasing NT in the SU(3) region (see Fig. 30). 

The parameters 6' and y' could now be adjusted to bring the a 

experimental and theoretical values into closer agreement. The 

procedure taken for the 23QTh case could be followed for each case if 

the experimental values for 6E
o
+ and the mixing angle 8

0
+ were known. 



TABLE I 
Test of the Band Mixing Approximation (BMA). The Components of the State on the 

Left are Listed Across in ~ • 

SUO) Irrep 

Oa Oa Oa Oa la la la let 

State (2N,0) (2N-4,2) (2N-8,4) (2U-6,0) (2N-4,0) (2N-8,2) (2N-12,4) (2N-l0,0) 

01 
91.36- 8.64-

90.95 0.07 0.00 0.00 8.98 0.00 0.00 0.00 

o~ 
8.64- 91.36-

9.02 1.80 0.03 0.01 89.10 0.04 0.00 0.00 

0+ 
3 0.02 71.66 0.33 0.11 1.63 26.24 0.00 0.00 

04 0.00 26.42 1.91 0.59 0.25 70.77 0.05 0.01 

'The BMA results. 

....... 
....... 
1.0 



1000 

800 

600 

400 

200 

220 224 228 232 236 240 

Mass Number A 

Fig. 30. Calculated trend of the o~ band in the BMA for the 
vibrational and rotational 11mits. . 
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The parameter ~ was held constant and corresponds to the 
dashed line in the figure. The mixing strength y' was held 
constant. The approximate Ua (5) ... SUa (3) transition region is 
indicated. 
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Precise values for 6
0
+ are not known experimentally; therefore, the 

values obtained while holding 6,' and y' constant will be used in what 
ex 

follows. It is then straightforward to determine the parameters 6,' 
ex 

and y' to obtain the fits of Fig. 25. 

The parameters 6,' and y' are given in Table II and the trends 
ex 

can be seen :!,n Fig. 31. y' does not vary much, while 6,' increases 
ex 

slowly, and almost linearly, in the well-deformed region (n" ?: 140). 

5.2.3. Negative Parity States 

Since the mixing of only Oex and 1 ex is being considered, there 

is no configuration mixing for the negative parity states. The 

Hamiltonian Sq. (5.1) will be taken of the form of Eqs. (5.2) and (5.10), 

but Eq. (5.6) will be written in the more general form 

+ (2K' + l) La • Lb 215 

The parameter K' will be denoted as K~ex for the 1ex configuration. 

In the dynamical limit characterized by the group chain 

The energy eigenvalues are 

(5.20) 

(5.21) 
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n,,: 

Ra 
Th 

y' u 
Pu 

Ra 
Th 

lh u 
Pu 

TABLE II 
The Empirically Determined Parameters y' and lh (in keV). 

136 138 l~O 1~2 144 146 

-162 -145 -125 
-145 -109 -124 -136 

-117 -136 -152 -162 
-154 -139 

781 700 604 
697 525 596 653 

564 653 732 781 
741 670 

...... 
t..> 
tv 
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-> 
CD 

1.0 

~ 
- 0.5 

t:S 

<J 

123 

136 138 140 142 144 146 

Neutron Number 

Fig. 31. The empirically determined parameters r' and ~ vs. neutron 
r.umber for the limit for the eeRa, 90Th, 92U, and 9"PU isotopes. 

The dashed line corresponds to the value of ~ used in the 
preceding calculations. 
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+ 
Kab 2 

4 C (A,lJ) + K'L(L+ 1 ) (5.22) 

where C2(A,lJ) = A2 + lJ2 + AlJ + 3( A+lJ) is the quadratic Casimir 

invariant of SU(3). The corresponding Casimir operator is 

The condition for the SU(3) symmetry of Eq. (5.21) is 

An example of such a symmetry is 238pU (see Fig. 32). The 

parameter e:p was used to fix the 1~ level, Kab to fit the 1~ - 1; 

splitting, and K~cx set the 3~ level. The remaining predicted states 

are in good agreement with the experimental values. A more sensitive 

test of the validity of using the SUO) value for Z; [Eq. (5.24)J is a 

comparison to the ratios R
L

_. This will be elaborated on in the next 

section. 

It seems that the strong coupling limit (Z; = 0) is generally 

the more relevant one. Unfortunately, the Hamiltonian for Z; i 3/5 
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94 U l44 
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r 1265 
6- 1187 
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:E 5- 763 5- 762 -* '!) 661 3- 661 
W 1- 605 1- 605 

0.5 

0.0 

Fig. 32. Expertmental vs. theoretical energy levels for the KlI' = o~ 
and K = ,~ bands of 238PU• 

The calculations were done in the exact SU(3) limit using the 
parameters given in Tables II and m. The data are from Ref. 
[13]. 
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Kab/ 4 is not diagonal in the coupled SU(3) basis. But, there are only 

two bands that arise from the coupling to the lowest 
1T 0+ energy K = 

(the 0+) band. These two' bands the 
1T 

= o~ and K 
1T 

1~, which are K = are 
~ 

the primary ones of interest in this study. Since La and Lb are 

generators of SUa (3) and SUb(3), respectively, the o~ will couple only 

to the 11 band and vice versa. Therefore, one needs only to 

diagonalize a 2x2 matrix in the SU(3) basis to obtain the exact 

eigenvalues and eigenfunctions for these two bands for any arbitrary 

~. The diagonal matrix elements are 

and 

= ..l} L(L+ 1)-2--l(A-L+ 1 )(L-1 )(L)(L+ 1 )+( A+L+2)(L)(L+1 )(L+2)]l 
2~ (A+1)(2L+1) , 

while the off-diagonal matrix elements are 

= 
1/2 

_ IL(L+1) [(A+L+2)(A-L+1)(L+1)] 
(A+1) 

(5.25a) 

(5.25b) 

(5.25c) 
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For the 'a ~~ase, I A = 2N = 2NT - 4. Notice that Eq. (5.25c) has the 

same form a$ thel Coriolis coupling in the geometrical model if one 

were to let NT -+ cpo [3J. 

It ll'j then straightforward to diagonalize this 2x2 Hamiltonian 

matrix. Res),llts are shown for 230Th in Fig. 33. The parameters Ep' 

Kab, and K~a were, determined as previously described. The parameter l; 

was determilled from the ratio R,_. The value of K~a = 6.25 keV is 

quite close ~o th~~ value of A = 6.35 keV obtained using the rotational 

model [63J. 

From Eq. (5.20) it is clear that the parameter K~a introduces a 

"Coriolis cOllpling" even when z; = O. The parameter ~ may then be 

thought of ai9 a r:esidual Coriolis coupling. 

IT 
The syst~~matics of the K = 0, and " bands can now be 

studied in t~le same way as in 230Th. The strong coupling limit (l; = 0) 

was assumed for lall cases except 228Ra, 230Th, and 238pu• These are 

the only t~hree I cases in which significant deviations of the 

experimental R,_ I from the SC values have been observed. The results 

of these ca+culations are given in Figs. 34 and 35. The parameters 

extracted are giv;en in Table m and are plotted vs. neutron number in 

Figs. 36 and 37. I Notice that there is a kink in both the KlT = 0- band 

and the KlT =F ,- Iband at nv = ,42. This is reflected in the trend of 

the parameter Elp• The parameter Kab varies Quiet smoothly and 

follows the same I general trend as Kd. 
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Fig. 33. Expertmental vs. theoretical energy levels for the K1T = o~ 
and K = 1~ bands of 230Th• 

The calculations include Corio lis coupling. The parameters 
used are given in Tables nand m. 
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Neutron Number 

1T -Fig. 3~. Experimental vs. theoretical (lines) K = 0, energy levels for 
the eeRa (triangles), 90Th (circles), 92U (squares), and 9~PU 
(inverted triangles) nuclei. 

The data are from Refs. [60, 63, 65, 74]. 
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1.6 

1.4 -> 
Q) 

~ -* W 
1.2 5-

4-

3-
2-4 

5-a. ,-A A 

1.0 " • 
I : 

136 138 140 142 144 146 

Neutron Number 

If -Fig. 35. Experimental vs. theoretical (lines) K = , 1 levels for the 
limit for the uRa, (triangles), 90Th (circles), and 9%U 
(squares) nucleL 

A couple of cases that were fit are not shown for clarity 
(e.g., 23S pU can be seen in Fig. [11]). The data are from Refs. 
[60, 63, 65, 74]. 



TABLE ill 
The Empirically Determined Parameters K

8a
, K; , K b' and E:p for the uRa, 90Th, 

92U, and ,,,Pu 10 opes ?in ~eV). 

nv: 136 138 1~0 1~2 1~~ 146 

Ra 6.22 5.96 9.1 ~t 
Th 6.28 6.25t 

Kia U 6.28 6.00 5.~9 5.08 
Pu 5.60t 4.88 

Ra llJ.OO 11.33 10.61 
Th 12.00 9.67 8.83 8.11 8.33 

fti U 9.83 8.67 8.00 1.11 1.50 1.50 
Pu 1.50 7.33 1.11 

Ra 83.00 68.60 46.50 
Th ~1.70 29.95 

KQa U 36.20 36.90 llJ.60 12.18 
Pu 19.10 15.~~ 

Ra -91.2 9.5 116.7 
Th -32.6 223.7 

E:p U 311.6 ~75.6 37.7 15.9 
Pu -13.6 50.2 

tResidual Corio lis coupling included. 

t-' 
l,) ..... 
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Fig. 36. The parameters KO ' K; a' and e:p which were determined 
empirically. a 

The K; cases marked with a "t" (dagger) include residual 
Corioll1 coupling added to the SC Hamiltonian. 
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The parameters K~a and K~a follow smooth trends, with one 

anomalous case, but differ significantly in magnitude from each other 

in all cases. Even in the 228Ra case, in which the Coriolis coupling is 

anomalously large, K~a and K~ a differ by = 15 % • It is not clear 

whether additional symmetry breaking will be able to account for the 

remainder of the deviation in this case; Coriolis coupling alone is not 

enough. These results indicate that the negative parity bands are, in 

+ some sense, independent of the ground band and correlated with the 0a 

band. 

It would be interesting to try to understand these empirically 

determined parameter trends from a microscopic point of view. The 

kink in e:p may be particularly interesting: since it occurs at n\) = 

142, one may wonder what role, if any, is played by the j15/2 neutron 

orbital. 

5.3. Electromagnetic Transitions 

Energy levels often provide invaluable clues concerning the 

structure and symmetry o~ a nucleus; however, those clues can often 

be misleading, particularly in the occurance of an accidental 

degeneracy. Electromagnetic transition rates frequently place 

definitive restrictions on competing models. Many such important 

trends will be presented in this section, but results for the 

seemingly anomalous E1 hindrance in 236U will be presented in the next 

section. 
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5.3.1. Electric Quadrupole Transitions 

The collective B(E2; transitions are very well 

reproduced by the standard interacting boson model. This feature is 

retained in this model. The IBA-1 prediction is 

(5.26) 

where the operator 

(5.27) 

was used. The parameter a 2 is generally fixed from one experimental 

value and then renormalized for variations in Kd such that 

(5.28) 

which simply states that KdQ(2) is the E2 operator with (a~/K~) as an 

overall constant. 

Based on previous studies, it will be assumed that Kd is a 

2 
linear function in NT with a positive slope. The parameter (a~) = 

2.94 x 10-2 e 2 b2 was chosen from the average of the two .experimental 

values at A = 232 and the relative slope a/IKdl = -0.0269 was taken 

from the average of the two experimental values at A = 244. One can 

see from Fig. 38 that the general trend of all the actinide data from 

A = 230 to A = 248 are very well reproduced. 
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The data are from Refs. [711, 75]. 
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The uncertainties for these B(E2)'s are of the size of the 

points in Fig. 38, except for 232U• This indicates that the deviations, 

although small, are significant. For detailed studies one may wish to 

use "fine tuned" parameters. The values for the parameter Kd for the 

90Th nuclei are shown in Fig. 37 where it is assumed that the 

experimental 0+ state seen at 1.6 MeV is the 0<1 a-band. These are 

strictly IBA-1 results. 

The appropriate expression which includes mixing of the 1<1 

configuration into the ground state is 

(5.29) 

where 8
0

+ and 82+ are mixing angles. Assuming that a2 = a2' tald.ng 

82+ = 8
0

+ (which leads to = 0.02 % effects) and then using the mixing 

2 
angles determined in Section 5.2.2 leads to corrections to (a2) of 

~4 %. Furthermore, no significant change in the trend results, and 

thus a renormalization of (a2)2 by II 4 % is all that is required. 

This demonstrates that one of the most basic features of the 

IBA-1 remains essentially unchanged in this model. A feature which 

distinguishes the IBA, RVM, etc. from the Diodel presented here is the 

ratio 
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B(E2; 2+ -+- 0+) 
R Y 2 (5.30) = y 

B(E2; 2+ -+- 0+) 
Y 1 

+ In other models 02 is the 8-band while in this model it may be either 

the 8-band or the 0+ band. Experimental values of these ratios are ex 

known for 230Th and 238U (see Table IV). 

If 0; is the 0;, the cluster model predicts that Ry = 0 in the 

BMA, assuming that there is some SU(3) symmetry breaking. This is due 

to the fact that the numerator in Eq. (5.30) vanishes in the BMAwhile 

the denominator has some finite value. Setting the parameter [1] e:d = 

50 keV and generalizing Eq. (5.3) such that 

with X = -1.00 rather than the SU(3) ~alue of X = -17/2, yields a ratio 

Ry = 0.1 for 230Th• This calculation was done using the program ALPHA 

and including the four lowest states for each Ln of each configuration 

(Oex and 1 ex). 

In the mA the "2~" and "0;" both belong to the same SU(3) 

multiplet and, therefore, the numerator of Eq. (5.30) does not vanish. 

In the exact SU(3) limit, B(E2; 2~ -+- O~) :: 0 and therefore Ry = 00. Of 

course, there will al ways be some symmetry brealdng. Since the 

+ + experimental 22 and 23 levels are very close to each other for both 

230Th and 238U, the symmetry breaking in this mA-1 picture must be 

very small. Therefore, Ry should be very large according to the mAo 



TABLE IV 
The Experimental Ratio Ry = B(E2; ~ .... 0;}/B(E2; ~ .... 0;). for BOTh and 238U 

Compared to the a-Cluster Hodel in the BHA, ·the IBA, and the RVH. 

Nucleus 

BOTha 

2UUb 

aRef. (63]. 
bRef. [94] 

Experiment 

+6.2 
1.1 

-1.1 

0.01-3.9 

a-cluster 
model IBA RVH 
(BHA) 

o »1 29 

o »1 

,..... 
W 
\D 
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The Rotation Vibration Model (RVM) prediction disagrees with 

the experimental Ry• In this case, the small energy difference 

+ + 
between the 22 and 23 suggests there will be strong coupling between 

them as compared to the coupling to the ground band. 

Experimental determinations of Ry unambiguously discriminate 

between the o~ and o~ bands. Another sensitive test of the model is 

the ratio 

= 2 x 10-3 (5.32) 

according to the model calculations, if a2 = a2 and the 8L are given 

by the previous calculations. The model predicts that this ratio 

stays nearly constant for the actinides, but with some variations due 

to the mixing. 

Results are given in Table V. The BMA agrees with the case 

for 23 BU. The RVM value of Alessi e.t al. is an order of magnitude too 

large. The 23 °Th BMA result is a factor of 2 too small even though 

the trend is correct •. If the assumption a2 = a2 is valid, this implies 

+ that the mixing must be increased, or perhaps mixing of the 2(1 with 

+ 
the 2y' with 

B(E2; 2~'" O~) 

symmetry breaking, must be included. 

is usually much larger than B(E2; 2~ 

Note that the 

... O~). Future 

experiments should test the reproducibility of this experimental 

value. 



TABLE V 
+ + + + The Experimental Ratio B(E2; 2 + 0l)/B(E2; 21 + 0

1
) Compared to the a-Cluster 

Model BMA P~edic ions for 230Th and 238U• 

Nucleus 

230Tha 

238Ub 

aRef. £63~ 
bRef. [64]. 

Experiment 

5.71 ± 0.80xl0-3 

3.0 ± 1.3 x10-3 

a-cluster 
model 
(BMA) 

2.5xl~-3 

1.8xl0-3 

>-' 
l>-
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The ratios ,8(E2; 2; -+- 4;)/8(E2; 2; -+- 0;) are in very close 

agreement with both the mA~1 and Alaga ratios for the corresponding 

8-to-ground-band transitions. These ratios do not provide a 

distinction between the models without introducing additional 

complications such as symmetry breaking. 

The transitions from the y-band to the g~ound-band are 

expected to behave in more-or-less the usual IBA-1 manner. 

5.3.2. Electric Dipole Transitions 

The experimental ratios RL _ served as a rigorous test of two 

extreme limits of the a-cluster model. From Fig. 24 it can be seen 

that the SC limit or Alaga rule agrees quite well with most of the 

data. A more detailed comparison will now be made for the three 

cases in which significant deviations have been observed. 

In the exact SUO) limit (5.21), the a-cluster model predicts 

L 1 (2NT-L-3) = (....:!:-) -
L (2NrL-2) 

6 
2( L+ 1 ) cos --

2 

2 6L-1 cos (--) 
2 

where the ,6L±1 are the mixing angles. The boson number for 238pU is 

NT = 15, which leads to the results of Table VI if the mixing effects 

are neglected (i.e., set 9L+ 1 = 6L_ 1). The SU(3) values agree very well 

with the experimental values, while the SC ' values deviate 

substantially considering the hiS'! preCision of the experimental, 

values. It is perhaps more typical that the condition of Eq. (5.24) is 



TABLE VI 
The Experimental Ratios R

L
- for 238pu Compared to the a-Cluster SU(3) and SC Limits. 

L- Experimenta Theory [SU(3)] Theory [SC] 

l~ 1.80 ± 0.05 1.79 2.00 

3~ 1.0 ± 0.1 1.03 1.33 

5~ ( 0.59) 0.80 1.20 

aRef. [73]. 

..-

.::-
w 
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not satisfied. The exact 2x2 band mixing presented in Section· 5.2 

yields wave functions 

IL- ) -i1jJ!2 IT 0-; L-) = -sin(~L/2) e IK = , 
iljJ/2 IT ,-; L-) ~ cos(~L/2) e IK = 

and (5.34) 

IL- ) -iljJ/2 iT 0-; L-) = cos(~L/2) e IK = 2 

+ sin(~L/2) eiljJ/ 2 IKiT = ,-; L-) 

where the phase angle is 

for 315 iT c; - -
4 Kab > 0 

IjJ = (5.35) 

0 for c; - 315 
Ka'b < 0 4 

c; = -200 keV and K = -46.5 keV were used, ab 

indicating that IjJ = 0 in this case. This calculation is compared to 

the experimental values in Table VII. The Alaga and SC values fail to 

reproduce the experimental values. The a-cluster model with Corio lis 

coupling agrees very well with the octupole phonon model with 

Corio lis coupling; both of which are in reasonably good agreement with 

the experimental values. This successful feature of the octupole 



L-

1~ 

3~ 

5~ 

TABLE vIi: 
The Experimental Ratios R

L
- for 228Ra Compared to the Usual Alaga (or SC) Values, 

the Octupole-Phonon Model with Coriolis Coupling, and the a-Cluster Model 
with Corio lis Coupling. 

Experimenta 

1.21 ± 0.24 

0.73 ± 0.09 

0.30 ± 0.01 

Theory 
(Alaga) 

2.00 

1.33 

1.20 

Theory 
(a-cluster) 

1.28 

0.41 

0.25 

Theorya 
(Octupole) 

1.21 

+0.23 
0.49 

-0.19 

+0.22 
0.28 

-0.15 

aRef. (65). 

...... 
~ 
\.JI 



phonon model is also present in the a-cluster model. 

differences between the two models regarding the R • L-
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There are 

In the exact SUa (3) limit, with symmetry breaking introduced 

by the ~ term, the formulae are exact and easily applicable. 
1T 

The K = 

1- 1T band can couple to the K = 2- band only if there is some breaking 

of the SUa (3) symmetry. Also note that there are no parameters to 

determine once the appropriate Hamiltonian has been chosen. In the 

octupole phonon model, the ratio 'of the intrinsic matrix elements for 

the K1T = 0- and K1T = 1- bands is customarily taken as a free 

parameter. The physical interpretation of the chosen values is often 

difficult to see. 

For 230Th ~ = 45 keV was chosen, based on the average of the 

two experimental values for R
1
- given in Table vm. Since Kab = -29.5 

keV, the phase angle is 1\1 = 1T in this case. Notice that the average of 

the two experimental values of R is reproduced with an accuracy of 
3-

1 % with the corrections for the configuration mixing included; i.e., 

the appropriate 8L+ 1 and 8L_ 1 were used rather than as.suming 8L+ 1 = 

8L-l. Note that the mixing correction increases with L, since !:.K' = 

1.8 keV. 

These results, with the mixing corrections, are shown in Fig. 

39. The decrease, followed by an increase with increasing L, is a 

rather drastic deviation from the SC and SU(3) trends. It should be 

emphasized that the parameters used here are the same as those given 

in the preceding section. 

The very fact that El transitions are observed is a statement 

that a dipole mode is associated with such states. In the octupole 



TABLE vrn 
The Experim~ntal "Ratios R~_ for 230Th Compared to the Alaga (or SC) Values, 

and the a-Cluster Mo el (with Corio lis Coupling) with and without 

L- Experiment 

2.22 ± 0.07a 

11 
2.lIlI ± 0.21 b 

1.67 ± 0.25a 

3~ 
1.95 ± 0.21 b 

5~ 3.17 ± 0.23b 

7 - 3.01 ± 0.32b 

aRefs. [74,71/0 
bRef. [63]. 

Configuration Mixing Effects. 

Theory Theory Theory 
(Alaga) (a-cluster) (a-cluster 

with mixing) 

2.00 2.30 2.33 

1.33 1.78 1.83 

1.20 2.0ll 2.13 

1.1l1 2.lIO 2.58 

I-' 
.c
'-l 
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Fig. 39. Experimental vs. theoretical (curve) ratios R
L

- as a function 
of L-. 

The calculations include Corio lis coupling. The data are from 
Refs. [63, 71]. 
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phonon model, the dipole mode is introduced through coupling to the 

giant dipole resonance [76]. In the a-cluster model, the dipole mode 

is present as a fundamental premise. Before confronting the question 

of whether these transitions are collective or not, one must clarify 

what is meant by collective. An order-of-magnitude estimate of the 

expected B(E1)'s, in single particle units, based on the a-cluster 

model, is quite simple. An a-cluster is composed of two protons and 

two neutrons and thus the effective charge, which compensates for the 

recoil effects, is e = 2 - 4Z/A or e 2 = 10-1 as an order-of-magnitude 

estimate. Notice that for cases in which the center of charge 

coincides with the center of mass (A = 2Z), the effective charge 

vanishes. 

The E1 strength is reduced by another factor of 10 due to the 

fact the 1a is =10% of the ground state. Therefore, one may expect 

B(E1) • 10-2 W.u. This is, in fact, approximately the largest value 

observed in the actinides [73]. Experimental values of B(E1)'s are 

generally not available in the actinide region, but estimates indicate 

that values of a few times 10-3 W.u. are typical for the well deformed 

cases. In the SU(3) limit, the E1 strength is split and redistributed 

between the K'Tf = 0- and 1- bands according to the value chosen for l;. 

As a crude order-of-magnitude estimate, the observed E1 strengths 

agree with the a-cluster interpretation developed here. A more 

rigorous treatment was carried out by Alhassid et ale [78], where they 

derived an E1 sum rule for a-clustering. 

Such a picture seems to merge the "single-particle" and 

"collective" views. It is not collective in the sense of the GDR; or a 
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surface phonon, yet it is not single-particle-like in the sense of a 

single nucleon in a shell-model state. Clearly, the usual tests of 

collectivity loose their meaning in the case of E1 transitions. 

It is perhaps best to think of the dipole mode as a 

compressional mode if one insists on a collective semi-classical 

picture. In the diffuse surface region, two protons and two neutrons 

condense into an a-cluster. The penetration of the cluster into more 

dense regions then implies a rarefaction leading to an a-cluster-like 

structure. The fact that the first excited state of an a-particle is 

-20 MeV and the loss of energy due to rarefaction is -1 MeV, as an 

order of magnitude estimate, indicates that the cluster can maintain 

its identity. As a collective mode, it is likely that there is a 

substantial exchange of nucleons as the "local distortion" of the 

mean-field progresses, and thus no problems with the Pauli principle 

arise. 

This suggested picture may be useful in developing a 

microscopic understanding of the b-bosons. One may then say that both 

collective and particle-like properties are present. In such a model, 

one generally does not expect harmonic motion as with surface phonons. 

There are competing effects such as the loss of energy to rarefaction, 

the gain in energy due to condensation, and surface tension. Work is 

in progress based on these plausibility arguments. 

As was previpusly mentioned, B(E 1) .. 10-3 W.u. is typical of 

the ac.tinide region, but in 236U values of B(E1) c 10-7 W.u. have been 

measured. The neighboring isotope 238U, and isotone 238pU seem to have 

somewhat typical values for B(E1). This indicates that the B(E1) for 
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236U is hindered by at least three orders of magnitude. This behavior 

is suggestive of an interference effect in which the relative phases 

of matrix elements are important. In the a-cluster model, if the 

phase angle is IjJ = TT, the B(E1; 1, -+- O~) can vanish if 

(5.36) 

for the 1 a configuration wi th Coriolis coupling. However, R 1- -+- co as 

<1>1 goes to this limit. This mechanism was studied and found to be 

inadequate for the case of 236U• There is some evidence that R
1
- is 

larger than the SC value; however, even if it was as large as R
1
- = 14 

this would lead to a hindrance of no more than a factor of 10, even 

allowing for some enhancement in 238 U and 238PU• 

From a survey of the R
L

- systematics, one can estimate that 

the Coriolis coupling can be responsible for variations in B(E1; 1~ -+-

0;) of at most about a factor of 10. Variations in the mixing angle 

8
0

+ could lead to variations of a factor of 2 to 4. This cannot 

account for the hindrance effect observed for Z3 6U• It was also found 

that coupling between the np = 0 and np = 2 states could not 

reproduce this effect. 

It will be shown in the next section that including the 2a 

configuration, which is necessary to account for other observables, can 

lead to destructive interference of the E1 matrix elements. 
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5.3.3. Electric Octupole Transitions 

The study of E3 transitions by means of the a-cluster model 

is inherently more difficult than the very simple and natural 

treatment of the E1 transitions. 
If it 

First, bosons (s ,p ) were retained 

It If 
while bosons d , f , ••• were discarded. The dinuclear structure does 

in fact have a quadrupole moment (d
lf

), and an octupole moment (fit), 

etc. The bulk of the nucleus may also have an octupole mode which is 

independent of the dinuclear structure. This would then be described 

by the usual IBA f-bosons. 

There is one other possibility which is present in the model 

without the introduction of additional bosons. The splitting of the K~ 

= 0- and 1- bands is due to the fact that there is strong coupling 

between the dipole and quadrupole modes, as one may expect. Since 

these two modes are strongly coupled, they can indeed lead to an 

octupole mode. An operator describing such a mode must be at least a 

two-body operator. 

The most general tWO-body E3 operator in this model is 

where 

b ( td- t-)(2) C3(d t x d-)(3) +3 s +ds + 

(5.38) 

and 
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each conserve Nand M separately. The operator 

T3(E3) = [[f3(stdt)(2) + g3(d t x dt )(2) + h3(d t x dt )(4)] 

x 
. _*_ (1) ](3) 
(s p) + h.c. (5.40) 

conserves NT = N + M but not Nand M separately. There is no one-

body operator in this model; this is the lowest order operator. There 

are eight terms in this operator, but many are not expected to be 

important. 

If one wishes to investigate E3 transitions that result from 

coupling of the quadrupole to the dipole mode, the simplest operator 

of this form is 

(5.41 ) 

where b3 = ± (/1 12) a3 and all other terms were neglected. The 

selection rules for this operator are immediately apparent, since Q(2) 
a 

. t (1 0) 
are SUa (3) generators, p transforms as the SUb(3) tensor T,' ,and 

~ m 
• + 

s is diagonal in any U(4) basis. This operator will connect 0(1 only 

to the K'II' = 0 ~ and 1 ~ bands and no others. In the BMA, the ground 

state has nonvan1shing matrix elements to the K'II' = o~ and 1~ but not 

'II' -the K = 2" etc. bands. Taldng a more general form for T, (E3) would 

then lead to nonvanishing transitions to the K'II' = 2~ which would 
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'IT 
typically be a factor of 10 smaller than the transitions to the I( = 

o ~ and 1 ~ bands. 

This is the trend for 230Th and 232Th, as can be seen in Table 

IX. The rnA f-boson prediction is that B(E3; 0; -I- 3-) should be large 

for four states in the ratio 1:2:2:2 for the 1(1T = 0-, 1-, 2-, and r, 

respectively. Similarly the RVM relation is 

where eo is the quadrupole deformation parameter. 

models fail to reproduce the trends for 230Th and 232Th• 

(5.42) 

Both octupole 

In the heavier mass region, the situation is somewhat 

differant. The simple arguments of the a-cluster model are no loner 

valid in this region. However, there still are not four states seen 

with strong E3 transitions connecting to the ground state. 

Furthermore, the experimental ratios and the ratios ~ased on the 

octupole models disagree. The RVM prediction for 238U is twice the 

experimental values. The experimental situation appears to be more 

complicated in the heavy mass region. 

These E3 transitions should be considered in much more detail 

in future studies; the models and the experimental trends are 

apparently somewhat complicated. In the cluster model, breaking of 

th~ SUa (3) symmetry must be considered as well as mixing of 1a and 2a 

states. It is interesting that the summed strength for each nucleus 

in Table IX is nearly constant. 



Nucleus 

3~ 

3; 
3; 

TABLE IX 
Experimental Values [74] of B(E3; 0; -+ 3-) in (e2b3). 

230Th 232Th 236U 238U 

0.64 ± 0.06 0.45 ± 0.05 0.53 ± 0.07 0.59 ± 0.05 

0.50 0.26 ± 0.05 0.31 ± 0.08 0.19 ± 0.03 

0.06 0.036 ± 0.002 0.16 ± 0.06 0.15 ± 0.03 

...... 
VI 
VI 
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5.3.4. Magne~:j..c Dipole Transitions 

There are few data concerning B(M1) transitions in the 

actirl.ide nuclei. Therefore, some qualitative comments will be made to 

identify some features that are characteristic of this model. 

Typically llK' = 2 keV has been found from the detailed fits. 

A ' + For such values of uK, the mixing of the 0a band with the ground band 

increases with increasing L. + If the g-factor for the 0a band is larger 

+ than for the 0, band, which is quite reasonable, the g-factor for the 

ground band would increase with increasing L due to the mixing. This 

seems to be the case for 232Th and 238U [79]. 

The mixing ratios 6.{E2/M1) for K1T = ,~ to K1T = O~ transitions 

are straightforward to calculate from the expressions derived in 

Chapter 4. The parameter 1; should be known to adequate precision in 

such studies. 

The location of the np = 2 states have not been identified. If 

they 'are to be found in the relatively low-lying spectra, one may wish 

1T 
to look for strong M 1 transitions from the K = 1+ band to the other 

np = 2 bands. 

5.4. Other Observ&bles 

It has been shown that the a-cluster model is very sucoessful 

in describing the energy levels and electromagnetic transition rates 

in the actinide region of nuclei. Thus, more detailed support of the 

two hypotheses of Section 5.' have been given. The two most plausible 

competing models (rnA with an f-boson and RVM with octupole phonons) 
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cannot describe all of the data. 

In this section, it will be shown that ma~y additional tests 

of the basic a-cluster model wave functions can be made, often in 

paramterless form. 

found. 

No contradictions to this approach have been 

5.4.1. Electric Monopole Transitions 

Since a photon must carry away angular momentum, monopole 

transitions cannot proceed by emitting a photon. The semiclassical 

description is that a sudden change in the nuclear charge distribution 

leads to large accelerations of the orbitting electrons which are then 

ejected from the atom. Energy is transferred from the nucleus to the 

electron in this way. 

In the cluster model, the charge distribution of the Oa 

configuration must be different from that of the 1a configuration, 

etc. It is quite natural to expect EO transitions between the Oa and 

la configurations, but other de-excitation mechanisms may compete or 

dominate. It is interesting that the second y-band generally decays 

by EO transitions to the first throughout the actinide region. 

Unfortunately, experimental values for the corresponding P(EO) are not 

available. Such measurements could provide very detailed information 

concerning the relative Oa and la structures. 

Since the de-excitation of the O~ state to the ground band is 

frequently by EO + E2, experimental values for such mixing ratios are 

available. Using the matrix elements derived in Chapter 4, the a-

cluster model expression is 



= 

«LIT(EO)IL> )2 
B(E2j La ... L1+2) 
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(5.!j3) 

where La = L,. If it is now assumed that a2 = a2 and 90+ = 92+, and 

by choosing L :: 0, one finds that 

(5.44) 

which is approximately constant for the range of NT being studied. 

The parameters can now be eliminated by setting Co = a2 leading to 

the result X • 0.25. 

The cluster model prediction for the Co :: a2 = a2' 90+ = 92+ 

case is compared to the experimental values in Fig. !jOe The variations 

of the theoretical X value with NT are of the order of the width of 

the theoretical line. Notice that three error bars overlap the model 

prediction, two points are higher, and two points lower. The average 

trend is reproduced while the discrepancies may in fact be statistical 

in nature. There are very suggestive trends which should be studied 

experimentally. 



0.8 -to' 0:6 

t bet 0.4 ->< 
0.2 

230 232 234 236 238 240 

Mass Number A 

.159 

+ +) 
Fig. 40. Experimental vs. theoretical (line) X(O ... 0, for the 90 Th 

(circles), 92U (squares), and 9ltPU (invertxed triangles) nuclei. 

The data are from Ref. [81]. 
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It is interesting to compare the results here to the 

geometrical model prediction [80,81] of 

(5.45) 

This prediction also agrees reasonably well with the actinide data. 

This is rather strange considering that the systematics of energy 

levels, electromagnetic transition r~tes, transfer reaction cross 

sections, and a-decay reduced widths all indicate that the states in 

+ + 
question are not Os and are indeed 0a' The expression (5.45) was also 

applied to the available data in the rare earth region where the first 

+ excited 0+ state does appear to be the OS' The values based on Eq. 

(5.45) are typically an order of magnitude larger than the 

experimental values in this region. 

More detailed analyses have improved the theoretical 

estimates for the rare earths considerably, but still lead to X values 

which are a factor of 2 or 3 too large [82]. Clearly, there remains 

much work to ·be done concerning our understanding of the nature of 

+ the X values, and the occurance of the 0a-band adds a new dimension to 

this. 

5.4.2. Two-Nucleon Transfer Reactions 

The simplest S-wave two-nucleon transfer operators in mA-1 

are 
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S+ + st = Po (5.46 ) 

for the (t,p) reaction, and 

- -S = Po s 

for the (p,t) reaction. + The parameters Po and Po should in general 

include shell model (and sub-shell) effects such as an occupation 

factor. In the SUa (3) limit, the selection rules for Eqs. (5.116) and 

(5.47) are quite simple. From the ground state (2NT,0) SU(3) irrep., the 

(2NT+2,0) and (2NT-2,2) irreps can be populated in the (t,p) reaction, 

while only the (2NT-2,O) irrep. is populated in the (p,t) reaction. 

+ What is found in the actinides is that the 02 state is 

strongly populated in the (p,t) reaction and very weakly populated in 

the (t,p) reaction. This is in complete contradiction to the behavior 

expected for the O~. In the cluster model the operator Eq. (5.46) is 

believed to be appropriate. For the (p,t) reaction there is also the 

possibility that the two neutrons may be suddenly removed,. either 

directl~ or indirectly, from the a-cluster which would then reform. 

This operator is found by coupling the EO operator to the operator 

(5.47). 

The (p,t) operator will be taken as 

where other unimportant terms. have been neglected. If one uses Eq. 

+ (5.48), the cross section for population of the 0a relative to that of 

the 0+ is 
1 



F-(L, -I- 1;;) = 
F-(L, -I- L,) 
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- - (5.4g) X 
[

(2t5+ 1 )(2t5-L-2)(2t5+L-1)] 

(2~-3)(2t5-L+2)(2t5+L+3) 

where the prime is used to denote the daughter nucleus. Notice that 

there are no parameters to determine in this expression. Using the 

previously determined mixing angles, the theoretical and experimental 

ratios are compared in Fig. 41. The uncertainties for the experimental 

values were not given. If they were, they should be large, on the 

scale of the figure. 

The agreement is remarkable, considering the very simple 

manner in which the configuration mixing was done and that there are 

no free parameters. 

In a more detailed view, one may wonder whether the slight 

curvature of the experimental trend. is Significant. This could lead to 

information concerning finer details of the model. For example, could 

it be evidence that the 2Cl is mixing with the la. There are other 0+ 

states populated by the (p,t) reaction in some cases. It may be 

+ + possible to identify the 013 and 02Cl through combined (p,t) and (t,p) 

experiments •. 
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Fig. 41. Experimental vs. theoretical (curve) cross sections for the 
+ population of the 0(1 state in the (p,t) reaction relative to 

the ground state (iri %). 

rhe 90Th data are shown as circles, 92U squares, and 9"PU 
inverted triangles. The data are from Ref. [74]. 
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5.4.3. S-Wave a-Decay and Cd, 6Li) Reactions 

The study of a-decay and a-transfer reactions is a 

fundamen tal feature of this model. The a-decay operators are 

constructed from two annihilation operators from the set b = {s II ,p II}. 

The reduced hindrance factor for a-decay to the 0+ state is 
a 

9' 
+ + 2 0+ RHF (0 + 0 ) = tan ( - ) 
1 a 2 

(5.50) 

which is also a parameter-free expression. It Should be noted that 

the two-step decay via a-bosons would be forbidden if the 0; was o~. 

Resul ts are shown for the exact SU(3) and U(5) limits in Fig. 

42. The experimental points without error bars were reported without 

uncertainties. The three points with error bars are considered to be 

the most precise. The average trend for A ~ 228 is reproduced by the 

SU(3) calculations; the cases for A < 228 are bracketed by the SU(3) 

and U(5) curves indicating that they are in fact transitional. If 

precise values were known, one could determine 9
0
+ from those values 

rather than the prescription used here. 

Notice that there are two excited 0+ states seen in CL-decay 

for the 23~U and 238pU nuclei. The nature of these states is not clear 

+ + enough to determine if they are O
2 

strongly mixed with the 0; a a 
+ searches for weakly mixed 02a states for other nuclei should be 

performed. 

The (d, 6L1) reaction may prove to be a very useful method to 

locate excited 0+ states. Three low-lying excited 0+ states are often 

seen in these reactions [14]. The o~ states for 226Ra and 228Ra are 
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Fig. 42. RHF(O," 0a) VB. A. 

The experimental points are shown in a oonsistent notation 
and are from Refs. [60, 67, 72). The theoretioal ourves are 
for the SU(3) and U(5) limits in the BMA. 
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very strongly populated in this reaction [62] (RHF's of 2.6 and 2, 

respectively). Furthermore, such reactions could be direct evidence 

for a-clustering, as a-decay clearly is, but supplemental reaction 

studies are needed. In fact, the basic one-body a-decay model may be 

viewed as an extreme simplification of this model; i.e., the former is 

an a-cluster undergoing harmoniq motion in the nculear interior 

without taking the structure of the nucleus into account. 

The model expression for the a-decay reduced width "(ground 

state to ground state decay) is 

(5.51 ) 

where a o is a parameter. Using the previously determined mixing 

angles once again leads to the results of Fig. 43. The parameters 

used are (ao)2 = 80.0 keV, 66.5 keV, and 54.5 keV for 8eRa, 90Th and 92U, 

res pecti vely. a o was held fixed for each chain. The barrier 

penetration factors were calculated by the method of Rasmussen [83]. 

2 
In the deformed region 00+ is nearly constant, but there is a 

sudden increase going towards the neutron closed shell. This effect 

arises naturally in the model due to the phase change from a prolate 

deformed to a spherical structure. The rapid drop to zero at the 

+, 
neutron closed shell is due to the fact that there are no 0a s when 

there are no valence neutrons in this Oa ~ 1a model. In an mA-2 

a-cluster model,. the drop would likely be rapid also, but a bit 

smoother. 
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Fig. 43. The reduced widths for the. ground state to ground state a
decay are compared to the theoretical values in the U(5) and 
SU(3) limits. 

The data are from Ref. [60]. 
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The effects of 2a mixing have not been included in this 

calculation and should be considered in future studies. 

5.4.4. D-Wave a-Decay 

The simplest operator that can be constructed for D-way a-

decay leads to strictly forbidden selection rules for the 0+ .... 
1 

2+ 
1 

+ + , for decay. Experimentally, it is seen that RHF(O, .... 2,) = most of 

the deformed region. Since an a-particle is charged, it is possible 

for the decaying a-particle to interact with the remainder of the 

nucleus in a way [53] analogous to Coulomb excitation [84]. Therefore, 

the most likely process in which D-wave a-decay occurs based on the 

cluster model is for the decay to occur as in S-wave decay and then 

interact through the quadrupole mode. 

The simplest operator for this process is 

-(2) 
B 

11 

where 132 is a parameter. This yields the expression 

80+ 80+ 

(aO )2 
sin(-) cos(-) 

RHF(O+ .... 2+) 2 2 
= 

8~+2 82+ ' , 132 
sine 8' 2) cos(-) 

~ 
2 

(5.52) 

2 

(5.53) 
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where the NT dependence in the denominator is the same as for the 

corresponding B(E2). The mixing effects are expected to be very small; 

by taking 80+ = 82+ and 8~+ = 8~+, the mixing factor is unity. The NT 

dependence is demonstrated in Fig. 44 by the dashed line using an 

2 arbitrary constant (aoIB 2 ). The solid line was normalized to 230Th, 

and the effects due to varying Kd were included. 

Although the basic trend is correct, there are substantial 

deviations. The most likely explanation seems to be that two-step 

processes must be included, as with Coulomb excitation. If the solid 

curve was normalized to 231tU, one would perhaps notice that the 
It 

deviations tended to track the trend of the E,_o The lower in energy 

+ the ,- state comes, the less hindered the a-decay to the 2, is. 

Such a higher order correction would require including an 

operator of the form 

-(2) 
C 

]..1 

-It-It 
S S (5.54 ) 

where B~ may have an energy dependence. It will be shown that the 

matrix elements of T(El) are expected to have a trend which 1s 
It 

somewhat correlated with the E,_ trend. 
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5.4.5. P-Wave CL-Decay 

The approach taken so far has led to a description of a vast 

amoun t of data utilizing a OCL @ 1 CL mode 1. There is no simple 

mechanism in this model for P-wave CL-decay from the parent ground 

state without including mixtures of the 2CL configuration into the 

ground state. Since the , CL mixes ='0 % with the Oa, one may suspect 

that the 2<l mixes by =10% with the 1CL leading to =1 % mixtures into 

the ground state. 

First-order perturbation theory should be adequate for 

treating effects of this order. The wave function for the ground 

state of the parent nucleus can then be written 

eo + 
+ e: cos( - )12<l; 0 > 

2 1 
(5.55) 

where 

e: = 
+ Itt *t-- + 

'Y12<2CL; 011s s ssI1<l; 0,> 
6E 

(5.56) 

If the behavior of the 2CL is similar to that of the 1<l, one should 

expect e: to remain relatively constant in the SU(3) region. 

1T -If the behavior of the K = 0, band is typical, then one may 

expect the O;<l band to exhibit rapid drops and rises in energy, which 

may not coincide with those of the , <l. 
1T 

The K = 0- bands may be 

strong mixtures of , <l and 2<l in some regions and nearly pure 1 CL (or 

2CL) in other regions, even though e: c constant. Fortunately, there is 
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no 0- band for the oa configuration and only two bands 0la and O;a 

need be mixed. The BMA procedure is, in principle, identical for both 

this case and the Oa ~ 1 a case. 

The wave function for the daughter 1~ state is then 

9' 
<1~1 = - sin(~) e-

i1jl/2 
<let; 1~1 

where the phase angle is 

The simplest nonvanishing P-wave operator is 

which yields the expression 

2 
15 1-

<5.51) 

(5.58) 

(5.59) 

(5.60) 

for the a-decay reduced width. The quantity usually compared to the 
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experimental value is the reduced hindrance factor 

• (5.61) 

The E1 matrix element is assumed to refer to 1Cl and may 

require corrections for Corio lis coupling. The parameter B 1 may 

include an energy dependence, but it will be taken as a constant in 

the following discussion. Notice that the numerator is simply the 

RHF(O~ + O~) in the OCl ~ 1Cl model. 

Experimentally, the RHF(1,) displays rapid variations with 

neutron number. There is nearly a three-order-of-magnitude increase 

in this value going from 220Ra to 2~OpU. The data are expected to have 

very large uncertainties in many cases, due to the extremely small 

intensities. However, a three-order-of-magnitude change is far in 

excess of any random deviations. 

Even though Eq. (5.61) is the simplest expression to describe 

the data, there are many factors which must be determined. In the 

remainder of this section, the general trend of the mixing 8, will be 

determined from the experimental data. 

First, Eq. (5.61) will be written 

RHF(1~) = k (5.62) 

where 
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(5.63) 

will be taken to be a constant. k is then fixed by assuming that the 

0- of 220 Ra is 100% 1a. 6, vs. neutron number is then determined from 

the average experimental value for each n" (see Fig. 45). This gives a 

maximum estimate for the mixing O~a (i) O;a' which is ·represented by 

the upper line in Fig. 46. 

It is then assumed that variations of a factor of 3.5 in 

tan2(6'o/2) and a factor of 10 in the E1 matrix elements, due to 

Coriolis coupling, can contribute to the RHF( 1-) trend. A linear 

extrapolation of such a factor of 35 between 220Ra to 2lt°pU leads to 

the lower line in Fig. 46. This brackets the expected mixtures of the 

2a into the la as long as any energy dependence of S 1 is neglected. 

The general trend is that 1a predominates for n" $ 136; between n" = 

138 to 144 there is a strong Ill.ixture of 1a and 2a, and for n" > 144 

the lowest O--band becomes mostly 2a. 

This has been a very crude estimate and should be considered 

in much greater detail in future studies. One may also wish to study 

coupling by higher multipole fields using the method described here. 

5.4.6. The "Anomalouslf E1 Hindrance in 236U 

The seemingly anomalous B(E1; 1~ + O~) in 236U appears to be an 

interference effect. 
. 1T 

The mixing of the 1 a and 2a K = 0 ~ bands can 

lead to such an effect o.nd seems very plausbile since 236U is in the 



-I--
t 

+-
0 -u.. 
J: 
a::: 

500 

100 

SO 

10 

5 

132 134 136 138 140 142 144 146 

Neutron Number (Daughter) 

175 

+ -
Fig. 45. RHF(O,'" 1 ) for eeRa (triangles), 90Th (circles), 92U (squares), 

and 9ltPU (~verted triangles) vs. the empirical curve used to 
determine 2a mixing. 

The data are from Ref. [60]. 



176 

100 

~ 
0 
0 -
)( -(\J 

50 
'" --
Q) 
'-' 
C\I 

en 
0 
0 

132 134 136 138 140 142 144 

Neutron Number (Daughter) 

Fig. 46. An estimate of the mixing of the 2a K
n = o~ band with that of 

the 1 a (in %). 



177 

region of strong mixing. Furthermore, such an effect would also lead 

- + to a hindrance of B(E1; 1, ~ 2,) and likely a similar hindrance of the 

3~ transitions, etc. depending on the 6K'. This is the experimental 

situation also. 

In the BMA, the relevant matrix element is 

(5.64) 

where T
1a

(E1) and T2a(E1) are each of the usual form but the 

parameter a~ may differ for each case, since they are different· 

configura tions. e: is less than zero in the case being considered (y 12 

< 0). If one takes the parameters to be opposite in sign, this will 

lead to an interference effect. - 2 Note that (a,) usually is determined 

from experimental B(E1)'s, but the phase remains' arbitrary. 

Now, let us assume that the magnitude of the parameter a
1 

is 

the same for each configuration, but opposite in sign. The condition 

for the matrix element Eq. (5.64) to completely vanish is 

8' 
tan( ;) = 

-e: <2aj 1iIIT(E1)112ajOi> 
/(1_e:2) <1a; 1~IIT(E1)111a; O~> 

(5.65) 
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In this way, hindrances of many orders of magnitude can occur 

in the region of strong mixing between the 1 Cl and 2a, while the 

RHF(1~) will continue to vary somewhat smoothly. 

The B(E3; 3~ ... O~) for 236U is of typical strength (see Table 

IX). If the most general form of the operator T(E3) is used, it is not 

obvious whether such an interference can occur at all. The T3(E3) 

portion of the operator has nonvanishing matrix elements of the form 

<OaIlT3(E3)111a> and <1aIlT3(E3)1I2a>. Therefore, the expression for E3 

transitions has many terms, some of which are quite different from 

those of (5.64). Perhaps it is not surprising that no such hindrance is 

observed in the case of E3 transitions. 

5.5. Discussion and Conclusions 

The general model presented in Chapter 4 was applied to the 

actinides based on two primary assumptions. The gross systematics of 

the experimental da.ta were found to support these assumptions (Sec. 

5.1). More detailed comparisons of the simplest version of this model 

to data capable of discriniinating between models ruled in favor of 

this model and offered further support for the basic hypotheses. 

The successful aspects of the other models were found to be 

present in our model as well. The Coriolis calculations were shown to 

have analytic solutions, thus being simpler to apply. Fewer 

parameters were used in the present calculations, and none of these 

n - n -suggested that the K = 0
1 

and K = 11 bands were different in 

structure. The detailed Coriolis calculations were of the same 

quality as the competing model. 
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There are also qual;itative trends seen in the experimental 

data that may take on a new signifilcance in view of this model. 

+ -Electric dipole transitions from the 0a to a, bands appear to be very 

strong in the regions where theO~a !predominates over O;a. In the 

regions of strong O~a and O;a mixing;, and large E1 hindrances, EO 

+ + transitions from 0a to 0, ar~ then a typical mode of decay. 

Essentially all of the calculations presented here were 

analytical which permitted m~ch physicall insight. Numerical studies in 

the Ua (5) .... SUa (3) transitio.n region mave been done, but until very 

recently few data were avai;lable. MOire work remains to be done in 

this region. It should be rloted that I there are essentially no data 

for' 06Rn. The analytic resll;l ts presented here may serve as a guide 

for such future work. 

The identification pf the the 0+ leads a to other 

suggestions concerning the ~tructure of these nuclei. There are two 

y-bands lower than the exp~cted leveils, although it is difficult to 

+ say how much lower until one identifies the aS bands. The fact that 

the y-bands have very rota~ional spUttings sugge3ts that there is 

some triaxiali t y present in ~he Oa and if or the , a configurations. This 

is confirmed by studielJ of the inter-band B(E2) values [64] in which 

some stable y-asymmetry ~ implied., Methods for treating such 

effects in IBA-2 [85] and IBJ\-' [86] are known. It is conceivable that 

a-clustering could play a ro~e in the onset of triaxiality. 

High-spin studies tlave not I been included here. It is 

interesting to note that th~ level spacings for the K'TT = 0- band in 

230Th compress more than what should be expected foI" an octupole 
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+ . 
phonon aligning with the O,-band [81]: this suggests either that it is 

not octupole or not aligning with the ground band, or both. " 

The fact that 0+ - and 0+ b d , a.-an mixing was employed here 

indicates that back-bending phenomena could be present. For the 

values of ~, y', "and 6K' used here, no backbending is predicted. Note 

that backbending is not seen experimentally in the actinides. It is 

conceivable that band-mixing calculations similar to the ones 

presented here could add some insight to such stUdies. The excitation 

of nucleons from the core would have to be considered in such studies. 

The model was applied in its simplest form, but there were no 

discrepancies found. More work, both theoretical and experimen tal, 

will be required to determine the limitations of this new model. One 

may wonder at what point, if any, the f-boson (and/or f*) must be 

included. The simple hydrodynamical estimate for the octupole-phonon 

energy indicates that it should be 2 or 3 times higher than the 

quadrupole-phonon energy [88]. 

Experimental information concerning the location of the 8-

+ bands and the 02a.-bands is badly needed. Precise measurements of the 

ratios R
L
- will permit much more detailed future stUdies. 

Measurements of the P(EO) could also lead to important new results. 

This model now permits stUdies that were not possible before. 

More detailed applications to actinide nuclei depend heavily on the 

availabilit~· of new data. 



CHAPTER 6 

FUTURE DIRECTIONS 

The general cluster model presented in Chapter 4 led to a very 

simple description of a-clustering in the actinide region of nuclei 

(Chapter 5). Other preliminary studies attest to the versatility of the 

model as well. It is evident that this dissertation presents only the 

first of many exciting new studies that are now possible. 

In this section an attempt will be made to outline some general 

directions in which future research may benefit from the results 

presented here. Some suggestions are based pn preliminary work that has 

been done, but does not appear in the preceding chapters; whereas, other 

suggestions are of a more speculative nature. 

6.1. a-Cluster Phenomenology 

Many future a-cluster studies will require more detailed analyses 

than were presented here, particularly if future experiments are 

designed to test specific details of the model. There are, however, 

many avenues to pursue based on presently available data. 

6.1.1. Triaxiality 

The identification of the 0; state as the qt now indicates that 

there is at least oney-band much lower in energy than would be expected 

for the SUa (3) limit. This suggests that there may be a degree of 

triaxiality present in theoa and/or 1a configuration. There are two 

independent SU(3) scalars that have a dependence on K: one can be 
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constructed from 3-body boson-boson interactions and the other from 

4-body terms. 

including such 

It is quite plausible that by constructing a Hamiltonian 

SU(3) scalars, one could reproduce the Y-band energy 

levels as well as the Y-band to ground-band transition rates. 

transitions symmetry breaking must be present. 

For such 

The classical limit of such a generalized Hamiltonian should be 

found before interpreting this as triaxiality. 

6.1.2. The U(5) ~SU(3) Transitional Regions 

The calculations for transitional nuclei should be done 

numerically. Much work has already been done by this author for 

transitional actinide nuclei. It would also be interesting to extend 

such calculations to the corresponding transitional rare-earth nuclei. 

Detailed applications of the f-boson model have been performed for the 

6~m isotopes, with generally good results [19). A similar study using 

the a-cluster model would then permit one to isolate important 

differences between the two models. The question of whether the 

a-cluster model works at all in the rare-earth region is also of prime 

interest. 

6.1.3. Applications to Light Nuclei 

This author has done some preliminary studies of light nuclei 

using the limit of the model described in Section 5.1.1. States that 

have been treated as a-cluster states in 160 and 20Ne were treated as 

the 12C + a and 160 + a dinuclear systems, respectively. The results 

were not very ~ncouraging using this molecule-like approach. It is very 
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likely that the limit described in Section 5.1.2, or intermediate 

between the two U(4) limits, would provide an adequate description. 

This would then permit one to compare the a-cluster model 

presented here to other a-cluster models that have been applied to this 

region of nuclei. It is also possible that one may gain some insight 

concerning the microscopic structure of the b-bosons since many 

microscopic models have been applied to these nuclei. 

6.1.4. What is the General Nature of a-Clustering? 

The ultimate goal of these phenomenological studies is to attempt 

to determine whether a-clustering is a general property of all nuclei, 

or, if not, to what extent it is important. There are experimental data 

that suggest that a-clustering is importaI.t for at least some nuclei 

between the actinides and the very light nuclei. 

It is felt that a more complete answer to this question is 

crucial if we are to advance our understanding of the fundamental 

structure and dynamics of nuclei. 

6.2. High-sp~ Studies 

It has become customary to· include two-quasiparticle effects in 

studies of high-spin states in even-even mass nuclei. Clearly, as a 

nucleus is excited to energies above the pai~ing gap (typically 1 to 3 

MeV) it becomes energetically possible to break a correlated pair of 

nucleons. Such two-quasiparticle configurations may mix strongly with 

the ground configuration through a Coriolis interaction. Many such 

studies hav.e been conducted with a modified LDM [911, and some work has 

been done using a modified IBA [11. 



Even though both 

two-quasiparticle effects 

models can be generalized 

in high-spin studies, there 

to 

are 
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include 

distinct 

differences between the IBA and LOM predictions for high spin states at 

a basic level. The IBA has the wellknown cutoff effect due to the 

conserved number of bosons N, which is totally absent from the LOM. The 

IBA shares a trait with the shell-model in that one may have to include 

configurations with a greater number of active bosons in which nucleons 

are excited from the Hinert" core. 

The BMA may be very useful for such studies; work in this 

direction has only begun. 

A speculative question can now be asked: 

Are there many configurations (in a given nucleus), each of 

greater number of active bosons, which lead up to a configuration called 

a fission isomer? 

The fact that the data indicate that fission isomers do not mix 

much with 

intermediate 

the "ground configurations," suggests 

configurations; but, there are oth~r 

consider as well. 

6.3. Nuclear Quasimolecules 

that there are 

possibilities to 

Research is now underway to determine the usefulness of the 

U(6) & U(4) model in applications to nuclear quasimolecules. It is very 

likely that the structure of many nuclei cannot be ignored in such 

studies; therefore, the U(4) description alone may be inadequate. 



185 

6.4. The Microscopic Structure of the Bosons 

The microscopi,c structure of the IBA-2 bosons are usually taken 

as partic+e-particle pairs in either a Dyson or a Schwinger 

representat;lon. 

Fermi surface, 

If ;one were to consider particle-hole pairs about the 

OnE! would then utilize the Holstein-Primakoff 

representat;i,on. 

The microscoplc structure of the a-cluster b-bosons is very 

likely obta:1nable in cl Schwinger or Dyson representation for the general 

na case. :rhe probleD~ is more difficult in that 4-particle rather than 

2-particle correlati()ns are being considered. It seems that two 

b-bosons mu~t be identified as one 4-particle boson in this description. 

The' 1a probl_am is simpler than the IBA case since only two 

protons and two neutrc)Qs form one scalar or one vector boson. There is 

then a one-tc-cne correspondence between fermion quartets with 1 • 0, lOr 

1 ::I 1. Th,is is analogous to the seniority mapping scheme. For the 1a 

case, it mcly even be possible tc determine the structure cf the, b-bosons 

directly in a shell-model basis [92]. 

6.5. Conclusion 

This, chapter ol.1tlines only some of the directions in which future 

research mqy be aimedl. It is clear that the general model presented in 

Section 4.~ will findl many applications. 

An application cf this new model (Chapter 5) led to the most 

ccmplete d€fscripticn IOf the actinide data presently available. There is 

no cther uI'j.ified desc:ription cf these data now available; and, thus, the 

assertion that it is fundamentally important tc include a-clustering 
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effects for studies "in this region of nuclei has been borne out by this 

phenomenological application of the a-cluster mod~l. It seems likely 

that we have only begun to recognize the true significance of these 

results; a great amount of related theor.etical and experimental work 

remains to be done. 



APPENDIX A 

CASIMIR INVARIANTS 

The eigenvalues of the Casimir operators are known for the 

unitary [8], orthogonal, and symplectic groups [9]. The table below 

summarizes the results for the linear and quadratic Casimir operato;s. 

Group Labels Rank Eigenvalues 

U(n) [f 1,f 2,···,fn] 1 f - E ~ 
i 

2 
n 
I: f (f +n+1-2i) 
i i i 

n 
SU(o) [f1 ' f2 ' ••• , fn- 1 ' ~ =0 ] 2 E (f -f/n)(f -f/n+20-2i) 

i i i 

SO(2n+1) (f1 ' f2 ' ••• , fn ) 
n 

2fi (fi +2n+1-2i) 2 I: 
i 

SO(2n) (f1 ' f2 ' ••• , fn ) 2 
n 

2~ (fi +2n-2i) ~ 
i 

n 
Sp(2n) (f1 ,f2 ,···,fn ) 2 E 2fi (fi +2n+2-2i) 

i 

It should be noted that the normalization often differs from 
author to author. 
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