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ABSTRACT 

The construction of telescope systems with large apertures 

(210 meters) is currently being planned. These entire telescope 

systems should be optically tested in a double-pass configuration. The 

high cost of manufacturing optical flats large enough to test a large 

telescope has stimulated research on a new type of testing in which 

several smaller flats, or subapertures, are distributed over the 

telescope aperture. The problem is to combine the partial data 

obtained only o',rer the subapertures in order to obtain the wavefront 

over the entire aperture. It was the purpose of this dissertation to 

prove experimentally that subaperture testing is feasible. The 

question of the necessity of phasing the subapertures relative to each 

other was specifically addressed in the experiment. 

In chapter 2, a brief review is given of two algorithms, 

utilizing Zernike polynomials, developed by other investigators. A 

third subaperture testing analysis algorithm, the Stuhlinger method, 

is developed in this work; this provides raw phase data over the 

entire aperture of the system under test. A statistical analysis of 

this algorithm is given. 

The experimental apparatus and plans are discussed in chapter 

3. A 6 in. diameter array of seven subaperturea was used in this 

small-scale test. Data were obtained with the array, a monolithic 

flat, and a mask simulating the array placed over the monolithic flat. 

xv 



xvi 

The results of the experiment, presented in chapter 4, are in 

good agreement with control data measured with a Zygo interferometer. 

Dal:a and analysis for the Stuhlinger method are also presented. Data 

taken with atmospheric turbulence deliberately introduced show that, 

in the presence of turbulence, subaperture testing is significantly 

less accurate than conventional testing. 

Error analysis given in chapter 5 shows that Zernike 

coefficients derived using subaperture testing are 5 times less 

accurate than those derived using monolithic testing for the 

subaperture configuration used here. It is shown that knowledge of the 

subaperture tilts can produce accurate wavefront information with as 

few as 30 data points per subaperture, as compared with 750 data 

points per subaperture ~r tilts are unknown. 

Conclusions are stated in chapter 6. Subaperture testing 

indeed functions in the absence of subaperture phasing. Tilt 

information influences mostly the lower order Zernike coefficients; 

lack of such information may be compendated by the use of more data 

points. Algorithms yielding either Zernike coefficients or raw phase 

data were shown to function. 



CHAPTER I 

INTRODUCTION 

Recent advances in light weight mirror technology are making 

possible the construction of telescope systems with much larger 

apertures than has been previously possible. Increasing the aperture 

size leads to increased irradiance on the image plane of such a 

telescope, resulting, for example, in decreased exposure times for 

astronomical photography. The construction of such large telescopes 

brings with it several problems, one of which is the testing of the 

entire telescope system. Such telescopes are normally tested using a 

double-pass configuration. This requires an optical flat whose 

diameter is the same as that of the system under test. However, 

optical flats large enough to cover the entire aperture of a large 

aperture telescope system do not exist and would be very expensive to 

manufacture. Next-generation telescopes will have apertuLoes of 8 to 

10 meters, but existing optical flats have diameters of only about 2 

meters. A more cost-effective means for performing the test is to use 

several smaller optical flats, or subapertures, across the aperture, 

as was proposed by C.J. Kim (1982). An example using seven 

subapertures 1s shown in figure 1. In this method of optical testing, 

separate wavefront data are obtained in each subaperture, and the 

problem is to combine the data in order to obtain the full aperture 

1 



2 

Figure 1. Optical te.t of • telescope USing seveo sUb.pertures. 
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wavefront. In other words, the subaperture data must be used to infer 

the wavefront errors both over the regions covered by the 

subapertures and over the "holes" between the subapertures. 

Algorithms for reconstructing the full aperture wavefront 

from noisy subaperture measurements have been developed by several 

investigators (J.G. Thunen and o.Y. Kwon, 1982; C.J. Kim, 1982; and G.N. 

Lawrence and W.W. Chow, 1983), and it seems that the analytical 

portion of the problem has been solved. However, no experiment has 

been conducted in order to verify these analytical techniques. In this 

dissertation are reported the results of an experiment designed to 

verify the algorithms developed for subaperture testing analysis and 

thereby to prove the feasibility of this testing technique. The 

experiment was performed at the Air Force Weapons Lab, Kirtland Air 

Force Base, New Mexico. A small-aperture telescope was used for the 

t:xperiment. However, the analysis algorithms make no assumptions 

about the size of the system under test, and therefore the results 

are applicable to large-aperture telescopes (ignoring the effects of 

atmospheric turbulence for the time being; see the turbulence section 

of chapter 4). In this dissertation, the algorithms of Thunen and Kwon 

and of Chow and Lawrence are discussed first. This is followed by a 

description of the experimental apparatus and of the experiment plan 

in chapter DI. The results of the experiment are presented in chapter 

IV. In chapter V, an error analysis and discussion of the results is 

given. 
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At the beginning of this work, several questions were posed 

which were to be answered during the course of the experiment. These 

questions are presented here; answers are given in the conclusions 

(and, of course, throughout the body of the dissertation). 

1. Do the models used to analyze subaperture testing data accurately 

represent the physical system they describe? 

2. How should the wavefront over each subaperture be digitized? 

3. What constitutes a critical test of subaperture tp.sting? 

4. What is the allowable surface error of subaperture testing? 

5. How sensitive is subaperture testing to vibrations of the array? 

6. Are Zernike polynomials the best polynomials to use? (These 

polynomials 

algorithms.) 

are used in the Thunen-Kwon 

7. May subaperture tilts be estimated? 

8. Are Zernike polynomials necessary? 

and Chow-Lawrence 

9. Is a dynamic analysis of the subaperture array necessary? 

10. Is subaperture testing particularly sensitive to atmospheric 

turbulence? 

11. The unasked question! This questions covers all un-anticipated 

problems encountered in the course of the experiment and all areas of 

subaperture testing which are known to be of importance but which 

because of time constraints could not be accommodated in this 

experimental program. 



5 

In order to minimize the cost of testing, it has been proposed 

to perform subaperture testing with an unphased arr.ay of 

subapertures, so that the tilt and piston values of the individucd 

subapertures are nnt known. Such an array was used in this experiment. 

Question 7 asks the important question of whether it is possible to 

obtain reliable wavefront information with an unphased array. 

Considerable attention is given to this question in chapter V. 



CHAPTER Z 

SUBAPERTURE TESTING THEORIES 

Subaperture testing data are not usable in raw form since 

they only cover a fraction of the full aperture and since, due to the 

lack of phasing of the subapertures, the phase values are not 

measured relative to the same reference plane. Thus, algorithms are 

required which convert the data into usable form. Three such 

algorithms are described in this chapter. Two of the algorithms use 

Zernike polynomials to describe wavefront aberrations. Therefore a 

brief review of Zernike polynomials is given in the first section. 

Zernike Polynomials 

The subaperture testing algorithms by Thunen and Kwon and by 

Chow and Lawrence, described below, are based on representing the 

wavefronts by appropriately weighted combinations of Zernike 

polynomials. The first 36 polynomials, in rectangular coordinates, are 

given in table I. Rectangular coordinates are used since the data for 

this study were collected over a rectangular (actually square) grid of 

points. In practice, a series of polynomials is fit, by least squares, 

to the phase data obtained from an optical test. The result of the fit 

is a series of weighting factors, or coefficients, giving the amount of 

each polynomial present in the wavefront. The Zernike polynomials have 

the advantages over other polynomi.als of 1) being easily interpreted 

6 



Table I 

Zernike Polynomials 

Zl - 1 RO 
ZI ,. x C11 
Z. - Y Sll 
Z.. - 2(xl + yl) - 1 R2 
Z, ,. (Xl - yl) C22 
Z. .. 2xy 822 
Z7 ,. x( 3(xl + yl) - 2] (;31 
Z, .. y[ 3(xl + yl) - 2] 831 
Z, ,. x(xl - yl) - 2xyl C33 
ZlO ,. y(xl - yl) + 2xly 833 
Zu ,. (6(xl + yl) - 6](xl + yl) + 1 R4 
Zu ,. [4(xl + yl) - 31(xl - yl) C42 
Zu ,. (4(xl + yl) - 3]2xy S42 
Zl .... x" + y" -6x2yl C44 
Z15 ,. 4x'y - 4xy' 844 
Zu "" x[(lO(xl + yl) - 12)(xl + yl) + 3] C51 
Z17 ,. y( (lO(xl + yl) - 12)(xl + yl) + 3] S51 
Zli - (5(xl + yl) - 4][x(xl - yl) - 2xyl] C53 
Zu "" [5(xl + yl) - 4][y(xl - yl) + 2xl y] 853 
Zu ,. (x2 - yl)(X(XI - yl) - 4xyl] - 4x'yl C55 
Zu ,. (Xl - yl)(Y(XI - yl) + 4x2y] - 4xly' 855 
Zu :a [(20(xl + yl) - 30 ](x2 + y2) + 12 ](xl + yl) - 1 R6 
Zu :a: ((l5(xl + yl) - 20)(xl + y2) + 6](xl - yl) C62 
ZI .. "" [(l5(xl + yl) - 20)(xl + y2) + 6]2xy 862 
Zu ,. [6(xl + yl) - 5][x" + ylll - 6y2xl1 C64 
Zu ,. [6(xl + yl) - 5] (4yx' - 4xy'] 864 
Z27 .. (Xl - yl)( (Xl - yl)1 - 12xlyl] C66 
Zu ,. xy( 6(x2 - yl)1 - 8x2y2] 866 

Zu z x(( (35(x2 + y2) - 60)(x2 + y2) + 30 j(x2 + yl) - 4] C71 

ZID - y(( (35(xl + yl) - 60)(xl + yl) + 30 j(x2 + y2) - 4] 871 

ZIl :a ([21(x2 + y2) - 30](xl + y2) + lO][x(x2 - y2) - 2xyl] C73 

Zu ,.. [[21(x2 + y2) - 301(x2 + y2) + lO][y(x2 - y2) + 2x2y] 873 

Z" ,. [7 (x2 + y2) - 6][ (Xl - y2)[ x(x2 - y2) - 4xy2] - 4x'YZ] C75 

Z". = [7(x2 + y2) - 6][(x2 - y2)[Y(XI - y2) + 4x2y] - 4x2y'] S75 

Z" .. x(x2 - y2)(X2 - y2)2 - 12xly21 - xy2[6(X2 - y2)2 - 8x2yl] C77 
Z .... y(xl - yl)( (Xl - y2)2 - 12x2yl] + xly[ 6(xl - yl)2 - 8xly2] 877 

7 
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in terms of the classical Seidel aberrations; 2) being orthogonal over 

a unit radius circle (giving the result that the coefficients are 

independent of the number of polynomials used in the fitting process); 

3) minimizing individually the rms deviation of the wavefront (meaning 

that each polynomial contains the lower degree polynomials needed to 

minimize the rms deviation of the wavefront); and 4) being complete. 

Zernike polynomials have the disadvantage of not giving good fits to 

surface irregularities. Thus, even if the polynomials accurately 

reproduce an irregularity in one portion of the exit pupil, they may 

still introduce spurious wavefront deformations in other portions. 

Another disadvantage of the Zernike polynomials is their sensitivity to 

shifts (relative to the wavefront) of the center of the unit circle 

over which the polynomials are defined. Such shifts can cause 

significant changes in the derived coefficients. 

Zernike polynomials are normally given in polar coordinates. 

In this case, they may be represented as the product of two functions, 

one depending only on the radial coordinate and the other depending 

only on the angular coordinate, as follows (Malacara, 1978; Born and 

Wolf, 1980): 

(1) 

Here J 11 is the degree of the polynomial, and 1 is the angular 

dependence parameter. n-I1.1 is a~ways even, and n ~ Ill. There are 

0/2)(n+2)(n+1) polynomials of degree < n. Each polynomial contains 
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appropriate amounts of polynomials of lower degree in order to 

achieve the orthogonality mentioned in advantage 2 above. As stated in 

advantage 3, each polynomial contains polynomials of lower degree 

which minimize the rms deviation of the wavefront. Thus, for example, 

if a system introduces pure third order spherical aberration into a 

wavefront, and if the system is defocused an amount giving the 

minimum rms wavefront deviation, then this observed wavefront is 

described completely by the R4 polynomial. This polynomial already 

contains the correct amounts of defocus and piston polynomials needed 

to minimize the rms deviation of the wavefront. However, if the R2 

polynomial (for example) is also needed to describe the wavefront, 

then it is known that the wavefront was not observed at the plane of 

minimum rms deviation. Other polynomials contain other lower degree 

polynomials which indicate where a wavefront must be observed so that 

the minimum rms wavefront deviation may be obtained (see table I). 

When only real numbers are used, then the Zernike polynomials 

may be rewritten as (see, for example, Rimmer and Wyant, 1975) 

(2) 

Here, the sine function is used for 1 < 0 and the cosine function for 

1 > O. Alternatively, 
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where the values attained by nand 1 are subject to the restrictions 

given above. Rn, CuI, and Snl are the coefficients of the polynomials. 

The polynomials in table I are given names to describe their radial 

and azimuthal dependence. The letter indicates whether the polynomial 

is azimuthally symmetrical (R) or has a sine or cosine azimuthal 

dependence (C or S). The first number indicates the degree of the 

polynomial, and the second number indicates the angular dependence. 

Thus, the C22 term denotes rZcos2 e (in polar coordinates), which is 

third-order astigmatism at 00 or 900 • Other polynomials have the 

following correspondences to the classical aberrations: R2 corresponds 

to defocus, S22 to astigmatism at 450 , C31 to coma along the x axis, 

S31 to coma along the y axis, and R4 to third-order spherical. The 

polynomials are defined over a unit circle. This unit circle is defined 

during the process of fitting the polynomials to the data, and care 

must be taken to assure that the circle is of the same radius as the 

exit pupil of the system under test; small errors in this radius have 

significant effects on the derived Zernike coefficients. The 

coefficients are also sensitive to shifts in the center of the unit 

circle relative to the wavefront. Thus, such radius changes and center 

shifts can cause significant changes in the values of the coefficients. 

The rms wavefront deviation is given in terms of Zernike coefficients 
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as (Born and Wolf, 1980) 

rms == (4) 

where the letters refer to the coefficients of the appropriate 

polynomials and nand 1 are subject to the usual restrictions. 

Thunen-Kwon Method 

This method is described in detail in a publication by Thunen 

and Kwon (1982). The purpose of the method is to predict full aperture 

Zernike coefficients from a set of subaperture data. The basic 

approach is to fit Zernike polynomials initially to the data in each 

subaperture, and then to transform, via least squares and a coordinate 

transformation, all the subaperture coefficients into a single set of 

full aperture coefficients. 

Two sets of coordinates are needed for this method; one in 

the subapertures (actually a separate coordinate system is used for 

I each Bubaperture), and one fn the full aperture. These are 

illustrated in figure 2. Each subaperture is defined by its radius r 

and by the coordinates t,n of its center in the full aperture 

coordinates. The desired full aperture wavefront is given by 

N 

G(X,Y) m ~ AnZn(X,Y), 
n=l 

(5) 



x 

Coordinate transfoDnation: 

RX:;:rx+~ 

RY=ry+n 

Figure 2. The coordinate systems used in the Thunen-Kwon method. 

12 
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where the Zn are the Zernike polynomials and the An are the desired 

Zernike coefficients. X and Yare coordinates in the full aperture. The 

An are the ultimate result of the Thunen-Kwon method. The 

experimentally measured wavefront in one subaperture may be 

represented by 

M 

g(x,y) = ~ anzn(x,y), 
n-1 

where the an are the Zernike coefficients describing the wavefront 

over the subaperture, the zn are Zernike polynomials in tnt: local 

subaperture coordinates, and x, yare coordinates centered on the 

subaperture. One set of an is found for each subaperture; thus each is 

treated as a separate unit circle. The number of pOtynomials N used in 

the full aperture is not necessarily the same as the number M of 

polynomials in the subapertures. A least squares fit in each 

subaperture gives the subaperture coefficients an. The coefficients in 

each subaperture are then transformed to the full aperture 

coefficients via a coordinate transformation. This transformation is 

necessary since wavefront aberrations look different in the 

subapertures than in the full aperture. For instance, defocus (R2) in 

the full aperture reappears in the subapertures as a smaller amount 

of defocus, but also as tilt and piston errors. The transformation is 

derived by first requiring the full aperture wavefront to equal the 

subaperture wavefront over the area covered by the particular 
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subaperture in question: 

G(X,Y) = g(x,y) over a subaperture. (7) 

Each side of this equation may be multiplied by a subaperture Zernike 

polynomial and integrated over the subaperture area,. as follows: 

N 

~ AnIIZn(X,Y)zm(x,y)dxdy 
n-l 

N 

~ an Ilzn(x,y)zm(x,y)dxdy. 
n""1 

When this is done for all zm' the following matrix equation results: 

(8) 

SA = Qa. (9) 

S, the sensitivity matrix, is an M by N matrix which describes the 

transformation of full aperture Zernikes to subaperture Zernikes. Due 

to the orthogonality of the Zernike polynomials, the matrix Q would be 

the identity matrix (assuming that normalized polynomials are used) if 

data were taken continuously over the subaperture. Since this is not 

the case, Q contains some off-diagonal terms describing the 

correlation of the Zernike polynomials over the discrete data points 

used here. 

The sensitivity matrix was first formulated by Thunen and 

Kwon; Negro (1984) algebraically calculated the matrix (using polar 

coordinates) for the Zernikes ell through R4. In this study, the 

sensitivity matrix was recalculated (using rectangular coordinates); it 

is given in figure 3 for the polynomials RO through M. The elements 
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for this matrix were calculated algebraically via the coordinate 

transformation given in figure 2 (this is relatively simple for the 

first few polynomials). The columns of the matrix give the 

contribution of a given full aperture polynomial to the coefficients 

of the various subaperture polynomials. Summing across the rows gives 

the total of the various subaperture Zernike coefficients. S is upper 

triangular, meaning that full aperture polynomials appear in the 

subapertures as polynomials of equal and lower degree. Also, the full 

aperture coefficients are reduced in the subapertures by a factor 

equal to the relative subaperture radius raised to the degree of the 

polynomial. Most higher order polynomials contribute to the piston and 

tilt polynomials of a subaperture. Thus, these first three terms are 

seen to contain important information about the full aperture Zernike 

coefficients. 

When several subapertures are used, an equation (9) is 

obtained for each subaperture, as follows: 

(10) 

where k denotes a particular subaperture. The transformation from the 

full- to the subaperture is now given by 

(ll) 

or 

(12) 
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If an error vector is defined as 

(13) 

then the full aperture coefficients may be found by minimizing the 

square of ek via least squares. The least squares condition is given 

by 

(14) 

W is a weighting matrix which describes the relative amount of 

information in each subaper~l.1re Zernike coefficient. If equation (13) 

is used in equation (14), then the following equation results: 

A .. Ya, (15) 

ToIhere 

(16) 

It may be shown (Deutsch, 1965) that the fit error is a minimum if the 

weighting matrix W is the inverse of the covariance matrix of the 

subaperture coefficients. The covariance matrix gives the variance of 

each subaperture coefficient and also the correlation among the 

various polynomials. Thus, coefficients with a large variance 

contribute less to the full aperture coefficients than do those with a 

small variance. The covariance matrix is defined more completely in 

section II.C below. The covariance matrix of the full aperture 
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coefficients is given by 

, ::a TIrlyT • (17) 

Thunen and Kwon tested their method using computer generated 

data representing a full aperture wavefront containing the first 36 

Zernike polynomials. Their data was generated over a seven-subaperture 

array, in which six subapertures symmetrically surrounded a single 

central subaperture. They assumed equal errors (standard deviations) 

for the coefficients, an~ added (rss) additional errors to the piston 

and tilt terms. These additional errors ranged from a small amount 

(orO.001 wave) to a large amount ( or l wave), corresponding to a phased 

and to an unphased array, respectively. For each test case, a number 

representing the accuracy of the derived full aperture Zernike 

coefficients was found by adding (rss) the errors as given by the 

covariance matrix (equation 17). The results show that a lack of 

alignment among the subapertures leads to a factor of three reduction 

in the full aperture test accuracy as compared to the perfectly 

aligned case. Thus, knowledge of the subaperture piston and tilt terms 

would be helpful, but should not be considered essential to the 

successful operation of this method. 

Thunen and Kwon also tested their method using several 

different subaperture configurations. Each configuration was tested 

with various amounts of piston and tilt uncertainty. With a large 

piston and tilt uncertainty, a seven subaperture array was found to 

work better than other configurations. With a small piston and tilt 



19 

uncertainty, a 21 subaperture array was found to work better due to 

its increased coverage of the full aperture. 

The Thunen-Kwon method was coded in Fortran by Jensen 

(Jensen, Chow, and Lawrence, 1983). This code was used for the data 

reduction of this work, and was also used by Jensen for a numerical 

study of the Thunen-Kwon method. Jensen generated data containing no 

noise, random noise, and higher order noise. Higher order noise 

consisted of Zernike coefficients of degree higher than the degree of 

the fit. This study confirmed the factor of three decrease in accuracy 

caused by an increase of the subaperture piston and tilt uncertainty. 

Chow-Lawrence Method 

A second method for subaperture data analysis was developed 

by Chow and Lawrence (1983). For this method, the data 10 each 

subaperture are defined at the full aperture coordinates. Zernike 

polynomials from ZIt on are fit simultaneously to the data 10 all 

subapertures. Piston and tilt terms are fit individually to the data in 

each subaperture. If the data are given by D(Xn,Yn) and the aberration 

function to be solved for is given by W(Xn,Yn), then this method finds 

the aberration function such that the quantity 

Z 
a 
fit 

N 

~ ~ [W(Xn,Yn) - D(Xn,Yn»)Z , 
n=1 

(18) 

which is the fit error, is minimized. N is the total number of data 

points. The aberration function may be expressed as 



W(X,Y) 

where 

NS 

~ [PiZ l(X,Y) 

i-I 

NS ~ number of subapertures 

Pi, Txi, TYi ~ piston and tilt coefficients in 

the i th subaperture, 

20 

(19) 

L - 3 = number of higher degree Zernike polynomials 

used in the fit. 

In matrix form, the equation to be solved is 

WA = D, (20) 

where A is the vector consisting of the 3NS + L - 3 Zernike 

coefficients. a 2 is minimized by least squares, which is equivalent 
fit 

to solving the equation 

(21) 

In this method, no subaperture tilt information may be used 

to deduce information about the full aperture higher-order Zernike 

coefficients. The tilt terms must be included in the fit, however, 

because of their correlation with higher degree Zernike polynomials. 

This correlation is due to the fact that the data are not obtained 
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continuously over a circular area, but rather at discrete points over 

the irregular area defined by the subapertures. An advantdge of this 

method over that of Thunen and Kwon is that the intermediate step of 

fitting polynomials to each subaperture is eliminated. Thus, the 

computation time is reduced. 

Jensen (1984) did a numerical study of the Chow-Lawrence 

method using the same data sets as he used for his study of the 

Thunen-Kwon method. Jensen found the Chow-Lawrence method to have 

the same accuracy as the Thunen-Kwon method for the case of large 

piston and tilt uncertainty. However, knowledge of the subaperture 

piston and tilt is of no advantage in the Chow-Lawrence method. Jensen 

also found the minimum number of data points in each method which 

causes matrices to become singular. These minimum numbers of points 

are given by 

MNP :z 2.(NS)(M + l)(M + 2) 
2 

for the Thunen-Kwon method, and by 

(22) 

(23) 

for the Chow-Lawrence method. Here M is the maximum degree of Zernike 

polynomials used in the fit, and NS is is the number of subapertures. 

Thus, it is seen that for typical numbers of Zernike polynomials (M > 

2) and subapertures (NS > 2), the Chow-Lawrence method requires fewer 

data points than the Kwon-Thunen method. 
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Stuhlinger Method 

The algorithms discussed in the last two sections rely on 

Zernike polynomials for representing a wavefront. It is satisfying to 

obtain such quantitative information about a wavefront, especially in 

the form of coefficients which may be easily related to the classical 

Seidel aberrations. However, Zernike polynomials are not always 

capable of representing a wavefront accurately, particularly if the 

wavefront contains random irregularities. Noise in the measured phase 

values may result in large errors in the derived Zernike coefficients. 

Errors in digitizing an interferogram, or in defining grid points in a 

heterodyne interferometer, may cause large errors (Kim, 1982) in the 

Zernike coefficients. Thus, wavefronts may be represented more 

accurately by phase values measured experimentally at a large number 

of points across the aperture of the system being measured. 

Comparison of these phase values with ideal phase values points out 

the aberrations in the system under test. Digital computers play an 

important role in this process because of their ability to manipulate 

rapidly the required large amount of data. 

It was felt that, for maximum utility, subaperture testing 

should also be capable of providing raw phase data over the full 

aperture. The main problems are that 1) data are collected over only 

a fraction of the full aperture, and 2) the data from each subaperture 

contain different amounts of tilt due to the random subaperture tilts. 

However, the raw phase data obtained from the subapertures should be 
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continuous across the entire aperture and should be referenced to the 

same plane such that no discontinuity appears in the data due to the 

tilt and piston differences of the subapertures. An algorithm for such 

non-Zernike analysis of subaperture testing data, called the 

Stuhlinger m~thod, was developed for this study. In order to solve the 

two problems mentioned above, the subaperture array is used 

successively in at least two different orientations, such that the 

subaperture centers have different coordinates in the two 

orientations. The orientations are chosen such that overlapping areas 

exist between subapertures in the two orientations. Possible positions 

of the subapertures in 2 orientations are shown in figure 4. It is then 

asserted that the wavefront in the overlapping area of two 

subapertures must be the same except for piston and tilt differences 

of the subapertures in question. The differences of phase values in 

the overlapping area are then taken point for point, and piston and 

tilt terms are fit to these phase differences. The resulting piston 

and tilt terms are then subtracted from all of the data in one of the 

two subapertures, so that the data in both subapertures are now 

referenced to the same plane. This process is then repeated for the 

corrected subaperture and the next overlapping subaperture. In this 

manner, all data are referenced to the same plane. Furthermore, data 

are obtained over a larger portion of the full aperture due to the 

two orientations of the subaperture array. This procedure is similar 

to one described by Rimmer, King, and Fox (1972) for combining data 

from several overlapping interferograms. It should be noted that, for 
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Figure 4. Seven subaperture array in two orientations as 
used for NOZERN analysis. Unprimed numbers refer 
to the subapertures in their initial orientations, 
while primed numbers refer to the subapertures in 
the rotated orientation. 
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ease of computation, all data should be obtained on a coordinate grid 

defined in the full aperture. Thus, overlapping data ar~ automatically 

measured at the same grid points and the phase values may be directly 

subtracted. If this were not done, then the data in one subaperture 

would have to be interpolated onto a new coordinate grid. Such 

interpolation would be time consuming, and was not studied for this 

work. 

Possible positions of the subapertures in the two orientations 

required for the Sthul1nger method are shown in figure 4. Data for 

unprimed subapertures are stored in one file, while data for primed 

subapertures are stored in a different file. At the beginning of the 

analysis, the algorithm, called NOZERN, reads data for the first 

subaperture in each file, designated by W1(XttYi) and W~(XitYi). The 

coordinates in the two subapertures are compared point for point. At 

overlapping points, the phase values in the two subapertures are 

subtracted, as follows: 

(24) 

where j designates overlapping coordinates and ranges from 1 to n. n 

is the total number of overlapping points. Since the data are assumed 

to differ only in piston and tilt, the follOwing relation holds at 

each overlapping data point: 

(25) 

where RO, ell, and 811 are the coefficients giving the piston and tilt 
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differences between the subapertures. These coefficients are found by 

a least squares fit to the data D(xj,Yj). Evaluating equation (25) at 

each point leads to the equation 

ZA .. D, (26) 

where Z is an nx3 matrix consisting of the piston and tilt polynomials 

at each data point, A is a column vector consisting of the 

coefficients RO,Cll, and SI1, and D is a axl column vector consisting 

of the phase differences at the various overlapping data points. In 

the algorithm, the normal equations are obtained by multiplying each 

side of the above equation by the transpose of Z, ZT, in order to 

obtain 

ZTZA ::II ZTD, (27) 

where ZTZ is a 3x3 matrix and ZTD is a 3xl vector. This equation is 

then solved for A by Gaussian elimination. The quantity RO + CllXi + 

SllYi is then subtracted from each phase value wt(XttYi). Data for Wz 

are then read. Phase differences are then obtained as follows: 

(28) 

where W~Xi'Yi) contains the piston and tilt corrected data for 

subaperture 1'. This process is repeated until subaperture 7' has been 

corrected. At this point, all data are referenced to the same plane, 

and may be compared to the same wavefront. With the configuration 

shown in figure 4, with each subaperture having a relative radius of 
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95% of the full aperture is covered. By comparison, a seven 

subaperture array covers 75% of the full aperture. 

One important question concerning this algoritl.m is that of 

noise propagatioL. Ideally, if NOZERN is used for subapertures 1-7 and 

1'-7', the piston and tilt differences between and 7' and 2 (see figure 

4) should be zero. However, the phase values will inevitably contain 

noise due to atmospheric turbulence, vibrations, or other sources. This 

noise will cause the piston and tilt coefficients resulting from each 

fitting procedure to be in error. The errors will accumulate as NOZERN 

proceeds around the subaperture array, and thus there could be a 

difference in the phase values of subapertures 7' and 2 which is 

larger than that warranted by the experimental noise in the data. In 

order to get an idea of the noise propagation, a study was done in 

which NOZERN was used to analyze synthetically generated data. These 

data were generated by a program called GENZ (Chow, Swantner, 

Barnard, 1983). GENZ generates any desired amount of data for any 

desired subaperture configuration on a coordinate grid defined in the 

full aperture. Program input consists of the center coordinates and 

radii of the subapertures, and of full aperture Zernike coefficients 

for all subapertures. In order to simulate actual data, noise was 

added to the GENZ data using a program called NOISE. NOISE takes 

uniformly random numbers from the Cyber random number generator RANF 

to generate, via the central limit theorem (Frieden, 1983, Ch.4), 

numbers with a Gaussian distribution of a given mean (n::>rmally chosen 



28 

to be zero) and standard deviation (0). This noise is added to the GENZ 

data point by point. Thus, the data created by NOISE is afflicted with 

zero-mean, Gaussian, additive noise, which is typical of experimental 

data. NOISE may be run with various seeds, so that many sample sets 

of noise out of the parent set of data with a given 0 may be used. 

Sample data sets with various amounts of data per subaperture were 

generated; each data set was repeat~d 20 to 25 times with a different 

seed used in NOISE for each repetition. Each data set was analyzed 

with NOZERN. The results of this noise propagation study follow. 

The noise in the data causes the derived piston and tilt in 

each subaperture to be in error. This error may be found using the 

covariance matrix (Frieden, 1983, Ch.14) for each fit procedure in a 

NOZERN run. The covariance matrix gives the variance of each 

coefficient; in order to calculate it, only the coordinates in the 

region of overlap of the two subapertures in question and the variance 

of the noise must be known. Using the notation above, the covariance 

matrix is given by 

... ~ T 
If ". «A - A)(A - A) ), (29) 

where <> denotes the expected value, A is the experimentally derived 

set of coefficients, and A is the true set of coefficients. The vector 

D actually consists of the noise free values 6 of the phase 

differences with noise added. Thus, 

(30) 

wher~ n denotes the noise. Then the following relations exist for A 



and A: 

A ~ (ZTZ)-lZT(6+n) 

A .. (ZTZ)-lZT(6). 

Inserting equations (31) and (32) into equation (29) for , leads to 

If it is assumed that the noise is uncorrelated, that is 

where 6ij is the Kroneker delta, and 0 2 is the noise variance, then 

29 

(31) 

(32) 

(33) 

(34) 

(35) 

In this derivation, it is assumed that the noise is zero mean, so that 

h 

(A> .. A, (36) 

(37) 

Such a covariance matrix is found for each fit procedure in NOZERN in 

the course of an analysis run. The diagonal elements give the 

variances of the piston and tilt coefficients, while the off-diagonal 

elements give the correlation among the piston and tilt terms. 

One part of the noise propagation study involved prediction of 

the propagation of piston and tilt variances. These variances for any 

given fit may be determined by summing the variances for all previous 
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fits and adding these sums to the variances of the current fit. In 

figures 5-7 are shown comparisons between the theoretical predictions 

and the results found using the synthetic data. The error bars are the 

expected errors of the standard deviations as given by (Frieden, 1983, 

Ch9) 

(38) 

Here, N is the number of repetitions of the analysis and a c is the 

standard deviation of the tilt or piston coefficient. It may be seen in 

figures 5-7 that the agreement between theory and synthetic data is 

quite good, in spite of the small number of repetitions N for each 

amount of data. 

Perhaps a more important indication of noise propagation is 

given by a point by point comparison of the actual corrected data with 

the ideal data in each subaperture. Ideally, the standard deviation of 

the differences between the real and the ideal data in each 

subaperture, called the subaperture wavefront error, should be the 

same as the standard deviation of the noise in the data. However, the 

propagation of noise through the NOZERN algorithm will cause the 

subaperture wavefront error to be larger. A study was done using data 

generated by GENZ for the subaperture configuration shown in figure 4. 

Noise was added to the data as for the previous study. Noise-free data 
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Figure S. Propagation of noise in the RO and Cll coefficients found by 
NOZERN for 139 points per subaperture. Comparison between theoretical 
predictions and numerical results. "Subaperture pairs ..... refers to 
the overlapping subapertures of a particular fit process in NOZERN. 
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Figure 7a. Propagation of noise in the RO and Cll coefficients found by 
NOZERN for 280 points per subaperture. Comparison between theoretical 
predictions and numerical results. "Subaperture pairs ..... refers to 
the subapertures of a particular fit process in NOZERN. 
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Figure 7b. Propagation of noise in the 511 coeffici~nt found by NOZERN 
280 points per subaperture. Comparison between theoretical predictions 
and numerical results. "5ubaperture pairs ••• " refers to the 
overlapping subapertures of a particular fit process in NOZERN. 
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were also generated for each subaperture; the Zernike coefficients 

(including piston and tilt) for each subaperture were the same as 

those used for the noisy data in subaperture number 1. Thus, the 

wavefronts in each subaperture of the noise free data are referenced 

to the same plane. NOZERN was applied to the noisy data, and the 

noise-free data were then subtracted point by point (in corresponding 

subapertures) from the data corrected by NOZERN. The mean and the 

standard deviation about the mean were then found for these phase 

differences. This process was repeated 25 times with a different set 

of noise data used for each run. Thus, the final result of this 

analysis was a set of 25 standard deviation values and 25 piston 

values for each subaperture from 1 to 7'. The entire procedure was 

done first with 139 points per subaperture and was then repeated with 

280 points per subaperture. 

It was attempted to predict analytically the standard 

deviation about the mean of the subaperture wavefront error. For this, 

the covariance matrices of the various fits were again used in order 

to determine the variances of the piston and tilt coefficients in each 

fit procedure in NOZERN. It should be noted here that the standard 

deviation about the mean of the wavefront error, as found from the 

phase differences, can be due only to fluctuations of the tilt terms 

and to the c:>ise in the data, but not to fluctuations of the piston 

term. This is so since any differences in the piston between the noisy 

and the noise-free data are taken into account by the value of the 

mean found in the subtraction process. Since remaining differences 
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a. Subaperture wavefront found by NOZERN 
b. Correct wavefront 
1. Wavefront error due to tilt at edge of subaperture (raCll) 
2. Piston term found by NOZERN (RO) 
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5. Contribution to piston component of wavefront error due to 

tilt error (taCll) 
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Figure 8. Wavefront quantities used in the theoretical prediction of 
wavefront error. 
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between the noisy and noise free data may be due only to differences 

in the tilt tei:"ms, the standard deviation found in the subtraction 

process is only caused by tilt errors. It must be remembered that 

tilt terms are defined in the full aperture, but the wavefront error 

is found only over the subapertures. Therefore, only that portion of 

the tilt terms contributing to subaperture tilt (via the sensitivity 

matrix) may be used in the error analysis. Furthermore, as shown in 

figure 8, the amount of error varies at each point since the amount of 

phase added at a given point by the tilt terms depends on the 

coordinates of the point. Points which are farther from the center of 

the global coordinate system experience more error due to tilt than 

do points closer to the center. The variance of the noise in the data, 

a~ must be added to the variances caused by the errors in the tilt 

terms. All these considerations are combined in the following equation 

for the wavefront error due to tilt: 

a :: 
't + N + (39) 

where the summations are over the grid points within a subaperture 

and N is the number of grid points. However, the above equation is 

simply a discrete form of the equation 



a = 
T 

which is equal to 

z 
+ a~ 

38 

(40) 

(41) 

Here, a
Cll 

and as 11 are obtained, as before, by summing the variances 

(obtained from the covariance matrix) for all fits up to and including 

the current one. This equation may be used to predict the standard 

deviation about the mean of the subaperture wavefront error. 

Another contribution to the subaperture wavefront error comes 

from the piston error in each subaperture. Since the noise added to 

the data has a mean of zero, the mean piston error in each 

subaperture is also zero. However, fluctuations about the mean occur, 

and it is important that these fluctuations be known, since they 

contribute to the total wavefront error. As shown in figure 8, the 

piston error in each subaperture is caused by errors in the piston 

coefficient and by errors in the tilt terms, since the full aperture 

tilt terms contribute to the subaperture piston terms (see sensitivity 

matrix). Thus, the standard deviation of the piston in each subaperture 

is given by 
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(42) 

The terms aRO, a , and a are obtained by summing variances, as cn Sn 

before, and t and n are the coordinates of the subaperture centers. 

Comparison between these theoretical predictions and results of the 

numerical study are shown in figures 9-11. It may be seen from these 

data that the noise is closely proportional to IN, where N is the 

number of data points. The total wavefront error is given by 

(43) 

In figures 9 and 10, the NOZERN analysis was started on subaperture 2 

(see figure 4) and proceeded in a clockwise sense around the array 

until subaperture 2 was again reached. Subapertures 1 and l' were not 

included. In figure 11, analysis was started on subaperture 3 and 

proceeded in a clockwise sense to subaperture 1. This simulation was 

done since analysis of the experimental data (see chapter IV) was done 

with the same sequence of subapertures (for reasons to be explained in 

chapter IV). The discrepancy between the predicted and the numerical 

results in figure 11 is large (although within the limits given by 

equation 38). However, it is significant that equation 42, which was 

used to predict correctly predicts a decrease ot in 

subapertures l' and 1. This phenomenon is due to the fact that these 

two subapertures are closer to the center of the global aperture 

(i.e., t and n are smaller) than all other subapertures used in the 
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analysis. Thus, the contribution of tilt to the piston error in these 

two subapertures is much reduced, and is, in fact, zero in subaperture 

1. Therefore, even though the errors in the piston and tilt 

coefficients continue to increase in subapertures 1 and 1', G p 

decreases since there is no longer a contribution from the tilt terms. 

The above equations for Gtot ,aT and a p will be used in chapter IV to 

predict the wavefront error in the experimental data corrected by 

NOZERN. 

It is seen in figures 5-7 and 9-11 that the error propagation 

in NOZERN may lead to a large wavefront error. The 1/ IN law shows 

that at least 800 points per subaperture are needed so that a 

wavefront error of 0.1 waves may be achieved with a seven subaperture 

array (assuming rms noise of 0.04 waves in the data). However, the 

suhaperture sequencing used in the analysis for this study is likely 

to have been far from optimal. Future investigations should attempt 

NOZERN analysis with different subaperture sequences which have better 

statistical characteristics. It may, for example, be prudent to begin 

analysis on subaperture 1 (see figure 4), and then to proceed both 

clockwise and counterclockwise until subaperture 5 is reached. At this 

point, the two "corrected" wavefronts obtained for subaperture 5 could 

be averaged, and analysis could proceed back to subaperture 1', at 

which point averaging could again be done. Also, the analysis could be 

done with various starting subapertures and the results compared. The 

study presented here was intended to lay the groundwork for such 
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future invesdgations; it is felt that significant improvements in the 

error propagation may be achieved by such revisions of the analysis 

procedure. 

The Stuhlinger method is able to give wavefront information 

which, in some instances, may be more believable than that given by 

the Thunen-Kwon and Chow-Lawrence techniques and which may be of 

more direct use to opticians. This method is not sensitive to shifts of 

the center of the unit circle as the two methods using Zernike 

polynomials are. However, the method requires a larger amount of data 

than do the Thunen-Kwon and Chow-Lawrence methods in order that 

accurate results may be obtained. For the same amount of data, NOZERN 

requires roughly 5 times as much computer time as the Thunen-Kwon 

method, and 9 times as much as the Chow-Lawrence method. Also, care 

must be taken to obtain all data on a common, global coordinate grid; 

there is no such requirement on the Thunen-Kwon and Chow-Lawrence 

methods. However, the latter requirement is made easier to meet by 

the focal plane arrays frequently used in interferometers. The 

increased confidence in the accuracy of the data, and the availability 

of point by point phase data across the exit pupil of the optical 

system may in many instances offset the increased cost of the 

Stuhlinger method. 



CHAPTER 3 

EXPERIMENTAL PROGRAM 

The experimental portion of this study was designed to 

provide experimental verification of the subaperture testing theories 

presented in chapter II .. Thus, descriptions of the apparatus used in 

the experiment, and of the plan devised for verifying subaperture 

testing, are in order. These descriptions are given in this chapter. 

Interferometer 

Data for this experiment were obtained using the Air Force 

Weapons Laboratories' Digital 

described by Evans (1983). This 

Heterodyne Interferometer 

type of interferometer was 

(DHI) , 

first 

described by Crane (1969); an interferometer very similar in design to 

the DHI is described by Massie, Nelson, and Rolly (1979). In a typical 

conventional interferometric method, a photograph is taken of an 

interference pattern produced by a Twyman-Green interferometer. The 

interferogram is formed by the superposition of two ~avefronts, one a 

reference wavefront with known, preferably zero, aberrations, and the 

other the test wavefront which contains the aberrations of the optical 

system under test. The amplitudes of these wavefronts may be 

described by 

U ( ) E 
i(wt + kWR(x,y» 

R x,y .. Re (43) 
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(44) 

where ER and ET are the (assumed constant) amplitudes of the 

wavefronts, w is the optical frequency of the radiation, k"2'ff/).., and 

WR and WT are the optical path differences between the observed 

wavefronts and an ideal, aberration-free wavefront. The intensity of 

the superimposed wavefronts is observed; this is given by the product 

of the sum of the amplitudes and the complex conjugate of this sum, 

yielding 

I(x,y) = ER + ET + 2ERETcos[k(WT{x,y) - WR{X,y»J (45) 

This is a cosinusoidally varying intensity pattern, with intensity 

maxima occurring along contours of equal phase difference, such that 

k{WT{X,y) - WR{x,y» = 2'ffm. (46) 

Usually, a rather large amount of tilt is introduced into the 

reference wavefront so that many fringes are obtained over the 

interferogram. This is especially useful when the phase errors in the 

test wavefront are less than A, when no intensity maxima or minima 

are obtained. Introducing tilt results in such intensity extrema. 

Aberrations in the test wavefront then show up as deviations from 

straightness of the tilt fringes. The interferogram may then be 

analyzed by recording the X,y coordinates of the fringe maxima and 

assigning an integer phase value to each fringe. By least squares 

fitting a series of polynomials to these data, the aberrations of the 

test. wavefront may be found. 
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While this method of interferogram analysis may give quite 

accurate information about low spatial frequency aberrations, it is 

not useful for high frequency aberrations which give information about 

surface quality. This is because information may be obtained only 

along fringe maxima, and not in between. Furthermore, the redl·.~··i.on 

process may not be performed until after the interferometric data 

have been collected. The reduction process is slow, and is limited in 

precision by the ability of the person performing the digitizing to 

accurately locate intensity extrema. 

Many of these problems are solved by a heterodyne 

interferometer such as the DHI. In such an interferometer, a constant 

frequency difference is introduced between the reference and test 

arms, such that the following amplitudes are obtained: 

U ( t) E 
i[kWR(X,y) - (w+~w)t] 

R x,y, = Re 

E 
i[kWT(x,y) - wt] 

UT(X,y, t) = Te 

(47) 

(48) 

Here ~w is the frequency shift between the two wavefronts. The 

resulting intensity is given by 

I(x,y, t) (49) 

The intensity at a given point is now seen to vary cosinusoidally at 

the frequency llw; the phase of the variation is given by 

k[WT(X,y) - WR(x,y)]. llw may be made low enough to be detectable by 
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electronic means. By comparing the phase of intensity variation at a 

given point with the phase at a fixed reference point, the relative 

phase difference between the two points may be found. Measurements 

may now be taken over a uniform square grid of points, which is well 

known to produce better conditioning of the normal equations in the 

least squares fit of polynomials to the data (Kim; Wang and Silva). 

High precision may be obtained by averaging many wavefronts. Such 

averaging reduces the random errors caused, for example, by vibrations 

of optical components or by atmospheric turbulence. A large number of 

data points may be used, thu~ increesing the detectable spatial 

frequency of aberrations. Thus, heterodyne interferometry is seen to 

provide many advantages over conventional interferogram analysis. 

A schematic of the DHI is shown in figure 12. This 

interferometer contains two main sections. The first section, shown in 

the right half of figure 12, introduces the frequency difference ~1Il 

between the reference and test arms of the interferometer. The left 

section consists of a Twyman-Green interferometer, in which comparison 

of the test and reference arms is accomplished. 

Radiation from an Argon ion laser operating at S14.Snm enters 

the frequency-shifting section via a linear polarizer which rotates 

the direction of polarization to 4So with respect to the vertical. A 

polarizing beam splitter directs a horizontally polarized beam into 

one arm of a Mach-Zehnder type interferometer and a vertically 

polarized beam into the other arm. In each arm is located an acousto

optic modulator, or Bragg cell. An ultrasonic transducer is bonded to 
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a crystal in the Bragg cell. The transducer is driven by a radio

frequency source, and sends acoustic waves through the crystal. These 

waves set up maxima and Illinima of the refractive l':1delf of the 

crystal; these maxima and minima appear to the incoming radiation as a 

moving diffraction grating. Higher diffraction orders are frequency 

shifted by an amount proportional to the velocity of this moving 

grating and to the diffraction order. The Braeg cells are oriented 

such that most of the incident radiation is diffracted into the first 

order. On the DHI, one Bragg cell is driven at 40MHz, while the other 

one is driven at 40.625MHz. Thus, the total frequency shift introduced 

is O.625MHz. After passing through the Bragg cells, the two 

ortogonally polarized and frequency-shifted beams are recombined by a 

second polarizing beam splitter. 

The two beams are expanded by a beam expander to a diameter 

of 22mm. This beam expander contains a spatial filter for filtering 

high spatial frequencies from the beam. The beams continue to a plate 

polarizing beam splitter which operates at Brewster's angle. The 

vertically polarized component proceeds into the reference arm of the 

Twyman-Green interferometer, while the horizontally polarized 

component proceeds into the test arm. Plate beam splitters were used 

because of their ability to produce more complete separation of 

polarization than cube beam splitters. The reference passes through a 

A/2 plate, and reflects off a high quality (A/20) reference flat. The 

reference beam proceeds through a second beam splitter and on to the 

detector. The beam transmitted by the first beam splitter proceeds to 



51 

the test arm. At the second beam splitter, the s polarization 

transmitted by the first beam splitter il; further attenuated. In the 

test arm, a refractive beam expander expands the beam to a 275mm 

diameter. This beam expander consists of a 60mm efl, f/3 Zygo lens 

and a 760mm efl, f/3 aspheric lens. The beam reflects off a large 

autocollimating flat and proceeds back through the beam expander. 

Having traversed a quarter-wave plate twice, the beam reflects off 

the second beam splitter and is recombined with the reference beam. A 

half-wave plate rotates the polarization vectors of the orthogonally 

polarized beams 450 with respect to the horizontal. The beams proceed 

through an imaging telescope to a final polarizing beam splitter. This 

beam splitter mixes the reference and test beams and produces 

complementary interference on the detector and on the reference 

diode. The imaging telescope images the autocollimating flat onto the 

detector in order to reduce the effects of diffraction, and increases 

the beam diameter on the detector to 39mm. This imaging telescope 

consists of two plano-convex lenses of 190mm and 333mm focal lengths. 

A spatial filter at the focal point of the first lens removes high 

spatial frequency noise from the beams. 

The detector consists of an image dissector camera (IDC, 

manufactured by Fairchild-Schlumberger, model 658A). This device 

consists of a photo-sensitive surface which converts the incoming 

photons into electrical signals. The photo-electrons emitted at a 

particular x-y location are focused by magnetic coils onto a O.019mm 

diameter aperture. In this way, a 4096 by 4096 array of locations over 
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image area may be addressed. The 

the full image size (as stated in 

The repeatability of the addressing 

is 0.1 % of the full image size. The IDC detects the sinusoidally 

varying interference pattern emerging from the interferometer. 

The reference diode looks continuously at one point in the 

interferogram. It thus provides a reference signal to which the signal 

from the various IDC locations may be compared so that phase 

differences may be found. The signals from the !DC and from the 

reference diode are each fed to zero-crossing detectors which convert 

the sinusoidally varying signals to binary signals. The outputs of the 

zero-crossing detectors are fed into the two inputs of an XOR gate. 

The output of the XOR gate is high when the input signals are 

different, and low otherwise. Thus, the XOR gate is high for an amount 

of time corresponding to the phase difference between the reference 

and the test signals. As soon as the XOR gate goes high, a counter 

starts counting, and counLS until the XOR signal goes low. The 320MHz 

counting rate, combined with the 625KHz frequency of the reference and 

test signals, mean that 512 counts are made per signal cycle. Thus, 

the maximum precision of the interferometer is X/S12. The phase 

difference is given by the ratio of the duration of an XOR pulse to 

the duration of one heterodyne cycle. The XOR gate produces two 

pulses per heterodyne cycle; only the first pulse is used to determine 

the phase. A D flip flop determines which of the reference and test 

signals came first, and thus renders possible modulo A phase 

detection. 
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The interferometer is controlled, via interfacing electronics, 

by a Data General Eclipse S200 computer. During the data acquisition 

process, the S200 is first used to define a subset of the 4096x4096 

grid points on the IDC over which data will be collected. This subset 

is defined over a circular area (known as the phase adjust area), 

whose center and radius may be chosen by the operator. Within this 

phase adjust area, the data acquisition points are defined over a 

rectangular grid whose x and y spacings may again be chosen by the 

operator. This data acquisition grid is passed on to the IDC, which 

proceeds to obtain data sequentially over the phase adjust area. The 

resulting data are then p<lssed back to the S200, which derives the 

entire phase map by adding successive phase differences. The phase 

reduction algorithm has been written to accept only successive phase 

differences which are less than one fourth wave. If the phase 

difference between successive points is more than one fourth wave, a 

quadrant error is reported by the software. The result is that a 

spurious ridge appears in the phase map. This phase map is then 

unusable since Zernike polynomials fit to the data will attempt to 

reproduce this ridge. The true wavefront will thus not be represented. 

Software on the S200 computer may be used to fit Zernike polynomials 

to the adjusted phase values. If it is desired, a reference phase map, 

which presumably is obtained without the object under test and thus 

contains only interferometer errors, may be stored as a separate 

phase map on the S200. This map is automatically subtracted from the 
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actual test map, th~5 assuring that no interferometer errors are 

included in the test map. A 625KHz signal in the DHI electronics may 

be fed directly into the test signal input when the reference map is 

acquired. This results in an aberration-free reference map, and means 

that no aberrations are subtracted from the test map. 

Test and reference maps may be stored on the S200's magnetic 

disk. Data are stored according to the format "X, Y, Phase", where X, Y 

are IDC grid coordinate& with values ranging from 0 to 4095. Via an 

RS232 link, data may be transferred from the S200 to a PDPll 

minicomputer, and from here on to the Air Force Weapons Lab's Cray 

computer system. 

Various error sources may lead to incorrect measured phase 

values on the DHI. CIne of these sources of error is leakage of one 

frequency component of the interferometer beam into the other 

component. An analysis of this error in other interferometers was 

given by Shagam (1980), and by Massie et. ale (1979), and wes repeated 

for the DHI. It was assumed that no leakage occurs in the Bragg cell 

portion of the DHI. Much care was taken in the design of this portion 

of ~he interferometer to assure high polarization purity of the beams 

in each arm. The intensity ratio of the errant beam to the desired 

beam in one arm is allegedly 10-1 or less. However, the polarization 

purity in the Twyman-Green portion of the interferometer may be 

poorer due to poor polarization rejection of the beam splitters, 

incorrect orientation of the incoming beam polarization vectors 

relative to the beam splitters, or incorrect orientation of the wave 
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plates. Each of these errors was treated. It was found, using figures 

given by AFWL personnel, that the phase error due to poor polarization 

rejection by the beam split ters gives a phase error of (f.33 for a 

phase difference between the test and reference arms of 90°. Improper 

orientation of the polarization vector of the input beam (to the 

Twyman-Green portion) of as much as st leads to a phase error of 00.33 

if the phase difference between the two arms is 900. These errors are 

quite small. Considering that the errors calculated are less than 1 % 

of one heterodyne cycle, and that the 3 % distortion of the IDC data 

acquisition grid may cause much larger errors, the misalignment of 

polarization vectors and the imperfection of the beam splitters 

contribute only a relatively very 8m;-.1l amount to the errors of the 

measured phase values. 

The case of incorrect wave plate orientation was also 

studied. However, it was found that this error contributes only a 

constant phase term to the measured phase values, and thus does not 

enter into the error budget. 

Subaperture Array 

The subaperture array used in the experiment consisted of 

seven flat mirrors mounted in the configuration shown in figure 13. 

This configuration was chosen since it was found by Thunen and Kwon to 

give the best accuracy for the case of an unphased array. In keeping 

with the requirement that subaperture testing be capable of being 

performed relatively rapidly and cheaply, an unphased array was used 

for this experiment. 
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Figure 13. Configuration of the subaperture array used for the 

subaperture testing elcperiment. 
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Each mirror l"as 2in. in diameter, had a fused silica 

substrate, was silvered (and protected by a MgO overcoat), and had an 

advertisej surface flatness of 2~ p-v. This flatness was confirmed 

using the Zygo interferometers. Analysis of Zygo interferograms of 

several mirrors is given in table II. The Zernike coefficients describe 

the wavefront exiting the test arm of the interferometer, and thus 

indicate twice the surface errors of the mirrors. The mirrors were 

purchased from Melles-Griot. Each mirror was cemented to a 2in. 

diameter stainless steel disk using silicone rubber. Silicone rubber 

was used since it does not develop surface tension which may distort 

the mirror, as other cements, such as epoxy, might do. The disks were 

mounted to lin. by lin. Newport Research mounts via a pin which fits 

into a hole in the center of the NRC mounts. The pins were fastened by 

set screws; this arrangement allowed each subaperture to be 

individually rotated for in situ characterization. Each NRC mount had 

separate tip-tilt knobs to allow each subaperture to be individually 

aligned. The NRC mounts were mounted to a six-inch diameter aluminum 

plate which in turn was mounted in a six-inch Oriel mount by means of 

a retaining ring. This Oriel mount had its own tip-tilt knobs. Rough 

alignment of the subapertures with each other was then achieved by 

looking at a reflection of a straight edge in various combinations of 

subapertures. When rough alignment had been achieved, the reflection 

of the straight edge appeared to be continuous from one subaperture 

to the next. A photograph of the array is shown in figure 14. 



subaperture 

coe£. 

R2 

C22 

S22 

C31 

S31 

C33 

533 

R4 

C42 

542 

C44 

S44 

rms 

Table II 

Subaperture Mirror Characterization 

(mirrors mounted on their stainless steel disks) 

(units: wavelengths at 632.8nm) 

number: 1 2 3 4 

-0.001 0.008 0.006 0.007 

0.021 0.019 0.008 -0.033 

0.032 0.002 0.021 -0.010 

0.020 0.025 0.000 0.012 

0.002 0.011 0.001 0.010 

0.008 0.003 -0.022 0.004 

(J.007 0.007 -0.014 -0.022 

0.016 0.011 0.012 0.003 

0.005 0.016 -0.004 0.002 

-0.015 -0.007 -0.002 0.010 

0.025 0.012 0.012 0.002 

-0.006 -0.004 0.005 -0.010 

0.023 0.018 0.020 0.022 
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Figure 14. The 8ubaperture array used in the subaperture testing 
experillent. 
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The array was then mounted in the test arm of the DR! in 

place of the lOin. monolithic flat. The reference diode was removed 

and was replaced by a lens which projected an enlarged image of the 

DHI's final image plane onto a screen. The reference beam was blocked 

so that only light from the test arm reached the screen. A mask was 

placed over the array such that only the central subaperture was 

illuminated. The Oriel knobs were then used to tilt the array such 

that light was transmitted to the screen by this subaperture. The 

reference beam was then unblocked, and further tilt adjustment of the 

array was done until the number of tilt fringes across the central 

subaperture was minimized. The mask was then removed, and the 

individual tilt adjustments were used to minimize the number of tilt 

fringes across each subaperture. This last adjustment was rather 

difficult because of the coarse threads used on the NRC tilt knobs. 

Future investigators are urged to use finer threads for such mounts. 

The array was attached to the DHI via two damped NRC rods. 

These, together with a sack filled with lead shot which was leaned 

against the array, provided adequate vibration damping. 

Experiment Plan 

The purpose of the subaperture testing experiment was 1) t:> 

show that the aberrations of an optical system under test may be 

correctly retrieved using a subaperture array rather than a single 

monolithic reference flat, and 2) that the algorithms developed by 
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Thunen and Kwon and by Chow and La wrence, and the non-Zernike 

algorithm, correctly analyze subaperture data. The experiment plan 

which was designed to fulfill these goals is described in this section. 

Two characteristics of subaperture testing must be probed by 

the experiment; these are 1) its accuracy, and 2) its precision. By 

accuracy is meant the method's ability to correctly reproduce the 

Zernike coefficients which describe the aberrations of a wavefront. By 

precision is meant the method's ability to give results which are 

repeatable within a small margin of error. In order to gauge the 

accuracy of subaperture testing, an independent means must be found 

for determining the wavefront aberrations. This was done in the 

following manner. The beam expander on the DHI was taken to be 

perfect~ meaning that its aberrations were known and could thus be 

subtracted from a test wavefront. Aberrations were introduced by 

aberration plates which had been independently characterized on a Zygo 

interferometer. The aberration plates consisted of glass plates which 

introduce aberrations in a traversing wave due to deviations from 

flatness of the plate surfaces. Zygo interferometers are known to 

yield accuracies of A/(20), and should thus provide sufficiently 

accurate values of the aberrations produced by the aberration plates. 

In order to assure that the DHI measures the same aberrations 

as the Zygo, the aberration plates were measured on the DHI first 

using the monolithic flat in the test arm rather than the subaperture 

array. The analysis of this data should give the same results as the 

analysis of the Zygo data. The lack of subaperture phasing may cause 
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unforeseen errors in the wavefront reconstruction process. Therefore, 

an intermediate step in the experiment was to place over the 

monolithic flat a mask simulating the array. This mask contained holes 

with the same diameter and configuration as the subapertures on the 

array. The aberration plates were tested with the mask in place. The 

mask was then removed, and the monolithic flat was replaced by the 

subaperture array. If subaperture testing is accurate, then the same 

Zernike coefficients should be obtained from all three test 

configurations and from the Zygo interferometer. The tests wer.e 

repeated in order to confirm the results. The non-Zernike algorithm 

may be tested by using the Kwon-Thunen algorithm, with tilt and piston 

terms included, to fit Zernike polynomials to the data corrected by 

NOZERN. If the data have been correctly aligned relative to a common 

reference plane, then the same Zernike coefficients should be obtained 

for a given aberration plate as were obtained on the Zygo 

interferometer. 

It is difficult to determine the precision of the method 

confidently by e.ICperiment due to the large number of repetitions of 

the experiment which would be required. A small number of repetitions 

was performed in order to give an idea of the repeatability of 

subapertnre testing as compared to monolithic testing. Numerical 

studies performed for this work and performed by Steve Jensen using 

synthetic data have confirmed the precision predicted by the various 

theories. It is shown in a succeeding chapter that the noise 

encountered on the DHI is similar to the noise used in the simulation; 
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that is, that the noise is Gaussian, zero mean and uncorrelated. It is 

then assumed that the analysis of the DHI data has the precision 

predicted by theory. 

The experimental data were manipulated to demonstrate the 

effects of the unphased subapertures. The mask over the monolithic 

flat simulated a phased array, and the data taken with this 

configuration could thus be analyzed l<1ith piston and tilt information 

included in the analysis. Analysis was done of both mask and array 

data with the amount of data reduced and with the data of some 

subapertures missing. This analysis is given in a later chapter and is 

shown to provide some useful insight into the subaperture testing 

problem. 



CHAPTER 4 

EXPERIMENTAL PROCEDURES AND RESULTS 

The Original Experiment 

Initially, the experiment was performed with three aberration 

plates. These plates consisted of an astigmatic plate, having a 

cylindrical surface, and two microscope slides which were selected for 

their interesting aberration content. The astigmatic phase plate was 

prepared by Mr. Ed Strittmatter of OSC. The cylindrical surface had a 

radius of curvature of about 800cm. The microscope slides were 

labeled #1 and #3; d2 was also characterized but was not used in the 

experiment on the DIU. These aberration plates were characterized on 

Zygo interferometers both at the Optical Sciences Center and at the 

Air Force Weapons Lab. A circular mask was placed over the aberration 

plates which allowed a beam large enough to just fill the subaperture 

array to be transmitted. The interference patterns generated by the 

Zygo interferometers were photographed and digitized on electronic 

digitizing pads. The digitized data were analyzed using a program based 

on an early version of the Chow-Lawrence method (this early version 

did not operate properly for subaperture data, but operated fine for 

monolithic data such a", that obtained from the aberration plates) in 

the case 0; the OSC data, and using FRINGE in the case of the AFWL 

data. At least 150 points were digitized, along fringe minima and over 

64 
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a grid which was uniform in at least one direction, on each 

interferogram. The results are shown in table III. The astigmatic 

plate was only analyzed at ose since it was received later than the 

other plates, at a time when the AFWL Zygo interferometer was no 

longer available. All Zernike coefficients have been multiplied by the 

factor (0.6328/0.5145) in order to account for the different 

wavelengths at which the Zygos and the DHI operate. Each coefficient 

Z was multiplied by the factor (ncl)/(n1-l) in order to take the 
n 

dispersion of the aberration plates into account. n 2 is the index of 

refraction of an aberration plate at 0.514511m, and n1 is the index at 

0.632811m. The aberration plates were assumed to be made of Schott BK7 

glass. 

In order to assess the precision of the fringe digitization 

process, the interferogram of one aberration plate was digitized four 

times. The results are shown in table IV. The precision of the fringe 

recording process was assessed by taking several photographs of the 

interference pattern of one of the subaperture mirrors. The results 

are shown in table V. Both of these results show that the 

interferogram analysis is precise to a small fraction of a wave. 

Isometric plots of the wavefronts transmitted by each aberration 

plate are shown in figure 15. These plots were obtained using software 

on the DHI's S200 computer. The Zygo interferograms used to 

characterize the aberration plates, along with contour plots 

calculated by FRINGE using Zernike coefficients derived from the 
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Table III 

Comparison of AFWL and OSC Zygo Interferometers 
Wavelength - 0.6328~m 

Aber. Plate til Aber. Plate tl2 Aber. Plate 1/3 Astig. Aber. 
Plate 

coef. AFWL OSC AFWL OSC AFWL OSC OSC 

Cll 3.94 4.15 5.39 5.73 4.73 4.34 0.05 
Sll 1.78 1.08 0.28 -0.23 -1.40 -0.54 0.82 
R2 0.51 0.51 0.47 0.53 -0.84 -0.76 -3.32 
C22 -1.23 -1.03 -1.10 -1.09 1.42 1.46 6.64 
522 0.58 0.59 -0.28 -0.31 0.56 0.54 0.05 
C31 -0.06 -0.09 -0.18 -0.16 0.28 0.27 0.04 
531 -0.36 -0.38 0.76 0.69 0.72 0.53 0.03 
C33 0.07 0.04 0.11 -0.01 -0.01 0.08 -0.08 
533 0.14 0.07 -0.97 -0.98 -0.54 -0.34 -0.02 
R4 0.01 0.02 -0.09 -0.13 0.14 0.13 -0.01 
C42 -0.07 -0.07 0.03 0.06 -0.33 -0.32 0.05 
542 -0.02 -0.03 0.16 0.14 -0.10 -0.03 0.02 
C44 -0.01 0.06 0.35 0.23 0.40 0.12 0.10 
544 0.02 0.01 -0.26 -0.14 -0.03 0.00 -0.05 

rms 0.62 0.58 0.69 0.69 0.86 0.81 3.32 

Zygo Coefficients 

Aberration plate apertures are those used in the 
subaperture testing experiment 

Wavelength a 0.6328~m 

Aber. plate III Aber. plate 113 Astig. aber. plate Zygo char. 
coef. OSC OSC a5C OSC 

Cll 5.06 4.47 -1.88 -3.46 
511 0.64 -1.32 -0.04 0.05 
RO 0.20 -0.46 -1.51 0.01 
C22 -0.52 0.91 -2.99 -0.03 
522 0.23 0.42 0.03 0.00 
C31 -0.04 0.12 -0.16 0.02 
531 -0.16 0.24 -0.02 0.00 
C33 0.01 0.02 -0.21 0.01 
533 0.08 -0.18 -0.01 -0.01 
R4 -0.01 0.02 0.01 0.00 
C42 -0.05 -0.13 -0.10 0.01 
542 0.00 -0.02 0.00 0.00 
C44 0.04 0.05 -0.08 0.00 
544 0.02 0.00 0.01 0.00 

rms 0.27 0.50 1.50 0.02 
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Table IV 

Repeated Digitizations of Spherical Aber. Plate 
(not used in subaperture experiment) 

coef. III 112 113 114 
R2 0.19 0.19 0.19 0.20 

C22 -0.11 -0.11 -0.12 -0.12 
S22 -0.04 -0.04 -0.04 -0.03 
C31 0.01 0.02 0.02 0.02 
S31 0.00 0.01 0.01 0.01 
C33 -0.01 -0.01 -0.01 -0.01 
S33 -0.02 -0.03 -0.03 -0.02 

R4 0.03 0.02 0.02 0.03 
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Table V 

Analysis of Three Interferograms of Subaperture III 

coef. HI 112 113 
R2 -0.00 0.00 0.00 

e22 -0.03 -0.03 -0.03 
S22 -0.00 0.01 -0.01 
e31 0.00 0.01 -0.01 
S31 0.00 i).0 1 0.01 
e33 -0.01 O.Co -0.01 
S33 -0.01 -0.02 -0.02 

R4 0.01 0.01 0.01 

rms 0.01 0.02 0.02 
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aberration plate #1 

aberration plate #3 

astigmatic aberration plate' 

Figure 15. DHI isometric phase plots of the three aberration plates 
used in the subaperture testing experiment. The wavelength is 
O.514~ m. 
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interferograms, are shown in figure 16. The aberration plate apertures 

in these interferograms are those used in the DRI experiment. 

Several steps were taken in order to prepare the DHI for the 

subaperture experiment. In order to characterize the portion of the 

interferometer exclusive of the beam eXilander, a small flat mirror 

(one of the array mirrors) was mounted between the A/4 plate and the 

small beam expander lens in the test arm. The length of the reference 

arm was adjusted such that the optical path difference between the 

two arms was two laser cavity lengths in order to satisfy coherence 

requirements. The resulting interference pattern showed that the 

interferometer introduced 0.016 p-v waves of aberrations. Further 

investigation sho-'~ed that the wave plates introduced the bulk of this 

aberration. The small flat was then removed, and the beam expander 

was aligned. A pinhole which transmitted a narrow beam of radiation 

was placed behind the small beam expander mounted on the DHI after 

the Bragg-cell portion. The beam expander optics in the test arm were 

first removed. The A/4 plate was also removed such that the return 

beam from the test arm was transmitted by the first two beam 

splitters on the T-G portion, instead of being reflected into the final 

leg of the interferometer. The large monolithic flat was adjusted such 

that the test beam was reflected back upon itself and passed through 

the pinhole mounted behind the small beam expander. The large beam 

expander lenses were then installed, starting with the large 

component. Both lenses were aligned such that reflections from their 
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aberration plate #1 

aberration plate #3 

astigmatic aberration plate 

Figure 16. Aberration plate characterizations. The contour plots are 
based on Zernike coefficients calculated by FRINGE for a single pass 
interferometer. The contour interval is one wave (.0.6328 II m). The Zygo 
interferograms are double pass. a. Aberration plate 11. b. Aberration 
plate #3. c. Astigmatic aberration plate. 
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front and rear surfaces coincided with each other and with the 

incoming and outgoing beams. This resulted in 0.15 waves of aberration 

(mostly coma) in the beam emerging from the test arm. 

In order to minimize the effects of diffraction, it was 

important that the aberration plates be imaged onto the IDC. An 

intermediate image of the large flat in the test arm was formed by 

the beam expander between the A/4 plate and the beam splitter before 

the final imaging telescope. It was found that moving an object placed 

near the large flat by as much as 5in. along the optical axis caused a 

shift in the image formed by the beam expander of less than O.lin. The 

aberration plates were mounted at this intermediate image plane. The 

final imaging telescope was adjusted so that the intermediate image 

plane was focused onto the IDC. 

Data Acquisition 

Once the DHI had been properly prepared, measurements were 

taken using the aberration plates and the three autocollimating optics 

(monolithic flat, monolithic flat with mask, subaperture array). An 

interferogram of the astigmatic aberration plate with the array in the 

test arm is shown in figure 17. A reference phase map was taken for 

each auotcollimating optics such that interferometer aberrations could 

be subtracted. Originally. it was intended to store these reference 

maps on the S200 computer for automatic subtraction from the test 

maps. However, an error which was found in the reference map 

acquisition software precluded this procedure. Therefore, all maps 
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Figure 17. Subaperture interferogra. of astigmatic aberration plate. 
This was photographed on the DHI. 
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(including the reference maps) were measured using the software 

intended for test map acquisition. Interferometer errors were then 

eliminated by either subtracting the Zernike coefficients of the 

reference maps from those of the test maps, or subtracting the two 

maps point by point on a different computer. 

Phase adjust areas were defined for the monolithic flat and 

for the subaperture array. The same phase adjust areas were used for 

the array and the mask. A separate phase adjust area was defined for 

each subaperture. All phase adjust areas, including that for the 

monolithic flat, included @3000 points. Each phase adjust area was 

made slightly smaller that the corresponding flat in order to 

eliminate any diffraction effects and in order to make alignment of 

the optics less sensitivec Due to the large wavefront slope caused by 

the astigmatic phase plate near the edge of the aperture, and the 

resulting quadrant errors, a smaller phase adjust area was used on 

the monolithic flat for the astigmatic phase plate than for the other 

phase plates. On the mask and array, the same size phase adjust areas 

were used for all aberration plates. For unknown reasons, quadrant 

errors were consistently obtained in array subaperture 114 for all 

aberration plates. This subaperture may have been only partially 

illuminated, but careful realignment of the array did not solve the 

problem. Data in this subaperture were not used in the subsequent 

analysis. Air turbulence was consistently a problem during the data 

acquisition. This was remedied by placing a styrofoam enclosure around 

the test arm; the large beam here was particularly susceptible to 

turbulence. 
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Results 

After the data had been acquired and stored on the S200 disk, 

it was transferred to AFWL's CRAY computer system via RS-232 link and 

a PDP-ll computer for analysis. Since the Kwon-Thunen and Chow

Lawrence algorithms were shown to give equivalent results in the 

absence of subaperture phasing, analysis was done initially using only 

the Kwon-Thunen algorithm. All three data sets (monolithic flat~ mask, 

and array) were analyzed using the software, based on this algorithm, 

written by Steve Jensen. This software required input data defined at 

coordinates normalized to a global coordinate system with origin at 

the center of the array and with a radius equal to the overall radius 

of the array. A program called SCALE was written by Steve Jensen 

(modified by T. Stuhlinger) for transforming from the IDC coordinate 

system to this global coordinate system. The input to SCALE is the 

da:':a to be analyzed and the center coordinates and radii (in IDC 

coordinates) of the phase adjust area(s) used in the corresponding data 

acquiSition. In the case of the mask and array data, the center of the 

central (7th) subaperture is taken to be the center of the global 

coordinate system. The radius of the global system is taken to be the 

maximum of the sums of the distances of the subaperture centers from 

the center of the 7th subaperture and the phase adjust radii. The 

output of SCALE is a file containing the data with coordinates 

properly normalized to the global coordinate system. Since the input 
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data are actually defined over square areas covering the circular 

phase adjust areas, SCALE eliminates all points which lie outside of 

the phase adjust areas. 

After having been prepared by SCALE, the data are analyzed 

using SATTK. The input to this program is the data, the number M of 

Zernike polynomials to be used in the subaperture fits and the number 

N in the global fit, and parameters indicating whether tilts and 

piston should be included in the global fit. The output consists of 

the 7 sets of subaperture Zernike coefficients and of the full 

aperture coefficients. 

The results for the various data sets, as given by SATTK, are 

shown in figures 18-21 and in table VI. Coefficients for the reference 

maps were subtracted from the coefficients of the test maps. Piston 

and tilt terms were not included in the analysis of the array and 

mask data. All polynomials of degree higher than tilt were assigned 

weights of 1. The coefficients are all scaled, using the appropriate 

diagonal terms in the sensitivity matrix, to a common global phase 

adjust 'lrea. In all cases shown here, M was made equal to N. It was 

attempted to perform the analysis with M<N. The justification for this 

was that high degree non-zero Zernike terms in the subapertures may 

be caused only by noise. When these are transformed to the full 

aperture, they are magnified and thus could give a false indication of 

the presence of high degree aberrations. Some results are shown in 

table VII. The coefficients are somewhat different for the various 

fits, but there is no clear trend of increasing higher degree terms as 
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Table VI 

5ubaperture Testing Results 

Full aperture Zernike Coefficients in wavelengths at 0.5145\Jm 
(Wavefront data) 

Zygo Data 

Aberration plates: none til 113 astigmatic 
coefficients 

R2 0.24 -0.57 1.86 
C22 -0.64 1.11 3.68 
522 0.28 0.53 -0.02 
C31 -0.05 0.13 0.20 
531 -0.21 0.31 0.02 
C33 0.01 0.03 0.26 
533 0.10 -0.21 0.02 
R4 -0.01 0.03 -0.02 
C42 -0.06 -0.14 0.12 
542 0.00 -0.05 0.00 
C44 0.05 0.07 -0.11 
544 0.02 0.01 -0.02 

rms 0.31 0.58 1.72 

Monolithic flat data 

R2 -0.12 0.22 -0.47 1.76 
C22 0.09 -0.43 0.97 3.30 
522 -0.08 0.32 0.19 -0.13 
C31 -0.05 -0.04 0.13 0.01 
531 0.21 -0.14 0.22 -0.06 
C33 -0.03 0.06 -0.02 0.03 
533 0.01 0.09 -0.12 -0.01 
R4 -0.02 0.01 0.03 -0.04 
C42 -0.01 -0.04 -0.08 0.01 
542 -0.03 0.01 -0.01 0.02 
C44 0.01 0.03 0.03 0.02 
544 -0.02 0.00 -0.02 0.02 

rms 0.10 0.25 0.46 1.56 
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Table VI (cont'd) 

Mask Data 

Aberration plates: none III 113 astigmatic 
coefficients 

R2 0.23 0.20 -0.48 1.87 
e22 -0.14 -0.45 0.87 3.29 
522 -0.05 0.31 0.22 -0.25 
C31 -0.05 -0.06 0.13 0.13 
531 0.28 -0.12 0.27 -0.03 
C33 -0.06 0.10 0.10 0.21 
S33 -0.04 0.03 -0.26 -O.ll 
R4 0.00 0.01 0.02 0.05 
C42 0.05 -0.06 -0.10 0.07 
542 -0.04 0.02 -0.04 0.03 
C44 -0.03 0.06 -0.01 -0.06 
544 -0.05 0.02 O.ll 0.03 

rms 0.15 0.25 0.45 1.59 

Array Data 

R2 -0.08 0.33 -0.43 1.66 
C22 0.03 -0.47 1.19 3.31 
522 -0.17 0.41 0.23 -0.79 
C31 -0.10 -0.07 0.12 0.17 
531 0.25 -0.17 0.15 -0.02 
C33 0.03 0.02 -0.03 0.17 
533 0.00 0.05 -0.12 -0.08 
R4 0.03 -0.03 0.03 0.02 
C42 -0.01 -0.03 -0.09 0.00 
S42 -0.03 -0.01 0.01 -0.02 
C44 0.03 -0.05 -0.04 -0.06 
544 -0.04 -0.04 0.03 0.02 

rms O.ll 0.30 0.54 1.58 
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Figure 18. Comparison of the DHI and Zygo results for the astigmatic 
plate. These are wavefront data at), - O.514~m. 
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Figure \ 9a. Comparison of the DHI and Zygo results for aberration 
plate HI. These are wavefront data at A • O.5145~m. 
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Figure 19b. Comparison of the DHI and Zygo results for aberra tion 
plate #3. These are wavefront data at A - O.5145~m. 
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Figure 20. Comparison of the monolithic, mask, and array results for 
the astigmatic aberration plate. These are wavefront data at A 
0.5145 Ilm. 
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Figure 21a. Comparison of the monolithic, mask, and array results for 
aberration plate Ul. These are wavefront data at A - O.5145pm. 
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Figure 21b. Comparison of the monolithic, mask, and array results for 
aberration plate 83. These are wavefront data at A - O.5145~m. 
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Table vn 

Analysis with N ~ M 

Array, aberration plate 113 

coef. n - 15 n ,. 15 n - 15 
m - 15 m-ll m ,. 8 

R2 -0.51 -0.52 -0.53 
C22 1.22 1.20 1.21 
522 0.06 0.05 0.08 
C31 0.02 0.01 0.02 
531 0.40 0.40 0.40 
C33 0.00 -0.01 -0.03 
533 -0.12 -0.13 -0.12 
R4 0.02 0.02 0.02 
C42 -0.10 -0.10 -0.10 
542 -0.02 -0.02 -0.04 
C44 -0.01 -0.01 -0.02 
544 -0.01 -0.02 -0.02 

rms 0.60 0.59 0.60 

Array, no aberration plates 

coef. n - 15 n ,. 15 
n - 21 

m - 15 mall m ,. 15 

R2 -0.08 -0.08 -0.08 
C22 0.03 0.01 0.03 
522 -0.17 -0.19 -0.18 
C31 -0.10 -0.10 -0.04 
531 0.25 0.24 0.28 
C33 0.03 0.03 -0.02 
533 0.00 -0.01 0.00 
R4 0.03 0.03 0.03 
C42 -0.01 -0.01 -0.01 
542 -0.03 -0.03 -0.03 
C44 0.03 0.03 0.03 
544 -0.04 -0.04 -0.05 

rms 0.12 0.12 0.13 
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M is increased. Therefore, it was felt that analysis done with N ~ M 

is reliable. Full aperture piston and tilt polynomials were not 

included in the analysis of the mask and array data. 

In the figures, the three DRI data sets are compared to each 

other, and the monolithic data are compared to the Zygo data. It is 

seen that the DHI data sets agree well with each other, but that 

agreement among the DHI and Zygo data is poorer, particularly among 

the astigmatism coefficients. This disagreement is larger than the 

amount warranted by the amount of noise in the data (see chapter V). 

The agreement among the DHI data sets gives one confidence that 

subaperture testing indeed works. However, the Zygo-DHI discrepancy 

was cause for concern, and therefore experiments were undertaken for 

finding the cause of this discrepancy. 

Resolution of Zygo-DHI Discrepancy 

Since the aberration plate characterizations done on the two 

Zygo interferometers agree well with each other, the DHI became the 

focus of the search for the cause of the Zygo-DHI discrepancy. The 

largest discrepancy occurred in the astigmatic terms C22 and S22. In 

order to determine whether the DHI was indeed responsible for the 

discrepancy, the astigmatic plate was mounted on the DH! in a 

rotatable mount which allowed this aberration plate to be rotated 

about its optical axis. In the absence of interferometer errors, the 

root square sum of the coefficients C22 and S22 should remain 

constant as the aberration plate is rotated. Experiments were done 
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with various interferometer configurations in order to determine 

whether this invariance with rotation actually occurs. A possible 

source of error in this procedure is that the axis of rotation of the 

astigmatic aberration plate may not coincide with the center of the 

aberration plate. If the phase adjust area over which data are 

acquired is initially correctly centered on the aberration plate, then 

the result of this error would be that, as the plate is rotated, the 

data are acquired over areas displaced by various amounts from the 

center of the plate. The sensitivity matrix mdicates that this may 

cause a change in the amount of astigmatism. Thus, calculations were 

done in which it was assumed that the center of the aberration plate 

and the axis of rotation are displaced by 1/2 millimeter. For the 0° 

orientation of the aberration plate, actual Zernike coefficients found 

on the DHI for the monolithic flat were used. The sensii..ivity matrix 

was then used to find the effects on these coefficients of a shift in 

the center of the aberration plate. The results are shown in table 

Vill. Since the aberration plate contains no significant aberrations 

beyond astigmatism, the error caused by the off-center rotation is 

negligible, as may be deduced from the table. 

In order to aid in determining the cause of the DHI error, 

interference patterns reflected off the final beam splitter were 

photographed and analyzed. These were patterns obtained with the 

astigmatic aberration plate rotated to various orientations, and with 

the beam expander excluded from the test arm. The interferograms are 

shown in figure 22. The resul ts of the analysis are shown in table IX. 
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Table vm. 

Eccentric Rotation of Astigmatic Plate 

Orientation: 0' 45' 900 

Decenter: f; 0 -0.024 -0.033 
1"1 0 -0.010 -0.033 

in out in out in out 

RO 1.0 0.51 1.0 0.47 1.0 0.53 
ell 0.1 0.18 0.07 -0.11 -0.05 -0.06 
Sll -0.05 -0.05 -0.12 -0.08 -0.10 -0.48 
R2 1.78 1.78 1.78 1.78 1.78 1.79 
e22 3.37 3.37 0.00 0.10 -3.37 -3.39 
522 0.00 0.00 3.37 3.36 0.00 0.00 
e31 -0.14 -0.14 -0.10 -0.10 0.00 0.00 
531 0.00 0.00 0.10 0.10 -0.14 -0.14 
e33 -0.10 -0.10 0.07 0.07 0.00 0.00 
533 0.00 0.00 0.07 0.07 0.10 0.10 

rms 1.72 1.72 1.72 1.72 1.72 1.72 
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Figure 22. DHI interferograms of the rotating astigmatic aberration 
plate. The orientations of the aberration plate are C1, 45°, and 9C1 
from top to bottom. The wavelength is O.514~m. 
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TableIX 

Analysis of DHI As tigma tic Plate Interferograms 

orientation: O· 45° 90' 

R2 1.82 1.84 1.84 
C22 3.62 -0.14 -3.59 
522 -0.07 -3.64 0.04 
C31 -0.16 0.03 0.02 
531 0.05 -0.09 -0.15 
C33 -0.17 0.10 -0.08 
533 0.05 0.12 -0.12 
R4 0.05 0.05 0.01 

rms 1.82 1.83 1.81 
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The 0° orientation refers to the case when the axis of the cylindrical 

(astigmatic) wavefront is vertical. Here, coefficients obtained from a 

reference interferogram taken without the aberration plate were 

subtracted from the test interferograms. As may be deduced from the 

table, the astigmatism remains constant with rotation. This indicates 

that the portion of the interferometer between the test arm and the 

final beam splitter introduces no errors which affect the astigmatism. 
I 

Therefore. attention was focused on the effects of the beam splitter 

on the transmitted beam and on possible errors caused by the IDC. 

Phase maps were measured. using the IDC, of the astigmatic 

plate rotated to various orientations. The data were analyzed using 

software on the S200. Data were taken first using the nominal plate 

beam splitter in the final interference arm of the interferometer, and 

were then repeated using a cube beam splitter in place of the plate 

beam splitter. The plate beam splitter is used at a large tilt angle 

(600 ), and has a wedge angle of 30±10 minutes of arc. Thus, this 

component would be expected to introduce aberrations into a traversing 

beam; in particular, it would introduce astigmatism into an astigmatic 

beam. If the axis of the incident (astigmatic) cylindrical wavefront is 

parallel to the axis about which the beam splitter is tilted, then the 

amount of astigmatism would be increased. If the two axes are 

perpendicular to each other) then the beam splitter has no effect on 

the astigmatic beam. The results of this experiment are shown in 

figure 23. The curves are averages of 5 to 10 repetitions of the 

measurements. Obviously, there is a difference between the data for 



·4.0 

(waves) 

3.5 

• plate beam split1:er 

+ cube beam spiltter 

3.0 '~--------~--------~------~~------~o 00 450 900 1350 180 

2.0 

(waves) 

1.5 

l.0 

Fbtation an:;le of astigmatic plate 

o 
lbtation an:;le of astigmatic ?late 

92 

Figure 23. Effect of the plate beam splitter on the aberrations 
introduced by the astigmatic aberration plate. These are wavefront 
data at O.514~m. 
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the two beam spUtters. The plate beam splitter introduces about 0.25 

waves of astigmatism into the beam. As is shown in figure 23, the beam 

splitter also introduces about 0.15 waves of focus into the beam. The 

rest of the variation of astigmatism with rotation is due to other 

effects to be discussed below. A computer simulation of the final arm 

of the interferometer, using Shu's (1982) analysis program POLYCON and 

including the astigmatic aberration plate, the final imaging telescope, 

and either the plate beam splitter or the cube beam splitter, confirm 

these experimental results. For the simulation, a plate beam splitter 

wedge of 30 minutes of arc was used. It would have been convenient to 

use the cube beam splitter for future experiments in order to 

eliminate the astigmatic error. However, the only available cube beam 

splitter was designed for a wavelength of O.6328~ instead of 

0.5145~, at which the interferometer operates. This resulted in a 

significant reduction in fringe visibility, which in turn caused Lhe 

phase reduction algorithm of the DR! to be much more sensitive to 

noise. Quadrant errors could be avoided only by using a much smaller 

phase adjust area than could be used with the plate beam splitter. 

Thus, the plate beam splitter was used in succeeding experiments, and 

0.25 waves of astigmatism and 0.15 waves of focus were subtracted 

from all wavefronts (produced by the astigmatic plate) oriented 

parallel to the tilt axis of the beam splitter. This tilt axis was 

vertical; this corresponds to an orientation of the astigmatic plate 

of 00 • 
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It is seen in figure 23 that even after the effects of the 

plate beam splitter are removed, there is still a significant variation 

in the astigmatism as a function of rotation. It was suspected that 

this variation was caused by distortion in the IDC data acquisition 

grid. This grid is defined by commands sent by the 5200. There is no 

assurance that measurements are actually taken, by the IDe, at the 

specified locations since there is no feedback from the IDe. Several 

experiments were undertaken with the aim of characterizing this 

distortion. 

In the first such experiment, circular apertures having 

various diameters were mounted directly in front of the IDe. The 

apertures were circle templates used for technical drawing. Intensity 

maps were taken of the circular spots transmitted by the apertures. 

This 5200 option causes the data acquisition grid to be displayed on 

the computer monitor. The intensity at each grid point is indicated by 

a diamond whose size is proportional to the intensity at that point. 

Grid points lying outside of the spot transmitted by the apertures 

therefore show zero intensity. In this way, the number of grid points 

lying along a diameter of a circular aperture may be determined. If 

there is no IDe distortion, and if the apertures are perfectly round, 

then the number of grid points along a diameter in the y direction 

should be the same as the number of points along an x diameter. This 

procedure was followed for several circular apertures. Each aperture 

was measured twice in this manner, with the aperture rotated 900 

between measurements to allow for distortion of the apertures. The 

results are show~ in table X. The distortion here is given in terms of 



Table X 

Circular Aperture Distortion 

Aperture Diameter Distortion 
(in.) (camera coords.) (camera coords) 

7/32 
1/2 
5/8 
"23/32 
7/8 

792 
1808 
2300 
2684 
3213 

32 
64 
60 
55 

7 

95 
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camera coordinates and is the difference between the horizontal 

diameter in one orientation and the vertical diameter in the 900 

orientation, or vice versa. Figure 24 shows sample intensity maps for 

one circular aperture. In these intensity maps, as in all other 

intensity maps observed, the number of points across the vertical 

diameter was greater than that across the horizontal diameter. The 

maximum distortion is seen to be 3 percent. However, the distortion is 

highly nonlinear with aperture size. This distortion may be described 

in at least two ways. First, the grid points in any aperture may be 

distorted in a nonlinear fashion as shown by the results in table X. 

The second possibility is that the grid points in any aperture are 

distorted in a linear fashion with fractional aperture radius, and that 

the distortion at the edge of the aperture is a function of aperture 

size. The first type of distortion may be described by the equation 

5 ::z xc - a(abs(y-y) - yC)2 (50) 

where xc, yc, and a are parameters determined from the experimental 

results, y is the y coordinate of a grid point, and y is the y 

coordinate of the center of the aperture. It was assumed here that 

the distortion is in the y direction. xc and yc are the coordinates of 

the vertex of the parabola in a plot of the aperture radius versus 6, 

while a is a parameter giving the shape of the parabola. The amount 6 

is subtracted from the y coordinates of all grid points greater than 

y, and added to those less than y. TW.s is called parabolic distortion 

in this study. The second type of distortion may be describ~d by the 
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Figure 24. DHI intensity maps along horizontal and vertical diameters 
of a circular aperture used for determining roc distortion. The 
diameter of the aperture is 5/8in. Two orientations of the aperture 
are shown; these may be used to correct for distortion of the 
aperture. The coordinates are given in camera space. (The circles are 
to be ignored.) 
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6:a y-y (D) 
radius 
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(51) 

where radius is the radius of the aperture and D is a quantity 

describing the distortion at the edge of the aperture. D is one half 

of the distortion value listed in table X. The y coordinates are 

manipulated, using this quantity, as in the case of parabolic 

distortion. This is called linear distortion in this study. 

Unfortunately, it was not possible to determine from these 

measurements whether the distortion was linear or parabolic. 

Therefore, further experiments were attempted in order to solve this 

problem. 

One of these experiments involved using the DH1 to measure a 

wavefront containing tilt, but no other aberrations. If the IDC grid is 

distorted, then the Zernike decomposition of the tilted wavefront 

would result in a large tilt coefficient, and also in higher degree 

terms. A computer simulation of this was done using data generated by 

GENZ. The coordinates at which the phase values were defined were 

distorted using SCALE, and Zernike polynomials were fit to these 

distorted data using SATTK. Parabolic distortion was used for this 

study. This distortion causes the appearance of third order coma and 

elliptical coma. 

On the DH1, a wavefront consisting, at least very nearly, of 

pure tilt was achieved by excluding the beam expander in the test arm 
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from the optical train. A flat mirror was placed in the test arm 

immediately after the quarter wave plate. The reference flat was 
I 

tilted in order to introduce tilt. Interference patterns reflected off 

the final beam splitter were photographed and analyzed to show what 

aberrations were present in the beam before the IDC. It was attempted 

to measure this wavefront using the IDC. However, the tilt had to be 

reduced in order to eliminate quadrant errors. The tilt was reduced so 

much that no higher degree aberrations were observed. Thus, this 

experiment was inconclusive as far as IDC distortion is concerned. A 

description of this experiment is given here as a guide to future 

inves tigators. 

In addition to giving information about the form of the 

distortion, the tilt experiment could also have indicated the direction 

of the distortion (that is, whether the distortion was in the x or y 

direction). It ~'as assumed in this study that the distortion was in the 

y direction since this resulted in better agreement between the 

Zernike coefficients obtained from data collected using the IDC and 

those obtained from the interferograms of the astigmatic plate 

reflected off the final beam splitter. If this assumption were 

correct, then the wavefront containing pure y tilt would have been 

more distorted than that containing pure x tilt. Thus, the tilt 

experiment would have given further justification for the assumption 

that the distortion was in the y direction. 

Further insight into the nature of the distortion was gained 

by measuring astigmatic wavefronts at 0° and 90 0 orientations. Both 
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the parabolic and the linear distortion laws were applied to these 

data, and the distorted phase maps were analyzed. The resu:!.ts are 

shown in table XI. The distortion parameters v.ere derived from the 

data in table X, and are given in camera coordinates. These results 

show that linear and parabolic distortion both give very nearly the 

same Z~rnike coefficients, and that both have the strongest effect on 

astigmatism. The linear distortion law was applied to future data 

analysis. The quantity D was chosen according to the aperture size and 

the data in table X. 

A further error source in the data analysis was found to be a 

discrepancy in the radii of the phase adjust areas used for the Zygo 

and DHI Zernike decompositions. The radius of the full beam 

transmitted by the phase plates was used in the Zygo decompositions. 

However, this beam slightly overfilled the array on the DHI. The radii 

of the global phase adjust areas used to analyze the array, mask, and 

monolithic data were still smaller. The coefficients were at first 

scaled to the radius of the largest phase adjust area used in the data 

reduction (that for the array); these should have been scaled to the 

radius of the beam transmitted by the phase plates. When this correct 

phase adjust radius and all other corrections described above were 

applied to the data for tb~ various aberration plates, the rms 

wavefront deviations of the DHI and the Zygo data were the same, but 

there were still small discrepancies in the individual Zernike 

coefficients. It was suspected that this discrepancy arose from a 

difference in orientation of the aberration plates between the Zygo 
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Table XI 

Analysis of Two Orientations of Astigmatic Plate 
(Wavefront data) 

orientation: 0° 90° 
coef. No dis. Lin.dis. Par.dis. No dis. Lin. dis. Par.dis. 

R2 1.94 1.93 1.93 1.76 1.89 1.91 
C22 3.99 3.99 3.99 -3.29 -3.56 -3.60 
522 0.19 0.20 0.21 -0.08 -0.09 -0.09 
C31 0.06 0.06 0.06 0.05 0.05 0.04 
531 -0.13 -0.13 -0.14 -0.16 -0.18 -0.16 
C33 0.08 0.08 0.08 0.08 0.09 0.09 
533 -0.01 -0.01 -0.01 -0.01 0.00 -0.01 
R4 -0.01 -0.01 -0.01 0.00 0.00 -0.01 
C42 0.00 0.00 0.00 -0.01 -0.02 0.00 
542 0.01 0.02 0.02 0.00 -0.01 -0.01 
C44 0.00 0.00 0.00 0.02 0.02 0.01 
544 -0.02 -0.02 -0.02 -0.02 -0.02 -0.02 
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and DHI. Equations given by Parks (1978) were used to rotate the 

coefficients obtained using the DHI data. The resulting OHI Zernike 

coefficients are shown in table XII. It is seen that there is now much 

better agreement between the DRI and Zygo coefficients. 

Experiment Repetition 

The basic subaperture testing experiment was repeated after 

the above error analysis had been completed. The purpose of the 

repetiton was to demonstrate the repeatability of the subaperture 

testing results. It would have been desirable to use a cube beam 

splitter in the final leg of the DHI instead of the plate beam 

splitter, but none was available for the operating wavelength of 

.5145lJm. The measurements for most aberration plates were repeated 

several times in succession in order to illustrate the short term 

stability of subaperture testing and of the OHI. 

In addition to the aberration plates used in the original 

experiment, a spherical aberration generator was used as a fourth 

aberration plate. This was used in order to demonstrate the ability of 

subaperture testing to detect higher degree aberrations. The spherical 

aberration generator consisted of two single-element lenses, one a 

convexo-plane lens with a 89mm focal length, and the other a plano

concave lens with a -66mm focal length. Calculations showed that this 

combination gives two waves of third-order spherical aberration (at 

0.6328lJm). The lenses were mounted with a separation equal to the sum 

of their focal lengths. Back reflections from the surfaces of the 
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Table xn 

Corrected DHl Coefficients 

Monolithic Data 
Wavelength • 0.5145pm 

Aber. plates: Ii #3 Astigmatic 
coef. Zygo DHI Zygo DHI Zygo DHI 

R2 0.24 0.26 -0.57 -0.61 1.86 1.79 
C22 -0.64 -0.63 1.11 1010 3.68 3.71 
522 0.28 0.28 0.53 '0.53 -0.02 0.21 
C31 -0 .. 05 -0.06 0.13 0.11 0.20 0.05 
5:;.1 -0.21 -0.19 0.31 0.33 0.02 0.00 
C33 0.01 0.08 0.03 0.07 0.26 0.10 
533 0.10 0.11 -0.21 -0.22 0.02 -0.05 
R4 -0.01 0.01 0.03 0.04 -0.02 -0.09 
C42 -0.06 -0.07 -0.14 -0.11 0.12 0.09 
542 0.00 -0.01 -0.05 -0.04 0.00 0.18 
C44 0.05 0.05 0.07 0.09 -0.11 -0.09 
544 0.02 0.01 0.01 -0.03 -0.02 -0.09 

rms 0.31 0.31 0.58 0.58 1.72 1.73 
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lenses were used to align the lenses such as to minimize off-axis 

aberrations. Since there was insufficient room in the test arm, the 

generator was mounted in ~he reference arm immediately before the 

second beam splitter. A mask was placed over the second lens such 

that the exiting beam diameter matched that of the other aberration 

plates, and so that the exit pupil of the generator was a close as 

possible at a plane conjugate to the IDC. A Zygo characterization of 

the spherical aberration generator is shown in table XID. These 

coefficients have been divided by two in order to take into account 

that the generator is used in single pass on the DHI. It can be seen 

that, in addition to spherical aberration (R4), the generator 

introduces significant amounts of other aberrations. The Zygo 

interferogram and an isometric plot obtained on the DRI are shown in 

figure 25. An interferogram photographed on the DHI with the spherical 

aberration generator in place and with the array in r-he test arm is 

shown in figure 26. The DHI Zernike coefficients may not be directly 

compared to the Zygo coefficients due to the variation of the 

generator's aberrations with wavelength. A study was done using the 

program POLYCON (Ker-Li Shu) in order to assess the chromatic 

variation of the aberrations. This simulation included the two wedged, 

tilted beam splitters (see figure 12), and the final imaging telescope 

between the aberration generator and the IDC. The results are shown in 

table XIV. It may be seen here that the R4 coefficient found on the 

DHI may be expected to be higher than that found on the Zygo. 



Table xm 

Zygo Characterization of Spherical Aberration Generator 

(wavefront data) 

Wavelength - O.6328~m 

coef. 

R2 
C22 
S22 
C31 
S31 
C33 
S33· 
R4 
C42 
S42 
C44 
S44 

-0.68 
-0.46 
-0.18 

0.01 
-0.01 

0.06 
-0.01 
-0.33 
-0.03 
-0.01 

0.02 
0.00 
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Figure 25. DH! isometric phase plot and Zygo inter:erogram of the 
spherical aberration generator. 



107 

Figure 26. Subaperture interferograa of the spherical aberration 
generator. 
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Table XIV 

POLYCON Simulation of Spherical Aberration Generator 

(wavefront data) 

No beam splitters With beam splitte=s 
coef. 0.5145}Jm 0.6328}Jm 0.5145}Jm 0.6328}Jm 

R2 -1.03 0.36 -1.28 2.83 
C22 0.00 0.00 -0.22 0.13 
S22 0.00 0.00 0.00 0.00 
C31 0.00 0.00 0.00 0.00 
531 0.00 0 .. 00 0.00 0.00 
C33 0.00 0.00 0.00 0.00 
S33 0.00 0.00 0.00 0.00 
R4 -0.36 -0.27 -0.44 -0.33 
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The results of the repeated experiment are shown in table XV 

and in figures 27-29. These coefficients should be compared to those 

in table VI and in figures 18-21. Average values of the repeated 

measurements of each aberration plate are shown here. Linear 

distortion was applied to the data sets. 0.25 waves were subtracted 

from the e22 terms, and 0.15 waves were subtracted from the R2 terms, 

of the astigmatic aberration plate data in order to correct for the 

effects of the final plate beam splitter. (This was not subtracted 

from other aberration plate data because the amount of focus and 

astigmatism in these cases was so small that the beam splitter had no 

noticeable effect on the aberrations.) Again, piston and tilt terms 

were excluded from the array and mask data analysis. The Kwon-Thunen 

algorithm was used for the analysis. again with N "" M and with 

weights of unity for focus and higher degree aberrations. It may be 

seen that the various data sets are in rough agreement with each 

other, but that significant discrepancies exist. Possible reasons for 

these discrepancies will be discussed in a later section on error 

analysis. 

Stuhlinger Method: Data and Analysis 

Data were obtained on the DHI specifically for the purpose of 

testing the Stuhlinger method (NOZERN algorithm) described in chapter 

2. The astigmatic aberration plate was used in order to generate a 

wavefront having a large aberration, and also an easily recognizable 

aberration. Data were first obtained w~th the array in one orientation. 
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l'able rl 

Results of Repeated Experiment 

(Wavefront data) 
Wavelength • 0.5145~m 

(Pocus and astigmatism corrected for effects of beam splitter) 

Konolithic Data 

Aberration plates: none 11 #3 astigmatic spherical 
coefficients 

R2 0.21 0.34 -0.67 1.62 -0.49 
C22 -0.35 -0.54 1.31 3.55 -0.61 
522 0.07 0.48 0.32 -0.26 -0.32 
C31 0.12 -0.05 0.18 -0.02 0.35 
531 -0.02 -0.20 0.26 0.05 0.14 
C33 0.29 0.09 -0.03 0.30 -0.04 
533 0.10 0.08 -0.23 -0.19 0.02 
R4 0.02 0.05 0.01 -0.43 -o~37 
C42 0.06 -0.09 -0.11 -0.23 -0.08 
542 0.09 0.02 0.02 -0.01 -0.07 
C44 -0.24 0.11 0.03 -0.04 0.06 
544 0.01 -0.06 -0.07 -0.05 0.05 

nas 0.23 0.37 0.70 1.67 0.44 

Kaale. Data 

R2 -0.05 0.45 -0.42 1.80 -0.75 
C22 -0.11 -0.59 1.09 3.50 -0.86 
522 0.03 0.34 0.17 -0.25 -0.31 
C31 0.03 -0.05 0.19 -0.21 0.07 
531 0.08 -0.14 0.21 -0.02 0.14 
C33 -0.19 0.12 -0.02 -0.19 0.02 
533 -0.10 0.05 -0.21 0.05 0.06 
R4 0.00 0.00 0.05 0.04 -0.51 
C42 0.03 -0.04 -0.07 0.06 0.13 
542 -0.04 0.00 -0.03 -0.03 -0.04 
C44 -0.08 0.03 0.07 0.00 -0.05 
544 -0.04 0.00 0.00 -0.02 -0.05 

nas 0.27 0.J8 0.52 1.77 0.62 



III 

Table XV (cont'd) 

Array Data 

R2 0.05 0.27 -0.51 1.80 -0.73 
C22 0.33 -0.61 1.01 3.67 -0.67 
522 -0.25 -0.28 0.33 -0.41 -0.41 
C31 0.03 0.19 0.19 -0.18 -0.19 
531 0.00 -0.19 0.29 0.00 0.13 
C33 -0.04 -0.10 -0.03 -0.16 0.00 
533 -0.07 0.09 -0.25 0.03 0.06 
R4 -0.01 -0.01 0.04 0.03 -0.50 
C42 -0.08 0.03 -0.02 0.01 -0.19 
542 -0.04 0.00 -0.02 -0.02 O.OJ 
C44 -0.02 0.02 0.01 0.01 -0.01 
544 -0.05 -0.01 -0.02 -0.03 -0.01 

rms 0.20 0.33 0.54 1.83 0.58 
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Figure 27. Results of the repeated experiment; astigmatic aberration 
plate. These are wavefront data at ). ,. O.5145!! m. 
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Figure 28a. Results of the repeated experiment; aberration plate Ii 1. 
These are wavefront data at A = O.514~ m. 
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Figure 28b. Results of the repeated experiment; aberration plate li3. 
These are wavefront data at A - O.5145flm. 
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Figure 29. DHI analysis of the spherical aberration generator. These 
are wavefront data at :\. - O.514~m. 
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The entire array was then rotated by 300 such that overlapping areas 

occurred between portions of subapertures in the two orientations (see 

figure 4). The array was also translated vertically by a distance of a 

subaperture radius so that the center subaperture could be included in 

the data analysis. The phase adjust areas for all subapertures in the 

two orientations were constructed such that all data were obtained on 

a common coordinate grid, with equal grid spacing and a common origin. 

In this way, phase data in overlapping areas could be subtracted 

directly point by point. Reference maps were measured, for each 

orientation of the array, so that interferometer aberrations could be 

subtracted from the actual test data. Approximately 3000 data points 

were measured in each subaperture. 

The data were analyzed using NOZERN. In order to reduce the 

execution time of the program, the amount of data were reduced by a 

factor of four in each subaperture. This was done, using a special 

feature of SCALE, by eliminating alternating rows and columns of data. 

Care was taken to assure that the resulting data in overlapping 

portions of the subapertures were still defined on the same coordinate 

grid. Three different criteria were used to assess the performance of 

NOZERN. The first criterion involved use of SATTK to fit Zernike 

polynomials to the data in each array orientation before and after the 

NOZERN analysis. If tilt terms are included in the fit to the pre

NOZERN data, the resulting Zernike coefficients should be erroneous 

since the subaperture tilts in this case are random and thus do not 

contain the correct information about higher degree aberrations. If 
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tilt terms are included in the post-NOZERN data, the resulting 

coefficients should be correct, since the subaperture tilts are now 

all referenced to the same plane. It should also be possible to fit 

piston terms to the analyzed data. 

The second criterion involved prediction, using the known 

aberrations in the wavefront, of the piston and tilt difference terms 

found by NOZERN. In the process of referencing the data in the 

subapertures to the same plane, NOZERN in effect finds the full 

aperture piston and tilt terms of each subaperture and subtracts the 

piston and tilt terms of the first subaperture. The full aperture 

piston and tilt terms of each subaperture may be found as follows. 

The subaperture piston and tilt terms of subaperture k are found in 

applying SATTK to the data analyzed by NOZERN. These terms are 

d d b k _k n..... k esignate y a:, Gz, _..... a" respectively. The full aperture terms 

found by SAT1~ are designated by Zn, where n goes from 1 to N (as in 

chapter 2). Zl-' are different in each subaperture, while Z_-N are the 

same for all subapertures. The elements of the sensitivity matrix may 

be symbolized by S(m,n; tk,nk,rk), where the parameters are those 

defined in chapter 2. The subaperture tilt terms are given by 

and 

N 

a~ ~ r'z~ + ~ Zn oS(2,n; ~k,nk,rk) 
n .. 4 

(52) 



N 

a~ ,. r"Z~ + ~ Zn"S(3,n; t k 'l1k ,rk). 
n-4 
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(53) 

The summations may be calculated using the sensitivity matrix (with 

k 
the known subaperture center coordinates and relative radii), and az 

k and as are given by SATTK. Thus, equations 52 and 53 may be solved for 

Zz and Zs. The subaperture piston terms are given by 

N 

~ Zn·S(l,n; t k ,l1k ,rk), 

n-4 

(54) 

where Z~ and z~ are the full aperture tilts of subaperture k as found 

by equations 52 and 53. Thus, equation 54 may be solved for the full 

k aperture piston Zl of subaperture k. The piston and tilt difference 

terms found by NOZERN, designated by 6RO, 6C11, and 6S11, are given by 

6ROk :;0 Zk - Zl 
1 U (55) 

and 6C11k k 
,. Zz - Zh (56) 

6SUk k 
... Z, - Z~. (57) 

The above equations may be used to predict the piston and tilt 

differences c~lculated by NOZERN. Any discrepancies between the actual 

and predicted til~ differences larger than those allowed by the error 

analysis described 1.1 chapter 2 are indications of incorrect operati('In 

of NOZERN. 
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A third criterion for assessing the operation of NUZERN 

involves inspection of the actual data before and after the NOZERN 

analysis. Large discontinuities in the phase values are expected to 

exist between subapertures before the analysis. After the analysis, 

the phase values should be continuous between the subapertures to 

within the accuracy allowed by the algorithm. 

nUT 
U&.LLe 

All three criteria were applied to the data obtained on the 

Subaperture number 3 (see figure 4) was found to contain spurious 

phase data, and this subaperture could therefore not be used in the 

analysis. The cause of this spurious data is not known, but it is 

suspected that the data in this subaperture were improperly stored on 

the DHI's S200 computer after the data had been acquired. The starting 

subaperture was therefore number 3', and analysis proceeded in a 

clockwise sense around the array to subaperture 2 and ended on 

subaperture 1. The results of fitting Zernike polynomials to the data 

before and after the NOZERN analysis (criterion 1) are shown in table 

XVI and in figure 30. It is seen that the prediction of spurious 

results arising from the inclusion of piston and tilt terms before the 

NOZERN analysis was correct. The agreement among the various results 

for the corrected data is quite good. The piston and tilt differences 

predicted using equations 52-54 above, along with the actual 

differences found by NOZERN (criterion 2), are shown in figure 31. The 

predicted piston and tilt errors, as calculated for these particular 

data sets using the equations in chapter 2, are shown in figure 32. It 

is seen that the discrepancies between the predicted and actual piston 
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Table XVI 

SATTK Analysis of Data Before NOZERN Analysis 

Subapertures 3' - l' Subapertures 4 - 1 

coef. no tilt tilt no tilt tilt 
Cll 0.00 -0.44 0.00 0.07 
Sll 0.00 1.25 0.00 0.58 
R2 1.88 0.98 1.76 -0.31 
C22 3.27 0.92 3.45 -0.75 
S22 -0.17 0.06 -0.46 0.40 
C31 -0.13 -0.35 -0.15 0.21 
S31 -0.02 0.55 -0.05 0.24 
C33 -0.13 -0.42 -0.20 -0.33 
S33 0.23 -0.06 -0.04 -0.08 
R4 0.00 -0.29 0.03 0.16 
C42 0.03 1.13 0.06 0.50 
542 -0.07 -0.24 0.06 0.24 
C44 -0.03 0.44 0.01 0.18 
S44 0.15 0.01 -0.03 0.52 

SATTK Analysis After Nozern Analysis 

subapertures 3' - l' subapertures 4 - 1 
coef. no tilt tilt piston no tilt tilt piston 

0.00 0.00 -0.35 0.00 RO 0.00 -0.35 
Cll 0.00 1.55 1.52 O.OC 1.51 1.47 
811 0.00 1.36 1.37 0.00 0.91 1.22 
R2 1.95 1.81 1.85 1.82 1.79 1.93 
C22 3.55 3.54 3.58 3.75 3.45 3.55 
822 -0.19 -0.16 -0.16 -0.52 -0.22 -0.12 
C31 -0.16 -0.07 -0.08 -0.18 0.04 -0.07 
S31 -0.03 -0.02 -0.07 -0.06 0.07 -0.07 
C33 -0.16 -0.25 -0.22 -0.25 -0.03 -0.09 
833 0.28 0.16 0.16 -0.05 0.29 O.lS 
R4 0.00 -0.08 -0.12 0.05 -0.01 -0.17 
C42 0.03 0.14 0.05 0.07 0.05 0.03 
542 -0.09 -0.12 -0.08 0.08 -0.05 -0.05 
C44 -0.04 -0.05 0.00 0.02 0.02 0.02 
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Figure 30. Zernike decomposition of data before and after analysis by 
NOZERN. These are wavefront data at ). ,.. 0.514.5J1m. 
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Figure 34. Expe"rimental phase values along y :a 0.6 before and after 
analysis by NOZERN. The inset diagram of the array (as used in the 
experiment) shows the subapertures (the dots and circles correspond to 
those in the plot) from which these data were taken. 
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Figure 35. Experimental phase values along y = -0.54 before and after 
analysis by NOZERN. The inset diagram of the array (as used in the 
experiment) shows the subapertures (the dots and circles correspond to 
those in the plot) from which these data were taken. 
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Figure 36. Contour plot of the data after analysis by NOZERN. The 
contour step is one wave (O.514~m). The contour lines are seen to be 
nearly continuous from subaperture to subaperture. 
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Figure 37. Predicted wavefront error in the NOZERN analysis of the 
experimental data. The subaperture numbering corresponds to that in 
figure 4 (although in the experiment the array \Jas rotated 1800 from 
the orientation shown in figure 4). 
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and tilt differences in figure 31 are within those allowed by these 

error predictions. 

Several 

boundaries are 

profiles 

shown in 

of phase values 

figures 33-35 for 

across subaperture 

both corrected and 

uncorrected data. Contour lines of constant phase values are shown in 

figure 36. The predicted wavefront error (as calculated using 

equations 41 and 42 in chapter II) is shown in figure 37. It is seen 

that the wavefront error in the corrected phase maps (figs. 33-35) is 

within that allowed by the predictions. 

Turbulence Measurements 

Subaperture testing is likely to be perforn:ed in a large 

chamber in which turbulence is difficult to control. Obviously, 

accurate results are needed in spite of the turbulence. Therefore, the 

subaperture testing experiment was performed 'with turbulence 

deliberately introduced into the test arm of the DHI. In this section, 

a description of the turbulence generator is given first; this is 

followed by a presentation and discussion of the results. 
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Turbulence Generator 

The turbulence was generated using a heating strip 

(manufactured by the Kraver Manufacturing Corp.; this device is 

normally used for preventing water pipes from freezing) mounted on a 

4 in. wide board. Current through the strip was controlled by a light 

dimmer switch so that the temperature of the strip, and therefore the 

amount of turbulence, could be varied. The assembly was placed 

between the large component of the beam expander in the test arm and 

the autocollimating optics (array or monolithic flat). A metal grid 

with 9/64 in. diameter holes spaced 1/4 in. apart was placed over the 

generator in an effort to make the turbulence cells as small as 

possible. This would allow proper scaling of the experiment to full 

scale subaperture testing. A styrofoam cover was placed over the 

space between the large beam expander component and the 

autocollimating optics in order to form a "turbulence chamber". The 

purpose of this was to eliminate external air currents from the test 

arm. The temperature in the turbulence chamber was measured by means 

of a thermocouple. The strength of the turbulence was adjusted, using 

the dimmer switch, such that the temperature remained roughly 

constant. A photograph of the turbulence setup (without the styrofoam 

cover) is shown in figure 38. 
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figure 38. Turbulence generator in test arm of DHI. 1. Heating strip. 
2. Subaperture array. 3. Mount' for large component of beam expander 
in test arm. 4. Dimmer switch. 
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Results of the Turbulence Experiment 

Aberration plate 113 was used to introduce aberrations into 

the test wavefront. Measurements were obtained both with the 

subaperture array and the monolithic flat used as auto collimating 

optics. In this way, a direct comparison between subaperture testing 

and conventional testing could be accomplished. In both cases, phase 

maps were first measured with the turbulence generator turned off. 

Maps were then obtained with two settings of the dimmer switch on the 

turbulence generator, so that two different amounts of turbulence 

were generated. For each turbulence setting, phase maps were repeated 

several times in order to show whether the accuracy of the results 

indeed decreases as the turbulence increases, as might be expected. 

After each phase map was measured, the turbulence generator was 

turned off and the temperature in the turbulence chamber was allowed 

to return to ambient temperature. Before each phase map was measured, 

the turbulence generator was turned on for a set number of minutes so 

that the temperature reached a certain value. The generator was then 

turned on and off repeatedly in order to keep the temperature roughly 

constant. 

The results for the array and for the monolithic flat are 

shown in figures 39-40. Results of all repetitions are shown here in 

order to indicate the accuracy under the various measurement 

conditions. All analysis was done using SATTI< with tilts and piston 

not included in the full aperture fit. It may be seen that, as 
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Figure 39a. Turbulence results for monolithic flat, aberration plate 
#3; no turbulence. The results of five repetitions are shown. These 
are wavefront data (A • O.5145pm) 
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Figure 39b. Turbulence results for monolithic flat, aberration plate 
83; medium turbulence. The results of five repetitions of the 
experiment are shown. These are wavefront data O ... O.S14Spm). 



135 

1.5 

1.0 

0 Beginning temperature = 73.6 
0 Ending temperature ~ 76 

0.5 

0.0 

-' 

-0.5 

R2 C22 522 C31 531 C33 533 R4 C42 542 C44 544 

Figure 39c. Turbulence results for monolithic flat, aberration plate 
#3; maximum turbulence. The results of five repetitions of the 
experiment are shown. These are wavefront data (A ~ O.5145pm). 
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Figure 40a. Turbulence results for array, aberration plate 1/3; no 
turbulence. The results of five repetitions of the experiment are 
shown. These are wavefront data O. - O.51451olm). 
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Figure 40B. Turbulence results for array, aberration plate #3; medium 
turbulence. The results of five repetitions of the experiment are 
shown. These are wavefront data (l • O.5145~m). 
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Figure 40c. Turbulence results for array, aberration #3; maximum 
turbulence. The results of five repetitions of the experiment are 
shown. These are wavefront data (X - O.5145~m). 



139 

anticipated, the array results show more variation than do the 

monolithic results. However, a valid comparison may be done only if 

the turbulence conditions for the array and the monolithic flat were 

similar. An analysis of the turbulence is given next. 

Two parameters which may be used to describe turbulence are 

the variance of the phase fluctuations at anyone point and by the 

distance over which phase fluctuations are correlated. If these two 

parameters are the same for corresponding array and monolithic 

measurements, then it may be concluded that a comparison between the 

two is valid. A function which may be used to determine these 

quantities is the autocorrelation (Frieden). This is given by 

p(xjd) = <n(x)n(x-d», (58) 

where x is a spatial coordinate, d is the correlation distance, n(x) is 

a phase value due to noise at the point x, and <> denotes an average 

Jv~r many different noise maps. Thus, the autocorrelation gives the 

average correlation of the noise at points separated by a distance d. 

If the autocorrelation depends only on d but not on the particular 

location x, the noise is said to be wide-sense stationary (Frieden, 

1983, Ch. 9). If, furthermore, the noise is zero mean, then the 

autocorrelation at zero correlation distance is the variance of the 

noise. If the noise is not zero mean, then the value of the 

correlation at large correlation distances approaches the mean of the 

noise. 
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The autocorrelation of the noise in the turbulence data sets 

was calculated so that a basis for comparing the array and monolithic 

results could be achieved. For these calculations, it was assumed that 

the noise is strict sense stationary, meaning that the autocorrelation 

depends only on the separation of two points and that the statistics 

of the noise are independent of the location on the wavefront at 

which they are determined. Data sets consisting, supposedly, of pure 

noise were obtained by subtracting the data from successive 

repetitions of the turbulence experiment with the same test 

configuration and turbulence setting. All possible combinations of 

data sets were subtracted so that· the largest possible sample of 

noise data could be obtained. In the case of the array, data in 

corresponding subapertures were subtracted. T:le autocorrelation of the 

noise in each pair of subapertures wa~ computed, and the 

autocorrelations of all subapertures were then averaged. Again, in 

order to utilize all available data, two-dimensional autocorrelations 

were computed. The equation used for these computations is 

[J 
dX'dy'[n(;:~n(X"Y')l] 

circle 
(59) 

J 
(l-d)J' (l-d)Z-xZ 

dydx 
o 0 

p(d) :II 

where d = '(x-x')Z + (y-y')i. Software was developed to evaluatp. this 

equation for the case of the discrete data points obtained from the 

measurements. The inner-most integral calculates the average 

correlation between the noise at a point (x,y) and all points a 
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distance d away. Thus, advantage is taken of the stationarity of the 

noise. The outer integrals average the autocorrelation over all points 

in the aperture, thus taking advantage of the independence of the 

noise from the measurement location. The limits on the outer integrals 

perform the proper windowing of the data so that the autocorrelation 

is always computed for points distributed over a full circle. 

Equation 59 was used to calculate the autocorrelation of the 

noise in all subtracted data sets. In the case of the array data, data 

across the entire subapertures were used. The amount of data in each 

subaperture was reduced from the nominal 3000 to about 300 in order 

to decrease the computation time. In the case of the monolithic data, 

all data in an area centered on the monolithic phase adjust area and 

with a diameter equal to a subaperture diameter were used. (This 

included about 200 data points.) Since the tilt of the autocollimating 

optics was adjusted between measurement runs so that a reasonable 

number of fringes could be maintained, the tilt differences between 

corresponding data sets could not be assumed to be caused only by 

turbulence. Furthermore, the piston values in each data set were 

arbitrarily determined by the DHI software. Therefore, piston and tilt 

were subtracted from each data set before the data seLs were 

subtracted from each other. 

The result of the autocorrelation calculation is a list of 

numbers expressing the autocorrelation as a function of the 

correlation distance. All such results for a given turbulence setting 

and test configuration were averaged. The results are shown in figure 
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41 for the monolithic data and in figure 42 for the array data. It is 

seen that, in all cases, the autocorrelation decreases roughly 

exponentially over a certain range of correlation distances and then 

levels off after a certain correlation distance. In all data sets 

except the monolithic data with no turbulence, this maximum 

correlation distance is about 1.6 cm, thus indicating that the 

turbulence eddies were approximately the same size for all data sets. 

Relatively strong turbulence is seen to have existed for the array 

data with no turbulence even though the turbulence generator was 

turned off in this case. This turbulence could have resulted from air 

conditioning equipment located near the DHI. This air conditioning was 

always turned off during a measurement run, but was turned on in 

between in order to maintain the proper temperature for the 

electronics. It appears that the air was not given enough time to 

settle before these neasurements were obtained. 

It is seen in figures 41 and 42 that the variance of the 

turbulence-induced noise increases with the amount of turbulence, as 

is expected. However, it is also seen that the variances of the 

monolithic data sets are lower than those of the corresponding array 

data sets. However, the statistics of the monolithic, maximum 

turbulence data are roughly equal to those of the array, medium 

turbulence data. Therefore, it may be concluded that these two data 

sets may be directly compared to each other. The discrepancy in the 

turbulence statistics between the array and the monolithic data is due 

to the difficulty in controlling the amount of turbulence. A 
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measurement run using the array takes much more time than one using 

the monolithic flat. Therefore, in the former case the turbulence has 

a much longer time to develop and may be stronger in spite of efforts 

to maintain a constant temperature. 

Comparison of the results of the monolithic, maximum 

turbulence data and the array, medium turbulence data in figures 39 

and 40 shows that the Zernike coefficients for the array data are 

significantly less repeatable than the monolithic coefficients. 

Inspection of the subaperture coefficients (not shown here) derived in 

the process of the array analysis shows that the repeat.<tbility of 

these coefficients is about the same as that of the monolithic, full 

aperture coefficients. This is to be expected, since (see chapter 5) 

the data in the subapertures are defined on a coordinate grid similar 

(that is, equal number of points, same grid geometry) to that on which 

the monolithic data are defined. This also shows that, as deduced from 

the correlation study above, the noise has roughly equal statistics in 

these two data sets. The conclusion may thus be reached that 

subaperture testing is more sensitive to turbulence than conventional, 

monolithic testing. The error analysis shows that the large errors in 

the full aperture coefficients are caused by error magnification in 

the process of transforming from the subaperture to the full aperture 

coefficients. 

The size of the turbulence cells found in the correlation 

study is roughly the same as that t'£'pot'ted by other investigators 

(e.g. Bissonette, 1976) for cells in the free atmosphere. Thus, the 
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attempt at reducing this cell size was not very successful. However, 

in a full scale test, this means that the turbulence cells would be 

smaller relative to the size of the subapertures than they were in 

this experiment. Thus, the turbulence would look more like random, 

uncorrelated noise and the effect on the Zernike coefficients would be 

smaller. Thus, it may be concluded that the turbulence experiment 

performed for this research represents a worst case, and that full 

aperture Zernike coefficients in a full scale test would not be as 

strongly affected by turbulence as they were in this experiment. 



CHAPTER 5 

DISCUSSION OF EXPERIMENTAL RESULTS 

In the preceding chapter, the results of the subaperture 

testing experiment were presented and the analysis procedure was 

discussed. The indication, based on agreement with the Zygo results, is 

that subaperture testing indeed is a feasible testing technique. 

However, no error analysis of the results was done, no comparison of 

the Thunen-Kwon and Chow-Lawrence methods was done, and no analysis 

of the effects of the array configuration and of the effects of the 

knowledge of subaperture tilts on the analysis method was presented. 

These analyses are presented in this chapter. 

Error Analysis 

It may be seen from table XV in the preceding chapter that, 

while the results of the subaperture testing data generally agree 

with the Zygo results, the repeatability of the coefficients is, in the 

case of the C22 coefficient for the astigmatic aberration plate for 

example, only to within about one tenth wave. Several possible sources 

of these errors are discussed here. One likely source of error is the 

propagation of measurement noise through the Zernike polynomial 

fitting process. The measured phase values suffer from various error 

sources such as vibrations of the optical components and atmospheric 

148 
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turbulence. These phenomena are random and thus introduce random 

errors into the phase values. These errors in turn cause the 

coefficients of the Zernike polynomials fit to the data to exhibit 

random variations from one data set to the next. A formulation for 

determining the variances, due to the measurement noise, of the 

derived full aperture Zernike coefficients in the Kwon-Thunen method 

was presented in chapter 2, and is repeated here. The covariance 

matrix of the coefficients is given by 

where 

, = Y\rlyT, (60) 

Y describes the transformation from full aperture coefficients 

to subaperture coefficients 

W is a weighting matrix formed by the inverse of the covariance 

matrix of the subaperture coefficients 

This equation was used to calculate the covariances of the Zernike 

coefficients found in chapter IV. The matrix Y is calculated in the 

computer program SATTK in the process of the transformation from 

subaperture to full aperture coefficients; this matrix depends only on 

the geometry of the subapert~re array and on the type and number of 

polynomials used in the data analysis (non-normalized Zernike 

polynomials in the case of this dissertation). The weighting matrix W 

was calculated externally from SATTK using a program called COVAR. 

COVAR was written by Mr. Larry Wiles of the Air Force Weapons Lab. 
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COVAR calculates the covariance matrix of the subaperture 

coefficients; these covariances depend on the measurement noise and on 

the geometry of the grid on which the measurements were obtained. 

Covariance is defined in the same way here as in chapter 2 (equation 

29). 

In order to calculate '¥, W was first calculated using COVAR; 

the i!'v(:.~ses of the diagonal elements (assuming no correlation among 

the Zernike polynomials) of W were then inserted into SATTK and were 

in turn inserted into equation 60. It is assumed in the calculation of 

W that the measurement noise is zero-mean, additive, and uncorrelated. 

The zero-mean assumption implies that the measurements are not 

biased. The additive assumption implies that the noise is independent 

of the magnitude of the aberrations in the measured wavefront. The 

assumption of no correlation implies that the noise at one pixel is 

independent of the noise at other pixels. Calculations were done in 

order to determine how closely the actual measurement noise adheres 

to these assumptions. The correlation study for turbulence in chapter 

4 shows that the deviation from zero mean is no more than 0.02 waves. 

The deviation from zero mean would show up as a piston term in the 

Zernike decomposition of the subaperture data. However, piston is not 

used in the derivation of the full aperture coefficients. Thus, any 

deviation frum zero mean of the noise is of no concern here. The 

additive assumption was tested by calculating the variances of the 

various subaperture coefficients for the repetitions of the 
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measurements for the various aberration plates. These coefficients 

have different values for different aberration plates, but if the 

noise is indeed additive, then the variance of a given coefficient 

should be the same for all aberration plates. Results for the 

astigmatic plate and the spherical aberration generator are shown in 

table XVll. For each aberration plate, the coefficients for a given 

polynomial in one subaperture for all repetitions were averaged and 

the standard c!eviation was found. The standard deviations of this 

coefficient in all subapertures were then averaged together to give 

the standard deviations in table XVll. It is seen that the standard 

deviations of one coefficient (e22, for example) are nearly the same 

for the astigmatic and the spherical aberration plates even though the 

coefficients are significantly different in the two cases. Thus. it may 

be concluded that the measurement noise is indeed additive. 

The noise correlation was calculated in chapter 4 for the 

case of no turbulence (see data for monolithic flat). These 

calculations show that the correlation of the noise is not a delta 

function, but that the noise is correlated over a distance of at least 

8mm (for the monolithic, no turbulence case). This correlation may 

have an effect on the Zernike coefficients and could cause the 

coefficients to vary from one measurement run to the next even though 

the same aberration plate is used. Other investigators (e.g. Fried, 

1965; Noll, 1976) have shown how a wavefront aberrated by atmospheric 

turbulence may be described by Zernike polynomials. Inclusion of the 
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Table XVII 

Standard deviations of subaperture coefficients 
(wavelengths, A a 0.51451lD1) 

Theoretical AsUg. Aber. Plate Sphere aber. plate 

coef. array mask mask 

C11 0.0015 0.141 0.060 

Sl1 0.0015 0.0/4 0.209 

R2 0.0013 0.007 0.008 0.006 

C22 0.0018 0.013 0.013 0.013 

S22 0.0018 0.010 0.006 0.012 

C31 0.0021 0.005 0.008 0.007 

S31 0.0021 0.007 0.007 0.013 

C33 0.0021 0.004 0.006 0.006 

S33 0.0021 0.005 0.007 0.020 

R4 0.0017 0.006 0.005 0.005 

rms 0.0026 0.009 0.009 0.012 
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non-zero correlation distance would alter the derivation of the 

covariance matrix used for calculating the Zernike coefficient 

variances. Specifically, the product <nnT) in equation 34 would not 

equal a26ij' but would be a matrix including the off-diagonal 

correlation terms. No attempt was made to include this noise 

correlation in the data analysis. Thus, the ctllculation of the 

c.)variance matrix for the full aperture Zernike coefficients involves 

an approximation. However, it should still give an idea of the 

magnitude of these variances. Thus, only the variance of the noise 

must be known in order to compute the covariance matrix. This is given 

by the value of the autocorrelation at zero autocorrelation distance, 

as described in chapter 4, and also by the residual error of fitting 

Zernike polynomials to the data. Since the autocorrelation was 

calculated from two subtracted noise sets, its value at zero 

correlation distance is twice the actual noise variance. Both methods 

show the measurement noise to have a standard deviation of 0.03x. All 

these considerations show that equation 60 may be safely used to 

calculate the variances of the full aperture coefficients. 

Some results, as calculated by SATTK, are shown in table XVIII 

and compared to actual variances found for the astigmatic aberration 

plate based on repetitions of the measurements for this aberration 

plate. It was assumed here that the measurement noise is 0.03 waves. 

This number was used since it was consistently found to be the fit 

error of the least squares fit of Zernike polynomials to the 



154 

Table XVIII 

Comparison of Experimental and Theoretical Full Aperture 
Zernike Coefficient Variances 

(wavelengths) 

coef. Experimental Theoretical 

R2 0.043 0.007 

C22 0.067 0.011 

S22 0.075 0.011 

C31 0.013 0.003 

S31 0.016 0.003 

C33 0.031 0.005 

S33 0.039 0.005 

R4 0.009 0.001 

C42 0.007 0.003 

S42 0.023 0.003 

C44 0.015 0.003 

S44 0.040 0.003 

rms 0.052 0.008 
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subaperture data. It is seen that the predicted variances are smaller 

than the experimental variances by about a factor of ten. This shows 

that measurement noise is not the cause of the poor repeatability of 

the measurements. Other causes are discusRed here. One possible cause 

involves determination of tb~ r.enter of the global phase adjust area 

for SATTK. The beam on the DHI overfilled the array by 0.1 in., and 

thus the center of the global phase adjust area could shift by this 

much from one measurement to the next. This would cause changes in 

the Zernike coefficients. However, calculations done using the 

sensitivity matrix show that shifts of the center of the phase adjust 

area of 0.1 in. cause at most O.02A change in the largest Zernike 

coefficients encountered. Therefore, this is also ruled out as a cause 

of the poor repeatability. Roundoff error in the computer used in the 

data analysis (this uses 14 significant digits in single precision 

calculations) is also not a problem, as calculated using equations 

given by SteWctrt (1973, chapter 5) and confirmed with SATTK using 

noise-free synthetic data. Zernike coefficients calculated using the 

noise free data are accurate to at least 5 significant digits. 

Originally, spurious phase values were found in the data, and these 

caused considerable errors in the full aperture coefficients. However, 

these phase values always occurred near the edge of a subaperture and 

could be eliminated by decreasing the size of the phase adjust areas 

in the analysis by SATTK. Further error sources are shifts in the 

optical components on the DHI, errors in the phase adjust algorithm on 
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the DRI, or changes in the tilts of the subapertures. Such tilts could 

cause the return beam from the array to pass through the beam 

expander off axis, thus causing spurious off axis aberrations to be 

introduced. The astigmatic aberration plate was measured both with the 

subapertures aligned to the wavefront and with the subapertures 

aligned to the reference wavefront. No significant changes in the 

coefficients were observed as a result of these tilt changes. Larger 

tilts of the subapertures relative to the wavefront would have 

resulted in quadrant errors, and thus would not have been measured. 

Thus, excessive subaperture tilts would not seem to contribute to the 

poor repeatability. Equation 60 was used with the experimentally 

determined subaperture coefficient variances (table XVII) to predict 

the experimental full aperture coefficient variances in table XVIII. 

The agreement with the experimental values' was quite close, thus 

indicating that the poor repeatability was caused not by any errors in 

the subaperture analysis method, but by actual variations in the 

wavefront. A further implication of this result is that the 0.03 wave 

rms fit error was caused by high frequency noise, such as vibrations 

of optical components or by a high frequency component of turbulence, 

and that the poor repeatability was caused by long term variations of 

the wavefront (such as motions of the interferometer optical 

components or a low frequency component of turbulence). Thus, no 

cause has been found for the poor repeatability; future investigations 

will have to be done with greater attention given to error sources. 
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Of particular concern is the discrepancy between the array 

and monolithic R4 coefficients for the spherical aberration generator. 

Extensive computer simulations of this aberration generator were done 

in order to find possible causes for this dis::repancy. These 

simulations included the tilted, wedged beam splitters and the final 

imaging telescope. Changes in the tilt of the final beam splitter and 

defocusing of the aberration generator were simulated. However, the 

simulation showed that reasonable values of neither of these changes 

causes the observed 0.15 change in the R4 coefficient. The raw data 

for both the monolithic flat and the array were scrutinized, but no 

suspicious phase values were found. A possible source of the 

discrepancy is a defocusing of the final image transfer telescope on 

the DRI. Such defocusing has no effect on the total amount of 

spherical aberration in the intereference pattern since the test and 

reference beams are effected equally. However, such defocusing would 

cause a change in the size of the interference pattern on the IDC. If 

the focus changes such that the size of the interference pattern 

increases from the array to the monolithic data while the phase adjust 

area on the IDC remains constant, the amount of spherical aberration 

observed in the case of the monolithic flat would decrease. Spherical 

aberration is quite sensitive to such changes due to its 4th power 

dependence on the radius of the unit circle. No other evidence exists 

for RIlC'h a focus change, but it is conceivable that a focus change 

occurred since the image transfer telescope components were not 

rigidly mounted to the optical table. 
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Comparison of Thunen-Kwon and Chow-Lawrence Methods 

The analysis of several data sets was repeated using the 

method of Chow and Lawrence. This method was coded in a program 

called SAT3 (Barnard, Chow, and Lawrence, 1983). Data were prepared 

for this program using SCALE, as for SATTK. The results are shown in 

table XIX. It is seen that the Zernike coefficients found by the two 

methods are very nearly equal to each other. Variances of the 

coefficients found by SAT3 were calculated by taking the inverse of 

the matrix of normal equations used to derive the coefficients; this 

matrix is the covariance matrix of the full aperture coefficients. 

Covariance matrices for SAT3 and for SATTK., for the case of 6 Zernike 

coefficients used in the full and sub-apertures, ancl for a three 

subaperture array, are shown in figure 43. The matrix in the case of 

SAT3 has dimensions (3'ns + (L-3»x(3'ns + (L-3», where ns is the 

number of subapertures and L is the number of Zernikes used in the 

fit. The matrix includes the covariances of the piston and tilt terms 

in each subaperture. The covariance matrix for SATTK has dimensions N 

x N, where N is the number of full aperture coefficients. The matrix 

is given here for the case in which piston and tilt are not included in 

the fit. In this case, the dimensions of the matrix are (N-3)x(N-3). It 

is seen that the variances of the focus and astigmatic terms (given by 

the last three diagonal terms in each matrix) are the same in each 

matrix. However, the coefficients in the case of SAT3 are strongly 
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Table XIX 

Comparison of SATTK and SAT3 Analysis 
(Zernike coefficients in wavelengths) 

Astigmatic aberration plate Spherical Aberration plate 

Array Mask Mask 
coef SATTK SAT3 SATTK SAT3 SATTK SAT3 

R2 1.80 1.83 1.82 1.82 0.77 0.77 

C22 3.60 3.62 3.58 3.54 0.99 1.00 

S22 -0.45 -0.41 -0.31 -0.28 0.31 0.31 

C31 -0.18 -0.16 -0.21 -0.21 0.03 0.04 

S31 -0.02 -0.06 0.00 -0.01 -0.17 -0.17 

C33 -0.21 -0.23 -0.15 -0.15 -0.05 -0.04 

S33 0.11 0.10 0.06 0.06 -0.03 -0.04 

R4 0.04 0.03 0.07 0.06 0.50 0.50 

C42 0.03 0.02 0.05 0.07 0.09 0.09 

S42 0.00 -0.01 -0.04 -0.06 0.04 0.04 

C44 -0.02 -0.03 0.04 0.04 0.05 0.06 

S44 0.02 0.02 0.01 0.01 0.03 0.04 
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correlated with the tilt and piston terms of each subaperture. This 

may cause the derived Zernike coefficients of SAT3 and SATTK to be 

slightly different even if the same data set is used in each case and 

even though the variances of the coefficients found by the two 

programs are the same. This study confirms the determination by 

Jensen (1984) that SAT3 and SATTK calculate the same Zernike 

coefficients for a given data set. 

Derived Covariance Matrix for Kwon-Thunen Method 

The covariance matrices given in figure 43 were calculated by 

the corresponding computer programs. The covariance matrix was 

derived algebraically by James Negro (1984) for the normalized 

polynomials for tilt through third order spherical aberration and for 

a seven subaperture array. This derivation was repeated here for the 

non-normalized polynomials piston through third order spheri~.al, and 

also for a seven subaperture array. This matrix is shown in figure 44. 

The derivation was done using the sensitivity matrix and equations 16 

and 17 in chapter 2. The calculation of variances (the diagonal terms 

in the matrix) is seen to be tedious, but some important insights may 

be gained in the process. It is seen, in comparison to the matrix given 

by Negro, that the inclusion of piston leads to correlations between 

piston and several higher degree terms. This is particularly true for 

the S33 term, where piston causes the variance of S33 to be smaller 

than that of C33. Physically, this may be understood by realizing that 

the value of the S33 polynomial changes between 1 and -1 in 



Figure 44. SATTK covariance matrix for a seven subaperture array. This 
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is given for the Zernike polynomials RO through R4. 
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successive subapertures in the configuration used here. Thus, when 

piston is not included in the fit, only the relatively small curvature 

in the wavefront over a subaperture is available for determining S33. 

Much information is lost, and the variance increases. In general, it is 

seen that tilt has a much larger influence on the variances than does 

piston; thus a knowledge of tilt is much more important than a 

knowledge of piston. Tilt is seen to have a larger influence on lower 

degree polynomials such as astigmatism; the variance of R4 changes 

very little whether or not tilt is included. The subaperture 

coefficient variances must be calculated independently using a program 

such as COVAR. Only these factors depend on the number and placing of 

data points. The rest of the expressions for the variances depend only 

on the array configuration. For the matrix given here, subapertures 

with a radius of 1/3 of the full aperture radius were assumed. As the 

subaperture radii decrease, the variances are influenced more strongly 

by the tilt terms. This is reasonable, since, as the subaperture radii 

are decreased, the configuration of the classical Hartmann test is 

approached. In this test, only tilt information is obtained. 

It should be noted in figure 44 that the covariance matrix 

contains off-diagonal terms, thus indicating that some polynomials are 

correlated (R4 and R2, for instance). This means that the full 

aperture coefficients no longer exhibit the orthogonality prC'perties 

commonly associated with Zernike coefficients. Thus, when the number N 

of polynomials fit to the data is less than the highest degree of 
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polynomials contained in the wavefront, the value of the coefficients 

depends on N. The implication for the analysis of subaperture data 

using SATTK or SAT3 is that the highp.st degree of polynomials in the 

wavefront must be determined. This may be done, for instance, by 

observing the fit error as a function of the number of polynomials fit 

to the data. This error should decrease until the cortect number of 

polynomials has been reached; beyond this number the fit error should 

become constant. This non-orthogonality of Zernike polynomials in 

subaperture testing is an important point, and should be kept in mind 

for future work in this kind of testing. 

Effect of Tilt on Data Analysis 

An important issue in subaperture testing concerns the 

knowledge of individual subaperture tilts, as such knowledge can have 

an impact on the accuracy of the derived full aperture coefficients. 

In this experiment, the subaperture tilts were not known for the 

array. However, when the mask was used, the subaperture tilts were 

just the tilt of the monolithic flat over the various subapertures. 

Since this flat was polished to A/20, these tilts were small and could 

be assumed to be zero to a high degree of accuracy (1./20). Thus 

several of the mask data sets were analyzed with tilts included in 

SATTK. In order to dramatize the effects of tilt, the a •• alysis was 

done with only a fraction of the normal amount of data. With such a 

small amount of data, the variances of the subaperture Zernike 

coefficients and the correlations of polynomials with other 
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. polynomials become large enough to cause significant changes in the 

coefficients. Thus, the effect of tilt becomes more noticeable. Rows 

and columns of data were eliminated in such a manner that the 

remaining data were still on a uniform grid of points. When the data 

are reduced by a factor of as much as 100, the variances of the 

Zernike coefficients are several waves or tenths of waves when tilt is 

not included; and thus significant changes in the coefficients may be 

expected to occur as a function of the inclusion or omission of tilt 

in SATTK. Some results are given in figure 45. In these figures, the 

quantity t:. plotted on the ordinate is the su;n of the squares of 

differences of Zernike coefficients, given by the equation 

15 
t:. D ~ [Wi 

i=l 

- W ]2 
i ' 

(61) 

where WI refers to the i th Zernike coefficient for the case when all 

available data were used in the analysis, and Wi refers to the i th 

coefficient for the case when a reduced amount of data were used. 

Thus, t:. is a measure of the change in the Zernike coefficients as a 

function of the change in the amount of data. Results for the 

corresponding array data with equally reduced data sets show that 

mask data, when analyzed without tilt terms, are equivalent to array 

results with unknown subaperture tilts. Results for the monolithic 

data are also given. The important phenomenon to observe in the 
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Figure 45. The effect of a knowledge of tilt on the test accuracy. The 
fraction of data used for the analysis is plotted along the abscissa; 
an amount 1 corresponds to 3000 points per subaperture. This figure 
shows that the accuracy of the analysis including tilt remains 
constant even for small amounts of data. 

.. 
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figures is the change in A as the amount of data are changed. For 

example, for the spherical aberration generator data, A stays 

relatively constant for all amounts of data for the case when tilt is 

included, but its value is relatively large. The largl.! value of A is 

due to the fact that the tilts of the individual subapertures are not 

quite correct; these tilts were probably aberrated by turbulence. 

(This was found by calculating the subaperture tilts using the higher 

degree full aperture coefficients. The subaperture tilts found by 

SATTK should be the same as these except for a constant which is the 

same in all subapertures. This constant is the tilt of the entire test 

wavefront relative to the reference wavefront. However, this constant 

tilt differed by small but significant amounts in the various 

subapertures, thus indicating that the subaperture tilts were 

aberrated.) These incorrect tilts caused the value of C22 to be 

different from the case in which tilts were not included. However, the 

fact that A stays nearly constant-tor all amounts of data shows that 

tilt can have a very powerful influence on the coefficients. 

Figures 46-47 show values of some of the coefficients for 

various amounts of data. It is seen that, for the full amount of data, 

the coefficients for the two cases of tilt are the same (except for 

the spurious C22 for the spherical aberration generator). However, as 

the amount of data is reduced, the coefficients for the case when no 

tilt is included vary considerably, while those for the tilt case stay 

relatively constant. It: may thus be concluded that, if sufficient 
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Figure 46. Effect of knowledge of tilt on the full aperture Zernike 
coefficients for the astigmatic aberration plate. a. These results 
were obtained using the full amount of data (3000 points) in each 
subaperture. b. These results were obtained using 1/100 of the data 
(about 30 points) in each subaperture. 
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Figure 47. Effect of knowledge of tilt on the full aperture Zernike 
coefficients for the spherical aberration generator. a. These results 
were obtained using the full amount of data (3000 points) in each 
subaperture. b. These results were obtained using 1/100 of the data 
(about 30 points) in each subaperture. 
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quantities of data are collected, knowledge of tilt is not important. 

As may be seen from the covariance matrix in table XIX, the quantity 

of data required depends on the measurement noise (via the subaperture 

coefficient variances). For the noise encountered in this experiment, 

3000 points per subaperture are more than sufficient; 750 points 

appears to be enough also. Any amount smaller than 750 would be cause 

for concern. 

Effect of Array Configuration on Data Analysis 

Analysis of several data sets was done with the data in 

sevel'al :'ub::p~~t:ares ~issing. The purpose of this was to show the 

effect of the array configuration on the accuracy of the derived 

Zernike coefficients. In figures 48-53 are shown some results for 

cases in which all subapertures, every other outer subaperture with 

the central subaperture, and every other outer subaperture without 

the central subaperture were used in the data analysis. It is clear 

from these results that, with the full amount of data, the results 

are still quite accurate. However, as the amount of data are reduced, 

the results become less accurate, and eventually even including tilt 

does not cause a sufficient increase in the accuracy. 

Analysis was done with the radius of each subaperture 

reduced. Some results are shown in figures 54-55. No data were 

eliminated for this analysis. It is seen that the reduction of the 

subaperture radius has a much more profound effect than does the 

reduction in the amount of data. Also, tilt causes a much larger 
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Figure 48. Effect of the subaperture array configuration on the test 
accuracy; the astigmatic aberration plate and subapertures 1, 3, 5, 
and 7 were used for this analysis. 
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Figure 49. Effect of the subaperture array configuration on the test 
accuracy; the astigmatic plate and subapertures 1, 3, and 5 were used 
for this analysis. 
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Figure 50. Effect of the subaperture array configuration on the test 
accuracy; the spherical aberration generator and subapertures 1, 3, 5, 
and 7 were used for this analysis. 
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Figure 51. Effect of the subaperture array configuration on the test 
accuracy; the spherical aberration generator and subapertures 1, 3, 
and 5 were used for this analysis. 
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Figure 52. Effect of the subaperture array configuration on the full 
aperture Zernike coefficients; astigmatic aberration plate. a. 
Subapertures I, 3, and 5 were used with the full amount of data. b. 
Subapertures 1, 3, and 5 were used with 1/100 of the data. 
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Figure 53. Effect of the subaperture array configuration on the full 
aperture Zernike coefficients; spherical aberration generator. a. 
Subapertures 1, 3, and 5 were used with the full amount of data. b. 
Subapertures 1, 3, and 5 were used with 1/100 of the data. 
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Figure 54. Effect of a reduction of the subaperture radii on the test 
accuracy; astigmatic aberration plate. The second 1/4 radius entries 
refer to the case in which the subapertures were no longer concentric 
with the full radius eubapertures, but were moved to the edge of the 
full aperture. 
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Figure 55. Effect of a reduction of the subaperture radii on the test 
accuracy; spherical aberration generator. The second 1/4 radius 
entries refer to the case in which the subapertures were no longer 
concentric with the full radius subapertures, but were moved to the 
edge of the full aperture. 
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increase in the accuracy, as predicted by the covariance matrix. 

However, for the 1/4 radius analysis, even knowledge of tilt does not 

yield accurate results. This is caused by the small area of the full 

aperture covered by the subapertures in this case and the resul ting 

difficulty in detecting individual aberrations. Future investigations 

should determine how many such small subapertures are required to 

yield accurate results. 



CHAPTER 6 

CONCLUSIONS 

In the introduction to this dissertation, several questions 

were stated which were to be answered using the results of the 

subaperture testing experiment. In this chapter, the questions are 

repeated and answers are gtven. 

1. Does the model used to enalyze subaperture testing data accurately 

represent the physical system it describes? Three models were used 

to analyze the subaperture testing data: those of Thunen and Kwon and 

of Chow and Lawrence, and the non-Zernike method. Within the 

limitations discussed in chapter V, each model may be expected to 

provide accurate wavefront data. 

2. How should the wavefront over each subaperture be digitized? Tlle 

discussion in chapter V shows that the digitization pattern may have a 

very important effect on the accuracy of the test results. The 

digitization question covers such aspects as the number of points to 

be used, the shape of the pattern over which points are collected, and 

the size of the subapertures. Of these parameters, the size of the 

subapertures has the most influence on the test accuracy. A reduction 

in the size of the subapertures leads to a rapid increase in the 

variance of the various Zernike coefficients. If small subapertures 

are used in the non-Zernike method, more subapertures are needed to 

180 
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cover the entire aperture of the system under test. Thus, more fits of 

piston and tilt terms to overlapping data are required, and thus the 

errors of the piston and tilt terms reach a higher value. The number 

of points at which wavefront data are measured also has an important 

influen.;e on the accuracy. The variances of the Zernike coefficients 

vary as i, where N is the number of data points. For the experiment 

A performed here, considering the noise on the OHI of 30' 750 points per 

subaperture for a seven subaperture array assures the accuracy of 

both the Kwon-Thunen and Chow-Lawrence methods. A larger number of 

points is desirable for the non-Zernike method due to the error 

propagation which occurs in this method. For the large number of 

points recommended here, the digitization pattern may be uniform or 

random if only a relatively small number ~<~ 15) of Zernike 

polynomials is used in the fit. For a larger number of polynomials, a 

uniform grid should be used in order to avoid large correlation among 

polynomials. 

3. What constitutes a critical test of subaperture testing? The 

question of overwhelming importance in subaperture testing is whether 

this method is capable of providing accurate wavefront information. A 

critical test would show that the test does give accurate resul ts 

(that is, that the information which it provides agrees with known 

information) and would also give information about the precision of 

the test. An insufficient amount of data was obtained here to show 

how precise subaperture testing is. However, the results in chapter 4 
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and chapter 5 do show that the derived Zernike coefficients agree with 

those determined by the Zygo interferometer within about 0.1 waves. 

Thus, subaperture testing may be trusted to give accurate results to 

at least this tolerance. 

4. What is the allowable surface error of the subapertures? In an 

actual test of an optical system, a reference wavefront which 

includes the errors of the subapertures, such as was obtained in this 

experiment (when no aberration plates were inserted), may not be 

obtained since such a wavefront also contains the aberrations of the 

system under test. Therefore, an independent means must be found for 

either verifying that subaperture errors are smaller than the desired 

accuracy of the test, or for finding the subaperture errors with the 

array of subapertures in the test position. These subaperture errors 

could then be subtracted from the test data. 

S. How sensitive is subaperture testing to vibrations of the array? 

The results show that subaperture testing is not particularly 

sensitive to vibrations. In spite of the relatively large amount of 

noise on the DHI, the experiment was capabl~ of giving accurate 

results. 

6. Are Zernike polynomials the best polynomials to use? Only Zernike 

polynomials were used in this study. The results of chapter V show 

that the test accuracy is severely jeopardized if large correlation 

exists among the Zernike polynomials. This correlation is made larger 

by the periodic pattern of points over which the data are collected. 

If non-orthogonal polynomials are used in the analysis, then the 
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correladon would be still larger. Since Zernike polynomials are 

nearly orthogonal over the finite number of data points used here, and 

since they are easily related to the classical aberrations, these 

polynomials should be used. However, it must be kept in mind that the 

full aperture Zernikes are not quite orthogonal for subaperture 

testing data, and therefore the maximum degree of aberrations in the 

test wavefront must be determined. X-Y polynomials which ar~ 

discussed by s.:>me investigators (Kim, Wang and Silva) should not be 

used since they are badly correlated. 

7. May subaperture tilts be estimated? No reasonable method exists 

for determining the tilt of the subapertures relative to the optical 

axis of the interferometer. Relative tilts of the subapertures with 

respect to each other are found in the non-Zernike method. These tilts 

may be used to increase the accuracy of the Zernike coefficients. 

However, this method requires that the subaperture array be used in at 

least two different orientations, and the method was not meant to be 

used for Zernike decomposition in the first place. Chapter V shows 

that knowledge of subaperture tilts increases the accuracy of only 

third and lower degree Zernike coefficients; the influence on higher 

degree coefficients is very small. Lack of knowledge of subaperture 

tilts may be compensated by an increase in the number of points at 

which data are measured. Thus, knowledge of subaperture tilts is seen 

to be of less importance than was thought at the beginning of this 

study. 

8. Are polynomials necessary? Zernike polynomials give accurate 
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results if the measurements are precise (i.e. low noise) and if the 

data points are carefully chosen to lie on a uniform grid. However, 

the possibility of atmosph,'!ric turbulence existing at the time of the 

experiment introduces a measure of uncertainty into the coefficients; 

one can never be quite sure that the Zernike polynomials really 

accurately represent a wavefront. Also, Zernike polynomials do not 

give good fits of local, high spatie.l frequency irregularities in a 

wavefront; if such irregularities are fit, then spurious irregularities 

are introduced by the Zernikes at other points in the wavefront. For 

these reason, the non-Zernike method is to be favored over the other 

methods since it is e.].ways sure to give accurate phase data at the 

measurement locations. 

9. Is a dynamic analysis of the subaperture array necessary? As long 

as the subapertures are mounted rigidly, no such testing is required. 

The results of this experiment show that a completely passive 

subaperture array is capable of giving accurate results. 

10. Is subaperture testing particularly sensitive to turbulence? The 

results of the turbulence experiment show that the answer is yes. 

Turbulence affects subaperture testing much more strongly than it 

affects monolithic testing. The n~~son is the error magnification 

which occurs in the transformation from subaperture to full aperture 

in the Kwon-Thunen and Chow-Lawrence methods. Turbulence likewise may 

be expected to increase the error propagation in the non-Zernike 

method. Care should be taken to minimize turbulence, particularly 1n 

the test arm of the interferometer. 
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11. Unasked questions: How should segmented mirrors be tested using 

subapertures? How is the optimum array configuration chosen for a 

particular system under test? These questions will be answe:-:-ed by 

future investigators. 

In conclusion, it may be stated that subaperture testing 

indeed functions, but that precautions must be taken which may not 

have to be taken in monolithic testing. These precautions include 

reducing the atmospheric turbulence to a minimum and determining the 

maximum aberration content of the test wavefront. Both the methods of 

Thunen-Kwon and of Chow-Lawrence give accurate results. If the 

subaperture tilts are known (which is very unlikely) then the Thunen

Kwon method is to be preferred. Otherwise, the Chow-Lawrence method 

is to be preferred since it requires less computing time (roughly one 

half that of the Thunen-Kwon method) and is simpler to use. However, 

it requires more computer memory since the data in all subapertures 

must be stored simultaneously in the program, whereas in the Thunen

Kwon method, only the data in one subaperture must be stored at any 

one instant. If accurate phase data are desired at a large number of 

points across the aperture, then the non-Zernike method is to be 

preferred. However, this method is subject to large error 

magnification, and thus requires potentially complicated analysis 

schemes for overcoming this error magnification. Due to the large 

amount of data which this method uses, the computing time is 

substantially larger for this method than for the two methods based 

on Zernike polynomials. For 750 points per subaperture, NOZERN 
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requires roughly 55 seconds of cpu time, while SATTK requires 11 

seconds and SAT3 requires 7 seconds. However, with NOZERN one is 

assured that the analysis procedure introduces no spurious artifacts 

into the data, and this may in some instances offset the increased 

cost of operation. 
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APPENDIX 

Listing of NOZERN and sample output 
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PROGRAM NOZERN(NROT,ROT,NOZDAT,INPUT,QUTPUT,TAPE14aNQZDAT,TAPE17-N 
1ROT,TAPEleaROT,TAPE5~INPUT,TAPE~-oUTPUT) 

COMMON IDATAl/DATC(600),Z(3,600) 
COMMON IDATA2/ DATA(3,000),DATB(3,000) 
N-O 
MaO 
WRITE (6. 100) 

100 FORMAT<1X,"ENTER NUMBER OF SUB APERTURES ") 
C ............ READ NUMBER OF S!J9APEP!,I_I~C'C: nl A~RAY. 

LO READ(~,"') SN 
NS-SN.2. -1. 
DOlO I-l.NS 
NNaO 

C.... 1'1 DETERMINES WHETHER THE NEXT FILE WILL BE READ FROM THE SET OF 
1~ C FILES WITHMTHE ARRAY IN ITS NOMINAL ORIENTATION OR WITH THE ARRAY 

C IN ITS ROTATED ORIENTATION. 
C ...... READ IN THE PHASE DATA. THE END OF THE DATA IN EACH SA IS DEMARK
C ED BY A PHASE VALUE .GE. 900. THIS READ ALGORITHM ASSURES THAT THE 
C END OF EACH FILE IS REAOIED (WHEN TWO FILES AREREAD SIMUL-

20 C TANEOUSLV). 
DO 20 J-l,OOO 
IF (1'1) 60,00.70 

60 READ(17,.)OATA(1,J).DATA(2,J).DATA(3,J) 
IF(DATA(3,J) .LT. 900.) GO TO 70 

25 IF (1'1) 30.~.30 
7~ IF (DATB(3.J) .GT. 900.) GO TO 30 

READ (18 •• ' A.B.DATB(3.J) 
GO TO ~ 

70 IF (1'1) 20.80.80 
30 80 READ(18 •• ) DATB(1.J).DATB(2,J),DATB(3.J) 

IF (DATB(3.J) .LT. 900.) GO TO 20 
IF (1'1) 30,76.30 

7a IF (DATA(3.J) .GT. 900.) GO TO 30 
READ(17 •• ) A.B.DATA(3.J) 

3~ GO TO 7a 
20 CONTINUE 
30 J-J-1 

C •••• J .. NUMBER OF DATA POINTS. 
WRITE(b, 120) J 

40 N-N+1 
M-(-l) •• N 
I~RITE (a, 101> 1'1 

C •••• SUBTRACT DATA IN OVERLAPPING PORTION OF SUBAPERTURES. 
CALL MINUS(J.M,NN,XMN,STDl 

4~ C ........ NN • NUMBER OF POINTS IN OVERLAPPING PORTION. 
WRITE (6, 120lNN 

C .......... CALCULATE MEAN AND STANDARD DEVIATION OF DATA IN OVERLAPPING 
C PORTION OF SUBAPERTURES. 

XMN-XMN/NN 
50 STD·SQRT«STD-(XMN.XMN~NN»/(NN-l» 

WRITE(b,l~O'XMN,STD 
101 FORMAT (1X,"M .. ",I~) 

C ...... FIT PISTON AND TILT TERMS TO DATA IN OVERLAPPING PORTION OF SA J. 
CALL FIT(NN.RO,Cll,S11) 

55 C •••• WRITE DATA IN FIRST SUBAPERTURE TO FILE. 
IX-I-l 
IF (IX) 91.91,92 



91 DO 13 1...-1,J 
13 WRITE(14, 110) DATA(1,1...),DATA(2.1...) ,DATA (3,1...) 

~O X-O.O 
Y-O.O 
OP~ - 999.0 
WRITE(14.110) x.Y.OPO 
GO TO ~ 

6~ 92 IF (M) 9~.~,90 
C •••• SUBTRACT PISTON AND TILT FROM DATA IN CORRECTED FII...E. 

9~ DO 11 1...=-1. J 
DATB(3.1...) - DATB(3,1...)-(RO+Cl1.DATBe1,1...)+S11*OATB(2.1...» 
WRITE(14.110)DATB(1,1...),DAT9(2,1...).DAT9(3.1...) 

70 11 CONTINUE 
GO TO 96 

90 DO 12 1... .. 1.J 
DATA(3.1...)-DATA(3.1...)-(RO+C11.DATA(1,1...)+S11.DATA(2,L» 
WRITE (14.110) DATA(1,L).DATA(2,L),DATA(3.L) 

~ 12 CONTINUE 
96 X-O.O 

Y-O.O 
OPO-999.0 
WRITE(14.110)X.Y.oPO 

80 NNooO 
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C.... CALCUI...ATE MEAN AND STANDARD DEVIATION OF CORRECTED DATA IN OVER-
C I...APPIN8 PORTION OF FII...ES. 

CA~ MINUS(J.M,NN.~MN.STD) 
XMN-XMN/NN 

8~ STD-SQRT«STD-eXMN.XMN.NN»/eNN-l» 
WRITE(6,160)XMN.STD 

160 FORMAT Cl X, "AFTER FIT, MEAN" ".Fl0.4." SIGMA" ",Fl0.41l 
1~0 FORMATelX, "BEFORE FIT, MEAN .. ",F10.4." SIGMA - ",Fl0.4) 

10 CONTINUE 
90 110 FORMAT(2FB.4.F12.4) 

120 FORMAT e I~) 
STOP 
END 
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·SUBFIT 
C •••• THIS SUBROUTINE USES LEAST SQUARES TO FIT PISTON AND TILT TERMS 

5 

C TO DATA. 

C 
C 
C 

SUBROUTINE FIT(NN.RO.Cl1.S11) 
DIMENSION ZTZ(3.3).ZTP(J).XMU(J.J) 
COMMON/DATAI/DATC(600).Z(3.600) 

•••• DATC CONTAINS SUBTRACTED DATA IN OVERLAPPING PORTION OF SA"S. 
•••• Z CONTAINS THE VALUES OF THE PISTON AND TILT POLYNOMIALS AT COOR

DINATES IN OVERLAPPING POTTION. 
10 C SET ALL ARRAY ELEMENTS TO ZERO. 

lJU 11 1-1 • .3 
DO 11 J-l.3 

11 XMU(I,J)-O.O 
DC 10 I-1.NN 

15 10 Z(1.I)-1.0 
DO 20 1(-1.3 

DO 20 I-K.3 
ZTZCl(d) -0.0 
DC 30 J-1.NN 

20 C •••• CALCULATE UPPER TRIANGLE OF NORMAL EQUATIONS (ZTZ) FOR LEAST 
C SQUARES FIT. 

30 ZTZ(l(d) - ZTZ(J(,z) + Z<I •. J).Z(I(.J) 
ZTZ(I.I()-ZTZ(J(.I) 

WRITE(6.100)I.I(.ZTZ(I.I() 
25 WRITE(6.110)I(.I.ZTZ(J(.I) 

20 CONTINUE . 
DO 40 1(-1.3 
ZTP(J() -0. 0 
DC 45 J-l.NN 

30 45 ZTP(J() u ZTP(J() + Z(J(.J).OATC(J) 
40 WRITE (6. 120)I(.ZTP(J() 

C BEGIN GAUSSIAN ELIMINATION 
DO :50 1-1.2 

N-I+1 
3S DO 50 J-N.3 

XMU(I.J)-ZTZ(J.I)/ZTZ(I,I) 
C •••• WRITE PIVOT ELEMENTS USED IN GAUSSIAN ELIMINATION. 

WRITE(6.130)I.J.XMU(I,J).ZTZ(J.I),ZTZ(I,I) 
ZTP(J) a ZTP(J) - XMU(I.J).ZTP(I) 

40 ao 50 J(aI,3 
SO ZTZ(J,I(). ZTZ(J.I()-XMU(I.J).ZTZ(I,I() 

C •••• CALCULATE PISTON AND TILT COEFFICIENTS USING TRIANGULARIZED 
C NORMAL EQUATION MATRIX. 

S11-ZTP(J)/ZT7.(J.3) 
4S Clla (ZTP(2)-Sll.ZTZ(2.3»/ZTZ(2,2) 

RO-(ZTP(1)-S11.ZTZ(1.3)-Cl1·ZTZ(1,2»/ZTZ(1,1) 
WRITE(6.140)RO.C11.S11 

100 FORMAT(lX."ZTZ(",2I2.") - ",F10.4) 
110 FORMAT(lX,"ZTZ(".2I2.") • ".FI0.4) 

~O 120 FORMAT(lX."ZTP(".I2.") a ",FIO.4) 
140 FORMAT(lX,"RO • ".F10.4." Cl1 .. ",FIO.4," 511 .. ",FI0.4) 
130 FORMAT(lX,"XMU(",2I2.") .. ",3FI0.4) 

RETURN 
END 
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1 .SUBI'IIN 
C •••• THIS SUBROUTINE SUBTRACTS DATA IN OVERLAPPING PORTION OF TWO SA"S 

SUBROUTINE MINUSeJ.M.NN.XMN.STD) 
COMMON IDATA1/DATCebOO).Z(3.600) 

~ COI'IMDN IDATA21 DATAe3.000).DATBe3.000) 
XMN-O.O 
STD-O.O 

C •••• COMPARE DATA IN TWO FILES IN ORDER TO FIND OVERLAPPING POINTS. 
DO 40 l(-t.J 

10 DO ~O L-1.J 
IF <DATBel.l() .NE. DATA(l.L»GO TO ~o 
IF (DATBe2.1() .NE. DATA(2.L»GO TO SO 
N~NN+l 

C •••• SUBTRACT PHASE VALUES IN OVERLAPPING PORTION OF SUBAPERTURES. 
1S IF (DATAe3.L) .GE. 900 •• OR. DATB(3.1() .GE. 900.) GO TO SO 

DATCeNN) • (DATAe3.L) - DATBe3.K».M 
ze2.NN)-DATBel.K) 
ze3.NN) - DATB(2.K) 
X~ - XMN+DATceNN~ 

20 STD - STD+(DATCCNN» •• 2 
SO CONTINUE 
40 CONTINUE 

WRITEeb.100)NN 
100 FORMAT (lX." NN IN MINUS - ".I~) 

2:5 RETURN 
END 
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ENTER NUMBER OF SUBAPERTURES 
280 

M ,. -1 
NN IN MINUS .. 106 
106 

BEFORE FIT. MEAN .. • 7808 SIGMA .. .1302 
ZTz'< 1 1) 106.0000 
ZTZ< 1 1> ,. 106.0000 
ZTZ< 2 1> .. -00.11:50 
ZTZ< 1 2) • -66.11:50 
ZTZ< 3 1 ) .. -18.30:50 
ZTZ< 1 3) .. -18.30:50 
ZTZ< 2 ~) - 43.0330 
ZTZ< 2 2) 43.0330 
ZTZ( 3 2) 11.6963 
ZTZ< 2 3) • 11.6963 
ZTZ( 3 3) · 3.8698 
ZTZ( 3 3) - 3.8698 
ZTP( 1 ) :or 82.761:5 
ZTP( 2) :or -:50.841:5 
ZTP( 3) - -1:5.00:50 
XI'IU( 1 2) .. -.6237 -66.1150 106.0000 
XI'IU( 1 3) .. -.1727 -18.30:50 106.0000 
XMU( 2 3) .. .1:5:54 .2790 1.79:54 
RO .. .9:564 e11 .. .6287 S11 :0 -1.2:53:5 

NN IN MINUS .. 106 
AFTER FIT. MEAN ,. .0000 SIGMA .. .0614 

280 
M .. 1 

NN IN MINUS 95 
9:5 

BEFORE FIT. MEAN - .1074 SIGMA = .0714 
ZTZ ( 1 1) .. 9:5.0000 
ZTZ( 1 1 ) - 9:5.0000 
ZTZ( 2 1> .. -:59.2900 
ZTZ( 1 2) .. -59.2900 
ZTZ( 3 1) .. 14.9800 
ZTZ ( 1 3) -" 14.9800 
ZTZ ( 2 2) .. 38.7198 
ZTZ( 2 2) .. 38.7198 
ZTZ ( 3 2) .. -9.6224 
ZTZ( 2 3) :or -9.6224 
ZTZ( 3 3) .. 2.8616 
ZTZ( 3 3) - 2.8616 
ZTP( 1 ) '" 10.2070 
ZTP( 2) = -6.9884 
ZTP( 3) .. 1.63:52 
XMU( 1 2) -.6241 -59.2900 95.0000 
XMU( 1 :n .. .1:577 14.9800 95.0000 
XMU( 2 3) -.1592 -.2733 1.7166 
RO = -.1080 Cl1 = -.3855 S11 -. 1595 

NN IN MINUS = 95 
AFTER FIT. MEAN '" -.0000 SIGMA '" .0510 



280 

M - -1 
NN IN MINUS - 103 
103 

BEFORE FIT. MEAN -
ZTZ( 1 U .. 103.0000 
ZTZ( 1 1> .. 10:5.0000 
ZTZ( 2 1) .. -47.7730 
ZTZ( 1 2) .. -47.77~0 
ZTZ( 3 1) - 47.7':=.0 
ZTZ( 1 3) . 47.Tr.50 
ZTZ( 2 2) .. 22.977:3 
ZTZ( 2 2) .. 22.977:3 
ZTZ( 3 2) - -22.3477 
ZTZ( 2 3) .. -22.3477 
ZTZ( 3 3) .. 22.977:3 
ZTZ( 3 3) - 22.977:3 
ZTP( 1> .. 6:5.6892 
ZTP( 2) • -27.3264 
ZTP( 3) .. 27.7223 
XMU( 1 2) .. -.4:5:50 
XMU( 1 3) - .4~0 
XMU( :<: 3) - -.4921 
RO = .1. 7887 Cll .. 

NN iN MINUS .. lOS 
AFTER FIT. MEAN -

291 
M .. 1 

NN IN MINUS -
106 

106 

BEFORE FIT. 
ZTZ ( 1 1> .. 
ZTZ ( 1 1) .. 
ZTZ( 2 1) .. 
ZT! ( 1 2) -
ZTZ ( 3 1> .. 
ZTZ ( 1 3) -
ZTZ( 2 2) .. 
ZTZ( 2 2) -
IT::, :::; 2) -
ZTZ( 2 3) .. 
ZTZ( 3 3) -
ZTZ( 3 3) -
ZTP( 1) .. 

ZTP( 2) -
ZTP( 3) -
XMU ( 1 2) .. 
XMU ( 1 :3> .. 
XMU( 2 3) .. 

MEAN .. 
106.0000 
106.0000 
-18.3030 
-18.3030 

66.1130 
66. 11S0 
3.8698 
:1.8698 

-11. ':''163 
-11.6963 

43.0330 
43.0330 

84.:5117 
-13.3611 

SO. 0793 
-.1727 

.6237 
-.3937 

RO .. 1.80S8 Cl1 -
NN IN MINUS" 106 

AFTER FIT. MEAN -

.6236 SIGMA -

-47. 77S0 10:5.0000 
47.77:50 103.0000 
-.6101 1.2397 
1.:592~ 5:. . .. 

.0000 SIGMA -

.7973 SIGMA-

-18.30:50 106.0000 
66.11S0 106.0000 
-.2790 .7087 

.2497 

-.9637 

.05:52 

.2219 

1.2384 511 = -1.2741 

.0000 SIGMA .. .0:524 
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280 
M - -1 

NN IN MINUS - 106 
106 . 

BEFORE FIT. MEAN - -.2064 SIGMA - .0839 
ZTZ ( 1 1) 106.0000 
ZTZe 1 1) - 100.0000 
ZTZ( 2 1) - 18.3C~0 
ZTZ( 1 2). 18.30~0 

ZTZ ( 3 1) 00. 11~0 
ZTZ( 1 J),. 60.11~0 

ZTI( 2 2) • J.8698 
ZTZ(-2 2) • J.8698 
ZTZ( J 2) - 11.0903 
ZTZ( 2 J). 11.6903 
ZTZ( 3 3). 43.0330 
ZTZ( 3 J). 43.0330 
ZTP( 1) - -21.8816 
ZTP( 2) - -3.~40 
ZTP( 3) - -14.3000 
XMU( 1 2) - .1727 18.30~0 106.0000 
XMU( 1 J) • .6237 6b.11~0 100.0000 
XMU( 2 3) - .3937 .2790 .7087 
RO - -.0194 Cll - .~200 Sll • -.4439 

NN IN MINUS - 106 
AFTER FIT. MEAN - -.0000 SIGMA - .0~~4 

280 
M - 1 

NN IN MINUS,. lO~ 

10~ 

BEFORE FIT. MEAN • 
ZTZ< 1 1). 10~.0000 
ZTZ( 1 1) - 10~.OOOO 
ZTZ( 2 1) - 47.~0 
ZTZ( 1 2). 47.7~0 

ITZ( 3 1) - 47.7~0 
ZTZ( 1 3). 47.7~0 

ZTZ( 2 2). 22.9773 
ZTZ< 2 2). 22.9773 
ZTZ( J 2) - 22.3477 
ZTZ< 2 3). 22.3477 
ZT! ( 3 3) - 22.9773 
ITZ( 3 3) - 22.9773 
ZTP( 1) ~ 46.1688 
ZTF ( 2) =-22.1127 
ZTP( 3)" 21.0677 
XMU ( 1 2) .. .45::50 
XMU ( 1 3) .. .45:50 
XMU( 2 3) .. .4921 
RO • .l~27 Cll = 

NN IN MINUS =- 10~ 

AFTER FIT. MEAN .. 

.4397 SIGMA" .1238 

47.7~0 10:5.0000 
47.77::50 10::5.0000 

.6101 1.2J97 
1.14:53 511 = -.5145 

.0000 SIGMA = .0~86 
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M - -1 

NN IN MINUS :a 

106 
106 

BEFORE FIT. 
ZTZ ( 1" 1) -
Zll ( 1 1) -
ZTZ( 2 1) -
ZTZ ( 1 2) .. 
ZTZ( 3 1) .. 
ZTZ ( 1 3) -
ZTZ( 2 2) .. 
ZTZ ( 2 2) -
ZTZ( .3 2) .. 
ZTZ( 2 3) .. 
ZTZ( 3 3) .. 
ZTZ( 3 3) .. 
ZTP ( 1) .. 

ZTP( 2) .. 
ZTP( 3) .. 
XMU ( 1 2) .. 
XMU ( 1 :5> .. 
XMU( 2 3) .. 

MEAN .. 
106.0000 
106.0000 
66.11:50 
66.11:50 
18.30:50 
18.30:50 
43.0330 
43.0330 
11.6963 
11.6963 
3.8698 
3.8698 

238.3697 
1:50.4378 
40.6184 

.6237 

.1727 

.1:5:54 
RO .. " 1 • 730:5 C 1 ! .. 

NN IN MINUS.. 106 
AFTER FIT. MEAN -

280 

M - 1 
NN IN MINUS ,. 106 
106 

BEFORE FIT. 
ZTZ ( 1 1) .. 
ZTZ C 1 1) .. 
ZTZ( 2 1) .. 
ZTZ ( 1 2) ,. 
ZTZ ( 3 1) .. 

ZTZ ( 1 3) -
ZTZ< 2 2) -
ZTZ( 2 2) -
ZT2( 3 2) -
ZTZ( 2 3) .. 
ZTIC 3 3) .. 
ZTZ( 3 3) .. 
ZTP ( 1) = 
ZTP( 2) .. 
ZTP( 3) .. 
XMU ( 1 2) = 
XMU ( 1 3) .. 
XMU ( 2 3) .. 

MEAN .. 
106.0000 
106.0000 

60.11:50 
60.1150 

-18.3,')50 
-18.30:50 

43.0330 
43.0330 

-11.6963 
-11.6963 

3.8698 
3.8698 

322.0521 
203.6789 
-56.3837 

.6237 
-.1727 
-.1554 

RO = 2.0253 ell .. 
106 NN IN MINUS .. 

AFTER FIT. MEAN .. 

2.2488 SIGI'IA" 

66.1150 106.0000 
18.3050 106.0000 

.2790 1.7954 

.1705 

1.1718 511 - -1.2308 

.0000 SIGI'IA .. .0551 

3.0382 SIGMA.. .2164 

66.1150 106.0000 
-18.3050 106.0000 

-.2790 1.7954 
1.4855 511 = -.5002 

.0000 SIGMA - .O~88 

195 



196 

280 
1'1 - -1 

NN IN MINUS - 10:5 
10:5 

BEFORE FIT. MEAN - 2.4476 SIGMA - .1624 
ZTZ( 1 1) • 10:5.0000 
ZTZ( 1 1) • 10:5.0000 
ZTZ( 2 1) - 47.7n50 
ZTZ( 1 2) • 47.7n50 
ZTZ ( 3 1) • -47.7n50 
ZTZ( 1 3) - -47.7n50 
ZTZ( 2 2) • 22.9773 
ZTZ ( 2 2) - 22.9773 
ZTZ ( 3 2) • -22.3477 
ZTZ( 2 3) • -22.3477 
ZTZ( 3 3) • 22.9773 
ZTZ( 3 3) - 22.9773 
ZTP( 1) • 2~b.9948 
ZTP( 2) · 118.4384 
ZTP( 3) • -118.4142 
XI'IU( 1 2) ,. .4:;:50 47.77:50 105.0000 
XI'IU( 1 3) ,. -.4~0 -47.77:50 10:5.0000 
XI'IU( 2 3) · -.4921 -.6101 1.2397 
RO ,. 1.7127 ell ,. .8267 511 ~ -.7883 

NN IN MINUS • 10~ 
AFTER FIT. MEAN ,. .0000 SIGMA ,. .0~6~ 

291 
1'1 ~ 1 

NN IN MINUS ,. lOb 
lOb 

BEFORE FIT. MEAN ,. 1.2023 SIGMA ,. .0669 
ZTZ ( 1 1) ,. 106.0000 
ZTZ( 1 1) .. lab. 0000 
ZTZ( 2 1) ,. 18.30~O 
ZTZ( 1 2) ,. 18.30:50 
ZTZ( 3 1) ,. -66.11:50 
ZTZ( 1 3) ,. -66.11:50 
ZTZ ( 2 2) '" 3.8698 
ZTZ( 2 2) ,. 3.8698 
ZTZ( 3 2) ~ -11.6963 
ZTZ ( 2 3) = -11.6963 
ZT!( 3 3) ,. 43.0330 
ZTZ( 3 3) - 43.0330 
ZTP( 1) ,. 127.4443 
ZTP( 2) ~ 22.2927 
ZTP( 3) .. -79.7821 
XI'IU ( 1 2) ,. .1727 18.30:50 106.0000 
XMU( 1 3) . -.6:237 -66.1150 106.0000 
XMIJ ( 2 3) ~ -.3937 -.2790 .7087 
RO ,. 1.0737 ell = .3595 511 -. 1067 

NN IN MINUS ~ 106 
AFTER FIT; MEAN ~ .0000 SIGMA = .1):567 
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1'1 - -1 

NN IN MINUS - 96 
96 

BEFORE FIT. MEAN -
ZTZ( 1 1) - 96.0000 
ZTze 1 1) - 96.0000 
ZTze 2 1> '" -.4200 
ZTze 1 2) '" -.4200 
ZiZ e 3 1) '" -49.1400 
ZT!( 1 3) '" -49.1400 
ZTze 2 2) '" 1.9012 
ZTze 2 2) '" 1.9012 
ZTze 3 2) '" .1617 
ZTze 2 3) '" .1617 
ZTZ( 3 3) • ~.602:5 
ZTZ( 3 3) '" ~.602:5 
ZTP( 1) • 4:51.0974 
ZTP( 2) - 2.99:54 
ZTP( 3) '" -232.3279 
XMU( 1 2) '" -.0044 
XI'IU ( 1 3) '" -.5119 
XI'IU( 2 3) '" -.0281 
RO '" :!.2423 Cl1 -

NN IN MINUS '" 96 
AFTER FIT. MEAN .. 

293 
1'1 - 1 

NN IN MINUS • 113 
113 

BEFORE FIT. MEAN· 
ZTZ( 1 1> .. 113.0000 
ZTZ ( 1 1> • 113.0000 
ZTI( 2 1> - .0000 
ZTZ( 1 2) • .0000 
ZTze 3 1) '" -19.14~0 
ZTZ ( 1 3) '" -19.14~0 
ZTZ( :2 2) '" 2.0090 
ZTZ( 2 2) '" 2.0090 
ZTze 3 2) '" -.0000 
ZTZ( 2 3) :a -.01)00 
ZTze 3 3) = 4.0217 
ZTZ( 3 :3) .. 4.0217 
ZTP( 1) = -18.4009 
ZTP( 2) .. .6204 
ZTP( 3) '" 3.4877 
XMU( 1 2) .. .0000 
XMU( 1 3) .. -.1694 
XMue :2 3) .. .0000 
RO '" -.0822 Cl1 • 

NN IN MINUS .. 113 
AFTER FIT. MEAN .. 

4.6989 SIGMA '" 

-.4200 
-49.1400 

-.0:533 

96.0000 
96.0000 

1.8994 

.4:=.30 

2.5357 511" -2.8673 

.0000 SIGMA '" 

-.1628 SIGMA '" 

.0000 
-19. 14~0 

.0000 

.3088 

113.0000 
113.0000 

2.0090 
Sll '" 

-.0007 SIGMA '" 

.0:577 

• 0773 

• 47~8 

.0:;13 
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