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ABSTRACT 

Finite element formulation based on compatible, assumed dis

placement fields and the principle of stationary potential energy is 

applied to analyze edge-stiffened plates. Shear deformation is con

sidered in the formulation of the plate bending and beam bending ele

ments by allowing independent interpolation for displacements and 

rotations. In addition to bending deformation, plane stress action is 

superposed on the plate element, while torsion and axial deformation 

are incorporated in the beam element, so that structural interaction 

between plate and edge beam elements can be facilitated. 

By enforcing compatible displacements and rotations across the 

interface between plate and beam elements, the degrees-of-freedom in 

one element can be related to the degrees-of-freedom of the adjoining 

element of a different type. Accordingly, the stiffness matrix and 

equivalent load vector are transformed to correspond to the common 

degrees-of-freedom as a (t;5ldt of invariance of the potential energy. By 

means of the direct stiffness method, the global equilibrium equation 

is thus established and solved by a frontal solution subroutine. 

Special features a:--e introdut:ed into the solution subroutine 

in order to handle varying degrees-of-freedom per node in an element 

and multiple loading cases. In addition, the speed of input-output 

transfer between in-core and peripheral storage is optimized. 

Convergence studies on displacements and stresses show that 

the current formulation with the program is capable of analyzinq 

x 



xi 

shear-flexible structures. The formulation allows convergence of 

shear-rigid solutions as a limiting case by making use of the selec

tive reduced integration scheme when formulating individual elements. 

Graphs are presented to aid the design of edge-stiffened 

plates with two adjacent edges clamped and others cast with inter

secting edge beams. 



CHAPTER 1 

INTRODUCTION 

A rectangular plate having two adjacent edges fixed and the other 

two monolithically cast with spandrel edge beams is analyzed on the 

basis of linear elastic and small deformation theory (see Fig. 1.1). 

This type of structural arrangement may be employed in a building as a 

corner balcony or in a ship structure as part of an overhanging deck 

where beams are used to stiffen the plate structure. 

This study is focused on the interaction of plates, beams 

and/or columns in reinforced concrete floor systems. The ideas em

ployed in the analysis can be extended to the analysis of similar types 

of structures made of other materials. 

In addition to the analysis of the aforementioned structural 

type as a special case, the finite element program developed herein 

has the capability of handling the analysis of other structures com

posed of plates, beams and columns that may interact. 

1.1 Origin of the Problem 

Based on Kirchhoff's thin plate theory, numerous plate problems 

have been solved successfully [72]. In the rectangular plate case, 

Navier's and Levy's methods are the most popular; however, for prac

tical implementation, they require some kind of symmetry on the bound

ary conditions. Problems with unsymmetrical boundary conditions such 

as those considered in this work, but exclusive of edge beams, have been 
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Figure 1.1 A rectan9u1ar plate with two edges clamped and others 
stiffened by edge beams. 
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attempted by only a few researchers [45, 51]. Huang and Conway [45] 

provided the solution for a plate having two adjacent edges clamped 

and two others free with uniform transverse load (see Fig. 1.2) by 

superposing five known solutions in terms of Fourier series. The 

3 

same problem was solved by Leissa and Niedenfuhr [51] using a point

matching method which satisfies the boundary conditions only at dis

crete boundary points. 'Conceivably, this problem may be analyzed by 

other approximate methods, such as that used by Geiger [29]. A general 

approach based on the so-called polar eigenfunction method was devised 

to analyze plate structures such as re-entrant corner, corner balcony, 

and point-supported plate. 

The polar eigenfunction method has been widely used to solve 

thin plate bending problems having irregular boundary conditions [11,73]. 

Based on polar coordinates, a displacement function which consists of 

particular and homogeneous solutions is chosen such that it satisfies 

the plate bendin~ equi 1 ibrium equation. The expression containinq unknown 

coefficients for the homogeneous solution is determined by solving 

eigneva1ue problems induced when specifying homogeneous boundary con

straints along radial lines. To specify the remaining boundary con

dHions, a method similar to the method of weighted residuals is adopted 

in wtli ch orthogonal sets of functions (tri gonometri c seri es) are used 

as weighting functions, multiplied to equations of boundary constraints, 

integrated ove}' the boundary, and equated to zero in an effort to mini

mize the errors of boundary constraints. With regard to the corner 

balcony under uniform transverse load (see Fig. 1.2), it was shown that 
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Figure 1.2 A square plate with two edges clamped and others free. 
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moments are finite throughout while the shear is singular at the free 

corner. This is in agreement with William's [73J results, where stress 

(moment and shear) singularities in thin plate bending are discussed in 

detail. An extensive review of other approximate methods for thin 

plate bending problems was given by Leissa et al. [50J. 

As for plate-beam interaction, most of the previous works were 

concerned with reinforced concrete floor systems. To simplify the 

analysis, often times only one-way slabs cast on one side with spandrel 

beams having both ends fixed were studied [32,67] (see Fig. 1.3). 

Others [64, 65J considered the interaction with supporting columns as 

well while still maintaining the one-way slab assumption. 

As shown in Fig. 1.3, when the middle plane of the plate does 

not meet the spandrel beam at the level of the center of twist Gb, the 

plate exerts in-plane fo,rces on the beam because the in-plane rigidity 

of the plate is often relatively so large as to make the plate near in

extensible. Consequently, the beam translates by lIh and thus bends i:1 

both the transverse and horizontal directions. This effect of the slab re

straining against the spandrel beam has been found by Salvadori [65J to 

be significant in reducing the twisting moments on the beam. 

The interaction between a two-way slab and spandrel beams has 

been analyzed for structures with symmetrical boundary conditions [30, 

72J; however, no consideration was given as to the effect of eccen

tricity shown above. The spandrel beams were fixed at both ends and 

thus the interaction occurs only at the interface of the plate and 

beam (see Fig. 1.4). 
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1.2 Finite Element Applications 

In a finite element analysis of plates stiffened with eccentric 

beams, the logical step would be to relate the degrees-of-freedom of 

beam element to that of plate element. For a conventional 2-node bar 

element using a Hermitian interpolation function for bending and a 

linear function for axial deformation, this would create an incompat

ible axial deformation in the bar element because the linear axial 

displacement is implicitly assumed in the bar element, while the usual 

thin plate bending element with cubic displacement function induces 

quadratic axial displacement in the bar element as the plate element 

rotates [33]. Therefore, the compatibility of the displacement fields 

for two different types of elements, of which each is formulated ac

cording to independent displacement interpolation functions,requires 

further investigation when joined together. Miller [55] corrected the 

problem by using higher order displacement functions for the bar ele

ment in order to match that induced by plate rotation. Another way 

out is to introduce independent interpolation functions for displace

ments and rotations in both the plate and the bar elements, such as 

those elements formulated on the basis of thick plate and thick beam 

theory. This has been done for shell-beam structures [10, 23, 48], al

though the compatibility issue is not explicitly raised. 

In recent years, the finite element method has been applied to 

the elastic analysis of concrete floor systems [12,17,26,27,40,41]; 

nevertheless, conventional design methods such as the direct design 

method (DDM) and equivalent frame method (EFM) advocated by ACI 
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[1,2,9,24], still dominate in design offices [40]. In DDM, each 

floor plane is divided into column strips and middle strips in two per

pendicular directions and moment coefficients for each strip are deter

mined by code. Analogous to the elastic analysis of rigid frames, EFM 

specifies a design frame along each column line as consisting of beam

slab flexural members in the horizontal plane and equivalent columns 

in'the vertical plane. An elastic analysis such as moment distribution 

is applied to the complete transformed structure or to a separate floor 

level. These code-specified methods are satisfactory for practical 

purposes in most floor systems whose structure lay-out is regular. For 

instance, DDM must meet limitations set for span length difference, 

number of spans, column offset, etc. While EFM is more powerful and 

general, its validity in analyzing floors supported on deep beams has 

been questioned [26]. For a slab system lacking column supports, the 

question has not been approached. Finally, EFM is either not reliable 

or awkward in adapting to special type floor structures other than 

those found in regular buildings. 

The finite element method can be used to advantage in either 

analyzing and designing a complete floor system [41] or generating and 

supplementing existing design rules [17, 26]. In either case, it can 

be adapted to model quite accurately various floor configurations 

and it is suitable for use in parametric studies involving the prin

cipal factors for design. 

With regard to the edge-stiffened plate in this study, no 

analytical solution is available to date, neither has it been studied 
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by means of finite element or other approximate schemes. In the con

text of finite element application, either the formulations for the 

shell-beam system in Ref. [23, 48] or that for the plate-beam system 

in Ref. [41] may be employed to analyze such a structure. However, as 

shown in Chapter 3, the modelling of the interface between plate and 

beam elements requires further investigation. 

1.3 Material Properties 

In reinforced concrete structures, it is reasonable to assume 

linear elasticity for the materials in the uncracked state, since in

elastic stress redistribution occurs as the first tension cracks form. 

In reality, reinforced concrete is made of two different materials 

while in practice it is regarded as a homogeneous material with un

cracked sections made of concrete only. This assumption of gross con

crete area is used in elastic analyses of concrete structures and has been 

adopted by ACI [1,2]. In the uncracked state, the real structure would 

be stiffer due to existence of steel, while in cracked state, it might 

be weaker [26]. However, the result of a structural analysis is 

mainly influenced by the relative stiffness of component members. 

Therefore, instead of cracked sections, the use of uncracked sections 

is convenient and sufficiently accurate [74]. The current ACI code cou

ples elastic analysis with plastic design of sections and proves to be 

reasonably economical and safe in spite of the complexity in material 

behavior. 



CHAPTER 2 

ELEMENT FORMULATION AND EVALUATION 

Many elements have been developed for structural analysis, and 

assessment of these elements is a nec~ssity before implementation into 

a finite element program. The criteria for adopting a particular ele

ment are not easily defined. Generally speaking, accuracy, convergence 

and versatility are among the most desirable features [17, 40J. 

2.1 Plate Bending Element 

2.1 .1 Revi ew 

In concrete floor systems, the classical assumption of negli

gible shear deformation may not be fully justifiable among various 

buildings with many possible combinations of dimensions for each struc

tural component. The coupling of a slab and a beam can be facilitated 

by adopting only displacements and rotations as degrees of freedom for 

each element. To fit into irregular boundary geometry, a simple 4-node 

rectangular element would not suffice. In a word, an isoparametric 

displacement formulation allowing shear deformation is preferred. 

Among shear-flexible plate bending elements based on the dis

placement formulation, the "Heterosis element" devised by Hughes and 

Cohen [44J is an efficient element with the most versatility. This element 

has been used to solve a variety of test problems successfully wh'ile 

other elements may only be good for certain problems. This element 

11 
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has the advantage of being able to handle extremely thin to moderately 

thick plates, having no spurious zero-energy modes (correct rank), and 

passing the patch-test (convergent). It has been applied successfully 

to many thin and thick plate problems, sometimes with very patholo

gical boundary conditions [44J. 

Making use of the potential energy functional along with dis

placement interpolation, we can formulate the stiffness matrix with the 

aid of numerical integration. It is well known that a reduced order of 

integration applied to the evaluation of stiffness matrix would make 

elements softer while exact order of integration generates stiffer ele

ments [6, 75]. 

Care must be taken to insure that lower order integration does 

not produce elements with excessive zero-energy modes. These modes may 

cause a mechanism for an element assembly if the boundaries are not 

sufficiently restrained. Even if the assembled structure is stable by 

supplying enough supports, the performance in certain structures could 

still be unacceptable, such as those plane strain elements studied by 

Bicanic and Hinton [8J. 

It will be shown later that the equilibrium equation for the 

plate bending element can be written as 

(2.1) 

where [Kb] and [KsJ are related to bending and shear strain energies 

respectively, and 
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(2.la) 

where Land t are the lateral dimension and thickness of the plate 

element,respectively. 

When S is very large, as in the case of the thin plate struc

ture, ~ tends to zero when exact order of integration is carried out. 

Reduced integration in an appropriate manner can make [Ks] singular with

out at the same time causing [K] to become singular. The relation be

tween reduced integration and the occurrence of a singular stiffness 

matrix can be found in Ref. [75J. Basically, the effect of reduced 

integration is to delete the excessive constraints on shear strains 

due to the high aspect ratio Lit for thin plate [37, 43, 61J. 

2.1.2 Formulation 

In the classical Kirchhoff thin plate theory, the normal to the 

middle plane is assumed to remain normal to the deformed middle surface. 

This assumption is abandoned in thick plate theory because shear de

formation causes warping and rotation of the normal. The most popular 

thick plate theories are those developed by Reissner [62J and Mindlin 

[56J in which shear deformation is included. Both formulations lead 

to three boundary conditions on each edge, as opposed to the two bound

ary conditions by Kirchhoff's theory. 

Analogous to Kirchhoff's theory several basic assumptions are 

made: 

(1) The material is linear elastic, homogeneous and isotropic. 



r dx 

l 
z 

Figure 2.1 Stress components on a differential element in Cartesian 
coordinate system. 
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J"---- averaqed 1 i ne 
warped line 

Figure 2.2 Bending and shear deformation of a plate element; only 
x-z plane shown. 
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(2) Deformations and rotations are small and linear elasticity 

theory holds. 

(3) . The stress, 0z' in the transverse direction is negligible 

compared with the other stress components (see Fig. 2.1). 

(4) Normals to the middle plane remain straight, i.e., shear 

warping effect is averaged as shown in Fig. 2.2. 

16 

By 1, 2, and 3, the strain-stress relation can be expressed as: 

E liE -viE 0 0 0 Ox X 

Ey -viE liE 0 0 0 0y 

Yxy = 0 0 l/G 0 0 Txy (2.2) 

Y xz 0 0 0 l/G 0 T xz 

Yyz 0 0 0 0 l/G Tyz 

or inversely 

Ox 1 v 0 0 0 EX 

0y V 0 0 0 Ey 
E 

0 0 l-v 0 0 Txy = --2 -2- Yxy l-v 
0 0 0 l-v 0 Yxz TXZ -2-

0 0 0 0 l-v 
Tyz -2- Yyz 

(2.3) 

or 

° = [D] E. (2.3a) 
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where E, G and v are Young's modulus, shear modulus and Poisson's 

ratio, respectively. E
Z 

is not included because its energy counter

part, crz ' is negligible. 

Adopting ~lindlin's theory [56], we have, from assumption 4, 

that (see Fig. 2.3) 

(2.4) 

w = w(x, y) 

where u, v, and ware displacements for a point in the plate and ex' 

ey are the rotations of the normal to the undeformed middle plane in the 

x-z and y-z coordinate planes, respectively. The rotations ex and ey 
aw aw . are positive in the same sense as ax and ay , respectlvely. 

Compared with Reissner's theory [62], in which the distribu

tion of the stress components across the plate thickness is assumed in 

advance, ex' ey and ware explained as being weighted averages for all 

points lying on the normal and are independent of the z-coordinate. 

According to small deformation, small rotation theory and Eqn. 

(2.4), the strain components can be expressed as: 

zOO 

o z 0 

= o 0 z 

000 

o o o 

o 

o 

o 

o 

o 

o 

o 

o 

ae x - ax 
-~ ay 
_ aex _ ~ 

ay ax 
-8 + aw 

x ax 
-8 

Y 
+ aw 

ay 

(2.5) 
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line normal to middle plane 

1 
middle plane 

z tangent to middle plane 
, after deformation 

~ middle plane after deformation 

averaged line after deformation 

Figure 2.3 Displacements of a plate bendin9 element; only x-z plane 
shown. 
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or 

£ = [L] £ (2.5a) 

" The generalized strain vector £ can be partitioned as: 

" " 

_ a8 x 
ax 

-~ ay 

_ a8 x _ ~ 
ay ax 

-8 + aw 
x ax 

-8 + aw 
y ay 

= {-!-;-} (2.5b) 

where £ band £ s are associated with curvatures and shear strains, 

respectively. Note that the shear strains Yxz and yyz are constant 

over the plate thickness (independent of z-coordinate--in an average 

sense). 

Corresponding to the generalized strains, the generalized 

stresses consist of the bending and twisting moments, as well as shear 

forces, and are obtained by appropriate integration of the stresses 

over the thickness of the plate. Thus, 
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M z 0 0 0 0 Ox x 

My h/2 0 z 0 0 0 0y 

M = {h/2 0 0 z 0 0 TXY dz (2.6) 
xY 

Qxz 0 0 0 0 TXZ 

QyZ 0 0 0 0 Tyz 

or 
h/2 

a = f [L] 5!.. dz (2.6a) 
-h/2 

The positive directions of the generalized stresses acting on 

a plate element are shown in Fig. 2.4. 

Substituting Eqn. (2.5b) into (2.3a) gives 

" 
5!.. = [O][L] .£ (2.7) 

" Upon introducing Eqn. (2.7) and recognizing that.£ ;s inde-

pendent of the z-coordinate, Eqn. (2.6a) becomes 

where 

h/2 
~ = f [L][O][L] i dz 

-h/2 

= [0] .£ (2.8) 



z,w 
X,u 

(a) 

h 

~r 
L- r-------f" 

Figure 2.4 Heterosis plate bending element and relevant stress 
resultants. 
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[OJ 

Eh 3 Evh 3 
0 0 0 2 2 l2(1-v ) l2(1-v ) 

Evh 3 Eh 3 
0 0 0 2 2 l2(1-v ) l2(1-v ) 

0 0 Gh 3 
0 0 12 

-------------------------------~-----------------

0 

o 

0 

o 

[

AI ] [DbJ : [OJ 

= ------t--:-
[OJ ! [DsJ 

0 CsGh 0 

o o 

and Cs = 5/6 by Reissner's theory or i/12 by ~1indlin's theory. 

22 

(2.8a) 

It is 

introduced to account for the non-uniform transverse shear stresses 

(T XZ and TyZ ) over the plate thickness. 

The strain energy per unit volume is 

(2.9) 

Integration of Eqn. (2.9) over the plate thickness gives the 

strain energy per unit plate area, 



u* = o 

23 

(2.10) 

Given that [OJ and [LJ are symmetrical matrices, Eqn. (2.10) 

becomes 

h/2 h/2 
1 

fh/2 
T dz = .1 Ih/2 u* = - £ £ o 2 2 

h/2 
_ 1 

)( ([LJ £)T dz £ - "2 
-h/2 

Hence, the total potential energy is 

II = U + V = I f u~ dx dy + V 
A 

- 1 JI £"T " " - "2 [OJ .£ dx dy + V 

A 

T [LJ dz a £ 

(2.11) 

(2.12) 

where V is the potential of external loads and A represents the area 

of the plate. 

He now introduce the finite element discretization procedure 

used in Hughes and Cohen's 9-node Heterosis element [44J. As shown in 

Fig. 2.4, ~ and n are non-dimensional coordinates in the x-y plane 

which is also the middle plane of the plate element. The displacement 

functions are expressed in the forms, 



where 

w = 

o = x 

° = Y 

P. 
1 
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8 
E Pi wi 

;=1 

9 
E N; 

i=l 
Ox; (2.13) 

9 
E Ni °yi ;=1 

-41(1+~~.)(1+nn.)(~~.+nn.-l) , i = 1,3,5,7 
1 1 1 1 

(2.14) 2 2 
~. 2 n· 2 ;f (l+~~i)(l-n ) +:f (l+nn;)(l-r, ), i = 2,4,6,8 

is the i-th Serendipity shape function and 

2 2 (2.15) 
~. 2 2 n· 2 2 ;f (~ +~~i)(l-n ) + ;f (n +nni)(l-~), = 2,4,6,8 

is the i-th Lagrangian shape function. The i-th shape function ;s 

unity at the i-th node and zero at the rest of the nodes. At the cen-

ter node, Pi does not vanish and w is not specified. 

Eqn. (2.12), together with the definition of £, shows that the 

highest derivatives are of the first order, and only CO continuity is 

needed across the element interfaces to guarantee monotonic convergence 
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according to displacement-based formulation, provided that integration 

of the energy term is carried out exactly [6, 28]. But this advantage 

will be compromised by using selective reduced integration in order to 

improve element performance in both thick and thin plate applications. 

With isoparametric mapping of geometry, we can writ~ 

9 
x = l: N. x. 

i=l 1 1 

(2.16a) 
9 

y = l: Ni Yi 
i=l 

or 

8 
x = L Pi x. 

i=l 1 

(2.16b) 
8 

y = l: p. Yi 
i =1 1 

Some important features of the Serendi pity and Lagrqngi anI 

shape functions are explained below. It can be shown that if 

8 
Xg = E Pi(~ = 0, n = 0) xi 

i =1 

8 
E Pi(~ = 0, n = 0) Yi 

i =1 

Eqn. (2.16a) and Eqn. (2.16b) will be identical. 

(2.17) 
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By Eqn. (2.17) and (2.16a), 

9 8 
x = l: Ni xi = l: N. xi + Ng Xg 

i=l i=l 1 

8 8 
= l: Ni xi + Ng l: Pi(O,O) xi 

i=l i=l 

8 8 
l: [N; + Ng P.(O,O)] xi = l: P~ x. 

i =1 1 i =1 1 1 

where 

P~ = N. + Ng P.(O,O), i = 1 ~ 8 
1 1 1 

Pi is unity at the i-th node (i 1 g) because Ni and Ng are unity and 

zero, respectively. At the j-th node (j 1 9 and j 1 i), Pi is zero 

since Ni and Ng are both zero there. At node g, Pi is Pi(O,O) because 

Ni and Ng are zero and unity, respectively. 

The above statement is equivalent to proving that Pi is just 

Pi itself and hence 

9 8 8 
x = l: Ni xi = l: Pi Xi = l: Pi xi 

i=l i=l i=l 
(2.18) 

The Jacobian matrix is 

[J] = [~~ ~J 
~ 2..l 
an an 

and upon substitution of Eqn. (2.17) and Eqn. (2.18), 
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ax a 9 

~=af }: Ni xi 
i=l 

_ a 8 
-af }: Pi xi 

i=l 

Other terms in [JJ can be established in a similar fashion. 

We now conclude that there is no confusion about interpolation 

of coordinates x and y in terms of 8 or 9 nodes if Eqn. (2.17) is 

maintained. 

It remains to show that if Eqn. (2.17) is applied along with 

Eqn. (2.16a) or Eqn. (2.16b), the assumed displacement field satisfies 

the completeness condition, i.e., the condition that rigid-body modes 

and constant strains must be possible in an element. This is a basic 

requirement for convergence (not necessarily monotonic) [6, 75J. 

For completeness, the following must hold: 

w = al + bl x + cl y + 

over the element domain. And hence, 

w. = al + b, xi + c, Yi + i = '" 8 1 

8 . a2 + b2 xi + c2 Yi + = '" 9 Xl 

8 . = a3 + b3 xi + c3 Yi + '" 9 yl 



substituting into Eqn. (2.13) gives 

8 8 8 8 
w = }; wi Pi = a1 }; Pi + b1 

}; P. xi + c1 
}; Pi Yi + 

i=l i=l i=l 1 i=l 

9 9 9 
e = a2 }; N. + b2 L N. xi + c2 

}; Ni Yi + ... x i =1 1 i =1 1 i =1 

9 9 9 
e = a3 }; N. + b3 }; N. xi + c3 }; N; y. + . .. 
Y i =1 1 i=l 1 i =1 1 

Since 

8 9 
}; P. xi = }; Ni x. = x 

i =1 1 i =1 1 

as Eqn. (2.17) holds, and 

8 9 
}; P. = 1 = L Ni 

i=l 1 ;-=1 

it follows that 

w = a1 + bl x + c1 Y + 

as needed for completeness. 

Accordingly, the isoparametric interpolation given in Eqn. 

(2.13) insures that the constant and linear terms associated with 

rigid-body modes and constant strain states are representable. 

28 

... 
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The generalized strains and nodal displacements are related 

through Eqn. (2.5b) and Eqn. (2.13) as 

or 

where 

-8 + aw 
x ax 

aw 
-8 +--Y ay 

£ = [B] ~ 

(2.19) 

(2.19a) 



and 

W. 
1 

IS • = e xi 
- 1 

= 1 tV 8 

[B.] = 
1 

[Bg] = 

o 

o 

-N g,x 
0 

-Ni,x 

o 

0 

-Ng,y 

-Ng, -Ng,x ___ y. ________ 
-Ng 0 

o 

o 

-N. l,y 

[ [~~~l J 
[BgsJ 

30 

(2.20a) 

(2.20b) 

Unless otherwise noted, a comma affixed to a function denotes partial 

differentiation with respect to the variable that follows the comma. 



substituting Eqn. (2.19a) into Eqn. (2.12) gives 

TI = t f J AT [B] T [OJ [BJ A dx dy + V 
A 

= hT {If [B] T [0] [B] dx dY } A + V 

= t AT [K] A + V (2.21) 

where [KJ is the stiffness matrix for the plate bending element. 
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Since [OJ is a block-diagonal matrix, as given in Eqn. (2.8a), a 

computational advantage is gained by block-partitioning [B] as 

and hence 

[KJ = J f [BJT [D) [BJ dx dy 
A 

= f f {[Bb]T [DbJ [BbJ + [BsJ
T 

[DsJ [BsJ} dx dy 
A 

where 13 cr {L/t}2, as defined in Eqn. {2.1a}. Note that "b" and "S" 

represent bending curvatures and shear strain terms, respectively. 
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2.1.2.1 Calculation of Stiffness Matrix. Eqn. (2.23) can be 

written as 

where 

[KJ = II [BJT [OJ [BJ dx dy 
A 

1 1 

= ~lJ:l [B]T [0] [B] Idet [J]I d< d, 

det [JJ = 
ax 21. 
as as 
ax ~ 
an an 

(2.23a) 

(2.24) 

For an element in the form of a parallelogram with s = 0 and n = 0 

dividing the area into four identical sub-elements, the coefficients 

in Eqn. (2.24) are constants, so the integrand in Eqn. (2.23a) is 

quartic in sand n, and 3 by 3 Gauss quadrature will be exact. To 

improve element performance as suqgested in Section 2.1.1,3 by 3 

quadrature is applied to the bending term [KbJ, while 2 by 2 quadra

ture is applied to the shear term [KsJ. This is so-called selective 

reduced integration. 

When the element has shape other than that of a parallelogram, 

the integrand will be a rational function, and the above argument holds 

only approximately, but experience has shown that the selective reduced 

integration still works well. 

2.1.2.2 Equivalent Nodal Loads. For simplicity, we consider 

distributed transverse load q only. For other types of loading, 
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r--------az- x, U 

Y,v 

(c;=- 1 ,n=-1 ) 

.----~x 

r- dx 1-1 
y 

dy 

.L 

Figure 2.5 9-node plane stress element and relevant stress resultants. 



e.g., distributed moment, edge force, edge moment, the same approach 

can be applied to generate equivalent nodal loads. 

The potential due to q is 

v = - JJ q w dx dy 
A 

8 (Jf q Pi dx dY) - - E wi 
i =1 A 

8 
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- - E F . w. (2.25) Zl 1 i=l 

in which F . Zl is the i-th equivalent nodal load. 

2.2 Plane Stress Element 

In order to account for interaction between the plate and beam, 

plane stress action is included in the plate by using a 9-node 

Lagrangian element whose stiffness is calculated with full integration. 

This element has no spurious zero-energy mode and works as well in non

rectangular shape [4, 15, 31J. 

2.2.1 Formulation 

Fig. 2.5 shows the plane stress element. Under the plane stress 

condition, each stress component is uniformly distributed across the 

plate thickness. Since it is known that 0z = TXZ = Tyz = 0, 



or 

Also, 

= 

or 

= 

cr = [0] £. 

~ 

E 

l-i 
Ev 
l-i 
o 

Eh 
l-i 
Evh 
l-} 

o 

cr = hcr = [0] £. 

Ev 
l-i 

E 

l-i 
o 

Evh 
--2 
l-v 

Eh 
--2 
l-v 

o 

The strain energy per unit volume is, 

_ 1 T 
U --cr E: 02-

and the strain energy per unit area is 

o 

o 

G 

o 

o 

Gh 

1 T 1 ~T 
U* = h U = ~ hcr E: = -2 cr E: o 0 C.,-- -

35 

(2.26) 

(2.26a) 

(2.27) 

(2.27a) 
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Thus, the strain "energy of the plane stress element is 

1 rr T A -

U ="2 JJ £ [0] £ dx dy (2.28) 

Displacement interpolations are 

9 
u = ~ Ni ui i =1 

(2.29) 
9 

v = E N. vi 
i=l 

, 

where Ni is given by Eqn. (2.15). 

Isoparametric interpolation of the coordinates gives 

9 
x = E N. xi 

i=l 1 

(2.30) 
9 

y = E N. Yi 
i=l 1 

The completeness condition is fulfilled following the same 

argument as in the plate-bending case. 

The strain-displacement relation is 

au 
.9.. 1 EX ax 

E = Ey = ~ = [[Bl ] [B2] [B3]] .9..2 (2.31) ay 

Yxy !!!+~ .9..3 ay ax 

or 

E = [B] Q. (2.31a) 
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where 

(2.32) 
N. 1,X 0 

B. 
-1 

= 0 Ni,y = 1 , 9 

N;,y Ni,X 

2.2.1.1 Calculation of Stiffness Matrix. The total potential 

energy is 

IT = U + V = -! ff £T [OJ £ dx dy + V 
A 

• t.!,T {If [B]T [0] [B] dx dY} ,+ V 

= III T [KJ _lI + V 2- (2.33) 

For the 9-node isoparametric plane stress element, reduced 

integration of stiffness matrix gives a softer element, but it has the 

adverse effect of producing spurious zero-energy modes, which may re

sult in a mechanism or near-mechanism in an assembled structure with 

few supporting constraints. Adding a slight perturbation to the 

reduced-integrated element, the stiffness matrix may give a better 

performance of convergence as a result of stiffening the spurious 

zero-energy modes [15]. In this study, we shall use the safeproof full-

integrated element without resorting to the hueristic measure proposed 
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by Cook and Feng in Ref. [15]. Compared with the popular 8-node Seren

dipity element, which is unreliable in non-rectangular shape, the 9-node 

element can work equally well for any shape. 

2.2.1.2 Equivalent Nodal Loads. For simplicity, only dis

tributed edge loads·are considered. Again, equivalent loads due to 

other types of loading can be treated with the same approach. 

The potential of the external loads is 

v = - f (uf + vf ) ds x Y (2.34) 
S 

where fx and fy are edge loads per unit length of edge and S is the 

boundary of the element. Fig. 2.6 shows the positive directions of 

fx and fy' 

In practice, the edge loads are assumed to apply as normal 

loads Pn and tangential loads Pt per unit length of edge. Pt and Pn 

are positive when acting counter-clockwise and in-bound, respectively. 

Referring to Fig. 2.6, we can show that 

Eqn. (2.34) becomes 

v = -f u(Pn dy + Pt dx) -f v(-Pn dx + Pt dy) (2.35) 



Figure 2.6 In-plane edge loads applied to a 9-node plane stress 
element. 
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Along the edge ~ = -1, 

Therefore, -

dy = ay dn 
an ' 

ax dx = - dn an 

1 1 
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-v = J ( av ax) d f ( ax + ay) dn u Pn ~ + Pt an n + v -Pn an Pt an 
-1 -1 

(2.36) 

Now Pn and Pt are assumed to be quadratic functions of n 

interpolated over three nodes along ~ = -1. Similarly, u, v, x and y 

are also quadratic functions of n along ~ = -1. Note that along any 

edge, the interpolation of either the Serendipity or lagrangian func

tion degenerates into a quadratic function defined by 3 nodes on that 

edge. 

Therefore, the 3-node quadratic interpolation functions are, 

Nl = -} n(l-n) 

N2 = 1 - n
2 

N3 = } n(l+n) 

Hence, we can re-number the nodes along any edge such that 

the first node met in the counter-clockwise sense is numbered as 1 on 

that edge. For instance, along edges ~ = -1, the numbering will be 

1,2 and 3 for node 7,8 and l,respectively,for the element shown in 

Fig. 2.6. Unless specified otherwise, "E" denotes summation ranging 

from 1 to 3 hereafter. 



1 

-v = f E Ni ui{Pn E Nk,n Yk + Pt E Nk,n Xk) dn 
-1 
1 

+ f E Ni vi{-Pn E Nk,n xk + Pt E Nk,n Yk) dn 
-1 

= E ui { j Ni[(E Pnrn lfrn)(E Nk,n Yk) 
-1 

+ (E Ptm Nm)(E Nk,n xk)] dn 

+ E vi { I Ni [(E [-Pnrn] Nrn)(E Nk,n xk) 
-1 

= E U. F . 
1 Xl 

+ E v· F . 
1 yl 
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(2.37) 

Along edge ~ = -1, Fx3 contributes the equivalent nodal force in the 

x-direction to node 1 and Fy2 contributes the equivalent nodal force 

in the y-direction to node 8 for the element shown in Fig. 2.6. 

For the remaining 3 edges, the resulting equations of equiva

lent loads will be identical provided that the counter-clockwise nodal 

sequence is followed consistently. 

2.3 Plate Element (Type II) 

To allow for bending and in-plane deformation, a plate element 

with 5 degrees-of-freedom per node, of which three are for bending and 



42 

two are for in-plane deformation, is formulated by supplementing the 

bending element stiffness in Section 2.1 with the plane stress element 

stiffness in Section 2.2. 

Thus, for the combined element with 9 nodes, the nodal dis

placement and load vectors are (see Fig. 2.7), 

T 
~ i = L w ex ey u v J i ' i = 1, 8 

(2.38a) 

and 

i 1, 8 

(2.38b) 

Mx and My have units of "moment ll while Fx' Fy and Fz have units of 

"force ll
• A column vector is alternatively expressed by the transpose 

of the row vector, L J. 

2.4 Beam Bending Element 

As in the plate-bending element case, shear deformation is 

included. Several curved [23, 48] and straight [38, 60] beam elements 

are available in the literature. Reduced integration is again employed 

to improve performance and adapt the element to a very thin beam. A 

detailed analytical explanation of the behavior of shear-flexible beam 

elements under various orders of integration has been presented by 

Prathap and Bhashyam [60]. In the limiting case of a penalty-type formu

lation for very thin beams, full (exact) integration generates true and 
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X,u 

y,v 

r-----x 

Figure 2.7 Type II element and relevant stress resultants. 
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spurious constraints. The true constraints are those inherent in thin 

beams while the spu~~ous constraints swamp out the real deformation. 

Reduced integration correctly performed can eliminate not only spurious 

constraints in the limiting case of a thin beam, but also the unwanted 

shear-related bending strain energy in a thick beam [60J. Therefore, 

reduced integration is beneficial to both thin and thick beam struc

tures .. 

There are two ways to go about formulating the generally 

curved shear-flexible beam elements: 

(1) Special form of the three-dimensional continuum element 

[10, 23J. 

(2) Direct use of the thick beam theory [48J. 

In the first approach, when the torsional deformation is in

corporated in the beam element as required in Section 2.6, the effects 

of transverse and torsional shear can not be separated or distinguished 

by simply using shear correction factor Cs (5/6 for }~ectangular cross

section). This is due to the fact that while the transverse shear 

distribution is usually quadratic across the depth of the beam, the 

torsional shear is not quite so. 

For analysis of a building floor, it is assumed that beams are 

curved in the floor plane, and have doubly-symmetric, solid, uniform 

cross-sections with one principal axis normal to the floor plane. 

The analysis is based on the shear-flexible beam theory by 

Cowper [19J. 



The basic assumptions with regard to the shear-flexible beam 

theory are: 

(1) Plane sections normal to the neutral axis remain plane (in 

the average sense) but not necessarily normal to it after 

deformation, due to the shear-warping effect. 

(2) Material is linear elastic, isotropic and homogeneous. 

(3) Small deformations and small rotations hold. 

(4) 0y and 0z (see Fig. 2.8) are negligible compared with Os 

[19, 59]. 

(5) Plane sections cannot undergo in-plane distortion [59], so 

that Yyz = o. 
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As a result of assumptions (2), (3) and (4), the stress-strain 

relation is 

Os E 0 0 ES 

Tsy = 0 G 0 Ysy (2.39 ) 

TSZ 0 0 G Ysz 

or 

~ = [0] £ (2.39a) 

where s - y - z is the local coordinate system with the s-axis tangent 

to the geometric axis and normal to the cross-section. As shown in 

Fig. 2.8, ua ' va and wa are displacements at the centroid Gb while a, 

S, and y represent rotations of a cross-section according to the right

hand-screw rule. The definitions of va and wa require some 
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s 

z 

Figure 2.8 A coplanar curved beam in curvilinear coordinate system. 
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clarification since the cross-section inevitably undergoes differential 

displacements v and w across its depth and width. With regard to 

rotations e and y, the plane section normal to undeformed geometric 

axis is actually warped by shear deformation. Therefore, following 

Cowper's [19] refined Timoshenko-beam theory, va and wa are defined as 

weighted averages of transverse deflections while e and yare defined 

as weighted averages of rotations of the cross section. 

Thus, for any point P on the cross-section, the displacement 

vector can be expressed as (see Fig. 2.8) 

u ez - yy 

v = + -CLZ (2.40) 

w CLy 

CL and ua are zero when the beam is subjected to bending alone. The 

strain-displacement relation is 

ES Z -y 0 0 ~ 
as 
ay 

Ysy = 0 0 0 as av (2.41) a -y +-as 
0 0 0 

sWa 
Ysz e+-as 

or 

f.. = [L] £ (2.4la) 
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Note that Ysz and Ysy are independent of z andy respectively, as they 

represent averaged quantities. The bending moments and shear forces 

acting on the cross-section are (see Fig. 2.9) 

My z 0 0 
as 

Mz J 
-y 0 0 

= Tsy dA 
Qy A 0 0 

(2.42) 

Qz 0 0 TSZ 

or 

a = f [L]T 2. dA 
A 

(2.42a) 

Substituting Eqn. (2.39a) and Eqn. (2.4la) into Eqn. (2.42a) 

gives 

a = f [L] T [0] [L] i dA 
A 

= [0] i (2.42b) 

where ~ is constant over the cross-section. Because y, z are 

principal and centroidal axes, it follows that 

EIyy 0 0 0 

0 El zz 0 0 
[0] = 

0 0 CsGA 0 

0 0 0 CsGA 

(2.43) 



/ 
/ 

/ 
/ 

/ 

I 

s 

z 

Figure 2.9 Stress resultants on the cross section of a coplanar 
curved beam. 
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in which Iyy and Izz are area moments of inertia about the y and z 
A A 

axes respectively. D33 and D44 are only GA after integration, but are 

multiplied by Cs to account for the warping effect of transverse 

shears. A listing of Cs values for various cross-sections is given 

in Ref. [19]. The commonly used value is approximately 5/6 for static 

analyses of beams with rectangular cross-sections. 

The strain energy per unit volume is 

1 T U =-0 E: o 2 - - (2.44) 

from which, by integration over the area, it is found that the strain 

energy per unit length of the beam is given by 

1 AT A A 

U* = - E: [D] E: o 2 - - (2.45) 

The shear energy term in the y-direction is given by 

Cowper [19] derived an expression for Cs using refined beam theory 

derived from elasticity, while Timoshenko [70] gave 

using elementary beam theory. 

For a rectangular cross-section, fs and l/Cs are 6/5 and 

(12 + llv)/(lO + lOv) respectively. 



2.5 Bar Torsion and Axial Deformation Element 

In order to couple with neighboring plate elements, torsion 

and axial deformation have to be included in the edge beams. 

Referring to Fig. 2.8 and Fig. 2.9, for a segment of the bar 

element under axial deformation, 
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aUa 
(Jax = N = (EA) as (2.46) 

and under torsion 

(2.47) 

The strain energies per unit length are 

and 

respectively. 

Except for circular cross-sections where Jt is the polar mo

ment of inertia, Jt is the torsional constant obtained by allowing 

free warping [59J. 

2.6 Beam (Bar) Element (Type I) 

Superposing the effects of torsion and axial deformation upon 

that of bending gives the strain energy per unit length as 

(2.48) 



where 

or 

I 

EIyy I 
I I 

EI zz : : 
- -"--- -- -----t--------------- t---- -------

A 
I C GA I 

[0] : s : 
I I 

: CsGA : 
------------~--------------~----------

: : EA 
I I 
I I 

I : GJ t I I 

The total potential energy is 

II = U + V = J U~ ds 
Q, 

1 f AT A A + V ="2 £ [0] £ ds + V 
Q, 
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(2.48a) 

(2.48b) 

(2.48c) 

(2.49) 

where Q, is the length of element. Since the highest derivatives are of 

first order, only CO continuity is necessary. 

2.6.1 Formulation 

By allowing bending, torsion and axial deformation, the beam 

element has 6 degrees-of-freedom per node. In the case of a curved 

beam, the degrees-of-freedom are referred to a global coordinate 
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system while for a straight beam, they are based on a local coordinate 

system and then transformed to the global coordinate system. 

Fig. 2.10 shows the nodal displacements and loads for a curved 

beam element. They are 

where 

and 

where 

A. 1 
f:!, = A.2 

A.3 

= L U V T 
/). . w Clg 13g Y J i - 1 a a a 

Il 

F = I2 

I3 

T 
I i = L F X F Y F z MX My Mz J i 

(2.50a) 

(2.50b) 

Here the X-V plane is parallel to the floor plane and contains the 

undeformed geometric axis, and ~ is the nondimensional coordinate. 

By adopting isoparametric interpolation, the condition of com

pleteness is satisfied. Referring to Fig. 2.10, the position vector 

for a point on the geometric axis is 

~ 

R=<X,Y,z> 
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geometric axis 

____ .... z 

Figure 2.10 Type I element (coplanar curved). 



The vector 

~ 

dR _ < dX dY dz 
~ - dS;' ~ , dS; > 

defines the tangent to the geometric axis and is also normal to the 

cross-section. 

The unit tangent vector is 

Since the z-axis is known to be normal to the floor plane, the y-axis 

is defined by the right-hand-screw rule as 

For any vector v in the local coordinate system -e 

v = [rJ 'in -e ::I 

where ~ is in the global system and 

~ 

• e 
m m,n = 1, 2 and 3 

~ -"" and em and en represent unit vectors along the coordinate axes in 

the local and global coordinate systems respectively. For instance, 

suppose in the global system 

ez = <0, 0, 1> 
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then 

-" 
ey = <-b, a, 0> 

and 

abO 

[r] = -b a 0 

o 0 1 

The interpolation functions over three nodes are 

Nl = - t ~(l-tJ 
2 

N2 = 1 - ~ 

N3 = t dl+tJ 
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(2.51) 

(2.52) 

At each point along the geometric axis, the local degrees-of-freedom can 

be related to the global degrees-of-freedom as 

where 

.§.. = L ua va wa J T 

!=LCt8yJT 

IS =LU V W JT -g a a a 
T 

!g = L Ctg 8g Y J 

(2.53) 

(2.53a) 



Isoparametric interpolation of the geometry gives 

~ 

dR _ < dX dV dz 
df - dF;' df ' d[ > 

3 3 3 
= < N. z. > 

1 , ~ 1 

where (Xi' Vi) is the X-V coordinate of the i-th node and 

N = - 1 + ~ N2,~ = -2~, N = 1 + ~ 
l,~ 2 ' <, 3,~ 2 

For a coplanar curved beam, 

Therefore, 

where 

and 

where 

~ 

3 
L N;,~ z; = a 

i =1 

J. 

dR - <a*,b*,O> 
d~ -

a* = (- ~ +~) Xl + (-2~) X2 + (! + ~) X3 

1 1 b* = (- 2 +~) Vl + (-2~) v2 + (2 + ~) v3 

es = <a,b,O> 
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(2.54) 

(2.54a) 

(2.54b) 
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a = 

b* b = 2 2 1/2 = b{~,X.,y.) 
(a* + b* ) 1 1 

and thus [rJ can be obtained by Eqn. (2.51). 

Interpolation of the global degrees-of-freedom gives 

3 
o = L N. igi -g i=l 1 

(2.55) 
3 

8 = L N. ~gi -g i =1 1 

Since 

s = s{X,y,z) = s[X{~), y{~), z{~)J = s{~) 

we have 

(2.56) 

where 

(2.56a) 

With the aid of the foregoing relation, Eqn. (2.48a) can be re-written 

as 
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0 0 0 0 ' a 0 t ~i"f u a 

0 0 0 0 0 ' a t 'a~ va 

0 ' a 0 t~ 0 0 -1 wa 
€: = (2.5?) 

0 0 1 a 
0 1 0 t~ 

C/. 

1 a 0 0 0 0 0 t~ 

0 0 0 ' a 0 0 
t~ 

y 

or 

(2.57a) 

Substituting Eqn. (2.53) and (2.55) ~nto Eqn. (2.57a) gives the relation 

between the generalized strain £ and the nodal degree-of-freedom as 

f..= 

.9..gl 

~gl 

[ 
N, CrJ: ,[OJ! N2[rJ! [0] ! N3[r]! [0] J .9..g2 

I I I I I 

[0] !N~[r]! [0] :N2[rJ! [0] :N3[r] ~g2 

.9..g3 

~g3 
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= [[P, ](N, [rH[P2](N, [r]),[p, ](N2[r])£P2](N2[r]),[p, ](N
3
[r]),[P

2
](N

3
[r])] 

.Q.g, 

~g' 

.Q..g2 

~g2 
(2.58) 

Q.g3 

.!ig3 

or 

h 

£ = [B] Q. (2.58a) 

Typ; ca lly, 

0 0 0 

0 0 0 

1-1- (-bN.) t aF, , taaF, (aN;) 0 

[P,](N;[r]) = ,; =, ,2,3 

0 0 t aaF, (N;) (2.59a) 

taaF, (aN;) taaF, (bN;) 0 

0 0 0 

and 
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1 d 
tddt;, (aNi) 0 - - (-bN.) t dt;, 1 

0 0 i ddt;, (N i ) 

0 0 -N. 
1 

[P2](N;[r]) ,i=1,2,3 
-bN. 

1 aNi 0 (2.59b) 

0 0 0 

1 d ( t 3f aNi) tddt;, (bNi ) 0 

Substituting (2.58a) into (2.49) gives, after some manipulation 

where 

IT = ! I;.T {1 [B]T [0] [B] (t) d<} I;. + V 

= 1 ~T [K] ~ + V 2 - -

t = ds 
dt;, 

(2.60) 

is calculated by Eqn. (2.56a) and [K] is the stiffness matrix of the 

coplanar curved beam element. 

2.6.2 Calculation of [K] for Straight Beam Element 

This element has been used widely and is very efficient in 

handling both thin and thick beam problems. 
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For convenience, element stiffness is formulated in local co-

ordinate system and then transformed to the global system. Fig. 2.11 

shows the local degrees-of-freedom for a straight beam element. From 

Eqn. (2.57a) 

where 

3 
0 = ):; N. o. 

i=l 1 -1 

(2 .61 ) 
3 

e = ):; Ni e . 
i = 1 -1 

Referring to the local system only, [r] becomes [1], a 3 by 3 identity 

matrix. Now, Eqn. (2.58) degenerates into 

s = [8*] ~* (2.62) 

where 

(see following page) 
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rt1 
N 
~ 

N 

(V) 
(V) 

0 -< z: 0 0 0 
I 

(V) (V) r-'1 r-'1 r-'1 

-< 0 0 z: 0 0 iC.o iCVl iC+-> 
co co co 
L-l L-l L-l 

0 0 0 0 0 
(V) 

-< 

0 0 0 
(V) 

0 0 .< 

0 0 
(V) 

0 0 0 -< 

0 0 0 0 
(V) 

0 -< 

N N 
0 z: 0 0 0 -< I 

N 0 0 N 0 0 -< z: 

0 0 0 0 0 N 
-< 

0 0 0 N 0 0 -< 
(V) 

0 0 N 0 0 0 -< 

N II 
0 0 0 0 -< 0 

r-
r-0 Z 0 0 0 -< I 

'r-IW r- 0 C r- 0 0 ~ co 
-< z: 

r-I+-> 

0 0 0 0 0 r-
.11 -< 
'r-

-< r-0 0- 0 -< 0 0 

r- aJ 
0 0 0 0 0 ~ -< aJ 

.c 
.- ~ 

0 0 0 0 -< 0 
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Q. 
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Figure 2.11 Type I element (straight). 
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and 

0 

e 
1 

0 
t:,* = 2 (2.62b) 

e 
2 

0 
3 

e 
3 

The strain energy is 

= 1 t:,*T [K*J t:,* 2 - - (2.63) 

Substituting Eqn. (2.48c) and Eqn. (2.62aj into Eqn. (2.63) gives 

1 

[K*J = f [B*J T [D) [B*J (t) de; 
-1 

1 

= 11 ([B~]T [Db] [B~] + [B~]T [Os] [B;] 

+ [BtJT [OtJ [BtJ) (t) de; 

(2.63a) 
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As mentioned in Section 2.4, reduced integration is applied to 

calculate [K;J. For an element with node 2 in the midspan, 3-point 

quadrature would be exact, but 2-point quadrature is adopted to improve 

element performance. 

For a straight beam element of length £, with node 2 at mid

span, the coordinate transformation matrix relating global (X-Y-z) and 

local (s-y-z) systems can be obtained through Eqn. (2.51) and Eqn. 

(2.54) as 

X3-Xl Y 3-Y 1 
£ £ 

[rJ = 
y 3-Y 1 X3-Xl ---

£ £ 

o 0 

and Eqn. (2.56a) gives 

£ 
t = 2" 

Therefore, A* is related to A as 

A* = [T] A 

o 

o (2.64) 

(2.65) 

where [TJ is a block-diagonal matrix in which each diagonal sub-matrix 

is just [rJ. 



Consequently, 

u = 1 fi*T [K*] _fi* 2-

= t ~T ([T]T [K*] [T]) fi 

= 1 fiT [K] _fi 2-

67 

(2.66) 

where [K] represents the stiffness matrix in the global system and can 

be effectively computed if [K*] is partitioned into submatrices when 

carrying out matrix multiplications. 

2.6.3 Equivalent Nodal Loads 

Three types of loading are considered: 

(1) Transverse load q Z' 

(2) In-plane, tangential load q t, and-

(3) In-plane, normal load q n. 

All these are forces per unit beam length and always pass 

through the geometric center, as shown in Fig. 2.12. 

load is 

2.6.3.1 Transverse Load qz. The potential of the transverse 

-v = JWa q z ds 
£ 

= ~ wa;(fqz N; dS) ;=1 
£ 

(2.67) 



z 
)jf------... x 

y 

z 

y 

Figure 2.12 Line loads applied to a type I element. 
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where Fzi is the equivalent nodal force in the z-direction at node i. 

If we assume qz to be parabolic and qz is expressed as 

3 
q z = l: Nm q zm 

m=l 

where q zm is q z at the m-th node., then 

F . = 1 q z Ni ds Z1 

£ 

3 1 
= E q zm J, Ni Nm (t) dE,; (2.68) 

m=l 

The 3-point Gauss quadrature is required to evaluate Fzi . For 

a straight beam element with node z at midspan 

F.=( ~ q 
Z1 m=l zm 

(2.68a) 

2.6.3.2 Tangential and Normal Load. Fig. 2.12 shows a beam 

segment of length ds and the corresponding local coordinate system. 

q t and q n are positive in the directions of sand y respectively. 

Unless specified otherwise, IIEII denotes summation ranging from 1 to 3 

hereafter. 

The potential energy of the tantential and normal loads is. 

-v = J lla coseo q t ds + J Va sineo q t ds 
£ £ 

+ J Va cos eo q n ds - J Ua sineo q n ds 
£ £ 
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The following steps are self-explanatory. 

dX = coss o ds , dY = sinSo ds 

-v ~ J Ua(q t dX - q n dY) + f Va(q t dY + q n dX) 

= J ~ U . N· (q t dX - q dY) +Jz V . N. (q t dY + q dX) al 1 n al 1 n 

= ~ Uai f N; (q t dX - q n dY) + ~ Va; f N; (q t dY + q n dX) 

dY 
dY = df ds = (~ Nm,s Ym) ds 

1 

F xi = J Ni {[q t(~ Nm,s Xm)]-[q n(~ Nm,~ Ym)]} ds 
-1 

q t = ~ q tk Nk ' q n = ~ q nk Nk 

1 

FXi = J Ni {[~ q tk Nk(~ Nm,s Xm)]-[~ q nk Nk(~ Nm,s Ym)]} ds 

-1 
(2.69a) 

Similarly, 

FYi f1 N; {[L q nk Nk(L Nm.< Xm)]+[L q tk Nk(L Nm.< Ym)]l d< 
-1 

(2.69b) 
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Again, 3-point Gauss quadrature is needed to evaluate FXi and 

FYi which are equivalent nodal forces in the X and Y direct~ons,respec

tively. 

In the case of a straight beam with node 2 at midspan: 

Y -Y 
EN Y =_3_1 

m,~ m 2 

1 

FXi =(\X1) J N;( E q tk Nk) d~ 

-1 

_(Y3;Yl) 
1 

E q nk Nk ) d~ J Ni ( 
-1 

= (X3;Xl) 
1 

E q tk 11 N. Nk d~ 1 

_(Y3;Yl) 
1 

E q nk L Ni Nk d~ (2.70a) 

Simil arly, 

= ( X3;Xl) 
1 

FYi E q nk 11 Ni Nk d~ 

+(Y3;Yl) 
1 

E q tk L Ni Nk d~ (2.70b) 

and 3-point quadrature is sufficient. 



CHAPTER 3 

STRUCTURAL INTERACTION 

After having developed the constituent elements, the question 

that remains is how to assemble various types of elements together to 

make up a complete structural system. A solution to a structural 

problem is correct only if three types of equations are satisfied over 

the entire structure at all times: (1) the differential equations of 

equilibrium; (2) the strain-displacement and compatibility equations; 

and (3) the constitutive law of material [28J. Boundary conditions 

supplementing (1) and (2) also need to be satisfied. 

In the displacement-based approach, only (2) and (3) are under 

consideration during formulation, and therefore, (1) is only approxi

mately satisfied. For monotonic convergence, completeness and inter

element compatibility of displacement and derivatives of displacement 

up to one order less than the highest derivative appearing in the 

potential energy functional must be satisfied [6, 28J. When an element 

satisfies the above requirements, it is called conforming. While the 

completeness condition is a necessity, the inter-element continuity is 

sometimes violated and the element is thus non-conforming; in such 

cases, the structural assembly of elements still allows convergence 

provided that the element passes the patch-test [46, 75J. It is 

asserted that if an arbitrary patch of elements subjected to nodal 

displacements correspondin3 to any state of constant strain can 
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reproduce the constant strain for each element in the patch, then in 

the limit of refinement of meshes, a constant strain state is reached 

for each e1ement--which means convergence is attainable. 

Although the elements developed in Chapter 2 satisfy the com

pleteness and inter-element compatibility, the strain energy terms 

(stiffness) are never integrated exactly as a result of selective 

reduced integration, and monotonic convergence may not be assured. 

Since they pass the patch test, convergence can still be achieved. 

In this displacement-based formulation, it remains to connect 

the plate to the beam by means of compatibility conditions on the 

element interfaces. 

3.1 Compatibility Across Joint of a Plate and a Beam 

Along a joint, the fundamental requirement is that the dis

placement of a point calculated from the plate displacement field be 

the same as the displacement calculated on the basis of the beam dis-

placement field. 

As shown in Fig. 3.1b, for a typical nodal section with "0" 

and "b" denoting the plate and beam node, respectively, the disp1ace-

ments at point n on the interface of the plate and the beam can be 

found from the beam element as 

(3.1a) 

.... -" 
where 0b and on denote the translational displacement vectors at points 

~ 

band n, respectively; 8b represents the rotation vector of the partic-

ular cross-section of the beam; 1bn is the vector from point b to n. 
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z 
~---f!_ X 

y 

(a) 

(b) Section A-A (c) Section 8-8 

Figure 3.1 Interface between a plate and a beam element. 
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Eqn. (3.la) follows from the assumption that beam sections deform as 

rigid planes. Also, 

(3.lb) 

As the plate deforms, 

....l. ~ ..:.. ....l. ° = ° + 8 X rpn (3.lc) n p p 
->. 

where 0p represents the translational displacement vector at point p; 
....lo 

8p denotes the rotation vector of the normal to the plate, and the de-

finitions 
..... ....l. 

of rpn and rbp are essentially the 
...J> 

same as that of rbn . Sub-

stituting Eqn. (3.lb) into Eqn. (3.1c) gives 
....l. ....l. ....l.....l. ~->. 

on = 0b + 8b x rbn + (8 p - 8b) (3.1d) 

....l. 

Let 8b be written as 

(3.1e) 

With the assumption that plane sections remain plane, we have 

(3.lf) 

and 

(3.1g) 

since rpn has no X or Y component. Eqn. (3.1d) becomes 



which is exactly the same as Eqn. (3.la), and hence compatible dis

placement fields are maintained along the joint at three nodal sec-

tions. 
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It is shown in the following that compatibility at any section 

of the interface also holds. Fiq. 3.lc illustrates an arbitrary sec-

tion where IImll and IIC II denote a point on the middle plane of the plate 

and a point on the geometric axis of the beam, respectively. 

With regard to the beam, the displacement of point d on the 

interface can be written as 

-" 
(L N. e .) ~ 

LN. o . + x rcd J cJ J cJ 

....l, ....l, 

x ~Cd) = L N. 0cj + L Nj (ecj J 

(tcj 
-" 

x ~cd) = L Nj + e . cJ 

= L 
~b 

Nj °dj (3.2a) 

-" ~ 

where 0 and e denote displacements and rotations, and the second sub-

script "j" means j-th nodal section. 

With regard to the plate, the displacement of point d on the 

interface is 
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...3. ~ ~ 

= ~ N. a . + (~ N. e .) x rmd 
J mJ J mJ 

...3.p 
= ~ N. ad' 

J J 
(3.2b) 

Since displacement compatibility at three nodal sections along the 

interface has been established, 

(3.2c) 

...3. 
and ad is unique along the interface. 

3.2 Type III Plate Element 

This is a plate element with one edge adjoining a beam element. 

The nodal displacement vector is 

(3.3) 

where ~ b ;s the plate degrees-of-freedom along the interface adjoining -p 
the beam and ~ contains the remaining plate degrees-of-freedom. -pp 

Unless otherwise noted, all quantities below are referred to a global 

coordinate system, and "interface" means joint of the beam and plate. 

Under the assumption that the normal to the plate remains 

rigid and the cross-section of the beam remains plane, we have, from 

Fig. 3.lb, that 
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and Fig. 3.2 shows that 

p b 
Sx = -Sy 

(3.5) 
sP = Sb Y X 

where superscripts IIpll and IIb ll denote the node on a plate element and 

that on a beam element, respectively. Therefore, 

where 

0 0 ry -rX 0 

0 0 0 0 -1 0 

[T] 0 0 0 0 0 (3.6a) 

0 0 0 rz -ry 

0 0 -rz 0 rX 

~ 

and rX' ry' and rz denote the components of rbp ' 

Referring to Eqn. (3.6), we repeat the process for each node 

on the interface. Eventua 11y, 

~pb = [T*] ~ (3.7) 

where ~b gives the degrees-of-freedom of the beam element and 



l1li' X 

y z 

Figure 3.2 Positive rotational degrees-of-freedom of a plate 
element and that of a beam element. 
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(3.8) 

The stiffness matrix [K} and equivalent load vector F corresponding to 

A are derived from the type II element and have to be. modified on the 

basis of invariance of the potential enerqy as follows 

1 A App! 
{ }T {} { }T = 2 ;: [K*J ~~ - ;: I* (3.9) 

[K*J and I* are the stiffness matrix and equivalent load vector cor

responding to the transformed degrees-of-freedom. By introducing !b' 

we have a modified plate element which maintains Co continuity across 

the interface. 

3.3 Other Types of Elements 

Special consideration is required at the junctions of plates, 

beams, and columns. Due to the relatively high density of steel rein

forcing and interlocking of crossing structural elements, the block at 

the junction can be assumed rigid. In addition to the above physical 

argument, the assumptions of plane sections remaining plane under beam 



(column) bending, in-plane rigidity of a bar under bar torsion, and 

the normal to the plate remaining straight taken together imply that 

the junction block of all crossing members is rigid. 
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For practical analysis, it can be assumed that the block rotates 

about point "0" where all beams and columns meet. This assures that 

all the plane sections surrounding the block have the same rotations 

but not necessarily the same translations. 

Figure 3.3 illustrates a typical junction. We define 
~ 

ro3 = vector from the block center to the corner node of the plate 

element, 
-lo 

rbm = vector from the beam node to the plate node which lies on the 

interface of the plate and beam, 
-lo ~ 

r 02 (or r 01) = vector from the block center to the beam node whi ch 

lies on the interface of the beam and the block. 

When crossing beams are of different depths, the location of 

the block center has to be set approximately. Hence 

..:.. ~ . .:.. ~ 

(3.10) 
°1 = ° + e x rol o 0 

~ ~ ~ -l. 
(3.11) °2 = ° + 8 X r02 o 0 

-" ...l. ~ ~ 

(3.12) 03 = 00 + 80 x r03 

...>. -lo 

where 0i and 8i represent translational and rotational vectors at 

point i, respectively. 



z 

y 

a 

Section A-A 

middle plane of 
the plate 

- --- --0:-__ ...0:;... 

b 

Section B-B 

geometric 
axes of 
edqe beams 

A 

~c 

I 
2 ;--0-

I a 

Section c-c 

Figure 3.3 Free corner of an edge-stiffened plate. 
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Eqn. (3.10) gives 

..!>. -" ->. .j 

°0 = 0 1 - e 
0 x rol (3.13) 

Substituting into Eqn. (3.12) gives 

-" -" ...lo ~ ...lo ~ 

03 = °1 - e 0 x r 01 + e 
0 x r03 

J ...lo -" = 0 + e x r13 1 0 (3.14) 

Similarly, 

~ -" ..lo. ..lo. 

03 = 02 + e x r23 0 (3.15) 

Eqns. (3.14) and (3.15) assure that the displacement of the 

plate is compatible with that of the beams at the corner. Two types of 

elements are introduced below to model the corner where plates and 

beams are cast monolithically. 

3.3.1 Type V Element (Corner Plate Element) 

~Jith reference to Fig. 3.4, we define 

~po = degrees-of-freedom at the corner node of the plate element, 

~pb = degrees-of-freedom at the edge nodes of the plate element which 

lies on the interface of the plate and beam, 

~pp = the remaining degrees-of-freedom of the plate element, 

~o = degrees-of-freedom at the block center, and 

~bb = degrees-of-freedom of the adjoining edge beam elements, exclu

sive of nodes linked to the rigid block. 



type V element 

IV element 

Figure 3.4 Classification of degrees-of-freedom for type IV and V 
elements. 
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For each plate node on the interface of the plate and beam 

(except corner node), the degrees-of-freedom can be related to that of 

the corresponding beam node by means of a transformation matrix which 

is obtained by substituting rbm (see Fig. 3.3) for ~ in Eqn. (3.6a). 

For the corner node of the plate element, the degrees-of-freedom are 

related to those of the block center by means of a transformation 

matrix obtained by substituting 103 (see Fig. 3.3) for 1 in Eqn. 

(3.6a). 

Eventually, the degrees-of-freedom of the plate element be-

come 

App App [1] [OJ [OJ App 

/:, = Apb = [T; J Abb [OJ [T; J [OJ Abb 

A.po [T* J /:, [OJ [OJ [T* J A.o 0 -0 0 

App 
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[T**J A.bb (3.16) 

A.o 

The stiffness matrix and equivalent load vector with respect to the 

transformed degrees-of-freedom in the right-hand side of Eqn. (3.16) 

are calculated by introducing [T**J into Eqn. (3.9). 

3.3.2 Type IV Element (Beam Element at a Corner) 

With reference to Fig. 3.4, we define 

Abo = degrees-of-freedom of the beam node linked to the block center, 

and ~o and Abb are as given in Section 3.3.1. 
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Eqn. (3.11) gives 

or 

(3.17) 

where 

0 0 0 rz -ry 

0 0 -r z 0 rX 

0 0 ry -rX 0 
[TJ = (3.17a) 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

where r X' ry and rz denote components of ~2 and U, V, W, eX' ey ez 
denote degrees-of-freedom in the global coordinate system. 

Eventually, the degrees-of-freedom of the beam become 

~ = {~bb} =fEIJ [OJl{~bb} 
~bo ~OJ [TbO~ ~o 

(3.18) 
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Once the degrees-of-freedom have been transformed, the stiff

ness matrix and equivalent load vector have to be modified following 

the approach taken for the type III and V elements. 

3.3.3 Type VI Element 

In order to supplement the study on plate behavior under 

various supporting conditions, a 2-node column element is introduced 

to connect with the crossing beam elements. For simplicity, the plate 

is assumed to be cast into the beam and react with the column only 

through the rigid block at the junction of the beams as shown in 

Fig. 3.5. 

Since columns are designed to sustain loading at their ends, 

a 2-node shear-flexible beam bending element superposed with the 

effect of bar torsion and axial deformation will give an exact solu

tion without mesh refinement on the column, provided that the stiff-

nesses are calculated exactly. The interaction between the column 

and beam elements occurs through the rigid blocks as shown in Fig. 

3.6. 

3.3.3.1 Column Element with Node 1 and 2 (see Fig. 3.6). This 

is a well known element which includes shear deformation. The bending 

and shear strain energy, in the two-dimensional case, can be written 

as 

J M2 J fsQ2 
U ::: 2EI ds + 2GA ds (3.19) 

i i 



plates 

real column head 
at junction 

assumed column head 
at junction 

Figure 3.5 Junction of the column, beam and plate. 
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...L 

~ 1 

-1- 1=00 

s , I-I - column 

z 

=$=1=. 

I = moment of inertia 

Figure 3.6 Idealization of the column element. 
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Because she;:lr deformation is to be included, a displacement

based formulation with only one variable w is insufficient. One 

option is to use in~ependent interpolations for displacement and rota

tion, as was done in Chapter 2. Another way out is to calculate a 

flexibility matrix ~y which a stiffness matrix can be obtained through 

static equilibrium. Bh~tt [7J has formulated such an element for the 

two-dimensional cas~. We will follow the same idea to generate a 

three-dimensional e'lement in a systematic way. 

Fig. 3.7 gives the nodal degrees-of-freedom and corresponding 

loads. Only cross,-sections of double symmetry are considered. The 

complementary strain energy is 

where 

and 

U = - a [EJ a ds 1 J~hT h A 

c ~ _. -

[EJ = 

£ 

1 rr-
xx 

1 0 
Elyy 

o 1 
EA 

(3.20) 

(3.20a) 

(3.20b) 
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z 

~ 
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L 
Qy T N 

6x2 
6y2 

Figure 3.7 2-node column element and relevant stress resultants. 
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and all the relevant constants are defined as in Chapter 2. In 

order to calculate Uc and the flexibility matrix) the element must be 

stably supported at one end with loading applied at the unsupported 

end. With node 2 fixed, the total complementary energy is 

II = U + V c c c (3.21) 

where Vc is the complementary potential of external loads. 

From statics, 

Mx 0 0 -5 -1 0 0 Qxl 

My 5 -1 0 0 0 0 My1 

Qx 0 0 0 0 0 QY1 
cr = = (3.22) 

Qy 0 0 -1 0 0 0 Mx1 

N 0 0 0 0 -1 0 N1 

T 0 0 0 0 0 -1 T1 

or 

(3.22a) 

Now, 

(3.23) 

or 

(3.24) 
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where 

(3.24a) 

According to the principle of stationary complementary energy 

so 

where 

[f J = 1 

oTI = 0 
C 

0 

0 

0 

0 

or 

0 

0 

0 

0 

aTIc 
-= 0 
as 
I 

o 

o 

R, 3 f s:~' 
(~+GA) 

xx 

£2 
2Elxx 

0 

0 

o 

o 

R,2 
2Elxx 

£ 
E1xx 

0 

0 

[flJ is the flexibility matrix with node 2 fixed. The 

(3.25) 

(3.26) 

o o 

o o 

0 0 

(3.26a) 

0 0 

£ 0 EA 

0 £ 
GJ t -

relation between 

[flJ and the stiffness matrix [KJ of the element is given in Ref. [28J 

as 
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(3.27) 

where [R] is such that 

(3.28) 

(3.28a) 

(3.29) 

From Eqn (3.26), 

~ 1 = [f 1 r 1 
.2..1 = [Kll ] .2..1 (3.30) 

where [KllJ is interpreted as the load required at node 1 when only 

node 1 is displaced. To maintain equilibrium, Eqn. (3.28) gives 

(3.31) 

where [K21 J represents the load induced at node 2 when only node 1 is 

displaced. 
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Since [K] is symmetric 

(3.32) 

But [Kl2 ] is the load induced at node 1 when only node 2 is displaced 

and Eqn. (3.28) gives 

(3.33) 

This completes the proof of Eqn. (3.27). 

So far, [K] corresponds to 0 where 

(3.34) 
To facilitate transformation, ~ is re-arranged as 

~ = L ul ,vl ,wl ,8 xl ,8yl ,8 s1 : u2,v2,w2,8X2,8y2,8s2 J T 

(3.35) 

and [K] is re-arranged by interchanging rows and columns simul

taneously. 

3.3.3.2 Column Element with Nodes 0t and 0b(see Fig. 3.6). 

For the column element presented in Section 3.3.3.1 to interact with 

crossing beam elements, the degrees-of-freedom must correspond to Dt 
and Db' and hence the derived stiffness matrix must be modified. 

In what follows, subscripts 1, 2, t, and b denote degrees-of

freedom corresponding to nodes 1, 2, at' and Db' respectively. 

For the two rigid ends, 

(3.36a) 



96 

(3.36b) 

(3.36c) 

(3.36d) 

where all quantities are based on the local coordinate system, x-y-s. 

Eventually, 

where o. is 
-1 

{~} " [T*] {~} (3.37) 

(3.37a) 

Since the transformation matrix is known, the stiffness matrix can be 

readily modified. 

Another transformation must be introduced to take into account 

the fact that the local (x-y) and global (X-V) coordinates are not in 

alignment. It can be shown that (see Fig. 3.7) 

T T L U,V,w _I; = [T] L U,V,w J i 
= t, b (3.38) 

and 

[T] (3.39) 
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with eor defined in Fig. 3.7. Therefore, 

{~:} = [T**] {~:} (3.40) 

where 

t,b (3.40a) 

3.4 Manipulation on Matrices 

In deriving the stiffness matrices and equivalent load vectors 

of type III, IV and V elements, matrix multiplication can be carried 

out efficiently by dividing each matrix into submatrices or blocks 

and each block is then operated as an element. We illustrate this 

scheme for the type III element and others can be done in a similar 

manner. 

As shown in Fig. 3.la, the degrees-of-freedom of the plate 

element and beam element are 

and 

T T T T 6 b :::L6.,6.,6 k J 
- -1 -J -

Proceeding along the lines employed in Section 3.2, we define 

r kS = <XS-Xk'YS-Yk,zS-zk> 

r j4 = <X4-Xj'Y4-Yj,Z4-Zj> 

(3.41) 

(3.42) 
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Therefore, 

(3.43) 

where [Ti3], [Tj4] and [TkS ] are obtained by substituting ~i3' 1j4 and 
...3.. ~ 

r kS for r in Eqn. (3.6a). ~p can be written as 

T T T T T 
~p = L ~1'~2,([Ti3] ~i) ,([Tj4]~j) ,([TkS ] ~k) , 

T T T T T 
~6'~7'!l8'!l9 J 

** T T T T T T T T T T 
[T ] L ~1'~2'~i'~j'~k'~6'~7'~8'~9 J (3.44) 

where 

o 
[Ti3] 

[Tj4] 

[T**] = [TkS ] (3.44a) 

[IS] 

o 
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and [I5J, [I4J denote identity matrices of order 5, 4 respectively. 

According to Eqn. (3.9), the stiffness matrix of the type III plate 

element is 

[K*J = [T**JT [KJ [T**J (3.45) 

[KJ is divided into 9 by 9 blocks of submatrices according to the 

structure of [T**J. [KJ [T**] is thus equivalent to post-multiplying 

the third, fourth and fifth column of submatrices in [KJ by [Ti3J, 

[Tj4J and [Tk5 J in [T**J respectively; meanwhile, the remaining sub

matrices in [KJ are unchanged. [T**JT [KJ [T**J means pre-multiplying 

third, fourth and fifth row of the submatrices in [KJ [T**J by 

[Ti3JT , [Tj4JT and [Tk5 JT respectively while other submatrices in 

[KJ [T**J are unchanged. 

Similarly, the equivalent load vectors of the plate element 

and beam element are 

and 
T T T T 

Fb = L F.,F.,FkJ - -1 -J -

(3.46) 

Eqn. (3.9) gives the modified equivalent load vector of the type III 

plate element as 

(3.47) 



Multiplication is carried out only on the third, fourth and fifth 

submatrices (subvectors) in F . -p 
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For a straight-edged interface of the plate and beam elements, 

as in a normal floor system, [Ti3J, [Tj4J and [Tk5 J are all identical. 



CHAPTER 4 

SOLUTION SCHEME AND PROGRAMMING 

The direct stiffness method, based on equilibrium-and com

patibility conditions at the nodes, is used to assemble the global 

structural stiffness coefficients and global equivalent nodal loads. 

An efficient solution scheme is crucial for the linear stiffness 

equation. Generally, the economy of structural analysis ;s dependent 

on the time spent on the solution of the stiffness equation. In 

linear-elastic structural analysis, it is very likely that more than 

a half of the total execution time is taken up by an equation solver, 

while in nonlinear or dynamic analysis, with incremental loads or time 

steps, much more time is consumed. 

4.1 Solution Methods 

For solution of the linear equations, there are two classes 

of methods -- direct and iterative. The iterative methods include 

variants such as Jacobi's, Gauss-Siedel's and Successive-Over

Relaxation, etc. [25, 69J. The common features are inexpensive iteration 

with perhaps slow convergence. In certain applications, such as 

optimization or re-analysis in which only slight or partial changes 

occur in the structure of concern, each previous solution will be a 

good starting point for solution of the newly-changed structure, and 

quicker convergence can be achieved. 

101 
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In direct methods, Gauss elimination is very effective and 

widely used in structural analysis, where the stiffness matrices are 

normally banded, sparse and symmetric for displacement-based formu

lations. Other variants include decomposition of the stiffness matrix 

into upper and lower triangular forms with backward and forward sub

stitution, to name a few--Cholesky's, Crout's, Dolittle's [69J method. 

To apply Gauss elimination, there are three schemes to store 

the stiffness coefficients [20J, 

(l) Banded Storage: For efficiency, nodes are numbered such that 

the maximum difference of nodal numbers is kept as small as 

possible within any element and thus the global stiffness 

coefficients will be banded along the diagonal. Nodal num

bering is crucial to the bandwidth and narrow bandwidth means 

a reduction of operations and savings of storage in the com

puter. Special subroutines have been devised by Cuthill and 

McKee [21J, Rosen [63J, and Collins [13J to minimize bandwidth 

by renumbering the nodal numbers. 

(2) Profile (Skyline or Active Column) Storage: For each row of 

the stiffness matrix, storage is made from the first non-zero 

coefficient to the diagonal, or, for each column, storage is 

made from the highest non-zero coefficient down to the 

diagonal. To accommodate large systems of equations, this 

scheme has been extended by partioning into blocks and storing 

in back-up storage such as that developed by Mondkar and 



Powell . [5 7 ] . 
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Taylor [75] and Meyer [54] have a detailed dis-

cussion and comparison on banded and profile storaqe methods. 

(3) Frontal Technique: While the previous two methods require 

the formation of global stiffness equations before Gauss elim

ination is applied, this method assembles the global stiffness 

equation and performs the Gauss elimination at the same time, so 

that the complete global stiffness equation is never formed. 

4.2 Frontal Technigue Background 

As will be seen later, element numbering instead of nodal num

bering affects the efficiency of this method. During assembly and 

elimination, the equations that currently exist and require further 

processing are termed IIfront". As a new element is being call(~d in, 

each node in the element will be checked in turn for its (1) last ap

pearance in the structure, (2) first appearance in the structure, or 

(3) existence in the front. If (1) is checked, the stiffness coef

ficients pertaining to that node will be assembled into the existing 

equations in the front and later removed from the front to back-up 

storage after applying Gauss elimination. The space in the front now 

is available for occupation by oncoming new nodes. If (2) is checked, 

the stiffness coefficients will supplement the front with new equa

tions and occupy space left open by a leaving node or have to extend 

the front to fit in new equations. If (3) is checked, the stiffness 

coefficients will be assembled into existing equations in the front. 

Mathematically, this method can be viewed as eliminating an 

equation in any possible row of the stiffness equation instead of from 
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the top down. Physically, it can be interpreted as a succession of 

static condensation processes [53, 54]. Levy [52], King [49], and 

Sloan and Randolf [68] have devised subroutines for element re-numbering 

in order to reduce the size of the front. Since element numbering is 

less cumbersome than node numbering for general structures, the front 

technique is superior to a band-solver except for its complexity. 

The frontal technique offers some other advantages: 

(1) Local mesh-refinement can be done by adding more elements 

without renumbering all the nodes, as would be required in 

a band-solver. 

(2) Adding new structural components in a design process presents 

no difficulty. 

The frontal technique was developed by Iron [47] and Melosh 

and Bamford [53]. Since then, several programs have become available 

[39, 46]. A detailed listing of a program, devised to solve symmetric 

stiffness equations for structures which consist of a single type of 

element with the same degrees-of-freedom per node under a case of sin

gle loading, can be found in Ref. [39]. No buffer stor~ge is provided 

for the purpose of reducing the inefficiency associated with trans

porting data to and from backup storage. We adopt that program as a 

basis and make necessary modifications or adjustments to solve the 

stiffness equations in three-dimensional floor systems. 



4.3 Program Organization 

The finite element program consists of four mdjor 

parts: 

(1) Data input 

(2) Mesh generation 

(3) Pre-processing of data 

(4) Solution and output. 

Fig. 4.1 shows a condensed flow chart of the program. The 

major subroutines are described as follows: 

IhQ Q~ - A master subroutine which governs the flow of 

the program. 
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~I ~H Q~ - A subroutine generating data for a refined mesh 

from an unrefined mesh. 

For any practical structural analysis program, data preparation 

by hand is not only time consuming, but also vulnerable to human error. 

Therefore, a mesh-generating subroutine which takes up data from a 

grossly divided structure and transforms it into an assembly of many 

individual elements is introduced in the program. Examples of mesh

generating programs are available in Ref. [39] where attention was 

directed to plane structures or structures made of a single type of 

elements. 

The present analysis of a floor system requires six types of 

elements to be assembled together. Therefore, in addition to generating 
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I FLOOR 1 r-- GENBOl 

I-- GENP02 

I I mesh I-- GENP03 
~ GENTOP 1 MESHDA I gener- I-- GENB04 

ation 
\ I-- GENP05 

I I 
"-- GENC06 

I BOUNDA I l MFRCHK 
I I 

r-- BMLDOl 

~ PLLD02 

I I load vectors r- PLLD03 
LOADDA 

J r- BMLD04 

~ PLLD05 

'-- COLD06 , 

r-- ELSTOl 
VI ELST02 QJ ~ 
VI 
ro 
u 

f 
I stiffness matrices ELST03 r-

C'l FRONT c I( for fl rst- 1 Oaal ng 
'r- r- ELST04 
"'0 case only) ro 
0 r- ELST05 r-

r- io-- ELST06 r-
ro , 
~ 
QJ r-- PLDS02 
> 
0 BMSROl 
0-

r-
0 
0 stress calculation r-- PLSR02 r-

--f PLSR03 I 
-i BMSR04 I 

I STOP 1 Y PLSR05 

Figure 4.1 Outline of the finite element program. 
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the individual elements, a special effort must be made to supply 

necessary data to be used for the structural interaction between dif

ferent types of elements. 

Major steps involved are: 

(1) Division of the whole floor sy~tem (with beams and columns 

present) into six types of blocks and each type of block may again be 

subdivided when its geometric configuration is discontinued or when 

material properties are not uniform. Fig. 4.2 shows such a division. 

For type II and III blocks, eight sets of nodal coordinates 

are input to define each block. Using isoparametric interpolations, 

at any point within the block considered, the global coordinates can 

be defined as 

8 
L: 

i=l 

8 
y(~, n) = E 

i =1 

P.(~, n) x. 
1 1 

(4.1) 

P.(~, n) y. 
1 1 

where Pi is given in Eqn.(2.14). Each (~, n) is obtained by specifying 

in each direction (~ or n) the total number of divisions and relative 

proportion of each division. 

For a type I block, the coordinates are 

3 
x(d = E Ni x. 

i=l 1 

3 
y(~) = L: 

i =1 
N. y. 

1 1 

where Ni is given in Eqn. (2.52). 

(4.2) 
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Figure 4.2 Original and generated meshes for a floor system. 



Type IV, V, VI blocks are just elements. Care must be taken 

to insure divisions along block interfaces are compatible and that 

different material properties account for different blocks. 

(2) Each block is sub-divided into elements and topology and co-
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ordinates are assigned to each element. This process is repeated for 

each block. Nodal numbering is executed independently within each 

block such that the starting nodal number of the current block is one 

above the last nodal number of the previous block. 

Fig. 4.3 shows the interface of type III and I blocks. Co

ordinates of nodes 3,4 and 5 have been input as well as those of nodes 

i, j and k. When the plate joint edge 3-4-5 is divided into edges of 

type III elements, the beam geometric axis i-j-k is also divided into 

geometric axes of type I elements by the same division and proportion. 

Both sets of coordinates are supplied to type III elements for the 

purpose of calculating the transformation matrix derived in Section 

3.2. 

The junction of type IV, V, VI elements is shown in Fig. 4.3. 

Information regarding nodes i, 1, m, n, r, p and q are furnished to the 

type V element and those regarding node n are supplied to the type IV 

elements and the type VI element. 

(3) Along the block interface, the same node is numbered differ-

ently in different blocks. Therefore, by searching for identical co

ordinates for each node, we can identify the node numbers overlapping 

at the same node, and resequence the nodal numbering to eliminate 
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Fi~ure 4.3 Discretization for the free corner of an edqe-stiffened 
plate. . 
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such overlapping. Accordingly, the element topology involving over

lapped numbers must be modified. All of this is done by subroutine 

GENTOP, which is similar to that given by Hinton and Owen [38J for 

two-dimensional, single type elements. 

(4) For the present analysis of floor systems, the interface 

of the type III and I elements and that of the type V and IV elements 

are straight edges, and thus a simplification in the programming can be 

made. As shown in Fig. 4.3, we need to supply information only at 

nodes 4 and j to the type III element in order to obtain the transfor

mation matrix. Similarly, the transformation matrix for the type V 

element can be found from information available at nodes 7 and 1, 

nodes 8 and n, and nodes 9 and P. 

~ fRf~! - Calculation of the maximum front width MFRON 

[3, 39 J. 

By definition, the front of a particular element is equal to 

the front of the previous element minus those degrees-of-freedom which 

appear last in the previous element plus those which appear for the 

first time in the element concerned. The size of the front affects 

the computational efficiency in both storage space and the amount of 

data shuffling. 

Hence, for each node, we search through all elements. If it 

makes its first appearance in the i-th element, the front size will be 

increased by the degrees-of-freedom of that particular node when the 

i-th element is called in; if it makes its last appearance in the j-th 
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element (except the last element), the front size will be decreased by 

thedegrees-of-freedom of that particular node when the (j+l)-th element 

is encountered. Here the variation of the degrees-of-freedom at nodes 

is taken into account. 

~QQ~Q~ - Specification of the boundary conditions. 

In the displacement-based finite element method, the boundary 

conditions come in the form of prescribed nodal degrees-of-freedom. Since 

the number of degrees-of-freedom per node varies, two vectors INI and NTO 

are introduced which enable us to identify the position of each degree

of-freedom at a given node in the global stiffness equation. This 

allows us to deal with varying degrees-of-freedom per node very effec

tively in the frontal program. 

For example, for the NPOSN-th node in the structure, INI(NPOSN) 

and NTO(NPOSN) indicate the position of the first degree-of-freedom and 

the total number of degrees-of-freedom, respectjvely. In addition. 

IFFIX(INI(NPOSN)) up to IFFIX(INI(NPOSN)+NTO(NPOSN)-l) denote the 

displacement boundary conditions pertaining to all degrees-of-freedom 

of the NPOSN-th node. IFFIX= 1 and 0 mean prescribed degrees-of-freedom 

and free degrees-of-freedom, respectively. PREDS(INI(NPOSN)) up to 

PREDS(INI(NPOSN)+NTO(NPOSN)-l) give the corresponding prescribed 

values. Although a complete global stiffness matrix is never formed, 

the relative position of each degree-of-freedom is still required. 

Only those nodes with prescribed degrees-of-freedom need to be processed 

in subroutine BOUNDA. 



113 

hQA QQA - Calculation of equivalent load. 

Equivalent loads are calculated for each loaded element and 

stored in back-up storage. A vector LDIDEL is established to signify 

whether an element is loaded. This not only saves storage but also 

avoids unnecessary assembling of global load vectors in the solution 

phase. 

f~Q ~I - Stiffness equation solver based on the frontal 

technique. 

It has special features to: 

(1) Handle varying degrees-of-freedom per node by referring to 

the INI and NTO vector. 

(2) Connect different types of elements effectively by storing 

the stiffness coefficients of each element in a vector 

instead of a matrix. 

(3) Solve problems of multiple loading cases by saving reduced 

stiffness coefficients in back-up storage. 

(4) Improve program efficiency by creating a buffer area in the 

core which holds data transported out of or into the core. 

(5) Calculates the maximum front size required in advance by 

using subroutine MFRCHK, which guards against overstepping the 

allowable front space (messing up the front) on the one hand, 

and on the other hand, insures minimum required storage and 

minimum working length (assembling stiffness, seeking empty 

space, and transporting data into or out of the core). 
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Some comments on the application of this subroutine are: 

(1) Different types of elements with varying degrees-of-freedom 

per node can be easily connected, such as beams and plates in 

a floor system. 

(2) Experience shows that time spent on subsequent loading cases 

is within 10% of that required in the first loading case. Some 

nonlinear analyses are based on incrementing the loads, apply

ing the linear solution iteratively, and keeping stiffness un

changed in each loading step. This subroutine will be very 

efficient in adapting to those analyses. 

(3) For a testing problem with 600 degrees-of-freedom, the time 

spent with the buffer storage in the core is less than one

fifth of that without a buffer. Of course, the buffer area in 

the core is limited by the specific computer in use. 

fh Q~Q~ - Calculation of maximum transverse displacement 

for each type II element in the floor system. 

In view of structural serviceability and appearance, the de

flections of the floor system have to be controlled [lJ. Therefore, a 

scheme is devised to calculate the maximum transverse displacemnt w in 

the plate element. 

In Eqn. (2.13), 

w = w(s, n) 
8 
L P'(s, n) wi 

i=1 1 
(2.13) 
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where wi and Pi are nodal transverse displacements on the boundary of 

the element and the Serendipity shape functions, respectively. Upon 

expansion by Taylor's series, 

we, + '" 0 + '0) = we"~ 0) + (ow)T t:} 
+ ~L '" '0 J (0

2 
w) {::} + ••. 

'iJW = {l?} 
and 

a2
\,1 a2w 

'iJ
2

W = a~2 (l~an 

a2w a2w 
ana~ an2 

For w(~, n) to be an extreme, 

i . e., 

aw 
a~ 

f(~, n) 0 

= = 
o 

(4.3) 

(4.3a) 

(4.3b) 

(4.4) 



Since f and 9 are nonlinear, we apply the Newtbn-Raphson method ex

pressed in the form 

= + + ••• 

~lhen f and 9 converge to zero, 

af -f aF,; an 
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~f j"' = (4.5) Il[ 19. -g aF,; an l6n 
L 

or 

tl-(lWf1 
{:} (4.6) 

Given an initial (F,;, n), iterations can then be carried out. If con

vergence is attained, and IF,; I < 1, Inl < 1, then a relative maximum 

Iwl is found inside the plate element. This wli11 be compared with 

the relative maximum Iwl on each edge along the boundary of plate 

element which is a quadratic function interpollated over nodes on the 

edge. 

1:.1. ~ R Q ~ - Stress calculation for tlype II plate elements. 

Combining Eqn. (2.8), (2.19a), (2.27a)i and (2.3la), we can 

write the stress-displacement relation as 
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(4.7) 

A • T 
where Q.. = L MX,My,Mxy,Qxz,Qyz,Nx,Ny,NXY J ,as shown in Fig. 2.7 and 

~ is given by Eqn. (2.38a). 

As mentioned in Chapter 3, the displacement-based finite ele

ment method satisfies equilibrium only in the global sense through 

minimization of the potential energy, so stress equilibrium within 

each element is not attained. Moreover, the displacement field con

tains only Co continuity across the interfaces of elements, so the 

stress field (derivatives) are not continuous. 

Thus, the stress calculation from the displacement field is 

not expected to be as good as the displacement itself. Experiences 

[35, 42J have shown that the best stress sampling points for 8 or 

9-node Mindlin-type elements are at the 2 by 2 Gauss quadrature points. 

Barlow [5J proved that if an element with a displacement field of a poly

nomial complete up to order (n-l) is used to model the exact displace

ment field of a complete polynomial of order n, then strains or 

stresses (first derivative) of the finite element model will match 

that of the exact displacement field at the 2 by 2 Gauss points. This 

implies that as the element size is refined to the extent that 

the actual displacement field is effectively a polynomial of order n, 

the result for the stresses at the 2 by 2 Gauss points will be as ac

curate as for the displacements. While this proof was intended for 

the plane stress or strain element, the same is true for the Mindlin

type plate bending element whereby strains (stresses) are first 
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derivatives of the displacement field as in the plane stress or strain 

case. Since the shear strain derives from the displacement and its 

first derivative, the result is less satisfactory than for the moment. 

Other concepts such as global stress smoothing [35] and con

sistent conjugate stress [28] can be very tedious and costly in 

practical application, since re-analysis is needed. Hinton and 

Campbell [35] also suggested the local stress smoothing technique 

based on the least square error analysis between the smoothed and 

unsmoothed stress at the element level and which has been used widely 

among Mindlin-type plate bending elements [34, 35, 58]. In this 

method, nodal stresses are extrapolated from those at the 2 by 2 

Gauss points, and averaged among adjoining elements to give a contin-

uous stress field across the interface of the elements. It proves 

to be very efficient and shows consistently better results than those 

obtained by applying Eqn. (4.7) directly at nodes and taking averages 

[35] . 

fh~ R Ql - Stress calculation for type III elements. 

Since the type III element is connected to a beam element, we 

must determine displacements along the interface of the beam and the 

plate from displacements of the beam element. Referring to Fig. 3:la, 

Eqn. (3.44) gives 

** T T T T T T T T T JT ~p = [T ] L ~l' ~2' ~i' ~j' ~k' ~6' ~7' ~8' ~9 (3.44) 
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The vector on the right hpnd side is a solution of the global stiffness 

equation and [T**] is alsp known, so ~P is ready for calculation of 

stresses in the plate as ~as been done in subroutine PLSR02. 

Methodology simil~r to that in subroutines PLSR02 and PLSR03 

has been adopted to develop stress calculation subroutines for the 

type I, IV and V elements, namely, BMSR01, BMSR04 and PLSR05, respec

tively. Since strains ar~ just first derivatives of displacements in 

the beam element, it can be shown that stresses are best represented 

at two Gauss points. 



CHAPTER 5 

NUMERICAL APPLICATION 

The program was tested and evaluated on a series of struc

tural problems. Hith regard to the major problem descY'ibed in the 

beginning of Chapter 1, three basic sub-classes of problems are 

examined: plate, beam, and plate-beam structures. Whenever possible, 

the results are compared with known analytical solutions. 

5.1 Bending of a Square Plate with Two Adjacent 
Edges Clamped and the Others Free 

This problem has only a few solutions available [45, 51J and 

is presented here to show the convergence of the type II element. A 

convergence study of a thin plate either simply supported or clamped 

along the perimeter under uniformly distributed or concentrated load 

has been done by Hughes and Cohen [44J. Fig. 5.1 shows the mesh pat-

terns used for this particular problem. For a length-thickness ratio 

equal to 1030, the solution can be compared with those obtained by 

Huang and Conway [45J using Fourier series and by Leissa and 

Niedenfuhr [51J using a point-matching method--both based on classical 

thin plate theory, as shown in Table 5.1. 

5.2 Bending of a Rectangular Plate with Two Adjacent 
Edges Clamped and the Others Free 

Following the convergence study of the type II element, the 

program was applied to the analysis of a rectangular corner plate 
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-,- III X 

a 

~= 1030 

-1 h = thickness 

~ a ~ 
J 
y 

2-by-2 3-by-3 4-by-4 

Figure 5.1 Mesh patterns for a square corner plate. 



Table 5.1 

Convergence of the Deflection Coefficient 
of a Square Corner Plate Under 

Uniformly Distributed Load 

Mesh Size 

2 x 2 

3 x 3 

4 x 4 

Huang et a1. 

Leissa et a1. 

·V = 0 

0.56299 

0.57155 

0.57485 

0.57904 

0.55915 
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under either uniformly distributed load or a concentrated load at the 

tip (free corner). 

Referring to Figs. 5.2 and 5.3, we define 

~l 
s* = ~ , 

2 

n* = 

n* = 

D = E h3 

2 12(1-v } 

in Fig. 5.2 or 

in Fig. 5.3 

where £1 and £2 are the larger and smaller lateral dimensions of the 

plate; E, h, and v are defined as before; wmax is the maximum trans

verse displacement in the plate; P and q are the concentrated tip-load 

and uniformly distributed load on the plate, respectively. 

Since the type II element is allowed to have shear deformation, 

unlike in the classical theory, n* is not a constant for a rectangular 

plate with constant s*. It is found that the ratio of thickness to 

the lateral dimension also plays a role. Moreover, leissa and 

Niedenfuhr [51J have shown for a square plate that the Poisson ratio 

also affects n*. 

For application to concrete floor structures, E and v are 

taken as 3.3 x 106 psi and 1/6 respectively; s* has the values 1, 1.5 

and 2; h/£2 ranges from 0.02 to 0.1. 



9-
a* = _1 > 1 

9- 2 -

10 (n*) 

4.5 

4.0 

h = thickness 

3.5 -

3.0 

: 

; 

I • 

a* = 2 

8* = 1.5 

a* = 

2.5 ~ ____ ~ ______ ~ ______ ~ ______ ~ ____ ~ ______ ~ 
o 2 4 8 10 12 
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Figure 5.2 Deflection coefficient of a rectangular corner plate under 
concentrated tip-load. 



125 

R,l 
a* = - > 1 
I-' R,2 - R,2 

h = thickness 
10.5 

13* = 2 

9.5 

8.5 

13* = 1. 5 

7.5 

6.5 

5.5 

4.5 13* = 1 

3.5~----~------~------~----~~----~------~----~ 
1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5 

102(h/R,2) 

Figure 5.3 Deflection coefficient of a rectangular corner plate under 
uniformly distributed load. 
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For each rectangular plate, the mesh pattern is gradually re

fined until the percent difference between two consecutive mesh 

patterns is within 0.1%. It was found that in most instances, a 4 by 4 

mesh pattern in one plate is sufficient to meet this condition. 

The deflection coefficient n* for a rectangular corner plate 

under uniformly distributed load and concentrated tip-load is given in 

Figs. 5.2 and 5.3 respectively. With the aid of a linear-least-square 

fitting program, it can be expressed as a linear function of h/~2 

where ao and al are listed in Table 5.2. n* increases with h/~2 due 

to the increasing effect of shear deformation and wmax always occurs. 

at the free corner. 

5.3 A Rectangular Grid Subjected to TransversE Loading 

This is to test the interaction between the type I and type IV 

elements. As shown in Fig. 5.4, the beam is effectively very thin and 

the analytical solutions of the thick beam and thin beam theory are es

sentially the same [71]. The finite element discretization does allow 

for finite size of the junction block, so that small discrepancies from 

beam theories are possible. The deflection under load P is 0.6830 

while that from the two beam theories is 0.6848. As for the torque 

in the beam, they are 144.661 and 143.7985 from finite element solu

tion and the two beam theories, respectively. 



13* 

1.5 

2 

Table 5.2 

Expression for the Deflection Coefficient of a 
Rectangular Corner Plate 

Uniformly 
Concen~rated Tip-Load Distributed Load 

aO a1 aO al 

0.2635266 0.2615145 0.0395087 0.0268160 

0.3478515 0.2947856 0.0753696 0.0392689 

0.3750303 0.2798367 0.0985939 0.0380903 
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P = 6.84288 
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b = 2.4 
d = 2.4 
E = 3.3 x 106 
'J = 1/6 

Figure 5.4 Mesh pattern for a square grid. 
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5.4 Bending of a Square Plate with Two Opposite Edges 
Simply Supported and the Other Two Edges Supported on Beams 

129 

A search through the published literature shows that plate

beam interaction is rarely considered in classical plate bending 

problems. Even a simple plate-beam structure generates a set of 

partial differential equations for equilibrium and compatibility and 

inevitably some simplifications have to be made in an effort to reduce 

the complexity of the almost intractable equations. This is the case 

in plate-beam structures already tackled [72J. 

This example problem provides an opportunity to study the 

interaction among type I, II and III elements. Based on the thin 

plate theory, solutions by means of Fourier series are furnished [72J 

with the assumption that the edge beams are subjected to transverse 

bending only and do not resist torsion or lateral bending. Thus, the 

center of cross section of a beam is in the same level as the middle 

plane of a plate and the width of the edge beam is imagined as being 

zero. To match the thin beam assumption in Ref. [72J, the areas of 

the beams are taken as large as possible to eliminate the effect of 

transverse shear deformation. Fig. 5.5 gives the details of such a 

structure. Only one quadrant is analyzed due to symmetry. The 

results of a convergence study of the deflection and moment are given 

in Table 5.3 and Fig. 5.6. Excellent results are obtained even for 

moments of the plate although they are extrapolated from the values 

at 2 by 2 Gauss points. As pointed out by Hughes et al. [42J, for 

simply supported edges of a rectangular plate, the convergence to 

thin plate solutions can be slightly improved if both transverse 
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Figure 5.5 A square plate with two opposite edges simply supported 
and others supported on beams. 
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Table 5.3 

Coefficients for the Deflection and Moment of a 
Square Plate with Two Opposite Edges Simply 

Supported and Others Supported on Beams 

Mesh Size 

3 x 3 

4 x 4 

5 x 5 

Thin Plate 
Sol ution [72J 

·V = 0.3 

0.00436 0.0521 0.0493 

0.00435 0.0511 0.0483 

0.00434 0.0508 0.0479 

0.00434 0.0500 0.0465 
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( )tn = thin plate solution 

Figure 5.6 Convergence study for a square plate with two opposite 
edges simply supported and others supported on beams. 
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deflection wand tangential rotation 8y are specified as zero. This 

advantage may be lost if the simply supported edges are polygonal 

or when edge beam rotation (twisting) has to be free, as in our case. 

5.5 A Rectangular Plate with Two Adjacent Edges 
Clamped and the Others Stiffened by Edge Beams 

This is a problem which has not been studied by either numeri

calor analytical (if at all possible) methods. It has unsymmetrical 

boundary conditions and requires the consideration of both the beam

plate and beam-beam interaction. The type III, IV and V elements 

which have been developed can model such interactions and satisfy 

inter-element compatibility conditions at the same time. 

In order to simplify the analysis and facilitate a parametric 

study, certain assumptions are made which are at least practical in 

application without being too restricted for generality. These are: 

(l) The ratio of lateral dimensions of the structure, S*, takes 

on values of 1,1.5 and 2. 

(2) 
6 The plate and beam have the same Young's modulus, 3.3 x 10 

psi, and Poisson ratio, 1/6. 

(3) The two edge beams have the same cross section. 

In addition, the thickness h of plate and cross-sectional dimensions b 

and d of beam are limited in the following ranges 

(l) h=5 11 'U10 1l 

(2) b=8 1 'U14" 

(3) d = 12" 'U 28" 
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Furthermore, d/b may range from 1.2 to 3.5, and the ratio of beam 

depth to least lateral dimension, d/22, may go from 1/6 to 1/13. The 

above ranges of d/b and d/22 also cover those suggested by ACI Code 

[1]. 

Fig. 5.7 illustrates the relevant dimensions in a typical 

edge-stiffened rectangular corner plate. For a given S*, the param

eters involved in the deformation of the structure are h, b, d and £2 

which can be expressed as b/h, d/h, and b/£2 in non-dimensional form. 

The deflection for a plate of the same dimension, but exclusive of the 

edge beams, has been calculated in Section 5.2 in which h/22 is the 

parameter affecting the deformation. The above two structures are 

denoted by PB and P structures, respectively. Figs. 5.7 and 5.8 

show how these two structures are related. For design purposes, a 

series of graphs will be devised which allow us to determine the de

flections of both PB-structure and P-structure in the selection of the 

appropriate size of edge beams. 

Test runs were carried out to determine the mesh pattern re

quired to achieve convergence of deflection of the PB-structure. The 

data in Table 5.4 were obtained from three different PB-structures 

with S* equal to 1. According to Table 5.4, the 3 by 3 mesh size may be 

employed to analyze PB-structures with S* equal to 1. Similar con

vergence studies suggest that the 4 by 4 and 4 by 3 mesh size may be 

applied to PB structures with S* equal to 1.5 and 2, respectively. 

Fig. 5.9 gives the mesh sizes employed in the current study. 



r 
L I---------l' 

Figure 5.7 Disposition of the concentrated tip-load on the 
un-stiffened and edge-stiffened plate. 
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Figure 5.8 Disposition of the uniformly distributed load on the 
un-stiffened and edge-stiffened plate. 
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Table 5.4 

Convergence Study of Edge-Stiffened 
Square Corner Plates 

Structure 
No. Loading Mesh Size Maximum Deflection 

Concentrated 3 x 3 1.42484 x 10-2 
tip-load 

1.42651 x 10-2 4 x 4 

5 x 5 1.42677 x 10-2 

2 Concentrated 3 x 3 5 . 63497 x 10 -1 
tip-load 

5.64359 x 10-1 4 x 4 

3 Uniformly 3 x 3 3.34409 x 10-1 
distributed 

3. 35666 x 10-1 load 4 x 4 
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Figure 5.9 Mesh patterns for edge-stiffened plates. 



We now define deflection reduction ratio r* as 

A given set of values for b/h, d/h and b/~2 will uniquely determine 

r* for a given e* and loading applied to two associated P- and PB

structures. Moreover, Fig. 5.10 and Fig. 5.11 demonstrate that 

the effect of increasing d/~2 on the reducing of r* is greater than 

that of increasing b/~2 as the gradient ~r*/~(d/~2) is larger than 

~r*/~(b/~2). Two important factors affecting the deflection of the 

PB-structure are identified as A and ~ where 

and 0 and Jt are defined as before. A and ~ represent the relative 

bending and torsion stiffness of the edge beam, respectively. They 

can also be expressed as 

A = (b/~2) (d/h)3 

~ = (b/~2) (d/h) (b/h)2 
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Suppose d/h and b/~2 are fixed, then the only active parameter affec

ting r* is b/h; since d plays a greater role than b, and A is cubically 

proportional to d while ~ is just linear to d, we may propose that 
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concentrated tip-load 

h _ 6 
T2-TQ3 

Figure 5.10 Effect of increasing beam depth on the deflection reduc
tion of an edge-stiffened square corner plate. 
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Effect of increasina beam width on the deflection reduc
tion of an edge-stiffened square corner plate. 



once b/h is fixed, A will be the primary factor in determining r*. 

Fig. 5.12 illustrates that for a given b/h ratio, the curves r* vs. 
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A are almost the same for different structures with the same s* and the 

deviation of r* is within 0.01 for the same A. 

Figs. 5.13 through 5.18 contain· plots of r* vs. Al/3. These 

curves should be able to represent a wide range of PB-structures with 

reasonable dimensions. 

When a PB-structure is subjected to the concentrated tip-load, 

the maximum deflection along the neutral axes of beams is located at 

the center of the junction block and the edge beams act like canti

levers. When the load is uniformly distributed over a PB-structure, 

the cantilever effect is no longer obvious. As S* increases, the 

relative bending stiffness of the shorter beam also increases, and the 

PB-structure tends to deform as a dish in the longer direction such 

that the position of the maximum deflection may move away from the 

center of the junction block along the longer edge beam. In the case 

where S* is equal to 2, Fig. 5.19 shows that when Al / 3 is greater than 

0.96 or so, the position of the maximum deflection starts moving away 

from the block center, and the 1 arger A 1/ 3 is, the greater the movement from 

the block center. Within the range of studied PB-structures, with A1/ 3 

less than 1.8 or so, the difference of the two r* values based on the 

deflection at the block center and the maximum deflection is within 

0.005. Therefore, for practical purposes, when S* is equal to 2, r* 

may be taken for the deflection at the block center and this gives a 
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Figure 5.12 Deflection reduction ratios for two edge-stiffened 
rectangular corner plates. 
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Figure 5.13 Deflection reduction ratio for an edge stiffened 
rectangular corner plate with a* = 1 under 
concentrated tip-load. 
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Figure 5.14 Deflection reduction ratio for an edge-stiffened 
rectangular corner plate with e* = 1.5 under con
centrated tip-load. 
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Figure 5.15 Deflection reduction ratio for an edge-stiffened 
rectangular corner plate with s* = 2 under con
centrated tip-load. 

146 



(r*) 

0.7 

0.6 

0.5 * = 1.5 

0.4 

0.3 

0.2 

0.1 

0.5 1.3 1.5 1.7 

Figure 5.16 Deflection reduction ratio for an edge-stiffened 
rectangular corner plate with s* = 1 under uniformly 
distributed load. 
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Figure 5.17 Deflection reduction ratio for an edge stiffened 
rectangular corner plate with s* = 1.5 under 
uniformly distributed load. 
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Figure 5.18 Deflection reduction ratio for an edge-stiffened rectangu
lar corner plate with s* = 2 under uniformly distributed 
load. 
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Figure 5.19 Deflection reduction ratios based on the maximum displace
ment and the displacement at the free corner. 



close estimate of the absolute maximum deflection. In our study of 

the PB-structures, the absolute maximum deflection always occurs at 

the block center or near it. 

151 



CHAPTER 6 

SUMMARY AND RECOMMENDATIONS 

In this study, a unified approach based on assumed displace

ment functions and the principle of stationary potential energy was 

applied to formulate beam bending and plate bending elements. Shear 

deformation was included in both elements by adopting appropriate 

thick plate and thick beam theories. In the limiting case, convergence 

to solutions by means of Kirchhoff's thin plate and Euler's thin beam 

theory is guaranteed. In addition to bending deformation, in-plane 

(plane stress) action is introduced into the plate element while tor

sion and axial deformation are incorporated in the beam element. In 

this way, the interaction between the plate and edge beam is made possible. 

The inter-element compatibility is assured between the same 

types of elements as well as between different types of elements. By 

enforcing compatible displacements and rotations across the interface 

between plate and beam elements, the degrees-of-freedom in one element 

can be related to the degrees-of-freedom of the adjoining element of 

a different type. Accordingly, the stiffness matrix and equivalent 

load vector are transformed to correspond to the common degrees-of

freedom on the basis of the invariance of the potential energy. The 

global equilibrium equation is established by using the direct stiff

ness method and then solved by the frontal technique, which is more 

closely related to the static condensation concept in structural 
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analysis than to a top-down conventional Gauss elimination procedure. 

Although it is complicated in programming, the scheme is manageable 

and seems to be very efficient and versatile. Special features were 

introduced to handle varying degrees-of-freedom per node and multiple 

loading cases. Also, a buffer area was reserved to reduce the number 

. of input-output operations between in-core memory and peripheral 

storage. Several types of edge-stiffened plate structures were 

analyzed using the developed program. Convergence studies showed 

satisfactory results with reasonable mesh refinement which is facili

tated by an automatic mesh-generation subroutine intended for use in 

structures with different types of elements. 

To aid in the selection of beam sizes in edge-stiffened corner 

plates, design graphs correlating r* with b/h and A are presented 

where r*, b/h and A denote the deflection reduction ratio, the ratio of 

the beam width to plate thickness and the relative bending stiffness of 

the edge beam, respectively. These curves were devised for use in the 

analysis and design of structures such as reinforced concrete floor 

systems. 

As a matter of fact, the developed program is capable of 

analyzing various kinds of edge-stiffened (two-way slabs) or ribbed 

(joist floor) plate structures in which all elements lie in the same 

coordinate plane. In the case of irregular beam-slab structures or 

whenever code-specified methods do not seem to fit into the model, 

this program provides a very useful tool to analyze the particular 

structure or can be applied to identify the relevant design factors 
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by means of a parametric study. The developed type III, IV and Vele

ments are able to model these structures accurately by fulfilling the 

necessary compatibility requirements. 

6.1 Recommendations for Future Research 

The current study is ready for extension to incorporate the 

analysis of folded plate structures including shear deformation. 

Usually, folded plates are either stiffened by rib members in the 

transverse direction or cast with edge beams in the longitudinal 

direction. Since the plates and beams in a folded plate structure do 

. not lie in the same coordinate plane, transformations of local coordi

nates to a common global system are necessary in order to assemble the 

elements and establish the global equilibrium equations. Once the 

relation between the local and global coordinate systems is determined, 

the calculation of element stiffness matrices and load vectors in terms 

of the global coordinate can be carried out. In addition, the trans

formation matrices induced along the interface of ribs, edge beams and 

plates can be derived following the same line of reasoning in Chapter 

3. This type of application can also be seen among pedestrian bridges 

in which slant plates and beams are involved. 

As for the frontal solution subroutine, it has become quite 

popular in recent years and research aimed at improving its efficiency 

and capacity has been going on. Currently, the stiffness matrix in 

front resides in the core. Modification of the frontal subroutine to 

partition the front matrix and acquire secondary storage can be done. 

This is essential for adaptation to a mini-computer with a limited 
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central memory. Moreover, element re-numbering to reduce the maximum 

front size is particularly useful for structures with large, compli

cated topology. 

Analogous to the current work, formulations for the analysis 

of edge-stiffened or ribbed shells are also feasible, although the 

transformations of coordinate systems could be more complicated. The 

coplanar curved beam elements may be substituted by space-curved beam 

elements while thick shell elements will replace thick plate elements. 

The transformation matrices induced along interfaces of different types 

of elements can be derived as in the case of the curved plate and beam 

elements considered here. This ultimate task is the analysis of in

teractions of all major structural components -- beams, plates and 

shells, with the inclusion of shear deformation. 
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