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ABSTRACT 

An analog of an optically bistable device made constructed 

from both optical and electronic components is used to study chaos. 

This hybrid optically bistable system has a delay in the feedback so 

that the response time of the electronics is much faster than the 

feedback time. Such a system is unstable and shows pulsations and 

chaos. The character of the pulsations change as the gain of the 

amplifier or the input laser power is increased. These changes make 

up the period doubling route to chaos. 

Not all of the waveforms of an ideal period doubling sequence 

are observed. This truncation of the period-doubling sequence in the 

device is investigated as a function of the noise present in the 

system. Increasing the noise level decreases the number of period 

doublings observed. 

In the chaotic regime waveforms other than those predicted 

are observed. These waveforms are the frequency-locked waveforms 

seen in an earlier experiment which we find to be modified versions of 

the typical period-doubled waveforms. The transitions between these 

waveforms are discontinuous, and show hysteresis loops. By the 

introduction of an external locking signal, we are able to stabilize 

waveforms in the neighborhood of the discontinuous transitions. By so 

vi 
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doing we show that the transitions among the branches are due to 

their lack of stability. The transitions are thus not strictly first

order nonequilibrium phase transitions, since in that case the branches 

cease to exist at the trans~tion point. 

Since the path to chaos is nonunique, the types of chaos that 

are observable are also nonunique. To suggest a way to distiguish 

between different types of chaos and also to provide a tool for the 

study of chaos in other systems, we propose an operational test for 

chaos which leads to a straightforward experimental distinction 

between chaos and noise. We examine this test using the hybrid device 

to show that the method works. The test involves repeated 

measurement of the initial transient of a system whose initial 

condition is fixed. This method could be used to determine the 

existence of chaos in faster optical systems. 



CHAPTER 1 

INTRODUCTION 

Recently there has been a renewed interest in the seemingly 

random motion of deterministic systems, a subject dating back to 

Poincare (1892). The original interest lay in trying to explain why 

many-body Hamiltonian problems in physics are well described by 

theories based on random behavior. In the physics community the 

discovery of quantum mechanics and its intrinsic probablistic nature 

caused interest in problems of this sort to wane. However, study of 

these problems by mathematicians continued. The revived interest in 

the physics community lies in trying to understand turbulent behavior, 

especially in dissipative hydrodynamic systems, which may be related 

to these erratic motions. In optics the recent interest has come from 

studying instabilities in active (laser) and passive (bistable) systems. 

The recent interest in physics in these problems has been 

spurred by two recent advances in understanding the erratic motions. 

One is a formal definition of the term chaos, which has helped clarify 

the problem (Ruelle and Takens, 1971). The other is the discovery of 

universality in a route to chaos. The first modern description of 

chaos came in 1963 when Lorenz published an account of a path to 

chaos, but it failed to attract much at tention. The first major 

advance was made by D. Ruelle and F. Takens in 197} when they 

conjectured that chaos was a sensitivity to initial condition, and 

1 
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using relatively new mathematical methods, described the transitions 

that should occur in hydrodynamic systems as some parameter (like the 

Reynolds number) is varied. The second was made in 197H when 

Feigenbaum showed that the period doubling path to chaos, that had 

first been studied by Lorenz (1963), showed the same features and 

scaling laws no matter what the chaotic system. This similarity 

meant that for the first time quantitative features of chaotic systems 

were measurable, and chaotic systems readily identified. The 

similarity that Feigenbaum discovered is known as universality. In 

Chapter 2 we discuss the ideas of Ruelle and Takens and of Feigenbaum, 

as well as those of Ikeda. 

K. Ikeda (1979) was not widely believed when he suggested that 

optically bistable systems could show instabilites and oscillations ~n 

regimes where conventional wisdom stated that the output was stable. 

Investigation of the phenomena by Gibbs et al. (1981) showed that the 

phenomena was indeed real. However, since their experiment used a 

computer for the delay, people were sceptical of the validity of their 

work. By replacing the computer with an optical fiber the experiment 

gained credibility as well as offered the opportunity to seriously 

examine the behavior of the ins tabilities, and ultimately to observe 

what was shown to be chaos. In Chapter 3 the hybrid experiment is 

described, as well as its basic behavior. 

The first phenomenon that we investigated was the effect of 

noise on the instabilities. Noise was found to modify the evolution of 

the instabilities in a way consistent with theory, but with significant 
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differences. Chapter 4 focuses on the effect of noise on the 

bifurcation sequence. 

Since the first operation of the hybrid device, waveforms not 

fitting into the period doubling route have been observed along the 

route to chaos. In Chapter 5 we describe the source of these 

waveforms and paths other than the traditional period doubling route 

to chaos. 

The difference between random noise and chaos is subtle. As 

we see in Chapter 3 simple methods such as spectra of the waveforms 

are not sufficient to tell noise from chaos. The methods that 

normally are used to distinguish them are tedious and require 

sophisticated equipment when applied to fast optical systems. In 

Chapter 6 we descibe a different, simpler method that can be done 

with more available technology. 

The study of the hybrid device is useful for investigating 

such topics as the influence of noise and developing tests for chaos 

because the experiment is easily controlled. When intrinsic devices 

are constructed they have (Tai et al., 1984; LeBerre et ale 1984) and 

are predicted to have (Moloney and Hopf, 19tH; Moloney, Hopf, and 

Gibbs, 1982; Moloney, Hammel and Jones, 1984; LeBerre et ale 1984) 

very complicated bifurcation structures. The fundamental 

understanding gained from the hybrid device will enable the behavior 

of intrisic devices to be better deciphered. 



CHAPTER 2 

THEORY 

The foundation of modern theories about chaos is that the 

erratic motion, or chaos comes from the system being everywhere 

unstable. To understand the phenomenon, consider a broom standing on 

end. If the broom is balanced exactly the broom will stand on end. 

The slightest perturbation will move it away from exact balance and 

cause it to fall. The stability of the broom on end and the falling 

broom is determined by a Taylor's expansion about the motion of 

interest. This expansion gives rise to eigenvalues A and the motion is 

said to be stable or not depending on whether the real part of the A'S 

are negative or not. A chaotic system is one where every state is 

unstable. In the broom system this is like the broom falling from on 

end to a state just like standing on end. The real part of A is known 

as a Lyaponov exponent and chaos is characterized by having one or 

more Lyaponov exponent positive for all motions. 

One consequence of having global instabilities is that two 

nearby points in phase space will diverge exponentially. Consider 

again the broom. When the broom is standing on end it may fall in any 

direction. Thus if the broom is dropped twice the trajectories will 

be different, and considering only the initial parts of the fall, the 

4 



5 

two trajectories diverge exponentially. In a chaotic system with 

global instability two nearby trajectories exponentially diverge for 

all time, since all points are unstable. 

The chief prediction of this theory of chaos is that the power 

spectrum is a continuum possibly combined with discrete frequencies 

(Ruelle and Takens, 1971). The original concept of turbulence (Landau 

and Lifshitz, 1959) was that the motion was described by a large 

number of discrete but incommesurate frequencies giving rise to a 

complex motion, but this concept is not in accord with experiment 

(Gollub and Benson, 1980). Instead, continuous spectra are found which 

is in accord with the recent predictions (Ruelle and Takens, 1971). 

Unfortunately, continuous spectra can arise from many phenomena in 

physics, e.g. spontaneous emission, which are not related to chaos. 

Experiments that measure only continuous spectra cannot, in principle, 

prove that chaos is a correct explanation for the facts. 

The next major advance was made when it was discovered that a 

certain class of systems shows the same route to chaos, and this 

route was quantitatively the same. 

Universality 

M. Feigenbaum (1978, 1980) explored the route to chaos that 

has come to be known as the period doubling route. The equation that 

he studied is of the form: 

Ku+1 = f(Xn) (2.1) 

where f(X) is some nonlinear function of X. One choice for f(x) is 

f(x) = 4AKu(1 - Xn). (2.2) 
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The combination of Eqs. (2.1) and (2.2) form what is known as the 

logistic map, which describes the evolution of a variable X at 

discrete intervals. It is a simplification of a description of 

population growth. Equation (2.1) describes what is known as 

functional iteration, that is, the use of a result to compute the next 

result. A simple way to start investigating the behavior of the 

system (Eqs. (2.1) and (2.2» would be to solve for the fixed point or 

stable solution, that is solve 

X = 4 >.x(l - X). (2.3) 

Two possible solutions are then Xo = 0 and Xl = 1 - 1/4>.. As we shall 

see these are not the only solutions to Eq. (2.1). To see if these 

two solutions are observed, a stability analysis is done. If an 

* arbitrary starting point X is chosen it will find its way to the 

stable solution. This property is well known in mathematics and is 

the basis for Newton's method of root finding. Similarly the same 

criterion holds when checking to see if the solution will converge to 

that point. That criterion is if I f'(X) I < 1 then the solution is 

stable, where X is the fixed point. This convergence criteria is just 

the stability analysis of the fixed point (Feigenbaum 1978, 1980). 

Evaluating f'(x) we find 

f'(X) = 4>.(l-2X). (2.4) 

Or f'(X o) = 4>. and f'(X l) = 2 - 4>. then for>. < 0.25 the If'(Xo>1 < 1 

and Xo is stable and for 0.25 < >. < 0.5 I f'(X l) I < 1 and Xl is stable. 

After >. > 0.5 neither fixed point is stable, although both remain 

solutions. 
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To find the 'stable' solutions for ;. > 0.5 we look at every 

second iterate of the equation to see if it is mapped back onto 

itself. Such a case can be expressed 

x = g(X) = f(f(X». (2.5) 

When this equation is analyzed it is found that there are again stable 

fixed points that eventually become unstable. The difference is that 

if one solution to Eq. (2.5) is denoted Xl then X, = f(X 2) =f Xl' rather 

f(X,) = g(X 2) = Xl. Thus the solution is periodic. Following the 

procedure discussed earlier the stability of g(X) is computed; no 

solution is stable for ;')0.75. Again we look at the function iterated 

twice, only this time it is the function g(X) that is iterated. Thus 

the fixed points of g(g(X» are found, and a stability analysis is done. 

The fixed points are again found to be stable for a range of A. Note 

now that the original function is iterated four times before it 

returns to the original v~lue. This procedure of doubling the number 

of iterates is continued with increasing A until no fixed points are 

found. At this point a set of waveforms known as the period doubling 

sequence has been generated. 

The parameter A is known as a bifurcation parameter. As we 

have seen, the stable solution of the system changes when A = 0.25, 

0.5 and 0.75. The change at A = 0.5 has one stable solution breaking, 

or bifurcating, into two new ones. A similar bifurcation occurs at 

A = 0.75; thus the name bifurcation parameter. 

If the value of A that causes the system to switch from a 

period of ptR to 2ptR is denoted Ap' then the ratio 
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6n == ()..2n - )..n)/()..4n - )..2n) reaches a constant value 6 for large n. 

Feigenbaum (1978) found that 6 = 4.6692016 ••• for many choices for 

f(x), not just the choice made in Eq. (2.2). This ratio has been 

measured as a function of n in real systems as well (Lindsay, 1981). 

One important consiquence of this result is that the domains of 

existence of the waveforms become geometrically smaller, and reach 100 

at a finite 1. 

After 100 we find the chaotic regime. Solutions after 100 are 

always unstable, and never repeat; repetitio~ would imply some 

periodicity. However, as 1 is increased a 'reverse period doubling' is 

observed (Lorenz, 1980). This can be see by examining the power 

spectrum of the resulting waveform. The solution just prior to 1m is 

the result of an infinite number of period doublings and has spectral 

peaks at 1/2, 1/4, 1/8, ••• where the period of each iteration is 

defined as one. When the waveform becomes chaotic the spectral peaks 

with the smallest power are washed out first as the continuous 

background of chaos rises up. Since the spectral peaks of later 

period doublings are smaller they are washed out first and the chaotic 

waveform has a periodic part made up of the remaining spectral peaks 

and the continuous background. The resulting waveform looks like a 

periodic waveform with noise added. And as 1 is increase and the 

chaotic part increases the spectral peaks are washed out and 'reverse 

period doubling' is obtained. 

A property of period doubling systems is that 6 is the same 

for any function f(X) so long as the extremum is quadratic (or in 
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other words the first derivative of the extreme point goes to zero and 

a second derivative exists). This discovery of the universality of 0 

allows predictions made using the simple logistic map to be applied to 

a wide range of systems, including ours. Since the existence of chaos 

is well known in the logistic map, a similar route to chaos in our 

device would be strong evidence of chaos. 

Another prediction of Feigenbaum (1978, 1980) is that the 

transitions between waveforms are like second-order phase transtions. 

This means that the waveforms change continuously, rather than the 

discontinuous jump that is seen in bistability. The significance of 

this is that in the power spectrum of the output, the spectral peaks 

rise up gradually. In the next chapter we use this phenomenon to 

locate the bifurcation points. 

Ikeda instabilities 

In 1979 K. Ikeda published a theory that predicted portions of 

the classic bistability curve that were thought to be universally 

stable were in some cases unstable. In the Appendix is given the 

derivation for the equations that describe the time evolution of the 

amplitude and phase of the light in a nonlinear ring cavity. 

The system studied by Ikeda was a unidirectional ring cavity 

partially filled with a two level medium with a monochromatic plane 

wave input. In the case of rapid transverse relaxation where the 

polarization follows the electric field, the equations that describe 

the resultant electric field are: (see Appendix; Gibbs and McCall, 

1985) 



E( t) = A + B E( t-tR) ell ~(t) - flol 

or~(t) = -~(t) + sgn(n2)IE(t - t R)12 

10 

(2.6a) 

(2.6b) 

where ~(t) is the intensity dependent detuning. The parameters A and 

B are related to the laser intensity and cavity finesse respectively. 

Ikeda, Diado, and Akimoto (1980) have shown that these 

equations have a period doubling route to chaos, at least for some 

sets of experimental parameters. By simplifying this equation to one 

dimension, the experiment may be done on a hybrid device. To do this 

we assume that B«l and that A2B '" 1. Then Eqs. (2.6a) and (2.6b) 

reduce to: 

(2.7 ) 

This limit corresponds to the limit of a cavity with poor finesse. 

The two time constants or and tR are written explicitly so a better 

physical interpretation can be seen. The time ('.onstant or is the 

response time of the medium (or = y-l). The time constant tR is the 

time it takes the feedback to reach the nonlinear medium. 

Equation (2.7) is a delay differential equation; it is infinite 

dimensional. In the limit of or/tR + 0 it reduces to a simple map. 

(2.8) 

This map has a quadratic extremum and shows the period doubling route 

to chaos. It would therefore be reasonable to assume that Eq. ('2 .• 7) 

would also show period doubling provided T « t R• 



11 

Hybrid device 

Ikeda et a1. (1980) suggested that Eq. (2.8) could be modeled 

using the hybrid device and such a device was constructed (Gibbs et 

aI., 1981; Hopf et aI., 1982), demostrating behavior like that 

predicted. A hybrid device of this type may be constructed to model 

this equation in the following way. The transmitted intensity of a 

birefringent electro-optic crystal between crossed polarizers is given 

by 

2
1 l-l + F; cos [~~> ~] (2.9) 

where F; is the extinction of the modulator, i.e. the modulation depth 

of the modulator. The voltage Vi is the voltage across the electro-

optic crystal and Vh is the voltage needed across the crystal for the 

transmitted intensity to go from minimum to maximum. The phase ~ is 

the phase shift in the electro-optic crystal. with no voltage present. 

It is a function of the crystal thickness and index. 

If a laser beam is sent through the modulator the resulting 

intensity is given by Eq. (2.9) above. If it is sent through a fiber 

with a delay time tR and converted to a voltage by a detector with a 

voltage detectivity R then the signal measured in steady state is 

(2.10) 

If we amplify the signal where the amplification is given as 

Vamp :: G V sig' (2.11) 

where G is the amplification, then the voltage at the output to the 



amplifier is given by 

GRII 
2 l1fV. 

cos ---! + 
Vh 

12 

.J} (2.12 ) 

If when Vi + ~ goes to -1f, Vamp decays in time T then 

Vamp(t) = -tVamp(t) + G~I (1 + f; COS[1fVi t~:R + ~}. (2..13) 

If output of the amplifier is connected so that Vi(t-tR) Vamp(t) + 

Vbias then Eq. (2.13) becomes 

(2.14) 

where the voltages have been nondimensionalized so that X(t) 

1fV(t)/Vh and Xb = ~ + 1fVbiasIVh. 

GRII /2Vh • 

The parameter II is given by II 

It is now possible to identify ll1f as corresponding to Ikeda's 

A2, which is proportional to the input intensity into the ring cavity, 

and f; as corresponding to 2B which is related to the finesse of the 

ring cavity. It is interes ting to note thai: in the hybrid device the 

modulation of the input laser intensity corresponds to the change of 

phase in the real ring cavity. 



CHAPTER 3 

EXPERIMENTAL SETUP 

Shortly after the predictions of chaos in a bistable 

device,(Ikeda et al., 1980) the observation of periodic oscillations and 

chaos in a hybrid bistable optical device employing a transparent 

piezoelectric crystal was reported (Gibbs et a!., 1 ':l81). The 

experiment described here is similar except that the intra-cavity 

phase shift is produced with an electro-optical modulator and the 

delay is produced by an optical fiber (Gibbs et a!., 1981; Hopf et al. 

1982). 

Fig. 1 shows the experimental set-up. A helium-neon laser 

beam passes through a Glans prism polarizer (GP), then through a KDP 

crystal four times before coming back through the polarizer where it 

is coupled into the optical fiber. The light emerging from the fiber' 

is detected with an RCA 8852 photomultiplier, and the amplified 

electrical signal is applied to the KDP crystal. In an early version 

of the experiment the signal was amplified first by the front end of a 

Tektronix 502 oscilloscope and then by a Krohn Rite dc - 500 KHz power 

amplifier. This setup had a small nonlinearity which changed the 

behavior of the observed waveforms so the 502 was replaced by a 

Tektronix 7904 and a high speed op-amp. The experiments in Chapters 4 

and 5 were performed with the 7904-op-amp setup while those in 

Chapter 6 use the 502 since only chaotic waveforms were needed. 

13 
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The equation that describes our system is given by Eq. (2.14) 

The parameter ~ plays the same role as A in the logistic map. We 

measure ~ directly in the apparatus by procedures discussed below. It 

was found (Gibbs et al., 1981; Hopf et al. 1982) that the same results 

are obtained whether ~ is varied by changing the laser power or by 

changing the gain. We prefer the latter procedure, since changing the 

laser power changes the noise level of the device, which is determined 

by shot noise in the detector. The ability of the system to achieve 

extinction is measured by 1;, which in our experiment is O.Y~ ± 0.01. 

We have explored the ranges of -n < Xb < -n/2. All of the data that 

are shown in detail were taken for Xb = -n which is representative of 

the other cases. This choice of bias maximizes the domains of ~ over 

which individual waveforms are stable and thus minimizes the 

consequences of the 1 % drift in the laser power, which is the major 

uncertain:ty in measuring~. The range of ~ that we can test at this 

bias lies below the "upper branches" of the bistable device. 

The procedure to measure ~ is to first break the feedback loop 

between the first amplifier and the final amplifier by opening the 

analog switch. The input to the final amplifier is then fed a zero 

voltage signal so the input voltage to the modulator is zero. The 

voltage V at the output of the final amplifier is measured. The 

bifurcation parameter ~ can then be found as ~ = VG(Vh (1-l;cos(Xb»). 

Ikeda et al. (1980) showed that for T « tR the representation 

of the experiment could be simplified to the difference equation 

Xn+l = ~1T(l - E,;cos(Xn+Xb», (3.1) 
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where Xn = X(ntR) is the value of the amplitude at one instant in time 

within a time interval of duration t R• This simplification amounts to 

singular perturbation theory, but it is, nevertheless, a remarkably 

good approximation for most cases. Using the parameters for the 

current experiment, Xb = -n, and ~ = I, Eq. (3.1) reads 

Xn+! = vn(l + cosXn)· (3.2) 

For low values of V the output of the device is constant. 

Note that this equation satisfies the condition of having a quadratic 

extremum and thus Feigenbaum's (197H, 1980) theory applies. 

Review of period doubling in the hybrid device 

As we have seen period doubling occurs as some < parameter, 

called the bifurcation parameter, increases. As noted before the 

bifurcation parameter in our system is JJ. If we consider our system 

to be ideal and modeled ,exactly by Eq. (2.14), then for small values 

of JJ the output intensity of the system is constant. As JJ is increased 

the output changes to oscilliatory with a period 2tR (Fig. 2, 

JJ = 0.5~). The power spectrum of this waveform naturally shows a 

strong peak at 1/2tR as well as higher harmonics. As JJ is increased 

further the waveform's structure changes to have a period of 4tR and 

the power spectrum now adds a peak at 1/4tR (Fig. 2, JJ =.73). This 

doubling of the period of the waveform (and adding of peaks in the 

power spectrum) continues ad infinitum, until the period .is infinite. 

In Fig. 2, JJ = 0.75 is the next period doubling. As we have shown, 

this process takes place within a finite range of JJ. When the system 

has period doubled as far as possible (an infinite number of times in 
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an ideal system), an increase in the bifurcation parameter causes the 

system to become chaotic, that is, show irreproducible, seemingly 

random oscillations. 

In the chaotic regime a reverse cascade takes place. The 

power spectrum of waveforms in the chaotic regime appear to have 

sharp peaks with a noisy backround. The time traces, of course, look 

almost periodic, but never reproduce exactly (Fig. 2 ~.- 0.7b-l.00). As 

the bifurcation paramter is increased the backround rises up and 

washes out the peaks. This process is known as a reverse cascade 

since the basic periodicity halves as the bifurcation parameter is 

increased. In Fig. 2 ~ = 0.76 is shown a chaotic period H. As ~ is 

increased the output changes to that in Fig. 2 ~ = 0.7H, a chaotic 

period 4, and then to that in Fig. 2 ~ = O.HO, a chaotic period 2. If 

periodic waveforms are denoted by Pp where the period of the waveform 

is PtR' and the chaotic waveforms denoted by Np , the route to chaos 

can be described by: 

steady + P z + p .. + P a + ••• + POD + NOD + ••• + Na + Nit + Nz + N1• 

This scenerio applies to ideal systems. Our system is not ideal, with 

implications discussed below. 

If the value of ~ that causes the system to switch from a 

period of ptR to 2ptR is denoted ~P' then as shown above the ratio 

on :: (~2n - lln)/(~4n - ~2n) reaches a constant value ° for large n. 

With the hybrid device it has been possible to measure a rough 

approximation to this number, but because no bifurcations above n>tl 

are observed it is not clear if on converges to O. 



lY 

As the system period doubles Feigenbaum (l9tlO) predicts that 

the height of the peaks in the power spectrum of successive 

subharmonics differ by 8.2 db. Since we are able to take spectra in 

real time, we find, in fact, that the subharmonics are about 8 db 

down, from the previous one. 



CHAPTER 4 

BIFURCATION GAP 

Nature of transitions 

One prediction of Feigenbaum (1978, 1980) noted before is that 

the transitions are analogous to second-order phase transtions. In 

second-order phase transitions the state of the changes continuously, 

where as first-order phase transitions show abrupt changes from 

initial to final state with no stable intermediate states. To 

determine experimentally the character of the transitions, we 

measured the power in the spectral peaks and plotted the results as a 

function of~. The spectrum of the P1 waveform is seen as a set of 

instrumentally narrow peaks at f = k/ZtR, k = 1,3,5, ••• , where f is the 

frequency. When the system bifurcates to P~ the period-2 peaks remain 

and peaks at f = 1/4tR and its harmonics appear. Likewise, peaks at 

f = 1/8tR and its harmonics rise when the system bifurcates to P e• It 

has been shown both formally (Ruelle, 1979; Huberman and Zisook, 1981) 

and numerically (Ikeda et al., 1980; Kai, 1981) that, for ~ > ~~, chaos 

appears as a continuous spectral background. By measuring the 

spectral power of the background we located the bifurcation to chaos. 

The results of measurements on the heights of the spectral peaks are 

shown in Fig. 3. The numerals label the experimental curves: 2 for 

P 2' 4 for p .. , and 8 for P e" The height of the continuous background 

(labeled CHAOS) was u$ed to determine the nature of the transition to 
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chaos. The specific choice of the peaks measured was f = 1/2tR for 

P 2, f = 1/4tR for Po, and f ::; 3/8tR for Po. (This choice of the Pe peak 

also eliminates potential problems with low-frequency filtering within 

the spectrum analyzer.) The rise of the chaotic background was 

measured at a frequency of f = 15/32tR• This choice of frequency 

avoids possible complications from any nascent P 16 peak at f::; 7/16tR. 

The experimental curves show the proper shape at the bifurcations 

between the periodic waveforms to be analagous to second-order phase 

transition. The transition to chaos is not significantly different (to 

within the 1 % uncertainty in )J) than the transitions amoung the 

periodic waveforms. Thus, within the error of experiment we can say 

that the transition to chaos is analogous to a second-order phase 

transition. We show in Chapter 5 cases that are very different from 

this. 

By using the rapid rise of the spectral peaks the bifurcation 

points (value of lJ) can be easily determined, even in the presence of 

noise. Normally distinguishing when a waveform changes from one to 

another is difficult because noise intrinic to the system masks what 

is going on at small scales. Since the rise of the spectra peak is 

rapid, noise does not mask the transition. Noise is responsible for 

fluctuations which near a bifurcation point are magnified. The 

fluctuations, known as critical fluctuations, show that lJ is close to 

the transition by making a 'foot' at the rise of the spectral peak. 

This can be seen for all the waveforms and chaos in Fig. 3. Since 

noise does not mask the rise even in the presence of a large amount 
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of noise, we use it, in the next section to study the effects of noise 

on the bifurcation structure. 

Bifurcation gap 

By studying a forced anharmonic oscillator and the logistic 

map, Crutchfield and Huberman (1980) predicted that the addition of 

Gaussian noise to a system wouJ.d cause the number of period doublings 

to be finite. They called this a "bifurcation gap" since, instead of 

period doubling ad infinitum, some waveform of finite period 

bifuractes to the chaotic waveform of the same periodicity, leaving a 

gap in the sequence of observed waveforms. In a previous experiment 

we observed such a gap after two period doublings (Gibbs et a!., 1 ~HH; 

Hopf et al., 1982). Others have also observed a gap in the period

doubling sequence (Lauterborn and Cramer, 1981; Linday, 1981). 

In contrast, it was found in a hydrodynamic experiment that 

noise has no significant effect on the transition to chaos (Gollub and 

Benson, 1980). Moreover, noise is not the only potential cause of a 

bifurcation gap. It has also been predicted that a gap should be 

observed in our system in the absence of noise, if the ratio of the 

response time "C to the delay time tR is small enough (Chow, 1981). 

With the timescales of our present system we would not expect to see 

this type of truncation. We demonstrate that noise is the cause of 

the bifurcation gap by varying its amplitude. We observe that the 

location of the truncation in the bifurcation sequence moves 



24 

mona tonically toward fewer period doublings with increasing noise. If 

the truncation was deterministic, we would expect the bifurcation 

sequence to be independent of the noise level. 

The major source of noise in the experiment is the shot noise 

from the photomultiplier. We increased the noise level in the system 

in the following manner: First we attenuated the light reaching the 

photomultiplier tube using the p~larizer placed in front of the fiber; 

then we increased the voltage on the dynodes of the tube to return 

the signal to its previous level. Note that the spectral width of the 

noise at the photomultiplier tube is much larger than the bandwidth of 

the rest of the device. Other noise sources (the amplifiers, dark 

current, etc.) contribute about half of the noise signal at the lowest 

noise levels used in the experiment. We investigate noise levels from 

0.3% to 10% rms percent of the dc component with the modulator at 

maximum transmission. 

To determine the bifurcation points in the presence of noise 

the power spectra of the waveforms were observed in real time on a 

spectrum analyzer using the method described above. Our experimental 

spectra are summarized in Fig. 3 which is a plot of the power of the 

P2, P~, and Pa frequency peaks and the chaotic background as a function 

of J.I at a noise level of 0.3 % • The power of the larges t peak in a 

waveform's spectrum was measured. Note that the bifurcations within 

the periodic sequence are nonequilibrium second-order phase 

transitions (Feigenbaum, 1978) and the spectral components do not have 

a discontinuous jump. Critical slowing down produces the rounding off 
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of the rise of the peak, and the rapid rise in the center locates the 

bifurcation point. 

In Fig. 4 the solid curves show the bifurcation points as a 

function of noise. The numbers indicate the waveform present in a 

domain. (For clarity, only the period of the waveform is shown on the 

graph. A starred number indicates a chaotic waveform.) Figure 4 

shows that more noise is needed to eliminate a chaotic wavefrom than 

is needed to eliminate the corresponding periodic waveform. The 

bifurcation gap presented by Crutchfield and Huberman (1980) showed 

the elimination of waveform and the corresponding chaotic waveform at 

the same noise level. One possible explanation for the elimination of 

the chaotic waveforms at different noise L~vels in the two sytems is 

the differing characteristics of the noise. The noise in our system is 

. intensity dependent, but Crutchfield and Huberman (1980) used 

intensity-independent Gaussian noise. Another possible ehplanation 

lies in the difference of the systems. Our device is a differential 

delay system while the systems that they studied involve mappings or 

nonlinear differential equations. 
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CHAPTER 5 

ALTERNATE PATHS TO CHAOS 

The regular waveforms that are associated with the transition 

to chaos have received the bulk of attention in most studies since 

they are more readily analyzed than chaos itself. These regular 

waveforms make non-equilibrium phase transitions,(Feigenbaum, 1978, 

1980) also called "bifurcations," as they change from one qualitative 

form to another. Most of the systems studied have shown second-order 

phase transitions, although a few first-order cases have been 

discussed (Moloney et al., 1982; Maurer and Libchaber, 1979; Snapp, 

Carmichael and Shieve, 1981). An almost exclusive study of the former 

has been spurred by the Feigenbaum (197 H, 1980) universality 

hypothesis, which involves second-order transitions. In several 

studies of chaos (Moloney et a1., 1982; Snapp et a1., 1981; Ikeda, 

Kondo, and Akimoto, 1982) in optically bistable systems it has been 

found that the path to chaos is nonunique, in that several 

qualitatively-different outputs can be observed at a single device 

setting. 

In this chapter we discuss the existence and behavior of 

alternate paths to chaos that occur in our device. We found that 

transitions between waveforms along these paths show hysteresis and 

other phenomena characteristic of first-order phase transitions. We 

show that they are not first-order transitions in the strict sense. 
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Rather, this type of behavior occurs as a result of complicated 

stability characteristics of the solutions. We also show that the 

solutions are built up from the many different ways that continuous

time waveforms can be built up out of the normal period-doubling 

sequence of a discrete-time map. 

The waveforms along these alternate branches are the 

"frequency-locked" forms discovered in an earlier investigation (Gibbs 

et a1., 1981; Hopf et a1. 1982). Recently Ikeda et a1. (1982) 

confirmed the existence of these waveforms numerically and made 

predictions about the behavior of transitions between waveforms. 

Previously Chow (1981) showed that alternate paths to chaos existed, 

but found, in the region he examined, that the waveforms were 

unstable. 

The short tR used in the experiment of Hopf et ala (1982) 

allows spectra to be taken in real time and more importantly it 

causes the waveforms to converge rapidly to their asymptotic form. 

Consequently, in this experiment, the output followed a change in the 

device parameters adiabatically whereas in the previous experiment 

this was not possible. This adiabatic property is crucial in order to 

follow the hysteresis phenomena associated with the frequency-locked 

waveforms. Moreover, it was found that transient states can be long 

lived, (Hopf et al., 1982) so that the fast convergence of the present' 

device is important for unambiguously determining the stability of the 

waveform. 
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In the earlier experiment (Hopf et aI., 1982), the domains of 

stability of the frequency-locked waveforms were very small and the 

waveforms were difficult to observe. Waveforms were observed locked 

to the 11 th, 13th, and 15th harmonic of the period-two waveform. 

Ikeda et a1. (1982) showed, by numerical solution, that the domains of 

stability should be large, and that there should be waveforms locked 

to all of the odd harmonics that can be sustained by the bandwidth of 

the device. The experiment described here is in qualitative agreement 

with Ikeda et ale (1982) as larger domains are observed and waveforms 

locked to the third through the ninth harmonics are found. However, 

the agreement is not perfect, because the observed domains of 

stability are still much smaller than predicted by theory. We are not 

greatly disturbed by this disagreement, since the bifurcation 

structure in the period-doubling sequence also disagrees with theory, 

unless noise in the device is taken into explicit account (Crutchfield 

and Huberman, 1980). 

Explanation of waveforms 

All of the data that is shown in detail was taken for Xb = -n 

which is representative of the other cases. This choice of bias 

maximizes the domains of p over which individual waveforms are stable 

and thus minimizes the consequences of the 1 % drift L.. the laser 

power, which is the major uncertainty in measuring p. The range of p 

that we can test with this bias and the voltage limitation of our 

amplifier lies below the "upper branches" of the bistable device. 
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Equation (3.2) predicts what will happen one delay time later, 

but it does not specify what happens in the intervening time interval. 

For that reason, the association of a particular solution of Eq. (3.2) 

with a solution of Eq. (2.14) is not unique. To see how to construct 

potential solutions of Eq. (2.14), let us denote the solutions of 

Eq. (3.2) schematically using integers (we denote as "I" smallest 

amplitude in the iteration of Eq. (3.2». The P 1 is then 1 + 1 + 1 ••• , 

Pz is 1 + 2 + 1. + 2, Pit is 1 + 2 + 3 + 4 + 1, etc. Let us divide one 

delay-time interval of Eq. (3.2) into n equal size sub-intervals, and 

let us take n = 3 for specificity. In constructing a possible solution 

of Eq. (2.14) from Eq. (3.2) in the Pz regime, we can start off with 

any three combinations of 1 and 2. From all of the possible initial 

combinations, only two, the III and the 121, have different waveforms 

(the rest are phase shifted versions of these two). The iteration of 

the first sequence reads 111 + 222 + Ill ••• , and is shown in Fig. 5a. 

In the left column is the interspersed map in which each point 

determines a point three spaces to the right via Eq. (3.2). In the 

right column are the resulting waveforms in continuous time. 

Since each triplet lasts one tR' this waveform has a period 2tR and 

is just the usual period two. The iterations of the second sequence 

is 121 + 212 + 121 ••• , and is shown in Fig. 5b. This sequence repeats 

every two thirds of an interval, nnd hence has a period 2tR/3, which 

is one third of the period two. The spectrum of the waveform in 

Fig. 5b has its strongest spectral component at a frequency f = 3/2tR 

which is the third harmonic of the fundamental component of the 
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Fig. S. Illustration of how three interspersed maps can model the 
frequency locked behavior. 

Left column; interspersed map, in which each point determines a point 
three spaces to the right via Eq. (3). Right col,umn; resulting 
waveforms in continuous time. Rows: a) PZ' b) LZ/33 , c)P4' d)L43, 
e)L4/33 • 
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period-t~o spectrum. It is conventional in hydrodynamics (Gollub and 

Benson, 1980) to refer to waveforms with such spectra as "frequency 

locked" when they are found on the path to chaos, and we use that 

terminology here, even though the waveform is constructed from the 

subharmonic sequence. 

The division of the interval tR into three subintervals was 

arbitrary, and any other division would do as well. Ikeda et al. 

(1982) has determined that there is a regularity criterion that is a 

necessary criterion for stability that applies to all waveforms other 

than those of the period-doubling sequence. This criterion implies 

that the same amplitude cannot appear twice in a row in the sequence. 

Divisions into even mUltiples do not meet this criterion, and in 

practice ne"'er occur, so we ignore them from now on. We confine our 

attention to cases of odd n that meet the criterion. If we take 

n = 5, then iterating the sequence 11111 is again P:, while the 

sequence 12121 gives a waveform with a period 2tR/5, whose strong 

spectral component is at the fifth harmonic of Pz. In a similar way, 

one can construct waveforms of period 2tR/7, 2tR/9, etc. We denote 

these waveforms by Lpn, where p is the period in units of tR' and n 

denotes the "branch." We defer the discussion of what we mean by a 

branch until after the discussion of the next bifurcation. 

In our notation, the p .. sequence reads 1'" 2 ... 3 ... 4 ... 1 ••• , 

where Xl < X, < X .. < Xz. For this case, using n == 3, the starting 

conditions that do not violate Ikeda et al.'s stability criterion in an 

obvious manner are Ill, 123, 124, 134, and 143. Fig. 5c shows the 
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111 + 222 + 333 + 444 + Ill ••• , a normal p .. (in the figure the sequence 

is phase shifted and reads 333 + 444 + III ••• ). Fig. 5e shows the 

sequence 143 + 214 + 321 + 432 + 143 ••• (phase-shifted to 

·321 + 432 + 143 ••• ). Fig. 5d will be discussed below. This waveform 

has a period 4tR/3, and is denoted by L4/33• It is the period-doubled 

version of L2/33 • The distinction among the other three waveforms is 

more subtle. Let us compare the sequences 

123 + 234 + 341 + 412 + 123 ••• and 124 + 231 + 342 + 413 + 124.... In 

order to associate the solution with the appropriate branch it is 

necessary to recognize that in the bifurcation P2 + p .. the amplitude 4 

grows out of· 2, and 3 grows out of 1. Thus a simple procedure to 

determine the character of the waveform is to take the limit 4 + 2, 

3 + 1. In that case the sequence starting with 123 goes to L2/33 , and 

ones starting with 124 and 134 go to P 2 • While all three waveforms 

have a period 4tR' the one starting with 123 belongs to the n = 3 

branch, and is observed to have its strongest spectral component at 

3/2tR• It is shown in Fig. 5d, and is denoted L43 (phase-shifted to 

34 + 341 + 412 + 123 + 2 ••• ). The other two, which are unstable 

except in the presence of external locking signals, are variants on p .. 

(these solutions also involve some difficulties in meeting Ikeda et 

a1.'s (1982) stability criterion). 

The terminology "branch" is used here in two senses. In one 

usage it refers to a grouping of similar waveforms that bifurcate into 

each other without drastic changes in spectrum. In this usage, it is 

an attempt to describe a multi-dimensional bifurcation structure in 
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terms of two dimensional spaces. As such it is a construction that is 

more intuitive than rigorous. The major branches are identified by the 

index n. The notation Ln, n > 1, denotes the n' th harmonic branch. 

Following Ikeda et a1. (1982), we refer to the case n = 1 as the 

fundamental branch, which is denoted either P (N if chaotic) or Ll 

depending on which is more convenient. We use the terminology "sub

branches" to denote alternative bifurcations within a branch. For 

example, L2 / 33 + L4 3 and L2/33 + L4 / 33 are bifurcations onto different 

sub-branches of the third harmonic branch. L4 3 and L4/33 lie on the 

same branch, are mutually exclusive waveforms, and are both found, 

experimentally, to be stable at the same value of p. 

In the rigorous usage of the word "branch", one associates a 

different branch with every qualitatively different waveform. To 

rigorously depict this bifurcation structure graphically, one needs a 

different dimension for each branch. There are too many dimensions in 

our case to draw the entire structure, so, in Fig. 6, we depict a 

three-dimensional projection of one bifurcation point in the structure. 

The z axis is the axis along which the bifurcation parameter p 

changes, and the bifurcation point is at the origin. Stable waveforms 

are graphed as solid lines, unstable ones as dashed lines. The 

bifurcation point lies at the origin. The magnitudes of the x and y 

coordinates measure the departure of the x and· y waveforms from the 

one denoted by z. A waveform that is stable for z < 0 is shown on the 

z axis (this really represents the z projection of a waveform 

developing in the Z,u plane, where u is another dimension in the 
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The axes x and y can represent any of the many waveforms that 
bifurcate from a common waveform. The z axis is used both to denote 
the waveform out of which the x and y waveforms bifurcate, and as the 
axis along which the bifurcation parameter changes. The bifurcation 
point lies at the origin. The magnitudes of the x and y coordinates 
measure the departure of the x and y waveforms from the one denoted 
by z. Solid curves denote stable waveforms. Dashed curves denote 
unstable waveforms. 
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bifurcation structure). At z = 0, the waveform bifurcates into many 

new waveforms. The x,z plane depicts the conventional case in which a 

new stable waveform branches off the old one, which becomes unstable. 

The y,z depicts another branch, which is shown to be unstable. This 

is, for example, the proper bifurcation structure for our device at 

the point where the observed bifurcation is P1 + P 2' which is the case 

analyzed by Chow (1981). The x dimension describes the P 2 waveform, 

and the y dimension describes anyone waveform LZ/nn, n=3,5,7, ••. all 

of which are predicted theoretically (Chow, 1981), and observed 

experimentally, to be unstable in the neighborhood of the bifurcation 

point. 

The three dimensional projections are awkward, so we next 

show various examples of observed stability patterns in Fig. 7, where 

the x,z and y,z projections are shown separately. Fig. 7 a shows the 

case of Fig. 6. It describes the observed global stability properties 

of the case where P2 is in the x,z plane, and LZ/3
3 is in the y,z 

plane. Fig. 7b is similar to Fig. 7a, except that the waveform 

associated with the y dimension becomes stable away from the 

bifurcation point. This is observed for the case where P2 is in the 

x,z plane, and LZ/77 is in the y,z plane. Fig. 7c describes a case in 

which a globally unstable waveform bifurcates into two waveforms, one 

of which is stable at the bifurcation point, and the other is stable 

except in the neighborhood of the bifurcation point. This des cribes 

the case where LZ/33 is on the z axis, L4/33 is in the y dimension, 

and L4 3 is in the x dimension. The case in Fig. 7d is conjectural, and 
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Fig. 7. Two-dimensional projections of Fig. 6 onto the x,z plane and 
the y,z plane. 

Row a) case in Fig. 3. The initial waveform is stable, and bifurcates 
into a stable waveform depicted in the x dimension, and an unstable 
waveform depicted in the y dimension. b) Same as a except the 
unstable waveform becomes stable away from the bifurcation point. 
c) The initial waveform is unstable and bifurcates into a stable 
waveform (x dimension) and a waveform that is stable except at the 
bifurcation point (y dimension). d) A stable waveform bifurcates into 
unstable waveforms. 
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represents the case where the original waveform remains stable, but 

the ones that bifurcate from it are unstable. This may be what is 

occurring on L9, in which we have not observed waveforms other than 

L2/9 9 • 

Experimental results 

In this s~ction we describe the results of the experiments in 

detail. The observed bifurcation structure of the various branches 

contains domains of chaos as well as domains of periodicity. The 

relationship of the various observed forms of chaos to the harmonic 

branches is obscure. We therefore defer the discussion of chaos until 

after the discussion of the periodic behavior. 

In Fig. 8 we show the waveforms denoted L2/nn and their power 

spectra for n = 1,3,5, and 7. The left column is the waveform 

(voltage vs. time). The right column is the power spectrum (power vs. 

frequency). The cases n = 3 and n = 5 are unstable waveforms. The 

conditions under which they were found are described later. The case 

n :: 1 is the Pz waveform. It has, as expected for a square wave 

waveform, strong odd-harmonic peaks in its spectrum at frequencies 

f = n/2tR, n=1,3,.... Each spectrum of the frequency-locked waveforms 

shows a dominant spectral peak at the appropriate odd harmonic. 

These strong peaks immediately identify the branch on which the 

waveform belongs. In the case of more complex waveforms, the spectra 

still have the dominant spectral peak at f :: n/2tR' n"'1,3, ... , which 

identifies the branch in all cases. This readily separates waveforms 

of the type L4n, n>1, from P_, which otherwise have the same spectral 
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Fig. 8. Waveforms of the type L2/ nn (period 2tR/n). 

The rows show the cases n = 1, 3, 5, and 7, respectively. The left 
column is the waveform (voltage vs. time). The right column is the 
power spectrum (power vs. frequency). 



40 

components. In waveforms of the type L4/nn, the spectral components 

associated with the fundamental branch are mostly absent, and new 

components, e.g. at f = n/4tR, n=3,5, ••• , are observed which do not 

occur in the spectra of Pp • 

In Fig. 9 we show a diagram of how the waveforms jump from 

branch to branch as the gain of the amplifier was cycled. Fig. 9a 

shows the case 't = 0.50 llS. Fig. 9b shows the case 't = 0.38 \.Is. The 

branch (denoted Ln) of the waveform is plotted vs. \.I. The cross-

hatched lines indicate chaotic waveforms which are discussed below. 

As II is increased from zero, the waveform changes from a steady 

voltage to an oscillating waveform of the type P2 at II = 0.37, which 

is on the fundamental (L l or P) branch. Along this branch, Ph Pit, and 

the corresponding chaotic waveforms N .. , and N2 are observed. These 

waveforms are described in detail in the earlier experiment.(Gibbs et 

a1. 1981; Hopf et a1., 1982) At II = 0.74 the waveform on the 

fundamental branch becomes chaotic and at \.I = 0.76 the system 

abruptly jumps to the L3 branch. If the gain is decreased, the 

waveform stays on the L3 branch rather than returning to the 

fundamental branch and forms a hysteresis loop. However, when \.I is 

decreased below \.I = 0.73, the device abruptly jumps back onto the 

fundamental branch. If, at \.I = 0.76, II is increased, rather than 

cycled back, the waveform eventually becomes chaotic. Then, when II is 

increased further, the system jumps to the L5 branch, becomes chaotic 

and jumps to the L7 branch. When II is then decreased, the device 

follows the same path it went up, until it reaches the L3 branch. 
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Fig. 9. Bifurcation structure of the harmonic branches. 

Vertical axis denotes observed harmonic branches. Horizontal axis is 
the bifurcation parameter a) = 0.50 s; the observed harmonics 
are the fundamental branch (n = 1) and n = 3, 5. b) = 0.38 s; the 
observed harmonics are the fundamental branch and n = 7, 9. 
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If a smaller value of 'r is used ('r = 0.38 llS), the structure 

of the branches changes to the one shown in Fig. 9b. Instead of 

jumping to the L3 branch the device jumps, again at II = 0.76 (for 

'r « tR' the device always jumps at this point, which is the high-ll 

end of the domain of Nz), 15 to the L7 branch, skipping the L3 and L5 

branches. Notice that there are two observable hysteresis loops, one 

between the L7 branch and the L9 branch, and another between the L7 

and the fundamental branch. 

In Fig. lOa we show, in detail, the sub-branches of the L5 

branch of Fig. 9a. The vertical scale shows the period of the 

waveform, the horizontal axis is ll. Along the L5 branch, only two 

periodic waveforms are stable, the L4/55 and only one of the three 

possible waveforms denoted L4 5 • When the system jumps onto the L5 

branch at II = 0.81, the waveform is L4/5 5 • (This is different from 

the L3 branch where the first observed waveform is L4 3 .) When II is 

increased, the waveform remains L4/55 , up to the value II = 0.87, at 

which point the output becomes chaotic. When Il is subsequently 

decreased, the system comes out of chaos statistically, sometimes 

with the waveform L4 5 , more often with the same L4/55 waveform it 

had on the way up. 

Addition of a locking signal 

In order to examine the unstable waveforms, we stabilize them 

by adding a sinusoidal perturbation to the biaS, so that the 

dimensionless bias voltage reads 

(5.1) 



43 

(a) (b) 
Lc Lc 

L 5 
4-

L 5 
4-

L 5 I-

4 

L
5 

% 
L

5 -
% 

I I I 

0.8 fL 1.0 0.8 fL 1.0 

Fig. 10. Bifurcation structure of the sub-branches within the branch 
n = 5. 

a) without locking signal, b) with a locking signal of frequency 
fp = 5/2tR. The vertical axis denotes different waveforms of the type 
Lp5 (period ptR). There are three distinguishable waveforms of the 
type L4 5 , which can be observed with the locking signal. For 
simplicity, we have chosen not to develop a notation to distinguish 
between them. 
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where XbO is a constant, Xbl is a variable amplitude and fp is a 

frequency which we can vary. The frequency fp is adjusted to the 

frequency of the harmonic of the branch of interest. As 11 is varied, 

the amplitude of the locking signal is adjusted so that it was as 

small as possible consistent with keeping the waveform stable. The 

locking signal changes the bifurcation points slightly. This, together 

with drift in the laser, complicates any accurate comparison between 

the results with the locking signal and those without it. 

In Fig. lOb, we show the bifurcation structure of the LS 

branch in the case in which a fifth harmonic locking signal is applied 

to the device. The primary consequence of the locking signal is to 

stabilize the waveform L2/55, which is then observable at low ll. As 11 

is decreased, it is necessary to increase the locking signal to keep 

the waveform stable. At values of 11 near the P 1 + P 2 bifurcation 

point, the locking signal is so strong that it cannot be taken to be 

small. As a result the truncation of the 10w-11 end of the LZ/S5 sub

branch is arbitrary and cannot be regarded as a verification of the 

common bifurcation point implied by Fig. 6. Nonetheless, for higher 11 

the locking signal is very small, and justifies our interpretation that 

L2/SS is an unstable waveform. Otherwise the bifurcation structures 

with and without a locking signal are similar, except that there are 

several L4S waveforms, all of which can be observed with the locking 

signal, while only one is observed without it. 

The influence of the locking signal on the various branches is 

qualitatively similar. Waveforms become stabilized, and stable but 
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unreachable waveforms are observed. In addition entire branches can 

be observed in cases where they are otherwise globally unstable or 

unreachable (e.g. L5 in Fig. 9b). In all cases the hysteresis loops 

are such that the domain of stability at the low-~ end is extended by 

the addition of a locking signal. This justifies our conclusion that 

the low-~ ends of the hysteresis loops in Fig. 9 and in Fig. lOa are 

associated with the global stability properties of the diagrams in 

Figs. 7b (Fig. 9a) and 7c (Figs. 9b and lOa). The transitions at the 

high-~ ends of the branches are associated with transitions to chaos, 

and they are not systematically influenced by weak locking signals. 

Since chaotic waveforms are inherently unstable, there is no meaning 

to interpreting these jumps in terms of the diagrams in Fig. 7. Such 

diagrams cannot distinguish between cases in which the chaotic 

solution persists or jumps to another branch. We are certain that the 

hysteresis loops are never associated with diagrams like the 

traditional .. s .. curves of optical bistability. 

Fig. 11 shows samples of the observed chaotic waveforms. The 

figure is laid out in the same format as Fig. 5," with the waveforms to 

the left, and the spectra to the right. Fig. 11 a shows a case in 

which there is a single strong harmonic frequency f = 5/2tR, plus the 

usual continuous chaotic background. This waveform is unambiguously 

associated with the fifth harmonic branch, and can be denoted LC5 • 

Unfortunately such clear-cut cases are rare. More typical is the case 

in Fig. lIb, where sharp spectral peaks are seen at several harmonics 

at once. The relative magnitudes of the sharp spectral peaks nearly 
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Fig. 11. Various examples of chaotic waveforms. 

The layout of the figure is identical to the one in Fig. 8. 
a) Continuous chaotic background with a sharp spectral features at the 
location of the peaks of a Lz/33 waveform. b) Continuous spectral 
background with sharp spectral peaks of several harmonics. 
c) Continuous spectrum with strong but broad peaks. d) Continuous 
spectrum with weak broad peaks. In the last case there is a weak but 
persistent narrow peak at f = 7/2tR. 
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always change over long times cales in this case, which indicates that 

there are long-term drifts that may either be due to system drifts or 

to an intrinsic property of the chaos. Another common case is shown 

in Fig. llc. There are no sharp peaks, but rather broad but very 

pronounced peaks at all harmonics. This cannot be associated with any 

particular harmonic branch. We tentatively denote such a waveform LC' 

since it may not be the same as "fully-developed" chaos (denoted N1). 

An Nl spectrum is shown in Fig. lld, and has the property that the 

harmonic peaks are almost entirely washed out. (One problem with the 

example in Fig. lId is that there is a very weak but sharp peak at the 

seventh harmonic that is systematically observed. We do not 

understand why this is the case, and we have not observed an Nl 

spectrum at any other device setting.) We have, as yet, no evidence 

as to whether Nl is a limiting form of LC' or whether they are 

distinct. Unfortunately, when we increase the value of l.l to study 

chaos in more detail, our device systematically jumps to the upper 

bistable branch. This is the case for all values of the bias, so 

fully-developed chaos (i.e. N1) is difficult to study with our device. 

A different type of experimental setup will be needed before we can 

draw meaningful conclusions with respect to transitions within chaos. 

The method described in the next chapter is one possible way. 

In the earliest version of this experiment we used an 

amplifier which turned out to have a very small nonlinearity that 

influenced the response time of the device. With this amplifier we 

observed a totally different stability pattern (The data in Fig. B 
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were taken from this case) from that shown here. In a previous 

experiment, in which the modulator had intrinsic hysteresis, we 

reported extensive domains of stable period four within the chaotic 

domains, which may have had some relationship to the L4 n waveforms 

discussed here. The pOint of presenting these cases is that they 

indicate that the harmonic branches have stability properties that are 

extremely sensitive to small defects in the device. This is of little 

consequence to our experiment, other than forcing us to be careful in 

our choice of equipment. On the other hand, differential-equations 

like Eq. (2.14) may be applicable to problems in medicine and biology 

(Chow, 1981). In these cases, the connection between model and 

reality is likely to be remote. In light of the sensitivity of the 

stability properties to details of the model, great caution should be 

exercised in applying such models to real-world problems. 



CHAPTER 6 

A TEST FOR CHAOS 

Most recent studies concentrate on the periodic waveforms 

observed in the domains between stable and erratic behavior, which are 

referred to as routes to chaos. The period doubling route of 

Feigenbaum (1978, 1980) is subject to quantitative test, and, when 

observed, is regarded as strong evidence of chaotic behavior. 

However, most systems showing erratic behavior do not have doubling 

sequences,(Swinney, 1983, Brandstater, 1983) and as shown in Chapter 5 

some cases with doubling sequences do not even show qualitative 

agreement with the Feigenbaum prediction. In addition the route to 

chaos can be nonunique at one set of parameters as seen in Chapter 5. 

Hence it is unclear whether experimental studies of routes to chaos 

can yield unambiguous evidence that chaos exists as a phenomenon of 

nature. 

The conjecture of Ruelle and Takens (1971) states that, in a 

chaotic system, two points starting close together in phase space 

diverge exponentially in time, provided they start on the strange 

attractor. In chaotic systems the attractor is an infinite set of 

points which has structure when observed at any resolution. The 

at tractors of chaotic systems are known as strange attractors because 

they attract but are not periodic. Thus the definition given by Ruelle 

and Takens (1971) means that every point on the attractor is unstable. 

49 
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The exponential divergence of any two points on the attractor then 

follows from every point being an unstable point. We follow typical 

practice (Farmer, 1982a-c) and assume that the rate of divergence is 

independent of the starting points. Therefore there must be some. test 

(other than spectral measurements) that distinguishes chaos from 

noise. Recent attempts in this direction involve inferring the shape 

of the strange attractor (Brandstater, 1983). Such procedures are of 

great interest, because comparison with theory is more straightforward 

than in our tes t. They are, however, tedious and are unlikely to be 

practical as a general test. 

In this chapter we describe a new test of chaos which is more 

amenable to experiment and involves fewer conceptual and experimental 

difficultip.s than the attractor test. We use the property of 

exponential divergence of any two points to characterize the system as 

chaotic or not. If many nearby points (rather than just two) are 

followed the concept of information can be applied (Farmer, 1982b). 

If the system is started up repeatedly with a well defined spread in 

the initial conditions and nearby points diverge then the distribution 

of the points will also spread out. A measure of how the points 

spread out is the metric entropy. 

It is the metric entropy that we will endeavor to find. The 

metric entropy provides a theoretical basis for our distinction, but 

our experiment will still be able to distinquish chaos from noise even 

if the connection is too tenuous. 
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Theory 

Hetric or Kolomogorov entropy is a measure of how the 

information entropy changes with time. It has been shown (Farmer, 

1982c; Grassberger and Procaccia, 1983) that for chaotic systems the 

metric entropy is positive and finite, while for random systems it is 

infinite. This measure of chaos is typically computed from following 

all of the phase variables for a length of time, or from some other 

method of seeing all the phase space. 

To compute the metric entropy for an F-dimensional system the 

phase space is divided into F-dimensional boxes with volume £F. The 

trajectory of the system T(t) is then followed through the phase 

space. Where the trajectory T( t) is the evolution' of the phase 

variables as a function of time. In the case of a differential delay 

system the dimensionality is infinite and the trajectory T( t) is the 

set of points § X(t-tR), X(t-tR+E), ••• X(t) t. The probability that the 

trajectory is in box i is denoted as p(i). The probability that the 

trajectory was in box il at time 1', in box i2 at time 2 1', and likewise 

through all bo~es to box id is denot'ed by the joint probability 

Using these quantities the metric entropy is given by 

(Farmer, 1982b): 

where d is the number of sampled intervals. Now since in a real 

mesurement E will be fixed (by the resolution of the instrument) we 

will henceforth ignore the dependence on E. 
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If we let d=2 (Grass berger and Procaccia, 1983) then an 

approximation to the metric entropy is: 

h = _ 1 
m (6.2) 

Since the system is in our control we can always choose or fix the 

initial state to be the same. Thus p(n,i2)=p(i2) where n is box we 

always start from. Thus 

h = -1. "-m l' L 
i2 

(0.3) 

The probability distribution in F dimensions is not obtainable, 

(especially when F is inifinite) so that instead of using boxes with 

volume EF, one dimension of the space is divided into intervals of 

length E. We discuss this approximation more below. 

Since it is not possible for us to measure the probability 

distribution at a function of time because of system drift, but a mean 

and standard deviation of a few samples are obtainable, we will 

assume a probability distribution and approximate the metric entropy. 

Defining the information entropy in a measurement by: 

1=- ~ p(i) log p(i) 
i 

(6.4) 

If the probability distribution is assumed to be of a form (where we 

have switched to continuous probabilities) 

1 x p(x)=- f(-) a a 

then the information entropy is found to be: 

(6.5) 
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(6.6) 

simplifying by expanding to log and integrating one integral 

or 

10g(a(T»-j dz f(z) log f(z) (6.7) 

note that the integral is constant for any value of aCT) and thus only 

a function of the form. Thus the information entropy is essentially 

the log of the standard deviation. 

Using equation (6.3) we see that: 

hm = 1. [ log a( T) + c ] 
T 

(b.8) 

Note that a(O)=constant. This means that hm can be found, assuming 

constant hm by: 

hm= ~ [ log a(t+T) - log a( T)J (6.9) 

Thus by making measurements of the standard deviation as a function 

of time the metric entropy can be deduced from the initial slope. 

Above we made what amounts to a one dimensional approximation. 

This approximation is not as bad as it seems since we can sample 

points from several different dimensions by sampling the waveform 

several times in one t R• Since Eq. (2.14) is infinite dimensional it 

can be written as an infinite set of equations: 

X[(n+l)tR] 

X[(n+l)tR + d 

T[X(tR) - X(ntR - £)] + f[X(ntR)] (b.l0a) 

T(X(tR + £) - X(ntR» + f[X(ntR + £)] (6.10b) 
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X[(n+l)tR + 2e:l '('(X(tR + 2d - X(ntR + d) + f[X(ntR + 2e:)J (6.10c) 

Where each equation describes the evolution of one point in each tR as 

well as describing the evolution of an infinite dimensional system. 

Most (some will not show any divergence in some regimes) Each of 

these variables should show the same rate of divergence. Thus by 

examining several points in one tR we are sampling different 

variables, and testing each to see if the divergence is the same. 

Experimental setup 

To measure the metric entropy we must be able to start the 

system with well defined initial conditions and well defined operating 

parameters. Our experiment is a modification of the one used in 

Chapters 4 and 5. We have added an analog switch in the feedback loop 

so that repeatable, constant initial conditions can be obtained. 

Figure 12 shows our experimental setup. When the switch is open the 

feedback loop is broken and the light and voltage levels remain 

constant. This provides the constant well defined initial condition. 

The analog switch is controlled by an IBM Personal Computer (PC) using 

a hardware timer. The voltage is monitored after the first amplifier 

(oscilloscope) by a 12 bit analog-to-digital converter also in the IBM 

PC. 

When the analog switch is closed, the system develops under 

its own natural dynamics as before and Eq. (2.14) describes these 

dynamics. In these experiments we examine values of Xb between 

cos- 1(O.20) and cos- 1(O.40). 
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The procedure to measure ~ in this experiment was to to first 

break the feedback loop between the first amplifier and the final 

amplifier by opening the analog switch. The input to the final 

amplifier was then fed a zero voltage signal (through line B in 

Fig. 12) so the input voltage to the modulator is zero. The voltage V 

at the output of the first amplifier was measured. When this voltage 

is multiplied by the gain G of the final amplifier the voltage on the 

modulator is obtained. The bifurcation parameter ~ was then found as 

~ = VG/Vh(1-~cos(Xb»· 

The experiment was (almost) totally controlled by the 

computer. By closing the analog switch the computer changes the 

states that the device is operating in. When the switch is open the 

feedback loop is broken, and the voltage and light intensity are 

constant. Since this system is infinite dimensional an infinite number 

of initial conditions are needed. By keeping X constant between -tR 

and 0 we know all the initial conditions. These initial conditions are 

set by the voltage applied to the external input before the second 

amplifier. When the switch is closed the state changes to one 

determined by the dynamics of the system. The value of ~ normally is 

set with the device operating in a steady state (switch closed) to a 

point in the bifurcation sequence exibiting some sort of chaos. 

When the switch is closed (and the external input switch is 

opened), the computer waits a specified time and a voltage sample is 

taken. (The experiment has two delays, one introduced by the fiber in 

the feedback system, and one which the computer generates between the 
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closing of the switch and the taking of a data point; in all cases 

when "delay" is used it will mean the computer delay unless it is 

explicitly denoted.) This proccess is repeated several times and the 

standard deviation, aX, at that delay time is computed. By varying 

the delay time we find the standard deviation as a function of time. 

Data are not taken during the transition between the two levels as 

the uncertainty as to when the data were taken contributes to a large 

standard deviation due to the large slope. 

The spread in the initial state is caused by small variations 

in the laser power level and by noise. The computer only starts the 

device when the light levels are within specified ranges so that the 

the initial condition is well defined. 

Results 

In Figure 13 we give an illustration of typical outputs when 

close initial conditions are used to produce waveforms on an 

oscilloscope. Each figure is a retracing of many outputs starting 

from the same 'initial condition at t = O. Figures 13a and l3c 

correspond to period-four and period-two waveforms, respectively. 

While there is a transient before the system reaches the final state, 

there is no measurable uncertainty in the waveform. Each trace 

superimposes precisely onto the previous one. Thus the waveforms are 

completely predictable for as long as we can conveniently observe. In 

Fig. 13b,d we show period-four and period-two chaos. There, for short 

times, the output is predictable. After several tRIs' the output is 

unpredictable, as indicated by the fuzziness of the trace. This output 
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(c) (d) 

Fig. 13. Many overlayed traces of X after analog switch closed. 

Time scale is approximately 15 ms/div. a) Period two, b) Period two 
chaos c) Period four, d) period four chaos. Notice the sharp onset of 
fuzziness, after a finite delay, in the chaotic traces. V1 

00 
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is inconsistent with noise, which should appear essentially 

instantaneously at t = 0 (which gives the infinite value to the metric 

entropy). It is, however, precisely what is expected by the hypothesis 

that chaos involves an instability. If the error bar increases 

exponentially, it should, for short time8, be too small to be 

observed. At later times, it become suddenly large, saturates, and 

dominates the system from then on. 

The range of lit s that we explore for the values of 'r is 

limited to period-two and period-four chaos. Outside that range our 

device jumps to other branches (Gibbs et al., 1981) involving nonunique 

paths to chaos, and we cannot reliably characterize erratic behavior 

in that regime. This range of 1I is only five times larger than the 1% 

uncertainty in 1I, so 1I cannot be set, in advance, to satisfactory 

precision. Thus the data are taken by setting the device at some set 

of parameters, and making all measurements in a single run. When 

different initial conditions are explored, the device alternates, 

within one run, from one initial condition to the other. We had the 

computer monitor drifts in the laser ·and the electronics of the 

system so that a run may be aborted if drifts occur. 

A run is taken in the following fashion. When the analog 

switch is closed, the computer waits a specified time and a voltage 

sample is taken by a 12-bit analog-to-digital converter. This 

proccess is repeated several times and the standard deviation at that 

delay time is computed. By varying the delay time from t = 0 to 

t = mtR we find 6X(t). Typical values of m are between 30 and 50. 
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Several different values of t along the infinite dimension 

vector X(t), ntR < t < (n+1)t
R

, are measured, and we obtain, to within 

experimental error, the same value of the metric entropy independent 

of which point we examine. By examining data this way, we run the 

risk that sampling-time jitter occasionally picks a point at ntR' which 

is the up-down switch time of the periodic structure of the amplitudes 

in Fig. 13b,d. This accounts for the occasional measurement of 

anomalously large and small error bars. The large error bars from 

jitter in the system which causes samples to be taken at different 

points on the rapidly rising and falling waveform, and small error 

bars from sampling points on the rise that are are closely correlated. 

In Fig. 14a we show In(6X(t)) for one run. In this case ~ is 

0.81 ± 0.01 and Xb = cos- 1(0.39) which gives period two chaos. Ten 

samples at each t are used to compute 6X(t). Notice the linear initial 

slope (on a semilog plot). After 20 tR' s the error bar saturates, 

which occurs in our system because the chaotic wandering of the 

amplitude takes place within finite bounds (see Fig. 13b,d). In 

Fig. 14 b we show a run in which we look in detail at the initial rise. 

No lines are given in this case, and anyone can judge whether the rise 

is linear up to the onset of saturation. Note also that the data 

consist of clusters of points, which are the values of different t's 

taken within one t R• The consistency of clusters from t to t + tR 

(each point rising at the same rate as the others) is obvious. The 
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Fig. 14. Plot of the log of the standard deviation vs. time. 
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a.) A plot of the log of the standard deviation of the points as a 
function of time, measured from the instant the system was switched 
from an non-oscillating steady state to parameters which lead 
eventually to period two chaos. Notice the linear .intial rise (the 
lines are fit by eye). b.) The details of the initial rise to 
saturation. c) data in b) fitted to noise curves 1/2lnt. 
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lack of a smooth r.ise is not surprising since the rate of divergence 

varies depending on the specific conditions; the Lyaponouv exponent and 

the metric entropy are average properties of the system. 

By comparing two sets of data with different starting 

conditions we find that hm is the same. This is an important 

confirmation of the notion that the system is chaotic. It means that 

the inital conditions used are not special and that the approximation 

made by not starting on the attractor is a good one. 

Comparison to noise 

Our system is not an ideal system. It suffers from noise and 

from drift in the parameters. The noise in our system is predominatly 

shot noise from the PMT, and as such is a function of the light level. 

The predominant drift is in ~, caused by the same fluctuations in the 

laser that change the starting condition. To investigate the effect 

of noise we observe its effect on a nonchaotic system. 

In dissipative systems noise tends to be damped out, and does 

not build up. Such a system is the damped harmonic oscillator with 

external noise. Such an oscillator can be modeled: 

d
2
x + dX + X = n(a 2) 

dt! Y dt (6.12) 

where n(a 2) is Gaussian noise with a standard deviation a. If 

Eq. (6.12) is started from an initial condition X=O, }(=o it can be 

solved numerically. It is found that the log of the standard 

deviation initially rises up logarithmically but then saturates at 

some finite value, except in the case where Y=O, where it continues to 
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rise. If some spread in the initial value is allowed then the system 

rises up as in the case of no initial spread, except the log of the 

initial standard deviation is finite. An approximate fit to the rise, 

for small times, is 1/2ln(t) + C. Where C is determined by the initial 

deviation. In Fig. 14c we attempt to fit two noise curves to our 

experimental data. By adjusting the arbitrary constant C, one can 

move the noise curve vertically. The upper one fits the experimental 

uncertainty for small times and is discrepant for longer times; the 

lower is tangential to the rise and fails to fit either at short or 

long times. Observe that the data have a finite slope as t + 0 where 

the metric entropy should be measured. As t + 0 the noise curve has 

an infinite slope (dlnt/dt + m as t + 0) giving infinite metric 

entropy. Note that for simplicity we neglect the saturation of the 

noise, which when modeled, gives the same result. 

Comparison to the metric entropy 

In Fig. 15 we show hm as a function of ).I, and compare it with 

the h).l that is obtained from the from Eq. (3.2). The scales on the 

bottom and left is for the th~oretical line, and the scales on the top 

and right are for the experimental points. The scatter in data is due 

mostly to the 1 % uncertainty in l.I (20 % of the range of the plot). 

The discrepancies in the absolute values of l.I has been shown (Ikeda, 

private communication) to result from the one dimensional 

approximation. Presumably part of the discrepancy in the magnitude of 

hm is due to approximation, both in the comparison of experiment to 

the simple theory and the relation between the metric entropy and 
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Fig. 15. Comparison of metric entropy and experimental results. 

Theoretical (Line, axes at top and right) and experimental (points, 
axes to left and down) plot of the metric entropy (slope of Fig. 14) 
as a function of the bifurcation paramenter ~. 
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experiment. However, part of the discrepency is also due to the 

neglect of the low levels of noise present in the experiment which, if 

included in the theory, cause substantial increases in the values of 

h ll • Note finally that the variation of hm with )J is minor and is in 

reasonable accord with the estimates of Farmer (1982a) that sugges t 

that h)1 should be roughly independent of )1. 



CHAPTER 7 

CONCLUSIONS 

In conclusion, we have demons trated that bifurcations along 

the route to chaos in our device are analogous to second order phase 

transitions and that noise truncates the number of waveforms that can 

be observed. We observed alternate routes to chaos and found an 

explanation for them, and we have proposed a new test that can be 

used to study chaos and to distinguish it from noise. 

By observing the rise of the spectral peaks we were able to 

see the continuous nature of the bifurcation and identify it with a 

nonequilibrium second order phase transition. By using this rapid rise 

the bifurcation points could be easily located, even in the presence 

of large amounts of noise. 

We found that the period doubling sequence was truncated by 

noise added by changing the signal to noise ratio, and using increased 

gain. The truncation of the sequence was qualititively different from 

the prediction, perhaps because the type of noise added was 

qualitiatively different. 

In Chapter 5 disscussed the observed alternate paths to chaos 

in an optically bistable hybrid. These alternate paths involve 

waveforms that are frequency-locked to the higher harmonics of the 

waveforms of the period doubling sequence. They are all, in fact, 

waveforms that result from the many alternative ways of constructing 
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continuous-time functions out of a discrete-time map. The stability 

properties of these waveforms are complicated, and we have only shown 

some of the simplest cases here. We find that transitions between 

two types of waveforms occur: those between waveforms with different 

harmonic frequencies (different branches) and those between waveforms 

of the same harmonic but of different periods (same branch). In a 

multidimensional space, transitions between both types of waveforms 

would appear the same, however, in our two dimensional projections it 

is simplest to draw the various projections separately. Transitions 

among these waveforms are discontinuous, and in some cases exhibit 

hysteresis loops. These features are the same as those found in 

first-order nonequilibrium phase transitions, such as those that occur 

in conventional optical bis tability. However, in that case, 

transitions occur when branches cease to exist. In this case, the 

branches continue to exist beyond the range of the hysteresis loops, 

but become unstable. 

To observe these expected but unstable waveforms we 

introduced a sinusoidal perturbation to the bias voltage. We then find 

that the waveforms that one expects on theoretical grounds, are, in 

fact, observed, and they decay to other waveforms when the locking 

signal is removed. We consider this to be strong evidence that these 

portions of the branches exist, and are just unstable. 

Our observations are, at best, only in qualitative agreement 

with Ikeda et al.'s (1982) predictions. We observe the same harmonic 

branches as they predict, but the domains of stability are very 
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different. They predict that, for all ratios of ./tR near those that 

we use, we should observe wide domains of stability on all branches. 

In contrast, we observe limited dowains of stability that are 

sensitive functions of ./ t R• It is premature to make too much of this 

discrepancy. The bifurcation structure of the period-doubling 

sequence is known to be sensitive to noise, and that may well be the 

case here as well. Our experimental results are, in this regard, 

consistent with our earlier experiment, insofar as there is a tendency 

for the device to support, with stability, only those frequency-locked 

waveforms whose harmonic frequency is near to 1/ •• 

The stability of the frequency-locked waveforms seems to be 

very sensitive to whether there are spurious non1inearities in the 

device. In the first version of the device there was a small defect 

in the electronics of the amplifier. In that case the domains of 

stability were much wider, and were, in fact, much more in agreement 

with theory than when the defects were removed. This indicates that 

one must be very careful in relating experimental stability properties 

to theoretical ones when the relationship of theory to experiment is 

remote. 

In Chapter 6, we proposed that chaos can be distinguished from 

noise by measurements of variances of the motion. We tested this idea 

on our devic:e, which has passed all previous tests alledging chaos. 

This test yields all the expected properties based on recent theories 

(Crutchfield, 1982) involving metric entropy. However, to claim 

equivalence of our method with theory, we need one major assumption 
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that makes the experiment managable. Nonetheless, so long as the 

definition of chaos remains conjectural, we feel that there is a place 

for a straight-forward test of chaos. Our method is based on the 

hypothesis that the instability inherent in chaos can be treated by 

methods used to investigate other instabilities. In an ordinary 

instability, such as the buildup of laser radiation from noise, no one 

would mistake the buildup from noise with the buildup of noise itself. 

We see no reason why an observation of the unstable character of 

chaos is any more ambiguous. 

Since this method is a transient method it is applicable to 

many realizable experimental systems. We hope this method will be 

used to investigate the apparent chaotic behavior of a self-focussing 

sodium system (Tai et a1., 1984). This method is also applicable to 

systems that use pulsed lasers, although they often do not switch 

between two distinct states (Nakatsuka et a1., 1983, Harrison et a1., 

1983). 



APPENDIX 

DERIVATION OF EQUATIONS OF' MOTION FOR A RING CAVITY 

Following the notation of Gibbs and McCall (1985), consider a 

ring cavity such as the one given in Fig. 7 where EI is the incident 

field, ET is the trsnsmited field, and ER is the reflected field. The 

length of the nonlinear material is L, and the total length of the 

ring cavity is~. rf mirrors 1 and 2 have reflectivity R and mirrors 3 

and 4 have 100 % reflectivity then the boundry conditions are: 

F(O,t) IT Fr(t) + Reik~ F(L,t-l/c) 

FT(t) = F(t,L)eikL 

(A.la) 

(A.l b) 

where k = w/c, T = 1 - R, and I = 1 - L. The slowly varing component 

of the electric field inside the cavity is F(z,t), where z is measured 

clockwise around the cavity from mirror 1. For simplicty we assume 

that the nonlinear material completely fills the distance between 

mirror 1 and 2. 

If the nonlinear material is assumed to be a homogeneously 

broadened two level system then the propagation of the electric field 

through the nonlinear medium can be described by the Maxwell-Bloch 

equations given below (Gibbs and McCall, 1985). 

1/ Z 

aF = _~[YTJ Q 
az 2 YL 
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(A.2a) 
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Fig. 16. Schematic of ring cavity. 
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(A.2b) 

(A.2c) 

Where Q is the dimensionless polarization, w is the population 

difference of the two level atom, and a o is the small signal 

absorption. The detuning frequency is Aw :: w - n, where n is the 

atomic transition freqency. The tranvere and logitudinal relaxation 

rates are YT and YL' respectively. The retarted time is given by • = 

t - z/ c. 

In the limit of fast transverse relaxation the polarization Q 

follows the electric field F adiabatically so aQ/3. :: 0 in equation 

(A.2b). Thus Q can be solved for and we find that, 

(A.3) 

by defining a dimensionless detuning A :: AW/YT we can rewite (A.3) as 

[ ]

1/2 

Q :: - YL Fw [1+i1J 
YT l+A 

(A.4) 

Substituting (A.4) into (A.2a) and integrating we find that 

r. a O[l +iA -J 1 F(z,. + z/c) = F(O,.) eXPL(z l+A ZW(Z,.) )J (A.5) 

where 

W(z,t) dz' w(z', t+Z'/c). (A.6) 

By substituting (A.5) into (A.2c) and integrating over z we find 



7J 

-YL(W+z) - IF(O,.)12 [exp[<CI
oW

(z,.)/(l+A2»] - Ij. 
YL. aD 

(A. 7) 

defining 

(A.i1) 

then evaluating at z Land L == t - r;) c with x _ tn equation (A.7) 

becomes 

where xR = YLtR. Similarly from Eqs. (A.l) and (A.5) 

F(O,x) = iT Fl(x) + Reiki. F(O, x - XR)expl a~L D : ~~J~(X)J (A.IU) 

For an infitesimal input intensity ~(x) ... -1 so a~/ax = O. The 

background refractive index is then 

n = o 
aDA 

1 -
41T 

Expanding the exponent in eq. (A.I0) it can be rewritten as: 

aoL n.(x) 
F(O,x) = iT' Fl(x) + RF(O, x - x )exp[- [( 'I' Jj 

R 2 1 + /}.2 

where 

6 0 = -k(noL + i. - L) + 2nM 

(A.ll ) 

(A.12 ) 

(A.13) 

is the initial laser-cavity detuning. We would like to find the 

transmitted electric field FT rather than the value of the field just 

inside mirror 1. The second term of Eq. (A.12) is just the intracavity 

field at the output mirror multiplied by R(exp(ikl». Thus at a time 

earlier by the transit time 1/ c the transmit ted field is just the 
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second term multiplied by the factor (/T/R)exp(-ikl), or: 

r- laoL ~(x) 1 
F(x - '(LI / c ) = "T F(D, X-XR) exp 2 l+~2J 

x exp(i(aoL/2 (~(l+~2» (~(x) + 1) - 130 - kl)j. (A.14 ) 

Equations (A.12, 9,14) are Ikeda's (1977) equations in Gibbs' and 

McCalls' (1985) notation. 

By first assuming that the absorption term in Eq. (A.12) is 

essentially independent of intensity then if the laser-atom detuning 

is also assumed to be large the absorption is essentially independent 

of intensity since ~(x) '" -1; this requires that IFI2 «aoL. Thus Eq. 

(A.12) becomes 

E( t) = A + BE( t - t R) exp(i[ a( t) - a 0]), (A.15) 

where E(t) tt F(x) and the intensity dependent detuning is defined as 

(A.16) 

and similarly Eq. (A.9) becomes 

,B(t) = -B(t) + IE(t ...,. t R)12 (A.l7). 

In these equations the A is identified with the input laser intensity 

and the size of the nonlinearity and B is identified with the 

absorption and mirror reflectivities, i.e. the finesse. The time 

constant 'l" is the inverse of the medium relaxation time '( and tR is 

the time it takes for the feedback to reach the nonlinear medium. 



SELECTED BIBILOGRAPHY 

Abraham, E., and Firth, W. J., "Periodic oscillations and chaos in a 
Fabry-Perot cavity containing a nonlinearity of finite response 
time," Opt. Acta 30, 1541 (1983). 

Abraham, E., Firth, W. J., and Carr, J., "Self-oscillation and chaos in 
nonlinear Fabry-Perot resonators with finite response time," 
Phys. Lett. A 91A, 47 (1982). 

Abraham, N. B., "A new focus on laser instbilities and chaos," Laser 
Focus. p.73, May (1983). 

Abraham, N. B., Coleman, M. D., Maeda, M., and Wesson, J. C., "Single
mode ins tabilities in high-gain gas lasers," Appl. Phys. B 28, 
169 (1982). 

Abraham, N. B., Gollub, J. P., and Swinney, H. L., "Testing nonlinear 
dynamics," Physica lID, 252 (1984). 

Agarwal, G. S., Narducci, L. M., Feng, D. H., and Gilmore, R., 
"Dynamical approach to steady state and fluctuations in 
optically bistable systems," p. 281 in Coherence and Quantum 
Optics IV, L. Mandel and E. Wolf, eds. (Plenum, New York, 1978). 

Agarwal, G. S., Narducci, L. M., Feng, D. H., and Gilmore, R., "Fokker
Planck equation approach to optical bistability in the bad
cavity limit," Phys. Rev. A 21, 1029 (1980). 

Agarwal, G. S., and Shenoy, S. R., "Observability of hysteresis in 
first-order equilibrium and nonequilibrium phase transitions," 
Phys. Rev. Al3, 2719 (1981). 

Albert, J., Vincent, D., and Tremblay, R., "Hybrid bistable optical 
device using an acoustooptic waveguide modulator ," Can. J. 
Phys. 59, 1251 (1981). 

Arecchi, F. T., Lippi, G., Tredicce, J. R., and Abraham, N. B., 
"Spontaneous oscillations, generalized multistability, and 
intermittency route to chaos in a bidirectional CO ring laser ," 
J. Opt. Soc. Am. B 1, 497 (1984). 

75 



76 

Arecchi, F. T., and Lisi, F., "Hopping mechanism generating l/f noise in 
nonlinear systems," Phys. Rev. Lett. 49, 94 (1982). See also 
two comments on this article by M. R. Beasley, D. D'Humieres, 
and B. A. Huberman and by R. F. Voss, Phys. Rev. Lett. 50, 
1328-1330 (1983). 

Arecchi, F. T., Meucci, R., Puccioni, G., and Tredicce, J., "Experimental 
evidence of subharmonic bifurcations, mul tis tability, and 
turbulence in a Q-switched gas laser," Phys. Rev. Lett. 49, 
1217 (1982). 

Arecchi, F. T., and Politi, A., "Generalized Fokker-Planck equation for 
a nonlinear Brownian motion with fluctuations in the control 
parameter," Opt. Commun. 29, 361 (1979). 

Arecchi, F. T., "Turbulence and l/f noise in quantum optics," p. 935 in 
Coherence and Quantum Optics V, L. Mandel and E. Wolf, eds. 
(Plenum, New York, 1984). 

Averbukh, I. S., Kovarsky, V. A., and Perelman, N. F., "Ac Stark effect 
induced self-pulsing in two-photon resonant optically bistable 
systems," Phys. Lett. A 9IA, 401 (1982). 

Bar-Joseph, I., and Silberberg, Y., "Self-oscillations of 
counterpropagating waves in a two-level medium," J. Opt. Soc. 
Am. B 1, 498 (1984). 

Benza, V •• and Lugiato, L. A., "Dressed mode description of optical 
bistability," z. Physik B 35, 383 (1979). 

Benza, V., Lugiato, L. A., and Meystre, P., "Analytical description of 
self-pulsing in absorptive optical bistability," Opt. Commun. 
33, 113 (1980). 

Bistrov, V. Pa, Gnedoy, S. A., Shipilov, K. F., and Shmonov, T. A., 
"Operating regimes of hybrid optical feedback circuits," p. 188 
in Proceedings of the XI National Conference on Coherent and 
Nonlinear Optics, Yerevan, USSR (1982). 

Bonifacio, R., Gronchi, M., and Lugiato, L. A., "Instabilities in 
optical bistability; transform from cw to pulsed," p. 31 in 
Optical Bistability, C. M. Bowden, M. Ciftan, and H. R. Robl, 
eds. (Plenum Press, New York, 1981). 

Bonifacio, R., and Lugiato, L. A., "Instabilities for a coherently 
driven absorber in a ring cavity," Lett. Nuovo Cimento 21, 510 
(1978). 



77 

Bonifacio, R., Lugiato, L. A., Farina, J. D., and Narducci, L. M., "Long 
time evolution for a one-dimensional Fokker-Planck process: 
application to absorptive optical bistability," IEEE J. Quantum 
Electron. QE-17, 357 (1981). 

Brand, H., Graham, R., and Schenzle, A., "Wigner distribution of 
bistable steady states in optical subharmonic generation," Opt. 
Commun. 32, 359 (1980). 

Brandstater, A., Swift, J., Swinney, H.L., Wolf, A., Farmer, J.D., Jen, 
E., and Crutchfield, J.P., "Low-Dimensional Chaos in a 
Hydrodynamic System," Phys. Rev. Lett • .2..!.. 1442 (1983). 

Brunner, W., and Paul, H., "Regular and chaotic behaviour of multimode 
gas lasers," Appl. Phys. B 28, 168 (1982). 

Carmichael, H. J., "Chaos in non-linear optical-systems," p. 64 in 
Laser Physics, J. D. Harvey and D. F. Walls, eds. (:::ipringer
Verlag, Berlin, 1983). 

Carmichael, H. J., "Optical bistability and multimode instabilities," 
Phys. Rev. Lett. 52, 1292 (1984). 

Carmichael, H. J., Savage, C. M., and Walls, D. F., "From optical 
tristability to chaos," Phys. Rev. Lett. 50. 163 (1983). 

Carmichael, H. J., Savage, C. M., and Walls, D. F., "Multistability, 
self-oscillation and chaos in nonlinear optics ," p. 957 in 
Coherence and Quantum Optics V, L. Mandel and E. Wolf. eds. 
(Plenum, New York, 1984). 

Carmichael, H. J., Snapp, R. R., and Schieve, W. C., "Oscillatory 
instabilities leading to 'optical turbulence' in a bistable ring 
cavity," Phys. Rev. A 26, 3408 (1982). 

Casagrande, F., Lugiato, L. A., and Asquini, M. L., "Instabilties for a 
coherently driven absorber in a Fabry-Perot cavity," Opt. 
Commun. 32, 492 (1980). 

Cho, Y., and Umeda, T., Chaos in laser oscillations with delayed 
fedback: numerical analysis and observation using semiconductor 
lasers," J. Opt. Soc. Am. B 1, 497 (1984). 

Chow, S.N., Talk presented at the workshop on Coupled Nonlinear 
Oscillators, Los Alamos, NM (1981). 

Chrostowski, J., "Noisy bifurcations in acousto-optic bistability," 
Phys. Rev. A 26, 3023 (1982). 



711 

Chrostowski, J., Delisle, C., and Tremblay, R., "Optical oscillations in 
an acoustooptic bistable device," Can. J. Phys. 61,1118 (1983). 

Chrostowski, J., Delisle, C., Vallee, R., Carrier, D., and Boulay, L., 
"Mul tistable nonlinear Fabry-Perot interferometer," Can. J. 
Phys. 60, 1303 (1982). 

Chrostowski, J., Vallee, R., and Delisle, C., "Self-pulsing and chaos in 
acoustooptic bistability," Can. J. Phys. 61, 1143 (1983). 

Chrostowski, J., and Zardecki, A., "Noise transformation by optically 
bistable system," Opt. Commun. 29, 230 (1979). 

Chrostowski, J., Zardecki, A., and Delisle, C., "Time-dependent 
fluctuations and phase hysteresis in dispersive bis tability," 
Phys. Rev. A 24, 345 (1981). 

Cohen, A. and Procaccia, 1., "Computing the Kolmogorov entropy from a 
time signal of dissipative and conservative dynamical systems," 
Phys. Rev. A 31, 1872 (1985). 

Cooperman, G. D., and Winful, H. G., "Self-pulsing and chaos in a 
bistable distributed-feedback structure," J. Opt. Soc. Am. 71, 
1634 (1981). 

Crutchfield, J. P., and Huberman, B. A., "Fluctuations and the onset of 
chaos," Phys. Lett. 77A, 407 (1980). 

Crutchfield, J., Nauenberg, M., and Rudnicks J., "Scaling for external 
noise at the onset of chaos," Phys. Rev. Lett. 46, 933 (1981). 

Crutchfield, J.P. and Packard, N.H. "Noise Scaling of Symbolic Dyanmics 
Entropies," in Evolution of Order and Chaos, H. Haken ed., 215 
(Springer-Verlag, Berlin, 1982). 

Derstine, M. W., Gibbs, H. M., Hopf, F. A., and Kaplan, D. L., 
"Bifurcation gap in a hybrid optically bistable system," Phys. 
Rev. A 26, 3720 (1982). 

Derstine, M. W., Gibbs, H. M., Hopf, F. A., and Kaplan, D. L., "Alternate 
paths to chaos in optical bistability," Phys. Rev. A 27, 3200 
(1983). 

Derstine, M. W., Gibbs, H. M., Hopf, F. A., and Rushford, M. C., 
"Possible observation of optical chaos in an all-optical 
bistable device," J. Opt. Soc. Am. 72, 1753 (1982). 



79 

Derstine, M. W., Gibbs, H. M., Hopf, F. A., and Sanders, L. D., 
"Distinguishing chaos from noise in an optically bistable 
system," J. Opt. Soc. Am. B 1 464 (1984). 

Derstine, M. W., Hopf, F. A., Kaplan, D. L., and Gibbs, H. M., 
"Bifurcation gap in a hybrid bistable device," J. Opt. Soc. Am. 
72, 1770 (1982). 

Eckmann, J .-P., "Roads to turbulence in dissipative dynamical systems," 
Rev. Mod. Phys., 53, (1981). 

Emshary, c. A., Al-Saidi, 1. A., Harrison, R. G., and Firth, W. J., 
"Observation of optical bistability in an all-optical passive 
ring cavity contining a molecular gas," paper 13 in Programme 
of Sixth National Quantum Electronics Conference, University of 
Sussex, 19-22 September 1983. 

Englund, J. C., Snapp, R. R., and Schieve, W. C., "Fluctuations, 
instabilities, and chaos in the laser-driven nonlinear ring 
cavity," in Progress in Optics, Vol. 21, E. Wolf, ed. (North
Holland, Amsterdam, 1983). 

Farmer, J. D., "Chaotic at tractors of an infinite-dimensional dynamical 
system," Physica 4D, 366 (1982). 

Farmer, J.D., "Dimension, Fractal Measures, and Chaotic Dynamics" p. 
228 in Evolution of Order and Chaos, H. Haken, ed. (Springer, 
Berlin, 1982). 

Farmer, J. D., "Information Dimension and the Probabilistic Structure 
of Chaos," Z. Naturforsch. 37a, 1304 (1982). 

Feigenbaum, M. J., "Quantitative universality for a class of nonlinear 
transformations," J. Stat. Phys. 19, 165 (1978). 

Feigenbaum, M. J., "Universal behavior in nonlinear systems," Los 
Alamos Science 1, 4 (1980). 

Firth, W. J., "Stability of nonlinear Fabry-Perot resonators," Opt. 
Commun. 39, 343 (1981). 

Firth, W. J., "Dynamical instabilities in nonlinear resonators," paper 
9 in Programme of Sixth National Quantum Electronics 
Conference, University of Sussex, 19-22 September 1983. 

Firth, W. J., and Abraham, E., "Physical interpretation of the route to 
chaos in nonlinear resonators," J. Opt. Soc. Am. B 1,489 
(1984). 



80 

Firth, W. J., Abraham, E., and Wright, E. M., "Ikeda oscillation and 
chaos in folded Fabry-Perot resonators," App!. Phys. B 28, 170 
(1982). 

Firth, W. J., and Wright, E. M., "Oscillation and chaos in a Fabry
Perot bistable cavity with Gaussian input beam," Phys. Lett. A 
92A, 211 (1982). 

Firth, W. J., Wright, E. M., and Cummins, E. J. D., p. 111 in "Connection 
between Ikeda instability and phase conjugation," in Optical 
Bistability 2, C. M. Bowden, H. M. Gibbs, and S. L. McCall, eds. 
(Plenum, New York) (1984). 

Gao, J. Y., Narducci, L. M., Sadiky, H., Squicciarini, M., and Yuan, J. 
M., "Higher-order bifurcations in a bistable system with delay," 
Phys. Rev. A 30, 901 (1984). 

Gao, J. Y., Narducci, L. M., Schulman, L. S., Squicciarini, M., and Yuan, 
J. M., "Route to chaos in a hybrid bistable system with delay," 
Phys. Rev. A 28, 2910 (1983). 

Gao, J. Y., Yuan, J. M., and Narducci, L. M., "Instabilities and chaotic 
behavior in a hybrid bistable system with a short delay," Opt,· 
Commun. 44, 201 (1983). 

Gibbs, H. M., Derstine, M. W., Hopf, F. A., Jewell, J. L., Kaplan, D. L., 
Moloney, J. V., Shoemaker, R. L., Tai, K., Tarng, S. S., Watson, 
E. A., Gossard, A. C., McCall, S. L., Passner, A., Venkatesan, T. 
N. C., and Wiegmann, W., "Transient phenomena in optical 
bistability," p. 265 in Lasers '81, C. B. Collins, ed. (STS 
Press, McLean, VA, 1981). 

Gibbs, H. M., Derstine, M. W., Hopf, F. A., Kaplan, D. L., Rushford, M., 
C., Shoemaker, R. L., Weinberger, D. A., and Wing, W. H., 
"Optical bistability in.stabilities: regenerative pulsations, 
periodic oscillations, and optical chaos," talk FL2 in 
Conference on Lasers and Electro-Optics Technical Digest (IEEE, 
New York, 1982). 

Gibbs, H. M., Hopf, F. A., Kaplan, D. L., Derstine, M. W., and 
Shoemaker, R. L., "Periodic oscillations and chaos in optical 
bistability; possible guided-wave all-optical square-wave 
oscillators," Proc. SPIE 317, 7.97 (1981). 

Gibbs, H. M., Hopf, F. A., Kaplan, D. L., and Shoemaker, R. L., 
"Observation of chaos in optical bistability," Phys. Rev. Lett. 
46,474; J. Opt. Soc. Am. 71, 367 (l9!.H). 

Gibbs, H.M. and McCall, S.L., Optical Bistability: Controlling Light 
with Light, (Academic Press, New York, 1985). 



81 

Goldstein, S., "Entropy Increase in Dynamical Systems," Israel J. 
Math., 38, 241, (1981). 

Gollub, J. P., and Benson, S. V., "Many routes to turbulent 
convection," J. Fluid Mech. 100, 449 (1980). 

Gollub, J.P., Romer, E.J., and Socolar, J.E., "Trajectory Divergence for 
Coupled Relaxation Oscillators: Measurements and Models ," J. 
Stat. Phys. 23, 321 (1980). 

Graham, R., and Schenzle, A., "Dispersive optical bistability with 
fluctuations," p. 293 in Optical Bistability, C. M. Bowden, M. 
Ciftan, and H. R. Robl, eds. (Plenum, New York, 1981). 

Grassberger, P., and Procaccia, 
strange at tractors from 
Physica 13D, 34 (1984). 

I., "Dimensions and entropies of 
a fluctuating dynamics approach," 

Grassberger, P., and Procaccia, I., "Estimation of the Kolmogorov 
entropy from a chaotic signal," Phys. Rev. A 28, 2591 (1983). 

Grebogi, C., Ott., E. and Yorke., J.A., "Chaotic Attractors in Crisis," 
Phys. Rev., Lett., 48, 1507 (1982). 

Grebogi, C., Ott., E. and Yorke., J.A., "Fractal Basin Boundries, Long-
Lived Chaotic Transients, and Unstable-Unstable Pair 
Bifurcation," Phys. Rev. Lett., 50, 935 (1983). 

Haken, H., Synergetics, second edition, (Springer-Verlag, Berlin, 1978). 

Harrison, R. G., Emshary, C., AI-Saidi, I., Firth, W. J., and Abraham, 
E., "Optical bistability and Ikeda instabilities in an all 
optical passive ring cavity," postdeadline paper THU30, 
Conference on Lasers and Electro-Optics, Technical Digest 
(IEEE, New York, 1983). 

Harrison, R. G., Firth, W. J., and Al-Saidi, I. A., "Observation of 
bifurcation to chaos in an all-optical Fabry-Perot resonator," 
Phys. Rev. Lett. 53, 258 (1984). 

Harrison, R. G., Firth, W. J., and AI-Saidi, I. A., "Observation of 
period-doubling to chaos in an all-optical Fabry-Perot 
resonator," J. Opt. Soc. Am. B 1,488 (1984). 

Harrison, R. G., Firth, W. J., Emshary, C. A., and AI-Saidi, I. A., 
"Observation of period doubling in an all-optical resonator 
containing NH3 gas," Phys. Rev. Lett. 51, 562 (1983). 



Harrison, R. G., Firth, W. J., Emshary, C. A., Al-Saidi, I. A., and 
Abraham, E., "Observation of Ikeda instabilities in an all
optical resonator containing two level nonlinear media," paper 
12 in Programme of Sixth National Qantum Electronics 
Conference, University of Sussex, 19-22 September 1983. 

Harrison, R. G., Firth, W. J., Emshary, C. A., and Al-Saidi, I. A., 
"Observation of optical hysteresis in an all-optical passive 
ring cavity containing molecular gas," Appl. Phys. Let t. 44, 716 
(1984). 

Held, G.A., Jeffries, C" and Haller, E. E., "Observation of chaotic 
behavior in an electron-hole plasma in Ge," Phys •. Rev. Let t. 
52, 1037 (1984). 

HeIleman, R. H. G., ed, Nonlinear Dynamics (NY Academy of Sciences, NY, 
1980). 

Hong-Jun, Z., Jian-Hua, D., Jun-Hui, Y., and Cun-Xiu, G., "A bistable 
liquid crystal electro-optic modulator," Opt. Commun. 38, 21 
(1981). 

Hong-Jun, Z., Jian-Hua, D., Peng-Ye, W., and Chao-Ding, J., "Chaos in 
liquid crystal hybrid optical bistable devices ," p. 322 in Laser 
Spectroscopy VI, H. P. Weber and W. Luthy, eds. (Springer
Verlag, Berlin, 1983). 

Hopf, F. A., "Chaos and periodicity in optical bistability," J. Opt. Soc. 
Am. 7 2, 1 753 (1 982) • 

Hopf, F. A., "Bifurcations to chaos in optical bistability," J. Phys. 
(Paris) 44, C2-193 (1983). 

Hopf, F. A., Derstine, M. W., Gibbs, H. M., and Rushford, M. C., "Chaos 
in optics ," p. 67 in Optical Bistability 2, C. M. Bowden, H. M. 
Gibbs, and S. L. McCall, eds. (Plenum, New York, 1984). 

Hopf, F. A., Kaplan, D. L., Gibbs, H. M., and Shoemaker, R. L., 
"Bifurcations to chaos in optical bistability," Phys. Rev. A 25, 
2172 (1982). 

Hopf, F. A., Kaplan, D. L., Shoemaker, R. L., and Gibbs, H. M., "Path to 
turbulence of an optical bistable system," J. Opt. Soc. Am. 71, 
1634 (1981). 

Huberman, B.A., and Zisook, A.B., "Power spectra of strange 
attractors," Phys. Rev. Lett. 46, 626 (1981). 



83 

Huberman, B.A., and Rudnick, J.. "Scaling Behavior of Chaotic Flows," 
Phys. Rev. Lett. 15, 154 (1980). 

Ikeda, K., "Multiple-valued stationary state and its instability of the 
transmitted light by a ring cavity system," Opt. Commun. 30, 
257 (1979). 

Ikeda, K., "Optical turbulence: chaos in optical bistability," J. Phys. 
(Paris) 44, C-2 183 (1983). 

Ikeda, K., "Chaos and optical bistability: bifurcation structure," p. 
875 in Coherence and Quantum Optics V, L. Mandel and E. Wolf, 
eds. (Plenum, New York 1984). 

Ikeda, K., "Optical chaos due to a competition between multiple 
oscillations," J. Opt. Soc. Am. B 1, 487 (1984). 

Ikeda, K., and Akimoto, 0., "Chaos in a bistable optical system," 
U.S.-Japan Workshop, "Nonequilibrium statistical physics 
problems in fusion plasmas--stochasticity and chaos," Kyoto, 
November (1981). 

Ikeda, K., and Akimoto, 0., "Instability leading to periodic and chaotic 
self-pulsations in a bistable optical cavity," Phys. Rev. Lett. 
48, 617 (1982). 

Ikeda, K., and Akimoto, 0., "Successive bifurcations and dynamical 
multi-stability in a bistable optical system: a detailed study 
of the transition to chaos," Appl. Phys. B 28, 170 (1982). 

Ikeda, K., and Akimoto, 0., "Chaos in a bistable optical- system," p. 147 
in US-Japan Joint Institute for Fusion Theory. Workshop on 
Nonequilibrium Statistical Physics Problems in Fusion Plasmas-
Stochasticity and Chaos (Inst. Plasma Phys., Nagoya, Japan, 
1982). 

Ikeda, K., Daido, H., and Akimoto, 0., "Optical turbulence: chaotic 
behavior of transmitted light from a ring cavity," Phys. Rev. 
Lett. 45, 709 (1980). 

Ikeda, K., Kondo, K., and Akimoto, 0., "Successive higher-harmonic 
bifurcations in systems with delayed feedback," Phys. Rev. 
Lett. 49, 1467 (1982). 

Jeffries, C. and Wiesenfeld, K., "Observation of noisy precursors of 
dynamical instabilities," Phys. Rev. A 31, 1077 (1985). 



84 

Kai, T., "Universality of Power Spectra of Dynamical Systems with an 
Infinite Sequence of Period-Doubling Bifurcations," Phys. Lett. 
86A, 263 (1981). 

Kaplan, D. L., Gibbs, H. M., Hopf, F. A., Derstine, M. W., and 
Shoemaker, R. L., "Periodic oscillations and chaos in optical 
bistability; possible guided-wave all-optical square-wave 
oscillators," Opt. Eng. 22, 161 (1983). 

Kitano, M., Yabuzaki, T., and Ogawa, T., "Chaos and period-doubling 
bifurcations in a simple acoustic system," Phys. Rev. Lett. 50, 
713 (1983). 

Kitano, M., Yabuzaki, T., and Ogawa, T., "Symmetry-recovering crises of 
chaos in polarization-related optical bistability," Phys. Rev. A 
29, 1288 (1984). 

Landau, L.D. and Lifshitz, E.M., Fluid Mechanics, (Pergamon, London, 
1959) • 

Laulicht, I., "Self-oscillations in a hybrid bistable optical-device," 
Opt. Quantum Electron. 13, 295 (1981). 

Lauterborn, W. and Cramer, E., "Subharmonic Route to Chaos Observed in 
Acoustics," Phys. Rev. Lett. 47, 1445 (1981). 

LeBerre, M., Ressayre, E., Tallet, A., Tai, K., Hopf, F. A., Gibbs, H. 
M., and Moloney, J. V., "Optical bistability and instabilities 
via diffraction-free-encoding and a single feedback mirror ," 
postdeadline paper PD-AS, International Quantum Electronics 
Confernece "84, Anaheim, CA (1984). 

Lindsay, P.S., "Period Doubing and Chaotic Behavior in a Driven 
Anharmonic Oscillator," Phys. Rev. Lett. 47, 1349 (1~81). 

Lorenz, E.N., "Determenistic nonperiodic floW," J. Atmos. Sci. 20, 130 
(1963) • 

Lorenz, E.N., in Nonlinear Dynamics, edited by R.H.C. HeIleman (New 
York Academy of SCiences, New York, 1980). 

Lubkin, G. B., "Period-doubling route to chaoS: shows universality," 
Physics Today, 17, March (1981). 

Lugiato, L. A., Asquini, M. L., and Narducci, L. M., "The relation 
between the Bonifacio-Lugiato and Ikeda instabilities in optical 
bistability," Opt. Commun. 41, 450 (1982). 



H5 

Lugiato, L. A., Benza, V., and Narducci, M., "Optical bistability, self
pulsing and higher-order bifurcations," p. 120 in Evolution of 
Order and Chaos, H. Haken, ed. (Springer, Berlin, 1982). 

Lugiato, L. A., Benza, V., Narducci, L. M., and Farina, J. D., "Optical 
bistability, instabilities and higher order bifurcations," Opt. 
Commun. 39, 405 (1981). 

Mandel, P., and Kapral, R., "Subharmonic and chaotic bifurcation 
structure in optical bistability," Opt. Commun. 47, 151 (1983). 

Mandelbrot, B., Fractals, Form, Chance and Dimension, (Freeman, San 
Fransisco, 1977). 

Martin-Pereda, J. A., and Muriel, M. A., "Instabilities in hybrid 
optical bistable devices with nonlinear feedback," p. 80 in 
Conference on Lasers and Electro-Optics, Technical Digest 
(IEEE, New York, 1983c). 

Maurer, J. and Libchaber, A., "Rayleigh-Bernard experiment in liquid 
helium; frequency locking and the onset of turbulence" , J. 
Phys. Lett. (Paris), 40, 419 (1979). 

May, R. M., "Simple mathematical models with very complicated 
dynamics," Nature 261, 459 (1976). 

Moloney, J. V., Hammel, S., and Jones, C., "Global dynamics of Ikeda's 
plane-wave map," J. Opt. Soc. Am. B 1, 499 (1984). 

Holoney, J. V., and Hopf, F. A., "Transverse effects and chaos in 
optical bistability," J. Opt. Soc. Am. 71,1634 (1981). 

Moloney, J.V., Hopf, F.A., Gibbs, H.M., "Effects of transverse beam 
variation on bifurcations in an intrinisic bistable ring cavity," 
Phys. Rev. A 25, 3442 (1982). 

Nakatsuka, H., Asaka, S., Itoh, H., Ikeda, K., and Matsuoka, M., 
"Observation of bifurcation to chaos in an all-optical bistable 
system," Phys. Rev. Lett. 50, 109 (1983). 

Nakatsuka, H., Asaka, S., Itoh, H., and MatSUOka, M., "Observation of 
periodic and chaotic instabilities in an all optical bistable 
system," J. Phvs. (Paris) 44, C2-205 (1983). 

Nakazawa, M., Tokuda, M., and Uchida, N., "Self-sustained intensity 
oscillation of a laser diode introduced by a delayed electrical 
feedback using an optical fiber and an electrical amplifier ," 
Appl. Phys. Lett. 39, 379 (1981). 



86 

Narducci, L. M., Gao, J. Y., and Yuan, J. M., "Instability and chaotic 
behavior in the Okada-Takizawa bistable system with a delayed 
feedback," J. Opt. Soc. Am. 72, 1753 (1982). 

Narducci, L. M., Gao, J. Y., Yuan, J. M., and Squicciarini,' M. F., Jr., 
"Route to chaos in a bistable system with delay, "J. Opt. Soc. 
Am 73, 1960 (1983). 

Neyer, A., and Voges, E., "Dynamics of electrooptic bistable devices 
with delayed feedback," IEEE J. Quantum Electron. QE-18, 2009 
(1982). 

Neyer, A., and Voges, E., "Hybrid electro-optical multivibrator 
operating by finite feedback delay," Electron. Lett. 18, 59 
(1982). 

Okada, M., "Light modulation by an electrooptic device with feedback," 
Opt. Commun. 28, 300 (1979). 

Okada, M., "Optical regenerative oscillation and monos table pulse 
generation in hybrid bistable optical devices," Opt. Commun. 34, 
153 (1980). 

Okada, M., and Takizawa, K., "Multi-functional electrooptic devices 
with feedback," Japan J. Appl. Phys. 18, 133 (1979). 

Okada, M., and Takizawa, K., "Electrooptic nonlinear devices with two 
feed signals," IEEE J. Quantum Electron. QE-15, 1170 (1979). 

Okada, M., and Takizawa, K., "Optical regenerative oscillation and 
monostable pulse generation in electrooptic bistable devices," 
IEEE J. Quantum Electron. QE-16, 770 (1980). 

Okada, M., and Takizawa, K., "Instability and transient responses of an 
elec trooptic bis table d"evice," IEEE J. Quantum Electron. QK-ll, 
517 (1981). 

Okada, M., and Takizawa, K., "Instability of an electrooptic bistable 
device with a delayed feedback," IEEE J. Quantum Electron. QE-
11, 2135 (1981). 

Ott, E., "Strange at tractors and chaotic motions of dynamical 
systems," Rev. Mod. Phys. 53, 655 (1981). 

Packard, N.H., Crutchfield, J.P., Farmer, J.D., and Shaw, R.S., 
"Geometry from a Times Series," Phys. Rev. Lett. 45, 712 (1980). 



87 

Peterson, P. M., "Period-doublings and chaos in electro-optic bistable 
devices with short delay times in the feedback," Talk M-3, 
European Conference on Optics, Optical Systems and Applications 
(1984). 

Poincare, H., Les Methodes Nouvelles de la Mechanique Celeste, 
(Gautheir-Villars, Paris, 1892). 

Rand, D., Ostlund, S., Sethna, J. and Siggia, E., "Universal Transition 
from Quasiperiodicity to Chaos in Dissipative systems," Phys. 
Rev. Lett. 49, 132 (1982). 

Risken, H., and Nummedal, K., "Self-pulsing in lasers," J. Appl. Phys. 
39, 4662 (1968). 

Roux, J.-C., Simoyi, R.H., Swinney, H.L., "Observation of a strange 
Attractor," Physica 8D, 257 (1983). 

Ruelle, D., "Sensitve dependence on initial condition and turbulent 
behavior of dynamical systems," Ann. N.Y. Acad. Sci. 408 (1979). 

Ruelle, D., and Takens, F., "On the nature of turbulence," Commun. 
Math. Phys. 20, 167 (1971). 

Sargent, M. III, Scully, M. 0., and Lamb, W. E., Jr., Laser Physics 
(Addison-Wesley, London, 1974). 

Shimada, I., "A Numerical Approach to Ergotic Problem of Dissipative 
Dynamical Systems," Prog. Theo. Phys. 62, 61 (1979). 

Shraiman, B., Wayne, C. E., and Martin, P. C., "A scaling theory for 
noisy period-doubling transitions to chaos," Phys. Rev. Lett. 
46, 935 (1981). 

Silberberg, Y., and Bar-Joseph, I., "Instabilities, self-oscillation, and 
chaos in a simple nonlinear optical interaction," Phys. Rev. 
Lett. 48, 1541 (1982). 

Silberberg, Y., and Bar-Joseph, I., "Optical instabilities in a 
nonlinear Kerr medium," J. Opt. Soc. Am. B 1, 662 (1984). 

Silberberg, Y., and Bar-Joseph, I., "The physical mechanism of optical 
instabilities," p. 61 in Cptical Bistability 2, C. M. Bowden, H. 
M. Gibbs, and S. L. McCall, eds. (Plenum, New York, 1984). 

Smith, P. W., "Hybrid bistable optical devices," Opt. Eng. 19, 456 
(1980). 

Snapp, R. R., Carmichael, H. J., and Schieve, W. C., "The path to 



8ti 

'turbulence': optical bistability and universality in the ring 
cavity," Opt. Commun. 40, 68 (1981). 

Song, J.-W., Lee, H.-Y., Shin, S.-Y., and Kwon, Y.-S., "Periodic window, 
period doubling, and chaos in a liquid crystal bistable optical 
device," Appl. Phys. Lett. 43, 14 (1983). 

Swinney, H. L., "Observations of order and chaos in nonlinear systems," 
Physica 7D, 3 (1983) and references therein. 

Swinney, H. L., and Gollub, J. P., "The transition to turbulence," 
Physics Today, p. 41, August (1978). 

Swinney. H. L., and Gollub, J. P., Hydrodynamic Instabilities and The 
Transition to Turbulence (Springer-Verlag, New York, 1981). 

Szoke, A., "Bistable optical device," u.S. Patent 3,813,605, filed 
November 7, 1972, granted May 28, 1974. 

Tai, K., Gibbs, H. M., Hopf, F. A., Moloney, J. V., LeBerre, M., 
Ressayre, E., and Tallet, A.» "Instabilities in self-defocusing 
and self-focusing optical bistability," International Conference 
on Lasers '84, San Francisco (1984). 

Vallee, R., Delisle, C., and Chrostowski, J., "Noise versus chaos in 
acusto-optic bistability," Phys. Rev. A 30, 336 (1984). 

Wehner, M. F., Chrostowski, J., and Mielniczuk, W. J., "Acousto-optic 
bistability with fluctuations," Phys. Rev. A 29, 3218 (1984). 

Winful, H. G., and Cooperman, G. D., "Self-pulsing and chaos in 
distributed feedback bistable optical devices," Appl. Phys. 
Lett. 40, 298 (1982). 

Yuan, J .-M., Tung, M., Feng, D. H., and Narducci, L. M., "Instability 
and irregular behavior of coupled logistic equations," Phys. 
Rev. A 28, 1662 (1983). 

Zardecki, A., "Time-dependent fluctuations in optical bistability," 
Phys. Rev. A 22, 1664 (1980). 

Zardecki, A., "Fluctuations of optically bistable systems in th~ bad
cavity limit," Phys. Rev. A 23, 1281 (1981). 

Zardecki, A., "Noisy Ikeda attractor," Phys. Lett. A 90A, 274 (1982). 


