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ABSTRACT
We report here a study of a specific doublet of de Haas-van
Alphen frequencies in pure Mg and very dilute Mg(Cd) alloys with the
magnetic field aligned with the c-axis.
stages.
down to

The work involved three

First, the use of extremely strain-free crystals, temperatures
~O

millidegree Kelvin, large amplitude modulation, and the fast

Fourier transform allowed the components of this doublet to be well
resolved.

This resolution allowed measurement of the changes in the

cross-sectional area as a function of magnetic field orientation to
verify the assignment of this doublet to the cap and monster arm junction at the top of the Brillouin zone.

Third, with the magnetic field

aligned with the c-axis, the splitting of this doublet offered a direct
and sensitive indication of any symmetry breaking changes in the [0001]
Fourier component of the ionic lattice potential in Mg upon the introduction of Cd.

C. B. Friedberg's analysis of his electron interference

lineshape data from the quantum interferometer in Mg had indicated that
the energy of this band gap should increase by
tion of 15 ppm Cd.

~O%

with the introduc-

Our data indicate that any change in the energy of

the band gap must be at least three orders of magnitude smaller than
that indicated by Friedberg.

Our data are, in fact, consistent with

there being no changes in the electronic band structure or the Fermi
surface of Mg(Cd) alloys (with up to 0.02% (At) Cd), from that of pure
Mg.

x

CHAPTER 1: INTRODUCTION
Since Hume-Rothery's (1926) pioneering work on binary alloys,
it has been recognized that many of the basic properties of an alloy
are determined by the alloy's electronic band structure and Fermi
surface.

The question of how foreign atoms affect the Fermi surface

remains a problem of continuing importance to this day.

One of the

more thoroughly studied alloy systems is magnesium-cadmium (HumeRothery and Raynor 1939; Heine and Wearier 1970).

This is due, in

part, to their mutual solubility throughout the alloying range, in part
because of the constancy of the cia ratio of the hexagonal close packed
lattices from pure Mg up to -50% Cd, and in part because Mg and Cd have
the same valence (+2).
Because of these facts, the "rigid-band model" (Heine 1956;
Coleridge 1980) predicts that the Fermi surface and electronic band
structure of an alloy of Mg containing less than 1% Cd would be unchanged from that of pure Mb .

However, the difference between the Mg

and Cd ion cores should cause a significant decrease in the quantum
state lifetime of the electrons.

It

w~s

this aspect of the problem

that C. B. Friedberg (1974) chose to study using the electron quantum
interferometer in Mg (Stark and Friedberg 1971; Shoenberg 1984).

The

analysis of his electron interference lineshape data involved three
adjustable magnetic breakdown (or band-gap) parameters, H1, H2, and H3,
as well as an adjustable lifetime..

His four-parameter-fit showed

substantial changes in H2 and H3 upon alloying.

That observation was

2

inconsistent with normal alloy theory and led to speculation that the
alloy was ordered in an unusual way.
tance of that

~esult,

Because of the potential impor-

and because the theoretical fit to his data was

only weakly dependent on H2 and H3, a more direct and independent
determination of the alloy effects was needed.
It was known that direct determination of these effects could
be made by measuring the splitting of a doublet in the de Haas-van
Alphen (DHVA) signal.

However, that doublet was a weak signal located

between very strong signals.

Previous work (Stark 1967) had barely

been able to measure the mean value of the doublet, let alone resolve
the doublet splitting.

Utilizing more powerful experimental techniques

that have been developed over the intervening years, this dissertation
tackles three main problems: first, to measure with high resolution the
components of the doublet when the magnetic field is oriented along the
[0001] symmetry axis of Mg single crystals; second, to measure these
components as a function of magnetic field orientation in order to
validate (or, as the case may be, invalidate) Stark's original assignment; third, to measure the effect that alloying small amounts of Cd
into Mg has upon the splitting of the doublet.
A useful approach for developing the DHVA effect is the nearly
free electron model, which is presented below by using Mg as a specific
example.

To aid in understanding the relationship of this experiment

to Friedberg's work, the concept of magnetic breakdown is also
introduced.

In addition, the large amplitude modulation technique,

which is used for detection and filtering of the DHVA oscillations, is

3

discussed.

Finally, the details of the assumptions that were made and

how they were met in this experiment are outlined.
Nearly Free Electron Model
A description of the electron quantum states of a crystal is
most easily carried out in the Fourier transform space of the crystal.
~

This space is variously called momentum-, k-, or reciprocal- space.

In

this space, the three axes represent the crystal momentum (rather than
the position, as in real-space) of the electrons.
electron in a crystal is given by

~

~k,

The momentum of an
~

where the wave vector, k, is also

the quantum number of the electron state.

At zero temperature, the

electrons condense into the lowest total-energy state, which for a free
electron model corresponds to filling all states within a sphere of
Fermi radius k • For this model, the Fermi surface is the spherical
F
surface that divides filled from unfilled electron states at absolute
zero temperature.
In this discussion thus far, the presence of the crystal
lattice has been ignored.

~

The unit cell in k-space is called the

Brillouin zone (BZ) and has a volume that can account exactly for two
electron states per real-space unit cell in the crystal.

If the Fermi

surface is contained entirely within the first BZ, it tends to retain
its spherical shape.

However, crossing the zone boundary introduces

dicontinuities, known as band gaps, into the electronic band structure
(see Fig. 1-1).

As a result of interaction with the ionic lattice

potential, the Fermi surface becomes perpendicular to the zone boundary
at the point of contact.

4

Fermi surface

----r-.:..~~--------- BZ

boundary

b)

,-----~~----:::----::----BZ

Zone I

Figure 1-1

boundary

A Band-gap: a) Typical Fe'rmi surface contours of the
perturbation caused by the crossing of the Brillouin zone.
b) Reduced zone representation of the gap between the two
sheets of the Fermi surface.
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A useful approach is to imagine that a semiclassical wave
packet represents the electron quantum state time-evolving on the Fermi
surface (driven, for example, by an applied magnetic field which exerts
a force on the electron).

As it approaches the boundary of the BZ, the

~

electron's wave vector k(t) finds itself nearing the correct magnitude
and direction to be Bragg reflected by the lattice planes.

In the

reduced zone scheme, it would be Bragg reflected and would continue
along the same Fermi surface sheet.
Magnesium
Consider the specific case of the metal magnesium.

Mg crystal-

izes into a hexagonal close packed lattice with an interatomic spacing
of 3.2 angstroms.

This gives a simple hexagonal Bravais lattice with

two atoms per unit cell.
cells, there are

~N

Since Mg is divalent, if there are N unit

filled valence electron states.

This is exactly

twice as many states as are contained in a Brillouin zone, making the
Fermi surface rather complex.

Fig. 1-2 shows the Brillouin zone with

its associated symmetry points for Mg.

That the nearly free electron

model provides a good approximation for Mg can be seen by the near
sphericity of its actual Fermi surface as shown in the extended zone
scheme in Fig. 1-3.

Using a method known as the reduced zone scheme,

we remap the various pieces outside the first zone back into the first
zone, to form the solid shapes shown in Fig.
Centering the Fermi sphere on

1-~.

r, it will contain all of the

first BZ except the corners (labeled H).

Shading the states not occu-

pied by electrons (the holes - volumes within the zone, but outside the

H

L
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H fk:
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Figure 1-2

H

The First Brillouin Zone in Mg:
Illustration of its
associated symmetry pOints and lines.

0\
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Figure 1-3

The Fermi Surface of Mg in the Extended Zone Scheme.
The figure is a computer generated interpolation of data
from many previous experiments; it emphasizes the sphericity of the Fermi surface. (The small amount of compression in the vertical dimension is an artifact of the
graphics routine.) Darker areas result from a denser mesh
of points indicating regions of higher curvature. (From
Trivisonno and Stark 1978, with permission of the author)
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d)

I
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M
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M

Figure 1-4

The Fermi Surface of Mg in the Reduced Zone Scheme:
b) First zone cap
a) Second zone monster
d) Third zone cigar
c) Third zone lens
f) Fourth zone electron pocket.
e) Third zone butterfly
The ~ and Y orbits have been drawn in.
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sphere,) and transposing the various corners across the zone to form a
solid shape, we get two of the shapes shown in Fig.

1-~b.

These first

zone hole surfaces have been named the caps.
Remapping the parts of the sphere that occupy the second BZ
back into the first, we get another surface containing unoccupied
states.
1-~a)

This second zone hole surface is Leo Falicov's monster (Fig.

and is the largest, and topologically the most complex, of the

various sheets of the Fermi surface.
Remapping the portions of the sphere that lie in the third BZ
back into the first generates six distinct sheets of the Fermi surface.
Centered on r (filling the hole in the center of the monster) is the
lens (Fig.

1-~c).

Along the corners of the hexagon, are two cigars

centered on K (Fig.

1-~d).

Along the top (or bottom) of the zone are

three butterflies centered on L (Fig.

1-~e).

These are all electron

surfaces, in that the shaded areas enclose the occupied states rather
than the unoccupied states, as was the case in a and b.
Mapped into the center of the butterflies are sheets from the
fourth BZ.

These, though, are without a fancy name, being referred to

merely as the fourth zone electron pockets (Fig.

1-~f).

The de Haas-van Alphen Effect
The most powerful experimental tool for precise determination
of electron quantum states has been found to be the application of a
magnetic field.

For the semiclassical approximation, the electrons'
~

real-space motion in the presence of a magnetic field, H, is freeelectron like (as would be expected from the nearly free electron

10

( 0)

(b )

Vigure 1-5

Occupied region of k -space without a magnetic field.

Occupied region of k - space with a magnetic field.

Formation of the Cylindrical Landau Levels.
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Et
0

} fiwc
-2
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Continuum H-'
(0)

0
( b)

M-~
n+1 n n-1

o

1!H
(c)

(d)

Figure 1-6 Diagrammatic Explanation of the DHVA Effect for a Two
Dimensional Free Electron Gas in a Magnetic Field. The continuum
of energy states condenses into a series of discrete energy levels
with the application of a magnetic field. For some fields, the
total energy of the condensed states is equal to that without the
field (a). As a level approaches the Fermi surface, the free
energy increases (b). As that level passes through the Fermi surface and depopulates, the free energy drops to below what it was
without the magnetic field (c). This results in the characteristic sawtooth pattern (d).
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model); they form circles or spirals.

However, their wave nature

restricts their motion to a series of concentric cylinders in momentum
space (see Fig. 1-5), just as it restri cts them to a set of specific
energy levels about an atom.

(Note that these cylinders, unlike atomic

orbitals, can contain a range of energies due to motion parallel to the
field.)

For the range of magnetic field strengths used in the exper-

iments reported below (less than

10~

Gauss), there are on the order of

10 5 such cylinders (called Landau levels) below the Fermi surface.
As the field increases, so does the cross-sectional area of the
cylinders, and they expand out through the Fermi surface, depopulating
as they pass through.

(The degeneracy of each cylinder increases with

H to allow the same number of electrons to be held by fewer Landau
levels.)

Obviously the largest rate of depopulation will occur when

the cylinder is parallel to the section of the Fermi surface through
which it is passing.

For that to happen, the cross-sectional area of

the Fermi surface, normal to the axis of the cylinders, must be extremal (minimum, or maximum).

This will cause a periodic fluctuation

in the electron's free energy (see Fig. 1-6) that should be (and is)
visible in most physical phenomena that have a magnetic field dependency.

The manifestation of this fluctuation in the crystal's magnetic

susceptibility is called the de Haas-van Alphen effect.
The relation between the frequency of the oscillations (which
are periodic in

l/H)

and the cross-sectional area of the Fermi surface

is given by the Onsanger relation:
[1. 1 ]
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Here H is the magnetic field strength, e is the magnitude of the charge
on an electron,

~

is Planck's constant (divided by 2n), c is the speed

of light, and A(k) is the extremal area in k-space.
The essential pOint is that the DHVA frequencies correspond to
extremal cross sectional areas of the Fermi surface normal to the magnetic field.

Because there are so many pieces of Fermi surface in Mg,

the DHVA signal can be quite complex, as shown in Fig. 1-7.

(Some of

the areas on that figure are due to magnetic breakdown, to be discussed
later. )
One can calculate the frequency (F) of a DHVA oscillation from
the formula
[1 .2]

F

where HI and Hh are the magnetic field values at the low and high field
ends of the sweep respectively, and n is the number of oscillations
covered in that sweep.

Note that the DHVA oscillations will be phase

locked at H=m by the passing of the last Landau level out of the Fermi
By setting Hh=m (so l/Hh = 0). equation [1.2] becomes

surface.

F =n H

or

n =

F

[1 .3]

if

where n is now (to the nearest integer) the quantum index of the oscillation.

In essence, n is the number of oscillations in the DHVA effect

that can be expected between the specific value of Hand H=m.
The Orbits
Of interest in this work are only the three smallest area or-

.

bits for H along the c-axis (the [0001] direction).

These are labeled
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with permission of the author.)
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a, and Y in Fig. 1-7.

The Y orbit is known to arise from the maxi-

mum at the middle of the cigar (Fig. 1-4d), and
the monster arms (Fig. 1-4a).

~

from an extremal on

The a doublet is believed to arise from

the cap's (Fig. 1-4b) triangular shaped area maxima and the combination
of the monster arms, as they cross the boundary of the Brillouin zone.
An estimate of the relative amplitudes of these three signals
can be made by looking at the radii of curvature of the Fermi surface
in the planes perpendicular to those extremal areas.

For a larger

radius of curvature, more of the Landau cylinder (in the axial direction) will be within kbT of the Fermi surface.

(For an electron to

contribute to the bulk properties, it must be excited above the Fermi
surface.

To be thermally excited, its energy must typically be within

kbT of the energy of the Fermi surface.)

Thus the sawtooth in Fig.

1-6d would have a greater amplitude for this extremal than it would for
an extremal area perpendicular to a small radius of curvature.

(This

is, of course, an extreme simplification as many other factors also
affect the amplitude, but it will serve our purposes for the moment.)
For both Y and

~,

the radius of curvature perpendicular to the extremal

area is essentially the radius of the Fermi sphere.

But for a, the

curvature comes from the Fermi surface being forced perpendicular to
the boundary of the Brillouin zone.

This much smaller radius of curva-

ture implies that the DHVA signal from a will be much smaller than that
from Y or~.
between

~

As can be seen from Fig. 1-7, the a frequency branch lies

and Y.

Thus since a produces a signal small compared with

and Y, the a doublet has been very difficult to study.

~
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The origin of this doublet comes from the fact that the
extremal areas normal to the c-axis lie completely on the boundary of
the Brillouin zone.

As can be seen in Fig. 1-1b, on the boundary the

two sheets of the Fermi surface will be separated only by the band gap.
Thus the cap will be completely surrounded by a combination of the
monster arms.

This pairing of the sheets of the Fermi surface on a

boundary has been demonstrated with the electron quantum interferometer
in Mg.
Because the two components of the a doublet have almost the
same frequency and amplitude, these signals will appear as a beat
structure (see, for example, Crawford 1968), with the form
[1 .4 J

where
w

mod

=

---=-2

and

2

[1 .5J

This gives a "nearly harmonic" signal of frequency w
whose amplitude
ave
is modulated at a frequency w
. Note that the cos(w d) term will
mod
mo
cause the amplitude of this signal to go to zero periodically. These
nodes are called the beat waists.
the envelope is "nearly harmonic."

Note also that the frequency within
At the beat waist, an apparent

extra half oscillation occurs compared to the spacing of the oscillations at the beat maximum.

This apparent additional oscillation causes

the number of oscillations over several beats to correspond to the
number of oscillations that
range, not w
ave

W2

(assuming

W2>Wl)

would have over that

The apparent frequency at the widest part of the beat

corresponds to wave
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Magnetic Breakdown
The structure factor is zero across the hexagonal faces of the
Mg Brillouin zone.

This means that the band gap at the symmetry point

H is due purely to spin-orbit coupling (Cohen and Falicov 1960; Falicov
and Cohen 1963).
small indeed.

Because Mg has a low atomic number, this is very

As a result of the narrow band-gap, there is a finite

probability that the electron wavepacket moving in response to a magnetic field will tunnel through the gap to change band sheets.

This

interband tunneling makes the DHVA spectrum for Mg even richer.
Cohen and Falicov (1961) first proposed the concept of magnetic
breakdown to explain how Priestly (1963) could see a DHVA signal (in
magnesium) corresponding to an area greater than that of the Brillouin
zone.

(Called the "giant" orbit, it is labeled G in Fig. 1-7.)

The

probability of the electron wave packet tunnelling through the band gap
depends on the magnetic field, as given by:
[1 .6 J

p

Here Eg is the energy of the gap across a Brillouin zone plane corresponding to the x-z plane, while Vx and Vy are the semiclassical Cartesian components of the velocity of the electron in the plane perpen+

dicular to the magnetic field H, which is applied along z.

Note that

everything in this equation is a fundamental constant or a property of
the material except the magnetic field.

Therefore everything but the

field can be combined into an equivalent breakdown field Hi' and
equation [1.2J becomes
[1 .7J
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Figure 1-8

(e)

Locations of the Magnetic Breakdown Band-gaps.
a) View of the cap and arm junction in the plane of the BZ
boundary (the view seen in this experiment).
b) The rKHA BZ cross-section showing the monster and cap.
c) View of the cap and arm junction as seen in Friedberg's
work, illustrating path differences that give rise to the
electron quantum interferometer in Mg.
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In equation [1.7J, the subscript i is incremented (and no
longer a subscript) to designate which band gap is being described.
For the energy gap between the monster and cigar, which leads to the
giant orbit, the equivalent field is labeled HO, while the three around
the cap are labeled Hl, H2, and H3 (Stark and Friedberg 1971; see Fig.
1-8).

What is actually being measured in this experiment is the area
+

difference (in k-space) between the two a orbits.

Since the energy is

proportional to k2, this is proportional to the energy gap.

Thus,

where Friedberg saw an increase of a factor of two in H2 and H3, for
the same alloy content we should see a 40% increase (l2)in the value of
wmod~

But where his analysis was indirect, this experiment will pro-

vide a direct measurement of the band-gap changes.
While all three orbits of interest arise near the HK symmetry
line, they are in three different planes normal to that line.
centered about K, a is centered about H, and
between.

~

1

is

arises from somewhere in

This precludes these three orbits from interacting with each

other via magnetic breakdown when the magnetic field is parallel to the
c-axis.

However, both 1 and

~

can participate in breakdown orbits, and

we stayed at low fields specifically to avoid those orbits.
in which the

~'s

The orbit

participate, called T, comes into play at fields

greater than two kilogauss, and has a frequency very close to 1.

The

lIs contribute to the A orbit, which has an area very much larger than
anything else we deal with in this paper.

As long as its amplitude is

small, the Bessel function envelope from the large amplitude modulation
technique will eliminate its influence.
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Large Amplitude Modulation
The problem for data acquisition is converting the small
changes in the magnetization, M (caused by the depopulation of the
Landau levels as they pass out of the Fermi sphere), into voltages that
can be amplified and recorded.

If the signal oscillates fast enough,

it can couple into a multiturn pickup coil and be amplified by a transformer or resonant circuit.

One way to do this would be to sweep the

field extremely rapidly (pulse field method).

Another is to sweep the

field fairly slowly, but superimpose on this base field a small oscillating field to get the rapid fluctuations in the magnetization (large
amplitude modulation technique (Stark and Windmiller 1968).

The

latter is much more suitable to our method of data acquisition.
In this method, a large, uniform magnetic field (H) has superimposed on it a smaller, oscillating field (h cos wt) with a modulation
amplitude typically greater than one period of the DHVA signal.

In

this way, harmonics are generated which can be demodulated with a phase
sensitive detector.

The voltage out of a phase-sensitive detector

referenced to the nth harmonic of w (nw) is given by (see Appendix A):

The output voltage (V) depends explicitly on the magnetic field
strength (H), temperature of the sample (T), and orientation of the
field with respect to the crystal axes

(8,~)

in spherical coordinates.

(These coordinates are meaningless for the perfect, free-electron
sphere, but are important for ellipsoidal Fermi surfaces, or if the
Fermi surface extends beyond the bounds of the Brillouin zone, as it
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does in Mg.)
J

n

(O~.)
1

C is a constant determined by the detection apparatus.

is the Bessel function of the first kind of order n (the har-

monic being detected).

Ai is the amplitude of the i

of the magnetization (M).

th

oscillatory part

It is a vector quantity, reduced by its

misalignment from the axis of the pickup coil

(~).

Sin(~i+Si+

inn) is

the oscillation from the ith DHVA frequency:
~.

1

= 2n F.1 (e,~) / H

[ 1.9J

where
flCA(k)
Fi = --=2-n-efrom equation [1.1J.

The argument of the Bessel function is:
[1. 1 OJ

Note that f1 is Planck's constant (divided by 2n), while h is the amplitude of the modulation signal (h cos wt).

Also note that A. is the
1

amplitude of the oscillation in M, while A(k) is the extremal area
corresponding to that oscillation.
Of importance here is the fact that the amplitude of the ith
DHVA frequency is modified by a Bessel function envelope that depends
on the harmonic (n) and the modulation amplitude (h).

By judicious

choice of these two parameters, we can use the Bessel function envelope
to choose which frequency will appear dominant, and reduce the others.
~

~

(In a full treatment, the magnetic field H, modulation field h, magnetization amplitude Ai' and axis of the pickup coil ~ can be adjusted (in
both magnitude and direction) for the selection of specific frequencies.

Here, however, we get sufficient power by just varying hand n.)

22
Alloys
The family of divalent, hexagonal close-packed (HCP) metals
consists of beryllium, magnesium, zinc, and cadmium.

The major differ-

ences between them can be related to their different cia ratios.

The

spacing between the hexagonal planes is "c," while "a" is the interatomic spacing within that plane, or twice the length of one side of
the hexagon.

Magnesium's cia ratio of 1.62 is very close to the ideal

ratio (for HCP spheres) of 1.63.

Cadmium, at 1.89, is as far from

ideal as the series gives.
The importance of the cia ratio comes from the fact that the
Brillouin zone is a constant volume, that is, two electron states per
unit cell in the sample.

With a constant volume, it is the ratio of

its base to height that changes the manner in which the BZ interacts
with the Fermi sphere.

Another option is to introduce impurities of a

different valence into the metal, changing the volume of the Fermi
sphere.

A third would be to change how "free" the electrons are, by

changing the Fourier components of the ionic lattice and hence the
shape of the Fermi surface.
In developing Solid State theory, one tends to assume a perfect
crystal: no impurities, no defects, infinite size.

Obviously one never

encounters such an ideal in the laboratory, but we can come close.

The

only way truly to compare theory and experiment is to start from
"close," move away, and then extrapolate back to perfect.

The problems

with sample size (skin depth, surface scatter, etc.) have become well
documented in the DHVA effect's fifty years of use.

This group, using

the electron quantum interferometer in Mg for feedback, has developed
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methods of growing and handling Mg crystals with a minimum of dislocations or point defects.

Here we study, in its dilute limit, a

system that has virtually no change in its cia ratio even for very
large alloy contents; and we are doping with a homovalent impurity to
keep constant the volume contained by the Fermi surface.
In the best of Physics experiments, only a single variable is
changed while holding all else constant, and the effects of this change
are observed.
constant."

The hard part of the experiment is "holding all else

CHAPTER 2: APPARATUS AND METHODOLOGY
To perform these experiments, we used a
3He-~He

~He

cryostat, with a

dilution refrigerator, to hold the samples between the pole

caps of a water cooled Varian electromagnet.

The electronics can be

divided into two channels: one channel handles the DHVA signal from the
sample, and the other determines the strength of the magnetic field.
These two channels were used as input by a microcomputer programmed to
acquire, store, and analyze the data.
The data were taken on samples of Mg and Mg(Cd) alloy cut from
nearly strain-free single crystals.

Every sample went through the same

procedure of insertion in the cryostat, alignment with the magnetic
field, data acquisition, and then analysis for Cd content.

All of this

is outlined in more detail below.
Physical Plant
For a variety of reasons (larger DHVA signal amplitudes and
reduced thermal noise, to name two,), data should be taken at as Iowa
temperature as possible.

To achieve this, the crystal samples were

mounted within the mixing chamber of a

3He-~He

dilution refrigerator,

along with a 470 n carbon resistor for temperature sensing.

The

chamber reached temperatures as low as 40 millidegree Kelvin.
The refrigerator was mounted in an evacuated copper can to
isolate the refrigerator from the liquid helium bath into which it was
placed (see Fig. 2-1).

The crystals, refrigerator, and isolation can
24
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Refrig. 3He
condensing line

Refrig. pump line
and support column
Isolation can pump line

Transformers in
radiation trap

Isolation vacuum can
Evaporator
Graphite support column

Heat exchangers

20° K thermal shield

4He bath bucket
Concentric tube
heat exchanger
and support col.

Mixing chamber

LN2 thermal shield
a.H++--++-Temp. sensing resistor
IlottH-f-iI--f:::~Pickup

coil

Sample holding column
Room temp. vacuum wall

Figure 2-1

Diagrammatic View of the Cryostat and Refrigerator Insert
Probe.
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were mounted on the end of an insert probe to allow access to change
samples without disassembling the entire cryostat.

The mixing chamber

held three pickup coils to allow the study of three samples without
thermal cycling.
The insert probe sat in a 1.5

o

K pumped bath of liquid

~He

that

served both as the main thermal sink for electronic leads and to condense the 3He going to the dilution refrigerator.

Because the bath was

below the A-point, there was no acoustical vibration such as would
normally arise from the boiling of the bath.

To increase the holding

time of the bath, the vacuum jacket about the bath contained two copper
heat shields, one at the temperature of the
bath (-20
(-70

o

o

K).

~He

gas exiting from the

K) and the other at the boiling point of liquid nitrogen
All three (the bath bucket and both shields) were wrapped

with aluminized mylar (superinsulation) to minimize radiative heat
flow.

To further reduce vibrational nOise, the liquid nitrogen jacket

was filled only at night.

ThUS, when data were taken during the day,

all the liquid nitrogen had boiled away, yet the shield remained cold
until evening due both to the thermal inertia of that much copper and
to the fact that the

~He

gas leaving the cryostat was heat-exchanged

to it.
The cryostat was hung from an adjustable rack that stood on a
series of massive cement blocks and vibration absorbing pads.

The tail

of the cryostat could thus be placed between the pole caps of a water
cooled Varian electromagnet.

The magnet sat on a steel plate that was

decoupled from the floor by sound-isolation board.
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All of this apparatus was inside an electromagnetically and
acoustically shielded room that sat on its own isolation foundation
separate from that of the main building.

All electrical leads running

through the wall of the shielded room passed through LC filters to
reduce the transmission of radio frequency electromagnetic waves into
the room.

Vibration from the Stokes pump (that pumps on the

~He

bath)

was reduced by running the four-inch PVC pump line through two large
concrete blocks that sat on sound-isolation board.
Electronics
(See Fig. 2-2.)

A water-cooled, iron core electromagnet capa~

ble of generating 20 kilogauss provided the base field (H) for DHVA
studies.

A pair of 40 turn modulation coils (to produce the "h cos wt"

used for equation [1.2J), giving eight gauss per amp, were placed
around the pole caps of this magnet.

A 22.5 Hz sine wave was split be-

tween two non-commercial devices, a harmonic generator and an H2-drive.
The H2-drive fed an Optimation 250 watt AC power amp, which drove the
modulation coils.

The H2-drive forced h (in equation [1.5J) to be

proportional to H2, removing the field dependence from the Bessel
function argument.

When properly tuned, this held the Bessel function

zero at the same DHVA frequency for the full range of magnetic field
values over which data were taken.

The importance of this will become

clear later.
The pickup coils were designed to couple inductively to the Mg
sample, but not to the homogeneous magnetic field.

A coil was made by

winding 1000 turns of 52 gauge (0.022 mm) wire in epoxy about a 0.64
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by 3.55 mm rectangular Mg form that was 4.05 mm long (0.025
0.160 inch).

x

0.140

x

A 5.1 mm (0.20 inch) epoxy cylinder was glued over this,

and about 300 turns of the same wire were counterwound about this outer
form.

The Mg inner form was then etched away with hydrochloric acid to

leave a space for the Mg single crystal samples.

The coil was trimmed

in a homogeneous oscillating magnetic field (22.5 Hz) until the inductive pickup from the empty coil (as seen on an oscilloscope) was less
than what it would be for one turn of wire about the outer form.

In

this way, the signal induced in the pickup coil was due to the sample's
response to the modulation field, not the modulating field itself.
The signal from the coil was then amplified by an impedance
matched transformer (to maximize signal throughput) held in the 1.5
bath.
1.5

o

With the pickup coil at less than 0.1

o

o

K

K and the transformer at

K, thermal (Johnson) noise was held to a minimum.

A super conduct-

ing lead shield (that did not allow the penetration of magnetic flux
lines) protected the transformers from both the fringe fields of the
magnet and modulation coils and from stray electromagnetic signals.
From the transformer, the signal left the cryostat for a phaselock amplifier which was located within the shielded room.

The refer-

ence for the amplifier came from the above mentioned harmonic generator.

The harmonic used for reference determined the order of the

Bessel function envelope that modified the DHVA signal as demodulated
by the phase-lock amplifier.

The signal, thus filtered and amplified,

left the shielded room to be displayed on an X-Y plotter, and as a
source for the AID board (analog to digital converter) in the computer.
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The strength of the magnetic field was measured by a Hall probe
(glued to the face of one of the pole caps) using an AC bridge network.
A 200 Hz sine wave was fed into a x10 stepdown transformer (to increase
the current) to drive the Hall probe.

The Hall voltage was amplified

by a battery driven 741 op-amp within the shielded room.

Outside,

using isolation transformers to form a bridge network, the amplified
Hall voltage was mixed with a bucking input signal that was reduced and
phase-shifted until a null was read on a phase-sensitive amplifier
referenced to the 200 Hz driving signal.

The amount of the bucking

input signal needed to null the Hall voltage signal was read off a
three decade Kelvin-Varley potentiometer.

That value could then be

looked up on a table to find the magnetic field value.

(A table was

needed because the result was not quite linear with the field.)

This

system was used to buck off most of the field, allowing a field sweep
to use the full output range of the phase-sensitive amplifier for a
better signal to noise ratio.

(Over a small sweep range, the output of

the Hall probe, and hence of the phase-lock amplifier, could be considered linear with the magnetic field.)

That output drove the X-axis of

the the X-Y plotter and was read by the HP digital voltmeter.

The

voltmeter communicated with the computer via an IEEE 488 bus.
Computer
As stated in Chapter One, the DHVA signal is periodic in 1/H.
However, the controller swept the magnetic field linearly in time.
Therefore, to get a consistent number of data pOints per oscillation
throughout a run, one had to sample the DHVA signal nonlinearly in time
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and field.
table.

The BOBO-based computer handled this by creating a trigger-

Given the starting and ending fields (actually the voltages

corresponding to those fields), and the number of data points to be
collected, the computer generated a table of voltmeter readings (the
triggertable) that was linear in 1/H.

As the field was swept, the

computer compared the voltmeter readings to a specific triggertable
value.

When the voltmeter read greater than or equal to that table

value, that value was replaced in the table with the magnitude of the
DHVA signal from the sample, as read by the AID board.
then started comparing with the next triggertable value.

The computer
In this way,

the triggertable was written over by the amplitudes of the DHVA Signal
at those field values.
At the end of a sweep, data from the sample were stored on
floppy disk, then fast Fourier transformed (FFT) to find the frequencies present.

The results of the FFT were then printed out for anal-

ysis, both as a frequency vs. intensity graph and as a listing of the
major peaks on that graph.

If a more detailed analysis was needed, the

raw data were shipped via the phone lines to the University Computing
Center's DEC10 computer.

Transforms done there had up to eight times

the resolution of those generated locally.

Transforms generated on the

DEC10 were saved on magnetic tape at the Computer Center.
The Crystals
Pure magnesium crystals were grown from vapor in a vacuum
sublimation process (Stark TBP) by N. B. Sandesara.

Other studies have

shown that multiple sUblimations resulted in less than 0.01 parts per
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million (ppm) impurities (Friedberg 1974; Reifenberger 1976).

The

process resulted in fairly large single crystals that grew in relative
isolation, thus having very low dislocation densities.
Some such purified material was combined with a small amount of

99.999% Cd, the batch homogenized, and the vapor sublimation process
repeated by T. E. Whittemore.

The Cd concentration varied from crystal

to crystal even within a single run and thus had to be determined for
each sample.

Because this determination destroyed the sample, and

because cutting the sample from the crystal usually did not leave much
crystal behind, it was difficult to achieve a good spread of Cd concentrations.
Back reflection x-ray diffraction was used to align the crystal
to

within~

degree before a sample was cut.

An acid-string saw, using

a solution of 15% hydrochloric acid (HCl) in deionized water, was used
to make the cuts.

The cutting speed was slow enough to keep the string

from ever touching the crystal - cutting of the crystal came from the
etching action of the acid carried on the surface of the string.
Therefore, the cut should not have introduced any strain or dislocations.

For maximum signal, the sample was cut to come as close to

filling the pickup coil as possible.
In cutting the sample from the crystal, the final cut was made
by slowly moving the string by hand so that surface tension caused the
sample to cling to the string (and not fall).

It was removed from the

string by causing it to cling to a small, wet paintbrush (surface
tension again) and placed in a petri dish of de-ionized water.

A few

drops of acid were added to etch the surface before any dislocations,
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possibly created at the final cut-off, had time to migrate into the
bulk of the sample.

The sample was then washed with de-ionized water

by repeatedly filling and draining the bath.

The water was removed

from the bath with a syringe to avoid the introduction of dislocations
caused by inadvertent jostling of the sample.
To place the sample within the pickup coil, it was held on a
piece of filterpaper impregnated with silicone fluid (for some hold),
and lifted to the opening.

A bent piece of 46 gauge copper wire (0.061

mm in diameter) was used as a IIcrowbarll to slide the sample into the
coil.
of 2.5

It was held within the coil by silicone fluid with a viscosity
x 10~

Stokes.

Since this fluid remained a fluid to very low

temperatures, it took up the differential contraction between the
sample and its holder without transmitting strain into the sample.

The

mounting procedure was done under a microscope, and every effort was
made at every stage to keep from straining the sample.
sample was touched only for physical support.
clamped or otherwise stressed.

Note that the

It was never soldered,

The dislocation density should have

been extremely low.
Alignment
The system had two degrees of freedom: rotation of the large,
water-cooled electromagnet, and tilting of the cryostat.

Since the

pickup coils were mounted on the insert probe so as to put the c-axis
very close to the plane of tilt, these two motions were capable of
lining up the magnetic field to within 0.01 degree of the c-axis.
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Because the Y orbit produced the dominant frequency in the
field range at which we worked, and because its frequency had an
-+

absolute minimum for H parallel to [0001J, it was used for alignment.
The magnet was raised to sufficient field strength to produce a clean Y
signal (2 - 3 Kilogauss).

The amplitude of the modulation field was

adjusted to put Y near the Bessel function maximum, suppressing all
other frequencies.

The magnet was rotated with the continuous AC motor

("high speed" rotation) and the symmetry pOint found.
positioned within 0.1 degree of that point.

The magnet was

(The high speed motor was

hard to stop precisely.)
To find the proper tilt of the cryostat, we used the large
number of oscillations between our magnetic field value and H=m as a
lever to search for the absolute minimum in the frequency of Y.
zero-crossing of a Y oscillation has a quantum index n

(=

F/H).

The

As the

cryostat was tilted, the frequency (F) changed, and so did H to keep
that zero-crossing at a constant n.

Because Y had an absolute minimum
-+

there, that zero crossing was at its lowest field value when H was
parallel to the c-axis.
To find this minimum, the sweep range on the X-Y plotter was
narrowed until only seven to ten Y oscillations were in the full
plotting range.

This range was continually reswept with the cryostat

tilted between sweeps.

The field values of the zero-crossing pOints of

several of the Y oscillations were noted and fitted to a parabola.

In

this way the cryostat was tilted so that the c-axis was within 0.025
degree of the plane of rotation of the electromagnet.
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The electromagnet was rotated through about five degrees about
the symmetry point in the Y signal with the stepper motor ("low speed"
rotation).

With the low speed motor, the magnet could be stopped very

precisely, the limiting factor being the experimental determination of
the symmetry center (or about 0.015 degree).

Thus the magnetic field

was aligned to within 0.03 degree of the c-axis of the sample.
Now the final phase adjustment on the phase-sensitive amplifier
could be made by slowly sweeping the field while varying the detection
phase in order to minimize the signal from Y.
was exactly 90 degrees from this value.

Proper phase adjustment

(Signals such as magneto-

resistance are 90 degrees out of phase with the DHVA signal.)
Although the AC bridge, Hall probe, and 741 op-amp were all
supposed to be linear circuit components, the values on the KelvinVarley potentiometer to null a given field had a weak nonlinear dependence on the output amplitude of the 200 Hz oscillator.

Although

the source of this nonlinearity was not identified, it was used to
calibrate the magnetic field.

By counting 220

+

Y oscillations, and

noting the Kelvin-Varley settings at the endpoints, we could vary the
output power of the oscillator until that count gave a frequency of
2.237

x

10 6 gauss from equation [1.2], with HI and Hh coming from the

lookup table of Kelvin-Varley readings.
The final step in adjusting the apparatus for digital data
acquisition was to adjust the amplitude of the modulation field to
place a Bessel function zero on the Y frequency.

The H2-drive was

adjusted to keep Y nulled out throughout the field range over which
data were taken.

Detection on the sixth harmonic, with Y at the first
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zero, was chosen for its good resolution of the a's with respect to
The

~'s

~.

were crushed by the F6 dependence of the Bessel function enve-

lope at low frequencies (small arguments), while the Y was removed by
the Bessel function zero.
suppressed.

At lower harmonics,

~

was not sufficiently

At higher harmonics, the Bessel function envelope crossed

more steeply through zero, which, with the greater suppression of both
~

and a, gave rise to a lower signal-to-noise ratio.

The steeper the

zero-crossing, the greater the degradation in the signal-to-noise ratio
due to instabilities in the modulation field amplitude and in the
H2 -drive.

In practice, we did not completely eliminate Y but tried to

maintain a reasonable Y signal (about the same intensity as

~)

for

calibration, and to help suppress T at higher fields (see Fig. 2-3).
Analysis of Cadmium Content
After data were taken on a sample, the sample was analyzed for
its Cd content.

Although several methods were proposed and tried, the

only one that proved able to detect one ppm Cd in samples as small as
the ones used in this experiment was atomic absorption spectroscopy
using a carbon cup furnace.

Thus a Varian Atomic Absorption Spectro-

photometer with the Carbon Rod Atomizer attachment was used to analyze
the Cd content of each sample.
This spectrophotometer detected an element through resonant
absorption in a beam from a hollow cathode lamp.

A precisely measured

amount of material was placed in the cup of a carbon rod furnace.

The

furnace was heated in three stages: first to drive off the water and
other volatile substances; then the remaining material was .rashed" to
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breakdown any compounds (in our case, the nitric compounds formed from
dissolving the sample in acid); and finally it was vaporized to create
a cloud of ground state atoms.

This cloud passed through the spectral

beam of the Cd vapor discharge lamp.

The cloud as a whole caused some

absorption, but far greater absorption came from the resonant absorption of the Cd spectra by the Cd atoms in the cloud.

To detect this

absorption, the beam passed to a grating spectrometer and a phototube.
By detecting on a single Cd atomic emission (absorption) line, a strong
response was seen.
Our system had its best response in the range of 1 - 3
grams of Cd per aliquot.

X

10- 13

Using 5 and 10 pI samples, this gave a range

of 0.01 - 0.06 pg/ml of solution.

This gives a resolution limit of 2.5

pg/gm or 0.5 ppm Cd for a 4 mg crystal, dissolved in 1 mI.
Obtaining accurate data from this instrument required surmounting certain problems.

First, the Cd lamp was very sensitive to the

lamp current, more so than most other elements.
recalibration to check for drift.

This meant constant

For another, the response was non-

linear, which made interpolation difficult.

As it turned out, scale

readings in the range of 1 - 5 (on a 0 - 10 scale) were reasonably
linear, so I attempted to stay in that region.
drift in the electronics (see Fig. 2-4).

There was a long-term

The source of this drift was

never determined, and putting the system on a Sola saturable transformer to eliminate line voltage fluctuations did not alleviate the
problem.

Data were merely taken at a time when the drift was minimal.
Because of the extremely small amounts of Cd involved, exten-

sive precautions against contamination were taken.

The glassware was
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cleaned with Liquinox, rinsed in de-ionized water (which had no detectable Cd), washed in nitric acid (HN0 3 , also with no detectable Cd) to
leach any Cd from the glass, then rinsed in triple distilled water.
To allow two runs, the DHVA samples were cut in half with a
stainless steel surgical blade etched in nitric acid.

They were then

handled with a pair of stainless steel tweezers, also etched in nitric
acid.

The piece of Mg(Cd) alloy was dissolved in a test tube contain-

ing one ml of a solution of 10% nitric acid in triple distilled water,
and given two hours to completely dissolve.
solved in about ten minutes.)

(It appeared to be dis-

The resulting solution was tested and

diluted with triple distilled water until it gave readings within the
"ideal" range.
Calibration solutions were made from a small quantity of
99.999% Cd.

The piece was weighed, and then dissolved in one ml of

nitric acid.

Triple distilled water was added to obtain a concentra-

tion of 1

~g/ml

(approximately one liter).

Samples of this solution

were further diluted to obtain solutions of 0.01, 0.03, and 0.05

~g/ml

for calibrating the spectrophotometer.
Aliquots of 5 and 10
ibrate the instrument.

~l

from these solutions were used to cal-

Due to fluctuations (presumably statistical in

nature) about five shots of each solution were used to determine its
value.

Aliquots of both 5 and 10

knowns.

After each unknown, the calibration sample closest to that

~l

value was rerun to check for drift.

were used to establish the un-

In this way, the Cd content was

determined to about ± 20%, a precision consistent with other types of
trace element analysis.
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Additional material was cut from around three of the samples,
using the same techniques as were used to cut the actual samples (except for the effort to avoid straining the samples).

This material was

sent to the University Analytical Center for determination of its Cd
content via Atomic Absorption Flame Spectroscopy.
listed in the third column of Table 2-1.

Their results are

Because the smallest mass of

Cd detecable using a flame is much larger than that using the carbon
rod furnace, the amount of material sent to the University Analyical
Center would have allowed them only four to five "shots."

Compared to

the approximately twenty "shots" that I used (even taking into account
that my methodology would not be as good as theirs), one would expect
the uncertainty in their values to be larger than mine, not smaller.
This is of particular concern, since the uncertainties did not come
with the original analysis, but were recieved after special request.
However, their results for the extreme values of Cd content were
consistent with our analyses.
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Table 2-1
Cadmium Concentration
Univ. Analytical Cent.
Crystal

ppm

lJ

pure

7

pure

8

llg/gm

9 ± 0.9

lJO ±

llg/gm

4

9

55 ±

4

250 ± 20

A

60 ± 10

280 ± 45

B

90 ± 10

420 ± 50

C

pure

E

25 ±

3

115 ± 15

F

20 ±

lj

90 ± 20

160 ± 20

7lJO ±100

G

32 ± 2

160 ± 5

660 ± 15

CHAPTER 3: DATA
One of the most important factors to be considered in successfully measuring voltages as small as those generated in this experiment
is the reduction of random noise voltages in the system.

The noise

could be either inherent to the signal (from acoustical or electronic
sources) or inherent to the data acquisition process.

Safeguards

against the former that have already been described (shielded room,
pumped 4He bath, phase-lock amplifier, etc.) proved to give a very
clean DHVA voltage signal as H was swept.

Precise data acquisition

requires sampling this voltage at precise predetermined values of H.
Sampling at values of H different than the "ideal" will generate equivalent noise in the digitized data.

Safeguards against this noise,

which I shall call "digital" noise, require a better understanding of
the sources of sampling error.
Digital noise in the experiment arose from random variations in
the actual value of H at which digitizing occurred, as compared with
the "ideal" values that one requires for precise digitizing.

The value

of the magnetic field was determined for the computer by a digital
voltmeter reading the output of a phase-lock amplifier.

To obtain the

accuracy that was needed, the voltmeter did not give a continuous
reading, but had to integrate for a certain length of time between
readings.

This meant that the field value at which the amplitude of

the DHVA signal was measured, was almost never the "ideal" field value
listed on the triggertable in the computer's memory.
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This deviation

from the ideal value could be reduced by sweeping the magnetic field
more slowly, thus allowing time for several voltmeter cycles before the
field climbed to the next value on the triggertable (see Fig. 3-1).
In addition, the voltage that the voltmeter was measuring was
not absolutely stable.

(The voltmeter itself was not absolutely

stable, but the output from the phase-lock amplifier happened to be
about two orders of magnitude less stable.

Compared to the stability

of any other piece of electronics in the system, the voltmeter can be
considered a definition of stability.)
amplifier wandered by about ± 1
cycles of the voltmeter).
was 20 V (± 10 V).

x

The voltage from the phase-lock

10- 3 V over short time periods (a few

By comparison, the amplifier's output range

For 2048 points taken linearly over the full range,

the step size would be 1

x

10-2 V.

However, our data sampling rate was

not linear, and the step between triggertable values at the low field
end was actually closer to 5

x

10- 3 V, inferring that the instability

in the output of the amplifier could cause up to a 20% error in the
values at which data were taken for the start of the sweep.
This error in the strength of the magnetic field at which the
amplitude of the DHVA signal was supposed to be measured would result
in that measurement being made at the wrong phase of the sinusoidal
DHVA oscillation.

The error in the value returned by the AID board

would thus depend upon the phase at which the measurement was supposed
to have been made.

If the data point was supposed to have been taken

at the extremum, the error would be negligible, due to the slow rate of
change of the signal amplitude with phase about that point.

If, how-

ever, the data point was supposed to have been near a zero crossing of

lI5

"Ideal"--+----I

Data point number

Figure 3-1

Comparison of an Idealized Sweep Line With the Values of
the Magnetic ,Field That the Voltmeter Would Record.
a) The magnetic field increasing at approximately one
increment from the triggertable per integration period on
the voltmeter.
b) The magnetic field increasing about one third as fast,
or the voltmeter integrating three times faster.
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Table 3-1
Effect of the Bessel Function Envelope
on the Relative Amplitudes
Amplitude

ocj>

J 6 (o</»

Modified Amplitude

y

17.7

9.936

0

0

l.l

6.8

3.622

0.0302

0.21

ex

1.0

5.267

0.160

0.16

But ususally have some Y present
17.7

9.900

0.0082

0.15

l.l

6.8

3.609

0.0297

0.20

ex

1.0

5.248

0.158

0.16

Y
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the sinusoid, the error in the value measured could have been substantial.
Computer simulation of this problem indicated that such randomness did not introduce harmonics or side-bands, but did introduce noise
into the output of the FFT.

(That is, it increased the height of the

"grass" on the bottom of the amplitude versus frequency plot.)
The magnitude of the error in measuring the DHVA signal, (from
the error in H at which that voltage was recorded,) depends on the
amplitude of that signal.

If two signals are present, one much larger

than the other, the error in measuring the larger signal could be
larger than the amplitude of the smaller signal.
smaller signal would be buried in the grass.

In other words, the

To achieve the cleanest

data one would want all the frequencies of interest to have approximately the same amplitude and frequency, and all other signals should
be orders of magnitude smaller.

Since the a's were too small to be

made the dominant signal, the Bessel function envelope was used to make
equivalent the recorded amplitudes of the
2-3).

~,

a, and Y signals (see Fig.

A numerical example will help clarify the point.
The relative amplitudes of each of the three signals of inter-

est were measured by sequentially placing each frequency at the first
Bessel function maXimum, measuring the absolute amplitude of a few
oscillations about 2.8 KG, and taki ng rati os.

(Absolute ampl i tudes

were not of interest in this experiment, since they depended upon
crystal size, dislocation density, gain in the electronics, and a host
of other complications.)

If we define the amplitude of a to be 1, then

the amplitudes of the other two signals became 17.7 for Y and 6.8 for
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With two exceptions, the relative amplitudes from all of the un-

~.

strained samples held to within 10% of these values near 2.8 KG.
Recall equation [1.10J for the argument of the Bessel function:
o~.

1

=

2~ F.(e,~)
1

h/H2.

With the H2 -drive making h «H 2 , everything is

constant except the frequency of the DHVA signal (F ) and the set
i
amplitude of the modulation field.
as

o~i

Thus, the equation can be rewritten

= A Fi • Adjusting the amplitude of the modulation field to put

the first Bessel function zero at the same DHVA frequency as Y caused
the signal amplitudes out of the phase-lock amplifier for

~

and a to

have approximately the same size, while Y was nulled out, as shown in
the first part of Table 3-1.

Usually, however, a clean Y Signal was

desired for calibration purposes, so the Bessel function zero was
placed at a slightly higher frequency than Y, giving the results in the
second part of Table 3-1; the measured amplitudes of all three signals
are about the same.

Note how little change in the Bessel function

argument was needed to raise the amplitude of the Y signal to this near
equality.
Angular Study
As will be shown later, the combination of low dislocation
densities, and low temperatures, allowed very good resolution of the a
doublet.

In order to validate the previous (Stark 1967) assignment of

these a orbits to being about the cap and monster arm junction, a study
of the changes in the extremal areas as a function of magnetic field
orientation was undertaken.

This angular study would not have been

possible without the use of the FFT, since for many angles one of the

~9

a signals appeared on the output from the FFT an order of magnitude
smaller than other signals near to it.
To track these orbits as a function of magnetic field orientation, a sweep of 333 y through a convenient range of H was repeated,
and between sweeps the orientation of H was rotated from the c-axis to
[1120J in one degree increments.

The location of the first Bessel

function zero was also changed in an attempt to achieve the maximum
resolution of all the frequencies of interest

(~,

a, and y).

The

results of each data sweep were fast Fourier transformed to resolve the
frequencies present.

The range of H used for the data sweep (2.25 -

3.37 KG) was chosen to be low enough to reduce magnetic breakdown
effects, yet high enough to get a good, clean signal.

The plot of

cross-sectional area versus angle for the three groups of orbits of
interest is shown in Fig. 3-2.
branch

(a~,

The behavior of the lower frequency a

adopting the notation of Stark 1967) was just that pre-

dicted for an orbit about the cap.

The higher frequency branch of

increased in area in a manner consistent with an orbit around the

(a~)

monster arm junction.
Nonlinearities
Not shown in Fig. 3-2 (but greatly complicating the tracking of
the

a~

branch) are several other frequencies that appear to be har-

monics or side-bands of the three orbits of interest (such as
Y+a).

2~,

Y-~,

The origin of these side-band signals is believed to be magnetic

interaction effects enhanced by the low temperatures at which the data
were taken and not yet eliminated by the effects of magnetic breakdown.
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The essential clue that magnetic interactions were involved started as
the essential problem, the seeming non-reproducibility of the relative
amplitudes of the nonlinear signals for different samples (see Fig.

3-3).

Since the samples were not of uniform shape, their self-demag-

netization also was not standard.

Computer simulations using the cusp-

like oscillations that the magnetization had at these low temperatures
have shown this coupling exists and generates exactly the type of
nonlinear effects observed in this experiment.
Much effort was spent proving that these nonlinear terms were
not generated by the digitizing process.
Effective Mass
Since we had such good resolution of the a doublet, and since
the intensity of a peak is a value given by the FFT, an attempt was
made to measure the effective mass (m*) of the a orbit, a quantity that
had not been measured before, by measuring the effect of temperature on
the amplitude of the DHVA signal.
For the FFT analysis, a range of H that gave good, strong a
signals, yet avoided the complications of magnetic breakdown, was determined.

For good resolution of the amplitudes of the a frequencies,

several pOints per oscillation should be taken, but enough oscillations
had to be covered to resolve the several frequencies on the FFT, especially the a doublet.

So

20~8

point sweeps over 121 Y

63 a1,

(~~ ~,

and 65 a2) over a magnetic field range of 2.6 - 3.0 KG were used.
data were analyzed with the FFT and the amplitudes for the
peaks read from that analysis.

~

The
and a

The above process was repeated with Y
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at the Bessel function maximum, instead of the zero, to provide a
check.

Because Y gives such a strong signal, its effective mass is

well known.
To vary the temperature, the refri gerator was first stopped
overnight to let it warm up.

To obtain data at different temperatures,

the refrigerator was run in spurts, or with restriction, to hold a
constant temperature during the data sweep, as measured by the 470 n
carbon resistor in the mixing chamber with the samples.

At the higher

temperatures, during a sweep, the temperature of the mixing chamber did
not move far from the temperature to which it had been cooled, even
without flow through the refrigerator.

At lower temperatures, a small

amount of flow had to be maintained to keep the mixing chamber at a
constant temperature.

In the worst cases, this resulted in temperature

variations of up to 0.02

o

K during a data sweep, mainly in the inter-

mediate range where the flow through the refrigerator was so small that
it was difficult to control.

Data were taken in the range 0.07

o

0

- 1 K.

At the high temperature end, the a's could not be resolved above the
noise in the FFT.

At lower temperatures, the calibration of the tem-

perature sensing resistor became too uncertain.
The two a peaks had different amplitudes on the output from
the FFT.

This was due possibly to the Bessel function envelope imposed

on the data and possibly to not having exactly an integral number of
oscillations for each frequency.

The ratio of their amplitudes was

determined for each run (it showed no trend with temperature), and the
amplitude of the a2 peak was divided by the average of the ratios.

The

measured ratio was 1.31, while the ratio coming purely from the Bessel
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function envelope would be

1.1~.

The data for both a peaks as a func-

tion of temperature were plotted as a single data set.

This had the

effect of doubling the number of data pOints, and tended to average
the noise.
The equation for the temperature dependence of the DHVA amplitude (Gold 1968) is:
A(mplitude)= C sigh X

[3.1J

X=

C is a constant that depends on many factors, including the equipment
used to detect the signal.

In the temperature range of this exper-

iment, the "high temperature" approximation (and its fairly simple
analysis) could not be used, so two alternative methods of analysis
were adopted.

Each method had its own problems which seemed to require

eyeball corrections.
The first technique was to plot A vs. x/sinhX and vary m* (in
X) to achieve the best correlation coefficient (least amount of scatter
about a straight line) from the linear regression.
X/sinhX +1.

Note that as X+O,

That is, as the temperature goes to zero, the amplitude of

its DHVA signal should saturate.

However, at low temperatures, the

data in this analysis shifted from linearity.

This deviation could be

due to extrapolating temperature readings beyond the calibration range
of the

~70

n temperature sensing resistor, or it could be due to the

onset of magnetic interaction effects as the temperature decreased.
The least squares algorithm attempted to compensate for this shift from
linearity by raising m* and throwing in a fair sized y-intercept.
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Because m* was part of the x-axis in these plots, there was no
easy way to estimate the uncertainty in m* from the scatter of the data
pOints.

A method was developed to estimate this scatter, while also

taking into account the problem with the lowest temperature data.

For

the data from a single orbit, the lowest temperature points were eliminated one at a time and the least squares analysis rerun on each of
the reduced data sets, producing a set of values for m*.

The value

reported in Table 3-2, column A-1, came from the average of these
values, and its uncertainty came from their scatter.
Alternatively, one could vary m* while looking for a zero in
the y-intercept (instead of the best correlation coefficient).

This

method gave a more consistent set of m* values from rerunning the least
squares analysis while dropping the low temperature data pOints.

The

average value for m* (for a given orbit) derived from this set of data
values did not differ significantly from the equivalent m* value from
the previous analysis (Table 3-2, column A-2).
Equation [3.1J can be rearranged along the lines of the "high
temperature" approximation as:
(-6 m*)T + In(2 C 6 m*)

[3.2J

where
15 =

x

(or X = 6 m* T)

m* T

Here m* can be determined from the slope, then plugged back into the
exponential term for a recursion relation.

Because m* came from the

slope, the least squares analysis provided the uncertainty in m*.
Because the exponential was only weakly dependent upon the effective
mass, especially above 0.3

o

K, the sequence converged quite rapidly.

Table 3-2
Effective Mass
Method
Orbit

Al

A2

Bl

B2

Avg

"Corrected"

Previous

y
±

.108711
.00069

.10573
.00022

.10366
.00051

.10368
.000211

.10119
.0025

.100 ± .003

.100 ± .002

lJ

.1184
.0011

.1188
.0007

.1173
.0013

.1160
.0011

.1180
.0014

.112 ± .002

.11

±

a
±

.1418
.0030

.llJ09
.0008

.1382
.0014

.1374
.0011

.1395
.0022

.133 ± .003

± .01

IJ1

ex>
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However, the values of m* for all three orbits were significantly lower in this analysis than from the A vs X/sinhX analyses.
Even though it was not needed to estimate the uncertainty in m* for a
given orbit, the above method of eliminating the lowest temperature
points one at a time and rerunning the least squares, was repeated.
The weighted average of the resulting m* values gave a second value
from the use of equation [3.2], to complement the two values from use
of equation [3.1] (Table 3-2, column B-2).

The value of m* from each

least squares analysis grew steadily smaller as the low temperature
pOints were dropped from the analysis.
~,

Since the three m* values (for

a, and y) from this analysis were already lower than from the

previous pair, this result was somewhat disconcerting.
The value for m* of Y from the combination of these four
methods of analysis was -5% high.

Combined with the above mentioned

inconsistencies, this implied that a problem existed with the measurement of either the amplitude of the DHVA frequency or the temperature
in the mixing chamber.

Previous effective mass studies of the G and A

orbits had shown the above method to be quite accurate.

The temper-

ature data for G and A used three calibrated temperature sensing resistors as a cross check.

The temperature readings diverged outside the

range over which the resistors had been calibrated, but those temperatures were not used in that analysis because they were outside the
"hi gh temperature" approximation.

The point is that the problems wi th

the temperature calibration were to some extent expected, especially at
lower temperatures.

On the other hand, magnetic interaction effects

are known to be temperature dependent (Gold 1968).

Thus at lower
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temperatures, variation in the amplitude of the DHVA oscillations with
temperature could depend on more than just m*.

Again, because of use

of the "high temperature" approximation, these problems would not have
shown up on the analysis of G and A.
Table 3-2 shows the values of m* from the four types of analysis for the three frequencies of interest, as well as the" corrected"
values (by dividing by 1.05).
value of m* for
me.

~,

That correction is consistent with the

so we can assume that m*(a) should be close to 0.13

However, because the a peaks were not resolvable at high temper-

atures where the

~

peak was clearly visible, while their amplitudes

were nearly equal (on the FFT output) for low temperatures, we can say
with assurance that m*(a) is significantly larger than

m*(~).

Node Plotting
Because a has a significantly larger effective mass than Y or
~,

the lower temperature achieved in this experiment (0.04

to 1.05

o

o

K compared

K in Stark's 1967 work), boosted the amplitude of the a signal

with respect to the other two.

Similarly, when samples were slightly

strained and data retaken, the amplitude of a dropped with respect to
both Y and

~.

However, these facts were determined later in the investigation, so that when we saw the data from sample #4 (probably one of the
most strain-free of all the crystals run, and certainly at the lowest
temperatures), we were amazed to see strong, clear beat oscillations
apparently arising from the a doublet (see Fig. 3-4).

The strength of

this beat signal came not from a but from the side-band Y+a.

The

Magnetic Field - - Figure 3-4

A Data Trace Showing the Obvious a Beats in the DHVA Signal From Sample #4.
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reason for the strength of this

~a

beat can be seen from the amplitudes

of the various frequencies present, as seen in Fig. 3-3.
seven major frequencies present in sample #4:
two Y+a's.

~,

two a's,

There were
Y-~,

Y, and

If all the frequencies were of equal amplitude, the ampli-

tude of the total DHVA signal at the

~a

beat waist would be 3/7 the

beat maximum, because four of the seven signals are the beating a's.
(It is not obvious that the a's and Y+a's should be in phase, but they
obviously were in the data.)

In actuality, when the Bessel function

envelope is taken into account, the DHVA signal for sample #4 was
dominated by Y+a.

Other samples were dominated by other frequencies

due to the previously mentioned non-uniformity in sample shapes.

The

Bessel function envelope was the same for all data presented here - the
first zero was at a slightly higher DHVA frequency than Y.
Whatever the source of the a beats, their presence in the data
was used to measure with high precision the splitting of the doublet
~a.

By recording the magnetic field value, H, for each beat node and

plotting the number of that node versus 1/H, the resultant graph has a
slope that will be the difference (or beat) frequency.
frequency is not the
every beat waist.
a2 - a1 not

(Note that this

d in equation [1.4], but 2w d' due to counting
mo
.
mo
However, that is exactly what we want, since ~a =
W

a2 - a1
2
.)

The procedure for finding the magnetic field strength at each
node was simple, though tedious.

A data trace was taken with the

x-axis of the X-Y plotter driven by the output of the AC Hall probe
bridge.

The center of the beat waist was estimated and marked.

The

field was then reswept, stopping the pen of the X-Y recorder at the
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marked points.

With the pen at that pOint, the null reading for the AC

bridge was read off the Kelvin-Varley potentiometer to four digits
(with the fourth place coming from the voltmeter).

This Kelvin-Varley

reading was converted into H (and hence 1/H) from a lookup table.

A

plot of node number vs. 1/H was drawn up to assure linearity, and a
least squares (linear regression) analysis was performed on the data in
that plot to obtain the frequency

~a

and its inherent error.

However, only the best crystals could be used with the above
procedure.

Three good sampl8s were slightly strained and re-inserted

into the cryostat.

Aside from the overall decrease in absolute ampli-

tude of the DHVA signal, the most notable effect was the decrease in
the amplitude of the a signal with respect to y and
inate the potential for counting nodes.

~,

enough to elim-

Also, very large samples were

needed to see the a beats down to very low magnetic fields.

Even then,

other samples did not present the clear beat waists from the a doublet
that sample #4 did, and locating these beat waists became somewhat of
an art.
The a beats were visible only within a certain range of magnetic field values.

Although for some samples nodes were observed down

to 1.3 KG, for most samples no beats could be resolved below 1.8 KG.
At the high magnetic field end, the appearance of the magnetic breakdown orbit T usually washed out the a beat pattern by 3.3 KG.

In

addition, efforts to extend the search for a beat waists to higher
magnetic fields were not fruitful since there were only 12 more a beat
nodes between 3.3 KG and H=m.

By contrast, there were nine a beat

nodes between 1.3 and 1.8 KG, due to the oscillation's 1/H dependence.
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Although, in principle, this method of counting nodes should
produce very accurate results, other methods of analysis indicated that
there were problems with this method.

An attempt to track the movement

of a specific node as a function of Cd concentration showed no consistent trend with increasing Cd content, but rather a large amount of
scatter.

Similarly, the measured

~a's

for sample #4 and sample #C

(both pure Mg) barely had their errorbars overlapping.

The simplest

explanation for these problems was to claim that the calibration of the
magnetic field varied from sample to sample.

As stated in Chapter Two,

the amount of input bucking voltage needed to set a null on the AC Hall
probe bridge for a given magnetic field showed a significant dependence
on the amplitude of the reference signal out of the oscillator - a
parameter to which the bridge was supposed to be independent.
constant recalibration of the magnetic field was necessary.

Thus

Although a

range of over 200 Y oscillations was used for this calibration (inferring a precision of better than 0.2%), there appeared to be a scatter
of about 2% in the values of

~a.

The FFT could obtain good resolution of the a doublet, but not
as good as the node plotting procedure outlined above.

With the node

plotting procedure, a range of 10 - 20 beats of the a oscillations was
used to determine the beat frequency.

In digitizing a data sweep, only

five to seven beat nodes were covered for many reasons.

The number of

oscillations covered in the sweep corresponds to the bin number of the
output from the FFT, with the first bin labeled zero.

(If the sweep

covers ten oscillations, then the output of the FFT is a peak in bin
number ten.)

Because of the discrete nature of the FFT, only changes
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in frequency of one bin can be resolved.

For a sweep over seven beats,

the FFT can resolve a change in Aa of 1/7 or 14%, more than enough to
see the changes expected from Friedberg's analysis, but two orders of
magnitude worse than what could be achieved from the node plotting
method detailed above.
Filtering
The information on the splitting Aa was contained in the digitized data file, but was not directly readable from the FFT.

Once the

data had been digitized, the FFT could be used as a digital filter.
Digital filtering of a data file was carried out in the following
manner.

First, an FFT was performed on the data file to obtain the

frequency spectrum.

For our data, there were many frequencies present,

but the only two of interest were the a doublet.

The rest of the

frequencies were removed from the transform file by multiplying it by a
window function which set the entire list to zero except for a region
about the doublet (see Fig. 3-5).

An inverse FFT was then performed on

this filtered transform file to create the filtered data file.

To

maintain the a oscillations' phase information, which was important
here, both the real and imaginary parts of both the frequency spike and
its reflection in the FFT output were kept (see Appendix B).

Thus this

process of digital filtering gave a band pass filter of infinite roll
off and no phase shift.

This procedure also served to check whether or

not the a beat nodes seen in the raw data corresponded to the actual
beat nodes as seen in the filtered files (see Fig. 3-6).
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transformed with the FFT into a frequency plot, which is
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shown.
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Figure 3-6
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Next, the number of a oscillations per beat were counted to
determine the difference frequency

~a

cies, rather than the magnetic field).

(relative to the two a frequenIn theory, this could be done

by matching up the beat patterns from the various data traces across
different ranges of the magnetic field, and counting across a large
number of

~a

beats for a very precise determination of the number of a

oscillations per beat.

In practice, however, this did not work.

Al-

though the bulk of the noise and other signals had been filtered out,
the fact that noise was present in the original data resulted in a
shifting of the beat waists in a random manner.

Thus, in trying to

match up specific beat nodes between two (or more) data runs to simulate a very long run, each junction between files had an uncertainty of
plus or minus an a oscillation.

The effect of all this uncertainty in

the matching up of the various filtered files was to give no more
precision to this effective long run than counting each run separately.
A second source of trouble came from phenomena that I call
"edge effects."

The FFT, because of its discrete nature, would force

the filtered file to have an integer number of oscillations equal to
the bin number of that peak in the transform file.

This served to make

one suspicious of anything happening within the last few 03cillations
on each end of the file.

In addition, the amplitude of the DHVA oscil-

lations increased with increasing magnetic field. In the filtering
process, this residual field dependent change in amplitude of the
oscillations (without the rest of the transform file to compensate)
generated a signal that decayed exponentially away from the ends of the
filtered file.

This "ringing" effect was too strong to ignore, so it
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was reduced by dividing out the magnetic field dependence from the
amplitude in the original digitized data.

Not knowing the Dingle

temperature, we inserted a free parameter that was varied to gi ve the
"smoothest" filtered output for all the data from a given crystal.
This "leveling" of the DHVA signal amplitudes in the raw data file
served to enhance the noise from the low magnetic field end of the
sweep, where the amplitude of the DHVA signal was weakest, and where
effects from digital noise were greatest.

The effect of these modifi-

cations of the raw data was especially great in the 4096 point sweeps,
due to the large change in signal amplitude over that large a range of
magnetic field values.
All this enhancement of the noise level caused a substantial
randomness in the location of the a beat nodes, and introduced added
uncertainty to the measured values of
this method for determining

~a

~a.

However, the resolution of

from the filtered files is still much

more precise than the direct use of the output from the FFT.
tion, it produces a value for

~a

In addi-

that is independent from the exact

calibration of the magnetic field.
Each of the above approaches had its own strengths and weaknesses.

Node plotting yielded precise results for a single sample, but

required an accurately calibrated magnetic field to compare the results
between samples.

Tracking of a specific node as a function of Cd

concentration also required a consistent calibration of the magnetic
field to make comparisons between samples.

Using the transform file

from the FFT directly required only a knowledge of which peaks were Y
and T, but did not have very high resolution.

Counting the number of a
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oscillations per beat from the filtered data was also independent of
the exact magnetic field, and could in principle yield results as
precise as node plotting or the tracking of a single node, except that
it was limited by the noise in the data.

Lacking a single "best"

approach, all of these methods were used in order to obtain the maximum
information from the data.

CHAPTER 4: DATA ANALYSIS
Friedberg's (1974) data indicated that the magnetic breakdown
equivalent fields H2 and H3 increased by a factor of two in alloys with
15 ppm Cd, as compared to pure Mg.

As stated in Chapter One, if this

resulted from a change in the energy gap (E g ), it would cause a 40%
increase in

~a.

The initial node plotting analysis of the DHVA data

(Fig. 4-1a) showed only a 2% increase in

~a

(equivalent to a 4% in-

crease in H2 and H3) for Mg samples with up to 90 ppm Cd.

Sample #8,

at 9 ppm Cd, showed only a 0.7% increase, compared to the 10% expected.
An alternate method of interpreting these data, using the movement of a
Single identified beat node (Fig. 4-2a and b) indicated that the Cd
alloying had even less of an effect on

~a.

Thus this initial DHVA

data, which directly sensed any changes in the [0001] Fourier component
of the ionic lattice potential, was inconsistent with Friedberg's
interpretation of his data.
In all probability, therefore, a standing charge density wave
is not being set up in Mg by the addition of Cd impurity ions.

The

question we now address is exactly how small an effect the Cd alloying
has in changing the [0001] Fourier component of the lattice potential.
Our goals become, first, to reduce the scatter of the data pOints to
achieve even higher resolution, and second, to see if we can then
resolve any consistent change in

~a

as a function of Cd concentration.

The several methods of data analysis tried all had scatter in the
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1 - 1.5% range, and all showed little if any systematic dependence on
alloy concentration.
Oscillations per Beat
Because we are now trying to resolve effects that are small
relative to the absolute calibration of the magnetic field strength, we
had to develop methods which were independent of the absolute field
value, and dependent only upon the relative field value.

The first of

these methods involved filtering the digital data using the FFT, doing
an inverse FFT on the filtered transform file to enhance the a doublet,
and counting the number of a oscillations between each pair of beat
waists (the oscillations per beat) in the filtered a doublet.
To do this, the first step is to FFT the data from which the
field dependence in the amplitude of the DHVA signal had been removed.
The transform file was studied to analyze the noise around the a peaks.
The boundaries of the filtering window were chosen so as to exceed the
transformed width of the a peaks, While, if possible, simultaneously
eliminating any small side peaks due to noise.

The reason for this

choice for the filter window is to retain maximum phase information.
Nulling out the entire FFT file, except for the two bins corresponding
to the two a frequencies, gave excellent consistency within a single
filtered file, but no consistency between files for a given crystal.
For the one set of data for which this approach was tried (sample #7)
the oscillations per beat varied from 28 to 35.

The location of the

nodes within a single filtered file were changed considerably from
their location for the same file filtered with a fairly wide window.
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Since the location of these nodes will have to be measured with relatively high precision in later analyses, as much phase information as
possible had to be retained.
As a result, the filter windows were selected for each data
file on an individual basis after the noise in that particular file
was anal yzed.

(Sometimes, it was not obvious where the optimum loca-

tion of the edges of the window should be, so two different windows
were run on the same file, creating two filtered files.)

The a oscil-

lations in the filtered files were then counted to determine the number
of oscillations between each pair of beat nodes and an average number
of oscillations per beat node for that entire data file.

The data were

then checked to see if the number of oscillations in the beats at the
extreme ends of the file were consistent with the rest of the run.
{For example:

Say a run contained four complete beats (5 nodes).

If

these were counted sequentially to have 29, 32, 32, and 32 oscillations
per beat, the 29 at the start of the file is almost certainly a bad
·count caused by the node being near an end.

The reason for this is

that the residual field dependence of the amplitude in the data caused
the filtered file to "ring" at the ends.

On the other hand, i f they

were arranged in a sequence such as 29, 34, 32, and 32, one could argue
that the second node has been shifted.
the same value, 63.
examples.

The pairs at both ends add to

Very few runs were as clear cut as either of these

In general, only a few beats, and only those at the very

ends of the file, were selectively removed from the analysis.}
Another problem occurring during the analysis needs to be mentioned.

Normally at a beat waist, the higher frequency will dominate
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to add an apparent extra half-oscillation as compared to the spacing
of the oscillations at the beat maximum.

(In other words. the total

number of oscillations in that file should be equal to the number of
oscillations of the higher frequency (a2).)

Occasionally in the data.

the lower frequency dominated. causing the apparent loss of half oscillation at the node.

In this case. to keep the analysis consistent. an

extra oscillation was arbitrarily added at the waist.

Although it was

usually obvious from the data where that extra oscillation needed to be
inserted. in a few 'cases the decision was based on judgment.
Once the number of oscillations per beat had been compiled for
each filtered file for a given sample. a weighted average was performed
on the data to give the initial result listed under "raw data" in Table
4-1.

Assuming that a file containing more beats gave a better value

for the number of oscillations per beat. the weighting factor per file
used in this averaging was the number of beats contained in the file.
The files that produced the extreme values for the number of
oscillations per beat were then rechecked to see if the removal or
reintroduction of a previously removed end beat would bring the result
for that sweep more in line with the rest of the data on that sample.
Also at this stage. duplicate files. generated because of the use of
two different filtering windows on the same data file. were eliminated
from the analysis. leaving only one filtered file for each raw data
file.

Here the attempt was to keep the most self-consistent (least

noisy) of the duplicate filtered files.

The final results of this

attempt to introduce the judgment of consistency on the data are
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Table 4-1
Oscillations per Beat
Raw Data

Massaged Data

l1a (xl0-" AU)
Using a=3.2206

117

31.58 ± 0.32

31.50 ± 0.21

1.0224 ± .0068

118

31.95 ± 0.19

31.93 ± 0.18

1.0086 ± .0057

119

31.79 ± 0.44

31.85 ± 0.17

1 .0112 ± .0054

flA

31.77 ± 0.14

31.76 ± 0.11

1 .0140 ± .0035

fiB

31.584± 0.099

fie

31.56 ± 0.29

31.58 ± 0.15

1.0198 ± .0048

liE

31.87 ± 0.31

31.87 ± 0.22

1.0105 ± .0070

IIF

31 .61 ± 0.80

41.46 ± 0.27

fiG

31.66 ± 0.27

31.68 ± 0.17

Sample

->

1.0197 ± .0032

-> 31.53

± 0.17

1.0214 ± .0055
1.0166 ± .0055
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tabulated in Table 4-1 under the heading "massaged"; these results were
used to plot the graph shown in Fig. 4-1b.
The error bars in Fig. 4-1b arise from combining the uncertainty due to the weighting factors with the scatter in the values
coming from the several filtered files (see Appendix C).

These two

sources of error were assumed to be (and gave all appearance of being)
independent.

With the exception of samples #A and #B, scatter was by

far the dominant source of error.

These error bars do not take into

account the possible error in magnetic field alignment (± 0.03 degrees)
which would tend to cause the measured value of
the actual value.

~a

to be larger than

The magnitude of the error resulting from this

problem is discussed at the end of this chapter.
Note that in the initial analysis for one crystal, 8, no duplicate files were created, and the averaging over all the filtered
files for that sample produced a result that was self-consistent enough
not to need any massaging.

At the other extreme, the data for one

crystal, F, contained sufficient noise that the final results were so
changed by the massaging, that the process was re-iterated.

A look at

the FFT's for the various samples (Fig. 3-3) shows the cause for this:
The extremely small amplitude of the a peaks in sample #F drastically
reduced the signal-to-noise ratio in the filtered inverse FFT.
For comparison with other analyses, the oscillations per beat

(O/B) was converted into the doublet splitting

(~a)

in AU.

The con-

version comes from the formula

OIB

a2
~a

or

a2
0/8

[4.1J
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The higher frequency (a2), not the average, was used because the extra
half oscillation at the beat waist was consistently included in the
count.

From the FFT files, in a method described below, the frequen-

cies of the a's were determined.
the frequency 3.2206

x

For plotting the graph in Fig. 4-1b,

10- 3 AU was used for a2.

sistent with an increase in

~a

The result is con-

with respect to pure Mg of (0.1 ± 0.8)%

for 160 ppm Cd; in other words, four orders of magnitude smaller than
Friedberg's result.
Because the analytic method described above was capable of
giving precise values for the number of a oscillations per beat without
accurate knowledge of the actual magnetic field strength, it would
appear to be the method of choice.

The problem of matching up the beat

pattern for different runs could in principle be overcome by having one
very long sweep.

(The Altair 8080b microcomputer that I used was lim-

ited by memory requirements to 4096 pOints; the IBM-PC currently installed should not be so limited.)

The flaw in applying this principle

arises from the exponential growth of the amplitude of the DHVA signal
with increasing field.
C is a constant.)

(The amplitude goes as [HO,S sinh(C/H)]-l where

If the phase-sensitive detector gain was adjusted to

keep the signal on scale at the high field end, the signal became
smaller than the short term noise in the output of the detector at the
low field end.

What was needed was an amplifier stage that changed the

gain consistently as the field increased in order to keep the signal
size constant.

We did not have this available, nor (due to the com-

plexity of the H dependence) would it be as simple a circuit to design
and build as the H2-drive.
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Frequencies
An alternate method of analysis, one that also does not depend
on accurate knowledge of the magnetic field strength, comes directly
from analyzing the transform files produced by the initial FFT.

The

FFT could be caused to give eight times its normal resolution by rounding the ends of the data set and tacking on a string of zeroes to make
this new data list eight times as long as the raw data list.

In this

method of analysis, the value of the magnetic field at the endpoints
was ignored, and the frequencies of the rest of the peaks in that
transform file were determined by comparing their bin number to the bin
number of the Y peak and its known frequency.

(For sweeps in the high-

er field ranges, the location of T was also used for this calibration.)
From this analysis, the frequencies of the two a orbits were
extracted, and 8a calculated in a field independent manner.

The uncer-

tainty in the values for 8a obtained using this method (see Table 4-2)
was large compared to the other analyses discussed in this chapter.
The values obtained were, however, sufficiently precise to rule out any
changes such as predicted by Friedberg's analysis.
Since it appeared that the a frequencies were not affected by
the Cd concentration. within the resolution of the FFT. all the data
sets were combined to give a single accurate calibration of the frequencies of the orbits of interest (see Table 4-3).

It should also be

noted that the frequency of Y was determined from T and vice versa for
each extended transform file. in order to check the consistency of this
approach.
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Table 4-2
Frequencies From the FFT's
(x10-" AU)
Crystal

a1

a2

fla

7

31.213 ± 0.013

32.214 ± 0.011

1 .001 ± 0.024

8

31 .129 ± 0.053

32.138 ± 0.043

1.009 ± 0.095

9

31 .164 ± 0.051

32.177 ± 0.055

1 .014 ± 0.106

A

31 .189 ± 0.015

32.210 ± 0.017

1 .021 ± 0.032

B

31.209 ± 0.011

32.235 ± 0.014

1.025 ± 0.025

C

31 .218 ± 0.072

32.248 ± 0.085

1.030 ± 0.157

E

31.200 ± 0.021

32.211 ± 0.018

1 .010 ± 0.039

F

31.201 ± 0.019

32.227 ± 0.013

1.025 ± 0.031

G

31 .206 ± 0.025

32.199 ± 0.028

0.992 ± 0.053

Table 4-3
Frequency Calibration
(Area in 10- 3 AU)
Using Y=5.98 and T=6.34
Y (from T)

5.9817 ± 0.0089

T (from y)

6.3382 ± 0.0094

a1

3.1192 ± 0.0046

a2

3.2206 ± 0.0050
2.1811 ± 0.0041
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Node Plotting Revisited
To achieve smaller uncertainties in 8a, all of the data for a
given sample must be combined in a cohesive manner.

In principle,

because the different files overlap in magnetic field strength, this
should produce a result equivalent to one very long continuous sweep.
The only way to do this was to have an accurately calibrated magnetic
field.

However, by using the filtered data files, some of the uncer-

tainty in determining the relative location (in 1/H) of a specific beat
node on two different files could be eliminated.

The endpoints of the

field sweeps for each file had been recorded with high precision (if
not accuracy).

The computer was used to interpolate the node locations

in each file and to identify corresponding nodes between files.

These

values were then inserted into a least squares analysis to determine
8a.
In this computer analysis, the location and amplitude of the
maximum (and minimum) of each oscillation was located by fitting the
three closest data points to a parabola.

(That is, a point was found

that was larger than the points on either side.

Fitting those three

points to a parabola gave the actual amplitude and location (y and x)
of the peak for that oscillation.)

From the list of these relocated

maxima, an absolute minimum was found; this located the beat waist.
Similarly, an absolute maximum in the minima was found.

Averaging

these two values, and knowing the 1/H values of the endpOints of the
sweep, the location of the node was precisely determined.

The shorter

error bars in Fig. 4-1c (compared to a) show the greater consistency
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~a

Table 4-4
From Node Plotting
(Area in 10-~ AU)

Crystal

H as Listed

Recalibrated

Gain Factor

/17

1.0328 ± 0.0019

1.0122 ± 0.0019

1.0205

1t8

1.0087 ± 0.0024

1.0208 ± 0.0025

0.9894

1t9

1.0106 ± 0.0020

1.0092 ± 0.0021

1 .0015

flA

1 .0171 ± 0.0012

1 .01 37 ± 0.0015

1 .0041

fiB

1.0202 ± 0.0012

1.0205 ± 0.0014

1.0037

flC

1.0180 ± 0.0018

1 • 0180 ± 0.0018

0.9987

fiE

1 .0108 ± 0.0017

flF

1.0228 ± 0.0020

1.0206 ± 0.0030

1.0027

IIG

1. 0183 ± 0.0012

1 • 01 54 ±

o. 0014

1.0027

1.0002

-)
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in this data as compared to that taken off the X-Y recorder.

Signifi-

cantly, the error bars in Fig. 4-1c were smaller than the scatter.

The

data analysed in this way is consistent with a (0.4 ± 0.5)% increase in
8a with 160 ppm Cd; this is about three orders of magnitude smaller
than predicted by Friedberg's analysis.
Recalibration
In Fig. 4-1c, there appears to be a problem with crystal #7,
which is up almost off the graph.

The inconsistent result for sample

#7 strongly suggests that for that crystal the magnetic field was
poorly calibrated.

However, one can make use of the above mentioned

extended transform files to recalibrate the field values.

The bin

number in the FFT corresponds to the number of oscillations of that
frequency covered by the data sweep (times 8 for the high resolution
FFT's).

By noting the bin numbers of the Y, (Y-ll), (Y+ll), and two

(Y+a) peaks (as well as II and a), five values for Y were determined and
averaged.

For the higher field sweeps, two values of T (from the bin

numbers of the T and (T-ll) peaks) were averaged.

The magnetic field

endpoints of the sweep gave the number of Y or T oscillations expected
on that data list.

Dividing this by the corresponding number

from the FFT provided a "gain factor."
derived from Y and T were very similar.

~btained

For each file, the gain factors
The individual gain factors

for all the files on a given sample were then averaged to produce the
numbers listed in Table 4-4.

By multiplying the 1/H values of the

endpoints of the individual data sweeps by this average gain factor,
those values were recalibrated.

A new least squares analysis was then
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run over these new 1/H values for the nodes.
Table

~-~

and graphed in Fig.

The results are listed in

~-1d.

Ideally, this graph (Fig.

~-1d)

should look like the field

independent oscillations-per-beat graph (Fig.
extent, they are similar.

~-1b).

To a large

However, sample #7 moved to below sample

HC, and sample #8 shifted from the low splitting extreme to the high.

Since these were the two samples whose gain factors deviated the most
from 1, the procedure may tend to over-correct the calibration of the
magnetic field strength.

On the other hand, the scatter was reduced to

± 1% of the median value, and the graph appears to have almost no de-

pendence on the Cd concentration.
for the data shown in Fig.
change in 6a of (0.1 ±

~-ld

O.~)%

The weighted least squares analysis

showed the data to be consistent with a

with 160 ppm Cd.
Tracking a Node

Probably the most sensitive method for seeing a change in 6a
was to track a specific node as a function of the concentration of Cd.
This was similar to the method used to align each sample when tilting
the cryostat.

The reason for this sensitivity was due to the fact that

any change in the period of the oscillation was amplified by the number
of oscillations remaining as H goes to

m.

However, this procedure, to

be used between samples, demanded a consistently calibrated magnetic
field.

(To see if 6a changed with Cd concentration, all that was

needed was consistency in the magnetic field values from sample to
sample.

Absolute calibration was needed only to determine the magni-

tude of that change.)

But, since this was the methodology that first
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Table 4-5
Node 1t15
Location in l/H (kilogauss

-1)

Part A: Actual values recorded
Crystal
4

X-Y Plotter

9

A
81
82

C

Recalibrated Data

0.4059 ± .0005
0.4100 ± .0005

0.4141 ± .0005
0.4056 ± .0005

0.4122 ± .0005
0.4106 ± .0003

0.4129 ± .0005
0.4123 ± .0002

0.4096 ± .0005

0.4106 ± .0008

0.4111 ± .0014

0.4122 ± .0037

0.4107 ± .0007

7
8

FFT filtered data

0.4097 ± .0010
0.4078 ± .0008
0.4113 ± .0002
0.4072 ± .0025
0.4107 ± .0004
0.4161 ± .0009

0.4124 ± .0002
0.4125 ± .0006

El
E2

0.4066 ± .0003
0.4079 ± .0005

F

G

0.4077 ± .0003
0.4089 ± .0005

Part 8: From the Least Squares Fit
4

0.4097 ± .0020
0.4060 ± .0024

7
9

0.4093 ± .0025
0.4082 ± .0014

0.4094 ± .0017
0.4115 ± .0016

A
81

0.4113 ± .0025
0.4068 ± .0061

0.4107 ± .0010
0.4096 ± .0009

82

0.4105 ± .0027
0.4160 ± .0014

8

C
E

F
G

0.4143 ± .0015
0.4049 ± .0017
0.4121 ± .0017
0.4125 ± .0011
0.4106 ± .0011

0.4111 ± .0015
0.4127 ± .0011

0.4111 ± .0015

0.4074 ± .0016
0.4083 ± .0009

0.4087 ± .0024
0.4092 ± .0012
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pointed toward a problem with the magnetic field calibration, and since
the recalibration of the 1/H values had shown success, it deserved
consideration.
Beat node number 15 (counting from H==) was chosen as a low
field node that was listed in the data for every sample.
ways to determine the location (in 1/H) of the node.

There are two

One is to use the

values listed from the filtered files that contained that node, or, in
the case of Fig. 4-2a, the values reported for that node from the X-Y
plotter traces.

The alternative was to assume the value of

~a

from the

least squares analysis, so that the slope and y-intercept could be used
to determine the location of that beat node.

The error bars tended to

be smaller in the former case, since they arose purely from scatter
without regard to the linearity of the entire data set (see Table 4-5).
If we considered only the higher Cd content samples (9, A, B,
and G) in Fig. 4-2c, we might have believed that there was evidence of
the band-gap opening up with greater Cd content.

But the scatter in

the lower concentration samples (7, C, F, and E) belied that idea.
There was less scatter among the higher Cd content samples, because
there were fewer samples in that region.

There were fewer samples

because the large isolated crystals needed for this study did not grow
well with the higher impurity levels.

The fact that half the samples

used had less than 25 ppm Cd, while the other half stretched across
four times that range, would cause certain samples to gain more significance than they deserved, such as sample #G.
These 1/H locations were converted into the splitting 8a in AU
by assuming there were 15.6 beats between that node and H=m.

(The
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0.6, which came from the y-intercepts in the least squares analyses,
arose because H=m was not a beat node; therefore, node number 15 had a
quantum index n (=F/H) of 15.6.)

Equation [1.3] was rewritten as

F = n Hno de x(2.673 x 10- 9 AU/gauss) with n=15.6
used to plot Fig. 4-2.

This calibration was

In this case, the data for which the magnetic

field had not been recalibrated showed the least scatter.

Note that,

as opposed to the results of sample #8 in Fig. 4-2a and b, the two
values for sample HE in Fig. 4-2c, were self consistent.
Other Sources of Error
Overall, there existed a 1 - 2% scatter in these plots of
versus Cd concentration.
of the measurement of

~a

~a

This scatter was larger than the uncertainty
for a given sample.

Either the estimates of

the error bars were low, or some other source of random error has yet
be considered.

There are two possible sources for this scatter to be

considered; these are the alignment 01' the magnetic field with respect
to the c-axis, and the dislocation density within the sample.
Alignment
Deviation of the orientation of the magnetic field from the
c-axis had a noticeable effect on the data.
3-2, deviations of one degree gave changes in
resolved by the FFT.

As can be seen in Fig.
~a

large enough to be

To determine how this area difference changed

with angle, data were taken at 0.05 degree increments over a range of
0.2 degree.

As can be seen from the data listed in Table 4-7, noise

dominated all methods except that involving the tracking of a single
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Table 4-6
Change in ba With Increasing Cd Content
(x10- 9 AU/ppm)
Weighted Least Squares

Standard

Source

slope

correlation
coefficient

Least Squares
slope

Oscillations/Beat

0.57 ± 5.0

.0602

-0.28

2.5 ± 3.0

.3382

2.7

0.78 ± 2.7

.1251

-0.27

Tracking a Node
(Least Squares - Filt)

3.4 ± 3.3

.4318

0.21

Tracking a Node
(Least Squares - Recal)

3.0 ± 4.5

.2729

1.03

6.3 ± 29

.2413

Node Plotting
(Filtered Data)
Node Plotting
(Recalibrated Data)

FFT Frequencies

-9.2

Table 4-7
Angle Study
Angle

/I Osc/beat

Node Location (1/H)

Least Squares

-0.1

158.2
187 ~ 8

.4357
.3572

1.0206 ± .0038

-0.05

157.2
187.3

.4368
.3578

1.0230 ± .0027

0

158.7
188

.4357
.3572

1 .0237 ± .0057

0

159
188.5

.4360
.3568

1. 0216 ± .0047

0.05

156.9
188.3

.4349
.3567

1.0230 ± .0019

0.1

158.1
187.8

.4339
.3556

1.0259 ± .0038

go
node.

(The latter seemed to show that the zero of angle should actu-

ally have been around -0.05 degrees, probably from backlash in the
gears due to rotating the magnet in the direction opposite to the
rotation when it was aligned.)

Fitting that data to a parabola implied

that an error ofo 0.03 degree caused the Aa. measured to be about 0.1 %
high.

Going out to ± 3 degrees and fitting that data to a parabola

implied that the 0.03 degree error in angle caused the measured An to
be about 0.2% high.
Most of the error bars on Figs. 4-1 and 4-2 (with the exception
of 4-1b) are in the 0.2 - 0.3% range.

Addition of the error in align-

ment would extend the error bars downward by up to 40% for the smallest
errors.

(Note that this effect would not change the error bars in the

upward direction.

Since an error in angle must always yield a value

for An that is larger than the aligned value, misalignment cannot give
a result that is too small.)

If the error bar was greater than 0.3%,

the additional uncertainty associated with misalignment was negligible.
Strain
Three samples were deliberately strained (by pricking them
with a pin), allowed to sit for a day (to let the dislocations migrate
into the bulk), and the data retaken.
were carried out again.

The analyses described above

For these samples, the deviations from the

unstrained values wera within the the scatter seen in the above alloy
data.

While this result cannot rule dislocations out as a source of

the scatter seen for different sample's values for Aa., the fact that
these experiments did not produce a definitive trend, together with
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past studies that had not seen any effect on the electronic bandstructure due to strain, tend to rule it out.
Past studies (see Shoenberg 1984) have shown that the major
effect of dislocations on probing of the Fermi surface is to cause a
"phase smearing" of the signal.

The result is a decrease in the DHVA

signal amplitude and an increase in the Dingle temperature.

Because

dislocations are large structures in real-space (compared to the unit
~

cell), they become very small structures in k-space, and thus have
little effect on the shape of the Fermi surface.

Thus dislocations

would not be expected to have a strong effect on the energy of the band
gap, and hence

~a.

CHAPTER 5: CONCLUSIONS
In this experiment, we characterized the a doublet, measuring
the frequency of each of the two components, and the changes in the
extremal cross-sectional area as a function of magnetic field orientation.

The latter of these confirmed that the doublet arises from the

cap and arm junction on the boundary of the Brillouin zone about the
symmetry pOint H.

The splitting of the doublet (8a) has been charted

as a function of Cd content as a check on the changes in H2 and H3 seen
in previous data (Friedberg 1974).

We saw no consistent change in 8a

(within our ability to measure it) for samples with up to 160 ppm Cd.
Any change in 8a consistent with our data must be at least thr'ee orders
of magnitude smaller than that predicted by Friedberg.

His data indi-

cated more than a factor of two change in H2 and H3 with a Cd content
of 15 ppm.
On this basis, we can conclude that small amounts of a homovalent impurity enter the lattice randomly, and do not order themselves
within the lattice to set up a standing charge density wave.

This lack

of change in the Fermi surface or electronic band structure of Mg,
when doped with a homovalent alloy that does not change the lattice
constants, is consistent with the rigid band model.

Thus our "close

approximation" in the laboratory did indeed yield results consistent
with a perfect theoretical crystal.
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APPENDIX A
LARGE AMPLITUDE MODULATION
As stated in the main text, a modulating magnetic field,
~

~

h cos wt, is superimposed on the base magnetic field, Ho.

By making

the amplitude of the modulating field greater than or equal to the size

.

~

of the DHVA oscillation, the nonlinear nature of the magnetizatlon, M,
causes the induced voltage generated in a pickup coil to contain harmonics of the modulation frequency, w.

Phase-sensitive detection of

one harmonic in this voltage can filter the DHVA signal, as well as
enhance the signal-to-noise ratio.

The basis for what follows is from

Stark and Windmiller (1968).
The oscillatory part of the magnetization can be written as
~

M(H,e,~,T)

~

= L A.(H,e,~,T) sin(

2nFi(e,~)

H
+ B.(e,~»)
i l l

where Ai (H,e,~,T) and (2nF i (e,~)/H

+

[A.1]

Bi(e,~») are the amplitude and

phase respectively of the quantum oscillations of frequency Fi (e,~),
th
arising from the i
extremal area, at a temperature T and magnetic
~

field H oriented at some e and

~

respect to the crystalline axes.

(in spherical coordinates) with
Let us, for the moment, look at the

oscillatory part of the magnetization from a single orbit (the ith) and
examine the effects of superimposing a modulating field onto the base
field.

There are two restrictions:

The amplitude of the modulation

field must be a small perturbation of the base field (lhl«IHol), and
the frequency must be low enough so that the skin depth will be larger
93
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than any dimension of the sample, to assure uniformity of the modulation field throughout the sample.
Let us define the phase of the sinusoidal oscillation as
~i

=

2~FiC8,~)/H

and, for the sake of clarity, drop the explicit list-

ing of the Ho , 8,

~,

and T dependences.

The magnetization can then be

written as

[A.2]
For a small change in the magnetic field, h, the phase of the sinusoidal oscillation would change by

[A.3]
-+

-+

when h is parallel to Ho , as it was in our experimental setup.

So the

time dependent change in phase arising from the small modulation magnetic field is

[A.4]
Keeping the perturbation only to the first order, the magnetization's
response to this modulation field can be rewritten as
[A.5]
From this we can say that "large amplitude" modulation is when h is
large enough to make

o~i

~

2n.

To see what harmonics are present, and with what amplitudes,
equation [A.5] is transformed into a Fourier series.

Doing so requires

the evaluation of terms of the form
fSinCo<Pi cos wt
which generate Bessel functions.
as

sin nwt dt

[A.6]

The magnetization can then be written
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+
~

+

I In(o~i)

Ai Mi

sin(~i

+

n=1

where

In(o~i)

ai

+

n2~)

cos(nwt) [A.7]

is a Bessel function of the first kind of order n.

voltage induced in the pickup coil is

The

to the time rate of

p~oportional

change of the magnetization
~

v.

(t)

1

tt

I

n=1
x

where

~

n w J (o~.) Ai (M·~) sin(~.
n

1

1

+

e.1

+~)
2

x

sin(nwt)

[A.8]

is the orientation of the axis of the pickup coil.
A phase-sensitive amplifier will select out a single n from the

the summation in equation [A.8] by detecting the amplitude of the
sin(nwt) term.

But the signals from all the other extremal areas

present must be included.

So the summation over n is removed, but the

summation over i is re-installed.

Re-including the dependences, the

equation becomes
C

L nw
x

In(6~i) Ai(Ho,e,~,T) (M·~)

sin($i

which is equation [1.4] in the main text.

+

ei

+

n2~)

x

APPENDIX B
PROPERTIES OF DISCRETE FOURIER TRANSFORMS
Probably the best approach for thinking about properties of the
FFT is to start with the properties of the Fourier integral and bring
in various aspects of the discrete Fourier transform through use of the
convolution theorem (as in Brigham 1974).

One can then consider the

FFT as a special case of the discrete Fourier transform differing only
in its execution time on the computer.
One method for writing the Fourier integral is
H(f) =

Jm h(t) e-j2TIft dt

[B.1J

-m

The integral is a transformation from the time domain (t) to the frequency domain (f) covering all time (-m to m) and frequencies.

For

most physical applications, h(t) satisfies the condition of having only
a finite number of finite discontinuities.

(This condition is suffi-

cient, but not necessary, since an infinite series of delta functions
can also be integrable.)

Note that I use Brigham's notation in denot-

ing imaginary numbers with j instead of i.

The inverse Fourier

integral
h(t)

=

Jm H(f) ej2TIft df

-m

transforms from the frequency domain to the time domain.

[B.2J
Because of

this ability to go back and forth between time and frequency domains,
h(t) and H(f) are called a transform pair and are designated by the
shorthand
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(->

h(t)

H(f)

[B.3J

The convolution of two functions hand g is defined to be
h(t)*g(t)

=

J

~

-~

h(.) g(t-.) d.

g(t)*h(t)

The power of this construct comes from the fact that the Fourier
transform of the convolution of two functions is equal to the product
of their transforms:
h(t)*g(t)

(-> H(f)G(f)

[B.5J

Our use of the convolution theorem will primarily involve the convolution of a continuous function of finite extent with an infinite series
of delta functions.

In this limited application, the concept of a

convolution is easier to understand.

The convolution of an arbitrary

function f(t) of finite extent to about zero, and a periodic series of
delta functions with a spacing greater than to, results in the periodic
repetition of f(t) about the location of each delta function.

The

location of what was originally f(O) will now occur at the value of t
where each delta function was originally located.
The Fourier integral deals with continuous functions that
extend from

-~

to~.

By contrast, a discrete Fourier transform deals

with data from a finite time period and consists of a series of discrete values.

Its output covers only a discrete number of fl'equencies

in a finite range.

In our data we sampled a signal at intervals of T

over a period To.

(Actually the sampling interval in our experiment

was periodic in l/H, but here I adopt Brigham's notation and let
T

=

l/H.)

The FFT transformed this data file into a listing with fre-

quency intervals ~o spanning a range of frequencies from

a to ~

To
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see some of the assumptions introduced in this conversion from the
infinite to the finite, and from continuous to discrete, we follow the
construction of Brigham as outlined in Fig. B-1.
For an infinite sinusoid of period L, the Fourier integral will
produce two delta functions, at

1L and - 1L (Fig. B-1a). This sinusoid

is to be sampled with a period T.

The Fourier integral of this infi-

nite series of periodic delta functions of spacing T is another series
of periodic delta functions of spacing ~ (Fig~ B-1b).

The sampled wave

form is the product of these two functions, thus its Fourier integral
is the convolution of the two transforms, giving a set of paired delta
functions symmetrically spaced off from the ~ locations by ~ (Fig.
B-1c).

Thus far everything is finite in extent.

In reality, the

sinusoid would only be sampled for a finite time To.

The effect of

this finite time interval is to broaden the delta functions in the
transforms to a finite width (Fig. B-1d).

The transform so far is

continuous, but must be discrete to conform to the output of the FFT.
Thus the transform needs to be multiplied by a series of delta functions, which involves
easiest way to do this

a convolution on the time domain data.

The

with no loss of information is to recreate the

infinite extent of the sampled signal by repeating the sampled segment
with periodi city To (Fig. B-1g).
period (of

t)

The output from the FFT is a single

of this infinite discrete transform.

There are several points to note here.

First, the original

symmetry about zero in the transform is mapped periodically about every
1
f.

Thus the first half of the output from the FFT contains all the

frequency information, while the second half is just a reflection.
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This is why two data points per oscillation is the theoretical limit
to resolution of that frequency.

However, for an inverse transform,

both halves of the transform file must be kept.

The Fourier integral

of an infinite cosine wave is a symmetric pair of delta functions.

The

Fourier integral of an infinite sine wave is an antisymmetric pair of
delta functions.

Thus the inverse Fourier integral of a single delta

function would be the sum of sine and cosine waves; phase information
would be lost, or at least changed, when one of the delta functions is
dropped.

For this reason, in creating the filtered files, both pairs

of a peaks in the transform file must be kept.
It should be pointed out here that the Fourier transform is a
complex function (as can be seen by the "j" in the exponential).

The

output from the FFT usually combines the squares of the real and
imaginary parts to give the intensity of the spectral peak.

However,

to retain phase information in the filtering process, the real and
imaginary parts must remain segregated.
wave is purely real.
imaginary.

The transform of a pure cosine

The transform of a pure sine wave is purely

As in the case of dropping the reflected peak, changing

imaginary to real (or vice versa) will result in the loss of phase
information.

For the digital filtering process, therefore, four pairs

of a peaks must be retained: the real and imaginary parts, respectively, of the frequency spikes and their reflections.
The second pOint to note is that the sampling pOints in the
transform file are not necessarily at the maxima of the (now broadened)
frequency spikes.

Only if To is an integral multiple of , will the

sampling point correspond to the maximum of the frequency peak.

This
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offset can often be seen as a lack of symmetry in the frequency peak
out of the FFT.

Since setting up a sweep in H that would cover an

integral number of oscillations of Y,
impossible, no attempt was made to do so.

~,

and both a's is virtually

For the effective mass data,

the sweep was set to cover two a beats oscillations so as to resolve
both components of the a doublet.

That the a2 peak is stronger (com-

pared to a1) than predicted by the Bessel function envelope probably
means that the H sweep happened to come closer to getting an integral
number of a2 oscillations than it did for a1.
The third point involves the high resolution FFT.

In order to

establish the discrete sampling of the transform, the data was reprodu~ed

periodically from

-~

to

~

(the convolution of the waveform and

the inverse transform of the sampling delta functions on the transform
listing), with a period equal to the sampling period To.

Instead, the

data could be reproduced every 8To, leaving the other seven-eighths of
the cycle blank.

This would create a sampling period on the transform

of 8~ 0 ' or eight times the resolution.
the grid spacing is simply narrower.

No new information is gained;

In this way, the maximum of the

frequency peak can be located with greater precision.
The final point involves time.

Judging purely from the number

of multiplications that must be performed, the time to calculate
directly a discrete Fourier transform of N data points, goes as N2 •
For the FFT, the number of multiplications scales as N log2 N.
ratio of these two time estimates is
R

The
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For a 2048 point data list (2 11 ) , the FFT would take about 0.5% of the
time to compute as the Discrete Fourier Transform.
data list, the time savings would be a factor of 300.

For a 4096 point

APPENDIX C
DETAILS OF ERROR ANALYSIS
The error analysis in this report is fairly straightforward and
was greatly simplified by the use of a computer.

The best reference

would be Bevington (1969), although the notation follows that of the
Error Analysis handout for the Advanced Undergraduate Laboratory in
Physics (Wilde, unpublished).
The simplest analysis used was the average of N data points

-

x

1

= N

I

xi

[C.1 ]

The error is estimated from the scatter of those pOints about their
average
02

(or

S2)

1
= -N-1
I(x. 1

-

X)2

[C.2]

without worrying about whether that scatter came from instrumental or
statistical variations.

An example of the use of this method would be

the finding of a value for the mass of Cd from multiple runs of the
Atomic Absorption Spectrophotometer.
Weighted Average
Sometimes, when taking an average, one feels more confident
about certain values in the group than others.

An example would be the

counting of the oscillations per beat on various data files - the more
beat oscillations on a given data file, the more precise that result
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(for the number of oscillations per beat) should be.

The formula for

this type of averaging is:
x

L(x/oi)

[C.3]

L( 1/oP

where xi is the value, and 0i is its uncertainty.

The error from this

analysis is defined to be:
[C.lI]
There are some problems with using this formula for the above
mentioned case.

One, the 0i's are somewhat arbitrary (although no more

so that many other error estimates).

Two, although I can find no

reference that explicitly states this, I believe that there is an
implied assumption that all the error bars from the various data points
must overlap, which is not true in this specific case.

It makes sense

to assume that the function is no longer valid if there is too much
scatter in the data points.

But how much is "too much"?

The pOint is that this method of estimating the uncertainty in
the weighted average is independent of the scatter of the data about
that average, so I put the scatter back in by assuming that it was an
independent error.

A weighted average was calculated as per equation

[C.3] and this value of x was used to calculate the error due to
scatter (os) as per equation [C.2].

The error from the weighting

factors (ow) was calculated from [C.lI], and the two errors combined as
if they were independent (orthogonal) to find the total error.
2
0t2 = 0S2 + 0w
This method was also used to find the effective mass.

[C.5]
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Linear Regression
A standard "Least Squares" analysis was used many times in this
dissertation, most notably in the "node plotting" data to find the
splitting of the doublet (ba).
large number of data points
oriented calculation.

(30

As it is usually used to analyze a
or more), it is very much of a computer

Following the formula y=mx+b, for N pairs of

b

N Ix 1~ - (Ix.)
2
1

m

(N IXiYi - IXi IYi)/~

[C.6]

2

b= (IX i IYi - IXi IXiYi)/~
For the error estimates we need

with which we can get the uncertainties in the slope and y-intercept
[C.7J

The goodness of fit (which basically says whether the use of this
analysis is justified) is the correlation coefficient, which is given
by
p

m

~

[C.B]

The p must be close to ±1 for the analysis to be valid, as it was in
all the cases in which it was used in this experiment.

Note that the

errors in m and b come from the scatter of those pairs of data pOints
about the best fit straight line, in analogy to the way the error bars
are estimated in the simple average.
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Weighted Linear Regression
In the various plots of the doublet splitting
tent, the data pOints all have error bars.

(~a)

vs Cd con-

The best way to get some-

thing quantitative out of these graphs is to subject them to a weighted
least squares analysis, bearing in mind the very low correlation coefficients that result.
This analysis assumes the xi values are exact, with all the
uncertainty (a ) carried by the Yi values.
i

The equations are almost

identical to the ones above, except for the inclusion of the error in
the denominator of each term of the summation.

For clarity, a few

terms are defined as follows

X1

ai

X2

LxYa~

XY

LY/ai

Y2

LYYa~

S

LXii

1

1

=

LXiY i l

ai
[c.g]

Y1

=

1

1

=

L1/a~
1

Since our interest is in the slope (m), we shall concentrate on that.
Y1)/~

[c. 1 OJ

Note how similar this looks to [C.6J with N replaced by S.

The uncer-

~ =

m = (S XY - X1

S X2 - X1 2

tainty in the slope is defined to be
[C .11 J

Here arises the same problem as with the weighted average:

The

error depends only on the size of the error bars of the data pOints,
not on the scatter about the best fit straight line.

(Although it

would seem possible that the scatter could come in through the

~

term,

reducing every ai by 10% caused am to decrease by exactly 10%, for the
same set of data points.)

In this analysis at least, there is a cor-

relation coefficient to warn when the analysis is no longer valid.
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Since I used this analysis on sets of data that gave low correlation coefficients, I repeated my efforts with the weighted average
by recreating a term relating the error in the slope to the scatter
about the line that the weighted analysis calculated.

A little exper-

imentation on the computer showed that the term N/S did a good job of
removing the consequences of each term in the summation being divided
by its error; that is:

~

Ixi/of

= IXi

With this in mind, 0y can be regenerated as
02 = ~{Y2 + S b 2 + m2 X2 - 2 b Y1 - 2 m XY + 2 m b Xl}/N-2
Y S
so that the uncertainty in the slope due to the scatter in the data is
02

s

= (~)2
N

02

y

N / A

[C.12]

and the total error in the slope becomes
[C.13]
This is the term used to compute the error bars listed in Table

~-6.
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