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ABSTRACT 

The problems of noise removal, and simultaneous 

noise removal and de blurring of imagery are common to many 

areas of science. An approach which allows for the unified 

treatment of both problems involves modeling imagery as a 

sample of a random process. Various nonstationary image 

models are explored in this context. Attention is directed 

to identifying the model parameters from imagery which has 

been corrupted by noise and possibly blur, and the use of 

the model to form an optimal reconstruction of the image. 

Throughout the work, emphasis is placed on both theoretical 

development and practical considerations involved in 

achieving this reconstruction. The results indicate that 

the use of nonstationary image models offers considerable 

improvement over traditional techniques. 
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CHAPTER 1 

INTRODUCTION 

Many areas of applied science require collection of 

image data. The mechanics of this process always involve 

the detection of electromagnetic radiation and a recording 

mechanism whereby the detected information 

Whether the detection/recording system be a 

is stored. 

conventional 

camera and film or an elaborate electronic imaging system, 

one of the pitfalls encountered in this practice is that the 

image data thus acquired is sometimes not faithful to the 

original scene. 

Two major degradations can commonly be present. 

First, the image may be blurred before it gets to the 

detector. Examples of this are blur due to atmospheric 

turbulence, motion of the detector, or a defocused lens. 

The second degradation is noise, which is invariably intro

duced into the recorded image by the detection/recording 

system itself. It is not surprising, therefore, that 

researchers in many fields are concerned with the problems 

of removing noise from an image, the image smoothing 

problem, and of deblurring a noise corrupted image, the 

image restoration problem. 

1 
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This dissertation represents an effort to develop 

improved algorithms for the smoothing and restoration of 

images. Before proceeding to the statement of the problem, 

essential notation and concepts are presented. 

The Image Degradation Model 

The discrete-space representation of the detection/ 

recording process will be considered, in view of the fact 

that most practical image processing algorithms are 

implemented on digital computers. All images considered 

will be square and consist of N2 pixels. Define the index 

domain V = {O,1,2, ... ,N-l} x {O,1,2, ... ,N-f}; an image \vill 

be denoted {umn }, for example, and will be defined on V. 

Suppose that the signal is input to the 

detector. The observation {z } is related to the input by 
mn 

the equation 

z mn = Ymn + v mn 
( 1 ) 

where {v mn} is the noise, \vith mean zero and autocovariance 

function E {v v } 
kl k+m,l+n 

noise process. This 

= 
2 a omn, 
v 

i. e. , 

is a legitimate 

{ v mn} is a whi te 

assumption for 

photographic film if the scanning aperture of the digitizer 

is at least as large as the film grain size or the aperture 

of the lens, whichever is larger. For electronic detectors, 

it is well known the.t the noise may be assumed white [1]. 

The noise is assumed statistically independent of the 
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signal. This assumption is almost never completely true, 

but is used for two reasons. First, there are few 

techniques available for dealing with signal-dependent as 

opposed to signal-independent noise. Second, the methods 

which have been developed for the signal-dependent case show 

little gain in the accuracy of the restoration [ 1 ] . 

Consequently, the signal-independent model of (1) shall be 

used. 

As mentioned above, sometimes a blurred version of 

the original image arrives at the detector. This process 

can be represented as follows. Suppose the signal {Ymn} is 

the output of a linear shift-invariant system with 

point-spread (blur) function k = -p, ... ,0, ... , p; 

1 = -q, •.. ,0, ... ,q, with input the object {x }. 
mn 

is 

the convolution of {x mn } \dth the point-spread function. 

Making the 

written as 

definition x 
mn 

y mn = I 
k=-p 

1 
l=-q 

= 0 for (m, n) ~ D, {y } 
mn Can be 

( 2 ) 

Equations (1) and (2) describe the image degradation 

process in component form. Note that in the absence of 

blur, the signal is equal to the object, and (1) and (2) 

reduce to one equation. Equations (1) and (2) may be 

combined to yield: 
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Zmn = I 
k=-p 

r 
l=-q 

h x + v kl m-k,n-l mn 
( 3) 

These expressions can be put into the compact 

vector-matrix form as follows [1]. Assume p < N, q < Nand 

define the lexographically ordered vectors y, ~, ~ and ~ by 

= with 

analogous definitions for the remaining vectors. The terms 

signal, observation, etc. will be applied to these vectors 

as well as to the original images. Define a N2 x N2 block 

Toeplitz matrix H by 

HO H -1 ... H o ...... ... 0 -p 

HI HO H 
- 1 

... H 0 -p 

H 
P 

H = O. 0 

H 
. - P 

H 
-1 

lo ° H HI HO P 

where the blocks are given by 



H. = 
1 

hiO h i ,_l ... h i,_q 0 ......• 0 

hi1 hiO hi -1 , 

h. lq 

0 

o 

h. l,-q 

o h. 
lq 

o 

~h . 
. l,-q 

J 

;h 
... i , - 1 

With these definitions, Equations (2) and (1) become 

y = Hx (4) 

z = y + v (5) 

and Equation (3) becomes 

z = Hx + v (6) 

5 

Equation (4) is the vector-matrix representation of 

the blurred object, and Equation (5) represents the addition 

of noise to the received signal. Equation (6) is a complete 

description of the degradation process. It is to be noted 

that (6) contains the absence-of-blur case by setting H = I. 

A block diagram of the degradation process is given in 

Figure 1. 
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z 
H 

Figure 1. The Discrete Image Degradation Model. 
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Image Smoothing and Restoration 

Consider the degradation model of Equation (6). The 

task of image smoothing and restoration is to obtain an 

optimal estimate x of the object by operating on the 

observation z. A variety of criteria and methods has been 

proposed to perform this function [1,2]. An approach which 

allows for the unified treatment of smoothing and 

restoration involves modeling the object as a sample of a 

random process. Obviously this is only a model for the 

object. The average image is a highly structured entity; no 

one would seriously suggest that the object image is random 

in exactly the same sense as random noise. Nevertheless, 

the model has proved useful in many applications. 

By using the first and second order moments of 

object and noise, an optimal minimum mean square error 

(MMSE) estimate of the object is simple to derive. 

Identification of these moments and the resultant estimates 

form the major areas of investigation of this work. 

Statement of the Problem 

Denote the mean of ~ by i and the covariance matrix 

of ~ by R • x 
The mean of the noise v is the zero vector, and 

its covariance is given by R = 
v 

2 
0" I. v 

Given the degradation 

model (6) and these statistics, the affine minimum mean 

square error (MMSE) estimate ~ of x is given by [3]. 
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A 

X (7) 

The simplest assumption on the object statistics is that of 

wide-sense stationarity, i.e., x is a constant vector, and 

R is of block-Toeplitz form. 
x 

This assumption leads to a 

computational method for computing ( 7) via the two-

dimensional FFT [ 1 ] . 

There are two main problems associated with this 

approach. First, the restorations produced by this method 

are often too smooth; the noise is smoothed along with a 

significant amount of edge detail. The inadequacy of the 

stationary assumption has been noted [1,4]. The mean of 

most imagery is poorly modeled by a constant. It has been 

suggested [ 4 ] that a slightly blurred version of the 

observation serves as a much better mean. It has also been 

demonstrated that the stationary covariance assumption is 

largely equivalent to assuming that the image consists of 

one uniform texture [5], an unlikely occurrence. I n the 

light of these facts, it is not surprising that the 

stationary assumption method often produces a po or 

restoration. 

The second problem with the above approach has been 

largely ignored in the literature, and has to do with the 

notion that the object statistics are available. \.,r hi 1 e the 

object is assumed to be a sample of a random process, there 

are usually no other members of the ensemble at hand, so 
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that the only statistical information avai.lable about the 

object is contained in the degraded observation. It should 

therefore be clear that knowledge of x 

assumed a priori, but rather should be 

and R cannot be x 

estimated somehow 

from the observation. 

Summary of the Dissertation 

This dissertation is an attempt to overcome. the 

problems associated with the stationary object hypothesis, 

while retaining the random process object-model for image 

smoothing and restoration. The new work presented involves 

relaxation of the stationary object assumption, development 

of algorithms for estimating object statistics from the 

observation, and development of algorithms for the 

computation of optimal estimates using the relaxed model. 

Chapter 2 examines the simplified problem of noise 

smoothing. The relaxed model is presented, as well as 

procedures for estimating the model parameters from noisy 

observations. One method of mean estimation and two 

alternative methods of variance estimation are presented. 

These procedures are then applied to the problem of 

smoothing. The chapter concludes with some examples, and an 

evaluation of performance. 

Chapter 3 expands the methodology to include the 

presence of blur. ~lodified procedures for model estimat-

tion are presented, and computational procedures for deter-
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mining MMSE estimates are developed. The chapter concludes 

with some examples, and an evaluation of performance. 

Chapter 4 contains a summary of the work, conclu

sions, and suggestions for further research. 



CHAPTER 2 

IMAGE SMOOTHING 

In the absence of blur, the degradation model (6) 

becomes 

z = x + v (8 ) 

or in component form 

z = x + v mn mn mn 
( 9) 

There have been many varied attempts to remove the 

noise from z and recover the object ~. The most obvious 

approach is to apply a local averaging filter to z [2]. 

This is among the most basic of the so-called sliding window 

type of operations, which involve examination of a "window," 

usually square, of pixels around each pixel of an input 

image. The output pixel at each window position is a 

function, in this case the average value, of the pixels 

lying within the window. Hhile this process reduces the 

noise somewhat, the disadvantages are two-fold. First, the 

noise is reduced at the expense of blurred edges and detail. 

Second, the choice of the window size is crucial; if the 

window size is too small, the noise is not reduced very much 

11 
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and disturbing wavelike correlations are induced in the 

residual noise, \.,rhile the use of a large window exacerbates 

the first problem. 

An alternative is to consider the object to be a 

sample of a wide-sense stationary random process with known 

mean and autocovariance function. The resultant estimate is 

given by the output of the noncausal Wiener filter. To 

leave aside for the moment the unjustified nature of this ~ 

priori assumption (known statistics), the resultant estimate 

shares the main shortcoming of simple averaging: excessive 

smoothing of edges and detail. The reason for this is that 

the stationary process is probably insufficient to model the 

local structure present in most images [1]. 

Kalman filters ha ve also been tried. These 

techniques always involve modeling the object as the output 

of a dynamical system driven by white noise, and many 

different models have been proposed. Some of them will be 

reviewed here. Hoods and Radewan [6] investigated several 

different systems for modeling the object. The exact 

solution of the Kalman filtering equations for all the 

systems 

Instead, 

filter 

was 

they 

which 

considered 

developed 

eased the 

a 

too computationally expensive. 

suboptimal reduced-update Kalman 

computational burden. In their 

experimental results, they first subtracted a nonstationary 

mean estimate from the observation, then assumed a shift 
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invariant system, which is equivalent to assuming covariance 

stationarity. In fact, their method gives an approximate 

solution to the noncausal Wiener estimate considered above, 

with stationary covariance and nonstationary mean. 

Their results show improvement over the stationary 

technique, but it is due to the use of the nonstationary 

mean rather than the Kalman technique per se. The reason 

for this is the following. When the mean is assumed 

constant, all of the image structure must be incorporated 

into the covariance function, assumed stationary. This 

structure mainly consists of edges and detailed regions of 

high variation. In a typical image, the edges contribute 

much more to the total variation than the detail does, which 

means that the covariance is largely describing the edges. 

It could therefore be quite possible for two images possess

ing very different amounts of detail to have practically 

indistinguishable wide-sense stationary covariance 

functions, if the images had comparable edge content. In 

contrast, by using a nonstationary mean, the gross 

variations contributed by edges can be greatly reduced. In 

this case, the covariance function is characterizing the 

detail present in the image. In the scenario outlined 

immediately above, the two covariance functions would be 

very different when nonstationRry means are used, thus 

reflecting the differing amounts of detail present in the 
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two images. In conclusion, the use of a nonstationary mean 

makes possible more accurate modeling of the detail by the 

covariance function. It is this phenomenon which we believe 

is the reason for the improved results obtained by Woods and 

Radewan. 

Recently, 

predictor/filter 

attention 

algorithms 

has 

which 

been directed toward 

perform adaptive noise 

smoothing by combining the identification of a 2-D AR or 

ARMA model with a filtering step [7]. The algorithms are of 

the sliding window type and are applied iteratively at each 

window position. The methods 

results, but are rather complex, 

produce reasonably 

and we suspect that 

good 

they 

perform about as well as the simple method proposed by Lee 

[10], discussed below. 

A number of ad hoc procedures have been proposed by 

Rosenfeld's group [8,9]. These methods do not utilize a 

statistical image model as the previous techniques do, but 

rather presuppose that imagery consists of piecewise 

constant segments, which is a model, albeit a very simple 

one. Only a few of the methods achieve any degree of 

smoothing \vithout blurring, and are largely inappropriate 

for smoothing of real imagery. 

Lee has proposed a very simple technique which 

relies on the use of local statistics computed in a sliding 

window fashion [10]. Denote the sample mean at a window 
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location as m .. , and the sample variance of the observation, 
1J 

also computed over the window, 

the object at location ( i , j) is 

2 as a . 
o 

given 

Then the estimate of 

by 
A 

k( z .. x .. = m. + 1J 1j 1J 

m .. ), where k = (a 2 a 2) /0 2 
V 0' 

\.,rhich has the form of a 
1J 0 

scalar, nonstationary Wiener filter. Lee notes that the 

method is fairly sensitive to the window size; he recommends 

7 by 7. The method works well, though it does not smooth 

the noise very much in edge regions. To improve the 

performance, he suggested an improved algorithm [11] which 

used a gradient-type operation to detect the presence and 

orientation of edges. If an edge is detected, only those 

pixels on the same side of the edge as the pixel in the 

center of the window are allowed to contribute to the mean 

and variance estimates. The improved algorithm has better 

performance; however, one drawback to the method is that the 

variance estimates tend to be highly variable, especially 

for low signal-to-noise ratios. This fact can cause a 

region with low variance to seem to possess high variance, 

and thus be insufficiently smoothed. Another problem with 

the method is that it tends to sharpen ramp edges into step 

edges, damaging the visual quality of the smoothed images. 

The New Approach 

In the work that is to follo\v, the object will be 

modeled as a nonstationary random process with the following 

characteristics. The mean x is spatially variant, and 
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incorporates a great deal of the image structure. In this 

way, highly correlated regions of x are considered to be 

part of the mean. This leaves the residual x = x - x free 

to characterize the detail. The residual process is assumed 

white, 

made 

i. e., R 
x 

is a diagonal matrix. This assumption is 

for three reasons. First, as mentioned above, the 

components of x which are highly correlated are to be 

incorporated into the mean ~, which means that ;{ = x x 

will be less correlated than x. 

Second, the assumption is a practical one. I t is 

desired to estimate the covariance parameters of x from z. 

The white assumption implies that there is only one 

covariance parameter to be estimated, the variance. I f x 

was assumed nonwhite, there would be higher orders of the 

covariance function to be estimated, and it is well known 

that these estimates possess even higher variability than 

described below, the zero order (variance) estimate. As 

part of the work involves computing these estimates over 

irregularly 

image. The 

shaped, and 

problems of 

possibly small, regions of the 

estimating the variance of small 

regions have been noted in the comments on Lee's methods. 

To expect that reliable estimates could be obtained of the 

higher orders of the covariance function when it could be 

difficult to even obtain good estimates of the variance is 
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unrealistic. It is therefore a constraint of practicality 

which dictates a white residual assumption. 

Third, consider that the assumption corresponds to 

the assumption of a white power spectrum for the residual. 

When used in a MMSE smoothing scheme, this results in a less 

aggressive smoothing than would be obtained using a nonwhite 

residual assumption. The human visual system is rather 

unforgiving of overly smoothed detail, preferring instead a 

little more detail and noise to be present [1]. Therefore, 

the white residual assumption produces an estimate which is 

consistent with the quality criterion of the human visual 

system. 

Within the framework outlined above, two hypotheses 

for x will be tested: (I) x is stationary, i. e. , R x is 

constant along the diagonal, and (2) x is stationary over 

distinct regions of the image but each region may have a 

different variance. The latter assumption implies global 

covariance nonstationarity, and is largely equivalent to 

assuming that the object is comprised of distinct regions of 

constant texture. Emphasis will be put upon methods of 

identifying the se statistical parameters, and their 

incorporation into an optimal smoothing algorithm. 

Image Modeling 

There have been few attempts at nonstationary mean 

modeling, and very little attention paid to nonstationary 
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Strickland [31] developed a radiometric/ 

geometric transform \Vhich generates images \Vith approxi-

mately \Vide-sense stationary statistics. Strickland and 

Smith [ 32 ] have applied the technique to image data 

compression. Ho\Vever, it is not obvious to the author ho\V 

to apply the method to the smoothing/restoration problem. 

Hunt and Cannon [4] suggested using a blurred version of the 

observation as a nonstationary mean. This is also the 

assumption used in Lee's method [10]. This is a much better 

practice than using a constant mean, yet the residuals 

thereby produced are no t \Vhite. In particular, the 

residuals have relatively high values in areas corresponding 

to edges in the object. The edges therefore are considered 

to be part of the residual image, \Vhich is usually not well 

modeled by a stationary, or even a regionwise nonstationary 

process. Many types of "edge-preserving smoothing" 

algorithms have been proposed [12,13,14]. However, these 

methods form poor mean estimates because they tend to 

sharpen ramp edges in to step edges. Preservation of ramp 

edges is even more important than preservation of step 

edges, for the simple reason that the majority of edg es in 

real imagery are of the ramp variety, and when the y are 

sharpened into steps, the effect is wholly unnatural. It 

became clear in the course of many experiments that a 
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different approach was needed: one that would preserve ramp 

edges while distorting step edges as little as possible. 

There has been little work done in the area of 

nonstationary variance estimation. The predictor/filter 

methods mentioned above can characterize nonstationary 

residuals, but they are not applicable to the frame",ork 

adopted here. The local variance technique of Lee has been 

mentioned [10,11]. The inherent instability of his variance 

estimates has been noted also. In the work below, t",o 

different procedures for defining regions are given. The 

first entails defining the entire image as one region, i.e., 

variance stationarity. Thi~l is a simple assumption, but 

ensures a reliable variance estimate. The other approach 

involves grouping contiguous pixels into regions. In this 

approach, there "'ill be typically many large regions formed, 

and reliable variance estimates can be obtained for them. 

There will also be some small regions formed for which the 

variance estimates may be erratic. This is the price that 

must be paid for residual modeling of the nonstationary 

variance type. 

Mean Estimation 

Most images can be conceptually partitioned into t",o 

parts: one consisting of relatively smooth areas, and the 

other consisting of edges and detail. The mean estimation 

algorithm operates on the observation in t",o stages, 



corresponding to the two parts of the image. 

are of the sliding window type. 
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Both stages 

The first stage examines pixels within the window 

and makes a decision as to whether the mean is constant 

within the window or not. If it is, the output pixel at the 

window location is an average of all the pixels lying within 

the window. If it is determined that the mean is 

nonconstant within the window, the output pixel is equal to 

the center pixel of the window. In other words, if a given 

pixel is surrounded by pixels of the same mean, the pixel is 

averaged with its neighbors; if not, it is left unchanged 

and will be processed in stage two. 

The classical method of determining if the mean of a 

random sample is constant is the analysis of variance 

(ANOVA) technique [lS]. In this method, the pixels \vithin 

the window are partitioned into subareas, a sample mean and 

variance being calculated for each. This enables 

computation of the so-called F statistic. If the statistic 

is less than some threshold, the mean is considered to be 

constant to some specified degree of significance; 

otherwise, the hypothesis of uniform mean is rejected. He 

tested this algorithm and obtained poor results. A 

representative result is shown in Figure 3a. The original 

image was corrupted by simulated additive white Gaussian 

noise to give a signal-to-noise ratio of 10 db. This image 



21 

was processed with four iterations of the F-test algorithm. 

The window size was taken to be 5 by 5, and the subareas 

labeled 1, 2, 3 and 4, as shown in Figure 2, were used as 

the window partition (the center pixel was not used in the 

test). The level of significance of the test \Vas taken to 

be 90%; this level was subjectively judged to provide the 

best results. The result shown in Figure 3a shows much less 

selectivity than we would like. Regions of high edge 

content tend to be smoothed over '"hile regions which look 

smooth tend to be insufficiently smoothed. 

A new test has been developed \Vhich uses a 

uniformity criterion similar to that proposed by Chen and 

Pavlidis [16] for image segmentation purposes. In this 

method, the window is partitioned into subareas, sho\Vn in 

Figure 2 for a 5 by 5 win do, .... Denote the sample mean for 

each of the four outer regions by u.; 
1 

i = 1, 2, 3, 4 (the 

center pixel is not included in the test), and let H denote 
o 

the hypothesis of uniform mean. The decision rule is: 

Accept H if maxlu. - u.1 < T 
o .. 1 J 

1J 

Reject H 
o 

otherwise, 

where T is a threshold. This criterion provides better 

selectivity than the F-test. Figure 3b shows the result of 

four iterations of this method \Vith a threshold equal to 15, 
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and a window of size 5 by 5. Comparison of Figures 3a and 

3b reveals the improved performance of the new algorithm. 

The second stage of the mean estimation process has 

as its aim the removal of noise from edge and detailed 

regions. Many different schemes have been tried in this 

context. It has been concluded that s·ome blur will be 

inevitably introduce at this stage because of the need to 

preserve ramp edges. An approach which performs as well as 

any tried is a simple smoothing with a Gaussian-shaped 

filter within a square window. Formally, let an M by M, M 

odd, window be gi ven, with the center pi xel ha ving 

coordinates (0,0). Then the filter weights gjk are given by 

(10) 

where C is a normalization factor chosen so that I gJok = 1, 
jk 

and S is the spread factor of the filter. The normalization 

to one is required so that the filter leaves the D.C. 

component unchanged. This filter is easy to implement, and 

due to its circularly symmetric nature, introduces fewer 

artifacts than a simple averaging over the square window. 

It should be noted that the first stage of the 

processing is not extraneous. If it is omitted, the 

detailed regions would be smoothed to the same degree, but 

the regions of low variation would not be smoothed enough. 

In particular, application of the Gaussian filter to the 
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flat, noisy regions results in correlation of the noise, 

introducing wavelike artifacts. Figure 4 shows the results 

of smoothing a noisy image at a SNR of 10 db by the 

two-stage process, and by simple Gaussian smoothing of the 

same image. 

just noted. 

Comparison of the two reveals the artifacts 

In summary, the two-stage process described above 

can be used to incorporate a great deal of the object 

structure into the mean image, and is superior to simple 

averaging or edge preserving smoothing techniques. 

Variance Estimation 

Once the mean has been obtained via the procedures 

described above, the statistics of the residual object must 

be characterized. Recall that the pixels of the residual 

object are assumed uncorrelated with one another, though the 

residual may be regionwise nonstationary. The problem of 

what constitutes a region will be taken up below; for the 

moment the emphasis will be upon estimating the variance 

parameter(s) of the residual object from the residual of the 

observation. The equations developed below \vill consider 

the estimation of a single variance parameter for the entire 

image, i.e., the entire image is considered to be a region. 

The resultant variance estimator can be made to apply to an 

arbitrarily defined region by simply restricting the range 

of the pixel indices to the support of the region. 
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The maximum likelihood estimate [17] of the variance 

will now be developed. Recall the degradation model of 

Equation (1). Since E{v
kl

} = 0, the mean of zkl is the mean 

of x
k1

' and is known through the process of mean estimation. 

He now assume Gaussian statistics for mathematical tracta-

bility. Hunt and Cannon [4] show this to be a legitimate 

assumption. 

Using the Gaussian assumption for signal and noise, 

the conditional probability of zkl given ax is 

(11) 

2 
Let H = N • Then by the whiteness of signal and noise, the 

conditional density of z given a is 
x 

The maximum likelihood estimate of a x' 

(12) 

8 x' maximizes the 

conditional density P(~I a x), consistent Hith the fact that 

a x is a standard deviation, i. e. , a x is nonnegative and 

finite. Therefore, the maximum likelihood estimate 8 is 
x 

the solution to the following optimization problem: 

minimize: 

subject to: o < a < co x 
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Optimization problems of this sort can be difficult 

to solve in closed form and frequently numerical techniques 

must be used [3]. This one is an exception. First note 

that 

- 1 n P (~ I a x) = M Tr + M I 2 1 n ( a ~ + a ~) + L ( Z k 1 - xk 1 ) 2 I 2 ( a ~ + a ~ ) 
k,l 

(14) 

The first term on the right-hand side does not involve a x 

and can be omitted in the optimization. The division by two 

does not affect the location of the minimum and also can be 

omitted. The problem (13) then reduces to 

minimize: 
a x 

subject to: 

where F2 = 11M L (zkl 
kl 

respect to a is x 

C(a ) = x 

0 < a 
x 

2 
a ~) F2/(a 2 a2 ) In(a + + + x x v 

< 00 

( 15) 

The derivative of C with 

( 16) 

Under a certain condition, the solution to the unconstrained 

problem is the solution to the constrained problem, namely 

when the solution to the unconstrained problem satisfies the 

constraint. The necessary condition can be obtained by 

setting the derivative equal to zero, and solving for a as 
x 



8 
x 

F 2 _ 2 a . 
v 

This is the solution to the unconstrained problem. 

be the solution to (15) if F2 > a 2. 
v 

For F 2 < 

30 

(17) 

It lvill 

the 

derivative (16) cannot be equal to zero anywhere in the 

interval (0, (0), for if so, the estimate I ... ould be given by 

(17), which is a contradiction. Therefore, the 

optimal estimate A 2 ax is zero. In summary, the maximum 

likelihood estimate of the variance a 2 is given by 
x 

8 2 = min{F 2 - a 2 O}. 
x v' 

( 18) 

In practice, if the sample size M is sufficiently 

large and a > 0, x 
the event F2 < a 2 occurs with approxi

- v 

mately zero probability, and (18) reduces to 

(19) 

For the purpose of examining the properties of the 

estimate, we will assume that a > 0 and the sample size is 
x 

sufficiently large, so that (19) holds. Taking expectations 

on both sides of (19) yields 

(20) 

so that the estimate of (19) is unbiased. The variance of 

the expression (19) is now evaluated. Define ~kl 

2 / \' - 2 that F = 1 M ~ zk1. 

= x
k1 

Since x
kl 
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and v k 1 are G a u s s ian dis t rib ute d, E {x k4~ = 3 0; and E { v ~ I} = 

4 30 , as is \V e 11 k n 0 \V n [18]. No \V the n 
v 

(21) 

E{(I/M L ":2 2 I -2 2 
zkl - 0 )(l/M z .. - 0 )} 

v 1J v k1 

11M2 I I E{zijZ~I}-= 
ij k1 

and it is straightforward to show 

and 

so that (21) becomes 

Finally, 

= 21M (0
2 + . x 

2) 2 o , 
v 

ij 

21 ~1 0
2 L E{zkl} + 

4 
(J 

v v 
k1 

i = k, j = 1 

i -f k or j -f 1 

(22) 

(23) 

and lim Var0 2 } = 0, 
x M -roo 

so that 8 2 is a consistent estimate. 
x 

Image Decomposition 

Th e pro b 1 em 0 f \.,r hat con s tit ute s are g ion, for the 

purposes of variance estimation, is taken up in this 
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section. Ideally, the size of a region should be chosen 

large enough to give a reliable variance estimate, but small 

enough so that the variance estimate reflects the local 

nature of the object texture. Obviously, these are 

conflicting requirements. THO types of region determination 

have been tested, corresponding to extremes of these tHO 

requirements. 

The first Hay of defining the regions is to consider 

the entire image as one region. This assumption implies 

variance stationarity, thus ignoring the local variation of 

texture but clearly gives the most reliable estimate of this 

variance. Note that this is not the same assumption used in 

the s tat ion a r y \.Ji e n e r f i 1 t e r , sin c e a non s tat ion a r y mea n i s 

alHays used here. This type of estimate is expected to give 

a reliable result, but one which is not adaptive to local 

texture. 

The second type of region determination makes use of 

a region labeling process. Due to the degraded condition of 

the residual (noise), it is not possible to use texture 

measures directly to characterize distinct regions. An 

alternative is to use the gray levels of the mean image as 

cues to indicate distinct textures. Areas of the mean image 

possessing sloHly varying gray levels are considered to 

belong to the same region, Hhile sharp discontinuities 

signify a border betHeen regions. Since the mean may not be 
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totally comprised of relatively flat regions and sharp 

transitions, a preprocessing step, to be described below, is 

applied to the mean before labeling is attempted. 

The purpose of region labeling is to provide each 

pixel location with a unique label, in our case a "region 

number." The aim is to label contiguous clusters of pixels 

with identical labels, so that they may be used to calculate 

local variance estimates. There are many different methods 

that can be used to label regions [19]. The one selected 

for use here is simple and fast. 

The method is of the so-called blob coloring variety 

[ 19] . A picture is assumed to consist of different regions 

or blobs, each of which is to be uniqueJ.y labeled or 

colored. The specific technique used here was developed by 

Ryan [20]. The method involves the analysis of the pixel 

values of the mean above and to the left of the pixel to be 

labeled; the two neighbors are assumed to have been 

previously labeled. The algorithm proceeds in a causal 

fashion, from upper le ft to lower right. Figure 5 

illustrates the situation for assigning the current label L. 

Here, V is the gray level of the pixel to be labeled, V and 
u 

Vl are the gray values of the two neighbors, and Lu and Ll 

are their respective labels. The process utilizes a 

labeling threshold t which determines the maximum allowable 
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Figure 5. Neighborhoods for the Labeling Operation. 
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gray level variation between adjacent pixels within a 

labeled region. Ryan's rules for determining L are: 

l. If I V - V I > t u 

then L = new 

2. If Iv - V I < t u 

then L = L u 

3. If Iv - V I > t u 

then L = Ll 

4. If Iv - V I < t u 
-then L = L u 

5. If I V - V I ~ t u 

then set Ll 

and Iv - vII > 

label 

and 

and 

and 

and 

_ L 
u 

Iv - vII > 

I V - V 11 ~ t 

I V - vII < 

I V - vII ~ 

and L = L 
u 

t 

t 

t and L = Ll u 

t and L 1 Ll u 

The preceding algorithm labels an image in a single 

pass through the data by maintaining a label equivalence 

table to implement condition 5. Whenever this situation is 

encountered, all previous occurrences of ma x {L , 
u 

are 

changed to min{Lu,L l } in the table. The attentive reader 

will have noticed that the technique just described requires 

that the image consist of extremely smooth regions with 

sharp transitions between them to be effective. In order to 

facilitate the labeling process, a preprocessing operation 

is performed beforehand. 

The preprocessing operation is in two stages, and 

both are of the sliding window type. The first stage is an 

interval averaging process introduced by Prager [21] and 
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improved by Ryan [20]. In this process, the center pixel in 

a square window is replaced by the average of all the pixels 

in the window having gray level values that differ from the 

center pixel by less than a threshold T. If the cardinality 

of this set is too small, then the center pixel is replaced 

by the average of all the pixels that differ from the center 

pixel by more than T as long as the maximum deviation within 

this set is less than T. Formally, let V be the value of 
o 

the center pixel. Then the new value is given by 

I 
V.E:S 

1 

I 

I V = 
0 

V.E:S 
1 

V. 
1 

V. 
1 

if N > n 

if N < n and max 
S 

otherwise 

I V. - v.1 
1 J 

< T 

where S = {V.: IV. - V I < T} has cardinality N, S is the 
110 

complement of S (within the window) and has cardinality N, 

and n is a cardinality threshold. Following Ryan, given a 

window defining the neighborhood of V with dimensions M x M 
o 

(M odd), n has been selected to be n = 0'1 - 3)/2. Then for 

a window size t-'I > 3, isolated points which differ from a 

background by greater than Twill be merged into the 

background, so long as the background is approximately 

homogeneous. This operation has the property that all ed8es 

of strength greater or equal to T will be preserved, while 

textured regions will be smoothed. Hhen applied 
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iteratively, this operator results in a stylized image 

possessing regions of extremely slowly varying gray level, 

though seemingly distinct regions do not always have sharp 

transitions between them. For this reason, after operating 

with the interval averaging process, the mean is subjected 

to another stage of processing before labeling. 

The second stage is a variation of the edge 

preserving smoothing process proposed by Tomita and Tsuji 

[12]. A square 3 by 3 neighborhood is examined for the most 

homogeneous subregion, out of the four subregions pictured 

in Figure 6. The output value is the average over the most 

homogeneous subregion. This test for homogeneity is aCCGm-

plished by computing the variance for each of the 2 by 2 

regions pictured in Figure 6. The one \vith the smallest 

va ria n c e is con sid ere d to bet h e mo s tho m 0 g e n e 0 us, and its 

average value becomes the output of the process at that 

window location. When applied iteratively to the output of 

the first stage of the preprocessing, this second stage 

transforms ramp transitions into step edges, 

image ready for labeling. 

The result of the preprocessing 

producing an 

and labeling 

operations is quite good. HO\1eVer, as is the case \vi th most 

labeling techniques, it produces a number of small (one or 

two pixel) regions. A simple remedy for this is to use a 

small region elimination step which proceeds as follows. A 
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3 by 3 window is moved across the image labels. If there 

are less than m labels identical to the center label within 

the window, the center label is replaced with the label most 

frequently occurring within the window. In practice, m has 

been taken equal to two. 

A wor d about use of the labels for variance 

estimation is in order. The variance estimates can be 

computed in a single pass through the observation residual 

by maintaining a table of deviations, and a table which 

represents the number of pixels within each region. The 

number of entries in these tables is equal to the number of 

labeled regions. At each pixel its label is examined, and 

the locations in the deviation and number tables are 

incremented appropriately. The deviation divided by the 

number of points yields the factor F2 from Equation (18) for 

each region, which can then be used to compute the local 

estimate of 0 2 via (18). 
x 

Optimal Smoothing 

Once the mean and variance is determined for each 

pixel in the object, it is possible to implement the HHSE 

smoothing algorithm 

Specializing ( 7 ) to the 

and (R ) .. = 
X 11 

where 

the 
.th 
1 position of 

(nonstationary Hiener 

case at hand, with H = I, 

filter). 

R 
v 

= 
2 

cr I 
v 

the pixel (k,l) has been mapped into 

the lexographically ordered image 

vector, we obtain the optimal estimate of x
kl 

as 
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(24) 

where 2 2 a l(a
k1 xk1 

= + 
2 a ). 
v 

In practice, the estimates 

are used for the computation of the gain Thus, 

all parameters of (24) are known, and the estimate can be 

computed very easily and quickly once the necessary mean and 

variance estimates are obtained. 

Examples and Smoothing Performance 

The preceding smoothing algorithm has been tested on 

two images at various signal-to-noise ratios. The images 

consist of 256 pixels by 256 lines, and are the green bands 

from three- band color images. The signal-to-noise ratio 

(SNR) is measured in decibels (db) and is computed as 10 

loglO(r) where r is the ratio of the (wide-sense stationary) 

variance of the object to the variance of the noise. 

Figure 7 shows the two original images. 

Simulated white Gaussian noise was added to the 

images at SNRs of 20, 10 and 5 db. These images are 

pictured in Figure 8. The noisy images were processed by 

the mean estimation algorithm with parameters as given in 

Table 1. In this table, H/l is the \vindow size, Tl is the 

threshold, and ITER is the number of iterations for stage 

one, while IW
2 

is the window size, and S is a measure of the 

spread of the Gaussian filter for stage 2. Both the girl 

and the house images were processed with the parameters 
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Figure 8. Noise-Corrupted Images. 

a. Girl Image, SNR = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

f. House Image, SNR = 5 db. 
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Figure 8e. 
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Table 1. Parameters used in mean estimation algorithm for 
the noise-corrupted images. 

SNR H'l Tl ITER H'2 S 

20 3 15 2 3 1 

10 5 15 4 5 2 

5 9 15 4 7 3 

Table 2. Stationary variances estimated from the noise-
corrupted images. 

SNR a Girl Image 8 a House Image a 
v x v x 

20 4.22 4.59 4.30 4.79 

10 13.37 7.61 13.60 8.17 

5 23.78 10.03 24.18 10.54 
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listed in Table 1. It should be noiiced that the threshold 

for the uniformity test averaging process remained constant 

for the different SNRs; increased reliability was provided 

by larger window sizes as the SNR decreased, rather than an 

increased threshold. 

Figure 9 gives the results of the uniformity test 

averaging for the noise-corrupted images, and the final mean 

the Gaussian smoothing is presented in Figure 10. 

9 demonstrates the excellent smoothing performed by 

after 

Figure 

this process while leaving detailed regions largely 

unchanged. The means from Figure 10 show some blurring, but 

as was mentioned above, this effect is necessary to some 

extent to preserve ramp edges. 

The variance was estimated according to the two 

methods of re gi on determination-stationary and region 

variant. Table 2 gives the estimated stationary standard 

deviations for the test images. As might be expected, as 

the SNR decreases the mean image contains greater errors, 

causing more of the object to be classified as detail. For 

comparison's sake, the standard deviations of the noise are 

also listed. 

In computing the region variant statistics the 

i0ages were first processed with two passes of the interval 

averaging algorithm with a window size of seven by seven and 

threshold set equal to ten (just slightly less than the 



Figure 9. Uniformity Test Averaging 
Corrupted Images. 

a. Girl Image, SNR = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

f. House Image, SNR = 5 db. 

of the Noise-
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figure 9a. Girl Image, SNR = 20 db. 

figure 9h. House Image, SNI\ 20 db. 
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Figure ge. Girl Image, SNR 5 db. 
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Figure 10. Means Estimated 
Images. 

a. Girl Image, SNR = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

f. House Image, SNR = 5 db. 

from the Noise-Corrupted 
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Figure lOa. Girl Image, SNR = 20 db. 

ftgure lOb. !louse Image, SNR 20 db. 
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Fi.gure LOco Girl Image, SNR = 10 db. 
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Figure lOd. House Image, SNI~ 10 db. 



,---

I 
I 
I 

figure lOe. 

FLgure lOf. 

Girl Image, SNR 

House IlIlage, SNR 

52 

... 
~ .. 

5 db. 

I 

\ 

5 db. 



53 

threshold employed in the uniformity test averaging). The 

results were then processed with two passes of the edge 

preserving smoothing technique. The results of this 

processing are shown in Figure 11. These types of images 

are ideally suited for region labeling. 

The images shown in Figure 11 'were labeled according 

to the process outlined above, with gray level threshold set 

equal to two, and the small region threshold also set equal 

to two. The results of this process create too many labels 

to be adequately displayed on an eight-bit display. Instead 

the computed variances are shown in Figure 12. As expected, 

regions of high detail are attributed high variance 

(lighter), and regions of low detail have lower attributed 

variances (darker). Also, the variances can be seen to 

compensate for errors in the mean modeling. Notice, for 

e x amp 1 e , the h i g h v a ria n c eat t rib ute d tot he Iv i n dow reg ion s 

of the house image, where the mean possesses considerable 

distortion in the form of blur. 

The test images of Figure 8 were smoothed via 

equation (24) using the stationary and nonstationary 

variances as previously computed. The results are presented 

in Figures 13 and 14. Subjectively, the stationary variance 

results are no t too bad, though some blurring is in 

evidence, and the noise is not very well suppressed in 

regions of low detail. 



Figure 11. Preprocessed Images Ready for Labeling. 

a • G i r 1 I rna g e , S N R = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

f. House Image, SNR = 5 db. 
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Figure llb. 

Gi.rl Image, SNR 
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20 db. 
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House Image, SNI\ = 20 db. 
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Figure lie. Girl Image, SNR 10 db. 

Ftgurc lid. House Image, SNR 10 db. 



) 
j 

Figure lie. Girl Image, SNR = 5 db. 

Figure l1f. lJouse Image, SNI~ 5 db. 

'1 
I 
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Figure 12. Variances Estimated from the Noise-Corrupted 
Images. 

a. Girl Image, SNR = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

f. House Image, SNR = 5 db. 
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F1.gure 12a. G1.r1 Image, SNR 20 db. 

Fi~\Ire 12b. HOllse Image, SNR 20 db. 
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Fi.gure 12c. Gi.rl Image, SNR 10 db. 

Figure 12d. !louse Image, SNR 10 db. 
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Fi8ure 12e. Girl Image, SNR = 5 db. 

Figure L2f. House Image, SNR 5 clb. 



Figure 13. Optimal 
Method. 

Smoothing, 

a. Girl Image, SNR = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

f. House Image, SNR = 5 db. 

Stationary Residual 
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Figure 13a. Girl Image, SNR 20 db. 

p-
I.'··' 
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Figure 13b. IIouse Image, SNI\ = 20 db. 
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Figure 13c. Girl Image, SNJ~ 10 db. 

Fi.gure 13d. House Image, SNE 10 db. 



FiGure 13e. Girl Image, SNR 5 db . 

. -... -----, ..... --.' ... - ........... -......... ····_·····-' .. -:1 

Figure 13£. I10use Image, SNR 5 db. 

! 
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Figure 14. Optimal 
Method. 

Smoothing, 

a. Girl Image, SNR = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

f. House Image, SNR = 5 db. 

Nonstationary Residual 
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Figure 14a. Girl Image, SNR 20 db. 

Figure 14b. \louse Image, SNI~ 20 db. 
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Figure 1.4c. Girl Image, SNR = 10 db. 

I 

I 
I 
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Figure 1.4c1. lIouse Image, SNR 1.0 db. 
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Fi,gure 14e. Girl Image, SNR == 5 db . 

. ' , "-----"-, '~~'-'~-"-"--'''''' .. " ..... ,,, ..................... '·1 

\ 

Figure LLlf. House In18ge, SNl\ == 5 db. 
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The nonstationary residual smoothings can be 

subjectively classified as superior to the stationary 

residual ones. Regions of high detail, such as the hair and 

flowers in the girl image, and the trees in the house image 

have 

such 

very good quality, 

as the wall and 

while the regions of low variation 

sky are smoothed quite well. An 

occasional noise speckle can be seen. This is due to the 

variation in the statistical estimates due to the small 

region size. HOI.,rever, these artifacts notwithstanding, we 

judge the results of the nonstationary approach to be 

superior to the stationary one, and of overall high quality. 

The nonstationary residual smoothings also sho\.,r 

greater SNR improvement. The SNR of the observation has 

already been defined. The SNR of the smoothing is defined 

as 10 10glO(r), where r is the ratio of the variance of the 

smoothed image, to the mean square error. Tables 3 and 4 

contain a summary of the SNR improvement for each of the 

methods. In these tables, SNR denotes the observation SNR, 
o 

SNRs denotes the SNR of the smoothed image, and SNR
I 

denotes 

the SNR improvement. It can be seen from these tables that 

the nonstationary residual approach yields not only subjec-

tively better results, but greater SNR improvement as well. 

It has been demonstrated that superior smoothing 

results can be obtained through the use of a nonstationary 

mean and variance statistical model for the object. The 
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Table 3. SNR improvement fo r the stationary residual 
smoothing technique .. 

Girl Image House Image 

SNR SNR SNR I SNR SNR I 0 s s 

20 21. 65 1. 65 21. 47 1. 47 

10 14.84 4.84 14.46 4.46 

5 11.85 6.85 11.54 6.54 

Table 4. SNR improvement for the nonstationary residual 
smoothing technique. 

Girl Image House Image 

SNR SNR SNR I SNR SNR I 0 s s 

20 22.64 2.64 22.62 2.62 

10 16.13 6.13 15.49 5.49 

5 12.91 7.91 12.28 7.28 
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question remains, is it worth it? The answer is that it 

might be. While the methodology is complex overall, each of 

the steps is simple. Also, with the exception of the region 

labeling and variance estimation steps, all of the processes 

are of the sliding window type, which means that they could 

be performed in parallel. Even the region labeling and 

they 

The 

variance estimation could be performed quickly, since 

require only a single pass through the data. 

simulations presented above took a relatively long time 

process, but parallel processing could greatly increase 

to 

the 

speed of the processing. 

A final comment concerns the selection of thresholds 

and window sizes. It has been noted that a single threshold 

sufficed for the un if or mi ty test smoothing 

practice this 

at various 

signal-to-noise ratios. In threshold is 

easily selected by tr ia 1 and error, an d is not ver y 

sensitive to variation. The \ ... indow size for the operation 

is dependent on the signal-to-noise ratio, and is easy to 

set in practice. The degree of Gaussian smoothing is also 

dependent on the SNR, and follows the choice of \vindow size 

for the uniformity test averaging. A good choice for the 

interval averaging threshold was found to be one just under 

the selected threshold of the uniformity test averaging, and 

a 7 by 7 window was always judged appropriate. The labeling 

threshold set equal to two was found to perform well for the 
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test images considered here. In summary, the choice of the 

thresholds and window sizes is not much of a problem once an 

estimate of the SNR is obtained. An estimate of the SNR 

would be easy to obtain using the variance estimation 

technique given above. 



CHAPTER 3 

IMAGE RESTORATION 

The addition of blur to the degradation process 

complicates the situation considerably. The degradation 

model is given in Equation (6) and is reproduced here: 

z = Hx + :!....' ( 25) 

where H is a block Toeplitz matrix which characterizes the 

blur, and H .1 
r 1. It has been s h 0 \VO [1 , 2 2 ] that H is 

theoretically frequently ill-conditioned, or actually 

singular, so that inversion of H can be difficult, or 

impossible. In practice, the condition of H may not be 

known exac t ly. Nonetheless, the difficulty of inventing H 

is a fact well established in the image processing commu-

nity. One way to cope with this ill-conditioned behavior is 

to assume a statistical model for the object, and construct 

estimates on that basis. There have been many attempts to 

statistically model and restore imagery. Some of the more 

significant ones will be reviewed here. 

One of the earliest attempts relied on modeling the 

image as a sample of a wide-sense stationary random process 

with constant mean and known autocovariance function. This 

70 
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approach has been mentioned in the introduction and an 

analogous technique has been discussed in the chapter on 

smoothing. As previously explained, an image is not well 

modeled by a stationary random process. The restorations 

produced contain 

de blur not at all 

under). 

overly 

for 

smoothed 

moderate 

edges 

to low 

and 

SNRs 

detail, 

(20 db 

and 

and 

In an attempt to incorporate more structure into the 

model, Trussel and Hunt [ 23 ] recommended a sectioning 

technique, which essentially partitioned the image into 

blocks, typically 8 by 8 or 16 by 16, and assumed 

stationarity of the object over each block. Object and 

noise statistics ,.,ere calculated for each block, which were 

then restored ,vith a stationary filter. One advantage to 

the process was that it did not require a priori knowledge 

of the object statistics. A disadvantage to the process is 

that each block is processed independently of 

leading to more or less deblurring according 

variation of the object. Since the edges of 

not naturally occur at junctions of the 

the others, 

to the local 

the image do 

blocks, some 

portions of the image which should be deblurred uniformly 

are not. 

Ma n y d iff ere n tat t em p t sat a d apt in g K a I man f i 1 t e r s 

to the problem have been proposed. As a generalization of 

the reduced-update Kalman filter, Woods and Ingle [ 24 ] 
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extended the approach to image restoration. The procedure 

is qui t e in vol v ed, e s p e cia 11 y wit h reg a r d tot h e b 0 un dar y 

conditions. They experimentally demonstrate only the high 

signal-to-noise case, and produce a good deblurring, but the 

method is still a stationary object approach. It is not 

surprising that they get good results for such high SNRs; 

the adequacy of the stationary assumption for high SNRs has 

been reported [1]. Their results also show some evidence of 

ringing around the edges, another common occurrence \Vhen 

\Vorking at high SNRs. 

There have been some attempts to incorporate 

nonstationary models into a Kalman-type scheme. Tekalp et 

a1. [25] used a multiple model-based approach, in \Vhich five 

reduced update Kalman filters \Vere derived, conditional upon 

the events that no edge was present (within a \Vindo\v) or 

that edges \vere present at and 135 0
, 

respectively. A sixth filter \Vas used to determine \Vhich of 

the events occurred at each \Vindow location. The results of 

this method are better than the stationary method, though 

some ringing can still be seen in the restorations. Rajala 

and De Figueiredo [26] partitioned the object according to 

the amount of local spatial activity, thereby incorporating 

kno\Vledge of residual nonstationarity. They did not, 

however, use a nonstationary mean. The method is quite 
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complex, though the examples they present seem to indicate 

good-quality restorations even at moderately low SNRs. 

It is important to note one shortcoming in all of 

the Kalman-type algorithms. The problem is that the Kalman 

filter is essentially a causal operation. The estimate at a 

point depends only on points "previous" to that point, 

giving the so-called true filtered estimate [ 27] . 

Two-dimensional images have no natural definition of forward 

and bac!(\vard, and authors have chosen different definitions 

that seem appropriate to them. Nonetheless, given any 

definition of causality, the recursive nature of the Kalman 

filter introduces a bias into the results. The effort 

needed to obtain an estimate depending on points "ahead" and 

"behind" the current point to obtain the so-called smoothed 

estimate is considerable. This important fact has not 

usually been mentioned by the researchers proposing Kalman 

filtering methods. 

The New Approach 

The method used below computes the optimal noncausal 

estimate, in which the estimate depends on the entire 

observation. A nonstationary mean will be used, and as in 

the smoothing work, stationary and nonstationary residual 

hypotheses will be explored. 
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Image Modeling 

There have been few attempts to estimate parameters 

of nonstationary image models. Two Kalman filter approaches 

have been mentioned above, though those techniques are not 

applicable to the work presented here. As mentioned before, 

Hunt and Cannon [4] suggested using the blurred observation 

as the mean. The sectioning method proposed by Trussel and 

Hunt [23] mentioned above gives a type of nonstationary 

residual modeling, though the variance estimate they use is 

heuristic and does not take into account the 

variance-reducing property of the blurring process. 

Mean Estimation 

A mean estimation procedure has been developed which 

gives a better estimate than a simple blurring of the 

observation. 

application of 

The 

an 

first 

edge 

stage in 

enhancement 

the process is the 

operation. After 

enhancement, the process proceeds as in the smoothing case 

with the application of uniformity test averaging and 

Gaussian 

theory, 

smoothing. This multistep process 

produce better mean modeling than 

should, in 

the blurred 

observation approach, since an attempt is made to decrease 

the blur rather than adding additional blur to an already 

blurred image. 

The question is, how should this enhancement be 

performed? The objective is, of course, to sharpen the 
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edges without overly amplifying the noise. Several methods 

have been tried, for the case of a Gaussian-shaped blur. 

The most obvious approach is a pseudoinverse filter 

implemented with the two-dimensional FFT [1]. The technique 

gets its name from the matrix procedure of similar intent. 

In this procedure, the FFT of the blur function is first 

computed. All coefficients of magnitude greater than a 

threshold are inverted; the rest are left unchanged. This 

procedure forms a pseudoinverse filter in the spatial 

frequency domain. Application of this filter to the blurred 

observation does indeed produce edge enhancement, and the 

threshold can be used to set the amount of enhancement noise 

amplification. The disadvantage to the method is that, 

since an output image of the same size as the input is 

desired, a circular convolution must be implemented. Thus, 

if the observation is 256 lines by 256 pixels, FFT's of 

those dimensions are utilized in the filtering. The use of 

the circular convolution introduces disturbing artifacts 

around the outer borders of the image, and therefore the use 

of the pseudoinverse filter has been deemed inappropriate 

for mean estimation purposes. 

A second approach along similar lines was then 

tried. The frequency domain pseudoinverse filter was 

formed, but this time, instead of applying it directly to 

the observation, the filter was inverse transformed into the 
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space domain. The resultant filter in the space domain was 

found to be of large extent, occupying typically a region of 

128 by 128 pixels, though decaying rapidly. It is not 

practical to convolve images with such large filters in the 

space domain, to hardware and other 

limi ta tions, so 

due 

that a fini te segment of this 

practical 

filter was 

used. The effect was very poor. The effect of "cutting off 

the tails" of the pseudoinverse filter was that the 

operation introduced severe ringing at the edges, and was 

only moderately successful at edge sharpening. 

Yet a third method was tried. The desired 

objective, as stated above, is to sharpen the edges as much 

as possible while amplifying the noise as little as 

possible. At this point, inversion of the blur function 

seemed hopeless, so it was decided to try a bandpass filter, 

which would possess the following characteristics: it would 

leave D.C. unchanged, it would boost intermediate 

frequencies, and it would attenuate the highest frequencies. 

Furthermore, it was desired that this filter be of a simple 

form. Such a filter is the difference of Gaussians (DOG) 

f i 1 t e r pro p 0 sed by Ma r r [28]. This is a composite filter 

con s t r u c ted by for min g t \v 0 G a u s s ian - s hap e d f i 1 t e r s 0 f t \v 0 

different spreads, and taking their difference. By giving 

positive weight to the filter with narrow spread, and 

negative \veight to the filter with \vide spread, a bandpass 
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Further, by constraining the DOG filter 

to have sum-of-weights equal to one, it will leave D.C. 

unchanged. The DOG filter, then, has the required 

characteristics. This filter has been applied to various 

test images, and found to perform quite well; it enhances 

edges without introducing ringing and even seems to 

attenuate the noise. After application of this filter, the 

res u 1 tan tim age is rea d y to be pro c e sse d Iv i t h the s tan dar d 

mean estimation algorithm, as noted in the opening paragraph 

of this section. 

It is thought that the DOG filter should work for 

many types of two-dimensional blur, since it is not a 

pseudoinverse filter, but achieves edge enhancement by 

emphasizing intermediate frequencies. For one-dimensional 

blur, e. g., motion blur, a one-dimensional DOG filter could 

be used. This topic deserves more research. 

Variance Estimation 

The maximum likelihood estimator of the variance of 

the object is now derived. The addition of blur to the 

degradation process greatly complicates the situation, 

making the determination of the estimate much more complex 

than in the blur-free case. In fact, the solution of the 

associated optimization problem is not possible in closed 

form. Instead, a suboptimal estimate will be proposed which 

has performed well in simulations. 
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As in the blur-free case, the estimate will be 

derived for the entire image, i.e., residual stationarity 

will be assumed. Application of the estimator to smaller 

regions is direct by restricting the range of the pixel 

indices to the support of the region. 

Recall the degradation model (6), rewritten here 

z = Hx + v. (25) 

Gaussian statistics of object and noise will be assumed. 

First note that 

z= E{z} = Hx and 

c = Cov z 2HHT a 21 
ax + v' 

so that the conditional density of ~ given a 
x 

is 

( 26) 

( 27 ) 

P(~lax) = 1/(2n)M/2ICI I / 2 exp{- 1/2(~_z)TC-I(~_~)} 

(28) 

where M = The maximum likelihood 

satisfies the optimization problem 

minimize: 
a 

subject to: o < CJ <co. 
x 

estimate of a 
x 

( 29) 

As before, certain irrelevant factors can be eliminated to 

reduce (29) to the form 
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minimize: I - T -1 -
ln Cl + (~ - ~) C (~-~) 

subject to: o < o 
x 

< co ( 30) 

Now since HHT is a symmetric matrix, there exists an 

orthogonal matrix U such that HHT = UTDU, where D is a 

diagonal matrix [29]. This implies 

and 

I C I 

where the d. are the diagonal elements of D. 
1. 

( 31 ) 

( 32 ) 

Now define b = U(~ - ~) and a diagonal matrix 
--1 
lJ 

where 

(33) 

-1 T --1 
Then C = U D U, and the quadratic form in (30) reduces to 

- T -1 
(~ - ~) C (~- z \' --1 2 

=t..(D ) .. b. 
j J J J 

= \' b~/(02d. + 0 2) 
4 J x J v 
J 

The optimization problem (30) can thus be written 

minimize: 

subject to: 

L 
j 

o < 0 < co 
X 

( 34) 

( 35 ) 
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Computation of (35) with (15) will show that a similarity 

exists between the two problems, but (35) is much more 

difficult. 

Solution of (35) first requires the determination of 

the matrix U, and the diagonal matrix D. After computation 

of the variables b., the problem -(35) must be solved 
J 

numerically. This is clearly an extremely laborious 

process. The problem is further compounded if variance 

estimates are to be computed for more than one region. An 

alternative is to use a suboptimal, but computationally 

feasible estimate. 

Such an estimate is the following: 

8~ = max{P(F
2 

- cr~), O} ( 36) 

where 

F2 l/M L (zkl 
_ )2 and P = zkl 

L -1 
kl 

( hklh_k -1) . This estimate is very similar in form to 
k 1 ' 

the optimal estimate of (15) for the nonblurred observation. 

It can be shown to be approximately unbiased by observing 

that, for F2 > cr 2 
- v' 

E{cr 2} = P(E{F 2 } - cr 2) ( 37 ) x v 

= P(l/M tr Cov z - cr 2) 
v 

P(l/M ( cr 2tr(HH T ) 
2 cr 2) = + M cr ) 

x v v 
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Examination of the definition of H given in Chapter 1 Hill 

reveal that tr(HH
T

) '" M kLl hklh_k,_l' so that (37) implies 

by the definition of P. 

Image Decomposition 

\' 2 2 
L. hkl h_k,_l + (J v - (J v) 

k1 

2 
= a , 

x 

(38) 

Determination of regions proceeds in an identical 

fashion to the smoothing case. As in that work, the first 

definition of a region is to take the Hhole image as one 

region. This assumption implies residual stationarity. The 

second way is to label regions of the mean according to gray 

level and compute nonstationarity variances accordingly. 

The algorithms presented in the smoothing chapter are 

directly applicable. 

Optimal Restoration 

The optimal HMSE estimate was given as Equation (7) 

and is reproduced here: 

"0 
x (39) 

This estimate, with H = I, Has used for optimal smoothing in 

the previous chapter. In that Hork, computation of the 

estimate was extremely easy, even in the nonstationary 

residual case. The situation is not as fortunate in the 
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present case. The matrix H is of size N
2 

by N
2

, and for a 

typical image, say N = 500, this means that H has 250,000 

rows and columns. The inversion required by (39) is out of 

the question unless the structure of H is somehow utilized 

in the procedure. Attention will now be directed to these 

computational considerations. 

Computation of the Optimal 
Restoration 

Let {f } and {g } be two images defined on 0, and 
mn mn 

let f and K denote the corresponding lexographically ordered 

vectors. Consider the product 

K = Hf 

Equation (40) can be written in the form 

gmn = hkl f m_ k n-l (m, n) EO, , 

\.,rhere fkl has 

for (k,l) t O. 

given by 

k=-p l=-q 

been extended to all k,l by setting 

Now, the convolution 

p q 

I I h f 
kl m-k,n-l 

k=-p l=-q 

(40 ) 

fkl = 0 

{f } is 
mn 

( 42 ) 

for m = -p+l, ... ,O,l, ... ,N+p-l; n = -q+l, ... ,O,l, ... ,N+q-l. 

Comparison of (41) with (42) shows that 

8m n for (m, n) EO. ( 43 ) 
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Equations (42) and (43) are the keys to efficient computa-

tion of (40). 

For point-spread functions of small size the linear 

convolution of ( 42) can be most efficiently computed 

directly in the space domain. For point-spread functions of 

large extent, the convolution is more appropriately carried 

out in the frequency domain, by using the FFT algori thm and 

padding with zeroes to insure a linear convolution. If 

wraparound error is not objectionable, the padding operation 

can be ami t ted, and a sma 11 e r s i z e F FT will s u f f ice. The 

latter operation corresponds to approximating the block 

Toeplitz matrix H with a block circulant matrix H
BC

' which 

is diagonalized by the so-called Discrete Fourier transform 

matrix [1], which converts the matrix multiplication to a 

series of scalar multiplications. From (43) it can be seen 

that can be obtained from by sampling. The 

algorithm to compute (40) is therefore as follows: 

Step 1: Compu te {o } = {h } ,H:- {f } 
°mn mn mn 

Step 2: Extract g = g for (m,n)sV and set ~ equal 
mn mn 

to the lexographically ordered vector obtained from 

This procedure can be used to compute z z Hx. To 

develop the procedure for computing the remaining terms, it 
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suffices to consider the case x _ o. Under this condition, 

(39) becomes 

(44) 

Computation of (44) for the case of stationary 

object residuals is simplest, and will be considered first. 

The technique is given by Andrews and Hunt [1]. For fini te 

element point spread functions, and all poin t spread 

functions 

Toeplitz 

circulant 

HBC = 

are practically of 

matrix H is closely 

matrix HBC ( for 

H' 
., 

H 
0 H_ I ·_· -p , 

HI 

H' 
P 
0 

o 

H' 
-p 

HO H 
, 
- 1 .. H 

, 
H 0 -p 

q « 

0 

0 -p 

N 

finite extent, 

approximated by 

and p « 

o 

N) given 

0 H' 
P 

H 
P 

the 

the 

by 

block 

block 

H' 
1 

H' 
P 
0 

o 

H' 
-p 

H' 
- 1 

H H' 
1 0 



where, 

H~ 
1 

h. 
1q 

o 

o 
h. . 

1,- q 

h. 1 ... h. 0 ... 
1,- 1,- q 

h·Oh. 'i'" h. 0 1 1,- 1,- q 

.. 0 h. 1q 

h. 1q 
o 

o 
h. 1,-q 

h. 1 1 , -

hiO 
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Under this condition, Equation (44) is equivalent to 

~(W ,W ) = H*(w ,W )Z(W ,W )/( \H(W ,W ) \2 + 0
2
/(

2
) 

x y x y x y x y v x 

( 45) 

where H( W ,w ) denotes the DFT of the point-spread-function x y 
" hkl , and Z(w ,w), X( W 

x ' 
W ) denote the DFT of the x y y 

observation and optimal estimate, respectively. Taking the 

" inverse DFT of X( W , W ) provides the optimal estimate in the x y 

space domain. Of course, the DFT is computed using the FFT 

algorithm, in practice. 
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Computation of ( 44) under the assumption of 

nonstationary object residuals entails much more effort. In 

this case, H is still closely approximated by a 

block-circulant matrix, but since R is no longer constant x 

along the diagonal, the product HR HT is no t closely x 

approximated by a block circulant, and the previous 

algorithm does not apply. Let us examine (44) more closely. 

The term R HT can be computed, using the convolution me th 0 d x 

for the HT term, followed by a scalar multiplication of 

every pixel of the result by the variance of the object at 

that pixel location. The real problem is the computation of 

+ Direct numerical inversion is hopeless; 

even if it were possible to store such a large matrix, 

roundoff errors would probably dominate the final result. 

Instead, we consider inversion of the matrix to be 

equivalent to an optimization problem, and apply a standard 

optimization technique to it. The follo\ving procedure is 

adapted from Luenberger [3]. 

Define the inner product between two arbitrary 

vectors u and w by <~,~> 

the quadratic functional 

T\v, = U -
and consider minimization of 

(46) 
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Vlhere C is symmetric and positive definite. Assuming that 

inf <~,C~>/<~,~> and sup <~,C~>/<~,~> are positive and 

finite, cp is minimized by the unique vector VI satisfying 
-0 

Cw ::: _b, 
-0 

(4) 

and indeed, minimization of (46) is completely equivalent to 

solving the linear equation (47). The function can be 

numerically minimized in many ways such as steepest descent, 

conjugate gradient, etc. [3]; the algorithm used here is the 

gradient-based method of steepest descent. The following 

result is taken from Luenberger, p. 286 [3]: 

For any initial vector (0) w , the sequence defined by 

(48) 

w 
(k+ 1) 

(49 ) 

converges in norm to the unique solution of Cw ::: b. 

The name steepest descent derives from the fact that 

2o(k) 
~ is the negative of the gradient of cp at the point 

(Ie) 
w , which points in the direction of steepest descent. 

The method is applied to the computation of (44) in the 

following algorithm. Define C ::: HR HT + R . 
x v 

Step 1: Choose an error tolerance e, set Ie ::: -1 and set 

w(o) O. (SO) 



Step 2: 

Step 3: 

Step 4: 

go 
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Increment k, and compute £(k) = z _ Cw(k) 

Compute 

Compute 

to step 

a = k < (k) (k»/< (k) CoCk»~ £ ,£ £, .u 

(k+l) (k) 
w = w 

2; otherwise, 

+ a k £ ( k). I f II £ ( k )11 > e, 

(k+l) set w = wand go to 

step 5. 

Step 5: Compute x=RHT,v 
x 

All of the operations in the algorithm are computable using 

previously discussed techniques, i.e., convolutions. The 

algorithm has been extensively tested, and found always to 

converge, as claimed. The disadvantage to the algorithm is 

that it is costly to compute. Computa~ion of the stationary 

residual estimate for a 256 by 256 image using the FFT for 

the required matrix inversion takes about eight minutes on 

our PDP 11/70, while the time for the nonstationary residual 

estimate using the iterative technique is on the order of 

four hours. 

Examples and Restoration Performance 

The restoration technique described above has been 

tested on two blurred images at various SNRs. The object 

image were the girl and house images shown in Figure 7. The 

test images were blurred with a 5 by 5 Gaussian-shaped blur 

function Hith spread equal to 3. These signal images were 

corrupted with simulated Hhite Gaussian noise at SNRs of 20, 
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10 and 5 db. The signal-to-noise ratio is calculated as 10 

log lOw her e r i s the rat i 0 0 f the ( ,vi des ens est a t ion a r y ) 

variance of the signal to the variance of the noise. The 

blurred, noisy images are shown in Figure 15. 

The simulated observations were processed with DOG 

filters to facilj.tate mean estimation. The filter size was 

7 by 7, and both the girl and house images ,.,ere processed 

with the same filter for identical SNRs. The parameters of 

the DOG filters for different SNRs were determined by trial 

and error, and are listed in Table 5. S 
P 

In this table, 

denotes the spread of the positively weighted portion, and 

S denotes the spread of the negatively weighted portion. 
n 

The results of this processing are shown in Figure 16. As 

claimed above, this operation produces a sharper image with 

a little attenuation of the noise. 

The remaining steps of mean estimation were carried 

out with the parameters as listed in Table 6. In this 

table, IW
I 

is the window size, T1 is the threshold, and ITER 

is the number of iterations for the uniformity test 

averaging process, while IW
2 

is the window size and S is the 

spread of the Gaussian smoothing operation. It is 

interesting to note that Table 6 differs from Table 1, the 

same parameters in the no-blur case, only in the ITER 

column. As in that section, both the girl and house images 

were processed with the identical parameters as listed in 



Figure 15. Noise- and Blur-Corrupted Images. 

a. Girl Image, SNR = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

f. House Image, SNR = 5 db. 



Figure lSa. Girl Image, SNR 

Figure 1Sb. House Image, SNR 

\. 
\1 

20 db. 

20 db. 
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Figure ISc. Girl Image, SNR 10 db. 

figure lSd. II 0 use I ilia g e, S N \< 10 db. 
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Figure 15£. 
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Girl Image, SNR ::: 5 db. 

• _"" . __ . __ . _, __ • h_ 

\I 0 use I 1I18 g c, S N R 5 db. 
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Table 5. Parameters of the 
DOG filters. 

SNR S S p n 

20 2 3 

10 4 5 

5 5 6 

Table 6. Parameters use d in mean estimation algorithm for 
the noise- and blur-corrupted images. 

SNR IW I Tl ITER IW 2 S 

20 3 15 2 3 1 

10 5 15 2 5 2 

5 9 15 2 7 3 



Figure 16. DOG-Processed Observations. 

a. Girl Image, SNR = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. H?use Image, SNR = 10 db. 

e. G i r 1 I rna g e , S N R = 5 db. 

f. House Image, SNR = 5 db. 
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Ftgure 16a. Girl Image, SNR 20 db. 
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Figure 16b. House Image, SNR 20 db. 



·f' 

f· 

FiL:ure 16c. Girl Image, SNR = 10 db. 

Fi Lure 16d. House Image, SNR 10 cib. 
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figure L6e. 

Figure 16[. 

Girl Image, SNR = 5 db. 

House Image, SNR = 5 db. 
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Table 6. Figure 17 gives the resultant images after 

uniformity test averaging, and Figure 18 the estimated means 

after the Gaussian Smoothing Process. 

The means presented in Figure 18 possess excellent 

characteristics. They are almost entirely devoid of noise, 

and appear to be blurred slightly less than the 

observations, particularly in the 20 db SNR case. 

The variance was estimated according to the two 

methods of image decomposition. Table 7 gives the estimated 

stationary standard deviations for the six test images. For 

comparison's sake, the standard deviations of the noise are 

also listed. It is rather remarkable that the residual 

variance is so small in the 10 db case, i.e., there is very 

little detail left in the residual image. It is not clear 

why this should be the case. \.,1 hat is c 1 ear , howe ve r , i s 

that there is very little detail left to be restored. 

In computing the region variant statistics, the mean 

images were preprocessed with the same parameters as in the 

smoothing test case. The results of the nonstationary 

variance estimation were disappointing. Some areas were 

assigned variances which seemed reasonable, though other 

areas were 

reflection, 

following. 

assigned 

it was 

incredibly high 

realized that the 

values. 

reason is 

Upon 

the 

The detail in the original object has a variance 

which is reduced by the factor lip in the observation, where 



Figure 17. Uniformity Test Averaging 
Processed Observations. 

a. Girl Image, SNR = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

f. House Image, SNR = 5 db. 

of the DOG-
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Figure 17a. Girl Image, SNR = 20 db. 

Figure 17b. HOllse Image, SNl< 20 db. 
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Figure 17c. Girl Image, SNR 10 db. 

Figure 17cl. Iiouse Image, SNR 10 db. 
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Figure 17e. Girl Image, SNR 5 db. 
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rigure l7f. House Image, SNR 5 db. 



Figure 18. Means Estimated from the Noise- and B1ur
Corrupted Images. 

a. Girl Image, SNR = 20 db. 

b. House Image, SNR = 20 db. 

c. Girl Image, SNR = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

E. House Image, SNR = 5 db. 
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Figure 18a. Girl Image, SNR = 20 db. 

Figure 1Sb. House Image, SNR = 20 db. 
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Figure 1Sc. Girl Image, SNR 10 db. 

Figure 1Sd. I-Iou s e I rn age, S N R 10 db. 
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Figure 18e. Girl Image, SNR = 5 db. 

vigure lSf. I10use Image, SNR 5 db. 
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Table 7. Stationary variances estimated from the noise- and 
blur-corrupted images. 

SNR Girl Image Ox House Image A 

cr v cr v cr x 

20 4.04 20.01 4.08 21.19 

10 12.77 11.00 12.91 3.90 

5 22.70 25.23 22.96 19.85 

Table 8. SNR improvement for the stationary residual 
restoration technique. 

Girl Image House Image 

SNR SNR R SNR I SNR R SNR I 0 

20 23.34 3.34 28.35 8.35 

10 21.60 11.60 21.03 11. 03 

5 18.24 13.24 17.72 12.72 
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P is defined in (36). For the blur used here, this amounts 

to a reduction in variance by a factor of 25, which is a 

large enough reduction to totally obscure the detail in the 

presence of noise. The estimate (36) attempts to compensate 

for this effect by applying the factor P. Hhat happens, 

though, is that for small regions, this boosting operation, 

together with the inherent·· variability of the estimator, 

creates some estimates which are totally unrealistic. In an 

attempt to obtain estimates with greater reliability, a 

sectioning method was tried, like that of Trussel and Hunt, 

but using the estimate of (36). The estimates were still 

quite poor, even for block sizes on the order of 128 by 128. 

It was therefore concluded that the stationary residual 

assumption, while not perfect, is necessary to obtain 

consistent variance estimates in the presence of significant 

blur, when a nonstationary mean is used to capture the gross 

image structure. This conclusion contrasts directly \vith 

the smoothing case, where reliable nonstationary estimates 

were not only possible to obtain, but improved the results 

as well. 

The test images of Figure 15 were restored via the 

restoration equation (39) and the techniques given in the 

remainder of .:.hat section for the case of stationary 

residuals, using the variances as given in Table 7. An FFT 

algorithm was used to perform the matrix inversion required 
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by (39). The results are presented in Figure 19. The 

results are overall quite good. The results for the 20 db 

SNR case are especially striking. The results for the lower 

SNRs show a little deblurring, but a large amount of noise 

suppression. Normally, the operations needed to reduce 

noise by this amount would have induced a great deal more 

blur into the restoration, rather than a slight reduction of 

blur. 

In order to verify that the nonstationary variance 

estimates were practically useless, they were tested in 

restorations of the simulated observations. Due to the 

non s tat ion a r y 0 b j e c t ass u m p t ion, use 0 f the F FT top e r for m , 

the required matrix inversion was not possible, so the 

iterative algorithm of (50) was used. As expected, the 

restorations were not good. Areas which should have been 

deblurred were no t, while other areas with very high 

ass i g ned v a ria n c e s \ve red e b 1 u r red tot h e poi n t 0 f s eve r e 

ringing. This performance is evident in Figure 20, where 

the nonstationary residual restorations for the 10 db SNR 

case are shown. 

Returning to the analysis of the performance of the 

stationary residual method, it was found that application of 

the algorithm to the degraded observation substantially 

improved the SNR. The SNR of the observation has been 

previously defined. The SNR of the restoration is defined 



Figure 19. Optimal 
Method. 

Restoration, 

a. G i r 1 I rna g e , S N R = 20 db. 

b. House Image, SNR = 20 db. 

c . G i r 1 I rna g e, S N R = 10 db. 

d. House Image, SNR = 10 db. 

e. Girl Image, SNR = 5 db. 

f. House Image, SNR = 5 db. 

Stationary Residual 



figure 19a. 

Figure 19b. 

c, 
"~-.... ,,\:~,, ........ . 

Gjr1 Image, SNR = 20 db . 

... . ...... ...... --'1 

House Image, SNR 20 db. 
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Girl Image, SNR = 10 db. 

Fjgure 19c1. House Image, SNR 10 db. 
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Figure 1ge. G-jr1 Image, SNR = 5 db. 

fi~ure 19£. HOllse Image, SNR 5 db. 



Figure 20. 

f' 

a. 

b. 

Oplimal 
~le l hod. 
(b) House 

]\eSLOralion, 
(3) Girl 

fmage, SNI\ 

Nonslationary Residual 
T III age, S N l~ L 0 cl b; 3 r. d 
= 10 db. 
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as follows. The optimal object restoration is 1; define the 

optimal signal restoration '" y by '" y = rtx. Then the 

restoration SNR is defined as 10 10glO (r) where r is the 

ratio of the (\vid e sense stationary) variance of y to the 

variance of '" [ 27 ] . The SNR improvement for the e = y - y 

stationary residual method is summarized in Table·S. In 

this table, SNRo denotes the observation SNR, SNR R denotes 

the SNR of the restoration, and SNR I denotes the SNR 

improvement. In all cases the SNR improvement is 

substantial. 

In conclusion, the nonstationary mean, stationary 

residual restoration scheme provides significant de blurring 

at moderate SNRs, a small amount of deblurring at low SNRs, 

and a substantial increase in the SNR at all levels of 

noise. The nonstationary residual approach has been found 

to be inappropriate in the case of image restoration, 

because in addition to the uncertainty imposed by the 

presence of noise, the presence of blur represents a 

substantially greater uncertainty and makes reliable local 

estimation of variance impossible. 



CHAPTER 4 

CONCLUSION 

The pl~rpose of this dissE:rtation is to explore the 

application of nonstationary statistical image models to 

image smoothing and restoration. 

incorporate a nonstationary mean. 

The models considered 

Both stationary and 

nonstationary hypotheses for the residuals are tested. 

The smoothing problem was considered first. 

method for obtaining a nonstationary mean from 

A 

the 

observation was developed. This algorithm has the property 

that regions of low detail are greatly smoothed, while 

regions of high detail are smoothed only a little. A 

maximum likelihood estimate for obtaining the variance from 

the observation was derived. It was shown to be an unbiased 

and consistent estimator. A segmentation type of algorithm 

was used to partition the image into regions for local 

variance estimation, thus enabling a local characterization 

of texture. Both the stationary and nonstationary residual 

hypotheses were 

The stationary 

tested in an optlmal smoothing algorithm. 

residual smoothing was adequate, but the 

nonstationary residual smoothing was much better. The 

latter method had the property of being adaptive to texture 

112 
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in that regions of high variation were smoothed less than 

regions of low variation. The latter method also provided 

better SNR improvement. It was noted that the algorithm is 

complex, but that most of the operations could be 

implemented in parallel for computational speed. 

The smoothing techniques were generalized to the 

restoration problem. This required development of a edge 

enhancement procedure to facilitate mean estimation, without 

the negative effects of the FFT-based pseudoinverse filter. 

The difference of Gaussians (DOG) filter was found to be 

useful for this purpose. 

filter to the 

the smoothing 

observation, 

problem. A 

After application of the DOG 

mean estimation proceeded as in 

maximum likelihood estimate for 

obtaining the variance was derived in theory, and it was 

demonstrated that computation of the estimate would be too 

costly. Instead, a suboptimal estimator \"ras proposed. It 

was shown to yield an unbiased estimate. The estimator was 

used for stationary and nonstationary variance estimation. 

The stationary estimates were good, but the nonstationary 

estimates were found to be wildly erratic. The latter 

phenomenon was explained to be the result of the great 

variability of the estimator imposed by the presence of 

noise together with blur, especially for the case of small 

regions. Procedures for the computation of the optimal MMSE 

restoration were described, for the stationary and the 
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nonstationary residual case. In the former case, 

computation of the estimate is possible by utilizing the 

two-dimensional FFT; in the latter the FFT cannot be used, 

and an iterative method can be used instead. Restorations 

using the stationary residual model were computed. For 

moderate SNR's. the restorations showed good deblurring with 

a moderately high increase in SNR. For low SNR's, little 

de blurring was observed, but the SNR improvement was very 

high. It was noted that this is no small achievement in the 

low SNR case, since most algorithms will add a substantial 

amount of blur in an effort to smooth the noise, while the 

nonstationary mean/stationary residual al 50rithm performed a 

little deblurring while dramatically increasing the SNR. 

The nonstationary residual assumption was shown to be 

inappropriate for image restoration within the framework 

considered here. 

Both the smoothing and restoration algorithms do not 

rely on ~ priori knowledge of the object statistics, but use 

the observation itself to estimate these parameters. This 

is important because, while the object is modeled as a 

sample of a random process, there are no other members of 

the ensemble available for computation of moments. In fact, 

no member of the ensemble is directly observable, since the 

object is always considered to be corrupted by noise and 

possibly blur. 
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1. 

2. 
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The principle contributions of this dissertation 

It provides constructive evidence that use of 

nonstationary image models can produce smoothing and 

restoration superior to that obtained through 

stationary modeling. 

It establishes the following facts: use of a 

nonstationary mean model is appropriate for both 

smoothing and restoration. A nonstationary residual 

model is most appropriate for smoothing, whereas a 

stationary residual model is most appropriate for 

restor8tion. 

3. It demonstrates that nonstationary models can be 

successfully identified from noise and possibly 

blur-corrupted images. 

Suggestions for Further Research 

The degradation model (6) is linear in x. A more 

realistic model for some systems is a nonlinear degradation 

model. The preceding work could be extended to this 

nonlinear case. Another relaxation of (6) could be in the 

areas of nonwhi te or signal-dependent noise. It is known 

that the signal-dependent hypothesis is a more realistic 

assumption, though to date the methods developed on this 

basis have not shown much improvement over the signal-

independent case. A final suggestion is to extend the 



results to multispectral image restoration. 
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Hunt and Kllbler 

[30] have recently shown that this objective can be met by 

transforming a three-band color image into luminance, and 

two chrominance components, called in-phase and quadrature, 

denoted yrQ respectively. The restoration is then performed 

on the luminance band only. The inverse transform of the 

restored luminance band with the unrestored in-phase and 

quadrature bands produces the restored multispectral image. 

The application of the preceding techniques is direct. 
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