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ABSTRACT 

Geostatistica1 methods were investigated in order to find 

efficient and accurate means for estimating a regionalized random 

variable in space based on limited sampling. 

The random variables investigated were 1) the bare soil temp

erature (BST) and crop canopy temperature (CCT) which were collected 

from a field located at the University of Arizona's Maricopa 

Agricultural Center, 2) the bare soil temperature and graVimetric 

moisture content (GMC) collected from a field located at the Campus 

Agricultural Center and 3) the electrical conductivity (EC) data 

collected by A1-Sanabani (1982). 

The BST was found to exhibit strong spatial auto-correlation 

(typically greater than 0.65 at 0+ lagged distance). The CCT generally 

showed a weaker spatial correlation (values varied from 0.15 to 0.84) 

which may be due to the length of time required to obtain an 

"instantaneous" sample as well as wet soil conditions. The GMC was 

found to be strongly spatially dependent and at least 71 samples were 

necessary in order to obtain reasonably well behaved covariance 

functions. 

Two linear estimators, the ordinary kriging and cokriging 

estimators, were investigated and compared in terms of the average 

kriging variance and the sum of squares error between the actual and 

estimated values. The estimate was obtained using the jackknifing 

technique. The results indicate that a significant improvement in the 

xv 
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average kriging variance and the sum of squares could be expected by 

using cokriging for GMC and including 119 BST values in the analysis. 

A nonlinear estimator in one variable, the disjunctive kriging 

estimator, was also investigated and was found to offer improvements 

over the ordinary kriging estimator in terms of the average kriging 

variance and the sum of squares error. It was found that additional 

information at the estimation site is a more important consideration 

than whether the estimator is linear or nonlinear. 

Disjunctive kriging produces an estimator of the conditional 

probability that the value at an unsamp1ed location is greater than an 

arbitrary cutoff level. This latter feature of disjunctive kriging is 

explored and has implications in aiding management decisions. 



CHAPTER 1 

INTRODUCTION 

Geostatistics have been applied to the analysis of soil-water 

problems to account for the observation that samples located close to 

each other often have similar values. In such a situation the variable 

is said to be autocorrelated (Journel and Huijbregts, 1978; Clark, 1979; 

Burgess and webster, 1980a; Rendu, 1978). ~en applying a statistical 

analysis to such a random variable, the correlation information should 

be considered for the analysis. 

Classical statistics, which generally assumes that the random 

variables being sampled are independent, is inappropriate in character

izing the variability within the correlated separation distances. 

Linear Geostatistics 

Various analyses using geostatistics have been reported in the 

soil-water liter~ture. Al-Sanabani (1982) sampled a 10 ha field in 

southwest Arizona for electrical conductivity (EC) and the sodium 

absorption ratio, which he found to be lognormally and either normally 

or lognormally distributed. The analysis included calculating the 

variogram from the sample data and fitting a model variogram to the 

variogram. 

warrick, Myers and Nielsen (1985) give an example of punctual 

and block kriging for the natural logarithm of the electrical 

1 



2 

conductivity (lnEC) for a Typic Hap1argid (see A1-Sanabani, 1982) which 

was randomly sampled in a 10 ha field in south~est Arizona. 

Yost, Uehara and Fox (1981a,b) used the variogram and kriging in 

an analysis of the spatial variability of phosphate in Hawaii. The 

purpose of their analysis ~as to aid in making management decisions 

based on contour plots of the parameter of interest (i.e. Pl. 

Russo (1983, 1984a) found that the spatial variability of the 

hydraulic conductivity and a scaling parameter Which relates the 

conductivity to an empirical expression of the matric potential could be 

used to estimate the spatial variability of the pressure head bet~een 

emitters in a trickle-irrigated field. From the estimated pressure head 

one could obtain an estimate of the crop yield. Contour maps of the 

crop yield ~re generated on the basis of the model. 

Burgess and webster (1980a) demonstrated the use of punctual 

kriging on three data sets. The first t~ data sets, which ~ere found 

to be isotropic, were the sodium content and the cover loam. The third 

data set, which demonstrated anisotropy, ~as the stone content. In t~o 

following papers (Burgess and webster, 1980b; webster and Burgess, 

1980), they demonstrated the use of block and universal kriging, 

respectively. In the fourth paper of this series, Burgess et ale (1981) 

used geostatistica1 techniques to ans~r questions about sampling 

efficiency and sampling strategies. 

Vieira, Nielsen and Biggar (1981) obtained 1280 measurements of 

the limiting infiltration rate over a 0.9 ha field and showed the 

correlation between the kriged and actual values for various number of 

sample values used in the estimation process. They found that a minimum 
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of 128 samples would provide nearly the same amount of information as 

the 1280 points actually sampled. 

Sisson and ~erenga (1981) studied the steady-state infiltration 

rate from ring infiltrometers of three sizes. The sampling pattern was 

25 large rings surrounding 25 smaller rings which, in turn, surrounded 

25 even smaller rings. Results included the determination of the auto

correlation and spectral properties and a noted reduction in variance 

Hith increasing ring (and therefore sample) size. This work has 

application to how scale of measurement affects the results. 

Ten Berge et al. (1983) studied the effect of various permanent 

and temporary soil properties on the temperature of a 2.2 ha field. 

Their results indicate that both the field moisture content and the soil 

texture (especially 0-2 ~m and 16-50 ~m fractions) Here significantly 

correlated with surface temperature at the l' probability level. 

Gajem, warrick and Myers (1983) investigated the spatial vari

ability of soil properties in a Typic Torrifluvent. The results indi

cate that in general the 11 parameters considered were spatially corre

lated and that the zone of influence (i.e. distance to where the samples 

behave independently) increases with increasing sample spacing. 

Nonlinear Geostatistics 

Although many examples exist in the literature, the linear 

kriging estimator is not the best possible estimator. The minimum 

variance unbiased estimator of a random variable V in terms of random 

variables Xl' X2, ••• , Xn is the conditional expectation of V given Xl' 

X2, ••• , Xn• for the most general case, computing this conditional 
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expectation requires knowledge of the joint density of V, Xl' X2, ••• , 

X although this information is difficult to obtain in practice. This 
n 

nonlinear estimator has the form 

£1.11 

It is also possible to relax the requirement that the n+l jOint 

densities be known and define another nonline~r estimator 

Hhere each fi is a nonlinear function of one X variable only. This is 

the disjunctive kriging (OK) estimator. 

Th~ linear kriging estimator is a special form of Eq. 1.2 Hhere 

each fi is a linear function and therefore only the constants need to be 

determined 

V * 
K 

£1.3] 

In terms of estimating the value of a random variable at an unsampled 

location, Eq. 1.2 is a better estimator than Eq. 1.3 in the sense of 

reduced kriging variance. However, if an estimate of the conditional 

probability distribution is required a nonlinear estimator is essential. 

A relatively neH geostatistical technique is disjunctive kriging 

(OK) Hhich unlike the linear kriging methods discussed above provides a 

nonlinear unbiased estimator that possesses minimal variance of errors. 

The OK method, proposed by Matheron (1976), Has in response to the need 

for methods Hhich alloH one to obtain an estimate of the probability 

distribution for the estimation, Hhich is necessary in answering 
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questions concerning the IIgrade tonnage II problem in mining (Kim, Myers 

and Knudsen, 1977; Journel and Huijbregts, 1978). 

Relevant literature written in English which gives the 

theoretical considerations necessary to utilize disjunctive kriging is 

given by Matheron (1976) and Journel and Huijbregts (1978). An 

exhaustive discussion of the theory is given by Kim et ale (1977); and 

simplified theory for the estimation procedure by Rendu (1980). The 

methodology required to use OK with examples is given by Marechal 

(1976) • 

Geostatistics and Management Decisions 

To date geostatistical methods (and esp. linear estimators) have 

been used to describe the spatial variability that exists in a region 

and typical results are in the form of the variogram, integral scales 

and/or a contour map showing the spatial dependence of the variable (or 

the kriging variance) of interest. 

Geostatistics can also be used to aid in decision making. A few 

examples include attempts to answer questions about the minimum number 

of samples necessary to produce a certain level of confidence or 

accuracy in the estimate (Burgess, webster and MtBratney, 1981; Vieira 

et al., 1981; MtBratney and webster, 1983); the number of samples and 

the placement of the samples necessary in order to optimize the calcu

lation of the variogram (Russo, 1984b) and methods to deal with the 

effects of scale (Burrough, 1983ab). 

Linear estimators may be beneficial in helping to make 

management decisions but tend to be somewhat descriptive. For example, 



6 

a contour map generated from a linear kriging estimator may indicate the 

locations ~here undesirable levels of a substance (or property) occur 

but this information could also be determined directly from the original 

data. What is needed is the areal extent of the undesirable situation 

(~hich can be estimated using kriging) and an associated probability 

level on the estimates. Typically, kriging involves calculating the 

estimate and an estimation variance. The estimation variance gives an 

indication of the accuracy due to sample placement (i.e. in terms of 

correlation bet~een the samples) but does not include info:'m~tion about 

the Hay sample magnitude and correlation affect the estimate. To obtain 

this information, one must use an alternate method such as disjunctive 

kriging. 

To our knoHledge no one in the soil and ~ater sciences has 

attempted to use disjunctive kriging as a management or decision making 

tool. Disjunctive kriging is suitable to use Hhenever a management 

decision (or action) Hill occur if a measured indicator variable goes 

above some prescribed tolerance level. For hazardous Haste, this could 

be the threshold level for toxicity to humans of the contained material. 

For irrigated agriculture, it could be the tolerance level of the plants 

to the salts present. These are but tHO of numerous possibilities. 

Assuming that management decisions are based on blocks of knOHn 

areal extent one can define the "management unit" as the smallest unit 

of area that can be managed separately from the surrounding units. 

The problem then becomes a matter of determining ~hen the 

indicator variable has become larger then the allowed tolerance level. 

To complicate matters, sampling may be on one support (i.e. point) Hhile 



management decisions may be based on another 

arbitrarily sized block or the management unit. 
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support such as an 

One solution would be 

to extensively sample the indicator variable over the entire region and 

attempt to construct the probability density functions (PDF) for each 

management unit from the samples that fall into each unit. Then one 

could determine the probability that the block is above a given cutoff 

level using the PDF. A simpler and less costly approach would be to 

estimate the PDF from a traditional sampling scheme and using OK. In 

either case the management decision is based on tHO inputs, the 

tolerance level and the probability level that Hill cause an action. 

Data Collected 

In order to investigate geostatistical methods for estimating a 

spatially dependent random variable as well as methods for improving the 

quality of the inputs used in making management decisions, spatially 

correlated data must be collected. Three types of data Here collected 

for use in subsequent analyses: bare soil surface temperature, crop 

canopy temperature and surface gravimetric moisture content. 

Bare Soil Surface Temperature 

Bare soil surface temperature (BST) has been used by various 

Horkers to estimate the evaporation and moisture status of the soil (Ben 

Asher, Matthias and warrick, 1983; Vauclin et al., 1982). 

Bare soil surface temperature variability Has investigated by 

Vauclin et ale (1982). They determined the autocorrelation for soil 

temperature for tHO transects. The first transect had sixty 1 m lags 

oriented in an east-Hest direction and the other had one hundred 1 m 
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lags oriented in a north-south direction. The range of the 

variograms were between about 10-15 m. 

Infrared Thermometry. One method for measuring temperature 

which is simple, nondestructive and doesn't alter the test site is 

infrared thermometry. This method is particularly suitable for 

measuring the surface temperatures of crops and soil. The method is 

based on measuring the amount of radiation emitted from a surface in the 

thermal band (i.e. 8 to 14 ~m). A corrective factor, the emissivity, 

accounts for reduced emission from surfaces which do not radiate like a 

black body. For all data collected using an infrared thermometer an 

emissivity of 0.98 was used. The principles of radiometric measurements 

are given by Jackson (1980, 1982b). 

Crop Canopy Temperature 

The crop canopy temperature (CCT) is an important physical 

parameter in that it gives an indication of a plant's moisture status 

(Tanner, 1963). The early work was carried out to improve diagnostic 

methods for indicating plant stress which would be easier to implement 

and be useful over large areas. 

Much literature is devoted to methods for detecting water stress 

in plants using an infrared thermometer (IRT). A variety of crop stress 

indicators have been developed which require the crop canopy tempera

ture. The crop water stress index has been used to described the crop 

stress by Jackson (1982b, 1983), Howell et ale (1984a), Jackson and 

Pinter (1981) and Reginato (1983). The stress degree day, used by 

Millard et a1. (1978) and Jackson (1982b) and the temperature degree day 
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(Jackson, 1982b) have been shown to be good indicators of crop stress 

and to be linearly related to the crop yield (Diaz, Matthias and Hanks, 

1983). ~llard et ale (1978) investigated the CWSI on a regional scale 

and showed qualitatively that the CCT is a spatially dependent random 

variable. However, they didn't use geostatistics in the analysis. 

Salinity effects on crop water stress (and therefore CCT) have 

been examined by Howell et ale (1984b). Although the spatial 

correlation wasn't determined, work by Al-Sanabani (1982) indicate that 

soil salts are spatially correlated and therefore this correlation 

should be taken into account in the analysis of salinity effects. 

Efforts to calculate the evapotranspiration using remotely 

sensed temperature have been described by Hatfield, Perrier and Jackson 

(1983) and Jackson et ale (1983). 

Few studies have been concerned with the spatial variability 

of the crop canopy temperature. Exceptions include the work by 

Hatfield, Millard and Goettelman (1982) who measured the CCT in a large 

agricultural field using an airborne scanner. They found that the 

variability of dry bare fields was greater than for fields covered with 

vegetation. Although their geostatistical analysis suggests that 

surface temperatures along the transects were randomly distributed, 

their Plate 2 tends to indicate otherwise (at least over a large scale). 

The discrepancy is probably due to the location, orientation and length 

of the transects. Also, in terms of Plate 2, the spatial variability 

may be better determined by sampling over 2 dimensions. 

Hatfield et ale (1983) measured the CCT for cotton along a 100 

m transect (sampled on 1 m) in an agricultural field near Lubbock, 
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Texas. The cotton temperature Has found to be randomly distributed 

along the transect. 

Hatfield et ale (1984) investigated the crop canopy 

temperature of grain sorghum along an 85 m transect in an approximately 

2.1 ha field in California. The results indicate that the CCT for grain 

sorghum Has randomly distributed along the transects. 

Soer (1980) estimated the regional ET and soil moisture content 

from remotely sensed CCT. Thermal radiation data over an approximately 

25 km2 area were obtained for each 2.1 by 3.6 m pixel and the crop 

surface temperatures over discrete ranges Here printed out. The results 

indicate that the crop surface temperature Has spatially correlated. 

Surface Gravimetric Moisture Content 

The moisture content of the soil is an important parameter in 

soil-plant relationships because it gives an indication of the amount of 

Hater available to plants. An important area of research is to find 

methods where the moisture status of a soil can be inferred from 

remotely sensed thermal data (Price, 1980; Idso et al., 1982; Jackson, 

1982a; Jackson, 1983; Idso and Ehrler, 1976) thus reducing sampling 

costs and increasing information available for management decision 

making (i.e. irrigation scheduling). 

The spatial variability of surface soil moisture content has 

been investigated by Morkoc et ale (1985) using the state-space 

approach. Although in general this method can be us"ed for two

dimensional analyses, their experiments utilized transects. 
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Vauclin et ale (1983) used ordinary kriging to estimate the 

s~atial distribution of the available Hater content and sand content of 

a Tunisian field. They also used cokriging to improve the estimation of 

the ava11able Hater content by including the sand content in the 

estimation. The added information resulted from using the cross

correlation function. 

Hatfield et ale (1982) and Hatfield et ale (1984) investigated 

the spatial variability of surface moisture content along with the 

surface temperature. 

variograms but did 

Their analysis included calculat10n of the 

not include the cross-correlation between the 

moisture content and temperature. 

Objectives 

The objectives of this dissertation are three fold. The 

first objective is to determine if the cotton canopy temperature is 

spatially correlated when sampled in tHO dimensions. This is followed 

by an illustration of the results with a contour diagram. There is 

sufficient ~ priori evidence that crop canopy temperature should be 

spatially correlated. Evidence also indicates that the sampling should 

be done in two dimensions. 

The second objective is to describe the autocorrelation and 

cross-correlation for the bare soil surface temperature and surface 

gravimetric moisture content. Also, the amount of improvement in the 

estimation process which occurs for more advanced kriging methods will 

be investigated. This Hill include comparisons between cokriging and 

punctual kriging. 
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The final objective is to attempt to improve methods that aid in 

making management decisions by the use of disjunctive kriging. This is 

a method Hhereby the conditional probability that the real but unknown 

value at a point is above an arbitrarily set cutoff level. Also, a com

parison between disjunctive kriging, ordinary kriging and cokriging in 

terms of the average kriging variance and the sum of squares deviation 

(between the estimate3nd actual value) will be given. 
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Agricultural 

CHAPTER 2 

STUDY AREAS AND DATA SETS 

study areas belonging to the University of Arizona Here 

the experimental sites. The first Has at the Maricopa 

Center (MAC) located east of Maricopa, AZ Hhere bare 

surface soil and crop canopy temperatures Here measured. This site Has 

chosen in part because it is situated in a prime cotton producing part 

of the state and secondly because other experiments of an ancillary 

nature Here conducted at this location. The overall objective Has to 

compare and contrast the spatial variability of soil and crop tempera

tures, and Hith respect to the crop temperatures in furroH irrigated 

cotton (Gossypium hirsutum L. 'DPL-62'), to determine if any spatial 

correlation exists. Previous Hork by Hatfield (1983) and Hatfield et 

al. (1984) shoHed that crop canopy temperatures for cotton and grain 

sorghum Here not spatially correlated. Thus, it is of interest to see 

if this Has true for furroH irrigated cotton as Hell. The implications 

are important Hith respect to the most effective method of sampling the 

CCT for use in: crop Hater stress indices, evapotranspiration models and 

irrigation management, to name a feH. 

Center 

obtain 

The second field site Has located at the Campus Agricultural 

(CAC) in Tucson, AZ. The purpose of this field site Has to 

samples in order to investigate the autocorrelation and cross-

correlation for bare soil surface temperature and surface gravimetric 

moisture content. 

13 
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A final data set used in this work is the electrical 

conductivity (EC) data collected by Al-Sanabani (1982). These data were 

used to demonstrate the disjunctive kriging (OK) method as it pertains 

to managing the salt levels in a field. 

Naming Convention 

The following naming convention was used for naming the data 

sets. Each data set was named using a 7 digit code (i.e. IR5-27M or 

MC8-26C). The first two digits indicate the data type (i.e. IR for 

infrared data and MC for gravimetric moisture data). Digits 3 through 6 

give the sampling date and the last digit is a special code to designate 

between data sets of the same type and those collected on the same date. 

Some of these codes are: S for small can, L for large can, M for 

Maricopa Agricultural Center, C for Campus Agricultural Center and P for 

Papago Farms. 

Maricopa Agricultural Center 

Location 

The first field site was an approximately 1 ha field located at 

the University of Arizona's Maricopa Agricultural Center (MAC) which is 

east of Maricopa, Arizona. A schematic of the field used for the study 

is given in Fig. 2.1. The field was approximately 1.0. ha with 

x and y dimensions of 36 by 256 meters. The field was furrow irrigated 

with irrigation commencing from the east. The furrows extending in the 

long (east-west) direction and the boundaries of the field were oriented 

in a north-south and east-west direction. 
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Figure 2.1. Field sampling scheme for MAC. Ninety-three random (.) and 
nine systematic (x) sampling locations. 
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Climatic factors typical of this area include a mean annual 

temperature and moisture of 20 to 23 °c and 15 to 20 cm of precipita-

tion, respectively. 

Common types of native vegetation include various varieties of 

saltbush, black greasewood, sheepweed and cactus. Production crops 

possible under high management conditions are cotton, alfalfa, sugar 

beets, grain sorghum, barley and safflower. 

Physical Properties 

* A tentative soils map for MAC is given by Camp (1984). The 

soil classification is Fine-loamy, Mixed, Hyperthermic, Typic 

Natriargid. There is some dispute whether the soils on MAC should be 

reclassified because the sodium levels have been reduced due to 

reclamation (Post, 1985; personal communication). At the series level 

the soil is a Casa Grande sandy clay loam. A description of a typical 

pedon is given in Table 2.1. 

The surface horizon (A horizon) is a sandy clay loam, occurs on 

slopes of 0 to 2 percent and is generally 20-50 cm thick in agricultural 

areas. The hue is 7.5VR to 10VR and the wet and dry value are 3-4 and 

6-7, respectively. 

Sampling Design 

Bare soil surface temperatures were taken early in the season 

followed by plant canopy temperatures as the season progressed. The crop 

* The soil conservation service hasn't published the soil 
survey for this area as of Jan. 1, 1985. A tentative soil 
description is given by Camp (1984). 



Table 2.1. Pedon Description Casa Grande Series. 

Horizon 

Ap 

Btkn1 

Btkn2 

Bkn1 

Bkn2 

Depth Description 

0-13 light brown (7.5VR 6/4) fine sandy loam, 
reddish brown (5VR 4/4) moist; massive; 
hard, friable, slightly sticky, slightly 
plastic; common fine roots; many fine 
tubular pores, strongly effervescent; mod
erately alkaline; abrupt wavy boundary. 

13-23 reddish brown (5VR 5/4) sandy clay loam, 
yellowish red (5VR 4/6) moist; moderate 
medium prismatic structure parting to mod
erate medium subangular blocky; hard, firm 
slightly sticky, slightly plastic; common 
fine roots; many fine tubular pores, 
common fine soft lime masses, few fine 
white salt crystals; strongly alkaline; 
clear wavy boundary. 

23-28 reddish brown (5VR 5/4) sandy clay loam, 
reddish brown (5VR 4/4) moist; weak 
medium subangular blocky structure; hard, 
firm, slightly sticky, slightly plastic; 
common fine roots; many fine tubular 
pores, common fine soft lime masses, few 
fine white salt crystals; strongly 
alkaline; clear wavy boundary. 

28-49 pinkish gray (7.5VR 7/2) sandy clay loam, 
light brown (7.5VR 6/4) moist; massive, 
slightly hard, friable, slightly sticky 
and slightly plastic; few fine tubular 
pores, violently effervescent; common 
medium soft lime masses; strongly 
alkaline; clear wavy boundary. 

49-60 pinkish gray (7.5VR 7/2) clay loam, pink
ish gray (7.5VR 7.2) moist; masive; hard, 
friable, sticky, and plastic; few fine 
tubular pores; violently effervescent; 
common medium soft lime masses; strongly 
alkaline. 

17 
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canopy temperature (CCT) data sets were collected beginning May 27, 1984 

and ended August 20, 1984. Crop canopy temperature data were not taken 

prior to July 5, 1984 due to equipment problems and because of 

difficulty in obtaining the crop canopy temperature when the crops are 

small. One solution to this problem is described by Matthias et a1. 

(1985). Collection of data ceased after August 20, 1984 because of 

difficulty moving through the field due to the overgrowth of cotton. 

The time interval needed to collect the samples increased to a point 

where the effects due to differential heating were believed to dominate. 

Auxiliary data collected during this period were: air 

temperature, net solar radiation, incoming solar radiation, relative 

humidity, rainfall amounts and wind speed. These data were collected at 

10 min intervals before 7-05-84 and 20 min intervals thereafter from a 

weather station positioned between rows 8 and 9 and 51 m down the field. 

The automated weather station was connected to a Campbell Scientific 

* CR21 data logger (hence termed CR21). 

The sampling scheme shown in Fig. 2.1 consisted of a total of 93 

randomly sampled locations (points) and an additional 9 systematically 

located sites (crosses) evenly spaced down the center of the field thus 

providing a total of 102 sampling locations. The random sampling scheme 

was used to reduce bias which can occur when using systematic sampling 

schemes if the grid system is positioned over a field in such a manner 

as to consistently miss certain features. In addition, a random 

sampling scheme can reduce the nugget effect for a fixed number of 

* tradenames are not an endorsement but for reader information 
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samples since, generally, some of the separations between samples fall 

into the small lagged intervals (Journel and Huijbregts, 1978). 

Sampling Methodology 

Sampling Locations. The sampling locations at ~C were marked 

using red-painted stakes placed at random intersections of a 35 by 256 

meter grid system superimposed over the field. The x-direction was 

perpendicular to the furrows and the y-direction was along the furrows. 

The separation distance between rows of cotton Has approximately 1 

meter. Therefore in the x-direction, meters 1,2,3, ••• correspond to 

rOHs 1,2,3 ••• , respectively. In the y-direction the locations Here 

. * determlned by measuring the distance down the field using a Rolatape 

meter-wheel. Three such measurements Here made to verify and correct, 

Hhere needed, the position of the stakes. The location numbers Here 

marked on the stakes and are given in Appendix B.1 along Hith the 

corresponding x-y coordinates for the MAC site. The folloHing appendix 

(Appendix B.2) contains the data set identification, time of sampling, 

the location number and the collected value. 

Bare Soil Surface Temperature. Two times (data sets IR5-27M and 

IR6-11M) during the season, bare soil surface temperature (BST) Here 

taken using an infrared thermometer (Jackson, 1980). The IR thermometer 

used at MAC was an Everest Interscience* model 112 Hith a 150 field of 

view. Since the sampling locations Here marked in the center of the 

cotton row, the actual locations for the BST were taken in the center of 

the furrow on the south side of the stake (i.e. xBST = xact - .5m) but 

* trade names are not an endorsement but for reader information 
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at the actual y coordinate. Each reading Has taken by standing approxi

mately 1.5m back from the stake in the center of the furroH and pointing 

the IR thermometer at the soil surface 450 from the horizontal. This 

corresponds to a position in the furroH at the base of the stake. The 

sampling Has done in this manner to get an integrated value over most of 

the furrow. Initial attempts to obtain readings by placing the IR 

thermometer in the nadir position over the furroH proved to be un

successful due to large temperature differences which occurred Hhen the 

IR thermometer Has moved through small angles about the nadir position. 

The region sampled Has an ellipse Hith an approximate area, length and 

Hidth of 0.2 m2, 0.6 m and 0.4 m, respectively. 

Data Acquisition. * An Omnidata 516B Polycorder Has used to 

store the location number and temperature value automatically. A 

program Has written Hhich instructed the Polycorder to accept input of 

the location number, then scan the analog IR thermometer signal 5 times 

over approximately 3 seconds and calculate the average temperature. 

Crop Canopy Temperature. The methodology for obtaining the 

crop canopy temperature (CCT) Has similar to that used to obtain the 

BST. The only difference is that the sample Has taken over the plant 

canopy just to the side of the stake to assure that the stake Hasn't in 

the field of vieH. The IR thermometer was held at approximately 450 

away from the sun and parallel to the sun's rays Hhenever that was 

possible. The CCT data set used in subsequent analyses Has IR7-16M. 

* tradenames are not an endorsement but for reader information 
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Time Of Sampling. The time of sampling varied from early, mid 

and late in the day. For the two data sets used in subsequent analyses 

(IR5-27M and IR7-16M), the average time of sampling was 1230 and 1245, 

respectively. The duration of sampling in both cases was approximately 

1 hour. 

For the data sets that were taken early or late in the day a 

correction was applied to account for the heating of the soil or plant 

canopy from changes in the sun angle. The formula used to calculate the 

corrected temperature, Tcorr ' was 

-
t - t 

Tcorr = Tuncorr + AT t
f 

- ti 
[2.11 

where Tuncorr is the uncorrected temperature, AT is the average change 

in temperature over the sampling interval and t, t f and ti are the 

average, final and initial times, respectively. Five to ten locations 

were sampled at the beginning and end of each sampling event and the 

average change in temperature was calculated with these data. 

Campus Agricultural Center 

Location 

The second field site was an approximately 1 ha field located in 

the central part of the University of Arizona's Campus Agricultural 

Center (CAC) which is located on N. Campbell Ave., Tucson, Arizona. Two 

adjacent fields, K1 and K2, were used. These two fields were approxi

mately .5 ha each and separated by a 1-2 m wide field road which was 

"included in the analysis. The road was raised about .5 m above the 
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field. The boundaries of the field were oriented in a north-south and 

east-west direction. 

Climatic factors typical to the area include a mean annual 

temperature of 18 °c and 20 cm of precipitation. 

Common types of native vegetation include mesquite, saltbush, 

creosote bush, catclaw, arrow weed and cactus. Production crops possi

ble under irrigated conditions include cotton, alfalfa, sugar beets, 

grain sorghum and vegetables. 

Physical Properties 

The soil type in this study area is the Gila fine sandy loam. 

The taxonomic classification is Coarse-loamy Mixed, Thermic Typic 

Torrifluvents and a typical pedon is described in Table 2.2. 

The surface horizon (A horizon) is a grayish brown loam which 

occurs on slopes of 0 to 5 percent and is generally 15-20 cm thick. It 

has a hue of 10VR and a wet and dry value of 4 and 5, respectively. 

This horizon also exhibits strong effervescence and is moderately 

alkaline. 

Sampling Design 

Bare soil surface temperatures and surface gravimetric moisture 

content were sampled over an 18 day period from August 26, 1984 to 

September 12, 1984. These represent primary data sets. For the 

gravimetric moisture content two data sets were collected on August 26 

and September 3. The first data set for each of these days was from the 

upper 4.5 cm (termed large can and designated with an IILII) whereas the 

second data set was from the upper 1.5 cm (termed small can and 



Table 2.2. 

Horizon 

Cl 

C2 

C3 

C4 

Pedon Description Gila Series. 

Depth Description 

0-06 grayish brown (lOVR 5/2) loam, brown 
(lOVR 4/3) moist; weak fine subangular 
blocky structure; slightly hard, friable, 
slightly sticky, slightly plastic; common 
fine roots; common very fine tubular 
pores, strongly effervescent; moderately 
alkaline; abrupt smooth boundary. 

6-22 brown (lOVR 5/3) loam, brown(lOVR 4/3) 
moist; massive, hard, friable, slightly 
sticky, slightly plastic; common 
fine roots; common very fine irregular 
pores, strongly effervescent; moderately 
alkaline; abrupt wavy boundary. 

22-27 brown (lOVR 5/3) gravelly sandy loam, 
brown (lOVR 4/3) moist; massive, slightly 
hard, friable, nonsticky and nonplastic; 
few very fine roots; common very fine 
irregular pores, strongly effervescent; 
moderately alkaline; abrupt wavy boundary. 

27-39 brown (lOVR 5/3) silt loam, brown 
(lOVR 4/3) moist; massive, hard, friable, 
slightly sticky and slightly plastic; few 
medium roots; common very fine tubular 
pores, strongly effervescent; moderately 
alkaline; abrupt wavy boundary. 

39-60 stratified brown (lOVR 5/3) silt loam and 
gravelly sandy loam, brown (lOVR 4/3) 
moist; strata are for 1 to 6 inches thick, 
slightly hard, friable, nonsticky and 
slightly sticky, nonplastic and slightly 
plastic; common very fine tubular pores, 
strongly effervescent; fine very few lime 
filaments; moderately alkaline. 

23 
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designated with an "Sf'). Auxiliary data collected at one hour intervals 

during this period were: air temperature, net solar radiation, incoming 

solar radiation, relative humidity, rainfall amounts and wind speed. 

These data were collected approximately 100 m north of the field from an 

automated weather station connected to a CR21 data logger. 

The initial random sampling scheme consisted of a total of 100 

locations. At 52 sites both the gravimetric moisture content (GMC) and 

bare soil temperature (BST) data were collected and at the other 48 

sites only the surface temperature data were collected. 

After the first sampling event (August 26) the need for more GMC 

data was recognized to improve the sample variogram. Therefore, from 

the August 29 sampling event onward an additional 19 sites were sampled 

for GMC. Of these 19 sites, 11 were randomly chosen from the 48 

temperature-only sites. Along with the additional GMC sites, another 20 

locations were sampled for BST and were systematically chosen in two 

small areas of the field in an attempt to increase the number of pairs 

in the first lagged distance (see variograms) of the covariance and 

variogram calculation. From these additional 20 sites sampled for BST, 

8 were also sampled for the GMt. This is summarized in Table 2.3. One 

area was a typical location containing dry crumbly soil and the other 

typical of the wet, clayey and topographically low soil. The final 

field layout is shown in Fig. 2.2 where diagrammed in A and B are the 

locations where the BST and GMC samples were taken, respectively. In 

Fig. 2.2B the points indicate the 52 original GMC sample locations and 

the points plus the circles indicate the final 71 locations. 
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On the final sampling (September 12), another 28 samples were 

taken on four transects. Of these 28 samples, 17 were on 1 m transects 

and lIon 2 m transects. These samples were used only for the calcula-

tion of the variogram to determine if the nugget effect was actually 

zero (see discussion of the variogram for CAC). 

Table 2.3. Summary of the number of random and systematic 
sample locations for Campus Agricultural Center. 

Total Random Systematic 
Date sample locations sample locations sample locations 

~ BST ~ BST G~ BST 

8-26 52 100 52 100 a a 
8-29 71 120 63 100 8 20 
9-12 71 148 63 100 8 48 

Sampling Methodology 

Sampling Locations. The sampling locations at CAC were marked 

using red-painted stakes placed at random intersections of a 90 by 90 

meter grid system superimposed over the field. The x- and y-directions 

were taken to be east and north, respectively. The locations of the x-y 

intersections were determined by measuring the distance into the field 

using a measuring meter-wheel. On each stake was marked a location 

number. Given in Appendix C.1 are the location numbers and the corre-

sponding x-y coordinates for the CAC site. The following appendices 
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(Appendices C.2 and C.3) contain the temperature and moisture data 

collected at CAC which includes the date, time of sampling, the location 

number and the collected value. 

Bare Soil Surface Temperatures. For all data sets the bare soil 

temperature (BST) data were taken as near to solar noon as possible. To 

check for heating of the soil due to changes in the sun angle a small 

smooth area was marked near the edge of the field and a series of 

temperature readings were taken. At the end of sampling, another series 

of readings was taken and compared to the original values. If the 

difference in temperature was greater than about 1 °C, the temperature 

correction given by Eq. 2.1 would have been applied, but for the data 

collected at CAC this was not necessary. 

A temperature value was obtained at each site by pointing the IR 

thermometer at approximately 45 °c to the soil surface on the north side 

of the stake. Care was taken to assure that neither the stake nor any 

shadows would interfere with the reading. Also, the area sampled was 

not altered (i.e. walked on or sampled for GMC) during the experiment. 

The time necessary to obtain a complete data set was about 30 min. 

Gravimetric Mbisture Content. Soil samples were taken in a 

large 4.5 cm (deep) by 6.0 cm (radius) and small 1.5 cm by 3.3 cm 

cylindrical can for analysis of the gravimetric moisture content. The 

samples were taken from near the stake on the west or east side (so as 

not to interfere with the IR readings) after an BST data set was 

obtained. Each sample was obtained by pushing the can into the soil and 

carefully removing the can and soil. Next, a cap was placed on each can 

and stored in an insulated container. Immediately after collecting the 
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samples they were taken to the laboratory and weighed (can, soil and 

lid). The samples were then dried overnight in an oven at 105 °C. 

Later they were removed and re-weighed. The gravimetric moisture 

content, 9g, was calculated from 

[2.2] 

where the W stands for the weight and the subscripts c, s, ware for the 

can, soil and water, respectively. 

Papago Farms 

The third field site, Field 7 of Papago Farms (PF), was used by 

Al-Sanabani (1982) to collect 101 values of EC and SAR in a Typic 

Haplargid in southwest Arizona. A 1 by 1 meter grid system was oriented 

in a north-south (x-direction) and east-west (y-direction) direction. 

The 1-2 Kg air-dried samples collected in the field were placed 

in a beaker with distilled water and a saturated paste was made. The 

solution ~,as extracted from the paste and the EC was measured using a 

Wheatstone bridge. A more detailed description of the experimental 

procedure is given by Al-Sanabani (1982). 

Descriptive Statistics 

Summary Statistics 

Maricopa Agricultural Center. The descriptive statistics for 

all the data sets collected at MAC are given in Table 2.4. As shown in 

the table, the mean value varied from approximately 46.1 to 64.9 °c and 



Table 2.4. 

Data 
Sets Mean 

Descriptive statistics for 
Maricopa Agricultural Center 

(all data sets). 

SURFACE SOIL TEMPERATURE (oC) 

Var C.V. Skew Kurt Max Min N 

IR5-27M 63.89 3.08 2.76 0.61 2.64 68.25 60.95 92 
IR6-11M 46.09 1.08 2.27 -0.25 2.85 48.62 43.42 90 

CROP CANOPY TEMPERATURE (oC) 

Data 
Sets Mean Var C.V. Skew Kurt Max Min N 

IR7-05M 35.46 2.77 4.74 1.41 5.89 41.66 32.80 59 
IR7-09M 27.72 0.53 2.64 0.28 4.08 30.27 25.96 86 
IR7-12M 30.23 1.05 3.40 -0.04 2.91 32.37 27.27 81 
IR7-16M 29.37 1.02 3.45 0.98 3.87 32.51 27.91 96 
IR7-23M 30.21 0.42 2.18 0.35 2.87 31.74 28.87 38 
IR8-08M 32.91 2.94 5.24 -1.79 8.13 36.75 25.31 92 
IR8-2(Jv1 30.18 0.78 2.96 0.64 3.18 32.66 28.56 39 

29 



30 

27.7 to 35.5 °c for the SST and CCT, respectively. The coefficients of 

variation were on the order of 3% for both the SST and CCT. Included 

are sample estimates of the higher moments: skeH and kurtosis (Sokal and 

Rohlf, 1981; Bhattacharyya and Johnson, 1977). These statistics relate 

to the shape and peakedness, respectively, of the frequency 

distribution. For the theoretical normal distribution the skeH and 

kurtosis have a value of zero. 

Campus Agricultural Center. The descriptive statistics for all 

the data sets are given in Table 2.5. Only the first and the last data 

sets, Hhich represent the fewest and most sample numbers, respectively, 

Here used in subsequent analyses. As shoHn in the table, the mean value 

varied about from 2.5 tc 10.8 and 38.4 to 51.6 for the moisture content 

and surface temperature, respectively. The coefficients of variation 

Here on the order of 61 and 301 for the surface temperature and moisture 

content, respectively. 

Papago Farms. From the EC data collected at PF, tHO data sets 

Here formed. The first was the original EC data Hhich has a mean and 

standard deviation of 5.85 and 5.96 dS/m, respectively. This yields a 

coefficient of variation of about 1001. The higher order moments, skeH 

and kurtosis, Here 2.53 and 9.68, respectively. The maximum and minimum 

value of EC Has observed to be 0.61 and 32.20, respectively. 

The second data set Has obtained by applying a natural logarith

mic transformation to the original EC data [i.e. In(EC)l. This data set 

had a mean and standard deviation of 1.40 and 0.849, respectively. The 

higher order moments, skeH and kurtosis, were 0.120 and 2.88, re

spectively. 



Table 2.5. 

Data 
Sets Mean 

IR8-26C 45.04 
IR8-28C 43.84 
IR8-29C 51.58 
IR9-03C 41.34 
IR9-08C 48.65 
IR9-09C 45.08 
IR9-12C 38.36 

Data 
Sets Mean 

~8-26C 7.66 
~8-29L 5.45 
~8-29S 2.45 
~9-03L 9.04 
MC9-03S 5.51 
MC9-12C 10.76 

Descriptive statistics for 
Campus Agricultural Center 

(all data sets). 

SURFACE TEMPERATURE (oC) 

Var C.V. Skew Kurt Max 

19.67 9.89 -1.51 4.11 50.42 
7.01 6.06 -0.94 3.19 48.02 

12.35 6.84 -1.29 3.58 55.83 
7.37 6.60 -1.45 5.55 46.42 
3.69 3.97 - .95 3.36 51.73 
2.50 3.52 - .09 2.37 48.68 

23.39 12.65 .39 1.70 47.74 

GRAVIMETRIC MOISTURE (I) 

Var C.V. Skew Kurt Max 

5.36 30.5 1.03 4.37 15.85 
1.83 25.0 -.004 1.84 7.82 
2.37 63.5 .79 2.54 6.74 
2.42 17.3 1.92 8.30 15.49 
3.80 35.6 1.68 7.68 13.54 

37.06 57.0 .64 7.21 26.35 
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Min N 

32.72 119 
37.27 118 
41.99 120 
31.34 118 
42.86 119 
41.02 120 
31.72 148 

Min N 

3.72 52 
2.95 71 

.74 68 
6.95 71 
2.53 71 
2.14 71 
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Probability Distribution 

Two methods Here used to judge Hhether the probability distribu

tions Here normal or lognormal. The first method was the Kolomogorov

Smirnov (KS) test Hhich produces a test statistic, (KStest ), Hhich is 

compared to a critical value, (KScrit ). If the test statistic is 

greater than the critical value then, based on the KS test, the samples 

were not drawn for the theoretical (or expected) distribution. 

The critical values for the Kolomogorov-Smirnov test are given 

by Rohlf and Sokal (1981) and Rao et ale (1979) for the 0.01, 0.05 and 

0.10 probability levels. For n > 30 an asymptotic expansion Hhich 

assumes the lIintrinsic hypothesis ll (i.e. that the mean and variance are 

calculated from the samples) was used to calculate the critical values. 

The asymptotic expansion is 

[2.3] 

where C is a constant Hhich depends on the probability level and n is 

the number of samples. For a probability level of .2, .15, .1, .05 and 

.01, C is equal to 0.736, 0.768, 0.805, 0.886, 1.031, respectively. 

The probability level used to test the IIgoodness of fit ll for the 

MAC, CAC and PF data sets Has 0.1. A large value was suggested by Rao et 

ale (1979) for this test since it is preferable to reduce the 

probability of the type II error (i.e. incorrectly selecting the null 

hypothesis that the samples values were draHn from the theoretical or 

expected distribution). Rao et ale (1979) suggest increasing the 

probability of the type I error as a method for decreasing the 

probability of the type II error. 
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A Fortran program was written to carry out the computations. 

The algorithm was checked and verified using the results of Rao et al. 

(1979, their Table 1.). 

A second and qualitative method was also used to judge whether 

the sample values were drawn from the theoretical distribution. This 

method was based on a qualitative interpretation of the visual fit 

between the sample and theoretical distribution. 

Maricopa Agricultural Center. The Kolomogorov-Smirnov (KS) test 

for II goodness of fit" for a normal and lognormal distribution Has per

formed on all the MAC data sets and the results are given in Table 2.6. 

From Table 2.6 it is shOHn that, generally, the bare soil 

surface temperature is neither normal nor lognormal at the 0.1 

probability level and that the crop canopy temperature tends to be both 

normal and lognormal depending on the data set. This is probably due to 

the time in the irrigation cycle the samples were taken. This is also 

shoHn qualitatively in Fig. 2.3 for the May 27 and July 16 data sets. 

Plotted in Fig. 2.3A and 2.3B are the cumulative frequency distributions 

for the sample BST and CCT values, respectively (dots) along with the 

theoretical normal distribution (solid line). The lognormal case was 

not plotted due to the 10H coefficients of variation (CV) since for low 

CV the normal and lognormal distribution are approximately the same. 

Two points should be considered Hhen trying to determine the 

distribution of a random variable. First, when the coefficient of 

variation (CV) is small the normal and lognormal distributions tend to 

look the same, thus increasing the difficulty in trying to distinguish 
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Table 2.6. 

Data 
Set 

IRS-27M 
IR6-11M 

Kolomogorov-Smirnov test values for 
Maricopa Agricultural Center. 

SURFACE SOIL TEMPERATURE (oC) 

* Kolomogorov-Smirnov 
Log Critical Values 

Temp. Temp. .10 .05 .01 

.121 .116 .084 .092 .107 

.118 .122 .085 .093 .109 

CROP CANOPY TEMPERATURE (oC) 

* Log Kolomogorov-Smirnov 
Data Surface Surface Critical Values 
Sets Temp Temp .10 .05 .01 

IR7-05M .134 .124 .105 .115 .135 
IR7-09M .059 .064 .087 .096 .111 
IR7-12M .056 .054 .089 .098 .115 
IR7-16M .092 .086 .082 .090 .105 
IR7-23M .110 .106 .131 .144 .167 
IR8-08M .166 .180 .084 .092 .107 
IR8-2CJw1 .084 .080 .129 .142 .165 

Critical values are given by Rohlf and Sokal (1981). 
For n > 30 Eq. 2.3 was used with C equal to 0.805. 

N 

92 
90 

N 

59 
86 
81 
96 
38 
92 
39 

34 
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between them. Next, the overall sensitivity of the KS method is 10H and 

this is compounded for a small CV. For the ~C data sets the CV Has on 

the order of 31 for which corresponding lognormal and normal 

distributions are almost identical. One positive aspect is that for a 

small CV choosing an incorrect distribution should not introduce large 

errors in later analyses. 

Based on the KS results and a qualitative judgement from the 

figures, it Has found that the IR5-27M soil temperature data and the 

IR7-16M crop canopy temperature data were not normally or 10gnorma11y 

distributed. 

Campus Agricultural Center. The KS test for "goodness of fit" 

for a normal and lognormal distribution Has performed on the CAC data 

sets. The results of the KS test are given in Table 2.7. 

The critical value used for the Ko10mogorov-Smirnov test Has 

determined by Eq. 2.3 at a 0.1 probability level. As described above, 

these values assume the intrinsic hypothesis, namely that the mean and 

variance of the data are estimated from the sample data. 

Table 2.7 ShOHS that, generally, the temperature is neither 

normal nor lognormal but that the gravimetric moisture content tends to 

be more closely lognormal although some GMC data sets are neither 

normally nor 10gnorma11y distributed. This is also shoHn qualitatively 

in Figs. 2.4 and 2.5 for the IR8-26 and IR9-12C data sets, respectively. 

Plotted in Fig. 2.4A and 2.5A are the distribution for BST and in Fig. 

2.4B and 2.5B are plotted the distributions for the 10910 of the BST 

Hhere the dots and solid line indicate the sample and theoretical normal 

distribution, respectively. 
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Table 2.7. Kolomogorov-Smirnov test values for 
Campus Agricultural Center. 

SURFACE SOIL TBMPERATURE (oC) 

* Log Kolomogorov-Smirnov 
Data Surface Surface Critical Values 
Sets Temp Temp .10 .05 .01 

IR8-26C .263 .281 .074 .081 .095 
IR8-28C .159 .172 .074 .082 .095 
IR8-29C .205 .216 .073 .081 .094 
IR9-03C .153 .166 .074 .082 .095 
IR9-08C .115 .120 .074 .081 .095 
IR9-09C .068 .068 .073 .081 .094 
IR9-12C .173 .167 .066 .073 .085 

GRAVIMETRIC MOISTURE (I) 

* 
** 

Kolomogorov-Sm;rnov 
Data Log Critical Values 
Sets Moist Moist .10 .05 .01 

MC8-26 .115 .071 .112 .123 .143 
MC8-29S .188 .133 .098 .107 .125 
MC8-29L .097 .123 .096 .105 .122 
MC9-03S .133 .060 .096 .105 .122 
MC9-03L .121 .093 .096 .105 .122 
MC9-12 .146 .107 .096 .105 .122 

Critical values are given by Rohlf and Sokal (1981). 
For n > 30 Eq. 2.3 Has used Hith C equal to 0.805. 

S denotes small can 
L denotes large can 
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N 

119 
118 
120 
118 
119 
120 
120 

N 

52 
68 
71 
71 
71 
71 
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Plotted in Fig. 2.6A and 2.7A are the cumulative distributions 

of the GMC for the MCB-26L and MC9-12S data sets, respectively (dots) 

along Hith the theoretical normal dist~ibution (solid line). In Figs. 

2.6B and 2.7B the sample values for the 10910 moisture content, respect

ively are plotted as dots along Hith the theoretical lognormal distribu

tions (solid lines). 

Based on the KS results and a qualitati-ve judgement from the 

figures, it Has found that the GMC on August 26 and September 12 Has 

lognormally and neither normally nor lognormally distributed, respect

ively. The BST on August 26 and September 12 Has found to be neither 

normally nor lognormally distributed. 

Papago Farms. The KS test statistic Has calculated for the EC 

and In(EC) and compared to the critical value at the 0.1 probability 

level. 

The results of the KS test indicate that the original and the 

natural log-transformed data are approximately lognormally and normally 

distributed, respectively at the 0.1 probability level. The KS test 

statistic calculated from the data sets Here 0.197 and 0.065 for the 

original and transformed data, respectively. The associated critical 

value is O.OBO and Has calculated from Eq. 2.3 for n = 100. Fig. 2.B 

ShOHS graphically the cumulative frequency distribution for the original 

and transformed data and are marked as points on the figure. Also 

plotted as a solid line is the theoretical normal distribution. The 

abscissa is in terms of the standard normal variate (i.e. Z = (x -~)/u 

for the normal distribution and Z = (lnx - ~ln)/ u ln for the lognormal 

distribution). From the figure it is evident that there is an 
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Figure 2.7. Cumulative frequency distribution for the moisture content 
(A) and the 10g10 moisture content (B) for MC9-12C. Solid 
line is the gaussian distribution. 
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improvement in the fit between the theoretical gaussian distribution and 

the transformed data. 

Regression Relationships 

Campus Agricultural Center. Linear regression between the 

surface moisture content and the surface temperature was completed on 

the 6 CAC data sets (note: on 8-29 and 9-03 two data sets were collected 

for the moisture content) assuming that the underlying relationship is 

linear. The results show that there is a strong negative correlation 

between the two variables. The results are given in Table 2.8 and are 

plotted for August 26 and September 12 in Fig. 2.9. The August 26 data 

set exhibits a linear relationship but the September 12 data set is more 

curvilinear. This is probably a reflection of the wetness of the field 

since in the wettest regions the temperature would be dominated by the 

environmental evaporation rate and in the dry areas by the transport 

properties of the soil. 

Table 2.8. Linear regression between surface moisture 
and temperature at Campus Agricultural 

Center. 

* 
Corre1-

Date Offset Slope ation No. 

8-26 23.80 -0.365 -0.781 54 
8-29S 16.06 -0.269 -0.693 68 
8-29L 16.75 -0.223 -0.642 71 
9-03S 26.44 -0.512 -0.756 70 
9-03L 24.64 -0.381 -0.708 70 
9-12 54.24 -1.18 -0.744 71 

* - S denotes small can and L denotes large can 
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Figure 2.9. Linear regression between the soil temperature and moist
ure content for CAC. Sampling dates are 8-26-84 (A) and 
9-12-84 (8) (see Table 2.8). 
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An attempt to improve the fit for the MC9-12C data set yielded 

the follo~ing relationship. 

9 = g 

r 96.45 - 2.41TC:C); T ( 36.47 

l 29.78 - .586T( C); T 2 36.47 
[2.4] 

The method used to find the slope and offset was to group the data as 

sho~n 'In Fig. 2.10A follo~ed by applying linear regression to each 

group. The point of intersection, T = 36.47, was then calculated and 

used as a test condition for selection of the appropriate slope and 

offset. 

Alternatively, the slope and offset were determined by 

inspection as 

9 = g 

f 215.31 - 5.88 (T); 

l 31.88 - 0.624(T); 

and is sho~n in Fig. 2.10B. 

T < 35.04 
[2.5] 

T 2 35.04 

The correlation coefficient that was used for the t~o-line 

models is 

"* _ L (Yi-Y)(Yi-Y) 
r - [ L (Yi-y)2(Yi-y)2 ]1/2 

[2.6] 

where Yi is the ith actual value, Yi the estimated value and y the mean 

"* value. It can be sho~n that r is equal to Irl for the single line case 

"* (Bhattacharyya and Johnson, 1977). The value of r calculated for the 

model given by Eq. 2.4 was .770 and indicates a slight improvement over 
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the one-line model. The model given by Eq. '* 2.5 produces an r of 

48 

.725 

~hich is slightly lo~er than the one-line model, although it follo~s the 

trend of the data better. 

If one uses the perpendicular distance bet~een a point and a 

line as a measure of the fit a significant improvement ~ill result for 

the two-line model. The distance between a point and a line is given by 

the expression (Thomas, 1972) 

di = 19 - mT - bl/[l+m2]1/2 g, i i [2.7] 

~here di is the distance between the ith point and the line, m is the 

slope and b the offset of the line. Defining the sum of squared 

distance as 

n 
SSD = L d 2 /n [2.8] 

i=l i 

gives a value of 6.92 for the one-line model, 2.95 for the t~o-line 

model given by Eq. 2.4 and 1.78 (oC) for the model given in Eq. 2.5. 

This indicates that overall the t~o-line model represents the trend of 

the data better than the one-line model and that Eq. 2.5 is better than 

Eq. 2.4. In terms of predicting the moisture content, however, the 

models give approximately the same results (based on the r2). This is 

due in part to the IInearll singular behavior of the data in the lo~ 

temperature region. 

Defining the sum of squares (SSQ) as 

[2.9] 
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gives a SSQ of 2.089 for the 8-26-84 data sets (i.e. moisture and 

temperature). For the 9-12-84 data sets the SSQ Nas 16.562, 15.072 and 

21.851 for the one-line, two-line (Eq. 2.4) and the two-line (Eq. 2.5) 

models, respectively. 



CHAPTER 3 

COVARIANCE AND PUNCTUAL KRIGING 

Table 3.1 lists the geostatistical analyses completed on the 

data sets. 

Table 3.1. Geostatistical analyses completed on data sets. 

** 
* ** 

CROSS DISJUNC-
DATA COVAR- COVAR- CO- TIVE 
SETS lANCE lANCE KRIGING KRIGING KRIGING 

S M S M 
IR5-27M X X X 
IR6-11M X X 
IR7-16M X X X 
IR7-12M X X 
IR7-26M X X 
++8-26C X X X X X X X 
IR8-28C X 
++8-29C X 
++9-03C X 
IR9-08C X 
IR9-09C X 
++9-12C X X X X X X X 
EC1982P X X X X 

* - ++ denotes that both IR and Me data sets were analyzed 

** - S denotes sample covariance or cross-covariance 
M denotes model covariance or cross-covariance 

50 
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Definitions 

The terms: support, stationarity, intrinsic hypothesis and drift 

have fundamental importance in geostatistics. Because of this 

importance and that they are used throughout the remainder of this work, 

their definitions are given below. 

Support 

The support on which a random variable is defined is the volume 

(area in two- or length in one-dimension, respectively) over which a 

sample is taken (Journel and Huijbregts, 1978). Two general types of 

support exist. In two-dimensions, point support is characterized by a 

sample taken over an area which in the limit is zero. In practical 

terms the area is so small as to be insignificant in relation to the 

total area of the field. For the experiments undertaken in this study, 

the total area for each field was on the order of 1 ha, while the 

sampling areas were on the order ~f 7 x 10-6 ha. Therefore, it is 

appropriate to use the approximation that the samples were based on a 

point support. Block support occurs when the samples are taken over 

larger areal extents in which a significant averaging of the property 

over the sampled area occurs. An example of block support would be 

samples taken over an area of 25 m2 in a field of 1 ha which represents 

about 0.25' of the field. It is important to consider the 

regularization not because the area represents a large proportion of the 

field rather because of the smoothing effect due to averaging over a 

large area. 
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It is possible to estimate a random variable based on block 

support even though the samples were taken on a point support. This 

will be discussed in more detail in the section on punctual kriging. 

Stationarity 

The hypothesis of stationarity is due to a lack of complete 

knowledge about the behavior of a random variable. For instance, a 

random variable, Z(x), located at the points xl' 

realizations of which only one is sampled. 

x2' ••• , xn has many 

To make statistical 

inferences about the random variable Z(x), requires formulation of an 

hypothesis concerning the behavior of the unknown realizations. To 

simplify the problem (i.e. not requiring that the samples be collected 

from multiple realizations which may be impossible if the sample 

location is altered while collecting the sample), the concept of 

stationarity is defined. A stationary random function, Z(x), is one 

whose joint probability distributions at a location xi are the same as 

those located at all the points xi+h, where h is the separation vector. 

Therefore, the joint distributions do not depend on the location of the 

samples and E[Z(x)1 is a constant. This enables one to view each 

separation as a separate realization and allows one to make statistical 

inferences (Journel and Huijbregts, 1978). 

Second-order stationarity has slightly weaker assumptions. 

Under second-order stationarity, the mean is assumed to exist and be 

independent of position over a field and the covariance function (which 

implies the variogram) exists and depends only on the separation 
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distance. A consequence of stationarity is that the variance (i.e. the 

covariance at zero lag) must be finite. 

Intrinsic Hypothesis 

The intrinsic hypothesis is a weaker assumption than second-

order stationarity and in a similar manner requires that the expected 

value of Z(x) exist and be independent of position. Unlike second-order 

stationarity, the intrinsic hypothesis requires only that the variance 

exist for the increments Z(x+h) - Z(x), (Journel and Huijbregts, 1978). 

Therefore, the variogram may exist even if the variance is undefined. 

Drift 
Journel and Huijbregts (1978) define drift as a nonstationary 

expectation of a random variable Z(x). In such a situation, the mean is 

a function of its position in space (i.e. E[Z(x)] = ~z(x». Determining 

if a random function is stationary and accounting for the nonstationary 

behavior if present can produce many difficulties. 

There are two methods which can help one determine if a data set 

exhibits stationary or nonstationary behavior. The first method is 

based on the variogram and stationary behavior is indicated when at 

infinite separation distance it increases more slowly than Ih1 2, i.e. 

(Journel and Huijbregts, 1978; esp. their Eq. 2.14) 

lim 
h~m 

[3.1] 

From Eq. 3.1, it can be concluded that a variogram that increases as 

rapidly (or more rapidly) than Ihl 2 is inconsistent with the intrinsic 



54 

hypothesis and therefore demonstrates nonstationarity. The converse, 

that a variogram that increases more slo~ly than Ihl 2 is stationary is 

not necessarily true since the drift may be of an order less than one 

(i.e. xa, ~here a < 1). 

The second method used to indicate stationarity is to sho~ that 

for each class size 

E£Z(x) - Z(x+h)] - 0 [3.2] 

or approximately constant for all class sizes. 

For the data sets contained in this report, both methods 

indicate that the random variables are stationary and this ~ill be an 

implicit assumption in further analysis. 

Covariance and the Varioqram 

Consider a second order stationary random variable Z(x) ~hich is 

sampled at n locations xl' x2,' ••• , xn• The centered covariance as a 

function of the separation distance, h, bet~een all the pairs of 

locations is given by 

C(h) = E[Z(Xi+h) Z(x)] - ~2z [3.3] 

In terms of class sizes h-dh to h+dh ~here the dh is 1/2 the class size, 

'* the covariance estimator, C (h), can be approximated from the data as 

'* ~h) 2 
C (h) = ~1 [Z(xi+h) Z(xi)]/N(h) - Z [3.4] 

~here Z is the sample average and N(h) is the number of couples used in 

the estimation process for a lagged distance h. 
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If the data demonstrate directional anisotropy, the C(h) 

function Hill also depend on the direction as well as the separation 

distance. For this situation C(h) could be written as C(h,9) where 9 is 

the angular dependence. 

The variogram is defined as one half the variance of the 

difference between the random variable located at all points separated 

by h, (Journel and Huijbregts, 1978; David, 1977) 

y(h) = var[Z(x+h) - Z(x)]/2 

The estimator for the variogram is calculated from the data using 

* N(h) 
Y (h) = L [Z(xi+h) - Z(x)]2/2N(h) 

i=1 

[3.5] 

[3.6] 

Under second-order stationarity (discussed beloN) the relationship 

between the covariance and the variogram functions is given by David 

(1977) and Rendu (1978) as 

Y(h) = C{O) - C(h) [3.7] 

where C(O) is the variance. The correlogram can be written in terms of 

the covariance and variogram functions as 

p(h) = 1 - Y(h)/C(O) = C(h)/C(O) [3.8] 

Positive Definiteness 

The variance of a linear combination of a random function must 

always be greater than or equal to zero (Journel and Huijbregts, 1978; 

Dunn, 1983, 1984; Myers, 1984a). In order to assure that this require-
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ment is met, the covariance and variogram functions must be positive 

definite and conditionally positive definite, respectively. 

Jackknifing 

Jackknifing is a semiquantitative technique based on kriging 

(discussed below) and is used to evaluate whether the covariance 

function (or variogram) is appropriate for the experimental data. The 

method involves estimating the value of the parameter of interest at 

every known sampling location but excluding the known data value from 

the estimation process (the known value is excluded because kriging is 

an exact interpolator). Using all the pairs of known (actual) and 

estimated values, various quantities can be calculated and used as an 

indication of the Iqua1ity" of the model covariance function. Baafi 

(1982) suggests calculating the mean error, variance of errors and the 

average of the kriging variances 

* E[Z(x) - Z (x)] 

* Var[Z(x) - Z (x)] 

n 
L 
i=1 

u. 2/n K 

[3.9] 

where Z*(x) is the estimate of Z(x) and u K
2 is the kriging variance. 

Baafi (1982) recommends choosing the coefficients such that the 

mean error is near zero, the variance of errors is approximately equal 

to the average kriging variance and the distribution of errors is 

standard normal with 95' or more falling within plus or minus 2 standard 

deviations. 
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A similar method described by Vauc1in et a1. (1983) and Russo 

(1984c,d) is based on the reduced mean and variance of errors 

* = E[Z(x) - Z (x)]/ uK -0 

* 
[3.10] 

R ~2 = Var[[Z(x) - Z (x)}/ uK] - 1 
K 

and a valid covariance (or variogram) model occurs for R~ and R~2 
K 

approximately zero and one, respectively. 

Both methods give an indication of whether the covariance or 

variogram function is appropriate for the experimental data but neither 

give a single unique answer. 

Maricopa Agricultural Center 

A computer program, GAMM3, described by Journel and Huijbregts, 

(1978) was modified in order to calculate the covariance, cross-

variogram and cross-covariance functions. The program parameters used 

in the calculations were: 5 m for the length of basic lag, half the 

basic lag for the class size and ±180o for the Hidth of the angular 

class. For a description of these parameters the reader is referred to 

Journel and Huijbregts (1978, pg. 223). 

The sample covariance and variogram functions Here calculated 

for all the MAC data sets and the results for the sample covariance 

functions were plotted for each data set except IR7-23M and IR8-2OM 

because these data sets have too few samples. 
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Bare Soil S~rface Temperature 

Figs. 3.1A and 3.1B show the sample covariance calculated from 

the bare soil temperature (8ST) data sets for IR5-27M and IR6-11M 

respectively. A spherical model (solid lines) Has applied to the sample 

co~ariance and the constants Here validated using the jackknifing 

procedure and Eqs. 3.10 and 2.9. The results are given in Table 3.2. 

Note the behavior of the covariance for the BST. For each data 

set the covariance function indicates that there is spatial correlation 

and has a well defi ned II si 1111 (for the covari ance the si 11 is expressed 

as slight fluctuation around a zero covariance). From calculation of 

the variograms it Has found that a small nugget exists. This Has also 

"verified" using the jackknifing procedure. The shape of the covario-

grams and variograms indicates that the BST obtained at MAC is 

stationary. 

Table 3.2. Summary of covariance models for Maricopa 
Agricultural Center data sets. 

Data Sum of 
Sets Model Nugget Sill Range RlJ Ra 2 Squares 

--.:::.I-

IR5-27M spher 0.70 3.10 23.0 .029 1.083 195.48 
IR6-11M spher 0.35 1.05 35.0 .052 1.013 60.63 
IR7-05M spher 0.85 3.05 40.0 .003 1.048 119.68 
IR7-09M spher 0.47 0.55 40.0 -.005 0.998 50.49 
IR7-12M spher 0.65 0.45 18.0 .025 1.019 91.22 
IR7-16M spher 0.17 1.09 28.0 .021 1.068 52.25 
IR8-OBM spher 1.50 2.50 25.0 -.OBI 1.030 219.63 
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Figure 3.1. Covariance functions for IR5-27M (A) and IR7-16M (6). 
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Directional variograms were also calculated· but the shape of the 

field (250m by 35m) caused erratic results in the short direction due to 

insufficient number of pairs for each lagged distance. Generally, no 

discernible differences were observed in the directional variograms 

(although the irregular behavior in the short direction may have masked 

any). Thus, subsequent analyses assumed the variograms and hence the 

covariance functions were isotropic. 

Crop Canopy Temperature 

The sample covariance functions are given in Fig. 3.2 where it 

is demonstrated that all the crop canopy temperature data sets exhibit 

spatial dependence (although for the IR7-09M data set the autocorrel

ation is not very strong). In an attempt to characterize how strongly 

the CCT is autocorrelated, the correlation at "zero" lag, p(O), has 

been calculated. The method used for this calculation was to divide the 

value of the model variogram as h --+ E by either the sill (column 3 of 

Table 3.3) or the sample variance (column 4 of Table 3.3). The results 

of this calculation are given in Table 3.3. 

Because the points for the sample covariance are discrete and 

there is some subjectivity in determining the constants using the 

jackknifing procedure, the results of Table 3.3 are only approximate. 

What is important to note is that, in general, as the separation 

distance approaches zero the CCT is auto-correlated at a level greater 

than 0.3. 

The reason the IR7-09M data set doesn't show as strong a 

correlation is probably due to the reduced variability because of a 
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Figure 3.2. Covariance functions for crop canopy temperature at MAC. 
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** 

Table 3.3. Autocorrelation at "zero" lag for 
Maricopa Agricultural Center 

data sets 

SURFACE SOIL TBMPERATURE (oC) 

Data 
* ** Sets Var p(O) p(O) h(l) 

IR5-27M 3.08 .774 .779 1.65 
IR6-11M 1.08 .667 .648 1.72 

CROP CANOPY TBMPERATURE (oC) 

Data 
* ** Sets Var p(O) p (0) h(1) 

IR7-05M 2.77 .721 .777 2.51 
IR7-09M 0.53 .145 .130 3.02 
IR7-12M 1.05 .409 .430 1.59 
IR7-16M 1.02 .844 .902 3.03 
IR8-08M 2.94 .400 .340 3.15 

Values calculated by dividing model covariance 
function by the sill. 

Values calculated by dividing model covariance 
function by the sample variance. 

N(l) 

11 
14 

N(l) 

17 
30 
10 
38 
36 
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recent irrigation (irrigation was on 7-06-84 and the soil surface was 

reported-to be wet on 7-09-84). This effect of reduced variabi"lity for 

wet conditions has been reported by Aston and van Bavel (1972) and 

Hatfield et ale (1984). Another possibility is due to the time the data 

were collected (i.e. 738-942) since the effect of the correction for the 

heating due to changes in sun angle could have introduced random 

variability into the covariance function. 

Campus Agricultural Center 

The program parameters used in the calculation of the sample 

covariance functions for all the CAC data sets were: 5 m for the length 

of basic lag, half the basic lag for the class size and ±1800 for the 

width of the angular class. 

Bare Soil Surface Temperature 

Fig. 3.3 shows the sample covariance for the bare soil 

temperature (BST). A spherical model was applied to the sample 

covariance for IR8-26C (Fig. 3.3A) and IR9-12C (Fig. 3.3B) and the 

constants were validated using the jackknifing procedure. The results 

of the jackknifing procedure are given in Table 3.4. 

The behavior of the covariance for the soil temperature 

indicates that there is a strong spatial correlation for the BST at this 

site. The sill (which for the covariance is denoted by small fluctua

tions around the zero correlation level) is well defined which is simi

lar to the MAC data sets. From the sample variograms, the presence of a 

nugget was not observed. The shape of the covariance function indicates 

that the soil temperature obtained at CAC is stationary. 
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Figure 3.3. Covariance functions for soil temperature at CAC. Figures 
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Table 3.4. Summary of covariance models for 
Campus Agricultural Center 

data sets. 

Data Sum of 
Sets MJdel Nugget Sill Range RI' Ro2 Squares N 

/( -
MC8-26 linear 0.0 5.4 10.5 .013 1.029 5.08 52 
MC9-12 spher 0.0 42.5 19.0 -.010 0.950 25.10 71 
IR8-26 spher 0.0 22.0 22.0 -.016 0.875 7.19 119 
IR9-12 spher 0.0 33.5 14.0 -.052 1.013 19.52 120 

In order to verify ~hether the nugget Has in fact zero for the 

BST, additional sampling Has conducted on four transects for the IR9-12C 

data set. Calculating the sample variogram for this data set indicates 

that the nugget is approximately zero for a sampling scheme based on a 1 

by 1 meter unit grid system. This also indicates that the measurement 

error Has not significantly affecting the results. 

Directional variograms Here also calculated. Generally, only 

minor differences Here observed in the directional variograms and they 

Here believed to be insignificant due to the reduced number of samples 

in each lagged distance. Therefore subsequent analyses assumed the 

variograms and covariance functions Here isotropic. 

Gravimetric MJisture Content 

Fig. 3.4 shows the sample covariance for the surface gravimetric 

moisture content (GMC). A model Has applied to the sample covariance 

for MC8-26C (Fig. 3.4A) and MC9-12C (Fig. 3.4B) and the constants Here 

validated using the jackknifing procedure. The results of the 
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jackknifing procedure are given in Table 3.4. For each of the CAC data 

sets a nugget was not observed from the calculated variogram and the 

sill is moderately well defined in a similar manner as the MAC data 

sets. The poor behavior of the sample covariance function for MC8-26C 

is due in part to the few samples used in the calculation (i.e. 52 

samples compared to 71 for MC9-12C). 

Because of the few samples available and the difficulty in 

obtaining more samples, calculation of the covariance function with 

increased sampling for the GMC Hasn't done. 

Papago Farms 

Sample covariance functions were calculated for the original and 

transformed data collected at Papago Farms. The program parameters used 

in the calculation were: 20 m for the length of basic lag, half the ba

sic lag for the class size and ±180o for the width of the angular class. 

Original EC Data 

The sample covariance C(h), and the variogram, r(h), for the 

original EC data is shown in Figs. 3.5A and 3.5B, respectively. A 

spherical model was fitted to the sample variograms and is plotted as 

the solid line in Fig. 3.5. Both models were validated using the jack

knifing technique (see Vauclin et al., 1983; Russo, 1984cd). The model 

coefficients and validation results are given in Table 3.5. 

Log-transformed EC Data 

The sample covariance and variogram were calculated for the EC 

data after a natural logarithmic transformation (i.e. In(EC)) was 
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applied. A spherical model was fitted and and validated by the jack-

knifing procedure. The resulting covariance and variogram are shown 

in Figs. 3.5C and 3.50, respectively. The model coefficients and 

results of the jackknifing procedure are given in Table 3.5. 

From Fig. 3.5 it is apparent that different models result 

depending on whether the sample covariance or variogram function is 

used. Since there is no independent method for determining which model 

better represents the spatial structure, the variogram model will be 

Table 3.5. Model correlation function parameters 
for Papago Farms. 

Sum of 
Data Type Model Nugget Sill Range RIJ Ro2 Squares 

/( 

EC Y(h) spher 20.0 25.0 90.0 .011 1.011 3548 
EC C(h) spher 23.0 16.0 120.0 .011 1.006 3359 

1 n( EC) Y(h) spher 0.30 0.60 160.0 .020 1.193 61.84 
1 n(EC) C(h) spher 0.41 0.35 140.0 .022 1.001 60.70 

used for subsequent analyses in Chapter 5. The variogram is chosen for 

the simple reason that it will allow a comparison in terms of the 

contour representation of In(EC) between the results of this work and 

those of warrick et ale (1985). This is one method of testing whether 

the kriging program used in this study was properly written. 
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Punctual Kriging 

One method for making an estimate of a random variable at an 

unsampled location is through the use of kriging. This method has the 

advantage over regression methods in that the spatial correlation is 

taken into account during the estimation process. Also, like regression 

methods, the estimate is unbiased and has a minimum variance between the 

estimate and the actual value (Journel and Huijbregts, 1978; Clark, 

1979) • 

There are three basic forms for writing the punctual kriging 

equations Nhich have been given the names: simple kriging, ordinary 

kriging and universal kriging. Of these three forms, the first two, 

simple and ordinary kriging, will be used in subsequent analyses and 

will be described in some detail. 

Simple Kriging 

The first kriging method to be discussed is called simple 

kriging and assumes the mean value of the variable of interest is known 

2. priori. 

Suppose Z(xi ) is a second-order stationary random function 

sampled on a point support and has a known mean,~. Under this 

hypothesis the covariance can be written as C(h) = C(xi - xj ). The 

simple kriging estimator, for a known mean, can be defined as the mean 

value plus a weighted sum of the difference between the mean and the 

samples used in the estimation. 

[3.13] 
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In Eq. 3.13, xi is the position vector, wi is the weight factor 

associated with the datum Z(xi ) and n is the total number of sample 

values used in the estimation. 

Unbiasedness 

The unbiasedness condition is represented mathematically as 

* E[Z(xo) - Z (xo)] = 0, which is true for all wi's since 

n 
HZ(xo)] - fL + ~ wi {HZ(xo] - HJL]} = 0 

i=l 
n 

fL - fL + L wi [fL - fL ] 
i=l 

The Simple Kriging Equations 

= 0 

[3.14] 

[3.15] 

[3.16] 

Using the definition for the variance of errors, var[Z(xo) 

'* Z (xo)]' and Eq. 3.13 gives the simple kriging system of equations 

The minimum variance of errors is determined by taking the derivative 

with respect to each of the lambda's and setting it equal to zero. This 

results in Eq. 3.18 

[3.18] 

where j = 1,2, ••• ,n. This can be written in terms of the following 

matrix equation 
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C11 C12 C13 C1n w1 Col 

C21 C2n w2 Co2 
C31 C3n w3 = 

C03 [3.19] 

where Cii , Cij and Coj for i and j = 1,2,3, ••• ,n designate the variance, 

C(Xi-Xj ) and C(xo-xj ), respectively. 

If one attempts to make an estimate at a point where a sample is 

located (and the sample data point is used in the estimation) the only 

solution to Eq. 3.18 is wi' = 1 for the "i'" which corresponds to the 

data point which has the same location as the point being estimated. 

The other weights are equal to zero. This demonstrates that the simple 

kriging equations are exact interpolators. 

One disadvantage associated with simple kriging is that the mean 

value must be known ~ priori. If this value is to be estimated from the 

data then one should use an alternative method, ordinary kriging. 

Because of this disadvantage, simple kriging will not be used to 

calculate the linear estimators. The nonlinear disjunctive kriging 

estimator (discussed below), on the other hand, uses a form of the 

simple kriging equations because one step in the solution is to 

transform the data to a standard normal distribution. Therefore the 

mean of the transformed data is known. 
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Ordinary Kriging. 

For many problems the mean value of a random function is 

unknown. In such cases the kriging equations can be written such that 

the mean becomes part of the solution. For this situation an alternate 

method for setting up the kriging equations is necessary. 

Consider the random variable, Z(x), defined on a point support 

and sampled, in 2-D space, at the points: xl' x2, ••• , xn• The ordinary 

'* kriging estimator Z (x) , like the simple kriging estimator, is given as 

a linear combination of the sample values. However, unlike simple 

kriging, the ordinary kriging estimator does not include the mean and is 

written as 

[3.20] 

To ensure an unbiased estimate (e.g. is 

written as Zo for convenience) requires that a constraint be put on the 

weights, wi's, 

n 
L Hi = 1 
i=l 

[3.211 

In a similar manner to simple kriging, the ordinary kriging 

equations result from minimization of the variance of errors. An 

additional complication arises in this case, hOHever, due to the 

constraint on the Heights. Minimizing the variance requires intro

duction of a Lagrange multiplier, Lm (Journel and Huijbregts, 1978; 

Vauclin et al., 1983). The minimization process is Hritten as 
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* Bvar[Z-Z ] a~ Hi 
- 2L = 0 

BWi m Bw; 
[3.22] 

If Z(x) is a second-order stationary random variable then the kriging 

equations result from Eqs. 3.21 and 3.23 

which is similar to the simple kriging equations (Eq. 3.18) except now 

there is a constraint on the weights and the addition of a Lagrange 

multiplier. 

Block Kriging 

It has been assumed up to this point that both the estimates and 

the samples were based on point support. If a block averaged estimate 

is required (the samples are still assumed to be based on point support) 

the only alteration of Eqs. 3.18 and 3.23 is to use the average 

covariance function on the right hand side of each equation. This is 

the only modification because the covariance is partitioned into the 

covari~nce between the data pairs and the covariance between the data 

and the estimation site. Therefore a block estimate can be obtained by 

using an averaged covariance (or variogram) between each datum and the 

block in the estimation process. 

When the covariance is based on block support the average 

covariance is determined by 

[3.24] 
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where V is the volume (area in 2 dimensions) of the block and C(Xo-xj ) 

designates the average covariance. Various methods for calculating the 

average covariance are given by Journel and Huijbregts (1978). 

When making an estimate over a block, intuitively, one would 

expect the variance to be reduced since a variance reduction is 

associated with averaging the smaller scale fluctuations of the random 

variable over space. With respect to the average kriging variance, the 

reduction in estimation variance is due directly to subtracting off the 

within block variance (since this variance component is not due to 

estimation error). This is be written as (Journel and Huijbregts, 

1978; Burgess and Webster, 1980b) 

n 
cl- = C(O) + L - L WiC(X -x.) - C(V,V) 

K m i=1 . 0 , 

where C(V,V) is the within block variance 

C(V,V) = ur ~ C(x - x') dx dX')/V2 

V V 

£3.25] 

£3.26] 

and each vector, x and x' each independently describe the domain V. 

Intrinsic Random Variables 

Under the intrinsic hypothesis the kriging system can be written 

in terms of the variogram 

[3.27] 

The kriging variance for an intrinsic random variable is 

2 n 
0" = Lm + L wi Y(Xo-Xi ) - Y(V,V) 

K i=1 
£3.28] 
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where y(xo-xi ) indicates that the variogram may be based on either 

point of block support and Y(V,V) is the within block variance (note 

that Y(V,V) is zero for point support). 

Depending on the assumptions about the random variable, Z(x), 

the ordinary kriging equations may be written in terms of the covariance 

or the var10gram. If one assumes the weaker intrinsic hypothesis then 

the kriging equations must be written in terms of the variogram because 

under the intrinsic hypothesis there is no guarantee that the variance 

is defined (Burgess and webster, 1980a). For this reason, many prefer 

to use the kriging equations in terms of the variogram as opposed to the 

covariance form. Computationally, there is a significant advantage for 

using the covariance form in the kriging equations. When the covariance 

is used, the main diagonal of the kriging system contains the variance 

(Journel and Huijbregts, 1978) and therefore contains the largest 

numerical value. Solving such a system does not require pivoting or 

partial pivoting as a precursor to solving the matrix and this produces 

a significant savings in terms of computer time. If the variogram is 

used, the main diagonal contains zeros and the pivoting step is 

necessary to avoid division by zero when using solution methods that 

divide by the main diagonal (e.g. Cholesky's decomposition method or 

Gauss elimination, Shoup, 1983). 

If one wishes to use the covariance under the intrinsic 

hypothesis, a pseudo-covariance can be defined for a variogram with a 

sill, y(oo), as 

C(h) = y(oo) - y(h) [3.29] 
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which will lead to a matrix which has the variance in the main diagonal. 

This allo~s one to skip the pivoting step and still apply the weaker 

intrinsic hypothesis. 

Contouring 

Generally, the final results of kriging include the estimate and 

the variance of the estimate for the parameter of interest. Three 

methods are commonly used to present the results. First, and most 

common, is the contour map. Alternatively, one could plot a block 

diagram to give a 3-dimensional representation of the results. The 

third method is to produce a table of the estimates and variance. 

For consistency, all contour maps for each experimental site 

will be generated in a similar manner to facilitate comparisons of the 

results. The MAC contour maps will be generated from 231 points 

estimated by kriging on a 6 by 8 m grid system (x,y). The CAC contour 

maps will be generated from 256 estimated points on a 6 by 6 m grid. 

The EC1982P data set will be contoured using 240 points estimated on a 

24 by 24 m grid system. In all cases hachured marks indicate depres

sions. 

Maricopa Agricultural Center 

Bare soil surface temperature. Estimates of the bare surface 

soil temperature (oC) using the data set taken on May 27, 1984 (IR5-27M) 

were made using ordinary punctual kriging method outlined above. The 5 

nearest data values to an estimation point were used in order to krige 

an estimate and the maximum allowed radius for a point to be included in 

the estimation process was 23 m, which is equal to the range of the 
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covariance function (see Table 3.2). The estimates were taken on a 6 by 

8 m grid system thus producing a total of 231 over the 36 by 256 m area. 

These estimates were contoured and are shoHn in Fig. 3.6A. 

The results shown in Fig. 3.6A demonstrate the spatial 

dependence of the BST (this is also indicated by the covariance 

function). Generally, the north side of the field (x = 36 m) is cooler 

in temperature than the south side with a difference of about 2-3 °C. 

The north and south sides have temperatures of about 62 and 65-66 °c, 
respectively. Along the east side of the field (y = 0 m) the 

temperature is approximately constant and 33.5 °C. The northwest and 

southwest ends of the field are approximately 65.5 and 63-640C, 

respectively. In the center of the field the temperatures tend to 

follow the furrows and seem to show an anisotropic behavior (although 

such behavior wasn't observed from the covariance functions because of 

the shape of the field). 

The temperature distribution is in part due to two factors. The 

first is advected energy which enters the field as dry air causing 

drying conditions and an increased heating. This is consistent with the 

observation that prevailing winds in this area are from the southwest 

and as the advected air moves across the field the amount of moisture in 

the air increases thus reducing the evaporative demand (as the air moves 

across the field). Although plausible, this can not be substantiated 

because wind direction measurements were not taken. The second possible 

explanation is due to irrigation methodology. Irrigation commences from 

the east end of the field. Therefore, the soil profile at the west end 
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Figure 3.6. Estimated soil temperature (A) and the associated kriging 
variance (6) for IR5-27M. 
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Hould receive less Hater and may be dryer and warmer than the east end 

of the field. 

The contour map of the kriging variance is also given in Fig. 

3.6B. Apparent from this figure is the large change in the variance 

Hith position. This is a reflection of the sample density in a par

ticular region. The deep depressions at locations (18,48) and (18,120) 

are due to the exact interpolative properties inherent Hith kriging. 

Crop Canopy Temperature. A total of 231 estimates of crop 

canopy temperature (CCT) on a 6 by 8 meter grid were obtained using the 

IR7-16M data set. These data Here contoured and are shOHn in Fig. 3.7A. 

Five nearest neighbors within a maximum search radius of 28 m were used 

in the estimation process. The covariance model used is given in Table 

3.2. 

The results indicate that the CCT in the field is more uniform 

than the bare soil surface temperature and during the sampling interval 

most of the field Has at a temperature betHeen about 28 to 29.5 °C. At 

the west end of the field, however, the CCT approaches 32 °C. This 

increase in CCT occurs over the last 15 to 20 meters and is probably due 

to the combination of advected energy from dry Hinds bloHing over the 

field and the reduced amount of irrigation Hater that enters this end of 

the field (irrigation commences from the east end of the field). 

The kriging error map is shoHn in Fig. 3.7B. If the sampling 

locations were the same for both data sets (they weren't exactly the 

same) the pattern of the contours HOuld be approximately the same 

although the contour levels Hould be different. Viewing Fig. 3.6B and 

3.7B simultaneously it is. immediately obvious that the general features 
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Figure 3.7. Estimated crop canopy temperature (A) and the associated 
kriging variance (B) for IR7-16M. 
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are the same. The "zero" ·spots (where an estimation was made at a 

sample location) show up on both maps as well as the increasing kriging 

variance along the boundaries. 

Campus Agricultural Center 

Bare Soil Surface Temperature. The bare soil surface tempera

ture (BST) measured at 119 and 120 locations for IRB-26C and IR9-12C, 

respectively were used to generate 256 estimates on a 6 by 6 meter grid 

system (Rmax Has 22 and 20 m for IRB-26 and IR9-12, respectively). The 

covariance models used in the estimation process are given in Table 3.4. 

The contour map for IRB-26C is shown in Fig. 3.BA. The spatial 

pattern of BST shows that low temperature regions correspond to the 

north-east and south-east corners as Hell as the north edge of the field 

near the middle. The temperature is generally a constant throughout the 

center of the field and approximately a constant 47 °C. 

The contour map for IR9-12C, shown in Fig. 3.9A, tends to differ 

significantly from IRB-26C. Although the low temperature regions are 

still located along the boundaries, the overall pattern is less uniform. 

This is probably due to the Het conditions of the soil during sampling. 

There tended to be more areas, which were usually dry, that Here wet on 

this day compared to early sampling events. Therefore these areas which 

contributed to the spatial homogeneity nOH were increasing the overall 

variability. 

The kriging variance contour maps are given in Figs 3.BB and 

3.9B for the IRB-26C and IR9-12C data sets, respectively. 
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Figure 3.8. Estimated soil temperature (A) and the associated kriging 
variance (6) for IR8-26C. 
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Figure 3.9. Estimated soil temperature (A) and the associated kriging 
variance (B) for IR9-12C. 
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Gravimetric MOisture Content. The gravimetric moisture content 

(GMC) ~as estimated on a 6 by 6 meter grid superimposed over the field 

by punctual kriging. For both data sets the maximum search radius ~as 

20 meters and only the 5 nearest neighbors ~re used in the estimation. 

The results ~ere contoured and are sho~n in Fig. 3.lOA and Fig. 3.llA 

for the MC8-26C and MC9-l2C data sets, respectively. 

Similarities in the t~o maps include the relatively wet regions 

along the south borders (x direction) between 60 and 90 meters, at the 

north-east corner and along the north side of the field between 0 and 40 

meters these correspond to areas of lo~ temperature in Figs. 3.8A and 

3.9A. In the interior of the field it appears that the GMC ~as 

generally lo~er and more uniform. Although in the center of the field 

the GMt appears to be fairly uniform, in actuality patches of ~et soil 

~ere observed in between the sample locations. This spatial behavior 

isn't included in the contour map because the information is missing 

(i.e. ~sn't sampled). Accounting for this lost information isn't an 

easy matter. Other sampling methods such as more intensive sampling or 

coregionalization methods ~ould be necessary to include this information 

in the estimation process. Therefore, the map corresponds to the 

variability in the field at a particular scale and in this instance 

there HOuld probably be a different variability pattern for a smaller 

scale of measurement. 

Another interesting feature is the wet zone at the north-east 

corner. The result of kriging indicates that the wet region has a 

triangular shape and covers the entire corner of the field. Visual 

observation ho~ever sheds some doubt on this result. The wet region 
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Figure 3.10. Estimated moisture content (A) and the associated kriging 
variance (8) for MC8-26C. 
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Figure 3.11. Estimated moisture content (A) and the associated kriging 
variance (B) for MC9-12C. 
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was actually a thin "L" shaped zone that followed the edges of the field 

and was approximately 5 meters inside the boundaries. Around this "L" 

shaped region was typical dryer soil. Because of the sampling pattern, 

this feature is obscured when making estimates using kriging. A more 

intensive sampling pattern would be necessary in order to increase 

resolution of the GtJK: in this area to discern the "L" shape feature. 

Differences in the two data sets are indicated by the extremes 

in the GMC (i.e. 3.7 to 15.9 for MC8-26C and 2.1 to 26.4 gm/gm for MC9-

12C). In the center portion of the field there is a "patchy" behavior 

for the MC8-26C data and a "banding" pattern for the MC9-12C data. 

The kriging variance maps are given in Figs. 3.10B and 3.11B. 

Generally, the t~o maps have similar shape although the contour levels 

are different. Much of the difference can be accounted for by 

differences in the total number of samples for each data set (52 vs 71), 

the variogram and the contour levels chosen. The main feature ;s that 

the higher levels tend to occur at the boundaries. 



CHAPTER 4 

COREGIONALIZATION 

In the study of coregionalization, added information is available 

whenever two random variables are simultaneously sampled provided that 

some relationship exists between the two variables. Therefore, the 

information about variable 1 (variable of interest) is available from a 

separately-sampled variable 2. 

Theoretically, it is not necessary that both variables have the 

same number of samples or that they be sampled at the same locations. 

Therefore two methods to improve the estimation are evident. 

The under-sampled problem occurs for a situation where variable 

1 (i.e. GMC) is more costly or difficult to sample and variable 2 (i.e. 

BST) is relatively easy (or inexpensive) to sample. If a correlation 

exists between the two variables then one method of improving the 

sampling efficiency is to increase the sampling of the BST with respect 

to the GMC. This allows an improvement in the estimation of GMC without 

additional sampling. 

An alternative problem is when each variable is of equal 

interest and sampling difficulty. For such a situation, an improvement 

in the overall estimation of both variables is possible by requiring 

that most of the sample locations for variable 1 be independent of the 

sample locations for variable 2. This will have the effect of 

increasing the sampling density in the field and if there is a very high 

correlation will be approximately the same as sampling for both var 

89 
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iables at all the locations. However, some co-sampling is required in 

order to calculate the cross-correlation function. 

Cross-Covariance and Cross-Variograms 

Under the second-order stationarity hypothesis, the relationship 

between the variables of interest is the cross-covariance or its 

normalized analog the cross-correlogram. This gives a means of 

quantifying how well two random variables are correlated in space as a 

function of the separation distance. When the cross-covariance is zero, 

the two random variables are independent and when the cross-covariance 

is equal to the product of the standard deviations of the two random 

. variables, the correlation is perfect. 

The cross-covariances are written as 

C12[Z(x+h),Y(x)] {;} C21[Y(x+h),Z(x)] [4.11 

where the subscripts "12" and "21" deSignate which variable is taken at 

the x+h location (although assignment is arbitrary, the convention 

adopted here is that variable 1 will always be associated with Z and 

will be taken as an under-sampled variable, that is the GMC). As 

indicated in Eq •. 4.1, C12 is not necessarily equal to C21 (Journel and 

Huijbregts, 1978), although often it is assumed that they are (i.e. when 

the cross-variogram is used). 

The estimator for the cross-covariance is 

* tilh) 
C 12(h) = ~ [(Z(xi+h)-Z}(Y(xi)-Y}]/N(h) 

i=1 
[4.2] 

where N(h) is the number of Z(xi ) and Y(xi ) pairs in a given lagged 
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distance interval (h ± dh) and Z and V are the sample mean values of 

Z(x) and Vex), respectively. The estimator for C21 (h) is the same as 

Eq. 4.2 except the order of Z and V is reversed. 

Under the less restricted intrinsic hypothesis, the measure of 

the inter'relationship between the variables as a function of the 

separation distance is the cross-variogram 

Y12(h) = 1/2 E[(Z(x+h)-Z(x)}(V(x+h)-V(x)}] = ~l(h) 

and has the estimator 

* Y 12(h) = 
N(h) 
~ [(Z(x+h)-Z(x»)(V(x+h)-V(x)}]/2N(h) = 
i=l 

* Y 21 (h) 

[4.3] 

[4.4] 

Unlike the cross-covariance, the cross-variogram exhibits symmetry. In 

order to use the cross-variogram in place of the cross-covariance under 

second-order stationarity, one should sho~ symmetry in the cross-

covariance function. For such a case the cross-variogram can be ~ritten 

in terms of the cross-covariance 

[4.5] 

Positive Definiteness 

To assure that positive kriging variances ~ill result ~hen 

cokriging (discussed belo~) certain conditions on the cross-covariance 

(or cross-variogram) are required. First, the function used to repre-

sent the cross-covariance function must be positive definite. A second, 

additional requirement, is that the cross-covariance function satisfies 

C 112 the Cauchy-Schwartz inequality [i.e. I ij(h)1 i (Cii(h)Cjj(h») 1. 
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Campus Agricultural Center 

The sample cross-covariance functions Here calculated using Eq. 

4.2 between the data sets (IR8-26C, MC8-26C) and (IR9-12C, MC9-12C) as 

shoHn in Figs. 4.1 and 4.2. Cross-covariance models Here fitted to the 

samples and tested for validity using the jackknifing procedure. It Has 

assumed that the covariance functions for the BST and GMC Here 

independent of the cross-covariance functions (i.e. that the covariance 

functions given in Table 3.4 could be used). Next the spherical model 

Has chosen to represent the sample cross-covariance functions and the 

"optimum" coefficients for C12 and C21 Here determined by 

simultaneously altering them in a cokriging/jackknifing program until 

the reduced mean and variance (see Eq. 3.10) were approximately 0 and 1, 

respectively. The jackknifing results are summarized in Table 4.1. 

Table 4.1- MOdel cross-covariance functions between the 
moisture content and soil temperature 

for Campus Agricultural Center. 

Date Type MOdel Nugget Si'll Range RI£ Ra 2 
I( 

8-26-84 C12 spher 0.0 -6.0 14.0 
-.037 1.220 

8-26-84 C21 spher 0.0 -7.0 16.0 

9-12-84 C12 spher 0.0 -18.0 25.0 
-.013 0.836 

9-12-84 C21 spher 0.0 -22.0 25.0 
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Figure 4.1. Cross-Covariance between the moisture content and the soil 
temperature at CAC. Figures A and B correspond to C

12 
and 

C21 for 8-26-84 data sets, respectively. 
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Figure 4.2. Cross-Covariance between the moisture content and the soil 
temperature at CAC. Figures A and B correspond to C

12 
and 

C21 for 9-12-84 data sets, respectively. 
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Generally, for these data sets C12 was found not to equal C21 • 

Also, the improvement in the behavior of the sample cross-covariance for 

9-12-84 compared to 8-26-84 (between BST and GMC) is due to the 

increased number of samples used in the calculation (i.e. 71 vs 52 for 

the 8-26-84 data sets). 

Cokriging 

When two random variables Z(x) and Vex) are sampled in space and 

a significant correlation exists between the two variables the added 

information due to the correlation between the variables can be used to 

improve the estimate at an unsampled location. This procedure is called 

cokriging (Journel and Huijbregts, 1978; Vauclin et al., 1983). The 

added information enters the problem through the cross-covariance 

function (or cross-variogram) which gives the correlation bet~een the 

two variables as a function of separation distance. This allows one to 

use the information about how one variable is distributed in space to 

help estimate the other. 

Consider two second-order stationary random variables Z(x) and 

Vex), defined on a point support, where Z(x) is sampled at k locations 

and Vex) is sampled at 1 locations. The locations where Z(x) and Vex) 

are simultaneously sampled are used to calculate the sampl~ cross

covariance function. Any excess samples of Z(x) or Vex) represent over-

sampling (with respect to the under-sampled variable). From an 

efficiency point of view, it is ideal if the easier (or cheaper) 

variable is over-sampled while the difficult variable is under-sampled. 
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A duality relationship exists between the over- and under-

sampled variables and the complete solution will enable estimation of 

both variables simultaneously (Myers, 1982, 1984b; Carr et al., 1984). 

However, it is simpler to approach half the problem, namely estimating 

the under-sampled variable (assuming it is the one that is more 

difficult or costly to sample) using a correlated but easily-sampled 

variable to add information to improve the estimate. This should 

require fewer "expensive" samples than if other kriging methods were 

employed. Therefore, it should be shown whether using fewer samples 

will still produce acceptable estimatipn variances and what happens if 

the two variables are equally sampled. 

In this context, Z(x) is defined to be under-sampled with 

respect to Vex). In terms of the real problem discussed below Z(x) is 

the gravimetric moisture content and Vex) is the surface temperature of 

the bare soil. 

The Cokriging Estimator 

The cokriging estimator is defined as a linear combination of 

the available sample values 

"* . k 
Z (xo) = L wiZ(x,.) 

i=l 

1 
+ LVjV(x.) 

j=l J 
[4.6] 

where it is assumed that k and 1 are the number of samples of Z(x) and 

Vex), respectively, k is less than 1, and wi and vi are the associated 

weight factors for Z(x) and Vex), respectively. In a similar manner to 

ordinary kriging of one variable, the cokriging estimator is required to 
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be unbiased and of minimum variance of errors. The unbiasedness 

condition is 

* ECZ(xo) - Z (XO)]= 0 

k l 
E[Z(x )1 -Lw.ECZ(x.)1 -Lv.ECY(x.)1 = 0 

0 i=l 1 1 j=l J J 
[4.71 

k l 
µ.z (1 - .L H; ) + µ. ( 0 - !: v.) = 0 

1=1 y j=l J 

Therefore, it is concluded that the sum of the w1 's must equal unity and 

the sum of the vj's must equal zero. The minimum variance condition for 

* CZ(x
0

) - Z (x
0

)1 plus the constraints on the weights, requires the 

introduction of two Lagrange multipliers, Lm,l and Lm, 2, into the 

minimization process. The minimum variance is then determined by taking 

the partial derivatives with respect to each w; and vj and setting the 

result to zero. Mathematically this is written as 

Bvar[Z(x
0

) * a~Hi - Z (x
0

) 1 
- 2L 0 = 

aw. m,1 
Bw; 1 

[4.81 

and 

Bvar[Z(x ) * a~vi - 2 (x
0

)] 
0 - 2L 0 m,2 = 

av. av; 1 

[4.91 

The Cokriging Equations 

Taking the derivatives after expanding the variances and 

manipulating the result gives the cokriging system of equations (see 

Journel and Huijbregts, 1978, pg. 325) 



k 
Lw. = 1; 
1=1 1 

1 
LV = 0 
j=l j 
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[4.10] 

where C11 and C22 are the covariance functions for Z(x) and Vex), 

respectively; C12 and C21 are the cross-covariances between Z(x) and 

Vex) and I = 1,2, •.• ,k and J = 1,2, ••• ,1 are indices of summation 

denoting the row in the matrix. 

The Cokriging Variance 

The cokriging variance is given by incorporating the results of 

Eqs. 4.8 and 4.9 into Eq. 4.10 and cancelling terms. 

[4.11] 

Dependent Versus Independent Random Variables 

Two results that can be directly observed from Eqs. 4.10 and 

4.11. First, if Z(x) and Vex) are uncorrelated, then C12 and C21 are 

zero and Eqs. 4.10 and 4.11 are identical to the ordinary kriging 

equations. Secondly, when a correlation exists between Z(x) and Vex), 

the cokrig1ng variance will generally be less than the ordinary kriging 

variance and the difference is due to the right most term in Eq. 4.11. 
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Exact Interpolation 

Cokriging, like ordinary kriging, is an exact interpolator which 

can be shown by using Eq. 4.10. If an estimate is made at a sampled 

location and this location is Xo = xI' = xi' then C11(xo-xI ,) = C11(xo-

Xi') = a2 and C12(xo-xJ ,) = C12(xo-xj ,). Substituting this into Eq. 

4.10 results in 

and [4.12] 

where B1 and B2 are the other terms in the series. Since B1 is not 

generally equal to B2, the only solution to Eq. 4.12 is if Hi' is 

identically one and the other weights and Lagrange multipliers are zero 

(i.e. B1 and B2 must equal zero). An alternative method for showing 

this is to find any solution to Eq. 4.12 (i.e. wi' = 1 and the Lagrange 

multiplier and other weights zero is one such solution) and then use the 

uniqueness property of kriging (see Journal and Huijbregts, 1978, pg. 

307) for assurance that this is the only solution. 

Computer Program. 

A FORTRAN computer program was written in order to carry out the 

computations necessary to cokrige. To verify the accuracy of the 

program, a comparison was made using the results of Vauclin et al. 

(1983) who kriged 123 values of the available water content (AWe) using 

12 measured values of AWe and 35 measured values of the sand content. 

The coefficients for the variograms and cross-variograms are given in 
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their Tables 4 and 5, respectively and Eqs. 3.7 and 4.5 were used to 

calculate pseudo-covariance. Seven nearest neighbors were used in the 

calculation and the results of the comparison are given in Table 4.2. 

Based 'on these results, it is believed that the cokriging equations were 

properly programmed. 

Campus Agricultural Center 

A total of 256 estimates of the GMC were generated on a 6 by 6 

meter grid system using the cokriging method described above. The 

estimation process used the 5 nearest neighbors within a maximum radius 

of 20 meters for each variable. The correlation functions are given in 

Tables 3.4 and 4.1. The GMC results are plotted in Figs. 4.3A and 4.4A 

for data taken on 8-26-84 and 9-12-84, respectively. 

The features found using ordinary kriging are preserved when 

cokriging on the 8-26-84 data set. Zones of high and low GMC occur in 

the same areas as before but there is much more resolution in the GMC 

distribution in the field due to the additional temperature samples 

located in between the moisture samples. Areas of added resolutions 

include: the GMC depressions which are located in the upper left 

quadrant (GMC Of 6) and the small depression (GMC of 4) located at 

(66,30) and (54,12). There is also a redefinition of the upper right 

quadrant. This is consistent with visual observation while sampling. 

The results of cokriging for 9-12 are not nearly as dramatic. 

Generally, the spatial distribution of &Me is approximately the same for 

both cokriging and ordinary kriging. The shape of the contours are 



Table 4.2. Comparison of the estimated available 
Hater content and the kriging errors 

from Vauclin et al. (1983). 

ESTIMATED AVAILABLE WATER CONTENT 

Vauclin et al. (1983) Computer Program 

XI ~ 25 30 20 25 ~ 
l 
40 12.50 12.63 13.80 12.50 12.63 13.82 

35 12.34 12.82 13.47 12.34 12.88 13.48 

30 11.36 13.11 13.74 11.37 13.11 13.75 

KRIGING VARIANCE 

Vauclin et al. (1983) Computer Program 

XI -1!L. ~ ~ -1!L. ~ ~ 
l 
40 0.00 3.92 3.17 0.00 3.93 3.18 

35 3.92 4.01 4.03 3.93 4.00 4.04 

30 3.17 4.03 4.07 3.18 4.04 4.08 
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Figure 4.3. Estimated moisture content (A) and the associated kriging 
variance (B) for 8-26-84 using cokriging. 
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Figure 4.4. Estimated moisture content (A) and the associated kriging 
variance (B) for 9-12-84 using cokriging. 
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slightly different but the resolution is not improved substantially by 

using cokriging as in the last example. 

The kriging variance maps are also shown in Figs. 4.3B and 4.4B. 

In general, the kriging variance decreases with respect to ordinary 

kriging (see Figs. 3.9B and 3.10B) when cokriging is used instead of 

ordinary kriging which is an expected result considering Eq. 4.11. This 

can be seen in the figures by noting the enlargement of the low level 

contour and shrinkage of the higher level contours. Otherwise the 

distribution is approximately the same. 

Comparisons Between Kriging and Cokriging 

Two quantitative comparisons between ordinary kriging and 

cokriging are the average kriging variance and the sum of squares error 

between the actual value and estimated value (using jackknifing) at each 

sample location. In the following discussion these measures will be 

used in a comparison between ordinary kriging and cokriging. 

Factors Affecting the Average Kriging Variance 

One quantitative measure of the improvement in the estimation 

process between punctual ordinary kriging and cokriging is provided by 

the average kriging variance. The factors investigated which affect 

the kriging variance were: the total number of sample data points, m; 

the number of samples used in the estimation, n; and the maximum radius. 

For the examples given here, a total of 256 estimates (using 

cokriging and ordinary kriging) of the GMC on 8-26-84 along with the 

associated kriging variances were calculated. The 256 kriging variances 

were used to calculate an average kriging variance (AKV). 
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Ordinary Kriging. As described above, the kriging variance is 

zero for an estimate made at a sample location. When the distance bet-

ween the samples and the estimation site becomes larger the kriging 

variance increases. This can be expressed analytically for some special 

cases using ordinary kriging, and in general, similar behavior is 

observed for cokriging. 

One special situation is to assume that all the samples and the 

estimation site are separated by a distance greater than the range of 

the variogram. For this situation the kriging variance is 

aZK = (n+1)C(0)/n [4.13] 

where C(O) = Y(oo) is equal to the sill and n is the number of data 

points used in the estimation. As the number of points gets very large 

the kriging variance approaches a constant which is equal to the sill. 

This is analogous to the sample standard deviation (STO) where for n = 1 

the STO is undefined and as n gets large approaches a constant. 

Another simplified situation is when the distance between all 

the samples is greater than the range of the variogram (i.e. C(h)a) = 0) 

but the distance between some of the samples and the estimation site is 

less than the range. For such a case the kriging variance is written 

and for the special case where n = 1 

a2K = 2C(0) - 2C(x -x.) o , 

[4.14] 

[4.15] 
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From Eq. 4.13 to 4.15 it is observed that the kriging variance may vary 

continuously from a minimum value of zero to a maximum value of 

(n+1)C(0)/n when Xo varies from Xo = xi to xo-xi > a for all i, where 

II a" is the range of the variogram (note: the maximum occurs when the 

covariances for all other xi are zero). 

The Maximum Allowed Radius. The maximum allowed radius is 

important in that if many samples fall inside a small radius a 

relatively small kriging variance will result. If the radius is large 

(especially if it is larger than the range of the variogram) and few 

samples are close to the estimation site, a relatively large kriging 

variance will result. Diagrammed in Fig. 4.5 are four hypothetical 

situations where a field is assumed to have m = 3, 5, 10, and 25 sample 

locations which are randomly located but with an approximately uniform 

density over the field. These figures correspond to a subset of the 

full GMC sampling pattern of 52 GMC (and 119 BST) shown in Fig. 2.2. In 

the following figures the "number of field samples" corresponds to those 

shown in Fig. 4.5 or for the 52 samples from Fig. 2.2. Also, for m = 1 

the sample was located approximately in the center of the field. 

The effect of the maximum allowed radius on the AKV for punctual 

kriging and cokriging is shown in Fig. 4.6A and 4.6B, which is taken 

with respect to the total number of samples and the curves are for radii 

of 20 and 30 m, respectively. For the data sets (MC8-26C/IR8-26C) 

increasing the maximum radius has the effect of reducing the AKV when 5 

< m i 25, increasing the AKV for 5 < m and produce approximately the 

same results for m = 52. Also noted is the overall reduction in AKV for 

cokriging with respect to ordinary kriging. 
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Figure 4.5. An idealized field situation where 3, 5, 10 and 25 samples 
are taken over a field with approximately uniform density. 
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The Total Number of Samples. The total number of samples affect 

the average kriging variance in that the fewer samples corresponds to an 

increased likelihood that a higher variance at an estimation site will 

occur due to increases in the separation distances. When averaged over 

the ent~~e estimation process an increased average kriging variance 

should result. 

The effect of the total number of samples (i.e. m) on the AKV 

for various number of samples used in the estimation process (i.e. n) is 

shown in Fig. 4.7 where plotted is the average kriging variance versus 

the total number of samples and the dashed and dotted lines indicate the 

results from OK and CK, respectively. Overall, there is a decrease in 

the AKV for increasing the number of samples used in the estimation 

process, m. This is expected since the distance between the samples and 

an estimation site is smaller for larger m. Also, there seems to be 

the same relative improvement when using cokriging as opposed to 

ordinary kriging for all cases. 

The Number of Samples Used in the Estimation. The number of 

samples used in an estimation affects the average kriging variance in 

that generally, increasing the number of samples will improve the 

estimate. Ho~ever, as m (the total number of samples) increases, the 

effect of the number of samples used in the estimation decreases because 

there is an increased probability that a sample will be located near the 

estimation site, thus reducing the kriging variance on the average. 

The effect of the number of samples used in the estimation 

process, n, on the AKV is sho~n in Fig. 4.8 where the dotted line and 

dashed lines are for cokriging and ordinary kriging, respectively. For 
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estimation process on the average kriging variance for 
various total number of samples. Dotted lines are for 
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Figure 4.8. The effect of the total number of samples on the average 
kriging variance for various number of samples used in the 
estimation. Dotted lines are for cokriging and dashed 
lines are for ordinary kriging. 
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this data set there is a corresponding decrease in the AKV for increas-

ing n but the overall rate of decrease lessens as n gets large. Also, 

the slope of the curves in Fig. 4.8 changes at n = 3 which is probably a 

reflection of the effect given by Eq. 4.13 (i.e. 2C(0) vs. 4/3C(0». 

Sum of Squares Error of Estimation 

Using the jackknife procedure one can generate an absolute 

measure of the error of estimation. The sum of squares (SSQ) used here 

is defined as 

n 
SSQ = ~ (Zi - i\ )2/n 

1=1 

where Zi is the ith actual data value, 

[4.16] 

* Z i is the estimated value and n 

is the total number of estimates. Therefore it is desired that the SSQ 

be minimal. 

The SSQ in estimating the GMC (the variable of interest) using 

the sample values gives a baseline in which comparisons concerning the 

improvement in the estimation using other methods are possible. For all 

cases using kriging, the 5 nearest neighbors within a 20 m radius were 

used in the kriging estimate. 

For ordinary kriging, using the MC8-26C and MC9-12C data sets, 

the SSQ calculated by jackknifing was 5.079 and 25.100, respectively. 

The results of the SSQ analysis are summarized in Table 4.3. 

The cokriging estimate is based on increased information because 

it uses two variables, the GMC and BST. In applying the jackknifing 

method for cokriging, the GMC data was not used in the estimation but 

did include the associated temperature value. Therefore, there is some 



Table 4.3. Sum of squares between the actual and 
estimated value of the moisture content. 

Kriging Cokriging 

Coin-
Data GM: cidental All 
Sets Only BST & GMC BST & GM: 

8-26-84 5.079 3.036 3.422 

9-12-84 25.100 17.826 20.011 

Regression and Kriging 

Coin-
Data Original cidental All 
Sets Data BST & GMC BST & GM: 

8-26-84 2.089 4.155 3.754 

9-12-84 * 16.562 28.016 26.288 

9-12-84 ** 15.072 26.841 26.691 

9-12-84 *** 21.850 30.787 40.572 

* - Indicates that the one-line regres~ion model was used. 
See Table 2.8. 

** - Indicates that the two-line regression model was used. 
See Eq. 2.4. 

*** - Indicates that the two-line regression model was used. 
See Eq. 2.5. 
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added information at the estimation site ~hich is not available ~hen 

using ordinary kriging. 

Columns 3 and 4 in Table 4.3 are the SSQ calculated using Eq. 

4.16 for t~o cases. The value in column 3 is for a situation where only 

the SST coincidental ~ith the GMC are used in the calculation. This 

produces a SSQ of 3.036 and 17.826 for MC8-26C and MC9-12C, respect

ively. In column 4 the SSQ includes all the available temperature data 

~hich produces values of 3.422 and 20.011, for the SSQ, respectively. 

For these t~o data sets there is an overall improvement in the estima

tion process using cokriging compared to ordinary kriging and results in 

an 32.6 and 20.3' improvement (relative to ordinary kriging) for the t~o 

data sets, respectively. There is, however, even more improvement in 

the sum of squares (i.e. 40.2 and 29.0% reduction in the SSQ, respect

ively) ~hen only the coincidental temperature data are used in the anal

ysis. This is probably due to the cross-covariances ~hich ~ere calcu

lated using the coincidental data pairs. If all the data had been co

incidental and used to calculate the covariance then one ~uld expect 

that the greatest improvement would be for the case ~here all the 

samples were used in the estimation instead of a subset. Also, note 

that there is relatively more improvement for the case where there ~ere 

fe~est samples of GMC (i.e. the 8-26-84 data set). 

The SSQ determined by cokriging is fairly sensitive to the co

variance and cross-covariance models. As an example, if the temperature 

variogram is optimized (by jackknifing) in terms of the coincidental 

temperature values a variogram with a zero nugget, 22.5 sill and 18 m 

range results. Using this model in a cokriging program produces a SSQ of 
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14.276 (compared with 17.826). If the cross correlation function C12 is 

changed to a zero nugget, sill of -22 and a range of 22 m, a SSQ of 

15.385 and 18.338 result for using coincidental and all the temperature 

values, respectively (compared with 17.826 and 20.011, respectively). 

Combined Kriging and Regression 

One disadvantage to the use of regression equations is that the 

spatial correlation structure isn't taken into account. An advantage, 

however, is the relative ease in applying a regression equation to the 

data when such a relationship is available. 

One possible method which incorporates the spatial structure yet 

uses a regression relationship to estimate one variable from another is 

termed here: combined kriging and regression (CKR). This is used to 

designate a situation where the easy-to-sample variable is estimated by 

kriging at all desired unsampled locations and then regression is 

applied to make an estimate of the desired but more difficult-to-sample 

variable. Therefore, the spatial correlation is accounted for (approxi

mately) by the easy-to-sample variable. Qualitatively, it seems reason

able that as the correlation structure for the two variables becomes 

identical the correlation information added to the problem by the kriged 

variable will account more fully for the regressed variable. 

This offers an alternative to the more complex and time 

consuming cokriging analysis described above since for CKR only a simple 

regression equation and ordinary kriging is necessary. 
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Application 

In order to assess the validity of such a procedure the kriged 

BST results of Figs. 3.8A and 3.9A were used in conjunction with the 

regression equations in Table 2.8 to demonstrate CKR. The results of 

the estimation of the GMC were then contoured. 

Shown in Fig. 4.9 are the results of CKR using the kr1ged 

results of Fig. 3.8A and the regression equation for 8-26, where the 

contour levels indicate the GMC in percent. Comparing Fig. 4.9A with 

Fig. 3.10A (for OK) shows that although the overall pattern of high and 

low GMC occurs in the same regions, there is considerable smoothing when 

using CKR on this data set. Also, when comparing CKR with the cokriging 

results in Fig. 4.3, even m~re discrepancy results. 

Next the CKR method was applied to the IR9-12C data set (see 

Fig. 3.9A) and the single line regression model given in Table 2.8. The 

results are plotted in Fig. 4.10A. A comparison of Fig. 3.11A and 4.4A 

with this figure show some similarity such as high and low zones of 

moisture but overall the spatial pattern for this model is quite 

different. There is a tendency for the pattern to be discontinuous 

especially in the central portion of the field. Part of the 

discontinuities are due to the inadequacies of the one line model in 

representing the trend of the data. Fig. 4.10B has the CKR results for 

the two line model given in Eq. 2.4. For thi~ model there is a 

significant improvement in terms of a comparison between this figure and 

Figs. 3.11A and 4.4A. This is seen as more continuity in the central 

part of the field (contour level 8). Although there is more improvement 

in the comparison with the earlier figures, the CKR method doesn't seem 
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Figure 4.9. Estimated moisture content for 8-26-84 using combined 
kriging and regression. Contours are based on a one
line model (see Table 2.8). 
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Figure 4.10. Estimated moisture content for 9-12-84 using combined kriging and 
regression. In A, B, and C the contours are based on the one-line 
model, Eq. 2.4 and Eq. 2.5, respectively. 
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to reproduce the higher moisture levels near the borders as well as with 

ordinary or cokriging. In Fig. 4.lOC, contours of the Gt-'( were 

calculated with the two-line model given by Eq. 2.5. For this case 

there is fairly good agreement with the results of Fig. 3.lla and even 

better agreement with Fig. 4.4A. 

One major disadvantage in using the CKR method is that there is 

a lack of an error estimate analogous to the kriging variance. 

Therefore the reliability of the estimation is unknown. 

An advantage of this method, besides the ease of implementation, 

occurs for situations when there is a known and more or less constant 

relationship between the two variables (i.e. regression relationship). 

For this situation the only data values needed are for the kriged 

variable in order to generate the correlation function. Ordinary 

kriging or cokriging, on the other hand, requires data values for each 

variable in order to estimate the correlation and cross-correlation 

functions. If the correlation function for the kriged variable is 

relatively constant, another simplification in the analysis occurs 

because fewer numbers of data samples may be needed to generate a useful 

regression equation than is necessary to generate a useful correlation 

function. 

A Comparison of the Sum of Squares Error 

The second part of Table 4.3 contain the SSQ calculated using 

this method, which uses ordinary kriging to determine the temperature at 

a particular location and then uses regression relationships to convert 

the Clvl:. When kriging for the temperature using CKR, the jackknifing 
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procedure was used (i.e. the known data value was not used in the 

estimation). Column 1 contains the results when the known data values 

are used along with the regression relationship to calculate a GMC. It 

should be pointed out that these data were used to generate the 

regression relationship and therefore one would expect good results when 

using this method. A better way to test the method would be to use a 

large data set where only a small number of samples are used to 

calculate the regression relationship and see how well the method works 

on the entire data set. 

For the MC8-26C data sets there is an improvement in the 

estimation based on the SSQ when using CKR over ordinary kriging (see 

Table 4.3). For some of the regression models for the MC9-12C data sets, 

on the other hand, CKR doesn't produce as good an estimation as ordinary 

kriging for GMC. If only the original temperature values are used in 

conjunction with the regression relationship the estimation is the best 

in terms of the SSQ anr considering the methods used here. It is 

interesting that although the best contour representation for the GMC on 

9-12-84 occurs when using CKR and Eq. 2.5, the estimation based on the 

SSQ is worse than the one-line model. This is an example of the 

difficulty in quantifying the contour representation. 



CHAPTER 5 

DISJUNCTIVE KRIGING 

Linear kriging methods such as simple, ordinary and universal 

kriging have been used in soil and water science to estimate a spatially 

distributed random variable at an unsampled location. The final product 

of such analyses is often a contour map showing the spatial distribution 

of the property of interest. 

When the property being investigated is multi-variate normal 

then the ordinary linear kriging estimator is equivalent to the best 

unbiased estimator, the conditional expectation. If the property is not 

uni- and bi-variate normal, then a nonlinear estimator will be a better 

estimator in the sense of reduced variance of errors. Also, if one 

wishes to make an estimate of a probability density function (PDF), a 

nonlinear estimator is essential. This is shown in Fig. 5.1 where an 

idealized situation is constructed for illustration. Suppose the PDF to 

be estimated is of the form q(x) = exp(-x2/2) and the interval of 

interest is -2 i x i 2 (solid line in Fig. 5.1). Consider further that 

the estimator of q(x), f(x), is required to be unbiased and have minimum 

variance of errors (i.e.) 

E[q(x)-f(x)] = 0 [5.1] 

and 

Var[q(x)-f(x)] = min [5.2] 
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Figure 5.1. Comparison between a linear and nonlinear unbiased esti
mator with minimum variance of errors. The actual distri
bution is the non-normalized gaussian density function. 
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For these conditions the best linear unbiased estimator of the form, 

flex) = a + bx occurs ~hen a = 0.598 and b = 0.0. This is shown in Fig. 

5.1 by the straight dashed line. The best nonlinear unbiased estimator 

of the form, fnl(x) = a + cx2 occurs for a = 0.911 and c = -0.235 and is 

shown in Fig. 5.1 by the curved dashed line. The results of Fig. 5.1 

and the reduction in the variance in Eq. 5.2 (i.e. variance of 0.333 and 

0.018 for the linear and nonlinear estimator, respectively) demonstrate 

that there is a significant improvement in the estimation of q(x) when a 

nonlinear estimator is used. 

Disjunctive kriging (OK) provides a means of obtaining an 

unbiased nonlinear estimator of a spatially dependent random function. 

Also, disjunctive kriging allows one to make an estimate of the 

conditional probability that a random variable at an unsampled location 

is above a specified cutoff level. This is termed the transfer function 

model by Matheron (1976). 

Hermite Polynomials 

Before describing the OK method, it is helpful to describe some 

of the properties of Hermite polynomials. Hermite polynomials are 

functions orthogonal ~ith respect to the ~eighting function exp[-y2/2] 

on the interval [-00, 00]. Many (i.e. see Eq. 5.4) functions can be 

represented by an infinite series of Hermite polynomials of the form 

CD 

CP(y) = L CkHk(y) 
k=O 

~here the Ck's can be found using the orthogonality properties. 

[5.3] 
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The sufficient condition for a function to have a Hermite 

representation (which converges mean-squared) is that 
co 

~¢(y)exp(-y2/2)dY [5.4] 
-co 

be finite. In fact it is this condition which allows one to compute the 

coefficients, Ck• 

A Hermite polynomial of order k is defined by Rodriques' formula 

(Abramowitz and Stegun, 1965) as 

[5.5] 

and may be evaluated by the recursive relationship 

[5.6] 

where Ho = 1 and HI = y. For the example illustrated in Fig. 5.1, the 

linear and nonlinear functions can be written as flex) = CoHo(x) + 

C1H1(x) and fnl(x) = CoHo(x) + C2H2(x), respectively, where for the 

nonlinear function a = Co - C2 and b = C2• 

The orthogonality relationship for non-normalized Hermite 

polynomials is 

for k "I k' 
[5.7] 

for k = k' 

Using the orthogonality relationship, the coefficients Ck can be 

determined by 

co 

Ck = {J CP(y)Hk(y)eXp[-y2/2] dy}/(k!J27T"1 [5.8] 
-co 
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~here ~(y) is the function represented by the infinite series of 

Hermite polynomials. Since ~(y) is not known, the integral in Eq. 5.8 

can not be evaluated analytically. Standard numerical integration 

techniques ~ould require knowledge of ~(Yi) for a large number of 

points Y1' Y2' ••• , Yn• However, Hermite integration (Abramowitz and 

Stegun, 1965) provides a method of exact numerical integration using 

only a few special points 

[5.9] 

These special points, the abscissa's, vi' and the associated weight 

factors, wi' for 10 term Hermite integration are given in Table 5.1. 

Table 5.1. 

i 

1 
2 
3 
4 
5 

Abscissas and weights for 10 term Hermite 
integration. (Abramowitz and Stegun, 1965) 

:!:Yi wi 

0.343 0.6109 x 100 

1.037 0.2401 x 10~1 
1. 757 0.3387 x 10_2 2.533 0.1344 x 10_5 3.436 0.7640 x 10 
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The Mean and Variance 

If ~(V) is a function of the random variable V, then the mean 

and variance of Z(x) = ~[V(x)] given by Eq. 5.3 can be obtained from 

the coefficients Ck as 

fL = E[ ~(V)] = Co [5.10] 

and 

(T2 = Var[ CP(V)] = 
ex> 

k!Ck
2 L 

k=1 
[5.11] 

where fL is the mean and (T2 is the variance. Note that the series in 

Eq. 5.11 begins at k=1. 

Bi-variate Densities 

Many bi-variate densities can be expressed in the form 

[5.12] 

where f1 and f2 are the marginal densities (i.e. fl = j(f(X,Y)dY), In 
Y 

particular, if x and yare bi-variate normal with zero mean and unit 

variance then the joint density ;s given by 

[5.13] 

where Pxy is the correlation coefficient and g is the standard normal 

density function. Given in this form it is easy to compute the 

conditional expectation of a function, CP(x), given by Eq. 5.3 

[5.14] 
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Recall, however, that bi-variate normality for each pair of n+1 

variables does not imply n+1 multi-variate normality. In the particular 

case where Vex) is a stationary random function then each pair V(xi ), 

V(X j ) has the same type of bi-variate density and if Vex) is also bi

variate normal then only the correlation coefficient Pij depends on the 

particular pair. Generally, the correlation coefficient is given via 

the variogram, Yij • 

Generally, a truncated series will be used for Eq. 5.13 and thus 

f(x,y) will only be approximated. This approximation may cause 

difficulty in calculating the conditional probability functions 

(discussed below) in that small negative values (or values slightly 

greater than unity) may occur. For such situations possible remedies 

include increasing the number of terms or setting the small negative 

values to zero and values slightly larger than one to unity. This 

latter method was used in subsequent analyses. 

Normal or Lognormal Random Variables 

If a random variable is normally or lognormally distributed, the 

C 's k can be calculated using the mean and variance of the data. 

Ck's for these cases are given in Table 5.2. 

Disjunctive Kriging 

The 

Disjunctive kriging represents a form of nonlinear kriging (i.e. 

results in a nonlinear estimator) which in general offers an improvement 

over linear kriging methods, yet doesn't require knowledge of the n+1 

joint probability distributions necessary for the conditional 

expectation. Matheron (1976) proposed the disjunctive kriging method as 



Table 5.2. Ck's for exactly normal and lognormal distributions. 

NORMAL 

k 

o 

1 

2 o 

3 o 

4 o 

5 o 

6 o 

7 o 

8 o 

9 o 

LOGNORMAL 

Ck 

2 4 6 8 10 
J.!. [1 + 0- + U + U + 0" + a- +. •• ] 

e 2 8 48 384 3840 

3 5 7 9 
J.!. a- a- 0' 0' 

e [a- + "2" + 8 + 48 + 384 + ] 

2 4 6 8 10 
J.!.[O'+ 0'+ a-+ 0'+ a- + ••• ] 

e 2 T 16 96 '768 

3 5 7 9 
J.!.[O'+ 0"+ 0'+ a- + ••• ] 
e6~tm281J 

4 6 8 10 
J.L 0' 0' a- CT 

e [24 + 48 + 192 + 1'i5'2 + . .. ] 

5 7 9 
J.L U 0' a-

f! [120 + 240 + 960 + 
. .. ] 

6 8 10 
J.L a- 0' a-

f! [720 + 1440 + 5760 + . .. ] 

7 
p. 0' 

.e [~+ 

8 

JL[~ 

9 

9 
a-

10080 + 

10 
0' 

+ 80640 + 

eJ.!. [.E:.. + ••• ] 
9! 

. .. ] 

... ] 

128 



129 

a simplified alternative which only requires that the bi-variate 

distributions for the n+1 variables be known. When a random variable is 

uni- and bi-variate normally or lognormally distributed, the linear or 

lognormal kriging estimator for a known mean is identical to the DK 

estimator (Rendu, 1980; Journel and Huijbregts, 1978). By adding an 

additional assumption that the distribution is multi-variate normal, 

then the linear kriging estimator and the DK estimator are the same as 

the conditional expectation. 

One assumption implicit in the DK method described here is that 

a gaussian transform, ~(Y), exists, is unique and invertible. 

Furthermore, this transform produces a random function which is 

uni-variate normal with mean zero and unit variance from a random 

variable of arbitrary distribution. Another assumption is that the 

random variable produced by the transform also has a bi-variate normal 

distribution for each pair of variables. 

Disjunctive Kriging Estimator 

Consider Z(x) a second-order stationary random function which is 

sampled on a point support at n locations: xl' x2, ••• ,xn where x 

represents a vector in two-dimensional space. Applying the gaussian 

transform to each Z(xi ) produces a standard normal random variable 

V(x;). The disjunctive kriging estimator is made up of a series of 

nonlinear functions where each function depends on only one normalized 

sample value Y(xi ) 

[5.15] 
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where n is the number of samples, fi[V(x i )] is a function to be 

determined and expressed on the right hand side of Eq. 5.15 as a series 

of Hermite polynomials where fik is a constant which depends on i and k. 

This is the first point in the derivation ~here Hermite polynomials are 

introduced. 

The two conditions imposed to produce the IIbestll estimator 

are unbiasedness and minimum variance of errors: 

'* E[Z(xo) - ZOK (xo)] = 0 [5.16] 

and 

'* Var[Z(xo) - ZOK (xo)] = min [5.171 

or 

E[Z(xo) - ZOK'*(Xo)]2 = min [5.18] 

'* The minimum for Eqs. 5.17 and 5.18 occurs ~hen the line Z(xo) - ZOK (xo) 

is perpendicular to the hyper-plane defined by the measurable functions 

f[Z(x;)] (see Journel and Huijbregts, 1978, page 568) given in Eq. 5.15. 

Therefore, using the perpendicular projection, namely that the vectors 

'* Z(xo) - ZOK (xo) and fi[Z(x i )] are orthogonal, one can write 

or 

where Zi denotes Z(X;). 

5.20 can be written as 

[5.19] 

[5.201 

In terms of the conditional expectation Eq. 

[5.211 
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The next step in the DK process is to determine the unkno~ns in 

Eq. 5.21 (i .e. l(xo) and the f i 's, see Eq. 5.15..}~~-·--,-Dince no assumptions 

have been made about the distribution of lex) (and in fact if lex) is 

uni- and bi-variate normal or lognormal there is no advantage in using 

DK for the estimation), a transform function, ~[V(x)], is necessary to 

transform lex) to a random function ~ith a standard normal distribution. 

Therefore, this transform is ~ritten in terms of Hermite polynomials 

[5.22] 

~here the infinite series has been truncated to K terms, Vex) is 

assumed bi-variate normal and the Ck's are the coefficients Hhich are 

determined by using Eq. 5.8 or 5.9. 

Incorporating Eqs. 5.15 and 5.22 into Eq. 5.21 gives 

j=1,2, •• ,n [5.23] 

The unknOHn~Vo) and fi's are found by applying Eq. 5.14 to Eq. 5.23 and 

cancelling the factorial terms 

[5.24] 

Hhere j=1,2, ••• ,n. 

Defining fik = Ckbik gives the DK system Hhich is satisfied for 

all k 

[5.25] 

* ~here H k[V(xo)] is the estimated value of Hk[V(xo)] and is determined 

by the fol10~ing series of Hermite polynomials of the sample values 



The bik 's in Eq. 5.26 are the roots of 

k n k 
(POJo) = L bike Pij ) 

i=l 
n 
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[5.26] 

[5.27] 

For 

* 

k=O, Eq. 5.27 reduces to the unbiasedness condition ~ bio = 1 (or 
i=l 

ZDK = Co = fL from Eq. 5.10). 

Disjunctive Kriging Variance. The disjunctive kriging variance 

is found by combining Eqs. 5.17 and 5.19 which gives 

[5.28] 

Substituting Eq. 5.10 and 5.11 into Eq. 5.28 and using Eq. 5.12 to 

determine the covariance and rearranging gives 

2 K 2 n k 
a: - L k! C [1 - L bik(Poi) ] 

OK - k=l k i=l 
[5.29] 

Block Disjunctive Kriging. If a block estimate is required, the 

only necessary modification is to use P oj in place of Poj on the left 

hand side of Eq. 5.27 where the bar indicates that the correlation 

coefficient is averaged over the block, V 

Poj = (lIV) J p(x' - xj ) dx' 
V 

Steps for a Solution 

[5.30] 

The following steps are required to estimate the value of a 

random variable at an unsampled location using the disjunctive kriging 
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method. Steps 1 through 5 are preliminary to the actual estimation 

process. 

1) Transform the original data, Z(x), into a new variable, 

2) 

Vex), which is assumed uni- and bi-variate normal. This map-

ping is illustrated in Fig. 5.2. One method to approximate 

this function is to rank the original data (i.e. Z(x» in 

order from smallest to largest in magnitude. The cumulative 

frequency distribution (while keeping track of the corres

ponding x's) and an approximation for the probability of 

Z(Xi ) is used to obtain a trial transformed value of V(Xi ). 

One possibility for calculating the probability of Z(Xi ) is 

to use P[Z i Zo] - (i-0.5)/n where i is the total number of 

Z(Xi ) less than or equal to Zo and n is the total number of 

samples. The associated V(Xi ) is then calculated by 

inverting the gaussian probability function 

Vex) = P-1[Z < z ] [5.31] 
- 0 

Once the V(x)'s are known the coefficients Ck are calculated 

from Eq. 5.8 or 5.9 where the transform relationship 

cP [V(xi )] = Z(Xi ) is calculated by linear interpolation, 

fitting an nth order polynomial to the [Z(x),V(x)] data pairs 

or some other method. The transform relationship for the nth 

order polynomial is then CP(x) = ao + a1x + 

the a's are determined from the data pairs. 

• •• + 
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3) Calculate the actual values of V(xi ) given the Ck's 

calculated in step 2, ~here k=1,2, ••• ,K for each sample 

location (1.e. i=1,2, •• ,n) by inverting Eq. 5.22. This is 

necessary because 1n general a truncated ser1es ~1ll be used 

for the transform and this step ~1ll assure that the OK 

system H1ll interpolate exactly at the sample locations. 

4) Compute the sample mean and variance using Eqs. 5.10 and 5.11 

to ver1fy that appropriate Ck's 1n step 2 were calculated and 

to a1d 1n determining the number of k's necessary. The ~(V) 

function should also be plotted ~ith the orig1nal data to 

help determine the number of Ck's necessary. 

5) Calculate the sample correlogram using the transformed data 

[i.e. VeX;)]. If the variogram for the Z(xi ) is available 

than one can apply 

p(h) = 1 - Y(h)/C(O) [5.32] 

since to use OK second-order stationarity must be satisfied 

(K1m et al., 1977). 

The rema1n1ng steps are required to calculate an estimate 

at each 10cat10n and the steps (6-10) are repeated for each est1mate. 

6) Set the k 1ndex to zero. 

7) 
ft 

Calculate Hk (Vo) in Eq. 5.26 by solving the simple kriging 

system given in Eq. 5.27, using the values of Hk(Yi ) that 

correspond to the samples. 
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8) Use Eq. 5.26 and 5.27 to calculate the kth term of Eq. 5.25. 

9) Increment k by 1. 

10) Repeat steps 7 through 10 for all k. Note that as k increas

k es, (Poi) and likewise bik goes to zero. Therefore, Kneed 

not be very large (see Rendu, 1980, Table 3). 

Differences Between Simple and Disjunctive Kriging 

The calculations necessary to make an estimate are basically the 

same as the simple kriging method only performed K times per estim&te. 

Another difference is that a transform is defined by solving for the 

coefficients Ck which are appropriate for the data set. Also, Hermite 

polynomials of order k must be calculated for each sample used in the 

estimation. These latter tHO steps need only be done once. A fourth 

difference is that the interpolation is with respect to Hk[Y(x)] for OK 

whereas it is based on Z(x) for ordinary (linear) kriging methods. This 

property is also used in the calculation of the conditional probability. 

Disjunctive kriging uses considerably more computer time than 

linear kriging and in terms of estimation alone may not be justified. 

However, when information is required about the probability distribution 

of the estimation, OK offers an attractive alternative. 

Conditional Probabilities 

Estimating the conditional probability (termed the transfer 

function by Matheron, 1976, Journel and Huijbregts, 1978, and Kim et 

al., 1977) for the estimation is possible since the disjunctive 

kriging estimator is nonlinear. The method used here consists of two 
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steps. The first is to find the conditional probability that the point 

value of Z(x) at a randomly located point, xo' inside the block V is 

above a prescribed cutoff value Zc (see Fig. 5.3). This is called the 

point transfer function. Next, to obtain the conditional probability 

that the block value is above the cutoff _yal~e~ the probability function 

is then integrated over the entire block. 

Therefore, in terms of a point estimate, the conditional 

probability that Z(xo) is above the cutoff value Zc (where Yc is the 

associated transformed cutoff value) is 

and for the probability averaged over a block, the desired probability 

is 

P[l(XO) 2 zcIZ(xi)1 = 1/VJi P[Z(x) i zcIZ(xi)1dx 
V 

[5.34] 

~here Z(XO) indicates the block value, Xo is the randomly selected point 

in the block V, Zc is the cutoff value and the Z(Xi ) for i = 1,2,3, ••• n 

are the data used in the estimation process (i.e. the conditioning). 

Point Conditional Probability 

In order to determine the conditional probability using OK, the 

problem must be recast so that the OK estimator, ~hich estimates the 

conditional expectation, ~ill also estimate the conditional probability. 

This is accomplished by defining an auxiliary function E3yc [V(xi)] 

based on the transformed cutoff value, Yc' 
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Figure 5.3. Idealized conditional probability density function in terms 
of the transformed variable. The shaded area is the condi
tional probability that the indicator variable is above y • 
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[5.35] 

and allows Eq. 5.33 to be written as 

[5.36] 

From Eq. 5.36, the conditional expectation can be written 

[5.37] 

since ~yc(V) = 0 for -00< V < Yc and 1 for Yc i V <00. Also in Eq. 

5.37, Vo and Vi are used to denote V(xo) and V(xi ), respectively. 

Therefore, the conditional probability that Vex) (or Z(x» is greater 

than Yc (or zc) is given as a conditional expectation of the auxiliary 

function ~yc(V). Expanding ~yc(V) in terms of an infinite series of 

Hermite polynomials (the third introduction of Hermite polynomials) with 

respect to the sample locations gives 

[5.38] 

which is the estimator for the conditional probability and the 8k's are 

the coefficients in the expansion. Applying orthogonality gives a 

method for evaluating the 8k's 

or 

0> 

8k = ~~yc(u) Hk(u) g(u) du 
-0> 

co 

8k = ~Hk(U) g(u) du 

'c 

[5.39] 

[5.40] 
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where g(u) is the normal distribution density function and u is a dummy 

variable of integration. Using the definitions for Hk(u) and g(u) and 

for k = 0 gives the first coefficient 

8 = 1 - G(y ) o c [5.411 

where G(u) is the cumulative gaussian distribution function of g(u). 

For k > 0 (note Hk is defined by Rodriques' formula, (Abramowitz and 

Stegun, 1965», the other coefficients are given by 

[5.42] 

Substituting Eqs. 5.41 and 5.42 into 5.38 gives the conditional 

probability 

[5.43] 

The only unknown in Eq. 5.43 is Hk(Vo)' which is found using the 

disjunctive kriging method outlined above. Incorporating the estimator 

for Hk(Vo) (from Eq. 5.26) into Eq. 5.43 gives the point conditional 

* probability estimator, P , 

[5.44] 

[5.45] 

and the bik are found from Eq. 5.27. 
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The density function for ~yc(y) ;5 

K '* 
G'yc[U] = g(u)[1 - L Hk(u)Hk (Vo)]/k! [5.46] 

k=O 

and gives the probability density as a function of u. Using Eq. 5.46 

one can write the estimator for the conditional probability in an 

alternate form as 
CD 

P'*(Vo) = f 8' yc(U)dU = 8 yc (vo) 

'c 
Block Conditional Probability 

[5.47] 

In order to obtain estimates of the conditional probability for 

the block Eq. 5.33 is integrated over the block, V, 

or 

P[Z(Xo) L zcIZ(xi)] = lIV J P[V(x') L ycIV(xi)]dx' 
V 

P[V(xo) L ycIV(xi)] = 1/VJr 8yc[V(x')] dx' 
V 

[5.48] 

[5.49] 

Combining Eqs. 5.44 and 5.49 gives the block estimator for the 
-h 

conditional probability, P , 

~ J K '* P = ltV {1-G(Yc)+g(Yc)~Hk-1(Yc)Hk (Vo)Jdx'/k! 
V k=l 

[5.501 

Since only the bik's "depend on the location x, Eq. 5.50 can be rewritten 

[5.511 

- It 
Nhere the bik denotes that the block average value for (p oj)" "is used 

on the left hand side of Eq. 5.27 i.e., 

[5.52] 
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If only a point estimation is required, then ( Poj) is used on the left 

hand side of Eq. 5.27. 

Factors Affecting the Conditional Probability 

* Some of the factors that affect the resulting P include the 

cutoff value Yc' the estimated value of Hk(Yo) and the correlogram. If 

Yc is large and negative then G(yc) and g(yc) will approach zero. This 

* will result in a P which approaches unity. When Yc is a large positive 

* number, G(yc) approaches unity and g(yc) zero; this will result in a P 

which will approach zero. 

The estimated value of Hk(Yo) and the correlogram also affect 

the result but not in a manner easily treated analytically. Generally, 

as the distance between the samples and the estimate becomes large (i.e. 

larger than the range of the correlogram) two possibilities arise. The 

first occurs if the distance between all the samples is greater than the 

* range. For this case all the bik's for k l 0 are zero and P = 1 -

G(yc). The alternative is when some (or all) of the samples are closer 

than the range of the correlogram; for this case the third term of Eqs. 

5.44 or 5.51 must be included. 

The effect due to the correlogram is not amenable to 

generalization since the third term in Eqs. 5.44 or 5.51 may be positive 

or negative and depends on the correlogram and the sample values. 

However, if the correlogram has a long range (everything else constant) 

the importance of the third term will tend to increase. 

In summary, Eqs. 5.26, 5.27 and 5.44 are used for an estimation 

of the conditional probability, * P , that Z(x) at a randomly located 
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point x
0 

is greater than the cutoff value zc, ~ereas Eqs. 5.26, 5.27, 
--If 

5.51 and 5.52 are used if the conditional probability, P, over the 

block Vis required. 

Requirements 

The disjunctive kriging method offers a simple method for 

calculating the conditional probability that the point or block value at 

a randomly located point in Vis greater than an arbitrarily assigned 

cutoff value. This is an important result since it offers one 

geostatist1cal method whereby quantitative information is available to 

aid in management decisions. 

Three requirements are necessary in order to use the method 

described. The first is that Z(x) must be second-order stationary. 

Next, a gaussian transform must exists which will transform an 

arbitrarily distributed Z(x) into a normally distributed Y(x). This 

requirement is easily satisfied since a gaussian transform has been 

shown to always exists (Kim et al., 1977). The final requirement is 

that the transformation produce a bi-variate distribution that is 

jointly normal in Y(x). This assumption is not required by the method 

in general but is adopted in order to write the conditional expectation 

in terms of the correlation function. If Z(x) is such that the two 

marginal densities are normal but not jointly normal it is still 

possible to write the OK equations for this situation (see Kim et al., 

1977). 
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Papago Farms 

The first example of disjunctive kriging (OK) uses the 

electrical conductivity data of Al-Sanabani (1982) Hhich Has sampled at 

101 random locations in a 10 ha field. The second example uses the same 

data set after a 1Qgarithmic transformation (natural log) is applied to 

the data. This gives an example of OK for data sets Hith approximately 

normal and lognormal distributions and also allows comparison of the 

final results betHeen the ItHO" data sets. 

Approximately Lognormal Data 

The first step in the OK process is to find the coefficients 

Hhich define the transform relationship (Eq. 5.22) betHeen Z(x) Hhich is 

approximately lognormal and Vex) Hhich is standard normal. 

For comparison, the C 's for a k theoretic('ll lognormal 

distribution Here calculated using the results of Table 5.2. Also, the 

actual Ck's appropriate for the data sets Here determined by numerical 

integration of Eq. 5.9. In order to solve the integral, the 

relationship between Zi and ~(Vi) must be knoHn or approximated. The 

method used here for determining this relationship Has to order the 

original data set from smallest to largest in magnitude and then 

calculate a trial value of Vi corresponding to each Zi by inverting the 

probability function 

Vi = P-1[(i-O.5)/n1 [5.53] 

Hhere 1 is the number of data (Z) that have a value less than or equal 

to Zi' n is the total number of data, p-1 is the inverse probability 
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function and the argument (i-0.5)/n is an approximation for the 

probability of datum Zi' A ser~es approximation for p-1(x) is given 

by Abramo~itz and Stegun (1965 pg. 933). After Vi is calculated for all 

Zi the relationship Zi = ~(Vi) can be determined by either linear 

interpolation, fitting an nth order polynomial or some equivalent 

method. This is necessary because the abscissa values for the Hermite 

integration won't necessarily correspond to a Vi contained in the data 

set. Both methods were used here to evaluate the transform function. 

In general, it Has found that fitting a 10th or~er polynomial to the 

pairs gave a better representation of the data set compared to 

linear interpolation and produced a more accurate mean and variance. 

(see Eqs. 5.10 and 5.11). The results of this calculation are given in 

Table 5.3. 

Plotted in Fig. 5.4 is the EC versus the probability and 

demonstrates the fit between the function ~(V) (solid line) and the 

or1g1nal data (p01nts) for several cases. In Fig.5.4A the Ck's 

corresponding to the theoretical lognormal distr1bution (based on the 

mean and variance of the data set) are used to generate ~(V) from Eq. 

5.22. In Figs. 5.4B to 5.40, the Ck's were calculated from the actual 

data using the polynomial f1t to generate the ~(V) function, where 5, 

10 and 15 terms (i.e. Ck's) are used in Figs. 5.48, 5.4C and 5.40 

respectively. These results indicate that the theoretical lognot'mal 

distribution fits the data very well in the small EC range (i.e •• 5 < EC 

(dS/m) < 8) but there 1s poorer agreement above an EC of approximately 8 

dS/m. When the Ck's are calculated from the data there is an overall 

improvement in the fit between the model and the data as K increases. 



Table 5.3. Actual ~Rd theoretical Ck when linear interpolation 
or a 10 order polynomial is used to calculate 
~(Yi). For lognormal case the mean and standard 
dev1ation used to calculate the Ck/s was 1.40 and 
0.849, respectively. 

Lognormal Distribution 
(Original data) 

Linearl y 
Interpo-
lated 

k Ck 

0 5.8818 

1 5.0164 

2 1.9070 

3 0.1541 

4 -0.2414 

5 -0.1296 

6 -0.0155 

7 0.0110 

8 0.0046 

9 -4.58E-4 

M:AN 5.882 

VAR. 37.571 

ACTUAL M:AN 

ACTUAL VARIANCE 

10th 
poly-
nomial 

Ck 

5.8447 

4.9464 

1.9881 

0.3572 

-0.0766 

-0.0770 

-0.0160 

0.0042 

0.0021 

-1.28E-4 

5.845 

34.453 

log-
normal 

Ck 

5.795 

4.893 

2.066 

0.581 

0.123 

0.0206 

0.0029 

3.34E-4 

3.53E-5 

2.44E-6 

5.795 

34.926 

5.846 

35.123 

Normal Distribution 
(Transformed data) 

Linearl y 10th 
Interpo- poly-
lated nomial 

Ck Ck 

1.3472 1.3996 

0.6992 0.8385 

-0.1348 0.0177 

-0.1038 -0.0125 

-0.0189 0.0043 

3.74E-4 -0.0039 

0.0035 -0.0014 

0.0014 2.88E-4 

-1. 16E-4 1. 18E-4 

-1.19E-4 -2.47E-5 

1.347 

0.623 

1.400 

0.710 

normal 

Ck 

1.4004 

0.8487 

0 

0 

0 

0 

0 

0 

0 

0 

1.400 

0.720 

1.400 

0.720 
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Figure 5.4. Illustration of the fit of the transform, ¢, for the EC 
data. In A, the coefficients correspond to the lognormal 
distribution. Five, ten and fifteen coefficients calcu
lated from the data were used in B, C and D, respectively. 
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Since increases in K are associated with increases in computational time 

the 10 term representation is deemed adequate. 

Since the Ck's calculated above are only approximate, in terms 

of representing the data, Eq. 5.22 must be inverted to find the actual 

Vi (for the data set) which corresponds to Zi before implementing OK 

method. This is necessary to assure that OK will exactly interpolate at 

a sample location. 

Approximately Normal Data 

The theoretical Ck's for a gaussian normal distribution (i.e. 

In(EC) is approximately normal) are fin = Co and ~n = C1 with Ck for 

k > 2 all zero, since for a normal distribution the standard normal 

variate is 

[5.54] 

The Ck's were calculated by numerical integration of Eq. 5.9 for 

the two cases described above (i.e. when Z = ¢(V) is determined by 

linear interpolation and by a 10th order polynomial). The resulting 

Ck's are given in Table 5.3. In a similar manner as the EC, the mean and 

variance for the In(EC) are better estimated using the 10th order 

polynomial representation for ¢(V). In Fig. 5.5 the natural logarithm 

of the EC versus the probability is shown for two models. In Fig. 5.5A 

is shown a comparison between the transformed variable, Vex), and the 

In(EC) data when the theoretical normal distribution is used and in Fig. 

5.5B when 10 Ck's are used along with the polynomial fit between the 

data pairs. 
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Estimation 

The first check on the OK method is to verify that the method 

improves the estimation process compared to linear kriging methods (i.e. 

ordinary kriging). Journel and Huijbregts (1978) and Kim et ale (1977) 

list the hierarchy of estimators (beginning Hith the best Hhich requires 

the most restrictive assumptions) as: conditional expectation, 

disjunctive kriging, simple kriging and ordinary kriging (OK). 

Therefore, to ShOH that OK improves the estimation over OK a 

total of 240 estimates of EC and In(EC) (using each method) Here 

obtained on e. 24 by 24 meter grid system superimposed over the field. 

Along with each estimate a value of the kriging variance Has calculated 

and for OK a value of the conditional probability. Bower and Wilcox 

(1965) gives 4.0 dS/m as a critical value of EC for many plants 

therefore this value (or the In(4.0 dS/m) ) Has used for Zcut in subse

quent analyses. For all cases a maximum of 5 nearest neighbors Hithin a 

radius equal to the range of the variogram Has used in the estimation 

process. Next, the results Here contoured to ShOH the spatial distribu-

tion of each parameter folloHed by a calculation of the average kriging 

variance based on the 240 estimates. Also, using the jackknife 

procedure, an estimate at each sampling location Has obtained (the known 

value Has not used in the estimation). From the estimate and 

actual value (Zi) the sum of squares Has calculated from Eq. 4.16. This 

enables one to arrive at an absolute measure of the improvement in the 

estimation when OK is used over OK. 

Contour Maps. Shown in Fig. 5.6 is a contour diagram of the 240 

estimates of EC generated by disjunctive (solid line) and ordinary 
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(dotted line) block kriging using a block size of 24 by 24 m. The block 

was divided into 6 by 6 m sub-blocks which Here used for a discrete 

approximation for the average variogram (Journel and HUijbregts, 1979). 

Contour maps were also generated by using disjunctive and ordinary 

punctual kriging which produced similar results. The distribution of EC 

in this field shows two prominent features, a low EC trough which runs 

from the coordinate (75,0) to (175,300) and a zone of high EC in the 

lower right quadrant. 

Fig. 5.7 shows the contours of the kriging variance for 

disjunctive (solid line) and ordinary block kriging (dotted line). The 

overall pattern gives an indication of where in the field adequate or 

inadequate sampling occurred. A signif'lcant portion of the field has an 

ordinary kriging variance in excess of 10.0 whereas with OK the variance 

is generally less than 7.0 (dS/m)2. 

In Fig. 5.8 disjunctive (solid line) and ordinary (dotted line) 

block kriging were used to generate a contour map for the In(EC). 

Kriging in terms of In(EC), as compared to EC, produces a similar pat

tern of contours. The trough is still present but the zone of high 

In(EC) has a somewhat different shape. Note that the contour intervals 

for In(EC) are equal· to the natural logarithm of the contour intervals 

given in Fig. 5.6. Also, for the In(EC), using OK or OK produces similar 

re~ults. 

The results in Fig. 5.8 'can~be used to give an indication of 

whether the kriging equations were properly programmed. Warrick et ale 

(1985) used the In(EC) data from Al-Sanabani (1982) to generate contour 

maps. Comparing the results from Fig. 5.8 to those of Warrick et al. 



200 

v 

100 

100 200 300 
x 

Figure 5.7. Kriging variance for the EC using block DK (solid lines) and OK 
(dashed lines). 



200 

v 

100 

100 200 300 
x 

Figure 5.8. Estimated In(EC) using block OK (solid lines) and OK (dashed lines). 
Block size was 24 by 24 m. 



155 

(1985) suggests that the OK kriging equations Here in fact properly 

programmed. 

Contour maps give a qualitative measure of the EC and In(EC) 

levels in the field and the kriging variance helps to indicate hOH good 

the estim~te is in terms of the number of samples in a given area. The 

differences between OK and OK appear small when comparing the contour 

maps given in Figs.· 5.6 and 5.8. However, with the exception of the 

kriging variance maps, this is a relatively qualitative comparison (see 

A Comparison of the Sums of Squares Error, Chapter 4). 

Average Kriging Variance. A more quantitative measure of the 

improvement in the estimation process using OK as opposed to OK is shoHn 

by the results in Table 5.4, where a total of 240 estimates of EC and 

In(EC) was made and the associated kriging variances were averaged. 

Also calculated Has the reduction in kriging variance from OK Hhich for 

the data sets used here Nas better than 251. 

Sum of Squares. Using the jackknife procedure the sum of 

squares between the estimate and the actual value at each sample 

location Has calculated for EC and In(EC) using the disjunctive and 

ordinary punctual kriging methods. These results are given in Table 

5.5. The .reduction in the sum of squares Has about 5% for both data 

sets even though the data sets Here approximately normally and 

lognormally distributed (recall that OK and OK are identical for bi

variate normally and lognormally distributed data). 



Table 5.4. Average kriging variance for 240 estimates 
made'on a 24 by 24 meter grid system. 

Block size was 24 by 24 meters. 

PUNCTUAL BLOCK 

Data 
'* * 

, Red- " Red-
Sets OK OK uction OK OK uction 

EC 39.467 29.037 26.4 15.279 7.407 51.5 
In(EC) 0.576 0.430 25.3 0.218 0.144 33.9 

'* 

* 

- OK denotes ordinary kriging 
- OK denotes disjunctive kriging 

Table 5.5 Sum of squares between estimated and 
actual values for punctual kriging with 
all data points used in calculations. 

Data 
Sets 

EC 
In(EC) 

* OK 

3548 
61.84 

- OK denotes ordinary kriging 
- OK denotes disjunctive kriging 

OK 

3333 
58.67 

'* 
, Red

uction 

6.1 
5.1 
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Conditional Probability 

Other information available with OK is the conditional 

probability that the real but unkno~n value is greater then a given 

cutoff value. An example of this is given in Figs. 5.9 and 5.10 where 

the conditional probability that the EC and the In(EC) are greater than 

4.0 and 1n(4.0), respectively is contoured. In Figs. 5.9 and 5.10 the 

solid lines and dots indicate block (with block size of 24m by 24m) and 

punctual OK, respectively. From these figures one can see that the 

zones of high probability coincide with areas of high EC. Although the 

shapes of the high probability zones are similar to the shapes of the EC 

contours in Figs. 5.6 and 5.8, two points with the same estimated value 

of EC do not always produce the same conditional probability. For ex

ample, points (240,24) and (288,120) both have estimates of approxi

mately 10.5 dS/m (i.e. 10.63 and 10.46 dS/m, respectively) but the esti

mated conditional probability have quite different values of 0.645 and 

0.887, respectively. This can be explained by considering the probabil

ity density functions (PDF) that result for each point. 

From Eq. 5.44 or 5.51, the conditional probability density 

functions for the estimated value can be determined. This is plotted in 

Fig. 5.11A for the EC and Fig. 5.12A for the 1n(EC). In both figures 

the abscissa is the transformed value, V. The three lines represent the 

probability density function (PDF) for three points in the field: the 

solid line (288,120); the dashed line (240,24) and the dotted line 

(96,96). These three points were chosen to illustrate three features of 

the conditional probability. The first is to contrast the PDF for two 

points with similar mean values (the estimated values at a point) but 



200 

v 

1 00 

x 

Figure 5.9. Contours of the conditional probability that the EC is above 4 dS/m 
using block OK. 

J-I 
01 
CD 



200 

v 

100 

x 

Figure 5.10. Contours of the conditional probability that the In(EC) is above 
In(4 dS/m) using block OK. 



>
I-

1 

--I 

OJ.5 
« 
OJ 
o 
0:: 
a... 

EC A 

........ 
• - e • . - -. .. - . ... 

.. .... .... ",.. - ... .... .". .. , .. .", 

... :;.:' -' 
O~~~~~~~~~~~~ 

>
I-
--I 

1 

-3 0 3 

:::, .... , .... , 
-'. " .•.. " -'. , 

.••..•.•.. ..... ""' .......... 

B 

~.5 .•........... , ...... 
OJ 
o 
0:: 
CL 

.. . .. 
.' . .. 

'. .... .. 
' . .. .. 

OL-~~--L-~~ __ L-~_··~··~··~~~~'~ 
-3 3 

Figure 5.11. Conditional probability density function (A) and 
probability function (B) for the EC for three points 
in the field (see text for details). 

160 



1 

)-

r-
--' 
CD.5 « 
CD 
o 
cr: 
a.. 

In EC A 

............ .. . . . ' . .. .. .... . '. 
~ , 

... ... '" 
•••• .", - - .... .io: •• 

.... *" ' .. .. ", .. 
••• tIfIII' •••• o ~·~~···L~ __ ~-L __ ~~ __ L-~ __ ~··~ __ ~~~ 

>r-
--' 

-3 0 3 

..... " ... , .... , 
... " 

1 
B 

~.5 
............ : .. ~ ... ' , , , , , 

III 
o 
0:: 
a.. 

. . . . . . . 
•..•.... 

..... 
". 

, , , , , 
.... 

O 
......... L--L __ ~-L __ ~-L __ L-~~ .. ~~ __ ~~_-~ 

-3 3 

Figure 5.12. Conditional probability density function (A) and 
probability function (B) for the In(EC) for three 
points in the field (see text for details). 

161 



162 

differing PDF's and vice versa. Next, is to show how the sample values 

and the associated weights affect the shape of the PDF and therefore the 

ultimate conditional probability. 

The first case is illustrated by ·the solid (location 288,120) 

and the bimoda11y distributed dashed (location 240,24) curves in Fig. 

5.1lA (and can also be seen in Fig. 5.12A). In Table 5.6 the estimated 

mean value and associated probability for a cutoff value of ECcut = 4.0 

dS/m for each point is given. The bimodal behavior for point (240,24) 

is due to clustering about two levels of EC in the samples used to 

estimate the mean and conditional probability (i.e. Zl' Z2 and Z4 versus 

Z3 and Z5 in Table 5.6). The mean value for each estimate is approx

imately the same but the conditional probability is vastly different 

because in one case two distinct levels of EC (with relatively high 

weights) are used in the calculation and in the other the samples are 

all large and of more uniform value. 

The second case is illustrated by the solid and dotted curves in 

Fig. 5.l1A. For the pOint (96,96) the data values used in the 

calculation of the PDF (i.e. the Z'I's) are of relatively low magnitude 

(the range for the observed values of EC were from .61 to 32.2). 

Accounting for the effect of the weights shows that the major contribu

tion is from the data values Zl' Z3 and Z4. Since all the data are of 

approximately the same magnitude, which is small, this produces a 

smaller mean value and a strongly peaked PDF. The point (288,120) 

behaves in a similar manner but for this point the magnitude of the data 

is large (i.e. greater than 7 dS/m) and with the exception of Z5 are 

between 7 and 13 dS/m. Also, the weights are more uniform. 



Table 5.6. 

* POINT , k Z 

288,120 I 1 10.20 
2 10.58 
3 10.46 

240, 24 I 1 7.96 
2 10.46 
3 10.63 

96, 96 I 1 2.27 
2 3.12 
3 3.00 

weights and data values used in estiwation of three points for 
block disjunctive kriging. Z ana P are the estimated mean 
and conditional probabilities. Z is within 95' of final value 
for k=2 and 99' for k=3. 

* P ~ 2L ~ ..2 ~ ..2 b4k Z4 ~ - -
0.868 0.113 7.49 0.170 7.29 0.251 12.82 0.148 7.52 0.144 
0.866 0.066 0.104 0.170 0.084 0.088 
0.887 0.030 0.051 0.094 0.038 0.042 

0.688 0.093 0.98 0.154 1.22 0.290 32.20 0.182 5.15 0.090 
0.677 0.026 0.062 0.155 0.085 0.022 
0.647 0.006 0.019 0.069 0.032 0.004 

0.229 0.364 3.77 0.040 2.01 0.188 0.87 0.110 1.03 0.044 
0.226 0.197 0.018 0.091 0.044 0.018 
0.247 0.093 0.005 0.034 0.013 0.005 

Z5 -
21.54 

26.58 

4.75 

.... 
en 
w 
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Punctual disjunctive kriging was also applied to the data sets 

and produced similar results with respect to the PDF. The distributions 

tended to be more peaked and were shifted slightly to higher Vc's. 

The PDF for In(EC) tends to produce a sharper peak compared to 

the EC. 

The conditional probability for arbitrary cutoff value is given 

in Figs. 5.11B for the EC and 5.12B for In(EC). The estimates for both 

curves are based on block OK on a 24 by 24m block size. From this figure 

one can find the conditional probability for any arbitrary cutoff level. 

The solid, dashed and dotted lines correspond to the points (288,120), 

(240,24) and (96,96), respectively. 

The effect of the support on the conditional probability is 

shown in Fig 5.13A where three block sizes, 25 by 25 m, 100 by 100 m 

and 200 by 200m generated by building the larger blocks from the smaller 

blocks. Also, for comparison, the point values located at the center of 

the boxes are given in Fig. 5.13B. The results indicate that the 

conditional probability is relatively insensitive to the block size for 

block sizes less than 24 by 24 m. For larger blocks the deviation 

between the point and the block estimates become larger. 

Campus Agricultural Center 

As a final example of the OK method, a comparison of the 

improvement in the estimation will be given for two CAC data sets when 

OK kriging is used instead of ordinary kriging or cokriging. 

The GMC data sets, MC8-26C and MC9-12C, were used for 

illustration. A 13th order polynomial was fitted to the sample 
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Figure 5.13. Effect of support on the conditional probability for EC. 
In A and B the values were calculated using block and 
punctual OK, respectively. 
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Z(Xi),Y(Xi ) pairs for the two data sets and the Ck's were determined by 

numerical integration of Eq. 5.9. In both cases, 10 Ck's (see Table 

5.7) were used to characterize the transform relationship. An 

illustration of the fit between the transform and the data is given in 

Fig. 5.14 where the MC8-26C and MC9-12C data are plotted as points in 

(A) and (B), respectively and the solid lines were calculated using Eq. 

5.22. The· coefficients, CkJ used to generate Fig. 5.14 are given in 

Table 5.7. 

Average Kriging Variance 

The average kriging variance was calcul~ted for the MCB-26C data 

set for the various levels of sampling shown in Fig. 4.5. A total of 

256 estimates and associated kriging variances Here calculated using the 

5 nearest neighbors within a maximum radius of 20 m and therefore in an 

identical manner as Has used to generate Figs. 4.6 to 4.B and Table 4.3. 

The correlograms used in the calculation Here determined by using the 

covariance function for MCB-26C or MC9-12C given in Table 3.4 along with 

Eq. 3.B. 

The results for the average kriging variance along with those 

from the ordinary kriging and cokriging methods are given in Table S.B. 

It is apparent, for the MCB-26C data set, that there is an overall 

improvement in the estimation based on the average kriging variance when 

OK is used as opposed to ordinary kriging or cokriging. 

Sum of Squares 

The sum of squares between the actual and estimated value based 

on jackknifing was calculated for the MCB-26C and MC9-12C data sets and 
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produced values of 4.216 and 23.726, respectively. From Table 4.3, the 

sum of squares for ordinary kriging were 5.079 and 25.100 for the MC8-

26C and MC9-12C data sets, respectively. For these data, the OK method 

produced improvements of 16.99 and 5.47' based on the sum of squares 

when compared to ordinary kriging. In terms of the coincidental 

samples, cokriging produced 40.2 and 29.01 improvements in the sum of 

squares, respectively, compared to ordinary kriging and when all the 

samples were used, showed improvements of 32.6 and 20.3'. 

Table 5.7 

k 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

Transform coefficients for MC8-26C and MC9-12C 
data sets. Coefficients were calculated using 

a 13th order polynomial 

Coefficients Coefficients 
for for 

M:8-26C MC9-12C 

7.651E+0 10.736E+0 
2.247E+0 5.815E+0 
3.903E-1 8.511E-1 

-1. 278E-2 -3.361E-1 
-2.674E-2 -1.161E-1 
-6.020E-3 2.511E-2 
-2.217E-4 1.359E-2 
-4. 710E-4 -3.004E-3 
-3.447E-4 -2.266E-3 

5.443E-5 2.472E-5 
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Figure 5.14. Fit of transform relationship for MC8-26C (A) and MC9-12C 
(B). Ten coefficients were used to define the transform 
relationship (solid line). 



Table 5.8 

Num. of 
Sam~les 

52 
25 
10 
5 

* 

Comparison of the average kriging variance for 
for ordinary kriging, cokriging and disjunctive 
kriging based on 256 values for data set MC8-26C 

Ordinary Co- Disjunctive * Percent 
Kriging Kriging Kriging Reduction 
4.52 4.11 4.02 11.06 
5.27 4.69 4.61 12.52 
5.97 5.43 5.06 15.24 
6.24 5.71 5.24 16.03 

- Reduction in average kriging variance for OK with respect 
to ordinary kriging. 
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The observation that OK produces a greater improvement in the 

average kriging variance than cokriging yet does not produce as good 

results as cokriging in terms of the sum of squares can be explained in 

terms of the kriging variance for OK. As described above, the ordinary 

kriging (and in a similar manner the cokriging) variance can range from 

zero to 2C(0), see page 105). From Eq. 5.29 and 5.11 it can be shown 

that the disjunctive kriging variance can range from zero to only C(O) 

where C(O) is the variance (i.e. when all the samples and the estimation 

site are separated by a distance greater than the range of the covario-

gram all the bik's for k L 1 are zero. Recall that k = 0 does not enter 

into the variance calculation, see Eq. 5.29). Therefore, for the linear 
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kriging estimators, including cokriging, there may be locations where 

the kriging variance will be greater than the sill but for the DK 

estimator Hill be equal to the sill. This is one disadvantage in using 

the average kriging variance for a comparison between DK and the linear 

kriging estimators. 



CHAPTER 6 

SUMMARY 

The three variables, bare soil temperature (BST), the crop 

canopy temperature (CCT) and the gravimetric moisture content (GMC) Here 

foun~ to be spatially dependent random variables, although for one· CCT 

data set, the autocorrelation Has rather 10H. 

Bare Soil Temperature 

The BST data collected at the Maricopa Agricultural Center (MAC) 

and the Campus Agricultural Center (CAC) sites had mean values betHeen 

38.4 and 63.90C and coefficients of variation (CV) betHeen 2.3 and 

12.7%. In general, 10Her values for the CV Here observed at the MAC 

site. 

The probability distribution, based on the Ko10mogorov-Smirnov 

test for the goodness-of-fit, for eight of the nine BST data sets Has 

found to be neither normally nor 10gnorma11y distributed at the 0.1, 

0.05 and 0.01 probability levels. 

Four covariance models, tHO from each site, Here calculated for 

the BST and spherical models Here applied to the data sets. The sill 

Has found to vary from 1.1 to 3.1 for MAC, and 22.0 to 33.50C2 for CAC. 

The range of the variograms varied from 23.0 to 35.0m for MAC and 14.0 

to 22.Om for CAC. The nugget effect Has observed at the MAC site but 

not at CAC. 

171 
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Crop Canopy Temperature 

The CCT was collected at the MAC and a full analysis was com

pleted on five data sets. The CCT had mean values and CVs that ranged 

from 27.74 to 35.50 C and 2.2 to 5.21, respectively. 

The probability distributions at the 0.1, 0.05 probability 

levels indicate that two of the five CCT data sets are either normally 

or lognormally distributed and two are neither normally nor lognormally 

distributed. The fifth (IR7-16M) data set is neither normally nor log

normally distributed at the 0.1 probability level but is lognormally 

distributed at the 0.05 probability level. 

Covariance models were calculated for five of the CCT data sets. 

Spherical models were used and the nugget varied from 0.17 to 1.SoC2, 

the sill from 0.45 to 1.50C2 and the range from 18.0 to 40.0 meters. In 

general, the CCT had an autocorrelation greater than 0.4 with only one 

data set at 0.15. The low autocorrelation was attributed to wet soil 

conditions. 

Gravimetric Mbisture Content 

The GMC was collected at the CAC on four separate days and on 

two of the days were sampled in small and large cans, thus providing a 

total of six data sets. The GMt had mean value and CV that ranged from 

2.54 to 10.76' and 17.3 to 63.51, respectively. The mean and CV for the 

small samples were approximately one half and twice as much as the 

larger samples, respectively. Therefore to reduce the CV one should use 

larger samples. 
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Three of the GMC data sets ~ere lognormally distributed at the 

0.1 probability level and one at the 0.05 probability level, t~o ~ere 

normally distributed at the 0.05 probability level and one ~as neither 

normally nor lognormally distributed at the 0.1 and 0.05 probability 

levels. 

Covariance models were calculated for t~o of the GMC data sets, 

one containing 52 samples, the other 71 samples. A linear model (~ith a 

sill) and a spherical model were used to characterize the MC8-26C data 

set (i.e. 52 samples) and the MC9-12C data set, respectively. The 

coefficients for the model are given in Table 3.4. The nugget effect 

~as not observed for the GMC at CAC. Considerable improvement in the 

behavior of the sample covariance (and cross-covariance) functions ~as 

observed when 71 samples were used in the calculation (i.e. compare Fig. 

3.4A ~ith 3.4B and Fig. 4.1 ~ith 4.2). 

The cross-covariance functions ~ere determined between the BST 

and the GMC for the 8-26-84 and 9-12-84 data sets and were described 

using spherical models. The BST and GMC were found to be negatively 

correlated (i.e. resulting in negative sills) and had a pooled correla

tion of about -0.7 (see Table 2.8). 

Ordinary Kriging 

The ordinary kriging (OK) estimator is a linear estimator and 

equal to the conditional expectation if a random variable is multi

variate normally distributed. In order to use OK the random variable 

must be either second-order stationary or intrinsic and then the 

appropriate equations solved (i.e. equations based on the covariogram or 
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the semi-variogram, respectively). Generally, the major impediment to 

using OK is obtaining enough data to calculate the sample covariance 

function. 

Ordinary kriging produces an estimate at an unsampled location 

and an associated kriging variance. The kriging variance is a function 

of the autocorrelation model and the sample pattern but not the data 

values. 

Cokriging 

Cokriging is similar to ordinary kriging but includes the spat

ial information from two (or more) highly correlated variables. Like 

OK, cokriging is a linear estimator and equal to the conditional 

expectation if a random variable is multi-variate normally distributed. 

Also, the random variable must be either second-order stationary or 

intrinsic. Unlike OK, models for the cross-covariance must be 

determined. This requires one to obtain enough samples of each variable 

in order to calculate the sample cross-covariance function. 

Cokriging produces an estimate at an unsampled location and an 

associated kriging variance in a similar manner as OK. The cokriging 

variance is a function of the autocorrelation and cross-correlation 

models and the sample pattern. In general, there is a reduction in the 

kriging variance for cokriging and is due to an additional term ~hich is 

subtracted off the OK variance. For the data sets considered, the 

average kriging variance (based on 256 values) for cokriging ~as on the 

order of 10% lower than for OK. In terms of the sum of squares (SSQ) 

error bet~een the actual and estimated value (using jackknifing), co-



kriging produced a SSQ ~hich was 20 to 40% lower than for OK. 

175 

In terms 

of estimation, the SSQ criterion is more important than the average 

kriging variance since a zero SSQ would indicate perfect estimation and 

the desired situation. 

Combined Kriging and Regression 

Combined kriging and regression (CKR) is a method whereby the 

spatial information is accounted for by a easier-to-sample variable 

using kriging and an estimate of the desired property is made by apply

ing a regression equation to the kriging results. From the examples 

given, this method seems to be best suited for situations where the 

variable of interest is not highly sampled. For the MCB-26C data set, 

CKR produced a SSQ (between the actual and estimated values) which falls 

in between those of OK and cokriging. For the MC9-12C data set, on the 

other hand (i.e. 71 samples), OK produced slightly better results than 

CKR. 

Using CKR an estimate can be obtained at an unsampled location 

but suffers from the disadvantage that there is no error of estimation 

analogous to the kriging variance. In terms of sampling efficiency, CKR 

allows one to obtain estimates of a property of interest by using an 

easier- or cheaper-to-sample variable which characterizes the spatial 

structure and requires only a few samples of the variable of interest in 

order to calculate the regression equation. The efficiency is increased 

if the regression equation or the correlation function for the easy-to

sample variable is time-invariant. The major source of error with this 
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method ;s most likely due to inaccuracies "In the spatial structure of 

the desired property introduced by the kriged variable. 

Disjunctive Kriging 

Disjunctive kriging (OK) produces a nonlinear estimator that is, 

in general, better than linear estimators and equivalent to the condi

tional expectation if the random variable is multi-variate normally (or 

- lognormally) distributed. If the random variable is uni- and bi-variate 

normally (or lognormally) distributed then OK is identical to simple 

kriging with known (~ priori) mean. The condition on the bi-variate 

distribution is necessary only in that this allows the conditional ex

pectation to be written in terms of the correlation function and ;s not 

required by the method in general. In order to utilize OK, the random 

variable must be second-order stationary. 

Disjunctive kriging produces an estimate at an unsampled loca

tion and an associated kriging variance in a similar manner as OK and 

cokriging but also produces an estimate of the conditional probability 

that the variable is above a specified cutoff level. 

There are several differences between OK and OK. First, a 

transform relationship must be defined which transforms the original 

variable into a new variable that is standard normal. This transform is 

also assumed to create a variable which is bi-variate normal. Secondly, 

the simple kriging equations in terms of the correlation raised to an 

integer power must be solved K times. Also, Hermite polynomials are 

used in three distinct places in OK, for defining: the transform, the 
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unknown functions in the OK estimator and the indicator function (i.e. 

auxiliary function) in the estimator of the conditional probability. 

For the MC8-26C data set, the average kriging variance (based on 

256 values) for disjunctive kriging was from 11 to 16~ lower than for OK 

when 5 samples were used in the estimation process and 52, 25, 10 and 5 

number of samples (total) were available. It is suggested that the 

average OK variance was lower than the average cokriging variance 

because for the nonlinear estimator, the maximum possible kriging 

variance is equal to the sill whereas the linear estimators can have 

values that are greater than the sill. This is supported by the 

observation that the percent reduction in the average kriging variance 

for OK (see Table 5.8) increases as the sample density decreased. For 

the linear estimators the kriging variance would tend to be larger than 

the sill more often for cases when the sample density decreases. 

In terms of the sum of squares (SSQ) error between the actual 

and estimated value (using jackknifing), disjunctive kriging produced a 

SSQ which was 5 to 17' lower than for OK. Therefore, in terms of the 

SSQ, cokriging is a superior estimator to OK which is in turn superior 

to OK. This suggests that it is more important to have information at 

the estimation site (from a correlated variable) than to use a nonlinear 

estimator. 

The conditional probability is additional information that is 

available from using OK. This information can be used in a management 

decision-making model where of interegt is the probability that an 

indicator variable has become greater than an allowed tolerance level. 



CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

Conclusions 

1) Crop canopy temperature was found to be an autocorrelated 

random variable with a value at "zero" lag, generally, greater than 0.3. 

It was also found that wet conditions were associated with reduced 

autocorrelation. 

2) The covariance and cross-covariance functions were validated 

using the jackknifing procedure. Although this method gives an 

indication of whether the model covariance or cross-covariance functions 

are appropriate, the overall determination is somewhat subjective. The 

effects of choosing an incorrect (or inappropriate) model were not 

investigated in depth but some results suggest this to be an important 

consideration. 

3) In terms of estimation, ordinary kriging (OK) was found to 

produce adequate results. For all the methods investigated, OK was the 

simplest to implement and required the least computational time. 

4) Cokrigin~, in general, was found to be the best estimator 

compared to the other methods (i.e. OK, combined kriging and regression, 

and disjunctive kriging) used in this study. If another highly 

correlated variable can be identified which is either easy-to-sample or 

also of interest, then cokriging should be used. The sampling 

efficiency can be improved by utilizing other correlated variables. 
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5) Combined kriging and regression (CKR) is a useful alternative 

to cokriging especially ~hen there are not enough data for the variable

of-interest to allow an accurate covariance (and cross-covariance) 

function calculation. If there are enough data to calculate a regres

sion equation and enough data of another correlated variable to initiate 

a OK analysis, improvement in the estimation may result by using this 

method. 

6) Disjunctive kriging (DK) has tHO noteworthy features. First, 

it .produces a nonlinear estimator that is, in general, better than the 

OK estimator but not as good as the cokriging estimator. DK also 

provides additional information in the form of the conditional probabil

ity ~hich is information not easily obtained by OK or cokriging. The 

major disadvantages are increased computational requirements and more 

complex analysis. 

Recommendations for Further Research 

1) Experiments should be directed to determine if the crop 

canopy temperature for plants other than cotton is autocorrelated. 

Especially important are the agronomic crops since the spatial distribu

tion of the canopy temperature may effect management or monitoring 

techniques. 

2) There is a need to investigate the interrelationships between 

the covariance function (or the variogram) and the kriging estimators 

especially with regards to: the sensitivity of the kriging estimators to 

the covariance model, if a sensitivity is shown to exist then it would 

be important to investigate methods for optimizing the covariance model 
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given the available data, methods for determining the cross-correlation 

models and the sensitivity of the results to the model. 

3) In this study the improvement in the estimation using the 

cokriging method was investigated. An important consideration not 

included in this work is how much more improvement is there when a 

third, fourth, etc. correlated variable is added to the analysis? Also, 

hOH is the estimation affected by the addition of a slightly correlated 

variable? 

4) Mbre work is needed in order to verify that the combined 

kriging and regression (CKR) method as described Hill in fact improve 

the estimation under limited sampling. The verification should be 

carried out by using "independent samples" to generate the regression 

equation and other samples in a calculation of the sum of squares. 

5) In terms of the disjunctive kriging (OK) method, it is still 

necessary to ShOH that a "good" estimate of the cond1tional probabil1ty 

can be obtained. In order to do this a field experiment should be set 

up Hhere a variable is traditionally-sampled over a management unit and 

the estimation of the conditional probability density (PDF) determined 

using OK. The next step Hould be to compare the OK results to the 

estimated PDF constru"cted by extensive sampling over each block. It is 

also necessary to demonstrate, in a practical sense, that OK can be used 

to more efficiently manage available resources. 

6) Another area of further research would be to derive the 

disjunctive cokriging equations and determine if there is additional 

improvement in the estimation process. 
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Appendix A.1. List of Notation 

Chapter 1 

Unspecified functions for the disjunctive kriging est
imator where each fi is a function of only one Xi. 

Unspecified function which defines the conditional 
probability. 

weights for ordinary kriging. 

Random variables. 

Estimators for the conditional expectation, disjunctive 
kriging and ordinary kriging, respectively. 

Chapter 2 

Offset of the regression line. 

Coefficient for asymptotic expansion for the Kolomogrov
Smirnov test for goodness-of-fit. 

Perpendicular distance from the ith point to the regres
sion line. 

Pooled correlation ~oefficient and modified correlation 
coefficient where r = Irl. 

Standard normal variable, unspecified. 

Chapter 3 and 4 

C(h), C(h), C Covariance functions, average covariance and sample 
covariance. 

C(V,V) Within block covariance. 

Cij Short for C(xi - Xj ). 

E[ ] Expected value. 

h Distance, equal to xi - xj • 



i' 

Lm 

N(h) 

R", 

Ro2 
/( 

Var[ ] 

xi 

Vex) 

* Z(xi ), Z (xi) 

p(x) 

cr. 2 
K 

2 
CTCK 

Y(h), ~(h), 
and Y (h) 

v. 
J 

wi 

Appendix A.1.--Continued 

A particular (but unspecified) value of i or Zi'. 

Lagrange multiplier. 

Number of couples (data pairs) that are separated by 
a distance h ± dh where dh is half the class size. 

Reduced or normalized mean value of the estimation 
errors. 

Reduced or normalized variance of errors. 

Variance. 

Sample location in two-dimensional space. xi is a 
vector. 
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A variable correlated with Z(x) and used for cokriging. 

Actual and estimated value of a random function at 
location xi. 

Correlation or correlogram. 

Kriging variance. 

Cokriging variance. 

Small distance approximately zero. 

Mean value of the variable being discussed. 

Variance of the variable being discussed. 

Variogram, average variogram and sample variogram. 

Short for Y(xi-Xj). 

weight factor for cokriging and associated with Vex). 

weight factor for kriging and cokriging and 
associated with Z(x). 

Lagrange multiplier for kriging and sokr-lging. 



f(x,y) 

f 1, f2 

fie ) 

g(u) 

G(u) 

Hk( 

k 

p[ ] 

p-l[ ] 

Z(x) 

Appendix A.1.--Continued 

Chapter 5 

Coefficients for Hermite expansion of the transform 
function, (x). 

Joint density function 

Marginal densities. 

Unknown disjunctive kriging functions. 

Gaussian density function. 

Gaussian distribution function. 

Hermite polynomial of order k. 

Order of the Hermite polynomial. 

Probability function. 

Inverse probability function. 

Abscissa value for Hermite integration. 

weight factor for Hermite integration. 

Random variable (original or not transformed). 

Disjunctive kriging estimate of Z(xo). 

Transformed random variable with uni-variate 
distribution that is normal. Also, has a bi
variate distribution that is assumed normal. 

Coefficients for the Hermite expansion of E}y(X). 
c 

Auxiliary function with is the probability that 
value is above the cutoff level. 

Transform function which converts Z(x) into Vex). 

Disjunctive kriging variance. 
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* Appendix B.1. X and Y coordinate data for 
Maricopa Agricultural Center 

LOC .JL ...L LOC .JL ...L LOC .JL ...L 
1 1.0 67.0 2 1.0 3.0 3 1.0 190.0 
5 2.0 198.0 6 2.0 151.0 7 3.0 206.0 
8 3.0 251.0 9 4.0 229.0 10 4.0 6.0 

11 4.0 26.0 12 4.0 55.0 13 4.0 107.0 
14 4.0 230.0 15 4.0 187.0 16 5.0 32.0 
17 5.0 149.0 13 5.0 252.0 19 6.0 188.0 
20 7.0 149.0 21 7.0 182.0 22 7.0 175.0 
23 8.0 113.0 24 9.0 251.0 25 9.0 179.0 
27 11.0 172.0 28 11.0 99.0 29 11.0 250.0 
30 12.0 133.0 31 12.0 26.0 32 12.0 252.0 
33 13.0 84.0 34 13.0 183.0 35 13.0 149.0 
36 13.0 7.0 38 15.0 223.0 39 15.0 254.0 
40 15.0 103.0 41 16.0 251.0 43 16.0 179.0 
44 16.0 45.0 45 17.0 20.0 46 17.0 247.0 
47 17.0 218.0 49 18.0 120.0 50 18.0 82.0 
51 18.0 48.0 52 19.0 223.0 53 19.0 234.0 
54 20.0 207.0 55 20.0 90.0 56 21.0 199.0 
59 23.0 117.0 60 23.0 176.0 61 23.0 136.0 
62 24.0 75.0 63 24.0 35.0 64 24.0 199.0 
65 24.0 232.0 66 25.0 118.0 67 25.0 227.0 
68 26.0 92.0 69 26.0 143.0 70 26.0 249.0 
71 26.0 201.0 72 26.0 203.0 73 27.0 59.0 
74 27.0 56.0 75 27.0 198.0 76 27.0 251.0 
77 28.0 1.0 78 28.0 230.0 79 28.0 35.0 
80 29.0 184.0 81 29.0 44.0 82 29.0 17 .0 
83 29.0 7.0 84 29.0 97.0 85 30.0 46.0 
86 30.0 246.0 87 31.0 37.0 88 31.0 125.0 
89 31.0 249.0 90 32.0 130.0 91 32.0 201.0 
92 33.0 146.0 93 33.0 137.0 94 33.0 243.0 
95 33.0 181.0 96 33.0 94.0 97 33.0 139.0 
98 33.0 138.0 99 33.0 147.0 100 34.0 188.0 

101 17.0 11.0 . 102 17.0 40.0 103 17.0 66.0 
104 17.0 93.0 105 17.0 119.0 106 17.0 146.0 
107 17 .0 173.0 108 17.0 200.0 109 17.0 228.0 

* The X direction is north 
The Y direction is west 



Appendix B.2. Tabled data for Maricopa Agricultural Center. 
Numbers in parentheses indicate sampling duration. 

IR5-27M IR6-11M IR7-05M IR7-09M IR7-12M IR7-16M IR7-23M IR8-08M IR8-20V1 
(1159- (1042- (1538- (0738- (1026- (1214- (0917- (1217- (09l1-

LOC 1254) 1141) 1627) 0942) 1118) 1314) 1218) 1340) 1030) 
~-

1 64.00 46.74 36.98 28.02 29.23 29.76 30.28 31.26 29.40 
2 63.53 45.35 34.36 27.10 30.23 28.13 31.76 29.65 
3 67.83 46.66 34.56 28.12 30.48 30.15 31.60 29.41 
5 66.47 47.39 37.12 27.11 30.32 29.48 31.55 29.99 
6 65.20 34.66 27.91 30.44 28.84 29.99 28.56 
7 67.33 46.40 33.26 27.26 30.75 28.89 29.93 29.36 
8 63.23 46.74 37.39 28.45 29.69 31.19 33.43 29.23 
9 66.26 46.78 35.28 28.52 31.60 29.72 30.30 29.23 

10 62.56 45.00 33.35 27.24 30.85 28.13 30.69 30.44 
11 65.08 46.03 35.77 27.84 29.42 29.93 29.99 29.71 
12 67.48 44.73 35.63 26.96 30.33 29.76 29.35 30.17 
13 65.85 46.56 34.73 27.89 31.46 29.44 30.58 29.41 
14 65.30 46.39 36.00 27.83 30.22 28.95 29.53 28.85 
15 67.43 46.93 33.73 27.63 29.82 29.36 31.42 29.22 
16 63.24 46.61 33.79 27.83 29.64 28.55 31.84 30.37 
17 67.61 46.81 33.92 28.20 29.62 28.35 29.81 
18 68.25 47.69 36.58 30.44 32.67 29.08 
19 65.54 46.53 34.66 28.32 29.54 29.46 31.61 29.78 
20 66.74 45.55 34.28 27.57 29.00 30.16 30.49 29.61 
21 64.83 47.37 35.69 28.57 29.31 35.18 29.84 
22 64.75 48.46 36.95 28.32 29.98 29.48 34.43 29.65 
23 63.50 46.56 34.72 28.10 29.98 29.57 34.21 30.49 
24 28.75 31.42 36.75 29.99 
25 64.54 46.37 28.18 32.08 29.67 33.26 30.53 
27 67.43 47.32 27.50 31.54 29.02 32.27 31.06 
28 64.34 46.19 28.04 28.76 29.28 33.27 31.00 
29 64.03 48.62 27.57 32.37 32.51 34.97 30.05 ~ 

CD 
30 66.05 47.02 28.40 30.87 29.90 31.30 30.46 -....J 



Appendix B.2.--Continued 

IR5-27M IR6-11M IR7-0SM IR7-09M IR7-12M IR7-16M IR7-23M IR8-0BM IR8-2(Jo1 
(1159- (1042- (1538- (0738- (1026- (1214- (0917- (1217- (0911-

LOC 1254) 1141) 1627) 0942) 1118) 1314) 1218) 1340) 1030) 

31 63.00 44.57 27.60 28.39 29.26 33.79 30.99 
32 37.34 27.78 30.43 32.90 30.21 
33 64.02 45.25 29.99 32.79 31.01 
34 67.05 45.77 26.80 32.36 29.38 33.30 30.59 
35 65.50 46.55 28.51 29.06 28.57 32.94 30.16 
36 64.22 43.42 32.80 27.82 27.27 27.91 33.06 30.67 
38 66.32 48.03 27.75 31.30 29.82 33.44 
39 37.64 27.11 30.74 34.09 
40 64.41 46.39 27.82 31.28 29.10 33.41 
41 65.91 40.60 26.15 31.53 34.12 
43 65.79 45.68 35.12 27.77 31.58 28.99 
44 64.52 45.31 35.08 27.59 28.35 29.83 33.64 31.95 
45 63.37 45.53 36.40 27.24 29.09 29.86 33.62 31.73 
47 63.49 39.13 28.06 29.94 30.61 34.16 
49 64.58 45.63 35.32 26.58 31.59 28.68 
50 65.56 46.14 34.26 28.90 29.35 28.86 33.49 
51 65.60 46.35 32.84 27.61 30.31 29.52 26.17 
52 63.59 46.96 27.93 33.19 
53 63.06 46.71 26.74 30.38 28.49 33.32 
54 63.10 46.42 27.33 29.25 28.52 33.82 
55 62.80 45.53 27.17 29.26 29.36 
56 64.59 46.42 27.00 29.23 28.95 29.63 34.16 
57 62.75 46.07 
59 62.78 47.08 
60 61.78 28.02 29.92 28.76 29.88 33.71 
61 62.85 47.14 28.72 31.64 29.89 30.97 34.58 
62 64.68 46.54 31.05 30.70 33.44 
63 63.28 44.60 28.35 28.87 32.74 
64 63.65 45.49 28.31 29.76 34.52 ~ 

65 45.39 27.27 29.13 28.90 30.86 33.17 CP 
CP 



Appendix B.2.--Continued 

IR5-27M IR6-11M IR7-0SM IR7-09M IR7-12M IR7-16M IR7-23M IR8-08M IR8-20V1 
(1159- (1042- (1538- (0738- (1026- (1214- (0917- (1217- (0911-

LOC 1254) 1141) 1627) 0942) 1118) 1314) 1218) 1340) 1030) 

66 62.27 %.12 27.84 29.38 30.02 33.55 
67 63.21 44.34 27.82 28.70 29.87 34.30 
68 62.82 46.44 27.00 29.09 28.02 29.85 33.92 
69 62.56 %.10 29.56 30.73 28.12 31.74 33.43 
70 63.22 46.54 27.03 29.78 31.52 31.28 33.68 
71 63.60 44.56 30.27 29.74 29.04 29.91 33.40 
72 62.91 45.13 27.70 29.50 29.75 30.03 33.65 
73 61.87 %.44 30.82 28.74 30.29 34.41 
74 62.68 27.91 29.43 32.48 
75 61.19 45.24 28.69 30.48 34.53 
76 28.53 29.71 32.43 29.08 34.51 
77 63.82 44.74 33.65 27.34 30.63 28.57 29.77 32.42 
78 63.84 45.39 26.76 32.31 29.94 31.58 33.66 
79 63.48 44.25 27.37 29.94 29.49 30.12 33.61 
80 62.76 %.93 25.96 30.85 28.56 29.91 32.60 
81 %.59 35.19 26.60 30.26 30.61 29.75 34.40 
82 63.52 44.75 34.51 28.63 30.24 33.67 
83 61.96 44.82 34.63 30.56 28.29 29.83 32.72 
84 63.29 45.35 29.15 29.16 34.37 
85 62.06 %.58 35.50 30.70 
86 27.27 30.60 30.33 33.79 
87 61.45 45.43 27.37 29.82 30.62 33.50 
88 61.95 %.80 35.65 28.32 29.33 29.73 
89 38.19 27.15 30.17 30.53 33.32 
90 62.58 %.29 36.12 29.00 29.92 28.88 31.18 33.90 
91 62.43 45.33 35.50 27.80 31.27 28.34 30.52 33.58 
92 63.06 %.96 34.73 28.35 29.73 29.02 31.15 32.61 
93 61.90 47.57 35.24 27.00 30.55 28.80 30.11 33.54 
94 61.07 45.98 41.66 27.16 30.68 32.09 33.09 .... 

CD 
95 61.35 %.73 35.30 28.18 30.85 28.43 29.89 33.39 t.O 



Appendix B.2.--Continued 

IR5-27M IR6-11M IR7-0SM IR7-09M 
(1159- (1042- (1538- (0738-

LOC 1254) 1141) 1627) 0942) 

96 61.81 
97 62.35 47.49 35.79 28.79 
98 62.92 46.76 36.11 28.42 
99 61.65 46.92 35.14 27.94 

100 61.44 47.56 36.71 27.77 
101 43.59 34.04 27.84 
102 44.53 34.65 28.13 
103 64.66 46.87 34.86 28.41 
104 61.71 45.28 35.76 27.50 
105 63.74 45.64 34.46 27.85 
106 63.32 44.15 33.62 27.43 
107 63.48 45.57 34.69 27.79 
108 60.95 44.31 34.65 26.49 
109 62.79 46.61 36.00 26.08 

IR7-12M IR7-16M 
(1026- (1214-

1118) 1314) 

30.29 29.12 
30.17 29.96 
29.72 28.74 
30.63 29.07 
28.28 29.05 
28.98 29.41 
30.31 30.31 
31.38 28.92 
31.51 28.88 
30.71 27.95 
32.06 28.64 
31.49 28.00 
30.21 28.12 

IR7-23M IR8-08M 
(0917- (1217-

1218) 1340) 

30.74 33.96 
33.62 

30.11 32.88 
30.58 33.82 

32.23 
25.32 
35.54 
33.46 
32.59 

33.49 
32.36 
33.11 

IR8-2CM 
(0911-

1030) 

31.32 
31.31 
32.66 

~ 
to 
o 
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* Appendix C.l. X and Y coordinate data for 
Campus Agricultural Center 

LOC l ..:L LOC l l LOC l l 
1 6.0 7.0 2 6.0 10.0 3 5.0 14.0 
4 1.0 13.0 5 11.0 8.0 6 16.0 19.0 
7 18.0 4.0 8 22.0 16.0 9 26.0 18.0 

10 28.0 19.0 11 37.0 9.0 12 40.0 3.0 
13 41.0 21.0 14 44.0 9.0 15 1.0 41.0 
16 2.0 32.0 17 5.0 18.0 18 5.0 41.0 
19 8.0 38.0 20 19.0 34.0 21 31.0 28.0 
22 30.0 49.0 23 40.0 38.0 24 40.0 52.0 
25 41.0 50.0 26 43.0 51.0 27 38.0 50.0 
28 1.0 74.0 29 2.0 60.0 30 7.0 49.0 
31 8.0 68.0 32 13.0 74.0 33 15.0 49.0 
34 15.0 70.0 35 15.0 75.0 36 16.0 66.0 
37 19.0 81.0 38 19.0 88.0 39 22.0 84.0 
40 25.0 56.0 41 25.0 70.0 42 26.0 59.0 
43 27.0 82.0 44 28.0 51.0 45 29.0 71.0 
46 35.0 66.0 47 35.0 89.0 48 37.0 89.0 
49 38.0 52.0 50 40.0 65.0 51 40.0 68.0 
52 43.0 67.0 53 45.0 26.0 54 46.0 9.0 
55 46.0 61.0 56 47.0 13.0 57 47.0 48.0 
58 47.0 52.0 59 47.0 54.0 60 48.0 33.0 
61 48.0 48.0 62 50.0 20.0 63 51.0 82.0 
64 52.0 10.0 65 52.0 43.0 66 52.0 52.0 
67 53.0 23.0 68 53.0 60.0 69 54.0 41.0 
70 54.0 80.0 71 55.0 37.0 72 57.0 32.0 
73 58.0 77.0 74 59.0 54.0 75 59.0 61.0 
76 61.0 3.0 77 62.0 14.0 78 65.0 31.0 
79 65.0 39.0 80 65.0 67.0 81 66.0 10.0 
82 68.0 34.0 83 68.0 74.0 84 68.0 78.0 
85 68.0 1.0 86 69.0 88.0 87 72.0 79.0 
88 73.0 12.0 89 73.0 26.0 90 75.0 50.0 
91 75.0 61.0 92 78.0 30.0 93 81.0 16.0 
94 82.0 19.0 95 83.0 32.0 96 84.0 64.0 
97 84.0 84.0 , 98 87.0 42.0 99 88.0 72.0 

100 89.0 7.0 101 28.0 2.0 102 25.0 2.0 
103 26.0 4.0 104 32.0 2.0 105 57.0 1.0 
106 58.0 6.0 107 57.0 9.0 108 79.0 6.0 
109 78.0 6.0 110 73.0 7.0 111 75.0 2.0 
112 75.0 4.0 113 84.0 5.0 114 30.0 25.0 
115 29.0 22.0 116 26.0 22.0 117 22.0 20.0 
118 24.0 21.0 119 22.0 24.0 120 17.0 24.0 

* The X direction is East 
The Y direction is North 



Appendix C.2. Bare soil surface temperature for Campus Agricultural Center. 
The numbers in parentheses indicate the duration of sampling. 

IR8-26C* IR8-26C IR8-28C IR8-29C IR9-03C IR9-08C IR9-09C IR9-12C 
(0959- (1242- (1230- (1229- (1334- (1252- (1207- (1244-

LOC 1053) 1312) 1255) 1256} 1404) 1321) 1259} 1311} 
------- ------- ------- ------- ------- ------- ------- -------

1 36.58 46.85 47.05 52.74 42.95 48.95 42.82 34.29 
2 35.51 46.29 46.17 51.45 44.13 49.23 43.12 42.46 
3 37.01 48.05 46.59 53.21 42.47 49.69 44.11 41.84 
4 34.78 45.17 45.01 50.01 43.41 49.60 43.48 34.64 
5 36.88 46.86 46.35 52.84 44.31 50.15 42.95 40.71 
6 35.68 45.36 43.26 52.27 42.82 49.59 44.66 40.78 
7 37.20 47.01 45.90 50.95 42.39 49 .. 77 42.89 43.07 
8 35.23 46.29 43.39 52.03 42.33 49.67 43.52 41.19 
9 35.09 46.63 43.82 51.68 43.47 49.87 44.51 34.56 

10 36.57 47.27 44.79 53.29 42.83 49.76 45.90 38.46 
11 37.22 47.57 46.37 54.11 44.27 51.17 45.53 35.01 
12 31.67 40.90 43.21 48.38 41.86 47.42 43.07 34.57 
13 32.53 41.55 42.30 51. 79 40.10 47.29 42.34 36.11 
14 35.54 45.59 44.71 51.43 44.98 49.84 44.46 44.92 
15 35.18 45.71 42.34 52.51 43.15 49.28 45.06 35.56 
16 36.77 48.37 44.35 54.22 44.12 49.60 45.09 36.09 
17 35.69 46.80 43.05 50.96 43.47 48.76 44.53 36.20 
18 38.51 49.70 43.91 55.38 42.77 49.89 46.29 47.63 
19 35.83 46.36 42.54 51.79 40.53 49.39 44.51 33.30 
20 34.44 44.46 41.73 52.33 41.32 48.40 45.58 34.59 
21 35.81 46.00 44.78 52.22 41.97 48.86 43.42 33.93 
22 36.63 48.62 44.11 53.23 42.25 49.78 45.92 43.25 
23 37.48 48.03 44.23 54.78 42.70 48.63 45.06 40.78 
24 38.20 50.42 45.96 54.06 42.71 48.35 46.28 40.96 
25 36.59 47.40 43.77 52.81 42.71 47.86 44.83 44.39 
26 36.16 46.48 42.68 51.83 42.89 48.32 45.30 34.18 ...... 

\,0 
w 



Appendix C.2.--Continued 

IR8-26C* IR8-26C IR8-28C IR8-29C IR9-03C IR9-08C IR9-09C IR9-12C 
(0959- (1242- (1230- (1229- (1334- (1252- (1207- (1244-

LOC 1053) 1312) 1255) 1256) 1404) 1321) 1259) 1311) 
------- ------- ------- ------- ------- ------- ------- -------

27 38.90 49.39 43.89 53.29 42.41 49.22 45.88 38.21 
28 36.08 47.15 43.05 52.22 41.12 49.72 45.36 33.60 
29 34.93 46.49 42.99 52.25 42.19 47.80 44.27 43.79 
30 37.67 47.74 43.71 54.38 42.83 49.35 46.08 41.77 
31 35.69 45.61 42.39 52.79 39.79 48.67 46.73 33.09 
32 38.60 48.01 44.20 54.81 40.29 51.25 48.32 34.52 
33 35.11 47.66 43.92 53.79 42.81 50.39 45.26 34.40 
34 38.40 46.76 42.89 52.59 43.49 48.64 45.42 38.52 
35 36.82 47.30 43.82 54.03 43.02 49.81 46.56 34.04 
36 37.32 48.39 44.77 53.88 43.40 50.81 46.69 42.85 
37 36.91 47.64 44.08 53.82 43.36 49.76 46.99 41.85 
38 31.83 39.85 38.07 46.23 35.33 44.52 43.25 34.76 
39 34.27 45.89 43.43 48.41 37.86 48.16 45.66 34.91 
40 36.64 44.56 41.45 53.29 41.10 47.63 44.98 38.14 
41 36.66 46.86 44.01 53.58 41.50 49.45 46.91 41.62 
42 37.05 48.84 45.38 54.43 43.75 49.73 45.66 44.52 
43 33.64 45.78 44.76 52.58 43.59 51.03 46.25 43.80 
44 34.93 46.69 43.45 52.14 43.43 49.78 45.73 45.24 
45 35.86 47.33 43.87 53.20 41.54 48.78 45.36 38.93 
46 37.65 48.08 44.50 55.59 43.15 50.22 45.78 42.46 
47 31.27 37.56 39.24 46.19 39.56 46.86 43.92 33.58 
48 31.13 37.72 38.95 46.28 38.20 45.96 43.84 33.72 
49 35.09 46.95 42.84 52.43 40.46 48.52 45.80 34.53 
50 39.24 49.14 46.22 55.78 39.71 47.68 44.55 35.56 
51 33.77 45.09 41.46 50.07 42.88 47.50 44.76 35.02 
52 35.16 45.45 43.99 53.22 39.33 48.10 44.56 33.55 
53 31.68 39.48 39.88 45.11 38.28 44.56 42.12 34.84 
54 36.81 45.63 45.75 52.91 44.46 49.01 43.86 40.18 ~ 

(0 
.po 



Appendix C.2.--Continued 

IR8-26C* IR8-26C IR8-28C IR8-29C IR9-03C IR9-08C IR9-09C IR9-12C 
(0959- (1242- (1230- (1229- (1334- (1252- (1207- (1244-

LOC 1053) 1312) 1255) 1256) 1404) 1321) 1259) 1311) 
------- ------- ------- ------- ------- ------- ------- -------

55 36.83 46.22 43.47 51.63 41.62 48.15 45.91 41.14 
56 35.48 45.63 43.92 50.57 44.52 49.10 43.19 44.04 
57 37.24 48.61 45.49 55.24 46.15 50.60 45.60 40.43 
58 29.98 47.04 44.84 54.20 46.42 50.21 45.89 43.77 
59 32.10 47.00 44.36 52.59 45.65 49.79 44.46 42.03 
60 39.65 48.34 44.20 53.60 43.24 49.44 45.29 45.65 
61 40.72 50.17 45.55 55.17 42.81 49.58 44.84 45.53 
62 37.26 48.82 54.36 41.41 49.60 46.65 44.70 
63 36.60 49.03 46.38 55.83 42.11 51.43 47.86 38.97 
64 35.34 46.17 45.17 50.50 40.35 46.65 44.67 34.35 
65 35.39 45.99 45.19 52.95 40.21 48.75 46.94 36.68 
66 33.85 43.91 45.19 52.94 40.70 48.01 46.49 36.85 
67 37.01 47.95 47.46 53.96 42.02 49.70 46.31 42.02 
68 35.97 45.18 46.01 54.81 41.62 51.02 46.34 34.72 
69 37.31 48.29 46.07 53.08 40.95 48.76 47.23 36.61 
70 35.54 46.53 44.59 55.50 42.87 50.88 46.45 38.63 
71 35.08 45.82 45.34 52.70 40.70 49.02 47.26 32.90 
72 37.02 48.13 46.56 55.67 41.67 50.80 48.68 35.58 
73 38.33 48.11 46.41 55.47 42.38 51.56 47.09 34.23 
74 36.12 47.50 46.51 53.97 42.04 51.04 47.36 36.08 
75 34.65 46.63 46.25 53.73 51.73 47.11 44.16 
76 31.78 39.92 45.07 49.31 40.32 47.72 45.06 33.07 
77 34.58 46.31 44.46 51.38 47.98 44.28 32.71 
78 36.59 47.24 46.36 54.02 41.46 49.59 47.24 42.64 
79 37.34 47.67 45.94 52.53 41.71 49.83 48.10 31.95 
80 36.64 47.59 45.95 54.23 42.56 50.78 46.88 38.97 
81 36.77 48.00 47.62 53.94 43.01 49.87 46.97 36.07 
82 36.19 46.49 45.03 50.74 40.86 47.96 46.29 39.15 ..... 

to 
U"I 



Appendix C.2.--Continued 

* IR8-26C IR8-26C IR8-28C IR8-29C IR9-03C IR9-08C IR9-09C IR9-12C 
(0959- (1242- (1230- (1229- (1334- (1252- (1207- (1244-

LOC 1053) 1312) 1255) 1256) 1404) 1321) 1259) 1311) 
------- ------- ------- ------- ------- ------- ------- -------

83 36.66 47.78 45.94 54.87 42.09 50.58 46.15 42.84 
84 36.58 48.64 46.79 54.86 43.72 51.09 47.79 38.91 
85 31.47 35.58 40.62 44.85 38.30 44.48 42.65 32.84 
86 31.92 40.61 39.87 47.25 40.19 46.36 44.61 33.99 
87 34.86 42.14 45.49 49.43 39.34 48.18 45.40 33.23 
88 34.26 47.33 46.95 53.38 42.64 51.15 46.51 42.46 
89 37.20 48.16 47.45 53.59 41.05 49.24 46.65 37.88 
90 36.46 46.96 53.98 42.06 50.06 47.68 44.46 
91 36.04 47.46 44.11 52.95 36.16 47.67 47.48 32.55 
92 34.27 46.48 47.47 52.15 41.89 48.16 45.15 35.48 
93 36.98 48.66 48.02 53.74 41.73 47.88 45.16 39.26 
94 37.56 48.28 47.95 54.41 41.74 47.94 46.06 44.13 
95 35.01 47.09 46.56 53.41 42.21 49.19 45.25 38.96 
96 36.34 45.88 46.52 51.37 42.27 48.72 44.30 39.21 
97 30.90 33.68 37.27 43.78 37.59 44.59 44.45 34.17 
98 36.83 47.10 53.61 40.53 47.94 46.90 31.72 
99 31.32 35.83 37.38 44.41 33.74 42.86 42.66 33.15 

100 30.27 33.40 38.37 43.54 31.34 41.88 34.21 
101 33.44 42.55 43.96 49.25 43.73 46.85 42883 34.12 
102 32.72 40.40 43.76 48.23 41.61 48.25 42.88 34.44 
103 31.11 36.78 40.14 43.97 40.12 43.86 41.02 34.09 
104 35.34 44.82 44.83 49.74 44.12 47.66 44.10 36.12 
105 30.71 32.74 37.79 43.14 31.51 44.99 43.22 32.63 
106 30.86 33.05 37.58 42.69 35.27 44.10 42.77 32.77 
107 31.01 37.97 40.97 45.48 38.53 45.43 42.99 32.68 
108 30.53 34.53 38.54 44.25 37.07 45.20 42.96 33.82 
109 30.44 33.74 37.67 42.26 33.80 44.63 42.54 33.69 
110 31.21 33.81 38.15 41.99 36.92 44.50 43.22 32.91 t-A 

(0 
Ol 



Appendix C.2.--Continued 

'* IR8-26C IR8-26C IR8-28C IR8-29C IR9-03C IR9-08C IR9-09C IR9-12C 
(0959- (1242- (1230- (1229- (1334- (1252- (1207- (1244-

LOC 1053) 1312) 1255) 1256) 1404) 1321) 1259) 1311) 
------- ------- ------- ------- ------- ------- ------- -------

111 31.44 36.52 38.87 43.75 38.25 45.02 43.39 33.26 
112 30.50 34.28 38.09 44.59 37.64 45.09 42.96 33.43 
113 30.71 35.40 39.01 44.07 34.74 45.83 43.18 33.29 
114 37.57 48.70 45.32 53.58 41.45 50.21 44.37 42.98 
115 36.68 46.78 44.33 52.83 42.89 50.07 44.67 43.62 
116 37.43 47.64 44.77 53.83 41.09 49.72 44.26 39.57 
117 37.36 49.31 44.31 52.84 42.80 49.41 44.31 43.04 
118 35.26 46.35 44.30 54.40 41.77 49.84 44.47 40.51 
119 36.75 47.14 43.83 53.20 42.65 49.91 45.37 44.96 
120 35.65 46.23 43.85 53.30 42.93 51.05 45.75 43.07 

'* - The average of tHO readings. 
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Appendix C.3. Tabled gravimetric moisture content data for 
Campus Agricultural Center. The "5" and "L" 
indicate small and large can, respectively. 

LOC ~8-26C MC8-29S MC8-29L MC9-03S ~9-03L MC9-12C 
1 2.78 6.27 4.38 9.13 6.35 
2 5.93 1.18 6.14 3.29 8.51 2.88 
3 0.81 6.78 4.37 8.31 5.65 
4 1.55 4.85 4.45 7.87 13.23 
6 6.55 1.47 4.67 4.36 8.17 5.61 
7 5.74 3.31 6.18 6.53 9.55 6.46 
8 1.34 4.19 4.59 8.22 3.82 
9 8.15 6.88 4.15 8.37 10.08 

10 7.40 6.13 6.17 7.69 8.45 
12 8.05 4.46 7.23 6.08 8.04 12.11 
16 6.15 2.75 5.65 6.67 10.25 10.52 
17 8.55 4.14 7.82 6.08 9.64 7.91 
19 8.22 0.95 4.92 4.48 8.59 11.69 
20 6.92 0.94 6.39 6.93 10.57 8.24 
21 8.96 4.20 5.19 4.25 8.76 10.67 
22 8.74 3.24 7.44 4.42 8.82 5.01 
23 6.65 1.23 3.77 3.69 7.73 4.35 
28 7.89 1.24 6.13 6.59 8.56 8.19 
31 10.47 3.23 6.69 7.13 10.42 10.18 
32 4.68 3.43 5.18 5.26 9.81 9.00 
34 1.84 5.27 5.27 9.69 5.45 
36 5.97 1.26 5.28 5.91 8.78 5.06 
37 6.72 0.95 5.23 3.80 8.75 5.08 
38 10.23 5.32 6.56 9.03 11.92 19.46 
39 9.52 2.68 6.75 8.22 11.26 9.83 
40 6.50 2.11 5.19 7.81 9.11 7.30 
41 6.97 0.99 3.27 5.07 7.67 5.28 
42 1.28 3.67 5.19 8.41 2.14 
45 7.97 1.67 3.07 6.00 10.49 8.74 
46 5.53 0.87 2.95 5.09 8.43 4.05 
47 8.90 3.83 7.15 7.21 9.01 19.72 
48 4.93 7.64 7.10 9.40 23.11 
49 7.17 1.31 4.16 4.57 8.49 16.00 
51 6.68 0.99 3.99 3.00 9.40 9.53 
52 5.37 1.01 4.42 5.54 9.11 17.45 
62 6.17 1.40 3.92 4.81 7.71 4.02 
68 1.18 4.12 4.23 7.79 7.37 
70 5.99 0.92 4.11 4.73 8.38 10.50 
76 6.74 5.52 4.21 7.37 10.02 
77 6.14 1.03 3.12 4.73 7.85 9.12 
79 5.32 0.96 3.44 2.95 7.29 11.73 
80 9.24 1.34 4.92 2.53 7.92 7.21 
81 5.06 2.25 4.60 3.62 7.78 6.10 
82 3.72 4.30 4.72 3.98 8.79 3.48 
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Appendix C.3--Continued 

LOC MC8-26C 1VK:8-29S MC8-29L MC9-03S MC9-03L MC9-12C 
84 4.61 1.88 5.00 3.44 7.21 9.62 
85 3.38 6.36 6.51 9.96 18.88 
86 9.34 1.61 7.43 5.23 9.83 13.08 
90 6.95 1.03 4.67 4.36 6.95 2.68 
92 5.80 0.95 3.95 4.10 8.16 6.79 
93 5.89 0.74 6.23 3.67 7.37 4.85 
95 5.22 0.97 3.86 2.57 7.11 4.67 
96 5.01 0.93 4.26 4.50 7.66 10.78 
97 11.79 3.08 7.12 7.00 10.45 20.29 

100 11.42 3.67 6.17 13.54 15.49 26.35 
101 7.44 1.43 5.51 4.97 8.50 17.31 
102 7.71 1.98 6.80 5.46 9.70 16.41 
103 3.69 7.10 7.77 11.22 19.86 
104 3.90 3.03 7.97 7.67 
105 15.85 4.65 7.55 12.89 15.17 19.91 
106 11.33 6.00 7.38 7.23 11.64 19.01 
107 8.86 2.36 5.87 6.95 10.02 16.22 
108 5.07 6.93 5.67 9.62 19.42 
109 11.53 4.51 7.82 7.09 9.34 21.10 
110 11.75 4.12 7.11 6.89 10.41 21.16 
111 4.32 5.98 4.83 8.87 19.74 
112 9.35 3.79 5.70 5.55 7.63 19.23 
113 5.45 6.36 7.78 9.99 18.53 
117 1.69 4.68 5.73 8.54 4.14 
118 1.24 3.67 6.77 8.20 7.50 
119 3.26 4.42 4.57 7.51 5.57 
120 1.07 3.75 4.92 9.41 4.89 



APPENDIX D: SOIL TEXTURE: CAMPUS AGRICULTURAL CENTER 
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Appendix 0.1. Soil texture data for Campus Agricultural Center. 
Sand, silt and clay are in percent. 

SAND SILT CLAY SAND SILT CLAY 
LOC in percent LOC in percent 
1 56.5 30.5 13.0 2 55.6 33.0 11.4 
3 54.3 33.0 12.7 4 57.1 30.0 12.9 
6 52.7 35.1 12.2 7 59.3 29.3 11.4 
8 54.3 32.5 13.2 9 54.1 32.8 13.1 

10 57.0 31.3 11.7 12 64.9 24.0 11.1 
16 54.7 32.3 13.0 17 55.9 33.6 10.5 
19 56.3 32.0 11.7 20 51.7 35.9 12.4 
21 54.4 33.7 11.9 22 58.1 29.8 12.1 
23 56.1 32.6 11.3 28 54.7 35.3 10.0 
31 55.1 31.6 13.3 32 56.6 32.0 11.4 
34 54.5 31.1 14.4 36 53.9 32.9 13.2 
37 54.2 34.6 11.2 38 56.4 30.8 12.8 
39 56.0 30.8 13.2 40 55.5 32.4 12.1 
41 53.7 34.9 11.4 42 57.5 30.3 12.2 
45 57.0 30.0 13.0 46 57.2 30.6 12.2 
47 55.2 30.5 14.3 48 57.3 30.0 12.7 
49 55.8 31.5 12.7 51 57.5 29.1 13.4 
52 57.8 29.5 12.7 62 58.1 29.7 12.2 
68 53.8 34.5 11.7 70 56.0 31.2 12.8 
76 63.8 27.7 8.5 77 58.4 31.1 10.5 
79 57.6 29.7 12.7 80 55.5 30.4 14.1 
81 58.5 30.1 11.4 82 53.1 35.0 11.9 
84 58.1 32.0 9.9 85 58.4 32.5 9.1 
86 56.0 34.0 10.0 90 59.9 27.9 12.2 
92 60.1 27.0 12.9 93 60.7 26.1 13.2 
95 61.9 26.4 11.7 96 57.8 30.8 11.4 
97 57.3 29.6 13.1 100 59.8 28.2 12.0 

101 62.1 26.1 11.8 102 58.8 29.9 11.3 
103 59.5 28.7 11.8 104 61.2 27.0 11.8 
105 61.2 26.1 12.7 106 59.3 27.8 12.9 
107 57.8 30.6 11.6 107 58.7 28.9 12.4 
108 62.7 28.9 8.4 109 63.5 25.3 11.2 
110 66.3 22.9 10.8 111 65.5 22.2 12.3 
112 62.1 26.7 11.2 113 64.3 24.4 11.3 
117 57.3 30.3 12.4 118 54.4 33.3 12.3 
119 52.6 34.9 12.5 120 53.7 35.9 10.4 
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Append; x E.1 Pearson correlation and Spearman rank correlation 
for soil surface temperature at the Maricopa 
Agricultural Center. 

PEARSON CORRELATIONS: NUMBER OF CASES = 40 

IR5-27M IR6-11M IR7-05M IR7-09M IR7-12M IR7-16M 
------- ------- ------- ------- ------- -------

IR6-11M .046 
IR7-0SM -.334 .320 
IR7-09M .081 .374 -.006 
IR7-12M -.176 .107 .080 -.156 
IR7-16M .239 .284 .610 .224 -.128 
IR8-08M -.556 .153 .312 .251 -.063 -.019 

P-VALUES FOR TESTING FOR ZERO CORRELATIONS: 

IR6-11M .775 
IR7-0SM .033 .041 
IR7-09M .625 .017 .970 
IR7-12M .278 .S19 .628 .339 
IR7-16M .134 .072 .000 .161 .436 
IR8-08M .000 .349 .048 .115 .701 .903 

SPEARMAN RANK CORRELATIONS: NUMBER OF CASES = 40 

IR6-11M -.005 
IR7-0SM -.324 .371 
IR7-09M .067 .441 .132 
IR7-12M -.204 -.072 -.047 -.228 
IR7-16M .385 .262 .404 .266 -.265 
IR8-08M -.547 .218 .3S3 .306 -.093 -.018 

P-VALUES FOR TESTING FOR ZERO CORRELATIONS: 

IR6-11M .975 
IR7-0SM .039 .017 
IR7-09M .686 .005 .423 
IR7-12M .205 .664 .770 .153 
IR7-16M .013 .099 .009 .094 .095 
IR8-08M .000 .174 .024 .052 .577 .907 
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Appendi x E. 2 Pearson correlation and Spearman rank correlation 
for soil surface temperature at the Campus 
Agricultural Center. 

PEARSON CORRELATIONS: NUMBER OF CASES = 114 

IR8-26C IR8-28C IR8-29C IR9-03C IR9-08C IR9-09C 
------- ------- ------- ------- ------- -------

IR8-28C .839 
IR8-29C .945 .828 
IR9-03C .753 .690 .724 
IR9-08C .847 .781 .881 .761 
IR9-09C .632 .550 .691 .315 .653 
IR9-12C .561 .433 .529 .580 .510 .207 

P-VALUES FOR TESTING FOR ZERO CORRELATIONS: 

IR8-28C .000 
IR8-29C .000 .000 
IR9-03C .000 .000 .000 
IR9-08C .000 .000 .000 .000 
IR9-09C .000 .000 .000 .001 .000 
IR9-12C .000 .000 .000 .000 .000 .026 

SPEARMAN RANK CORRELATIONS: NUMBER OF CASES = 45 

IR8-26C IR8-28C IR8-29C IR9-03C IR9-08C IR9-09C 
------- ------- ------- ------- ------- -------

IR8-28C .523 
IR8-29C .769 .340 
IR9-Q3C .224 .501 .145 
IR9-08C .429 .545 .363 .490 
IR9-09C .494 -.0003 .646 -.011 .333 
IR9-12C .320 .307 .202 .346 .210 .129 

P-VALUES FOR TESTING FOR ZERO CORRELATIONS: 

IR8-28C .000 
IR8-29C .000 .021 
IR9-03C .135 .0007 .345 
IR9-08C .004 .000 .014 .001 
IR9-09C .001 .994 .000 .944 .024 
IR9-12C .030 .038 .181 .019 .162 .404 



Appendix E.3 Pearson correlation and Spearman rank correlation 
for surface gravimetric moisture at the Campus 
Agricultural Center. 

PEARSON CORRELATIONS: NUMBER OF CASES ~ 50 

M:8-26C MC8-29S M:8-29L MC9-03S M:9-03L 
------- ------- ------- ------- -------

MC8-29S .603 
MC8-26L .658 .668 
MC9-03S .698 .566 .525 
MC9-03L .701 .555 .509 .886 
MC9-12C .685 .534 .476 .634 .599 

P-VALUES FOR TESTING FOR ZERO CORRELATIONS: 

MC8-29S .000 
MC8-26L .000 .000 
MC9-03S .000 .000 .000 
MC9-03L .000 .000 .000 .000 
MC9-12C .000 .000 .0008 .000 .000 

SPEARMAN RANK CORRELATIONS: NUMBER OF CASES = 50 

tlC8-26C MC8-29S M:8-29L MC9-03S M:9-03L 
------- ------- ------- ------- -------

MC8-29S .548 
MC8-26L .640 .641 
MC9-03S .603 .567 .589 
MC9-03L .562 .535 .583 .751 
MC9-12C .601 .465 .458 .578 .495 

P-VALUES FOR TESTING FOR ZERO CORRELATIONS: 

MC8-29S .000 
M:8-26L .000 .000 
MC9-03S .000 .000 .000 
MC9-03L .000 .000 .000 .000 
M:9-12C .000 .001 .0012 .000 .000 
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Appendix E.4 -- Continued 

SPEARMAN RANK CORRELATIONS: NUMBER OF CASES = 29 

IR8- IR8- IR8- IR9- IR9- flC8- ~8- MC8- M:',- MC9-
26C1 26C2 29C 03C 12C 26C 28S 28L 03S 035 

IR8-26C2 .830 
IR8-29C .730 .687 
IR9-03C .327 .413 .267 
IR9-12C .380 .477 .361 .589 
~8-26C -.547 -.409 -.545 -.370 -.275 
~8-29S -.220 -.209 -.434 -.247 -.115 .460 
MC8-29L -.445 -.349 -.565 -.105 -.125 .512 .607 
~9-03S -.276 -.347 -.252 -.486 -.191 .345 .463 .517 
~9-03L -.299 -.288 -.297 -.293 -.192 .323 .398 .488 .639 
~9-12C -.567 -.538 -.449 -.556 -.823 .317 .286 .174 .293 .276 

P-VALUES FOR TESTING FOR ZERO CORRELATIONS: 

IR8-26C2 .000 
IR8-29C .000 .000 
IR9-03C .080 .025 .159 
IR9-12C .040 .009 .052 .001 
~8-26C .003 .026 .003 .046 .146 
flC8-29S .250 .277 .018 .193 .558 .012 
M:8-29L .015 .061 .002 .594 .524 .005 .001 
~9-03S .144 .062 .185 .008 .323 .064 .011 .004 
~9-03L .112 .127 .114 .119 .319 .084 .031 .007 .000 
~9-12C .002 .003 .014 .002 .000 .091 .130 .369 .119 .143 

I\J 
0 
O'l 



Appendix E.4 Pearson correlation and Spearman rank correlation coefficients 
for surface temperature and moisture at Campus Agricultural 
Center. P-values indicate the probability level. 

PEARSON CORRELATIONS: NUMBER OF CASES = 49 

IR8- IRB- IR8- IR9- IR9- MCB- K:B- tJeB- t'C9- tJe9-
26C1 26C2 29C 03C 12C 26C 2BS 2BL 03S 03S 

IRB-26C2 .937 
IRB-29C .931 .955 
IR9-03C .737 .B21 .B03 
IR9-12C .627 .5B1 .590 .532 
tJeB-26C -.741 -.7B6 -.77B -.7BO -.492 
M::B-29S -.552 -.629 -.669 -.617 -.404 .599 
M::B-29L -.596 -.598 -.664 -.475 -.397 .65B .662 
tJe9-03S -.575 -.652 -.622 -.791 -.391 .697 .564 .52B 
tJe9-03L -.547 -.601 -.604 -.751 -.431 .699 .549 .501 .BB7 
r-t:9-12C -.B37 -.B57 -.B23 -.770 -.752 .6B4 .534 .481 .633 .599 

P-VALUES FOR TESTING FOR ZERO CORRELATIONS: 

IRB-26Cl 
IRB-26C2 .000 
IRB-29C .000 .000 
IR9-03C .000 .000 .000 
IR9-12C .000 .000 .000 .000 
MCB-26C .000 .000 .000 .000 .0006 
r-t:B-29S .000 .000 .000 .000 .0043 .000 
r-t:B-29L .000 .000 .000 .0009 .0049 .000 .000 
M:9-03S .000 .000 .000 .000 .0056 .000 .000 .000 
r-t:9-03L .000 .000 .000 .000 .0023 .000 .000 .000 .000 
M:9-12C .000 .000 .000 .000 .0000 .000 .000 .0008 .000 .000 N 

0 
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