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ABSTRACT 

A mathematical model has been developed which describes the fluid exchange from 

a capillary network of realistic topology, and calculates the spatial distribution of 

extravascular pressure. In this model, the capillaries are represented by a superposition 

of sources and sinks, resulting from a D'Arcy's Law description of flow in tissue of uniform 

fluid conductivity. The combination of this representation and Starling's Hypothesis, 

which relates the forces influencing transmural fluid exchange, yields an integral equation 

of the second kind which is solved numerically for the source strength distribution. Two 

important features of this approach are that: i) it allows for interaction between the local 

tissue pressure field and fluid exchange (the model is called, therefore, the tissue pressure 

interaction model); and ii) complex network morphologies are easily modeled. 

In single capillaries, this interaction, which decreases the predicted fluid exchange, 

increases with the magnitude of the ratio of capillary wall to extravascular fluid 

conductivities. For mult;ple capillaries, in addition to the 'self" interaction of a capillary 

with the local extravascular pressure field, there is the possibility of interaction between 

capillaries (. capillary-capillary' interaction). The ratio of conductivities, and .he 

additional factors of intercapillary distance and the number of capillaries, also affect 

interaction in capillary networks. Although interaction is a only a weak function of 

intercapillary distance, it depends strongly on the number of capillaries. The major result 

from this work is that for the entire physiological range of conductivity ratios, interaction 

cannot be neglected in predicting fluid exchange. Although tissue pressure interaction 

affects the magnitude of fluid exchange, it does not greatly alter the pattern of 

extravascular flow. Therefore, previous models which neglected interaction are not 

invalidated by the present findings. 

xi 



xii 

The effect of interaction on planar capillary networks within a semi-infinite tissue 

space was also investigated. Flow boundary conditions were imposed at opposed planar 

boundaries, parallel with the capillary network. Interaction was found to decrease with 

decreasing distance between the boundary and plane of the capillaries. It still exerted a 

large effect, however, for distances greater than one-fourth the reference capillary 

length. 



CHAPTER 1 

INTRODUCTION 

Primitive individual cells, which comprised the first life forms on Earth, developed 

in the oceans from which they obtained the nutrients necessary for their continued 

function. The evolution of multicelled organisms removed some cells from direct contact 

with the surrounding water. However, distances were small enough that diffusion 

provided efficient transport of nutrients to the inner cells. I ncreasing complexity led to 

larger cell to water distances rendering diffusion inefficient and another form of transport 

was needed. The solution to this problem was the evolution of a circulatory system. 

The circulatory system provides for the bulk transport of fluid to the proximity of 

individual cells. This is accomplished in animals through a pump, the heart, and an 

intricate network of vessels. The form of this network is similar to the structure of a 

tree. Starting with one large vessel leading from the heart, the process of repeated 

branching into two vessels (bifurcation) leads to vessels of microscopic dimensions which 

are the capillaries. These vessels are so numerous that the distance between any cell and 

a capillary is small, allowing efficient transport by diffusion. 

Unlike a tree, the network does not end at the smallest vessels. The process of 

bifurcation is reversed with the end result being a large vessel leading back to the heart. 

The larger vessels are structurally different from the capillaries. Their walls are 

thicker, composed of endothelial cells, smooth muscle and other structural components. 

In vessels of successively smaller diameter, the vessel wall becomes simpler in structure. 

The capillaries exhibit the simplest wall structure, consisting of only a single layer of 

endothelial cells. The thin wall provides little resistance to the diffusion of gaseous 

1 
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species. I t also allows for the exchange of water and some small proteins between the 

surrounding tissue and the capillary. Therefore transport into the tissue has both diffusive 

and convective components. 

Blood plays a dynalJlic role in the transport phenomena of the circulation. 

Hydrostatic pressure, created by the heart, forces fluid not only through the vessels, but 

also through the wall of the capillaries. The presence of macromolecular solutes in the 

blood, to which the capillary wall is largely impermeable, generates an oncotic pressure 

gradient across the wall. Hydrostatic and oncotic pressures exist also within the tissue. 

When these forces are not balanced, fluid exchange occurs. 

The rheological behavior of blood determines the distribution of hydrostatic 

pressures within the vessels. The composition of the blood, which determines the 

rheology, therefore indirectly affects fluid exchange. Blood is a non-Newtonian fluid, 

characterized as a suspension of specialized cellular elements in plasma. The composition 

of plasma is approximately 93% water and 7% solute by weight. Solutes include simple 

ions, like sodium, and molecules like oxygen and carbon dioxide, but their presence is 

negligible compared to the macromolecular proteins. Although the proteins contribute to 

the non-Newtonian behavior of blood, this behavior is primarily accounted for by the red 

blood cells. Other cellular elements, the white blood cells and platelets, also contribute. 

However, the red blood cells exist in the greatest numbers, accounting for approximately 

40% of the blood volume. 

The process of fluid exchange is also dependent on the influences of the capillary 

wall and the surrounding tissue. Fluid transport within the capillary wall and tissue space 

is passive, occuring only under the imposition of a pressure gradient. The tissue space 

itself, is a porous medium of complex structure. To simplify analytic descriptions of fluid 

transport, both the capillary wall and tissue space are usually treated phenomenologically 

by assigning conductances of fluid to each. 
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A final consideration in fluid transport is the existence of the lymphatic system. 

The lymphatic vessels are embedded within the tissue space, and form a distinct, 

secondary circulatory system. They continually remove the fluid which enters the tissue 

space from the capillaries, eventually returning it to the blood. The lymph fluid flows 

only as a result of pressures external to the vessels, as in the contraction of skeletal 

muscle, and is not pumped with the heart. 

The Role of Fluid Transport in the Tissue 

Although diffusion is the primary transport mechanism by which nutrients and 

wastes are transported between tissue cells and the capillary blood supply, convection also 

aids in solute transport. However, its role is more than just a supplemental transport 

mechanism. 

The porous tissue space allows the tissue to act as a fluid reservoi r. The tissue 

space normally contains three to four times the fluid volume of the blood vessels, which 

can be drawn upon to increase blood volume in situations where it falls due to illness or 

injury. Other complications can cause fluid balance to become upset in such a way that 

fluid accumulates in the tissue space. This may come about from blockage of the 

lymphatic vessels or from the inability of the lymphatics to deal with large amounts of 

tissue fluid caused by an unusually large gradient of forces moving fluid from the 

capi lIa ries into the tissue. 

Observations of normal function, which have led to the present understanding of 

some of the influences of fluid transport, does not answer questions concerning the 

analytic aspects of tissue-fluid flow. These questions concern, for example, the relative 

dominance of the various fluid flow parameters; the influence of other known factors, like 

capillary placement, which have, hitherto, not been investigated; and the possibility of 

new factors. 
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These considerations indicate the importance of studying fluid movement in an 

analytic manner to understand how the various factors influencing fluid exchange and 

fluid movement within the tissue interact to produce the fluid transport behavior 

observed. 

Justification for Current Model Development 

Diffusion of components which freely migrate through the capillary wall has been 

studied theoretically and experimentally with the aim of determining the concentration 

distribution in tissue surrounding a capillary bed. Fluid transport, however, has been 

studied from two somewhat disjointed viewpoints. 

Some studies have concentrated on whole organ or finite sections of tissue and 

obtain data averaged over this volume. In whole organ experiments, the capillary 

filtration characteristics are deduced from an overall fluid mass balance and values of 

arterial and venous pressures. Once the filtration characteristics are established, they 

can be used with other pressures and the fluid mass balance to predict the amount of fluid 

exchanged. This is a whole organ model. 

The problem with this approach is that microscopic mechanisms are obviously at 

work and their interaction produces the overall behavior of the organ. A whole organ 

approach averages out microscopic variations and, although good for experimental 

comparisons, cannot be used to elucidate the interaction of microscopic phenomena. 

Other studies have examined single capillaries, obtaining data specific to a 

capillary and the tissue space near to it. Results from single capillary experiments show 

that the spatial variation of fluid pressure depends upon fluid conductivity characteristics 

of the tissue and capillary wall and the degree to which fluid is exchanged. If this data is 

to be used in a model of fluid flow in tissue surrounding capillary networks, the possible 

interaction of the individual ca!Jillary segments must also be included. Some recent 
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theorectical studies have examined the tissue pressure distribution around both single 

capillaries and small arrays of isolated capillary segments. However, di:ficulties in the 

analysis, or in the assumptions made, have prevented their application to general capillary 

networks. 

As a result of these considerations, there is a large gap between single capillary 

phenomena and the determination of whole organ flow behavior resulting from their 

interaction. This gap may potentially be bridged by a mathematical model, incorporating 

the microscopic details influencing fluid exchange, but applied to a large array of vessels. 

With this approach, a whole organ model based on quantified microscopic phenome'1a may 

be developed. 

A microscopic approach to a whole organ model has number of advantages. As a 

link between microscopic phenomena and macroscopic behavior, it can predict the effect 

on fluid flow resulting from varying one or several parameters. Likewise, it can be used 

to determine which parameters dominate in anyone state. A microscopic approach can 

include details which would be very difficult or impossible to incorporate into a whole 

organ approach (e.g., microvessel morphology, fluid conductivity measurements in single 

capillaries). Like any other mathematical model, it also provides the potential for 

improving experimental design. 

The development of a complete mathematical model for the whole organ is a task 

which can not be done all at once. Initially, models are developed for the single 

capillary, with extensions which will eventually yield good agreement with what is 

observed experimentally. The model can be extended for multiple capillaries, then to 

general capillary networks and finally to finite sections of tissue. Each step toward this 

end must involve constraints. In later analyses these may, if needed, be relaxed. 

The model to be developed in the following chapters is neither the first nor the last 

step in the development of a whole organ model. It is confined to extraluminal fluid 
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transport and will extend recent mathematical models to describe capillary networks while 

relaxing constraints which influence flow behavior. 

Goals of the Current Mathematical Model 

The primary goal of this study is to develop a mathematical model to simulate fluid 

exchange from a realistic network of capillaries. Network should be emphasized here as 

a collection of interconnected capillaries of random three dimensional orientation. 

This model will not be restrictive in the sense that the analysis depends on tissue or 

site specific parameter values. Although it will aim to be comprehensive in its inclusion 

of the physics of flow and the realities of the capillaries and surrounding tissue space, 

certain details will be omitted either because their effect on results is minimal or because 

not enough is known about them to justify detailed inclusion in the model. By these 

simplifications computational effort is economized. Since numerical methods are used, 

this leads to savings in computer time. Although initial tests of the model involve few 

capillaries, it is anticipated that it will eventually be applied 1:0 large numbers of 

capillaries and naturally the amount of time involved for computation will also increase. 

Simplification of the model results in a saving of access time, and it allows the model to 

be implementable on a microcomputer. 

Terminology 

The number of physiological terms used throughout this dissertation is small, and a 

short glossary is presented here for readers who may be unfamiliar with them. 

The microvasculature or microcirculation refers to the smallest blood vessels. 

These vessels are the capillaries, arterioles (upstream from the capillaries) and venules 

(downstream from the capillaries). The arterioles and venules are distinguished from the 

capillaries in a more complex structure of the vessel wall. Morphological parameters 
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are those' which are related to the structure of either tissue, capillary wall or capillary 

bed geometry. 

The volume enclosed by the vessel wall is the lumen. Flow within the capillary is 

intraluminal or intravascular and that within the tissue is extraluminal or 

extravascular. Transluminal or transmural phenomena occur across the capillary 

wall. Fluid flux from the capillary into the tissue is filtration. The opposite flow is 

absorption. Fluid within the tissue space may be taken up by the lymphatic vessels, 

which eventually returns the fluid to the blood through the lymphatic system. 

One of the driving pressures for filtration is oncotic pressure. This is identical to 

osmotic pressure and results from protein solutes within the blood and tissue fluid. 

A large amount of fluid accumulation in the tissue space, causing swelling, is 

edema. 

Historical Background 

Fung (1984) describes briefly the history of research on the circulation. He states 

that although the scholars of ancient Greece had an intimate knowledge of the heart and 

blood vessels, they did not grasp the idea of ~irculating blood because they did not apply 

the principle of the conservation of mass. The first to reason in this way was William 

Harvey in the 17th century and it is to him that the discovery of the circulation is 

attributed. 

Since that time all aspects of the circulation .have been studied. The importance 

of the microcirculation has been recognized since the discovery that the final step in the 

delivery of nutrients and the initial step in the removal of wastes from individual cells, 

occur in the capillaries. The phenomenon of transmural fluid exchange was studied by 

Starling (1894, 1896) who delineated the forces involved. According to Starling, fluid is 

exchanged when there are transmural pressure gradients which are hydraulic and oncotic 
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in nature. However, a relationship between fluid exchange and these forces was not 

developed until Landis (1927b) and Iverson and Johansen (1929) obtained experimental 

proof of Starling's assertions. They derived the following form of Starling's Hypothesis: 

1.1 

where P is hydrostatic pressure and 1T is oncotic pressure, each having components within 

the capillary and the tissue (denoted by subscripts c and t). (A listing of the variables 

used in this and all subsequent equations is given in Appendix VI.) Equation 1.1 shows 

that a balance of forces exists across the capillary wall and, therefore, no fluid exchange 

occurs. 

The work of Landis (1927,1928), Brown and Landis (1947), Zweifach and Intaglietta 

(1968) and Smaje et al. (1970) provided further experimental validation. Starling's 

Hypothesis underlies nearly all work involving fluid exchange in the microcirculation, 

including the present study. 

A more general form of Starling's Hypothesis (Pappenheimer and Soto-Rivera, 1948; 

Kedem and Katchalsky, 1958) is: 

1.2 

This states that the volumetric flux, Jv, is proportional to the overall transmural pressure 

gradient. A positive value for Jv denotes fluid efflux with respect to the capillary. Kf c , 

is the capillary filtration coefficient and may be defined such that Jv gives a linear fluid 

velocity or a volumetric flow per single capillary or per finite section of tissue. cr d is a 

reflection coefficient introduced by Staverman (1952). The inclusion of this coefficient 

extends Starling's Hypothesis to take into account permeability of the capillary wall to 

protein solutes. Values range from zero, which implies permeability to all protein solutes 

(the oncotic pressure difference disappears from Equation 1.2) to unity, which implies 

impermeability to plasma proteins. 
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The work of Starling proved to be a dividing point in studies of microvascular fluid 

exchange. With the formulation of Starling's Hypothesis, such studies became amenable to 

mathematical analysis, instead of being purely descriptive. 



.CHAPTER 2 

REVI EW OF PREVIOUS WORK 

In this chapter, both experimental and theoretical work are reviewed. The 

theoretical work includes some mathematical models which are used as a basis for this 

work, and others which are relevant but which are not used in the development of the 

current model. A review of experimentally obtained parameter values reported in the 

literature and pertinent to the study of microvascular fluid exchange is also given. 

Experimental Considerations 

A review of the data pertinent to the modeling of tissue fluid flow is presented 

here. For every parameter, values are given for different tissues. This establishes either 

the relative invariance of the measured parameter or, the range of values considered 

physiologically reasonable, at least within orders of magnitude. The microocclusion 

experiment, the foundation of present and previous work in fluid exchange, is also 

considered. 

The Microocclusion Experiment 

Values of wall conductivities of individual capillaries have been determined to a 

great extent by the microocclusion experiment. The development was by Landis (1927b) 

who sought to substantiate the claims of Starling (1896) on the driving forces for fluid 

exchange. It illvolves the occlusion of a capillary near its venous end, and observation of 

the residual movement of the red blood cells (see Figure 1). The information provided by 

the microocclusion experiment includes more thai! the evaluation of the capillary wall 

fluid conductivity. Pressures must be evaluated and, in some cases, th~ red blood cell 

10 



11 

( 0 0 o o ) 

tal 

o 0 0 

Pal---------

Ibl 

Figure 1. The Microocclusion Experiment 
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behavior can indicate the conductivity of the capillary wall to blood protein. Therefore a 

short review of the microocclusion experiment is given here, with reported values of the 

wall conductivity given in a following section. 

If it is assumed that no fluid passes between the cell and the capillary wall, then 

movement results totally from filtering fluid. Therefore, the volume swept out by the red 

blood cell is the amount that is filtered. If the forces for fluid exchange were invariant 

with time, the velocity of the red blood cell should be constant until it closely approaches 

the occluding needle. However, as fluid is filtered, the concentration of solutes in the 

blood between th~ cell and the occluding needle increases. This in turn increases the 

capillary osmotic pressure which opposes filtration. A sample plot of distance to the 

occluding needle versus time is shown in Figure 2. Since osmotic pressure within the 

capillary cannot be measured with time, but is known initially, the capillary wall filtration 

coefficient can be determined by measuring the slope in Figure 2 at the time of occlusion 

and measuring the capillary hydrostatic pressure, which does not vary axially due to the 

occlusion and is assumed temporally constant. By performing this in different capillaries, 

values are obtained for filtration at the time of occlusion at different pressures. 

According to Starling's Hypothesis, Equation 1.2, a plot of filtration against pressure 

should be linear. The slope gives the conductivity, and the intercept is the conductivity 

multiplied by the remaining pressure terms. Landis' results (1927b) showed that such a 

plot is linear, and this was taken as proof of Starling's Hypothesis. 

More recent investigators have employed or suggested new means of determining 

capillary wall conductivity without occlusion. Wiederhielm (1967) uses a densitometric 

method which is optical in nature. Other such methods have been employed by Levick and 

Michel (1977). In addition, the microocclusion experiment has been analyzed 

theoretically by Lee et al. (1971), Blake and Schneyer (1974) and Blake and Gross (1976, 

1983). In the first paper, the investigators derived a relationship between the 
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postocclusion distance of two blood cells and time, based on mass conservation principles. 

The resulting equation was fit to data, similar to that in Figure 2, by adjusting parameters 

corresponding to the wall conductivity and an effective pressure composed of the tissue 

oncotic pressure and the tissue and capiJlary hydrostatic pressures. With this method, the 

entire cell-to-occlusion distance profile is used to determine the capillary wall 

conductivity and only one capillary is required. 

Blake and Schneyer (1974) used fluid mechanical and protein conservation 

principles to derive a similar equation which could be fit in the same manner. This 

provided a less restrictive analytical description of fluid exchange than that developed by 

Lee et al. However,:-c; noted by Blake and Schneyer, agreement between the two 

methods confirms the simplifying assumptions made by Lee et al. In the last two papers, 

Blake and Gross (1976, 1983), starting with the same theoretical considerations as Blake 

and Schneyer, concluded that the time variance of plasma protein concentration is a more 

sensitive indicator of fluid exchange than the cell-to-occlusion distance. They suggested 

the introduction of a tagged colloid to which the capillary wall is impermeable, the 

concentration-time variance of which is easier to follow than that of the plasma protein 

concentration. By including an additional equation to describe the conservation of 

tagged colloids, they developed a concentration-time relationship which, as in the 

previous investigations, could be fit with a capillary wall conductivity and an effective 

pressure. This new method has yet to be implemented. 

Still more information on the different experimental approaches and the general 

evolution of the modern microocclusion experiments is given by Gore and McDonagh 

(1980) • 
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Starling's Forces 

The Starling forces are those which drive fluid exchange. They are the intra- and 

extravascular hydrostatic and oncotic pressures (d. Equation 1.2). 

The extravascular hydrostatic pressure is the unknown variable, the distribufon of 

which will be determined in Chapters 3 and 4 based on values of the other driving forces, 

conductivity characteristics of the tissue and capillary wall, and capillary network 

geometry. The analysis presented in these later chapters shows that the absolute pressure 

in the tissue away from the capillaries enters the distribution of tissue pressure only as an 

additive constant (d. Equation 3.14). Although interstitial pressure measurements are far 

more common than tissue conductivity measurements (d. this chapter, Tissue Fluid 

Conductivity), there is still much controversy on the best way to measure this pressure. 

In particular, this is due to measurements of subcutaneous pressures, which are reported 

to be subatmospheric by Guyton (1963, 1965a,b), Guyton et al. (1966) and Guyton et al. 

(1971) and superatmospheric as reported by McMaster (1946), Wiederhielm (1968) and 

Wiederhielm and Weston (1973). 

Some representative values from these studies and others are given in Table 1. In 

addition to Guyton's work, Scholander et al. (1968) reports negative interstitial pressures 

in a wide variety of aquatic and semi-aquatic animals (one such value appears in Table 1). 

Overall, however, the range of interstitial hydrostatic pressures is not large. Moreover, 

exact evaluation is not critical to this study. 

Capillary hydrostatic pressure is the important driving force because values are 

usually larger than those of the other driving forces. The reference pressure for both 

hydrostatic and oncotic pressures, is usually chosen to be the arterial value of the 

capillary hydrostatic pressure. Table 2 shows a sampling of experimentally determined 

arterial pressures. When a range is given, the higher value corresponds to the portion of 

the capillary near the arterial end. 
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Table 1 Tissue Hydrostatic Pressure 

Tissue Animal Pressure Source 
(mm Hg) 

subcutaneous rat -0.65 Reed (1979) 

longintudinal rat >7.4 Gore (1982) 
intestinal 
muscle 

subcutaneous dog -4 - -9 Guyton (1965) 

various man 0.7 - 8.9 Landis and 
skeletal Pappenheimer (1963) 
muscle 

subcutaneous mouse 0.4 - 3.7 Landis and 
Pappenheimer (1963) 

wing web bat 1.25 Wiederhielm and 
Weston (1973) 

toe web toad -2 Scholander et al. 
(1968) 

conversion factors: 1.3595 cm HzO/mm Hg 
1.02 x 10-3 cm HzO/(dynes/cmZ ) 
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Table 2 Capi lIary Hydrostatic Pressure 

Tissue Animal Pressure Source 
(mm Hg) 

mesentery frog 4.8 - 21.3 Landis (1926) 

omentum rat 25 Landis (1930a) 

mesentery frog 3.0 - 22.1 I ntagl ietta and 
Zweifach (1966) 

skin human 15 - 32 Landis (1930b) 

mesentery cat 25 Gore and Bohlen 
(1975) 

longitudinal rat 11.0 - 18.9 Gore (1982) 
intestinal 
muscle 

conversion factors: 1.3595 cm H20/mm Hg 
1.02 x 10-3 cm H20/(dynes/cm2 ) 



18 

The data in Table 2 show that the capillary hydrostatic pressure is tissue 

dependent. On the other hand, capillary oncotic pressure is tissue independent, its val ue 

usually determined by sampling the systemic blood. Values for capillary oncotic pressure 

are given in Table 3. The values vary little for a wide variety of animals. Indeed, Landis 

and Pappenheimer (1963) report from a variety of sources that 19-25 mmHg covers the 

range of capillary oncotic pressure for animals of classes Elasmobranchs, Pisces, Amphibia, 

Reptilia, Aves and Mammalia. 

Tissue oncotic pressure has proven to be somewhat difficult to measure primarily 

due to the complexities of the interstitium (Comper, 1984) and the problems involved in 

the experimental technique (Diana and Fleming, 1979). Table 4 gives some established 

values of tissue oncotic pressure determined with a variety of techniques. Notice, as 

with tissue hydrostatic pressure, that the values are approximately constant. 

Capillary Wall Fluid Conductivity and Reflection Coefficient 

A representation of the experimentally obtained capillary wall conductivites is 

shown in Table 5. Wiederhielm (1967) demonstrated the variance of conductivity along 

the capillary axis, but did not establish absolute values. Therefore, this work is not 

represented here. 

Table 5 merges information on fluid conductivities from similar tables appearing in 

Gore and McDonagh (1980) and Gore (1982). There are three different types of results. 

The first, and most common, is that of reporting a representative value of conductivity for 

the whole capillary. The next is where a value is given for the arterial and venous end. 

The last type, of which there is only one, gives a continuous distribution of conductivities. 

This is the entry from Gore (1982). He gives this distribution as: 

aK = 10.3 + 16.9x - 35.3x2 + 169x3 2.1 

The value of K given by Equation 2.1 is multiplied by a factor a = 10- 10 and has units of 
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Table 3 Capillary Oncotic Pressure 

Animal Pressure Source 
(mm Hg) 

rabbit 19.5 Lee et al. (1971) 

rat 19.8 Reed (1979) 

Elasmobr anchs 
Pisces 
Amphibia Landis and 
Reptillia 19 - 25 Pappenheimer 
Aves (1963) 
Mammalia 

toad 21.8 
lizard 21.8 
sea turtle 19.4 Scholander et al. 
crocodile 31.2 (1968) 
snake 33.1 

conversion factors: 1.3595 cm Hp/mm Hg 
1.02 x 10- 3 cm H10/(dynes/cm 1) 
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Table 4 Tissue Oncotic Pressure 

Tissue Animal Pressure Source 
(mm Hg) 

subcutaneous rabbit 10.2 Stromberg and 
Wiederhielm (1976) 

subcutaneous rat 10.2 Reed (1979) 

skeletal dog =4.0 Guyton (1963)· 

skeletal rabbit =7.0 Stromberg and 
Wiederhielm (1970)· 

skeletal rat =11.0 Johnsen (1974)· 

skeletal rabbit =7.0 Gitlin and Janeway 
(1954)· 

skeletal rat =8.6 Aukland and Johnsen 
(1974a,b)· 

·Originally tabulated in Reed (1979) 

conversion factors: 1.3595 cm H20/mm Hg 
1.02 x 10-3 cm H20/(dynes/cm2 ) 
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Table 5 Capillary Wall Hydraulic Conductivities 

Tissue Animal Conductivity Source 
art/ven or total 

3 
( em 1010) 
dyne-sec 

mesentery frog 10.4 Landis (1927b) 

mesentery toad 44.7 Wind (1937) 

omentum rabbit 10.2 Zweifach and I ntaglietta 
(1968) 

omentum rabbit 6.64 Smaje et ~. (1970) 

cremaster rat 1.02 Smaje et al. (1970) 

omentum rabbit 25.5/47.0 Smaje et al. (1971) 

omentum rabbit 31.3/45.0 Lee et al. (1971) 

mesentery frog 55.9· Michel et al. (1974) 

mesentery frog 36.0· Michel et al. (1974) 

intestinal rat see Equation 2.1 Gore et al. (1976) 
muscle 

·scaled by temperature (see Gore' (1982, p.H277) and text) 
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Table 5 Capillary Wall Conductivities (continued) 

Tissue Animal Conductivity Source 
art/ven or total 

3 
( cm 1010 ) 
dyne-sec 

red skeletal avian 90.0* McDonagh and Gore (1978) 
muscle 

white skeletal avian 33.0· McDonagh and Gore (1978) 
muscle 

mesentery cat 13.5 Fraser et al. (1978) 

mesentery cat none/20.3 Fraser et al. (1978) 

mesentery frog 84.4 Mason et al. (1977) 

mesentery frog 100.8* Levick and Michel (1977) 

mesentery guinea 17.3 Clough and Smaje (1977) 
pig 

mesentery frog 62.5* Curry (1979) 

longitudinal rat 16.3/67.4 Gore (1982) 
intestinal 
muscle 

·scaled by temperature (see Gore (1982, p.H277) and text) 
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cm 3/(sec dyne). The variable, x, is the fractional axial distance from the arterial end of 

the capi!lary. It should be noted that the data points were located between 20 and 80% 

of the distance down the capillary. Therefore, the distribution may not be applicable 

outside of this range. 

The values in TableS vary from around 10- 10 to 10- 8 cm 3/(sec dyne). Although 

most experiments were performed at 38 DC, the original data from amphibians and avians 

were taken at considerably different temperatures and fell outside of this range. Gore 

(1982) noted this and postulated a possible temperature dependence. He suggested that 

the conductivity of the wall increased 4.5 times with every 10 DC increase in 

temperature. This rough scaling was used where indicated in Table 5 to correct the data 

taken at temperatures other than 38 DC. 

Considering the number and wide variety of tissues and animals represented in this 

data, the range of values is not large. The agreement within an order of magnitude for 

like tissues in the same animal, and the theoretical support for the experiments which 

obtained these values (cf. The Microocclusion Experiment, this chapter), indicate a high 

degree of reliability in their representation of capillary conductivity. 

The original form of Starling's Hypothesis excluded the reflection coefficient. Its 

appearance resulted from a derivation of Starling's Hypothesis from principles of 

irreversible thermodynamics (cf. Middleman, 1972). 

The reflection coefficient is a measure of the selectivity of the capillary membrane 

to solutes. Although a reflection coefficient can be defined for each solute, as it appears 

in Equation 1.2 it represents all solutes. There is no contribution to a for very small 

solutes such as oxygen and carbon dioxide since the capillary wall is freely permeable to 

these. However proteins within the blood may escape depending upon their size. If this 

happens, then the oncotic pressure difference, caused by capillary wall impermeability to 

proteins, will be diminished. Therefore, a value of unity for a implies a capillary wall 
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impermeable to protein solutes, while a value less than one implies some "leakiness" to 

solutes. A value of zero implies that the wall is permeable to all protein solutes. 

The reflection coefficient is not included in Equation 1.1, which Landis (1927b) 

used in the original work with the microoccJusion experiment. Implicit in its formulation 

is that a = 1, or that the capillary wall is semipermeable. This assumption had no effect 

upon the evaluation of capillary wall conductivity since he obtained it through plotting 

flux against capillary hydrostatic pressure. Equation 1.2 shows that such a plot should be 

linear and that a only affects the evaluation of the transmural oncotic pressure gradient 

which is obtained from the intercept of the plot. The recent experiments with variations 

on the classical microocclusion experiment, reviewed by Gore and McDonagh (1980), have 

all assumed that a = 1 whether or not this would directly affect the evaluation of 

capillary wall conductivity. 

The actual value of a is very near to unity in most animals and tissue. A 

qualitative explanation for this was given by Pappenheimer (1970), who argued that the 

area available to water transport is far greater than that available for solute transport. 

This results from the fact that endothelial channels in the capillary wall, which comprise 

the sole route by which protein solutes can move into the interstitium, are not numerous. 

The work of Bennett et al. (1959) suggests why these channels occur infrequently. 

The capillary wall is composed of basically three layers. Moving from lumen to 

interstitium, there is a layer of endothelial cells, a layer of parenchymal cells which may 

or may not be present, and a basement membrane. A channel must be open through all 

layers before protein can escape. This reasoning was used by Granger et al. (1982) in 

attempting to explain the unexpectedly large value of a (0.9) for capillaries in the cat 

small intestine (intestinal mucosa) which are known to have many interendothelial pores. 

The microocclusion experiment itself provides a qualitative indication of the 

conductivity of the capillary wall. In all experiments, red blood cell distance, either to 
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ocd uding needle or with respect to another red blood cell, is plotted against time. At the 

time of occlusion, the pressure everywhere on the arterial side of the occlusion is equal to 

the entrance value. Tissue hydrostatic and oncotic pressures are presumably constant in 

time. However, as fluid leaves, the plasma protein concentration increases, generating a 

greater oncotic pressure which opposes filtration. At some point the forces balance, 

producing no net filtration, and the plotted distance versus time curve becomes horizontal 

as in Figure 2. If there is protein leakage, equilibrium is not achieved during the course 

of the experiment, and the plotted data look as in Figure 3. In some rnicroocciusion 

experiments (e.g., the classical Landis microocclusion experiment), the value of cr is 

immaterial if only the wall conductivity is desired. However, as in the case of Gore 

(1982) who used a modified microocclusion technique, the value of cr is important in the 

determination of wall conductivity. He therefore used only data from capillaries which 

exhibited behavior as in Figure 2. Perhaps a strong statement could be made for assuming 

the wall to be perfectly semipermeable if these experiments had not encountered behavior 

as in Figure 3. However the fact that both behaviors were present in the same tissue can 

be used neither for nor against the argument of semipermeability. 

Tissue Fluid Conductivity 

One of the most difficult parameters to obtain is the tissue fluid conductivity. This 

is primarily due to experimental limitations in obtaining tissue pressure differences. 

Although tissue pressure measurements are not uncommon in the literature (for a general 

review of measurements and measurement techniques see Hargens, 1981), very few studies 

have sought to measure the tissue hydrodynamic conductance or resistance. McMaster 

(1946) mentions resistance; however it is defined as the pressure within the tissue which 

must be overcome before fluid will enter the tissue space from an inserted needle. 
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Table 6 lists the results of investigators who have measured conductivity. As can 

be seen, most data indicate that conductivity of non-edematous tissue is on the order of 

10-10 cm't/(dyne sec). Data from the corneal stroma show that values of as low as 10-13 

are physiologically possible. Although the temperature at which data for the corneal 

stroma was taken is lower than the temperature in other preparations, it is not known if it 

can account for a three orders of magnitude difference in conductivity values. The 

temperature difference is less than 10 of which, if the capillary wall conductivity is 

considered, could only account for less than a magnitude difference in values. Although 

the tissue and capillary conductivity characteristics cannot be cnrnpC1red, it is difficult to 

envision, based on the behavior of the capillary wall conductivity, that this small 

temperature difference could account for such a large change in tissue conductivity. I t is 

possible that the low conductivity of the corneal stroma is unique. However, this 

statement cannot be proven for lack of data from a variety of organs. 

The major factor to consider when using these values is the reliability of the 

experimental technique. The extent of experimental and theoretical investigation into the 

Landis microoccJusion experiment, discussed before, does not exist for the determination 

of tissue conductivity, although some thoeretical work was done by Fatt and Goldstick 

(1965). They successfully modeled the time dependent swelling behavior (i.e., tissue 

hydration) in the corneal stroma, with excellent agreement with the experimental results 

of Hedbys and Mishima (1962). Although tissue conductivity varied with swelling, their 

work gives some theoretical support to the validity of the experimental values obtained 

from the corneal stroma, including the value at normal hydration. (A subsequent section 

in this chapter, Coupled Intra- and Extraluminal Flows, discusses more aspects of their 

work.) 

Therefore, tissue conductivity evaluations are not considered as reliable (with 

respect to order of magnitude considerations) as those of capillary wall conductivity. 



Table 6 Tissue Hydraulic Conductivities 

Tissue Animal Conductivity Temp. 
It 

( em 1010) (0C) 
dyne-sec 

corneal steer 0.015 29 
stroma 

mesenteric rabbit 2.0 
connective 
tissue 

mesenteric rabbit 0.45 38 
connective 
tissue 

subcutaneous dog 0.11 3 382 

connective 
tissue 

wing web bat 0.15 

1not reported 
2assumed due to in vivo preparation 

'value corrected by ~~~ c~ (An and Salathe, 1976) 

Source 

Hedbys and 
Mishima (1962) 
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Intaglietta (1977) 

Winters and 
Kruger (1968) 

Guyton et al. 
(1966) --

Salathe (1977) 
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Lack of reliability and scarcity of data prevent model simplifications based on tissue 

conductivity evaluations. 

Geometric Parameters 

Although the capillary dimensions are important in defining the microcirculatory 

architecture, the capillary aspect ratio, defined as the capillary radius divided by its 

length, can simplify the extraluminal flowequations. Table 7 shows that, although lengths 

and diameters differ from tissue to tissue, the aspect ratio is uniformly small (on the order 

of 10-2 or less). How this factor enters the analysis of extraluminal flow is shown in 

Chapter 3. 

Another factor to consider in capillary geometry is the tapering of vessels from the 

venous to arterial end. Salathe and An (1975) included this in their initial model 

development, and Apelblat et al. (1974) considered conically shaped capillaries. In the 

latter paper, values are given for physiologically reasonable tapering in terms of tapering 

angle. The largest deviation from a cylindrical geometry was about .5°. For an average 

capillary length of 500· ~ and arterial diameter of 5 ~, this amounts to a doubling of the 

diameter over the entire length. Smaje et ~. (1970) report a significantly smaller 

tapering in the capillaries of the rat cremaster muscle. The diameter at the arterial end 

is 5.5 ~ enlarging to 6.1 ~ over a length of 615 ~, amounting to only a 10% incease. From 

this information tapering is not severe, and capillaries are assumed to have a cylindrical 

geometry. 

Theoretical Work in Related Areas 

Modeling extraluminal flow uses many results from research of other related 

investigations. The specific studies used are those of diffusive processes, modeling fluid 

exchange in the whole organ, and modeling blood flow in capillary networks. They are 

reviewed here. 



Tissue 

longitudinal 
intestinal 
muscle 

mesentery 

omentum 

cremaster 

cremaster 

tenuissimus 

wing web 

Table 7 Capillary Lengths and Diameters 

Animal 

rat 255 

frog 790 

rabbit 570 

rat 615 

hamster 190 

cat 1015 

bat 230 

Avg. 
Radius 

(ll) 

2.5 

1.03 

5.2 

2.0 

2.5 

2.7 

1.9 

Aspect 
Ratio 

0.010 

0.013 

0.009 

0.004 

0.013 

0.003 

0.008 

30 

SOUTce 

Gore (1982) 

Landis 
(1927b,1933) 

Zweifach and 
Intaglietta 
(1968) 

Smaje et al. 
(1970) - -

Klitzman and 
Johnson 
(1982) 

Eriksson and 
Myrrhage 
(1972) 

Wiedeman 
(1962) 
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Models of Oxygen Transport 

Diffusive processes in the microcirculation, specifically oxygen transport, were the 

first to be modeled mathematically. The oldest and most durable of these is the Krogh 

cylinder, after August Krogh (1919). Although originally applied to oxygen transport, it 

has been applied to fl uid exchange and therefore wa rrants discussion here. 

The motivating factor behind the development of the Krogh cylinder was to obtain 

a better understanding of oxygen distribution in skeletal muscle tissue. Figure 4 shows 

the Krogh cylinder. The regular geometry was suggested by the simple parallel capillary 

architecture displayed by the skeletal microvasculature. Actual placement of the 

capillaries was sufficiently regular that each capillary was thought to be the supply for 

just the tissue nearest to it. 

The capillary representation as a long and slender cylinder, is, of course, an 

idealization. The outer cylinder, having the same length as the capillary, represents the 

tissue space affected by that capillary. Whereas the tissue capillary interface is physical, 

the boundary to the outer cylinder that is drawn is not. Rather it signifies an area across 

which no flux of solute occurs. Although the geometric simplicity allowed some modest 

mathematical analysis to be done (Krogh, 1959), analysis on the Krogh cylinder did not 

occur until much later. 

Since Krogh's time, the idea of the self contained tissue cylinder has been used 

extensively in predicting tissue oxygen levels not only in skeletal muscle, but in tissue 

with a more complex mophology like cerebral gray matter (Opitz and Schneider, 1950). 

Many details of Krogh's initial analysis have been greatly improved upon. Middleman 

(1972) reviews some individual studies in detail. Indeed, Krogh's model as applied to 

oxygen transport is still of great interest as evidenced by, for example, Bruley and Bicher 

(1973), Salathe et~. (1980) and Fletcher and Schubert (1982). 
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Because of its simplification of capillary geometry and surrounding tissue space, 

the Krogh cylinder has been used for models of general mass transport including tissue 

fluid movement. Analysis of mass transport, however, has not been confined only to the 

Krogh cylinder. A variety of other models have been developed (Jacquez, 1984), all of 

which pertain to the movement of solutes and not fluid. 

Whole Organ Models 

Moving from diffusive transport to convective transport, the type of models which 

have been developed fall under two main categories: macroscopic models and microscopic 

models. The macroscopic model, or whole organ model, uses the principles of mass 

conservation (of both fluid and solute) within the organ and Starling1s Hypothesis to 

interrelate the variables influencing fluid movement. Many of the parameters are 

assumed constant over the entire organ, their values representing spatial averages. The 

main advantage of a whole organ model is the ability to more easily describe the complex 

behavior in the organ for a wider variety of conditions. 

A recent whole organ model for general fluid and mass transport was developed by 

Wiederhielm (1968 and 1979). His model predicted the behavior of flow variables based 

on inputs from experiments. These included both normal and pathological values. 

Agreement between experiment and model predictions was good when modeling either 

physiologic state. In the normal function, variables such as tissue hydrostatic and oncotic 

pressure were seen to agree well with experimental values. By using values observed in 

an edema causing state, the model predicted the change in tissue volume due to tissue 

fl uid uptake. 

The success of the Wiederhielm model indicates the usefulness of a whole organ 

approach. However, it is limited in its ability to determine the influence on overall 

behavior of local phenomena such as, for example, microscopic variations in fluid 
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exchange parameters and the effect of the microcirculatory architecture. For this 

reason, models using a microscopic approach are favored. The first models to be reviewed 

will be those of intracapillary flow. 

Models of Capillary Network Flow 

Intraluminal network flow models are models of blood rheology in capillary 

networks which do not take into account fluid exchange with the tissue. Blood, made up 

of watl~r, finite particles (e.g., red and white blood cells, platelets), dissolved 

macromolecules and dissolved solutes, exhibits unusual, definitely non-Newtonian, 

rheological behavior. Not only do the red blood cells affect flow properties, but these 

properties can change as a result of a variety of factors. In the microcirculation, the 

capillaries are slender enough that the red blood cells travel in single file. A phenomenon 

known as the Fahraeus effect (d. Barbee and Cokelet, 1971) is the observation that in 

the microcirculation, the apparent volume fraction of red blood cells is much less than 

that in larger vessels. This is one of the factors leading to a decrease in blood apparent 

viscosity in microvessels which is the Fahraeus-Lindqvist effect (Fahraeus and Lindqvist, 

1931). Another important phenomenon is the redistribution of the red blood cells in the 

microcirculation caused by bifurcations (Papenfuss and Gaehtgens, 1979; Yen and Fung, 

1978). In addition to these fluid mechanical considerations is the possibility of 

topological influence on flow variables. Topology is significant also when statistical 

analysis of the model is required for comparison with experiment where one must identify 

different vessel types (usually grouped by geometric similarity) unambiguously. These 

details are considered necessary to include in an intraluminal network model. 

One additional, although perhaps not obvious detail, is that of pulsatile flow. The 

regular action of precapillary sphincters (small rings of muscle surrounding the end of an 

arteriole) in some tissues and contraction of the arteriole itself cause pulsatility, also 
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known as vasomotion. Inclusion of this into a network model is an area of current 

research. Work has been done in quantifying effects of pulsatility associated with the 

heartbeat in small tubes for both Newtonian fluids and rheological models of blood 

(Aroesty and Gross, 1970; Aroesty et al., 1971 and Salathe et al., 1982). 

Network model development is currently an active field of research. Secomb 

(1984) reviews some previous network models. Current work in this area includes Dawant 

et al. (1985), Levin et ~. (1985) and Papenfuss (1985, unpublished). In the first two 

papers, the work of Shea (1979), Papenfuss and Gross (1981), Fenton and Zweifach (1981), 

and Wieringa et al. (1982) is used as the basis of a model which included a strong 

stochastic element to simulate the topography of real networks. Their results indicate 

that topography significantly affects distributions of variables like capillary flow and 

pressure. This may seem obvious, but considering the complexity of capillary networks, 

there is the temptation to neglect differences in architecture, assuming that these 

differences statistically average out implying that the relative architecture is 

umimportant. 

Papenfuss (1985, unpublished) has developed a computer program for a realistic 

network model which takes as input the architecture of the particular capillary bed being 

modeled and takes into account the details of blood rheology which were excluded by 

Dawant et al. (1985) and Levin et al. (1985). 

Microscopic Models of Extravascular Fluid Motion 

Starling's Hypothesis, Equation 1.2, shows that intra- and extraluminal flows are 

coupled. If fluid is exchanged, it affects the intraluminal pressure field and concentration 

distribution which, in turn, either reduces or increases the fluid exchange according to 

Starling's Hypothesis. However a change in fluid flux alters the tissue pressure. Since 

tissue pressure also appears in Starling's Hypothesis, it too will affect the fluid exchange. 
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Therefore, neither of the flows can be studied independently of the other, unless it were 

possible to show that the amount of fluid filtered is small. In this case the intraluminal 

flow dynamics are relatively undisturbed by the fluid exchanged, and the flows become 

uncoupled. Intraluminal pressure then enters the extraluminal problem only as a 

parameter which can be determined independently of the extraluminal flow. 

Intaglietta and Gross (1975) calculated an exchange-perfusion ratio from fluid 

exchange parameters evaluated from experimental data obtained in a variety of mammals. 

This ratio, which gives the fraction of capillary blood flow which is filtered, was obtained 

from both whole organ and individual capillary experiments. In both cases, the maximum 

amount of fluid exchanged amounted to less than 1 % of the intraluminal flow. Lee et al. 

(1971) gave the same result specifically for capillaries in the rabbit mesentery. 

Therefore, the influence of filtration upon intraluminal flow is small. Asymptotic analysis, 

covered in the following section, shows this more quantitatively. 

In the following sections specific models of coupled and uncoupled flows applied to 

single and multiple capillaries are reviewed. 

Single Capillary Models 

Few references for uncoupled extraluminal flow could be found in the literature. 

Intaglietta and DePlomb (1973) analyzed the relative contribution of tissue and capillary 

wall conductivities to the transmural fluid exchange. They described the capillaries as 

tubes if the tissue space provided no resistance to fluid flow, and tunnels if the capillary 

wall provided no resistance to fluid flow. They arrived at two important conclusions. 

In experimental preparations of thin tissue sheets, such as the mesentery or 

omentum, the Landis microocclusion experiment does indeed measure conductivity of the 

wall, and not that of the surrounding tissue (i.e., capillaries are tubes). If the tissue is 



37 

three dimensional, as when the omentum is folded upon itself in vivo, then fluid flow can 

be described by either the tube or tunnel concept. 

It is interesting to note here that the three dimensional analysis involved a 

hypothetical tissue cylinder out of which no flux of fluid occurs. This is the fluid flow 

analog to the Krogh cylinder, although not explicity stated as such in the Intaglietta and 

DePlomb work. This simplifies matters considerably by restricting the flow variables such 

that each capillary absorbs what it has filtered. Since each capillary then determines its 

own pressure field without the interaction of others, it may be presumed that capillary 

architecture is not important. However, even in this simplified case, they were able to 

show that the architecture of the network is important in establishing the amount of fluid 

exchanged. 

Apelblat et al. (1974) developed a variety of approaches to analyze fluid exchange 

in the microcirculation. Each method focuses on different aspects of capillary structure 

and is developed with respect to a single capillary. They first considered a Krogh 

configuration for coupled flows in tube and tunnel capillaries. As with the studies of 

Intaglietta and De Plomb (1973), this is unrealistic in that it prevents possible interaction 

with pressure fields surrounding other capillaries. They then replaced the Krogh 

configuration with what they termed as an open system, which assumes spatially constant 

pressures within the tissue. 

The emphasis of this previous study was to look more closely at the fluid mechanics 

of the transfer process. This included the establishment of a slip or nonslip boundary 

condition at the vessel wall. They concluded that although the wall is porous, which 

definitely allows the possibility of a slip boundary condition, it was of low enough porosity 

that a nonslip condition is valid. Therefore no axial component of flow exists within the 

wall and at the wall tissue interface (in the case of a tube capillary) or at the lumen 

tissue interface (in the case of a tunnel capillary). 
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The approach of Apelblat et al. (1974) was recently reexamined by Tandon et ~. 

(1982). They also used the Krogh configuration. However they developed their 

intraluminal flow equations differently, attempting to use a better rheological description 

of blood flow. With this new blood flow model, they suspected that a stronger case could 

be made for using a slip boundary condition at the fluid-solid interface. However, in the 

case of tunnel capillaries, the values they generated for filtration efficiency (the ratio of 

the amount of fluid filtered to the intraluminal flow) differed at the most by .1 % from the 

findings of Apelblat et al. A greater discrepancy would have raised doubt as to the 

validity of the non-slip condition. Therefore, the nonslip condition is still valid and flow 

is radial at the fluid-solid interface. 

The work of Salathe and An (1975) and Blake and Gross (,1982) forms the basis of 

the current model for extraluminal flow. Although they both considered truly coupled 

flow, their analyses showed that for nonpathological states, the flows could be uncoupled. 

The former study considered capillaries with a membrane wall having different 

conductivity characteristics than the surrounding tissue medium. Therefore, the 

designation of capillaries as tubes or tunnels was not relevant except in defining extremes 

in the value of the ratio of conductivities. This is an important aspect in their study since 

values obtained for tissue conductivities, which directly affect flow distribution in the 

tissue, vary greatly and, in general, are not firmly established (cf. this chapter, Tissue 

Tissue Fluid Conductivity). 

The equations of flow were given as: 

1T[R(z)]"dP 
Q(z) = - 811 dz 2.L 

V·( 9(PdKt(Pt) VPt ) = 0 2.3 

with boundary conditions given by: 

2.4 
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P(O) = Pa 2.5 

0(0) = 00 2.6 

- 9Kt [ a;tJ = K(Pc - Pt - 1fc + 1ft) 
r = R 

2.7 

Equation 2.2 is the Poiseui lie relationship modified for tapered capillaries. 0 is the 

volumetric flow rate, R is the tube diameter, ~ is the fluid viscosity and ~~ is the axial 

pressure drop. In their subsequent development R was constant. The use of Equation 2.2 

was justified on the basis that filtration is sufficiently small and for blood flow in small 

tubes, the pressure drop is linear (Prothero and Burton, 1962) provided that the value of 11 

is that of the apparent viscosity. 

Equation 2.3 is the combination of D'Arcy's Law: 

2.8 

with the equation for local fluid conservation: 

2.9 

In these last three equations, u is the velocity vector, 9 is the tissue porosity and Kt is 

the tissue conductivity. The latter two quantities are written with a dependence on Pt , 

the local tissue pressure. Guyton et al. (1966) showed such a dependence does exist (cf. 

this chapter, Tissue Tissue Fluid Conductivity), and subsequent work (An and Salathe, 1976; 

Salathe and Venkataraman, 1978; Salathe et al., 1982) included it. As a first 

approximation in the original study, however, Kt and 9 were considered independent of 

tissue pressure. Previous researchers who have used D'Arcy's Law (Intaglietta and De 

Plomb, 1973; Apelblat et al., 1974) also considered Kt constant and lumped the porosity 

term with it. Such an approximation makes Equation 2.3 linear and the general problem 

more tractable. However, is this approximation valid? 

The method of Guyton et al. (1966) to obtain Kt involved inserting two perforated 

catheters in tissue approximately 2.5 cm apart. Then the pressure in each of the two 
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catheters was changed, and the resulting amount of fluid transport between them 

recorded. Figure 5 reproduces their data in terms of conductance and mean catheter 

pressure, which can be taken as a mean tissue pressure. It is evident from the figure that 

conductance is constant over a wide range of pressures. I t becomes very large only as 

edematous pressures are approached (conlusion of Guyton et al.). Therefore, tissue fluid 

conductivity can be assumed constant, except where edematous tissues are encountered. 

The validity of D'Arcy's Law, itself, for describing flow in tissue is not firmly 

established. A current area of interest is determining the appropriate description of 

tissue fluid flow (Blake, personal communication) which may overturn the assumed 

applicability of D'Arcy's Law. However, Fatt and Goldstick (1965) have modeled swelling 

in dried corneal stroma using D'Arcy's Law, and achieved excellent agreement with the 

experimental results of Hedbys and Mishima (1962), justifying the use of D'Arcy's Law at 

least in tissues similar to the corneal stroma. 

The solution of Equation 2.3 for constant Kt and e is given by: 

2.10 

The local conservation of fluid gives: 

2.11 

Where f(z) is an unknown function which gives the 'strength" of flow along the capillary. 

Equation 2.11 combined with Equation 2.2, and Equation 2.10 combined with 

Equation 2.7 form two simultaneous second order differential-integral equations from 

which P(z) and f( z) can be determined. Salathe and An (1975) solved these equations 

through the use of asymptotic expansions. Their solutions, simplified for small filtration, 

is: 

P(z) = 1 - Qoz 2.12 
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[ 
KL ]2["" ] D6Kt 0 0(1 - 2z) - (1 - Qoz + t\1T - Ptco)ln(4z(1 - z» 2.13 

where D 2L 
=1f !~~ and 00 is the nondimensionalized intraluminal arterial mass flow 

rate. 

The advantage to this development is the closed form solutions obtained through 

the use of asymptotic methods. However no detail is gained on the intraluminal flow 

since the dominant behavior is that of Poiseuille flow. In addition to this is the problem 

in the application of f(z) near the endpoints z = 0,1 where the function is singular. 

Salathe and An showed for the single capillary that the solution is valid except in a very 

small neighborhod around z = 0,1, caused by considering the capillary as an ideal line 

source (R + 0). This could be a problem in the case of capillary networks where, at 

segment endpoints (i.e., where two or three capillaries meet), the function must be 

bounded. In this case a limiting form for the solution could probably be found and the 

development changed to reflect network capillary placement. However, a simpler 

approach to the network model could be found in initially uncoupling the flows and not 

using asymptotic analysis. 

A Multicapillary Model 

The first attempt at modeling tissue fluid transport in a network of capillaries was 

by Blake and Gross (1977, 1980, 1982). Instead of considering a Poiseuille form for the 

intraluminal flow, they began with the Navier-Stokes equations. The equations were 

simplified by noting that the Reynolds number for capillary flow is very small and, 

therefore, the inertial terms can be ignored. In addition to fluid momentum and mass 

conservation, they included the equation for local solute conservation. 
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Extraluminal flow was modeled by D'Arcy's Law with the boundary condition at the 

capillary wall given by Starling's Hypothesis. They then used perturbation methods to 

solve the coupled flows first for the single capillary and then for multiple capillaries. As 

a simplification to the analysis they assumed that blood is a Newtonian fluid. The 

perturbation parameter was the capillary aspect ratio, which they took to be 0(10- 2
). 

By 3caling all of the dimensionless quantities with the perturbation parameter, the 

relative dominance of' each derivative could be assessed and a non-numerical solution 

reflecting the dominance was found. For the intraluminal flows the following solution was 

obtained: 

v(r,z; e:) a: (r 2 
- 1) + O( e:) 2.14 

u(r,z; e:) = O( e: 3
) 2.15 

P(r,z; e:) = 1 + e: 2p[ 2] (z-1) + O( e: 3
) 2.16 

c(r,z; e:) = 1 + O( e: 3
) 2.17 

where v is the axial velocity, u is the radial velocity and c is the concentration of solutes. 

e: is the perturbation parameter which is 0(10- 1) and e: 2p[ 2J is a scaling for the pressure 

drop in the capillary which is imposed as a boundary condition for intraluminal flow. 

Equation 2.14 shows that Poiseuille flow is the dominant flow behavior. 

Equation 2.16 shows that the pressure drop is linear. The radial velocity (i.e., fluid 

filtration), given by Equation 2.15, is O( e: 3
) and, therefore, very small. The deviation of 

concentration from its arterial value is also O( e: 3) according to Equation 2.17. These last 

two results show that the effect of fluid filtration on intraluminal flow dynamics is 

minimal. 

When D'Arcy's Law and the equation for local conservation of fluid is combined and 

nondimensionalized, the result is Laplace's equation: 

2.18 
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Asymptotic analysis shows that this equation is valid only very close (r = O( e: 2» to the 

capillary wall where the radial derivative dominates. Away from the capillary wall both 

derivatives are important. For this reason the technique of matched asymptotic 

expansions was used. To establish general fluid movement in the tissue, the solution away 

from the capillary (the outer expansion) is used since it is valid everywhere except in a 

small neighborhood about the capillary. Using the outer solution, isobars can be plotted 

about the capillary. Since D'Arcy's Law is a linear relationship between flow and 

potential gradient, and porosity is assumed constant (d. Equation 2.9), the interstitial 

fluid streamlines are perpendicular to the isobars. 

This approach was then extended to multiple capillaries. As a result, the fluid flux 

has an azimuthal dependence which would appear in Equation 2.18 as a e derivative. 

Blake and Gross (1982) showed that any such dependence does not appear in the dominant 

terms of the solution and, therefore, the exchange of one capillary is not influenced by 

the exchange of others. 

They applied their formulation to parallel capillaries and specifically to determine 

the validity of the Krogh cylinder model for fluid filtration. They found that the major 

constraint of the Krogh cylinder (no fluid exchange across the hypothetical tissue 

cylinder) was satisfied only when the Starling forces were specifically constrained. 

Therefore, the Krogh cylinder is not generally applicable for modeling fluid exchange. 

Two of the goals of the Blake and Gross model were to provide a first step toward 

the development of a whole organ model for fluid exchange and to avoid the use of 

numerical methods in the solution of the flow equations. It is a useful first approximation 

in that it accomplishes both of these goals. The approach, however, does have drawbacks 

when considering its extension to capillary networks and the synthesis of a general whole 

organ model. 



45 

The development of the solution itself depends on the order of magnitude estimates 

of parameters supplied by in vivo studies. For most of the pertinent physiological 

parameters, there seems to be a general agreement within an order of magnitude for a 

variety of tissues in different animals (cf. Tables 2, 3, 4, 5, 7). However, the noticeable 

exception is tissue hydraulic conductivity. Lack of accurate methods and paucity of data 

make this parameter difficult to estimate. Because ti~sue conductivity is important in 

establishing the flow behavior within the tissue, any assumption of relative size cannot be 

used with confidence. The data in Table 6 show that estimates vary approximately four 

orders of magnitude. As Blake and Gross used one value, their model is applicable in 

tissue where such a value exists. Since the goal is to develop a model for general 

applicability, this restriction must be relaxed. 

Their conclusion that capillaries do not interact is a result of: i) the stipulation 

that spacing between capillaries is sufficiently large, on the order of half the capillary 

length; ii) the assumed large tissue hydraulic conductivity; and iii) the small aspect ratio. 

This conclusion is only partially valid when considering a network of capillaries, where 

intercapillary distances of less than half the capillary length are common, and in tissues 

which exhibit a low hydralic conductivity. 



CHAPTER 3 

DEVELOPMENT OF THE MODEL 

The central aim of this work is to model fluid motion in the tissue space 

surrounding a network of pressurized, fluid permeable capillaries. Particular emphasis is 

given to investigating the effect of spatial variations of extravascular pressure on fluid 

filtration, especially in the context of complex network topology. The motivation for 

studying this aspect was discussed in Chapter 2 with respect to network intraluminal flow 

models. The studies cited concluded that topology was an important aspect in the 

determination of intraluminal pressures. For extraluminal flow, this has the indirect 

consequence of altering the fluid distribution in the tissue space through Starling's 

Hypothesis, Equation 1.2, which relates the flow in the tissue at the capillary wall to the 

intraluminal pressure. There is also the possible di rect influence of topology on tissue 

fluid distribution. 

Formulation of the Problem 

The complexities of modeling the extravascular fluid flow are evident in the review 

in Chapter 2 of the extravascular flow models. The model to be developed in this chapter 

extends the previous work and provides a more general description of tissue fluid flow. 

However, a number of assumptions, based upon the literature values of the flow 

parameters in Chapter 2, must be made to keep the flow problem tractable. 

Two subsequent sections discuss the formulation of the extraluminal flow equations 

and their nondimensionalization. 

46 
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Simplifying Assumptions 

Each capillary is assumed to consist of cylindrical segments with a very small 

aspect ratio. The segments do not taper and, in networks, all have equal radius. 

The capillary wall is considered to be semipermeable, allowing only water and 

electrolytes to pass and preventing the passage of plasma proteins. This is taken into 

account in the governing equations by setting CJ (the capillary wall reflection coefficient) 

to 1 in Starling's Hypothesis, Equation 1.2. Although for the major part of the 

development the capillary wall conductivity is considered uniform throughout the capillary 

bed, this is not a necessary assumption and, as will be seen, a variable conductivity is 

easily included in the model. 

Fluid is assumed to be exchanged from capillaries only. Fluid flux from arterioles 

or venules is not taken into account. 

Fluid movement within the tissue space is assumed to follow D'Arcy's law, 

Equation 3.2. The conductivity of tissue to fluid, given by Kt in Equation 3.2, is 

considered to be spatially uniform and independent of tissue pressure. The tissue space is 

assumed to be well mixed with regard to plasma proteins, resulting in a spatially uniform 

oncotic pressure. 

The tissue space, at least in the initial development, is considered an infinite 

medium. Although lymphatics are responsible for the uptake of excess tissue fl uid, their 

placement within the microvasculature is not sufficiently well known to justify a more 

detailed model for their morphology. Their presence is implied by a uniform background 

pressure, Pt"", which, for simplicity, is set equal to zero. 

The extra- and intraluminal flows are considered uncoupled due to very low fluid 

filtration. As a result, the capillary hydrostatic pressure enters this development as a 

parameter. For the numerical trials presented in this work, capillary hydrostatic pressu~;:; 

is assumed constant or it is assumed to decrease linearly with axial distance. Because of 
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low fluid filtration, the intravascular protein concentration is constant and therefore 

exerts a uniform oncotic pressure throughout the network. 

It is physically reasonable to assume that at a bifurcation point which is common 

to three vessel segments (or at the point where two capillary segments meet), the source 

strength there is identical when the capillaries are considered separately. 

The current model development will not include analysis of any time-dependent 

effects. 

Extraluminal Flow Equations 

The analysis of extraluminal flow requires formulation of the equations governing 

flow behavior within the tissue, idealizations to simplify solving these equations, 

nondimensionalization of the flow equations and finally calculation of solutions in analytic 

and numerical form. The idealizations have previously been stated and will be 

incorporated in the development. 

The equation for fluid flow in tissue is: 

U = {~:tJ 3.1 

This equation states that the fluid flow is a function of the local pressure gradient within 

the tissue. The simplest form of this equation is: 

3.2 

where Kt is the tissue conductivity. Equation 3.2 is known as D'Arcy's Law and has been 

used to describe flow through porous media. 

An additional constraint on the flow of fluid in the tissue is local conservation of 

mass. This is written as: 

V·U = 0 3.3 

and assumes that the tissue volume is constant. 
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Since u is proportional to the local tissue pressure gradient, and Equation 3.3 is 

satisfied in the tissue, curves of constant velocity intersect isobars at right angles. 

Therefore, once the distribution of tissue pressures is known, and isobars plotted, tissue 

flow patterns may be directly drawn. 

By combining Equations 3.2 and 3.3, Laplace's Equation is obtained: 

3.4 

To complete specification of the extraluminal flow dynamics, Starling's Hypothesis 

is used as the boundary condition at the capillary wall, and the tissue is assumed to extend 

infinitely in all directions away from the capillary. 

The formulati::m of Starling's Hypothesis which will be used in this study is: 

3.5 

Although the driving forces are the same, Equation 3.5 differs from the formulation given 

in Equation 1.2. The capillary wall fluid conductivity, K, takes the place of LpS, the 

permeability-surface area product and the radial linear velocity, Ur' replaces the 

volumetric flux, j. The use of subscript r is intended as a reminder that flow at the 

capillary wall has only a radial component. I n this form, Equation 3.5 is independent of 

surface area. 

The idealized shape of the single capillary suggests the use of cylindrical 

coordinates for Laplace's Equation, Equation 3.4: 

3.6 

Here it is understood that the tissue pressure has a radial and axial dependence. There is 

no azimuthal dependence due to cylindrical symmetry about the axis of the capillary. 

Nondimensionalization 

Equations 3.6, 3.5 and 3.2 are nondimensionalized with the following reference 

quantities: the radial reference length is the capillary radius, R; the axial reference 
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length is the capillary length, L; and the reference pressure is the capillary intraluminal 

arterial hydrostatic pressure Pa • In nondimensional form, these equations are: 

aPt 
u -r - ar 

Here the variables Pt, r, z, and Ur have been used to denote dimensionless values. 

3.7 

3.8 

3.9 

As a 

I f ' h f ' , h f d' I I ' , , b KtPa resu t 0 usmg t ese re erence quantities, t e re erence ra la ve oClty IS given y -R-' 

The term €2 denotes the capillary aspect ratio, ~. 

Two important dimensionless quantities arise from this nondimensionalization. The 

f ' t KR I' 'I 'E ' 3 9 Irs, Kt' appears exp IClt y m quatlon •• B ' ,KR K h " 
y rewriting Kt as Kt/R ' t e ratio IS 

shown to be that of the capillary wall hydraulic conductivity to the hydraulic conductivity 

in a slab of tissue of thickness, R. By substituting Equation 3.8 into Equation 3.9, it is 

seen to represent the ratio of the radial tissue hydrostatic pressure gradient to the 

transmural pressure gradients. The second quantity is the aspect ratio which enters the 

problem through the capillary wall boundary condition. It will allow significant 

simplifications to be made based on order of magnitude considerations. 

Methods of solution 

The approach for solving the extralumina! flow equations is to determine a general 

solution in terms compatible with Starling's Hypothesis. Then the solution for a single 

capillary is derived. On the basis of the single capillary solution, the multicapillary and 

bounded tissue space solutions can be obtained. 
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Solution of Laplace's Equation 

The capillary is assumed to lie along the z axis, with a nondimensionalized length of 

unity. Linearity of' Laplace's Equation allows the capillary to be represented by a 

superposition of point sources which, if placed on the interval [0,1] of the z axis, gives 

the following solution: 

3.10 

Tissue pressure at a point (r ,z) away from the capillary is the sum of the effect of each 

point source superimposed upon the background pressure, Pta:>. This is given by the source 

strength of the point divided by the distance of that source from the point (r,z). The 

source strengths are given as a distribution, q(s). For convenience, the value of Pta:> will 

be set to zero (atmospheric). 

A relationship between q(s) and ur, in Equation 3.9, can be developed using 

Equation 3.8, applied at the capillary wall. Since the reference radial length is the 

capillary radius, R, then the dimensionless value of r at the capillary wall is unity. The 

proper scaling of the radial distance is achieved through the e: 2 term where e: = 0(10- 1
) 

(d. Chapter 2). To avoid redundancy, radial velocity at the wall will be denoted in the 

usual way by u(1,z) and the notation using subscript r will be dropped. 

Differentiating Equation 3.10 with respect to r and setting r = 1 gives: 

__ [aPt(r,z)] _ 1 )1 
u(1,z) - a - -4 

r r=1 lTO 
3.11 

An approximation for the integral can be evaluated by letting s - z = e:~an a. Then: 

s = z + e:~an a 3.12 

3.13 



a = tan- 1 ~ 
e: 
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3.14 

The integral in Equation 3.11 is simplified by substituting Equations 3.12 and 3.13, 

and using the trigonometric identity sec2 a = 1 + tan2 a: 

ra (S=1) 

u(1,z) = 4rr
1

e: 2 J q(s(a)cos a da 
a(s = 0) 

3.15 

The source strength distribution, q(s(a) may be expanded around z when Equation 3.12 is 

used: 

q(s(a)) = q(z + e: 2 tan a) 

q(s(a» = q(z) + ql(z)e: 2 tan a + q"(Z) e:"tan2 a + O(e: 6 ) 
2 

Using this to replace q(s(a)) in Equation 3.15 gives: 

3.16 

3.17 

3.18 

The nature of this summation of integrals can be better understood by examining specific 

values of n. 

For n = 1, the function cos a tan a is odd. Therefore, the integral of this function 

in a symmetric interval about any multiple of rr is zero. For e: small, the interval of 

integration is very nearly symmetric, approaching (-;,;) as e: approaches zero. For this 

reason, the term corresponding to n = 1 of the expansion in Equation 3.18 is small and may 

therefore be neglected. This leaves: 

[ J
a(s=1) ] 

u(1,z) = 4~ q(z) cos a da + O(e:") 
a(s = 0) 

3.19 

The same cannot be said for terms n > 1 for odd n. These terms become singular when the 
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interval of integration is extended to (-;,;). No further assumption regarding these 

higher order terms are made, and they are merely included with the O(e: It
) term. 

Dropping the higher order terms, and integrating between 
If If 
2 and 2" gives the 

relationship between u and q: 

q(z) = 2lfU(1,z) 3.20 

Equation 3.20 should be recognized as an approximation. In the limit that the capillary 

approaches a true line source (i.e., e: approaching 0), this equation becomes exact. The 

small aspect ratio makes this approximation valid, primarily due to the higher order of the 

correction terms. Equation 3.10, upon substitution of Equation 3.20, becomes: 

u(1,s) ds 3.21 
1 (s - Z)2 + (e: 2r)2 

When this form of the tissue pressure is evaluated at the capillary wall, it is combined 

with Starling's Hypothesis to give: 

)

1 
KR 1 

u(1,z) = "j«(Pc(z) - 2' 
t 0 

~=U=(:;:1,;:S)=;ds - (1r c - lft» 
I(s - Z)2 ~ 

3.22 

Equation 3.22 is a very general equation for extraluminal flow in that it is equally 

applicable to a single capillary or, with slight modification, to multiple capillaries. It is 

an integral equation of the second kind and does not have a closed form solution, except 

by means of asymptotic approximations. Therefore, to determine the source strength 

distribution a numerical or asymptotic method is required. 
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Solutions for the Single Capillary 

Two possible approaches could be used to solve Equation 3.22; namely a closed 

form solution utilizing an asymptotic approach, or numerical integration. The asymptotic 

approach is considered first. 

For € small, the integral in Equation 3.22 can be expanded to give: 

1T 

u(1 s) )2" , ds = u(1,z) 
,t(S-Z)2+€Jt -2:. 

2 

~ + o(€") 
cos a 

The integral on the right hand side, without the higher order terms, becomes: 

J ~ = In [tan [1T + ~J] cos a 4 2 

3.23 

3.24 

When this is evaluated at the limits (-;,;), the right hand side is undefined. The problem 

here appeared in the higher order terms of Equation 3.19. It was assumed in both cases 

that because € is small, ~ can be replaced by -co and +co when determing the limits for 
€ 

a by tan a = (~;z). This replacement is valid only when the additional contribution to 

the integral by extending the limits is negligible. In the previous case, the integrand is 

cos a and it is evident that this is true. However, in the latter case where the integrand 

is _1_, this is not the case and therefore no limiting representation of the integral limits 
cos a 

can be used. Instead, the limits are aD and al given by tan-1 -~ and tan- l ~, 
€ € 

respectively. By using these limits Equation 3.24 becomes: 
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[.11 + (1 -e: ltZ )2 + 1 - Z] 
V £""Z r' cos·, ada = I, ------------

a, [V1+ ~.?] 
3.25 

By substituting this result into Equation 3.23 and from there into Equation 3.22, 

then solving this equation for u(1,z), the following approximate solution is obtained: 

KR Pe(z) 
3.26 u(1,z) = K; 

[V1+ (1 • z)' + 1 • z] 
e: 1i £""Z 

1 + KR 11 
Kt 2 n 

[V1+ . ?] (-z) 2 

€1t 

where Pe(z) is the effective pressure, Pc(z) - ~1T. 

The form of the equation shows that filtration results from primarily the effective 

pressure difference which is "corrected" by the term in the denominator. In the limit as 

e: + 0 or as KKR + 0, this equation reduces to Starling's Hypothesis where the background 
t . 

tissue pressure is zero. It is interesting to note that according to Equation 3.26, the ratio 

of conductivities determines the magnitude of the "correction" term. 

The truncated terms in the relationship between q(s) and u(s), Equation 3.20, are 

of high order (O( e: It). This cannot be said of the truncated terms of the expansion for 

u(1,s). Therefore, there is the possibility that Equation 3.26 may not be sufficiently 

accurate in the neighborhood of capillary endpoints. In both regions, the higher order 

terms may contribute substantialy to the source strength distribution. For this reason two 

numerical approaches will be developed to solve Equation 3.22. 
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The numerical method originally chosen to evaluate the integral in Equation 3.22 is 

trapezoidal integration. This method is implemented easily, yet can yield sufficient 

accuracy without an excessive amount of computation. This advantage aids in minimizing 

the anticipated large number of calculations when many capillaries are modeled. Its 

application in this case, however, was compromised by the behavior of the integrand in 

Equation 3.22 and the need for a fairly coarse discretization. 

looking at the integrand first, it is physically reasonable that u(1,z) is continuous. 

In a neighborhood about s = z however, the integrand has a • hump'. In the limit as 

e: + 0, this becomes a singularity. With sufficiently fine discretization, the use of the 

trapezoidal rule to integrate across this area should sufficiently accurate. However, a 

fairly coarse discretization, which reduces the number of calculations, is desirable. To 

satisfy the need for accurate integration using a coarse discretization, u(1,z) is added and 

subtracted to the numerator of the integrand. This transforms Equation 3.22 into the 

following: 

[ J

1 
KR 1 

u(1,z) = Kt Pe(z) - 2 0 
u(1,s) - U(1,z)d _ (1 \..:d 1 

s u ,z'i) 
I(S-Z)2+e:" 0 

ds ] 3.27 
I(S-Z)2+e:" 

After evaluating the integral multiplying u(1,z) in closed form, Equation 3.27 becomes: 

[ 
r
1 

KR 1 
u(1,z) = Kt Pe(z) - 2)0 

1 - z+/(1- Z)2+ e:"] 
u(1,s) - u(1,z) ds - U(1,z~ln 3.28 
I(s - Z)2 + e:" -z + I(-Z)2 + e:" 

The effect of the manipulation is to smooth out the • hump', allowing a coa rse 

di!:cretization for trapezoidal integration. 

The use of trapezoidal integration introduces another complication. The 

distribution of point sources, with which the capillary is approximated, is continuous, 
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which is reflected by the use of integration as opposed to a discrete summation. When 

trapezoidal integration in its standard form is used, this continuity is not preserved. 

Although It may be approximated by a fine discretization, the amount of computation 

would excessively increase because the number of unknowns required to represent the 

source strength distribution would become very large. 

The following development solves this problem. To start with, a new function is 

defined to represent the numerator of the integral in Equation 3.28 more concisely: 

u(s,z) = u(1,s) - u(1,z) 

A piecewise linear approximation for the function u(s,z) is then given by: 

m 
u(s,z) = ~ u(jh,Z)Aj(S) 

j=O 

where Aj is the jth lambda function defined by: 

o s < (j-1)h 

is+(1-j) (j-1)h~s<jh 

- ~s + (1+j) jh~s < (j+1)h 

o (j+1)h~s 

3.29 

3.30 

3.31 

In this formulation, m is the number of discrete points along the capillary, h is the 

distance between consecutive points (h = __ 1-1) and j refers to the jth point. Figure 6 
m -

shows, for 11 discretization points (10 partitions of equal length), how the lambda 

function approximates the actual source strength distribution with a piecewise linear 

curve. This can be shown analytically by choosing an arbitrary value for s, then 

expanding Equation 3.30. After applying Equation 3.31, and simplifying, a linear 

interpolating function results. 
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The following equation is obtained by substitution of Equation 3.30 into 

Equation 3.28: 

[ 

m J 1 KR 1-
u(1,z) = K Pe(z) -"2 ~ u(jh,z) 

t j=O 0 

Aj(s) KR1 1 - Z + I (1-Z)2+e:"j 
---"----ds - K"2ln 3. 2 
I(S-Z)2+e:" t -z+I(-Z)2+e: 4 

For the remainder of this study the number of paritions used is 10. By applying 

Equation 3.32 at each one of the discretization points (z = ih,i = 1, ••• ,11), a system of 11 

algebraic equations and 11 unknowns is formed. The integral in Equation 3.32 can be 

evaluated in closed form by applying Equation 3.31: 

J0

1 
Aj(s) J jh 

---"----ds = 
1 (s - Z)2 + e:" (j-1)h 

~s + (1 - j) 
-----ds+ 
I(s - Z)2 + e:" 

J

(j+1)h ~s + (1 + j) 

-:-:;::==;:;;==;;-ds 
jh I(s - Z)2 + e:" 

Upon integration, Equation 3.33 becomes: 

A-(s) 1 -, 

J

1 

J ds =li["(jh - Z)2 + e:" - l«j -1)h - Z)2 + e:"J + 
o I(s - Z)2 + e:" 

jh - z + l(jh - Z)2 + e:" 
(1 + ~ - j) In ------------h (j -1)h - z +I«j -1)h - Z)2 + e:" 

(j + 1) h - z + 1 ((j + 1) h - Z)2 + e:" 
(1 - -fi + j) In ------------

jh - z + 1 (jh - Z)2 + e:" 

3.33 

3.34 

The details concerning the implementation of these equations on the computer are given in 

Appendix I. 
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One of the assumptions at the beginning of this chapter stated that the capillary 

wall conductivity, K, is axially-constant. Extending the present development to axially 

variable K involves simply replacing K with K(z) in Equation 3.22. K(z) can be given in 

functional form (d. Equation 2.1) or discrete form. 

Comparison of Solution Methods 

The three possible methods for the computation of the source strength distribution 

are an asymptotic method and two numerical approaches. These can be compared with 

the asymptotic approach of Salathe and An (1975) to gauge the accuracy of each method 

of solving Equation 3.22. This paper was discussed previously (d. Single Capillary Models 

in Chapter 2). The Blake and Gross model (Blake and Gross, 1982) is also available, but it 

cannot be used as a general check of accuracy. Their development depended upon order 

of magnitude evaluations for the pertinent physiological parameters. In particular, the 

values chosen for the ratio of capillary wall hydraulic conductivitiy to tissue hydraulic 

conductivity gives a relatively small value. Although the meaning of this will be shown 

more clearly in the following chapter (d. Results for the Single Capillary section) some 

discussion concerning flow behavior for low values of this ratio is needed here. 

It is intuitively clear that if the ratio of conductivities is low, then most of the 

resistance encountered by filtering fluid will be within the capillary wall and not in the 

tissue. For this reason, a large pressure gradient occurs across the capillary wall but not 

within the tissue, where the pressure may be approximated everywhere by its background 

value, Pta>. For this reason the source strength distribution is established directly from 

Starling's Hypothesis, Equation 1.2, where Pt has the background value of zero. The 

order-of-magnitude analysis of Blake and Gross (1982) showed this to be true. The 

leading term of their expansion for source strength distribution (d. Equation 3.35) is 

linear with intraluminal pressure. This result is used here to verify that for a low ratio of 
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conductivities the current model does indeed predict a small influence of fluid filtration 

upon the tissue pressure. However, it is expected that the different approaches to the 

solution of Equation 3.22 will be equally accurate when compared at this low ratio. 

A rigorous test for accuracy of the current solution methods occurs when the ratio 

of conductivities is large (yet physiologically reasonable), resulting in a large effect of 

the filtered flow upon tissue pressure, and thus a large contribution by the integral term 

in Equation 3.22. The comparison will be carried out using the work of Salathe and An 

(1975) as their analysis is not bound by parameter values. 

The source strength distribution, to lowest order is given by Blake and Gross to be: 

u(1,z} = €2r .. (€r, - €2P[2](0}Z} 

1 
€r, = p(Pa - PtCXI - 61T a} 

a 

",2r _ KR 
.. .. - K

t 

3.35 

3.36 

3.37 

where Pa is the capillary pressure at the arterial end, 61T a is the transmural oncotic 

pressure gradient at the arterial end and €2p[2](0} is a measure of the axial capillary 

pressure gradient. Although in that study, and in this one, € is defined by ~, it serves the 

purpose in Equations 3.35 through 3.37 of gauging the order of magnitude of the 

quantities it multiplies. The actual value within an order of magnitude is given by the r 

terms. For example, if the values of Pa, PtCXI and 61T a are 25 cmH20, 0 cmH:zO and 

10 cmHzO respectively, the value of the right hand side of Equation 3.36 is 0.6, or r3 = 6 

and, to get the correct order of magnitude, it is multiplied by €, which is 10-1 • 

For comparison, values are chosen which give the correct order of magnitude for 

dimensionless quantities derived by Blake and Gross. These are listed in Table 8. A 

parameter not expressly identified before, but which appears in this table, is Pv, the 

intraluminal hydrostatic pressure at the venous end. Its value is chosen so that the 



62 

Table 8 Parameters for Comparing Blake and Gross Model (1982) to Current Model 

Parameter Value 

K 10-10 em' 
see dyne 

Kt 10-11 emit 
see dyne 

R 5 x 10-1t em 

L 5 x 10-2 em 

Pa 25 emH2 0 

Pta> o emH20 

61T a 10 emH2 0 

Pv 24.75 emH20 
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pressure drop prescribed by Equation 2.16 is satisfied. The reference quantity associated 

with u(1,z) in Equation 3.35, and in the current model, is K~a. 

Plotted on an expanded scale in Figure 7 are the results of the calculations made 

with Equation 3.35 and the previously outlined methods for the solution of Equation 3.22. 

As predicted, the three solution methods for Equation 3.22 give identical results (see 

Appendix V for tabulated data). Although the expanded scale tends to exaggerate 

differences, th':! maximum relative error between the two curves is about 2%. The 

differences between the two curves, both qualitative and quantitative, result from the 

asymptotic approach taken by Blake and Gross. The leading term of the source strength 

distribution, Equation 3.35, reflects the dominant influence of the linear pressure drop in 

Starling's Hypothesis, so the source strength distribution will be linear to lowest order. 

The higher order terms correct the linear behavior, eventually producing the curve 

calculated by the present model. 

Two factors affect the shape of the resulting source strength distribution. The 

magnitude of the ratio of conductivities influences the deviation from linearity. This can 

easily be seen in Equation 3.26. The intraluminal hydrostatic pressure skews the plot with 

an increasing axial pressure drop. In the case where no pressure drop along the capillary 

exists, the source strength distribution curve is symmetric about the capillary Inidpoint. 

These two factors cause the numerical approach to be less accurate. The work of Salathe 

and An (1975) provides a check on the accuracy of numerical computation where both of 

these factors are physiologically large. 

Before a numerical comparison can be made, an analytic comparison of the solution 

to laplace's Equation giving the source strength distribution f(z), as defined in the Salathe 
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and An 'dork (d. Equation 2.10, Pta> = 0), must be made with u(1,z) as it appears in 

Equation 3.21. When this is done, the relationship between the two quantities is: 

u(z) = 2f(z) 3.38 

where f(z) is given by Equation 2.13. Values are chosen which are physiologically 

reasonable for both the pressure drop and the ratio of conductivities. The ratio of 

KR ( KL KL conductivities, in Equation 2.13) is 0.50 (50.0 for e Kt). The relative pressure 
Kt e Kt 

P - P " 
drop down the capillary, a P

a 
v (00 in Equation 2.13), is 0.1. Also, l1iT (i.e., iTc - iTt) in 

Equation 2.13 is -11 iT in Equation 3.22, and R = e: 2 = 0.01. 

In all, five calculations of source strength distributions were performed using these 

parameters. Each distribution is plotted in Figure 8. Curves were generated using 

Equation 2.13 (Salathe and An, 1975), Equation 3.26 and two numerical routines, one 

employing simple trapezoidal integration and the other a piecewise linear approximation to 

u(1,z) (Equations 3.29 to 3.31) using 10 and 20 partitions. The latter four are compared 

to the result of Equation 2.13. 

It is easy to see that the trapezoidal integration method is the least satisfactory 

since it predicts behavior which is both quantitatively and qualitatively inaccurate. 

There is improvement in the piecewise linear numerical method when using 20 

discretizations as opposed to 10. This improvement is uniform, although small, throughout 

most of the capillary and increases near the endpoints. Because of the increased 

curvature at the endpoints, it is expected that a piecewise linear approach would be less 

accurate there, and a finer discretization would improve upon this. However the general 

increase in accuracy is only about one half percent based on the relative deviation from 

Equation 2.13. This increase is about 3 % near the endpoints. Such a small increase in 

accuracy does not justify the increase in the number of computations by a factor of 



-o 
o 
~ 

x 
en 
OJ 
:::::I 
r-i 
rc 
> 
r-i 
r-i 
rc --N 

~ -
:::::I 

10 < 

9 

B 

a, present model-asymptotic solution 
b, Salathe and An (1975) model 
c, present model-numerical solution, 20 partition lambda function 
d, present model-numerical solution, 10 partition lambda function 
e, present model-nurnerical solution, 10 partition trapezoidal rule 

7 I 

.4 .6 o .2 
(arterial end) z 

e 

'~venOU5 end) 

Figure 8. Source Strength Distribution Predicted by Salathe and An Model and Present Model -
Parameters: P a=25 cmH20, Pv=22.5 cmH20, 111T=10 cmH20, KR/Kt=.5 

0\ 
0\ 



67 

approximately four, owing to the increase by a factor of two of both equations and 

unknowns. Therefore, the numerical approach at the finer discretization is eliminated. 

The curve corresponding to Equation 3.26 slightly underestimates the source 

strength distribution on the arterial end of the capillary and overestimates it on the 

venular end. The relative deviation from Equation 2.13 is, however, smaller than that of 

the piecewise linear numerical approach and, therefore, it seems to be the better method 

to use. Indeed, if the consideration of this study were only the single capillary, the use 

of Equation 3.26 would be justified. However, in the application to multiple capillaries a 

numerical method must be used (d. this chapter, Solution for Multiple Capillaries), so it is 

advantageous to develop a method which is equally applicable to a single capillary as well 

as multiple capillaries. For this reason the piecewise linear numerical method is used for 

the evaluation of Equation 3.22. 

Solution for Multi~' ~ Capillaries 

Linearity of Laplace's Equation allows a solution for multiple capillaries to be 

readily constructed from the single capillary case. Again, each capillary is approximated 

by a continuous distribution of point sources. The pressure at a point within the tissue 

space is now the summation of the effects of the individual capillaries. Therefore, the 

tissue pressure distribution is given by: 

~ 1) Ik uk(1,s) Pt ( x, y ,z) = L"2 -:-====:::;:====:::;====:::;;::-ds 
k=1 0'; (x - Xk(s)il + (y - Yk(S»2 + (z - zk(sd 

3.39 

This equation is analogous to Equation 3.21 except that, because of the arbitrary 

orientation of the capillaries, a cartesian coordinate system is used. The term Ik 

represents the length of the kth capillary normalized with a reference axial length. The 

quantities Xk(s), Yk(s) and zk(s) are the cartesian parametric representation of the kth 
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capillary axis and uk(1,s) is the source strength distribution of the kth capillary. N is the 

number of capillaries. Starling's Hypothesis, applied to each capillary, completely defines 

the flow problem for multiple capillaries. The equation analogous to Equation 3.22 is: 

3.40 

where the variable t replaces z as the parametric variable for the capillary axis, to avoid 

implying that the ith capillary necessarily lies along or is parallel to the z-axis. 

Two important implications result from the form of Equation 3.40. It allows for 

any number of capillaries of arbitrary orientation to exist in three dimensions. However, 

the source strength distribution due to each vessel segment remains axisymmetric as a 

result of replacing the capillary with a superposition of point sources. This approximation 

is also apparent in the denominator of the summation of integrals where the small but 

finite radii have been neglected in the evaluation of the cartesian distance between points 

on the ith and kth capillary. 

To evaluate the source strength distribution through Equation 3.40, it is first 

rewritten as: 



j 
I· 

1 I 

2 o 

ui(1,s) 
----..:---ds -
I(s - t)2 + e: 1t 

~ ~jolk uk(1,s) ds _ 

k=1 I(xi(t) - Xk(S))2 + (Yi(t) - Yk(S))2 + (Zi(t) - Zk(S))2 

k¢i 
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3.41 

Here the contribution to the tissue pressure of the ith capillary is written taking into 

account its finite radius, as in the single capillary case. In the remaining integrals, 

representing the effects of the other vessels on flux from the ith vessel, the small radius 

is ignored. 

At this point the mathematical details of the solution become cumbersome, and 

their description is relegated to Appendix II. 

If the remaining N - 1 capillaries in Equation 3.41 did not exist, this equation 

reduces to Equation 3.22 for the single capillary. This suggests using an iterative method 

of solution, in which the source strength distribution of the ith capillary is solved as for 

the single capillary, assuming that the other N - 1 source strength distributions are 

known. Because the single capillary solution yields a system of algebraic equations in the 

form of Ax = b, the effect of the other capillaries appears in the b vector. Initially all 

source strength distributions are set to zero. Then each capillary is taken in turn, 

calculating its source strength distribution, using the most recent evaluation of the other 

distributions. This is then iterated over the entire set of capillaries until all distributions 

converge. 
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Given randomly placed capillaries with no interconnections, the evaluation can be 

carried out directly as described. In reality, however, interconnections are common as a 

result of bifurcations. This poses a problem in terms of Equation 3.41. Suppose that the 

kth and ith capillary have a common point at a bifurcation. As the piecewise linear 

approach will be applied to all the integrals of Equation 3.41, and one discretization point 

will always be associated with the beginning and end of a capillary segment, the common 

point will cause its associated term on the kth capillary to be singular, which is not 

realistic. This is a result of the geometric simplification of neglecting the vessel radii 

when calculating the distance between points on two different capillaries. To deal with 

this, the point on the kth capillary is treated in the same way as the point on the ith 

capillary in that its strength is an unknown and is identical with the ith capillary common 

point. As such, the denominator of the associated term is written as I (s - t)Z + e: 4. This 

term is added to the normal common point term of the ith capillary. 

Because bifurcations involve three capillaries, points along the capillaries away 

from the common point of the bifurcation will 'see' it as being three superimposed points 

as a result of the above treatment. This is physically reasonable in that three capillaries 

come together at this point and a piecewise continuous distribution across it is enforced. 

This same result will occur where two capillary segments are used to approximate a 

curved capillary, except the strength at the common point will be 'seen' as only a factor 

of two greater. 

Reliability of the Numerical Procedure (Infinite Tissue Space) 

The use of two capillary segments to model a curved capillary provides a check on 

the numerical computation. The initial development provides the source strength 

distribution for the single capillary. The multicapillary development can be checked by 

recalculating the distribution for the single capillary, assuming it to be two colinear 
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segments of equal length. The single capillary approach is modified for 20 discretized 

sections, which is equivalent to the number of discretized segments of both capillary 

segments used in the multiple capillary approach. Table 9 shows that the results compare 

very well. The maximum deviation in values is about .04%. This suggests that the 

implementation of the multicapillary approach is not in error. 

There is no closed-form solution to the multicapillary problem which provides an 

adequate check of the accuracy of the method. Although Blake and Gross (1982) analyze 

a multicapillary configuration, their approach cannot provide a good check on accuracy 

for the same reason as in the single capillary comparison, namely that tissue pressure term 

is negligible, by their choice of filtration paramenters. 

Although no direct check can be made, a qualitative assessment of accuracy may 

be inferred from Equation 3.40. In this form, it can easily be seen that the presence of 

other filtering capillaries will decrease the amount of fluid exchange from anyone 

capillary especially at the endpoints where bifurcations occur. This reduces the amplitude 

of variation of source strength which is obtained at a free endpoint (i.e., without a 

bifurcation) (d. Figure 8). Therefore, the piecewise linear approximation should become 

more accurate, as the extreme behavior of the source strength distribution is damped by 

the presence of other capillaries, and the error in computation is not expected to be 

greater than that for the single capillary. 

Solution in a Bounded Tissue Space 

Throughout the development of the current model, the tissue in which the 

capillaries are embedded was considered an infinite medium, having an arbitrary 

background pressure. It is certainly apparent, however, that the tissue space is finite. 

In a bounded tissue space, certain basic requirements must be satisfied, such as the uptake 

of excess tissue fluid, which is accounted for by the lymphatics. Since present knowledge 
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Table 9 Comparison of Single and Multicapillary Solution Implementations 

Single Multiple Single Multiple 
z Capillary Capill aries z Capillary Capillaries 

0.00 15.3697 15.3698 0.55 8.12920 8.11813 

0.05 10.3697 10.3698 0.60 8.06224 8.06161 

0.10 9.75896 9.75908 0.65 8.01025 8.01017 

0.15 9.35735 9.35748 0.70 7.97581 7.97589 

0.20 9.07823 9.07835 0.75 7.96375 7.96388 

0.25 8.86311 8.86321 0.80 7.98319 7.98333 

0.30 8.68794 8.68800 0.85 8.05252 8.05267 

0.35 8.54053 8.54040 0.90 8.21725 8.21739 

0.40 8.41408 8.41336 0.95 8.54415 8.54429 

0.45 8.30464 8.29332 1.00 12.3753 12.3754 

0.50 8.21001 8.21394 

K = 10-10 cm3/(dyne see) 
Kt = 10-13 cmlt/(dyne sec) 
R = 5 x 10-" em 
Pa = 25 cmH20 
Pv = 22.5 emH2 0 
lilT = 10 cmH20 
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about the placement of the lymJJhatics is limited, their effect has been simulated in the 

simplest way by placing the capillaries in an infinite medium. It is possible, however, to 

investigate the effects of a boundaries on fluid exchange, without changing the present 

analysis. 

In a confined space, the uptake of tissue fluid must be accomplished by the 

lymphatics, reabsorption into the capillaries, or a combination of both. As previously 

discussed, taking lymphatics directly into account is not possible at this time. This leaves 

the mechanism of reabsorption to account for the tissue fl uid. Reabsorption, although not 

explicity discussed throughout this work, can easily occur. It is undesirable, however, to 

assume that it is the sole mechanism of fluid uptake, because of the reality of the 

lymphatic flow. Therefore, attempting to model a strictly bounded tissue space is too 

formidable a problem to accomplish in one step. However a useful step toward a 

completely bounded tissue space is to look at the semi-infinite case. A single infinite 

planar boundary will be considered first. 

The boundary conditions at the plane will be of the • flow' and • nonflow' type, 

both of which are physiologically reasonable. The flow boundary condition results from 

imposing a specified tissue pressure at the boundary, whereas the nonflow condition 

results from imposing a zero normal derivative of the tissue pressure at the boundary. 

The flow condition is first considered, in which the tissue pressure at the plane is 

set uniformly to zero (atmospheric). For ease of describing the location of the plane, it is 

assumed perpendicular to one of the cartesian axes. This does not limit, however, the 

orientation of the capillaries. A solution can be constructed from the present 

development as a result of the linear governing equation (i.e., Laplace's Equation). To 

obtain zero pressure uniformly over the plane, one need only reflect the tissue and 

capillaries across the plane with one stipulation--that the source strength distribution of 
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the virtual (reflected) capillaries be identical in absolute value, but of opposite sign as the 

real capillary. I n analytic form, the tissue pressure becomes: 

Pt(x,y,Z) = 

3.42 

In this form, the planar boundary lies at a distance, d, along the y-axis from an arbitrarily 

placed origin. At the boundary, the two terms of the integrand multiplying uk(1,s) 

become identical and cancel, reducing the tissue pressure to zero. Obtaining the solution 

by reflection of the capillaries across the planar boundary is known as the method of 

images (Greenberg, 1978). 

For the non-flow boundary condition, the same situation occurs, except that there 

is no sign change between the source strength distribution of the real and virtual 

capillaries. For this case, Equation 3.39 becomes: 

3.43 

The only difference between Equation 3.42 and 3.43 is the sign between the two terms 

multiplying uk(1,s). The boundary condition is satisfied by forming the normal derivative 

and evaluating it at y = d. 
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Although the reflected capillary is not real, its mathematical presence as a result 

of the boundary definitely influences the source strength distribution in the real 

capillaries and the hydrostatic pressure distribution in the surrounding tissue. By 

inspection, the proximity of a negative source will cause a • pulling' of more fluid from 

the capillary due to a reduction in the tissue pressure. As the boundary moves away, so 

will the reflection, causing a decrease in the amount of fluid exchanged. The oPposite 

effect occurs for the nonflow boundary condition. 

More boundaries are taken into account by simply adding more terms corresponding 

to the reflections. When the boundaries are limited to orthogonal configurations and no 

two are opposed, these terms are finite in number. As can be seen in the top three 

drawings of Figure 9, where point sources are used instead of capillaries, the number of 

reflections for 1, 2 and 3 boundaries are 1, 3 and 7, respectively. 

The solution for opposed boundaries is constructed in a similar manner, however the 

number of terms involved becomes infinite. The reflections on either side of the capillary 

must themselves be reflected across the real boundary opposite to the one nearest them to 

ensure that the boundary condition is still satisfied there. However, each subsequent 

reflection requires yet another reflection, yielding an infinite set of virtual capillaries. 

This is shown in Figure 9d. 

The analytic form of the tissue pressure equation where opposed planar boundaries 

are perpendicular to the x-axis, placed symmetrically at x = ±d, and have a flow boundary 

condition, is: 
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3.44 

where 

n;cO 
3.45 

n=O 

The inner summation: 

n=-"" 

behaves like an alternating sign harmonic series which is convergent. 

The solution for the same configuration with the boundary condition changed to a 

nonflow condition is of the same form as Equation 3.44 except that the inner summation 

behaves like a harmonic series which does not converge: 

This would imply that the pressure everywhere within the tissue is infinite. Therefore the 

physical problem is unrealistic as stated. On the other hand, a flow boundary condition at 

both boundaries is physically reasonable. From these statements it is apparent that in the 

nonflow case, although the medium is not truly completely bounded, the uptake of tissue 

fluid is not reasonably accounted for. 

Another way of looking at this is to look at the behavior of tissue pressure as 

distance from, for example, a single capillary increases. Let the distance from a point in 

the tissue space to a point on the capillary be denoted by r. In the infinite tissue case, as 
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r increases, the tissue pressure, given explicity by Equation 3.21, is approximately 

proportional to":!', away from the capillary. In the bounded tissue case, for nonflow 
r 

boundary conditions, the pressure varies as log r, which does not satisfy the uniform 

pressure constraint at large distances from the capillary. It is interesting to note that, 

following the same reasoning for flow boundary conditions, the tissue pressure varies as 

1 
:I' r 

Because it is the most realistic and involved accounting of finite boundaries thus 

far, the chosen bounded tissue space configuration for this work is the opposed planar 

boundaries with flow boundary conditions. 

As before the tissue pressure equation is evaluated at the boundary of the ith 

capillary, and substituted into Starling's Hypothesis, Equation 1.2, applied to that 

capillary. It is rearranged to separate the input of the ith capillary from the others: 

n=_OO 
n~O 

+ 

3.46 

n=-oo 
~O 

This equation is similar to that of Equation 3.41, with the exception that each term of the 
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tissue pressure input has corresponding terms for inputs from the virtual capillaries. The 

terms for the real and virtual capillaries have the same form, with the exception of the 

ith capillary. Its reflection differs frOm that of the real capillary by the exclusion of the 

capillary radius in the distance term. This is consistent with the approximation that in 

dealing with two distinct (in this case, real or virtual) capillaries, their radii are always 

small, and therefore negligible, with respect to the intercapillary distances. 

It is obvious that the main problem in dealing with Equation 3.46 is in summing the 

infinite series. The series in this equation have the general form of: 

____________ ~1~ ____________ + 

I(x - Xk(S»2 + (y - Yk(S»2 + (z - ".k(S»2 

This is an alternating sign harmonic series, the accuracy of which, after summing n terms, 

is at the most the absolute value of the n + 1 term. Therefore, if accuracy to six decimal 

places is desired, at least 106 terms are necessary. Considering that the evaluation of the 

series must take place for each discretized point of each capillary at each iteration, the 

computational requirement becomes quite prohibitive. An acceleration technique is 

therefore required. This technique along with the continued development of 

Equation 3.46 is left to Appendix III. 
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Reliability of Numerical Procedure (Finite Tissue Space) 

A check on the implementation of the finite boundaries is to calculate the source 

strength distribution in a capillary at increasing boundary distances from an arbitrary zero 

point. The plot of the distributions should show a uniform approach to the result of the 

infinite tissue case as the distance, d, becomes large. This is the case in Figure 10, 

showing results for a single capillary placed along the z-axis with boundaries 

perpendicular to the y-axis. 

Results for the multiple capillary implementation are shown in Figure 11. A 5 

capillary configuration (d. Figure 28) is used to demonstrate behavior which is similar to 

that of the single capillary. 

The argument for accuracy is the same as that given for the infinite tissue case. 

As shown in Figure 10, the curvature is not affected by the presence of the boundary at 

close distances. Therefore the piecewise linear approach should give as good 

approximation to the distribution in the finite boundaries situation as in its application in 

the infinite tissue. 
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CHAPTER 4 

RESULTS AND DISCUSSION 

The presentation of results for the present model begins with single capillary and 

proceeds to more complex cases of multiple capillaries and bounded tissue space. Results 

are presented here in graphical form, and corresponding tabular data appear in 

Appendix v. 

Interaction between extravascular hydrostatic pressure and transluminal flow is a 

basic feature of the present model and results from the use of a specific pressure-flow 

relationship (i.e., D' Arcy's Law) for tissue fluid transport. To distinguish this model from 

other models of fluid transport in tissue surrounding capillary networks, it will be referred 

to as the tissue pressure interaction model. 

The Single Capillary 

Although the flow from a single capillary has been treated extensively by previous 

authors (d. Chapter 2), the implications of a varying ratio of fluid conductivities, ~~, 

have not been examined. Figure 12 shows qualitatively the behavior of the hydraulic 

pressure within the capillary and the tissue space given two extreme values of the 

conductivity ratio. In Figure 12, and Figure 13 to be discussed below, the capillary and 

tissue oncotic pressures have· not been included. 

When the conductivity ratio is large, fluid flows much more freely through the wall 

than the tissue. The local tissue pressure gradient at the capillary wall is therefore large. 

When the ratio is small, the gradient still exists, however it is much smaller. In this latter 
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case, the tissue pressure is approximately the background value, Ptex>. In both cases, the 

extravascular pressure is large near the fluid source and decays to Ptex> in the tissue. 

As a result of the presence of these gradients, interaction between tissue pressure 

and fluid exchange always exists to a greater or lesser extent in both filtering and 

absorbing capillaries. The two extremes of interaction have been discussed by Intaglietta 

and DePlomb (1973) (d. Chapter 2, Single Capillary Models). The limit as KR + 0 
Kt 

corresponds to their concept of the • tube capillary· and the limit as KR + ex> corresponds 
Kt 

to the • tunnel capillary· concept. 

Figure 12 indicates that Starling's Hypothesis in the form of Equation 1.2 may be 

used to predict fluid exchange for small values of the conductivity ratio, where the value 

of the tissue pressure is obtained from experimental measurement. Its use for large 

conductivity ratios is not justified, since experimentally measured tissue pressure 

represents an average value, which is very close to the background pressure. If the 

conductivity ratio is large, substantial deviations from this value occur near the capillary 

wall. Prediction with the classical Starling's Hypothesis will indicate a larger exchange 

than which actually exists. Tables 2 and 3 show that a large conductivity ratio is, indeed, 

a possibility. 

In the same way that interaction decreases the amount of fluid filtered, it 

decreases the amount of fluid absorbed. In Figure 12, the radial pressure gradient is 

negative with respect to the positive radial axis. In Figure 13, which shows capillary 

absorption, the radial pressure gradient is postive.. In this case, a large val ue for the 

ratio of conductivities causes a large negative pressure at the capillary wall, the presence 

of which reduces the transmural pressure gradient. When the transmural oncotic 

pressure gradient is larger than the capillary hydrostatic pressure, aborption occurs, which 

accounts for the apparent movement of the fl uid against the transluminal hydrostatic 
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pressure gradient across the capillary wall. For a small ratio, the pressure is nearer to its 

background value, and absorption is increased. It is evident, therefore, that interaction 

between the fluid exchange and tissue pressure acts to decrease the amount of fluid 

exchanged in either direction of flow. 

Blake and Gross (1982) displayed the results of tissue pressure distribution 

calculated with their model in the form of tissue pressure contours and streamlines 

surrounding those capillaries in the y-z or r-z plane. The z axis was parallel to the major 

axis of the contour plot and the capillaries were represented by line segments. 

The contours themselves provide much information on the flow behavior. 

According to D'Arcy's Law, Equation 3.2, the larger the local gradient of tissue pressure, 

the greater the local flow. Increasing pressure gradients result in more closely spaced 

contours. Streamlines may be added by noting that they are perpendicular to the 

contours. The results obtained by Blake and Gross for small and large intraluminal 

pressure gradients with a moderate transmural oncotic pressure gradient are reproduced in 

Figures 14 and 15. Included on these, and all other contour plots, are the pressure values 

of the contours. For the same parameters, with a value for the ratio of conductivities 

greater by a two orders of magnitude, Figures 16 and 17 were drawn. When the ratio of 

conductivities is increased, the contour values increase also, signifying an increased 

pressure gradient in the extravascular space, and, on close examination of the 

corresponding figures, the contours of the largest tissue pressures are shifted toward the 

capillary endpoints. However, the flow behavior is nearly identical to the previous cases 

in which the conductivity ratio was low, and, therefore, interaction only affects the 

magnitude of flow. 

To show more clearly how tissue conductivity ratios are related to interaction, a 

quantitative assessment of tissue pressure interaction is required. As discussed above and 

shown in the previous chapter (cf. Figure 7), interaction tends to decrease the amount of 
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fluid exchanged from the capillary. Therefore, a comparison of total fluid flux calculated 

with and without interaction is a direct method of doing this. Fluid flux is obtained by 

integrating the source strength distribution around the capillary surface: 

J
21T )1 

qf= 0 0 u(1,s)dsde 4.1 

where qf is the volumetric flow. 

This equation gives total fluid flux only in the case where capillaries exclusively 

fi Iter or absorb. However, depending upon the transmural pressure gradients, some 

capillaries may filter and absorb, or absorb entirely. Direct integration by Equation 4.1 

will yield a net filtration, and the interpretation of any change in filtration rate due to 

increased interaction may be partially confused by the presence of absorption. To remedy 

this complication, the following equation is used: 

q -_ J0

2 

1T J01 lu(1,s)1 dsde 4.2 

This differs from Equation 4.1 by taking the absolute value of the integrand, so that the 

total exchange of fluid is calculated, rather than the net exchange. 

A quantitative measure of interaction can be defined by: 

I = (1 - .9...)100% 4.3 
qo 

where qo is the total exchange of fluid for no interaction. Since qo is always the 

maximum exchange which can exist, I + 100% when the ratio of conductivities is large 

(i.e., interaction is high) and I + 0% for small ratios (interaction is low). No interaction 

corresponds to the use of Starling's Hypothesis, Equation 1.2, with the value of the tissue 

pressure given by Pta,. The value of Pta> has been arbitrarily set to zero throughout this 

study. Therefore the source strength distribution is given by: 
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KR 
u(1,z) = K;(PC<z) - lI1T) 4.4 

ami qo is evaluated by: 

j 
1 

KR 
qo = 21T-

Kt 0 
4.5 

The calculation of q involves the use of Equation 3.22 which includes interaction in the 

calculation of u(1,z). The influence of PC<z) is identical in both Equation 3.22 and 4.4 

and, therefore, the measure of interaction, based upon Equation 4.3, is independent of the 

intraluminal flow model which calculates PC<z). For comparison then, a linear pressure 

drop is assumed. The form is: 

PC<z) = 1 - en 4.6 

Since all pressures are normalized with respect to Pa, the intraluminal hydrostatic 

Pa - Pv 
pressure at the arterial end of the capillary, a is equal to Then qo can be 

evaluated as follows: 

«1 - lI1T) - !a) lI1T<1-a 

1 - a < lI1T < 1 4.7 

(ta - (1 - lI1T» lI1T > 1 

Figure 18 shows the measure of interaction, I, as a function of the ratio of conductivities 

for three different values of lI1T, normalized with respect to a capillary arterial 

hydrostatic pressure of 25 cmHzO. The leftmost curve was obtained for lI1T = 0.7 which is 

less than the venular intraluminal hydrostatic pressure and, therefore, only filtration 

occurs. When contours are plotted, figures similar to Figures 14 and 16 result. The 
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middle curve was obtained for ~'IT = 0.84. With this value, filtration occurs along 80% of 

the capillary length, the remaining length absorbing. Figure 19 shows a contour plot 

representative of the behavior for a capillary filtering along 80% of its length. 

The rightmost curve of Figure 18 was obtained for ~'IT = 0.90. In this case, the 

arterial half of the capillary filters while the venous half absorbs. Contour plots are 

shown in Figures 15 and 17. Values of ~'IT equaling 0.96 (a capillary filtering along only 

20% of its axis) and 1.1 (a capillary which absorbs fluid only) give curves identical to 

those where ~'IT = 0.84 and 0.7, respectively. 

The sigmoid shape of the curves in Figure 18 results from the asymptotic approach 

to 0 and 100% interaction for low and high values of the conductivity ratio. Neither of 

these conditions are met physiologically. Realistic values of the ratio may range from 

about 0.005 to 0.50 (d. Tables 1, 2 and 3). This excludes part of the • toe' and the 

entire 'shoulder' of the curve. 

It is evident from these curves that interaction occurs even for the smallest values 

which are physiologically reasonable. Interaction becomes appreciable (i.e., greater than 

10%) at values of the conductivity ratio of 0.03. At the upper end of the physiological 

range, interaction reduces predicted exchange by at least 62%. 

It is interesting to note that the value of ~ 'IT affects the qualitative behavior of 

the curves In Figure 18. These curves define the entire range of behaviors from 

completely filtering to completely absorbing capillaries, as a result of varying ~ 'IT. For a 

given ratio of conductivities, the effect of interaction decreases as the capillary moves 

from total filtration to partial filtration, the maximum deviation occuring when filtration 

and absorption occur along equal lengths. Clearly, varying the length along which 

filtration takes place should not affect the measure of interaction, since interaction 

affects filtration and absorption identically. However, this is true only when considering 

'symmetric' cases (i.e., 80% filtration and 80% absorption). The cause of this phenomena 
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must therefore be the proximity of a filtering capillary segment and an absorbing capillary 

segment, modulated by the segment length (i.e., the value of ~1T). Although interaction is 

reduced by this phenomenon, it is not appreciably so. 

In summary, interaction is important over almost the entire physiological range of 

conductivity ratios, and is not significantly reduced in situations where the capillary both 

filters and absorbs. 

Multiple Capillaries 

With two or more capillaries, many vessel configurations and variations of 

properties are possible, resulting in an infinite number of cases to be examined. However, 

the examination of large numbers of different capillary configurations is unlikely to give 

useful results, unless each configuration simulates an actual capillary bed. If this is to be 

done, the simulation should include a model for intraluminal flows in the network (cf., 

Chapter 2, Network Models) to provide the distribution of intraluminal hydrostatic 

pressures. 

Since such a model is beyond the scope of the current work, the present 

development will be used to determine the extent to which capillaries interact with each 

other when axially constant intraluminal pressure is assumed (this will be relaxed for 

Krogh cylinder configurations) and in capillary networks which filter exclusively. These 

results are generally applicable to absorbing capillaries and to configurations which 

partially filter and absorb. In light of the result noted in the previous section on· the 

lowering· of interaction due to a combination of filtering and absorbing capillary segments, 

some deviations from the general behavior will occur. It was noted, however, that such 

deviations, at least for the single capillary, are small. As these deviations may certainly 

be tissue specific, their examination must await the previously mentioned simulations. 
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Two Capillaries 

The first step toward a multicapillary model is the examination of two capillaries. 

For constant axial pressure and a low transmural oncotic pressure, the two capillaries, 

drawn with fluid pressure contours, are shown in Figure 20. Again the qualitative aspects 

of flow do not change with the ratio of conductivities. Therefore, only the measure of 

interaction will be investigated as a result of the distance between the two capillaries. 

The vessels are parallel, of identical geometry, and have identical values for the flow 

parameters. The measure of interaction is defined by Equation 4.3, and, since both 

vessels are identical, they will have identical source strength distributions. Since the 

source strength distribution will be calculated with Equation 3.44 and the net exchange 

calculated for both capillaries, the value of qo obtained from Equation 4.5 is multiplied by 

a factor of two. 

Figure 21 shows curves of percent interaction plotted against KR 
Kt" with 

intercapillary spacing as the parameter. The values for capillary hydrostatic pressure and 

the transmural oncotic pressure gradient are 25 cmH2.0 and 0 cmH2.0, respectively. The 

distances decrease by orders of magnitude with values of 10, 1, and .1 nondimensionalized 

with capillary length. This figure shows that although the increase in interaction is 

significant from the largest to the smallest distance plotted, the change in the 

conductivity ratio is still the dominant effect in increasing interaction. This same result 

can be seen in Figure 22 in which percent interaction is plotted against distance with the 

ratio of conductivities as the parameter. 

Figure 22 also shows the interesting feature that the measure of interaction does 

not approach 100% as the distance between the two capillaries tends to zero. The limit is 

instead that of a single capillary with the value of ~~ being twice that in the two 
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capillary case. This is easily seen by writing Equation 3.26 with a factor of two 

multiplying ~~. Equation 3.26 becomes: 

[ )

1 
KR 1· 

u(1,z) = 2Kt P(z) -"2 0 
u(1,s) d (' )] s - IT - lTt 

I(S-Z)2+e: 1i 
4.8 

If Equation 4.8 is divided through by a factor of two, and the source strength distribution 

is redefined as being twice its value as shown in Equation 4.8, then Equation 4.8 becomes: 

[ )

1 
KR 1 

u(1,z) = Kt P(z) -"2 0 2u(1,s) ds - (IT - lT t )] 
I(S-Z)2+e:'+ 

4.9 

This is the form of Equation 3.40 when written explicitly for two identical, parallel 

capillaries, allowing their perpendicular distance to vanish. The use of subscripts in 

Equation 4.9 is unnecessary since the source strength distribution is identical for "both" 

capillaries. The physical interpretation of Equations 4.8 and 4.9 is that each point along 

the capillary" sees" every other point as contributing twice as much as it normally does 

and results from superimposing two capillaries. This result is very important in the 

consideration of points in capillary networks at which two or three capillaries meet as, for 

example, at a bifurcation. 

The Krogh Cylinder Re-examined 

Blake and Gross (1982) examined a configuration of parallel capillaries idealized 

from skeletal muscle from which the concept of the Krogh cylinder originated. The 

capillaries are placed as in Figure 23, which gives a view along the capillary axis. The 

distance, d, noted in the figure, is the perpendicular distance from the central to the 

outer capillaries. This form of the Krogh configuration differs geometrically from the 

configuration presented in Figure 4 by surrounding the central capillary with eight, rather 
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Figure 23. View of the Krogh Configuration Along the Capillary Axis 
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than six, capillaries. Figure 24 reproduces the contour plot for the parameters Blake and 

G ross assumed. Figure 25 shows the same configuration for a higher ratio of 

conductivities, but with the same Starling pressures. As in the single capillary case, the 

qualitative nature of the interstitial fluid flow is unchanged for higher interaction. Blake 

and Gross concluded that the regular flow behavior specified by the Krogh cylinder and 

drawn in Figure 24 could not be prevalent in the microcirculation due to the precise 

values of intraluminal hydrostatic and transmural oncotic pressure gradients required. It 

is evident in Figure 25 that for greater degrees of interaction the flow behavior is 

unchanged and, therefore, their conclusion is still valid. With this result and the same for 

the single capillary, interaction for any number of capillaries does not affect the 

qualitative flow behavior within the surrounding tissue. 

Although the Krogh model may have limited application, it may be used as an initial 

approximation in the establishment of an optimum capillary spacing. Given the limitations 

of the Krogh configuration, the fluid exchange from the central capillary must perfuse the 

tissue contained within the Krogh cylinder surrounding it. As the perpendicular distance 

to the surrounding capillaries decreases (i.e., as the Krogh cylinder becomes smaller), less 

fluid is required due to the smaller tissue volume. However, it was shown in Figure 22 

that as the distance becomes smaller, interaction begins to significantly decrease the fluid 

exchange. On the other hand, as the perpendicular distance increases, the fluid 

exchanged approaches a constant amount, resulting in an increasing volume to be perfused 

by a constant amount of fluid. Therefore, an optimal spacing may be defined as the point 

at which interaction between capillaries becomes significant. To obtain this point, a 

measure of capillary-capillary interaction must be defined, and then plotted against 

intercapi lIary distance. 

An equation, identical in form to Equation 4.3, can be used for the measure of 

capillary-capillary interaction if q is the total exchange from all capillaries for finite d 



Figure 24. Isobars Surrounding 3 Coplanar Capillaries in a 9 Capillary Krogh Configuration, 
Low Interaction -- Parameters: Pa=25 cmH:lO, Pv=20 cmH:lO, lI1T = 22.5 cmH:lO, 
KR/Kt=.005, FAC=1.B x 10-' (required by program SFMLT) 
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Figure 25. Isobars Surrounding 3 Coplanar Capillaries in a 9 Capillary Krogh Configuration, 
High Interaction -- Parameters: Pa=25 cmHp, Pv=20 cmHp, t.1T = 22.5 cmHp, 
KR/Kt=.5, FAC=.077 (required by program SFMLT) 
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(defined in Figure 23) and qo is the total efflux for the capillaries separated by an infinite 

distance. Unlike the original definition of qo (Equation 4.5), the new definition includes 

interaction of each capillary with its own extravascular pressure field. This measure of 

interaction is plotted against intercapillary distance in Figure 26, for three different 

KR values of K;: 0.01, 0.10 and 0.5. 

The criterion by which the optimum is chosen is difficult to define. A range of 

values can be obtained by inspection, if the optimum is assumed to occur in the range of 

distances where interaction is significant. The upper bounds of this range for each curve 

(the lower bound is zero), marked with a vertical arrow, are 2.5, 2.0 and .8. The 

reference length is .05 cm and, therefore, the optimum lies at distances less than 0.04 cm 

for the lowest value of ~~; less than .1 cm for the medium value; and .125 cm for the 

highest value. In modeling the myocardial microvasculature, which exhibits the parallel 

capillary configuration, Wieringa, et al. (1982) gave an intercapillary distance of .019 cm 

based upon experimental capillary densities, which is within all ranges noted above. 

Therefore, defining the optimum as lying within range of distances where interaction is 

significant, is a good first approximation. However, to refine the estimate, more 

constraints need to be defined, which need not be related to fluid transport. The 

applicability of the Krogh cylinder must also be considered in the refinement, and, if 

necessary, replaced with another form of the present model. 

General Network Models 

The purposes of this section are twofold. The first is to demonstrate the 

application of the model to arbitrary capillary networks. The second purpose is to show 

the effect of interacting capillaries in a network array and to distinguish between the 

effect self-interaction and capillary-capillary interaction. These effects will be displayed 
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through the calculation of fluid filtered for uniform intraluminal axial pressure and a 

transmural oncotic pressure gradient of 10 cmH20. Calculations for four distinct capillary 

networks will be compared to show the effect of increasing number of capillaries on fluid 

exchange. 

These networks are shown in order of increasing number of capillary segments in 

Figures 27, 28, 29 and 30. Figure 30 was taken from an actual map of cat mesentery 

reproduced in Figure 31, but idealized by joining the junctions of capillaries with 

combinations of line segments. Figure 31 shows some three-dimensional aspects of the 

network, which were included in the modeling. Therefore, Figure 30 represents a planar 

projection. 

Three calculations of total fluid filtration were made for each of three values for 

the ratio of conductivites for each capillary configuration noted above. The three 

calculations were made assuming i) that no interaction occurs; ji) that the fluid exchange 

is affected by only the adjacent tissue pressure field excluding the effect of other 

capillaries (' self-interaction'); and iii) that fluid exchange is affected by the presence of 

other capillaries ('capillary-capillary interaction'). The fluid flux for each type of 

interaction is plotted in the form of bar charts, one bar chart for each value of the ratio 

of conductivities. Listed above each bar is the reduction in percent of fluid flux relative 

to the no interaction case. The three values of the ratio of fluid conductivities used are 

.005, 0.05 and 0.50. These represent low, medium and high interaction respectively, and 

are established by varying the tissue conductivity. Calculations for no interaction use 

Starling's Hypothesis, Equation 1.2, with the model assumptions stated at the beginning of 

Chapter 3, and replacing the tissue hydrostatic pressure with the background pressure, 

Ptco, which is set to zero. Calculations for self-interaction use Equation 3.22. For 

capillary-capillary interaction Equation 3.40 is used. In all cases, the nondimensional 

quantJty, q, was multiplied by KtPaL for conversion to a dimensional volumetric flow rate. 
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Corresponding to the vessel configuration of Figure 27, Figure 32 gives the 

flowrates for each of the cases previously mentioned. The no interaction calculations 

give the same fluid flux for all three values of ~~. This is also true for the other three 

capillary networks and results from varying the value of the tissue conductivity as 

opposed to the capillary wall conductivity. 

The bar cluster corresponding to ~R = .005 in Figure 32 shows, as in the single 
t 

capillary case, that a small ratio of conductivities yields no significant difference between 

the fluxes for both types of interaction and the no interaction flux. As ~~ is increased 

to an intermediate value of .05, there is a noticeable decrease in the fluid flux as a result 

of self-interaction. The small number of capillaries, in this case only three, causes only a 

slight lowering of the fluid flux for capillary-capillary interaction. KR 
For Kt = .5, the 

effect of interaction in lowering fluid exchange is quite apparent for the self-interaction 

flux and is more noticeable for the capillary-capillary interaction flux. 

Figures 33 and 34 show results for 5 and 11 capillary segments, respectively. 

Overall fluid exchange is greater due to the greater area available for exchange. The 

same behavior of decreasing fluid flux for increasing interaction is prevalent, with the 

capillary-capillary interaction showing an expected larger effect for the larger networks. 

The largest network studied so far is shown in Figure 30, and is idealized in 

Figure 31. The results of the calculations for this network appear in Figure 35. It is 

immediately obvious that even for the low interaction case, capillary-capillary interaction 

substantially reduces the fluid flux. 
KR 

For the high interaction case, - = .5, capillaryKt 

capillary interaction reduces the flux by approximately 90%. 
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The original use of each capillary configuration was to test the tissue pressure 

interaction model. However, the results have the broader implication that regardless of 

orientation, more capillaries' result in substantially greater interaction, even for small 

ratios of fluid conductivity. Realistic networks have many capillary segments. Therefore, 

the major conclusion of this work is that interaction generally plays an important role in 

determing fluid exchange. 

This conclusion is emphasized further by combining the results for the planar 

networks above, with the Krogh configuration. Perpendicular to the plane of the 

capillaries, anyone capillary 'sees' an infinite tissue space. In a true three dimensional 

distribution of capillary segments, a single capillary will be surrounded by other 

capillaries, in effect bringing more capillaries closer together. The effect of 

intercapillary distance on fluid exchange in the Krogh configuration was shown to increase 

interaction as the distance decreased. This means that going from a two- to a three

dimensional network would cause increase to interaction. 

The Effect of a Bounded Tissue Space 

Of the number of different configurations for boundaries discussed in Chapter 3, 

the opposed planar boundaries with identical flow boundary conditions will be used to 

determine the effect of a finite tissue space on fluid exchange. 

The opposed boundaries configuration of the finite boundary case is physically 

reasonable at least for experimental procedures in which a thin slab of tissue is isolated, 

its boundaries exposed to a fluid medium at atmospheric pressure. The opposed boundaries 

may also be viewed as an artificial construct to reduce the number of capillaries required 

to model whole organ behavior. A finite structural unit may be defined with opposed 

boundaries which, although significantly smaller than the whole organ, embodies all the 

flow behavior characteristics of the whole organ. 
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The physical aspect of a flow boundary condition is that of a low tissue pressure at 

the boundary and a nonzero pressure gradient across it. The mathp.matical solution to the 

distribution of tissue pressures was constructed using reflected virtual capillaries having 

the same source strength distribution as the real capillaries, except opposite in sign. 

Linearity of Laplace's equation allowed for such a solution, and the alternating • negative· 

and ·positive' reflections enforced the boundary condition. Either thrQugh mathematics 

or physical reasoning, it is intuitively clear that as the boundary approaches the capillary, 

decreasing pressures will occur within the tissue space. This is transmitted to the 

capillary, resulting in greater filtration. Figure 36 shows the effect on fluid exchange of 

boundary distance for a single capillary, parallel to the boundaries and from which the 

boundaries are equidistant. As the boundary distance increases, the amount of fluid 

filtered decreases, approaching the infinite tissue case. 

To examine the effects of self-interaction alone, the single capillary is used again. 

In Figure 37 the degree of interaction is plotted against the perpendicular distance from 

KR the boundary to the capillary axis for values of 1<'t" of 0.5, 0.05 and 0.005. The figure 

shows that the boundary distance for any conductivity ratio does not affect interaction 

until distances are on the order of one capillary length. The limiting case corresponds to 

infinite tissue (marked on Figure 37 as the dashed lines) for large boundary distances, and 

no interaction for very small distances. Since the degree of interaction is defined by 

Equation 4.3, the latter limit is I = o. However, the major conclusion to be derived from 

Figure 37 is that for boundary-to-capillary distances greater than hal·f of a capillary 

length, the effect of the boundary is minimal, and interaction still plays a dominant role in 

the prediction of fluid flux. 
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The effect of boundaries on capillary-capillary interaction is examined for 

KR 
Kt = 0.50. Here the networks are parallel to the boundaries, which are equidistant from 

the plane of the capillaries. Figure 38 shows results plotted in a manner similar to those 

in Figure 37, replacing the ratio of conductivites with the number of capillaries in the 

networks. The single capillary, three, five and 11 capillary networks (d., Figures 27, 28 

and 29) are used. 

It is evident from the four curves plotted, that for boundary-to-capillary-plane 

distances no smaller than one-fourth the reference length (i.e., .0125 cm), the effect of 

interaction is reduced at the most by 20%. Although this reduction is substantial, 

interaction is still dominant in influencing the amount of fluid exchanged. Only when 

unrealistically small values of the boundary distance are used, does interaction decrease 

to very low levels. As the boundaries approach the capillary wall, the zero pressure 

assigned at the boundary decreases the pressure values in the surrounding tissue. In the 

limit as the boundary to capillary distance approaches zero, the pressure at the capillary 

wall approaches zero, and the interaction, resulting from the tissue pressure gradient, 

vanishes. 
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CHAPTER 5 

CONCLUSIONS 

The physiological role of the microcirculation is to provide transport to all parts of 

the body. Transport involves more than the delivery of oxygen and removal of carbon 

dioxide. Other quantities incl ude heat, other sol utes, cells, hormones and, of course, 

water. Some solutes, like oxygen, and water can move from within the vessels into the 

extravascular space. The transmural movement of fluid is confined primarily to the 

capillary, due to its structurally simple wall architecture relative to that of larger vessels. 

Many complicating factors affect the transmural fluid movement, and r:nanifest themselves 

in the intra- and extraluminal hydrostatic and oncotic pressures, which directly determine 

the magnitude and direction of flow. This work has examined some of these factors 

through the development and application of a mathematical model for the description of 

extravascular fluid movement. 

In particular, local variations of extravascular hydrostatic pressure have been 

studied. The model was developed initially for the single capillary, from which the 

concept of tissue pressure interaction came. Because of the very low fluid transfer rate 

to the interstitium, the model did not require an explicit description of intraluminal flow 

dynamics. Previous studies considered such effects for the single capillary, but the 

complexities of the intraluminal flow description prevented extension to realistic 

networks. The present work extended the single capillary model to include the more 

complex geometries of realistic networks with uniform intraluminal hydrostatic and 

oncotic pressures. These simplification allowed a straightforward assessment of the 

effects of tissue pressure interaction on fl uid exchange. 

126 
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I n formulating the tissue pressure interaction model, the following key 

developments have been made: 

1. Derivation of the model without explicitly including intraluminal flow dynamics, 

2. Representation of capillaries by a superposition of sources and sinks placed along 

the capillary axis, based on the work of Blake and Gross (1982) and Salathe and An 

(1975), 

3. Development of a nondimensional form of the governing equations which shows the 

relative importance of fluid conductivities of the tissue and capillary wall, 

4. Development of a linear interpolation method to accurately approximate the source 

strength distribution in each capillary for numerical purposes, 

5. Development of an iterative method for the calculation of the source strength 

distributions for the capillaries in a realistic network, which converges even when 

capillaries join at bifurcations, 

6. Handling of multiple vessel networks with arbitrary orientations, and 

7. Inclusion of a bounded tissue space and the associated numerical requirements of 

calculating the source strength distribution (e.g., accelerated convergence of the 

resulting infinite series). 

The key conclusions of this study are: 

1. I nteraction decreases the predicted amount of fl uid exchange to less than that 

predicted when interaction is neglected, for filtration and absorption, 

2. Interaction does not affect the extravascular flow behavior, only its magnitude, 

3. The ratio of capillary wall to tissue fluid conductivity, ~~, is the prime indicator of 

the magnitude of interaction for single and multiple capillaries, 

4. The number of capillaries and their proximity increase the effect of interaction, 
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5. The effect of interaction have suggested the existence of an optimal capillary 

spacing, 

6. For networks composed of large numbers of capillary segments, the effect of 

interaction is large for the entire range of physiologically reasonable values of ~R, 
t 

and 

7. Finite boundaries, at which flow boundary conditions are imposed, tend to decrease 

the effect of interaction. 

Within the context of the model assumptions, these results have a number of 

implications regarding the modeling of extravascular fluid flow. They are: 

1. Because of the interaction between capillaries, the single capillary cannot be used 

adequately to predict the fluid exchange in large capillary networks, 

2. Because tissue conductivity is an important determinant of interaction, it is 

important to obtain more reliable estimates of this parameter, the values of which, 

at present, are not well established, and 

3. Substantial overall gradients in tissue pressure exist in regions of many filtering 

capillaries and no sinks or lymphatics, implying that measured tissue pressure in such 

regions gives im average value, instead of a uniformly constant value. 

With the developments presented here, a whole organ model is closer at hand. To 

achieve this goal, a number extensions must be made to the TPI model. At present, 55 

capillaries is the maximum number which has been modeled. Although this is a significant 

improvement over simpler networks of fewer than 10 capillaries, it will not be enough for 

a whole organ model. Considering the computational complexity introduced by finite 

boundaries, and other anticipated extensions in addition to that introduced by including 

still more capillaries, the time spent on computation becomes prohibitive very quickly for 
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the personal computer, and very expensive on mainframe computers. Therefore the 

recommendation is made for a more efficient method of solving the matrix equation 

resulting from the multiple capillary problem. At present, simple Gauss elimination 

combined with an iteration method, which generates and solves an 11 by 11 matrix for 

each capillary, is used. Perhaps a better way would be the use of a block matrix scheme 

in which all the capillaries are input into one large matrix, with a solution scheme 

appropriate to large block matrices. 

The geometry of the capillaries and networks were idealized in the present model. 

A more realistic approach is to allow unequal diameters to exist throughout the capillary 

network and to implement a better description of curved capillaries. Including unequal 

diameters does not complicate the analysis, except when considering the common point of 

the junction of two or three capillaries. In this case, the local fluid flux may have to 

replace the linear flow form of the source strength distribution for the iterative process 

to converge. 

Although small, and neglected in the present model, protein transport from within 

the capillary into the extravascular space does occur. Transmural protein transport 

affects the value of the capillary wall reflection coefficient and local value of the 

intraluminal oncotic pressure. The model may be extended by including a local solute 

conservation equation. This extension is difficult, but may be simplified by taking 

advantage of the small amount of solute transport by employing an asymptotic analysis. 

The presence of lymphatics was accounted for in this model by a uniform tissue 

pressure field far away from the capillary network. It is not known at this time how good 

this approximation is, since the structure of the lymphatic vessels and their placement in 

the tissue space is not well understood. In the future, a better understanding of the 

distribution of lymphatics may be anticipated and a better description in the model must 

await its arrival. It is interesting to note that some recent observations (Skalak et al., 
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1984) place the lymphatic vessels close to, and even surrounding the arterioles. This 

implies that the uniform tissue pressure field approximation to the lymphatics may be more 

realistic than anticipated. 

Other extensions, like a tissue pressure dependent tissue hydraulic conductivity and 

tissue compliance, would enable the model to study pathological conditions such as edema 

formation. Edema is characterized by the accumulation of water in the interstitial space, 

causing an increased tissue volume. The distended tissue has a different hydraulic 

conductivity than the non-distended tissue, as pointed out by Guyton et al. (1966). With 

the suggested extensions, the fluid mechanical and mass transfer aspects of edema may be 

examined in detail. 

These extensions will lead to a more complete model of extravascular mass 

dynamics. Moreover, the model will approach the whole organ goal. However, another 

extension must be realized before this goal is reached. No mathematical model will 

certainly ever contain the same number of capillaries as that in a macroscopic section of 

tissue, much less a true whole organ. Therefore, some functional unit must be defined 

which represents the behavior of the whole organ, yet reduces the required num~r of 

capillary segments to a manageable amount. 

Implicit in all of these extensions is the requirement of experimental work to 

confirm the applicability of each new addition to the model. Although the present work 

has not involved experimentation, many literature values of paralneters, obtdined froll) 

experiment, were used throughout. However, at the present point in the development, the 

actual importance of interaction must be determined in living tissue along with a general 

validation of the model. Future work must be a combined experimental and theoretical 

venture as specific parameters for each new extension are obtained, and each extension 

validated. 



APPENDIX I 

SOLUTION FORMULATION AND COMPUTER IMPLEMENTATION 
FOR THE SINGLE CAPILLARY 

The development for the single capillary in Chapter 3 led to Equation 3.36: 

u(1,z) = ~R ~e(Z) _ ~ f: UOn,Z)) 1 Aj(s) ds _ 

t L j=O 0 I (s - Z)2 + e:" 

1 1-Z+I(1-Z)2+e:"j 
u( 1 ,z>2ln ---~~;=::::;;:

-z + I (-z)Z + e: It 
1.1 

When this equation for u(1,z) is applied at each discretization point along the capillary, m 

equations in m unknowns result, which can then be solved by any matrix method. The 

matrix equation is of the usual form Ax = b. In this case, however, the unknown vector x 

contains the value of u(1,ih), where Th is the Tth discretization point. Equation 1.1 can be 

rewritten to as: 
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u(jh,1 ) 
10

1 

1.2 

This form shows the diagonal, off diagonal and b vector coefficients of the Tth row of the 

matrix equation. Remembering that the integrals can be evaluated in closed form (cf. 

Equation 3.37), the content of the first set of brackets constitute the diagonal element, 

the contents of second set of brackets is the jth off diagonal element, and the effective 

pressure is the b vector element. 

Computer Implementation 

Program 51 NGCAP calculates the source strength distribution for a single capillary 

and is given in Listing 1.1. It is written in double precision FORTRAN, compiled with the 

Microsoft FORTRAN compiler, and run on an IBM Personal Computer equipped with a 

nume ric cop rocessor. Table 1.1 gives the important FORTRAN variables and their 

associated meanings. 

The main program fills the A coefficient matrix and b vector. Subroutine Gauss 

uses Gauss elimation with no pivoting for solving the matrix equation. 

A listing of a sample data file, SINGCAP.DAT, is given in Listing 1.2. Table 1.2 

gives the input variables. The results of execution, the source strength at the eleven 

discretized points, are output to the screen, one value per line. The top line corresponds 

to the arterial end, the bottom to the venular end of the capillary. 



Listing 1.1 Program for Single Capillary Exchange 

PROGRAM SINGCAP 

C---------------------------------------~-------------------
C SINGCAP DETERMINES THE SOURCE STRENGTH DISTRTIBUTION 
C ALONG A SINGLE CAPILLARY. THE PIECEWISE LINEAR APPROACH 
C IS USED. 

C-----------------------------------------------------------
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
DIM EN SION A(11, 11 ),B(11 ),Q(11 ),ET A(3) 
F(X,Z )=DSQRT(Z* Z+X*X) 
OPEN(S,FILE='SINGCAP.DAT') 
READ(S,1 00) EPS,RATIO,DELPI,DELP 
H=.1 
R=EPS*EPS 

C-------------------------------~---------------------------
C DO LOOP 10 DIRECTS THE PROGRAM TO THE ITH ROW 

C-----------------------------------------------------------
DO 10 1=1,11 

SUM=O. 
RI=DBLE(I-1) 

C-----------------------------------------------------------
C DO LOOP 20 FILLS IN THE JTH OFF DIAGONAL ELEMENT. THE 
C MANY STATEMENTS WITHIN THE LOOP GRADUALLY BUILD UP TO 
C THE FORM OF THE JTH ELEMENT 

C-----------------------------------------------------------

* 
* 

20 

* 

10 

DO 20 J=1,11 
A( I,J)=O. 
IF(J.EQ.I)GO TO 20 
RJ=DBLE(J-1) 
RJ P=DBLE(J) 
RJM=DBLE(J-2) 
IF(J.EQ.1 )RJM=O. 
I F(J. EQ.M+1 )RJ P=DBLE(M) 
DI=F( (RJ-R I )*H,R) 
DM=F« RJ M-RI )*H,R) 
DP=F« RJ P-RI )*H,R) 
A( I,J )=(2.*DI-DP-DM)/H+ 

(RI-RJ M)* DLOG « (RJ -R I )*H+D I )/( (RJ M-RI )*H+DM»+ 
(RJ P-R 1)* DLOG( « RJ P-RI )*H+ DP)/« RJ -RI )*H+DI» 

SUM=SUM+A( I,J) 
CONTINUE 
A( I, I )=2./RATI0+DLOG« (1.-RI*H)+F( R, 1.-RI*H»/ 

(-RI*H+F( R,-R I*H) »-SUM 
B( 1)=2. *(1.-R I*H* DELP-DELPI) 

CONTINUE 
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C 
C 

Listing 1.1 Program for Single Capillary Exchange (continued) 

CALL GAUSS(A,Q,B) 
DO 30 1=1,11 

30 WRITE(O,101)Q(I) 
100 FORMAT( 4(2X, D1 0.4» 
101 FORMAT(1X,D12.6) 

STOP 
END 

SUBROUTINE GAUSS(A,X,B) 

C---------------------------~--------------------------------
C GAUSS IS A SUBROUTINE WHICH TAKES A SQUARE MATRIX 
C AND REDUCES IT AND THE ·B· VECTOR OF AX=B BY GAUSS 
C ELIMINATION (1ST SET OF NESTED DO LOOPS) THEN USES 
C BACK SUBSTITUTION TO CALCULATE X (2ND SET OF NESTED 
C DO LOOPS). NO PIVOTING SCHEME IS USED 

C------------------------------------------------------------
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
DIMENSION A(11,11 ),B(11 ),X(11) 
DO 1 1=1,10 

DO 2 J=I+1,11 
S=-A(J,I)/ A( 1,1) 
B(J )=B(J )+B( 1)* S 

DO 3 K=I+1,11 
A(J,K)=A( I,K)*S+A(J,K) 

3 CONTINUE 
2 CONTINUE 
1 CONTINUE 

DO 5 1=11,1,-1 
SUM=O. 
DO 6 J=I+1,11 

SUM=SUM+X(J)* A( I,J) 
6 CONTINUE 

X( 1)=( B( I )-SUM)/ A( I, I) 
5 CONTINUE 

RETURN 
END 
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Variable 

A 

B 

DELP 

DELPI 

EPS 

H 

Q 

RATIO 
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Table 1.1 Important Variables in Program SINGCAP 

Definition 

The coefficient matrix in Ax = b. 

The b vector in Ax = b. 

The relative intraluminal hydrostatic pressure drop. 

The transmural oncotic pressure gradient. 

The scaling factor, e:, usually set equal to 0.1. It is 

used for the aspect ratio, ~, which is on the order 

of e: 2 • 

The distance between two discretization points 
determined by the number of partitions used. In 
this case, the number of partitions used is 10. 

The unknown vector of the source strengths at 
discrete points (to be solved for). It is the same as 
x in Ax = b. 

The ratio of permeabilities, ~~. 

Listing 1.2 Input Data to Program SINGCAP (SINGCAP.DAT) 

Line 

1 

.50 .4 0.2 

Table 1.2 Associated Variables for Input Data in SINGCAP.DAT 

Variable 

EPS 
KR 
Kt 
DELPI 
DELP 

Field 

4(2X,D10.4) 



APPENDIX II 

SOLUTION FORMULATION AND COMPUTER IMPLEMENTATION 
FOR MULTIPLE CAPILLARIES 

The development of the equations describing multicapillary flow in Chapter 3 ended 

with Equation 3.44: 

1
1. 

1 I ui(1,s) 
- ds-
20 I(S-t)2+e:" 

11.1 

This equation was written to separate the interaction of the local tissue pressure field 

(self-interaction) from that of the other capillaries (capillary-capillary interaction). The 

method for solving this equation, as mentioned in Chapter 3, is an iterative numerical 

procedure. Given N capillaries, the source strength distribution of anyone is calculated 

as in the single capillary case, resulting in the matrix equation Ax = b, with the input 

from the other capillaries added into the b vector. All source strength distributions are 

set initially to zero. With each subsequent calculation of the source strength distribution 
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for the ith capillary, the most recent results for the remaining capillaries are used in the b 

vector. 

Equation 11.1 will be modified to allow for efficient implementation on the 

computer. To begin with, the denominator of the integrand in the second integral, which 

will be denoted by r and is the Euclidean distance between points on two different 

capillaries, can be cast into a form similar to that of the demoninator in the integrand of 

the first integral, I (s - t) 2 + € \ The individual terms of the first denominator are 

parametric expressions which give the cartesian coordinates of any point along a capillary 

axis as a function of the axial parametric variable. The general form of the parametric 

equations is: 

Xj( f,;) = XOj + f,;cos aXj 11.2 

Here x can be any of the cartesian coordinates x, y or z, j denotes the jth capillary, Xo is 

the capillary origin, f,; is the parametric variable (e.g., s or t), and cos ax. is the di rection 
J 

cosine for coordinate x. When r is expanded so that the functions of parametric variable 

s are of the form of Equation 11.2 and those of t are left unchanged, r becomes: 

11.3 

The term (ak i(t» is defined by: , 

11.4 

Letting x'k i(t), Y'k i(t) and z'k i(t) represent xi(t) - xok, Yi(t) - Yok, and Zj(t) - zok I, , 

respectively, then 

11.5 

and 

11.6 

As with the single capillary development, ui(1,t) is subtracted and added to the numerator 

of the integrand in the first integral. The reason for this is to sll]ooth the near-singular 
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behavior of the integrand about the point s = t. With these changes Equation 11.1 

becomes: 

";(1,1) = [~~]i [;(1) -

f
l. 

1 1 

"2)0 

Ii - t + 1(Ii - t)2 + e: 4 
ui(1,s) - Ui(1,t) t 
------ds - u-In 
I(s - t)Z + e:z 12 

11.7 

In microcirculatory networks, capillaries are interconnected. Since Equation 11.7 

considers each capillary separately, at the point of intersection at least one term of the 

summation of integrals in Equation 11.7 will become singular, because the distance 

between the two points vanishes. When two capillary segments meet or when one 

capillary branches off from another, one term will be singular. For a bifurcation at which 

three capillaries meet, the common point will cause two terms to be singular. The first 

step in dealing with this is to add and subtract ui( 1,t) in the numerator of the integrand of 

each of the terms in the summation of integrals. Equation 11.7 becomes: 



ui(1,t) 
--In 

2 

ui(1,s) - ui(1,t) Ui(1,t) 
~=::::;::;;=:::;-ds - -2-ln 
I (s - t)Z + € Z 

Ik - bk o(t) + I (Ik - bk o(t»Z + (ak o(t»Z , I ,I ,I 

-bk o(t) + I(-bk o(t»2 + (ak o(t»2 ,I , I ,I 
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11.8 

The motivation for this, as mentioned above, is to allow for a more accurate integration, 

in this case near the common points. 

It is important to remember here that distances between points on two capillaries, 

as they relate to determining the pressure felt at one point by the presence of a source at 

another point, are defined differently depending upon if the two points are on the same 

capillary or not. For two points on the same capillary, the distance includes the small yet 

finite capillary radius. This results from the placing sources on the capillary axis, yet 

determining their strength as if they were on the surface. When the two points are on 

different capillaries, the small radius is ignored. Thus the two different forms of distance, 

as they appear in Equation 11.8, result. As written, the only form of singular or near 

singular behavior in this equation appears in the logarithmic terms. Any problem with the 

first logarithmic term occurs at s = t. However, because of the finite radius, the term is 

not singular. 

For the second logarithmic term, a singularity does occur at a common point. The 

singularity results from neglecting the finite radius. Beyond this, direct numerical 

evaluation of the term can cause an apparent singularity under specific conditions other 
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than a common point. This occurs when the axis of one of the kth capillaries is extended 

beyond its origin or terminal point and intersects exactly a discretization point on the ith 

capillary in Equation 11.8. For arbitrary networks, this is a chance occurence. However, 

in this work, such an occurance was considered a good possibility due to the regular 

geometry of the networks studied initially. For a better understanding of these situations 

and how they are dealt with, the physical meaning of the terms within the logarithm is 

determined. 

By using Equations 11.4 through 11.6, and keeping in mind the form of the 

parametric equation, Equation 11.2, the radical in the numerator of the logarithm 

becomes: 

The form of this equation was obtained by recognizing that the sum of the squares of the 

three direction cosines for one capillary is unity. Equation 11.9 represents the Euclidean 

distance between a point t on the ith capillary and the kth capillary terminal point. For 

brevity, redefine this term as rl. 

When this same procedure is done for the corresponding term in the denominator, 

the following relationship results: 

This is analogous to the previous interpretation, except that the distance is from the kth 

capillary origin. Again for brevity, redefine this term as roo The logarithmic term then 

has the form: 

11.11 

When a common point is encountered, this must be replaced by: 
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L = In --------- 11.12 

Equation 11.11 can be made a function of terms of rl and ro exclusively, by 

redefining bi k(t) with ro and rl' After replacing the right hand sides of Equations 11.9 , 

and 11.10 with rl and ro respectively, then combining it with Equation 11.4, bi k(t) can be , 

written as: 

11.13 

Substituting this into Equation 11.12 gives: 

11.14 

When the extension past the terminal end of the kth capillary encounters a 

discretization point on the ith capillary, the denominator in the logarithm of 

Equation 11.14 vanishes, or rl = I ro - Ik I. The situation where rl = ro - Ik is shown in 

Figure 1I.1a for two capillaries. The case where rl = Ik - ro corresonds to two 

intersecting capillaries. This does not occur in the microcirculation except for the special 

case of capillary bifurcations or junction points, which has been treated above. 

The limiting behavior of Equation 11.14 is indeterminate and another means of 

obtaining it must be used. To this end, the kth capillary is shifted perpendicular to its 

axis as shown in Figure 11.1 b by a quantity, O. Relating ro and r1 in terms of 0 yields: 

11.15 

let this term for ra be called f(o) for brevity. The distance ro is then replaced in 

Equation 11.14: 

11.16 
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Figure 11.1. Method for Obtaining the Limiting Behavior of Equation 11.14 
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In the limit as 6 vanishes, the term within the logarithm is indeterminant and I'Hospital's 

Rule may be used: 

lim L = In lim 
6+0 6+0 r'f(6) - Ik 

When the limit is taken the form of Lis: 

ro 
L = In 

11.17 

11.18 

The vanishing of the numerator in Equation 11.11 corresponds to the case of an 

intersection with a discretization point beyond the origin of the kth capillary. The 

situation is the same as in Figure 11.1 except the distances ro and r1 are transposed. With 

this transposition, and proceeding as before, the limiting case for r1 = ro + Ik is: 

11.19 

The general form for the limit in either case is: 

11.20 

The form of the solution of the second integral in Equation 11.8 is similar to that of 

the first, as given by Equation 3.38: 
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..1 [/Oh - bk o(t»2 + (ak o(t»i -/(0 - 1)h - bk o(t»2 + (ak O(t»2] + h ,1,1 ,1,1 

[ 
b (t) 

J 
jh - bk i(t) + l(jh - bk i(t»2 + (ak i(t»2 

k i ", 
1 + -'- - j In -

h (j _ 1)h - bk o(t) + I«j - 1)h - bk o(t»2 + (ak o(t»2 ,1 , I , I 

11.21 

To obtain the form of the first integral, replace bk,i(t) and ak,i(t) by t and e;'+, 

respectively. 

Although this equation can be reduced to a slightly simpler version, it is still to 

cumbersome to deal with. Therefore let the right hand side of Equation 11.21 be denoted 

by nj,k(t). Likewise, let nj,i(t) denote the solution for the first integral in Equation 11.8 

which is given by Equation 3.38. The overscored variable denotes the special limiting 

behavior described above, which is not present in Equation 3.38. Also let the 

intercapillary distance as defined by the numerator of the second integral in Equation 11.8 

be denoted by rk i' , 

With the limiting behaviors and some shorthand notation defined, Equation 11.8 can 

be rearranged in matrix form. The equation, however, is still to cumbersome to write in 

its entirety. Therefore, the diagonal and off diagonal terms of the coefficient matrix, and 

the terms which belong in the b vector are given separately. Substituting Th for the 
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variable t, to denote the application of the equation to the lth discretization point, gives 

the terms in the lth row. Here the overbar is used to make a distinction between the iih 

discretization point and the ith capillary. The diagonal term is given by: 

1 - Th + ~(1 - Th)2 + e: ft m 
L nj,i(ih) + 

j=O 
j;6i 

N Ik - bk i(ih) + (Ik - bk i(ih»2 + (ak i(ih»2 m , , , 
L In 

k=O 
k;Ci -bk o(ih) + 

,I (-bk i(ih»2 + (ak i(ih»2 , , 

The jth off diagonal term is given by: 

The b vector term is given by: 

2Pe i(ih) -, 

where Pe i(ih) is Pi(ih) -(1T c - 1T t). , 

no o(ih) J,I 

N m 

L L 
k=O j=O 
k;6i rk i;60 , 

nj,k(ih) 

L 
j=O 

rk i;60 , 

nj,k(ih) 

One more detail must be considered before computer implementation. 

11.22a 

11.22b 

11.22c 

When a 

common point occurs, for example at a bifurcation, one point belongs to three capillaries. 

The above equation is suited to handle the problems this causes when that point is 

encountered (i.e., when the equation is applied at that point). When the above equation 

is applied at other points, they see the common point as three points. One point belongs 

to the same capillary with an unknown source strength, and, throughout the iterative 

procedure, the other two belong to different capillaries with known, but differing source 
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strengths. Only in the theoretical limit, which can only be reached through an infinite 

number of iterations, will the source strengths become identical. 

A more consistent view would be three points having identical unknown source 

strengths, or one point, as it should be, being seen by the other points along the ith 

capillary as having three times its normal source strength. Therefore, there is a problem 

with the above equation when it is applied to any 'non-common' point on a capillary 

which has at least one common point. To remedy this, when the A matrix and b vector is 

filled, the input of the common point in the T th element of the b vector, which comprises 

a coefficient multiplied by the source strength at that point on the kth capillary, is added 

to the T th element of the b vector, thus cancelling its effect there. The coefficient, is 

then added to (without multiplication by the source strength) the position of the common 

point in the T th row of the coefficient matrix. This is done for every row except the one 

which corresponds to the application of Equation 11.21 at the common point itself, because 

the equation was specifically derived with this application in mind. 

Computer Implementaion 

The various parts of Equation 11.22 with the special consideration concerning the 

common point is implemented in the FORTRAN program ML TCAP which is given in 

Listing 11.1. Included within the program, although not discussed before in this appendix, 

is the implementation of an axially variable capillary conductivity. The functional form of 

the conductivity is given as a third order polynomial, which varies across the entire 

capillary bed from arterial to venous end. However, any functional form may be used. 

The program allows input from and output to user specified files. 

Also included is the specification of a different radius and oncotic pressure for 

each capillary, and a choice of partition interval. At this point, the model cannot be used 

with capillaries having different radii. The model also presently stipulates that oncotic 
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pressure is constant throughout the capillary network. Variability was included in 

anticipation of future work. Because the DIMENSION statements within the program are 

for partitions less than or equal to 10, 10 is the recommended number. This may be 

changed if the appropriate DIMENSION statements are correspondingly changed. The 

program assumes that for variable capillary wall permeability, the variance occurs along 

the z-axis over the entire capillary network. 

The main steps of the program are data input, iteration among the capillaries 

including special provisions for common points, error testing for convergence, the 

evaluation of net exchange, which can be positive or negative, the evaluation of total 

exchange, which can only be positive, and the output of important values. The main 

program does most of the calculation, relying on Subroutine GAUSS to solve Ax = b 

. matrix equation, obtaining the source strength for each capillary; Function TFLOW, which 

calculates net and total fluid exchange; and Function FH which calculates the individual 

terms of the summation of natural logs in the diagonal term (d. Equation 11.22a). It 

should be pointed out here that for an accurate assessment of total exchange, the 

crossover point from filtration to absorption should occur at a discretization point. This is 

not important in large networks. In small networks, on the order of five capillaries or 

less, it is important. 

For efficient computation, the program does not input coefficients one capillary at 

a time. When filling the matrix, one loop specifies which row is to be filled (i.e., which 

discretized point is the matrix equation applied to), and another loop fills in the individual 

row elements. These elements are inputs from the other points along the same capillary. 

However, input into the b vector includes other capillaries, having the same number of 

discretized points. Instead of summing these inputs separately, the loop for the row 

elements includes a running sum of the associated points on every other capillary. 



148 

The criterion of convergence is to assign a maximum relative error, based on the 

previous iteration, to each capillary. That is, with each subsequent calculation of the 

source strength distribution for the ith capillary, the previous values are retained, and by 

comparing point by point, the maximum relative error between the present and previous 

values is obtained •. When this error is less than a specified tolerance (approximately on 

the order of 10-6
) for all capillaries (tested at the end of each completed iteration), the 

iteration is terminated. 

Table 11.1 gives the list of important variables in the program. Program input data 

and associated variables are given in Listing 11.2, which gives the example listing for 

MLTCAP.DA3, and Table 11.2, respectively. The output listing from the program with 

input data file MLTCAP.DA3 and associated variables are given in Listing 11.3 and 

Table 11.3, respectively. 



Listing 11.1 Program for Multicapillary Exchange 

PROGRAM MLTCAP 

C------------------------------------------------------------
C MLTCAP CALCULATES THE SOURCE STRENGTH DISTRIBUTION AT 
C DISCRETE SITES ALONG CAPILLARIES IN A MULTICAPILLARY 
C SYSTEM. MLTCAP ASSUMES THE FOLLOWING: 
C 
C 1) ALL CAPILLARIES ARE STRAIGHT 
C 2) EACH CAPILLARY HAS CONSTANT RADIUS 
C 3) A MAXIMUM OF 75 CAPILLARIES EXIST 
C 4) NDIS = 10 

C------------------------------------------------------------
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
CHARACTER*12DATAIN,RESULT 
DIM ENSION A(11,11 ),B(11 ),B1 (75,11 ),A1 (75,11) 
DIM ENSION U(75,11 ),RONL(75 ),CK(4 ),H(75 ),RLNGTH(75) 
01 MENSION DELPI(75 ),PARAT(75 ),PVRAT(75) 
DIM ENSION COSL(75),COSM(75),COSN(75) 
DIMENSION UHOLD(11 ),TEST(75 ),UOLD(75 ),Xj(75), YJ (75 ),Zj (75) 
COMMON RJ,RM,RP 
LOG ICAL TF 

C------------------------------------------------------------
C THE FOLLOWING FOUR LINES ARE FORTRAN FUNCTION STATEMENTS. 
C F(X,Y): SELF-EXPLANATORY 
C FF(X,Z,UL): THIS IS THE CLOSED FORM SOLUTION TO THE INTEGRAL 
C OF ONE OVER THE DISTANCE BETWEEN A POINT Z 
C ON THE CAPILLARY CENTERLINE TO A POINT ON 
C THE SURFACE OF THE CAPILLARY OF LENGTH UL 
C AND RADIUS X 
C D(XP,CS,T): THIS IS THE PARAMETRIC REPRESENTATION ALONG ONE 
C COORDINATE AXIS OF THE CAPILLARY AXIS WHERE XP 
C IS THE ORIGIN OF THE CAPILLARY (ARTERIOLAR END) 
C OF THE COORDINATE AXIS; CS IS THE RESPECTIVE 
C DIRECTION COSINE; AND T IS THE PARAMETRIC VARIABLE 
C HAVING VALUES FROM 0 (ARTERIOLAR END) TO UL 
C (SEE ABOVE)(VENOUS EN D) 
C RK(Z): CALCULATES THE CAPILLARY WALL CONDUCTIVITY AS 
C A FUNCTION OF THE RELATIVE DISTANCE FROM THE 
C ARTERIOLAR END OF THE CAPILLARY BED 

C------------------------------------------------------------
F(X, Y)=DSQRT(X*X+Y*Y) 
FF(X,Z,UL)=DLOG « UL- Z +F(X,UL- Z »/( - Z +F(X,- Z») 
D(X P,CS,T)=XP+CS*T 
RK( Z)=CK(1)+ Z*(CK(2)+ Z*(CK(3)+ Z*CK( 4») 

C------------------------------------------------------------
C IMPORTANT VARIABLES 

C------------------------------------------------------------
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Listing 11.1 Program for Multicapillary Exchange (continued) 

C CK-THE ARRAY OF CAPILLARY WALL CONDUCTIVITY COEFFICIENTS 
C (CM/(SEC-CM H20», WHICH ARE THEN NONDIMENSIONALIZED 
C CKTISS-TISSUE CONDUCTIVITY (CM**2/(SEC-CM H20» 
C COSL,COSM,COSN-ITH CAPILLARY DIRECTION COSINES WITH 
C RESPECT TO X, Y,Z AXES 
C DELPI-RATIO OF ONCOTIC PRESSURE OF ITH CAPILLARY TO PREF 
C DREF-REFERENCE LENGTH (5.E-2 CM) 
C H-THE DISTANCE BETWEEN DISCRETIZATION POINTS OF THE ITH 
C CAPILLARY 
C NCAP-NUMBER OF CAPILLARIES TO BE MODELLED 
C NDIS-THE NUMBER OF DISCRETE PARTITIONS ALL CAPILLARIES 
C WILL BE DIVIDED INTO 
CPA-ARTERIOLAR PRESSURE OF THE ITH CAPI LLARY (CM H20) 
C PARAT-RATIO OF PA TO PREF 
C PONC-NET ONCOTIC PRESSURE IN THE ITH CAPILLARY (CM H20) 
C PREF-REFERENCE PRESSURE (CM H20) 
C PV-VENOUS PRESSURE OF THE ITH CAPI LLARY (CM H20) 
C PVRAT-RATIO OF PV TO PREF 
C RADIUS-RADIUS OF ITH CAPILLARY (CM) 
C RLNGTH-NONDIMENSIONED (WITH DREF) LENGTH OF ITH 
C CAPILLARY 
C RONL-RATIO OF RADIUS TO DREF 
C U-ITH CAPILLARY DISCRETE SOURCE STRENGTH DISTRIBUTION 
C Xj,Yj,Zj-COORDINATES OF ARTERIOLAR END OF CAPILLARY 
C CENTERLINE (NONDIMENSIONED WITH DREF) 
C XE,YE,ZE-COORDINATES OF VENOUS END OF CAPILLARY 
C CENTERLINE (NONDIMENSIONED WITH DREF) 

C----------------------------------------------------------
C-----------------------------------------------------------
C SOME FORTRAN COMPILERS REQUIRE SINGLE QUOTES AROUND 
C THE DATA FILE SPECIFICATION, WHEN INPUTTED AS IN THE 
C FOLLOWING WAY (FREE FORMAT) 

C-----------------------------------------------------------
WRITE(*,*)'What file is data located in? ' 
READ(*,*)DATAIN 
WRITE(*,*)'Which file do the results go? ' 
READ(*,*)RESULT 
OPEN(2,FILE=DATAIN,STATUS='OLD') 
OPEN(3,FILE=RESULT,STATUS='N EW') 
READ(2,510) DREF,PREF,CKTI SS 
READ(2,520)NCAP,N DIS 
WRITE(3,520)NCAP,ND I S 
READ(2,518 )(CK( I ),1=1,4) 
READ(2,519)ARTEN D,VEN END 
DO 10 1=1,NCAP 

READ(2,521 )RADIUS 
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Listing 11.1 Program for Multicapillary Exchange (continued) 

READ(2,510)XJ (I), YJ (I ),ZJ (I) 
READ(2,510)XE, YE,l E 
READ(2,522)PA,PV,PONC 
RLNGTH( I )=F(XJ (I )-XE,F(Y J( I )-YE,Z J( 1)- l E)) 
COSL( I )=(XE-XJ( I ))/RLNGTH( I) 
COSM( I )=(YE-YJ( I ))/RLNGTH( I) 
COSN( I )=( l E-lJ (I) )/RLNGTH( I) 
RON L( I )=RADI US/DREF 
PARAT( I )=PA/PREF 
PVRAT(I )=PV/PREF 
DELPI (I )=PONC/PREF 
H( I )=RLNGTH( I )/FLOAT(N DI S) 

10 CONTINUE 

C-----------------------------------------------------------
C THE FOLLOWING DO LOOP ASSUMES ALL CAPILLARIES HAVE THE 
C THE SAME RADIUS. 

C-----------------------------------------------------------
DO 15 1=1,4 

CK( I )=CK( I)it RAD I U S/CKTI SS 
15 CONTINUE 

DO 20 1=1,NDIS+1 
DO 20 J=1,NCAP 

20 U(J,I)=O. 
DO 25 1=1,NCAP 

25 UOLD( I )=0. 

C------------------------------------------------------------
C THE FOLLOWING NESTED DO LOOPS, COMPRISE THE ENTIRE 
C CALCULATION OF THE DISCRETE SOURCE STRENGTH DISTRIBUTIONS 
C OF ALL CAPILLARIES. 

C--------------··---------------------------------------------
C DO 30 
C 1ST LOOP (1ST INDENTATION) PROVIDES A MAXIMUM NUMBER OF 
C ITERATIONS OVER ALL CAPILLARIES. IF CONVERGENCE DOES NOT 
C OCCUR IN ALOTTED ITERATIONS, AN ERROR MESSAGE IS WRITTEN. 
C ERROR CALCULATED IN DO LOOP 40 FOR EACH CAPILLARY IS COMPARED 
C WITH ERROR TOLERANCE, AND IF ALL CAPILLARIES FALL WITHIN 
C THE TOLERANCE, ITERATIONS ARE STOPPED AND RESULTS WRITTEN. 
C DO 40 (NESTED IN 30) 
C 2ND LOOP (2ND INDENTATION) CALCULATES THE DISCRETE SOURCE 
C DISTRIBUTION (VIA GAUSS ELIMINATION) IN THE 11TH CAPILLARY. 
C PLACING CURRENT DISTRIBUTION IN UHOLD, A RELATIVE ERROR IS 
C CALCULATED BY COMPARING CURRENT AND MOST RECENT DISTRIBUTION 
C OF THE 11TH CAPILLARY, FINDING THE MAX ERROR OF ALL DISCRETE 
C POINTS AND PLACING IT IN TEST. 
C DO 50 (NESTED IN 40) 
C 3RD LOOP (3RD INDENTATION) APPLIES THE DISCRETIZED SOURCE 
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Listing 11.1 Program for Multicapillary Exchange (continued) 

C STRENGTH EQUATION TO EACH OF NDIS+1 POINTS ALONG THE 11TH 
C CAPILLARY, FILLING THE A MATRIX AND B VECTOR WITH APPROPRIATE 
C VALUES. THE DISTRIBUTION IS SOLVED IN LOOP 40 BY GAUSS 
C ELIM INATION. 
C DO 60 (NESTED IN 50) 
C 4TH LOOP (4TH INDENTATION) FILLS THE ITH ROW OF MATRIX A 
C AND THE ITH ELEMENT OF VECTOR B WITH APPROPRIATE VALUES 
C ACCORDING TO THE DISCRETIZED SOURCE STRENGTH EQUATION. 
C DO 70 (NESTED IN 60) 
C 5TH LOOP (5TH INDENTATION) SPECIFICALLY FILLS PART OF THE 
C ITH VALUE OF THE B VECTOR WITH INPUTS FROM OTHER CAPILLARIES 
C USING THE MOST RECENTLY CALCULATED SOURCE STRENGTH DISTRIBUTION 
C FOR EACH. IF THE DISTANCE (DIST) IS 0., THEN A COMMON POINT 
C IS ENCOUNTERED AND SPECIAL PROVISIONS ARE TAKEN TO ACCOUNT 
C FOR IT 
C DO 65 (NESTED IN 50) 
C DUE TO THE SPECIAL HANDLING OF OTHER CAPILLARY INPUTS, PART 
C OF THEIR INPUT AFFECTS DIAGONAL TERMS OF THE A MATRIX. 
C THIS IS HANDLED HERE. 
C DO 75 (NESTED IN 40) 
C DO 85 (NESTED IN 75) 
C COMMON POINTS AFFECT OFF DIAGONAL TERMS OF ALL ROWS. SINCE 
C THEIR PRESENCE IS ONLY DETECTED AS THEY ARE COME ACROSS, 
C ADJUSTMENTS MUST BE MADE TO OFF DIAGONAL ELEMENTS OF ALL 
C ROWS (ALL ROWS BECAUSE NOTHING IS DONE TO THE OFF DIAGONAL 
C ELEMENTS OF THE COMMON POINT ROW OR ENSUING ROWS UPON 
C DETECTION). 

C------------------------------------------------------------

* 
* 

* 
* 

DO 30 KK=1,25 
WR ITE(* ,515 )KK 
DO 40 1I=1,NCAP 

WRITE(*,,516)11 
DO 45 1=1,NDIS+1 

RI=FLOAT( 1-1 )*H(") 
DO 55 K=1,NCAP 
I F( II.N E. K)THEN 
B1 (K, I )=COSL(K)*( D(XJ( II ),COSL( II ),RI )-XJ(K))+ 

COSM (K)*( D(Y J (II ),COSM( II ),R I )-YJ(K))+ 
COSN (K)*(D( ZJ (II ),COSN( II ),RI)- ZJ(K)) 

C2=(XJ(K)-D(XJ( II ),COSL( II ),RI ))**2+ 
(Y J(K)-D(Y J( II ),COSM( II ),RI ))**2+ 
(ZJ(K)-D( ZJ (II ),COSN (II ),RI ))**2 

AHLD=DABS(C2-B1(K,I)*B1(K, I)) 
A1 (K,I )=DSQRT(AHLD) 
I F(AHLD. LT.1. E-5 )A1 (1<, 1)=0. 
ENDIF 
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Listing 11.1 Program for Multicapillary Exchange (continued) 

55 CONTINUE 
B( I )=0. 
DO 45 J=1,NOI 5+1 
A( I,J )=0. 

45 CONTINUE 
DO 50 1=1,NOIS+1 

RI=FLOAT(I-1 ) 
5UM=0. 
5UM1=0. 
5UM2=0. 
5UM3=0. 
DO 60 J=1,NOI5+1 
RJ=FLOAT(J -1) 
RM=RJ-1. 
RP=RJ+1. 
I F(J. EQ.1) RM=O. 
IF(J. EQ.N 015+1 )RP=FLOAT(NOI 5) 
IF(J.NE.I)THEN 

AHOLO=FH(RI*H( II ),RONL( II ),H( II» 
A( I,J )=A( I,J )+AHOLO 
5UM=SUM+AHOLO 

ENOIF 
DO 70 K=1,NCAP 

IF(II.NE.K)THEN 
I F( F( RJ*H( K)-B1 (K, I ),A 1 (K, I) ).GT.1. E-5 )THEN 

BB=FH( B1 (K, I ),F(A1 (K, I ),RONL( II »,H(K» 
SUM1=SUM1+BB*U(K,J) 
SUM3=5UM3+BB 

ELSE 
DO 75 IE=1,NOI5+1 
IF(IE.NE.I)THEN 

BB=FH( B1 (K, I E),F(A1 (K, I E),RON L( II»,H( K» 
B( I E)=B( IE)+BB*U(K,J) 
A( I E,I)=A( IE, I)+BB 

ENOIF 
75 CONTINUE 

ENOIF 
ENOIF 

70 CONTINUE 
60 CONTINUE 

DO 65 K=1,NCAP 
I F( K. N E.II )THEN 

RL=RLNGTH(K) 
R1=F( RL-B1 (K, 1),A1 (K, I» 
RO=F( B1 (K, I ),A1 (K, I» 
RN=1. 
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65 

* 

* 
50 

* 
80 
40 

90 

30 

Listing 11.1 Prog ram for Multicapillary Exchange (continued) 

I F( DABS(RO+R1-RL). L T.1.E-5 )THEN 
UP=RL-B1 (K,I)+F(R1,RONL( II» 
DOWN=-B1 (K,I )+F(RO,RONL( II» 

ELSE I F( DABS( RO-R1-RL). L T.1.E-5 )THEN 
UP=RO 
DOWN=R1 

ELSE I F( DABS( R1-RO-RL). L T.1.E-5 )THEN 
UP=R1 
DOWN=RO 

ELSE 
UP=RL -B1 (K,I )+R1 
DOWN=-B1 (K, I )+RO 

ENDIF 
SUM2=SUM2+RN*DLOG(UP/DOWN) 

ENDIF 
CONTINUE 
ZREL=( D(ZJ( II),COSN( II ),RI*H( II »-ARTEN D)/(VENEN D-ARTH~ D) 
A( I, I )=2./RK( Z REL)-( SUM3-SUM2)+ 

FF(RONL( II ),RI*H( II ),RLNGTH( II »-SUM 
B( I )=B( 1)+2. *( PARAT( II )-RI*H( 11)* (PARAT( II )-PVRAT( 11»/ 

RLNGTH(tl)-DELPI( II »-SUM1 
CONTINUE 
CALL GAUSS(A,UHOLD,B,N DI S+1) 
TEST(II)=O. 
DO 80 1=1,NDIS+1 

TEST( 11)= 
DMAX1 (TEST( II ),DABS«UHOLD( I )-U( II, I»/UHOLD( I») 
U( 11,1 )=UHOLD( I) 

CONTINUE 
TF=.TRUE. 
DO 90 1=1,NCAP 

I F(TEST( I ).GT.1. E-6)TF=. FALSE. 
IF(TF)GO TO 100 

CONTINUE 
WRITE(*,525 ) 
STOP 

C------------------------------------------------------------
C INTEGRATE THE SOURCE STRENGTH DISTRIBUTION ACROSS EACH 
C CAPILLARY AND SUM TO OBTAIN TOTAL NET OUTFLOW AND NET 
C EXCHANGE. 
C 
C NOTE: AS WRITTEN, THE NET EXCHANGE WILL BE ACCURATE IF THE 
C THE POINT AT WHICH NET FLUX IS ZERO IS VERY NEAR, IF NOT AT, 
CADI SCRETIZATION POINT. I F CAPILLARY ABSORBS OR FILTERS 
C ENTIRELY, THESE NUMBER WILL BE IDENTICAL IN ABSOLUTE VALUE. 

c------------------------------------------------------------
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Listing 11.1 Program for Multicapillary Exchange (continued) 

100 SUMOUT=O. 
SUMNET=O. 
DO 120 1=1,NCAP 

DO 130 J=1,NDIS+1 
130 UHOLDO)=U(I,J) 

SUMNET=SUMN ET+TFLOW(UHOLD,NDI S+1,RLNGTH( I» 
DO 135 J=1,NDIS+1 

135 UHOLD(J)=AB S( U HOL DO» 
SUMOUT=SUMOUT+TFLOW( UHOLD,NDIS+1,RLNGTH( I» 

120 CONTINUE 

C------------------------------------------------------------
C OUTPUT VALUES OF SOURCE STRENGTH DISTRIBUTIONS AND 
C IMPORTANT DYNAMIC AND GEOMETRIC VARIABLES. 

C------------------------------------------------------------

C 
C 

DO 110 1=1,NCAP 
WRITE(3,530)RON L( I ),XJ( I), YJ( I ),ZJ( I ),RLNGTH( I) 
WRITE(3,535 )COSL( I ),COSM( I ),COSN( I) 

DO 110 J=1,NDIS+1 
WRITE(3,540)U( I,J) 

110 CONTINUE 
WRITE(3,545 )SUMNET 
WR ITE(3,550)SUMOUT 
STOP 

510 FORMAT(3(2X,E10.4» 
515 FORMATe STARTING PRIMARY ITERATION ',12) 
516 FORMATe AT CAPILLARY ',12) 
518 FORMAT(4(2X,E10.4» 
5"19 FORMAT(2(2X,E10.4» 
520 FORMAT(2(2X,12» 
521 FORMAT(E10.4) 
522 FORMAT(3(2X,E10.4» 
525 FORMATe "·NO CONVERGENCE IN 25 ITERATIONS···') 
530 FORMAT(5(2X,F7.3» 
535 FORMAT(3(2X,F18.15» 
540 FORMAT(2X,E21.15) 
545 FORMATe THE NET FILTRATION IS ',E14.8) 
550 FORMATe THE NET OUTFLOW IS ',E14.8) 

END 

SUBROUTINE GAUSS(A,X,B,N) 

C------------------------------------------------------------
C GAUSS IS A SUBROUTINE WHICH TAKES A SQUARE MATRIX 
C AND REDUCES IT AND THE "B" VECTOR OF AX=B BY GAUSS 
C ELIMINATION (1ST SET OF NESTED DO LOOPS) THEN USES 
C BACK SUBSTITUTION TO CALCULATE X (2ND SET OF NESTED 
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Listing 11.1 Program for Multicapillary Exchange (continued) 

C DO LOOPS). 

C------------------------------------------------------------

C 
C 

IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
DIMENSION A(11,11 ),B(11 ),X(11) 
D011=1,N-1 

DO 2 J=I+1,N 
S=-A(J, 1)/ A(I,I) 
B(J )=B(J )+B( I )*5 
DO 3 K=I+1,N 

A(J,K)=A( I,K)*S+A(J,K) 
3 CONTINUE 
2 CONTINUE 
1 CONTINUE 

DO 5 I=N,1,-1 
SUM=O. 
DO 6 J=I+1,N 

SUM=SUM+X(j)* A( I,J) 
6 CONTINUE 

X( I )=( B(I )-SUM)/ A( I, I) 
5 CONTINUE 

RETURN 
END 

FUNCTION TFLOW(U,N,R) 

C------------------------------~-----------------------------
C TFLOW INTEGRATES THE DISCRETE SOURCE STRENGTH DISTRIBUTION 
C OF A GIVEN CAPILLARY TO GIVE ITS TOTAL VOLUMETRIC 
C (NON DIMENSIONED) FLOW RATE. THIS IS DONE BY A COMPOSITE 
C SIMPSON'S RULE. A POSITIVE VALUE FOR TFLOW DENOTES A NET 
C EFFLUX FROM THE CAPILLARY AND A NEGATIVE VALUE DENOTES A 
C NET INFLUX. 

C------------------------------------------------------------

C 

IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
DIMENSION U(N) 
PI=3.141592654 
SUM=O. 
DO 10 1=1,N 

COEF=3.-( -1.)**( 1-1) 
I F( I. EQ.1.0R.I.EQ.N )COEF=1. 
SUM=SUM+COEF*U (I) 

10 CONTINUE 
TFLOW=SUM*2. *PI* R/(6. * FLOAT«1'I-1 )/2)) 
RETURN 
END 
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Listing 11.1 Program for Multicapillary Exchange (continued) 

C 
FUNCTION FH(X,Y,H) 

C------------------------------------------------------------
C FH CALCULATES THE INDIVIDUAL LOGARITHMS OF THE SUMMATION OF 
C LOGARITHMS IN THE DIAGONAL TERMS OF THE COEFFICIENT 
C MATRIX 

C------------------------------------------------------------

* 

* 

IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
COMMON RJ,RM,RP 
F(X, Y)= DSQRT(X*X +y*y) 
DJ=O. 
DM=O. 
DP=O. 
I F(Y .GT.1.E-5 )THEN 

DJ=F(RJ*H-X, Y) 
DM=F( RM*H-X, Y) 
DP=F(RP*H-X,Y) 

ENDIF 
FH=(2. * D J - DP- DM )/H 
I F(DABS(X/H-RM).GT.1.E-5 )FH=FH+(X/H-RM)*DLOG« RJ*H-X+DJ)/ 

(RM*H-X+DM» 
IF(DABS(RP-X/H).GT.1.E-5 )FH=FH+(RP-X/H)*DLOG« RP*H-X+DP)/ 

(RJ*H-X+DJ» 
RETURN 
END 
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Variable 

A 

ARTEND 

A1 

B 

B1 

CK 

CKTISS 

COSi 

DELPI 

DREF 

FH 

H 

NCAP 

NDIS 

PA 

PARAT 

PONC 

PREF 
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Table 11.1 Important Variables in Program MLTCAP 

Definition 

The coefficient matrix in Ax = b. 

Arterial end of capillary network. Entered without 
dimensions. 

Array which holds values of ak jj(t), defined in . ' Equation 11.4. 

The b vector in Ax = b. 

Array which holds values of bk jj(t), defined in , 
Equation 11.6. 

Array of capillary wall conductivity coefficients 
(cm/(sec cmH20)) for third order. polynomial 
representation. After input, are nondimensionalized 
with DREF and CKTISS 

Tissue conductivity (cm2/(sec cmH20) 

Array of direction cosines. i = L, M or N for x, y or 
z direction cosine, respectively. 

PONC/PREF 

Axial reference length (cm). 

Function subroutine which calculates (I or n. 
Array of interpoint distances. 

Total number of capillaries. 

Number of equal sized partitions each capillary is 
split into. Current maximum is 10. 

Array of arterial pressures (cmH20). 

PA/PREF 

Array of oncotic pressures (cmH20) 

Reference pressure (cmH20). Usually the capillary 
arterial hydrostatic pressure is used. 
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Table 11.1 Important Variables in Program MLTCAP (continued) 

Variable 

PV 

PVRAT 

RADIUS 

RK{Z) 

RLNGTH 

RONL 

SUM 

SUMOUT 

SUMNET 

SUM1 

SUM2 

SUM3 

TEST 

TFLOW 

U 

UHOLD 

Definition 

Intraluminal venous hydrostatic pressure (cmH20). 

PV/PREF 

Radius of capillary (em). 

Function statement for calculating variable 
capillary wall conductivity. 

Array of capillary lengths. 

Array of scaling factors, e: 2
, usually set equal to 

0.01. 

Use in main program--holds the sum of 12 j,ii( ih) 
terms for diagonal element. 

Holds the total exchange value. 

Holds the net filtration value. 

Holds the running sum of other capillary inputs to 
be put into the b vector (i.e., Ok jj(ih)uk(jh». , 

Sums the NCAP-1 logarithm terms for diagonal 
element. The log term for the iith capillary is not 
included. 

Similar to SUM1 except sums only Ok ii(ih) terms , 
for diagonal term. 

Array holding the maximum relative error of each 
capillary for convergence tests. 

Function subroutine calculating, depending upon 
input, net filtration or net exchange. 

The unknown vector of the source strengths at 
discrete points (to be solved for). It is the same as 
x in Ax = b. 

Temporary holding array for recently calculated 
source strength distributions. 
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Table 11.1 Important"Variables in Program MLTCAP (continued) 

Variable 

VENEND 

XE, YE,l E 

XJ,YJ,lJ 

lREL 

Definition 

Venous end of capillary network. Entered without 
dimensions. 

Coordinates of venous end of capillary. Entered 
without dimensions. 

Coordinates of arterial end of capillary. Entered 
without dimensions. 

The relative distance along the z axis, from arterial 
to venular network ends. Used for variable 
capillary wall permeability. 



161 

Listing 11.2 Input Data to Program MLTCAP (MLTCAP.DA3) 

.05 25. .00000001 
3 10 

+.100E-04 O. O. O. 
-.15 1.13 

.0005 
O. O. -.14 
O. o. .61 
25. 25.0 10 • 

• 0005 
O. o. .61 
o. .53 1.14 
25.0 25.0 10 • 

• 0005 
O. o. .61 
o. -.53 1.14 
25.0 25.0 10. 



Table 11.2 Associated Variables for Data in MLTCAP.DA3 

. Line 

1 

2 

3 

4 

Variable 

DREF 
PREF 
CKTISS 

NCAP 
NDIS 

CK(1 ) 
CK(2) 
CK(3) 
CK(4) 

ARTEND 
VENEND 

(The following lines are repeated for each capillary) 

5 

6 

7 

8 

RADIUS 

XJ 
YJ 
ZJ 

XE 
YE 
ZE 

PA 
PV 
PONC 

Field 

3(2X,E10.4) 

2(2X,12) 

4(2X,E10.4) 

2(2X,E10.4) 

E10.4 

3(2X,E10.4) 

3(2X,E1 0.4) 

3( 2X, E1 0.4 ) 
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Listing 11.3 Output Data from Program ML TeAP 

3 10 
0.010 0.000 0.000 -0.140 0.750 

0.000000000000000 0.000000000000000 1.000000000000000 
0.139658973996271E+00 
0.913224689740631E-01 
0.874068538013559E-01 
0.843740125814579E-01 
0.822208799447441E-01 
0.804275809446197E-01 
0.787333110284717E-01 
0.769043307498766E-01 
0.745716374599032E-01 
0.711459999812523E-01 
0.508898604319474E-01 

0.010 0.000 0.000 0.610 0.750 
0.000000000000000 0.707106781186548 0.707106781186547 

0.508898603690661E-01 
0.671048093991224E-01 
0.715272549402803E-01 
0.743389353331318E-01 
0.765463457283112E-01 
O.785458224670653E-01 
0.805878679632936E-01 
0.829425904926048E-01 
0.861335551173807E-01 
0.901729484297957E-01 
0.138137983558572E+00 

0.010 0.000 0.000 0.610 0.750 
0.000000000000000 -0.707106781186548 0.707106781186547 

0.508898602990931E-01 
0.671048093527368E-01 
0.715272549080690E-01 
0.743389353085058E-01 
0.765463457084348E-01 
0.785458224504200E-01 
0.805878679489596E-01 
0.829425904799626E-01 
0.861335551059499E-01 
0.901729484192220E-01 
0.138137983544215E+00 

THE NET FILTRATION IS 0.11360332E+01 
THE NET OUTFLOW IS 0.11360332E+01 
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Table 11.3 Associated Variables for Output Data from Program ML TeAP 

Line Variable Field 

(The following 13 lines are repeated for each capillary) 

1 RONL 
XJ 
YJ 
ZJ 
RLNGTH 5(2X,~7 .3) 

2 eOSL 
eOSM 
eOSN 3(2X,F18.15) 

3 U( 1,1) 2X,E21.15 

4 U(I,2) 2X,E21.15 

5 U( 1,3) 2X,E21.15 

6 U(I,4) 2X,E21.15 

7 U( 1,5) 2X,E21.15 

8 U (1,6) 2X,E21.15 

9 U( 1,7) 2X,E21.15 

10 U( 1,8) 2X,E21.15 

11 U( 1,9) 2X,E21.15 

12 U( 1,10) 2X,E21.15 

13 U(I,11) 2X,E21.15 

(Previous to last line) 

SUMNET THE NET 
FILTRATION IS 
',E14.8 

(Last line) 

SUMOUT THE NET 
OUTFLOW IS 
',E14.8 



APPENDIX III 

SOLUTION FORMULATION AND IMPLEMENTATION 
FOR FIN ITE TI SSUE SPACE 

In the last section of Chapter 3, the equations for fluid exchange in a capillary 

network placed in a semi-infinite medium were partially developed. To review, the 

medium is bounded by two opposed boundaries, planar and infinite in extent. The nature 

of the boundaries and boundary conditions allowed a formulation of a solution using the 

method of images. The resulting equation describing fluid flow for this configuration is 

Equation 3.49: 

ui(1,t) = [~RJ [i(t) _ ~ Jli ui(1,s) [ 1 + 
t . 0 .... (s - t) 2 + e: It 

I 

n=a:> 

~ 
n=-a:> 
n;eO 

~ ~ Jo
lk 

k=1 
k;ei 

111.1 
n=-a:> 
n;eO 
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where xk(s;n) is given by: 

xk(s;n) = 2nd - xk(s) 111.2 

where d is tne perpendicular distance from the boundaries to the yz plane. 

Equation 3.44, which corresponds to the infinite tissue case, is obtained from 

Equation 111.1 by excluding both infinite series. Therefore, further development of the 

bounded tissue equation could proceed similarly to that of Equation 3.44. Then, for each 

term arising from the original tissue pressure equation as a result of the special provisions 

for integration along the ith capillary and dealing with the common points, there will be 

an associated infinite series. Since each infinite series describes the effect of the virtual 

capillaries they will be called virtual terms. Likewise, those corresponding to real 

capi lIaries wi II be called real terms. 

The virtual terms, however, need not be dealt with in exactly the same manner as 

the real terms. In fact, they afford some simplification because there will obviously not 

be the common point problem, and the virtual term corresponding to the ith capillary will 

not need the special provision for accurate integration, because it is considered as a 

distinct capillary away from the ith one. Therefore, their treatment will not exactly 

parallel that of the real terms. Since the real terms are treated in exactly the same 

fashion as before, the virtual terms are merely added to the appropriate part of the 

matrix equation. Therefore, the remainder of this discussion will concentrate on only the 

virtual terms. 

Although there are some simplifications in dealing with the virtual terms over their 

real counterparts, there are also some complications. The first, and obvious, 

complication is that of summing the infinite series. The second is the slightly different 

form of the numerators of the real and virtual terms. When dealing with the numerators 

of the reai terms alone, they could be made to have identical form (i.e., I(s - t) 2 + e: 4 
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and /(s - bk i(t)) 2 + (ak i(t)) 2), thereby simplifying computer implementation. This can , , 

be done with the virtual terms, however, not without creating different forms of the 

infinite series. Since each form would require a different acceleration scheme, a 

different method of dealing with the virtual terms is used. 

The virtual term for the ith capillary is: 

For the remaining N - 1 capillaries the term is: 

For accurate numerical integration, the lambda function is used again. However, 

whereas its use before allowed a closed form eval uation of the integrals (cf. 

Equation 11.20), such an evaluation now will yield different forms of the infinite series, 

which, as mentioned before, is to be avoided. In order to do this, the integrals involving 
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the lambda function are evaluated numerically. Since the lambda function replaces the 

true source strength distribution with a piecewise linear approximation, simple trapezoidal 

integration would be equally accurate as the closed form solution. 

To obtain the form of the numerical integration, first replace the two terms being 

summed with the general function fk i(s,t): , 

fk '(s t) = ,I , nfco (-1)n l 1 + 
n=1 '!(2nd - xi(t) - Xk(S))2+ (Yi(t) - Yk(S))2+ (zi(t) - Zk(S))2 

'(2nd + XiI') + Xk(S)) , + (Yi(:) - Yk(S)) , + (zi( ') - zk(s)) ~ 111.3 

The form of the integral, where the source strength distribution is approximated with the 

lambda function, is: 

J

lk .!!!. Jlk 
uk(1,s) fk,i(S,t) ds = L uk(jhk) Aj(S) fk,i(s,t) ds 

o j=O 0 

111.4 

Ik 
where m has the value of 10 and hk =10' The integral on the right hand side of 

Equation 111.4 is then replaced with a five partition trapezoidal rule approximation, which, 

after substituting the definition of the lambda function, becomes: 
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111.5 

where, if j = 0, the first two of the added terms on right hand side are ignored, and the 

last two terms on the right hanu side are ignored for j = 11. T is used as a counter for 

the trapezoidal integration and is different than the counter, j, for the overall integration 

of the tissue pressure term. 

The terms on the right hand side of Equations 111.4 must be added to the real terms 

originally included in Ax = b. When k = i, and replacing t with ih, the i,j integral is an 

additional coefficient to be added to i ,j coefficient of the A matrix. When these 

equat:ons are applied to the N - 1 other capillaries, the summation of all their inputs are 

placed in the b vector. What remains is the evaluation of fk i(s,t). The function, being , 

an alternating sign harmonic series, converges slowly. Therefore, an acceleration scheme 

must be used. 

Acceleration is accomplished through finding components in powers of .1 of the 
n 

two summed terms in Equation 111.3. These components are found by the expansion of the 

individual terms in the series. Simple forms of power series such as this, have closed form 

summations: 

- n(p) = 
00 

~ (-1)k 
kP 

111.6 

k=1 

where n(p) is tabulated in Abramowitz and Stegun (1972). The first step is to subtract 
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and add the components to the two individual terms. The subtracted part is left as is and, 

when evaluated and subtracted from the actual series terms, cancels the lower power 

series components, leaving a power series that converges as ~1 where p is the greatest 
nP+ 

power of the components. The added terms are evaluated in closed form through 

Equation 111.6. 

The general form of each term in the function fk i(s,t) is: , 
1 

and, through rearranging: 

1 

1 _ [ [p 2 + r; 2 P J]2 ---=----- = (2nd) 1 1 + (2nd)2 ± nd 
,I r; 2 + (2nd ± p)2 

111.7 

The rightmost term is expanded with the binomial theorem for large n, retaining six terms. 

For the negative sign case this yields: 

p] 3[p2+r;2 
- nd + '8 (2nd)2 -

2 

:d] -

231 p2 + r; 2 p 

1024 [(2nd)2 - nd] J 111.8 

For the positive sign case the analogous equation is: 
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1 _ - [ 1[p2+,2 pJ 3[p 2 +,2 pJ2 
-.;=,:;:2 =+=(:::2=nd::;:=+=p=):;-2 - (2nd) 1 1 -"2 (2nd)2 - nd + 8' (2nd)2 - nd 

.£...J5 + 
nd 

111.9 

By fully expanding each term on the right hand sides of Equation 111.8 and 111.9 and 

collecting terms of like power of the quantity 2nd, the two terms of the summation are 

approximated by: 

111.10 

1 
Subtracting this from the series term by term, the series sums as jiJ. With each 

succeeding power of the component added to the approximation, less terms are required in 

the summation, however each term requires more calculation. There is some point, 

dependent upon the desired degree of accuracy, at which including more correction terms 

does not result in less computational time. For accuracy to seven places, this occurs 

after the third correction term in Equation 111.10. Including the next term will not 

decrease the number of terms required to meet seven place accuracy by a great enough 

amount to offset the amount of calculation required for each term. 

When implemented, the right hand side of Equation 111.10 is subtracted from and 

added to the two terms being summed, which are of the form of the left hand side. The 

added part is summed in closed form using Equation 111.6. The other terms are calculated 
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as is, and added together. As mentioned before, this forms a series which has a 

1 convergence on the order of ='1' 
n 

Computer Implementation 

Program FIN IT is very similar to program MLTCAP, and the program steps are 

identical. The only changes are those of adding in the contributions of the virtual 

capillaries to the diagonal, off diagonal and b vector terms. These contributions are 

calculated in the function subroutine OMPR, which relies on function subroutine ACCEL. 

Listing 111.1 gives the FORTRAN code for FIN IT, with the important program variables 

listed in Table 111.1. The input to the program is the same as the input to MLTCAP, with 

the additional variable, d, added to line two. A simple two capillary data file is shown in 

Listing 111.2 with the associated data types given in Table 111.2. The output from Fl N IT is 

identical to that of MLTCAP. 



Listing 111.1 Program for Bounded Tissue Space 

PROGRAM FINIT 

C------------------------------------------------------------
C FIN IT CALCULATES THE SOURCE STRENGTH DISTRIBUTION AT 
C DISCRETE SITES ALONG CAPILLARIES IN A MULTICAPILLARY 
C SYSTEM, WITHIN A BOUNDED TISSUE SPACE. 
C FINIT ASSUMES THE FOLLOWING: 
C 
C 1) ALL CAPILLARIES ARE STRAIGHT 
C 2) EACH CAPILLARY HAS CONSTANT RADIUS 
C 3) BOUNDARIES ARE DISTANCE, DIST, AWAY FROM THE YZ PLANE 
C 4) A MAXIMUM OF 25 CAPILLARIES EXIST 

C------------------------------------------------------------
IMPLICIT DOUBLE PRECI SION (A-H,O-Z) 
CHARACTER*12 DATAIN,RESULT 
DIMENSION A(51,51 ),B(51 ),B1 (25,11 ),A1 (25,11) 
DIMENSION U(25,51 ),RON L(25 ),CK( 4 ),H(25 ),RLNGTH(25) 
DIMENSION DELPI (25 ),PARAT(25 ),PVRAT(25) 

,DIMENSION COSL(25 ),COSM(25),COSN(25) 
DIMENSION UHOLD(51 ),TEST(25 ),UOLD(25 ),Xj(25), Yj(25),ZJ(25) 
COMMON/BLK1/RM,RP 
COMMON/BLK2/COSL,COSM,COSN,Xj, YJ,ZJ,H 
COMMON/BLK3/D I ST 
LOGICAL TF 

C------------------------------------------------------------
C THE FOLLOWING FOUR LINES ARE FORTRAN FUNCTION STATEMENTS. 
C F(X,Y): SELF-EXPLANATORY 
C FF(X,Z,UL): THIS IS THE CLOSED FORM SOLUTION TO THE INTEGRAL 
C OF ONE OVER THE DISTANCE BETWEEN A POINT Z 
C ON THE CAPILLARY CENTERLINE TO A POINT ON 
C THE SURFACE OF THE CAPILLARY OF LENGTH UL 
C AND RADIUS X 
C D(XP,CS,T): THIS IS THE PARAMETRIC REPRESENTATION ALONG ONE 
C COORDINATE AXIS OF THE CAPILLARY AXIS WHERE XP 
C IS THE ORIGIN OF THE CAPILLARY (ARTERIOLAR END) 
C OF THE COORDINATE AXIS; CS IS THE RESPECTIVE 
C DIRECTION COSINE; AND T IS THE PARAMETRIC VARIABLE 
C HAVING VALUES FROM 0 (ARTERIOLAR END) TO UL 
C (SEE ABOVE)(VENOUS EN D) 
C RK(Z): CALCULATES THE CAPILLARY WALL CONDUCTIVITY AS 
C A FUNCTION OF THE RELATIVE DISTANCE FROM THE 
C ARTERIOLAR END OF THE CAPILLARY BED 

C------------------------------------------------------------
F(X, Y)=DSQRT(X*X+Y*Y) 
FF(X,Z, UL)=DLOG (( UL - Z +F(X,UL- Z) )/( - Z +F(X,-Z») 
D( X P,C S, T)=XP+CS*T 
RK( Z)=CK(1)+ Z*(CK(2)+ Z*(CK(3)+ Z*CK( 4») 
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Listing 111.1 Program for Bounded Tissue Space (continued) 

C------------------------------------------------------------
C IMPORTANT VARIABLES 

C------------------------------------------------------------
C CK-THE ARRAY OF CAPILLARY WALL CONDUCTIVITY COEFFICIENTS 
C (CM/(SEC-CM H20», WHICH ARE THEN NONDIMENSIONALIZED 
C CKTISS-TISSUE CONDUCTIVITY (CM**2/(SEC-CM H20» 
C COSL,COSM,COSN-ITH CAPILLARY DIRECTION COSINES WITH 
C RESPECT TO X, Y,Z AXES 
C DELPI-RATIO OF ONCOTIC PRESSURE OF ITH CAPILLARY TO PREF 
C DIST-THE DISTANCE BOUNDARIES ARE AWAY FROM YZ PLANE 
C DREF-REFERENCE LENGTH (5.E-2 CM) 
C H-THE DISTANCE BETWEEN DISCRETIZATION POINTS OF THE ITH 
C CAPILLARY 
C NCAP-NUMBER OF CAPILLARIES TO BE MODELLED 
C NDIS-THE NUMBER OF DISCRETE PARTITIONS ALL CAPILLARIES 
C WILL BE DIVIDED INTO 
CPA-ARTERIOLAR PRESSURE OF THE ITH CAPILLARY (CM H20) 
C PARAT-RATIO OF PA TO PREF 
C PONC-NET ONCOTIC PRESSURE IN THE ITH CAPI LLARY (CM H20) 
C PREF-REFERENCE PRESSURE (CM H20) 
C PV-VENOUS PRESSURE OF THE ITH CAPILLARY (CM H20) 
C PVRAT-RATIO OF PV TO PREF 
C RADIUS-RADIUS OF ITH CAPILLARY (CM) 
C RLNGTH-NONDIMENSIONED (WITH DREF) LENGTH OF ITH 
C CAPILLARY 
C RONL-RATIO OF RADIUS TO DREF 
C U-ITH CAPILLARY DISCRETE SOURCE STRENGTH DISTRIBUTION 
C Xj,Yj,Zj-COORDINATES OF ARTERIOLAR END OF CAPILLARY 
C CENTERLINE (NONDIMENSIONED WITH DREF) 
C XE,YE,ZE-COORDINATES OF VENOUS END OF CAPILLARY 
C CENTERLINE (NONDIMENSIONED WITH DREF) 

C----------------------------------------------------------
C-----------------------------------------------------------
C SOME FORTRAN COMPILERS REQUIRE SINGLE QUOTES AROUND 
C THE DATA FILE SPECIFICATION, WHEN INPUTTED AS IN THE 
C FOLLOWING WAY (FREE FORMAT) 

C-----------------------------------------------------------
WRITE(* ,*)'What file is data located in? ' 
READ(*,*)DATAIN 
WRITE(*,*)'Which file do the results go? ' 
READ(*,*)RESULT 
OPEN(2,FI LE=DATAIN,STATUS='OLD') 
OPEN(3,FI LE=RESULT,STATUS='N EW') 
READ(2,510)DREF,PREF,CKTISS 
READ(2,520)NCAP,N DI S, DIST 
WR ITE(3,520)NCAP,N DI S, DI ST 
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Listing 111.1 Program for Bounded Tissue Space (continued) 

READ(2,518 )(CK( 1),1=1,4) 
READ(2,519)ARTEND,VENEND 
DO 10 1=1,NCAP 

READ(2,521 )RADI US 
READ(2,510)Xj (I), Y J( I),lj (I) 
READ(2,51 O)XE, YE,1 E 
READ(2,522)PA,PV,PONC 
RLNGTH( I )=F(XJ (I )-XE, F(YJ (I )-YE, IJ( I )-l E» 
COSL( I )=(XE-Xj (I »/RLNGTH( I) 
COSM( I )=(YE-YJ (I »/RLNGTH( I) 
COSN (I )=( I E-ZJ (I »/RLNGTH( I) 
RON L( I )=RADI US/DREF 
PARAT( I )=PA/PREF 
PVRAT(I)=PV/PREF 
DEL PI (I )=PONC/PREF 
H( I )=RLNGTH( I )/FLOAT(N 01 S) 

10 CONTINUE 

C-----------------------------------------------------------
C ALTHOUGH RADIUS IS ENTERED FOR EACH CAPILLARY, IT IS 
C ASSUMED CONSTANT HERE 

C-----------------------------------------------------------
DO 15 1=1,4 

CK( I )=CK( I )*RADIUS/CKTISS 
15 CONTINUE 

DO 20 1=1,NDIS+1 
DO 20 J=1,NCAP 

20 U(J,I)=O. 
DO 25 1=1,NCAP 

25 UOLD( I )=0. 

C------------------------------------------------------------
C THE FOLLOWING NESTED DO LOOPS, COMPRISE THE ENTIRE 
C CALCULATION OF THE DISCRETE SOURCE STRENGTH DISTRIBUTIONS 
C OF ALL CAPILLARIES. 

C------------------------------------------------------------
COO 30 
C 1ST LOOP (1ST INDENTATION) PROVIDES A MAXIMUM NUMBER OF 
C ITERATIONS OVER ALL CAPILLARIES. IF CONVERGENCE DOES NOT 
C OCCUR IN ALOTTED ITERATIONS, AN ERROR MESSAGE IS WRITIEN. 
C ERROR CALCULATED IN DO LOOP 40 FOR EACH CAPILLARY IS COMPARED 
C WITH ERROR TOLERANCE, AND IF ALL CAPILLARIES FALL WITHIN 
C THE TOLERANCE, ITERATIONS ARE STOPPED AND RESULTS WRITIEN. 
C DO 40 (NESTED IN 30) 
C 2ND LOOP (2ND INDENTATION) CALCULATES THE DISCRETE SOURCE 
C DISTRIBUTION (VIA GAUSS ELIMINATION) IN THE 11TH CAPILLARY. 
C PLACING CURRENT DISTRIBUTION IN UHOLD, A RELATIVE ERROR IS 
C CALCULATED BY COMPARING CURRENT AND MOST RECENT DISTRIBUTION 
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Listing 111.1 Program for Bounded Tissue Space (continued) 

C OF THE 11TH CAPILLARY, FINDING THE MAX ERROR OF ALL DISCRETE 
C POINTS AND PLACING IT IN TEST. 
C DO 50 (N ESTED IN 40) 
C 3RD LOOP (3RD INDENTATION) APPLIES THE DISCRETIZED SOURCE 
C STRENGTH EQUATION TO EACH OF NDIS+1 POINTS ALONG THE 11TH 
C CAPILLARY, FILLING THE A MATRIX AND B VECTOR WITH APPROPRIATE 
C VALUES. THE DISTRIBUTION IS SOLVED IN LOOP 40 BY GAUSS 
C ELiM INATION. 
C DO 60 (NESTED IN 50) 
C 4TH LOOP (4TH INDENTATION) FILLS THE ITH ROW OF MATRIX A 
C AND THE ITH ELEMENT OF VECTOR B WITH APPROPRIATE VALUES 
C ACCORDING TO THE DISCRETIZED SOURCE STRENGTH EQUATION. 
C DO 70 (N ESTED IN 60) 
C 5TH LOOP (5TH INDENTATION) SPECIFICALLY FILLS PART OF THE 
C ITH VALUE OF THE B VECTOR WITH INPUTS FROM OTHER CAPILLARIES 
C USING THE MOST RECENTLY CALCULATED SOURCE STRENGTH DISTRIBUTION 
C FOR EACH. IF THE DISTANCE (DIST) IS 0., THEN A COMMON POINT 
C IS ENCOUNTERED. ITS LOCATION ALONG THE 11TH CAPILLARY, THE 
C OTHER CAPILLARY IT BELONGS TO AND ITS LOCATION ALONG THIS 
C OTHER CAPILLARY ARE RECORDED IN ICMPT. 
C DO 65 (NESTED IN 50) 
C DUE TO THE SPECIAL HANDLING OF OTHER CAPILLARY INPUTS, PART 
C OF THEIR INPUT AFFECTS DIAGONAL TERMS OF THE A MATRIX. 
C THIS IS HANDLED HERE. 
C DO 75 (NESTED IN 40) 
C DO 85 (NESTED IN 75) 
C COMMON POINTS AFFECT OFF DIAGONAL TERMS OF ALL ROWS. SINCE 
C THEIR PRESENCE IS ONLY DETECTED AS THEY ARE COME ACROSS, 
C ADJUSTMENTS MUST BE MADE TO OFF DIAGONAL ELEMENTS OF ALL 
C ROWS (ALL ROWS BECAUSE NOTHING IS DONE TO THE OFF DIAGONAL 
C ELEMENTS OF THE COMMON POINT ROW OR ENSUING ROWS UPON 
C DETECTION). 

C------------------------------------------------------------

* 
* 

• 

DO 30 KK=1,25 
WRITE(*,515 )KK 
00 40 11=1,NCAP 

WRITE(·,516)1I 
DO 45 1=1,NDIS+1 

RI=FLOAT( 1-1 )*H( II) 
DO 55 K=1,NCAP 
IF( II.NE.K)THEN 
B1 (K,I )=COSL(K)*( D(XJ( II ),COSL( II ),RI )-XJ(K»+ 

COSM(K)*( D(Y J( II ),COSM( II ),RI )-Y J(K»+ 
COSN(K)~(D( ZJ( II ),COSN(II ),RI )-ZJ(K» 

C2=(XJ(K)-D(XJ( II ),COSL( II ),RI »·*2+ 
(Y J(K)- D(Y J( II ),COSM( II ),RI »·*2+ 

176 



• 

55 

45 

75 

Listing 111.1 Program for Bounded Tissue Space (continued) 

(ZJ(K)-D(ZJ( II ),COSN (II ),R I) )**2 
AHLD=DABS(C2-B1 (K, 1)*B1(K, I» 
A1 (K,I )=DSQRT(AHLD) 
I F(AHLD.LT.1.E-5)A 1 (K, I )=0. 
ENDIF 

CONTINUE 
B( I )=0. 
DO 45 J=1,NDIS+1 
A( I,J )=0. 

CONTINUE 
DO 50 1=1,NDIS+1 

RI=FLOAT( 1-1) 
SUM=O. 
SUM1=0. 
SUM2=0. 
SUM3=0. 
SUM4=0. 
DO 60 J=1,NDIS+1 
RJ=FLOAT(J -1) 
RM=RJ-1. 
RP=RJ+1. 
I F(J. EQ.1) RM=O. 
IF(J.EQ.N 01 5+1 )RP=FLOAT(N 01 5) 
IF(J.NE.I)THEN 

AHOLD=FH(R I*H( II ),RONL( II ),RJ,H( II)) 
A( I,J )=A( I,j )+AHOLD 
SUM=SUM+AHOLD 
A( I,j )=A( I,j )+OM PR(R I,Rj, II, II) 

ENDIF 
DO 70 K=1,NCAP 

IF( II.NE.K)THEN 
IF( F( Rj*H(K)-B1 (K, I ),A 1 (K, I )).GT.1. E-5 )THEN 

BB=FH( B1 (K, I ),F(A 1 (K, I) ,RON L( II)) ,Rj,H(K)) 
SUM 1=SUM1+BB* U(K,J) 
SUM3=SUM3+BB 

ELSE 
DO 75 IE=1,NDIS+1 
I F( I E.N E.I )THEN 

B B=FH( B1 (K, I E),F( A 1 (K, I E),RON L( II)) ,RJ,H( K)) 
B( IE)=B( IE)+BB*U(K,J) 
A( IE,I )=A( I E, I)+BB 

ENDIF 
CONTINUE 

ENDIF 
SUM4=SUM4+0M PR(RI,Rj, II,K) 

ENDIF 
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90 
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Listing 111.1 Program for Bounded Tissue Space (continued) 

CONTINUE 
CONTINUE 
DO 65 K=1,NCAP 
I F(K.NE.II )THEN 

RL=RLNGTH(K) 
R1=F( RL -B1 (K, I ),A1 (K, I» 
RO= F ( B 1 ( K, I ),A 1 ( K, I » 
RN=1. 
I F( DABS(RO+R1-RL).LT.1.E-5 )THEN 

UP=RL-B1 (K,I )+F(R1,RONL( II» 
DOWN=-B1(K, I)+F(RO,RON L( II» 

ELSE I F( DABS( RO-R1-RL).L T.1. E-5 )THEN 
UP=RO 
DOWN=R1 

ELSE I F( DABS( R1-RO-RL).L T.1. E-5 )THEN 
UP=R1 
DOWN=RO 

ELSE 
UP=RL -B1 (K, I)+R1 
DOWN=-B1 (K, I )+RO 

ENDIF 
SUM2=SUM2+RN·DLOG(UP/DOWN) 

ENDIF 
CONTINUE 
Z REL=( D( ZJ( II ),COSN (II ),R I·H( II »-ARTEN D)/(VENEN D-ARTEN D) 
A( I, I )=2./RK( Z REL)-( SUM3- SUM2)+ 

FF( RON L( II ),RI·H( II ),RLNGTH( II »-SUM+ 
OMPR(R I,RI, II, II) 

B( I )=B( I )+2. *(PARAT( II )-R I·H( II )·(PARAT( II )-PVRAT( 11»/ 
RLNGTH( II )-DELPI (II »-SUM1-SUM4 

CONTINUE 
CALL GAUSS(A, UHOLD,B,N 01 5+1) 
TEST( II )=0. 
DO 80 1=1,NDIS+1 

TEST( 11)= 
DMAX1 (TEST( II ),DABS«UHOLD(I )-U( 11,1 »/UHOLD( I») 
U( 11,1 )=UHOLD(I) 

CONTINUE 
TF=.TRUE. 
DO 90 1=1,NCAP 

IF(TEST(I).GT.1.E-6)TF=.FALSE. 
IF(TF)GO TO 100 

CONTINUE 
WRITE(3,525 ) 
STOP 

C------------------------------------------------------------
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Listing 111.1 Program for Bounded Tissue Space (continued) 

C NOW THAT ALL DISTRIBUTIONS ARE KNOWN, INTEGRATE EACH ACROSS 
C ITS CAPILLARY AND SUM TO OBTAIN TOTAL OUTFLOW FROM 
C MODEL. 

C------------------------------------------------------------
100 SUM=O. 

DO 120 1=1,NCAP 
DO 130 J=1,NDIS+1 

130 UHOLD(J)=U( I,J) 
SUM=SUM+TFLOW(UHOLD,NDI S+1,RLNGTH( I» 

120 CONTINUE 

C------------------------------------------------------------
C OUTPUT VALUES OF SOURCE STRENGTH DISTRIBUTIONS AND 
C IMPORTANT DYNAMIC AND GEOMETRIC VARIABLES. 

C------------------------------------------------------------

C 
C 

DO 110 1=1,NCAP 
WRITE(3,530)RON L( I ),XJ( I), YJ (I ),ZJ (I ),RLN GTH( I) 
WRITE(3,535)COSL( I),COSM( I ),COSN( I) 

DO 110 J =1, N D I S+1 
WRITE(3,540)U( I,J) 

110 CONTINUE 
WRITE(3,545 )SUM 
STOP 

510 FORMAT(3(2X,E10.4» 
515 FORMATe STARTING PRIMARY ITERATION ',12) 
516 FORMATe AT CAPILLARY ',12) 
518 FORMAT(4(2X,E10.4» 
519 FORMAT(2(2X,E10.4» 
520 FORMAT(2(2X,12),2X,E10.4) 
521 FORMAT(E10.4) 
522 FORMAT(3(2X,E10.4» 
525 FORMATe ···NO CONVERGENCE IN 25 ITERATIONS"·') 
530 FORMAT(5 (2X,F7.3» 
535 FORMAT(3(2X,F18.15» 
540 FORMAT(2X,E21.15) 
545 FORMAT(E14.8) 

END 

SUBROUTINE GAUSS(A,X,B,N) 

C------------------------------------------------------------
C GAUSS IS A SUBROUTINE WHICH TAKES A SQUARE MATRIX 
C AND REDUCES IT AND THE "B" VECTOR OF AX=B BY GAUSS 
C ELiM INATION (1 ST SET OF NESTED DO LOOPS) THEN USES 
C BACK SUBSTITUTION TO CALCULATE X (2ND SET OF NESTED 
C DO LOOPS). 

C------------------------------------------------------------
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IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
DIM ENSION A(51,51 ),B(51 ),X(51) 
DO 1 1=1,N-1 

DO 2 J=I+1,N 
S=-A(j, 1)/ A( I, I) 
B(j )=B(j )+B( I )*S 

DO 3 K=I+1,N 
A(j,K)=A( I,K)*S+A(j,K) 

3 CONTINUE 
2 CONTINUE 
1 CONTINUE 

DO 5 I=N,1,-1 
SUM=O. 
DO 6 J=I+1,N 

SUM=SUM+X(J)* A( I,J) 
6 CONTINUE 

X( I )=(B( I )-SUM)/ A( 1,1) 
5 CONTINUE 

RETURN 
END 

DOUBLE PRECISION FUNCTION TFLOW(U,N,R) 

C------------------------------------------------------------
C TFLOW INTEGRATES THE DISCRETE SOURCE STRENGTH DISTRIBUTION 
C OF A GIVEN CAPILLARY TO GIVE ITS TOTAL VOLUMETRIC 
C (NONDIMENSIONED) FLOW RATE. THIS IS DONE BY A COMPOSITE 
C SIMPSON'S RULE. A POSITIVE VALUE FOR TFLOW DENOTES A NET 
C EFFLUX FROM THE CAPILLARY AND A NEGATIVE VALUE DENOTES A 
C NET INFLUX. 

C------------------------------------------------------------

C 
C 

IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
DIMENSION U(N) 
PI=3.141592654 
SUM=O. 
DO 10 1=1,N 

COEF=3.-(-1.)**( 1-1) 
I F( I. EQ.1.0R.I.EQ.N )COEF=1. 
SUM=SUM+COEF*U( I) 

10 CONTINUE 
TFLOW=SUM*2. *PI*R/( 6. *FLOAT( (N -1 )/2)) 
RETURN 
END 

DOUBLE PRECISION FUNCTION FH(X,Y,RJ,H) 
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Listing 111.1 Program for Bounded Tissue Space (continued) 

IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
COMMON/BLK1/RM,RP 
F(X, Y)=DSQRT(X*X+Y*Y) 
Dj=O. 
DM=O. 
DP=O. 
I F(Y .GT.1. E-5 )THEN 

Dj=F(Rj*H-X, Y) 
DM=F(RM*H-X, Y) 
DP=F(RP*H-X,Y) 

ENDIF 
FH=(2. * Dj -DP-DM )/H 
I F( DABS(X/H-RM).GT.1. E-5)FH=FH+(X/H-RM)*DLOG«Rj*H-X+Dj)/ 

(RM*H-X+DM» 
I F( DABS(RP-X/H).GT.1. E-5)FH=FH+( RP-X/H)*DLOG«RP*H-X+DP)/ 

(Rj*H-X+Dj» 
RETURN 
END 

DOUBLE PRECISION FUNCTION ACCEL(SMT,R) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
COMMON/BLK3/D 
DIMENSION ETA(3),COEF(3) 
F(X)=DSQRT(SMT2+X*X) 
ETA(1 )=.6931472 
ETA(2)=.9015427 
ET A(3 )=.9721198 
R2=R*R 
SMT2=SMT*SMT 
COEF(1 )=1./D 
COEF(2 )=- (SMT2-2. *R2)/(2. * D)**3 
COEF(3 )=(3. *( SMT2-4. * R2)**2-40. * R2*R2 )/( 4. * (2. * D)**5) 
FTOG=1. 
ACCEL=O. 
IN=1 
N=50 

5 DO 20 I=IN,N 
RI=DBLE(I ) 
FTOG=FTOG*( -1.) 
PSUM=2./F(2.*RI*D) 
DO 25 j=1,3 

PSUM=PSUM-COEF(j )/RI**(2* j-1) 
25 CONTINUE 

ACCEL=ACCEL+FTOG*PSUM 
I F(DABS(PSUM). LT.1.E-7)GO TO 40 
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20 CONTINUE 
WRITE(*,140)N,PSUM 
IN=N+1 
READ(*,150)N 
GOTO 5 

40 DO 35 K=1,3 
ACCEL=ACCEL-COEF(K)*ETA(K) 

35 CONTINUE 
RETURN 

140 FORMAT(' "*ACCURACY CRITERION NOT SATISFIED AFTER ',13, 
*' ITERATIONS"*'/' PSUM = ',E10.4/ 
*' ENTER NEW UPPER BOUND FOR ITERATION (13)') 

150 FORMAT(l3) 

* 

* 

* 
10 

END 

DOUBLE PRECISION FUNCTION OMPR(RI,RJ,II,K) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
COMMON/BLK2/COSL,COSM,COSN,XJ,YJ,ZJ,H 
DIMENSION COSL(25),COSM(25),COSN(25) 
DIM ENSION XJ(25), YJ(25),Z J(25 ),H(25) 
F(X, Y)=DSQRT(X*X+Y·Y) 
D(XP,CS, T)=XP+CS*T 
SMT(X)=F( D(Y J(K),COSM(K),X*H(K»-D(Y J( II ),COSM( II ),RI*H( II», 

D( ZJ (K),COSN (K),X*H(K»-D(ZJ( II ),COSN (II ),RI*H( II») 
RST(X)=D(XJ( K),COSL(K),X*H(K»+ D(XJ( II ),COSL( II ),RI*H( II» 
FAC=1. 
I F( RJ. EQ.O •• OR. RJ. EQ.10.) FAC=.5 
OMPR=O. 
DO 10 1=2,4 

RJJ=DBLE( I) 
I F( RJ.N E.O. )OM PR=OM PR+ 

RJ J * .25* ACCEL( SMT( RJ -1.+RJj * .25 ),RST( RJ -1. +RJ J * .25» 
I F( RJ. N E. DB LE( M) )OM PR=OM PR+ 

(1. -RJJ* .25)* ACCEL(SMT(RJ+RJJ* .25 ),RST(RJ +RJJ* .25» 
CONTINUE 
OMPR=H(K)* .25*(OMPR+FAC* ACCEL(SMT( RJ ),RST( RJ ») 
RETURN 
END 

182 



Variable 

A 

ACCEL 

ARTEND 

A1 

B 

B1 

CK 

CKTISS 

COSi 

DELPI 

DIST 

DREF 

ETA(1 ) 

ETA(2) 

ETA(3) 

FH 

H 

NCAP 

NDIS 
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Table 111.1 Important Variables in Program FINIT 

Definition 

The coefficient matrix in Ax = b. 

Function subroutine which calculat.es the sum 
through acceleration of the alternating sign 
harmonic series •. 

Arteriolar end of capillary network. 
without dimensions. 

Entered 

Array which holds values of ak i(t), defined in , 
Equation 11.4. 

The b vector in Ax = b. 

Array which holds values of bk i(t), defined in , 
Equation 11.6. 

Array of capillary wall conductivity coefficients 
(cm/(sec cm H20)) for third order polynomial 
representation. After input, are nondimensionalized 
with DREF and CKTISS 

Tissue condl/':tivity (cm 2/(sec cm HzO) 

Arrc.\y of direction cosines. i = L, M or N for x, y or 
z direction cosine, respectively. 

PONC/PREF 

Distance that boundaries are away from yz plane. 

Axial reference length (cm). 

See Equation 111.6. p = 1. 

See Equation 111.6. p = 3. 

See Equation 111.,6. p = 5. 

Function subroutine which calculates n or n. 

Array of interpoint distances. 

Total number of capillaries. 

Number of equal sized partitions each capillary is 
split into. Current maximum is 10. 
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Table 111.1 Important Variables in Program FIN IT (continued) 

Variable 

OMPR 

PA 

PARAT 

PONC· 

PREF 

PV 

PVRAT 

RADIUS 

RK(Z) 

RlNGTH 

RONl 

RST 

SMT 

SUM 

SUM 

SUM1 

SUM2 

SUM3 

Definition 

Function subroutine which calculates input of 
virtual capillaries to matrix equation. 

Array of arteriolar pressures (cm HP). 

PA/PREF 

Array of oncotic pressures (cm H P) 

Reference pressure (cm HP). Usually the 
intraluminal arteriolar hydrostatic pressure. 

Intraluminal venular hydrostatic pressure (cm HP). 

PV/PREF 

Radius of capillary (cm). 

Function statement for calculating variable 
capillary wall conductivity. 

Array of capillary lengths. 

Array of scaling factors, e: 2, usually set equal to 
0.01. 

p in Equation 111.7. 

t; in Equation 111.7. 

First use in main program--holds the sum of nj,i(ih) 
terms for diagonal element. 

Second use in main program--holds the net 
filtration value. 

Holds the running sum of other capillary inputs to 
be put into the b vector (i.e., nk,i(ih)uk(jh». 

Sums the NCAP-1 logarithm terms for diagonal 
element. The log term for the ith capillary is not 
included. 

Similar to SUM1 except sums only nk i(ih) terms for 
I 

diagonal term. 
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Table 111.1 Important Variables in Program FIN IT (continued) 

Variable 

SUM4 

TEST 

THOW 

U 

UHOLD 

VENEND 

XE, YE,lE 

XJ,Yj,lJ 

lREL 

Definition 

Sums contributions from all virtual capillaries, 
except the ith capillary. 

Array holding the maximum relative error of each 
capillary for convergence tests. 

Function subroutine calculating, depending upon 
input, net filtration or net exchange. 

The unknown vector of the source strengths at 
discrete points (to be solved for). It is the same as 
x in Ax = b. 

Temporary holding array for recently calculated 
source strength distributions. 

Venular end of capillary network. Entered without 
dimensions. 

Coordinates of venous end of capillary. Entered 
without dimensions. 

Coordinates of arteriolar end of capillary. Entered 
without dimensions. 

The relative distance along the z 
arteriolar to venular network ends. 
variable capillary wall permeability. 

axis, from 
Used for 
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Listing 111.2 Input Data to FINIT (FINIT.DA2) 

• 05 25 • .0000001 
2 10 1.0 

+.1008E-04 +.1652E-04 -.3460E-04 +.1654E-03 
.02 1.02 
O. .5 0.02 
O. .5 1.02 
25. 25. 10. 
O. -.5 0.02 
O. -.5 1.02 
25. 25. 10. 
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Table 111.2 Associated Variables for Data in FIN IT. DA2 

Line Variable Field 

1 DREF 
PREF 
CKTISS 3(2X,E10.4) 

2 NCAP 
NDIS 
DIST 2(2X,12),2X, 

E10.4 

3 CK(1 ) 
CK(2) 
CK(3) 
CK(4) 4(2X,E10.4) 

4 ARTEND 
VENEND 2(2X,E10.4) 

(The following lines are repea ted for each capillary) 

5 RADIUS E10.4 

6 XJ 
YJ 
ZJ 3(2X,E10.4) 

7 XE 
YE 
IE 3(2X,E10.4) 

8 PA 
PV 
PONC 3(2X,E10.4) 



APPENDIX IV 

SUPPORTING COMPUTER PROGRAMS 

Five computer programs, in addition to those developed in the previous appendices, 

provided for many of the intermediate calculations and plots. The programs are written in 

FORTRAN, with the exception of one. To draw the contour plots on a Hewlett-Packard 

7475A plotter, a plotting routine was written in BASIC. 

The first of these, FORTRAN program NOINT, calculates the source strength 

distribution for no tissue pressure interaction. This program takes the data from a 

MLTCAP data file, and calculates the source strength distribution for the given effective 

pressure, Pc - ('11' C - 'I1't), with the tissue pressure, Pt , set to its background value which, in 

this study, is zero. Variables of the program, the format and variables of the input and 

output data are identical to that of MLTCAP (d., Appendix II). The source code is given 

in Listing IV.1. 

FORTRAN program SELF is also a program which is compatible with the input and 

output of MLTCAP. SELF goes one step further than NOINT by including the interaction 

of the local tissue pressure field, without the interaction of the surrounding capillaries, 

and, therefore, no iteration is required. Listing IV.2 gives the source code for SELF. 

The plotting of tissue pressure contours provides a visual inspection of fluid flow 

from simple, planar capillary networks. Of the FORTRAN compilers available to the IBM 

Personal Computer, however, none support graphics. Although BASIC on the IBM provides 

access to a wide variety of graphic functions for screen and plotter, it does not support 

the math coprocessor. When the tedious calculations for the contours were included in a 

BASIC plotting program plotting was extremely slow. As a result of this, two programs 
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were developed. One, in FORTRAN, performed the long calculations and outputted the 

locations of the contours. The other, a BASIC program, was then written to take these 

locations and plot them. 

The FORTRAN program is SFMLT, which uses the results from MLTCAP. The 

associated program SFFIN uses the results from FIN IT. SFMLT uses the solution to 

Laplace's Equation, Equation 3.39, to calculate tissue pressure val ues at various points in 

the interstitial space. FIN IT uses Equation 3.44. A mesh of equally spaced lines parallel 

to the z and y axes is laid over the tissue space. At all of the individual mesh points, the 

tissue pressure is calculated. These pressures are stored in a pressure output file, usually 

denoted by the extension .PRS. Both programs have provisions for using this file as input 

if the contours need to be replotted. In this way, recalculation of the pressure is 

avoided. Both programs call the subroutine CONTR which determines the points at which 

a contour crosses a mesh segment by linear interpolation between the tissue pressure 

values at the two mesh points on either side of the crossing point, when looking at mesh 

segments parallel to the z axis, or above and below the crossing point for mesh segments 

parallel to the y axis. Contour values are preset in subroutine CONTR, and have values 

ranging from -1.0 to 1.0. To adjust these to taken in the range of actual pressures, a 

factor is requested of the user by the program during runtime, after displaying the low 

ilnd high values of the tissue pressure. The factor is usually approximately equal to the 

high value of the tissue pressure. Results of these calculations are stored in an output 

contour file, usually denoted by a .CON extension. 

Program SFML T is given in Listing IV.3. Table IV.1 gives the important variables in 

the program. Listing IV.4 and Table IV.2 correspond to program SFFIN. For both 

programs, the pressure output files are identical. The same is true for the contour output 

files. A sample listing of both types of files are given in Listings IV.s and IV.6 with the 

associated data types given in Tables IV.3 and IV.4. 
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The final program, in Listing IV.7, gives the BAS IC source code for generating 

contour plots on the Hewlett-Packard 7475A plotter. The important variables are the 

same as those used in all the programs dealing with the calculation of fluid exchange. 

The output is in the form of contour plots of Chapter 4. The actual values of the 

contours, which are output to the screen, are added to the contours after they are 

plotted. 



Listing IV.1 Program for Fluid Exchange with No Interaction 

PROGRAM NOINT 

C------------------------------------------------------------
C NOINT CALCULATES THE SOURCE STRENGTH DISTRIBUTION AT 
C DISCRETE SITES ALONG CAPILLARIES IN A MULTICAPILLARY 
C SYSTEM, ASSUM ING NO TISSUE PRESSURE INTERACTION. 
C 
C 1) ALL CAPILLARI ES ARE STRAIGHT 
C 2) EACH CAPILLARY HAS CONSTANT RADIUS 
C 3) A MAXIMUM OF 75 CAPILLARIES EXIST 

C------------------------------------------------------------
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
CHARACTER·12 DATAIN,RESULT 
DIM EN SION A(11 ),B(11 ),UHOLD(11) 
DI M ENSION U(75, 11 ),RONL(75 ),CK( 4),H(75 ),RLNGTH(75) 
DI M EN SION DELPI (75 ),PARAT(75 ),PVRAT( 75) 
D 1M EN SION COSL(75 ),COSM(75 ),COSN(75 ),XJ(75), Y J (75 ),ZJ(75) 

C------------------------------------------------------------
C IMPORTANT VARIABLES 

C------------------------------------------------------------
C CK-THE ARRAY OF CAPILLARY WALL CONDUCTIVITY COEFFICIENTS 
C (CM/(SEC-CM H20», WHICH ARE THEN NONDIMENSIONALIZED 
C CKTISS-TISSUE CONDUCTIVITY (CM**2/(SEC-CM H20» 
C DELPI-RATIO OF ONCOTIC PRESSURE OF ITH CAPILLARY TO PREF 
C DREF-REFERENCE LENGTH (5.E-2 CM) 
C H-THE DISTANCE BETWEEN DISCRETIZATION POINTS OF THE ITH 
C CAPILLARY 
C NCAP-NUMBER OF CAPILLARIES TO BE MODELLED 
C NDIS-THE NUMBER OF DISCRETE PARTITIONS ALL CAPILLARIES 
C WILL BE DIVIDED INTO 
CPA-ARTERIOLAR PRESSURE OF THE ITH CAPILLARY (CM H20) 
C PARAT-RATIO OF PA TO PREF 
C PONC-NET ONCOTIC PRESSURE IN THE ITH CAPILLARY (CM H20) 
C PREF-REFERENCE PRESSURE (CM H20) 
C PV-VENOUS PRESSURE OF THE ITH CAPILLARY (CM H20) 
C PVRAT-RATIO OF PV TO PREF 
C RADIUS-RADIUS OF ITH CAPILLARY (CM) 
C RLNGTH-NONDIMENSIONED (WITH DREF) LENGTH OF ITH 
C CAPILLARY 
C RONL-RATIO OF RADIUS TO DREF 
C U-ITH CAPILLARY DISCRETE SOURCE STRENGTH DISTRIBUTION 
C XJ, YJ,ZJ-COORDINATES OF ARTERIOLAR END OF CAPILLARY 
C CENTERLINE (NONDIMENSIONED WITH DREF) 
C XE,YE,ZE-COORDINATES OF VENOUS END OF CAPILLARY 
C CENTERLINE (NONDIMENSIONED WITH DREF) 

C-----------------------------------------------------------
RK( Z )=CK(1)+ Z·(CK(2)+ Z*(CK(3)+ Z·CK( 4») 
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Listing IV.1 Program for Fluid Exchange with No Interaction (continued) 

D( XP,CS,T)=XP+CS*T 
F(X, Y)=DSQRT(X*X+Y*Y) 
WRITE(*,*)'What file is data located in? I 

READ(O,O)DATAIN 
WRITE(O,O)'Which file do the results go? I 

READ(*, * ) RESULT 
OPEN(2,FI LE=DATAIN,STATUS='OLD' ) 
OPEN(3,FILE=RESULT,STATUS='NEW' ) 
READ(2,510) DREF,PREF,CKTI SS 
READ(2,520)NCAP,N DIS 
WR ITE(3,520)N CAP,N 0 IS 
READ(2,518)(CK( 1),1=1,4) 
READ(2,519)ARTEN D,VENEND 
DO 10 1=1,NCAP 

READ(2,521 )RADIUS 
READ(2,510)XJ (I), Y J (I ),ZJ (I) 
READ(2,510)XE, YE,Z E 
READ(2,522)PA,PV,PONC 
RLNGTH( I )=F(XJ( I )-XE,F(Y J( I )-YE,ZJ( I )-Z E» 
COSL( I )=(XE-XJ( I »/RLNGTH( I) 
COSM( I)=(YE-YJ( I »/RLNGTH( I) 
COSN( I )=( Z E-Z J (I) )/RLNGTH( I) 
RONL( I)=RADIUS/DREF 
PARAT( I )=PA/PREF 
PVRAT(I)=PV/PREF 
DELPI( I )=PONC/PREF 
H( I)=RLNGTH( I )/FLOAT(NDIS) 

10 CONTINUE 

C-----------------------------------------------------------
C RADIUS IS ASSUMED CONSTANT, ALTHOUGH IT IS ENTERED WITH 
C EACH CAPILLARY 

C-----------------------------------------------------------

15 

* 
50 

DO 15 1=1,4 
CK( I)=CK( I )*RADI US/CKTI SS 

CONTINUE 
DO 40 11=1,NCAP 

WRITE(* ,516) II 
DO 50 1=1,NDIS+1 

RI=FLOAT(I-1) 
Z REL=( D( ZJ( II ),COSN( II ),RI*H( II »-ARTEN D)/(VENEN D-ARTEND) 
A( I )=1./RK( Z REL) 
B( I)=PARAT( II )-RI*H( 11)*( PARAT( II )-PVRAT( 11»/ 

RLNGTH( II )-DELPI (II) 
CONTINUE 
DO 55 J=1,NDIS+1 

U( II,J)=B(J)/ A(J) 
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Listing IV.1 Program for Fluid Exchange with No Interaction (continued) 

55 CONTINUE 
40 CONTINUE 

C------------------------------------------------------------
C NOW THAT ALL DISTRIBUTIONS ARE KNOWN, INTEGRATE EACH ACROSS 
C ITS CAPILLARY AND SUM TO OBTAIN TOTAL OUTFLOW FROM 
C MODEL. 

C------------------------------------------------------------
100 SUM=O. 

DO 120 1=1,NCAP 
DO 130 J=1,NDIS+1 

130 UHOLD(J)=U( I,J) 
SUM=SUM+TFLOW( UHOLD,NDI S+1,RLNGTH( I» 

120 CONTINUE 

C------------------------------------------------------------
C OUTPUT VALUES OF SOURCE STRENGTH DISTRIBUTIONS AND 
C IMPORTANT DYNAMIC AND GEOMETRIC VARIABLES. 

C------------------------------------------------------------

C 
C 

DO 110 1=1,NCAP 
WR ITE(3,530)RON L( I ),XJ( I), Y J( I),ZJ( I ),RLNGTH( I) 
WR ITE(3,535 )COSL( I ),COSM( I ),COSN( I) 

DO 110 J=1,NDIS+1 
WRITE(3,540)U( I,J) 

110 CONTINUE 
WRITE(3,545)SUM 
STOP 

510 FORMAT( 3( 2X,E1 0.4 » 
516 FORMAT(' AT CAPILLARY ',12) 
518 FORMAT(4(2X,E10.4» 
519 FORMAT(2(2X,E10.4» 
520 FORMAT(2(2X,12» 
521 FORMAT( E1 0.4) 
522 FORMAT( 3( 2X, E1 0.4 » 
530 FORMAT(5(2X,F7.3» 
535 FORMAT(3(2X,F18.15» 
540 FORMAT(2X,E21.15) 
545 FORMAT( E14.8) 

END 

FUNCTION TFLOW(U,N,R) 

C------------------------------------------------------------
C TFLOW INTEGRATES THE DISCRETE SOURCE STRENGTH DISTRIBUTION 
C OF A GIVEN CAPILLARY TO GIVE ITS TOTAL VOLUMETRIC 
C (NONDIMENSIONED) FLOW RATE. THIS IS DONE BY A COMPOSITE 
C SIMPSON'S RULE. A POSITIVE VALUE FOR TFLOW DENOTES A NET 
C EFFLUX FROM THE CAPILLARY AND A NEGATIVE VALUE DENOTES A 
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Listing IV.1 Program for Fluid Exchange with No Interaction (continued) 

C NET INFLUX. 

C------------------------------------------------------------
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
DIMENSION U(N) 
PI=3.141592654 
SUM=O. 
DO 10 1=1,N 

COEF=3.-( -1.)°·( 1-1) 
I F( I.EQ.1.0R.I.EQ.N )COEF=1. 
SUM=SUM+COEFOU( I) 

10 CONTINUE 
TFLOW=SUM02.* Plo R/(6. °FLOAT«N-1 )/2)) 
RETURN 
END 
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Listing IV.2 Program for Fluid Exchange with Self Interaction 

PROG RAM SELF 

C------------------------------------------------------------
C SELF CALCULATES THE SOURCE STRENGTH DISTRIBUTION AT 
C DISCRETE SITES ALONG CAPILLARIES IN A MULTICAPILLARY 
C SYSTEM, AND INCLUDES SELF INTERACTION TO THE EXCLUSION 
C OF CAPILLARY CAPILLARY INTERACTION. 
C SELF ASSUMES THE FOLLOWING: 
C 
C 1) ALL CAPILLARIES ARE STRAIGHT 
C 2) EACH CAPILLARY HAS CONSTANT RADIUS 
C 3) A MAXIMUM OF 75 CAPILLARIES EXIST 

C------------------------------------------------------------
IMPLICIT DOUBLE PRECI SION (A-H,O-Z) 
CHARACTER*12 DATAIN,RESULT 
DI MEN S ION A(11, 11 ),B(11 ),B1 (75,11 ),A 1 (75,11) 
DIM EN SION U(75, 11 ),RONL(75 ),CK(4 ),H(75 ),RLNGTH(75) 
DIMENSION DELPI(75 ),PARAT(75 ),PVRAT(75) 
DIM ENSION COSL(75 ),COSM(75 ),COSN(75) 
DIMEN SION UHOLD(11 ),TEST(75 ),UOLD(75 ),XJ (75), YJ(7S ),Z J(75) 
COMMON RJ,RM,RP 
LOGICAL TF 

C------------------------------------------------------------
C THE FOLLOWING FOUR LINES ARE FORTRAN FUNCTION STATEMENTS. 
C F(X,Y): SELF-EXPLANATORY 
C FF(X,Z,UL): THIS IS THE CLOSED FORM SOLUTION TO THE INTEGRAL 
C OF ONE OVER THE DISTANCE BETWEEN A POINT Z 
C ON THE CAPILLARY CENTERLINE TO A POINT ON 
C THE SURFACE OF THE CAPILLARY OF LENGTH UL 
C AND RADIUS X 
C D(XP,CS,T): THIS IS THE PARAMETRIC REPRESENTATION ALONG ONE 
C COORDINATE AXIS OF THE CAPILLARY AXIS WHERE XP 
C IS THE ORIGIN OF THE CAPILLARY (ARTERIOLAR END) 
C OF THE COORDINATE AXIS; CS IS THE RESPECTIVE . 
C DIRECTION COSINE; AND T IS THE PARAMETRIC VARIABLE 
C HAVING VALUES FROM 0 (ARTERIOLAR END) TO UL 
C (SEE ABOVE)(VENOUS END) 
C RK(Z): CALCULATES THE CAPILLARY WALL CONDUCTIVITY AS 
C A FUNCTION OF THE RELATIVE DISTANCE FROM THE 
C ARTERIOLAR END OF THE CAPILLARY BED 

C------------------------------------------------------------
F(X, Y)=DSQRT(X*X+Y*Y) 
FF(X,Z,UL)=DLOG( (UL-Z +F(X,UL-Z) )/( - Z +F(X,-Z») 
D(XP,CS,T)=XP+CS*T 
RK( Z )=CK(1)+ Z*(CK(2)+ Z*(CI«3)+ Z*CK(4») 

C------------------------------------------------------------
C IMPORTANT VARIABLES 
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Listing IV.2 Program for Fluid Exchange with Self Interaction (continued) 

C----~-------------------------------------------------------
C CK-THE ARRAY OF CAPILLARY WALL CONDUCTIVITY COEFFICIENTS 
t (CM/(SEC-CM H20», WHICH ARE THEN NONDIMENSIONALIZED 
C CKTISS-TISSUE CONDUCTIVITY (CM**2/(SEC-CM H20» 
C COSL,COSM,COSN-ITH CAPILLARY DIRECTION COSINES WITH 
C RESPECT TO X, Y,Z AXES 
C DELPI-RATIO OF ONCOTIC PRESSURE OF ITH CAPILLARY TO PREF 
C DREF-REFERENCE LENGTH (S.E-2 CM) 
C H-THE DISTANCE BETWEEN DISCRETIZATION POINTS OF THE ITH 
C CAPILLARY 
C NCAP-NUMBER OF CAPILLARIES TO BE MODELLED 
C NDIS-THE NUMBER OF DISCRETE PARTITIONS ALL CAPILLARIES 
C WILL BE DIVIDED INTO 
C. PA-ARTERIOLAR PRESSURE OF THE ITH CAPILLARY (CM H20) 
C PARAT-RATIO OF PA TO PREF 
C PONC-NET ONCOTIC PRESSURE IN THE ITH CAPILLARY (CM H20) 
C PREF-REFERENCE PRESSURE (CM H20) 
C PV-VENOUS PRESSURE OF THE ITH CAPILLARY (CM H20) 
C PVRAT-RATIO OF PV TO PREF 
C RADIUS-RADIUS OF ITH CAPILLARY (CM) 
C RLNGTH-NONDIMENSIONED (WITH DREF) LENGTH OF ITH 
C CAPI LLARY . 
C RONL-RATIO OF RADIUS TO DREF 
C U-ITH CAPILLARY DISCRETE SOURCE STRENGTH DISTRIBUTION 
C Xj,Yj,Zj-COORDINATES OF ARTERIOLAR END OF CAPILLARY 
C CENTERLINE (NONDIMENSIONED WITH DREF) 
C XE,YE,ZE-COORDINATES OF VENOUS END OF CAPILLARY 
C CENTERLINE (NONDIMENSIONED WITH DREF) 

C-----------------------------------------------------------
WRITE(·,·)'What file is data located in? ' 
READ(·,·)DATAIN 
WRITE(·,·)'Which file do the results go? ' 
READ(·,·)RESULT 
OPEN(2,FI LE=DATAIN,STATUS='OLD') 
OPEN(3,FILE=RESULT,STATUS='N EW') 
READ(2,S10)DREF,PREF,CKTISS 
READ(2,S20)NCAP,N DIS 
WR ITE(3,S20)NCAP,N DI S 
READ(2,S18 )(CK( I ),1=1,4) 
READ(2,S19)ARTEN D, VEN EN D 
DO 10 1=1,NCAP 

READ(2,S21 )RADIUS 
READ(2,S10)XJ( I), Y J( I ),ZJ( I) 
READ(2,S10)XE, YE,Z E 
READ(1,S22) PA,PV,PONC 
RLNGTH( I )=F(XJ( I )-XE,F(Y J( I )-YE,ZJ( 1)- Z E» 
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Listing IV.2 Program for Fluid Exchange with Self Interaction (continued) 

COSL( I )=(XE-XJ (I »/RLNGTH( I) 
COSM( I)=(YE-YJ( I »/RLNGTH( I) 
COSN( I )=( Z E-ZJ( I »/RLNGTH( I) 
RONL( I )=RADI US/DREF 
PARAT( I )=PA/PREF 
PVRAT(I)=PV/PREF 
DELPI( I )=PONC/PREF 
H( I )=RLNGTH( I )/FLOAT(N DIS) 

10 CONTINUE 

C-----------------------------------------------------------
C ALTHOUGH RADIUS IS ENTERED WITH EACH CAPILLARY, IT IS 
C ASSUMED CONSTANT 

C-----------------------------------------------------------
DO 15 1=1,4 

CK(I)=CK( I)*RADIUS/CKTISS 
15 CONTINUE 

DO 20 1=1,NDIS+1 
DO 20 J=1,NCAP 

20 U(J,I)=O. 
DO 25 1=1,NCAP 

25 UOLD( 1)=0. 

C------------------------------------------------------------
C THE FOLLOWING NESTED DO LOOPS, COMPRISE THE ENTIRE 
C CALCULATION OF THE DISCRETE SOURCE STRENGTH DISTRIBUTIONS 
C OF ALL CAPILLARIES. 

C------------------------------------------------------------
C DO 40 (NESTED IN 30) 
C 1ST LOOP (1ST INDENTATION) CALCULATES THE DISCRETE SOURCE 
C DISTRIBUTION (VIA GAUSS ELIMINATION) IN THE 11TH CAPILLARY. 
C PLACING CURRENT DISTRIBUTION IN UHOLD, A RELATIVE ERROR IS 
C CALCULATED BY COMPARING CURRENT AND MOST RECENT DISTRIBUTION 
C OF THE 11TH CAPILLARY, FINDING THE MAX ERROR OF ALL DISCRETE 
C POINTS AND PLACING IT IN TEST. 
C DO 50 (NESTED IN 40) 
C 2ND LOOP (2ND INDENTATION) APPLIES THE DISCRETIZED SOURCE 
C STRENGTH EQUATION TO EACH OF NDIS+1 POINTS ALONG THE 11TH 
C CAPILLARY, FILLING THE A MATRIX AND B VECTOR WITH APPROPRIATE 
C VALUES. THE DISTRIBUTION IS SOLVED IN LOOP 40 BY GAUSS 
C ELiM INATION. 
C DO 60 (NESTED IN 50) 
C 3RD LOOP (3RD INDENTATION) FILLS THE ITH ROW OF MATRIX A 
C AND THE ITH ELEMENT OF VECTOR B WITH APPROPRIATE VALUES 
C ACCORDING TO THE DISCRETlZED SOURCE STRENGTH EQUATION. 

C------------------------------------------------------------
DO 40 11=1,NCAP 

WRITE(*,516)1I 
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Listing IV.2 Program for Fluid Exchange with Self Interaction (continued) 

DO 45 1=1,NDIS+1 
RI=FLOAT( 1-1 )*H( II) 
B( I )=0. 
DO 45 J=1,NDIS+1 
A( I,J )=0. 

45 CONTINUE 

60 

* 
50 

DO 50 1=1,NDIS+1 
RI=FLOAT( 1-1) 
SUM=O. 
DO 60 J=1,NDIS+1 

RJ=FLOAT(j-1 ) 
RM=RJ-1. 
RP=RJ+1. 
IF(J.EQ.1)RM=0. 
IF(J.EQ.NDIS+1 )RP=FLOAT(N DIS) 
I F(J.N E.I)THEN 

AHOLD=FH(RI*H( II),RONL( II ),H(' I» 
A( I,J )=A( I,J)+ AHOLD 
SUM=SUM+AHOLD 

ENDIF 
CONTINUE 
ZREL=(D( ZJ( II ),COSN( II ),RI*H( II »-ARTEND)/(VEN EN D-ARTEN D) 
A( I, I )=2./RK( Z REL)+FF( RON L( II ),RI*H( II ),RLNGTH( II »-SUM 
B( 1)=2. *( PARAT( II )-R I*H( II )*(PARAT( II )-PVRAT( 11»/ 

RLNGTH( II)-DELPI( II» 
CONTINUE 
CALL GAUSS(A,UHOLD,B,NDIS+1) 
DO 80 1=1,NDIS+1 

80 U(II,I)=UHOLD(I) 
40 CONTINUE 

C------------------------------------------------------------
C NOW THAT ALL DISTRIBUTIONS ARE KNOWN, INTEGRATE EACH ACROSS 
C ITS CAPILLARY AND SUM TO OBTAIN TOTAL OUTFLOW FROM 
C MODEL. 

C------------------------------------------------------------
100 SUM=O. 

130 

DO 120 1=1,NCAP 
DO 130 J=1,NDIS+1 

UHOLD(J)=U( I,J) 
SUM=SUM+TFLOW(UHOLD,N 01 S+1,RLNGTH( I» 

120 CONTINUE 

C------------------------------------------------------------
C OUTPUT VALUES OF SOURCE STRENGTH DISTRIBUTIONS AND 
C IMPORTANT DYNAMIC AND GEOMETRIC VARIABLES. 

C------------------------------------------------------------
DO 110 1=1,NCAP 
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110 

510 
516 
518 
519 
520 
521 
522 
530 
535 
540 
545 

C 
C 

Listing IV.2 Program for Fluid Exchange with Self Interaction (continued) 

WRITE(3,530)RON L( I ),XJ( I), Y J( I ),ZJ( I ),RLNGTH( I) 
WRITE(3,535)COSL( I ),COSM( I ),COSN( I) 

DO 110 J=1,NDIS+1 
WRITE(3,540)U( I,j) 

CONTINUE 
WRITE(3,545 )SUM 
STOP 
FORMAT(3(2X,E10.4 » 
FORMAT(' AT CAPILLARY ',12) 
FORMAT( 4(2X,E10.4» 
FORMAT(2(2X,E10.4 » 
FORMAT(2(2X,12» 
FORMAT(E10.4) 
FORMAT(3(2X,E10.4 » 
FORMAT(5(2X,F7.3) ) 
FORMAT(3(2X,F18.15» 
FORMAT(2X,E21.15) 
FORMAT(E14.8) 
END 

SUBROUTINE GAU5S(A,X,B,N) 

C------------------------------------------------------------
C GAUSS IS A SUBROUTINE WHICH TAKES A SQUARE MATRIX 
C AND REDUCES IT AND THE "B" VECTOR OF AX=B BY GAUSS 
C ELIM INATION (1 ST SET OF NESTED DO LOOPS) THEN USES 
C BACK SUBSTITUTION TO CALCULATE X (2ND SET OF NESTED 
C DO LOOPS). 

C------------------------------------------------------------
IMPLICIT DOUBLE PRECI SION (A-H,O-Z) 
DIMENSION A(11,11),B(11),X(11) 
DO 1 1=1,N-1 

DO 2 j=I+1,N 
S=-A(j, 1)/ A( I, I) 
B(J)=B(J)+B( I)·S 

DO 3 K=I+1,N 
A(J,K)=A( I,K)· S+A(J,K) 

3 CONTINUE 
2 CONTINUE 
1 CONTINUE 

DO 5 I=N,1,-1 
SUM=O. 
DO 6 J=I+1,N 

SUM=SUM+X(j)· A( I,j) 
6 CONTINUE 

X( I )=(B( I )-SUM)/ A( 1,1) 
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C 
C 

Listing IV.2 Program for Fluid Exchange ~ith Self Interaction (continued) 

5 CONTINUE 
RETURN 
END 

FUNCTION TFLOW(U,N,R) 

C------------------------------------------------------------
C TFLOW INTEGRATES THE DISCRETE SOURCE STRENGTH DISTRIBUTION 
C OF A GIVEN CAPILLARY TO GIVE ITS TOTAL VOLUMETRIC 
C (NON DIMENSIONED) FLOW RATE. THIS IS DONE BY A COMPOSITE 
C SIMPSON'S RULE. A POSITIVE VALUE FOR TFLOW DENOTES A NET 
C EFFLUX FROM THE CAPILLARY AND A NEGATIVE VALUE DENOTES A 
C NET INFLUX. 

C------------------------------------------------------------

C 
C 

IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
DIMENSION U(N) 
PI=3.141592654 
SUM=O. 
DO 10 1=1,N 

COEF=3. -( -1. )**( 1-1) 
I F( I. EQ.1.0R.I. EQ. N )COEF=1. 
SUM=SUM+COEF*U( I) 

10 CONTINUE 

* 

TFLOW=SUM*2.*PI*R/(6.*FLOAT«N-1 )/2» 
RETURN 
END 

FUNCTION FH(X,Y,H) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
COMMON Rj,RM,RP 
F(X, Y)=DSQRT(X*X+Y*Y) 
Dj=O. 
DM=O. 
DP=O. 
IF(Y.GT.1.E-5)THEN 

Dj=F(Rj*H-X, Y) 
DM=F(RM*H-X, Y) 
DP=F( RP*H-X, Y) 

ENDIF 
FH=(2.*Dj-DP-DM)/H 
I F( DABS(X/H-RM).GT.1.E-5 )FH=FH+(X/H-RM)*DLOG« Rj*H-X+Dj)/ 

(RM*H-X+DM» 
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* 

Listing IV.2 Program for Fluid Exchange with Self Interaction (continued) 

I F( DABS(RP-X/H).GT.1.E-5 )FH=FH+( RP-X/H)* DLOG« RP*H-X+DP)/ 
(RJ*H-X+DJ» 

RETURN 
END 
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Listing IV.3 Program for Tissue Pressure and Contour Calculations-
Infinite Tissue Medium 

PROGRAM SFMLT 

C-------------------------------~----------------------------
C PROGRAM SFMLT DETERMINES TISSUE PRESSURE DISTRIBUTION IN A 
C TWO DIMENSIONAL SLICE OF TISSUE WITHIN WHICH CAPILLARIES 
C ARE EMBEDDED. 

C-----------------------------------------------------______ J 

CHARACTER DATAIN*12,PRESSURE*12,CONTOUR*12,ANS*1 
DIM EN SION P(75,50),WSP(500,2),NWSP(500,2) 
DIM ENS ION U(25, 11 ),RON L(25 ),XJ(25), Y J (25 ),ZJ (25 ),RLNGTH(25) 
DIMENSION COSL(25 ),COSM(25),COSN(25) 
COMMON/BLK1/XJ, YJ,Zj,NCAP,COSL,COSM,COSN,RLNGTH 
COMMON/BLK2/U 
COMMON/BLK3/N DIS 
IDX=75 
JDX=50 
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WRITE(*,*)' IS THIS A RECALCULATION OF CONTOURS USING PRESSURES' 
WRITE(*,*)' ALREADY CALCULATED? ("Y"(ES) OR "N"(O»? ' 
READ(*,*)ANS 
IF(ANS.EQ.'N')THEN 

WRITE(*,*)' TYPE DATA FILE: ' 
READ(*,*)DATAIN 
OPEN(2,FI LE=DATAI N,STATUS='OLD') 
WRITE(*,*)' TYPE PRESSURE OUTPUT FILE: ' 
READ(* ,*)PRESSURE 
OPEN(3,FI LE=PRESSURE,STATUS='N EW') 
READ(2,1 )NCAP,NDIS 
WRITE(3, 11 )NCAP 
DO 100 1=1,NCAP 

READ(2,2)RON L( I ),XJ (I), Y J( I ),ZJ( I ),RLNGTH( I) 
READ(2,3)COSL( I ),COSM( I),COSN( I) 
WRITE(3,4 )XJ( I), Y J( I ),ZJ( I ),RLNGTH( I) 
WRITE(3,3)COSL( I),COSM( I ),COSN( I) 

DO 100 J=1,11 
READ(2,5)U( I,J) 

100 CONTINUE 
WRITE(*,*)' ENTER NUMBER OF GRIDS ALONG Y-AXIS: ' 
READ(*,*)N 
WRITE(*,6) 
READ(* ,7)XCUT 
WRITE(3,7)XCUT 
DSQR=2./FLOAT(N) 
M=INT(2.5/DSQR)/2 
M=M*2 
WR ITE(3, 17)M,N 



Listing IV.3 Program for Tissue Pressure and Contour Calculations-
Infinite Tissue Medium (continued) 

ZI=.5 
PMIN=1.E30 
PMAX=-1.E30 
IMZ=(1+M+1 )/2 

C------------------------------------------------------------
C CALCULATING TISSUE PRESSURE 

C------------------------------------------------------------
DO 110 1=1,M+1 

Z=Z I+FLOAT( I-IMZ)-DSQR 
WRITE(·, 15) I 
DO 110 K=1,N+1 

Y=-1.+FLOAT(K-1)- DSQR 
P( I,K)=FCT( Z, Y,XCUT) 
WRITE(3,16)P( I,K) 
PMAX=AMAX1 (P( I,K),PMAX) 
PM IN=AM IN1 (P( I,K),PMI N) 

110 CONTINUE 
WRITE(3,14)PM IN,PMAX 
CLOSE(3) 

ELSE 
WRITE(-,-)' TYPE PRESSURE INPUT FI LE: ' 
READ(* ,*)PRESSURE 
OPEN (2,FI LE=PRESSURE,STATUS='OLD') 
READ(2, 11 )NCAP 
DO 125 1=1,NCAP 

READ(2,4 )XJ( I), YJ( I ),ZJ( I ),RLNGTH( I) 
READ(2,3)COSL( I ),COSM( I ),COSN (I) 

125 CONTINUE 
R EAD(2,7)XCUT 
READ(2,17)M,N 
DSQR=2./DBLE(N) 
DO 115 1=1,M+1 
DO 115 K=1,N+1 

115 READ(2,16)P(I,K) 
READ(2,14)PM IN,PMAX 
WR ITE(*, 18)XCUT 

ENDIF 
WRITE(*,*)' TYPE CONTOUR OUTPUT FILE: ' 
READ(· ,-)CONTOUR 
OPEN(3,FI LE=CONTOUR,STATUS='NEW') 
WRITE(3, 11 )NCAP 
DO 135 1=1,NCAP 

WRITE(3,4 )XJ( I), YJ( I ),ZJ( I ),RLNGTH( I) 
WRITE(3,3 )COSL( I ),COSM( I ),COSN( I) 
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Listing IV.3 Program for Tissue Pressure and Contour Calculations-
Infinite Tissue Medium (continued) 

135 CONTINUE 
WRITE(3,14)PMIN,PMAX 
WRITE(*,8)PM I N,PMAX 
WRI'fE(·,9) 
READ(*,7)FAC 
WR ITE(3,14 ).5-FLOAT(M)* DSQR/2.,.5+FLOAT(M)* DSQR/2. 
WR ITE(3,13 )O.,FLOAT(M ),O.,FLOAT( N) 
NW=4*(M+N) 

C------------------------------------------------------------
C GET AND OUTPUT CONTOUR COORDINATES 

C------------------------------------------------------------
1 
2 
3 
4 
5 
6 
* 
it 

7 
8 
9 
* 
* 
* 

11 
13 
14 
15 
16 
17 
18 

C 
C 

CALL CONTR(P,M+1,N+1,1 DX,J DX,FAC,PM IN,PMAX,WSP,NWSP,NW) 
FORMAT(2(2X,12» 
FORMAT(5(2X,F7.3 » 
FORMAT(3(2X,F18.5 » 
FORMAT( 4(2X,F7.3» 
FORMAT(2X,E21.15) 
FORMAT(' YOU ARE VIEWING THE YZ PLANE.'/ 
, WHERE ALONG THE X-AXIS DO YOU'/ 
, WISH THIS PLANE TO CUT (RECOMMENDED, X=O.)? ') 
FORMAT( E1 0.4) 
FORMATe PMIN= ',E10.4,' PMAX= ',E10.4) 
FORMAT(/' CONTOUR LEVELS RANGE FROM -1 TO ONE'/ 
, ENTER FACTOR TO ADJUST CONTOURS SO THAT SOME FALL'/ 
, WITHIN THE RANGE OF PMIN AND PMAX (THIS FACTOR'/ 
, MULTIPLI ES ALL CONTOUR LEVELS): ') 
FORMAT(12) 
FORMAT( 4(1 X,E10.4» 
FORMAT(2(1 X,E10.4» 
FORMAT(' AT HORIZONTAL POINT ',13) 
FORMAT(E14.8) 
FORMAT(2(2X,12» 
FORMAT(/' THE YZ PLANE CUTS THE X AXIS AT X = ',F6.2) 
STOP 
END 

REAL FUNCTION FCT(Z,Y,X) 

C------------------------------------------------------------
C FCT EVALUATES PT WHERE 
C 
C PT(R,Z)=.5*INT(S=O;S=1 :U( RON L,S)/«S-Z)**2+R*R» 
C 
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Listing IV.3 Program for Tissue Pressure and Contour Calculations-
Infinite Tissue Medium (continued) 

C VIA LINEAR INTERPOLATION 

C---------~--------------------------------------------------

C 
C 

* 
* 

10 

5 

COMMON/BLK1/XJ, Y J,Z J,NCAP,CL,CM,CN ,RL 
COMMON/BLK2/U 
COMMON/BLK3/N DIS 
DIM ENSION U(25,11 ),RONL(25 );XJ (25), YJ (25 ),Z J(25) 
DIM EN SION CL(25 ),CM(25 ),CN(25 ),RL(25) 
SUM1=0. 
DO 5 N=1,NCAP 

H=RL(N )/FLOAT(N DIS) 
SUM=O. 
B=CL(N )*(XJ (N )-X )+CM( N )*(Y J (N )-Y)+CN(N)*( ZJ (N )-Z) 
C2=(XJ(N )-X)**2+(YJ (N )-Y)**2+( ZJ (N)- Z)**2 
DO 10 I=O,NDIS 

RI=FLOAT( I) 
RIP=FLOAT(I+1) 
RIM=FLOAT(I-1) 
IF( I.EQ.O)RIM=O. 
IF( I.EQ.NDIS)RIP=FLOAT(N DIS) 
DI=SQRT( R I*H*RI*H+2. * RI*H*B+C2) 
DM=SQRT(RI M*H*R IM*H+2. *R IM*H* B+C2) 
DP=SQRT( RI P*H* RI P*H+2. * R I P*H*B+C2) 
PSUM=(2.*DI-DP-DM)/H-

(B/H+RIM)* ALOG( (R I*H+B+DI )/( RIM*H+B+DM»+ 
(B/H+R IP)* ALOG«RI P*H+B+DP)/(R I*H+B+DI» 

SUM=SUM+U(N, 1+1 )*PSUM 
CONTINUE 
SUM1=SUM1+SUM/2. 

CONTINUE 
FCT=SUM1 
RETURN 
END 

SUBROUTINE CONTR(A,M,N,M1,N1,F,PM IN,PMAX,WSP,NWSP,NW) 

C------------------------------------------------------------
C DRAWS CONTOURS OF A FUNCTION GIVEN AS A 2-D ARRAY 
C OF VALUES. INTERPOLATES FUNCTION ON A RECTANGULAR 
C AND FINDS ALL POINTS WHERE CONTOURS CROSS MESH. 
C JOINS THESE POINTS. T.W.S.,1980. MODIFIED TO DRAW 
C ALONG CONTOURS, T.W.S. 1983 
C 
C A(M1,N1) IS THE ARRAY OF FUNCTION VALUES. 
C MN POINTS ARE SCANNED. C(NL) IS THE ARRAY OF 
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Listing IV.3 Program for Tissue Pressure and Contour Calculations-
Infinite Tissue Medium (continued) 

C CONTOUR HEIGHTS. WSP AND NWSP ARE WORKING SPACE. 
C NW MUST BE CHOSEN LARGE ENOUGH, E.G. 2(M+N). 

C------------------------------------------------------------
REAL A(M1,N1 ),C(40),WSP(NW,2) 
INTEGER NWSP(NW,2) 

DO 10 1=1,10 
C( I )=-(1.-FLOAT( 1-1)*.1 )*F 
C( 1+10)=-( .1-FLOAT( 1)* .01)* F 
C( 1+20)= FLOAT( 1-1 ) •• 01· F 
C( I +30)=FLOAT( 1)*.1 * F 

10 CONTINUE 
IFF=1 
ICONT=O 
DO 15 1=1,40 

IF(C( I ).GE. PM IN.AN D.C( I ).LE. PMAX)THEN 
ICONT=ICONT+1 
IF(IFF.GT.O)IS=I 
IFF=-1 

ENDIF 
15 CONTINUE 

WRITE(3,1) ICONT 
00 70 IL=IS,IS+ICONT-1 

70 WRITE(3,2)C( IL) 
DO 60 IL=IS,IS+ICONT-1 

XL = C(IL) 

C------------------------------------------------------------
C LOOK AT VERTICAL SEGMENTS OF MESH TO DETECT CROSSING 
C POINTS. LABEL WITH INDEX NUMBERS OF ADJACENT TWO 
C SQUARES. 

C------------------------------------------------------------
NP = 0 
DO 30 1=1,M 
DO 30 j=1,N 

IF(J.EQ.N) GO TO 20 
IF(A(I,J).GE.XL.AND.A(I,j+1).GE.XL) GO TO 20 
IF(A(I,J).LT.XL.AND.A(I,j+l).LT.XL) GO TO 20 
NP = NP + 1 
WSP(NP,1) = FLOAT( 1-1) 
WSP(N P,2) = FLOAT(J -1 )+(XL-A( I,J»/(A( l,j+1 )-A( I,J» 
NWSP(NP,1) = 1-1 + (J-1)*M 
NWSP(NP,2) = I + (J-1)*M 
IF( I.EQ.1) NWSP(NP,1) = 0 
IF(I.EQ.M) NWSP(NP,2) = 0 
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Listing IV.3 Program for Tissue Pressure and Contour Calculations-
Infinite Tissue Medium (continued) 

C------------------------------------------------------------
C LOOK AT HORIZONTAL SEGMENTS 

C------------------------------------------------------------
20 IF(I.EQ.M) GO TO 30 

IF(A(I,J).GE.XL.AND.A(I+1,J).GE.XL) GO TO 30 
IF(A(I,J).LT.XL.AND.A(I+1,J).LT.XL) GO TO 30 
NP = NP + 1 
WSP(N P,1) = FLOAT( 1-1 )+(XL -A( I,J) )/(A( 1+1,J)-A( I,J» 
-WSP(NP,2) = FLOAT(J -1) 
NWSP(NP,1) = I + (J-2)*M 
NWSP(NP,2) = I + (J-1)*M 
IF(J.EQ.1) NWSP(NP,1) = 0 
IF(J.EQ.N) NWSP(NP,2) = 0 

30 CONTINUE 

C------------------------------------------------------------
C WORK THROUGH CROSSING POINTS IN SEQUENCE. IF WSP(NP,1 
C OR 2) IS NOT ZERO, FIND ANOTHER POINT WITH MATCHING 
C VALUE. JOIN THEM AND SET NWSP VALUES TO ZERO AT BOTH. 
C CONTINUE AROUND LOOPS. 

C------------------------------------------------------------
DO 60 IN=1,NP 
DO 60 I SQ=1,2 

NSQ=NWSP(IN,ISQ) 
IF(NSQ.EQ.O)GO TO 60 

WRITE(3,3 )1, WSP( IN,1), WSP( IN,2) 
INO=IN 
ISQO=ISQ 

35 DO 45 IN1=1,NP 
IF(IN1.EQ.INO)GO TO 45 
DO 40 ISQ1=1,2 
NSQ1=NWSP( IN1,ISQ1) 
IF(NSQ1.EQ.NSQ)GO TO 50 

40 CONTINUE 
45 CONTINUE 

NWSP( I NO,I SQO )=-1 
GO TO 60 

50 NWSP(INO,ISQO)=O 
NWSP( IN1,ISQ1 )=0 
WRITE(3,3)O,WSP( IN1,1 ),WSP( IN1,2) 
INO=IN1 
ISQO=3-ISQ1 
NSQ=NWSP( INO,ISQO) 
IF(NSQ.EQ.O)GO TO 60 
GO TO 35 
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Listing IV.3 Program for Tissue Pressure and Contour Calculations-
Infinite Tissue Medium (continued) 

60 CONTINUE 
1 FORMAT( 13) 
2 FORMAT(1 X,E10.4) 
3 FORMAT(1X,11,2(2X,E10.4» 

RETURN 
END 
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Variable 

C 

COSi 

FAC 

FH 

H 

ICONT 

M 

N 

NCAP 

NDIS 

P 

PMAX 

PMIN 

RLNGTH 

RONL 

u 

WSP 
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Table IV.1 Important Variables in Program SFM L T 

Definition 

Array of contour values. 

Array of direction cosines. i = L, M or N for x, y or 
z direction cosine, respectively. 

Factor multiplying the preset contour values. 

Function subroutine which calculates n or n. 
Array of interpoint distances. 

The number of contours which fall in the range of 
PM I Nand PMAX. 

Number of horizontal grid spaces (calculated from 
N). 

Number of vertical grid spaces. 

Total number of capillaries. 

Number of equal sized partitions each capillary is 
split into. Current maximum is 10. 

Array of tissue rressures. 

The maximum tissue pressure in the view space of 
the yz plane. 

The minimum tissue pressure in the view space or 
the yz plane. 

Array of capillary lengths. 

Array of scaling factors, e: 2 , usually set equal to 
0.01. 

The unknown vector of the source strengths at 
discrete points (to be solved for). It is the same as 
x in Ax = b. 

Array which holds the z and y coordinates for all 
the mesh crossing points of one contour. 
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Table IV.1 Important Variables in Program SFMLT (continued) 

Variable 

XCUT 

XJ,YJ,ZJ 

Definition 

The viewing position of the yz plane along the x 
axis. For planar network it is usually set to zero. 

Coordinates of arteriolar end of capillary. Entered 
without dimensions. 



Listing IV.4 Program for Tissue Pressure and Contour Calculations-
Finite Tissue Medium 

PROGRAM SFFIN 
C------------------------------------------------------------
C PROGRAM SFFIN DETERMINES TISSUE PRESSURE DISTRIBUTION IN A 
C TWO DIMENSIONAL SLICE OF TISSUE WITHIN WHICH CAPILLARIES 
C ARE EMBEDDED FOR BOUNDED TISSUE SPACE. 
C------------------------------------------------------------

IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
CHARACTER DATAIN·12,PRESSURE·12,CONTOUR·12,ANS*1 
DIM ENSION P(75,50), WSP(500,2),NWSP(500,2) 
DIM EN SION U(25, 11 ),RON L(25 ),XJ(25), Y J(25 ),Zj (25),RLNGTH(25) 
DIMENSION COSL(25),COSM(25 ),COSN(25) 
COMMON/BLK1/Xj, Yj,Zj,NCAP,COSL,COSM,COSN,RLNGTH 
COMMON/BLK2/U 
COMMON/BLK4/NDIS 
COMMON/BLK5/DIST 
I DX=75 
jDX=50 
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WRITE(·,·)' IS THIS A RECALCULATION OF CONTOURS USING PRESSURES' 
WRITE(·,·)' ALREADY CALCULATED? ("Y"(ES) OR "N"(O»? ' 
READ(·,·)ANS 
IF(ANS.EQ.'N')THEN 

WRITE(·,·)' TYPE DATA FILE: ' 
READ(·,·)DATAIN 
OPEN(2,FI LE=DATAI N,STATUS='OLD') 
WRITE(·,·)' TYPE PRESSURE OUTPUT FILE: ' 
READ(·, ·)PRESSU RE 
OPEN(3,FI LE=PRESSURE,STATUS='NEW') 
READ(2,1) NCAP,N 0 I S, 0 I ST 
WRITE(3, 11 )NCAP 
DO 100 1=1,NCAP 

READ(2,2)RON L( I ),XJ( I), Y J( I),ZJ( I ),RLNGTH( I) 
READ(2,3)COSL( I ),COSM( I),COSN (I) 
WR ITE(3,4 )Xj( I), YJ( I ),ZJ( I ),RLNGTH( I) 
WRITE(3,3 )COSL( I ),COSM( I ),COSN( I) 

DO 100 j=1,11 
READ(2,5) U( I,j) 

100 CONTINUE 
WRITE(·,·)' ENTER NUMBER OF GRIDS ALONG Y-AXIS: ' 
READ(· ,·)N 
WRITE(· ,6) 
READ(·,7)XCUT 
WRITE(3,7)XCUT 
DSQR=2./DBLE(N) 
M=IDINT(2.5/DSQR)/2 



Listing IV.4 Program for Tissue Pressure and Contour Calculations-
Finite Tissue Medium (continued) 

M=M*2 
WRITE(3,17)M,N 
ZI=.5 
PMIN=1.E30 
PMAX=-1. E30 
IMZ=(1+M+1 )/2 

C------------------------------------------------------------
C CALCULATING TISSUE PRESSURE 

C------------------------------------------------------------
DO 110 1=1,M+1 

Z=Z I+DBLE( I-IMZ )*DSQR 
WRITE(·,15)1 
DO 110 K=1,N+1 

Y=-1.+DBLE( K-1)* DSQR 
P( I,K)=FCT( Z, Y ,XCUT) 
WRITE(3,16)P( I,K) 
PMAX=DMAX1 (P( I,K),PMAX) 
PM IN=DM IN1 (P( I,K),PM IN) 

110 CONTINUE 
WRITE(3,14)PM IN,PMAX 
CLOSE(3) 

ELSE 
WRITE(·,·)' TYPE PRESSURE INPUT FILE: ' 
READ(·,·)PRESSURE 
OPEN(2,FI LE=PRESSURE,ST ATUS='OLD') 
READ(2, 11 )NCAP 
DO 125 1=1,NCAP 

READ(2,4 )XJ (I), Y J (I ),ZJ (I ),RLNGTH( I) 
READ(2,3)COSL( I ),COSM( I ),COSN( I) 

125 CONTINUE 
READ(2,7)XCUT 
READ(2,17)M,N 
DSQR=2./DBLE(N) 
DO 115 1=1,M+1 
DO 115 K=1,N+1 

115 READ(2,16)P(I,K) 
READ(2,14)PM IN,PMAX 
WRITE(·,18)XCUT 

ENDIF 
WRITE(·,·)' TYPE CONTOUR OUTPUT FILE: ' 
READ(*, ·)CONTOUR 
OPEN (3,FI LE=CONTOUR,STATUS='N EW') 
WRITE(3,11)NCAP 
DO 135 1=1,NCAP 
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Listing IV.4 Program for Tissue Pressure and Contour Calculations-
Finite Tissue Medium (continued) 

WRITE(3,4 )XJ( I), Y J( I ),ZJ( I ),RLNGTH( I) 
WRITE(3,3 )COSL( I ),COSM( I ),COSN (I) 

135 CONTINUE 
WR ITE(3,14)PM IN,PMAX 
WRITE(*,8)PM IN,PMAX 
WRITE(*,9) 
READ(*,7)FAC 
WRITE(3, 14 ).5-DBLE(M)* DSQR/2.,.5+DBLE(M)* DSQR/2. 
WRITE( 3,13 )0., DBLE( M ),0., DBLE( N) 
NW=4*(M+N) 

C------------------------------------------------------------
C DRAW CONTOUR MAP 

C------------------------------------------------------------
1 
2 
3 
4 
5 
6 
* 
* 

7 
8 
9 
* 
* 
* 

11 
13 
14 
15 
16 
17 
18 

C 
C 

CALL CONTR(P,M+1,N+1, I DX,J DX,FAC,PM IN,PMAX,WSP,NWSP,NW) 
FORMAT(2(2X, 12),2X,E10.4) 
FORMAT(5(2X,F7.3 » 
FORMAT(3(2X,F18.5 » 
FORMAT( 4(2X,F7.3» 
FORMAT(2X, E21.15) 
FORMAT(' YOU ARE VIEWING THE YZ PLANE.'/ 
, WHERE ALONG THE X-AXIS DO YOU'/ 
, WISH THIS PLANE TO CUT (RECOMMENDED, X=O.)? ') 
FORMAT(E10.4) 
FORMATe' PMIN= ',E10.4,' PMAX= ',E10.4) 
FORMAT(/' CONTOUR LEVELS RANGE FROM -1 TO ONE'/ 
, ENTER FACTOR TO ADJUST CONTOURS SO THAT SOME FALL'/ 
, WITHIN THE RANGE OF PMIN AND PMAX (THIS FACTOR'/ 
'MULTIPLIES ALL CONTOUR LEVELS): ') 
FORMAT( 12) 
FORMAT( 4(1 X,E10.4» 
FORMAT(2(1 X,E10.4}) 
FORMATe' AT HORIZONTAL POINT ',13) 
FORMAT(E14.8) 
FORMAT(2(2X,12» 
FORMAT(/' THE YZ PLANE CUTS THE X AXIS AT X = ',F6.2) 
STOP 
END 

DOUBLE PRECISION FUNCTION FCT(Z,Y,X) 

C------------------------------------------------------------
C FCT EVALUATES PT WHERE 
C 
C PT( R,Z )=.5*RON L *1 NT( 5=0;5=1 :U (RON L,S)/« S-Z )**2+R* R» 
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C 

Listing IV.4 Program for Tissue Pressure and Contour Calculations-
Finite Tissue Medium (continued) 

C VIA LINEAR INTERPOLATION 

C------------------------------------------------------------

C 
C 

* 
* 

10 

5 

IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
COMMON/BLK1/Xj, Yj,Zj,NCAP,CL,CM,CN,RL 
COMMON/BLK2/U 
COMMON/BLK4/NDIS 
D 1M EN SION U(25, 11 ),RON L(25 ),XJ(25), YJ(25 ),Zj (25) 
DIM ENSION CL(25 ),CM(25 ),CN (25 ),RL(25) 
F(X, Y)=DSQRT(X*X+Y*Y) 
D( XP,CS, T)=XP+CS*T 
FCT=O. 
DO 5 N=1,NCAP 

H=RL(N )/DBLE( N DIS) 
SUM=O. 
B=CL(N)* (Xj (N )-X)+CM(N )*(Y j( N )-Y)+CN (N )*( Zj (N)- Z) 
C2=(Xj (N)-X)**2+(Y J(N)-Y)**2+( Zj (N)- Z )0*2 
DO 10 I=O,NDIS 

HS=1. 
IF( I.EQ.0.OR.I.EQ.NDIS)HS=.5 
RI=DBLE(I) 
RIP=DBLE(I+1) 
RIM=DBLE(I-1) 
I F( I.EQ.O)RIM=O. 
IF( I.EQ.NDIS)RIP=DBLE(N DIS) 
DI=DSQRT( RI*H*R I*H+2. * RI*H*B+C2) 
DM=DSQRT(R IM*H* RIM*H+2. * R IM*H*B+C2) 
DP=DSQRT( RIP*H*RI P*H+2. *R I P*H*B+C2) 
PSUM=(2. * 0 1-DP- DM )/H-

(B/H+RIM)* DLOG( (RI*H+B+DI )/( R IM*H+B+ DM»+ 
(B/H+RIP)* DLOG«RI P*H+B+DP)/(RI*H+B+DI» 

SMT=F( D(YJ (N ),CM(N ),R I*H)-Y ,D( ZJ (N),CN (N ),R I*H)- Z) 
RST=D(Xj (N ),CL(N ),RI*H)-X 

SUM=SUM+U(N, 1+1 )*(H*HS* ACCEL(SMT,RST)+PSUM) 
CONTINUE 
FCT=FCT+SUM/2. 

CONTINUE 
RETURN 
END 

DOUBLE PRECISION FUNCTION ACCEL(SMT,R) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 
COMMON/BLK5/D 
DIMENSION ETA(3),COEF(3) 
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C 
C 

Listing IV.4 Program for Tissue Pressure and Contour Calculations-
Finite Tissue Medium (continued) 

F(X)=DSQRT(SMT2+X*X) 
ETA(1 )=.6931472 
ETA(2)=.9015427 
ETA(3)=.9721198 
R2=R*R 
SMT2=SMT*SMT 
COEF(1 )=1./D 
COEF(2)=-(SMT2-2. * R2)/(2. * D)"3 
COEF(3 )=(3. *( SMT2-4. *R2)"2-40. 0 R2* R2)/( 4. *(2. * D)"5) 
FTOG=1. 
ACCEL=O. 
IN=1 
N=50 

5 DO 20 I=IN,N 
RI=DBLE( I) 
FTOG=FTOG*(-1.) 
PSUM=1./F(2. * RI· D+R)+1./F(2. *R 1* D-R) 
DO 25 J=1,3 

PSUM=PSUM-COEF(J )/RI"(2* J -1) 
25 CONTINUE 

ACCEL=ACCEL+FTOG*PSUM 
IF( DABS(PSUM).L T.1.E-7)GO TO 40 

20 CONTINUE 
WRITE(·,140)N,PSUM 
IN=N+1 
READ(*,150)N 
GO TO 5 

40 DO 35 K=1,3 
ACCEL=ACCEL-COEF( K)*ETA( K) 

35 CONTINUE 
RETURN 

140 FORMAT(, ·"ACCURACY CRITERION NOT SATISFIED AFTER ',13, 
*' ITERATlONS"·'/' PSUM = ',E10.4/ 
*' ENTER NEW UPPER BOUND FOR ITERATION (13)') 

150 FORMAT(13) 
END 

SUBROUTINE CONTR(A,M,N,M1,N1,F,PMIN,PMAX,WSP,NWSP,NW) 

C------------------------------------------------------------
C DRAWS CONTOURS OF A FUNCTION GIVEN AS A 2-D ARRAY 
C OF VALUES. INTERPOLATES FUNCTION ON A RECTANGULAR 
C AND FINDS ALL POINTS WHERE CONTOURS CROSS MESH. 
C JOINS THESE POINTS. T.W.S.,1980. MODIFIED TO DRAW 
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Listing IV.4 Program for Tissue Pressure and Contour Calculations-
Finite Tissue Medium (continued) 

C ALONG CONTOURS, T.W.S. 1983 
C 
C A(M1,N1) IS THE ARRAY OF FUNCTION VALUES. 
C MN POINTS ARE SCANNED. C(NL) IS THE ARRAY OF 
C CONTOUR HEIGHTS. WSP AND NWSP ARE 'WORKING SPACE. 
C NW MUST BE CHOSEN LARGE ENOUGH, E.G. 2(M+N). 

C------------------------------------------------------------
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

DIMENSION A(M1,N1),C(40),WSP(NW,2) 
INTEGER NWSP(NW,2) 

DO 10 1=1,10 
C( I )=-(1.-DBLE( 1-1)*.1 )*F 
C( 1+10)=-( .1- DBlE( 1)* .01)* F 
C( I +20)=DBLE( 1-1)* .01* F 
C( I +30)=DBLE( I)· .1· F 

10 CONTINUE 
IFF=1 
ICONT=O 
DO 15 1=1,40 

I F(C( I ).GE. PM IN.AN D.C( I ).LE.PMAX)THEN 
ICONT= ICONT +1 
IF( IFF. GT.O) I S=I 
IFF=-1 

ENDIF 
15 CONTINUE 

WR ITE(3, 1) ICONT 
DO 70 IL=IS,IS+ICONT-1 

70 WRITE(3,2)C( I L) 
DO 60 IL=IS,IS+ICONT-1 

XL=C(IL) 

C------------------------------------------------------------
C LOOK AT VERTICAL SEGMENTS OF MESH TO DETECT CROSSING 
C POINTS. LABEL WITH INDEX NUMBERS OF ADJACENT TWO 
C SQUARES. 

C------------------------------------------------------------
NP = 0 
DO 30 1=1,M 
DO 30 j=1,N 

IF(J.EQ.N) GO TO 20 
IF(A(I,J).GE.XL.AND.A(I,j+1).GE.XL) GO TO 20 
IF(A(I,J).LT.XL.AND.A(I,j+1).LT.XL) GO TO 20 
NP = NP + 1 
W5P(NP,1) = DBLE(I-1) 
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Listing IV.4 Program for Tissue Pressure and Contour Calculations-
Finite Tissue Medium (continued) 

WSP(NP,2) = DBLE(J-1 )+(XL-A( I,j »/(A(I,j+1 )-A( I,j» 
NWSP(NP,1) = 1-1 + (J-1)*M 
NWSP(NP,2) = I + (J -1 )~M 
IF(I.EQ.1) NWSP(NP,1) = 0 
IF( I.EQ.M) NWSP(NP,2) = 0 

C------------------------------------------------------------
C LOOK AT HORIZONTAL SEGMENTS 

C------------------------------------------------------------
20 IF( I.EQ.M) GO TO 30 

IF(A(I,J).GE.XL.AND.A(I+1,J).GE.XL) GO TO 30 
IF(A(I,J).LT.XL.AND.A(I+1,j).LT.XL) GO TO 30 
NP = NP + 1 
WSP(NP,1) = DBLE( 1-1 )+(XL-A( I,J)/(A( 1+1,J)-A( I,J» 
WSP(NP,2) = DBLE(J-1) 
NWSP(NP,1) = I + (J-2)*M 
NWSP(NP,2) = I + (J-1)*M 
IF(j.EQ.1) NWSP(NP,1) = 0 
IF(J.EQ.N) NWSP(NP,2) = 0 

30 CONTINUE 

C------------------------------------------------------------
C WORK THROUGH CROSSING POINTS IN SEQUENCE. IF WSP(NP,1 
C OR 2) IS NOT ZERO, FIND ANOTHER POINT WITH MATCHING 
C VALUE. JOIN THEM AND SET NWSP VALUES TO ZERO AT BOTH. 
C CONTINUE AROUND LOOPS. 

C------------------------------------------------------------
DO 60 IN=1,NP 
DO 60 ISQ=1,2 

NSQ=NWSP( IN,ISQ) 
I F(NSQ.EQ.O)GO TO 60 

WRITE(3,3)1,WSP( IN,1 ),WSP( IN,2) 
INO=IN 
ISQO=ISQ 

35 DO 45 IN1=1,NP 
IF(IN1.EQ.INO)GO TO 45 
DO 40 ISQ1=1,2 
NSQ1=NWSP( IN1, ISQ1) 

IF(NSQ1.EQ.NSQ)GO TO 50 
40 CONTINUE 
45 CONTINUE 

NWSP( INO,I SQO)=-1 
GO TO 60 

50 NWSP( INO,ISQO)=O 
NWSP( IN1,ISQ1 )=:0 
WR ITE(3,3)O, WSP( I N1,1 ),WSP( I N1,2) 
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Listing IV.4 Program for Tissue Pressure and Contour Calculations-
Finite Tissue Medium (continued) 

INO=IN1 
15QO=3-15Q1 
N5Q=NW5P( INO, 15QO) 
IF(N5Q.EQ.0)GO TO 60 
GO TO 35 

60 CONTINUE 
1 FORMAT(13) 
2 FORMAT(1X,E10.4) 
3 FORMAT(1X,11,2(2X,E10.4» 

RETURN 
END 
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Table IV.2 Important Variables in Program SFFIN 

Variable 

ACCEL 

C 

COSi 

DIST 

ETA(1 ) 

ETA(2) 

ETA(3) 

FAC 

FH 

H 

ICONT 

M 

N 

NCAP 

NDIS 

Current maximum is 10. 

P 

PMAX 

PMIN 

Definition 

Function subroutine which calculates the sum 
through acceleration of the alternating sign 
harmonic series. 

Array of contour values. 

Array of direction cosines. i = L, M or N for x, y or 
z direction cosine, respectively. 

Distance that boundaries are away from yz plane. 

See Equation 111.6. p = 1. 

See Equation 111.6. p = 3. 

See Equation 111.6. p = 5. 

Factor multiplying the preset contour values. 

Function subroutine which calculates 11 or n. 
Array of interpoint distances. 

The number of contours which fall in the range of 
PMIN and PMAX. 

Number of horizontal grid spaces (calculated from 
N). 

Number of vertical grid spaces. 

Total number of capillaries. 

Number of equal sized partitions each capillary is 
split into. 

Array of tissue pressures. 

The maximum tissue pressure in the view space of 
the yz plane. 

The minimum tissue pressure in the view space or 
the yz plane. 
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Table IV.2 Important Variables in Program SFFIN (continued) 

Variable 

RLNGTH 

RONL 

U 

XCUT 

WSP 

XJ,YJ,ZJ 

Definition 

Array of capillary lengths. 

Array of scaling factors, e: 2
, usually set equal to 

0.01. 

The unknown vector of the source strengths at 
discrete points (to be solved for). It is the same as 
x in Ax = b. 

The viewing position of the yz plane along the x 
axis. For planar network it is usually set to zero. 

Array which holds the z and y coordinates for all 
the mesh crossing points of one contour. 

Coordinates of arteriolar end of capillary. Entered 
without dimensions. 



Listing IV.5 Pressure Output File for SFFIN or SFMLT (.PRS) 

5 
0.000 0.500 

0.00000 
0.000 -0.500 

0.00000 
0.000 -0.500 

0.00000 
0.000 0.500 

0.00000 
0.000 -0.500 

0.00000 
O.OOOOE+OO 

8 7 
0.74822741 E+01 
0.83205118E+01 
0.89438667E+01 
0.76558785 E+01 

0.020 0.500 
0.00000 

0.020 0.500 
0.00000 

0.520 1.000 
1.00000 

0.520 0.500 
0.00000 

0.520 0.500 
0.00000 

(pressures listing truncated here) 
0.7482E+01 0.4347E+02 

1.00000 

1.00000 

0.00000 

1.00000 

1.00000 

221 



222 

Table IV.3 Associated Data Types from Pressure Output File 

Line Variable Field 

1 NCAP 12 

(Lines 2 and 3 are repeated NCAP times) 

2 XJ 
YJ 
ZJ 
RLNGTH 4(2X,E7.3) 

3 COSL 
COSM 
COSN 3(2X,F18.5) 

4 XCUT E10.4 

5 M 
N 2(2X,12) 

(Line 6 is repeated (M +1 )( N +1) times) 

6 P E14.8 

7 PMIN 
PMAX 2(2X,E10.4) 



Listing IV.6 Contour Output File for SFFIN or SFMLT (.CON) 

5 
0.000 0.500 0.020 0.500 

0.00000 0.00000 1.00000 
0.000 -0.500 0.020 0.500 

0.00000 0.00000 1.00000 
0.000 -0.500 0.520 1.000 

0.00000 1.00000 0.00000 
0.000 0.500 0.520 0.500 

0.00000 0.00000 1.00000 
0.000 -0.500 0.520 0.500 

0.00000 0.00000 1.00000 
0.7482E+01 0.4347E+02 
-.6429E+00 0.1643E+01 
O.OOOOE+OO O.8000E+01 O.OOOOE+OO O.7000E+01 
7 

0.1000E+02 
0.1500E+02 
0.2000E+02 
0.2500E+02 
0.3000E+02 
0.3500E+02 
0.4000E+02 
1 0.7897E+00 0.1000E+01. 
o 0.1000E+01 0.7138E+OO 
o O.1637E+01 O.OOOOE+OO 
1 0.7897E+OO O.1000E+01 

(Mesh crossing points truncated here) 
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Table IV.4 Associated Data Types from Pressure Output File 

Line Variable 

1 NCAP 

(Lines 2 and 3 are repeated NCAP times) 

2 

3 

4 

XJ 
YJ 
ZJ 
RLNGTH 

COSL 
COSM 
COSN 

PMIN 
PMAX 

Field 

12 

4(2X,E7.3) 

3(2X,F18.5) 

2(1X,E10.4) 
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(The following line has no explicit variable names, but represents the extreme z 
user coordinates of the contour plot.) 

5 (min z) 
(max z) 2(1X,E10.4) 

(The following line has no explicit variable names, but represents the coordinates 
of the extreme points of the contour plot, in 'mesh' coordinates.) 

6 (0. ) 
(FLOAT or DBLE M) 
(FLOAT or 0.) 
(FLOAT or DBLE N) 4(1X,E10.4) 

(The following line is repeated for each contour/mesh intersection point) 

7 (0 or 1) ('Pen' down (0) or up (1) position) 
WSP( 1,1) 
WSP(I,2) 1X,11,2(2X,E10. 

4) 



Listing IV.7 Contour Plotting Routine in BASIC 

10 DEFINT I-N :DEFSNG A-H,O-Z 
20 KEY OFF 
30 SCREEN 2 
40 CLS 
50 INPUT "ENTER CONTOUR FILE NAME (EXCLUDE EXTENSION AND PATH): ·,FILEN$ 
60 FILENM$="A:"+FILEN$+".CON" 
70 PRINT FILENM$ 
80 OPEN "1",#1 ,FI LENM$ 
90 IN PUT#1,N 
100 DIM XJ(N),YJ(N),ZJ(N),RL(N) 
110 DIM COSL(N),COSM(N),COSN(N) 
120 FOR 1=1 TO N 
130 I NPUT#1,XJ( I), YJ( I ),ZJ( I ),RL( I) 
140 INPUT#1,COSL( I),COSM( I ),COSN( I) 
150 NEXT 
160 INPUT#1,PM IN,PMAX 
170 INPUT#1,RLM,RRM 
180 INPUT#1,XL,XR, YB,YT 
190 INPUT#1,IC 
200 DIM C( IC) 
210 FOR 1=1 TO IC 
220 INPUT#1,C( I) 
230 NEXT 
240 CLS 
250 INPUT I DO YOU WISH TO SEE PLOT ON SCREEN OR PLonER (S OR P): ",ANS$ 
260 IF ANS$="P" OR ANS$=lp" GOTO 370 
270 WINDOW (RLM,-11)-(RRM,11) 
280 FOR 1=1 TO N 
285 IF ABS(XJ(I»>.01 GOTO 300 'DO NOT SHOW CAPILLARIES OUT OF YZ PLANE 
290 LIN E (ZJ( I), YJ( I »-( ZJ( I )+RL( I )·COSN (I), YJ( I )+RL( I )·COSM( I» 
300 NEXT 
310 WINDOW (XL,YB)-(XR,YT) 
320 LINE (XL,YB)-(XR,YT)"B 
330 IF EOF(1) GOTO 530 ELSE INPUT#1,J,X, Y 
340 IF J=1 THEN LINE -(X,Y)",&HO ELSE LINE -(X,Y) 
350 GOTO 330 
360 GOTO 530 
370 OPEN "COM2:2400,S,7,1,RS,CS65535,DS,CD" AS #2 
380 RLM=RLM·1001 :RRM=RRM*1001 
410 PRINT #2,IIN;IP1658,1276,8678,6891" 
420 PRINT #2," Sc";RLM;RRM;-11;+11 
430 PRI NT #2, I SP1;VS I ;151 
440 FOR 1=1 TO N 
445 IF ABS(XJ(I»>.01 GOTO 480 'DO NOT SHOW CAPILLARIES OUT OF YZ PLANE 
450 ZA=ZJ( 1)·1001: ZV=( ZJ( I )+RL( I )·COSN( I) )·1001 
460 YA=Yj( I ):YV=YJ( I )+RL( I )·COSM( I) 
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Listing IV.7 Contour Plotting Routine in BASIC (continued) 

470 PRINT #2,"PA;PU";ZA;YA;IPO";ZV;YV 
480 NEXT I 
490 PRINT #2,'SC';XL;XR;YB,YT 
494 PRINT #2," PA;PU I ;XL;YB 
496 PRINT #2,IPA;PO";XR;YB;XR;YT;XL;YT;XL;YB;IPU;" 
500 IF EOF(1) GOTO 525 ELSE INPUT #1,J,X,Y 
510 IF J=1 THEN PRINT #2,"PA;PU';X;Y ELSE PRINT #2,'PA;PO";X;Y 
520 GOTO 500 
525 PRINT #2, I SPO;" 
530 INPUT 11,1 
540 CLS 
550 LPRINT I CONTOUR INFORMATION I 
560 FOR 1=1 TO 3 
570 PRINT I I 
580 NEXT 
590 LPRINT USING "## CONTOURS WERE PLOTIED";IC 
600 LPRINT I I 
610 LPRINT I I 
620 FOR 1=1 TO IC 
630 LPRINT USING I THE VALUE OF CONTOUR ## IS +.####"""'''";I,C(I) 
640 NEXT 
650 LPRINT I I 
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660 LPRINT USING THE PRESSURE RANGEO FROM +.####"""" TO 
+.####"""" I ;PM I N,PMAX 
670 LPRINT • I 
680 INPUT ",1 
690 CLS 
700 ENO 



APPENDIX V 

TABULATED DATA 

The figures presented in this dissertation fall into three categories: i) illustrative 

figures, such as Figures 1 and 4 in Chapter 2, describing the microocclusion experiment 

and the Krogh cylinder; ii) planar projections of three dimensional surfaces, which are the 

contour plots, Figures 14 through 17 for example, in Chapter 4; iii) standard xy plots; and 

iv) bar graphs, Figures 32 through 35, in Chapter 4. Although data is required for the 

plotting of the last three types of figures, the amount of information required for contour 

plots, generated by the computer programs of the previous appendices, is great and, 

therefore, not presented here. Important information regarding the individual contour 

values and the values of the parameters used to generate the plot are given in each 

figure. Therefore, the tables of this appendix primarily represent the tabulated data for 

the last two categories of figures. Additional tables are included which list the 

coordinates of the various capillary configurations of Figures 27 through 30 which are 

used, in part, to generate the data for the bar graphs in Figures 32 through 35. 

The exceptions to this classification are the xy plots of Figures 2, 3, 5, 12 and 13. 

The last two figures, which give the hydrostatic pressure within the capillary and 

extravascular space as a function of radial distance, are illustrative in nature. Figures 2 

and 3 are illustrative of the distance vs. time behavior of marker cells in typical 

microocclusion experiments, but do not represent actual data. Figure 5 was reproduced 

from Guyton, et al. (1966). Actual data for the figure was not included in the original 

paper, therefore a reproduction of the figure presented in their work was made. 
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z 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 
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Table V.1 Data for Figure 7 

Blake and Gross ------------------Present Model------------------
Equation 3. Equation 3. Equation 3. Equation 3. 

(trap. integration) (lambda function) 
(all source strength values x 10') 

3.000 2.961 2.961 2.961 

2.950 2.935 2.935 2.935 

2.990 2.926 2.926 2.926 

2.985 2.919 2.919 2.919 

2.980 2.913 2.913 2.913 

2.975 2.908 2.908 2.908 

2.970 2.903 2.903 2.903 

2.965 2.899 2.899 2.899 

2.960 2.897 2.897 2.897 

2.955 2.896 2.896 2.896 

2.950 2.912 2.912 2.912 

K = 10-10 cm'/(dyne sec) 
Kt = 10-11 cmlt/(dyne sec) 
R = 5 x 10-" cm 

P[Z)(O) = 1 (nondimensional number used for axial pressure drop in Blake and 
Gross model) 
lilT = 10 cmHzO 
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Table V.2 Data for Figure 8 

Salathe and An ------------------------Present Model-----------------------
Equation 3. Equation 3. Equation 3. Equation 3. Equation 3. 

(trap. integration) (lambda function) (lambda function) 
z (11 points) (21 points) 

(all source strength values x 102 ) 

0.0 12.91 16.01 13.55 13.67 

0.1 9.715 9.679 10.09 9.454 9.717 

0.2 9.146 9.088 9.342 8.978 9.041 

0.3 8.789 8.745 8.840 8.613 8.665 

0.4 8.527 8.504 8.441 8.350 8.394 

0.5 8.327 8.327 8.104 8.150 8.191 

0.6 8.178 8.201 7.814 8.000 8.042 

0.7 8.084 8.131 7.574 7.904 7.953 

0.8 8.070 8.147 7.403 7.889 7.955 

0.9 8.227 8.367 7.388 7.931 8.173 

1.0 10.76 10.83 11.14 11.12 

K = 10-5 cm/(cmH20 sec) 
Kt :: 10-8 cm2/(cmH2 0 sec) 
R = 5 x 10-" cm 
Pa = 25 cmH2 0 
Pv = 22.5 cm H2O 
L\ 1T = 10 cmH20 
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Table V.3 Data for Figure 10 

------:-------Source Strength Distributions-------------
z d=oo d=5. d=1. d=.5 d=.25 

(ali source strength values x 102 ) 

0.0 15.22 15.36 15.89 16.46 17.24 

0.1 9.422 9.510 9.862 10.26 10.90 

0.2 8.807 8.892 9.241 9.659 10.38 

0.3 8.257 8.341 8.686 9.117 9.898 

0.4 7.820 7.902 8.246 8.686 9.504 

0.5 7.445 7.527 7.871 8.315 9.144 

0.6 7.119 7.201 7.546 7.987 8.804 

0.7 6.840 6.924 7.270 7.704 8.487 

0.8 6.630 6.715 7.065 7.489 8.220 

0.9 6.451 6.538 6.890 7.301 7.960 

1.0 9.381 9.517 10.05 10.63 11.45 

K = 10-5 cm/(cmH20 sec) 
Kt = 10-8 cm2/(cmH20 sec) 
R = 5 x 10-" em 
P a = 25 l:mH2O 
Pv = 20.0 em H2O 
t:.'Il' = 10 em H20 



Table V.4 Data for Figure 11 

d q 

00 1.398 

5. 1.402 

1 • 1.463 

• 5 1.531 

.25 1.642 

0 5.655 

5 capillaries, each with the following parameters: 
K = 10-5 cm/(cmH20 sec) 
Kt = 10-8 cm2/(cmH20 sec) 
R = 5 X 10-11 cm 
Pa = 25 cmH20 
Pv = 25.0 cm H20 
61T = 10 cmH20 
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Table V.5 Data for Figure 18 

KR ( 1- .9.. ) 1 00 % 
Kt 

q qo 
qo 

0.001 .1251 x 10-2 .1257 X 10-2 0.4773 

0.005 .6151 x 10-2 .6283 X 10-2 2.101 

0.010 .1205 x 10-1 .1257 X 10-1 4.137 

0.050 .5176 x 10-1 .6283 x 10-1 17.62 

0.100 .8802 x 10-1 .1257 x 10° 29.97 

0.300 .1652 x 10° .3770 x 10° 56.18 

0.500 .2002 x 10° .6283 x 10° 68.14 

0.700 .2202 x 10° .8796 x 10° 74.97 

1.000 .2378 x 10° .1257 X 101 81.08 

4.000 .3030 x 10° .5027 X 101 93.97 

10.000 .3122 x 10° .1257 X 10 1 97.52 

Pa = 25 emH20 
Pv = 20.0 em H2O 
Kt = 10-8 em2/(emH20 sec) 
R = 5 x 10-" em 
l1n = 17.5 cmH20 
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Table V.5 Data for Figure 18 (continued) 

KR 
q qo (1-~)100% 

Kt qo 

0.001 .4256 x 10-3 .4273 X 10- 3 .3978 

0.005 .2098 x 10-2 .2136 X 10-2 1.780 

0.010 .4121 x 10-2 .4273 X 10-2 3.557 

0.050 .1806 x 10-1 .2136 X 10-1 15.45 

0.100 .3133 x 10-1 .4273 X 10-1 26.68 

0.300 .6158 x 10-1 .1282 x 10° 51.97 

0.500 .7642 x 10-1 .2136 x 10° 64.22 

0.700 .8522 x 10-1 .2991 x 10° 71.51 

1.000 .9325 x 10-1 .4273 x 10° 78.18 

4.000 .1112 x 10° .1709 X 101 93.49 

10.000 .1154 x 10° .4273 X 101 97.30 

Pa = 25 cmH20 
Pv = 20.0 cm H2O 
Kt = 10-0 cm2/(cmH20 sec) 
R = 5 X 10-4 cm 
1l1T = 21.0 cmH20 
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Table V.5 Data for Figure 18 (continued) 

KR 
Kt 

q qo (1-.9..)100% 
qo 

0.001 .3090 x 10-3 .3142 X 10-3 1.655 

0.005 .1526 x 10-2 .1571 X 10-2 2.864 

0.010 .3007 x 10-2 .3142 X 10-2 4.297 

0.050 .1344 x 10-1 .1571 X 10-1 14.45 

0.100 .2372 x 10-1 .3142 X 10-1 24.51 

0.300 .4840 x 10-1 .9425 X 10-1 48.65 

0.500 .6106 x 10-1 .1571 x 100 61.13 

0.700 .6872 x 10-1 .2199 x 100 68.75 

1.000 .7580 x 10-1 .3142 x 10° 75.88 

4.000 .818Q x 10-1 .1257 X 101 93.49 

10.000 .9563 x 10-1 .3142 X 101 96.96 

Pa = 25 cmH20 
Pv = 20.0 cm H2O 
K = 10-5 cm/(cmH20 sec) 
R = 5 x 10-lt cm 
61T = 22.5 cmH20 
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Table V.6 Data for Figures 21 and 22 

-------d=10.------- -------d=5.------- -------d=1.--------
KR 
Kt qo q (1-.9.)100% 

qo 
q (1-.9.)100% 

qo 
q (1-.9. ) 100 % 

qo 

.5000 2.01T 1.986 68.39 1.971 68.63 1.862 70.37 

.4000 1.61T 1.841 63.37 1.828 63.63 1.784 65.51 

.3000 1.21T 1.641 56.47 1.630 56.76 1.556 58.73 

.2000 0.81T 1.348 46.36 1.342 46.60 1.289 48.71 

.1000 0.41T 0.8771 30.20 0.8740 30.45 0.8521 32.19 

.0100 0.041T 0.1204 4.189 0.1204 4.189 0.1200 4.507 

.0010 0.OO41T 0.01251 0.4486 0.01251 0.4486 0.01251 0.4486 

.0001 0.OO041T 0.001256 0.0507 0.001256 0.0507 0.001256 0.0507 

Pa = 25 emH20 
Pv = 25.0 em H2O 
K = 10-5 em/(emH20 sec) 
R = 5 x 10-" em 
81T = 0 emH20 
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Table V.6 Data for Figures 21 and 22 (continued) 

-------d=.75------- -------d=.5------- -------d=.25-------
KR 

qo q (1-3.)100% q (1-3.)100% q (1-3. )100% 
Kt qo qo qo 

.5000 2.011" 1.826 70.93 1.768 71.86 1.655 73.66 

.4000 1.611" 1.703 66.12 1.652 67.13 1.554 69.08 

.3000 1.211" 1.556 58.73 1.531 59.39 1.490 60.48 

.2000 0.811" 1.272 49.39 1.244 50.50 1.187 52.77 

.1000 0.411" 0.8447 32.78 0.8320 33.79 0.8061 35.85 

.0100 0.0411" 0.1198 4.667 0.1196 4.825 0.1190 5.303 

.0010 0.00411" 0.01251 0.4886 0.01250 0.528 0.01250 0.528 

.0001 0.00041T 0.001256 0.0507 0.001256 0.0507 0.001256 0.0507 

Pa = 25 cmH20 
Pv = 25.0 cm H2O 
K = 10-5 cm/(cmH20 sec) 
R = 5 x 10-" cm 
t.1T = 0 cmH20 
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Table V.6 Data for Figures 21 and 22 (continued) 

-------d=.2-------- -------d=.1------- -------d=O.O-------
KR (1-~)100% (1-~)100% (1-~ )100% 
Kt 

qo q 
qo 

q 
qo 

q 
qo 

.5000 2.01T 1.618 74.25 1.502 76.10 1.189 81.08 

.4000 1.61T 1.520 69.76 1.418 71.79 1.136 77.40 

.3000 1.21T 1.381 63.37 1.296 65.62 1.057 71.96 

.2000 0.81T 1.168 53.53 1.106 56.00 0.9274 63.10 

.1000 0.41T 0.7971 36.57 0.7679 38.89 0.6774 ·46.09 

.0100 0.041T 0.1188 5.462 0.1181 6.019 0.1158 7.849 

.0010 0.0041T 0.01249 0.6077 0.01249 0.6077 0.01246 0.8465 

.0001 0.00041T 0.001256 0.05070 0.001256 0.0507 0.001256 0.0507 

Pa = 25 cmH20 
Pv = 25.0 cm H2 O 
K = 10-5 cm/(cmH20 sec) 
R = 5 x 10";" cm 
111T = 0 cmH20 
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Table V.7 Data for Figure 26 

- _____ KR=.01-------
Kt 

KR 
------~=.1------

KR -------=.5------
Kt 

q (1-.3...)100% 
qco 

q (1-...9..)100% 
qco 

q (1-...9.. )100% 
qco 

d 

5. .027067 .002 .21346 .009 .54945 .016 

2. .027059 .031 .21297 .240 .54589 .664 

1. .027017 .187 .21038 1.45 .52833 3.86 

.8 .026984 .308 .20832 2.42 .51496 6.292 

.5 .026849 .807 .20046 6.10 ------ ------

.3 .026562 1.81 .18530 13.2 ------ .-----

O. .021863 19.2 .07383 65.4 .09255 83.2 

co .027675 0.0 .21648 0.0 .54954 0.0 

Pa = 25 emH20 
Pv = 25.0 em H2O 
Kt = 10-7 em2/(emH20 sec) 
R = 5 x 10-" em 
An = 0 emH20 



239 

Table V.8 Capillary Coordinates for Figure 27 (3 capillaries) 

# -----arteriolar end----- -------venous end-------
x y z x y z 

1 0.00 0.00 -.14 0.00 0.00 0.61 

2 0.00 0.00 0.61 0.00 0.53 1.14 

3 0.00 0.00 0.61 0.00 -.53 1.14 

R = 5 x 10-" cm 

Table V.9 Capillary Coordinates for Figure 28 (5 capillaries) 

# -----arteriolar end----- -------venous end-------
x y z x y z 

1 0.00 0.50 0.02 0.00 0.50 0.52 

2 0.00 -.50 0.02 0.00 -.50 0.52 

3 0.00 -.50 0.52 0.00 0.50 0.52 

4 0.00 0.50 0.52 0.00 0.50 1.02 

5 0.00 -.50 0.52 0.00 -.50 1.02 

R = 5 x 10-" em 
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Table V.10 Capillary Coordinates for Figure 29 (11 capillaries) 

# -----arteriolar end----- -------venous end-------
x y z x y z 

1 0.00 0.00 -.50 0.00 0.00 0.00 

2 0.00 0.00 0.00 0.00 -.25 0.50 

3 0.00 -.25 0.50 0.00 -.25 1.00 

4 0.00 -.25 1.00 0.00 0.10 1.25 

5 0.00 0.10 1.25 0.00 0.10 1.65 

6 0.00 0.00 0.00 0.00 0.40 0.40 

7 0.00 0.04 0.40 0.00 0.40 0.75 

8 0.00 0.40 0.75 0.00 0.10 1.25 

9 0.00 0.40 0.54 0.00 0.25 0.75 

10 0.00 0.25 0.75 0.00 0.00 0.75 

11 0.00 0.00 0.75 0.00 -.25 0.6 

R = 5 x 10-1t cm 
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Table V.11 Capillary Coordinates for Figure 30 (55 capillaries) 

# -----arteriolar end---;"- -------venous end-------
x y z x y z 

1 0.00 1.38 2.80 0.00 1.40 2.34 

2 0.00 1.40 2.34 0.00 1.52 2.28 

3 0.00 1.52 2.28 0.00 1.50 2.00 

4 0.00 1.50 2.00 0.00 1.80 1.80 

5 0.00 1.80 1.80 0.00 1.96 1.42 

6 0.00 1.96 1.42 0.00 2.40 1.44 

7 0.00 2.40 1.44 0.00 2.56 1.60 

8 0.00 2.60 1.96 0.00 2.56 1.60 

9 0.00 2.44 2.26 0.00 2.60 1.96 

10 0.00 2.86 2.80 0.00 2.44 2.26 

11 0.00 3.12 2.70 0.00 2.86 2.80 

12 0.00 3.28 2.92 0.00 3.12 2.70 

13 0.00 3.44 3.70 0.01) 3.28 2.92 

14 0.00 2.96 3.90 0.00 3.44 3.70 

15 0.00 2.78 3.80 0.00 2.96 3.90 

16 0.00 2.54 3.24 0.00 2.78 3.80 

17 0.00 1.92 2.84 0.00 2.54 3.24 

18 0.00 2.14 3.68 0.00 1.92 2.84 

19 0.00 2.10 3.92 0.00 2.14 3.68 

20 0.00 2.22 4.12 0.00 2.10 3.92 

21 0.00 2.22 4.12 0.00 2.46 4.00 

22 0.00 2.46 4.00 0.00 3.04 4.70 
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Table V.11 Capillary Coordinates for Figure 30 (55 capillaries) (continued) 

-----arteriolar end----- -------venous end-------
x y z x y z 

23 0.00. 3.04 4.70 -.10 3.04 5.10 

24 -.10 3.04 5.10 -.10 2.86 5.34 

25 -.10 2.86 5.34 -.05 2.56 5.00 

26 -.05 2.56 5.00 0.00 2.30 5.20 

27 0.00 2.30 5.20 0.00 2.50 6.10 

28 0.00 3.12 5.80 0.00 2.50 6.10 

29 0.00 3.10 5.52 0.00 3.12 5.80 

30 0.05 3.00 5.80 0.00 3.10 5.52 

31 0.05 3.12 6.12 0.05 3.00 5.80 

32 0.00 1.40 2.34 0.00 1.32 1.98 

33 0.00 1.32 1.98 0.00 0.90 1.64 

34 0.00 0.90 1.64 0.00 0.60 1.20 

35 0.05 0.60 1.20 0.05 0.90 1.06 

36 0.00 1.54 1.36 0.00 1.32 1.98 

37 0.00 1.54 1.36 0.05 1.60 1.12 

38 0.05 1.60 1.12 0.05 1.28 0.90 

39 0.00 1.96 1.42 0.00 1.54 1.36 

40 0.00 1.80 1.80 0.00 2.10 2.16 

41 0.00 2.10 2.16 0.00 2.44 2.26 

42 0.00 3.12 2.70 0.00 2.60 1.96 

43 0.00 3.28 2.92 0.00 3.36 2.88 

44 0.00 3.44 3.70 0.00 3.56 4.40 
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Table V.11 Capillary Coordinates for Figure 30 (55 capillaries) (continued) 

-----arteriolar end----- -------venous end-------
x y z x y z 

45 0.00 3.56 4.40 0.05 3.92 4.94 

46 0.00 1.92 2.84 0.00 1.52 2.28 

47 0.00 2.14 3.68 0.00 2.78 3.80 

48 0.00 3.12 4.24 0.00 2.96 3.90 

49 0.00 3.42 4.76 0.00 3.12 4.24 

50 0.00 2.96 5.04 0.00 3.42 4.76 

51 0.00 3.32 5.76 0.00 2.96 5.04 

52 0.00 3.04 4.70 0.00 3.12 4.24 

53 0.00 2.96 5.04 0.00 2.22 4.12 

54 0.00 2.50 6.10 0.05 2.36 6.44 

55 0.00 2.56 1.60 0.05 2.90 1.44 

R = 5 x 10-" cm 
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Table V.12 Data for Figures 32 through 35 
2 2 cm2 

K =10-6 cm K -10-7 cm Kt=10-a 
t sec cmH2 0 t- sec cmH20 sec cmH20 

total % total % total % 
fluxl reduction 2 fluxl reduction2 fluxl reduction2 

Interaction [ cm
3

] [ cm
3

] [ cm
3

] 
sec sec sec 

Three Capillaries 

none 5.188 5.188 5.188 

self 5.086 1.97 4.323 16.7 1.729 66.7 

c-c 5.047 2.72 4.062 21.7 1.390 73.2 

Five Capillaries 

none 6.920 6.920 6.920 

self 6.790 1.88 5.808 . 16.1 2.380 65.6 

c-c 6.712 3.01 5.288 23.6 1.711 75.3 

Eleven Capillaries 

none 10.81 10.81 10.81 

self 10.63 1.67 9.204 14.9 3.946 63.5 

c-c 10.40 3.79 7.756 28.3 2.215 79.5 

Fifty-five Capillaries 

none 62.22 62.22 62.22 

self 61.09 1.81 52.58 15.5 22.06 64.5 

c-c 58.03 6.73 36.33 41.7 7.765 87.5 

lAIi values x 108 

2% reduction is reduction of fluid flux relative to no interaction 
K = 1 x 10-1t 

PC' = 25 cmHzO 
L\1T = 10 cmH20 
1= .05 cm 
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Table V.13 Data for Figures 36 and 37 

KR ------1<t=.50------- KR ------1<l=.05------ ------KR=.005- __ _ 
Kt 

d q (1-..9... )100% 
qo 

q (1-..9...)100% 
qo 

q (1-.9..)100% 
qo 

.25 .60533 61.6 .13536 13.8 .015460 1.59 

.5 .55613 64.6 .13281 15.5 .015426 1.81 

.75 .53812 65.8 .13176 16.1 .015411 1.90 

1.0 .52877 66.3 .13119 16.5 .015404 1.95 

5.0 .50612 68.1 .12976 17.4 .015384 2.08 

CI) .50059 68.1 .12939 17.6 .015378 2.11 

qa 1.571 .1571 .01571 

Pa = 25 emH20 
Pv = 20 •. 0 em H2O 
K = 10-5 em/(see emH2O) 
R = 5 x 10-" em 
lilT = 10 emH20 
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Table V.14 Data for Figure 38 

-----1 eapillary------ ----3 eapillaries----

d q (1-...9..)100% q (1-..9..)100% 
qex> qex> 

.25 .7271 61.4 1.548 63.4 

.5. .6691 64.5 1.375 67.5 

.75 .6470 65.7 1.301 69.3 

1.0 .6354 66.3 1.261 70.3 

5.0 .6075 67.8 1.160 72.6 

ex> .6011 68.0 1.137 73.2 

qo 1.885 4.239 

----5 capillaries----- ----11 eapillaries----

d q (1-..9..)100% q (1-..9.. )100% 
qex> qex> 

.25 2.009 64.5 ------

.5. 1.759 68.9 2.445 72.3 

.75 1.649 70.8 2.244 74.6 

1.0 1.588 71.9 2.136 75.8 

5.0 1.435 74.6 1.872 78.8 

ex> 1.400 75.2 1.813 79.5 

qo 5.655 8.838 

Pa = 25 emH20 
Pv = 25.0 em H2O 
Kt = 10-7 em2/(emH20 sec) 
R = 5 x 10-0, em 



APPENDIX VI 

NOMENCLATURE 

Upper Case Variables 

A matrix containing coefficients of discrete source strengths 

D dimensionless quantity used in Equation 2.13 and defined in the following 
paragraph 

FAC factor for contour scaling in program SFMLT or SFFIN (see Appendix IV) 

K capillary filtration coefficient or hydraulic conductivity 

Kf c capillary filtration coefficient , 

Kt tissue hydraulic conductivity 

L for single capillaries, the capillary length; for multiple capillaries, the axial 
reference length; and, in Appendix II, is defined in Equation 11.11 

N total number of capillaries 

Pa arterial capillary hydrostatic pressure 

Patm C1tmospheric pressure 

Pc capillary hydrostatic pressure 

Pe effective pressllre, Pc - l11T 

Pt tissue hydrostatic pressure 

Pta> background hydrostatic tissue pressure 

p[2] scaling for intraluminal hydrostatic pressure drop (see Equation 2.16) 

Q non-dimensionalized intraluminal arterial flowrate 

Q intraluminal volumetric flowrate 

Qo intraluminal arterial flowrate 
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R capillary radius 

Lower Case Variables 

used in part to determine euclidean distance, r, based on parametric 
representation of capillaries (see Equation 11.4) 

bk' ,I used in part to determine euclidean distance, r, based on parametric 
representation of capillaries (see Equation 11.6) 

b vector containing effective pressure, and, for multiple capillaries, pressure inputs 
from other capillaries 

used in part to determine euclidean distance, r, based on parametric 
representation of capillaries (see Equation 11.5) 

c intraluminal protein concentration 

d distance between capiflary plane and boundary, also intercapillary distance in 
Krogh configuration (see Figure 23) 

f source strength distribution (see Equation 2.10) 

fk,i represents the infinite series for bounded tissue space (Equation 111.3) 

h partition spacing in numerical integration 

hk partition spacing in numerical integration for kth capillary 

counter for capillaries in numerical integration 

i counter for discretization points in numerical integration, gives the rows of A (see 
paragraph following Equation 3.32) 

counter for discretization points in numerical integration, gives the columns of A 

j counter for discretiation points in numerical integration of lambda function 
integral (Jv, volumetric fluid flux) 

k counter for capillaries (see Equation 3.39) 

Ik or Ii kth or ith capillary length nondimensionalized with reference length L 

m number of discretization points used for numerical integration 

n counter in Equation 3.18 and for reflections in Equation 3.44 

p power to which counter is taken in alternating sign power series (see Equation 
111.6) 
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q source strength distribution for a line source (see Equation 3.10) and total fluid 
exchanged, defined in Equation 4.2 

qf net volumetric flowrate from capillary, defined in Eqaution 4.1 

CIa total exchange of fluid for no interactionl defined in Equation 4.5 

r radial distance and, in Appendix II, euclidean distance between two points on 
separate capillaries (see Equation 11.3) 

u radial component of tissue fluid flow, u at capillary wall 

u defined in Equation 3.29 

u vector linear fluid velocity in the tissue 

ur radial component of tissue fluid flow, u at capillary wall 

v axial component of u 

x cartesian coordinate used when considering multiple capillaries 

Xl see paragraph following Equation 11.4 

Xi denotes parametric representation of projection of ith capillary on x axis 

xk denotes parametric representation of projection of kth capillary on x axis and, for 
a bounded tissue space, is redefined in Equation 111.2 

Xo j x axis coordinate of arterial origin of capillary 

x solution vector containing the discrete source strengths 

y cartesian coordinate used when considering multiple capillaries 

yl see paragraph following Equation 11.4 

Yo j y axis coordinate of arterial origin of capillary 

Yi or Yk denotes parametric representation of projection of ith or kth capillary on y axis 

Z axial distance, also used as a cartesian coordinate when considering multiple 
capillaries (see paragraph following Equation 11.4) 

Zo j Z axis coordinate of arterial origin of capillary 

Zi or zk denotes parametric representation of projection of ith or kth capillary on Z axis 
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p 
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Greek Variables 

scaling factor for K (see Equation 2.1) and intermediate variable defined in 
Equation 3.14 

similarity parameter defined in Equation 3.36 

similarity parameter defined in Equation 3.36 

see Figure 11.14 

scaling factor based on aspect ratio ~ (e: 2 = ~) 

used to define general form of fk i (see Equation 111.7) , 

sum of the alternating sign power series (see Equation 111.6) 

tissue porosity 

jth lambda function defined in Equation 3.31 

viscosity 

capillary oncotic pressure 

tissue oncotic pressure 

used to define general form of fk i (see Equation 111.7) , 

capillary wall reflection coefficient 

represents closed form result of integration of lambda function integral for single 
capillary (upper limit is 1) or multiple capillaries (upper limit is Ik) (see Equation 
3.34) 

represents closed form result of integration of lambda function integral for 
multiple capillaries (see Equation 11.21) 
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