
VISUAL PERCEPTION IN CORRELATED NOISE (MODELS).

Item Type text; Dissertation-Reproduction (electronic)

Authors MYERS, KYLE JEAN.

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 21:38:31

Link to Item http://hdl.handle.net/10150/188006

http://hdl.handle.net/10150/188006


INFORMATION TO USERS 

This reproduction was made from a copy of a document sent to us for microfilming. 
While the most advanced technology has been used to photograph and reproduce 
this document, the quality of the reproduction is heavily dependent upon the 
quality of the material submitted. 

The following explanation of techniques is provided to help clarify markings or 
notations which may appear on this reprodudion. 

1. The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. This 
may have necessitated cutting through an image and duplicating adjacent pages 
to assure complete continuity. 

2. When an image on the film is obliterated with a round black mark, it is an 
indication of either blurred copy because of movement during exposure, 
duplicate copy, or copyrigh ted materials that should not have been filmed. For 
blurred pages, a good image of the page can be found in the adjacent frame. If 
copyrighted materials were deleted, a target note will appear listing the pages in 
the adjacent frame. 

3. When a map, drawing or chart, etc., is part of the material being photographed, 
a definite method of "sectioning" the material has been followed. It is 
customary to begin filming at the upper left hand corner of a large sheet and to 
continue from left to right in equal sections with small overlaps. If necessary, 
sectioning is continued again-beginning below the first row and continuing on 
until complete. 

4. For illustrations that cannot be satisfactorily reproduced by xerographic 
means, photographic prints can be purchased at additional cost and inserted 
into your xerographic copy. These prints are available upon request from the 
Dissertations Customer Services Department. 

5. Some pages in any document may have indistinct print. In all cases the best 
available copy has been filmed. 

Uni~ 
MicrOfilms 

International 
300 N. Zeeb Road 
Ann Arbor, MI48106 





Myers, Kyle Jean 

VISUAL PERCEPTION IN CORRELATED NOISE 

The University of Arizona 

University 
Microfilms 

International 300 N. Zeeb Road, Ann Arbor, MI48106 

8522817 

PH.D. 1985 





VISUAL PERCEPTION IN CORRELATED NOISE 

by 

Kyle Jean Myers 

A Dissertation Submitted to the Faculty of the 

COMMITTEE ON OPTICAL SCIENCES (GRADUATE) 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

1 985 



THE UNIVERSITY OF ARIZONA 
GRADUATE COLLEGE 

As members of the Final Examination Committee, we certify that we have read 

Kyl e Jean ~1yers the dissertation prepared by --------------------------------------------
entitled Visual Perception in Correlated Noise 

and recommend that it be accepted as fulfilling the dissertation requirement 

for the Degree of Doctor of Philosophy 
------~------------------------------------------------

Dr. H. Barrett 
Date I I 

Dr. J. Burke 0-~/~i-
Date? 

Dr. D. Patton 
Date 

Date 

Date 

Final approval and acceptance of this dissertation is contingent upon the 
candidate's submission of the final copy of the dissertation to the Graduate 
College. 

I hereby certify that I have read this dissertation prepared under my 
direction and recommend that it be accepted as fulfilling the dissertation 
requirement. 

Dr. H. Barrett 7~ ~ 
Dissertation Director Date / I 



STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of 
requirements for an advanced degree at The University of Arizona and 
is deposited in the University Library to be made available to bor
rowers under rules of the Library. 

Brief quotations from this dissertation are allowable without 
special permission, provided that accurate acknowledgment of source 
f~ made. Requests for permission for extended quotation from or re
production of this manuscript in whole or in part may be granted by 
the head of the major department or the Dean of the Graduate College 
when in his or her judgment the proposed use of the material is in the 
interests of scholarship. In all other instances, however, permission 
must be obtained from the author. 



ACKNOWLEDGEMENTS 

I would like to thank my advisor, Harry Barrett, for all his 

guidance during the course of this work, and for his special friendship. 

I would like to give a sincere thank you to my mom and dad, and my other 

families, the McBeaths and the Myers, for giving me the joy of learning, 

and for their love and encouragement. I would also like to thank all 

the members of the medi ca 1 opti cs group for thei r pa rti ci pati on in the 

observer experiments and for the environment of cooperation they help to 

create. Many thanks go to Mark Borgstrom for the many 1 ate hours he 

spent programming and analyzing data. Finally, I want to thank my 

husband, Matthew, for his help in proofreading, and for his constant love 

and support. 

This work was supported in part by a fellO\'Iship from the 

Eastman Kodak Company, and in part by NCI grant POl CA23417. 

iii 



TABLE OF CONTENTS 

Page 

LIST OF ILLUSTRATIONS .................................. vi 

LIST OF TABLES •••••••••.•••••••••••.•••••••••••••••• viii 

ABSTRACT ••••••••••••••.•••••••••••••••••••••••••••••• i x 

1. INTRODUCTION •••••••••••••••••••••••••••••••.•••••••••• 1 

Figures of Merit ............................... 3 
The Pro b 1 em •••••••••••••••••••••••••••••••••. 7 

2. MODELS OF THE VISUAL SYSTEM ••••••••••••••••••••••••••••• 10 

Real Models •..•••.••...••.....•.••••.••.•..•. 10 
Ideal Detector as Vi sual System Model ••••••••••••• 14 

3. SIGNAL DETECTION THEORY ••••••••••••••••••••••••••••••••• 19 

Bayesian Decision Rule... ••• • • • •• • • ••• •• • •• • • • • • 24 
Minimum Error Detector ••••••••••••••••••••••••• 28 
Maximum Likelihood Criterion •••••••••••••••••••• 30 
Ideal Observer ................................ 31 

Example 3.1. Finding the likelihood function.... 32 
Test Performance ....•......................... 40 
ROC Curves •••.••••••••••••••••••••••.• eo •••• 0 43 

Exampl e 3.2 An ROC Curve ••••••••••••••••••• 44 
Detectability dl 

••••••••••••••••••••••••••••••• 48 
Example 3.3 Calculating d' •••••••••••••••••• 51 

The Multiple Hypothesis Problem.................. 55 
Human Observer Performance ••••• :............... 56 

4. EXPERIMENTAL METHODS AND RESULTS ••••••••••••••••••••••••• 60 

Model of Imaging Systems ••••••••••••••••••••••• 61 
Study I: Pixel SNR ............................... 64 

System Transfer Functions •••••••••••••••••• 64 
Calculation of Pixel SNR .................... 69 
Image Simul ation •••••••••••••••••••••••••• 71 
Image Verification ••••••••••••••••••••••••• 71 
Experimental Methods •••••••••••••••••••••• 73 
Data Analysis and Resul ts ••••••••••••••••••• 74 

Study II: Ideal Observer SNR ••••••••••••••••••••• 76 
Calculation of Ideal Observer SNR •••••••••••• 78 
Image Simul ation .......................... 81 
Image Verification ••••••••••••••••••••••••• 85 
Experimental Methods •••••••••••••••••••••• 85 

iv 



v 

TABLE OF CONTENTS--Continued 

Page 

Data Analysis and Resul ts ••••.•••••••••••••. 86 
Calculation of Non-prewhitening Ideal-Observer SNR 91 
Observer Performance in White Noise ••••••••.• 96 
Observer Performance as Power Spectrum Peak Varies 96 

5. ADDITION OF CHANNEL MECHANISM TO IDEAL-OBSERVER MODEL 100 

Detecti on of Grati ngs •.•••••••.•••••••••.•••.•• 100 
Inclusion of Frequency Channels into Ideal-Observer Model 103 

Theory .......... ~ . . . . . . . . . . . . . . . . . . . . . . 103 
Experimental Resul ts •••••••••••••••••••••• 116 

6. CONCLUSION ••••••••••••••••••••••••••••••••••••.••••.• 129 

Summary .......•....•..........•............. 129 
Areas for Future Investigation ••.•••••••••••••••. 130 

REFERENCES 133 



Figure 

1.1 

3.1 

3.2 

3.3 

3.4 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 

4.10 

4.11 

4.12 

4.13 

5.1 

5.2 

LIST OF ILLUSTRATIONS 

Model of medical imaging system •••••••••••••..•• 

Probability densities of A under Hand H 
- 1 2 

An exampl e ROC curve ••.•.••••••••••••.••••.••• 

Four ROC curves with increasing values of d' 

Two overlapping ROC curves with equal AUC's 

Image of a poi nt source •••••••••••••••••.•••••• 

Model of gamma-ray imaging system ••••••••••••••• 

Low-pass power spectrum ••.•••••••••••..••••••• 

High-pass power spectrum •••••••••••.••••••••.• 

Oi sk object profi 1 e •••••••.••.•••••••••••••••• 

ROC curves for high-pass and low-pass systems ••••• 

Model of the ideal observer .................... 
Transfer function vs. fil ter parameter n ••••.••••. 

Power spectrum vs. filter parameter n .•.•••.•••••. 

ROC curves for each val ue of n ••••••••••••.••••• 

Area under ROC curve as a function of n •••••••••• 

Oetectabil i ty d' as a functi on of n •.•••••••••••. 

Model of non-prewhitening ideal observer ••••••••• 

Channel model of the visual system •••••••••••• 

Simulation model of filter bank ••.••••••••••••• 

Page 

2 

41 

45 

50 

54 

62 

63 

67 

68 

72 

75 

77 

83 

84 

87 

88 

90 

92 

102 

104 

5.3 Efficiency of human observer relative to channelized ideal 
observer and non-prewhitening ideal observer ••• 125 

vi 



vii 

List of Tables--continued 

Page 

5.4 Area under the ROC curve predicted by non-prewhitening 
and channel ;zed ideal-observer model s •••••••• 126 



Table 

3.1 

4.1 

4.2 

4.3 

5.1 

5.2 

5.3 

LIST OF TABLES 

Rating scale ................................ . 

Observer effi ci enci es as a fl!(Icti on of n •••••••••. 

Observer efficiency in white noise ••••••••••••.•• 

Observer efficiency as P max is varied ••.•••..•••• 

Efficiency nChan for filter width a=1.5 ••••••.••• 

Efficiency nChan for filter width a=2.0 

Efficiency for varying power spectrum peak •••.••• 

viii 

Page 

58 

95 

97 

98 

122 

123 

128 



ABSTRACT 

This dissertation concerns the ability of human observers to 

perform detection tasks in medical images that contain structured noise. 

We shall show that physical measures of image quality, such as signal

to-noise ratio (SNR), resolution, modulation transfer function (MTF), and 

contrast, do not accurately predict how well an observer can detect 

lesions in an image. We have found that for images with equal pixel SNR, 

humans can detect a low contrast object more readily in images that have 

a low-pass noise structure, as opposed to a high-pass noise str·ucture. 

This finding is important in the comparison of images generated by a 

cl assical pinhol e imaging system with images generated by a computed 

tomography imager. 

We would like to have a figure of merit that accurately predicts 

a physician's ability to perform perceptual tasks. That is, we want a 

figure of merit for imaging systems that is more than an evaluation of 

the physici ani s performance, measured using human observers and an 

accepted method such as receiver operating characteristic (ROC) 

techniques. We want a figure of merit that we can calculate without 

requiring lengthy observer studies. To perform this calculation, we need 

a model of the imaging system hardware in cascade with a verified model 

of the human observer. 

We have chosen to approach this problem by modelling the human 

observer as an ideal observer. Our hypothesis is that the human 

ix 



observer acts approximately as an ideal-observer who does not have 

the ability to prewhiten the noise in an image. Without this ability, 

the ideal observer's detection performance for even a simple task is 

degraded substantially in correlated noise. This is just the effect 

that we have found for human observers. 

In search of a physiological explanation for a human 

observer's inability to do prewhitening, we shall investigate the 

detection capability of the ideal observer when a frequency-selective 

mechanism is invoked. This mechanism corresponds to the frequency 

channel s known to exi st in the human visual system. We shall show 

that the presence of such a mechanism can explain the degradation of 

human observer performance in correlated noise. 

x 
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CHAPTER 1 

INTRODUCTION 

Radiological imaging is any procedure that uses radiation, be 

it X-rays, gamma rays or ul trasound, to produce a map of body 

function or morphology. The source together with the image-forming 

elements determines the radiation intensity pattern incident on the 

detector. The pattern of detected photons collected during the 

study is displ ayed as an image (after some fil tering operations may 

have been performed), which is then viewed by the physician. The 

overall process of medical imaging may be model 1 ed as shown in 

Fi gure 1.1. 

A fundamental problem in medical imaging is that of 

determining the relationships between the physical parameters of an 

imaging system and the ability of the physician to use the image to 

make decisions regarding the state of heal th of the patient being 

imaged. To reach a conclusion regarding the state of health of the 

patient, the physician must consider patient history and any prior 

experience obtained from previous similar cases, plus an estimate of 

the cost of any decision made, all in addition to the visual 

information available in the image. The final outcome is not an 

image, but rather a decision regarding the state of health of the 

patient. Thus the notion of medical image quality has relevance only 
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SOURCE ----- image-forming 1--....... 1 detector I .. post-processing 
elements _ t-. - ..... 1 filters 

image r I display '---- ~bserver t--~ .. - decision 

Fig. 1.1 Model of medical imaging system 



in the context of optimal human observer performance in making that 

decision. That is, good image quality must correlate with correct 

diagnostic judgments in the clinical setting. 

Figures of Merit 

3 

A figure of merit is some number that gives a measure of the 

quality of an object. It defines the "best" object as the one that has 

the highest possible figure of merit. We hope it follows that the object 

with the highest figure of merit is most apt at performing its 

particular function. In medical imaging applications, a figure of merit 

should describe the usefulness of an imaging system for doing patient 

diagnosis. In this section we describe some known figures of merit for 

medical imaging systems and divide them into two important classes. We 

also discuss the characteristics of a good figure of merit (a figure of 

merit for figures of merit!). 

The first class of figures of merit contains descriptors of the 

quality of the physical system alone. Looking back at Figure 1.1, we see 

that the physical system is composed of some image-forming elements, a 

detector, some electronics, and a display. Figures of merit have been 

proposed to describe each of these components, both alone and in 

combination with each other. 

Probably the best known figure of merit for an imaging system is 

the signal-to-noise ratio (SNR) in the output image. Definitions of 

signal-to-noise ratio abound. One definition we shell use frequently is 

the ratio 9/0g, where g is the grey level at a point in the final image, 
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g is its mean and 0g its standard deviation. Since we are primarily 

concerned with images that are displ ayed on video monit.ors, we call this 

signal-to- noi se ratio SNR, where the subscript p indicates that the 
p 

signal-to-noise ratio is measured at one picture element, or pixel, in 

the image. 

Since radiological images are limited by photon noise, there are 

several methods we can use to improve SNRp in an image. This can be 

achieved by increasing the dose to the patient, increasing the time we 

spend collecting photons to make the image, or by somehow altering the 

image-forming elements in the system to let more photons through. In 

making each of these adjustments there is a trade-off involving other 

aspects of image quality. 

Consider the fi rst option of increasing patient dose for a 

nuclear medicine scan. Certainly this increases the SNR in the images, 

but at the expense of increased tissue damage. If we instead choose to 

image the patient for a longer time period, we eliminate the necessity 

to increase patient dose, but we also increase the length of time the 

patient must lie stationary in order to avoid motion artifacts in the 

images. Longer imaging times also imply lower patient throughput in the 

clinic. 

Suppose we elect to redesign the collimator in a nuclear imaging 

system to pass more photons. To do this, we must somehow "open up the 

holes" in the attenuating element. In doing so we reduce the resolution 

in the images. This is a very important and well-documented tradeoff in 

medical imaging (Barrett and Swindell, 1980). A figure of merit for 
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spatial resol uti on is the full width at hal f-maximum (FWHM) of the 

system point spread function (psf). When we speak of imaging systems 

that yield the same resolution, we mean the FWHM for each system psf is 

equi va 1 ent. 

Figures of merit such as pixel SNR or system resolution can be 

calculated from the physical parameters of the imaging system. This is 

our first criterion for a figure of merit--it must be calculable. The 

second criterion is that the figure of merit must predict human 

performance. Yet, measures of imaging-system quality such as SNRp will 

be shown in this dissertation to be unable to fully predict human 

observer performance for even a simple detection task in noise. We 

could expect this because of the trade-offs we mentioned earlier between 

various figures of merit that pertain to the physical system alone. If 

we improve one measure of the physical system quality, we always seem 

to find a decrease in the value of another measure. 

One way to account for the tradeoffs in figures of merit such as 

SNR and resolution is to use a set of numbers to describe the quality of 

a medical imaging system. We rule this option out by stipulating that 

the figure of merit must be a scalar. This is the third criterion for 

our figure of merit. We want a singl e number that we can use to 

describe system performance, not a set of numbers or parameters, 

because we are interested in eventually using this number as the basis 

for an imaging system optimization procedure. 

In order to satisfy the second criterion for our figure of merit, 

we shall conclude that any attempt to predict observer performance must 
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involve a model of the human visual system in cascade with the physical 

imaging system. Many researchers have proposed model s of the vi sual 

system. These can be partial system model s which account for the 

special function of a small part of the visual system, such as the 

processing done by the retina and the neural cell interconnects. Others 

have attempted to model the entire visual system, from image input data 

to the observer's perceived brightness pattern. These model s are 

similar in that they can all be called real-detector models. Their 

purpose is to account for the actual behavior of the sensory system 

under consideration. At their present stage of development, real

detector model s are not suited for predicting human performance in 

signal-detection tasks. 

Another approach is to consider the performance of an ideal 

detector performing the same visual task as the human observer. The 

ideal observer is a construct found in the signal-detection theory 

literature. This mythical observer makes optimal use of the available 

information in the image and all a priori information, such as signal 

size, shape, and probability of occurrence. The ideal observer performs 

the detection task by mi nimizing the overall probabil ity of making a 

decision error. Figures of merit that describe the performance of an 

ideal detector form the second cl ass of figures of merit that are 

important to us. 

The performance predicted by an ideal-observer model provides a 

baseline against w~ch human performance can be compared. When the 

performance predicted by an ideal-observer model for a given visual task 
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is significantly better than that found through human-observer 

experiments, the human observer must be operating in a sub-optimal 

manner. This will happen when the human either discards information 

that the ideal observer uses, or uses given information imperfectly. If, 

on the other hand, the ideal observer and the human observer are nearly 

equal in performance, then we conclude that the ideal observer model 

predicts the abil ity of the human observer to perform the given task. 

If we coul d demonstrate the val idity of a model based on an ideal 

observer for predicting human performance, we would have the power to 

calculate the improvement in diagnostic decision-making for a new 

imaging technique or processing algorithm without the need for lengthy 

experimental procedures which require large amounts of observer data. 

This is of particular importance in system design, where system 

optimization could be performed using some figure of merit related to 

the predicted performance of an ideal observer as a measure of the 

system quality. 

The Problem 

This dissertation will explore the ability of human observers to 

perform detection tasks in correl ated noi se. We investigate an 

observer's abil ity to detect a simpl e circul ar col d disk at a known 

location in non-white noise. We shall evaluate the prediction capability 

of pixel SNR and ideal-observer SNR as we vary the power spectrum of 

the noise. 



Models of the human observer are discussed in Chapter 2. We 

touch briefly on real-detector models of the human visual system, but 

our emphasis will be on ideal-detector models. Tests of models such as 

masking and adaptation experiments, as well as predictions of visual 

illusions and illusion softening, will be discussed briefly and from a 

theoretical point of view only. 

Chapter 3 contains an overview of signal-detection theory. We 

develop the theory of decision-making by statistical inference, and 

present the concept of the ideal observer. Figures of merit for an 

ideal observer will be derived. To present the experimental results of 

our human observer studies, it is necessary to review techniques for 

measuring human observer performance in this chapter. We have chosen 

to use receiver operating characteristic (ROC) techniques, which have 

become popular in the medical imaging literature. 

8 

In Chapter 4 we describe the experimental method we shall use 

to evaluate pixel SNR and ideal-observer SNR for predicting human 

detection performance in correlated noise. We present the results of 

these studies, and we discuss their implication for understanding how a 

human does signal-detection. 

As researchers find out more about the actual properties of the 

real visual system these findings should be included in the ideal

detector model. In this way the ideal detector model will become more 

and more representative of the real system. Evidence supports the 

theory that the human observer processes visual data through spatial

frequency-selective channels. In Chapter 5 we shall add a frequency-
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selective mechanism to the ideal-detector model and determine the effect 

of such a mechanism on performance. Finally, we conclude in Chapter 6 

with a discussion of the implications of this work and some suggestions 

for future direction. 



CHAPTER 2 

MODELS OF THE VISUAL SYSTEM 

The goal of this dissertation is to find a method of predicting 

observer performance in correlated noise. This chapter briefly discusses 

the attributes of real models of the visual system, as well as ways of 

testing such models. We shall show that these models are not suitable 

for the proposed detection task. When the task is the detection of 

signals in nOise, we propose that the ideal observer is the model of 

choice for the human visual system. For this model to be consistent 

with known information about the human visual system, we shall require 

the ideal observer to process visual scenes through frequency-selective 

channel s. 

Real Model s 

A great number of researchers have worked toward the 

development of a real model of the visual system. The goal of these 

models is to take an input process, or image, and predict the perceived 

brightness pattern "seen" by the observer. These model s are based on 

data derived from psychophysical experiments and from data coll ected 

through physiological studies. 

Visual psychophysics is an interdisciplinary area of scientific 

investigation rel ating the reactions of human observers to physically 

measurable aspects of the visual image. Psychophysical investigation is 

10 
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capable of providing a specification of the performance characteristics 

of the visual system as a whole. It is analogous to the specification of 

the operating characteristics of a complex machine in terms of input

output variabl es alone. The input variabl es of the system incl ude 

quantities such as system resolution and display luminance, as well as 

parameters that specify the stimulus and noise situation. The output 

variable is some measure of human-observer performance, such as the 

percentage of correct responses in a detection task. Psychophysical 

studies yield external measures of visual-system function. In Chapter 3 

we present methods for performing psychophysical studies to measure 

observer performance. 

Physiological studies measure the internal function of the human 

visual system. Most of the physiological functioning of the visual 

system has been deduced by inserting tiny electrodes into single ganglion 

cell s of the retina, 1 ateY'al genicul ate nucl eus, and cortex of 

anesthetized animals. These studies have been performed primarily on 

mud puppies (because of the large size of the nerve cells), and cats and 

monkeys (because of the resemblance of their nervous systems to that of 

man). Since the visual systems of all vertebrates are similar, these 

measurements provide useful information about the behavior of the human 

visual system. Researchers then construct models of the visual system 

that try to be consistent with knowledge gained from these studies. 

Since physiological measurements are made on species other than 

humans, and because they observe only individual cell behavior in limited 

regions of the nervous system, they cannot lead to a complete model of 
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what stimul i are detectabl e by humans. Moreover, the perception of 

highly structured stimuli probably utilizes very high level pl'ocessing in 

the neural system. It woul d be enormously difficul t to describe the 

process a radiologist undergoes in dOing clinical diagnosis on the basis 

of the activity of an ensemble of simple neural cells. For these 

reasons, any model of the visual system must be consistent with data 

derived from psychophysical data as well as physiological data; the two 

go hand in hand. 

The more popular models of brightness perception are discussed 

in a good review by Kajiya (1979). Kajiya rates these models according 

to thei r abil ity to predict various well-known brightness ill usions, 

which are scenes in which the actual luminance distribution in the image 

is very different from the perceived brightness pattern. The models are 

al so tested on their ability to qual itatively predict the resul ts of 

experiments that measure the ability of the human visual system to 

detect gratings, and how that ability is altered by an initial exposure 

to various stimuli (adaptation experiments). (See Blakemore and 

Campbell, 1969.) These kinds of experiments are classical tests of a 

vi sua 1 mode 1. 

Once a real-detector model is derived, images may be enhanced 

based on image-qual ity metrics resul ting from the model. Kajiya 

concludes his thesis by exploring image-processing algorithms that arise 

from the real-detector model he develops. In this manner, real-detector 

model s do have some significance to the image-processing fiel d. Kajiya ' s 

model suggests a way of doing image enhancement; presumably, if the 
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enhancement technique is IIsuccessful", the model is verified to some 

extent. Other authors (Stockham,1972, Sakrison,1977, Pearlman,1978) have 

al so developed image processing al gorithms based on real-detector 

model s. A major fl aw v/ith this approach is that the al gorithms in all 

of these papers are judged solely on the basis of subjective impressions 

of the processed images, without observer studies for verification. 

Real-observer models such as those discussed in Kajiya all 

suffer from one or more of the following problems. Probably the 

biggest shortcoming is that they are not computable. They are meant to 

give only a qualitative understanding of the working of the visual 

system; they do not perm'j t numerical predictions to be made for a given 

experimental situation. It is important that a model be testable on 

some mathematical basis for it to be meaningful. Second, these models 

are usually devised to predict the outcome of one particular visual 

task, that is, they are task-dependent. All too frequently a model is 

constructed in one context, often in an ad hoc manner, but is 

incompatible with data from another context. When presented with a 

different experimental circumstance, the model fail s. Finally, these 

model s do not assume that the observer has the ability to use any 

information outside of that contained in the visual scene. Certainly, 

any model which attempts to predict the ability of an observer to 

perform the high-l evel tasks of radiological diagnosis must attribute 

intelligence to the observer. These and other contraindications for 

real-detector models were enumerated by Watson (1983). 
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The beauty of the ideal-observer model is that it meets each of 

these conditions successfully. As we shall show in Chapter 3, the model 

is computable. Furthermore, the model is not tailored to one specific 

task. Instead, once the task and the decision rule are specified, an 

optimal approach for the ideal observer if fully determined. There is 

absolutely nothing ad hoc about the way this approach is derived. 

Lastly, this approach will make the most effective use of any available 

a priori information. 

Ideal Detector as Visual System Model 

Since we are ultimately interested in real observers, why then 

do we want to turn to the study of ideal observers? The answer to this 

question lies in the fact that the ideal detector serves as a standard 

of comparison for human detection performance. If we evaluate the 

performance of an ideal observer and find that it is degraded for a 

certain change in the object description, then we might expect the same 

task to become more difficult for the human observer as well. The 

degradation in human observer performance can be traced directly back to 

the stimulus perturbation, without any explanation involving the internal 

mechanisms of the human observer. If, on the other hand, we find a 

situation where the human observer is affected by some change in the 

stimulus while the ideal observer is not, then we need to look for 



differences in the way the visual images are processed by the two 

observers. 
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Signal-detection theory leads to the concept of the ideal 

observer, as described more fully in Chapter 3. One of the earliest 

applications of signal-detection theory to visual perception was a study 

by Tanner and Swets, published in 1954. In 1958, Tanner and Birdsall 

introduced figures of merit relating measures of human performance to 

ideal-observer performance measures, and in 1959 Tanner and Jones 

published an article that described several experiments in which the 

concept of the ideal observer was applied to the visual detection task. 

At the same time, numerous studies were being done to demonstrate the 

applicability of signal-detection theory to audition (Smith and 

Wilson,1953; Munson and Karlin,1954). Many of the papers published in 

the detection field during these early years can be found in a 

compilation by Swets (1964). 

One of the fi rst researchers to postul ate that an intimate 

relationship exists between SNR and an observer's ablility to detect an 

object in an image was DeVries (1943). Rose (1948) and Rosell and 

Willson (1973) conducted numerous studies that generated data regarding 

the threshold contrnst at which human observers are able to detect disk 

objects in images that contain white noise. Blackwell (1946) studied the 

detection of disks in "noiseless" images viewed at low light levels. For 

small objects (an angular subtense of 1-10 mrad. at the eye), it was 

found that the detection threshold of the observers was such as to 

maintain a constant pixel SNR for a constant object size. In a volume 
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edited by Biberman (1973), Rosell and Willson present a large amount of 

data relating SNR to visual· detectabli1ity. (It is interesting to note 

that simil ar resul ts were being reported in the psychoacoustics 

literature. Over a wide range of signal frequencies, durations, and 

noise levels, signal detectability was found to be approximately linearly 

rel ated to the ratio of signal energy to noise power density (Egan, 

Greenberg, and Schulman,1961; Green,1960).) 

In 1978, Wagner published a paper that connected the concept of 

the ideal observer to the SNR parameters of image quality used by Schade 

(1952, 1975), and Rose (1948, 1973). This paper was an extension of 

some work done by Harris (1964), who utilized signal-detection theory to 

derive a figure of merit for optical systems and predict the ability of a 

system to resolve two point sources. Wagner pOinted out that the Rose 

SNR for disks against a background of white noise had also been obtained 

from statistical decision theory by Lawson (1971). 

However, limits to the simple SNR approach for predicting human 

observer performance have been found. If the object is too large, the 

human observer is unable to integrate over the entire object area, 

resulting in lower human detection ability than is predicted by the SNR 

(Rose,1948; Blackwell 1946). If the object is too small, the SNR 

approach again gives an overly optimistic estimate of human performance. 

The detection threshold predicted by SNRp considerations also does not 



agree with the thresholds measured experimentally when the observer's 

task is to detect the presence of lines or bars (Burgess, 1977,1979). 
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With the advent of computerized tomography (CT) and the 

resul ting non-white reconstruction noise, it became important to 

determine if pixel SNR woul d predict human detection performance 

accurately in correlated noise. Studies have been performed to measure 

human performance in ramp noise, like that which is found in CT images 

(Pizer and Todd-Pokropek,1975; Judy and Swensson,1981; GUignard,1982). 

These studies consistently found noise texture to be detrimental to 

visual perception. Under certain circumstances, observer detectability 

of large objects in CT images is improved by smoothing operations. 

Hanson (1979) suggested that this improvement results because the eye 

cannot "integrate" the noise properly, perhaps because the noise 

fluctuations are too large. 

The problem of signal-to-noise requirements for signal detection 

in noisy medical images has been considered by Burgess, Wagner, and 

Jennings (1982). Burgess (1984) has performed a number of experiments in 

which he measures observer performance for several discrimination tasks 

and for the detection of disks in white and ramp noise. We have 

performed further experiments to measure human detection ability for 

several kinds of noise correlation functions. The results of our studies 

are presented in Chapter 4. In all these studies the resul ts are 

consistent with the hypothesis that a human observer does not have the 

ability of the ideal observer to ignore correlations in the noise which 

masquerade as signal, as suggested by Hanson. Hence, human performance 
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is not completely predicted by the ideal-observer model; the model must 

be modified to predict the results of these human-observer studies. 

It is unsatisfactory to conclude that the human observer is 

described by the ideal-observer model when we must tack on a caveat 

stating that the human observer is unable to rewhiten correlated noise. 

As we stated earlier, when we find a situation where the human and ideal 

performance disagree, we must search for physiological explanations for 

the discrepancy. To this end, we add a frequency selective mechanism 

known to exist in human visual systems to the ideal-observer model in 

Chapter 5. 

In the following chapter, we present the principles of signal

detection through stati stical inference. The concept of the ideal 

observer as the best detector for performing a given signal-detection 

task is developed. We show how we can calculate the performance of 

such an observer. Ways in which we can measure the ability of a real 

(human) observer to perform the same task are also discussed. We shall 

then have all the necessary tools for running our observer experiments 

and analyzing their results. 



CHAPTER 3 

SIGNAL DETECTION THEORY 

In the middle of the 18 th century, Thomas Bayes studied the 

following problem (Bayes, 1764). Suppose we observe the output to a 

system that has some random character. We want to use the observed 

output and somehow infer which of two possible causes produced it. This 

is known as the testing of hypotheses by statistical inference. The 

theories Bayes first developed in the 1700's blossomed with the advent 

of radar and communications technology. More recently, this theory has 

been applied to the evaluation of medical imaging systems (Swets and 

Pickett, 1982) and has contributed to the study of human percepti.on 

(Green and Swets, 1966). 

In this section we present the theory of the detection of 

signals distorted by additive noise. We then use the theory to develop 

figures of merit for ideal detection systems. In a 1 ater section we 

shall use this same theory to eval uate another detector - the human 

observer. 

In a communication system, a signal is chosen for transmission 

to a receiver. During the transmission process the signal is distorted 

by noise. The receiver itself adds noise to the signal to cause further 

distortion. In many cases this process is not known precisely, but is 

instead random. Consequently, the observer receiving the signal cannot 
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be certain which of many possible signals was actually transmitted. We 

need some way of deciding which signal was originally sent. 

Many problems fit this general structure, including the problems 

that are encountered in radiological imaging and medical decision-making. 

The structure can be divided into four parts: 1) Something happens. In 

medical imaging the event is the presence or absence of disease. 2) The 

happening is relayed. In our example, a set of medical tests is ordered 

and performed. 3) A noisy observation is made. Each of the images or 

tests is examined by a physician, after being corrupted by various noise 

sources. 4) Finally, a decision is made. The doctor reaches a diagnosis. 

A detection problem is classified according to the number of 

hypotheses to be di stingui shed, the nature of the hypotheses, the 

structure of the data, and the statistics of the signal and noise. We 

shall start by assuming a very simple decision problem with a well

known sol ution. Toward the end of the chapter we shall discuss the 

implications of generalizing some of the assumptions made in setting up 

this problem. 

We start by considering a decision problem consisting of two 

si mpl e hypotheses. Under the first hypothesis, H , there is a single, 
. 1 

non-random signal present at the input. Under the second hypothesis, H , 
2 

a second, different signal is present. When only two alternatives are 

possible as system inputs, we are presented with the simplest class of 

decision problems, the binary hypothesis test. We assume that the data 

consist of a set of N discrete samples, where each of the N observations 

corresponds to a pixel in the displayed medical image. Then the output 



of the system can be thought of as a point in an N-dimensional 

observation space and can be denoted by the Nx1 column vector r: 
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_ [ T r - r, r , ••• , r II ] 
- -t -i -1-' 

(3.1) 

where the T represents the transpose operator. The boldface character 

implies a vector quantity, and the underline denotes a random variable. 

Under each hypothesis we then have: 

H: r=s +n 
1 1 

H: r=s +n 
2 2 

(3.2) 

Under each hypothesis a signal vector is present, represented by 

the Nx1 col umn vector 5;. The noise process is assumed to be 

independent of the signal and can be represented by the Nx1 vector n. 

Note that the signal component of the output is non-random under each 

hypothesis, but the noise is random. The noise in the received data is 

any undesired input, but is al ways assumed to be random. In this theory, 

without the presence of noise the signal would be directly observable. 

No mistakes in the final diagnosis of patient illness would occur. When 

this is the case, the system is said to be noise-limited. However, there 

are actual situations that occur where the number of decision errors 

woul d be non-zero even in the absence of nOise, just due to the 

difficulty of the task imposed by deterministic, but non-signal structure 



22 

in the image. Such is the case in 1 ung images compl icated by overl apping 

rib structure. This phenomenon, sometimes referred to as the 

conspicuity of the task, is not addressed by simpl e signal-detection 

theory, nor will it be considered in this dissertation. Problems of this 

nature are well-suited to the methods found in the pattern-recognition 

1 iterature. 

If the problem is to decide whether signal is present or absent 

in the images, we can rewrite the received data under each hypothesis as 

shown below: 

H : .. = n 
o 

H r = s + n 
1 

(3.3) 

H is often called the null hypothesis because it represents the 
o 

hypothesis under which no signal is present. 

We shall assume that the statistics of the noise are known. 

Each observation point is generated according to the conditional 

probability densities p(rlH land p(rlH ), which describe the action of the 
- 1 - 1 

transmission medium under each hypothesis. Using this information, the 

problem is to determine the best rule for making a decision regarding 

which hypothesis produced the received and observed data. 

Decisions to be made by the system must be based on the data r, 

which, because of their contamination with noise, constitute only 

incomplete clues to the underlying signal. When this is the case, 

whatever the decision rule adopted, the decisions to which it leads 



cannot al ways be correct. Instead, four scenarios exist for each 

experimental observation: 

1. H is 2 true; observer decides H 2 is true. 

2. H2 is true; observer decides H 
1 

is true. 

3. Hl is true; observer decides H is true. 2 

4. H 1 is true; observer deci des Hl is true. 
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Two of the above alternatives result in the observer correctly 

determining the underlying hypothesis, but we also see that two types of 

errors can be made. If the problem is to decide whether signal is 

present or absent, and the observer says a signal is present when in 

fact it is not, a type I error is made. In radar terminology this is 

called a "false alarm", while in the medical literature it is called a 

false positive. When the signal is present, but the observer chooses the 

noise-only' al ternative, we say a "miss", or fal se negative has occurred. 

This is known as a Type II error. 

We shall denote the probability of deciding on hypothesis i when 

hypothesis j is true by P(DiIHj). In this notation the total probability 

of error is written 

(3.4) 

In the following sections we present three decision rules for 

determining the underlying hypothesis from the noisy data. 
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Bayesian Decision Rule 

When the probability of error is non-zero, one decision rule is 

for the observer to impose a val ue judgment to weight each kind of 

decision outcome by its cost, or risk. For example, in our problem these 

risks correspond to the cost of making an incorrect diagnosis. The 

decision rule is determined by requiring that the overall risk of making 

a decision be minimized. An observer who implements this kind of 

decision rule is termed a Bayesian observer. 

To find the Bayesian rule for discriminating between HI and H2, 

we must first assign a cost value to each of the four possible decision 

outcomes listed above. Define cij to be the cost associated with 

choosing hypothesis Hi when Hj is actually true. In general, a cost can 

be assigned to a correct decision as well as an incorrect decision (a 

positive cost indicates a penalty). The average cost is then defined as 

C = c22 P(D 2IH 2)P(H2) + c12 P(D1IH2)P(H2) 

+ C21 P(D2IH 1)P(H 1) + CllP(D1IH1)P(H 1) (3.5) 

To minimize this average cost, we start by noting that a decision 

rul e divi des the observation space into two di stinct (non-overl apping) 

vol urnes. Together, these two regions of the observation space must 

contain all possible observation pOints, because we require the outcome 

of the decision rule to be a vote for either H2 true or HI true. (We 

have not allowed for the possibility of an equivocal test.) Thus 
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P(D IH ) can be written as an integral over the N-dimensional space: 
2 1 

P(D,iH,) = t p(rlH )df' 
- 1 

(3.6) 

2 

where r defines the observation region over which we choose H • 
2 2 

Simil arly, 

P(D,iH,) = Ir p(rlH }dr • 
- 2 

(3.7) 

1 

The average cost can be written in terms of integrals over the 

regions r
2 

and r
1 

as shown below. 
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c = C"P(H,) L p(rlH )dr 
- 2 

2 

+ C P(H) J p(rlH )dr 
12 2 - 2 

r 
1 

+ C P(H) J p(.r.l HI )dr 
21 1 r 

2 

+ c"P(H,) L p(!.1 HI )dr . (3.8) 
1 

To minimize the overall risk is to choose a proper division 

between the regions rand r • 
2 1 

We can use the fact that 

P(D IH ) + P(D IH ) = 1 
2 2 I 2 

(3.9) 

and that the regions are non-overlapping and complete to say 

L p(!.IH,)dr + L p(!.iH,)dr = 1 (3.10) 

2 1 
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We can then rewrite the average cost as a function of the region 

r
2 

only: 

C = C"PIH, 1 + c,;PIH, 1 + L {[Ic" -c" lPIH, 1 pl.r:.IH, l] 
2 

(3.11) 

The first two terms in the cost function are constants, leaving 

the integral to be minimized by choice of the region r. This is easily 
2 

done by choosing to inc1 ude in the region only that portion of the 

observation space for which the integrand is negative. Thus the region 

r , where H is chosen, is the region for which 
2 2 

(c -c )p(rIH )P(H ) > (c -c )p(rIH )P(H ) 
12 22 - 2 2 21 11 - 1 1 

(3.12) 

where we have assumed that the cost of making an error is greater than 

the cost of a correct deci sian, so (c -c »0 and (c -c »0. The 
12 22 21 11 

decision rule is then to choose H2 when 

p(!:.IH
2

) 

p( r I A 1) > 

P(H)(c -c ) 
1 21 11 

P(A )(c -c ) 
2 12 22 

(3.13) 
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Conversely, choose HI when 

P(H)(c -c ) 
1 21 11 

P(H )(c -c ) (3.14) 
2 12 22 

. p(rIH z ) 
The quant,ty p(rlH ) is called the likelihood ratio and is often 

- 1 

written A(r). It is a scalar random variable that depends on the data 

vector r. In terms of A(r), the Bayes decision rule becomes 

A( r) >02 P(H)(c -c ) 
2 12 22 

< p(A )(c -c ) o 1 21 11 

(3.15) 
1 

o 
The notation ~ 2 means "decide hypothesis H true for times when o 2 

the greater-than sign hbl ds, and choose hypothesi s HI true when the 

1 ess- than si gn ho 1 ds". 

We have found the region r that minimizes the average cost of 
2 

equation 3.5. The resulting minimum cost is called the Bayes risk, and 

this decision criterion is called the Bayes criterion. A detector that 

uses this kind of criterion to do signal detection is called a Bayesian 

detector. 

Minimum Error Detector 

Usually the costs cij are difficul t to know. Many times they 

are determined in some ad hoc manner. As a result, it is often more 

desirable to find a decision rule that minimizes the average probability 
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of error. By comparing equation 3.4 to equation 3.5, we discover that 

minimizing the probability of error is equivalent to minimizing the 

average cost, provided no costs are associated with correct decisions, 

and each kind of error is assigned an equal risk. This decision rule is 

written 

or when 

and 

The decision rule tells us to choose H2 when 

p(r.l H
2

) 

p(r. IH ) 

p(rlH )P(H ) > p(rlH )P(H ) 
- 2 2 - 1 1 

But, by Bayes' theorem, 

p(H I r)p( r) 
1 - -

p(rlH )P(H) = p(H Ir)p(r) 
- 2 2 2 - -

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 
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So the decision rule is to choose H2 when 

p(H Ir)p(r) > p(H Ir)p(r) 
2- - 1--

(3.21) 

or 

The decision rule is to choose H when the a posteriori 
2 

probabil i ty of H gi yen the data vector r is greater than the a 
2 -

posteriori probability of H given r. For this reason the minimum error 
1 -

criterion is al so call ed the maximum a posteriori probabil ity, or MAP, 

criterion. 

Maximum Likelihood Criterion 

There is one last decision criterion important to us. This is 

the decision rule that results when the observer has no information 

about the a priori probabilities of the hypotheses, P(H 2) and P(H
1
), which 

in medical imaging corre.spond to the probabilities of disease. When this 

is the case the observer has no reason not to assume they are 

equivalent, and the decision rule becomes 

(3.23) 
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We call this strategy a maximum likelihood criterion because we 

choose the hypothesis which resul ts in the greatest probabil ity or 

likelihood of the data vector given that hypothesis. This is the 

decision rule that results when the observer has the least amount of 

information about the decision problem. 

Ideal Observer 

We have described three decision strategies, all of the form 

(3.24) 

where Ac is the threshold determined by the particular objective of the 

test. A test such as this which evaluates the likelihood ratio and 

compares it to a threshold to make a decision is termed a likelihood

ratio test. Any observer that performs a likelihood-ratio test properly 

is referred to as an ideal observer. 

What does it mean to perform a likelihood-ratio test properly? 

Looking back at our three test strategies, we see that the ideal 

observer must have no internal noise mechanism which would further 

corrupt the signal. Moreover, it must have all the information 

necessary to perform the test, such as the exact signal form and the 

noise statistics. It must know the threshold and maintain it exactly at 

that level on each trial. A MAP observer requires perfect knowledge of 

the a priori probabilities of the hypotheses. A Bayesian detector must 

have the most information of all, including knowledge of the costs of 
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making each kind of decision. (In the literature an ideal observer is 

most often assumed to perform a MAP test. This is for historical 

reasons and al so because the decision costs are so hard to know, a 

factor mentioned previously.) 

We now demonstrate the likelihood test approach for the problem 

of detecting signals in additive Gaussian noise. 

Example 3.1. Finding the likelihood function 

In this example we assume that the data vector is made up of N 

independent random samples, r., each corrupted by zero-mean, additive 
-.1 

Gaussian noise. The observations under the two hypotheses are 

H : r. = s . + n., j=1,2, ••• ,N 
1 -J 1J -.1 

H : r. = s . + n. j=1,2, ••• ,N 
2 -J 2J -.1 

(3.25) 

Here s .. is the expected signal in the absence of noise during 
1J 

the jth observation interval under the ith hypothesis. 

The probability density function on the noise samples n. can be 
-J 

written as 

(3.26) 
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Using this expression we can write the probability density of r. 
-d 

under the ith hypothesis as 

( I ) = (21T0 2)-1/2 p r. H. 
-d 1 [

-(r.-s .. )2] 
exp -J lJ 

20 2 (3.27 ) 

The noise samples are statistically independent, which tells us 

that the probability density function on the data vector r is simply the 

product of the densities of the r.ls. Thus the probability of the datu 
-J 

vector under the ith hypothesis can be written as follows: 

p(rIH.) 
- 1 [

-(r.-s .. )2] 
exp -J lJ 

20
2 (3.28 ) 

Using expression 3.28 for the density function on the data vector 

r under each hypothesis and the definition of the likelihood ratio, we 

can write the likelihood function as 



p(rlH ) 
- 2 = p(rlH ) 
- 1 

N 
Tr J 21TO' 2 
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[-(r.-5 ')'] exp -J 2J 
20'2 

= 
j=1 

(3.29) 
N [-(r.-5 ')'] IT J 21TO'

2 exp -J lJ 

j=1 
20'2 

The decision rule is to evaluate this expression and compare it 

to a threshold Ac. We can simplify this expression by first cancelling 

the common terms in the numerator and denominator to get 

(3.30) 

Since the natural logarithm is a monotonic function, we can 

construct an equivalent test by taking the log of both sides of this 

expression to give 

~N r.(s .-s .) 
!oJ 2J lJ 

2 

j=1 0' 

o 
> 2 
< 1 n Ac = AC 
o 

(3.31) 
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Now the threshold is the logarithm of Ac' and we have rewritten 

it as Xc. We can go one step further and combine the constant term 

relating the difference in the signal energies into the threshold, giving 

the new decision rule below: 

N 
~ r. (s .-s .) 
. 1-J 2J lJ 
J= 

D N > 2 2 , 

< a Xc + L 
D 1 j=l 

= AI 
C 

(3.32) 

The expression above tells us that the operations performed by 

an ideal detector are the following: 1) First correlate the data with 

the difference in the expected signal during each observation interval; 

2) Perform a sum operation; and 3) Compare this number to a threshold to 

decide which signal is present. This is the well-known "matched-filter" 

resul t. 

If the test were to determine whether signal was present or 

absent in an image, then a simpler rule would result. All the s .. s 
lJ 

would be zero, and the likelihood ratio test would be to choose "signal 

present" if 

N N 2 

- 2 ~ S2j 
" r. s . > a X + ~ L -J 2J C t:. 
j=l j=l 

The ideal observer performs a matched-fil ter operation, 

correlating the received data with the expected signal 52. 

(3.33) 



If all the s ,'s are constant, and equal to some val ue 5 (the 2J 
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mean signal level), we can simplify still further. Now the test is to 

choose "signal present" if 

or equivalently, 

N 
~. r. 
L -J 
j=l 

(3.34) 

D 
> 2 a 2 A + Ns 
< - c "2 D s 

(3.35) 
1 

Now the ideal detector merely adds up the sampl e val ues and 

compares the sum to a threshol d. The sum of the sampl e val ues is 

called a sufficient statistic for the test, because knowing that 

information is all that is needed to perform the test. We know that 

this sufficient statistic ;s a Gaussian random variable because it is 

made up of a sum of independent Gaussian random variables. 

We can reformulate the Gaussian problem using matrix notation. 

The data vector r has a mean vector s; associated with each of the 

underlying hypotheses Hi' so that 

<rIH> = s 
- 1 1 

(3.36) 
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and 

<rlH > = S 
- 2 2 

(3.37) 

where the angle brackets instruct us to find the mean of the enclosed 

quantity, in this case r, subject to the stated hypothesis. 

The el ements of the Nxl col umn vector s are then simply the 

means of the elements of the received data vector r: 

_ T 
s,. - [<r IH.>,<r IH.>, ••. ,<r11IH.>] 

-I , .-i!' ..... r~' (3.38) 

The covariance matrix under the ith hypothesis is defined to be 

= < ( r- s. )( r- s . ) t I H . > - , -, , 

where the raised dagger is the Hermitian transpose operator. We shall 

assume that the noise and signals are all real, so that the Hermitian 

transpose becomes simply the transpose in the following discussion. 

Equation 3.39 tells us immediately that K
1

=K
2

, because the noise 

is independent of the signal. In the discussion that follows we shall 

drop the subscript on the noise covariance matrix and refer to it as K. 
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Once we know the me-ln of !. and the corresponding covariance 

under each hypothesis, it is straightforward to show that the probability 

density of r under the ith hypothesis is 

-1 

-r [1 T -1 ~ exp - 2" (r - s.) K. (r - 5,') , (3.40) 
1 1 -

where IKI is the determinant of the matrix K. 

The likelihood ratio test follows easily: 

exp[- -i 
= 

exp[- ~ 

D 
> 2 

< Ac • 
D 

1 

The log-likelihood ratio is then 

;dr) 
_ 1 

-"2 
T-1 1 T-1 ( r- 5 ) K ( r- s ) - 2" (r- s ) K ( r- s ) 

-1 -1 -2 -2 

(3.41) 

(3.42 ) 

The ideal observer evaluates this expression and compares it to 

the threshold AC to make its decision. We can form an equivalent test 

by incorporating the 1 ast two terms in the expression for ~(r) into the 

threshold, since they are independent of the data. The new te5t is 
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D 
1 T -1 1 T-1 

AI(r)=-rrK liS +'"2 liS K r 
> 2 AI 
< c (3.43) 

-1 
When K is symmetric, 

and equation 3.43 becomes 

where lIS=S -s ,and 
2 1 

= 1 -'"2 
T -1 

S K s 
1 1 

D 
> 2 

A I 
< c 
D 

1 

D 
1 

+ 1n A c 

(3.44) 

(3.45) 

(3.46) 

To derive equation 3.44 we assumed that K-l was a symmetric 

matrix. Since K is the autocovariance matrix of the noise, it is a 

symmetric matrix. The inverse of a symmetric matrix is a1 so known to be 

symmetric, and in this context equation 3.45 is a1 ways true. 

Equation 3.45 clearly shows the operations an ideal observer 

would perform to decide which hypothesis was responsible for the 

received data. First the data vector is filtered by the inverse of the 

covari ance matrix, an operation known as "prewhitening". The output of 

this prewhitening filter is then correlated with the difference signal, 

liS, which is the matched-filter operation we found previously (equation 
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3.32). The correlation function is evaluated at zero shift because the 

ideal observer makes use of the a priori information that the signal is 

at a known location in the object. We can assume without loss of 

generality that the object location is the origin. Finally, a 

thresholding operation is performed and a decision is made. 

Test Performance 

Even though the likelihood function may be a function of many 

random variables, as in the example problem, it is itself a single 

random variable. Thus we can plot the probability density function for 

A under each hypothesis along a single axis, as shown in Figure 3.1. The 

figure shows two overlapping curves representing ·p(AIH ) and p(AIH ), and 
- 1 - Z 

a dividing line Ac that represents the decision boundary between r1and 

rz • The areas under each density function to the left and right of the 

decision boundary give the probability of each decision outcome, P(DiIHj). 

To evaluate the performance of our likelihood test we are particularly 

interested in calculating P(D IH ) and P(D IH ), for these quantities lead 
1 " Z 1 

us to the probability of error (see eq. 3.4). 

In terms of the probability density functions on A we can write 

the probability of each kind of decision error as follows: 

(3.47) 



Probability 
Density P(61 H1) 

P (~IH,) 
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Fig. 3.1 Probability densities of ~ under Hl and Hz' 
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and 

P(D IH ) 
2 1 

p(AIH )dA • 
- 1 -

(3.48) 

We can derive the error probabilities of the test from the 

probability density functions on the likelihood ratio or from the density 

functions for any variable derived from the likelihood function by a 

monotonic transformation. Thus, in terms of the log of the likelihood 

ratio, the expressions for the error are 

P(D,IH,l = [: p(~IH,ld~ (3.49) 

and 

(3.50) 

Once we have derived these error probabilities we have all the 

needed information to evaluate the performance of a decision rule. It is 

important to realize that just knowing one error probability alone is 
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insufficient for characterizing a test. Imagine a decision strategy 

where we always said sign~l was present in the image, regardless of the 

magnitude of the likel ihood function. We call this an extremely lax 

decision criterion. Using this strategy we never make an error when the 

signal is actually present. Hence the probability of detecting the 

signal is unity. If that were the only figure of merit we had for the 

test, we would think the test was performing quite well. Of course, in 

reality we are miscalling every case where signal is not present in the 

image. This same misrepresentation of test performance occurs for many 

figures of merit in medical imaging that essentially involve only one of 

the probabilities of error. Some examples of figures of merit that 

suffer from this disadvantage are sensitivity, specificity, and accuracy 

(Metz, 1978). 

ROC Curves 

One way of presenting both error probabilities simultaneously is 

to plot the probability of detection, P(D IH ), versus the probability of 
2 2 

a false alarm, P(D2IHl)' as a function of the decision criterion. 

(Remember, P(D2IH2) = 1 - P(D1IH 2).) The axes are more commonly labeled 

"true positive fraction" and "false positive fraction", or TPF and FPF in 

the medical literature. A plot of the TPF vs. the FPF, known as a 

receiver operating characteristic curve, or an ROC curve, is a method of 

portraying test performance that is becoming increasingly popular in the 

radiological imaging community. As we vary the location of the detector 

threshold along the A axis of Figure 3.1, we generate an ROC curve like 
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the one shown in Figure 3.2. In fact, what we are actually plotting in 

an ROC curve is imaging system performance, because the quality of the 

imaging system is what determines the width and separation of the 

density functions for A under each hypothesis. The properties of " ROC 

curves are covered thoroughly in the three-volume series by Van Trees 

(1968). The application of ROC techniques to nuclear medical imaging was 

first discussed by Metz (1972) and Anderson et ale (1973). Two early 

tutorial papers on ROC analysis in medical imaging were published by 

Metz (1978) and Turner (1978). For two other good general overviews, 

see also Swets (1979), or Swets and Pickett (1982). 

There are three points on the ROC curve of Figure 3.2, labeled A, 

B, and C. Point A corresponds to a very strict criterion level, so that 

the observer has very few fal se-positive responses, but few true

positive responses as well. As the observer's threshold is relaxed, the 

number of true-positive and fal se-positive responses increases. The 

point indicated by the letter B on the graph is a moderate criterion 

level, and point C corresponds to a very lenient criterion. At point C 

the observer often says signal is present in the images, resulting in 

many true-positive calls, but many false-positive calls,too. 

In the next section we return to the Gaussian problem cf example 

3.1, and derive the corresponding ROC curve as an illustration. 

Example 3.2. An ROC Curve. 

We can normalize the test variable of equation 3.35 by 

multiplying both sides by l/av'N. This gives an equivalent test: 
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Fig. 3.2 An example ROC curve 
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(3.51) 

Now the test statistic AI is a normal random variable with zero 

mean and unit variance under hypothesis H (noise-only). Under 
1 

hypothesis H , AI is Gaussian with unit variance and a mean equal to 
2 -

sIN/a. The graph of the probability densities on the two hypotheses is 

identical to Figure 3.1, with the additional knowledge that the variance 

of each curve is unity and the separation in means is s/1J"/a. 

The TPF and FPF are now given by the following expressions: 

TPF = r pi!.' IH,) ct,' 
Ac 

= _1_ Jex> exp[-{ (x- s~ N )2] dx 
15 A I 

c 

(3.52) 
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= _1_ fex> exp[-{] dx (3.53) 

where 
A I = 

C 

a 

,t2iT A I 

c 

As we vary the threshol d hc we trace out an ROC curve 1 ike the one 

shown in Figure 3.2. Thus, the ROC curve describes the functional 

relationship between the true and false positive fraction, independent of 

the criterion. 

Another figure of merit for a likelihood-ratio test is the area 

under the ROC curve, or AUC. If we normalize the entire square that 

confines the ROC curve to have unit area, an ROC curve with area equal 

to one gives the best possible performance. To have an ROC curve with 

an underlying area of one implies that the two distributions of AI have 

little or no overlap. If there is no overlap in the probability 

distributions, the number of images called signal correctly increases 

without causing any false positives as the threshold is made less strict. 

The ROC curve formed by a perfect imaging system thus follows the left

vertical and upper-horizontal edges of the ROC square. The worst 

possible performance is obtained when the probability distributions on 
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the data vector under each assumption completely overlap. Now for any 

location of the threshold the TPF and the FPF are equal, and the ROC 

curve is the positive diagonal, or chance line. The AUC for a worthless 

system is equal to 1/2. 

Detectabil i ty d I 

In example 3.2 the shape of the ROC curve is determined solely 

by the normalized distance between the two densitie.s, sIN/a. This 

quantity is called the detectability and denoted dl
• More generally, dl 

is the signal-to-noise ratio associated with the log-likelihood ratio. It 

is the detectability that determines the degree of overlap between the 

two probability distributions for the data vector under the two 

hypotheses. The detectability is defined as the difference in means of 

the log-likelihood ratio, under each of the hypotheses, divided by the 

common standard deviation: 

<AIH >-<AIH > 
- 2 - 1 (3.54) 

where the variance is defined to be 

(3.55) 

We could equally well have written the variance expression in terms of 

hypothesis H because the parameter d l is an acceptable figure of merit 
1 
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for a likelihood ratio test only if the variance of the test statistic is 

the same under both hypotheses. 

Figure 3.3 shows four ROC curves with different values of d' • 

Each ROC curve bows upward toward the left-hand corner of the ROC plot 

and is symmetric about the negative diagonal. As shown in Fi gure3.3, 

d' represents the distance from the ROC curve to the diagonal. When d' 

is zero, P(D IH ) is always equal to P(D IH ), and the resulting ROC curve 
2 I 2 2 

is the chance line. When d' is infinity, there is perfect separation 

between the p(AIH ) and p(AIH ) distributions. Consequently, the range 
- 2 - I 

of values of d' is (0,00), and test peformance increases monotonically 

with d' • We can now ascertain by inspection that, of the four 

hypothetical imaging techniques which generated the ROC curves of Figure 

3.3, system I is the worst and system IV the best. 

The area under the ROC curve can be derived from d' , and vice 

versa, provided that the variance of !!. is the same under hypotheses HI 

and H. Under this assumption d' is related to AUC in the following way: 
2 

1 1 d' 
AUC = "2 + "2 erf(y) 

where erf(z) is the error function, defined by 

erf(z) = 2 JZ exp[_x2] dx • 
,In 0 

(3.56) 

(3.57) 
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Fig. 3.3 Four ROC curves with increasing values of d' . 
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Example 3.3. Calculating d'. 

We can derive d' for the general Gaussian problem using the 

matl"ix formul ati on as foll ows. Equation 3.45 gives the expressi on for 

the log-likelihood ratio. Since this expression was derived under the 

assumption that Kl and K2 were equal, we can use d' as a measure of the 

test performance. 

First we must find the mean of AI(r) under each hypothesis: 

(3.58) 

Similarly, 

(3.59) 
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The difference in the means of A(r) under the two hypotheses is 

then 

The variance of A(r) is 

2 «A(r)-<A(r)IH »2IH > a A = -- -- 2 2 

= <A2(r)IH> _ <A(r)IH >2 - - 2 -- 2 

= <6sTK-lrrTK-16sIH> _ 6sK- l s s TK-1 6S _ 2 2 2 

= 6sTK- 16S 

where we have used equation 3.37 and the fact that the noise is 

independent of the signal and has zero mean. 

(3.60) 

(3.61) 
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Now we can put all the pieces together to write down the 

expressi on for d' : 

m, 
d' = 1\ 

= 

(3.62) 

As we should expect, the performance of the observer depends 

only on the difference in the two signals and the noise covariance. 

When the variances of ~ under each assumption are unequal, the 

ROC curve is not symmetric about the negative diagonal. In this 

circumstance, neither d' nor AUC is sufficient to specify the system 

completely. The parameter d' is not even defined in this case. Of 

course, we can still find an area under the ROC curve, but two skewed 

ROC curves may have the same area, as shown in Figure 3.4. We need 

another way of deciding which imaging system yields the best performance 

when this happens. Metz and Kronman (1980) have discussed several 

possible approaches to this problem. 
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The Multiple Hypothesis Problem 

Although we have addressed only the binary decision problem, the 

same theory can be extended to the multiple decision task or M'ary task, 

where there are M possible hypotheses. The M hypotheses may correspond 

to M different signal s, all in the same location (Goodenough and 

Metz,1974; Goodenough, 1975), or one signal in one of M possibl e 

locations (Starr, Metz, Lusted, Goodenough, 1975). In the M'ary decision 

problem the Bayesian observer assigns a cost to each of the M2. 

alternatives, where the ith hypothesis is chosen to be true when the jth 

hypothesis is actually true. A set of a priori probabilities on each of 

the M hypotheses is assumed, and the overall risk is then minimized. In 

the special case where the cost of making any correct decision is zero 

and all incorrect decisions are weighted equally, the resulting decision 

strategy of the ideal observer is to evaluate each of the M a posteriori 

probabilities p(Hilr) and choose the hypothesis that gives the largest 

one (Whalen, 1971). This is a simple generalization of the result we 

found in equation 3.23. Similarly, if the observer has no ~nformation 

about the a priori probabilities of the hypotheses, the decision rule is 

to choose the hypothesis for which the likelihood of the data, P(rIHi ), 

is greatest. (See equation 3.23.) All in all, the solution of the 

deci sion probl em gets increasingly difficul t as 1 ess information about 

the problem is known. 
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Human Observer Performance 

Signal-detection theory provides us with a method for 

determining the explicit structure of an optimal system for performing a 

given decision task. The construct of an ideal observer allows us to 

eval uate the best possible detection performance for a given imaging 

system, presuming we have a detector that has nO" internal noise 

mechanism and is able to use all necessary information about the imaging 

system and object perfectly. Signal detection theory al so gives us 

procedures for evaluating the performance of optimum systems and leads 

to techniques of system comparison. 

We can use this framework to measure any loss in detection 

ability when the observer is not some mythical ideal device, but is 

instead a real human observer. 

There are three accepted methods for generating an ROC curve for 

a human observer, that is, for measuring the performance of an imaging 

system in cascade with a human observer (Green and Swets, 1966). The 

observer can be asked to go through a set of images sequentially, 

reporting "signal present" only in images for which he is absol utely 

certain he sees the object. This produces an estimate of the TPF and 

FPF for that particular threshold. Succeeding passes are then made 

where the observer is instructed to lower the threshold for calling 

images positive. Each pass results in one point on the ROC curve. (See 

Figure 3.3.) 
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An accepted alternative method that is more efficient and gives 

the same ROC curve is to use the rating-scale technique. The observer 

uses a table of certainty levels to rate his confidence that signal is 

present in the images. An example of a rating scale is given in Table 

3.1. Theoretically, this technique generates the same ROC curve as the 

first method, but requires substantially less observer time. This is the 

method we have used for generating all ROC curves presented in this 

di ssertation. 

A third approach is to present the observer with pairs of images 

on each trial, one for each hypothesis. On each trial the observer is 

forced to choose the image that corresponds to hypothesis H. This is 
2 

called the two-alternative forced-choice procedure, or 2AFC. The 

percentage of correct responses obtained from this kind of test is 

theoretically equal to the area under the ROC curve that woul d be 

obtained using either of the first two measurement techniques. The 2AFC 

technique is also much more efficient than the first one for measurinq .. 
human performance, and it is often used because it eliminates the need 

for the human observer to hold one or more thresholds at a constant 

level. Its disadvantage is that, although it yields the area under the 

ROC curve, the shape of the curve remains undetermined. 

Once we have measured human performance, what do we do with our 

findings? If we are interested in evaluation and comparison of imaging 

systems, we may choose not to use the system that gave the worst 

performance for doing patient studies. Or, the results of the human 

observer study may pOint the way toward new improvements in the medical 



Table 1 D 

Certainty Scale 

O-Absolutely certain image contains noise only 

1-Relatively certain image contains noise only 

2-Just guessing image contains noise only 

3-Just guessing image contains signal plus noise 
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4- Relatively certain image contains signal plus noise 

5-Absolutely certain image contains signal plus noise 

Table 3.1 Rating scale. 
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imaging system. However, if our interest is in comparing the 

performance of the human observer with the performance of the ideal 

detector, for a particular imaging system and object (which specifies the 

detection task), we must relate the efficacy of these two detectors in 

some way. We shall do this by computing the observer efficiency, n, 

defined by Barlow, (lQ81), as the squared ratio of d'for the human 

observer to d' for the ideal observer. The higher n is, the closer the 

ability of a human observer to perform a given detection task approaches 

the performance of the ideal detector. 

We now have all the tools needed for evaluating the ability of 

human observers to detect signals in correlated noise. Using a rating

scale technique, we can determine the ROC curve for a human observer 

performing a signal detection task. From this curve we can derive the 

area under the curve, and then use equation 3.56 to get d' • The 

performance of the i deal observer is determined by cal cul ating the 

signal to-noise ratio of the likelihood ratio. Since all images in our 

studies will be generated by computer simulation, we shall have all the 

necessary information about the imaging system and the object and noise 

statistics to perform this calculation. We can then evaluate the 

efficiency n of the human observer for doing detection in correlated 

noi see 



CHAPTER 4 

EXPERIMENTAL METHODS AND RESULTS 

We have performed a study to eval uate the abil ity of human 

observers to detect a low-contrast disk object in images with equal 

SNRp's but different noise textures, or correlation properties. The 

different noise correlations were obtained by filtering one set of images 

by a high-pass post-processing filter, while a second set was filtered 

by a low-pass filter. Observer performance was analyzed using ROC 

(receiver operating characteristic)-curves. Our results show that noise 

texture degrades an observer's ability to detect a cold spot in an image. 

We have found that images with equal pixel signal-to-noi se ratio but 

different correlation properties give very different observer 

performance measures for even a simple detection experiment. 

We have performed a second study in which images were created 

with equal ideal-observer SNR's, again with different noise correlations. 

We have found that the SNR at the output of an ideal detector with the 

ability to prewhiten the noise is also a poor predictor of human 

performance for disk signals in correlated noise. Our results are 

consistent with the hypothesis that human observers act as pseudo

optimal detectors, that is, detectors that can perform matched-filter 

operations but are unable to prewhiten correlated noise. We have found 

60 
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constant observer efficiencies for humans relative to the performance of 

a non-prewhitening detector for this task. 

Model of Imaging Systems 

A typical gamma-ray imaging system consists of a radiating 

source, an image-forming element such as a collimator or pinhole, a 

scintillation detector, and a display. Incoming photons that are passed 

through the image-forming element are recorded as single points at the 

detector. Due to inherent 1 imitations in the detector's spatial 

resolution, some of the photons are mislocated in the detection process. 

The result is a collection of pOints centered about the true location of 

the source as shown in Figure 4.1. These discrete points are then put 

into an array of picture elements, or pixels, by binning for display. 

Filtering operations are routinely done on medical images for 

enhancement. These filters include digital operations as well as the 

smoothing function performed by the observer's eye when viewing the 

image at a distance where the pixels are no longer resolvable. The 

final result after filtering operations are performed is a blurred 

version of the image, as shown in Figure 4.1. 

Figure 4.2 shows a generalized model of gamma-ray imaging 

systems; this model formed the basis for the simulation carried out in 

all our studies. All elements in the system up to the last point where 

the image could be considered a sum of impulses are modelled by the psf 

Pl(r), where r denotes a two-dimensional position vector. It is crucial 

that the output of Pl(r) be a sum of impulses that are uncorrelated 
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Fig. 4.1 Image of a point source. 
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(Barrett and Swindell, 1981). Any filter operations that might be 

performed after this point can be crimbined into a filter psf p (r). Thus 
2 

PI (r) describes the probabil ity density of photons incident at the 

detector, while p (r) describes the post-filtering of the image after 
2 

detection. 

Study I: Pixel SNR 

System Transfer Functions 

In the first study performed, each imaging system was required 

to have the same SNRp and the same resolution. We simulated two imaging 

systems in this study. The first system had a low-pass filter psf as 

found in a conventional pinhole imaging system. The second system had a 

high-pass fil ter as found in tomographic imaging systems. 

In order to sati sfy the resol ution constraint, each system had 

the same overall psf, PT(r), where 

p (r) ** p (r) = PT ( r) 
I 2 

(4.1) 

and the asterisks imply a two-dimensional convolution. 

Fourier transforming equation 4.1 gives 

P (p)P (p)=PT(p) 
I 2 

(4.2) 
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The capital letters represent functions in the Fourier domain, 

and p is the spatial frequency vector. We used a Gaussian system 

transfer function of the form 

(4.3) 

where aT is chosen to give an overall pOint spread function with the 

desired full width at half-maximum (FWHM) and p is the magnitude of the 

vector p. In this study aT was chosen to give a system psf with a FWHM 

of 16 pixels. All transfer functions were normalized to be one at zero 

frequency and therefore gave corresponding psf's with unit area. 

The post-processing filter of the low-pass system is given in 

the Fourier domain by 

(4.4) 

Therefore 

(4.5) 

where 

(4.6) 
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We also set 

a = 1"3" a 
1 :z (4.7) 

As discussed in a later section on image verification, the values 

for aI' a:z, and aT have been chosen sufficiently large to avoid any 

aliasing effects. 

In all the studies presented in this chapter, we have used a 

low-contrast object (contrast ratio C=O.15). We can therefore invoke 

stationary statistics to describe the noise correlation in the image in 

terms of the image power spectral density. A graph of this function for 

the low-pass images is shown in Figure 4.3. 

The second imaging system util ized a high-pass fil ter of the 

form 

where a=1.125 pixel s. 

system ;s written 

(4.8) 

thus the corresponding filter P for the high-pass 
1 

(4.9) 

Figure 4.4 gives the noise power spectrum for images from the 

high-pass imaging system. 
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Calculation of Pixel SNR 

The SNRp was defined to be the ratio of the mean signal 

amplitude to standard deviation at a pixel. If a signal with frequency 

spectrum S(p) is imaged by the system modelled in Figure 4.1, the signal 

amplitude in the image is 

S, = A J J S(o)P,(o)P,(o)pdpda, (4.10) 

where A is the object amplitude, and in this form S(p) is the Fourier 

transform of a signal with unit amplitude. 

The noise power spectrum in the images is 

(4.11) 

where N is the constant density of the white noise prior to the o 

filtering operation and we have assumed that the filter P
2
(p) is real. 

The rms noise in the image is 

cr' = J J N(o)pdpda (4.12) 
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We form the ratio of So to a to get SNRp• This gives 

S 
o 

SNRp = a 

A J .r SlplP,lolP,I.lpdpde 

= .(4.13) 

I I N.[P ,Ioll'pdpde 

For each system, No was adjusted so that the pixel SNR was equal 

to 2.25. Since we are considering only filtered noise where the width of 

the filter is large relative to the pixel size, SNRp is independent of 

pixel size. 

It is important to stress that all images in this study were 

created with the same pixel SNR. The object being imaged was the same 

in each case. The images generated by the high-pass and low-pass 

systems differed only in their joint second-order statistics. It was our 

purpose to investigate how this difference in joint second-order 

stati sti cs woul d affect a human observer ' s abil i ty to detect the same 

change in first-order statistics -- the col d disk. We were not 

interested in studying an observer's ability to detect differences in 

joint second-order statistics. (See Julesz, 1975.) 
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Image Simul ation 

Images were formed by creating a flat 128x128 background array 

that contained a lower-intensity disk object in the center of the array 

if signal was present. The disk radius measured 8 pixels in the object. 

To avoid aliasing we were forced to use a disk object with a ramp edge, 

as shown in Figure 4.5. The ramp extended over three pixels, with the 

disk radius measured to the center of the ramp. The obj~ct array was 

first multiplied by P (p) in the Fourier domain. An inverse Fourier 
1 

transform was performed and Poi sson noi se was added to the array, 

followed by filtering with P (p), again in the Fourier domain. The 
2 

desi red pixel SNR's for each system were obtained by mul tiplying the 

pixel values in the images by a factor (determined by the calculation 

for SNRp to give the desired No) before the addition of the noise. This 

normalizing factor was divided back out once noise was added to the 

image. 

Image Verification 

Numerous operations were performed to verify the images before 

they were presented to the observers. Checks were performed to ensure 

that the image of the disk object generated without noise was the same 

for both systems. We determined that aliasing due to the disk edge was 

not a significant effect, by examination of the Fourier transform of the 

disk. (We verified that the fall-off of the disk spectrum was correct, 

as were the locations of the zeroes.) The pixel SNR's were determined 

to be the same for both sets of images. We verified that the noise 
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spectrum was white prior to the filtering operation and had the proper 

shape after filtering. Tests on the histograms of the final grey scale 

values for each set of images were done to ensure that no differences 

across systems were evident as a result of the contrast stretch. 

Experimental Methods 

Images were displ ayed on a CONRAC video monitor as a 128x128 

square array, where each pixel measured 0.39 mm 2
• (The 128x128 display 

2 measured 8x8cm. In the Fourier domain one "pixel" then represented 

0.0125 cycles/mm in length along each side.) A linear contrast stretch 

was performed on each image to fill 256 grey levels, resulting in an 
_3 2 

overall mean luminance of 12.8x10 cd/m. Images were viewed in a 

darkened, controll ed envi ronment. Each subject viewed the images 

binocularly, from a comfortable viewing distance as chosen by the 

observer. The observers wore their usual corrections. 

Eight subjects viewed 128 imares, half of which were created by 

the low-pass system and half of which were from the high-pass system. 

For each of these sets, half of the images contained the cold disk 

object and half contained noise alone. The observers first viewed 

sample images to ascertain the size of the object to be detected. The 

observers knew the location of the object but had no information 

regarding the relative frequency of occurrence of the disk in the image 

set. (We expect the observers to assume P(H 1)=P(H
2
)=1/lt the correct 

situation.) The images were presented in a randomized sequence for each 

observer. Every observer viewed the entire set of 128 images. For each 
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image, the observer used the six-point certainty scale given in Table 3.1 

to indicate his certainty as to whether or not the signal was present. 

Images were presented and the response data were recorded using a 

computer program written by Seeley et al. (1982), which also performed 

the data analysis. 

Data Analysis and Results 

The ROC curves obtained from the observer data for the high-pass 

and low-pass imaging systems are shown in Figure 4.6. These curves 

were produced by accumulating the rating data across individuals and are 

maximum-likelihood fits to the data (Dorfman and Alf~r., 1969). All 

statistics describing the data were derived from nonparametric estimates 

of the ROC curves generated for each observer, and then averaged over 

observer. This is the method of analysis described by Hanley and McNeil 

(1982). 

When the area of the entire square is normalized to 1.0, we find 

that the area under the low-pass curve is 0.94, while the area under the 

high-pass curve is only 0.55. A chance performance would give an area 

under the curve of 0.50. These areas reflect the mean of the estimates 

of area under the curve for individual observers as calculated by the 

method described in Hanley and McNeil. To test for mean differences in 

area under the curve for the two filter conditions, a Z-test as 

described by Swets and Pickett (1982) was performed. For a two-tailed 

hypothesis test, Z was equal to 3.38, with p<O.OOl. We conclude from 

the results of this statistical test that an observer's ability to detect 
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a cold disk object is significantly better for the system with the low

pass filter. This is true even though all images had equal SNRp• Thus 

we conclude that pixel SNR is not an accurate predictor of human 

detection ability in correlated noise. 

Study II: Ideal Observer SNR 

Since-we found that SNRp does not predict human performance, we 

proceed in this section to eval uate the prediction capabil ity of the 

ideal observer SNR, which we shall call SNRideal" To evaluate this 

metric, we modelled a system as shown in Figure 4.7. The figure shows 

the results of our calculations in Chapter 3. For stationary Gaussian 

noise, the ideal observer performs a prewhitening operation on the noisy 

image followed by a matched-filter operation. This ideal observer is 

assumed to know all signal parameters, such as size, shape, and 

location, and is able to use that information optimally in determining 

whether or not signal is present in the image. We discovered in Chapter 

3 that to do this the ideal observer evaluates the likelihood ratio of 

two conditional probabilities, that is, the conditional probabilities of 

the data given signal-pl us-noise and noise-only. When the 1 ikel ihood 

ratio exceeds the observer1s decision threshold, it says that the disk is 

present. The signal-to-noise ratio associated with the likelihood ratio 

characterizes the performance of the ideal observer. 
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Calculation of Ideal-Observer SNR 

To find the ideal-observer SNR, we must now include the 

observer's transfer function O(p), where O(p) is optimized for detection 

of the known disk object. In Chapier 3 we showed that for the simple 

binary task in which the observer must determine whether signal is 

present or absent in an image, the ideal observer performs a matched-

filter operation with the expected signal after a prewhitening operation. 

·we could equivalently write the operations of the ideal observer 

in the Fourier domain. In Chapter 3 the prewhitening operation meant 

multiplying the data vector !. by the inverse of the noise covariance 

matrix K. In the Fourier domain we write the data vector as R = F!_, 

where F corresponds to the discrete Fourier transform matrix operator. 

The cova~iance matrix K transforms to the noise power spectrum. The 

ideal observer thus takes the received data R(p) and first filters it 

with a filter proportional to N(p)- 112 , where Eq. 4.11 defines N(p). The 

noise in the images after this operation has a flat power spectrum. The 

observer then performs a filter operation with a filter matched to the 

signal, as seen through the imaging system transfer functions and the 

prewhitening operation. The transfer function of the ideal observer is 

thus 

O(p) 
-1; -1; 

= S(p)P (p)P (p)[N(p)] 2 [N(p)] 2 
1 2 

(4.14) 

-1; 
We have written out the factors of N(p) 2 that come from the 

prewhitening operation and the matched-filter operation separately. We 
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have also invoked the fact that S(p ), P (p ), and P (p) are all real in 
1 2 

the studies we shall discuss. If this were not the case O(p) would be 

the product of the complex conjugates of these functions. 

In the space domain the ideal observer performs a matched-filter 

operation to look for the signal in the prewhitened image. Since the 

observer knows that the signal is located at the origin, it evaluates the 

convolution operation at zero shift. By the central ordinate theorem, 

the value of the convolution at zero shift is equal to the integral 

under the product of the convolving functions in the Fourier domain. To 

calculate the ideal-observer SNR, we first need to compute the mean of 

the output of this 11 likelihood-ratio computer .. under each of the two 

hypotheses. When only noise is present in the image, the expected value 

of the ~utput of these filtering operations, written in the Fourier 

domain, is 

R(p)Q(p)pdpdeiH > 
- 0 ' 

(4.15) 

which is zero since the noise is zero mean. When signal is present in 

the image, the mean output of the likelihood-ratio computer is 
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= :; J J [S(o)]'[P,(o)]'pdpde (4.16) 

The variance in the likelihood-computer output is now 

a' = I J N(o) [0(0 )]'pdp de 

= -J; J J [S(o)]'[P ,(o)]'pdpde • (4.17) 

SNRideal is simply the ratio of the mean output under Hl to the 

standard deviation: 



SNRidea, = A [~. J 1 

Image Simulation 

1 
"T 

[S(.) l'[P. (.) l'pdp de] . 
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(4.18) 

In this study we simulated four imaging systems, each having the 

same resolution and SNRideal as given in Eq. 4.18. For all images 

SNRideal was 10. The four imaging systems were again modelled according 

to the system diagram in Figure 4.2. Each system had a high~pass post

processing filter given by 

p (p) 
2 

(4.19) 

in the Fourier domain. The overall system transfer function was again 

Gaussian, which required that 

p (p) 
1 

(4.20) 
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We again require 

a 1 Z + a Z Z = aT Z (4.21) 

The parameter t:.p was needed to ensure that the transfer 

functions were non-zero at the origin. (For all images t:.p=.25 pixels.) 

A FWHM of 12 pixels for each system determined the value of aT. 

While keeping the ideal-observer SNR constant, we allowed the 

parameter n in the transfer functions to take on four values (n=1,2,3,4), 

as shown in Figure 4.8. This gives four shapes for the post-

processing filter at low spatial frequency, before the Gaussian apodizing 

function becomes dominant. Since we are dealing with stationary 

statistics, the power spectrum of the noise is proportional to the 

square of the post-processing transfer function. The different values 

of n then correspond to different slopes for the power spectrum at low 

frequency, as demonstrated in Figure 4.9. Note that, for each value of 

n, the post-processing filter attains its maximum at the same spatial 

frequency Pmax. We manipulate the values of a
1 

and az for each system 

to give Pmax = 8.533 pixels, while keeping the resolution of the system 

at the proper value. If we find a difference in human ability for 

detecting a disk object imaged by each of these systems, we shall be 

able to conclude that it is due to the difference in shape of the noise 

power spectrum at low frequencies, rather than a difference in the 

location of the peak. 
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Images were also generated with white noise (n=O) for two values 

of ideal observer SNR, SNRideal = 5.0 and 8.0. The imaging system was 

the same as in the previous study, and the object was the same low-

contrast disk. By measuring human detection performance in 

uncorrelated noise, we determine the upper limit for human detection 

ability. 

A third set of images was created in which the ratio of 6
1
/6

2 

was hel d constant. These images will all ow us to determine the 

differential effect on human performance when Pmax varies with n. 

Image Verification 

Images were veri fied in the same manner as described for 

Study I. To verify that the ideal-observer SNR in the images was the 

value we expected theoretically, we simulated digitally the operations 

an ideal observer would perform. 

Experimental Methods 

The experimental protocol was similar to that for Study I. We 

generated 64 images for each value of n. Half the images contained a 

disk object with a 15 pixel diameter and contrast of 0.15 subtracted 

from the center of the uniform background. The 128x128 digital arrays 

were again displayed on a CONRAC monitor after a linear contrast 

stretch. 

The images were viewed by 15 observers who used the same six

point rating scale technique for stating their certainty that signal was 

present in the images. Each observer viewed all the images generated 
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for all of the studies. Images were viewed in sessions of 128 images 

each. The subject viewed 64 images corresponding to a particluar value 

of the filter parameter n in random order, and then proceeded on to a 

second set of 64 images corresponding to a second value of n. 

Data Analysis and Results 

The ROC curve for each set of images is shown in Figure 4.10. 

For a constant SNRideal' we find that human observer performance 

degrades with increasing n. Figure 4.11 is a graph of the resulting 

areas under the ROC curve for each value of n as generated by the Hanley 

and McNeil method (1982). A Z-test as suggested by Swets and Pickett 

(1982) was performed to affirm that the areas under these curves are 

significantly different at the p<.OOl level. 

Observer efficiency has been defined by Barlow (1978) and 

Burgess (1981) to be 

[ d' ]2 
n = SNRideal 

(4.22) 

We know the efficiency of the human observer when compared to 

the ideal observer is not a constant as we vary the post-processing 

filter parameter n because the area under the ROC curves decreases as n 

is increased. Therefore d' also decreases as n increases. We must 
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conclude that the ideal-observer model with the ability to prewhiten the 

noise is not a good predictor of human performance for this task. 

In Figure 4.12 we plot the resul ting val ues for d' as derived 

from the corresponding areas under the curves, and we show the 

transformed uncertainty in these values. The error bars are asymmetric 

due to the error function that relates d' to the area under the curve. 

Following Wagner and Brown (1984), we can rewrite the expression 

for observer efficiency n in the following way: 

[ ]

2 
SNR. npw 

ldeal 
npw 

SNRideal 

I 2 SNR npw 
= d ideal 

[ ]

2 

[ SNR; dr:;a~ ] SNR; dea 1 

= [nnpw] x [observer reconstruction penalty] • (4.23) 

We see that the observer effici ency can be wri tten as the 

product of two factors. The first factor represents the efficiency of 

the human observer relative to the performance of a non-prewhitaning 

ideal observer. The second factor is the penalty invoked in not being 

able to prewhiten the noise. If we evaluate the first factor and find 

that it is a constant over the four possible post-processing filters, 
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then the degradation we have found in performance is the same penalty an 

ideal detector would suffer in not being able to prewhiten the 

correlated noise. 

Calculation of Non-prewhitening Ideal Observer SNR 

Let us now derive the signal-to-noise ratio of the non

prewhitening ideal observer, which we shall call SNRi~~:l. To decide 

whether or not signal is present in the image, this observer performs a 

matched-filter operation on the noisy image and compares the output of 

the filter to a threshold, without first doing a prewhitening operation 

on the data. This detector is modelled in the block diagram of 

Fi gure 4.13. 

An ideal observer without the ability to prewhiten the noise 

would have a transfer function matched to the filtered signal: 

(4.24) 

Once again the mean of the output of the ideal detector is zero 

when noise alone is present. When the received data contains the signal, 

the mean detector output is 
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{J R(p)O(p)pdpde!H,> 

= A J I <R(p» S(p)P,(p)P,(p)pdpde 

= A J J [S(p)]'[P,(p)]'[P,(p)]'pdpde, (4.25) 

where A is again the object amplitude. 

The variance in the detector output under either hypothesis is 

a' = J J N(p)[O(p)]'pdpde 

= N,J J [P, (o)]'[O(p)]'pdpde 

= N., J J [S(p)]'[P,(p)]'[P,(p)]'pdpde (4.261 
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Using Eqs. 4.25 and 4.26, we find 

A J J [S(ol]'[P,(ol]'[P,(o)]'pdpde 

SNR. npw = 
ldeal (4.27 ) 

N, J J [S(ol]'[P,(ol]'[P,(oll'pdpde 

Table 4.1 gives the values of SNRi~ta~ for images generated using 

each of the filter functions, as calculated using Eq. 4.27. The table 

also gives nnpw for each value of n. These values are derived by taking 

the squared ratio of dl to SNRi~~:l Hence, the error in these values 

are twice the known uncertainty in dl. Within this experimental error 

nnpw is constant.§ This result is consistent with the hypothesis that 

the human observer acts as an ideal observer without the ability to 

prewhiten the noise. Our results imply that humans cannot ignore the 

inherent correlations in the noise by implementing proper filtering 

§ Although the efficiency value for n=4 seems high in comparison to the 
other three efficiency values, this number is not significantly different 
from the others. This is simply due to the fact that the efficiency of 
the human observer rel ative to the non-prewhitening ideal observer is 
formed by the ratio of two very small numbers, the first and third 
elements of the column for n=4 in Table 4.1. We should expect a large 
error in this value from Figure 4.12. 
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TABLE 4.1 Observer efficiencies as a function of n 

Filter parameter n n=l n=2 rt=3 n=4 

Detectabil i ty d ' 2.73 1.42 0.48 0.18 

SNRnP:'l 
ldeal 8.10 4.08 1.38 0.18 

SNRi deal 10.0 10.0 10.0 10.0 

?tnpw 11.3 12.2 12.1 21.4 



96 

techniques. Remembering that SNRideal was 10 for each image~ we have 

shown thi s to be true for a wi de range of observer reconstructi on 

efficiencies. 

Observer Performance in White Noise 

Tabl e 4.2 gives the resul ts of the study in which observer 

performance in white noise was measured. Observer efficiencies were 

obtained for SNRideal = SNRi~~:l = 8.0 and 5.0. In this special case n 

and nnpw are equivalent. We have found observer efficiency to be 

constant at about 15% for each level of SNRideal' which is commensurate 

with the values obtained when correlated noise was present. 

Observer Performance as Power Spectrum Peak Varies 

Table 4.3 presents the results of the study in which we allowed 

Pmax to vary' while we held a
1
/a

2 
constant. In this experiment we chose 

to evaluate observer performance for n=1 and n=4 only. The table gives 

the ideal observer SNR's for the prewhitening and non-prewhitening 

detectors, along with the measured value of d' for the human observer. 

Again, we find approximately the same value for observer efficiency 

nnpw. With this result we can be confident that our efficiency estimate 

is not a function of the 1 ocati on of the peak of the no; se power 

spectrum. 

All of these studies consistently affirm the same conclusion. 

The ideal-observer model ;s not a good predictor of human performance 

when we assume the observer can perform a whitening operation on 
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TABLE 4.2 Observer efficiency in white noise 

Ideal Observer SNR 5.0 8.0 

Detectabi 1 i ty d' 1.98 3.12 

>znpw 15.6 15.2 
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TABLE 4.3 Observer efficiency as Pmax is varied 

Filter parameter n n=1 n=4 

Detectabi 1 i ty d' 3.03 0.13 
npw 

SNRideal 6.85 0.32 

SNRideal 8.26 10.0 

1z
npw 19.6 16'.4 
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correlated noise. When we remove this prerequisite, the measured human 

observer d' is proportional to the ideal observer SNR. It now becomes 

important to find a physiological explanation for the human observer's 

inability to do prewhitening. 



ADDITION OF CHANNEL MECHANISM TO IDEAL-OBSERVER MODEL 

In this chapter we add a frequency-selective mechanism to the 

ideal-observer model. We hypothesize that this mechanism, known to 

exist in the human visual system, is responsible for the human 

observer's inability to prewhiten correlated noise. The existence of 

this channel mechanism has been demonstrated through experiments that 

measure a subject's ability to detect grating stimuli. 

Detection of Gratings 

A great many psychophysical experiments have been conducted 

concerning the detectabil ity of gratings, starting with DePal rna and 

Lowry in 1962. These studies typically employ patterns of luminance 

that are constant along the vertical direction and vary sinusoidally 

along the horizontal axis. The spatial frequency of tile grating is 

simply the number of cycles per degree of visual angle. Campbell and 

Robson (1968) measured the contrast sensitivity to single sinusoidal 

gratings over a broad range of spatial frequencies at fixed background 

luminances. As expected, they found a drop in sensitivity at higher 

spatial frequencies corresponding to the limited resolution of the visual 

system. They al so found a decrease in sensitivity at lower sputial 

frequencies, due presumably to lateral inhibition (a reduction in the 

level of neural activity by inhibiting mechanisms that serve to reduce 

100 
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the sensitivity of the visual system for spatial frequencies approaching 

zero). 

Campbell and Robson used not only sinusoidal gratings, but 

sawtooth gratings and rectangular ones of varying duty cycle as well. 

From these data they could infer something about the nature of detection 

of compound frequency gratings. In all cases they found that detection 

occurred only when the most detectable component was at its own level 

of detectability, implying that it was being detected by the observer 

independently of the other frequency components. Sachs, Nachmias, and 

Robson (1971) pursued this suggestion, and carried out experiments with 

compound gratings consisting of two frequency components. Whenever the 

second component differed in frequency from the first component by more 

than a certain ratio, the data were consistent with the hypothesis that 

the two frequency components were being detected independently. 

Moreover, when two components with frequencies rel ated by an even 

larger ratio were combined, the grating was no more detectable when the 

two components were phased so that their peaks added than when their 

peaks subtracted (Graham and Nachmias, 1971). These results implied to 

the investigators that different spatial frequency components were 

detected by independent processors tuned to different narrow ranges of 

spatial frequencies. Detection of a stimul us occurs whenever the 

activity of anyone of the independent processors rises above a 

threshold. They referred to these processors as "channels". Figure 5.1 

shows the channel model for the visual system as first hypothesized by 

Sachs, Nachmias, and Robson in their 1q71 paper. 
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Much research followed as scientists strove to corroborate the 

frequency-selective-channels model (Mostafavi and Sakrison, 1976), and 

determine the structure of the channel processors in finer detail 

(Hal ter, 1976). Adaptation and masking experiments support the 

hypothesis that the channels are medium-bandwidth mechanisms 

(Strohmeyer and Klein, 1975). Narrow-bandwidth channels are suggested 

by the results of facilitation studies. While there is still some 

residual controversy over this issue, it is widely accepted that these 

mechanisms do indeed exist. 

Given that these narrow frequency channels are present in the 

human visual system, they can be added to the ideal-observer model to 

determine their effect on the detection ability of the ideal observer. 

We shall model the human as an ideal observer constrained to have a bank 

of frequency-sel ective channel s in its data processing ci rcuitry, 

according to the block diagram of Figure 5.2. We test the ability of 

this model to predict human detection performance in correlated noise by 

computing the signal-to-noise ratio at the output of the likelihood-ratio 

computer of the figure. 

Inclusion of Frequency Channels into Ideal-Observer Model 

Theory 

We want to evaluate the likelihood function of the received data 

after it has been processed by the frequency channels of the observer. 

For a discrimination task where the observer must decide which of two 

possible signals is present in an image, the data vector r received at 
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the retina under each of the hypotheses is again given by 

H :r=s +n 
1 1 

H r = s + n 
2 2 

(5.1) 

The noi se vector n is the noi se associ ated wi th the photon 

statistics of the displayed image and is again assumed to be jointly 

Gaussian. 

In the Fourier domain the received data before processing are 

given by 

H : R = Fr = S + N 
1 1 

H R = Fr = S + N 
2 2 

(5.2) 

The capital letters refer to vectors in the Fourier domain 

(Si = Fsi )· 

Now suppose the data are processed in the Fourier domain by a 

sequence of fil ters, as shown in Figure 5.2. Let U be the matrix that 

represents the operations of the filter bank on the data, and let the 

vector V denote the filtered data stream. Each element of !, Vd, is the 

result of one of the filters in the bank (Uj ) acting on R, plus a noise 

term M. 
-J 

V. = U.R + M. 
-J J- -J 

(5.3) 
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U
J
. can be thought of as one row of the filter matrix U, and M. 

-J 

is one element of the noise vector M, giving the matrix expression: 

v = UR + M (5.4) 

We shall assume that the matrix U is very rectangul ar, so that 

there is a large data reduction in going from! to I. Remember, the 

data vector! is an Nx1 column vector, where N is the number of pixels 

in the image (128 2 in our studies). The data vector I after passing 

through the frequency channels is an Lx1 column vector, where L is the 

number of filters in the filter bank, assumed to be much less than N. 

Note that we have added an internal noise mechanism to the 

model and characterized it by the noise vector M. We assume that M is a 

zero-mean, Gaussian process. Many authors have suggested that internal 

noise affects signal detectability in human observers. Several factors 

could contribute to internal noise in the human observer. These include 

additive random biological fl uctuations in the number of nerve impul ses 

transmitted down the optic nerve, and any uncertainty in the a priori 

information needed by an ideal observer to make an optimum decision 

(threshold criterion jitter and incorrect use of size, shape, and location 

information). (Pelli (1981) has treated the probl em of detection 

performance for an uncertain observer.) Because the biological aspects 

of internal noise are inseparable from psychological effects such as 

uncertainty, we may as well consider them to be one phenomenon and call 

that random process M. 
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We could also include a non-linear element in the model, as is 

often done with model s of the vi sual system. However, for a low

contrast input a non-linear element looks approximately linear. Since 

all the situations we shall consider involve low-contrast objects, the 

non-linear element can be omitted. 

The function of the likelihood-ratio computer of Figure 5.2 is to 

calculate the probability density on the V.ls given the hypotheses Hand 
-J 1 

H. To perform this calculation we must first evaluate the statistics 
2 

of V. Since! is linearly related to R, which in turn is linearly 

related to the Gaussian process r, ! itself is also Gaussian. Then the 

density function on V can be characterized by its first and second 

moments. The mean of V ~mder the ith hypothesis is 

= U<RIH.> 
- 1 

= US
i 

(5.5) 

Under H , <V>=US , and under H , <V>=US. The covariance matrix 
1 - 1 2 2 

on V when H is true is given by 
1 

K = «V-<VIH »(V-<VIH »tIH > 
1 --1 --1 1 

(5.6) 
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In this expression the raised dagger is again the Hermitian 

transpose operator. When we evaluate equation 5.6 for K we find that 
l 

(5.7) 

where we have defined the covariance matrices on the noise processes to 

be WN and WM" When we ev.aluate the covariance matrix on V under 

hypothesis H , we find that 
2 

K = <(Y-<VIH >)(Y-<YIH >)tiH > 
2 --2--2 2 

(5.8) 

so that 

K = K = K 
l 2 

(5.9) 

We have assumed that the signal R is independent of the noise 

process M, and the noise processes both have zero mean to derive this 

result. Burgess (1985) has performed psychophysica 1 experiments to 

determine whether internal noise in the human is actually independent of 

the scene. 
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Because V is Gaussian we now can write down the likelihood 

function for V under each hypothesis, using Equation 3.40: 

or 

The likelihood function on the data V is thus 

A = 

p(V I H ) 
- 2 = p(VIA ) 
- 1 

exp[-i (!-<!I H/) t K- 1 (!._<!) H/ )] 

exp[-~ (V-<!.IH /) t K-l(V-<!J H/)] 

The log-likelihood function A is then 

(5.10) 

(5.11) 

(5.12) 

When we expand out this expression and eliminate the terms that 

cancel, we are left with 
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+ terms independent of data R . (5.13) 

To choose whether the data are the result of hypothesis H or H 
1 2 

being true, the observer compares A to the threshold A chosen according - c 
to the decision goal. The terms in the likelihood function that are 

independent of the data can be absorbed into this criterion, generating a 

new decision rule based on the sufficient statistic A land the new 

threshol d A I c: 

Choose H if A I(y) > A I 
2 C 

or if 

(5.14) 

The difference term present in both expressions in parentheses 

is the Fourier transform of the difference signal vector: 
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<RIH >-<RIH > = 5 -5 = 65 (5.15) 
- 2 - 1 2 1 

We can thus rewrite A1(V) above as a function of the difference 

si gnal: 

(5.16) 

Now we note that the likelihood function is made up of the sum 

of a scalar plus its complex conjugate. We can thus rewrite it as 

(5.17) 

Note the similarity between this expression and the one we found 

in Equation 3.45. If the ideal detector filtered the data through 

spatial-frequency-selective channels, the ideal observer would correlate 

the data with the difference signal seen tht'ough the same channel s, 

after a prewhitening operation. This resul t presumes that the ideal 

detector knows the signal s and noise exactly, and the form of the 

frequency channels. 

We can now use this simpl e expression to find d' • From 

Equation 3.54, d' is defined to be the ratio of the difference in means 

of ~I under each hypothesis to the variance. Hence we need to find the 

statistics on A I. We know that V is a jOintly Gaussian random vector. 

By Equation 5.17 we see that A I is a sum of Gaussian random variabl es 
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and therefore must also be Gaussian. Of course, as we pOinted out in 

Chapter 3, ~I must be Gaussian with equal variances under each 

hypotheses for dl to be a meaningful measure of test performance. The 

expected value of AI under hypothesis H is 
2 

(5.18) 

Remembering that the mean of V under hypothesis Hi is US;, 

Equation 5.18 becomes 

(5.19) 

Similarly, 

(5.20) 
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The difference in means under the two hypotheses, rnA' is then 

rnA = <AIIH> - <AIIH > 
- 2 - 1 

= Re {(U6S)tK-l(US -US )} 
2 1 

= Re {(U6S) t K-1 U6S} 

(5.21) 

If the object is real and centered and the filters are real, we 

can write rnA as simply 

T T -1 
rnA = 6S U K U6S , (5.22) 

where T is the transpose operator. Now we need to find the variance of 

A(V). The variance is defined to be 

2 

C1 A = 
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If we expand out the quantities above and perform the averaging 

operation, we find that 

(5.24) 

Of course, we would have obtained the same result if the average 

had been done conditional on hypothesis H being true. 
1 

for d1 : 

!We can put all the pieces together now to state the expression 

dl = 

= 

<AIH >- <>.IH > 
- 2 - 1 

AStUtK- 1 UAS 

~[AStUtK- 1 UAS] 

This is a completely general result. We have made no 

assumptions regarding the shapes of the signals, the form of the filters 

represented by U, or the nature of the noise correlation matrix K. We 

did make the assumption that the noise is Gaussian, additive, and zero

mean. All covariance matrices are symmetric. In practice, it is often 

possible to assume that the matrix K is approximately circulant. This is 



the case when we have a low-contrast object so that the noise is 

stationary. 
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For the experiments we described in Chapter 4, the signals are 

centered in the image, and 6$ is therefore purely real. Little is known 

about the exact nature of the frequency-selective channels of the visual 

system. For simplicity, it would be natural to numerically evaluate 

expression 5.25 initially assuming that the filter matrix U is also 

purely real. This assumption is particularly reasonable when the 

signals are centered. Phase information in the image becomes important 

when the signal s are shifted away from the center. In this case the 

location is encoded in the Fourier phase and the filters represented by U 

may be complex. One possible approach might then be to consider the 

filters of U to be a set of Gabor functions (Gabor, 1946). Gabor 

functions are sinusoids with Gaussian envelopes, so that the output of 

the fil ter operation woul d be a local frequency spectrum. Marcelja 

(1980) and Daugman (1980) have recognized that Gabor functions may be 

appropriate fuctions for modelling the human visual system. 

In the next section we eval uate Equation 5.25 for the images 

created with equal ideal-observer SNR's of Chapter 4. The signal-to

noi se ratio cal cul ation for the ideal observer in Chapter 4 can be 

thought of as a derivation for an ideal observer with infinitely narrow 

frequency channels. We now calculate the degradation in ideal-observer 

performance as we decrease the number of these channels and increase 

their width. 
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Experimental Results 

In this section we evaluate expression 5.25 to determine the SNR 

of an ideal observer constrained to have a set of frequency channels 

like the ones shown in Figure 5.2. We rewrite the expression below and 

call it SNR~~~~l' the channelized ideal-observer SNR: 

(5.26) 

To evaluate this expression we first need an explicit form for 
-1 K • From equation 5.7 through 5.9 we know that 

where 

= FC Ft 
n 

(5.27) 

(5.28) 

where F is again the discrete Fourier transform matrix. For the images 

in our studies the noise covariance matrix Cn is approximately circulant, 

and therefore diagonalized by the Fourier transform operation. Thus, 



117 

WN is a diagonal matrix and we can rewrite it as shown below: 

(5.29) 

We first determine the form of the first term- of K, UtWNU: 

(5.30) 

* Here the star denotes the complex conjugate. 

When we pass the sum over k to an integral over the frequency 

variable 00, we have the integral expression written below: 



118 

(5.31) 

If we assume the filter width is proportional to the center 

frequency, equation 5.31 becomes 

(5.32) 

To make this expression more easily computable, we assume that 

the filters are non-overlapping (orthogonal), which leads us to the 

following expression: 

(5.33) 

From the delta function in equation 5.33 it is apparent that the 

first term in the sum for K is diagonal and can be written as shown 

below: 

(5.34) 
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We shall assume that the internal noise process is uncorrelated 

from channel to channel so that WM is also diagonal: 

(5.35) 

The matrix K is therefore the sum of two diagonal matrices and 

is therefore itself diagonal. The inverse of a diagonal matrix is also 

diagonal, so we can write K- 1 as follows: 

(5.36 ) 

We can now write out the expression for the channelized ideal-

observer SNR: . 

L L 
=~~ 

n=l m=l 
[(Ul1S)t]n [K-1]nm [(Ul1S)]m 

(5.37) 

When we substitute the expression for K-1 of equation 5.36 into equation 

5.37 and use the properties of the delta function, we have 
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2. r chan 1 
LSNR idealJ 

L L 

= L L 
n=l m=l 

[(U~S)t] [(U~S)] 6 n m nm 

(5.38) 

We shall assume that the filters represented by the matrix U are 

rectangular with width a: 

Urn = 1, 

= 0 

Pm < P < aPm 
otherwise (5.39) 

There are two parameters speci fying the fil ters of U. These 

parameters are the filter width, a, and the minimum frequency passed by 

the first filter in the bank, Pmin' The first filter passes frequencies 

from Pmin to ap min , the second filter passes frequencies in the range 
2. 

aPmin to a Pmin , and so on. Once a and Pmin are chosen, the SNR of the 

channelized ideal observer can be calculated. 

We can now write the numerator of equation 5.38 in terms of the 

expected difference image AS(p)P (p)P (p), integrated over the channels 
1 2. 

specified by U. If we ignore the internal noise term, the denominator 

becomes the noise power spectrum integrated over the channels, and we 

have 



L 
j

ap 

21T p "A~(P)Pl(P)P2(P)P~P 
m 
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2 

[
chan ]2 

SNR ideal = L (5.40) 
m=l 

Once we use equation 5.40 to calculate the ideal-observer SNR 

for an observer constrained to have frequency-selective channels, we can 

calculate the efficiency of the human observer relative to this 

observer. If we find constant efficiencies across the post-processing 

filter parameter n, we will have found an explanation for the human 

observer's inability to do prewhitening. 
chan Table 5.1 gives the calculated values for the efficiency n 

of the human observer relative to the channelized ideal observer. In 

this table the ideal observer is assumed to have channels with width 

parameter a=1.5, and we have varied the minimum frequency parameter' 

Pmin. The efficiencies are approximately constant for each of the 

values of Pmin ' and the efficiency grows slightly as Pmin is increased. 

This improvement in efficiency is a resul t of the penal ty the ideal 

observer suffers as more low frequency information is lost. 

Tabl e 5.2 shows what happens to the efficiency n chan if we 

increase the width of the filters to a=2. For each value of Pmin the 

efficiency is a little larger than it was when a=1.5. In increasing the 

filter width we again penalize the ideal observer. 
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TABLE 5.1 Efficiency nChan for channel width a = 1.5 

Filter parameter n n=l n=2 n=3 n=4 

P min = 1.4 13.32 10.18 5.86 5.28 

P min = 1.6 16.72 14.56 9.64 9.99 

P min = 1.8 16.81 14.75 9.85 10.28 

Pmin = 2.0 17.13 15.72 11.29 12.99 

Pm;n = 2.2 20.59 20.75 16.82 22.91 
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TABLE 5.2 Efficiency nchan for channel width a = 2.0 

Filter parameter n n=1 n=2 n=3 n=4 

P min = 1.4 14.49 11.51 6.95 6.65 

= 1 6 P min • 18.37 17.74 13.79 17.62 

.P min = 1.8 18.99 18.27 14.11 17.92 

P min = 2.0 19.39 19.46 15.97 21.97 

P min = 2.2 23.93 26.78 24.94 39.02 
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The efficiency nchan is plotted in Figure 5.3 as a function of n. 

We have plotted nchan for several values of Pmin and a. On the same 

plot we show the efficiency nnpw of the human observer relative to a 

non-prewitening ideal observer. We find very good agreement between 

these efficiency values regardless of the parameters pmin and a. In 

Figure 5.4 we further demonstrate the similarity in predicted 

performance for the non-prewhitening ideal-observer model and the 

channelized ideal-observer model. Figure 5.4 is a plot of the area under 

the ROC.curve that would be obtained for each of these ideal observers 

as a function of n, and we again find good agreement over several values 

of a and Pmin" 

It is important to note that not only are the efficiencies nchan 

approxim~tely constant over the filter parameter n, but their magnitude 

is virtually the same as nnpw. Using the channelized ideal-observer 

model we ·have been able to explain the inability of the human observer 

to do prewhitening. 

The channelized ideal observer is assumed to be unable to detect 

frequencies in the image below some minimum value Pmin" The physical 

meaning of a minimum frequency pmin greater than zero is that the 

observer is unable to determine the average or background grey level in 

the image. The fact that this model fits our human data so well tells 

us that the human detection performance is lowered due to the necessity 

of having to estimate the background, while an ideal observer would know 

the background level exactly. 
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Fig. 5.4 Area under the ROC curve predicted by non-prewhitening 

and channelized ideal-observer models 
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In Table 5.3 we present the efficiencies nchan for the images in 

which we let the maximum frequency Pmax the power spectrum vary with 

the filter parameter n. Again the efficiencies obtained are effectively 

equal to the numbers derived from the non-prewhitening ideal-observer 

model. With this result we can be confident that the efficiency nchan 

calculated is independent of the power spectrum peak. 

It should be pointed out that we have not included an internal 

noise mechanism in our calculations. We have been able to explain the 

fall-off in efficency for the human observer relative to an ideal 

observer by requiring the ideal observer to process visual scenes 

through frequency-selective channels. However, the fact that the 

efficiency nChan is much less than one tells us that there is still a 

large difference in human performance relative to the channelized ideal 

observer. This can only be explained by an internal noise mechanism 

that serves to reduce human performance by some constant amount 

independent of the noise power spectrum parameter n. That is, the 

internal noise process must be independent of the received signal. 
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TABLE 5.3 Efficiency for varying power spectrum peak 

Filter parameter n n=l n=4 

chan n for a=1.5 

Pmin = 1.8 20.10 5.96 

Pmin = 2.0 20.43 7.80 

Pmin = 2.2 24.39 13.20 

chan n for a=2.0 

P min = 1.8 22.43 10.86 

Pmin = 2.0 22.86 14.30 

P min = 2.2 27.81 25.61 



CHAPTER 6 

CONCLUSION 

In this chapter we review the main resul ts reported in this 

dissertation. We then look ahead to the future work required to answer 

the new questions raised by our research. 

Summary 

We have shown that pixel signal-to-noise ratio is an inadequate 

predictor of human detection performance in correlated noise. A figure 

of merit for medical images such as pixel s.ignal-to-noise ratio is 

doomed to failure because it. does not take into account the perceptual 

capabilities of human observers. We have suggested some guidelines for 

figures of merit for radiological images. A good figure of merit must 

correl ate with human observer performance, be computabl e, . and be a 

scalar. These criteria are necessary if we are interested in image 

evaluation, as well as system design and optimization. 

Signal-detection theory has been used to derive the operations 

performed by an ideal observer when presented with a simpl e binary 

detection task. We have suggested that the figure of merit we are 

searching for is the signal-to-noise ratio at the output of an ideal 

detector. We have shown that the ideal observer eval uates the 

likelihood function on the data under each hypothesis, and its signal-to

noise ratio, SNRideal' is a simple function of the statistics of the 

likelihood ratio. 
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We have discussed ways of measuring human observer performance 

in a simple detection or discrimination task, and presented the 

detectability d' as a good parameter for expressing human ability. An 

absolute measurement of human performance is efficiency, n, defined to 

be the squared ratio of d' to SNRideal. 

In images containing uncorrelated noise we showed that n is 

constant for a simpl e detection task. This resul t has been found 

independently by other researchers. However, when the noise in the 

images has negative correlations, such as in images reconstructed from 

projections, we found that the human observer suffers a significant 

performance penalty. We showed that the degradation in detection 

ability is the same kind of penalty an ideal observer would suffer if we 

removed its ability to prewhiten the noise. 

We then added a bank of frequency-selective channels to the 

ideal-observer model, patterned after a set of filters known to exist in 

the human visual system. After impl ementing these fil ters, we found 

good agreement between ideal and human detection performance in 

correlated noise. We concluded that the presence of channel mechanisms 

in the visual system precludes the human observer from being able to 

prewhiten correlated noise. 

Areas of Future Investigation 

The construct of the ideal observer provides a powerful tool for 

measuring image quality. The experiments discussed in this dissertation 

show that the human observer can be modelled quite well by the ideal 

observer, provided we impl ement known physi 01 ogical features into the 



model. We have already shown that the strong influence of pixel-to

pixel correlations in an image on the human observer can be fully 

predicted by this model. Our results are encouraging and we strongly 

believe this model should be developed further. 
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As more quantitative information becomes avail abl e about the 

real visual system, it must be incorporated into the ideal-detector 

model. For example, we ignored the need for a mechanism in the visual 

system that records phase information in the Fourier image. Certainly a 

mechanism exists for coding stimulus location, but for our simple task 

such a facil i ty was not requi red. The need to add further physiological 

mechanisms to the ideal-observer model will be driven by increased 

complexity in the task being modelled. 

A criticism often heard in reference to visual system models is 

that they have no relevance to the clinical setting. This is further 

reason for demanding that the model be tested for less stylized, more 

complex tasks. Further investigation of problems where the signal is 

not known exactly is needed, as well as cases where the noise is signal

dependent or non-Gaussian. We have indicated to some extent how more 

complex tasks can be incorporated into the ideal-observer framework. 

A very challenging area of research is the situation where the 

noise cannot be assumed to be stationary. The formulation of the 

problem becomes very difficult when stationary statistics can no longer 

be invoked. 

The methods of medical imaging system eval uation that are 

currently used invol ve 1 engthy observer studies. The time-consuming 
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nature of these studies renders system optimization based on measures of 

human performance impractical. Our hope for the future is that system 

design can be based on maximized ideal-observer performance, which in 

turn will imply optimized human-observer performance. The ideal

observer model will provide a rapid feedback mechanism in place of the 

human in the optimization loop. 
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