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ABSTRACT 

Specific to the recommendation of the National 

Council of Teachers of Mathematics (1980) to identify and 

analyze problem solving strategies and the settings in which 

the development of these strategies could be optimized, this 

study is a compilation of three case studies which describe 

what elementary school children say and do when solving 

verbal mathematics problems in small groups. Persuant to 

this goal, three four-member groups were selected and asked 

to reach a consensus within each group on the solution to a 

variety of routine and non-routine problems. In this 

relatively unstructured setting, transcriptions of verbal 

interactions, written records of all computations, and 

observer notes were compiled for each group. 

The resulting identification and description of the 

problem solving behaviors which occurred were analyzad in 

terms of two broad interactive functions by which children 

seek to understand verbal problems: the construction of 

mental representations or physical displays of the problems 

and the evaluations of these constructions. Representations, 

in this perspective, are constructed at two levels: a 

contextual level at which the problem situation is 

linguistically interpreted and a structural level at which a 

xiii 
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statement of a problem underlying mathematical structure is 

defined. 

Evaluations also occur which allow group members to 

monitor their understanding and direct the course of the 

problem solving effort. 

The findings indicate that intermediate aged 

children when solving problems in small groups display 

general patterns of behavior. These patterns of behavior 

include: the manner in which the groups approach and 

effectively isolate the contextual elements of a verbal 

problem, the propensity of groups to change the mode in 

which a problem is represented by utilizing manipulatives, 

diagrams, tables and other physical displays, and the manner 

in which groups monitor the course of problem solving and 

reach consensuses on solution proposals. Within this general 

pattern, however, specific subject and task variables 

characterize individual groups, affecting both the group 

interaction and the incidence of specific problem solving 

behaviors. 

These findings suggest practical classroom 

applications for group problem solving formats in the 

elementary school classroom. Additional research, however, 

must provide the link between group problem solving and 

individual performance. 
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interaction and the incidence of specific problem solving 

behaviors. 

These findings suggest practical classroom 

applications for group problem solving formats in the 

elementary school classroom. Additional research, however, 

must provide the link between group problem solving and the 

individual performance. 



CHAPTER 1 

THE PROBLEM, ASSUMPTIONS, LIMITATIONS, 

AND DEFINITIONS OF THE STUDY 

In setting the focus for mathematics instruction in 

the 1980s on the development of problem solving ability, the 

National Council of Teachers of Mathematics (1980) has 

recommended the following: 

The definition and language of problem solving in 
mathematics should be developed and expanded to 
include a broad range of strategies, processes and 
modes of presentation that encompass the full 
potential of mathematical application (p. 8). 

Specific to this recommendation is the call to 

researchers and educators to identify and analyze specific 

problem solving strategies and the settings in which the 

development of these strategies could be optimized (National 

Council of Teachers of Mathematics, 1980). 

Introduction to the Problem 

Mathematical problem solving, according to Zalewski 

(1980), wis the process of developing and using a procedure 

to solve mathematical problems. The process involved may 

require a search among possible strategies, the use of 

various rules and techniques, and prior knowledge of 

mathematics" (p. 119). Within the classroom, a number of 

1 
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activities can be classified as mathematics problem solving: 

(1) solving word problems that appear in standard classroom 

texts, (2) solving process problems and puzzles, (3) 

applying mathematics to problems of the wreal- world, and 

(4) creating and testing mathematical conjectures (Branca, 

1980). An assumption inherent in each example is that the 

solution of the problem is not readily apparent. Problem 

solving, according to Branca (1980), is thus a term which 

may be interpreted quite differently from classroom to 

classroom: (1) as a skill, (2) as a process, and (3) as an 

educational goal. 

Regardless of the orientation from which problem 

solving is conceptualized within the curriculum, a cursory 

review of mathematics programs and texts indicates that 

problem solving is not currently the primary focus of 

elementary school mathematics programs. Quite the contrary, 

problem solving would appear to maintain its untenable 

position as a likely end product of computational fluency 

addressed only periodically by direct instruction. The 

National Council of Supervisors of Mathematics (1976) has 

warned that the trend of declining standardized test and 

college entrance examination scores in mathematics may 

continue. This inability of students to apply mathematical 

knowledge to verbally expressed problems reflects not only a 



lack of curricular focus, but also a paucity of 

instructional techniques which might alleviate the 

deficiency (National Assessment of Educational Progress, 

1979). 

3 

From this perspective, the challenge to researchers 

issued by the National Council of Teachers of Mathematics 

(see Page 1) is justified. Recent studies of mathematics 

problem solving have addressed this challenge by seeking 

insightful methodologies for describing and measuring the 

problem solving performance of subjects. In this light, 

purpose is afforded this current exploratory study. 

The Problem 

Problem statement 

The purpose of this study is to describe and analyze 

the problem solving behaviors of twelve fifth grade students 

in terms of what they do and say while solving verbal 

mathematics problems in three small groups. Within the small 

group setting, problem solving was viewed as an interactive 

exchange in which representations of a problem were 

alternately constructed and evaluated by group members. Such 

representations included an understanding of the problem at 

two levels: 



1. A contextual level at which a problem setting is 

linguistically interpreted, and 

4 

2. A structural level at which a mathematical or 

logical formulation of a unique solution is defined. 

It is the interaction of constructive behaviors, 

including heuristic and algorithmic activities, and 

evaluative behaviors by group members at each level which 

define a pattern of problem solving behaviors. To achieve 

the analytical ends proposed, case studies of three small 

groups described the interaction and addressed a single 

research question: 

What patterns of problem solving behaviors are observed 

in these small groups? 

The social dynamics inherent in group interactional 

settings, were recognized as behavior structuring. Subject 

variables essentially determined the pattern of problem 

solving behaviors observed. Specific questions addressing 

the affect of these variables on the observed behaviors were 

also investigated: 

A) How does the individual student affect the pattern 

of problem solving behaviors in their groups? 

B) How does the nature of the group interaction affect 

the pattern of problem solving behaviors? 
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Task variables defined by the design of the research 

modified the pattern of behaviors observed. These variables 

included the number of Interaction Sessions in which each 

group participated, the three separate segments of each 

Interaction Session which structured the task, and the four 

types of problems presented. The following questions focused 

on the affect of these task variables on observed problem 

solving behaviors: 

C) How does the experience gained in the course of five 

Interaction Sessions affect the observed patterns of 

problem solving behaviors? 

D) How does specified observer feedback affect the 

observed patterns of problem solving behavior as 

repeated attempts are made to solve a problem? 

Specifically, two questions addressed the nature of 

the observer feedback provided, if necessary, to each group: 

1. What behavior patterns emerged during the First 

Debriefing segment when groups were told that 

their initial solution to a problem was 

incorrect? 

2. What behavior patterns emerged during the Second 

Debriefing Segment when groups were given the 

correct answer to a problem missed twice 

previously? 
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E) How does problem type" affect the observed patterns 

of problem solving behavior? 

In answering these questions, conclusions were drawn 

which have some import for future research and instructional 

methodologies in mathematics problem solving. 

The significance of the Study 

In recent years, research perspectives on problem 

solving in mathematics have mirrored the instructional 

concerns of educators. Increasingly researchers have 

addressed the implications of their work to the classroom, 

asking questions derived from the curricular viewpoint of 

problem solving as a skill, process, or educational goal. 

Thus from a skill perspective, studies have examined the 

quality and form of verbal problems, identifying the 

linguistic and contextual variables within problems which 

distinguish their difficulty. Studies viewing problem 

solving as a process have centered on identifying and 

describing the strategies employed by subjects in problem 

solving situations. Models generated from this inquiry 

attempt to explain the nature of the problem solving process 

in terms of how learners ideally relate to verbal problems. 

From the educational perspective of problem solving as a 

goal, studies have presented problem solving instruction and 

training programs, and evaluated the efficacy of these 



programs as an indicator of a general methodology of 

cognitive process instruction (see Lockhead & Clement, 

1979). 

7 

The orientation of this current study is problem 

solving as a process. The significance of this study is in 

the description of the process itself and the perspective 

which this description lends to the analysis of problem 

solving behaviors in terms of the questions posed. 

The difficulty in describing the behaviors exhibited 

by subjects in problem solving is that many of these 

behaviors are mental processes which are not directly 

observable. Traditionally, inferences about cognitive 

processes have been made after quantifying performance on 

tasks previously correlated to problem solving. For example, 

studies of subjects' abilities to mentally rotate or 

rearrange geometric shapes (see Moses, 1978), an ability 

highly correlated to general problem solving ability 

(Dodson, 1971; Kilpatrick, 1968; Lee, 1978), have yielded 

cautious inferences concerning the function served by 

cognitive processing in problem solving situations. Yet 

such studies have not generally impacted in any appreciable 

way on curriculum design nor suggested practical classroom 

applications. 
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In looking at problem solving in small social 

groups, this study describes problem solving behaviors in 

terms of its interactive function--building representations 

of the problem and evaluating these constructions. Within 

this group pattern of construction and evaluation, each 

group member contributes his/her own unique set of problem 

solving experiences and, as a result, a set of strategies 

for sorting out and applying these experiences to new 

problem situations. The overt behaviors which are 

expressions of each individual's approach are identifiable, 

but meaningful only when analyzed within the broad 

interactive framework which characterized the group setting. 

Describing the problem solving behaviors of individual group 

members within an interactive framework provides some basis 

for understanding both the individual and the dynamic social 

forces inherent in the setting. Such an understanding may 

well suggest how specific instructional episodes would 

facilitate the development of problem solving behaviors in 

individuals. In addition, hypotheses for further study may 

be generated which link more forcefully the behaviors of 

children in social settings and the cognitions resulting 

from these interactions. Indeed, Gelman and Gallistel 

(1978) have suggested that in structuring and directing 



problem solving behaviors, cognitive processes may be, if 

not developed, at least uncovered. 

The Nature of the study 

9 

In collecting the data for case studies describinif 

and analyzing the problem solving behaviors of children, 

certain methodological decisions were made by the 

researcher. These decisions and the justification behind 

them define the nature of the current study. Analysis of 

student behaviors during problem solving, particularly 

students' verbal self-reports of their thinking, has long 

been established practice within the classroom for 

understanding and evaluating problem solving performance. 

These techniques, typified by polya's heuristic method o( 

instruction (see Polya, 1945), have more recently formed the 

basis for a framework describing the processes involved in 

problem solving. These frameworks have been used to generate 

research designs the results of which either strengthen or 

weaken the methodology they reflect. Although not resolving 

the issue of whether or not overt behaviors or verbal 

reports truly mirror underlying thought processes, such 

frameworks, as a basis for inquiry, provide some structure 

in describing observed behaviors. The framework inherent in 

the group problem solving sessions described in this study 

distinguishes behaviors in terms of two functions of the 
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interactive exchanges among individual group 

members--constructions and evaluations. In so doing a link 

is made between the incidence of specific problem solving 

behaviors and the social context which defines the goal of 

the group and manages the progress of the group toward its 

goal. 

Verbal data, gathered for the purpose of identifying 

problem solving behavior, have been collected in three 

distinct ways: (1) Athinking aloud w procedures, (2) clinical 

observation and interviewing techniques, and (3) protocol 

analysis of small group or teacher-student interactions. 

Schoenfeld (1982) identifies five variables affecting the 

kinds of information that emerges from these methodologies: 

1. the number of persons being taped, 

2. the degree of intervention, 

3. the nature of instruction, 

4. the nature of the setting, and 

5. the task variables. 

Although it would appear that single subjects 

Wthinking aloud" or responding to interview questions while 

problem solving would afford the best view of the strategies 

involved, Harvey (1981) has cautioned researchers against 

overrelying on this method. wYoung children may become 

overly anxious in this discomforting setting and may report 



only those thoughts which are deemed safe or acceptable

(Harvey, 1981). Increasing the number of subjects may 

alleviate this complaint by offering emotional support to 

each member, but social factors may also alter the very 

strategies under observation. In the current study, the 

existence of social dynamics inherent in small group 

interaction is readily conceded. By doing so, this 

methodology is still preferable because the communicative 

function of language during these interactions makes more 

apparent the pattern of behaviors which characterizes the 

strategies utilized. 

11 

Investigator intervention in the form of structuring 

comments, hints or questions may be seen as either 

disruptive or guiding. Research focusing on instructional 

techniques may correctly perceive such intrusions as guiding 

a subject's discovery of problem solving processes (see 

Kulm, 1981). Other research efforts, including this one, are 

aimed at describing the strategies which are brought to the 

problem situation by subjects. In such cases, interventions 

are viewed as disruptive of the comprehension process 

assumed to be taking place (see Nodding, 1981). 

Instructions to the subjects must reflect the 

purposes of the study. Schoenfeld (1982) suggests that there 

is a tradeoff between standardization of instructions and 
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experimenter freedom. He writes, "One has a certain degree 

of reliability in the first case, and the potential for 

probing interesting behaviors in the second" (p. 7). The 

instructions to the subjects in this study are standardized; 

yet they provide little structure to the course of problem 

solving other than establishing the group goal of reaching 

consensus on solutions to the problems presented. 

The setting in which the problem solving task occurs 

and, indeed, the variable associated with the task itself 

may be diversified along a continuum characterized by the 

"laboratory analogue· of the experimental paradigm on one 

end and the ·classroom experiment· associated with 

naturalistic inquiry on the other. Guba (1978) suggests that 

the purpose of the research study dictates both the setting 

and the task variables. If the research purpose is to 

observe the effect of one set of variables on another, then 

eliminating confounding variables stemming from both the 

task and the setting is essential. In this study, however, 

description and understanding of an event is the primary 

purpose. Ther.efore, maintaining a natural setting and all 

variables associated with the task is of obvious benefit. 

The issues identified specify the methodological 

decisions which were made in designing the study and 

defining its nature. A Review of the Literature provided the 
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framework for coordinating this decision-making process and 

justifying the assumptions and limitations inherent in each 

decision. 

Assumptions Underlying the study 

As a basic premise of this study, Brownell's (1942) 

comment on the nature of problem solving is appropriate. He 

writes, WA problem is not truly solved unless the learner 

understands what he has done and knows why his actions were 

appropriate" (po 439). In utilizing this premise as a 

foundation for writing case studies based on what children 

do and say while solving verbal mathematics problems in 

small groups, assumptions are made. These assumptions are: 

1. Correct solutions to problems arise from 

understanding the problem. In this study, problem 

understanding is characterized, ideally, by the 

formulation of problem representations which include 

accurate viable contextual interpretations and 

recognition of the mathematical structure of the 

problem. 

2. Children demonstrate strategies in their search for 

understanding. Such strategies consist of patterns 

of problem solving behaviors which include 

algorithmic, heuristic and evaluative activities. 



3. These strategies can be identified, described and 

analyzed within a small group setting. 

Limitations of the study 

14 

The nature of the study, loosely structured by the 

paradigm of naturalistic inquiry, demands that a holistic 

view of each problem solving group be the ultimate aim. Thus 

the focus of this study, in terms of the questions posed is 

not verification, but discovery and understanding. The 

validity of the methods used in interpreting the data must 

be scrutinized; yet evaluation of the techniques employed 

and the rationale behind their implementation should be made 

in terms of how new understandings translate into new and 

practical instructional methodologies. 

No attempt has been made to pry the many facets of 

social interaction into separate controlled variables; for 

to do so would be to alter the very act, problem solving in 

small groups, under study and confound understanding with 

artificiality. Research questions were addressed in respect 

only to the three small problem solving groups. This small 

sample size would make generalizations to a broader 

population "meaningless" in the experimental sense. 



Definitions 

For the purpose of this study, the following 

definitions were used: 

15 

Problem-Solving. A search for possible solutions to 

a problem when none is readily apparent. 

Heuristics. An activity which helps problem solvers 

approach and understand problems and/or to marshal their 

resources in planning and executing solutions. 

Representations. A mental visualization or a 

physical display which incorporates an understanding of 

problem context and a recognition of problem structure. 

Partial Representations. An incomplete visualization 

of problem context and structure. 

Mode of Representation. The form in which contextual 

interpretations are made and mathematical structures are 

defined. 

Linguistic Mode. The encoding of the problem, 

relating words of the problem to the problem-solver's own 

stored linguistic categories. 

concrete Mode. The encoding of the problem, relating 

the words of the problem to visual display and thus allowing 

computation on the basis of a direct visual comparison. 

Problem Context. The verbal description of the 

problem situation. Problem contexts are either active or 



static. Active contexts are composed of a chronological 

sequence of events which describe the problem situation. 

static contexts describe a single momentary problem 

situation. 

Problem structure. The mathematical principle 

underlying the problem which defines the functions and 

interrelations of problem conditions, knows and unknowns. 

Algorithm. A pattern or method of performing a 

mathematical operation. 
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Managerial strategy. The monitoring of progress in 

problem solving, consisting of evaluative and reiterative 

statements which direct and judge the utility of activities 

during the task. 

Problem Solving strategies. Mental processes which 

are revealed by patterns of problem solving behaviors 

including algorithmic, heuristic and evaluative activities. 

Cognitive Process. The transformation of knowledge 

and understanding in effecting problem solutions. 

Verbal Problems. A written description of a problem 

situation wherein a question is posed concerning the 

situation which demands resolution. 



CHAPTER 2 

REVIEW OF THE LITERATURE 

An approach to the study of problem solving 

behaviors must flow logically from the theoretical framework 

from which it is derived. The rationale for this study then 

begins with an overview of the cognitive theories which have 

generated useful concepts. Of particular interest in this 

overview will be the contributions of Gestalt learning 

theory and the developmental theories of Jean Piaget. 

Stemming from this orientation, the derived concepts will be 

developed into an applicable methodology for viewing the 

process of problem solving. Concluding this chapter, current 

problem solving research, unified by the cornmon methodology, 

will be reviewed. Necessarily convergent in its 

perspective, the structure of this chapter will offer broad 

support for the methods and procedures used to describe the 

data. This chapter is divided into the following major 

sections: 

1. Theoretical Foundations 

2. Avenues of Inquiry 

3. Operationalization of Inquiry 

Diagramatically the scope of this review is 

conceptualized in the following manner (see Figure 1). 
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Theoretical Foundations 

Overview of Cognitive Theory 

In the broadest sense, theories of cognitive 

development are concerned with how organisms gain knowledge 

about the world (Bower, 1975) and profit from individual 

experiences in ways which improve their ability to adapt to 

this environment (Estes, 1975). This is not a unique concern 

which distinguishes this school of thought from others, 

however. In fact, the uniqueness of this theory is the 

extent to which it has borrowed from and adapted to more 

established traditions (Estes, 1975), the so-called "tools" 

of inquiry (Bolles, 1975), and the implications generated 

from the inquiry (Estes, 1975). 

Spurred in part by the rediscovery of earlier 

theorists such as Bartlett (1932), the cognitive revolution 

represents a reaction to certain tenets of Behaviorism and 

Gestalt Psychology. In general, as Estes (1975) explains, 

early cognitivists were dissatisfied with inadequacies in 

explaining "high-order reasoning" on the part of 

behaviorists and the inability of Gestalt psychologists to 

operationalize these reasoning processes in any but the 

vaguest terms. In assimilating both into a loosely defined 

orientation, cognitivists were united only by their 

conception of learning. Learning, in this view, is the 

acquisition of cognitive processes. This acquisition, 



according to Bower (1975), is motivated by the biological 

and social needs of the individual. Thus learning is 

personal both in the context in which it is developed and 

the purposes for which it is utilized. 
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Cognitive theories of learning primarily emphasize 

complex intellectual processes such as thinking, language, 

and problem solving as major aspects of the learning 

process. It is the organization of the learner's experience 

of a situation and the ways in which one learns alternatives 

or more appropriate kinds of organizations that characterize 

the cognitive viewpoint (Tolman, 1932). The cognitive 

structure of an individual represents this organization; 

cognitive processes represent the ways in which these 

structures are acquired and developed (Snelbecker, 1974). 

Problem solving represents a primary way in which 

experiences are reorganized. A problem exists, as defined by 

cognitive theory, when present structures or organizations 

of the learner are incapable of finding a solution. Through 

a process of reorganization of existing experience, a 

solution may be found. According to Burns and Brook (1970), 

"Problem solving is in a sense having the appropriate 

backg round. " Fur thermore, they continue, "Problem sol vi ng 

implies that as a learner solves a problem, he acquires a 

new behavior, which he adds to his behavior repertoire" 

(Burns & Brook, 1977, p. 44). 
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Jerome Bruner, representative of cognitive 

psychologists who have applied their theories to cognitive 

process instruction, attributes a greater degree of autonomy 

and initiative to the learner and conceptualizes learning 

processes as experienced by the learner (see Bruner, 1966). 

In this regard, Bruner theorized that learning behavior is 

dependent on the active structuring of knowledge and 

experience. Focusing on this view of learning as a 

structuring or organizing process, Bruner (1966) suggests 

that instruction should indicate how to structure the body 

of knowledge so that the student can readily learn and use 

it. He writes that the real test of such structure lies in 

its "power for simplifying information, for generating new 

proposi tions" an"d for increas ing the mani pulabil i ty of a body 

of knowledge" (Bruner, 1966, p. 41). 

This concept of structures is central to a 

psychology of mathematics instruction from the 

cognitivist's perspective. Not only can problem solving be 

described in terms of the structure or organization of the 

problems themselves, but also in terms of the learner's 

understanding of these structures (Fork & Resnik, 1981). 

Struc ture s become "observable" when learners apply processes 

to a problem in order to transform knowledge and effect 

solutions (Burns & brooks, 1970). Mathematics problem 

solving may thus be characterized as a structuring behavior 
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by which problem conditions, knowns and unknowns are 

internally organized and interrelated and characterized by 

the processes whereby this organization is accomplished. 

The development and utilization of these structures 

and processes has been described by Piagetian developmental 

theory and Gestalt models of reasoning. 

The Gestalt Tradition 

Stemming from the European tradition of psychology 

which accepts as a data base the phenomenological reports of 

subjects (Ford & Renick, 1981), Gestalt theory seeks to 

explain understanding in general, and problem solving in 

particular, by insisting that the human mind interprets all 

incoming experience by categorizing and structuring these 

sensations (Tolman, 1932). This structuring element is 

represented, according to Dunker (1945), by the 

"psychological field" of the individual. This "field" 

reflects the tendency for all learners to organize their 

perceptions and thinking into "functional wholes". These 

entities at once determine the interrelationship of 

perceptual and experiential components (Dunker, 1945). The 

organizing principles, Wertheimer (1959) claims, are based 

on each individual's attempt to "relieve tensions" caused by 

recognizing a problem situation. Problem solving, in this 

view, is goal oriented. Kohler (1929) suggests that the 

process by which this tension reduction goal is addressed by 
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the learner involves a reorganization of perceived 

components of the problem situation into a new context. This 

new context is based on existing conceptual structures; and 

the reorganization represents the problem solver's attempt 

to fit incoming sense information to these structures 

(Estes, 1975). 

Katona (1967) sees the process of identifying the 

relationships among problem variables and conditions as 

basic to problem solving. These relationships compose the 

mathematical structure of individual problems (Katona, 

1967). Katona (1967) has drawn the following conclusions: 

1. Problem solving involves the "discovery" of problem 

structure. 

2. Both problem solving and meaningful learning consist 

primarily in changing, or reorganizing, the 

material. 

3. The role of organization is to establish, discover, 

or understand an intrinsic relationship. 

In his early monograph, On Problem Solving, Dunker 

(1945) hypothesized that successful solutions to problems 

involve "some alteration of the given problem situation" (p. 

29). From this paper and the contemporary work of Polya 

(1945), a "heuristic method of thinking" was posed 

describing the analytic procedures which result in these 

alterations. A final solution to a problem, in this view, is 
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mediated by successive reformulations of the problem; these 

reformulations are, in turn, mediated by a general heuristic 

method (Dunker, 1945). 

In analyzing the contributions of Gestalt theory to 

more recent trends in cognitive psychology, Ford and Resnik 

(1981) cite the lack of concern for developmental aspects of 

the structure identification process as a major gap in 

Gestalt models of learning. This gap was filled to a large 

extent by the writings of Jean Piaget. 

Piagetian Learning Theory 

The basis of Piaget's learning theory, like the 

Gestalt position, also concerns an understanding of the 

logical structures of the human mind. In addition, the 

developmental nature of the structures themselves is also 

suggested. These structures, as interpreted by Flavel 

(1963), "are the organizational properties of intelligence, 

organizations created through functioning and inferable from 

the behavioral contents whose nature they determine" (p. 

17). 

Based on clinical interviews of children in problem 

solving situations, Piaget (1970) has concluded that the 

development of these structures is closely tied to the 

learner's active interaction with the environment. Although 

often misconstrued, Piaget's stages of development mirror 

his belief that all humans develop certain thinking 
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structures as long as they maintain a "normal" contact with 

the environment (Furth, 1969). Specifically, humans organize 

and adapt to aspects of the environment and manifest the 

resulting schema, or dispositions, as behavioral content 

(Flavell, 1963). Piaget (1952) has written, "It is by 

adapting to things that thought organizes itself, and it is 

by organiz ing itself that it structures things" (p. 8). 

As a view of cognitive development, Piagetian theory 

suggests that age correlates rather specifically to 

individual ability to distinguish the pertinent 

characteristis of any situation (Inhelder & Piaget, 1959). 

Furthermore, this ability is not due to the acquisition of 

knowledge, but to the development of more complex cognitive 

structures (Furth, 1969). 

In a natural setting, intellectual development 

involves a reorganization of conceptual structures 

instigated, in part, by changes in social experience 

(Piaget,1970). Ford and Resnik suggest a possible 

explanation by stating, "As a child's social world changes, 

he finds that others don't always agree with his view of 

reali ty. Thus he examines his own bel ief s" (p. 191). Barnes 

and Todd (1977) concur with this interpretation and see the 

internalization of this viewpoint of others occurring mainly 

"during the course of dialogue in which different viewpoints 

are interrelated through verbal interaction" (p. 2). In 



these cases, Inhelder and Piaget (1959) suggest that 

disagreement with peers is more influential than 

disagreement with adults. 

26 

In the application of this theoretical framework to 

the analysis of problem solving processes, Scandura (1977) 

sees useful tools for research derived from two specific 

avenues of inquiry: (1) information processing, and (2) 

psycholinguistics. 

Avenues of Inguiry 

Information Processing 

Deriving a methodology for the study of the complex 

mental processes involved in problem solving is a major 

concern of cognitive psychology. Theories of information 

processing address this issue by comparing the logic of the 

computer program with the logic of human mental processing 

(Kantowitz, 1974). Premising this comparison is the position 

that individual problem solving behavior is governed by 

elementary information processes. These processes, according 

to Snellbecker (1974), "determine how an indi vidual has 

internally represented the problem situation, the various 

possible alternative solutions or partial solutions to that 

problem, and the sequence in which he takes various steps to 

solve that problem" (p. 336). Thus problem solving, in this 

view, can be "simulated" as a search through data 
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structures, processes and a repertoire of problem solving 

strategies, representing an individual's knowledge, until a 

solution is uncovered (Larken, 1979). 

Of primary concern to the rationale of this study, 

is the data base from which the computer models are derived. 

Some researchers (see Newell & Simon, 1972; Simon & Paige, 

1966) have used protocols of problem solving behavior to 

generate their theory. These protocols consist of 

transcriptions of problem solvers "thinking aloud". In 

analyzing the strategies utilized by subjects, the 

investigator attempts to write a detailed description of all 

steps taken by the subject in trying to solve the problem. 

The resulting "prog ram" can then be tested, determining 

whether model prediction is in agreement with actual 

behavior (Simon & Newell, 1971). The results of these 

attempts to build "a system architecture of cognition" draw 

striking parallels between computer and human subject 

problem solving (Hunt, 1974). 

Hunt (1974) comments that research in information 

processing is not committed to the notion that human thought 

processes are in any way physically similar to the 

computer's technique for symbol manipulation. Nevertheless, 

as a description of the problem solving process, computer 

simulation models have yielded several contributions which 

warrant further study. 
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As a result of their research, Newell and Simon 

(1971) have distinguished between algorithmic and heuristic 

approaches to solving problems. Computer programs typically 

approach problems algorithmically by specifying steps 

required for every possible solution to a problem. Newell 

and Simon (1971) have suggested, however, that human problem 

solving likely involves a heuristic approach. Such an 

approach is characterized by learned "rules of thumb" which 

lead to shortcuts in finding solutions. 

Another aspect of the problem solving process, 

addressed by Newell and Simon (1971) and applicable to other 

research settings, is the identification of certain 

"managerial" tendencies exhi bi ted by problem solvers. These 

tendencies involve decision making strategies which dictate 

throughout the problem solving process which move to make 

next, how long to persist in any given attempted solution, 

when to change tactics, etc. 

In programming human problem solving behavior into 

computer language, information processing studies have been 

valuable in delineating those behaviors which would appear 

to have value in any description of the problem solving 

process. Another avenue of inquiry which deals directly with 

language and understanding is the discipline of 

psycholinguistics. 
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Psycholinguistic Inquiry 

Language and verbal behavior pervade virtually all 

human cognitive activity (Estes, 1975), yet the 

philosophical debate concerning the relationship between 

thought and language has continued for centuries. Smith, 

Goodman and Meredith (1970) argue that such debate is moot 

because it is impossible to see or hear the inner thinking 

process. Investigators, according to Bruner (1966) can only 

surmise from observing behaviors and hearing expressions 

that seem to be manifestations of thinking processes. Yet 

theories persist. 

Some current research in the psycholinguistic 

processes involved in problem solving are rooted in the 

theories of Jean Piaget and Lev Semenovich Vygotsky. 

Piaget has concluded that language does not serve as 

an integral part of the thought processes of children, but 

is a necessary precondition for the construction of logical 

operations (Furth, 1969). Inhelder (1978) suggests that this 

precondition exists because language functions as a means 

for both symbolic condensation and social regulation. 

"without language," Inhelder writes (1978), "operations 

would remain discrete and thus have no access to the 

regulation which results from interpersonal exchange and 

coopera tion" (p. 142). Language, in this vi ew, is a means of 

translating a child's personal symbols or symbolic 
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structures into some form of socially acceptable 

transmission (Smith et al., 1970). Thus language does not 

constitute the source of thought, but is on the contrary 

structured by it (Piaget, 1969). 

In contrast to Piagetian theory which views language 

as a symbolic representation of an underlying cognitive 

structure, Vygotsky preferred to think of language and 

thought as two spheres that overlap to produce verbal 

thought. Those areas not overlapping represent non-verbal 

thought and non-intellectual language (Smith et al., 1970). 

Verbal thought is considered a structuring agent, guiding 

the conceptualizations that children make (Dale, 1976). 

Beyond its role of catalyzing language theory and 

research on cognitive development, the discipline of 

psycholinguistics has provided motivation and technique for 

the exploration of complex mental processes (Estes, 1975). 

Using both the formal tools of the linguist in describing 

the syntax of meaningful utterances and the cognitivist's 

viewpoint that verbal behavior is a functional well-defined 

form of performance, the psycholinguist deals as much with 

data arising from observation of the behavior of people 

using language as with the properties of language itself. 

In relating psycholinguistic inquiry to successful 

problem solving, Beilin (1978) has suggested that problem 

solving involves a search for meaning in the 
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psycholinguistic sense that language, as a meaning gathering 

or transmitting process, is related to thought and hence to 

mathematical reasoning. From this perspective, both the 

linguistic features of the problem, and the cognitive 

processes by which these features are interpreted form the 

basis for describing the act of problem solving. 

Bye (1975), in explaining why linguistic 

characteristics of a problem may determine a problem's 

difficulty, has noted that story problems are "conceptually 

packed," requi ri ng more sophis tica ted language-thought 

processes. Furthermore, such problems are often laden with 

their own technical language which is often very precise in 

meaning. Aiken (1971), also a supporter of this position, 

states that "the high content density factor of the language 

of problems is directly related to problem difficulty" (p. 

204). In exploring this relationship, Munro (1977) 

explicates important differences between the language used 

in work problems and normal discourse. These differences 

incl ude: 

1. the lack of redundance in verbal mathematics 

problems; 

2. the difference in meaning of words used to code 

mathematical concepts; 

3. the syntactic differences between verbal arithmetic 

and ordinary language; and 
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4. the coding of mUltiple mathematics operations in 

verbal mathematics statements. 

semantic components of the verbal problem solving 

process may likewise play an important role, particularly 

for younger children. Research indicates that the use of 

relational and dimensional terms often found in story 

problems may not have the same meaning for individual 

children between the ages of 3 and 7. Novillis (1979), in 

discussing past research on children's first meanings for 

relational and dimensional terms, writes: 

Children's first meanings for the terms reviewed are 
shown to be different in several ways. One 
possibility is that they are incomplete; another is 
that children sometimes incorporate additional 
features as part of their meaning that are not part 
of adult meaning (p. 41). 

From a pedagogical perspective, however, there are 

two components of the educational process--the nature and 

form of the material to be understood and the nature of the 

child in understanding the material. Donovan (1977), in his 

thesis relating the linguistic features of story problems to 

the psycholinguistic capabilities of the problem solver, has 

suggested that ideal word problems require word solutions. 

His premise was that story problems, if reconstructed into 

familiar terms, could be solved with inherent logic. The 

basis for this contention may well stem from Bruner's (1964) 

conjectures on the cognitive processes of children in 

problem solving situations. Reconstruction, in terms of 
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Bruner's developmental theory, would involve some form or 

mode of representation of a problem's structure (Bruner et 

al., 1966). Analysis of language provides the data source 

from which controlled inferences about these mental 

representations and organizations can be made (Clippinger, 

1977). Scandura (1977) suggests a number of techniques for 

collecting these language data, including: (1) verbalization 

of thoughts, (2d clinical observation, (3) introspection, 

and (4) analysis of group discourse. 

Operationalization of Inguiry 

In attempting to relate knowledge of problem solving 

to a research design with any potential for increasing an 

understanding of how children solve problems, the variables 

associated with the process must be operationalized within a 

theoretical framework. Such a framework is provided by 

models of the problem solving process. In addition, the 

perspective inherent in different models of the problem 

solving process afford a logical categorization of current 

research. 

Saunders (1978) defines a theoretical model as "a 

format, usually empty of content, which is constructed to 

explain or integrate ideas about things" (p. 4). A 

description of such a format and the rationale behind it, 

then, is prerequisite to the forwarding of the analytical 

methods and procedures utilized in this study. Models of 
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the problem solving process were developed from specific 

theoretical perspectives and may be characterized by the 

three functions they serve: (1) to cue the research reader 

and evaluator to the theoretical framework which supports 

the research endeavor, (2) to establish the intent and 

boundaries of the study, and (3) to offer the means of 

organization, integration and anlysis of the verbal data 

generated during the study. In relating these functions to 

the categorization of current research, some understanding 

of the theoretical perspectives embodied in models of 

problem solving is necessary. In addition, examples of 

models derived from a specific perspective, cognitive 

processing, will be discussed and related to this study. In 

so doing some justification for the methods and procedures 

utilized in this study will be established. 

Theoretical Perspectives of Models 
of Problem Solving 

Theoretical perspectives delineate the 

specifications of models of problem solving and form a basis 

for categorizing current research. Beilin (1976) has 

described three general categories of models of problem 

solving related to distinct orientations concerning the 

nature of problem solving and the nature of the learner 

solving problems. These categories are: (1) logical or 

structure models, (2) linguistic models, and (3) cognitive 
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process models. It is generally recognized that the 

integration of these model types is essential to any 

pedagogically valid utilization (Kulm, 1979); still, 

research in problem solving and an understanding of this 

research is precluded by a description of these categories. 

Logical or Structural Models 

A logical or structure model delineates the logical 

properties of mathematics which facilitate its application 

to problems. The concern of models derived from this 

perspective is primarily the differentiation of the logical 

structures which characterize different kinds of verbal 

mathematics problems (Beilin, 1976). These structural 

variables, according to Goldin (1979), are defined by 

particular representations of a problem which are 

essentially independent of the problem solver. Although 

individual problem solvers may certainly formulate different 

representations of the same problem, a logical or structure 

model presents a system of rules and procedures which 

generate an "ideal" solution path and thus defines the 

problem's structure. 

Several logical or structure models have been 

constructed by researchers. These include state space 

analysis (Goldin, 1979) and simplex analysis (Kulm, 1981). 

Each of these models provides a means of characterizing a 

problem's structure and complexity by depicting possible 
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problem configurations, solution paths, and "blind alleys". 

By essentially creating miniature models of each problem 

under analysis, the researcher may thus compare a problem 

solver's solution with an ideal. By focusing specifically on 

the logic of the system, as embodied by the structure of a 

paricular problem, such models do not directly address the 

individual cognitive capabilities of the problem solver. 

Both Krutetskii (1976) and Silver (1979, 1980) have 

attempted to isolate the ability to identify the 

mathematical sructure of a problem and relate this ability 

to achievement in problem solving situations. Krutetski 

(1976) has suggested that good and poor problem solvers 

differ in their recall of information from previously 

encountered problems. In particular, good problem solvers 

apparently tend to recall structural features of a problem 

whereas poor problem solvers tend to recall the specific 

details of a problem. Likewise Silver (1980), in analyzing 

the results of subjects who were asked to classify different 

problems, found that able students classified these problems 

according to the mathematics structure inherent in them. 

Specifically, Silver (1980) found that individual's 

dimensional preference score (OPS) which indicates whether a 

subject classified problems in a card sorting task according 

to contextual detail or mathematical structure successfully 

distinguished the "good" and IIpoorll problem solver. 
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Furthermore he suggests that such a technique "may be a 

measure of an independent math ability, not entirely 

composed of general mathematical ability components" 

(Silver, 1980, p. 214). 

Because problem solver's ability to recognize a 

problem's mathematical structure appears to be critical in 

solving the problem, the mental processes and behavior 

strategies which facilitate this recognition have been 

closely scrutinized. Confrey (1980) suggests that students 

in mathematics classes are rotely learning procedures to get 

answers while they lack understanding of how those answers 

are achieved. Kilpatrick (1978) has identified trait 

variables which reflect the level of understanding which 

learners bring to the problem solving task: (1) ability to 

recall structural features of a problem, (2) ability to 

detect extraneous and insufficient data, (3) ability to 

classify problems according to math structure, and (4) 

sensitivity to problem situations. 

Linguistic Models 

Linguistic models of problem solving also focus on 

specific features of individual problems (Barnett, 1979). 

According to Beilin (1976) linguistic models are premised on 

the assumption that the language used to represent problem 

situations determines, at least in part, the problem 

solver's understanding of the problem. If verbal 
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mathematics problems can be said to be represented by both a 

natural and content specific language, then linguistic rules 

of syntax and semantics may, indeed, offer a means of 

examining a problem solver's performance on a given problem. 

In its purest form, models based on linguistic 

theory see problem solving as a translation of data in 

problem statements into mathematical symbols (Dahmus, 1970). 

By applying linear regression techniques to linguistic 

variables, researchers have identified those variables which 

appear to have the greatest effect on this translation 

process. From this perspective, studies have examined the 

quality and form of verbal problems, identifying the 

linguistic and contextual variables within problems which 

distinguish "easy" problems from more difficult ones. Other 

studies oriented in this manner have addressed the specific 

problem solver capabilities related to these problem 

variables. 

Past attempts at isolating the difficulty students 

have in solving problems have centered on features of the 

problem itself. Variables associated with problem difficulty 

include: the number of steps or operations required to solve 

the problem (Loftus, 1970), the difference in type from the 

problem preceding it (Cromer, 1971, Meyer, 1976), the 

complexity of the sentence structure (Cromer, 1971; Loftus, 

1970; Meyer, 1976), the order of presentation of material 



39 

(Cromer, 1971), and the presence of large numbers (Loftus, 

1970). 

Although not discounting computational proficiency 

as an important prerequisite to successful problem solving, 

Beilin (1978) has stated that most of the factors 

contributing to problem difficulty are linguistic in nature. 

McCabe (1977), has found that restructuring the syntax of 

problems so that they conform more closely to the 

syntactical patterns found in children's own oral language 

has proven a successful means of simplifying one-step verbal 

problems. Likewise, Knight and Hargis (1977) have concluded 

that direct instruction in the syntax of various forms of 

comparative construction improves young children's ability 

to solve story problems presented in their mathematics text 

books. In addition, Linville (1976) found success in 

improving children's performance on verbal reasoning tasks 

by controlling the vocabulary level of the story problems 

involved in the task. Combined, these studies illustrate 

that manipulation of the linguistic and contextual variables 

within story problems appear to affect the ability of 

children to solve them. Beilin (1978), however, has argued 

that although linguistic form obviously affects 

understanding, such models do not address how or why these 

cognitions occur in problem solving. 
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Cognitive Process Models 

Cognitive processing theory is the third foundation 

on which models of problem solving may be constructed. 

Beilin (1976) distinguishes process models from those 

previously described by stating, (Process models) ••• "are 

based on assumptions about the person who processes 

information from the world or creates and constructs such 

knowledge" (p. 83). Process models of problem solving would 

appear to focus primarily on the nature of the learner. It 

is the processes stemming from a learner's own cognitive 

structures and applied to problem situations which define 

thi s nature <Dunker, 1945). 

Ford and Resnik (1981) suggest that there are 

features inherent in any problem which draw upon specific 

aspects of mental processing. These processes are 

" transformational entities which learners use in 

reorganizing existing knowledges in effecting problem 

solutions" (Burns & Brooks, 1970). The behavioral 

manifestations of the application of these processes in 

specific sequences define solution strategies (Jones, 1974). 

In devising solution strategies in problem solving, 

each learner exhibits unique procedures which he sees as 

efficient and effective. Both Dunker (1945) and Polya (1945) 

have used the term "heuristic" to describe these procedures 

in "endeavori ng to vary appropriate elements meaningfully 
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subspecie of the goal II (Dunker, 1945, p. 20). In clarifying 

the concepts of both men, Schoenfeld (1979) defines the 

heuristic approach to problem solving as "a general 

suggestive strategy, independent of subject matter, that 

helps problem solvers approach, understand, and/or 

efficiently marshal their resources in sol ving problems II (p. 

315) • 

In attempting to relate the study of heuristics to 

the mental processes useful in problem solving, listings and 

descriptions of heuristics have been compiled (Polya, 1962; 

Schoenfeld, 1980; Wickelgren, 1974). As will be seen, 

however, recent process models have been more explicit in 

interpreting the effect of both structure and linguistic 

variables on these processes of problem solving. 

Typically, process models are constructions of 

categories of heuristic behaviors observable during problem 

solving. Polya (1945) points out that such process models, 

based on a description of heuristic behaviors, attempt to 

depict the very process of human reasoning. To what degree 

process models attribute these reasoning behaviors solely to 

the individual has been debated. Mc Clintock (1979) 

suggests that rather than focusing entirely on the problem 

solver, provisions within the model must allow for those 

heuristics which appear to be problem specific. Kulm (1979) 

reiterates that a given heuristic strategy may be widely 
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applicable to many problem types, but that particular 

heuristics may be most useful in solving specific problems. 

Much current research, including this study, is 

founded on the theoretical perspective inh.erent in models of 

cognitive processing. As a prelude to the review of this 

research, a more detailed description and discussion of 

specific process models is informative. 

Three Process Models. The stages of problem solving 

and the heuristic processes associated with each stage were 

first espoused by Polya (1945). As the prototype of later 

process models of problem solving, it is here presented in 

detail. 

As an instructor in mathematics, Polya's primary 

concern has been in development within learners of the 

mental operations useful in the heuristic reasoning process 

involved in problem solving. As can be seen in the 

illustration (see Figure 2), Polya's heuristics take the 

form of specific questions or hints. As such these questions 

are, according to McClintock (1979), heuristic processes 

"only in the sense that they may initiate on the part of the 

learner a mental operation or sequence of mental operations 

typically useful in the problem solving process" (p. 175). 

Polya's four stages of problem solving represent an 

initial classification of heuristic processes. The 

implication according to Polya (1945), however, that a 
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HOW TO SOLVE IT 

UNDERSTANDING THE PROBLEM 

First. 

You have to 
understand 
the problem. 

Second. 

Find the con
nection between 
the data and 
the unknown. 
You may be 
obliged to 
consider 
auxiliary 
problems if an 
immediate 
connection 
cannot be 
found. You 
should obtain 
eventually a 
plan of the 
solution. 

What is the unknown? What are the data? 
What is the condition? 

Is it possible to satisfy the condition? 
Is the condition sufficient to determine 
the unknown? Or is it insufficient? 
Or redundant? Or contradictory? 

Draw a figure. Introduce suitable 
notation. 

Separate the various parts of the 
condition. Can you write them down? 

DEVISING A PLAN 

Have you seen it before? Or have you 
seen the same problem in a slightly 
different form? 

Do you know a related problem? Do you 
know a theorem that could be useful? 

Look at the unknown! And try to think of 
a familiar problem having the same or a 
similar unknown. 

Here is a problem related to yours and 
solved before. Could you use it? Could 
you use its method? Should you introduce 
some auxiliary element in order to 
make its use possible? 

Could you restate the problem? 
restate it still differently? 
definitions. 

Could you 
Go back to 

Figure 2. Polya's Model for Effective Problem Solving 
(Polya, 1945, p. xvi-xvii). 



Third. 

Carry out 
your plan. 

Fourth. 

Examine the 
solution 
obtained. 
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If you cannot solve the posed problem 
try to solve first some related problem. 
Could you imagine a more accessible 
related problem? A more general 
problem? A more special problem? 
An analogous problem? Keep only a part 
of the condition, drop the other part; 
how far is the unknown then determined, 
how can it vary? 
Could you derive something useful from 
data? Could you think of other data 
appropriate to determine the unknown? 
Could you change the unknown or the data, 
or both if necessary, so that the new 
unknown and the data are nearer to each 
other? 

Did you use all the data? Did you use the 
whole condition? Have you taken into 
account all essential notions involved 
in the problem? 

CARRYING OUT THE PLAN 

Carrying out your plan of the solution, 
check each step. Can you see clearly 
that the step is correct? 

Can you prove that it is correct? 

LOOKING BACK 

Can you check the result? Can you check 
the argument? 

Can you derive the result differently? 
Can you see it at a glance? 

Can you see the result, or the method i 

for some other problem? 

Figure 2--Continued. 



45 

specific sequence of processes in deriving a solution exists 

or is desired is unwarranted. Polya (1945) has characterized 

his model as "useful" to teachers and students, indeed 

anyone confronted with a problem. However, many researchers 

have claimed more, insisting that heuristic behaviors offer 

not only a means of describing problem solving performances, 

but a method of improving problem solving performance as 

well. Process models, typified by Schoenfeld's (1974) model 

of the problem solving process, illustrate and support this 

claim. 

Although Schoenfeld (1979) has based his own process 

model of problem solving on Polya's original, in theory he 

differentiates between "cued" heuristic processes and 

"stage" heuristics. Cued heuristic processes are those 

"specific to problems or classes of problems which give 

signs of being amenable to particular approaches" 

(Schoenfeld, 1979, p. 432). In the absence of such cued 

responses, stage heuristic processes offer potentially 

appropriate assistance at each stage of problem solving. 

These general heuristics and the stages they characterize 

are modeled by Schoenfeld (see Figure 3). 

As a modification of Polya's four stages Schoenfeld 

has included an adjunctive stage, labeled EXPLORATION. 

Schoenfeld sees the EXPLORATION STAGE as a self-help stage 

utilized when a solution plan is not forthcoming as a result 



Given Problem 

ANALYSIS 

Understanding the 
Statement,Simp1i
fying the Problem, 
Reformulating the 
Problem 

Useful Formulation: 
Access to 
Principles and 
Mechanisms 

DESIGN 
Structuring the ~ 
Argument, 
Hierarchial 
Decomposition: 
global to 
specific 

Schemat1c Solut10n 

More Accessible 
Related Problems 

or 
New Information 

Minor 
Difficulties 

Major 
Difficulties 

IMPLEMENTATION 

Step-by-Step Execution 
Local Verification 

Tentative Solution 

1 
VERIFICATION 

Specific Tests 
General Tests 

Verified Solution 
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Understanding 
the Problem 

,. EXPLORATION 

Essentially 
Equivalent 
Problems, 
Slightly 
Modified 
Problems, 
Broadly 
Modified 
Problems 

Devising a 
Plan 

Carrying out the 
Plan 

Looking Back 

Figure 3. A Schematic Overview of the Problem Solving 
Process (Schoenfeld, 1979, p. 447). 
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of problem ANALYSIS or is judged insufficient. In dividing 

the EXPLORATION stage in to three phases, Shoenfeld suggests 

a hierarchial order. Thus "exploring essentially equivalent 

problems" is seen as being generally more helpful in solving 

the original problem than "exploring slightly modified 

problems," etc. The arrows emanating from thi s stage of the 

model illustrate a prime tenet of Schoenfeld's conception of 

problem solving. The stages of problem solving are 

interrelated: progress through the stages is guided by 

self-imposed managerial decisions (Shoenfeld, 1982). 

In formulating a close relationship between concepts 

of structure identification and heuristic behaviors, 

McClintock (1978) has suggested the consolidation of these 

variables in a model of problem representation. Although 

utilizing selected heuristics identical to those suggested 

by others (see Lucas, 1980; Polya, 1945; Wick1egren, 1978), 

McClintock's model directs the purpose of heuristic 

processing, at least at the earlier stages of problem 

solving, toward identifying and understanding the structure 

of individual problems (see Figure 4). In this respect, 

McClintock includes aspects of logical structure models 

previously described in a process model similar to those 

depicted by Polya and Schoenfeld. McClintock (1979) states, 

(the consolidation of structure and process 

variables) ••• "suggests that heuristic behaviors serve a 



ORIGINAL PROBLEM STATEMENT 
Understanding the Problem 
1. Decomposition 

a. Givens, Goals, 
Condition 

b. Special (Limiting) 
Cases 

2. Def ini tion 
3. Templation (Esp. 

Content Knowledge) 

REPRESENTATION OF 
THE PROBLEM 

Selecting 

Equivalent & Similar 
Problem 

1. Analogy 
2. Definition 
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1. Analogy (Similar 
Representations) 

3. Equivalent Condition 

2. Decomposition and 
Recombination (Esp. 
Subproblem 
Decomposition) 

3. Goal Orientation/ 
Planning 

4. Induction/Gen
eralization (Into 
Patterns) 

5. a. Specialization/ 
Special Cases 

b. Trial and Error 
(Generating 
Cases) 

Exploiting 

Simpler & More Complex 
Problems 

1. Auxiliary Elements/ 
Problems 

2. Generalization 
3. Specialization 
4. Problem Variation 

(Changing Condition) 

1. Analogy (Similar Processes) 
2. Contradiction 
3. Decomposition & Recombination 
4. Definitin 
5. Induction (Esp. Successive 

Approximation) 
6. Symmetry 
7. State Evaluation Techniques 
8. Working Backwards 

Alternative Representations 
1. Decomposition & Recombination 
2. Generalization (To Other Problems) 
3. Variation of Problems 
4. Auxiliary Problems/Elements 

Figure 4. Problem Representation and Heuristic Processes 
(McClintock, 1979, p. 214). 
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central role in initiation and exploitation of behaviors 

that make for efficient carrying out of a plan. Thus, 

indirectly, the heuristic processes serve as a guiding force 

for the choice and implementation of alogorithmic processes" 

(p. 211). 

The inclusion of the models constructed by Polya, 

Schoenfeld and McClintock in this section is purposeful in 

that each represents a developmental phase of process models 

to date. Furthermore, each of the models, previously 

described, illustrates an orientation and focus which 

distinguishes it from the others. An analysis of these 

characteristics places in perspective the development, 

theoretical orientation and focus of the methods and 

procedures utilized in this study. 

The problem solving model of Polya depicts a process 

approach to instruction based on the heuristic behaviors 

believed to be useful in both teaching and learning how to 

solve problems. As such, this model is defined and described 

in terms which are pedagogically useful, but only implies a 

research methodology. 

Schoenfeld's model, although based on Polya's four 

stages of problem solving, is more explicit in suggesting 

research hypotheses. Harik (1979) has identified three such 

questions stemming from Schoenfeld's model: 
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1. Do such processes exist within and across subjects 

and problems? 

2. Is there a relationship between the presence of 

these processes and successful problem solving? 

3. What conditions for learning and teaching heuristic 

behaviors are suggested? 

As a system for careful and detailed analysis of the 

problem solving process, Schoenfeld's model typifies an 

essential characteristic of a research instrument--utility. 

The focus of both Polya's and Schoenfeld's models 

centers on the problem solver's ability to devise a plan of 

action based on an understanding of the problem. However, 

neither model addresses directly a particular theory which 

specifies how this learning occurs. It is apparent that 

both Polya and Schoenfeld have taken a rather limited view 

of the processes useful at this comprehension stage of 

problem solving. A major value of these models then, in 

terms of their influence on the current research in this 

area, is in their description and categorization of 

heuristic behaviors based on practiced observation of 

learners in problem solving situations. 

McClintock's model, in contrast, is derived from a 

theoretical position which is more explicit in defining how 

problem understanding occurs. It is this model's focus on 

the cognitive aspects of problem solving which, although 



51 

diminishing its pedagogical utility to some degree, provides 

a clearer theoretical paradigm for research. 

The distinction, previously described, between cued 

strategies and general stage strategies also serves to 

differentiate McClintock's model from Schoenfeld's. 

Schoenfeld's model of problem solving is comprised of those 

general strategies which are consistently associated with a 

particular stage. As such it is insensitive to those problem 

specific heuristic behaviors which to a large extent are 

cued by a particular problem's structure. By relating a 

problem's representation to heuristic behaviors, 

McClintock's model does not distinguish between cued and 

stage specific heuristics. Instead, this model assumes that 

although some heuristic behaviors are more generally helpful 

from problem to problem, all are essentially cued by 

structural and contextual variables within the problem. In 

this respect, the procedures for viewing the data in this 

study conform with the Problem Representation and Heuristic 

Processes Model constructed by McClintock. 

Current Research in Heuristic Processing. It would 

appear that the strategies utilized by the problem solver in 

forming a mental representation of a problem are 

instrumental in determining what knowledges and procedures 

are later employed in comprehending and solving this 

problem. Behaviors associated with the construction of 
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representations may thus increase or decrease the likelihood 

of success in the problem solving situation. Ford and Resnik 

(1981) have identified two "modes" in which problem solvers 

attempt to mentally represent verbally expressed problems: 

1.A linguistic mode in which problem conditions are 

encoded into numerical or algebraic notation. 

2. A concrete/visual mode in which problem conditions 

are encoded into physical displays and thus allow 

computation on the basis of direct physical 

comparison. 

Bostmanova (1972) has suggested that physical 

representations that reflected relationships among the data 

appeared to be more effective than pictures that merely 

illustrate the objects in the problem. In a later study, 

Bostmanova (1976)· found that students who were able to 

depict the mathematical structure of a problem using 

pictures or diagrams, were more likely to solve the problem. 

Furthermore, she found that ready made diagrams, as found in 

many current texts, actually inhibited achievement in 

solving problems. She (Bostmanova, 1972) theorized that such 

ready made diagrams may deny the problem solver an active 

participation in assimilating problem variables. 

Shedrovitskii and Yakobson (1962) found that the 

process of model building with objects helped young children 

solve verbal problems. These researchers hypothesized that 
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the main difficulty of verbal problem solving was the 

"restructuring of the aggregates in the relationships that 

correspond to the condi tions of the problem" (p. 98). Model 

building was viewed as an opportunity for the problem solver 

to "enter into" the very mathematical/logical structure of 

the problem. 

Problem solvers' attempts to translate verbal 

problems directly into algebraic notation has been studied 

by Clement (1979). In an initial study, Clement (1982) found 

that the translation process is often confusing to students 

because they sometimes do not understand or remember that 

letters in mathematic sentences are not abbreviations for 

object names. In a follow-up study, Clement (1982) theorized 

that conflicts resulting from previously learned strategies 

may be the underlying cause for this confusion. 

According to Wearne (1980), the construction of 

problem representation is a prerequisite to successful 

problem solving and an indicator of the understanding of the 

information contained in the problem. In her study, she 

found that children who could not linguistically interpret 

the information contained in a problem, could not solve it. 

This finding, although not surprising, supports Gurova's 

(1959) contention that inability to express the "knowns" of 

a particular problem "results in a particular operation not 

becoming an object of awareness" (p. 97). 
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other researchers have found that strategies used in 

representing problem variables were a function of problem 

solver expertise (Vos, 1978). These strategies were seen as 

being limited by short-term memory capabilities on the part 

of native problem solvers (Horowitz, 11981). Moss (1978) has 

concluded that utilization of effective strategies in 

representing problems was a function of both the relative 

complexity of underlying problem structure and the 

familiarity of the problem solver with this structure. 

It is apparent that separation of a problem into 

problem variables, including the knowns, unknowns and 

problem conditions, and the ability to represent this 

information verbally or physically, make up an initial phase 

in the problem solving process (Kulm, 1981). Furthermore, it 

is clear that children make early categorizations of 

mathematic problems in terms of these problem variables, and 

that these categorizations greatly influence how children 

proceed to understand and solve problems. 

The strategies employed by learners in their quest 

for understanding problems focus on the successful 

identification of a given problem's structure (Kilpatric, 

1978). Because problem solver's ability to recognize a 

problem's mathematic structure appears to be critical in 

solving the problem, the strategies which facilitate this 

recogition have been closely scrutinized. Kantowski (1977) 
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has indicated that successful problem solvers manifested 

regular patterns in using the processes of analysis and 

synthesis, and that there is an interrelationship between 

these regular patterns and the use of goal-oriented 

heuristics. Polya (1945) has identified as heuristic those 

hints, steps, and strategies which allow the would-be 

problem solver to proceed systematically toward insight of 

problem structure. 

Research on problem solver's use of heuristic 

strategies is voluminous. Blake (1977) has found that 

students are able to solve more problems when their 

repertoire of strategies is large. Others have found that 

the use of these strategies is dependent not only on the 

inherent structure of the problem (Clement, 1977), but also, 

to some extent, on the age and experience of the problem 

solver (Brandau & Dossey, 1979). Morris (1976) has 

identified a common technique for intermediate grade 

children involving the modification of a strongly cued 

strategy, rather than its abandonment, even when the 

inapplicability of the strategy was obvious. 

Heuristic strategy deployment also appears to 

differentiate the good problem solver from the poor one. 

Blake (1977) has found that flexibility, indicating the 

ability to change the mode of attack, was characteristic of 

expertise in problem solving; Saunders (1973) has indicated 
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that blind guessing and non-systematic trial and error were 

the most unsuccessful strategies which characterized poor 

problem solvers. 

There would appear, however, to be no single 

strategy or sequence of strategies which is optimally 

effective and efficient in solving all problems (Mayer, 

1974). Because these strategies are highly individualized 

and appear to be the result of past learnings, trial and 

error, habits or other factors, the application of 

heuristics as an instructional methodology has been 

questioned, Schoenfeld (1980), however, rejects the notion 

that individuals must develop their own personal approach to 

problem solving and proposes a general "managerial strategy" 

as the missing element in the teaching of a heuristic 

approach to problem solving. Conceptualizing students as 

"information processors with fairly well defined attributes" 

(p. 321). Schoenfeld suggests that specific instruction in 

self-monitoring techniques would provide each student "a 

means of assessing and allocating his resources" (p. 320). 

Kilpatrick (1978) also has cautioned against teaching 

techniques which attempt to program the problem solving 

sequence. "However," Kilpatrick continues, "experience and 

some research suggests that certain heuristic pocedures 

whi ch would improve problem sol vi ng performance can be 

learned--providing the teacher illustrates how the procedure 
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works, gives ample opportunity for disucssion, practice, and 

reflection, and supports and encorages the learner's 

efforts" (p. 191). 

Current studies have presented problem solving 

instruciton and training programs, and evaluated the 

efficacy of these programs as an indicator of a general 

methodlogy of cognitive process instruction. 

Bruner (1961) has distinguished between two types of 

teaching modes, the expository and the hypothetical or 

discovery learning modes, and he has conjectured two 

benefits of relevance to this study which may accrue for 

students who are exposed to the discovery mode: 

1. an increase in intellectual potency characterized by 

development of problem solving search patterns and 

the development of transformational and 

organizational processes which facilitate problem 

comprehension, and 

2. learning the heuristics for making future 

di scoveries. 

Liberskind (1980), Davidson (1980), Lucas (1980), 

and Loomis (1980) have described initial tryouts of 

Brunerian instructional systems designed to teach problem 

solving heuristics. Using a small group discovery method, 

Davidson (1980) found that students "performed at least as 

well" as those students in a lecture-discussion class and 
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had a more positive attitude toward the subject matter--

calculus. Liberskind (1980) demonstrated similar success in 

his teaching of high school geometry using a "heuristic 

method." Lucas (1980), in offering selected problems with 

the intent of reinforcing heuristic strategies during a 

seminar class in calculus, reached the following 

concl usi ons: 

1. An instrument can be devised for observing and 

recording strategies utilized by college students in 

problem solving. 

2. Instruction in heuri stics produces "observable" 

strategy shifts and improves general problem solving 

performance. 

3. Instruction in heuristics can be integrated into a 

standard content oriented course such as calculus. 

Loomer (1980), however, reports contradictory results, 

indicating that a small group heuristic approach was not as 

successful as expository methods in the teaching of 

calculus. 

In studies involving heuristic instruction of 

elementary school children, Gallo (1975) and Vos (1978) 

report positive results. Gallo (1975), using sixth grade 

subjects, focused on two problem solving processes which he 

termed integration and evaluation. Integration was viewed 

as the capacity to apply a specific sequence of problem 
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solving strategies; and evaluation was viewed as the ability 

to judge whether an attempted solution was correct. Gallo's 

results showed that when his subjects learned both 

processes, the solution rate was near perfect, but when 

either was absent the solution rate did not exceed chance. 

Vos (1978), studying a group of intermediate grade children, 

related instruction of organizing strategies to later 

measures of problem solving performance. He found that 

organizing techniques such as drawing diagrams and pictures, 

constructing charts, and using manipulatives could be 

taught; and that such instruction improved probla~ solving 

performance. 

The difficulty in assessing problem solving 

performance as a result of instruction or, indeed, of 

describing the behaviors of subjects during problem solving 

is in developing measurement techniques. These techniques 

according to Mandler and Johnson (1977), must be sensitive 

to the underlying developmental nature of psycholinguistic 

processes involved. The formats from which these techniques 

arise may be characterized by reviewing the studies which 

utilize them. 

Data Gathering Formats. For the purpose of observing 

problem solving behavior, three general techniques 

predominate in the literature: (1) "thinking aloud" 

procedures, (2) clinical observation and interviewing 
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techniques, and (3) discourse analysis of small group or 

teacher--student interactions. 

The clinical observation and interviewing techniques 

as epitomized by Piaget (1945) have done much to provide a 

theoretical base from which to study the process of problem 

solving, and the observation and questioning techniques of 

Polya (1945) have extended this base into practical 

application. 

In a sketchy but valuable paper, Gurova (1959) 

summarizes an investigation into the link between the 

ability to analyze one's mental processes and success in 

solving a given problem. Poor problem solvers proved 

generally unable to communicate the course of their thinking 

while solving problems, including problems they could solve 

correctly. A number of proponents of this view (Clement, 

1979; Gurgova, 1959; Polya, 1978) claim some success in 

improving students' problem solving performance by making 

them more conscious of the reasoning processes they use. 

Questions and directions much like the heuristic questioning 

and suggestions epitomized by Polya (1973) were employed to 

stimulate students to analyze their own thinking. In 

analyzing interview protocols, Clement (1979) was able to 

map students' causal conceptions in physics based on a model 

derived from his clinical observations. 
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Analysis of "thinking aloud" protocols is the most 

prevalent format for studying the problem solving process. 

Currently a majority of programs aimed at improving problem 

solving ability have assumed, according to Davis and 

McKnight (1977), that awareness of one's own mental 

processes is a prerequisite for improving performance. 

Menchinskaya (1946) in her study of children "thinking 

aloud," emphasiz es the change in perception that occurs as 

the student becomes more skilled in problem solving. 

Other researchers have used this technique to 

compare solution strategies (Simon & Simon, 1979), rank 

students' abilities on the basis of problem solving success 

(Zalewski, 1980), determine the effects of problem context 

and the degree of field independence on processes (Blake, 

1977), analyze the feeling of knowing when one has solved a 

problem (Koplowitz, 1979), and identify problem solving 

stages (Dunker, 1945). 

The body of research derived in this manner, 

however, cannot be viewed as definitive, for Harvey (1981) 

has cautioned against overreliance of "thinking aloud" 

procedures by summarizing the following criticism: 

1.Subjects may not report all of their thoughts, but 

only those that are safe and acceptable'. 
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2. The problem solving processes used during "thinking 

aloud" may be different than those used by the.same 

subjects not verbalizing. 

3. The equipment requi red to record a "thinki ng aloud" 

procedure may distract the subject. 

4. It is difficult to employ this procedure with young 

children. 

5. The resulting process code data must be radically 

altered to analyze data from "thinking aloud" 

interviews. 

In general, the focus in analyzing discourse within 

groups is the examination of the relationship between 

aspects of the social interaction and the cognitive 

strategies generated in the course of this interaction 

(Barnes & Todd, 1977). The strengths and weaknesses of such 

an approach are at once evident, for the social interplay at 

work in such a situation would appear, at best, to be 

difficult to analyze objectively. However, if it is assumed 

that speech functions as a means by which people formulate 

and reformulate views of the world about them and also 

provides a means of communicating with other people (Smith 

et al., 1970), then analysis of discourse within the context 

of a problem solving situation would appear justified. 

Although a number of researchers (Bellack, 1966; 

Mehan, 1979) have developed sociolinguistic coding 
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instruments that reflect both the context and the 

interactive flow of discourse in different situations, few 

have attempted to describe the mathematical content of group 

problem solving protocols. 

Recognizing the Inhelder/Piaget (1958) position that 

peer interaction promotes the transition to higher levels of 

reasoning, Lockhead (1979) designed a simple 

pretest-treatment-posttest experiment in which the treatment 

consisted of encouraging the two subjects to discuss the 

content area of concern, elementary physics. Significant 

gains were found on a variety of standard formal-reasoning 

tests for both students. In presenting transcrips of the 

students' dialogue, Lockhead revealed a "relatively brief 

period of time during which both students made significant 

changes in the way they though t," and identified the 

"precise moment when their discussion first begins to 

include formal argument" (p. 148). 

Nodding et al. (1958) have presented a psycho/social 

linguistic analysis of unstructured interactions among 

children in verbal problem solving situations. The purpose 

of the analysis was to understand both the social function 

of utterances and the mathematical content in three major 

areas: (1) group mathematics discourse, (2) heuristics, and 

(3) reflexive talk (non-communicative utterances). 



65 

The coding instrument partioned the discourse "acts" 

in four major ways: (1) position in the context and 

interactive flow, (2) communicative domain, i.e., feeling, 

informing, ritualizing, and controlling, (3) grammatical 

form, and (4) communicative function. 

Although no descrptive data were presented and no 

conclusions drawn in this report of ongoing research, the 

sample transcriptions proved interesting in several 

respects. Individual heuristic patterns were identifiable 

from problem to problem. Also, the ability of the groups to 

solve the problems appeared, at least subjectively, to be 

dependent on the groups' ability to recognize the 

mathematical structure inherent in the problem. 

Summary of the Research 

In summary, the research reviewed has generated the 

following conclusions pertinent to this study: 

The strategies which learners use in problem solving 

situations are individualistic and based primarily on 

experiences in initial problem representation and the 

reformulations of these representations during the ongoing 

search for problem understanding. These strategies are 

observable behaviors and may comprise a method of cognitive 

process instruction (see Lockhead & Clement) which has been 

supported by research and theory in information processing 
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and psycholinguistics. However, as an instruction paradigm, 

the value of teaching heuristics is still unclear. 

Problem solving in small groups may be of special 

benefit in developing problem solving abilities in the 

learner and would appear to be a useful method of gathering 

research data concerning the problem solving process due to 

the communicative function inherent in group discourse. 



CHAPTER 3 

METHODS AND PROCEDURES 

The purpose of this chapter is to describe the 

methodology by which the research problem was addressed and 

to outline the specific procedures for doing so. The 

following sections compose this chapter: (1) The Design, (2) 

The Task Environment, (3) The Data Analysis Procedures, and 

(4) The Pilot Studies. 

The Design of the Study 

This study was designed with a primary focus on 

expediting the collection of data depicting the behaviors of 

children solving verbal mathematics problems in small 

groups. Conceptualized within the paradigm of naturalistic 

inquiry, the design features of this study are nonetheless 

structured. Such prior constraints were necessary not only 

to address the research questions posed, but to invite 

comparisons among the three problem solving groups which 

comprise the resulting case studies. 

Subjects 

Subjects in this study were drawn from the 

population of fifth grade students attending one of seven 

67 
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elementary schools comprising a school district in Tucson, 

Arizona. Although characteristic of many school districts in 

the southwest region of the united States, this district may 

be considered "unique" from an ethnographic perspective when 

contrasted with districts in other areas of the country. 

Results from a 1981-1982 district-wide survey indicate that 

approximately 58% of the elementary school children in the 

district are of Hispanic origin; 37% of the children are 

white; 2.8% are black; and 1.2% are Pacific Islander. 

Selection of the Sample 

Managerial considerations necessitated the call for 

three volunteer teachers at the fifth grade level who would 

each be willing to dismiss a sample of four students from 

their classes for the purpose of participating in the study. 

From this pool of approximately 100 students, the following 

additional restrictions were imposed on the subject 

selection process: 

1. Parental permission was required of all subjects. 

Formal statements of permission were a necessary 

prerequisite for inclusion in the subject pool (see 

Apendix C). 

2. Only students whose primary language was English 

were included. For the purposes of this study, the 

primary language of a student was defined as the 

language spoken predominate~y at home and school. 
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This information, based on student and parent 

surveys, was part of district screening procedures 

and was included in each student's permanent school 

record. 

3. Only students whose reading and mathematical 

computational ability were within one stanine of 

grade level norms 'were included. The source of this 

information was: (a) results of 1980-1981 

standardized tests, (b) informal teacher evaluation, 

and (c) results of professional staffings for 

learning disabled, emotionally handicapped and 

educably mentally handicapped students. 

The resulting sample pool was then divided by sex so 

that a sample of two boys and two girls would be randomly 

drawn form each of the participating classrooms. A "fishbowl 

technique" was used to provide the names of each subject in 

the four-member groups. Thus, from each of the participating 

classrooms, one group consisting of two boys and two girls 

was drawn--a total of twelve students. 

A final evaluation of each selected group was then 

made by the represented classroom teacher. The purpose of 

this evaluation was to ensure some level of potential for 

each group to conduct meaningful verbal interactions. 

Substitutions within the group could have been made at this 

point if the existing makeup of the group, in the teacher's 
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opinion, would have threatened this desired interaction. 

However, no such substitutions were necessary. 

Several factors were considered in restricting the 

subject population to fifth grade students. Of primary 

importance is the level of computational expertise expected 

of the subjects within the subject pool. The average fifth 

grade student has already mastered the four basic arithmetic 

operations--addition, subtraction, multiplication, and 

division. Furthermore, each has had at least some experience 

in developing the fundamental concepts behind these 

operations. 

Past classroom experience had dictated a secondary 

rationale for excluding older students from the subject 

pool. Atypical behaviors which might greatly inhibit data 

gathering procedures were viewed as more likely to be 

exhibited by sixth grade students at the end of the school 

term. Because sixth grade is the last year of elementary 

school in this particular district, and because this onset 

of "senioritis" coincided with the proposed data gathering 

schedule, restricting the subject pool by eliminating sixth 

grade students appeared justified. 

Problem Selection 

A "problem bank" consisting of approximately fifty 

verbal mathematic problems was compiled which met the 

following conditions: 
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1. The domain of numbers included in each problem was 

restricted to whole numbers less than 10,000. 

2. The operations necessary for successful problem 

solving included whole number addition, subtraction, 

multiplication, and division algorithms as well as 

counting. 

The problems selected for inclusion in the bank fit 

one of four categories: 

1. One Step Problems--Those problems which are most 

simply solved by applying one arithmetic operation. 

For example: 

Sara is planning a hiking trip. The trip is 

for 6 days, and she can hike about 15 

kilometers a day. How many kilometers can 

she cover during the entire trip? 

2. Multi-Step Problems--Those problems which require 

for solution a series of two or more arithmetic 

operations. For example: 

A store manager sees that there is enough 

space on the shelf to arrange cans of corn 8 

cans across and 3 cans deep. If one case of 

corn contains 4 cans, how many cases of corn 

must the manager get from the stockroom to 

completely fill the space? 
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3. One Step Problems with Extraneous Information--Those 

one step problems which contain numerical 

information which is not necessary in obtaining a 

solution. For example: 

A spaceship is 100 meters long. After the 

first stage drops off, the spaceship is 

68 meters long. After the second stage 

drops off, the spaceship is 44 meters 

long. How long is the second stage? 

4. Non-Routine Problems--Those problems which require 

some non-algorithmic approach. An existing algorithm 

may solve the non-routine problem; however, it would 

not be available to the elementary school child. For 

example: 

Six people were at a party. Each person 

shook hands exactly once with each of the 

others. How many handshakes were exchanged 

at the party? 

Although the problems selected for presentation 

during the study represent those found in a number of 

intermediate grade level texts and workbooks, the problem 

bank also included "non-routine" problems which discouraged 

purely algorithmic solutions. These non-routine problems are 

considered more difficult in this respect by many 

mathematics educators, but this "difficulty factor" inherent 
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in the problems was expected to generate more discourse and 

heuristic behaviors than might be expected from a random 

sampling of text problems (see Appendix A for a list of all 

problems presented). 

Task- Environments 

Features in the task en.vironment which were 

controlled to the extent possible include: (a) the setting, 

(b) the materials available, (c) the task, and Cd) the 

instructions. Although no concerted effort was made to 

construct a laboratory analogue, certain conditions within 

the task environment were to some degree "artificialized" in 

order to facilitate data gathering procedures. These 

conditions are listed in regard to the two phases of the 

study in which they occur: the Pretest Phase and the Group 

Interaction Phase. 

Pretest Phase 

The Setting. The setting for the pretest was a 

vacant classroom located in the same school from which the 

subjects were drawn. Used for tutoring individuals and small 

groups during the school year, this classroom contained 

approximately fifteen student desks and several work tables. 

Only the student desks were used during this phase. To 

ensure privacy a "Do Not Disturb" sign was posted on the 



classroom door. This setting was monitored by the 

investigator. 
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The Materials. Materials for the pretest consisted 

of a ten page booklet, each page of which was headed by a 

si ng1e problem to be sol ved in the remaining "scratch space" 

below (see Appendix B, Problem Pretest). A pen was issued to 

each subject so that there would be a permanent record of 

the students' work. 

The Task. The purpose of the pretest was to provide 

a means of comparing subject's problem solving performance 

prior to the group Interaction Phase of the study and to 

alleviate to the extent possible, students' fears about 

sol ving "s tory" problems by fami1iariz ing them wi th the 

expected task. A description of the task involved in the 

petest includes the test itself and the constraints placed 

on the subjects while taking the test. 

The test included two problems of each of the four 

problem "types" previously described (see Problem 

Selection). Each subject attempted an identical series of 

eight verbal mathematics problems and was encouraged to work 

"as far as possible" on each problem (see Pretest Phase 

Instruction below). The subjects were given approximately 60 

minutes to solve the eight problems on the test. The test 

was monitored by the investigator in order to discourage 

subject interaction. 
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The Instructions. Specific instructions for the 

pretest focused on encouraging each subject to be as 

thorough as possible in describing a problem approach and a 

solution path. To ensure that useful information was not 

erased, all subjects used a pen on the tests. Subjects were 

given 60 minutes to complete the eight-item test. 

The specific instructions to the subjects were: 

I want you to solve as many of these story problems 
as you can, but I am more interested in how you work 
these problems than whether your answer is right or 
wrong. To help me undestand how you work these 
problems, please write down all the steps you are 
thinking, even if you think the things you try don't 
work or might not work. If you think something is 
wrong after you write it down, put an X next to it. 

The Group Interaction Phase 

The Setting. Because high quality recording of 

verbal interaction represented the raw data of this study, 

removing the problem solving setting from the classroom 

where extraneous noise could not be controlled was deemed 

necessary. The setting chosen consisted of a classroom used 

primarily for private tutoring during the school year. 

Although reserved in advance to guard against conflicting 

with another teacher's plans, a "Do Not Disturb" sign was 

posted on the classroom door. 

A square "four person" table and chairs was the 

designated work area provided for each of the five sessions. 
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The observer positioned himself on a tall stool overlooking 

the work table and approximately three feet away. 

The Materials. The materials available for use 

during the Group Interaction Phase remained constant for all 

groups and sessions. These materials included: 

1. an assortment of pens, crayons, and markers, 

2. a set of 100 poker chips for use as 

manipulatives or "counters", 

3. an assortment of plain white unlined, lined and 

graph paper, and 

4. a 5" x 8" index card on which was printed the 

problem to be sol ved. 

The Task. The twelve subjects, grouped by fours, 

were asked to reach consensus on solution of each of the 

five problems presented during each of the Group Interaction 

Sessions. The problems presented at each of the five 

sessions consisted of at least one problem from the 

previously described caegories {see Problem Selection>: 

non-routine, multi-step, one-step with extraneous 

information, and single-step problems. 

The order of presentation of the five problem types 

for each session was determined by a matrix designed to 

ensure that no order of presentation would be repeated {see 

Figure 5>. 
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Group Interaction Sessions 

Session 1 2 3 4 5 

Problem 4 1 2 1 3 
Type 

2 2 3 4 2 

3 3 4 4 1 

1 2 3 3 4 

1 4 1 2 4 

Figure 5. Order of presentation of problem types during 
group interaction sessions. 

The groups were assembled at four-day intervals for 

a total of five sessions during the months of April and May, 

1982. Each session was divided into three segments--a 

Problem Solving Segment (PSS) and two debriefing segments. 

During the Problem Solving Segment, subjects were encouraged 

to discuss openly what they were doing and thinking--to work 

together so that all members of the group could agree with 

the final solution. 

A First Debriefing Segment (DI) followed the Problem 

Solving Segment of each session when at least one problem 

was incorrectly solved by the group. At the beginning of 

this segment, the subjects were told which answers were 

incorrect. They were then instructed to rework the problem 

and to reach consensus on the new solution. 
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A Second Debriefing Segment (DII) immediately 

followed the first if the group still had not correctly 

solved the problems presented. At this point problems which 

were not solved were returned to the group along with the 

answer key. The subjects were again instructed to rework the 

problem and to reach consensus on the new solution. 

The Instructions. Instructions to the group focused 

on the importance of verbalizing thoughts and actions during 

problem solving. 

The specific instructions were: 

Discuss the following word problems amongst 
yourselves until you all agree on the best way to 
solve them. When you are done with each problem, 
each member of the group should not only agree with 
the answer, but understand how the problem was 
solved. 

You may use any of the materials on the table, but 
remember: Work together and talk about what you are 
doing. 

Data Collection. During the group interaction 

sessions, data were gathered in two ways previously 

described: (a) audio recording of all utterances during 

problem solving, and (b) collection of all "scratch work," 

including drawings, diagrams and calculations. In order to 

fit the two sources of information together in temporal 

sequence, a written narrative capturing the observable 

behavior relevant to the problem solving process was made by 

the researcher. The focus of the narrative was threefold: 
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1. to match all "scratch work" with the appropriate 

verbal exchanges, 

2. to illustrate all concrete manipulations and relate 

them to appropriate verbal exchanges, and 

3. to verify the validity of recorded utterances, i.e., 

notation of instances in which subject or subjects 

did not do what they said they were doing. 

Data Analysis Procedures 

Although some quantitative data were collected and 

presented, this research primarily described the qualitative 

aspects of children's problem solving behaviors in small 

group settings. Transcripts of group interactions, 

behavioral observations and notations of overt activities, 

and the subjects' written records, including drawings and 

numerical notations and computations, comprised the data and 

formed the basis for analysis of group problem solving 

behaviors. 

In order to develop as comprehensive a picture as 

possible of each group's problem solving behaviors, data 

were described and analyzed from two perspectives: (1) 

individual group case studies, and (2) a summation study 

comprised of individual problem profiles. Of initial 

concern, the three case studies provided the basic 

information and detail from which were derived the problem 

profiles. 
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Each case study described the five Interaction 

Sessions, and focused on three aspects of concern in each 

session: 

1. the performance of each group on the five problems 

presented, 

2. the interaction of group members during the session, 

and 

3. the incidence of specific problem solving 

behaviors--both constructive and evaluative. 

Group Performance 

A description of the performance of the three groups 

on the five problems presented prefaced the more substantive 

analysis of each problem solving session. The performance of 

each group was described not only in terms of each group's 

accuracy in solving problems, but also in terms of each 

group's proficiency in formulating a mental visualization or 

a physical display of the problem which incorporated an 

understanding of problem context and a recognition of 

problem structure. Thus, a distinction was made between 

problems which were appropriately represented and those 

which were correctly solved. In some cases mechanical 

errors generated incorrect solutions to problems which were 

otherwise correctly represented. These mechanical errors, 

including counting and computational mistakes, were not 



considered to invalidate the groups' recognition of the 

mathematical structure of the problem. 
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Also included in this description of group 

performance was the total number of solution proposals made 

by group members during the three segments of each 

Interaction Session and the number of these proposals which 

produced a consensus agreement among group members. Both the 

initial Problem Solving Segment and the First Debriefing 

Segment of each session were unstructured attempts by each 

group to construct viable representations and to reach 

consensus on correct solutions. The Second Debriefing 

Segment provided a different format, however, and was 

employed when a problem solving group failed to reach a 

consensus on a current soluti'on during the first two 

segments. This format consisted of the presentation of the 

correct answer to the group with the encouragement to "work 

backwards" to a viable representation. 

The total number of interactive "eJ{changes" involved 

in reaching a consensus on individual problems was also 

included in this description of group performance. 

Exchanges, in this research study, constituted the 

enumeration of the verbalizations of successive group 

members. These verbal contributions to the problem solving 

task were seen as being exchanged from one speaker to 

another. 
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These quantitative data, including the number of 

problems represented and solved, the number of solution 

proposals and consensus agreements, and the number of verbal 

exchanges, enabled the researcher to gauge the level of 

difficulty each group had in constructing representations 

and reaching consensuses on correct solutions to individual 

problems. In some cases, those solutions to problems which 

were too readily apparent were identified. This distinction 

was made beca use such II tri vial" problems did not usually 

generate either the pattern of group interaction or the 

incidence of problem solving behaviors under study. 

Group Interaction 

In the description and analysis of each group's 

pattern of interaction, both quantitative and qualitative 

data were utilized. The number of exchanges contributed by 

individual group members was one quantitative measure of 

each group member's involvement during the Interaction 

Sessions. More substantively, a qualitative analysis of each 

member's contribution in solving problems provided an 

indication of how the dynamics of the interaction influenced 

the expression of problem solving behaviors. Viewed in this 

manner, group roles which characterized the interaction were 

related to an evaluation of the constructive and evaluative 

content of each group member's contribution in solving 

problems. This analysis provided the framework for 
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describing and understanding the propensity of each group to 

utilize specific problem solving behaviors and activities. 

Problem Solving Behaviors 

An identification and description of specific 

problem solving behaviors comprised the third section in the 

analysis of each Interaction Session. In viewing the process 

of group problem solving as an interactive exchange of 

constructive and evaluative contributions, a goal was 

established which afforded purpose to the emergent patterns 

of behaviors. This goal was the formulation of variable 

problem representations as the basis for reaching a 

consensus on solutions. Viable representations of problems 

manifested an understanding of the problem by group members 

at both the contextual and structual levels. 

The search for problem understanding provided the 

basis for the analysis of specific behaviors and activities 

exhibited by the three problem solving groups. A list of 

these contructive and evaluative behaviors would include the 

following: 

I. Constructive Behaviors 

A. Reading or Listening to the Problem Statement 

1. Reading aloud all or part of the problem 

2. Reading silently 
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B. Interpreting the Problem Context 

1. Stating or summarizing problem wants and 

givens 

2. Stating or summarizing problem conditions 

3. Defining terms within the context 

4. Using mnemonic notation, i.e., listing 

numbers and/or problem wants and givens 

c. utilizing a Model of Representation 

1. Performing exploratory manipulations 

2. Drawing a diagram, table or chart 

3. Acting out the problem context 

4. Establishing visual comparisons 

5. Demonstrating problem conditions 

6. Excluding extraneous information 

7. Simplifying the problem 

8. Modifying the problem 

9. Decomposing and recombining contextual 

elements 

D. Exploring the Structure of the Problem 

1. Estimating an answer 

2. Identifying a pattern 

3. Suggesting an arithmetic operation 

4. Relating conditions to variables 

5. Isolating sub-problems 

6. Testing special cases 
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E. Drawing from Past Experience 

1. Recognizing the problem as a special case 

2. Referring to a similar problem 

3. Identifying "key" words in a problem 

4. Referring to an analogous situation 

F. Utilizing a Representation 

1. Deducing an algorithm (subjects use 

reasoning and an algorithm or a sequence 

of algorithms to obtain a solution) 

2. Using systematic trial and error (Trial and 

error in which successive approximations 

generate new trials 

3. Using random trial and error 

4. Working backward from an estimate of answer 

to produce an algorithm 

5. Extending a pattern 

6. Manipulating a physical display 

G. Applying Arithmetic Skills 

1. Applying a standard algorithm, i.e., 

addition, subtraction, multiplication, or 

division 

2. Applying a rule process algorithm, i.e., 

averaging, squaring, etc. 

3. Applying an invented algorithm 



4. Applying a direct comparison (visual 

representation) of problem variables 

5. Applying counting techniques 

II. Evaluative Behaviors 

A. Performing a "reality" check 
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B. Relating solutions or proposal to the problem 

posed 

C. Retracing reasoning 

D. Checking computation 

E. Recounting 

F. Providing no referent for evaluation 

Concluding the analysis presented in Chapter IV, a 

summation study provided a second perspective on the data by 

focusing on the problems themselves. Problem profiles of 

each of he four problem "types" compared and contrasted each 

group's performance on the variety of problems presented. An 

analysis focused on the contextual and structural features 

which characterized problems and the general strategies, or 

patterns of behavior, which the three problem solving groups 

exhibited in representing them. 

Description of pilot Studies 

Three pilot studies were conducted by the 

investigator prior to the actual study. These pilot studies 

enabled the investigator to ascertain the feasibility of the 
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study itself as well as to test aspects of both the research 

design and data collection procedures. 

Pilot Study I 

In November of 1981, a feasibility study was 

conducted on a non-randomized sample of four sixth grade 

students in a school district located in Tucson, Arizona. 

The purpose of this study was primarily to assess the nature 

of subject behavior while solving verbal mathematics 

problems in small group interactional settings. Of 

additional concern was the nature of the verbalizations 

which ocurred in such settings. 

Subjects were asked to solve a series of four story 

problems by talking amongst themselves and reaching 

consensus on the solution. The series of problems presented 

included two one-step problems, one non-routine problem, and 

one problem containing extraneouq information. The group's 

attempts to solve these problems were tape recorded. 

The results of this study indicated that small 

groups in which interaction was encouraged would provide a 

setting for gathering meaningful data from which the problem 

solving behaviors of children could be described and 

analyzed. Preliminary conjectures concerning the task 

environment and data analysis procedures were also made. 
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Pilot Study II 

In April of 1982, a second pilot study was 

conducted. The purpose of this study was to field-test the 

pretest instrument and assess its utility as an indication 

of individual's problem solving performance. Approximately 

25 fifth grade students form a single classroom participated 

as subjects. 

Each student was asked to solve a series of eight 

verbal mathematics problems and instructed to "write down 

all the steps you were thinking, even if you think the 

things you try won't work." The series of problems consisted 

of 2 one-step problems, 2 multi-step problems, 2 one-step 

problems containing extraneous information, and 2 

non-routine problems. No time limit was imposed on the 

task, although the investigator did note the finishing time 

of each subject. 

Procedural constraints, including the instructions 

given to the subjects prior to testing and the time alloted 

for testing, were evaluated. 

Pilot Study III 

A third study was conducted in April 1982. The 

purpose of this pilot study was to assess the methods and 

procedures for collecting the data during a group 

Interaction Session. 
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Two groups of four students from the same fifth 

grade classroom participated in the study. Each group was 

asked to solve a series of four problems by "talking 

together and agreeing to a final group proposal." No further 

investigator-subject interaction was encouraged. The 

problems, typed on index cards, consisted of one example of 

each of the four problem "types". Addi tional materials 

provided by the investigator were pencils, "scratch" paper, 

and a set of 100 poker chips which could be used as 

rnanipulatives. Each of the two sessions was tape recorded 

while the investigator monitored the task, noting non-verbal 

behaviors. 

This study helped refine the methods for collecting 

both the verbal as well as physical data which formed the 

basis for describing the group problem solving process. 



CHAPTER 4 

CA SE STUDI ES 

Data generated during the five problem solving 

sessions consisted of transcriptions of both verbal 

interactions and the written notation and computation 

produced by each of the three problem solving groups. This 

record, coupled with field notes detailing the observations 

of the experimenter during the sessions, formed the basis 

for case studies describing the presence and development of 

behavior patterns found in each problem solving group. 

The three case studies presented focused primarily 

on individual and group behaviors within the small group 

setting which may be said to characterize the group process 

of reaching consensus on solutions to a variety of verbal 

mathematics problems. The perspective taken during the 

analysis of the data was, most simply, that given the 

constraints of setting and task, what these groups actually 

did during problem solving was to build representations of 

the problem and then, generally, to evaluate their 

constructions. It was recognized that within this pattern 

of construction and evaluation, each group member 

contributed his/her own unique experiences and, also, a set 
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of processes for sorting out and applying these experiences 

to problem situations. The overt behaviors which are 

expressions of these experiences and processes were unique 

to each group member. The interaction of these behaviors 

formed the basis for characterizing each group's effort. 

Consistent with the perspective taken, each case 

study described both the incidence of constructive and 

evaluative behaviors which characterized each group during 

the five problem solving sessions and the patterns of group 

interaction in which these behaviors were expressed. A 

summary then compared and contrasted all three groups in 

their attempts to represent and solve the 25 problems 

presented. This summary consisted of Problem Profiles of the 

four basic sentence types. 

Guiding the inquiry were the research questions 

which are here reviewed: 

What patterns of problem solving behaviors are observed 

in small groups? 

A. Subject variables affecting the pattern 

1) How does the individual student affect the 

observed pattern of problem solving behaviors? 

2) How does the nature of the group interaction 

affect the pattern of problem solving behavior? 
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B. Task Variables affecting the pattern 

1) How does experience gained in the course of the 

five Interaction Sessions affect the observed 

patterns of problem solving behaviors? 

2) How does specific observer feedback affect the 

observed patterns of problem solving behaviors 

as repeated attempts are made to solve the same 

problem? 

a) Specifically, what is the affect when 

subjects are told that their initial 

solution proposal is incorrect? 

b) Specifically, what is the affect when the 

correct answer is provided to a problem 

missed twice previously? 

3) How does problem type affect the observed 

pattern of problem solving behaviors? 

In presenting the case studies, frequent reference 

was made to transcribed material. The inclusion of these 

excerpts in the narrative was made in order to illustrate 

and offer some validity to the on-going analysis as well as 

to provide the reader some "feel" for each of the three 

groups. Transcriptions included the exact verbalizations and 

written computations and notations of each group member 

during the problem solving effort. The enumeration of each 

verbalization was made on the basis of exchanges whereby 
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verbal contributions to the problem solving task were seen 

as being "exchanged" from one speaker to another. within 

each exchange, the verbalizations of each group member were 

further enumerated so that specific activities and behaviors 

associated with each utterance could be referenced. For 

example, in the following exchange, the ninth of this 

particular problem solving effort, Joe displayed three 

separate problem solving behaviors: 

9. Joe: 
.1 85 take-away 75 . 
. 2 Yeah ... 
• 3 It's 7 boxes left. 

(C-1-2-3; Exchange 9) 

In the first, 9.1, Joe vocalizes a computational sequence as 

he writes it down and solves it. At 9.2, he arrived at an 

expected answer. He presents a solution proposal at 9.3. 

In addition to the verbalizations and written 

notations, field notes taken during each session were 

included in the transcripts. Presented in two columns which 

chronicle each problem solving effort, these three sources 

of data were unlabeled when excerpted. Therefore, a brief 

excerpt which includes the identification and placement of 

each data source was presented to familiarize the reader 

with th e f 0 rrna t : 

1. Pat: 
.1 Three boys share a bag 

of 100 jelly beans. 
After Johnny takes a 

Pat reads the problem. 
Sue writes the following 
as the problem is read: 



2. 
.1 
.2 

3. 
.1 

4. 
. 1 

5. 
1. 

handful, there are 68 
jelly beans left. 
After Jim takes a hand
ful, there are 44 jelly 
beans left for Andy. 
How many jelly beans 
did Jim get? 

Joe: 
Can I read that please? 
What's 68 take-away 44? 
Sue: 
44 
Pat: 
is 24 .•• 
Joe: 
He's got 24 Jelly beans. 

(C-1-3-3: Exchanges 1-5) 

100 
~8 
~~ 

Joe silently rereads 
the problem. 

Joe computes: 

94 

In this example, the left hand column consists of 

the verbalizations of each problem solving group transcribed 

from the recorded interactions and parsed in the manner 

previously described. 

The right hand column relates the on-going 

computation and scratchwork of the subjects to the 

verbalizations and behaviors which occurred. Included in 

this column were notes taken by the observer during the 

group interactions. Some notation of specific behavior 

identification, however, was made during the transcribing 

process. 

In addition, each excerpt from the data was 

referenced by group, session, sequence of presentation, and 

problem type. Thus the example provided is identified and 

referenced as (C-1-3-3: Exchanges 1-5), meaning that the 
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example is an excerpt of the first five exchanges of Group 

C, during the first session, of the third problem presented 

in this session, which is a type 3 or single-step problem 

containing extraneous information. 

Case Study of Group A 

Preliminary Observations 

The two boys and two girls who made up Group A 

represented the diverse range of personalities found in the 

elementary school fifth grade classroom. During the 

preliminary "get acquainted" meeting in which the researcher 

and subjects talked informally about themselves and the 

impending problem solving sessions, several personality 

traits of individual members were observed. Dominating the 

interactions were Torn and Pam who were obviously the most 

vociferous members of the group. Argumentative outbursts and 

good-natured teasing were heard as the two actively competed 

for control of the conversation during this informal 

gathering. As classmates, their teacher had earlier warned, 

these two group members were well practiced in this form of 

social combat. During these often barbed exchanges, the 

other two group members, Sam and Amy, sat back, watched, and 

listened, content to wait until order was reestablished. 

Sam, "a good natured class clown" according to his teacher, 

often served as catalyst for Tom's aggressive nature by 
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laughing whenever Tom broke into the conversation or 

contradicted a statement made by one of the others. Torn 

appeared to find this laughter reinforcing. Amy remained 

generally quiet during this initial meeting and appeared to 

withdraw completely at one point when she was teased by Tom. 

All four group members were ranked as high average 

in general academic ability by their teacher. This ranking, 

was, however, prefaced by the teacher's concern that Tom 

generally performed below his level of potential. 

Table 1 summarized the results of the 1982 

California Achievement Tests taken during the week of March 

15, 1982. The results of this nationally normed test, taken 

one week prior to the study, indicated that on this 

particular test, all group members scored above the fourth 

stanine in both reading and mathematics subtests. Pam's 

seventh stanine score in the Mathematics Computation 

subsection was considered "well above average". Her total 

ma th score, however, was "balanced" by a "sl igh tly below 

average" score in Mathematics Concepts and Applications. 

Additional test results, listed in Table 2, included 

performance scores on a problem solving pretest described in 

Chapter 3. On this particular test, Amy obtained the highest 

score, solving six of the eight problems posed including 

both "non-routine" problems. Both Pam and Tom were unable 

to solve either non-routine problem while Sam, who correctly 
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Table 1. Results of 1980 California Achievement Test for 
Group A. 

Subtest Amy Pam Torn Sam 

Total Reading 
Grade Equiv. 5.6 5.1 5.4 6.1 

Stanine 5 4 5 5 

Mathematics 
Computation 
Grade Equiv. 6.3 7.9 5.0 6.8 

Stanine 5 7 4 6 

Mathematics 
Applications 
Grade Equiv. 7.0 5.2 6.1 6.6 

Stanine 6 4 5 6 

Total Mathematics 
Grade Equiv. 6.5 6.4 5.5 6.7 

Stanine 6 6 5 6 



Table 2. Group A: Number of correct items on problem 
solving pretest, April 1982. 

Problems Amy Pam Tom 

Single Step 
Problems 
Type 1 
n=2 1 2 2 

Multi-Step 
Problems 
Type II 
n=2 1 0 1 

Extraneous 
Information 
Problems 
Type III 
n=2 2 1 2 

Non-Routine 
Problems 
Type IV 
n=2 2 0 0 

Total 
n=8 6 3 5 

98 

Sam 

0 

1 

0 

1 

2 
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solved one non-routine problem, had the lowest pretest score 

overall, solving two of the eight problems presented. 

In summary, individual group members displayed a 

general uniformity in academic achievement levels, but were 

sharply differentiated by performance scores on a pretest of 

verbal mathematics problems. Some stress in intergroup 

relations among specific group members was also noted. 

Group A - Session 1 

Of the five problems presented in this first 

session, Group A correctly represented two of the problems 

by making accurate contextual representations and correctly 

identifying the algorithms which appropriately defined 

mathematical structure. Both problems, Problem 1-2-2 and 

Problem 1-3-3 were routine problems similar to those found 

in their mathematics texts: each was solved in relatively 

short order, requiring an average of 27 exchanges for group 

members to reach consensus. 

Of the three problems incorrectly solved, two, 

Problem 1-4-1 and Problem 1-5-1, were single-step problems. 

The failure to accurately represent both of these problems 

stemmed from misinterpretations at the contextual 

level--misinterpretations which went unchallenged even after 

the correct solutions were provided during the Second 

Debriefing. 
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Although an accurate solution to the non-routine 

problem, Problem 1-1-4, was made improbable by a 

typographical error within the problem, the group failed to 

incorporate the specified problem conditions into a 

contextual interpretation which might have nonetheless 

suggested a mathematical structure. The algorithmic approach 

utilized in obtaining an agreed upon solution indicated a 

lack of contextual understanding. 

A profile of Group A's solution attempt for each 

problem presented is found in Table 3. 

The Interaction of Group Members. During the first 

session, the dynamics of each member's role in the group was 

well defined and fairly consistent across all five problems 

presented. As shown in Table 4 which lists each member's 

percentage of verbal exchange, Tom was the most outspoken 

group member and assumed the role of monitoring the focus of 

each effort (see Table 4). 

Although controlling approximately 33% of exchanges 

in this session, few of Tom's statements were actually 

construci ve in terms of interpreting the context or defining 

the mat.hematical structure of problems. Instead Tom 

preferred to evaluate the course of action suggested by the 

others, often with seemingly irrefutable force. For example, 

in Problem 1-3-3, a problem containing extraneous 

information (see Appendix A - Problem 1-3-3), Tom's harsh 
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Table 3. Profile of problem solving efforts by Group A 
during Session I. 

Problems 

1-1-4 1-2-2 1-3-3 1-4-1 1-5-1 

Characteristics 

Number of 
Exchanges 69 25 29 196 51 

Number of 
Solution 
Proposals 2 4 1 3 1 

Segment in 
Which 
Solved Un* PS** PS Un Un 

*Un = Unsolved 
**PS - Problem Solving 



Table 4. Percentage of verbal exchange by members of 
Group A during Session I. 

Problems 

1-1-4 

1-2-2 

1-3-3 

1-4-1 

1-5-1 

Average 

Amy 

17 

24 

17 

18 

21 

19 

Pam 

25 

20 

38 

31 

26 

28 

Tom 

33 

36 

28 

28 

37 

33 

Sam 

25 

20 

17 

21 

16 

20 
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response to Pam's plan immediately eliminated it from 

consideraiton while focusing the work of the others on his 

own algorithmic proposal. 

6. Pam: 
.1 Wait ••• 
. 2 Hey ••• 
• 3 Why don't we do it 

like this ••• 
.4 3 boys ••• 
• 5 And divide by 100 
• 6 3 boys into 100 and 

then ••• 
7 • Torn: 

.1 No. 

.2 That way can't do it 

8. Pam: 
.1 Alright 

9. Tom 
• 1 You gotta take-away • 

10. Sam: 
• 1 44 •.• 

11. Tom: 
• 1 Yeah • 

12. Sam: 
1. • •• and 68 is •.• 

13. Torn: 
.1 44 and 6a ••. take 

away is ••• 
14. Pam: 

.1 24! 

(A-1-3-3; Exchanges 6-14) 

Pam suggests a 
different solution 
path. She does not 
compute • 

Torn gives no reason 
for his negative 
evaluation. 

Sam proposes a 
solution. 

Torn, Pam and Amy 
check the calculation: 
(Tom's computation) 

&8 
-.Lfl-j 

;;1.J..j 

Because the other group members were apparently used to or 

intimidated by this facet of Tom's personality, this role, 

initially, went unchallenged. 

The way in which Pam interacted was also consistent 

throughout this session. In making 28% of the exchanges, 

Pam's contributions were nearly always constructive in 

nature in that she constantly attempted to define the 
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mathematical structure of the problem by proposing an 

algorithm. Although often appearing to be guesses, Pam's 

proposals served the purpose of stimulating debate and thus 

refining an existing contextual interpretation when all else 

failed to produce a consensus agreement. The following 

exchanges during the solution attempt of the first 

non-routine problem (see Appendix A - Problem 1-4-1) 

illustrated this pattern: 

158. 
.1 

159. 
.1 
.2 

160. 
.1 

161. 
.1 

162. 
.1 

163. 
.1 
.2 

3. 
164. 

.1 

.2 

165. 
. 1 
• 2 
.3 

.4 
166. 

.1 
167. 

.1 
• 2 

168. 

Pam: 
O.K ••. maybe we can 
divide 7 by ••• ah ••• 
Tom: 
No ••• 
You can't divide 7 
by anything. 
Sam: 
Yes you can. 
Tom: 
What? 
Sam: 
14. 
Torn: 
No ••• 
But you can't divide 
into 7 ••• 
It's no t eve n • 
Sam: 
O. K. • •• Hold up! 
There's 3 and 
there's 4. 
Pam: 
I got it you guys • 
Looki t ••• 
You divide and there's 
one more. 
That's it! 
Torn: 
What? 
Amy: 
I don't understand. 
You explain • 
Pam: 

Pam sets up several 
problems: ~ 

7);i;: 7) t~ 
Tom negatively 
eva 1 uates. 

Sam is referring to 
the chip display. 



.1 
• 2 
• 3 
• 4 
• 5 

169. 
.1 
.2 

170. 
• 1 

O.K. 
There's 7 • 
Here's 6 . 
7 divided by 6 is 1 • 
Wait .•• 
Sam: 
Pam, corne down. 
What do you do with 
the extra one? 
Pam: 
That's the remainder . 

(A-1-4-l; Exchanges 158-179) 

Pam computes: Pam 
manipulates the 
numbers to fit the 
answer. R I 

I 
7 
~ - I " +/ 

/;).. 
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Similarly, Sam in making 20% of the exchanges, 

proposed almost as many algorithms and solutions as Pam. He 

and Pam generally controlled the opening moments of each 

problem solving attempt, leaping directly from the initial 

reading of the problem to a proposal (which was accepted or 

rejected by Tom). The pattern of interaction was quite clear 

in the opening exchanges of Problem 1-3-3, the extraneous 

information problem described earlier in this section (See 

Appendix A-Problem 1-3-3): 

1. Pam: 
. 1 Three boys share a bag 

of 100 jelly beans. 
After Johnny takes a 
handful, there are 68 
jelly beans left. 
After Jim takes a 
handful, there are 14 
jelly beans left for 
Andy. How many jelly 
beans did Jim get? 

2. Amy: 
. 1 Jim? 

3. Sam: 
.1 He go t 42 •.• 
.2 68 ... 
.3 He go t 32 ... 
• 4 O.K. 

Pam reads the problem . 

Amy seeks clarifica
tion of the question . 

Sam is computing 
mentally. Sam 
proposes an algorithm . 



.5 You gotta take-away 
68 and 44. 

4. Pam: 
.1 See how much it equals. 

S. Sam: 
.1 68 ••• 

6. Pam: 
.1 Wait .•• 
.2 Hey ••• 
• 3 Why don't we do it 

like this •.• 
• 4 3 boys .•• 
• 5 And divide by 100 ••• 
• 6 3 boys into 100 and 

then ••• 
7. Tern: 

.1 No ••• 
• 2 That way can't do it. 

8. Pam: 
.1 Alright. 

(A-1-3-3~ Exchanges 1-8) 

Sam computes: ~ 8 
-4~ 

;LJ..{ 
Pam suggests a 
different solution 
path. She does not 
compute • 

Tom negatively 
evaluates. 
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Amy made the fewest exchanges during this 

session--9S of the total. Her statements, at this point, 

were primarily evaluative in nature--responses to a proposal 

made by another group member. In marked contrast to Tom, 

however, Amy's evaluations were often constructive. She 

attempted to relate all proposals to her own understanding 

of problem context and structure. In so doing, as can be 

seen in the following excerpt, her own representation of the 

problem is shared with the others (see Appendix A - Problem 

1-4-1): 

1. Tom: 
.1 Mary has 4 skirts and 

3 blouses. How many 
complete outfits does 
she have? 

2. Sam: 
.1 7. 

Tom reads the problem. 

20 seconds silence; 
everyone rereads 
si lently. 



3. 
.1 

4. 
.1 

5. 
.1 
.2 

6. 
.1 

7. 
• 1 

8. 
• 1 

9. 
.1 

10. 
.1 

11. 
.1 

12. 

Torn: 
7? 
Pam: 
7! 
Sam: 
7 ••• 
Because 4 
Tom: 
4 and 3 is 
Pam: 
7 outfits • 
Tom: 
7 outfits • 
Amy: 
No! 
Sam: 
No. 
Pam: 
Yeah! 
Amy: 

and ••• 

7. 

Sam, Torn and Pam 
mentally compute. 

Amy rejects the 
proposal. 
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.1 

• 2 

o. K. . .. she has 4 
skirts. 
And skirts need .•• 

Amy explains a 
different contextual 
interpretation. 

.3 So 3 of those skirts 
go to 3 of those 
blouses. 

(A-14-1; Exchanges 1-12) 

The Incidence of Problem Solving Behavior. As Table 

5 illustrates, Group A demonstrated few heuristic behaviors 

in this initial session (See Table 5). Problem 

representations were expressed almost exclusively in terms 

of the algorithm which defined its mathematical structure 

and evaluated in terms of computational accuracy. Contextual 

interpretations were seldom made verbally. As in the 

following example of the solution of the non-routine problem 

presented (see Appendix A - Problem 1-1-4), the entire 

problem solving strategy utilized in a majority of the 

problems focused on "guessing" the correct algorithm and 



Table 5. Incidence of Behaviors during Problem Solving Segments by Group A in 
session 1. 

Problellls 

1-1-4 1-2-2 1-3-3 1-4-1 1-5-1 
Problem Solving Segments 

Constructive Behaviors PS DI DIl PS DI DlI PS DI DII PS DI DIl PS DI 
Rereading aloud x x x x x x x x x x 
Rereading silently x x x x 
Stating problem wants and givens x x x x x x 
Defining terlllS x x x 
Performing exploratory minipulations x 
Demonstrating problem conditions x 
Suggesting an operation x x x x x x . x . x 
Relating conditins to variables x 
Isolating sub-problems x 
Working backwards x x 
Applying a standard algorithm x x x x x x 
Applying an invented algorith. x 

Evaluative Behaviors 
Performing a reality check x x x 
Relating proposals to the problem posed x x x x x x x 
Retracing reasoning x x x x 
Checking computation x x 
Recounting x 
Providing no referent x x x x x x x x x x 

DII 

x 

I-' 
o 
co 
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computing an answer. Little evidence was found initially 

that the group regarded debate or discussion of a contextual 

interpretation helpful in generating "first choice" 

solutions. Problem representations were expressed almost 

exclusively in terms of the algorithm which defined its 

mathematical structure and evaluated in terms of 

computational accuracy. Contextual interpretations were 

seldom made verbally. As in the following example of the 

solution of the non-routine problem presented (see Appendix 

A - Problem 1-1-4), the entire problem solving process found 

in a majority of the problems focused on "guessing" the 

correct algorithm and computing an answer: 

1. Sam: 
.1 In a class election, 

Fred got twice as 
many votes as Ricky. 
Lisa got two more 
votes than Ricky. 
There were 32 votes 
altogether. How many 
votes did Lisa receive? 

2. Tom: 
.1 God! 
.2 She should have 10 .•. 
• 3 10 and two-thirds 

more? 
3. Pam 

.1 10 and two-thirds? 
4. Tom: 

.1 I already did it .•• 

.2 I divided by 32. 
5. Pam: 

10 a.nd two- th i rds ? 

Sam reads the problem; 
he copies any numbers 
he reads: 

Tom immediately begins 
to compute: 20 second 
silence • 

o.;t 
o 



6. 
. 1 

7. 
. 1 

8. 
.1 

9. 
. 1 
.2 

.3 
10. 

.1 
11. 

.1 

.2 

12. 
• 1 
• 2 

13. 
.1 

14. 
.1 

Tom: 
It's 10 and two-thirds • 
Pam: 
You did it wrong, Torn • 
Amy: 
Why would there be 
two-thirds left over? 
Torn: 
Not two-thirds ••• 
You make out the 3 
and she has 2 votes 
more. 
Don't you get it? 
Amy: 
Ohh ••• yeah! 
Torn : 
Like if you put the 8 
and then that's remainder 
2 ••• 
That's the way we use 
to do it in the fourth 
grade. 
Sam: 
Yeah ••• 
We got 10 and two-thirds • 
Torn: 
You understand? 
Amy: 
Yea h. • • uh huh... 

(A-1-14; Exchanges 1-14) 
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Sam, although making 
an algorithmic error, 
obtains the same 
answer: _. ~ 

.3~ 
o 

;;. 

Torn bases a justifi
cation on the division 
algori thm. 

02. 
/ () Y 

.,3)301. 
(J) 

Amy checks the ~~ 
computation: 0 

;2.. 

It was only when these sometimes rash guesses were 

proved erroneous, that the beginnings of a more constructive 

problem solving approach were observed. In the First 

Debriefing Segment of this same problem solving attempt, Amy 

focused the group on the context of the problem by isolating 

the problem "givens": 

24. Pam: 
• 1 In a class election, 

Fred got twice as 
many votes as Ricky. 
Li sa go t 2 more 

Pam rereads the 
problem • 



votes than Ricky. 
There were 32 votes 
altogether. How 
many votes did Lisa 
receive? 

.2 Maybe we got to find 
the average. 

25. 
. 1 

26. 
.1 
.2 

Sam: 
Watch ••• Lookit ••• 
Pam: 
No-o-o ••• 
We gotta find the 
average. 

27. Amy: 

Pam proposes a new 
sol ution pa th. 

III 

.1 Ricky got twice as 
many votes as ••• 
Fred ••• or whoever 
it was. 

Amy attempts to 
isolate and interpret 
a problem condition. 

28. Torn: 
.1 O. K • 
• 2 Fred got twice as 

29. 
. 1 

30. 
.1 

many votes as Ricky. 
Amy: 
And Lisa got 2 more • 
Sam: 
2 more ••• 

(A-1-1-4; Exchanges 24-30) 

Amy is corrected by 
Torn. 

Amy states another 
condition. 

This is a basic heuristic, and Amy and Torn 

recognized its effectiveness. They began utilizing it 

subsequently whenever the quick algorithm approach failed to 

produce an acceptable or correct solution. 

Evidence of another heuristic helpful in 

constructing meaningful representations was found in problem 

four of this session (see Appendix A - Problem 1-4-1). In 

the Second Debriefing Segment where the correct answer to 

the problem was provided by the observer, the mathematical 

structure of this one-step cartesian product problem 

remained obscure even though the proplem context and the 
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solution itself was evident. In this situation of 

frustration, Tom reacted by attempting a more visual 

representation using poker chips as manipulatives: 

148. 
.1 

14 g. 
.1 

.2 

.3 

.4 
150. 

• 1 
151. 

.1 

152. 
.1 

• 2 
153. 

. 1 

.2 

.3 

.4 
154. 

. 1 
155. 

. 1 
• 2 
.3 

156. 
. 1 

Pam: 
Why don't you just multiply? 
Torn: 
Because you can't find out 
how many complete outfits! 
It says how many complete 
outfits! 
It's got to be 3! 
It ca n 't be 12! 
Pam: 
They're trying to trick us • 
Sam: 
They're not trying; 
they're doing it. 
Torn: 
O.K •• Here are the 4 
skirts. 
Here's 3 blouses • 
Pam: 
This 
This 
This 
o. K. 
Sam: 

is Monday's • 
is Tuesday's. 
is Thursday's. 

You forgot Wednesday • 
Pam: 
Look ••• 
2 ... 4 ..• 6 ... 
6? 
Amy: 
7! 

Torn counts out some 
poker chip counters. 

Pam represents the 
problem in a way 
meaningful to her: 0 

o 0 0 
o 0 0 

Pam counts the chips 
in her 3 groupings • 

Amy points to the left 
over chip • 

(A-1-4-l; Exchanges 147-157) 

Although this attempt at changing the on-going 

representation from the verbal to the visual mode proved 

unsuccessful, it marked a departure to the inflexibility in 

approaching problems found previously. In two of the five 

problems, the group reached a consensus on the same solution 



proposal in both the Problem Solving and the First 

Debriefing Segments (despite feedback during the First 

Debriefing Segment from the observer that the initial 
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proposal was erroneous). Analysis of the two segments of 

both of these problems indicated that the group had become 

fixated on a single representation. It occurred to no one 

in these situations that changing the way in which a problem 

was viewed by shifting to a more concrete mode of 

representation, might not only have suggested an alternative 

interpretation of problem context, but provided an insight 

to problem structure as well. 

Besides these basic heuristics first employed in 

this session to construct meaningful problem 

representations, Amy initiated another in her role as an 

evaluator. In reaching a consensus on the solution proposal 

of a two-step problem (see Appendix A-Problem 1-2-2), Amy 

took a parting "look back", relating the proposed solution 

directly to the problem statement and thus capsulizing the 

completed representation: 

23. 
.1 

24. 
. 1 
• 2 
• 3 

25. 
1. 

Pam: 
You added wrong. 
Tom: 
It's four-ninety . 
Yeah .•. 
You write it, Amy • 
Amy: 
He has 82 boxes to 
sell and he sold 75. 

Pam negatively 
evaluate Sam's 
proposal • 

Amy "looks back." 
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.2 75 take-away 82 is 
7 ••• 

.3 And 7 times 70 cents 
is $4.90. 

Amy explains again her 
solution as she writes: 
$4.90. 

(A-I-2-2; Exchanges 23-25) 

Another evaluative behavior which Amy relied on in 

this session was "reality checking"--evaluating a proposal 

in terms of personal experience. Amy's response to a 

sol ution proposal during the non-routine "vote problem", 

described earlier, exemplified this behavior. She asked, 

"Why would there he 2/3 (of a vote) left over? 

(A-1-1-4; Exchange 8). 

Group A - Session 2 

Even though the non-routine problem presented in 

this session (Problem 2-5-4) was not correctly represented 

until the Second Debriefing when the group could work 

backwards from the solution provided by the observer, all 

problems were solved correctly. 

Of the four remaining problems solved, Group A 

employed a similar strategy on three of them. This strategy 

basically focused on the group's search for the appropriate 

algori thm which defined each problem's mathematical 

structure. The group's success in solving problems in this 

manner was due primarily to the group's ability to 

accurately interpret the context of each problem. 
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Painstaking though this process sometimes was, the 

representations constructed appeared logically derived. 

A trial and error strategy was utilized by members 

of the group in solving a multi-step problem, Problem 2-3-3. 

In solving this problem during the First Debriefing, Group A 

had already defined the mathematical structure and merely 

substituted a series of possible solutions until one 

satisfied the conditions 

within the problem context. 

The non-routine problem mentioned previously was 

correctly represented by an individual group member using 

poker chips as concrete manipulatives. In working backwards 

from a given answer to solve this problem, the group, for 

the first time in either Session One or Session Two, 

demonstrated a recognition that this problem was not solved 

until a representation was constructed. This perserverance 

characterized both the group interactions and problem 

solving behaviors observed in this session. Table 6 profiles 

Group A's problem solving efforts in this session (see Table 

6) • 

The Interaction of Group Members. Table 7 supports 

the observation that the patterns of interaction among group 

members changed little during the second session (see Table 

7). Sam (22% of the exchanges) and Pam (26%) remained 

content to manipulate the numerical data of the problems and 
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Table 6. Profile of problem solving efforts by Group A 
during Session 2. 

2-1-1 

Characteristics 

Number of 
Exchanges 63 

Number of 
Solution 
Proposals 2 

Segment in 
Which 
Solved PS* 

*PS - Problem Solving 
**FD - First Debriefing 

***SD - Second Debriefing 

Problems 

2-2-2 2-3-3 2-4...;2 2-5-4 

172 218 43 70 

4 1 3 1 

PS FD** PS SD*** 



Table 7. Percentage of verbal exchange by members of 
Group A during Session 2. 

Problems Amy 

2-1-1 10 

2-2-2 13 

2-3-3 11 

2-4-2 21 

2-5-4 27 

Average 16 

Pam 

25 

30 

28 

23 

23 

26 

Tom 

37 

38 

38 

35 

31 

36 

Sam 

29 

17 

24 

21 

19 

22 
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generate numerous solution proposals. This pair generated 

approximately 75% of the algorithms and solution proposals 

in this session. For Pam especially, such proposals 

constituted her primary interaction with the other group 

members. This pattern of Sam's and Pam's was illustrated in 

an excerpt from Problem 2-2-2, a two-step problem: 

30. 
• 1 
.2 

31. 
.1 

32. 
. 1 
• 2 

33. 
.1 

34. 
.1 

• 2 
35. 

• 1 
36. 

.1 
37. 

.1 

38. 
.1 

.2 

• 3 
39. 

.1 

.2 

Uh uh ••• 
Because 60 ••• 
Amy: 
How could it be 90, 
if they have 60 
together? 
Sam: 
And he has 30 more • 
60 and 30 is 90 • 
Amy: 
Yes, more than Mary 
has. 
Tom: 
I know he does, but, 
but ••• 
It says .•• 
Sam: 
Then she has 30 • 
Tom: 
How much does she have? 
Pam: 
How about a hundred 
and ••• ? 
Tom: 
I t sa y s, II sh e go t 3 0 
more ••• 30!" 
Well, whatever her name 
is. 
30 and 30 is 60 • 
Pam: 
Hey! I got it! 
You go like this 
and then ••• 

Amy evaluates in 
terms of the problem 
context. 

Amy refers to the 
context. 

Pam computes in
accurately: 

K/30 
3D) to 0 

o 
~O 
30 
:3 0 

Pam suggests a random 
manipulation of 
numbers. 



.3 Divide it or check 
it or multiply. 

.4 Let's see •.• 

.5 Multiply. 

(A-2-2-2: Exchanges 26-39) 

Pam computes again: 

30 
X 30 

00 
<too 

Both Tam and Amy continued the trend found in 
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Session One of evaluating Sam's and Pam's proposals while 

continuing to monitor the construction of representations of 

their own. The way in which Tom and Amy did this remained 

distinct: although Amy produced only 16% of the exchanges 

during this session, much of this input served to keep the 

group focused on the relevant contextual conditions stated 

in the problem. In 3 of the 5 problems, Amy evaluated 

solution proposals by referring back to relationships 

expressed in the problem statement. Tom, still dominating 

the group interaction with 37% of the exchanges, continued 

to monitor each effort and evaluate solution proposals in 

the autocratic manner found in the first session. However, 

increasingly in this session, he tempered his criticisms and 

rebukes with justification from his own stated understanding 

of problem context and structure. The following excerpt from 

the solution attempt of a multi-step problem (see Appendix 

A-Problem 2-3-3) illustrated this growth on Tom's part. It 

begins with a solution proposal of Pam's: 

41. 
. 1 
.2 

42. 
. 1 

Pam: 
So she has .•• 272 • 
Who agrees? 
Amy: 
Mary has .•. Amy rereads silently. 



43. 
.1 

44. 
.1 

45. 
.1 

46. 
.1 

47. 
.1 

48. 
.1 

49. 
.1 
• 2 
.3 

50. 
.1 

51. 
.1 

52. 
.1 

53. 

54. 
.1 

55. 
.1 

56. 
.1 

57. 
• 1 
.2 

58. 
.1 

59. 
.1 

Sam: 
Not me ••• not me. 
Tom: 
Not me. 
Pam: 
You don't agree? 
Tom: 
No. 
Sam: 
It's 721 ••• 721 
Pam: 
She has 272 from 
Canada ••• from 
Canada. 
rrom: 
O.K. 
And then from Mexico ••• 
What? 
Sam: 
3511 
Pam: 
And this is how many 
she had from Canada. 
Sam: 
351 ! 
Pam: 

••• is how many she had 
from her collection. 

Sam: 
351 ! 
Pam: 
But we're not talking 
about American 'cause 
she don't want to know 
how many. 
Tom: 
But how many from Mexico? 
Pam: 
I told you ••• 
273 
Tom: 
O.K ••• then what? 
Pam: 
Then you subtract that 
273 from 2345, and you 
get 272. 

No referent for 
negative evaluation. 

d.-3J{5 
IfDOJ.4 Sam computes: 
o 7OJ../ 

Pam interprets 
her intermediate 
sol ution. 

~(p~4 
Sam computes: ~ 73 

351 
Pam continues to 
explain her previous 
computation. 

Pam refers to 
problem "wants ". 
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60. 
.1 
.2 

61. 
. 1 
.2 

62. 
.1 
.2 

63. 
.1 

• 2 
64. 

. 1 

65. 
. 1 

66. 
1. 
.2 

.3 

• 4 
67. 

. 1 
68. 

• 1 
.2 

69. 
.1 

70. 
. 1 
.2 

Tom: 
Say what? 
But it says how many 
are not American. 
Pam: 
I know ••• 
And it's 272 are not 
from America. 
Tom: 
Uh uh ••• 
No how about from Canada? 
Pam: 
It'd be two hundred and 
seventy ••• 
You don't subtract • 
Torn: 
You gotta know how much 
from Canada there is! 
Pam: 
They don't say that • 
Tom: 
O.K ••• but ••• 
But the kind that 
are not American 
gotta be known ••• 
And then ••• so what's 
wrong with them too? 
Yeah • 
Pam: 
They don't wanna •.• 
Tom: 
But 100kit ••• 
It say how much there 
are that are not 
American. 
Pam: 
Exactly how many 
stamps in Mary's 
collection are not 
American? 
Tom: 
I know ••• 
And you just sub
tracted Mexico and ••• 
the ones she 
ha sri gh t now ••• 

Amy computes, but 
does not enter the 
discussion: 

/3 S I 

I fJ:, :L J./ 
;;.,73 

/351 

3 Qt 58 

Torn suggests a plan • 

Tom apparently sees 
a possible mathema
tical structure. 

Pam begins to read 
the problem "wants". 

Torn tries to 
express his 
representation. 
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.3 Altogether •.• 

. 4 And you got to figure 
out how much Canada 
has too. 

(A-2-3-3; Exchanges 41-70) 

As seen from this excerpt, Tom was not only 
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evaluating proposed solutions, but offering his reasoning as 

well. His entreaty; "You gotta know how much from Canada 

there is" (A-2-3-3; Exchange 64), was at once a rejection of 

the preceding proposal, a statement of his own understanding 

of problem structure, and a plan for determining a solution. 

The distinct roles of each member during group 

interaction also characterized the pattern of problem 

solving behaviors observed. 

The Incidence of Problem Solving Behaviors. Because 

most of Sam and Pam's exchanges focused primarily on making 

solution proposals derived from an algorithm, their 

contributions to the actual construction of meaningful 

problem representation, remained unclear. Pam especially 

remained an enigma, for she often appeared to manipulate 

numbers randomly, even when a group effort at completing a 

partial representationn was underway. In the following 

problem from which an excerpt was drawn previously to 

illustrate Pam's style of group interaction (see Appendix 

A-Problem 2-2-2-), Pam's seemingly aimless computations 

produced a solution which hinted at an understanding of the 

underlying algebraic structure of the problem: 



68. 
. 1 
.2 

69. 
.1 
.2 

70. 
.1 
.2 
• 3 
.4 

71. 
.1 
.2 

72. 
.1 
.2 

• 3 
73. 

.1 
• 2 

74. 
.1 

75. 
. 1 
.2 

Pam: 
Wait ••• 
Why don't we check 
the problem. 
Amy: 
O. K ••• 
They have 60 pennies 
altogether. 
Pam: 
• • • D i vide d by 3 0 • • • 
No ••• 
Divided by 2 people • 
Oh-h-h gee. 
Sam: 
It's 30. 
It's 30! 
Tom: 
Oh yeah, huh. 
It's 3 0 ca us e sh e 
could have 30 more 
So ••• 
Sam: 
Yeah ••• 
It's 30 . 
Amy: 
Could be 30. 
Tom: 
It's 30 ..• 
Cause 100kit, it 
says ••• 

• 3 He's got 30 more 
pennies. 

76. Pam: 
.1 60 divided by ••• 

I mean 2 divided by ••• 
77. Tom: 

.1 He's got 30 more 

78. 
• 1 
.2 

79. 
• 1 
.2 

80. 
• 1 

81. 
.1 
• 2 

pennies. 
Pam: 
It's 30 ... 
And if we check it ••• 
Tom: 
No wait up ••• 
Let me see the 
problem • 
Pam: 
John has ••• 
Tom: 
Move it ••• 
It's my turn now . 

Pam suggests simply 
evaluating the 
proposal in terms 
of computational 
accuracy. 

02)~~ 
Pam computes: 0 --fr,~ 

Sam computes: 

~O-30=30 

Tom refers to his 
previous 
computation • 

~() 
- "30 

30 

Pam checks the 
computation: 

Pam begins to 
reread • 

Tom rereads the 
problem. 
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.3 John and Mary have 
some pennies. 
Together they have 

·4 
82. 

.1 
83. 

.1 
84. 

.1 
• 2 
.3 

85. 
1. 

86. 
. 1 
.2 
• 3 

. 4 

.5 

60 pennies. John has 
30 more pennies than 
Mary. How many pennies 
does John have? 
That's a tough one. 
Pam: 
How about 90? 
Tom: 
Ah-h-h man! 
Pam: 
Yeah ••. 
It's 30 more •.. 
90 divided by .•• 2 
people. 
Tom: 
Ah-h-h, you can't 
do that, Pam. 
Pam: 
Wait • 
I'm almost finished 
That'll be forty .•• 
be 
Tha t' 11 be .•• 
Maybe he has 45 
pennies. 

(A-2-2-3; Exchanges 8l-86) 

.30 
30 

+- 30 
Pam computes: 90 

In "looking back", 
Tom realizes the 
proposal doesn't 
meet the conditions. 

J.!S' 
:2.) 9c 

Pam computes: ~ 
/0 

Pam appears to /0 
manipulating 
numbers . 
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An analysis of the transcripts of this problem and 

of Pam's computation provided little insight into Pam's 

reasoning until she is baited by Tam who demanded an 

explanation. Pam responds: 

87. Tom: 
.1 Oh yeah • 
• 2 How do you know? 

88. Pam: 
.1 Cause I did it right 

here . 
• 2 2 divided by 90. 

89. Tom: 
.1 How could it be 2 

divided by 90? 
• 2 I t sa y s 6 0 . 



90. 
. 1 
. 2 
.3 
.4 
• 5 
.6 

.7 

Pam: 
Cause looki t ••• 
60 ••• 
What did 60? 
Two 30's, right? 
Two 3 0 's go t 60 • 
O.K •• It says, "John 
has 30 more pennies 
than Mary. II 
Then you put three 
30's and you put your 
90 and you divided by 2. 

Pam explains her 
reasoning. 
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(A-2-2-2; Exchanges 87-90) 

This verbally stated explanation, offered by Pam, 

did indeed describe the mathematical structure of the 

problem and did indeed hint at a contextual interpretation 

from which it could have been derived. Whether a meaningful 

representation of this problem existed for Pam remained 

hidden, however; for in Torn's heated denunciation of the 

proposal, Pam retreated to a defense of her computation: 

91. 
.1 

92. 
. 1 

93. 
.1 

94. 
. 1 

95. 
.1 

96. 
.1 

97. 
.1 

98. 
.1 

99. 
. 1 
.2 

Torn: 
Stay down! 
Pam: 
Cause you add these ••• 
Torn: 
Stay down! 
Pam: 
You add these ••• 
Torn : 
Stay down! 
Pam: 
And then 3 goes into 
9, 4 times and ••• 
Torn: 
Stay down! 
Pam: 
How corne it can't 
be 45? 
Torn: 
Uh uh ••• 
Say down! 

Torn and Pam have a 
heated argument. The 
others listen. 



100. 
• 1 
.2 

101. 
• 1 
.2 
.3 
.4 

Pam: 
Alright ••• 
Don't say anything if 
it's right. 
Tom: 
I won't say anything • 
Hey ••• 
No, Pam ••• 
If he has 45, how 
many does she have 
then? 
Pam: 
How much? 
Tom: 

Tom asks Pam to 
complete the 
representation. 
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102. 
.1 

103. 
.1 15 pennies? Tom computes mentally. 

(A-2-2-2; Exchanges 91-103) 

Tom's final exchange in this excerpt actually 

completed he problem representation; but the process by 

which it was derived was apparently so divorced from the 

more concrete representation the other group members had 

been constructing, that his representation went 

unrecognized. A group consensus was reached 54 exchanges 

later by a more systematic trial and error strategy in which 

conditions stated within the context of the problem were 

related directly to each proposal. 

Amy's repeated attempts to form a clear 

representation of each problem began to exert a steady 

influence on group problem solving behaviors (See Table 8). 

Amy insisted, in most cases, that the group understood, or 

at least deal with the relationship between contextual 

interpretation and derived mathematical structure. This 

concern for this relationship was typified in Amy's 



Table 8. Incidence of Behaviors during Problem Solving Segments by Group A in 
Session 2. 

Problems 

2-1-1 2-2-2 2-3-3 2-4-2 2-5-4 
Problem Solving Segments 

Constructive Behaviors PS 01 OIl PS 01 011 PS 01 DII PS 01 DII PS DI DII 
Rereading aloud x 
Rereading silently x 
Stating problem wants and givens x x x x x x x 
Stating proble. conditions x x x 
Defining teras x x 
Using mnemonic notation x x x 
Performing exploratory minipulations x 
Drawing a diagram, table or chart x 
Acting out the problem x 
Demonstrating problem conditions x x 
Excluding extraneous information x 
Suggesting an operation x x x x x x x 
Relating conditins to variables x x 
Isolating sub-problems x x x 
Referring to a similar problem x 
Deducing an algorithm x x x 
Using systematic trial and error x 
Using random trial and error x 
Manipulating a physical display x 
Applying a standard algorithm x x x x x x 
Applying an invented algorithm x 
Applying a direct comparison x 

Evaluative Behaviors 
Performing a reality check x x 
Relating proposals to the problem posed x x x x 
Retracing reasoning x x x x 
Checking computation x x x x 
Providing no referent x x x x x x x x 

~ 
~ 
~ 
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representation of a non-routine problem. In "solving" this 

problem even after the answer had been provided during the 

Second Debriefing, Amy provided a visual representation 

using manipulatives (See Appendix A-Problem 2-5-4): 

43. 
.1 
.2 

44. 
.1 

• 2 
45. 

.1 
46. 

.1 
47. 

.1 
48. 

.1 

.2 
49. 

1. 
50. 

.1 

.2 

51. 
.1 

52. 
.1 

• 2 
53. 

.1 
• 2 

54. 
.1 

55. 
.1 

56. 
.1 
• 2 
• 3 

Pam: 
8 people, you guys. 
We got one wrong. 
Torn: 
It doesn't say 
twice ••• 
It says once! 
Amy: 
O.K ••• 28 people ••• 
Pam: 
Try 29 ••• 
Amy: 
O.K. get the chips! 
Pam: 
6 ••• 7 ••• 8 ••• 9 ••• 10. 
Got 10 here. 
Amy: 
25 .•• 26 ••. 27 ••• 28. 
Pam: 
Tom, We're no t 
playing poker. 
We're playing find 
the answer. 
Tom: 
O.K. well. 

Amy: 
O.K. These are 28 
handshakes. 
O.K.? 
Pam: 
These are hands. 
They shook twice • 
Tom: 
Once! 
Pam: 
I got 6 so far. 
Amy: 
No. 
Watch ..• Lookit .•. 
Here are 8 people .•. 

Pam reads the 
answer ca rd. 

Tom refers to 
problem givens • 

c:2.8 
+( 

Pam computes: :L ~ 
-I 

Amy suggests a mode 
change. 

Pam and Amy count 
the chips. 

Torn and Sam engage in 
a 30 second dialogue 
unrelated to the 
problem. 

Amy attempts to 
represent the problem 
wi th chips • 

Pam computes 
silently: ~ 

I ) 02.& 
Dl 

o 8 
3 R,", 

g) .:2.. 8 
o 



• 4 
• 5 

57. 
.1 

58. 
.1 

59. 
.1 

60. 
.1 
• 2 
• 3 
• 4 

• 5 

. 6 

. 7 

• 8 
• 9 
.91 
.92 

61. 
.1 

62. 
.1 

63. 
.1 
• 2 

64. 
.1 
.2 

65. 
• 1 

66. 
.1 

Watch •.. Lookit ••• 
1 ••. 2 ... 3 ... 4 ... 5 .•. 
6 • . .7. . . 

Tom: 
7? 
Amy: 
1 ..• 2 ... 3 .•• 4 •.• 
5 ••• 6 ••• 

Tom: 
What are you doing? 
Amy: 
O.K. Watch! 
You shook with him .•. 
He shook with ••• 
1 ..• 2 ... 3 ..• 4 •.• 5 ... 
6 ••• 7. 
O.K ••• 8 •.. 9 ••• 10 ••. 
11 .•. 
12 •.. 13 ••• 14 ••• 15 ..• 
16 .•. 
17 ••. 18 ••• 19 ••. 20 .•• 
21 •.• 
22 ••• 23 ••• 24 ••• 25 ... 
26 ••• 27 •.• 
28 
Do you understand? 
Pam: 
Yes. 
Tom: 
But the answer's not 
28. 
Amy: 
I know ••• 
It's 8 • 
Pam: 
There were 8 people. 
How many chips does 
she got, Tom? 
Amy: 
8 . 
Tom: 
8. 

Amy explains her 
representation and 
the solution to the 
problem. 

Amy takes each chip 
in turn and touches 
it to the others, 
counting as she 
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does so. After 
touching the chip to 
each of the others, 
she puts the chips 
in her lap. 

Amy laughs to herself 
as she removes a chip. 

~o 
o 0 0 

o c 
6Co 

~o 
o 



67. Amy: 
.1 O.K ••• watch! 
.2 He shook hands •.• 
. 3 Pretend .•• 
. 4 1 ... 2 ... 3 ... 4 ... 5 ... 

6 ••• 7 ••• 
• 5 8 ••• 9 ••• 10 ••• 11 ••• 

12 ••• 13 .•• 
• 6 14 .•• 15 ••• 16 •.• 17 ••. 

• 7 
.8 
• 9 
• 91 

.92 
68. 

.1 
• 2 
.3 

69. 
.1 

70. 
• 1 

18 ••• 
19 •.• 20 •.• 21 ••• 22 •.• 
23 ••• 24 ••• 25 ••• 
26 ••• 27 • 
And then these two 
shook hands. 
That's 28! 
Pam: 
Yep! 
That's how she got it • 
So there are 8 people
handshakes. 
Amy: 
Do you get it? 
Tom: 
Yeah .•• 

(A-2-5-4; Exchanges 43-70) 

Tom writes: 8 . 

This process of illustrating a representation 

appeared to be a reflection of Amy's concern for group 
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understanding. Unlike Amy, however, who at this point still 

preferred to guide the group with evaluative responses, Tom 

was much more vocal in evoking plans based on understanding. 

The following portion of transcript drawn from the solution 

attempt of a multi-step problem (See Appendix A-Problem 

2-2-2), illustrated these behaviors. The excerpts depicted 

the goal of both members to construct meaningful 

representations based on an understanding of problem context 
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and structure; the behaviors of both members in solving this 

problem were complimentary: 

40. 
.1 

• 2 
• 3 
• 4 
• 5 

41. 
. 1 
• 2 

42. 
• 1 

43. 
. 1 
.2 
.3 

44. 
.1 
.2 

45. 
.1 
.2 

46. 
• 1 

47. 
. 1 
• 2 

48. 
.1 

49. 
.1 

50. 
.1 

51. 
.1 

Tom: 
Only if John has 40 
pennies and she 
has 20. 
That equals 60 . 
Or she got ••• 
Or John had as ••• 
Then ••• 
Sam: 
Hey, yeah ••• 
She got 60 • 
Pam: 
60 pennies • 
Torn : 
Nah ••• 
He got •.• 
He gots 50 pennies 
and she gots 
10 pennies. 
Amy: 
No ••• 
Cause then he'll 
have 40 more pennies 
than Mary ha s. 
Torn: 
O. K ••• 
Then she's got 20 
pennies. 
Sam: 
That's 60 pennies • 
Torn : 
That's 30 more pennies • 
Yeah • 
Pam: 
He could have ••• 
Torn: 
He could have 10 
pennies and she 
could have 20. 
Sam: 
Yeah! 
Torn: 
••• And that equals 
30 more pennies. 

Tom begins a trial 
and error strategy. 
He computes: 

Torn computes 
mentally. 

)..{o 

Amy evaluates each of 
Torn's proposals by 
referring to problem 
condi tions. 

Torn computes 
mentally. 



52. 
• 1 

53. 
• 1 

54. 
. 1 

55. 
.1 

56. 
.1 

57. 
.1 

58. 
.1 

59. 
.1 

60. 
. 1 

61. 
. 1 

62. 
.1 

63. 
• 1 
• 2 
• 3 
• 4 

64. 
.1 

65. 
.1 

66. 
• 1 

67. 
.1 

Amy: 
That's 50 • 

Pam: 
Plus 20 equals 70 • 
Torn: 
Oh yeah, huh • 
Sam: 
Oh yeah, huh. 
Pam: 
Maybe we could say 
he has 40 pennies 
and she has 20 
pennies. 
Tom: 
That's what I said! 
Pam: 
••• And th at's 6 0 
pennies right there. 
Torn: 
But it says he gots 
30 more. 
Amy: 
I know • 
Tom: 
And that's only 20 more • 
Sam: 
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Evaluations are made 
by referring to 
condi tions. 

Pam computes: 

Well, she can have 10 and 
he can have 40. 
Tom: 
Uh. uh ••• 
I know one ••• 
She can have ••• 
Uh uh ••• 
Sam: 
She can have 10 
and he could have 
50. 
Amy: 
But that'd be 40 
pennies more. 
Sam: 
I know • 
Tom: 
There'd have to be 
something left over. 

Torn computes: 3D 
+3D 

Amy refers to 
problem conditions. 

(A-2-2-2; Exchanges 40-67) 
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A final heuristic process, found in the first 

problem solving session, but more fully developed in the 

second, was the behavior of initially isolating problem 

"wants" and "givens". Amy's utilization of this heuristic in 

the first session may well have had a positive effect on the 

other group members. Transcripts indicated that in the 

second session, the immediate response to the initial 

reading of the problem, in each of the five problems, was a 

declaration of problem "wants" and "gi vens ". Also, all group 

members participated in summarizing this information. 

Problem 3 of this session, a problem containing extraneous 

information, exemplified this tendency (See Appendix 

A-Problem 2-3-3): 

1. 
.1 

2. 
• 1 

• 2 
.3 

Pam: 
Mary has 2,345 stamps 
in her stamp 
collection. 273 of 
the stamps are 
Mexican, 1,624 stamps 
are American, and 
the remaining stamps 
are from Canada. 
Exactly how many 
stamps in Mary's 
collection are not 
American? 
Sam: 
What ••. hey ..• who •.. 
how •.• ? 
Let me see it . 
O.K. how many are 
from Mexico? 

3. Tom: 
.1 273 .•. 

4. Sam: 
.1 273 .•. 

Pam reads the 
problem. Amy 
labels the numbers 
as they are read~ 

0(.3;'; S 0../1 

IJ (p ~ ~ Q,/?1 e,-, Ct::l,f7 

Tom rereads 
silently. 

Sam and Tom 
isolate the 
"givens". 



.2 And how many from 
America? 

5. Tom: 
.1 1,624. 

6. Sam: 
.1 1,624. 

7. Tom: 
.1 And the remaining 

stamps are from 
Canada. 

8. Sam: 
• 1 HoI d up •• hoI d up ••• 

hold up ••• 
9. 

.1 

• 2 
.3 

10. 
.1 
.2 

11. 
.1 

12. 
.1 

13. 
. 1 

14. 
• 1 

15. 
.1 

16. 

Tom: 
Exactly how many 
stamps in Mary's 
collection are 
not American. 
Oh, I see .•• 
That's easy! 
Sam: 
2 ... 7., .. 3. 
How many from Canada? 
Tom: 
The rest are from 
Canada. 
Sam: 
Well, how can that be? 
Tom: 
I don't know . 
Sam: 
Well, 1 • • • 6 • • • 2 ••. 4 •.• 
Tom: 
Two hundred and what ..• ? 
Amy: 

Tom isolates the 
problem "wants". 

. 1 
17. 

.1 
18. 

.1 

2,345 ••• stamps altogether . 
Tom: 
Great! 
Pam: 
o. K. 

(A-2-3-3; Exchanges 1-18) 

Group A-Session 3 
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Correct solutions for four of the five problems were 

proposed by Group A during the third session. Each of the 
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four problems was solved during the initial Problem Solving 

Segment. Table 9 profiles the problem solving effort of 

Group A during this session (see Table 9). 

Of the four problems solved, two (Problem 3-2-3 and 

Problem 3-5-1) were solved by individual members with little 

group discussion. Only an average of 19 exchanges was 

necessary for group members to reach a consensus on each 

correct proposal. In each case an algorithm was proposed 

after an initial interpretation of the content of the 

problem. 

Problem 3-1-2 required 81 exchanges by group members 

to correctly interpret the context and solve the problem. 

This multi-step problem required a recombination of problem 

conditions before an accurate contextual interpretation 

could be made. The manipulation of chips finally made the 

necessary interpretations possible and immediately suggested 

the mathematical structure of the problem. 

A problem containing extraneous information, Problem 

3-4-3, likewise generated much debate before an accurate 

contextual interpretation could be agreed to by group 

rrembers. The familiar mathematical structure of the "retail" 

problem caused several group members to assume an erroneous 

contextual interpretation. 

The non-routine problem presented in this session, 

Problem 3-3-4, was not solved after three attempts. During 
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Table 9. Profile of problem solving effort by Group A 
during Session 3. 

3-1-2 

Characteristics 

Number of 
Exchanges 81 

Number of 
Solution 
Proposals 3 

Segment in 
Which 
Solved PS* 

*PS - Problem Solving 
**Un - Unsolved 

3-2-3 

11 

1 

PS 

Problems 

3-3-4 3-4-3 3-5-1 

216 58 27 

2 1 3 

Un* PS PS 
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this solution attempt which required 218 exchanges, one 

group member outlined an approach based on the correct 

mathematical structure of the problem. However, no other 

group member was able to follow the contextual 

interpretations from which this structure was derived. Group 

pressure forced the abandonment of this approach even though 

a partial representation was clearly constructed. 

The Interaction of Group Members. Session 3 is 

marked by the absence of one group member, Sam, and a rather 

dramatic change in leadership roles. Although Tam, as shown 

in Table 10, still accounted for a large percentage of the 

verbal exchanges (41%), his manner is more subdued in this 

session (see Table 10). Amy, on the other hand, vocalized 

28% of the exchanges and assumed the group leadership role 

in constructing representations, evaluating proposals, and 

monitoring the course of the group problem solving effort. 

An excerpt from the final stages in solving a retail 

problem, Problem 3-4-3, demonstrated Amy's more direct role 

in monitoring the group effort (See Appendix A-Problem 

3-4-3): 

44. 
.1 
• 2 

.3 

45. 
. 1 

46. 
. 1 

Pam: 
Well looky •.• 
It says ••• he gave 
the clerk a $20 bill. 
You gotta subtract 
seven-fifty from 20. 
Tom: 
What? 
Pam: 
That's how much ••. 

Pam isolates 
extraneous 
information. 

Pam writes: ;;'0.00 

7 . 



Table 10. Percentage of verbal exchange by members of 
Group A during Session 3. 

Problems 

3-1-2 

3-2-3 

3-3-4 

3-4-3 

3-5-1 

Average 

Amy 

32 

19 

29 

32 

30 

28 

Pam 

19 

36 

33 

28 

30 

31 

Tom 

42 

45 

38 

40 

40 

41 
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• 2 
47. 

.1 
• 2 

48. 
.1 

49. 
.1 

50. 
.1 

51. 
.1 

.2 

52. 
.1 

53. 
. 1 

54. 
. 1 
.2 

• 3 
55. 

. 1 

. 2 
56. 

.1 
• 2 

This is the total • 
Tom: 
O. K ••• 
20 bucks . 

Amy: 
I know. 
Tom: 
20 bucks. 
Pam: 
We got to subtract 
20 dollars ••• 
Amy: 
They just ask how many 
he spent on ••• 
Not how much he got 
back. 
Tom: 
That's what I want 
to know. 
Amy: 
They ask how much 
money did he spend? 
Tom: 
Oh • 
We don't need it 
then. 
It's jus t $ 7.50 . 
Amy: 
Yeah .•• 
$7.50 . 
Tom: 
See Amy ••• 
We never agree with you • 

(A-3-4-3; Exchanges 44-56) 

Tom computes (He has 
subtracted the $2.00 
from the sum of 
$20.00 and $5.50): 

~O.O 0 

S.SO 

139 

.;1..0 C 

0"2. 3. So 

Amy points out the 
extraneous infor
mation. 

Amy .. looks back" • 

Uncharacteristically, Tom appeared comfortable in 

supporting Amy's attempts to structure the problem solving 

process. Pam, however, tended to ignore these structuring 

attempts and often isolated herself with private 

computational sequences. Her proposals became increasingly 

irrational during this session, especially during problem 
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attempts in which contextual interpretations were debated by 

the others. During the Second Debriefing Segment in which 

the answer to a non-routine problem had already been 

provided, Pam ignored the rest of the group in their attempt 

to work backwards toward an understandable interpretation of 

problem context. Instead she focused on inventing 

mathematical structures which might provide the correct 

answer. A brief excerpt from this attempt illustrates how 

Pam defined the mathematical structure of the problem 

without a single reference to the context of the problem 

(see Appendix A-Problem 3-3-4): 

196. 
.1 

197. 
.1 
.2 

198. 
.1 
• 2 
• 3 

199. 
.1 

200. 
• 1 
.2 

201. 
.1 

202. 
.1 

Pam: 
Why don't you count by 3's? 
Tom: 
.•• 33 ••• 34 ••• 35 ••• 
What is it well? 

Amy: 
Here ••• 
I'll count. 
10 ••• 11 ••• 12 ••• 
Torn: 
What'd you do, Pam? 
Pam: 
See, right here • 
I started out with 
2 and ••• 

Torn: 
But that's a long 
way, Pam. 
Pam: 
So ••• ? 

Torn loses the count 
again. 

Pam shows Torn her 
paper. As her 
computational 
sequence indicates, 
this is not true; 
but it becomes the 
basis for explaining 
her reasoning: 

/°8 
3 

18? 
_ OJ.. 

I 9 I 
-3 



.2 

203. 
. 1 
.2 

204. 
.1 
.2 

205. 
. 1 
.2 

.3 

206. 
.1 
.2 

.3 

.4 
• 5 
. 6 

It's easier than 
counting the 
whole way. 
Tom: 
No it isn't • 
You have to keep 
on adding and 
adding and adding ••• 
Pam: 
So ••• ? 
At least it came out 
to the answer. 
Tom: 
I know ••• 
Cause you just kept 
on adding. 
You probably skipped 
some numbers too. 
Pam: 
No I didn't. 
I started with 2 
and just added 3 
pI us 3 pl us 3 pl us 
3 pI us 3 ••• 
and then when I 
fini shed ••• 
The last number ••• 
I added .•• 
I used a 2 • 

(A-3-3-4; Exchanges 196-206) 
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Pam is referring 
to and Amy's 
attempt to I 9 J.I 

.3 count digi ts. 

Pam explains 
her number 
manipulation. 

, CJ 7 
,3 

0l.00 
.3 

OtO"3 
3 

.;to q 
3 

a/S 
3 

02.0)..7 
3 

3.3C 
3 

02..33 
4 

Pam contributed 31% of the total exchanges during 

this session, nearly all of which focused specifically on 

inventing statements of mathematical structure. Although the 

other group members generally belittled the logic of such 

statements, they often agreed to her proposals when an 

alternative could not be found. 

After working the first four problems, Amy's 

emergence as group leader was firmly established. During the 

solution of the fifth problem, a one-step problem, Pam 
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briefly challenged Amy's more vocal leadership role by 

refuting Amy's proposed algorithmic solution. Amy's 

increasing self confidence, however, allowed her to 

summarily dismiss all challenges (See Appendix A-Problem 

3-5-1) : 

1. 
.1 

• 2 
.3 

. 4 
2. 

.1 
2. 

3. 
. 1 
.2 
.3 
.4 

4. 
.1 

5. 
.1 

6. 
.1 

7. 
.1 

8. 

Pam: 
Rosie has 36 rubber 
bands. She has 4 
times as many 
paper clips as 
rubber bands ••• 
Wait ••• 
Rosa has 36 rubber 
bands. She has 4 
times as many paper 
clips as rubber 
bands. How many 
paper clips does 
she have? 
36 rubber bands • 
Tom: 
o. K ••• 
36 rubber bands 
Pam: 
••• Divided by 4 ••• 
That's easy! 
9 
She has 9. 
Amy: 
Rosa has 36 rubber 
bands. She has 
4 times as many 
paper clips as 
rubber bands. How 
many paper clips 
does she have? 
Tom: 
She has 9? 
Amy: 
She has 4 times 
as many paper clips 
as rubbe r bands. 
Tom: 
How does she get 9? 
Pam: 

Pam reads the 
problem. 

Pam isolates 
"givens" • 

9 
Pam computes: 1'5 3 Co 

Amy rereads the 
problem. 

Amy isolates the 
problem condition. 



. 1 
• 2 

9. 
.1 

10. 
.1 
• 2 

11. 
.1 

Cause looki t •.. 
O.K. it says •.. 
Tom: 
Rosa has 36 rubber 
bands. She has 4 
times as many paper 
clips as rubber 
bands. How many 
paper clips does 
she have? 
Amy: 
No ••• 
It's 36 times 4 • 

Tom: 
She's got 40. 

12. Pam: 
.1 You don't have to 

times it. 
13. 

.1 
14. 

. 1 
15. 

.1 
16. 

.1 
17. 

.1 

18. 
. 1 
.2 

.3 
19. 

.1 

.2 
20. 

.1 

21. 
.1 

22. 
.1 

23. 
.1 

Tom: 
She's got 401 
Pam: 
Or you could do it ••• 
Amy: 
1441 
Tom: 
144? 
Amy: 
You don't divide, 
Pam. 
Tom: 
I know, man ..• 
She always wants to 
divide. 
1541 
Pam. 
154? 
How'd you get 154? 
Amy: 
4 times 3 is 12 
pI us 2 is ..• 
Tom: 
5. 
Amy: 
12 ••. 13 •.. 14. 
Tom: 
Yeah .•• 

(A-3-5-1; Exchanges 1-23) 

Tom rereads the 
problem. 

Amy proposes an 
algori thm. 

Tom computes 
mentally 36-4. 
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Amy computes mentally. 

Tom computes 
inaccurately: 

Amy corrects 

3" 
X '-I 
IS4/ 

Tom's computation. 



Table 11. Incidence of Behaviors during Problem Solving Segments by Group A in 
Session 3. 

Problems 

3-1-2 3-2-3 3-3-4 3-4-3 3-5-1 
Problem Solving Segments 

Constructive Behaviors PS DI OIl PS 01 OIl PS DI OIl PS 01 OIl PS DI 
Rereading aloud x x x x x x 
Rereading silently x x 
Stating problem wants and givens x x x x 
Stating problem conditions x x 
Defining terms x x x 
Using mnemonic notation x x 
Performing exploratory minipulations x x 
Drawing a diagram, table or chart x 
Establishing visual comparisions x 
Demonstrating problem conditions x 
Simplifying the problem x x x 
Decomposing and recombining elements x 
Identifying a pattern x 
Suggesting an operation x x x x x x x 
Isolating sub-problems x 
Identifying "key" words x 
Deducing an algorithm x x x 
Working backwards x 
Extending a pattern x 
Manipulating a physical display x 
Applying a standard algorithm x x x x 
Applying an invented algorithm x 
Applying counting techniques x 

Evaluative Behaviors 
Relating proposals to the problem posed x x x 
Retracing reasoning x x x 
Checking computation x 
Recounting x 
Providing no referent x x x x x x 

OIl 

I-' 
~ 
~ 
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The Incidence of Problem Solving Behaviors. Amy's 

emergence as group leader in solving problems was based on a 

pattern of problem solving behaviors which in effect 

structured the "group" effort. This patternn, as shown in 

Table 11, was characterized by two heuristic activities 

which she initiated in each of the five problems presented; 

isolating problem "wants" and "givens" and relating 

proposals to these same "wants" and "givens" ("looking 

back") • 

Amy's chief realization, it was apparent, was that 

the context of the problem had to be understood before a 

solution could be confidently proposed and evaluated. 

Furthermore, she went to great lengths to share her 

understanding, often repeating again and again her technique 

in constructing a problem representation. Exemplifying this 

approach to problem solving was the first problem of this 

session. Here, Amy ignored Pam's immediate solution proposal 

and attempted to keep the group focused on relevent problem 

data (see Appendix A-Problem 3-1-2): 

1. 
.1 

2. 
. 1 

Amy: 
Jerry has 11 more 
marbles than Dan. 
Jerry has 7 fewer 
than Fred. If Dan 
has 24 marbles, how 
many does Fred have? 

Tom: 
Alright, alright ••. 

Amy reads the 
problem. 

A 10 second silence 
after reading. 
Amy writes: .:Jer II 

fr~~ 



.2 

3. 
• 1 

4. 
.1 
.2 

5. 
.1 

6. 
. 1 

7. 
.1 

8. 
. 1 

9. 
.1 

10. 
.1 

11. 
.1 

12. 
.1 

Jerry has 11 more 
marbles than Dan. 
Jerry has 7 fewer 
than Fred. If Dan 
has 24 marbles, hO\tl 

many does Fred have? 
Pam: 
This part is subtract • 

Tom: 
20? 
Jerry has 11 more 
marbles than Dan. 
Jerry has 7 fewer 
marbles than Fred. 
If Dan has 24 marbles, 
how many does Fred have? 
Amy: 
How many marbles does 
Jerry have? 
Pam: 
20 • 

Tom: 
Ah •• Jerry has 
7 fewer marbles 
than Fred. 
Amy: 
Ah •• 0. K • 
Tom: 
But it doesn't 
say how many 
he had. 
Pam: 
It says how many 
does Fred have. 
Amy: 
Jerry has 11 more 
marbles than Dan. 
Jerry has 7 fewer 
marbles than Fred. 
Pam: 
Then Fred has 20 
marbles and Jerry 
has ••• 

Tom rereads the 
problem. 

Pam recognizes 
two-step structure. 
Pam computes: 

Tom rereads 
the problem. 

ttL.{ 
- I I 
T3 
--2-
~o 

Amy isolates sub
problem "wants". 

Pam proposes a 
solution. 

Tom re reads a 
portion of the 
problem. 

Pam rereads the 
question. 

Amy rereads a 
portion of the 
problem. 
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13. 
.1 

Tom: 
No, he doesn't. 

(A-3-1-2i Exchanges 1-13) 

Amy attempts an 
interpretation 
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based on her earlier 
computations. 

Both Tam and Pam, at this point, made solution 

proposals based on algorithms, but it was apparent that an 

accurate contextual interpretation as a basis for these 

proposals was lacking. Amy reacted by again isolating the 

problem "gi vens" : 

27. 
1. 

28. 
.1 

29. 
.1 

30. 
. 1 

31. 
. 1 

32. 
.1 

33. 
.1 

34. 
.1 

35. 
. 1 

36. 
.1 

Tom: 
See ••• There's 24 
and Jerry has 7 
fewer. 
Amy: 
••• Than Fred 
Tom: 
It says •. if Dan has 
24 marbles, how many 
does Fred have? 
Pam: 
20 • 
Tom: 
But it says he got 24 • 
Amy: 
Dan has 24. 

Tom: 
Yeah. 
Amy: 
•• And Jerry has 11 
more marbles than Dan. 
Tom: 
Yeah ••• 
Amy: 
•• And Jerry has 7 fewer 
marbles than Fred. 

(A-3-1-2i Exchanges 27-36) 

Amy defines the 
relationship 



After this decomposition, Amy suggested a 

recombination which yielded an accurate partial 

representation: 

40. 
• 1 
.2 

.3 

• 4 

Amy: 
Wai t .•. 
Jerry has 11 more 
marbles than Dan. 
Jerry has 7 fewer 
marbles than Fred. 
If Dan has 24 marbles, 
how many does Fred have? 
So Jerry has 11 more 
marbles than Dan, 
and Dan has 24. 
24 plus 11 is 35 • 

(A-3-l-2; Exchange 40) 

Amy rereads the 
problem. 

Amy reorganizes 
the problem. 
Amy computes: ;J, .1./ 

+..LL 
35 

J./a 
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Later Amy completed the representation and then 

redefined the structure of the problem for the others, 

utilizing manipulatives. Finally, she summarized her 

representation and, "looking back", related her proposal 

directly to the problem "gi vens": 

54. 
.1 
.2 

• 3 

• 4 
• 5 
.6 

. 7 

Amy: 
But lock ••• look! 
Dan has 24 marbles 
Jerry has 11 more 
marbles than Dan • 
That equals 35 and 
then ••• 
Jerry ••• 
Listen ••• 
Jerry has 7 fewer 
marbles than Fred. 
If Jerry has 35 •• 
then Fred has 42. 

(A-3-l-2; Exchange 54) 

Amy explains her 
reasoning. 
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Despite the reliance the group had during earlier 

sessions on generating algorithms, Group A demonstrated 

flexibility in changing the mode in which a representation 

was constructed. Although still relying on verbal reasoning, 

particularly during the early exchanges of each problem 

solving effort, the group demonstrated an awareness that the 

use of chips as manipulatives and the use of drawings might 

help in visualizing a problem representation. In the 

following solution attempt of a non-routine problem, the 

group struggled with a contextual interpretation, the 

accuracy of which held the key to the complexity of the 

problem's mathematical structure. These excerpts chronicled 

Amy's unsucccessful attempts to clarify the distinction 

between number~ and digits (see Appendix A- Problem 3-3-4). 

9. 
.1 

10. 
. 1 
• 2 

11. 
.1 
• 2 

12. 
. 1 

13. 
. 1 
• 2 

14. 
.1 

15. 
.1 

Amy: 
Well, how many pages 
were in the book? 
Pam: 
642 . 
There were 642 pages • 
Tom: 
No ••• ! 
Digits • 
Amy: 
Digits . 
Pam: 
Yeah ••• 
But lookit •.. 
Amy: 
Like one •• 1 digit, 
two .• 2 digits, 
three ••• 

Tom: 
How many pages 
were in the book? 

Amy isolates 
problem "wants". 

Amy points out the 
distinction between 
digits and numbers 
(pages) • 

Tom isolates problem 
"wants" . 



16. 
.1 

Amy: 
Like 10 would 
have 2 digits. 

(A-3-3-4; Exchanges 9-16) 
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Although Amy appeared aware that the distinction she 

was making was vital to an accurate problem representation, 

she was unable to persuade the others to stop looking for an 

algorithm. In the First Debriefing Segment she continued: 

55. 
.1 
.2 

.3 

.4 

56. 
.1 

'57. 
.1 

58. 
.1 

59. 
.1 

60. 
.1 

61. 
.1 

62. 
.1 

63. 
.1 
.2 

64. 
.1 
• 2 

Amy: 
Look .•• look. 
Like in 100, 
there's 3 digits .•• 
So there's 3 
digits there ••. 
So .• if there's 
642 digits, how 
could there be 642 
pages? 
Tom: 
I know. 
Pam: 
Ea.sy! 
Amy: 
Easy? 
Tom: 
In a hundred pages 
there'd be ••• 
Amy: 
Like in a hundred, 
there's 3 digits. 
Tom: 
How do you know? 
Amy: 
You guys ..• ! 
Pam: 
Dummy 1 
Why don't you go 
look on a place 
value chart. 
Tom: 
O.K. 
I believe you guys • 

(A-3-3-4; Exchanges 55-64) 

Amy uses her 
understanding of 
the problem to 
rej ect Pam's 
proposal rather 
than to formulate her 
own plan. 

A misunderstanding 
developes here. 
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Amy had interpreted correctly an important part of 

the problem context. Although the structure of the problem 

remained hidden, her understanding of the context enabled 

her to fend off the others' proposals: 

106. 
. 1 
• 2 
.3 

Amy: 
Listen, Pam • 
Look • 
Like when you start 
off ••• 

• 4 1 •• 2 •• 3 •. 4 •• 5 .. 

5. 

107. 
. 1 

108. 
.1 

109. 
.1 

110. 
.1 

.2 

6 •.• 7 •• 8 •• 9. 
Up to 9, there 
is only 1 digit. 
Pam: 
I know • 
Amy: 
••• And then when you 
10 •• 11 •• l2 •• until 
100, there's 2 digits. 

Pam: 
I know. 
Amy: 
•• Then when you get 
to 100, there's 3 
digi ts ••• 
So there can't be 
642 pages. 

(A-3-3-4i Exchanges 106-110) 

Amy begins to 
formulate a 
plan. 

Amy appears to 
understand the 
structure of the 
problem. 

Amy evlauates a 
proposal in terms 
of her mental 
representation. 

As problem solving continued and Amy struggled in 

verbalizing her insight into the problem's structure, she 

momentarily lost sight of her earlier contextual 

interpretation: 

173. Amy: 
.1 Ummm ••• 
• 2 o. K •• 0 

.3 1 through 9 is 9 digits 
174. Pam: 

• 1 Yeah . 



175. 
.1 

176. 
. 1 
• 2 
• 3 

177. 
.1 

.2 

Amy: 
10 through 100 there's 
90 digits. 
Torn: 
Uh uh ••• 
There's not 90 digits . 
Oh, yes there are • 
Amy: 
••• And 9 a pI us 1 a 
is 100 digits. 
But how could 
there be? 

(A-3-3-4: Exchanges 173-177) 
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Amy loses sight of 
her earlier reasoning. 

Her answer confuses 
her. 

It is at this point that Amy realized that a more 

visual representation is necessary for her. By listing the 

numbers between 1 and 100, Amy has essentially drawn a 

picture of part of the problem context. This activity 

represented a shift to a more concrete mode of visualizing 

the problem. 

182. Torn: 
.1 o. K • 
• 2 There's 3 digits in a 

hundred . 
• 3 3 times .• 
• 4 I don't know • 
• 5 Mike is paid for 

writing numbers on 
pages of a book. 
Since different 
pages require 
different numbers 
of digits, Mike is 
paid for writing 
each digit. In his 
last book, he wrote 
642 digits. How many 
pages were in the book? 

.6 Ah man ••• 

.7 Let's see. 

.8 We gotta talk more. 

.9 Amy, what were you 
saying? 

Torn rereads the 
problem. 

I 
~ 
3 
"t 
5 

<18 
9cr 

100 
Amy has withdrawn 
and begins to number 
her paper from 1 to 
100: 
10 second silence. 
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.92 

183. 
. 1 
• 2 
• 3 
• 4 

184. 
.1 
.2 

185. 
.1 

186. 
.1 

.2 

187. 
.1 
• 2 

Pam, what are you 
doing? 
Just writing 
numbers? 
Pam: 
200 ••• 
Add 3 •.• 
That's 203 ••• 
Plus 3 ••. 
Tom: 
Oh ••• 
Now I get what 
you're doing. 

Pam: 
Keep adding and 
adding and adding. 
Tom: 
What are you doing 
Amy? 
You're counting each 
digi t huh? 
Amy: 
Ah-h-h •.. 
I messed up! 

(A-3-3-4; Exchanges 182-187) 
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Pam is working on her 
own computational 
sequence: 

188 
3 

I 89 
;J. 

J ~ I 

Tom is watching 
Amy count the 
digits in her list 
of numbers. 

Pam thinks he is 
talking to her. 

The structure of the problem appeared clear to Amy 

and had suggested a plan. The others, however, were not 

willing to invest more time on the problem. Amy's efforts 

ended in obvious frustration: 

207. 
.1 

208. 
• 1 

209. 
.1 

210. 
.1 

211. 
.1 

Tom: 
Well say it louder 
so we can all hear. 
Amy: 
•.• 57 .. 58 .• 59 •.• 

Tom: 
It won't come out. 
Amy: 
There's .•. ! 
Tom: 
How much? 

Amy lapses into 
silent counting. 
There is 15 seconds 
of silence. 

10 seconds of silence. 



212. 
.1 
• 2 
• 3 

213. 
. 1 
• 2 
.3 

214. 
.1 

215. 
.1 

216. 
. 1 
• 2 

Amy: 
292. 
No, it can't be ••• 
There's probably 192 • 
Tom: 
Well wait ••• 
I think Pam's right ••• 
Do you agree with Pam? 
Amy: 
What !? 

Tom: 
Pam says she got 
it. 
Amy: 
Ah-h-h • 
I guess. 

(A-3-3-4; Exchanges 207-216) 

Group A - Session 4 
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Amy's recognizes the 
structure of the 
problem and is 
reI uc tant to gi ve 
it up. 

Amy's frustration 
is apparent • 

Group A constructed accurate representations for all 

five problems presented in this session; however a counting 

error during the solution attempt of a non-routine problem 

(Problem 4-3-4) caused the correct answer of this particular 

problem to go unrecognized. 

Two non-routine problems were presented in Session 

4. Group members represented each in a visual mode. In the 

first, Problem 4-2-4, poker chips were used to manipUlate 

alternative interpretations of the conditions within the 

problem context. Although two separate attempts were needed, 

the group reached consensus on the correct solution after 83 

exchanges. 
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In representing the second non-routine problem 

(Problem 4-3-4) rudimentary tables were used to compare the 

results of trial and error sequences. Although the 

mathematical structure of this problem was clearly 

recognized, the group failed to attend to all of the stated 

conditions within the problem context. This failure, 

compounded by numerous mechanical counting errors, negated 

both consensus proposals submitted by the group. A total of 

215 exchanges was made by group members. 

Of the three routine problems presented, one 

(Problem 4-5-2) required a second chance during the First 

Debriefing Segment. The group's failure to recognize this 

problem initially as a two-step problem accoilllted for the 

first erroneous solution proposal made during the Problem 

Solving Segment. Nevertheless, only 29 exchanges were 

necessary to solve the problem. 

The other routine problems, a single-step problem 

(Problem 4-1-1) and a single-step problem containing 

extraneous information (Problem 4-4-3), were solved during 

the initial Problem Solving Segment. Appropriate algorithmic 

solutions were recognized for each. 

Table 12 profiles the problem solving attempts of 

Group A on each problem presented during the fourth session. 

The Interaction of Group Members. Sam's return to 

the group after missing Session 3, marked a return to the 
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Table 12. Profile of problem solving efforts by Group A 
during Session 4. 

4-1-1 

Characteristics 

Number of 
Exchanges 14' 

Number of 
Solution 
Proposals 2 

Segment in 
Which 
Solved PS* 

*PS - Problem Solving 
**FD - First Debriefing 

***Un - Unsolved 

Problems 

4-2-4 4-3-4 4-4-3 4-5-2 

83 215 38 29 

4 4 2 2 

FD** Un*** PS FD 
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pattern of exchanges found in the first two sessions. As 

shown in Table 13, Tam (38% of the exchanges) and Pam (28% 

of the exchanges) dominated the verbal interactions. The 

verbal sparring between these two group members, noted in 

previous sessions, was greatly subdued in Session 4. Sam 

contributed 15% of the actual exchanges in this session, but 

his participation on any given problem was selective. Thus 

in Problem 4-3-4, he played a major role in suggesting trial 

and error sequences, contributing 22% of the exchanges. On 

another problem, he remained aloof, taking no interest in 

the group process and contributing just 7% of the exchanges. 

Although Amy contributed just 19% of the exchanges 

in this session, she continued to generate the greatest 

number of correct solution proposals (3 of 5). Choosing not 

to provide the active leadership in controlling the group as 

she did in Session 3, Amy nonetheless played a constructive 

role in representing all problems and evaluating solution 

proposals. The patterned approach to solving problems, 

initiated primarily by Amy and described previously in 

Session 3, appeared firmly established. Although no group 

leader emerged in this session, all members tended to 

monitor the group's progress utilizing the heuristic 

behaviors proven successful in the past. 

The Incidence of Problem Solving Behaviors. 

Characterizing a pattern of problem solving behaviors in 
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Table 13. Percentage of verbal exchange by members of 
Group A during Session 4. 

Problems Amy Pam Torn Sam 

4-1-1 21 36 36 7 

4-2-4 24 28 34 19 

4-3-4 9 31 38 22 

4-5-2 28 28 41 10 

Average 19 28 38 15 
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this session was the group effort to isolate and interpret 

the elments of the problem context relevant to constructing 

meaningful problem representations. Table 14 indicates that 

in all but a single problem, viewed as trivial by group 

members and correctly solved in 14 exchanges, the opening 

sequence of exchanges centered on the identification of 

problem "wants" and "gi vens" (see Table 14). This group 

effort was illustrated in the opening sequence of exchanges 

in the following solution attempt of a non-routine problem 

(see Appendix A - Problem 4-3-4): 

1. 
.1 

2. 
.1 

3. 
.1 
.2 

.3 

4. 
. 1 
• 2 

5 • 
.1 

6. 
.1 
. 2 

Sam: 
The Ranger Football 
Team scored 10 times 
in a 43 to 0 victory. 
How many to uchdowns 
(7 points), field 
goals (3 points), 
and safeties (2 
points) did they 
score? 
Pam: 
Here let me see 
it. 
Sam: 
o. K ••• 
The touchdowns 
are 7 points. 
The field goals 
are 3. 
Tom: 
1 field goal ••• 
1 field goal • 
Sam: 
And the safeties 
are 2 points. 
Tom: 
o. K. 
And the touchdowns 
are 7 points. 

7. Sam: 

Sam reads the 
problem. He is 
quite excited from 
his success on the 
previous problem 
(see Problem 2). 

Pam rereads 
silently. 

Sam explains the 
scoring. 



Table 14. Incidence of Behaviors during Problem Solving Segments by Group A in 
Session 4. 

Problems 

4-1-1 4-2-4 4-3-4 4-4-3 4-5-2 

Constructive Behaviors PS 01 011 PS DI 
Problem Solving Segments 

DII PS DI DII PS DI 011 PS 01 011 
Rereading aloud x x x 
Stating problem wants and givens x x x x x x 
Stating problem conditions x x x x x 
Using mnemonic notation x x 
Performing exploratory minipulations x x 
Drawing a diagram, table or chart x 
Demonstrating problem conditions x x 
Identifying a pattern x 
Suggesting an operation x x x x 
Isolating sub-problems x 
Deducing an algorithm x x x x 
Using systematic trial and error x x 
Using random trial and error x 
Extending a pattern x 
Applying a standard algorithm x x x 
Applying counting techniques x x 

Evaluative Behaviors 
Performing a reality check x 
Relating proposals to the problem posed x x x 
Retracing reasoning x x x 
Checking computation x x x x x 
Providing no referent x x x x x x x 

f-I 
m 
o 



• 1 
8. 

.1 

.2 

9. 
.1 
.2 

10. 
• 1 
• 2 

11. 
.1 
.2 

12. 
.1 
• 2 

13. 
.1 
.2 

.3 

• 4 
14. 

.1 
15. 

.1 

• 2 
16. 

.1 

I know • 
Tom: 
O. K ••• 
Put it down so I 
can read it. 
Amy: 
O. K. 
The Ranger Football 
Team scored 10 
times in a 43 to 
o victory. How 
many touchdowns, 
field goals, and 
safeties did they 
score? 
Tom: 
He got 1 safety • 
That's what I think • 

Sam: 
o. K. 
He got 3 touchdowns? 
Tom: 
No • 
4. 
Pam: 
No, no, no. 
They got 1 field 
goal and 1 touch
down. 
Bee a us e 7 pI us 3 
is 10 • 
O.K.? 
Sam: 
No. 
Tom: 
Pam it's 5 touch
downs ••• 
5 touchdowns • 
Amy: 
It's supposed to 
equal 43? 

(A-4-3-4; Exchanges 1-16) 

Amy rereads 
aloud while 
Tan rereads 
silently. 

A trial and error 
strategy is 
instituted. 

Amy isolates a 
condition. 
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This example served to illustrate the importance of 

utilizing this basic heuristic for this group. However, as 

can be seen in this case, the group failed to note a 
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critical problem condition (The Ranger Football Team scored 

10 times). This failure jeopardized the entire solution 

attempt for the next 215 exchanges. 

Another characteristic of a group process found in 

this session centered on the actual construction of the 

problem representations. Increasingly, Group A related each 

step of the construction to the context of the problem 

itself. Also, as an aid to visualizing the actual problem 

representation under construction, the group demonstrated an 

increasing inclination to change the mode of representation 

to a more concrete level. This activity occurred twice in 

this session and was initiated when a more abstract verbal 

representation generated confusion. An excerpt from a 

non-routine problem, Problem 4-2-4, illustrated the use of 

both heuristics (see Appendix A - Problem 4-2-4): 

37. 
• 1 
.2 

38. 
.1 

Amy: 
Listen •• Listen •.• 
The first time 
the doorbell rings .•. 
Pam: 
1 person comes. 

39. Amy: 
.1 Each time the 

doorbell rings, 
a group enters 
that has 2 more 
persons .•• 

The group continues 
to attempt a 
clarification of 
problem conditions. 



40. 
.1 

41. 
.1 
.2 

42. 
.1 

43. 
.1 

44. 
.1 

Tom: 
That's 3. 
Sam: 
Yeah. 
It's 3. 
Tom: 
I told you Pam. 
Pam: 
I didn't say 
nothing. 
Tom: 
Yeah, you ••• 

45. Sam: 
.1 So now it's 

2 more than that. 
46. Tom: 

.1 1 •• 2 •• 3 •• 4 •• 5 ••• 
47. Sam: 

.1 And then it'll 
be 7. 

48. 
.1 
• 2 

• 3 
49. 

.1 

50. 
.1 
• 2 

51. 
.1 

.2 

.3 

52. 
.1 
.2 

53. 
.1 

Tom: 
Now watch ••• 
•• 4 •• 5 •• 6 •• 7 •• 8 
•• 9 •• 10 .• 11 .• 12 •.. 
Now it's 12 people . 
Amy: 
Let me see those. 

Tom: 
Here . 
You can have 
them all. 
Amy: 
O.K. 1 person 
comes. 
O.K.? 
Then th e next 
time .. 3! 
Sam: 
No ••• 
It can't be. 
Pam: 
It's 12. 
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Sam lists a sequence 
of numbers: I 

3 
S 
7 
'1 

" 
Tom uses the chips 
to represent the 
prob1em~ 

c coo 0 0° Co 
000 
000 

o 0 00 Oeo 000 0 0 dOc 
000 0 
000 

C 

Tom counts the chips 
in the sixth group . 

Amy is referring to 
the chips. 

Amy quickly abandons 
the chips and lists 
a sequence of 
numbers which she 
adds: 

133333 
3 
'3 
'3 

+ "'3 
3 

--r-c;;-



54. Amy: 
.1 Then the next 

time ••• 

55. 
.1 
.2 
.3 

56. 
.1 

57. 
.1 

58. 
.1 
.2 

59. 
.1 

60. 
. 1 

61. 
.1 

62. 
.1 

63. 
.1 
.2 

64. 
.1 

65. 
. 1 
• 2 
.3 

66. 
.1 
• 2 
• 3 
.4 
• 5 
.6 

Sam: 
Hold up ••• 
Look ••• 
I think I got it! 
Tom: 
O.K. it says, the 
first time the door
bell rings, one 
guest enters ••• 
Sam: 
And then 2 more ••• 
Tom: 
Wait! 
Each time the doorbell 
rings again a group 
enters ••• 
Sam: 
But look ••• 

Amy: 
3 people come in • 
Tom: 
I know. 
Amy: 
How many people 
have come, arrived 
after the sixth ring? 
Tam: 
I know ••• I know. 
12! 
Sam: 
Look ••• 

Pam: 
Wai t ••• 
Sam has an idea ••• 
Let's watch. 
Sam: 
O.K. watch ••• 
The first person • 
And 2 more is 3 • 
And 2 more is 5. 
And 2 more is 7 • 
And 2 more than that 
is 9. 
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Sam adds the numbers 
he listed previously: 

Sam is holding 
up his scratch 
paper. 

I 
3 
S 
( 

9 
I / 

3~ 

Sam waves his scratch 
paper. 

Sam begins hi s 
explana tion. 

Sam, sensing that he 
has everyone's 



.7 And 2 more than that 
is 11 ••• 
11 ••• 
And you have 361 
Amy: 

attentions, relists 
and recomputes: I 

3 
5 
1 
q 
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• 8 
.9 

67. 
.1 

68. 
.1 
.2 

What? 
Torn: 
36 people at a party? 
Woah1 

..lL 
Reali ty check. 3 b 

(A-4-2-4; Exchanges 37-68) 

As can be seen in Table 14, evidence of the "looking 

back" heuristic was found in a majority of the problems 

worked in this session. As a rule, the tendency of the group 

to relate sol ution proposals directly to the "wants" in the 

problem statement characterized each problem missed 

initially in the Problem Solving Segment but solved later in 

the First Debriefing Segment. The transcription of the 

following problem (see Appendix A - Problem 4-5-2), 

presented in its entirety, indicated that the group's 

failure to isolate problem "wants" and "gi vens" ini tially 

led to an oversimplification of the formulated 

representation. During the First Debriefing, Amy made a 

point of relating the revised answer directly to the problem 

"wants" : 

1. Pam: 
.1 Sam bet Sally that he 

could sell more news
papers in 6 days than 

Pam read the 
problem • 



she could. Sally 
sold a total of 174 
papers. Sam sold 
25 papers each day. 
Sally won the bet, 
but by how much did 
she win? 

2. Amy: 
.1 25 ••• 

3. 
• 1 
.2 
.3 
• 4 
• 5 

4. 
.1 
• 2 

5. 
.1 

6. 
. 1 

7. 
. 1 

.2 
8. 

• 1 
9. 

.1 
10. 

.1 
11. 

. 1 
12. 

.1 
13. 

.1 
14. 

.1 
15. 

.1 
16. 

.1 

Torn: 
Let's see • 
Oh that's easy! 
Just go ••• 
25 ••• 
25 times 6 • 
Pam: 
No ••• 
Times 7 . 

Torn: 
6! 
Pam: 
There are 7 days 
in a week. 
Torn: 
But it says ••• 
it's for 6 days, Pam. 
6! 
Amy: 
150 • 
Sam: 
Huh? 
Torn: 
150. 
Amy: 
Uh huh • 
Pam: 
Who agrees? 
Torn: 
I do. 
Amy: 
I do. 
Sam: 
Me too. 
Pam: 
150 newspapers. 

Debriefing Segment I 

Sam and Amy 
write the numbers 
as they are read: 

~ 
17 L./ 
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Amy begins computing 
immediately: 

Sam computes, 
making an error: 3~ 

~5 

So 
Reality check • 

Torn computes: .3 

~5 

X " 
ISO 

Pam writes: 150 
newspapers. 



17. Pam: 
.1 I told you it's 

7 days •.• 7 days 
Tom. 

18. 
.1 
.2 
.3 
• 4 

• 5 
19. 

. 1 
20. 

.1 

.2 
• 3 

21. 
.1 

22. 
.1 

23. 
.1 
.2 

24. 
.1 
• 2 
• 3 

25. 
• 1 

26. 
.1 
• 2 

27. 
.1 

28. 
.1 

29. 

Tom: 
Da-a-a-a! 
It says 6. 
O.K. it says, 
Sam bet Sally that 
he could sell more 
newspapers in 6 days 
than she could. Sally 
sold a total of 174 
papers. Sam sold 25 
papers each day. Sally 
won the bet, but by how 
many did she win? 
We did it all wrong • 
Amy: 
We didn't subtract . 
Tom: 
No, but .•• 
I know we didn't 
See .•. 
Sam: 
l40? 

Tom: 
25 times 6 equals .•• 

Amy: 
No ••• 
150 take-away 
from 174. 
Tom: 
No ••• 
I know ..• 
Wait •.• 
Pam: 
150 • 
Amy: 
24. 
She won by 24 . 
Tom: 
24. 
Pam: 
24? 

Amy: 

Tom rereads the 
problem • 
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Amy isolates "wants". 

Sam wishing to atone 
for his previous 
computational error, 
rushes through and 
makes another mistake: 

b l 

,Ay.J.{ 

-as'\ 
Tom computes this ~ 
sequence: I 

Amy computes: 
Amy "looks back". 

17Jf 
-ISO 

01.'-/ 

Pam has tried a 
a di fferent 02. XO 
algori~hm: S)~7~ 
Pam wr1 tes: I 7 
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.1 Yeah. 24 newspapers. 

(A-4-5-2; Exchanges 1-29) 

Group A - Session 5 

In this last session, as shown in Table 15, Group A 

has solved only two of the five problems presented. The 

chief difficulty the group had with these problems was in 

making accurate contextual interpretations. Compounding this 

difficulty was the nature of the problems themselves; two of 

the problems presented, Problem 5-1-3 and Problem 5-2-2, 

necessitated an interpretation of rate and ratio 

relationships, structures which apparently were not 

"routine ll for this group. Although Problem 5-1-3, the rate 

problem containing extraneous information, was solved after 

73 exchanges, it was clear that a meaningful mental 

representation of the problem existed for only one group 

member. 

Two non-routine problems, Problem 5-4-4 and Problem 

5-5-4, were also presented in this session. Here too, the 

lack of complete or accurate contextual interpretations made 

it impossible for the group to proceed beyond a IIsearch for 

algori thms II to descri be the mathematical structure of each 

problem. Indeed, one such logic problem, Problem 5-4-4, 

contained no numerical data at all. Nevertheless, the group 

persisted in representing it as a routine 

combination-addition problem. 
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Table 15. Profile of problem solving efforts by Group A 
during Session 5. 

5-1-3 

Characteristics 

Number of 
Exchanges 73 

Number of 
Solution 
Proposals 3 

Segment in 
Which 
Solved PS* 

*PS - Problem Solving 
**Un - Unsolved 

5-2-2 

164 

3 

Un** 

Problems 

5-3-1 5-4-4 5-5-4 

21 63 113 

1 2 2 

PS Un Un 
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Clearly, Group A constructed a representation 

meaningful to all group members in only one instance - a 

routine, one-step addition problem. This problem was solved 

in 21 exchanges. 

The Interaction of Group Members. The interaction of 

group members in this session was reminiscent of sessions 

one and two in which individual members argued for their own 

algorithmic proposals rather than sharing in a group problem 

solving venture. Torn, particularly, regressed to the rather 

obstinant style of leadership found in the earliest 

sessions, harshly condemning those with whom he disagreed. 

Each of the four members proposed a solution to at 

least one problem which was accepted by the others. Pam, 

particularly, exerted a disproportionate influence in this 

session. Contributing 30% of the actual exchanges, Pam's 

seemingly random manipulation of the numerical data, in past 

sessions ignored or harshly evaluated, was more readily 

accepted by the other members who clearly had difficulty 

formulating representations of their own. 

With the exceptions already noted, the pattern of 

group interactions remained constant from Session Four to 

Session Five. Table 16 details the percentage of total 

exchanges by each group member. Sam, contributing 30% of the 

exchanges during one problem (Problem 5-4-4) and only 8% 
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Table 16. Percentage of verbal exchange by members of 
Group A during Session 5. 

Problems Amy Pam Tom Sam 

5-1-3 19 33 27 21 

5-2-2 17 29 24 30 

5-3-1 19 29 38 14 

5-4-4 17 33 30 20 

5-5-4 29 30 33 8 

Average 20 31 30 19 
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during the solution of another (Problem 5-1-3), continued 

his style of selective participation (see Table 16). 

Amy, who contributed 20% of the exchanges in this 

session, resumed her role of loosely structuring the problem 

solving process by referring continually to elements within 

the context of the problems. In this session, however, the 

drive for formulating representations meaningful to her 

appeared tempered. At one point in attempting to solve 

Problem 5-2-2, a two-step ratio problem which proved 

particularly frustrating for the group, Amy admitted, "I'm 

tired" (Problem 5-2-2; Exchange 136). Later during this same 

solution attempt, she is the first to conp1ain to the 

observer, "We wanna quit" (Problem 5-2-2; Exchange 163). 

The Incidence of Problem Solving Behaviors. The 

general pattern of problem solving behaviors, loosely 

structured under Amy's guidance, formed the basis for the 

group effort in this session. Behaviors comprising this 

pattern can be seen in Table 17. Attempts to identify 

elements within the contextual setting and to relate them to 

proposed algorithms defining the mathematical structure of 

the problem characterized this basic pattern. Yet this 

structure proved less successful in constructing meaningful 

representations than in past sessions. 

As noted, the difficulty the group had in 

constructing viable representations was certainly the result 



Table 17. Incidence of behaviors during Problem Solving Segments by Group A during 
Session 5. 

Problems 

5-1-3 5-2-2 5-3-1 5-4-4 5-5-4 

Problem Solving Segments 
Constructive Behaviors PS DI DII PS DI DII PS DI DII PS DI DIi PS DI DII 

Rereading aloud x x x x 
Rereading silently x x 
Stating problem wants and givens x x :It X X X X x 
Stating problem conditions x x x x x 
Defining terms x x 
Performing exploratory minipulations x 
Suggesting an operation x x x x x x x x x x x 
Testing special cases x 
Referring to an analogous situation x x x x 
Using random trial and error x 
Applying a standard algorithm x x x x x x 
Applying an invented algorithm x x x 
Applying a direct comparison x 

Evaluative Behaviors 
Performing a reality check x x 
Relating proposals to the problem posed x x 
Retracing reasoning x x 
Checking computation x :It x x 
Providing no referent x x x x x x x x x x 

~ 
'-.! 
W 
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of inadequate contextual interpretations which discouraged 

the exploration of possible problem structures. This 

situation arose in both the Problem Solving and First 

Debriefing Segments of the following non-routine problem 

(see Appendix A - Problem 5-4-4): 

1. Sam: 
.1 Manuel wished to 

order a box of 
pencils with his 
name printed on 
them. He has a 
choice of ordering 
red, white, blue, or 
yellow pencils. His 
name may be printed in 
red, white or black, 
but cannot match the 
color of the pencils. 
How many choices are 
possible? 

2. Amy: 
.1 What? 

3. Sam: 
.1 O.K •.• 1 .. 2 .• 3 •. 4. 
.2 4! 
. 3 4 .. 5. 

4. Pam: 
.1 There's 4 colors • 
. 2 Right? 

5. Sam: 
• 1 . • .6. . .7. . • 
. 2 Hold that ... 
. 3 No, no. 

6. Pam: 
.1 How many colors 

are there? 
7. Sam: 

.1 There's 4 colors. 
8. Pam: 

.1 7 colors . 

. 2 O.K ... how many can 
he get hi s name 
printed on? 

.3 The colors .•• ? 
9. Tom: 

Sam reads the 
problem. 

Sam counts the number 
of colors mentioned 
in the problem . 



.1 
10. 

.1 
11. 

.1 
12. 

.1 
13. 

.1 

.2 

.3 

14. 
.1 
• 2 

15. 
. 1 

16. 
. 1 

17. 
. 1 

3. 
Pam: 
3 colors? 
Sam: 
Hold up. 
Pam: 
wait! 
Sam: 
No ••• 
The first ones are 
1 •• 2 •• 3 •• 4. 
4 colors and 3 
other ones. 
Pam: 
o. K ••• 
And ••• 
Tom: 
Wai t up • 
Sam: 
We got it • 
Pam: 
He has 7 choices . 

(A-5-4-4; Exchanges 1-17) 
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Sam interprets the 
problem and computes: 

If 
-t-3 

7 

During the First Debriefing Segment, Sam actually 

made an al terna ti ve interpretation of the problem .. wants .. 

based on a more literal contextual analysis. He judiciously 

supplied a proposal which supported his interpretation: 

43. 
.1 

.2 

.3 

• 4 
44. 

.1 

45. 
.1 

46. 
.1 

47. 
.1 

48. 

Sam: 
There's only 1 choice 
he can make ••• 
I! 
Not 7 like we said 
before • 
I! 
Amy: 
How many choices 
does he have? 
Sam: 
I! 
Tom: 
1. 
Pam: 
1. 
Sam: 

Sam makes a more 
literal inter
pretation. 

Amy relates proposal 
to problem "wants". 



.1 

49. 
.1 

50. 
• 1 

51. 
.1 

52. 
• 1 

53. 
.1 

54. 
.1 

55. 
.1 

56. 
.1 

57. 
• 1 

58. 
.1 

59. 

4 •• 3 •• subtract 
would be 1. 

Tan: 
Do you agree, Amy? 
Pam: 
I definitely agree • 
Amy: 
No! 
Sam: 
I definitely do • 
Amy: 
How could it be I .. ? 
Sam: 
Because it's take-away. 
Amy: 
They're asking how 
many choices does 
he have? 
Sam: 
I! 
Pam: 
I say 1 • 
Amy: 
What can I say? 
Sam: 

Sam proposes an 
algori thm which 
supports his inter
pretation. 

Amy emphasizes the 
word choices. 
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. 1 

.2 
1 choice • 
O.K. 

Sam writes: "1 choice." 

(A-5-4-4; Exchanges 43-59) 

In Exchange 51, Amy appeared to recognize the 

fallacy in Sam's interpretation, but, uncharacteristically, 

offered no justification for her negative evaluation. 

The lack of adequate contextual interpretations, as 

exemplified in the previous example, however was not solely 

responsible for all the unsolved problems. It was apparent 

too that the mathematical structures embodied in both rate 

and ratio problems presented in this session were not 

familiar to group members. In the following rate problem 
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containing extraneous information, the group effectively 

isolated and interpreted the relevant contextual 

relationship; yet the mathematical structure of the problem 

remained obscure (see Appendix A - Problem 5-1-3). 

15. 
.1 
.2 
• 3 

16. 
.1 
.2 

17. 
.1 
• 2 

18. 
.1 

19. 
.1 

20. 
• 1 

21. 
.1 

22. 
. 1 

23. 
.1 

24. 
.1 

25. 
.1 
.2 

26. 
.1 

Pam: 
Let me see that. 
35 • 
Gas costs 35 cents. 
Tom: 
No ••• 
He went on a 522 
kilometer drive. 
Amy: 
No ••• 
One liter of gas costs ••• 
Sam: 
•• about $1.25 

Pam: 
They want you to 
find •• each liter •• 
each liter. 
Sam: 
It isn't very much • 
Amy: 
She uses 1 liter of 
ga s for every 6 
kilometers. 
Tom: 
Let me see this ••• 
Sam: 
I know. 
Amy: 
Then it says, How 
many liters of gas 
did Mary use in a 
522 kilometer drive? 
Tom: 
Well? 
You two brains 
figure this one out. 
Sam: 
35 and 5. 

Pam rereads a 
portion of the 
problem. 

The group isolates 
the "givens". 

Sam does a reality 
check. 

Pam isolates the 
problem "wants". 

Amy paraphrases a 
problem condition. 

Amy rereads the 
question. 

Sam computes: 

02 ~.I 0 

lS:c'ob 

I eoz. 70 



27. 
. 1 
.2 
• 3 

28. 
.1 
• 2 

29. 
. 1 

30. 
. 1 

31. 
• 1 

32. 
. 1 
.2 
• 3 

33. 
. 1 

34. 
• 1 

35. 
.1 

36. 
. 1 
.2 

Pam: 
Let's try divide • 
Well ••• 
We could try • 
Tom: 
You try it •• 
I'll try thi s • 
Sam: 
Not $182.70 ••• 
Tom: 
Too much • 
Pam: 
Let's di vi de • 
Tom: 
Wai t up ••• 
Let me just write. 
See if it comes out • 
Amy: 
Yeah probably • 
Sam: 
Probably divide ••• 
Pam: 
How much times 
is that? 
Amy: 
Wai t .•• 
Divide 6 into 522. 

(A-5-1-3: Exchanges 15-36) 

Pam proposes an 
algorithm. 

Sam computes~ 

Reality check. 

Tom computes: 

5;).';). 

35 

02&,/0 
ISfDb 

I 80l.. 70 

Amy suggests an 
algorithm. 
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Although Amy suggested the appropriate algorithm, 

and the correct solution was generated, the other group 

members had difficulty relating the solution proposed to the 

statement of problem "wants": 

43. 
. 1 

44. 
• 1 

45. 
.1 
.2 
• 3 
. 4 
.5 

Pam: 
87 dollars ••• 
Amy: 
Wai t ••• 
Pam: 
Aha! 
Now I got it! 
6 divided by 35 ••• 
35 divided into .•• 
There's a remainder 
there too. 

Amy computes: 



46. 
.1 

47. 
.1 

• 2 
48. 

.1 
49. 

.1 
50. 

. 1 
51. 

.1 
• 2 

52. 
.1 
.2 

53. 
.1 

54. 
.1 

• 2 

Amy: 
What's the question? 
Pam: 
Then if you divide by 
th at, it'd be 5 
dollars. 
But you'd have ••• 
Amy: 
87? 
Pam: 
87 dollars. 
Torn: 
You wait • 
Amy: 
No. 
87 liters of gas • 
Pam: 
What? 
You think it should 
be liters? 
Amy: 
Do you agree? 
Pam: 
What else can we 
di vide? 
35 into ••• 

(A-5-l-3; Exchanges 15-36) 

Pam computes: 

lo) 

Torn computes: 
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S" 
() 5 7: 
3S 
o -35 
30 

S 

IS 
3S)SOl~ 

3.5 ,,0/.. 
I?S 

Pam's final query in this excerpt (Exchange 54.1) 

not only mirrored the group's uncertainty, but also 

characterized her basic problem solving strategy. Even as a 

consensus was reached and the final "looking back" heuristic 

was employed, it was apparent that a problem representation, 

comprehensible to all group members, had not been 

constructed: 

59. 
• 1 
• 2 
.3 
• 4 

60. 

Torn : 
Wai t ••• 
5 into 35 ••• 
No • 
Amy, what do you 
got? 
Amy: 

Torn is unable to 
complete hi s IS 
computation: 3S) S~;t 

35 
I 7 ~ 
~ 



. 1 
• 2 

62. 
.1 

63. 
. 1 

64. 
.1 

65. 
.1 

66. 
.1 

67. 
.1 

68. 
.1 

69. 
. 1 
.2 

70. 
. 1 
.2 

71. 
• 1 
.2 

.3 

.4 

72. 
. 1 
• 2 

73. 
.1 
• 2 

85 •• 87, I mean • 
Put it down • 
Pam: 
Do you agree? 
Amy: 
Uh huh • 
Tom: 
Yes. 
Sam: 
I agree. 
Amy: 
Do you agree? 
Pam: 
I agree. 
Amy: 
Do you? 
Tom: 
Yeah • 
I guess so. 
Pam: 
If you agree, agree • 
Don't say I guess so. 
Tom: 
Dh man ••• 
Let me see the 
question one more 
time. 
They wanna know how 
many Ii ters ••• 
Not how much it 
costed. 
Amy: 
I know ••• 
87 liters of gas . 
Tom: 
But ••• 
Dh yeah • 

(A-5-1-3; Exchanges 59-73) 

Tom rereads the 
problem silently. 

Tom .. looks ba ck" • 

Amy writes: 87 
liters of gas. 
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Beyond the general pattern of behaviors, already 

illustrated, which represented an approach to problem 

solving, Group A relied heavily on specific activities which 

they utilized when the context of a problem appeared 

ambiguous. Although found in past sessions, these activities 
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abounded in the current one. The most prevalent of these 

activities was the rereading heuristic. Characterized by 

Tom's admoni shment: "I'm go ing to read it one more time. 

Everyone use their brains" (A-5-2-2: Exchange 82.1-82.2), 

this activity was often used to signal a change in the 

course of problem solving. In these situations, an 

alternativie plan, process, or solution generally followed 

the rereading. To illustrate, a ratio problem presented in 

this session, generated four rereadings followed by four 

different proposals (see Appendix A - Problem 5-2-2) : 

2. Torn: 
.1 wait .•• 
• 2 Let me see this .•• 
• 3 A school district 

employs 207 teachers 
and principals in 
the district. How 
many principals does 
the school district 
employ? 

3. Pam: 
.1 297 divide 8. 

(A-5-2-2: Exchanges 2-3) 

and: 

58. 
.1 
• 2 
.3 

Amy: 
o. K ••• 
I'll read it • 
A school district 
employs 207 teachers 
and principals. 
There are 8 times as 
many teachers as 
principals in the 
district. How many 
principals does the 
school district employ? 

Torn rereads the 
problem. 

Pam proposes an 
algorithm. 

Amy rereads. 



59. 
.1 

60. 
. 1 
• 2 
• 3 

Tom: 
I do n 't know. 
Pam: 
Wait a minute ••• 
Let me think • 
207 pI us 207 ••• 
is 414. 

(A-5-2-2; Exchanges 58-60) 

and 

71. 
.1 

• 2 
72. 

• 1 

Pam: 
A school district 
employs 297 teachers 
and princi pals. 
There are 8 times 
as many teachers as 
principals in the 
district. How many 
pr i nci pal s does 
the school district 
employ? 
Look here ••• 
Tom: 
First you gotta 
figure how many 
teachers are in 
the school. 

(A-5-2-2; Exchanges 71-72) 

and finally: 

82. 
.1 

.2 

.3 

Tom: 
I'm going to read 
it one more time. 
Everyone use their 
brains. 
A school district 
employs 207 teachers 
and princi pals. 
There are 8 times 
as many teachers as 
principals. How 
many principals 
does the school 
district employ? 
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Pam computes: 
0201 

+ 02.0 '7 

Pam rereads the 
problem. 

"-/IJ.( 

Tom suggests a plan . 

Tom rereads the 
problem. 



83. 
.1 

84. 
.1 

85. 
• 1 
.2 
• 3 
.4 

.5 

• 6 
.7 

• 8 

Amy: 
I know ••• l know ••• 
Tom: 
What? 
Amy: 
Wai t ••• 
Watch • 
o. K., look •• 
25 times 8 equals 
200. 
200 is close •• as close 
as you can get to 207. 
So there are ••• 
so you take-away 200 
from 207 ••• 
7 principals. 

(A-5-2-2; Exchanges 82-85) 
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Working backwards, 
Amy computes a trial
and-error sequence: 

30 
X 8 
;J.J../c 

Amy computes mentally • 

A second .acti vi ty, utiliz ed frequently by Group A in 

this session, was that of "reality checking" solution 

proposals. This heuristic occurred when any adequate 

representation of the problem, necessary to effectively 

evaluate solution proposals, was lacking. The ratio problem, 

referred to previously, generated the following exchanges as 

the group sought a consensus on a proposed solution (see 

Appendix A - Problem 5-2-2): 

92. Tan: 
.1 Yeah? 

93. Amy: 
.1 There could be like 

94. 
.1 

95. 
.1 

96. 
.1 

7 ••• 
Torn: 
How could there be 7 
principals in the 
whole district? 
Amy: 
Easy! 
Pam: 
There ain't that 
many schools in a 
district. 

The group "reali ty 
checks" the 
proposal. 



97. Tom: 
.1 Oh yeah •.. 
• 2 How abo ut here in 

Sunnyside ••• 
• 3 There's a bunch ..• 

98. Pam: 
.1 Not too many. 

99. Amy: 
.1 They're not talking 

about Sunnyside 
District. 

100. 
.1 
.2 

101. 
. 1 

102. 
.1 

103. 
. 1 

• 2 
• 3 

104. 
• 1 
.2 

105. 
. 1 
• 2 
.3 

106. 
.1 
• 2 

107. 
• 1 

108. 
• 1 

109. 
.1 

110. 
• 1 
.2 

Tom: 
So .• but •. 
There must be a lot of 
schools there. 
Amy: 
I say that's right • 
Pam: 
So do I because there 
could be a principal 
at each school. 
Sam: 
Like District 12 ••• 
Sunnyside. 
There's like •.. l0 • 
I say that's right • 
Tom: 
AIr igh t •.• 
I agree. 
Pam: 
We have 12 schools • 
Like •• Looki t .•• 
District 1 probably 
has only 1 school. 
Sam: 
Naw ••• 
There's lots . 
Amy: 
I say it's right . 
Sam: 
I say it's right • 
Pam: 
So do 1. 
Tom: 
AIr igh t ..• 
So do 1. 

(A-5-2-2; Exchanges 92-110) 
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Pam writes: 7 
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Both the rereading heuristic and the "reality 

checking" heuristic were, at times, useful aids in the 

construction of meaningful problem representations. The 

third prevalent activity, which generally ignored the source 

of contextual ambiguity, was the random manipulation of 

numerical data. Although this behavior characterized Pam's, 

and to some extent Sam's, general approach to problem 

solving in all sessions, the entire group was vulnerable to 

such an approach when the level of frustration involved in 

constructing a complex representation was too high. A brief 

excerpt from the solution attempt of a non-routine problem 

depicted this situation (see Appendix A - Problem 5-5-4) : 

70. 
.1 

71. 
. 1 

72. 
. 1 
.2 

.3 
73. 

.1 
74. 

.1 
• 2 

Pam: 
Right now Bob has 12 
dollars in the bank 
and Carol has 26 
dollars in the bank. 
From now on, each will 
save 1 dollar every week. 
How much money will 
Carol have saved when 
she has twice as much 
money as Bob? 
Sam: 
15 dollars • 
Pam: 
Oh, I got an idea • 
Let's add 26 
pI us 12 ••• 
38! 
Sam: 
Hold up. 
Pam: 
Or we could add ••• 
Or we could divide. 

Pam rereads the 
problem. 

The source of Sam's 
mental computation 
is unclear. 

Pam suggests 
algori thms • 



75. 
.1 

76. 
.1 

77. 
• 1 

78. 
.1 

79. 
.1 

80. 
• 1 
.2 

81. 
. 1 
• 2 
.3 

Torn: 
30 bucks ••• 30 bucks? 
Pam: 
How do you get 
30 bucks? 
Torn: 
Beca us e •• every week •• 
and there's 4 weeks 
in each month, huh? 
Amy: 
Yes. 
Torn: 
••• And each week he 
gets 1 dollar ••• and ' 
1 dollar is 4 in the 
whole month. 
Pam: 
Wai t ..• 
Add! 
Torn: 
And there's 30 days • 
And 26 and 4 is 30 • 
Correct? 

Torn computes: 

Torn relates his 
proposal to the 
problem context. 

(A-5-5-4; Exchanges 70-81) 

Group A had obvious difficulty in constructing 
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meaningful representations for the five problems presented 

during this session. Conspicuously absent from the 

transcripts of this session was any evidence of the 

effective usage of the heuristic process of changing the 

mode of representation by using drawings or manipulatives. 

This activity, in Session 3 and 4, had provided some aid to 

the group in making contextual interpretations and deriving 

statements of mathematical structure while solving some 

problems. 
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Case Study Summary - Group A 

The observation of four fifth-grade children solving 

a variety of problem types in a small group setting was the 

basis for the case study of Group A. The behaviors exhibited 

by the group in each of the five problem solving sessions 

was described and analyzed in terms of emergent patterns by 

which these children attempted to construct and evaluate 

viable representations of the verbal mathematics problem 

presented during each session. 

The performance of Group A in formulalting 

understandable problem representations and deriving correct 

solutions is illustrated in Table 18. As shown in Table 18, 

Group A correctly represented 17 of the 25 problems 

presented during the five problem solving sessions. Thirteen 

of the 17 problems correctly represented required a single 

attempt to solve. Three problems required a second "try" 

during the First Debriefing before an accurate 

representation could be formulated. A single non-routine 

problem, presented during Session Two, was correctly 

represented only after the group "worked backwards" from the 

correct answer provided during the Second Debriefing. 

Of the eight problems which the group was unable to 

solve, five were non-routine problems. An accurate 

representation of one of these non-routine problems, Problem 



Table lB. Summary of problem solving performance of 
Group A on 25 problems. 

Subject Performance 

Problems represented correctly 
and solved during Problem 
Solving Segment. 

Problems represented correctly 
and solved during First 
Debriefing Segment. 

Problems represented correctly 
and solved during Second 
Debriefing Segment. 

Problems represented correctly 
but unsolved (mechanical error). 

Problems represented incorrectly 
and unsolved. 

Problems 

1-2-2 
1-3-3 
2-1-1 
2-2-2 
2-4-2 
5-1-3 

2-3-2 
4-5-2 

2-5-4 

4-3-4 

1-1-4 
1-4-1 
1-5-1 
3-3-4 

3-1-2 
3-2-3 
3-4-3 
3-5-1 
4-1-1 
5-3-1 

4-2-4 

5-2-2 
5-4-4 
5-5-4 

lBB 
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4-3-4, was proposed by a group member, but subsequently 

rejected by the others. 

Underlying the performance of Group A in 

constructing accurate problem representations was the 

patterns of group interactions which emerged during the five 

sessions and the incidence of specific problem solving 

behaviors associated with an individual or group effort. 

The Interaction of Group Members. In describing the 

interaction of individual group members during the five 

problem solving sessions, both quantitative and qualitative 

data was presented. Quantitatively, the number of actual 

exchanges made by group members in the four sessions when 

all members were present, provided an accurate measure of 

who was doing the most talking; yet it was only after the 

characterization of the content of the exchanges was 

presented, that the interactions became meaningful in terms 

of the problem solving task. Quantitative data are compiled 

in Table 19. In computing the averages for each group 

member, Session 3 was discounted due to the absence of a 

group member. 

The exchanges of individual members, when focused on 

the task of solving problems, uniformly mirrored the 

individual's approach to solving problems as well as the 

individual's propensity to playa role in the interactive 

process. 



Table 19. Percentage of verbal exchange by members of 
Group A in all sessions. 

Session 

1 

2 

3 

4 

5 

Average based on 
Sessions 1, 2, 
4, and 5. 

Amy 

19 

16 

28 

19 

20 

19 

Pam Torn 

28 33 

26 36 

31 41 

28 38 

31 30 

28 34 
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Sam 

20 

22 

Absent 

15 

19 

19 
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Pam, who contributed 28% of the exchanges, applied 

algorithms to problems at every opportunity and then 

evaluated the reasonableness of the resulting solution. 

Often, when she exhausted her algorithmic choices, she 

invented new ones. Pam's evaluations were nearly always 

based on the computational accuracy of the proposal. 

Amy contributed 21% of the exchanges. She was much 

more systematic, relying on several heuristic processes 

which she utilized in understanding problems. As a result, 

Amy's exchanges, both constructive ~!d evaluative, focus 

sharply on the context of each problem. 

Sam contributed the fewest number of actual 

exchanges, 19%. Like Pam, Sam tended to approach problems by 

algorithmically manipulating the numerical data. In later 

sessions, however, he often evaluated and justified his 

proposals in terms of his understanding of problem "wants", 

and "gi vens". 

Tam demonstrated a more forward orientation to 

problem solving than Sam, preferring to develop and express 

his contextual understanding prior to deriving a solution. 

Dominating the interactions during each problem solving 

attempt, Torn contributed 34% of the total exchanges. 

An overall proficiency level (see Preliminary 

Observations, Case Study A) and a general problem solving 

approach were individual contributions which each group 
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member brought to the task situation. These contributions 

were made in a social setting which, although structured by 

the nature of the task itself, were often mitigated by 

personality conflicts among group members. Tam's abrasive 

leadership, particularly in Sessions land 2, determined the 

actual course of the problem solving effort more than any 

other single facto~. At one point in Session 2, Tom ended 

debate on a solution proposal by admonishing the others, 

"Well shut up now. We got the answer" (A-2-3-3; Exchange 

129) • 

The group's reaction to Tam's autocratic manner was 

generally to let Tom have his way. Amy's grudging consensus 

to a solution proposal in a later session typified the group 

response to Tam's bullying ("What can I say?", A-5-4-4; 

Exchange 58). Only Pam was not intimidated. The purely 

social interactions which occurred during the five sessions 

generally consisted of bickering between these two group 

members. 

Despite Tam's propensity to control the social 

situation, he often acceded the task leadership to Amy. 

During these instances when Amy monitored the group's 

progress, the course of problem solving tended to be much 

more structured, focusing sharply on specific statements of 

problem "wants II and "gi vens". Sam and Pam rarely vied for 

this leadership role in any of the five sessions. Both 
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seemed content to work within the structure defined by the 

others, making numerous proposals in an attempt to "get the 

answer first". Seldom did they evalute the proposals of 

others in terms of their contextual understanding, 

preferiing instead to check for computational accuracy. 

The diverse aspects of individual group members, 

including their problem solving expertise, their general 

approach to problem solving, and their ability to work 

together on an essentially goal oriented activity 

characterized the interactions of Group A. In a group of 

such contrasting contributions, the development of specific 

group problem solving behaviors and the effect of these 

behavior on the task itself was most evident. 

The Incidence of Problem Solving Behaviors. The 

development of observable patterns of group behaviors began, 

in the first session, with individual efforts untempered by 

group precedence. Group members worked in isolation, 

periodically proposing solutions with little evidence of the 

constructive statements essential in formulating an accurate 

problem representation. It was in the evaluative statements 

in which group members reacted to the proposals of others 

that a pattern slowly emerged. Amy initiated the pattern by 

evaluating a solution proposal on the basis of her 

understanding of the problem. She did this by reiterating a 

portion of the problem which precluded the erroneous 
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interpretation. These evaluations on Amy's part were the 

first constructive statements and subtly formed the basis 

for constructing a representation derived from problem 

context and structure. 

A basic heuristic process emerged from this session 

as the group began to isolate problem "wants" and "gi vens". 

Once isolated, these "wants" and "givens" increasingly 

became the foundation for constructive and evaluative 

statements by group members. 

Another behavior initiated by Amy in early sessions 

exemplified the "looking back" heuristic. Here, Amy either 

summarized the completed representation or, at least, 

related the consensus solution proposal to the problem 

statement of "wants". This heuristic was utilized primarily 

by Amy, but served a group purpose by providing an 

explanation of an independently constructed representation 

and ensuring the likelihood of a consensus approval. 

Throughout the five sessions, the search for and use 

of appropriate algorithms to solve problems was a prime 

concern of all group members. In non-routine problems, 

those not amenable to algorithmic solutions, the initial 

approach was still exemplified by a "propose and compute" 

strategy more suitable for routine textbook type problems. 

Yet the simple heuristic framework established by the group 

provided the basis for interpreting problem context, 



increasing the likelihood that the algorithm proposed 

represented the true structure of the problem. 
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Aside from this heuristic framework which structured 

the group problem solving effort, a variety of heuristic 

behaviors were utilized in situations where the construction 

of an adequate representation was stymied. The most 

effective of these heuristics was the developing flexibility 

in changing the mode of representation. utilized in each 

session and on 32% of the individual problems, this 

heuristic involved representing the problem in a more visual 

or concrete mode than the linguistic mode in which the 

problem was presented. Activities such as using chip 

manipu1atives (20% of the problems), drawing charts and 

diagrams (8%), and acting out the hypothetical context (4%) 

represented attempts by this group to more readily visualize 

a problem representation. 

"Reality checking", likewise, proved to be an 

important evaluative and monitoring technique utilized by 

the group on certain problems. This technique, present in 

16% of the problems, was used often when an incomplete 

problem representation provided an inadequate basis for 

evaluating solution proposals. 

The rereading heuristic also aided in the 

constructive process. This behavior appeared most often in 

two distinct situations. Most often, group members reread 
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the problem during the process of constructing problem 

representation. Under these circumstances, rereading was 

linked closely to the group's efforts in isolating and 

interpreting problem "wants" and "gi vens". Occas ionally, 

group members reread the problem as a monitoring device, 

indicating that group efforts in constructing a problem 

representation were unproductive or at least 

incomprehensible to the member rereading. Repeated 

rereadings signaled the rising frustration of the group as a 

whole in formulating a problem representation. 

Finally, the group's propensity to resort to 

seemingly random manipulation of numerical data, a tendency 

noted in several group members throughout the five sessions, 

became unbridled on several occasions. Such behavior marked 

an abandonment in the group's attempt to construct a 

meaningful problem representation and a concession by some 

group members of imminent failure on a particular problem. 

Case Study of Group B 

Preliminary Observations 

Group B was composed of two boys and two girls from 

the same elementary school fifth grade classroom. 

A preliminary "get acquainted" meeting was held 

three days before the first Problem Solving Session. The 

main purpose of this meeting was to explain the format of 
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the impending problem solving sessions and to answer the 

questions which invariably arise when children are subjectd 

to a novel situation. The meeting also provided the 

researcher the opportunity to address any possible subject 

anxiety associated with the task while accessing the 

willingness of members to work together as a group. During 

the meeting, group members spoke enthusiastically about both 

home and school. Ann, the obvious "class clown", whose sense 

of humor and rapid-fire delivery of anecdotes provoked the 

others to half-stifled outbursts of laughter, was the 

catalyst for the ensuing interaction. The initial 

seriousness of the other group members, Jim, Bob and Jan, 

quickly gave way to the infectious chattering and giggling 

of typical eleven-year-olds, anxious to please and excited 

about the prospect of doing something new. 

The California Achievement Test, administered one 

week prior to the study, was the basis for insuring some 

level of academic homogeneity among group members. The 

results of this test, shown in Table 20, indicated that on 

this particular test, all group members scored between the 

fifth and sixth stanine in both the reading and mathematics 

subtests. Jim's seventh stanine score on the reading 

section of this achievement test is, however, considered 

"well above average", and was the exception to this 

generalization (see Table 20). 



Table 20. Results of 1980 California Achievement Test 
for Group B. 

Subtest Jan Ann Bob 

Total Reading 
Grade Equivalent 6.9 6.0 5.9 

Stanine 6 5 5 

Mathematics 
Computation 
Grade Equivalent 7.5 6.2 7.7 

Stanine 6 5 7 

Mathematics 
Applications 
Grade Equivalent 6.6 5.4 4.5 

Stanine 6 5 4 

Total 
Mathematics 
Grade Equivalent 7.0 5.7 5.7 

Stanine 6 5 5 
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Jim 

8.3 

7 

7.0 

6 

6.9 

6 

7.0 

6 
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Additional test results, shown in Table 21, included 

performance scores on a problem solving pretest described in 

Chapter 3 (see Table 21). On this test Jim solved six of the 

eight problems presented and at least one of each of the 

four problem types. Jan did almost as well, but failed to 

find correct solutions for either of the two multi-step 

problems included on the test. Ann and Bob solved the fewest 

number of problems on this test, and had the greatest 

difficulty with multi-step and non-routine problems. 

Group B - Session 1 

Group B constructed complete representations for all 

four of the routine problems presented in this session. In 

problems 1-3-3 and 1-5-1, appropriate algorithms were 

derived during the initial Problem Solving Segment. An 

algorithmic solution was also found for problem 1-2-2, but 

required a "second chance" during the First Debriefing 

Segment to obtain it. The group likewise solved problem 

1-4-1 during the First Debriefing, utilizing a process 

strategy rather than an algorithm. 

The group constructed only a partial representation 

for the non-routine problem 1-1-4, presented during this 

session. Although group members made accurate contextual 

interpretations, they were unable to derive the mathematical 

structure of the problem even though they attempted both 

algorithmic and process approaches. Compounding the group's 



201 

Table 21. Group B: Number of correct items on Problem 
Solving Pretest, April 1982. 

Problems Jan Ann Bob 

Single Step 
Problems 
Type I 
n=2 2 1 1 

Multi-Step 
Problems 
Type II 
n=2 0 0 0 

Extraneous 
Information 
Problems 
Type III 
n=2 2 1 1 

Non-Routine 
Problems 
Type IV 
n=2 1 1 0 

Total 
n=8 :5 3 2 

Jim 

2 

1 

2 

1 

6 
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difficulty in correctly representing this problem was a 

typographical error in the problem text. This error greatly 

restricted the mathematical operations and processes 

available to Group B in solving the problem by violating 

condition 2 of the "problem bank" (see Problem Selection). 

Characteristics of the problem solving process of Group B 

during this session are presented in Table 22. 

The Interaction of Group Members. Jim initiated few 

of the verbal interactions which occurred in this first 

session, preferring instead to monitor the group process by 

evaluating the statements of the others and offering 

alternative strategies and proposals. Yet his ability to 

formulate representations and verbalize these formulations 

for the benefit of the other group members made him the 

focus of each problem solving attempt. Contributing 29% of 

the verbal exchanges, as shown in Table 23, Jim's expertise 

was quickly recognized and accepted. Ann expressed this 

deference when she exclaimed to Jim, "Give us what numbers 

to pl us or take-away" (B-1-1-4; Exchange 4.1). 

Although the other group members contributed over 

70% of the exchanges in this session, Jan (25%), Ann (24%), 

and Bob (22%) provided little substantive aid in 

constructing each representation. Instead they performed 

the computations suggested by Jim. Nonetheless, each member 

recognized the group goal of consensus agreement and 
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Table 22. Profile of Problem Solving Efforts by Group B 
during Session 1. 

Problems 

1-1-4 1-2-2 1-3-3 1-4-1 1-5-1 

Characteristics 

Number of 
Exchanges 119 167 29 52 69 

Number of 
Solution 
Proposals 5 7 1 2 4 

Segment in 
Which 
Solved Un* FD** PS*** FD PS 

*Unsolved 
**First Debriefing 
***Problem Solving 



Table 23. Percentage of verbal exchange by members of 
Group B during Session 1. 

Problems Jan 

1-1-4 31 

1-2-2 23 

1-3-3 10 

1-4-1 31 

1-5-1 32 

Average 25 

Ann 

26 

32 

17 

19 

23 

24 

Bob 

20 

22 

34 

19 

16 

22 
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Jim 

23 

23 

38 

31 

29 

29 
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insisted that all solution proposals llmade sense ll in terms 

of their understanding of each problem representation. Thus, 

Jim's expression of these representations had to be clear 

and concise if a consensus was to be reached. 

Transcripts of the solution attempt of a one-step 

problem containing extraneous data typified this role 

behavior (see Appendix A - Problem 1-3-3). In this problem, 

Jim delineated the correct representation again and again, 

providing a basis for the other's understanding and 

agreement. 

1. 
.1 

2. 
.1 

3. 
.1 
.2 

4. 
. 1 

Ann: 
Three boys share 
a bag of 100 jelly 
beans. After 
Johnny takes a 
handful, there are 
68 left. After Jim 
takes a handful there 
are 44 left for 
Andy" How many 
jelly beans did 
Jim get? 
Bob: 
Wow! 

Jim: 
o. K. 
Three boys share 
a bag of 100 
jelly beans. 
After Johnny takes 
a handful, there 
are 68 •.. 
Bob: 
Three boys got some • 

5. Jim: 
.1 O.K ... Wait! 
.2 Take 68 from 100. 

6. Bob: 

Ann reads the 
problem. 

Bob, Jim, and Jan 
write: 

3 /00 (08 "-1"-1 

Jim rereads the 
problem. 

Bob makes a 
deductive summation. 



·1 
. 2 

7. 
. 1 
.2 
.3 

8. 
. 1 
.2 

9 • 
• 1 

10. 
.1 

.2 

.3 

.4 

.5 
• 6 

11. 
. 1 

12. 
. 1 

13. 
. 1 
.2 

.3 
14 • 

. 1 
15. 

. 1 

16. 
. 1 

Wai t .•. 
100 take-away ..• 
Jim: 
There's 32 left . 
o. K ••• 
There are 68 
jelly beans •.• 
Ann: 
That's way too ••• 
That's 100 take
away 68. 
Bob: 
Oh, yeah. 
Jim: 
There are 68 jelly 
beans left •.• 
O.K .•• 68 •• 68 .• 68 
jelly beans left. 
After Jim takes a 
handful, there are 
44 .. 44 jelly beans 
left for Andy. 
How many jelly beans 
did Jim get? 
O.K ... it's 68 take-away 
No .•• wait ..• 
Bob: 
68 take-away ... 

Jim: 
. .. take-away 44 • 
Bob: 
Yeah ... 
Take-away 44 
because 44 •.• ah ••• 
How much is left? 
Jim: 
Twenty ••. 
Jan: 
24 left for Jim • 

Jim: 
Jim got 24 . 

Everyone computes: 
(Jim's computation) 

o Cf 10 

100 
- Co 8 
o3;t 

Ann reality checks, 
rejecting the 
proposal. 

Jim attempts a 
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mental representation. 

Ann writes: 

Bob attempts to 
share the mental 
representation 
suggested by Jim. 

Everyone computes: 
(Jim's computation) 



17. 
.1 
.2 

18. 
• 1 
.2 
• 3 
.4 

• 5 
19. 

.1 
20. 

. 1 
• 2 
• 3 

21. 
• 1 
• 2 

22. 
.1 

23. 
. 1 

~ .2 
• 3 
• 4 

24. 
.1 

25. 
.1 
• 2 
• 3 
.4 
.5 

.6 

.7. 

• 8 
26. 

. 1 
27. 

. 1 
28. 

.1 

Ann: 
wait a minute! 
If there were 68 
left and Jim got 
44, that counts 
from 68 to 44. 
Jim: 
Andy ••• 
No ••• 
Andy got 44 • 
O.K ••• now from 68 
to 44 is 24 ••• 
80 Jim go t 2 4 • 
Bob: 
Yeah! 
Jan: 
Tha t 's r i gh t ••• 
Jim got 24 • 
It's take-away • 
Bob: 
Yeah • 
68 take-away ••• 
Jan: 
Ann writes it! 
Bob: 
• •• jelly beans • 
Just write jelly beans. 
Oh ••• 
That's an easy problem . 
Ann: 
Are we sure? 
Jim: 
Yes ••• 
Because you see ••• 
Looki t ••• 
o. K ••• 
There's a bag of 100 
jelly beans. 
After Johnny takes 
a handful, there are 
68. 
O.K •• after Jim takes 
a handful, there are 44. 
68 take-away 44 is 24 • 
Bob: 
80 Jim ha s 2 4 • 
Jim: 
Jim has 24 jelly beans • 
Ann: 
80 Jim got a handful 

Ann misinterprets 
the suggested 
representation. 

Jim explains how 
the subtraction 
algorithm was 
derived from his 
representation. 

Jim explains his 
reasoning • 
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of 24. 
Tell him • 
Jim: 
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• 2 
29. 

1. 

.2 

So how many jelly 
beans did Jim get? 
241 

Jim relates the 
solution to statement 
of problem "wants". 
Ann writes: 24 
jelly beans. 

(B-1-3-3; Exchanges 1-29) 

The Incidence of Problem Solving Behaviors. The 

expected pattern of problem solving behaviors, characterized 

by the derivation of algorithms describing mathematical 

structure directly from interpretations of problem context, 

was absent in two of the five problems presented. In these 

cases, representations were constructed in order to justify 

an earlier algorithmic solution proposal. The pattern of 

behaviors which emerged for the group in solving these 

problems had a distinctly backwards orientation. In a 

cartesian product problem which required an unfamiliar 

contextual interpretation, the group demonstrated this 

backwards orientation. In this problem, Problem 1-4-1, the 

group worked backwards from a proposed solution to an 

interpretation of problem context (see Appendix A - Problem 

1-4-1): 

39. 
.1 
.2 
• 3 

40. 
. 1 
.2 

41. 
.1 

Ann: 
No ••• 
It's not divided .•• 
It's times . 
Bob: 
Let's do times ••• 
12 outfits? 
Jan: 
No ••• 

Algorithms are 
randomly proposed 
and rejected. 

Ann, Bob and Jim 
compute: "I 

X'3 
1.;2.. 



.2 
42. 

.1 

.2 

43. 
.1 

44. 
. 1 

45. 
.1 
.2 
• 3 

46 • 
. 1 
• 2 
.3 

• 4 
.5 

47. 
. 1 

48. 
.1 

49. 
• 1 

50. 
. 1 
• 2 

Can't be. 
Jim: 
Well, if she wears 
them all different 
pairs ••• 
I mean wear that 
one with this one 
and that one with 
this one. 
Jan: 
4! 
Bob: 
4? 
Ann: 
I know ••• 
8! 
She probably had 4 
skirts and 3 blouses, 
but she probably had 
pairs •• huh •• that went 
together. 
Jim: 
No, Ann. 
Lookit ••• 
Maybe she had 4 skirts, 
righ t? 
She had 3 blouses • 
She could use them 
with all different 
skirts. 
Jan: 
Yeah, but •.• 
Jim: 
That equals 12 
outfits. 
Jan: 
12 outfits • 
Jim: 
12 outfits • 
Write it down • 
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Jim gathers 8 chips 
and points out the 
different possible 
combinations. 

Jan, Bob and Ann 
misinterpret Jim's 
demonstration • 

Ann makes a proposal 
based on a "reality 
check" • 

Jim explains the 
reasoning. 

Jim recognizes the 
cartesian product. 

(B-1-4-l; Exchanges 39-50) 

Within this general pattern of behaviors, specific 

heuristic activities were observed which the group utilized 

in constructing and evaluating problem representations. 

These heuristic activities are shown in Table 24. 



Table 24. Incidence of behaviors during Problem Solving Segments by Group B in 
Session 1. 

Problems 

1-1-4 1-2-2 1-3-3 1-4-1 1-5-1 
Problem Solving Segments 

Constructive Behaviors PS DI DII PS DI DII PS DI DII PS DI DII PS DI DII 
Rereading aloud x x x x x x x x 
Rereading silently x x 
Stating problem wants and givens x x x x x x 
Stating problem conditions x x 
Using mnemonic notation x x 
Performing exploratory 8inipulations x x x x x 
Establishing visual comparisions x x 
Demonstrating problem conditions x 
Excluding extraneous information x 
Estimating an answer x x x 
Suggesting an operation x x x x x x x x 
Relating conditins to variables x 
Isolating sub-problems x 
Identifying "key" words x 
Deducing an algorithm x x 
Using random trial and error x 
Working backwards x 
Applying a standard algorithm x x x x 
Applying counting techniques x x 

Evaluative Behaviors 
Performing a reality check x x x x 
Relating proposals to the problem posed x x x x 
Retracing reasoning x x x x x 
Checking computation x x x x 
Providing no referent x x x x x 

N 
~ 
C) 



211 

Proposing an initial estimate of a solution was a 

heuristic behavior used by Group B in two of the five 

problems presented. In each case, estimations were used in 

compliment with "reality checks", an evaluative behavior. 

Both behaviors indicated some understanding of problem 

context, but also an inability to derive mathematical 

structure from this understanding. In the following excerpts 

from the solution attempt of a multi-step problem (see 

Appendix A - Problem 1-2-2), several alternate algorithmic 

proposals threatened the group's basic understanding of 

problem context. Jan then supplied an estimation of the 

solution which reclarified the group's contextual 

interpretation and hinted at the underlying mathematical 

structure of the problem: 

39. 
.1 

40. 
.1 
.2 

41. 
.1 

• 2 
42 • 

. 1 
43. 
.1 

Jim: 
Walter had 82 boxes 
of candy to sell for 
70 cents each. He 
sold 75 boxes. How 
much would it cost 
to buy the candy 
that Walter did not 
sell? 
Ann: 
It's to 0 m uc h ••• 
57 dollars. 

Jan: 
It mus t be 5 some
thing ••• 
Around there • 
Bob: 
Uh oh. 
Jan: 
He sold 75 boxes 
though. 

Jim reads the 
problem in response 
to Ann's proposal 
of $57.40. 

Ann reality checks. 
rejecting her own 
proposal. 

Jan makes an 
accurate estimate. 



44. 
.1 

45. 
.1 

Ann: 
But if you added up 
7 times 70, it comes 
out to about 57 
dollars and 40 cents. 
Jim: 
It'd have to be around 
5 dollars 

(B-1-2-2; Exchanges 39-45) 

Jim repeats Jan's 
estimate. 
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The confidence the group placed in this estimate was 

reflected by the reality checks used in evaluating three 

subsequent solution proposals. Transcripts indicated that 

the initial estimate became for the group the reality of the 

contextual situation and led directly to the completed 

representation: 

157. 
.1 
.2 
.3 

.4 

• 5 
.6 

158. 
.1 
.2 

.3 

• 4 
.5 

.6 

.7 

Jim: 
10 dollars •• lO dollars 
Cause looki t ••• 
They're 70 cents 
each ••• 
There are 7 boxes 
each ••• 
o. K ••• now 7 ••• 
How much would it 
equal for 7? 
Ann: 
Hey ••• 
How come we added up 
how much he did sell 
and that's more than 
how much he didn't 
sell? 
And how come that's 
not 84? 
Yeah ••• 
He sold more than he 
didn't sell ••• 
And how come it adds 
up more than ••• more 
money than he didn't 
sell? 
And adds a little bit 

Jim states the 
resul ts of hi s 
computation and 
explains. 

Ann reasons against 
Jim's proposal 

Jim computes: 

70 
7 

70 
70 
70 
7D 
70 

-+ 70 
70 

C!L~""';J 



159. 
.1 

160. 
.1 

.2 

.3 
161. 

.1 

.2 

.3 

162. 
.1 

163. 
. 1 

164. 
• 1 
• 2 

165. 
.1 

166. 
. 1 

167. 
.1 
• 2 

the ones he did sell? 
Jan: 
It has to be somewhere 
between 5 dollars 
and something like 
that. 
Ann: 
••• And how come the 
ones he did sell was 
a whole bunch ••• ? 
And how come it adds 
up to $9. 84? 
And how come ••• ? 
Jan: 
7 times 7 is 49 ••• 
Huh, Jim? 
It Id have to be 
$4. 90 • 
Ann: 
It IS have to be 
something lower than 
$9.84. 
Jim: 
$4.90 • 
Jan: 
That has to be it ••. 
Yeah ••• $4.90 • 
Bob: 
4 dollars and how many? 
Jim: 
$ 4.90 • 
Jan: 
O. K ••• 
We got it • 

(B-1-2-2; Exchanges 157-168) 

Jan repeats an 
earlier estimate. 
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Jan's mental compu
tation yields the 
correct number 
fact. 

Ann makes a "reality 
check" • 

Bob writes: $4.90. 

A second heuristic process which characterized a 

pattern of problem solving for Group B was the frequent 

changing of the mode in which problems were represented. 

These mode changes afforded the group a more concrete 

visualization of the representation being constructed. In 

four of the five problems presented, manipulatives were used 

to represent the problem at a more concrete level. Often, 
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however, the basis for such concrete representation was a 

proposed algorithm rather than the context of the problem 

itself. In these cases, this heuristic was used to verify 

the accuracy of a specific computational sequence. 

A thi rd heur i stic, "looking back ", was used 

exclusively by Jim in this session. This heuristic was 

employed generally as a monitoring technique whereby Jim 

assured a consensus agreement by relating a solution 

proposal to problem II wants II wi thi n the context of the 

problem. In one problem, however, Jim used this heuristic 

constructively. This problem, a one-step division problem, 

was described within an unusual contextual setting (see 

Appendix A - Problem 1-5-1). As consensus on an incorrect 

solution became imminent, Jim "looked back" and realized 

that the representation was incomplete. Jim's ensuing 

exchanges, although carried on within normal group 

interaction, were actually private reflections. In 

isolation, these exchanges detailed the reconstruction of 

this problem representation: 

16. 
.1 

17 . 
• 1 

• 2 

18. 
.1 

19. 

Jan: 
It's 18. 
Jim: 
Now what are we 
suppose to do 
after this one? 
The man has filled 
as .•• as he can. 
Ann: 
I have a remainder 
of O. 
Jan: 

Jim II looks back II • 



.1 
• 2 

20 . 
• 1 
.2 

.3 
21. 

. 1 
• 2 

22. 
. 1 
.2 
• 3 
.4 

23. 
.1 
.2 
.3 

24. 
.1 

25. 
.1 

• 2 
• 3 

26. 
. 1 
• 2 
• 3 

27. 
.1 

28. 
. 1 

29. 
.1 

30. 
.1 

31. 
• 1 
• 2 

32. 
.1 

Let me see • 
Let me see. 
Jim: 
O. K ••• 
There were 18 
baseballs left. 
Wasn't there? 
Jan: 
Yeah • 
There was 18 • 
Bob: 
Look what I did . 
Oh ••• 
I had that right • 
I di vided into 160 ••• 
162. 
Jim: 
O. K ••• 
But, but ••• 
How much is ..• ? 
Jan: 
How much baseballs 
were packed? 
Jim: 
How much were there 
packed? 
72 boxes ••• 
baseballs packed? 
Jan: 
I do n 't know • 
Let's figure it out • 
9 times 6 ••• 
Ann: 
Whoops! 
Jan: 
O.K •• 1458 • 
Ann: 
One thousand ••• 
Bob: 
What are we talking ••• ? 
I mean times? 
Ann: 
We times 152 times 9 . 
Which equals 1458 • 
Jan: 
Oh .•• That can't be 
right. 

Bob corrects his 
earlier 
computation: X098 

't) /~a.. 
o 

IT; 
-L 

72 
id-

o 
Jim examines his 
own mental 
representation of 
the problem • 

215 

Jan computes: S I 

I ~ a. 
X9 

I .Lf.s 8 
Ann computes: 

Reality check. 



33. 
• 1 
.2 

.3 
34. 

.1 

35. 
• 1 
• 2 
• 3 

36. 
.1 

37. 
.1 

38. 
.1 

39. 
.1 

40. 
.1 
• 2 
• 3 
.4 

• 5 
• 6 

41. 
. 1 
• 2 

42. 
. 1 
.2 
.3 

43. 
• 1 
• 2 

44. 
. 1 

45. 
.1 

46. 

Jim: 
Let's see ••• 
How many baseballs 
will be left over •• ? 
Wait! 
Ann: 
If I don't see it, 
nobody gets it. 
Jim: 
O.K ••• 162 • 
162 •.• 
Everybody right here • 
Bob: 
We don't get that 
many chips. 
Jim: 
• •• to pack into 
boxes. 
Bob: 
We don't have that 
many chi ps. 
Jim: 
• •• which holds 9 
baseballs each. 
Ann: 
O. K ••• 
We can use ••• 
If everyone has 20 ••• 
How many poker chips 
do we have? 
20 •• 40 ••• 
Ah ••• There's not enough • 
Jan: 
20 •• 40 .• 60 •• 80 •• 100 •• 
162 poker chips . 
Ann: 
Oh-h-h • 
O. K. 
We'll have to count 
our fingers and toes 
and add 60 chips. 
Jan: 
No •• wai t • 
1 •• 2 •• 3 •• 4 •• 5 •• 6 •• 
7 •• 8. 
Bob: 
We got 100, right here • 
Jan: 
9 •• 10 •• 11 ••• 
Jim: 
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Jim computes: 0 
/8 5/~OL 

OO~ 

lu~ 

Ann is referring to 
the problem card. 
Ann gets out the 
chips. 

Jim reads part of 
the problem to check 
hi s contextual 
interpretation. 



·1 
.2 

.3 
47. 

• 1 
• 2 

48. 
.1 

49. 
. 1 
. 2 
• 3 

50. 
.1 

. 2 
• 3 

51. 
.1 

52. 
. 1 
.2 

.3 

. 4 
53. 

. 1 
• 2 

54. 
.1 

55. 
.1 

56. 
.1 

No ••• 
Because there are 18 
boxes that he ••• sold. 
So ••• 
Jan: 
12 •• 13 •• 14 ••• 
You figure it out, 
Bob. 
Bob: 
What are we trying 
to do here? 
Ann: 
count by 5' s, dumb-dumb • 
O. K. well ••• 
5 •. 10 •• 15 •• 20 •• 25 .•• 
Jim: 
There were no base
balls left ca use ••• 
Looki t •• 
I timesed ••• 
Ann: 
•• 40 ••• 45 •• 
Jim: 
Looki t ••• 
I timesed the 9 and 
the 18 •• 
There are 18 boxes 
and ••• 
There was 9 in each • 
Bob: 
But lookit ••• 
That's what we got • 
Jim: 
162! 
Jan: 
But that's how many 
baseballs were left 
over. 
Jim: 
There were no baseballs 
left. 

(B-1-5-1; Exchanges 16-56) 

Group B - Session 2 
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Jim interprets the 
18 and recognizes 
the mathematical 
structure of the 
problem • 
Jim computes: 

/8 
X 9 

/ fD ~ 

Jim offers the 
proposal based on 
his complete 
representation. 

Jim explains hi s 
representation. 

Group B correclty represented three problems in this 

second session. In all three problems, Problem 2-1-1, 
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Problem 2-3-3, and Problem 2-4-2, mathematical structure was 

expressed in terms of the appropriate algorithm. In each 

case, a "second chance" during the first Debriefing Segment 

was necessary to obtain the correct solution. 

A trial and error process approach failed to 

complete the representation of Problem 2-2-2 even though the 

context of the problem was accurately interpreted. Likewise 

Group B, utilizing a process of constructing a 

representation based on manipulatives and diagrams, failed 

to solve the non-routine Problem 2-5-4. Inaccurate 

contextual interpretations blocked all attempts to derive an 

understanding of problem structure. In each of the problems 

missed, no effort was made by the group to reconstruct a 

problem representation once the answer had been provided 

during the Second Debriefing. These and other 

characteristics of the problem solving process of Group B 

during this session are presented in Table 25 (see Table 

25) . 

The Interaction of Group Members. As indicated in 

Table 26, the number of exchanges in this session was evenly 

distributed among group members. Jim (28% of the exchange) 

again dominated the problem solving effort. (See Table 26). 

The first problem presented, a one-step problem, exemplified 

the other group members lack of confidence in refuting the 

presentations constructed by Jim (see Appendix A - Problems 
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Table 25. Profile of Problem Solving Effort by Group B 
during Session 2. 

2-1-1 

Characteristics 

Number of 
Exchanges 126 

Number of 
Solution 
Proposals 5 

Segment in 
Which 
Solved FD* 

*FD - First Debriefing 
**Un - Unsolved 

2-2-2 

123 

4 

Un** 

Problems 

2-3-3 . 2-4-2 2-5-4 

83 152 182 

3 2 4 

FD FD Un 



Table 26. Percentage of Verbal Exchange by members of 
Group B during Session 2. 

Problems Jan 

2-1-1 17 

2-2-2 21 

2-3-3 22 

2-4-2 25 

2-5-4 23 

Average 22 

Ann 

22 

26 

24 

22 

25 

24 

Bob 

32 

33 

29 

22 

23 

24 

Jim 

29 

20 

25 

31 

29 

28 
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2-1-1). In the solution attempt of this problem, Jan (22% of 

the exchanges) and Jim each proposed algorithmic solutions 

based on conflicting contextual interpretations. Although 

Jan's interpretation was correct and was easily verifiable 

by referring to problem context, she remained silent, 

allowing Jim's proposal to go unchallenged: 

1. 
.1 

2. 
.1 

3 • 

Jim: 
Lisa has 144 pennies. 
She has 6 times as 
many nickels. How 
many nickels does 
she have? 
Bob: 
140: 
Jim: 

• 1 No ••• 
. 2 144 • 
• 3 She has 6 time as 

many pennies as 
nickels. How many 
nickels does she 
have? 

.4 

.5 
• 6 

4. 
. 1 
• 2 
.3 

5. 
.1 

• 2 
6. 

.1 
7. 

.1 

. 2 
• 3 

8 . 
. 1 

9. 
. 1 

10. 

o. K ••• 
I think it's division. 
Urnrnrn ••• Wai t . 
Jan: 
o. K ••• wait •• 
144 divided by 6 • 
o. K ••• 
Ann: 
I know how to do 
it .•• 
I don't forget • 
Jim: 
Divided by 5. 
Jan: 
6! 
Lookit .•• right here ••• 
6 times as many . 
Jim: 
I do n 't know. 
Bob: 
Divide it into 6 • 
Jim: 

Jim reads the 
problem. Ann 
writes: 
Bob writes: 

/L/'-/ ~ 
/ ~O b 

Jim suggests an 
algorithm. 
Jan computes: t2 L/ R:O 

, ) 1411 
.... /2-

~~ 
·~o Ann computes: ~ 

b) /1'/ 
-/2 

I)..J{ 
,;1..., 

Jim computes: 01. 8 IN 

5) I~~ 
/0 

Bob computes: 

IT~ 
- "10 

o"{ 

1~'1 T---
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• 1 Yeah . Jim proposes a 
.2 I think it's this. solution. 

11. Jan: 
. 1 It's 24 • Jan proposes a 

12. Jim: solution. 
.1 I think it's 28. 

(B-2-1-1; Exchanges 1-12) 

Increasingly group members demonstrated patterned 

reactions to the obvious frustration encountered in solving 

several problems. Bob (24% of the exchanges) and Ann (24% of 

the exchanges) frequently resorted to their favorite 

heuristics, rereading the problem and maneuvering the 

chip-manipu1atives. These activities, however, were 

generally unfruitful in providing insight into problem 

representations because Jim, reacting to the same 

frustration, often chose to withdraw from the group process. 

Jan undertook the role of monitor in these situations, 

admonishing the others to work together. The group's 

overreliance on Jim's problem solving ability was apparent 

in these moments of impasse. At one point, Jan scolds Jim, 

"Jim! Participate, man! Come on!" (B-2-3-3, Exchange 53). 

Still Jim preferred to reflect silently or compute untried 

mathematical sequences until he had a new proposal to make. 

As a result, group members, particularly Ann and Bob, were 

often excluded from the problem solving process. 

Increasingly there was a tendency for these two to 

"split-off" from the others, forming their own mini-group. 

The competitive atmosphere which arose in these situations 
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was vocalized at the conclusion of one problem solving 

effort when Ann exclaimed, "Two smart ones against two dumb 

ones; and guess who won?" (B-2-4-2; Exchange 78). 

The Incidence of Problem Solving Behavior. 

Accounting for the reluctance of Jan, Ann, and Bob to debate 

alternative contextual interpretations with Jim, was the 

continued pattern of behaviors found in the first session 

and compiled in Table 27. In respect to these three group 

members, Ann, Bob, and Jan, this pattern of behaviors was 

distinctly backwards. Characterizing this pattern was Jim's 

rapid. inti tial algori thmic proposal followed by a contextual 

interpretation which was fitted in the algorithm. By 

postponing contextual interpretations until after the 

mathematical structure of a problem had been proposed in the 

form of an algorithm, Jan, Ann, and Bob clearly had no basis 

for evaluating the proposal (see Table 27). 

The increasing incidence of "reality checks" by Ann 

and Bob in this session was a result of being "left-out" of 

the process of representation construction. When Ann 

evaluated a solution proposal by saying, "That seems like 

too much." (B-2-3-3; Exchange 19), it was apparent that 

there was little other basis for her in making evaluations 

other than intuition. 

Yet Ann, Bob, and Jan attempted to reverse the 

orientation of the problem solving process whenever the 



Table 27. Incidence of behaviors during Problem Solving Segments by Group B in 
Session 2. 

Problems 

2-1-1 2-2-2 2-3-3 2-4-2 2-5-4 
Problem Solving Segments 

Constructive Behaviors PS DI DII PS DI DII PS DI DII PS DI DII PS DI DII 
Rereading aloud x x x x x x x x x x 
Rereading silently x x x 
Stating problem wants and givens x x x x x 
Stating problem conditions x x x 
Defining terms x x x 
Using mnemonic notation x x x 
Performing exploratory minipulations x x x x x 
Drawing a diagram, table or chart x x 
Acting out the problem x x 
Establishing visual comparisions x 
Demonstrating problem conditions x x x 
Simplifying the problem x 
Identifying a pattern x 
Suggesting an operation x x x x x x x x x x 
Relating conditins to variables x x x x 
Isolating sub-problems x x x 
Referring to a similar problem x 
Identifying "key" words x 
Deducing an algorithm x x x x 
Using random trial and error x 
Working backwards x x 
Applying a standard algorithm x x x x x x x x 
Applying counting techniques x x 

Evaluative Behaviors 
Performing a reality check x x x x x 
Relating proposals to the problem posed x x x x x 
Retracing reasoning x To x X X X X X x 
Checking computation x x x x x x x 
Recounting x 
Providing no referent x x x x 

~ 
~ 
~ 
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opportunity arose. Increasingly First Debriefing Segments 

in which Jim often withdrew from the group were 

characterized by some attempt to isolate and interpret 

problem "wants" and "gi vens". An excerpt from the sol ution 

of a multi-step problem illustrated this situation (see 

Appendix A - Problem 2-2-2): 

51. 
.1 
.2 

Jim: 
Let me see the card. 
John and Mary have 
some pennies. 
Together they have 
60 pennies. John 
has 30 more pennies 
than Mary. How 
many pennies does 
John have? 

52. Jan: 
.1 6 times 9 or something . 
. 2 Ahhh .• I know! 
• 3 O. K. . . O. K. . . I th ink 

. 4 

.5 

• 6 
. 7 
.8 

53. 
.1 
.2 

54. 
.1 

55. 
.1 

.2 

.3 

56. 
.1 

57. 

I got it . 
Let me see ••• 
O.K ••. 30 more pennies 
than Mary? 
O.K •.• let's see ••. 
60 take-away 30 .•• 
30, huh? 
Ann: 
No. 
Umm .. 60 take
away 30 ••• 
Jan: 
It's 30, Ann. 
Ann: 
Well, how much does 
that leave? 
We said he had 60 
pennies. 
O.K., it says he has 
double more than Mary 
does. 
Jan: 
o. K •••• 
Ann: 

Jim rereads the 
problem. 

Jan computes: (p C 

-3D 
30 

Ann calculates and 
then corrects: 

~D 
- 30 

~ 
CoO 

-30 
30 



.1 

58. 
.1 

• 2 
• 3 

59. 
. 1 
.2 

• 3 
60. 

• 1 
61. 

.1 

.2 

62. 
.1 

63. 
.1 
• 2 
.3 

64. 
.1 

• 2 

Read that part that 
says he has more. 
Bob: 
John has 30 more 
pennies ••• 
O.K.? 
30 more • 
Ann: 
The problem is ••• 
Let's find out how 
many he has ••• 
So we can add 30 to it • 
Jan: 
Wait, wait, wait ••• 
Bob: 
Both of them have to 
have some pennies 
ca use of the "John 
and Mary ha ve ••• 
some pennies. 
So both of them have 
some pennies. 
Ann: 
John and Mary just 
have more pennies 
now. 
Bob: 
Together they ahve 
I know •.• 
Each one has 30! 
Jan: 
That's what I was 
saying! 
He has more • 

60. 

Bob rereads a 
portion of the 
problem • 

Ann suggests a 
so 1 ut ion pa th • 

The group tries 
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to interpret the 
problem conditions. 

(B-2-2-2i Exchanges 51-64) 

This basic heuristic of isolating problem "wants" 

and "givens", found almost exclusively in First Debriefing 

Segments, often provided the basis for contextual 

interpretations essential in constructing meaningful problem 

representations. In a one-step ratio problem which the 

group found difficult to interpret (see Appendix A - Problem 

2-1-1), Bob's attempt to literally "picture" a problem 
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condition resulted in a correct contextual interpretation. A 

derivation of problem structure followed: 

98. 
.1 

99. 
.1 

• 2 
100. 

. 1 

.2 

101. 
.1 
.2 

102. 
.1 

• 2 
103. 

. 1 

.2 

104 • 
. 1 
.2 

105. 
.1 

106. 
. 1 

107 . 
. 1 

108. 
.1 
.2 

109. 

Ann: 
Lisa has 144 pennies. 
She has 6 times as 
many pennies as 
nickels. How many 
nickels does she 
have? 
Bob: 
6 times as many 
ni ckles? 
Oh, that's a hard one • 
Jim: 
6 times as many •.• 
6 times as many ••• 

Jan: 
Tha t 's a lot. 
6 times as many as 
nickels. 
Bob: 
O.K ••• if I dreamed 
that there's this 
little girl and she 
had 144 pennies ••• 
all in front of her •• 
O. K ••• 
Ann: 
Yeah ••• 
She has freckles, red 
hair, bl ue eyes and .•• 
Bob: 
••• and she ••• 
What does it say again, 
Jim? 
Jim: 
She has 6 times as 
many penni es as 
nickels. 
Bob: 
6 times. 0 • 

Jim: 
••• as many .•• 
Jan: 
How many? 
144? 
Bob: 

Ann rereads the 
problem. 

Jim seeks an inter
pretation of the 
phrase. 

.Bob covers his eyes 
and attempts to 
vi sual iz e the 
problem • 

Jim rereads a 
portion of the 
the problem. 

Jan computes: 
/~tf 

(Bto; 



.1 6 times as many as 
nickels. 

110. 
.1 
• 2 

111. 
.1 

112 • 
. 1 

113. 
.1 

114. 
. 1 
• 2 
• 3 
.4 

.5 
115 . 

. 1 

.2 

116. 
.1 

117. 
• 1 
.2 
• 3 

Jan: 
Ahhh ••• 
864 pennies ••• er ••• 
nickels. 
Ann: 
Jan! 
Jim: 
She only has 144 
pennies. 
Jan: 
What am I thinking of? 
Bob: 
O.K ••• leave a 144 ••• 
Don't change it ••• 
O.K.? 
Tha t 's how many 
pennies she has. 
144? 
Jim: 
o. K •••• 
She has 6 times as 
many pennies as 
ni ckel s ••• 
Bob: 
She has 6 times 
more ••• 
Jim: 
Ohhh ••• 
I think I got it ••• 
Divide 6 into 144? 

(B-2-1-1; Exchanges 98-117) 
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Jan reproposes an 
earlier computation. 

Bob persists in his 
attempt to visualize 
the problem • 

Bob restates the 
phrase. 

Bob's restatement 
gi ves Jim the 
insight • 

The attempt by Bob in the previous illustration to 

make visible a problem representation, was for both Ann and 

Bob an essential process in understanding the problem. In 

every problem presented in this session, some form of mode 

change was attemped. In the solution of a one-step problem 

containing extraneous data (see Appendix A - Problem 2-3-3), 

Ann, Bob, and Jan attempted a more concrete representation, 
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using chips and other counters, even as Jim proposed an 

algorithmically generated solution: 

43. 
.1 

44. 
.1 

45. 
.1 

46. 
.1 

47. 
• 1 
.2 

48. 
.1 

.2 

49. 
. 1 
.2 

50. 
.1 
.2 

• 3 
51. 

. 1 
• 2 

52. 
.1 
.2 
.3 

.4 

Jan: 
Mary has 2,345 stamps 

Bob: 
Two thousand ••• 
Jan: 
2,345 stamps in her 
collection. 273 of 
the stamps are 
Mexican. 
Bob: 
How much are these? 
Jan: 
273 are Mexican • 
1,627 are American, and 
the remaining stamps are 
from Canada. Exactly 
how many stamps are 
not American? 
Ann: 
Whatever one you guys 
decide on, I'm going to 
say, "Naw, I'm not 
sure" .• 
Why did I ever 
believe you. 
Bob: 
I know ... 
Pretend these are 
Mexican cents ••• 
and Canada cents ••• 
Ann: 
No ••• 
We're not counting 
money ••. 
We're counting stamps . 
Jan: 
Pretend they're stamps •• 
Pretend they're stamps • 
Ann: 
You guys! 
It can't be! 
Because it says there's 
2,000 stamps. 
We do n 't eve n ha ve 
over 300. 

Jan rereads the 
problem. 

Bob suggests 
representing the 
probl em wi th ch i ps. 



53. 
.1 
• 2 
• 3 
• 4 
.5 
.6 

• 7 
.8 
.9 
• 91 

54. 
.1 

55. 
. 1 

56. 
.1 
• 2 

57. 
.1 

58. 
.1 

59. 
1. 

60. 
.1 
• 2 

61. 
.1 

62 • 
. 1 

63. 
. 1 
• 2 
.3 

Jan: 
O.K •• O.K ••• 
100 ••• 
We need more than 100 • 
Pretend these are 200 • 
O.K.? 
Give em all your 
checkers ••• 
All your checkers • 
Jim! 
Participate man! 
Come on! 
Jim: 
Why don't you just 
work it out on paper? 
Ann: 
Yeah, Jan the paper ••• 
Jan: 
O. K ••• 
1 .. 2 .. 3 .. 4 .... 
93 ••• 94 ••• 95. 

Bob: 
Count to a thousand. 
Jan: 
Just mark up your 
paper and count 
them later. 
Ann: 
100! 
Jim: 
I think I got it. 
Looki t ••• 
Ann: 
Jim .•• I'm not 
going to believe you. 
Bob: 
Ahh, you guys 
made me mess up. 
Jim: 
Lookit .•• 
It's 2,345 ••• 0.K .•. 
Now 1,624 are 
American. 

230 

Jan is referring to 
white poker chips. 

Jim is rereading the 
problem over and over 
silently • 

Bob, Jan and Ann 
begin marking slash 
marks on their 
paper and counting 
them: 

/1111111111111111111/111 
Ii /l1111/{{(I//l1I1111I1I 

"'{{{II11lll/llllit III I ) 
11"11 J (\ III 1l1l/1I111l1\ 

Ann has counted 
100 sl ash marks. 

Jim computes: 
I 1'3 

~$.'IS 
I 4. ;J. L{ 

~7a!5 

Jim explains his 
reasoning. 



.4 So you take it 
away and see how 
much are left and 
that's not American. 

(B-2-3-3i Exchanges 43-63) 

Despite the apparent futility of Ann, Bob, and 

Jan in changing the mode of representation in the 

previous example, the use of concrete manipulatives 

became in this session an effective strategy for the 

entire group in their attempts to construct meaningful 
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representations. In the following excerpt of the solution 

attempt of a multi-step problem (see Appendix A - Problem 

2-4-2), the use of manipulatives aided the group in 

simply visualizing the problem context: 

127 •• 
01 
.2 

.3 
128. 

• 1 
129. 

.1 

.2 
130. 

.1 
131. 

.1 

.2 

.3 

132. 
• 1 
. 2 

133. 
• 1 
• 2 

Jan: 
wait ••• 
How about if all 
these are 10' s? 
O.K.? 
Bob: 
Alright • 
Jan: 
And all these equal 
up to 1000. 

Got it? 
Bob: 
Yeah. 
Jan: 
Now 10 00 co up 0 ns .•• 
All those are a 
thousand ••• 
Now his classmates 
gave him 248. 
Bob: 
Wait, wait ••• 
Get 248 of something • 
Jim: 
O.K ••• wait • 
Be quiet • 

Jan suggests that 
each chip 
represents 10 
coupons. 



• 3 
134. 

.1 

135. 
.1 
• 2 
.3 

136. 
.1 
.2 
• 3 
.4 

137. 
.1 

• 2 
.3 

. 4 
• 5 
• 6 
. 7 

138. 
. 1 
• 2 
• 3 

Wai t •.. 
Jan: 
How many coupons did 
Allen have before his 
classmates gave him 
some? 
Ann: 
See ••• 
That's the trouble ••• 
Wha t number? 
Jan: 
O. K ••• 
248 chips 
Now he's 176 short ••• 
Got that? 
Jim: 
Oh ••• lOOO take-away 
l76? 
No ••• he's sh ort • 
You see ••• I've got 
it all figured out, 
but I don't know how 
to explain it. 
1000 take-awy 176. 
Take-away ••• 
824 ••• 
824 take-away •.• 
Jan: 
••• 248 • 
Lookit .•• lookit ••• 
Watch • 

(B-2-4-2; Exchanges 127-138) 

Jan rereads a 
a portion of the 
problem • 
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Jan visualizes the 
problem in terms of 
chips. 

Jim computes: 

IOOD 
17" 
8;;..4 

Jan computes: 
IOCJ 0 

17f.:J 
Sc>Z.l.-{ 

-02.48 ---S7 to 

In the preceding example, the use of manipulatives 

did not in itself constitute a representation of the 

problem, but merely a means of visualizing problem context. 

The underlying mathematical structure became apparent from 

this visualization, but was not a part of it. In another 

example of the use of the heuristic, a more visual 

representation focused specifically on and provided insight 

intno the underlying mathematical structure of the problem. 
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An excerpt from the solution of this non-routine problem 

illustrated the difference (see Appendix A - Problem 2-5-4): 

122. 
.1 

123. 
• 1 

124. 
• 1 

125. 
. 1 
• 2 
• 3 

126. 
. 1 
.2 

• 3 
127. 

.1 
• 2 
• 3 

128 • 
. 1 
• 2 

129. 
.1 
• 2 
• 3 

130. 
.1 
.2 

Jim: 
I don't think it's 
coming out right 
either. 
Bob: 
This is a hard one • 
Jim: 
o. K ••• 4 ••• 
Jan: 
1 •• 2 •• 3 •• 
4 •• 5 •• 6 •• 7 •• 
8 •• 9 •• 10 •• 11 •• 12 •• 

Jim: 
Cause it's 4 and 3 •• 
O.K. pretend you 
ha ve 3 an d I ha ve 4 •• 
It's 7 times 4 • 
Jan: 
Here •.• 
Take my hand .•• 
1 •• 2 •• 3 •• 

Bob: 
Now me. 
4 •• 5 •• 6 •• 
Jan: 
Now Ann. 
7 •• 8 •• 9 •• 
10 •• 11 •• 12 • 
Jim: 
You see .•• 
It'd be exactly 
like thi s one. 

(B-2-5-4; Exchanges 122-130) 

Jim realizes his 
sol ution may be 
too simpl istic. 

Jan points out a 
pattern for acting 
out the problem 
situation. 

Bob computes: I.{ 
3 

~ 
The group aga in 
attempts to act 
out the problem 
si tuation. 

Jim relates the 
problem to the 
group dramatization. 

The use of concrete manipulatives as a means of 

changing the mode of problem representationn appeared firmly 

entrenched as a basic problem solving behavior of Group B in 

this session. However, the effectiveness of this heuristic 

in the actual construction of problem representations was 
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limited by the situations in which it was utilized. Found 

almost exclusively in the First Debriefing Segment of 

solution attempts in which it was employed, this activity 

often served as simply a verification technique for 

evaluating algorithmically derived solution proposals. in 

the solutionn attempt of a multi-step problem (see Appendix 

A - Problem 2-2-2), Jim used manipulatives to verify an 

incorrect solution. He accomplished this by representing the 

incorrect algorithm rather than the problem itself. 

99. 
.1 
.2 

.3 
100. 

. 1 

. 2 
101. 

• 1 
.2 
.3 

102. 
.1 

.2 

103. 
.1 

104. 
.1 

105. 
.1 
• 2 
.3 

106. 
.1 

107. 
. 1 

108 . 
. 1 

Bob: 
O. K ••• 
Pretend these are 
pennies ... 
Alright you guys? 
Jan: 
10 ... 
16 .. 17 .. 18 ... 
Bob: 
Lookit ... 
See you guys? 
It's 5 
Jim: 
She has 12 pennies, 
Jan ••. 
You're wasting your 
time counting them. 
Ann: 
60 pennies? 
Bob: 
We got 60 right here. 
Jan: 
O. K ••• 
60 ••• 
I'm trying to prove a 
point here. 
Bob: 
O. K ••• 
Jan: 
These are 60 . 
Bob: 
O. K. 

Jim begins counting 
out chips. 

Bob computes: 
12 

Xs 
~ c 



·2 

• 3 
.4 

• 5 
.6 

109. 
• 1 
.2 

110. 
.1 

111. 
• 1 
.2 

• 3 
112. 

.1 
113. 

.1 

114 . 
. 1 
.2 

115 . 
. 1 
.2 

116. 
.1 
• 2 

• 3 
117. 

.1 

118 . 
. 1 
• 2 

I'm going to read it 
to you. 
You guys work on it • 
John and Mary have 
some pennies. 
Together they have 
60 pennies. 
60 pennies. 
O.K. that's 60 pennies . 
John has 30 more 
pennies than Mary. 
Jim: 
So di vide •.. 
Put it into stacks 
of 12. 
Bob: 
Yeah! 
Jim: 
There isn't none left ..• 
And if there isn't none 
left, these are 100kin' 
good. 
And that's it. 
Jan: 
12 ..• 13. 
Bob: 
Oh ••• so there's 
one penny left? 
Jim: 
No ••• 
Because she put 
one wrong. 
Bob: 
No ••• 
She didn't count the 
pennies. 
Jim: 
o. K ••• 
There's 5 in stacks 
of 12 ... 
12 times 5 • 
Ann: 
We would have got the 
answer a long time 
ago if they would have 
just told us how many 
John has. 
Jim: 
See .•. 
It is . 

Bob rereads the 
problem. 

Jim suggests a 
representation. 
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There appears to be 
1 chip too many. 

Jim discards the 
extra chip . 



119. 
.1 

120. 
.1 

121. 
. 1 

122. 
. 1 

123. 

Jan: 
She's got 12 pennies 
and he's got the rest. 
Bob: 
Yeah! 
Jan: 
See how easy it was • 
Bob: 
12 pennies, Ann . 
Jan: 
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• 1 Well •.• Ann writes: 12 pennies. 

(A-2-2-2; Exchanges 99-123) 

Group B - Session 3 

Group B constructed complete representations for 

four of the five problems presented in this session. 

Problems 3-2-3, Problem 3-4-3, and Problem 3-5-1 were 

routine problems solved algorithmically. Characterizing the 

solution attempts of these three problems, as shown in Table 

28 was the lew number of verbal exchanges required to reach 

consensus on a single solution proposal. Problems 

characterized in this manner were generally found to be 

tri vial by at least one group member. These sol utions 

represented a break in the pattern of group problem solving 

behaviors under study. 

A process approach based on the usage of concrete 

manipulatives resulted in an accurate representation of 

Problem 3-1-2. This problem, as well as the trivial problem 

identified previously, was solved during the initial Problem 

Solving Segment of this session. 
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Table 28. Profile of Problem Solving Effort of Group B 
during Session 3. 

3-1-2 

Characteristics 

Number of 
Exchanges 95 

Number of 
Solution 
Proposals 4 

Segment in 
Which 
Solved PS* 

*PS - Problem Solving 
**Un - Unsolved 

Problems 

3-2-3 3-3-4 3-4-3 3-5-1 

40 204 31 25 

1 3 1 1 

PS Un** PS PS 
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Group B attempted both an algorithmic approach and a 

process approach on the single non-routine problem, Problem 

3-3-4, presented during this session, but was unable to 

solve it. Failure to represent the problem at any level was 

attributed to the group's inability to define key terms 

within the context and thus a misinterpretation of the 

relationship between them. During the Second Debriefing 

Segment in which the correct answer was provided, the group 

ignored the problem context which had frustrated them in 

previous segments, and, working backwards, made an 

unsuccessful attempt to define a statement of problem 

structure. 

The Interaction of Group Members. The ease with 

which three of the five problems were solved greatly 

influenced the pattern of group interactions in this third 

session. Jan, as shown in Table 29, contributed 28% of the 

exchanges. She appeared confident in her ability to 

contribute and often competed with Jim in proposing quick 

algorithmically derived solutions. Jan recognized 

immediately the mathematical structure of a "retail problem" 

containing extraneous data (Problem 3-4-3). Jim (27% of the 

exchanges) proposed solutions to two problems following the 

initial reading in the same manner (Problem 3-2-3 and 

Problem 3-5-1). 



Table 29. Percentage of Verbal Exchange by members of 
Group B during Session 3. 

Problems Jan Ann Bob Jim 

3-1-2 25 25 26 23 

3-2-3 30 25 13 33 

3-3-4 25 25 22 28 

3-4-3 45 23 19 13 

3-5-1 16 20 24 40 

Average 28 24 21 27 
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Group participation and interaction was blunted 

during the solution attempts of the trivial problems 

previously described. Bob contributed just 19% of the 

exchanges during the solution of these three problems. 

During problems in which an immediate algorithmic solution 

did not generate a consensus agreement, Bob played a more 

active role. Contributing 24% of the exchanges in these 

problems, Bob's propensity to employ a process approach to 

problems characterized the solution attempts of Problem 

3-1-2 and Problem 3-3-4. 

Ann (24% of the exchanges) contributed little to the 

process of constructing problem representations in this 

session. Even her evaluations of the other group member's 

proposals showed signs of becoming increasingly 

argumentative. She responded angrily to Jan's call for 

consensus on a solution to Problem 3-4-3 even after a 

detailed "look back" by other group members (see Appendix A 

- Problem 3-4-3). 

18. 
.1 

• 2 
19. 

.1 

.2 

Jan: 
••• And it comes out 
to $7.50. 
It gots to be • 
Ann: 
Why? 
Just because you, 
Jim and Bob ••• ? 

(B-3-4-3; Exchanges 18-19) 

In all five problems presented in this session, Ann 

placed herself in a position where the other group members 
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either reexplained a problem representation to her or 

cajoled her late consensus agreement. This situation existed 

even when Ann appeared to follow or even contributed to the 

reasoning which generated the solution. 

The Incidence of Problem Solving Behaviors. The 

general pattern of behaviors which marked solution attempts 

in Session Two was characterized by a backwards orientation. 

This pattern was absent in the two non-trivial problems 

presented in Session Three. Such an orientation, it was 

pointed out, was a rejection of Jim's problem solving 

expertise and leadership. The failure of the group, in 

Session Two, to accurately represent problems during the 

initial Problem Solving Segment and the need of other group 

members to playa more constructive role in the process were 

factors in this orientation change. 

Also contributing to the apparent change in 

orientation was the near certainty that the two non-trivial 

problems presented in this session were simply not amenable 

to Jim's style of making quick algorithmic statements of 

structure. The linguistic complexity with which the context 

of the two problems was described demanded a careful 

analyses and suggested specific heuristic behaviors for 

deriving problem structure. As an example, the solution 

attempt of Problem 3-1-2, a two-step problem (see Appendix A 

- Problem 3-1-2), was again characterized by quick solution 
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proposals; yet even Jim found it difficult to match a 

contextual interpretation to the algorithmically represented 

structure. ( "I get it, but I don't know how to explain it". 

B-3-1-2, Exchange 29). 

As the frustration of the group increased, a 

concerted attempt to interpret the context from isolated 

statements of problem "wants" and "givens" was made. Bob 

and Ann initiated the decomposition of problem "givens" by 

using concrete manipulatives: 

41. 
. 1 
• 2 
• 3 

42 • 
. 1 
• 2 

43. 
.1 

• 2 
• 3 

44 • 
. 1 

45. 
.1 

.2 

46. 
. 1 
• 2 

Ann: 
Let's ga ther them up ••• 
O.K ••• Jerry has 11 ••• 
O.K ••• This is for Jerry • 
Bob: 
O.K ••• that's Jerry? 
O.K. you're doing Jerry • 
Ann: 
.. 5 .• 6 .. 7 .. 8 .. 
9 •• 10 •• 11 •• 
That's Jerry •• 
Here's 11 • 
Bob: 
7! 
Ann: 
Jerry has 11 more 
marbles than •• Dan has. 
Jerry has 7 fewer 
marbles than Fred. 
Jim: 
Here's 24 ••• 
24 ••• Dan • 

(B-3-1-2; Exchanges 41-46) 

Ann misinterprets 
problem and assigns 
11 chips to Jerry. 

Jim groups 24 chips. 

utilizing the chips, Bob recombined the isolated 

"givens". This activity defined a process for deriving the 

mathematical structure of the problem and provided a partial 

representation. 



47. 
• 1 
.2 
.3 
• 4 
.5 

48. 
• 1 
.2 

49. 
. 1 
.2 

• 3 
.4 

50. 
• 1 
.2 

51. 
. 1 

52. 
.1 

Bob: 
Oh ••• 
That 24's Dan's? 
O. K ••• 
Now looki t ••• 
Jerry has 11 more 
marbles than Dan. 
Ann: 
That's the question ••• 
How many does Dan have? 
Bob: 
o. K •• wait ••• 
Jerry has 11 more 
marbles than Dan. 
Oh ••• 
So Jerry must ••• 
Jim: 
24 pI us .•• 
24 pI us ••• ? 
Bob: 
24 plus 11 • 
Jim: 
35. 

(B-3-l-2; Exchanges 47-52) 
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Bob tentatively 
pushes the 11 chips 
assigned to Jerry 
into the group of 24. 

Bob and Jim 
compute: .:2£./ 

1/ 
3 ~-

The process of decomposing and recombining problem 

"givens" clarified the context of the problem. Jim was then 

able to provide a statement of mathematical structure which 

completed the representation: 

57 • 
. 1 
.2 

.3 

58. 
.1 
• 2 

59. 
• 1 

60. 
.1 

Bob: 
o. K •• 
Jerry has 11 more 
marbles than Dan. 
Jerry has 7 fewer 
marbles than Fred. 
They're not saying 
how much Fred gots. 
Jim: 
So it's 35 ••• plus 7. 
Let's see ••• 
Jan: 
It's take-away 7 . 
Bob: 
Take-away. 

Bob rereads a 
portion of the 
problem • 

Jim interprets and 
computes: 

3S 
+ 7 

'-to/'" 



61. Jim: 
.1 Naw ••• 
• 2 Jerry 

62. Jan: 
.1 Oh ••• 
• 2 o. K ••• 

63. Bob: 
• 1 I got 

has fewer • 

42 • 
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Jan and Bob compute: 

3S 
+- 7 
-4 OL 

(B-3-1-2i Exchanges 57-63) 

Jim and Bob then summarized the complete problem 

representation, "looking back" to the statement of problem 

"wants II. 

71. 
. 1 
• 2 
.3 

.4 
72. 

.1 
73 . 

• 1 

• 2 
74 • 

• 1 
• 2 

75 • 
. 1 
• 2 
.3 
• 4 
• 5 

.6 

76. 
. 1 

77 • 
. 1 

Jim: 
Shut up for a minute .• 
Looki t •• 
Jerry has 7 fewer 
marbles than Fred. 
So Fred has higher. 
Jan: 
What? 
Jim: 
If Dan has 24, how 
much does Fred have? 
It's 42 • 
Bob: 
Yep. 
42 • 
Jim: 
Do you agree on that? 
Cause 100kit ••• 
Jerry. has 7 ••• 
Jerry has 35 .•• 
And he had 7 fewer ••• 
than Fred. 
So 35 plus 7 would be 
42. 
Jan: 
Tha t 's r i gh t • 
Jim: 
Fred has 42 take-away 
7 ••• 

Jim interprets the 
problem structure. 

Jim proposes the 
solution. 

Jim explains hi s 
reasoning 



.2 

78. 
.1 

79. 
• 1 
.2 

Would be 35 what Jerry 
has. 
Bob: 
So Jerry has 35 
marbles. 
Jim: 
Yeah ••• 
And Fred has 42. 
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Once the structure 
is clear, Jim 
assigns values to 
all problem 
characters. 

(B-3-l-2; Exchanges 71-79) 

Although the incidence of heuristic behaviors found 

in the solution of this problem had characterized previous 

problem solving efforts of Group B, the general pattern in 

which they were employed was unprecedented in certain 

respects. The representation of Problem 3-1-2 was the first 

clear indication of a group effort to contextually interpret 

problem "wants" and "givens" prior to making an algorithmic 

proposal of problem structure. The construction of this 

representation in this "forward" manner was highlighted by 

the group's utilization of manipulatives during the Problem 

Solving Segment--a mode change initiated by the group's need 

to construct a representation rather than justify one. 

Group B's awareness of the non-routine structure of 

Problem 3-3-4 was apparent immediately following the initial 

reading of the problem; uncharacteristically, only one 

algorithm was proposed as a statement of problem structure 

in either the Problem Solving Segment or the First 

Debriefing Segment. 

A representation of this particular problem demanded 

of the group an accurate interpretation of specific terms 
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within the problem context (see Appendix A-Problem 3-3-4). 

The semantic distinction between number and digit was 

recognized initially by the group: 

4 • 
• 1 
• 2 
• 3 
• 4 
.5 

5. 
.1 

6. 
. 1 
.2 

7. 
.1 

Jim: 
Let me see ••• 
Let me see ••• 
O. K ••• 
He wrote 642 ••• 
642 pages in the book! 
Jan: 
No. 
Jim: 
Digits ••• 
Digits is a different 
number. 

Jan: 
Has to be 500 or 
something like that. 

(B-3-3-4; Exchanges 4-6) 

Jim proposes a 
sol ution. 

This concept of 
digits is erroneous 
and plagues sub
sequent attempts 
to understand the 
problem • 

Jan makes an 
estimate. 

Jan's estimate (Exchange 7) hinted at her partial 

understanding of the term "digit". A subsequent reading 

miscue, which is repeated again and again during the Problem 

Solving Segment, became the basis of the group's 

interpretation of problem context. This misinterpretation 

equated numbers and digits. 

86. 
.1 

.2 

.3 
87. 

.1 

.2 

88. 

Jim: 
Only if it's 642 
digits ••• 
Then it'd be 1 page. 
Wha t 's a di g it? 
Jan: 
A number! 
My goodness, 
graci ous ! 
Ann: 

Jim's third inter
pretation is 
concei ved. He 
questions his own 
understandi ng of 
the word "digit". 



.1 

• 2 
• 3 
.4 

.5 

.6 

. 7 

Don't you know 
that each page has 
2 numbers? 
Like this is 6 •.• 
And this 7 • 
Two numbers on 
one page. 
So that's why it 
was counted wrong •• 
Because he thought 
it was a number 
on each page. 
Which is 164 • 

Ann reproposes a 
sol ution pa th 
based on her own 
interpretation • 
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She holds an 
imaginary book and 
turns an imaginary 
page to demonstrate. 

There is no indi
cation of how Ann 
arri ved at the 
number 164, only 
her reference to it 
during a previous 
estimate. 

(B-3-3-4; Exchanges 1-7) 

The 190 exchanges focusing on the interpretation of 

problem context and the final recognition that this problem 

was not amenable to an algorithmic solution characterized 

this attempt and distinguished it from the general pattern 

of problem solving behaviors developed previously. 

Concluding the Second Debriefing Segment and in recognition 

of the unique features of this non-routine problem, Jim 

voiced the sentiments of all group members, "I've had enough 

of this digit one!" (B-3-3-4, Exchange 201). 

Individual heuristic behaviors which make up the 

pattern previously described are compiled in Table 30. 

Group B - Session 4 

Group B accurately representned all five of the 

problems presented during the fourth session. Problem 

4-1-1, Problem 4-4-3, and Problem 4-5-2 were routine 



Table 30. Incidence of behaviors 
Session 3. 

during Problem Solving Segments by Group B in 

Problems 

3-1-2 3-2-3 3-3-3-4 3-4-3 3-5-1 
Problem Solving Segments 

Constructive Behaviors PS OI DIl PS DI OIl PS OI DIl PS OI DII PS DI DII 
Rereading aloud x x x x x x x x 
Rereading silently x x x 
Stating problem wants and givens x x x x x x 
Stating problem conditions x x x 
Defining terms x x x x 
Using mnemonic notation x x x 
Performing exploratory minipulations x x x 
Acting out the probleB x 
Establishing visual coaparisions x 
Dellonstrating problem conditions x x 
Excluding extraneous information x x 
Decomposing and recombining eleMents x 
Identifying a pattern x 
Suggesting an operation x x x x x x . 
Relating conditins to variables x 
Isolating sub-problems x 
Referring to an analogous situation x x 
Deducing an algorithm x x 
Working backwards x 
Applying a standard algorithm x x x x x 
Applying an invented algorithm x 
Applying counting techniques x x x 

Evaluative Behaviors 
Performing a reality check x x x x x x 
Relating proposals to the proble .. posed x x 
Retracing reasoning x x x x 
Checking computation x x x x x 
Recounting x 
Providing no referent x x x x x x 

t\J 
~ 
0) 
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problems, solved algorithmically during the initial Problem 

Solving Segment of this session. At least one of these three 

problems, Problem 4-5-2, was found to be trivial by Group B. 

A process approach was employed in solving the two 

non-routine problems presented in this session. Concrete 

manipulatives were utilized in correctly representing 

Problem 4-2-4 during the First Debriefing Segment; however, 

a counting error generated an incorrect solution to this 

Problem. Problem 4-3-4 was solved with a systematic trial 

and error strategy, utilizing a rudimentary chart to display 

the data. A profile of the problem solving process of Group 

B during this session is presented in Table 31. 

The Interaction of Group Members. As suggested by 

Table XXXII, Jan (26%) of the exchanges and Jim (30% of the 

exchanges) dominated the problem solving effort. Ann's and 

Bob's contributions consisted generally of reiterative or 

evaluative statements concerning process and solution 

proposals. Bob (18% of the exchanges) appeared to be 

comfortable in this supporting role and actively sought to 

understand the developing representations constructed by the 

others. In his desire for problem understanding, Bob often 

monitored the group effort, insisting that either Jan or Jim 

explain the operant representation. Thus, Bob's queries such 

as "What are you doing, Jan?" (B-4-3-4; Exchange 24) and 

"Jim, why are you putting 7, 7, 7, 7?" (B-4-3-4; Exchange 
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Table 31. Profile of Problem Solving Effort of Group B 
during Session 4. 

Problems 

4-1-1 4-2-4 4-3-4 4-4-3 4-5-2 

Characteristics 

Number of 
Exchanges 52 219 138 68 36 

Number of 
Solution 
Proposals 1 4 3 3 1 

Segment in 
Which 
Solved PS* SD** PS PS PS 

*PS - Problem Solved 
**SD - Second Debriefing 



Table 32. Percentage of Verbal Exchange by members of 
Group B during Session 4. 

Problems Jan Ann Bob Jim 

4-1-1 33 25 19 23 

4-2-4 21 29 22 28 

4-3-4 25 22 19 35 

4-4-3 22 25 18 35 

4-5-2 31 28 11 31 

Average 26 26 18 30 
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66) were both purposeful and helpful. Primarily, Bob's 

questioning provided him the means of sharing in the 

constructive process of representing problems. As a 

monitoring technique, this questioning also allowed Jan and 

Jim the opportunity to coordinate their problem solving 

activities. Without such opportunities to exchange their 

individual reasoning, Jan and Jim displayed a tendency to 

race competitively to solution proposals, hampering the 

group goal of obtaining a solution consensus. 

Ann (26% of the exchanges) reacted negatively to the 

individual efforts of Jan and Jim to monopolize the problem 

solving effort in this session. She became increasingly 

argumentative when debating proposals agreed to by the 

others "We don't ALL agree wi th it." (B-4-l-l: Exchange 33). 

Frustrated at being "left out" of the constructive process, 

Ann's exchanges were often irrelevant to the problem solving 

task. During the solution attempt of Problem 4-2-4 (See 

Appendix A - Problem 4-2-4), in which Bob, Jan, and Jim were 

involved in constructing a concrete representation, Ann 

became disruptive. 

172. 
.1 

.2 

• 3 
.4 

Ann: 
Well someone has to 
open the door. 
The guests can't just 
corne righ t in ••• 
Barge in • 
Look, Sally's having 
a party: so she has 
to open the doors. 

Ann's humorous 
interpretations of 
problem context is 
ignored by the other 
group members. 



.5 

173. 
• 1 

174. 
.1 

175. 
.1 

176. 
• 1 

177. 
. 1 

178. 
. 1 

179. 
.1 

180. 
. 1 

181. 
. 1 
.2 

182. 
.1 

183. 
.1 

• 2 
• 3 

The first time 
one guest enters. 
Bob: 
One more, Jim . 
Ann: 
Probably her Mother 
answered it. 
Jim: 
201 
Bob: 
20 people • 
Jan: 
Right . 
Ann: 
That's what I think . 
Jim: 
I just want to 
make thi s clear. 
Ann: 
Don't count Sally • 
Jim: 
This isn't Sally . 
This is the first 
guest. 
Ann: 
Well who's going to 
open the door. 
Jim: 
You better stop 
it, Ann. 
2 more persons • 
So it has to be five . 

(B-4-2-4; Exchanges 172-183) 

Jim inaccurately 
counts the chips. 
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Jim begins modifying 
his representation: 

c 
o 0 

(:) 

c 
°0 

000 
00 

<::) 

Ann's comments are 
disruptive to the 
group process of 
finalizing a 
representation. 

These changes in the manner in which group members 

interacted had noticeable effects on the problem solving 

behaviors exhibited. 

The Incidence of Problem Solving Behaviors. Jan's 

growing confidence in her ability to contribute 

constructively nullified the backwards orientation 

characteristic of the group's overreliance on Jim's 

expertise. Each problem solving effort, as shown in Table 
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33, was still prefaced by an immediate algorithmic proposal. 

However, the group was more intent on initially isolating 

problem "wants" and "givens", a heuristic which generally 

signaled that a constructed problem representation would 

stem from an agreed upon, or at least debated, contextual 

interpretation. This pattern was evident during the initial 

group exchanges of the problem solving attempt of a 

non-routine problem and was illustrated during the following 

exchanges (see Appendix A - Problem 4-3-4): 

1. 
.1 

2. 
.1 

3. 
. 1 

4. 
.1 
. 2 

5. 
. 1 

6. 
. 1 

7. 
.1 

8. 
.1 
.2 
.3 

Bob: 
The Ranger Football 
Team scored 10 times 
in a 43 to 0 victory. 
How many touchdowns 
(7 points), field 
goals (3 points), 
and safetys (2 points), 
did they score? 
Ann: 
Uh huh? 
Jan: 
Let me see it . 
Jim: 
Plus ••• 
All plus • 
Jan: 
Let me see it • 
Bob: 
I'm seeing it • 
Ann: 
It's all pI us , 
isn't it? 
Jan: 
O. K ••• 
It's .•• 
The Ranger Football 
Team scored 10 times 
in a 43 to 0 victory. 
How many touchdowns 
(7) points, field 
goals (3 points), and 

Bob reads the 
problem. 
Both Jim and Ann 
head their papers 
with the following: 

Jim proposes 
an algorithm. 

10 
"13 

7 
3a 

Ann adds all 
numbers mentioned 
in the problem: 10 

'-13 
7 

+ 3 
.:1 -Jan rereads the ~S 

problem. 



Table 33. Incidence of behaviors during Problem Solving Segments by Group B in 
Session 4. 

Problems 

4-1-1 4-2-4 4-3-4 4-4-3 4-5"'2 

Problem Solving Segments 
Constructive Behaviors PS 01 on PS DI on PS Dr on PS DI on PS DI DII Rereading aloud 11: 11: 11: 11: 11: 11: Stating problem wants and givens 11: 11: 11: 11: 11: Stating problem conditions 11: x 11: 11: 

Defining terms x x 
Using mnemonic notation 11: x 11: 11: Performing exploratory lIIinipulations x 
Drawing a diagram, table or chart x x 
Acting out the problem x 
Demonstrating problem conditions x x 
Estimating an answer 

11: 
Identifying a pattern x 
Suggesting an operation x 11: 11: 11: 11: Relating conditins to variables 11: 11: 11: 
Isolating sub-problems 

11: Referring to a similar problem x 
Deducing an algoritha x x 
Working backwards x x 
Extending a pattern x 
Manipulating a physical display 11: 
Applying a standard algorithm 11: 11: X x Applying counting technIques x x 

Evaluative Behaviors 
Performing a reality check x x x x 
Relating proposals to the problem posed 11: x x 11: Retracing reasoning x x x x x x Checking computation x x x x Recounting x x 
Providing no referent x x x x x x 

f\) 

U1 
U1 



9 • 
. 1 
• 2 
.3 
.4 

10. 
.1 

11. 
• 1 

12. 
.1 

13. 
. 1 
.2 

.3 

safetys (2 points) did 
they score? 
Jim: 
o. K ••• 
43 scores ••• 
o. K ••• 
Let's try 2 
touchdowns. 
Jan: 
2 touchdowns is 
14 points. 
Jim: 
3 touchdowns ••• 
Jan: 
But they only 
scored 10 times. 
Jim: 
They only scored • 
But they had 43 
poi nts ••• 
Huh? 

Jim suggests a 
tr ial- and-error 
strategy. 
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Jim and Jan isolate 
the problem 
condition. 

(B-4-3-4; Exchanges 1-13) 

Also evident in this excerpt was the practice of 

group members to head their scratch papers with the 

numerical data stated within the problem. This behavior was 

well established in Session 4, representing the initial 

heuristic process utilized in four of the five problems 

presented. 

The proficiency of Jan and Jim to interpret the 

context of routine textbook type problems linguistically 

(Type I, II, and III) was evident in Session 4. Repeating 

the behavior pattern found in Session 3, the group abandoned 

the heuristic process of changing the mode of representation 

for every problem. Instead, the use of manipulatives and 

other activities aimed at making more visual the problem 
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representation were found only in the solution 

attempts of non-routine problems. The following 

excerpt illustrated Jan's and Jim's attempt at constructing 

a concrete representation using manipulatives in this 

session (See Appendix A - Problem 4-2-4). 

115. 
.1 

116. 
.1 
• 2 
.3 

117. 
.1 

118. 
.1 

.2 

.3 

• 4 
• 5 

119. 
.1 

120. 
.1 

121. 
.1 

• 2 
122. 

.1 

• 2 
• 3 
.4 
• 5 
• 6 

Jan: 
21 people! 

Jim: 
Stop! 
We're not working ••• 
She's on something 
different. 
Bob: 
Jan, you can't. 
work when we're 
trying to figure 
this out. 
Jan: 
You guys be quiet 
and lookit. 
The first person ••• 
And th en 2 no re 
come in ••• 
Then add 2 nore ••• 
That's 4 • 
Bob: 
How many? 
Jan: 
You guys don't 
understand what I'm 
trying to say. 
Ann: 
You're not saying 
anything ••• 
You're doing it • 
Jan: 
Well, I'm trying 
to show you ••• 
Lookit ••• 
The first person • 
2 more .•• 
A group ••• 
Times 6 • 

Jan has arranged 
the chips in the 
following pattern: 

o 00 
000 0000 

000 OOOD 

Jim is referring 
to their instruc
tions to work 
together on 
sol utions. 
Jan attempts to 
explain her 
problem repre
tation. 

Jan points to 
her chip 
representation. 



123. 
.1 

124. 
.1 

25. 
.1 

126. 
.1 
• 2 

127. 
. 1 

128. 
. 1 

129. 
.1 
.2 

Ann: 
with 2 more ••• 
with more. 
Jan: 
Ann! 

Ann: 
Well, 2 more 
persons corning, 
Jim: 
Only 6 rings ••• 
It's only 6 rings • 

Bob: 
Only 6 rings, Jan • 
Ann: 
6 rings • 
Jan: 
Nooo ••• 
But that's the 
group. 

(B-4-2-4; Exchanges 115-129) 
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Ann is referring to 
the text of the 
problem. 
Jan becomes 
increasingly 
frustrated. 

Ann misinterprets 
the text of the 
problem. 

Jim points out that 
Jan's chip repre
sentation appears 
to consi st of 5 
doorbell rings 
(groups entering). 

Jim defines his 
interpretation of 
the term "group". 

As debate continued on Jan's representation, Jim 

modified the representationn to conform to a new contextual 

interpretation: 

179. 
. 1 
.2 

.3 

.4 

.5 

180. 
.1 

181. 
. 1 
.2 

Ji.m: 
o. K. looki t ••• 
I just want to make 
this clear. 
O.K. One person ••• 
Then 2 more persons. 
So that'll have to 
be 3 ••• 
Ann: 
Don't count Sally. 
Jim: 
This isn't Sally .•. 
This is the first 
guest. 

Jim begins modifying 
the representation: 

o 
00 

o 

Ann's comments are 
disruptive to the 
group process of 



182. 
.1 

183. 
• 1 
.2 
• 3 

184. 
.1 
• 2 

185. 
.1 

186. 
.1 
.2 
.3 

187. 
.1 

188. 
.1 

189: 
.1 
.2 

.3 

.4 
• 5 
.6 

.7 
• 8 

190. 
.1 

191 • 
. 1 

192. 
.1 
• 2 

Ann: 
Well, who's going 
to open the door? 
Jim: 
You better stop it, Ann • 
2 more persons ••• 
So it has to be five • 
Ann: 
aye! 
So I think it's 20 • 
Jan: 
21 ! 
Jim: 
So 5 persons here ••• 
Then 2 more ••• 
That's 7. 
Jan: 
So it's 21 people 
come to the party. 
Ann: 
How did Jim get 5? 
Jim: 
O.K. there's one person 
Then 2 more persons 
and the first one. 
So 2 more come in 
after the 3 ••• 
That's 5 ••• 
And then ••• 
That's the third 
doorbell. 
Then 7 come in here ••• 
Then 9 came in • 
Ann: 
aye! 
Jim: 
Then 11 ••• 
Jan: 
Now I add them • 
35 ! 

(B-4-2-4; Exchanges 179-192) 

f ina 1 i z in g a 
representation. 

e~ 
o 0 0 

C 0 
o 

0 

0 
6 C 
0 0 

0 C 0 0 
0 0 0 

" 0 
0 

Jan projects the 
completed repre
sentation: 
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Jim explains the 
completed concrete 
representation. o 

C 0 
ODe 

o 0 0 0 
o 0 0 0 0 

000000 
C) 0 0 0 0 

o 0 0 0 

o Cl 0 

o c 
c 

Jan mi scoun ts • 

A final "look back" summarized the completed 

representation and assured a consensus agreement: 

193. Ann: 



.1 
194. 

. 1 

.2 

.3 

. 4 
• 5 
.6 

. 7 
195. 

. 1 
196. 

. 1 
197. 

.1 
198. 

.1 
199. 

. 1 

200. 
.1 

35? 
Jim: 
Yeah, o. K ••• 
The first person 
comes in ••• 
Then 2 more than the 
first corne in ••• 
So that's 3 ••• 
2 more persons ••• 
Another comes in that 
has 2 more people than 
the second group. 
So tha t 'd be 5 • 
Ann: 
Oh yeah • 
Jim: 
And it goes on • 
Bob: 
So 35 guests? 
Jan: 
Righ t! 
Bob: 
All agree . 

Ann: 
Yes. 

(B-4-2-4; Exchanges 193-200) 
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Jim reiterates his 
explanation of the 
representation. 

No one checks 
Jim's counting. 

Ann writes: 
35 guests. 

The "looking back" heuristic was evident in all five 

of the problem solving attempts in this session. As the 

basic technique in monitoring the group process of reaching 

consensus on sol ution proposals, Jim frequently "looked 

back", not for his own edification, but for that of the 

other group members. Jan and Jim dominated the construction 

of representations, particularly the interpretation of 

problem contexts, so completely that the other group 

members, Bob and Ann, were able to provide little input. 

consensus on solution proposals derived in this manner was 



261 

generally the result of Jim's inclination to summarize the 

completed representation, relating statements of 

mathematical structure directly to his interpretations of 

problem context. 

Jim, however, was alert for discrepencies between 

his contextual interpretations and his statements of 

mathematical structure. In this respect, "looking back" 

became not only a group monitoring technique, but a self 

monitoring activity as well. In an excerpt from the solution 

attempt of a single-step problem containing extraneous data 

(see Appendix A - Problem 4-4-3), Jim's "look back" was the 

basis for rejecting his own erroneous solution proposal: 

1. 
.1 

2. 
.1 

3. 
• 1 
• 2 

Jim: 
Mr. Jones is a 
mathematics teacher 
at Sunshine School. 
There are 732 
students in the 
school. He wants 
to buy 25 
calculators and has 
$350 to spend on 
them. The calculators 
regularly cost $18 a 
piece, but now they 
are on sale for $12 
each. How much will 
25 calculators cost 
at the sale price? 
Bob: 
Ohh! 
Jim: 
12 times something . 
Umm .• 12 times .• 
ahh ••• 

4. Jan: 
.1 12 times 350 ••• 

Jim reads the 
problem. As the 
problem is read, 
Jim, Ann, and Bob, 
list the 
following numebrs: 

7;3.;2. 
,;J.S 

3S0 
I 8 
ld.. 

Jim rereads the 
problem silently . 
He proposes an 
algori thm. 



5. 
.1 
• 2 

6 • 
. 1 
.2 
• 3 
• 4 

7. 
. 1 

8. 
.1 

9. 
.1 

10. 
.1 

11. 
.1 

12. 
. 1 
• 2 
.3 

.4 
• 5 

13. 
.1 

14. 
. 1 

15. 
.1 

16. 
.1 

17. 
• 1 

18. 
.1 

19. 
• 1 

20. 
.1 

Ann: 
No ••• 
Looki t ••• 
Jim: 
No ••• 
Divide 350 by 12 
Let's see ••• 
Try tha tout • 
Ann: 
You can't divide • 
350 by 12. 
Jan: 
Yes you can. 
Ann: 
Well I don't know 
how to do it. 
Jan: 
O.K. 12 times 25? 
Ann: 
Try and see if we 
get the same answer. 
Jim: 
36 ••• 
It's past 1 ••• 
So it's going to 
have to be 2. 
So ••• 
O.K. 2 times 2 is 4 • 
Ann: 
Wha t number? 
Jim: 
Times 2 ••• 
Jan: 
He can only buy 
29 of them. 
Ann: 
How'd you figure 
that out, Jan? 
Jan: 
By dividing • 
Jim: 
12 into 190. 
Ann: 
She has 29 • 
Jan: 
I think its 29 
because .•. 

21. Ann: 
.1 I agree too. 

22. Jim: 

Jim suggests 
another 
a10gorithm. 

Jan writes: I~ 
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'2.5 
All group members 
attempt the 
solution to 350 12. 

Ann writes: ~ 
1;J.)~rO 

Bob 

Jan 

12 ) 

wr i tes: 'I~Q __ 
12) :3 56 

o v-. 
computes: 3 5 

~C"fI"'Z 
.3 -

3 SO 12) 35"'0 
~ oUI 

I I D 

'Q 8 
OO~ 

Jim computes: 
c'2 

1:l)3SC 
-:24..t 

190 



.1 ••• or the sales 

23. 
• 1 
.2 

.3 

• 4 
24 • 

. 1 

.2 

25. 
. 1 
.2 
.3 

26. 
. 1 

27. 
.1 

28. 
.1 

price. 
Bob: 
Yeah ••• 
The sales price 
was 12. 
Before they were 18 
dollars. 
That's why we divided • 
Jim: 
No ••• 
How much would it cost 
though for all? 
Ann: 
That's why she divided • 
Huh? 
I think it's 
Jan: 
29 dollars ••• 
Ann: 
29 ••• 29 ••• 
Jim: 
No •. no ••. 

(B-4-4-3; Exchanges 1-28) 

Group B - Session 5 

Jim restates the 
question. 

Jim proposes the 
correct alogrithm. 

In the final problem solving session, Group B 
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correctly represented four of the five problems presented. A 

profile of these solution attempts is found in Table 34. 

Algorithms derived from an interpretation of problem context 

were the basis for correct solutions to two routine 

problems, Problem 5-1-3 and Problem 5-3-1. Although both 

problems were solved during the Problem Solving Segment of 

this session, Problem 5-3-1, a single step problem, was the 

only problem clearly found to be trivial by the group. The 

group required 28 exchdnges to reach a consensus on the 
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Table 34. Profile of Problem Solving Effort by Group B 
during Session 5. 

Problems 

5-1-3 5-:-2-2 5-3-1 5-4-4 5-5-4 

Characteristics 

Number of 
Exchanges 69 287 28 172 160 

Number of 
Solution 
Proposals 1 4 1 5 3 

Segment in 
Which 
Solved PS* Un** PS Un PS 

*PS - Problem Solving 
**Un - Unsolved 
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initial solution proposed (see Table 34). The use of 

manipulatives reflecting the conditions of the problem was 

the basis of a process approdch to Problem 5-5-4. This 

problem was also correctly solved during the Problem Solving 

Segment. 

utilizing a diagram as the basis for a process 

approach to Problem 5-4-4, a correct representation of this 

non-routine problem was constructed during the Problem 

Solving Segment. A consensus on the correct solution, 

however, was not obtained; subsequent representations 

reflected an erroneous contextual interpretation. 

Problem 5-2-2 was not accurately represented. 

although 287 exchanges and 4 algorithmically derived 

solution proposals were generated, the group failed to 

recognize the two-step structure of the problem. 

The Interaction of Group Members. The pattern of 

interactions described in Session 4 were firmly entrenched 

in this last session. Jim continued to dominate each 

problem solving attempt, as indicated in Table 35, with an 

average of 32% of the exchanges. In all five problems 

presented, proposals reflecting problem representations 

construcded by Jim gained final consensus agreement. 

The group's overall reliance on Jim's expertise 

affected each of the other group members in different ways. 

Bob, contributing 17% of the exchanges in this session, 
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Table 35. Percentage of Verbal Exchange by members of 
Group B during Session 5. 

Problems Jan 

5-1-3 33 

5-2-2 32 

5-3-1 28 

5-4-4 19 

5-5-4 25 

Average 27 

Ann 

22 

20 

25 

22 

26 

23 

Bob 

14 

14 

22 

15 

23 

17 

Jim 

30 

35 

25 

45 

26 

32 
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withdrew almost completely. In this session, he preferred 

instead to reiterate Jim's interpretations and check 

computational accuracy. 

Jan too, although vocal in her support of Jim's 

representations, offered few constructive statements of her 

own in this session. Contributing 27% of the exchanges, Jan 

undertook the role of group monitor. In this capacity she 

attempted to keep the group working together, focused on 

Jim's interpretations. 

Ann's contributions (23% of the exchanges) were 

often so irrelevant to the task of problem solving that she 

was purposefully ignored during this session. Although her 

argumentativeness, identified in Sessions 3 and 4, was 

tempered in this session, it was apparent that she was 

unable to influence the group constructively. In the 

solution attempt of a non-routine problem (see Appendix A -

Problem 5-4-4), Ann accurately formulated a concrete 

representation: 

1. 
.1 

Jim: 
Manual wishes to order 
a box of pencils with 
his name printed on 
them. He has a choice 
of ordering red, white, 
bl ue, or yellow 
pencils. His name may 
be printed in red, 
white or black, but 
cannot match the 
color of the 
pencils. How many 
choices are possible? 

Jim reads the 
problem. 



2. 
.1 
• 2 

3. 
.1 

4. 
. 1 
• 2 
• 3 

5. 
. 1 

6. 
• 1 

7 • 
. 1 
• 2 

8. 
.1 

9. 
.1 

10. 
.1 
• 2 
.3 

.4 

11. 
. 1 
• 2 
• 3 
• 4 
• 5 

12. 
.1 
13. 

1. 

Jan: 
Let me see it ••• 
Wait ••• wait ••• wait 
Bob: 
It don't have no 
numbers. 
Jim 
Red ••• 
He has colors • 
Red •• blue •• white ••• 
Bob: 
Whi teo •• 
Jim: 
And yellow • 
Bob: 
O. K. 
Write it down, Ann • 

Jim: 
His name may be 
printed in red, 
white or black ••• 
Bob: 
Red, white and yellow? 
Jim: 
Red, white and black. 
Red, white or black •.• 
•• But cannot match 
the color of the 
pencils. 
Hi s name may be 
printed in red, white, 
or black, but 
cannot match the 
color of the pencils. 
Ann: 
Hey, 10 • 
He has 10 choices • 
Look ••• 
Yeah ••• 
1 .. 2 .. 3 .• 4 ... 

Bob: 
No, Ann. 
Ann: 
5 •• 6 •• 7 •• 8 •• 9 •• 
10. 

Jan rereads 
silently • 
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Jim isolates the 
problem "gi vens " • 

Everyone represents 
the problem in the 
same way: 

reel. \o\..,e.. \.\,) hLte. ~~\\6W 

,,"e.d.. w\..\t~ 6 \~c. k 

Jim restates the 
problem conditions. 

By matching the color 
names in the top row 
with different color 
names in the bottom 
row, Ann counts and 
makes a proposal. 

Ann demonstrates her 
technique, matching 
the colors according 
to the problem 
condi tions. 



14. 
.1 
.2 

15. 
.1 

16. 
. 1 
.2 

17. 
. 1 
.2 
.3 

18 . 
. 1 
.2 

• 3 

• 4 
19. 

.1 
20. 

.1 

21. 
.1 

22. 
. 1 

23. 
.1 
• 2 

• 3 
.4 

24. 
.1 

25. 
.1 

26. 
.1 
• 2 

27. 

Bob: 
He only has 4 choices. 
These are for his 
printing. 
Ann: 
So what's the count? 
Jim: 
And his ••• 
And his color of the 
pencils can't be the 
same as the color of 
the printing. 
Ann: 
I didn't count them • 
I didn't count the one. 
1 •• 2 •• 3 •• 4 •• white •• 3 •• 
4 •• 5 •• 6 •• 7 •• 8. 
Jim: 
O. K. 
It could be 10 
choices. 
1 .. 2 .. 3 .. 4 .. 5 .. 6 .. 
7 •• 8 •• 9 •• 10. 
10 choices • 
Ann: 
It's 10. 
Jim: 
It could be 10 
choices. 
Ann: 
I got this one! 
Jim: 
That's right • 
Ann: 
You see ••• 
It asks how many 
choices he had ••• 
Count them ••• 
1 •• 2 •• 3 •• 4 •• 5 •• 6 •• 
7 •• 8 •• 9 •• 10. 
Jan: 
1 •• 2 •• 3 •• 4 •• 5 •• 6 •• 
7 •• 8 •• 9 •• 10. 
Ann: 
No, you can't match 
them. 
Jan: 
Looki t ••. 
Hear this ••• 
Jim: 
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Bob makes a proposal 
based on his under
standing. 

Jim restates the 
problem condition. 

Ann demonstrates that 
her procedure is 
consistent with the 
problem condition. 

Jim repeats the 
procedure. 

Jan counts, but dis
regards the problem 
condition. Ann 
rei tera tes the 
problem condition. 



·1 
• 2 

.3 

28. 
.1 

.2 

• 3 

wai t ... 
He has a choice of 
ordering. 
He has to pick a 
single color. 
Ann: 
1 •• 2 •• 3 •• 4 •• 5 •• 6 •• 
7 •• 8 •• 9 •• 10. 
Red-red and white
white don't go 
together because 
th ey •• th ey •• ca n ' t • 
See? 

(B-5-4-4; Exchanges 1-28) 

Jim offers a new 
interpretation • 
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Ann repeats her 
counting procedure. 

Yet Ann's representation was supplanted by an 

alternative based on a erroneous contextual interpretation. 

When she appeared argumentative, she was rebuked: 

87 • 
. 1 
• 2 

88. 
.1 
• 2 

89. 
.1 

90. 
.1 
.2 

91. 
.1 

92. 
.1 
.2 

• 3 
93. 

.1 

.2 

94. 
• 1 

Jim: 
O. K ••• 
3 choi ces • 
Ann: 
O. K. 
It's 10 choices . 
All: 
Ann! 
Jan: 
Oh man! 
You can'g get nothing 
through your skull. 
Ann: 
O. K ••• well ••• 
Bob: 
o. K. 
Let Ann figure it 
out. 
Figure it out Ann! 
Ann: 
Gawd! 
I say it's 3 
choices already. 
Jan: 
Alright ••• well ••• 

(B-5-4-4; Exchanges 87-94) 

Ann is bullied into 
acceptances. 
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The Incidence of Problem Solving Behaviors. Even 

though the specific problem solving behaviors, as shown in 

Table 36, were a reflection of Jim's expertise rather than a 

group effort, the pattern in which these behaviors occurred 

was nonetheless influenced by group interaction. 

A backwards orientation which predominated in 

Session 1 and 2 and was characterized by Jim's propensity to 

construct representation based on proposed solutions, 

algorithms, or estimates, occurred in the solution attempt 

of only one problem, Problem 5-2-2. Instead, a behavior 

pattern typifying a forward orientation prevailed. All group 

members participated in the initial activities which 

characterized this pattern. These activities included: 

noting problem "givens" during the initial reading, verbally 

isola ting problem "wants" and "gi vens", and debating 

contextual interpretations. The following excerpt 

illustrated this pattern during the solution attempt of a 

non-routine problem (see Appendix A - Problem 5-5-4). The 

presence of these initial activities and Jim's summation of 

the completed representation during a concluding "looking 

back" sequence invariably ensured a consensus agreement 

regardless of the accuracy of the solution proposal: 

1. 
.1 

Jan: 
Right now Bob has 12 
dollars in the bank 
and Carol has 26 
dollars in the bank. 
From now on (she) 

Jan reads the problem, 
substituting the word 
" sh e" for " ea ch " • 



Table 36. Incidence of behaviors during Problem Solving Segments by Group B in 
Session 5. 

Problems 

5-1-3 5-2-2 5-3-1 5-4-4 5-5-4 
Problem Solving Segments 

Constructive Behaviors PS 01 011 PS 01 011 PS 01 011 PS 01 011 PS 01 011 
Rereading aloud x x x x x x x x x 
Rereading silently x x 
Stating problem wants and givens x x x x x 
Stating problem conditions x x x 
Defining terms x 
Using mnemonic notation x x x x 
Performing exploratory alnipulations x x 
Drawing a diagram, table or chart x x 
Establishing visual comparisions x 
Demonstrating problem conditions x x 
Simplifying the problem x 
Estimating an answer x x 
Identifying a pattern x 
Suggesting an operation x x x x 
Relating conditins to variables x x 
Testing special cases x x x x 
Deducing an algorithm x x x 
Using random trial and error x x 
Working backwards x x x 
Extending a pattern x 
Manipulating a physical display x 
Applying a standard algorithm x x x 
~pplying an invented algorithm x 
Applying counting techniques x x x 

Evaluative Behaviors 
Performing a reality check x x x x 
Relating proposals to the problem posed x x x x x 
Retracing reasoning x x x x x 
Checking computation x x x x 
Recounting x x 
Providing no referent x x x x x x 

~ 
~ 
~ 



2. 
.1 

3. 
• 1 

4. 
. 1 

5. 
. 1 
• 2 
• 3 

6. 
.1 
.2 

7. 
.1 

8 . 
. 1 

9. 
.1 

• 2 
10. 

.1 

11. 
.1 

12. 
.1 

13. 
.1 

will save 1 dollar 
every week. How 
much money will 
Carol have saved 
when she has twice 
as much as Bob? 

Ann: 
Ohh! 
Jim: 
Uh oh • 
Ann: 
Ummm .•. She will have •.• 
Jan: 
Let's see this one .•• 
Let me read it again • 
Right now Bob has 12 
dollars in the bank, 
and Carol has 26 
dollars in the bank. 
From now on each ..• 
Ann: 
Each? 
Well you read it wrong. 

Jan: 
Each will save 1 
dollar every week. 
How ..• ? 
Jim: 
Every week •.• 
Jan: 
Much money will 
Carol have saved when 
she has twice as much .• 
O. K. 
Jim: 
How many weeks are 
there? 
Jan: 
Ummm. 
Ann: 
In a month? 
Bob: 
In a month you ..• 
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Everyone heads their 
paper with the 
appropriate numbers: 

'Bo'o Co..c-o \ ;;t 
.$ /2.00 It. .:loG-,oe 

Jan rereads the 
problem . 

Her substitution 
error is pointed out. 



14. 
. 1 
• 2 

15. 
.1 

• 2 
16. 

.1 

• 2 
17. 

. 1 
18. 

. 1 

.2 
19. 

. 1 
20. 

.1 

21. 
. 1 

22. 
.1 

23. 
. 1 
.2 

24. 
. 1 

25. 
.1 

26. 
. 1 

27. 
.1 
• 2 

28. 
.1 

.2 

Ann: 
Oh, I think I got it ••• 
I do n 't go tit • 
Bob: 
In a week ••• I mean 
a month there's a •• a •• 
Let me see ••• 
Ann: 
How many weeks in 
a month? 
4 weeks • 
Bob: 
4 weeks • 
Ann: 
4 weeks in a month • 
4 weeks. 
Bob: 
4 weeks • 
Ann: 
4 weeks in a month and 
12 months in a year. 
Jim: 
Let me see the card . 
Ann: 
••• And about 20 years 
in a century. 
Jim: 
It makes sense ••• 
O.K •• Right now Bob has 
12 dollars in the bank •• 
Bob: 
12 dollars • 
Jim: 
..And Carol has 26 
dollars in the bank. 
From now on, each will 
save ••• 
Jan: 
1 dollar every week • 
Ann: 
Every week ••• 
And if ••• 
Jan: 
But every week in 
a year ••• 
And there's a lot of 
weeks. 
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Ann computes: 

102.. .;2,,, 
+ I ~ ~~ 

Ol 4f -# S'Q. .0 () 



29. 
.1 

Jim: 
How much will Carol 
have saved? 

(B-5-5-4i Exchanges 1-29) 
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During the solution of this same non-routine problem 

(B-5-4-4), a heuristic not found in previous sessions was 

attempted. The testing of special cases, in the solution of 

this problem, resulted from the group's accurate 

interpretation of problem context and a desire to translate 

this understanding into a statement of mathematical 

structure. Although similar to systematic trial and error 

strategies employed previously in cases in which problem 

structure was well defined, the utilization of this "special 

cases" heur i stic allowed the group to examine the 

mathematical structure itself. Jan hinted at the usage of 

~,is activity early in the solution attempt when she 

suggested, "It will make it much easier if we put it at 1 

month or something like that" (B-5-5-4, Exchange 32); but it 

was later in the solution attempt before Jim actually tested 

a special case: 

121. Jim: 
• 1 Let's say 2 weeks • 

122. Bob: 
.1 We need an extra chip, 

Ann. 
• 2 In there . 
• 3 There's 6. 

123. Jan: 
.1 Use a pencil as a 

chip. 
14 and l4? 

124. Jim: 



.1 
• 2 

125. 
.1 

126. 
.1 

127. 
.1 

.2 

.3 

.4 
• 5 

.6 

.7 

.8 

• 9 

28 ••• 
Twice as much • 
Jan: 
Yeah, but they have 
to ••• 
Ann: 
How many weeks do 
you guys •• ? 
Jim: 
But at least they 
could have had 2 
dollars. 
Hey look here you 
guys ••• 
We have something. 
o. K. 
Let's say they had 
2 weeks. 
They got 2 dollars 
each. 
They gained 2 
dollars each. 
You'd have 28 
dollars he would 
have 14 dollars. 
O.K •• 14 dollars is ••• 

(B-5-5-4; Exchanges 121-127) 
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Jim computes mentally 
and recognizes that 
his guess meets the 
problem conditions. 

Jim explains hi s 
sol ution 
a1gori thmica1ly 
instead of using 
the chart • 

He computes: 

This "special cases" heuristic is also utilized in 

the solution attempt of another non-routine problem 

presented in this session (see Appendix A - Problem 5-4-4). 

In this case, however, the contextual interpretation which 

initiated the activity was erronenous. Jim interpreted the 

problem context to mean tha t "he (Manuel) has to pick a 

single color" (B-5-4-4, Exchange 27). Jim then attempted to 

explore the mathematical structure derived from this 

interpretation by testing several specific cases. 

31. 
.1 

Jim: 
He has to pick a 
single color. 

Jim bases his 
interpretation on 



.2 

32. 
.1 

.2 

33 • 
. 1 

34. 
.1 

35. 
. 1 
• 2 

36. 
.1 
.2 

37 • 
. 1 
.2 

38. 
.1 

39. 
.1 
.2 

40. 
.1 
.2 

41. 
.1 

42. 
.1 
• 2 
• 3 
.4 

43. 
.1 
• 2 

44 • 
. 1 
• 2 
.3 

He has a choice of 
ordering red, white, 
or blue, or yellow 
penci Is. 
Jan: 
He has 20 choices 
though. 
It didn't say how 
many ••• 
Jim: 
One color ••• 
Ann: 
So ••• ? 
Bob: 
So you take a yellow • 
That's ••• 
Ann: 
Oh, you do? 
o. K ••• 
Jim: 
What color would be •• ? 
Red, white, blue •• ? 
Jan: 
Pretend he ordered 
red pencils? 
Ann: 
Red? 
Why can't it be blue? 
Jim: 
Red pencils? 
His name may be 
printed in red, white, 
or black. 
Bob: 
White would match 
with red. 
Jim: 
I like black. 
~jell o. K ••• 
White • 
So we have to 
take white. 
Ann: 
O. K •• 
Pretend white and red . 
Jim: 
o. K •• 
We leave white • 
Red and white ..• and 
black ..• 

a portion of the 
problem statement. 
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The group tries Jim's 
interpretation with 
specific examples. 

The group "tests a 
specific case". 

Another specific case 
is explored by the 
group_ 

Using a specific 
example yields a 



.4 

• 5 
45. 

• 1 

46. 
.1 

47. 
.1 

.2 

48. 
.1 

49. 
.1 

50 • 
. 1 

51. 
.1 

52. 
.1 
.2 
• 3 

53. 
. 1 

54. 
. 1 
.2 

55. 
.1 

56. 
.1 

57. 
. 1 

58 . 
• 1 

.2 

59. 
. 1 

He'd only have two 
possible choices. 
2 choices • 
Jan: 
If you put a chingle •• 
chingle ••• 
Bob: 
Chingle •• ! 
Jan: 
•• A single color from 
up here ••• 
If he picked a single 
color from up here. 
Jim: 
If he picked a single 
color from up here ••• 
Jan: 
So he only has 12 
choices. 
Jim: 
He probably only has 
2 choices. 
Jan: 
That's it! 
Bob: 
Look .•• 
Jan agreed •.• 
Oh! 
Jan: 
Well so did you guys • 
Ann: 
Well I. .. 
Well I don't agree 
wi th Jim. 
Bob: 
Nei ther do I. 
Ann: 
Myself, I think it's 
10 choices. 
Jan: 
I don't • 
Jim: 
Ann, you don't 
understand that 
he cannot order 4 
colors of pencils •• 
Only I color of 
pencils; so •.• 
Ann: 
Oh yeah, huh • 

proposal. 

Jan proposes a 
generalization. 
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Bob jokes at Jan's 
propensity to agree 
with Jim • 

Ann argues for her 
original 
representation. 

Jim counters with 
the al terna te 
interpretation. 
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• 3 

60. 
.1 

.2 

.3 

• 4 

.5 

61. 
. 1 
62. 

• 1 
.2 

63. 
.1 
.2 

64. 
.1 

65. 
.1 

.2 

66. 
.1 

67. 
.1 

68. 
. 1 

69. 
.1 

70. 
. 1 

71. 
.1 
. 2 

So ••• 
O.K. 
Jim: 
Pretend he ordered 
red ••• 
Pretend he ordered 
red ••• 
O.K ••• al1 these are 
crossed off ••• 
And this one ••• red •.• 
would be crossed off 
too. 
Red-white and 
red-black. 
Jan: 
Those two choices • 
Ann: 
1 •• 2 •• 3 • 
He already bought 
those pencils. 
Jan: 
No, no, no ••• 
Wait, wait, wait, 
wait ••• 
Ann: 
It don't tell you 
whether ••• 
Jan: 
He could order 
yellow ••• a yellow 
pair of pencils •.• 
And then mix all 
three choices. 
Bob: 
It does match with 
all of them. 
Ann: 
So he has 3 choices. 
Jim: 
It could be • 
Jan: 
Because .•• 
Ann: 
So 3 choi ces . 
Bob: 
O. K ••• 
Put 3 choices. 

(B-5-4-4; Exchanges 31-71) 

Jim suggests they 
try another 
specific example. 

This specific 
example again 
yields 2 choices. 

Jan suggests a 
third specific 
example, but this 
one yields a 
different answer. 

This exception to 
th e 0 rig i na 1 
generalization is 
accepted as a 
proposal. 
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Several heuristics employed frequently in past 

sessions were relied upon; more sparingly in this session. 

The trend established by the group in Session 4 of being 

more selective in changing the mode of representation of 

problems was continued. Only the two non-routine problems 

(Problem 5-4-4 and Problem 5-5-4) presented in this session 

were represented more visually by the use of manipulatives, 

d~.agrams or charts. 

The incidence of "reality checking" was also 

tempered in this session, occurring in the solution attempt 

of a single problem. Problem 5-2-2 (see Appendix A -

Problem 5-2-2). In this problem, Jim's orientation was 

backwards in that he attempted to derive an understanding of 

problem context from an algorithmic statement fo structure: 

32 • 
• 1 
• 2 
.3 

33. 
.1 
.2 
• 3 

34. 
.1 

35. 
• 1 

36. 
.1 

37. 
.1 

38. 
. 1 

Jim: 
27 ••• 
It could be ••• 
Because 20 times 8 
is 160 plus 47 would 
be 201. 
Ann: 
Let me see ••• 
What was the problem? 
26 times 8 • 
Jan: 
There are 8 times 
as many teachers. 
Ann: 
27 ••• 
Jan: 
That's how many 
teachers there are. 
Ann: 
No ••• 
Jim: 
Look ••• 

Jim computes: 

<:20 
)( 8 
I~o 

L{? 
,;l.O~ 

Jan restates a 
problem condition. 

Jan misstates a 
second problem 
condi tion. 



·2 

39. 
.1 

40. 
.1 

.2 
• 3 
.4 

Cause there's 160 
teachers and there 
could be 47 principals? 
Jan: 
What'll we do? 
Ann: 
I think it's too 
much! 
160 teachers and ••• ? 
Oh yeah • 
There's a lot of 
teachers in each 
di strict, huh? 

(B-S-2-2; Exchanges 32-40) 

Ann's "reality 
check" is 
revised. 
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As more and more statemetns of mathematical 

structure were made, the group defined a "reality" which 

they assumed matched the actual context of the problem. This 

"reality" actually supplanted the problem context as the 

basis for evaluations: 

186. 
. 1 
.2 
• 3 

.4 

.S 

.6 

187. 
.1 

188. 
.1 

189. 
.1 

190. 
.1 
• 2 

Jan: 
I think it's this • 
Wait ••• 
I think it's that 
because it equaled 
up to 207. 
That's the answer, 
But I don't know if 
you guys know it. 
Cause look at your 
own paper ••• 
It came out to 207 
equally and no 
remainder! 
Bob: 
Well ••• 7 teachers? 
Jan: 
160 teachers and 
47 pr inc i pa 1 s • 
Bob: 
47? 
Jim: 
No ••• 
It's too much • 

Jan argues that the 
division algorithm 
cannot be used. 

Jan's knowledge of 
division process is 
expressed. 

Jan and Jim debate 
.which proposals are 



191. 
. 1 

192. 
• 1 
.2 

193. 
. 1 
.2 

• 3 
194. 

• 1 
.2 

• 3 
.4 

195. 
.1 
• 2 
.3 

196. 
.1 

197. 
.1 

198. 
.1 

199. 
.1 

200. 
.1 

.2 

• 3 
.4 

201. 
. 1 

202. 

Jan: 
No it's not because ••• 
Jim: 
Because 47 principals •• 
There'd only be about 
8 teachers in the 
school. 
Jan: 
I,ooki t ••• 
We don't have 81 
teachers here ••• 
We have about 16 • 
Jim: 
But look, Jan ••• 
160 teachers and 47 
pr inci pal s. 
1 principal, 1 school ••• 
There'd be a lot of 
schools and there'd 
only be about 10 
teachers in each 
school. 
Jan: 
But you see ••. 
Looki t •.. 
District 1 has about 47 
or 48 schools. 
Jim: 
But they don't have 
160 teachers. 
Jan: 
Yeah, but we're not 
talking about that 
district. 
Jim: 
But a school involves 
more than 20 
teachers. 
Jan: 
Yeah! 
Jim: 
. •• And if there's 47 
pr inci pal s ••• 
And 1 principal takes 
each school. 
They'll be about 47 • 
They'll only be ••• 
Bob: 
It doesn't involve ••• 
Jim: 

reasonable. 

Jim utilizes a 
a mathematical 
estimate in his 
"reality check". 
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Bob seeks to cut off 
debate. 



.1 

203. 
.1 

• 2 
204. 

• 1 
205. 

.1 

206. 
.1 

.2 

Yeah, but she's 
getting into it. 
Bob: 
Why do we have to 
know all this 
district stuff? 
It's not telling you .•• 
Jim: 
I know • 
Bob: 
They're talking about 
teachers and principals. 
Jan: 
But we're not talking 
about 1 school. 
We're talking about the 
whole district. 

(B-5-2-2; Exchanges 186-206) 

Case Study Summary - Group B 
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The incidence of problem solving behaviors and the 

interactional setting in which these behaviors occurred 

provided the basis for a session by session description of 

the problem solving processes of group B. In characterizing 

the performance of this group in constructing and evaluating 

viable problem representations, patterns emerged. These 

patterns reflected not only the problem solving expertise of 

individual members but the dynamics inherent in an 

essentially goal oriented group task-reaching consensus on 

the sol utions to a variety of problem types. 

As indicated in Table 37, Group B correclty 

represented 76% of the 25 problems. In each of the 19 

problems solved, at least one group member was able to 

accurately interpret the context of the problem and define 
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an appropriate statement of mathematical structure. A 

counting error during the solution attempt of a non-routine 

problem in Session 4 led group members to an incorrect 

solution to an otherwise correctly represented problem (see 

Table 37). 

Thirteen of the nineteen problems correctly 

represented required one attempt by group members during the 

initial Problem Solving Segment to reach consensus on a 

correct solution. The remaining six problems required a 

second atempt during the First Debriefing Segment before an 

accurate representation could be formulated. 

Group B was unable to construct a representation 

leading to correct solutions to four of the seven 

non-routine problems presented during the sessions. In 

addition, two multi-step problems could not be represented 

even though correct answers for these problems were 

presented to the group during the Second Debriefing. 

Patterns of Group Interaction. The percentage of 

verbal exchanges made by each group member and shown in 

Table 38 provided one indication of each member's 

participation. However, this information, isolated from a 

description of the social interaction which actually 

occurred, could not accurately reflect individual member's 

contributions to the group task. Ann, for example, although 

contributing approximately one-fourth of the actual 



Table 37. Summary of Problem Solving Performance of 
Group B on 25 problems. 

Subject Performance 

Problems represented correctly 
and solved during Problem 
Solving Segment 

Problems represented correctly 
and solved during First 
Debriefing Segment 

Problems represented correctly 
and solved during Second 
Debriefing Segment 

Problems represented correctly 
but unsolved (mechanical error) 

Problems represented incorrectly 
and unsolved 

1-3-3 
1-5-1 
3-1-2 
3-2-3 
3-4-3 
3-5-1 

1-2-2 
1-4-1 
1-4-1 

1-1-4 
5-4-4 

2-2-2 
2-5-4 

Problems 

4-1-1 
4-3-4 
4-4-3 
4-5-2 
5-1-3 
5-3-1 
5-5-4 

2-1-1 
2-3-3 
2-4-2 

4-2-4 

3-3-4 
5-2-2 
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Table 38. Percentage of Verbal Exchange by members of 
Group B during all sessions. 

Session Jan Ann Bob Jim 

1 25 24 22 29 

2 22 24 24 28 

3 28 24 21 27 

4 26 26 18 30 

5 27 23 17 32 

Average 26 24 21 29 
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exchanges in each session, seldom made a constructive 

contribution to the task of representing problems. Bob, on 

the other hand, made fewer verbal exchanges (20%); but, 

particularly in the first three sessions, provided greater 

inpt into teh process of problem solving. 

The interactions which characterized the problem 

solving process of Group B resulted from the domination of 

the process by a single member. Jim's proficiency in 

interpreting the context of nearly every problem presented, 

provided the content to which the other group members 

reacted. Jim initially was not active in monitoring or 

directing the course of the group interactions. 

Nevertheless his interpretations and proposals provided the 

subject matter for subsequent group interaction, and were, 

in most cases, accepted by the others. 

The pattern of group interactions which emerged from 

the five sessions, although fundamentally the product of 

Jim's expertise, was affected by the other members' reaction 

to this domination. In the first two sessions, Jan was the 

active group monitor. Often as Jim's counterpart, she 

assuemd a social leadership role, keeping the other group 

members, Bob and Ann, focused on the group goal and working, 

for the most part, together. In later sessions, 

particularly sessions three and four, Jan displayed more 

confidence in her own ability to contribute. In so doing, 
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she relinquished her role as monitor, preferring instead to 

take a more active part. Increasingly, in Sessions 3 and 4, 

the group formed subgroups: Jan and Jim formed one such 

subgroup while Bob and Ann formed another. The effect of 

this subgroup formation on the group interaction was 

two-fold: first it initiated a competitiveness not only 

between the two subgroups but between the members of the 

dominant subgroup, Jan and Jim. Second, it effectively 

isolated Bob and Ann from the problem solving process. 

Transcripts of solution attempts during Session 3 and 4 

indicated that consensus on proposed solutions became 

increasingly difficult to obtain from all group members. In 

at least six of the ten problems presented during these two 

sessions, a consensus was coerced even though it appeared 

that not all group members understood the operant problem 

representation. Jim appeared particularly aware of this 

lack of a true consensus on many problems. Increasingly 

monitoring the final exchanges of each problem solving 

attempt, he invariably summarized the completed 

representation and persuaded the others to accept it. 

Bob, to whom an understanding of the problem 

representation was particularly important in Sessions 1 and 

2, became less demanding in Sessions 3 and 4. His reaction 

to the formation of subgroups was to withdraw, making fewer 

and fewer constructive exchanges in the last three sessions. 
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Ann generally remained apart from the constructive 

process of problem solving in all sessions, preferring 

instead to check the computations and reiterate the 

interpretations of others. Although seemingly unconcerned 

with how statements of mathematical structure were derived 

from problem context, she nevertheless reacted 

argumentatively to nearly every proposal as her isolation 

from the group process increased in Sessions 3 and 4. In 

debating proposals, she often sided with Bob against what 

she saw as an alliance between Jan and Jim to "hog it up" 

(B-5-5-4; Exchange 61). 

Patterns of Problem Solving Behavior. The basic 

pattern of behaviors which characterized Group Bls problem 

solving efforts underwent a change over the five sessions. 

In Session 1 and Session 2, a distinctly "backwards 

orientation" was evident. This pattern was characterized by 

initial statements of problem structure or estimates of 

solutions from which interpretations of problem context were 

derived. Although Jim, who initiated this strategy, most 

certainly made the necessary contextual interpretations 

mentally prior to proposing the mathematical structure, it 

is clear that in many such instances, the other group 

members had not. Evaluative responses to these proposals 

thus tended to be intuitive, often taking the fonl of 



"reali ty checks", or mechanical, in which a check of 

computational accuracy was made. 
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During the second session, however, the group began 

to recognize the inadequacy of this backwards orientation in 

representing problems meaningfully and the overreliance on 

Jim's ability which such an orientation represented. No 

problems were solved correctly during the initial Problem 

Solving segment of this session. Group members, particularly 

Jan and Bob, subsequently exerted more influence during the 

First Debriefing Segment, noting the numerical data and 

isolating problem "wants" and "givens". These heuristics 

focused the problem solving effort, at least initially, on 

the context of the problem, increasing the likelihood of an 

accurate contextual interpretation and providing some basis 

for evaluating proposals. Sessions 3, 4, and 5 were 

characterized by this developing forward orientation. 

Specific heuristic behaviors exhibited by Group B 

were often first utilized during the First Debnriefing 

Segment of each session. The use of concrete manipulatives 

as a method of changing the mode of representation, although 

initially employed by Jim as an argument for consensus 

agreement to a previously derived algorithmic solution, was 

quickly recognized by other group members as an effective 

strategy for making contextual interpretations. Bob's and 

Ann's insistence in Sessions land 2 that problem 
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representations be clear to them accounted for the frequent 

usage of mode changing activities in these sessions. These 

activities included using concrete manipulatives, acting out 

the problem situation, forming mental pictures, and 

constructing diagrams and rudimentary tables. 

As the favorite heuristic of Group B's in Session 1 

and Session 2, mode changing activities were utilized in 90% 

of these early problem sdlving attempts. These activities 

not only provided a means of constructing problem 

representations but also of evaluating representnations 

constructed in other ways. Yet this heuristic process 

proved ineffective in solving many problems, and Jim was 

quick to point out "There's an easier way to do it" 

(B-2-1-1; Exchange 54.1). Jim's refusal in later sessions, 

to routinely "count out the chips" or to participate when 

someone else did had an eventual stiffling effect on the 

usage of this heuristic. In Session 3, a mode change 

occurred in only two of the five problems presented, a 

two-step problem and a non-routine problem. In Sessions 4 

and 5, this heuristic is used discriminatingly in only the 

non-routine problems presented. 

The overreliance of the group on Jim's ability to 

interpret the context of problems and derive statements of 

mathematical structure became a hindrance to the group goal 

of reaching consensus on problem representations. 
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Facilitating to some extent this process of reaching 

concensus, Jim ritualized a "looking back" procedure in 

which he briefly summarized the complete representation, 

usually relating the proposed solution direclty to the 

statement of problem "wants". Only Ann consistently resisted 

the appeal of this heuristic. In such instances other group 

members often repeated the "looking back" procedure or 

simply cajoled Ann's acceptance ("If you don't agree, then 

we have to do it allover.", (B-3-1-2; Exchange 85). 

In 16% of the problems presentned, Group B "tested 

special cases" while constructing representations in which 

the problem context was understood, but the mathematical 

structure remained obscure. Typically this heuristic was 

utilized in solving certain non-routine problems in which 

the athematical structure could not be expressed 

algorithmically. When effective, this activity allowed the 

group to explore the mathematical structure of the problem. 

On one occasion (B-2-2-2), the testing of a special case 

prefaced a systematic trial annd error strategy. Generally, 

however, a special ca se was "run through" simply to 

illustrate or justify the reasonableness of a partially 

constructed representation. 
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A Case study of Group C 

Preliminary Observation 

The members of Group C, 2 boys and 2 girls from the 

same elementary school classroom, typified the wide range of 

academic achievement of students in a fifth grade classroom. 

Pat, Joe and Ted were all described by their teacher as 

superior students, highly motivated to succeed in school. 

Sue, on the other hand, was an average student whose 

frequent school absences accounted for her struggle to "keep 

up", according to her teacher. 

During a preliminary "get acquainted" meeting in 

which the researcher and subjects talked informally about 

home, school, and the impending problem solving sessions, a 

distinct reticence by all group members to engage in 

conversation was noted. Although each member listened 

respectfully, dialogue was limited to profunctory answers to 

the researcher's inquiries. Little interaction among group 

members was established even though these students had 

worked and played together in the same classroom for most of 

the school year. 

Joe appeared the most comfortable member of the 

group in this new situation, responding for the group to 

many of the researcher's questions. His only question, 

however, was "How long will this take?" Upon probing, he 

admitted that he didn't want to have to make-up his 
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classroom assignments at recess time. The girls, Pat and 

Sue, nodded affirmatively during this exchange, obviously 

worried about this same prospect: but this was as close to 

an interaction as was observed. Ted, troubled by a mild 

speech impediment, volunteered little and displayed several 

avoidance behaviors including frequent yawning and close 

scrutiny of his hands. This feigned boredom appeared to 

belie his obvious anxiousness. 

Results of the California Achievement Test taken 

between April 19 and April 23, 1982, one week prior to the 

data gathering sessions, indicated that on this particular 

test, all group members scored between the forth and seventh 

stanine in reading and mathematics. Subtest scores indicated 

Ted's "above average" achievement in both Reading Vocabulary 

and Reading Comprehension as well as Mathematics Concepts 

and Applications. Joe too, displayed an "above average" 

score in Reading Comprehension. Sue's achievement test 

scores were uniformly "slightly below average" and indicated 

a weakness in Reading Vocabulary. All test scores are listed 

in Table 39. 

Altough the composition of this group in light of 

the 1982 C.A.T. scores appears to be in contradiction to the 

guidelines for sample selection established in Chapter III, 

the actual selection process was made on the basis of 1981 
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Table 39. Results of 1980 California Achievement Test for 
Group C. 

Subtest Pat Sue Joe Ted 

Total 
Reading 
Grade 
Equivalent 7.2 4.4 7.5 8.0 

Stanine 6 4 7 7 

Mathematics 
Computation 
Grade 
Equivalent 7.4 5.3 6.6 6.9 

Stanine 6 4 6 6 

Mathematics 
Applications 
Grade 
Equivalent 7.4 4.5 7.1 7.9 

Stanine 6 4 6 7 

Total 
Mathematics 
Grade 
Equivalent 7.4 4.8 6.9 7.4 

Stanine 6 4 5 6 
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C.A.T. scores. These earlier scores indicated a unifor.mity 

in achievement levels not found in the tabled data. 

The results of additional testing administered prior 

to the data gathering sessions are found in Table 40. These 

results indicate individual group member's perfor.mance on a 

problem solving pretest described in Chapter 3. On this 

particualr test, which was composed of verbal mathematics 

problems similar to those presented during the actual 

problem solving sessions, a wide range of scores was noted. 

Joe was the only group member to solve correctly more than 

50% of the eight problems presented. Sue had particular 

difficulty finding correct solutions; although the two 

problems she solved correctly, a non-routine problem and a 

problem containing extraneous information, are often the 

most difficult for students. 

Group C - Session 1 

Group C constructed complete representations for 

four of the five problems presented during the first 

session. Algorithmic solutions derived from the initial 

reading of Problem 1-2-2, a multi-step problem, and Problem 

1-3-3, a problem containing extraneous infor.mation, 

completed the accurate representations of each. Few 

heuristic behaviors were recorded during the problem solving 

attempt of either problem. Problem 1-5-1, a single step 

problem, was likewise correctly represented during the 
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Table 40. Group C: Number of correct items on Problem 
Solving Pretest, April 1982. 

Problems Pat Sue Joe Ted 

Single Step 
Problems 
Type I 
n=2 2 0 2 1 

Multi-Step 
Problems 
Type II 
n=2 0 0 1 1 

Extraneous 
Information 
problems 
Type III 
n=2 1 1 2 1 

Non-Routine 
Problems 
Type IV 
n=2 1 1 1 0 

Total 
n=8 4 2 6 3 
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initial Problem Solving Segment; however, debate among group 

members regarding conflicting contextual interpretations was 

resolved only after specific heuristic activities were 

employed. 

A trial and error strategy enabled group members to 

accurately represent Problem 1-1-4, a non-routine problem, 

in terms of this problem's context and mathematical 

structure. A typographical error in the text of the problem, 

however, produced a nonsensical solution which was rejected 

by the group (See Appendix A - Problem 1-1-4). 

A misinterpretation of the context presented in 

Problem 1-4-1 was responsible for the group's failure to 

recogize the structure of this one-step cartesian product. 

This misinterpretation so completely thwarted the 

implementation of alternative heuristic problem solving 

activities that the group members declined to do so even 

after the correct solution was presented during the Second 

Debriefing. 

An evaluation of the proposed solutions to problems 

which obtained a consensus agreement during this sesison is 

listed in Table 41. 

The Interaction of Group Members. Characterizing 

Group CiS problem solving attempts ~n this first session was 
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Table 41. Profile of Problem Solving Effort by Group C 
during Session 1. 

Problems 

Characteristics 1-1-4' 1-2-2 1-3-3 1-4-1 1-5-1 

Number of 
Exchanges 145 21 11 33 43 

Number of 
Solution 
Proposals 6 1 1 2 2 

Segment in 
Which 
Solved Un* PS** PS Un PS 

*Un - Unsolved 
**PS - Problem Solving 
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the brevity of the session itself. As indicated by table 41, 

an average of only 51 exchanges was needed by group members 

to reach consensus on each problem. 

The distribution of these exchanges among group 

members, as shown in Table 42, offered one indication of the 

social dynamcis operant during this problem solving session. 

Joe, contributing 38% of the exchanges, interpreted the 

context of every problem and expressed the algorithm which 

was the basis of each solution proposal. The facility with 

which Joe controlled the problem solving situation was made 

obvious by the fact that in three of the five problems 

pesented, he expressed correct solution proposals within the 

first three exchanges. Computing mentally, Joe often 

proposed a solution before the other group members even 

identified the problem "wants and givens". Typical of this 

pattern is Joe's solution to Problem 1-2-2 (see Appendix A -

Problem 1-2-2): 

1. 
.1 

2. 
.1 

3. 
• 1 
.2 

• 3 
.4 

Sue: 
Walter had 82 boxes of 
candy to sell for 70 
cents. He sold 75 
boxes. How much 
would it cost to buy 
the candy that Walter 
did not sell? 
Pat: 
Huh? 
Joe: 
Wal ter had ••• 
70 times 7 is 
$4.90. 
70 cents .• 
And he sold 75 boxes 

Sue reads the 
problem. 

Joe arrives at a 
quick solution. 
Joe begins an 
explana tion • 



Table 42. Percentage of Verbal Exchange by members of 
Group C during Session 1. 

Problems Pat Sue Joe Ted 

1-1-4 16 21 34 29 

1-2-2 28 10 43 19 

1-3-3 18 27 46 9 

1-4-1 36 15 36 12 

1-5-1 21 14 30 35 

Average 24 17 38 21 
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• 5 He had 82 • 
.6 He had 7 boxes that 

were left. 
.7 He had 7 boxes that 

were left. 
.8 O.K. 
• 9 How many is 7 •• 
.10 O.K ••• O.K ••• 

(C-1-2-2: Exchanges 1-3) 

With Joe dominating both the tempo and substance of 

both problem solving effort in this manner, the remaining 

group members, Pat, Sue and Ted, attempted to clarify the 

resulting representation for each other. Thus in one 

problem, Sue contributed 27% of the exchanges in interacting 

with Joe, while Pat (18%) of the exchanges in this 

particular problem) and Ted (9% of the exchanges) remained 

relatively quiet. In another problem Pat assumed this 

monitoring role, contributing 28% of the exchanges on this 

particular problem, while Sue (10% of the exchanges) and Ted 

(11% of the exchanges) became relatively inactive. This 

pattern was completed in yet a third problem in which Ted 

assumed the monitoring role, helping to clarify the problem 

representnation, while Pat and Sue listened quietly. 

The Incidence of Problem Solving Behaviors. Joe's 

propensity to propose an immediate algorithmic solution 

thwarted the other group members' more systematic attempts 

to interpret the context of these problems and negated the 

influence of emergent heuristic behaviors on the actual 

problem solving. This more systematic approach by the other 
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group members is exemplified by Ted and Sue's heuristic 

behavior in heading their scratch paper with the appropriate 

numerical data as the problem is initially read. The use of 

this prerequisite problem solving activity allowed the group 

members to quickly evaluate Joe's proposals in terms of 

stated problem "givens", but was not, in this session 

contributory to the construction of problem representations. 

The utility of this activity, undoubtedly questioned after 

the first three problems presented, was not found in the 

last two. 

In only one problem solving effort, the last 

presented, did the group challenge the problem 

representation expressed by Joe. Here, as in the others, a 

quick algorithmic solutionof the one-step problem (see 

Appendix A - Problem 1--5-1) appeared imminent: 

1. 
.1 

2. 
.1 

3. 
. 1 

4. 
.1 

5 • 
. 1 

Ted: 
A man has 162 base
balls to pack into 
boxes which hold 9 
baseballs each. 
How many baseballs 
will be left over 
after the man filled 
as many boxes as he 
can? 
Pat: 
How many boxes does 
he have? 
Ted: 
9 into 162 . 
Pat: 
How many boxes does 
he have there? 
Ted: 
It doesn't tell. 

Ted reads the 
problem. 

Sue calculates, but 
is unable to solve: 
Ted asks for help. !J 

., ) I"~ 
-D.. 

Pag suggests neede~&3 
information. 



• 2 
6. 

.1 
7 . 

. 1 
8. 

. 1 
• 2 

9. 
.1 
.2 

10. 
.1 

11. 
.1 

• 2 
12. 

.1 
13. 

. 1 

.2 
• 3 

14. 
.1 

15. 
. 1 
.2 

16. 
.1 
.2 

17. 
. 1 

18. 
.1 

.2 
19. 

.1 

.2 

You decide • 
Pat: 
9 into 162. 
Ted: 
No. 
Joe: 
Oh ••• 
He has 20 • 
Pat: 
20? 
20 of them left over? 
Sue: 
It's 153 
Joe: 
A man has 162 
baseballs to pack 
in boxes which hold 
9 baseballs each. 
How many baseballs 
will be left over 
after the man fills 
as many as he can? 
9 times 20 is 180 • 
Pat: 
180? 
Joe: 
So 9 times 18 is 162 • 
What's 18 times 9? 
162 • 
Pat: 
Tha t 's how many 
baseballs he 
started out with. 
Joe: 
I know ••• 
But .•• 
Ted: 
18 is the answer. 
Even Sue says so. 
Pat: 
But look ••• 
Joe: 
How many baseballs 
will be left over 
after the man has 
fi lIed •• ? 
None! 
Pat: 
How do you know? 
Because they don't 

Pat computes: 
I 

Joe estimates • 

Pat "looks back". 

Sue proposes the 
result of her 
miscalculation. 

Joe rereads the 
problem. 
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Joe computes: 18 
)( ct 
~ 

Pat evaluates by 
referring to 
context. 

Ted computes: 18 
9:5 I~~ 

-q-
7:t 
'7:l.. 

Joe rereads a --cf 
portion of the 
question. 

Pat again suggests 
needed 



20. 
• 1 
.2 
.3 

.4 

• 5 
21 • 

• 1 
.2 

22. 
. 1 

23. 
.1 

.2 
24. 

.1 

. 2 
25. 

. 1 
• 2 

26. 
• 1 

27. 
01 

28. 
.1 

29. 
.1 

30. 
.1 
• 2 

31. 
.1 

tell how much boxes 
he had. 
Joe: 
He had 9 • 
No ••• 
To pack in boxes 
that hold 8 base
balls each 
To pack into boxes 
that hold 9 
baseballs each. 
18 boxes he had • 
Ted: 
No. 
18 balls left. 
Joe: 
18 boxes. 
Ted: 
It doesn't tell how 
many boxes. 
Balls! 
Sue: 
Baseballs left over 
after he has filled 
as many boxes as he 
can . 
What? 
Ted: 
That's a stupid question • 
I say it's 18 • 
Joe: 
18 boxes • 
Ted: 
18 balls left over. 
Joe: 
18 boxes 
Ted: 
18 baseballs. 
Sue: 
It's boxes cause ••• 
Look ••• 
Ted: 
A man has 162 base
balls to pack in 
boxes which hold 9 
baseballs each. How 
many baseballs will 
be left over after the 
man has filled 
as many boxes 

information. 

Joe rereads a 
portion of the 
problem. 

Ted and Joe make 
different 
interpretations . 

Ted rereads the 
problem. 
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32. 
. 1 

33. 
• 1 

34 • 
. 1 
.2 

35. 
.1 

36. 
.1 
.2 

as he can? 
Pat: 
It's 18 boxes left . 
Sue: 
It's 18 boxes left • 
Ted: 
No. 
How many baseballs will 
be left over •.• after 
the man has filled as 
many boxes as he can? 
Joe: 
Zero-o-o-o! 
Ted: 
No. 
He's supposed to fill 
up everyone. 

(C-1-5-1; Exchanges 11-36) 
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Even though the proposed solution was repeatedly 

related to the statement of problem "wants" in a "looking 

back" procedure, the inconsistency was apparent only to Joe. 

Finally, Joe's summation of his contextual interpretation 

generated the complete representation for the others: 

37. 
.1 
• 2 
.3 

.4 

.5 

38. 
.1 
• 2 
.3 
• 4 

39. 
.1 
• 2 
• 3 
.4 

40. 

Joe: 
18 boxes hold ••• 
well •.• 
1 box holds 9 
baseballs 
18 times 9 is 162 
baseballs. 
18 boxes you gotta 
use to put in 162. 
Ted: 
Ehhh! 
You're right • 
There is none left • 
Huh. 
Sue: 
Yeah ... 
Cause see ... 
Look ... 
Into the boxes. 
Joe: 

Joe explains his 
representation . 



. 1 
41. 

.1 

42. 
. 1 
.2 
• 3 
.4 
• 5 
• 6 

43. 
. 1 

Just put O • 
Ted: 
Cause 9 will go into 
18 .•• 
Joe: 
And it's 162 . 
See? 
18 times 9 is 162 • 
Just put o. 
o left over • 
I think . 
Sue: 
18 boxes . 

(C-1-5-li Exchanges 37-43) 

Ted writes: 
o left over. 
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Evidence of heuristic behaviors by Group C was most 

prevalent in the solution attempt of the first non-routine 

problem presented to the group. In this attempt, concrete 
I 

manipulatives were used within the framework provided by a 

trial and error strategy to correctly represent the problem 

in terms of its context and structure. Unfortunately a 

typographical error in the text of the problem (see Appendix 

A - Problem 1-1-4) created a violation of condition 2 in 

selecting problems for presentation in this study (see 

Chapter 3, Problem Selection). Joe, recognizing the mixed 

number solutions implied by the group's concrete 

representation, offered to "cut one of those chips in half" 

(C-1-1-4, Exchange 28.1), but is dissuaded by Ted who 

demands to know "How could someone have half a vote?" 

(C-1-1-4; exchange 134.1). Such reasoning could not be 

refuted, and the group breaks off the problem solving 

attempt after 145 exchanges. 
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Depicted in Table 43 is the incidence of these and 

other specific problem solving and evaluative behaviors 

found in this session. 

Group C - Session 2 

Algorithmic proposals predominated the solution 

attempts of the five problems presented in this second 

session. As shown in Table 44 the one-step problem, 2-1-1, 

was accurately represented during the initial Problem 

Solving Segment, an algorithm being used to compute the 

final proposal. Problem 2-2-2 required two attempts before 

an algorithm produced the correct solution; however, an 

appropriate representation of the problem was constructed 

during the early stages of the first attempt. The 

algorithmic solution derived from this initial 

representation was rejected. A computation error made during 

the solution attempt of a third problem, a multi-step 

problem labeled Problem 2-4-2, went unrecognized by the 

group even though the problem was correclty represented in 

terms of its context and structure. 

A process approach based on a random trial and error 

strategy generated a consensus agreement on Problem 2-2-2, a 

multi-step problem. The context of this particular problem 

was well understood from the beginning, but a correct 

solution became apparent only after the group abandoned 



Table 43. Incidence of Behaviors during Problem Solving Segments by Group C in 
Session 1. 

Problells 

1-1-4 1-2-2 1-3-3 1-4-1 1-5-1 
Problem Solving Segments 

Constructive Behaviors PS DI DII PS DI DII PS DI DII PS DI DII PS DI 
Rereading aloud x x x 
Rereading silently x x 
Stating problem wants and givens x x x 
Defining terms x x x 
Using mnellonic notation x x x 
Performing exploratory .inipulations x 
Establishing visual comparisions x 
Demonstrating proble. conditions x 
Decomposing and recombining elements x 
Estimating an answer x 
Identifying a pattern x 
Suggesting an operation x x x x 
Relating conditins to variables x 
Identifying "key" words x 
Deducing an algorithm x x x x· 
Using systematic trial and errorx 
Using randoll trial and error x 
Working backwards x x 
Extending a pattern x 
Applying a standard algorithm x x x x 

Evaluative Behaviors 
Performing a reality check x x x 
Relating proposals to the problem posed x x x 
Retracing reasoning x x x x 
Checking computation x x x x 
Providing no referent x 

DII 

w 
0 
\0 
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Table 44. Profile of Problem Solving Effort by Group C 
during Session 2. 

Problems 

2-1-1 2-2-2 2-3-3 2-4-2 2-5-4 

Characteristics 

Number of 
Exchanges 71 107 97 111 79 

Number of 
Solution 
Proposals 5 7 3 4 3 

Segment in 
Which 
Solved PS* PS FD** Un*** Un 

*PS - Problem Solving 
**FD - First Debriefing 
***Un - Unsolved 



attempts to represent the problem's structure with an 

algori thm. 
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The non-routine problem, Problem 2-5-4, was not 

solved. Inaccurate contextual interpretations stymied any 

possibility that group members would recognize that this 

problem was unsolvable in terms of the algorithms available 

to them. 

The Interaction of Group Members. There was a 

stabilization of roles for members of Group C in this 

session; and although the pattern of problem solving 

behaviors identified in the first session again 

characterized this session, both Pat and Ted took a more 

acti ve pa rt. 

As indicated in Table 45, Pat contributed 33% of the 

exchanges. She aggressively vied with Joe during the opening 

sequences of each attempt to translate problem context into 

an algorithmic solution. 

Ted (21% of the exchanges) rarely participated in 

these opening exchanges, preferring to ponder the problem in 

silent rereading. He complained at one point, "You didn't 

even give me a chance." (C-2-4-2; Exchange 24) when an 

algorithmic solution led to a quick consensus; yet he 

generally appeared to wait until after the initial 

algorithmic poposal before offering an alternative 

contextual interpretation or a solution proposal of his own. 



Table 45. Percentage of Verbal Exchange by members of 
Group C during Session 2. 

Problems Pat 

2-1-il. 38 

2-2-2 27 

2-3-3 32 

2-4-2 30 

2-5-4 36 

Average 33 

Sue 

5 

25 

4 

16 

24 

14 

Joe 

40 

29 

36 

34 

20 

32 

Ted 

17 

19 

28 

20 

20 

21 

312 
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An excerpt from the following Type 3 problem illustrated 

this behavior (see Appendix A - Problem 2-3-3): 

1. 
.1 

2. 
• 1 

3. 
. 1 
.2 
• 3 
• 4 

.5 
• 6 

4. 
.1 
• 2 
• 3 

5. 
.1 
. 2 
• 3 
.5 

6. 
.1 

7. 
• 1 
• 2 
• 3 
• 4 

8 . 
. 1 

9. 
.1 

10. 
.1 
• 2 

11. 
.1 

Joe: 
Mary has 2,345 stamps 
in her collection. 
273 of the stamps are 
Mexican. 1,624 stamps 
are American and the 
rest are from Canada. 
How many stamps in 
Mary's collection are 
not American? 
Pat: 
Oh, I know • 
Joe: 
That's easy ••• 
Let me see ••• 
Wait ••• 
2,345 take away 1,624 ••• 
is 721. 
Hmmm ..• 
I don't get this • 
Pat: 
Let me see. 
Wai t up •.• 
Are not American • 
Joe: 
702 •.• 
No ••• 
702 ••• 
One thousand? 
Pat: 
721 are not 
American. 
Joe: 
Yeah ••• 
721 • 
Yeah • 
721 • 
Ted: 
No-o-o. 
Sue: 
How do you get that? 
Pat: 
Yeah ••• 
721 and what is 2,345? 
Joe: 
Hmmm. 

Joe reads the 
problem. 

Joe computes: 
r::l)'3L/5 
I 'fJ.~ 
o '(E! 

Pat rereads the' 51- , 

problem silently • 

Pat formally states 
a possible answer. 

Joe tries a trial 



• 2 
12. 

• 1 
13. 

. 1 

.2 

.3 
• 4 

14. 
• 1 

15. 
. 1 
• 2 

16. 
.1 

17. 
.1 
.2 
.3 

18. 
. 1 

721 pI us 13 0 O. • • 
Pat: 
We got it • 
Joe: 
That's 2,021 ••• 
How much? 
2,345 
2,021 pI us ••• 
Sue: 
2,345 • 
Joe: 
No, wait ••• 
pI us 721 • 
Pat: 
721 plus what? 
Joe: 
1400 ••• 1400 
2121 ••• 
What? 
Ted: 
721 is from Canada • 

(C-2-3-3i Exchanges 1-18) 
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and error sequence. 

Joe computes: 
1300 

7.:11 
otD02. f 

Joe computes: 
IL/OO "00 

701-/ 7;),1 
GlI:J..1 01.3:2.1 

Ted misinterprets 
the previ ous 
proposal. 

Sue, offering just 14% of the exchanges in this 

session, was noticeably silent during three of the five 

problems attempted. Although she appeared to follow the work 

of the others closely, often quietly checking their 

computations, she was hesitate in entering the discussion. 

In the solution of a multi-step problem (See Appendix A -

Problem 2-4-2), she waited until the Second Debriefing 

before making the following contributions: 

112. 
.1 

113. 
• 1 

114. 
.1 

Ted: 
How come this one's 
wrong? 
Sue: 
It's 576 stamps . 
Pat: 
But how do you get 
that though? 

Ted reads the 
answer. 



115. 
. 1 
• 2 
• 3 
.4 

• 5 
• 6 
.7 

116. 
.1 

• 2 
• 3 

Sue: 
Look ••• 
I'll show you ••• 
Look •.• 
You take 248 and 
176 and you add them. 
And look ••• 
424 •.. 
424 subtracted from 
1,000 is 576. 
Pat: 
That's what I was 
trying to tell you. 
I did that . 
Oh-h-h-h • 

(C-2-4-2i Exchanges 112-116) 
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Sue recalculates, 
avoiding the error 
she initially made: 

Joe (32% of the exchanges) remained the dominant 

member of the problem solving group. Filling his scratch 

paper with computational sequences, Joe tended to ignore the 

contributions of the others while striving for the 

appropriate number sentences which literally reflected his 

own contextual interpretations. The opening sequence of the 

following solution attempt exemplified this pattern of 

interaction (see Appendix A - Problem 2-4-2): 

1. 
.1 

2. 
.1 

Joe: 
Allen needs 1,000 
coupons to win a 
new bicycle. His 
classmates gave him 
248 coupons, and now 
he is only 176 short 
of his goal. How 
many coupons did 
Allen have before his 
classmates gave him 
some? 
Ted: 
How many does he 
need for his goal? 

3. Joe: 

Joe reads the 
problem. 

Ted isolates 
problem givens. 



. 1 
4. 

. 1 
5. 

.1 

6. 
• 1 

7. 
.1 

8. 
.1 

9. 
• 1 

10. 
.1 

11. 
. 1 
.2 
• 3 
. 4 
• 5 

12. 
.1 

176 . 
Ted: 
Ah huh . 
Pat: 
Allen needs •.• he 
needs a thousand 
coupons to win a 
new bike. 
Joe: 
248 ••. 
Pat: 
His classmates gave 
him 248. 
Ted: 
Let me see this 
si tuation. 
Joe: 
248 pI us ..• 
Pat: 
How many coupons 
did Allen need 
before ... ? 
Joe: 
600 ..• 848 •.• 
Let me see ..• 
848 pI us 176 ••. 
Dh I almost got it • 
He had .•• 
Ted: 
His classmates gave 
him 248. 

13. Joe: 
.1 Alright ... 
• 2 I almost got it • 
. 3 Hey ... 
• 4 Do I got it? 

(C-2-4-2; Exchanges 1-13) 
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Pat rereads silently. 

Ted rereads 
silently and 
heads his paper 
with the following: 
1000, 248. 

Pat restates the 
question. 

Joe computes: 

The Incidence of Problem Solving Behaviors. The 

previous excerpt, Problem C-2-4-2i Exchanges 1-13, depicted 

Joe's attempt to represent the structure of this multi-step 

problem in the form of the additionn algorithm rather than 

the inverse subtraction algorithm. The numeral 600 was 
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actually a previously estimated answer, and the number 924 

provided an indication of the estimate's correctness. 

This tendency to work "backwards" from an estimated 

answer was actually an attempt to "test a special case", a 

heuristic behavior Joe often employed to explore the 

mathematical structure of a problem. 

Both Pat and Joe demonstrated their proficiency in 

deriving algorithmic statements of problem structure: yet 

the two derived their algorithms in fundamentally different 

ways in this session. In solving the following one-step 

problem these different approaches were highlighted (see 

Appendix A - Problem 2-1-1): 

1. 
.1 

2. 
.1 

3. 
.1 

4. 
.1 

5. 
.1 

6. 
.1 
.2 

Pat: 
Lisa has 144 pennies. 
She has 6 times as 
many pennies as 
nickels. How 
many nickels does 
she have? 
Ted: 
What? 
Pat: 
She has 144 pennies 
Joe: 
She has 6 times 
nickels. 
Ted: 
As many pennies 
as nickels. 
Joe: 
Let's see 
Lisa has 144 pennies 
She has 6 times as 
many pennies as 
nickels. How many 
nickels does she have? 

.3 6 times ... 
7. Pat: 

Pat reads the 
problem. 

The group laughs. 

The group isolates 
problem "gi vens". 

Joe rereads the 
problem. 



.1 
8. 

.1 

9. 
. 1 

10. 
1. 

11. 
.1 
• 2 
• 3 

12. 
. 1 

Darn this problem. 
Joe: 
5 •• 5 •• 5 •• 5 •• 
5 •• and 5. 
Sue: 
Let's just do 1 •• 2 •. 
3 •• 4 •• 5 •• 6 •• 
Pat: 
10 •• 20 •• 30 •• 
Joe: 
30 •• 
She has 144 pennies • 
6 times • 
Pat 
6 into 144. 

(C-2-1-1; Exchanges 1-12) 
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Ted rereads silently 
and writes the 
following: 144 
pennies. 

Pat proposes an 
algorithm • 

In these opening exchanges Pat deduced the 

appropriate mathematical process, division, by actually 

interpreting the condition stated in the problem. Joe, 

however, expressed confusion because, to him, the division 

process did not literally fit the problem statement. His 

plan was to test a variety of special cases utilizing the 

inverse multiplication algorithm. The following excerpt from 

a later point in the same problem solving attempt, 

demonstrated the success of this behavior: 

54. 
.1 
.2 

55. 
. 1 

56. 
.1 
.2 
.3 

Pat: 
14 what? 
Oh, I know what 
you're trying to 
do. 

Ted: 
It says 
Joe: 
35? 
35? 
35. 

it's 35 • 

Joe continues his 
computa tional 
sequence: Pat 
recogni z es his 
strategy • 

I '3 Ol ISI./ 



57. 
• 1 

58. 
.1 
• 2 

59. 
. 1 

60. 
. 1 

61. 
.1 

62. 
.1 

63. 
.1 

64. 
.1 

65. 
• 1 

66. 
. 1 
.2 

67. 
.1 

68. 
• 1 

69. 
• 1 

Ted: 
I think its 35 • 
Joe: 
35? 
How'd you corne up 
35? 
Ted: 
All these words • 
Joe: 
May be it's 35 • 
Pat: 
It's 24. 
Joe: 
Yeah ••• 
Pat: 
24. 
Joe: 
See, that's what 
I was trying to get. 
Pat: 
24 times 6 is 144 • 
Joe: 
Yeah .•• 
That's what I was 
trying to get, man. 
Ted: 
24, huh? 
Joe: 
Si • 

Ted: 
AIr ight • 

(C-2-1-1; Exchanges 54-69) 

Ted makes a 
computational 
error on 6 
times 24 • 

Pat duplicates 
Joe's compu
tational sequence: 
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Joe spots his 
computational error. 

Ted checks the 
computation: :J.L/ 

'X ~ 
Ui-JD 

Because Joe and Pat had so little difficulty in 

expressing their interpretations of problem context in terms 

of mathematical statements of structure--namely 

algorithms--few group problem solving activities were noted 

in this session. An exception was the usage of a trial and 

error solution on a two-step problem in which everyone 

participated (see Appendix A - Problem 2-2-2). An excerpt 

from the solution of this problem begins at that point when 
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the search for the appropriate algorithm appeared fruitless, 

and failure to construct a viable representation of the 

problem appeared imminent: 

46. Pat: 
.1 We're going to get 

this one wrong. 
47. Joe: 

.1 Nope. 
48. Ted: 

.1 I say there's no 

• 2 
49. 

1. 

50. 
.1 
.2 

51. 
.1 

52. 
.1 

53. 
.1 
.2 
. 3 
.4 

54. 
.1 

55. 
.1 
.2 
.3 
.4 

56. 
.1 
.2 

57. 
.1 
.2 
. 3 

answer. 
I suggest that .•• 
Pat: 
30 pI us 40 is 60. 

Joe: 
30? 
20 •.. 

Sue: 
Oh. 
Pat: 
35 plus 15. 
Joe: 
40 plus 20. 
Yeah ••. 
It has to be like ••. 
35 plus 25 .•. 
Pat: 
He has 30 more. 
Joe: 
I know. 
He has 35 and ••. 
l5? 
No. 
Pat: 
35? 
But he has 30 more. 
Joe: 
35 and 5? 
No . 
40? 

Pat's calculation is 
wrong, but it hints 
at a possible solution 
strategy. 

Joe recognizes that 
a trial and error 
strategy is possible. 

Pat computes: 

35 
IS 

.so 
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.4 35? 

.5 35 plus 25 is ..• ? Joe computes: 
58. Pat: 35 .1 I think 60. 

• 2 Yeah • +r;J.S" 

.3 But he doesn't {po 

have 30 more. 
59. Joe: 

1. 10 rrore. 
.2 How about 20? 
• 3 Can't be . 
• 4 Has to be 30 . 

(C-2-2-2 ; Exchanges 46-59) 

This strategy was continued in seeming desperation 

as the frustration of individual members mounted: 

76. Pat: 
.1 How much does 

John have? 
77. Sue: 

.1 You guys want to 
agree on 3D? 

78. Joe: 
.1 Yeah. 

79. Pat: 
. 1 John .•. 
.2 50 ... 
.3 John has 50! 

80. Ted: 
.1 Hey. 

81. Pat: 
.1 John has 50 and 

Mary has only 10. 
82. Joe: 

.1 Well that's 40 
more right there. 

83. Ted: 
.1 Ah man. 

Sensing the frus
tration, Sue writes 
30 on her paper and 
proposes a final 
solution: 



84. Sue: 
.1 No. 
.2 Cause he has 30 

more. 

85. Ted: 
.1 Joe? 
.2 45 and 15? 

86. Sue: 
.1 No, it can't be. 

87. Pat: 
.1 Can't be 45. 

88. Sue: 
.1 Cause he has ••• 

89. Joe: 
.1 It'd be 60t 
.2 It'd be 70. 
.3 No. 

90. Ted: 
.1 No, man • 
• 2 He has 30 more • 
• 3 That doesn't mean 

91. 
.1 
.2 
83 

92. 
.1 

93. 
. 1 

94. 
.1 

95. 
.1 

.2 
96. 

.1 

97. 
. 1 
• 2 
• 3 

98. 

he ••• 
Joe: 
Yeah. 
Huh? 
45 and 15. 

Pat: 
45? 
Sue: 
Oh yeah, huh • 
Pat: 
But it says he 
has 30 more. 
Joe: 
45 take away 15 is 
30. 
See? 
Ted: 
Then add them 
together. 
Joe: 
Yeah ••• 
Looki t .•• 
45 plus 15 is 60 • 
Ted: 
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Ted continued the 
trial and error 
stra tegy and 
computes: 

4S 
IS 

Joe recognizes a 
possible solution, 
but faulty mental 
computation leads 
him to ini tia11y 
reject it. 

Joe recognizes that 
Ted's solution 
sa tisf ies the 
problem condition. 

Joe computes: 

Joe computes: 

45 
-IS 
30 

'-IS" 
tIS 

(Do 



• 1 
99. 

. 1 

.2 

.3 

100. 
.1 

Told you • 
Joe: 
45 ••• 
No, no ••• 
He has 45 and 
she has ••• 15. 
Ted: 
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101. 
.1 
• 2 

Which one? 
Joe: 
45. 
Yeah ••• 

Joe rereads a portion 
of the problem 
silently. 

• 3 
102. 

.1 
103. 

.1 
• 2 
• 3 
• 4 

45 • 
Sue: 
45 pennies? 
Joe: 
Yeah ••• 
No ••• 
Put 45 more ••• 
45 more pennies . 

(C-2-2-2; Exchanges 76-103) 

A final heuristic behavior found in this session was 

attributed to Pat. On two separate occasions in this 

session, she related a current solution attempt to one the 

group had performed in the past. The first instance of the 

utilization of this heuristic occurred during the trial and 

error sequences previously described in Problem C-2-2-2. 

Midway through the solution attempt, Pat commented, "it's 

probably like that other problem" (C-2-2-2; Exchange 60). 

The referent was unclear, but there were two distinct 

possibilities: The first was the problem presented 

immediately preceediing the one in progress (see Appendix A 

- Problem 2-1-1). This problem had a vaguely similar context 

but a disparent mathematical structure. More likely, 

however, \'las the first problem of the first session 
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presented the week before (see Appendix A - Problem 1-1-4). 

That problem, although dissimilar in its contextual setting, 

embodied a mathematical structure closely resembling the 

current problem and likewise suggested a trial and error 

strategy. 

The second incidence of this behavior occurred 

during the solution attempt of a non-routine problem, 

Problem 2-5-4 (See Appendix A). In this case, the group 

recognized immediately the obvious contextual similarity to 

a problem presented during the Problem Solving Pretest two 

weeks earlier (see Appendix B). This reference may well have 

hampered the group effort in solving the current problem, 

for the same algorithmic approach applied by individual 

members to the pretest problem was attempted on the latter 

with the same result - a failure to make an accurate 

contextual interpretation. 

In summary, Table 46 lists the incidence of these 

and other problem solving and evaluative behavior identified 

in the second session (see Table 46). 

Group C - Session 3 

In the third session, five problems were again 

presented to Group C. Contextual interpretations of four of 

the five led to a quick isolation of the appropriate 

mathematical process and an algorithmic solution. In only 

one of the four routine problems solved in this manner was 



Table 46. Incidence of behaviors during Problem Solving Segments by Group C in 
Session 2. 

Problems 

2-1-1 2-2-2 2-3-3 2-4-2 2-5-4 
Problem Solving Segments 

constructive Behaviors PS 01 OIl PS 01 OIl PS 01 OIl PS 01 OIl PS 01 OIl 

Rereading aloud x x x x x x x 

Rereading silently x 
Stating problem wants and givens x x x x x x x x 

Stating problem conditions x x 

Defining terms x x 

Using mnemonic notation x x x 

Estimating an answer x x x x 

Suggesting an operation x x x x x x x x x 

Relating conditins to variables x 

Isolating sub-problems x x x 

Testing special cases x 

Referring to a similar problem x x 

Identifying "key" words x 
Deducing an algorithm x x x 

Using systematic trial and error x 
Using random trial and error x 
Working backwards x x x 

Applying a standard algorithm x x x x x x x x x 

Applying counting techniques x 
Evaluative Behaviors 

Performing a reality check x x x x x x x 

Relating proposals to the problea posed x x x x x 

Retracing reasoning x x x x x x x x 

Checking computation x x 

Providing no referent x x x x x x 

W 
N 
lIt 
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an alternative solution proposal debated. Consensus 

agreement was reached on each of the four problems during 

the initial Problem Solving Segment. 

A variety of algorithmically generated solutions 

were inappropriately proposed for the non-routine problem 

(Problem C-3-3-4) presented in this session. Only one group 

member made a serious attempt during the First Debriefing to 

interpret the context of the problem, catching the briefest 

hint of the underlying structure. The frustration of 

attempting an algorithmic solution of a non-routine problem 

and the realization that there may have been an alternative 

approach was realized only during the Second Debriefing. 

Reading the solution to the problem from the answer sheet 

and working backwards in an attempt to discover a sought for 

algori thm, Sue exclaimed, "You can't do it by the numbers. 

There's something in the words" (C-3-3-4; Exchange 

103.2-103.3) . 

A profile of Group CiS problem solving efforts in 

Session 3 is presented in Table 47. 

The Interaction of Group Members. The absence of one 

group member, Pat, altered the pattern of interaction among 

group members from those found in the first two sessions. 

Joe, contributing 32% of the exchanges, continued to 

dominate the solving of the problems presented. Table 48 

indicated that Joe was able to correctly identify the 
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Table 47. Profile of Problem Solving Effort by Group C 
during Session 3. 

Problems 

3-1-2 3-2-3 3-3-4 3-4-3 3-5-1 

Characteristics 

Number of 
Exchanges 25 59 120 53 19 

Number of 
Solution 
Proposals 1 2 5 2 1 

Segment in 
Which 
Solved PS* PS Un** PS PS 

*PS - Problem Solving 
**Un - Unsolved 
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appropriate mathematical process and reach a consensus with 

the other group members within an average of forty exchanges 

on four problems. 

The pattern of interaction found in this section 

appeared to be greatly affected by the ease in which Joe 

constructed a representation of the first problem, Problem 

3-1-2, a representation unshared but unchallenged by the 

other group members. A full transcript of the solution of 

this multi-step problem clearly delineated the roles which 

each member assumed (see Appendix A - Problem 3-1-2): 

1. Sue: 
.1 Jerry has 11 more 

marbles than Dan. 
Jerry has 7 fewer 
marbles than Fred. 
If Dan has 24 
marbles, how 
many does Fred have? 

2. Joe: 
.1 Let me see. 
• 2 Jerry has 11 more 

marbles than Dan. 
Jerry has 7 fewer 
marbles than Fred. 
If Dan has 24 
marbles, how many 
does Fred ha ve ? 

.3 Let me see ... 
3. Sue: 

.1 34. 
4. Joe: 

.1 42? 

. 2 Yeah? 

. 3 Well watch •.• 

. 4 Looki t ... 

. 5 Jerry has 11 more 
marbles than Dan • 

• 6 If Dan has 24 
marbles • 

. 7 Jerry has 11 more 

20 second silence . 
Ted rereads 
silently, 
Joe computes: ;2 L/ 

I I 
35 

7 
q;;.. 

Joe proposes a 
sol ution • 

Joe explains his 
sol ution. 



• 8 
5 • 

• 1 
6. 

. 1 
7. 

.1 
• 2 

.3 
8. 

.1 

.2 
9. 

.1 
10. 

.1 
11. 

.1 
• 2 
• 3 
.4 

• 5 
• 6 
. 7 
• 8 
• 9 
• 91 

12. 
.1 
.2 

13. 
.1 
.2 

14. 
. 1 

15. 
.1 

16. 
.1 

.2 

.3 
• 4 
• 5 
.6 

marbles. 
That's 24 plus 11 • 
Ted: 
Let me see. 
Sue: 
Wait up • 
Joe: 
That's 5 •• 35. 
And then it says 
that Jerry has 7 
Let me see ••• 
Sue: 
You'd subtract 7 
from that ••• 
Let me see ••• 
Joe: 
Subtract 7? 
Sue: 
Yeah. 
Joe: 
Add 7 • 
Looky ••• 
o. K. 
This is Jerry right 
here ••• 
This is Fred • 
Fred has ••• 
Yeah ••• 
So you have to add 7 • 
This is Fred ••• 
So plus 7 is 42 • 
Sue: 
What? 
Do you think it's 42? 
Ted: 
42? 
Do you think it's 42? 
Sue: 
I think it's 42 • 
Joe: 
I do too. 
Sue: 
Cause 100k ••. right 
here. 
You take the 24 
marbles. 
Right? 
And then you add .• 
And th en add •.• 
No ••• 

Ted rereads the 
problem silently. 

Joe continues his 
ex pI ana tion • 
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Sue misinterprets 
the phrase, "7 fewer 
marbles than Fred." 

Joe points to his 
computation. 

Sue attempts to 
explain the 
solution to Ted 
and herself. 



. 7 
17. 

. 1 

.2 
• 3 

18. 
.1 
.2 

19. 
.1 

20 • 
• 1 

21. 
01 

22. 
.1 

23. 
.1 

24. 
. 1 

25. 
. 1 

It can't 
Joe: 
It's 35 • 
And then 
It's 42 • 
Sue: 
7 fewer 
11 from 
Joe: 
42! 
Ted: 
Are you 
Joe: 
Yes. 
Sue: 
If it's 
Joe: 
How many 
have? 
Joe: 
It's 42 • 
Ted: 
o. K. 

be • 

you. 

marbles. 
24 is ••• 

sure? 

wrong, Joe ••• 

does Fred 

(C-3-1-2; Exchanges 1-25) 

Sue is concerned 
because she must 
write the answer; 
she feels she must 
take some responsi
bility for its 
correctness • 
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Ted's and Sue's reaction to Joe's proficiency in 

interpreting the problem context and deducing and computing 

alogorithms mentally characterized the interaction found in 

this and all problems presented in this session. Sue, 

contributing 40% of the exchanges in this problem and 39% 

overall, attempted to monitor the problem solving situation 

by questioning Joe about his mental problem solving 

representation. She in turn invariably reiterated Joe's 

explanation for Ted who appeared uninterested in the 

proceedings. In the preceding transcription it was apparent 

that Sue was unsuccessful in her attempt to pace the 

construction of the representation. Joe coerced a consensus 
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even though the others did not share his representation. 

Ted, contributing 16% of the exchanges during the solution 

to the previously illustrated problem and 25% of the overall 

exchanges during the session, did not wish to compete with 

Joe in deriving algorithmic solutions to problems. He 

contribted few constructive statements and appeared content 

to confine himself to evaluating Joe's interpretations and 

checking computations for accuracy. Yet Ted's apparent lack 

of interest was belied by his enthusiasm and tenacity in 

attempting to represent the only non-routine problem 

presented. 

Table 48 illustrates the verbal exchanges made by 

each group member on a problem-by-problem basis (see Table 

48). 

The Incidence of Problem Solving Behaviors. Unable 

to contribute constructively in solving routine problems, 

Ted was the first to recognize that Joe's algorithmic 

solutions would not yield a correct answer on a non-routine 

one (see Appendix A - Problem 3-3-4). After an initial 

algoritmic solution failed to represent this problem, Joe 

withdrew to frustrated pencil tapping and doodling. Ted, 

meanwhile, attempted to construct a representation based on 

the distinction between numbers and digits: 

15. 
.1 

Ted: 
Mike is paid for 
writing numbers on 
the pages of a book. 

Ted rereads the 
problem. 



Table 48. Percentage of Verbal Exchange by members of 
Group C during Session 3. 

Problems Sue Joe Ted 

3-1-2 40 44 16 

3-2-3 37 39 24 

3-3-4 40 24 36 

3-4-3 40 38 22 

3-5-1 37 37 26 

Average 39 36 25 
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.2 

.3 

16. 
• 1 

17. 
. 1 

Since different pages 
require different 
numbers of digits, 
Mike is paid for 
writing each digit. 
In his last book, he 
wrote 642 digits. How 
many pages were in 
the book? 
Let me see ••• 
I almost got it 
last time. 
Sue: 
I do n 't kn ow • 
Ted: 
Mike is paid for 
writing numbers on 
pages of a book. 
Since different 
pages requi re 
different numbers 
or digits, Mike is 
paid for writing 
each digit. In 
his last book, he 
wrote 642 digits. 
How many pages were 
in the books? 

(C-3-3-4i Exchanges 15-17) 

Ted appears to be 
trying to establish 
the relationship 
between digits and 
and numbers • 
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20 seconds silence • 
Ted rereads the 
problem. Ted writes: 

/0 
0'20 

D 3c Q 
lD 1-/0 I 

sc 90 
(00 

70 
8c 
jlL 

The First Debriefing Segment was characterized by 

long lapses of silence in which Ted filled his "scratch" 

paper with numerical data while the others watched. When Ted 

finally made a proposal, he was unable to explain the 

contextual interpretation behind it: 

62. 
.1 
.2 

63. 
.1 

64. 
. 1 

65. 
.1 

Ted: 
I don't know. 
108 pages? 
Joe: 
What? 
Ted: 
108 pages • 
Joe: 
That sounds pretty 

65 seconds silence 
Ted finally proposes 
an idea which he has 
been pondering for 
quite a while. 



·2 
.3 

66. 
. 1 
• 2 

67. 
. 1 
.2 

.3 

good. 
108 pages. 
How'd you get that? 
Sue: 
108 pages • 
And there's 642 digits .•. 
Ted: 
99 pI us 9 • 
I don't know how 
to explain it. 
But I know all 
about it. 

(C-3-3-4; Exchanges 62-67) 
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Ted laughs nervously 
because he knows what 
the next question 
will be, 

Problem solving continued as Ted attempted to 

isolate and interpret problem givens, but Sue's and Joe's 

growing restlessness compounded Ted's frustration. In an 

attempt to interest the others, Ted verbalized a partial 

representation: 

86. Ted: 
• 1 Try 108 • 

87. Joe: 
.1 How many pages were 

in the book? 
88. Ted: 

.1 What do you do? 
89. Sue: 

.1 How do you get it? 
90. Ted: 

.1 What? 

.2 108? 
91. Sue: 

.1 Yeah. 
92. Ted: 

.1 Well, in 1 through Ted attempts an 
9, there's 9 digits. explanation. 

93. Sue: 
.1 I know. 

94. Ted: 
.1 ..• And 10 through 

99, there's ••. 
• 2 Oh wait •. 

95. Sue: 
.1 Oh, I see. 



• 2 
• 3 

96. 
.1 

.2 
97. 

.1 

98. 
. 1 

99. 
.1 

100. 
.1 

101. 
. 1 

No, I don't •• 
That's wrong • 
Ted: 
Mike is paid for 
writing numbers on 
pages of a book. 
Since different pages 
require different 
numbers of digits, 
Mike is paid for 
writing each digit. 
In his last book, he 
wrote 642 digits. 
How many pages were 
in the book? 
Who knows? 
Sue: 
How'd you get that, 
Ted? 
Ted: 
I think it's wrong • 
Sue: 
Do you gi ve up? 
Ted: 
Do you? 
Sue: 
Yeah • 

(C-3-3-4; Exchanges 86-101) 
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20 second silence. 
Joe impatiently taps 
the recorder with 
his pencil. 

Ted rereads. 

The frustration of 
the group is readily 
apparent. 15 second 
silence. 
Ted laughs. 

The group elects to 
stop without writing 
an answer. 

Although Ted's problem solving efforts on this 

single problem did not constitute an established pattern of 

behavior, it did appear to point out to all group members 

that nonalgorithmic approaches might be justified in solving 

some problems. 

No patterns of heuristic behavior were found in this 

session. Joe did demonstrate an uncanny ability to mentally 

decompose and rearrange problem "givens" into meaningful 

representations, but he seldom shared his representations 
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during actual problem solving. After making a proposal, Joe 

often did clarify his representations for the benefit of the 

others and generally related his solution proposal to 

problem "wants" in a final "look back." Such activities 

assured a consensus agreement during this session. A 

summation of identified problem solving and evaluative 

behaviors is compiled in Table 49. 

Group C - Session 4 

G'roup C, composed only of Joe and Ted, constructed 

correct representations for all five of the problems 

presented during this session. Profiling the efforts of the 

group, Table 50 shows that three of the five problems, 

Problem 4-1-1, Problem 4-4-3 and Problem 4-5-2, required an 

average of only 2 exchanges to solve. These routine problems 

required little more than an initial reading to accurately 

represent in terms of an appropriate algorithm (see Table 

50 ) • 

The two non-routine problems presented, Problem 

4-2-4 and Problem 4-3-4, required several attempts to 

accurately represent. Errors in contextual interpretation of 

both problems prolonged the problem solving process even 

after the mathematic structure of each was evident. In 

solving Problem 4-3-4, the group overlooked a problem 

condition. This solution limiting condition was not isolated 

and incorporated into the nearly complete representation 



Table 49. Incidence of behaviors during Problem Solving Segments by Group C in 
Session 3. 

Problells 

3-1-2 3-2-3 3-3-3 3-4-3 3-5-1 
Problem Solving Segments 

Constructive Behaviors PS DI OIl PS DI OIl PS DI OIl PS 01 DIl PS DI 011 
Rereading aloud x x x x x 
Rereading silently x 
Stating probleM wants and givens x x x x x 
Defining terms x x 
Using mnemonic notation x 
Drawing a diagram, table or chart x 
Demonstrating probleM conditions x 
Decomposing and recombining elements x 
Estimating an answer x 
Identifying a pattern x 
Suggesting an operation x x x x x 
Relating conditins to variables x x 
Identifying "key" words x 
Deducing an algorithm x x x x 
Working backwards x x· 
Extending a pattern x 
Applying a standard algorithm x x x x x x 
Applying an invented algorithm x 

Evaluative Behaviors 
Performing a reality check x x x 
Relating proposals to the problem posed x x x x 
Retracing reasoning x x x x 
Checking cOMputation x x x 
Recounting x x 
Providing no referent x x x 

w 
w 
~ 
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Table 50. Profile of Problem Solving Effort by Group C 
during Session 4. 

Problems 

4-1-1 4-2-4 4-3-4 4-4-3 4-5-2 

Characteristics 

Number of 
Exchanges 11 67 69 34 20 

Number of 
Solution 
Proposals 1 4 2 1 1 

Segment in 
Which 
Solved PS* SD** FD*** PS PS 

*PS - Problem Solving 
**SD - Second Debriefing 
***FD - First Debriefing 
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until the First Debriefing Segment. Similarly, a completely 

accurate contextual interpretation of Problem 4-2-4 was not 

made until after the correct solution was presented to group 

members during the Second Debriefing. Working backwards from 

this solution, Joe and Ted completed the formulation of an 

appropriate problem representation. 

The Interaction of Group Members. Both Pat and Sue 

were absent from this session, but the boys, Joe and Ted, 

cornprised an effective problem solving team. Joe continued 

the Pattern found in earlier sessions of immediately 

proposing an answer following the initial reading. The 

following excerpt from the first problem presented, Problem 

4-1-1, illustrated this pattern and demonstrated that Joe 

often made these proposals based on his own mental 

contextual interpretations and representations without 

verbal reference to the problem (see Appendix A - Problem 

4-1-1) : 

1. Ted: 
.1 Charles had 1,248 

stamps in his 
collection. After 
Giving his friend 
Jim some of the 
stamps, he had 
only 1,040 left. 
How many stamps 
did he give to Jim? 

Ted reads the 
problem. 



2. Joe: 
.1 Oh that's easy. 
• 2 1,040 •• 
• 3 They gave him 208. 

(C-4-l-1; Exchanges 1-2) 

Joe rereads 
silently • 
Joe computes 
mentally. 

Although the individual effort on Joe's part 

340 

invariably produced the correct answer, it also effectively 

stymied any cooperative effort between the two boys in 

constructing a problem representation which was clear to 

both members. In past sessions, Ted often expressed 

dissatisfaction about this lack of cooperation and 

coordination during the problem solving effort. In Session 

2, he complained, "You didn't even give me a chance" 

(C-2-4-2i Exchange 24). Yet Ted's more meticulous style of 

isolating problem "wants" and "givens," often using written 

notation, was superfluous to Joe's goal of speedily deriving 

correct answers. Without the other group members' pressure 

in this session for quick consensus, Ted played an important 

role in verbalizing the mental and behavioral sequences 

necessary for him to formulate problem representations. 

In this session, Ted ignored Joe's immediate 

solution proposals and at one point, criticized Joe's lack 

of interaction wi th the admoni shment, "Man, you just guess" 

(C-4-3-4; Exchange 5). Consistently Ted insisted on 

clarifying the operant representation or constructing an 

alternative of his own. An excerpt from the solution attempt 
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of a non-routine problem presented in this session 

illustrated this behavior (see Appendix A - Problem 4-4-3): 

1. 
. 1 

• 2 
.3 
.4 
• 5 

2. 
.1 

3 • 
.1 
• 2 

4. 
.1 
.2 

5. 
. 1 

6 • 
. 1 

7. 
.1 

Joe: 
Mr. Jones is a mathe
matics teacher at 
Sunshine School. 
There are 732 students 
at the school. He wants 
to buy 25 calculators 
and he has $350 to spend 
on them. The calcu
lators cost $18 a piece 
but are on sale for 
$12 each. How much 
will 25 calculators 
cost at the sale 
price? 
25 times •.• 
No ••• 
Yeah ••• 
25 times 12 • 
Ted: 
How? 

Joe: 
Look ••• 
25 times 12 ... 
Ted: 
How much ••• 
Wha t 'd i t sa y ? 
Joe: 
300 bucks • 

Ted: 
Ummm. 

Joe: 
It doesn't have 
anything to do 
with 732 students. 

8. Ted: 
.1 o. K ••• 
• 2 Cal •.• 

9. Joe: 
.1 Calculators. 

Joe reads the problem • 

Joe computes: I~ 

KtLS 

'0 
~L.{o -

Ted rereads 300 
silently. 

Joe proposes an 
answer. 

Ted expresses 
uncertainty. 

Joe points out the 
extraneous 
information. 



10. 
.1 

• 2 
.3 

Ted: 
He want to get 
25 cals. 
Alright • 

Ted organizes the 
information, writing 
it on his paper: 
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.4 

And has 350 dollars 
to spend on them. 
The cals regularly 
cost 18 dollars. 
Joe: 

73 a stuCQ"t~ 
ttl S c.o-I 

11. 
. 1 

12. 
.1 

.2 

.3 

.4 

Ah huh • 
Ted: 
•• But now they are on 
sale for 12 dollars. 
So •• how much will 25 
calculators cost at 
the sale price? 
12 dollars times 25 •. · 
That'd be 25 times 
12 ••. 

• 5 Huh? 

(C-4-4-3; Exchanges 1-12) 

$.3. so -(0 spe.nd 01'\ 

.$ 12.{)o 

$ 18,00 

The Incidence of Problem Solving Behaviors. A 

characterization of the behavior pattern found in all three 

of the routine problems presented included the incidence of 

a more formal "looking back" procedure than found in 

Sessions 1-3. In response, perhaps, to Ted's unwillingness 

to accept an unspecified problem representation, Joe began 

supplementing his solution proposals with some explanation 

as to how they were derived from the context of the problem. 

In the "calculator problem" previously described, Joe 

related his proposal to specific statements of problem 

"wants" and "givens" (see Appendix A - Problem 4-4-3): 

28. 
.1 

29. 
.1 

30. 

Ted: 
300? 
Joe: 
Yep. 
Ted: 

Ted recomputes: I~ 
r:lS" 
~ 

c9. 40 
j 00 



• 1 
31. 

• 1 
32 • 

. 1 
33. 

.1 
• 2 
.3 

34. 
~l 

Go for it . 
Joe: 
300 . 
Ted: 
300 dollars. 
Joe: 
How many •.. 
No ••• 
How much will 25 
calculators cost 
at the sale price? 
Ted: 
300 dollars 

(C-4-4-3i Exchanges 28-34) 

Joe writes: 
300 dollars. 
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Joe persisted in attempting algorithmic solutions of 

even non-routine problems which are not amenable to such a 

strategy. In these cases, Ted's more heuristic style proved 

essential in deriving statements of mathematical structure 

inherent to the problem context. In the following 

multi-step problem (see Appendix A - Problem 4-2-4), Joe's 

initial solution proposal was overriden by Ted's expression 

of an alternative contextual interpretation: 

1. Joe: 
.1 Sally is having a 

party. The first 
time the doorbell 
rings, one guest 
enters. Each time 
the doorbell rings 
aga in, a group 
enters that has 2 
more persons than 
the group that 
entered on the 
previous ring. How 
many guests will 
have arrived after 
the sixth ring? 

2. Ted: 

Joe reads the 
problem . 



.1 Who knows? 

.2 Sally is having a 
party. The first 
time the doorbell 
rings, one guest 
enters. Each time 
the doorbell rings 
again a group enters 
that has 2 more ••• 

• 3 So, like .... 
• 4 First .•• 

3. Joe: 
. 1 18 people. 

4. Ted: 
.1 One guest comes 

in ••• 
• 2 And then the 

second time would 
be 3 guests. 

• 3 Right? 
5. Joe: 

.1 Yeah. 
6. Ted: 

.1 And after that ••• 
7. Joe: 

.1 The fourth time .•. 
8. Ted: 

.1 Wait! 

.2 The third time 
would be ••• 

9. Joe: 
.1 Let me see this 

10. 
• 1 

11. 
. 1 
• 2 

• 3 
.4 

12. 
.1 

again. 
Ted: 
Sally •.. 
Joe: 
Let me read it • 
•• That has 2 more 
persons ••• 
Let me see ••• 
There's probably 
18 or something 
like that. 
Ted: 
Would tha t be 
right? 

13. Joe: 
.1 l3? 

14. Ted: 

Ted rereads the 
problem. 
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Joe computes mentally • 

Ted proposes an 
al terna t i ve 
strategy . 

Joe rereads the 
problem • 

Ted lists a sequence 
of numbers: 1, 3, 5, 
7, 9, 11, 13. 

Ted circles 11, and 
proposes it as an 
answer. 

13579(j])13 



.1 1 would enter •.. 
• 2 3 ••• 
• 3 Then 5 would enter . 
• 4 Then 7 ••• 
• 5 How many on the 

sixth ring? 
.6 Would that be 11 

or 13? 
15. 

.1 
16. 

.1 

17. 
.1 
• 2 

18. 
.1 

• 2 
.3 
• 4 

Joe: 
13. 
'lIed: 
13 would be on the 
seventh ring and this 
is the sixth ring. 
Joe: 
You think it's II? 
1,3,5, 7, 9 •.. 
Ted: 
How many guests will 
have arrived after 
the sixth ring? 
After •.• 
o. K ••• 
So that would be 11 . 

(C-4-2-4; Exchanges 1-18) 

Ted rereads the 
question to support 
his answer. 

345 

In this illustration, Ted's representation contained 

a misinterpretation of problem "wants", a fact not 

discovered during a "looking back" procedure. The 

understanding derived, however, from this initial attempt 

during the Problem Solving Segment provided an impetus for 

Ted's accurate representation of the problem during the 

later Second Debriefing Segment. Working backwards from the 

answer supplied by the investigator, the boys' efforts 

marked Group CIS first attempt in a session to formulate a 

representation after two unsuccessful tries: 



40. 
.1 
.2 

41 • 
. 1 

42. 
. 1 

43 • 
• 1 
• 2 

44. 
.1 
.2 
.3 
.4 

45. 
. 1 
.2 
.3 

.4 

• 5 

46. 
• 1 

47 • 
. 1 
• 2 
.3 

• 4 
• 5 
.6 

• 7 
• 8 

Joe: 
Let's see •.. 
36 guests. 

Ted: 
What'd you have 
at first? 
Joe: 
18 • 
Ted: 
No ••• 
We had 11 at first • 
Joe: 
I know. 
Umnun ••• 
36 .•. 
How'd he get 36? 
Ted: 
O.K. We got it .•• 
I agree ••. 
Each time the 
doorbell rings 
again ... 
Still, how did you 
get it? 
I say the first 
time doesn't count. 
Joe: 
I don't agree . 
Ted: 
Let me see .•. 
o. K ••• 
Sally is having a 
party. The first 
time the doorbell 
rings, one guest 
enters .•• 
That doesn't count. 
Right? 
Each time the 
doorbell rings 
again, a group 
enters that has 
2 more persons 
than the group 
that entered .•. 
No problem ••• 
3 •• 4 •• 5 •• 6 •• 7 •• 
8 •• 9 •• 10 •• 11 .• 12 •• 
13. 

Joe reads the 
answer from the 
answer sheet. 

Joe computes: Ie 
)I. 'Z. 
;.....-.--

.3~ 
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Ted is willing to 
accept Joe's computa
tion. Ted rereads a 
portion of the 
problem. Ted is still 
uncertain whether 
the first guest 
should be counted . 

Ted rereads. 

Ted discards the 
initial guest • 

Ted makes a chart: 

/ Ol. 3'-1Sfo 
J 3S7911 



.9 o. K. 
• 91 13 •• 11 •• 9 •• 7 

48. 
.1 
• 2 

49. 
. 1 

50. 
. 1 

51. 
.1 
.2 
.3 
.4 

• 5 
52. 

.1 
53. 

.1 

54. 
.1 
• 2 
• 3 
.4 

55. 
.1 

.2 
56. 

. 1 

.2 

.3 

. 4 
• 5 

57 • 
. 1 

•• 5 •• 3. 

Joe: 
Let me see ••• 
Oh •.• 
Ted: 
What's the answer ••• 
Joe: 
36 • 
Ted: 
Ohh! 
36? 
Are you sure it's 36? 
Somehow we've got 
to get rid of 2. 
So it didn't work . 
Joe: 
What? 
Ted: 
Sally is having a 
party. The first 
time the doorbell 
rings, one guest 
enters, each time 
the doorbell rings 
again, a group 
enters that has 
two more person ••• 
Joe: 
O. K ••• 
Two more persons ••• 
After the first •.• 
Would be 3. 
Ted: 
How many guests 
will have 
entered after 
the sixth ring? 
After? 
Joe: 
Looki t ••• 
2 more persons 
than 1 is 3. 
3! 
What's 3 times l2? 
3 times 12 is 36 • 
Ted: 
How'd you get l2? 

Ted modifies the 
chart to exclude 
the initial guest: 

357'i /I 13 
'2. 

13 
J ( 

9 
7 
S 
3 

38 
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Ted rereads a portion 
of the problem. 

Ted rereads the 
question. 

Joe di scovers a 
rationale for his 
earlier calculation . 



58. 
• 1 

59. 
. 1 
.2 

.3 

. 4 

.5 

.6 

. 7 
• 8 

60. 
.1 

61. 
.1 

62. 
.1 
.2 

63. 
.1 
.2 
• 3 

64. 
.1 

65. 
. 1 
.2 

.3 
• 4 
.5 
• 6 
• 7 
. 8 
• 9 
.91 
• 92 

66. 
.1 
.2 

Joe: 
Just a question . 
Ted: 
Well I don't know ••• 
Each time the door
bell rings ..• again, 
a group enters that 
has two more person. 
Ohhhh! 
First ring, one enters ••• 
Second ring ••• three 
enter. 
Right? 
wait ..• 
How many enter on 
the second ring? 
Joe: 
How many enters? 
Ted: 
Two more than the one 
that went later. 
Joe: 
Yaa ..• 
I can't figure it 
out. 
Ted: 
What's the answer? 
36? 
I got it . 
Joe: 
Let me see 
Ted: 
Ahh .. umm . 
o. K. on the 
ring 1 came 
Two more on 
Two more on 
Two more on 
Two more on 
Two more on 
Right? 

now. 

first 
in. 
the second. 
the third • 
the fourth. 
the fifth • 
the sixth • 

That'd be it . 
See •.. 
One came in on the 
first ring. 
Joe: 
Oh yeah •.. 
Then you add them 
all up together? 

Ted charts the 
information: 

I[ 

~ 
7 
5 
3 
I -

Joe rereads the 
problem silently. 

Ted explains his 
representation. 
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67. Ted: 
.1 Yeah. 

(C-4-2-4: Exchanges 40-67) 
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In solving this non-routine problem (see Appendix A-

Problem 4-2-4), Ted attempted to express the relationship 

among problem data graphically. utilizing a rudimentary 

~able (C-4-2-4: Exchange 47), this attempt, a first for 

Group C, allowed Ted to visualize the structure of the 

problem more concretely. Ted proce'eded, in this example, to 

test the appropriateness of two alternative contextual 

interpretations within the identified problem structure. 

The boys continued, essentially, to work 

independently toward solutions, but Ted's proclivity to 

focus sharply on and reiterate the IIgivens" of a problem 

benefitted Joe as well. In the second non-routine problem 

presented in this session (see Appendix A - Problem 4-3-4), 

Ted identified a problem condition overlooked during the 

initial problem solving attempt: 

46. 
.1 

47. 
. 1 
• 2 

48. 
.1 

• 2 
• 3 
.4 

• 5 

Ted: 
How'd we miss the 
football? 
Joe: 
These are hard • 
These are hard, man • 
Ted: 
The Ranger Football 
Team scored 10 times 
in a 43-0 victory. 
Oh ••• 
10 times. 
I go t ta rem em be r 
that. 
7 .. 14 .. 21 .. 28 .. 35 ..• 

Ted rereads a 
portion of the 
problem. 
Ted discovers an 
overlooked condition • 



.6 

49. 
. 1 
.2 

• 3 

50. 
.1 

.2 

• 3 
.4 

• 5 
.6 

51. 
. 1 

52. 
. 1 

53. 
. 1 
.2 
.3 

54. 
. 1 
• 2 

How'd we get that 
last time? 
Joe: 
Let's see ••• 
How about 3 
touchdows? 
Let's see ••• 

Ted: 
Last time we had 
5 touchdowns, or 
T.D.'s. 
I mean we need 5 
more things. 
I know what • 
We messed up on 
that because we 
didn't put they 
scored 10 times . 
See ••• 
They scored less 
than 10 times. 

Joe: 
Well they scored •.• 
Ted: 
10 times •.. 
Joe: 
10 times ..• 
Yeah! 
So that's where we 
missed it. 
Ted: 
That's where • 
Yeah . 

(C-4-3-4i Exchanges 46-54) 

Joe continues the 
trial and error 
strategy. 

Ted isolates the 
problem condition. 

Ted refers to the 
initial proposed 
sol ution. 
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The inclusion of this condition completed Joe's own 

representation, allowing him to systematically obtain the 

correct solution using a trial and error strategy. 

These suggested differences in the pattern of 

problem solving and evaluative behaviors found in this 



session and compiled in Table 51, become distinct when 

compared to patterns found in sessions past. 

Group C - Session 5 
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The two boys, who comprised Group C in this last 

session, constructed representations of four of the five 

problems presented. Two of the four, Problem 5-1-3 and 

Problem 5-3-1, were routine problems. These problems were 

solved algorithmically and required an average of only 10 

exchanges for the boys to reach a consensus on the correct 

sol ution. 

Problem 5-4-4 and Problem 5-5-4, two non-routine 

problems presented in this session, were also solved during 

the initial Problem Solving Segment. Representations of each 

of these problems took the form of a graphic illustration of 

problem "givens". These illustrations prompted the boys' 

discovery of the mathematical structure of each problem. In 

addition, the variety of the form and mode of the 

representation of these two non-routine problems continued a 

trend found in Session 4 of greater flexibility in the 

boys's approach to such problems. 

A multi-step ratio problem, Problem 5-2-2, remained 

unsolved after Group C's three attmepts to formulate an 

accurate representation. Although the context of the problem 

appeared to be clear to both boys, they were unable to 

identify the underlying mathematical structure which might 



Table 51. Incidence of behaviors during Problem Solving Segments by Group C in 
Session 4. 

Proble.s 

4-1-1 4-2-4 4-3-4 4-4-3 4-5-2 
Problem Solving Segments 

Constructive Behaviors PS 01 011 PS 01 011 PS 01 011 PS OI 011 PS 01 011 

Rereading aloud x x x x x x 
Rereading silently x x x 
Stating problem wants and givens x x x x x x 
Stating problem conditions x x x 
Using mnemonic notation x x 
Drawing a diagram. table or chart x x x 
Excluding extraneous information x 
Identifying a pattern x x x 
Suggesting an operation x x 
Relating conditins to variables x 
Isolating sub-problems x 
Deducing an algorithm x x x x 
Using systematic trial and error x 
Using random trial and error x 
Working backwards x 
Extending a pattern x x x 
Manipulating a physical display x 
Applying a standard algorithm x x x 
Applying counting techniques x 

Evaluative Behaviors 
Relating proposals to the problem posed x x x x x x 
Retracing reasoning x x x 
Checking computation x x x 
Providing no referent x x 

w 
U1 
t\J 
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have led to a correct solution. During the Second Debriefing 

Segment, the boys failed an attempt to represent the problem 

"working backwards" from the correct answer supplied by the 

observer. Table 52 profiles the problem solving efforts of 

the two boys. 

The Interaction of Group Members. Pat and Sue were 

absent from this last problem solving session. The remaining 

members, Joe and Ted, worked cohesively on those problems 

which did not suggest an immediate algorithmic solution. 

Continuing a pattern established in past sessions, 

Joe assumed the dominant role in solving routine problems. 

His ability to accurately derive the appropriate algorithm 

directly from the initial reading of the problem was 

unchallenged by Ted. In the first problem presented (see 

Appendix A - Problem 5-1-3), a one-step problem containing 

extraneous information, Joe, working independently, utilized 

a trial and error sequence based on the multiplication 

algorithm. To Joe, apparently, this strategy represented a 

direct derivation of problem structure from the context. 

Although Ted suggested the use of the division algorithm, 

his reliance on Joe's insight during the initial phase of 

each problem solving effort negated his own representation: 

1 . 'lIed: 
.1 Mary's minibike uses 

1 liter of gas every 
6 kilometers. Each 
liter of gas costs 
35 cents. How many 

Ted reads the 
problem. 
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Table 52. Profile of Problem Solving Effort by Group C 
during Session 5. 

5-1-3 

Characteristics 

Number of 
Exchanges 

Number of 
Solution 
Proposals 

Segment in 
Which 
Solved 

*PS - Problem Solving 
**Un - Unsolved 

13 

1 

PS* 

Problems 

5-2-2 5-3-1 5-4-4 5-5-4 

91 8 20 20 

3 1 1 1 

Un** PS PS PS 



2. 
. 1 

3. 
.1 
• 2 
.3 

• 4 
.5 
• 6 
.7 
• 8 
• 9 
.91 

4. 
.1 

5. 
.1 
.2 
.3 

• 4 
.5 
.6 
. 7 
• 8 

6. 
. 1 

liters of gas will 
Mary use on a 522 
kilometer drive? 
Ted: 
Well •.. ah ••• 
Joe: 
Let's see ..• 
••• 6 • 
Let's see .•• Let's 
see ... 
• 06 •• 
522?D 
Let's see . 

82 times 6 ••. 
83 times 6 ••• 
498. 
Ted: 
6 into 522? 
Joe: 
86 times 6 .•• 
516. 
Oh it's 87 times 
6 ••• 
522 • 
Hmm ••• 
How many ••. 
Let's see .•• 
87 .•. liters • 
Ted: 
What? 

(C-5-l-3; Exchanges 1-6) 

Ted writes the 
following: 1 lit 
for 6 mi. 
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Joe rereads 
silently while Ted 
waits, impatiently 
tapping his pencil. ' 
Joe computes answers 
to problems: 

o x 6 = 522. 
IDO '0 So " ~ ~ woo 1-/20 '180 
8"3 B-z. eDt x'" J( (0 0 

"'tQS ~ G, 
Ted suggests the ~ 
appropriate 
division algorithm, 
but does not compute: 

to 5 S.:l.~ 
Joe continues his 
pattern of 
computing: 1-

e~ 87 
'I. to ~ 
S / ~ sa ~ 

Joe looks back to 
the problem card for 
the appropriate label • 

The inverse relationship between the division 

algorithm and the mUltiplication algorithm was unclear to 

both boys. The same trial and error strategy utilizing the 

multiplication algorithm instead of the more direct division 

algorithm was found in the solution attempt of a ratio 

problem. An excerpt from this problem solving effort, 

however, illustrated that in this problem, such a strategy 
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was based on an erroneous contextual interpretation (see 

Appendix A - Problem 5-2-2): 

1. Joe: 
.1 A school district 

employs 207 teachers 
and principals. 
There are 8 times as 
many teachers as 
principals in the 
district. How many 
principals does the 
school district employ? 

2. Ted: 
.1 There are 8 times 

as many teachers 
as principals in 
the district. 

3. Joe: 
.1 Let me see something. 

4. Ted: 
.1 It would be what 

goes into 207 • 
. 2 8 times •.. 
.3 Huh? 

5. Joe: 
.1 Yep. 
• 2 184 . 
• 3 Then that'd have to 

be 27. 
.4 216 . 
. 5 No, too much. 
.6 It's either •.. 

It's ei ther •.. 
6. Ted: 

.1 You need 207. 
7. Joe: 

.1 .•. 26 or 27. 
8. Ted: 

.1 Well wait ..• 

. 2 27 times 8 ..• 

.3 What's 8 times 7? 
9. Joe: 

.1 56. 

.2 216. 

.3 ... And then I got 
26 times 8 is 208 . 

. 4 But the thing is 207. 
10. Ted: 

Joe reads the 
problem • 

Ted writes the 
following: 
207 T and P. 

Ted rereads. 

Joe begins to compute 
answers to problems: 

t:J x 8 = 207. e:2.C 

2< e 
/lDQ 

Ted suggests the 
division algorithm • 

Joe develops his 
computational 
pa ttern: 

Ted checks Joe's 
computation: 

S 
;),,7 

X 9 



. 1 
11. 

.1 
12. 

.1 
13. 

.1 

.2 

.3 

• 4 
• 5 
• 6 
.7 

Try 5 •• 5 times ••• 
Joe: 
5? 
Ted: 
That'd be ••• 200? 
Joe: 
You gotta get 208 
or nearer. 
It's 26 or some
thing like that. 
Let me see that ••• 
real quick. 
Let's see ••• 
8 times ••• 
207 • 
How about 26? 

(C-5-2-2; Exchanges 1-13) 

Ted continues Joe's 
computational 
pa t tern: r::lS 

Joe rereads. 

X 8 
;20C 

Ted sets up a 
multiplication 
pattern, but does 
not compl ete it. 

XB X 8 
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Recognizing that the mathematical structure derived 

in thi s manner, does not match the "gi vens" incl uded in the 

context of the problem, the boys reverted to the division 

algorithm and were apparently surprised to get the same 

result: 

62. 
.1 

63. 
.1 

64. 
.1 

65. 
. 1 
• 2 
• 3 
• 4 
.5 

66. 
.1 
.2 

Ted: 
This one's impossible 
to get. 
Joe: 
We'll do it in world 
record time. 
Ted: 
What did we do last 
time? Multiply to 
get 207? 
Joe: 
Ah huh ••. 
We took 67 and •.• 
I wonder if 26 ••• 
Remember we took 25 • 
At least that'd be 
different. 
Ted: 
25 ... remainder 7? 
Dh my God •.. 
We need 1 more! 

Joe looks at 
previ ous answer. 

.:2. S (" 7 
Ted computes: 8):J..o 7 

I ~ 

j1 
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.3 What are you doing? 
67. Joe: 

.1 Let's see ... 

. 2 8 ••• Joe computes: 
~s R? 68. Ted: 

.1 What are you doing? ~~ 
8) ~C( 

69. Joe: XB I ~ 
• 1 8 into 207 • --

70. Ted: Z.08 41 
LfO 

.1 I tried to divide, --
but I got 25 7 
remainder 7. 

71. Joe: 
.1 Let me see ••. 
.2 How about 25? 
• 3 Remainder •.. 

(C-5-2-2; Exchanges 62-71) 

Joe's algorithmic approach to problem solving, 

although effective in producing solutions to routine 

problems, also stifled the interaction of other group 

members during the opening exchanges. It is only when the 

approach fails to represent the problem adequately that Ted 

played a constructive role. 

The Incidence of Problem Solving Behaviors. Ted's 

more process oriented approach to solving problems rarely 

emerged unless Joe's initial algorithmic representation 

appeared unreasonable. Yet an alternate approach to 

non-routine problems, identified in Session 4, became a 

pattern in Session 5. In each of the two such problems 

presented in this session, Joe refrained from proposing an 

immediate algorithm. 

In the first non-routine problem (see Appendix A -

Problem 5-4-4), Ted assumed the leadership role in 
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constructing a representation of the problem. His habit of 

initially recording problem "givens", a heuristic not 

generally needed by Joe in past sessions, appeared to 

suggest a concrete representation directly: 

1. Joe: 
.1 Manuel wishes to order 

a box of penci Is 
with his name on 
them. He has a 
choice of ordering 
red, white, blue, 
or yellow pencils. 
His name may be 
either printed in 
red, white, or 
black, but cannot 
match the color of 
••• of the pend. Is •. 
How many choic(~s 
are possible? 

2. Ted: 
.1 Let me see • 
• 2 Manuel wishes to 

order a box of 
pencils. He has 
the choice of 
ordering red •• white •• 
or blue •• or yellow •• 

• 3 Let's see • 
• 4 red •• white •• blue •• 
.5 O. K • 
• 6 His name may be 

printed in red, 
white or ••• black, 
but they may not ••• 

.7 O.K. red •• white •• 
or black. 

3. Joe: 
.1 Yeah • 
• 2 So we ••• 

4. Ted: 
.1 ••• But cannot 

match the color 
of the pencils. 

.2 How many choices 
are possi ble? 

Joe reads the 
problem. 

Ted writes the 
following as the 
problem is read: 
Red Wh B Y 

Ted lists the colors 
in two col umns • 

Reel 
W~lt~ 

'E\\Je.... 
yQ.\low 

Ted begins to draw 
lines between the 
col urnns of color 
names: 



.3 

.4 

5. 
.1 

6. 
.1 

7. 
. 1 
.2 

.3 
8. 
.1 

9. 
. 1 

.2 
10. 

.1 

11. 
. 1 

12. 
• 1 
• 2 
• 3 
.4 
• 5 

13. 
.1 
• 2 
• 3 
.4 

14. 
.1 

15. 
.1 

.2 
16. 

.1 
• 2 

Red can go with 
white, blue or 
yellow. 
That'd make it 
3 choices. 
Ted: 
Right? 
Joe: 
Let me see. 
Ted: 
Just go like thi s ••• 
Tha t can go wi th 
white, blue or 
yellow. 
Right? 
Joe: 
Unun ••• 
Ted: 
White can go with ••• 
red, blue or yellow. 
Right? 
Joe: 
Black can go with 
all of them. 
Ted: 
All of them • 
Joe: 
Let me see .•. 
• • 4, 7 ••• 
•• About 13 choices • 
No ••• 
Yep! 
Ted: 
Red •• wi th 3. 
White ••• with 3. 
That'd be 6 • 
Right? 
Joe: 
Yeah. 
Ted: 
••• And that'd be 
7, 8, 9, 10. 
10 choices? 
Joe: 
Let me see •.• 
3 •• 3 ••• 

(C-5-4-4; Exchanges 1-16) 
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Joe mentally computes • 

Ted counts the lines 
in the diagram • 

Joe counts the lines 
in the diagram • 
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In the next problem presented, also a non-routine 

problem (see Appendix A - Problem 5-5-4), Joe 

uncharacteristically adopted Ted's heuristic of recording 

problem "givens". As in the previous example, Joe again 

refrained from an immediate algorithmic proposal and instead 

used the recorded information to illustrate the context of 

the problem. The construction of the resulting rudimentary 

table was illustrated in the following excerpted exchanges: 

1. Ted: 
.1 Right now Bob has 

12 dollars in the 
bank. Carol has 26 
dollars in the bank. 
From now on each 
will save 1 dollar 
..• each week. How 
much money will 
Carol ha ve sa ved 
when she has twice 
as much money as 
Bob? 

2. Joe: 
.1 Let me see that ... 

Let me see . 
. 2 She'll have .•. Shee! 
.3 How much money? 
.4 That's hard. I 

don't understand. 
3. Ted: 

.1 They save 1 dollar 
each week . 

• 2 How much money will 
Carol have saved 
when she has twice 
as much money as 
Bob? 

.3 How can you get that? 
4. Joe: 

.1 Each week .•• 

.2 How much weeks are 
there? 

. 3 A year ... ? 

Ted reads the 
problem. 

Ted writes the 
following while 
reading: 

I~ O1.i 

Joe wri tes: /2...'2 ~ 
Joe rereads silently. 

Ted rereads. 

Joe suggests that 
information is 
needed . 



5. Ted: 
.1 You just keep going 

up until ••• 
. 2 Ah ••• 1ike ... She gets 

twice as much. 
6. Joe: 

.1 Let's see. 
7. Ted: 

.1 26 and .•• 
8. Joe: 

.1 27? 

.2 No. 

(C-5-5-4; Exchanges 1-8) 

Ted computes: c2.G. 
.."2.G> 

Joe lists two 
sequences of 
numbers: 

S;L 
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12. 131'( IS/I. I' 18 ICfZO .2.(. Q,7Zfi.t~ 30!1 3Z 33 3"1 

Using the table to visualize problem context more 

concretely, Joe completed the representation by evaluating 

each set of numbers generated by the table in terms of the 

problem wants: 

18. 
.1 
.2 

19. 
.1 

20. 
. 1 
.2 

• 3 

21. 
. 1 

22. 
.1 

23. 
.1 
.2 
.3 
.4 
• 5 
• 6 

Joe: 
28? 28? 
Two weeks! 
Ted: 
Naw. 
Joe: 
Lookit, watch ••. 
12 •. and then .•• he 
has 13, and then, 
14, and then .•• 15 .• 
16 .. 17 .• 18 •• 19 .• 20. 
And she has 26 .• 27 .• 
28 •• 29 •. 30 .. 31 .. 32 .• 33. 
Ted: 
I know how . 

Joe: 
This, this, this, 
this .•• and 
thi s, thi s •.. 
Joe: 
See •.. 
What's 12 and 12? 
24! 
.• So that's out. 
13 and 13 is 26 . 
14 and 14 is 28 . 

Joe explains the 
diagram. 

/2. /31e{ IS' IlA n 18 I q 20 
~"" 27282't "3a31 '3z'3"33'1 

Ted duplicates Joe's 
diagram: 

~\ ~~/~ ~\'~ '3\ ~ , 
Joe explains how 
the diagram works. 
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.7 See! 

.8 15 and 15 is 30. 

.9 16 and 16 is 32. 

.10 17 and 17 is 34. 
• 11 18 and 18 is 36 • 
.12 19 and 19 is 38. 
.13 20 and 20 is 40. 
• 14 It has to be this •.. 
.15 See! See! Joe computes: 1'1 
.16 14 plus 14 ••• +/Lj 

24. Ted: 
.1 Yeah. ..:l8 

25. Joe: 
.1 .•• is 28. 

(C-5-5-4 ~ Exchanges 18-25) 

Ted's final "look back" confirmed the solution and 

completed this rather elegant representation. 

A compilation of these heuristic behaviors is found 

in Table 53. 

Case Study Summary - Group C 

The interaction of group members and the incidence 

of problem solving behaviors identified during the 

observation of five problem solving sessions comprised the 

case studies of Group C. The perspective taken in describing 

these behaviors was that patterns emerge over time when 

small groups of children attempt to construct and evaluate 

viable representations of verbal mathematics problems. A 

summation of these five sessions provided the opportunity to 

describe not only the success and failure of the group in 

constructing representations and reaching consensus on 



Table 53. Incidence of behaviors during Problem Solving Segments by Group C in 
Session 5. 

Problems 

5-1-3 5-2-2 5-3-1 5-4-4 5-5-4 
Problem Solving Segments 

Constructive Behaviors PS DI DII PS DI DII PS DI DII PS DI DII PS DI 
Rereading aloud x x 
Rereading silently x x 
Stating problem wants and givens x x 
Stating problem conditions x x 
Using mnemonic notation x x x x 
Drawing a diagram, table or chart x x x 
Establishing visual comparisions x x 
Demonstrating probleM conditions x x 
Estimating an answer x 
Identifying a pattern x x x x x 
Suggesting an operation x x x x 
Relating conditins to variables x 
Testing special cases x 
Recognizing the probleM as a special case x 
Identifying "key" words x 
Deducing an algorithm x x 
Working backwards x 
Extending a pattern x x x x 
Applying a standard algorithm x x x 
Applying an invented algorithm x 

Evaluative Behaviors 
Performing a reality check x x 
Relating proposals to the problem posed x x x x 
Retracing reasoning x x x 
Checking computation x x x x x x 
Providing no referent x x x x 

DII 

UJ 
0) 

~ 
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correct solutions, but those behaviors which have influenced 

their performance. 

As can be seen in Table 54, Group C correctly 

represented 76% of the 25 problems. This means that the 

context of these problems was accurately interpreted and an 

appropriate statement of mathematical structure was derived 

in 19 of the 25 problems; even though, in one case, a 

representation could not be formulated until after the 

correct answer was supplied by the observer. 

Group C required but one attempt to solve 16 of the 

problems. Two problems, a multi-step problem and a 

non-routine problem, required two attempts to accurately 

represent and solve. Of the six problems which the group 

could not solve, three of these problems were non-routine 

which necessitated non-algorithmic processes to represent. 

Group C also failed to solve two multi-step problems and a 

single one-step problem. 

The performance of Group C on the 15 problems 

presented, although comparing favorably with the success 

rate of other groups observed, was nevertheless influenced 

by the fluctuation in membership of this group throughout 

the five problem solving sessions. This absenteeism of group 

members appeared to disrupt the development of interactional 

patterns. Only the two male members were present for all 

five sessions. Nontheless, the changes in makeup of this 



Table 54. Summary of Problem Solving Performance of 
Group C on 25 problems. 

Subject Performance 

Problems represented correctly 
and solved during Problem 
Segment 

Problems represented correctly 
and solved during First 
Debriefing Segment 

Problems represented correctly 
and solved during Second 
Debriefing Segment. 

Problems represented correctly 
but unsolved 

Problems represented incorrectly 
and unsolved 

1-2-2 
1-3-3 
1-5-1 
2-1-1 
2-2-2 
3-1-2 
3-2-3 
3-4-3 

2-3-3 

4-2-4 

1-1-4 

1-4-1 
3-3-4 

Problems 

4-1-1 
4-4-3 
4-5-2 
5-1-3 
5-3-1 
5-4-4 
5-5-4 
3-5-1 

4-3-4 

2-4-2 

2-5-4 
5-2-2 

366 
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group and the effect of these changes on both the problem 

solving behaviors exhibited and the dynamics of the group 

involvement in these behaviors form a basis for 

characterizing Group C. 

The Interaction of Group Members. The interactions 

between members of Group C in all five problem solving 

sessions focused primarily on Joe's profic~ency in 

verbalizing solutions to routine problems and the other 

group members reactions to these proposals. Quite clearly, 

the difficulty Pat, Sue, and Ted had in developing an 

effective interaction, which might have contributed to the 

task of solving problems, was that Joe was quite capable of 

and indeed preferred to solve the problems himself. 

Joe's ability to solve routine problems mentally by 

proposing an immediate solution or algorithm following the 

initial reading effectively stymied constructive group 

interaction. This pattern, or lack of one, was characterized 

in two ways. First, Joe's algorithmic representations 

generally provided no reference to problem context. This 

situation left the other group members with little basis for 

evaluating his proposals. Secondly, Joe's easy domination of 

the problem solving processes clearly intimidated the 

others, particularly in the first session when no 

established social structure was present by which other 

group members could contribute alternative interpretations. 
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Thus there was an absence of constructive exchanges which 

would expedite the sharing of an individual's on-going 

mental construction of problem representations. The 

fluctuation in group membership throughout the five sessions 

compounded the problem. 

In Session Two, Pat attempted to vie with Joe during 

the opening exchanges of each problem solving effort. This 

temporary competition in proposing algorithmic solutions, 

however, further isolated the remaining group members. 

During this period, Sue withdrew from interaction nearly 

completely. 

with Pat missing from the third session, there were 

few constructive exchanges made prior to Joe's initial 

solution proposals. It is only on the rare occasion when 

Joe's algorithmic proposals were found to be erroneous 

during the First and Second Debriefing, that Ted and Sue had 

an opportunity to formulate their own representations. In 

these cases, it was Joe who retreated to impatient pencil 

tapping and doodling. 

The fourth and fifth sessions were unique in that 

only the two boys, Ted and Joe were present. In these 

sessions, Ted's increasing irritation with Joe's domination 

became apparent; and it is in these sessions in which four 

non-routine problems were presented that Joe's strategy of 

deriving algorithms proved insufficient in representing 
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problems. Joe's own realization that certain problems were 

not algorithmically representable influenced the interaction 

between the two boys. There was greater discussion and the 

individual exchanges which mirrored the interaction became 

increasingly focused on contextual interpretation rather 

than algorithmic statements of mathematical structure. 

The Incidence of Problem Solving Behaviors. As 

summarized, Joe's ability to derive algorithmic solutions to 

routine problems influenced not only the interactions which 

occurred during each session but also the incidence of 

observable problem solving behaviors. Chief among the 

patterns observed was Pat, Sue and Ted's attempt to 

formulate some basis for evaluating Joe's unshared 

representations. In the first three sessions, the three 

isolated group members rotated the task of "working through" 

the construction of the representation with Joe. The pattern 

of problem solving behaviors which emerged was effective in 

clarifying problem representations for all group members; 

problem "givens" were isolated; contextual interpretations 

were reiterated; and the final solution proposals were often 

related to statements of problem wants. Yet for the three 

group members, Sue, Pat, and Ted, the orientation was 

backwards in that contextual understanding was reached after 

the mathematical structure of the problem was already 

defined. This pattern of behaviors left them no role in 
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which to aid actively in constructing the initial 

representation. Thus in the first three sessions, few 

heuristic behaviors emerged. Ted's ritual of heading his 

scratch paper with the stated numerical data is often 

mimicked by Sue in these sessions, but such activities were 

seldom helpful except in evaluating a previously proposed 

solution or in reconstructing Joe's algorithmic 

representation. 

The first problem of the first session, a 

non-routine problem, marked the only attempt by Group C to 

use concrete manipulatives in representing a problem. This 

unsuccessful attempt to change the mode in which a problem 

was visualized may well have dampened the enthusiasm of 

group members for a more heuristic approach to solving 

problems. It was not until Session 4 and 5 that a similar 

approach was attempted by Joe and Ted. 

Besides a deductive algorithmic approach which Joe 

utilized on 80% of the problems presented, Group C, under 

Joe's domination, also attempted systematic trial-and-error 

sequences in all but the third session. There appeared to be 

two di stinct bases for systematiz ing these sequences. In the 

first, the group referred to the context of the problem, the 

"given" conditions in evaluating each trial. These sequences 

were generally group efforts in which one or two members 

computed proposals while the others evaluated each in terms 
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of stated problem "givens". Joe, however, sometimes 

established a tria1-and-error sequence based on a particular 

mathematical structure. These structurally based sequences 

were generally attempted in cases where a division algorithm 

was the simplest statement of problem structure. In such 

cases, Joe often reverted to a tria1-and-error sequence 

based on the mUltiplication algorithm, substituting 

different factors until one produced the desired product. 

Such attempts, although appearing to reflect an uneasiness 

on Joe's part in conceptualizing the division process, may 

too have provided an indication of a more literal, line by 

line, interpretation of problem context. 

On the rare occasions when an algorithmic solution 

proved unsuccessful, Joe appeared to lose interest in the 

problem solving attempt, often withdrawing during the First 

and Second Debriefing of such protracted efforts. Ted, on 

the other hand, demonstrated several heuristic behaviors in 

exploring the possibilities of an alternate representation. 

These activities included making deductions based on 

alternate contextual interpretations and redefining specific 

words or phrases within the context. In these attempts, 

however, Ted found little support from the other group 

members. 

A resolution to the problem of having two proficient 

group members approach verbal problems in fundamentally 
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different ways was was not found until the last two sessions 

when only Joe and Ted were present. In these sessions Joe 

continued to derive correct algorithmic solutions to routine 

problems, solving all six such problems presented. However, 

on the first non-routine problem presented in Session 4, Ted 

ignored Joe's immediate proposal and proceeded to outline a 

representation which took the form of a rudimentary table 

depi cting problem IIgi vens II • In succeedi ng non-rout ine 

problems, both Joe and Ted utilized both diagrams and tables 

in structuring the context of the problem, providing the 

basis for accurate, more concrete, and thus, more visible 

representation. 

A Summary of the Case Studies 

The purpose of this summary is to reiterate the 

performance of each of the three groups and to compare and 

contrast the problem solving behaviors of each group which 

characterized the performance. Instead of the session by 

session analysis of performance data found in the individual 

case studies, four problem profiles, corresponding to the 

four problem types presented, provided the organizational 

framework for this analysis. 

Problem Profiles - Single-Step 
Problems (Type I) 

Six one-step problems were included among the 

twenty-five problems presented during the five problem 
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solving sessions. Such problems were defined as those most 

simply solved by performing one arithmetic operation (see 

Probleffi Selection - Chapter 3). The one-step problems 

selected for inclusion in this study, although 

mathematically simplistic, represented a variety of 

contextual configurations which demanded unique and 

sometimes unfamiliar interpretations of each group •. 

In attempting to construct meaningful problem 

representat.ions which incl uded both meaningful contextual 

interpretations and accurate definitions of mathematical 

structure, the three subject groups, as shown in Table 55, 

displayed varying degrees of proficiency. 

Group B correctly represented all the one-step 

problems presented. Group A correctly represented four of 

the six one-step problems but failed to make appropriate 

contextual interpretations of both the cartesian product 

problem, Problem 1-4-1, and the division problem, Problem 

1-5-1, even though the mathematical structure of the latter 

problem was correctly defined. Group C, likewise, failed to 

accurately interpret the cartesian product problem. The 

wording of this cartesian product problem appeared to be 

ambiguous to all three groups. 

An overview of the problem solving performance of 

each group further indicated that three of the five one-step 

problems, Problem 3-5-1, 4-1-1 and 5-3-1, were solved 
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algorithmically with little or no evidence of the contextual 

interpretations from which these algorithms were derived. As 

indicated in Table 55, an average of only 23 exchanges was 

needed to reach a consensus on these three problems. 

Furthermore, all such "trivial" problems were correctly 

solved during the initial Problem Solving Segment and, in 

most cases, required only one solution proposal to do so. 

The number of exchanges each group found necessary 

to reach a consensus on a correct solution also sharply 

distinguished two contextual configurations found in the 

problems presented. Problems with active contextual 

settings, Problems 1-5-1, 4-1-1, and 5-3-1, were those 

described in terms of some action sequence which occurred 

over time. Such problems required an average of 33 exchanges 

to represent and solve accurately. Problems with static 

contextual settings described a single momentary problem 

situation. These problems, Problems 1-4-1, 2-1-1 and 3-5-1, 

required an average of 68 exchanges for each group to reach 

a consensus. 

In reviewing the incidence of problem solving 

behaviors which distinguish each group and may be specific 

to Type I problems, few generalizations were possible. All 

three groups attempted to deduce the appropriate algorithm 

from an initial reading and interpretation of problem 

context. With the exception of Problem 1-4-1, these groups 



Table 55. Performance factors of all groups, Type I 
problems. 

Groups 

A B 

Problem 1-4-1 
Number of Exchanges 196 52 
Segment Solved No 01 
Number of Proposals 3 2 

Problem 1-5-1 
Number of Exchanges 51 69 
Segment Solved No PS 
Number of Proposals 1 4 

Problem 2-1-1 
Number of Exchanges 63 126 
Segment Solved PS 01 
Number of Proposals 2 5 

Problem 3-5-1 
Number of Exchanges 27** 25 
Segment Solved PS PS 
Number of Proposals 3 1 

Problem 4-1-1 
Number of Exchanges 14 52 
Segment Solved PS PS 
Number of Proposals 2 1 

Problem 5-3-1 
Number of Exchanges 21 28 
Segment Solved PS PS 
Number of Proposals 1 1 

No - Unsolved 
PS - Problem Solving Segment 
01 - First Debriefing 
*Two member group 
**Three member group 
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C 

33 
No 

2 

43 
PS 

2 

71 
PS 

5 

19** 
PS 

1 

11* 
PS 

1 

8* 
PS 

1 
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had little difficulty in recognizing the one-step structure 

of the problems presented. As a result the only contrast 

among groups was in the behaviors exhibited in deducing the 

correct mathematical operation and the manner in which a 

consensus was reached. 

Group B most consistently exhibited patterned 

heuristic behaviors in representing one-step problems. Two 

heuristics found in each of their problem attempts were 

isolating problem "wants" and "givens" and "looking back" to 

verify solutions. The consistent usage of these heuristics 

even in solving "trivial" problems reflected more a pattern 

of interaction among group members than any actual 

difficulty the group members had in constructing 

representations for such problems. When difficulty did arise 

in representing a problem, Group B successfully changed the 

mode of representation to a more visual level by using 

manipulaives. This heuristic however, occurred only after an 

unsuccessful "first chance" at deducing an appropriate 

algorithm verbally. 

Group A's initial solution proposals to one-step 

problems, often generated with little or no group 

interaction, often appeared to be the result of random 

computations by individual group members. These proposals 

were generally evaluated in terms of computational accuracy 

rather than any reference to contextual elements. Specific 
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heuristics observed in Group A's approach to one-step 

problems occurred only when an initial proposal was debated 

or when Amy, a group member, was able to structure the group 

process wi th her leadership. In such cases, Amy generally 

evaluated proposals by referring directly to problem "wants" 

and "gi vens". Such eval uati ve behaviors greatly lessened the 

conflict which often arose within the interaction and 

facilitated agreements on solution proposals. 

In Group C, Joe's propensity to mentally compute 

correct solutions to one-step problems thwarted many 

attempts by other group members to actively participate in 

the problem solving process. So entrenched did this pattern 

of problem solving become, that often group members conceded 

their consensus with only a check of Joe's computational 

accuracy . 

Problem Profile - Single-Step Problems 
Containing Extraneous Information 
(Type III) 

Included among the twenty-five problems presented 

during the five problem solving sessions were six 

single-step problems containing extraneous information. This 

extraneous information consisted of numerical data relevant 

to problem context, but, in all but one problem, irrelevant 

to the mathematical structure of the problem. The one 

exception, Problem 2-3-3 (see Appendix A - Problem 2-3-3) , 

contained numerical data which could have been used to 



derive an alternative mathematical structure for the 

problem. 
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The six problems profiled in this section contained 

from one to three items of extraneous information, otherwise 

solvable by applying a single arithmetic operation. Three of 

the six problems described active contextual settings in 

which some action sequence was described. The other problems 

contained static contextual settings in which a single 

momentary problem situation was described. 

The three groups of problem solvers were ultimately 

successful in representing and solving all six problems 

presented. As shown in Table 56, five of the six problems 

presented were solved by each group during the initial 

Problem Solving Segment of each session. All three groups 

required a "second chance" during the First Debriefing 

Segment to solve Problem 2-3-3. 

Further indicators of performance, as shown in Table 

56, were the number of exchanges each group required to 

reach a consensus on a proposal. Group A required an average 

of 71 exchanges; Group B required an average of 53 

exchanged; and Group C required an average of 45 exchanges. 

The number of exchanges necessary to reach consensus 

on a correct solution during the initial Problem Solving 

Segment and the number of proposals generated during the 

attempt provided a general criterion for determining which 
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Table 56. Performance factors of all groups, Type III 
problems. 

Groups 

A B C 

Problem 1-3-3 
Number of Exchanges 29 29 11 
Segment Solved PS PS PS 
Number of Proposals 1 1 1 

Problem 2-3-3 
Number of Exchanges 218 83 97 
Segment Solved DI DI DI 
Number of Proposals 11 3 3 

Problem 3-2-3 
Number of Exchanges 11** 40 59** 
Segment Solved PS PS PS 
Number of Proposals 1 1 2 

Problem 3-4-3 
Number of Exchanges 58** 31 53** 
Segment Solved' PS PS PS 
Number of Proposals 1 1 2 

Problem 4-4-3 
Number of Exchanges 38 63 34* 
Segment Solved PS PS PS 
Number of Proposals 2 3 1 

Problem 5-1-3 
Number of Exchanges 73 69 13* 
Segment Solved PS PS PS 
Number of Proposals 3 1 1 

No - Unsolved 
PS - Problem Solving Segment 
DI - First Debriefing 
* Two member group 
** Three member group 
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problems were found to be trivial. Utilizing the assumption 

that problems were found trivial by at least one group 

member when a minimum number of exchanges provided a 

consensus on a single solution proposal, only one problem, 

Problem 1-3-3, was found so by all three groups. However, 

using the same criterion, it was evident that each of the 

groups found at least one of the remaining five problems 

tr i vial also. 

The average number of exchanges necessary to reach 

consensus on solution proposals also sharply distinguished 

problems with active settings from those with static 

contextual settings. On the average, the groups required 74 

exchanges to reach consensus on solution proposals of 

problems described within a static context, nearly twice as 

many as the average of 41 exchanges needed to reach 

consensus on solutions to problems described within an 

acti ve context. 

The amount of extranenous information within a 

problem had no bearing on either the number of exchanges 

necessary to reach consensus on solution proposals or on the 

behaviors evident in constructing representations. The 

groups displayed few behaviors aimed specifically at 

identifying the extraneous information contained in each 

problem other than increasing their attention on isolating 

problem "wants". Specific instances of verbal isolation of 
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extraneous data, such as one group member's comment, "It has 

nothing to do wi th number of population" (B-3-2-3: Exchange 

33), were relatively rare, occurring in only 5 of the 18 

problem attempts. 

Although the inclusion of extraneous information in 

a problem did not appear to influence the basic strategy of 

groups solving these problems, there was some indication 

that including extraneous material in rate and ratio 

problems compounded the difficulty the groups had in 

interpreting the context of these problems. In single step 

problems, deriving mathematical structure from rates or 

ratios expressed in problem context proved difficult for 

group members (see Problem Profile - Single-Step Problems). 

When a rate or ratio problem contained extraneous 

information, often different algorithms were applied to all 

possible combinations of the numerical data in search for an 

answer that "made sense". One group membe r 's query, "What 

else can we di vide?" (A-3-2-3; Exchange 33) was an extreme 

example of this behavior; yet such a basic strategy was 

illustrative of both Group A's and Group B's approach to 

such problems. 

If problems containing unfamiliar structures were 

more difficult to represent accurately when they contained 

extraneous information, so too was a problem whose structure 

was all too readily familiar. In Problem 3-4-3, a "retail 



382 

problem" containing extraneous information (see Appendix A -

Problem 3-4-3), all groups sought a closure to the presumed 

representation by incorporating the extraneous information 

and finding the change "got back" after Johnny's mythical 

purchase. Only after "looking back" did each group 

self-correct its inaccurate representation. 

Transcripts of the problem solving efforts of each 

group indicated that the incidence of specific heuristic 

behaviors in solving Type III problems varied little from 

solution attempts of other routine problems (Type I and Type 

II problems). However, the heuristic behavior of changing 

the mode of representation was conspicuously absent in 

solving the Type III problems presented. Even Group B, who 

relied heavily on this heuristic to provide a meaningful 

concrete representation of problems of other types, was 

disinclined to do so on these problems. 

Problem Profile - Multi-Step 
Problems (Type II) 

Six multi-step problems were included among the 

twenty-five problems presented during the five problem 

solving sessions. Such problems were defined as those which 

require for solution a series of two or more arithmetic 

operations (see Chapter III - Problem Selection). The 

multi-step problems selected for inclusion in this study 

varied in the degree of complexity in which the contextual 
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setting was described. Half of the six problems contained 

active contextual settings in which some action sequence 

occurred over time. The other three problems contained 

static settings in which a single momentary problem 

situation was described. 

Performance factors characterizing the three problem 

solving groups are listed in Table 57. The table indicates 

that although all three groups were consistent in 

representing and solving five of the six problems presented, 

the number of exchanges needed to reach consensus sharply 

distinguished each group. Group A and C correctly 

represented five of the six problems presented although 

Group C found it necessary to work backwards from the answer 

supplied by the observer to correctly formulate a meaningful 

representation for Problem 2-2-2. Eighty percent of these 

accurate representations were constructed during the initial 

Problem Solving Segment of each session. Group B constructed 

accurate representations for four of the six problems. Fifty 

percent of these correct formulations occurred during the 

Problem Solving Segment of each session. No group was able 

to interpret the static context of Problem 5-2-2, a problem 

containing a ratio relationship which was obviously 

unfamiliar to group members. 

In comparing the number of exchanges needed by each 

group in reaching consensus on solutions Table 57 indicates 
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Table 57. Performance factors of all groups, Type II 
problems. 

Groups 

A B C 

Problem 1-2-2 
Number of Exchanges 25 167 21 
Segment Solved PS OI PS 
Number of Proposals 4 7 1 

Problem 2-2-2 
Number of Exchanges 172 123 167 
Segment Solved PS No PS 
Number of Proposals 7 4 7 

Problem 2-4-2 
Number of Exchanges 43 152 111 
Segment Solved PS DI DII 
Number of Proposals 3 2 4 

Problem 3-1-2 
Number of Exchanges 31** 95 25** 
Segment Solved PS PS PS 
Number of Proposals 3 4 1 

Problem 4-5-2 
Number of Exchanges 29 36 20* 
Segment Solved DI PS PS 
Number of Proposals 2 1 1 

Problem 5-2-2 
Number of Exchanges 164 237 91* 
Segment Solved No No No 
Number of Proposals 3 4 3 

No - Unsolved 
PS - Problem Solving Segment 
DI - First Debriefing Segment 
DII - Second Debriefing Segment 
*Two member group 
**Three member group 
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that Group A required an average of 86 exchanges to reach 

consensus on the six problems. Group B required an average 

of 116 exchanges: and Group C required an average of 69 

exchanges. Group CiS low average of exchanges was due in 

large part to the expertise of a single group member who 

recognized immediately the mathematical structure of three 

of the six problems presented. Solution attempts of such 

"tri vial" problems were characteriz ed by the low number of 

exchanges necessary to reach consensus on a single solution 

proposal. 

Although none of the multi-step problems was found 

trivial by all three groups, the average number of exchanges 

did distinguish problems with active contextual settings 

from those with static contextual settings. On the average, 

the three groups required 134 exchanges to reach consensus 

on problems described within a static context- twice as many 

exchanges as the 67 needed to reach consensus on solutions 

to problems described within an active setting. 

The distinction between active and static context 

also appeared to account for the variations found in the 

incidence of problem solving behaviors. Only two problems, 

Problems 2-4-2 and 3-1-2, generated an alternative to the 

deductive algorithmic approach typically utilized by all 

groups. Both problems contained static contextual settings. 
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In solving Problem 2-2-2, all groups isolated 

problem "givens" and developed accurate interpretations of 

the problem context. However, no group could deduce the 

sequence of mathematical operations necessary to solve it. 

Groups A and C initiated systematic trial and error 

sequences, evaluating each proposal in terms of problem 

"givens". This strategy proved successful for both groups. 

Group B attempted several random trial and error sequences, 

but refrained from evaluating their proposals by "looking 

back" to the conditions stated within the problem context. 

Problem 3-1-2, a two-step problem described within a 

static context, required a decomposition and recombination 

of problem "givens". Although all groups were ultimately 

successful in solving this problem, Groups A and B required 

concrete representations using manipulatives to do so. These 

were the only instances in which groups successfully changed 

the mode of multi-step problem representation from verbal or 

linguistic to a more concrete visual level. 

In recognizing the two-step nature of these 

problems, each group appeared to understand the importance 

of isolating the problem "wants" and "gi vens" in eval uating 

proposals. Two cases in which these activities were 

neglected reinforced their importance to the two groups 

involved. In Problem 2-4-2, Group B immediately began to 

compute and propose solutions without formally isolating the 
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"wants" and "givens" of the problem. The group's failure to 

recognize the two-step nature of the problem was not 

corrected until the First Debriefing. 

In the second example, Group A, after appearing to 

have effectively isolated problem "givens", neglected to 

relate their solution of the sub-problem to the problem 

"wants". As a result of not utilizing this "looking back" 

heuristic, Group A failed to solve the problem until the 

First Debriefing. 

Problem Profile - Non-Routine 
Problems (Type IV) 

Of the 25 problems presented during the five problem 

solving sessions, seven were non-routine problems. Such 

problems have been defined as those which require some 

non-algorithmic approach to solve. An existing algorithm may 

solve the non-routine problem; however, it would not be 

available to the elementary school child. Solutions to these 

problems required some process or strategy derived from 

accurate contextual interpretations which allowed the active 

manipulation of problem variables. 

The three problem solving groups, as expected, had 

greater difficulty representing and solving non-routine 

problems than they did routine Type I, Type II and Type III 

problems. As shown in Table 58, Group A represented and 

solved only two of the seven problems presented. Neither of 
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Table 58. Performance factors of all groups, Type IV 
problems. 

Groups 

A B C 

Problem 1-1-4 
Number of Exchanges 69 119 145 
Segment Solved No No No 
Number of Proposals 2 5 6 

Problem 2-5-4 
Number of Exchanges 70 182 79 
Segment Solved DII DI No 
Number of Proposals 3 2 3 

Problem 3-3-4 
Number of Exchanges 216** 204 12** 
Segment Solved No No No 
Number of Proposals 2 3 5 

Problem 4-2-4 
Number of Exchanges 83 219 67* 
Segment Solved DI DII DII 
Number of Proposals 4 4 4 

Problem 4-3-4 
Number of Exchanges 215 138 69* 
Segment Solved No PS DI 
Number of Proposals 4 3 2 

Problem 5-4-4 
Number of Exchanges 63 172 20* 
Segment Solved No No PS 
Number of Proposals 2 5 1 

Problem 5-5-4 
Number of Exchanges 113 160 20* 
Segment Solved No PS PS 
Number of Proposals 2 3 1 

No - Unsolved *Two member group 
PS - Problem Solving Segment **Three member group 
DI - First Debriefing 
DII - Second Debriefing 
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the two problems was solved during the initial Problem 

Solving Segment: and one of the two problems, Problem 4-2-4, 

could only be accurately represented after the correct 

answer had been provided during the Second Debriefing 

Segment of the session. However, a distinction must be made 

between accurate problem representations which generated a 

consensus on correct solutions and accurate problem 

representation which, for some reason, did not produce a 

consensus on correct solutions. Group A constructed accurate 

problem representations for two problems listed as unsolved 

in Table 58. During the solution attempt of Problem 3-3-4, 

one group member provided an accurate representnation and 

proposed a workable plan for solving the problem, but could 

not convince the other group members to carry out the plan. 

In the solution attempt of another problem listed as 

unsolved (Problem 4-3-4), a member of Group A actually 

represented and solved the problem during the Problem 

Solving Segment: but she could not get a consensus on her 

proposal from the others. 

Group B represented and solved four of the seven 

non-routine problems presented. A consensus on a correct 

solution for two of the problems was reached during the 

initial Problem Solving Segment: another was solved during 

the First Debriefing Segment. The fourth problem solved 

correctly was accurately represented during the First 
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Debriefing Segment; however, a counting error postponed a 

consensus on the correct answer until the Second Debriefing. 

Again the distinction must be made between accurately 

represented problems which produced a consensus and a 

correct solution and those that did not. During the solution 

attempt of Problem 5-4-4, the correct solution was proposed, 

but was rejected by the other group members. 

Group C accurately represented and reached a 

consensus on a correct solution to four of the seven 

problems presented. Two of these problems were solved during 

the Initial Problem Solving Segment; one was solved during 

the First Debriefing Segment; another was accurately 

represended by working backwards from the answer provided by 

the observer during the Second Debriefing. 

Another indicator of the performance of each group, 

as shown in Table 58, was the number of exchanges necessary 

to reach consensus on solutions. Group A required an average 

of 118 exchanges in attempting to solve each of the seven 

problems. Group B required an average of 171 exchanges; and 

Group C required an average of 74 exchanges. 

None of the non-routine problems could be termed 

trivial because the representation of all problems required 

the discovery of mathematical structures which were 

unfamiliar to all group members. Nevertheless, Group C, 

composed of just two members during the fifth session, 
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reached a consensus on the correct solutions to two 

problems, Problem 5-4-4, and 5-5-4, in just 20 exchanges. 

Although the nature of non-routine problems 

precludes, in most cases, the use of algorithms in defining 

the mathematical structure of these problems, Group A 

continued its pattern of trying to deduce algorithmic 

solutions. In five of the seven non-routine problems 

presented, the initial strategy of the group was a rather 

random manipulation of the numerical data in a search for 

the right algorithm. In comparison, Group C attempted two 

algorithmic solutions to these non-routine problems; and 

Group B attempted to solve just one problem in this manner. 

Instead, Group Band C appeared to approach these problems 

by organizing the essentual elements within the context of 

the problem so that an interpretation of these elements 

suggested a plan of action. These plans of action, when 

successful, embodied the mathematical structure of the 

problem and became in effect a representation of the 

problem. 

The manner in which Group B and Group C constructed 

these representations contrasted the two groups. Group B 

found it essential to have a concrete representation which 

would make visual any plan of action. In changing the mode 

of representation from the verbal/linguistic to the 

concrete/visual, Group B utilized a variety of activities. 
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In four of the seven problems, Group B represented the 

problem with manipulative chips. These chips were moved 

about as different contextual interpretations suggested 

different action plans. In other examples of changing the 

mode of representation, Group B physically acted out the 

context of three of the non-routine problems and drew a 

picture representation of another. 

In contrast, Group C preferred to formulate problem 

representations verbally. Dominated by Joe's mental 

representations which the group members found difficult to 

refute, this pattern of expressing representations verbally 

persisted until the fifth problem solving session. During 

this last session when only two group members were present, 

Ted and Joe worked together diagramming a representation of 

one non-routine problem and charting the representation of 

the other. 

Although the mode by which non-routine problems were 

represented determined to a large extent the strategies used 

to solve the problem, the context of the problem itself 

sometimes suggested a strategy immediately. All groups were 

successful in implementing a systematic trial and error 

strategy for Problem 4-3-4 and all groups attempted to chart 

a representation of Problem 4-2-4. These process specific 

problems were the only two non-routine problems that were 

accurately represented by all three groups. 



CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 

It was the primary purpose of this study to 

investigate the problem solving behaviors of children 

working verbal mathematics problems in small groups. In 

addition the affect of various task and subject variables 

inherent to the design of the research was also sought. 

Twelve subjects from three fifth grade classrooms in a 

Tucson, Arizona elementary school were divided into three 

groups and observed solving a variety of verbal problems. 

Tape recordings of five problem solving sessions, the 

"scratchwork w of individual group members and observer notes 

made during and after each session comprised the data for 

the resulting three case studies. Each case study recorded 

the attempts of a single four-subject group to solve 

twenty-five verbal problems over a three week period in May 

of 1982. 

During the analysis of the data, patterns of 

behavior were sought which characterized each group in two 

ways: 1) the interaction of group members in this 

naturalistic setting, and 2) the inciden~e of specific 

problem solving behaviors expressed during the task 
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situation. The perspective adopted during the analysis 

focused on the two functions of group interaction: a 

constructive function which characterized the manner by 

which problem representations were formulated and an 

evaluative function which assessed the constructions and 

monitored the course of group problem solving. This 

framework provided the opportunity to identify and describe 

the interactive process in terms of the contributions of 

individual group members. Contributions included each 

individual's personal set of experiences and, as a result, a 

personal set of processes for sorting out and applying these 

experiences to problem situations. The overt expression of 

specific behaviors and activities, limited by the 

constraints posed by the research design distinguished each 

group member. The interaction of these behaviors and 

activities characterized each group's attempt to construct 

and evaluate viable representations of the problems 

presented. 

Conclusions Related to the 
Primary Research Question 

In identifying, describing, and analyzing the 

problem solving behaviors of children, a single research 

question guided the inquiry: What patterns of behaviors do 

children display when solVing verbal problems in small 

groups? What intermediate aged children say and do while 
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solving verbal mathematics problems in small groups is 

clearly tied to the constructive and evaluative functions of 

group interaction. Conclusions concerning a general pattern 

of problem solving behaviors addresses both functions. 

The Construction of Representations 

A verbal mathematics problem is solved, barring 

mechanical errors such as computational or counting 

mistakes, when a meaningful representation of the described 

problem situation is complete. Such a representation 

provides a visualization, either mental or physical, of the 

reorganization of problem variables and the unique solution 

which incorporates the reorganization. 

Patterns of constructive behaviors expressed by 

intermediate aged children occur at two levels - a surface 

level at which the context of the problem is linguistially 

interpreted and a subsurface level at which a mathematical 

structure is identified which defines a solution to the 

problem. It is clear that the general approach to solving 

problems which groups bring to problem situations is to make 

surface level contextual interpretations prior to any 

exploration of subsurface problem structure. This conclusion 

is not surprising given the surface - subsurface wsearch for 

understanding W which is presumed to occur in the 

construction of representations. 
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However, evidence of a "backward" approach or 

orientation was observed in two of the three groups studied. 

Such an approach in which a group makes a contextual 

interpretation based on a previously proposed solution or 

estimate of a solution was identified in a small number of 

the problem solving attempts, approximately 6%. The 

incidence of this approach may be higher, indeed may 

constitute the primary approach to problem solving by some 

groups. The difficulty in drawing conclusions concerning 

these observations is that they are most obvious only when 

an incorrect proposal subsequently generates an incorrect 

but consistent interpretation of contextual relationships. 

In such cases often different contextual interpretations are 

made in an apparent attempt to justify a solution and 

complete a representation. If the observation of this 

phenomonon is accurate and entails more than one group 

member mentally solving the problem while the others attempt 

to understand how he or she did it, then an alternative 

explanation is neccessary. One such explanation is that 

presupposed mathematical structures may be cued by elements 

independent of an understanding of problem context. 

Isolated key words such as "more than", "times· or "total"; 

the length of the numbers and their proximal relat~onship to 

each other within the problem, and the structure of a 

problem previously solved may all serve as 
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Wextra-contextual W cues for suggesting the structure of a 

problem. Such cues may be utilized more often than 

recognized by individual problem solvers. In group 

situations, however, where consensuses are generally based 

on complete representations, a contextual interpretation is 

fitted to the preconceived structure. 

Beyond the general approach employed by intermediate 

aged children in solving problems in small groups, specific 

behaviors and activities within this approach constitute the 

patterns or strategies which characterize the construction 

of problem representations. 

The contextual Level. Specific constructive 

behaviors expressed by all groups address the linguistic 

elements of a problem. The purpose of such behaviors is to 

isolate these elements or reorganize them; so that 

contextual interpretations can be made and the problem 

understood. The most effective pattern of behaviors in 

making accurate contextual interpretations is an oral 

rereading fo the problem followed by a clear delineation of 

problem ·wants W or Wgivensw. Silent rereading or the use of 

mnemonic notation during an oral reading is often observed 

when the context is linguistically complex or the numerical 

elements are numerous or lengthy. In general, once 

contextual elements are isolated, they are then referred to 

throughout the problem solving process in structuring 
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discussion of the problem situation, in constructing viable 

representations, and often in evaluating these constructions 

and monitoring progress. The data indicate that a pattern of 

isolating behaviors initiating the problem solving effort of 

groups is virtually a prerequisite to constructing 

appropriate representations of all but the most trivial 

problems. 

In the case studies presented, subjects represented 

problems either verbally or visually. The verbal mode of 

representation was, in every problem attempt, the first 

utilized. This is no doubt due to the fact that changing the 

mode of a verbal problem to a visual concrete representation 

was not only time consuming, but also impractical in many 

problems which contained large numbers. In addition, groups 

of intermediate aged problem solvers appear to have 

difficulty in recognizing those problem situations which are 

readily amenable to physical display. Finally, it is clear, 

that these children tend to assume that an algorithm is the 

expected embodiment of the mathematical structure of the 

problems. Thus when isolating contextual elements or 

debating contextual interpretations, the group focus is on 

those cuee which facilitate the deduction of possible 

algorithms. Only when a consensus cannot be reached on the 

resulting solution proposal or when the proposal is shown to 

be erroneous do these children attempt a reformulation of 
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the problem using manipulatives, diagrams or other concrete 

aids. 

The Structural Level. When children make accurate 

contextual interpretations, the identification of a 

problem's mathematical structure in terms of an algorithm, 

numerical pattern, or visual comparison can be generally 

derived. Most frequently statements of mathematical 

structure take the form of algorithms. These algorithms are 

generally deduced from verbal interpretations of the problem 

context. Less frequently and less successfully, algorithms 

are also generated from cues within the context and the 

propensities of individual group members which are 

independent of any understanding of the problem situation. 

Algori thms deri ved in thi s manner often appear to be guesses 

on the part of group members cause no contextual referents 

are found in the verbal interactions which precede their 

proposal. 

When a consensus on an algorithmic solution cannot 

be reached, intermediate aged children working in small 

groups tend to reevaluate their understanding of teh problem 

situation. If contextual interpretations appear to be clear 

and accurate, these students often initiate trial and error 

strategies. Typically initial trials are estimates of the 

solution proposed by children. Each proposal, however, is 

evaluated by the group in terms of the problem condi tions 
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specified in the context. Often, subsequent proposals or 

trials become more systematic as the mathematical structure 

of the problem becomes clearer. 

When algorithms fail to promote a consensus on 

solution proposals and young problem solvers recognize that 

their udnerstanding of a problem's context is inadequate, a 

reconstruction of the problem most often occurs in a 

concrete/visual mode. Using manipulatives, students are apt 

to explore in detail alternative contextual interpretations. 

The structure of a problem in these cases is demonstrated. 

Solution proposals are evaluated in terms of the 

plausibility of the demonstration. 

Patterns of constructive behaviors characterize the 

problem solving process of children working in small groups. 

The interaction inherent in the group setting, however, 

implies that evaluative behaviors are equally necessary in 

completing the group task. 

The Evaluation of Representation 

It is clear that the extent of the evaluative 

behaviors found in small group problem sol vi ng is an 

important facet of the interactive process. Evaluative 

behaviors and activities permeate the group intereaction. 

These behaviors and activities consist of statements and 

responses, both verbal and physical, made during the course 

of problem solving. Such behaviors reflect either 
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individual agreement or group consensus or dissatisfaction 

with the course of reasoning. In monitoring the on-going 

process, evaluative behaviors serve several functions: they 

ensure that constructive behaviors are made with due 

consideration to the developing problem representation; and 

they ensure that contextual interpretations, strategies and 

computations are checked periodically with regard to their 

utility and accuracy. 

Often evaluative behaviors appear purely social in 

convention, acting as a "break" when the group process 

outstrips individual understanding or as an outlet for 

individuals in venting pent up frustration with the course 

of group interaction. Most often evaluative behaviors 

provide a credibility to the group consensus on the approach 

and strategies utilized and on the final problem solution. 

Evaluative behaviors appear most effective in 

monitoring group problem solving when some referent to the 

developing problem representation is made. Reiterating 

problem "wants" or "givens", retracing reasoning or offering 

an alternative contextual interpretation as justification 

for an evaluation generally ensures that constructive 

interactions continue. 

"Looking back" behaviors are also evaluative in 

function. Such behaviors ensure to some degree that specific 



solution proposals are consistent with contextual and 

structural understandings. 
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Many evaluative behaviors, however, have no referent 

to the group understanding of the problem. Mechanical 

checks, such as recomputing, are generally essential in 

reaching a consensus on a solution, but such evaluative 

behaviors do not generally relate directly to the 

constructed representation of the problem. 

"Reality" checking is often employed by individual 

group members, particulalry when evaluating solution 

proposals. Although occasionally helpful in determinign 

whether a proposal "makes sense", this behavior generally 

indicates that a viable problem representation is 

incomplete. Least effective in fulfilling any of the 

functions of evaluative behaviors, is the personal attrack. 

Although group dissention is often effectively stymied as a 

result, such a referent for evaluation greatly disrups 

continued constructive behaviors within the group. The 

proclivity of an individual group to express specific 

patterns of evaluative behaviors is, as in the case of 

constructive behaviors, determined by task and subject 

variables. 
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Affecting the Research Question 
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The general pattern of problem solving behaviors 

described functionally in terms of their constructive and/or 

evaluative intent provides a framework for describing and 

analyzing the group process. However, this general pattern 

does not address the specific behaviors and activities which 

characterize and distinguish each group. Both subject 

variables and task variables and the affect of each on the 

general pattern must be considered in drawing conclusions of 

any practical concern. In this regard, specific questions 

which guided the inquiry relate the affect of both subject 

and task variables on the general pattern of group problem 

solving behaviors identified previously. Two such questions 

focus on subject variables. They are: 

1. How does the individual student affect the pattern 

of observed problem solving behaviors? and 

2. How does the anture of group interaction affect the 

pattern of observed problem solving behaviors? 

Task variables generated by the research design are 

the focus of three additional questions. they are: 

1. How does experience gained in the course of five 

Interaction Sessions affect the pattern of observed 

problem solving behaviors? 

2. How does specified observer feedback affect the 

pattern of observed probl'em solving behaviors as 
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problem? and 
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3. How does the presentation of different problem types 

affect the pattern of observed problem solving 

behaviors? 

Subject Variables 

The contribution of individual members in terms of 

their personalities, approach to problem solving, and 

general mathematics abilities determine to a great extent 

the repertoire of behaviors available to each group and the 

expression of these behaviors during the ensuring problem 

solving interaction. Yet it is equally clear that the group 

problem solving process in most cases is not solely the 

result of isolated individual contributions nor merely a 

reflection of an individual's proficiency. For this reason 

it is necessary to distinguish those conclusions drawn from 

the affect of the individual student's contribution to the 

process from those which are a result of the social dynamcis 

inherent in group interaction. 

The Individual Student. The affect of the individual 

student on the problem solving behaviors found in small 

groups is most profound when an individual recognizes the 

structure of a particular problem immediately and proposes 

an algorithmic solution before group interaction occurs. 

Such sol utions to "tri vial" problems greatly curtail further 



405 

constructive behaviors and increase the likelihood of 

responsive evaluative behaviors from other group members. 

It is not surprising that the predominant approach 

to verbal problems by individual students is to deduce a 

possible algorithm directly from the initial reading of the 

problem. Thus the opening sequence of interactive exchanges 

among group members in many problem solving efforts focuses 

specifically on proposing and evaluating algorithms deduced 

directly from the context of a problem. An individual, 

proficient at such deductions, may generate many accurate 

solution proposals in this manner; yet a consensus on such 

proposals from the other members greatly requires that at 

least some attempt is made to reconstruct the problem 

representation from which the proposal was deduced. This 

demand for problem understanding by individual group members 

is a subject variable which obvilously affects both the 

resulting group interactions and the incidence of specific 

problem solving behaviors which address this demand. 

"Looking back" heuristics often satisfy the demand 

for understanding of individuals who have not participated 

in the constructive process. When most effecting in 

promoting a consensus, such behaviors relate the algorithnlic 

proposal under consideration directly to elements within the 

problem context. 
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When a deductive algorithmic approach to solving a 

problem fails to generate a consensus on a proposal or 

otherwise appears ill-conceived, individuals are more 

inclined to share from their own repertoire of problem 

solving behaviors. In many cases, heuristic behaviors are 

expressed or activities are utilized which have been 

successful during previous problem solving efforts. A more 

structured approach to interpreting problem context or a 

more visual mode in constructing the representation is often 

the result. The propensity of the group to select behaviors 

and activities from individual repertoires and express or 

utilize them in situations when a solution to a problem is 

not immediately discernable constitutes a pattern which 

characterizes each problem solving group. 

Finally, the length of time individual group members 

persist in making constructive or evaluative contributions 

to problem solving when no solution is apparent affects the 

observed pattern of behaviors which characterizes each 

group. It is not apparent in these cases that the most 

proficient problem solver is necessarily the most 

persistent. Often frustration mounts quickly for 

individuals when the repertoire of constructive behaviors 

and activities appears exhausted. As more members drop out 

of the constructive process, interaction decreases. Even 

though individual problem solving may continue for some 
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time, and untried problem solving heuristics may be 

attempted, a true consensus on a proposal generated at this 

point is unlikely. 

The Group Interaction. Although individual 

contributions and demands constitute the substantive problem 

solving behaviors identified, it is the social setting which 

provides the medium in which these contributions and demands 

are made and the impetus for the essentially goal-oriented 

behaviors. Patterns of problem solving behaviors which are 

observed over time in the course of group problem solving 

appear to be a function of specific roles assumed by various 

group members. Given stability in group membership, these 

roles tend to dictate both the quantity and substance of 

individual's contributions and demands. 

Leadership within the group may be either task or 

socially oriented. These roles may be held by different 

group members or by one person. Task leadership involves the 

monitoring of group progress toward the goal of constructing 

meaningful problem representations and reaching consensus on 

the resulting solution proposal. Assumption of this role 

within the group may be contested by various group members, 

but is generally decided by the success of the contestants 

in initiating or promoting appropriate problem solving 

behaviors, be they constructive or evaluative in nature. 
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Social leadership may be quite distinct from task 

leadership. An individual assuming this role is the focus of 

much of the group interaction even though he or she may 

contribute little to the actual construction or evaluation 

of problem representation. More often, however, the same 

individual controls both the social and task situation. 

Such roles greatly affect the expression of problem 

solving behaviors within the group by controlling to a large 

extent the interactions which occur. Although the repertoire 

of available heuristic behaviors and possible problem 

solving activities within a group may be extensive, the 

leadership within the group tends to structure the behaviors 

expressed or the activities utilized. Often this structuring 

is accomplished by effectively isolating non-conforming 

individuals or otherwise discouraging their contributions 

and demands. 

Although this structuring affect of group leadership 

generally facilitates the problem solving task, such 

domination of the group by an individual may obstruct 

others' efforts to participate in the constructive process. 

A leader may be unwilling or unable to share his or her 

understanding of a problem, particulalry if he or she finds 

the problem trivial. Offering an encouraging contextual 

interpetation on the basis of a previously proposed solution 

appears to provide little basis for a knowledgeable 
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consensus on such proposals. Dominating leadership may also 

fixate on an approach to specific problems, discouraging 

alternative interpretations or strategies even after 

repeated unsuccessful problem solving attempts. Finally, 

group leadership may break down quite dramatically when the 

repertoire of problem solving behaviors is exhausted or the 

dominant member becomes otherwise frustrated with the 

attempt. 

Although the leadership tends to structure the group 

interaction and to some degree dictate the problem solving 

behaviors expressed, some group members display a selective 

participation regardless of the leadership style. Selective 

participation appears to be the result of a number of 

possible factors including: familiarity or interest in a 

particular problem's context, the challenge or frustration 

of an obviously difficult problem, and social factors 

unrelated to the problem solving task. 

Task Variables 

In the case studies presented, task variables 

defined by the design of the research study affected both 

the recorded interactions and the resulting patterns of 

problem solving behaviors. These variables include: 1) the 

experience of solving problems together accumulated by 

groups, 2) the type of observer feedback presented to groups 
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nature of the problems presented. 
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Experience in Group Problem Solving. In general, 

groups rather quickly establish a pattern of specific 

problem solving behaviors based on their repertoire of such 

heuristics. Although previously unidentified behaviors and 

activities may arise at any time, particulalry in response 

to the presentation of process-specific problems, additions 

to the repertoire are fairly rare. More often, problem 

solving groups tend toward greater selectivity in the 

behaviors expressed and the activities utilized as the 

amount of experience in group problem solving increases. 

Thus the repertoire of specific behaviors observed over time 

may actually decrease. 

Corresponding to the increased selectivity of 

specific problem solving behaviors is a structuring of the 

group interactions which occur. As roles within each group 

become solidified, interactions become more routine and 

predicable. Task leaders tend, as experience increases, to 

focus interactions on particular approaches to problems 

which have been demonstrated to be successful during the 

past problem solving attempts. Exploratory behaviors are 

thus often discouraged or ignored. 

Types of Observer Feedback. In response to a group 

consensus on an incorrect solution proposal, observer 
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feedback has a pronounced affect on group behaviors during 

subsequent attempts at the same problem. 

When problem solving groups are simply told that 

their initial answers are wrong, interactions tend to become 

more structured in that they focus quite specifically on 

discovering why their intial representations were erroneous. 

Likewise problem solving behaviors expressed in such 

instances tend to be more patterned in isolating problem 

"wants" and "gi vens" and identifying the condi tions whi ch 

relate these problem elements. However, an increase in 

exploratory behaviors, particularly those associated with 

changing the mode in which a problem is represented, is also 

found. 

Task leadership roles may be less clear after 

negative feedback or may be assumed by different members of 

the group. In such cases, other group members often appear 

to be more constructive in their individual contributions 

and more demanding that the representation of the problem 

constructed be viable to all. 

The response of the groups when they are told that 

previous problem solving attempts were unsuccessful and who 

are given the correct answer is much less generalizable. 

Most often groups decline the challenge of working backwards 

from a given solution to an appropriate problem 

representation. Commonly, they verbally note the correct 
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answer, but discontinue problem solving; or they recognize 

immediately the correct algorithm or invent one which 

generates the correct solution. In general, only if the 

context of the problem has been fully or partially 

understood during the unsuccessful attemps, are groups 

motivated to reconstruct the problem representation and 

attempt discovery of an alternative mathematical structure. 

Even under such circumstances, frustration and withdrawal by 

individual members rapidly stymies group interaction, 

decreasing the expression of problem solving behaviors and 

diminishing the chances of a successful problem 

representation. 

Problem Types. Routine problems, similar to those 

typically found in elementary school mathematics texts, may 

be categorized in respect to the number of mathematical 

operations required to solve them and the presence or 

absence of extraneous information within the context of the 

problem. The types used in this study were; single-step 

problems, single-step problems containing extraneous 

information, and multiple-step problems. Because the 

structure of these problems may be expressed in terms of a 

standard whole-number algorithm, it is not surprising that 

the problem solving behaviors expressed by children in 

solving them focus on deducing the appropriate algorithm. 

The mathematical structure of many such problems appears to 
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be immediatley recognizable to problem solving groups by 

even a cursory inspection of problem context. Familiar 

contexts, such as "retail" situations and "key" words within 

the context, such as "more than", "altogether" and "each", 

often sugest immediately an algorithm. Solutions to such 

"trivial" problems generate few exploratory behaviors, and 

thus the constructive processes by which these problems are 

mentally represented remains obscure. Less familiar 

contexts which might also suggest standard algorithmic 

solutions, such as "rate" and "ratio" multiplication and 

division problems, generate many exploratory behaviors and 

'are apparently less familiar to these students. In many 

such problem situations, multiple solution proposals are 

"reality" checked rather than evaluated in terms of a 

previously constructed problem representation. 

It appears clear that children when solving routine 

problems in small groups are generally successful in 

defining the mathematical structure of problems when the 

content of problems is well understood. The familiarity of 

the children with a particular problem context to some 

degree determines the ease with which they may deduce 

problem structures. Another determinant appears to be the 

active-static nature of the contexts themselves. 

Constructing representations of problems expressed within 

static contextual settings often require a wide range of 
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exploratory behaviors including activities which make more 

visual the constructive process. This appears evident 

regardless of the underlying structure of the problem 

presented. In many respects, the pattern of speci fic 

problem solving behaviors expressed by groups of children in 

solving routine problems with static contextual settings is 

similar to the pattern found in solving non-routine 

problems. 

Non-routine problems cannot generally be represented 

by elementary school children in terms of a standard 

algorithm. Children, working in groups, tend to construct 

concrete/visual representations of such problems utilizing 

rnanipulatives, diagrams and tables to uncover underlying 

structures. The contexts of such problems often require 

exacting interpretations; interactive debate on these 

interpretations generally characterizes each solution 

attempt. 

Specific behavior patterns or strategies are 

occasionally suggested by non-routine problems when the 

context of the problem is well understood. Often the 

strategy itself embodies the mathematical structure of a 

problem such as when systematic trial and error activities 

are utilized. Other strategies, including "testing special 

cases" and "decompsinq and recombining contextual elements," 

demonstrate an exploration of possible mathematical 
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structures by children once the content of the problem is 

understood. 

Summary 

Intermediate aged students exhibit general patterns 

of constructive and evaluative behaviors when solving 

problems in small group settings. with little observer 

intervention, these students sor't out and utilize specific 

behaviors within the combined repertoire of the group. This 

group process is largely characterized by the individual 

makeup of the group, experience in group problem solving, 

variations within the problems represented, and the extent 

and kind of observer feedback during the process. 

Recommendations 

The goal of naturalistic inquiry is to increase the 

uderstanding of the phenomona under investigation. Those who 

have a practical or theoretical regard for such insights 

demand that conclusions drawn from this inquiry be both 

useful and verifiable. Recommendations generated from the 

research conclusions suggest a starting point for the 

verification process and provide some measure of the utility 

of the conclusions themselves. Recommendations suggested by 

this researcher address both the educators demand for 

practical classroom applications and the researcher's drive 

for further understanding. 
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Recommendations for the Classroom 

An understanding of what children say and do when 

solving verbal mathematics problems in small groups has 

implications for both the curriculum expert and the 

classroom teacher. Both professionals must share a concern 

that existing curricula and instructional methodology in 

elementary school mathematics have been unsuccessful in 

providing many students with an effective background in 

applying mathematics to problem situations. In view of this 

deficiency and based on the findings of this study, the 

following recommendations are suggested by the researcher: 

1. Recognize that the development of childrens' 

conceptualization of the problem solving process 

should be centered on the practical application of 

specific behaviors in problem situations. Further 

recognize that in this applicability both the 

meaning and utility of mathematics processes are 

expressed. 

2. Recognize that in identifying and developing problem 

solving behaviors in children, the small group 

setting may be helpful in the following ways: 

a. The small group setting may provide some 

incentive for children to express constructive 

and evaluative problem solving behaviors. 
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b. The small group setting may provide an 

opportunity for the educator to evaluate the 

repertoire of problem solving behaviors of 

children. 

c. The small group setting may provide "teachable 

moments" in which observer/teacher intervention 

may be beneficial in reinforcing existing 

problem solving behaviors and introducing new 

ones. 

3. Recognize that in group problem solving evalutive 

behaviors are just as critical as constructive 

behaviors in formulating viable problem 

representations. 

4. Recognize that in teaching or evaluating problem 

solving behaviors in small groups, a viable problem 

repesentation should be the goal of problem solvers. 

5. Recognize that effective teaching in group problem 

solving situations depends to a large extent on 

effective observation. 

6. Recognize that group problem solving is greatly 

affected by group membership. Some homogeneity in 

problem solving expertise appears necessary for 

effective group interaction. 

7. Recognize that specific problems often suggest 

specific heuristic behaviors and may in others ways 



418 

affect the problem solving process. Because verbal 

problems may bore, challenge or frustrate different 

groups, an extensive selection should be made 

available for presentation. Such a problem "bank" 

should consist of a variety of routine textbook type 

problems as well as an assortment of non-routine 

problems and puzzles. Problems which suggest 

specific heuristic behaviors nad activities should 

be identified and perhaps catalogued accordingly. 

Equally important, both active and static contextual 

settings should be included in the problems 

selected. 

8. Recognize and encourage the need of all students to 

represent some problems in a concrete mode. Enough 

manipulative aids should be available so that any 

problem presented could be represented by an 

appropriate physical display. Additionally, graph 

paper, drawing paper, as well as "scratch" paper 

should be readily available to each group. 

9. Above all, recognize that interaction is the key to 

a successful group problem solving effort. 

Expression of an individual's understanding and the 

debate which often follows among group members must 

be not only patiently permitted, but encouraged. 
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Recommendations for Research 

A basic requirement of naturalistic inquiry is that 

it must generate further questions for research. The present 

study demonstrates that the small interactive group is an 

effective setting in which to identify and analyze the 

behaviors of individual children in problem solving 

situations. However, the current study only suggests that 

this type of interactive setting may also serve the purpose 

of problem solving instruction. 

Specific questions concerning the long term effect 

of group problem solving on individual performance are 

recommended. After observing approximately 90 hours of group 

problem solving interactions over a four-week period, the 

following questions occur to this researcher: 

1. Does a group member's individual repertoire of 

heuristic behaviors and activities tend to 

approximate the combined repertoire of the group 

over an extended period of time? <i.e., Do children 

learn from each other in such situations?) 

2. Does individual instruction of specific heuristics 

increase the likelihood that these behaviors will be 

expressed in group problem solving situations or in 

individual problem solving situations? 
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3. In what ways do behaviors in group problem solving 

situations evolve over a much more extended period 

of time? 

Other research questions address the effectiveness 

of subject and task variables upon the group interaction. 

Such questions include the following: 

1. What affect does the periodic rotation of group 

members among groups have on the interactions which 

occur and the problem solving behaviors which are 

expressed? 

2. In what ways does direct teacher intervention during 

group problem solving affect the interactions which 

occur and the problem solving behaviors which are 

expressed? 

These recommendations suggest new and varied 

approaches to teaching and evaluating the problem solving 

behaviors of children in the elementary school classroom. As 

further research continues, the methods and procedures 

suggested will be closely scrutinized. The value of this 

current study, beyond the perspective taken in analyzing the 

data or the conclusions drawn from the analysis, is that in 

addressing the questions posed, educators and researchers 

will more fully understand the processes of problem solving. 
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As a result, it is hoped, they will be closer to defining a 

practical effective instructional methodology for our 

students. 
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Type I - Single Step Problems 

Problem 1-4-1 

Mary has 4 skirts and 3 blouses. How many complete outfits 
does she have? 

Problem 1-5-1 

A man has 162 baseballs to pack into boxes .which hold 9 
baseballs each. How many baseballs will be left over after 
the man has filled as many boxes as he can? 

Problem 2-1-1 

Lisa has 144 pennies. She has 6 times as many pennies as 
nickels. How many nickles does she have? 

Problem 3-5-1 

Rosa has 36 rubber bands. She has 4 times as many paperclips 
as rubber bands. How many paperclips does she have? 

Problem 4-1-1 

Charles had 1,248 stamps in his collection. After giving his 
friend Jim some of the stamps, he had only 1,040 left. How 
many stamps did Charles give to Jim? 

Problem 5-3-1 

The boys and girls in Mr. Dunn's fifth grade class collected 
empty pop bottles as a way of earning money for a new tape 
recorder. The boys collected 483 bottles. The girls 
collected 168 more bottles than the boys. How many bottles 
did the girls collect? 
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Type II - Multi-step Problems 

Problem 1-2-2 

Walter had 82 boxes of candy to sell for 70 cents each. He 
sold 75 boxes. How much would it cost to buy the candy that 
Walter did not sell? 

Problem 2-2-2 

John and Mary have some pennies. Together they have 60 
pennies. John has 30 more pennies than Mary. How many 
pennies does John have? 

Problem 2-4-2 

Allen needs 1,000 coupons to win a new bicycle. His 
classmates gave him 248 coupons, and now he is only 176 
short of his goal. How many coupons did Allen have before 
his classmates gave him some? 

Problem 3-1-2 

Jerry has 11 more marbles than Dan. Jerry has 7 fewer 
marbles than Fred. If Dan has 24 marbles, how many does 
Fred have? 

Problem 4-5-2 

Sam bet Sally that he could sell more newspapers in 6 days 
than she could. sally sold a total of 174 papers. Sam sold 
25 papers each day. sally won the bet, but by how much did 
she win. 

Problem 5-2-2 

A school district employs 207 teachers and principals. There 
are 8 times as many teachers as principals in the district. 
How many principals does the school district employ? 



Type III - Single-Step Problems Containing 
Extraneous Information 

Problem 1-3-3 
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Three boys share a bag of 100 jelly beans. After Johnny 
takes a handful, there are 68 jelly beans left. After Jim 
takes a handful, there are 44 jelly beans left for Andy. How 
many jelly beans did Jim get? 

Problem 2-3-3 

Mary has 2,345 stamps in her stamp collection. 273 of the 
stamps are Mexican. 1,624 stamps are American and the rest 
are from Canada. Exactly how many of the stamps are not 
American? 

Problem 3-2-3 

In 1947, the town of Bisbee began taking a population count 
of its citizens. The population that year totaled 6,450. Ten 
years later, the population increased about 1,000. The last 
count was taken in 1975, and the population was 9,300. How 
many years passed between the first and the last count? 

Problem 3-4-3 

A petshop sells fish bowls for $13.00 each, boxes of fish 
food for $2.00 each, and fish at 3 for $5.50. Johnny 
purchased a box of fish food and 3 fish. He gave the clerk a 
$20 bill. HOW much did Johnny spend on his purchase? 

Problem 4-4-3 

Mr. Jones is a mathematics teacher at Sunshine School. There 
are 732 students in the school. He wants to buy 25 
calculators and has $350 to spend on them. The calculators 
regularly cost $18 apiece, but now are on sale for $12 each. 
How much will 25 calculators cost at the sale price? 

Problem 5-1-3 

Mary's minibike uses 1 liter of gas every 6 kilometers. Each 
liter of gas costs 35 cents. How many liters of gas will 
Mary use on a 522 kilometer drive? 
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Type IV - Non-Routine Problems 

Problem 1-1-4 

In a class election, Fred got twice as many votes as Ricky. 
Lisa got 2 more votes than Ricky. There were 32 votes 
altogether. How many votes did Lisa receive? 

Problem 2-5-4 

A total of 28 handshakes were exchanged at a party. Each 
person shook hands exactly once with each of the others. 
How many people were present at the party? 

Problem 3-3-4 

Mike is paid for writing numbers on pages of a book. Since 
different pages require different numbers of digits, Mike is 
paid for writing each digit. In his last book, he wrote 642 
digits. How many pages were in the book? 

Problem 4-2-4 

sally is having a party. The first time the doorbell rings, 
one guest enters. Each time the doorbell rings again, a 
group enters that has 2 more persons than the group that 
entered on the previous ring. How many guests will have 
arrived after the sixth ring? 

Problem 4-3-4 

The Ranger Football Team scored 10 times in a 43 to 0 
victory. How many touchdowns (7 points), field goals (3 
points) and safeties (2 points) did they score? 

Problem 5-4-4 

Manuel wishes to order a box of pencils with his name on 
them. He has a choice of ordering red, white, blue, or 
yellow pencils. His name may be either printed in red, white 
or black, but cannot match the color of the pencils. How 
many choices are possible? 

Problem 5-5-4 

Right now Bob has 12 dollars in the bank. Carol has 26 
dollars in the bank. From now on each will save 1 dollar 
each week. How much money will Carol have saved when she has 
twice as much money as Bob? 
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Name: 

Date: 

Teacher: 

DIRECTIONS: 

I want you to solve as many of these story problems as you 
can. I am also interested in how you work these problems. 
To help me understand how you work these problems, please 
write down all the steps you are thinking, even if you think 
the things you try don't work or might not work. If you 
think something is wrong after you write it down, put an X 
next to it. 



429 

Jill and Jenny compared their collections of comic books. 
Jill has 148 comic books, which is 4 times bigger than 
Jenny's collection. How many comic books d~es Jenny have in 
her collection? 

Victor is putting new tiles on the kitchenn floor. The 
kitchen is 4 meters long and 3 meters wide. She bought 175 
tiles, but she used only 147 of them, how many tiles were 
left? 

Six people were at a party. Each person shook hands exactly 
once with each of the others. How many handshakes were 
exchanged at the party? 

Sally needs 54 dollars to buy a new dress. She can earn the 
money by selling flowers on the street corner. If Sally 
buys the flowers for 2 dollars a bundle and sells them for 5 
dollars a bundle, how many bundles of flowers must she sell 
in order to buy the 54 dollar dress? 

A boy has eight coins in his pocket. He has only pennies, 
nickels and dimes. If he has 25 cents total, how many coins 
of each type does he have? 

One dog eats 2 pounds of food each week. There are 52 weeks 
in a year. How much food will 5 dogs eat in one week? 

In every box of Sloppy Wheat cereal there are prizes. This 
month the cereal company has put 2 picture cards and 1 
whistle in each box of cereal. If Sara eats 30 boxes of the 
stuff, how many prizes should she find? 

Rosa had a bag full of marbles. After Rosa gave Mary 36 of 
her marbles, she only had 173 left. How many did she have 
to begin with? 
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April 23, 1982 

Dear Parent(s): 

In completing requirements for my doctoral degree in 
elementary education, I am conducting a research study in 
your child's classroom in the next few weeks. My area of 
interest is mathematics education and the development of 
instructional techniques which foster its improvement. 

The purpose of this particular study is to identify and 
analyze children's strategies in solving mathematics 
problems. This information may be helpful in making 
recommendations to teachers and administrators concerning 
the mathematics programs in our schools. In addition, the 
results of this study will increase my own understanding as 
an educator of why children have such difficulty with 
certain types of verbal mathematics problems (story 
problems). 

I would appreciate your permission to include your child in 
this study. If you have any questions, please contact me at 
The University of Arizona (624-1742). You may also contact 
Mr. Gene Barker at Mission MaQor or your child's teacher 
concerning my qualifications in conducting such a study. 

Sincerely, 

James Duncan 
College of Education 
The University of Arizona 
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