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ABSTRACT 

A model for the hot slab ignition problem is analyzed to 

determine critical conditions based on the parameters of the system. 

Activation energy asymptotics, a singular perturbation approach, is 

applied to the governing equation resulting in a Volterra integral 

equation of the second kind whose solution represents the temperature 

perturbation at the surface of the hot slab. The system is said to be 

super critical for given parameter values when the temperature 

perturbation blows up in small finite time, an indication of ignition, 

or sub critical when the blow up time is large, indicating that heat 

loss effects overcome the hot slab ignition mechanisms. Comparison 

principles for integral equations are used to construct upper and lower 

solutions of the equation. The exact solution as well as the upper and 

lower solutions depend. on two parameters e:, the Zeldovich number a 

measure of the heat release and h, the scaled hot slab size. Upper and 

lower bounds on the transition region, delineating the super-critical 

from the sub-critical region, are derived based upon the lower and 

upper solution behavior. The product integration method is used to 

compute solutions of the Volterra equation for values of e: and h in the 

transition region. The computations indicate that a critical curve, Ac 

lying between the analytic bounds, exists. 
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CHAPTER 1 

INTRODUCTION 

Combustion Dynamics 

Combustion dynamics is a field rich in complex mathematical 

modeling problems. The resultant mathematical difficulties are a 

reflection of the diversity and interaction of the mechanisms which 

determine the behavior of a reacting fluid or solid. The study of 

multicomponent fluids made up of several types of molecules able to 

chemically interact with each other potentially involves the fields of 

thermodynamics, statistical mechanics, fluid mechanics, and chemical 

kinetics. Each theory provides components in the development of 

consistent mathematical models. 

Judicious application of these theories to a reactive fluid 

results in a system of partial differential equations. These equations 

are analogous to the Navier-Stokes equations of classical fluid 

dynamics. The solutions of the system represent the variation in time 

and space of the fundamental state variables of reacting flows, namely, 

density, velocity, temperature, 

acquainted \iI'ith fluid dynamics 

and 

can 

species concentration. One 

appreciate the difficulties 

introduced when a multicomponent fluid whose composition can change 

through chemical reactions is modeled. As with any complicated 

phe,nomenon the modeling philosophy here is to delineate a particular 

1 



problem and apply consistent approximations corresponding to that 

problem which reduce the model to an analytically or numerically 

tractable mathematical system. When this reduced model is well 

understood the results can often be incorporated into the study of a 

model based on fewer simplifying assumptions. In practice this 

modeling approach often takes the form of delineating specific 

mechanisms which influence an observed phenomenon. 

For example, one problem extensively discussed in combustion 

literature is that of finding the structure of an established flame. 

Some of the mechanisms influencing the structure of an established 

flame are reaction rates, reaction network, diffusion properties of the 

fluid, thermal properties of the fluid, fluid dynamics, geometry of the 

system and auxiliary conditions. The most important mechanisms can be 

isolated by envisioning an ideal fluid and system which is not affected 

by the other mechanisms. When these idealized fluids are understood, 

other mechanisms can often then be incorporated into a more 

comprehensive model. 

Of course this philosophy is based on the premise that 

sufficient analytical and/or numerical techniques are available to 

qualitatively and/or quantitatively analyze the resulting mathematical 

system. 

Problems of Interest 

The problems in reacting flows which are of greatest 

importance have each been successfully addressed in the literature by 

way of the above approach. An excellent review of problems of high 

2 



interest to combustion scientists can be found in F.A. Williams' 

Combustion Theory (1965). These problems can be classified into 

several broad categories by the type of phenomena of interest. Each 

category inherently defines an appropriately simplified mathematical 

model. 

What may be considered a fundamental dichotomy of combustion 

dynamics is "premixed" vs. "diffusion" phenomena. "Premixed" indicates 

that the reactants and oxidants are initially (and therefore 

continually) mixed together, thereby allowing the reaction to begin 

immediately after the system is turned on. "Diffusion" phenomena are 

characterized by initially separated reactants and oxidants. In this 

case reactant and oxidant must diffuse together while the reaction 

takes place. 

Another major classification of combustion theory is defined by 

the type of fluid dynamics encountered. In "laminar" flames the 

distinguishing feature is the stable uniform flow field throughout the 

regime of interest. In laminar flame theory a common, though not 

universal, assumption is that the fluid dynamic effects may be 

decoupled from the reaction-diffusion mechanisms. In contrast 

"turbulent" flame theory must necessarily account for the interaction 

between the fluid dynamical effects and the reaction mechanism. 

A third basic issue which one must address in combustion 

modeling is the complexity of the reaction network. "Simple" reaction 

networks used to represent the actual network may consist of only one 

reaction. For example, F + 0 + P, with F, 0 and P denoting fuel, 

3 
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oxidant and product, respectively. "Complex" reaction systems, on the 

other hand, refer to modeling networks that attempt to accurately 

represent the actual network. When one discovers that a relatively 

simple reaction such as the hydrogen-oxygen flame is modeled by a 

network that consists of at least 20 reaction steps (Westbrook and 

Dryer (to appear) the difficulty of including realistic complex networks 

in the modeling process is clear. 

Another important consideration when modeling combustion 

phenomena is the time dependence of the phenomena. Many combustion 

events such as a flame traveling through a pipe under certain 

conditions are steady in the sense that the structure of the flame and 

fluid dynamics do not change in time after they have been established. 

Time-varying turbulent flames are an example of a phenomena that needs 

a fully evolutionary description. 

The final step in modeling any given combustion phenomenon is 

to isolate its important features and thereby catagorize the 

appropriate types of models according to lines such as those indicated 

above. 

The~nition Problem 

An ignition problem is addressed in this work. In this section 

we give a brief phenomenological description of the ignition process. 

Chemical kinetics define two kinds of ignition events. The 

first is called branched chain explosion. 

following type 

Reaction steps of the 



are called chain branched reactions, where species Ci are intermediate 

compounds not present initially but important in the combustion 

process. In some cases the release of a small amount of Ci can cause 

a series of events which quickly leads to the release of large amounts 

of Ci, causing an overall increase in the reaction rate which in turn 

releases large amounts of heat and so on. 

The type of ignition event we are interested in is called 

thermal ignition. This is a threshold phenomenon caused by the 

extremely sensitive dependence of reaction rate on temperature. 

Typically, some local increase in the temperature may cause the 

reaction rate to increase, thus causing a further local production of 

heat. This boot-strapping chain of events may lead to ignition if heat

loss mechanisms do not overcome the local temperature increase. A 

nice review of problems in thermal ignition is presented by Merzanov 

(1971). 

There are two problems most often investigated in thermal 

ignition. One is known as "auto" ignition and the other as "external-

source" ignition. The former can best be envisioned as follows. 

Consider a thermally insulated container with a premixed combustible 

substance inside. Irregardless of the initial temperature, statistical 

mechanics determines that the reaction rate will always be positive. 

Assuming no heat is lost after a sufficient amount of time has elapsed 

there will be a local rise in temperature at some point within the 

container. An ignition event may then take place within that region. 

This problem has been carefully modeled and analyzed by Kapila (1980), 
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and independently by Kassoy (1975, 1977), Kassoy and Unan (1971)), 

Kassoy & Poland (1975) and Bebernes (1980), Bebernes and Kassoy (1981), 

Birken and Kassoy (1983). All have gone further than the discussion of 

the thermal event by detailing the transition to a stable travelling 

flame as well. Kassoy and Poland (1980a, 1980b), Jackson and Kapila 

(191)5), and Bebernes and Bressan (1982) have recently addressed the 

added effects of density variation in the transition to stable flames. 

External source ignition events can be thought of as in the 

example of lighting a block of wood with a torch. Left by itself, the 

wood would not very likely burn. With the addition of a rather large 

amount of externally applied heat the wood soon catches on fire and in 

a short time no longer requires the heat source to maintain a stable 

flame. 

We define 'hot spot,(1) ignition as the situation when a finite 

amount of heat located in a small region within an initially cool 

reactive medium causes a series of events leading to ignition. This is 

a type of external source ignition. It has only a finite amount of heat 

to draw from to initiate ignition. The heat source causes a higher 

reaction rate in its immediate neighborhood. Heat conduction, on the 

other hand, will dissipate the heat, thereby lowering the reaction rate. 

Thus, if ignition does not take place in a relatively short amount of 

1. The term 'hot spot' is also used in the literature to define 
the behavior of blow up at one point in finite time of the solution to 
a nonlinear parabolic equation derived from an auto ignition model. 



time, heat dissipation will leave the medium without a local heat 

source from which to draw on. The interplay between these two 

mechanisms as it effects ignition of the medium is the aspect of hot 

spot ignition which is here quantified by the analysis of a simplified 

mathematical model. 

We use the following physical description to motivate the 

problem of interest and describe the mechanisms of greatest importance. 

Consider a large thermally insulated container. Within this container 

are all the oxidants and reactants in sufficient quantity and proportion 

needed to sustain combustion. Also assume that the mixture is at a 

sufficiently low temperature to ensure that significant combustion will 

not take place for a long time. Let us assume that the gases are 

initially essentially quiescent. Thus, all the needed ingredients are 

available for a hot spot ignition event to take place, except that 

there is not a sufficient amount of heat in any local region to initiate 

the combustion process. A finite amount of heat may be suddenly 

introduced into the mixture, for example, by applying an appropriate 

voltage potential across a region in the container to induce a spark. 

Assume that enough heat is added to raise the temperature in that 

location by an amount which ensures that for the given chemical 

composition all the molecules in that region will react quickly. This 

fast reaction releases an amount of heat which in turn raises the local 

temperature. The initial temperature is established and immediately 

the two competing mechanisms begin: conduction, causing a heat flux 

away from the hot spot and reaction, acting as a heat source near the 
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boundary of the hot spot. If there is a sufficient amount of energy 

stored in the hot region of burned gas coupled with the heat released 

from the reaction to overcome the influence of heat flux away from the 

hot spot caused by conduction and thereby induce an ignition event then 

we say that the hot spot is critical. This type of critical behavior 

has been addressed for several types of boundary applied, external

source ignition problems (see Choong and Chung (1977), Law and Law 

(1981), Kindelan and Linan (1978), Kindelan and Williams (1975, 1977) 

Linan and Kindelan (1981), Linan and Williams (1971, 1972, 1979). In 

this dissertation we study the case of a finite-width hot spot imbedded 

within an infinitely extended quiescent reactive gas. 

Summary 

The problem has been described. The next stage in the analysis 

of this phenomenon is to recognize the mechanisms which aid, hinder or 

have no effect on the ignition process. The mathematical model must be 

developed by considering the relative importance of these mechanisms. 

It must also incorporate the boundary conditions and geometry of the 

problem. The effects one would like to include in a mathematical 

description of this critical behavior are heat conduction, reaction 

rates, size and shape of the hot spot, fluid dynamics and complex 

reaction network effects. 

In order to derive a mathematically tractable problem we have 

chosen to neglect some and incorporate other effects into the hot spot 

ignition model. A cursory derivation of the model is presented in 

Chapter II. We follow the development presented in Williams (1965). We 
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also discuss appropriate simplifying assumptions which lead to a 

reduction in the mathematical difficulties. Boundary and initial 

conditions are also developed for the hot spot problem. 

Chapter III begins with a discussion of activation energy 

analysis (A.E.A.). A.E.A. is the asymptotic theory developed in the last 

decade and a half to deal with the reaction rate's strongly nonlinear 

dependence on temperature. This technique has been extensively 

employed in successful analyses of all the probl~Ms discussed above. 

An excellent review of activation energy asymptotics applied to laminar 

problems can be found in Buckmaster and Ludford (1982). 

After this discussion A.E.A. is then employed in the analysis of 

the hot spot ignition model. The analysis shows that the critical 

behavior can be defined by the solution to an integral equation. This 

solution represents the perturbation from the initial temperature at 

the surface of the hot spot, caused by the interaction of the thermal 

properties of the medium, reaction heat release, and the amount of heat 

initially stored in the hot spot. The natural mathematical criterion 

for the ignition event is that the solution of the integral equation 

blows up in a reasonably finite time. One would expect that if ignition 

takes place it will happen fairly rapidly, whereas should conditions be 

such that the perturbation solution does not blow up in small time, one 

would conclude that the loss of heat from the local region was too 

rapid for the ignition bootstrapping effect to take place. The integral 

equation is similar to that of Linan and Kindelan (1981). Linan 

addressed the specific effect of curvature of the boundary on hot spot 

9 
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ignition. His analysis is sufficient if the hot spot is cylindrically or 

spherically symmetric. In this work we address the problem of hot 

spot ignition in the one-dimensional domain or hot slab ignition. The 

model is scaled in such a way that the effect of heat loss through 

both interfaces is incorporated into the resultant perturbation system. 

This is a first step towards the analysis of ignition based on the size 

of the hot spot of more complex geometries. 

With the critical behavior thus reduced to the study of the 

solution of a nonlinear singular Volterra integral equation, it is 

possible to employ maximum principles to qualitatively analyze the 

perturbation. Comparison theorems for Volterra equations are discussed 

in Chapter IV. These theorems are used to construct upper and lower 

solutions which bound the true solution. Since the perturbation 

solution depends on the parameters of the problem the upper and lower 

bounding solutions must do so as well. In this way, the ~ priOri 

parameter values are used to predict the behavior of the perturbation 

solution. It is shown that should the parameters lie in one region of 

parameter space the upper and lower solutions determine that the 

perturbation must stay bounded for a relatively long time. But if the 

parameters fall in the other region of parameter space, the upper and 

lower solution dictate that the true solution will blow up in small 

finite time. These regions determine the critical conditions sought. 

In Chapter V we discuss a novel numerical technique that easily 

takes into account the nonlinearities and more importantly the 

singularity of the Volterra equation. A survey of the technique known 



as the product integration method (P.I.M.) can be found in Linz (1985). 

Although analysis of the algorithm does not appear in the literature, 

we show that the algorithm accurately predicts blow up in finite time 

in a simple case, lending confidence to its ability to track the unique 

perturbation solution. The latter part of Chapter V contains the 

details and results of applying P.I.M. to the hot spot equation. A 

comparison between the numerical and analytical critical regions is 

discussed as well. 

Chapter VI contains a summary of the results. Important 

extensions of this model are proposed. 

11 



CHAPTER II 

MODEL REDUCTION 

Mathematical Model of Reactive Fluids 

The mathematical modeling of a reactive fluid is an extensive 

exercise in the application of fundamental laws of fluid and chemical 

dynamics to multicomponent fluids. A detailed description of the 

process appears in the work of Williams (1965). The result of the 

modeling of a reactive fluid is a system of coupled nonlinear partial 

differential equations. Although this model is an accurate 

mathematical representation of the quantities and mechanisms that 

describe a reactive fluid, in many applications of it to the study of a 

specific phenomenon this model is intractable to analytical, formal, or 

even numerical methods. Therefore, in order to make progress in the 

analysis of combustible mediums it is necessary to choose a particular 

phenomenon of interest and isolate the important and negligible 

mechanisms. When this is accomplished the model can be simplified 

accordingly to produce a mathematically tractable system. This 

simplified system represents an idealized fluid from which useful 

qualitative results may be obtained and later incorporated into more 

realistic models. This reduced system must be augmented with 

appropriate auxiliary conditions that reflect the problem of interest. 

12 



The mathematical model for a reactive fluid with N chemical 

species and M steps in its reaction network can be written in terms of 

fluid density, p, pressure, p, mass fraction of the N species, 

1,2, ••• , N), mass average velocity v 

N 

L Yivi, where vi 
i=1 

is the velocity of species i, and the temperature, T, of the fluid 

13 

2..e. + v.'Vp = 0 at (2.1) 

p[~~ + v.'Vv] = -'Vp + p['V\r + ~'V('V.V)J 

[
aY. ] 

p .=..:J. + V. 'VY . at J 

pT 

1 

M 

Dj 'V
2Yj + }... llij ni 

i=1 

M 

k 'V2.y + L 
i=1 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

Here P is the Prandtl number, k the conduction coefficient, m is the 

assumed constant mean molecular mass, and Dj the diffusion coefficient 

for species j. The reaction rate source function ll .. n. represents the 
1.J 1. 

mass fraction of species j consumed or produced in reaction i. The 

constant ll .. is related to the stoichiometric proportions of species j 
1.J 

in reaction step i. Thus if Yj does not take part in reaction i, 



~ij = O. If Yj is consumed overall, ~ij < 0 and if Yj is produced 

overall, ~~ > O. The reaction rate function for step i takes the form 

N 

14 

n. 
~ TT (2.7) 

k=1 

where 1\ is the pre-exponential factor, \lki is the stoichiometric 

constant for the consumption of species k in reaction i, Ei is the 

activation energy, and R is the universal gas constant. Qi, the heat 

release constant for reaction step i, is positive if this reaction is 

exothermic, negative if endothermic, and zero if isothermic. 

This system of equations has few exact solutions. The 

mathematical techniques useful in uncovering qualitative properties of 

solutions of (2.1)-(2.6) are in development. The difficulties of 

obtaining useful quantitative results from analytic or numerical 

analysis of this syptem are compounded due to the fact that some of 

the parameters have yet to be determined and others are measured under 

conditions which may not lie in the regime of interest. However the 

values of the activation energy and the pre-exponential coefficients 

have been accurately measured (eg. Jensan and Jones (1978». 

Our goal is to simplify the above system based on assumptions 

consistent with hot spot ignition. This simplified model can then be 

attacked using the singular perturbation analysis known as Activation 

Energy Asymptotics to produce qualitative results that capture the 

essential behavior of the physical reactive fluid. 
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Simple Kinetics and the Constant Density Approximation 

The complexity of the model is first reduced by employing 

simple kinetics. This results in a simplification of the reaction 

network and thus a significant distillation of the model system. As an 

example of the magnitude of this reduction consider the hydrogen-oxygen 

flame, one of the simpler reaction processes. Should one assume that 

its reaction network is represented in the form 

A + B + P (2.8) 

the resultant model would consist of (2.1), (2.2), (2.3), (2.5), (2.6), 

two species equations (N=2) of the form (2.4), and only one reaction 

rate term (M=1). However, detailed chemical analysis suggests that the 

hydrogen-oxygen flame reaction network consists of 20 important 

reaction steps (M=20) involving (N=8) chemical species, Westbrook and 

Dryer (to appear). A working hypothesis which motivates this reduction 

is the supposition that the reaction network is dominated by a oxygen

fuel reaction with stoichiometric proportions of these chemicals 

available to the reaction region. If we adopt this hypothesis and use 

(2.8) as the apparent reaction network, we can further reduce the 

system to a single species equation by assuming that the oxygen, A, and 

fuel, B, are bathed in an inert gas which neutralizes the effects of 

the products, P, on the ignition process. 

In the past few years much insight has been gained concerning 

the rational reduction of complex combustion networks. Fife and 

Nicolaenko (1982, 1983) have developed an asymptotic analysis which 

reduces the network to essential reaction steps based on the relative 



importance of each reaction rate term to the resultant flame solution. 

This analysis lends credibility to the less rigorous motivations of the 

past. However, the analysis has not yet been extended to the 

evolutionary ignition problem. It is hoped that research involving the 

effects of complex networks on ignition will soon be undertaken. Any 

combustion event that heavily depends on the structure of the reaction 

network or a sensitive interplay between oxidants, reactants, and 

radicals will not be well represented by such a simplified model. But 

for a qualitative approach to certain problems, the network 

simplification has shown its usefulness. 

16 

The model can be further reduced when the diffusional and 

thermal effects do not significantly alter the fluid dynamics. 

Chemical reacting fluids can be characterized as a low speed phenomenon 

for which gravity is unimportant in many cases. In this case, the Nach 

number is small thus pressure variations are also small. If steady 

conditions exist and the mass flux pv is known, the species and energy 

equations are decoupled from the mass and momentum equations. This is 

the constant density approximation. Many of the results gained in the 

theory of combustion from an A.E.A. approach have resulted from these 

assumptions. Matkowski and Sivashinsky (1979) have derived this 

simplified system using an asymptotic analysis based on the small Mach 

number assumption. 

The Ignition Model 

In Chapter I we presented a phenomenological description of a 

hot spot ignition process. In this section we will present a model of 
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that process by incorporating various aspects which lead to a 

mathematically tractable model. 

The ignition process is a very transient one. It is not 

unreasonable to assume that for an initially quiescent mixture of 

gases, if ignition occurs, it will happen very quickly, i.e. before fluid 

dynamic and fuel depletion effects become influential factors. After 

this brief period of critical behavior the fluid dynamics and species 

variation may then become important. Thus, rather than invoke the 

constant density approximation we can assume that the fluid dynamics 

initially vary on a much slower time scale than that at which ignition 

takes place. If the fuel and oxidant are in abundant premixed supply 

the only state variable necessary to determine the system state for 

small time is its temperature T. In this case (2.4), with velocity v, 

set equal to zero and pressure p, and density p, both constants, 

suffices to describe the ignition behavior. Scaled appropriately we 

have 

aT 
at f1T + n(T) , (2.9) 

where f1 is the Laplacian operator and n is given in (2.7). This model 

has been used to study other ignition problems in homogeneous media. 

In Linan and Kindelan (1981) it was used to determine ignition criterion 

for a spherically or cylindrically symmetric hot spot. In Bebernes and 

Kassoy (1981), Kapila (1980), Kassoy (1975, 1977), Kassoy and Poland 

(1975, 1980a, 1980b), a similar model reduced to this form by a 



perturbation argument is used to predict ignition in a homogeneous 

finite width reactive gas. 

Auxiliary Conditions 

18 

The final stage in the development of this model is the 

specification of auxiliary conditions suitable for the hot spot ignition 

scenario. There have been many studies of external source ignition 

where the heat has been applied at the boundary of the reactive medium. 

Some of these consist of a semi-infinite reactive medium externally 

heated by a boundary heat source (For example, see Linan and Williams 

(1971, 1972, 1979), Olmsted (1983), Trevino and Linan (1984), Thomas 

(1984). In each case the analysis was dependent on the type of 

boundary conditions specified. The scenario described in Chapter I 

results in a long, fairly small width, hot rod of burned inert products 

from which t'he ignition process will take place. Linan and Kindelan 

(1Y81) assumed a similar scenario for which they modeled the hot burned 

area as a spherically or cylindrically symmetric region and determined 

ignition criteria based upon the curvature (and thus the size) of the 

boundary, the initial temperatures of burned and unburned mediums, and 

the reaction coefficients. 

As a first step in ignition prediction for hot spots of more 

complex geometry .. we consider the description of the temperature 

evolution along a line through the hot burned rod described above. The 

corresponding initial conditions for the one dimensional phenomenon are 
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T(x,o) = To(x) TilH(a-x) - H(a+x)] + TolH(x-a) + H(-x-a)] , (2.9a) 

as shown in figure 2.1. Here Ti represents the temperature of the hot 

products, To the lower temperature of the surrounding quiescent fuel 

and oxidant, and 2a is the width of the hot spot. 

For consistency we impose boundary conditions at x = ±m 

T(-ta>,t) (2.9b) 

T( -<Xl, t) (2.9c) 

for t > O. In order to insure that temperature and heat flux are 

continuous across the interface between the hot spot and the reactive 

medium we impose the transition conditions 

T(±a-,t) = T(±a+,t) , (2.9d) 

aT(+ - t) = aT(+ + t) ax -a , ax -a, , (2.ge) 

for t > O. 

The model system (2.9) can now be studied using the asymptotic 

method of A.E.A. to determine ignition 'criteria based on the parameters 

A, E, R, a, Ti, and To of the system. 



-a 

Fig. 2.1 Initial Condition. 

T. 
1 
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CHAPTER III 

ACTIVATION ENERGY ASYMPTOTICS 

Preliminaries 

The hot spot ignition model presented in Chapter II is too 

difficult for rigorous mathematical techniques at their present stage 

of development. A quantitative approach is of questionable value due 

to the many simplifying assumptions leading to the qualitative model. 

Many models of combustion dynamics suffer the same difficulties due in 

part to the nonlinear dependence on temperature in the Arrhenius term. 

This obstacle is partially overcome by the careful application of the 

asymptotic analysis Activation Energy Asymptotics. The first uses of 

A.E.A. are found in the papers by Bush and Fendell (1970) and Jain and 

Kumar (1969). It was well known that many combustion phenomena 

exhibit reaction zones that are thin compared to the other 

characteristic lengths of the system when the activation energies are 

large. Fendell and Bush realized that this effect is exhibited in the 

mathematical model by the fact that the Arrhenius term is 

exponentially small when the temperature drops below a certain 

characteristic temperature. A.E.A. is a singular perturbation technique 

which utilizes this fact among others. 

The fundamental idea behind A.E.A. is understood by considering 

a simple asymptotic analysis of a single Arrhenius reaction rate term. 

21 



The Arrhenius rate function has an exponential temperature dependence. 

If the activation energy E, is large (in a sense that can be made 

specific for specific situations), the rate is very sensitive to 

temperature changes. To see this, expand the argument of the function 

about a reference temperature Ta. 

As in Chapter II, we let A represent the pre-exponential 

factor, R the ideal gas law constant, and T the temperature. Then an 

approximation to the Arrhenius term is 

A e-E/ RT A e-E/ RTa e 

T-Ta 
e: (1 + O(e:)) 

where the Zeldovich number, e: is defined by 

e: = 
RT 2 
_a_ « 1 

E • 

In this form it is clear that the reaction rate function divided by the 

rate at T = Ta is sharply reduced when T goes below Ta. Define 

1 
-(T-Ta ) 

n(T) Ate e: 

where AI = Ae-E/ RTa • Then we see that 

n(T) 
= n(Ta ) 

for T-Ta 

0(1) for T-Ta 

0(1) 

O(e:) • 

This approximate form of the Arrhenius term clearly distinguishes two 
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regions: one in which the temperature is less than the reference value 

and the other in which the temperature is within O(e:) of the reference 

value. These two regions can be exploited in A.E.A. via a scaling of 
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space and time combined with a perturbation expansion analysis. The 

regions in effect delineate an inner boundary layer in which conduction 

as well as reaction is important and an outer region in which only 

conduction is important. Although this scaling is applicable to 

homogeneous media such as the problem at hand we note that under some 

conditions this analysis will also be applicable for some 

nonhomogeneous cases. Namely, if a characteristic length scale, &, 

exists in the reactive media (e.g. wood or solid propellents) then since 

these are nonhomogeneous media the analysis will break down if the 

critical hot spot size is larger than the characteristic length of the 

media. Under these conditions two difficulties arise whic h are not 

incorporated into the scaling. The first is that the assumption that 

the conductivity coefficient is constant is no longer valid. The second 

difficulty is that the preexponential constant can change by large 

orders of magnitude over the inhomogeneity. Nevertheless, should the 

characteristic length be larger than the critical hot spot size a c = 
-1/2 

Ac·n , so that effects of nonconstant thermal properties can be 

neglected in a region of homogeneous material, then the analysis can be 

considered as a local hot spot ignition analYSis applicable only within 

these relatively large homogeneous pockets of reactive media. 

In many steady state and quasi-steady state problems the 

reference temperature is chosen to be the adiabatic flame temperature. 

If one assumes complete combustion, the temperature field would never 

be larger than the adiabatic temperature. In that case neT) need only 

be defined for temperatures less than the reference temperature. For 
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these problems the Arrhenius approximation is valid for all space, x', 

and time, t'. For temperatures T, less than Ta such that T-Ta is 

larger than O(E) the reaction rate is zero. However, when T-Ta is O(E), 

the reaction rate is 0(1). The temperature does not rise above Ta. 

For evolutionary problems such as the ignition problem the 

reference temperature must be carefully chosen. In our problem the 

natural choice for the latter is the temperature at the interface 

X = ± a, when t 0+. In evolutionary problems one must be careful in 

establishing the validity of the approximation to the Arrhenius term. 

The ignition problem is a dynamic problem and one expects that the 

temperature will rise above a fixed reference temperature should 

ignition take place. In this case it is the validity of the perturbation 

expansion that determines the extent to which the approximation for 

Q(T) is valid. The expansion and thus the validity of the analysis 

breaks down when the deviation of the temperature from the reference 

temperature is 0(1) with respect to the Zeldovich number. 

Formulation of Inner and Outer Problems 

The approximation model now lends itself directly to formal 

singular perturbation analysis. The first step in the development is to 

solve the inert problem. By the inert problem we mean the system with 

A set equal to zero 



Tt' Tx'x' 

T(x' ,0) t To 

T(±oo, t) To 

T(±a+,t') 

aT -(±a+ t') ax' , 

-00 ~ x' ~ 00 

Ix'i 
Ix'i 

aT (± - t') ax' a, 

< a 

> a 

t' > 0 

t' > 0 

t' > 0 

t' > 0 

The inert problem is easily solved (c.f. Cars law and Jaeger (1959» and 

we denote its solution by Tr(x' ,t') 

Tr(x',t') Ti[ a-x' a+x' J ~ erf(--::) + erf(--==) 
2/t 2/t' 

+ "'2 erfc( --=) + erfc( --==) , To [a-x' a+x' J 
21 t' 21 t' 

where erf(z) and erfc(z) represent the error and complementary error 

functions respectively 

erf(z) 2 

in 
erfc(z) = 1 - erf(z) 

We use this inert temperature profile as the first term in an 

asymptotic expansion. The nondimensional temperature is defined as 

25 
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Ur(O) + E Ur (1) + E Ur(2) + ... , Ix'l< a 
T(x' !t') 

= 
Ti-Ta 

UA(O) + E UA (1) + 2 (2) 
E UA + ••• , Ix'l> a (3.1 ) 

where E = RT2/E(Ti-Ta). Here the subscript r denotes the inert region 
a 

of already burned gas located in the interval I x' I < a and the 

subscript A denotes the active region of reactive gas located in the 

interval Ix'i > a. We also define the first terms as 

Ur(O) Tr(x' ,t') 
Ix'i < a 

Ti - Ta 
, 

UA (0) Tr(x',t') 
Ix'i > a • 

Ti - Ta 
, 

rn order to use the expansion it is important to derive the 

appropriate inner layer and outer problems and apply matched 

asymptotic methods to obtain a reduced problem. A meaningful reduced 

problem can best be derived if first the spatial and temporal variables 

x' and t' are scaled appropriately. The scaling factor n is determined 

by considering both mathematical and physical aspects Jf the problem. 

As is common in combustion problems upon close inspection one finds 

that the heat generation in a small neighborhood of the reference 

temperature results in a transition layer in the derivative of the 

temperature profile. Based upon this observation it is found that the 

corresponding effect in the asymptotic analysis is displayed within the 

inner boundary layer system. To delineate these effects the scaling 

factor n is defined to be 



27 

n [

A e -E/ (RTa )] -1 

Ti - Ta 
(3.2) 

Introducing the scale transformation 

1 /2 
X = n x' and t = nt' 

and using the asymptotic expansion (3.1) we see that equation (2.8), to 

order €, becomes 

and 

..£...U (1) 
at A 

1-u (1) 
at I 

1 6(x,t; A») 
e: 

where X 1/2 n a and 

e(x,t; X) = erf( A - x) + erfc( A + x) 
2/t 2/t 

Ixl < A (3.3a) 

, Ixl > A , (3.3b) 

(3.4) 

In summary, we note that UI(1) represents the perturbation from the 

inert temperature profile within the hot spot, while UA(l) represents 

this perturbation in the reactive region. 

The perturbation model can now be analyzed '.Jy a classic 

matched asymptotic analysis. There are two aspec~ .. s of the problem 

that should be noted. The first is that the problem is symmetric about 

x = O. This is useful and can be implemented by restricting the study 

of the system to the region 0 < x < <Xl and imposing the boundary 

condition 
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-a a [UI(x,t)]1 =0. 
x x=o 

The second aspect is the appearance of the 

parameters 1 and E in the perturbed approximate reaction term. 

The perturbation model is 

o o < x < A (3.Sa) 

1 
E 

(3.5b) 

a a2 

where L = at - ax2 is the familiar heat operator. With the following 

appropriate auxiliary conditions 

Initial Conditions: (i) UI(l)(X,O) 

(li) UA (l )(x,O) 

o o < x < 1 (3.6) 

o 

Boundary Conditions: (i) aax[UI(l)(X,t)Jlx=o = 0 , t > 0 (3.7) 

(li) UA (l)(+cx>,t) 0, t > 0 

(3.8) 

t > 0 

Notice that the transition conditions represent the continuity of the 

temperature and heat flux across the interface at x = L 

The inner and outer problems are found by determining the 

model equation valid in the appropriate regions in the limit as E 

approaches zero. The effect of E approaching zero is that the 
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temperature band about the reference temperature for which the 

Arrhenius term is significant becomes infinitely thin. In effect the 

reaction acts like a point heat source at the interface of the inert 

and active regions. Since this analysis involves a fully evolutionary 

problem, one expects this "thin flame" to move away from the interface 

when a sufficient amount of time has passed for the reactant to be 

fully burned ~ear the interface. However, for small times we pose the 

following reduced problem 

L[UI(1)] 0 o < x < A (3.9a) 

L[UA(l)] = 0 A < x <<Xl , (3.9b) 

with initial and boundary conditions (3.6, 3.7). The transition 

conditions (3.8), are replaced by unknown functions, f1' f 2, gl' g2' which 

represent the heat source at the interface the effect of which will be 

determined by matching with the inner layer problem in the next section 

Ur(1)(,,-,t) 

UAO)(,,+,t) 

a r. (1) II 
axLUr (x,t)J x=,,-

(3.10) 

t > O. 

The associated boundary layer system is found by expanding the 

spatial variable, x, on the active side of the" interface point, x ~ " 

E; = lex-x) 
e: ' 

(3.11) 

Within this region we write the temperature perturbation as an 
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asymptotic series 

(3.12) 

Plugging into (3.5b) and using (3.11) we find upon equating terms of 

equal orders in E 

o (3.13) 

1 Ul(F,;,t) --e(F,;,t; E,A) 
= -e e E (3.14) 

where 

e(F,;,t; E,A) - erf(E-f.:-) + erfc(E-f.:- + ~) 
21t 21t It 

The parameter E appears in the inner layer system. This is unusual for 

matched asymptotic analysis. However, the motivation for using a 

singular perturbation approach leads one to search for solutions where 

the reaction term influences the second term, as opposed to the first, 

in the boundary layer asymptotic expansion. In previous work (e.g. 

Linan and Kinde1an (1981» a value for A of a specified order is assumed 

and for E small an asymptotic expression for the term equivalent to 

the function le(f.:,T; A,E) is used. This assumption restricts the region 
E 

of A-space over which the analysis is valid. In this work we will 

consider the order of the parameter A unknown throughout the 

development of the system which describes the ignition process. Only 

in the qualitative analysis of this limit problem will we discover the 

applicable range of A and E in which ignition occurs. This critical 
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phenomenon depends on the inclusion of the parameter E at this stage in 

the development. 

Inner and Outer Solutions 

The goal of this analysis is to develop an equation which 

describes the behavior of the perturbation temperature. It is 

necessary to develop both inner and outer solutions and apply a 

matching process to achieve this goal. 

Solutions to the outer problem can be written in the form of a 

Green's solution involving either the unknown temperature or the 

unknown flux at the interface x = A. We choose to write them in terms 

of the unknown flux. The solution in this inert case is 

CD 
-[x-A(2n-1) ]2] 

e 4(t-s) ds 2L 
n=l 

o < x < A, t > 0 • 

while for the outer active region we have 

1 
-(X-A)2 

a r. (1) II 4(t-s) 
axLUA (x,s)J x='+ e ds 

, t-s 1\ 

A < x < CD, t > o. 

These solutions will be used in the matching process. 

(3.15) 

(3.16) 
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We now proceed to construct the solutions to the inner problem 

(3.13 - 3.14). The first step is to integrate (3.13) twice and apply the 

matching condition (3.27 iii). The result is that u/s,t) is a function 

of time alone, namely 

u (s,t) = us(t) • 
1 

Next, integrate (3.14) once and evaluate at S 

where 

F(t) 

1 6(F,;,t; A,e:) e: 

s* giving, 

(3.17) 

d F,; • (3.18) 

* The integral F(t) is divergent for an upper limit, F,; , equal to~. This 

* leads us to introduce the value F,; = "VIe: with "V a constant of 0(1). 

The divergence of F( t) is an artifact which comes from assuming the 

extent of the inner boundary layer in F,; to be semi-infinite. The 

qualitative results are accurate if we restrict the inner boundary to a 

large but not semi-infinite interval. The results are unaffected by 

the choice of "v. This can be seen by evaluating the error of the 

integral introduced when another 0(1) value, "v' > "V, is used 

= e 

1 A 
--erfc(-) e: -

,It 
dF,; 

-..!.erf c( _A_) 
e: ,I-t 1 

-("V' - "V) e: 

-1 

O(e e: ) 
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for erfcO'//t) = 0(1), a condition that we find holds true in the 

ignition regime. The evaluation of F(t), for e: small, can be 

accomplished by using Laplace's method (e.g. Erdelyi (1956)). The 

function h(~,t) = -e(~,t; A,e:) has a global maximum at ~ = 0, in fact 

h(O,t) = -erfc(A//"t). The result is found by reducing the integral 

(3.18) to a Laplace transform and then applying Watson's Lemma (c.f. 

Sirovich (1971)). Let z = e:~/(Ut), q = ANt then 

1 

F(t) 
= Z/t f v/(Z/t) 

e: ) ° e 

e: h(z,q) 
dz (3.19) 

where h(z,q) -erf(z) - erfc(z+q). Write 

e 
f v/(Z/t) 

)0 e 

l[h(z,q) - ha] 
e: zit 

F( t) d z, 

where ho h(O,q). Let u = ho - h(z,q) with du -h'(z,q)dz then 

F(t) 

1 
e: ho f U 

e )0 e e: 

where 

U 
v ha - h(-,q) 

Z/t 

k(u) -[h'(Z,q)]-l 

We complete the analysis by writing 

1 
u 

k(u)du (3. ZO) 
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u(z) 

z 

- fa h'(z,q)dz (3.21) 

and 

h'(z) h' (O,q) + h"(O,q)z + ~ p"(0,q)Z2 + (3.22) 

which gives 

u(z) = -h'(O,q)z - h"(~,q) z2 - i hi .. (0,q)z3 + ... (3.23) 

Upon inversion of (3.23) we find, 

z = 
-1 h"(O ) "....,...~--=-u - ,q u2 + ... 

h'(O~q) 2~'n'(0,q)]3 
C3.24) 

Since 

h"CO,q) [h'(z,q)]-l = [h'CO,q)]-l - -- z + ••• 
[h' CO ,q)]~ 

and substituting C3.24) into [h'CZ,q)]-l we find 

k(u) = -[h'CO,q)r 1 h"(O ) - ,q u-
[h'(0,q)]3 

(3.25) 

Using this expression in C3.20) and extending the interval to U IX) 

integration gives 

F(t) 

1 
-; ho 1 h"CO ,9) 

-2/t e {h'(O,q) + e:: + ••• } 
[h'CO,q)]3 

Since 

h(O,q) = -erfc(q) 

h'(O,q) = 
_q2 

Ce -1) 

F( t) is now explicitly determined and can be substituted into (3.17) 

giving 



[ 
1 2 + O(e:)l • 

1-e-q 'J 

1 erfc(q) 
e: 
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(3.26) 

The matching conditions derived from the transition conditions 

(3.8) are 

(i) (3.27.i) 

(li) (3.27.ii) 

(ill) (3.27.iii) 

(iv) o (3.27 .iv) 

(v) (3.27.v) 

(vi) (3.27.vi) 

Conditions (li), (iv), and (vi) have been applied at the point ~ = viE, 

where v = 0(1) as developed above. The remaining auxiliary conditions 

will be utilized in the following sections. 

Matching Process 

The matching process is accomplished by using the inner and 

outer solutions and the matching conditions to derive an equation for 

the surface temperature perturbation. 
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The first step in the matching process is to evaluate the outer 

solutions at the interface l; = A. We find 

U O)(A - t) = _1 j t _1_ .!JU O)(x S)ll [1 
I , r -- ax~ I , ~ _,+ 

¥''IT 0 r't-s X-A 

-A'n' ] 
~ 4(t-s) 

+ 2 Le ds 
n=l 

t > 0 

for the inert boundary temperature and 

J
t 

-1 

r'1T 0 

for the active boundary temperature. Using matching conditions (3.27.i) 

and (3.27.ii) we find, 

and 

r 
t 

-1 

("iT J 0 
(3.29) 

where us(t) denotes the surface perturbation temperature 

Uu (~ , t) :: Us (t). If we define the opera tors 

K-lfC t)] Jo
t 

(n 
1 

[

ex> -X
2

n
2 

] 
1 -- t-s -== f(s) 1 + 2 L e ds 

r't-s n=l 

and 
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f(s) ds 

then we can write (3.28) and (3.29) as 

(3.30) 

and 

(3.31) 

Formally we can use the equations for us(t) and the matching 

conditions given in the previous section to derive an equation which 

determines the variation of this surface perturbation temperature us· 

Note that 14 is the Abel integral operator and thus its inverse ~.-l, 

does exist (Tricomi (1957». After applying the composition operator 

K_14- 1 to (3.31) and adding the resultant to (3.30) we find, 

(I + K-K+-')lus(t») c K-[3~[U1(!)(X,t)]L=A- - 33x[ u/1)(X,t)] 1.=>-+] • 

Matching conditions (3.27.v) and (3.27.vi) as well as equation (3.26) 

derived in the inner solution analysis, can now be applied to find the 

desired equation 

e 

where again q = "A/It. 

Provided appropriate conditions are satisfied we can write the 

integral equation as 
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us(t) = (I + K-K+-1)-1K-[.r,;t U_e-
q2

)-1 e 

The form of (I + K_K+-l)-l is complicated. 

! erfc(q) use t)l 
e J. (3.32) 

In order to continue the analysis it is necessary to justify the 

simplification of (3.32) to a form that can be analyzed using both 

analytical and numerical techniques. To accomplish this we write (3.32) 

as an equation (3.34) involving only the operator 14. We rewrite the 

surface perturbation temperature equation by a derivation similar to 

that above giving 

_q2-1 q erfc(q)eu(t) 
[ 

-1 J 
K+ 1 'll't(l - e ) e (3.33) 

and restrict our discussion to the operator 14K_-1
• If K-

K+K_-l = I and (3.33) can be written as 

Since 

where 

ex> 

1 --e 
11:-s 

_,,2n2 

(t-s)[f(t)] ds 

(3.34) 

it is clear that for A large enough K_ produces the same effect on 

functions as does K+. 
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The comparison theory used in the next chapter leads to bounds 

on the critical curve (e:,AC(e:» which delineates the super critical 

(ignition) region h > he' from the subcritical h < h C ' region. We show 

that for e: small a lower bound on hC is large. Thus with some 

confidence we can replace K_ by K+ when discussing the critical 

behavior of the system. 



CHAPTER IV 

CRITICAL BEHAVIOR 

Description and Motivation 

The application of A.E.A. to (2.9) has reduced the determination 

of criticality from the behavior of the solution of a nonlinear partial 

differential equation to the study of the solution of the nonlinear 

singular Volterra integral equation of the second kind 

u(t) = 1: M _)..2 -1 [ 1 ).. ~ -t - (1-exp(-» exp u(s) --erfc(-) ds. -s S E-
,Is 

(4.1) 

The solution of (4.1) represents the perturbation from the inert 

temperature profile at the interface between the burned inert hot spot 

and the cooler unburned combustible gas. The mechanism effects are 

represented within the kernel of the integral. The first two factors 

symbolize heat dissipation due to conduction. The second term in the 

exponential argument represents the effect of activation energy and the 

fact that only a finite amount of heat energy (the hot spot) is 

available to the ignition process. The exponential term symbolizes the 

Arrhenius reaction rate. The magnitude and duration of the effects of 

these mechanisms on the solution u(t) depend on the two parameters ).., 

the scaled hot spot size, and E, a measure of the heat release per unit 

time at the fixed temperature. For a given E and small enough ).., hot 

40 
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spot ignition is thwarted by two effects. The first, a decrease in the 

interface temperature which results in a lower reaction rate, is caused 

by heat conduction away from the hot spot. Simultaneous with the first 

and also a result of conduction, the second effect is that the hot 

spot, a heat reservoir, loses energy and thereby the means to maintain 

an already decreasing interface temperature. These two effects 

overcome the heat generated by the reaction and delay ignition until a 

much later time when an auto-ignition regime may be attained. For the 

same value of e: and large enough values of A the heat reservoir 

contains enough energy to maintain a high interface temperature. At 

this temperature the reaction releases heat at a rapid rate and thus 

counteracts the effects of heat conduction. 

The behavior of the solution of (4.1) reflects these two cases. 

Should the latter case be true, the system is said to be critical and 

the solution u(t) blows up in a short time frame: 

u( t) + CIO as t + TB - '" o( 1) , 

where TB represents the blow up time of the solution. The former case 

is noncritical. Although the solution of (4.1) always blows up in 

finite time, the noncritical case has a blow up time which is very 

large. 

Equation (4.1) is similar to the governing equation derived by 

Linan and Kindelan (1981). Linan and Kindelan defined criticality in an 

analogous way. Criticality was dependent upon the value of a sin~le 

parameter. They determined the critical value of the parameter by 

numerically solving their equation. Since (4.1) depends on the two 



parameters A and E, it is more difficult to numerically search for and 

find the critical line (E ,Ac(E)), in E-A parameter space, which 

delineates the two types of behavior described above. In this chapter 

we use comparison theorems to construct upper and lower solutions of 

(4.1). These solutions, like u(t), are dependent on A and E and are 

used to determine bounds on (E ,Ac(E)). Johnson and Nachbar (1971) 

derived upper and lower bounds on a heat release parameter in a 

deflagration problem of laminar monopropellant combustion. 

Comparison Theory 
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The existence of a unique solution of (4.1) is ensured by 

standard theorems in nonlinear integral equation theory. Some of the 

more general results for Volterra equations are found in Miller's 

Nonlinear Volterra Integral Equations (1971). The results necessary for 

this study are included in t?e appendix. Appropriate hypotheses have 

been listed for convenience on the last two pages of the appendix. 

An interesting proof of the existence of solutions of a class 

of Abel-Volterra equations is presented by Kershaw (1982). These 

results ensure the existence of the solution to Abel-Volterra equations 

over large intervals determined by a Lipschitz condition on the 

nonlinear part of the kernel. In contrast existence theorems such as 

those presented in the appendix must be coupled with continuation 

results to extend the existence over larger intervals. Equation (4.1) 

is an Abel-Volterra equation. 
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If we define: 

k( t-s) - V t~s 

then equation (4.1) can be written as: 

u(s) = J: k(t-s) g(s,u(s))ds 

Since k(t) is locally LIon (O,m) and g(s,u) is continuous on 

R = [U ~ s < m, 0 ~ U < m] theorems A.3 and A.4 guarantee the existence 

of a unique solution of (4.1) over an interval (O,a). Corollary A.ii is 

invoked to show that this solution can be maximally extended to an 

interval [O,T*] where either T* = m if u(t) is bounded on any interval 

I e: [(0 *) t* R+] T* < . h lim ( ) - +m ,t, e: or CJ).w~t t+T*_ut - • 

The solution of (4.1) cannot be given explicitly. Thus its 

critical behavior cannot be studied directly. We employ the comparison 

theorem A.5 to construct upper and lower solutions that so bound the 

true solution that its critical behavior can then be detailed. 

Comparison theorems have long been used to discover the qualitative 

properties of solutions of differential or integral equations. For 

example, Bebernes (1980) studies criticality for an auto-ignition system 

based on classic comparison theorems for parabolic systems. 

Theorem A.5 is based on the observation that if the two 

equations 
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wet) = J t K(t-s) G(s,w(s)) ds , 
o 

(4.2) 

and 

u(t) 

J 
t k(t-s) g(s,u(s)) ds , 
o 

satisfy the conditions 

K(t) ~ k(t) 0 < s < t < T* 

and 

G(s,u) ~ g(s,u) in R o < s < t ~ T*, 0 ~ u ~ <Xl 

then any solution u(t) of (4.3) will satisfy 

u( t) ~ J: K(t-s) G(s,u(s»ds. 

(4.3) 

(4.4) 

(4.5) 

Given any solution wet) of (4.2) the result, u(t) < wet) on (O,T*) 

follows directly. 

To apply these comparison theorems we construct upper and 

lower solutions of (4.1). This can be done by defining appropriate 

upper and lower comparison equations which when compared to (4.1) 

satisfy the hypotheses of Theorem A.5. The lower solution we construct 

blows up in finite time thus the solution of (4.1) must also. If their 

respective blow up times are denoted TBL and TB, then TB ~ TBL and 

TB = T*. The upper solutions we construct do not blow up in finite 

time. Nevertheless, the upper limit of their validity Tu, hounds TS 
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from below giving 

The scenario is depicted in figure 4.1. 

Lower Solutions 

In order to construct lower solutions of (4.1) we propose a 

comparison equation. The solution of this comparison equation will be 

the sought after lower solutions. The comparison equation has factors 

in its kernel which, when compared to (4.1), satisfy the comparison 

theorem hypothesis. The construction proceeds as follows. Consider 

the lower comparison equation 

vet) oJ: y(s)ev(s) ds , o < t < T* (4.6) 

with 

For 

If 

and 

yes) 
) 0 

( y 

convenience we defipe, 

h(s,t) "s - t-s' 

( , ) _ e-1/£ erfc(A/I-;) g s; ",£ 

o ~g(s; A,£) 

y ~ h(s,t) 

and since 

o < s < cr 

cr < s < t 

o < s < t 

o < s < t 

o < s < T* (1:.7.3) 

cr < s < t < T* (4.7b) 



Fig. 4.1 Example of upper solution w(t), and lower solution v(t), 
bounding u(t). 
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o < s < CX> (4.7 c) 

then, by theorem A.S, 

vet) ~ u(t) o < t ~ T*, 

where T* will be determined presently. 

Our goal now is to find y, 0, and cr so tha t v( t) is the bes t 

possible lower solution of this type. The solution of (4.6) is 

o < t < cr (4.8) - -
vet) = 

cr < t < TBL 

where TBL symbolizes the time of blow-up for vet), i.e. ltimT vet) = cx>. 
... BL 

By observation, TBL = :0 + cr. Since vet) is a lower solution, u(t), the 

solution of (4.1), must blow up at a time TB ~ TBL' We can now define 

the interval over which the comparison theorem is valid T* = TB ~ TBL' 

In order to accomplish the construction of v( t), we first 

assume that 0 is known. The behavior of h(s,t) is shown in figure 4.2a. 

We note that the following properties are satisfied: 

and 

(i) h(s,t 1) ~ h(s,t 2 ) 

(ii) h(s,t) ~ h(s,TBL) 

where cr = TBL and a > 1. 

The first condition is true by inspection, while (ii) follows 

from (i) and Theorem (A.S) which ensures that TB ~ TBL' The use of 

these facts and the definitions: 



h 

Fig. 4.2a Behavior of singular factor h(s,t) for t=t 1 , t=t 2 , and 
t=TBL' where t 1<t 2<TBL . 
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a > 1 

and 

(a-l)-1/2 , (4.9) 

satisfies (4.7a) and (4.7b). The bound on h(s,t) can be seen in fig. 4.2b 

We now have 

vet) { 
Since TBL 1 

y6 + cr , the use of (4.9) gives 

TBL = i a(a-l)'"I/2. 

We now find the lower solution with smallest blow up time TEL for a 

given A, 8, and 6. This is easily done by minimizing TEL with respect 

to a, subject to a > 1. 

dTBL = 6-
1 [(a-1)-1/2 _ 1/2 a(a-1)-3/4] 

da 

. dTEL 
Settl.ng da - 0 gives a = 2 which satisfies the constraint. In 

summary we have a lower solution v( t) defined by (4.6) with a = 2, 

1 
6 = 1, cr = 6- , and 

(4.10) 

giving 

vet) = 
{ 

0 

-R.n(2-6t) 

o < t < 6-1 

- -
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y y( 5) 

Fig. 4.2b Lower bound Y(5), of h(5,TBL ). 
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Finally we determine the value of 0 which gives the lower 

solution with smallest blow up time for given values of A and E. We 

show that this leads to a curve (E,AL(E», in E-A space. This is not a 

critical curve for the exact solution in the sense that for A > AL, u(t) 

blows up in small time while for A < AL, the blow up time is much 

larger. Since the determination of AL is only based upon lower 

solutions, AL is an upper bound of the critical curve of the sense 

described above. 

Since v( t) - 0 on 0 ~ s ~ t ~ 0 0-\ (4.7) can be written 

o ~ g(s; A,E) :: e 
-1 erfc (A/r'S) 
E 

The lower solution with least blow up time will result if we use 

Condition (4.7) is satisfied if TB is replaced by TBL because we know 

TB ~ TBL and because g' is negative. From (4.10) we then have 

g(s; A, E) (4.11) 

Since g is strictly decreasing with respect to s, we replace (4.11) by 

o = 6(0; A,e:) 

a fixed point problem for o. The fixed points of 6 are dependent on 

the values of A and E. We find them by introducing the transformation 

w 
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which gives 

2 
,,2 W (4.12) 

The graph of ~(w) is shown in figure 4.3 along with the graphs of 

2 
f(w,") =)7 w for several values of ". This figure indicates the 

possibilities for fixed points given E and ". The situation depicted in 

figure 4.3 only arises for values of E < E*, where E* is defined below. 

This can be seen by imposing the conditions needed for the existence of 

* * two points of tangency denoted (wi,"i) (i = 1,2) 

* 
wi " * 2 ~ fI( w i) 
".2 

1 

(4.13a) 

* 
2 "I * 1 -wi *_1j2 " * 

-;;- fI (wi) -- e wi fI(wi) 
" .2 E/n 1 

(4.13b) 

Substitution of (4.13a) into (4.13b) gives 

-w* 1/2 Et"1T" = e w* 

which has no solutions for E > E* :: (21Te)_1 /2, one for E E*, and two 

when E < E* (the situation depicted in figure 4.3). 

,,2 
The use of the transformation w = --0 

2 
in (4.10) gives 

(4.14) 

where w(A,E) is used to represent any fixed point of (4.12). It is 

clear that the largest fixed point will correspond to the lower 

solution with smallest blow up time. 

The curve (E,"L(E)) of E-" space above which there exists lower 

solutions which blow up in small time can be found by determining W~(E) 
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Fig. 4.3 Solutions to the fixed point equation (4.12) with the critical 
va 1 ue (wr ,At) . 



and A ~(e:). It is for these values of A that a lower solution with 

small blow up time exists, while if A > A~ all lower solutions have 

large blow up times, i.e. the largest fixed point of (4.12) is very 

small. We set AL(e:) = A~(e:). We have plotted a typical blow up time 

diagram for e: < e:* in figure 4.4. Although AL and TBL(A ,e:) can be 
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determined numerically we choose to develop asymptotic expression for 

AL(e:) and certain distinguished values of TBL(A,e:). In order to find 

AL(e:) we must first determine w~(e:). When e: is small, w~ must be large 

giving e:/n :>: e-w• The solution Wl(e:) = 1 R-n(e:ln) I, when plugged into 

(4.13a) gives an approximation for AL(e:) 

2 

AL ( e:) = 21 R- n(l-; e:) 1 

- 1 2 For z large, erfc(z) = In z-e-z (1+0(z-Z» which gives 

2 

AL(e:) :>: 21R-n(/; e:)1 (4.15) 

When A < AL(e:) there is only one solution Wl(A,e:), of (4.13a). Figure 

4.5 depicts the critical region in e:-A space. Since Wl(A,e:) is small 

when A < AL we can write 

2 
A2W 

1 
e e: 

intersection that occurs at the large value of w, labeled w2 in figure 

4.3, satisfies 
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2e l/E 

~ 
2 ------------------------

Fig. 4.4 Blow up time of the lower solution plotted as a function of 
A for fixed E. 
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IGNITION 

Fig. 4.5 Upper bound for the critical curve AC(E). 
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giving 

* The values of AL, wlJ and W2 give the crucial values of 

1 

(4.16) 

(4.17) 

and 

2 (4.18) 

The last result indicates that the best lower solution possible 

has a blow up time of TBL = 2, for all large values of A. This 

corresponds to the physical idea that as the hot spot width continues 

to increase, the blow up time does not get smaller. After the hot spot 

is large enough one would not expect a slightly larger hot spot to 

appreciably effect the blow up time. The existence of three fixed 

* * points for values of A between Al(e:) and A2 (e:) is irrelevant to the 

study since the only important lower solution is that with least blow 

up time. 

Upper Solutions 

We now construct another function we call an "upper solution" 

which bounds u(t) from above. Although this upper solution does not 

blow up at a finite value of t the interval over which it is valid will 

indicate whether or not the solution to the equation (4.1) blows up in a 

short interval of time, or not. This, coupled with the results of the 
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lower solution analysis, indicates the regions in E-A space which give 

critical behavior of the solution. 

To begin, we propose a classical upper equation of the form 

w( t) = J t V s o(s) em ds 
t-s 

o 
o < t < T* 

where m and T* are to be determined and o(s) will be defined in what 

follows for given A and E. The form of the equation has been chosen to 

best reflect the behavior of the original equation, while at the same 

time allowing an explicit determination of 0, m, and T*. 

The goal of this section is to find T* and maximize it with 

respect to m. To do this we assume o(s) is known. We define the 

factors of the kernel of (4.1) by 

h(s,t) 

_ A 2 -1 

g( s; A, d = (l-e s) 

Then o(s) is defined as follows 

0(5) 

where 01' 02' sp and S2 are found by 

-1 A 
-erfc(-=) 
E Is 

e 



where g'(s*; A,E) o 

and 

g"(s*; A,E) < 0 , 

and 

(see figure 4.6). 

Since wet) is strictly increasing in t and if we set w(t*) m we have, 

w( t) < m o < t < T*. 

Therefore 

o < s < T*. - -
Since o(s) ~ g(s; A,E) on [0, S2], we know that wet) ~ u(t) for 

o < t ~ T* as long as T* ~ S2' by comparison theorem (A.5). T* and m 

are determined by considering two cases; 

In this case w( t) 

CASE I • 

. Is ds ¥"M o < t < T*. 
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The integral of wet) can be evaluated by introducing the transformation 

n = ~ which resul ts in 

~ s ds = t-s 

1 3 
Here B( 2'2) is the Beta function with value B(p,q) 

r(p)r(q) 
r(p+q) (c.L 
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o (s ) Ol+-~ __ ~ __________________ -, 

1 

s* 
s 

Fig. 4.6 Upper bound o(s) of g(S;A,S). 
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Buck (1965». Thus, we have 

o < t < T* - -
In order to define T* and m we impose the condition w(T*) m giving 

T* is maximized with respect to m for m 1, so 

T* (4.19) 

and the upper solution can be written wet) 

CASE II. 

SI < T* 

By definition of o(s), wet) becomes 

w( t) 

SI < t < T*. 

Since wet) cannot be evaluated in a way that can be effectively used in 

the analysis that follows, it is prudent to define a new function ~t). 

This function is an upper bound of we t), and therefore of u( t), the 

solution of (4.1), and we use the term "upper solution" in reference to 

it. ;ct) has the advantage of an explicit representation and can be 

better put to use in the analysis that follows. 
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By inspection 

C " Sl~S r ds ~ 0 (i; ds, 

and 

J: " t:s 
ds ~ r ~ t:s ds, 

SI 

'" 
If we define w( t) by 

"em [ ~ t:s ds 

'" 

,O~t~s, 

w( t) 

Sl < t < T* 

then w(t) ~ u(t). Evaluating the integrals gives 

o emn o < < s 1-2-t t 
~t) 

emn + 0 emn t sl < t < T* 
012 s1 2 2 

(4.20) 

Since we have assumed that s 1 ~ T*, we find the maximum of T* with 

respect to m occurs at m = l,which gives 

T* =. 0
1
2 [n

2
e - OIS ] ;: T2 (4.21) 

With T* and m known we complete the construction of C(t) by 

finding s l' s2' <5 u and 02 when A and E are given. Define s* to be the 

value of s for which g(s; A,E) attains its local maximum. We define 

01 = g(s*; A,.::). For small E, s* :: 1TE2A2(l + O(E)) which gives, 



or 

1 
-:;;;:-z -1 

(l-e TI£ ) e 

1 erfc(_I_) 
£ ;; £ 

We define 02 = £01 and find s1 and s2 by the condition 

02 = g(Sl; )..,e:) = g(S2; A,e:). If we use the transform w 

the equivalent condition 

-w· 2 
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).. 

Is 
, we get 

O2 = G(Wi) :: (l-e 1 )-1 e i = 1, 2. (4.22) 

When e: is small W2 = 
).. 

is determined asymptotically as the 
I S2 

solution of 

yielding 

W 
___ 1_ 

2 « 1 , 
IE 

and thus 

,2 1/ E ,.. Ee » 1 

In a similar way, when E is small, (4.21) yields. an asymptotic 

expression for w1 if one uses giving 

resul ting in, 

(4.24) 
R.n(/1TE 1 R.n(E) I) 1 

With this information the conditions for criticality can be imposed 
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yielding the desired result. Application of the criterion for case I, 

R.n(/iT e: 1 R.n( e:) I) 1 

or 

1 R.n(/iTe: 1 R.n(e:) I) 1 

Case II's criterion is the opposite inequality. Thus we can define a 

critical curve 

A~ (e:) = 2 
'ITeol 

R.n(.ln e: 1 R.n( e:) I) 1 

which delineates the region A > Au, in which upper solutions are valid 

for only a short time Tl , from the region A < AU' in which upper 

solutions are valid over long times T2 • 

Results of the Comparison Theory Analysis 

Two curves have been defined in e:-A space. The first A2(e:), 

delineates a region A > AU in which lower solutions v(t), of equation 

(4.1) blow up in small finite time. Since u(t) the solution of (4.1) is 

bounded below by v(t), then u(t) must also blow up in small finite 

time. In this case we say the system is critical and predict that 

ignition will take place. The order of magnitude of the blow up times 

for these different regions is given by (4.16) - (4.18) (see figure 4.4). 

The second curve Au(e:), distinguishes between two regions as well. For 

A < Au' .he upper solution is valid over a long time interval given by 

(4.21), while for Au < A, the upper solution is valid for only a small 

time interval given by (4.20). Since the time of validity bounds from 
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below the blow up time of u(t), TB, the region of A < Au' determines 

that the perturbation cannot blow up for long times. In this case we 

say the system is non-critical and predict that hot spot ignition will 

not take place. The time intervals over which the upper solution is 

valid in the two regions is given by (4.20) and (4.21). Both curves are 

graphed in figure 4.7. 

The two curves AL(€) and Au(€) are of the same order of 

magnitude O(~n(€)). In fact, as € + 0 

and 

The large values of Au for € small lend confidence to the working 

hypothesis of Chapter III that K_ has a similar effect on functions as 

The region between the two curves is a transition region which 

this asymptotic analysis does not clearly distinguish. In the next 

chapter a numerical technique is used to verify the results presented 

here. 
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IGNITION 
6 

4 

TRANSITION 

2 

NON-IGNITION 

4 8 12 16 E 

Fig. 4.7 Upper AL(E), and lower AU(E) bounds of the critical curve AC(E). 



CHAPTER V 

NUMERICAL STUDY OF THE VOLTERRA EQUATION 

Although the analysis of the previous chapter has led to the 

results of interest, the numerical solution of equation (4.1) gives 

confidence and support to those results. The behavior of solutions in 

the transition region AU(E) ~ A ~ AL(E), are of particular interest as 

the results obtained so far are not able to address that region. 

Numerous integration techniques with high order accuracy are 

available (Linz, (1985) has an excellent review) to compute solutions of 

nonlinear Volterra equations whose kernel is well behaved. When the 

kernel or one of its derivatives is unbounded these techniques must be 

modified to account for the singularity. A powerful algorithm known as 

the product integration method (P.I.M.) is one such suitable technique. 

P.I.M. is an excellent method for this study for several reasons. Its 

implementation is rather tedious but relatively straightforward. 

Although it is used to solve singular equations, its accuracy compares 

with the accuracy of standard methods used on nonsingular equations 

with approximately the same amount of computer work. An unexpected 

advantage is P.I.M.' s ability to distinguish blow up behavior. This 

point will be developed further in what follows. One disadvantage of 

the use of P.I.M. is that its implimentation results in the summation, 

for each step N, of a series of N terms. However, this is not a major 
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impediment in this application because we are interested in describing 

critical behavior shown to appear in a small time frame. Very little 

analysis appears in the literature concerning P.I.M. but a development 

of standard accuracy results is developed in Linz (1985), while a 

related convergence result is presented by Kershaw (1982). 

The implementation of P.I.M. for (4.1) proceeds as follows. We 

first let 

h(t,s) (5.1) 

and 

(5.2) 

which when used in (4.1) gives, 

u(t) = J: h(t,s) K(s,u(s» ds • (5.3) 

Here h contains the singular part of the kernel while K is the well 

behaved portion. Take a fixed time step length ~t = h > 0, and write, 

nh, n = 0, 1, 2, ••• , N, 

where to U. Then (5.3) can be written, 

h(tN,s) K(s,u(s)) ds • (5.4) 

The next step is to delineate the singular and smooth factors of the 

kernel. In this application hand K represent singular and smooth 

parts respectively. Finally, an interpolating function is used to 



approximate the smooth factor K. The order of convergence is 

essentially dependent on the order of accuracy of the interpolating 

function. If a high order of accuracy is desired, each subinterval 

l t , t n+1], must be subdivided and this subdivision used in the 
n 
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definition of the interpolating function. If piecewise linear Lagrange 

interpolating polynomials are used no further subdivision is necessary 

and the convergence can be shown to have an order of magnitude O(h2). 

Linear piecewise Lagrange interpolation results in a method based on 

the trapezoid method of integration. Quadratic Lagrange interpolation 

is equivalent to Simpson I s method with a convergence of O(h3+ex), 

o < ex < 1. Methods which result in high order accuracy entail greater 

set-up time and much more computer work. Extrapolation techniques 

such as Aitken I s or Richardson I s can be coupled with a low order 

accuracy P.I.M. to gain a higher order accuracy. These two techniques 

were implemented before we realized that the higher order accuracy 

obatined by extrapolat~on does not help to predict blow up in finite 

time. This is a consequence of their dependence on values previously 

obtained by another method (such as P.I.M.) near the blow up point 

where little information is known. Within each interval [tn' t n+1] the 

linear Lagrange interpolating formula gives 

K(s,u(s» 

Here Kn K(tn,u(tn» and en is the error introduced at each step n. 

When used in (5.4) this gives 



1 
h 

N-1 

L 
n=O 
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(5.5) 

where un is the computed approximation to U(tN)' The key to P.I.M. is 

that integrals of (5.5) can be accurately evaluated if not explicitly 

determined. In this way the singularity is accurately represented in 

the solution. In our case integrals exist and the result can be used in 

(5.5) to give an equation for uN of the form 

N = 1, 2, 3, ••• (5.6) 

Here AN stands for the sum of the known terms and BN for the 

coefficient of the term involving the unknown uN' Note that Uo = O. 

Since the form of the nonlinearity in K is eU, this is a transcendental 

equation which can be solved using standard root finding routines. We 

use the subroutine ZEROIN written by Forsythe, Malcolm, and Moler 

(1977). An algorithm based on the secant method. 

In order to determine whether a parameter pair (e: ,A) is 

critical or not we must compute uN until it exhibits some behavior 

analogous to blow up in finite time of the solution u(t), of (5.3). Of 

course, computation of blow up is impossible so we must consider the 

question, what behavior of this computed approximation corresponds to 

blow up in finite time of u(t)? This question can be at least partially 

answered by considering the solutions of (5.6). Let, 
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where BN' is the product of BN with the factors of KN other than eU • 

It can be shown that AN > 0 and that BN' > O. Under these conditions 

FN(u) has zero, one or two solutions depending on whether 

FN(u;) = ~~ + 1 + ~n(BN) is greater than, equal to, or less than zero, 

respectively. Here uN* = -~n(BN) is the global minimum of FN(u). A 

depiction of the three cases is shown in figure (5.1). Should two 

solutions exist (always true for N small), the smaller is the desired 

solution while the larger is an artifact of the discretization and 

interpolation. 

Thus, there are two solutions for BN less than and no solutions for BN 

greater than this value. We conjecture that the blow up in finite time 

of the solution of (5.3) is reflected in the numerical solution by the 

lift off from the u axis of the function FN(u), i.e., at the value of N 

for which FN(u
N
*) = O. Since this is a discretization it is unlikely 

that this condition will actually be obtained. Rather we look for the 

value of N such that FN(uN*) < 0 and FN+l (uN: 1 ) > O. This gives a blow 

up time of TBN = Nh. 

Although we were unable to prove the conjecture, we did apply 

P.I.M. to a Volterra equation which has an explicit solution and 

verified the conjecture. Consider the equation, 

u(t) (5.7) 

which has solution u( t) -~n(l-ot) and blow up time TB = 0-1
• The 
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Fiq. 5.1 Transcendental function F (u) for three values of N showing 
0,1,2 solutions with mini~um values at uN:' uN:' uN: respectively. 
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resulting equation, when P.I.M. is applied to (5.7), is 

(5.8) 

where 

M N 1 
2 

AN 

[1 + 2 
N-l (5.9) 

hIS L un ] N 2, 3, 4, ••• 2 e , 

n=l 

and 

B = hIS 2 • 

In this case u * is independent of the time step N: 
N 

When plugged into FN(u*) this gives, 

Since AN is increasing with N (see (5.9», FN(u) will become greater than 

zero at some point TBN. he 
Note that Al =-Z- thus FN(u*) < 0 for h small 

different values of 0 and h. The correspondence is immediate. 

The results of the computation of uN' the solution of (5.5), for 

values of A and e: in the transition region AU(e:) < A < AL(e:), indicate 

that there is a critical curve AC(e:) which lies rather closer to the 

lower bound AU(e:). See figure 5.2. This is not surprising considering 

the approximations used in deriving the lower solutions. In particular, 

inequality (4.7c) is a rather crude approximation which would lead to a 

conservative upper bound of the critical curve. The numerical results 



Table 1. Comparison of exact and computed values of solution of 
equation (5.7). 

h TB U(TB-h) N TBN UN(TBN ) 

.01 10.0 .1 2.30 9 .09 2.53 

.01 2.0 .5 3.91 49 .49 4.17 

.01 1.0 1.0 4.60 99 .99 4.86 

.01 .5 2.0 5.29 199 1. 99 5.56 

.01 .2 5.0 6.21 499 4.99 6.47 

.01 .1 10.0 6.90 999 9.99 7.17 

.001 10.0 .1 4.60 99 .009 4.86 

.001 2.0 .5 6.21 499 .499 6.47 

.001 1.0 1.0 6.90 999 .999 7.17 

.001 .5 2.0 7.60 1999 1. 999 7.86 

74 



75 

4 

2 

4 8 12 16 

Fig. 5.2 AL(E), AU(E), and computed estimate of AC(E). 



indicated that the transition from critical to non-critical is very 

sharp. 
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CHAPTER VI 

CONCLUSIONS 

We have shown that critical conditions for hot spot ignition of 

an idealized reactive medium in one dimension can be determined based 

on hot spot size, initial temperatures and reaction rate parameters. 

Activation energy asymptotics is employed to reduce the determination 

of criticality from the behavior of the nonlinear partial differential 

equation (2.9) to the behavior of the solution of (4.1). The reduction 

is accomplished through a perturbation expansion of temperature coupled 

with a matching process near the interface of the inert and active 

mediums. The inner and outer regions are distinguished by the presence 

of a reactive mechanism in the inner region where the temperature is 

near the interface temperature and the absence of reaction within the 

outer region. The matching process results in an equation for the 

inner boundary layer temperature perturbation which is shown to be 

spatially independent. Equation (4.1) is a nonlinear singular Volterra 

equation of the second kind. The factors in the kernel of (4.1) 

correspond to the mechanisms of interest. Namely, heat conduction, hot 

spot heat loss, and reaction rate. 

Although the solution of (4.1) u( t), cannot be determined 

explicitly a comparison principle is used to construct upper w( t), and 
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lower vet), solutions of (4.1). These upper and lower solutions are 

then used to find bounds on the critical curve (e: ,Ac(d), Ac being the 

value of the (scaled) size of the hot spot beyond which ignition occurs 

in a small finite time. Since 

v( t) ~ u(t) o < t ~ TB , 

where vet) is the lower solution and TB is the blow up time for u(t) we 

have TM ~ TBL where TBL is the blow up time for vet). Analysis of the 

dependence of TBL on the two parameters A and e: leads to the 

determination of a curve AL(e:) which distinguishes the region in which 

lower solutions blow up in small finite time from the region of large 

finite time. Asymptotically AL(e:) is shown to have the form 

-1/2 
2 _ Itn(/iT e:) I 

AL(e:) = 2I t n(/1Te)le 

In a similar way upper solutions are constructed and a related lower 

bound Au(e:) is shown to exist. The asymptotic form of it is 

2 2 -
Au(e:) = -1: Itn(e:l1Tltn(e:)j)1 1TeUl 

The transition region, Ae:(Au(e:),AL(e:», cannot be clearly distinguished 

using the comparison theory so a powerful integration technique called 

product integration method (P.I.M.) is used to find numerical bounds on 

the critical curve Ac< e:). The numerical results indicate that the 

transition region is somewhat loosely determined by the upper bound 

AL(e:). An interesting aspect of the determination of blow up time by 

way of P.I.M. is shown to hold for a special case. The blow up of the 

explicit solution of 
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(6.1) 

is shown to correspond to lift off of the resultant transendental 

equation derived by the application of P.I.H. to (6.1). We define lift 

off as the point at which the transendental equation has no solutions. 

The results are very close even for values of 6t = .1 when the blow up 

time is 1.0. It is possible that the analysis applied here can be 

extended to more complex modeling systems. A next step would be to 

combine the analysis of Linan and Kindelan with the results presented 

here to address complex two and three dimensional hot spot geometries. 

The key is to incorporate both local curvature effects and the size of 

the nonsymmetric hot spot. The first step would be to determine an 

expression for the local innert temperature solution which takes into 

effect the heat loss from all of the boundary. Another possible 

extension would be to incorporate complex chemical networks. The work 

carried out by Fife and Nicolaenko could be the basis of an analysis of 

this type. 



APPENDIX A 

In this Appendix we include the appropriate theorems from 

Miller's work, Nonlinear Volterra Integral Equations. 

Consider the Volterra Integral Equation of the form 
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x( t) f(t) + J: g(t,s,x(s» ds (t ~ 0) (A.l) 

Let R+ denote the interval 0 < t < 00, X £ R' 

g : n ... R+ , nCR = {(s,t,x) I ° ~ s ~ t < co, X £ R+} 

Hypotheses (H.I) - (H.7) are listed in (A6) - (A7). 

Theorem A.I: If hypotheses H.I - H.4 are satisfied then there exists a 

number e > 0 and a continuous function x( t) such that x( t) 

satisfies equation (A.I) when ° ~ t ~ e • 

Theorem A.2: If hypothes.is H.I - H.4 are satisfied. If x( t) is a 

bounded continuous solution of equation (A.l) for t £ [0, a], 

a > 0, then x(t) can be extended as a continuous solution of (A.I) 

to an interval [O,ao] where ao > a. 

The proof of Theorem 1 follows from applying the Schauder-Tychonolf 

fixed point theorem. Theorem 2 is proven by defining the "translated" 
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function yet) = x(t + a) and applying Theorem I to the resulting 

integral equation for yet). 

Both results can be proven for unique solutions giving the 

following theorems. 

Theorem A.3: If hypothesis (H.!) - (H.3) and (H.5) and (H.6) are 

satisfied. If J: m(t,s)ds + 0 as t + 0+ for each m in (H.3), 

then there exists a constant S > 0 such that equation (A.I) has a 

unique continuous solution x(t) on the interval [o,s]. 

The continuation of this unique solution may be accomplished by the 

following theorem. 

Theorem A.4: If (H.!) - (H.3) and (H.5) and (H.6) are satisfied and 

suppose each function m given by (H.3) satisfies 

lim j T+t 
t+O T meT + t,s)ds o uniformly for T on compact subsets of 

R+. If x( t) is a bounded continuous solution of (A. I ) on an 

interval [0, a], then x(t) can be extended as a unique continuous 

solution of (A.I) to an interval 0 ~ t ~ a o where a o > a. 
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Theorem A.3 can be proven using a contraction map idea. Defining the 

J 
t 

map as T[<I>] = f + ° g(t,s,<I>(s» ds and using m and k to bound the 

difference I T[<I>l] - T[<I>2] I. Theorem A.4 can be proven in the same way 

as Theorem A.2. 

For theoretical purposes it is important to know the extent of 

the continuation interval. The next corallaries provide this. First we 

define the "maximally defined" solution of (A.!). 

Definition: The continuous solution of (A.!) x(t), is said to be 

maximally defined if x(t) is defined on an interval [0, a] with either 

a = ro or lim sup Ix(t)1 = +ro as t + a-. 

Corallary A.l.l: If (H.l) - (H.4) are satisfied then each contiuous 

solution of (A.l) can be extended to obtain a maximally defined 

solution. 

For unique solutions: 

Corallary A.l.2: If (H.l) - (H.3) and (H.5) and (H.6) are satisfied and 

lirn+ J T+t 
each function met,s) of (H.3) satisfies t+O T meT + t,s) ds 0 

then the unique continuous solution x(t) of (A.l) can be extended to 

obtain a maximally defined solution. 
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Both corallaries are proven by simple application of Theorems A.I - A.4 

and the use of a translated solution. 

The comparison theorem used is based on the following 

fundamental principle. Let x(t) be a solution on 0 ~ t ~ t* of equation 

(A. I), also suppose that the functions F and G are such that 

F(t) ~ f(t) 

and 

G(t,s,x) ~ g(t,s,x) over (0 < s < t < ~, X € R) 

Then, 

x(t) ~ F(t) + J: G(t,s,x(s»ds 

If X( t) satisfies 

o < t < T* 

X(t) = F(t) + J: G(t,s,X(s» ds 

(C.l) 

(C.2) 

(A.2) 

then under appropriate conditions it can be shown that X(t) ~ x(t) over 

o < t < T* • 

Theorem A.5: Suppose the pair of functions f and g of (A.I) and F and G 

of (A.2) satisfy (H.I) - (H.4) and (H.7). Assume also that 

conditions (Cel) and (C.2) are satisfied and that G is 

nondecreasing in X for every fixed (t,s). Suppose the maximal 

solution X* of (A.2) exists on the maximal interval 0 < t <' Tm. 

If x(t) is any solution of (A.I) then x(t) can be continued to the 

right as a solution of (A.I) so long as X* exists and X* ~ x(t) on 

the interval 0 < t < a. 



A maximal solution over the interval 0 < t < T* is the solution wldch 

is larger than any other solution defined in that interval. Should F 

and G be so defined as to satisfy the hypothesis of Theorem A.4, the 

unique solution of (A.2) is also the maximal solution. 
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The hypothesis of the theorems have been collected on these 

pages to facilitate the discussion. All references to f, g, or x are to 

the functions of equation (A. i). 

(H.i) 

(H.2) 

f( t) defined and continuous for all t in R+ • 

g(t,x,x) is measurable in (t,s,x) for 0 ~ s < t < 00, x e: En, 

g(t,s,x) is continuous in x for each fixed pair (t,s) and g(t,s,x) 

o if s > t. 

(H.3) For each real number K > 0 and each bounded subset B of En there 

exists a measurable function m such that 

that Ig(t,s,x) I ~ m(t,s) (0 ~ s ~ t ~ K, x £ B) and 

sup~ : m( t ,s)d s 

(H.4) For each compact subinterval J of R+, each bounded set B in En 

and each to in R+ 

sup ~J Ig(t,s,Hs)) - g(to,s,Hs))1 ds 

tends to zero as t + to • 

Note: If g(t,s,x) is continuous in (t, s, x) for 0 ~ s ~ t, x € En then 

H.l - H.4 are satisfied. 
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(H.5) For each compact interval ICR+, each continuous function ~: I + 

lim J 
t+to I o • 

(H.6) For each K > 0 and each bounded BCEn there exists a measurable 

function k(t,s) such that Ig(t,s,x) - g(t,s,y)1 ~ k(t,s)1 x-yl 

whenever 0 < s < t < K and both x and yare in B. For each t E - - - ., 

[O,K] the function k(t,s) is in L1(O,t) as a function of sand 

lim J t+h 
h+O t k(t + h,s)ds O. 

(H.7) Given any constant K > 0 and any bounded set BCEn one has 

lim f t+h 
h+O)t Ig(t + h,s,~(s»lds o uniformly in (t,~) for 0 ~ t ~ K 

and ~ e: C([O, K + 1]; B). 
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