
THE APPLICATION OF BOUNDARY INTEGRAL TECHNIQUES
TO MULTIPLY CONNECTED DOMAINS (VORTEX

METHODS, EULER EQUATIONS, FLUID MECHANICS).

Item Type text; Dissertation-Reproduction (electronic)

Authors SHELLEY, MICHAEL JOHN.

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 21:44:16

Link to Item http://hdl.handle.net/10150/188100

http://hdl.handle.net/10150/188100


INFORMATION TO USERS 

This reproduction was made from a copy of a manuscript sent to us for publication 
and microfilming. While the most advanced technology has been used to pho
tograph and reproduce this manuscript. the quality of the reproduction is heavily 
dependent upon the quality of the material submitted. Pages in any manuscript 
may have indistinct print. In all cases the best available copy has been filmed. 

The following explanation of techniques is provided to help clarify notations which 
may appear on this reproduction. 

1. Manuscripts may not always be complete. When it is not possible to obtain 
missing pages. a note appears to indicate this. 

2. When copyrighted materials are removed from the manuscript. a note ap
pears to indicate this. 

3. Oversize materials (maps. drawings. and charts) are photographed by sec
tioning the original. beginning at the upper left hand corner and continu
ing from left to right in equal sections with small overlaps. Each oversize 
page is also filmcd as one exposure and is available. for an additional 
charge. as a standard 35mm slide or in black and white paper format. • 

4. Most photographs reproduce acceptably on positive microfilm or micro
fiche but lack clarity on xerographic copies made from the microfilm. For 
an additional charge. all photographs are available in black and white 
standard 35mm slide format. • 

*For more information about bjack and white slides or enlarged paper reproductions. 
please contact the Dissertations Customer Services Department. 

Tr1lK\MJIUnn~ 
V JL \Ill Internationnl 





il 

8603159 

Shelley,Michael John 

THE APPLICATION OF BOUNDARY INTEGRAL TECHNIQUES TO MULTIPLY 
CONNECTED DOMAINS 

The University of Arizona 

University 
Microfilms 

International 300 N. Zeeb Road, Ann Arbor, MI48100 

PH.D. 1985 





PLEASE NOTE: 

In all cases this material has been filmed in the best possible way from the available copy. 
Problems encountered with this document have been identified here with a check mark _-1_. 

1. Glossy photographs or pages __ 

2. Colored illustrations, p8.per or print 

3. Photographs with dark background __ 

4. Illustrations are poor copy 

5. Pages with black marks, not original copy __ 

6. Print shows through as there is text on both sides of page 

7. Indistinct, broken or small print on several pages V 
8. Print exceeds margin requirements __ 

9. Tightly bound copy with print lost in spine 

10. Computer printout pages with indistinct print 

11. Page(s) lacking when material received, and not available from school or 
author. 

12. Page(s) seem to be missing in numbering only as text follows. 

13. Two pages numbered . Text follows. 

14. Curling and wrinkled pages __ 

15. Dissertation contains pages with print at a slant, filmed as received ___ _ 

16. Other ___________________________ _ 

University 
Microfilms 

International 





fHE APPLICATION OF BOUNDARY INTEGRAL TECHNIQUES 

TO MULTIPLY CONNECTED DOMAINS 

by 

Michael John Shelley 

A Dissertation Submitted to the Faculty of the 

PROGRAM IN APPLIED MATHEMATICS 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

198 5 



THE UNIVERSITY OF ARIZONA 
GRADUATE COLLEGE 

As members of the Final Examination Committee, we certify that we have read 

the dissertation prepared by Michael John Shelley 

entitled The Application of Boundary Integral Techniques to 

Multiply Connected Domains 

and recommend that it be accepted as fulfilling the dissertation requirement 

for the Degree of Doctor of Philosophy 

Date 

Date 

/2d/~ 
Date I 

Date 

Date 

Final approval and acceptance of this dissertation is contingent upon the 
candidate's submission of the final copy of the dissertation to the Graduate 
College. 

I hereby certify that I have read this dissertation prepared under my 
direction and recommend that it be accepted as fulfilling the dissertation 
requirement. 

Diss?rta~on-rrrrector Date 



STATEMENT ~y AUTHOR 

This dissertation has been submitted in partial fulfillment 
of requirements for an advanced degree at The University of Arizona 
and is deposited in the University Library to be made available to 
borrowers under rules of the Library. 

Brief quotations from this dissertation are allowable without 
special permission, provided that accurate acknowledgment of source 
is made. Requests for permission for extended quotation from or 
reproduction of this manuscript in whole or in part may be granted by 
the head of the major department or the Dean of the Graduate College 
when in his or her judgment the proposed use of the material is in 
the interests of scholarship. In all other instances, however, 
permission must be obtained from the author. 

~U
"/ //' 

, . /;/ II ,/ ,"// 
I / " -' ,. / 

,1/]' /" ////,,: / ./,.//J_ 

! I!' ,j . /' / I /1 r) (/ t ./ 

SIGNED: J' L!"" ".' {.O'<· /'~:{ /{.. ct:..f ./\_.-~ 
. . ~ 



DEDICATION 

To Buffi e 

iii 



ACKNOWLEDGEMENTS 

First and foremost, I would like to thank my advisor Dr. 

(jre~ory ~. Baker, whose encouragement, insight and enthusiasm made 

this vlork possible and also instilled in me the joy of research. It 

has been a pleasure to work with him. would also like to thank Dr. 

Alan Newell, Dr. C. F. Chen, and Dr. James Burke for reading this 

Vlork and sitting on my committee. To Dr. Alan Newell lowe special 

thanks for providing encouragement and guidance with respect to my 

future plans. Appreciation is also due to Dr. James Hyman for 

excellent advice on certain aspects of this work. 

Others who have made my stay here memorable and stimulating 

include Dr. Seth Lichter, Dr. Steven Wright, Dr. John Brillhart, Dr. 

Arie Dagan, Dr. Peter Tonellato, Dr. Anne Clough, Dr. Steven Hammel 

and David Rawlins. This is not a complete list by any means. 

To my family and parents I give thanks for their continual 

support. To Sarah Oordt I give thanks for her patience, experience 

and typing. 

Lastly, I would like to thank Buffie Burns, whose presence at 

my side has always been a inspiration. 

iv 



LIST OF 

LIST OF 

ABSTRACT 

CHAPTER 

TABLE OF CONTENTS 

ILLUSTRATIONS ••••••••••••••••••••••••••••••••••••••••• 

TABLES •••••••••••••••••••••••••••••••••••••••••••••••• 

Page 

vi i 

i x 

xi 

1. INTRODUCTION............................... ............. 1 

2. BOUNDARY INTEGRAL TECHNIQUES FOR 
MULTIPLY CUNNECTED DOMAINS.............................. 4 

1. Introduction .......................... eo............. 4 
2. The Exterior Problem................................ 4 
3. The Annular Problem................................. 10 
4. Numerical Results................................... 18 
5. Conclusion.......................................... 42 

3. THE METHOD OF ITERATED PERIODIC SPLINES................. 43 

1. Introduction........................................ 43 
2. Background.......................................... 44 
3. Asymptotic Expansions for 

Iterated Periodic Splines........................... 46 
4. The Numerical Evaluation 

of Iterated Splines................................. 63 
5. Conclusion.......................................... 66 

4. AN APPLICATION: THE ROLL-UP OF A 
FINITE VORTEX LAyER..................................... 68 

1. Background.......................................... 68 
2. The Finite Vortex Layer............................. 73 
3. The Equations of Motion............................. 76 
4. Numerical Solution of the 

Equations of Motion................................. 81 
5. Numerical Results................................... 83 
6. Conclusion.......................................... 99 

v 



vi 

TABLE OF CONTENTS--Continued 

Page 

APPENDIX A: THE CALCULATION OF PERTURBATION 
KINETIC ENERGy................................... 103 

APPENDIX B: THE GRID REDISTRIBUTION METHOD................... 109 

REFERENCES.................................................... 113 



LIST OF ILLUSTRATIONS 

Fiyure Page 

1. Schematic showing the assumed notation 
for an annul us........................... .. .... ........ 11 

2. The maximulll of the absolute error E 
in dipole sheet strength for the 
circular annulus as 0 is varied, 
where 0 is the thickness of the 
annulus................................................ 27 

3. Schematic showiny notation for regions 
where the annulus is thin.............................. 29 

4. The same as Fi~ure 2 except 0 is scaled 
by ~S(1 - DIKI/2 where the local arc-
1 ength, ~S, and K are measured on 
the outer boundary..................................... 32 

5. Maximum of the absolute error E in 
dipole sheet strength for the circular 
annulus as a function of 0 when Fourier 
interpolation is used to redistribute 
quadrature points...................................... 34 

6. The same as Figure 5, except cubic 
spline interpolation is used........................... 35 

7. The maximum of the absolute error E 
in dipole sheet strength for the elliptic 
annulus as a function of D, where 0 
is the minimum thickness of the annulus................ 38 

8. The same as Figure 7 except 0 is 
scaled by ~S(1 - DIKI/2), where 
the local arclength between points, 
6S, and K are measured on the 
outer boundary at the point of 
minimum thickness...................................... 39 

9. The maximum of the absolute error E in 
dipole sheet strength for the elliptic 
annulus as a function of 0 when Fourier 
interpolation is used to redistribute 
quadrature points...................................... 40 

vii 



viii 

LIST OF ILLUSTRATIONS--Continued 

Figure Page 

10. The same as Figure 9 except cubic spline 
interpolation is used.................................. 41 

11. FloYI geometry for the vortex sheet..................... 69 

12. Flow geometry for the vortex layer..................... 74 

13. The vortex layer at a) t = 0, 
b) t = 1.0, and c) t = 2.0.......................... 84 

14. The vortex 1 ayer at a) t = 2.4, 
b) T = 2.5, and c) t::::::: 2.6.......................... 85 

15. The maximum curvature as a 
function of time....................................... 87 

16. The loy of the maximum curvature 
as a function of time.................................. 88 

17. lnIAk(t)1 in the arclength 

coordinate (N = 257).................................. YO 

18. Least squares approximation 
to a:(t) •..••••••••.•• ••••..••.•••••.•.•.•...••.•••.•. 91 

19. Least squares approximation 
to S(t) ............... ............................... 92 

20. The vortex layer at a) t = 2.7, 
b) t = 2.8, and c) t = 2.9, 
using grid redistributions............................. 94 

21. The maximum curvature as a 
function of time, using grid 
redistribution......................................... 95 

22. The log of the maximum curvature 
as a function of time, using grid 
redistribution......................................... 96 



ix 

LIST OF ILLUSTRATIONS--Continued 

Figure Page 

23.lnIAk(t)1 in the equal arclength 
coordinate (N = 257), using grid 
redistribution......................................... 97 

24. Least squares approximation 
to u(t), using grid 
redistribution......................................... 98 

25.ln(u(t)), using grid 
redistributions........................................ 100 

26. Least squares approximation to S(t), 
using grid redistributions............................. 101 



LIST OF TABLES 

Table Page 

1. Results for the circular annulus as 
described in the text. I = 2 

'[ 

ina 11 ca s e:s ••••••••• ' • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 24 

2. Maximum error at the mesh points 
in afJproxilTlat i ny the Ifi rst four 
derivatives of sin(~) usiny 
iterated cLjbi c spl i nes.................................. 65 

3. Bounds on the leading order term 
of the errqr at the mesh points 
in approxilTlating the Ifirst four 
derivative~ of sin(x) using 
iterated cL1bic splines, as given 
by Cora 11 apy 3.......................................... 67 

x 



ABSTRACT 

Very accurate methods, based on boundary integral techniques, 

are developed for the study of multiple, interacting fluid interfaces 

in an Eulerian fluid. These methods are applied to the evolution of 

a thin, periodic layer of constant vorticity embedded in irrotational 

fluid. Numerical reyularity experiments are conducted and suggest 

that the interfaces of the layer develop a curvature sinyularity in 

infinite time. This is to be contrasted with the more singular 

vorticity distribution of a vortex sheet developing such a 

sinyularity in a finite time. 

xi 
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I I'!TRODUCTI ON 

Various numerical techniques are available to compute 

solutions to elliptic partial differential equations. For specific 

equations, such as Laplace's equation, the biharmonic equation and 

Helmholtz's equation, boundary integral techniques have sevP.ral 

advantages over standard finite-difference and finite-element 

techniques. Highly accurate solutions for even severely deformed 

geometries can be ohtained easily hy hounday integral techniqlles. 

For exterior problems, the far-field asymptotic houndary conditions 

are autof'latically satisfied. No special effort is required \'Ihen the 

domain changes in time (or with some other independent parameter), 

since points on the boundary can be advanced in a straightforward 

fashion. In particular, generalized vortex methods, hased on 

boundary integral techniques, have been used successfully to compute 

free surface motion of inviscid, incompressible fluid (Raker, 

1980, and Baker, Meiron and Orszag, 1982). 

Several other researchers, such as Longuet-Higgins and 

Cokelet (1976) and Pullin (1982), have also used boundary integral 

techniques to study free surface motion. They used costly direct 

matrix inversion techniques to solve the integral equations, which 

take O(N3 ) operations to perform where N is the numher of points 

that represent the houndary. In contrast, Raker et ale (1982) 



realized that a suitable choice of source or dipole distrihutions 

along the surface vii 1 1 lead to Fredholm integral equations of the 

second kind that may he solved iteratively in O(N2) operations. In 

simply-connected domains, the solution to Laplace's equation with 

Oirichlet boundary conditions may be found iteratively when a dipole 

distrihution along the boundary is used. In multi':connecterl domains, 

an external source contribution must be added to the dipole 

distribution along the boundary as a representation for the velocity 

potential. 

Chapter 2 will describe how iterative techniques may he llsed 

to find both the source strength and the dipole distrihution. 

Several test examples are solved numerically. In general, standard 

quadrature techniques provide accurate solutions to the boundary 

integral equations. However, when the multi-connected domain 

involved two non-interesting surfaces that lie close together, 

interpol ated quadrature techniques are used to sol ve the bounrlary 

equations accurately. 

Chapter 3 develops methods for the very accurate 

approximation of successive derivatives of periorlic functions given 

on a uniform mesh. This is based on the iterative use of periodic, 

orld degree splines, and is very crucial for the efficient and 

accurate use of the adaptive quadrature methods developed in Chapter 

2. For problems when the boundaries are changing in time, the 

accuracy of the methods is essentially determined by how accurately 

2 



the houndary data and their spatial derivatives can he 

interpolated. The method of iterated periodic splines developed in 

Chapter 3 will provide a high order method of doing this. 

Chapter 4 considers an application of the methods developerl 

in Chapters 2 and 3. An area of current mathematical interest is the 

regularity and evolution of velocity distributions of various degrees 

of smoothness. Using the adaptive quadrature techniques developed in 

Chapter 2 and the derivative approximation methods developed in 

Chapter 3, the evolution of a periodic layer of constant vorticity is 

considered. This problem is related to that of the more singular 

vorticity distribution of the vortex sheet, which for the 

periodically perturhed case, is believed to acquire a curvature 

singularity in finite time. For the vortex layer, like the vortex 

sheet, develops a curvature singularity but now only in infinite 

time. 

3 



CH APTER 2 

BOUNDARY INTEGRAL TECH NIQUES FOR 
MULTIPLY CONNECTED DOMAINS 

1. I nt roduct ion 

We start by considering Laplace's equation exterior to a 

simply connected domain. This simple case contains the essential 

features of the application of boundary integral equations for 

potential problems in multiply connected domains. In Section 3, we 

consider Laplace's equation between two closed non-intersecting 

surfaces and finally, in Section 4, a numerical technique and results 

are presented. 

2. The Exterior Problem 

Consider the region IT exterior to a simply-connected 

domain D with boundary aD. For convenience, the boundary will be 

assumed to have a continuous normal. Boundaries with corners 

introduce a slight modification in the mathematics (for details, see 

Jaswon and Symm, 1977). Suppose that the potential, ¢, which 

satisfies Laplace's equation in IT, is specified along aD. In 

addition, the behavior of ¢ far from aD must be specified. In 

three-dimensions, a unique solution is determined by requiring that 

¢ decays algebraically fat' from aD. However, in two-dimensions the 

situation is more complicated. A unique solution can be found if ¢ 

4 



is logarith~ic or tends to a constant at infinity but not hoth 

(Kellogg. 1929). 

For simplicity of presentation. we shall assume that the 

potential is logarithmic at infinity if the geometry is two-

dimensional. The other case is treated similarly. Accorrling to 

classical potential theory. 9 may then he expressed in terms of a 

source distribution 0 along aD; 

~(p) = J o(q)g(p,q)dq, 
aD 

p e: 1Y aD 

where p and q are field points and g(p,q) is the Green's 

(2.2.1) 

function for Laplace's equation in free-space. In particular, when 

p e: aD, equation (2.2.1) constitutes a Fredholm equation of the 

first kind for the source strength 0 in terms of the specified 

potential cp. If collocation and numerical quadrature are used to 

solve equation (2.2.1), a matrix equation results which is usually 

solved by direct inversion techniques. We are not aware of any 

~atrix splitting that leads to an iteration scheme that converges 

globally, that is, converges for any choice of aD. Once 0 is 

determined, 9 can be evaluated in IT via (2.2.1). 

Alternatively, as suggested by the form of a solution for an 

interior Dirichlet problem, we may seek to express ¢ in terms of a 

dipole distribution w along aD. However, such a representation is 

not sufficient. A dipole distribution decays to zero at infinity, 

5 



and a source ter~ ~ust be added in order to satisfy the condition 

there. The location of the source inside aD is arbitrary but for 

numerical computations it is best not to place it near aD. For 

convenience, the source may be considered to be at the origin of the 

coordinate system. Thus 

P £ "IT aD (2.2.2) 

where n is the normal pointing into IT and the normal derivative 

is taken with respect to q (hence the q subscript on n). The 

unit source potential 9s (P) depends on the nature of aO and the 

spatial dimension. In particular, for a closed aO in two 

dimensions, 

(2.2.3) 

Clearly, equations for ~ and A must be sought. 

As p approaches aD along the normal, (2.2.2) takes on the 

limiting form 

~ ~(q)a~g(p,q)dq - ~(p)= 9(P) - A¢s(p) - R(p), P £ aD. 
aD q 

Equation (2.2.4) has been written explicitly in the form of a 

Fredholm integral equation of the second kind for ~. The 

(2.2.4) 

6 



arbitrariness in A is only apparent in that the Fredholm 

alternative must be satisfied in order for (2.2.4) to have a solution 

~. As required by Fredholm theory, the eigenvalues A of the 

equati on, 

2A~ ~(q)~(p,q)dq - ~(p) = 0, 
aD on q 

must be known. Kellogg (1929) proves that the eigenvalues are 

distinct and real and they all satisfy IAI;. 1. In addition, 

A = 1 is an eigenvalue of geometric multiplicity one with 

eigenvector ~ = C, a constant (Jaswon and Symm, 1977). This 

corresponds to a potential distribution ¢ = C in 0 and 

¢ = 0 in O. 

(2.2.5) 

Since (2.2.4) has a non-trivial solution when R = 0 there 

is no solution to (2.2.4) for R * 0 unless R satisfies the 

Fredholm alternative. Multiply (2.2.4) by a source distribution 

o(p) along aD and integrate around aD with respect to p. The 

result may be written as 

J ~(q)[if o(p)~~ (p,q)dp - ¥]dq = 
aD aD q 

J R(p)o(p)dp. 
aD 

In particular, if IJ is a nontrivial solution of the adjoint 

problem, 

(2.2.(1) 

7 



then 

~ a(q)a~g(P,q)dq - ~)= 0, 
aD p 

J R(p)a(p)dp = 0, 
aD 

where the following relationship has been used; 

g(p,q) g(q,p). 

(2.2.7) 

(2.2.8) 

(2.2.9) 

Clearly, (2.8) is a necessary condition for ~ to exist. The fact 

that it is also a sufficient condition follows from the usual method 

of proof that establishes the Fredholm alternative (see Mikhlin, 

1957). The Fredholm alternative also guarantees that there exists 

only one nontrivial a which satisfies (2.2.7) aside from a 

multiplicative constant. 

Provided R satisfies (2.2.8), there is a solution ~ for 

(2.2.4), which is arbitrary to the addition of any constant ~. 

Fortunately, a constant \J corresponds to a constant potential in 

o and zero potential in D. In most physical applications, such as 

incompressible, inviscid irrotational fluid flow, it is v. that is 

important and any constant \J may he ignored. 

Finally, note that condition (2.2.8) becomes, upon 

substitution for R from (2.2.4), 

8 



AJ ~ (p)o(p)dp J ¢(p)o(p)dp 
aD s aD 

(2.2.10) 

which is an equation for A. Thus, a nontrivial 0 is deter~ined 

fro~ (2.2.7) and (2.2.10) is then used to deter~ine A. Next (2.2.4) 

is solved for w with any additional constraint that eli~inates the 

arbitrariness in w. For exa~ple, one may specify the value of w 

at a point on aD; 

(2.2.11) 

At first sight, equations (2.2.4), (2.2.7) and (2.2.10) 

appear to introduce greater computational complexity than (2.2.1). 

However both (2.2.4) and (2.2.7) may be solved iteratively. Let 

w(n)(p) be the nth iterative and obtain the next iterative from 

(n+1)( ) w p (2.2.12a) 

where 

Tw(p) 2~ w(q)~(p,q)dq - 2R(p). 
aD nq 

2.2.12b) 

As n + 00, wen) + w, the solution to (2.2.4) subject to (2.2.11). 

Si~ilarly, an iteration procedure for 0 may be used where for 

convenience the additional constraint, 

9 



ma x I 0 ( p ) I = 1 
pEaD 

(2.2.13) 

is imposed to remove the arbitrary multiplicative constant in" o. 

The convergence of the iteration sche~e follows from the global 

convergence of the Neumann series for both integral equations. A 

proof follows from the proof given in Baker et al. (1982) for the 

case of open periodic surfaces. In particular, for time dependent 

domains the iteration is very efficient since a good first guess is 

always available from information at the previous time value, and, if 

information from previous time levels is retained, extrapolation 

further improves the first guess. If the solution ¢ to the two 

dimensional Laplace's is being sought in D subject to ¢ tending 

to a constant at infinity, ¢s(p) = 1 must he used in place of 

(2.2.3) and the source distribution in (2.2.1) must be modified 

(Jaswon and Symm, 1977). 

As shown in the simple case above, the Fredholm alternative 

lies at the heart of the application of dipole distributions to the 

solution of Laplace's equation in multi-connected domains. In the 

next section, a more general multi-connected domain will be 

considered and then numerical results will be presented in the 

following section. 

3. The Annular Problem 

Consider the multi-connected domain as shown schematically in 

Figure 1. Domain D2 lies between two closed, non-intersecting 

10 
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Figure 1. Schematic showing the assumed notation for an annulus. 



surfaces 3D l and ~02 with aO l enclosing a02• The exterior 

domain IT is composed of two pa rts, 03 internal to a0 2 and Dl 

exte rna 1 to ao l • Once again, aO l and aD 2 are assumed to have 

continuous normals. 

To be specific and for convenience, suppose that a solution 

to the two-dimensional Laplace's equation is sought in O2 with 

Dirichlet boundary conditions imposed at aD l and aD 2• Following 

the procedure adopted in Section 2, the solution is expressed in 

terms of a source term and dipole distributions along aO I 

and aD2; 

2 
¢(p) = ~nlogipi +).1 f \lj(q)~~ (p,q)dq, 

J= aD. q 
J 

(2.3.1) 

Let aO l and a0 2 be parameterised in a counter-clockwise direction 

by (xl(e)'Yl(e)) and (x 2(e);y 2(e)) respectively. In'free-space, 

the t'l1O-dimensional Green's function is !nlOg{(x - xk)2 

2 + (y - Yk) } where (xk'Yk) locates the source point on aok• The 

normal derivative of the Green's function evaluated at the kth 

surface has the form 

(2.3.2) 

where the subscript e denotes differentiation and the field point 

lies on the jth surface. 

12 



The evaluation of (2.3.1) at aD1 ann aD 2 givps two 

coupled Fredhol~ itegral equations for ~1 and ~2: 

(2.3.3b) 

where 91 (e) and <P2(e) are the values i~poserl on ¢ at a [)1 and 

aD 2 respectively. The ori gi n of the coordinate systern has heen 

chosen to coincide wi th the location of the source point inside D3 

of st rengt.h A. Although A :: 1, it has heen introduced to 

facilitate the discussion on the existence of solutions for ~1 and 

~2 and the global convergence of the Neurnann series for the integral 

equations. 

l~hen A :: 1, 11 :: 0 and 
1 a constant, are solutions 

to the homogeneous equations (91:: ¢2 :: A :: 0) corresponding to a 

potential distribution ¢:: 0 in D1 and D2, 9:: C in D3• This 

eigenvalue is closely associated to that in (2.2.5). According to 

Fredholm's theorem of the alternative, (2.3.3) has a solution 

provided 

13 



(2.3.4) 

where '1 and '2 satisfy the homogeneous, adjoint equations 

(2.3.5a) 

'1(e) 
- -2- = 0 

(2.3.5h) 

'2(e) 
+ -2- = o. 

Here 

(2.3.6) 

and , is related to a source distribution a by T = as were 
e 

s is the arclength. 

The solution ¢ may now be calculated as follows. The 

solution (2.3.5) yields '1 and '2 which are substituted into 

14 



(2.3.4) so that A may be calculated. Thus (2.3.3) may be solved 

for wI and ~2 and ¢ may be evaluated from (2.3.1). 

There remains the question of how to compute the solutions to 

(2.3.3) anei (2.3.5). The observation has already been marie that 

A = 1 is an eigenvalue to the homogeneous equations associated with 

(2.3.3). There is also an eigenvalue A = -1 with wI = C, 

~2 = -C, which corresponds to a potential distribution ¢ = 0 in 

Dl and D3 and ¢ = C in 02. Unfortunately the eigenvalue 

A = -1 affects the iteration scheme that arises naturally by the 

generalization of (2.2.12). Since all other eigenvalues satisfy 

IAI > 1 (see Kellogg, 1929), the eigenvalues A = ±1 are the only 

ones that prevent convergence of the iteration scheme. Thus the 

modified iteration scheme, 

(2.3.7a) 

{2.3.7b} 

where 

15 



will converge to values of ~1 and ~2 that are shifted by some 

constant value from the correct values. However the net effect of 

these shifts is to produce a corresponding constant shift in the 

potential distrihution. Normally, such shifts in potential are not 

physically interesting. However, if necessary, it is a relatively 

simple matter to add the appropriate constant to the potential. 

The iteration procedure for finding the eigenfunctions '1 

and '2 that correspond to Al 1 must be modified differently 

since the eigenfunctions and '2 that correspond to A = -1 

are not known in general. Instead the eigenvalue A = -1 is shifted 

to the origin by using the following iteration scheme; 

(n+l)( ) 
'1 e = T (,(n) ,(n))(e)/T 

1 1 '2 m (2.3.8a) 

(n+l)( ) 
'2 e = T (,(n) ,(n))(e)/T 

2 1 '2 m (2.3.8b) 

i'lhere 
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~ao 'l(e ' )G ll (e,e ' )de ' 
1 

- f '1(e')G21(e,e')de' 
a01 

(2.3.8c) 

(2.3.8rl) 

and T = max T.(,~n) ,,~n))(e). The disadvantage to shifting the 
m j=1,2 J J 

eigenvalues is that the convergence rate is halved. 

The above iteration method is effectively a Neumann iteration 

method applied to the discrete version of the boundary integral 

equations. It has been pointed out that a generalized conjugate 

residual algorithm might significantly improve the convergence (see 

Eisenstat, Elman and Schultz, 1983). The basic conjugate gradient 

method was tried on the exterior problem with little gain in 

convergence, but we have not as yet tried the improved algorithm. 

Clearly, the numerical implementation of the above procedure 

demands reliable and accurate evaluation of the integrals. In the 

next section, a numerical quadrature and results for some test cases 

are presented. 
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4. Numerical Results 

The design of a numerical quadrature for the integrals in 

(2.3.7) and (2.3.8) depends on several factors. Fi rstly the 

kernels K .. 
JJ 

and G .. 
JJ 

are sin gu 1 a r. Secondly, the smoothness of 

the surfaces aD 1 and aD 2 and of the boundary values 91 and 92 

may affect the accuracy. Fortunately, for applications to studies of 

free surface flows, the surfaces and boundary values are generally 

COO functions. Furthermore, for closed surfaces in two-dimensions, 

the singularities in Kjj and Gjj may be removed by using the 

i dent ity, 

~K .. (e,e')de' =~. 
aD. JJ 

J 

thus the integrals in (2.3.7) may be replaced by 

and 

- 2a6 {lJin){e ' ) - lJin)(e)}Kll(e,e')de ' - lJin)(e) 
1 

- 2 J lJ(n)(e')K (e,e')de ' aD 2 12 
2 

2a~ {lJ~n){el) - lJ~n)(e)}K22(e,e')de' + lJ~n)(e) 
2 

+ 2 J lJ(n)(e')K (e,e')de ' aD 1 21 
1 

(2.4.1) 

(2.4.2a) 

(2.4.2b) 
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These integrals have smooth, periodic integrands and may thus he 

evaluated accurately by the trapezoidal rule. Indeed, the accuracy 

is infinite orner or spectral (Isaacson ann Keller, 1966). 

Similarly, the integrals in (2.3.8) may he replaced by 

+.1 (n)( ) 2T1 e 

(2.4.3a) 

- T~n)(e)K22(e,el)}del - ~~n)(e) 

(2.4.3b) 

The trapezoidal rule is applied as follows. Nj points are selecten 

at evenly spaced intervals in e to represent surface aD .• At each 
J 

point, ei say, in (2.3.7) and (2.3.8) as modified by (2.4.2) and 

(2.4.3), T . (e.) 
J J 

must be calculated. One integral involves 

contributions from the other surface and the trapezoidal rule may be 

applied directly. For the integral along aD. however, application 
J 

of the trapezoidal rule would require evaluation of the integrand 

at e l = ej which is an indeterminant form. The limiting value is 

easily calculated but involves derivatives of the dipole sheet 

strength and the surface. Instead, it is more cOllvenient to apply 

the trapezoidal rule on alternate paints so that e l - ek for all 
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k such that k + j is odd. Clearly, a quadrature point never falls 

on e and the integrand is always easily computed. A disadvantage 

to this procedure is a slight loss of resolution of the integrand. 

Tests will show that this is not important in most cases. 

As a simple test, consider the annulus lying between the 

ci,cles defined by 

(2.4.4a) 

and 

(2.4.4b) 

where Rl and R2 are constants. A solution to Laplace's equation 

in polar coordinates (r,e) in the annulus is 

R2 m 
<p = ((I-)m - (-r ) )cos(mG) + log(r) 

Rl 

which takes on the values 

(2.4.5) 

(2.4.6a) 

(2.4.6b) 
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on the boundaries aO l and a0 2 respectively. The exact values for 

the dipole sheet strengths such that wl(o) = W2(o) = 0 are 

2[cos(me) - lJ. (2.4.7) 

For this simple test case, the error involved in using 

trapezoidal quadrature can be calculated exactly. The following sums 

R {
2 i jh ewe 

N-l 
L 

k=O 
k+j odd 

cos (kmh) } = 
eijh_eikh 

0, 

1 
2' 

where h = 2n/N and N o .. m < 2' 

for m * 0 
(2.4.8) 

for m = 0 

for m = 0 

give the trapezoidal approximation 

to the various integrals in (2.3.5) where N evenly spaced points 

have been used to represent each surface. The sum (2.4.8a) which 

approximates the principal-value integrals, gives the exact analytic 

result, reflecting the spectral accuracy of the trapezoidaol rule. 

Thus the only errors arise from the sums (2.4.8b) that approximate 
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the integrals along the surface opposite to the one containing the 

field point, (xj(e)'Yj(e)), in Kjk(e,e') in (2.3.2). 

The eigenvectors for the discrete equations that represent 

(3.5) are proportional to cos(mjh) and sin(mjh). In particular, 

for m = 0, the eigenvalue, which corresponds to A = 1 in the 

continuous case, is 

RN_RN 
A 1 2 

= RN+RN 
1 2 

(2.4.9) 

and the numerically calculated eigenvector is '1 = 1, '2 = -1, 

which is exact. When these values for '1' '2 are substituted into 

(2.3.4) and the trapezoidal rule is used to compute the integrals in 

(2.3.4), the numerically determined value for A is also exact, that 

is A = 1. 

Next the error in solving (2.3.3) can he computed. The 

following sums, 

2 N-1 
Re{N L 

k=O 
k+j odd 

o for m *" 0 
1 -"2 for m = 0 

(2.4.10a) 
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for m * 0 

(2.4.10b) 

for m = 0 

give the trapezoidal approximation for the various integrals in 

(2.3.3). Once again, (2.4.10a) implies that the principal-value 

integrals are computed exactly and errors come only from the 

approximation to the other integrals. It is a straightforward 

calculation to find the numerically determined dipole sheet 

strengths, 

where 

and p = R1/R 2• 

~1 = (2 + 't){cos{jmh) - 1) 

~2 = (2 + 't)(cos{jmh) - 1) 

E = 
2 (pm+p -m) 
N N-m m ' p -p -p-1 

(2.4.lla) 

(2.4.llb) 

(2.4.12) 

A numerical code has been written that solves the Dirichlet 

problem for a general annulus (not necessarily circular). In 
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Table 1. Results for the circular annulus as described in the test 
I = 2 in all cases. 

T 

N Error I 

16 1 0.305 x 10- 3 

32 1 0.466 x 10-8 

64 1 0.117 x 10- 11 

32 2 0.528 x 10-8 

32 4 0.160 x 10- 7 

32 8 0.239 x 10-6 

32 12 0.382 x 10-5 

32 15 0.305 x 10-4 
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particular, the code was applied to the test case described above. 

Results are shown in Table 1 when Rl = 2, R2 = 1, and 

Nl = N2 = N points are used. The reported error E is the maximum 

absolute difference between the computed dipole strengths and the 

exact values given in (4.7); theoretically this error should be 

21EI and the agreement is perfect as long as the error is above the 

absolute tolerance of 10-12 used to determine convergence of the 

iteration scheme. Also tabulated are the number of iterations I 
T 

and I required to solve the integral equations for T. 
~ J 

ann 11. 
J 

respectively to within the absolute tolerance. We emphasize that the 

error arises solely from the numerical approximation to the integral 

that netermines the contrihution to the field point on one surface 

from the dipole distribution along the other surface. For m = 1, 

there is a dramatic improvement in accuracy as N increases 

reflecting the infinite order of the trapezoidal rule on periodic 

integrands. Already, for N = 64, the error is below the tolerance 

required. Of course, this result is'not too surprising since a 

circular annulus has been chosen, but later results will be 

represented for elliptic annuli that still show the high accuracy of 

the method. As the mode number m of the potential is increased 

with fixed N, the resolution of the integrand deteriorates, but 

even for m = 15, the error is quite small. Incidentally, the 

mode m = 16 cannot be resolved by the numerical quadrature since 

alternate points were used so m = 15 is the highest mode 
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realistically treated by the quadrature. The maximum number of 

iterations required occurs when m = 1 and the number decreases for 

larger values of m, consistent with other iterative, numerical 

techniques used to solve elliptic problems. Clearly, multi-grid 

techniques may be used to reduce strongly the required number of 

iterations, but we have not pursued that aspect here. The 

numerically calculated value for the source strength A was always 

within roundoff error of its exact value. 

Unfortunately there are times when straightforward use of the 

numerical procedure described above will result in errors of 0(1). 

From (2.4.12), it is easy to see that E is 0(1) when Rl and 

R2 are very close together. Figure 2 displays the behavior of E 

as the width of the circular annulus is decreased in the test case 

(2.4.4-6). here Rl = 1 + D, R2 = 1, m = 1, Nl = N2 = N, and an 

abosolute tolerance of 10-12 was used to convergence of the 

iterations, (2.3.7) and (2.3.8). Clearly for a fixed number of 

discretisation points N, the strong variation in the integrand 

Kjk' j * k, is not well resolved when a point on one surface is 

close to the other surface along which the integral is performed. 

The error begins to downgrade noticeably when the thickness D of 

the annul us is suffi ci ent ly small. Thi s error has been previ ollsly 

observed by Haskew (1977) in a related calculation involving vortex 

sheet motion. Clearly, as Maskew points out, more points are 
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Figure 2. The maximum of the absolute error E in dipole sheet strength 
for the circular annulus as 0 is varied, where 0 is the 
thickness of the annulus. 



required to resolve the strong variation of the integrand, and as 

N is increased for fixed 0 accuracy improves dramatically. 

It is expensive and unnecessary to increase N substantially 

for accuracy when 0 is small. Consider a point (x . (e) ,y . (e) ) 
J J 

near surface k. The integrand Kjk(e,e ' ) has a sharp peak or 

through centered around defined by the requirement that 

(xk(eO)'Yk(eO)) is the closest point on surface k to 

(x.{e),y.{e)). Figure 3 gives a schematic of the situation. The 
J J 

value eO may be found by using interpolation and Newton iteration 

to locate the minimum distance. To resolve the peak or trough, 

N points are interpolated along the surface in the following way. 

Given that points (xk(e ' )'Yk{e ' )) are originally assigned oy evenly 

spaced intervals in e ' , N new points are obtained by taking evenly 

spaced intervals in e, where 

e I = e + a sin (~ - eO) (2.4.13) 

and e = eO gives one of the new pOints. The trapezoidal rule is 

used with the new points; quantities such as T and ~ are also 

interpolated to be able to evaluate the integrand. Note that the 

same number of points N are used. Clearly, the choice of a will 

dictate the accuracy. Note that interpolation must be done whenever 

a point on the jth surface is too close to the kth surface. 

28 



/ interpolated points 

~ original points 

Figure 3. Schematic showing notation for regions where the annulus 
is thin. 
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The error E for the circular case ~ay be analysed in more 

general terms to estimate its behavior for other geometries. For 
-N large N, the error E is most strongly affected by the term p , 

provided p * 1. When j 1 and k = 2, the error is associated 

with the approximation to the integr~l involving KI2 (e,e ' ). Set 

R2 = Rand Rl = R + O. Then, 

-N 
p (1 + O/R)-N exp(-N 10g(1 + O/R)) 

exp(-2TID/~S(1 + D/2R)) 

(2.4.14) 

where the quantity ~S is the arc length between points and so 

N~S 2TIR. This result in (2.4.14) is obtained by rewriting 

D/R = 2TIO/N~s and considering D/~S fixed for large N. The 

approximation z/(1 + z/2) to 10g(1 + z) is used rather than 

z(1 - z/2). We found that this modification gave better agreement 

with the numerical results reported later. 

For the other case, j = 2 and k = 1; set rl = R, 

Ri = R - 0 and N~S = 2TIR 2• Now, 

-N 
p 

+N (1 - D/R) ~ exp(-2TID/(~S(1 - D/2R))). 

the factors 1 ± D/2R in (2.4.14) and (2.4.15) are curvature 

IKI = I/R corrections to the expression exp(-2TID/~S) which 

(2.4.15) 
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describes the influence of the error as a field point approaches a 

flat surface containing a dipole distribution (the error for this 

case is also easily calculated). In general, the correction can be 

written as 1 + DIKI/2, 1 - DIKI/2 depending upon whether the 

region of the surface nearest the point appears convex (see Figure 2) 

or concave respectively. In Figure 4, we replot the error as a 

function of D/(~S(1 - DIKI/2)) where ~S and K is determined on 

the outer surface. Clearly, the asymptotic form (2.4.15), while not 

strictly valid for all values of D, does capture the essential 

behavior of E. 

To decrease the error, the local ~S betweEn the new, 

interpolated points should be given by 

(2.4.16) 

where C is a constant, chosen by experimentation to give the 

required accuracy. From (2.4.13), it is easy to determine the new 

6S in terms of a, 

~S = t,S (1 + a). (2.4.17) 

a = _D_/ (1 + D 1 K I) _ 1 
C liS - ---r- . (2.4.18) 
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Figure 4. The same as Figure 2 except 0 is scaled by ~S(l - DIKI/2 
where the local arclength, ~S, and K are measured on the 
outer boundary. 
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In Figure 5, the error is shown as 0 is varied for the same 

test case as shown in Figure 2, hut now interpolated points are used 

whenever a > 0 in (2.4.18). Interpolation was done using a 

discrete Fourier representation for which C = 9.0 was found to be a 

good choice. For small 0, the errors are essentially the same as 

for larger 0 except for extremely small values of 0, when the 

interpolated points are all clustered near eO and there are 

effectively no points resolving the rest of the surface. This effect 

clearly depends on N. 

In some cases, such as "noisy" representation of the surface, 

Fourier interpolation is inappropriate. In such cases, cubic spline 

interpolation may be used and we show the results in Figure 6. 

Because of the errors involved in using cubic splines, the error can 

be no better than 0(~e4). Now there is a transition from spectral 

accuracy to 0(~e4) as 0 becomes small and interpolated points are 

used. For this case, C = 6.0 since the accuracy is limited and 

there is no point in using interpolated points for a large value 

of C. 

Finally, we demonstrate that results are not special to a 

circular annulus hut hold true for generally shapeo annuli. Take the 

boundaries of the annuli to be the following ellipses, 

xl = r cos{e) (2.4.19a) 
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Figure 5. The maximum of the absolute error E in dipole sheet strength 

for the circular annulus as a function of 0 when Fourier 
interpolation is used to redistribute quadrature points. 
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Figure 6. The same as Figure 5, except cubic spline interpolation is 
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3fi 

(2.4.19h) 

and 

x2 :: cos{e) (2.4.20a) 

Y2 :: {sin(e). (2.4.20h) 

Our tests keep the inner boundary fixed and vary the outer boundary 

by changing r. The conformal map, 

/j 
x + iy :: ~osh{c.; + in), (2.4.21) 

transforms the elliptic annulus into a circular one and so an exact 

solution for the Dirichlet problem can be found. In particular, we 

chose the boundary conditions, 

(2.4.22a) 

5 4 
92 :: (~ + 3P)cos{2e), (2.4.22b) 

where 

(2.4.23a) 



. h( ) = l'4r 2/3 _ 1)1/2 Sln sl 

and the corresponding dipole strengths are 

(2.4.230) 

(2.4.23c) 

(2.4.23d) 

(2.4.24a) 

(2.4.24h) 

First, results are shown in Figure 7 for the elliptic annulus 

without the use of interpolated points and 11 = 1 and 1 

Here, -0 was chosen as the minimum thickness of the annulus. The 

pattern of results is similar to Figure 1. N~xt, we replot the error 

in Figure 8 as a function of O/{~S{l 0IKI/2)), where the local 

6S and K are measured on the outer surface, and find that the 

error behavior is again well described by (4.15). Finally, in 

Figures 9 and 10, results are given when interpolated points are 

used, Fourier and cubic spline interpolation being used respectively. 

The relative merits of using Fourier and cubic spline 

interpolation hinge upon accuracy versus cost. Our approach is to 

use a fixed number of quadrature points, hence the added cost is 
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Figure 7. 
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The maximum of the absolute error E in dipole sheet strength 
for the elliptic annulus as a function of D, where 0 is 
the minimum thickness of the annulus. 
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where the local arclength between points, 6S, and K dre 
measured on the outer boundary at the point of minimum thickness. 
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Figure 9. The maximum of the absolute error E in dipole sheet strength 

for the elliptic annulus as a function of 0 when Fourier 
interpolation is used to redistribute quadrature points. 
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determined by the type of interpolation used. For illustrative 

purposes, we chose two disparate types of interpolation: discrete 

Fourier and periodic cubic splines. While the Fourier interpolation 

is spectrally accurate, each interpolation involves a summation, anrl 

the cost is increased by a factor O(N). Fortunately, Fourier 

interpolation is fully vectorizable, considerably reducing the 

cost. When the surface representation is "noisy", or the Fourier 

interpolation considered too expensive, periodic cubic splines offer 

an attractive alternative. The error is now at best O(~e4), hut 

the cost is only increased by a factor 0(1). 

5. Conclusion 

In conclusion, it is possible to solve elliptic problems in 

multi connected domains with smooth boundaries using iterative 

boundary integral techniques. High accuracy is possible for 

relatively few boundary points, even when the multi connected region 

has thin parts. A simple redistribution of points insures the high 

accuracy. This technique is now being applied to the study of 

accelerating, thin fluid shells (Baker 1983) and the fluid ~otion of 

vortex layers; these results will be published elsewhere. 
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01 APTER 3 

l1H MEl110D OF ITERATED PERIODIC SPLINES 

1. Introduction 

As was seen in Section 4 of Chapter 2, the error in the 

adaptive quadrature scheme is determined by the accuracy with which 

the periodic boundary information can be interpolated from its 

uniform mesh. In this case interpolation from a discrete Fourier 

expansion is of infinite order, but is also very expensive, namely 

O(N) for each interpolation. In this chapter, we develop a method 

of derivative approximation, known as iterated periodic splines, 

which allow the construction of high order, local polynomial 

interpolants with an associated interpolation cost of only 0(1). 

For periodic functions on a uniform mesh, iterated periodic 

splines of order 2r provide 0(h2r ) approximations to successive 

derivatives at the mesh pOints. Thus, 0(h2r ) interpolation can be 

had on each subinterval of the mesh by constructing 2r - 1 degree 

Hermite polynomials on each subinterval from the function values 

and r - 1 derivative approximations' at the mesh points. For 

example, using iterated quintic periodic splines, a periodic function 

can be interpolated to 0(h6) in the following way. Use iterated 

quintic periodic splines to find 0(h6) approximations at the Jnesh 

points to the functions first and second derivative. Then on a 

subinterval a Hermite quintic polynomial can be constructed from 
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function and derivative information at the endpoints. This quintic 

polynomial approximates the function to O(h6) on the subinterval. 

2. Background 

For a sufficiently smooth, periodic function represented 

discretely on a uniform mesh, periodic odd-degree polynomial splines 

provide high-order approximations to the first derivative at the mesh 

points. For example, it is well known that at the mesh points 

periodic cubic splines approximate the first derivative to O(h4) 

(Birkhoff and DeBoor, 1965). Unfortunately, as shown by Albasiny and 

Hoskins (1973), approximating the second derivative at the mesh 

points by differentiating the cubic spline leads to an error of 

O(h2). Furthermore they have shown that this drop in order of 

accuracy occurs as well for higher order splines. 

Ahlberg, Nilson, and Walsh (1967, p. 44) investigated 

numerically the effect of various end conditions for cubic splines on 

the approximation of the first and second derivatives of sin(x) on 

a uniform mesh. They found that an excellent approximation to the 

second derivative could be gained in the following way. First, fit a 

periodic spline to the function. As part of the solution to this 

problem one solves for the values of the spline derivative at the 

mesh points. These values are accurate to O(h4). To this spline 

derivative then fit a second periodic spline, and its derivative is 

then an approximation to the second derivative of the original 

function. Ahlberg, Nilson and Walsh called this method "spline-on-
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spline ll
, and it has been used by various researchers to approximate 

second derivatives of periodic functions (Baker, McCrory, Verdon and 

Orszag, 1986, Pullin, 1982). However, no accounting seems to have 

been previously given for the errors in this approximation. Ahlberg, 

Nilson and Walsh seemed to attribute the quality of the II sp line-on-

spline ll approximation to the smoothing character of spline first 

derivatives, but we will show that at the mesh points the spline-on

spline approximation is also O(h4), in contrast to 

O(h2) for the first splines second derivative. One sees immediately 

that this process of fitting splines to spline derivatives can 

continue, and approximations to higher derivatives of the function 

can be found. Indeed, as successive spline-on-splines are 

calculated, the order of the error in the derivative approximation at 

the mesh points will remain the same (namely O(h4)), and the 

coefficient of this error will grow in only a limited fashion. 

Similar results are also true for higher-order, odd-degree periodic 

splines. This method of approximating derivatives of a periodic 

function we term iterated periodic splines. 

In Section 3, truncated asymptotic expansions are derived for 

the errors at the mesh pOints in the derivative approximations 

provided by iterated periodic splines. For a spline of order 2r, 

the leading term of this expansion is O(h2r), and the first r 

terms of the expansion have a simple form. A general term of the 

expansion is given recursively in the sense that its value depends on 
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the values of the expansion terms of the previous iterated spline. 

Section 4 illustrates the use of iterated periodic splines through a 

numerical example. 

3. Asymptotic Expansions for Iterated Periodic Splines 

The following notation will be useful. Let Cq[a,b] denote 
p 

the set of functions in Cq(_oo,oo) which are periodic with period 

b - a. Let P= {xi:a = Xo < xl < < xN = b} be a part it i on of 

[a,b]. A function S e: C2r- 2[a b] 
p " 

r ~ 2, is called a periodic 

spline of order 2r if S(x) is a polynomial of deyree at most 

2r - 1 on each subinterval [x i _1 ,x i ]. For f e: C~[a,b], S(x) is 

called the periodic spline interpolatiny f(x) on the partition P 

if S(x i ) = f(x i ) for i = O(l)N. We shall restrict ourselves to 

uniform partitions, denoted by Ph' where h = (b - a)/N and 

xi = a + ih for i = O(l)N. By f~i) is meant f(i)(x
R
). 

Swartz (1968) first gave the general linear dependence 

relation between the values of S£ and S~s) for s = 1(1)2r-2. 

This relation was further analyzed and extended by Fyfe (1971) to 

s = 2r - 1. For s = 1(1)2r-2 this result is 

1 L C(O) S(s) 
(2r-1)! i =0 i ,2r-1 £+i 

h- s 2r-2 (s) 
= (2 1 )1 L C. 2 IS .• r- -s. i=O 1, r- £+1 

(3.2.0) 

The coefficients (s) 
Ci ,2r-1 

are (liven b C(s) v2r 2r-1-s 
~ y i,2r-1 = n+ ' 

where n = 2r - i, V is the backward difference operator, and 
x, x > 0 

x = { If S(x) is the periodic spline interpolating some 
+ 0, x,.; 0 
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f c: C0[a,b] on Ph' then of course S2::: f 2, and equation (3.2.0) 

is seen as a linear system of equations for s~s) in terms of f 2• 

That this system is uniquely invertible is shown by Ahlberg, Nilson, 

and Walsh (1967, p. 235). 

The case s::: 1 of e4uation (3.2.0) is the relevant one for 

iterated periodic splines. Assume f c: C~[a,b] is represented 

discretely on the uniform mesh Ph· Let Wk(x) be the periodic 

spline of order 2r which interpolates w(l)(x) 
k-1 on Ph' and 

W1(x) the periodic spline of order 2r which interpolates f(x) 

on Ph. Then w~1)(x) satisfies 

and wi1)(x) satisfies 

E~uation set (3.2.1) is a recursive relation for wk(l) and 
,2 

(3.2.1a) 

(3.2.1b) 

represents the method of iterated periodic splines as described in 

Section I. Wk(x) is called the kth iterated spline of order 2r 

to f on Ph' and for f sufficiently smooth, w~l)(x) is an 

approximation to f(k)(x). As an example, for cubic splines 

(r ::: 2) (3.2.2b) becomes 
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and for quintic splines (r = 3), 

= L/1) 
Yk-1,Z+2 

( 1) 
17Hk_1,Z+1 

For s odd Swartz (1968) examined the equation 

E s, Z, r 

( 1 ) 
Wk- 1,z· 

(3.2.2) 

vlhich is the residual error in (3.2.2) when is replaced by 

(of course, S~+i = f z+i )' and gave a closed form expression 

E • AlbasinlY and Hoskins (1973) also analyzed (3.2.2) and s,z,r 
derived for s = 1(1)2r-2 the first term of the asymptotic expansion 

for this residual err'or. They were then able to find error bounds on 

the spline derivatives at the mesh points. While these bounds yave 

the correct order of convergence, the coefficients were nonoptimal. 

Lucas (1982) extended this work and was able to derive truncated 

asymptotic expansions for the error in the spline derivative 

approximations at the mesh points. These expansions then yielded 
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optimal error bounds on the derivative approximations. The number of 

terms in these expansions depend on the order of continuity of the 

interpolated function, and the coefficients involve the Bernoulli 

numbers Bi as defined in Abramowitz and Stegun (1964) i.e., 

BO = 1, B1 = -1/2, B2 = 1/6, ••• , and Bi = 0 for odd, 

i > 1. 

The following result is due to Lucas (1982). 

Theorem 1. If S is the periodic spline of order 2r 

interpolatiny g over a uniform partition Ph of [a,b], then for 

any K > 0 s even with and 9 £ c~r+2+2K[a,b], 

and for s odd with y £ cp2r+3+2K[a,b] 

for 1 ~ s ~ 2r - 2. The constants A~~~r are given by 

where 

A(s) 
2k,r 

[k/r]+1 (n) 
= L W 

n=l s,r,k 

(3.2.3) 

(3.2.4) 

(3.2.5) 
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w(l ) 
s,r,k 

= 1 H(s,r,k) B ~ 
(2r-1)! (2k+s-~)! 2r+2k-s 

(3.2.6) 

and for 1 < n ~ [k/rJ + 1, 

w(n) 
s,r,k 

1 n B2j1+2r-~ 
= {( 2 r-1) !} n L ---~--l1H (s ,r, j 1) 

(2j 1+s- s )! L j ,=k - r (n -1) () i=l 1 3.2.7 

Finally, s = 2[s/2J, where [.J is the ~reatest integer function, 

and 

= (2j+S-~) !/(2j-~)! - (-qs(2r-1) !/(2r-1-s)! H(s,r,j) .. (3.2.8) 
2r+2k-s 

The case s = 1 is again the relevant one'for iterated 

splines. Note that for s = 1, the function H(s,r,k) = 1, and 

that the first r coefficients of the sum in (3.2.4) are given by 

the sim~le expression 

A(l) 
2k,r 

B2r+2k 
= -:-( 2:::-r-_-=-17-') !;-;(~2-:-'-k +-::1'") 7! • (3.2.9) 

Unfortunately, the higher coefficients become increasingly more 

complicated. As an example, the first five terms of the asymptotic 
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expansion for the first derivative of a periodic cubic spline are 

calculated from Theorem 1. 

(3.2.10) 

The asymptotic expansions for as yiven by Theorem 1 

are necessary for the construction of similar asymptotic expansions 

for 1.1 ( 1 ) 
rk.R.· However, in order to complete this construction, the 

results of Theorem 1 must be extended to more yeneral cont i nuity 

classes. In particular, for 9 E: C~[a,bJ, the asymptotic expansion 

for s(l) 
R. 

must be known for any q .. 2. These extensions are gi ven 

in Corollaries 1 and 2, and the slight modifications needed to the 

proof of Theorem 1 are indicated. Corollaries 1 and 2 do not give 

the most yeneral results, but only that which is immediately useful 

here, namely when s = 1. As in Theorem 1. S(x) is the periodic 

spline of order 2r which interpolates 9 on Ph. 
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Corollary 1. For 9 € C~[a,bJ with 2 ~ q ~ 2r + 1, 

(3.2.11) . 

Proof. We refer to the proof of Lucas' Theorem 1 (1982). 

Lucas defines the quantity Es as ,£,r 

E s , £, r 
1 2r-2 (0) (s) 

= -r.(2"'-r--l"""")-'-! i10 Ci ,2r-1 {Y£,+i 

(3.2.12) 

h- s 2r~2 (s) 
- (2r-1-s)! L Ci ,2r-1 9£+i' i=O 

Th is is the error in equation (3.2.2) when S(p~ 
£+1 is replaced by 

(3.2.3) or 

order term 

(3.2.4). Instead, replace 

in equation 

E 1,£,r 

(3.2.2), with 

S(p~ 
£,+1 by (3.2.11) without 

s = 1, and write E s,£,r 

the 

as 

(3.2.13) 
h- 1 

- (2r-2)! 

Expand Y£'+i and gi~{ in their Taylor series about x£_r+1 

u~ to terms of order O(hq- 2) and substitute into (3.2.13). 



Following the proof of Lucas· Theorem 1 (1982) (3.2.13) then becomes 

E = O(tlq- 1), which establishes the corollary. 
1, t, r 

Corollary 2. For 9 £ c~r+2+2K[a,b], K > 0, 

(3.2.14) 

Proof. We now refer to the proof of Theorem 5 by Lucas 

(1982) In the proof of Lucas· Theorem 5, E K is the term s,.R.,r, 
analayous to E , and for s = 1 satisfies s ,.R., r 

E 1,.R.,r,K 
r+K ( ) = \' e h2mf 1+2m + O(h2r+2+2K) 

L m 1-r-1 m=r 
(3.2.15) 

when f £ c~r+3+2k[a,b]. Furthermore, it is shown that em = 0 

for m = r(1)r+k, which establishes Lucas· Theorem 5 (our Theorem 

1) • If instead f c2r+2+2K[a b] 
£ P " the only change in the above 

equation is that the order term loses one power of h. Thus, for 

f £ C2r+2+2K[a,b], 
p 

r+K ( 
E = I e h2mf 1+2m) + O(h2r+1+2K) 
1,.R.,r,K m .R.+r-1 m=r 

O(h2r+1+2K), (3.2.16) 

which establishes the corollary. 

Corollaries 1 and 2 show that the order of the error in the 

expansions is linearly related to the order of continuity of the 
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interpolated function. This fact is used in the proof of Theorem 2. 

Theorem 2 gives asymptotic expansions for the error in the 

. approximation of by the derivative of the kth iterated 

periodic spline of order 2r to f on a uniform mesh Ph' The 

coefficients of these expansions may be determined recursively, but 

most importantly, the leading term is always O(h2r ), independently 

of the order of the derivative. 

Theorem 2. Let Wm be the mth iterated periodic spline of 

order 2r to f £ c~r+3+2L[a,bJ over Ph' m = [(m - 1)/2J, and 

L > 0, then for m = 1(1)2L+2, 

The coefficients T(m) 
2K,r are yiven recursively by 

and 

T(m) 
2k,r = 

T(1) + T(m-1) 
2k,r 2k,r 

(1) _ (1) 
T2k ,r - A2k ,r' 

for k = 1(1)r-1 

for k = r(1)L-m 

Proof. The proof is by induction on m. 

(3.2.18) 
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The conclusion is obviously true for m = 1, as this is the 

conclusion of Theorem 1. Thus 

(3.2.19) 

Assume the conclusion is true for m = q, where 1, q , 2L + 1. We 

must examine two cases; when q is even, and when q is odd. We 

first consider the case of q beiny even. 

Assume that L > 1, and let q = 2j, 1, j ,L. Then 

q = [(2j - 1)/2J = j - 1, and (2.21) becomes 

(3.2.20) 

+ O(h2r+3+2L-2j) 

Substitutiny (3.2.20) into (3.2.1a), we have that Wq+1 = W2j+1 

satisfies 

+ O(h2r+3+2L-2j). (3.2.21) 
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Before proceedin~, we note that the k = L - j + 1 term in (3.2.21) 

is O(h2r+3+2L-2j), and can be absorbed into the order term. To see 

this we must examine (3.2.2) more closely. It was stated by Swartz 

(1968) and proved by Albasiny and Hoskins (1967) that 

(s) 
Ci ,2r-1 ( )s (s) 

-1 C2r- 2- i ,2r-1 • 

Thus, for s 1 we have 

c(l) 
i ,2 r-1 

c(l) 
r-1,2r-1 

( 1 ) 
-C2r- 2- i ,2r-1' and 

Let 9 £ C~[a,b], then 

r-:2 (1) 
i~O C2r- 2- i ,2r-1 {~£+2r-2+i 

(3.2.22) 

O. (3.2.23) 

9.Hi } 

(3.2.24) 

\'Ihere si £ [x£+i, x£+2r-2-i]' by the Mean Value theorem. Since 

g(l) is continuous on [a,b], it can be bounded independently of 

h, and since all the r - 1 coefficients in (3.2.24) are 

independent of h, (3.2.24) is an O(h) term. This discussion 

apl-llies to the inner sum in (3.2.21) for k = L - j + 1 which 

involves f(2r+2+2L) 
£ C~[a,b]. This inner sum being O(h) makes 
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the entire k = L - j + 1 term in (3.2.21) O(h2r+3+2L-2j) and it 

is absorbed into the order term. 

Now, let Vk(x) be the ~eriodic spline of order 2r which 

interpolates f(k-l)(x) on Ph· Then v(l) 
k,R- satisfies equation 

(3.2.2) with S.Q, 
= f(k-1) 

R- ' 
or 

(3.2.25) 

substituting this expression into (3.2.21) and interchanging 

summations yields 

_ h 2r~2 (0) (1) 
- 2r-l{ i~oCi,2r-l{V2j+l,.t+i (3.2.26) 

Note that each term ( 1 ) 
Vp,R-+i in (3.2.26) has an asymptotic 

ex~ansion yiven either by Theorem 1, or Corollary 1. We begin with 

the first term. Since f(2j) E c2r+3+2(L-j)[a,b], and L - j > 0, 

Theorem 1 applies. Thus, 
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(1) = f(2j+1) + L~jT~l) h2r+2kf(2(r+k+j)+1) 
V2j+1,~ ~ k~O 2k,r ~ 

(3.2.27) 

+ O(h2r+2+2(L-j)) 

The inner sum in (3.2.26) is split into two parts and Theorem 1 and 

Corollary 2 are applied separately, i.e., 

(3.2.28) 

This sum has been so divided with the following proviso: a sum will 

be assumed to make no contribution if its upper limit is less than 

its lovler limit. Furthermore, any terms with negative index of 

summation make zero contribution. 

For L - j + 1 " k .;; L - j, Corollary 1 yields the expansion 

for V2(r+k+j)+1,~' which is 

V(l) = f~2(r+k+j)+1) + 0(h2L+2-2k-2j). (3229) 
2(r+k+j)+1,~ N •• 

Assume that the first summation in (3.2.28) makes a contribution, 

i.e., that 

f(2(r+k+j)) 

L > j + r. Then let 

E C2r+3+2(a-k)[a,b] 
p 

L = j + r + a, a > O. Since 

and by assumption a - k > 0, 

Theorem 1 again applies. This yields 
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V~~~+k+j)+1,Z f~2(r+k+j)+1) 
(3.2.30) 

+ UikT(1) h2r+2Pf(2(2r+p+k+j)+1) + O(h 2r+2+2(u-k)). 
p=O 2p, r Z 

Substitution of these expansions, (3.2.27), (3.2.29), and (3.2.30), 

into (3.2.26) then yields 

h 2r-,2 (0) (1) h 2r-2 (0) (2' 1) \' C W = - \' C { f J + 
-- L '2 1 2' 1 ' 2 1 L '2 1 1 2r-1 i=O 1,' r- J+ ,Hl r- i=O 1, r- Z+ 

+ 0(h2r+3+2L-2j) 

h 
- 2r-1 

2 r- 2 ( ) (') L- j () L C,O {f 2~+1 + L (T 1 
i=01,2r-1 Z+l k=O 2k,r 

+ O(h2r+3+2L-2j) 
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+ O(h2r+3+2L:-j) 

-Since q = 2j, and (q+1) = j, (3.2.31) becomes 

1 2~-2 (0) (1) 
-- L C. 2 1W 1 . 2r-1 i=O 1, r- q+ ,2+1 

+ U(h2r+3+2L-(q+1)). 

Let 

and equation (2.32) can be written as 

2r~2 (0) O(q+1) = 0(h2r+3+2L-(q+1)). 
i~oCi,2r-1 R,+i 

In matrix notation, this becomes 

6U 

(3.2.31) 

(3.2.32) 

(3.2.33) 

(3.2.34) 



CO(y+1) = 0(h2r+3+2L-(q+1)). (3.2.35) 

Ahlberg, Nilson and Walsh (1967, p. 149) have shown that 

UC- 1u can be bounded independently of h. Explicit expressions for 
00 

this bound have been found by Swartz (1968) and Kershaw (1973) This 

implies that uou
oo 

is 0(h2r+3+2L-(q+1)), which in turn implies 

that 

W(1) 
q+1,~ 

-
= f(q+1) + 

~ 

L-(i+1)T(q+1)h2r+2kf(2r+2k+(q+1)) 
k=O 2k,r ~ 

(3.2.36) 

+ O(h2r+3+2L-(q+1)). 

This completes the induction step for q even. We only 

outline the proof for q odd, as it is done in much the same 

fashion. One difference is that in the sum analogous to (3.2.21), 

the last term cannot be absorbed in the order term. Another is that 

Corollary 2 is now used rather than Theorem 1 in the substitution of 

the v~1) terms ~ their asymptotic expansions, in the eyuations 

analagous to (3.2.27) and (3.2.30). These are the only fundamental 

differences. 

As an example, the first five coefficients of the asymptotic 

expansion for the second iterated cubic periodic spline, are 

calculated by means of eyuation (3.2.18). 
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T (2) 2A (1 ) 
0,2 0,2 

(2) _ 2A ( 1 ) 
T2,2 - 2,2 

Referring to (3.2.10) for the values of A~~~2' one sees that the 

expressions for T~~~r become very complicated in very short 

order. However, as a consequence of (3.2.9) and (3.2.18), the 

first r terms of the sum in (3.2.17) are given by the simple 

expression 

T(m) 82r+2k 
2k,r = m(2r-1)! (2k+1)!' (3.2.37) 

and so optimal error bounds on the approximation of the mth 

iterated spline to the mth derivative may be easily given. 

Co ro 11 a ry 3. If W (x) 
m 

is the mth iterated periodic 

spline of order 2r to f over the uniform mesh Ph' and 

f € c~r+3+2L[a,bJ, L ~ 0, then for m = 1(1)2L+l, 

(3.2.38) 
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For example, for cubic splines we have 

maxl\~(l! - fP) I h4 I (5) 6 
~ 180m~x fi I + O(h ), i 1 , 1 1 

max I w(1! 
i 2,1 - fF) I h4 I (7) + O(h6), .; gom~x f t I 

1 

maxlw(l! - fP) I h4 (9) 
+ O(h6) • .;; 6Cf1~xlfi I i 3,1 1 1 

and for quintic splines 

max I w (1! - fP) I h
6 

. I (7) + O(h8), .;; 5040m~x f i I i 1,1 1 

Inaxlw(1! - fF) I h6 (9) 
+ O(h8), .. 2520m~x If i I i 2,1 1 

maxlw(1! - fP) I h6 (11) 
+ O(h

8
) • .. T6Blf1~x If i I i 3,1 1 1 

4. The Numerical Evaluation of Iterated Splines 

The most straightforward and efficient method by which to 

evaluate iterated splines is through recursion, as indicated by 

equations (3.2.1). Writing equations (3.2.1) in matrix form, we 

first solve for W(l) in terms of f via 
1,R. R. 

~W(l) = _t.T, 
2r-1- 1 (3.4.0) 
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then \~ (1) in terms of 
2,9.. 

via 

(3.4.1) 

and so on. Here, the matri ces ~, tJ. e: RNxN are ci rcul ant, and C 

is nonsinyular. 

As an example, using periodic cubic splines, the 

approximations to the first four derivatives of sin(x) on [O,2n] 

are calculated and the maximum error at the mesh points recorded. In 

this case the circulant matrix A has rows given by 

1 4 1 

and is thus a symmetric, strictly diagonally dominant, sparse matrix 

that can be solved cheaply (O(N)) and stably by Cholesky 

decomposition or Gaussian elimination without pivoting. This 

reduction need only be done once, and then stored. 

Table 2 shows the maximum error over the uniform mesh in the 

first four derivatives of sin(x). The calculations are shown for 

N = 16, 32, and 64. The term in parentheses behind the errors 

for N = 32 and 64 is the ratio of the previous error to the given 

error, and should be approximately 2P where O(hP) is the 

asymptotic order of convergence. From Corollary 3 the value of p 

for cubic splines (r = 2) is four, with VJhich Table 1 shows very 

good agreement. 
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Table 2. Maximum error at the mesh points in approximating the first 
four derivatives of sin(x) using iterated cubic splines. 

N = 16 N = 32 N 64 

f(1) 1.346E - 4 8.295E - 6 (16.2) 5.167E - 7 (16.1) 

,(2 ) 2.691E - 4 1.659E - 5 (16.2) 1.033E - 6 (16.1) 

r( 3) 4.036E - 4 2.489E - 5 (16.2) 1. 550E - 6 (16.1) 

f( 4) 5.382E - 4 3.318E - 5 (16.2) 2.066E - 6 (16.1) 
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As mentioned in Section 3, the error bounds given in 

Corollary 3 are optimal. For f(x) = sin(x), we have 

IIf(q) II = 1 for all q ~ 1, and the inequality in (3.2.38) becomes 
co 

h4 6 
=nnm+O(h). 

For the purposes of comparison with Table 2, Table 3 displays this 

bound on the leading order error term for m = 1(1)4. The agreement 

between Tables 2 and 3 is excellent and improves as the value of h 

is taken smaller. This is a reflection of the optimality of the 

error estimates. 

5. Conclusion 

The method of iterated periodic splines for approximating 

derivatives of periodic functions to a high order is presented. 

Asymptotic expansions for iterated splines are developed. These 

expansions have a very simple structure for the first r terms, and 

yield optimal error bound for iterated spline derivative 

approximation. A numerical example is presented and methods by which 

to evaluate iterated splines are discussed. 
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Table 3. Bounds on the leading order term of the error at the mesh 
points in approximating the first four derivatives of 
sin(x) using iterated cubic splines, as given by 
Corollary 3. 

N = 16 N = 32 N = 64 

f(l) 1.321E - 4 8.257E - 6 5.161E - 7 

f(2) 2.642E - 4 1.651E - 5 1.032E - 6 

f(3) 3.964E - 4 2.477E - 5 1.548E - 6 

f{ 4) 5.284E - 4 3.303E - 5 2.064E - 6 
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CHAPTER 4 

AN APPLICATION: THE ROLL-UP OF A FINITE VORTEX LAYER 

The evolution and regularity of vorticity distributions with 

varying degrees of smoothness are of great interest to those who 

study the Euler equations of fluid flow. A periodically perturbed 

vortex sheet, for example, is now widely believed to acquire a 

curvature sinyularity in finite time. Using the methods developed in 

Chapters 2 and 3 for the highly accurate application of boundary 

integral methods to multiply connected domains, the reyularity of a 

thin, periodic layer of constant vorticity is investigated 

numerically. Numerical results suggest that, like the vortex sheet, 

the interfaces develop a curvature singularity, but now only in 

i n fin it e time. 

1. Background 

The simplest model of a hiyh Reynolds number shear layer is a 

surface of discontinuity, or vortex sheet, between two shearing, 

inviscid, irrotational fluids as pictured schematically in Figure 11. 

The instability of such an interface is prototypic and is the well

known Kelvin-Helmholtz instability. For simplicity, assume the fluid 

is of uniform density, and that u + ±uj as Y + ±oo. Then the 

linear evolution of a normal mode of amplitude A(k,t) and wave 

number k is yiven by 
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z(e) = x(e) + iy(e) 

---------

u 
+ 

Figure 11. Flow geometry for the vortex sheet. 



with a = ± ~u. 
12 

Tnus, the growth rate o(k) of tne disturbance is linearly 

(4.1.1) 

proportional to k, and as such the linear evolution is an ill-posed 

one. Note also that there exist initial conditions that are 

analytic, but which under the linear evolution will lose their 

an~lyticity in a finite time. Specifically, these are the initial 

conditions which are analytic in a finite strip, as is evidenced by 

the exponential decay of their Fourier coefficients. At a critical 

time, the coefficients of such an initial conditi6n will decay only 

algebraically, and the interface acquires a singularity. However 

these arguments are only a consequence of the linear analysis, and 

says nothing after the evolution has left the small amplitude regime 

and nonlinear interactions have become important. Presumably, the 

full nonlinear problem might be a "well-posed" one, and to that end 

Sulem, Sulem, Bardos, and Frisch (1981) have shown that a vortex 

sheet with analytic initial data remains so for at least a finite 

time. Nonetheless, numerical calculations of the interfacial motion 

have yielded inconsistent and chaotic results. 

Consider a vortex sheet that is 2n-periodic in the x 

direction and is parameter'ized in the complex plane by z(e,t) 

x(e,t) + iy(e,t), where e is a Lagrangian marker variable and 

o ~ e ~ 2n. then the motion of this interface is governed by the 

periodic form of the Birkhoff (1962) equation 
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~t(e,t) = 4;,PJ61Ty(e"t)cot~~[z(e,t) - z(e',t)Jde ' • (4.1.2) 

Here, the vortex sheet strength, y(e,t), is invariant under the 

Lagrangian motion, namely, 

~i(e,t) o. (4.1.3) 

Thus, the evolution of vortex sheet is a one-dimensional 

~roblem, and numerical simulatons have been concerned with the 

evaluation of (4.1.2) and the subsequent Lagrangian evqlution of the 

marker points representing the interface. Various high order methods 

have been proposed and attempted. For example, Van de Vooren (1981) 

removed the singularity in the integrand by use of the identity 

o. (4.1.4) 

the integral (which has a periodic integrand) was then evaluated 

using the trapezoidal rule, with spatial derivatives approximated by 

an eighth-order difference formula. Time stepping was done using a 

fourth-order Runge-Kutta method. Van de Vooren found that as the 

resolution of the calculation was refined, chaotic behavior would be 

introduced progressively sooner, and convergence was not obtained. 

Such observed behavior led to speculation by ~irkhoff (1962) 

and Saffman and Baker (1979) that such a vortex sheet developed a 
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singularity in a finite time. This would not be contrary to results 

of Sulem et al. (1ge1), and support for this view has now come from 

both analytical and numerical studies. 

Moore (1979) considered the initial value problem for the 

vortex sheet 

z(e,O) = e + Esin(e), y(e,O) = 1. (4.1.5) . 

In an asymptotic analysis he found that a critical time the Fourier 

coefficients decayed as m- 5/ 2, suggesting that the interface has 

developed a curvature singularity. 

Baker, Meiron, and Orszag (1982) considered instead the 

problem with initial condition 

z(e,O) = e, y(e,O) = 1 + a cos(e). (4.1.6) 

For such an initial condition, high-order Taylor series in time could 

be constructed. By examining numerically the singularity structure 

of this Taylor series, they found yood agreement with Moore1s 

analysis, and that at the critical time, the Fourier coefficients to 

be decaying as -s m , with approximately 2.8. 

Krasny (1985a) evaluated (4.1.2) using the point vortex 

approximation. He suppressed the short wavelength instability by 

applying a filtering technique to the Fourier coefficients. Through 
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examination of the convergence of his numerical method, he also found 

qualitative agreement with the results of Moore, and Meiron et al. 

(1982). 

2. The Finite Vortex Layer 

Given that a periodically perturbed vortex sheet develops a 

curvature singularity in a finite time, it is important to ask 

whether less singular vorticity distributions can also develop 

singularities. A natural choice for such a study is the motion of a 

periodic layer of constant vorticity, as pictured schematically in 

Figure 12. Unlike the vortex sheet which had an unbounded linear 

growth rate, a vortex layer has a "short wave cut-off". In 

particular, if the layer has mean thickness H, then the linear 

analysis gives the growth rate a(k) as 

a(k) = ± ~{exp(-2kH) - (1 _ kH)2}1/2. (4.2.1) 

When kH < 1.278 there is a real, positive growth rate. However, 

for kH above this bound the growth rate is purely imaginary, and 

the problem is neutrally stable. Thus there is none of the linear 

ill-posedness associated with the vortex sheet. On the other hand, 

for a fixed k and a constant circulation, the growth rate of the 

vortex layer converges to the growth rate of the vortex sheet as 

Ii + o. Thus it appears that the vortex layer might be a well-posed 

problem by which to study an ill-posed one. 
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Figure 12. Flow geometry for the vortex layer. 



As would be ex~ected from the linear analysis, the evolution 

of such a layer is better behaved than was the case for the vortex 

sheet. Pozrikidis and Hi~don (1~8S), usin~ a second order in s~ace, 

fJeriodic variant of the Contour Uynalilics method (Zabuskey, HU'::jtles, 

and Roberts, 1~7Y), studied this fJroblem and observed smooth roll-ufJ 

of the layer into a rotatiny vortex core with trailiny drms. To 

resolve the hiyh curvature re'::jions which ap~ear in the interfaces, 

and to extend the evolution time, Pozrikidis and Hiydon develo~ed a 

liinsertion and deletion" scheme for com~utational ~oint adjustment 

(Hiydon and Pozrikidis, 1985). While they a~pear to have captured 

the qualitative behavior of layers evolution, the grid adjustment 

scheme, combined with the low order of calculation, likely renders 

their method unsuitable for singularity studies. Also, little is 

iJrovided by which to yauye the accuracy of their calculations, such 

as conserved quantities, converyence checks, etc. 

Us i ny ttle methods developed i n Cha~ters 2 and 3 for the very 

accurate evaluation of bounda~ inteyrals with dipole distributions, 

we reexarni ne We mot i on of a vortex 1 ayer. 5i nce w( e, t) = z (e, t) 

- e i s ~eri odi c, use is made of its nurneri ca 11y computed Fouri er 

coefficients, A(k,t), in discerniny the com~lex sinyularity 

structure. If w(e,t) is analytic in a strip in the up~er half 

fJlane of width a(t) and has a branch point singularity of order 

S(t) - 1 on its boundary, then the asymptotic behavior of A(k,t), 

as k + co, is yiven by 
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IA(k,t)1 - k-s(t)exp(-a(t)k) (4.2.2) 

(Carrier, Krook and Pearson, 1966). Accordingly, we follow Sulem, 

Sulem and Frisch (1983) in assuming that for large wave numbers k 

the Fourier coefficients have the form 

(4.2.3) 

and perform a least squares fit to estimate C(t), a(t) and S(t). 

The behavior of a(t) may then be used to infer the regularity (or 

lack of it) of the interface. If a(t) remains bounded away from 

zero, this implies no loss of analyticity even in infinite time. On 

the other hand, a(t) may hit axis in finite time, or only 

asymptotically, which would suggest a singularity in finite or 

infinite time, respectively. 

In Section 3, using a dipole formulation, the equations of 

motion for the interfaces bounding the layer are derived. In Section 

4, their numerical solution is discussed and in Section 5 the 

regularity results for a specific simulation using these methods are 

presented. 

3. The Equations of Motion 

Consider the motion of a two-dimensional, inviscid fluid of 

unit density with velocity field (u,v). Such a fluid is governed by 

the "velocity-stream function" formulation of the Euler equations, 

76 



where the vorticity is defined by and 1p(X,y,t) w = -u + v , y x is 

called the stream function. These equations are 

111j! = -w, 

and v = -1j! • y 

(4.3.1a) 

(4.3.1b) 

(4.3.1c) 

Equation (4.3.1a) can be rewritten with the substantial, or material 

derivative as 

Ow _ 
Ot - 0, (4.3.2) 

and is seen as a statement that the vorticity is transported with the 

local fluid velocity. 

The case of a periodic layer of constant vorticity is 

particularly simple. Assume the layer as shown in Figure 2 with mean 
... 

width H, and velocity tUj as y + too (this means w = -2U/H 

withi n the 1 aye r) • Let the lower interface r1 be parameterized 

as zl(e), and the upper interface r2 as z2 (e) , where 

o .;; e .;; 21T. Then a particular solution can be yiven to the Poisson 

e4uation (4.3.1b). This particular solution corresponds to the case 

when the interfaces are flat with center line the x-axis, and is an 
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unstable e4uilibrium for the problem. The particular solution ~E 

is \:liven by 

-Yy in Rl 

~E U 2 + UH in R2 (4.3.3) :;: HY 4 

Uy in R3 

Lett i ng E - then satisfies the Laplace equation ~ :;: 1/1 + ~, ~ 

1I~ :;: o. (4.3.4) 

Define ~:;: ~ - i~, where ~(z) is a function analytic in the 

complex ~lane c. - -Then ¢ and ~ satisfy the Cauchy-Riemann 

equations, and the complex velocity q*:;: u - iv can be written as 

* E .d~ 
q :;: ~y + 'dz· (4.3.5) 

~(z) is then written as the sum of complex dipoles over the two 

interfaces which bound the layer, or 

(4.3.6) 



Here e is extended from its parameterization of a period to the 

whole line. This is the complex form of the dipole distributions 

considered in Chapter 2. By applying periodicity and the identity 

(Carrier, Krook and Pearson, 1966, p. 98) 

00 _1 + 2z 'i' 1 t L ~---;:;~ = co z, 
2 n=Q i_n2/ 

(4.3.7) 

(4.3.6) can be rewritten as 

(4.3.8) 

The unknowns A1(e) will be determined by enforcing continuity of 

the velocity at the interfaces. We take the lower interface f1 as 

an example. Let z approach z1 E fl from above and below along a 

normal to the interface. The limiting values are then given by the 

Plemelj formulae as 

'¥+(z1(e)) = - ~A1(e) + 4~iPJ~lTA1(el)cot~(zl(e) - zl(e l ))z1e(e l )de l 

(4.3.9a) 

and 
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'¥-(zl(e)) =: +iJ\l(e) + 4;/J6 11Al(e ' )coti(zl(e) - zl(e'))Zle(e')de ' 

(4.3.9b) 

The velocity on either side of the interface is given by evaluating 

(4.3.5) on either side of the interface and choosing the 

differentiation to be along the interface. Namely, 

Requiring continuity of velocity at the interface then yields 

(4.3.11a) 

(4.3.11b) 

This yields the equations for the velocities at the interfaces 

(4.3.12a) 

1 PJ211U(1 2 ( I)) t 1( () _ Z (el))z (e')de' + 4111 0 + W 1 e co "2 z 1 e 1 le 
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(4.3.12b) 

4. Numerical Solution of the Equations of Motion 

Equations (4.3.11) are an infinite set of coupled 

differential equations whose solution, zi(e,t), for a fixed value 

of e, is the path line of a fluid ~article on the interface. By 

posing the evolution of the interface as a Lagrangian calculation, 

initial discretizations that are evenly spaced in e will remain so, 

allowing the use of the methods developed in Chapters 2 and 3 for 

evenly spaced, ~eriodic boundary data. In this case, the dipole 

strengths are explicitly given, and thus need not be solved for 

iteratively. Since there is no flux across the boundaries, there is 

no external source term as well. However, the most important result 

of Chapter 2 was the adaptive quadrature methods for the cross 

integral. This technique is still necessary for the accurate 

evaluation of the cross integrals in (4.3.12) when the two interfaces 

are close. 

The inter~olations needed for the adaptive quadratures of the 

cross integrals in (4.3.12) are accomplished through the construction 

of Hermite quintic polynomials on each subinterval. These local 
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quintic polynomials are constructed from the O(h6) derivative 

information supplied at the mesh points by iterated quintic periodic 

splines as described in Section 1 of Chapter 2. The interpolations 

will thus be O(h 6). 

Time integration was performed with a fourth order Adams

Moulton predictor-corrector method. 

For the calculations presented in the next section, both 

temporal and spatial resolution were varied and convergence 

checked. The accuracy of the calculations was monitored through the 

calculation of various constants of the motion, taking care not to 

choose those which are conserved by the numerical method (the first 

moments for example). In this the perturbation kinetic energy proved 

especially useful. ~Jhile the total kinetic energy in a periodic 

strip is infinite, a related quantity which is essentially the 

perturbation of the kinetic energy from that of the steady state, is 

finite and conserved. Its derivation and calculation are discussed 

in Appendix A. On the basis of these checks we believe the 

calculations presented here to be accurate to at least five digits. 

It will be seen that because of the dynamics of the layer, 

resolution of the high curvature regions is quickly lost if some sort 

of control of the mesh is not attempted. Results will then be 

presented for which grid redistributions was performed periodically, 

maintaining resolution of the high curvature regions and allowing the 

calculation to proceed much further with accuracy. The method of 
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grid redistribution is of the "equidistributing" type, and is 

discussed in detail in Appendix B. For these calculations as well, 

constants of the motion were monitored to determine accuracy. 

5. Numeri cal Results 

In this section numerical regularity results are presented 

for a specific case. Consider a lay~r of thickness H = 1/10, and 

far-field velocity U = 1 (w = -20). So as to mimic the linear 

analysis, a sinusoidal perturbation is given to the layer as an 

initial condition, i.e., 

H 
2 + e:S i nx, and H 

Y2 = 2+ e:sinx, 

where in this case, e: = 1/10. Note that the mode of maximum growth 

is given by kH ~ 0.8. As a rule, the periodicity should not be 

chosen so as to exclude this mode as it may very much effect the 

dynamics of the evolution. Howe~er, for this calculation kH = .1, 

which includes the modes of maximum growth. Our calculations 

indicate that these modes of large growth do not dominate the flow. 

Figure 13 shows the evolution of each interface from this 

initial condition. In accordance with the linear analysis, the first 

motion is a phase shift between the two interfaces, leading to a 

"clumping" of vorticity in the center region. This phenomena is 

quite apparent in Fi9ure 13c, and is the beginning of the roll-up of 

vorticity typically associated with shear layers. Figure 14 shows 
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Figure 13. 
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The vortex layer at a) t = 0, b) t = 1.0, and 
c) t = 2.0. 
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Figure 14. The vortex layer at a) t = 2.4, b) t = 2.5, and 
c) t = 2.6. 
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the roll-up continuing, with advection of the vorticity into the 

center region. For 129 points on each interface the calculation 

ceased to have 5 digi~s of accura~ at t = 2.5, while for 257 

~oints the layer evolved accurately to t = 2.65. 

Anticipating that the layer might have a curvature 

sinyularity, the maximum curvature is plotted as a function of time 

in Figure 15. The results for both N = 129, and the N = 257 runs 

are superimposed. It is apparent that the curvature is growing very 

rapidly, and Figure 16, which displays the log of the maximum 

curvature, serves to emphasize this (the roughness in the graph is 

only apparent in that the results for the N = 257 case are plotted 

at twice the frequency). 

As was discussed in Section 2, the regularity of the 

interfaces can be examined through the asymptotic decay of the 

Fourier coefficients Ak(t) of w(e,t) = z(e,t) - e. It is clear 

that features in this computed sectrum that can be attributed to the 

choice of the initial parameterization or to grid redistributions 

should be eliminated. Therefore, each discrete solution z(ek,t) is 

mapped into the parameterization that is equally spaced in arclength, 

with enough points computed in the new parameterization so as to 

resolve the smallest length scale in the original parameterization. 

Typically, the computed spectrum for the equal arclength 

parameterization will have at least twice as many modes as the 

original spectrum in the Lagrangian marker variable. Henceforth, any 
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Figure 15. The maximum curvature as a function of time. 
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Figure 16. The log of the maximum curvature as a function of time. 



Fourier coefficients will be assumed to have been calculated from the 

equal arclength parameterization. 

Figure 17 shows the In\Ak(t)\ as a function of the wave 

number k. A least squares fit was made to estimate the values of 

a(t), ~(t), and C(t) where Ak(t) was assumed to have the form 

(4.5.1) 

for large wave number~. Recall that it is the behavior of a(t) 

which infers the regularity of the interface, and the presence of 

singularities. 

Figure 18 shows typical results for ~(t) for both 

N = 129 and N = 257. Varying the band of wave numbers gave 

consistent results. With 129 points the calculation cannot be 

continued accurately far enough in time so as to allow S to settle 

down. This is not the case with the hiyher resolution run with 

N = 257, which yields S = 2.3 ~ .05. Note that this value of ~ 

is in rough agreement with that for the vortex sheet case. Figure 19 

displays the corresponding values for a, and presents a less clear 

picture. While there is very good agreement between the two runs, it 

is not clear that the ultimate behavior of a(t) will be. While 

a(t) is certainly decreasing rapidly, but it is not clear whether it 

will hit the t-axis in finite time, or perhaps asymptotically decay 

to zero. 
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Figure 17. lnIAk(t)1 in the arclength coordinate (N = 257). 
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Figure 18. Least squares approximation to a(t). 
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Figure 19. Least squares approximation to S(t). 
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The cause of the breakdown of the above calculations is that 

the regions of high curvature are not resolved smoothly due to 

stretching of the vortex arms entering the core region. This loss of 

smoothness and resolution can be countered by periodically 

redistributing the computational points so as to resolve these 

regions. The particulars of this redistribution are discussed in 

Appendix B. 

Figure 20 shows the result of such a calculation with 257 

points on each interface. There is indeed a dramatic improvement, 

with the evolution accurate to at least 5 digits up to t = 2.9. 

The core is becoming roughly elliptical in shape with a major to 

minor axis ratio of approximately 2. This is well within the linear 

stability region found by Love (1893) for the rotating Kirchoff 

ellipse. These results are also in qualitative agreement with those 

9f Pozrikidis and Higdon (1985), though a quantitative comparison hs 

not yet been performed. 

Figures 21 and 22 show the maximum curvature and its 

logarithm, respectively, as a function of time. These results are 

overlaid with the results of the previous two calculations. The 

agreement is excellent, and reveals the curvature as continuing its 

very rapid yrowth. 

The s~ectrum is now reexamined. Figure 23 shows lniAk(t)i 

versus the wave number k. Most dramatic is now the plot of a(t) 

given in Figure 24, which is overlaid with the results of the last 

93 



1 """l 

Y 
0 

-1 ~ ~] 
a X 

1 

Y 
0 

E-

-1 t -:1 
b X 

1 

Y 
0 

~ 
~ -1 t 

c X 

Figure 20. The vortex layer at a) t = 2.7, b) t = 2.8, and 
c) t = 2.9, using grid redistributions. 
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Figure 21. The maximum curvature as a function of time, using grid 
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Figure 22. The log of the maximum curvature as a function of time, using 
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Figure 23. lnjAk(t)j in the equal arclength coordinate (N = 257), 
using grid redistributions. 
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Figure 24. Least squares approximation to a(t), using grid 
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two runs. It nOvl shows a very clear decay to zero, in contrast to 

the ambiyuous results for the calculation with no grid 

redistribution. Figure 25, the log of a(t) suggests this decay 

might be exponential. For the redistributed results, l3(t) losed 

some of its smoothness, as indicated by Figure 26. However, it would 

be expected that ~ would be more sensitive to the noise introduced 

by redistributions. Even so, 13 is still fairly constant, vlith 

13= 2.3 ± 1. 

6. Conclusion 

Thus, the numerical evidence strongly suygests that the 

periodic layer of constant vorticity considered in Section 5 acquires 

a curvature sinyularity, as does the vortex sheet, but now only in 

infinite time. Obviously, more calculations need to be done to fill 

out the parameter range. More specifically, for a fixed circulation, 

a study needs to be done for a sequence of calculations as H + 0, 

in which case the initial value problems for the vortex lay'er and the 

vortex sheet are the same. We conjecture however that for any 

finite H, the layer will not acquire a singularity in finite time, 

and may only approach the case of the vortex sheet in a singular 

sense. This is consistent with the results of Krasny (1985b) in his 

numerical study of the desingularized Birkhoff equation. 
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Figure 25. In(a(t)) using grid redistributions. 
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This study also pOints out the dificulties in accurately 

calculating the evolution of such "exponentially" difficult 

problems. One must question claims of having followed such 

evolutions into their asymptotic states, as the calculation of such a 

problem requires always more resolution as the calculation proceeds. 

102 



APPENDIX A 

THE CALCULATION OF THE PERTURBATION KINETIC ENERGY 

We first show that the total kinetic energy of a periodic 

shear layer in a two-dimensional, incompressible, inviscid fluid is 
A 

conserved in time. Thus we assume first that u(~,t) + ±Ui as 

y + too. The motion of such a fluid is determined by the equations 

Du Pj)f = -Vp, 

v • u = 0, 

and 

Dp _ 
Of - o. 

Using (AI.3), (AI.I) can be rewritten as 

D( pu) - -Vp. 1St-

(A1.I) 

(AI.2) 

(A1.3 ) 

(A1. 4) 

Taking the R2 inner product of equation (AI.4) with u will then 

yield 

~t[tpU2] = -v • [(tpu2 - p)u]. 
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Let R be the region bounded by the lines x = 0, x = 2TI, 

and y = ±d. The time derivative of the kinetic energy inside of 

R is given by 

(AI.6) 

where n is the outward facing normal to aRe By periodicity, the 

contributions to this integral from the vertical boundaries cancel. 

Equation (AI.6) then reduces to 

~Td = fGTI[~u2 - p]u • jdx + f6 TI [tpu2 - p]u • jdx. (A.I.?) 
y=d y=-d 

However, 
A 

U • j + 0 as d + 00, d 
and thus dtTd + O. 

Note that the kinetic energy becomes infinite as d + 00, and 

thus does not provide a very useful computational check. There are 

however other conserved quantities that are related to the kinetic 

energy and can be calculated. Roughly speaking, for the vortex layer 

problem the kinetic energy for the steady state vortex sheet can be 

subtracted off, leaving a finite conserved quantity. Th0refore, 

consider a periodic layer of constant vorticity as described in 

Chapter 4, where for convenience p is set to one. Let R be the 

region described above, and V £ R the constant vorticity region. 

104 



Assume furthermore that the stream function lfi has no constant part 

at i nfi nity, namely that \jJ + Uy + 0 as y + too, and that lfi is 

continuous on R. Then 1 et 2 Kd = T d - 47TdU , 
d d 
~d = dtTd' By Green's first identity, 

1 2 K = -J Vlfi • V,lodA - 47TdU d 2 R 't' 

noting that 

(Al.8 ) 

again, the contributions to the boundary integral from its vertical 

components cancel by periodicity. It is an easy calculation to see 

that the remainder in the brackets goes to zero as d + 00. Also, 

i'>lj! is nonzero only in V, where i'>1~ = -w. Thus, 

K 1 i m K d w J 1jJdA 
d+oo V 

(Al. 9) 

is a conserved quantity, and is called the ~erturbation kinetic 

energy. 

1 et 

To reduce (A1.9) to an expression that is easily calculable, 

1 2 f (y) = 2!' By Green I s second i dent ity , 

(A1.10) 

At a yiven time, the position of the interfaces is given by zi(e,t) 
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xi(e,t) + iYi(e,t), with the associated velocities ~tz;(e,t) 

ivi(e,t) yiven by (4.3.12). The first integral in 

(Al.lO) is easily recast as a boundary integral by the Divergence 

theorem. In the third integral, 1* can be related to the 

velocities along the interface, and easily calculated. It is the 

second integral that causes complications in that ~ must have the 

correct asymptotic behavior as y + ±eo, namely ~ + Uy + o. If ~ 

were known at the mesh points of each interface, then each integral 

in (Al.lO) could be evaluated accurated by the trapezoidal rule. 

We now consider the c~lculation of ~ on the interfaces. 

Note that the y moment of vorticity is a conserved quantity (and is 

actually conserved by our numerical sCheme). For simplicity, assume 

that it is zero, namely 

jwydA O. 
V 

Given this, the correct prescription for ~ is given by 

(Al.ll ) 

~ = ~E + Re{~}, (Al.12) 

where '!' is given by (4.3.6). 

Finding ~ on the lower interface fl is given as an 

example. Let 
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(Al.l3) 

By applying continuity of ~ at the interface, equations (4.3.9) 

yield 

(Al.14) 

with 

(Al.15) 

Unfortunately, continuity of ~ does not determine vI (e). However, 

from applyiny continuity of velocity, equations (4.3.11) yield 

(Al.16) 

In yeneral, vIe cannot be integrated to a closed form, and the 

constant of integration given. The integration must be accomplished 

numerically, and since vIe is given at values evenly spaced in 

e, this is accurately done by use of discrete Fourier transform. 
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Also, knowing vI (e) only up to a constant is sufficient if it is 

noted that 

(A1.I?) 

This will allow the calculation of 1jJ at the lovler interface by the 

methods of Chapters 2 and 3. In a similar fachion, 1jJ can be 

calculated at the upper interface. Thus it would seem that (AI.14) 

need only be calculated for each mesh point, and the second integral 

in (AI.IO) evaluated. This is however unnecessarily expensive. One 

need not evaluate (AI.14) at every grid point. The relation 

(A1.18) 

allows the apfJroximation to J~1jJie(el )de l to be calculated at each 

evenly spaced (in e) yrid pOint via an discrete Fourier transform 

(aswas vi(e)). He then have 

(A1.19 ) 

where 1jJi(O) is calculated by (AI.14). The cost is reduced from 

0(N2) to O(Nln(N)). 

This completes the calculation of the perturbation kinetic 

energy. 
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APPENDIX B 

THE GRID REDISTRIBUTION METHOD 

The grid redistribution scheme presented here is the method 

of e4uidistributing meshes adapted to ~arameterized curves in R2. 

For discussion and examples of equidistributing meshes for functions 

of a single variable, see Hyman and Naugrlton (1983). 

To be specific and for convenience, let r(e) = (x(e),y(e)) 

be a curve that is closed or periodic in the x direction, with 

o , e ,2n. r can also be parameterized as r(s(e)) where s(e) 

is the arclength measured from (x(O),y(O)). Without being specific, 

let the positive, periodic function F(s) be a function whose 

magnitude is in some sense a measure of how "well-behaved" that 

region of the curve is. Then F(s(e))se(e) is a measure of how 

\'/e11 F(s) (i.e., the interface r(s(e))) is resolved relative to 

the parameterization in e. When F(s(e)) is not well-resolved in 

this sense, we seek a new parameterization r(s(e l
)), with the old 

and new distributions related by 

such that 

e I = f (e) wit h f (0) = 0; 

F(s(e'))se ' 
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<F> , 

(B1.1 ) 

(B1.2) 



where 

(B1.3) 

Thus, a new parameterization js sought such that FS e is everyv/here 

equal to its mean <F>, which is independent fo parameterization. 

This is called the method of equidistributing meshes. 

By the Chain Rule, (B1.1) and (B1.2) imply that 

F(s(e)se(e) 
= --<-:-1F-">-=-- (B1.4) 

or 

(B1. 5) 

Thus, the mapping from e to e l has been completely specified. If 

the current parameterization is nonsingular, i.e., se > 0, then 

since F(s(e)) > 0 by assumption, f is a strictly monotone 

function of e, with f(O) = 0 and f(2n) = 2n. Thus f maps 

[O,2n] onto itself, and is one-to-one. Let N be the number of 

points being used in the calculation, with h = 2n/N, and seek the 

values of e at which the new parameter e l is evenly spaced. That 

is, find the sequence {ek}~=O with eO = 0 such that 
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kh (B1.6) 

This equation can be solved for ek via Newton's method and marching 

in k. Given F(s(e))se at the mesh points, JokhF(S(~))Se(~)d~ 

can be found through a discrete Fourier transform. Derivatives of 

F(s(e))se(e) can be found through iterated periodic splines. Thus, 

all interfJolation required by Newton's method can be done very 

accurately by the Hermite interpolation method described in Section 1 

of Chapter 2. For the calculations considered in Chapter 4, 

tolerances for'convergence of Newton's method ranged from 10- 15 

to 10- 13 depending on the precision of the host machine. Once the 

sequence {ek} is found from solving equation (Bl.6), r(ek) is 

found by the Hermite interpolation discussed in Section 1 of 

Chapter 3. 

We now consider the choice of F. The F we have used in 

the current calculations has the form 

(B1. 7) 

where K(S) is the curvature. Note that if 

i) K = u (r is a flat surface), 

ii) K is a constant (r is a circle), or 

iii) w = 0, 

then F(s) is a constant, and the new parameterization will be 
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equally s~aced in arclength. iii) was used for the remapping of the 

solution into the e4ual arclength coordinate in Section 5 of Chapter 

4. When K * 0 and w * 0, then a weighting is given to curvature, 

and the redistribution method tries to resolve regions of high 

curvature. For our work, we have used E = .001, P = 1/2, and 

'vI = 1. These values were found to work well by experimentation. 

For time dependent problems, it is important to "surround" 

the phenomena (for example, high curvatur8) with a smooth 

distribution of computaztional points, so that the resolution is not 

extremely local in time, and redistributing done more often than 

necessary. Indeed, it was found that accuracy was much improved by 

smoothing the mesh function before solving equation (81.7). The 

smoothing was done via numerical convolution. Note that only the 

mesh function F 'vIas smoothed, not the boundary information. 
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